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Abstract

As an alternative view to the graph formation models in the statistical physics
community, we introduce graph formation models using network formation through
selfish competition as an approach to modeling graphs with particular topologies.
We introduce a model with nonlinear payoffs that results in a pairwise stable graph
with an arbitrary degree sequence. Further, we introduce a model with link bias
that also shows how networks with arbitrary degree sequences may be formed as
a result of selfish competition where agents have a preference for linking with one
player over another. For each of these models, we present an optimization model
for calculating the price of anarchy, which measures the price of decentralized link
decisions by players vs centralized link decisions. We introduced coercion into
the model, by considering general network constraints that may be enforced by a
player that is in the game. This model also enables the modeler to analyze the
effect of removing a player from the game.
We further investigate a specific application of our results to collaborative
oligopolies. We extend the results of Goyal and Joshi (S. Goyal and S. Joshi.
Networks of collaboration in oligopoly. Games and Economic behavior, 43(1):5785, 2003), who first considered the problem of collaboration networks of oligopolies
and showed that under certain linear assumptions network collaboration produced
a stable complete graph through selfish competition. We show with nonlinear cost
functions and player payoff alteration that stable collaboration graphs with an arbitrary degree sequence can result. We then show conditions under which these
results can be applied to spatial collaborative oligopolies.
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Chapter

1

Introduction
Special structure in networks has been considered in several recent papers [1–
4], that have cut across various subjects including social networks, information
networks, and biological networks as well as physical networks such as power grids
and road networks. A review of networks in these disciplines may be found in
various articles (see [2–4] and the references therein).
The network science literature was largely inspired by the observation of macroscopic structural properties (e.g., small world or power law degree distribution) of
networks that occurred in several distinct network types (e.g., social, information,
and biological networks), which have diverse microscopic properties. The network
science literature has largely been devoted to finding the mechanisms by which
networks form and/or evolve in order to generate the structural properties that
are observed. The momentum in this direction has largely been driven by the
statistical physics community [1–3], who argue that the phenomena of complex
networks (e.g., power laws) may be explained by laws that reach across all complex networks because they are phenomena that are inherent to the complexity of
the networks.
Alternatively, there has been recent interest in the structural properties of
networks that have been designed via optimization [5–7]. This perspective is motivated largely by the fact that many networks (in the abstract sense) are models
for physical networks that are designed by humans to function with particular
objectives (or even designed by nature to serve an evolutionary purpose). These
networks are distinctly different from social networks, which are abstract models
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that describe interactions between actors (e.g., people talking, writing scientific
papers or dating). These networks (e.g., power grids, communication networks)
are not designed through central coordination, but arise as a result of the objectives of multiple independent actors. As a result there are structural properties
that often exist in these networks that are not explained by models that do not
account for these functioning characteristics [8].
In this dissertation we seek to model the formation and evolution of networks
in such a way that we can begin to predict how a network will react to a sudden
change. There are various applications in which we are not concerned with the
statistical ensemble of all networks with some set of features, but we are instead
interested in a specific network and how it may behave. For example, let us
consider a contrived terrorist organization with 8 individuals (non-suicide bombers)
composed of a leader, executive officer, 2 IED deployment coordinators, 2 bomb
makers, and 2 chemical manufactures. A possible graph of this organizational
network is shown in Figure 1.1. In this example, the authorities are not concerned
Leader

Executive
Chemical
Maker

Chemical
Maker

Deployment
Coordinator

Bomb Maker

Deployment
Coordinator
Bomb Maker

Figure 1.1. Contrived Terrorist Organization

with the statistical characteristics of all graphs who match this graph according to
some set of network features. Further, the authorities are not concerned with how
this graph may statistically evolve on average, nor in the long term. The authorities
are concerned with how this specific network may be altered in the very next time
period. The authorities want to know the answer to one question: How can we
dissolve this network? Specifically, which set of nodes must be captured in order to
dismantle the network? Sometimes, there are constraints on the feasible actions,
so authorities may only be able to capture particular nodes and the authorities
want to know the effect of these actions before they are taken.

3
It is not always as obvious as it may seem. Sometimes when the obvious choice
of players is removed, the network gets stronger. In the example shown in Figure
1.2, it may seem obvious to remove the red node in the center. However, this may
result in a stronger network shown on the right. Often the leader of a network may

Figure 1.2. Potential Effects of Node Removal: The removal of the red node may result
in many different graphs including the dissolved graph on the left or the completely
connected graph on the right.

be stronger than the second in command, but other times the second in command
is stronger. Further, there may be many other coercive forces within a network that
cause it to form in a certain way which, upon the removal of a player, may result in
significant shifts. This is obvious when considering most organizations, but these
issues are often not considered in network models used for this purpose. In the
example shown in Figure 1.1, when the leader is removed, the resulting network
becomes tighter, stronger, and more difficult to dissolve as shown in Figure 1.4.

Leader

Executive
Chemical
Maker

Deployment
Coordinator

Chemical
Maker

Deployment
Coordinator

Bomb Maker

Bomb Maker

Figure 1.3. Contrived terrorist organization network after removal of leader

This is the motivation for using a game theoretic approach to modeling the
formation of graphs. We seek to model graphs in such a way that we may analyze
the influence of actions taken upon a network. Unfortunately, it is difficult to know
the incentives, constraints, and coercive influences of all players, which makes it
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difficult to apply these models in practice without significant information collection. Future work will be dedicated to the fusion of conflicting information and to
the analysis of inaccurate or misleading information on the model outcomes.

1.1

Brief Historical Literature Review

In this section we provide a brief historical literature review of Network Science,
Game Theory, Graph Formation, and Oligopolies. Many of the terms used are not
defined formally in this section, but will be defined in Chapter 2.

1.1.1

Network Science

The area of Network Science, sometimes called Complex Networks, is the study of
the structural properties of networks observed. The research in Network Science
shares the history of Graph Theory and dates back to the work of Leonhard Euler
who in 1736 solved the problem of the Seven Bridges of Königsberg. Euler showed
that it was not possible to cross all seven bridges without crossing any bridge twice.
He did this by generalizing the problem and using a graph theoretic approach. He
showed that in order for a graph to contain such a path, there must be either zero
or two vertices with an odd degree and the rest of the vertices must have an even
degree. This is because the path can either: (1) begin and end at the same vertex,
so it passes through each vertex, requiring all vertices to have an even degree or
(2) a path may begin and end at two distinct vertices, in which case these two
vertices have an odd degree and every other vertex must have an even degree since
the path runs through them. The seven bridges of Königsberg form a graph with
four nodes, all of which have an odd degree (one has degree five and the other
three have degree three). Hence, by this logic, Euler showed there does not exist
a path that crosses each bridge exactly once.
Paul Erdős and Alfréd Rényi studied two models for Random Graphs. The
first G(n, p) was a constructive model for an undirected graph with n nodes where
each pair of nodes contained a link with probability p. Erdős and Rényi [9] showed
that the value of np effected the size of the largest connected component in the
graph. The second model was G(n, m) which denoted the set of graphs with n
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nodes and m edges.
The Erdős-Rényi models were important for investigating various graph theoretic properties such as connectedness, however, they did not display two particular
properties that were observed in networks observed: (1) high clustering coefficient
and (2) a power-law degree distribution. The Erdős-Rényi model selects links
independently, so there is no clustering and the degree distribution has a binomial distribution which in the limit becomes a Poisson distribution as n gets large
when np is a constant. Duncan Watts and Steven Strogatz introduced the WattsStrogatz model, which rewires the links in a regular ring lattice graph in order
create graphs that have a short average path length (the small world effect) and
a high clustering coefficient [10]. The Watts-Strogatz model begins with a regular
ring lattice where each node has an equal degree. Then each link is rewired with a
probability that can be parameterized. These rewired links substantially decrease
the average path length, while keeping high clustering among neighboring nodes.
While the Watts-Strogatz model captured the clustering observed in real networks, it failed to realistically model the degree distribution. Barabási and Albert
introduced a dynamic model of network growth in order to capture the power law
degree distribution observed in real world networks. The Barabási-Albert model is
a dynamic model that introduces new nodes to the network by attaching them to
existing nodes with a preferential attachment rule. These models evolve a power
law degree distribution while maintaining a short average path length [1, 11]. This
model differed from the previous models by Erdős-Rényi and Watts-Strogatz in
that (i) new nodes are introduced and (ii) nodes have preferential attachment.
These models produce graphs with a power-law degree distribution, but fail to
capture the clustering produced by the Watts-Strogatz model. Further these models produce graphs where the older nodes have a higher degree and where high
degree nodes are highly connected to one another, neither of which is supported
by real world observations [1, 12–14].
It should be noted that while Barabási-Albert’s model was popularized in 1999
and they were the first to apply a mechanism to evolve a power-law degree distribution in networks, they were not the first to model a mechanism to evolve a
power-law distribution. A more generalized model of dynamics that can lead to
power law distributions was first introduced by Herbert Simon in 1955 [15]. The
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BA model implicitly favors a higher degree for older nodes, which is not a phenomenon supported by data [14]. Simon’s original model avoids this disconnect
from reality. Simon’s model was developed for incrementing the distribution of
word-length frequencies in a text. Since the text was finite, the dynamics are
simply developed by adding the ith word in the ith iteration.
In 1976, Derek de Solla Price applied Simon’s model to scientific citations to
describe the power-law degree distribution of citations [16, 17]. Price did not give
dynamics for a network model of the Scientific Citation Network. In 2001, after
Barabási-Albert presented their model in 1999, Stefan Bornholdt applied Simon’s
model directly to a network [14].
The Network Science literature models the importance of nodes and links using
various centrality measures as degree centrality and betweenness centrality. These
network metrics can be used to find which nodes are most important to a network,
in that their removal will increase the shortest path of the most node pairs or will
decrease the size of the largest component. However, in this dissertation we will
show that extending this abstraction to the level of functionality for the network
is a dangerous abstraction to make because it may lead to incorrect conclusions
about the role and importance of particular nodes and links. For example, when
the red node in Figure 1.2 is removed, exactly which network results is a function
of the linking mechanism of that system. Specifically, the player’s involved may
get to select with which other player’s they link and in this case, a game theoretic
approach should be used to analyze the potential resulting networks. Alternatively,
a centralized decision maker may choose which graph is formed in order to optimize
functional objectives and constraints. In this case, this optimization model should
be used to analyze the potential resulting networks. Once a linking mechanism is
determined for the system and potential resulting networks are able to be analyzed,
a decision maker may begin to answer the question of which nodes in the network
are most important in the context of this linking mechanism. In this dissertation
we will build a foundation for this approach in contrast to the network science
literature.
There is a wealth of research in Network Science that has followed the foundation reviewed in this section, however, much of it is not directly relevant to the
results of this dissertation.
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1.1.2

Game Theory

Game Theory is the study of mathematical models with players who rationally
maximize their payoffs by each choosing a strategy among a set of possible actions.
Each set of strategies played by the set of players results in a state, for which
each player receives a payoff. Game Theoretical models have been applied to a
wide range of fields including philosophy [18–20], politics [21–24], social sciences
[25–27], and biology [28–31]. In this dissertation we apply game-theoretic models
to network formation.
Principles of Game Theory were first discussed by James Waldegrave in a 1713
letter describing a minimax strategy to a two player card game [32–35]. One of the
first publications in the field of game theory was an investigation of duopolies by
Augustin Cournot in 1838 [36] where Cournot showed how to find pure strategies
solutions in the duopoly.
Game Theory advanced when Jon von Neumann showed the existence of a
mixed strategy solution to zero-sum games using the minimax principle [37]. The
gain of one player must be made at the expense of payoffs from the other players
in zero-sum games. von Neumann considered cooperative games in his book with
Oskar Morgenstern in 1944 [38].
In 1950 Merrill Flood and Melvin Dresher experimented with the Prisoner’s
Dilemma, which was named and formalized by Albert Tucker [39, 40]. The Prisoner’s Dilemma, now a cornerstone problem of Game Theory, is a game whereby
two players may benefit by cooperating, but each may benefit even more by defecting against a cooperating opponent. However, a lower payoff ensues from mutual
defection.
In the 1950s there were various papers [41–45] published that brought new and
fundamental concepts and theorems. John Nash introduced the Nash Equilibirum
for non-cooperative games [42]. In addition, Nash introduced the Nash bargaining
solution to the two person bargaining problem [43, 44]. In 1951, G.W. Brown
introduced fictitious play, where player’s learn from the strategy of their opponents,
assuming their opponents maintain a stationary strategy. In 1953, Donald Gillies
introduced the core in his dissertation, although it was not published until 1959.
The core is the set of feasible allocations such that no cooperative coalition can
improve upon the allocation [46–48]. In 1953, Harold Kuhn introduced the modern
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extensive form of games that are essentially games that follow a tree structure based
on the state (nodes) and strategies (links) played by the players, thereby allowing
sequential play with imperfect information [49] . In 1953, Lloyd Shapley introduced
the Shapley value, which distributes the surplus generated by a coalition among the
players in the coalition according to their contribution and bargaining position [50].
In 1954, Rufus Isaacs introduced differential games, which are dynamic games
constrained by differential equations. A two player differential game is essentially
a two player optimal control problem, where each player has his own control and
payoff function and the state is controlled as a function of both players’ controls [51,
52]. In 1959, Robert Aumann introduced the concept of Strong Nash Equilibrium
[53]. While a Nash equilibrium is a state such that no player can unilaterally
benefit themselves by changing their strategy, a strong equilibrium is a state such
that no coalition exists such that a cooperative strategy change by the coalition
could be made that benefits each player in the coalition.
The literature in game theory continues far beyond the literature reviewed in
this section, however, this historical foundation is sufficient for the research in this
dissertation.

1.1.3

Graph Formation Games

In this dissertation we model the emergence of collaborations among players (e.g.,
firms) as a strategic network formation game [54], by allowing selfish agents to
choose with which other agents they would like to form a link. Each agent has
the option to deny a link to another agent, so the formation of a link requires the
cooperation of both players. A value function assigns a value to each particular
graph and this value is distributed to agents by an allocation function (or allocation rule). This distribution of value drives a player’s preference for particular
graph structures and we show the occurrence of exotic graphs (e.g., power law
graphs) in nature may simply be the result of collaborative incentives, rather than
independent laws of nature.
The research on network formation games grew out of cooperative game theory
and graph theory. The literature in network formation games is extensive and we
will only summarize a few key results in this section.
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Out of the cooperative game theory literature, Myerson [55] first considered
cooperation structures, which we call graphs, where players may want to have a
set of bilateral cooperation links that are different than a simple partition of the
players. However, Myerson considers only whether agents are connected and does
not truly exploit the structure of the graph of connections. The focus of this work
was to study the characteristic functions that resulted from these structures.
Jackson and Wolinksy [56] were the first to consider modeling the stability of
networks where nodes themselves individually considered which others nodes with
which to form a link. They were the first to consider the idea that particular
structures, not just coalitions, were stable while others were not. Jackson and
Wolinksy introduced the analysis of graphs as pairwise stable if (1) there is no pair
of unconnected nodes that could both benefit from being connected and (2) no
node that could benefit from terminating a link. Pairwise stability is built on the
assumption that (1) any player has the ability to veto a link if it may benefit from
doing so and (2) two players would link together if they could benefit. The first
concept that a player may veto a link is an important reality of social networks
that is not considered in Network Science or Optimization and requires a game
theoretic perspective. However, the second concept that two players will link if it
benefits them both is an idea that departs from the traditional game theoretic Nash
equilibrium. Jackson [57] points out that a Nash Equilibrium is not sufficient to
model these relationships because it admits as an equilibrium the solution where
two players can benefit from a link and yet both select not to form it. Since
a relationship requires two players to agree to the relationship, even when both
can benefit, the solution where neither selects the relationship is an equilibrium
because neither one can unilaterally benefit themselves by requesting the link. In
this sense, Nash Equilibria are insufficient because they only consider unilateral
deviations and relationships are inherently bilateral or multilateral agreements.
Jackson and Wolinsky first used pairwise stability to model social relationships
where each player receives benefits at a cost from their friends and a lower benefit
from friends of friends, but with no cost. Jackson and Wolinsky investigate network
formation via the stability of particular graph structures [56]. An efficient graph
structure is one with the maximum value, that is, the total value of all agents is
maximized. Jackson and Wolinksy found that efficient graph structures are not
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always stable. They characterize allocation rules such that efficient graphs are also
stable.
Dutta and Mutuswami constructed an allocation rule that ensures the existence
of a strongly stable efficient graph where the allocation rule is symmetric on this
subset of strongly stable graphs [54]. Bala and Goyal [58] consider a model where
links allow access to a noncompetitive product such as information. The cost of a
link is attributed to the agent initiating the formation of the link.
Furusawa and Konishi [59] model free trade networks in which a link between
countries represents a free trade agreement and the absence of a link results in
a tariff. The supply and demand functions then induce a value function and
allocation rules over the countries. Belleflamme and Bloch [60] model market
sharing between firms where a link between two firms represents an agreement
not to infringe on each other’s market and the absence of a link implies the firms
will compete in the same market. Again, supply and demand induce a value
function and an allocation rule over the firms. Labor markets [61] and co-author
networks [56] have also been modeled using game theoretic networks.
Networks allow a model to portray intricate relationships among players that
cannot otherwise be described. For example, non-transitive relationships may be
modeled as in the case when, e.g., Player 1 is connected to Players 2 and 3, but
Players 2 and 3 are not connected to one another. This generality leads to another
important aspect of a network model: how do relationships of one pair of players
affect a third player? In some cases, a positive benefit may be reaped by an
outside party; other times, a negative affect may be imposed on an outside party.
Networks allow relationships to be modeled as an externality for outside players,
but the nature of the externality is dependent on the application and the model.
Currarini [62] investigates the nature of externalities in networks by modeling the
value of a graph as a function of the components of the graph. Particularly, any
graph is partitioned into one or more components and the value may be a function
of the partition.
A novel aspect of this dissertation is to tackle the problem of the network formation literature (i.e., modeling network formation as a result of player strategies),
with the ideas from the network science literature (i.e., finding the models that create particular topologies). The motivation in this dissertation is different than the
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network formation literature because rather than model particular applications
and find the laws that govern stable networks, we focus on finding the network
formation mechanisms (e.g., strategies, objectives, dynamics) that result in the
formation of networks with particular structural characteristics that correspond to
those observed in real networks.

1.1.4

Oligopolies

This dissertation models oligopolistic competition with firms who may collaborate
by linking to another firm. In this sense, this research is an extension of literature
on oligoplistic competition.
The structure of a market describes the manner in which firms compete in
the market and is set by the number and size of firms in direct competition for
a particular commodity as well as the number of consumers of the commodity
and the manner in which decisions are made and information about the decisions
are shared. Market structures vary between a monopoly with only one firm and
perfect competition with many firms. The market structure of a given commodity
effects how firms make decisions about the quantity to produce and the price to
sell it at. A market with a single firm is called a monopoly and the firm, the
monopolist, is able to choose a price to sell the commodity at and the market will
demand a quantity for this price. The monopolist firm is able to maximize its
profit based on its expectation of the market demand. On the opposite extreme, a
market with many small firms are said to be in perfect competition. These firms
are merely price takers, in that they must accept the price of a commodity on
the market and simply choose a production quantity based on their cost in order
to maximize profit. While there are some variations of these markets including
monopolistic competition and natural monopoly, an oligopoly is a market with a
few firms such that the decisions (e.g. production quantity, price set) of one firm
effects the market significantly and hence the resulting decisions of the other firms.
The analysis of oligopolies is distinctly different than the other markets because it
is game theoretic in nature due to the fact that firms have a tangible effect on one
another. A firm may benefit greatly in the short term with particular strategies
(e.g. lower price, increase quantity), but in the long-term this will usually result
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in a reduction of profit for all firms. In this sense, the game theoretic nature
of oligopolies is analogous to a prisoner’s dilemma and the manner in which the
competition is modeled will greatly effect the resulting equilibrium, as pointed out
by Shapiro [63].
The term oligopoly originated in Sir Thomas Moore’s Utopia in 1516 where he
argued that prices need not be competitive due to the competition of more than
one firm in a market [63–65]. An oligopoly is a market structure such that there
are a number of firms, more than one, who do have an effect on the market price
and the strategies of competing firms. The smallest such case of an oligopoly is
a duopoly, which is a market with two firms. A true duopoly is a market with
exactly two firms, but in reality duopolies describe commodity markets where
two firms have an overwhelmingly large share of the market. There are various
current market examples of duopolies where two firms have an overwhelmingly
large market share including Coca-Cola and Pepsi in the soda market, Intel and
AMD in the personal computer microprocessor market, and Verizon and AT&T in
the U.S. telecommunications market.
There are two models of duopoly, one of quantity competition and the other of
price competition. The model of quantity competition often denoted as Cournot
competition or the Cournot model was introduced by Antoine Augustin Cournot
[36]. The Cournot model consists of two firms competing by simultaneously choosing a quantity to produce and the price is set by the market as a result of the
total quantity produced. This model is applicable to markets where it may be
difficult or time consuming to change the quantity of production. The resulting
equilibrium market price is in between that of a monopoly and perfect competition. The second model of price competition is often attributed to Joseph Louis
François Bertrand for his critique of Cournot and Walras [66]1 , but it has been
contested [64, 68–70]. Bertrand offers a critique of Cournot, but did not introduce
the price competition model often attributed to him. Regardless of the origin of
the price competition model, it has been studied by various economists throughout the 20th century [71, 72] as it is applicable to markets where firms can easily
adjust the production quantity and price. This model of price competition of two
firms (and can be extended to more firms) who compete by selecting a price. The
1

Bertrand (1883) was translated by James W. Friedman [67]
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firm with the lower price absorbs the entire market demand at that price, so each
firm reduces its price until it equals their marginal cost. This model relies on two
key assumptions: (1) Each firm can produce a quantity large enough to absorb
all of the market demand and (2) marginal costs are constant. Further, with any
fixed cost, the firm will not receive enough revenue to cover the total costs. Edgeworth [71] gave an example with two firms who have constant marginal cost for a
capacity level short of the entire market. In this example, neither firm can cover
the entire market at the marginal cost. However, at prices above the marginal cost
the higher priced firm has an incentive to lower it and the lower priced firm has
an incentive to increase the price. Hence, Edgeworth shows an equilibrium will
not exist, although mixed-strategy equilibriums are considered by Dasgupta and
Maskin [73].
Shapiro [63] describes a pricing model similar to the Bertrand model that
Cournot introduced. Cournot introduced a second model composed of two monopolists, one of copper and one of zinc, who compete in a market for brass. Cournot
models the competition in the brass market where each monopolist simultaneously
sets the price of copper and zinc respectively. This model differs from that which
is typically attributed to Bertrand, but was a price setting model by Cournot.
Both the quantity and price setting models were models with firms who simultaneously choose a strategy without knowledge of the other firms’ strategy. As
Shapiro [63] argues, price setting more realistically describes firm strategies, but
the notion that a lower priced firm can and will absorb all market demand is unrealistic. Quantity setting models have a more accurate portrayal of equilibrium
and in some markets, better reflect strategy, but more often than not, quantity of
production is also dynamic. Ultimately, neither type of static model can provide
the richness of a dynamic model.
These simultaneous static games are one class of model along with repeated
static games and sequential games. Each of these classes of oligopoly models
may be applicable to different industries based on the industry circumstances.
Beyond the static oligopoly models, the literature continues with repeated games,
sequential games, and dynamic games. These models become far more rich in
the modeling of real oligopolies. However, in this dissertation we apply network
collaboration of firms in the context of firms who compete within a market in a
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static game. Such firm collaboration may be extended to richer dynamic models of
oligopolistic competition, but this dissertation has focused on building a foundation
within static collaboration games.
Goyal and Joshi introduced a model of firms that may first form pairwise collaborative relationships before competing in an oligopolistic market. Firms may
reduce their production cost via these collaborative links as is common in various
R &D intensive industries. As a result of these strategic collaboration decisions, a
network of collaborating firms results. Goyal and Joshi show that with small collaboration costs and a homogenous product market, under quantity competition,
the complete graph is the unique pairwise stable collaboration graph. Alternatively
under price competition, the empty graph is the unique stable graph. Goyal and
Joshi are thus able to show that the market affects the resulting stable collaboration network. Each of these models assume a linear production cost reduction for
each collaboration link, an assumption we will not make in the applicable models
of this dissertation. Since, we are also able to show varying resulting collaboration
networks, we will similarly argue that the production costs and their relationship to the collaboration graph has a similarly significant impact on the resulting
collaboration graph structure.
In 1926, Piero Sraffa argued that markets are often composed of multiple regions
where each firm is quasi-monopolistic [74]. In 1929, Harold Hotelling extended the
Cournot duopoly to a market on a linear line with linear transportation costs [75].
Hotelling argues there is an equilibrium point and that in this market firms should
make their commodities as similar as possible as has become known as the principle
of minimum differentiation. In 1979, d’Aspremont et al. argue that Hotelling was
incorrect in asserting that there was an equilibrium in the center of the line [76],
but there was an equilibrium for quadratic transportation costs. d’Aspremont et al.
present an alternative model where each firm instead has an incentive to maximize
his product differentiation. In 1986, Dasgupta and Maskin show that the Hotelling
spatial duopoly has a mixed strategy equilibrium [77]. In 1983, Hakimi considered
the facility location problem in a competitive environment on a spatial network,
where he assumes a customer will buy from a location that is closest to him [78]. In
1986, Harker presents a model of oligopolistic competition over a spatial network
and shows how it can be solved as a variational inequality [79].
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1.1.5

Graph Generation

The literature in graph generation is concerned with constructing a graph with a
particular feature or feature set, efficiently enumerating all of the graphs with a
feature set or uniformly sampling the ensemble of graphs with a feature set. As
the size of graphs get larger, the number of graphs with a particular feature will
often grow combinatorially and hence for many applications, uniformly sampling
the ensemble is more practical than enumerating the entire ensemble.
In this dissertation we are concerned with modeling how collaboration networks
are formed and react to influences on the graph. We are not directly concerned with
efficiently generating all of the graphs with a particular set of features. However,
we do investigate finding the worst graph with a particular set of features and
we do this with an optimization model. In discussing future research directions,
the problem of inferring needed modeling parameters from graph observations is
discussed. Solving this problem also with an optimization approach as well is
proposed. Both of these models use optimization to find a graph with a particular
set of features and this is tangent to the research of constructing the ensemble of
graphs with those features.
The first graph generation model was developed by Erdős and Rényi, who presented two models to randomly generate graphs. The first method is to uniformly
select a graph with n nodes and m edges from the ensemble of graphs with n nodes
and m edges. This is a model for random graphs, but is not a method to construct
graphs or efficiently sample them, since it presumes that the entire ensemble is
already known. The second random graph model is constructive and it forms a
graph by connecting each pair of nodes with an independent probability p. The
degree distribution then follows a binomial distribution that asymptotically approaches a Poisson distribution as the number of nodes n gets large while np = k
for a constant k (implying p approaches 0). Erdős and Rényi developed the first
models for random graphs, but were not concerned with developing graphs with
particular features, rather they developed a model for random graphs and studied
the resulting features such as the relationship between parameters n and p that
would likely result in a graph with a giant component and what the size of the
component would be.
Molloy and Reed expanded the research of Erdős and Rényi by considering
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graphs with a particular expected degree sequence [80]. As Erdős and Rényi,
they investigated the conditions under which graphs with such an expected degree
sequence form a giant component rather than smaller disconnected components.
Chung and Lu [81] furthered this research by investigating the size or volume
(weighted size) of the components in these graphs. In this dissertation, we are not
concerned with the components of the graph and so this literature is not covered
in detail.
There are various motivations for the research in generating graphs. While some
research is concerned with finding laws describing the features of a model, others
seek a model that matches observed features. For example, one motivation is that
particular network characteristics may be observed in data where the underlying
network is unknown. For example, surveyed data may tell how many links a
person has without naming them due to anonymity. Secondly, there may be various
applications where there can only be one network or very few networks observed. In
either of these cases, it is useful for simulation and analytical purposes to generate
graphs with these features, so that the models may shed light on other unknown
or unobservable features.
A subset of the literature in graph generation is concerned with the generation
of graphs with a specified degree sequence k [82–88]. There are various methods
for constructing and sampling the set of graphs with a particular degree sequence.
Given a particular degree sequence k, this research is concerned with: (1) identifying whether there exists a graph with the degree sequence k, (2) constructing a
graph with degree sequence k, (3) enumerating all graphs with degree sequence k
and (4) uniformly sampling the ensemble of graphs with degree sequence k.
A degree sequence k is graphical if there exists a graph with degree sequence
k. Erdős and Gallai [89] presented and proved a set of constraints that a degree
sequence k must follow to be graphical. Much more recently, Tripathi et al. have
given a constructive proof for the Erdős-Gallai theorem [90]. Havel [91] and Hakimi
[92] proved iteratively that a degree sequence k = (k1 , k2 , . . . , kn ) is only graphical
if the sequence (k2 − 1, k3 − 1, ..., kk1 +1 − 1, kk1 +2 , kk1 +3 , ..., kn ) is graphical. The
Havel-Hakimi algorithm easily led to an algorithm to construct graphs with this
degree sequence and this algorithm is described in Chapter 2. Chungphaisan [93]
generalized the Erdős-Gallai and the Havel-Hakimi theorems to graphs without
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loops and for which all vertices are connected by less than r edges. Iványi et
al. [94] investigate the computational times of different algorithms for testing degree
sequences and they present a linear algorithm for testing the Erdős-Gallai Theorem.
Given a graph with degree sequence k, links swaps may be used to sample
additional graphs while preserving the degree sequence. This is done by taking
two links (a, b) and (c, d) and reconnecting the nodes with either the links (a, c)
and (b, d) or (a, d) and (b, c). This is not always possible if one of these links already
exists, but there are many possible link swaps to choose from. This method could
be used to enumerate the graphs if links swaps are tracked or it may be used as
a sampling method. There is not any evidence that these methods will produce
a good sample of the ensemble of graphs [83]. For this reason, Del Genio et al.
introduce a constructive method that does not use link swaps by tabulating sets
of nodes who have a residual degree (i.e. need additional links) [83].
Both the problem of determining whether a specified degree sequence k is
graphical and constructing a graph with the specified degree sequence are solved
due to the work of Erdős and Gallai [89], Havel [91], and Hakimi [92]. However,
there continues to be active research into the problems of (1) efficiently testing
a sequence as graphical, (2) efficiently enumerating all graphs with a particular
degree sequence, and (3) methods to sample this set of graphs. Further, this
community is interested in extending beyond degree sequences to include other
observed graph features such as clustering coefficients.

