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ABSTRACT

A combined experimental and theoretical study of the convective transport
phenomenon during the solidification of a binary metal alloy is performed. Neutron
radiography is considered as a means of extending and improving experimental
verification methods for alloy solidification models and other experimental results.
Calibration, film processing, and digital image processing procedures are developed in
order to accurately quantify the macrosegregation recorded on neutron radiographs. The
method yields a highly resolved macrosegregation field, rather than a few discrete
measurements that can be used to help interpret measured cooling curves and infer
thermosolutal convection patterns.
In this study, a gallium-27 wt. pct. indium alloy was solidified in a square cavity,
chilled along one vertical side wall, the temperature of the alloy was measured during the
solidification, and the macrosegregation in the solidified ingot was determined using
neutron radiography. The measured cooling curves revealed the presence of nonequilibrium phenomena during the early stage of solidification. The analysis of the
cooling curves and macrosegregation patterns showed where and how the indium-rich
dendrite fragments and cool gallium enriched liquid were transported in the mold cavity
by the thermosolutal convection.
A continuum model was also developed in this study that was cast in
dimensionless form and used to simulate thermosolutal convection during the alloy
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solidification. The numerical predictions showed the complicated convection flow
patterns due to the interaction between thermal and solutal buoyancy forces, which were
not directly observable in experiments and they were in fair agreement with the
experimental results. The numerical and experimental results showed that during the
early stage of solidification, solid particle transport and double diffusive convection due
to the interaction between thermal and solutal buoyancy forces were the key causes of
macrosegregation. Results of the present study provided the new insights on
macrosegregation development during alloy solidification that would be useful to
researchers and practitioners working in metallurgy and related areas.
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Chapter 1
INTRODUCTION

1.1 Background and Motivation
Solidification occurs in many processes, ranging in disparity from metal casting
to crystallization of rocks and minerals in the earth’s magma. Due to its richness in the
physical phenomena, it is very difficult to understand the solidification well and the
phenomenon has challenged researchers in many disciplines for several decades. In metal
casting industry, the quality of the metal product is very important and improving the
quality requires tremendous amounts of researches on the solidification processes.
Traditionally, the solidification has been examined in the view of micro-metallurgy. This
research considers the solidification phenomenon from an engineering of thermal science
perspective and is contributed to a better understanding of the physics of the
solidification. The scope will be restricted to the solidification of binary metal alloys.
The essential feature of solidification is a liquid-to-solid phase transformation
along a moving interface, which is accompanied by the release of latent thermal energy
and its transfer through both phases. Complications arise from the evolution of the shape
and the boundaries of the moving solidification front or mushy region, the interactions
among heat and mass transfer, fluid flow, and chemical reactions, and the involvement of
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two distinct phases, which have different thermophysical properties. Furthermore, the
process involves phenomena on different length scales, ranging from the molecular level
at the liquid-solid interface to the macroscopic dimensions of the casting system.
Moreover, phenomena at different scales influence each other.
The solidification of a multi-component alloy differs significantly from that of a
pure metal, which is understood well enough to adequately predict conventional process
characteristics. The study of multi-component alloy solidification should consider
additional phenomena, such as phase change over a temperature range, the formation of a
two-phase mushy region, the redistribution of solutes, and double-diffusive convection.
During the solidification process of a multi-component alloy, the solutes are often
redistributed non-uniformly in the casting and the resulting “undesirable” compositional
non-uniformity in the fully solidified ingot is referred to as segregation. Segregation
occurring on a microscopic scale (i.e., between and within dendritic arms) is known as
microsegregation and can be controlled or reduced quite easily because the diffusion
distance for homogenization is sufficiently small. However, segregation occurring on a
macroscopic scale, called macrosegregation cannot be eliminated. Figure 1.1 illustrates
some macrosegregation patterns in a killed steel ingot.
The cause of macrosegregation in the ingots is now understood to be physical
movement of liquid and/or solid phases relative to each other during solidification
(Flemings, 1974). A significant driving force for relative phase motion is buoyancy,
caused by thermal and compositional effects on density. Thermal and solutal buoyancy
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Figure1.1 Macrosegregation patterns in a killed steel ingot (Campbell, 1993).
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forces may interact with each other, and effect complex, double-diffusive convection.
Prescott and Incropera (1996) reviewed the influence of the convective transport on
solidification of alloys along with recent advances in mathematical modeling.
The past three decades have seen the advent of advanced mathematical models,
such as continuum (Bennon and Incropera, 1987) and volume-averaged (Ni and
Beckermann, 1991) models. These models have been successful at qualitatively
predicting from basic principles, the prevailing physical phenomena associated with alloy
casting. However, the numerical predictions from such models must be validated and can
only be improved with proper experimentation. Most experimental validation studies
have involved so-called analog alloys, such as aqueous salt solutions (Beckermann and
Viskanta, 1988; Christenson et al., 1989), which have been popular in laboratory
experiments because they freeze in a manner similar to metal alloys and their
transparency allows flow visualization. However, such studies are of limited utility for
understanding natural convection in solidifying metal alloys, because the Prandtl number
of aqueous solutions is two or three orders of magnitude larger than that of molten metal
alloys. Thus, the behavior of molten metals in natural convection is significantly different
from that of aqueous solutions.
Experiments using metal alloys are scarce (Shahani, 1992; Prescott et. al. 1994),
and they have relied on interpretation from temperature measurements and postexperimental composition measurements at several discrete locations to infer convection
patterns during solidification. The visualization of the flow in metal alloys during
solidification and macrosegregation patterns in solidified ingots, is possible through
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radiographic techniques. Even though the technique provides qualitative images in
detail, the quantification of the results has been performed very rarely.
One of radiographic techniques uses neutron beam and the quantification of the
image obtained from the technique is possible because of the distinctive neutron
attenuation rate in different elements. Therefore, the quantitative investigation of the
thermosolutal convection during the solidification of a metal alloy is proposed here
through utilizing neutron radiography to measure composition patterns at different stages
of solidification. Also, the temperature of the alloy during solidification is measured and
multiple numerical simulations are performed to understand the transient phenomena of
the alloy solidification.
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1.2 The Physics of Alloy Solidification
Many phenomena play important roles in the alloy solidification with different
length and/or time scales. In this section, only a few basic concepts, which are
particularly relevant to the topic under consideration, are discussed.
In contrast to a pure substance which changes phase isothermally, alloys solidify
over a temperature range, in which the solid and liquid co-exist in thermodynamic
equilibrium. Figure 1.2 shows a typical equilibrium phase diagram of a fictitious eutecticforming binary system A-B at a constant pressure. At temperatures above the liquidus
lines, a single liquid phase exists as a solution of constituents A and B. Liquid and solid
phases coexist in equilibrium over a range of temperatures between the liquidus and
solidus lines, up to the eutectic point. During the solidification of a binary alloy, the two
phase region separates fully solidified and melt regions and it is known as the two-phase
mushy zone. At the eutectic point, a three phase mixture of a liquid phase and two solid
phases designated as α and β, exists.
When an initially superheated alloy cools, nucleation of small crystals occurs at a
temperature slightly below the liquidus temperature associated with its composition. As
the temperature of the solid-liquid interface decreases, the compositions of the solid and
liquid at the interface continually change. As indicated in Figure 1.2, on the left side of
the eutectic point (hypoeutectic alloys), the solubility of species B is lower in the solid
than in the liquid, and the rejection of the species B from the solid leads to an increase of
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the B concentration in the liquid at the interface. In most practical casting processes,
this condition of phase equilibrium at the solid-liquid interfaces is met. However,
deviations from the phase diagram can take place due to capillarity, pressure, and kinetic
effects (at high solidification rates) and they are discussed in several textbooks
(Flemings, 1974; Kurz and Fisher, 1989).
The formation of a solid is basically governed by the temperature and species
concentration at the interface. However, the development of interface shape is a more
complicated issue, involving stability and interface curvature considerations. It is of
utmost importance in solidification modeling to take into account these microscopic
interfacial features, because they ultimately determine the microstructure, which strongly
affects the mechanical properties of the material. There are essentially two basic growth
morphologies that can exist during alloy solidification. These are dendritic and eutectic
morphologies (Kurz and Fisher, 1989). Dendrites grow with a very large specific surface
area and irregular solid-liquid interface. In the macroscopic sense, such growth is
virtually irresolvable. Hence, the mushy zone, which is comprised of solid dendrites and
interdendritic liquid, is treated as a porous solid structure which is saturated with
interdendritic liquid. The growth of eutectics is much simpler than that of dendrites
because the eutectic grain maintains a simple geometric interface shape. Generally, both
morphologies develop together.
Due to the low mass diffusivity relative to the thermal diffusivity for metal alloys,
the formation of the aforementioned microscopic structures is mainly dependent on the
species concentration gradient on each side of the solid-liquid interface. On the liquid
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side of the interface, most of the solute is rejected from the solid, forming higher
interfacial concentration than in the liquid away from the interface. The difference
between the concentrations at the interface and nearby bulk liquid is usually referred to as
the solutal undercooling (Figure 1.3). In other words, the actual temperature in the liquid
is below the liquidus temperature corresponding to the interfacial liquid concentration.
The actual temperatures of the interface and bulk liquid can also be different from each
other, and the difference is referred to as the thermal undercooling. The thermal
undercooling is usually relatively small in metal alloys, because of the high thermal
diffusivity in metal alloys, and thus, since the solute gradients are confined to the small
region near the interface, convective influences on the solute transport have been
neglected traditionally. However, vigorous convection can severely alter the microscopic
concentration and temperature profiles, and hence the movement and shape of the
interface can be different from the traditional approach (Glicksman et al., 1986).
The segregation of the chemical components at a solid/liquid interface during
solidification can also manifest itself on a macroscopic scale. Movement of either the
liquid or solid phases can induce compositional inhomogeneities on the system scale,
which is termed macrosegregation. The convective movement in the liquid phase can be
induced by external forces, i.e., forced convection as discussed by Tangthieng (2002),
surface tension gradient at a free surface and buoyancy forces due to temperature and/or
solute concentration gradients. In the absence of external forces, buoyancy forces are
often dominant. Since solidification is induced by cooling through boundaries,
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∆Tsolutal = T(f α ) − Tactual
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Figure 1.3 Solutal undercooling in alloys. (a) Phase diagram. (b) Temperature profile on
the interface.
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temperature gradients are established in the system and because fluids are sensitive to
temperature changes, the corresponding density gradients yield thermal buoyancy forces,
which may induce fluid motion. Another consequence of the temperature gradient is the
change of solubility in the solid phase, and thus, it induces a gradient in liquid
composition within the mushy zone. Since the liquid density depends on solute
concentration, solutal buoyancy forces are established.
Depending on the relative densities of the alloy constituents and the solute
rejected to the interdendritic liquid, solutal and thermal buoyancy forces may either
augment or oppose each other. If solidification occurs along a vertical wall and the
rejected solute is less dense than the bulk melt, an upward solutal buoyancy force
opposes the thermal buoyancy force. In cases where the rejected solute is denser than the
bulk liquid, the two forces augment each other. Although the solutal buoyancy force
arises from the mushy zone, its effect is not limited to this region, and the solutally driven
flows interact with thermally driven flows in the bulk melt. The resulting transport is
termed double-diffusive convection.
When the less dense interdendritic fluids due to the solute rejection are advected
upward along a cold vertical wall and exit into the melt, a top layer of thermally heavier
(colder) and solutally lighter fluid is established, creating conditions for the formation of
double-diffusive convection cells within the melt. The interdendritic fluid flow erodes
channels within the mushy zone, which are subsequently overgrown as the solid region
advances, forming a slanted pencil-like structure in the final cast. These pencil-like
regions are referred as A-segregates (Figure 1.1). If solidification is induced from the
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bottom and the interdendritic fluid is buoyant, jets of the solutally buoyant fluid ascend
from the mushy zone. The jets are discharged from vertically oriented channels and
become the last regions to solidify, creating a severe form of macrosegregation, known as
freckles. Remelting at the root of secondary dendrite arms due to thermo-solutal
convection can also lead to freckle formation in directionally solidified alloys (Schneider
and etc, 1997).
Movement of the solid phase, typically in the form of equiaxed crystals, can also
cause macrosegregation (deGroh III and Laxmann, 1988). Free equiaxed grains move
mainly due to the density difference between the solid and liquid phases. The settling of
equiaxed grains is known to be the cause of the bottom cone shaped negative segregation
(Figure 1.1). The grains may also move into a melt of different temperature and/or
composition and may be partially re-melted, causing the release of liquid that has the
same composition as the remelted part of the grains. This phenomenon has received very
little research attention.
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1.3 Review of Literature
Since macrosegregation was found to be the result of fluid motion in the mushy
zone (McDonald and Hunt, 1969), studies on the influence of convection during
solidification have been reported in the literatures relevant to not just metallurgy but also
fluid mechanics and heat and mass transfer. Various experiments have been performed to
understand the mechanisms associated with solidification processes and the development
of macrosegregation. At the same time, many mathematical models have been developed
to predict these phenomena through analytical or computational simulations. In the
following sections, literatures that represent important contributions toward
understanding solidification phenomenon are reviewed. There are two sections; one
covers experimental works and the other reviews mathematical models and their
simulations.

1.3.1 Experimental Investigations
Early experiments concerning the effect of convection during alloy solidification
focused on the metallurgical grain structure. Cole and Bolling (1965) investigated the
contribution of the convection toward a transition from columnar to equiaxed grain
structures during solidification of a Pb-Sb alloy, and demonstrated that the inhibition of
convection using wire screens resulted in the increase of columnar grain structures in the
casting. Follow-up studies dealt with the effect of enhancing convection using
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electromagnetic field (Cole and Bolling, 1966) and a rotating mold (Cole and Bolling,
1967). It was concluded that enhanced fluid flow increased thermal mixing, thereby
reducing temperature gradients in the melt and promoting equiaxial grain growth. None
of these studies considered macrosegregation.
One of the first investigations related to macrosegregation due to convection was
conducted by McDonald and Hunt (1969). They observed the formation of channels
leading to A-segregates in an aqueous ammonium chloride solution solidified from a
sidewall, and they believed that the A-segregates were formed due to interdendritic flow
driven by solutal buoyancy forces within the mushy zone, rather than shrinkage effects
(Flemings et al., 1968; Flemings and Nereo, 1967, 1968). In another experiment
(McDonald and Hunt, 1970), zinc chloride was added to the aqueous ammonium chloride
solution in order to reverse the direction of solutal buoyancy forces, and channels
resembling inverted A-segregates were observed. Szekely and Jassal (1978) used dye
tracers and Schlieren photography to visualize flow structures during the horizontal
solidification of an ammonium chloride solution in a rectangular cavity. They observed
the jets of solutally buoyant interdendritic fluids ascending from the mush zone into the
melt. It was concluded that these solutal plumes were responsible for the formation of Asegregates.
The formation of freckles during unidirectional solidification of an aqueous
ammonium chloride solution was observed by Copley, et al. (1970). Their experiments
revealed jets of cold interdendritic fluid exuding from the mushy zone due to its lower
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salt concentration than the parent solutions. The jets lead to the formation of channels
in the mushy zone and the number of channels was controlled by gravity and the heat
flux.
The influence of solutal buoyancy forces is not confined to the mushy region.
Interaction between flows in the fully melted and mushy zones results in double diffusive
convection that has been the focus of more recent studies. Thompson and Szekely (1988)
considered solidification of an aqueous sodium carbonate solution in a rectangular mold,
using dye injection for the flow visualization. Solidification was induced along a sidewall
while the opposite wall was maintained above the liquidus temperature. Since the
rejected solute in the experiments was denser than the original melt, double-diffusive
layers were observed to form from the bottom of the mold in the fully melted zone.
Christenson and Incropera (1989) performed a series of solidification experiments with
different melt compositions of aqueous ammonium chloride and various thermal
boundary conditions. The temperature and concentration measurements as well as flow
visualization revealed many features of the thermally and solutally driven flow, including
double diffusive convection. It was found that the relative strengths of thermal and
solutal buoyancy effects determined the solidification characteristics. Beckermann and
Viskanta (1988) also performed solidification experiments with aqueous ammonium
chloride in a square test cell. They used shadow graphic technique to record doublediffusive layering and the chaotic mixing, which occurs after the breakup of a doublediffusive interface.
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Solidification of an aqueous ammonium chloride solution flowing downward in
a vertical rectangular channel was experimentally investigated by Bennon and Incropera
(1989). Mixed convection conditions resulted from the interaction of thermosolutal
buoyancy-induced flows with the forced through flow. The temperature and progressions
of the liquidus front were recorded for different experimental conditions, and used to
characterize the influence of superheat, initial composition, cooling wall temperature, and
flow Reynolds number on the solidification process. In a similar way, Lim and et al.
(2001) examined systematically the effects of constant wall temperature and initial
concentration using aqueous ammonium chloride as binary alloy. They also determined
the temperature of the mushy-liquid interface by superimposing of the measured phase
front profile and thus predicted the concentration level at the interfaces.
Although the experiments with the analog alloys have provided qualitative
understanding of alloy solidification, it is important to realize that certain parameters of
analog alloys, such as Prandtl number, are different from those of actual metal alloys, and
thus, the behavior of molten metals in natural convection during the solidification is
significantly different from that of analog alloys (Stewart and Weinberg, 1971a,b).
However, experiments using metal alloys present difficulties in handling the material and
the high cost. Furthermore, due to the opaqueness of the metal alloys, even qualitative
study and observation of flow patterns occurring during the solidification are far more
difficult than for analog alloys. It leads to a major difficulty in the validation of numerical
codes for liquid metal studies through comparison with liquid metal experiments during
the solidification.
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There are relatively few experimental investigations in which macrosegregation
patterns were quantified. Mehrabian et al. (1970) studied solidification of an aluminumcopper alloy from a sidewall in a rectangular mold. Thermocouples were placed at certain
strategic locations to monitor the solidification front, and macrosegregation was
quantified by X-ray fluorescence composition analysis of ingot sections after the
solidification was complete. It was found that segregates formed as a consequence of
interdendritic fluid flow arising from a density gradient, and that a reduction in cooling
rates favored the formation of segregates. Ridder et al. (1981) used the same technique to
quantify the macrosegregation patterns in cylindrical lead-tin ingots. In their experiments,
the sidewalls and a base of the mold were chilled, while a hot plate above the liquid
surface maintained a melt. After the complete solidification, the radial macrosegregation
patterns were measured using X-ray fluorescence. The results agreed well with
theoretical predictions, and it was concluded that, for the geometrical conditions in their
experiments, convective motion in the melt had little effect on interdendritic fluid flow
and macrosegregation.
Streat and Weinberg (1974) quantified the macrosegregation in vertically
solidified lead-tin ingots, using isotopes of tin and titanium as the radioactive tracers.
After solidification, samples of the ingot were collected from prescribed locations, and
the solute composition was determined from the measured activity and weight of each
sample. Also, to observe convection in the melt and mushy zone, the mold containing the
molten alloy with radioactive isotopes was chilled for one hour and then quenched.
Autoradiographs of ingot sections revealed fluid flow patterns from the solidification
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process. They concluded that the macrosegregation was the result of convective flow
caused by the solute rejection and solutal buoyancy forces in the mushy zone.
Macrosegregation in experimental ingots has been quantified through
conventional post-experimental compositional analysis. The technique has been used to
validate numerical predictions of the macrosegregation. Shahani et al. (1992) used this
method when they studied the effect of natural convection during horizontal
solidification of lead-tin alloys in a rectangular cavity. They measured transient mold
wall temperatures, which were used as the thermal boundary conditions for their
numerical simulations, and the predicted macrosegregation was compared to
measurements made using atomic absorption spectrophotometry (AAS). Prescott et al.
(1994) performed experiments involving the solidification of a lead-tin alloy in an
axisymmetric, annular mold. Macrosegregation measurements were also made through
AAS analysis of final ingots. The temperatures of the alloy at several locations were
measured during the solidification and showed undercooling and recalescence, which
their numerical simulation did not predict (Prescott and Incropera, 1994). Although these
studies showed reasonable agreement between measured and predicted macrosegregation
patterns, the comparison was limited only to a few discrete locations, and details of the
predicted transient convective phenomena could not be validated.
In order to visualize the flow pattern and composition change during
solidification, various radiographic techniques have been proposed for qualitative flow
observation. Stewart and Weinberg (1969) studied natural convection in molten tin, using
a radioactive isotope of tin as a tracer. After introducing the tracer into the melt, the metal
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was quenched quickly, and a qualitative picture of the flow structure was obtained
through the autoradiographs of sliced sections of the ingot. They used the same technique
for lead-tin alloy solidification to study the penetration of recirculating fluid from the
melt into the mushy zone (Stewart and Weinberg, 1972). The similar technique was
employed with much success to non-invasively visualize the morphology of melting and
solidification interfaces (Kakimoto et al. 1988 a,b and1991).
One serious drawback of above investigations of convection in metal systems is
that the process of solidification cannot be followed from the beginning to the end. The
process has to be interrupted at an intermediate stage and a subsequent, postexperimental analysis must be performed. Recognizing the need for continuous
observation of solidification, Bridge and Beech (1983) performed experiments related to
a solidification process in aluminum-copper alloys, using an X-ray vidicon (X-ray
sensitive TV camera) and the process was recorded on videotape. Still photographs were
also taken every one or two minutes from the television monitor for subsequent analysis
and study. A densitometer was used to examine the optical density of the photograph
negatives. The images revealed that a large number of channels originated at
irregularities on growth front, resulting in the entrapment of a significant pocket of liquid
by the advancing front during the early stages of solidification. Kaukler and Rosenberg
(1994) enhanced the X-ray real time radiographic technique to observe the morphological
features and particle-interface interactions in Al-1.5 Pb alloys.
In recent years, sophisticated X-ray visualization technique has been developed
that can be used to observe the concentration distribution in opaque liquid metallic
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materials by recording the local density change (Campbell et al, 1997; Koster, et al.,
1997). The density change of the metals was calculated from the relation between the
density and the monotonic gray density. Resolution of density differences up to 0.001
g/cm3 for pure gallium in a narrow vertical layer has been achieved and concentration
stratification of indium in liquid gallium was distinguishable down to 0.009 g/cm3
(Koster and Derebail, 1997; Derebail and Koster, 1998). Using the real-time X-ray
visualization, the compositional segregation during the solidification was monitored for
Ga-5 In alloys that were exposed to a horizontal temperature gradient (Koster, 1997). The
experimental results showed quite different results than theoretical predictions due to
more complicated kinetic effects during the solidification and the pronounced nonequilibrium solidification characteristics of the metal itself for this metal. Yin and Koster
(1999, 2000) observed the solidification of Gallium-Indium melt under different transient
horizontal temperature gradients. They were able to show the multiple convecting layers
staggered on top of a melt layer in a conductive state and concluded that the multiple
layered convective flow determined the macrosegregation, interface morphology, and
microstructure of the final product. Quantifying the image technique, they showed the
composition in 256 colored images in different stages of the solidification. They provided
the good data for the composition variations but lacked the information for temperature
and flow movements.
More recently, another radiographic technique for flow visualization of nontransparent materials was developed using thermal neutrons (Cimbala et al., 1988). The
neutron radiographic technique is similar to the X-ray radiography described by Bridge et
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al. (1982). However, the use of thermal neutrons as a source of radiation is a powerful
tool because attenuation of neutrons varies significantly with the elemental composition
of the material, while attenuation of X-rays changes gradually with the atomic number
increases. Therefore, images obtained with neutron radiography (NR) could have higher
contrast for certain alloy combinations, and thus, the details of a target structure could be
obtained.
The foregoing review reveals that there is a paucity of experimental data
corresponding to the transport phenomena, which occur during the solidification of metal
alloys. While the difficulty of obtaining experimental data for metal alloys renders
numerical simulation attractive for resolving details of the convection conditions, it is
imperative that models, on which such simulations are based, be validated with
experimental data, preferably from experiments involving actual metal alloys. The
validation requires comparison through macrosegregation measurements within ingots.
Such validation can only be achieved with detailed macrosegregation measurements
and/or good quality flow visualization during solidification.

1.3.2 Mathematical Models and Numerical Simulations
The theoretical approach to the phenomena in the alloy solidification has many
advantages compared to performing experiments. For example, it is relatively easy to
change governing parameters and boundary conditions, and extract useful insights to
transport phenomena with numerical simulation. Therefore, over many years
mathematical models have been developed by engineers and mathematicians, and
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numerical calculations from such models have predicted many phenomena, at least
qualitatively. However, theoretical models are constrained by their assumptions, which
ultimately must be validated with experimental data.
In the earliest models of macrosegregation, the convection in the bulk melt and
coupling between flows in solid, mushy, and melted zones were neglected. Flemings and
co-workers (Flemings and Nereo, 1967, 1968; Flemings et. al., 1968) predicted
macrosegregation using the so-called solute redistribution equation, which was an
extension of microsegregation analysis. Interdendritic flow was assumed to be induced
by thermal contraction and solidification shrinkage and the solute was transported by
fluid advection. Their model required solidification rates, temperature field, and the fluid
velocity field to be prescribed. However, even with the limitation of the model, it was
able to demonstrate that interdendritic flow was responsible for the macrosegregation and
it was verified with experiments (Flemings and Nereo, 1968). Later, the model was
modified by incorporating a model for buoyancy driven flow in the mushy zone
(Mehrabian et al., 1970). The mushy zone was modeled as a porous medium,
incorporating Darcy’s law and the permeability was described as a function of the liquid
volume fraction. The analysis still required solidification rates and temperature profiles to
be prescribed, and the mixture concentration was assumed constant in the volume
element. Fujii et al. (1979) further refined the model by solving the coupled mass,
momentum, energy, and species conservation equations for the mushy zone. They
simulated the solidification of steel and investigated the effects of alloy compositions on
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macrosegregation. A shortcoming of the model was that convection in the fully melted
liquid region was not considered.
Szekely and Jassal (1978) solved for the first time the complete set of
conservation equations for both mushy and bulk liquid regions. Since the momentum
equations for the mushy zone (Darcy’s law) and the bulk liquid region (Navier-Stokes
equations) were of different forms, they utilized a multi-domain approach, in which the
transport equations for each region were written separately and coupled through certain
interface conditions. However, macrosegregation was not predicted and the solutal
buoyancy effects were not considered in their analysis. Later, the first model to couple
the bulk melt and mushy regions, and also include macrosegregation was reported by
Ridder et al. (1981), who used a multi-domain model. The solutions of these models
required explicit tracking of the liquidus interface. As the interface became more
complicated, the implementation of the numerical method became more difficult. Hence,
the multi-domain models were not well suited for the cases with highly irregular interface
shape.
In order to overcome the difficulty of the multi-domain approach, a number of
single-domain models have been proposed in the recent years (Bennon and Incropera,
1987a; Voller and Prakash, 1987; Beckermann and Viskanta, 1988) and showed promise
of becoming useful tools for simulating solidification processes (Bennon and Incropera
1987b). Bennon and Incropera (1987a) utilized classical mixture theory and presented a
set of macroscopic conservation equations, which were concurrently applicable to all
regions (solid, mushy, and liquid) and required only a single, fixed numerical grid and a
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single set of boundary conditions. Hence, the solid, mushy, and liquid regions were
implicitly coupled. The mixture model, which was later clarified by Prescott et al. (1991),
viewed the mushy zone as an overlapping continuum, which was occupied by the solid
and liquid simultaneously with macroscopic properties. Another approach was motivated
by theories of flow through porous media and of other multi-phase systems (Gray, 1975;
Hassanizadeh and Gray, 1979a; Gray, 1983; Drew, 1983), which utilized a volume
averaging technique (Beckermann and Viskanta, 1988; Ganesan and Poirier, 1990). The
macroscopic conservation equations were rigorously derived from microscopic (exact)
equations, while the mixture theory assumed the validity of certain continuum relations
on a macroscopic scale. In the approach, the mushy zone was conceived to consist of two
interpenetrating phases (the classical conservation equations were applied only within
each phase but not over the entire mixture). Ni and Beckermann (1991) used the
technique to develop the two-phase model for solidification of a metal alloy. In the
model, separate volume-averaged conservation equations were derived for the solid and
liquid phases, permitting a rigorous treatment of disparate solid and liquid velocities,
thermal and solutal non-equilibrium, and interfacial momentum, heat and species
exchange. Microscopic features could be included through the interfacial transfer terms,
nucleation models, and stereological formulations, which accounted for the geometry of
microscopic solid structures (Feller and Beckermann, 1993). Volume-averaged models
provide greater insight to the coupling between microscopic macroscopic scales than
mixture theory (Hassanizadeh and Gray, 1990). Despite the difference of two approaches,
the model yielded the same macroscopic equations with the continuum model developed
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by Bennon and Incropera (1987a) when they were simplified by recognizing the
dominant physical mechanisms in the fluid flow (Prescott et al., 1991).
The models mentioned above have revealed physical insights to the alloy
solidification through numerical simulations. The continuum model proposed by Bennon
and Incropera (1987a) has been used for several studies of alloy solidification induced
from a side wall in a rectangular mold (Bennon and Incropera, 1987b; Christenson et al.,
1989) or cylindrical cavity (Prescott and Incropera, 1994). Key features of the alloy
solidification, such as irregular liquidus front, double diffusive convection in the melt,
development of flow channels in the mushy zone, remelting of solid, and formation of
macrosegregation patterns, were predicted. However, the numerical predictions have
shown only fair quantitative agreement with experimental results and the discrepancy has
been attributed to the uncertainties in prescribed parameters in the model and
assumptions. For example, most simulations assumed the permeability of the mushy zone
to be isotropic. Yoo and Viskanta (1992) considered the effect of anisotropic
permeability in a model and suggested that the effect should be considered to achieve
accurate simulations. Mat and Ilegbusi (Ilebugsi and Mat, 1997; Mat and Ilegbusi, 2002)
extended the continuum model by considering the mushy zone as non-Newtonian semisolid slurry below the critical solid fraction and a porous medium thereafter. The value of
the critical solid fraction was chosen based on the experimental results (Amberg et al.
1993). Although the model described the physics more accurately than the conventional
model, it brought in more uncertainty in the parameters, which depended on the boundary
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conditions and the material. The prediction showed little difference from the model
viewing the mushy zone as a porous medium (Christenson et al., 1989).
Unidirectional solidification from below has also been simulated using a
continuum model (Neilson and Incropera, 1991, 1992), which were able to predict the
formation of freckles resulting from buoyancy-induced fluid motion and above the mushy
zone. The volume-averaged two-phase model of solidification was used to simulate
equiaxed solidification of an aluminum-copper alloy in a rectangular cavity cooled from
one vertical side wall (Beckermann and Ni, 1992). The model accounted for nucleation,
growth, and advective transport of grains and was able to predict not just evolution of
macrosegregation but also recalescence which could not be shown by other simulations
using a continuum model, due to the assumption of local thermodynamic equilibrium.
However, quantitative validation was not performed.
In the multiple component alloy solidification, the gravitational influence in the
convection in the melt can be much more complicated than the binary alloy because each
alloying element contributes to the change in the liquid density and the phase diagram of
the alloy is much more complex. The continuum or volume average models have been
used recently with different algorithmic strategies than the ones used for binary alloys
due to the complex solidification path (Schneider and Beckermann, 1995a and 1995b;
Felicelli et al., 1997 and 1998).
Although the fluid flow during the solidification is driven by thermal and solutal
buoyancy, as well as by solidification contraction, in most studies the natural convection
was considered as the only driving force since solidification contraction is more difficult
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to tackle, because it involves a domain change. Therefore, not many studies with the
solidification contraction are available. Tsai and co-workers (Diao and Tsai, 1993; Chen
and Tsai, 1993) used the continuum model to predict macrosegregation driven by
solidification contraction during the unidirectional solidification of Al-Cu alloys,
assuming the complete diffusion both in the liquid and solid, which was unreasonable for
most casting solidification. Chang and Stefanescu (1996) extended Tsai’s model by
removing the assumption and allowing the viscosity to change dramatically when the
dendrite coherency was reached. They showed that the solidification contraction had a
stronger effect on the liquid flow in the mushy region than buoyancy in some cases such
as the unidirectional solidification of plate casting.
Despite their success, continuum or volume averaged models are not well suited
for incorporating microstructural features present in dendritic solidification, because of
the single-scale averaged description of phase behaviors (Wang and Beckermann, 1992).
Transport phenomena occurring on the various microscopic scales differ from one
another, and a single-scale model provides insufficient resolution to capture dynamic
behaviors on several microscopic length scales. Therefore, the resolution of multiple
scales is required for the complete incorporation of microscopic effects in a macroscopic
model and the prediction of microstructure formation during the solidification. Recently,
considerable progress has been made to account for the nature of microstructures in socalled micro-macroscopic modeling for both equiaxed (Dustin and Kurz, 1986; Rappaz
and Thevoz, 1987a,b) and columnar (Flood and Hunt, 1987; Giovanola and Kurz, 1990)
dendritic solidification, but without considering convection. In these models, the
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microscopic growth kinetics of the dendritic tip was incorporated in a macroscopic
energy equation through a solid volume fraction term, and the liquid phase in a control
volume was viewed as two distinct fluids associated with two length scales. That is, the
liquid within the dendritic structure (interdendritic liquid) and the liquid outside the
dendrites (extradendritic liquid) were distinguished from one another. Rappaz and
Thevoz (1987a) developed a solute diffusion model for equiaxed dendrites, accounting
for nucleation and growth kinetics and introduced the idea of a spherical grain envelope
that separated the interdendritic and extradendritic liquids. The interdendritic liquid was
assumed to be solutally well mixed, and the dynamics of the envelope was determined by
the growth kinetics of the dendritic tips. They also considered a simplified model
(Rappaz and Thevoz, 1987b), in which the solute diffusion equation outside of the grain
envelope were replaced by a solute layer thickness, and the simplified model showed
excellent agreement with their previous more complicated model. Although their
predictions for an aluminum-silicon alloy agreed well with experimental measurements,
nucleation was assumed to occur at a single temperature and temperature was obtained
from the experimental observation, rather than from basic physical principles.
Furthermore, it was assumed that the average concentration of the liquid outside of the
grain remained at its initial value, which is not valid in the presence of macrosegregation.
Giovanola and Kurz (1990) proposed an empirical approach to calculate the solid
volume fraction as a function of temperature and dendritic tip growth velocity. The
model divided the mushy zone into the region around the dendritic tips and the rest of the
mushy zone, in which the liquid is assumed to be completely mixed. A curve-fitted
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polynomial and the Scheil equation for the solid fraction in each of the two regions
were utilized cumbersomely. Other similar models were reviewed by Rappaz (1989). A
new analytical model for calculation of the evolution of solid fraction during alloy
solidification with equiaxed dendritics using solidification kinetics-macro transport
modeling was followed by Nastac and Stefanescu (1996a). The model relaxed some of
the assumptions made in previous model by simultaneously relating the internal solid
fraction to the movement of the dendrite tips and to the dynamic coarsening of dendrite
arms. It also incorporated the microscopic kinetic model into a macroscopic heat flow
model by using two different time scales in computation – micro and macro time scales.
The validation of the model was performed against experimental data for INCONEL 718
superalloy castings (Nastac and Stefanescu, 1996b). Although the predictions agreed well
with experiments in microsegreation, macrosegregation was not predicted due to the
assumption of no convective transport.
More recently, Wang and Beckermann (1993a, b and 1994) developed a unified
model for both equiaxed and columnar dendritic solidification, based on a multi-phase
approach and volume averaging. The multi-phase model was an extension of the twophase model (Ni and Beckermann, 1991), and it considered three phases, i.e., solid,
interdendritic liquid, and extradendritic liquid phases. The interfaces between the phases
have different characteristic length scales, requiring two sets of interfacial species
diffusion length scales. The model was used to compute one-dimensional
microsegregation and cooling curves without convection and was compared to other
models including those discussed above. Limited validation of the model was provided
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for vertical solidification of an aqueous ammonium chloride solution (Beckermann and
Wang, 1996) and there appeared to be good agreement between the measured and
predicted shapes of sedimented ammonium chloride at the bottom of the enclosure.
Although the model was capable of predicting the phenomena better, it introduced
many new parameters, which requires extensive experiments. There were also still
uncertainties in the modeling, such as the generation of equiaxed crystals and their
growth in the convecting melt, and the model required many additional sub-models. The
computation using the model might have many difficulties due to the complexity of the
model and might need very large computing power in some cases like the solute
redistribution during re-melting because the history of the microsegregation in the solid
must be preserved at every node in the computation domain (Felicelli et al, 1993). The
difficulties lay on this micro-macro modeling of alloy solidification because using multiscales is a relatively new approach to simulate alloy solidification and it needs more
development. Despite the difficulties, the micro/macro solidification models
demonstrated its ability through the verification, and are likely to become useful tools in
simulations.

