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ABSTRACT
The goal of this research is to investigate the excitation spectra of annular array and linear comb
array transducers for guided wave mode selection. The approach used will be to analyze the
spatial influence of the array transducer on the wavelength and wavenumber of the excited
guided wave modes. While this approach does not produce results that are fully optimized for a
given structure, it yields a complete independence from the material or waveguide to be
inspected and thus is valid for any structure to which the transducer is applied. This makes it
more versatile in that it can be easily applied to various structures and to structures for which the
entire wavestructure solution or material properties are not fully known. A comparison of the
excitation spectra between comb and annular arrays will be performed to determine the
similarities and differences between the two. The properties of the excitation spectrum are
analyzed to determine optimum annular array transducer design parameters including inner
radius, element width, width-spacing ratio, and number of elements, as well as to determine how
these various parameters ultimately affect the excitation properties of the transducer considering
features like primary wavelength excitation, main peak separation, sidelobes, and effective range
of wavelength control. Methods will be developed to determine the applied time delays required
to preferentially excite various regions of the dispersion curve using the excitation spectrum
alone. In addition to this, the wave mode excitability for various types of transducer loading will
be considered, and the effect of this factor will be taken into account to predict optimum mode
excitation with linearly phased annular array elements, considering both excitation spectrum and
mode excitability. It will be shown that very good agreement exists between predicted
waveforms and FE results. FE and experimental validation is provided. A design flow chart is
also included which outlines the general process for designing phased array transducers for
guided wave applications.
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Chapter 1: INTRODUCTION

Ultrasonic guided wave inspection techniques are a powerful tool in the practice of nonnon
destructive evaluation (NDE) and structural health monitoring (SHM). Guided wave techniques
have several advantages
tages over conventional bulk wave ultrasonic NDE/SHM techniques. Some
of these advantages are outlined in Table 1. However, in addition to the advantages of guided
waves comes an inherent complexity beyond that of bulk wave mechanics. Fortunately, this
complexity can be used to one’s advantage if the guided wave mechanics are thoroughly
understood and appropriately utilized
utilized.
Table 1 Some of the benefits of guided waves as compared to bulk wave inspection techniques

Benefits of Guided Waves over Bulk Wave Inspection
Techniques
Guided Wave

Bulk Wave

Line scan

Single-point scan

Full structural coverage

Local structural coverage

Faster inspection

Slower inspection

Long inspection distance

Short inspection distance

Numerous possible modes

Very limited modes

Ability to inspect hidden

Require direct inspection

structures

access

Fig. 1 Illustration of bulk wave (left) propagation and guided wave (right) propagation in a plate.
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1.1 Problem Statement
The goal of this research is to investigate the excitation spectra of annular array and linear comb
array transducers for guided wave mode selection. The approach used will be to analyze the
spatial influence of the array transducer on the wavelength and wavenumber of the excited
guided wave modes. While this approach does not produce results that are fully optimized for a
given structure, it yields a complete independence from the material or waveguide to be
inspected and thus is valid for any structure to which the transducer is applied. This makes it
more versatile in that it can be easily applied to various structures and to structures for which the
entire wavestructure solution or material properties are not fully known. A comparison of the
excitation spectra between comb and annular arrays will be performed to determine the
similarities and differences between the two. The properties of the excitation spectrum are
analyzed to determine optimum annular array transducer design parameters including inner
radius, element width, width-spacing ratio, and number of elements, as well as to determine how
these various parameters ultimately affect the excitation properties of the transducer considering
features like primary wavelength excitation, main peak separation, sidelobes, and effective range
of wavelength control. Methods will be developed to determine the applied time delays required
to preferentially excite various regions of the dispersion curve using the excitation spectrum
alone. In addition to this, the wave mode excitability for various types of transducer loading will
be considered, and the effect of this factor will be taken into account to predict optimum mode
excitation with linearly phased annular array elements, considering both excitation spectrum and
mode excitability. It will be shown that very good agreement exists between predicted timedomain waveforms and FE results. Additional FE and experimental validation is also included.

1.2 Guided Wave Fundamentals
Guided waves differ from bulk waves primarily in the sense that they are the result of bounded
wave energy constrained to some type of waveguide, while bulk waves exist in an essentially
unbounded space [11]. To understand guided waves, it is best to derive them from the
fundamental physics and elasticity equations. The equations of motion for an elastic solid are
given by (1.1):

,  
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1.1

This, combined with the strain-displacement equations (1.2) and constitutive equations (1.3),
provide all the information necessary to derive the wave equation (1.4).
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Here the “dot” notation signifies partial differentiation with respect to time, and the subscript
“comma” notation signifies partial differentiation with respect to the variable following the

comma. Additionally, λ and µ are the Lamé constants, ρ is mass-volume density,  is the stress
tensor,  is the strain tensor, u is displacement, f is an applied force, and  is the Kronecker
delta function. Since no boundary condition assumptions were made in this derivation, the
resulting wave equation is valid for all wave propagation in solid materials.

To derive the guided wave phenomenon, boundary conditions need to be taken into
consideration. Since an infinite set of possible waveguides exist, the classic problem of a
traction-free homogeneous isotropic plate will be shown here. This is the Lamb wave problem

and is one of the fundamental guided wave results.
 The boundary conditions for this problem are
shown in Figure 2.



  


 " 

  

 " 

  

0

 " 

0

Fig. 2 Schematic of the Lamb wave problem: a traction-free plate of thickness d=2h.

Now that the governing equations and the boundary conditions are defined, there are several
methods that can be applied to solve the problem. For simplicity, the method of potentials will
be utilized here. This method is valuable in the sense that it allows us to simplify the elasticity
3

relations by assuming a plane strain condition. However, this does remove the possible shear
horizontal (SH) modes from the solution. By applying Helmholtz decomposition, the wave
equation can be separated into equation (1.5) for dilatational and (1.6) for distortional waves.
# $
# $

#
#

# )
# )

#
#

1 # $
%& #' 

1 # )
%* #' 

1.5
1.6

We can then assume a solution based on our knowledge of wave propagation, such as equations
(1.7) and (1.8).

$

)

Φ , -. /01
Ψ , -. /01

1.7
1.8

This assumed solution can be interpreted as a traveling wave in the  direction and a transverse
resonance in the  direction for both the dilatational and distortional solutions. Substituting
these into (1.5) and (1.6) yields the relation between the transverse resonances Φ and Ψ.
Φ 

Ψ 

4 sin8   4 cos8 

< sin=   < cos= 

1.9

1.10

Applying the plane strain assumption, simplifying these results, and separating them into
symmetric and antisymmetric components, the following equations are formulated for symmetric
modes (1.11) and antisymmetric modes (1.12).

Φ
Ψ









4 cos8 
< sin= 

>?4 cos8   =< cos= 
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Φ
Ψ
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Here the following variables have been introduced to simplify the equations:
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Now we can apply the boundary conditions to these equations and the results are two
transcendental equations corresponding to the symmetric case (1.14) and the antisymmetric case
tan= 
tan8 

(1.15).

tan= 
tan8 

"
"

4?  8=
=  " ?  
=  " ?  
4?  8=

1.14
1.15

These equations completely define the relationship between angular frequency ω and
wavenumber k for the symmetric and antisymmetric guided wave modes in a traction-free
isotropic plate.

Plotting these values in the frequency-phase velocity space, we can see that

they are separated into clearly defined antisymmetric (A) and symmetric (S) Lamb wave modes,
as in Figure 3. Additionally, the curves can be plotted with respect to frequency and group
velocity, as in Figure 4. Note that the SH modes can be found by the partial-wave technique,
and can also be plotted on the dispersion curve to fully describe all possible modes in the plate.
Also note that for all but the fundamental 0th-order modes, there exist cutoff frequencies, which
the mode does not exist below.
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Fig. 3 Phase velocity dispersion curve for A and S
Lamb modes in a plate

Fig. 4 Group velocity dispersion curve for A and S
Lamb modes in a plate

By substituting valid values of ω and k into relations (1.11) and (1.12), we can use this
solution to fully describe the displacement and stress wave fields associated with any particular
guided wave mode and frequency. Example wavestructures are shown in Figure 5.

Fig. 5 Samples of displacement (left) and stress (right) wavestructure for two different modes in a composite plate.
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1.3 The Importance of Wavestructure in Guided Wave Inspection
While there exist only three different modes (one longitudinal and two shear) in bulk wave
ultrasonics, there are an infinite number of modes for guided waves. This means that there are
theoretically an infinite number of different mode-frequency combinations and thus an infinite
number of wavestructures possible in a guided wave. In reality, the frequency range of interest is
limited by our ability to design transducers, the size of the defects to be detected, and the
attenuation properties of the material. We are also limited by which guided wave modes we can
realistically activate. Even with these limitations, there exists a plethora of options for designing
a guided wave inspection system. It is up to the engineer to choose the optimal mode-frequency
combinations for the task at hand, and the consequences of mode-frequency selection can often
determine the success (or failure) of the system [9-12]. While there are a number of factors that
go into guided wave mode-frequency selection, including penetration power, excitability, etc.,
we will focus on the role wavestructure plays in terms of defect sensitivity. Several examples of
optimal wavestructure selection will be given to show the importance of choosing the
appropriate mode-frequency combination and being able to excite the selected point on the
dispersion curve.

Case 1: Water-Loaded Structure
Ultrasonic guided wave tomography is a method often utilized in SHM and hot-spot monitoring.
In a tomographic setup, an array of ultrasonic sensors is distributed around the area of interest
(see Figure 6). Each sensor is subsequently activated while all other sensors receive the
transmitted energy. This is repeated for all sensors, until at the end of the process an N-sensor
array will have collected N*(N-1) signals. These signals are compared to a set of baseline data.
Any significant changes can be used to identify and locate damage in the structure. While this
can be a method that is sensitive to damage, it can also be sensitive to other factors that can cause
differences in the transmitted ultrasonic energy, including environmental factors. One common
cause of such false-positives is water loading of the structure, in which water or another liquid is
present on the surface. This could occur due to rain or fluid leakage from equipment.
An experiment to investigate such a situation was performed by Jaya Koduru and can be
found in reference 7. The general results are discussed here. Figures 6 and 7 show how this can
lead to false-positives in an ultrasonic guided wave tomography system.
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Fig. 6 (Left) A tomography array on an aluminum plate with a simulated corrosion defect. (Right) The tomography
map generated by the system, clearly showing the presence of a defect.

Fig. 7 (Left) A tomography array on an aluminum plate with a simulated corrosion defect and a small puddle of
water. (Right) The tomography map generated by the system, clearly showing the presence of water.

From Figures 6 and 7 it is clear that it would be nearly impossible for a user to distinguish
between the true defect and the water if only the computer-generated map were available.
Therefore any water loading on the structure would lead to false-positives. However, by
carefully selecting a guided wave mode with no out-of-plane displacement component, the
system can become highly-insensitive to water loading. This is due to the fact that water has a
low viscosity and thus cannot support shear loads. Thus the guided wave modes with no out-ofplane component do not interact with the water on the surface. They do, however, interact with
defects such as cracks and corrosion. By using annular array sensors designed to preferentially
excite the selected guided wave mode in place of the piezoelectric wafer active sensors (PWAS)
8

in the previous figures, an improved system can be developed. Figures 8-10 show the results of
these experiments [7,10].

Fig. 8 (Left) A tomography array constructed of
annular array transducers on an aluminum plate
with a simulated corrosion defect and a small
puddles of water distributed across the surface.

corrosion
corrosion

Fig. 10 Results generated from the above tomography
system with an excellent mode-frequency
combination activated. Notice that only the corrosion
is detected.

Fig. 9 Results generated from the above tomography
system with a poor mode-frequency combination
activated. Notice that the water and corrosion are
both detected.

From these results, it is clear that by choosing the optimal mode-frequency combination based on
wavestructure considerations, the functionality of the system was greatly improved. However, it
is significant to note that the wavestructure selection is not useful without the ability to activate
the corresponding point on the dispersion curve. In this experiment, that was accomplished with
annular array transducers.
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Case 2: Delamination Depth in a Composite Panel
A second interesting case in which wavestructure-based mode selection is important is when the
depth of a delamination in a composite panel needs to be evaluated. Note that this example was
taken from [20]. Guided wave systems can be designed to not only detect the presence of
delaminations in a composite, but with proper mode selection, the depth of the delamination can
be evaluated as well. This is accomplished by selecting various guided wave modes that are
preferentially sensitive to delaminations between various layers. The sensitivity of a mode to a
delamination at a particular layer is determined by calculating the relative in-plane displacement
H- IF ∆
G

at each layer as a function of mode and frequency.
EF

1.16

M
H ILI
∑O-,P,Q KN G

H is the power-normalized displacement, ∆ is the thickness of a layer, subscript I
in which G

corresponds to layer I, and h is the thickness of the plate. By finding the point on the dispersion
curve with high values of S for a particular layer, optimal delamination sensitivity at that
interface can be achieved. Evaluating the entire dispersion curve as a function of this sensitivity
results in “goodness” curves as shown in Figures 11 and 12.

mode 8

mode 8

mode 5

mode 5

Fig. 11 Goodness curve plotted for optimal
delamination sensitivity at the layer 8-9 interface in
the composite panel.

Fig. 12 Goodness curve plotted for optimal
delamination sensitivity at the layer 12-13 interface in
the composite panel.
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From the goodness curves it is clear that mode 5 at 500 kHz is ideal for delamination detection at
interface 12-13, while mode 8 at 1 MHz is ideal for interface 8-9. This theory was evaluated by
constructing a 16-layer carbon fiber composite panel with three defects at various depths, as
shown in Figure 13. Note that due to the symmetric/antisymmetric nature of the Lamb wave
modes in the plate, the mode that is optimized for sensitivity to interface 12-13 is similarly
sensitive to interface 2-3 on the opposite side.

1”

Fig. 13 Image and C-scan of a fabricated composite panel with three simulated delaminations at interface 2-3
(top), interface 8-9 (middle), and interface 12-13 (bottom).

A pair of comb transducers was used in through-transmission arrangement to detect the
delaminations in the plate. Appropriate time delays were applied to the comb elements to
activate the identified modes, as shown in Figure 14.

Fig. 14 Phased comb transducers in throughtransmission setup for mode selection experiment
on the 16-layer composite panel. Locations of the
three delaminations are marked with black x’s.
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The results of the experiment are shown in Figures 15 and 16. The contour plot shows
transmitted energy , thus a region with less color indicates a delamination. It is apparent from
Figure 15 that mode 5, as selected, was more sensitive to delaminations at interfaces 2-3 and 1213. Similarly, mode 8 was slightly more sensitive to the delamination at interface 8-9.

Fig. 15 Through-transmission results from using
mode 5 at 500 kHz.

Fig. 16 Through-transmission results from using
mode 8 at 1 MHz.

While many more examples exist, these two cases have exemplified the importance of proper
mode-frequency selection and the subsequent need to be able to excite the selected mode in a
structure. Both annular arrays and phased comb arrays were used in the preceding cases, but
angle beam wedges can also be utilized to exploit Snell’s Law and selectively excite modes with
particular phase velocities [11]. This paper will focus on phased annular and comb arrays due to
their inherent flexibility in being able to excite large regions of a dispersion curve without
physically removing and altering the transducer applied to the structure.
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1.4 Literature Review
In the past several years, a number of groups have been active in the field of guided wave mode
control by use of various transducer designs and activation schemes. Giurgiutiu utilized guided
wave normal mode expansion to analyze the selective excitation of various guided wave modes
as a function of frequency by piezoelectric wafer active sensors (PWAS) [2]. However, multielement transducer arrays often have much better selectivity, much of the work on this front has
been focused on linear comb transducers, particularly that of Rose, et al. [9,10,12,15,19,20,21].
Quarry and Rose analyzed the excitation in the phase velocity spectrum for linear comb array
transducers with various spacing [12] and then analyzed the effects on the spectrum by linearly
phasing the elements of the array [15]. Li and Rose expanded on this work for selective
excitation of guided wave modes in pipes [9]. Yan and Rose also applied these results to other
structures including aircraft components [19].

