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ABSTRACT 

 Since the main challenges in developing Mg alloys are to increase their strength, 

ductility, as well as stability at high temperatures, it is crucial to understand the 

fundamental properties which affect their mechanical properties.  Formation of stacking 

faults is fundamental in deformation of materials with the hcp structure such as Mg and 

Ti alloys, affecting core structures and the mobility of dislocations, twinnability and 

ductility, and creep rate.  Moreover, long periodic stacking order (LPSO) structures, such 

as 6H, 10H, 14H, 18R and 24R, play significant roles in enhancing the mechanical 

properties of Mg alloys and have been largely investigated separately. 

In the present work, contributions of stacking faults, LPSOs and alloying 

elements to the formation energy, elastic, electronic and phonon properties of Mg and Mg 

alloys are investigated through the first-principles calculations. 

In pure Mg, the connections among stacking faults and LPSOs are discussed.  

Three typical basal-plane stacking faults, i.e. growth fault (I1), deformation fault (I2) and 

extrinsic fault (EF), are investigated, showing that the stacking fault energy increases in 

the order of I1 < I2 < EF.  Moreover, through the electron localization morphology, 

electronic structures of these three stacking faults are revealed in terms of deformation 

electron density (Δρ) and electron localization function (ELF).  These results yield a 

quantitative description of charge transfer between atoms in and out of the stacking 

faults.  We also obtain a brief physical correlation between stacking fault energy and the 

difference of Δρ and ELF between the fault planes and the non-fault planes.  
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Furthermore, through detailed investigations of deformation electron density, we show 

that the electron structures of 10H, 14H, 18R and 24R LPSO structures in Mg originate 

from those of deformation stacking faults in Mg, and their formation energies can be 

scaled with respect to formation energy and the number of layers of deformation stacking 

faults, while the electron structure and formation energy of the 6H LPSO structure are 

between those of deformation and growth stacking faults.  The simulated images of high 

resolution transmission electron microscopy compare well with experimental observed 

ones.  In the end, effects of fault layers in SFs and LPSOs on the local phonon density of 

states and vibrational entropy are discussed together with their specific electronic 

structures. 

In the binary Mg-X alloys, contributions of 17 alloying elements to the energy and 

the bond structure of growth, deformation and extrinsic faults are investigated.  In view 

of electron localization morphology, the bonding structure of Mg around the fault plane 

can be recognized as the HCP-FCC transformations in short-range.  Together with the 

specific electron structure of each alloying element, it has been confirmed that bond 

strength of the fault planes are strengthened by FCC-Al and HCP-Zn since tetrahedrons 

around alloying elements have more electron density.  Taking Gd and Y as examples, 

their interactions with faults layers of 6H and 10H LPSO are presented in view of excess 

energy and deformation electron density.  It has been determined that (i) with the addition 

of Gd and Y, the excess energy of 6H and 10H can be decreased significantly, indicating 

that the formability of 6H and 10H LPSO will be increased in Mg-10RE (wt %) alloys; 

(ii) Gd and Y prefer to occupy the position in fault layers of Mg-10RE with 6H and 10H 
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LPSOs; (iii) since the excess energy will be close to and smaller than that of the pure, the 

atomic array model can be used in Mg-10Y with 6H and 10H LPSOs, while the atomic 

cluster model can be used in Mg-10Gd with 6H and 10H LPSO and (iv) the bond strength 

of the basal plane characterized by Δρ is strengthened around the RE effect zone, while 

that of prismatic and pyramidal planes will be weakened caused by the electron 

redistributions effected by the contributions of RE and LPSOs. 

In the ternary Mg-TM-RE alloys, contributions of alloying elements and fault 

layers to the energy, electronic structure and elastic properties of 6H and 10H LPSOs are 

discussed through our proposed atomic array/cluster model.  In the view of excess 

energy, the energetic favorable configurations of the 6H LPSO in Mg98Zn2, Mg98Y2 and 

Mg97Zn1Y2 (at %) have been estimated via first-principles calculations.  Through the 

formation of an atomic array of Y forming with Zn occupying its 1
st
 nearest neighbor, the 

ductility of Mg97Zn1Y2 will be increased and the ratio of B/G is increased from 1.95 of 

Mg to 2.09.  According to the energetic favorable structure of Mg-10Gd with 6H and 

10H LPSOs, effect of TM elements, such as Zn and Zr, on their formability in Mg-10Gd-

TM alloys has been estimated.  With the addition of Zn and Zr, the excess energy of the 

6H and 10H LPSOs can be decreased significantly when forming the cluster between the 

TM and Gd, indicating the formability of 6H and 10H will be increased in Mg-Gd-Zr and 

Mg-Gd-Zn alloys.  Thus, with the addition of TMs into Mg alloys with LPSOs, the 

excess energy will be reduced to make the structure more stable than Mg alloy without 

TM.  In view of the deformation electron density and electron localization function, the 

strengthen mechanism of alloying elements in the Mg alloy is that the basal plane of Mg 
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is strengthened due to the formation of stronger chemical bond between the atomic array 

and Mg matrix.  With the addition of TMs into Mg alloys with LPSOs, the excess energy 

will be reduced to make the structure more stable than that of without the TM in the Mg 

alloy.   

This work enables quantitative investigations of effects of alloying elements on 

the properties of Mg alloys.  The understanding of stacking faults and LPSO structures in 

Mg enables future quantitative investigations of effects of alloying elements on properties 

of LPSO structures and Mg alloys. 
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Chapter 1 Introduction 

Motivation 

With a density that is two-thirds of aluminum or one-quarter of steel, Mg alloys 

become potential structural materials for vehicles to improve fuel economy and reduce 

emissions [1].  Since the main challenges in developing Mg alloys are to increase their 

strength, ductility, as well as stability at high temperatures [2, 3], it is crucial to 

understand the determinate factors that control their mechanical properties.  It is worth 

mentioning that the stacking fault energy, γsf, is a key parameter to model a vast number 

of phenomena relating to structure and dislocation formed by slip process [4].  For 

instance, (i) γsf is crucial to describe the core structure and the mobility of the dislocations 

[5-7], since the distance between dissociate partials determined by the value of γsf [7-9] 

and the mobility of the dislocations is also dominated partially by γsf  [6, 7]; (ii) the 

reduction of γsf could enhance the twinnability of the material [10] and decrease the 

twinning stress, which is essential to increase the ductility [11-13]; and (iii) the steady-

state creep rate can be reduced with lower γsf [14, 15]. The focus of this work is to study 

the basal-plane stacking fault energy of hcp Mg due to the effects of alloying elements. 

It was found that the basal plane of hexagonal close packed (hcp) structure is the 

most primary slip plane indicated by texture type of  0211}0001{  [6, 16-19], which 
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can result in  an intrinsic stacking fault.  At atomic level, the stacking sequence of an 

ideal hcp metal could be             with A, B, (and C, see below) being different 

{0001} planes, while the growth fault (I1) is formed by removing an A plane above a B 

plane, and then shearing the remaining planes above the B plane by ]0011[3/1  resulting in 

             ; the deformation fault (I2) can be formed directly by shearing the hcp 

lattice by the displacement ]0011[3/1 , resulting in              [6, 18]; and the 

extrinsic fault (EF) is generated by inserting an extra C plane into the ideal hcp structure, 

resulting in                 where fault layers are marked with a dot.  Previous 

calculations for a series of hcp metals of Be, Co, Hf, Mg, Re, Ru, Sc, Ti, Y and Zr 

showed that the I1 stacking fault energy is considerably lower than the I2 stacking fault 

energy, with the latter even smaller than that of extrinsic fault [20-22].  However, these 

observations have not been clearly explained in the literature.   

In recent years, Mg-RE alloys with excellent mechanical properties have been 

obtained through combining the fine grain size, the precipitates, and the long period 

stacking order (LPSO) structures.  Transition metals (TM) together with rare earth 

elements (RE) play an important role in the formation of LPSOs in the high strength Mg-

TM-RE alloys.  Table 1.1 and Table 1.2 list the tensile strength and compressive strength 

of some classical Mg alloys with LPSOs.  For instance, the tensile yield strength and the 

elongation of Mg97Y2Zn1 (at %) alloy with the 6H LPSO structure produced by rapid 

solidification can reach 610 MPa and 4.8%, respectively, with grain sizes in the range of 

100 nm to 150 nm [23].  When the grain size of Mg matrix is about 330 nm, the tensile 

yield strength and the elongation become 400 MPa and 2%, respectively [24].  The yield 
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tensile strength of Mg-14Gd-0.5Zr (wt %) is 445 MPa at room temperature.  The yield 

tensile strength and elongation of Mg-8.2Gd-3.8Y-1Zn-0.4Zr alloy with 14H LPSO are 

426 MPa and 4.5% at room temperature.  It is commonly accepted that fine precipitates 

or local clustering of solute atoms together with different types of LPSO structures, 

including 6H, 10H, 14H, 18R and 24R, contribute to the strengthen of Mg alloys [25-34].  

Works focusing on the segregating behavior of alloying elements are important to 

optimize the microstructure and to improve the mechanical properties of Mg alloys [30, 

33, 35-40].  In the development of advanced Mg-Zn-Y alloys with good performance, 

effect of LPSOs and their enrichment of alloying elements on the electronic structure and 

the elastic properties of Mg remain ambiguous.  Particularly, the segregation behavior of 

the alloying elements and their contributions on the formability and the electronic 

structures of 6H LPSOs have not been reported in binary and multicomponents systems. 

The schematically descriptions of the present work together with the description 

of the development of Mg alloys reported in literature are presented in Figure 1.1.  It can 

be seen that alloying elements are used to influence a wide variety of properties of Mg 

alloys, both to increase the manufacturability and the product properties.  According to 

the demands on the development of Mg alloys, different directions are applied to classify 

Mg alloys into high creep resistant alloy, high ductile alloy, and high strength alloy and 

so on.  In the development of advanced Mg alloy, there are many factors to be 

considered, i.e., molten metal reactivity, castability, grain structure control, mechanical 

properties, corrosion properties, physical properties, formability, weldability etc.  In this 

work, crystal structure optimization through forming stacking faults and long periodic 
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stacking order structures are investigated in efforts to improve mechanical properties of 

Mg alloys. 

Objectives 

The goals of the project are to investigate the contributions of stacking faults, 

LPSOs and alloying element to the formation energy, elastic, electronic and phonon 

properties of Mg and Mg alloys through first-principles calculations. 

The organization of this dissertation is as following: 

 In Chapter 2, computational methodologies yielding the energies of stacking 

faults and LPSOs, characterizing their electronic structures and presenting their effect on 

the phonon and elastic properties of Mg and Mg alloys are introduced.  Different models 

for the arrangement of alloying elements in LPSOs of Mg alloys are compared. 

 In Chapter 3, formation energy, electronic and phonon properties of growth, 

deformation and extrinsic faults in Mg are discussed.  Contributions of fault layers in 

stacking faults to the local phonon density of states and Debye temperatures are discussed 

together with their specific electronic structures.   

 In Chapter 4, effect of alloying elements on the formation energy, electronic and 

elastic properties of stacking faults in binary Mg-X alloys are described.  Contributions of 

17 alloying elements to the energy and the bond structure of growth, deformation and 

extrinsic fault are investigated. 
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 In Chapter 5, formation energy, electronic and phonon properties of 6H, 10H, 

14H, 18R and 24R LPSOs in Mg are studied.  In the view of deformation electron 

density, connections among stacking faults and LPSOs are revealed.  Local phonon 

density of states and Debye temperatures affect by fault layers of LPSOs are discussed 

together with their specific electronic structures. 

 In Chapter 6, effects of alloying element (X=TM and RE) on the total energy and 

electronic property of 6H and 10H LPSOs in binary Mg-X alloys are discussed.  Taking 

Gd and Y as examples, their interactions with faults layers of 6H and 10H LPSO are 

discussed in views of excess energy and deformation electron density.  Energetic 

favorable configurations of Mg-10RE with 6H and 10H are estimated and extended in the 

study of ternary Mg alloys. 

 In Chapter 7, interactions between TM (TM=Zn and Zr) and RE (RE=Y and Gd) 

in 6H and 10H LPSOs of Mg-TM-RE alloys are estimated efficiently through the 

proposed atomic array model and atomic cluster model.  The predicted energetic 

favorable crystal structure matches well with the experimental observations reported in 

the literature.  The possible strengthen mechanism of Mg alloy by alloying elements is 

discussed in view of deformation electron density.  

 Chapter 8 summarizes the contribution of the present work in understanding the 

stacking faults and long periodic stacking order structures in Mg alloys and discusses the 

future work.   
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Table 1.1. Tensile strength and elongation of Mg alloys with LPSOs 

Alloy 

 
Tensile Strength 

Temp 

K 
LPSO Ref UTS 

MPa 
YTS 
MPa 

El 
% 

RE=Y 

Mg97Zn1Y2 (at %) 

- 610 4.8 573  6H [23] 

- 564 6.7 623  6H [23] 

- 490 7.4 673  6H [23] 

Mg98.5Zn0.5Y1 - 200 - RT 
14H 
18R 

[26] 

Mg95.5Zn1.5Y3 - 260 - RT 
14H 
18R 

[26] 

Mg93.96Zn2Y4Sr0.04 226 - 4.6 RT 18R [41] 

Mg87Zn4RY9 
353 265 9.7 293  6H [30] 

247 204 29.2 593  6H [30] 
RE=Gd 

 
Mg91.5Al3.5Gd5 - - - - 18R [42] 

Mg97Zn1RE2 
391±19 356±17.5 6±3 RT 6H [25] 

334±12 301±9 8±4 473  6H [25] 

Mg96.5Zn1Gd2.5  - 345 6.9 RT 14H [31] 

Mg-14Gd-0.5Zr (wt%) 482 445 2.0 RT - [43] 

RE=Gd, Y 
TM=Zn, Zr 

Mg-17.4Gd-1.1Zn -0.6Zr (wt%) 390 280 7.5 473  - [44] 

Mg-8.2Gd-3.8Y-1Zn-0.4Zr (wt%) 517 426 4.5 RT 14H [45] 

Mg-1.8Gd-1.8Y-0.7Zn-0.2Zr 542 473 8 RT - [46] 

Mg-12Gd-1.9Y-0.69Zr (wt%) 400 360 5 RT - [47] 

Mg-8.2Gd-3.8Y-1Zn-0.4Zr (wt%) 373 313 6.4 RT 14H [48] 

GDZ732 
(Mg-6.5Gd-2.5Dy-1.8Zn, wt%) 

392 295 6.1 RT 14H [49] 

247 152 12.0 523 14H [49] 

Mg-8.3Gd-1.12Dy-0.38Zr (wt%) 

355 261 3.8 RT - [50] 

230 174 7.4 523  - [50] 

157 82 25.1 573  - [50] 

No-RE 
TM=Mn, 

Zn 

AZ91 
(Mg-9Al-1Zn-0.2Mn, wt%) 

329±3 256±5 
2.2±
0.8 

RT - [51] 

AXM4303 
(Mg-4Al-3Ca-0.3Mn, wt%) 

349 331 8.2 RT - [52] 

AXM4303 
(Mg-3.6Al-3.4Ca-0.3Mn, wt%) 

413 409 8 RT * [53] 

AXM4304 
(Mg-3.6Al-3.3Ca-0.4Mn, wt%) 

420 410 5.6 RT - [54] 
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Table 1.2. Compressive strength and elongation of Mg alloys with LPSO 

Alloy 

Compressive Strength 
Volume 

percentage of 

LPSO 

% 

LPSO Ref 
US 

MPa 

YS 

MPa 

El 

% 

Mg77Cu12Y6Zn5 1203 841 2.45 Vf=6% 6H [35] 

Mg81Cu9.3Y4.7Zn5 1163  18.5 Vf=48% 6H [35] 

Mg83Cu8Y4Zn5 942  15.4 Vf=66% 6H [35] 

AXM4303 

(Mg-4Al-3Ca-0.3Mn, wt%) 
472 285 9.5 - 

- 
[52] 

 

 

Figure 1.1. Schematically description of the present work together with the description of 

the development of Mg alloys reported in literature.    
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Chapter 2 Computational Methodology 

2.1. Introduction 

 In this chapter, theory background and computational methodology in studying 

the energy, electronic structures, elastic and phonon properties of stacking faults and long 

period stacking order structures of Mg alloys are presented.  First, a brief overview of 

first-principles calculations based on density functional theory is introduced, followed by 

a discussion of equations of state fitting to obtain the volume dependence of total energy.  

Second, the bond structure characterized by deformation electron density and the bond 

strength identified by electron localization function are presented, both of which are 

along with first-principles calculations.  Third, the Voigt’s method is applied to calculate 

elastic properties describing the deformation of a solid under applied stress.  Next, the 

phonon approach is used to describe the lattice vibration states affected by faults layers in 

stacking faults and LPSOs.  Afterwards, models arranging alloying element in the solid 

solute of Mg alloys are selected, which provides the essential information to generate 

crystal structure of a given Mg alloy before doing first-principles calculations.  
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2.2. First-principles Calculations Based on Density Functional Theory 

2.2.1 Density functional theory 

 In principle, the time-independent stationary Schrödinger Equation describes the 

quantum mechanical behavior of particles by defining their relative wave functions, from 

which the total energy can be determined, shown as 

Equation 2.1            

where Ĥ is the Hamiltonian operator, Ѱ the wavefunction and E the total energy of the 

system.  However, it is impossible to get the exact solution of Equation 2.1 in the N-body 

system until applying some approximations.  Otherwise variables (electron coordinates) 

are too many and cannot be separated in the N-body electron wavefunction Ѱ.   

 Based on the so-called Born-Oppenheimer approximation [55] (or adiabatic 

approximation), the motion of electron and nuclei can be considered separately because 

of the large mass difference between electron and nuclear.  Therefore, it is possible to 

solve the problem of electron motion for fixed positions of nuclei since the Hamiltonian 

operator in Equation 2.1 can be rewrote as electronic Hamiltonian (
eleĤ , in atomic 

unites).  Following the Hohenberg-Kohn-Sham theorem [56, 57], (i) the external potential 

is an unique functional of the electron density and (ii) the exact ground state density of 

electron dominates the minimize of the total energy, the total energy can be described as 

a function of electron density ( )(r


 ) as 

Equation 2.2                                                            



10 

 

 

where          is the kinetic energy of the electrons without interactions,             the 

external potential energy of the ions applying on the electron and                the 

interaction energy of electrons.             is the exchange and correlation energy, which 

can be solved by using the Local Density Approximation (LDA) or Generalized Gradient 

Approximation (GGA).  Thus, the total energy of N-body system can be obtained through 

applying proper pseudopotential, which describing all electrostatic and quantum-

mechanical interactions of valence electrons with the cores and producing true potential 

and valence orbitals outside a particular core region but remaining weaker and smoother 

inside.  

 

2.2.2 Equations of state (EOS) fitting 

Four-parameter Birch-Murnaghan (BM4) equation [58-60] is used to describe the 

relation between volume and energy, shown as following, 

Equation 2.3   
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where the fitting parameter 
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VB
Ea .  The parameters V0, E0, B0 and '

0B represent 

the equilibrium volume, energy, bulk modulus and its first derivative with respect to 

pressure, respectively. 
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2.3. Bond Structure Characterization 

2.3.1. Deformation electron density (Δρ) and simulated HRTEM image 

Deformation electron density (Δρ) [61, 62], defined as the difference between the 

total electron density and the electron density associated with unbounded atoms, is used 

to characterize the electronic structures of stacking faults and LPSOs in the form of 

chemical bonds.  Since the electron density is a scalar field, the change in electron 

distribution field results in directional bonds [63] and correlates to the formation energy 

of stacking fault [64].  Therefore, the isosurface structures with different values of Δρ 

generated using VESTA [65, 66] reveal the core structures of stacking faults and LPSOs. 

The important application of deformation electron density is to produce an 

experimental comparable outcome with high resolution transmission microscopy 

(HRTEM) by displaying the contrast of the electron density profile.  It is well know that 

X-ray and electron structure factors are essential for numerous crystallographic 

calculations, especially for structure refinements and electron-microscopy image 

simulations.  X-ray diffraction measures the total electron density in crystal and can be 

calculated from the charge density of the atom assuming radial symmetry through [67]  

Equation 2.4   rd
rs

rs
rrsf X






4

)4sin(
)(4)(

0

2




  

where  /sins is the normalized scattering angel,  the wavelength.  The electron 

scattering factor can be obtained through Mott-Bethe formula, [67, 68] 
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Equation 2.5    
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where e is the electron charge, m the electron mass, Z the atomic number, 0 the dielectric 

constant and h  the Planck’s constant.  Through Fourier transformation, the electrostatic 

potential can be obtained from X-ray scattering factor, which is shown as  

Equation 2.6    kdekfr rki

X



 )()(  

Therefore, the projected potential can be expressed as 

Equation 2.7     rde
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2.3.1.1 Simulation of HRTEM based on charge density calculation 

 The simulated high resolution transmission electron microscopy (HRTEM) could 

be generated directly via projecting the electron density associated to each atom or the 

intensity by converting the electron density into electron scattering factor [67, 69-71].  In 

the literature, there are two different methods applied into simulate HRTEM through fist-

principles calculations. 

First, the calculation of the projected potential used for HRTEM image 

simulations is connected with the charge density via the twofold integration of the 
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Poisson equation in reciprocal space.  The implementation of the charge density 

difference is performed as a correction term for the project potential (      ).  This 

relation is described as [67, 71, 72] 

Equation 2.8  
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which demonstrates the possibility to split the charge density   into separated parts for 

the calculation of the projected potential  kV .  Here, 
jn,  denotes the charge density of 

one nucleus j including the electron shell for the neutral atom on site n and )(r  stands 

for the charge redistribution per unit cell due to the bonding.  The charge density 

difference )(r is integrated over the CASTEP or DACAPO grid of the supercell, 

which is implemented as correction term in the source code of the EMS software package 

simulating HRTEM images [71, 73].  To ensure consistency, the neutral atom charge 

density is always calculated by CASTEP or DACAPO through perform the calculation 

with only one atom in the supercell [67]. 

 Second, HRTEM images are conventionally analyzed on the basis of the so-called 

independent atom model (IAM), which also called the procrystal model.  In this model, 

the potential of a solid is calculated as a superposition of atomic potentials that have once 

been calculated for an isolated atom of every element.  This is reasonable as a first 

approximation because the adjustments to the potentials due to bonding electrons are 

small.  Moreover, the IAM result is useful for comparison, because the effects of 
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chemical bonds can be easily recognized from the difference between the ‘real’ situation 

and the IAM approximation [69].   

In this work, the simulated HRTEM images are obtained by projecting the 

deformation electron density, method of which is based on the second one mentioned 

above.  Since it is challenging to accurately predict the lightweight atoms in HRTEM 

image through IAM model, the enhanced contrast image could be predicted through 

removing a line profile with periodic components [69].  For instance, a quantitative 

comparation between the simulation and experiment based on IAM and DFT potentials is 

shown in Figure 2.1(a).  It can be seen that an excellent confirmation of the DFT-based 

simulations is obtained, providing the direct experimental verification of the DFT-based 

electron densities and without requiring any filters [69].  Moreover, a microscopy could 

be yielded with enhanced contrast through removing the periodic components in the 

electron density profile.  For example, the intensity dip at nitrogen defect is 7 times 

stronger than the standard deviation, shown as Figure 2.1(b).   
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Figure 2.1. Analysis of the nitrogen substitution defect [69]. (a) comparison between 

experiment and simulations based on IAM and DFT potentials for a specific defocus 

value.  MTF: modulation transfer function.  Inset: the image and profile, and the Fourier-

filtered image (graphene lattice removed).  (b) Line profile with the periodic components 

removed.   
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2.3.2. Electron localization function (ELF) 

Electron localization function (ELF) is obtained from the excess of local kinetic 

energy density due to the Pauli exclusion principle, D(ρ), and the Thomas-Fermi kinetic 

energy density, Dh(ρ), as follows [74, 75] 

Equation 2.9   

1
2

)(

)(
1

































hD

D
ELF   

 For a single determinantal wave function, these quantities are evaluated from the 

Hatree-Fock or Kohn-Sham orbitals, i , and the charge density 
i

i

2
  

Equation 2.10   
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Equation 2.11    3/523
10

3
)(  hD  

As can be seen from Equation 2.9, the value of ELF is between 0 and 1, with 

ELF=1 corresponding to a perfect localization, i.e. 0)( D , and ELF=0.5 to a 

homogeneous electron gas, i.e. )()(  hDD    For a covalent bonding, ELF exhibits a 

maximum on the line connecting the atoms with a typical range between 0.6 and 1 

depending on how strong the bonding is [76]. 
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2.4. Elastic Constants 

Elastic constants calculated by first-principles calculations are obtained by using 

the efficient strain-stress method [77, 78].  Based on the Hooke’s law, the elastic stiffness 

constants Cij (i, j=1, 2, 3, 4, 5, and 6) can be expressed as 

Equation 2.12    
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where ε
-1

 represents the inverse of the sets of strains, ),,,,,( 654321    and 

),,,,,( 654321   .  The bulk, Young’s (E) and shear moduli (G) of the 

orthorhombic structure can be derived from the calculated first-principles elastic 

constants through Voigt’s method [79, 80], shown as following 

Equation 2.13    3/)( 1211 CCB   

Equation 2.14     5/)3( 441211 CCCG   

Equation 2.15     )3/()9( BGGBE   

where 3/)( 33221111 CCCC  , 3/)( 23131212 CCCC   and 3/)( 66554444 CCCC  .  
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2.5. Lattice Vibrational States via Phonon Supercell Approach 

 In order to discussing the stability of stacking faults and LPSOs at finite 

temperature, it is essential to investigate the lattice vibration contributions of the fault 

layers in stacking faults and LPSOs to the Helmholtz free energy.  Under quasiharmonic 

approximation [4, 81-83], the Helmholtz free energy at temperature T and volume V 

combines the static energy at 0 K, the thermal electronic contributions and the lattice 

vibrational contribution.   

 From phonon density of states, the lattice vibrational contribution to Helmholtz 

free energy can be calculated through [4, 81-84] 

Equation 2.16   
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where 
B is the Boltzmann constant; T the temperature, )(g the phonon density of 

states as a function of phonon frequency  at volume V.  Alternatively, ),( TVFvib  can 

also be described by the Debye Temperature (
D ) as  

Equation 2.17   
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where )(nD is the Debye cutoff frequency.  The n
th 

moment Debye temperature is 

obtained by 

Equation 2.18    )(nD

B
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With different value of n, the obtained Debye temperature related to different physical 

meaning [85], for instance, )2(D  usually links to the Debye temperature gained from 

the heat capacity data [83, 84]. 

