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ABSTRACT

We have studied the field dependent magnetic properties of three crystalline directions of
the spin ice material Dy2Ti2O7—the [100], [110], and [111] directions. Comprehensive
magnetization and ac susceptibility data were taken in the temperature range 1.8 K < T < 7 K at
fields of up to H = 4 T in the frequency range from dc to f = 10 kHz. We found that crystalline
anisotropy plays an important role in determining the spin dynamics in this temperature and
magnetic field regime, as well as surprising features presenting in the kHz frequency range where
the ac measurement is performed faster than the characteristic relaxation time of the system. In
particular, the [110] direction showed a distinct region of freezing into the “spin-chain” state and
the [111] direction showed a distinct “kagome-ice” region, as well as an unexpected peak at
higher frequencies—remnant of the first-order phase transition at lower temperatures.
The [110] and [111] crystalline directions were determined to be of enough interest to
extend to lower temperature using a much more difficult dilution refrigerator experiment. Two
large crystals were provided by groups at Universidad Nacional de La Plata -CONICET,
Argentina, and University of Oxford, United Kingdom, respectively, for the additional purpose of
probing the spatial variation inside the crystal (as opposed to measuring the whole crystal as is
traditionally done in ac susceptibility experiments). Differences between the end and the center
of the crystals were observed in an applied field and approaching the higher frequency
measurement limit.
Additionally, two more projects are presented on the related materials Tb2Ti2O7 and
Tb2Ti2-x SnxO7. The former was lead by Sean Giblin and Peter Baker from ISIS, and the latter by
Maria Dahlberg from the Pennsylvania State University. A search for the magnetization plateau
associated with the quantum spin ice state was the motivation behind the Tb2Ti2O7 study;
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however, only unusual dynamics in a regime that coincided with muon results were found. Thus,
the set of materials Tb2Ti2-x SnxO7 provided an excellent way to probe the interactions that
determine the nature of the low-temperature phase (soft spin ice or spin liquid, in this case), and
several intermediate states of interest were found.

v

TABLE OF CONTENTS
LIST OF FIGURES ................................................................................................................. vii
LIST OF TABLES ................................................................................................................... xviii
ACKNOWLEDGEMENTS ..................................................................................................... xix
Chapter 1 Introduction ............................................................................................................. 1
Magnetism........................................................................................................................ 1
Paramagnetism ......................................................................................................... 2
Ferromagnetism........................................................................................................ 3
Inverse Susceptibility and the Theta-Weiss ............................................................. 4
Frustration ........................................................................................................................ 5
How Frustration Arises in Spin Glasses ................................................................... 8
How Frustration Arises in Spin Liquids ................................................................... 10
How Frustration Arises in Spin Ices ........................................................................ 11
Chapter 2 Introduction to Spin Ice ........................................................................................... 13
Analogy to Water Ice ....................................................................................................... 14
Magnetic Properties ......................................................................................................... 17
Field Dependence ............................................................................................................. 18
The [100] Direction .................................................................................................. 19
The [110] Direction .................................................................................................. 21
The [111] Direction .................................................................................................. 24
Magnetic Monopole Excitations ...................................................................................... 27
Chapter 3 Experimental Techniques ........................................................................................ 31
Magnetization................................................................................................................... 31
AC Susceptibility (PPMS) ............................................................................................... 35
AC Susceptibility (DF) .................................................................................................... 38
Electronics Setup ...................................................................................................... 39
Custom Coil Setup ................................................................................................... 42
Chapter 4 Dy2Ti2O7 single crystal anisotropy in the temperature range 1.8 K – 7 K .............. 45
The [100] Direction .......................................................................................................... 46
The [110] Direction .......................................................................................................... 53
The [111] Direction .......................................................................................................... 61
Comparison of the [100], [110], and [111] Directions ..................................................... 72
Chapter 5 Low-Temperature Crystal Spatial Variation in Dy2Ti2O7 ....................................... 85