Wilcox, Lowe, and Cawley went on to expand this approach to axisymmetric sources such as
planar electromagnetic acoustic transducer (EMAT) coils [17]. Glushkov and Glushkova
utilized a Fourier transform of the wave equation to determine optimized excitation of particular
modes and frequencies with complex annular array element loading amplitudes in particular
waveguides by maximizing wave mode energy [3]. Salas and Cesnik studied the guided wave
mode excitation of segmented unphased annular inter-digital transducers (IDTs) for selective
wave mode and direction influence for defect detection in isotropic and anisotropic plates
[13,14]. Koduru utilized phased annular array elements for mode selection and beamforming in
isotropic and anisotropic plates for defect detection [7].

This research will expand upon this previous work by thoroughly analyzing the excitation
spectra of annular arrays by applying a Hankel transform to the geometry of such arrays.
Parametric studies on the effects of various annular array design parameters are also conducted
to analyze the effects of these parameters and determine guidelines for optimum design of such
arrays. The qualitative and quantitative differences between comb and annular arrays will be
studied and the sources of these differences will be discussed, including the analytical separation
of the inward- and outward-propagating annular array waves and their corresponding excitation
spectra. A correction factor to accurately relate primary wavelength of excitation and array
13

spacing will be presented, and the importance of utilizing this factor in transducer design will be
thoroughly discussed. The effects of annular array phasing will also be presented in the
wavelength domain and the trend of the excitation spectra as a function of phase delay will be
presented in contour and surface plots. Similar contour and surface plots will be utilized to
display the combined factors of wave mode excitability and excitation spectra in particular
waveguides by plotting excited guided wave mode relative amplitudes in terms of percent of
total guided wave energy in a structure as a function of mode, frequency, and phase delay. A
number of finite element analyses and physical experiments will be conducted to test the results
of these calculations and conclusions.
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Chapter 2: MATHEMATICAL ANALYSIS OF ARRAY GEOMETRIES

2.1 Array Geometries
The linear comb arrays are assumed to have a pitch (spacing) denoted by s and an element width
denoted by w.. The analysis will be done with the assumption that the comb elements extend to z
= ±∞.
∞. The geometry is described in Fig. 17 below.
y
w

s

...

...
x

1

(N-1)/2
1)/2-1

(N-1)/2

(N-1)/2+1

(N-1)/2+2

(N-1)/2+3

N

Fig. 17 Geometry of linear comb array, s = pitch, w = element width, N = number of
elements

The annular arrays spacing and element width have the same notation as the linear case.
case The
annular ring geometry is as described in Fig. 18 and Fig. 19 below. Note that there are two
geometric arrangements for the annular rings. The arrangement shown in Fig. 18 has the inner
circle element as an “active” or non
non-zero element, while the configuration in Fig. 19 has an
“inactive” or zero-valued
valued element in the ce
center,
nter, along with an arbitrary inner radius distance r0.
These arrangements will be referred to as “active
“active-center” and “inactive-center”
center” geometries,
respectively.
y
s

w
...
r

1

3

2

N

w

s

Fig. 18 Axisymmetric geometry of active
active-center
annular array

y
s

r0

w

Fig. 20 Top view of an annular array

...
r
1

2

N

Fig. 19 Axisymmetric geometry of inactive
inactive-center
annular array
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2.2 Mathematical Description of Array Geometries
The geometry of the comb and annular arrays can be defined in terms of rectangle functions,
denoted by ∏S  and ∏S T, respectively. These rectangle functions will be defined as
∏S 

U

1,
0,

"V W  W V
[
 X "V YT  Z V

∏S T

U

1,
0,

0 W T W V[
TZV

"a

Fig. 21 Rectangle functions in x and r

a

a

x

r

To describe a single element n in the comb array, the difference of two Heaviside step functions
can be used as follows. Let n be an element that extends from x=bn to x=cn.
\ 

] " ^\  " ] " %\ 

2.1

This description can be used to mathematically define the geometry for a comb array as follows.


`

_@] " ^\  " ] " %\ A

\O

2.2

description using the rectangle functions ∏S  will lead to a simpler solution upon taking the
While this is an accurate description of the comb array, summed element-by-element, a

Fourier transform. Thus we will adopt the following mathematical description of the comb array
geometry.
 

`/

_ ∏a/  " cd

\ON

2.3

Similarly for the annular array, the mathematical description will be as follows in equation (2.4).
For the active-center case, the equation is given in (2.5).
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2.3 Transforms of Geometry Functions
To analyze the geometries of the linear comb and annular arrays in the wavenumber k domain,
the spatial Fourier transforms of the respective geometry functions must be taken. For the comb
1

array case, the Fourier transform is as follows.
fg h?

Thus for the comb array geometry, let ?
l ?

√2j

/∞

?- , and
1

fg  h

k

∞

√2j

, /- L

2.6

∞ `/

k m_ ∏a/  " cdn , /- L

2.7

/∞ \ON

However, this can be simplified by first taking the Fourier transform of a single element centered
about the origin.

l N ?

1

√2j
e
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2.8

∞

/∞
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d>c% o p
2
√2j
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Now, by using the modulation property of the Fourier transform, this element can be translated
along the x-axis by a distance ∆x as follows.
l ∆- ?

l N ?, ∆-

2.10

Thus, by assuming constant element spacing and width, any element n can be described by
combining equations (2.9) and (2.10), and equation (2.11) can be written as
fg  h

e

`/

?e
_ d>c% o p , \r
2
√2j
\ON

2.11

Thus equation (2.11) is the spatial Fourier transform of the geometry function of the N-element
comb array. To describe the excitation spectrum of the annular array, the 2-dimensional Fourier
transform of the annular array geometry function must be taken. However, since the geometry
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function of the annular array is axisymmetric, the 2D spatial Fourier transform can be simplified
as a 0th-order Hankel transform.
lS ?

sN g S Th?

k

∞

N

S TT tN ?TLT

2.12

By substituting in the annular array geometry function from equation (2.4), the Hankel transform
becomes

sN g∏a T " cd " TN h

sN g]T " cd " TN  " ]T " cd " TN " eh

2.13

in which H(r) is the Heaviside step function. By using Bessel function integral recurrence
1 [
@ t  A|∞
N
?
1 [
@ t  A|\rvwNva
sN g∏a T " cd " T0h
\rvwN
?

relations and integrating each term in the summation, we find the following.
sN g]Th

2.14

2.15

Thus the 0th-order Hankel transform of the inactive-center geometry function of the N-ring
annular array is given in equation (2.16a).
lSxyz{|x}~ ?
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It can also be shown that for the case of the active-center annular array, the Hankel transform is
that given in equation (2.16b).
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can be invoked, in which l denotes the complex conjugate of l.

2.16^

To convert these complex-valued k-domain functions into absolute real values, equation (2.17)

Φ?

|l?|

l? · l ?
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2.17

Using the relation 

2j , the functions Φ ? , Φ ? , Φ  and Φ  can be plotted




?

against ? and  , respectively, as shown in the next section. The functions Φ %  and Φ % 

can also be plotted for a central excitation frequency, f, and a given set of s and w values.

2.4 Sample Figure for Various Array Geometries
Several sample figures have been generated in MATLAB using the equations previously derived.
Several examples of different geometries are given in Figures 22-24 on the following pages.
The comb and annular array plots are placed side-by-side for comparison. Note that excitation
spectra are all normalized to 1.

Fig. 22 Excitation spectra for active-center annular and comb arrays with N=3 elements, element width w=2
mm, and spacing s=4 mm.
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Fig. 23 Excitation spectra for active-center annular and comb arrays with N=6 elements, element width w=7.5
mm, spacing s=10 mm.
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Fig. 24 Excitation spectra for active-center annular and comb arrays with N=5 elements, element width w=3
mm, spacing s=6 mm.
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Chapter 3: EFFECTS OF ARRAY PARAMETERS

For any given comb or annular array, there are several parameters that determine the exact
geometry, and consequently, the performance of the array as well. For a comb array these
parameters are N (number of elements), s (spacing or pitch), and w (element width). For an
annular array the parameter r0 (inner radius) and the inner element geometry (inactive vs. active)
also come into play. We will attempt to separate and analyze the effect of each of these
parameters and how they can be optimized to design an array best-suited for each purpose. We
will first analyze the two parameters specific to annular arrays.

3.1 Active- vs. Inactive-Center Annular Array Geometry
Here we will examine the difference between an “active-center” vs. an “inactive-center” annular
array. Below are plots of the excitation spectra for both active- and inactive-center annular
arrays with various N and WSR values in the λ-domain.

Fig. 25 Excitation spectra for active- and inactive-center annular arrays with N=3 elements and WSR=0.5
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Fig. 26 Excitation spectra for active- and inactive-center annular arrays with N=3 elements and WSR=0.2

Fig. 27 Excitation spectra for active- and inactive-center annular arrays with N=3 elements and various WSR
values. Note that the legend is the same as in Figures 25 and 26.
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It is evident in Figure 27 that the shape of the excitation spectra is strongly affected by the
choice of an active- vs. inactive-center annular array. While the WSR value causes relative
shifts in the excitation spectra for both geometries, the ratio of the 1st -2nd peaks is a relatively
consistent property of the spectra. Figure 28 shows the relationship between 1st-2nd peak ratios
for each geometry for three values of N.
It can be seen that for each value of N, the amplitude ratios of the 1st and 2nd peaks are larger for
the inactive-center geometry. For the inactive-center arrays, on average, the secondary peak is
4.66 dB down (±0.26 dB) from the primary peak. This is an improvement over the active-center
case, in which the secondary peak is, on average, only 1.63 dB down (±0.35 dB) from the
primary peak. By considering this calculation in conjunction with the visual inspection of
Figure 27, it can also be concluded that the effective excitation bandwidth is greater for the
active-center case. Thus we can conclude that in most cases, inactive-center array geometry is
preferred. From this point on, we will consider only inactive-center arrays.

Fig. 28 Ratio of the primary and secondary excitation spectrum peaks (in dB) for active- and inactive-center
annular arrays with N=3, 5,and 8 elements and various WSR values.
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3.2 Inner Radius, r0
It has been shown that the inactive-center array geometry is preferable over the active-center
geometry. This leaves the question of the influence of the inner radius of the array, i.e. the
distance from the center of the array to the inside of the first element. For the array to be

considered an inactive-center array, TN Z 0. The excitation spectra for various values of TN are

given in Figures 29-32 for an annular array with an WSR value of 0.5 and 5 elements. The

excitation spectrum for a comb array with similar WSR and N values is included for comparison.
first of which is the case in which TN X d, and the second is the case in which TN Z d. Case 1 is
There are two fundamental cases for optimizing the inner radius that must be considered. The

investigated in Figures 29 and 30 and case 2 is investigated in Figures 31 and 32 below.

Fig. 29 Comparison of the excitation spectra
for various values of TN X d and N=5
elements. The bottom plot is the comb case.

Fig. 30 Comparison of the excitation spectra
for various values of TN X d and N=10
elements. The bottom plot is the comb case.

In Figures 29 and 30 it is apparent that the case of TN
undesirably larger than in the case of TN

TN

0d and TN

0d and TN

0.25d, the ratio of the 1st-2nd peaks is

0.5d. The differences between the

0.5d cases is negligible, except for in the upper end of the λ-domain, in which

the amplitudes are slightly lower for the TN

0.5d case.
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To perform a complete analysis on the effect of the inner radius of the annular array on the
subpeaks of the primary excitation peak, Figures 31 and 32 can be studied.

Fig. 31 The effect on the excitation spectrum
of altering the inner radius from 0s to 1s.

Fig. 32 Plot showing the critical inner radius, at which
the main peak is maximized with respect to its subpeaks.

Note that at any given value of r0, the subpeaks are due to the adjacent angled regions of high
excitation. The explicit value of the excitation increases as r0 increases, due to the increased area
of physical excitation, thus a larger load on the structure means greater excitation. In order to
understand the maximum value of the center peak with respect to its subpeaks for any given r0
value, we can normalize the plot as shown in Figure 32 for each r0 value. The maximum point
shown corresponds to the location where the sidelobes on each side of the main peak are
minimized (and equal). The example shown in Figure 32 is for a 5-element array. This critical
r0 value can be found for any number of elements, N, as shown in Figure 33.

Fig. 33 The critical inner
radius, rc, for which the
amplitudes of the subpeaks are
minimized (and equal), can be
found for any number of
elements in an annular array.
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An example of the effect of choosing an inner radius equal to or far from the critical inner radius,
rc, is given in Figure 34. The bottom excitation spectrum is an extreme case of a poor choice for
r0 in which there is a completely split central peak of excitation.

Fig. 34 Example of a 4-element annular array transducer with r0 = 0.444s = rc and r0 = 0.7s .

Thus it can be concluded that the optimum inner radius for a particular annular array depends on
the number of elements that comprise it. To simplify further calculations, as well as to
accommodate simpler array fabrication, for the remainder of this paper the ‘standard’ inner
radius for an annular array will be taken to be 0.5s. Although this is not optimal for all number
of elements, it will not greatly affect the subsequent calculations and will facilitate simpler
27

fabrication for experiments. In practice, however, it may be ideal to optimize the inner radius
using the chart in Figure 33 in order to suppress the subpeaks.

Fig. 35 Comparison of the excitation spectra
for various values of TN and N=5 elements.
The bottom plot is the comb case.

Fig. 36 Comparison of the excitation spectra
for various values of TN and N=10 elements.
The bottom plot is the comb case.

primary peak are independent of TN , for the case in which TN  d. However, as TN increases, the
It is apparent in Figures 35 and 36 that the broad envelope of the excitation spectra near the

number of zeros within the displayed λ range increases, and the function comes to more closely
resemble the comb case with the same number of elements. Since the effective excitation in

real-world applications only has a certain wavelength resolution, it can be approximated that the

primary excitation peak for TN
array case.

15d and even TN

8d can be considered equivalent to the comb

The increase in the number of zeros with a given λ range can be attributed to the increased
arguments of the Bessel functions, as plotted in Figure 37. Thus the lower argument Bessel
argument as TN increases. In addition to an increase in the number of zeros, as the argument of
functions are removed from the summation and replaced with those of increasingly larger
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the Bessel function increases, the Bessel function can be approximated by a sinusoidal term,
which can be reduced to the sinc(r) function in the comb array equation.

Fig. 37 Increase in zeros as
argument of Bessel function
increases.

Note that if we use the large argument approximation of Bessel functions given in equation (3.1),
we can estimate the minimum inner radius necessary to fulfill this approximation.
lYT     " ,


2
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" 
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2
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Thus if we make the assumption WSR=0.5 and r0=βs, we can change the first and second Bessel
function terms of equation (2.16a) to
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Thus the following approximation can be made
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and using the smallest argument in each summation (i.e. the lowest value of n and (3.2b)),
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Since our area of interest is only within the neighborhood of
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Thus for annular arrays with an inner radius of TN  3d, we can use the asymptotic Bessel

3.3%

approximation and consider it to approach the description of a comb array with a similar number
of arguments. Of course this assumption depends heavily on our evaluation of what can be
considered “much greater” than ¾. This will be discussed further in section 6.

This result agrees with what would be expected, as increasing the inner radius of the array
increases the overall radius of each ring element, which can then be more closely approximated
by increasing the inner radius TN of the array, we can more closely approximate it to a comb

to a line element with respect to the other spatial parameters of the array, such as s and w. Thus

array, even with a small number of elements.