 Based on the predicted local phonon density of states, it is easy to express the 

vibrational entropy and the specific heat at constant volume as [86] 

Equation 2.19   
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Equation 2.20   
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Hence, entropy stabilized structure could be discussed according to the obtained 

thermodynamic properties. 

 Since the Debye model could efficiently predict the lattice vibrational energy, it is 

expected to capture the lattice vibrational contribution to the free energy of the stacking 

faults and LPSOs.  In this model, the vibrational contribution to Helmholtz free energy 

can be expressed as [84] 

Equation 2.21
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where )/( TD D  is the Debye function given by  

Equation 2.22     
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The vibrational entropy can be wrote as  

Equation 2.23
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 In the present work, the supercell approach via the Yphon package [87-89] 

together with Vienna ab initio simulation package [90, 91] is used to predict the phonon 

frequencies of stacking faults and LPSOs in Mg.  The capability of Yphon package 

yielding accurate phonon frequencies has shown in the application of polar materials [87] 

and random alloys [89] since all of the interaction force constants between the atom 

within the supercell are included, as demonstrated by Parlinski et al [92].  As we know, 

the phonon frequencies can be calculated by soling the eigenvalue problems of the 

reciprocal dynamic matrix ( ijD
), shown as following  

Equation 2.24        
                          

where α and β are the Cartesian axes of either x, y or z;   the wave vector; l the phonon 

mode;        the corresponding normalized atomic displacement weighted by the square 

root of the atomic mass.  Within the supercell approach, the dynamic matrix ( ijD
(q)) is 

defined from the primitive unit cell of the ideal lattice, through the following Fourier 

transformation [87, 89, 92] 

Equation 2.25      
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where uj is atomic mass of the j
th

 atom in the primitive cell of the ideal lattice, P the index 

of the primitive unit cell of the ideal lattice in the supercell,    
  

 is the cumulative force 

constant between the atom positioned at R(P,j) and the atom positioned at R(P, k). R(P) 

the position of the P
th 

primitive unit cell in the phonon supercell.  N is the supercell size 

in terms of the number of primitive unit cell of the ideal lattice.  The procedure to 

calculate the phonon properties of Mg with stacking faults and LPSOs is as same as that 

used in the calculating of random alloy [89]. 

 

2.6. Models for Arrangement of Alloying Elements in Stacking Faults 

and LPSOs 

 The calculation of total energy of an alloy is one of the most important outputs in 

understanding its fundamental properties based on density functional theory.  Generating 

the crystal structure of the alloy is the key to produce the behavior of total energy 

affected by alloy elements, which cause the lattice distortions.  In the following, models 

for arrangement of alloying elements in stacking faults and LPSOs of Mg will be 

discussed, which could be applied in the multicomponent system with a high 

concentration of alloying elements.  Through choosing the specific model, segregation 

behavior of the alloying elements and their contributions on the formability and the 

electronic structures of stacking fault and LPSOs can be investigated efficiently in binary 

and multicomponents systems via first-principles calculations. 
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2.6.1. Reported models in the literature 

2.6.1.1. Axial next-nearest-neighbor Ising (ANNNI) model  

 Within the axial next-nearest-neighbor Ising (ANNNI) model, which is also called 

axial interaction model, the stacking fault energy of close packed structures, i.e., FCC and 

HCP, can be calculated by taking into account interactions between layers up to several 

(typical value is 2-3) nearest neighbors [93-96].  Through combining with density 

functional theory, quantitative prediction of stacking faults energy affect by alloy 

elements via this approach has been successfully applied in austenitic stainless steels 

[95], Fe-Mn alloys [97], Fe-C alloys [98] and Mg-Y alloys [96].  The main challenge is 

to setup a simple but accurate model to be able to gain the total energy of alloys. 

 It is worth to mention that under coherent potential approximation (CPA) [93, 99, 

100] (local lattice relaxation is not considered), random alloys can be investigated 

through the exact muffin-tin orbitals [101] since the total energy will be calculated based 

on the excellent smoothed average electron density of each alloy component within the 

spherical cell approximation [99].  Unfortunately, the coherent potential approximation 

cannot describe a structure with short range order and thus cannot be applied to study the 

effects of short range order on the electronic states of an alloy because of its single-site 

approximation [100]. 

 In the effective tetrahedron model [102], the total energy of an alloy may be 

expressed as a sum of smallest tetrahedron clusters, in which the local lattice relaxation 

caused by alloying element and structural defect in a specific configuration will be 
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considered.  The lattice distortions determined by the atomic size could occur and the 

energy of lattice relaxations can be quite large [102].  For instance, in binary A1-cBc alloy, 

the total energy via a tetrahedron model ( relE ) can be written in the form [102] 

Equation 2.26   
lkji

lkjirelrel ccccVE
,,,

),,,(
4

1
 

where relV  is the relaxation interaction which is a function of the occupation number 

lkjii c and c,c,c}{c   ( 1ci  if site i is occupied by a B atom; otherwise it is 0) for the 

corresponding tetrahedron vertices l andk,j,i, .  By using first-principles calculations, the 

volume interaction as a function of the volume relaxation energy of some special α 

structures can be calculated through 

Equation 2.27   )(})]({[}{ 0  EcEcV irelirel
 

where 
E is the total energy per atom of an ordered α structures associated with a given 

tetrahedron configuration }{ci
and 0 the volume of the unrelaxed tetrahedron.  The 

volume of the fully relaxed tetrahedron with configuration }{ci
embedded in the effective 

medium, })({ irel c , may be obtained from the corresponding bond lengths which from 

the tetrahedron sites and can be determined in a simple harmonic spring model.  

Considering the chain M-A-B-M, where M are the effective medium and their positions 

are assumed to be fixed, the position  of A and B atoms are allowed to relax according to 

the initial equilibrium bond length (
0

XYd ) and spring constants (
XYK ) for the individual 

pair of X and Y atoms (schematic image is shown in Figure 2.2).  In order to solve the 
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spring model for each pair of atoms, the equilibrium bond length and spring constants of 

the following bonds: A-A, A-B, B-B, M-M, M-A and M-B, should be estimated.  

Through the calculations of ground state of pure A, B and M, parameters for A-A, B-B 

and M-M bonds of binary A1-cBc alloy are obtained.  For the A-B bond, the simplest 

order structure AB is suggested to get 
0

XYd and
XYK , while Zen’s law (or Vegar’s law) is 

used to calculate 
0

XYd and
XYK of M-A and M-B bonds [102].  It is clearly shown that 

investigation of the interactions among different atoms is the key to calculate the total 

energy of a solid solution with short range order. 

 

 

Figure 2.2 Schematic picture of the harmonic spring model [102]: M are the effective 

medium and their positions are assumed to be fixed, while the position  of A and B atoms 

are allowed to relax according to the initial equilibrium bond length  and spring 

constants. 
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2.6.1.2. Special quasirandom structures (SQS) 

 Special quasirandom structures (SQS) of disordered solution phases have been 

successfully applied into fcc [103], bcc [104]and hcp [105]systems.  The essence of the 

SQS method is to use an ordered structure to mimic the properties of the corresponding 

disordered structure, which is as same as the cluster expansion method (CEM) [106].  

Through SQS approach, a given structure can be characterized by a set of correlation 

function [103, 107].  Therefore, it is suitable for first-principles calculations since limited 

numbers of ordered structures are applied instead of the disordered one.  Unfortunately, 

the application of SQS in the study of solute atoms segregated in short range order of 

stacking faults and LPSOs has not been tested.  The fundamental idea of the SQS 

approach, proposing a local structure model, will be used in the current work. 

2.6.1.3. Suzuki segregation 

 Since Suzuki [108] pointed out the importance of the chemical interaction 

between solute atoms and an extended dislocation in FCC alloys, the segregation of 

solute atoms to fault planes is known as Suzuki Segregation, which has been reported in 

various alloy systems, for example, Co-Ni-based alloys [109], Cu-based alloys [110, 

111], Al-Ag alloys, Fe-Ni-Cr stainless steels [112], Mg-Zn-Y alloys [113, 114].  While 

the segregation of solute atoms to the fault planes could reduce the elastic strain (lattice 

distortion), it would tend to decrease the repulsion between two Shockley partial 

dislocations and hence, for a given stacking fault energy, would decrease the equilibrium 

width of the fault [113].  In Mg alloy, it has been observed that the creep strength of Mg-
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Y solid solution alloy has been improved by the addition of Zn, which results in forming 

the basal plane stacking fault and decreasing of stacking fault energy [115].  Moreover, 

the study of dislocation dissociation and Suzuki segregation in Mg97Zn1Y2 alloy has 

confirmed that higher Zn/Y segregation in two and five fault planes associated to the <a> 

and <a+c> dislocation, separately [114].  Unfortunately, Suzuki segregations in the Mg 

alloys haven’t been systematically studies due to the essential models describing the 

arrangement of solute atoms is not available.  Therefore, segregation behavior of the 

alloying elements in Mg alloys should be studied.  

2.6.1.4. Local L12-type short range order (TM3RE4) in LPSO of Mg alloys 

 Recently, in the study of short range order of alloying elements in LPSOs of Mg 

alloys, a L12-type (TM3RE4) cluster has been proposed.  For example, it is assumed that 

the Zn6RE8 cluster embedded in fcc stacking layers of 18R LPSO in Mg85Y6Zn9 (at%) 

[116] and Mg89Y4Zn7 (at%) [117], shown in Figure 2.3.  Through applying this model 

into the study of Mg-Zn-Y alloys, it is predicted that the transformation between 18R and 

14H LPSO ( Gradual) (14HZnYMg  6Mg Gradual) (18R ZnYMg  34353429 
 
) is 

energetic favorable, in agreement with experimental observations [118].  It is clearly 

shown that the lattice distortion existing in the Zn6Y8 cluster of 18R LPSO of Mg alloy, 

shown as Figure 2.4 [119].  Although the local occupation behavior of alloying elements 

in 14H and 18R LPSOs could be effectively discussed by the L12-type (TM3RE4) cluster 

model, the essential condition for the application of this model is to assume the 

stoichiometric LPSO structures incorporate few extra TM3RE4 clusters, which results in 

the concentration of alloying elements in LPSOs is higher than that of in HCP stacking 
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layers [29], shown in Figure 2.5.  Moreover, the concentrations of Zn and Y in 14H and 

18R LPSO are fixed in the ratio of 3/4.  In fact, various compositions of Zn and Y in 

LPSO structures in Mg-Zn-Y alloys have been experimentally observed and cannot be 

considered to be ideal stoichiometric one in a fixed ratio, i.e. Mg100-xZn2±1Y4±2 [33], 

Mg87Zn3Y10 [120] for 6H, Mg87Zn7Y6 [32], Mg94Zn2Y4 [29], Mg86Zn7Y7 [121] for 14H, 

Mg91Zn3Y6 [32], Mg85Zn6Y9 [29], Mg84Zn8Y8 [121] and Mg100-xZn13.7±1Y7.5±1 [122] for 

18R.  Accordingly, more non-stoichimetric ZnmYn(Mg) clusters derived from Zn6Y8 have 

been proposed in the study of 14H and 18R LPSO structures [119].  Therefore, more 

works are required to reveal the segregation behavior of alloying elements in LPSOs and 

the stabilities of the microstructures generated by those models.  Particularly, segregation 

behavior of the alloying elements and their contributions on the formability and the 

electronic structures of 6H LPSOs have not been reported in Mg alloys. 
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Figure 2.3 Local structure around the Zn6RE8 cluster embedded in fcc stacking layers in 

the LPSO phases [29]; (a-c) initial configuration and (d-e) energetically optimized 

configuration.  Structures are shown: (a, d) schematic view; (b, e) 
hcp]0001[ projection; 

(c, f) hcp]0121[ projection. 
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Figure 2.4 Schematic sides (a, c, e) and top views (b, d, f) of unrelaxed Zn6Y8 (a, b), 

relaxed Zn6Y8 (c, d) and relaxed Zn6Y9 (a, b) clusters [119]. The unit of atomic distance 

is Å. 
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Figure 2.5. Schematic quasi-isothermal section of Mg-Zn-Y ternary phase diagram [29]. 

Experimentally determined compositions of Mg-Zn-Y LPSO phases annealed at 

temperatures of 573-793K are plotted together with the ideal stoichiometry compositions 

of the present LPSO models (red). 14H in Mg83Zn11Er6 is also plotted as no.9 for 

comparation.  
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2.6.1.5. Alloying elements arrangements in two layers around fault plane in Mg alloy 

 In Mg alloys, works on the microstructures of Mg-Zn and Mg-Zn-Gd alloys with 

deformation twins [38]and Mg-8Y-2Zn-0.6Zr (wt. %) with LPSOs [121, 123, 124] have 

shown that the ordered arrangement of Zn and RE atoms are around fault layers;  For 

example, Zhu et al. [124] observed the enrichment of Zn and Y atoms at two stacking 

fault layers of 14H LPSO through HAADF-STEM.  Correspondingly, they proposed that 

Zn and Y atoms are enriched at two stacking fault layers in ordered arrangements as 

Mg12YZn in 14H LPSO.  Similarly, the sharp change in the concentration of Zn and Y in 

6H LPSO of Mg97Zn1Y2 alloy has suggested that the enrichment occurs in one or two 

atomic layers [120], the measurement of which is by using 3D atomic probe analysis 

together with HRTEM image and agrees with previous observations by using energy-

dispersive spectroscopy [33].  However, the ordered arrangement of Zn and RE alloys in 

the fault layers isn’t well defined till now.  

 Recently, an unusual phenomenon in Mg alloys was reported, which is the 

equilibrium segregation of solute atoms into patterns within fully coherent terraces of 

deformation twin boundaries [38].  This ordered segregation provides a pinning effect for 

twin boundaries.  Microstructural examination of }2110{  twin boundaries in Mg98.1Zn1.9 

and Mg98.4Gd1.0Zn0.4Zr0.2 alloys present a periodic segregation of solute atoms in the twin 

boundaries, shown in Figure 2.6.  Theoretically investigations by first-principles 

calculations have shown that strain energy minimization induced periodic segregation of 

solute atoms in twin boundaries.  Two different types of Zn segregation in the Mg-Gd-Zn 
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alloy along the column direction in the }2110{ twin boundary have been proposed, shown 

in Figure 2.7.  Accordingly, with various Gd and Zn segregations in the boundary, the 

variation tendency of the system total energy can be efficiency estimated, revealing the 

contributions of solute atoms to the total energy and lattice strain energy.  Therefore, 

based on the TEM observation and first-principles calculations, the segregation behavior 

of solute atoms are expected to be understood through applying a model estimating their 

initial interactions.  Hence, this procedure will provide new insights into the relationship 

between structure and composition of the alloy. 
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Figure 2.6 Periodic segregation of solutes in twin boundary [38].  HAADF-STEM image showing }2110{  twin boundaries in (A 

and B) Mg98.1Zn1.9 and Mg98.4Gd1.0Zn0.4Zr0.2 alloys.  (E) and (F) are schematic illustrations of (B) and (D). 
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Figure 2.7 Schematic diagram showing two different types of Zn segregation in the Mg-

Gd-Zn alloy along the column direction in a }2110{ twin boundary. Note n (number of 

atoms in a single column) cannot reach infinity.  (B) and (C) all possible atomic 

structures for type I with n=4 [38].  
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2.6.2. Atomic array and atomic cluster models in this work 

 The common type of disordered solid is the substitutional alloy or solid solution, 

the structure of which can be captured by imaging a periodic array of points or lattice 

site.  Previously, the assumed Mg2Si2Al7 with Si2 pillars have been successfully applied 

in the study of nanoprecipitates hardening AlMgSi alloys, in which pillarlike silicon 

double columns are observed by atomic-resolution electron microscopy [125], shown in 

Figure 2.8.   

 In the present work, to deduce the ordered/disordered structure of alloying 

elements in LPSOs of Mg alloys, the atomic array and the atomic cluster models are 

generated by estimating whether the chemical bond between alloying elements form 

among alloying elements.  Our proposed two models are considering (i) Zn and Y atoms 

preferring to locate at two specific layer in LPSOs of Mg97Y2Zn1alloys has been observed 

by HRTEM and HAADF-STEM [23, 33, 121]; (ii) it has been assumed that a simple 

chemical ordering structure of Zn and Y forms by occupying every 


BA  layers in the 6H 

LPSO of Mg97Y2Zn1 alloy, in which the Zn and Y have a random distribution in one fault 

(A layer) and one non-fault layer (


B layer) [33, 126]; (iii) previous works on the 

microstructures of Mg-Zn and Mg-Zn-Gd alloys with deformation twins [38] and Mg-

8Y-2Zn-0.6Zr (wt. %) with LPSOs [121, 123] have shown that ordered arrangement of 

Zn and RE atoms around fault layers; (iv) it is conceivable that the elastic strain caused 

by the fault layers and alloying elements (Zn and Y) in our models will be reduced since 

the lattice parameter of Mg is larger than Zn but smaller than Y, resulting in the regions 
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adjacent to fault layers are expected to be rich in Zn and Y; and (v) the required number 

of configurations in our models is significantly reduced under the condition that there is 

no interaction between alloying elements if their distance is larger than 12 Å (the typical 

reported value in the literature [127-130]). 

 Thus, it is expected to be able to derive an efficient model calculating the total 

energy of a solid solution with short range order through investigating the interactions 

among different atoms, approach of which has been used in the tetrahedron model [102], 

solute atoms interacting in columns [38] shown in Figure 2.7 and atomic pillar model 

[125].  Finally, several essential physical parameters, which can be conveniently 

determined by experiments, would be provided; (i) lattice parameter of the given 

structure; (ii) global and local concentration of the alloying elements; (iii) crystal 

structure morphology based on HRTEM. 
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Figure 2.8 The structures of different hardening precipitates [125]. (A) The structures 

projected along Alc (= GPb ).  ( Alc ,, AlAl ba )  and (  c,, GPGPGP ba ) denote Al and precipitate 

lattice vectors, respectively.  The Al atoms in (Mg4Al1)Si6 are outlined with red circles.  

The Mg atoms outlined with red circles indicate the special position at which the Mg 

atoms have to be shift 2/GPb  to become Mg5Si6.  (B) The 3D view of Mg2Si2.6al6.4 and 

Mg5Si6 particles surrounded by Al, showing that the Si double columns are the common 

structural component of these precipitates and may serve as the stable pillar in the 

structure evolution.  More Si2 component (yellow ones) can be found in Mg5Si6 but they 

no longer act as pillars for Mg5Si6 to evolve.    
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Chapter 3  

Formation Energy, Electronic and Phonon Properties of 

Stacking Faults in Mg 

3.1. Introduction 

 Formation of stacking faults is an important deformation mechanism in materials 

with hcp structure such as Co, Hf, Mg, Ti, Zr and their alloys.  They affect core structures 

and mobility of dislocations [6, 7], twinnability and ductility[11, 12], and creep rate [14].  

There are three typical basal-plane stacking faults in hcp alloys, i.e. growth fault (I1,

CBCBBABA ), deformation fault (I2, ACACBABA  ), both intrinsic, and extrinsic fault 

(EF, BABACBABA  ).  Previous calculations for a range of hcp elements of Be, Co, Hf, 

Mg, Re, Ru, Sc, Ti, Y and Zr showed that the I1 stacking fault energy is considerably 

lower than the I2 stacking fault energy, with the latter lower than that of extrinsic fault 

[20-22, 131].  The fundamentals of this interesting observation have not been articulated 

and understood in the literature.  Due to their importance in deformation of hcp alloys, in 

this part of work, we determine the energies of the three basal-plane stacking faults of 

hcp Mg via first-principles calculations based on density functional theory (DFT) [57].  

Furthermore, we examine the details of charge transfer in the fault and non-fault atomic 

planes through electron localization morphology and quantitatively correlate the stacking 
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fault energy with respect to the number of atomic layers deformed due to the charge 

density redistribution.  The physical significance of this correlation is investigated in 

terms of the difference of the deformation charge density and electron localization 

function of the fault and non-fault atomic planes. 

 

3.2. Crystal Structures and Computational Details 

 

Figure 3.1. Crystallography structure of (a) growth fault – I1; (b) deformation fault – I2 

and (c) extrinsic fault – EF.  The corresponding closed packed sequence of each stacking 

fault is given a layer number (L#).  Lattice vectors of the primitive hcp Mg parallel to 

these of the orthorhombic supercell are labeled.  Fault layers are identified by the 

{001}//{0001} miller plane. 
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 In the present first-principles calculations, the orthorhombic supercell sizes of I1, 

I2, and extrinsic faults are caa 4324  , caa 4324   and caa 5.4324   with 

128, 128, and 144 atoms, respectively, where a and c are the theoretical lattice parameters 

of primitive hcp Mg [132].  The lattice vectors of the orthorhombic supercell are related 

to those of the hcp Mg as 1000101 , 0101021 , and 0010001 , shown as Figure 

3.1.   

 Calculations of electronic structures and stacking fault energy at 0 K are 

conducted by employing the Vienna ab initio simulation package [90, 91] with the 

generalized gradient approximation [133] for the exchange correlation functional and the 

projector augmented wave [134] for the electron-ion interaction.  The wave functions are 

sampled on Г-centered mesh of 5×5×3.  The plane wave cutoff energy is set as 300 eV, 

i.e. 1.4 times the default energy cutoff for high accuracy calculations, and the energy 

convergence criterion of electronic self-consistency is 10
-6

 eV/atom.  While the structures 

are fully relaxed by the Methfessel-Paxton technique [135], the final total energy 

calculations are performed by the tetrahedron method incorporating Blӧchl correction 

[136].  The isosurface and the contour plots of the charge density are generated using 

VESTA. [65, 66] 

 The stacking fault energy, , is defined as,  

Equation 3.1    )(
1

Bulksf EE
A
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where Esf and EBulk are the total energies of supercells with and without stacking fault, 

respectively, and A is the total stacking fault area.  It should be pointed out that there are 

two fault planes in the I1 and I2 supercells, while only one in the supercell containing the 

extrinsic fault.   

3.3. Results and Discussions 

3.3.1. Stacking fault energy 

The calculated stacking fault energies are summarized in Table 3.1 together with 

the available experimental measurements and theoretical predictions in the literature.  

Even though both experimental and calculated data are rather scattered, it is clearly 

shown that the values of stacking fault energies are in the order of EFII   21 . 

 

Table 3.1. Stacking fault energy of growth, deformation and extrinsic faults at 0 K 

Stacking fault energy 

mJ/m
2
 

This work Other theoretical works Experiment 

Growth fault (I1) 14.4 
8.1~17.8

a
, 11

b
, 18

c e
, 

16
h
, 27

d
, 22

d
, 15

d
 

78 [8] 

50 [137] Deformation fault (I2) 
48.2 

 

38.3
a
, 33.8

c
, 23

b
, 33

e
, 

34
h
, 54

d
, 44

d
, 30

d 
,36

i
 

Extrinsic fault (EF) 99.3 80.6
g
, 52.6

c
, 36

b
, 140

f
, 59

h
 

a
 Wang et al., first-principles calculation with GGA [20] 

b
 Chetty et al., first-principles calculation with LDA [6] 

c
 Fan et al., first-principles calculation with GGA [138] 

d  
Han et al., molecular dynamic (MD) calculation with EMA and MEAM [139] 

e
 Han et al., first-principles calculation [139] 

f
 Wang et al., first-principles calculation with GGA [140] 

g
 Datta et al., first-principles calculation with LDA [2]  

h
 Wen et al., first-principles calculation with GGA [18]  
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3.3.2. Electronic structure characterization by Δρ and ELF 

Figure 3.2 shows the comparation of deformation electron density between non-

fault planes in an extrinsic fault and these in a perfect Mg together with the result of 

previous theoretical work by Blaha et al. [141].  It can be seen that the electronic 

structure of the non-fault planes in an extrinsic fault match well with a perfect Mg, which 

is a rod-shaped directional bond along ]0001[  direction. 

 

 

Figure 3.2. The comparation of deformation electron density between non-fault planes in 

an extrinsic fault and these in a perfect Mg together with the previous theoretical work by 

Blaha et al. [141]. 

 

 Figure 3.3 shows the contours of Δρ in (010).  The triangle-shaped directional 

bonds are observed within fault planes (L4 for I1, L3 and L4 for I2, and L4, L5, and L6 
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for extrinsic fault) in contrast to the rod-shaped directional bonds within non-fault planes.  

The electron re-distribution ranges in Figure 3.3 increase from I1, I2, to extrinsic fault.  It 

can be expected that the relative shear deformation range and stacking fault energy would 

increase in the same order [63].  Moreover, it is necessary to point out that the rod-shaped 

directional bonds within non-fault planes of each stacking fault transfer into tetrahedron 

type directional bonds in fault planes.  

 

 

Figure 3.3. (010)s.c. plane contour plots of Δρ of Mg (a) I1; (b) I2 and (c) EF with 0.0005 

e
-
/Å

3
 intervals, generated using VESTA [65, 66] with red for Δρ>0 and blue for Δρ<0. 

 

 The contours of Δρ in (001) are plotted in Figure 3.4 along with ELF.  In non-

fault planes, the charge distributions in the Mg atomic basin and between Mg atoms are 

triangle-shaped, while in fault planes they are spherical and hexagonal, respectively.  The 
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significant lower Δρ in fault planes depicts considerable re-distribution of electrons in the 

planes, increasing the energy of the system.  In Figure 3.4, ELF is plotted with the same 

color scheme with red for ELFmax0.60~0.70 and blue for ELFmin~0, showing similar 

morphology variation as Δρ with lower values in fault planes with respect to non-fault 

planes. 