vi
The [110] Direction .......................................................................................................... 85
The [111] Direction .......................................................................................................... 96
Chapter 6 The Crossover Series Tb2Ti2-xSnxO7 ....................................................................... 113
High Temperature DC Magnetization ...................................................................... 115
High Temperature AC Susceptibility ....................................................................... 121
Low Temperature AC Susceptibility........................................................................ 123
Appendix A The Demagnetization Correction ....................................................................... 128
Appendix B AC Susceptibility................................................................................................ 135
Appendix C Correction for Phase Offset ................................................................................ 139
Appendix D Field Dependent Spin Fluctuations in Tb2Ti2O7................................................. 142
Appendix E Crystal Fields and Energy Scales in Spin Ice ..................................................... 145
Appendix F Monte Carlo Simulations for the [111] Direction ............................................... 147
Bibliography ............................................................................................................................ 152

vii

LIST OF FIGURES

Figure 1-1 Ordering transitions of un-frustrated magnetic materials—divergences occur
at the predicted values, extrapolated from the high temperature susceptibilities [8]. ...... 5
Figure 1-2 Example of a geometrically frustrated system—an equilateral triangle with
anti-ferromagnetic interactions. ....................................................................................... 6
Figure 1-3 Examples of lattices that can give rise to frustration: (a) 2-D triangular (b) 2-D
kagome and (c) 3-D pyrochlore from ref [9].................................................................... 7
Figure 1-4 For frustrated materials, a freezing does not occur until well below the
predicted θW value............................................................................................................ 8
Figure 1-5 Example of frustration arising from bond disorder—the fourth spin cannot
simultaneously satisfy both neighboring interactions. On a square lattice, if all the
interactions are ferromagnetic or all anti-ferromagnetic, the fourth spin would order. ... 9
Figure 1-6 An example of the field cool/ zero-field cool bifurcation seen in MnCu, a spin
glass system, from Nagata et al.[10]. (b) and (d) are ZFC, while (a) and (c) are FC. ...... 10
Figure 1-7 (a) Anti-ferromagnetically coupled spins aligned along a global axis and (b)
ferromagnetically coupled spins aligned along their local <111> Ising axis (pointing
along a line adjoining a corner and the center of the tetrahedron). .................................. 12
Figure 2-1 A cartoon of a corner-sharing tetrahedral lattice, with the spins residing at the
corners. ............................................................................................................................. 13
Figure 2-2 Cartoon from Greedan et al. showing the puckered ring of six oxygen atoms
(grey) surrounding the rare earth ion (black), and the two oxygen atoms residing
inside of the rare earth-tetrahedra (white). The rare-earth ion’s magnetic moment
would align parallel to the line connecting the two (white) oxygen atoms, denoting
the spin’s Ising direction. ................................................................................................. 14
Figure 2-3 Water ice (left) and spin ice (right) have analogous geometric configurations.
Oxygen atoms are shown in blue, with their corresponding protons shown in red.
The red arrows indicate the proton displacement, which translate to the red arrows
on the right indicating spin direction. .............................................................................. 15
Figure 2-4 (a) Entropy as a function of temperature, reproduced from ref.[19]. The
entropy only approaches the predicted value if Pauling’s zero-point entropy is added
as a constant of integration (b). ........................................................................................ 16

