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ABSTRACT
An electromagnetic method is developed to analyze materials at different
frequencies by modeling the materials as equivalent dipoles. This method enabled us to
understand the scattering behavior of materials. The formulation of this new approach,
which is based on the Dipole Moment Method, is useful for solving electromagnetic
scattering problems at low frequencies and in finding the scattered fields of the scattering
object at any given distance from the object. By replacing scatterers with their equivalent
dipole moment weight, the method can be used to analyze a wide variety of materials,
including magneto-dielectric materials. This approach is first investigated using simple
geometries. Following this simple and useful method, the method was extended to the
study of multiple scattering objects. The dipole weights for these objects can be obtained
using either the near field or the far field approach. More complex and realistic bodies
and three-dimensional problems can be solved by using this new electromagnetic method.
Once the materials have been modeled, the developed technique is then compared
with effective medium theories, to decide which one can use to choose a mixing rule. For
the case of complex reservoirs and large fractures, one can easily use the effective
medium theory formulations, and the results do not show much difference, which serves
as a validation to the dipole moment method. A low-frequency Finite Element Method
was implemented to handle forward modeling of fractures with magnetic permeability
contrasts that can be created by injecting fluids with magnetic proppants. The Finite
Element Method is found to handle complex geometries and overcomes the limitations of
the Finite Difference Time Domain Method at low frequencies, as is needed to
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investigate deep fractures. The depth of the fractures was correlated with the scattered
fields. Given the measured value of the fields scattered by a given fracture, we can
estimate the depth of the fracture. The research enhanced our understanding of fracture
propagation and sensing with magnetic proppants using electromagnetic waves, which is
very important in enhancing resource recovery and evaluating reserves.
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Chapter 1
Introduction
Hydraulic fracturing is an increasingly useful method for the recovery of gas from
shale reservoirs. Shale reservoirs generally have low permeability but good porosity to
trap hydrocarbons in geologic formations. The low permeability of the reservoirs makes
recovery of the hydrocarbons difficult. In the hydraulic fracturing technique, forcing
high-pressured fluid with proppants into a horizontal well to break shale reservoirs
creates fractures. This fracturing process increases the permeability of the reservoirs and
creates new pathways to allow gas to flow. The rise of this technique is significant in
increasing the natural gas production in the USA [1]. Four major developments
contributing to the increase in production are: 1) the use of fluids for fracturing; 2) the
ability to drill horizontal wells longer than 5000 feet; 3) the ability to create a network of
multiple fractures in stages of about 10-20 per horizontal well; and 4) being able to create
the fractures simultaneously or sequentially during the drilling operation. Fracturing is
also useful for enhanced oil recovery from complex hydrocarbon reservoirs as well as for
geothermal energy recovery and the recovery of other resources. The fractures created
during drilling serve as pathways along which gas, crude oil, and geothermal energy
migrate to the well bore and flow up in the well.
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Figure 1-1 Source: U.S. Energy Information Administration, Natural Gas Outlook
Projections 2014, May 7, 2014.

The purpose of this research is to assess the feasibility of detecting and estimating
the depth of fracture zones using electromagnetic techniques and magnetic proppants
injected into fractures. The motivation behind this work is to contribute to an
understanding of the behavior and response of hydraulic fractures using magnetic
proppants and to determine the viability of using proppants to improve the fracturing
operation. Fractures generated during fracking vary in characteristics such as size,
orientation, and complexity depending on the shale reservoir properties, which makes
their characterization very challenging. The depths of gas wells drilled are thousands of
feet under the surface; therefore, it is not easy to observe what happens during hydro
fracturing of the well. The direction of well drilling is normally known, but how far and
in what direction the fractures created in the horizontal well propagate or how well the
proppants in the fracking fluid fill the fractures is not normally known. There is a
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possibility that if proppants in the fractures could be sensed using electromagnetic
techniques, then some properties of the fractured shale reservoir could be mapped.
Understanding the properties of the fracture, such as orientation and depth, during and
after fracturing will be helpful in efficient hydraulic fracturing of reservoirs, increasing
gas recovery and lease demarcation, and ensuring that the water table is not polluted.
Using safe and efficient materials as proppants would also increase well productivity and
reduce the environmental impact of the operation.
Shale background and the fractures created make different contributions to the
electromagnetic response of the reservoir. Shale reservoirs are generally composed of
sedimentary rocks, and their typical conductivity is around 0.01 to 0.1 S/m depending on
the particular geological situation [2]. The type of material injected into the fracture and
the fracture’s geometrical parameters determine the fracture’s response to the
electromagnetic signal Single fracture parameters that determine whether a fracture can
be detected and measured are the size, width (or thickness), nature, and orientation of the
fractures. The geometry can be that of a single fracture or multiple fractures grouped
together. Parameters include their density and distribution. In the case of multiple
fractures, they constitute a network, and their response is determined by superposition
from fracture openings and electrical characteristics of the fracturing fluid and proppants
inside the fractures.
An example of the presence of fractures can be seen on petroleum reservoir well
logs, from which the thickness can be estimated but the depth extent of the fracture is not
known completely [3]. When magnetic proppants are introduced, the back scattering
would increase, hence enhancing the ability to estimate the depth of the fractures.
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Generally, common fractures are thin conductors because fluids in the opening are
electrically more conductive than the background shale. In our approach, we are
introducing magnetic material to create permeability contrast for detection and estimation
of fracture length and orientation.

1.2 Methods for Fracture Characterization
Some of the techniques for characterizing fractures are geophysical, based on the
scattering of electromagnetic fields by the presence of fractures or on the attenuation of
acoustic energy when a wave is propagated into them. Microseismic technique monitors
and detects acoustic energy produced due to shear stress failure during fracturing of shale
reservoirs. However, most of the signals that may be detected by using this technique are
those due to fractures created by structural failures during the fracking and do not have
proppants and acoustic signals due to structural adjustments as a result of stress in the
shale reservoir during the operation. When the fracturing fluid flowback is started, these
two causes of seismic activity do not contribute to recovery of hydrocarbons from the
well [4] and make interpretation of seismic data difficult since microseismic technique is
an indirect way of reading fractures. There are many attempts to find new data inversion
and interpretation techniques that can discriminate different seismic sources to enable the
correct identification of the fractures that occurred only from fractures with proppants
[5]. This remains the major disadvantage of the microseismic technique [6].
Another common technique for detecting and estimating the properties of
fractures is based on the use of fluid-mechanical techniques. They are empirically
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developed formulations of estimates of fracture geometries using the amount of fluid
pumped and pressure of pumping during the fracking operation [7][8] and variants of
these techniques. The major drawback of these techniques is fluid flow leakage into the
main shale reservoir, which makes it difficult to know how much of the fluid is going
towards creating fractures and to understand the loss of pumping pressure as a result.
The main paths through which the gas would be flowing at increased rates are
through the propped fractures when the fracturing fluid is drawn out after creating the
fractures in the reservoirs. This fact makes it very important to know the depth of the
propped fractures to understand the productivity of the well.
In electromagnetic methods, most of the previous work in detecting and
estimating fractures was done using vertical cross-well electromagnetic techniques [2]
[9][10] that involved putting transmitters in one well and receivers in another well to
measure the conductivity profile between two wells. Also, the fractures previously
studied are mainly those due to conductive proppants [11]. In our approach, we are using
Magnetic Proppants in the fracturing fluid to create fractures that have magnetic
permeability contrasts with the shale background and to increase the response of the
fractures to electromagnetic stimulation. The composition of the fluid and percentage of
magnetic proppants in it is known beforehand, using the Mixing Rules Method to
determine effective permeability and permittivity of the fracture. An EM signal is sent
from a transmitter positioned at the opening of the fracture into the fracture, and the
receivers are positioned to receive the EM response from the fracture, which is due to the
effective volume of the fracture. Given the area of the opening of the fracture, which can
be estimated from the position of the transmitters and possibly the use of bore hole
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cameras, the effective depth of the fracture, which would be proportional to the strength
of the received signal, can be estimated. It is possible, using tri-axial transmitters, to
obtain the fracture orientation or possible propagation direction, as explained in Chapter
5. A lower operating frequency must be used for the detection of the fracture zone owing
to the high attenuation of the signal in the fracture by virtue of the lossy nature of
material inside it.

1.3 Scope of Research Work
Three goals are set for this thesis. The first is the development of a numerical
method, referred to herein as the Dipole Moment Method, for studying scattering
properties of materials at low frequencies. In the method, a scatterer is replaced by its
equivalent dipole moment that exhibits the same scattering properties as the scatterer
itself. This is done starting in Chapter 2, with simple single-geometry models in both
two- and three-dimensional cases. Next, in Chapter 3, the method is extended to the case
of multiple scattering objects. The results from the approach are then compared with
those from the Finite Difference Time Domain method.
In Chapter 4, the limitation of the developed method is explained and the
application of theory of mixing rules is introduced to handle multi-phase mixtures or
materials as homogenized models. In the homogenization process, a complex structure in
a fracture is replaced with an effective medium material whose properties replicate the
response of the replaced structure precisely. Collections of molecules and inclusions
investigated in a background environment provided the earliest significant results in
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electromagnetic homogenization. The first significant results in electromagnetic
homogenization were due to the investigations of collections of molecules or inclusions
in a background environment. Octavio Mossotti in 1850 [12] and then Rudolf Clausius in
1870 [13] performed work that led to the Clausius-Mossotti formulas. Later, Lord
Rayleigh investigated the effective material parameters of cubic lattices of spherical or
cylindrical inclusions [14] —a theory he later generalized to ellipsoidal inclusions [15].
The Maxwell-Garnett formula was developed by Maxwell Garnett when he investigated
the colors of glass due to metal inclusions [16]. In the next significant development in
mixing theory, the Bruggeman formula was developed by George Bruggeman [17].
Following that, Joseph Keller revolutionized the field by obtaining an effective
conductivity for an array of cylinders using variational calculus—work that followed
Lord Rayleigh's lead and explored the effective material properties of collections of
cylinders and spheres [18] [19]. Homogenization and mixing theory are discussed in
greater depth in [20, 21, 22].
More recently, variations of the Nicolson-Ross-Weir [23, 12] transmission linebased material-characterization method have been popular because their implementation
is experimentally simple and numerically efficient. In this method, a wave incident upon
a slab of an unknown material is used to measure reflection and transmission coefficients,
and an inversion is then used to provide the material parameters [13]. Given the plethora
of mixing rules, we add the use of the Dipole Moment method in the choice of a mixing
formula to provide guidance in the selection of a mixing rule for application and
introduced the study of magnetic materials for use as sensor proppants.
In Chapter 5, a detailed investigation of the behavior of EM fields in cylindrical
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wellbores and in the presence of permeable materials was discussed. The idea of how it is
possible to discern the orientation of the fracture when no information is available using
multiple transmitters was introduced. Generally, the behavior of an electromagnetic wave
is influenced by three properties of the material medium [24]: dielectric permittivity ε;
magnetic permeability µ; and electrical conductivity σ. At the low frequency (ω) limit,
the displacement currents can be neglected when ω << σ/ε, and Maxwell’s equations can
then be written in their magneto quasistatic form [25].
The main challenge we face carrying out forward modeling to investigate the
depth of fractures is operating at low frequencies in an inhomogeneous medium. A Finite
Element Method (FEM) was developed using the magneto-quasistatic Maxwell’s
equations for varying magnetic permeability. The emphasis is on fractures with
increasing permeability contrast, which is seen to increase the contribution of
magnetization modes in the secondary response of the fracture targets. The equations are
written in coupled vector-scalar potential formulation for ungauged potentials and a
stabilization term is added. The equations are converted from the strong case to a weak
formulation. A vector edge-basis function is employed to solve the corresponding
Maxwell‘s equations because the traditional FEM using nodal basis functions creates
matrices with poorly conditioned numbers [26], especially with fine geometry features of
fractures. The edge basis vectors [27] give solutions of discontinuous model materials
very well, which makes satisfying the tangential boundary conditions across the
discontinuities easier to do [28]. The implementation was carried out with an open-source
finite element library. This low-frequency finite element method is applied to estimate
the depth of typical fractures with the application of smart proppants using the equivalent
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medium model of the fracture.
In Chapter 6, we draw some conclusions on the dipole moment method, the
application of the mixing rules, and implementation of the low-frequency finite element
method solver. We make recommendations on areas in which to continue research that
include simulation of more diverse fracture geometries with varying magnetic
permeability and development of inversion methods for interpretation of real-life data
from the field.
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Chapter 2

Low-Frequency Method for Scattering from a Single Object by using the Dipole

Moment Technique

2.1 Introduction
We examine the problem of scattering by arbitrarily shaped particles with
dimensions much less than the wavelength of the incident electric field using a novel
technique called the Dipole Moment (DM) method. The dipole method was specifically
developed to deal with low-frequency cases for which the Finite Difference Time
Domain (FDTD) method not only takes a longer time to converge, but also yields results
that have numerical artifacts and, hence, are unreliable at those frequencies. In this
chapter, we show how the DM method can be used to analyze the scattering properties of
single scatterers, which will form the building blocks for analysis of scattering
characteristics of the proppants and other materials comprised of particles whose
dimensions are much smaller than the wavelength. One group of particles considered has
potential use as proppants, which are used in fracturing wells to enhance the recovery of
oil and gas.
The FDTD Method is a versatile technique for solving a wide class of
computational electromagnetic problems. However, the slow convergence of the FDTD
at low frequencies creates limitations on its use. We propose a relatively new method to
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tackle these problems, which is based on the use of DM to represent a given scatterer of
arbitrary shape. The DM representation is used to compute electric and magnetic fields
for any given frequency and distance from the scatterer. This method applies to a
scattering object whose dimensions are λ/20 or less, where λ is the wavelength of the
incident electric field.