31

1.4 Objectives of This Research
Through the review of existing literature, it is clear that detailed convective
transport phenomena during solid-liquid phase change of metal alloys, still need to be
improved. Since the transport of momentum, heat, and species strongly influence the
metallurgical structure, chemical homogeneity, and other properties of final metal
products, improvement in the phase change process of metal alloys depends on a detailed
understanding of these transport phenomena. The solidification process in the metal
alloys is further complicated by coupling between micro- and macro-scale phenomena,
which is to be examined in the present work. A combined experimental and theoretical
approach is proposed to study the transport phenomena in a binary metal alloy. The
experimental study will utilize neutron radiography to determine macrosegregation
patterns in experimental ingot, and to quantify their severity. The theoretical study will
focus on the extension of a continuum model and a multi-phase model to account for
stochastic behavior of the mushy region and nonequilibrium effects, such as undercooling
and recalescence. A numerical code based on the continuum model will be generated and
numerical computations will be compared to experimental results.
The specific objectives of the research work are:
1. Design an experimental apparatus suitable for metal solidification and neutron
radiography.
2. Develop a quantification process of macrosegregation patterns, using neutron
radiography.
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3. Perform a series of experiments which quantifiably reveals the evolution of
macrosegregation during solidification of a binary alloy, in order to investigate
the transport phenomena.
4. Critically assess procedures for modeling a binary solidification system and
utilize continuum and multi-phase models, with microscopic phenomena
included.
5. Perform numerical simulations to demonstrate the nature, validity, and
capabilities of the model and compare the numerical results with experimental
data.
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Chapter 2
EXPERIMENTAL APPARATUS AND PROCEDURES

2.1 Introduction
The experiments in this investigation focused on obtaining quantitative data
associated with transport phenomena during the solidification of a binary metal alloy.
The experimental apparatus which was instrumented for temperature measurements and
designed to accommodate neutron radiography, had been constructed to study the effects
of varying thermal conditions on solidification from a vertical surface in a square cavity.
Temperature measurements in the alloy would provide the insight of transient phenomena
during solidification, and static neutron radiographic images of fully solidified ingots
would provide detailed macrosegregation measurements.
In the following four sections, the selection criteria for a phase-changing material,
as the working fluid, design of the experimental apparatus, diagnostic techniques, and
experimental procedures, respectively, are discussed.
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2.2 Phase Change Material
The most significant criteria used for selecting a binary metal alloy were the
simplicity of an equilibrium phase diagram (Figure 1.2), a low melting temperature,
different constituent densities, and different constituent attenuation coefficients for
neutrons. In using neutron radiography, the fourth criterion was crucial for obtaining
clear images of macrosegregation patterns, which could be quantifiably analyzed with
reasonable uncertainty. The low melting temperature metal alloys used in early
experiments, such as lead-tin (Shahani et al., 1992; Prescott and Incropera, 1994) and
aluminum-copper systems (Mehrabian et al., 1970; Bridge and Beech, 1983) satisfied the
first three criteria, but not the fourth (Figure 2.1). The attenuation coefficients of
aluminum and copper were of the same order and likewise for lead and tin. Possible alloy
systems included aluminum-lithium, bismuth-indium, and gallium-indium systems, of
which the gallium-indium (Ga-In) system was selected because it melted at temperature
near ambient (Figure 2.2). The neutron absorption coefficient of indium was
approximately twenty times that of gallium (Figure 2.1), providing images of neutron
radiography with high contrast.
The equilibrium phase diagram for the Ga-In system is shown in Figure 2.2. The
system is a simple eutectic system without intermetallic compounds. The eutectic
composition and temperature are Ga-21.4 wt. % In and 15.3 C, respectively. As indicated
by the phase diagram, when a hypereutectic Ga-In alloy is solidified along a vertical wall,
the interdendritic liquid is enriched with Ga, which is less dense than In. Hence, solutal
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buoyancy forces oppose thermal buoyancy forces in the mushy zone during
solidification. Conversely, when a hypoeutectic Ga-In alloy is solidified, the interdendritic liquid is enriched with In, and solutal and thermal buoyancy forces augment
each other. Since the condition of opposing thermal and solutal buoyancy forces was of
particular interest in this study, a hypereutectic alloy with composition Ga-27 wt. % In
was selected. The liquidus and solidus temperatures for this alloy were 30°C and 15.3°C,
respectively, and hence, temperatures required to melt and freeze the alloy were easily
achieved in the laboratory. The thermophysical properties of Ga and In are well
documented (Weast, 1975; Brandes, 1983), and representative property values are listed
in Table 2.1.
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Table 2.1. Physical properties of Ga-27 wt. pct. In

Properties

Values

hf

fusion enthalpy (J/kg)

69000

Tf

fusion temperature (oC)

221.6

cs

solid specific heat (J kg ⋅ K)

243

cl

liquid specific heat (J kg ⋅ K)

398

ks

solid thermal conductivity (W m ⋅ K)

80

kl

liquid thermal conductivity (W m ⋅ K)

25.5

µ

dynamic viscosity (kg m ⋅ s)

ρ

density (kg/m3)

Dl

binary diffusion coefficient (m2/s)

2.23 × 10 −9

βT

thermal expansion coefficient (K-1)

1 × 10−4

βS

solutal expansion coefficient

0.153

K0

permeability coefficient (m2)

5.0 × 10 −12

2.04 × 10 −3
6090
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2.3 Apparatus
In order to accomplish the objectives of the proposed experiments, the test
apparatus had been constructed for horizontal solidification of a metal alloy in a
rectangular mold. Design of the test apparatus was based on several factors:
1. It must be capable of solidifying a metal alloy under controlled conditions.
2. The cross-section of the freezing chamber must be similar in size to the neutron
beam diameter and imaging system at the Penn State Breazeale Nuclear Reactor
(PSBR).
3. It must to be easily disassembled for neutron radiographic analysis and reassembled for further experiments.
4. It must be amenable to instrumentation without significantly affecting the
process.

The experimental setup consisted of a test cell, constant temperature bath
circulators, and a data acquisition system (Figure 2.3). The test cell contained the metal
alloy and consists of a Plexiglas mold and two copper heat exchangers. Solidification was
initiated by pumping a coolant from a constant temperature bath through one of the heat
exchangers, while a warm fluid was pumped through the other heat exchanger. The test
cell might also be used with the second heat exchanger inactive.
The solidification test cell is illustrated in Figure 2.4. Copper heat exchangers
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Data acquisition system

HP 3852A

Constant
temperature
bath circulator

Cold

IBM PC

Hot

Test Cell

Figure 2.3 Experimental setup.

Constant
temperature
bath circulator

Figure 2.4 Schematic illustration of experimental test cell.
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formed the side walls, while all other walls were made of 25.4 mm thick Plexiglas. The
test cell had internal dimensions of 101.6 mm in height and width, and 10 mm in depth,
which was selected to ensure full coverage by the 229 mm diameter neutron beam from
the PSBR neutron collimator and to allow adequate contrast in radiographs.
The test cell was designed so that a Ga-In alloy could be melted and solidified
repeatedly in the mold. Moreover, the design permitted the front and back walls of the
test cell to be removed for the post-experimental, neutron radiographic analysis of the
solidified ingot. Rubber gaskets were used to prevent leakage of the molten alloy from
the solidification chamber.
Because neutrons cannot penetrate Plexiglas, the front and back walls must be
removable for neutron radiographic analysis. Therefore, there were no permanent joints
and the parts were secured to each other with socket head screws and stainless steel tierods.
A small hole, leading to a discharging port, had been drilled in the bottom mold
wall (Figure 2.4b). The top part of the mold had a large opening filled with a plug, which
could be removed easily to allow the charging the melt into the test cell. The large port in
the top wall also provided access for stirring with a stainless spoon to ensure
homogeneity of the alloy prior to an experiment. After the charging or mixing process,
the port was closed with the plug.
The heat exchangers were constructed of 16 mm thick copper plates, with a fluid
passage (10 mm wide × 101.6 mm long) milled into it to permit the circulation of fluid
from the constant temperature bath circulators. The heat exchangers were painted to
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prevent corrosion, especially from the molten alloy. Pure (200 proof) ethanol was used
as a coolant in the chill heat exchanger and water is used in the hot heat exchanger. A
Plexiglas cover plate was secured to hot heat exchanger with socket head screws, and a
nylon cover plate was used for the cold heat exchanger, because Plexiglas was corroded
by ethanol. Inlet and outlet ports drilled into the cover plates were connected to the
constant temperature baths through flexible tubing covered with Styrofoam insulation.
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2.4 Diagnostics.
In order to investigate the transient convective phenomena during the
solidification of binary metal alloy, the temperature history was measured in different
locations within the test cell. The macrosegregation, which results from convection, was
measured using neutron radiography. The instrumentation and measurement techniques
used in this study are discussed below.

2.4.1 Temperature Measurement
Several thermocouples were installed in the test cell in order to measure various
temperatures during an experimental solidification run. The thermocouple voltages were
measured and processed by an HP 3852A data acquisition system. The temperature
measurements through the system were collected by an IBM personal computer.
Temperature measurements within the test cell were made using chromelconstantan (type E) thermocouples, which were selected because of their relatively large
temperature range (-200 to 900 °C), high sensitivity, and compatibility with existing HP
data acquisition systems. Auxiliary experiments had been performed (Singh, 1994) and
the thermocouples had been found to read consistent with each other within 0.1°C over
the range of temperature in this study. The standard limits of error (Omega Engineering
Temperature Handbook) for type E thermocouples was 1.7 °C or 0.5% (1%) above
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(below) 0 °C (whichever is greater). The time constant of thermocouples was
estimated in the manufacturer’s (Omega Engineering, Inc.) literature to be less than 0.29
seconds.
Nine thermocouples were inserted through the front mold wall at locations
corresponding to three horizontal arrays at y=2.5, 5.0 and 7.5 cm and horizontal positions
of x=0.5, 5.0 and 9.5 cm (Figure 2.5). The probe tips were positioned close (~0.5 mm) to
the inside mold wall surface in order to minimize the disturbance on the flow, and locked
in their position using Swagelok™ fittings.
Three copper-constantan (type T) thermocouples were installed in each copper
heat exchanger to measure the copper plate temperature. They were inserted through the
cover plate and mounted to the outside surface at the copper plate by thermally
conductive epoxy. They were located in the same horizontal planes as type E
thermocouples. The accuracy relative to one another was within 0.1 °C (Singh, 1994) and
the time constant for the probes was less than 0.27 seconds (Omega Engineering
Temperature Handbook).
The temperature data were collected through the data acquisition system which
consisted of a Hewlett-Packard 3852A data acquisition/control unit with an HP 22701A
integrating voltmeter, two 20-channel HP 44710A multiplexer accessories, and interfaces
to an IBM 80486DX personal computer. The HP system had the capability to measure

Figure 2.5 Locations of thermocouple probes in the test cell.
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voltages integrated over one power line cycle, and thus, it had excellent normal mode
noise rejection. The inaccuracy involved in the conversion algorithm of the HP data
acquisition system had been measured for a temperature range of -50 to 300 °C, and the
error had been found to be within ±0.06 °C (Prescott, 1992). The software for
temperature measurements was written in HP BASIC programming language.

2.4.2 Macrosegregation Measurements using Neutron Radiography
Macrosegregation measurements of a fully solidified ingot was made by using
neutron radiography, which is a method of non-destructive testing and proven to be a
useful tool for visualizing flow within metal housings (Cimbala et al., 1988). Compared
to other radiographic techniques, neutron radiography can provide greater contrast in
images as the composition of a subject changes, which is very important for quantifying
macrosegregation. The fundamentals of neutron radiography and their application to
macrosegregation measurement are described below.
The basic operating principle of neutron radiography is illustrated in Figure 2.6
(a). A collimated beam of thermal neutrons with intensity Io is incident upon an object
which is semi-transparent to the neutron beam. Hence, a neutron beam with intensity less
than Io (I< Io) exits the object. The intensity of the exiting neutron beam is determined
from the following relation.
I I 0 = exp(−Σ t x)

(2.4)
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Neutron Beam
Object
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(a)
Film
Neutron Beam

X-ray
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I

Gadolinium
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Io
(b)
Figure 2.6 Illustration of neutron radiography method: (a) neutron beam attenuation and
(b) film cassette arrangement.
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where Σt is the total (absorption plus scattering) macroscopic capture cross-section of
the object material for thermal neutrons and x is the thickness of the object.
If the object in Figure 2.6 (a) is nonuniform in thickness or capture cross-section
(perpendicular to the neutron beam path), the intensity of the exiting neutron beam will
be non-uniform, and an image from a nonuniform beam can be recorded on X-ray film, as
shown in Figure 2.6 (b). The film and a gadolinium foil are placed in an aluminum
cassette behind the test specimen. The nonuniform neutron beam passes through the
aluminum housing and film, with virtually no effect, and is absorbed by the Gd foil,
which emits electrons in proportion to the flux of the neutron beam. The emission of
electrons is responsible for exposing the X-ray film. The density of a developed film D is
a linear function of the total neutron exposure Φt, where Φ is neutron flux and t is
exposure time. Hence,
D
I
Φ
=
≈ = exp(−Σ t x)
Do Φo I o

(2.5)

When a neutron radiograph is obtained from an ingot of uniform thickness,
equation (2.5) can be used to determine variations in Σt from measured variations in film
density. Since Σt depends on the composition of the alloy (integrated through the
thickness of the ingot),
Σ t = g In ( Σ t , In − Σ t ,Ga ) + Σ t ,Ga

(2.6)

the film density measurements can be used to determine volume fraction indium, gIn
In order to obtain highly resolved macrosegregation patterns, the X-ray film
image was digitally processed with a 30 bit Relisys color scanner (RELI4830T), which
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measured gray scale values between 0 and 255 in increments of 0.25. The relationship
between the film density and the gray scale value measured by the scanner was found
using Kodak projection print scale film, which had 16 gray scales. The density of each
selected gray area was measured using a densitometer. Densitometer measurements are
plotted against scanned image density in Figure 2.7, which also contains a calibration
curve. The calibration equation was,
SD 

D = 0.068742 − 1.0948 × log 1 −
 255 

(2.7)

where SD is the density of the scanned image, and its uncertainty is ±6.3 percent. It
should be noted that the calibration equation (2.7) only applies for the particular scanner
used.
The aforementioned method of recording neutron radiographs yielded distinct
images of macrosegregation patterns on X-ray film. Ideally, equations (2.4)-(2.7) could
be used to quantify the distribution of alloy constituents from the digitized image.
However, the raw image was tainted by gamma rays which affect the film exposure.
Gamma ray “noise” was present in the neutron beam from the collimator, and it was also
emitted by enriched indium in the test specimen. In order to account for this unwanted
signal, each radiographed specimen was exposed twice, and the second exposure was
recorded without the Gd converter foil. Thus, the second exposure, which was identical
in neutron flux and exposure time as the first, yields an image of the unwanted gamma
ray noise, which could be digitized and subtracted from the digitized image of the first
exposure. The corrected image was then analyzed using equations (2.4)-(2.7).
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Figure 2.7 Calibration curve for the digital scanner.
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An additional auxiliary experiment was performed to ascertain the relationship
between film density and alloy composition. Since scattering usually has the effect of
reducing the effective Σt (Berger et al., 1985), the use of reference values for Σt,Ga and
Σt,In (i.e. from Figure 2.2) in equation (2.6), would introduce an error in the calculation of
the volume fraction of indium. The auxiliary experiment was conducted with a small test
cell made of copper and with internal dimensions of 15×10×25 mm3 and wall thickness
of 1.6 mm. The test cell was used to obtain neutron radiographs of Ga-In samples over a
range of compositions. Initially, it contained Ga-27 wt. pct. In alloy, and the alloy was
gradually diluted with pure gallium (99.99%). Figure 2.8 shows the measured
relationship between volume fraction of alloy and film density. The density of the image
was determined by a densitometer and the volume fraction was estimated from
measurements of the sample mass. The difference between the actual indium and gallium
total cross sections (Σt,In-Σt,Ga) was found to be 4.4608 ± 0.134 cm-1, which is 36.5 %
smaller than that determined from the reference value of 7.023 cm-1.
It was also found that a great amount of uncertainty came from the film
processing, particularly from the freshness of the developer. As the developer ages, it
tends to produce denser (darker) films. In order to minimize this uncertainty, the neutron
radiograph of this small test cell which contains Ga-27 wt. % In was taken at the same
time with other radiographs and all measured image densities were compared with the
density of the small test cell. The relationship between volume fraction and film density
could be expressed as:

D/Dst

0.13

0.15

0.19
Volume Fraction of In

0.17

0.21

gIN),In
), R=0.99811
D/D st=2.8072 exp(-4.4608
gR=0.99811

0.23

Figure 2.8 Relationship between alloy composition (volume fraction) and film density.
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g In = g st −

 D
 D
 = g st − 0.2242 ln

ln
 Dst 
(Σ In − Σ Ga ) x  Dst 
1

(2.8)

where x is the thickness of the test cell (10 mm). The variation of the volume fraction due
to the uncertainty in the film density was ± 0.023. Using Equations (2.7) and (2.8), the
composition of the ingot was found from the image on X-ray film. It should be noted that
the expected range of volume fraction of indium was between 0.21 and 0.31 and the
measured range was between 0.11 and 0.23. Thus, the calibration equation (2.8) would be
extrapolated to the expected range of the volume fraction of indium and it might
introduce larger uncertainty in resulting data of macrosegregation
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2.5 Experimental Procedures
The experimental procedure began with heating the Ga-In alloy to approximately
60°C by immersing the bottle containing the alloy in a hot water bath. The bottle was
agitated to ensure that all solid was dissolved and the composition becomes uniform
throughout. The alloy was charged into the test cell through a funnel while one of the
heat exchangers was heated by circulating hot water (about 50 °C) from a constant
temperature bath. In the case of repetition of the experiment, the test cell which contained
the fully solidified ingot, was heated by circulating hot water, whose temperature was
maintained at 50 °C, for about 7-8 hours and the alloy was stirred frequently to ensure
uniform composition. During this operation, the data acquisition system scanned all
thermocouple channels and reported temperatures on the display unit. When all the
thermocouples attained a constant temperature, the circulation of hot water was stopped,
and the liquid alloy was allowed to cool slowly while the constant temperature baths
were prepared at temperature of 35 and -15 °C. The temperature variations in the melt
decreased as it cooled down and eventually the melt became isothermal to within 0.5°C
when the melt approached the intended initial temperature (35 °C). Solidification is
initiated by activating the flows from the circulators through the heat exchangers.
Simultaneously, the data acquisition system is triggered to start collecting and storing
thermocouple readings. After a certain time, which would be a controlled parameter in
the experiments, the circulation of hot water was stopped to fully solidify the ingot. Data
was collected for twelve hours for each case or until the solidification is completed.
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The desired thermal conditions in the test cell were the constant temperatures
of coolant above the temperature of liquidus line for one side and under the eutectic
temperature for the other, in order to ensure the alloy near the cold wall to be fully solid
and near the hot wall to be fully melted. These conditions leaded the extension of
solidification time and helped the observation of the phenomena during the solidification
in details. The set temperature was determined, based on not only the phase diagram of
Ga-In alloy (Figure 2.2) but also the temperature measurements during trial solidification
experiments due to the undercooling phenomena of gallium phase. It turned out that the
actual temperature of coolant in the cold wall must be lower than -13 °C to initiate the
eutectic solidification. Thus, the temperature of the circulator for the cold wall was set to
-15 °C. The temperature of the other side wall just needed to be above the liquidus
temperature at the initial composition because the melt near the hot wall was expected to
be gallium-rich and consequently, the liquidus temperature was lower than one of the
initial composition. Therefore, the temperature of the circulator for the hot wall was set to
35 °C, which was much higher than 30 °C to be on the safe side.
Plexiglas, a hydrogen-carbon-oxygen-based compound has a very high absorption
coefficient for the neutron. Therefore, after the ingot was completely solidified, the test
cell was prepared for neutron radiography by replacing the front and back panels with
thin (1.59 mm) copper plates, which were virtually transparent to the neutron beam. The
test cell was exposed for 40 minutes to a uniform neutron beam produced by PSBR
operating at 750 kW. Since the ingot was much colder than the surrounding, it was found
that some condensation could appear on the surfaces of the copper plates and could
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distort the measurement. Therefore, the surrounding air of the ingot was chilled by
blowing cold vapor of dry ice through a fan while the ingot was exposed to the neutron
beam. Neutron radiograph images of the ingot were recorded on Kodak SR X-ray film,
and as mentioned previously, two radiographs were taken with and without the
gadolinium foil, in order to account for gamma ray noise. In each exposure, the small test
cell, which contained a Ga-27 wt. pct. In sample, was included as a reference. The image
on X-ray film was carefully developed and processed by the digital scanner with a
resolution of 200 dpi. The densities of the scanned image were calibrated and the volume
fractions in the image were calculated using Equations (2.7) and (2.8).
The procedures described above were repeated for several cases with different
durations of hot water circulation. In the first run, the hot and cold temperatures on the
side walls were maintained until the temperatures in the alloy reach a quasi-steady state,
after which the alloy was fully solidified by stopping the circulation of hot water. After
analyzing the temperature measurements, additional runs were planned. The additional
runs were interrupted (i.e., heating terminated) at various times before reaching a quasisteady state, for the purpose of collecting macrosegregation data from neutron
radiography at various stages of the solidification process. Thus, the evolution of the final
macrosegregation process was well resolved.
The results of the experiments were supposed to provide a sequence of
solidification stages and reveal quantitative insights to the process. They would also
show the formation of solid phase and movement of the interfaces. Furthermore, the
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interpretation of temperature measurements during the solidification would be
enhanced and justified by the neutron radiography measurements of these experiments.
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Chapter 3
MATHEMATICAL MODELING

3.1 Introduction
Modeling of transport phenomena during solidification of a binary alloy is a
challenging problem due to the complicated phenomena occurring over different length
scales. In the past several decades, the modeling on a single scale, macroscopic or
microscopic levels, has been very sophisticated individually and generated successful
results. Recent interest in solidification modeling focuses on the coupling of microscopic
and macroscopic models (Rappaz, 1989; Ni and Beckermann, 1991; Wang and
Beckermann, 1992; Tangthieng, 2002). The current study follows the steps of the recent
researches and this chapter concerns with incorporating models of fundamental
microscopic phenomena, such as nucleation, undercooling, and grain growth, into models
of macroscopic transport phenomena. However, numerical simulations using the newly
developed models were not performed due to being able to resolve the instability in
handling the step change of some equations. Therefore, the following mathematical
model is a suggestion or guideline to the future research in alloy solidification. In the
numerical simulation, the conventional continuum model was used and it is described in
Chapter 4.

60
Figure 3.1 shows a small volume element which contains several dendritic
structures occurring during the solidification. In columnar growth the solid is attached to
a cooled wall and the speed of the solid front is constrained by the movement of the
isotherms. In equiaxed growth, on the other hand, the crystals grow radially into an
undercooled melt and the latent heat is removed through the liquid melt. As discussed in
Section 1.2, there are two distinct interfacial scales in the volume element (Wang and
Beckermann, 1992): one is the scale of the interface between the solid and interdendritic
liquid phases, and the other is the larger scale associated with the interface between the
extradendritic and interdendritic liquid phases. The size of the volume element is chosen
such that it is larger than all interfacial length scales, but small compared to the overall
casting system. The representative physical property of the volume element can be found
by properly averaging the property belonging to the microscopic scale over the volume
element. However, since there are two different length scales, averaging a property over
the volume associated with a large scale, requires knowledge of the property averaged
over a volume of the smaller scale. Hence, in order to find a microscopic property for the
phase in the smaller scale, the microscopic property must be spatially averaged
successively over two averaging volumes of different sizes. This technique is known as
dual-scale averaging and was developed by Wang and Beckermann (1993c).
As mentioned above, the volume element in Figure 3.1 can be considered to
consist of three different phases: the solid phase and two liquid phases. The two liquid
phases are characterized by different length scales and thus transport phenomena in each
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Figure 3.1 Schematic illustration of the averaging volume.
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phase are considered separately. Therefore, the macroscopic transport equations are
formulated for three phases and the microscopic transport equations are linked through
interfacial transfer terms in the macroscopic equations. Details of derivation for
macroscopic equations using the multiphase approach, are well documented
(Beckermann and Wang, 1996) and for completeness, the formulation is reviewed in this
chapter. In the development of models, the macroscopic conservation equations are
developed in the form of an existing mixture model (Bennon and Incropera, 1987a) by
summing the macroscopic equations for each phases, because the formulation is
amenable to standard, single-phase numerical solution procedures. A similar approach
was implemented by Ni and Beckermann (1995a) for two phase models.
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3.2 Macroscopic Conservation Equations

3.2.1 General Conservation in a Single Phase of Fluid
Transport phenomena occurring during solidification of alloys can be described
by using a set of microscopic conservation equations. The derivation of equations are
readily found in many textbooks (Bird et al., 1960) and the equations can be described in
terms of a general variable , φ, as the following.
For a flux J of a property φ per unit volume of a fluid element of volume V
moving at velocity U, the net flow across a closed surface is given by

∫ J ⋅ n dA . The
A

time rate of change of the property φ in this elemental volume is (d dt )∫ φ dV . The rate
V

of generation of this property per volume is denoted as S, and within the volume is

∫ S dV . Since the change within the volume is a consequence of net flow across the
V

surface and the generation,
d
∂φ
dV + ∫ φU ⋅ n dA = − ∫ J ⋅ n dA + ∫ S dV
φ dV = ∫
∫
V ∂t
A
A
V
dt V

(3.1)

Applying the Gauss divergence theorem gives,
 ∂φ

+ ∇ ⋅ φU + ∇ ⋅ J − SdV = 0

V  ∂t


∫

Since the volume element is arbitrary, the general conservation equation is given as

(3.2)
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∂φ
+ ∇ ⋅ φU + ∇ ⋅ J − S = 0
∂t

(3.3)

The conservation of mass is given by setting φ=ρk, J=0, and S=0:
∂ρ k
+ ∇ ⋅ (ρ k U k ) = 0
∂t

(3.4)

where ρk is the density of phase k, Uk is the velocity. The conservation of momentum is
given by φ=ρkUk, J=PkI-τk, and S=bk:
∂ρ k U k
+ ∇ ⋅ (ρ k U k U k ) = −∇Pk + ∇ ⋅ τ k + b k
∂t

(3.5)

where Pk is the static pressure, τk is the viscous stress tensor and bk is the body force per
unit volume acting on phase k. The energy conservation is given by φ=ρkhk, J=qk, and
S=Ek:
∂ρ k h k
+ ∇ ⋅ (ρ k U k h k ) = −∇ ⋅ q k + E k
∂t

(3.6)

where hk is the enthalpy per unit mass, qk is the heat flux vector and Ek is the heat source
per unit volume inside phase k. The species conservation is given by φ=ρk f kα , J=
& :
− ρ k D αk ∇f kα , and S= M
k
∂ρ k f kα
&
+ ∇ ⋅ (ρ k U k f kα ) = ∇ ⋅ (ρ k D αk ∇f kα ) + M
k
∂t

(3.7)

where f kα is the α species mass fraction, D αk is the mass diffusion coefficient for species α
& is the production of species per unit volume inside phase k.
and M
k
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3.2.2 Volume Averaging Technique
Due to complex interfacial structure in the solidification alloys, detailed solutions
in microscopic scale are not feasible. A realistic approach is to express the essential
physical quantities of the system in terms of averages. The so-called volume averaging
technique has been popular for deriving macroscopic conservation equations from
microscopic equations (Hassanizadeh and Gray, 1979 a, b; Drew, 1983) in multiphase
systems. The volume averaging technique shows how the various terms in the
macroscopic equations arise and how the macroscopic variables are related to the
corresponding microscopic variables.
The size of averaging volume must properly represent the physical size of the
phase. In alloy solidification, it is adequate to average the microscopic quantities over
two averaging volumes of different sizes as mentioned in the previous section. If the
smaller averaging volume is assumed to be spatially independent inside the large volume,
the averaging theorem is identical to the conventional volume averaging method.
Therefore, the conventional volume averaging method will be implemented for each
phase. This section provides a brief description of the technique, while the details of the
technique have been well documented (Drew, 1983; Soo, 1989).
Consider phase k which occupies a variable volume Vk with the interfacial area
Ak in an averaging volume, Vo as shown in Figure 3.1. The volume average of a quantity
ψk is defined by an extensive average:
ψ k = V0−1 ∫ x k ψ k dV
Vo

(3.8)
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where xk is a phase function, equal to unity in phase k and zero elsewhere. When the
quantity is averaged over Vk,
ψk

k

= Vk− 1 ∫ x k ψ k dV

(3.9)

Vo

is called an intrinsic average. The two averages are related by volume fraction of phase k,
i.e.,
gk =

Vk
Vo

(3.10)

and
k

ψ k = gk ψ k

(3.11)

The averaging theorems of derivatives (Whitaker, 1969; Slattery, 1967), as applied to the
system in Figure 3.1 are summarized as
∂ψ k
∂t

=

∂ ψk
∂t

−

1
Vo

∇ψ k = ∇ ψ k +

∇ ⋅ ψk = ∇ ⋅ ψk +

∫

Ak

1
Vo
1
Vo

ψ k w k ⋅ n k dA

∫

Ak

∫

ψ k n k dA

Ak

ψ k ⋅ n k dA

(3.12)

(3.13)

(3.14)

where wk is the velocity of the interface and nk is the outwardly directed unit normal
vector on the interface. Application of the volume averaging theorems given by equations
(3.12) - (3.14) to the conservation equations (3.4) - (3.7) results in the volume averaged
macroscopic conservation equations. For convenience of writing equations, the intrinsic
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volume-averaged quantity will be used without the brackets in the following sections,
such as ρk for <ρk>k, vk for <vk>k, hk for <hk>k and so on.

3.2.3 Conservation of Mass
The volume averaged mass conservation equation is given by averaging the
continuity equation (3.4):
∂
(g ρ ) + ∇ ⋅ (g k ρ k v k ) =
∂t k k

∑Γ

j, j ≠ k

kj

(3.15)

where Γkj denotes the rate of total mass generation of phase k at k-j interface due to phase
change, and can be modeled as the product of the interfacial area concentration,
S kj = A kj Vo and a mean interfacial flux, using the mean value theorem for the integral.
It is given by
Γkj = −

1
Vo

∫

A kj

ρ k ( v k − w k ) ⋅ n k dA = S kjρ k w nkj

(3.16)

where w nkj is defined as the average interface velocity, relative to the averaged velocity
of the phase. The volume averaged mixture mass conservation equation can be obtained
by summing individual conservation equations with the interfacial mass balance
( Γkj + Γ jk = 0 ) as follows:
∂ρ
+ ∇ ⋅ ( ρv ) = 0
∂t
where the mixture density and velocity are defined as

(3.17)
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ρ=

∑g
k

v =

k

∑f
k

ρk

k

(3.18)
(3.19)

vk

and the mass fraction, fk is defined as
fk =

g kρk
ρ

(3.20)

3.2.4 Conservation of Momentum
The averaged momentum conservation equation is given by averaging equation
(3.5):
∂
(g ρ v ) + ∇ ⋅ (g k ρ k v k v k ) = −∇(g k p k ) + ∇ ⋅ τ k +
∂t k k k

∑M

j, j ≠ k

kj

+ g kb k

(3.21)

where the term Mkj is the interfacial momentum transfer at k-j interface, which consists
of the interfacial momentum transfer rates due to phase change and interfacial stress, i.e.,
M kj = M Γkj + M τkj

(3.22)

The interfacial transfer rate due to phase change is given by
M Γkj = −

1
Vo

∫

A kj

ρ k v k ( v k − w k ) ⋅ n k dA

(3.23)

Using the mean value theorem for the integral, the term is modeled as
M Γkj = −

v kj
Vo

∫

A kj

ρ k ( v k − w k ) ⋅ n k dA = v kj Γkj

(3.24)
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where v kj is the average interfacial velocity over the interfacial area, Akj. In many
solidification systems, the volume change upon phase change is relatively small, so that
the interfacial momentum transfer due to phase change may be neglected, compared to
one due to dissipative interfacial stress. Therefore, the term will not appear in the final
equation. The interfacial momentum transfer due to the interfacial stress is given as
M τkj =

1
Vo

∫ (τ
A kj

− p k I) ⋅ n k dA = p kj ∇g k + M dk

k

(3.25)

where M dkj is the dissipative part of the interfacial stress and p kj is the average interfacial
pressure, which is equal to the intrinsic average pressure of phase k, pk because of the
instantaneous microscopic pressure equilibration. The term M dkj contains the dissipative
interfacial momentum transfer due to viscous and form drag and its model is discussed
later. Assuming Newtonian-fluid, the macroscopic viscous stress can be written as

τ k = µ *k ∇( g k v k ) +


1


v k n k dA  = µ *k ∇( g k v k ) − v k ∇g k
A kj


{

∑V ∫

j, k ≠ j

{

o

= µ *k g k ∇v k + ( v k − v k )∇g k

}

}

(3.26)

where µ *k is the macroscopic viscosity, which may be different from the microscopic
viscosity, and v k is the average interfacial velocity over the entire interface area. The
second term on the right-hand side of the last form is non-zero only in the mushy zone,
and since the gradient of the term is negligible compared to the total dissipative
interfacial momentum transfer in equation (3.25), the term will be ignored. Substituting
equations (3.26) into (3.21) and considering the previous discussion, the momentum
conservation equation becomes

70
∂
g k ρ k v k ) + ∇ ⋅ ( g k ρ k v k v k ) = − g k ∇p k + ∇ ⋅ ( µ *k g k ∇v k ) +
(
∂t

∑M

j, j ≠ k

d
kj

+ g k b k (3.27)

Summing the individual phase momentum equation and imposing Newton’s third
law ( M dkj + M djk =0) and bk=ρkg, a mixture momentum equation can be derived as


∂
ρv ) + ∇ ⋅ ( ρvv ) = − ∑ g k ∇p k + ∇ ⋅  ∑ µ *k g k ∇v k 
(
 k

∂t
k


− ∇ ⋅  ∑ g k ρ k ( v k − v )( v k − v ) + ρg
 k


(3.28)

In order to simply the third term on the right-hand side of equation (3.28), a flow
partition coefficient κv (Wang et al., 1995), which is defined as the ratio of the liquid
mass flux through the porous dendrites to the total liquid, is introduced and then, the
relative portions of the flow in the interdendritic (d) and extradendritic (l) regions can be
quantified by
g d ρd (v d − v s ) = κ v g f ρ f (v f − v s )

(3.29)

g l ρ l ( v l − v s ) = (1 − κ v )g f ρ f ( v f − v s )

(3.30)

and

where gf and vf denote the total liquid fraction and mixture velocity for both liquid
phases, respectively, i.e., g f = g d + g l and g f ρ f v f = g d ρ d v d + g l ρ l v l . Note that if κv
= ρdgd/ρfgf, the velocities of inter- and extra-dendritic region become equal. Its
correlation has been discussed in Wang et al.(1995). Using equations (3.29) and (3.30),
the following expression is obtained.