viii
Figure 2-7 Projection of the spins on a tetrahedron with the external field applied along
the [100] direction. All four spins have equal components in the direction of the dc
field. ................................................................................................................................. 19
Figure 2-8 This phase diagram from Harris et al. [23] illustrates the predicted spin ice
phase diagram in a [100] magnetic field analogy to the liquid gas transition, where
“L” indicates the liquid phase and “G” indicates the gas phase. The solid line
indicates the line of first-order field-induced (or liquid-gas) phase transitions. The
critical point occurs at
, above which there is sufficient thermal energy
for the degeneracy breaking process to be continuous [23]. ............................................ 20
Figure 2-9 The [110] direction divides into two sets of spins. α-chains are shown in red,
and β-chains are shown in blue. ....................................................................................... 21
Figure 2-10 Projection of the spins on a tetrahedron with the external field applied along
the [110] direction. Spins lying on the α-chains become pinned to the field (arrows)
and the spins lying on the β-chains are perpendicular (and thus decoupled) from the
external field (solid dots). ................................................................................................ 22
Figure 2-11 A magnetic field-temperature phase diagram from Yoshida et al. [28]
summarizing the ordered states of Dy2Ti2O7 in a [110] magnetic field. The solid line
shows the first order phase transition. Open squares indicate the paramagnetic to
disordered spin ice transition (discussed in the previous section), and closed squares
indicate the disordered spin ice phase to the ordered spin-chain transition. As the
temperature is increased, the ordered phase transition breaks into two—one with the
both sets of chains ordered (closed circles) and the other with only ordered alpha
spins (open circles)........................................................................................................... 23
Figure 2-12 The 111 direction: alternating layers of kagome and triangular planes. Red
arrows denote spins on triangular planes, and blue arrows denote spins on the
kagome planes. ................................................................................................................. 24
Figure 2-13 The partially-ordered kagome-ice state and the fully-ordered saturated state.
Bold arrows indicate that the spin is aligned with the external field. Blue arrows lie
in the kagome plane; red arrows lie in the triangular plane. Green arrows indicate
the direction and relative strength of the external dc magnetic field. .............................. 25
Figure 2-14 Projection of the spins on a tetrahedron with the external field applied along
the [111] direction. Note that this two-dimensional projection onto a square is
actually at an angle—one of the two spins in the field direction is directly aligned
with the field and the other is not, and the two spins facing outward are also partially
aligned with the field........................................................................................................ 26
Figure 2-15 Phase diagram from Aoki et al. [29] determined from magnetization and
specific heat measurements. The solid line shows the first order phase transition
(since there should be no change in the symmetry across the transition). Above the
critical temperature of
, the critical field
turns into spin flip
crossover field,
. ....................................................................................................... 27

ix
Figure 2-16 This figure is reproduced from ref. [30]. Panel (a) shows the 2-in/2-out spinice ground. Panel (b) shows a single spin-flip generating a monopole/anti-monopole
pair in adjoining tetrahedra. ............................................................................................. 28
Figure 2-17 This figure is reproduced from M. J. P. Gingras, Science 326, 375 (2009)
[30]. Spins pointing opposite to the field direction connecting a monopole and an
anti-monopole are known as a “Dirac string.” Here, the field direction is shown to
be in the [100] direction. .................................................................................................. 29
Figure 3-1 Magnetization as a function of field, M(H), for several different types of
magnetic materials. Figure is courtesy of the Quantum Design Applications
Department, located in San Diego, CA. ........................................................................... 32
Figure 3-2 Diagram of the SQUID coil setup from ref. [39], showing the superconducting
detection coils, the connecting wires, and the sample. The total length of the coils is
approximately 3 cm. ......................................................................................................... 33
Figure 3-3 The voltage measured from the SQUID across the vertical scan length of 6
cm (in this instance). Figure is reproduced from ref. [39]. ............................................. 34
Figure 3-4 Diagram of the AC Magnetic Susceptibility (ACMS) coil insert for the QD
PPMS showing the insert (which can be used in any QD cryostat equipped with an
ACMS card) as well as the detection coils around the sample space (which the
sample is inserted into after the ACMS insert is installed). Picture reproduced from
the Quantum Design Hardware and Applications manual. .............................................. 37
Figure 3-5 Diagram of the 5-point measurement technique, courtesy of QD Applications
Department. Step 1 determines the baseline signal, step 2 determines the coil
imbalance (which gives a scale for the sensitivity), steps 3 and 4 calibrate the
amplitude and phase, and step 5 adjusts for the drift that occurred during the
previous steps. .................................................................................................................. 38
Figure 3-6 The fridge lollipop: the four active BNC connections leading into the sample
can are marked: primary = red and secondary = blue. ..................................................... 39
Figure 3-7 Lemo #1 connections leading into the dilution refrigerator. .................................. 40
Figure 3-8 Electronics setup of for the dilution refrigerator. GPIB addresses are given in
brackets, however they can be changed manually if needed............................................ 42
Figure 3-9 Schematic of the custom set of coil bases. The large [110] crystal is shown
(scaled to the dimensions of the secondary coil bases) in red. (a) shows the end of
the crystal being measured inside the top secondary coils, (b) shows the center of the
crystal being measured in the top secondary coils, and (c) shows the dimensions of
the primary coil base. ....................................................................................................... 43
Figure 3-10 Second set of secondary coils wound, as well as new primary coils. The
bases are shown (left) and the finished coils with a comparison to the 666mg [110]
crystal (right). The picture of the finished coil sets has a vertical offset—the