 

 

Figure 3.4. (001)s.c. plane contour plots of Δρ and ELF of Mg (a) I1; (b) I2 and (c) EF 

generated using VESTA [65, 66].  The same setting used in Figure 3.3 is also applied 

here when plotting Δρ.  ELF is plotted with 0.05 intervals and red for 0.60<ELF <0.70 

and blue for ELF~ 0. 
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Figure 3.5. Isosurface of maximum deformation charge density, Δρmax, in (100) plane 

view, (a) I1 with Δρmax=0.0037 e
-
/Å

3
; (b) I2 with Δρmax=0.0036 e

-
/Å

3 
and (c) EF with 

Δρmax=0.0036 e
-
/Å

3
.  The lattice vectors of the primitive hcp Mg parallel to these of the 

orthorhombic supercell are labeled.  Plots are generated using VESTA in the Positive and 

Negative mode [65, 66].  The fault planes are layer L4 for I1, layers L3 and L4 for I2, 

and layers L4, L5, L6 for extrinsic faults.  Stacking features across fault layers and non-

fault layers are highlighted by rectangle 

 

 Figure 3.5 plots the isosurface of the maximum value of deformation electron 

density, Δρmax, for the three types of stacking faults in (100) plane view.  Using the 

Positive and Negative mode in VESTA [65, 66], Δρmax is found to be 0.0037, 0.0036 and 

0.0036 e
-
/Å

3 
for I1, I2, and extrinsic faults, respectively.  It is self evident that the shape 

of the Δρmax isosurface in the fault planes is different from that in the non-fault planes.  

Furthermore, it can be seen that the number of atomic layers with altered charge density 
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is dependent on the stacking fault type, which is one layer (L4) for I1, two layers (L3, L4) 

for I2, and three layers (L4, L5, L6) for the extrinsic fault, evident from the shapes of 

Δρmax isosurface.  This indicates that the extent of electron re-distribution is the largest 

for the extrinsic fault and the smallest for the I1 fault with the I2 in between.  Since the 

charge density is a scalar field, the change in electron distribution field results in 

directional bonds [63] and correlates to the stacking faults’ formation energy. [64]  It is 

further observed that the electron re-distribution occurs in the layers with their two 

neighboring layers being different, i.e. the L3 and L5 layers are different, resulting in the 

electron re-distribution in the L4 layer in Figure 3.5(a), while in Figure 3.5(b) the L2 and 

L4 layers are also different resulting in the electron re-distribution in both L3 and L4 

layers.  For the extrinsic fault in Figure 3.5(c), the different layers of L3/L5, L4/L6, and 

L5/L7 re-distribute the electrons in L4, L5, and L6 layers, respectively. 

 

Figure 3.6. The electron density isosurface of I1 in different levels. B-G-R (Blue-Golden-

Red) section plots are also used. The points in red are the charge distribution region with 

Δρ>0 , while the points in blue are the charge distribution  region with Δρ<0. 
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 Through the electron tomography, the electronic structure of a specific structure 

could be present clearly.  For instance, Figure 3.6 plots the electron density isosurface of 

I1 in different levels.  By setting Δρ=0, section plots are present, which are as same as 

those shown in Figure 3.3 and Figure 3.4.  By setting Δρ>0 together with the color scale 

of B-G-R (Blue-Golden-Red), the points in red are the electron distribution region, while 

the points in blue are the charge distribution  region with Δρ<0.   

  

 

Figure 3.7. Electron structure of HCP- Mg and FCC-Al, (a) 0.5Δρmax isosurface of HCP-

Mg investigated by first-principles calculations and (b) the (110) plane contour plots of 

Δρ and the 0.5 Δρmax isosurface of FCC-Al investigated by quantitative convergent-

beam electron diffraction (QCBED) and first-principles calculation via Wien2K [61].   
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 Figure 3.8 presents the 0.5Δρmax charge density isosurface of the investigated 

stacking faults.  At this level, variation of the chemical bond structure from non-fault 

layer to fault layer is revealed clearly.  It is observed that the bond structures of fault 

layers in I1, I2 and EF are identical, which are the rod-shaped in non-fault layers 

transferred into tetrahedron-shaped in fault layers.  It can be seen that the tetrahedron-

shaped directional bonds are characteristics of the fcc structure such as Al [61], shown as 

Figure 3.7(b).  Based on the information presented in Figure 3.7 and Figure 3.8, it should 

be emphasized that the electron localization morphology in this work clearly reveals that 

the FCC building block across the fault layers, i.e. CBBA


, ACBA


and 


ACBA , are 

made up of I1, I2 and EF.  It is interesting to note that the stacking fault energies are 

proportional to the number of fault layers. 

 

Figure 3.8. The 0.5Δρmax charge density isosurface of the investigated stacking faults. 

The rod like directional bonds in regular planes transform into tetrahedrons due to the 

formation of fault planes. 
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3.3.3. Simulated HRTEM images of stacking faults 

As mentioned in the methodology part,  HRTEM images are analyzed on the 

independent atom model (IAM) [61, 69] or the procrystal model [142] or the electron 

density from DFT with a correction in term of charge density difference [71].  Moreover, 

the intensity difference between electron densities from DFT and IAM is sensitive to the 

structure defect and the impurity (even lightweight element) [69].  The simulated 

HRTEM images in this work are obtained through the projection of the calculated 

deformation charge density (Δρ) using the procedure described in Ref. [69].  The 

comparation of electron density profiles along different lines in I1, I2 and EF are shown 

as Figure 3.9, Figure 3.10 and Figure 3.11, separately.  It has confirmed that the 

difference of electron density between DFT and IAM is sensitive to the structure defects 

and could be improved, which is similar to that in nitrogen substituted graphene, shown 

as Figure 2.1(b) [69].  For example, through the comparation of electron density profiles 

in I1, the electron redistribution range caused by the fault layers can be identified since 

the significant change occurs in the line profile of Δρ, shown as the line 1 in Figure 3.9.  

Moreover, the pattern of the Δρ of two fault layers (L6 and L7; L11 and L12) in I2 can be 

recognized directly through investigating the line profile of Δρ, shown as Figure 3.10.  

Since there are 3 fault layers (L4, L5 and L6) in EF, a line capturing the total effect zone 

due to the existence of those layers should be selected.  As shown in the profile of line 2 

in Figure 3.11, the pattern of only two fault layers (L4 and L5) can be observed.  On the 

contrary, the specific patterns of fault layers in EF are displayed clearly in the profile of 

line 1 in Figure 3.11.  
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 Figure 3.12 shows the simulated (100) HRTEM images of the stacking faults in I1 

(a), I2 (b) and EF (c).  Fault and non-fault layers are labeled in red and blue letters, 

respectively.  Stacking features across fault and non-fault layers are highlighted by 

rectangle.  The stacking sequences of I1, I2 and EF can be wrote as CBA


, ACBA


 and 



ACBA  across the fault layers, forming basic unites of rectangles with 3, 4 and 5 atomic 

layers, respectively, as the same as those shown in Figure 3.4.  According to the 

electronic structures and HRTEM patterns of those stacking faults, the physical nature of 

the long periodic stacking order structure could be revealed thoroughly in the next 

chapter. 
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Figure 3.9. Comparation of electron density profiles along different lines in I1.  Fault layers are labeled with letters in red. 
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Figure 3.10. Comparation of electron density profiles between IAM and DFT in I2.  Fault layers are labeled with letters in red. 
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Figure 3.11 Comparation of electron density profiles along different lines in EF.  Fault layers are labeled with letters in red. 
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Figure 3.12. Simulated (100) HRTEM images of the stacking faults in I1 (a), I2 (b) and EF (c).  Fault and non-fault layer are 

labeled with letters in red and blue, respectively.  Stacking features across fault and non-fault layers are highlighted by the 

rectangle.
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3.3.4. Correlation between stacking fault energy and deformation electron density 

 To quantify the electron re-distribution, the differences in Δρmax and ELFmax 

between the fault and non-fault planes, d(Δρmax) and d(ELFmax), are investigated.  As 

noted above, there are one, two, and three fault planes for I1, I2, and extrinsic faults, 

respectively.  d(Δρmax) thus represents the total amount of electrons redistributed due to 

the stacking fault formation, while d(ELFmax) indicates the disparity of their electron 

kinetic energies.  It can then be postulated that the larger the d(Δρmax), the more electrons 

are displaced by the stacking fault, resulting in higher stacking fault energy.  By the same 

token, the larger the d(ELFmax) the higher the stacking fault energy.  Based on the current 

results plotted in Figure 3.13, one can see that stacking fault energy of Mg is proportional 

to  2max )( d  and |d(ELFmax)|, respectively, i.e.  2max )(   dA  and )( maxELFdB

.  The different proportionality is likely related to the approximate dependence of ELF on 

ρ
2
 implicated in Figure 3.13(b). 

 Through quantitative comparison of bonding properties (ELF and Δρ) between 

different stacking faults in Mg, the physical nature of the stacking fault energy can be 

considered as the total work done to the system adiabatically, which induces the 

redistribution of charge and results of the transformation of bond morphology from rods 

to tetrahedrons (as shown in Figure 3.7 and Figure 3.8).  According to energy 

conservation, the required work for transporting the charge from the initial state of 

perfect crystal to the final state of the stacking fault can be expressed as the integration of 

the Coulomb force on the each electron and its displacement.  Since the Coulomb force (
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CoulombF ) is proportional to the charge distribution of the atoms (q1) and the bonding 

charge distribution (q2), the value of Young’s modulus (E) has been manifested as 

equivalent to the charges as 21qqFE Coulomb  [61].  Correspondingly, elastic energy of 

the lattice strain can be expressed as a function of ρ
2
, which is the integration of the 

lattice stress-strain curve during the elastic deformation.  Therefore, the aforementioned 

correlation between stacking fault energy and ρ
2
 shown as Figure 3.13(a) can be 

understood in terms of the total work.  
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Figure 3.13. Correlation of stacking fault energy with deformation charge density and 

electron localization function, displaying that the stacking fault energy is proportional to 

the square of the difference of deformation charge density. 
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3.3.5. Phonon properties and vibrational entropy of stacking faults 

 Phonon dispersion curve of Mg at the equilibrium volume comparing with the 

available experimental data [143, 144] is shown as Figure 3.14.  A good agreement 

between the current theoretical calculation and the inelastic-neutron-scattering 

measurement indicates the accurate calculations of the force constants and the reliability 

of the current approach.  Thus, same parameters in the first-principles calculations are 

applied in the study of local phonon density of states (LPDOS) of the atoms occupying 

positions in fault layers.   

 Respecting to the contribution of thermal electron, phonon play the dominate role 

to contribute the thermodynamic properties at finite temperature [80, 145].  Since the 

entropy is proportional to the logarithmic moment of phonon DOS (Equation 2.19), the 

Helmholtz energy could be reduced with the contributions of atomic layers with higher 

entropy.  Previous studies have shown that high entropy stabilization the ordered 

structure in Zn4Sb3 [146] and Ni3Pt [145].  In particular, the higher value of phonon DOS 

in the low frequency region dominates the reduction of Helmholtz energy of Ni3Pt, which 

also results in the higher entropy [145].  More interestingly, based on the analysis of 

LPDOS of Σ5(310) grain boundaries in Al, it has suggested that the atomic vibrations of 

the atoms around the boundaries are different from those far away in the bulk, which 

could generally strengthen the resonant mode at low frequency and weaken the mode at 

high frequency [147].  Similarly, with the formation of Σ5(310) grain boundary in Cu, the 

most striking feature is the increase of the LPDOS at low frequency and its decrease at 

high frequency.  This displacement towards to the low frequency is due to the large free 
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volume [86].  It is worth to mention that the strange peaks are also observed at high 

frequency region in the LPDOS curve of Σ5 grain boundaries in both Al and Cu [86, 

147].  Therefore, it is essential to study the contributions of fault layers on the phonon 

density of states and vibrational energies of Mg at finite temperature. 

 Comparing with the total phonon DOS of Mg, it can be seen that the frequency of 

the phonon peaks (  > 7 THz) of stacking faults has shift to the right part with a high 

frequency mode, shown in Figure 3.15.  In fact, the displacement toward to the high 

frequency region has been captured when investigating the LPDOS of Σ5(310) grain 

boundaries in Al ( max  increases from 10 THz of the bulk to 11 THz of the boundary), 

crystal structure of which doesn’t contain the coincident site lattice at the interface [147].  

This displacement toward to the high frequency region may be caused by the tensile 

strain around the fault layers for existing more free volume.  Besides deformation fault 

(I2), there is no change in the peak position of low frequency mode ( < 4 THz) for 

growth fault (I1) and extrinsic fault (EF), comparing to that of perfect Mg.  Moreover, no 

significant change in width is observed.  

 According to Equation 2.24 and Equation 2.25, it can be seen that the force 

constant is the key to obtain the phonon frequency.  In order to understand the 

contribution of fault layers to the shift of phonon mode and the vibrational entropy, it is 

essential to show the force constant variation associated with the faults.  Variations in 

force constants as a function of bond length between atoms up to 8 Å of growth fault; 

deformation fault and extrinsic fault are shown in Figure 3.16.  The stretching and 

bending force constants are calculated through the Spring model [89, 92, 102].  Here, the 
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stretching force constant is derived by the projection of a force constant tensor into the 

direction joining the two atoms in focus.  The bending force constant is derived by an 

average over the two projected force constant whose directions are perpendicular to the 

stretching direction.  With the formation of fault layers in the HCP lattice, the bond 

length and the stretching force constant corresponding to the first nearest neighbor 

display a significant change, shown in Figure 3.16.  Therefore, it can be concluded that 

the displacement of the phonon DOS towards high frequency mode of stacking faults is 

caused by the reduced bond length while the change of low frequency mode is due to the 

elongated bond length.  Moreover, the interactions between fault-fault, fault-non-fault, 

non-fault-non-fault layers have been revealed distinctly in the format of bond length 

splitting of the first nearest neighbor, shown in Figure 3.16.  More interestingly, the 

reduction of stretching force constant at higher bond length of the first nearest neighbor 

indicates the increase of vibrational entropy.  Because introducing configurational 

disorder in an ordering system should increase the vibration entropy since the process 

reduces the number of stiff bonds and increase the number of soft bonds [148].  In the 

following, vibrational entropy of each atomic layer in stacking faults is discussed based 

on its local phonon density of states. 

 Figure 3.17 shows the LPDOS of the atoms in each layer of I1 together with their 

bond structure characterized by the 0.5Δρmax charge density isosurface.  It can be seen 

that the atoms occupying the first nearest neighbor layer of a fault layer, such as L1, L3, 

L5 and L7, play the important role yielding the excess frequency mode at   = 7.25 THz.  

For example, values of LPDOS of atoms in L5 and L7 are higher than the others, lines of 
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which are labeled with solid lines in blue and pink in Figure 3.17(a).  The value of 

phonon DOS of fault layers (L4 and L8) in the low frequency and middle frequency 

regions are higher than that of non-fault layer.  Moreover, LPDOS of the first nearest 

neighbor layers of the fault layers (L3 and L7) shows a shift towards the low frequency 

region.  Based on Equation 2.16, Equation 2.19 and Equation 2.20, vibrational 

contributions to Helmholtz energy, entropy and specific heat at constant volume of each 

atomic layer in growth fault are gained, shown in Figure 3.18.  It can be seen that the 

fault layers (L8) together with its near neighbor could stabilized the growth fault at high 

temperature since their entropy and specific heat are higher while the Helmholtz energy 

are lower, consisting with the displacement of LPDOS towards the low frequency region. 

 Similarly, LPDOS of the atoms in each layer of I2 and EF together with their 

bond structure characterized by the 0.5Δρmax charge density isosurface are presented in 

Figure 3.19 and Figure 3.21, separately.  It can be seen that the low frequency mode of 

atoms in fault layers (L6, L7, L11 and L12 in I2; L4, L5 and L6 in EF) are dominate.  For 

example, the LPDOS peak of L6 in I2 and L4 in EF at   = 3.75 THz are larger than 

those in the non-fault layers, shown in Figure 3.19(a) and Figure 3.21(a).  On the 

contrary, their peak at   = 7.5 THz are smaller than those in the non-fault layers.  It is 

necessary to point out that the LPDOS of L5 in EF is different with those of L4 and L6 at 

  = 4.5 THz.  This is caused by the difference of their interactions with first nearest 

neighbor, matching well with their bond structures shown in Figure 3.21(b).  

Correspondingly, fault layers (L6, L7 and L11) could stabilized the deformation fault at 

high temperature since their entropy and specific heat are higher while the Helmholtz 
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energy are lower, shown in Figure 3.20.  However, non-fault layers far away from the 

fault layer (L1 and L9) in extrinsic fault seem to play the significant role to make the 

structure stable at high temperature since their LPDOS value at high frequency are 

dominate and larger than fault layers, which is caused by the shorter bond length or 

compressive strain in these atomic layers.   

 Since the Debye model could efficiently predict the lattice vibrational energy, it is 

expected to capture the lattice vibrational contribution to the free energy of the stacking 

faults and LPSOs.  Hence, Debye temperature (
D ) is proposed to be a validate 

parameter quantitatively identifying the contributions of fault layers to the vibrational 

energies.  Table 3.2 summarizes the predicted Debye temperature of the atom in each 

layer of stacking faults of Mg.  It can be seen that 
D  is sensitive to the density of the 

structure defects.  Moreover, 
D  of fault layers and its nearest neighbors layers are 

usually smaller than that of non-fault layer.  Similarly, each individual atom in the 

Σ5(310) grain boundary of Al vibrates with a very different spectrum resulting in the 

difference of 
D  [147].  Unfortunately, it is difficult to use 

D together with Debye 

model (shown as Equation 2.21 and Equation 2.23) to qualitatively characterize 

contributions of fault layer to the vibrational energies in the local structure/property 

analysis. 
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Figure 3.14. Phonon dispersion curve of Mg at the equilibrium volume comparing with the inelastic-neutron-scattering 

measurement at 290 K [143, 144].  

 



64 

 

 

 

 

Figure 3.15. Effect of fault layers on the phonon density of states of Mg in comparison 

with the available experimental data (labeled with dash line and a sphere symbol) [143, 

144].   
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Figure 3.16. Variation in force constants as a function of bond length between atoms up 

to 8 Å, (a) growth fault; (b) deformation fault and (c) extrinsic fault.  Bond length 

splitting of the first nearest neighbor shown in the insert image presents the interactions 

between fault-fault, fault-non-fault and non-fault-non-fault layers. 
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Figure 3.17. Local phonon density of states (LPDOS) of atoms in each layer of I1 

together with their bond structure, (a) LPDOS curve and (b) the 0.5Δρmax charge density 

isosurface plotted in prismatic plane.   



67 

 

 

Figure 3.18. Vibrational contributions to Helmholtz energy (a), specific heat at constant 

volume (b) and entropy (b) of each atomic layer in growth fault. 
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Figure 3.19. Local phonon density of states (LPDOS) of atoms in each layer of I2 

together with their bond structure, (a) LPDOS curve and (b) the 0.5Δρmax charge density 

isosurface plotted in prismatic plane.   
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Figure 3.20. Vibrational contributions to Helmholtz energy (a), specific heat at constant 

volume (b) and entropy (b) of each atomic layer in deformation fault.  
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Figure 3.21. Local phonon density of states (LPDOS) of atoms in each layer of EF 

together with their bond structure, (a) LPDOS curve and (b) the 0.5Δρmax charge density 

isosurface plotted in prismatic plane. 
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Figure 3.22. Vibrational contributions to Helmholtz energy (a), specific heat at constant 

volume (b) and entropy (b) of each atomic layer in extrinsic fault. 
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Table 3.2. Debye temperature (
D ) of the atom in each layer of stacking faults of Mg.  

The second moment of phonon DOS is used to derive the 
D  in this work. 

Atomic Layer 
I1 I2 EF 

D  (K) Note D  (K) Note D  (K) Note 

SFs 

L1 327.9  326.6  337.2 SHigh 

L2 333.8  341.1 SHigh 334.6 SHigh 
L3 328.0  344.3  330.1  
L4 330.9 SHigh 344.9  323.4  
L5 330.9  341.6  320.4  
L6 330.9 SHigh 335.1 SHigh 323.4  
L7 329.6 SHigh 335.1 SHigh 330.1  
L8 329.6  341.6  334.6 SHigh 
L9   344.9  334.6 SHigh 

L10   344.3    
L11   341.1 SHigh   
L12   326.6    
Total 330.2  339.3  330.3  

Bulk 321.5 
323a, 325b, 320c 

 

Note: SHigh: the atomic layers with high vibrational entropy at high temperature 
a.
 Zhang, et al., derived from the second moment of phonon DOS. [83] 

b. 
Seitz F. and Trunbull D. Solid. State. Physics. New York: Academic Press;1964 (Exp.) 

c.
 Dederch ,et al., Metals: Phonon states, electron states and Fermi surfaces. Berlin: 

Springer-Verlag: 1981 (Exp.) 
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3.4. Conclusion 

In this chapter, three typical basal-plane stacking faults of pure Mg, i.e. growth 

fault (I1), deformation fault (I2) and extrinsic fault (EF), are investigated, showing that 

the stacking fault energy of I1 is considerably lower than the I2 stacking fault energy, 

with the latter even smaller than that of external fault.  Moreover, through the electron 

localization morphology, electronic structures of these three stacking faults are revealed 

in terms of deformation electron density (Δρ) and electron localization function (ELF).  

These results yield a quantitative description of charge transfer between atoms in and out 

of the stacking faults.  We also obtain a brief physical correlation between stacking fault 

energy and the difference of Δρ and ELF between fault and the regular planes.  

Furthermore, through detailed investigations of deformation electron density, we show 

that the variation of the chemical bond structure from non-fault layer to fault layer is 

revealed clearly.  It is observed that the bond structures of fault layers in I1, I2 and EF are 

identical, which are the rod-shaped in non-fault layers transferred into tetrahedron-shaped 

in fault layers.  The simulated images of high resolution transmission electron 

microscopy compare well with experimental observed ones.   

 In the end, effects of fault layers on the local phonon density of states, vibrational 

free energies and Debye temperatures are discussed together with their specific electronic 

structures.  It can be seen that the frequency of the phonon peaks (υ > 7 THz) of stacking 

faults has shift to the right part with a high frequency mode.  Besides deformation fault 

(I2), there is no change in the low frequency mode (υ < 4 THz) for growth fault (I1) and 

extrinsic fault (EF), comparing to that of perfect Mg.  With the formation of fault layers 
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in the HCP lattice, the bond length and the stretching force constant corresponding to the 

first nearest neighbor display a significant change, shown.  Therefore, it can be concluded 

that the displacement of the phonon DOS towards high frequency mode of stacking faults 

is caused by the reduced bond length while the change of low frequency mode is due to 

the elongated bond length.  More interestingly, the reduction of stretching force constant 

at higher bond length of the first nearest neighbor indicates the increase of vibrational 

entropy.  Moreover, Debye temperature (
D ) is proposed to be a validate parameter 

quantitatively identifying the contributions of fault layers to the vibrational energies.  It 

can be seen that 
D  is sensitive to the density of the structure defects.  Furthermore, 

D  

of fault layers and its nearest neighbors layers are usually smaller than that of non-fault 

layer.  Unfortunately, it is difficult to use 
D together with Debye model to qualitatively 

characterize contributions of fault layer to the vibrational energies in the local 

structure/property analysis.   
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Chapter 4  

Effect of Alloying Element (X) on the Formation Energy and 

Electronic Structures of Stacking Faults in Binary Mg-X 

Alloys 

5.1. Introduction 

 According to the abbreviations in the standard of American Society for Testing 

and Materials (ASTM), shown in Figure 4.1(a), alloying elements labeled with the 

background in blue are commonly applied in the development of Mg alloys.  Figure 

4.1(b) shows the selected alloying elements in the present work.  Contributions of 

alloying elements on the formation energy, electronic and elastic properties of stacking 

faults (SFs) and LPSOs in Mg alloys will be discussed in this chapter.  It is worth to 

mention that based on the physical properties of alloying elements, i.e. lattice parameter, 

solubility, valence, and so on, their functions in solid solution of Mg will be different 

[106, 149], briefly summarized as following 

 Al, Mn, Zn and Zr  

The most widely used alloys in Mg are AZ (Mg-Al-Zn) and AM (Mg-Al-Mn) 

series.  Figure 4.2 displays the mechanical properties of classical Mg alloys at room 
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temperature and 300K.  It can be seen that elements of Al (A), Mn (M), Zn (Z )and Zr 

(K) are necessary alloying elements in high strength Mg alloys.  For example, Al could 

improve the castability of Mg alloys and decrease the corrosion resistance until ~8 wt %.  

If Al content excesses 6 wt %, Mg alloys could be heat treated.  However, if the Al 

content is over 8 at %, the corrosion resistance will suffer a reversal behavior.  Similarly, 

Zn will also improve the fluidity of Mg, making it castable.  Together with Al, they will 

increase the strength without reducing the ductility of Mg alloys.  Moreover, 

incorporating to Mg alloy with Ni and Fe impurities, the corrosion resistance could be 

enhanced.  The addition of Mn improves the saltwater corrosion resistance of Mg-Al and 

Mg-Al-Zn alloys.  Since the solubility of Mn (M) in Mg is low, it is usually incorporated 

with other alloys elements like Al.  On the contrary, Zr can be used together with Al and 

Mn because of the stable compounds with these elements could form.  If Zr incorporated 

into Mg alloys containing Zn, Th or RE, Zr can function as an excellent grain refiner.    

 Rare earth metals (RE) 

RE are added to increase the high temperature strength, creep resistance and 

corrosion resistance of Mg.  They can modify the microstructure feature and improve the 

oxidation resistance too.  Their presence also assists in reducing the freezing range of Mg 

alloys, resulting in less casting porosity and weld crack.  Since it is costive when alloying 

with RE, these alloys (i.e., EK, WE, ZE series) will be mainly used for aerospace 

applications. 

 Li, Na, K, Ca, Sr 
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 In the development of superlight Mg alloys, these alloying elements including Li, 

Na, K, Ca and Sr are attracting attentions.  Li with a relatively high solid solubility in Mg 

and smaller density than Mg, its addition will leads to decrease the density and strength 

but increases the ductility.  Ca can serve as grain refiner, improving the creep resistance, 

corrosion resistance, thermal and mechanical properties of Mg alloys.  Its presence also 

results in better rollability of Mg sheet.  However, the sheet will be prone to cracks 

during welding if its content excesses 0.3 wt %.  Sr is normally added to Mg together 

with other major alloying elements to enhance the creep resistance of Mg alloys but no 

significant impact on yield and ultimate tensile strength has been observed yet.  Na and K 

are rare alloying into Mg alloys and not recommended for use in commercial alloys since 

the storage as a raw material poses some safety problems.  In order to investigating their 

effect on the bond strength of Mg as unfavorable element, it is also considered in the 

present work.  