2.2 Motivation
In certain large-scale computational electromagnetic problems, the dimensions of
scatterers are much smaller than the wavelength of the incident electric field. In these
cases, when using the FDTD, a large number of cells are required to cover the scatterer in
the simulation domain, which translates to huge memory requirements, as, for example,
when modeling body-area networks where the devices being simulated are smaller than
the human body. Another interesting problem appears in geophysical exploration,
specifically in the imaging of gas shale and oil reservoirs to aid in recovery of gas and oil.
One way to solve the problem is with an inverse-scattering approach of low-frequency
electromagnetic data from the geophysical location, which requires the use of forwardmodel data. However, the number of time steps needed for the time-iteration process of
the FDTD to converge becomes prohibitively large at the extremely low frequencies of
interest [29] when we use the FDTD method in its conventional form to build forwardmodel data of the problem. Hence there is the need for a new approach using the dipolemoment method. Furthermore, the dipole-moment technique can be used to simulate and
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model the smart proppants, frequently used in the stimulation of hydro-fractured zones in
gas shale and hydrocarbon reservoirs.

2.3 Concept of the DM Technique
It is well known that the dipole-moment equivalent representation of an object
generates the same far fields as those scattered by the original object when the linear
dimensions of the object are much smaller than the operating wavelength [30]. The fields

!
!
due to an electric dipole of moment P and a magnetic dipole of moment M both

!
situated at the origin at a distance r may be written as:
!
e jkr !
e jkr !
P) + jk∇ ×
M
E = ∇ × (∇ ×
r
r

(2.1)

!
e jkr !
e jkr !
P + ∇ × (∇ ×
M)
H = − jk∇ ×
r
r

(2.2)	
  

If the surface dimensions are small with respect to wavelength, the far-field
coefficients of the electric field may be expressed as a power series of the wave number,
whose coefficients involve surface integrals of low-frequency expansions of the near
fields [32]. The far-field expression for the electric field can be written as:

!"
e jkr 2 " " " " "
E=−
k (r × (r × P) + r × M )
4π r

(2.3)

For the case of a sphere illuminated by an Electric Field E0 , the resulting
scattered fields can be represented in terms of the sphere’s electric dipole moments. For
the case of a PEC sphere with radius a, the electric dipole moment is given by:
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j4π (ka)3
nk 2

(2.4)	
  

j4π (ka)3 ⎛ ε r − 1 ⎞
nk 2 ⎜⎝ ε r + 1 ⎟⎠

(2.5)	
  

DMe = Eo

	
  

	
  

	
  

	
  

The case for the dielectric is given by:

DMe = Eo

The magnetic dipole moment for the perfect magnetic conducing sphere is given
as:

DMm = Eo

2π (ka)3
jk 2

(2.6)	
  

For any magnetic material, the dipole moment is given by:

DMm = Eo

j4π (ka)3 ⎛ µr − 1 ⎞
⎜⎝ µ + 1 ⎟⎠
k2
r

(2.7)

For the case of a sphere, there is a closed-form solution for the dipole moments;
furthermore, mathematical expressions for regular shapes have been derived by Kleinman
and Senior [32]. It should be noted that the magnetic dipole moment vanishes if the
dielectric material is nonmagnetic: that is, if µ r =1. Also, a magnetic material with ε r =1
would scatter no electric dipole field [17]. The dipole moments for an arbitrarily shaped
scatterer can be extracted from the scattered fields due to its scattering. Given the
extracted dipole moments, they can be used to obtain scattered electric and magnetic
fields of an object at low frequencies. It is therefore possible to replace a scatterer with its
dipole moment equivalent and obtain its scattered electric fields at low frequencies [18].
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2.4 Dipole Moment (DM) Technique: Near-Field Method
In the near-field method, the scattered fields due to an incident electric field on
the scatterer are measured starting from the near-field region, as the procedure outlined
below indicates. It was found empirically that accurate dipole weights could be obtained
with measurements starting from lambda/100 of the wavelength of the incident field.
The procedure for the computation of the low-frequency dipole moment is as
follows:
1. For a given arbitrary shape of an object, we run a single frequency (sine)
simulation at a frequency where the object is lambda/100 in size.
2. The back-scattered field Es is measured along a line for a finite number of points
starting from lambda/100.
3. The scattered electric field along the line measured is used to extract the weight of
the electric dipole moment Il.
4. The Il is obtained by normalizing the measured scattered field due to the object to
the scattered electric field of a unit dipole moment.
5. Using the obtained Il, the electric field due to the dipole moment can be obtained.
6. Given the extracted weight of the dipole moment at the given single frequency,
the weight can be used to obtain the scattered fields at the frequency and other
frequencies, including very low frequencies and at any given distance away from
the scatterer.
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2.4.1 Numerical Results
The method was tested with different geometrical shapes to find their dipole
moment equivalents, which were used to compute their electric fields at low
frequencies and any distance.
1. PEC Sphere

Figure 2-1: PEC sphere illuminated with X-polarized, Z-directed incident electric field
For the first example, we consider a PEC sphere with the diameter λ/100 at
500Mhz. It is illuminated by a plane wave, incident along z-axis with Ex polarization
(note: angle of incidence can be arbitrary), as shown in Figure 1. The back-scattered field
is measured along a line starting from λ/100 on the z-axis. From the measured scattered
field, the corresponding dipole moment weights Il are obtained. Figure 2.2 compares the
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back-scattered field as a function of distance calculated using the DM approach, FDTD,
and analytical solution using Mie Series.

Figure 2-2: Amplitude comparison of back-scattered field with distance along z-axis

The scattered fields match closely at a distance of λ/100. The dipole weight at that
point is used to compute the back-scattered fields for a range of frequencies, including
the low frequencies. Figure 2.3 shows the comparison of results for the back-scattered
field using the DM approach, analytical Mie solution, and DC Gaussian FDTD results.
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Figure 2-3: Amplitude variation with frequency comparison at a point λ/100
2. PEC Cylinder
Using the same approach, the PEC sphere was replaced by a cylinder with a
radius of λ/200 and height of λ/100 as shown. The following results in Figure 2.5 and
Figure 2.6 were obtained.

Figure 2-4: PEC cylinder
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Figure 2-5: Amplitude variation with distance along z-axis for PEC cylinder

Figure 2-6: Variation of Ex with frequency at observation point for PEC cylinder

19

3. PEC Cube
The procedure was similarly done for a cube with a length of λ/100 at 500Mhz.
The results obtained for the cube are shown

Figure 2-7: PEC cube

Figure 2-8: Variation of Ex with distance z-axis for a cube
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Figure 2-9: Variation of Ex with frequency at observation point 9 mm along z-axis for a
cube

2.4.2 Observations
For the case of the sphere, the DM approach results closely match the analytical
results from the Mie Series. The DM method was able to obtain accurate lower-frequency
results when compared to those from the FDTD simulations. The back-scattered electricfield results from the geometric shapes show three regions of variations of the Ex with
frequency: the lower frequency region where the DM approach has results that closely
match with the analytical results for a sphere; the overlapping region where the results
from the DM approach and FDTD are the same; and the higher frequency region, where
FDTD results are more accurate.
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2.5 Dipole Moment Technique: Far-Field Patterns Method
The steps for the computation of the low-frequency dipole moment are as follows:
1. For a given arbitrary shape of an object, a single frequency (sine) wave is used as
the incident electric field Ei on the object.
2. The scattered electric far-field pattern is obtained.
3. The scattered far-field electric pattern is used to extract the weights of the electric
dipole moments Ilx, Ily, Ilz.
4. Using the obtained electric dipole moments, the electric field due to the dipole
moments can be obtained. It is well established that the analytical solution for
dipole moments is the same as the Mie series solution for a PEC sphere.
5. Given the extracted weights of the dipole moments at the given single frequency,
the weights can be used to obtain the scattered electric field at that frequency and
other frequencies, including very low frequencies, and also at any distance away
from the scatterer.

2.5.1 Mathematical Proof of Method

!"
!"
"
"
"
Given E (r,θ , φ ) = a1ϕ x + a2ϕ y + a3ϕ z , where E is the combined far field pattern
!
! !
from the electric dipoles, ϕ x , ϕ y and ϕ z are dipole patterns obtained from the orientation
of x, y, and z respectively. For the method to work, we have to show:
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!" " *
E,ϕ x = a1
!" " *
E,ϕ y = a2
!" " *
E,ϕ z = a2

!
! !
To prove this, we have to show that ϕ x , ϕ y and ϕ z are orthogonal to each other.

! !
1. ϕ z ,ϕ x*
	
  

!
η kI zlz − jkr
ϕz = j
e sin θ âθ 	
  
4π r

(2.8)	
  

	
  

!
η kI x lx − jkr
η kI x lx − jkr
ϕx = − j
e cosθ cos φ âθ + j
e sin φ âφ 	
  
4π r
4π r

(2.9)	
  

	
  

η kI yly − jkr
η kI yly − jkr
!
ϕz = − j
e cosθ sin φ âθ − j
e cos φ âφ 	
  
4π r
4π r

(2.10)	
  

! !
! !*
2
ϕ z ,ϕ x* = "
∫∫ ϕ zϕ x ds , where ds = r sinθ dθ dφ
s

(2.11)

2

π
2π
= − ⎛⎜ η k ⎞⎟ I z lz I x lx ∫ ∫ sin 2 θ cos φ dθ dφ
φ =0 θ =0
⎝ 4π ⎠

but,

2π

∫φ

=0

cos φ dφ = [sin φ ]02π = 0

! !
! !
∴ ϕ z ,ϕ x* = 0 : the orthogonality of ϕ z ,ϕ x
! !
! !
! !*
2. ϕ y ,ϕ x* = 0 , ϕ y ,ϕ x* = "
∫∫ ϕ yϕ x ds
s

(2.12)

2

2π
π
⎛ ηk ⎞
2
=⎜
⎟ I y l y I x lx ∫φ =0 ∫θ =0 sin θ cos θ sin φ cos φ dθ dφ
⎝ 4π ⎠
2

2π
π
⎛ ηk ⎞
= −⎜
⎟ I y l y I x lx ∫φ =0 ∫θ =0 sin θ sin φ cos φ dθ dφ
⎝ 4π ⎠

but,

2π

∫φ

=0

sin φ cos φ dφ =

1 2π
1
sin(2π )dφ = − [cos(2φ )]02π = 0
∫
φ
0
=
2
4

(2.13)
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! !
! !
∴ ϕ y ,ϕ x* = 0 shows the orthogonality of ϕ y ,ϕ x .
! !
3. ϕ z ,ϕ y* = 0 ,

! !
! !*
ϕ z ,ϕ y* = "
∫∫ ϕ zϕ y ds
s

2

2π π
⎛ ηk ⎞
= −⎜
I zlz I yly ∫ ∫ sin 2θ cosθ sin φ dθ dφ
⎟
φ =0 θ =0
⎝ 4π ⎠

but ,

2π

∫φ

=0

(2.14)
(2.15)

sin φ dφ = −[cos φ ]02π = 0

! !
! !
∴ ϕ z ,ϕ y* = 0 , shows the orthogonality of ϕ z ,ϕ y
By duality principles, we can use the same procedure to show the orthogonality of
magnetic dipole moments and use them to represent magnetic materials.

2.5.2 Electric Fields Radiated by X-, Y-, Z- Oriented Dipole Moments
The z-component of the fields produced at observation point (xi, yi, zi) by a zdirected dipole moment centred at (xs, ys, zs) can be expressed as:

Ezz = Er cosθ − Eθ sin θ 	
  	
  

	
  

(2.16)	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  

Given the following electric field equations for the dipole moments,
	
  

	
  

Il − jkr ⎛ η
1 ⎞
e ⎜ 2+
cosθ = er cosθ 	
  	
  
⎝r
2π
jωε r 3 ⎟⎠

(2.17)	
  	
  	
  

Il − jkr ⎛ jωµ η
1 ⎞
e ⎜
+ 2+
sin θ = eθ sin θ 	
  
⎝ r
4π
jωε r 3 ⎟⎠
r

(2.18)	
  

Er =
Eθ =

by explicating the dependence upon x, y, z, we can write the electric field due to the zdirected dipole:
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Ezz = er cos 2 θ − eθ sin 2 θ = er

(zi − zs )2
(x − xs ) + (yi − ys )
− eθ i
	
  	
  
2
r2
r

(2.19)	
  

Applying the same calculation for the other components of the z-directed dipole and
rotating the coordinate system for the x- and y- directed dipoles, the fields are obtained
for z-directed dipole moments:
(xi − xs )(zi − zs )
r2
(y − ys )(zi − zs )
	
  	
  
Eyz = (er + eθ ) i
r2
(z − z )2
(x − xs )2 + (yi − ys )2
Ezz = er i 2 s − eθ i
r
r2
Exz = (er + eθ )
	
  

(2.20)	
  

for x-directed dipole moments:
(xi − xs )2
(yi − ys )2 + (zi + zs )2
−
e
θ
r2
r2
(x − xs )(yi − ys )
Eyx = (er + eθ ) i
	
  	
  
r2
(x − xs )(zi − zs )
Ezx = (er + eθ ) i
r2
Exx = er
	
  

(2.21)	
  

and for y-directed dipole moments:
(xi − xs )(yi − ys )
r2
(y − y )2
(x − xs )2 + (zi − zs )
Eyy = er i 2 s − eθ i
	
  	
  
r2
r
(y − ys )(zi − zs )
Ezy = (er + eθ ) i
r2
Exy = (er + eθ )
	
  

(2.22)

	
  
	
  

Given the weights of dipole moments from the far-field patterns, one can compute
the scattered far fields at lower frequencies and at any other distance around the scatterer
using the equations.
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2.5.3 Numerical Results
1. PEC Sphere
For the first example, we again consider a PEC sphere with diameter λ/100. It is
illuminated by a single-frequency (500 MHz) plane wave, incident along z-axis with Ex
polarization, as shown in Figure 2.10.The far-field pattern approach was used to compute
the dipole moments.