x
secondary coils are closer to the camera and therefore appear larger with respect to
the crystal and the primary coils than they actually are. .................................................. 44
Figure 4-1 DC magnetization, M(H), for Dy2Ti2O7 in the [100] direction at selected
temperatures. The M(H) curves show a Brillouin function behavior leading up to the
saturation magnetization (standard for ferromagnetic materials). Very little
difference is seen between the demagnetization corrected and non-demagnetization
corrected data (see Appendix A); the demagnetization corrected data is shown
above. ............................................................................................................................... 47
Figure 4-2 Temperature dependence of the susceptibility in zero field of Dy2Ti2O7 in the
[100] direction. The
curves show a general
Curie behavior with
deviations at
and
, indicative of characteristic spin-ice behavior. ..... 48
Figure 4-3 Field dependence of the susceptibility of Dy2Ti2O7 in the [100] direction. .......... 49
Figure 4-4 Field dependence of the susceptibility in the [100] direction at selected
temperatures. .................................................................................................................... 50
Figure 4-5 Peaks from the imaginary component of the susceptibility in the [100]
direction in panel (a) determine the characteristic spin relaxation time of the system
at a given field in panel (b). Only selected curves are shown in panel (a) for clarity.
We believe that the bump at lower frequencies is an artifact due to a mechanical
vibration, because remounting the crystal with GE varnish moves the bump by
approximately 10 or 20 Hz, and the bump did not appear in the data for the cubic
sample. Error bars indicate relative certainty in the peak position determined by eye,
showing approximately what magnitude of field strength the peaks become difficult
to resolve. ......................................................................................................................... 52
Figure 4-6 Magnetization in the [110] direction, shown up to H = 2T. Saturation occurs
at approximately 4.4 µB/Dy ion........................................................................................ 54
Figure 4-7 Temperature dependence of the susceptibility in zero field of the [110]
direction. The [110] direction is very similar to the [100] direction (Figure 4-2),
showing a very similar single-ion freezing around T = 16 K and a spin-ice freezing
around T = 2 K for higher frequencies. ............................................................................ 55
Figure 4-8 Field dependence of the susceptibility of Dy2Ti2O7 at T = 1.8 K in the [110]
direction, which looks very similar to the [100] direction at lower frequencies.
Higher frequencies are shown in Figure 4-9. ................................................................... 56
Figure 4-9 Details for data from Figure 4-8 at a magnified y-axis scale: Field dependence
of the susceptibility at T = 1.8 K in the [110] direction. f = 10 Hz was removed for
clarity, since the frequency was very noisy. .................................................................... 57
Figure 4-10 Field dependence of the susceptibility at f = 10 kHz in the [110] direction at
selected temperatures. ...................................................................................................... 58