3.3 Number of Elements, N
The broad effect of the number of elements in an array is obvious, and in the ideal case, a very
large number of elements would be used. However, the size and cost considerations in array
design dictate that the fewest elements possible should be used to achieve the goal of the array.
To analyze the effect of the number of elements, N, we can compare them graphically in Figures
  ∞. It is also clear that as the number of elements increases to 5 or more elements, the

38 and 39. It is apparent in both figures that the excitation spectra have similar behavior as

relative amplitude of the sidelobes outside of the main excitation envelope is relatively consistent

between the annular and comb cases. Again, this is confirmation that the broad envelope of the
excitation spectra are roughly equivalent between the comb and annular arrays after a few
elements are involved. The primary difference lies in the specific peaks and zeros within this
envelope. As was discussed earlier, the significance of these peaks and zeros depends on the
necessary λ resolution for a given application. If the necessary lambda resolution is high, then
there will be a significant difference between, for instance, the spectrum of an annular array with
5 elements and a comb array with 5 elements (both in red on the previous plots). However, if the
necessary λ resolution is broad, these two spectra may be considered roughly equivalent. The
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factors that determine this λ resolution are the desired cp and f values for excitation and the local
characteristics of the dispersion curve of the structure involved. Another factor to take into
consideration is λ sensitivity, i.e. how focused the excitation spectrum must be. For applications
with a high λ sensitivity, more elements will be necessary to reduce the bandwidth of the primary
excitation peak and to reduce the amplitude of the sidelobes. These factors will determine the
necessary number of elements, N, that must be included in an annular or comb array and whether
or not the annular or comb arrays can be considered to have similar excitation spectra.

Fig. 38 Influence of the number of
elements, N, on the excitation spectrum
of an annular array. The excitation
spectra above are for identical arrays
with elements numbers of N=3, 5, 10,
25, and 200 respectively.

Fig. 39 Influence of the number of
elements, N, on the excitation spectrum
of a comb array. The excitation spectra
above are for identical arrays with
elements numbers of N=3, 5, 10, 25, and
200 respectively.
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3.4 Element-Width-to-Spacing Ratio (WSR)

a

The ratio of the element width and element spacing of the arrays can be written as r , or WSR.

This value can range from the limiting cases of 0 to 1. An array with a WSR value of 0 would
have no elements at all, while an array with a WSR value of 1 will essentially be a solid. The
plots in Figure 40 show the effect of WSR values from 0.1-0.5 on a comb array, while Figure
41 shows the effect of WSR values from 0.5-0.9 on the same array.

Fig. 40 Influence of WSR values, ranging from
0.1-0.5 (from top to bottom), on a 6-element
comb array.

Fig. 41 Influence of WSR values, ranging
from 0.5-0.9 (from top to bottom), on a 6element comb array.
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It will be useful to analyze the previous two figures separately, as different phenomena occur
depending on whether the WSR value is greater than or less than 0.5. For the case in which
WSR ≤ 0.5, we can see in Figure 40 that the primary harmonics do not shift in the λ domain as
the value of WSR decreases from 0.5 to 0.1, but the amplitudes do change. Note that here we
will refer to the periodic high amplitude peaks at multiples of s=mλ as harmonics, and the lower
amplitude peaks within each period will be referred to as sidelobes. As WSR approaches 0.5, the
amplitudes of the harmonics and sidelobes reach a minimum and the even harmonics completely
disappear. This is obviously the ideal case, so we can rule out any WSR < 0.5. For the case in
which WSR ≥ 0.5, we can see in Figure 41 that both the λ value and amplitude of the primary
peak and the harmonics changes as WSR increases from 0.5 to 0.9. It is important to note that
the excitation spectra were each normalized over a range of λ = [0 5s] (outside of the visible
range), thus the fact that the primary peak for WSR=0.9 is lower than the others is simply an
effect of this normalization and can be ignored for this discussion. It is significant, however, that
the primary peaks shift higher in the λ-domain as WSR increases from 0.5-0.9. Although the
effect is small, the central wavelength is shifted away from s= λ. If there are other attributes of
the excitation spectra for a WSR value greater than 0.5 that are desirable, this peak shift can be
compensated for by simply altering the original s value in the design to excite the proper
wavelength.

Further analysis can be done for the case in which WSR>0.5 by analyzing the amplitudes of the
harmonics and sidelobes. This is done in Figures 42 and 43 below.

Fig. 42 Influence of the WSR value on
the relative amplitude of the first three
harmonics to the primary peak.
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Fig. 43 Influence of the WSR value on
the relative amplitude of the first two
sidelobes to the primary peak.

By analyzing the relative amplitude of the harmonics vs. the WSR value, we can see that the
even harmonics (s=2λ, s=4λ) have the lowest relative amplitude at WSR=0.5. The first even
harmonic, for instance is 27dB down from the main peak when WSR=0.5, but is only 10dB
down when WSR=0.4 or 0.6. The odd harmonics, on the other hand, are minimized at WSR=0.3
and 0.7, but are at a local maximum when WSR=0.5. Thus we cannot control the amplitude of
all harmonics by simply varying the WSR value of the array. However, we must consider the
relative importance of each of the harmonics as well as their relative amplitude to each other for
various WSR cases. Even though the odd harmonics reach a local maximum at WSR=0.5, they
are still approximately less than or equal to the amplitudes of the even harmonics at any other
value of WSR. Thus there would be no advantage to using an array with a given WSR value
other than 0.5 in order to reduce the odd harmonics, as the even harmonics would increase up to
or beyond the height of the WSR=0.5 odd harmonic. This fact, in addition to the almost nonexistent even harmonics at WSR=0.5, make it the ideal choice for a comb array with respect to
the harmonic amplitudes.

We must also take the sidelobes near the main peak into account, as they have a substantial
amplitude in some cases (including the N=6 case investigated here). Figure 43 shows the
relative amplitude (in dB) of the nearest two sidelobes for WSR values from 0.1 to 0.9 in the
comb array case. It is apparent that the sidelobes are minimized (to a limit of approximately 15.5dB and -12.5dB respectively, by minimizing the WSR value. However, when we consider
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the effects of low WSR values on the amplitudes of the harmonics, it is apparent that minimizing
this value will not be ideal in general. Instead, a balance must be found between the sidelobe and
harmonic amplitudes. Since the trends in Figure 43 have a somewhat shallow slope between 0.1
and 0.5, we can assume that it may still be ideal to design comb arrays with an WSR value of
0.5, at which the first and second sidelobes are -10.7dB and -12.6dB, respectively.

Fig. 44 Excitation spectra for various WSR values from 0.1-0.5 (from top to bottom) for an N=6 annular array.

Fig. 45 Excitation spectra for various WSR values from 0.5-0.9 (from top to bottom) for an N=6 annular array.
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The annular array case is slightly different that the comb array case in the fact that the main peak
has a significant sidelobe on each side. Thus we must weigh the significance of the sidelobe and
harmonic amplitudes differently than the comb case. As we did in the previous case, we will
first examine the effect of the WSR values on the harmonic amplitudes. See Figure 46 below.

Fig. 46 Harmonic ratios for first and second
harmonics relative to the main peak in an N=6
annular array with various WSR values.

It can be shown that, in general, the amplitude of the harmonics is significantly less for the
annular array in comparison to those of the comb array. Thus we will only focus on the first and
second harmonics in the annular array spectra. Figure 46 shows that the behavior of the second
harmonic is somewhat complex, but the amplitude of the first harmonic is clearly minimized
when WSR=0.5. For this case, the first harmonic is -35dB down from the main peak, compared
to -15dB down at WSR=0.4 or 0.6. Thus, due to the dominance of the first harmonic, we can
conclude that with respect to minimizing harmonics, WSR=0.5, or close within this
neighborhood is ideal for the annular array.
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Fig. 47 Sidelobe amplitude ratios relative to
the main peak in an N=6 annular array with
various WSR values.

We must also analyze the size of the sidelobes, which are more substantial in the annular array
case than in the comb array case. Figure 47 shows the trend of the relative amplitudes of the
sidelobes as WSR varies.

By analyzing Figure 47 as well as Figures 44 and 45, we can separate the behavior of the
sidelobes into two categories. The first category is comprised of the first large sidelobe on each
side of the primary peak. We will refer to these as subpeaks. The second category is comprised
of all other sidelobes within each period (i.e. between harmonics). We will continue to refer to
these as sidelobes. The behavior of the sidelobes with respect to WSR is essentially identical to
that found in the comb array. The behavior of the subpeaks, on the other hand, is a new
phenomenon that is not observed in the comb array. In Figure 44, for WSR values from 0.1 to
0.5, we can see that the primary peak and both subpeaks gradually reverse themselves
symmetrically about λ=s. Then for WSR values above 0.5, the amplitude of one subpeak
increases at the same rate that the other sidelobe decreases in amplitude. Thus the ideal WSR
value, with respect to sidelobe and subpeak amplitude, is at WSR=0.25. At this point, the two
subpeaks have reached a point where they are equal, and the overall subpeak amplitude is
minimized. Another factor that must be investigated is the λ location of the main peak, which
shifts for various WSR values. It can be seen the main peak reaches a maximum at exactly λ=s
for WSR=0.25 and WSR=0.75. We have just determined that for subpeak and sidelobe
amplitude reasons, WSR=0.25 would be the preferable of the two. A plot of the excitation
spectrum for the annular array with this WSR value and N=6 elements is shown in Figure 48.
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Fig. 48 Excitation spectrum for an annular array
with N=6 and WSR = 0.25.

Fig. 49 Excitation spectrum for an annular
array with N=6 and WSR = 0.5.

The only downside to this value of WSR is that the first harmonic is approximately 28 dB higher
than in the WSR=0.5 case. This case is plotted for comparison in Figure 49. It is obvious that
even though the main peak is now centered at λ=s and the subpeaks are minimized, the tradeoff
in terms of harmonic amplitudes is substantial. In most cases, this tradeoff will most likely not
be worth it, and the WSR=0.5 case will still be ideal. However, there could be situations in
which the amplitudes of the harmonics are not so significant and it will be preferred to use an
array with an WSR value of 0.25. In addition to these two WSR values, any value of WSR ≤ 0.5
could be used with the annular array in order to minimize one sub peak or the other near the
main peak. This may be useful for certain regions of the dispersion curve. For instance, for a
case which a mode with a wavelength slightly shorter than the desired wavelength is easily
excited while no modes exist with a slightly longer wavelength (at the chosen frequency), then it
would be preferable to use an array with an WSR value of 0.1 (as long as harmonics are not a
significant issue).

3.5 Spacing-to-Lambda-Ratio (SLR) as a Function of N and r0
For large values of N with a ‘standard’ array, the SLR value is simply optimized by choosing an
array with a spacing, s, equal to an odd multiple of the wavelength, λ. Of course, of all the odd
harmonics, the maximum peak lies at λ=s. For arrays with a value of WSR other than 0.5, as
shown in the previous section, an array with spacing s can also excite wavelengths of even
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multiples. As the number of elements is increased, as can be seen in both Figures 38 and 39, the
bandwidth of the resonant peaks becomes smaller and all resonances other than the odd lambda
harmonics disappear. In addition to this, for small N values, the primary excitation peak does
not lie at λ=s for either array geometry.

To understand how the number of elements affects the main peak in the excitation spectrum, we
can look at the central wavelength value, λc, and the bandwidth of the main peak, ∆λ. For the
‘standard’ comb array with WSR=0.5, and the ‘standard’ annular array with WSR=0.5 and
r0=0.5s, the position of the main peak shifts depending on the number of array elements. A plot
showing this trend is given in Figure 50. This effect is also coupled to the inner radius of the
array, which is shown in the next section.

Note that there is no data value for N=1 in the comb array data set in Figure 50. This is because
the main peak is absorbed into the large “shoulder” that reaches to λ=∞ and approaches a
constant value (there is no periodicity with a single element). It is apparent that for the
‘standard’ (r0 = 0.5s) annular array case in which N>3, the main peak will lie within 5% of λ =1s.
On the other hand, for the comb case, the SLR ratio is within 3% of λ·s=1 for N>3. Thus the
primary wavelength, λc, excited by the comb array is closer to the spacing value than in an
annular array for any value of N. Even though both arrays approach 1 as N increases, the comb
case does so much faster.

Another factor that must be taken into account is the bandwidth of the primary peak in the
excitation spectrum. Here we will define the bandwidth to be the full width of the peak at 6dB
below the maximum value at λc. The relationship between the bandwidth and the number of
elements can be seen in Figure 51 for both annular and comb arrays. Of course, this is also
dependent on r0.
We can see here that the annular array has a narrower bandwidth for all N values in the range
shown. Similarly, we can see that the annular array has a narrower bandwidth of the main peak
as N→∞. This is confirmed in Figures 34 and 35 above. However, it is important to keep in
mind that the annular array has a double peak for the ‘standard’ array geometry (or triple peak in
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some cases, as with the critical inner radius, rc, thus effectively increasing the true bandwidth of
the excitation peak.

Fig. 50 Relationship between number of elements in an array and the position of the main peak in the λ·s
domain.

Fig. 51 Relationship between number of elements in an array and the bandwidth of the main peak in the λ·s
domain.
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To design an annular or comb array with optimal excitation at the wavelength of interest, it is
important to understand the SLR value and how it depends on N and r0. The SLR value can be
considered to simply be a “correction factor” when designing an array transducer. Note that a
correction factor less than 1 corresponds to a transducer with spacing smaller than a wavelength.
The relationship of this adjustment factor to the number of elements in a comb array can be seen
in Figure 50 above. The relationship of the correction factor to number of elements and inner
radius for an annular array is shown in Figure 52 below.

Fig. 52 Correction factor as a
function of N and r0.

Here it can be seen that for different inner radii, the relationship between the correction factor
and N varies dramatically. For some inner radius values, the correction factor is greater than 1,
and for others, it is less than 1. It is clear that for particular inner radii, such as near 0.2s and
0.7s, the peak of primary excitation undergoes a dramatic shift. This corresponds to the points at
which the double peaks that comprise the primary excitation switch in magnitude. Such a
change in relative peak values is due to the angled regions of high excitation seen in Figure 31.
Of course, these regions should be avoided if possible. Although one’s instinct may be to
attempt to minimize the correction factor, or choose an inner radius with a correction factor that
varies minimally with changes in N, this is of no real advantage. As long as a plot like the one
shown in Figure 52 is referenced to determine the correction factor for s, any annular array,
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regardless of inner radius or number of elements, can be tuned to optimally excite a particular
wavelength. However, it is of interest to note that by using the critical inner radius, rc, as
discussed previously, the correction factor for an annular array is identical to that of a comb
array for any number of elements, N. This is due to the fact that the central excitation peak of
the annular array with critical inner radius is centered in the comb array “envelope”, as shown in
Figure 34. This is not to be interpreted to mean that the excitation for an annular array with
inner radius r0 = rc is equal to that of a comb array. Only the correction factors are the same.
Finite element verification of the correction factor is given in a later section.

In addition to analyzing the value of the correction factors, it can be useful to evaluate the effect
of not utilizing the correction factors. This can be done by evaluating the excitation spectrum
value at the point λ = s. We can then compare this to the peak value at the wavelength with the
correction factor λ = s/α. The results for comb arrays with various numbers of elements are
shown in Figure 53, and the same is done for annular arrays with various numbers of elements
and various inner radii in Figure 54.

Fig. 53 Values of the excitation
spectra for a comb transducer
with N elements at λ = s.

Note that these values are rather high, between 95 and 100% of the value at the optimum
wavelength (when the correction factor is utilized). Thus, in many cases, the correction factor is
not critical with comb array applications. However, as shown in Figure 54, this is not the case
with annular arrays. Depending on the inner radius, the effect of the correction factor can be
quite extreme, even when the value of the correction factor is rather small.
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Fig. 54 Values of the excitation
spectra for annular arrays with N
elements and inner radius r0 at λ = s.