Figure 2-10: PEC sphere illuminated with X-polarized, Z-directed incident electric field

The x-directed dipole moment was used for this case. The back-scattered field
was computed from λ/100 on the z-axis using the dipole moment. Figure 2.11 compares
the back-scattered field as a function of distance calculated using the DM approach,
FDTD, and the analytical solution using Mie Series.
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Figure 2-11: Amplitude comparison of back-scattered field with distance along z-axis

The x-directed dipole weight is used to compute the back-scattered fields for a
range of frequencies including the low frequencies. Figure 2.12 shows the comparison of
results for back-scattered fields using the DM approach, analytical Mie solution, and DC
Gaussian FDTD results.
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Figure 2-12: Variation of Ex with frequency at observation point for PEC sphere
2. PEC Cone
Using the same far field approach, the PEC sphere was replaced by a cone with a
radius of λ/200 and height of λ/200 as shown in Figure 2.13. The following result in
Figure 2.14 was obtained.

Figure 2-13: PEC cone
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Figure 2-14: Variation of Ex with frequency at observation point for PEC cone

The procedure was similarly done for a cone cylinder with a length of λ/100 and
height of λ/200. The results obtained are shown below

Fig 2-15: PEC cone cylinder
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Figure 2-16: Variation of Ex with frequency at observation point 9 mm along z-axis for
the cylinder

2.6 Conclusions
In this chapter we have used two different Dipole Moment Approaches to solve
scattering problems for single scatterer. For the case of the sphere, the DM approach
results were shown to closely match the analytical results from the Mie Series. The DM
method was able to obtain lower frequency results that were accurate when compared to
those from the FDTD simulations. The back-scattered electric field results from the
geometric shapes show three regions of variations of the Ex with frequency: the lower
frequency region where the DM approach has results that match closely with the
analytical results for the sphere; the overlapping region where the results from the DM
approach and FDTD are the same; and the higher-frequency region where FDTD results
are most accurate.
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Chapter 3

Multiple Scattering using the Dipole Moment Approach

3.1 Introduction

In the case of more than one scatterer, or where we have a complex object, the
procedures developed in the previous chapter would not give a satisfactory solution to the
problem because more dipole moments will be required to represent the problem. In this
chapter we present techniques for dealing with multiple scatterers that apply to a group of
particles that can model proppants in hydraulic fractures.

3.2 Dipole-Moment Formulation for Multiple-Scattering Objects
The analytical dipole moment solutions for the scattered field created by a sphere
were developed and presented in the previous chapter. The derived field expressions are
valid for both dielectrics and PEC spheres. By applying an equivalent theory, the field
expressions for a magnetic sphere can be obtained. From the previous work, we have
learned that a small sphere can be replaced by its equivalent dipole moments while
working at “large” distances from the small sphere. However, it has been mathematically
verified that these dipole-moment approximations are valid in all regions, irrespective of
distance as long as the point of observation is located outside a sphere circumscribing the
object, assumed to be small compared to the wavelength [33]. The electric dipole
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moment goes to zero for magnetic materials, and similarly the magnetic dipole moment
goes to zero for non-magnetic materials. For a complete representation of an arbitrary
scatterer with magnetic and dielectric properties, we need a total of 3 electric dipole and 3
magnetic dipole moments [31].

3.2.1 Modeling Using Spheres
Based on the Dipole Moment theory already developed, there exists a way to
model objects and fine structures whose sizes are much smaller than the wavelength of
the incident field. The objects are first replaced with a bunch of spheres, which we can
then replace with unknown dipole moments. The method of moments can then be
effectively deployed to solve for unknown dipole moments [34]. Once the unknown
dipole moments are obtained, the information can be used to compute the fields
everywhere around the objects [35].

3.2.2 Consistency Factor Computation
It is important to remember that the dipole moment specified and derived
previously is equivalent to a single-point representation of the scatterer. However, when
we are dealing with dielectrics and magnetic spheres—which are quite unlike PEC
spheres—fields exist inside the above spheres; hence we must find an equivalent volume
representation of the dipole moments of those fields. One simple way of getting the
equivalent volume representation is to assume that the final distributed dipole moment is
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a constant value (F), multiplied by the condensed value. The constant number is denoted
by F and is called the Consistency Factor, which can be found for a single sphere using
the steps below:
A single sphere of diameter 2a is considered with the origin at its center.
Let the consistency factor be F.
Il represents the condensed dipole moment of a single sphere.
We match the polarization currents at the center of the sphere to give:
(3.1)

𝜖𝜖 𝜖𝜖 − 1 𝑬𝑬 + 𝑬𝑬 = 𝐹𝐹. 𝐼𝐼𝐼𝐼

where 𝐸𝐸 = 𝐸𝐸 - the incident electric field at the center of the sphere

𝐼𝐼𝐼𝐼 = 𝐸𝐸



𝑘𝑘𝑘𝑘

 

  
 

(3.2)

is the single-point dipole moment
𝑬𝑬 = −





𝑒𝑒 




+





+



 

𝑠𝑠𝑠𝑠𝑠𝑠




≈−





  

(3.3)

is the scattered field (assuming 𝑘𝑘𝑘𝑘 → 0: 𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠:  𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠  𝑠𝑠𝑠𝑠ℎ𝑒𝑒𝑒𝑒𝑒𝑒 ).
By solving the above equation, we obtain:

𝐹𝐹 ≈

−3𝑗𝑗
4𝜋𝜋𝜋𝜋𝑎𝑎

In the above solution, the polarization currents were matched instead of applying
boundary conditions. This is because the quantities we are dealing with are distributed in
volume; hence it is better to match the polarization currents instead. This condition is
termed the Consistency Condition. It should be noted that the scattered fields were

33

calculated on the surface of the sphere, and it is assumed that the fields will be the same
at the center. This holds because the sphere is very small compared to the wavelength and
has no room for field variations inside it. It also bypasses the singularity, which occurs
when we try to calculate the field at the center and which is a major problem in the
conventional method of moments (MOM) technique.

3.3 Dipole Moment–MOM Formulation
In formulating the Method of Moment problem, we assume the consistency factor
F to be the same, irrespective of whether the sphere is independent or in a group.




To show the method, we consider a rod oriented along 𝑦𝑦, extending from − to


+ and of thickness d. We replace the rod with a string of N spheres of diameter d=2a,


making sure that l =Nd.

Since the incident field can be arbitrary, depending on the problem at hand, the
spheres are going to be replaced with three equivalent independent dipole moments—one
in each direction. The formulation then goes as follows:
Let 𝐼𝐼𝐼𝐼 represent the effective dipole moment of the 𝑛𝑛   sphere directed along 𝑠𝑠.


Let 𝐸𝐸
  be the incident field component at the center of the nth sphere along 𝑠𝑠

We form the matrix by applying the consistency condition at the center of each
sphere for each component.
Applying the consistency condition for the 𝑥𝑥-directed dipole moment of n =1, i.e.,

for the 1st sphere, we obtain:
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𝜖𝜖 𝜖𝜖 − 1 𝐸𝐸
+ 𝐸𝐸
+ 𝐸𝐸
+ 𝐸𝐸
+ 𝐸𝐸
+ 𝐸𝐸
+. . +𝐸𝐸
+ 𝐸𝐸
+



+. . +𝐸𝐸
= 𝐹𝐹𝐹𝐹𝑙𝑙
𝐸𝐸

(3.4)

We repeat this procedure for other spheres up to n=N, i.e. Nth sphere, and for it

we obtain:








𝜖𝜖 𝜖𝜖 − 1 𝐸𝐸
+ 𝐸𝐸
+ 𝐸𝐸
+. . +𝐸𝐸
+ 𝐸𝐸
+ 𝐸𝐸
+. . +𝐸𝐸
+ 𝐸𝐸
+



𝐸𝐸
+. . +𝐸𝐸
= 𝐹𝐹𝐹𝐹𝑙𝑙

(3.5)

For the 𝑦𝑦-directed dipole moment of n=1, i.e., for the 1st sphere, we obtain:









𝜖𝜖 𝜖𝜖 − 1 𝐸𝐸
+ 𝐸𝐸
+ 𝐸𝐸
+. . +𝐸𝐸
+ 𝐸𝐸
+ 𝐸𝐸
+. . +𝐸𝐸
+ 𝐸𝐸
+



𝐸𝐸
+. . +𝐸𝐸
= 𝐹𝐹𝐹𝐹𝑙𝑙

(3.6)

We repeat this procedure for other spheres up to n=N, i.e. for the Nth sphere, and

for it we obtain:








𝜖𝜖 𝜖𝜖 − 1 𝐸𝐸
+ 𝐸𝐸
+ 𝐸𝐸
+. . +𝐸𝐸
+ 𝐸𝐸
+ 𝐸𝐸
+. . +𝐸𝐸
+ 𝐸𝐸
+



𝐸𝐸
+. . +𝐸𝐸
= 𝐹𝐹𝐹𝐹𝑙𝑙 

(3.7)

For the 𝑧𝑧-directed dipole moment of n=1 i.e. for the 1st sphere, we obtain:








𝜖𝜖 𝜖𝜖 − 1 𝐸𝐸
+ 𝐸𝐸
+ 𝐸𝐸
+. . +𝐸𝐸
+ 𝐸𝐸
+ 𝐸𝐸
+. . +𝐸𝐸
+ 𝐸𝐸
+



𝐸𝐸
+. . +𝐸𝐸
= 𝐹𝐹𝐹𝐹𝑙𝑙

(3.8)

We repeat this procedure for other spheres up to n=N i.e. Nth sphere, and we

obtain:








𝜖𝜖 𝜖𝜖 − 1 𝐸𝐸
+ 𝐸𝐸
+ 𝐸𝐸
+. . +𝐸𝐸
+ 𝐸𝐸
+ 𝐸𝐸
+. . +𝐸𝐸
+ 𝐸𝐸
+



𝐸𝐸
+. . +𝐸𝐸
=𝐹𝐹𝐹𝐹𝑙𝑙

(3.9)
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, are computed on the surface of
The self-terms in all the equations, namely 𝐸𝐸

the sphere instead of at the center—in turn getting rid of singularity.

From the above equations, we have obtained 3N variables and 3N equations that
would enable us solve for Il’s or for the E’s, which gives Il’s when multiplied by


 

𝑘𝑘𝑘𝑘

  
.
 

After solving the equations, we can use Il’s to calculate the field

produced. Hence we have the solution to the problem.
We can follow the same procedure for magnetic materials using the equivalent
theorem. We now give examples of application of this technique used to solve scattering
problems involving multiple particles.

3.3.1 Examples of Magneto Dielectric Random Spherical Particles Scattering
Problems
We consider a random distribution of 14 spherical particles with a mean diameter
of 1mm and a standard deviation of 0.3 mm. Here, because the particles are small in
number, we are able to know the exact location of each particle and its dimensions. Then
we can apply the Dipole Moment Formulation for multiple scattering to obtain the
scattered field. The complex permittivity and permeability of the material for the sphere
are given as 36+0.2i and 16+2i respectively. An x-directed, Ez polarized incident wave
was used to excite the particles at a frequency of 500 MHz, which is not a very low
frequency, to enable us to compare with an FDTD method. The arrangement of the
scattering problem is shown below.
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Figure 3-1: Scattering from 14 randomly distributed spherical particles
The Ez scattered field component was measured away from the particles along an
observation line using FDTD simulation. The results were compared with the Dipole
Moment Formulation Method as shown below.

37

Figure 3-2: Validation of DM with FDTD: scattered electric Field (Ez) on a line

The simulation for the FDTD was done at a mid frequency of 500 MHz to enable
us compare the results with the Dipole Moment formulation, and the two results were
found to be in agreement.
This example was done with only a few particles. However, in real life, there are a
lot of particles and we cannot know their exact position at any given time because they
are in constant random motion. In this case, we must employ statistical techniques to
characterize the particle materials.
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3.4 Monte Carlo Techniques
We present description of the Monte Carlo simulations of multiple particles in
random placement as it may occur when proppants are pumped to create a fracture. The
placement of the particles is assumed to be discrete, and the medium is dense. There are
two commonly used Monte Carlo techniques in generating particle positions for
simulation, namely, the Metropolis Algorithm and Sequential Addition techniques [36].
For both techniques, it is assumed the particles are in a cubic box to generate their
positions randomly, the forces of interaction among particles is negligible, and there is no
penetration when the particles collide. In the Metropolis algorithm, the particles are
initially assigned positions and then are reshuffled using random walk to create new
realizations of particle positions. In contrast, the Sequential Addition Method works not
by reshuffling particles, but by adding particles in serial and random manner into the box
to create different realizations. To position the particles and represent the simulation
accurately, several realizations are used.
The definition of the joint probability density distribution function of the proppant
particles is used in calculating the particle-pair distribution functions. This is done by
enumerating the number of times a separation of the proppant particles pair occurred as
related to the separation distance and averaging them over the realizations. We imposed
boundary conditions of periodic type at the walls of the cubic box to take into account the
edge effects of the box.
We performed computer simulation experiments on a model with spherical
proppants N. The N particles with varying diameter are put in a cube box of width l. We
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assume Ni to be the number of particles with radius ai in the box. We can find the
number density ni and the fraction of volume fi of the particles with radius ai as follows
[37]:

𝑛𝑛 =




(3.10)

𝑓𝑓𝑓𝑓 = 𝑛𝑛𝑛𝑛
𝑁𝑁 =   

𝑓𝑓 =




𝑎𝑎


 𝑁𝑁


 𝑓𝑓   

(3.11)
(3.12)