xi
Figure 4-11 Peaks from the imaginary component of the susceptibility in the [110]
direction in panel (a) determine the characteristic spin relaxation time of the system
at a given field in panel (b). Only selected curves are shown in panel (a) for clarity.
Error bars indicate relative certainty in the peak position determined by eye,
showing approximately what magnitude of field strength the peaks become difficult
to resolve. ......................................................................................................................... 59
Figure 4-12 Temperature dependence of the susceptibility in the plateau at H = 0.4 T. ......... 61
Figure 4-13 Magnetization data showing (a) the [111] magnetization plateau forming
below T = 4 K, with saturation occurring at 5.27 µB/Dy ion and (b) the derivative
dM/dH, showing the susceptibility in the static limit. The hump at approximately H
= 1 T in panel (b) matches the calculation from ref. [25], however their
corresponding experimental data is fairly flat, and the discrepancy was not clarified..... 62
Figure 4-14 Temperature dependence of the susceptibility for Dy2Ti2O7 in zero field for
the [111] direction shows very similar behavior to the two other crystalline
directions (Figure 4-2 and Figure 4-7). ............................................................................ 63
Figure 4-15 Field dependence of the susceptibility for Dy2Ti2O7 at T = 1.8 K for the
[111] direction showing the incipient peak at
—a precursor to a first-order
phase transition observed at lower temperatures.............................................................. 65
Figure 4-16 Expanded vertical scale for Figure 4-15: field dependence at T = 1.8 K for
the [111] direction. ........................................................................................................... 65
Figure 4-17 Field dependence of the susceptibility at f = 10 kHz in the [111] direction at
select temperatures, showing the temperature-independent field position of the H = 1
T peak in . The corresponding dip in
indicates that the system is almost
entirely in phase at the crossover field value of H = 1 T. ................................................ 66
Figure 4-18 Peaks from the imaginary component of the susceptibility in the [111]
direction in panel (a) determine the characteristic spin relaxation time of the system
at a given field in panel (b). Only select curves are shown in panel (a) for clarity.
Error bars indicate relative certainty in the peak position determined by eye,
showing approximately what magnitude of field strength the peaks become difficult
to resolve. ......................................................................................................................... 68
Figure 4-19 Additional curves showing the peaks that give the spin relaxation data points
for
. Panel (a) shows curves up to H = 0.39 T, and panel (b) is rescaled to show
curves from H = 0.4 T to H = 1.6 T. Each curve was individually rescaled for the
determination of the peak value. ...................................................................................... 70
Figure 4-20 Temperature dependence of the “temperature-independent crossover point”
at H = 0.688 T. The effect is much more apparent at higher frequencies, where
quantum effects appear to be more substantial. ............................................................... 71
Figure 4-21 (a) DC Magnetization M(H) for the [100], [110], and [111] directions. (b)
The derivative, dM/dH, for each direction. ...................................................................... 73

xii
Figure 4-22 Comparison of the temperature dependence for the [100], [110], and [111]
directions at f = 10 Hz. At low frequency, the system is mostly in phase, and the out
of phase component is on the order of the background noise. ......................................... 74
Figure 4-23 Comparison of the temperature dependence for the [100], [110], and [111]
directions at f = 10 kHz. Higher frequencies exhibit differences in the freezing
transitions, especially with the [111] direction in the spin-ice freezing. .......................... 76
Figure 4-24 Comparison of the [100], [110], and [111] field dependent susceptibilities at f
= 10 Hz. This is as close to the static limit as we can get in the PPMS. Note that the
scale of the imaginary component is an order of magnitude smaller than the scale of
the real component, indicating that the system is mostly in phase with the oscillating
field. ................................................................................................................................. 77
Figure 4-25 Comparison of the [100], [110], and [111] field dependent susceptibilities at f
= 10 kHz. The [100] direction shows a smooth monotonic behavior, whereas the
[110] and [111] directions show distinct regions of field-activated spin populations. .... 78
Figure 4-26 Panel (a) shows the relative peak broadening of each crystalline direction at
H = 0 T, normalized to both peak frequency and amplitude. The [100] direction
shows slightly less broadening on the higher frequency and the [111] direction
shows more broadening on the low frequency side. All three directions are broader
than the polycrystalline data from Snyder et al (not shown). Panel (b) shows the
unnormalized peaks, with the [100] direction having the greatest magnitude and the
[111] having the smallest magnitude, and the [110] direction having the lowest peak
frequency and the [111] direction having the highest peak frequency............................. 79
Figure 4-27 Panel (a) shows the relative peak broadening of each crystalline direction at
H = 0.4 T, normalized to both peak frequency and amplitude. Panel (b) shows the
unnormalized peaks, with the [110] direction having the greatest magnitude and the
[100] having the lowest magnitude, and the [100] direction having the lowest peak
frequency and the [111] direction having the highest peak frequency............................. 80
Figure 4-28 Zero-field spin relaxation times for the three crystalline directions, as well as
polycrystalline data from ref. [22]. The powder data has not had a demagnetization
correction performed, which would effectively move the data to slightly larger
.
This may be due to surface effects which would be more prevalent in the powder
data. The spin relaxation time for the crystals without the demagnetization was
faster; however, the difference from the demagnetization correction was less than
that between the crystal and the polycrystalline data. Based on the differences
between the three directions seen in the susceptibility at zero dc field, we believe the
differences shown above are physical. ............................................................................. 81
Figure 4-29 Field dependence of the spin relaxation time for the [100], [110], and [111]
directions. All spins in the [100] direction have an equal component in the field
direction, so the behavior is monotonic. However, the peaks in the other directions
show one higher-field activated spin population for the [110] direction and two
activated populations for the [111] direction. Error bars indicate relative certainty in