∑g

k = d,l

k

ρ k ( v k − v )( v k − v ) = − γρ f g f ( v f − v s )( v f − v s )

(3.31)
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where γ is given by
2
κ 2
1 − κv) 
(
v

γ = 1 − ρf g f 
+
ρl g l 
ρd g d



(3.32)

Using equation (3.31) and v f = ( v − v s ) f f + v s , the third term on the right-hand side
of equation (3.28) can be rewritten as
ρ



∇ ⋅  ∑ g k ρ k ( v k − v )( v k − v ) = ∇ ⋅  ( f s − γ )( v − v s )( v − v s )

 k
 ff


(3.33)

This term is non-zero only within the mushy zone and it represents a measure of the
difference between the total net advection of momentum from all phases individually and
the advection represented by the mixture parameters on the left-hand side of equation
(3.28).
Assuming local mechanical equilibrium between inter- and extra- dendritic
liquids, i.e., pd = pl = pf and that thermophysical properties are the same for both liquid
phases, equation (3.28) becomes
∂
(ρv ) + ∇ ⋅ (ρvv ) = −g f ∇p f − g s∇p s + ρg
∂t
ρ



ρ
− ∇ ⋅  ( f s − γ )( v − v s )( v − v s ) + ∇ ⋅  µ *f
∇v
 ρf

 fl

(3.34)
 *
 *
 ρ 
 * ρf s

 ρf s  
+ ∇ ⋅ µ f v: ∇   − ∇ ⋅  µ f
∇v s  − ∇ ⋅ µ f v s : ∇

ρf
 ρl  


 ρl  



 g 
g 2
+ ∇ ⋅ µ *f f ( κ v g f − g d )( v f − v s ): ∇ l   + ∇ ⋅ ( g s µ *s ∇v s )
 gf  
 gdgl
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The solid macroscopic viscous stress has been expressed in terms of the derivative of
the solid velocity and an effective solid viscosity, µ *s , which, from the rheology of
suspensions, can be modeled as (Ni and Beckermann, 1993)

µ *s =

µ − (1 − g s )µ *f
gs

=


g 
 1 − s 
g sp 


−2 .5g sp

− 1 + gs
gs

µ *f

(3.35)

where gsp is the maximum packing fraction of the solid phase. If the phase densities are
assumed to be quasi-equivalent, i.e., ρ f ρ s ≈ 1, the sixth term on the right-hand side of
equation (3.34) vanishes. The ninth term is removed because usually κv is close to
ρdgd/ρfgf (Wang et al., 1995). The fourth and eighth terms are non-zero in the two-phase
region, where they are negligible in comparison to the drag interaction term which is
implicitly expressed in the solid pressure gradient term (equation (3.21) for solid phase).
Since in dispersed flow which occurs in the beginning of the solidification, the volume
fraction of the solid phase is low ( g s ≈ 0 ), the effective solid viscosity is approximately
equal to the liquid viscosity and the seventh and tenth terms cancel each other for
constant density. For a stationary solid structure, the solid phase can be assumed to be
rigid ( ∇ 2 v s = 0 ), and thus, the seventh and tenth terms become negligible. For
intermediate states, the roles of two terms are unknown, and they are assumed to
approximately balance each other. Therefore, the equation is reduced to the following
form.
∂
ρv ) + ∇ ⋅ ( ρvv ) = −∇p f + g s ∇( p f − p s ) + ρg + ∇ ⋅ (µ *f ∇v )
(
∂t

(3.36)
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If the liquid density varies with temperature and/or species concentration, the
Boussinesq approximation can be adopted to express the buoyancy force in terms of
thermal and solutal expansion coefficients. The third term on the right-hand of equation

[

]

(3.36) then reduces to g s ρ s + g l ρ l 1 + β t (T − Tref ) + β c ( f fα − f fα ref ) , where βt and βc
are the thermal and solutal expansion and T and f fα are the local liquid temperature and
species concentration.
For a dispersed flow with a moving equiaxed crystal, the pressures of solid and
liquid may be assumed to be equal to the equilibrium pressure (Drew, 1983), in which
case, the second term on the right side of equation (3.36) is zero. When the solid phase is
stationary, the momentum equation for the solid phase with zero velocity is reduced to
− g s ∇p s = − M sd − g sρ s g

(3.37)

The pressure within the solid phase is balanced with the interfacial momentum transfer
and gravity potential. Substituting equation (3.37) into (3.36) and using D’Arcy’s law for
the momentum transfer due to interfacial interactions between the liquid and solid,
equation (3.36) becomes identical to the model developed by Prescott et al. (1991). The
transition of the solid pressure from a dispersed system to stationary solid is a critical
issue. To accommodate the transition, a constitutive model for the phase pressure
difference is introduced in the form of Bernoulli’s equation (Givler and Mikatarian,
1987; Roco, 1993) as follows:
p ′s ≡ p s − p f =

1
ρ f (g s )( v f − v s ) ⋅ ( v f − v s )
2 f

(3.38)
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where f(gs) is a function of solid volume fraction, which accounts for the interactions
among the microscopic solid phases in the volume element. Equation (3.38) proposes that
the solid phase pressure exceeds the liquid pressure by an inertial correction. In order to
determine the precise form for the factor f(gs), the behavior of macroscopic suspension of
fine particles in the liquid needs to be studied. The behavior of the function and the
model used in this study will be discussed in the later section. It should be noted that in
order to use equation (3.38), the velocity of liquid or solid phases must be known.
Therefore, in addition to the mixture momentum equation, the momentum equation for
solid phase must be solved, simultaneously, or the relationship between the velocities in
the solid and liquid phases must be assumed.

3.2.5 Conservation of Energy
The averaged energy conservation equation in terms of enthalpy is given by
∂
(g ρ h ) + ∇ ⋅ (g k ρ k v k h k ) = −∇ ⋅ q k +
∂t k k k

∑Q

j, j ≠ k

kj

+ gkEk

(3.39)

where qk is the macroscopic heat flux which can be described by Fourier’s law, i.e.,
q k = − k k ∇Tk and Qkj is the interfacial energy transfer due to phase change and
interfacial heat flux at k-j interface. Assuming that all phases are in local, thermal
equilibrium with each other (Tk=T for any k) and defining the following mixture
variables,
h=

∑f
k

k

hk

(3.40)
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k =

∑g
k

E=

k

∑g
k

kk

k

(3.41)
(3.42)

Ek

it follows that
∂( ρh)
+ ∇ ⋅ ( ρVh) = ∇ ⋅ ( k∇T) − ∇ ⋅ f s ρ(V − Vs )( h l − h s ) + E
∂t

[

]

(3.43)

The temperature term can be replaced by the enthalpy from equation (3.43), using the
following relationship,
∇T =

1
1
1
∇h k =
∇h +
∇( h k − h )
ck
ck
ck

(3.44)

where the subscript k represents an arbitrary phase with constant specific heat. Therefore,
energy equation (3.43) becomes where there is no heat source,
∂(ρh)
k

k

+ ∇ ⋅ (ρvh) = ∇ ⋅  * ∇h + ∇ ⋅  * ∇( h *s − h) 
∂t
 cs

cs


[

− ∇ ⋅ f s ρ( v − v s )( h l − h s )

]

(3.45)

where cs* represent a constant specific heat of solid phase. The macroscopic thermal
conductivity, kk may be different from the microscopic property (Soo, 1989; Ni and
Beckermann, 1991). In general, it depends on the volume fraction of phase k, and
microscopic morphological features of the interface as well as the molecular thermal
conductivity. However, since the relation between two is unknown, the macroscopic
thermal conductivity is assumed to be equal to its microscopic counterpart.

76
3.2.6 Conservation of Species
The averaged species conservation equation is given by averaging equation (3.7),
∂
(g ρ f α ) + ∇ ⋅ (g k ρ k v k f kα ) = ∇ ⋅ (g k ρ k D αk ∇f kα ) +
∂t k k k

∑J

j, j ≠ k

kj

(3.46)

where D αk is the macroscopic species diffusivity of phase k and is assumed to be same
with the microscopic counterpart like macroscopic thermal conductivity. Jkj is the
interfacial species flux at the interface, which contains two terms, i.e.,
J kj = J Γkj + J dkj

(3.47)

where J Γkj is the interfacial species transfer rate due to phase change and J dkj is the
interfacial species flux. The interfacial species transfer rate due to phase change can be
modeled in a manner similar to that used in the momentum equations and is given by
J Γkj = −

1
Vo

∫

A kj

ρ k f kα ( v k − w k ) ⋅ n k dA = f kjα Γkj

(3.48)

where f kjα is the average species concentration over the interfacial area. The interfacial
species flux is given by
J dkj = −

1
Vo

∫

A kj

ρ k D αk ∇f kα ⋅ n k dA

(3.49)

The integral can be modeled as
J dkj =

S kjρ k D k
lkj

(f

α
kj

− f kjα

)

(3.50)
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where f kjα is the average species concentration at the interface k-j and lkj is the
diffusion length, which is illustrated in Figure 3.2. In general, the length can be obtained
by performing a microscopic analysis on the scale of the averaging volume.
Summing the individual phase species equation, a mixture species equation can
be obtained in a manner similar to the development of the momentum equation.


∂
ρf α ) + ∇ ⋅ ( ρvf α ) = ∇ ⋅ ( ρD∇f α ) + ∇ ⋅ ∑ ρ k g k D k ∇( f kα − f α ) 
(
∂t
k

 f

- ∇ ⋅ ρ s ( f α − f sα )( v − v s )
 ff


(3.51)

ρ g

− ∇ ⋅  f f (ρ d g d − κ v ρ f g f )( f fα − f dα )( v f − v s )
 ρl g l

where
fα =

∑f
k

D=

∑f
k

k

α
k k

f

(3.52)

D αs

(3.53)

Since κv is usually close to ρdgd/ρfgf as mentioned before, the fourth term on the righthand side of equation (3.51) is negligible compared to other terms. If the macroscopic
diffusion rate of species through the solid phase is assumed to be negligible, the
following mixture equation can be obtained.
 f

∂
ρf α ) + ∇ ⋅ ( ρvf α ) = ∇ ⋅ ( ρD∇f α ) - ∇ ⋅ ρ s ( f α − f sα )( v − v s )
(
∂t
 ff


[ (

+ ∇ ⋅ ρD f f d ∇( f dα − f α ) + f l ∇( f lα − f α )

)]

(3.54)
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Figure 3.2 The species diffusion lengths.
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3.3 Supplemented Relationships for Closure
Equations (3.17), (3.36), (3.45), and (3.54) are the governing equations for
mixture variables, v, pl, h, and fα. These equations are mutually coupled to each other for
buoyancy driven flow conditions, where temperature and liquid concentration gradients
influence momentum through the production of vorticity. However, the equations include
other variables and parameters besides the mixture variables, which must be described
for closure. This section summarizes supplementary relationships, including additional
conservation equations, thermodynamic and other necessary description for the additional
parameters.

3.3.1 Conservation Equations for Closure
In the previous section, the conservation equations were developed in terms of
mixture variables. However, individual phase properties were not totally removed from
the final equations. Therefore, these properties must be evaluated through some other
equations, and some of them require the conservation equations of their phases, although
additional differential equations are not desired. The phase variable which most
frequently appears in the governing equations is the velocity of solid phase, vs. The
velocity can be evaluated by solving the differential equation (3.27) for the solid phase;
i.e.,
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∂
d
g s ρ s v s ) + ∇ ⋅ (g sρ s v s v s ) = − g s ∇p s + ∇ ⋅ (µ *s g s ∇v s ) + M sd
+ g sρ s g
(
∂t

(3.55)

It is assumed that the solid phase interacts only with the interdendritic liquid phase. In the
case of columnar growth from a wall, the solid velocity can be assumed to be zero
without the use of equation (3.55). However, in the case of equiaxed growth, the velocity
is expected to be close to the velocity of the liquid phase when the volume fraction of the
solid is very low (gs ~ 0), and it must approach zero when its volume fraction approaches
that of packing, because of its high collision frequency between the microscopic grains in
the volume element, i.e., high solid viscosity, which can be found from equation (3.35).
Between these limiting cases, there is no known simple relationship between the solid
velocity and the mixture velocity, and hence, equation (3.55) should be used to determine
vs.
There are three species concentration variables, besides the mixture
concentration, appearing in equation (3.54), and only two of them are independent of
mixture concentration. If it is assumed that interdendritic species concentration can be
described by a simple thermodynamic relationship, which is explained in the following
section, only one more species concentration needs to be determined, for which equation
(3.46) is used. The species concentration of extra-dendritic liquid phase is chosen here
because the parameters at the interface, such as the interfacial velocity are well defined.
The equation is given by
∂
g l ρ l f lα ) + ∇ ⋅ ( g l ρ l v l f lα ) = ∇ ⋅ ( g l ρ l D αl ∇f lα ) + ρ l f ldα S ld w nld
(
∂t
S ρD
+ ld l l ( f ldα − f lα )
l ld

(3.56)
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The last variable requiring a conservation equation is the volume fraction of
each phase. Since the volume fraction of solid phase can be found from that of grains
( g g = g s + g d ) by a simple thermodynamic relationship, only the volume fraction of
extra-dendritic liquid phase needs to calculated from equation (3.15), i.e.,
∂
(g ρ ) + ∇ ⋅ (g lρ l v l ) = Sld ρ l w nld
∂t l l

(3.57)

Without the use of equation (3.57), the advection of grains and their stereological
properties could not be considered.

3.3.2 Thermodynamic Relationships and Microsegregation
If a binary alloy is in a state of thermodynamic equilibrium, the equilibrium phase
diagram (Figure 2.2) can be used to determine temperature, mass fraction solid, and
individual phase concentrations from the enthalpy and concentration of the mixture.
However, it is well known that the assumption of local equilibrium is valid only at the
interface between solid and liquid phases, that is, non-equilibrium conditions exist in the
interdendritic liquid. This section contains a review of the thermodynamic relationships
and the treatment of non-equilibrium states in multiphase mixtures, using
microsegregation models.
While a non-equilibrium state (referring to undercooling) is present in the
extradendritic liquid, complete solute mixing in the interdendritic liquid is assumed for
simplicity ( f dsα = f dα ), as shown in Figure 3.3, and justified on the basis of a relatively
small length scale associated with transport in the interdendritic region. Therefore, the
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concentration in the interdendritic liquid is equal to the equilibrium liquid
concentration at the solid-liquid interface, and it is related to the local temperature by the
liquidus line of the phase diagram. Furthermore, since the species diffusion coefficient of
the solid is assumed to be zero, the fraction of the solid can be calculated from the
conventional model of the microsegregation known as Scheil equation, which is,
f dα
1
α =
(
)
fg
(1 − f s ) 1− κ

(3.58)

f sdα
κ = α
fd

(3.59)

where

(f

d

+ f s )f gα = f d f dα + f s f sα

(3.60)

f dα and f sα are the concentrations defined, respectively, by the liquidus and solidus lines
for the local temperature on the equilibrium phase diagram and the temperature is a
function of the enthalpy of the phase. Equation (3.58) can be solved for the solid fraction,
which is given by
1

 f dα  κ − 1
f s = 1 −  α 
 fg 

(3.61)
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Figure 3.3 The simplified concentration profile.
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From equation (3.40), the mixture enthalpy is described by the enthalpies of the
total liquid (hf) and solid phase (hs), i.e.,
h = h f + fs (h s − h f )

(3.62)

The enthalpies are functions of temperature and their respective phase compositions and
can be written as
h s = c *s T

(3.63)

h l = c *l T + h ol

(3.64)

where c *s and c *l are the averaged specific heats of solid and liquid phases, respectively.
h ol is the reference enthalpy for the liquid phase, which accounts for the fusion enthalpy,
as well as difference between the phase specific heats. Substituting equations (3.63) and
(3.64) into (3.62), the temperature is given by
T=

h + f s h lo

c *s + f s (c *s − c *l )

(3.65)

The temperature allows the concentration of the solid phase at the interface and
interdendritic liquid phase to be found from the equilibrium phase diagram. Assuming the
liquidus line to linear, the concentration of interdendritic liquid is given by
f dα =

T − Tf
ml

(3.66)

where ml is the slope of the liquidus and Tf is the virtual melting temperature of pure α
species. Therefore, using equations (3.60), (3.65), (3.66) and the following expression,
f gα = ( f α − f lα ) (1 − f lα ) + f lα

(3.67)
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the mass fraction of the solid phase is calculated. Note that if the temperature is lower
than the eutectic temperature, the species concentration of interdendritic liquid is
assumed to be the eutectic concentration, instead using of that given by equation (3.66).

3.3.3 The Pressure in the Solid Phase
It is quite difficult to interpret the pressure of a solid phase. In the flow of a
mixture of solid grains and fluid, the solid grains have a variety of roles in transmitting
momentum by direct contact with fluid and collisions between the grains or a grain and a
wall. Therefore, the kinematical analysis of the solid phase may be necessary to describe
the solid pressure correctly.
A model for a kinematical pressure of the solid phase, p ′ was proposed (Givler
and Mikatarian, 1987) and it was given by (3.38) which is rewritten here for completion:
p ′s ≡ p s − p f =

1
ρ f (g s )( v f − v s ) ⋅ ( v f − v s )
2 f

(3.68)

The function f(gs) accounts for the increased interactions among the microscopic solid
grains as the concentration of the solid increases, giving rise to an increase in the
kinematical pressure. Since there is no model of the function for the metal alloy
solidification, the model is developed by curve-fitting of the data from Kirkwood et al.
(1950), who studied the kinematical pressure of the solid phase in dense gases. The
function is in the form of

gs 

f (g s ) = 1 − 10.35 log 10  1 −
g sp 


(3.69)
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From the equations (3.38) and (3.69), it is noted that the kinematical pressure vanished
when there is no relative motion between the phases, the solid pressure rises dramatically
with increasing concentration near the packing, which eventually inhibits the motion of
the solid phase.

3.3.4 The Dissipative Interfacial Stress on the Solid Phase
There have been different approached to modeling of the dissipative interfacial
stress, M dsd . For high solid fractions or stationary solid phase, the porous medium
approach is adopted, using the permeability model. For low solid fractions, the
submerged object model (de Groh et al., 1993) which is the modification of the Stokes
law for a single spherical particle, is often used. Recently, both approaches have been
unified by Wang et al. (1995) and their model is utilized in this study and reviewed
below.
The dissipative interfacial stress on the solid has been modeled as
M dsd =

4β 2 µ f 2
g f (v f − v s )
d s2

(3.70)

where ds is the diameter of an equivalent sphere (equiaxed) or cylinder (columnar) having
the same volume as the grain, and β is a dimensionless parameter that is only a function
of the grain volume fraction and its morphology and is given by
β=

where

[

βd
g g n + (β d / β l )

]

2n 1 2n

(3.71)
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βd =

3 5

(1 − g )

32

si

Ss
φ eSe

(3.72)

1

4

2
2
2 + η2
9

2
β
1
−
β
β
tanh
(
)
1
d
d
3
βl =  gg
⋅ 2

2
6 ⋅
2 − 3η + 3η − 2 η C p (φ e ) 2β + 3(1 − tanh β d β d ) 
2



(3.73)

n = 0176
.
⋅ log β d + 0.275

(3.74)

gs
gg

(3.75)

η = g g1 3

(3.76)

g si =

φe is the shape factor of the interdendritic envelope which accounts the irregularity of the
envelope shape and it will be defined in follow-up section. The function Cp(φe) accounts
for the effect of non-spherical or non-cylindrical shapes. The Kozeny-Carman equation
which is valid for irregular shapes, suggests that
C p (φ e ) = φ e 2 for 0.7 > g l > 0.0

(3.77)

However, the shape function has not been evaluated for high liquid volume fraction and
the only empirical correlation available in the limit of a single equiaxed dendrite as
proposed by de Groh et al. (1993). The relationship is
 φe 
C p (φ e ) = 126
. log 10 
 for 1 > g l > 0.7
 0163
. 

(3.78)

It is noted that this drag model accounts for the multiple length scales present in the
dendritic structure. The model has been validated against various experimental data
available in the literature (Wang et al., 1995).
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3.4 Microscopic Models
The volume averaging technique elucidates the coupling between microscopic
and macroscopic transport variables led through the interfacial transfer terms. The
phenomena are related to the morphology and dynamics of the interface. This section
covers the microscopic models for the parameters related to the interfacial phenomena
which appear in the macroscopic equations.

3.4.1 The Interfacial Area Concentration
Previous sections show that the interfacial area concentrations are important
parameters in the modeling of the interfacial transfer terms, and they are closely related
to complex microscopic phenomena. In general, they are functions of the grain volume
fraction, geometrical parameters in the microscopic scale such as, dendrite arm spacing,
and the number density of nucleus. The inverse of the area concentration represents an
accurate measure of the length scale of a microstructure.
The area concentration of the interface between the solid and interdendritic liquid,
Ss has been modeled by assuming a simple one-dimensional geometry for secondary
dendrite arms (Wang and Beckermann, 1992). This analysis showed that the mean
characteristic length and the area concentration are given by
ds =

g sλ 2
gg

(3.79)
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Ss =

2
λ2

(3.80)

where λ2 is the secondary dendrite arm spacing. It is noted that the results are applicable
to equiaxed and columnar structures. Substituting equation (3.79) into (3.80), the
relationship between the characteristic length and the area concentration is given by
Ss =

2g s
ggd s

(3.81)

The numerical factor of two in the equation (3.81) can be adjusted for other choices of
the geometry.
The area concentration of the interface between the inter- and extra- dendritic
liquid (the dendritic envelope), Se is more difficult to describe due to its complicated
geometric shape. However, it can be modeled by considering the envelope as an
equivalent simple geometry dendrite envelope and modifying the area concentration of
the chosen geometry by a shape factor in order to reflect the actual geometry (Wang and
Beckermann, 1992). The envelope shape factor is defined as
φe =

A eq
A act

(3.82)

Aeq is the surface area of a geometry which has the same volume as the actual envelope.
Equiaxed grain envelopes are described by equivalent spheres, while equivalent cylinders
are chosen for the columnar grains as shown in Figure 3.4. A shape factor lies between
zero and unity before packing between grains occurs and if the shape of the envelope is
preserved during the growth, the shape factor can be considered as a constant. The basic
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(a)

(b)

Figure 3.4 Schematic of shape factors for (a) an equiaxed dendritic envelope and (b) a
square arrangement of columnar dendritic envelop.
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Figure 3.5 Illustration of the dependence of the shape factors on the solid volume
fraction.
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dependence of the shape factor on the solid volume fraction is illustrated in Figure 3.5.
Since the nucleus in the very beginning of the solidification process is close to the
spherical shape, the shape factor can be approximated to be unity. During the
intermediate stage, the shape factor becomes less than unity due to the development of
fine dendritic structure. At the final stage of the solidification, it becomes very large
because of packing between the grains. The calculation of the shape factor still needs
more analytical and empirical attention, and in this research, this behavior is modeled by
a simple parabolic equation and the equation similar to the one found in Feller and
Beckermann (1993) before and after the impingement occurs, respectively.


g g
1 + (1 − φ min ) s  s − 2 for g s < g sp
g sp  g sp


φe = 
1 − g sp
−1 3
−

 g s   1 − g s  gsp

φ min   
for g s > g sp
 g sp   1 − g sp 


(3.83)

where φmin is a minimum value of the shape factor which is between one and zero.
For equiaxed growth, the following relation for Se, can be written as (Wang and
Beckermann, 1995)
Se =

1
( 36π) 1 3 n 1 3 g 2g 3
φe

(3.84)

where n is a number density of grains and must be calculated from a nucleation model,
which is described in the following section. Assuming a square pattern of the columnar
dendrites on a transverse cross-section for columnar growth, the envelope area
concentration becomes
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Se =

1
( 4 π) 1 2 λ−11g 1g 2
φe

(3.85)

where λ1 is the primary dendrite arm spacing. The primary dendrite arm spacing depends
mainly on the columnar front velocity and the temperature gradient and can be calculated
by an appropriate model (Flemings, 1974;Kurz and Fisher, 1989). Equations (3.84) and
(3.85) indicate that the area concentration increases from zero, eventually reaches a
maximum value, and then decreases again to zero, because impingement occurs, i.e., the
shape factor approaches infinity.

3.4.2 Nucleation Model
In order to evaluate the envelope area concentration, the number density of grains
is needed. The number density of grains depends not only on the rates of nucleation
(during the initial stage of solidification) and fragmentation, but also on the advection of
grains. This can be expressed by the following conservation equation (Ni et al., 1990).
∂n
+ ∇ ⋅ ( v s n) = n&
∂t

(3.86)

The right hand side represents a source which includes the birth and death of grains due
to nucleation, detachment of dendrite arms, clustering of nuclei, total remelting, and other
effects. Since a model for the nucleation generation in the presence of convection and
fragmentation is not available, a simple nucleation rate model will be used in this study.
According to the Hunt (1984), the heterogeneous nucleation rate can be expressed
as
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K2 
n& = I = K 1 ( n s − n) exp −
2 
 ( ∆T) 

(3.87)

where ns is the number density of substrates or the maximum possible number density
and ∆T is the undercooling temperature in the liquid phase. In this study, only solutal
undercooling is considered and is given by
∆T = m l ( f lα − f dα )

(3.88)

K1 is a constant related to the collision frequency of atoms of the melt with the nucleation
sites of the heterogeneous particles, and K2 is constant related to the interfacial energy
balance between the nucleus, the liquid, and the foreign substrates on which nucleation
occurs. It should be noted that the equation (3.87) is valid only when there exists the
undercooling. While K1 and K2 affect the nucleation rate, only ns will determine the final
grain density. Thus, the dependency between cooling rate and number density (Basdogan
et al., 1982) needs to be reflected in a relationship between cooling rate and the number
density of substrates. Stefanescu et al. (1990) suggests the following parabolic equation,
 dT 
ns = K3 + K4  
 dt 

2

(3.89)

The constants K3 and K4 can be determined experimentally for a given alloy. Note that
the above nucleation models are not valid during remelting of the solid, because the
terms which reflect the temperature dependency are squared, and thus, the case of
temperature increase causing the remelting still increases the number density. Therefore,
if the local temperature increases or there is no undercooling, the present nucleation
model must be biased.
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3.4.3 Growth Model of Grains
The models of interfacial transfer due to phase change in equations (3.56) and
(3.79) require information of the envelope growth velocity wne. If it is assumed that the
mean dendritic tip velocity is equal to the envelope velocity, the model for the velocity
can be supplied from various model in the literature (Kurz and Fisher, 1989). Generally,
there may be considerable differences in the speeds of the primary and secondary
dendrite arm tips, resulting in the irregular shape of the envelope, which can be
accounted for through the use of envelope shape factors.
The growth velocity has been extensively studied for different structures (eutectic
or dendrites). Analytically, the growth model is obtained by considering solute transport
near the tip and tip stability. Experimental and theoretical results suggest the following
simple form.
w ne = c(∆T )

2

(3.90)

where the growth constant, c can be either calculated or determined from experiments
and depends on the structure of grains. For example, Esaka and Kurz (1984) developed
the following equation for dendritic growth, assuming that the growth of dendritic tip is
controlled by solute diffusion and thermal undercooling is negligible,
w ne =

Df
( ∆T) 2
π Γm l f dα ( κ − 1)
2

(3.91)

where Γ is the Gibbs-Thomson coefficient. A growth model of the eutectic structure was
developed by Jones and Kurz (1981) as the following.
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2

w ne

 φe 
1
( ∆T) 2

= 2
 φ e + 1 K c K r

(3.92)

where the constants, Kc and Kr, can be calculated from the properties of the material and
arise from the solute diffusion and capillary calculations, respectively (Jackson and Hunt,
1966) and φe is the shape factor accounting for the irregular eutectic morphologies.
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Chapter 4
CONTINUUM MODEL AND NUMERICAL SOLUTION SCHEME

4.1 Continuum Model
Although the models summarized in Chapter 3 have a potential of simulating
many phenomena of the alloy solidification in different length scales, they introduced
many new parameters, which are unknown at this moment and some functions are not so
suitable for numerical computations. Therefore, the continuum model for binary solidliquid phase change (Bennon and Incropera, 1987a; Prescott et al., 1991) is used to
simulate the solidification of binary metal alloys. Following is the summary of the
mathematical model.
Continuum model equations for conservation of mass, x-momentum, ymomentum, energy, and species are the following.
Continuity
∂ρ
+ ∇ ⋅ ( ρV ) = 0
∂t

(4.1)

∂( ρu)
 ρ
 ∂p µ l ρ
+ ∇ ⋅ ( ρVu) = ∇ ⋅  µ l ∇u −
−
(u − u s )
∂t
 ρl
 ∂x K ρ l

(4.2)

x-momentum
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y-momentum
∂( ρv)
 ρ
 ∂p µ l ρ
+ ∇ ⋅ ( ρVv) = ∇ ⋅  µ l ∇v −
−
(v − v s )
∂t
 ρl
 ∂y K ρ l

[

(

+ ρ l g β T (T − To ) + β s C l − C l ,o

(4.3)

)]

Energy
∂( ρh)
k

k

+ ∇ ⋅ ( ρVh) = ∇ ⋅  * ∇h + ∇ ⋅  * ∇( h *s − h) − ∇ ⋅ f sρ( V − Vs )( h l − h s )
∂t
 cs

cs


[

]

(4.4)

∂(ρC)
+ ∇ ⋅ (ρVC) = ∇ ⋅ (ρD∇C) + ∇ ⋅ ρD∇( C l − C) − ∇ ⋅ f sρ( V − Vs )( C l − C s )
∂t

(4.5)

Species

[

]

[

]

Several assumptions were made to obtain equations (4.1-4.5), the most important
of which are (i) the solid phase forms a coherent mushy and remains stationary, (ii)
Darcy’s law applies in the mushy zone, (iii) no gaseous phase trapped in the system,
(note: void refers to the volume fraction of interdendritic liquid in the mushy region), (iv)
the mixture thermal conductivity is given by k = k l + ε( k s − k l ) , and (v) the rate of mass
diffusion through the solid phase is negligible (hence, D = f l D l ). The third terms on the
right side of equations (4.2) and (4.3) are Darcy damping terms. The permeability of the
mushy zone is determined from the Blake-Kozeny equation.
K = Ko

(1 − ε ) 3
ε2

(4.6)

where Ko is the permeability constant and ε is the volume fraction solid.
The second and third terms on the right side of equations (4) and (5) are diffusion
-like and advection-like source terms, respectively, that account for the two phase nature
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of the mushy zone. It is important that these terms are treated numerically in a manner
consistent with the treatments of the diffusion and advection terms of the main (mixture)
field variables.
Equations (4.1-4.5) can be cast in dimensionless form by introducing length,
velocity, time, temperature, enthalpy, and species concentration scales, in such a way that
the dominant terms are of order unity. Length and velocity scales are selected as L and
gβ T ∆TL , where ∆T is an appropriate temperature scale, and are typical for thermal
buoyancy induced convection problems. The time scale is the quotient of length and
velocity scales

L gβ T ∆T , and the enthalpy scale is cl∆T. Although species

concentration is dimensionless, it too is scaled with -∆T/m, where m is the slope of the
liquidus line on the equilibrium phase diagram, which simplifies the thermodynamic
relationships used for closure (see below). In dimensionless form, the governing
equations are

Continuity
∇ ⋅ ( V) = 0

(4.7)

x-momentum
∂u
+ ∇ ⋅ ( Vu) =
∂t

y-momentum

1
∂p (1 − ε ) ε 3
∇2 u −
−
(u − u s )
∂x
Gr
Da Gr
2

(4.8)
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∂v
+ ∇ ⋅ ( Vv) =
∂t

1
∂p (1 − ε ) ε 3
∇2v −
−
( v − v s ) + θ(1 + Nχ l )
∂y
Gr
Da Gr
2

(4.9)

Energy
1 + ε(κ s − 1) 2
1 + ε(κ s − 1) 2
∂η
+ ∇ ⋅ ( Vη) =
∇ η+
∇ ( ηl − η)
∂t
Pr Gr
Pr Gr

[

(4.10)

]

− ∇ ⋅ f s ρ( V − Vs )( η l − ηs )

Species
1 − fs 2
1 − fs 2
∂χ
+ ∇ ⋅ ( Vχ) =
∇ χ+
∇ ( χ l − χ) − ∇ ⋅ f sρ( V − Vs )( χ l − χ s )
∂t
Sc Gr
Sc Gr

[

where θ =

]

(4.11)

β
T − Te
ks
h − he
− mC
, N = s , and κ s =
.
, η=
, χ=
∆T
kl
c l ∆T
mβ T
∆T

In order to simplify the supplemental relations for closure, the following
assumptions are invoked: (1) local thermodynamic equilibrium exists between the solid
and liquid phases, (2) thermophysical properties of each phase are constant (but different
from each other), and (3) the liquidus and solidus lines on the equilibrium phase diagram
are linear. Hence, the supplemental relations of Bennon and Incropera (1988) can be
used. Figure 4.1 shows the relevant portion of the simplified equilibrium phase diagram
in terms of θ and χ. Note that θe= 0 and χe= θf, and the liquidus and solidus lines are
described by the following equations.
θ liq = θ f − χ

(4.12)

χ
kp

(4.13)

θ sol = θ f −
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θ
θf

L

S+L
S
θe =0

0

χ s ,a = k p χ e

χe

χ

Figure 4.1 Dimensionless equilibrium phase diagram.
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Dimensionless enthalpies associated with solidus and liquidus temperatures are,
respectively,
η sol =

cs
θ
c l sol

(4.14)

η liq = θ liq + Ste

(4.15)

where
Ste =

hf
c l ∆T

(4.16)

The local state of the alloy is determined from its mixture compositions χ, on
which ηsol and ηliq depend, and the mixture enthalpy (η=fsηs+flηl).
If η > η liq :
θ = η − Ste

(4.17a)

fs = 0

(4.17b)

If η e < η < η liq :

θ=

− a 1 − a 12 − 4a 2 a 0

fs =

2a 2
1 θ − θ liq
1− k p θ − θf

(4.18a)

(4.18b)

where
a 0 = ( η − Ste)θ f −

a1 =

Steθ liq
1− kp

kp
1 − cs cl
θ liq −
Ste − θ f − η
1− kp
1− kp

(4.19a)

(4.19b)
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a2 = 1+

cs cl − 1
1− kp

(4.19c)

If η sol < η < ηe :
θ = θe = 0

(

f s = 1 − 1 − f s ,e

(4.20a)

) ηη −−ηη

sol

e

(4.20b)

sol

where
f s ,e =

χe − χ

(

)

(

)

χe 1 − k p

η e = Ste 1 − f s,e

(4.21)

(4.22)

If η < η sol :
θ=

η
cs cl

fs = 1

(4.23a)
(4.23b)
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4.2 Numerical Calculation Schemes
The macroscopic conservation equations of the mixture models, (3.17), (3.36),
(3.45), and (3.54) and the governing equations in the continuum model, (4.7) through,
(4.11) were deliberately cast into a general advection-diffusion form in order to utilize
the control-volume based, finite difference SIMPLER algorithm (Patankar, 1980). The
general form is
∂( ρφ)
∂t

(

+ ∇ ⋅ ( ρVφ) = ∇ ⋅ ( Γ∇φ) + S c + S p φ

)