(3.13)

where f represents the fraction of the total volume particles occupy in the box.
The pair-distribution function of the particles approaches 1 as the distance
between them increases, which mean the positions of particles are independent when the
particles are further apart. The N particles, when placed inside the cubic box with the
periodic boundary conditions, create images with each image cube containing N particles
having the same geometric arrangement of particle positions as that in the main cubic
box.
The spherical proppant particles initially are randomly positioned in the primary
cubic box with no overlap among them. Shuffling particles as follows generates new
realizations of the position of the particles. In each cycle of movement, each particle is
subject to random displacement once. The new position of the particle following
displacement is accepted based on whether the position of the particle coincides with
another or not. The displacement is simulated as a random motion that is not affected by
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forces of attraction among particles and in which a particle does not penetrate other
particles during collision. It should be noted the particles do not move physically and that
the introduction of particles displacement during the process is to create new
configurations and realizations of possible movement of the particles. We follow the
procedure in [38] to implement the algorithm using the following steps:
1: Configure the system initially.
The proppant particles are assigned three-dimensional coordinates within the
cubic box to initially configure the system. We assume a 1 cubic meter box so that the
rectangular coordinates of particles are in the range [0,1}. We can obtain the initial
configuration of all the particles by placing them in a periodic spatial distribution in the
cube or just assigning them random positions.
2: Reconfigure the system by random displacement of proppants.
The simulation continues with displacing the particles sequentially. The following
relationship determines the new trial position of a particle during the displacement
motion:
𝑥𝑥 ⟶ 𝑥𝑥 + ∆

𝑦𝑦 ⟶ 𝑦𝑦 + Δ

𝑧𝑧 ⟶ 𝑧𝑧 + Δ where x, y, and z are the

coordinates of the proppant particles and ∆ is the maximum displacement permitted for

each change of position. The 𝜂𝜂 𝑖𝑖, i = 1,2,3, are generated as random numbers, with

uniform distribution independently in [-l, l]. A particle can be at any position in a small
cube of 2𝑙𝑙Δ from its initial position after the displacement takes place. The displacement
criteria of a particle have to meet the periodic boundary conditions of the particle

reentering the cube from the opposite side when the particle is displaced beyond the
length of the cube on one side during the simulation. If during simulation, the position of
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a spherical particle move to new coordinate 𝑥𝑥    𝑦𝑦    𝑧𝑧  in current stage, and when x' > l, or

x' < 0, its new location will be x' - l, or x' + l. Similar procedure is used for the y- and zcoordinates. If the displacement value A is too small, displacement would be accepted,
but if it were too large, the algorithm would reject the displacement. Setting the
acceptance rate Ac between 30% and 70% is the rule of thumb for the simulation.
3: Confirm acceptance of displacements.
If the new position of the particle after displacement does not overlap with that of
another particle, the new displacement position is accepted and the location of the
proppant particle displaced are updated. On the other hand, the displacement is rejected
and the proppant is returned to its initial location. The percentage of new positions
accepted is determined by the value of the maximum displacement set. Checking
overlapping of proppants is straightforward, but we must be careful in cases of position
of two proppants that do not coincides in the center of cube but their images in the next
cube are in the forbidden domain of each other.
4: Update Configuration numbers generated.
Keep count of the number of configurations by adding 1 to the counter. This
should be done even when particle displacement at a given stage of Step 2 is not
accepted, because this non-acceptance is taken as a new position configuration of the
proppants. A new particle configuration implies each of the particles has been subject to
one displacement attempt even if the displacement is not accepted. Every counted
configuration is referred to as a realization. Therefore, between two realizations, each of
the particles has been displaced an average number of NcAc, where Ac is the rate of
acceptance in the simulation.
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5: Enumerate the number of times pair separation differences occurred.
The above steps are repeated several times to generate several realizations and to
count the number of pair of separation differences occurring during the simulation.
Example 3.2: We consider a case of a box with a random distribution of 4000
particles as shown in the figure below. We find the positions of particles using the
Metropolis Algorithm as described above.

Problem Discretization

0.8
0.6
0.4
0.2

0.8

0.6

0.4

centers y coordinate

0.2

0.2

0.4

0.6

0.8

centers x coordinate

Figure 3-3: Discrete random distribution of particles in a 1-meter cube box

After obtaining the positions of particles, we use the information to set up a
Dipole Moment solution to obtain scattered fields from their random distribution. The
sizes of the particles are generated from a Gaussian distribution of Mean = 1 mm,
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Standard Deviation = 0.3 mm. The particles have Dielectric Constant = 36+0.2i and
Relative Permeability 16+ 0.1i. The Incident Electric Field Frequency used is 500MHz.

Figure 3-4: Incident field set up for the simulation on 1 meter cube box

We have run the simulation for 4000 particles to obtain different 300 realizations.
The graph below shows the plot of scattered Electric Fields. The plot shows the average
of the scattered fields and samples of scattered fields from the 1 and 9 realizations.
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Figure 3-5: Graph showing the mean of the ensemble realizations and individual
realizations

We have computed the variance and standard deviation of the realizations and
have plotted them in Figure 3.6 and Figure 3.7, which shows that the variance and
standard divisions among the realization are small are for dense particle distribution.

Figure 3-6: Variance of ensemble realizations
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Figure 3-7: Standard Deviation of the realizations
The results show that we would not need to run simulations with several
realizations and that we can obtain good results using a single realization for the case of
densely distributed particles.
We then varied the size of the enclosure containing the particles while keeping the
particle density constant to see the effect of the size of the box upon the particles. The
figure below shows the relationship in the case of a cube.
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Figure 3-8: Plot shows a linear relationship between the volume of particles in different
cube sizes and scattered electric fields.
Example 3.3: We repeat the same procedure as in example 1 for the case of a
cuboid, as shown below, with a different depth and with fixed cross sections.
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Figure 3-9: The depths of the cuboid were D(m)=[0.3, 0.45, 0.65, .75, 0.9, 1]

For each depth, we measured the scattered field across the cross-section, which is
plotted as shown below.
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Figure 3-10: Plot of Scattered Electric Fields vs. Varying Depth with fixed Width
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Figure3-11: Relationship of Maximum Scattered Electric Field with varying Depth
We can see that, based on the simulations carried out, the variance and standard
deviation using the Monte Carlo approach are small. Similarly, the geometrical shape of
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the cube and cuboid shows a linear relationship of the volume of particles and the
scattered field. We can then think of comparing this result to mixing-rules-equivalent
medium theory to see what significant differences there are, and to make decision about
which approach to use.

3.5 Conclusion
In this chapter the dipole moment approach for multiple scatterers was formulated
and examples were provided to validate it with FDTD at medium frequencies. We have
introduced a Monte Carlo type of statistical technique, in particular the Metropolis
Algorithm, to simulate positions of random particles with different diameters and applied
to study scattering properties of magneto dielectric materials that can be used in making
proppants. Several examples are given for particles of different shapes and their scattered
fields were computed by using the approach.
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Chapter 4
Mixing Rules and Materials Properties for Proppants

4.1 Introduction
The Dipole Moment (DM) approach is useful for studying the scattering
characteristics of small amounts of samples of materials; however, when the sample size
becomes large, the associated matrix of the solution grows exponentially, making it
difficult to solve numerically without the help of additional methods such as the
Characteristic Basis Function Method (CBFM) [39]. However, even with CBFM, the
approach becomes untenable when dealing with a problem involving multiphase
mixtures. To circumvent this problem, in this chapter we introduce some mixing rules for
magnetic materials for use as smart proppants. There are several types of mixing
formulas in the literature, and the challenge is to decide which one to apply in a given
situation to obtain accurate results from the analysis. We compare the results of the
Dipole Moment approach with those from three common mixing formulas, to choose a
mixing formula that yields results close to the ones from Dipole Moment approach.
Before we get into that, we give an overview of a standard constitutive parameters
retrieval method, which uses the transmission/reflection method to obtain the permittivity
and permeability parameters of a material when dealing with new materials for which the
values are not available in the research literature.
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4.2 Properties of Proppants and Their Slurry
The operational environment in oil and gas reservoir shale is harsh, with extremely
high temperatures, pressures and depths. Temperatures can reach as high as 400K,
pressure of 20,000 bars and depth of 6000 feet. Because of these conditions, the
proppants and slurry to use for magnetic sensing must meet certain requirements, such as:
1. It can be pumped in to the borehole under high pressures.
2. It can be forced into the cracks, fissures, and voids produced by hydrofracturing
of a localized region of shale reservoir in the horizontal region of the well.
3. It must be capable of carrying a good volume of ferromagnetic proppants.
4. The mixture must not dissolve the particles by chemical reaction or due to the
high temperature in the well.
5. The size of the particles must be sufficient to exhibit true ferromagnetic behavior.

The list of materials that can be produced in the form of small particles and satisfy the
requirement of high Curie-Weiss temperature, Tc, is essentially limited to iron and a few
iron compounds such as Magnetite, Hematite, etc.
Important factors in the slurry are the relationships between proppant particle size and
shape and the direction of the spontaneous magnetization of the mixture. The effect of the
shape is that if the particles are spherical, the internal magnetization would not have any
tendency to align with respect to a set of axes fixed to the particle. In the case of particles
that have elongated shapes, the internal magnetization may tend to align parallel to the
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long axis of the particle. If the viscosity of the slurry is low enough to permit rotation, it
is also possible that the Earth’s magnetic field can exert weak forces to align the particles.
The magnetic permeability of a material is based upon the intrinsic property of the
particles and their distribution. The magnetic permeability of material can be expressed
as a function of size, size-distribution, temperature, concentration, and the intrinsic
material properties related by the Langevin Equation [40]. The equation gives the
magnetic susceptibility χ as:

χ=

π
M 2d 3
φµ0 d
18
kT

(4.1)

φ is the volume fraction of particles
µ0 is the permeability of free space (4π*10-7 Wb/A.m)
Md is the saturation magnetization of the material at the absolute temperature T
d is the particle diameter (assume spherical particles)
k is the Boltzmann Constant
The magnetic susceptibility is related linearly to magnetic permeability:

µ = 1+ χ

(4.2)

The plot below shows the relationship of the magnetic susceptibility of magnetite
with saturation magnetization Md of bulk magnetite, particles with varying diameter and
different volume of inclusions.
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Figure 4-1 Susceptibility of Material vs. Volume in a Mixture

4.3 Retrieval of Permeability and Permittivity Of Materials Using
Transmission/Reflection Methods
There are several techniques for obtaining permittivity and permeability of materials
depending on the frequencies of interest [41]. At frequencies below 10 MHz, the
transmission/reflection methods provide good estimates of these parameters [42,43]. In a
situation where a new technique is used to create a material, these parameters are not
known, and an experimental approach is used to find them.
In the transmission/reflection method, S-parameters are calculated by using a wave,
which is normally incident on a slab of material. The effective refractive index n and
CGJ?>;H=? 7 ;L? aLMN I<N;CH?> @LIG NB? 0-parameters [22]. The permittivity ε and
permeability µ are then directly calculated from ε=nZ and µ=n/Z. We define the transfer
matrix T for a one-dimensional slab [44]:
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F ' = TF

(4.3)

!
⎛E ⎞
F=⎜ ! ⎟
⎝ H red ⎠

(4.4)

where

E and Hred are the complex electric and magnetic amplitudes. The magnetic field
!
!
is the reduced form with normalization H red = (+ jωµ0 ) H . The transfer matrix for a
homogeneous 1D slab has the form:

⎛ T11 T12
T =⎜
⎝ T21 T22

⎛
Z
⎞ ⎜ cos(nkd) − k sin(nkd)
⎟ =⎜
⎠ ⎜ k sin(nkd)
cos(nkd)
⎜⎝ Z

⎞
⎟
⎟
⎟
⎟⎠

(4.5)

The amplitudes and phases of the scattered field can be measured with a network
analyzer to yield the scattering matrix [S] that relates the amplitudes of the incident,
transmitted and reflected fields and experimentally determined quantities.
The T-matrix and S- matrix elements are related by the equations [45]:

⎛
T ⎞
T11 − T22 + ⎜ jkT12 − 21 ⎟
⎝
jk ⎠
S11 =
⎛
T ⎞
T11 + T22 + ⎜ jkT12 + 21 ⎟
⎝
jk ⎠

S12 =

S21 =

2 det(T )
⎛
T ⎞
T11 + T22 + ⎜ jkT12 + 21 ⎟
⎝
jk ⎠
2
⎛
T ⎞
T11 + T22 + ⎜ jkT12 + 21 ⎟
⎝
jk ⎠

(4.6)

(4.7)

(4.8)
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⎛
T ⎞
T22 − T11 + ⎜ jkT12 − 21 ⎟
⎝
jk ⎠
S22 =
⎛
T ⎞
T11 + T22 + ⎜ jkT12 + 21 ⎟
⎝
jk ⎠

(4.9)

From Eqn. (4.5), it can be seen that the S matrix is symmetric for a homogeneous
slab, ie.,T11=T22=Ts, and det(T)=1. Thus,

⎞
1 ⎛ T21
− jkT12 ⎟
⎜
⎠
2 ⎝ jk
S11 = S22 =
1⎛
T ⎞
Ts + ⎜ jkT12 + 21 ⎟
2⎝
jk ⎠

(4.10)

Substituting for the analytical expressions of the T-matrix elements in Eqn. (4.5)
results in:

j⎛1 ⎞
S11 = S22 = ⎜ − z ⎟ sin(nkd)
2⎝ z ⎠

(4.11)

and
S21 = S12 =

1
1⎞
j⎛
cos(nkd) − ⎜ z + ⎟ sin(nkd)
z⎠
2⎝

(4.12)

Inverting equation (4.11) and (4.12), we can obtain n and Z in terms of the
scattering parameters S11 and S21:
n=

⎡ 1
1
2 ⎤
cos −1 ⎢
(1− S112 + S21
⎥
kd
⎣ 2S21
⎦

Z=

2
(1+ S11 )2 − S21
2
(1− S11 )2 − S21

(4.13)

(4.14)

Eqns. (4.13) and (4.14) provides a complete description of the material properties of
the homogeneous slab from which the permittivity ε and permeability µ are calculated
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[45]. The exact determination of material parameters is possible, without ambiguities, if
the wavelength within the medium is much larger than the slab length, which is the case
in sensing proppants in fractures.