Here we can see that the variation of the excitation spectrum value at λ = s does not vary heavily
with the number of elements in the array. It does, however, vary strongly with the inner radius.
At some inner radius values, the use of the correction factor will not be critical, since the value of
the excitation spectrum without it is nearly identical to that with the correction factor. Yet at
other inner radius values, the value of the excitation spectrum without the correction factor is
nearly zero. Examples of these cases, as well as the case of inner radius r0 = 0.5s, are given in
Figures 55-57.

Fig. 55 Values of the excitation
spectra for annular arrays with N
elements and inner radius r0=0.37s at
λ = s. For this case, the correction
factor has a minor effect on the
excitation spectrum amplitude.
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Fig. 56 Values of the excitation
spectra for annular arrays with N
elements and inner radius r0=0.63s at
λ = s. For this case, the correction
factor has a severe effect on the
excitation spectrum amplitude, which
is from 5-7% of the value of the
excitation spectrum with the
correction factor.

Fig. 57 Values of the excitation
spectra for annular arrays with N
elements and inner radius r0=0.5s
at λ = s. This is the most common
inner radius for our purposes, and
the correction factor has a
significant effect, albeit not as
extreme as in some cases.
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Chapter 4: ARRAY PHASING WITH TIME DELAYS

The ability of a comb or annular array transducer to selectively excite particular wavelength
regions of a dispersion curve makes it a powerful tool in guided wave inspection techniques.
However, the other side of the coin is that the excitation ability of an array is limited by its
construction. To enhance the capabilities of a single array, time delays can be applied across its
elements, which effectively increase or decrease the physical spacing between the elements. If
applied appropriately, time delays can allow the user to selectively excite any region on the
dispersion curve to one degree or another [7,9,15,19]. However, the key here is the ability to
understand and predict the response of the transducer to applied time delays.

4.1 Comb Array Time Delays
The analysis of the effect of time delays on the excitation spectrum of a comb transducer is
relatively straight-forward. By applying the appropriate time delay term onto the summation
term for each element, we can predict the associated excitation spectrum of the array as follows.
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In this case, linear time delays are applied across each element, relative to the first element. This
can be rearranged as in (4.2).
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Note that the term ω·∆t where ω is the angular frequency and ∆t is the time delay, is equivalent
to a phase delay ∆φ. In equation (4.2) it can be seen that the time delays are effectively shifting
the ks term. This causes the entire excitation spectrum to shift in the k-domain, as is
demonstrated in Figure 58 for a 5-element comb array. In this figure, it can be seen that the
symmetry about k=0 has been broken. The result of this is that the waves propagating from each
end of the comb array are no longer identical. The excitation spectra of the forward and
backward propagating waves can be separated by analyzing the positive and negative k-domains
separately. The forward and
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backward spectra for this comb array are shown in the wavelength-domain in Figures 59 and 60,
respectively. Note that, as would be expected, the spectra for the forward case are simply the
spectra for the backward case in reversed order, and visa-versa.

Fig. 58 Excitation spectrum of linearly-phased 5-element comb array in k-domain.

Fig. 59 Excitation spectrum forward propagating wave from a linearly-phased 5-element comb array in
wavelength-domain.
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Fig. 60 Excitation spectrum backward propagating wave from a linearly-phased 5-element comb array in
wavelength-domain.

The fact that the forward and backward propagating waves have different spectra in the
wavelength-domain allows us to select a time delay parameter such that an ideal mode will be
propagated forward and no mode, or a very weak mode, will be propagated backward. This
gives us directional control of the comb array. This is not the case with an annular array, which
we will address shortly.
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4.2 Annular Array Time Delays
Following a similar process as was done for the comb case, the excitation spectra for annular
arrays is given by equation (4.3).
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Fig. 61 Excitation spectrum for a linearly-phased 5-element annular array in wavenumber-domain.

However, it is apparent that this cannot be simplified into a form in which the time delay term
causes a direct shift in the excitation spectrum, as was possible in the comb case. This leads us
to the conclusion that linear time delays applied to an annular array will not simply shift the
excitation spectrum. In fact, the excitation spectra for a 5-element linearly-phased annular array
are as shown in Figure 61 for the k-domain and Figure 62 for the wavelength-domain.
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It is important to notice the fact that the symmetry of the k-domain excitation spectra for the
annular array about k=0 is preserved after time delays are applied. This is true for any time

Fig. 62 Excitation spectrum for a linearly-phased 5-element annular array in wavelength-domain.

delays that are applied to the array, linear or otherwise. This means that the inward and outward
propagating waves are not separated in the wave-length domain. This makes sense, because the
inward-propagating wave from any infinitesimal element will cross through the center of the
array and interact with the outward propagating wave from the symmetrically opposite
infinitesimal element. In the same way, the inward propagating wave from this second
infinitesimal element will interact identically with the outward propagating wave from the first
infinitesimal element. Thus the wave that the excitation spectra are describing is the sum of the
inward and outward propagating waves, described by the radial k-domain value kr. This is
accurate, however in reality, due to the finite excitation period (pulse) in the time-domain, it is
possible for the inward and outward propagating waves to in fact be separated, dependent upon a
sufficiently large inner radius of the array. This will be further explored in the FEM analysis
section of this report.
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Another interesting feature that occurs due to this symmetry is that the linear phasing can be
positive or negative (i.e. starting from the innermost element or the outermost element) and the
excitation spectra will be identical. For the comb case, however, this would swap the forward
and backward propagating waves.

4.3 Unphased Results in Dispersion Space
The excitation spectra thus far have been given in the wavenumber and wavelength domains.
For practical applications, it is useful to combine these spectra with the influence of spectra in
the frequency domain in order to plot the overall excitation spectrum over the dispersion curve
space. A comparison of similar N=5 element comb and annular array transducers is shown in
Figure 63. A 10-cycle rectangular tone pulse centered at 2MHz is used.

Note that a Hanning pulse is not used due to the narrow excitation in the frequency domain.
Therefore the rectangular pulse allows better visual interpretation. Also note that the split
primary peak in the wavelength domain is visible in the annular array spectrum. For
comparison, the excitation spectra are shown for N=3 and N=12 comb and annular arrays with
all other parameters being identical are shown in Figures 64 and 65.

Fig. 63 Excitation spectra in the dispersion space for 5-element comb and annular arrays with no time delays.
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Fig. 64 Excitation spectra in the dispersion space for 3-element comb and annular arrays with no time delays.

Fig. 65 Excitation spectra in the dispersion space for 12-element comb and annular arrays with no time delays.
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4.4 Phased Results in Dispersion Space
Although the differences between comb and annular arrays may seem negligible upon
examination of the previous dispersion space excitation plots, when time delays are applied,
dramatic differences arise between the two. Plotting the excitation spectra in the dispersion
space allows us to more readily comprehend the differences between the annular and comb array
excitation as time delays are applied. These differences become more apparent at particular time
delay values than others, as can be seen in the following figures. Note that Figure 63 shows the
excitation spectra for the same arrays as are shown here, although with no time delays.

Fig. 66 Excitation spectra in the dispersion space for 5-element comb and annular arrays with 83.33 ns time
delays.

Examining Figures 66-68 exemplifies the fact that the time delay approximations for comb
transducers cannot be accurately applied to annular arrays. In some cases, the two spectra may
be similar, but in most cases there are dramatic differences both in the phase velocity range and
the center phase velocity excitation spectrum.
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Fig. 67 Excitation spectra in the dispersion space for 5-element comb and annular arrays with 166.67 ns time
delays.

Fig. 68 Excitation spectra in the dispersion space for 5-element comb and annular arrays with 333.33 ns time
delays.
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Chapter 5: COMPARISON OF PHASED COMB AND ANNULAR ARRAYS

The effect of time delays on comb and annular arrays determines the ability of the array to excite
various regions of the dispersion curve. By plotting the excitation spectrum of an array (at a
central frequency) versus the phase delay applied across its elements, we can gain insight into
how the delay alters the excitation spectrum of a particular array. Several plots showing this
relationship for comb and annular arrays are given in Figures 69-72. Note the symmetry
apparent in the annular array spectra and the similarities to the comb spectra. The symmetry and
the interference pattern are effects of the inward and outward wave interference.

Fig. 69 Contour plot of excitation in the wavelength domain versus applied phase delay for comb transducer (left) and
annular array transducer (right) with 5 elements and central radius 0.5s.

Fig. 70 Surface plot of excitation in the wavelength domain versus applied phase delay for comb transducer (left) and
annular array transducer (right) with 5 elements and central radius 0.5s.
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Fig. 71 Contour plot of excitation in the wavelength domain versus applied phase delay for comb transducer (left) and
annular array transducer (right) with 12 elements and central radius 0.5s.

Fig. 72 Surface plot of excitation in the wavelength domain versus applied phase delay for comb transducer (left) and
annular array transducer (right) with 12 elements and central radius 0.5s.

Fig. 73 Surface plot of excitation in the wavelength
domain versus applied phase delay for annular array
transducer with 12 elements and central radius 20s.
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To see the effect of the inner radius of the annular array, compare the excitation of the annular
array with inner radius 0.5s in Fig. 72 with that of the same array with an inner radius of 20s in
Fig. 73.

Note that it may initially appear that the annular array spectrum is simply the sum of the comb
array spectrum and a symmetric spectrum about dφ=180°. This is not the case, however, as is
shown in Figures 74 and 75. Here it is obvious that this is not identical to the annular array
spectra.

Fig. 74 Surface plot of mirrored and summed
excitation spectra in the wavelength domain versus
applied phase delay for comb transducer with 12
elements. Note that this is not identical to the
annular array case.

Fig. 75 Contour plot of mirrored and summed
excitation spectra in the wavelength domain versus
applied phase delay for comb transducer with 12
elements. Note that this is not identical to the
annular array case.
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Chapter 6: EFFECTIVE RANGE OF ANNULAR ARRAY WAVELENGTH CONTROL

A particular annular array has a general wavelength range over which it is most effective. This
range is dictated by the dimensions and number of elements in the array and can be determined
by examining the excitation of the array at a given dφ value. The excitation spectrum for that
phase delay can give a good indication of the effectiveness of that array at selectively exciting a
particular region of the dispersion curve. Clearly a narrow peak in this spectrum would
correspond to highly-selective excitation, while a broad peak would correspond to broad
excitation with poor selectivity. This makes sense intuitively. If we consider an annular array
with 4 elements that are each 0.1 mm wide, and spaced 0.1 mm apart, for a total transducer
diameter of 1.6 mm, it seems highly unlikely that such an array would be able to effectively
control wavelengths on the order of 1-2 cm by phasing the individual elements. This can also be
seen by examining the contour plot of excitation for an annular array as shown in Figure 76.

Fig. 76 Contour plot of excitation in the
wavelength domain for a 4-element annular
array over various phase delay values.
Notice the poor selectivity in the upper
region of λ > 10s.

Examining the spectrum at particular wavelength values, in terms of the array spacing s, we can
see the bandwidth of the excitation peaks more clearly, as in Figure 77 for a 4-element array. In
this plot, the excitation spectrum was normalized for each plotted phase delay value. This is
because the actual value of excitation from one phase delay to another is not of concern, but the
distribution of excitation for each phase delay over the wavelength range shown is of interest. A
similar plot for a 12-element annular array is shown in Figure 78.
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Fig. 77 Normalized plots of the excitation
spectrum for an N=4 annular array, showing
effect excitation range in the wavelength
domain.

Fig. 78 Normalized plots of the excitation
spectrum for an N=12 annular array, showing
effect excitation range in the wavelength
domain.

Note the region in Figure 77 where the excitation spectrum rolls off into a large shoulder. At
this point in the wavelength domain, there is clearly very little selectivity. For instance,
attempting to excite a mode with λ=20s while suppressing a mode with λ=25s, would be highly
unsuccessful with this annular array (not taking into account the mode excitability, of course, the
limitations of which are independent of transducer geometry). Also note that for the N=12 array
in Figure 78, the point at which mode control is generally lost occurs at a much larger
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wavelength. This means that more elements can give an annular array transducer greater range
of control in the wavelength domain, with respect to the spacing of its elements.

We can more precisely analyze this effect by examining the wavelength value at which the final
minima occurs in the excitation spectrum of an N element annular array for various phase delays.
Figure 79 shows the results for various N.

Fig. 79 Wavelength at which the final minima
occurs. This dictates the effective range of the
annular array. The final minima occurs at
different wavelength values for various phase
delays, but a clear pattern is present.

It is interesting to note that the number of peaks in the curves shown above is equal to the N-1,
where N is the number of elements for that array. As the number of elements increases, it is easy
to see that the value at which the final minima occurs oscillates about a constant value as the
phase delays are changed (with the exception of 0 and 360°). By averaging over curves, we can
calculate an upper limit for wavelength range of an array with N elements. This average value is
plotted vs. N in Figure 80 and a clear linear relationship can be observed. This allows one to
calculate the effective operating range for a given annular array.
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Fig. 80 The average wavelength at which the final minima occurs over various phase
delay values for an N-element array. An excellent linear fit is achieved.

Below, Table 2 shows the upper limit of the effective wavelength range for annular arrays
ranging from 2-20 elements. The wavelength range, λmax is in terms of the spacing. Thus a
wavelength range of 10 for a 4-element array means that it can potentially control wavelengths
up to 10 times the array spacing s.

N
2
3
4
5
6
7
8
9
10
11

λmax (s)
4.76
7.33
9.98
12.6
15.2
17.9
20.5
23.1
25.7
28.3

N
12
13
14
15
16
17
18
19
20

λmax (s)
31.0
33.6
36.2
38.8
41.4
44.1
46.7
49.3
51.9

Table 2 Effective maximum range for N-element
annular array transducers.
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Chapter 7: OUTWARD AND INWARD PROPAGATING WAVES

Due to the fact that the excitation spectrum, as derived previously for the annular array, describes
the sum of the outward and inward propagating waves, we were unable to separate the two in our
wavelength-domain analysis. In order to consider the spectra of these waves individually, we
will need to better define the inward and outward propagation.

7.1 Separation of the Outward- and Inward-Propagating Waves
Figure 81 shows a generalized disk and a point (r,0) to which a wave is propagating. Here ρ is
angle to that element from vector T¡, and L¡ is the vector from the element to the measurement

the radial distance to an infinitesimal transducer element from the center of the array, θ is the
point. The angle α is the angle between a line parallel to T¡ and the vector¢¢¢¡
L , and ψ is the angle
from L¡ to the tangent of the radial vector ¡.
¡

L¡

α
ψ
θ

T¡

O

(r,0)

Fig. 81 Geometry of transducer disk and measurement point (r,0).

From this geometry, we can draw the following conclusions:

L¡



§

L¡

T¡ " ¡

)

£


""

@T "  cosA ¤̂  @ sinA ¦̂

T "  cos L cos[
 sin L sin

 sin
 tan/ ¨
©
T "  cos
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Now by examining a small annular ring element located at a radial distance ρ and angle θ from
angle between the wavenumber vector¢¢¢?¡ and the tangent to the radial vector¢¢¢¡.
 The inward and

the origin, we can define the inward and outward propagating waves. In Figure 82, ψ is the

outward waves can then be defined as in equation (7.2).
¢¡
?

¡

§

)

"j X ) X 0
jZ)Z0

Y 'eVTL [
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Fig. 82 Local geometry for small element of an
annular ring.

Due to the radial symmetry of the array, we can select an angle of 

0 to examine without

maximum angles « for any value of ρ for which any outward propagating waves can reach an
losing generality. This selection, along with equations (7.2) and (7.1c) allows us to identify the

 sin 
tan/ ¨
©
T "  cos 

arbitrary point (r,0).