1.2

Road map for this Dissertation

In this section we present a road map for reading this dissertation and finding the
key results and theorems presented in this dissertation. In Chapter 2, we introduce
the preliminary work needed as a foundation for this dissertation. This chapter includes definitions, notation, and previous theorems and discoveries. Chapter 2 lays
a foundation in Network Science, Game Theory, Network Formation, Oligopolies,
and Graph Generation. In the remaining portion of this section, we will use notation that is not yet defined until Chapter 2, so the reader may need to refer to
Chapter 2 for notation.
In Chapter 3, we introduce the first model of network formation using game
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theoretic principles, to show that as the result of a game, a graph with an arbitrary
degree sequence k = (k1 , k2 , . . . , kn ) may be formed as a pairwise stable network.
The main theorem proven is Chapter 3 is Theorem 1.2.1.
Theorem 1.2.1. Let k = (k1 , k2 , . . . , kn ) be a desired degree sequence for n players
in the node set N . Assume that Player i wishes to maximize objective Yi (x) =
−fi (ηi (x)) = −f (ηi (x) − ki ) (or minimize fi (ηi (x)) = f (ηi (x) − ki )), where f :
R → R is a convex function with minimum at 0. Let v be the balanced value
function induced from the allocation rule Y = (Y1 , . . . , Yn ). If there is at least one
graph with degree sequence k (i.e., k is graphic), then any graph x with degree
sequence k is pairwise stable for the the game G(v, Y, N ).
Theorem 1.2.1 shows that graphs with arbitrary degree sequences may be the
result of strategic game play, which is a fundamentally different perspective that
the Network Science literature’s explanation that these graphs come about as a
result of particular stochastic dynamics.
In Chapter 4 and 5, we apply Theorem 1.2.1 from Chapter 3 to Oligopolistic
competition. First, in Chapter 4, we present a model of firm collaborations in
an oligopolistic market and then in Chapter 5, the model is extended to spatial
oligopolies. In Chapter 4, we prove two theorems: Theorem 1.2.2 and Theorem
1.2.3. Theorem 1.2.2 shows conditions under which a complete network is pairwise
stable for firms competing with a nonlinear cost function. Theorem 1.2.2 extends
the results from Goyal and Joshi [95] to the case where firms receive decreasing
marginal benefit from collaboration via a nonlinear decrease in production cost.
This extension allows the parameter space to be considerably less restricted than
the result in Goyal and Joshi [95].
Theorem 1.2.2. Suppose the marginal cost for firm i on graph x is ci (x) =
γ0 + f (ηi (x)). Define 4f (k) = f (k + 1) − f (k). Further suppose each firm reduces its marginal cost for each additional collaboration (Condition (1)), the collaboration cost reduction function f is convex (Condition (2)), collaboration cost
reduction function f is positive (Condition (3)), the production quantity is positive
(Condition (4)), and the collaboration cost reduction function f is not too steep
(Condition (5)):
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1. k1 > k2 implies f (k1 ) < f (k2 );
2. f is convex;
3. f is positive;
4. α − γ0 > nf (0); and
5. 4f (k1 ) − n4f (k2 ) > 0 for all k1 , k2 ∈ {0, 1, . . . n − 1}
Then the complete network xc is a stable graph.
Theorem 1.2.3 shows conditions under which an arbitrary collaboration network
is pairwise stable in the oligopolistic competition model, thus extending Theorem
1.2.1 from the prior chapter. Specifically, Theorem 1.2.3 shows that if the functions fi have minima ki and the parameter space is restricted to keep production
quantities nonnegative, then any graph with the degree sequence k = hki i will be
a stable collaboration network.
Theorem 1.2.3. Suppose that f is a convex function that has a minimum at 0.
Further, suppose fi (ηi (x)) = f (ηi (x) − ki ). Define the change in f as 4− fi (ki ) =
fi (ki − 1) − fi (ki ) = f (−1) − f (0) = 4− f (0) and 4+ fi (ki ) = fi (ki + 1) − fi (ki ) =
f (1) − f (0) = 4+ f (0). If the steepness of the function f around 0 is small
enough relative to the production quantity, such that 2qi (x) n+1
> 4+ f (0) and
n−1
> 4− f (0), if the oligopoly has at least two players, and the parame2qi (x) n+1
n−1
ters follow condition (4.23)

2

ensuring that each player’s production quantity is

non-negative, then the equivalence class of graphs [x]η such that ηi (x) = ki is an
equivalence class of stable collaboration graphs.
In Chapter 5, we present a model of firm collaboration in a spatial market.
This model extends the literature in spatial oligopolies by introducing a model
with firm collaboration and this model extends the network formation model by
integrating spatial oligopolies. We show in Theorem 1.2.4, the conditions under
2

This condition is a restriction upon the parameter space that ensures the quantity of production is positive. The condition is dependent upon the market demand function, the marginal
cost functions, and the number of firms in the oligopoly
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which a collaboration network with an arbitrary degree sequence may be formed
as a stable network by firms competing in oligopolistic competition over a spatially
separated market.
Theorem 1.2.4. Suppose that f is a convex function that has a minimum at 0.
Further, suppose fi (ηi (x)) = f (ηi (x) − ki ). Define the change in f as 4− fi (ki ) =
fi (ki − 1) − fi (ki ) = 4− f (0) and 4+ fi (ki ) = fi (ki + 1) − fi (ki ) = 4+ f (0). Denote
the spatial transport network nodes as V = {1, 2, . . . v} and consumer demand at
transport node l ∈ V for firm i ∈ N as denoted as dli . If the steepness of the
function f around 0 is small enough relative to the production quantity, such that
n+1
2dli (x) n+1
> 4+ f (0) and 2dli (x) n−1
> 4− f (0), if the oligopoly has at least two
n−1

players, and the parameters follow condition (5.18) ensuring that each player’s
production quantity is non-negative, then the equivalence class of graphs [x]η such
that ηi (x) = ki is an equivalence class of stable collaboration graphs.
In Chapter 6, we move away from oligopolistic competition and instead extend
the model from Chapter 3 to now consider players with biased incentives to link
to specific players rather than others. We formulate an optimization approach to
finding a cost matrix c that will result in a graph with degree sequence k. We first
formulate the optimization Problem 1.1 in order to find ψ the matrix describing
which players benefit from each link where ψij = 1 if player i may benefit from
linking to player j.
min

X

ei

i

s.t.

X

xij − ki ≤ ei

j6=i

−

X

xij + ki ≤ ei

j6=i

ψij + ψji − 1 ≤ xij
xij ≤ ψij

∀ ij

xij ≤ ψji

∀ ij

∀ ij

(1.1)

xij − xji = 0 ∀i < j
xij , ψij ∈ {0, 1} ∀i, j
Once, the matrix of link preferences ψ is determined, it can be translated into an
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appropriate cost matrix c with an appropriate equation such as 1.2.

−1 if ψij = 1
cij =
1
if ψij = 0

(1.2)

The resulting theorem of Chapter 6 is Theorem 1.2.5, proving how to construct
an optimization model that will generate the graph that has a degree sequence as
close as possible to a given degree sequence.
Theorem 1.2.5. For a given degree sequence k any cost matrix c derived as a
solution to Problem 1.1 and by (e.g.,) Expression 1.2 will yield a graph formation
game that itself admits, as a pairwise stable solution, a graph x whose degree
sequence is as close as possible to k in the `1 metric.
In Chapter 7, we investigate an optimization model to calculate the Price Of
Anarchy, a measure of how much worse off players do in a competitive game compared to a centrally optimized assignment of links. The price of anarchy has
traditionally been used to measure the price of a non-centralized equilibrium solution versus a centrally optimized solution for a game. In Chapter 7, we extend
this measure to network formation models by modifying the method of calculating the price of anarchy. Further, we show how this may be used to evaluate kill
and capture techniques for a malicious network. In Theorem 1.2.6, we provide an
optimization model to finding the pairwise stable graph where players do worst 3 .
Theorem 1.2.6. Let k be a degree sequence and let Yi (v, x) be as in the statement
of Lemma 7.1.3, a convex function with minimum point at the player’s preferred
degree ki . The solution to the following integer programming problem yields a graph
3

This is for a specific objective function where each player is equally weighted. The worst
graph will vary as other objective may be considered
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x that is stable and has the worst net payoff function of any stable graph.
max

X

ui

i

s.t.

X

xij + ui = ki ∀ i

j6=i

zi + zj − 1 ≤ xij ∀ i, j 6= i
zi ≤ ui

∀i

ui ≤ ki zi

∀i

xij = xji

∀ i, j 6= i

ui ≥ 0

∀i

zi ∈ {0, 1}

∀i

xij ∈ {0, 1}

∀ i, j 6= i

(1.3)

In Chapter 8, we present a model where players may be coerced to form a link
with other players. In this model we evaluate the effect of removing particular
players and give an algorithmic approach to solving the problem in application.
We introduce y = hyj i as a vector of binary variables where yj denotes whether
player j is a participant in the game and sij as the level of link offered by player i
to player j. The discrete problem formulation is difficult to solve, so we consider
the continuous problem 1.4.

∀i : yi = 1



min









s.t.





































X

cij xij + c̄ij sij

j

Ai (y)x·i ≤ bi
Āi (y)s·i ≤ b̄i
Aij (y)x·i ≤ bi + M(1 − yj ) ∀j
Āij (y)s·i ≤ b̄i + M(1 − yj ) ∀j
xi· ≤ si·
xi· ≤ sT·i
xij ∈ [0, 1] ∀
sij ∈ [0, 1] ∀j

(1.4)
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We analyze this game using fictitious play with Algorithm 1.2.7.
Algorithm 1.2.7.
1. Initialize  > 0, choose 0 < δ < . Initialize any feasible solution to all
player’s constraints x0 , s0 . Set i = 0.
2. At stage i, let (xi , si ) be the current solution.
3. For each j ∈ {1, . . . , N }: Find an optimal strategy s∗j· for Player j keeping
all other players strategies fixed.
i
∗
i
4. Let si+1
j· = sj· + (sj· − sj· )

5. Halt if ||s∗j· − sij· || < δ for all j.
6. Compute xi+1 from si+1 . If (xi+1 , si+1 ) is infeasible,  = /2. Halt if  < δ.
Otherwise, Go to Step 2.
7. If (xi+1 , si+1 ) is feasible, i = i + 1 Goto Step 2.
The simulation of these games provides the insight that often simple rules of
thumb such as removing the high degree players may be too simple for some of
the complexities of network relationships. For example in Chapter 8, we show how
the crime organization previously shown in Figure 1.1 and shown again for ease
in Figure 1.4, may result in the network shown in Figure 1.5 after removing the
leader from the game. This modeling approach allows analysis of which networks
may be potential outcomes from specific actions taken upon the network.
Leader

Executive
Chemical
Maker

Chemical
Maker

Deployment
Coordinator

Bomb Maker

Deployment
Coordinator
Bomb Maker

Figure 1.4. Contrived terrorist organization
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Leader

Executive
Chemical
Maker

Deployment
Coordinator

Chemical
Maker

Deployment
Coordinator

Bomb Maker

Bomb Maker

Figure 1.5. Contrived terrorist organization after leader is removed

While the game theoretic models in this dissertation may provide deeper insight
than a rule of thumb, they may also deceive a decision maker into making a faulty
decision based upon misperceived information or incomplete information about the
nature and existence of links and nodes. Future work for this model may include
proving the convergence of an algorithm to solve these games.
In Chapter 9, we present conclusions and future directions. Future work will
include building models in a more efficient way with missing or incomplete data
(i.e., the statistical properties of these models). We would like to investigate the influence of misinformation in these games (sensitivity analysis) including the effects
of unknown nodes, unknown links, and the mischaracterization of links as natural
vs coerced. Most of the work in this dissertation is an incorporation of degree distributions into different network formation models. Future work would include the
incorporation of other network properties such as clustering and an investigation
of the relationship between clustering measures and the network formation game
mechanisms (e.g. objectives, strategies, etc). The models investigated in this dissertation are static in that all links are evaluated at a single point in time. Future
models would investigate dynamic models which would not only allow an investigation of networks in disequilibrium, but it would allow a richer set of strategies
and objectives to be incorporated into the model.

Chapter

2

Preliminary Works
In this dissertation, we model the emergence of collaboration networks with particular structures. This research shares with network science the motivation to design
a mechanism to form networks with a particular structure. The approach of this
research is quite different from the network science literature and instead shares a
game theoretic approach with the network formation literature. Collaborations of
agents is used to model firm collaborations in spatial networks and hence extend
the research in oligopolies and spatial oligopolies. As a result of these network
formation models, networks are formed with particular network features, similar
to the work done in the graph generation literature. However, while the graph
generation literature is more concerned with efficiently generating the complete
ensemble of graphs with some features, in this dissertation, we are concerned with
investigating the tie between properties of the graph formation game and the resulting graph features. In this chapter, we will introduce the relevant literature in
the areas of network science, game theory, network formation, aspatial and spatial oligopolies, and graph generation. However, we will begin by first introducing
some relevant notation and definitions.
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2.1

Notation and Preliminary Mathematics from
Graph Theory and Linear Algebra

Let N = {1, 2, . . . n} be a set of nodes, which will represent the players. The set of
links is a set of pairs of nodes (subsets of N of size two) and a graph x = hxij i may
be defined as a set of links over a set of nodes N . The graph x is an adjacency
matrix, but is denoted by a lower case bold letter as several other matrices are
throughout this dissertation, while the elements xij of the matrix will not be bold.
The graph xc is the complete graph (all subsets of N of size two) and X is the
set of all graphs over the node set N , that is, X = {x : x ∈ Bn×n and x =
xT and diag(x) = 0}. For a graph x ∈ X, the graph x + ij is the graph in which
link ij is added to x while x − ij is the graph in which link ij is removed from
graph x. Denote Z = {i ∈ Z+ : i < n} and let ηi (x) : X → Z denote the
degree of node i in graph x and η(x) : X → Z n be the degree sequence of the
graph x; i.e., η(x) = (η1 (x), η2 (x), . . . , ηn (x)). Let [x]η be the equivalence class of
graphs with the same degree sequence as x. Denote the link between node i and
P
j as xij . It an easy calculation to see that ηi (x) = j xij and η(x) = x · e =
P
P
P
( 1 x1j , 2 x2j , . . . n xnj )T where e = (1, 1, . . . , 1)T .
We denote a specific degree sequence k = (k1 , k2 , . . . , kn ) on n nodes as graphical
(also referred as graphic or realizable), if there exists a graph x with n nodes
that has degree sequence k. Equivalently, a degree sequence k is graphical if
η −1 (k) = {x ∈ X : x · e = k} 6= ∅ or there exists a graph x such that x · e = k
implying it is consistent. Erdős and Gallai [89] presented a set of constraints
that a degree sequence k must follow to be graphical. A non-increasing degree
sequence k = (k1 , k2 , . . . , kn ) is graphical if and only if their sum is even and for
all 0 ≤ α ≤ n − 1, Condition 2.1 is satisfied.
α
X
i=0

di ≤ α(α + 1) +

n−1
X

min{α + 1, di }

(2.1)

i=α+1

A path in graph x is a sequence of adjacent nodes {i1 , . . . , im } in N , that is to
say that they are nodes such that {xi1 i2 = 1, xi2 i3 = 1, . . . , xim−1 im = 1}. There are
multiple types of paths including closed paths that begin and end with the same
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node, where as open paths have a different first and last node. A simple path is
one in which no node is repeated. A graph is connected if there is a path between
every pair of nodes in the graph. If the graph is not connected, then each subgraph
(subset of nodes and edges) may be connected if there is a path between every pair
of nodes in the subgraph. A component of a graph is a connected subgraph, where
as a giant component is a component containing the majority of the entire graph’s
nodes.
There are multiple types of graphs including: simple, directed, and multigraphs.
A graph is simple if it has no multiedges or loops. A graph is directed if it composed
of directed edges, that is, edges with a direction denoted by a head and tail. A
multigraph has multiple edges, which are when multiple edges share the same pair
of end nodes.
A matrix A ∈ Rn×n is positive if Aij > 0 for all i, j ∈ N and A is nonnegative
if Aij ≥ 0 for all i, j ∈ N . The eigenvector v and eigenvalue λ of the matrix A
can be found by solving Equation 2.2.
Av = λv

(2.2)

The spectral radius of a matrix A ∈ Cn×n is defined as ρ(A) in Equation 2.3.
ρ(A) = max{|λi |}
i

(2.3)

Theorem 2.1.1. Let A ∈ Rn×n be positive, then by the Perron-Frobenius Theorem:
1. The Perron-Frobenius eigenvalue λP F is equal to ρ(A), the spectral radius of
A. That is, |λ| < |λP F | for each eigenvalue λ of A.
2. The Perron-Frobenius eigenvalue λP F is a positive real value.
3. The Perron-Frobenius eigenvalue λP F is a simple eigenvalue, so there is exactly one corresponding eigenvector.
4. The eigenvector vP F corresponding to λP F is positive and it is the only positive eigenvector
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2.2

Network Science

Network Science is a quickly growing field that studies the topology of networks
through the lens of statistical mechanics. Systems are abstracted into graphs whose
structure is studied statistically. Network Science is largely concerned with finding
laws of self-organization to explain statistical properties of large complex networks.

2.2.1

Network Properties and Definitions

In the network science literature, several network properties are investigated including average shortest path, clustering, degree distributions, and centrality. In
many networks, each pair of nodes have a relatively short path between them,
giving these networks the name small world. The length or average shortest path
of a graph x denoted as L(x) can be calculated as the shortest path between a pair
of nodes, averaged over all pairs of nodes in the graph, calculated in Equation 2.4.
L(x) =

X
1
dist(i, j)
n(n − 1) i,j∈N

(2.4)

If the average path length of a graph L(x) grows slower than log(n) for a graph
with n nodes, then the graph is a small world. Alternatively, the diameter of a
graph x is denoted as δ(x) and defined as the largest shortest path between a pair
of nodes in the graph, calculated in Equation 2.5.
δ(x) = max dist(i, j)
i,j∈N

(2.5)

Real social networks tend to be more highly clustered than random graphs. In a
random graph, any pair of two nodes are equally likely to be connected. However,
in many real networks, if node A is connected to node B and node B is connected
to node C, then node A is more likely to be connected to node C than another
arbitrary node. For example, when applied to a social network of friends, a person
is more likely to be friends with a friend of a friend than an arbitrary person with
no connection. This phenomenon of clustering can be measured by the clustering
coefficient. The global clustering coefficient is the ratio of connected triplets that
are completely connected. A connected triplet is a set of three nodes with at least
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two edges between them (so it is connected) and a set of three nodes is completely
connected or is a closed triplet if all possible edges are present between them (i.e.
three edges between three nodes). Denote the global clustering coefficient as C,
which is calculated in Equation 2.6.
C=

number of closed triplets
number of connected triplets

(2.6)

A clique is a subgraph that is complete, that is, a subset of the vertices such that
each pair of vertices is connected by an edge. The neighborhood of a node i is the
set of nodes j that share a link with node i. Denote the neighborhood of i as N (i),
defined in Expression 2.7.
N (i) = {j ∈ N : xij = 1}

(2.7)

The local clustering coefficient is a ratio to measure the connectedness of the
neighborhood of a node. The local cluster coefficient of node i is the ratio of
the number of links that exist in the neighborhood of node i over the number of
possible links in the neighborhood of node i if node i were in a clique. The local
clustering coefficient is defined in Expression 2.8.
P
C(i) =
Recall that ηi (x) =

P

j

j,k∈N (i)

xjk

ηi (x)(ηi (x) − 1)

(2.8)

xij . The clustering coefficient formulated by Watts and

Strogatz [10] is the local clustering coefficient averaged over all nodes as calculated
in Equation 2.9.
P
C(x) =

i

C(i)
n

(2.9)

The global clustering coefficient C calculated in Equation 2.6 is quite similar,
but not equivalent to the average local clustering coefficient calculated in Equation
2.9. Consider a node j with a degree of 1. Node j is not in a triplet, hence it is
omitted from Equation 2.6. However, Equation 2.9 averages C(i) over all nodes
i including j. Watts and Strogatz [10] did not specify how to calculate C(j) for
a node j of degree 1. Expression 2.8 has a denominator of 0 for node j and any
other node with degree 1. It is unclear how to calculate C(i) as Watts and Strogatz

30
state it is the fraction of links that exist in the neighborhood. Since node j has
one node in its neighborhood, it seems reasonable to say 100% of the links in the
neighborhood exist. Alternatively, one may skip C(j) while calculating C which
would make the two expressions equal.
As defined earlier, the degree of a node is the number of edges connected to
that node. The degree distribution is the probably density function of the degree
over the nodes in a graph. Define nd as the number of nodes with degree d and
define P (d) as the probably a node with degree d is uniformly chosen from a graph.
P (d) =

nd
n

(2.10)

The degree distribution for the network is often visualized with a plot of P (d) over
d. Many real-world networks have displayed degree distributions that are power
laws of the form shown in Expression 2.11.
P (d) ∝ d−γ

(2.11)

For a comprehensive list of applications of real networks with power-law distributions, see [1, 2, 11] and the references there in. For a more comprehensive view
of the models and applications involved in power laws, see [96] and the references
there in.
The centrality of a node is indicative of how central a node is to a graph
and there are four centrality metrics: degree centrality, betweenness centrality,
closeness, and eigenvector centrality. The degree centrality of a node is equal to
the degree of the node. The closeness centrality of a node is defined as the sum
of the distance to each other node in the network. The betweenness centrality of a
node i is measured as the ratio across each pair of nodes, of the number of shortest
paths that run through node i to the total number of shortest paths for that pair
of nodes, calculated as Cbet (i) in Equation 2.12.
Cbet (i) =

X σjk (i)
σjk
j,k6=i

(2.12)
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where
σjk (i) = the number of shortest paths
between node j and node k that pass through node i
σjk = the number of shortest paths between node j and node k
The measure of betweeenness centrality in Equation 2.12 increases for graphs with
more nodes, so it can be normalized by dividing by the total number of pairs of
nodes, excluding node i, which is

(n−1)(n−2)
,
2

giving the normalized betweenness

centrality in Equation 2.13.
Cbet (i) =

X σjk (i)
2
(n − 1)(n − 2) j,k6=i σjk

(2.13)

The betweenness centrality values a node higher that is on many shortest paths
for pairs of nodes, but this implies that the shortest path is more important in
some sense than other paths between nodes and in many applications it may not
be any more important than other paths. For example, in the case of information
diffusion or internet traffic, neither is likely to frequently take the shortest path
between two nodes. If this is the case, it is not clear why a node that is on many
shortest paths is any more important than nodes on other paths. For these reasons,
Newman [96] considers centrality measures based on paths that are random walks.
The eigenvalue centrality assigns a higher centrality measure to a node that
is connected to high value nodes over lower value nodes. The eigenvalue centrality of a node i denoted as Ceigen (i) is equal to the corresponding value of the
PerronFrobenius eigenvector of the graph adjacency matrix as in Equation 2.14.
Ceigen (i) =

1 X
λP F

xij (uP F )j

(2.14)

j

Where λP F is the Perron-Frobenius eigenvalue and uP F is the corresponding eigenvector derived from Equation 2.15.
xu = λu

(2.15)

32
The eigenvalue centrality essentially is a distance-weighted measure of connectedness for each node. While measuring the Katz centrality of node i, the value of
a node j that is a distance of 2 from node i is weighted less than a node k that
is a distance of 1 from node i. Katz centrality is defined in Equation 2.16 where
α<

1
.
ρ(x)

CKatz (i) =

∞ X
n
X

αk xkji

(2.16)

k=1 j=1

Alternatively, the Katz centrality vector is defined in Equation 2.17.
CKatz = ((I − αx)−1 − I)e

(2.17)

where I is the identity matrix of size n × n and e is the identity vector of size n.

2.2.2

Network Dynamics

In the network science literature, dynamic models of network growth are introduced
in order to explain the evolution of the network properties discussed in the prior
section.
Barabási and Albert introduced dynamics for a model (BA model) to evolve
a power law distribution of degrees on a network that maintained a short average
path length [1, 11]. This BA model differed from the random graphs (ER graphs)
introduced by Erdős-Rényi [9, 97] in that (i) new nodes are introduced and (ii)
nodes have preferential attachment. However, we note that generating an ErdősRényi random graph with k nodes may be viewed as a k-iteration network, where
the k th node is added to the network and connected to each other node with
probability p. Nonetheless, the BA models introduce new nodes that connect to
an old node j with probability Pj calculated in Equation 2.18 where kj is the degree
of node j.
kj
Pj = P
i ki

(2.18)

These models became popular after being introduced by Barabási and Albert in
1999 [1,11]. However, as noted in Chapter 1, a more generalized model of dynamics
that evolves a power law distributions was first introduced by Herbert Simon in
1955 [15]. Simon modeled the distribution of word-length frequencies in a text.
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Ironically, since the text was finite, the dynamics are simply developed by adding
the ith word in the ith iteration, just as it was mentioned that an Erdős-Rényi
model could have similar dynamics. In this way, any finite graph can be viewed as
growing with dynamics by simply ignoring all but i elements in the ith iteration.
Simon’s model does not implicitly favor a higher degree for older nodes as the
BA model does, a phenomenon not supported by data [14]. In 1976, Derek de
Solla Price applied Simon’s dynamics to model the distribution scientific citations
as a power-law [16, 17]. Price did not give dynamics for a network model of the
Scientific Citation Network. It was not until 2001 that Stefan Bornholdt applied
Simon’s model directly to a network [14]. In Bornholdt’s model, in the ith iteration,
there are i nodes. The nodes can be partitioned by their degree into classes [k]
where each node in [k] has degree k. Denote the cardinality of [k] as nk = |[k]|,
the number of nodes with degree k. The dynamics for growth that are presented
in the model developed by Bornholdt [14] are governed by two rules:
1. With probability α, add a new node, linked to an arbitrary node.
2. With probability 1 − α, add a link from an arbitrary node to a node in class
[k] where class k is chosen with probability P[k] , calculated in Equation 2.19.
kn[k]
P[k] = P
j jn[j]

(2.19)

This model seeks to develop dynamics of the in-degree distribution of nodes that
will have the same power-law as the world wide web. This model does not specify
how the arbitrary node is chosen in either step because the arbitrary node chosen
does not effect the in-degree distribution, only the out-degree distribution. The
BA models are for undirected graphs, which only have one degree distribution.
However, as Albert and Barabási pointed out [4]:
as the World Wide Web measurements have shown, incoming and outgoing edges could follow different scaling laws. In this respect, the
Barabási and Albert model [1] explains only the incoming degree distribution, as, due to its construction, each node has exactly m outgoing
edges . . .
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In any event, for a complete model of in and out degree distribution, the arbitrary
node will need to be selected by some mechanism.
Bornholdt shows that for his model, the stationary distribution is proportional
to a power law.
1

P (k) ∝ k −1+ 1−α = k −γ
where γ =

α
.
1−α

Details of this model can be found in Appendix (A.1). Bornholdt

[14] uses estimates of the number of webpages and links on the world wide web to
calculate α and then estimate γ ≈ 2.1. This is very close to direct experimental
results also at about 2.1. Bornholdt estimates α by using counts of the number
of webpages and links from webcrawls in two different years. However, this is a
very rough estimate of α because it is changing in time and the webcrawls do
not cover the internet in its entirety, so many more data points are needed to
validate an estimate of α. In any event, they match the direct prediction of γ
using the distribution of links. Bornholdt [14] notes that the BA models lead to a
scaling parameter of γ = 3 which is not nearly as close. Further, by allowing nodes
with a high degree to have a better chance of increasing their degree further,
the model favors older nodes. However, as stated previously, this phenomenon
is not supported in the data [14]. To avoid this problem, Barabási et. al modify
preferential attachment by adding an inherent fitness value ηj for each node [12,98]
into the calculation of Pj as calculated in Equation 2.20.
ηj kj
Pj = P
l ηl kl

(2.20)