(4.24)

where φ is a general scalar quantity, Γ is the diffusion coefficient, and (Sc+Spφ) is a
linearized source term. For the discretization of the advection term, Patankar (1980)
suggested a power law difference scheme, which is a variation of the first-order upwind
difference scheme. However, it has been found that for the natural convection problems
of low Prandtl number fluids, the first-order accurate schemes for the advection terms
introduce excessive false diffusion (Mohamad and Viskanta, 1989) and thus dampen
dynamic behaviors such as oscillatory states observed in Hurle et al.’s (1974)
experiments. On the other hand, the second-order accurate central difference scheme
(CDS) for advection terms has successfully predicted the dynamic characteristics of an
oscillatory convection state (Cless and Prescott, 1996). Hence, a scheme higher than firstorder should be used to correctly predict the behavior of a liquid metal.
Since it has been known that the numerical instabilities of the central difference
scheme are great for the solidification problem, which has large source-driven liquid
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concentration gradients (Prescott and Incropera, 1991), rather than using the CDS, an
alternative second-order finite difference scheme, called QUICK (Leonard, 1979), was
implemented for the energy and species equations. However, since the momentum
equation requires special, individual treatment in the SIMPLER algorithm, it was
discretized, using the central difference scheme. Hence, the numerical implementation
used here was a combination of central difference and QUICK schemes and is referred to
as CDS/QUICK.
The QUICK scheme was implemented in the manner proposed by Hayase et al.
(1992) and the implementation is explained in below. Furthermore, to be consistent with
the discretization of the main advection term, interpolation was used to evaluate the
advection-like source term in equations (4.10) and (4.11), with the upstream direction
determined from the mixture velocity components.
The QUICK scheme employs a three-point upstream-weighted quadratic
interpolation technique of a control-volume approach for calculating on a staggered grid.
Figure 4.2 shows the one-dimensional staggered grid. The evaluation of the scalar φ at
the control volume surface can be done by fitting a parabola to the values of at three
consecutive nodes, i.e., the two nodes located on either side of the surface of interest,
plus the adjacent node on the upstream side. In order to ensure the final discretized
equations to satisfy the rules given by Patankar, the surface values are evaluated as
following (Hayase et al., 1992).
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Figure 4.2 One-dimensional, uniform, staggered grids.
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For u e > 0, u w > 0,
φ e = φ i + S e+
φ w = φ i −1 + S +w

(4.25)

For u e < 0, u w < 0,
φ e = φ i + 1 + S e−
φ w = φ i + S −w

(4.26)

where the source terms S e+ , S +w , S e− , and S −w are generally written as
S = aφ 1 + bφ 2 + cφ 3
a=
b=
c=

(x
(x
(x

u

(x
(x

1
u

u
3

(4.27)

− x 2 )( x u − x 3 )
− x 2 )( x 1 − x 3 )

− x 1 + x 2 − x 3 )( x u − x 2 )

(x

2

− x 3 )( x 2 − x 1 )

(4.28)

− x 1 )( x u − x 2 )
− x 1 )( x 3 − x 2 )

The corresponding subscripts for each source term are shown in Table 4.1 and x is the
coordinate of the variable φ. In the case of uniform grids, the source terms become
1
1
3
φi −1 − φi + φ i +1
8
4
8
1
1
3
S +w = − φ i − 2 − φ i − 1 + φ i
8
4
8
1
1
3
S e− = − φ i + 2 − φ i + 1 + φ i
8
4
8
1
1
3
S −w = − φ i + 1 − φ i + φ i − 1
8
4
8
S e+ = −

(4.29)
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Table 4.1 The corresponding subscripts for source terms
Source term

u

1

2

3

S e+

e

i+1

i

i-1

S +w

w

i

i-1

i-2

S e−

e

i

i+1

i+2

S −w

w

i-1

i

i+1
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Using the QUICK scheme, the equation (4.24) can be discretized over a computation
control-volume as shown in Figure 4.3 and it results
aP
1− α
a P φ *P
φ P = a E φ E + a WφW + a N φ N + a SφS + b +
α
α

(4.30)

where aE, aW, aN, aS are advection-diffusion coefficients, b is a source/transient
coefficient, and aP is a combined advection-diffusion and source/transient coefficient.
Also, α represents a relaxation coefficient and φ *P represents the value of φ P from the
previous iteration. The coefficients are exactly same as the first-order upwind scheme
except b and aP
b = −S e+ Fe+ − S e− Fe− + S +w Fw+ + S −w Fw− − S +n Fn+ − S −n Fn− + S s+ Fs+ + S s− Fs−
+ S c ∆x∆y + a oP φ oP
aP =

∑a + a

o
P

+ a Q − S P ∆x∆y

(4.31)
(4.32)

where
a Q = Fe+ + Fe− − Fw+ − Fw− + Fn+ + Fn− − Fs+ − Fs−

(4.33)

Fe+ = max(ρu e ,0)A e

(4.34)

Fe− = min(ρu e ,0)A e

(4.35)

The other advection coefficient F’s are defined similarly. The quantity aPo refers to values
at the previous time step.
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Figure 4.3 Computational control volume.
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4.3 Numerical Calculation Conditions
All the simulation studies were carried out on a non-uniform grid of a
computational domain, which was patterned after the experimental apparatus for which
H=L=0.1m. Figure 4.4 illustrates the problem domain and the boundary conditions
employed in numerical simulations are summarized in Table 4.2. All four walls of the
cavity are impermeable and slip free. The alloy is initially in a quiescent, isothermal
molten state and is at a temperature higher than the liquidus temperature of the initial
alloy composition. At time t=0, the thermal conditions for left and right side walls are
applied while other walls maintain adiabatic. Note that Tc is less than the eutectic
temperature and Th is higher than the liquidus temperature of the initial alloy
composition.
The equilibrium phase diagram for the gallium-indium system is shown in Figure
2.2 and the main properties are shown in Table 2.1. The properties and the initial and
boundary conditions are converted to dimensionless parameters in order to incorporate
the equations in Chapter 4.1 and they are shown in Table 4.3. The temperature scale used
in the simulation is the difference between the liquidus and eutectic temperatures (i.e.
∆T=14.7 K). The hot and cold side temperatures are equivalent to 30 and –15 °C.
The computation domain has been discretized to grid lines spaced as the
following relations,
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Figure 4.4 Problem domain.
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Table 4.2 Boundary conditions employed in numerical simulations.
Case

Left wall

Right wall

Top wall

Bottom Wall

I

T=Tc

adiabatic

adiabatic

adiabatic

II

T=Tc

T=Th

adiabatic

adiabatic
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Table 4.3 Controlling dimensionless parameters.
Parameters

Value

Gr

Grashof Number

1.35×108

Pr

Prandtl Number

0.032

Sc

Schmit Number

150

Da

Darcy Number

4.80×10-9

Ste

Stefan Number

11.8

N

Buyoancy Parameter

-7.42

cs/cl

Specific Heat Ratio

0.611

κs

Thermal Conductivity Ratio

3.14

kp

Equilibrium Partition Ratio

0

θf

Fusion Temperature

14.03

θi

Initial Temperature

1.34

θh

Hot Side Temperature

1.34

θc

Cold Side Temperature

-2.06

χi

Initial Composition

13.04
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 i −1 

xi = W × 
 N x 2 − 1

1.5

 j−1 

y i = L × 
 N y 2 − 1

1.5

(4.36a)

(4.36b)

where i=1,2,…, Nx/2, j=1,2,…, Ny/2, and xi and yi are the locations of the grid lines from
the boundary to the center of the computational domain, while Nx and Ny are the total
number of grid lines, in the x- and y- directions respectively. In order to determine the
number of grids, Case I in Table 4.2 was simulated with different numbers of grids. A
time step of 0.005 was used in the calculations. Figure 4.5 shows the calculated
dimensionless temperature at x*=0.50 and y*=0.05 between dimensionless time unit 0
and 10 with different number of grids. All temperature profiles followed the same trend.
However, since the temperature was averaged from temperature at the surrounding grids
around the location, the temperature varied with the number of grids. Considering 1%
variation as a threshold, the number of grids for the calculation should be greater than 50
by 50.
In a similar way, Case I was simulated again with different size of time steps, to
determine a proper time step for the calculation. A mesh of 50 by 50 has been used in
calculation. Figure 4.6 shows the calculated dimensionless temperature at x*=0.50 and
y*=0.05 between dimensionless time unit 0 and 10 with different time steps. Unlike the
temperature variations in different grid size, the temperatures were expected to be the
same if the time step was small enough. In Figure 4.6, the calculation result of ∆t=0.01
starts to deviate from others, indicating that the time step was too big to resolve the

Figure 4.5 Cooling curves for different numbers of grids.
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Figure 4.6 Cooling curves for different time steps.
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transient system. Therefore, the time step that can be used in the calculation should be
less than 0.01 units.
From the dependency study results shown in Figures 4.5 and 4.6, a time step of
0.005 units and grid dimensions of 50 by 50 were chosen to resolve the system transients
of a control-volume-based finite difference method with the least amount of calculation
power. The selected numerical mesh for the discretization is shown in Figure 4.7.
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Figure 4.7 Numerical mesh for the calculation.
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4.4 Comparison of Finite Difference Algorithms
Traditional implementations of the continuum model have utilized either upwind
(UPS) or power-law (PDS) difference schemes and fully implicit time marching (Bennon
and Incropera, 1987b; Prescott and Incropera, 1994), which are known to dampen
dynamic behavior. Hence, the higher order scheme, CDS/QUICK is implemented in this
study. In this section, the results of CDS/QUICK are compared with those from
traditional calculation procedures and demonstrate better ability of resolving dynamic
features of thermosolutal convection during solidification of metal alloys.
The solidification of Ga-In binary metal alloys for case I was simulated using
both first-order (PDS) and second order (CDS/QUICK) methods. Calculated results for
case I are shown in Figures 4.8-4.13, which contain plots of velocity vectors, streamlines,
isotherms, and liquid isocomps. Figures 4.8 and 4.9 show conditions predicted at t=5 by
the PDS and CDS/QUICK schemes, respectively, and are representative of the early
solidification period. The structures of thermosolutal convection patterns predicted by the
two schemes at t=5 are nearly identical, but isotherms and especially liquid isocomps are
more greatly distorted by the fluid motion in the CDS/QUICK simulation, Figures 4.8 (cd) and 4.9 (c-d), because false diffusion effects are reduced. The reduction in false
diffusion (viscosity) in the CDS/QUICK scheme also accounts for the 11% increase in
maximum velocity predicted at t=5, Figures 4.8 (a) and 4.9 (a).
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(a) Velocity

(b) Streamlines

(c) Isotherms

(d) Liquid Isocomps

Figure 4.8 Solidification conditions predicted by PDS at t=5: (a) velocity vectors, (b)
streamlines, (c) isotherms, and (d) liquid isocomps.
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(a) Velocity

(b) Streamlines

(c) Isotherms

(d) Liquid Isocomps

Figure 4.9 Solidification conditions predicted by CDS/QUICK at t=5: (a) velocity
vectors, (b) streamlines, (c) isotherms, and (d) liquid isocomps.
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Figures 4.10 and 4.11 show solidification conditions predicted by the PDS
and CDS/QUICK schemes, respectively, at t=25, when a transition from thermally- to
solutally-dominated convection is occurring. In both cases, the upflow of interdendritic
liquid and its discharge from the mushy zone are chilling the top portion of cavity and
responsible for slightly enhanced growth of the fully solid zone near the top, as shown in
Figures 4.10 (a) and (c) and 4.11 (a) and (c). The growth of the mushy zone and the
liquid concentration gradients therein increase the strength of the solutal recirculation
cell, but its ability to decrease the strength of the thermal cell is reduced in the
CDS/QUICK simulation, because artificial viscosity has been reduced. Hence, the initial
thermal cell remains stronger and active for a longer period of time in the CDS/QUICK
simulation. Furthermore, the structure of the thermosolutal convection predicted by the
CDS/QUICK scheme, Figure 4.11 (b) is more complex than that predicted by the PDS,
Figure 4.10 (b), which is due in part to the greater degree of distortion in temperature and
liquid concentration fields by advection, Figure 4.11 (c) and (d), which, through their
effect on buoyancy forces, affect vorticity production in the liquid. The competition
between thermal and solutal cells predicted by the CDS/QUICK scheme results in the
impingement of warm liquid in the liquidus interface near y=0.5 and retard the growth of
the mushy zone relative to regions above and below the impingement region.
Eventually, solutal force arising within the mushy zone dominated over thermal
buoyancy forces. Figures 4.12 and 4.13 show solidification and convection conditions
predicted by the PDS and CDS/QUICK schemes, respectively, at t=70, when a single
solutal cell occupied the mushy and melted zones, Figures 4.12 (b) and 13 (b).
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(a) Velocity

(b) Streamlines

(c) Isotherms

(d) Liquid Isocomps

Figure 4.10 Solidification conditions predicted by PDS at t=25: (a) velocity vectors, (b)
streamlines, (c) isotherms, and (d) liquid isocomps.
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(a) Velocity

(b) Streamlines

(c) Isotherms

(d) Liquid Isocomps

Figure 4.11 Solidification conditions predicted by CDS/QUICK at t=25: (a) velocity
vectors, (b) streamlines, (c) isotherms, and (d) liquid isocomps.
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(a) Velocity

(b) Streamlines

(c) Isotherms

(d) Liquid Isocomps

Figure 4.12 Solidification conditions predicted by PDS at t=70: (a) velocity vectors, (b)
streamlines, (c) isotherms, and (d) liquid isocomps.
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(a) Velocity

(b) Streamlines

(c) Isotherms

(d) Liquid Isocomps

Figure 4.13 Solidification conditions predicted by CDS/QUICK at t=70: (a) velocity
vectors, (b) streamlines, (c) isotherms, and (d) liquid isocomps.
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Differences in prior convection conditions are manifest as small differences between
plots in Figures 4.12 and 4.13, but overall, convection conditions predicted by the two
schemes at t=70 are very similar to each other. As time continues, differences become
even less noticeable, because the effect of the Darcy damping terms on fluid flow
increases, while advection effects decrease, as the mushy zone grows.
The effect of using higher-order discretization schemes for advection and
transient terms is most pronounced during early and intermediate stages of solidification.
When thermal and solutal buoyancy forces interact, there is significant flow oblique to
the grid (which enhances false diffusion), and advective transport is yet controlled by
Darcy damping effects. It should be noted that, if the transport of dendrite fragments had
been considered, differences between the two schemes may have been greater, since
Darcy damping effects would have been absent for a longer period of time. In later stages
of solidification, when solutal convection occurs exclusively and is limited by Darcy
damping in the mushy zone, differences between the first and second order integration
schemes are insignificant. Since the flow dynamics in the early and intermediate stages is
very important during the alloy solidification, the second order integration scheme is
utilized to resolve dynamics features of thermosolutal convection.
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Chapter 5
RESULTS AND DISCUSSION

5.1

Introduction

The solidification of a gallium-27 wt. pct. indium metal alloy from a vertical
sidewall in a square mold was investigated. Two sets of boundary conditions were
considered. In the first set of boundary conditions, the solidification was initiated from
the left vertical wall, while other walls maintained the adiabatic condition. This
condition simulated a regular casting procedure and it was expected that the convection
flow would have a great influence only in the early stage of the solidification, causing
some macrosegregation in the solidified ingot. In the second set of boundary conditions,
the solidification started from the left vertical wall like the first set but the right wall
maintained the temperature above the liqidus point, while other horizontal walls were
insulated. This condition would create higher and longer horizontal thermal gradients in
the alloy so that the influence of the convection flow would be more pronounced. The
second set would not occur in the real cast process. However, it would be interesting to
see how the macrosegregation would be changed over the long period of convection in
the alloy.
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Although neither the experiments nor the numerical simulations of this study
could fully determine the phenomena during solidification of a binary metal alloy, there
was still much to be learned. Shortcomings of the proposed experimental procedures
could be collected and they required careful and caution interpretations. On the other
hand, numerical simulations relied on simplifying assumptions and were limited by
computing resources.
The material in this chapter is presented in chronological order in which results
were obtained. Namely, experimental results are presented first and are followed by the
numerical simulation. The subsequent comparison between experiments and predictions
shows the adequacies of the predictions and gives further understanding of the
solidification process in a binary alloy.
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5.2

5.2.1

Case I: One Side Cooling Case

Case I: Experimental results.
Several experiments were performed for the first set of boundary conditions. The

procedure is described in Section 2.5. The temperatures at certain strategic locations were
measured, in order to understand solidification characteristics of the metal alloys, and
quantified macro-segregation patterns of fully solidified ingots were obtained by neutron
radiography. The initial alloy temperature was 35°C and a cold left wall temperature was
-15°C, while all other surfaces were insulated. The reproducibility of the experimental
runs is illustrated in Figures 5.1 (a-c), which show measured temperature histories at the
mid-horizontal plane of the cavity for x*=0.05, 0.50 and 0.95 respectively for three
different runs. Differences between cooling curves at x*=0.05 (Figure 5.1 a) are less than
0.7°C. Although run-to-run differences are somewhat greater at x*=0.50 and 0.95
(Figures 5.1 b and c), identical trends occur in all runs and the overall repeatability is
achieved. The differences can be attributed to minor variation of initial conditions and
random phenomena during the solidification, such as nucleation of a solid phase and
fracturing of dendrites.
Cooling curves at y*=0.50 and three horizontal locations are plotted in Figure 5.2
which shows that the entire solidification process occurs in six stages. Initially, the

Figure 5.1 Cooling curves for difference experimental runs at (a) x*=0.05, (b) x*=0.95, and (c) x*=0.95.

(a)
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Figure 5.1 Continued.

(b)
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Figure 5.1 Continued.

(c)
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Figure 5.2 Cooling curves at different x* locations for y*=0.50.
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superheated melt cools rapidly and becomes undercooled below the liquidus
temperature of 30°C (Stage I). Within approximately 300 s, a recalescence associated
with the nucleation and growth of primary indium-rich grains, occurs. The brief
recalescence period (Stage II) is followed by more than 1800 s, during which the primary
solid phase grows, and the interdendritic liquid becomes undercooled below the eutectic
temperature of 15.3°C (Stage III). At t≈2700 s, a second distinct recalescence occurs due
to the nucleation and growth of the secondary, gallium-rich solid phase (Stage IV).
Solidification continues with the eutectic interface advancing toward the right (insulated)
wall (Stage V), and finally for t > 5300 s, the fully solidified ingot cools further (Stage
VI).
Figure 5.3 shows the macrosegregation pattern obtained from the fully solidified
ingot using neutron radiography. Lines of constant mass fraction indium have been
superimposed on the image of the neutron radiograph, and the isopleth corresponding to
the nominal composition of 0.27 mass fraction indium is drawn with a thicker line. The
irregularity of the isopleths in Figure 5.3 indicates the difficulty with identifying trends
from a few discrete composition measurements along with regions of large composition
gradients (Shahani et al., 1992; Prescott et al, 1994). The neutron radiograph shows that
the regions near the bottom wall and lower half of the left (chilled) wall are enriched with
indium, while the top and middle-right regions are gallium-rich. The macrosegregation
pattern shown in Figure 5.3 is attributed to the advection of gallium rich liquid and
indium rich dendrite fragments during solidification, and helps to interpret measured
cooling curves.

137

Figure 5.3 Neutron radiograph showing the macrosegregation pattern (mass fraction of
indium) within the solidified ingot.
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Cooling curves at three vertical locations during the first 600 s period, are
plotted in Figures 5.4 (a-c) for x*=0.05, 0.50, and 0.95, respectively. An interesting trend
is seen near the chill plate for 15<t<180s in Figure 5.4 (a); the temperature at y*=0.75 is
lower than those at y*=0.50 and 0.25. This trend, which contradicts an expected positive
vertical temperature gradient due to thermal convection in the molten alloy, is attributed
to conjugate heat transfer between the coolant, chill plate, and alloy and to the release of
the latent heat associated with the growth of primary phase dendrites entrained in thermal
down flow near the chill plate. The coolant was introduced to the chill plate at the top and
exited at the bottom. Hence, the cooling effectiveness was largest near the top, which
might explain why the temperature at y*=0.75 was the lowest in the early stages of
solidification. Conjugate heat transfer effects assessed by reversing the direction of
measured at x*=0.05 during this additional experimental run are shown in Figure 5.5.
The temperatures at y*=0.25 are generally lower in Figure 5.5 than in Figure 5.4 (a),
while the temperature at y*=0.75 are higher in Figure 5.5 than in Figure 5.4 (a),
indicating the presence of a conjugate heat transfer effect. However, conjugate heat
transfer does not completely account for the aforementioned trend of relatively cool
temperatures at y*=0.75 in Figure 5.4 (a) during the early stage of solidification.
The high concentration of indium along the bottom wall and the lower half at the
chilled (left) wall in Figure 5.3, could be the result of indium rich dendrite fragments
being transported from upper regions and settling during early stages of solidification.
This pattern of transport would occur because thermal buoyancy forces in the bulk melt
would effect a counter-clockwise recirculation with down flow along the left wall and

Figure 5.4 Cooling curves at different y* locations (0<t<600 s) for (a) x*=0.05, (b) x*=0.50, and (c) x*=0.95.

(a)
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Figure 5.4 Continued.

(b)
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Figure 5.4 Continued.

(c)
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Figure 5.5 Cooling curves at different y* locations (0<t<600 s) for x*=0.05 in the opposite direction of coolant.
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because indium rich dendrites are denser than the bulk liquid. This pattern is also
consistent with the measured cooling curves in Figure 5.4 (a), because as the dendrites
fragments are being transported downward, they would grow in undercooled liquid by
which latent heat is released. Since more latent heat would be released in the lower
region, the upper region would cool more rapidly.
The cooling curves at x*=0.50 and 0.95 for t<90 s, Figures 5.4 (b) and (c), reveal
typical temperature stratification of thermal convection in differentially heated cavities
(Gebhart et al., 1988), indicating that the effects of latent heat release due to grain growth
are less significant away from the chilled wall. Past approximately 90 s, trends in the
cooling curves change, indicating changing convection conditions. At x*=0.05, Figure
5.4 (a), the temperatures at y*=0.50 fall below those at y*=0.25 after 180s, indicating the
possibility of upflow of interdendritic liquid near the chill plate. Figure 5.4 (c) shows a
pattern of recalescences beginning at t≈90 s, and the crossing of cooling curves at
y*=0.25 and 0.50 (three times) is indicative of a transitional period, during which
complex heat transfer conditions exist. Furthermore, the variability in cooling rates seen
in Figures 5.4 (b) and (c) for 90<t<390 s suggests that a flow condition in which dendrite
fragments are transported by liquid convection exists during this period, while the
smoothness of the cooling curves at later times is indicative of a coherent mushy zone in
which flow instabilities are damped.
Beginning at t≈390 s, temperatures at y*=0.50 drop below those at y*=0.25 at
both x*=0.50 and 0.95, Figures 5.4 (b) and (c), and the midplane temperatures remain
lowest until the second recalescence occurs at t≈2700 s. Since the macrosegregation
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pattern in Figure 5.3 shows gallium enrichment near the right-mid height region, the
cooling curves indicate that cool, gallium rich liquid is transported rightward near
y*=0.50 during the intermediate time period after about 390 s.
The aforementioned trends suggest the following possible scenario. Thermal
convection begins soon after the onset of cooling, and following the nucleation of the
primary solid phase, dendrite fragments are entrained in the down flow along the chilled
wall. Indium-rich grains are accumulated along the bottom and continue to grow in the
undercooled liquid, while a portion of the dendrites is transported through the cavity.
Solutally driven flow begins to occur within the array of fallen dendrites, and a
convection pattern develops with a clockwise, solutal cell occupying the bottom portion
of the cavity and a counterclockwise thermally driven slurry cell in the top. Hence, cold
gallium enriched liquid is transported from left to right near y*=0.50. The thermally
driven cell eventually decays as a coherent mushy zone forms and occupies the entire
cavity, and as the solidification proceeds further, the permeability of the mushy zone
decreases and heavily damps solutally driven flow to nearly stagnant conditions.

5.2.2

Case I: Numerical simulation using the continuum model.
The experimental test conditions using a Ga-27% In alloy in a square mold cavity

were numerically simulated, using the continuum model as reported in Chapter 4. The
boundary conditions are described in Chapter 4. Convection conditions of case I are
represented by field plots of velocity vectors, streamlines, isotherms, and liquid
isocomposition lines in Figures 5.6-5.8. These plots are drawn on an x-y plane. The
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solidus and liquidus interfaces are represented by thick lines on the plots. Velocity
vectors represent the mixture velocities and are scaled according to the current maximum
dimensionless velocity indicated at the bottom of each velocity plots. One unit of
dimensionless velocity based on ∆T=14.3°C and L=0.1m corresponds to 0.38 mm/s.
Streamlines associated with clockwise circulation have negative values, while
counterclockwise circulation cells have positive values. Those values are dimensionless.
Isotherms represent contours of constant temperature with the dimensionless temperature
at the left chill wall equal to -2.06 (-15°C). Liquid isocomposition lines are contours of
constant scaled gallium concentration in the liquid phase. One unit of dimensionless time
is equal to 2.6 seconds.
Once cooling is initiated at the left wall, a counterclockwise thermal convection
cell is established in the melt, due to temperature gradient in x-direction. As cooling
continues, solid dendrites begin to precipitate at the left cooled wall, thereby forming a
two-phase (mushy) zone, and the mushy zone grows with the liquidus and solid
interfaces moving horizontally. Figure 5.6 represents the convection conditions at t=5,
showing the solid and liquidus fronts are almost planar. Figure 5.6 (b) shows two
recirculation cells, one due to thermal buoyancy forces in the melt, and the other due to
solutal buoyancy forces in the mushy region. Isotherms in Figure 5.6 (c) are nearly
vertical, indicating one-dimensional horizontal conduction. In order to satisfy phase
equilibrium requirement, the precipitation of solid is accompanied by solvent (gallium)
enrichment of interdendritic liquid in Figure 5.6 (d), which induces solutal buoyancy
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(a) Velocity

(b) Streamlines

(c) Isotherms

(d) Liquid Isocomps

Figure 5.6 Convection conditions of Case I at t=5: (a) velocity vectors, (b) streamlines,
(c) isotherms, and (d) liquid isocomps.
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forces acting upward on the interdendritic liquid. Therefore, solutal buoyancy forces
oppose thermal buoyancy forces caused by horizontal temperature gradient and because
the density of gallium is significantly less than In, the solutal forces dominate within the
mushy zone (N=-5.8). However, since the gradient in solid volume fraction is large in the
mushy zone, Darcy damping is very strong and hence, the solutal upflow is very weak.
The thermally driven convection cell in Figure 5.6 (b) penetrates the liquidus
interface near the top and drives downward the interdendritic fluid escaping from the
mushy zone at the top, thereby confining the liquid composition gradient within the
mushy zone, Figure 5.6 (d). The fluid in the cell enters the mushy zone with nominal
composition and leaves with slightly higher gallium composition at the bottom by the
penetration. The high downward velocities in the thermally driven cell occurs along the
liquidus interface as shown in Figure 5.6 (a). They are likely to shear In-rich dendrite
tips and may transport them to the bottom of the cavity as proposed in the experiments.
As the mushy zone continues to grow, the influence of solutal buoyancy gradually
increases and creates very dynamic convection conditions. Figure 5.7 represents the
initial stage of a transition from thermally dominated to solutally dominated convection
at t=20. The solutal cell is growing in strength due to mushy zone expansion, while the
thermal cell is weakening, due to shrinking of melted region and decreasing of
temperature gradient. The solutally driven cell is discharging gallium-rich fluid into the
bulk melt at the cavity top (Figure 5.7 d). An accumulation of gallium rich fluid at the top
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(a) Velocity

(b) Streamlines

(c) Isotherms

(d) Liquid Isocomps

Figure 5.7 Convection conditions of Case I at t=20: (a) velocity vectors, (b) streamlines,
(c) isotherms, and (d) liquid isocomps.
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causes a depression in the liquidus temperature, which retards the growth of liquidus
front at the cavity top. Thus, the solid and mushy zone thickness become nonuniform.
The strong interaction between the two cells occurs near the top of the cavity,
Figure 5.7 (a), x*=0.45 and y*=0.70. The strong solutally driven flow, enriched with
gallium, leaves the mushy zone and depresses the local liquidus temperature, which is
favorable to remelting. In addition, the warm gallium-rich flow is advected from the melt
into mushy zone and remelting is enhanced. This condition favors the development of a
channel. However, in this case, the fast advancement of liquidus does not give enough
time for full development of a channel.
The momentum associated with the thermal convection cell gradually decreases,
as temperature gradients in the melt diminish and opposing solutal buoyancy forces
increase. At t=45, the thermal cell is confined to the bottom, right corner of the cavity,
Figure 5.8 (b), while the solutal cell encompasses the mushy zone and most bulks melt,
which has become solutally stratified, Figure 5.8 (d). The thermal cell is completely
extinct by 50 time units, beyond which a large solutally driven cell occupies the entire
mold cavity and provides for the recirculation of interdendritic liquid.
Figure 5.9 shows the evolution of macrosegregation patterns in the solidifying
ingot at different time. The value of macrosegregation corresponds to the mixture gallium
mass concentration. As cooling is initiated, thermosolutal convection begins in the mushy
zone and the melt. The convection conditions start to build up gallium-enriched regions
near the top of the cavity and indium enriched regions near the bottom (Figure 5.9 a).
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(a) Velocity

(b) Streamlines

(c) Isotherms

(d) Liquid Isocomps

Figure 5.8 Convection conditions of Case I at t=45: (a) velocity vectors, (b) streamlines,
(c) isotherms, and (d) liquid isocomps.

151

(a) t=5

(b) t=20

(c) t=45

(d) t=180

Figure 5.9 Macrosegregation patterns of Case I after t= (a) 5, (b) 20, (c) 45, (d) 180.
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Gallium-rich interdendritic fluid in the upper middle portion of the ingot, flows
upward into a warmer region of the mushy zone, partially remelting or dissolving the
existing solid. Hence, a channel is created in the region and as interdendritic fluid is
drawn into a channel, it precipitates indium in a region to the right and below the
channel, leading to an A-segregate pattern (Figure 5.9 b)
Macrosegregation continues and solutal convection in the mushy zone enriches
the lower regions of the ingot with indium and transports gallium to the top and
downward along the right wall. Thus, a gallium-rich wedge (analogous to a cone in a
cylindrical ingot) segregate is well developed by t=180 (Figure 5.9 d). Beyond t=180,
macrosegregation does not evolve significantly, because the interdendritic fluid becomes
nearly stagnant throughout most of the mold cavity due to increased solid fraction and
decreased permeability.

5.2.3

Case I: Comparisons between experimental results and numerical
predictions.
Measured and predicted cooling curves of case I are compared in Figures 5.10 (a)

-(c), which corresponds to the temporal temperature variations in y*=0.75, 0.50, and 0.25
respectively. Solid lines in the figures correspond to measurements from the experiment
of case I, while dashed lines correspond to prediction of the equilibrium continuum
model. Overall, the measured cooling rates in experiments exceed the predicted cooling
rate, and trends of numerical and experimental results are somewhat similar. The

Figure 5.10 Measured and predicted cooling curves of Case I for (a) y*=0.25, (b) y*=0.50, and (c) y*=0.75.

(a)
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Figure 5.10 Continued.

(b)
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Figure 5.10 Continued.

(c)
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discrepancy between the experimental results and predictions may come from the
model assumptions and uncertainties in prescribing the model parameters, such as the
thermophysical properties of the working fluids.
The other major discrepancy is that undercooling and recalescence are absent in
the predicted cooling curves since the numerical predictions were based on assumption of
local thermodynamic equilibrium between solid and liquid phases and continuous
stationary solid phase. Particularly, the assumption of equilibrium causes the predicted
cooling rates to be lower than measured ones because the experiments showed about
maximum 30°C of undercooling for a long time and thus, the release of latent heat is less
in experiments during the earlier period of solidification. This disagreement is very
important in regards to macrosegregation, since the recalescence after the undercooling
during the early stages of solidification has a great influence on channel formation and
macrosegregation patterns. Therefore, the prediction without including proper modeling
of non-equilibrium phenomena, causes a big discrepancy with the experimental results as
shown in the figures and the numerical results are not suitable for direct comparison.
Figure 5.11 shows the predicted macrosegregation pattern at t=365 with the
captured macrosegregation pattern of the fully solidified alloy through the neutron
radiography. At t=365, the solidification was 98 percent completed. From the figures, one
major difference is that much broader area enriched with gallium appears on the top and
the minimum gallium region appears between the top and bottom areas in the experiment
result except the very top left small area. Comparing the cooling curves, the difference

(b)

Figure 5.11 Macrosegregation patterns of the fully solidified ingot for Case I: (a) experimental result (b) predictions at t=365.

(a)
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may be related to the unusually large undercooling (approximately 25°C) in a long
period of the time (approximately 900 s) after the first recalescence related to the first
nucleation during the experiments (Figure 5.2). During this period, the primary solid
phase enriched with Indium grows and the interdendritic fluid with higher content of
Gallium escapes from the mushy zone to the top as shown in Figure 5.5. Since this
process occurs long period without occurrence of the second phase in the experiments
and the entire alloy temperature is below the liquidus temperature, the entire alloy could
become slurry and the top area would collect much more gallium content than the
prediction. Consequently, the thermally driven convection cell might occur in the
uniform gallium-rich area for a long time due to the lack of solutal stratification and the
area might go through a different solidification process than the rest of the alloy. In the
prediction, the solutally driven convection cell encompasses the entire alloy very quickly
due to the fast decrease in the thermal gradient and the solutal stratification. Therefore,
the top area above 0.07 meter might have an almost uniform composition with higher
gallium content and the minimum gallium region was formed between the top and bottom
regions.
Another difference between the experiments and predictions is that the
experimental result does not show any channel formation near the cold wall while the
prediction shows two incompletely developed channels. It should be noted from the
predictions that the channels appear only close to the interface between the mushy and
solid regions. Since the fully solid region did not appear for a long time due to the heavy
undercooling, the formation of the channel might be oppressed. After the solidification of
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second phase is triggered, the solid front might advance very quickly and did not give
enough time for the channel formation. It also should be noted that the channel formation
was encouraged in the predictions because the solid phase was assumed to be stationary.
However, in the experiments the dendrites related to the first phase solidification could
be freely moved along the interdendritic flow and some of them might be accumulated in
the bottom of the ingot as shown in Figure 5.11 (b).
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5.3

5.3.1

Case II: One Side Cooling and The Other Heating Case

Case II: Experimental results.
Another set of experiments was performed with different thermal boundary

conditions. The vertical right wall was replaced with another copper heat exchanger,
which served as a heat source. Initially, the alloy was prepared at 42°C and thermal
boundary conditions were imposed with the left cold wall at -15°C and the right hot wall
at 35°C after the alloy was cooled to 35°C. Because the right wall temperature was above
the liquidus one, thermal buoyancy forces prolonged longer in the melt, and their
interaction with solutal buoyancy forces lead to very complicated results. Figure 5.12
shows the cooling curves at y*=0.50 and three horizontal locations. The solidification
process undergoes six sequential stages before it reaches a steady state. As the initial
superheated melt cools down (Stage I), a recalescence associated with the formation of
primary indium-rich grains occurs within 300s (Stage II), and the liquidus front advances
from the left to the right walls. It is followed by the interaction between thermal and
solutal buoyancy forces in the melt, resulting in double diffusive convection while the
primary solid phase grows and the liquid near the chill plate becomes undercooled below
the eutectic temperature (Stage III). At t≈10300s, a second recalescence related to the
nucleation and growth of the secondary solid phase, occurs (Stage IV). After the brief

Figure 5.12 Cooling curves at different x* locations (0<t<15000 s) for y*=0.50 (Case II).
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distinct recalescence period, the cooling curves show periodic fluctuation, associated
with the breakage and re-melting of dendrites on the solidification front (Stage V). After
t≈14000 s, the fluctuation disappears and finally at t≈20300s, ingot reaches the steady
state condition (Stage VI).
Figure 5.13 shows the macrosegregation pattern of the quenched ingot obtained
from neutron radiography. Similarly to the previous set of experiments, the regions near
bottom and left walls have high concentration of indium, while the top regions are
enriched with gallium. A distinct change of the composition in the bottom half is shown
and believed to be the fully solid front when the ingot reaches the steady state (Figure
5.13). The shape of the curved interface is smooth and extends more horizontally at the
bottom of the test cell. The right side of the interface shows nearly uniform composition
enriched with gallium, due to the convective mixing caused by the prolonged heat source.
Figures 5.14 (a-c) show cooling curves at three vertical locations for x*=0.05,
0.50, and 0.95, respectively. In Figure 5.14 (a), the interesting trend of temperature
profile near the chill plate observed in the previous set of experiments, is also shown
here; the temperature at y*=0.75 is lower than those at y*=0.50 and 0.25. In Figure 5.13,
the region enriched with indium, is at the very bottom of the test cell. The observations
from two figures propose that very initially, some of primary phase dendrites were not
firmly attached to the heat exchanger, descended downward along the right wall,
releasing latent heat, and were collected at the bottom. After the melt cooled down, the
mushy zone formed in the region next to the chill plate and the solutal buoyancy forces
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Figure 5.13 Neutron radiograph showing the macrosegregation patter (mass fraction of
Indium) within the solidified ingot (Case II).