 Fe, Ni, Cu 

Fe, Ni and Cu are unfavorable alloying elements in Mg.  For example, the 

corrosion resistance of Mg alloys will be decreased only with 0.005 wt % Fe.  Since the 

solid solubility of Cu and Ni are limited in Mg, both of them could form Mg2X 

intermetallics, resulting in improving the strength at room temperature but decreasing the 

ductility. 

Si, Sn  
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 Si could improve the fluidity of molten alloys thus to enhance the castability.  Sn 

together with Al in Mg improves the ductility and assists in reducing the cracking 

tendency during forging. 

Theoretical investigations of stacking fault energies of some binary Mg-X alloys 

have recently been reported in the literature [150-153] along with contour plots of 

electron density in 2D and electron density isosurface figures in 3D [2, 138, 139, 154, 

155].  However, the detailed chemical bond structures of the fault and non-fault layers 

and the contributions of alloying elements on the electronic structure of Mg with stacking 

faults have not been reported in the literature.  In the present work, the effects of major 

alloying elements on the energies and bond structures of I1, I2, and EF of Mg-X alloys 

are systematically investigated through first-principles calculations.  Moreover, based on 

their usage in advanced Mg alloys, the following alloying elements are included in the 

present study, i.e. Al, Ca, Cu, Fe, K, La, Li, Mn, Na, Nd, Pr, Si, Sn, Sr, Y, Zn and Zr. 
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Figure 4.1. Periodic table of the element, (a) classical alloying elements applied in Mg 

alloys with an ASTM abbreviation and (b) the mentioned element in the current work on 

stacking faults. 
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Figure 4.2. Mechanical properties of classical Mg alloys at room temperature and 300K, (a) the tensile strength and (b) the yield 

strength. 
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5.2. Crystal Structures and Computational Details 

In the present first-principles calculations, the orthorhombic supercell of I1, I2 

and extrinsic faults are               ,               and                  

with 128, 128, and 144 atoms, respectively, where a’ and c’ are the lattice parameters of 

primitive hcp Mg [132].  In Figure 4.3, the lattice vectors a, b and c are parallel to the 

directions of         ,        , and        of hcp Mg, respectively.. 

 

Figure 4.3. Schematic structure of the Mg-X alloys with different stacking faults (shown 

as (0001) miller plane), (a) growth fault - I1; (b) deformation fault – I2 and (c) extrinsic 

fault - EF.  The atoms in different stacking layers are in various color and size, especially 

for the alloying elements.  The concentrations of the alloying element in fault planes are 

6.25 at%.  

Calculations of stacking fault energy at 0 K are conducted by employing the 

Vienna ab initio simulation package (VASP) [90, 91] with the generalized gradient 

approximation (GGA) [133] for the exchange-correction functional and the projector 
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augmented wave (PAW) [134] for the electron-ion interaction.  The wave functions are 

sampled on the Г-centered mesh structures generated automatically with same scaling 

length l=60 for stacking faults and l=40 for LPSOs, respectively.  The plane wave cutoff 

energy is set as 1.4 times of the default energy cutoff (ENCUT=300 eV) and the energy 

convergence criterion of electronic self-consistency is 10
-6

 eV/atom.  The structures are 

fully relaxed by the Methfessel-Paxton technique [135], while the final total energy 

calculations are performed by the tetrahedron method incorporating Blӧchl correction 

[156].  The total energies of I1, I2, and EF structures as a function of volume are fitted by 

a four parameters Birch-Murnaghan equation of state [60].  From previously examined 

results looking at the effects of supercell size (on the ]0001[ direction) [157], it was seen 

that the difference between three and seven atomic layers separating the stacking faults 

(I1, I2 and EF) is less than 3%.  The deformation electron density [61], Δρ, is calculated 

using the Harris-Foulkes functional [158, 159], also known as the reference state in the 

independent atom model.  The isosurface and the contour plots of the charge density are 

generated using VESTA [66]. 

5.3. Results and Discussions 

5.3.1. Stacking faults energy 

The stacking fault energy        is defined as,  

Equation 4.1       
 

 
            

where     and        are the total energies of supercells with and without stacking fault, 

respectively, and   is the total area of the stacking fault planes.  Due to the periodic 
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boundary conditions used in our calculation, there are two identical interfaces in the I1 

and I2 supercells, while one in the extrinsic fault.  Taking the stacking fault energy of 

pure Mg (sf) as the reference, the segregation energy per area of alloying elements 

(       ) is expressed as [38, 160]  

Equation 4.2      
sfsf

nBulkmmnBulknsfmmnsf

seg X
A

mMgEXMgEMgEXMgE
XE  





)(

/)()()()(
)(  

where )(Xsf  is the energy per area with alloying element in stacking fault; m and n are 

the number of solute atoms and the total number of atoms in the supercell. 

Through the four parameters Birch-Murnaghan equation of state [60], the total 

energies of I1, I2, and EF structures at equilibrium volume are obtained and summarized 

in Table 4.1 along with various computational data in the literature with the majority of 

data for I1 from  Zhang et al., [150] and those of I2 from Zhang et al.,[152] and Muzyk et 

al. [151].  Correspondingly, the segregation behavior of the alloying element in stacking 

faults are obtained and shown in Figure 4.4.  According to the crystal structures of each 

individual solute atom at room temperature, it can be seen that some alloying elements 

with HCP and FCC structures reduce the stacking fault energies the most.  If a reduction 

of stacking fault energies results in a high density of stacking fault, the strength can be 

improved without significant losses in ductility [34, 161].  Thus, by decreasing the width 

of Shockley partial dislocations in Mg [8, 113], the following allying elements (La, Y, 

Zn. Al, Sr, Ca, Nd, and Pr) that are used in advanced Mg alloys are likely to be 

beneficial. 
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It should be pointed out that the concentrations of alloying elements in a fault 

plane in the works by Muzyk et al. [151] and Zhang et al. [150, 152] are 25 at% with all 

Mg atoms involved in Mg-X bonds and 11 at.% with only one Mg-Mg bond, 

respectively, yielding strong interactions between alloying elements through X-Mg-X 

bonds in the fault plane.  In the present work, the concentration of the alloying elements 

in the fault plane is 6.25 at% without the X-Mg-X bonds in the fault plane. The distance 

between two alloying element is larger than 11 Å, avoiding the interaction between them 

[127, 157].  The present setting is also in line with the experimentally determined 

concentrations of alloying element in the fault layers of Mg alloys, typically lower than 

10at% such as 2±1at%Zn-4±2at%Y [33], 7at%Zn-6at%Y [32], 6at%Zn-9at%Y [29] and 

3at%Zn-6at%Y [32] in the alloys of Mg-1at%Zn-2at%Y.  This is probably the reason that 

our results are different from those by Muzyk et al. [151] and Zhang et al. [150, 152]. 

Since the local chemical environments for alloying elements in I1 (ABC), I2 

(ACB) and EF (ACB) are similar to that of FCC, the calculated stacking fault energies 

and the Mg-X supercell volumes are plotted in Figure 4.5 with respect to the volume of 

each individual alloying element X in the FCC structure [60, 132].   It can be seen that 

the equilibrium volumes of Mg-X supercells increases almost linearly with the volume of 

alloying element X in the FCC structure.  Consequently, it is plausible to select two 

alloying elements, both decreasing the stacking fault energy but changing the equilibrium 

volume in opposite way so that their co-segregation will be more energetic favorable due 

to the minimization of elastic lattice strain [38]. 
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Table 4.1. First-principles calculated stacking fault energy (γsf, mJ/m
2
), and segregation 

energy per unit area of the dopants (Eseg(X), mJ/m
2
) of Mg-X alloys with different 

structures at 0 K 

System  Growth fault (I1) 

Mg-0.78at%X 

Deformation fault (I2) 

Mg-0.78at%X 

Extrinsic fault (EF) 

Mg-0.69at%X 

γsf Eseg(X) γsf Eseg(X) γsf Eseg(X) 

Mg  14.4  

8.1~17.8
a
, 11

b
, 18

c
 
e
, 

16
h
, 27

d
, 22

d
, 15

d
, 

17
g, i

, 21
k
 

-  48.2 

38.3
a
, 33.8

c
, 23

b
, 33

e
, 

34
h
, 54

d
, 44

d
, 30

d
, 

36
j
, 34

g,
 
i
 

- 99.3 

80.6
g
, 52.6

c
, 36

b
, 

140
f
, 59

h
, 40

i
 

- 

Mg - Al 12.5 

13
e
, 19

k
 

-1.8 

-5
e
, -3

k
 

33.6 

23
e
, 21

j
 

-14.6 

-10
e
, 16

j
 

55.7 

130
f
,  

-43.6 

-10
f
 

Mg - Ca 13.8 

12
k
 

-0.6 

-9
k
 

33.5 

 

-14.7 

 

49.6 -49.7 

Mg - Cu 16.6 

23
k
 

2.3 

2
k
 

41.0 

53
j
 

-7.2 

17
j
 

66.4 -32.9 

Mg - Fe 3.3  

(17.48 FM) 

37
k
 

-11.1 

(3.1) 

16
k
 

40.3 

(14.8 FM) 

52
j
 

-7.9 

(-33.4) 

16
j
 

79.8 

(119.0 FM) 

-19.6 

(19.7) 

Mg - K  13.5 

7
k
 

-0.9 

-14
k
 

32.5 -15.7 47.5 -51.8 

Mg - La 12.1 

-3
k
 

-2.3 

-18
k
 

24.7 

 

-23.5 

 

29.9 -69.5 

Mg - Li  16.7 

28
e
, 23

k
 

2.3 

10
e
, 2

k
 

48.2 

46
e
, 47

j
 

-0.0 

13
e, j

 

63.2 -36.1 

Mg - Mn 13.5 

33
k
 

-0.9 

12
k
 

40.3 

38
j
 

-7.9 

2
j
 

81.4 -18.0 

Mg - Na  15.7 

18
k
 

1.3 

-3
k
 

46.8 -1.4 66.7 -32.7 

Mg - Nd 10.8 

0
k
, -2

i
 

-3.6 

-21
k
, -19

i
 

32.3 

4
i
 

-15.9 

-29
i
 

51.9 

29
i
 

-47.4 

-10
i
 

Mg - Pr 15.0 

-1
k
, -4

i
 

0.6 

-22
k
, -21

i
 

31.9 

0.5
i
,  

-16.3 

-34
i
 

50.7 

21
i
 

-48.6 

-19
i
 

Mg - Si 13.8 

 

-0.6 

 

33.9 

 

-14.3 

 

50.5 -48.8 

Mg - Sn 13.8 

16
k
 

-0.6 

-5
k
 

37.2 

2
j
 

-11.0 

-32
j
 

50.1 

126
f
, 

-49.2 

-14
f
 

Mg - Sr 15.6 

4
k
 

1.3 

-17
k
 

33.2 

 

-15.0 

 

46.3 -53.0 

Mg - Y 1.8 

4
g
, 5

k
 

-12.5 

-13
g
,-16

k
 

32.9 

25
j
, 16

g
 

-15.3 

 -11
j
, -12

g
 

47.1 

 

-52.3 

 

Mg - Zn 8.5 

18
g
, 21

k
 

-5.9 

1
g
, 0

k
 

30.8 

37
j
, 35

g
,  

-17.5 

1
j
, 1

g
 

58.8 

18.9
l
 

-40.5 

-61.7
l
 

Mg - Zr 9.8 

13
k
 

-4.5 

-8
k
 

35.3 

26
j
 

-12.9 

-10
j
 

67.5 -31.9 

Note: Experimental method determined the stacking fault energies along the basal plane (0001) 

are 78 mJ/m
2
 [8] and ~50 mJ/m

2
 [162].  The ferromagnetic (FM) moment of Fe atom is 

considered and listed in the bracket. 
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a
 Wang et al., first-principles calculation with GGA [20] 

b
 Chetty et al., first-principles calculation with LDA [6] 

c
 Fan et al., first-principles calculation with GGA [138] 

d  
Han et al., MD with different potentials [139]

 

e
 Han et al., first-principles calculation of Mg-1.67at%X alloys [139] 

f
 Wang et al., first-principles calculation of Mg-0.69at%X alloys with GGA and the stacking 

sequence is supposed to be ABACAB based on their cited literature by Datta et al.  [140] 
g
 Zhnag et al., first-principles calculation of Mg-1at%X alloys with GGA and the concentration of 

alloying elements is ~11.1at% in the slip plane [153] 
 h
 Wen et al., first-principles calculation with GGA [18] 

k
 Muzyk et al., first-principles calculation of Mg-2at%X alloys with GGA-PBE and the 

concentration of alloying elements is 25at% in the slip plane [151] 
l
 Datta et al., first-principles calculation of Mg and Mg-2.08at%X alloys with LDA [2] 

m
 Zhang et al., first-principles calculation of γI1 with GGA-PBE and the concentration of alloying 

elements is 11at% in the fault plane [150] 
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Figure 4.4. Contribution of alloying element on the formation energy of the basal plane 

stacking faults of binary Mg-X alloys, (a) Mg-0.78at%X alloys with growth (I1) and 

deformation (I2) faults; (b) Mg-0.69at%X alloys with extrinsic faults.  Various symbols 

are used to identify the crystal structures of each individual solute atom at room 

temperature, such as FCC, BCC, HCP and others.  
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Figure 4.5. The calculated stacking fault energy and equilibrium volume of Mg-X alloys, 

referring to the alloying element X in FCC structure [60], (a) growth fault; (b) 

deformation fault and (c) extrinsic fault.  The number 1 and 2 are applied to characterize 

stacking fault energy and equilibrium volume in y axis.   
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5.3.2. Effect of alloying elements on the electronic structure of stacking faults 

In our previous study, isosurfaces of the deformation electron density 

(corresponding to Δρmax) of I1, I2 and EF in pure Mg were used to study the effects of 

stacking faults and alloying elements on the bond structure [163].  It was observed that 

the shape of the Δρmax isosurface in fault planes is different from that in non-fault planes, 

and the number of atomic layers with altered electron density depends on the structure of 

stacking faults, i.e., 1, 2 and 3 for I1, I2, and EF, respectively.  This indicates that the 

change of electron distribution is the largest for the EF and the smallest for I1 with that of 

I2 in between, in the same order as their stacking fault energies. 

Figure 4.6 shows various contour plots of Δρ in I1, I2 and EF of the Mg-Al binary 

system.  In         plane view, the rod-shaped directional bonds within the non-fault 

planes match well with the previous investigation by Blaha et al. [141], while the 

triangle-shaped directional bonds are observed in the fault planes (L4 for I1, L3 and L4 

for I2, and L4, L5, and L6 for extrinsic fault).  It can be seen that Δρ around the Al 

atomic basin has been increased compared to that without Al, i.e. Al and Mg atom in L5 

of EF.  In (0001) plane view, Δρ around the Al atomic hexagonal basin is enhanced with 

respect to the case without Al, indicating the bond strength of basal plane is strengthened 

by Al.  This is also consistent with the views of         and         planes.  

Furthermore, the number of atomic layers with altered electron density around Al atom is 

one non-fault planes for I1, one fault plane and one non-fault for I2, and two fault planes 

for EF as shown in Figure 4.6. 
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Figure 4.7 shows the 0.75Δρmax (75% of the maximum value of Δρ) isosurface of 

I1, I2 and EF with Al, Zn and Na as alloying elements, respectively.  It can be seen that 

the rod-like directional bonds have transformed into the tetrahedral shape with the 

addition of alloying elements in the fault plane.  For alloying elements with the same 

crystallography structure, the similar electron localization morphology can be seen by 

plotting Δρmax isosurface.  For example, the 0.75Δρmax isosurface of I1, I2 and EF affected 

by FCC-Cu is similar to these of FCC-Al, shown as the second column of Figure 4.7.  

Moreover, the tetrahedral-shaped charge distributions in the fault planes are enhanced 

when alloyed with FCC-Al and HCP-Zn, see the second and third columns of Figure 4.7, 

indicating the stronger pinning effect and improved thermal stability of stacking faults 

[38].  On the contrary, the BCC elements show different behaviors, shown by the reduced 

size of the tetrahedral-shaped charge distribution when alloyed with BCC-Na, agreeing 

with previous observations that Na reduces the bond strength in interfaces [164, 165].  
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Figure 4.6. Contour plots of Δρ of Mg-Al in different views, (a) I1; (b) I2 and (c) EF with 

0.0005 e
-
/Å

3
 intervals. Plots are generated using VESTA [66] with red for Δρ>0 and blue 

for Δρ<0. The coordinates of each plane is identified by the corresponding miller plane in 

the supercell.   
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Figure 4.7. Deformation electron density isosurface (0.75Δρmax) of Mg, Mg-Al, Mg-Zn 

and Mg-Na with I1, I2 and EF (from top to bottom). Only alloying elements in the 

supercells are displayed in black.   
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5.3. Conclusion 

The effect of 17 alloying elements on stacking fault energies of growth, 

deformation and extrinsic faults in Mg is investigated through first-principles 

calculations.  It is observed that all of them reduce the stacking fault energies of the 

deformation and extrinsic faults with La showing the least reduction for both. For the 

growth fault, five elements, i.e. Mn, Cu, Li, Na and Zr, increase the stacking fault energy 

with the rest of them decreasing the fault energy.  As all stacking faults can be recognized 

as the local HCP-FCC transformation, the calculated results show that the bond strength 

is enhanced by alloying elements of FCC and HCP structures such as FCC-Al and HCP-

Zn. 
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Chapter 5  

Formation Energy, Electronic and Phonon Properties of 

Long Periodic Stacking Order Structures (LPSOs) in 

Mg 

4.1. Introduction 

According to the stacking sequence of close packed atomic planes (basal planes), 

several types of LPSOs in Mg alloys have be experimentally determined, which are 6H 

[23, 33, 120, 166], 10H [167-169], 14H [25, 26, 29, 124, 169], 18R [25, 26, 29, 124, 168, 

170, 171] and 24R [123, 169].  The significant features of the atomic arrangement in 

those LPSOs are (i) FCC-type stacking sequence ( ACBA


) indicates two fault layers 

(letters with dots above) within four atomic layers in 10H, 14H, 18R and 24R; (ii) a 

mirror plane with the stacking sequence of three atomic layers ( CBA


) exists in 6H (

CBABBC


); and (iii) alloying elements of Zn and Y prefers to segregated around these 

fault layers (letters with dots).  It has been estimated that the formation energy of 6H 

twice that of the growth fault (I1), while the formation energies of other LPSO structures 

depend on the number of the deformation fault (I2) they contain [138].  The ABCA-type 

stacking sequence in I2, 14H and 18R are similar, but with distinct spatial arrangements 
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[123, 172].  This similarity has in some cases results in the transformations between 

variant structure, such as 18R to 14H observed at high temperature by transmission 

electron microscopy (TEM) in a Mg-2Zn-8Y-0.6Zr (wt%) alloy [123].  Such intricate 

connections among stacking faults and all LPSO structure have not been fully explored 

and understood, particularly the electronic structures of various LPSO structures and their 

dependences on alloying elements.  Experimentally, the technique of electron 

tomography provides not only the atomic structure, but also the electronic structures 

together with simulations based on density functional theory (DFT) [173], such as the 

nature of chemical bond and the charge redistribution [69, 142, 174-177].  It is noted that 

the electron density predicted from DFT-based first-principles calculations can be 

directly compared with the charge transfer obtained from electron tomography 

measurements and used to simulate the HRTEM images by projecting the electron 

density or converting the electron density into electron scattering factor [67, 69-71]. 

According the results shown in Chapter 3, it was shown that the stacking fault 

energy ascends in the order of I1, I2, and extrinsic faults and is proportional to the square 

of the difference of maximum deformation charge density, the difference of maximum 

electron localization function, and the number of faulted layers  In this chapter, the 

electron localization morphologies of LPSO structures in hcp Mg are investigated in 

details to unearth the intrinsic correlations among various LPSO structures.  Such 

knowledge paves the path to understand the effects of alloying elements on properties of 

LPSO structures and design Mg alloys for better performance. 
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4.2. Crystal Structures and Computational Details 

In the present first-principles calculations, the orthorhombic supercell sizes of 6H, 

10H, 14H, 18R and 24R LPSO structures are caa 3342  , caa 53  , caa 73  ,

caa 93   and  caa 123  with 96, 20, 28, 36 and 48, respectively, where a and c 

are the theoretical lattice parameters of primitive hcp Mg and an orientation relationship 

of                     ,                     , and                    .  Setting 

parameters for I1 and I2 can be found in our previous work [163]. 

Calculations of electronic structures and formation energies at 0 K are carried out 

by means of the Vienna ab initio simulation package [90, 91] with the generalized 

gradient approximation [133] for the exchange-correction functional and the projector 

augmented wave [134] for the electron-ion interaction.  The wave functions are sampled 

on Г-centered Monkhorst-Pack grids of 9×3×4, 19×11×2, 19×11×2, 19×11×1, 19×11×1 

for 6H, 10H, 14H, 18R and 24R structures generated automatically with same scaling 

length (l=60), respectively.  The plane wave cutoff energy is set as 300 eV, i.e. 1.4 times 

the default cutoff energy for high accuracy calculation, and the energy convergence 

criterion of electronic self-consistency is 10
-6

 eV/atom.  While the structures are fully 

relaxed by the Methfessel-Paxton technique [135], the final total energy calculations are 

performed by the tetrahedron method incorporating Blӧchl correction [156]. 

Four-parameter Birch-Murnaghan equation of states [58-60] is used to describe 

the relation between energy and volume.  The formation energy of LPSO structures,  , 

can be obtained through  
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Equation 5.1     )(
1

BulkLPSO EE
A

  

where ELPSO and EBulk are the total energies of supercells with and without LPSO 

structures, respectively, and A is the area of basal plane of supercells. 

Procedures obtaining deformation electron density (Δρ) and the HRTEM images 

in this work are as same as that described in the methodology part in Chapter 3 

 

4.3. Results and Discussion 

4.3.1. Formation energy and electronic structures of LPSOs 

Table 5.1 summarizes the predicted stacking sequence, lattice parameter (a and c), 

bulk modulus (B0), formation energy () of I1, I2, and LPSO structures, and the ratio of 

formation energy with respect to that of I2 ( 2/ I ).  The total energies of I1, I2, and 

LPSO structures as a function of volume are fitted by a four parameters Birch-

Murnaghan equation of state, shown in Figure 5.1.  It can be seen in Table 5.1 that our 

predicted lattice parameters of I1, I2 and LPSO structures are consistent with 

experimental data, whose bulk modules are lower than that of Mg indicating the increase 

of atomic volume cased by fault layers and matching well with our previous prediction 

(the B0 of FCC Mg decreases from 35.7 of HCP to 34.7 GPa with the volume increases 

from 22.887 of HCP to 23.068 Å
3
/atom) [60].  The ratios of formation energy indicate 

that the formation energies of LPSO structures in Mg can be scaled to the formation 
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energy of I2, approximately one for 6H, two for 10H and 14H, and three for 18R and 

24R, respectively. 

To understand this scaling correlation, Figure 5.3 plots the isosurface of the 

maximum deformation electron density ( max ) for I1, I2 and LPSO structures in the 

prismatic plane of                     , using the positive and negative mode in 

VESTA [65, 66].  Since the charge density is a scalar field, the change in electron 

distribution results in directional bonds [63] and can be correlated to the formation 

energy of stacking faults [64] and LPSO structures.  Furthermore, the examination of 

deformation electron density can directly reveal the fault layers and its number in those 

structures through isosurface structure of each layer[163].  It can be seen in Figure 5.3 

that two fault layers in 6H LPSO with altered charge density are separated by a non-fault 

plane, different from both I1 with single fault layers separated by three non-fault layers 

and I2 with double-fault layers separated by three and five non-fault layers, respectively.  

That is the reason why the predicted H6  is larger than 12 I  and close to 2I , indicating 

strong interactions of two fault layers in accordance with previous theoretical work [157].  

It is further observed in Figure 5.3 that all the 10H, 14H, 18R and 24R structures have 

double-fault layers like I2, and the numbers of non-fault layers between double-fault 

layers are three, five, four, and six, respectively, equal or larger than that in I2.  The total 

numbers of double-fault layers are two for 10H and 14H structures and three for 18R and 

24R structures, respectively, coinciding with the ratios of their formation energies to that 

of I2 as discussed above.  The stacking sequences across the fault layers are highlighted 

by rectangles with 3 or 4 atomic layers of CBA


 or ACBA


 and solid and dotted lines for 
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different directions, further demonstrating the correlations between I1 and 6H, and I2 and 

other LPSO structures. 

Figure 5.4 presents the max5.0   isosurface in stacking faults and LPSO 

structures in the prismatic plane.  At this level, variation of the chemical bond structure 

from non-fault layer to fault layer is revealed clearly.  It is observed that all LPSO 

structures have similar bond morphologies as I1 and I2 stacking faults [141, 163], i.e. 

rod-shaped in non-fault layers and tetrahedron-shaped in fault layers, respectively.  It 

should be noted that the tetrahedron-shaped directional bonds are characteristics of the 

fcc structure such as Al [61], in line with the fact that stacking faults and LPSO structures 

represent the local fcc atomic environment in a hcp matrix.  Based on the information 

presented in Figure 5.2 and Figure 5.3, it seems logical to correlate the formation energy 

of LPSO structures with the number of fault or double-fault layers, shown in Figure 5.4 

with a near linear relation depicted.  This indicates the weak interaction between double-

fault layers in the LPSO structures.  
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Figure 5.1. Total energies as a function of volume fitted by four parameters Birch-

Murnaghan equation of state. The insert plot shows the region closing to equilibrium 

volume of stacking faults and LPSOs.  
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Table 5.1. Stacking character, lattice parameter (a), bulk modulus (B0) and formation 

energy of stacking faults and long period stacking orders (
LPSO ) in Mg. B0, a (with 

c/a=1.621) and 
LPSO  are obtained through four parameters Birch-Murnaghan (BM4) 

equation. 

 Stacking Order Lattice Parameter  
B0 
GPa 

J/m2 
2I

LPSO




 a  

Å  

C-LPSO  

Å  

Mg ABAB  or BCBC or 

ACAC  

3.195 
3.189 a 
3.215 b 
3.199 j 

- 35.9 
35.6 c 
36.9 d 

- - 

I1  ABABABBCBCBC
.

 
3.196 - 35.6 14.4 

18.0 h 
0.3 

I2  ACACACCBABABA
..

 
3.198 - 35.2 48.2 

33.8 h 
45.0 i 

1 

6H ..

ACBABA   or  
..