xiii
the peak position determined by eye, showing approximately what magnitude of
field strength the peaks become difficult to resolve. ........................................................ 83
Figure 5-1 Zero field susceptibility vs. temperature in the [110] direction. The “end”
data (open squares) was more sparse and had more temperature equilibration issues;
however, there is very little difference between the center (solid squares) and the end
(open squares). ................................................................................................................. 86
Figure 5-2 Application of a magnetic field both suppresses the signal and moves the
peak in χ’’ to higher temperature. Only the low frequencies with visible peaks are
shown for clarity. Zero field are closed squares, H = 0.1 T are open squares, and H
= 0.2 T are lines. The data above were taken in the crystal end. .................................... 87
Figure 5-3 Temperature dependence of the susceptibility in an applied magnetic field.
These data were taken in the center of the crystal............................................................ 88
Figure 5-4 Field dependence of the susceptibility in the [110] direction at T = 800 mK at
different frequencies. The behavior at low frequencies is smooth and drops of
monotonically................................................................................................................... 90
Figure 5-5 Real (top) and imaginary (bottom) components of the susceptibility in the
[110] direction at f = 5 Hz. T = 600 mK and 500 mK data were not taken in the
center of the crystal. At higher temperatures, the lower frequencies no longer drop
off monotonically and a rise in the imaginary component is observed. ........................... 91
Figure 5-6 Field dependent susceptibility in the [110] direction at f = 10 kHz showing
the observed difference between the end (open symbols) and center (closed symbols)
of the crystal. Data were taken down to 600 mK, however only higher temperatures
are shown for clarity (the lower temperatures are also on the order of magnitude
associated with the difference in signal from different levels of liquid helium
covering the magnet). The difference between the end (lower amplitude) and the
center data (greater magnitude) appeared primarily above T = 1 K, in the plateau
region between H = 0.36 T and 0.55 T. Differences at very low field are likely due
to the demagnetization field being different in the end of the crystal from the center..... 92
Figure 5-7 Zero field imaginary component of the susceptibility at different temperatures
in the [110] direction. The curves from the center of the crystal are indicated by
thick lines, whereas the curves from the end of the crystal are indicated by thin lines.
The units are arbitrary, and the end curves have not been normalized to the center
ones. ................................................................................................................................. 94
Figure 5-8 Zero field spin relaxation times of the different samples in the [110] direction.
The crystal’s center data points (solid green squares) and end data points (open
green squares) are compared to the PPMS data (solid black squares) from Chapter 4,
PPMS data without demag correction (open black squares), solid blue squares
reproduced from ref.[21], open blue squares reproduced from ref.[22], and orange
squares reproduced from ref.[42]. .................................................................................... 95