Figure 5.14 Cooling curves at different y* locations (0<t<15000 s) for (a) x*=0.05, (b) x*=0.50, and (c) x*=0.95 (case II).

(a)
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Figure 5.14 Continued.

(b)
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Figure 5.14 Continued.

(c)
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dominated near the chill plate, resulting in the coldest at the top and the warmest at
the bottom, which is consistent with the cooling curves in Figure 5.14 (a).
The cooling curves at x*=0.50 for t<150s in Figure 5.14 (b) reveal typical
temperature stratification under thermal convective effects. Approximately at t≈150s, the
melt at y*=0.75, undercooled below the liquidus temperature, shows the first
recalescence and the releases latent heat influencing temperatures at other locations. The
crossing of cooling curves and the change of cooling rates for 150 < t <800 s indicate a
transitional period and eventually, the temperature at y*=0.25 becomes the warmest,
suggesting the formation of a solutally dominated coherent mushy zone during the
period.
The initial thermal stratification at x*=0.95 remains, until t≈250s longer than one
at x*=0.50, due to closeness to the heat source and a strong thermal buoyancy effect
(Figure 5.14 c). For 250 < t < 10300s, the cooling curves show complicated heat transfer,
possibly indicating double-diffusive convection phenomena. The melt at y*=0.25 starts to
be heated up at t≈250s, while the liquidus front already pasts the location of y*=0.25 and
x*=0.50 as shown in Figure 5.14 (b), and is moving toward the right wall. As the liquidus
front advances, the horizontal temperature gradient in the bulk melt becomes higher,
resulting in a strong thermally driven flow and more effective heat transfer between the
melt and heat source. Since the liquidus front advances faster at the bottom like the solid
front in Figure 5.13, the more heat transfer occurs at y*=0.25 than y*=0.50 and the
temperature at y*=0.25 becomes higher than one at y*=0.50. Also, the difference
between the patterns of the cooling curves indicates that the locations at y*=0.25 and
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y*=0.50 may be involved in different thermal driven double-diffusive "layers". The
sudden small temperature increase at y*=0.50 at t≈5000s may be resulted from breakage
of the interface between the layers and the different double-diffusive layers merge
together (Figure 5.13).
After the second recalescence at t≈10300s, the solid front advances from the left
chill wall to the right wall. Temperatures at y*=0.75 drop below those at y*=0.50 for
x*=0.50, Figure 5.14 (b) because the cold solid front advances faster at the bottom as
revealed in the macrosegregation patterns in Figure 5.13. The cooling curves at y*=0.50
and 0.25 after t≈10500s in Figure 5.14 (b) show several fluctuations and it may indicates
the remelt and re-growth of dendrite tips at the solid front, resulting a smooth solid front
(Figure 5.13). Since the influence of the temperature fluctuation is pronounced most at
y*=0.25 and x*=0.95 in Figure 5.14 (c), it suggests that the breakages of dendrite tips
around the location occur and they are transported downward in the melt. However, the
convective mixing in the melt unifies the composition in the melt as revealed in Figure
5.13.
Unfortunately, the aforementioned dynamic transitional trends cannot be fully
supported by the static image of quenched ingot obtained from neutron radiography
although the obtained macrosegregation patterns help to analyze the cooling curves to
some extent. For the given thermal boundary conditions, it is necessary to find the way of
capturing the transitional phenomena using neutron radiography. Therefore, additional
experiments need to be performed and analyzed with neutron radiographs to better
explain the convection during solidification of a binary metal alloy. Furthermore,
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experiments should be complemented with numerical simulations in order to interpret
the solidification data. As the data in Figures 5.2 and 5.12 indicate, it is important that
theoretical models should account for nonequilibrium phenomena, such as undercooling
and nucleation, and the transport of dendrite fragments in order to realistically predict the
complicated solidification.

5.3.2

Case II: Numerical simulation using the continuum model.
The same numerical scheme and model used in Case I are used for Case II and

boundary conditions are described in Chapter 4. Predicted velocity vectors, streamlines,
isotherms and liquid isocomposition lines for case II are shown in Figures 5.15 through
5.19. The graphical representations are in the same manner as in the previous case,
except units of dimensionless velocity and time based on ∆T=5.0°C and L=0.1m, which
correspond to 0.22 mm/s and 4.5 seconds, respectively. Additional to the problem
domain in Case I, copper heat exchangers on the left and right vertical mold walls are
added to simulate the experimental conditions more correctly. Initially, both the melt and
the mold are isothermal at 3.34 (32°C), which is above the liquidus temperature. Cooling
and heating occur over the vertical surface of the left and right heat exchangers,
respectively. The heat flux through the vertical surfaces is assumed to obey the following
relation

[

q ′′ = U Ts − Ta

]

(5.1)
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where the overall heat transfer coefficient, U is set at 1285 W/m2 K, Ts is the surface
temperature of heat exchangers, and Ta is assigned temperature, 35°C for the hot side,
and -15°C for the cold side. The contact resistance between the mold and alloy is
assumed to be negligible.
Once heating and cooling are initiated, the mushy zone starts to form at the left
wall, accompanied with gallium enrichment in interdendritic liquid, and the horizontal
temperature gradient is established. The predicted convective conditions of this early
time period are similar to the results of Case I as shown in Figure 5.15. At t=5, the mushy
zone has reached approximately 20% of the total length in the cavity and solutal
buoyancy forces create upflow in the mushy zone, resulting discharge of the fluid
enriched with gallium into the top of the melt and stratification of liquid composition
(Figure 5.15 d). Therefore, the solutally driven recirculation is generated in the region,
while the thermally driven one appears in the melt (Figure 5.15 b). Isotherms in the
mushy zone (Figure 5.15 c) are almost vertical, indicating one-dimensional conduction
heat transfer. However, since constant heating from the right wall causes a strong
counterclockwise thermal cell in the bulk melt, isotherms in the melt are greatly
distorted. The relatively weak solutal upflow in the mushy zone advects the cold liquid
enriched with gallium toward the top of the cavity, forming stratification of liquid
composition (Figure 5.15 d). The melt below the top layer is of a uniform concentration.
The presence of a strong thermal cell also retards the advancement of the liquidus front
and spreading of gallium-rich built-up at the top of the melt.
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(a) Velocity

(b) Streamlines

(c) Isotherms

(d) Liquid Isocomps

Figure 5.15 Convection conditions of Case II at t=5: (a) velocity vectors, (b) streamlines,
(c) isotherms, and (d) liquid isocomps.
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As solidification progresses, the solutal convection grows stronger and the top
layer in the melt continues extending vertically, while thermal convection remains strong
due to heating from the right wall. Since the Ga-In system is characterized by a large
Lewis number (Le≈5300), the thermal cell retains its original composition and the fluids
rise until it reaches a level where the density decrease due to heating is equal to the
density decrease caused by the presence of the gallium-rich liquid in the upper portion of
the test cell. Therefore, in the region below the gallium-rich top layer, the shape of the
mushy zone is predominantly influenced by the thermal natural convection flow. When
the thermal cell becomes confined to the bottom right area, the horizontal extent of the
mushy zone increases towards the bottom of the enclosure as shown in Figure 5.16
(t=40). Because of the interaction between thermal and solutal buoyancy forces, the
thermal cell is bisected and two clockwise cells appear; one in the right bottom and the
other in the middle bottom of the enclosure (Figure 5.16 b). The fully solid region starts
to appear from the right wall, advancing faster at the top at this moment due to
temperature distribution.
Once the stratification of composition in the melt is completed, the interaction
between thermal and solutal buoyancy forces becomes more complicated, creating
chaotic flow patterns. Liquid isocomposition contours in Figure 5.17 (d) (t=80) show that
the concentration in the cells is almost uniform due to convective mixing and thus,
thermal buoyancy forces become dominant over solutal ones locally, resulting in several
counterclockwise cells in the melt (Figure 5.17 b). As discharging of gallium-rich flow to
the melt continues, the gallium concentration in the lower layer increases and thus, the
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(a) Velocity

(b) Streamlines

(c) Isotherms

(d) Liquid Isocomps

Figure 5.16 Convection conditions of Case II at t=40: (a) velocity vectors, (b)
streamlines, (c) isotherms, and (d) liquid isocomps.
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(a) Velocity

(b) Streamlines

(c) Isotherms

(d) Liquid Isocomps

Figure 5.17 Convection conditions of Case II at t=80: (a) velocity vectors, (b)
streamlines, (c) isotherms, and (d) liquid isocomps.
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concentration difference across the double-diffusive interfaces becomes relatively small,
indicating that the interfaces can be eroded easily at later time. Figure 5.18 (t=170) shows
only two double-diffusive interfaces and the concentration in the cells is near uniform.
After the mixing of the liquid in the layers is completed, the concentration in the melt is
relatively uniform and the flow in the melt is dominated by thermal buoyancy forces
again as shown in Figure 5.19 (t=360). The mushy zone does not grow any more toward
the melt, but the solid front advances further to the right. Since the thermal natural
convection flow is downward near the mushy zone, the solid front is pressed towards the
bottom of the enclosure. Therefore, the solid front advances faster at the bottom. In
Figure 5.19 (a), the peak velocities occur at the interface between the melt and mushy
zone and their magnitude is the greatest in all the figures. In this simulation, the solid is
assumed to be stationary and thus the interface between the melt and the mushy zone
represents the end of the columnar dendrites. Hence, forces associated with the relatively
large momentum of fluid in cross flow to the dendrites could fracture the dendrites,
causing them to detach from the wall in real solidification. Detached, free-floating
crystals would continue to grow as they are transported through the undercooled melt and
would increase the local temperature due to the release of latent heat associated with
phase change. The process described may describe the temperature fluctuations after
5000 second and 10500 second in the experiments (Figure 5.14 c).
Eventually, the solidification rate diminishes to near zero and the system reaches
a steady state. The flow in the melt is now characterized by a thermally driven single
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(a) Velocity

(b) Streamlines

(c) Isotherms

(d) Liquid Isocomps

Figure 5.18 Convection conditions of Case II at t=170: (a) velocity vectors, (b)
streamlines, (c) isotherms, and (d) liquid isocomps.
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(a) Velocity

(b) Streamlines

(c) Isotherms

(d) Liquid Isocomps

Figure 5.19 Convection conditions of Case II at t=360: (a) velocity vectors, (b)
streamlines, (c) isotherms, and (d) liquid isocomps.
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clockwise cell with near uniform composition of the eutectic. The mushy zone
becomes narrow and weak solutal convection in the interdendritic flow is confined to a
relatively small region.

5.3.3

Case II: Comparisons between experimental results and numerical
predictions.
From the observation made in the comparison of Case I data, it was noted that the

predictions were not suitable for direct comparison to the experimental data due to the
shortcomings of the model used. Thereby, no attempt is made for direction comparison of
case II here. Rather, qualitative comparison is attempted to understand the solidification
procedure of Case II.
Figure 5.20 shows the predicted cooling curves in the different horizontal
locations at y*=0.50. The mushy zone forms quickly at the location of x*=0.05 and the
solid front passes the region in 100 seconds. The mushy zone front (liquidus interface)
advances to x*=0.5 around 280 seconds, of which the convection condition is described
in Figure 5.17 and the cooling curve at x*=0.95 starts to get complicated. While the
experiment showed the some sort of periodical pattern as shown in the phase V of Figure
5.12, the prediction does not show any regular pattern. It is contributed to the appearance
and disappearance of multiple cells flow pattern occurring in the melt as described in
Figures 5.17-5.19. Although the predictions do not reflect the physics of the experiments
exactly, this observation should not be ignored because it is known that the recirculation

Figure 5.20

Predicted cooling curves of Case II at y*=0.50.
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motion of multiple layers in the melt is possible when the solutal stratification is
minimal or stable and the heating is supplied through a vertical wall (Thompson and
Szekely, 1988). Thus, the complicated cooling curves occurring at x*=0.95 (Figure 5.14)
might occur due to the breakage of the dendrite, which could give the periodic pattern,
and complicated flow patterns in the melt, which could cause the deviation from the
periodic patterns.
Figure 5.21 shows the predicted macrosegregation pattern at t=240 with the
captured macrosegregation pattern of the quenched alloy through the neutron
radiography. White lines in Figure 5.21 (b) indicate the solidus and liquidus interfaces.
Like Case I, the one of differences is that the gallium rich area appears above y=0.05
meters and the minimum gallium region appears between the top and bottom areas in the
experiment, which might be due to the long period of undercooling before the fully solid
region occurs (Figure 5.12). The shape of liquidus front in the prediction is similar to the
shape of the interface where the distinct change of the composition occurred in the
experiment and the high composition change across occurs in the prediction and
experiment. Therefore, it is believed that the interface where the composition of the alloy
changes dramatically in the lower half was the solid front in the experiment when the
temperature distribution of the temperature in the alloy became steady. The smoothness
of the interface can be contributed due to the high velocity occurring along the liquidus
interface as shown in Figure 5.19.
A sort of channel was created in the experiments at the area of x=0.03 and y=0.50
meters while the prediction shows an incompletely developed channel at the area of

(b)

Figure 5.21 Macrosegregation patterns of the fully solidified ingot for Case II: (a) experimental result (b) predictions at t=240.

(a)
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x=0.03 and y=0.80 meters. Two channels show the opposite characteristics; the
channel in the prediction is probably formed by the penetration of the warm gallium rich
flow into the mushy zone in the early stage of the solidification and the channel in the
experiment seems to be formed by the unusual growth of the liquidus front into the melt
in the later stage of the solidification. The channel formed in the experiment should not
be confused with V-segregates, which are formed by the melt flowing downward to feed
the solidification shrinkage in the later stage of the solidification. If the channel in the
experiment is a V-segregate, the composition in the channel should be enriched with
gallium than the surround. However, the experiment result shows the high indium
content. Therefore, the channel in the experiment did not occur through the same
procedure as the prediction and the cause of the channel is not known at this point. The
channel in the prediction does not show in the experiment like in Case I due to the heavy
undercooling for a long period of time without the fully solid region after the mushy zone
starts to form and the fast advance of the solid front after the solidification of second
phase is triggered.
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Chapter 6
SUMMARY AND CONCLUSIONS

An investigation of convective transport phenomena during the solidification of a
metal alloy has been conducted. The transport phenomena strongly influence phase
change processes such as casting and thus, it is very important to understand the
attendant transport phenomena for gaining improvements of final product quality and
process efficiency. Many studies have been performed using aqueous salt solutions, even
though some important characteristics of metal alloys are very different from those of
analog solutions. Therefore, this investigation considered the solidification process of
gallium-27 wt. pct. indium alloy and the transport phenomena of the alloy were
experimentally and theoretically investigated.
A neutron radiographic method for measuring macrosegregation in solidified
ingots was developed and a series of carefully designed experiments has been performed,
using the developed neutron radiographic method and conventional measurements of
temperature history during the solidification. A gallium-27 wt. pct. indium alloy was
chosen as a working substance for neutron radiography, taking the advantage of the
disparity in attenuation coefficients of gallium and indium, and their low melting and
solidification temperatures. The solidification was started from one vertical wall in a
square mold cavity. Cooling curves were measured at nine locations within the cavity and
analyzed to infer transient convection patterns during solidification. The compositions in
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the fully solidified alloy were measured through the neutron radiographic method.
The obtained composition pattern revealed the macrosegregation in the alloy
quantitatively and thus, the neutron radiographic method effectively overcame the several
limitations of conventional experiments using metal alloys such as incapability of
visualization of ingots due to opaqueness, composition measurement of only several
discreet locations in ingots, and qualitative images of a solidified metal ingot using other
radiographic techniques.
The thermal conditions for the first set of experiments consisted of one vertical
isothermal cold left wall and other insulated walls. Experimentally measured cooling
curves revealed the presence of non-equilibrium phenomena during the early stages of
solidification and they could be summarized to six stages of convection evolution: the
rapid cooling of superheated melt, the first recalescence associated with the nucleation
and growth of the primary solid phase, the undercooling of the mushy alloy, the second
recalescence associated with the nucleation and growth of the secondary solid phase, the
advancement of the eutectic interface, and the cooling of the fully solidified ingot. The
macrosegregation pattern obtained by neutron radiography helped to interpret measured
cooling curves and it was found that indium-rich dendrite fragments were transported in a
thermally driven convection cell and they accumulated on the bottom of the mold cavity.
A solutally driven convection cell might develop in the lower half of the cavity during
primary phase growth, competing with the thermal cell, which occupied the top half of
the cavity. This intermediate thermosolutal convection pattern transported cool galliumenriched liquid to the right side of the mold cavity near the mid-height.
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The second set of experiments had similar thermal boundary conditions to the
first one, which were cold vertical left, warm vertical right, and insulated horizontal
walls. The cooling curves showed similar sequences of solidification process with the
first case except the competitiveness between thermal and solutal buoyancy forces due to
the existence of heat source, creating much more complicated convective conditions: the
rapid cooling of superheated melt, the first recalescence associated with the nucleation
and growth of the primary solid phase, the advance of the liquidus front and interaction
between thermal and solutal buoyancy forces in the melt, the second recalescence
associated with the nucleation and growth of the secondary solid phase, the breakage and
re-melting of dendrites and the advancement of the eutectic interface, and steady state
condition. It was understood with the help of neutron radiographic macrosegregation
patterns that additional to the phenomena observed in the first case, the prolonged
thermal cell resulted the semi-uniform composition near the hot wall, and remelting due
to the interaction between thermal and solutal cells created a smooth solid front, in which
indium was concentrated. However, the dynamic behavior of the experimental results has
not been fully explained yet and requires further research.
A mathematical model which accounts for different length scales in the
solidification by utilizing a multiphase approach, has been developed to predict the
transport phenomena during the phase change. The macroscopic mixture models were
developed from volume averaged conservation equations for each phase, and the
necessary microscopic models, which appeared in the interfacial transfer terms of the
macroscopic equations, were obtained from the open literature and modified to
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appropriate forms. Although the models had a potential of simulating the alloy
solidification in different length scales accurately, they introduced many new unknown
parameters and some functions, which were not suitable for numerical computations.
Therefore, the numerical simulation of the solidification of a gallium-indium alloy
was performed using a conventional equilibrium continuum model. A numerical
integration scheme, which was second order accurate in both space and time, was utilized
and involved central difference, QUICK, and semi-implicit time marching algorithms. In
order to evaluate the improvement of computational results using second order schemes
over conventional first order ones, numerical simulations using a power law difference
scheme with fully implicit time marching were performed. It was found that the second
order scheme predicted more dynamic convection conditions than the first order scheme,
which introduced significant false diffusion into simulations. Differences between two
schemes were most noticeable during early stages of solidification and when transitional
thermosolutal convection occurred. It was concluded that first order integration methods
were not well suited for resolving dynamic features of thermosolutal convection during
solidification of metal alloys and that higher order schemes were needed.
The results of the simulation of one side cooling case indicated that the
thermosolutal reaction between the solutal and thermal cells during early stages of
solidification was related to the formation of A-segregates and the accumulation of
gallium along the top right corner of the cavity, which eventually appeared as a wedge
segregate. The second simulation of the side cooling and heating case showed the similar
convection conditions to the first case for very early period, followed by the very
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complicated flow patterns during the intermediate stage and multiple layers of
convection cells, due to the vigorous double-diffusive interaction between thermal and
solutal buoyancy forces. However, when it reached a steady state condition, the thermal
cell existed in the melt of the uniform composition and a weak solutal cell occupied the
very thin mushy zone.
Even though the numerical simulation provided insight into the solidification
process, it was found that only qualitative agreement with the experimental results was
achieved. In order to improve the prediction, theoretical model should account for solid
particle transport and nonequilibrium phenomena, which were readily observed in the
experiments. Therefore, the micro/macroscopic models proposed in this research need to
be utilized in the future research to simulate the complicated phenomena correctly.
This investigation approached the solidification process through experiments and
numerical simulations. Utilizing neutron radiography has proved to be a promising tool
to measure macrosegregation in great details and to observe the transport phenomena.
The obtained images from neutron radiography were in great use of analyzing measured
cooling curves which revealed very complicated nature of the solidification process. The
numerical simulations showed the insight of solidification process and flow patterns
which were not directly observable in experiments. Numerical and experimental results
confirmed that during early stage of solidification, solid particle transport and double
diffusive convection due to the interaction between thermal and solutal buoyancy forces
were the key causes of macrosegregation. The heavy long undercooling and dendrite
transport in the melt created unexpected convective flow conditions, causing the
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uniformity in the melt but severe macrosegregation in the alloy. The high horizontal
thermal gradient in the alloy created complicated flow patterns in the melt and very high
flow velocity along the solid front. It encouraged the breakage of the dendrites and the
local accumulation of the dendrites as its result. It also created heavy thermal fluctuations
in the alloy, which can cause non-uniform solidification. Therefore, controlling nonequilibrium is as important as controlling thermal boundary conditions during the
solidification in order to improve the quality of the alloy. The current investigation
revealed some mechanism of macrosegregation development but the detailed information
is still missing. Hence, the neutron radiographic method needs to be further developed
and the suggested multi-scale model needs to be implemented in order to obtain the detail
of macrosegregation development process.
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Chapter 7
RECOMMENDATION FOR FUTURE WORK

Based on the major findings of and the experience earned from this work, the
following items are recommended for future study in the area of metal alloy
solidification.
•

Since solidification process is a transient problem, it is proper to find the way of
observing the convection flow patterns and development of macrosegregation as the
time progresses. It can be resolved by using a real time neutron radiographic method.
However, the method requires changing the current experimental setups. Since the
neutron beam has a difficulty of penetrating Plexiglas, the test cell has to be designed
with materials, which are transparent to neutron beams while serving as good
insulators.

•

The alloy in the experiments went through very high undercooling, which does not
happen in real foundry application. Therefore, it is recommended to consider using
different metal alloys as the working fluids in future experiments.

•

The solidification process can be different depending on the thermal conditions
around the ingot. Therefore, the influence of the geometrical change (aspect ratio)
and thermal boundary conditions need to be further investigated.

•

In order to improve the understanding of experimental results, improved
complementary numerical simulation should be performed. The experimental results

190
showed the detachment or attachment of dendrite arms on or from dendrites and
heavy undercoolings. Therefore, proper theoretical models for solid particle transport
and nonequilibrium phenomena are needed to understand the solidification problem
correctly.
•

In numerical simulations, it has been shown that conventional first order integration
methods are not suitable for the simulation of metal alloy solidification. Therefore,
higher order schemes should be used to predict results more accurately.

•

The numerical calculation assumed two-dimensional convectional transport.
However, in the experiment, the boundary layer existed along the back and front
panels and the flow was varied in the thickness direction of the test cell although the
thermal variation along the thickness direction should be minimal due to the heavy
insulation. Therefore, the three-dimensional effect in the experiments should be
studied and compensating the effect in the simulation may produce more accurate
results.
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Appendix
LISTING OF THE COMPUTATIONAL CODES

c
c

program main(input,output,tape2,tape3,tape4)
parameter(l1=50,m1=50,lda=50)
parameter(nfmax=9,np=10,nrho=11,ngam=12)
logical lsolve,lprint,lstop,loutpt
character*80 title
common/flag1/nf,ist,jst,iter,itert,last,lastt,
1
ipref,jpref,npint,npknt,ntimes(np),
2
lsolve(np),lprint(ngam),lstop,loutpt
common/flag2/time,dt,relax(ngam),smax,ssum,gamsld,delta
common/flag3/title(ngam)

c
c------c
call dfault
call grid
call geomt
call start
call misc
call dense
call setold
25 continue
c
c call misc before dense, so that solid and liquid densities can be
c calculated in misc.
c
c
call misc
call dense
c
c
call output
if(lstop) stop
call genslv
go to 25
end
c
c
******************************************************
c
** subroutine name : dfault **
*
c
******************************************************
c
* purpose : set defaults and zero arrays
*
c
******************************************************
c
subroutine dfault
parameter(l1=50,m1=50,lda=50)
parameter(nfmax=9,np=10,nrho=11,ngam=12)
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c

logical lsolve,lprint,lstop,loutpt
character*80 title
common/main/f(l1,m1,nfmax),p(l1,m1),rho(l1,m1),gam(l1,m1),
1
con(l1,m1),aip(l1,m1),aim(l1,m1),ajp(l1,m1),ajm(l1,m1),
2
ap(l1,m1),du(l1,m1),dv(l1,m1)
common/old/fold(l1,m1,nfmax),pold(l1,m1),rhold(l1,m1),
1
gamold(l1,m1),dfdto(l1,m1,ngam)
common/geom/x(l1),xu(l1),xdif(l1),xcv(l1),xcvs(l1),
1
y(m1),yv(m1),ydif(m1),ycv(m1),ycvs(m1),
2
r(m1),rmn(m1),arx(m1),arxj(m1),arxjp(m1),
3
sx(m1),sxmn(m1),xcvi(l1),xcvip(l1),ycvr(m1),ycvrs(m1),
4
fv(m1),fvp(m1),fx(l1),fxm(l1),fy(m1),fym(m1),
5
xl,yl,l2,l3,m2,m3,mode
common/flag1/nf,ist,jst,iter,itert,last,lastt,
1
ipref,jpref,npint,npknt,ntimes(np),
2
lsolve(np),lprint(ngam),lstop,loutpt
common/flag2/time,dt,relax(ngam),smax,ssum,gamsld,delta
common/flag3/title(ngam)
common/bound/indl(m1),indr(m1),indb(l1),indt(l1),flxl(m1),
1
flxr(m1),flxb(l1),flxt(l1)
dimension u(l1,m1),v(l1,m1),pc(l1,m1)
equivalence (f(1,1,1),u(1,1)),(f(1,1,2),v(1,1)),(f(1,1,3),pc(1,1))

c
c------c
data mode,last,lastt,iter,itert,time/1,5,1,0,0,0./
data relax,ntimes/ngam*1.,np*1/
data lstop,loutpt,lsolve,lprint/2*.false.,np*.false.,ngam*.false./
data dt,gamsld,npint,npknt,ipref,jpref/1.e20,1.e+15,9999,0,1,1/
data delta/1.0/
c
c
c------c
do 25 j=1,m1
do 25 i=1,l1
u(i,j)=0.
v(i,j)=0.
con(i,j)=0.
ap(i,j)=0.
pc(i,j)=0.
p(i,j)=0.
indl(j)=1
indr(j)=1
indb(i)=1
indt(i)=1
25 continue
c
do 50 nf=1,ngam
do 50 j=1,m1
do 50 i=1,l1
50 dfdto(i,j,nf)=0.0
c
c------c------return
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c
c
c
c
c
c

c

end
******************************************************
** subroutine name : setold **
*
******************************************************
* purpose : reset old dependent variables
*
******************************************************
subroutine setold
parameter(l1=50,m1=50,lda=50)
parameter(nfmax=9,np=10,nrho=11,ngam=12)
logical lsolve,lprint,lstop,loutpt
character*80 title
common/main/f(l1,m1,nfmax),p(l1,m1),rho(l1,m1),gam(l1,m1),
1
con(l1,m1),aip(l1,m1),aim(l1,m1),ajp(l1,m1),ajm(l1,m1),
2
ap(l1,m1),du(l1,m1),dv(l1,m1)
common/old/fold(l1,m1,nfmax),pold(l1,m1),rhold(l1,m1),
1
gamold(l1,m1),dfdto(l1,m1,ngam)
common/geom/x(l1),xu(l1),xdif(l1),xcv(l1),xcvs(l1),
1
y(m1),yv(m1),ydif(m1),ycv(m1),ycvs(m1),
2
r(m1),rmn(m1),arx(m1),arxj(m1),arxjp(m1),
3
sx(m1),sxmn(m1),xcvi(l1),xcvip(l1),ycvr(m1),ycvrs(m1),
4
fv(m1),fvp(m1),fx(l1),fxm(l1),fy(m1),fym(m1),
5
xl,yl,l2,l3,m2,m3,mode
common/flag1/nf,ist,jst,iter,itert,last,lastt,
1
ipref,jpref,npint,npknt,ntimes(np),
2
lsolve(np),lprint(ngam),lstop,loutpt
common/flag2/time,dt,relax(ngam),smax,ssum,gamsld,delta
common/flag3/title(ngam)

c
c------c
do 25 nf=1,nfmax
do 25 j=1,m1
do 25 i=1,l1
25 fold(i,j,nf)=f(i,j,nf)
do 75 j=1,m1
do 75 i=1,l1
pold(i,j)=p(i,j)
75 rhold(i,j)=rho(i,j)
c------c------return
end
c
******************************************************
c
** subroutine name : geom **
*
c
******************************************************
c
* purpose : geometry calculations
*
c
******************************************************
c
subroutine geomt
parameter(l1=50,m1=50,lda=50)
parameter(nfmax=9,np=10,nrho=11,ngam=12)
c
common/geom/x(l1),xu(l1),xdif(l1),xcv(l1),xcvs(l1),
1
y(m1),yv(m1),ydif(m1),ycv(m1),ycvs(m1),
2
r(m1),rmn(m1),arx(m1),arxj(m1),arxjp(m1),
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3
sx(m1),sxmn(m1),xcvi(l1),xcvip(l1),ycvr(m1),ycvrs(m1),
4
fv(m1),fvp(m1),fx(l1),fxm(l1),fy(m1),fym(m1),
5
xl,yl,l2,l3,m2,m3,mode
c
c-------------------------------c
c------- node counters -------c
c-------------------------------c
l2=l1-1
l3=l2-1
m2=m1-1
m3=m2-1
c----------------------------------------------c
c------- location of main grid points -------c
c----------------------------------------------c
x(1)=xu(2)
do 25 i=2,l2
25 x(i)=.5*(xu(i)+xu(i+1))
x(l1)=xu(l1)
y(1)=yv(2)
do 50 j=2,m2
50 y(j)=.5*(yv(j)+yv(j+1))
y(m1)=yv(m1)
c-------------------------------------------------------------c
c------- x-difference between successive grid points -------c
c-------------------------------------------------------------c
do 75 i=2,l1
75 xdif(i)=x(i)-x(i-1)
c------------------------------------------c
c------- x-dir widths of main cvs -------c
c------------------------------------------c
do 100 i=2,l2
100 xcv(i)=xu(i+1)-xu(i)
c----------------------------------------------------------c
c------- x-dir widths of staggered cvs for u(i,j) -------c
c----------------------------------------------------------c
xcvs(3)=x(3)-x(1)
do 125 i=4,l3
125 xcvs(i)=xdif(i)
xcvs(l2)=x(l1)-x(l3)
c----------------------------------------------------------------c
c------- portion of xcv(i) that overlaps cvs for u(i,j) -------c
c------- and cvs for u(i+1,j)
-------c
c----------------------------------------------------------------c
do 150 i=3,l3
xcvi(i)=.5*xcv(i)
150 xcvip(i)=xcvi(i)
xcvi(l2)=xcv(l2)
xcvip(2)=xcv(2)
c-------------------------------------------------------------c
c------- y-difference between successive grid points -------c
c-------------------------------------------------------------c
do 175 j=2,m1
175 ydif(j)=y(j)-y(j-1)
c------------------------------------------------------c
c------- y-dir widths of main control volumes -------c
c------------------------------------------------------c
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do 200 j=2,m2
200 ycv(j)=yv(j+1)-yv(j)
c----------------------------------------------------------c
c------- y-dir widths of staggered cvs for v(i,j) -------c
c----------------------------------------------------------c
ycvs(3)=y(3)-y(1)
do 225 j=4,m3
225 ycvs(j)=ydif(j)
ycvs(m2)=y(m1)-y(m3)
c---------------------------------------------------------c
c------- radial location of main grid points and -------c
c------- main cv faces
-------c
c---------------------------------------------------------c
if(mode.ne.1) go to 275
do 250 j=1,m1
r(j)=1.
250 rmn(j)=1.
go to 350
275 do 300 j=2,m1
300 r(j)=r(j-1)+ydif(j)
rmn(2)=r(1)
do 325 j=3,m2
325 rmn(j)=rmn(j-1)+ycv(j-1)
rmn(m1)=r(m1)
350 continue
c-----------------------------------------c
c------- scale factors for x-dir -------c
c-----------------------------------------c
if(mode.eq.3) go to 400
do 375 j=1,m1
sx(j)=1.
375 sxmn(j)=1.
go to 450
400 sx(1)=r(1)
do 425 j=2,m1
sx(j)=r(j)
425 sxmn(j)=rmn(j)
450 continue
c---------------------------------------------------------------c
c------- area r(dely) for main cvs and the area of the -------c
c------- main cv faces normal to the x-dir
-------c
c---------------------------------------------------------------c
do 475 j=2,m2
ycvr(j)=r(j)*ycv(j)
arx(j)=ycvr(j)
if(mode.ne.3) go to 475
arx(j)=ycv(j)
475 continue
c----------------------------------------------------------c
c------- area r(dely) of staggered cvs for v(i,j) -------c
c----------------------------------------------------------c
ycvrs(3)=.5*(r(3)+r(1))*ycvs(3)
do 500 j=4,m3
500 ycvrs(j)=.5*(r(j)+r(j-1))*ydif(j)
ycvrs(m2)=.5*(r(m1)+r(m3))*ycvs(m2)
c----------------------------------------------------------------c
c------- portion of arx(j) that overlaps cvs for v(i,j) -------c
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c------- and cvs for v(i,j+1)
-------c
c----------------------------------------------------------------c
if(mode.ne.2) go to 550
do 525 j=3,m3
arxj(j)=.25*(1.+rmn(j)/r(j))*arx(j)
525 arxjp(j)=arx(j)-arxj(j)
go to 600
550 do 575 j=3,m3
arxj(j)=.5*arx(j)
575 arxjp(j)=arxj(j)
600 arxj(m2)=arx(m2)
arxjp(2)=arx(2)
c---------------------------------------c
c------- interpolation factors -------c
c---------------------------------------c
do 625 j=3,m3
fv(j)=arxjp(j)/arx(j)
625 fvp(j)=1.-fv(j)
fx(2)=0.
fxm(2)=1.
do 650 i=3,l2
fx(i)=.5*xcv(i-1)/xdif(i)
650 fxm(i)=1.-fx(i)
fx(l1)=1.
fxm(l1)=0.
fy(2)=0.
fym(2)=1.
do 675 j=3,m2
fy(j)=.5*ycv(j-1)/ydif(j)
675 fym(j)=1.-fy(j)
fy(m1)=1.
fym(m1)=0.
c------c------c
if(mode.eq.1) print 700
if(mode.eq.1) write(4,700)
c
if(mode.eq.2) print 725
if(mode.eq.2) write(4,725)
c
if(mode.eq.3) print 750
if(mode.eq.3) write(4,750)
c
print 775
write(4,775)
700 format(15x,'computation in cartesian coordinates')
725 format(15x,'computation for axisymmetric situation')
750 format(15x,'computation
in
polar
coordinates')
775 format(14x,40(1h*),//)
c------c------return
end
c
c
c
c
c
c

******************************************************
** subroutine name : genslv **
*
******************************************************
* purpose : generation and solution of discretized
*
*
equations
*
******************************************************