However, this simply introduces unnecessary free parameters that must be estimated or chosen whereas the prior formulation using classes of nodes based on
Simon’s model avoids this entirely [14].
Bornholdt further mentions that the application of Simon’s model allows the
natural division between (i) getting to know a webpage and (ii) linking to a webpage. In the BA model, with or without fitness, the probability that a webpage
or node receives a link is directly connected to the popularity or connectivity of
the node (and the fitness as well, if modeled). However, as Bornholdt points out,
only part (i) getting to know a page is dependent on the connectivity of a page or
node, whether the linking occurs is often dependent upon many other factors as
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well. For example, Starbucks is a well known company and customers may go onto
their website to see what seasonal coffee drinks are available. However, regardless
of the popularity of Starbuck’s website, when the Center for Service Enterprise
Engineering at the Pennsylvania State University created its website, linking to
the Starbucks’ website was never considered. This was because action (i) does
not imply action (ii) (i.e. knowing a node does not imply linking to it). Hence,
the contents and creditably of a website are crucially important in what other
sites link to it. Similarly, in this dissertation when we model firm collaboration,
a firm A will not collaborate with another firm B merely because firm B is highly
connected, but will only collaborate with firm B if the collaboration offers some
strategic benefit.
Albert and Barabási note that the dynamics in Simon’s model were not developed directly for a network, hence it cannot guarantee other network topology
properties such as low average path length or high clustering coefficient. While it
is true that Simon’s model was not developed directly for a network, the dynamics are very similar, they achieve power law distributions, and they were applied
to applications that can be modeled as networks (citation network, etc) without
pointing out the network structure. Further, Albert [4, 99] notes that the BA
models also do not have the proper clustering coefficient.
The measures studied by much of the literature in Network Science are somewhat arbitrary. Some models will fit some measures and fail to fit others, while
other models will fit a different set. Every network application is a bit unique in its
own right. When network applications are modeled as a graph or network, many
of the details of the application are abstracted away. If enough is abstracted away,
there may be some underlying universal laws or behaviors, but they will often fail
to predict the behavior in a specific application because some pertinent details
were abstracted away.
Albert et. al [100] claim that networks with a scale free (SF) network topology
that are attacked by vertex deletion are robust to random attacks but vulnerable to
targeted attacks. The simple portrayal of the internet as a scale free networks leads
to the conclusion that the internet is among those networks that are vulnerable
to targeted attacks. This analysis is done by randomly removing nodes from a
graph and measuring change in the diameter of the graph that results. However,
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Doyle et. al caution against taking such an abstract view of the internet [8].
In fact, Doyle et. al show that the topological structure of the internet looks
nothing like the scale free portrayal in [100]. Further the attack modeling does
not adequately take into account the internet’s dynamic ability to self-correct. In
addition, the internet’s functional performance is based on the demand of flow
that it can facilitate, which need not be equally distributed throughout the set of
origin-destination pairs. Measuring performance of a graph based on the diameter
neglects the importance of some paths and the capacity of those paths by giving
equally weighted importance to each origin-destination pair.
Doyle et al. present a new topological measure that shows one reason why the
scale free model is not a good model for the internet [8]. Following Doyle et. al,
define k = (k1 , k2 , . . . , kn ) as the degree sequence for a graph of n nodes, which
can always be defined in decreasing order. Define G(k) as the set of simple graphs
with degree distribution k.
The claim being made in Albert [100] is that the highly connected nodes are
critical to the network and hence leave the network vulnerable to targeted attacks.
In fact, Doyle et. al point out that graphs may have the exact same degree distribution k, but have the highly connected nodes on the edge of the graph, such that
their removal does not critically hurt the network reliability. In fact, the internet’s
topology is much more like this than the scale free models [8].
Doyle et al. present the measure S(x), calculated in Equations 2.21, 2.22 and
2.23.1 The metric S measures how connected high degree nodes are to one another.
A high S value for a graph x indicates that a high degree node is likely connected
to other high degree nodes. Alternatively, a low S metric indicates that a high
degree node is not likely to be connected to other high degree nodes.
s(x) =

X

ki kj xij

(2.21)

smax = max s(x)

(2.22)

(i,j)

x∈G(k)

S(x) =
1

s(x)
smax

Doyle defines S in terms of graph x as s(x) =

S(x) =

s(x)
smax

(2.23)

P

(i,j)∈E(x)

with E(x) is the set of all edges in graph x

ki kj , smax = maxx∈G(x) s(x), and
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Doyle et. al note that the preferential attachment models create graphs that have
high S(x) values where as the internet has other design oriented forces that deter
it from evolving a high S(x) value. As pointed out earlier, the measures that the
network science literature focus on are somewhat arbitrary in that when applied
to the internet, other measures show scale free models to in fact be poor models.
Carlson and Doyle present a “highly optimized tolerance (HOT)” model of the
internet [8, 101, 102]. Doyle et. al state that:
HOT seeks an abstract but unified approach to diverse complex systems through models involving optimization of tradeoffs between multiple functional objectives of networks subject to constraints on their
components, usually with an explicit source of uncertainty against
which solutions must be tolerant, or robust. Constrained optimization and robustness are the universal themes, but models of function,
uncertainty, component constraints, and environment are necessarily
domain-specific.
Doyle et al. explain that only particular topologies of networks are feasible due
to the constraints of components. Further, the network topology is significantly
driven by its objective to provide the capacity necessary for forecasted demand
that is ultimately driven by the users. This approach is significantly different that
the completely decentralized approach that scale free models take to building the
topology of the network.
Doyle et al. further explain that due to the capacity of routers and the cost to
install and maintain routers and high capacity links, the internet core tends to have
longer, higher capacity links with higher throughput and lower degree [8]. When
the performance of the scale free network model was analyzed, the performance was
poor due to the overwhelmed high-degree hubs that acted as bottlenecks cutting
off flow to the periphery [8].
Doyle et al. analyzed the robustness of the scale free (SF) model and the
highly optimized tolerance (HOT) model. Rather than simply removing vertices
and seeing if the network remained connected, Doyle et al. analyze the resulting
network performance after routers fail. This analysis requires allowing the network
to react by rerouting traffic in the best way it can after the router failure. It
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was found that since the core was redundant and ran under full capacity, the
network was able to react to core router failures and give similar performance to
the users [8]. Specifically, Doyle et al. state:
The real Internet would never experience the type of separation of the
network into disjoint components as claimed by the Achilles’ heel hub
argument unless massive losses occurred
Doyle et al. point out that the internet is able to handle the removal of routers
quite easily because the system reroutes traffic using the protocols of the network.
However, it is precisely these protocols that leave the internet vulnerable to other
types of attacks, such as “worms, viruses, spam, and denial-of-service attacks”
which use the protocols to attack the network. Doyle et. al argue that any analysis of the vulnerability of the internet must include the “protocols, layering, and
feedback regulation” into the analysis.
Networks with a low S(x) value are unlikely to result from the SF models and
networks with a high S(x) are poor indicators of the internet. Further, models and
analysis that leave out pertinent aspects of the internet, such as costs, bottlenecks,
and the rerouting of traffic, do not give reliable results that carry to the real
network. Since Network Science is supposedly trying to model “real networks,”
case studies such as the internet, call into the question the applicability of the
resulting analytical properties demonstrated in abstract SF models when applied
to the real network. Abstracting real systems in the form of models is useful to
get rid of superfluous information, when the remaining model provides insight into
aspects of the real system. However, when either the investigated phenomenon
is not accurately portrayed in the model or when a property of the real system
that directly effects the investigated attribute is abstracted away, the model loses
validity. This is precisely the failure of the SF models when applied to the internet.
In this dissertation, we take a distinctly different point of view from the statistical physicists, one that is more in line with Doyle et. al. We seek to model
collaboration as a result of selfish strategic behavior of agents, resulting in a collaboration network. Albert and Barabási state in 2002 [4] “it is an open challenge to
design evolutionary models that, based on selection or optimization, could produce
topologies similar to those seen in the real world.” Doyle et. al argue precisely that
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the internet is a result of optimization and in this dissertation we argue network
collaboration may be modeled as the result of individuals selfishly optimizing their
own payoff function.

2.3

Game Theory

In this dissertation, we formulate the creation of collaboration graphs from players
who selfishly choose with whom to connect. In this section we introduce the basic
mathematics of game theory. Nash used Kakutani’s Fixed Point Theorem [41,103]
and Brouwer’s Fixed Point Theorem [42], to show the existence of Nash Equilibriums. We will focus on the mathematics necessary to understand Kakutani’s Fixed
Point Theorem [103].

2.3.1

Preliminary Mathematics

Let X be a metric space and E a subset of X. Loosely, a metric space is a pair
(X, d) where X is a set and d is a metric. The neigborhood of radius r of a point p
is the set of all points q that are within a distance r from p. A limit point of a set
is defined as a point p such that every neighborhood of p contains a distinct point
q 6= p such that q is also in the set. A set is closed if every limit point of the set is
in the set. Alternatively, a set is closed if it is a complement of an open set. A set
is open if every point in the set lies in an open neighborhood in the set. A set is
bounded if there exists a real number M and a point q such that every point in the
set is a distance less than M from the point q. In Euclidean space, a set is compact
if it is closed and bounded (BolzanoWeierstrass theorem). A set is convex if every
point λx + (1 − λ)y is also in the set, for all x and y in the set and for all λ ∈ (0, 1).
Given a function f defined on a set E, the graph of f is defined as the set (x, f (x))
for all x ∈ E. Alternatively, we may define it as {(x, y) ∈ X × Y |f (x) = y}.
Define Qn as n-standard simplex in Equation 2.24.
(
Qn =

(x0 , x1 , . . . xn ) ∈ Rn+1 : xi ≥ 0 ∀i and

n
X

)
xi ≤ 1

(2.24)

i=1

A function f : D → R is one-to-one if each set of distinct points in the domain
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are mapped to distinct points in the range. If a function f is not one-to-one it
cannot be invertible, but we would like to have a pseudo inverse f −1 : R → D.
This function f −1 would map a point in R to a set of points in D. In this case, it
is useful to define a set-valued map as a map T that maps each value in its domain
to at least one value in its range and at least one value in its domain is mapped
to more than one value in its range [104, 105].
A fixed point of a function f is a point x that maps to itself 2 . That is, x
is a fixed point of f if and only if f (x) = x. Alternatively, x is a fixed point
of set-valued map T if and only if x ∈ T (x). We are now ready to present
Kakutani’s fixed point theorem. Kakutani’s fixed point theorem is a generalization of the Brouwer fixed point theorem that can be applied to set-valued maps to
find fixed-points [103].
Theorem 2.3.1. Kakutani fixed point theorem Let S ⊆ Rn be non-empty, compact
(or closed and bounded), and convex. Define, Φ to be a set-valued map on S, that
is a map from S to the set of subsets of S (Φ : S → 2S ), such that the graph of S
is closed and the image of Φ is non-empty and convex for each element in S. That
is, for each x ∈ S, Φ(x) is a non-empty convex set. Then, Φ has a fixed point.
That is, there exists an x ∈ S such that x ∈ Φ(x).
Proof. See Kakutani [103] for proof.

2.3.2

Game Theory Definitions

An n − person finite game is defined as n players who each have a finite set of
pure strategies, where each n − tuple of strategies map to a payoff for each player.
Denote the set of players as N = {1, 2, . . . n} and the set of pure strategies available
to player i as Si = {si1 , si2 , . . . , sim(i) }. The n − tuple strategy space is defined as
S = S1 × S2 × S3 . . . Sn . Each player i may choose a pure strategy by choosing
a single action sij ∈ Si or may alternatively choose a mixed strategy composed of
a probability distribution over the pure strategies sij ∈ Si . A mixed strategy for
player i is defined as gi : Si → [0, 1] a probability distribution over the set of pure
2

function is used loosely here since Kakutani’s Fixed Point Theorem actually applies to setvalue maps

41
strategies available to player i, defined in Equation 2.25.
gi (sij ) = ωij ∀ sij ∈ Si , i ∈ N
X
ωij = 1 ∀ i ∈ N

(2.25)

j

ωij ≥ 0 ∀ i ∈ N
Denote the set of mixed strategies for player i as G(Si ), defined in Expression 2.26.

G(Si ) =




X

gi : Si → [0, 1]



gi (sij ) = 1




(2.26)



sij ∈Si

Alternatively, we denote Ωni as a simplex of the set of mixed strategies for available
to player i expressed in Expression 2.27
(
Ωni =

(ωi1 , ωi2 , . . . ωin ) ∈ [0, 1]n : ωij ≥ 0 ∀j and

n
X

)
ωij ≤ 1

(2.27)

j=1

The payoff function f : S → π maps each n − tuple of strategies S to a
vector of payoffs π. The expected payoff function u : Ω → π maps each mixed
strategy into a set of payoffs. Denote ω−i = {ω1 , ω2 , . . . , ωi−1 , ωi+1 , . . . , ωm(i) } as
the (n − 1) − tuple of strategies for all players but player i and denote Ω−i =
{Ω1 , Ω2 , . . . , Ωi−1 , Ωi+1 , . . . , Ωm(i) } as the (n − 1) − tuple as the set of all strategies
for all players but player i. Denote Φi : Ω−i → Ω as the best response of player i to
ω−i , the composition of strategies played by all other players. The best response
Φi : Ω−i → Ω is defined in Equation 2.28.
Φi (ω−i ) = max u(ωi , ω−i )
ωi ∈Ωi

(2.28)

The best response functions of each player may be composed together to define
Φ(ω) : Ω → 2Ω , expressed in Expression 2.29.
Φ(ω) =

Y

Φi (ω−i )

(2.29)

i∈N

= Φ1 (ω−1 ) × Ω2 (ω−2 ) × · · · × ΩN (ω−N )

(2.30)
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A Nash Equilibrium is defined as a strategy set ω̄, such that no player may increase
his payoff by unilaterally changing his strategy. A strategy ω̄ ∈ Ω is a Nash
Equilibrium if and only if it satisfies condition 2.31
ui (ω̄i , ω̄−i ) ≥ ui (ωi , ω̄−i ) ∀ ω̄ ∈ Ωi

(2.31)

Nash proved the existence of an equilibrium point by showing the conditions of
Kakutani’s Theorem were met for Φ(ω) : Ω → 2Ω [41]. Nash later used Brouwer’s
fixed point theorem to show the existence of a Nash Equilibrium [42].

2.4

Network Formation

The Network Formation literature models players who are selfish agents who choose
with which other agents they would like to form a link. Each agent has the option
to deny a link to another agent, so the formation of a link requires the cooperation
of both players. A value function assigns a value to each particular graph and this
value is distributed to agents by an allocation function (or allocation rule). This
distribution of value drives a player’s preference for particular graph structures.
We denote the value of a graph as the function v : X → R and the set of all such
value functions as V . A graph x is strongly efficient if v(x) ≥ v(x0 ) ∀ x0 ∈ X.
An allocation rule Y : V × X → RN distributes the value v(x) among the agents
in x. Denote the value allocated to agent i as Yi (v, x). Since, the allocation rule
must distribute the value of the network to all players, it must be balanced ; i.e.,
P
i Yi (v, x) = v(x) for all (v, x) ∈ V × X. The allocation rule governs how the
value of the graph is distributed and thus plays a significant role in the model.
The allocation rule may be used to model a free market, utilities of players, or
system rules such as taxation or the provision of subsidies to particular players.
Throughout this dissertation, we denote the game G = G(v, Y, N ) as the game
played with value function v and allocation rule Y over nodes N .
The strategy set of Player i, Si , is the set of nodes to which Player i may request
Q
to link and S = i∈N Si is the strategy space for all players. Denote si ∈ Si as
the strategy for Player i in the composed set of strategies s. Each set of strategies
s induces a graph x and we denote µ : S → X as a map from each strategy s ∈ S
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to the induced graph x ∈ X.
(
∀i, j

µij (s) = xij =

1, sij = sji = 1
0, otherwise

(2.32)

The payoff of Player i is defined as fiG (s) = Yi (v, µ(s)). This is interpreted as
the payoff that player i receives from the strategy s in game G and is the proportion
of the value v(µ(s)) distributed by Y . This model admits a Nash equilibrium in
which each player chooses to link with no other players and no network forms. For
example, consider the network formation game with two players who both prefer
to form a link more than not forming a link, but are embarrassed to offer a link
and be rejected. Now, the empty graph, in which they do not form a link, is a
Nash equilibrium. This empty graph is a Nash Equilibrium because neither player
can unilaterally benefit themselves. If either player offers a link, but the other does
not, the link is not formed and they do not benefit. The link requires cooperative
agreement to change their strategy choice to one of forming the link where as Nash
Equilibriums are defined by solutions that cannot be made better for a player by
a unilateral strategy change. Various authors argue that this phenomena is an
inadequacy with applying the Nash Equilibrium to network formation models and
therefore it is necessary to make refinements to the notion of equilibrium [54, 106].
Jackson and Wolinsky model social relationships where each player receives
benefits at a cost from their friends and a lower benefit from friends of friends,
but with no cost. Jackson and Wolinsky investigate network formation via the
stability of particular graph structures [56]. Jackson and Wolinsky used pairwise
stability rather than Nash Equilibrium to show that efficient graphs structures are
not always stable. Jackson and Wolinksy define a graph as pairwise stable if two
conditions are met: (1) for each link that exists, neither node wishes to terminate
the link and (2) there does not exist a pair of unlinked nodes whom both wish to
link together. This definition is mathematically defined in Definition 2.4.1.
Definition 2.4.1. A network x with value function v and allocation rule Y is
pairwise stable if (and only if):
1. for all ij ∈ x, Yi (v, x) ≥ Yi (v, x − ij) and
2. for all ij 6∈ x, if Yi (v, x + ij) > Yi (v, x), then Yj (v, x + ij) < Yj (v, x)
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Jackson notes that pairwise stability may be too weak because it does not allow
groups of players to add or delete links, only pairs of players [106]. Deletion of
multiple links simultaneously has been considered by Belleflamme [60].
Goyal and Joshi [107] provide a model that allows a player’s allocation of value
to be dependent on the player’s degree. This dependence on degree is introduced
into the value function as in Expression 2.33.
Yi (x) = πi (x) − γηi (x)

(2.33)

In the value function Yi (x) in Equation 2.33, πi (x) is a profit function, ηi (x) is the
number of links player i has in graph x, and γ is a link maintenance cost. However,
γ may be negative to model a benefit of having more links. The value function is
then defined implicitly so that Yi (x) is a balanced allocation rule.
In this dissertation, we extend and generalize a model by Goyal and Joshi [95]
for collaboration of oligopolistic firms to provide a model that, under different
conditions, admits a pairwise stable collaboration graph with symmetric or asymmetric degree distributions. The primary contribution of this work is showing that
nonlinear pricing and collaboration incentives exist to create arbitrary pairwise
stable network structures. Thus the occurrence of exotic graphs (e.g., power law
graphs) in nature may simply be the result of collaborative incentives, rather than
undeniable laws of nature.

2.5

Oligopolies

An oligopoly is a type of economic market that is characterized by a finite number of competitive firms who compete by selecting a quantity to produce or the
price to the sell their product. In Cournot quantity competition, there is a small
number of firms in the model and the production quantity of each firm effects the
price of the commodity. In this dissertation we consider oligopolies with a single
homogenous commodity, but more general models may consider firms that produce multiple commodities and compete in multiple markets simultaneously. In
the single commodity models considered in this dissertation, each firm selects a
production quantity as a strategy to maximize their own profit.
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2.5.1

Preliminary Mathematics

In this section we will formulate models of oligopolistic competition as variational
inequalities (VI). Denote K as a closed convex subset of Rn and F : K → Rn as
a continuous function from K to Rn . The finite dimensional variational inequality
problem V I(F, K) is defined as the problem of finding x∗ ∈ K ⊂ Rn such that
condition 2.34 is satisfied.
hF (x∗ ), x − x∗ i ≥ 0

∀x ∈ K

(2.34)

Many optimization problems can be reformulated as the variational inequality
problem V I(F, K). Define F (x) = ∇f (x) for a convex and continuously differentiable function f (x), then the variational inequality 2.34 is equivalent to the
variational inequality satisfying condition 2.35, which is equivalent to solving the
optimization problem 2.36.
h∇f (x), x − x∗ i ≥ 0
min f (x)
x∈K

∀x ∈ K

(2.35)
(2.36)

While optimization problems satisfying these conditions can be modeled as an
equivalent variational inequality, there are different conditions under which a variational inequality can be modeled as an optimization problem. Specifically, the
function F (x) must be continuously differentiable and have a Jacobian that is symmetric and positive semidefinite, in order for there to exist a function f (x) such
that F (x) = ∇f (x) and the solution of the optimization problem 2.36 is a solution
to the variational inequality 2.34.
There is a deep literature on variational inequalities and their relationship
to Nonlinear Complementarity Problems, Fixed Point Theory, Optimization, and
Equilibrium problems [108–111].

2.5.2

Aspatial Oligopoly Model

In the aspatial oligopoly model, a finite number of firms compete in Cournot
competition by simultaneously choosing a quantity to produce of the same com-
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modity [112,113]. The price of the commodity is a function of the total production
quantity of all firms. Each firm chooses its production quantity, under the assumption that all other firms will act optimally.
Let N = {1, 2, . . . n} denote a set of firms selling the same commodity in
oligopolistic competition. The price, represented as a function of quantity, is denoted by P (Q), where Q is the total quantity produced by all firms and P (Q) is
the inverse demand function. The production quantity of firm i is denoted by qi .
Q=

X

qi

i∈N

Q−i =

X

qj = Q − q i

j6=i∈N

The production cost of firm i is denoted by vi (qi ) and the profit is denoted by πi ,
which is equal to the revenue minus cost as expressed in Expression 2.37.
πi (q) = qi P (qi + Q−i ) − vi (qi )

(2.37)

Since each firm wants to maximize its profit, it solves the Nonlinear Program 2.38
where Q∗−i is the exogenous result of all other firms solving their own optimization
problem.
max qi P (qi + Q∗−i ) − vi (qi )
qi

s.t. qi ≥ 0

(2.38)

The solution for each firm, presuming other firms have a static policy, can be
found by solving Problem 2.38. This problem can alternatively be formulated as a
Nonlinear Complementarity Problem [114,115] under the regularity conditions that
the production cost is convex and continuously differentiable, the inverse demand
function is strictly decreasing and continuously differentiable, and the industry
revenue curve (total industry production quantity times price at this quantity) is
strictly concave. The Nonlinear Complementarity Problem can then be modeled
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as a Variational Inequality [115, 116]. Define Hi in Equation 2.39.
Hi (qi ) =

∂v(qi ) ∂p(qi + Q−i )
−
qi − p(qi + Q−i )
∂qi
∂qi

(2.39)

Then, using Expression (2.39) in the VI (2.40), we obtain the succinct VI (2.41),
which is to find qi∗ such that Condition 2.40 and 2.41 are satisfied.
*

!T
+
∂v(qi∗ ) ∂p(qi∗ + Q∗−i ) ∗
−
qi − p(qi∗ + Q∗i ) , qi − qi∗ ≥ 0 qi ≥ 0 ∀i ∈ N
∂qi∗
∂qi∗
(2.40)
*
Hi (qi∗ )T , qi − qi∗

+
≥ 0 qi ≥ 0 ∀i ∈ N
(2.41)

Solving Problem 2.41 can be formulated by solving a single VI [79, 115, 117–119],
which is to find q = (q1 , q2 , . . . qn ) such that Condition 2.42 is satisfied.
n 
X


[Hi (qi∗ )]T [qi − qi∗ ] ≥ 0 ∀q ≥ 0

(2.42)

i=1

.

2.5.3

Spatial Oligopoly Model

As opposed to the aspatial oligopoly, the spatial oligopoly models firms participating in oligopolistic competition over a spatial network [79,120]. That is, firms may
produce and sell in spatially separated markets.
Denote the set of firms as N = {1, 2, . . . n}, which are nodes on the collaboration
graph, where as V = {1, 2, . . . v} denotes nodes on the spatial transport network.
Consumer demand at transport node l ∈ V for firm i ∈ N is denoted as d = hdli i
P
and the total demand at node l is denoted as Dl = i dli . Denote the vector d·i
as the demand vector for firm i across all spatial nodes. The quantity produced
by firm i is again denoted as qi . Denote the vector γi as the vector composing
demand vector d·i and production quantity qi for firm i expressed in Expression
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2.43. Expression 2.44 represents Γi , the entire space of feasible vectors γi .
di

γi =

Γi =






!
(2.43)

qi

qi −

P

l∈V

γi : 0 ≤ di






dli = 0 



(2.44)





0 ≤ qi

The induced price at node l is denoted as Pl (Dl ) = Pl (dl1 , dl2 , . . . , dln ). The
marginal production cost is ci (qi ). However, now there is an additional marginal
cost to ship a unit of quantity to node l for firm i denoted as sli . Define Yi (γi ) as
the profit for firm i expressed in Expression 2.45.
Yi (γi ) =

X

dli [Pl (Dl ) − sli ] − ci (qi )qi

(2.45)

l∈V

Hence, the firm i will solve the Optimization Problem 2.46.
max Yi (γi )
s.t. γi ∈ Γi
We can use the fact that qi =

P

l∈V

(2.46)

dli to express the profit Yi as a function of d·i

as in Expression 2.47. We use di as shorthand for d·i .
"
Yi (di ) =

X

!#

dli Pl (Dl ) − sli − ci

l∈V

X

dli

(2.47)

l∈V

The gradient of the objective for firm i is calculated in Equation 2.48.
"
∇di Yi (di ) = Pl (Dl ) − sli − ci

!
X
l∈V

dli

#
P
∂ci ( l∈V dli )
− dli − dli
∂dli

(2.48)

l∈V

Each firm i will solve the equivalent variational inequality by finding d∗i ≥ 0
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such that Condition 2.49 is satisfied.
h∇di Yi (d∗i ), di − d∗i i ≥ 0

2.6

(2.49)

Graph Generation

In Chapter 1, a brief introduction was made to the relevant literature in the Graph
Generation literature. In this section, we present the Erdös-Gallai theorem to
test whether a degree sequence is graphical and the Havel-Hakimi algorithm to
construct a graph with specified degree sequence. A degree sequence k is graphical
if there exists a graph with degree sequence k. Erdös and Gallai [89] presented a
set of constraints that a degree sequence k must follow to be graphical. A nonincreasing degree sequence k = (k1 , k2 , . . . , kn ) is graphical if and only if their sum
is even (Condition 2.50) and for all 0 ≤ α ≤ n − 1, Condition 2.51 is satisfied.
n
X

ki = 2β for β ∈ I = {1, 2, . . .}

(2.50)

i=0
α
X

n−1
X

ki ≤ α(α + 1) +

i=0

min{α + 1, ki }

(2.51)

i=α+1

Havel-Hakimi iteratively proved that a degree sequence k = (k1 , k2 , . . . , kn ) is
graphical only graphical if the degree sequence (k2 −1, k3 −1, ..., kk1 +1 −1, kk1 +2 , kk1 +3 , ..., kn )
is graphical. The Havel-Hakimi algorithm can be used to construct graphs with
this degree sequence k, using Algorithm 2.6.1.
Algorithm 2.6.1.
1. Begin with the empty graph
2. Calculate the residual degree sequence in non-increasing order
3. Connect the highest residual degree vertex (denote degree as r1 ) to the next
r1 vertices (in decreasing degree order)
4. Remove this vertex from the sequence
5. If vertices remain, return to step 2.
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2.7

Conclusion

The sections in this chapter have introduced the mathematics, definitions, and
theorems needed to read this dissertation. These sections are far from a complete
introduction to these areas of literature, but hopefully provide a gateway to further
research.

Chapter

3

Pairwise Stable Graphs with
Arbitrary Degree Sequence
In this chapter, we show how to construct an allocation rule Yi (x) to ensure that
a graph with a given degree sequence is pairwise stable. To do this, we present a
set of properties for the objectives of players that result in a stable graph with an
arbitrary degree sequence. Recall, a stable network is one in which no player has an
incentive to drop a link or request an additional link to a player who reciprocates
such an incentive. Consider the scenario where for i = 1, . . . , n, Player i has a
desired degree ki . For example, some scientific authors may like to collaborate
with only a few individuals, while some like to collaborate with many others.
Ultimately, when a collaboration network x is formed, each player i receives the
number of links given by ηi (x). In the game where each player’s objective penalizes
them for incurring a degree ηi (x) not equal to their desired degree ki (under some
conditions), the graph with a degree distribution of k = (k1 , k2 , . . . , kn ) will be
stable.
With a slight abuse of the notation from Section 2.4, we first define an allocation
(payoff) to each player i as Yi : X → R which is consistent with an allocation
function Y : X × V → R and an induced value function V : X → R with
P
v(x) = i Yi (x).
Theorem 3.0.1. Let k = (k1 , . . . , kn ) be a desired degree sequence for n players
in the node set N . Assume that Player i wishes to maximize objective Yi (x) =
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−fi (ηi (x)) = −f (ηi (x) − ki ) (or minimize fi (ηi (x)) = f (ηi (x) − ki )), where f :
R → R is a convex function with minimum at 0. Let v be the balanced value
function induced from the allocation rule Y = (Y1 , . . . , Yn ). If η −1 (k) is non-empty
(i.e., k is graphic) then any graph x such that η(x) = k is pairwise stable for the
the game G(v, Y, N ).
Proof. Let x ∈ η −1 (k) be a graph so that ηi (x) = ki and let x − ij be the graph x
after the link ij is dropped from x and define x + ij to be the graph x after the
link ij is added to graph x. Observe that:
ηi (x − ij) = ki − 1,

ηj (x − ij) = kj − 1,

ηl (x − ij) = kl ,

ηi (x + ij) = ki + 1,

ηj (x + ij) = kj + 1,

ηl (x + ij) = kl

where l 6∈ {i, j}
Since f is convex with minimum at 0 and each fi are simply shifts of f so that
they are minimized at ki , we know that fi (ki ) is a minimum of the function fi .
Thus Yi (x) is maximized when x ∈ η −1 (k). It now suffices to confirm pairwise
stability:
Yi (ηi (x − ij)) − Yi (ηi (x)) = Yi (ki − 1) − Yi (ki ) < 0
Yi (ηi (x + ij)) − Yi (ηi (x)) = Yi (ki + 1) − Yi (ki ) < 0
Thus graph x ∈ η(k) is stable because there is no firm i willing to drop an arbitrary
existing link ij or add an arbitrary missing link ij.