4.4 Effective Medium Theory
Effective medium theory is used to describe macroscopic properties of dielectric
and magnetic mixture materials in a medium. The effective permittivity can be derived
from a solution to the electrostatic problem used to describe the properties of dielectric
mixtures [46]. The effective magnetic permeability corresponds to the ratio between the
applied magnetic field and average magnetic displacement, which is the average
magnetic polarization in a heterogeneous medium. The Laplace equation for the potential
and its boundary conditions is similar for both electrostatic and magnetostatic problems.
The numerous dielectric-mixing formulas can therefore be written for the equivalent
effective permeability of magnetic mixtures using the duality principles [47].
The wavelength of the applied field is assumed to be larger than the characteristic
distance of the inhomogeneity of the heterogeneous medium, which implies that the
effective medium theory for permeability and permittivity is a low-frequency concept
that is applicable to the fracture problem we are dealing with. The averaging of
polarization is carried out in a scale smaller than the spatial variation of the wavelength
incident electromagnetic field to satisfy the quasistatic-form Maxwell equations. It has
been shown [48] that the limit for the dimension of the scatterer is

dmax !

λ
2π

where dmax

is the maximum dimension of the inclusion, and λ is the wavelength of the incident field.
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The interactions due to the permittivity and permeability of a material are normally
different for the dielectric and magnetic materials. Nonlinearity and temperature above
Curie temperature significantly affect the behavior of magnetic mixtures when compared
to dielectric mixtures.

4.4.1 Mixtures with Spherical Inclusions
We consider a two-phase heterogeneous mixture consisting of a background medium
with permeability, µ0, and spherical proppants with inclusions of permeability µ1. In lowfrequency limits, where dimensions of the proppants are smaller than the wavelength, the
scattering effects of the inclusions are negligible. The magnetic flux density is given by:

!"
!
!"
B = µeff H

(4.15)

where µeff is the effective magnetic permeability. Expressing B in terms of
average magnetic polarization Jm, we can write:

!"
!"! !"
B = µo H + J m

(4.16)

The average magnetic polarization is Jm given by:

!"
"
Jm = n j

(4.17)

!
where n is the number of inclusions per unit of volume, and j is the magnetic
!
dipole moment of a single proppant inclusion. The j is related to the exciting magnetic
!!!"
field H e and the magnetic polarizability of the inclusion δ:
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"""!
!
j =δ He

(4.18)

!"
!!!" !"
!
J
e
H =H+
3µo

(4.19)

For spherical scatterers,

The effective permeability can be written as the magnetic form of the LorentzLorentz formula:

µeff − µ0
nδ
=
µeff + 2 µ0 3µ0

(4.20)

The magnetic polarizability of a homogeneous spherical inclusion is the product
of the magnetic susceptibility of the inclusion µ1-µ0,v, the field ration inside and outside
the inclusion and its volume v:
3µ0
µ1 + 2 µ0

(4.21)

µeff − µ0
µ − µ0
= f 1
µeff + 2 µ0
µ1 + 2 µ0

(4.22)

µ1 − µ0
µ1 + 2 µ0
µeff = µ0 + 3µ0
µ − µ0
1− f 1
µ1 + 2 µ0

(4.23)

δ = v( µ1 − µ0 )

f

The equation meets the limits of disappearing inclusion phase process
f =0, when µeff =µ0, and for disappearing background f =1, we have µeff=µ1.
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Figure 4-2: Ratio of Susceptibility of Mixture in Maxwell Garnett Formula.

4.4.2 Interaction of Particles in Mixture
When the volume of the particles in mixtures is small, the interaction between the
scatterers is small, and taking the average magnetic polarization can include the
scattering effects of the interactions. However, if the fractional volume of the scatterer is
high, the approach described above may not be correct because the forces of interaction
between particles become high and the formula underestimates the behavior of the
effective medium.
The upper and lower limits of effective permeability has been derived by Hashin and
Shtrikman in [49] for a two-mixture phase, and the upper bound of the effective
permeability with spherical inclusions with µ1>µ0 is given by:

µeff ≤ µ1 +

1− f
1
f
+
µ0 + µ1 3µ1

(4.24)
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while the lower is expressed as :

µeff ≥ µ0 +

f
1
1− f
+
µ1 − µ0 3µ0

(4.25)

These bounds are considered the best possible bounds for the magnetic
permeability of macroscopically homogeneous and isotropic two-phase materials, which
can be derived in terms of the phase volume fractions and phase permeabilities of the
materials [49]. Any improvement on the bounds would require additional information
about the statistics of the spatial distribution of the phases as used in the DM approach
with probability distributions of particles. The lower limit is the same when derived from
the Maxwell-Garnett permeability formula, and it agrees with the observation that among
all the mixing rules, the Maxwell-Garnett formula yields the lowest result of effective
parameters. The upper bound is an inverted Maxwell-Garnett formula, implying that the
permeability of the inclusion is µ0, and that of the background is µ1. A perturbation limit
for a small fraction of the volume of the inclusions (f<<1) can be written from the
bounds, which a mixing formula must satisfy:

µ0 + 3 f µ0

µ1 − µ0
≤ µeff < µ0 + f ( µ1 − µ0 )
µ1 + 2 µ0

(4.26)

4.4.3 Other Mixing Formulas
The Bruggeman Formula: Another commonly used mixing formula is the Bruggeman
formula. In this formula, the homogenized medium is taken as the background medium
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against which polarizations are measured [50]. The host environment and the inclusions
are treated symmetrically, and so there is no more host-versus-guest hierarchy in the
formula [51].
In Bruggeman approach, we assume that N isotropic phases with spherical
proppants with permeabilities µj form a mixture, each mixing component occupying a
fraction of the volume fj with

∑

N
j=1

f j = 1 . Under these conditions, the consistency

requirement for the effective permeability µeff is:
N

∑f
j=1

j

µ j − µeff
=0
µ j + 2 µeff

(4.27)

For two-phase mixtures with spherical inclusions, we can write:
(1− f )

µ1 − µeff
µ − µeff
+f 0
µ0 + 2 µeff
µ0 + 2 µeff

(4.28)

which becomes:

µeff − µ0
µ − µ0
= f 1
3µeff
µ1 + 2 µeff

(4.29)

It balances the mixture components in regards to the effective medium to be
found using the fractional volume for each phase component as a weight in the formula
(1-f for the environment, f for inclusions).
The Bruggeman formula is also known as the Polder-van Santen formula [50], de
Loor formula [52], or Bottcher formula [53].
The Coherent Potential Formula: In this approach, the problem is formulated with the
inhomogeneous potential, which is a function proportional to the difference in
permeability at a given point in space from the permeability of a reference medium [54].
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A single scatterer is not treated as floating in isolation in the environment when the
dipole moment and the local field are calculated [55]. Instead, the Green’s function used
to express the field of a given polarization current density is taken to be that of the
effective medium, not that of the background [20].
The formula for obtaining the µeff of spherical proppant inclusions using the method
is:

µeff = µ0 + f ( µ1 − µ0 )

3µeff
3µeff + (1− f )( µ1 − µ0 )

(4.30)

It equals the low-frequency result of the random-medium analysis with quasicrystalline approximation and coherent potential.
When the mixtures have low concentrations (f<<1), the three rules—Maxwell
Garnett, Bruggeman and Coherent potential—have almost equal results this is due to f
approximation up to order one being the same for all the formulas:

µeff ≈ µ1 + 3 f µ1

µ1 − µ0
µ1 + 2 µ0

(4.31)

4.5 Unified Mixing Rule
A general mixing law can be written to represent aspects of magnetic mixing rules in
one family. For the case of isotropic spherical proppant inclusions, assuming three
dimensions, the formula is [56]:

µeff − µ0
µ1 − µ0
= f
µeff + 2 µ0 + υ ( µeff − µ0 )
µ1 + 2 µ0 + υ ( µeff − µ0 )

(4.32)
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The value of the dimensionless parameter ν in the formula determines the three
mixing rules. That is ν=0 leads to Maxwell Garnett rule, ν=2 leads to the Bruggeman
rule, and ν=3 leads to the Coherent potential rule. For less concentrated mixtures (f<<1),
the value of ν doesn’t matter, and similarly for low inclusion-background contrast, the
results are similar. Figures 4.3 and 4.4 show the behavior of the different mixing rules
with respect to relative permeability of material.

Figure 4-3: Effect of Volume on Low-Permeability Materials (4) for Different Mixing
Rules
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Figure 4-4: Effect of Volume of inclusions on High-Permeability Materials (4) for
Different Mixing Rules

Given that there is a whole host of different mixing rules —some of which we have
discussed above —in addition to other classes of mixing rules that are available in the
literature, such as power law mixing rules, etc., one would have to determine which of
the mixing rules is the best choice to use in a given circumstance. In this case, we run
simulations based on the effective permeability and permeability parameters computed
for each mixing rule to obtain the scattered electric fields and compare the results with
those from the Dipole Moment approach to enable us choose the appropriate mixing
formula. As an example, we consider a case of a two-phase medium with f =0.40, µ0=1,
and µ1=15, ε1=36, ε0=1. The calculated effective medium parameters for the three mixing
formulas are: Maxwell Garnett (MG)(εe =2.7500, µe = 2.4737), Bruggeman (BR) (εe
=6.6904, µe =3.8487) and Coherent Potential (CP) (εe =8.7959, µe = 4.4318). We run a
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simulation of a cube box with the equivalent effective medium parameters for each of the
mixing rules using the FDTD method at 50 MHz (long wavelength) and compare the
results using DM approach of spherical particles with a mean diameter of 1mm with 0.4
inclusion volume in a cube box with length of 0.1m. We then plot the scattered fields
from all cases to compare them against each other:

Figure 4-5: Plot Comparing Scattered Fields from Mixing Rules and DM Approach.

From the results on the plot, it can be seen that the Scattered Electric Field from the
Bruggeman mixing law approximates the Dipole Moment approach more closely than do
other mixing laws. It is therefore appropriate to use the Bruggeman mixing rule in this
circumstance. It should be noted that the procedure applies to complex permittivity and
permeability that includes losses.
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The results of the Bruggeman mixing rule for spherical inclusions of different
volumes and permeabilities are plotted in Fig 4.6 below to show the effects of volume
and permeability on the effective permeability of a material.

Figure 4.6: Variation of Effective Medium of Materials with Volume and Permeability
for Bruggeman Mixing Formula.

4.6 Conclusion
In this chapter, we have introduced the properties of materials needed to satisfy
the conditions necessary to serve as proppants in hydro fracturing. We showed how the
size and shape of the particles affects their magnetic behavior, and how the nature of the
operational environment in a gas/oil well would restrict material choices for the
proppants. We introduced a number of mixing formulas that are currently in use today
and explained how they are applicable to problems of this kind. We used the Dipole
Moment Method to facilitate a choice of mixing formulas, since in large-scale problems,
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the choice would be limited by the computational complexity of the problem. We arrived
at the Bruggeman mixing law as the good choice to use in a given case with a medium or
large amount of inclusion in a mixture.
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Chapter 5

Analysis of Fractures

5.1 Introduction
Using the ideas for the effective medium theory presented in the previous chapter, we
can introduce analysis of fractures using an equivalent medium. However, we will first
introduce the magnetic dipole as a transmitter in different media and present the theory of
induction logging for two-coil instruments. Next we will show the effect of magnetic
permeability due to proppants from the effective medium on estimating the depth of the
fractures. We will analyze fracture orientation and examine how that can possibly be
detected. Following, we employ the Finite-Element Method (FEM) to deal with the
problem of fracture modeling since the FDTD method is not well suited for handling
simulation at very low frequencies and with complex geometries.