207
c

c

c

subroutine genslv
parameter(l1=50,m1=50,lda=50)
parameter(nfmax=9,np=10,nrho=11,ngam=12)
logical lsolve,lprint,lstop,loutpt
character*80 title
common/main/f(l1,m1,nfmax),p(l1,m1),rho(l1,m1),gam(l1,m1),
1
con(l1,m1),aip(l1,m1),aim(l1,m1),ajp(l1,m1),ajm(l1,m1),
2
ap(l1,m1),du(l1,m1),dv(l1,m1)
common/old/fold(l1,m1,nfmax),pold(l1,m1),rhold(l1,m1),
1
gamold(l1,m1),dfdto(l1,m1,ngam)
common/geom/x(l1),xu(l1),xdif(l1),xcv(l1),xcvs(l1),
1
y(m1),yv(m1),ydif(m1),ycv(m1),ycvs(m1),
2
r(m1),rmn(m1),arx(m1),arxj(m1),arxjp(m1),
3
sx(m1),sxmn(m1),xcvi(l1),xcvip(l1),ycvr(m1),ycvrs(m1),
4
fv(m1),fvp(m1),fx(l1),fxm(l1),fy(m1),fym(m1),
5
xl,yl,l2,l3,m2,m3,mode
common/flag1/nf,ist,jst,iter,itert,last,lastt,
1
ipref,jpref,npint,npknt,ntimes(np),
2
lsolve(np),lprint(ngam),lstop,loutpt
common/flag2/time,dt,relax(ngam),smax,ssum,gamsld,delta
common/flag3/title(ngam)
common/bound/indl(m1),indr(m1),indb(l1),indt(l1),flxl(m1),
1
flxr(m1),flxb(l1),flxt(l1)
common/source/phi(l1,m1),usol(l1,m1),vsol(l1,m1),
2
phis(l1,m1),phil(l1,m1)
dimension u(l1,m1),v(l1,m1),pc(l1,m1),cof(l1,m1,5)
dimension uold(l1,m1),vold(l1,m1)
dimension cofu(l1,m1,5),cofv(l1,m1,5),cofp(l1,m1,5),
1
conu(l1,m1),conv(l1,m1)
dimension acofe(l1,m1),acofn(l1,m1)
equivalence (f(1,1,1),u(1,1)),(f(1,1,2),v(1,1)),(f(1,1,3),pc(1,1))
equivalence (fold(1,1,1),uold(1,1)),(fold(1,1,2),vold(1,1))
equivalence (cof(1,1,1),aip(1,1))

c
c-------------------------------------------------c
c------- ******************************* -------c
c------- * coefficients for u equation * -------c
c------- ******************************* -------c
c-------------------------------------------------c
do 25 j=1,m1
do 25 i=1,l1
con(i,j)=0.
ap(i,j)=0.
indl(j)=1
indr(j)=1
indb(i)=1
indt(i)=1
25 continue
nf=1
if(.not.lsolve(nf)) go to 225
ist=3
jst=2
call gamsor
rel=1.-relax(nf)
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c

do 50 i=3,l2
fl=xcvi(i)*v(i,2)*rho(i,1)
flm=xcvip(i-1)*v(i-1,2)*rho(i-1,1)
flow=r(1)*(fl+flm)
diff=r(1)*(xcvi(i)*gam(i,1)+xcvip(i-1)*gam(i-1,1))/ydif(2)
ajm(i,2)=diff+flow
50 continue
do 175 j=2,m2
flow=arx(j)*u(2,j)*rho(1,j)
diff=arx(j)*gam(1,j)/(xcv(2)*sx(j))
aim(3,j)=diff+flow
do 175 i=3,l2
if(i.eq.l2) go to 75
fl=u(i,j)*(fx(i)*rho(i,j)+fxm(i)*rho(i-1,j))
flp=u(i+1,j)*(fx(i+1)*rho(i+1,j)+fxm(i+1)*rho(i,j))
flow=arx(j)*.5*(fl+flp)
diff=arx(j)*gam(i,j)/(xcv(i)*sx(j))
go to 100
75 flow=arx(j)*u(l1,j)*rho(l1,j)
diff=arx(j)*gam(l1,j)/(xcv(l2)*sx(j))
100 continue
aim(i+1,j)=diff+flow*(1.-xcvi(i)/xcv(i))
aip(i,j)=aim(i+1,j)-flow

if(j.eq.m2) go to 125
fl=xcvi(i)*v(i,j+1)*(fy(j+1)*rho(i,j+1)+fym(j+1)*rho(i,j))
flm=xcvip(i-1)*v(i-1,j+1)*(fy(j+1)*rho(i-1,j+1)+fym(j+1)*
1
rho(i-1,j))
gm=gam(i,j)*gam(i,j+1)/(ycv(j)*gam(i,j+1)+ycv(j+1)*gam(i,j)+
1
1.e-30)*xcvi(i)
gmm=gam(i-1,j)*gam(i-1,j+1)/(ycv(j)*gam(i-1,j+1)+ycv(j+1)*
1
gam(i-1,j)+1.e-30)*xcvip(i-1)
diff=rmn(j+1)*2.*(gm+gmm)
go to 150
125 fl=xcvi(i)*v(i,m1)*rho(i,m1)
flm=xcvip(i-1)*v(i-1,m1)*rho(i-1,m1)
diff=r(m1)*(xcvi(i)*gam(i,m1)+xcvip(i-1)*gam(i-1,m1))/ydif(m1)
150 flow=rmn(j+1)*(fl+flm)
ajm(i,j+1)=diff+flow*fym(j+1)
ajp(i,j)=ajm(i,j+1)-flow
c
apt=(rho(i,j)*xcvi(i)+rho(i-1,j)*xcvip(i-1))/(xcvs(i)*dt)
apt=(rhold(i,j)*xcvi(i)+rhold(i-1,j)*xcvip(i-1))/(xcvs(i)*dt)
vol=ycvr(j)*xcvs(i)
c
if(itert .eq. lastt-1) then
dfdt=(aip(i,j)*(f(i+1,j,nf)-f(i,j,nf))
1
+aim(i,j)*(f(i-1,j,nf)-f(i,j,nf))
2
+ajp(i,j)*(f(i,j+1,nf)-f(i,j,nf))
3
+ajm(i,j)*(f(i,j-1,nf)-f(i,j,nf)))/vol
4
+con(i,j)+ap(i,j)*f(i,j,nf)
5
-(p(i,j)-p(i-1,j))/(xdif(i)*sx(j))
endif
c
ap(i,j)=(aip(i,j)+aim(i,j)+ajp(i,j)+ajm(i,j)
1
+(apt/delta-ap(i,j))*vol)/relax(nf)
con(i,j)=(con(i,j)+apt/delta*uold(i,j)
1
+dfdto(i,j,nf)*(1./delta-1.))*vol+rel*ap(i,j)*u(i,j)
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c
c

du(i,j)=vol/(xdif(i)*sx(j)*ap(i,j))
if(itert .eq. lastt-1) dfdto(i,j,nf)=dfdt

175 continue
c---------------------------------------------------------c
c------- write coefficients of u equation to lu1 -------c
c---------------------------------------------------------c
do 180 j=1,m1
do 180 i=1,l1
180 conu(i,j)=con(i,j)
do 181 n=1,5
do 181 j=1,m1
do 181 i=1,l1
181 cofu(i,j,n)=cof(i,j,n)
c---------------------------------------------------------------c
c------- compute uhat and store temporarily in pc(i,j) -------c
c---------------------------------------------------------------c
do 200 j=2,m2
do 200 i=3,l2
pc(i,j)=(aip(i,j)*u(i+1,j)+aim(i,j)*u(i-1,j)+ajp(i,j)*u(i,j+1)+
1
ajm(i,j)*u(i,j-1)+con(i,j))/ap(i,j)
200 continue
225 continue
c-------------------------------------------------c
c------- ******************************* -------c
c------- * coefficients for v equation * -------c
c------- ******************************* -------c
c-------------------------------------------------c
do 250 j=1,m1
do 250 i=1,l1
con(i,j)=0.
ap(i,j)=0.
indl(j)=1
indr(j)=1
indb(i)=1
indt(i)=1
250 continue
nf=2
if(.not.lsolve(nf)) go to 425
ist=2
jst=3
call gamsor
rel=1.-relax(nf)
do 275 i=2,l2
area=r(1)*xcv(i)
flow=area*v(i,2)*rho(i,1)
diff=area*gam(i,1)/ycv(2)
ajm(i,3)=diff+flow
275 continue
do 400 j=3,m2
fl=arxj(j)*u(2,j)*rho(1,j)
flm=arxjp(j-1)*u(2,j-1)*rho(1,j-1)
flow=fl+flm
diff=(arxj(j)*gam(1,j)+arxjp(j-1)*gam(1,j-1))/(xdif(2)*sxmn(j))
aim(2,j)=diff+flow
do 400 i=2,l2
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c

c

c
c

if(i.eq.l2) go to 300
fl=arxj(j)*u(i+1,j)*(fx(i+1)*rho(i+1,j)+fxm(i+1)*rho(i,j))
flm=arxjp(j-1)*u(i+1,j-1)*(fx(i+1)*rho(i+1,j-1)+fxm(i+1)*
1
rho(i,j-1))
gm=gam(i,j)*gam(i+1,j)/(xcv(i)*gam(i+1,j)+xcv(i+1)*gam(i,j)+
1
1.e-30)*arxj(j)
gmm=gam(i,j-1)*gam(i+1,j-1)/(xcv(i)*gam(i+1,j-1)+xcv(i+1)*
1
gam(i,j-1)+1.e-30)*arxjp(j-1)
diff=2.*(gm+gmm)/sxmn(j)
go to 325
300 fl=arxj(j)*u(l1,j)*rho(l1,j)
flm=arxjp(j-1)*u(l1,j-1)*rho(l1,j-1)
diff=(arxj(j)*gam(l1,j)+arxjp(j-1)*gam(l1,j-1))/(xdif(l1)*sxmn(j))
325 flow=fl+flm
aim(i+1,j)=diff+flow*fxm(i+1)
aip(i,j)=aim(i+1,j)-flow
if(j.eq.m2) go to 350
area=r(j)*xcv(i)
fl=v(i,j)*(fy(j)*rho(i,j)+fym(j)*rho(i,j-1))*rmn(j)
flp=v(i,j+1)*(fy(j+1)*rho(i,j+1)+fym(j+1)*rho(i,j))*rmn(j+1)
flow=(fv(j)*fl+fvp(j)*flp)*xcv(i)
diff=area*gam(i,j)/ycv(j)
go to 375
350 area=r(m1)*xcv(i)
flow=area*v(i,m1)*rho(i,m1)
diff=area*gam(i,m1)/ycv(m2)
375 continue
ajm(i,j+1)=diff+flow*(1.-arxj(j)/arx(j))
ajp(i,j)=ajm(i,j+1)-flow
apt=(arxj(j)*rho(i,j)*.5*(sx(j)+sxmn(j))+arxjp(j-1)*
1
rho(i,j-1)*.5*(sx(j-1)+sxmn(j)))/(ycvrs(j)*dt)
apt=(arxj(j)*rhold(i,j)*.5*(sx(j)+sxmn(j))+arxjp(j-1)*
1
rhold(i,j-1)*.5*(sx(j-1)+sxmn(j)))/(ycvrs(j)*dt)
vol=ycvrs(j)*xcv(i)
if(itert .eq. lastt-1) then
dfdt=(aip(i,j)*(f(i+1,j,nf)-f(i,j,nf))
1
+aim(i,j)*(f(i-1,j,nf)-f(i,j,nf))
2
+ajp(i,j)*(f(i,j+1,nf)-f(i,j,nf))
3
+ajm(i,j)*(f(i,j-1,nf)-f(i,j,nf)))/vol
4
+con(i,j)+ap(i,j)*f(i,j,nf)
5
-(p(i,j)-p(i,j-1))/ydif(j)
endif
ap(i,j)=(aip(i,j)+aim(i,j)+ajp(i,j)+ajm(i,j)
1
+(apt/delta-ap(i,j))*vol)/relax(nf)
con(i,j)=(con(i,j)+apt/delta*vold(i,j)
1
+dfdto(i,j,nf)*(1./delta-1.))*vol+rel*ap(i,j)*v(i,j)
dv(i,j)=vol/(ydif(j)*ap(i,j))
if(itert .eq. lastt-1) dfdto(i,j,nf)=dfdt

400 continue
c---------------------------------------------------------c
c------- write coefficients of v equation to lu1 -------c
c---------------------------------------------------------c
do 410 j=1,m1
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do 410 i=1,l1
410 conv(i,j)=con(i,j)
do 411 n=1,5
do 411 j=1,m1
do 411 i=1,l1
411 cofv(i,j,n)=cof(i,j,n)
425 continue
c-------------------------------------------------c
c------- ******************************* -------c
c------- * coefficients for p equation * -------c
c------- ******************************* -------c
c-------------------------------------------------c
nf=np
if(.not.lsolve(nf)) go to 900
ist=2
jst=2
rel=1.-relax(nf)
do 450 i=2,l2
arho=r(1)*xcv(i)*rho(i,1)
con(i,2)=arho*v(i,2)
ajm(i,2)=0.
450 continue
do 575 j=2,m2
arho=arx(j)*rho(1,j)
con(2,j)=con(2,j)+arho*u(2,j)
aim(2,j)=0.
do 575 i=2,l2
if(i.eq.l2) go to 475
arho=arx(j)*(fx(i+1)*rho(i+1,j)+fxm(i+1)*rho(i,j))
flow=arho*pc(i+1,j)
con(i,j)=con(i,j)-flow
con(i+1,j)=con(i+1,j)+flow
aip(i,j)=arho*du(i+1,j)
aim(i+1,j)=aip(i,j)
go to 500
475 arho=arx(j)*rho(l1,j)
con(i,j)=con(i,j)-arho*u(l1,j)
aip(i,j)=0.
500 continue
if(j.eq.m2) go to 525
arho=rmn(j+1)*xcv(i)*(fy(j+1)*rho(i,j+1)+fym(j+1)*rho(i,j))
vhat=(aip(i,j+1)*v(i+1,j+1)+aim(i,j+1)*v(i-1,j+1)+ajp(i,j+1)*
1
v(i,j+2)+ajm(i,j+1)*v(i,j)+con(i,j+1))/ap(i,j+1)
flow=arho*vhat
con(i,j)=con(i,j)-flow
con(i,j+1)=flow
ajp(i,j)=arho*dv(i,j+1)
ajm(i,j+1)=ajp(i,j)
go to 550
525 arho=rmn(m1)*xcv(i)*rho(i,m1)
con(i,j)=con(i,j)-arho*v(i,m1)
ajp(i,j)=0.
550 continue
ap(i,j)=aip(i,j)+aim(i,j)+ajp(i,j)+ajm(i,j)
575 continue
c---------------------------------------------------------c
c------- write coefficients of pc equation to lu1 ------c
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c---------------------------------------------------------c
do 580 n=1,5
do 580 j=1,m1
do 580 i=1,l1
580 cofp(i,j,n)=cof(i,j,n)
if(itert.lt.1) go to 625
do 600 j=2,m2
do 600 i=2,l2
ap(i,j)=ap(i,j)/relax(nf)
rhot=(rhold(i,j)-rho(i,j))*ycvr(j)*xcv(i)/dt
con(i,j)=con(i,j)+rhot/delta+
1
dfdto(i,j,nrho)*ycvr(j)*xcv(i)*(1./delta-1.)
2
+rel*ap(i,j)*p(i,j)
600 continue
625 continue
c----------------------------------c
c------- solve p equation -------c
c----------------------------------c
call solve
call bount
c--------------------------------------c
c------- solve ustar equation -------c
c--------------------------------------c
nf=1
ist=3
jst=2
do 630 j=1,m1
do 630 i=1,l1
630 con(i,j)=conu(i,j)
do 631 n=1,5
do 631 j=1,m1
do 631 i=1,l1
631 cof(i,j,n)=cofu(i,j,n)
do 650 j=2,m2
do 650 i=3,l2
650 con(i,j)=con(i,j)+du(i,j)*ap(i,j)*(p(i-1,j)-p(i,j))
call solve
c--------------------------------------c
c------- solve vstar equation -------c
c--------------------------------------c
nf=2
ist=2
jst=3
do 660 j=1,m1
do 660 i=1,l1
660 con(i,j)=conv(i,j)
do 661 n=1,5
do 661 j=1,m1
do 661 i=1,l1
661 cof(i,j,n)=cofv(i,j,n)
do 675 j=3,m2
do 675 i=2,l2
675 con(i,j)=con(i,j)+dv(i,j)*ap(i,j)*(p(i,j-1)-p(i,j))
call solve
c--------------------------------------------------c
c------- ******************************** -------c
c------- * coefficients for pc equation * -------c
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c------- ******************************** -------c
c--------------------------------------------------c
nf=3
if(.not.lsolve(nf)) go to 900
ist=2
jst=2
do 680 n=1,5
do 680 j=1,m1
do 680 i=1,l1
680 cof(i,j,n)=cofp(i,j,n)
call gamsor
smax=0.
ssum=0.
do 700 j=2,m2
do 700 i=2,l2
700 con(i,j)=con(i,j)*ycvr(j)*xcv(i)
do 725 i=2,l2
arho=r(1)*xcv(i)*rho(i,1)
725 con(i,2)=con(i,2)+arho*v(i,2)
do 850 j=2,m2
arho=arx(j)*rho(1,j)
con(2,j)=con(2,j)+arho*u(2,j)
do 850 i=2,l2
if(i.eq.l2) go to 750
arho=arx(j)*(fx(i+1)*rho(i+1,j)+fxm(i+1)*rho(i,j))
flow=arho*u(i+1,j)
con(i,j)=con(i,j)-flow
con(i+1,j)=con(i+1,j)+flow
go to 775
750 arho=arx(j)*rho(l1,j)
con(i,j)=con(i,j)-arho*u(l1,j)
775 if(j.eq.m2) go to 800
arho=rmn(j+1)*xcv(i)*(fy(j+1)*rho(i,j+1)+fym(j+1)*rho(i,j))
flow=arho*v(i,j+1)
con(i,j)=con(i,j)-flow
con(i,j+1)=con(i,j+1)+flow
go to 825
800 arho=rmn(m1)*xcv(i)*rho(i,m1)
con(i,j)=con(i,j)-arho*v(i,m1)
825 pc(i,j)=0.
c
if(itert .eq. lastt-1) dfdt=con(i,j)
c
rhot=(rhold(i,j)-rho(i,j))*ycvr(j)*xcv(i)/dt
con(i,j)=con(i,j)+rhot/delta+dfdto(i,j,nrho)*ycvr(j)*xcv(i)
1
*(1./delta-1.)
smax=amax1(smax,abs(con(i,j)))
ssum=ssum+con(i,j)
c
if(itert .eq. lastt-1) dfdto(i,j,nrho)=dfdt
850 continue
c------------------------------------------------c
c------- solve for pressure corrections -------c
c------------------------------------------------c
call solve
c------------------------------------c
c------- correct velocities -------c
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c------------------------------------c
do 875 j=2,m2
do 875 i=2,l2
if(i.ne.2) u(i,j)=u(i,j)+du(i,j)*(pc(i-1,j)-pc(i,j))
if(j.ne.2) v(i,j)=v(i,j)+dv(i,j)*(pc(i,j-1)-pc(i,j))
875 continue
900 continue
c------------------------------------------------------c
c------- ************************************ -------c
c------- * coefficients for other equations * -------c
c------- ************************************ -------c
c------------------------------------------------------c
ist=2
jst=2
do 1075 nf=4,nfmax
if(.not.lsolve(nf)) go to 1075
call gamsor
call bount
rel=1.-relax(nf)
c
c
do 925 i=2,l2
c bottom boundary
area=r(1)*xcv(i)
flow=area*v(i,2)*rho(i,1)
diff=area*gam(i,1)/ydif(2)
ajm(i,2)=diff+flow
acofn(i,1)=diff
925 continue
c
do 1050 j=2,m2
c left boundary
flow=arx(j)*u(2,j)*rho(1,j)
diff=arx(j)*gam(1,j)/(xdif(2)*sx(j))
aim(2,j)=diff+flow
acofe(1,j)=diff
c
do 1050 i=2,l2
if(i.eq.l2) go to 950
rhoif=fx(i+1)*rho(i+1,j)+fxm(i+1)*rho(i,j)
flow=arx(j)*u(i+1,j)*rhoif
diff=arx(j)*2.*gam(i,j)*gam(i+1,j)/((xcv(i)*gam(i+1,j)+
1
xcv(i+1)*gam(i,j)+1.e-30)*sx(j))
go to 975
c right boundary
950 flow=arx(j)*u(l1,j)*rho(l1,j)
diff=arx(j)*gam(l1,j)/(xdif(l1)*sx(j))
975 continue
acofe(i,j)=diff
azero=0.0
aim(i+1,j)=diff+amax1(azero,flow)
aip(i,j)=aim(i+1,j)-flow
c
if(i .ne. l2) then
xx=xu(i+1)
if(flow .ge. 0.0) then
x1=x(i+1)
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c

x2=x(i)
x3=x(i-1)
f1=f(i+1,j,nf)
f2=f(i,j,nf)
f3=f(i-1,j,nf)
else
x1=x(i)
x2=x(i+1)
x3=x(i+2)
f1=f(i,j,nf)
f2=f(i+1,j,nf)
f3=f(i+2,j,nf)
endif
quick=((xx-x3)*(xx-x2))/((x2-x1)*(x3-x1))*f1
2
-((xx+x2-x3-x1)*(xx-x2))/((x3-x2)*(x2-x1))*f2
3
+((xx-x1)*(xx-x2))/((x3-x2)*(x3-x1))*f3
con(i+1,j)=con(i+1,j)+flow*quick/(ycvr(j)*xcv(i+1))
con(i,j)=con(i,j)-flow*quick/(ycvr(j)*xcv(i))
endif

area=rmn(j+1)*xcv(i)
if(j.eq.m2) go to 1000
rhoif=fy(j+1)*rho(i,j+1)+fym(j+1)*rho(i,j)
flow=area*v(i,j+1)*rhoif
diff=area*2.*gam(i,j)*gam(i,j+1)/(ycv(j)*gam(i,j+1)+
1
ycv(j+1)*gam(i,j)+1.e-30)
go to 1025
c top boundary
1000 flow=area*v(i,m1)*rho(i,m1)
diff=area*gam(i,m1)/ydif(m1)
1025 continue
acofn(i,j)=diff
ajm(i,j+1)=diff+amax1(azero,flow)
ajp(i,j)=ajm(i,j+1)-flow
c
if(j .ne. m2) then
yy=yv(j+1)
if(flow .ge. 0.0) then
y1=y(j+1)
y2=y(j)
y3=y(j-1)
f1=f(i,j+1,nf)
f2=f(i,j,nf)
f3=f(i,j-1,nf)
else
y1=y(j)
y2=y(j+1)
y3=y(j+2)
f1=f(i,j,nf)
f2=f(i,j+1,nf)
f3=f(i,j+2,nf)
endif
quick=((yy-y3)*(yy-y2))/((y2-y1)*(y3-y1))*f1
2
-((yy+y2-y3-y1)*(yy-y2))/((y3-y2)*(y2-y1))*f2
3
+((yy-y1)*(yy-y2))/((y3-y2)*(y3-y1))*f3
con(i,j+1)=con(i,j+1)+flow*quick/(ycvr(j+1)*xcv(i))
con(i,j)=con(i,j)-flow*quick/(ycvr(j)*xcv(i))
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c
c
c
c

c
c
c

c

c

endif
vol=ycvr(j)*xcv(i)
add diffusion-like source term
asum=acofe(i,j)+acofe(i-1,j)+acofn(i,j)+acofn(i,j-1)
con(i,j)=con(i,j)+
2
(acofe(i,j)*phi(i+1,j)+acofe(i-1,j)*phi(i-1,j)+
3
acofn(i,j)*phi(i,j+1)+acofn(i,j-1)*phi(i,j-1)4
asum*phi(i,j))/vol
apt=rho(i,j)/dt
apt=rhold(i,j)/dt
if(itert .eq. lastt-1) then
dfdt=(aip(i,j)*(f(i+1,j,nf)-f(i,j,nf))
1
+aim(i,j)*(f(i-1,j,nf)-f(i,j,nf))
2
+ajp(i,j)*(f(i,j+1,nf)-f(i,j,nf))
3
+ajm(i,j)*(f(i,j-1,nf)-f(i,j,nf)))/vol
4
+con(i,j)+ap(i,j)*f(i,j,nf)
endif
ap(i,j)=((apt/delta-ap(i,j))*vol
1
+aip(i,j)+aim(i,j)+ajp(i,j)+ajm(i,j))/relax(nf)
con(i,j)=(con(i,j)+apt/delta*fold(i,j,nf)
1
+dfdto(i,j,nf)*(1./delta-1.))*vol
2
+rel*ap(i,j)*f(i,j,nf)

if(itert .eq. lastt-1) dfdto(i,j,nf)=dfdt
c
1050 continue
c-----------------------------------------------------c
c------- solve for other dependent variables -------c
c-----------------------------------------------------c
call solve
1075 continue
c******************************************************************
c-----------------------c
c------- reset -------c
c-----------------------c
itert=itert+1
if(itert.le.lastt.and.iter.ne.0) go to 1200
itert=1
iter=iter+1
time=time+dt
timv=time/dt/10
if (float(int(timv)).ne.int(timv*10)/10.) goto 1200
call tcouple
print*,time
1200 continue
if(itert.eq.lastt) call setold
if(iter.eq.last.and.itert.eq.lastt) lstop=.true.
loutpt=.false.
if(itert.eq.1) npknt=npknt+1
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if(iter.eq.last.or.npknt.eq.npint) loutpt=.true.
if(loutpt.and.itert.eq.lastt) npknt=0
c------c------return
end
c
c
c
c
c
c

c

******************************************************
** subroutine name : solve **
*
******************************************************
* purpose : equation solver
*
******************************************************
subroutine solve
parameter(l1=50,m1=50,lda=50)
parameter(nfmax=9,np=10,nrho=11,ngam=12)
logical lsolve,lprint,lstop,loutpt
character*80 title
common/main/f(l1,m1,nfmax),p(l1,m1),rho(l1,m1),gam(l1,m1),
1
con(l1,m1),aip(l1,m1),aim(l1,m1),ajp(l1,m1),ajm(l1,m1),
2
ap(l1,m1),du(l1,m1),dv(l1,m1)
common/geom/x(l1),xu(l1),xdif(l1),xcv(l1),xcvs(l1),
1
y(m1),yv(m1),ydif(m1),ycv(m1),ycvs(m1),
2
r(m1),rmn(m1),arx(m1),arxj(m1),arxjp(m1),
3
sx(m1),sxmn(m1),xcvi(l1),xcvip(l1),ycvr(m1),ycvrs(m1),
4
fv(m1),fvp(m1),fx(l1),fxm(l1),fy(m1),fym(m1),
5
xl,yl,l2,l3,m2,m3,mode
common/flag1/nf,ist,jst,iter,itert,last,lastt,
1
ipref,jpref,npint,npknt,ntimes(np),
2
lsolve(np),lprint(ngam),lstop,loutpt
common/flag2/time,dt,relax(ngam),smax,ssum,gamsld,delta
common/flag3/title(ngam)
common/bound/indl(m1),indr(m1),indb(l1),indt(l1),flxl(m1),
1
flxr(m1),flxb(l1),flxt(l1)
dimension pt(lda),qt(lda),d(lda),var(lda),varm(lda),varp(lda),
1
phibar(lda)

c
c-------------------------------c
c------- node counters -------c
c-------------------------------c
istf=ist-1
jstf=jst-1
it1=l2+ist
it2=l3+ist
jt1=m2+jst
jt2=m3+jst
c------c------do 475 nt=1,ntimes(nf)
n=nf
c------c------c----------------------------------------------c
c------- i-direction block correction -------c
c----------------------------------------------c
do 50 i=ist,l2
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var(i)=0.
varp(i)=0.
varm(i)=0.
d(i)=0.
do 25 j=jst,m2
var(i)=var(i)+ap(i,j)
if(j.ne.jst) var(i)=var(i)-ajm(i,j)
if(j.ne.m2) var(i)=var(i)-ajp(i,j)
varp(i)=varp(i)+aip(i,j)
varm(i)=varm(i)+aim(i,j)
d(i)=d(i)+con(i,j)+aip(i,j)*f(i+1,j,n)+aim(i,j)*f(i-1,j,n)+
1
ajp(i,j)*f(i,j+1,n)+ajm(i,j)*f(i,j-1,n)-ap(i,j)*f(i,j,n)
25 continue
50 continue
if((nf.ne.3).and.(nf.ne.np)) go to 55
var(4)=1.
varp(4)=0.
varm(4)=0.
d(4)=0.
55 continue
phibar(l1)=0.
phibar(istf)=0.
pt(istf)=0.
qt(istf)=phibar(istf)
do 60 i=ist,l2
denom=var(i)-pt(i-1)*varm(i)
pt(i)=varp(i)/denom
temp=d(i)
qt(i)=(temp+qt(i-1)*varm(i))/denom
60 continue
do 65 ii=ist,l2
i=it1-ii
65 phibar(i)=phibar(i+1)*pt(i)+qt(i)
do 70 i=ist,l2
do 70 j=jst,m2
70 f(i,j,n)=f(i,j,n)+phibar(i)
c----------------------------------------------c
c------- j-direction block correction -------c
c----------------------------------------------c
do 125 j=jst,m2
var(j)=0.
varp(j)=0.
varm(j)=0.
d(j)=0.
do 100 i=ist,l2
var(j)=var(j)+ap(i,j)
if(i.ne.ist) var(j)=var(j)-aim(i,j)
if(i.ne.l2) var(j)=var(j)-aip(i,j)
varm(j)=varm(j)+ajm(i,j)
varp(j)=varp(j)+ajp(i,j)
d(j)=d(j)+con(i,j)+aip(i,j)*f(i+1,j,n)+aim(i,j)*f(i-1,j,n)+
1
ajp(i,j)*f(i,j+1,n)+ajm(i,j)*f(i,j-1,n)-ap(i,j)*f(i,j,n)
100 continue
125 continue
if((nf.ne.3).and.(nf.ne.np)) go to 130
var(4)=1.
varp(4)=0.
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varm(4)=0.
d(4)=0.
130 continue
phibar(m1)=0.
phibar(jstf)=0.
pt(jstf)=0.
qt(jstf)=phibar(jstf)
do 135 j=jst,m2
denom=var(j)-pt(j-1)*varm(j)
pt(j)=varp(j)/denom
temp=d(j)
qt(j)=(temp+varm(j)*qt(j-1))/denom
135 continue
do 140 jj=jst,m2
j=jt1-jj
140 phibar(j)=phibar(j+1)*pt(j)+qt(j)
do 145 i=ist,l2
do 145 j=jst,m2
145 f(i,j,n)=f(i,j,n)+phibar(j)
c------------------------------------------c
c------- forward i-direction tdma -------c
c------------------------------------------c
do 225 j=jst,m2
pt(istf)=0.
qt(istf)=f(istf,j,n)
do 175 i=ist,l2
denom=ap(i,j)-pt(i-1)*aim(i,j)
pt(i)=aip(i,j)/denom
temp=con(i,j)+ajp(i,j)*f(i,j+1,n)+ajm(i,j)*f(i,j-1,n)
qt(i)=(temp+aim(i,j)*qt(i-1))/denom
175 continue
do 200 ii=ist,l2
i=it1-ii
f(i,j,n)=f(i+1,j,n)*pt(i)+qt(i)
200 continue
225 continue
c-------------------------------------------c
c------- backward i-direction tdma -------c
c-------------------------------------------c
do 300 jj=jst,m3
j=jt2-jj
pt(istf)=0.
qt(istf)=f(istf,j,n)
do 250 i=ist,l2
denom=ap(i,j)-pt(i-1)*aim(i,j)
pt(i)=aip(i,j)/denom
temp=con(i,j)+ajp(i,j)*f(i,j+1,n)+ajm(i,j)*f(i,j-1,n)
qt(i)=(temp+aim(i,j)*qt(i-1))/denom
250 continue
do 275 ii=ist,l2
i=it1-ii
f(i,j,n)=f(i+1,j,n)*pt(i)+qt(i)
275 continue
300 continue
c------------------------------------------c
c------- forward j-direction tdma -------c
c------------------------------------------c
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do 375 i=ist,l2
pt(jstf)=0.
qt(jstf)=f(i,jstf,n)
do 325 j=jst,m2
denom=ap(i,j)-pt(j-1)*ajm(i,j)
pt(j)=ajp(i,j)/denom
temp=con(i,j)+aip(i,j)*f(i+1,j,n)+aim(i,j)*f(i-1,j,n)
qt(j)=(temp+ajm(i,j)*qt(j-1))/denom
325 continue
do 350 jj=jst,m2
j=jt1-jj
f(i,j,n)=f(i,j+1,n)*pt(j)+qt(j)
350 continue
375 continue
c-------------------------------------------c
c------- backward j-direction tdma -------c
c-------------------------------------------c
do 450 ii=ist,l3
i=it2-ii
pt(jstf)=0.
qt(jstf)=f(i,jstf,n)
do 400 j=jst,m2
denom=ap(i,j)-pt(j-1)*ajm(i,j)
pt(j)=ajp(i,j)/denom
temp=con(i,j)+aip(i,j)*f(i+1,j,n)+aim(i,j)*f(i-1,j,n)
qt(j)=(temp+ajm(i,j)*qt(j-1))/denom
400 continue
do 425 jj=jst,m2
j=jt1-jj
f(i,j,n)=f(i,j+1,n)*pt(j)+qt(j)
425 continue
450 continue
c------c------475 continue
c------c------c-------------------------------------------c
c------- zero con(i,j) and ap(i,j) -------c
c-------------------------------------------c
do 500 j=1,m1
do 500 i=1,l1
con(i,j)=0.
ap(i,j)=0.
indl(j)=1
indr(j)=1
indb(i)=1
indt(i)=1
500 continue
c------c------return
end
c
******************************************************
c
** subroutine name : ugrid **
date : 1985may22 *
c
******************************************************
c
* purpose : uniform grid generation
*
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c
c
c