 «

j
2

7.3

With some trigonometric manipulation, this yields equation (7.4).


Fig. 83 Separation of the portions of the annular array
responsible for the outward (right) and inward (left)
w
propagating waves for the case with = 3.7
ª

« cos /  w 
¬

7.4

Fig. 84 Critical angle  at the edge of the

annular array for various values of the

62

w

ª

ratio

Thus the outward propagating wave incident at point (r,0) is entirely described by the rightwardpropagating wave from the annular array segment enclosed between these angles. The inward
propagating wave incident at (r,0) is similarly due entirely to the rightward-propagating wave
from the remainder of the array, as shown in Figure 83.

7.2 Initial FEM Confirmation of Inward and Outward Wave Sources
To confirm this calculation, a finite element simulation was conducted with an annular array
transducer with an inner radius large enough to cause inward and outward wave packet
separation. Due to the lack of axial symmetry in this simulation, a 3D stress formulation was
used. This limited the practical size of the model, so full wave packet separation was not
achieved, but the concept can be verified. See Figures 85 and 86 for details.

Fig. 85 Separated inward and outward S0 waves
due to full array and segmented prediction (note
that repeated signal is first reflection).

Fig. 86 Separated inward and outward A0 waves
due to full array and segmented prediction.
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7.3 Analytical Separation of Inward and Outward Excitation Spectra
As we can see from equation (7.3) and Figure 84, for relatively large distances from the
transducer, which is the typical assumption for guided wave mechanics, the critical angle can be
approximated as 




. Therefore we can approximate that the outward-propagating wave is

due to the nearest semi-annular portion of the array from the point of interest, and the inwardpropagating wave is due to the far semi-annular portion. Thus to calculate the wavenumber
excitation spectra of these two wave packets individually, we need to take the 2D spatial Fourier
transform of a semi-annular array section. In doing so, we will no longer have the axisymmetric
geometry that allowed us to convert the 2D spatial Fourier transform into a radial Hankel
transform. For simplicity in this derivation, we will consider only a single semi-annular element
at first, and we will then generalize the array geometry for the final equations.

1
k k , , /® -v¯ P LL
2j
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k k T, , /w° ±²³/´ TLLT
2j

7.6
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This can be converted into polar coordinates as
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∞
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By substituting the semi-annular element geometry function into this equation, we get
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7.7

As straight-forward as this integral may at first appear, it in fact has no analytical solution. Thus
to solve this equation analytically, we must expand the geometry function of the semi-annular
element into a Fourier series in the angular domain [1,13,14]. This approach can be applied to
the geometry function as follows.
T, 
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Similarly, the 2D polar Fourier transform can be expanded as
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These can be combined and simplified into the following expansion.
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is given by equation (7.8b). By substituting the semi-annular element geometry

function into (7.8b), we find that, when m ≠ 0,
/
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If m = 0, on the other hand,
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Substituting these expansion values into (7.10) gives us the 2D polar Fourier transform of a
semi-annular element in equation (7.12).
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Since we are concerned only with the outward and inward propagating waves, we can evaluate
the excitation spectrum for waves propagating in the φ=0 and φ=π, respectively. The result of

this evaluation, as well as introduction of the time delay term and summation over all N elements
is given in the following equations.
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This agrees with solutions found in [13,14], and can be further simplified, if desired, by starting
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from (7.12) and using the following identities:
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These identities can be used to contract the number of terms over which the summation is
evaluated by combining the positive and negative m values accordingly and eliminating all nonzero even terms (see equation (7.14b)). Neglecting the time delays:
lrv ?w , 
lr/ ?w , 

ª

4
j
@ t ?   "  t ?w  A
_ ¸" > k T tµ ?w T LT¹ 
·
?w   w 
∞

µO

ª.

ª

4
j
@ t ?   "  t ?w  A
_ ¸ > k T tµ ?w T LT¹ 
·
?w   w 
∞

µO

ª.

7.15V
7.15^

Note that the Bessel function integral can no longer be analytically integrated for all values of m,
due to the varying order of the Bessel function. Thus these equations must be evaluated
numerically for a chosen number of terms, m.
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Since equations (7.15a) and (7.15b) describe the outward and inward spectra, respectively, the
sum of the two spectra should be equal to the complete annular array spectrum calculated
previously in equation (2.16a). Adding these two equations, we find that all the terms cancel
except for the m=0 terms, and the result is given in (7.16).
lrv  lr/

ª

2j k T tN ?w T LT
ª.

2j
@ t  ?w  "  t  ?w A
?w

7.16

This, as expected, agrees with the spectrum equation for the complete annular array, with the
exception of a factor of 2π, which could be attributed to conflicting definitions of the Fourier
transform for which several leading coefficients exist. However, since the spectra are
normalized for analysis, this is not a critical difference in this case. This calculation also
explains why the sum of the inward and outward spectra agree identically with the complete
annular array spectrum, regardless of how many terms are used in the calculation of the Fourier
expansion, as seen in Figure 89 below. This is because the only terms that contribute to the
summation are the m=0 terms for both the inward and outward wave calculations.
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7.4 Comparison of Inward and Outward Excitation Spectra to Comb & Annular Arrays
In order to verify the accuracy of this derivation and to find the number of Fourier expansion
terms necessary to achieve convergence, the results of the inward and outward excitation spectra
were compared to those of a complete annular array (for the case with no phase delays). A
various number of terms were used to estimate the convergence of the Fourier expansion. The
results of the convergence test are given in Figures 87-89 and Table 3.

Fig. 87 Convergence plots of outward
propagating excitation spectrum for an
annular array.

Fig. 88 Convergence plots of inward
propagating excitation spectrum for an
annular array.
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Fig. 89 Convergence plots of the sum of
the inward and outward propagating
excitation spectra for an annular array.
Dashed black line is the result for the
original complete annular array excitation
spectrum calculation.

In Figures 87 and 88 it is apparent that the calculation converges more quickly at higher
wavelength values and thus lower k values. Thus we will judge the convergence for a given
number of terms by the point in the wavelength domain at which the calculations begin to
diverge from one another. The results of this convergence are given in Table 3.

# of

Minimum wavelength

Terms

of convergence (in units

Used

of s)

21

4

51

1.2

101

0.66

201

0.31

301

0.2

Table 3 Minimum wavelength at which convergence occurs for
given number of Fourier expansion terms used in the inward and
outward excitation spectra calculations.

Note that convergence occurred at the same values of lambda for both the inward and outward
spectrum calculations. Also note that nearly any number of terms was sufficient to reach
agreement between the complete annular array spectrum and the sum of the inward and outward
spectra. For the following calculations, 201 terms will be considered sufficient for convergence.
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Once the convergence has been established, the inward and outward excitation spectra can be
analyzed versus the applied phase delays. In this way, the trends of the individual waves as a
function of phase delay can be understood and compared to those of the comb and complete
annular arrays. The surface and contour plots showing this relationship for an annular array with
8 elements are given in Figures 990 and 91. Note that the inward and outward excitation spectra
are identical only for applied phase delays of 0° and 180°. A significant
gnificant result of this separation
is that we can now see that the inward
inward-propagating annular array spectrum is quite similar to the
forward comb excitation spectrum,
um, and the same is true for the outward
outward-propagating
propagating annular and
backward comb spectra.

Fig. 90 Contour plots of excitation in the wavelength domain versus applied phase delay for outwardoutward (left) and
inward-propagating
propagating (right) waves from an annular array transducer with 8 elements and central radius 0.5s.
0.5

Fig. 91 Surface plots of excitation in the wavelength domain versus applied phase delay for outwardoutward (left) and
inward-propagating
propagating (right) waves from an annular array transducer with 8 elements and central radius 0.5s.
0.5
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It can be seen in Figures 90 and 91 that the excitation spectra for the inward and outward waves
are similar, although not identical, to the excitation of a comb transducer. This difference exists
due to the plane wave nature of the comb excitation as compared to the circularly-crested wave
nature of the annular array excitation.

Fig. 92 Contour plots of excitation in the wavelength domain versus phase delay for inward-propagating waves
from a transducer with (clockwise from upper left) 5, 8, and 12 elements.

To understand the effect of the number of elements on the inward and outward excitation spectra
of an annular array, see Figure 92. Only the inward-propagation spectra are given due to the
symmetry of the inward and outward spectra, which will be discussed later. The effect of
increasing the inner radius of the array is shown in Figure 93.

71

Fig. 93 Contour plots of excitation in the wavelength domain versus phase delay for inward-propagating waves from an
8-element annular array transducer with center radius 0.5s (left) and 20s (right).

The apparent anti-symmetric behavior in the phase delay domain (about 180°) for the inwardand outward-propagating wave spectra can be compared by reversing the sign of the phase
delays on one of the spectra. For example, when the sign of the phase delays is reversed for the
inward spectra, the result is identical to the outward spectra, as shown in Figure 94.

Fig. 94 Contour plots of excitation in the wavelength domain versus phase delay for outward-propagating waves (left)
with normal phase delays and inward-propagating waves (right) with reversed phase delays. These are identical.
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Chapter 8: MODE EXCITABILITY

Thus far, we have discussed the excitation spectrum of the transducer arrays in the dispersion
curve space domain (wavelength, wavenumber, phase velocity). This has provided us complete
generality in terms of waveguide structure and transducer loading. Thus these results are
applicable to all structures and all loading scenarios (i.e. shear, normal, etc.). However, in
addition to the excitability spectrum, the mode excitability always plays a role in guided wave
mode excitation [3,7,9,15,17-19]. To understand the effect of mode excitability, we will need to
incorporate several other parameters that will, in conjunction with the wavelength-domain
excitation spectra, allow us to exactly predict unique waveforms generated by a particular
transducer. These other parameters include specific mode excitability, traction density, and
spatial wave propagation terms, which will all arise out of the following derivation [3,7,9,15,1719].

8.1 Normal Mode Expansion to Derive the Excitability Matrix
To derive the excitability of various guided wave modes, the normal mode expansion technique
will be employed [2,11,16,18]. This technique is based on the orthogonality and completeness of
the Lamb wave modes. The orthogonality relation for Lamb waves is:
¿ÀÁ
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Here ¿ÀÀ is the time-averaged power, or Poynting vector in the ÇÈ- direction for the υ-th mode

(see equation (8.1c)), ÂÁ is the velocity vector for the µ-th mode, ÅÁ is the stress tensor for the µ-

th mode, and the plate thickness is d. The asterisk denotes complex conjugation. According to
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the orthogonality and completeness of the Lamb wave modes, any velocity or stress field can be
represented by an expansion of Lamb wave modes.
Â, I

Å, I
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In addition to the orthogonality of the wave modes, a complex reciprocity relation also holds. In
fact, this is the relation from which the orthogonality can be derived.
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8.3

Let us consider a system in which solution 1, as described in eqn. (8.3), is a wave field, described
by the expansions in (8.2). Additionally, let us consider solution 2 to be an arbitrary guided
wave mode υ such that:
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Substituting these solutions (1 and 2) into eqn. (8.3):
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By manipulating the Í operator, we can simplify (8.5) to:
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8.6

We can now integrate through the plate thickness on both sides of (8.6). By simplifying the left
hand side of (8.6) and applying the traction-free boundary conditions on the plate surfaces, we
arrive at:
" [¸ÂÀÄ I, /Î - · Ë_ 4Á ÅÁ IÌ  Ë_ 4Á ÂÁ IÌ · ÅÀÄ I, /Î- ¹ · ÇÈQ Ï
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In which Ð is the applied traction loading on the top surface of the plate due to the transducer.

By simplifying the right hand side of (8.6) and applying the orthogonality relations, we arrive at:
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By equating the right hand sides of equations (8.7) and (8.8), we find:
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This can be simplified to solve for 4À .
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We can then use this amplitude value to exactly describe the displacement field of the υ-th
guided wave mode excited by the specified traction.
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We can decompose this expression into two components. The first component is dictated by the
wavestructure, while the second is dictated by the loading. The dot product of these two
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components yields displacement field of the excited mode. We can extract the wavestructure
1
@Ó
H À L/2A* Ö ÂÀÄ L/2
4¿ÀÀ

component, also known as the excitability matrix, as shown in equation (8.12).
ÕÀ

8.12

The excitability matrix ÕÀ has 9 components. It can be shown that for circularly crested waves
in cylindrical coordinates (i.e. 3D and not planar space), the 3D excitability matrix ÕÀ× can be

expressed in terms of the corresponding plane wave excitability matrix components derived here
[16].

By multiplying the 3D excitability matrix with the geometry-based excitability spectrum (in the
annular array or comb transducer loading. Multiplying by the surface traction density *w and
k-domain), we can construct an expression for the total wave mode excitability for any phased

including the wave propagation terms to account for spatial and dispersion and time harmonic

oscillation, we can predict the surface displacements at a given distance due to each guided wave
mode. This can then be used to determine the entire displacement, velocity, or stress field in the
structure, if necessary. The surface displacement predictions due to mode υ at a distance r for a
phased annular array transducer are given in equations (8.13).
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The approximation is due to the Hankel function approximation used for circularly crested
waves. Here y

TN  cd is the inner radius of the nth element, and y

TN  cd  e is the

outer radius of the nth element. Note that the excitability matrix components shown in equations

(8.13) are actually those for the plane wave case, and that the appropriate correction factors are
used to convert the components to the 3D circular crested wave case as shown here.
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8.2 Phasing Results Considering Mode Excitability
Now that the mode excitability has been defined as a function of guided wave mode and
transducer loading, we can examine the effects of annular array phasing on actual mode
excitation. This requires not only the description of the transducer dimensions, as was needed
for the excitation spectrum calculations, but also knowledge of the waveguide on which the
transducer will act. For the examples shown here, a 1-mm thick Aluminum plate with the
following properties (see Table 4) was chosen to demonstrate mode excitation due to annular
array phasing. The transducer used in the model had the dimensions shown in Table 5.

Aluminum Properties
cL = 6300 m/s

λ = 56.29 GPa

cT = 3100 m/s

µ = 26.43 GPa

Annular Array Transducer Dimensions
N=8
r0 = 2.5 mm
w = 2.5 mm

ρ = 2750 kg/ m3

s = 5.0 mm
Table 4 Aluminum material properties used for
mode excitation calculations.

Table 5 Annular array dimensions used for
mode excitation calculations.

Various attributes of the excited modes can be plotted. By using the power-normalized
amplitudes of the guided wave wavestructures calculated with the global matrix method, the
explicit guided wave amplitudes can be plotted, as in Figure 95. However, a more meaningful
value for actual guided wave inspection may be the energy in a particular mode. Since the
energy is simply the Poynting vector multiplied by one period of oscillation, and we will be
comparing guided wave modes excited at identical frequencies (i.e. identical periods), we can
plot the Poynting vectors instead of the energy. Additionally, it is easier to interpret the plots if
the % of total energy in the waveguide is broken up into individual modes. Thus the plot in
Figure 96 shows the % of the total guided wave energy that can be attributed to each excited
guided wave mode. Note that for both figures below, the transducer loading is taken to be outof-plane and no phase delays are applied to the transducer elements. Figures 97 and 98 show the
mode amplitudes and % energy for the same transducer with 135° phase delays applied.
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Fig. 95 Excited mode amplitudes from 1-3 MHz in 1-mm Al plate with specified annular array, dφ=0°.

Fig. 96 % energy of excited modes from 1-3 MHz in 1-mm Al plate with specified annular array, dφ=0°.

Fig. 97 Excited mode amplitudes from 1-3 MHz in 1-mm Al plate with specified annular array, dφ=135°.