5.2 Fields of Magnetic Dipole in Uniform Conducting Medium
We consider a case of a probe comprised of two coils. One coil serves as the
transmitter coil and the other as the receiver, which measures the magnetic field. The size
of the transmitter coil is much smaller than the diameter of the borehole and the distance
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between the interfacing layers of different media of a shale reservoir. In this case, we can
replace the coil with a magnetic dipole moment:
M = M 0 e− jω t

(5.1)

where M0=SNI0 is the moment magnitude; I0 is the current amplitude; ω=2πf is the
angular frequency; f is the frequency; N is the number of turns; and S is the area of one
turn. The quasi-stationary electromagnetic fields in a uniform medium are given by the
equations [57]:

!"
!"
∂B
∇×E = −
∂t

(5.2)

!"
!
!"
∇× H =σE

(5.3)

!"
∇⋅E = 0

(5.4)

!"
!
∇⋅H = 0

(5.5)

Introducing the vector and scalar potentials A and φ respectively using vector identities
and gauge conditions, we can write,

!
!
∇ ⋅(∇ × A) = 0 ; The divergence of the curl of any vector A is always zero. From Eqn.
(5.4),

!
!
E =∇× A
Also,
!
!
! !
∇ × ( A + ∇φ ) = ∇ × A + ∇ × ∇φ = ∇ × A = E , because ∇ × ∇φ = 0
Substitute Eqn. (5.6) in to Eqn. (5.3), we have,

!
!
!
∇ × H = σ∇ × A = ∇ × σ A , since σ is constant in a uniform medium.
!
!
∇ × ( H − σ A) = 0

(5.6)
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Using the vector identity that curl of the gradient of any scalar field φ is always a
zero vector,
!
!
H − σ A = ∇φ
!
!
H = σ A + ∇φ

(5.7)

Substituting equations (5.6) and (5.7) into equation (5.2), we obtain:
!
!
∇ × ∇ × A = − jωµ (σ A + ∇φ )

(5.8)

Using the vector identity:

!"
!"
!"
∇ × ∇ × A = ∇∇ ⋅ A − ∇ 2 A
we have:
!
!
!
∇∇ ⋅ A − ∇ 2 A = − jωµσ A − jωµ∇φ

(5.9)

Using the gauge assumption that:

!"
∇ ⋅ A = − jωµφ

(5.10)

!
we obtain the wave equation for the vector potential A :
!
!
∇2 A − k 2 A = 0

(5.11)

where k2=jσµω.
Let us assume that the dipole is placed at the origin and choose the cylindrical
coordinate system (r,φ,z) and spherical system of coordinates (r,θ,φ) with the z-axis
coinciding with the direction of the dipole moment.
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Figure 5-1: Two-Coil Instrument in Conducting Medium
For this case, we can express the electromagnetic fields by using just the Az
component in the cylindrical coordinates. As is well known, we can invoke symmetry to

!"
find the solution of the vector potential A as a function depending on coordinate r only.
We can rewrite Eqn. (5.11) using spherical coordinate systems in the form:

∂ 2 Az (r) 2
+ k Az (r) = 0
∂r 2

(5.12)

The solution to above equation is in the form of:

Az = C

e− jkr
e jkr
+D
r
r

(5.13)

where: k = (σµω / 2)1/2 (1+ j)
However, the second term of the right hand side of Eqn. (5.13) increases with
increasing distance from the dipole but must go to zero for the solution to be correct.
Therefore, we choose the coefficient D=0 in Eqn. (5.13) to get:
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Az = C

e− jkr
r

(5.14)

We then need to determine the coefficient C.
The electric and magnetic fields can be expressed in terms of the vector and scalar
quantities. The electric field is located in planes perpendicular to the dipole axis and has
only the φ-component Eφ ,

"! 1 ⎛ ∂(rAθ ) ∂Ar ⎞
!
Eφ = ∇φ × A = ⎜
−
⎟
r ⎝ ∂r
∂θ ⎠

(5.15)

Ar = Az cosθ
Aθ = −Az sin θ
Substituting the expressions into Eqn. (5.15):

Eφ = C

1 − jkr
e (1− jkr)sin θ
r2

(5.16)

k =0, when the medium is non-conducting, σ=0.

Eφ = C

1
sin θ
r2

(5.17)

Given that we are dealing with a circular loop of current, the electric field caused
by the change of the magnetic field of the dipole is given by:

Eφ0 =

jωµ M
sin θ
4π r 2

(5.18)

Comparing Eqns. (5.17) and (5.18), we find the unknown coefficient C to be:
C=

jωµ M
4π

(5.19)
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Also,

!" ∂A
e− jkr
∇ ⋅ A = z = C 2 ( jkr − 1)cosθ
∂z
r

(5.20)

From Eqn. (5.10), we obtain the following expression of the scalar potential φ:

φ=C

e− jkr
(1− jkr)sin θ
jωµr 2

(5.21)

The magnetic field intensity has two components:

H θ = σ Aθ − ∇θφ
H r = σ Ar − ∇ rφ

(5.22)

We can find the gradient of φ and then the fields:

M − jkr
e (1− jkr)sin θ
4π r 3
M − jkr ⎛ k 2 2 jk 2 ⎞
∇ rφ =
e ⎜ + 2 − 3 ⎟ cosθ
4π
r
r ⎠
⎝ r
∇θφ = −

thus:

M − jkr
e (1− k 2 r 2 − jkr)sin θ
3
4π r
2M − jkr
Hr =
e (1− jkr)cosθ
4π r 3
Hθ =

The complex amplitudes of the electromagnetic fields of the magnetic dipole in
the uniform conducting medium are then given by the three equations:

jωµ M − jkr
e (1− jkr)sin θ
4π r 2
2M − jkr
Hr =
e (1− jkr)cosθ
4π r 3
M − jkr
Hθ =
e (1− k 2 r 2 − jkr)sin θ
3
4π r

Eφ =

(5.23)

74

We now investigate the behavior of the induced voltage in the receiver to provide
insight into the two-coil probe as well as to calculate the response of a fracture relative to
non-conductive shale bedrock.
We assume that the size of the receiver coil is much smaller than the wavelength
and the distance between the transmitter and receiver L, so that the magnetic field is
uniform within its area. From Faraday’s law we have:
Vr = −

∂Φ
∂t

(5.24)

! !
and Φ = ∫ B.dS , where S is the surface area of the coil. B is uniform across the surface
s

of the loop, and the magnetic field is directed perpendicular to the horizontal plane so that
Hn=Hr
Vr = −iωµSR N R H n
Substituting for the magnetic field intensity H, we get:
Vr =

jωµ M T M R jkL
e (1− jkL)
2π L3

(5.25)

where M R = N R SR is the receiver magnetic dipole moment an M T = N T ST is the
corresponding dipole moment of the transmitter.
Using a Taylor series expansion:

( jkL)n
n!
n=0
∞

e jkL = ∑

(5.26)

and simplifications, we can write the approximated magnetic field at the transmitter and
induced voltage on the receiver coil in terms of their in-phase and quadrature
components:
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InH z ≈
QH z ≈

InVr ≈

3/2
MT ⎛
2 ⎛ σµω L2 ⎞ ⎞
1
−
⎜
⎟
3 ⎜⎝
2π L3 ⎝
2 ⎟⎠ ⎠

(5.27)

M T ⎛ σµω L
2 ⎛ σµω L ⎞
− ⎜
3 ⎜
3⎝
2π L ⎝
2
2 ⎟⎠
2

2

3/2

µω M T M R ⎛ 2 ⎛ σµω L2 ⎞ ⎞
1−
2π L3 ⎜⎝ 3 ⎜⎝ 2 ⎟⎠ ⎟⎠

3/2
µω M T M R ⎛ σµω L2 2 ⎛ σµω L2 ⎞ ⎞
− ⎜
QVr ≈
⎜
⎟
3 ⎝ 2 ⎟⎠ ⎠
2π L3 ⎝ 2

⎞
⎟
⎠

5.3 Effect of Magnetic Permeability on Fractures
In a uniform non-conducting medium, the magnetic field does not depend on µ,
while the electric field is directly proportional to the magnetic permeability. In a
conductive medium, the magnetic permeability affects the magnetic field, as the skin
effect is characterized by p = (σµω )1/2 . When the magnetic permeability of a medium is
increased, the interaction between currents in accord with Faraday’s law increases with
the distribution of induced currents at lower frequencies.
The in-phase and quadrature components of the magnetic field, in terms of the
skin effect p, are given by:
QH z = p 2 H 0 z =

σµω L2
H 0z
2

(5.28)

2 2
p )H 0 z
3

(5.29)

σµ 2ω L2
QBz =
H 0z
2
2
InBz = B0 z − p 2 B0 z
3

(5.30)

InH z = (1−

L is the instrument length and H0z and B0z are vertical components of the magnetic field
and magnetic induction of the non-conducting medium. The in-phase component of the
emf changes in linear proportion to the magnetic permeability, while the quadrature
component of the induced currents generates an emf that is proportional to the square of
the magnetic permeability. Also, when p is small, we can approximate the in-phase
component of the magnetic induction to InBz =B0z=µH0z, which shows that it is a function
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of µ only and practically does not depend on the conductivity of the medium. This
behavior is even more true for short probes, and it is therefore appropriate to use shortinduction probes to reduce the influence of the conductivity of the medium. When the
parameter p is not small and the permeability approaches two, both the in-phase and
quadrature components are affected by σ and µ. However, in measuring the amplitude of
the secondary field, the influence of the magnetic permeability increases. Figure 5.2
shows the effect of increasing permeability on the magnetic field for a case of a
permeable sphere as an example of effect of permeability.

Figure 5-2. Effect of Permeability on Magnetic Field on a Permeable Sphere (r=9cm)
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5.3 Magnetic Dipole in Two-Layer Permeability Materials
We consider a wellbore of cylindrical shape with a transmitter and receiver located
along the borehole axis in a gas well, as shown in Figure 5.3. The layers of the cylinder
are made of two materials with different permittivities and permeabilities.

Figure 5-3: Two-Layer Medium with Transmitter and Receivers

!"
!"
!
Using Maxwell’s equations for the quasistationary fields E ejwt and H ejwt , given
as:

!"
!"
!
∇ × E = − jωµ H

(5.31)

!"
!
!"
∇× H =σE

(5.32)

!"
∇⋅E = 0

(5.33)

!"
!
∇⋅H = 0

(5.34)

!
and from vector identity ∇ ⋅(∇ × A) = 0 , using equation (5.33) we have :
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!
!
E = − jωµ∇ × A

(5.35)

!
A is the vector potential of magnetic type. Substituting Eqn. (5.35) into Eqn.
(5.31), we obtain,

!
!
!
!
H = ∇ × ∇ × A = ∇∇ ⋅ A − ∇ 2 A

(5.36)

Using vector identity, we have,

!"
!" "
∇∇ ⋅ A − ∇ 2 A = H

(5.37)

We can also use Eqn. (5.32) to write as,
!
!
!
∇ × H = − jωµσ∇ × A = k 2∇ × A

(5.38)

and using vector identities, we can write Eqn. (5.38) as,
!
H = k 2 A − ∇φ
We apply the gauge condition to obtain the vector potential Helmholtz equation:
!
φ = −∇ ⋅ A

(5.39)

!
!
∇2 A + k 2 A = 0

(5.40)

!"
Solving for A , we can obtain the components of the electromagnetic field:

!"
!"
E = − jωµ∇ × A

(5.41)

!"
!
!"
!"
H = k 2 A + ∇∇ ⋅ A

(5.42)

where k 2 = − jωµσ .
Since the borehole is of a cylindrical geometry, we choose the cylindrical coordinate
systems (r,φ,z) to write the Helmholtz equation in the form:
!"
!"
!"
1 ∂ ⎛ ∂A ⎞ 1 ∂ 2 A ∂ 2 A
+ 2 2 + 2 + k2A = 0
r
⎜
⎟
r ∂r ⎝ ∂r ⎠ r ∂φ
∂z

(5.43)
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If the moment of the magnetic dipole is oriented along the z-axis, we would look
for a solution using only the z-component of the vector potential, Az such that:

∇ 2 Az + k 2 Az = 0 if r 2 + z 2 ≠ 0
The fields of the vector potential and all its components are independent of the φ
coordinate due to symmetry.
The solution of the Helmholtz equation is a product of two functions by separation of
variables: Az = P(r)Φ(r) that must satisfy the following conditions:


Az tends to the vector potential of the magnetic dipole in a uniform medium near
the origin of the coordinate systems of the function, i.e.,

Az(0) =


Me− jk1r
if R = (r 2 + z 2 )1/2 → 0 , M is the dipole moment.
4π R

As the distance from the magnetic dipole increases, the vector potential function
tends to be zero.



The tangential components of the electric and magnetic fields are continuous at
the boundaries of the different layers. The magnetic field has two components and
the electric field has one:

∂ 2 Az
Hr =
∂r ∂z

Eφ = − jωµ

∂ 2 Az
H z = k Az +
∂z 2
2

∂Az
∂r

The boundary conditions to be satisfied at the interface are for the above equations:
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∂ 2 Az,n
∂ 2 Az,n+1
2
=
k
A
+
n+1 z,n+1
∂z 2
∂z 2
∂A
∂A
µn z,n = µn+1 z,n+1
∂r
∂r
kn2 Az +

(5.44)

Based on the uncoupled nature of the solution for the partial differential equation,
we can write the Helmholtz equation as:
d 2 Φ(z)
+ λ 2 Φ(z) = 0
dz 2

(5.45)

and
d 2 P(y) 1 dT (y)
+
− T (y) = 0
dz 2
y dy

(5.46)

y = (λ 2 + j χ )1/2 r , λ is the variable of separation.
Solutions for Eqn. (5.46) are functions of sinλz and cosλz, while solutions of the
second equation are modified Bessel functions of zero order, Io(ym) and Ko(ym),
ym = (λ 2 + j χ m )1/2 r = λ m r = λ m r, and λ m = (λ 2 + j χ m )1/2 . The field is symmetric with
respect to z=0, and so the vector potential within the borehole can be written as:
∞
⎞
M ⎛ e− jk1r 2
A =
+
C
I
(
λ
r)cos
λ
z
dz
1
0
1
⎟⎠
4π ⎜⎝ r
π ∫0
*
1

we can use the relationship:
e− jk1r 2
= ∫ K 0 (λ1r)cos λ zdz
r
π0
∞

K 0 (λ r) → ∞ , as r → 0

to write:

(5.47)
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*
Az,1
=

M
2π 2

∞

∫ [C I
0

1 0

(λ1r) + D1K 0 (λ1r)] cos λ zdz

(5.48)

(λn r) + Dn K 0 (λn r)] cos λ zdz

(5.49)

where D1=1.
The general case for n:
A

*
z,n

M
=
2π 2

∞

∫ [C I
0

n 0

where n = 1, 2, ..p.
Eqn. (5.49) contains 2p unknown coefficients at the right-hand side Cn and Cd. We
consider a three-layer medium, namely the internal one, the borehole (ρ1, µ1), the
intermediary part, the fracture invasion (ρ2, µ2) and the outer medium (ρ3, µ3). Using the
boundary conditions from Eqn. (5.44), we can write [21]:

λ12 I 0 (λ1a1 )C1 + λ12 K 0 (λ1a1 ) − λ22 I 0 (λ2 a1 )C2 − λ22 K 0 (λ2 a1 )D2 = 0

λ22 I 0 (λ2 a2 )C2 + λ22 K 0 (λ2 a2 ) − λ 32 I 0 (λ 3a2 )C3 − λ 32 K 0 (λ 3a2 )D3 = 0

(5.50)