******************************************************
subroutine ugrid
parameter(l1=50,m1=50,lda=50)
common/geom/x(l1),xu(l1),xdif(l1),xcv(l1),xcvs(l1),
1
y(m1),yv(m1),ydif(m1),ycv(m1),ycvs(m1),
2
r(m1),rmn(m1),arx(m1),arxj(m1),arxjp(m1),
3
sx(m1),sxmn(m1),xcvi(l1),xcvip(l1),ycvr(m1),ycvrs(m1),
4
fv(m1),fvp(m1),fx(l1),fxm(l1),fy(m1),fym(m1),
5
xl,yl,l2,l3,m2,m3,mode

c
c------c
xu(2)=0.
dx=xl/float(l1-2)
do 25 i=3,l1
25 xu(i)=xu(i-1)+dx
yv(2)=0.
dy=yl/float(m1-2)
do 50 j=3,m1
50 yv(j)=yv(j-1)+dy
c------c------return
end
c
c
c
c
c
c

c

******************************************************
** subroutine name : bound **
*
******************************************************
* purpose : external boundary conditions
*
******************************************************
subroutine bount
parameter(l1=50,m1=50,lda=50)
parameter(nfmax=9,np=10,nrho=11,ngam=12)
logical lsolve,lprint,lstop,loutpt
character*80 title
common/main/f(l1,m1,nfmax),p(l1,m1),rho(l1,m1),gam(l1,m1),
1
con(l1,m1),aip(l1,m1),aim(l1,m1),ajp(l1,m1),ajm(l1,m1),
2
ap(l1,m1),du(l1,m1),dv(l1,m1)
common/geom/x(l1),xu(l1),xdif(l1),xcv(l1),xcvs(l1),
1
y(m1),yv(m1),ydif(m1),ycv(m1),ycvs(m1),
2
r(m1),rmn(m1),arx(m1),arxj(m1),arxjp(m1),
3
sx(m1),sxmn(m1),xcvi(l1),xcvip(l1),ycvr(m1),ycvrs(m1),
4
fv(m1),fvp(m1),fx(l1),fxm(l1),fy(m1),fym(m1),
5
xl,yl,l2,l3,m2,m3,mode
common/flag1/nf,ist,jst,iter,itert,last,lastt,
1
ipref,jpref,npint,npknt,ntimes(np),
2
lsolve(np),lprint(ngam),lstop,loutpt
common/flag2/time,dt,relax(ngam),smax,ssum,gamsld,delta
common/flag3/title(ngam)
common/bound/indl(m1),indr(m1),indb(l1),indt(l1),flxl(m1),
1
flxr(m1),flxb(l1),flxt(l1)

c
c-------
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if(nf.eq.np) go to 225
if(nf.lt.4.or.nf.gt.nfmax) go to 325
c-------------------------------c
c------- nf=4 to nfmax -------c
c-------------------------------c
do 50 j=2,m2
if(indl(j).eq.1) go to 50
if(indl(j).eq.3) go to 25
gdx=(gam(1,j)+1.e-30)/(sx(j)*xdif(2))
res=(1.-ap(1,j)/gdx)*ycvr(j)*xcv(2)/arx(j)
f(1,j,nf)=(con(1,j)+gdx*f(2,j,nf))/(gdx-ap(1,j))
con(2,j)=con(2,j)+con(1,j)/res
ap(2,j)=ap(2,j)+ap(1,j)/res
gam(1,j)=0.
go to 50
25 continue
f(1,j,nf)=f(2,j,nf)
gam(1,j)=0.
50 continue
do 100 j=2,m2
if(indr(j).eq.1) go to 100
if(indr(j).eq.3) go to 75
gdx=(gam(l1,j)+1.e-30)/(sx(j)*xdif(l1))
res=(1.-ap(l1,j)/gdx)*ycvr(j)*xcv(l2)/arx(j)
f(l1,j,nf)=(con(l1,j)+gdx*f(l2,j,nf))/(gdx-ap(l1,j))
con(l2,j)=con(l2,j)+con(l1,j)/res
ap(l2,j)=ap(l2,j)+ap(l1,j)/res
gam(l1,j)=0.
go to 100
75 continue
f(l1,j,nf)=f(l2,j,nf)
gam(l1,j)=0.
100 continue
do 150 i=2,l2
if(indb(i).eq.1) go to 150
if(indb(i).eq.3) go to 125
gdy=(gam(i,1)+1.e-30)/ydif(2)
res=(1.-ap(i,1)/gdy)*ycvr(2)/(r(1)+1.e-30)
f(i,1,nf)=(con(i,1)+gdy*f(i,2,nf))/(gdy-ap(i,1))
con(i,2)=con(i,2)+con(i,1)/res
ap(i,2)=ap(i,2)+ap(i,1)/res
gam(i,1)=0.
go to 150
125 continue
f(i,1,nf)=f(i,2,nf)
gam(i,1)=0.
150 continue
do 200 i=2,l2
if(indt(i).eq.1) go to 200
if(indt(i).eq.3) go to 175
gdy=(gam(i,m1)+1.e-30)/ydif(m1)
res=(1.-ap(i,m1)/gdy)*ycvr(m2)/r(m1)
f(i,m1,nf)=(con(i,m1)+gdy*f(i,m2,nf))/(gdy-ap(i,m1))
con(i,m2)=con(i,m2)+con(i,m1)/res
ap(i,m2)=ap(i,m2)+ap(i,m1)/res
gam(i,m1)=0.
go to 200
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175 continue
f(i,m1,nf)=f(i,m2,nf)
gam(i,m1)=0.
200 continue
f(1,1,nf)=f(2,1,nf)+f(1,2,nf)-f(2,2,nf)
f(l1,1,nf)=f(l2,1,nf)+f(l1,2,nf)-f(l2,2,nf)
f(1,m1,nf)=f(2,m1,nf)+f(1,m2,nf)-f(2,m2,nf)
f(l1,m1,nf)=f(l2,m1,nf)+f(l1,m2,nf)-f(l2,m2,nf)
go to 325
c-----------------------c
c------- nf=np -------c
c-----------------------c
225 continue
do 250 j=2,m2
p(1,j)=(p(2,j)*xcvs(3)-p(3,j)*xdif(2))/xdif(3)
250 p(l1,j)=(p(l2,j)*xcvs(l2)-p(l3,j)*xdif(l1))/xdif(l2)
do 275 i=2,l2
p(i,1)=(p(i,2)*ycvs(3)-p(i,3)*ydif(2))/ydif(3)
275 p(i,m1)=(p(i,m2)*ycvs(m2)-p(i,m3)*ydif(m1))/ydif(m2)
p(1,1)=p(2,1)+p(1,2)-p(2,2)
p(l1,1)=p(l2,1)+p(l1,2)-p(l2,2)
p(1,m1)=p(2,m1)+p(1,m2)-p(2,m2)
p(l1,m1)=p(l2,m1)+p(l1,m2)-p(l2,m2)
pref=p(ipref,jpref)
do 300 j=1,m1
do 300 i=1,l1
300 p(i,j)=p(i,j)-pref
c------325 continue
c------c------return
end
c
c
c
c
c
c
c

c

******************************************************
** subroutine name : bflux **
*
******************************************************
* purpose : boundary fluxes
*
******************************************************
subroutine bflux(ivar)
parameter(l1=50,m1=50,lda=50)
parameter(nfmax=9,np=10,nrho=11,ngam=12)
logical lsolve,lprint,lstop,loutpt
character*80 title
common/main/f(l1,m1,nfmax),p(l1,m1),rho(l1,m1),gam(l1,m1),
1
con(l1,m1),aip(l1,m1),aim(l1,m1),ajp(l1,m1),ajm(l1,m1),
2
ap(l1,m1),du(l1,m1),dv(l1,m1)
common/geom/x(l1),xu(l1),xdif(l1),xcv(l1),xcvs(l1),
1
y(m1),yv(m1),ydif(m1),ycv(m1),ycvs(m1),
2
r(m1),rmn(m1),arx(m1),arxj(m1),arxjp(m1),
3
sx(m1),sxmn(m1),xcvi(l1),xcvip(l1),ycvr(m1),ycvrs(m1),
4
fv(m1),fvp(m1),fx(l1),fxm(l1),fy(m1),fym(m1),
5
xl,yl,l2,l3,m2,m3,mode
common/flag1/nf,ist,jst,iter,itert,last,lastt,
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1
ipref,jpref,npint,npknt,ntimes(np),
2
lsolve(np),lprint(ngam),lstop,loutpt
common/flag2/time,dt,relax(ngam),smax,ssum,gamsld,delta
common/flag3/title(ngam)
common/bound/indl(m1),indr(m1),indb(l1),indt(l1),flxl(m1),
1
flxr(m1),flxb(l1),flxt(l1)
common/source/phi(l1,m1),usol(l1,m1),vsol(l1,m1),
2
phis(l1,m1),phil(l1,m1)
dimension u(l1,m1),v(l1,m1)
dimension us(l1,m1),vs(l1,m1)
equivalence (f(1,1,1),u(1,1)),(f(1,1,2),v(1,1))
equivalence (usol(1,1),us(1,1)),(vsol(1,1),vs(1,1))

c
c------nf=ivar
if(nf.lt.4.or.nf.gt.nfmax) go to 300
call gamsor
do 100 j=2,m2
c-------------------------------c
c------- left boundary -------c
c-------------------------------c
flul=u(2,j)-f(1,j,7)*us(2,j)
diff=arx(j)*gam(1,j)/(xdif(2)*sx(j))
flxl(j)=diff*(f(2,j,nf)-f(1,j,nf)+phi(2,j)-phi(1,j))
1
+(f(1,j,7)*us(2,j)*phis(1,j)+flul*phil(1,j))*rho(1,j)
c
c right boundary
c
flul=u(l1,j)-f(l1,j,7)*us(l1,j)
diff=arx(j)*gam(l1,j)/(xdif(l1)*sx(j))
flxr(j)=diff*(f(l1,j,nf)-f(l2,j,nf)+phi(l1,j)-phi(l2,j))
1
+(f(l1,j,7)*us(l1,j)*phis(l1,j)+flul*phil(l1,j))*rho(l1,j)
100 continue
c
c
do 200 i=2,l2
c
c bottom boundary
c
area=r(1)*xcv(i)
flvl=v(i,2)-f(i,1,7)*vs(i,2)
diff=area*gam(i,1)/ydif(2)
flxb(i)=diff*(f(i,2,nf)-f(i,1,nf)+phi(i,2)-phi(i,1))
1
+(f(i,1,7)*vs(i,2)*phis(i,1)+flvl*phil(i,1))*rho(i,1)
c
c top boundary
c
area=rmn(m1)*xcv(i)
flvl=v(i,m1)-f(i,m1,7)*vs(i,m1)
diff=area*gam(i,m1)/ydif(m1)
flxt(i)=diff*(f(i,m1,nf)-f(i,m2,nf)+phi(i,m1)-phi(i,m2))
1
+(f(i,m1,7)*vs(i,m1)*phis(i,m1)+flvl*phil(i,m1))*rho(i,m1)
200 continue
c------c------300 return
end
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c
c
c
c
c
c

c
c
c

c

*************************************************************
** subroutine name : srcdif **
*
*************************************************************
* purpose : evaluation of advection-like source terms
*
*************************************************************
subroutine srcdif(nv,phis,phil,usol,vsol)
parameter(l1=50,m1=50,lda=50)
parameter(nfmax=9,np=10,nrho=11,ngam=12)
character*80 title
logical lsolve,lprint,lstop,loutpt
common/main/f(l1,m1,nfmax),p(l1,m1),rho(l1,m1),gam(l1,m1),
1
con(l1,m1),aip(l1,m1),aim(l1,m1),ajp(l1,m1),ajm(l1,m1),
2
ap(l1,m1),du(l1,m1),dv(l1,m1)
common/geom/x(l1),xu(l1),xdif(l1),xcv(l1),xcvs(l1),
1
y(m1),yv(m1),ydif(m1),ycv(m1),ycvs(m1),
2
r(m1),rmn(m1),arx(m1),arxj(m1),arxjp(m1),
3
sx(m1),sxmn(m1),xcvi(l1),xcvip(l1),ycvr(m1),ycvrs(m1),
4
fv(m1),fvp(m1),fx(l1),fxm(l1),fy(m1),fym(m1),
5
xl,yl,l2,l3,m2,m3,mode

dimension phis(l1,m1),phil(l1,m1),usol(l1,m1),vsol(l1,m1)
dimension u(l1,m1),v(l1,m1)
c
dimension us(l1,m1),vs(l1,m1)
equivalence (f(1,1,1),u(1,1)),(f(1,1,2),v(1,1))
c* dgn This subroutine has been modified extensively. The
c*
diffusion-like source term evaluation has been moved to
c*
subroutine genslv.
c------c----------------------------------c
c------- advective source -------c
c----------------------------------c
do 475 j=2,m2
do 475 i=2,l2
c
vol=ycvr(j)*xcv(i)
c
c east
c
if(i.eq.l2) go to 275
arho=arx(j)*(fx(i+1)*rho(i+1,j)+fxm(i+1)*rho(i,j))
fsld=fx(i+1)*f(i+1,j,7)+fxm(i+1)*f(i,j,7)
xx=xu(i+1)
if(u(i+1,j) .ge. 0.0) then
x1=x(i+1)
x2=x(i)
x3=x(i-1)
f1=phil(i+1,j)-phis(i+1,j)
f2=phil(i,j)-phis(i,j)
f3=phil(i-1,j)-phis(i-1,j)
else
x1=x(i)
x2=x(i+1)
x3=x(i+2)
f1=phil(i,j)-phis(i,j)
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c
c
c

c
c
c

f2=phil(i+1,j)-phis(i+1,j)
f3=phil(i+2,j)-phis(i+2,j)
endif
c=f1/((x3-x1)*(x2-x1))-f2/((x3-x2)*(x2-x1))+f3/((x3-x1)*(x3-x2))
b=(f2-f1)/(x2-x1)+c*(x2-x1)
fe=f2+b*(xx-x2)+c*(xx-x2)*(xx-x2)
go to 300
275 arho=arx(j)*rho(l1,j)
fsld=f(l1,j,7)
fe=phil(l1,j)-phis(l1,j)
300 flxe=fsld*arho*(u(i+1,j)-usol(i+1,j))*fe
west
if(i.eq.2) go to 325
arho=arx(j)*(fx(i)*rho(i,j)+fxm(i)*rho(i-1,j))
fsld=fx(i)*f(i,j,7)+fxm(i)*f(i-1,j,7)
xx=xu(i)
if(u(i,j) .ge. 0.0) then
x1=x(i)
x2=x(i-1)
x3=x(i-2)
f1=phil(i,j)-phis(i,j)
f2=phil(i-1,j)-phis(i-1,j)
f3=phil(i-2,j)-phis(i-2,j)
else
x1=x(i-1)
x2=x(i)
x3=x(i+1)
f1=phil(i-1,j)-phis(i-1,j)
f2=phil(i,j)-phis(i,j)
f3=phil(i+1,j)-phis(i+1,j)
endif
c=f1/((x3-x1)*(x2-x1))-f2/((x3-x2)*(x2-x1))+f3/((x3-x1)*(x3-x2))
b=(f2-f1)/(x2-x1)+c*(x2-x1)
fw=f2+b*(xx-x2)+c*(xx-x2)*(xx-x2)
go to 350
325 arho=arx(j)*rho(1,j)
fsld=f(1,j,7)
fw=phil(1,j)-phis(1,j)
350 flxw=fsld*arho*(u(i,j)-usol(i,j))*fw
north
if(j.eq.m2) go to 375
arho=rmn(j+1)*xcv(i)*(fy(j+1)*rho(i,j+1)+fym(j+1)*rho(i,j))
fsld=fy(j+1)*f(i,j+1,7)+fym(j+1)*f(i,j,7)
yy=yv(j+1)
if(v(i,j+1) .ge. 0.0) then
y1=y(j+1)
y2=y(j)
y3=y(j-1)
f1=phil(i,j+1)-phis(i,j+1)
f2=phil(i,j)-phis(i,j)
f3=phil(i,j-1)-phis(i,j-1)
else
y1=y(j)
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c
c
c

c

y2=y(j+1)
y3=y(j+2)
f1=phil(i,j)-phis(i,j)
f2=phil(i,j+1)-phis(i,j+1)
f3=phil(i,j+2)-phis(i,j+2)
endif
c=f1/((y3-y1)*(y2-y1))-f2/((y3-y2)*(y2-y1))+f3/((y3-y1)*(y3-y2))
b=(f2-f1)/(y2-y1)+c*(y2-y1)
fn=f2+b*(yy-y2)+c*(yy-y2)*(yy-y2)
go to 400
375 arho=rmn(j+1)*xcv(i)*rho(i,m1)
fsld=f(i,m1,7)
fn=phil(i,m1)-phis(i,m1)
400 flxn=fsld*arho*(v(i,j+1)-vsol(i,j+1))*fn
south
if(j.eq.2) go to 425
arho=rmn(j)*xcv(i)*(fy(j)*rho(i,j)+fym(j)*rho(i,j-1))
fsld=fy(j)*f(i,j,7)+fym(j)*f(i,j-1,7)
yy=yv(j)
if(v(i,j) .ge. 0.0) then
y1=y(j)
y2=y(j-1)
y3=y(j-2)
f1=phil(i,j)-phis(i,j)
f2=phil(i,j-1)-phis(i,j-1)
f3=phil(i,j-2)-phis(i,j-2)
else
y1=y(j-1)
y2=y(j)
y3=y(j+1)
f1=phil(i,j-1)-phis(i,j-1)
f2=phil(i,j)-phis(i,j)
f3=phil(i,j+1)-phis(i,j+1)
endif
c=f1/((y3-y1)*(y2-y1))-f2/((y3-y2)*(y2-y1))+f3/((y3-y1)*(y3-y2))
b=(f2-f1)/(y2-y1)+c*(y2-y1)
fs=f2+b*(yy-y2)+c*(yy-y2)*(yy-y2)
go to 450
425 arho=r(1)*xcv(i)*rho(i,1)
fsld=f(i,1,7)
fs=phil(i,1)-phis(i,1)
450 flxs=fsld*arho*(v(i,j)-vsol(i,j))*fs

475 con(i,j)=con(i,j)-(flxe-flxw+flxn-flxs)/vol
c------c------return
end
c
c
c
c
c

******************************************************
** subroutine name : plfil0 **
*
******************************************************
* purpose : generation of data file for plotting
*
******************************************************
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c

c

subroutine plfil0(ivar)
parameter(l1=50,m1=50,lda=50)
parameter(nfmax=9,np=10,nrho=11,ngam=12)
logical lsolve,lprint,lstop,loutpt
character*80 title
common/main/f(l1,m1,nfmax),p(l1,m1),rho(l1,m1),gam(l1,m1),
1
con(l1,m1),aip(l1,m1),aim(l1,m1),ajp(l1,m1),ajm(l1,m1),
2
ap(l1,m1),du(l1,m1),dv(l1,m1)
common/geom/x(l1),xu(l1),xdif(l1),xcv(l1),xcvs(l1),
1
y(m1),yv(m1),ydif(m1),ycv(m1),ycvs(m1),
2
r(m1),rmn(m1),arx(m1),arxj(m1),arxjp(m1),
3
sx(m1),sxmn(m1),xcvi(l1),xcvip(l1),ycvr(m1),ycvrs(m1),
4
fv(m1),fvp(m1),fx(l1),fxm(l1),fy(m1),fym(m1),
5
xl,yl,l2,l3,m2,m3,mode
common/flag1/nf,ist,jst,iter,itert,last,lastt,
1
ipref,jpref,npint,npknt,ntimes(np),
2
lsolve(np),lprint(ngam),lstop,loutpt
common/flag2/time,dt,relax(ngam),smax,ssum,gamsld,delta
common/flag3/title(ngam)
dimension ivar(ngam),var(l1,m1)

c
c------c------write(3,10) title(nrho),time
write(3,11)
c
write(3,11) title(ngam)
write(3,12)
c
write(3,15) time
10 format('TITLE = "',a80,'"',5x,'time=',f5.1,' s')
11 format('VARIABLEs = "x", "y", "U", "V",
2 "streamfunction", "Mixture Composition", "Temperature",
3 "Mass Fraction Solid",
4 "Volume Fraction Solid", "Liquid Concnetration"')
c 11 format(a80)
12 format('ZONE F=BLOCK, I=',i3,' J=',i3)
15 format(e15.8)
c
write(3,25)mode,l1,m1,xl,yl,r(1)
25 format(3i5,3e15.8)
c
c
do 30 j=1,m1
do 30 i=1,l1
write(3,50) x(i)
30 continue
c
do 32 j=1,m1
do 32 i=1,l1
write(3,50) y(j)
32 continue
c
c
write(3,50)(xu(i),i=1,l1)
c
write(3,50)(yv(j),j=1,m1)
50 format(9e15.8)
c
c
write(3,75)(ivar(i),i=1,ngam)
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c
c
c

c

c

c

c
c

75 format(i5)
do 425 k=1,ngam
if(ivar(k).eq.0) go to 425
if(k.ne.1) go to 150
do 100 j=1,m1
do 100 i=2,l2
100 var(i,j)=.5*(f(i,j,1)+f(i+1,j,1))
do 125 j=1,m1
var(1,j)=f(2,j,1)
125 var(l1,j)=f(l1,j,1)
go to 375
150 if(k.ne.2) go to 225
do 175 j=2,m2
do 175 i=1,l1
175 var(i,j)=.5*(f(i,j,2)+f(i,j+1,2))
do 200 i=1,l1
var(i,1)=f(i,2,2)
200 var(i,m1)=f(i,m1,2)
go to 375
225 if(k.ne.3) go to 325
do 250 j=2,m2
do 250 i=2,l2
250 var(i,j)=.25*(f(i,j,3)+f(i,j+1,3)+f(i+1,j,3)+f(i+1,j+1,3))
do 275 j=2,m2
var(1,j)=.5*(f(2,j,3)+f(2,j+1,3))
275 var(l1,j)=.5*(f(l1,j,3)+f(l1,j+1,3))
do 300 i=2,l2
var(i,1)=.5*(f(i,2,3)+f(i+1,2,3))
300 var(i,m1)=.5*(f(i,m1,3)+f(i+1,m1,3))
var(1,1)=f(2,2,3)
var(l1,1)=f(l1,2,3)
var(1,m1)=f(2,m1,3)
var(l1,m1)=f(l1,m1,3)
go to 375
325 do 350 j=1,m1
do 350 i=1,l1
350 var(i,j)=f(i,j,k)
375 write(3,400)((var(i,j),i=1,l1),j=1,m1)
400 format(e15.8)

425 continue
c
c
c------c------return
end
subroutine plfile(ivar)
parameter(l1=50,m1=50,lda=50)
parameter(nfmax=9,np=10,nrho=11,ngam=12)
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c

logical lsolve,lprint,lstop,loutpt
character*80 title
common/main/f(l1,m1,nfmax),p(l1,m1),rho(l1,m1),gam(l1,m1),
1
con(l1,m1),aip(l1,m1),aim(l1,m1),ajp(l1,m1),ajm(l1,m1),
2
ap(l1,m1),du(l1,m1),dv(l1,m1)
common/geom/x(l1),xu(l1),xdif(l1),xcv(l1),xcvs(l1),
1
y(m1),yv(m1),ydif(m1),ycv(m1),ycvs(m1),
2
r(m1),rmn(m1),arx(m1),arxj(m1),arxjp(m1),
3
sx(m1),sxmn(m1),xcvi(l1),xcvip(l1),ycvr(m1),ycvrs(m1),
4
fv(m1),fvp(m1),fx(l1),fxm(l1),fy(m1),fym(m1),
5
xl,yl,l2,l3,m2,m3,mode
common/flag1/nf,ist,jst,iter,itert,last,lastt,
1
ipref,jpref,npint,npknt,ntimes(np),
2
lsolve(np),lprint(ngam),lstop,loutpt
common/flag2/time,dt,relax(ngam),smax,ssum,gamsld,delta
common/flag3/title(ngam)
dimension ivar(ngam),var(l1,m1)

c
c------c------write(3,10) title(nrho)
write(3,10) title(ngam)
write(3,15) time
10 format(a80)
15 format(e15.8)
write(3,25)mode,l1,m1,xl,yl,r(1)
25 format(3i5,3e15.8)
c
write(3,50)(x(i),i=1,l1)
write(3,50)(y(j),j=1,m1)
write(3,50)(xu(i),i=1,l1)
write(3,50)(yv(j),j=1,m1)
50 format(9e15.8)
c
write(3,75)(ivar(i),i=1,ngam)
75 format(i5)
c
do 425 k=1,ngam
if(ivar(k).eq.0) go to 425
c
if(k.ne.1) go to 150
do 100 j=1,m1
do 100 i=2,l2
100 var(i,j)=.5*(f(i,j,1)+f(i+1,j,1))
do 125 j=1,m1
var(1,j)=f(2,j,1)
125 var(l1,j)=f(l1,j,1)
go to 375
c
150 if(k.ne.2) go to 225
do 175 j=2,m2
do 175 i=1,l1
175 var(i,j)=.5*(f(i,j,2)+f(i,j+1,2))
do 200 i=1,l1
var(i,1)=f(i,2,2)
200 var(i,m1)=f(i,m1,2)
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c

c

c
c

go to 375
225 if(k.ne.3) go to 325
do 250 j=2,m2
do 250 i=2,l2
250 var(i,j)=.25*(f(i,j,3)+f(i,j+1,3)+f(i+1,j,3)+f(i+1,j+1,3))
do 275 j=2,m2
var(1,j)=.5*(f(2,j,3)+f(2,j+1,3))
275 var(l1,j)=.5*(f(l1,j,3)+f(l1,j+1,3))
do 300 i=2,l2
var(i,1)=.5*(f(i,2,3)+f(i+1,2,3))
300 var(i,m1)=.5*(f(i,m1,3)+f(i+1,m1,3))
var(1,1)=f(2,2,3)
var(l1,1)=f(l1,2,3)
var(1,m1)=f(2,m1,3)
var(l1,m1)=f(l1,m1,3)
go to 375
325 do 350 j=1,m1
do 350 i=1,l1
350 var(i,j)=f(i,j,k)
375 write(3,400)((var(i,j),i=1,l1),j=1,m1)
400 format(9e15.8)

425 continue
c
c
c------c------return
end
c
c
c
c
c
c

c

******************************************************
** subroutine name : plfile2 **
*
******************************************************
* purpose : generation of data file for plotting
*
******************************************************
subroutine plfile2(ivar)
parameter(l1=50,m1=50,lda=50)
parameter(nfmax=9,np=10,nrho=11,ngam=12)
logical lsolve,lprint,lstop,loutpt
character*8 fname
character*80 title
common/main/f(l1,m1,nfmax),p(l1,m1),rho(l1,m1),gam(l1,m1),
1
con(l1,m1),aip(l1,m1),aim(l1,m1),ajp(l1,m1),ajm(l1,m1),
2
ap(l1,m1),du(l1,m1),dv(l1,m1)
common/geom/x(l1),xu(l1),xdif(l1),xcv(l1),xcvs(l1),
1
y(m1),yv(m1),ydif(m1),ycv(m1),ycvs(m1),
2
r(m1),rmn(m1),arx(m1),arxj(m1),arxjp(m1),
3
sx(m1),sxmn(m1),xcvi(l1),xcvip(l1),ycvr(m1),ycvrs(m1),
4
fv(m1),fvp(m1),fx(l1),fxm(l1),fy(m1),fym(m1),
5
xl,yl,l2,l3,m2,m3,mode
common/flag1/nf,ist,jst,iter,itert,last,lastt,
1
ipref,jpref,npint,npknt,ntimes(np),
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2
lsolve(np),lprint(ngam),lstop,loutpt
common/flag2/time,dt,relax(ngam),smax,ssum,gamsld,delta
common/flag3/title(ngam)
dimension ivar(ngam),var(l1,m1)

c
c------c------c
c
do 425 k=1,ngam
if(ivar(k).eq.0) go to 425
c
if(k.ne.1) go to 150
fname='u.plt'
do 100 j=1,m1
do 100 i=2,l2
100 var(i,j)=.5*(f(i,j,1)+f(i+1,j,1))
do 125 j=1,m1
var(1,j)=f(2,j,1)
125 var(l1,j)=f(l1,j,1)
go to 375
c
150 if(k.ne.2) go to 225
fname='v.plt'
do 175 j=2,m2
do 175 i=1,l1
175 var(i,j)=.5*(f(i,j,2)+f(i,j+1,2))
do 200 i=1,l1
var(i,1)=f(i,2,2)
200 var(i,m1)=f(i,m1,2)
go to 375
c
225 if(k.ne.3) go to 325
fname='s.plt'
do 250 j=2,m2
do 250 i=2,l2
250 var(i,j)=.25*(f(i,j,3)+f(i,j+1,3)+f(i+1,j,3)+f(i+1,j+1,3))
do 275 j=2,m2
var(1,j)=.5*(f(2,j,3)+f(2,j+1,3))
275 var(l1,j)=.5*(f(l1,j,3)+f(l1,j+1,3))
do 300 i=2,l2
var(i,1)=.5*(f(i,2,3)+f(i+1,2,3))
300 var(i,m1)=.5*(f(i,m1,3)+f(i+1,m1,3))
var(1,1)=f(2,2,3)
var(l1,1)=f(l1,2,3)
var(1,m1)=f(2,m1,3)
var(l1,m1)=f(l1,m1,3)
go to 375
c
325 continue
if(k .eq. 4) then
fname='t.plt'
else if(k .eq. 5) then
fname='c.plt'
else if(k .eq. 6) then
fname='f.plt'
else if(k .eq. 7) then
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c

c

c

fname='fs.plt'
else if(k .eq. 8) then
fname='gs.plt'
else if(k .eq. 9) then
fname='9.plt'
else if(k .eq. 10) then
fname='10.plt'
else if(k .eq. 11) then
fname='11.plt'
else if(k .eq. 12) then
fname='12.plt'
else if(k .eq. 13) then
fname='13.plt'
else if(k .eq. 14) then
fname='14.plt'
else if(k .eq. 15) then
fname='15.plt'
else
fname='othr.plt'
endif
do 350 j=1,m1
do 350 i=1,l1
350 var(i,j)=f(i,j,k)
375 open(3,file=fname,status='unknown')
write(3,10) title(nrho)
write(3,10) title(ngam)
write(3,15) time
10 format(a80)
15 format(e15.6)
write(3,25)mode,l1,m1,xl,yl,r(1)
write(3,26)l1,m1
izero=0
write(3,26) izero,izero
25 format(3i5,3e15.6)
26 format(2i5)
write(3,50)(y(j),j=m1,1,-1)
write(3,50)(x(i),i=1,l1)
50 format(9e15.6)
write(3,400)((var(i,j),i=1,l1),j=m1,1,-1)
400 format(9e15.6)
close(3)
425 continue

c
c
c------c------return
end
c
******************************************************
c
** subroutine name : plfile3 **
*
c
******************************************************
c
* purpose : generation of data file for plotting
*
c
******************************************************
c
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c

subroutine plfile3(ivar)
parameter(l1=50,m1=50,lda=50)
parameter(nfmax=9,np=10,nrho=11,ngam=12)
logical lsolve,lprint,lstop,loutpt
character*8 fname
character*80 title
common/main/f(l1,m1,nfmax),p(l1,m1),rho(l1,m1),gam(l1,m1),
1
con(l1,m1),aip(l1,m1),aim(l1,m1),ajp(l1,m1),ajm(l1,m1),
2
ap(l1,m1),du(l1,m1),dv(l1,m1)
common/geom/x(l1),xu(l1),xdif(l1),xcv(l1),xcvs(l1),
1
y(m1),yv(m1),ydif(m1),ycv(m1),ycvs(m1),
2
r(m1),rmn(m1),arx(m1),arxj(m1),arxjp(m1),
3
sx(m1),sxmn(m1),xcvi(l1),xcvip(l1),ycvr(m1),ycvrs(m1),
4
fv(m1),fvp(m1),fx(l1),fxm(l1),fy(m1),fym(m1),
5
xl,yl,l2,l3,m2,m3,mode
common/flag1/nf,ist,jst,iter,itert,last,lastt,
1
ipref,jpref,npint,npknt,ntimes(np),
2
lsolve(np),lprint(ngam),lstop,loutpt
common/flag2/time,dt,relax(ngam),smax,ssum,gamsld,delta
common/flag3/title(ngam)
dimension ivar(ngam),var(l1,m1)

c
c------c------c
c
do 425 k=1,ngam
if(ivar(k).eq.0) go to 425
c
if(k.ne.1) go to 150
fname='u.plt'
do 100 j=1,m1
do 100 i=2,l2
100 var(i,j)=.5*(f(i,j,1)+f(i+1,j,1))
do 125 j=1,m1
var(1,j)=f(2,j,1)
125 var(l1,j)=f(l1,j,1)
go to 375
c
150 if(k.ne.2) go to 225
fname='v.plt'
do 175 j=2,m2
do 175 i=1,l1
175 var(i,j)=.5*(f(i,j,2)+f(i,j+1,2))
do 200 i=1,l1
var(i,1)=f(i,2,2)
200 var(i,m1)=f(i,m1,2)
go to 375
c
225 if(k.ne.3) go to 325
fname='s.plt'
do 250 j=2,m2
do 250 i=2,l2
250 var(i,j)=.25*(f(i,j,3)+f(i,j+1,3)+f(i+1,j,3)+f(i+1,j+1,3))
do 275 j=2,m2
var(1,j)=.5*(f(2,j,3)+f(2,j+1,3))

235

c

c

275 var(l1,j)=.5*(f(l1,j,3)+f(l1,j+1,3))
do 300 i=2,l2
var(i,1)=.5*(f(i,2,3)+f(i+1,2,3))
300 var(i,m1)=.5*(f(i,m1,3)+f(i+1,m1,3))
var(1,1)=f(2,2,3)
var(l1,1)=f(l1,2,3)
var(1,m1)=f(2,m1,3)
var(l1,m1)=f(l1,m1,3)
go to 375
325 continue
if(k .eq. 4) then
fname='h.plt'
else if(k .eq. 5) then
fname='c.plt'
else if(k .eq. 6) then
fname='t.plt'
else if(k .eq. 7) then
fname='fs.plt'
else if(k .eq. 8) then
fname='gs.plt'
else if(k .eq. 9) then
fname='9.plt'
else if(k .eq. 10) then
fname='10.plt'
else if(k .eq. 11) then
fname='11.plt'
else if(k .eq. 12) then
fname='12.plt'
else if(k .eq. 13) then
fname='13.plt'
else if(k .eq. 14) then
fname='14.plt'
else if(k .eq. 15) then
fname='15.plt'
else
fname='othr.plt'
endif
do 350 j=1,m1
do 350 i=1,l1
350 var(i,j)=f(i,j,k)

375 open(3,file=fname,status='unknown')
write(3,10) title(nrho)
write(3,10) title(ngam)
write(3,15) time
10 format(a80)
15 format(e15.6)
c
write(3,25)mode,l1,m1,xl,yl,r(1)
write(3,26)m1,l1
izero=0
write(3,26) izero,izero
25 format(3i5,3e15.6)
26 format(2i5)
c
write(3,50)(y(j),j=m1,1,-1)
write(3,50)(x(i),i=1,l1)
c
c
c
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c

50 format(9e15.6)
write(3,400)((var(i,j),i=1,l1),j=m1,1,-1)
400 format(9e15.6)
close(3)
425 continue

c
c
c------c------return
end
c
******************************************************
c
** subroutine name : print **
*
c
******************************************************
c
* purpose : print arrays - calculate stream function *
c
******************************************************
c
subroutine print
parameter(l1=50,m1=50,lda=50)
parameter(nfmax=9,np=10,nrho=11,ngam=12)
c
logical lsolve,lprint,lstop,loutpt
character*80 title
common/main/f(l1,m1,nfmax),p(l1,m1),rho(l1,m1),gam(l1,m1),
1
con(l1,m1),aip(l1,m1),aim(l1,m1),ajp(l1,m1),ajm(l1,m1),
2
ap(l1,m1),du(l1,m1),dv(l1,m1)
common/geom/x(l1),xu(l1),xdif(l1),xcv(l1),xcvs(l1),
1
y(m1),yv(m1),ydif(m1),ycv(m1),ycvs(m1),
2
r(m1),rmn(m1),arx(m1),arxj(m1),arxjp(m1),
3
sx(m1),sxmn(m1),xcvi(l1),xcvip(l1),ycvr(m1),ycvrs(m1),
4
fv(m1),fvp(m1),fx(l1),fxm(l1),fy(m1),fym(m1),
5
xl,yl,l2,l3,m2,m3,mode
common/flag1/nf,ist,jst,iter,itert,last,lastt,
1
ipref,jpref,npint,npknt,ntimes(np),
2
lsolve(np),lprint(ngam),lstop,loutpt
common/flag2/time,dt,relax(ngam),smax,ssum,gamsld,delta
common/flag3/title(ngam)
dimension u(l1,m1),v(l1,m1),pc(l1,m1)
equivalence (f(1,1,1),u(1,1)),(f(1,1,2),v(1,1)),(f(1,1,3),pc(1,1))
c
c------c------25 format(1x,a80)
50 format(1x,4h i =,i6,6i9)
75 format(1x,1hj)
100 format(1x,i2,3x,1p7e9.2)
125 format(1x,1h )
150 format(1x,'i =',2x,7(i4,5x))
175 format(1x,'x =',1p7e9.2)
200 format('th =',1p7e9.2)
225 format(1x,'j =',2x,7(i4,5x))
250 format(1x,'y =',1p7e9.2)
c------c------c---------------------------------c
c------- stream function -------c
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c---------------------------------c
c* dgn
if(.not.lprint(3)) go to 300
f(2,2,3)=0.
do 275 i=2,l1
if(i.ne.2) f(i,2,3)=f(i-1,2,3)-rho(i-1,1)*v(i-1,2)*
1
r(1)*xcv(i-1)
do 275 j=3,m1
rhom=fx(i)*rho(i,j-1)+fxm(i)*rho(i-1,j-1)
f(i,j,3)=f(i,j-1,3)+rhom*u(i,j-1)*arx(j-1)
275 continue
300 continue
c------------------------------c
c------- print arrays -------c
c------------------------------c
c
print 125
write(4,125)
iend=0
425 continue
if(iend.eq.l1) go to 500
ibeg=iend+1
iend=iend+7
iend=min0(iend,l1)
c
print 125
write(4,125)
c
print 150,(i,i=ibeg,iend)
write(4,150) (i,i=ibeg,iend)
if(mode.eq.3) go to 450
c
print 175,(x(i),i=ibeg,iend)
write(4,175) (x(i),i=ibeg,iend)
go to 475
c 450 print 200,(x(i),i=ibeg,iend)
450 write(4,200) (x(i),i=ibeg,iend)
475 go to 425
500 continue
jend=0
c
print 125
write(4,125)
525 continue
if(jend.eq.m1) go to 550
jbeg=jend+1
jend=jend+7
jend=min0(jend,m1)
c
print 125
write(4,125)
c
print 225,(j,j=jbeg,jend)
write(4,225) (j,j=jbeg,jend)
c
print 250,(y(j),j=jbeg,jend)
write(4,250) (y(j),j=jbeg,jend)
go to 525
550 continue
c------c------do 625 nf=1,ngam
if(.not.lprint(nf)) go to 625
c
print 125
write(4,125)
c
print 25,title(nf)
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write(4,25) title(nf)
ifst=1
jfst=1
if(nf.eq.1.or.nf.eq.3) ifst=2
if(nf.eq.2.or.nf.eq.3) jfst=2
ibeg=ifst-7
575 continue
ibeg=ibeg+7
iend=ibeg+6
iend=min0(iend,l1)
c
print 125
write(4,125)
c
print 50,(i,i=ibeg,iend)
write(4,50) (i,i=ibeg,iend)
c
print 75
write(4,75)
jfl=jfst+m1
do 600 jj=jfst,m1
j=jfl-jj
c
print 100,j,(f(i,j,nf),i=ibeg,iend)
write(4,100) j,(f(i,j,nf),i=ibeg,iend)
600 continue
if(iend.lt.l1) go to 575
625 continue
c------c------return
end
c
c
c
c
c
c
c
c
c
c

c

This file is a set of user-defined subroutines for modeling
solidification of a lead-tin alloy using a dimensionless model.
******************************************************
** subroutine name : GRID **
*
******************************************************
subroutine grid
parameter(l1=50,m1=50,lda=50)
parameter(nfmax=9,np=10,nrho=11,ngam=12)
logical lsolve,lprint,lstop,loutpt
character*80 title
common/main/f(l1,m1,nfmax),p(l1,m1),rho(l1,m1),gam(l1,m1),
1
con(l1,m1),aip(l1,m1),aim(l1,m1),ajp(l1,m1),ajm(l1,m1),
2
ap(l1,m1),du(l1,m1),dv(l1,m1)
common/old/fold(l1,m1,nfmax),pold(l1,m1),rhold(l1,m1),
1
gamold(l1,m1),dfdto(l1,m1,ngam)
common/geom/x(l1),xu(l1),xdif(l1),xcv(l1),xcvs(l1),
1
y(m1),yv(m1),ydif(m1),ycv(m1),ycvs(m1),
2
r(m1),rmn(m1),arx(m1),arxj(m1),arxjp(m1),
3
sx(m1),sxmn(m1),xcvi(l1),xcvip(l1),ycvr(m1),ycvrs(m1),
4
fv(m1),fvp(m1),fx(l1),fxm(l1),fy(m1),fym(m1),
5
xl,yl,l2,l3,m2,m3,mode
common/flag1/nf,ist,jst,iter,itert,last,lastt,
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c
c
c