Fig. 98 % energy of excited modes from 1-3 MHz in 1-mm Al plate with specified annular array, dφ=135°.
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A plot showing the change in excitation of a particular mode over a range of frequencies and
time delays can be plotted as a contour plot as in Figure 99. Here the % total energy for the S0
mode is plotted from 1-5 MHz, over the full range of phase delays 0-360°.

Fig. 99 Percent total energy of the first 5 excited
modes from 1-5 MHz in 1-mm Al plate with specified
annular array, showing change in excitation with
phase delay.
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From these plots, we can see that at many frequencies for each mode, we can exhibit excellent
control over the dominant mode in the structure by applying phase delays to the annular array
transducer. However, there are also regions for which the transducer cannot effectively excite a
particular mode above the others. This lack of control is due to the excitability of the guided
wave modes at that frequency in conjunction with the transducer loading (i.e. out-of-plane), as
well as the bandwidth of the annular array excitation spectrum at that wavelength.

8.3 Effect of Various Transducer Loading Types
It is important to understand that not only the transducer geometry affect the overall guided wave
excitation, but that the way in which the transducer is loaded or operated does as well. For
instance, the mode excitability calculations in the previous section are for a piezoelectric
transducer coupled to the structure with a low-viscosity couplant, which introduces an out-ofplane excitation to the structure. However, if the transducer were to be a planar coil
electromagnetic acoustic transducer (EMAT), such as that described in [17], the out-of-plane
excitation would be replaced by in-plane excitation. This change does not alter the excitation
spectrum in the wavelength domain, because the geometric distribution of loading is unaltered
from the original case. However it requires that we use a different element of the excitability

matrix ÕÀ . This will significantly alter the overall wave mode excitation, as some wave modes

have very poor excitability to in-plane loads at the surface, but have very high excitability to outof-plane loads, and vice versa.

Additionally if a series of ideally bonded piezoelectric rings operating in the radial mode were
used as the excitation source, the effective loading on the structure would be a radial line load
applied at the edges of each ring [2]. As an individual ring expands, the outer edge applies an
outward radial line load, while the inward edge applies an inward radial line load. The effect of
this type of excitation alters the overall geometric loading distribution. In this case, instead of
having distributed loading across the elements, an equal but opposite concentrated loading
occurs at the edges. Thus for this case, the excitation spectrum in the wavelength domain is
altered. To account for this change, the Hankel transform of the new loading distribution must
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be used in place of the previous geometry function. The associated geometry function for the
bonded piezoelectric rings is shown in Figure 100.
y
s
w

r0
...
r
1

2

...

Fig. 100 Geometry function for an ideally
bonded piezoelectric annular array transducer
with elements operating in the radial mode.

N

Each vertical line in Figure 100 represents a Dirac delta function at that location. This geometry
function, for an individual ring element n-1 can be defined as
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Thus the Hankel transform of this new geometry function must be performed.
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Thus the 0th-order Hankel transform of the geometry function of the N-ring annular array
composed of bonded piezoelectric elements operating in the radial mode is given in equation
(8.17).
lÙw ?

`/

_gTN  cd  e tN @TN  cd  e?A " TN  cd tN @TN  cd?Ah

\ON

8.17

This is similar to the original annular array excitation spectrum, however the Bessel functions
have been reduced from 1st-order to 0th-order and the factor of 1/k is absent. This will
significantly alter the excitation spectrum of the transducer. The excitation spectrum in the
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wavelength and phase delay domain can be compared to that of the unbonded transducer
imparting out-of-plane excitation. This comparison is given in Figures 101 and 102.

Fig. 101 Excitation spectrum in wavelength
and phase delay domain for an ideally bonded
piezoelectric annular array with elements
operating in the radial model.

Fig. 102 Excitation spectrum in wavelength
and phase delay domain for an unbonded
annular array imparting out-of-plane or inplane distributed loading to the structure.

Note that not all bonded piezoelectric elements would necessarily operate in the radial mode. If
the transducer was operated near its thickness mode resonance, it would overwhelmingly impart
distributed out-of-plane loading to the structure and the excitation spectrum would be identical to
that of an unbonded gel-coupled transducer. If the transducer were operated in a frequency range
that excited both thickness and radial modes, that actual loading would be much more complex.
This topic will not be addressed here.

Thus we can conclude that only a change in the excitability matrix term used for the calculations
is necessary to describe planar coil EMATs. We can also conclude that an adjusted excitation
spectrum is necessary to account for radial mode operation of bonded piezoelectric elements.
However, this type of operation is unlikely, as the radial mode frequency would be dictated by
the spacing of the array. Thus frequency and mode control could not be simultaneously achieved
with such a transducer. Of course there are some cases in which the frequency of operation may
coincide with the radial mode frequency based on the ideal element width (chosen due to
wavelength influence parameters). However, this is not common enough to warrant an entire
analysis of such excitation, as has been done here for the more common annular array
configurations.
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To show the effect of overall mode excitation with various loadings, three cases are shown in the
following figures. Figure 103 shows the percent total energy of the 1st mode for three different
transducer loading types. These are, from left to right: the original gel-coupled transducer, the
planar coil EMAT, and the bonded piezoelectric elements operating in the radial mode. Figures
104 and 105 show similar results for the 2nd mode and 3rd modes, respectively.

Fig. 103 Percent total energy of the 1st mode for three different transducer loading types. From L to R: the original gelcoupled transducer, the planar coil EMAT, and the bonded piezoelectric elements operating in the radial mode.

Fig. 104 Percent total energy of the 2nd mode for three different transducer loading types. From L to R: the original
gel-coupled transducer, the planar coil EMAT, and the bonded piezoelectric elements operating in the radial mode.

Fig. 105 Percent total energy of the 3rd mode for three different transducer loading types. From L to R: the original
gel-coupled transducer, the planar coil EMAT, and the bonded piezoelectric elements operating in the radial mode.
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Chapter 9: FINITE ELEMENT VERIFICATION

9.1 Waveform Excitation Predictions
To analyze the predictions given thus far, it is necessary to specify a particular transducer and
loading scenario for the finite element simulations. Therefore we will utilize the complete
excitation calculations derived in the previous chapter to predict unique waveforms in the finite
element simulations.

9.2 Finite Element Model Design
The finite element model chosen to test the predictions for annular arrays is a 1-mm-thick
isotropic aluminum disk with material properties: Young’s modulus = 70 GPa, Poisson’s ratio =
0.35, and density = 2700 kg/m3. Normal pressure loading was applied evenly across the area of
the transducer elements at a pressure of 1000 N/m3. The time-domain signal applied to the
elements was a 5-cycle Hanning-windowed tone burst centered at 300 kHz. The annular array
parameters were as follows: N = 4, s = 3 mm, WSR = ½, and r0 = 1.5 mm. Linear time delays of
833 ns were applied to the elements. Measurement output was taken as in-plane and out-ofplane displacement on the top and bottom surfaces at a distance of 30 cm from the center of the
array. Sampling frequency used for data collection was 25MHz. The model was constructed
using axisymmetric stress elements and the model discretization was done with a mesh size on
the order of 50 µm. A picture of the model near the transducer is given in Figure 106. Figures
107 and 108 show the in-plane displacement fields of the A0 and S0 modes, respectively.

Fig. 106 Finite element model of 1-mm
aluminum plate and N=4 annular array
transducer elements.
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Fig. 107 In-plane displacement field of the A0
mode propagating in the FEM simulation.

Fig. 108 In-plane displacement field of the S0
mode propagating in the FEM simulation.

9.3 Phased Annular Array FEM Results
The output data was compared to the analytical prediction for both the in-plane and out-of plane
displacements for the A0 and S0 modes. A comparison of the results is given in Figures 109
and 110 below.

Fig. 109 In-plane displacement signal
of the A0 mode from the FEM
simulation (red) compared to the
analytical prediction (blue).
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It can be seen that the predicted results match well with the finite element results, thus verifying
the analytical calculations for the phased annular array excitation spectrum.

Fig. 110 In-plane displacement
signal of the S0 mode from the
FEM simulation (red) compared to
the analytical prediction (blue).

9.4 Outward and Inward Propagation FEM Results
By creating an annular array with a very large center radius, it is possible to separate the wave
packets from the near and far sides of the array, which correspond to the outward and inward
propagating waves, respectively. For this FEM case, the parameters of the annular array are kept
the same except for the inner radius, r0, which is increased from 1.5 mm to 30 mm. The results
from the simulation are compared to the analytical predictions in Figures 111 and 112.

Fig. 111 In-plane displacement
signal of the A0 mode from the
FEM simulation (red) compared to
the analytical prediction (blue).
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Fig. 112 In-plane displacement
signal of the S0 mode from the
FEM simulation (red) compared to
the analytical prediction (blue).

Here it can be seen that the outward and inward wave packets are mostly separated and that the
wavenumber-domain excitation spectra correctly predicted the waveform for both. This shows
that the calculations for annular arrays contain information regarding the combination of the
inward and outward propagating waves.

However, the calculations in Chapter 5 regarding the separation of the excitation spectra for the
inward- and outward- propagating waves should be able to accurately predict the FEM
waveforms as well. Such an analysis should allow us to view the inward and outward waves
separately. This analysis was performed and compared to the finite element results, as shown
below, for which the Fourier expansion was summed over 201 terms (m = -100 to m = +100).

Fig. 113 In-plane displacement signal of the S0 mode from the
FEM simulation (red) compared to the sum of the predicted
inward and outward waves (dashed black).
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Fig. 114 In-plane displacement signal of the S0 mode
from the FEM simulation (red) compared to the inward
(blue) and outward (green) waves individually.

Fig. 115 In-plane displacement
signal of the A0 mode from the
FEM simulation (red) compared to
the sum of the predicted inward
and outward waves (dashed black).

Fig. 116 In-plane displacement
signal of the A0 mode from the
FEM simulation (red) compared to
the inward (blue) and outward
(green) waves individually.

Note that the sum of the inward and outward waves agrees very well with the finite element
results for the S0 mode. For the A0 mode, there is a general agreement, but a small phase shift is
apparent throughout the results, as was also present in the full annular array prediction results for
the A0 mode (see Figure 111). The source of this phase disagreement has not been identified,
but it could be due to a small error in the predicted phase velocities of the A0 mode.

Of primary importance is that the calculations of the separated inward- and outward-wave
excitation spectra are verified and the individual inward and outward wave pulses are accurately
predicted as compared to the FE results. The separated wave packets agree with the initial FE
results from the semi-annular arrays in Figures 85 and 86.
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9.5 Correction Factor FEM Results
The correction factor, α, is the ratio between a desired wavelength and the annular or comb array
spacing required to optimally excite that wavelength without the need for phasing. This factor is
dependent on the number of elements in a comb or annular array, as well as the inner radius for
an annular array, as shown in Figures 50 and 52 above. To verify these predictions, several
finite element models were created to simulate different annular array designs taking into
account the predicted correction factors. Each array was tested for its ability to excite the A0
mode in a 1mm aluminum plate at 300 kHz, for which the wavelength is 5.167 mm. The first
annular array was a 4-element array with inner radius 0.5s, while the second array also had 4
elements, but had an inner radius or 0.7s. The specifications for these arrays with and without
taking the correction factor into consideration are given in Table 6.

Annular Array Transducer Dimensions for Correction Factor FEM
[Inner Radius 0.5s]

[Inner Radius 0.7s]

no correction factor

α = 0.9526

no correction factor

α = 0.8939

s = 5.167 mm

s = 4.922 mm

s = 5.167 mm

s = 4.6188 mm

w = 2.5835 mm

w = 2.461 mm

w = 2.5835 mm

w = 2.3094 mm

r0 = 2.5835 mm

r0 = 2.461 mm

r0 = 3.6169 mm

r0 = 3.233 mm

A = 754.99 mm2

A = 685.0 mm2

A = 822.0 mm2

A = 656.8 mm2

Table 6 Dimensions for corrected and uncorrected annular arrays with inner radii 0.5s and 0.7s
used for correction factor FEM verification.

The models were run and the out-of-plane displacement was recorded at a distance 50 cm from
the center of the array. The A0 mode was extracted from the signals for the corrected and
uncorrected array designs, and they were plotted and compared, as shown in Figures 117 and
118. To compensate for the unequal size of the arrays (due to different geometries), the pressure
load applied to the transducer in the model was scaled to yield equivalent excitation for both
corrected and uncorrected arrays. The results show that the arrays with the correction factor
taken into account produce “cleaner” and higher amplitude wave packets. To estimate the total
energy in each wave packet, the sum of the squares of the amplitude were taken for each time89

domain signal. This resulted in an estimated increase in energy of 25.7% for the 0.5s inner
radius array and an increase in energy of 12.8% for the 0.7s inner radius array when the spacing
correction factor was taken into account during transducer design.

Fig. 117 A0 mode generation from 0.5s inner
radius annular arrays with uncorrected spacing
(red) and corrected spacing (blue).

Fig. 118 A0 mode generation from 0.7s inner
radius annular arrays with uncorrected spacing
(red) and corrected spacing (blue).

Perhaps a better method to analyze the energy existing at the mode and frequency of interest (A0
mode at 300 kHz in this case) is to compare the power-spectral density time-frequency plots of
the excited guided waves. The time-frequency PSD can be generated with a short-time FFT
transform method. The time-frequency plots for r0=0.5s and r0=0.7s are shown in Figures 119
and 120. It can be seen that the annular arrays without the correction factor are not exciting the
A0 mode at 300 kHz. In fact, they are exciting the A0 mode in a weaker manner than the
corrected array, and at a different frequency than was desired. This is due to the fact that the
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primary wavelengths being excited by the uncorrected arrays are not equal to the wavelength of
the A0 mode at 300 kHz, but they are equal to the wavelength of the A0 mode at higher or lower
frequencies. Thus not only are we receiving less total energy in the A0 mode, as shown in the
time-domain plots in Figures 117 and 118, but much of the energy is not even in the mode and
frequency that we desired. To analyze the total energy at the mode and frequency, we can take a
cross-section of the time-frequency PSD plots at 300 kHz. Doing so generates the time-PSD
plots shown in Figures 121 and 122.

Fig. 119 Time-frequency power-spectral density plot of the
corrected (top) and uncorrected (bottom) arrays, r0=0.5s

Fig. 120 Time-frequency power-spectral density plot of the
corrected (top) and uncorrected (bottom) arrays, r0=0.7s

Fig. 121 Cross-section of the time-frequency powerspectral density plot of the corrected (blue) and uncorrected
(green) arrays, r0=0.5s, at 300 kHz

Fig. 122 Cross-section of the time-frequency powerspectral density plot of the corrected (blue) and uncorrected
(green) arrays, r0=0.7s, at 300 kHz
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Here we can see that the corrected arrays are putting much more energy into the desired mode
and frequency. Integrating under these curves yields the total energy excited. Through this
analysis, we see that the arrays which were designed with the correction factor in mind actually
produce 45.2% and 38.7% more energy in the desired mode and frequency than the uncorrected
arrays with inner radii of 0.5s and 0.7s respectively. In addition to the increased energy with the
corrected array, we can also see that the wave packets are much cleaner in both the time and
frequency domains.

As a side note, it should be explained that in the time-domain waveforms above, the S0 and A0
modes were separated by adding or subtracting the displacements measured on the top and
bottom surfaces of the plate in the FE simulation [19]. The symmetric (S) modes have
symmetric in-plane displacements and antisymmetric out-of-plane displacements about the
midplane, while the antisymmetric (A) modes have the opposite symmetry configuration. This
can be used to decouple the symmetric and antisymmetric modes from the time-domain results.
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Here u and w refer to the in-plane and out-of-plane displacements, while A and S superscripts
refer to the symmetric and anti-symmetric modes, respectively. The superscript FE refers to the
measured displacements from the FE simulation.
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9.6 Mode Excitability FEM Results
The previous sections have verified the calculations to predict guided wave mode excitation in a
plate with a phased annular array transducer. To show that the mode selection predictions from
section 8.2 are accurate, a frequency was chosen to verify the effect of phasing on mode
selection. To simplify the finite element simulation and analysis, a frequency below the first
cutoff was chosen. At a frequency of 1.139 MHz, it can be seen that the A0 mode has very little
energy for a 0° phase delay and much more energy for a 135° phase delay. An FEM simulation
was conducted to verify the mode selection capabilities of the specified annular array (see Table
5) on a 1-mm Al plate (see Table 4). The waveforms were measured at a distance 0.5 m away
from the center of the array. The resulting waveforms are given in Figures 123 and 124.