xiv
Figure 5-9 Zero field susceptibility vs. temperature in the [111] direction. There is very
little difference between the center (solid squares) and the end (open squares). The
higher frequency peaks in the imaginary component are broader than in the [110]
direction. .......................................................................................................................... 97
Figure 5-10 Comparison at f = 10 kHz of the large [111] crystal to the two smaller [111]
crystals, as well as a small misalignment of a small [111] crystal. A misalignment of
6.5° suppresses the peak, and moves it to a slightly lower field. Therefore, a
misalignment would not account for the difference seen between the large [111]
crystal and the two smaller [111] crystals. ....................................................................... 98
Figure 5-11 Field dependence of the susceptibility in the [111] direction at T = 800 mK
at different frequencies. The H = 1 T peak is much larger than at higher
temperatures, and the end of the crystal exhibits a very strange suppression of that
peak (as well as moving it to higher field value). ............................................................ 100
Figure 5-12 Expanded vertical scale of Figure 5-11. Features in the imaginary
component of the susceptibility are not above noise (there is a very low signal to
noise ratio), and may be caused by minor phase changes introduced by the
electronics. ....................................................................................................................... 101
Figure 5-13 Comparison of field sweeps for the large [111] crystal center data taken in
the dilution refrigerator at T = 1.8 K to the small 6.9 mg [111] crystal. The top
panels show the real component of the susceptibility, with the kagome-ice region
appearing at lower frequencies in the large [111] crystal center than in the small
whole crystal. f = 5 Hz and f = 10 Hz are not collapsed with the other frequencies
above H = 1 T for the DF center data, for unknown reasons. .......................................... 102
Figure 5-14 Real (top) and imaginary (bottom) components of the susceptibility in the
[111] direction at f = 5 Hz. The low-field dynamics are still greater in amplitude
than the H = 1 T peak at this low of a frequency. ............................................................ 104
Figure 5-15 Expanded vertical scale of Figure 5-14, showing the susceptibility in the
[111] direction at f = 5 Hz. ............................................................................................... 105
Figure 5-16 Real (top) and imaginary (bottom) components of the susceptibility at f = 10
kHz showing the peak at H = 1 T indicative of the first order phase transition,
growing as the temperature is decreased, until approximately T = 450 mK, where the
signal is suppressed dramatically. The cutoffs in the “end” data indicate a power
loss to the dc magnet, due to thunderstorm activity. ........................................................ 106
Figure 5-17 Expanded vertical scale of Figure 5-16, showing the susceptibility in the
[111] direction at f = 10 kHz. ........................................................................................... 107
Figure 5-18 Zero field imaginary component of the susceptibility at different
temperatures in the [111] direction. The curves from the center of the crystal are
indicated by thick lines, whereas the curves from the end of the crystal are indicated
by thin lines. The units are arbitrary, and the end curves have been normalized to
the center ones.................................................................................................................. 108

xv
Figure 5-19 Zero field spin relaxation times of the different samples in the [111]
direction. The crystal’s center data points (solid purple squares) and end data points
(open purple squares) are compared to the PPMS data (black squares) from Chapter
4, solid blue squares reproduced from ref.[21], open blue squares reproduced from
ref.[22], and orange squares reproduced from ref.[48]. ................................................... 109
Figure 5-20 Temperature dependent susceptibility in the [111] direction at H = 1 T
showing the first order phase transition at approximately T = 450 mK. These data
were taken at the center of the crystal. ............................................................................. 110
Figure 5-21 Temperature dependent susceptibility in the [111] direction at H = 1 T
showing the first order phase transition at approximately T = 450 mK. These data
were taken at the end of the crystal. The real component of f = 5 Hz and f = 10 Hz
are not shown due to problems with the lock-in amplifiers measuring those
frequencies poorly during this measurement. .................................................................. 111
Figure 6-1 Magnetization as a function of applied external dc magnetic field: batches AD. The M(H) curves are unexpectedly non-monotonic, possibly due to defects and
sample dependence. ......................................................................................................... 116
Figure 6-2 Magnetization as a function of applied external dc magnetic field: batch E.
Inset shows low field region up to H = 1 T. ..................................................................... 117
Figure 6-3 Curie-Weiss fits for batch E samples at high temperatures (top panel) and the
monotonicity of the samples at lower temperatures (bottom panel). ............................... 119
Figure 6-4 Effective magnetic moment (top panel) and Curie-Weis values (bottom panel).
The purple horizontal line drawn is 9.6 µB, which is the effective moment of the
magnetic ion Tb3+. Error in the data points was very small and did not propagate;
fitting parameters given by Origin were used. ................................................................. 120
Figure 6-5 Real component of the susceptibility at 500 Hz, shown at four different
applied fields. ................................................................................................................... 121
Figure 6-6 Frequency dependence of the real component of the ac susceptibility of each
dilution at 3 T. The other fields presented in Figure 6-5 show similar lack of
frequency dependence. ..................................................................................................... 122
Figure 6-7 Low-temperature ac susceptibility of all the dilutions at f = 500 Hz. ................... 124
Figure 6-8 Frequency dependence of each dilution in zero applied field. χ’ is shown in
closed symbols and χ’’ in open symbols. ......................................................................... 125
Figure 6-9 Field dependence of χ’ at 500 Hz, with each panel corresponding to one of the
curves (x values) in Figure 6-7......................................................................................... 126
Figure 6-10 Field dependence of χ’ at 500 Hz, with each panel corresponding to one of
the curves (x values) in Figure 6-7. .................................................................................. 127