BACBCB  
3.197 
3.22 e 

3.202 g 
3.200 j 

15.549 
15.6 e 

15.482g 

35.6 
- 

36.28 g 

44.6 
44.1 h 

0.9I2 
2I1h 

10H ....

ABABACBCBC  
3.198 
3.25 f 
3.202 j 

25.917 
26.03 f 

35.5 98.2 
65.0 h 

2.0 
2h 

14H ....

CBCBCBCABABABA  
3.197 
3.25 f 
3.199 j 

36.273 
36.94 f 

34.5 93.2 
63.3 h 

1.9 
2h 

18R ......

BABABCCACAABCBCBCA  
3.197 
3.20 f 
3.202 j 

46.644 
46.78 f 

35.6 163.4 
94.0 h 

3.4 
3h 

24R ......

CCBCBCBBAACACACCBBABABAA

 

3.197 
3.22 f 

62.185 
61.81 f 

33.6 164.1 
101.6h 

3.4 
3h 

Note: The letter with a dot above is applied to identify the fault layer.  
a
 Wang, et. al., first-principles calculations with PAW-GGA [132] 

b
 Karen, et. al. powder neutron diffraction  measurement (c/a=1.623) [178] 

c
 Wazzan, et. al., experimental measurements of single crystal Mg [179] 

d 
Slutsky, et. al., experimental measurements of single crystal Mg [180] 

e
 Inoue, et. al., high temperature extrusion prepared Mg97Zn1Y2 (at%) observed by HRTEM [23] 

f
 Matsuda, et. al., rapidly solidified Mg97Zn1Y2 (at%) alloys observed by HRTEM [169] 

g
 Tang, et. al., first-principles calculations of with PAW-GGA (c/a=1.612) [155] 

h
 Fan, et. al., first-principles calculations with PAW-GGA [138] 

i
 Pan, et. al., first-principles calculations with PAW-GGA [172] 

j
 Iikubo, et. al., first-principles calculations with PAW-GGA(c/a=1.624) [181]  
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Figure 5.2. Correlation between the formation energy of LPSOs and the number of fault 

layers. The line stands for the ideal case that the formation energy of LPSO is depends on 

the number of I2. 
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Figure 5.3. (100) plane view of orthorhombic supercells characterizing by the isosurface 

of deformation charge density, Δρ = - Δρmax. a-g,I1, I2, 6H, 10H, 14H, 18R and 24R.  

The lattice vectors of the primitive hcp Mg parallel to those of the orthorhombic supercell 

are labeled. Plots are generated using VESTA [65, 66].  The fault layers are identified by 

letters in red. 
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Figure 5.4. 0.5Δρmax isosurface of (100) plane view, a-g: I1, I2, 6H, 10H, 14H, 18R and 

24R, generated using VESTA [65, 66], with letters in red denoting fault layers. 
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4.3.3. Simulated HRTEM images and electron diffraction patterns of LPSOs 

Figure 5.5 shows the simulated (pure Mg) and experimental (Mg97Zn1Y2) (100) 

TEM images of 6H and 10H structures.  It can be seen in Figure 5.5a that the non-fault 

layer between the two-fault layers in 6H is a mirror plane with the stacking sequence of 

three atomic layers of CBA


 to both sides of the mirror plane, similar to that in I1.  While 

in 10H shown in Figure 5.5b, the non-fault layer between two non-fault layers is a mirror 

plane with the stacking sequence of four atomic layers of ACBA


 to both sides of the 

mirror plane, similar to that in I2.  On the contrary, there are no mirror planes in 14H, 

18R and 24H though the stacking sequence of four atomic layers of ACBA


, similar to 

that in I2, seems sheared in opposite directions in 14H and in the same direction in 18R 

and 24H, as shown in Figure 5.6.  The observation in 14H is consistent with 

interpretation of the two twin-related building blocks with ABCA-type stacking sequence 

derived from TEM results [121].  It should be emphasized that the electron localization 

morphology in this work clearly reveals that each twin-related building block is made up 

of two fault layers, i.e. ACBA


 shown in Figure 5.6a. 

The detailed electronic structures of LPSO structures discussed above provide 

insights on transformations between them.  It is shown that the densities of fault layers 

are in the descending order from 10H, 18R, 14H, to 24R as 2/5, 1/3, 2/7, and 1/4.  The 

transformation from LPSO structures with a higher density of fault layers to those with 

lower density is thus energetically favorable such as the 18R to 14H transformation 

observed experimentally at high temperatures [123].  Since the formation of fault layers 
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is related to the dissociation of dislocations to Shockley partials, the above transformation 

thus reduces the dislocation density during heat treatment.  It should be pointed out that 

the higher density of fault layers does not mean higher formation energy of LPSO 

structures shown in Figure 5.3 and Figure 5.4, which are correlated with the total number 

of fault layers in each LPSO structure. 

Related to the simulated HRTEM images of LPSO structures, the simulated

LPSOCS  0110||100 ..
 electron diffraction pattern of Mg matches well with 

experimental observations [121, 122, 169], shown in Figure 5.7.  Comparing to the 

experimental data of Mg-Zn-Y alloys [121, 122, 169], the intensity difference some of 

predicted pots is caused by the composition difference.  With the addition of Zn and Y 

into Mg, the lattice parameters will be changed resulting in the disappearance of streaks 

and intensity maxima in the selected area electron diffraction pattern [121].  Hence, based 

on the simulated HRTEM images and related electron diffraction patterns, it would 

convenient to estimate the contributions of fault layers in LPSOs to the crystal 

morphology, supporting valuable supplementary information for experiments.  
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Figure 5.5. Simulated (100) HRTEM images in 6H (a) and 10H (b) with the stacking 

sequence of four atomic layers highlighted by the rectangles and fault layers in red.  The 

HRTEM images of 6H and 10H of Mg97Zn1Y2 in a-2 and b-2 are reproduced from [23] 

and [169] with permissions of The Japan Institute of Metals and by Elsevier, respectively.   
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Figure 5.6. Simulated (100) HRTEM images with stacking sequence of four atomic 

layers in 14H (a), 18R (b) and 24H (c) structures and fault layers in red.  The HRTEM 

images of 14H, 18R and 24R of Mg-Zn-Y alloys in a-2, b-2 and c-2 are reproduced from 

[123].  
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Figure 5.7 Comparation of the simulated and the experimental determined electron diffraction pattern [121, 122, 169] of long periodic 

stacking order structures in Mg.  The simulated electron bean direction is parallel to
LPSOCS  0110||100 ..

.  The planner index is 

based on the orthorhombic supercell.  
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4.3.4. Phonon properties and vibrational entropy of LPSOs 

 In Figure 5.8, effect of fault layers on the phonon density of states of Mg with 

various LPSOs in comparison with the available experimental data [143, 144] is 

presented.  It can be seen that the frequency of the phonon peaks (  > 6.5 THz) of 

LPSOs have shift to the right part with a high frequency mode.  There is no change in the 

low frequency mode (   < 3.5 THz) for LPSOs, comparing to that of perfect Mg.  

However, the significant change of the first peak of LPDOS (  = 4 THz) of Mg with 

LPSOs is observed, whose height and width shrink in the order of 10H > 18R > 14H > 

6H > 24H.  Additionally, there is no peak at   = 4 THz in 24H.  As for the high 

frequency mode (  > 6.5 THz), no obviously change of the height and width occurs in 

10H LPSO, comparing with that of perfect Mg.  However, the height of the second peak 

of LPDOS of Mg with LPSOs shrink in the order of 6H > 14H > 18R > 24R and the 

position of the second peak moves to the higher frequency mode in the same order. 

 Based on the Spring model [89, 92, 102], stretching and bending force constants 

of 6H, 10H, 14H, 18R and 24R are calculated.  Variations in force constants as a function 

of bond length between atoms up to 8 Å are shown in Figure 5.9.  It can be seen that the 

bond length and the stretching force constant corresponding to the first nearest neighbor 

display a significant change with the formation of fault layers in the HCP lattice, which is 

similar to the variation tendency caused by fault layers in stacking faults.  Therefore, it 

can be concluded that the displacement of the phonon DOS towards high frequency mode 

of stacking faults is caused by the reduced bond length while the change of low 

frequency mode is due to the elongated bond length.  The interactions between fault-
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fault, fault-non-fault, non-fault-non-fault layers have been revealed distinctly in the 

format of bond length splitting of the first nearest neighbor, shown in Figure 5.9.  More 

interestingly, the reduction of stretching force constant of the first nearest neighbor 

indicates the increase of vibrational entropy.  Because introducing configurational 

disorder in an ordering system should increase the vibration entropy since the process 

reduces the number of stiff bonds and increase the number of soft bonds [148].  In the 

following, vibrational entropy of each atomic layer in LPSOs is discussed based on its 

local phonon density of states. 

 Figure 5.10 shows the LPDOS of Mg with 6H together with their bond structure 

characterized by the 0.5Δρmax charge density isosurface.  It can be seen that atoms 

occupying the fault layers, such as L2 and L4, play the important role yielding the excess 

frequency mode (  > 7.25 THz), which are highlighted in Figure 5.10(a) in navy and 

blue, separately.  Moreover, there is difference between the non-fault layer (L3) within 

two fault layers and the other non-fault layers (L1, L5 and L6).  This is cause by 

interactions between two fault layers, which can be characterized as emerging electron 

particles in the basal plane into tetrahedron-shaped directional bonds, shown in Figure 

5.10 (b).  Thus, there are three typical LPDOS curves in 6H LPSOs, matching well with 

the bond structure characterization by charge density isosurface. Based on Equation 2.16, 

Equation 2.19 and Equation 2.20, vibrational contributions to Helmholtz energy, entropy 

and specific heat at constant volume of each atomic layer in growth fault are gained, 

shown in Figure 3.18.  It can be seen that the fault layers (L8) together with its near 

neighbor could stabilized the growth fault at high temperature since their entropy and 
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specific heat are higher while the Helmholtz energy are lower, consisting with the 

displacement of LPDOS towards the low frequency region.   

 Figure 5.12 shows the LPDOS of Mg with 10H together with their bond structure 

characterized by the 0.5Δρmax charge density isosurface.  It can be seen that there are 

three typical LPDOS curves in 10H LPSOs, matching well with the bond structure 

characterization by charge density isosurface.  Atoms occupying the 2
nd

 nearest neighbor 

layer, such as L3 and L8, play the important role strengthening the high frequency mode (

  = 6.75 THz) while atoms in fault layers mainly contribute the first peak of low 

frequency mode (  = 3.75 THz).  Moreover, the displacement of LPDOS of the first 

nearest neighbor of the fault layer (L2, L4, L7 and L9) towards low frequency mode is 

presented, accompanying with the splitting of LPDOS peaks at both low and high 

frequency mode.  Thus, those changes in the LPDOS are expected to result in high 

entropy to stabilize the structure at high temperature.  As can be seen in Figure 5.13, the 

reduction of Helmholtz energy of 10H LPSO by the fault layers (L1 and L5) and their 

first nearest neighbors (L2 and L4) at the temperature below 650 K has been presents.  At 

the low temperature range, the vibrational entropies of the fault layers (L1 and L5) and 

their first nearest neighbors (L2 and L4) are the highest, shown in Figure 5.13(c). 

 The LPDOS of 14H together with their bond structure characterized by the 

0.5Δρmax charge density isosurface are presents in Figure 5.14.  Four typical LPDOS 

curves match well with the bond structure characterization, which identify the local 

vibration behavior of fault layers and their 1
st
, 2

nd
 and 3

rd
 neighbor layers.  It clearly 

shows that peaks of LPDOS curve of fault layers at low and high frequency modes have 
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been strengthened while the displacement of LPDOS curve of their 1
st
 neighbor layers 

towards the low frequency mode occur.  Through investigating the vibrational 

contributions to Helmholtz energy, specific heat at constant volume and entropy of each 

atomic layer in 14H, shown in Figure 5.15, fault layers (L1, L7, L8 and L14) stabilizing 

the 14H at high temperature has been displayed in terms of the decrease of Helmholtz 

energy and the increase of vibrational entropy.   

 Similarly, the LPDOS of 18R and 24R LPSOs together with their bond structure 

characterized by the 0.5Δρmax charge density isosurface are presents in Figure 5.16 and 

Figure 5.18.  In general, number of typical LPDOS curves in 18R and 24R LPSOs 

dominated by the bond length respecting to the atom in fault layer.  Comparing with 14H, 

there is no 3
rd

 nearest neighbor layer between two fault layers in 18R while there are two 

in 24R.  Therefore, local vibration behavior of the fault layers and their 1
st
 neighbor 

layers in 18R and 24R is different with that of 14H.  For example, the middle non-fault 

layers (2
nd

 nearest neighbor layer of 18R and 3
rd

 nearest neighbor layer of 18R) show a 

significant contribution to the LPDOS at high frequency mode while fault layers play an 

important role at low frequency mode.  Correspondingly, the reduction of Helmholtz 

energy by the middle non-fault layers of 18R and 24R at high temperature range (T> 400) 

have been observed while by the fault layers at low temperature range (T< 400), shown in 

Figure 5.17 and Figure 5.19. 

 Since Debye temperature (
D ) is sensitive to the density of the structure defects, 

it could be a validate parameter quantitatively identifying the contributions of fault layers 

to the vibrational energies of LPSOs.  Table 5.2 summarizes the Debye temperature (
D ) 
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of the atom in each layer of LPSOs in Mg.  It can be seen that the larger of 
D  the higher 

of highest vibrational entropy at high temperature.  For example, non-fault layer (L4) 

between two fault layers (L3 and L5) in 6H has the largest
D  and the highest vibrational 

entropy at high temperature.  Fault layers (L1, L7, L8 and L14) in 14H have the largest 

D  and the highest vibrational entropy at high temperature.  On the contrary, the middle 

non-fault layers (L5, L13 and L21) between fault layers in 24R have the largest
D  and 

the highest vibrational entropy at high temperature. 

 
Figure 5.8. Effect of fault layers on the phonon density of states of Mg with various 

LPSOs, comparing with the available experimental data (labeled with dash line and a 

sphere symbol) [143, 144]. 
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Figure 5.9 Variation in bond length and force constants versus atom pair type, (a) 6H; (b) 

10H; (c) 14H; (d) 18R and (e) 24R.  Bond length splitting of the first nearest neighbor 

shown in the insert image presents the interactions between fault-fault, fault-non-fault 

and non-fault-non-fault layers. 
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Figure 5.10. Local phonon density of states (LPDOS) of Mg with 6H together with their 

bond structure, (a) LPDOS curve and (b) the 0.5Δρmax charge density isosurface plotted 

in prismatic plane.  The fault layers are identified with solid lines in red while non-fault 

layers use dash line or dash dot line. 
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Figure 5.11. Vibrational contributions to Helmholtz energy (a), specific heat at constant 

volume (b) and entropy (c) of each atomic layer in 6H LPSO.  
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Figure 5.12. Local phonon density of states (LPDOS) of Mg with 10H together with their 

bond structure, (a) LPDOS curve and (b) the 0.5Δρmax charge density isosurface plotted 

in prismatic plane.  The fault layers are identified with solid lines in red while non-fault 

layers with same distance to fault layer use same dash line or dash dot line.  
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Figure 5.13. Vibrational contributions to Helmholtz energy (a), specific heat at constant 

volume (b) and entropy (c) of each atomic layer in 10H LPSO. 
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Figure 5.14. Local phonon density of states (LPDOS) of Mg with 14H together with their 

bond structure, (a) LPDOS curve and (b) the 0.5Δρmax charge density isosurface plotted 

in prismatic plane.  The fault layers are identified with solid lines in red.  According to 

the distance to the fault layer, various types of line are applied for non-fault layers.  Dash 

line in blue and dash dot line in pink are used to identify the 1
st
 and 2

nd
 neighbor layer. 
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Figure 5.15. Vibrational contributions to Helmholtz energy (a), specific heat at constant 

volume (b) and entropy (c) of each atomic layer in 14H LPSO. 
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Figure 5.16. Local phonon density of states (LPDOS) of Mg with 18R together with their 

bond structure, (a) LPDOS curve and (b) the 0.5Δρmax charge density isosurface plotted 

in prismatic plane.  The fault layers are identified with solid lines in red.  According to 

the distance to the fault layer, various types of line are applied for non-fault layers.  Dash 

line in blue, dash dot line in pink and short dot line in green are used to identify the 1
st
, 

2
nd

 and 3
rd

 neighbor layers. 
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Figure 5.17. Vibrational contributions to Helmholtz energy (a), specific heat at constant 

volume (b) and entropy (c) of each atomic layer in 18R LPSO.   
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Figure 5.18. Local phonon density of states (LPDOS) of Mg with 24R together with their 

bond structure, (a) LPDOS curve and (b) the 0.5Δρmax charge density isosurface plotted 

in prismatic plane.  The fault layers are identified with solid lines in red.  According to 

the distance to the fault layer, various types of line are applied for non-fault layers.  Dash 

line in blue and dash dot line in pink are used to identify the 1
st
 and 2

nd
 neighbor layer. 
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Figure 5.19 Vibrational contributions to Helmholtz energy (a), specific heat at constant 

volume (b) and entropy (b) of each atomic layer in 24R LPSO. 
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Table 5.2. Debye temperature (
D ) of the atom in each layer of LPSOs in Mg.  The second 

moment of phonon DOS is  used to derive the 
D  in this work. 

Atomic 
Layer 

6H 10H 14H 18R 24R 

D  

(K) 
Note D  

(K) 
Note D  

(K) 
Note D  (K) Note D  (K) Note 

LPSO 

L1 333.5  311.1  338.9 SHigh 332.1  292.7  

L2 332.9  320.3 SHigh 334.7  354.3  301.7  

L3 337.7  323.1  341.3  357.6 SHigh 309.1  

L4 341.3 SHigh 320.3 SHigh 336.9  354.3  346.7  

L5 337.7  311.1  341.3  334.1  379.8 SHigh 

L6 332.9  310.1  334.7  317.4  360.9  

L7   318.0  338.9 SHigh 332.1  317.7  

L8   320.5 SHigh 338.9 SHigh 357.5  302.7  

L9   318.0  334.7  359.8 SHigh 292.7  

L10   310.1  341.3  354.3  301.7  

L11     336.9  334.3  308.8  

L12     341.3  317.5  346.7  

L13     334.7  332.2  380.0 SHigh 

L14     338.9 SHigh 357.4  361.0  

L15       359.8 SHigh 317.7  

L16       354.3  302.7  

L17       334.2  292.6  

L18       317.4  301.7  

L19         308.9  

L20         346.6  

L21         380.0 SHigh 

L22         361.1  

L23         317.6  

L24         302.6  

Total 336.0  316.4  338.1  343.8  334.5  

Bulk 
321.5 

323
a
, 325

b
, 320

c
  

Note: SHigh: the atomic layers with high vibrational entropy at high temperature 
a. Zhang, et al., derived from the second moment of phonon DOS. [83] 

b. Seitz F. and Trunbull D. Solid. State. Physics. New York: Academic Press;1964 (Exp.) 

c. Dederch ,et al., Metals: Phonon states, electron states and Fermi surfaces. Berlin: Springer-

Verlag: 1981 (Exp.) 
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4.4. Conclusions 

In summary, the electronic structures of 6H, 10H, 14H, 18R and 24R LPSO 

structures are investigate by first-principles calculations, which are similar to that of 

deformation stacking fault.  Except 6H, all of them can be considered as stacking of 

double-fault layers with variable non-fault layers between.  The electron localization 

morphology further confirms the fcc characteristics of the fault layers based on the 

tetrahedron-shaped directional bonds.  The simulated HRTEM images reveal a mirror 

plane with the stacking sequence of three atomic layers in 6H and four atomic layers in 

10 H, and a sheared displacement of the stacking sequence of four atomic layers in 14H, 

18R and 24R.  It is articulated that transformation between LPSO structures is related to 

the reduction of dislocation density during heat treatment. 

 Contributions of fault layers to the phonon density of states of Mg with various 

LPSOs in comparison with the available experimental data are discussed.  It can be seen 

that the frequency of the phonon peaks (υ > 6.5 THz) of LPSOs have shift to the right 

part with a high frequency mode.  Comparing to the LPDOS of perfect Mg, there is no 

change in the low frequency mode (υ < 3.5 THz) for all the LPSOs.  However, the 

significant change of the first peak of LPDOS (υ = 4 THz) of Mg with LPSOs is 

observed, whose height and width shrink in the order of 10H > 18R > 14H > 6H > 24H.  

Additionally, there is no peak at υ = 4 THz in 24H.  As for the high frequency mode (υ > 

6.5 THz), no obviously change of the height and width occurs in 10H LPSO, comparing 

with that of perfect Mg.  However, the height of the second peak of LPDOS of Mg with 
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LPSOs shrink in the order of 6H > 14H > 18R > 24R and the position of the second peak 

moves to the higher frequency mode in the same order. 

Based on variations in stretching and bending force constants of 6H, 10H, 14H, 

18R and 24R, it can be seen that the bond length and the stretching force constant 

corresponding to the first nearest neighbor display a significant change with the 

formation of fault layers in the HCP lattice.  The displacement of the phonon DOS 

towards high frequency mode of stacking faults is caused by the reduced bond length 

while the change of low frequency mode is due to the elongated bond length.  The 

interactions between fault-fault, fault-non-fault and non-fault-non-fault layers have been 

revealed distinctly in the format of bond length splitting of the first nearest neighbor.  

More interestingly, the reduction of stretching force constant of the first nearest neighbor 

indicates the increase of vibrational entropy.  Contributions of each individual atomic 

layer to the thermal dynamic properties of LPSOs have been qualitatively and 

quantitatively described by Helmholtz energy, vibrational entropy and Debye 

temperature.  
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Chapter 6  

Effect of Alloying Element (X) on the Formation Energy and 

Electronic Property of 6H and 10H LPSOs in Binary Mg-X 

Alloys 

6.1. Introduction 

 In recent years, Mg-RE alloys with excellent mechanical properties have been 

obtained for combining fine grain size, precipitates, and long period stacking order 

(LPSO) structures.  For instance, the tensile yield strength and the elongation of 

Mg97Y2Zn1 (at %) alloy with the 6H LPSO structure produced by rapid solidification can 

reach 610 MPa and 5%, respectively, with grain sizes in range of 100 nm to 150 nm [23].  

When the grain size of Mg matrix is about 330 nm, the tensile yield strength and the 

elongation become 400 MPa and 2%, respectively [24].  It is commonly accepted that 

fine precipitates or local clustering of solute atoms together with different types of LPSO 

structures, including 6H, 10H, 14H, 18R and 24R, contribute to strengthening of Mg 

alloys [25-34]. 

Works focusing on the precipitating behavior of alloying elements are important 

to optimize the microstructure and to improve the mechanical properties of Mg alloys 

[30, 33, 35-40].  In the development of advanced Mg alloys with good performance, 
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effect of LPSOs and its enrichment of alloying elements on electronic structure and 

elastic properties of Mg remain ambiguous. 

In this chapter, contributions of alloying element to the energy and electronic 

structures of 6H and 10H LPSOs in binary Mg-X alloys are discussed, providing the 

energetic favorable configurations to study the following ternary system.  The validation 

of the proposed atomic array and atomic cluster model are estimated in various Mg-X 

alloys.  Typical alloying elements in Mg alloys are selected, which are Gd, Y, Al, Ca, 

Mn, Zn and Zr. 

 It is worth to mention that Mg-10Gd (wt%) and Mg-10Y with 6H and 10H LPSOs 

are studied in order to investigate the segregation behavior of rare earth elements in 

LPSOs and their effect on the formability of LPSOs.  This is because (i) both Y and Gd 

are essential alloying elements forming LPSOs in Mg alloys, shown in Table 1.1 and 

Figure 6.1; (ii) Mg-Zn-Gd alloys show the best mechanical properties at both room 

temperature and 473K among all the Lanthanides; (iii) in the heavy Lanthanides forming 

LPSO in Mg-Zn-RE alloys, the tensile strength and the elongation of Mg-Zn-Gd is the 

highest; (iv) in view of the atomic radius of alloying elements, the lattice strain will be 

different when alloying Gd and Y since the difference of atomic radius between them is 

the biggest, shown in Figure 6.2; (v) the Mg-Y and Mg-Gd alloys always show excellent 

mechanical properties, shown as Table 6.1.  It has been recently reported that the ultimate 

tensile strength of Mg-8.5Gd-2.3Y-1.8Ag-0.4Zr is 600 MPa with the elongation of 5.2 % 

[34]. 
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According to the contributions of alloying element (X) to the stacking fault 

energy discussed in Chapter 4, these elements significantly reducing stacking fault 

energies, Al, Ca, Y and Zn are chosen.  Since Mn and Zr are essential transition metals in 

improving the strength, the corrosion resistance and refining the grain size, both of them 

are also contained in the present work. 