Fig. 123 In-plane surface displacements measured for the A0 and S0 modes in a 1-mm Al plate.
The excitation source was an annular array with dimensions given in Table 5. Phase delays of 0°
and 135° were used to selectively excite the S0 and A0 modes, respectively.
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Fig. 124 Out-of-plane surface displacements measured for the A0 and S0 modes in a 1-mm Al plate.
The excitation source was an annular array with dimensions given in Table 5. Phase delays of 0° and
135° were used to selectively excite the S0 and A0 modes, respectively.

Fig. 125 Contour map in the
region of excitation used for
the FE simulation to test time
delay parameters for mode
control of the A0 (mode 1)
and S0 modes in a 1-mm Al
plate.

It is clear from the waveform plots that the predicted mode was preferentially excited with the
selected phase delays. Note that these are simply the surface displacements and do not relate
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directly to the mode energies used to select these phase delays. The mode energy plot for the
selected mode is shown in Figure 125. To directly compare the excited energy in each mode,
we can analyze the power spectral density time-frequency functions, as was done for the
correction factor FE analysis. In doing this, we obtain the PSD cross-sections shown in Figures
126 and 127. The predicted and measured relative mode energies are given in Table 7.
Percent Mode Energies from Mode Excitation FE Analysis
Predicted

In-Plane Measured

Out-of-Plane
Measured

A0

0.87 %

3.03 %

24.65 %

S0

99.13 %

96.97 %

75.35 %

A0

95.91 %

91.01 %

98.73 %

S0

4.09 %

8.99 %

1.27 %

0° phase delay

135° phase
delay

Table 7 Predicted and measured mode energy for the A0 and S0 modes for two phase delays at 1.139 MHz.

Fig. 126 Mode PSD as a function of time generated from in-plane surface displacements measured
for the A0 and S0 modes in a 1-mm Al plate.
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Fig. 127 Mode PSD as a function of time generated from in-plane surface displacements measured
for the A0 and S0 modes in a 1-mm Al plate.

Here we can see that the results agree well with the predictions, with the exception of the out-ofplane displacement measurement of A0 mode at 0° phase delay. However, we must take into
account the fact that these mode energy predictions are with respect to the energy distributed
through the entire thickness of the waveguide, while our measurements in this FE model are only
of the surface displacements. Thus the through-thickness distribution of power for each mode
also comes into play. Perhaps a better way to compare predictions and results is to consider only
the in-plane and out-of-plane power flow at the surface for each mode, frequency, and time
delay. Following this approach, the results are shown in Table 8 below. These values do match
slightly better than the general predicted mode energy values in Table 7 above.
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Percent Mode Energies from Mode Excitation FE Analysis

0°
A0
phase
delay S0
135° A0
phase
delay S0

Predicted InPlane Surface
Power Flow

In-Plane
Measured

Predicted Out-ofPlane Surface
Power Flow

Out-of-Plane
Measured

1.29 %

3.03 %

11.46 %

24.65 %

98.71 %

96.97 %

88.54 %

75.35 %

97.22 %

91.01 %

99.71 %

98.73 %

1.27 %

8.99 %

0.29 %

1.27 %

Table 8 Predicted and measured surface power flow values for the A0 and S0 modes for two phase delays at 1.139
MHz.
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Chapter 10: EXPERIMENTAL VERIFICATION

10.1 Annular Array Transducer Fabrication Process
The annular array transducers for the following experiments were constructed using the
procedure outlined here. 1-3 Piezo-fiber composite (PFC) materials were used to construct the
transducers. PFC was chosen over traditional solid PZT material due to the relatively low
mechanical coupling between various points on the transducer, low acoustic impedance, and high
coupling factor with many materials. These advantages are due to the nature in which the 1-3
PFC is constructed. Piezoelectric fibers are arranged in a particular pattern and filled with
epoxy. These fibers can range in size, but the ones commonly used here were between 100 µm
and 300 µm in diameter. The fiber pattern can also vary, but a random distribution was chosen.
This random distribution of fibers allows for a higher fiber volume fraction (up to 65%), reduces
unwanted modes due to fiber pattern periodicity, and is the least expensive option. The 1-3 PFC
transducer materials used for these experiments were purchased as prefabricated blocks from the
Smart Material Corp.

Fig. 128 Square and circular 1-3 piezo-fiber composite blocks
with gold electrodes, manufactured by Smart Material.

The purchased PFC samples were poled and had vacuum-deposited Cu-Sn, Au, or Ag electrodes
on each side. To convert these solid blocks into annular array transducers with coaxial elements
capable of independent phasing, it was necessary to remove regions of the deposited electrodes
on one side of the transducer. This was done by photolithography in the National
Nanotechnology Infrastructure Network (NNIN) Nanofabrication Laboratory at the Materials
Research Institute (MRI) at Penn State. A positive photoresist agent was applied to the
transducers. A printed photomask of the designed electrode patterns was placed over the
transducers, and the samples were exposed under a high-intensity UV lamp. A developing agent
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was then applied, which removed all regions of resist exposed to the UV radiation. At this point
in the process, etching agents were used to remove any exposed electrodes on the top surface of
the transducer. Upon completion, only several concentric rings of electrode were left on the
positive transducer side, as shown in Figure 129.

Fig. 129 PFC transducer after lithography. Gold
rings are remaining electrodes. Then tan areas
between electrode rings are the exposed epoxy.
Upon close inspection, the ends of the randomlydistributed piezo-fibers are visible in these regions.

The transducers were then wired and mounted in a metal casing for protection and electrical
shielding. A lossy backing layer made of Ti powder suspended in epoxy was applied to the back
(positive side) of the transducer. This backing layer has acoustic impedance similar to the PFC
and thus broadens the bandwidth of the transducer. In some cases, a matching layer was added
to the front (negative side) of the transducer. This matching layer is not as critical with the PFC
material as it is with traditional PZT because the impedance of the former is near 15 MRayl,
while that of the later is near 40 MRayl. This is quite close to the impedances of aluminum (~17
MRayl) and fiber composites (~10 MRayl).

Backing
Electrodes

Fig. 130 Illustration of a typical fabricated annular
array transducer with photo-etched electrodes, lossy
backing material, and metallic housing.

Housing
99

10.2 Two-Dimensional Fast Fourier Transform Experiments
To verify the predicted wavelength-domain excitation of the annular array transducers, a twodimensional Fast Fourier transform (2D FFT) experiment was done with an annular array
transducer. The transducer was constructed in a manner similar to that described above and was
packaged at FBS, Inc. The transducer image and specifications are given in Figure 131 and
Table 9, respectively.

Fig. 131 Annular array transducer
(constructed at MRI and packaged
by FBS, Inc.) that was used for the
2D FFT experiments.

Annular Array Transducer Dimensions
Inner Radius
(mm)

Outer Radius (mm)

2.625

5.250

7.875

10.500

13.125

15.750

18.375

21.000

N=4

r0 = 2.625 mm

w = 2.625 mm

s = 5.25 mm

Table 9 Annular array
transducer dimensions

fres =

250 kHz
The experiment was performed by placing the actuator at the center of a 48” x 44” 3.175mmthick aluminum plate. The radial distance from the transducer was measured off in increments of
2 mm. A gel-coupled Physical Acoustics Corp. (PAC) acoustic emission transducer was used to
receive the signals. Transient wave data was taken at 64 equally spaced intervals from 20.5 cm
to 33.1 cm from the center of the actuator. A National Instruments (NI) 4-channel phased array
system, as shown in Figure 133, was used to drive the annular array transducer. 6-cycle pulses
at 200 kHz with phase delays ranging from 0-360° in increments of 15° were applied to the
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actuator and data was collected for each of these phase delays at all 64 measurement points. This
data was then analyzed using a 2D FFT algorithm, to plot the spectrum in wavelength-frequency
space for each time delay. An example of one of the 2D FFT excitation plots is given in Figure
134. Modeling clay was placed at strategic locations around the perimeter of the plate to reduce
edge reflections. Steel masses were used to apply consistent pressure to the transducers.

Fig. 132 Transducers and aluminum plate for 2D
FFT experiment.

Fig. 133 Laptop controller and NI phased array
system for 2D FFT experiment.

Fig. 134 2D FFT excitation contour plot for 195
degree phase delay during the experiment.

Fig. 135 Acoustic emission transducer with steel
mass and marked increments of 2 mm.
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To analyze the annular array predictions in the wavelength vs. phase delay domain, the 2D FFT
plots must be evaluated at a single frequency. This is done at the center frequency of activation,
200 kHz. Compiling the corresponding data from all 2D FFTs and plotting the wavelengthdomain results, the final plot in Figure 136 is created.

Fig. 136 Experimental contour plot of wavelength
vs. phase delay excitation plot at 200 kHz.

Of course it cannot be expected that the experimental plot would match that predicted by the
previous excitation spectrum calculations (Figure 137), because guided wave modes exist only
for particular wavelengths at 200 kHz. Using a semi-analytical finite element (SAFE)
calculation, the wavelength values for the fundamental A and S modes for this plate are
approximately 10.4 and 27.8 mm respectively. Note that more information on the SAFE
technique is given in Appendix A. We can filter our predicted result to take into account the
existing guided wave modes in the structure by compiling a contour plot similar to that in Figure
137 (i.e. with identical wavelength and phase delay increments) and setting all values equal to
zero with the exception of the wavelengths at the values corresponding to the propagating guided
wave modes at 200 kHz, which will be set to 1. Note that this assumes that each mode is equally
excitable, which is not accurate and will affect the relative amplitudes for each mode in the
prediction. Therefore, the relative mode energy for the A0 and S0 modes at 200 kHz can also be
calculated and used to weight the regions of the contour plot accordingly. This newly
constructed contour plot can be multiplied by the predicted contour plot to receive the “filtered”

102

results for this frequency in the aluminum plate. The resulting filtered excitation prediction is
given in Figure 138. The predicted result matches relatively well with the experimental result.

Fig. 137 Predicted contour plot of wavelength vs.
phase delay excitation for the annular array
transducer at 200 kHz.

Fig. 138 Predicted excitation plot filtered to
account for guided wave mode existence at
particular wavelengths only.

Fig. 139 Mode excitation plot for A0 mode in the
aluminum plate with the annular array transducer
used for this experiment.

Fig. 140 Mode excitation plot for S0 mode in the
aluminum plate with the annular array transducer
used for this experiment.

These results can also be analyzed at the A0 wavelength only for various phase delays. Doing so
generates Figure 141, which can be compared to the predicted result in Figure 142. The
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comparison is somewhat qualitatively similar in the sense that optimum excitation occurs near
the center, but is less than ideal quantitatively.

By analyzing the results at a single wavelength corresponding to the A0 mode, we can compare
our predictions and measured results in Figures 141 and 142. Note that the results are not
symmetric about 180°. It was found that this was due to the construction of the annular array.
Due to the axisymmetric nature of the annular array, it would be expected that rotation of the
array would have no effect on the signal. However, it was experimentally shown that the signal
varies strongly with rotation of the array.

Fig. 141 Predicted A0 mode excitation.

Fig. 142 Experimental A0 mode excitation
calculated from the 2D FFT data.

It was determined that this was most likely due to the bonding or thickness of the faceplate
and/or the epoxy backing. This lack of symmetry will of course skew our experimental results.
Steps were taken to attempt to minimize the effect this has on all the experiments, but it will be a
reoccurring issue. In the future, care must be taken to minimize any destruction of the symmetry
about the center of the array, particularly during the packaging process. The lack of symmetry
and subsequent sensitivity to rotation can be seen in Figure 143, in which the A0 mode energy
vs. phase delay is plotted, as in Figure 142, but as a function of array rotation angle, from 0360°.
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Fig. 143 Experimental A0 mode excitation calculated for all phase delays as a function of annular array
rotation angle. If the array is truly axisymmetric, the results would be independent of array angle.

In an attempt to address this lack of symmetry, other methods are being investigated for
annular array fabrication. American Piezo Corp. (APC) provided a quote for the direct
fabrication of annular PZT elements, however the cost was several thousand dollars per array
design with a long lead time. In lieu of this fabrication process, American Precision Dicing
(APD) was contacted and provided with a sample to investigate the possibility of fabricating
annular rings by dicing large PWAS discs by use of a water-jet-coupled laser dicing method.
This would most likely be a much cheaper and more flexible option. At the time of submission
of this thesis, no verdict was provided by APD as to whether or not the process would be
possible, and thus no quote was provided either.
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10.3 Transient Wave Phasing Experiments
In addition to the 2D-FFT experiments, transient wave analysis was also performed on the same
annular array. This was done by setting up the annular array on the same large aluminum plate
and receiving tone burst signals with a normal beam GE 500-kHz transducer. The center-tocenter distance between the annular array and the receiver was 54 cm. 10-cycle tone burst
signals were used at 450 kHz. Data was collected with phase delays from 0-360° in 15°
increments. By analyzing the group-velocity dispersion curve, Figure 144, for the aluminum
plate, the arrival times of the S0 and A0 modes can be predicted.

Fig. 144 Group velocity
dispersion curve for the large
aluminum plate.

Fig. 146 Hilbert transform of transient waveform
with 90 deg phase delay.

Fig. 145 Time domain waveform from the transient
wave tests with no phase delays applied.
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It can be calculated that the S0 wave packet should extend from 118-140 µs and the A0 wave
packet should extend from 173-195 µs (when no time delays are applied). The small
discrepancies between this and the time-domain results shown in Figure 146 are due to energy at
different frequencies, and thus with different group velocity. As phase delays are applied to the
actuator, the width of these signals may be extended.

To approximate the relative energy in each mode, the Hilbert transform, Figure 146, was taken
for each signal and the integral of the square of the amplitude was taken over the respective time
ranges predicted by the group velocity and phase delays for each mode. The results, Figure 147,
were compared to the predictions, Figure 148, and they agree relatively well qualitatively.

Fig. 147 Transient mode energy results.

Fig. 148 Transient mode energy predictions.

The mode energy can also be calculated via the power spectral density plots. To obtain the mode
energy estimations in this manner, time-frequency plots were generated by a short-time FFT
transform method. A number of these plots for several phase delay values are shown in Figure
149.
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Fig. 149 Time-frequency plots of the power spectral density of collected waveforms for various phase
delay values.

These power spectral density (PSD) plots can be analyzed at the center frequency of excitation,
450 kHz. The resulting power vs. time curves can then be integrated, similar to the Hilbert
transforms, over the specified arrival times for each mode. The results are very similar to Figure
147. Again we have the issue that our results are qualitatively similar to our predictions, but due
to the lack of symmetry in the packaged array, the results are distorted.
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10.4 Correction Factor Experiment
Recall that the correction factor is the ratio of the array spacing and the wavelength at which the
excitation spectrum has a maximum value. This is the wavelength that will be most strongly
excited when the array is not phased and is dependent on both the number of elements in the
array as well as the inner radius (for annular arrays). Finite element results shown above have
verified these calculations and show that even a small correction factor (i.e. less than 5% from
unity) can correspond to a significant difference in total mode energy excited at the frequency of
interest. To further validate these results, an experiment was carried out in the same large
aluminum plate used for some of the other experiments detailed in this paper. In lieu of
designing several transducers with and without the correction factor taken into account, which
would be expensive and difficult, validation tests were done with a single existing transducer, the
details of which are outlined in Table 9.