3.1

On the Relationship between Stability and
Equilibrium

From Theorem 3.0.1 it is interesting to note that the stability of the class η −1 (k)
is not unique. We can illustrate this fact using the following counterexample. Let
k = (1, 1, 1, 2, 3) with N = {1, . . . , 5} and let f (x) = x2 , a simple convex function
with minimum at zero, from the theorem. The two networks depicted in Figure
3.1 are both pairwise stable solutions to the game G = (v, Y, N ). It should be clear
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1

1

1

1

1

2

1

2

3

3

Stable with correct degree distribution

Stable with incorrect degree distribution
since only one node wants to change.

Figure 3.1. We illustrate two graphs that are both pairwise stable for degree sequence
k = (1, 1, 1, 2, 3) with f (x) = x2 in Theorem 3.0.1

.
however, that the second graph is not a Pareto optimal solution to the problem.
Pareto optimality of the class of graphs η −1 (k) follows a posteriori from the proof
of Theorem 3.0.1.
Corollary 3.1.1. Assume the conditions from Theorem 3.0.1. A graph x is a
pairwise stable and Pareto optimal solution to the game G(v, Y, N ) if and only if
η(x) = k.
Proof. The fact that k is graphic implies that there is some graph x ∈ η −1 (x)
and furthermore Yi (x) is maximized for all i = 1, . . . , n. Therefore any change in
strategy cannot improve any player’s current payoff. Thus, x is Pareto optimal
and pairwise stable.
If x0 6∈ η −1 (k) then while x0 may be pairwise stable, it cannot be Pareto optimal
since there is some other graph x ∈ η −1 (k) so that Yi (x) > Yi (x0 ) for some i ∈
N.

3.2

Experimental Simulations

In this section, we examine experimental simulations of this model to apply Theorem 3.0.1 and show the relationship between the value functions of players and the
resulting stable graphs. In Example 3.2.1, we show that a set of value functions
that result in a stable graph with a power law degree distribution.
Example 3.2.1. Let N = 100 players attempt to minimize their cost function, show
in Equation 3.1, where ψ = 2 and the parameters ki for each player are given in
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Table 3.1.
f (ηi (x)) = (ηi (x) − ki )2 + ψ

(3.1)

The distribution of values of ki form an approximate (with rounding to integers)
Node(s)
1-75
76-89
90-94
95-96
97
98
99
100

ki
1
2
3
4
5
6
7
8

Table 3.1. Targeted degrees for each player

power law distribution, illustrated in Figure 3.2. Figure 3.3 illustrates one realiza-

Figure 3.2. The empirical desired distribution of the degrees of the players. This degree
distribution follows an approximate power law distribution.

tion of a power law graph with the desired degree distribution. We can test the
stability of any graph x with ηi (x) = ki . In doing so, we observe that any graph
with this distribution must be both stable (since there is no motivation for any
player to alter her configuration within the network) and Pareto optimal.
We can experimentally analyze this simple game to determine the nature of
the average network produced during play. For a simple experiment, 100 pairwise
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Figure 3.3. Sample pairwise stable collaboration Network for 100 nodes.

stable graphs were generated and some of their properties analyzed. To build these
pairwise stable graphs, we used the Algorithm 3.2.2.
Algorithm 3.2.2.
1. An empty graph was initialized.
2. Two vertices that had degree less than their desired degree were chosen at
random without replacement.
3. These two vertices were joined by an edge.
4. The graph was checked for pairwise stability. If the graph was pairwise stable,
the graph was returned. Otherwise, we continued at Step 2.
Using Algorithm 3.2.2, results are shown in Figure 3.4. The histogram in Figure
3.4, shows the similarity between the degree specified degree distribution and the
mean degree distribution of the ensemble of graphs generated by the algorithm.
A more interesting plot shown in Figure 3.5 is the mean objective function value
on a per-player basis (with error bars). This graph indicates that most players
successfully minimize their objective value (to zero) and that the players with the
worst ability to optimize their objective functions are players with high degree
requirements. It is interesting to note that these results are a function of the
routine used to compute pairwise stable graphs. We also tried using the modified
version of the preferential attachment algorithm, Algorithm 3.2.3.
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Figure 3.4. Degree distribution experimental results from 100 pairwise stable graphs
that result when the given degree distribution is used with the objective f (ηi (x)) =
(ηi (x) − ki )2 + ψ.

Figure 3.5. Average objective value resulting from experimental results for 100 pairwise
stable graphs that result when the given degree distribution is used with the objective
f (ηi (x)) = (ηi (x) − ki )2 + ψ.

Algorithm 3.2.3.
1. An empty graph was initialized.
2. Two vertices that had degree less than their desired degree and with highest
desired degree where chosen at random.
3. These two vertices were joined by an edge.
4. The graph was checked for pairwise stability. If the graph was pairwise stable,
the graph was returned. Otherwise, we continued at Step 2.
Using Algorithm 3.2.3, in 100 simulation runs a graph with the proscribed
degree sequence was always returned1 .
1

Maple code for these experiments is available upon request from the authors.

Chapter

4

Collaborative Oligopolies
In this chapter we model the emergence of collaborations among firms as a strategic network formation game [54], by allowing firms to acts as selfish agents whom
choose with which other agents they would like to form a link. Each agent has
the option to deny a link to another agent, so the formation of a link requires
the cooperation of both firms. A value function assigns a value to each particular
graph and this value is distributed to agents by an allocation function (or allocation rule). This distribution of value drives a firm’s preference for particular graph
structures. We extend and generalize a model by Goyal and Joshi [95] for collaboration of oligopolistic firms to provide a model that, under different conditions,
admits a stable collaboration graph with symmetric or asymmetric degree distributions. The primary contribution of this work is showing that nonlinear pricing
and collaboration incentives exist to create arbitrary stable network structures.
In particular circumstances a modeler may wish to predict how a network will
change if it is perturbed in some way. Specifically, a network may be changed by a
player entering or exiting the game or when a link is added or deleted. For example,
Verizon might be interested in knowing if AT&T and T-Mobile merged, whether
the new network would be stable and how the merger might affect the market. A
firm seeking a change in the collaboration network is interested in the stability of
networks because they would like their preferred collaboration network to remain
in existence. Even in a less preferred collaboration network, a firm is interested in
a stable competitive market so operational decisions may be optimized. Models
that take a perspective statistical in nature provide forecasts for the behavior of
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large networks, since bulk measures are used, but have difficulty predicting the
stability of a smaller network of interest. Unfortunately, the models developed in
this dissertation also have some limitations in that they require some knowledge of
the objective functions of firms. Further, the models developed in this dissertation
are static models which provide insight into the stability of particular networks, but
predictive capabilities may require a dynamic model of objective functions. These
two limitations are discussed further in Chapter 9 and are the driving motivation
of continued work in this area. Nonetheless, the models developed in this chapter
provide a foundation to develop modeling approaches that can predict the reaction
of networks to specific changes that may take place.
The number of firms participating in collaborative agreements (e.g., sharing
resources such as equipment, laboratory space, office space, engineers and scientists through separate R & D subcompanies) has significantly increased within
industries that are R & D intensive [121–126], sparking research investigating the
incentives for such collaboration.
Goyal and Joshi examine the incentives for collaboration and the interaction of
these incentives under market competition using a model of horizontal oligopolistic
firm collaboration. In this model, firms compete in the market after choosing
collaborators [95]. Goyal and Joshi provide theoretical analysis on various models
with varying levels of link formation costs relative to production costs. They
assume that collaboration requires a fixed cost from each firm. These models
investigate collaboration agreements where the collaboration reduces the cost of
production. This prior work assumes a constant return to scale cost function,
which they admit is a restrictive assumption, although it has been made by others
in the collaborative R & D literature [127].
In this chapter, we first give a generalized model for firm collaboration in an
oligopolistic market, we then present the prior work done along with our extensions
of the model. We include numerical examples to show how these models may be
applied.
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4.1

Generalized Collaborative Oligopoly Model

Consider n firms that compete in an oligopoly who may collaborate with any of the
other n − 1 firms. Firm i produces a quantity qi . Denote q = (q1 , q2 , . . . qn ) as the
vector of quantity production across all firms and q−i = (q1 , . . . , qi−1 , qi+1 , . . . qn ) as
the vector containing production quantities for all firms, but firm i. Collaboration
among firms affects the marginal cost of production. Thus a particular (collaboration) graph x induces a marginal cost of firm i under collaboration graph x of
ci (qi |x).
We consider marginal cost functions of the form (4.1) where the marginal cost
ci (qi |x) for firm i is a function of qi , the quantity produced by firm i, and ηi (x),
the degree of firm i in graph x.
ci (qi |x) = fi (qi , ηi (x))

(4.1)

In the marginal cost equation 4.1, fi ∈ C1 (Qi ) where qi ∈ Qi .
Given a network x, there is an induced set of costs which, along with the
demand functions, produces a set of profit functions for each firm, Yi (x) (the allocation of payoff for player i). These profit functions then induce a Nash equilibrium
of production, which provides the precise allocation rule (i.e., profit) for each firm
on the graph. The stability of the collaboration network can then be analyzed
using the definition of stability (Definition 2.4.1).
Denote the market marginal price function as P (q1 , q2 , . . . qn ). In this chapter, we consider a market marginal price function that is dependent on quantity
produced as expressed in Equation 4.2.
P (q1 , q2 , . . . qn ) = α −

X

qi

(4.2)

i∈N

The market marginal price function can also be denoted as P (Q) = α − Q where
P
Q = i∈N qi . The profit for Player i is denoted by Yi (qi |q−i , x) and is expressed
in Equation 4.3.
!
Yi (qi |q−i , x) =

α−

X
i∈N

qi

qi − c(qi |x)qi

(4.3)

60
Define Qi as the feasible region for firm i, expressed in Expression 4.4.
Qi = {qi : 0 ≤ qi }

(4.4)

Given collaboration graph x, firm i will solve the optimization Problem 4.5 in
order to maximize profit.
max Yi (qi |q∗−i , x)
s.t. qi ∈ Qi

(4.5)

The gradient of the objective for firm i is calculated in Equation 4.6.
∇qi Yi (qi |q∗−i , x) = P (Q) − fi (qi , ηi (x)) − qi − qi

∂fi
∂qi

(4.6)

Each firm i will solve the equivalent variational inequality by finding qi∗ ∈ Qi such
that Condition 4.7 is satisfied.
h∇qi Yi (qi |q∗−i , x), qi − qi∗ i ≥ 0

(4.7)

Condition 4.7 is equivalent to Condition 4.8 after substituting for the representation of the gradient of Yi (qi |q∗−i , x).
hP (Q) − fi (qi , ηi (x)) − qi − qi

∂fi
, qi − qi∗ i ≥ 0
∂qi

(4.8)

The equilibrium for this oligopoly can be found by solving the variational inequality defined as finding q∗ ∈ Q such that Condition 4.9 is satisfied.
h∇q Y (q|q∗ , x), q − q∗ i ≥ 0

(4.9)

In Condition 4.9, Y (q|q∗ , x) may be substituted as in Expression 4.10.
[∇q Y (q|q∗ , x)]i = P (Q) − fi (qi , ηi (x)) − qi − qi

∂fi
∂qi

(4.10)

It is difficult to analytically determine which collaboration graphs will be stable
because the oligopoly equilibriums are a solution to a variational inequality. One

61
could empirically find stable graphs, but instead we seek to find subcases of the
model for which we can find analytical results.

4.2

Previous Results on Stability in Oligopolistic
Collaborative Networks

Goyal and Joshi [95] consider an oligopoly composed of n firms, each of whom may
collaborate with any of the other n − 1 firms where the marginal cost ci (x) of firm
i linearly decreases with the number of collaborators for firm i, as expressed in
Equation 4.11.
ci (x) = γ0 − γηi (x)

(4.11)

As before, ηi (x) is the number of links for firm i and γ0 is the marginal cost of
production when a firm has no links. Notice that γ0 is constant for all firms.
One example that Goyal and Joshi [95] study is that of a homogenous product
oligopoly with the market marginal price and marginal cost shown in Equations
4.2 and 4.1, respectively, which result in the profit Yi (x) for Player i, expressed in
Equation 4.12.
!
Yi (x) =

α−

X

qi

qi − (γ0 − γηi (x)) qi

i∈N

!
= (α − γ0 )qi +

X

qi

qi − (−γηi (x)) qi

(4.12)

i∈N

Given a collaboration network x and marginal cost and demand induced by
network x, we can use Expression 4.12 to find qi , the quantity produced by each
firm at Cournot equilibrium using the standard Cournot oligopoly production formulation [95, 128]. The quantity produced by firm i, qi , is calculated in equation
4.13.

α − γ0 + nγηi (x) − γ
qi =
n+1

P

j6=i

ηj (x)

(4.13)

The fact that qi is a function of the collaboration graph x implies that the quantities: P , Q and ci are all functions of x. We will refer to these quantities in this
way in the sequel.
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There is no natural market force in this model to ensure that a firm does not
produce a negative quantity. Instead, Goyal and Joshi restrict the parameters by
looking at the case where firm i has no collaborators (ηi (x) = 0) and all others have
a maximum number of collaborators (ηj (x) = n − 2 for all j 6= i) and forcing the
quantity production to remain non-negative; i.e. Condition 4.14 must be satisfied.
α − γ0 − γ(n − 1)(n − 2) ≥ 0

(4.14)

Goyal and Joshi show that with marginal cost (4.1) and market demand (4.2), the
complete network is the unique stable network [95].
Lemma 4.2.1. Given n firms compete in oligopolistic competition with market
demand (4.2) and marginal cost (4.1), such that Condition 4.15 is satisfied, then
the complete graph is the only stable network.
α − γ0 − γ(n − 1)(n − 2) ≥ 0

(4.15)

Proof. See Goyal and Joshi [95].
Goyal and Joshi point out that the positive contribution to profit obtained by
a collaboration link is on the order of nγ and the negative contribution to profit
is on the order of γ, so the net profit is on the order of (n − 1)γ, which leads to
a firm’s incentive to saturate all of its possible links, thus making the complete
graph stable.

4.3

Results of Nonlinear Cost on Stability

In this section we study the effect a nonlinear variation on the marginal cost
function has on the stability of collaboration structures. We consider a marginal
cost function as in Expression 4.16.
ci (x) = γ0 + fi (ηi (x))
In Expression 4.16, fi a function fi : R → R. We present two Theorems:

(4.16)
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1. Theorem 4.4.1 extends the results from Goyal and Joshi [95] to the case where
firms receive decreasing marginal benefit from collaboration via a nonlinear
decrease in production cost. This extension allows the parameter space to
be considerably less restricted than the result in [95].
2. Theorem 4.3.5 shows that if the functions fi have minima and the parameter
space is restricted to keep production quantities nonnegative, then the collaboration network in the oligopolistic competition model will have a graph
corresponding to the arbitrary degree sequence in Chapter 3.
As a result, this is a particular application of Theorem 3.0.1, to a general collaboration game. To prove our theorems, we alter the assumptions on the functions fi
from the marginal cost (Expression 4.16). Theorem 4.3.5 requires convex functions
fi where as Theorem 4.4.1 requires fi to be a decreasing and convex function.
Lemma 4.3.1. Suppose we have an oligopoly consisting of n firms in which collaboration is defined by the graph x and the profit function (allocation rule) for
firm i in that oligopoly is expressed by Equation 4.17, then the quantity produced
for firm i is qi (x), expressed in Equation 4.18.
!
Yi (x, q(x)) = (α − γ0 )qi (x) −

X

qj

qi (x) − (fi (ηi (x)))qi (x)

(4.17)

j∈N

α − γ0 − nfi (ηi (x)) +
qi (x) =
n+1

P

j6=i

fj (ηj (x))

(4.18)

Proof. From Triole [128], for any oligopoly with profit function Yi (q) expressed
in Equation 4.19, the resulting Cournot equilibrium point on quantities is qi , expressed in Equation 4.20.
!
Yi (q) = aqi −

X

qj

qi − b i qi

(4.19)

j∈N

P
a − nbi + j6=i bj
qi =
n+1

(4.20)

In this case, we have parameters a and bi expressed in Equations 4.21 and 4.22.
a = α − γ0

(4.21)
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bi = fi (ηi (x)) ∀i

(4.22)

Substituting these definitions of parameters a and bi from Equations 4.21 and 4.22
into Expression 4.20 yields Expression 4.18. This completes the proof.
Remark 4.3.2. It is worth noting that when for each firm i, bi = −γηi (x) then
the cost function (4.11) and induced equilibrium quantity (4.13) is retrieved from
Goyal and Joshi.
Corollary 4.3.3. The Cournot equilibrium point quantities (4.18) are nonnegative
for all firms and for all collaboration graphs if Condition 4.23 is satisfied.
α − γ0 − n max(fi (0), fi (n − 1)) ≥ 0 ∀i

(4.23)

Proof. For all i, function fi is a convex function of the degree of node i in the
graph x; the degree of node i must take an integer value between 0 and n − 1,
which due to the convexity of fi implies that the maximum of fi is equivalent to
max(fi (0), fi (n − 1)). Now it is immediate

P
α − γ0 − nfi (ηi (x)) + j6=i fj (ηj (x))
α − γ0 − nfi (ηi (x))
qi (x) =
≥
n+1
n+1
α − γ0 − n max(fi (0), fi (n − 1))
≥
≥0
n+1

Remark 4.3.4. It is worth pointing out that this bound may often not be tight
(i.e., production quantities may be positive even when it is not met). The bound
will be tight when there exists a solution graph x so that all firms j 6= i achieve a
degree ηj (x) that minimizes their function fj to zero (otherwise, there is another
constant) while firm i has a degree ηi (x) that maximizes the value of fi . If such a
solution graph does not exist, then when firm i has degree distribution maximizing
fi , some other firm must also incur a cost increase along with firm i (i.e., there is
a j such that fj (ηj (x)) > 0), making the bound loose. The larger perspective that
this analysis should shape is the tie between the combinatoric properties of graph-
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ical degree sequences and the induced economic characteristics (e.g., production
quantity magnitudes).
Theorem 4.3.5. Suppose that f is a convex function that has a minimum at 0.
Further, suppose fi (ηi (x)) = f (ηi (x) − ki ). Define the change in f as 4− fi (ki ) =
fi (ki − 1) − fi (ki ) = f (−1) − f (0) = 4− f (0) and 4+ fi (ki ) = fi (ki + 1) − fi (ki ) =
f (1) − f (0) = 4+ f (0). If the steepness of the function f around 0 is small
enough relative to the production quantity, such that 2qi (x) n+1
> 4+ f (0) and
n−1
> 4− f (0), if the oligopoly has at least two players, and the parame2qi (x) n+1
n−1
ters follow Condition 4.23 ensuring that each player’s production quantity is nonnegative, then the equivalence class of graphs [x]η such that ηi (x) = ki is an equivalence class of stable collaboration graphs.
Proof. Let x be a graph x such that ηi (x) = ki for all firms i. Consider a firm i
who may consider dropping its link with node j. If node i drops its link with node
j leading to graph g − ij, then ηi (x − ij) = ki − 1 and ηj (x − ij) = kj − 1, while
ηr (x − ij) = kr for r 6∈ {i, j}. Using Lemma 4.3.1 for quantity qi in Equation 4.24,
we calculate in Equations 4.25, 4.26, and 4.27, the production quantities when link
ij is removed.
P
α − γ0 − nfi (ηi (x)) + j6=i∈N fj (ηj (x))
qi =
n+1

(4.24)






n
1
−
qi (x − ij) = qi (x) − 4 fi (ki )
+ 4 fj (kj )
n+1
n+1




n
1
−
−
+ 4 fi (ki )
qj (x − ij) = qj (x) − 4 fj (kj )
n+1
n+1




1
1
−
−
qr (x − ij) = qr (x) + 4 fi (ki )
+ 4 fj (kj )
n+1
n+1
−

(4.25)
(4.26)
(4.27)

Using the production quantities for each firm, calculated in Equations 4.25, 4.26,
and 4.27, we can calculate the total production Q as in Equation 4.28, the market
price P as in Equation 4.29, and marginal cost ci for each firm as in Equation 4.30.



1
Q(x − ij) = Q(x) −
(4− fi (ki ) + 4− fj (kj ))
n+1


1
P (x − ij) = P (x) +
(4− fi (ki ) + 4− fj (kj ))
n+1

(4.28)
(4.29)
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ci (x − ij) = ci (x) + 4− fi (ki )

(4.30)

Using the quantities of Q, P, and each ci , we can calculate Yi (x − ij) in terms of
Yi (x) as done in Equation 4.31.
Yi (x − ij) = qi (x − ij)[P (x − ij) − ci (x − ij)]


2
= Yi (x) + qi (x)
[4− fj (kj ) − n4− fi (ki )]
n+1
2
 −
[4 fj (kj ) − n4− fi (ki )]
+
n+1

(4.31)

Since fi (ηi (x)) = f (ηi (x) − ki ) this implies that 4− fi (ki ) = 4− fj (kj ) leading to
Expression 4.32 and then Expression 4.33 and 4.34 through algebraic manipulation.
Finally, by the assumptions of the theorem for f and qi (x), each of the quantities
4− fi (ki ),

n−1
,
n+1

and 2qi (x) −

n−1 −
4 fi (ki )
n+1

are nonnegative implying the result in

Expression 4.35.


2
1−n
1−n
−
2
Yi (x − ij) − Yi (x) = 2qi (x)4 fi (ki )
+ (4 fi (ki ))
n+1
n+1



1−n
1−n −
−
= 4 fi (ki )
4 fi (ki )
2qi (x) +
n+1
n+1



n−1
n−1 −
−
= −4 fi (ki )
4 fi (ki )
2qi (x) −
n+1
n+1
−

<0



(4.32)
(4.33)
(4.34)
(4.35)

The result in Expression 4.35 implies that if firm i attempts to drop link ij, then
Yi (x) > Yi (x − ij) and thus firm i decreases its profit. The same will be true for
firm j. Hence, no firm has an incentive to drop a link from graph x. Now, we will
consider the case where firm i attempts to add a link to the graph x, giving x + ij
under the assumption that the link ij does not exist in graph x. This analysis will
follow closely the analysis for x − ij. First note that ηi (x) = ki for all firms i and
ηi (x + ij) = ki + 1 and ηj (x + ij) = kj + 1, while ηr (x + ij) = kr for r 6∈ {i, j}. We
define 4+ fi (ki ) as 4+ fi (ki ) = fi (ki + 1) − fi (ki ); note the subtle difference from
the definition of 4− fi (ki ). Again using Lemma 4.3.1, we calculate the production
quantities for each node in graph x + ij and express then in Equations 4.36, 4.37,
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and 4.38.



1
n
+
+ 4 fj (kj )
qi (x + ij) = qi (x) − 4 fi (ki )
n+1
n+1




n
1
+
+
qj (x + ij) = qj (x) − 4 fj (kj )
+ 4 fi (ki )
n+1
n+1




1
1
+
+
+ 4 fj (kj )
qr (x + ij) = qr (x) + 4 fi (ki )
n+1
n+1


+

(4.36)
(4.37)
(4.38)

For the graph x + ij, we use the production quantities for each firm, calculated
in Equations 4.36, 4.37, and 4.38, we can calculate the total production Q as in
Equation 4.39, the market price P as in Equation 4.40, and marginal cost ci for
each firm as in Equation 4.41.



1
Q(x + ij) = Q(x) −
(4+ fi (ki ) + 4+ fj (kj ))
n+1


1
P (x + ij) = P (x) +
(4+ fi (ki ) + 4+ fj (kj ))
n+1

(4.39)
(4.40)

ci (x + ij) = ci (x) + 4+ fi (ki )

(4.41)

Using the quantities of Q, P, and each ci , we can calculate Yi (x + ij) in terms of
Yi (x) as done in Equation 4.42.
Yi (x + ij) = qi (x + ij)[P (x + ij) − ci (x + ij)]


2
= Yi (x) + qi (x)
[4+ fj (kj ) − n4+ fi (ki )]
n+1
 +
2
[4 fj (kj ) − n4+ fi (ki )]
+
n+1

(4.42)

Since fi (ηi (x)) = f (ηi (x) − ki ), this implies that 4+ fi (ki ) = 4+ fj (kj ) leading
to Expression 4.43 and then Expression 4.44 and 4.45 through algebraic manipulation. Finally, by the assumptions of the theorem for f and qi (x), each of the
quantities 4+ fi (ki ),

n−1
,
n+1

and 2qi (x)− n−1
4+ fi (ki ) are positive implying the result
n+1

in Expression 4.46.
+

Yi (x + ij) − Yi (x) = 2qi (x)4 fi (ki )



1−n
n+1



+

2

+ (4 fi (ki ))



1−n
n+1

2
(4.43)
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1−n
1−n +
= 4 fi (ki )
2qi (x) +
4 fi (ki )
n+1
n+1



n−1
n−1 +
+
= −4 fi (ki )
2qi (x) −
4 fi (ki )
n+1
n+1
+



<0

(4.44)
(4.45)
(4.46)

The result in Expression 4.46 implies that if firm i attempts to add a link ij, then
Yi (x) > Yi (x + ij) and the firm decreases its profit. The same will be true for
firm j. Hence, no firm has an incentive to add a link to graph x. Since no firm
has an incentive to add or drop a link to graph x, it is stable. This completes the
proof.

4.3.1

Numerical Examples

In this section a numerical example to show how this model may be applied in
practice. Again consider that the example of Verizon’s interest in market changes if
AT&T and T-Mobile merged. Our first example is an analysis of the stable graphs
for a given set of firms in oligopolistic competition. Some other examples that could
be investigated as an application would be: (1) the addition of a collaboration
link, (2) the merger between two firms, (3) a firm leaves the market, (4) a new
firm arrives. and (5) a link is terminated.
Example 4.3.6. We present a numerical example of Theorem 4.3.5. Let N = 5 firms
compete in an oligopoly with inverse demand function P = 100 − Q, fixed cost
γ0 = 5, and f (η(x)) = (η(x))2 + ψ where ψ = 2. Each firm has the shifted function
fi (ηi (x)) = f (ηi (x)−ki ) = (ηi (x)−ki )2 +ψ where k = [2, 3, 4, 3, 2]T and . We want
to test the stability of a graph g with ηi (x) = ki and fi (ηi (x)) = (ηi (x) − ki )2 + ψ
for each node i. In order to apply theorem (4.3.5), we must ensure condition (4.23)
is met. We calculate:
f (−n + 1) = f (−4) = 18,
f (1) = 3,

f (−1) = 3,

f (n − 1) = f (4) = 18,

f (0) = 2,
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Hence,
max(f (n − 1), f (1 − n)) = 18,

max(f (1) − f (0), f (−1) − f (0)) = 1,

n max(f (n − 1), f (1 − n)) = 5 · 18 = 90,
(n − 1) max(f (1) − f (0), f (−1) − f (0)) = 4 · 1 = 4,

1
α − γ0 − n max(f (n − 1), f (1 − n)) − (n − 1) max(f (1) − f (0), f (−1) − f (0)) =
2
1
100 − 5 − 90 − · 4 = 3 > 0
2
Two stable isomorphic graphs, shown in Figure 4.1, have a degree sequence equivalent to k.

Figure 4.1. Two stable and isomorphic graphs that are possible configurations for
collaboration in the example oligopoly.

However, for the given parameters, there are 33 stable graphs of which only the
two shown have degree sequence equal to k. These graphs were computed using
Maple and are shown in Figure 4.2. It is interesting to investigate the other stable
networks with degree sequences different from k. The graph in Row 7, Column 2
of Figure 4.2 shows a stable configuration where both nodes 3 and 4 would prefer
one more link, but they are already linked together and no other node requires an
additional link. Hence, the network is stable because each node is either satisfied
or no pair of nodes can bilaterally improve themselves through the addition or
removal of a link. It is interesting to note that in the case of the graph shown, if
both nodes 1 and 5, were to give up their link with one another and instead link

70

Figure 4.2. The 33 stable graphs that arise from the parameters given.

to nodes 4 and 3 respectively, then each node would have minimized its marginal
costs. While it is the case that nodes 1 and 5 would not benefit from such a trade
that would help nodes 3 and 4. These nodes would indirectly hurt themselves via
the decreased market price as a result of the additional quantity produced by nodes
3 and 4. Nonetheless this analysis brings out the fact that the manner in which
nodes link to one another and the manner in which stability is analyzed, greatly
affects which networks are deemed to be stable.
Example 4.3.7. For small numbers of firms < 7 generating the set of stable graphs
takes seconds (even in an interpreted language like Maple). Consider the case
of a firm (in this case Firm 3) who determines that collaboration is desired, but
recognizes there may be a sink cost (not included in the model) associated with
initializing such a collaboration. For example, the time taken to establish industry
connections will cost in terms of human labor. Assuming Firm 3 is a selfish profit
maximizer and assumes that all other firms are selfish profit maximizers who will
play to a stable configuration, then the analysis of the potentially stable graphs will
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inform Firm 3 on the potential payoffs it might receive. If the network is already
in a stable configuration, then since there are three stable configurations in which
Firm 3 is not connected to any other players, then it may not be worthwhile to
even explore collaboration. On the other hand, if there is no collaboration (an
unstable condition), then Firm 3 may hope to steer the network evolution and
will evaluate its various payoffs in each possible stable configuration. The possible
payoffs are shown in Figure 4.3. Note that there is a substantial variation in the

Figure 4.3. The possible payoffs Player 3 can obtain in the various stable configurations.
From Figure 4.2, graphs are numbered from left-to-right, top-to-bottom.

payoff the Player 3 may receive. In the empty graph, Player 3 receives a payoff of
169/4. Notice that some collaborative scenarios disadvantage Player 3 (3 of the
33) while most improve Player 3’s payoff.
Example 4.3.8. Suppose the left network in Figure 4.1 is formed with degree sequence k = [2, 3, 4, 3, 2]T and firms 1 and 5 consider merging. They forecast:
1. A reduction in fixed marginal cost down to γ0 = 3 (from γ0 = 5)
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2. A target degree of 3 collaborating firms (from 2 each)
With the current stable graph, each firm profits 251 units.
Using forecasted parameters, two stable graphs result, which are shown in
Figure 4.4 where Firm 1 is the new merged firm.