 

Figure 6.1. Effect of rear earth elements (RE) on the tensile strength and the elongation of 

Mg-Zn-RE at room temperature and 473K.  These lanthanides are classified into two 

categories, one called LPSO elements could form long periodic structures in Mg-Zn-RE 

alloys and the other called non-LPSO elements cannot.  Solid symbols are used to 

identify the tensile strength of Mg-Zn-RE at room temperature while open symbols are 

used at 473K.  Bars are applied to show the elongation of Mg-Zn-RE.  
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Figure 6.2. Classification of rare earth elements according to whether forming LPSOs in 

Mg-Zn-RE alloys. 
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Table 6.1. Tensile properties of Mg-Gd and Mg-Y alloys  

Alloy Composition 
Mass% 

Room Temperature High Temperature  Ref 

TS 
MPa 

TYS 
MPa 

E 
% 

TS 
MPa 

TYS 
MPa 

E 
% 

 

Mg-10Gd-0.6Mn (HE) 340 280 10 170 140 26 a 

Mg-10Gd-6Y-0.6Mn (HE) 440 390 5 230 200 15 a 

Mg-8.5Gd-2.3Y-1.8Ag-0.4Zr 600  5.2    f 

        

Mg-9.1Y (HE) Not Aged 266 207 13.0 166 140 19 b 

Aged 323 204 6.4 177 147 32 b 

        

Mg-8.3Y-0.6Nd 
(HE) 

Not Aged 291 205 13.8 183 140 22.6 b 

Aged 319 258 7.4 183 183 41 b 

        

Mg-7Y (PM/RS) 345 300 9.9    c 

Mg-7Y (IN) 290 235 8.0    c 

        

Mg-11.5Y (PM/RS) 381 367 9.1    c 

Mg-11.5Y (IN) 330 275 3.0    c 

        

Mg-6.14Y (HE) Not Aged 272 212 8.4 187 125 20.3 e 

Aged 229 176 9.8 151 80 27.5 e 

Mg-12.12Y (HE) Not Aged 356 290 9.0 284 229 15.4 e 

Aged 293 229 15.4 284 227 13.6 e 

        

Mg-10.5Y-4.2Sc-
0.79Mn (HE) 

Not Aged 370 280 8.5 235 190 41 d 

Aged 385 325 5.0 265 225 29.0 d 

Mg-10.5Y-4.2Sc-
0.79Mn (CD) 

Not Aged 395 375 4.5 265 225 26.9 d 

Aged 420 385 4.5 275 235 27.0 d 

        

Note: 300 °C                          250 °C  

* The table are summarizing reported data in the literature, which can be found in Ref. [149]. 

a. The hot extruded (HE) Mg alloys with an aging time of 200°C/24h after extrusion, high-T is at 

300 °C;  

b. Aged regimes were 200°C/100h, high-T is at 300 °C ; 

c. Mg alloy rods prepared by using the powder metallurgy/ rapid solidification (PM/RS) and ingot 

(IN) technologies, high-T is at 250 °C; 

d. The hot extruded (HE) and cold deformed 5% (CD) Mg alloys with an aging regimes of 

200°C/100h after deformation, high-T is at 300 °C;  

e. The hot extruded (HE) Mg alloys with a solute treatment + aging regimes of 200°C/100h after 

deformation, high-T is at 250 °C;  

f.  Hot rolling sample with T4 heat treatment [34].  
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6.2. Crystal Structures and Computation Details 

 Two different models, atomic cluster and atomic array of alloying elements, are 

applied into the interactions between alloying elements and faults layers in Mg-10Gd and 

Mg-10Y with 6H and 10H.  In atomic array model, the chemical bond could form 

between alloying elements and extend in the long range following the periodic boundary 

condition, shown in Figure 6.4 (b).  In atomic cluster model, there is no chemical bond 

form between alloying elements or the chemical bond can’t be extended in the long 

range, shown in Figure 6.4(b).  Thus, it will estimate the segregation tendency of the 

alloying elements in the fault/non-fault layer corresponding to whether their interactions 

are favorable in the 6H LPSO of Mg-X alloys.  Here, these alloying elements include Al, 

Ca, Gd, Mn, Y, Zn and Zr.   

Based on the orientation relationship between the orthorhombic of 6H and 10H 

LPSOs and the primitive cell of hcp Mg, listed in Table 6.2 and Table 6.3, crystal 

structures of Mg-10Gd and Mg-10Y with 6H and 10H are presented in Figure 6.4, Figure 

6.5, Figure 6.6 and Figure 6.7.  The lattice vectors of the orthorhombic supercell are 

related to those of the hcp Mg as
..

1000101
CSHCP

,
..

0101021
CSHCP

, and 

..
0010001

CSHCP .  
In Mg-10Gd and Mg-10Y alloys with 6H LPSO, 9 configurations 

are required to identify whether the alloying element (Gd or Y) forms clusters or atomic 

array, in which positions labeled with P8 and P9 show the atomic array locating in the 

non-fault layer between two fault layers (P8) and in the fault layer (P9), shown in Figure 
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6.4 and Figure 6.5.  On the contrary, 12 configurations are used to identify whether the 

alloying element (Gd or Y) forms clusters or atomic array. 

Details of first-principles calculations and procedures obtaining deformation 

electron density (Δρ) and the HRTEM images in this work are as same as that described 

in the methodology part in Chapter 5. 

 

Figure 6.3. Position of alloying elements in 6H LPSO with a stacking order and a label, 

(a) atomic array shown in A layer, where there is a chemical bond between alloying 

elements and (b) atomic cluster in 2B layer, where no chemical bond forming between 

alloying elements.  Lattice vectors of the primitive hcp Mg parallel to these of the 

orthorhombic supercell are labeled.   
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Table 6.2. The setting parameters for the first-principles calculations of Mg-10Gd and 

Mg-10Y with 6H LPSO 

Alloys with 6H LPSO Theory work Note 
Supercell Setting # of atoms at% wt % 

Mg-10Gd Mg 118 98.33 90.12 5 'a × 3 'a ×CLPSO 

Gd 2 1.67 9.98 

Mg-10Y Mg 76 97.44 91.22 2 'a × 3 'a ×CLPSO 

Y 2 2.56 8.78 

 

Table 6.3. The setting parameters for the first-principles calculations of Mg-10Gd and 

Mg-10Y with 10H LPSO 

Alloys with 10H LPSO Theory work Note 
Supercell Setting # of atoms at% wt % 

Mg-10Gd Mg 118 98.33 90.12 3 'a × 3 'a ×CLPSO 
Gd 2 1.67 9.98 

Mg-10Y Mg 78 97.50 91.42 2 'a × 3 'a ×CLPSO 
Y 2 2.50 8.58 
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Figure 6.4. Crystal structure of Mg-10Gd with 6H LPSO, (a)-(d), 9 configurations tested 

to identify whether Gd forms clusters or atomic array (P8 and P9 cases); (e), reference 

state of P7; (f), reference state of P8 and P9.  

 

Figure 6.5. Crystal structure of Mg-10Y with 6H LPSO, (a)-(d), 9 configurations tested to 

identify whether Y forms clusters or atomic array (P8 and P9 cases); (e), reference state 

of P7; (f), reference state of P4; (g), reference state of P8  and P9.  
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Figure 6.6. Crystal structure of Mg-10Gd with 10H LPSO, (a)-(b), 12 configurations 

tested to identify whether Gd forms clusters or atomic array (P12 cases); (c), reference 

state of P8. 

 

Figure 6.7. Crystal structure of Mg-10Y with 10H LPSO, (a) 12 configurations tested to 

identify whether Y forms clusters or atomic array (P1); (b) reference state of P1; (c) 

reference state of P11.  
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6.3. Results and Discussion 

6.3.1. Application of atomic array and atomic cluster models in 6H LPSO of Mg98X2 

(at%) 

 Table 6.4 and Table 6.5 summarize the lattice parameter, bulk modulus and 

Excess energy of atomic array in the solid solution of Mg98X2 (at%, X= Al, Ca, Gd, Mn, 

Y, Zn and Zr) without and with 6H long period stacking order, separately.  According to 

the variation tendency of the excess energy caused by the alloying element, the energetic 

favorable configurations of the alloying elements in 6H LPSO together with their 

reference state can be captured, shown in Figure 6.8.  Here, the labeled names of HCP-

Array, 6H-A, 6H-1B, 6H-2B and 6H-C stand for the atomic array of alloying elements 

locating in the HCP Mg matrix, A layer of 6H, 1B layer of 6H, 2B layer of 6H and C 

layer of 6H.  6H-2B-cluster means the atomic cluster of alloying element occupying the 

2B layer of 6H.  It can be seen that atomic arrays of Al and Y prefer to locate at the non-

fault layer (A) between two fault layers in 6H while atomic arrays of Mn, Zr and Gd 

occupy the fault layers (1B).  On the contrary, Ca and Zn atoms forming atomic clusters 

favor to segregate at the non-fault layer (2B) far away from the fault layer.   

 It is necessary to mention that the normalized excess energy by the equilibrium 

volume should be used to identify the energetic favorable configurations since the change 

of volume /lattice parameters introduces the local lattice strain, listed in Table 6.5.  The 

reduction of local lattice strain could reduce the total energy, stabilizing the structure.  

For example, the segregations of Gd and Zn, or both, into the twin boundary of Mg alloy 

decrease the elastic strain energy and minimize the total energy, making the structure 
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thermodynamically stable [38].  Figure 6.9 shows the effect of atomic position in various 

configurations on equilibrium volume of Mg and Mg-X (X=Al, Ca, Gd, Mn, Y, Zn and 

Zr).  It can be seen that the equilibrium volume of Mg will be increased by the formation 

of fault layers in 6H LPSO.  With the addition of alloying element, the change of 

equilibrium volume of Mg98X2 depends on the volume of alloying element.  More 

interestingly, the energetic favorable configuration of Mg98X2 always has the smallest 

volume difference with that of 6H of Mg, producing the minimized local lattice strain.  In 

fact, the local lattice strain caused by the fault layers and alloying elements can be 

captured in the simulated selected area electron diffraction patterns.  According to the 

Bragg’s law (  ndhkl sin2 ), the intensity of diffraction spots/streaks will be 

strengthened or weakened by lattice strain, which results in the fluctuation of distance (

hkld ) between two adjacent and parallel planes with a give miller indices (h,k,l).  For 

example, comparing to the electron diffraction patterns of 6H LPSO in pure Mg, more 

diffraction pots appear in Mg98Gd2, which are introduced by atomic array and atomic 

cluster of Gd, shown in Figure 6.10.  It can be seen that more diffraction spots disappear 

when the atomic array of Gd locates in the 2B layer of 6H, shown as the configuration of 

Mg98Gd2-6H-2B in Figure 6.10. 

 Through deformation electron density [61, 141, 163, 182], effect of alloying 

elements on the bond structure of LPSOs can be investigated conveniently, providing 

fundamental information on how alloying elements can either strengthen or weaken a Mg 

alloys [182].  Currently, the attributes of the bond structure and bond strength of Mg98X2 

alloys affected by 6H LPSO and alloying element are obtained.  Since the Coulomb force 
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is proportional to the charge distribution of the atoms and the bonding charge distribution 

(Δρ), the higher of Δρ the stronger of the bond.  Figure 6.11 shows (100)s.c. views of 

deformation electron density isosurface of 6H LPSO in Mg98X2 (X=Al, Y, Ca, Zn, Zr and 

Gd).  It can be seen that the rod-like directional bonds of Mg matrix have changed into 

tetrahedrons in the fault layer.  Alloying elements of Al, Zr, Y and Gd display the better 

capability in enhancing the deformation electron density in basal plane than Zn and Ca.  

Moreover, with the segregation of these atoms, electron distributions in the basal plane 

are enhanced significantly.  However, around the atomic array or atomic cluster of 

alloying elements, the deformation electron densities are decreased in prismatic and 

pyramidal planes.  In other words, the bond strength is increased in the basal plane but 

decreased in prismatic and pyramidal planes by alloying element, indicating a possible 

improvement of the ductility of Mg alloys through non-basal slip during deformation.  
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Table 6.4 Lattice parameter (a), Bulk modulus (B0) and Excess energy of atomic array in 

the solid solution of Mg98X2 (at%).  Four parameters Birch-Murnaghan (BM4) equation 

is applied to calculate these properties at equilibrium volume. 

HCP 

Lattice Parameter  

B0 

GPa 
Excess Energy 

meV/atom 
Excess Energy 

meV/ Å
3
 a  

Å  

C-LPSO 

  

Mg 3.197 

3.220 
a
 

3.202 
b
 

3.200 
c
 

15.549 

15.600 a 

15.482b 

35.6 

- 

36.3 
b
 

- 

4.107 0.183 

Al 3.187 15.499 36.4 -44.230 -1.987 

Ca 3.219 15.629 35.1 -5.978 -0.263 

Gd 3.205 15.631 35.8 -64.828 -2.859 

Mn 3.164 15.483 36.6 -117.758 -5.359 

Y 3.206 15.593 36.0 -102.541 -4.524 

Zn 3.186 15.491 36.3 6.819 0.307 

Zr 3.193 15.530 36.9 -140.769 -6.286 

Note: The area of basal plane is used to estimate formation energy of atomic array. 

a
 Inoue, et. al., high temperature extrusion prepared Mg-1Zn-2Y (at%) observed by 

HRTEM [23] 
b
 Tang, et. al., first-principles calculations of with PAW-GGA (c/a=1.612) [155] 

c
 Iikubo, et. al., first-principles calculations with PAW-GGA (c/a=1.624) [181] 

d
 Fan, et. al., first-principles calculations with PAW-GGA [138] 
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Table 6.5 Lattice parameter (a), Bulk modulus (B0) and Excess energy of atomic array in 

6H long period stacking order of Mg98X2 (at%).  Four parameters Birch-Murnaghan 

(BM4) equation is applied to calculate these properties at equilibrium volume. 

6H LPSO Al Ca Gd Mn Y Zn Zr Note 

Lattice 
Parameter 

Å 
(a is above C-

LPSO) 

3.189 
15.510 

3.218 
15.666 

3.202 
15.665 

3.177 
15.491 

3.208 
15.602 

3.188 
15.501 

3.195 
15.538 

A 

3.190 
15.514 

3.224 
15.645 

3.224 
15.607 

3.183 
15.429 

3.209 
15.604 

3.188 
15.502 

3.196 
15.540 

1B 

3.189 
15.508 

3.220 
15.658 

3.217 
15.696 

3.162 
15.518 

3.209 
15.607 

3.188 
15.503 

3.195 
15.539 

2B 

3.189 
15.508 

3.220 
15.659 

3.210 
15.678 

3.178 
15.488 

3.208 
15.600 

3.188 
15.502 

3.195 
15.539 

C 

3.189 
15.510 

3.220 
15.669 

3.205 
15.665 

3.165 
15.511 

3.209 
15.607 

3.187 
15.500 

3.196 
15.540 

2B-
Cluster 

Bulk modulus 
GPa 

36.06 34.76 33.15 35.96 35.58 35.93 36.68 A 

35.97 34.67 35.48 36.31 35.61 35.94 36.61 1B 

36.04 34.77 35.55 36.31 35.56 35.92 36.57 2B 

36.04 34.79 35.55 35.93 35.78 36.08 36.62 C 

35.92 34.63 35.45 36.23 35.58 35.92 36.56 2B-
Cluster 

Excess Energy 
meV/atom 

-40.322 -2.612 -58.294 -111.933 -99.216 10.914 -134.702 A 

-39.872 -1.741 -61.483 -113.850 -99.043 10.871 -137.515 1B 

-40.149 -2.849 -60.720 -112.396 -98.384 10.883 -134.968 2B 

-40.285 -2.544 -61.281 -112.769 -99.114 10.883 -135.251 C 

-39.689 -1.311 -60.713 -113.758 -99.216 10.858 -135.829 2B-
Cluster 

Excess Energy 
meV/ Å

3
 

-1.808 -0.115 -2.556 -5.084 -4.365 0.490 -6.005 A 

-1.788 -0.076 -2.707 -5.170 -4.362 0.488 -6.131 1B 

-1.799 -0.125 -2.670 -5.116 -4.331 0.489 -6.016 2B 

-1.807 -0.112 -2.698 -5.121 -4.367 0.489 -6.029 C 

-1.779 -0.057 -2.672 -5.168 -4.365 0.488 -6.054 2B-
Cluster 
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Figure 6.8 Energy-volume curve of the energetic favorable configurations of Mg98X2 

(X=Al, Ca, Gd, Mn, Y, Zn and Zr) fitted by four-parameter Birch-Murnaghan equation.   
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Figure 6.9 The equilibrium volume of Mg and Mg98X2 (X=Al, Ca, Gd, Mn, Y, Zn and Zr) 

with various configurations.  HCP-Array, 6H-A, 6H-1B, 6H-2B and 6H-C stand for the 

atomic array of alloying elements locating in the HCP Mg matrix, A layer of 6H, 1B 

layer of 6H, 2B layer of 6H and C layer of 6H, individually.  The 6H-2B-cluster means 

the atomic cluster of alloying element occupying the 2B layer of 6H. 
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Figure 6.10. Simulated selected area electron diffraction patterns of Mg and atomic array and atomic clusters in Mg98Gd2 with and 

without 6H.  The electron bean direction is parallel to
LPSOCS  0110||100 ..

.  The planner index is based on the orthorhombic 

supercell.
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Figure 6.11. (100)s.c. views of deformation electron density isosurface (Δρ=0.0021 e
-
/Å

3
) 

of the energetic favorable configurations in 6H LPSO of Mg98X2 (X=Al, Y, Ca, Zn, Zr 

and Gd). Positions of Mg atoms in the supercell are labeled in Mg98Al2 alloy while only 

alloying elements are displayed in black in the other alloys.    
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6.3.2. Bond structure of energetic favorable configurations in 6H and 10H LPSOs of 

Mg-10Gd (wt%) 

 Based on the four-parameter Birch-Murnaghan (BM4) equation (Equation 2.3), 

total energies of these tested 9 configurations in 6H LPSO of Mg-10Gd are obtained, 

shown in Figure 6.12.  At the equilibrium volume, configurations numbered P7, P8 and 

P9 with the lower total energies than the others, being the energetic favorable 

configurations in 6H LPSO of Mg-10Gd.  Their energy-volume curves together with their 

related reference state are presented in Figure 6.12(b).  Hence, it can be determined that 

Gd atoms prefer to group together forming atomic array in 6H LPSO through Gd-Gd 

bonds, segregating at the non-fault layer (A) between two fault layers, shown as 

configuration P8 in Figure 6.4.  When the Gd-Gd bonds cannot form, they will segregate 

at the fault layers, shown as configuration P7 in Figure 6.4.  Therefore, the fault layers 

and its first nearest neighbor layer in 6H LPSO have the tendency to be enriched of Gd 

alloys in Mg-10Gd alloys.  Similarly, it has been observed that Gd atoms segregate at the 

coherent  1110  deformation twin of Mg99.8Gd0.2 (at%) and  2110  twin of Mg98.4Gd1 

Zn0.4Zr0.2 (at%), where has the extension stress [38].  In this case, the local elastic strain 

energy could be reduced due to the large lattice parameter of Gd than the Mg matrix.   

 Figure 6.13 shows total energies of the tested 11 configurations in 10H LPSO of 

Mg-10Gd.  Clearly, configurations numbered P7 and P8 with the lower total energies 

than the others, being the energetic favorable configurations.  It means that Gd atoms 

prefer to segregate at the fault layers of 10H without forming Gd-Gd bonds.  Thus, the 

atomic cluster model should be used in the study of 10H LPSO in Mg-Gd alloys.  The 
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different segregation behaviors of Gd in 6H and 10H are caused by their chemical 

environment difference, which is the two fault layers are separated by one non-fault layer 

in 6H while two fault layers grouping together in 10H (shown in Figure 5.4).  

 The (010)s.c. and (100)s.c. views of deformation electron density isosurfaces of 6H 

and 10H LPSOs in Mg-10Gd are shown in Figure 6.14 and Figure 6.15, separately.  It 

can be seen that the rod-like directional bonds of Mg matrix have changed into 

tetrahedrons in the fault layer.  Moreover, with the segregation of Gd atoms, the 

deformation electron densities are decreased in prismatic and pyramidal planes around 

the effect zone of the Gd atoms while increased in the basal plane.  Therefore, the 

weakened bond strength of Mg matrix in the prismatic plane by the fault layers and 

alloying element indicates a possible non-basal slip system could occur during 

deformation, which could improve the ductility of Mg alloys. 
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Figure 6.12. Total energies of 6H LPSO in Mg-10Gd, (a) the energy at equilibrium 

volume and (b) energy-volume curve of the energetic favorable configurations fitted by 

four-parameter Birch-Murnaghan (BM4) equation. 

 

 

Figure 6.13. Total energies of 10H LPSO in Mg-10Gd, (a) the energy at equilibrium 

volume and (b) energy-volume curve of the energetic favorable configurations fitted by 

four-parameter Birch-Murnaghan (BM4) equation.  



151 

 

 

Figure 6.14. (010)s.c. and (100)s.c. views of deformation electron density isosurface 

(Δρ=0.0021 e
-
/Å

3
) Mg-10Gd with 6H LPSO.  The atoms of alloying element Gd are 

highlighted.    
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Figure 6.15. (010)s.c. and (100)s.c. views of deformation electron density isosurface 

(Δρ=0.0021 e
-
/Å

3
) Mg-10Gd with 10H LPSO.  The atoms of alloying element Gd are 

highlighted in black.  The third column is the rearrangement of the third according to the 

periodic boundary conditions. 
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6.3.2. Bond structure of energetic favorable configurations in 6H and 10H LPSOs of 

Mg-10Y (wt %) 

 Figure 6.16 shows total energies of these tested 9 configurations in 6H LPSO of 

Mg-10Y.  At the equilibrium volume, the configurations numbered P4 and P7 with the 

lower total energies than the others, being the energetic favorable configurations in 6H 

LPSO of Mg-10Y.  Similarly, the energetic favorable configurations in 10H LPSO of 

Mg-10Y are P6 and P11, shown in Figure 6.17.  It is worth to mention that the total 

energy of configuration with atomic array of Y is always in the middle range in both 6H 

and 10 LPSOs.  Thus, it can be estimated that Y atoms prefer to segregate at the fault 

layer and its first neighbor non-fault layer and have the tendency to form cluster in 6H 

and 10H LPSOs.   

 The (010)s.c. and (100)s.c. views of deformation electron density isosurface of 6H 

and 10H LPSOs in Mg-10Gd are shown in Figure 6.18 and Figure 6.19, separately.  It 

can be seen that the bond strength of Mg matrix in the prismatic and pyramidal planes are 

weakened by the segregation of Y atoms while strengthened in the basal plane.  Y could 

be the good alloying element improving ductility of Mg alloys by introducing the 

possible non-basal slip during deformation. 
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Figure 6.16. Total energies of 6H LPSO in Mg-10Y, (a) the energy at equilibrium volume 

and (b) energy-volume curve of the energetic favorable configurations fitted by four-

parameter Birch-Murnaghan (BM4) equation. 

 

Figure 6.17. Total energies of 10H LPSO in Mg-10Y, (a) the energy at equilibrium 

volume and (b) energy-volume curve of the energetic favorable configurations fitted by 

four-parameter Birch-Murnaghan (BM4) equation. 
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Figure 6.18. (010)s.c. and (100)s.c. views of deformation electron density isosurface (Δρ=0.0021 e
-
/Å

3
) Mg-10Y with 6H LPSO.  

The atoms of alloying element Y are highlighted.   
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Figure 6.19. (010)s.c. and (100)s.c. views of deformation electron density isosurface (Δρ=0.0021 e
-
/Å

3
) Mg-10Y with 10H LPSO.  

The atoms of alloying element Y are highlighted out. 
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6.4. Conclusion 

 In summary, the segregation behavior of the alloying elements (X=Al, Ca, Gd, 

Mn, Y, Zn and Zr) in 6H LPSOs of Mg98X2 (at%) has been estimated through the 

proposed atomic array and atomic cluster models.  In the view of excess energy caused 

by the contributions of alloying elements and fault layers, it can be seen that atomic 

arrays of Al and Y prefer to locate at the non-fault layer (A) between two fault layers in 

6H while atomic arrays of Mn, Zr and Gd occupy the fault layers (1B).  On the contrary, 

Ca and Zn atoms forming atomic clusters favor to segregate at the non-fault layer (2B) 

far away from the fault layer.  In view of deformation electron density, the attributes of 

the bond structure and bond strength of Mg98X2 alloys affected by the 6H LPSO and the 

alloying element are captured.  Alloying elements of Al, Zr, Y and Gd display the better 

capability in enhancing the deformation electron density in basal plane of 6H LPSO than 

Zn and Ca.  Moreover, with the segregation of these atoms, electron distributions in the 

basal plane are enhanced significantly.  However, around the atomic array or atomic 

cluster of alloying elements, the deformation electron densities are decreased in prismatic 

and pyramidal planes.  In other words, the bond strength is increased in the basal plane 

but decreased in prismatic and pyramidal planes by alloying element, indicating a 

possible improvement of the ductility of Mg alloys through non-basal slip during 

deformation.  

 The validation of atomic array and atomic cluster models are further estimated in 

6H and 10H LPSOs of Mg-10Gd (wt%) and Mg-10Y, discussing the segregation 

behavior of rare earth elements in LPSOs and their effect on the formability of LPSOs.  It 
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has determined that Gd atoms prefer to group together forming atomic array in 6H LPSO 

through Gd-Gd bonds, segregating at the non-fault layer (A) between two fault layers.  

When the Gd-Gd bonds cannot form, they will segregate at the fault layers, indicating the 

fault layers and its first nearest neighbor layer in 6H LPSO have the tendency to be 

enriched of Gd alloys in Mg-10Gd alloys.  In 10H LPSO, Gd atoms prefer to segregate at 

the fault layers without forming Gd-Gd bonds.  This difference segregation behavior of 

Gd in 6H and 10H is caused by their chemical environment difference, which is the two 

fault layers are separated by one non-fault layer in 6H while two fault layers grouping 

together in 10H.  Similarly, the Y atoms prefer to segregate at the fault layer and its first 

neighbor non-fault layer and have the tendency to form cluster in 6H and 10H LPSOs of 

Mg-10Y.  Furthermore, bond strength of Mg matrix in the prismatic and pyramidal 

planes are weakened by the segregation of Gd and Y atoms while strengthened in the 

basal plane.  The Gd and Y atoms could be the good alloying element improving ductility 

of Mg alloys by introducing the possible non-basal slip during deformation. 
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Chapter 7  

 Atomic Array/Cluster Nanoprecipitates of Alloying Elements 

in 6H and 10H LPSOs of Ternary Mg Alloys 

7.1. Introduction 

As mentioned before, works focusing on the segregation behavior of solute atoms 

are important to optimize the microstructure and to improve the mechanical properties of 

Mg alloys [30, 33, 35-40].  In the development of advanced Mg-Zn-Y alloys, effect of 

LPSOs and its enrichment of solute atoms on electronic structure and elastic properties of 

Mg remain ambiguous.  According to the stacking sequence of close packed atomic 

planes (basal planes), several types of LPSOs in Mg-Zn-Y alloys have be experimentally 

determined, which are 6H [23, 33, 120, 166], 10H [167-169], 14H [25, 26, 29, 124, 169], 

18R [25, 26, 29, 124, 168, 170, 171] and 24R [123, 169].  The significant features of the 

atomic arrangement in those LPSOs are (i) FCC-type stacking sequence ( ACBA


) 

indicates two fault layers (letters with dots above) within four atomic layers in 10H, 14H, 

18R and 24R; (ii) a mirror plane with the stacking sequence of three atomic layers (

CBA


) exists in 6H ( CBABBC


); and (iii) solute atoms of Zn and Y prefers to 

segregated around these fault layers (letters with dots).  For example, through the high 

angle annular dark field TEM imaging, it is demonstrated that a simple chemical ordering 

structure of Zn and Y forms by occupying every A


B  layers in the 6H LPSO of 
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Mg97Y2Zn1 (at%) alloy [33, 120].  The ordered arrangement of Zn and Y in two fault 

layers of the FCC-type building blocks of 14H and 18R in Mg-8Y-2Zn-0.6Zr (wt. %) has 

been estimated and supported by the appearance of some unique reflections or intensity 

maxima in electron diffraction pattern [124].  On the contrary, a L12-type (TM3RE4) 

cluster precipitated in short range of 18R LPSOs has been proposed in Mg85Y6Zn9 (at%) 

[116] and Mg89Y4Zn7 (at%) [117].  Although the local occupation behavior of solute 

atoms in 14H and 18R LPSOs could be effectively discussed by the L12-type (TM3RE4) 

cluster model, the essential condition for the application of this model is to assume the 

stoichiometric LPSO structures incorporate few extra TM3RE4 clusters, which results in 

the concentration of solute atoms in LPSOs is higher than that of in HCP stacking layers 

[29].  In other words, the concentrations of Zn and Y in 14H and 18R LPSO are fixed in 

the ratio of 3/4.  Accordingly, more non-stoichimetric ZnmYn(Mg) clusters derived from 

Zn6Y9 have been proposed in the study of 14H and 18R LPSO structures [119].   