1
ipref,jpref,npint,npknt,ntimes(np),
2
lsolve(np),lprint(ngam),lstop,loutpt
common/flag2/time,dt,relax(ngam),smax,ssum,gamsld,delta
common/flag3/title(ngam)
open important files
open(2,file='restart',status='unknown')
open(4,file='oput',status='unknown')
open(7,file='cc',status='unknown')

c
c-------grid-------c
c
c
Cartesian coordinates
c
mode=1
c
c
xl=1.00
yl=1.00
c
c
pwrx=1.2
c
xu(1)=0.0
xu(2)=0.0
xu(l1/2+1)=xl/2.
xu(l1)=xl
do 10 i=3,l1/2
ii=l1+2-i
xu(i)=(float(i-2)/float(l1/2-1))**pwrx*xl/2.
xu(ii)=xl-xu(i)
10 continue
c
pwry=1.8
c
yv(1)=0.0
yv(2)=0.0
c
yv(m1/2+1)=yl/2.
yv(m1)=yl
do 20 j=3,m1-1
yv(j)=(float(j-2)/float(m1-2))**pwry*yl
20 continue
c
c
call ugrid
c
c set reference points for pressure (i.e., pref = p(ipref,jpref)
c
ipref=1
jpref=1
c
return
end
c
c
c
******************************************************
c
** subroutine name : START **
*
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c
c

c
c

******************************************************
subroutine start
parameter(l1=50,m1=50,lda=50)
parameter(nfmax=9,np=10,nrho=11,ngam=12)
logical lsolve,lprint,lstop,loutpt
logical lnuc
character*80 title
common/main/f(l1,m1,nfmax),p(l1,m1),rho(l1,m1),gam(l1,m1),
1
con(l1,m1),aip(l1,m1),aim(l1,m1),ajp(l1,m1),ajm(l1,m1),
2
ap(l1,m1),du(l1,m1),dv(l1,m1)
common/old/fold(l1,m1,nfmax),pold(l1,m1),rhold(l1,m1),
1
gamold(l1,m1),dfdto(l1,m1,ngam)
common/geom/x(l1),xu(l1),xdif(l1),xcv(l1),xcvs(l1),
1
y(m1),yv(m1),ydif(m1),ycv(m1),ycvs(m1),
2
r(m1),rmn(m1),arx(m1),arxj(m1),arxjp(m1),
3
sx(m1),sxmn(m1),xcvi(l1),xcvip(l1),ycvr(m1),ycvrs(m1),
4
fv(m1),fvp(m1),fx(l1),fxm(l1),fy(m1),fym(m1),
5
xl,yl,l2,l3,m2,m3,mode
common/flag1/nf,ist,jst,iter,itert,last,lastt,
1
ipref,jpref,npint,npknt,ntimes(np),
2
lsolve(np),lprint(ngam),lstop,loutpt
common/flag2/time,dt,relax(ngam),smax,ssum,gamsld,delta
common/flag3/title(ngam)

c
c-------start-------c
c
common/equil/tf,fe,xkp
common/propty/rhoref,pr,sc,da,buoy,ste,cs,conds
common/operat/tin,tcool,fin,gr,bi,aspect
common/vmisc/hsol(l1,m1),hliq(l1,m1),csol(l1,m1),cliq(l1,m1),
1
us(l1,m1),vs(l1,m1),etol
common/tflag/itx(l1),ity(m1),tx(3),ty(3)
c
c
c-----------------------< thermophysical properties and equil. phase
diag. >
c
c
c
c phase diagram parameters
c
data tf,fe,xkp/14.03,14.03,1.e-15/
c
c
c
data ste,cs,conds/11.794,0.6106,3.137/
data pr,sc/0.03184,150.22/
data da/4.844e-9/
data buoy/-5.829/
data aspect/1.0/
data rhoref/1.0/
data gr/1.348e8/
c
c
c----------------------------------------------< operating conditions >
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c

data uw,vw/0.0,0.0/
data tin,tcool,fin/1.34,-2.06,13.03/
data etol/1.e-7/

c
c---------------------------------------------------------------------c
c
data title(1)/'
Mixture u velocity'/
data title(2)/'
Mixture v velocity'/
data title(3)/'
Streamfunction'/
data title(4)/'
Mixture enthalpy'/
data title(5)/'
Mixture H2O concentration'/
data title(6)/'
Temperature'/
data title(7)/'
Mass fraction solid, fs'/
data title(8)/'
Volume fraction solid, gs'/
c
data title(np)/'
Pressure'/
c
c use title(nrho) and title(ngam) for simulation descriptions
c
data title(nrho)/'Base Case with CQDS, UDS'/
data title(ngam)/'
Liquid Composition'/
c
c
c---------------------------------------------------------------------c
c
data (lsolve(i),i=1,3),lsolve(np)/4*.true./
data lsolve(4),lsolve(5)/.true.,.true./
data (lprint(i),i=1,7)/3*.false.,.false.,3*.true./
data lprint(ngam)/.true./
c
c note: see the end of misc for adjustments to relax
c
data (relax(i),i=1,5),relax(np)/0.80,0.80,1.00,1.00,1.00,1.00/
c
data (ntimes(i),i=1,5),ntimes(np)/3,3,3,3,3,3/
c
c---------------------------------------------------------------------c
c
c irstrt=1 after first time
c last - number of time steps that will be run
c lastt - total number of internal iterations allowed
c npint - print interval
c dt - time step
c delta - semi-implicit factor (1.0=fully implicit)
data irstrt,last,lastt,npint,dt,delta/1,1000,300,200,0.005,.5/
c
c--------------------------------------------------< restart from LU2 >
c
c tcouple temp
data (tx(i),i=1,3)/0.046875,0.5,0.953125/
data (ty(i),i=1,3)/0.25,.5,.75/
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155
160

do 160 k=1,3
do 155 i=1,l1
if (x(i).gt.tx(k)) then
itx(k)=i-1
goto 160
end if
continue
continue

do 170 k=1,3
do 165 j=1,m1
if (y(j).gt.ty(k)) then
ity(k)=j-1
goto 170
end if
165 continue
170 continue
c-------------------------------------------------------------------c

c

if(irstrt.ne.1) go to 75
read(2,25)time
read(2,50)((f(i,j,1),i=1,l1),j=1,m1)
read(2,50)((f(i,j,2),i=1,l1),j=1,m1)
read(2,50)((f(i,j,4),i=1,l1),j=1,m1)
read(2,50)((f(i,j,5),i=1,l1),j=1,m1)
read(2,50)((f(i,j,np),i=1,l1),j=1,m1)
read(2,50)((dfdto(i,j,1),i=1,l1),j=1,m1)
read(2,50)((dfdto(i,j,2),i=1,l1),j=1,m1)
read(2,50)((dfdto(i,j,4),i=1,l1),j=1,m1)
read(2,50)((dfdto(i,j,5),i=1,l1),j=1,m1)
read(2,50)((dfdto(i,j,nrho),i=1,l1),j=1,m1)
25 format(1e15.8)
50 format(9e15.8)
return
75 continue

c
c-----------------------------< convert operating temps to enthalpies >
c
100 hin=tin+ste
c
c------------------------------------< initialize dependent variables >
c
do 150 j=1,m1
do 150 i=1,l1
f(i,j,1)=0.
f(i,j,2)=0.0
f(i,j,4)=hin
f(1,j,4)=cs*tcool
f(i,j,5)=fin
150 continue
c
c-------start-------c
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c
c
c
c
c
c
c

c

return
end

******************************************************
** subroutine name : DENSE **
*
******************************************************
subroutine dense
parameter(l1=50,m1=50,lda=50)
parameter(nfmax=9,np=10,nrho=11,ngam=12)
logical lsolve,lprint,lstop,loutpt
character*80 title
common/main/f(l1,m1,nfmax),p(l1,m1),rho(l1,m1),gam(l1,m1),
1
con(l1,m1),aip(l1,m1),aim(l1,m1),ajp(l1,m1),ajm(l1,m1),
2
ap(l1,m1),du(l1,m1),dv(l1,m1)
common/old/fold(l1,m1,nfmax),pold(l1,m1),rhold(l1,m1),
1
gamold(l1,m1),dfdto(l1,m1,ngam)
common/geom/x(l1),xu(l1),xdif(l1),xcv(l1),xcvs(l1),
1
y(m1),yv(m1),ydif(m1),ycv(m1),ycvs(m1),
2
r(m1),rmn(m1),arx(m1),arxj(m1),arxjp(m1),
3
sx(m1),sxmn(m1),xcvi(l1),xcvip(l1),ycvr(m1),ycvrs(m1),
4
fv(m1),fvp(m1),fx(l1),fxm(l1),fy(m1),fym(m1),
5
xl,yl,l2,l3,m2,m3,mode
common/flag1/nf,ist,jst,iter,itert,last,lastt,
1
ipref,jpref,npint,npknt,ntimes(np),
2
lsolve(np),lprint(ngam),lstop,loutpt
common/flag2/time,dt,relax(ngam),smax,ssum,gamsld,delta
common/flag3/title(ngam)

c
c-------dense-------c
c
common/propty/rhoref,pr,sc,da,buoy,ste,cs,conds
c
c---------------------------------------------------------------c
do 25 j=1,m1
do 25 i=1,l1
25 rho(i,j)=rhoref
c
c----------------------------------------------------------------c
return
end
c
c
c
******************************************************
c
** subroutine name : MISC **
*
c
******************************************************
c
c In this subroutine temperatures and mass fraction solid will be
c calculated from the enthalpy and continuum concentration (entities
c which were solved for). In addition, local solid and liquid
densities
c are determined, and boundary enthalpies are appropriately adjusted.
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c

c
c

subroutine misc
parameter(l1=50,m1=50,lda=50)
parameter(nfmax=9,np=10,nrho=11,ngam=12)
logical lsolve,lprint,lstop,loutpt
logical lnuc
character*80 title
common/main/f(l1,m1,nfmax),p(l1,m1),rho(l1,m1),gam(l1,m1),
1
con(l1,m1),aip(l1,m1),aim(l1,m1),ajp(l1,m1),ajm(l1,m1),
2
ap(l1,m1),du(l1,m1),dv(l1,m1)
common/old/fold(l1,m1,nfmax),pold(l1,m1),rhold(l1,m1),
1
gamold(l1,m1),dfdto(l1,m1,ngam)
common/geom/x(l1),xu(l1),xdif(l1),xcv(l1),xcvs(l1),
1
y(m1),yv(m1),ydif(m1),ycv(m1),ycvs(m1),
2
r(m1),rmn(m1),arx(m1),arxj(m1),arxjp(m1),
3
sx(m1),sxmn(m1),xcvi(l1),xcvip(l1),ycvr(m1),ycvrs(m1),
4
fv(m1),fvp(m1),fx(l1),fxm(l1),fy(m1),fym(m1),
5
xl,yl,l2,l3,m2,m3,mode
common/flag1/nf,ist,jst,iter,itert,last,lastt,
1
ipref,jpref,npint,npknt,ntimes(np),
2
lsolve(np),lprint(ngam),lstop,loutpt
common/flag2/time,dt,relax(ngam),smax,ssum,gamsld,delta
common/flag3/title(ngam)

c
c-------misc-------c
c
dimension u(l1,m1),v(l1,m1)
equivalence (f(1,1,1),u(1,1)),(f(1,1,2),v(1,1))
common/equil/tf,fe,xkp
common/propty/rhoref,pr,sc,da,buoy,ste,cs,conds
common/operat/tin,tcool,fin,gr,bi,aspect
common/vmisc/hsol(l1,m1),hliq(l1,m1),csol(l1,m1),cliq(l1,m1),
1
us(l1,m1),vs(l1,m1),etol
c
c-----------------------------------------< temperature/mass fraction >
c
c
do 1000 j=1,m1
do 1000 i=1,l1
c
c find the solidus temperature corresponding to the continuum
composition
c then calculate the corresponding enthalpy
c
h=f(i,j,4)
fsn=f(i,j,5)
tsol=tf-fsn/xkp
if(tsol .lt. 0.0) tsol=0.0
hsolus=cs*tsol
c
c find the liquidus temperature corresponding to the continuum
composition
c then find the corresponding enthalpy
c
tliq=tf-fsn
hliqus=tliq+ste
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c
c now, find the enthalpy associated with the onset of a eutectic
reaction
c
he=hsolus
c
c fasn is the maximum solid solubility of Sn in Pb, and if fsn<fasn
c then he=hsolus
c
fasn=fe*xkp
if(fsn .le. fasn) go to 50
hle=ste
hsa=0.0
fse=(fe-fsn)/(fe-fasn)
he=hle+fse*(hsa-hle)
50
continue
c
c The continuum enthalpy must fall within one of four zones
c 1. - h<hsolus - all-solid region
c 2. - h>hliqus - all-liquid region
c 3. - hsolus<h<he - eutectic reaction, t=te
c 4. - he<h<hliqus - mushy zone
c
if(h .gt. hsolus) go to 100
c
c solid region
c
t=h/cs
fs=1.0
xssn=fsn
xlsn=tf-tsol
go to 250
100
if(h .lt. hliqus) go to 150
c
c liquid region
c
t=h-ste
fs=0.0
xssn=xkp*(tf-tliq)
xlsn=fsn
go to 250
150
if(h .gt. he) go to 200
c
c eutectic reaction
c
t=0.0
fs=1.-(1.-fse)*(h-hsolus)/(he-hsolus)
xlsn=fe
xssn=(fsn-(1.-fs)*xlsn)/fs
go to 250
200
continue
c
c mushy zone
c
eps1=1.+(cs-1.)/(1.-xkp)
eps2=(1.-cs)/(1.-xkp)*tliq-xkp/(1.-xkp)*ste-tf-h
eps3=(h-ste)*tf+(ste*tliq)/(1.-xkp)
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c

t=(-eps2-sqrt(eps2*eps2-4.*eps1*eps3))/(2.*eps1)
fs=1./(1.-xkp)*(t-tliq)/(t-tf)
xlsn=tf-t
xssn=xkp*xlsn

250
continue
c
c
c-----------------------------< volume fraction and phase densities >
c
c
f(i,j,6)=t
f(i,j,7)=fs
f(i,j,8)=fs
c
c-------------------------------< phase enthalpy/composition & swirl >
c
csol(i,j)=xssn
cliq(i,j)=xlsn
hsol(i,j)=cs*t
hliq(i,j)=t+ste
1000 continue
c
do 1220 j=1,m1
do 1220 i=1,l1
c
vs(i,j)=vw
vs(i,j)=0.
c 1220 us(i,j)=uw
1220 us(i,j)=0.
c
c-------misc-------c
return
end
c
c
c
******************************************************
c
** subroutine name : OUTPUT **
*
c
******************************************************
c
subroutine output
parameter(l1=50,m1=50,lda=50)
parameter(nfmax=9,np=10,nrho=11,ngam=12)
c
logical lsolve,lprint,lstop,loutpt
c
logical lnuc
character*80 title
logical lcvrg
common/main/f(l1,m1,nfmax),p(l1,m1),rho(l1,m1),gam(l1,m1),
1
con(l1,m1),aip(l1,m1),aim(l1,m1),ajp(l1,m1),ajm(l1,m1),
2
ap(l1,m1),du(l1,m1),dv(l1,m1)
common/old/fold(l1,m1,nfmax),pold(l1,m1),rhold(l1,m1),
1
gamold(l1,m1),dfdto(l1,m1,ngam)
common/geom/x(l1),xu(l1),xdif(l1),xcv(l1),xcvs(l1),
1
y(m1),yv(m1),ydif(m1),ycv(m1),ycvs(m1),
2
r(m1),rmn(m1),arx(m1),arxj(m1),arxjp(m1),
3
sx(m1),sxmn(m1),xcvi(l1),xcvip(l1),ycvr(m1),ycvrs(m1),
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4
fv(m1),fvp(m1),fx(l1),fxm(l1),fy(m1),fym(m1),
5
xl,yl,l2,l3,m2,m3,mode
common/flag1/nf,ist,jst,iter,itert,last,lastt,
1
ipref,jpref,npint,npknt,ntimes(np),
2
lsolve(np),lprint(ngam),lstop,loutpt
common/flag2/time,dt,relax(ngam),smax,ssum,gamsld,delta
common/flag3/title(ngam)
common/bound/indl(m1),indr(m1),indb(l1),indt(l1),flxl(m1),
1
flxr(m1),flxb(l1),flxt(l1)

c
c-------output-------c
c
common/equil/tf,fe,xkp
common/propty/rhoref,pr,sc,da,buoy,ste,cs,conds
common/operat/tin,tcool,fin,gr,bi,aspect
common/vmisc/hsol(l1,m1),hliq(l1,m1),csol(l1,m1),cliq(l1,m1),
1
us(l1,m1),vs(l1,m1),etol
c
c
c------- establish fields for plot file lu3 -------c
dimension nvar(ngam)
data (nvar(i),i=1,ngam)/3*1,0,4*1,0,0,0,1/
c------c
if(.not. loutpt) go to 150
if(itert.ne.1) go to 150
write(4,5) iter,time
5
format(1x,'* iter <',i5,' > ; time <',1p1e13.4,' >')
write(4,50)
50
format(1x,'smax ',5x,'ssum ',5x,'cmin ',5x,'cmax ',
1
5x,'fsld ')
write(4,75)
75
format(1x,'esuml ',5x,'esumr ',5x,'esumb ',5x,'esumt ',
1
5x,'estor',5x,'egen',5x,'esum')
write(4,80)
80
format(1x,'csuml ',5x,'csumr ',5x,'csumb ',5x,'csumt ',
1
5x,'cstor',5x,'cgen',5x,'csum')
write(4,125)
125
format(1x,'etot
efsld
ecmin
ecmax')
c
c
150 continue
c
c energy considerations
c
esumt=0.
esumb=0.
esuml=0.
esumr=0.
egen=0.
estor=0.
c
c energy boundary fluxes
c
nf=4
call bflux(4)
do 175 i=2,l2
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c
c
c
c

c
c

c
c
c
c

c
c
c

c
c

a convective bc is used at bottom so provision is made here
to calculate bflux
volm2=ycvr(2)*xcv(i)
flxb(i)=flxb(i)-con(i,1)*volm2
con(i,2)=con(i,2)-con(i,1)
esumt=esumt+flxt(i)
esumb=esumb-flxb(i)
175 continue
do 200 j=2,m2
esuml=esuml-flxl(j)
esumr=esumr+flxr(j)
200 continue
do 225 j=2,m2
do 225 i=2,l2
egen=egen+(con(i,j)+ap(i,j)*f(i,j,nf))*ycvr(j)*xcv(i)
225 estor=estor+((rho(i,j)*f(i,j,nf)-rhold(i,j)*fold(i,j,nf))/dt
1
-dfdto(i,j,nf)*(1.-delta))*ycvr(j)*xcv(i)/delta
esum=esumt+esumb+esuml+esumr-estor+egen
do 230 j=1,m1
do 230 i=1,l1
con(i,j)=0.0
230 ap(i,j)=0.0
species considerations
csumt=0.0
csumb=0.0
csumr=0.0
csuml=0.0
cgen=0.0
cstor=0.0
bflux is called for nf=5 for species flux at boundaries
nf=5
call bflux(5)
do 525 i=2,l2
csumt=csumt+flxt(i)
csumb=csumb-flxb(i)
525 continue
do 550 j=2,m2
csumr=csumr+flxr(j)
csuml=csuml-flxl(j)
550 continue
do 575 j=3,m2-3
do 575 i=5,l2
cgen=cgen+(con(i,j)+ap(i,j)*f(i,j,nf))*ycvr(j)*xcv(i)
575 cstor=cstor+((rho(i,j)*f(i,j,nf)-rhold(i,j)*fold(i,j,nf))/dt
1
-dfdto(i,j,nf)*(1.-delta))*ycvr(j)*xcv(i)/delta
csum=csumt+csumb+csumr+csuml-cstor+cgen
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do 580 j=1,m1
do 580 i=1,l1
con(i,j)=0.0
580 ap(i,j)=0.0

c
c--------------------------------------------< convergence parameters >
c
if(itert.gt.1) go to 850
fsldo=1.e-15
cmino=1.e-15
cmaxo=1.e-15
850 continue
cmin=9999.
cmax=-9999.
do 875 j=1,m1
do 875 i=1,l1
cmin=amin1(cmin,f(i,j,5))
cmax=amax1(cmax,f(i,j,5))
875 continue
ecmin=(cmin-cmino)/cmino
ecmax=(cmax-cmaxo)/cmaxo
etot=esum/(abs(estor)+1.e-15)
c
wtsld=0.
wttot=0.
do 900 i=2,l2
do 900 j=2,m2
volm=ycvr(j)*xcv(i)
wtsld=wtsld+rho(i,j)*f(i,j,8)*volm
900
wttot=wttot+rho(i,j)*volm
fsld=wtsld/(wttot)
efsld=(fsld-fsldo)/(fsldo+1.e-15)
fsldo=fsld
c
cmino=cmin
cmaxo=cmax
c
c---------------------------------------------------------------------c
c
if(.not. loutpt) go to 1425
c
write(4,925) itert
write(4,950) smax,ssum,cmin,cmax,fsld,sat
write(4,975) esuml,esumr,esumb,esumt,estor,egen,esum
write(4,975) csuml,csumr,csumb,csumt,cstor,cgen,csum
write(4,1000) etot,efsld,ecmin,ecmax
c
c
925 format(1x,'------ itert ----->',i5)
950 format(1x,1p6e11.4)
975 format(1x,1p7e11.4)
1000 format(1x,1p4e11.4)
1005 format(1x,f7.2,3x,f7.3,3x,f7.3,3x,f7.3)
1075 continue
c
if(itert .eq. lastt) then
tcc1=f(25,10,6)*41.1+183.

250
tcc2=f(25,25,6)*41.1+183.
tcc3=f(25,45,6)*41.1+183.
write(7,1010) time,tcc1,tcc2,tcc3
endif
1010 format(1x,f10.3,1x,e15.8,1x,e15.8,1x,e15.8)
c
c-----------------------------< print arrays/establish plot/dump file >
c
if(itert.ne.lastt.or.iter.ne.last) go to 1425
rewind 2
write(2,35)time
write(2,55)((f(i,j,1),i=1,l1),j=1,m1)
write(2,55)((f(i,j,2),i=1,l1),j=1,m1)
write(2,55)((f(i,j,4),i=1,l1),j=1,m1)
write(2,55)((f(i,j,5),i=1,l1),j=1,m1)
write(2,55)((f(i,j,np),i=1,l1),j=1,m1)
c
write(2,55)((dfdto(i,j,1),i=1,l1),j=1,m1)
write(2,55)((dfdto(i,j,2),i=1,l1),j=1,m1)
write(2,55)((dfdto(i,j,4),i=1,l1),j=1,m1)
write(2,55)((dfdto(i,j,5),i=1,l1),j=1,m1)
write(2,55)((dfdto(i,j,nrho),i=1,l1),j=1,m1)
c
35 format(1e15.8)
55 format(9e15.8)
56 format(e15.8,l2)
c
c
c put cliq/tf in f(i,j,ngam) for plotting
c
do 1170 j=1,m1
do 1170 i=1,l1
1170 f(i,j,ngam)=cliq(i,j)/tf
c
c call print for neat print out of field variables
c also, call plfile to prepare plotting data file
c
call print
c
c
c
call plfile3(nvar)
c
call plfile(nvar)
c
1425 continue
c
c-------------------------------------------------< check convergence >
c
lcvrg=.true.
if(abs(etot) .gt.etol) lcvrg=.false.
if(abs(efsld).gt.etol) lcvrg=.false.
if(abs(ecmin) .gt. etol) lcvrg=.false.
if(abs(ecmax) .gt. etol) lcvrg=.false.
if(smax .gt. etol) lcvrg=.false.
if(.not.lcvrg) ncvrg=0
if(lcvrg) ncvrg=ncvrg+1
if(ncvrg.eq.10) then
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itert=lastt-1
ncvrg=0
endif

c
c-------output-------c
return
end
c
c
c
******************************************************
c
** subroutine name : GAMSOR **
*
c
******************************************************
c
subroutine gamsor
parameter(l1=50,m1=50,lda=50)
parameter(nfmax=9,np=10,nrho=11,ngam=12)
c
logical lsolve,lprint,lstop,loutpt
character*80 title
common/main/f(l1,m1,nfmax),p(l1,m1),rho(l1,m1),gam(l1,m1),
1
con(l1,m1),aip(l1,m1),aim(l1,m1),ajp(l1,m1),ajm(l1,m1),
2
ap(l1,m1),du(l1,m1),dv(l1,m1)
common/old/fold(l1,m1,nfmax),pold(l1,m1),rhold(l1,m1),
1
gamold(l1,m1),dfdto(l1,m1,ngam)
common/geom/x(l1),xu(l1),xdif(l1),xcv(l1),xcvs(l1),
1
y(m1),yv(m1),ydif(m1),ycv(m1),ycvs(m1),
2
r(m1),rmn(m1),arx(m1),arxj(m1),arxjp(m1),
3
sx(m1),sxmn(m1),xcvi(l1),xcvip(l1),ycvr(m1),ycvrs(m1),
4
fv(m1),fvp(m1),fx(l1),fxm(l1),fy(m1),fym(m1),
5
xl,yl,l2,l3,m2,m3,mode
common/flag1/nf,ist,jst,iter,itert,last,lastt,
1
ipref,jpref,npint,npknt,ntimes(np),
2
lsolve(np),lprint(ngam),lstop,loutpt
common/flag2/time,dt,relax(ngam),smax,ssum,gamsld,delta
common/flag3/title(ngam)
common/bound/indl(m1),indr(m1),indb(l1),indt(l1),flxl(m1),
1
flxr(m1),flxb(l1),flxt(l1)
c
c-------gamsor-------c
c
common/equil/tf,fe,xkp
common/propty/rhoref,pr,sc,da,buoy,ste,cs,conds
common/operat/tin,tcool,fin,gr,bi,aspect
common/vmisc/hsol(l1,m1),hliq(l1,m1),csol(l1,m1),cliq(l1,m1),
1
us(l1,m1),vs(l1,m1),etol
common/source/phi(l1,m1),usol(l1,m1),vsol(l1,m1),
2
phis(l1,m1),phil(l1,m1)
c
dimension u(l1,m1),v(l1,m1)
c
equivalence (f(1,1,1),u(1,1)),(f(1,1,2),v(1,1))
c
c
c----------------------------------------------------------< momentum >
c
***************************************************************
*
*
*
*
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*
mode
*
mode
*
mode
*
*
1
*
2
*
3
*
***************************************************************
*
x
*
z
*
theta
*
***************************************************************
*
y
*
r
*
r
*
***************************************************************
c
do 10 j=1,m1
do 10 i=1,l1
usol(i,j)=us(i,j)
vsol(i,j)=vs(i,j)
10 continue
c
c
c
if(nf.gt.2) go to 125
c
c the momentum equations
c
do 25 j=1,m1
do 25 i=1,l1
gam(i,j)=1./sqrt(gr)
25 continue
if(nf.ne.1) go to 75
**************************************************************
c
momentum source terms for the x direction equation
**************************************************************
do 50 j=2,m2
do 50 i=3,l2
gs=f(i,j,8)
gl=1.-gs
gs1=f(i-1,j,8)
gl1=1.-gs1
sc1=0.
sp1=0.
sc2=0.
sc3=0.0
c
c
*************************************************************
c
Darcian term (sp1 and sc1)
*************************************************************
perme=da/(gam(i,j)+1.e-15)*gl**3/(gs**2+1.e-15)
permw=da/(gam(i-1,j)+1.e-15)*gl1**3/(gs1**2+1.e-15)
c
c
2
c
c

perm=2.*perme*permw*xdif(i)/(xcv(i)*permw+xcv(i-1)*perme+
1.e-15)
sp1=1./(perm+1.e-15)
sc2=sp1*us(i,j)

ap(i,j)=-sp1
50 con(i,j)=sc1+sc2+sc3
go to 125
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************************************************************
c
momentum source terms for the y direction equation
************************************************************
75 do 100 j=3,m2
do 100 i=2,l2
gs=f(i,j,8)
gl=1.-gs
gs1=f(i,j-1,8)
gl1=1.-gs1
c
c the top surface is stress-free
c
gam(l1,j)=0.0
sp1=0.
sc1=0.
sp2=0.
sc2=0.
sc3=0.
c
c
***********************************************************
c
Darcian terms (sp1 and sc1)
***********************************************************
permn=da/(gam(i,j)+1.e-15)*gl**3/(gs**2+1.e-15)
perms=da/(gam(i,j-1)+1.e-15)*gl1**3/(gs1**2+1.e-15)
perm=2.*permn*perms*ydif(j)/(ycv(j)*perms+ycv(j-1)*permn+
2
1.e-15)
sp1=1./(perm+1.e-15)
sc1=sp1*vs(i,j)

c
c***********************************************************
c
Buoyancy term (sc2)
c***********************************************************
temp=fy(j)*f(i,j,6)+fym(j)*f(i,j-1,6)
conc=fy(j)*cliq(i,j)+fym(j)*cliq(i,j-1)
sc2=temp-buoy*conc
c
c
c
c
con(i,j)=sc1+sc2+sc3
100 ap(i,j)=-(sp1+sp2)
c
c------------------------------------------------------------< energy >
c
125 if(nf.ne.4) go to 225
do 150 j=1,m1
do 150 i=1,l1
h=f(i,j,4)
t=f(i,j,6)
gs=f(i,j,8)
c
c
sc1=0.0
c
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c
c
c

c
c
c
c
c
c

c

c
c
c
c
c
c

cond=1.+gs*(conds-1.)
gam(i,j)=cond/(pr*sqrt(gr))
phi(i,j)=hliq(i,j)-h
phis(i,j)=hsol(i,j)
phil(i,j)=hliq(i,j)
Here, the boundaries are handled.
1 - indicates a specified boundary value
2 - indicates a convective boundary condition
3 - indicates a zero flux boundary condition
indl(j)=1
indr(j)=3
indb(i)=3
indt(i)=3
con(i,j)=sc1
150 continue

subroutine call to evaluate advection-like source term
Note: the diffusion-like source term is differenced in the
subroutine GENSLV of the main code.

call srcdif(nf,hsol,hliq,us,vs)
c
c------------------------------------------------------------< species >
c
225 if(nf.ne.5) go to 500
do 250 j=1,m1
do 250 i=1,l1
fsn=f(i,j,5)
fs=f(i,j,7)
c
c For species equation, ratio must be set to 1.0
c
c
c
gam(i,j)=(1.-fs)/(sc*sqrt(gr))
phi(i,j)=cliq(i,j)-fsn
phis(i,j)=csol(i,j)
phil(i,j)=cliq(i,j)
c
c
c Zero mass flux across all boundaries
c
indr(j)=3
indl(j)=3
indt(i)=3
indb(i)=3
250 continue
c
c subroutine call to evaluate advection-like source term

255
c
c
c

call srcdif(nf,csol,cliq,us,vs)

500 continue
c-------gamsor-------c
return
end
subroutine tcouple
parameter(l1=50,m1=50,lda=50)
parameter(nfmax=9,np=10,nrho=11,ngam=12)
common/main/f(l1,m1,nfmax),p(l1,m1),rho(l1,m1),gam(l1,m1),
1
con(l1,m1),aip(l1,m1),aim(l1,m1),ajp(l1,m1),ajm(l1,m1),
2
ap(l1,m1),du(l1,m1),dv(l1,m1)
common/tflag/itx(l1),ity(m1),tx(3),ty(3)
common/flag2/time,dt,relax(ngam),smax,ssum,gamsld,delta
common/geom/x(l1),xu(l1),xdif(l1),xcv(l1),xcvs(l1),
1
y(m1),yv(m1),ydif(m1),ycv(m1),ycvs(m1),
2
r(m1),rmn(m1),arx(m1),arxj(m1),arxjp(m1),
3
sx(m1),sxmn(m1),xcvi(l1),xcvip(l1),ycvr(m1),ycvrs(m1),
4
fv(m1),fvp(m1),fx(l1),fxm(l1),fy(m1),fym(m1),
5
xl,yl,l2,l3,m2,m3,mode
real ft(3,3)

20
100

open(10,file='tcouple.dat',status='unknown',access='append')
do 20 i=1,3
do 20 j=1,3
ih=itx(i)
jv=ity(j)
dhx=(tx(i)-x(ih))/(x(ih+1)-x(ih)+1.e-10)
dvy=(ty(j)-y(jv))/(y(jv+1)-y(jv)+1.e-10)
fmx=f(ih,jv,6)+(f(ih+1,jv,6)-f(ih,jv,6))*dhx
fnx=f(ih,jv+1,6)+(f(ih+1,jv+1,6)-f(ih,jv+1,6))*dhx
ft(i,j)=fmx+(fnx-fmx)*dvy
continue
write(10,100) time, ((ft(i,j),i=1,3),j=1,3)
format(e15.6,9e15.6)
close(10)
return
end
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