Figure 4.4. Stable Graphs with degree sequence k = [2, 2, 0, 2]T and k = [3, 3, 3, 3]T

The merged Firm 1 does better with the new stable graphs, compared in Table
4.1.
Deg Seq
(2,3,4,3,2)
(2,2,0,2)
(3,3,3,3)

Y1
251
475
368

Y2
251
475
368

Y3
251
46
331

Y4
251
475
368

Y5
251
-

Table 4.1. Comparison of stable graphs, comparing status quo versus target degree 3

There are a few key observations to notice: (1) Firm 1, 2, and 4 will increase
profit from 251, (2) Firm 1 does better with 2 of 3 links than with all 3, (3)
Firm 3 has a lot at stake in the results of this merger as they can either increase
moderately in profit or decrease substantially, (4) Firm 3 may want to prevent the
merger because it could result in a large loss, but taking action to prevent the
merger may risk losing potential collaborators, and (5) Fixed costs between (0, 5)
did not change the two graphs that are stable. Anecdotally, in this example, the
model is robust to fixed cost parameter. Suppose instead, the new firm forecasted
a targeted degree of 4 rather than 3, then three stable graphs result, shown in
Figure 4.5. The resulting profits for firms are compared in Table 4.2. Table 4.2
shows that firm 1 may do better than the status quo, but they also may do worse.
Compared to the previous results with target degree 3, the best case is not as good
and the worst case is worse. While considering a merger, the firms should consider
how many other collaborators they will actually need as it will effect whether the
merger will result in an increase in profit.
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Figure 4.5. Stable Graphs with degree sequence k = [1, 2, 3, 2]T ,k = [3, 2, 1, 2]T , and
k = [3, 3, 3, 3]T
Deg Seq
(2,3,4,3,2)
(1,2,3,2)
(3,2,1,2)
(3,3,3,3)
(2,2,0,2)
(3,3,3,3)

Target
4
4
4
3
3

Y1
251
153
416
338
475
368

Y2
251
416
416
376
475
368

Y3
251
416
153
338
46
331

Y4
251
416
416
376
475
368

Y5
251
-

Table 4.2. Comparison of stable graphs, comparing status quo vs target degree of 3
and 4

4.4

Conditions for stability of complete graph

Goyal and Joshi show that in a market with homogenous products and under
quantity competition, the uniquely stable network is the complete network for
specific cost functions under some parameter restrictions [95]. Theorem 4.4.1 extends the result in Goyal and Joshi [95] by using nonlinear costs and decreasing
the restriction on parameters necessary for the model to be feasible.
Theorem 4.4.1. Suppose the marginal cost for firm i on graph x is ci (x) =
γ0 + f (ηi (x)). Define 4f (k) = f (k + 1) − f (k). Further suppose each firm reduces its marginal cost for each additional collaboration (Condition (1)), the collaboration cost reduction function f is convex (Condition (2)), collaboration cost
reduction function f is positive (Condition (3)), the production quantity is positive
(Condition (4)), and the collaboration cost reduction function f is not too steep
(Condition (5)):
1. k1 > k2 implies f (k1 ) < f (k2 );
2. f is convex;
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3. f is positive;
4. α − γ0 > nf (0); and
5. 4f (k1 ) − n4f (k2 ) > 0 for all k1 , k2 ∈ {0, 1, . . . n − 1}
Then the complete network xc is a stable graph.
Proof. The production quantity and profit can be calculated as before in Equations
4.18 and 4.17, respectively, by using that fact that fi = f for all i.
P
α − γ0 − nf (ηi (x)) + j6=i∈N f (ηj (x))
qi (x) =
n+1
!
!
X
Yi (x) = qi (x) (P (Q) − ci (x)) = qi (x) α −
qj (x) − γ0 − f (ηi (x))
j

Observe through algebraic manipulation that P (Q) − ci (x) = qi (x), which
implies that Yi (x) = qi (x) (P (Q) − ci (x)) = (qi (x))2 .
For a complete network xc , ηj (x) = n − 1 for all j. We calculate the production
quantities qi for the complete graph xc in Equation 4.47.
qi (xc ) =

α − γ0 − f (n − 1)
n+1

(4.47)

Now we consider the complete graph after the link (i, j) is removed, denoted as
x = xc − ij. For this graph x, ηi (x) = ηj (x) = n − 2 but all other nodes r have
ηr (x) = n − 1. For the graph x, we calculate the production quantity for node i
in Equation 4.48.
qi (xc − ij) =

α − γ0 + (n − 2)f (n − 1) − (n − 1)f (n − 2)
n+1

(4.48)

In Equation 4.48, we express difference between the production quantity for node
i on the complete graph minus the production quantity after link ij is removed.
qi (xc ) − qi (xc − ij) =

(n − 1)[f (n − 2) − f (n − 1)]
n+1

(4.49)
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Since n − 1 > n − 2, Condition (1) implies f (n − 1) < f (n − 2) which implies
f (n − 2) − f (n − 1) > 0. Hence, qi (xc ) − qi (xc − ij) > 0. By Condition (4),
α − γ0 > nf (0), which implies qi > 0 by Corollary 4.3.3 using fi = f . Further,
since qi (xc ) + qi (xc − ij) > 0, which combined with qi (xc ) − qi (xc − ij) > 0, implies
Yi (xc ) − Yi (xc − ij) > 0. This implies that any firm i will decrease its profit by
dropping link ij, hence the graph xc is stable. Now to show that it is the only
stable graph, suppose there is another graph x 6= xc that is also stable. This
implies that there exists a pair of firms (i, j) such that ij 6∈ x. Let us consider the
graph x + ij relative to the graph x.
qi (x + ij) − qi (x) =

−n
1
4f (ηi (x)) +
4f (ηj (x))
n+1
n+1

(4.50)

In Equation 4.50, we express difference between the production quantity for node
i on the graph x minus the production quantity after link ij is added. We then
calculate the difference in profits between the two graphs for firm i, as expressed
in Equation 4.52.
Yi (x + ij) − Yi (x) = qi (x + ij)2 − qi (x)2
= [qi (x + ij) − qi (x)][qi (x + ij) + qi (x)]


2
= qi (x)
[4f (ηj (x)) − n4f (ηi (x))]
n+1
2

1
[4f (ηj (x)) − n4f (ηi (x))]2
+
n+1

(4.51)
(4.52)
(4.53)
(4.54)

By Condition (5), 4f (ηj (x)) − n4f (ηi (x)) > 0 and hence Yi (x + ij) − Yi (x) ≥ 0.
Similarly, Yj (x + ij) − Yj (x) ≥ 0, which implies that both nodes i and j may
increase their profit by linking together and so graph x is not stable. This is a
contradiction and so xc is the only stable graph. This completes the proof.

4.4.1

Numerical Examples

In this section, we present a numerical example of Theorem 4.4.1, showing the
conditions under which a complete graph is stable.
Example 4.4.2. Let N = 5 firms compete in an oligopoly with demand function
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P = 30−Q, fixed cost γ0 = 5, and f (ηi (x)) =

1
.
ηi (x)+3

We want to test the stability

of the complete graph xc . Conditions (1)-(4) are easy to check:
1.
2.
3.
4.

df
−1
= (ηi (x)+3)
2 < 0, which implies f is decreasing;
dη
2
d f
2
= (ηi (x)+3)3 > 0, which implies that f is convex;
dη 2
1
f (ηi (x)) = ηi (x)+3
> 0, which implies f is positive;

α − γ0 = 30 − 5 = 25 > nf (0) = 5 31

Condition (5) can be verified in Table 4.3. All conditions of Theorem 4.4.1 are
ηi (x)
0
4

ηj (x)
4
0

4f (ηi (x))
-0.08
-0.02

4f (ηj (x))
-0.02
-0.08

n4f (ηi (x)) − 4f (ηj (x))
0.0059
0.3988

n4f (ηj (x)) − 4f (ηi (x))
0.4
0.01

Table 4.3. Table checking Condition (5)

met. The stability of the complete graph can be verified using exhaustively and
was done so using Matlab.

4.5

Conclusion

In this chapter we have shown that with some modest conditions on the marginal
cost functions of firms in oligopolistic competition, an arbitrary network collaboration graph may be stable. In the next chapter we will investigate how to extend
the model to spatially separated markets.

Chapter

5

Collaborative Spatial Oligopolies
In this chapter we extend the collaborative oligopoly model from Chapter 4 to
spatially separated markets. Firms that compete in the same commodity market
are often spatially separated and are competing in markets that are also spatially
separated. Hence, the firms must consider the cost to transport goods from production locations to the market locations, when deciding upon the quantities to
produce for each market.

5.1

Generalized Model for Collaborative Spatial
Oligipolies

Spatial Oligopolies (Oligopolies on spatially separated markets) have been extensively studied [79, 118, 120, 129]. In this chapter, we extend the collaborative
oligopoly model of Goyal and Joshi by applying it to spatially separated markets and we extend the existing literature in spatial oligopolies by allowing firm
collaboration. We seek to find which graphs x are stable collaboration graphs.
As in prior sections, N = {1, 2, . . . n} will denote firms, which are nodes on the
collaboration graph. Alternatively, there is a spatial transport network with nodes
denoted as V = {1, 2, . . . v}. Consumer demand at transport node l ∈ V for firm
i ∈ N is denoted as dli and forms the matrix d = hdli i. Denote d·i as the demand
vector for firm i across all transport nodes. The total demand at node l is denoted
P
as Dl = i dli . The quantity produced by firm i is again denoted as qi . Denote
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the vector δi as the vector composing demand and production quantity for firm i,
expressed in Expression 5.1.
δi =

d·i

!

qi

Define ∆i as the feasible region for firm i, expressed in Expression 5.1.

∆i =






qi −

P

l∈V

δi : 0 ≤ d·i






dli = 0 



(5.1)





0 ≤ qi

The induced price at node l is denoted as Pl (Dl ) = Pl (dl1 , dl2 , . . . , dln ). The
marginal production cost is ci (qi |x) = fi (qi , ηi (x)) as expressed earlier in Equation 4.11. However, in this spatial model, there is an additional marginal cost to
ship a unit of quantity to node l for firm i denoted as s = hsli i. Define Yi (δi |x) as
the profit for firm i with collaboration graph x, as expressed in Equation 5.2.
Yi (δi |x) =

X

dli [Pl (Dl ) − sli ] − fi (qi , ηi (x))qi

(5.2)

l∈V

Firm i will solve the optimization Problem 5.3.
max Yi (δi |x)
s.t. δi ∈ ∆i
We can use the fact that qi =

P

l∈V

(5.3)

dli to express the profit Yi as a function of d·i ,

expressed in Equation 5.1.
"
Yi (d·i |x) =

X
l∈V

dli Pl (Dl ) − sli − fi

!#
X

dli , ηi (x)

l∈V

We can calculate the gradient of the objective for firm i, expressed in Equation
5.4.
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"

!

∇d·i Yi (d·i ) = Pl (Dl ) − sli − fi

X

dli , ηi (x)

l∈V

−dli − dli

∂fi (

P

dli , ηi (x))
∂dli

l∈V


(5.4)
l∈V

Each firm i will solve the equivalent variational inequality by finding d∗·i ≥ 0 such
that Condition 5.5 is satisfied.
h∇d·i Yi (d∗·i |x), d·i − d∗·i i ≥ 0

(5.5)

We may now find an equilibrium to the spatial oligopoly for all firms by solving
the single composed variational inequality, which is to find d∗ ≥ 0 such that
Condition 5.6 is satisfied.
h∇d Y (d∗ |x), d − d∗ i ≥ 0

(5.6)

With such a spatial model, it again becomes difficult to analytically find stable
graphs. Stability is difficult to determine analytically because in order to determine
if a link should exist, the value a node receives from the link must be contrasted
from the value without the link. This is difficult without using sensitivity analysis
of variational inequalities. Instead we seek to show a set of models that do yield
analytical results.

5.2

Nonlinear production costs in Spatial Collaborative Oligopoly

In this model, we consider a marginal cost function of the form in Equation 5.7,
where fi is some function fi : R → R.
ci (x) = γ0 + fi (ηi (x))

(5.7)
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The marginal cost to ship a unit of quantity to node l for firm i is again denoted
as sli .1 Each firm i maximizes its profit by solving its own Nonlinear Optimization
Problem 5.8

∀i


X

max
dli [Pl (Dl ) − sli ] − qi ci (x)




l∈V


X


 s.t. qi −
dli = 0
l∈V





0 ≤ qi





0 ≤ dli ∀l ∈ V

(5.8)

The first constraint in Problem 5.8 is a flow conservation constraint that forces
production to equal the sum of demand, while the other constraints are nonnegativity constraints. This nonlinear program can again be reduced by substiP
tuting qi = l∈V dli in the objective and deleting the associated flow constraint.
After this substitution and entering ci (x) = γ0 + fi (ηi (x)), each firm i will solve
the reduced Nonlinear Optimization Problem 5.9.

∀i


X

dli [Pl (dl1 , dl2 , . . . , dln ) − sli − γ0 − fi (ηi (x))]
max




l∈V
s.t. 0 ≤ dli ∀l ∈ V





0 ≤ qi

(5.9)

Remark 5.2.1. This nonlinear program that each firm will solve has been decoupled, such that now at each transport node l, the firms participate in oligopolistic
competition that is independent from the competition at each other node. However, at each node, each firm has a different cost due to the variability of the
shipment cost to that node for each firm.
Lemma 5.2.2. Suppose we have an oligopoly consisting of n firms in which the
collaboration network is defined by the graph x, the demand function at node l is
P
Pl (dl1 , dl2 , . . . , dln ) = αl − i∈N dli , and the profit function (allocation rule) for
1
Each firm is not explicitly placed on the transport network, but its location may be implied
through the sli values
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Firm i in that oligopoly is expressed in Equation 5.10.
"
Yi (x, d1i , d2i , . . . , dli ) =

X

#

dli αl −

X

dlj − sli − γ0 − fi (ηi (x))

(5.10)

j∈N

l∈V

The demand met at node l by firm i is calculated in Expression 5.11.
P

αl − γ0 − n(sli + fi (ηi (x))) +
dli (x) =
n+1

j6=i [slj

+ fj (ηj (x))]

(5.11)

Proof. The profit for firm i can be rearranged in Equation 5.12.
#

"
Yi (x, d1i , d2i , . . . , dli ) =

X

dli αl −

X

dlj − sli − γ0 − fi (ηi (x))

(5.12)

j∈N

l∈V

!
=

X

(αl − γ0 )dli −

X

dlj

dli − (sli + fi (ηi (x))) dli

j∈N

l∈V

(5.13)
From Triole [128], for any oligopoly with profit function of the form in Equation
5.14, the resulting Cournot equilibrium point quantities are those expressed in
Equation 5.15.
!
Yi (q) = aqi −

X

qj

q i − bi q i

(5.14)

j∈N

P
a − nbi + j6=i bj
qi =
n+1

(5.15)

In our case, we have an oligopoly at each location l and quantities dli with parameters a and bi , expressed in Equations 5.16 and 5.17 respectively.
a = αl − γ0

(5.16)

bi = sli + fi (ηi (x)) ∀i

(5.17)

Substituting these definitions for parameters a and bi into Expression 5.15, yields
Expression 5.11. This completes the proof.
The demand quantities dli (x) are a function of the collaboration graph x, but for
the remainder of this chapter, this dependence will be suppressed in the notation.
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Corollary 5.2.3. The Cournot equilibrium point quantities in Equation 5.11 are
nonnegative for all firms and for all collaboration graphs if Condition 5.18 is satisfied.
αl − γ0 − n(sli ) − n max(fi (0), fi (n − 1)) ≥ 0 ∀i, l

(5.18)

Proof. For all i, function fi is a convex function of the degree of node i in the
graph x; the degree of node i must take an integer value between 0 and n − 1,
which due to the convexity of fi implies that the maximum of fi is equivalent to
max(fi (0), fi (n − 1)). After substitution, Expressions 5.19, 5.20, and 5.21 follow
to complete the proof.
P
αl − γ0 − n(sli + fi (ηi (x))) + j6=i [slj + fj (ηj (x))]
dli =
n+1
αl − γ0 − n(sli ) − n(fi (ηi (x)))
≥
n+1
αl − γ0 − n(sli ) − n(max(fi (0), fi (n − 1)))
≥
≥0
n+1

(5.19)
(5.20)
(5.21)

It should be noted that this bound will often not be tight and hence demand
quantities may be positive even when it is not met.
Theorem 5.2.4. Suppose that f is a convex function that has a minimum at 0.
Further, suppose fi (ηi (x)) = f (ηi (x) − ki ). Define the change in f as 4− fi (ki ) =
fi (ki − 1) − fi (ki ) = 4− f (0) and 4+ fi (ki ) = fi (ki + 1) − fi (ki ) = 4+ f (0). If
the steepness of the function f around 0 is small enough relative to the production
n+1
quantity, such that 2dli n+1
> 4+ f (0) and 2dli n−1
> 4− f (0), if the oligopoly has
n−1

at least two players, and the parameters follow condition 5.18 ensuring that each
player’s production quantity is non-negative, then the equivalence class of graphs
[x]η such that ηi (x) = ki is an equivalence class of stable collaboration graphs.
Proof. Let x be a graph such that ηi (x) = ki for all firms i. Consider a firm i
who may consider dropping its link with node j. If node i drops its link with
node j leading to graph x − ij, then ηi (x − ij) = ki − 1 and ηj (x − ij) = kj − 1,
while ηr (x − ij) = kr for r 6∈ {i, j}. Remembering that the demand quantities dli
are dependent on the underlying graph x, we use Lemma 5.2.2, to calculate the
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Cournot quantities dli in Equation 5.22.
αl − γ0 − n(sli + fi (ηi (x))) +
dli (x) =
n+1

P

j6=i [slj

+ fj (ηj (x))]

(5.22)

At each node l, we calculate the Cournot quantities for each firm after link ij is
removed in terms of the original quantity before link removal. These calculations
are expressed in Equations 5.23, 5.24, and 5.25.





n
1
−
dli (x − ij) = dli (x) − 4 fi (ki )
+ 4 fj (kj )
n+1
n+1




1
n
−
−
+ 4 fi (ki )
dlj (x − ij) = dlj (x) − 4 fj (kj )
n+1
n+1




1
1
−
−
dlr (x − ij) = dlr (x) + 4 fi (ki )
+ 4 fj (kj )
n+1
n+1
−

(5.23)
(5.24)
(5.25)

At each node l after link ij is removed, we calculate total demand Dl , market price
Pl , and the marginal cost for each firm ci and express each of these in Equations
5.26, 5.27, and 5.28.



1
Dl (x − ij) = Dl (x) −
(4− fi (ki ) + 4− fj (kj ))
n+1


1
Pl (x − ij) = Pl (x) +
(4− fi (ki ) + 4− fj (kj ))
n+1
ci (x − ij) = ci (x) + 4− fi (ki )

(5.26)
(5.27)
(5.28)

Now, we can calculate yli (x − ij), the profit for firm i at node l after link ij is
removed, in terms of yli (x), the profit before link ij is removed. This relationship
is expressed in Equation 5.29.
yli (x − ij) = dli (x − ij)[Pl (x − ij) − ci (x − ij) − sli ]


2
[4− fj (kj ) − n4− fi (ki )]
= yli (x) + dli (x)
n+1
 −
2
[4 fj (kj ) − n4− fi (ki )]
+
n+1

(5.29)

Since fi (ηi (x)) = f (ηi (x) − ki ) this implies that 4− fi (ki ) = 4− fj (kj ) leading to
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Equation 5.30 and then Equation 5.31 and 5.32 through algebraic manipulation.
Finally, 4− fi (ki ) and

n−1
n+1

are non-negative and by the assumptions of the theorem

is non-negative as well. Hence, this implies
for f , the term 2dli (x) −
n−1 −
4 fi (ki )
n+1

the result in Equation 5.33.


2
1−n
1−n
−
2
yli (x − ij) − yli (x) = 2dli (x)4 fi (ki )
+ (4 fi (ki ))
(5.30)
n+1
n+1



1−n
1−n −
−
= 4 fi (ki )
2dli (x) +
4 fi (ki )
(5.31)
n+1
n+1



n−1
n−1 −
(5.32)
= −4− fi (ki )
4 fi (ki )
2dli (x) −
n+1
n+1
−



<0

(5.33)

Since yli (x − ij) − yli (x) < 0 for all i, we can sum over all transport nodes l, to
see that this implies that node i does not have an incentive to drop a link. This
summation is shown in Equations 5.34, 5.35, and 5.36.

X
l

yli (x − ij) − yli (x) < 0
X
yli (x) < 0
yli (x − ij) −

(5.34)
(5.35)

l

Yi (x − ij) − Yi (x) < 0

(5.36)

This result in Equation 5.36 implies that if firm i attempts to drop link ij, then
Yi (x) > Yi (x − ij) and thus firm i decreases its profit. The same will be true for
firm j. Hence, no firm has an incentive to drop a link from graph x. Now, we will
consider the case where firm i attempts to add a link to the graph x, giving x + ij
under the assumption that the link ij does not exist in graph x. This analysis will
follow closely the analysis for x − ij. First note that ηi (x) = ki for all firms i and
ηi (x + ij) = ki + 1 and ηj (x + ij) = kj + 1, while ηr (x + ij) = kr for r 6∈ {i, j}. We
define 4+ fi (ki ) as 4+ fi (ki ) = fi (ki + 1) − fi (ki ); note the subtle difference from
the definition of 4− fi (ki ). Again using Lemma 4.3.1, for each node l, we calculate
the Cournot quantities for each firm after link ij is added in terms of the original
quantity before link addition. These calculations are expressed in Equations 5.37,
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5.38, and 5.39.





n
1
+
dli (x + ij) = dli (x) − 4 fi (ki )
+ 4 fj (kj )
n+1
n+1




n
1
+
+
dlj (x + ij) = dlj (x) − 4 fj (kj )
+ 4 fi (ki )
n+1
n+1




1
1
+
+
dlr (x + ij) = dlr (x) + 4 fi (ki )
+ 4 fj (kj )
n+1
n+1
+

(5.37)
(5.38)
(5.39)

At each node l after link ij is added, we calculate total demand Dl , market price
Pl , and the marginal cost for each firm ci and express each of these in Equations
5.40, 5.41, and 5.42.



1
Dl (x + ij) = Dl (x) −
(4+ fi (ki ) + 4+ fj (kj ))
n+1


1
Pl (x + ij) = Pl (x) +
(4+ fi (ki ) + 4+ fj (kj ))
n+1

(5.40)
(5.41)

ci (x + ij) = ci (x) + 4+ fi (ki )

(5.42)

Now, we can calculate yli (x + ij), the profit for firm i at node l after link ij is
added, in terms of yli (x), the profit before link ij is added. This relationship is
expressed in Equation 5.43.
yli (x + ij) = dli (x + ij)[Pl (x + ij) − ci (x + ij) − sli ]


2
= yli (x) + dli (x)
[4+ fj (kj ) − n4+ fi (ki )]
n+1
 +
2
[4 fj (kj ) − n4+ fi (ki )]
+
n+1

(5.43)

Since fi (ηi (x)) = f (ηi (x) − ki ), this implies that 4+ fi (ki ) = 4+ fj (kj ) leading to
Equation 5.44 and then Equations 5.45 and 5.46 through algebraic manipulation.
Finally, 4+ fi (ki ) and

n−1
n+1

are non-negative and by the assumptions of the theo
n−1 +
rem for f , the term 2dli (x) − n+1
4 fi (ki ) is non-negative as well. Hence, this
manipulation imply the result in Equation 5.47.
+

yli (x + ij) − yli (x) = 2dli (x)4 fi (ki )



1−n
n+1



+

2

+ (4 fi (ki ))



1−n
n+1

2
(5.44)
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1−n
1−n +
= 4 fi (ki )
2dli (x) +
4 fi (ki )
n+1
n+1



n−1
n−1 +
+
= −4 fi (ki )
2dli (x) −
4 fi (ki )
n+1
n+1
+

<0

(5.45)
(5.46)
(5.47)

Since yli (x + ij) − yli (x) < 0 for all i, we can sum over all transport nodes l, to
see that this implies that node i does not have an incentive to drop a link. This
summation is shown in Equations 5.48, 5.49, and 5.50.

X

yli (x + ij) − yli (x) < 0
X
yli (x + ij) −
yli (x) < 0

l

(5.48)
(5.49)

l

Yi (x + ij) − Yi (x) < 0

(5.50)

This implies that if firm i attempts to add a link ij, then Yi (x) > Yi (x + ij) and
the firm decreases its profit. The same will be true for firm j. Hence, no firm has
an incentive to add a link to graph x. Since no firm has an incentive to add or
drop a link to graph x, it is stable. This completes the proof.
Example 5.2.5. We present a numerical example of Theorem 4.3.5. Let N = 5
P
firms compete in an oligopoly with inverse demand function Pl = 101 − i dli ,
fixed cost γ0 = 5, shipping costs sli = 1 for all transport locations l and firms i,
and fi (ηi (x)) = (ηi (x) − ki )2 + ζ where k = [2, 3, 4, 3, 2]T and ζ = 2. We want to
test the stability of a graph x with ηi (x) = ki and fi (ηi (x)) = (ηi (x) − ki )2 + ζ for
each node i. In order to ensure positive demand quantities, Condition 5.18, must
be checked for each firm i.
Node

ki

fi (0)

fi (n − 1)

n max(fi (0), fi (n − 1))

1

2

6

6

30

2

3

11

3

55

3

4

18

2

90

4

3

11

3

55

5

2

6

6

30

Calculating maxi {n max(fi (0), fi (n − 1))} = 90, we see Condition 5.18 is met if
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α − γ0 − n maxli sli > 90, which is true with: (1) α = 101, (2)γ0 = 5 and (3) sli = 1
for all transport locations l and firms i.
2

4

5

3

1

Figure 5.1. Stable firm collaboration network with targeted degree sequence

4

2

5

3

1

Figure 5.2. A second stable firm collaboration network with targeted degree sequence

Two stable graphs, shown in Figure 5.1 and Figure 5.2, have a degree sequence
equivalent to k.

5.3

Conclusion

In this chapter we bridge the gap between collaborative network models and spatial
models by both extending the research in collaborative oligopoly network models
[95, 130], by introducing the spatial transport network and by extending spatial
oligopoly models [79, 118, 120, 129], by introducing firm collaboration. We have
developed a generalized model using variational inequalities and shown in a subset
of cases, we can analytically show that we may construct games that result in
stable collaboration graphs with an arbitrary degree sequence.

Chapter

6

Link Bias in Graph Formation
Recently, network formation has been modeled from a game theoretic perspective
[54–56, 95], and in Chapter 3 (and [130]), it was shown that there exists games
that result in the formation of a stable graph with an arbitrary degree sequence
k = (k1 , . . . , kn ). These models require that the players have similar objectives
that are convex with minima near the desired ki values. These assumptions were
necessary to show that a game can be constructed that admits a stable graph with
an arbitrary degree sequence. However, this assumption is limiting in its modeling
power because players (usually) do not have an exact number of links that they
desire nor do they (usually) have an objective function precisely specifying this
desire. Instead the ki values arise endogenously as a result of other factors. In
this chapter, we present a model incorporating a player’s link bias - preference of
one link over another. The incorporation of link bias allows the game to result
in a stable graph of arbitrary degree without requiring the degree sequence to be
precisely coded into the game.
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6.1

Model

Let N = {1, 2, . . . n} be a set of nodes and we will assume n is fixed for the
remainder of this chapter. We denote a graph as x = hxij i where:

1 if node i is linked to node j
xij = xji =
0 else

(6.1)

The set X is the set of all graphs x.
In a network formation game, each node is a player. Link bias is introduced
by assuming player i has a cost function fi : X → R. In this chapter, we assume
a linear cost function:
fi (x) =

X

cij xij

(6.2)

j

A player’s strategy is to determine to which nodes to link in order minimize cost
(or maximize payoff). As presented in Chapter 2 and used in Chapter 3, we again
follow Jackson [56] in modeling the behavior that a link between players i and j
exists if and only if the two players decide to link. That is, a player may unilaterally
reject a link.