In fact, various compositions of Zn and Y in LPSO structures of Mg-Zn-Y alloys 

have been experimentally observed and cannot be considered to be ideal stoichiometric 

one in a fixed ratio of Zn/Y, i.e. Mg100-xZn2±1Y4±2 [33], Mg87Zn3Y10 [120] for 6H,  

Mg87Zn7Y6 [32], Mg94Zn2Y4 [29], Mg86Zn7Y7 [121] for 14H, Mg91Zn3Y6 [32], 

Mg85Zn6Y9 [29], Mg84Zn8Y8 [121] and Mg100-xZn13.7±1Y7.5±1 [122].  Therefore, more 

works are required to reveal the segregation behavior of solute atoms in LPSOs and the 

stabilities of the microstructures generated by those models are still under investigation.  

Particularly, segregation behavior of the solute atoms and their contributions on the 

formability and the electronic structures of 6H LPSOs have not been reported in Mg 

alloys.  Base on the previous results shown in Chapter 6, the arrangement of alloying 
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element in the ternary Mg alloys will be estimated via atomic array and atomic cluster 

models, deducing the order/disorder structure of alloying elements in LPSOs of Mg 

alloys. 

Moreover, Mg-Gd based high strength casting alloys containing Zn and Zr present 

excellent mechanical properties.  For instance, the hardness at 498K, elongation, yield 

strength and ultimate tensile strength at 473K of Mg96.1Gd3.2Zn0.5Zr0.2 alloy (0.5GZ) [44] 

are 138 HV, 7.5%, 280 MPa and 390 MPa.  It is worth to mention that the high tensile 

strength of about 400 MPa of 0.5GZ alloy could be kept up to 473K.  The 

Mg95.85Gd2.0Y1.2Zr0.75Zr0.2 alloy [183] with 14H LPSO shows high toughness and 

excellent ultimate tensile strength, which could reach more than 400 MPa.  Recently, Mg-

8.5Gd-2.3Y-1.8Ag-0.4Zr (wt%) alloy with nano-spaced stacking faults produced a yield 

strength of ~575 MPa, an ultimate strength of ~600 MPa, and a uniform elongation of 

~5.2 %. [34]  The strengthen mechanism to make Mg ultrastrong is the reduction of 

stacking fault energy enable the introduction of high density of stacking fault, which 

impeded dislocation slip and promoted dislocation accumulation [34].  Therefore, it is 

essential to study the segregation behavior of the selected alloying element (such as Zn 

and Zr) in the LPSOs in order to design the advance Mg alloys with high strength and 

good ductility.  

In this chapter, contributions of alloying elements and fault layers to the energy, 

electronic structure and elastic properties of 6H and 10H LPSOs in the ternary 

Mg97Zn1Y2 and Mg-Gd-TM (TM=Zn and Zr) alloys are discussed through our introduced 

atomic array/cluster model discussed in Chapter 6.  These two models simplify the 

investigation of interactions among various elements and fault layers in LPSOs, yielding 
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the energetic favorable configurations and explaining the segregations behaviors of 

alloying elements in Mg alloys.   

 

7.2. Computational Details 

In the present first-principles calculations, the orthorhombic supercell sizes of 6H 

LPSO structure of Mg97Y2Zn1 (at %) alloy is caa 3342  with 96 atoms, where a and c 

are the theoretical lattice parameters of primitive hcp Mg and an orientation relationship 

of                     ,                     , and                    .  Through 

estimating whether a bond between alloying elements form, the atomic array and the 

atomic cluster models are generated. 

Calculations of electronic structures and energies at 0 K are carried out by means 

of the Vienna ab initio simulation package [90, 91] with the generalized gradient 

approximation [133] for the exchange-correction functional and the projector augmented 

wave [134] for the electron-ion interaction.  The wave functions are sampled on Г-

centered Monkhorst-Pack grids of 9×3×4, generated automatically with a scaling length 

l=60.  The plane wave cutoff energy is set as 300 eV, i.e. 1.4 times the default cutoff 

energy for accurate calculations, and the energy convergence criterion of electronic self-

consistency is 10
-6

 eV/atom.  While the structures are fully relaxed by the Methfessel-

Paxton technique [135], the final total energy calculations are performed by the 

tetrahedron method incorporating Blӧchl correction [156].  Procedures obtaining 
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deformation electron density (Δρ) and the HRTEM images in this work are as same as 

that described in the methodology part in Chapter 3.   

Four-parameter Birch-Murnaghan equation of states [58-60] is used to describe 

the relation between energy and volume.  Elastic constants calculated by first-principles 

calculations are obtained by using the efficient strain-stress method [77, 78].  The bulk, 

Young’s (E) and shear moduli (G) of the orthorhombic structure can be derived from the 

calculated first-principles elastic constants through Voigt’s method [79, 80] 

 The formation energy of 6H LPSO structure,
H6  , can be obtained through  

Equation 7.1     )(
1

66 BulkHH EE
A

  

where E6H and EBulk are the total energies of supercells with and without LPSO structures, 

respectively, and A is the area of basal plane of supercells.  Taking the energy of pure Mg 

as the reference, the excess energy of atomic array (or atomic cluster) structure of 

alloying elements in 6H LPSO and bulk structure ( )(6 XE H and )(XEBulk ) are 

expressed as 

Equation 7.2   )()()( 666 nHmmnHH MgEXMgEXE    

Equation 7.3   )()()( nBulkmmnBulkBulk MgEXMgEXE    
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where )(6 mmnH XMgE   and )( mmnBulk XMgE  are the total energy of atomic array (or 

atomic cluster) in mmn XMg  alloy; m and n are the number of solute atoms and the total 

number of atoms in the supercell. 

7.3. Results and Discussions on Mg97Zn1Y2 

7.3.1. Excess energy of atomic array of Zn and Y in 6H LPSO 

Through four parameters Birch-Murnaghan equation of state, total energy of Mg, 

Mg98Y2, Mg98Zn2 and Mg97Zn2Y1 (at%) with various configurations as a function of 

volume can be obtained, shown in Figure 7.1.  Total energy of energetic favorable 

configurations of Mg98Y2 and Mg97Zn2Y1 (at%) with 6H LPSOs as a function of volume 

are presented in Figure 7.1(f).  The present predicted formation energy of 6H LPSO in 

Mg is 44.6 mJ/m
2
, matching well with previous reported data (44.1 mJ/m

2
) [155].  In 

Mg98Y2 alloy, through comparing the total energies of these configurations generated by 

atomic array and atomic cluster models shown in Figure 7.1(b), it can be seen that atoms 

array of Y prefer to segregations in the A layer.  In the view of excess energy listed in 

Table 7.1, it is energetic favorable to form atomic array of Y in Mg98Y2 since the excess 

energy )(6 YE H  is smaller than )(YEBulk , indicating the strong interaction existing 

among Y atoms in Mg98Y2  alloy.  It is necessary to point out that the configuration of 

atomic array of Y in A layer (named 6H-A) should be applied in the work of Mg97Zn1Y2 

alloy instead of the 6H-C although its excess energy is smaller than that of 6H-A.  The 

reasons are (i) the excess energy of 6H-A is smaller than 6H-C although equilibrium 

volume normalized excess energies is larger than that of 6H-C; and (ii) the atomic 
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morphology of 6H-A is more close to the experimental observations that is alloying 

elements prefers occupying every A


B  layers in the 6H LPSO of  Mg97Y2Zn1 (at%) alloy 

[33]. 

In Mg98Zn2 alloy, the total energies of atomic array in 1B layer (6H-1B (Array)) 

and atomic cluster in 2B layer (6H-2B (Cluster)) from first-principles calculations are 

almost identical, shown in Figure 7.1(d).  According to the four-parameter Birch-

Murnaghan equation of states fitting, the excess energy of 6H-2B (Cluster) is the smallest 

than the others, listed in Table 7.1.  Comparing with excess energy of HCP-Array, the 

excess energy will be increased by forming atomic array and atomic cluster of Zn in 6H 

LPSO, which means the pre-existing structure of Zn in the bulk Mg dominated the final 

segregation behavior of Zn in 6H LPSO.  As mentioned in previous experimental results, 

it has pointed that certain amount of Y and Zn – particularly Zn - is essential to form the 

6H LPSO and the precipitation has occurred for the pre-existing (Zn, Y)-rich Mg solid 

solution [33].  The present results provide the direct evidence in view of excess energy 

caused by alloying Zn.  

To deduce the ordered/disordered structure of Zn and Y in the laminar structure 

(A


B  layers) of 6H LPSO, nine configurations (shown in Figure 7.3(d)) displaying 

positions of Zn are required since atoms array of Y prefer to segregations in the A layer.  

As shown in Figure 7.1(e), the total energy is significantly decreased when Zn locating at 

the first nearest neighbor of atomic array of Y (labeled as P5) comparing with the other 

configurations.  Thus, the most energetic favorable configuration with arranging ordered 
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alloying elements of Zn and Y has been estimated in Mg97Zn1Y2 alloy, which is the 

atomic array of Y with Zn occupying its 1
st
 nearest neighbor (6H-A-P5), shown in Figure 

7.2.  The present predicted morphology of enrichment of Zn and Y  in 6H LPSO matches 

well with previous 3D atom probe characterization of the local chemistry of Mg97Zn1Y2 

alloy, which is the Y and Zn occurs in one or two atomic layers in the unit cell of 6H 

LPSO [120].  Furthermore, as listed in Table 7.1, the present predicted lattice parameters 

of Mg97Zn1Y2 alloy via atomic array model agree with previous reported data [155].  

With the formation of atomic array of Y in A layer of 6H LPSO, the lattice parameters, a 

and CLPSO, are increased from 3.197 Å and 15.549 Å to 3.208 Å and 15.604 Å, 

separately, which is due to the atomic radius of Y is larger than that of Mg.  On the 

contrary, lattice parameters, a and CLPSO, are decreased with the addition of Zn into Mg 

matrix with 6H LPSO.  Thus, the lattice mismatch of Mg97Zn1Y2 alloy with atomic array 

of Y and Zn (6H-A-P5) to Mg with 6H LPSO is limited, resulting in almost no lattice 

strain since the lattice parameters change very small.  In particular, a and CLPSO are 

enhanced from 3.197 Å and 15.549 Å of Mg to 3.201 Å and 15.567 Å of Mg97Zn1Y2 

(6H-A-P5). 
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Table 7.1. Lattice parameter (a), formation energy (
H6 ) of 6H LPSO of Mg and excess 

energy (
Array' ) of atomic array of alloying element in Mg alloys (at%).  Four parameters 

Birch-Murnaghan (BM4) equation is used to obtain a and 
LPSO . 

 

Structure 
Lattice Parameter  

Excess Energy 

(meV/atom) 
Excess Energy 

(meV/Å
3
) 

a (Å)  CLPSO (Å) 

Mg 6H 3.197 

3.202 
a
 

3.200 
b
 

15.549 

15.482
a
 

15.601
b
 

4.107 0.183 

Mg98Y2 HCP-Array 3.206 15.593 -102.541 -4.524 

6H-A 3.208 15.602 -99.216 -4.365 

6H-1B 3.209 15.604 -99.043 -4.362 

6H-2B 3.209 15.607 -98.384 -4.331 

6H-C 3.208 15.600 -99.114 -4.367 

6H-2B-Cluster 3.209 15.607 -99.216 -4.365 

Mg98Zn2 HCP-Array 3.186 15.491 6.819 0.307 

6H-A 3.188 15.501 10.914 0.490 

6H-1B 3.188 15.502 10.871 0.488 

6H-2B 3.188 15.503 10.883 0.489 

6H-C 3.188 15.502 10.883 0.489 

6H-2B-Cluster 3.187 15.500 10.858 0.488 

Mg97Zn1Y2 HCP-Array 3.201 15.567 -100.195 -4.442 

6H-A-P5 3.202 

3.220 
c
 

3.20 
d
 

15.574 

15.600 
c
 

15.60 
d
 

-96.741 -4.285 

Note: The area of basal plane is used to estimate formation energy of atomic array. 
a
 Tang, et. al., first-principles calculations of with PAW-GGA (c/a=1.612) [155] 

b
 Iikubo, et. al., first-principles calculations with PAW-GGA (c/a=1.624) [181] 

c
 Inoue, et. al., high temperature extrusion prepared Mg-1Zn-2Y (at%) observed by 

HRTEM [23] 

d Abe, et al., experimental estimated concentration of 6H LPSO is to be Mg95(Zn, Y)5 in 

Mg97Zn1Y2 [33]   
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Figure 7.1 Total energy as a function of volume fitted by four parameters Birch-

Murnaghan (BM4) equation of energetic favorable configurations of Mg98Zn2, Mg98Y2 

and Mg97Zn2Y1 (at%) with 6H LPSOs, (a) and (c) total energy of bulk Mg and Mg98Y2 

with 6H LPSO; (b) and (d) total energy of Mg98Y2 and Mg98Zn2 at equilibrium volume; 

(e) total energy of various configurations of Mg97Zn2Y1; and (f) comparation of energies 

for energetic favorable configurations of Mg98Zn2, Mg98Y2 and Mg97Zn2Y1.. 
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Figure 7.2. 3D view of the energetic favorable positions for alloying elements Zn and Y 

in Mg98Zn2Y1 (at%) with 6H LPSOs.  It displays that Y prefers to occupy the non-fault A 

layer while Zn to occupy the first nearest neighbor of Y in the fault layer labeled as B


. 
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7.3.2 Bond structure and strength affected by solute atoms and fault layers 

Through deformation electron density [61, 141, 163, 182], effect of alloying 

elements on the bond structure of stacking faults can be investigated conveniently, 

providing fundamental information on how alloying elements can either strengthen or 

weaken a Mg alloys [182].  Currently, bond structure and strength of Mg97Zn1Y2 alloy 

affected by 6H LPSO and alloying elements (Zn and Y) are obtained through 

investigating the deformation electron density and electron localization function (ELF).  

Isosurfaces of the deformation electron density (corresponding to Δρmax) of Mg, Mg98Zn2, 

Mg98Y2, and Mg97Zn1Y2 in the prismatic plane view are presented as Figure 7.4.  

Electronic structures of fault layers (labeled 1B) and non-fault layers (A, C and 2B) of 6H 

LPSO in Mg have been displayed in Figure 7.4(a).  It can be seen that the non-fault layer 

A is between two fault layers named 1B, which is one of the two layers (A


B  layers) 

enriched with alloying elements as mentioned before.  Contributions of Zn and Y to the 

electronic structures of their energetic favorable configurations in Mg98Zn2 and 

Mg98Y2with 6H LPSO are presented in Figure 7.4(b) and Figure 7.4(c).  The efficiency of 

our proposed atomic array model can be seen since nine configurations are required in the 

calculation of Mg97Zn1Y2 with 6H LPSO, shown in Figure 7.3(d).  

 The bond strength of Mg affected by the fault layer in 6H LPSO and alloying 

elements Zn and Y is discussed in views of deformation electron density (Δρ) and 

electron localization function (ELF) in the following.  Since the Coulomb force ( CoulombF ) 

is proportional to the charge distribution of the atoms and the bonding charge distribution 
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(Δρ), the higher of Δρ the stronger of the bond.  The bond strength of Mg with 6H LPSO 

is characterized by the isosurface and contour plots of Δρ, shown in Figure 7.4.  It can be 

observed that two fault layers in 6H LPSO with altered charge density are separated by a 

non-fault plane and bond strength of Mg in the basal plane can be strengthened by the 

formation of fault layers.  For instance, if assuming electron locating within the thickness 

of 0.56 Å (thickness of 4 layers of the grid region along ]0001[ , shown in Figure 7.8) 

contribute the bond strength of the basal plane.  The number of grid region with the 

highest Δρ in basal plane increases from 11 to 23 by the formation of fault layer. 

 The (001)s.c. plane view of -Δρmax and 0.5Δρmax  isosurface plots of Mg, Mg98Zn2 

with Zn cluster in 2B layer, Mg98Y2 with Y array in A layer and  Mg97Zn1Y2 with 

possible positions of Zn (P1-P9) for a fixed position of Y are shown in Figure 7.5 and 

Figure 7.6.  Since more valence electrons existing in Y than Zn, it can be seen that the 

electron redistribution range affect by Y is significantly larger than that of Zn.  With the 

interaction with Zn occupying the first and second nearest neighbor of Y array, the 

electron redistribution range of Zn will be verified, shown as 6H-A-P1, 6H-A-P5 and 6H-

A-P6 in Figure 7.6.  The (100)s.c. plane view of 0.4Δρmax isosurface plots of Mg97Zn1Y2 

with possible positions of Zn (P1-P9) for a fixed position of Y are shown in Figure 7.4, 

which clearly displays the bond morphology change of Mg affected by the fault layers 

and alloying elements.  It can be see that the deformation electron density around Y is 

significant higher than the other zone.  Particularly, the dispersion of more electrons 

along the basal plane caused by Y atomic array indicates the basal plane is strengthened.  

Incorporated with Zn occupying its first nearest neighbor along ]0001[ , the bond strength 
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of the more basal plane is enhanced with alloying elements affecting zone, shown as 6H-

A-P5 in Figure 7.7. 

 

 

Figure 7.3. (100) plane view of Δρ=0.00367 e
-
/Å

3
 isosurface plots of (a) pure Mg; (b) 

Mg98Zn2 with Zn cluster in 2B layer; (c) Mg98Y2 with Y array in A layer and (d) 

Mg97Zn1Y2 with most favorable positions of Zn (P1-P9) for a fixed position of Y. 
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Figure 7.4. Chemical bond strength characterized by the deformation electron density (Δρ) of Mg with 6H in views of the 

isosurface and the contour plots.  
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Figure 7.5 (001)s.c. plane view of -Δρmax isosurface plots of Mg, Mg98Zn2 with Zn cluster in 2B layer, Mg98Y2 with Y array in A 

layer and  Mg97Zn1Y2 with possible positions of Zn (P1-P9) for a fixed position of Y. 
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Figure 7.6 (001)s.c. plane view of 0.5Δρmax isosurface plots of Mg, Mg98Zn2 with Zn cluster in 2B layer, Mg98Y2 with Y array in A 

layer and  Mg97Zn1Y2 with possible positions of Zn (P1-P9) for a fixed position of Y.   
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Figure 7.7 (100)s.c. plane view of 0.4Δρmax isosurface plots of Mg97Zn1Y2 with possible 

positions of Zn (P1-P9) for a fixed position of Y. 
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A quantitative description of contribution of alloying elements Zn and Y to the 

bond strength of Mg97Zn1Y2 with 6H LPSO along prismatic plane is shown in Figure 7.8, 

whose crystal structure is present in Figure 7.2.  In view of ELF, it also can be seen that 

the charge is accumulated on site of the atomic array of Y, shown in Figure 7.8(a).  

Particularly, the charge of the basal plane around the Y atomic array is enhanced 

significantly.  Hence, we would expect to reveal the strong interactions between alloying 

elements and the fault layers in 6H LPSO of Mg97Zn1Y2 alloy.  Three lines along ]0001[  

with different distance to the Y atomic array and Zn are selected, labeled as S1, S2 and 

S3 in Figure 7.8(a).  Since those lines are crossing the A layer instead of B or C, the value 

of ELF for the Mg-Mg bond in non-fault planes will be smaller than that of the typical 

covalence bond (0.6 - 1), shown in Figure 7.8(b).  Moreover, the bond strength of Mg 

matrix around the Y/Zn atomic array would be dramatically decreased in the prismatic 

plane.  For example, for these two fault layers separated by A Layer, the bond strength of 

Mg matrix in the prismatic plane is decreased obviously by the formation of fault 

(displayed by line profile of S2), which could be further reduced by the segregation of Zn 

in the 1
st
 nearest neighbor of Y atomic array (displayed by line profile of S1), shown in 

Figure 7.8(b).  Thus, it can be concluded that the strengthen mechanism of Zn and Y to 

Mg97Zn1Y2 alloy is that the basal plane of Mg is strengthened due to the formation of 

stronger chemical bond between atomic array and Mg matrix.  On the contrary, the 

weakened bond strength of Mg matrix in the prismatic plane by the fault layers and 

alloying elements indicates a possible non-basal slip system could occur during 

deformation, which could improve the ductility of Mg alloys. 
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Figure 7.8. Chemical bond strength characterized by electron localization function (ELF) of Mg97Zn2Y1 with 6H-A-P5 

configuration, (a) (100) plane contour plot of ELF; (b)the corresponding line profiles of ELF with those listed in (a). 
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7.3.3 Simulated HRTEM image and electron diffraction pattern of atomic array in 

6H 

In order to verify the validation of the proposed atomic array model in Mg97Zn1Y2 

alloy, the first-principles simulated HRTEM image are presented for the comparation 

with experimentally observed contrast feature [33, 120, 184], shown in Figure 7.9.  Based 

on the atomic positions shown as the insert picture in Figure 7.9, their charge 

redistribution caused by alloying elements can be determined efficiently and directly 

through FP calculations.  Thus, the contrast feature of alloying elements in Mg97Zn1Y2 

alloy by applying the atomic array model in the simulated HRTEM can be obtained, 

which confirms the previous HRTEM observed one (Zn and Y forms by occupying every 

A


B  layers in the 6H LPSO of  Mg97Y2Zn1 (at%) alloy) [33, 120] and theoretical 

calculation [185].  Similarly, the assumed Mg2Si2Al7 with Si2 pillars have been 

successfully applied in the study of nanoprecipitates hardening AlMgSi alloys, in which 

pillarlike silicon double columns are observed by atomic-resolution electron microscopy 

[125].   

Since the electron diffraction pattern is sensitive to the composition and the lattice 

strain of the system [23], it is used to finally estimate the morphology of ordered alloying 

element in 6H LPSO based on the local strain.  Figure 7.10 shows the simulated selected 

area electron diffraction patterns of Mg98Zn2 and Mg98Y2 with atomic array and atomic 

cluster in 6H LPSO.  It can be seen that more extra diffraction spots and streaks appears 

along LPSO]0001[ .  Comparing the electron diffraction patterns of atomic clusters shown in 
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Figure 7.10(b) and (d), more diffraction spots along 
LPSO]0211[ will be strengthened by the 

atomic array of alloying elements in 
LPSO]0110[ view of Figure 7.10(a) and (c), presenting 

the different local lattice strain caused by alloy elements via these two models.   

Figure 7.11 presents simulated selected area electron diffraction patterns of 

Mg97Zn1Y2 with atomic array of Y and Zn in 6H LPSO of Mg97Zn1Y2, matching with 

experimental observations of Mg97Zn1Y2 with 6H LPSO [33, 122].  Extra diffraction 

spots arising from the fault layers and atomic array of alloying element are indicated by 

arrows.  It is necessary to point out that the composition of the sample used by Ping et 

al.[186], is Mg-2.4RE-0.4Zn-0.6Zr (wt %), alloying elements of which disperse like disks 

within 10nm in diameter and 1 nm in thickness.  Examinations of electron diffraction 

pattern shown in Figure 7.11(c) indicate an ordered structure probably existing in the 

disk-like regions, which is Zn may occupy the neighboring sites of RE atoms based on 

observations by 3D atomic probe [186].  Hence, it can be seen that the disk-like ordered 

structure of alloying elements result in the strengthened diffraction spots spread along 

]0211[ in Figure 7.11(c-1) and along ]0101[ in Figure 7.11(c-2).  It is easy to understand 

the formation of atomic array of Y atoms with Zn locating at their first nearest neighbor 

site causes the strengthened diffraction spots spread along ]0211[ shown in Figure 7.11(a-

1) and Figure 7.11(b-1).  The weaken streaks in these predicted electron diffraction 

patterns indicate the local order structure in the 6H and the difference to experimental 

observed ones are due to their different compositions. 
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Figure 7.9. Crystal structure morphology of 6H LPSOs in Mg98Zn2Y1 (at %), (a) simulated HRTEM image with together with the 

atomic positions in the insert picture and (b) experimental observed HRTEM and HAADF-STEM images by Ping [120], Inoue 

[23] and Abe [33]. 
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Figure 7.10. Simulated selected area electron diffraction patterns of Mg98Zn2 (a-b) and 

Mg98Y2 (c-d) with atomic array and atomic cluster in 6H LPSO.  The electron bean 

directions are parallel to
LPSOCS  0110||100 ..

, 
LPSOCS  0211||010 ..

 and 

LPSOCS ]0001[||]001[ ..
.   
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Figure 7.11. Simulated selected area electron diffraction patterns of Mg97Zn1Y2 with 

atomic array in 6H LPSO (Fig. a-b), comparing with experimental observations of 

nanoprecipitates in Mg-Zn-RE-Zr alloy by Ping [120] (Fig. c) and 6H LPSO in 

Mg97Zn1Y2 by Chino[122] and Abe [33] (Fig. d).  The diffraction patters in (b) are the 

corresponding enlarged part of (a).  The electron bean directions are parallel to

LPSOCS  0110||100 ..
, 

LPSOCS  0211||010 ..
 and

LPSOCS ]0001[||]001[ ..
.  Extra 

diffraction spots arising from the fault layers and atomic array are indicated by arrows.    
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7.3.4 Elastic properties of atomic array in 6H LPSO 

Table 7.2 summarized elastic properties of Mg, Mg98Zn2, Mg98Y2, and 

Mg97Zn1Y2 alloys with and without atomic array in 6H LPSO.  The predicted bulk 

modulus (B) of HCP Mg derived from elastic constant calculated by Equation 2.12 

matches well with experimental measurements [180], which will be increased from 

36.24GPa to 36.80 GPa by forming 6H LPSO.  However, the shear modulus (G) is 

dramatically decreased from 21.20 GPa to 18.87 GPa by forming 6H LPSO in Mg.  