Near the source, inside the borehole where the dipole is located, the coefficient D1
is equal to unity, while in the external medium, the fields must vanish. As the distance r
approaches infinity, I0(λnr) grows exponentially; therefore, the only way for the field to
vanish is that Cn must be zero.
We need to solve for C1 from the equations above to obtain the expression of the
fields inside the borehole. C1= Det1/Det., where Det. is the determinant of the system of
equations.
Det1 = [− µ1λ1λ22 I 0 (λ2 a1 )K1 (λ1a1 ) − µ2 λ2 λ12 K 0 (λ1a1 )I1 (λ 3a1 )]

[ µ2 λ2 λ 32 K1 (λ2 a2 )K 0 (λ 3a2 ) − µ 3λ 3λ22 K 0 (λ2 a1 )K1 (λ 3a2 )]

+[ µ1λ1λ22 K 0 (λ2 a1 )K1 (λ1a1 ) − µ2 λ2 λ12 K 0 (λ1a1 )K1 (λ2 a1 )]

[− µ2 λ2 λ 32 I1 (λ2 a2 )K 0 (λ 3a2 ) − µ 3λ 3λ22 I 0 (λ2 a2 )K1 (λ 3a2 )]

(5.51)
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Det = [− µ1λ1λ22 I 0 (λ2 a1 )I1 (λ1a1 ) + µ2 λ2 λ12 I 0 (λ1a1 )I1 (λ2 a2 )]

[ µ2 λ2 λ 32 K1 (λ2 a2 )K 0 (λ 3a2 ) − µ 3λ 3λ22 K 0 (λ2 a2 )K1 (λ 3a2 )] +

[ µ1λ1λ22 I1 (λ1a1 )K 0 (λ2 a1 ) + µ2 λ2 λ12 I 0 (λ1a1 )K1 (λ2 a1 )]

(5.52)

[− µ2 λ2 λ 32 I1 (λ2 a2 )K 0 (λ2 a2 ) − µ 3λ 3λ22 I 0 (λ2 a2 )K1 (λ 3a2 )]

If it is a two-layer medium with different permeabilities µ1 and µ2, the function C1
can be obtained from simplifying the above equations:
C1 =

µ1λ2 K 0 (λ2 a)K1 (λ1a) − µ2 λ1K 0 (λ1a)K1 (λ2 a)
µ1λ2 K 0 (λ2 a)I1 (λ1a) + µ2 λ1 I 0 (λ1a)K1 (λ2 a)

(5.53)

where:

λ1 = (λ 2 + j χ1 )1/2

χ1 = σ 1µ1ω

λ2 = (λ 2 + j χ 2 )1/2

χ 2 = σ 2 µ2ω

The components of the electromagnetic field within the borehole can be written as:

H r = H 0r −

M 2 ∞
λλ1C1 I1 (λ1r)sin λ zd λ
4π π ∫0

(5.54)

H z = H 0z −

M 2 ∞ 2
λ1 C1 I 0 (λ1r)cos λ zd λ
4π π ∫0

(5.55)

j µω 2M
4π π

(5.56)

H φ = H 0φ −

∫

∞

0

λ1C1 (λ1r)cos λ zd λ

H 0r , H 0 z ,, and E0φ are components of the field in a uniform medium with
conductivity σ1.
On the borehole axis H r = H φ = 0 and

H z = H 0z −

M 2 ∞ 2
λ1 C1 cos λ zd λ
4π π ∫0

(5.57)

84

Let us consider:
k12
1 k12
)
≈
λ
+
λ2
2 λ
2
k
1 k22
= λ (1+ 22 ) ≈ λ +
λ
2 λ

λ1 = (λ 2 + k12 )1/2 = λ (1+
λ 2 = (λ + k )
2

2 1/2
2

I 0 (λ a) = I 0 (λ a +

1 k12 a
1 k2
) = I 0 (λ a) + 1 I 0' (λ a)
2 λ
2 λ

(5.58)

(5.59)

Using the simplification above and the recursive relations of the Bessel functions
for I0 , which applies to K1 and K2, we can write:
I 0' (x) = −I1 (x)
2v
I v (x)
x
I v−1 (x) + I v+1 (x) = 2I v' (x)
I v−1 (x) − I v+1 (x) =

λ12C1 = j( χ 2 − χ1 )

λa
⎡⎣ 2K 0 (λ a)K1 (λ a) − λ a(K12 − K 02 ) ⎤⎦
2

(5.60)

The quadrature component of the magnetic field, expressed in terms of the
primary field, is:
Qhz =

where s1 =

σ 1µω L2 L3
λa
+ (s1 −1) χ1 ∫ [2K 0 K1 − λ a(K12 − K 02 )]cos λ Ld λ
2
2
π
0
∞

(5.61)

µ2
. We introduce m = λ a and α = L / a , the geometric factor, and rewrite
µ1

Eqn. (5.61) as:

ωµ L2
2α m
Qhz =
(σ 1 + (σ 2 − σ 1 )
[2K 0 (m)K1 (m) − m(K12 − K 02 )]cos mα dm) (5.62)
∫
π 0 2
2
∞

We can further simplify the expression to:
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Qhz =
where G2 =

ωµ L2
(σ 1G1 (α , s) − σ 2G2 (α , s))
2

2α m
[2K 0 (m)K1 (m) − m(K12 − K 02 )]cos mα dm
∫
π 0 2
∞

(5.63)

and G1=1-G2.
The functions G1 (α , s) and G2 (α , s) depend on the ratio of the magnetic
pemeabilities s and the geometric factor α. The primary magnetic flux is a function of the
permeability, and at the range of small parameters, a density of induced currents is
directly proportional to the flux of this field and conductivity.
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5.4 Analysis of Response of Instruments in Presence of Fractures

We consider a borehole with its main axis along the Y-axis. A coil-carrying
current, Ic, is shown at the origin lying in the XY plane with its axis along the Z-axis.
Using spherical coordinates, a vertical fracture is shown rotated at an angle α from the
XY- plane.

Figure 5-4: Fracture Cross Section Showing Probes and Induced Currents.
The fracture lies in the X’Y-plane. A circular eddy current loop is also shown.
The point h on the Y-axis in the borehole is where a receiving coil will be placed to
measure the magnetic field at that point. The electric and magnetic fields surrounding the
small coil carrying an electric current are represented by the magnetic dipole, as derived
in section 5.1.
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"!
NSI
E ( ) = η 4π e
!
r

− jkr

⎛ k 2 jk ⎞
#
⎜⎝ r − r 2 ⎟⎠ sin θ aφ

"""! NSI − jkr ⎡ ⎛ jk 1 ⎞
⎤#
⎛ k 2 jk 1 ⎞
#
!
H (r ) =
⎢ 2 ⎜⎝ 2 + 3 ⎟⎠ cosθ ar + ⎜ − + 2 + 3 ⎟ sin θ ⎥ aθ
e
4π
r
r ⎠
⎝ r r
⎣ r
⎦

(5.64)

η is the impedance of the medium, N the number of turns of in the coil, S the area
of the coil, I the current in the coil, k the wave number, and r, θ, and φ are the unit
spherical vectors. Assuming a quasistatic solution as kr → 0, we can simplify the Eqn.
(5.6) using a Taylor series of the exponential term, and the electric field can be written as:
"""!
kη NSI sin θ #
E(r! ) = − j
aφ
4π r 2
where k=ω/c = ω µε

(5.65)

and η = µ / ε , ε is the permittivity, µ the permeability of the

medium, and ω is the angular frequency. The electric field can be rewritten as:
!"
!
µω NSI sin θ #
Er = − j
aφ
4π r 2

(5.66)

In a medium with low conductivity, the eddy currents can be found by using
Ohm’s law:
!"
!"
J =σE

(5.67)

It is obvious that the magnitude of the eddy currents would be affected when µ >
1, i.e., in permeable materials. The currents also show the same symmetry with respect to
the E- field. We can use the Ampere’s law to obtain the magnetic fields due to the eddy
!′
!
currents at a receiver location r , due to a source transmitter position, r :
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!"
!
1
Hr =
4π

" "
I(r ')dl × (r − r ')
∫v r" − r" ' 2

(5.68)

Given the arbitrary angle α between the plane of the coil and plane of the eddy
current loop in Figure 5.4, we can obtain the responses of the receiver coil due to the
presence of the fracture. The single coil may be considered using superposition principles
as a sum of two perpendicular coils. We choose the equivalent coils so that one lies in
X’Y plane and the other in XZ’ plane and represent the magnetic moment as:
!
M = NSIâz

(5.69)

We can represent the magnetic dipole into the two components:
!
M = NSI(cos α âZ ' + sin α â X ' )

(5.70)

The electric field around the eddy current loop is similar to equation 5.14, where
θ is measured from the coil’s Z’-axis:
! !
µω NSI cos α
âφ '
E(r ) = − j
4π r 2
Since the total resistance of the loop is R, the current in the loop given by Ohm’s
law, is:
I=
I =−j

! !
E.d
∫ l
R

µω NSI cos α
2R

(5.71)
(5.72)

Applying Ampere’s law to find the magnetic field at a point on the Y-axis, a
length h from the origin due to symmetry, we would have the field in the form:
!
H = I o F(r,h)cos α âZ '
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F(r,h) is a function of variation with respect to r and h. The angle α determines
the magnitude of the eddy currents and hence the magnitude of the magnetic field. If the
field is measured at h using a small receiver coil of n turns and area s, the voltage induced
will be:
dφ
dt
V = − jwnsI o F(r,h)cos 2 α
V = −n

(5.73)

V = Vo cos 2 α

With the two-coil system, the response is determined by cos 2 α , which is at its
maximum when the coils are lined up with the fracture and at its minimum when they are
perpendicular to the fracture. Therefore, as the coils are rotated together, a null would
indicate that the coils are perpendicular to the fracture; conversely, a maximum would
indicate that the coils are in the plane of the fracture. This would enable us to determine
the direction of propagation of the fracture in the shale. In addition, the magnetic material
in the fracture would “amplify” the eddy currents in the fracture so that the depth of the
fracture can be estimated.
We consider a series of N fractures that individually provide received signal strengths
of Vi. If the fractures are embedded in a nonconductive medium like a shale, and the eddy
currents in each fracture are small (low or moderate conductivity) so that the eddy current
distribution in each fracture is unaltered then the total signal is the sum of the signals due
to each fracture being considered separately and using superposition can be expressed as:
V (α ) = V1 cos 2 (α − β1 ) + V2 cos 2 (α − β 2 ) +!+ VN cos 2 (α − β N )

(5.74)

where βI is the angle of the ith fracture. The response can be rewritten in the form:
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V (α ) = C ′ + V ′ cos 2 (α − β ′ )

(5.75)

where
N

C ′ = − V2′ + ∑ V2i

(5.76)

i=1

2

⎛ N
⎞ ⎛ N
⎞
V ′ = ⎜ ∑ Vi cos 2 βi ⎟ + ⎜ ∑ Vi sin 2 βi ⎟
⎝ i=1
⎠ ⎝ i=1
⎠

2

(5.77)

and
⎛ N
⎞
Vi sin 2 βi
∑
⎜
⎟
α ′ = 1 2 tan −1 ⎜ i=1
⎟
N
⎜ ∑ Vi cos 2 βi ⎟
⎝ i=1
⎠

(5.78)

The fine structures of a multiple-fractured system cannot be resolved based on the
equation above. For example, for two fractures of equal individual response, the
instrument will have a maximum response when the two coils bisect the angle between
the two fractures.

5.5 Numerical Method for Analysis of Complex Fractures
The Finite Element Method (FEM) provides geometric flexibility to model
complex structures and the capability to model high contrasts in material properties. For
example, Finite Difference meshes are rectilinear and produce staircase-type
;JJLIRCG;NCIHMI@>CJJCHAMNLO=NOL?MNB;NCHNLI>O=?HOG?LC=;F?LLILM 1B?aHCN??F?G?HN
(FE) method is used to solve the governing Maxwell diffusion equations, which express
the behavior of the fields in the fractures. The FE analysis algorithm enables local mesh
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L?aH?G?HNM, which discretize the fractures into an unstructured grid. This allows the
element edges to coincide with the boundaries of irregular fracture inhomogeneities and
allows for aH?L G?MB >CM=L?NCT;NCIH CH NB? ;L?;M I@ F;LA? ?F?=NLC=;F =IH>O=NCPCNS ;H>
permeability contrasts in the model.
We employ the Finite Element Method (FEM) with vector edge basis functions to
find solutions of the governing diffusive differential equations for the model. Using
coupled-potential formulation for the vector potential gives rise to an ungauged curl-curl
vector potential equation, which when we apply normal FE techniques using nodal basis
functions leads to stiffness matrix with poor condition number [26]. It has been shown
that the vector edge basis

[27] provide improved matrix conditioning and a good

representation of material discontinuities that satisfy the tangential boundary conditions
of the fields [58].
The edge-based finite element technique is used in this case to solve the coupled
system of partial differential equations from the formulation. The method converts the
strong to the weak formulation and discretizes the solution domain using tetrahedral
meshes that allow local refinement as implemented in [59]. Homogeneous Dirichlet
boundary conditions are applied at the outer mesh boundaries to truncate the solution
domain. We follow the procedures for implementing the FE methods as outlined in [60]:


!CM=L?NCT?NB?>IG;CHOMCHAaHCN?N?NL;B?>L;F?F?G?HNM



Choose proper interpolation functions (otherwise known as shape
functions or basis functions).

92



,<N;CH NB? =ILL?MJIH>CHA FCH?;L ?KO;NCIHM @IL ; MCHAF? ?F?G?HN <S aLMN
deriving the weak formulation of the partial differential equation subject to
a set of boundary conditions.



Form the global matrix system of equations through the assembly of all
elements.



Impose Dirichlet boundary conditions.



Solve the linear system of equations using linear algebra techniques.



Post-process the results to obtain desired parameters.