6.1.1

Stability

As presented in Chapter 2, we will investigate pairwise stable graphs as defined in
Definition 2.4.1. In this model, player i will benefit from linking with any player
j whenever cij < 0 and player i will be penalized for linking with any player j
whenever cij > 0. We may have an unspecified behavior when cij = cji = 0. In
this case it will neither help nor hinder either player to establish a link. To remove
this possibility, we may assume link parsimony. That is, we will assume that a
link is established if and only if both players benefit in some way. The stability
condition becomes:
Definition 6.1.1. A network x with Yi (v, x) = −fi (x) is pairwise stable if (and
only if):
1. for all ij ∈ x, cij < 0 and cji < 0
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2. for all ij 6∈ x, if cij ≥ 0 then cji ≤ 0
We can construct a cost matrix c via an optimization problem such that the
resulting graph formation game has as a (pairwise) stable solution a graph with
an arbitrary degree sequence k = (k1 , . . . , kn ).
Definition 6.1.2. Define ψ as a matrix of 0−1 values indicating a player’s interest
in a particular link. That is:

1 if player i can benefit from link ij
ψij =
0 if player i cannot benefit from link ij
Specifically, ψ is the boolean mapping of c:

1 if cij < 0
ψij =
0 if c ≥ 0
ij
Lemma 6.1.3. A graph x = hxij i is a symmetric stable graph if and only if it meets
the following constraints:
xij = xji

∀ ij

ψij + ψji − 1 ≤ xij

∀ ij

xij ≤ ψij

∀ ij

xij ≤ ψji

∀ ij

(6.3)

xij , ψij ∈ {0, 1} ∀ ij
Proof. By definition, the first constraint ensures the graph is symmetric. The
second, third, and fourth constraints ensure stability. If ψij = ψji = 1, then by the
definition of ψ, both cij < 0 and cji < 0 and the second constraint forces xij = 1
as stability requires. Alternatively, if either ψij = 0 or ψji = 0 or both, then by the
definition of ψ, cij ≥ 0 or cji ≥ 0 or both and the third and fourth constraint force
xij = 0 as stability requires. Lastly, if xij = 0, then the second constraint implies
that either ψij = 0 (cij ≥ 0) and player i will veto link ij or ψji = 0 (cji ≥ 0)
and j will veto link ij, as stability requires or ψij = ψji = 0 and both cij ≥ 0 and
cji ≥ 0.
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Now, suppose there is a symmetric stable graph x that violates one of these
constraints. If x violates the first constraint, then it is not a symmetric graph. If
the graph x violates the second constraint, then there exists a link ij such that
ψij = 1, ψji = 1, but xij = 0. This implies that cij < 0 and cji < 0 which
implies that both player i and j can benefit from link ij and this requires by
stability that xij = 1. However, this is a contradiction. If x violates the third or
fourth constraint, then there exists a link ij such that xij = 1, but either ψij = 0
(cij ≥ 0) or ψji = 0 (cji ≥ 0), but this would violate stability and hence be a
contradiction. There cannot be a symmetric pairwise stable graph x (and thus is
a solution to the graph formation game with link bias matrix c) that violates one
of these constraints.
If these constraints are consistent (i.e., the feasible region is non-empty), then
any feasible ψ for the constraints above can be used to generate a cost matrix c.
In fact, it can be used to generate an infinite number of cost matrices, the simplest
one given by:

−1 if ψij = 1
cij =
1
if ψij = 0

(6.4)

Lemma 6.1.4. Suppose c is a cost matrix and f1 , . . . , fN : X → R are player cost
P
functions with Yi (v, x) = −fi (x) = − j cij xij , which define a graph formation
game (for a graph x). Then the graph x = hxij i is symmetric, pairwise stable (for
the game) and has degree sequence k = (k1 , k2 , . . . , kn ) if and only if it meets the
following constraints:
X

xij = ki

∀i

xij = xji

∀ ij

ψij + ψji − 1 ≤ xij

∀ ij

xij ≤ ψij

∀ ij

xij ≤ ψji

∀ ij

ψij ∈ {0, 1}

∀ ij

j6=i

Proof. The first constraint in the constraint set 6.5, which enforces

(6.5)

P

j6=i

xij = ki ,

ensures the graph x has degree sequence k = (k1 , k2 , . . . , kn ). The remainder of
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the proof follows from Lemma 6.1.3.

6.1.2

Construction of Cost Matrix via Optimization

In the event that there is no feasible ψ, we may solve an optimization problem
to find the closest graphs x in the `1 metric by pricing out the first constraints in
Problem 6.5, leading to the optimization Problem 6.6.
min

X X
i

xij − ki

j6=i

s.t. xij − xji = 0

∀i < j

ψij + ψji − 1 ≤ xij

∀ ij

xij ≤ ψij

∀ ij

xij ≤ ψji

∀ ij

xij , ψij ∈ {0, 1}

∀i, j

(6.6)

We may reformulate the optimization Problem 6.6 into the optimization Problem
6.7, in order to moved the nonlinear objective into the constraints.
min

X

ei

i

s.t.

X

xij − ki ≤ ei

j6=i

xij − xji = 0

∀i < j

ψij + ψji − 1 ≤ xij

∀ ij

xij ≤ ψij

∀ ij

xij ≤ ψji

∀ ij

xij , ψij ∈ {0, 1}

∀i, j

(6.7)

The non-linear constraints in optimization Problem 6.7 can be transformed into
equivalent linear constraints with the result being the integer linear programming
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Problem 6.8.
min

X

s.t.

X

−

X

ei

i

xij − ki ≤ ei

j6=i

xij + ki ≤ ei

j6=i

ψij + ψji − 1 ≤ xij

∀ ij

xij ≤ ψij

∀ ij

xij ≤ ψji

∀ ij

xij − xji = 0

(6.8)

∀i < j

xij , ψij ∈ {0, 1}

∀i, j

Once a solution ψ is found to this optimization Problem 6.8, we can construct a
cost matrix c using (e.g.,) Expression 6.4. Any matrix c constructed from such
a solution ψ will result in a graph as close as possible to degree sequence k =
(k1 , . . . , kn ) in the `1 metric. The nature of Problem 6.8 ensures the following
Theorem 6.1.5.
Theorem 6.1.5. For a given degree sequence k any cost matrix c derived as a
solution to Problem 6.8 and by (e.g.,) Expression 6.4 will yield a graph formation
game that itself admits, as a pairwise stable solution, a graph x whose degree
sequence is as close as possible to k in the `1 metric.
Proof. As shown in Lemma 6.1.3, any graph that satisfies the third, fourth, and
fifth constraints is stable. Consider the simplified problem:
min e
s.t. x − k ≤ e

(6.9)

−x + k ≤ e
It is easy to see that that the solution to Problem 6.9 yields the closest x to k in
the `1 metric. From here the proof is straight forward.
Denote the solution to Problem 6.8 as x∗ and the objective function value at
P
this solution as i e∗i . Suppose there is a graph x that is both stable and has a
degree sequence closer to k = (k1 , . . . , kn ) than x∗ in the `1 metric. This implies
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that:
XX
i

|xij − ki | <

XX
i

j6=i

|x∗ij − ki | ≤

X

e∗i

i

j6=i

and x satisfies the other constraints for stability. This implies that x∗ is not the
optimal solution to Problem 6.8, which is a contradiction.

6.2

Numerical Example

In this section we present a numerical example to apply Theorem 6.1.5, which will
result in having a stable graph with a power law degree sequence.
Example 6.2.1. Given the degree sequence k in Table 6.1, we will find the game
that results in a stable graph with this degree sequence. The distribution of values
Node(s)
1-29
30-33
34
35

ki
1
2
3
4

Table 6.1. Degree ki of each player i

of ki forms an approximate (with rounding to integers) power law distribution.
This is illustrated in Figure 6.1. We can now solve the optimization Problem 6.8
30

25

20

15

10

5

0

1

2

3

4

Figure 6.1. The empirical desired distribution (approximate power law)of the degrees
of the players.

to find the stable graph with degree sequence as close (in Manhattan Norm) as
possible to degree sequence k. The resulting graphic solution is shown in Figure
6.2. The degree distribution of the graphic solution is compared to the distribution
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18
1

17
26

30
33
34

35

27
19

6

15

32

16

5

14
2

3

12
7

29

13
8

21

4

31

20

28

9
10

23

11

24

22

25

Figure 6.2. Stable collaboration network for 35 nodes
Targeted vs Actual Degree Distribution
30
Actual Degree
Targeted Degree

Number of Nodes

25

20

15

10

5

0

1

2

3

4

Node Degree

Figure 6.3. Comparison of targeted degree distribution with resulting stable network
degree distribution.

of the ki values in Figure 6.3.
Now, we can construct c from ψ. If ψij = 1 (the pair is listed in Table 6.2),
then cij = −1, otherwise cij = 1.

6.3

Linking Portfolio with Resource Constraint

The model presented in Chapter 3 (and [130]) assumes a player has a specific
desired degree. Alternatively, the model presented in section 6.1 of this chapter
presumes instead that a player links to players that can benefit them, but the
number of such links is unlimited. In reality players link to other players who
benefit them, but they are also constrained by time and other resources that they
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i
1
10
11
12
13
14
15
16
17
18
19

j
30
11
10
13
12
15
14
34
18
17
35

i
2
20
21
22
23
24
25
26
27
28
29

j
3
21
20
23
22
25
24
27
26
31
31

i
3
30
30
31
31
32
32
33
33
34
34

j
2
1
35
28
29
34
35
34
35
16
32

i
34
35
35
35
35
4
5
6
7
8
9

j
33
19
30
32
33
7
6
5
4
9
8

Table 6.2. Table illustrating elements of c that have value 1. All other entries are −1.

must consider, which prohibits them from befriending everyone they could benefit
from. Consider player i may solve an optimization problem 6.10.
max fi (x)
X
s.t.
aij xij ≤ bi

(6.10)

j

xij ∈ {0, 1} ∀i, j
Each set of possible links xi = (xi1 , xi2 , . . . xin ) is mapped to a ranking (which may
have ties) by this math program. Since a player now considers their entire strategy
when making a linking decision, we cannot attribute the existence of a link or lack
there of, to a specific characteristic of only that link (cij or aij ), rather it is a result
of the entire vector of parameters.
Nonetheless, given a degree sequence k, we may construct a resource matrix
A and link cost matrix c, such that the resulting graph is stable and has degree
sequence k. It is rather straight forward to show this is possible using to Theorem
P
6.1.5. We may consider fi (x) = − j cij xij , A = 0, and large b, which essentially
makes the resource constraint void. This model is then equivalent to the model in
Theorem 6.1.5.
However, this model allows players to consider not only their limited resources,
but the fact that some links require greater resources than others and some links
provide greater benefits than others and these benefits and resource consumption
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may be asymmetric between two players for a given link. Further, a general f will
allow a player to consider one player’s link with greater weight than other or in
fact a player may consider nonlinear benefit functions. For example, a player may
benefit from one subset of players more than another or there may be nonlinear
effects between links with other players. Nonetheless, for an arbitrary degree sequence k, there is always a game that can be constructed with this model that has
a stable graph with that degree sequence. A theoretical characterization of these
possibilities is left for future work.
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6.4

Conclusion

With modest modeling characteristics, we may construct a network formation game
that admits as a pairwise stable solution a graph with an arbitrary degree sequence.
In fact, we may construct an entire family of games admitting such graphs as pairwise stable solutions. We can likely construct games with other graph characteristics as well. Network Formation Games are capable of modeling a wide variety of
graph structures. Further, there is opportunity to add richness to the model with
aspects such as the resource budget link portfolio model.

Chapter

7

Price of Anarchy
When networks form as a result of selfish competition among nodes, the resulting
stable network may not, in fact, be system optimal. It is possible that a stable
configuration is achieved in which each node does worse than if a central planner
had optimized the system. In this circumstance, we would like to measure the
collective penalization due to decentralized control. This collective price has been
called the price of anarchy, which is measured as the ratio between the worst
equilibrium and the centralized solution.
The calculation of the price of anarchy [131] is a method to measure the inefficiency of equilibrium, but the development of the analyisis of the inefficiency
of equilibriums predates the price of anarchy [132]. There already exists multiple
variations of the price of anarchy (e.g. Pure Price of Anarchy, Mixed Price of
Anarchy), for the different types of equilibriums that exist. In this paper, we have
defined pairwise stability rather than using the typical Nash Equilibrium, so this
foreshadows the presentation of an analogue to the price of anarchy in the sequel.
The price of anarchy has been used to measure the inefficiency in congestion
networks [133, 134]. In these games, each user of the network has a source and
destination and they must pay a cost to travel from their source to their destination.
The latency or cost of each link in the network increases with congestion, that is as
the number of players that use it increases. Economically, we may think of capacity
on the network (specifically between an origin destination pair) as a commodity
being supplied. As more users want that commodity, the price increases. Each
user will selfishly minimize his own cost via route selection. The inefficiency of
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the system is calculated by measuring the total cost of the system when users
act selfishly versus the total cost when users act in a coordinated manner by a
centralized solution.
The price of anarchy, denoted as ρ, is calculated in Equation 7.1 where the set
E ⊂ X is defined as the subset of equilibrium solutions.
P
P
maxx∈E i fi (x)
maxx∈X i Yi (x)
P
P
=
ρ=
minx∈E i Yi (x)
minx∈X i fi (x)

(7.1)

In this system, this ratio is a useful measurement because minx∈X

P

i

fi (x) > 0. In

models such as the traffic congestion model, there is an inherent minimum cost to
traverse a link due to the fact that each link has a certain minimal traversal time.
The congestion from other players and lack of capacity causes an additional cost,
which is measured as a ratio of the physical cost. However, this property is simply
not true of all games where players act selfishly. In models of network formation,
there is not necessarily an inherent cost to the system. It is possible that due to
the desires and constraints of the players involved, there is some cost that must be
absorbed by some set of players, but this is due to the inconsistency of the players’
desires, resources, and constraints. In the case where there is no such inconsistency
and it is possible for all players to satisfy their desires, there is an optimal cost
of zero. In these circumstances, for these applications, it does not make sense to
examine the ratio as the denominator may be zero. Hence, we instead calculate
the price of anarchy as the total additional cost of the worst selfish equilibrium
over the best coordinated solution as calculated in Equation 7.2.
ρ = max
x∈X

X
i

Yi (x) − min

X

x∈E

i

Yi (x) = max
x∈E

X
i

fi (x) − min
x∈X

X

fi (x)

(7.2)

i

The price of anarchy is a measure of the collective unhappiness of players due
to selfishness. It is calculated as a function of the objective function of each player.
Unless otherwise stated, we will return to the assumptions made in Section 4 that
Yi (x) = −fi (ηi (x)) = −f (ηi (x) − ki ) where f is convex with a minimum at 0. The
shape of the function f will have a considerable influence on which graph is the
worst stable. An infinitely steep function f could have an infinitely large objective
value for the worst equilibrium.
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For computational ease and to obtain closed form theoretical results, we will
consider fi (ηi (x)) = f (ηi (x) − ki ) = |ηi (x) − ki |. This function provides additional
insight into the game because, for the best and worst graph, it measures the
`1 distance between the degree sequence of the graph generated through selfish
decision making and a graph with the degree sequence closest in the `1 metric to
the target degree sequence k.

7.1

The Worst Stable Graph

In this section, we will present methods in the form of optimization problems that
result in the worst stable graph for first the Link Bias Game and then Degree
Sequence Game.

7.1.1

Link Bias Game

Proposition 7.1.1. Assume c = hcij i is a cost matrix in the link bias game
P
G(Y, v, N ) where Yi = − j cij xij and v is the balanced value function induced by
Yi (i = 1, . . . , n). Let ψ = hψij i be defined by Expression 6.1.2. If x is a solution
to the integer programming problem:
max

XX
i

cij xij

j

s.t. xij = xji

∀ ij

ψij + ψji − 1 ≤ xij

∀ ij

xij ≤ ψij

∀ ij

xij ≤ ψji

∀ ij

xij ∈ {0, 1}

∀ ij

then x is a stable graph with the minimum net payoff.
Proof. This is clear from the objective function and Lemma 6.1.3.

(7.3)
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7.1.2

Degree Sequence Game

Next, we consider the model where Player i has an allocation function Yi (v, x) =
−fi (ηi (x)) where fi : R → R is convex with a minimum at ki . In this section, we
define an integer program to find the stable graph with the worst total allocation
for the players involved in the game. The feasible region of this integer program
will be the set of stable graphs.
Remark 7.1.2. Define:

and

and


1 if Yi (v, x) ≥ Yi (v, x − ij)
rij (x) =
0 else

(7.4)


1 if Yi (v, x + ij) > Yi (v, x)
pij (x) =
0 else

(7.5)


1 if Yj (v, x + ij) < Yj (v, x)
qij (x) =
0 else

(7.6)

Since stability is simply a propositional statement with propositions rij (x), pij (x)
and qij (x), it can be shown that the following nonlinear integer programming
problem will produce the stable graph with the minimal net payoff [135]:
min

X

Yi (v, x)

i

xij = xji

∀i<j

(1 − xij ) + rij (x) ≥ 1

∀ i, j

xij + (1 − pij (x)) + qij (x) ≥ 1

∀ i, j

xij ∈ {0, 1}

∀ i, j

(7.7)

However, the integer programming problem in its raw form is highly non-linear
and therefore not efficient for computing the worst stable graph that can result
from an arbitrary Yi (v, x).
Lemma 7.1.3. For a game G = G(v, Y, N ) with value function v and allocation
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rule Yi (v, x) = −fi (ηi (x)) where fi is convex and has a minimum at ki , a graph
x = hxij i is pairwise stable if and only if:
1. for all i,

P

j6=i

xij ≤ ki

2. for all i, j 6= i, if xij = 1, then
3. for all i, j 6= i,

P

l6=i

P

xil < ki and

l6=i

P

xil ≤ ki and

l6=j

P

l6=j

xlj ≤ kj

xlj < kj =⇒ xij = 1

Proof. This proof requires showing the equivalence of constraints 1, 2, and 3 for
this model to the pairwise stability conditions 2.4.1. First, we will suppose that x
is pairwise stable and show that constraints 1, 2, and 3 are satisfied.
Suppose constraint 1 is not satisfied, so there exists a player i such that
P

j6=i

xij > ki . Since, the objective function for Player i is convex and has a

minimum at ki , Player i could unilaterally drop a link and obtain a more favorable payoff. This implies a contradiction and constraint 1 must be satisfied for a
pairwise stable graph x.
Suppose constraint 2 is not satisfied, so there is a link ij that exists (xij = 1)
P
P
and either: (1) l6=i xil > ki or (2) l6=j xlj > kj . However, each of these directly
conflicts with constraint 1 above. Hence, this is a contradiction and constraint 2
must be satisfied for a pairwise stable graph x.
P
Suppose constraint 3 is not satisfied, so there is a link ij such that: (1) l6=i xil <
P
ki and (2) l6=j xlj < kj , but xij = 0. Since node i and node j are not linked and
could each benefit from linking together since each have an objective function that
is minimized at ki and kj , respectively. This is a contradiction and constraint 3
must be satisfied for a pairwise stable graph x.
Conversely, suppose the three conditions hold for a graph x and we will show
that x is pairwise stable. Suppose the first condition of pairwise stability is not
met, this means that there must exist a link ij in graph x, such that either node i
or j could benefit from terminating the link. This means that either: (1) Yi (v, x) <
Yi (v, x − ij) or (2) Yj (v, x) < Yj (v, x − ij). By constraint 3, since xij = 1, this
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implies that both

P

l6=i

xil ≤ ki and

P

l6=j

xlj ≤ kj . Since, both i and j have

objective functions that are convex with minimums at ki and kj , respectively, this
is a contradiction and the first condition of pairwise stability must be met.
Suppose the second condition of pairwise stability is not met, this means that
there must exist a pair ij that does not exist in graph x (xij = 0) such that both
node i and j can link together and increase their payoff. Mathematically, that
means that: (1) Yi (v, x + ij) > Yi (v, x − ij) and (2) Yj (v, x + ij) > Yj (v, x − ij).
Since both i and j can benefit from gaining an additional link and since both
i and j have objective functions that are convex with minimums at ki and kj ,
respectively, this implies that both nodes currently have a degree less than ki and
P
P
kj , respectively: (1) l6=i xil < ki and (2) l6=j xlj < kj . By constraint 3, this
implies that xij = 1, which is a contradiction and hence the second condition for
pairwise stability must be satisfied.
The constraints 1, 2, and 3 imply the pairwise stability conditions 2.4.1 and
vice versa, so this concludes the proof.
Definition 7.1.4. Define u = hui i as a vector of slack variables on the degrees of
the nodes in the game, defined in equation 7.8.

ui =


ki − P

l6=i

0

xil

P

xil < ki
P
else (i.e. l6=i xil = ki )

if

l6=i

(7.8)

Definition 7.1.5. Define z = hzi i as a binary mapping of the vector u mapped in
equation 7.9

1 if ui > 0 (i.e. P xil < ki )
l6=i
zi =
0 if u = 0 (i.e. P x = k )
i
i
l6=i il

Remark 7.1.6. Note we will not consider the case when

P

l6=i

(7.9)

xil > ki because each

player has the unilateral power to veto any connection.
Lemma 7.1.7. Let Yi (v, x) be as in the statement of Lemma 7.1.3. Let k = hki i
be a degree sequence and let x = hxij i with vectors u = hui i and z = hzi i derived
from Definitions 7.1.4 and 7.1.5. The graph x is pairwise stable if and only if the
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following constraints are satisfied:
X

∀i

(7.10)

∀ i, j 6= i

(7.11)

zi ≤ ui

∀i

(7.12)

ui ≤ ki zi

∀i

(7.13)

∀ i, j 6= i

(7.14)

∀i

(7.15)

zi ∈ {0, 1} ∀ i

(7.16)

xij + ui = ki

j6=i

zi + zj − 1 ≤ xij

xij = xji
ui ≥ 0

xij ∈ {0, 1} ∀ i, j 6= i

(7.17)

Proof. Suppose that x is pairwise stable and u and z are defined appropriately.
P
Clearly, xij = xji holds. By Lemma 7.1.3 we must have l6=j xlj ≤ kj and so
ui ≥ 0 and Constraint 7.10 holds by definition. Further it is clear 0 ≤ ui ≤ ki for
all i. By Definition 7.1.5, if ui = 0, then zi = 0 and thus zi ≤ ui and ui ≤ ki zi .
The fact that ui ∈ Z+ is ensured by the integrality of x so if ui > 0 then ui ≥ 1
thus ui ≥ zi = 1 and as we observed ui ≤ ki = ki zi .
Conversely, suppose the constraints hold. That x is a graph is clear. Trivially,
P

l6=j

xlj ≤ kj . Suppose that ui , uj > 0. Then necessarily zi , zj = 1 since Constraint

7.13 must hold. Thus, by Constraint 7.11 xij = 1 and we have established the first
and third constraint of Lemma 7.1.3. Conversely, suppose that xij = 1. Then zi
and zj may take any value to satisfy Constraint 7.11 and the second constraint of
Lemma 7.1.3 must hold. This completes the proof.
Theorem 7.1.8. Let Yi (v, x) be as in the statement of Lemma 7.1.3. Let k be a
degree sequence. The solution to the following integer programming problem yields
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a graph x that is stable and has the worst net payoff function of any stable graph.
max

X

ui

i

s.t.

X

xij + ui = ki ∀ i

j6=i

zi + zj − 1 ≤ xij ∀ i, j 6= i
zi ≤ ui

∀i

ui ≤ ki zi

∀i

xij = xji

∀ i, j 6= i

ui ≥ 0

∀i

zi ∈ {0, 1}

∀i

xij ∈ {0, 1}

∀ i, j 6= i

(7.18)

Proof. The statement follows at once from Lemma 7.1.7 and the assumptions on
Yi (v, x) made in Lemma 7.1.3.
Example 7.1.9. Consider a simple example with 10 players who each have convex
cost functions with minima at 5. That is, each player would prefer to link with
no more and no less than 5 other players. Thus, the ideal graph solution is one in
which each player resides in a 5-regular graph. This setup yields an instantiation
of the integer programming problem in Expression 7.18:
max

X

s.t.

X

ui

i

xij + ui = 5 ∀ i

j6=i

zi + zj − 1 ≤ xij ∀ i, j 6= i
zi ≤ ui

∀i

ui ≤ 5zi

∀i

xij = xji

∀ i, j 6= i

ui ≥ 0

∀i

zi ∈ {0, 1}

∀i

xij ∈ {0, 1}

∀ i, j 6= i
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with solution visualized in Figure 7.1. If we assume the objective function of each

Figure 7.1. The worst solution to the problem in which 10 players each desired to link
with 5 players. The objective function in this case is 6.

player is fi (η(x)) = |ηi (x) − 5|, then the worst case net payoff is 6. In this solution,
we see Players 1 and 2 both have degree 2, each missing 3 connections.

7.2

The Best Graph

In this section, we will present methods in the form of optimization problems that
result in the best graph for first the Link Bias Game and then Degree Sequence
Game. Note that in this section we are finding the best graph, regardless of whether
it is stable, as opposed to the last section where we found the worst stable graph.
This will set us up to compare the best centralized solution to the worst possible
stable graph that may result from selfish strategic play.

7.2.1

Link Bias Game

Proposition 7.2.1. Assume c = hcij i is a cost matrix in the link bias game
P
G(Y, v, N ) where Yi = − j cij xij and v is the balanced value function induced by
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Yi (i = 1, . . . , n). If x is a solution to the integer programming problem:
min

XX
i

cij xij

j

s.t. xij = xji
xij ∈ {0, 1}

∀ ij

(7.19)

∀ ij

then x is a (potentially unstable) graph with the maximum net payoff.

7.2.2

Degree Sequence Game

In this section, we define an integer program to find the graph with the best total
allocation for the players involved in the game. Note that we are not necessarily
looking for a stable graph, so the feasible region is the set of all graphs. This
will provide a baseline to evaluate the worst price that may be paid for selfish
competition (e.g. the Price of Anarchy).
Remark 7.2.2. In the general case, the following nonlinear integer programming
problem will yield the graph that provides the largest net payoff:
max

X

Yi (v, x)

i

xij = xji

∀i<j

xij ∈ {0, 1}

∀ i, j

(7.20)

Again, the integer programming problem in its raw form may be highly non-linear
and therefore not efficient for computing the graph of interest for any possible
Yi (v, x).
Previously, there has been work on generating graphs with an arbitrary graphical degree sequence [82, 86, 87, 136]. However this literature is mainly concerned
with the algorithms to generate a graph for a graphical degree sequence. Here we
seek to find the closest graph to any degree sequence (graphical or not) and we use
an optimization formulation to do this. That is, we focus on the problem in which
Yi (v, x) = −|ηi (x) − ki |. For our specific function, we formulate a math program
by defining the feasible region as the set of all graphs and then minimizing the
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sum of the player’s cost due to penalization for acquiring a degree different than
desired as in problem 7.21.
min

X X
i

xij − ki

j6=i

s.t. xij − xji = 0 ∀ i < j

(7.21)

xij ∈ {0, 1} ∀ i, j
The nonlinear integer programming problem 7.21 is easily reformulated to the
linear integer programming problem: 7.22.
X

min

ei

i

X

s.t.

xij − ki ≤ ei

∀i

xij + ki ≤ ei

∀i

j6=i

−

X

(7.22)

j6=i

xij − xji = 0

∀i<j

xij ∈ {0, 1}

∀ i, j

The integer program 7.22 minimizes the distance between the arbitrary degree
sequence k = (k1 , . . . , kn ) and the degree sequence of a graph in the feasible region.
Theorem 7.2.3. The graph generated by an optimal solution to the integer program 7.23 is a closest graph under the `1 -norm to a graph with degree sequence
k = (k1 , . . . , kn ).
min

X

s.t.

X

−

X

ei

i

xij − ki ≤ ei

∀i

xij + ki ≤ ei

∀i

j6=i

(7.23)

j6=i

xij − xji = 0

∀i<j

xij ∈ {0, 1}

∀ i, j

Example 7.2.4. The price of anarchy is simply the difference of the objective func-
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tion value from the worst graph (Problem 7.18) to the best graph (Problem 7.23).
Continuing Example 7.1.9, the degree sequence in question is graphical. Thus, a
globally optimal solution is one in which each player is adjacent to 5 other players.
This is shown in Figure 7.2. We note that this graph is not only a globally opti-

Figure 7.2. A best solution to the problem in which 10 players each desired to link with
5 players. The objective function in this case is 0 and moreover, this graph is stable.

mal solution, it is also a pairwise stable graph. As before, we are assuming that
fi (η(x)) = |ηi (x) − 5|. Since the objective function value is 0, it is easy to see that
that price of anarchy as defined in Equation 7.2 is equal to 5.

7.3

Complete Example

Using a link bias game, we can illustrate a complete example of the process by
which a modeler might make use of these techniques. Suppose that after studying
a 10 player decentralized network, a cost matrix c is constructed to identify link
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bias between players. This cost matrix c might be:
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(7.24)

Using this information, the worst net payoff stable graph can be identified from
Problem 7.3. The value to the organization under this strategy is 1077 units of
reward. If the group were organized centrally, the value to the group would be
1487 units of reward, computed from Problem 7.19. The resulting graphs are
shown in Figure 7.3.

Since the two community payoffs are positive, we can

Figure 7.3. The worst stable graph using the cost matrix c.

analyze the price of anarchy using the traditional ratio method and we see that
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Figure 7.4. The best centrally coordinated graph using the cost matrix c.

decentralized play leads to a approximately ∼ 72% of the payoff that would come
from centralized coordination. Naturally, if the player’s true network resembled
the centrally coordinated graph rather than the uncoordinated (stable) graph, we
might suspect this network was not selfishly coordinating and our payoff matrix
was incorrect.
Suppose now we isolate a vertex and target it for kill or capture. Without
loss of generality, we have identified that it is possible to kill or capture either
Vertex 10 or Vertex 1. In an ordinary network analysis, Vertex 10 is clearly a
high priority target since it has the highest degree. We can explore the impact of
removing Vertex 10 from the network by deleting the 10th row and column from
c and recomputing. The resulting graphs are shown in Figure 7.6.

Figure 7.5. The worst stable graph after removing Player 10.
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Figure 7.6. The best centrally coordinated graph after removing Player 10.

In this case, the uncoordinated network fragments into a tree and a single,
isolated vertex. Furthermore, the new payoffs are 501 reward units for the stable
network and 789 reward units for the new centrally coordinated network. The new
price of anarchy (as a ratio) is ∼ 63%, suggesting we have seriously impacted the
ability of the network to achieve results as good as a centrally coordinated network.
However, suppose it was easier to remove Vertex 1. If we execute this mission,
the resulting graphs are shown in Figure 7.8.