The dispersion curve for the aluminum plate was examined and the wavelengths corresponding
to no correction factor (λunc = s) and correction factor of α = 0.9526 (λcor = s/α) were plotted, as
shown in Figure 150.

Fig. 150 Dispersion curve
for the 3.175-mm aluminum
plate with the uncorrected
(solid) and corrected
(dashed) wavelength
activation lines plotted. The
circle shows the region of
interest on the S0 mode.
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The solid black line corresponds to the uncorrected primary wavelength of excitation, and the
dashed black line corresponds to the corrected wavelength. These two wavelengths fall at
different points on the dispersion curve. On the A0 mode, they fall near 486 and 458 kHz for the
uncorrected and corrected wavelengths, respectively. The annular array was driven, with no
phase delays, at the frequency corresponding to the uncorrected wavelength on the A0 mode, and
then at a number of frequencies near the frequency corresponding to the corrected wavelength.
A 500-kHz normal beam transducer was used to collect the data at a distance from actuator. This
data was then analyzed in the time-frequency domain and the energy was estimated for each
wave packet from the power-spectral density function.

The time-domain PSD plots for the signals taken at various frequencies are shown in Figure 151.
Note that away from the optimal frequency, the A0 wave packet splits into two peaks of lower
amplitude, while it is a single strong peak near the optimum frequency, similar to the FE results
in section 9.5. The results of analyzing the time-frequency PSD at the center frequency for each
of the several actuation frequencies, in order to estimate total wave mode energy, is shown in
Figure 152.

Fig. 151 Time-domain
power spectral density
plots showing the A0
mode as a function of
excitation frequency.
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Fig. 152 Total energy in
the A0 mode for each
frequency of excitation.

Note that in Figure 152, it appears that the optimum frequency of excitation is actually near 440
kHz, which is significantly lower than our prediction. However, wave mode excitability must be
taken into account. By compensating with this factor, we arrive at the plot in Figure 153.

Fig. 153 Total energy in the A0 mode
for each frequency of excitation, after
the A0 mode excitability is taken into
consideration.

This result agrees better with our predictions. The optimum frequency of excitation is near 450
kHz, while our prediction was for 458 kHz. This difference could be attributed in part to
transducer resonance of both the actuator and receiver, or is more likely due to inexact material
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properties for the aluminum plate, which would alter the dispersion curves. Either way, it is
clear that using the uncorrected wavelength, which would correspond to exciting the transducer
at 486 kHz, would be far from optimal in terms of power and single wave packet generation for
the A0 mode.
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Chapter 11: PHASED ARRAY TRANSDUCER DESIGN PROCESS

To summarize the process used to optimally design an annular (or comb) phased array transducer
based on the theory developed in this research, a process flow chart was developed (see Figure
154). This flow chart describes the step-by-step methods to progress from the initial
examination of a structure to be inspected, through the process of transducer parameter design, to
confirming that design. Several iterative steps are taken to ensure the success of the transducer
selection and design. Elements in bold blocks correspond to explicit array design decisions.

Fig. 154 Multi-element phased array transducer design process based on dispersion curve and wavestructure analysis
and guided wave mode selection.
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The process begins in two separate paths shown in the upper left and upper right corners. The
path in the upper right corner corresponds to analysis of the process to be used. The operational
evaluation relates to the evaluation of the structure or substructure to be inspected as well as the
end goals for that inspection. By considering all relevant factors, one can determine the
appropriate defect types and sizes to be detected, as well as the general inspection method to be
used, i.e. tomography, scanning, etc. This will determine the type of array to be used, i.e. comb
or annular. Included in the operational evaluation is a determination of the overall size of the
transducer that is acceptable, as well as the amount of hardware that can be utilized for phasing
based on weight, power, and size considerations. These factors will determine the approximate
number of elements that might be feasible for the array.

The process path on the upper left side of the flow chart shows the process of waveguide
evaluation. This includes evaluating the guided wave solutions for the structure based on
material constants and waveguide dimensions and geometry. This will lead to the dispersion
curves and wavestructure solutions. After the defect types are determined, wavestructure
features can be developed and the guided wave solutions can be analyzed for such features to
develop feature plots, which simply show the value of each predetermined feature for any points
on the dispersion curves. From these plots, guided wave modes and frequencies of interest can
be selected. The wave mode excitability for different types of loading can be investigated for
each of these selected dispersion curve points. From this analysis it should be possible to
determine whether in-plane or out-of-plane loading is preferable. If satisfactory wave mode
excitability cannot be achieved for all modes and frequencies selected with either in-plane or outof-plane loading, modifications will need to be made. This could include choosing different
mode-frequency points, using multiple transducers, or using a single transducer in both the
thickness and radial resonances if they are well-separated in the frequency domain.

Once the decision of in-plane or out-of-plane loading is made, the spacing of the array must be
determined. To do this, the wavelengths of all of the mode-frequency dispersion curve points
should be determined and compared. If the ratio of the largest to smallest is within the range of
wavelength control (as discussed in Chapter 6) based on the number of elements determined for
the array, then the process may continue to the next step. If some of the wavelengths fall outside
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of this range of control, more elements must be used or a different set of dispersion curve points
must be selected. The determination of the array spacing should be based on the modefrequency point of interest with the smallest wavelength. This is because it is more effective to
phase the array to excite wavelengths larger than the element spacing than vice versa (see
Figures 69-72).

At this point, phasing maps such as those shown in Figure 99 should be generated. If mode
excitability and array design parameters were properly selected, there should exist some phase
delays at which good mode selection is possible for each mode-frequency point of interest. If
this is not the case, the array can be modified by basing the elements spacing on the modefrequency point with the next largest wavelength. This process can be repeated until all options
are exhausted. If at this point satisfactory excitation is still not feasible, different dispersion
curve points may need to be selected or additional transducers may need to be utilized in the
inspection. Note that in the course of this research, as well as other research that occurred
concurrently, acceptable phasing was achieved on the first attempt each time, but for good
measure, this recursive process was included in the flow chart.
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CONCLUDING REMARKS
In this research the source influence of linear comb and annular array transducers was analyzed
mathematically. This was done as a two-part effort, separated into the purely spatial influence,
known as the excitation spectrum, and the wavestructure-loading compatibility, known as the
wave excitability. The excitation spectrum was calculated by applying a Fourier and Hankel
transform to the geometry of a comb and annular array, respectively. The wave mode
excitability was calculated by use of a guided wave normal mode expansion technique. It was
shown that the excitation spectra for comb and annular array transducers are markedly different
and that this difference is primarily due to the inward- and outward-propagating wave
interference with an annular array, which is an effect that does not occur with the forward- and
backward propagating waves of a comb array. This was determined by analytically separating
the source influence for the inward- and outward-propagating waves for the annular array. It was
also shown that the primary wavelength of excitation for a comb or annular array does not
necessarily occur at the wavelength equal to the transducer array spacing. This effect is a
function of the number of elements in the array as well as the inner radius of an annular array
and is known as the correction factor. This correction factor, though rather small, can often have
a significant influence on the optimum excitation of a particular guided wave mode and must be
taken into account during the design of a comb or annular array. The effect of linearly phasing
these transducers was also examined, and again, it was shown that phasing has a significantly
different effect on annular array excitation spectra then those of comb arrays. Based on the
understanding of the effects of transducer geometry and phasing, as well as the effects of mode
excitability, methods for selectively exciting particular points in the phase velocity- frequency
dispersion curve space were developed. The results for these analyses and conclusions were
examined and verified using finite element modeling and experimentation. The finite element
models yielded excellent agreement with the developed theory, and the experimentation showed
good agreement in most cases, and likely reasons for any experimental discrepancies were
presented.
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FUTURE WORK
Future work for this research should include the following tasks:
− Development of a new annular array fabrication process and further testing to ensure
axisymmetric source influence. This may include surface measurement of the transducer
face with laser Doppler vibrometry equipment.
− Further testing of annular array transducers along the lines done in this work, but with the
new designs to ensure axisymmetric source influence.
− More general optimization including general phase delay and amplitude selection for
each element, similar to the optimization done by Glushkov, et al in reference 3.
Comparison to the results obtained in this reference can be made.
− Methods to actively suppress either the inward- or outward-propagating modes may be
possible, and this may be worth investigation as it would simplify the excitation spectrum
and reduce unwanted wavelength excitation with certain phase delays.
− Experimental validation with bonded or EMAT sources could be performed.

117

REFERENCES
1. N. Baddour Operational and convolution properties of two-dimensional Fourier
transforms in polar coordinates J. Opt. Soc. Am. Vol. 26, No 8, pp. 1767-1777, 2009
2. V. Giurgiutiu Structural Health Monitoring with Piezoelectric Wafer Active Sensors
Academic Press, Burlington, MA, 2008
3. E.V. Glushkov, N.V. Glushkova, O.V. Kvasha, and R. Lammering Selective Lamb mode
excitation by piezoelectric coaxial ring actuators Smart Materials and Structures Vol. 19,
IOP Publishing, UK, 2010
4. S.I. Hayek Advanced Mathematical Methods in Science and Engineering Marcel Dekker
Inc., New York, 2001
5. C. Hu Fourier-Hankel transform used in image raw data processing Applications of
Artificial Neural Networks in Image Processing VI, Proceedings of SPIE Vol. 4305, pp.
45-48, 2001
6. Y.C. Hu, P.L. Liao, et. al Study on the acoustic impedance matching of human tissue for
power transmitting/charging system of implanted biochip Proc. of the IEEE 3rd Intl. Conf.
on Nano/Molecular Medicine and Engineering, pp. 201-205, 2009
7. J. Koduru Ultrasonic guided wave phased arrays for defect detection in plate-like
structures Ph.D. Thesis, Pennsylvania State University, 2010
8. G. Korn and T. Korn Mathematical Handbook for Scientists and Engineers Dover
Publications Inc., Mineola NY, 1968
9. J. Li and J.L. Rose Implementing guided wave mode control by use of a phased
transducer array IEEE Transactions of Ultrasonics, Ferroelectrics, and Frequency
Control Vol. 48, No. 3, pp. 761-768, 2001
10. J.L. Rose Guided wave testing of water-loaded structures Materials Evaluation Vol. 61,
No. 1, pp. 23-24, 2003

118

11. J.L. Rose Ultrasonic Waves in Solid Media Cambridge University Press, New York, 1999
12. J.L. Rose, S.P. Pelts, and M.J. Quarry A comb transducer model for guided wave NDE
Ultrasonics Vol. 36, pp. 163-169, Elsevier, 1998
13. K.I. Salas and C.E.S. Cesnik Guided wave excitation by a CLoVER transducer for
structural health monitoring: theory and experiments Smart Materials and Structures
Vol. 18, IOP Publishing, UK, 2009
14. K.I. Salas and C.E.S. Cesnik Guided wave structural health monitoring using CLoVER
transducers in composite materials Smart Materials and Structures Vol. 19, IOP
Publishing, UK, 2010
15. M.J. Quarry and J.L. Rose Phase velocity spectrum analysis for a time delay comb
transducer for guided wave mode excitation Review of Progress in Quantitative
Nondestructive Evaluation Vol. 20, pp. 861-868, American Institute of Physics, 2001
16. P. Wilcox Modeling the excitation of Lamb and SH waves by point and line sources
Review of Quantitative Nondestructive Evaluation Vol. 23, pp. 206-213, American
Institute of Physics, 2004
17. P. Wilcox, M. Lowe, and P. Cawley The excitation and detection of Lamb waves with
planar coil electromagnetic acoustic transducers IEEE Transactions of Ultrasonics,
Ferroelectrics, and Frequency Control Vol. 52, No. 12, pp. 2370-2383, 2005
18. F. Yan Ultrasonic guided wave phased array for isotropic and anisotropic plates Ph.D.
Thesis, Pennsylvania State University, 2008
19. F. Yan and J.L. Rose Time delay comb transducers for aircraft inspection The
Aeronautical Journal Vol. 113, No. 1144, pp. 417-427, 2009
20. F. Yan, K.X. Qi, and J.L Rose Ultrasonic guided wave mode and frequency selection for
multilayer hybrid laminates Materials Evaluation Vol 68, No.2, pp. 169-175, 2010

119

21. F. Yan, K.X. Qi, J.L Rose, H. Weiland Delamination defect detection using ultrasonic
guided waves in advanced hybrid structural elements Review of Progress in Quantitative
Nondestructive Evaluation Vol. 29, pp. 2044-2051, American Institute of Physics, 2010

120

Appendix: SEMI-ANALYTICAL FINITE ELEMENT (SAFE) TECHNIQUE
Some waveguide problems lend themselves to reasonable analytical solutions, including the
Lamb and Rayleigh problems, as well as simple geometries such as pipes and multi-layered
isotropic structures. However, for structure with a complex cross-section or anisotropic material
properties, analytical solutions can become cumbersome and very difficult to formulate, let alone
solve. Thus several techniques exist for solving guided wave problems in such waveguides, one
of which is the semi-analytical finite element (SAFE) method.

The SAFE method takes advantage of the known exponential harmonic wave solution in the
¢¢àI, -/01
á

wave propagation direction [18], as shown in equation (A.1).
¢à, I
ß

4. 1

If we consider guided waves to be traveling waves in the wave propagation direction coupled
with transverse resonance, or standing waves, in the waveguide thickness direction(s), then we
only need to solve for the latter. To do this, the waveguide must first be discretized into a
number of elements. For the case of a plate-like structure in which we assume plane wave
solutions (i.e. the structure is infinite in the in-plane direction perpendicular to the wave
propagation vector), this entails simple 1-D discretization through the thickness. For this
research, 3-node elements were used, with 1 element per lamina in the composite. As in
traditional finite element analysis, the shape functions of these elements can be described in local
coordinates by equation (A.2).
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¢à, combined with the assumed harmonic
shape functions [N] and nodal displacement vectors ä
Therefore the displacements for any element can be written as in equation (A.3) based on the

¢à , -/01
@âãAä

solution in the wave propagation direction.
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4. 3

Additionally, we can determine the strain and stress relations from the displacement vector from
equations (A.4) and (A.5).
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Here @êA for is the material stiffness matrix for each element and [ç A are the gather matrices in
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4. 6

By substituting the displacement expression in equation (A.3) into the strain expression in
equation (A.4), we can formulate the strain in terms of the shape functions, gather matrices, and
nodal displacements.
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We can also describe any external traction ôà in terms of the nodal external traction vector õ
ôà
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4. 8

We now have expressions for all necessary variables in the principle virtual work, as written in
equation (A.9), in which the δ operator denotes the variation.
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4. 9

The substitution of these expressions into the governing equation (A.9) yields equation (A.10).
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4. 10

By removing the arbitrary virtual nodal displacements and simplifying, we find the following
relation.
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In which the following force, mass, and stiffness matrices are used, similarly to conventional
finite element analysis [8].
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By applying the traction-free boundary conditions on the top and bottom surfaces, an eigenvalue
problem can be formed.
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0, and thus equation (A.13) can be solved by the following
|@ûA " ?@ñA|
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4. 15

The eigenvalue solutions to (A.15) are the wavenumber k values as a function of ω. From these
values, the phase and group velocity dispersion curves can be generated for the structure. The
eigenvectors correspond to the wavestructure of each guided wave k-ω solution. A total of 6N
eigenvalues will result from this system, where N is the total number of nodes in the SAFE
model. These eigenvalues may be complex, with real values corresponding to propagating
guided wave modes and complex or imaginary values corresponding to evanescent modes (for an
elastic material) [18]. Half of these solutions correspond to propagation in the +x-direction and
the other half are the conjugates in the –x-direction.
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