5.5.1 Finite Element formulation for Fractured Shale Medium
At low frequencies, we can neglect the displacement currents and use only the
diffusive form Maxwell’s equations as expressed. We use the gauged EM potentials

!
formulation [61] and impose the Coulomb gauge condition ∇ ⋅ A = 0 to ensure that
computed EM potentials do not contain purely divergent spurious modes.
We consider the formulation by [62], where the responses of prescribed shale
!
homogenous background models or layered earth for the primary potentials ( Ap ,φp) are

known in closed-form solution. We are interested in using superposition theory of the

!"
fracture response ( A s , φs) such that the total response is:

!" !" !"
A = A p + As

φ=φp+φs
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Using the same approach to express the fields, we can similarly decompose the
conductivity and permeability into those fields for the cases of with and without fracture
(background model) as follow:

µ = µ p + µs
σ = σ p +σ s
We introduce a parameter referred to as the magnetic reluctivity (v=1/µ), [61], so
that we can write the diffusive form of the Maxwell’s equations as follows.
!
!
!
∇ × (ν∇ × A) + σ ( jω A − ∇φ ) = J

(5.79)

where J is the magnetic dipole current of the transmitter in the borehole.
It is well known [63] that discretization of curl-curl equations leads to asymmetric
finite element matrices and the introduction of numerically unstable spurious modes. The

!"
Biro’s approach [61] incorporates the term −∇(∇ ⋅ A) to the left side of eqn. (5.79) to
mitigate the problems, which leads to:
!
!
!
!
∇ × (ν∇ × A) − ∇(∇ ⋅ A) + σ ( jω A − ∇φ ) = J

(5.80)

The fields due to the primary potentials of the background shale medium due to a
transmitting magnetic dipole satisfy the equation:
!
!
!
∇ × (ν p∇ × Ap ) + jωσ p Ap + σ pφ p = J p

(5.81)

The secondary potentials due to the presence of the fracture using the approach
described in [28] are therefore expressed as:

!"
!"
!"
!"
∇ × (ν∇ × A s ) + jσω A s + σ∇φs = −∇ × (ν s∇ × A p ) − jσω A p − σ s∇φ p

(5.82)
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!
Next, we satisfy the divergence-free condition ∇ ⋅ J = 0 , which is not satisfied in
Eqn. (5.81), by introducing an auxiliary equation:
!
!
∇ ⋅ J = ∇ ⋅(σ E) = 0

(5.83)

!"
−∇ ⋅σ ( jω A + ∇φ ) = 0

(5.84)

We can define the primary and secondary potentials due to Eqn. (5.84) as:

!"
!"
∇ ⋅ σ ( jω A s + ∇φs ) = ∇ ⋅( jωσ s A s + σ∇φ p )

(5.85)

!"
The primary potentials ( A p , φp) for the fracture analysis are chosen to be those of the
magnetic dipole in a cylindrical medium, which are discussed in section 5.3. They can be
numerically solved for as shown in [36]. It should be noted that the primary potentials
could be responses that may be obtained from a heterogeneous conductivity structure that
may not be solved analytically.
The source for the secondary potentials due to the presence of the fracture is
introduced by the defined primary potentials instead of the direct source current density
!
J s due to the transmitting source dipole. The dipole can be of arbitrary shape and
orientation in the formulation based on primary potentials.
It is assumed that the problem is formulated in the cylindrical geometry with an
infinitesimal magnetic dipole located on the Z-axis of the cylindrical solution domain V,
and the outer curved walls of the cylinder and top and bottom caps of the cylinder
constitute the outer boundary S. It is assumed that S is located at a distance such that the
transmitter signals have negligible value, satisfying the Dirichlet boundary condition:
!
( As , φs ) ≡ (0,0) on S

(5.86)
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We apply the Galerkin approach similar to [65] to the boundary value problem of

!
eqn. (5.82) and (5.85) with vector weighting function W , and with scalar weighting
functions T, so that the vector potential is expressed as:
M
!"
"
A s (r) = ∑ aiWi (r)

(5.87)

i=1

ai are the scalar coefficients to be determined, and Wi are weighting function vectors of

!
!
the edge type. Wi are important in finding EM solutions by imposing the tangential E and
!
normal B continuity boundary conditions at interfaces of media smoothly. M is the
number of vector edges obtained from the discretization of the structure using tetrahedral
mesh [64].
The scalar potential is expressed in terms of the nodal basis function T:
N

φs (r) = ∑ bkTk (r)

(5.88)

k=1

The bk are scalar coefficients associated with the nodal basis function that needs to
be obtained. N represents the nodes of the tetrahedral meshes from the discretization.
Using Wi as the test function in the Galerkin formulation for Eqn. (5.82),

∫

V

M
N
M
!
!
!
!
!
W j ∇ × ν∇ × ∑ aiWi dV + ∫ W j jωσ ∑ aiWdV + ∫ Wiσ∇∑ bkTk dV
i=1

V

i=1

!
!
!
= − ∫ W j (∇ × ν s∇ × Ap + jωσ s Ap + σ s∇φs )dV

V

k=1

(5.89)

V

Introducing the divergence theorem using the approach described [61] and the
notation (x,y)V=∫v (xy) dV, reduces the strong formulation of the second-order equation to
a weak-formulation first-order equation:

!
!
!
!
!
!
(W j ,∇ × ν∇ × Wi )V = (ν∇ × Wi ,∇ × W j )V − ν∇ × Wi , n̂ × W j

s

(5.90)
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Here x, y

S

means a surface integral over S. It vanishes when the Dirichlet boundary

!" !"
conditions are applied. Rewriting in terms of primary electromagnetic fields ( E p , B p ):
M

N
!
!
!
!
∑ ai ⎡⎣(∇ × W j ,ν∇ × Wi )V + ( jωσ W j )V ⎤⎦ + ∑ bk (σ W j ,∇Tk )V
i=1

"!
"!
!
!
= −(∇ × W j ,ν s B p )V + (W j ,σ s E p )V

k=1

(5.91)

Similarly, Eqn. (5.84) is also expressed using scalar test function Ti to obtain its
weak form:
N
M
"!
!
⎛
⎡
⎤⎞
− ⎜ T j ,∇ ⋅ ⎢ jωσ ∑ aiWi + σ∇∑ bkTk ⎥⎟ = −(T j ,∇ ⋅ σ s E p )S
⎝
⎣
⎦⎠ V
k=1
i=1

(5.92)

Using the vector identity:

!
!
!
(T j ,∇ ⋅ σ∇Wk )V = −(σ∇T j ,∇Wk )V + σ T j , n̂.Wk

(5.93)

It is also possible to rewrite:

!

(T ,∇ ⋅ jωσ W )
j

j V

!
!
= −( jωσ∇T j , W j ) + jωσ T j , n̂ ⋅ Wi

s

(5.94)

so that the main equation is written as:
N
"!
!
a
(
j
ωσ
∇T
,
W
)
+
∑ i
∑ bk (σ∇T j ,∇Tk )V = −(σ s∇Tk , E p )V
j
i V
M

i=1

k=1

(5.94)

The equations (5.91) and (5.94) form a coupled, weak formulation of the diffusive
equation of electromagnetic waves in terms of the ungauged potentials. Using the Open
Source Finite Element Library, NGSolve [23], the equations are assembled in to linear
algebraic form by implementing integration of the functions (dot products). The systems
of equations are of linear from:

Fu = g

(5.2)
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The left-side is the stiffness matrix F. It is complex, symmetric and sparse and is
assembled by analytically computing the inner products using the tetrahedron method and
the right side using method of 14-point quadrature coefficients in [66] and
implementations in [23]. We use an open-source Finite Element Library for the
procedure. The advantage of the NGSolve library is that it is easy to implement the Finite
Element Method, and it is connected to an automatic 3D tetrahedral mesh generator,
NETGEN [18], that is capable of mesh refinement. NGSolve is written in C++ and is
open source [23].
Some features implemented in NGSolve include:


Elements of arbitrary order for any shape (segments, triangles,
quadrilaterals, tetrahedrons, prisms, pyramids, hexagons, etc.)



Scalar elements and vector-valued elements for H(curl) and H(div)
formulations



Integrators for Maxwell’s equations, etc.



Iterative solvers: e.g., Conjugate Gradient Method, with multigrid and
preconditioning techniques



Error estimators and adaptive mesh refinement



Intensively object-oriented C++ language

The geometry of the fracture was designed to resemble a possible fracture [7, 8]
that may occur during the fracturing of a gas well, as shown in Figure 5.6, and the
material proppant effective medium using Bruggeman law was used to fill it.
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Figure 5-6: The PKN Fracture Model
The parameters for the fracture geometry are:





Shale: Permittivity: 15, Permeability: 1, Conductivity: 0.1 S/m
Limestone: Permittivity: 8, Permeability: 1, Conductivity: 0.01 S/m
Fracture fracking fluid: Permittivity: 80, Permeability: 2, Conductivity: 0.01 S/m,
Magnetic loss tangent: 0.01
Width Wf: 0.1m, Height hf=0.15m, Depth to be determined.
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Figure 5-7: Hydraulic-fractured well arrangement showing shale, with cross section of
horizontal well with a vertical fracture.
Simulations were performed at a frequency of 500Hz for different fracture depths
to observe the scattered fields due to the presence of a fracture as shown in Fig. 5.7.

Figure 5-8: Relationship between scattered Magnetic fields and fracture depths for a
given fracture geometry
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The scattered electric fields from fractures of the lengths 4m and 12m are plotted
below, showing the difference is scattered fields due to the height difference of the
fractures.
0.4
4m Frac
12m Frac

0.35
0.3

Ex (V/m)

0.25
0.2
0.15
0.1
0.05
0

0

0.1

0.2

0.3

0.4

0.5

0.6

points distance (2m)

0.7

0.8

0.9

1

Figure 5-8: Scattered electric fields due to fractures of different lengths

It can be seen from Figure 5.8 that it becomes difficult to estimate the fracture as
the depth increases because scattering is reduced.

5.6 Conclusions
In this chapter we have studied the behavior of magnetic dipoles located in
different media, and have carried out the analysis of their response in the presence of
fractures. We have examined the effect of magnetic permeability when smart proppants
are introduced in a fracture. We have presented an approach for detecting the fracture
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orientation for the case where the fracture orientation is unknown. We have presented a
finite element method, based on an open source finite element library, which is capable of
solving magneto-quasistationary electromagnetic problems. We have shown that for a
given fracture geometry, it is possible to use its properties to estimate its depth based on
scattered fields from the fracture. This would enable us to estimate the depths of the
fractures from measurements made at the fracture openings of the horizontal well.
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Chapter 6
Conclusions and Recommendations for Further Research

6.1 Conclusions
We can use the version of the Dipole Moment Method developed in Chapters 2
and 3 to study scattering behavior of objects. The objects studied can be either single or
multiple objects in two or three dimensions. A scatterer can be replaced by its equivalent
dipole moments, and once that is done, one is able to obtain the scattered electromagnetic
fields at any distance from the scatterer and at all frequencies, including low frequencies.
The approach was used in studying scattering of particles that can be used as smart
proppants. We introduced Monte Carlo probability distribution techniques to determine
the position of particles in constant position so as to take into consideration their spatial
variations.
The limitations of the Dipole Moment approach were highlighted and the theory
of mixing rules was explored in finding an equivalent medium representation of Magnetic
proppant particles in a hydraulic fracture. There are several mixing rules to choose from,
and at volume inclusions of less than about 20%, any of the three major mixing rules—
Maxwell Garnett, Bruggeman, and Coherent Potential—gives about the same effective
permeability or permittivity of a material. However, as the percentage of inclusions goes
up to about 40%, there are differences. We compared the Dipole Moment approach with
Monte Carlo to the three mixing rules to see that the Bruggeman Mixing rule is closest to
the results of the Dipole Moment approach with the Monte Carlo approach. The Dipole
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Moment approach may serve as a guide in picking mixing formulas since it gives the full
solution, taking into consideration all statistical variations.
The thesis then delved into use of Magnetic Dipoles as transmitting antennas and
possible responses that can be obtained in the well bore. A procedure for understanding
fracture orientation was highlighted for a situation where there is no idea of the fracture
propagation during the drilling operation.
A low-frequency, forward-modeling, Finite Element Method was implemented
that can model complicated fracture geometry. The magneto-quasistatic Maxwell
equations were used because of the modeling frequencies of 500 Hz or lower. Extremely
low frequencies of operation would be needed to investigate into deeper target fractures
because of the lossy nature of materials in fractures and the shale background. The
forward modeling serves two purposes: it gives us the necessary synthetic data for
studying the inverse problem, and it provides an understanding of the fracture problem
and its response to electromagnetic stimulation. A numerical modeling of a fracture was
done to estimate depths with varying fracture length. The source operating frequency,
fracture geometry, and materials play a significant role in the ability to estimate effective
depth.

6.2 Recommendation for Future Work
In using probability techniques with the Dipole Moment approach, it was found
that the matrix problem size increases exponentially, and the Monte Carlo approach
becomes even more complex. It may be possible to explore this issue using quasi-Monte
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Carlo techniques that are shown to have quick convergence and may handle bigger
problems.
Major investigations of mixing rules were limited to only three of the formulas.
There are several other formulas available in the literature. It is possible to use the Dipole
Moment Approach with statistics to aid in understanding their accuracy in finding
effective medium properties of materials with different inclusion volumes.
A study of other possible complex fracture geometries can be carried out with
different material properties to increase the possibility of investigating deeper depths of
the fractures. The work carried out here consists of only the analysis; there is need to
practically test this approach in real-life environments using the magnetic materials
already manufactured.
The study focused on the forward modeling of the fracture at low frequencies, and
there is need to develop numerical inversion techniques for the inverse problem of the
depth estimation at multiple frequencies. The study here is based on back-scattered fields
with source and receivers located in the same borehole. Given the scenario where there
are quite a few drilled wells already, it is possible to do cross-hole, source-receiver
configuration studies for magnetic proppant particles that may increase the capability of
handling larger depth of investigation.
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