In this case, the uncoordinated

Figure 7.7. The worst stable graph after removing Player 1.

graph does not fragment at all and more importantly the new payoffs are 899 reward units in the uncoordinated stable graph and 1220 reward units in the centrally
coordinated graph. The new price of anarchy (as a ratio) is ∼ 74%. Removing
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Figure 7.8. The best centrally coordinated graph after removing Player 1.

Vertex 1 actually improves the relative performance of the network with respect to
a centrally coordinated network. Thus we might conclude that given the opportunity to remove a vertex, we should choose to remove Vertex 10 rather than Vertex
1, even though these vertices have similar network characteristics. It is interesting
to note in this example there is little correlation between the traditional measures
of vertex importance and their impact on the resulting network’s price of anarchy.
Eigenvector centrality and vertex degree for the original worst stable graph (the
assumed initial condition) and the resulting change in price of anarchy are summarized in the table below. Price of anarchy difference is computed as the original
price of anarchy (∼ 72%) minus new price of anarchy once a vertex is removed.
We also include the Communal Change in Utility. This is the difference in the
communal objective function in the original graph (10 players) and the communal
objective function in the graph that results from removing a vertex (9 players).
The computation is done for each player who could be removed. The information
in the table is illustrated in Figures 7.9 and 7.11. It is interesting to note the lack
of correlation in these plots. Obviously this is anecdotal evidence, but suggests
interesting future work in so far as price of anarchy change may be a new way to
measure the importance of a vertex in a social network of interest.

We contrast

these plots to the plots in Figure 7.11, where we illustrate the relationship between traditional network metrics and the change in the communal utility. There
is clearly a substantial correlation between the degree of a vertex, it’s eigenvector
centrality and the extent to which the removal of this vertex impacts the commu-

115

Removed Vertex
1
2
3
4
5
6
7
8
9
10

Degree
2
2
3
3
2
1
3
2
2
6

Eig. Centrality
0.070066565
0.085041762
0.120257982
0.115436794
0.093603947
0.063208915
0.092026999
0.102880448
0.066087279
0.191389311

POA Diff
-0.012608178
0.026391872
0.065375238
0.009530895
0.011948301
-0.03956057
-0.072036296
-0.05390475
-0.003131446
0.089296079

Communal Utility Change
178
153
285
190
193
42
213
221
103
576

Table 7.1. Summary table for traditional network importance measures and the corresponding impact on price of anarchy.

Diﬀerence&in&Price&of&Anarchy&vs.&Vertex&Degree&
0.1#
6,#0.089296079#
0.08#
3,#0.065375238#

0.06#

Price&of&Anarchy&Diﬀerence&

0.04#
2,#0.026391872#

0.02#

2,#0.011948301#3,#0.009530895#
0#
0#

1#

2#

$0.02#
$0.04#

2,#$0.003131446#
3#
2,#$0.012608178#

4#

5#

6#

7#

POA#Diﬀ#

1,#$0.03956057#
2,#$0.05390475#

$0.06#

3,#$0.072036296#
$0.08#
$0.1#

Vertex&Degree&

Figure 7.9. The price of anarchy change as a function of vertex degree is illustrated.

Diﬀerence&in&Price&of&Anarchy&vs.&Vertex&Eigenvector&Centrality&
0.1&
0.191389311&
0.08&
0.120257982&

Price&of&Anarchy&Diﬀerence&

0.06&
0.04&
0.085041762&

0.02&

0.093603947&
0.115436794&

0&
0&
-0.02&
-0.04&
-0.06&
-0.08&
-0.1&

0.05&

0.066087279&
0.1&
0.070066565&

0.15&

0.2&

0.25&

0.063208915&
0.102880448&
0.092026999&

Eigenvector&Centrality&

Figure 7.10. The price of anarchy change as a function of eigen vector centrality is
illustrated.

116
Communal$U&lity$Change$vs.$Degree$
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Figure 7.11. The net utility change as a function of vertex degree is illustrated
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Figure 7.12. The net utility change as a function of eigenvector centrality is illustrated

.
nal utility. This is expected since for this game, we can compute the communal
utility change when vertex i is removed, denoted as ∆Ui , and shown in Equation
7.25.
∆Ui = −

X

ψij ψji (cij + cji )

(7.25)

j

For each vertex i, when it is the removed vertex, ∆Ui simply sums up the lost
utility for each vertex i and j for each link that existed in the network before
removal. When ψij = 0 or ψji = 0, this implies the link did not exist and hence, no
contribution is made to ∆Ui . Alternatively, when ψij = ψji = 1, the contribution
made to ∆Ui is the sum of the utilities received by vertex i and j, which is −(cij +
cji ). Since, ψij = 1 only if cij < 0 and ψji = 1 only if cji < 0, this means that
when the link does exist −(cij + cji ) > 0. Hence, only positive contributions can
be made to ∆Ui for each link it has and hence it must be positively correlated
with the degree of vertex i. However, since utility received by a link may be
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quite asymmetric when cij << cji , the communal utility change may differ greatly
between two nodes with the same degree.
This example illustrates the importance of understanding what network metrics
mean in a given application. Because each player (and thus the community of
players) derives benefit from being connected to specific players in this game, it
is relatively straightforward to see that network metrics like eigenvector centrality
and degree will be highly correlated to value functions like communal utility change;
that is, how much removing a single player will decrease the total payoff to the
network. On the other hand, it is clear that there is little relationship between
the price of anarchy difference and the network centrality measure of a vertex.
Thus, if the goal is to degrade the network’s ability to accumulate utility, then
using eigenvector centrality as a proxy measure in the link bias game should be
acceptable. However, if the objective is to cause the network to function in the
least centralized way possible, then eigenvector centrality may not be as good a
proxy measure.
This is most clear in the case when we attempt to optimize both of these
objectives in a kill or capture mission at once. Consider Table 7.1 and suppose a
decision maker’s objective is to simultaneously maximize the decrease in communal
benefits to the network and increase the price of anarchy as much as possible.
Clearly, Vertex 10 is the ideal target; in fact it is the Pareto optimal solution for
that multi-criteria optimization problem. If Vertex 10 is not accessible, then Vertex
3 is the next obvious target. It too has an undominated payoff pair for that problem
(the net benefit decrease is 285 reward units and the price of anarchy decreases
from 72% to 66%). Interestingly, these two vertices have the highest eigenvector
centrality but not necessarily the uniquely highest degree (in the case of Vertex
3). If Vertex 3 also cannot be killed or captured, then the problem becomes more
complicated. Eigenvector centrality is no longer a good proxy measure since the
change in price of anarchy is not consistent with the change in communal utility.

7.4

Simulation

Networks that are pairwise stable for a game are pairwise stable because (1) no
player has an incentive to drop a link and (2) no two players have an incentive
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to add an additional link. The price of anarchy measures how much worse the
worst possible stable graph is from the best for a particular game. However, this
analysis does not offer insight into the actual formation of games. The simulation
of network formation can offer some additional insight. Moreover, for exceptionally
large games solving the Integer Programming Problems associated with computing
the price of anarchy may be difficult. While it is relatively easy to solve Problem
7.19 or Problem 7.21, it may be difficult to solve Problem 7.18.

7.4.1

Methodology

In this subsection, we outline the methodology for simulating the formation of a
network. We again denote the current graph as x = hxij i where:

1 if node i is linked to node j
xij = xji =
0 else

(7.26)

We denote the matrix P = hPij i as the matrix representing potential links:

1 if node i could link to node j
Pij = Pji =
0 else

(7.27)

A link ij is a potential link if:
1. Link ij currently does not exist (xij = xji = 0)
2. Node i could benefit from linking to node j (i.e.,

P

xij < ki )

3. Node j could benefit from linking to node i (i.e.,

P

xji < kj )

j

i

Hence, we can see P can be more succinctly defined as:

1 if xij = xji = 0, P xij < ki , P xji < kj
j
i
Pij = Pji =
0 else

(7.28)

Now, we introduce the simulation algorithm 7.4.1, used to evaluate the methodology in this chapter.
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Algorithm 7.4.1.
1. Initialize xij = 0, Pij = 1 for all links ij
2. While there exists a potential link (i.e.,

P

ij

Pij > 0):

(a) Randomly select a potential link ij (i.e. randomly choose a pair (i, j)
such that Pij = 1)
(b) Add link ij to the graph, set xij = 1,xji = 1
(c) Delete link ij from the potential links, set Pij = 0,Pji = 0
P
(d) If node i cannot benefit from linking to any more nodes ( k xik ≥ ki ),
then remove all of their potential links. That is, set Pik = 0 and Pki = 0
for all k
(e) If node j cannot benefit from linking to any more nodes (

P

k

xjk ≥ kj ),

then remove all of their potential links. That is, set Pjk = 0 and Pkj = 0
for all k
Remark 7.4.2. This algorithm is computationally efficient because rather than randomly selecting a pair ij from all pairs of nodes and then checking if this link ij is
feasible, it instead does accounting at each step of which pairs are potential links
and then only randomly selects pairs that are potential.

7.4.2

Numerical Example

Suppose that we want the degree sequence of a stable graph that results from
playing the game described in Theorem 3.0.1 to have a power law degree distribution. We embed this into the objectives of the players, so the resulting graph
has the proper distribution. Let n = 100 players attempt to minimize their cost
function in Equation 7.29 where the parameter ki for each player and the degree
distribution of ki values may be found in Table 7.2.
fi (ηi (x)) = f (ηi (x) − ki ) = |ηi (x) − ki |

(7.29)

The distribution of the ki values form an approximate (with rounding to integers)
power law distribution as illustrated in the histogram in Figure 7.13. We note
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that this degree sequence is graphical. Thus the solution to Problem 7.23 yields
an objective function that is 0.
Node(s)
1-75
76-89
90-94
95-96
97
98
99
100

Number of Nodes
75
14
5
2
1
1
1
1

ki
1
2
3
4
5
6
7
8

Table 7.2. Targeted degree distribution

Figure 7.13. The ki values follow an approximate power law distribution

The price of anarchy is the difference of the objective function value from the
worst graph (Problem 7.18) to the best graph (Problem 7.23).
We simulated this game 100 times using the methodology from Section 7.4.1 to
find further insight. In Table 7.3 we show the simulation statistics for the degree
distribution. For example, we see in Table 7.2 that five nodes would optimize their
objectives if they had a degree of three. In Figure 7.3, we see that in all of the
simulations, the minimum number of nodes with a degree of three was four and
the maximum number of nodes with a degree of three was six. Since, the twentyfifth and seventy-fifth percentile was five, we know that in more than half of the
simulation runs, five nodes had a degree of three and optimized their objective. In
the other half of the runs, there was only one node too many or one node too few
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with a degree of three, this small variation indicates that most nodes get close to
their optimum degree resulting in a rather small price of anarchy. The simulation
statistics are also visually presented as a box plot in Figure 7.14
Degree
1
2
3
4
5
6
7
8

min
75
13
4
1
0
0
0
0

25th
75
14
5
2
1
1
0
0

median
75
14
5
2
1
1
1
0

75th
75
14
5
3
2
2
1
1

max
76
15
6
4
3
2
2
1

Table 7.3. Degree distribution simulation results

Figure 7.14. Box plot of degree distribution simulation results

In each simulation run, we calculated the price of anarchy and plotted the
results as a histogram in Figure 7.15. Note the largest price of anarchy is 10,
suggesting that this is the true price of anarchy for the system. That is, the
worst possible outcome of communal utility in competitive play minus the best
outcome in centralized decision making (which is zero, since the degree sequence
given is graphical). The price of anarchy is rather low in most simulation runs. We
investigated the distribution of the contributions to the price of anarchy. As shown
in Figure 7.4, the contributions to the price of anarchy were of higher magnitude
and made more often by nodes with a greater ki value. This means that players
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Figure 7.15. The empirical distribution of the price of anarchy.

that desired more links were more often more unhappy than other nodes who
desired a lower degree. That being said, Figure 7.4 and Figure 7.15 show that
most player’s attain their desired degree in most of the simulations.
Degree
1
2
3
4
5
6
7
8

min
0
0
0
0
0
0
0
0

10th
0
0
0
0
0
0
0
0

25th
0
0
0
0
0
0
0
0

median
0
0
0
0
0
0
0
2

75th
0
0
0
0
0
1
2
3

90th
0
0
0
0
0
1
3
4

95th
0
0
0
0
1
2
4
4

max
0
1
1
2
3
2
6
6

Table 7.4. Price of anarchy contributions by degree

7.5

Conclusion and Future Directions

In this dissertation we study game theoretic explanations for the formation of networks. We have shown that networks with interesting structures may emerge as
the result of interactive play between competitive individuals. In this chapter,
we have illustrated a method for computing the price of anarchy for two types of
network games and illustrated the application of this calculation to kill or capture
operations on violent extremist and criminal groups. We concluded by showing
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how simulation could be used for evaluating larger networks of interest when optimization problems become infeasible.
There are several future directions of work. One such theoretical direction
would be to obtain theoretical bounds on the price of anarchy and on the change in
the price of anarchy as a result of vertex removal, which would be keeping with the
literature on network formation games. In addition to this, investigation of more
complex games in which constraints on players influence strategies is of interest (as
studied in next in Chapter 8). The generalized Nash equilibrium games [137] may
be of interest in this case and will provide a richer context in which to model player
behavior and therefore more requirements on our ability to infer player objectives
and constraints from observed graphs.

Chapter

8

Models of Coercion
In this dissertation, we have formulated a model for graph formation by which
players act selfishly to optimize their objectives [130]. This model is a framework
for enabling the evaluation of influence due to actions taken upon a network. In
this chapter we introduce the concept of coercion where a Player i may coerce two
other players j and k to form a link. Removing a coercive player would result in
the removal of this link. For this reason, coercive links affect the decision making
of targeting Players in the network.

8.1

Preliminary Notation and Definitions

Let N = {1, 2, . . . n} be the set of nodes (vertices) in a graph. We denote a graph
as x = hxij i where:

1 if node i is linked to node j
xij = xji =
0 else

(8.1)

We assume xii = 0 for all i ∈ N . Note x is the symmetric adjacency matrix [138]
for a graph and we consider only undirected simple graphs. Let B = {0, 1}. Denote
X as the set of all graphs over the node set N , that is, X = {x : x ∈ Bn×n and x =
xT and diag(x) = 0}.
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8.2

Link Biased Graph Formation Game with
Graph Constraints

The neighborhood of Player i is determined by the vector x·i . It is possible that
as a result of game play, Player i is required to have certain structure to his
neighborhood. Thus, we have constraints:
Ai x·i ≤ bi

(8.2)

here Ai ∈ Rm×n and bi ∈ Rm×1 . Constraints may come from utilitarian needs in
the network. For example, in a large criminal organization, it may be useful for
a money launderer to be in contact with an individual with legitimate accounting
skills. In a terrorist network, a bomber must be in contact with a bomb-maker
etc. These constraints may also be placed on the player by another player in the
game (a leader, for instance). Define:

1 if Player j is currently alive.
yj =
0 otherwise

(8.3)

Define the state variable y ∈ Bn . Players do not select this state variable. The
constraint matrix in Expression 8.2 is a function of the state y. Furthermore,
constraints enforced by a specific leader (Player j) on another player (Player i)
may be written as:
Aij (y)xi· ≤ bi (y) + M(1 − yj )

(8.4)

where Aij (y) ∈ Rmij ×n and M is a vector of very large constants in Rmij ×1 .
Naturally, these constraints are binding if and only if yj = 1 (that is, Player j
is alive).
Each player has a cost associated with linking to another player in the game.
We denote this by the matrix c ∈ Rn×n . This matrix need not be symmetric. If
cij < 0, then there is a benefit to Player i when he establishes a link with Player j.
The Link Biased Graph Formation game with constraints is then the simultaneous
mathematical programming problem:
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X

min
cij xij




j



i
i
∀i : yi = 1 s.t. A (y)x·i ≤ b



Aij (y)x·i ≤ bi + M(1 − yj ) ∀j





xij ∈ B ∀j

(8.5)

In this game endogenously xij ≤ yi for all j and for all i. That is, players that are
not alive do not link to any other player.

8.2.1

Penalty Functions and Prior Work

It is worthwhile noting that if we replace a constraint on the player by a penalty
function, then we can reduce specific formulations of this problem to our previous
work. For example, if every player has constraints of form:
X

xij = ki

(8.6)

j

and c = 0, then in penalty function form, we have the game:

∀i : yi = 1




 min

!2
ki −

X

xij

j





(8.7)

s.t. xij ∈ B ∀j

Naturally replacing the quadratic by any convex function with minimum at zero
will also yield similar results. This can be useful for dealing with guidelines rather
than constraints. Specifically, we may assume that the most general form of the
game has the structure:

X
X

min
c
λl fl (xi , x−i , y)
ij xij +




j
l



i
i
∀i : yi = 1 s.t. A (y)x·i ≤ b



Aij (y)x·i ≤ bi + M(1 − yj ) ∀j





xij ∈ B ∀j

(8.8)
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where fl (xi , x−i , y) encode desired conditions, but not necessarily required conditions (as constraints do) and λl are penalty multipliers. Note the slight abuse of
notation here in which xi = x·i and x−i is the n − 1 × n − 1 matrix encoding the
other player’s states. This general construction is outside the scope of the current
study.

8.3

Equilibria and Stability

The game described in Problem 8.5 is a generalized Nash game (one in which
the strategy space of a player may be constrained by another player’s strategy).
However, since the strategy space for the player is discrete, the feasible regions
of the players define the individual strategies of the players. That is, any pure
strategy for the players must be an element in the space:

X =






x : ∀i : yi = 1





 i

A (y)x·i ≤ bi




















Aij (y)x·i ≤ bi + M(1 − yj ) ∀j
xij ∈ B ∀j

(8.9)

This space can be constructed (or sampled) using techniques like those found
in [135] or [139]. Nash’s theorem [140] ensures there is at least one solution in
mixed strategies. However, any solution that has each constraint binding is also
a Nash equilibrium in pure strategies. The presence of binding constraints that
prevent x = 0 from being an equilibrium makes this qualitatively different from
the problems investigated by Jackson et al. [56]. Unfortunately, the sample space
may be enormous. Thus the use of pairwise stability analysis may still be used in
place of the more computationally intractable Nash Equilibrium approach.

8.3.1

Pairwise Stability

The previous Definition 2.4.1 of pairwise stability must be adapted to integrate
the new constraints.
Definition 8.3.1. The graph x = hxij i that results from game play is pairwise
stable if:
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1. For any pair of Players i and j, if cij < 0 and cji ≤ 0, then xij = xji = 1
unless it violates the constraints of either player.
2. For any pair of Players i and j if cij > 0 or cji > 0, then xij = xji = 0 unless
it violates the constraints of either player.
It is clear that every game has a pairwise stable solution as long as the complete
set of constraints on all players has at least one feasible solution (that is, there is
a graph that satisfies every player constraint). This is a natural generalization of
our previous work
in earlier chapters, in which we replace the space of all graphs

n
X of size 2 2 with the set of graphs feasible to the constraints. We can denote
this new space of graphs X (y).

8.4

Problem Separation

Rather than considering the links xi· as the strategy of player i and the state,
we now separate the two. Consider s = hsij i as a 0 − 1 binary variable denoting
whether player i offers a link to player j.

1 if node i offers a link to node j
sij =
0 else

(8.10)

A link results if both players make an offer. Mathematically, this is represented
by xij = 1 if sij = sji = 1 and this relationship is invoked by the Constraints 8.11.
sij + sji − 1 ≤ xij
xij ≤ sij
xij ≤ sji
xij = xji
Hence, each set of strategies s maps to a graph x.

(8.11)
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8.4.1

Continuous Problem

The discrete formulation of this problem is complex and at best, difficult to solve.
We instead consider the continuous Problem 8.12.

X

min
cij xij + c̄ij sij




j





s.t. Ai (y)x·i ≤ bi






Āi (y)s·i ≤ b̄i






Aij (y)x·i ≤ bi + M(1 − yj ) ∀j

∀i : yi = 1
Āij (y)s·i ≤ b̄i + M(1 − yj ) ∀j






xi· ≤ si·






xi· ≤ sT·i






xij ∈ [0, 1] ∀





sij ∈ [0, 1] ∀j

(8.12)

This model assumes that if player i can benefit from increasing xij or if he needs
to in order to meet his constraints, he does so until: (1) it hits a maximum of
1, (2) it hits a maximum of sji , (3) until he cannot increase any further due to
a constraint, (4) until it is no longer a benefit, or (5) until it no longer needs to
increase to satisfy a constraint.

8.4.2

Equilibria

The game described in Problem 8.12 is a generalized Nash game (one in which the
strategy space of a player may be constrained by another player’s strategy).
Definition 8.4.1. The graph x that results from game play is a nash equilibrium if
no player can unilaterally change their strategy to benefit themselves. This means
that no player i can decrease sij by a value  > 0 and increase their payoff of the
resulting graph x.
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8.4.3

Pairwise Stability

The previous Definitions 2.4.1 and 8.3.1 of pairwise stability must be adapted to
integrate both the constraints and continuous variable representation of links.
Definition 8.4.2. The graph x that results from game play is pairwise stable if
1. For any pair of Players i and j, if both player i and j can increase their payoff
by increasing xij without violating a constraint, then they will. Hence, a
stable graph does not have a pair of players that can increase xij any further
without violating a constraint or reducing the payoff to at least one player.
2. For any pair of Players i and j if either player can benefit by reducing the
value of xij without violating a constraint, then he will do so. Hence, a
stable graph does not have an individual player that can decrease xij without
violating a constraint or reducing his payoff.
The definition of nash equilibrium only requires a player to not be able to
unilaterally benefit himself. Alternatively, pairwise stability requires that: (1) a
player cannot unilaterally decrease a relationship to benefit himself in addition to
(2) not being in a pair where he could cooperatively increase the relationship to
benefit himself and the pairing partner.

8.5

Targeteering

We might assume in game play that yi = 1 for all i at the beginning of time. If
our objective is to disrupt this network, then to each target in the network we
assign a cost κi . That is, the cost of transforming yi from 1 to 0 is κ for some new
player with the power to remove vertices from the network. Let x0 be a stable
(or equilibrium) configuration for the network with state y0 ∈ Bn . If the payoff in
this configuration is π(x0 , y0 ) then the objective of the vertex removal player is to
determine a player i such that yi = 1 and to solve the problem:

 max
y



min {π(x0 , y0 ) − π(x, y) : x ∈ X (y)} − κT (y0 − y)

s.t. y ∈ Y(y0 )


(8.13)
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Here, we assume that Y(y0 ) is the space of states that can be reached from state
y0 and we further assume that y ≤ y0 , that is, no vertex can be converted from
dead to alive by the vertex removal player. In the absence of this assumption, the
term κT (y0 − y) must be modified to correctly compute the cost of removing and
adding vertices. The objective function reflects the absolute greatest possible netgain the vertex removal player can gain and considers the possibility that multiple
equilibria or pairwise stable strategies may exist.

8.6

Analytical Algorithm

To analyze a given game, we can use fictitious play.
Algorithm 8.6.1.
1. Initialize  > 0, choose 0 < δ < . Initialize any feasible solution to all
player’s constraints x0 , s0 . Set i = 0.
2. At stage i, let (xi , si ) be the current solution.
3. For each j ∈ {1, . . . , N }: Find an optimal strategy s∗j· for Player j keeping
all other players strategies fixed.
i
∗
i
4. Let si+1
j· = sj· + (sj· − sj· )

5. Halt if ||s∗j· − sij· || < δ.
6. Compute xi+1 from si+1 . If (xi+1 , si+1 ) is infeasible,  = /2. Halt if  < δ.
Otherwise, Goto Step 2.
7. If (xi+1 , si+1 ) is feasible, i = i + 1 Goto Step 2.
Conjecture 1. This algorithm will converge to a pairwise stable solution that is
also a Nash equilibrium.
We note that there may be many NE solutions that are not arrived to by this
approach. A theoretical investigation of Conjecture 1 may be further investigated
in future work, but in this dissertation we have focused on numerical examples of
fictitious play for this game.
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8.7

Numerical Example

Consider a contrived terrorist organization with 8 individuals. In this contrived
example: Player 1 is the leader, Player 2 an executive officer, Players 3 and 4
are IED deployment coordinators, Players 5 and 6 are bomb makers, and lastly,
Players 7 and 8 are chemical manufacturers. There are a few constraints enforced:
1. Players 3 and 4 must be connected to at least one bomb maker (Player 5 or
6) and one chemical manufacturer (Player 7 or 8).
x35 + x36 ≥ 1
x37 + x38 ≥ 1

(8.14)

x45 + x46 ≥ 1
x47 + x48 ≥ 1
2. Players 3 and 4 must be connected to either Player 1 or Player 2 (to obtain
instructions).
x31 + x32 ≥ 1

(8.15)

x41 + x42 ≥ 1
3. We assume Player 1 coerces a link between the two bomb makers (believing
this will improve production), prevents a link between Players 2 and 3 as
well as 3 and 4 (fearing a power grab) and forces a link between himself and
Player 2.
x56 ≥ y1
x23 ≤ (1 − y1 )

(8.16)

x34 ≤ (1 − y1 )
x12 ≥ y1
Note in the equations above we have left the symmetric link unrestricted since
it will be restricted by the symmetry constraints xij = xji on the graph x. Alternatively, each constraint could directly account for the symmetric constraint.
For example, x35 + x36 ≥ 1 becomes x35 + x36 + x53 + x63 ≥ 2 (along with
x35 = x53 , x36 = x63 ). Either implementation may be used. Each player’s nat-
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ural inclination to link is given by the link bias matrix c:











c=
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0

0

0
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0
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0
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0
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−1

0

0

−1 −1

1

1

0

−1

0

0

−1 −1

0

0
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0
























The link bias matrix c reveals that:
1. Player 2 does not care for Player 1 (the leader).
2. Players 5 and 6 do not care for each other.
3. Players 3 and 4 are on friendly terms as are Players 2 and 3 and 2 and 4.
If we define the network health to be:
J(x) =

X

cij xij + λ

i,j

X

Cl (x)

(8.17)

l

where here Cl (x) is a penalty function that stands in for the lth necessary constraint
(e.g., each deployment coordinators must be able to communicate with at least one
bomb maker), we can use this to analyze the overall contribution of the leader.
Executing the aforementioned Algorithm 8.6.1, yields a pairwise stable network
under the leadership of Player 1 with the structure shown in Figure 8.7.
Leader

Executive
Chemical
Maker

Chemical
Maker

Deployment
Coordinator

Bomb Maker

Deployment
Coordinator
Bomb Maker
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By inspection, we see that in the network shown in Figure 8.7, Players 3, 4, and
8 have the highest degrees of 4,4, and 5 respectively. While Players 1 and 2 (the
leaders) each have a lower degree of 2. Using traditional network measures like
degree suggests that Players 3, 4, and 5 are more important than Players 1 and 2.
The network health value is −14 where it should be noted that lower numbers are
better since we have formulated in terms of cost.
If we were to kill or capture the leader, a new pairwise stable graph structure
might be the one shown in Figure 8.7.

Leader

Executive
Chemical
Maker

Deployment
Coordinator

Chemical
Maker

Deployment
Coordinator

Bomb Maker

Bomb Maker

While we have reaped an expected benefit, Player 1 has also fallen out of the network and the resulting network has tightened, making infiltration more difficult.
The network health has improved to −18. Alternatively, we may consider removing other Players instead and the simulation results are displayed in Table 8.7.
Inspecting the simulation results in Table 8.7, we see that removing the leader only
sometimes leads to an improvement in performance. However, removing Player 3
leads to a consistent degradation in the network health.
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8.8

Conclusion

In this chapter we have proposed a game theoretic model to evaluating kill or
capture techniques on networks. While this modeling approach provides a more
sophisticated approach to evaluate different kill or capture strategies, there are
some weaknesses of this approach. A critical problem with this approach is its
heavy reliance on modeling and data collection. The proposed game theoretic
structure requires careful construction of information for the purposes of generating
objective functions and constraints. Trained analysts must be willing to invest
the time in obtaining all relevant sociological information to inform this model.
Once this data is obtained, it must be evaluated for its contributions to the game
construction because this data has a great influence on the resulting networks,
strategies, and outcomes.
While the game theoretic model presented in this chapter may mislead a decision maker if information is inaccurate, it fills a void in the modeling of influence
on networks. We have shown that sometime the natural approach to kill the leader
may result in a tighter network, especially if the leader is bad (in some sense) for
the network health. Network Science network metrics may mislead a user into
selecting nodes to kill or capture that are not necessarily the best nodes to kill
or capture. This modeling approach provides a more sophisticated approach to
evaluated kill or capture techniques, but comes with its own risks from inaccurate
or incomplete information.