Comparing to the B and G of solution phase Mg98X2 (no bonds from between alloying 

element X), through forming atomic array of Y and Zn in HCP and 6H LPSO, B will be 

increased in Mg98Y2 and decreased in Mg98Zn2 while G increased in both.  It is worth to 

mention that B of Mg97Zn1Y2 with atomic array of Y/Zn (6H-A-P5) in 6H LPSO is 

enhanced while G is dramatically decreased comparing to that of HCP Mg matrix.  Based 

on the classification introduced by Pugh [187], metals having a B/G ratio greater than 

1.75 are ductile whereas less than 1.75 are considered brittle [188].  The ductility of 

Mg97Zn1Y2 with atomic array of Y/Zn (6H-A-P5) in 6H LPSO will be increased since the 

B/G ratio is changed from 1.71 of HCP Mg to 1.95 of Mg with 6H LPSO and further 

reaching at 2.09 of Mg97Zn1Y2.  Moreover, through forming atomic array of Y and Zn, 

the Young’s modulus (E) of HCP Mg is reduced from 53.21 GPa to 47.37 GPa of Mg98Y2 

(6H-A), 45.47 GPa of Mg98Y2 (6H-1B) and 46.36 of Mg97Zn1Y2.  The predicted Young’s 

modulus of Mg97Zn1Y2 in this work agrees well with previous experimental result [189], 

listed in Table 7.2.   



 

185 

 

 

Table 7.2. Elastic properties of Mg, Mg98Zn2, Mg98Y2, and Mg97Zn1Y2 alloys with and without atomic array in 6H LPSO 

 Structure C11 C12 C13 C33 C44 B G E υ B/G Remark 

Mg HCP 65.90 24.78 18.05 73.45 17.70 36.24 21.20 53.21 0.26 1.71  

67.5 24.76 24.1 72.4 23.97 39.3 22.8 57.3 0.23 1.72 [190] 

63.5 25.9 21.7 66.5 18.4 36.9 19.4 49.5 0.28 1.90 Exp. (0K) [180] 

59.4 25.6 21.4 61.6 16.4 35.2 17.4 44.8 - 2.02 Exp. (298K) [180] 

59.5 25.9 21.8 61.6 16.4 35.6 17.3 44.6 - - Exp. (298K) [179] 

6H 59.35 21.63 25.93 66.10 19.30 36.80 18.87 48.33 0.28 1.95  

Y HCP 62.24 26.74 22.63 67.46 14.27 37.38 17.52 45.46 0.30 2.13 1.04 at% 

66.29 31.01 19.09 77.74 18.25 38.80 20.27 51.79 0.28 1.91 2.77 at% 

59.5 27.3 21.6 64.5 19.0 36.1 18.3 47.1 0.28 1.97 2.77 at% Ref: 
[188] 

HCP-Array 52.45 29.00 24.75 70.70 16.70 38.04 17.86 46.33 0.30 2.13 2.08 at% 

6H-A 54.65 28.18 23.93 73.00 17.05 37.96 18.33 47.37 0.29 2.07 2.08 at% 

Zn HCP 60.11 25.36 22.89 62.55 13.62 36.10 16.59 43.15 0.30 2.18 1.04 at% 

65.23 23.78 16.08 73.57 15.92 35.14 20.25 50.97 0.26 1.73 2.77 at% 

62.3 25.5 23.1 66.2 14.1 37.1 17.3 44.8 0.30 2.15 2.77 at% Ref: 
[188] 

       46.5   Exp. [191] 

HCP-Array 55.20 23.20 25.43 61.25 21.50 35.63 18.82 48.01 0.28 1.89 2.08 at% 

6H-1B 55.60 23.60 24.83 64.70 19.75 35.71 17.65 45.47 0.29 2.02 2.08 at% 

Zn+Y 6H-A-P5 53.45 28.15 23.88 71.90 16.80 37.54 17.91 46.36 0.29 2.09 Mg97Zn1Y2 at% 

        45   Exp.[189] 

Note: Voigt’s approach 
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7.4. Results and Discussions on Mg97.5Gd1.67TM0.83 (TM=Zn and Zr) 

7.4.1. Applications of atomic array and atomic cluster of Gd and TM in 6H and 10H 

LPSOs  

 Based on the excess energy of binary Mg-10G (wt %) discussed in Chapter 6, it 

has shown that the fault layer and its first nearest neighbor layer of 6H LPSO prefer to be 

enriched of Gd atoms.  Atomic array of Gd atoms locating at A layer (configuration P8 

shown in Figure 6.4(c)) and atomic cluster occupying two 1B layer (configuration P7 

shown in Figure 6.4(b)) are applied to discussing the contributions of selected alloying 

element (TM =Zn and Zr) to the formability of 6H in Mg97.5Gd1.67TM0.83 alloys.  The 

supercells of Mg97.5Gd1.67TM0.83 are generated by substituted one Mg atom by TM in Mg-

10Gd, which is occupying the first nearest neighbor position of Gd atoms.  Similarly, the 

energetic favorable configuration of Gd in 10H (10H-P8 shown in Figure 6.6(a)) is 

chosen in the study of Mg97.5Gd1.67TM0.83 alloy.  Because it is identical between 

configurations of 10H-P7 and 10H-P8 (shown in Figure 6.15) for having the same bond 

structures and energies, which is due to Gd atoms segregate at two separate fault layers. 

 Figure 7.1 shows energies of 6H and 10H LPSO of Mg97.5Gd1.67TM0.83 (TM=Zn 

and Zr) with various configurations as a function of volume fitted by four parameters 

Birch-Murnaghan equation of state (EOS).  Hence, the equilibrium properties predicted 

by first-principles EOS can be obtained, including lattice parameters (a and CLPSO), 

equilibrium volume (V0), energy (E0), bulk modulus (B0) and its derivative of pressure 

(B0’), summarized in Table 7.3.  The interfacial energy of LPSO, 
LPSO , is defined as,  
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Equation 7.4   )(
1

BulkLPSOLPSO EE
A

  

where Esf and EBulk are the total energies of supercells with and without LPSOs, 

respectively, and A is the area of the basal plane with fault layers.  Moreover, the 

morphologies of alloying elements are same in the supercell with and without LPSOs.  It 

can be seen that with the addition of Zn and Zr, the interfacial energy of 6H and 10H can 

be decreased significantly when forming the cluster between TM and Gd, indicating the 

formability of 6H and 10H will be increased in Mg-Gd-Zr and Mg-Gd-Zn alloys.  For 

example, the interfacial energy of 6H in is decreased from 44.6 mJ/m
2
 of Mg to 13.17 

mJ/m
2 

of Mg98.33Gd1.67, to 16.3 mJ/m
2 

of Mg97.5Gd1.67Zn0.83 and to 16.79 mJ/m
2 

of 

Mg97.5Gd1.67Zr0.83.  Meanwhile, the interfacial energy of 10H in is decreased from 98.2 

mJ/m
2
 of Mg to 22.04 mJ/m

2 
of Mg98.33Gd1.67, to 25.38 mJ/m

2 
of Mg97.5Gd1.67Zn0.83 and to 

17.74 mJ/m
2 

of Mg97.5Gd1.67Zr0.83.  It will be more efficient alloying Zr into Mg-Gd to 

form 10H LPSO than alloying Zn since the interfacial energy of 10H in Mg97.5Gd1.67Zr0.83 

is much smaller than that of Mg97.5Gd1.67Zn0.83.   
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Figure 7.12. Energy as a function of volume fitted by four parameters Birch-Murnaghan 

equation of state, (a) and (b) configuration P7 and P8 together with their reference states 

in 6H LPSO of Mg97.5Gd1.67Zr0.83 and Mg97.5Gd1.67Zr0.83; (c) and (d) configuration P8 

together with its reference states in 10H LPSO of Mg97.5Gd1.67Zr0.83 and 

Mg97.5Gd1.67Zr0.83. 
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Table 7.3. Energies and properties of Mg97.5Gd1.67TM0.83 (TM=Zn and Zr) with atomic 

array and atomic clusters in 6H and 10H 

Composition 
Configuration # 

Lattice Parameter V0 
Å3/atom 

E0 
eV/atom 

B0 
GPa 

B0’ 
 

γLPSO 
mJ/m

2
 a 

Å  
CLPSO 

Å  

Gd-6H P7 3.226 15.473 23.067 -1.57217 34.4 5.10 13.17 

Ref 3.226 15.425 23.004 -1.57525 36.3 4.37 - 

        

P8 3.244 15.677 23.143 -1.57183 34.3 4.45 82.50 

P9 3.241 15.697 23.176 -1.57162 34.9 4.07 87.99 

Ref 3.236 15.646 23.085 -1.57496 34.4 4.94 - 

 

Gd-Zn-6H P7 3.202 15.571 21.601 -1.47405 35.6 4.11 16.30 

Ref 3.164 15.501 21.565 -1.47758 35.9 4.13 - 

P8 3.186 15.717 21.611 -1.47172 34.7 4.14 102.20 

Ref 3.175 15.683 21.575 -1.47522 35.8 4.00 - 

 

Gd-Zr-6H P7 3.176 15.609 21.676 -1.52625 35.7 4.03 16.79 

Ref 3.185 15.581 21.637 -1.52982 36.0 4.03 - 

P8 3.187 15.699 21.682 -1.52476 34.3 4.28 83.21 

Ref 3.180 15.660 21.648 -1.52762 34.6 4.31 - 

 

Gd-10H P7 3.216 26.008 23.149 -1.57356 35.8 3.88 22.04 

 P8 3.218 25.986 23.149 -1.57350 35.9 3.84 22.69 

 Ref 3.233 25.938 23.123 -1.57541 33.6 5.18 - 

 

Gd-Zn-10H P8 3.224 25.967 21.641 -1.47262 34.0 4.76 25.38 

Ref 3.251 25.897 21.590 -1.47462 33.8 5.28 - 

 

Gd-Zr-10H P8 3.217 26.055 21.695 -1.52685 33.9 5.02 17.74 

Ref 3.245 25.933 21.660 -1.52825 35.6 4.24 - 

 

Mg-10H 3.198 25.917 22.950 -1.51976 35.5 4.00 98.2 

Mg-6H 3.197 15.549 22.944 -1.51949 35.6 3.96 44.6 

Mg-HCP 3.195 5.179 22.904 -1.52387 35.9 3.87 - 
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7.4.2. Simulated electron diffraction patterns of atomic array and atomic cluster in 

6H and 10H LPSO 

 Figure 7.13 shows the simulated electron diffraction patterns of Mg98.33Gd1.67 with 

atomic array and atomic cluster in 6H and 10H LPSOs.  In views of 
LPSO]0110[ and

LPSO]0211[ , it can be seen that more extra diffraction spots and streaks appears along

LPSO]0001[ , which is caused by the solute atoms and fault layers in 6H and 10H.  The 

weak streaks shown in the view of 
LPSO]0211[ indicate local order structure in the 6H and 

10H LPSOs.  With the formation of atomic array of Gd in 6H, more diffraction spots 

along 
LPSO]0211[ will be strengthened, shown in Figure 7.13(b).  On the contrary, the 

formation of atomic cluster of Gd in 6H and 10H LPSOs contributes to the highlighted 

spots along LPSO]0001[ .  Hence, the obvious difference in the electron diffraction pattern 

between atomic array and atomic cluster could be conveniently estimated by the 

experiments.  As shown in Figure 7.13(c) and (d), the electron diffraction of 

configurations of 10H-P7 and 10H-P8 are same, confirming that they are identical since 

Gd atoms segregated at two separated fault layers.  The difference between 10H-P7 and 

10H-P8 is the distance of two Gd atoms along LPSO]0001[  is different, contributing 

limited change in the total energy and lattice stain. 

Figure 7.14 and Figure 7.15 shows the simulated electron diffraction patterns of 

Mg97.5Gd1.67Zn0.83 and Mg97.5Gd1.67Zr0.83 with atomic array and atomic cluster in 6H and 

10H LPSOs.  It can be seen that the intensity of some spots of Mg98.33Gd1.67 shown in 

Figure 7.13 will be decreased by alloying Zn, indicating the reduction of lattice strain 
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caused by the segregation of Gd with Zn located at its first neighbor.  Moreover, streaks 

caused by of atomic array of Zn in 6H of Mg97.5Gd1.67Zn0.83 in the view of 
LPSO]0211[  are 

much clear than that of Mg98.33Gd1.67.  On the contrary, in the view of
LPSO]0211[ , 

intensity of streaks caused by of atomic array of Zr in 6H of Mg97.5Gd1.67Zr0.83 is weaker 

than that of Mg98.33Gd1.67, presenting the decreased local lattice strain around atomic 

array.  Therefore, the formation energy of atomic array in 6H of Mg97.5Gd1.67Zr0.83 is 

smaller than that of Mg97.5Gd1.67Zn0.83, listed in Table 7.3.   
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Figure 7.13. Simulated selected area electron diffraction patterns of Mg98.33Gd1.67 with 

atomic array and atomic cluster in 6H and 10H LPSOs, (a) atomic cluster of Gd in 6H; 

(b) atomic array of Gd in 6H; (c) and (d) Gd segregated in two separated fault layers.  

The electron bean directions are parallel to
LPSOCS  0110||100 ..

, 

LPSOCS  0211||010 ..
 and 

LPSOCS ]0001[||]001[ ..
.   
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Figure 7.14. Simulated selected area electron diffraction patterns of Mg97.5Gd1.67Zn0.83 

with atomic array and atomic cluster in 6H and 10H LPSOs, (a) atomic cluster of Gd in 

6H; (b) atomic array of Gd in 6H; (c) Gd segregated in two separated fault layers.  The 

electron bean directions are parallel to
LPSOCS  0110||100 ..

, 
LPSOCS  0211||010 ..

 

and
LPSOCS ]0001[||]001[ ..

.  
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Figure 7.15. Simulated selected area electron diffraction patterns of Mg97.5Gd1.67Zr0.83 

with atomic array and atomic cluster in 6H and 10H LPSOs, (a) atomic cluster of Gd in 

6H; (b) atomic array of Gd in 6H; (c) Gd segregated in two separated fault layers.  The 

electron bean directions are parallel to
LPSOCS  0110||100 ..

, 
LPSOCS  0211||010 ..

 

and
LPSOCS ]0001[||]001[ ..

. 
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7.4.3. Bond structure and strength affected by solute atoms and fault layers 

 In the view of the deformation electron density, bond structure and strength of 

Mg97.5Gd1.67TM0.83 alloys affected by the solute atoms (Zn and Y) and the fault layers in 

6H and 10H LPSOs and are captured.  Isosurfaces of the deformation electron density 

(Δρ=0.0021 e
-
Å

3
) of atomic cluster of Gd-TM in 6H and 10H LPSOs of 

Mg97.5Gd1.67TM0.83 (TM=Zn and Zr) are shown in Figure 7.16.  It can be seen that the 

deformation electron density of atomic cluster of Gd-TM is significantly denser than that 

of surrounding Mg atoms, whose deformation electron densities are further decreased.  

This is because (i) more electrons should locate at the position of atomic clusters of 

alloying elements since they always have more electrons for the valence, for example, 

according to the electronic configurations of solute atoms in the first-principles 

calculations, 12 electrons are used for the valance of Zn (3d
10

4s
2
) and Zr (4s

2
4p

6
4d

2
5s

2
); 

and (ii) contributions of solute atoms and fault layers to the redisctribution of electrons 

result in the electron density change.  The enhanced electrons along the basal plane 

caused by atomic cluster of Gd-TM and the reduced electrons in the prismatic and 

pyramidal planes indicate the bonds are strengthened along basal plane but weakened 

along prismatic and pyramidal planes, shown in Figure 7.16.  When the solute atoms of 

Gd forming an atomic array with TM locating the first nearest neighbor site, the bond 

morphology will be significantly changed, comparing with that of atomic cluster of Gd-

TM.  Moreover, the bond strength along prismatic plane is dramatically decreased by the 

formation of atomic array in 6H of Mg97.5Gd1.67Zn0.83 and Mg97.5Gd1.67Zr0.83. shown in 

Figure 7.17.   
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 Figure 7.18 shows deformation electron density isosurface (Δρ=0.0021 e
-
Å

3
) of 

atomic cluster of Gd-TM in 10H of Mg97.5Gd1.67TM0.83 (TM=Zn and Zr).  Since more 

valence electrons existing in Zn and Zr than the matrix, it can be seen that the electron 

redistribution range affect by solute atoms is significantly enlarged by the formation of 

Gd-TM atomic cluster in the fault layers.  Moreover, solute atom of Zr attracts more 

electrons than Zn, presenting a the stronger pinning effect and improved thermal stability 

of LPSOs [38].   

 It is worth to mention that the directional bond will result in the elastic anisotropy, 

and thus hinders the anisotropic of deformation behavior.  With the formation of fault 

layers in the matrix of Mg, the rod-type directional bonds transfer into tetrahedrons, 

which are the typical FCC-type chemical bonds [61].  Furthermore, the inhomogeneous 

electron distribution in the fault layers of LPSOs could be introduced by the interactions 

among solute atoms and fault layers.  Since it is more difficult for the electrons to readapt 

during breaking rod-type directional bonds than the spherical ones [63], the redistribution 

of electrons characterized by the change of bond morphology implicates the directionality 

of the bonds crossing the fault layers of LPSOs and the dependency of formation energy 

of defects on composition [64].  Therefore, the segregation behavior of solute atoms and 

their contributions to the energy, bond structure and strength, and elastic properties can 

be captured conveniently, providing a qualitative description of the strengthen 

mechanism in the development of advanced Mg alloys. 
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Figure 7.16. Deformation electron density isosurface (Δρ=0.0021 e
-
Å

3
) of atomic cluster 

of Gd-TM in 6H of Mg97.5Gd1.67TM0.83 (TM=Zn and Zr), (a) and (c) in the (100)s.c. view; 

(b) and (d) in the (010)s.c. view. 
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Figure 7.17. Deformation electron density isosurface (Δρ=0.0021 e
-
Å

3
) of atomic array of 

Gd-TM in 6H of Mg97.5Gd1.67TM0.83 (TM=Zn and Zr), (a) and (c) in the (100)s.c. view; (b) 

and (d) in the (010)s.c. view. 
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Figure 7.18. Deformation electron density isosurface (Δρ=0.0021 e
-
Å

3
) of atomic cluster 

of Gd-TM in 10H of Mg97.5Gd1.67TM0.83 (TM=Zn and Zr), (a) and (c) in the (100)s.c. 

view; (b) and (d) in the (010)s.c. view. 
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7.5. Conclusion 

In this work, contributions of alloying elements of Zn and Y to the electronic 

structure and the elastic properties of Mg97Zn1Y2 alloy have been investigated via first-

principles calculations.  Segregation behavior of the alloying elements (Zn or/and Y) in 

6H LPSOs of Mg98Zn2, Mg98Y2, and Mg97Zn1Y2 has been estimated through the 

proposed atomic array and atomic cluster models.  In the view of excess energy caused 

by the contributions of alloying elements and fault layers, the energetic favorable 

configurations of 6H LPSO in Mg98Zn2, Mg98Y2 and Mg97Zn1Y2 have been presented.  

With the formation of atomic array of Y forming with Zn occupying its 1
st
 neighbor, the 

ductility of Mg97Zn1Y2 will be increased since the bulk modulus/shear modulus ratio 

(B/G) is changed from 1.95 of Mg to 2.09.  The validation of the proposed atomic array 

model in Mg97Zn1Y2 alloy is further confirmed by the simulated HRTEM image.   

 Atomic array and atomic cluster of Gd atoms are applied to discussing the 

contributions of selected alloying element (TM =Zn and Zr) to the formability of 6H and 

10H LPSO in Mg97.5Gd1.67TM0.83 alloys.  It can be seen that with the addition of Zn and 

Zr, the interfacial energy of 6H and 10H can be decreased significantly when forming the 

cluster between TM and Gd, indicating the formability of 6H and 10H will be increased 

in Mg-Gd-Zr and Mg-Gd-Zn alloys.  In 10H LPSO, it will be more efficient alloying Zr 

into Mg-Gd to form 10H LPSO than alloying Zn since the interfacial energy of 10H in 

Mg97.5Gd1.67Zr0.83 is much smaller than that of Mg97.5Gd1.67Zn0.83.   

 Moreover, in terms of deformation electron density and electron localization 

function, the strengthen mechanism of RE and TM to Mg-TM-RE alloys is that the basal 
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plane of Mg is strengthened due to the formation of stronger chemical bond between 

atomic array/cluster and Mg matrix.  On the contrary, the weakened bond strength of Mg 

matrix in the prismatic plane by the fault layers and alloying elements indicates a possible 

non-basal slip systems could occur during deformation, which could improve the ductility 

of Mg alloys.  The directional bond will result in the elastic anisotropy, and thus hinders 

the anisotropic of deformation behavior.  
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Chapter 8  

Conclusion and Future Work 

8.1. Conclusion 

 In this dissertation, contributions of stacking faults, LPSOs and alloying elements 

to the formation energy, elastic, electronic and phonon properties of Mg and Mg alloys 

are investigated through the first-principles calculations. A brief introduction of first-

principles calculations, yielding the energy of stacking faults and LPSOs, characterizing 

their electronic structures and presenting their effect on the phonon and elastic properties 

of Mg and Mg alloys, is discussed.  Atomic array and atomic cluster models for the 

arrangement of alloying elements in LPSOs of Mg alloys are proposed, comparing with 

previous works reported in the literature.  The main contributions of the present work 

include: 

(i) In pure Mg, the connections among stacking faults and LPSOs are discussed.  

Three typical basal-plane stacking faults, i.e., growth fault, deformation fault and 

extrinsic fault, are investigated. Through the electron localization morphology, 

electronic structures of these three stacking faults are revealed in terms of 

deformation electron density and electron localization function.  These results 

yield a quantitative description of charge transfer between atoms in and out of the 
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stacking faults.  We also obtain a brief physical correlation between stacking fault 

energy and the difference of Δρ and ELF between fault and the regular planes.  

Furthermore, through detailed investigations of deformation electron density, we 

show that the electron structures of 10H, 14H, 18R and 24R LPSO structures in 

Mg originate from those of deformation stacking faults in Mg, and their formation 

energies can be scaled with respect to formation energy and the number of layers 

of deformation stacking faults, while the electron structure and formation energy 

of the 6H LPSO structure are between those of deformation and growth stacking 

faults.  In the end, effects of fault layers in stacking faults and LPSOs on the local 

phonon density of states and Debye temperatures are discussed together with their 

specific electronic structures.  Moreover, the simulated images of high resolution 

transmission electron microscopy compare well with experimentally observed 

ones, and the simulated diffraction patterns display the classic character of the 

superlattices of stacking faults and LPSOs.  Contributions of each individual 

atomic layer to the thermal dynamic properties of stacking faults and LPSOs have 

been qualitatively and quantitatively described by the Helmholtz energy, 

vibrational entropy and Debye temperature.  

(ii) In the binary Mg-X alloys, contributions of alloying elements to the energy and 

the bond structure of stacking faults and LPSOs are investigated.  In view of 

electron localization morphology, the bonding structure of Mg around the fault 

plane can be recognized as the HCP-FCC transform in the short-range.  Together 

with the specific electron structure of each alloying element, it has been 

confirmed that the bond strength of the fault planes are strengthened around the 
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effected zone of alloying elements, while that of prismatic and pyramidal plane 

will be weakened by the electron redistributions effected by the contributions of 

alloying elements and fault layers in stacking faults and LPSOs. 

(iii) In the ternary Mg-TM-RE alloys, contributions of alloying elements and fault 

layers to the energy, electronic structure and elastic properties of 6H and 10H 

LPSOs are discussed through our proposed atomic array and atomic cluster 

models.  For example, with the formation of atomic array of Y forming with Zn 

occupying its 1
st
 neighbor, the ductility of Mg97Zn1Y2 will be increased based on 

the criteria proposed by Pugh [187].  In terms of deformation electron density and 

electron localization function, the strengthen mechanism of alloying elements in 

Mg alloys is that the basal plane of Mg is strengthened due to the formation of 

stronger chemical bonds between the atomic array and Mg matrix.  With the 

addition of TMs into Mg alloys with LPSOs, the excess energy will be reduced to 

make the structure more stable than that of without TM in Mg alloys.   

(iv) With the guidance of the electronic structure characterized by the deformation 

electron density and electron localization function, we can see that (a) the bond 

strength affected by alloying elements and fault layers can be conveniently 

estimated, supporting fundamental information to strengthen mechanism of Mg 

alloys; (b) the simulated images of high resolution transmission electron 

microscopy and diffraction patterns could show the experimental comparable 

character of the superlattices of stacking faults and LPSOs, estimating the 

accuracy of the proposed models and the predicted results.   



205 

 

 This work enables quantitative investigations of the segregation behavior of solute 

atoms in stacking faults and LPSOs. Contributions of solute atoms and fault layers in 

stacking faults and LPSOs to the energy, bond structure and strength, and elastic 

properties of Mg alloys are discussed, providing a qualitative description of the 

strengthening mechanism in the development of advanced Mg alloys. 

 

8.2. Future work 

 Since works focusing on the segregating behavior of alloying elements are 

important to optimize the microstructure and to improve the mechanical properties of Mg 

alloys, it is necessary to apply the proposed atomic array and atomic cluster models into 

the development of advanced Mg alloys.   

 (i) According to the concentration of alloying elements, length of the atomic array 

displaying short range order can be estimated via inserting Mg atom, which could 

optimize the concentration of solute atoms in the enrichment planes.  Incorporating with 

the ANNNI model mentioned in Chapter 2, energies of stacking faults and LPSOs in Mg 

alloys with various concentrations of solute atoms can be captured conveniently.   

 (ii) Vibrational entropy stabilized stacking faults and LPSOs could be studied in 

Mg alloys through investigating the phonon properties via the supercell approach.  

Through combining contributions of thermal electron and lattice vibrations, the 

Helmholtz energy at finite temperatures can be predicted.  Hence, the stability of stacking 

faults and LPSOs of Mg alloys can be compared, presenting the thermal stability of 
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stacking faults and LPSOs in Mg alloys.  Effects of alloying elements on the formability 

of various LPSOs will be studied. 
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