Chapter

9

Conclusions and Future Directions
In this dissertation we have formulated network formation models from a game theoretic approach. In Chapter 3, we have shown how to construct strategic network
formation games that may result in a graph with an arbitrary degree distribution.
These models may result in the formation of pairwise stable networks with a power
law degree distribution or any other degree sequence. Future work in this direction would include an investigation into the relationship between game theoretic
mechanisms (e.g. player objectives, state constraints on the graph, dynamics, etc.)
and additional network characteristic such as the clustering coefficient of a graph.
In Chapter 4, we extended the network formation model to model firm collaboration networks for firms competing in oligopolistic competition and in Chapter 5,
the model is extended to spatial oligopolistic competition. The spatial model may
be extended to integrate nonlinear shipment costs and firms that are located at
multiple spatial locations. Unfortunately, the approach to proving the existence of
stable collaboration networks with an arbitrary degree sequence, will no longer be
available because they require calculating the equilibrium quantities of production
in closed form. These proofs will require sensitivity analysis of variational inequalities in order to evaluate the effect to each player’s payoff of adding or dropping a
link. However, further work could more easily include numerical results of a model
with these extensions.
In Chapter 6, we extended the model of network formation to include players
that form links with bias toward specific players. In this model we are able to use
an optimization model to find a set of payoff functions that will result in a pairwise

137
stable network with an arbitrary degree sequence. In Chapter 7, we formulated
an optimization approach to calculating the price of anarchy in order to evaluate
the cost to the network of selfish link selection vs centralized optimization. We
formulated the price of anarchy calculation via an optimization model for both the
degree sequence game (presented in Chapter 3) and the link bias game (presented
in Chapter 6). Further, we simulated game play and through numerical simulations
showed how this model may be used to help analyze kill or capture techniques to
disband a malicious network.
In Chapter 8, we extended the network formation model to include coercion of
links by a player in a generalization that also included a broader set of network
constraints. Rather than provide theoretical results, we formulated a simulation
algorithm to numerically evaluate these network models and the kill or capture
techniques that may be implemented with these models. A future direction of this
chapter would be to consider coercive links by a player between types of players.
If for example, the leader coerces a link between a specific chemist and a specific
bomb-maker and then the bomb-maker is arrested, the leader will likely coerce
a link between another bomb-maker and that chemist. This is because while he
may have given an order for that specific pair to collaborate, he is not concerned
with that specific pair being linked, but instead that there is a pairing between a
chemist and bomb-maker.
The game theoretic network formation models and numerical algorithms presented in this dissertation lay a foundation for how to analyze the influence actions
may have on a particular collaboration network. There are various new modeling
mechanisms that may be integrated (e.g. clustering) and these will require further
theoretic and numerical investigations. Further, in order to apply these models
significant investigation into the collection of data for the model will be required.
There are two primary future directions for the research in this dissertation:
theoretical and practical. From the theoretical perspective, the most straight forward next step is to integrate additional modeling features into the model, such as
clustering coefficients. A deeper theoretical contribution would include a characterization of analysis methods, Nash Equilibria and pairwise stability, particularly
in the context of real-world data.
Another theoretical direction would be to consider dynamic models in order to
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integrate richer player objectives and network constraints. Dynamic models also
allow the model to incorporate players entering and leaving the network. Dynamic
models will require an additional investigation into stability and equilibrium and
how a network may respond to an action taken upon it, both in the short term
and longer term. This leads to the potential to investigate multiple actions taken
to the network over time or by players within the network over time, in order to
achieve desired network states over time. In Chapter 8, we integrate a player’s
ability to coerce a link and consider whether a player is in the game or not. In
a dynamic model, we may allow players to take actions (e.g. linking strategies)
based on their expectation of the future of the network. If a member in a criminal
organization thinks the organization is going to be disbanded or if a member(s)
(including himself or not) will be arrested, he may take actions to leave or take
over the network completely.
The use of the network formation models developed in this dissertation require
information about each player’s objectives and constraints that involve them. Obtaining this information is in itself quite involved. This information may be retrieved in one of several approaches. First, this information could in some cases be
estimated based on information from subject matter experts (e.g. for particular
criminal organizations or particular commodity markets for firms). Second, this
information may be retrieved by interviewing players being modeled or by retrieving this information from others (e.g. friends, family) who have this information.
The third approach is through statistical observation. This method would observe
the state of the network over time and how it reacts to known changes in order
to make statistical estimates of these parameters for the model which best explain
previous network states. Observations at different time periods will often conflict
with one another about whether a link exists or not. One reason this may occur
is that there are a variety of types (e.g. work, social, etc.) and strengths (e.g.
frequency of communication) of relationships that cannot easily be described by
a binary variable. Nonetheless, this model would need to de-conflict these observations to find whether a link exists at each time period and use this in order
to determine estimates for the model parameters for each player. Over time, the
estimates would be updated and better estimated, possibly with the integration of
feedback.
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The observations of a link in a network may be misperceived as existing when
it does not or not existing when it does in fact exist. Further, a link may be
misperceived as natural, when in fact it is coerced. Another future direction of
research may include a thorough investigation into the sensitivity of the model to
links and or players being misperceived by the model.
Often, it may not be obvious who to include in the model and who not to include
in the model. For example, consider a set of people belonging to an organization
with clear organizational lines, such as a firm or criminal organization. Each
member in either organization has additional friends and family that influence
their relationships and payoffs and not considering these additional people, may
alter the model results from properly portraying reality. For this reason, it would
be valuable to investigate where the border of a model should lie. Extending this
further, if a model needs to observe statistical data on players in the network, there
may be a realistic limit on the amount of information or players that information
may be collected for. The information collected on players will ultimately influence
the decision on who to include in the model as well as the associated parameters
in the model. Ultimately, a model must only model a finite number of players and
this will significantly influence the results.
From a practical perspective, it would be useful to use real data, interviews, and
analysts to understand how to build a model for a practical scenario and evaluate
different strategies. This investigation would require research being applied to an
actual criminal organization or commodity market.
While there are various enhancements that may be made to the modeling,
analysis, and simulation of these models, it is important to realize that there is
always the potential for these models to be incorrect due to insufficient modeling
accuracy, as well as incomplete or inaccurate information. However, these models
should always act as a useful tool to provide insight into the mechanisms that drive
a network.
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First Appendix
A.1

Dynamics of Simon Model

Denote nδ (t) as the number of nodes with degree δ at iteration t. Denote ν(δ, t) =
E(nδ (t)) as the expected number of nodes with degree δ at iteration t. The dynamics of Simon’s model [15] applied to the network as in Bornholdt [14], give the
following dynamics:
ν(δ, t + 1) − ν(δ, t) = ∆(t)[(δ − 1)ν(δ − 1, t) − (δ)ν(δ, t)]

for δ = 2, 3, . . . , t + 1

ν(1, t + 1) − ν(1, t) = α − ∆(t)ν(1, t)

for δ = 1

where the proportionality factor ∆(t), can be found to be:
∆(t) =

1−α
t

Simon shows that the stationary solution to this process are distributions of the
form:
P (δ) = AB(δ, ρ + 1)
where ρ = 1/(1 − α) and B(δ, ρ + 1) is the Beta distribution.
B(δ, ρ + 1) =

Γ(δ)Γ(ρ + 1)
Γ(δ + ρ + 1)
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Simon notes that it is well known that the gamma function can approximate a
power-law [141], as i → ∞, for any k:
Γ(i)
= i−k
Γ(i + k)
Hence, the stationary solution is proportional to a power law.
1

P (δ) ∝ δ −1+ 1−α = δ −γ
where γ =

α
.
1−α

Appendix

B

Java Code
Included in this appendix is the code for checking stability of graphs in JAVA.

B.1

Run.java

package graphFormation;
import graphFormation.Graph;
public class Run {
public static void main(String[] args) {
run1();
}
public static void run1(){
int n=5;
Nodes ns=Nodes.createNodes(n);
Links ls=new Links();
ls.add(new Link(ns.getNode(0),ns.getNode(3)));
ls.add(new Link(ns.getNode(0),ns.getNode(2)));
ls.add(new Link(ns.getNode(1),ns.getNode(2)));
ls.add(new Link(ns.getNode(1),ns.getNode(3)));
ls.add(new Link(ns.getNode(1),ns.getNode(4)));
ls.add(new Link(ns.getNode(2),ns.getNode(3)));
ls.add(new Link(ns.getNode(2),ns.getNode(4)));
//Extra link to test drop
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//ls.add(new Link(ns.getNode(0),ns.getNode(4)));
System.out.println("Links:");
System.out.println(ls.toString());
Graph g=new Graph(ns, ls);
System.out.println("Adjacency Matrix g:");
System.out.println(g.toString());
System.out.println("Empty Adjacency Matric g:");
System.out.println(g.toString("empty"));
System.out.println("Degree vector g:");
System.out.println(g.toString(g.getDegreeVector()));
Player p0=new Player(ns.getNode(0),g,2);
Player p1=new Player(ns.getNode(1),g,3);
Player p2=new Player(ns.getNode(2),g,4);
Player p3=new Player(ns.getNode(3),g,3);
Player p4=new Player(ns.getNode(4),g,2);
Players ps=new Players();
ps.addPlayer(p0);
ps.addPlayer(p1);
ps.addPlayer(p2);
ps.addPlayer(p3);
ps.addPlayer(p4);
Oligopoly oli=new Oligopoly(ps,g);
System.out.println("profit:");
oli.printVector(oli.getProfit());
System.out.println("quantity:");
oli.printVector(oli.getQuantity());
System.out.println("Graph is stable 2: "+oli.isStable());
int i=0;
int j=3;
System.out.println("Deleted link: "+i+","+j);
int[][]newAdj=oli.getNewAdj(g.getAdj());
newAdj[i][j]=0;
newAdj[j][i]=0;
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System.out.println("Graph is stable 2: "+oli.isStable(newAdj));
oli.findStableGraphs();
oli.printStableGraphs();
}
}

B.2

Graph.java

package graphFormation;
import java.util.*;
public class Graph {
int[][] adj;
Nodes ns;
Links ls;
Links emptyLinks;
int[][] emptyAdj;
int degree[];
int numberNodes;
public Graph(Nodes ns, Links ls){
adj=formAdj(ns,ls);
this.ns=ns;
this.ls=ls;
emptyAdj=formEmptyAdj(adj);
degree=formDegreeVec(adj);
numberNodes=ns.getCount();
}
public Graph(Nodes ns, int[][] adjInput){
adj=adjInput;
this.ns=ns;
emptyAdj=formEmptyAdj(adj);
degree=formDegreeVec(adj);
numberNodes=ns.getCount();
}
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public static int[][] formAdj(Nodes ns, Links ls){
int[][] adj=new int[ns.getCount()][ns.getCount()];
Iterator it = ls.getLinks().entrySet().iterator();
while (it.hasNext()){
Map.Entry pairs = (Map.Entry)it.next();
Link l=(Link)pairs.getValue();
adj[l.getSource().getID()][l.getDest().getID()]=1;
adj[l.getDest().getID()][l.getSource().getID()]=1;
}
return adj;
}
public String toString() {
String graphString="";
for (int i=0;i<this.ns.getCount();i++){
for (int j=0;j<this.ns.getCount();j++){
graphString=graphString+"\t"+this.adj[i][j];
}
graphString=graphString+"\n";
}
return graphString;
}
public String toString(String s) {
if(s.contains("empty")){
String graphString="";
for (int i=0;i<this.ns.getCount();i++){
for (int j=0;j<this.ns.getCount();j++){
graphString=graphString+"\t"+this.emptyAdj[i][j];
}
graphString=graphString+"\n";
}
return graphString;
}
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return this.toString();
}
public Links getEmptyLinks(){
return this.emptyLinks;
}
public static int[][] formEmptyAdj(int[][] adj){
int n=adj.length;
int[][]empty=new int[n][n];
for(int i=0;i<n;i++){
for(int j=0;j<n;j++){
if(adj[i][j]==1){
empty[i][j]=0;
}else if(i==j){
empty[i][j]=0;
}else{
empty[i][j]=1;
}
}
}
return empty;
}
public static int[] formDegreeVec(int[][] adj){
int n=adj.length;
int[]degree=new int[n];
int count;
for(int i=0;i<n;i++){
count=0;
for(int j=0;j<n;j++){
if(adj[i][j]==1){
count++;
}
}
degree[i]=count;

147
}
return degree;
}
public int[] getDegreeVector() {
return this.degree;
}
public String toString(int[] vector) {
String out="";
for (int i=0;i<vector.length;i++){
out=out+"\t"+vector[i];
}
return out;
}
public int getDegree(int i) {
return this.degree[i];
}
public int getDegree(Node n1) {
return this.degree[n1.getID()];
}
public int getNodeCount() {
return this.numberNodes;
}
public void setAdj(int[][] newAdj) {
this.adj=newAdj;
emptyAdj=formEmptyAdj(newAdj);
degree=formDegreeVec(newAdj);
}
public int[][] getAdj() {
return this.adj;
}
public Nodes getNodes(){
return this.ns;
}
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public Links getLinks(){
return this.ls;
}
}

B.3

Link.java

package graphFormation;
public class Link {
Node source;
Node dest;
String linkString;
int id;
public Link(Node n1, Node n2){
source=n1;
dest=n2;
String DELIM=",";
linkString=n1.getID()+DELIM+n2.getID();
id=-1;
}
public Node getSource(){
return this.source;
}
public Node getDest(){
return this.dest;
}
public String getLinkString(){
return this.linkString;
}
public int getID(){
return this.id;
}
public void setID(int i){
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this.id=i;
}
}

B.4

Links.java

package graphFormation;
import java.util.*;
public class Links {
HashMap LinkSet;
HashMap linkIDs;
HashMap linkHash;
int id;
int size;
public Links(){
LinkSet=new HashMap();
linkIDs=new HashMap();
linkHash=new HashMap();
id=0;
size=0;
}
public void add(Link l){
if(this.contains(l)){
System.out.println("Links already contains this link");
}else{
String linkString=l.getLinkString();
LinkSet.put(linkString, l);
linkIDs.put(this.id, linkString);
linkHash.put(l, 1);
l.setID(this.id);
this.id++;
this.size++;
}
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}
public void remove(Link l){
if(!this.contains(l)){
System.out.println("Links does not contain this link");
}else{
String linkString=l.getLinkString();
LinkSet.remove(linkString);
linkIDs.remove(this.id);
linkHash.remove(l);
this.size--;
}
}
public HashMap getLinks(){
return this.LinkSet;
}
public boolean contains(Link l){
return this.linkHash.containsKey(l);
}
public boolean contains(String s){
return this.LinkSet.containsKey(s);
}
public String toString(){
String out="";
Iterator it = this.linkIDs.entrySet().iterator();
while (it.hasNext()){
Map.Entry pairs = (Map.Entry)it.next();
out=out+pairs.getKey().toString()+"\t";
out=out+pairs.getValue().toString()+"\n";
}
return out;
}
public Link getLink(int i,int j){
String linkString=i+","+j;
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if (this.LinkSet.containsKey(linkString)){
return (Link)this.LinkSet.get(linkString);
}else{
return null;
}
}
}

B.5

Nodes.java

package graphFormation;
public class Node {
int id;
public Node(int i){
id=i;
}
public int getID(){
return this.id;
}
}

B.6

Nodes.java

package graphFormation;
import java.util.*;
public class Nodes {
HashMap NodeSet;
int count;
public Nodes(){
NodeSet=new HashMap();
count=0;
}
public void add(Node n){
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if(NodeSet.containsKey(n.getID())){
System.out.println( "Node ID already in set");
}else{
NodeSet.put(n.getID(), n);
count++;
}
}
public int getCount(){
return this.count;
}
public HashMap getNodes(){
return this.NodeSet;
}
public static Nodes createNodes(int number){
Nodes ns=new Nodes();
for (int i=0;i<number;i++){
ns.add(new Node(i));
}
return ns;
}
public Node getNode(int id){
return (Node)this.NodeSet.get(id);
}
}

B.7

Oligopoly.java

package graphFormation;
import java.util.ArrayList;
import java.util.Iterator;
import java.util.Map;
import java.util.*;
public class Oligopoly {
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ArrayList<Player> pList;
Graph g;
float alpha;
float gamma0;
float quantity[];
float profit[];
float totalQuantity;
Players ps;
float totalFVal;
int numberNodes;
ArrayList<int[][]> StableGraphs;
HashMap stableGraphProfitMap;
public Oligopoly(Players psIn, Graph gg){
ps=psIn;
pList=ps.getPlayers();
g=gg;
alpha=100;
totalFVal=psIn.getTotalFVal();
numberNodes=gg.getNodeCount();
quantity=calcQuantity(ps);
totalQuantity=vectorSum(quantity);
profit=calcProfit(ps);
totalQuantity=0;
StableGraphs=new ArrayList<int[][]>();
stableGraphProfitMap=new HashMap();
}
public void checkStability(int[][] adj){
boolean stable=true;
int n=this.numberNodes;
int[][] newAdj;
for(int i=0;i<n;i++){
for(int j=0;j<n;j++){
newAdj=getNewAdj(adj);
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if(i!=j){
if(adj[i][j]==1){
//System.out.println("Consider deleting link: "+i+","+j);
//link ij exists, consider deleting it
newAdj[i][j]=0;
newAdj[j][i]=0;
Graph g2=new Graph(g.getNodes(),newAdj);
Players psNew=this.ps.buildNewPlayersNewgraph(g2);
Oligopoly oli2=new Oligopoly(psNew,g2);
float[] profit2=oli2.getProfit();
if(profit2[i]>this.profit[i]){
stable=false;
System.out.println("Delete link: "+i+","+j);
oli2.print(profit2);
}
if(profit2[j]>this.profit[j]){
stable=false;
System.out.println("Delete link: "+i+","+j);
oli2.print(profit2);
}
}else if(adj[i][j]==0){
//link ij does not exists, consider adding it
//System.out.println("Consider adding link: "+i+","+j);
newAdj[i][j]=1;
newAdj[j][i]=1;
Graph g2=new Graph(g.getNodes(),newAdj);
Players psNew=this.ps.buildNewPlayersNewgraph(g2);
Oligopoly oli2=new Oligopoly(psNew,g2);
float[] profit2=oli2.getProfit();
if((profit2[i]>this.profit[i])&&(profit2[j]>this.profit[j])){
stable=false;
System.out.println("Add link: "+i+","+j);
oli2.print(profit2);
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}
}else{
System.out.println("malformed adj matrix");
}
}
}
}
System.out.println("Graph is stable: "+stable);
}
public boolean isStable(){
int[][] adj=this.g.getAdj();
boolean stable=true;
int n=this.numberNodes;
int[][] newAdj;
for(int i=0;i<n;i++){
for(int j=0;j<n;j++){
newAdj=getNewAdj(adj);
if(i!=j){
if(adj[i][j]==1){
//System.out.println("Consider deleting link: "+i+","+j);
//link ij exists, consider deleting it
newAdj[i][j]=0;
newAdj[j][i]=0;
Graph g2=new Graph(g.getNodes(),newAdj);
Players psNew=this.ps.buildNewPlayersNewgraph(g2);
Oligopoly oli2=new Oligopoly(psNew,g2);
float[] profit2=oli2.getProfit();
if(profit2[i]>this.profit[i]){
stable=false;
//System.out.println("Delete link: "+i+","+j);
//oli2.print(profit2);
}
if(profit2[j]>this.profit[j]){
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stable=false;
//System.out.println("Delete link: "+i+","+j);
//oli2.print(profit2);
}
}else if(adj[i][j]==0){
//link ij does not exists, consider adding it
//System.out.println("Consider adding link: "+i+","+j);
newAdj[i][j]=1;
newAdj[j][i]=1;
Graph g2=new Graph(g.getNodes(),newAdj);
Players psNew=this.ps.buildNewPlayersNewgraph(g2);
Oligopoly oli2=new Oligopoly(psNew,g2);
float[] profit2=oli2.getProfit();
boolean condition1=(profit2[i]>this.profit[i]);
boolean condition2=(profit2[j]>this.profit[j]);
if((condition1)&&(condition2)){
stable=false;
}
}else{
System.out.println("malformed adj matrix");
}
}
}
}
//System.out.println("Graph is stable: "+stable);
return stable;
}
public boolean isStable(int[][] adj){
Graph gStart=new Graph(this.g.getNodes(),adj);
Players psStart=this.ps.buildNewPlayersNewgraph(gStart);
Oligopoly oliStart=new Oligopoly(psStart,gStart);
boolean stable=true;
int n=this.numberNodes;
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int[][] newAdj;
for(int i=0;i<n;i++){
for(int j=0;j<n;j++){
newAdj=getNewAdj(adj);
if(i!=j){
if(adj[i][j]==1){
//System.out.println("Consider deleting link: "+i+","+j);
//link ij exists, consider deleting it
newAdj[i][j]=0;
newAdj[j][i]=0;
Graph g2=new Graph(g.getNodes(),newAdj);
Players psNew=this.ps.buildNewPlayersNewgraph(g2);
Oligopoly oli2=new Oligopoly(psNew,g2);
float[] profit2=oli2.getProfit();
//System.out.println("New profit: ");
//oli2.print(profit2);
if(profit2[i]>oliStart.getProfit()[i]){
stable=false;
//System.out.println("Delete link: "+i+","+j);
//oli2.print(profit2);
}
if(profit2[j]>oliStart.getProfit()[j]){
stable=false;
//System.out.println("Delete link: "+i+","+j);
//oli2.print(profit2);
}
}else if(adj[i][j]==0){
//link ij does not exists, consider adding it
//System.out.println("Consider adding link: "+i+","+j);
newAdj[i][j]=1;
newAdj[j][i]=1;
Graph g2=new Graph(g.getNodes(),newAdj);
Players psNew=this.ps.buildNewPlayersNewgraph(g2);
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Oligopoly oli2=new Oligopoly(psNew,g2);
float[] profit2=oli2.getProfit();
boolean condition1=(profit2[i]>oliStart.getProfit()[i]);
boolean condition2=(profit2[j]>oliStart.getProfit()[j]);
if(condition1&&condition2){
stable=false;
}
}else{
System.out.println("malformed adj matrix");
}
}
}
}
//System.out.println("Graph is stable: "+stable);
return stable;
}
public float[] getProfit(){
return this.profit;
}
public static void printVector(float[] vec){
String out="";
int n=vec.length;
for (int i=0; i<n;i++){
out=out+"\t"+vec[i];
}
System.out.println(out);
}
public static void printVector(int[] vec){
String out="";
int n=vec.length;
for (int i=0; i<n;i++){
out=out+"\t"+vec[i];
}
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System.out.println(out);
}
public float[] calcQuantity(Players ps){
float[] quantity=new float[ps.getNumberPlayers()];
ArrayList<Player> pList=ps.getPlayers();
float newQuant1;
float newQuant2;
float newQuant3;
for (Player p:pList){
newQuant1=this.alpha-p.getFixedMargCost();
newQuant2=newQuant1-(this.numberNodes+1)*p.getFval();
newQuant3=newQuant2+ps.totalFVAL;
newQuant4=newQuant3/(this.numberNodes+1);
quantity[p.getID()]=newQuant;
}
return quantity;
}
public float vectorSum(float[] in){
float sum=0;
for (int i=0;i<in.length;i++){
sum=sum+in[i];
}
return sum;
}
public float[] calcProfit(Players ps){
float[] profit=new float[ps.getNumberPlayers()];
ArrayList<Player> pList=ps.getPlayers();
float newProfit1;
float newProfit2;
float newProfit3;
for (Player p:pList){
newProfit1=this.alpha-p.getFixedMargCost();
newProfit2=newProfit1-this.totalQuantity-p.getFval();

160
newProfit3=newProfit2*(this.getQuantity()[p.getID()]);
profit[p.getID()]=newProfit;
}
return profit;
}
public float[] getQuantity() {
return this.quantity;
}
public static String toString(float[] vector) {
String out="";
for (int i=0;i<vector.length;i++){
out=out+"\t"+vector[i];
}
return out;
}
public static void print(float[] vector) {
String out="";
for (int i=0;i<vector.length;i++){
out=out+"\t"+vector[i];
}
System.out.println(out);
}
public static int[][] getNewAdj(int[][] adj) {
int n=adj.length;
int[][] newAdj=new int[n][n];
for(int i=0;i<n;i++){
for(int j=0;j<n;j++){
if(adj[i][j]==1){
newAdj[i][j]=1;
}else if(adj[i][j]==0){
newAdj[i][j]=0;
}else{
System.out.println("malformed adjacency matrix");
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}
}
}
return newAdj;
}
public static int[][] incrementAdj(int[][] adj) {
int n=adj.length;
int[][] newAdj=getNewAdj(adj);
int i=n-1;
int j=n-1;
while(adj[i][j]==1){
newAdj[i][j]=0;
if(j>0){
j--;
}else if(i>0){
j=n-1;
i--;
}else{
break;
}
}
newAdj[i][j]=1;
return newAdj;
}
public static int[][] incrementAdjSym(int[][] adj) {
int n=adj.length;
int[][] newAdj=getNewAdj(adj);
int i=n-1;
int j=n-1;
while(adj[i][j]==1){
newAdj[i][j]=0;
if(j>0){
j--;
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}else if(i>0){
j=n-1;
i--;
}else{
break;
}
}
return newAdj;
}
public static void printMatrix(int[][] matrix){
String out="";
int n=matrix.length;
for (int i=0; i<n;i++){
for (int j=0; j<n;j++){
out=out+"\t"+matrix[i][j];
}
out=out+"\n";
}
System.out.println(out);
}
public static int[][] deleteSelfLinks(int[][] adj) {
int n=adj.length;
int[][] newAdj=getNewAdj(adj);
for (int i=0; i<n;i++){
newAdj[i][i]=0;
}
return newAdj;
}
public boolean isCompleteGraph(int[][] mat){
boolean complete=true;
int n=mat.length;
for(int i=0;i<n;i++){
for(int j=0;j<n;j++){
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if((mat[i][j]==0)&&(i!=j)){
complete=false;
}
}
}
return true;
}
public void findStableGraphs(){
int n=this.numberNodes;
int[][] oldAdj=new int[n][n];
for(int i=0;i<n;i++){
for(int j=0;j<n;j++){
oldAdj[i][j]=0;
}
}
//while(isCompleteGraph(oldAdj)){
for(int i=0;i<Math.pow(2, n*n);i++){
int[][]newAdj=this.getNewAdj(oldAdj);
if(!this.hasSelfLinks(newAdj)){
if(this.isSymmetric(newAdj)){
if(this.isStable(newAdj)){
this.StableGraphs.add(newAdj);
Graph gStart=new Graph(this.g.getNodes(),newAdj);
Players psStart=this.ps.buildNewPlayersNewgraph(gStart);
Oligopoly oliStart=new Oligopoly(psStart,gStart);
this.stableGraphProfitMap.put(newAdj, oliStart.getProfit());
}
}
}
int[][] temp1=this.incrementAdj(newAdj);
oldAdj=temp1;
if(i%2000000==0){
double ratio=i/Math.pow(2,n*n);
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double perc=100*ratio;
System.out.println("Checking graph number: " +i);
this.printMatrix(oldAdj);
System.out.println("

Percentage Complete: " +perc);

}
}
}
public void printStableGraphs(){
int count=0;
if(this.StableGraphs.size()==0){
System.out.println("No Stable Graphs Found");
}
for(int[][] adj:this.StableGraphs){
System.out.println("Stable Graph "+count+": ");
this.printMatrix(adj);
int[] degree=Graph.formDegreeVec(adj);
System.out.println("

Degree:");

this.printVector(degree);
float[] vecPrint=(float [])this.stableGraphProfitMap.get(adj);
this.printVector(vecPrint);
count++;
}
}
public static boolean hasSelfLinks(int[][] adj) {
int n=adj.length;
boolean hasSelfLinks=false;
for (int i=0; i<n;i++){
if(adj[i][i]==1){
hasSelfLinks=true;
}
}
return hasSelfLinks;
}
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public static boolean isSymmetric(int[][] adj) {
int n=adj.length;
boolean isSym=true;
for (int i=0; i<n;i++){
for (int j=0; j<n;j++){
if(adj[i][j]!=adj[j][i]){
isSym=false;
}
}
}
return isSym;
}
}

B.8

Player.java

package graphFormation;
public class Player {
int degree;
float margCost;
float fixedMargCost;
int targetDegree;
int playerID;
float value;
float quantity;
float fval;
Node thisNode;
public Player(int i){
degree=0;
margCost=0;
playerID=i;
fixedMargCost=5;
//float value;
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//float quantity;
}
public Player(Node n1, Graph g, int targetDeg){
degree=g.getDegree(n1);
playerID=n1.getID();
targetDegree=targetDeg;
fixedMargCost=5;
fval=this.f(degree);
margCost=fixedMargCost+fval;
//float value;
//float quantity;
thisNode=n1;
}
public void setDegree(int i) {
this.degree=i;
this.margCost=this.fixedMargCost+this.f(i);
}
public void setTargetDegree(int i) {
this.targetDegree=i;
}
public int getID() {
return this.playerID;
}
public float f(int degree) {
float fval;
fval=((degree-this.targetDegree)*(degree-this.targetDegree));
return fval;
}
public float getFval() {
return this.fval;
}
public Node getNode() {
return this.thisNode;
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}
public void setValue(float f) {
this.value=f;
}
public void setFixedMargCost(float f) {
this.fixedMargCost=f;
}
public void setQuantity(float q) {
this.quantity=q;
}
public float getQuantity() {
return this.quantity;
}
public float getValue() {
return this.value;
}
public int getDegree() {
return this.degree;
}
public int getTargetDegree() {
return this.targetDegree;
}
public float getFixedMargCost() {
return this.fixedMargCost;
}
public void updateGraph(Graph gNew){
degree=gNew.getDegree(playerID);
fval=this.f(degree);
margCost=fixedMargCost+fval;
}
}
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B.9

Players.java

package graphFormation;
import java.util.*;
public class Players {
float totalFVAL=0;
ArrayList<Player> pList=new ArrayList<Player>();
int numberPlayers=0;
public void addPlayer(Player p, int ID) {
pList.add(ID,p);
this.totalFVAL=this.totalFVAL+p.getFval();
numberPlayers++;
}
public void addPlayer(Player p) {
pList.add(p.getID(),p);
this.totalFVAL=this.totalFVAL+p.getFval();
numberPlayers++;
}
public ArrayList<Player> getPlayers() {
return this.pList;
}
public float getTotalFVal() {
return this.totalFVAL;
}
public int getNumberPlayers() {
return this.numberPlayers;
}
public Players buildNewPlayersNewgraph(Graph newG){
Players psNew=new Players();
for(Player p:this.pList){
psNew.addPlayer(new Player(p.getNode(),newG,p.getTargetDegree()));
}
return psNew;
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}
}
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