xvi
Figure A - 1 A cartoon of an external magnetic field being applied along the long axis of
a rectangular sample. The effective poles at the end of the sample (produced by the
magnetization) create their own internal field opposite to the direction of the
external applied field. ....................................................................................................... 129
Figure A- 2 An example of the demagnetization correction for a frequency sweep at zero
external field (H=0) for a sample of Dy2Ti2O7 in the [111] direction taken in the
PPMS 9T for a sample of dimensions 2 mm (long axis to which field is applied) x
0.7 mm x 0.7 mm. ............................................................................................................ 132
Figure A- 3 An example of the demagnetization correction for a temperature sweep at
zero external field (H=0) for a sample of Dy2Ti2O7 in the [111] direction taken in the
PPMS 9T for a sample of dimensions 2 mm (long axis to which field is applied) x
0.7 mm x 0.7 mm. ............................................................................................................ 132
Figure A- 4 An example of the demagnetization correction for a field sweep at T = 1.8 K
and f = 10 kHz for a sample of Dy2Ti2O7 in the [111] direction taken in the PPMS 9T
for a sample of dimensions 2 mm (long axis to which field is applied) x 0.7 mm x
0.7 mm. ............................................................................................................................ 133
Figure A- 5 An example of the demagnetization correction for a magnetization curve at T
= 1.8 K for a sample of Dy2Ti2O7 in the [111] direction taken in the SQUID 5T for a
sample of dimensions 2 mm (long axis to which field is applied) x 0.7 mm x 0.7
mm. .................................................................................................................................. 133
Figure B - 1 Empty coils (setup a) would ideally produce
occupying one set of coils (setup b) would produce

, while a sample
.................................. 135

Figure C - 1 Correct wiring of the electronics box where the two lock-in signals are
compared. This figure is courtesy of Ben Ueland, and all parameters apply to his
coil setup. ......................................................................................................................... 140
Figure D - 1 Field dependence of the susceptibility for TTO in the [111] direction at T =
68 mK and T = 100 mK for f = 50 Hz and f = 500 Hz. Inset shows the
magnetization plateau predicted from ref. [54]. ............................................................... 144
Figure F - 1 Monte Carlo results for susceptibility as a function of dc magnetic field at
different temperatures for a single tetrahedron. Green is T = 1.8 K, blue is T = 2 K,
purple is T = 2.5 K, red is T = 4 K, and black is T = 7 K. ................................................ 148
Figure F - 2 Monte Carlo results for susceptibility as a function of dc magnetic field at
different temperatures for nearest neighbor spin ice. The top panels used an
oscillating field amplitude of 10 Oe, where as the bottom panels were computed
using 100 Oe. Green squares are at T = 600 mK, blue squares are at T = 800 mK,
red squares are at T = 1 K, yellow dots are T = 1.4 K, cyan dots are T = 1.8 K,
magenta dots are T = 2 K, green dots are T = 2.5 K, blue dots are T = 4 K, and red
dots are T = 7 K. The vertical black line indicates the field strength necessary to
create two monopoles by flipping a spin in the kagome-ice state to the saturated state
at zero temperature. .......................................................................................................... 149

xvii
Figure F - 3 Monte Carlo results for susceptibility as a function of dc magnetic field at
different temperatures for dipolar spin ice. The top panels used an oscillating field
amplitude of 10 Oe, where as the bottom panels were computed using 100 Oe.
Green squares are at T = 600 mK, blue squares are at T = 800 mK, red squares are at
T = 1 K, yellow dots are T = 1.4 K, cyan dots are T = 1.8 K, magenta dots are T = 2
K, green dots are T = 2.5 K, blue dots are T = 4 K, and red dots are T = 7 K. ................. 150
Figure F - 4 Dependence of the susceptibility on the external dc field for different
frequencies at the same temperature of T = 1.8 K (left panels) and T = 600 mK (right
panels) from Monte Carlo simulations: f = 500 Hz (magenta dots), f = 1 kHz (cyan
dots), f = 5 kHz (yellow dots), and f = 10 kHz (red squares). The curves were
obtained using an oscillating field of amplitude 100 Oe. ................................................. 151

xviii

LIST OF TABLES
Table 3-1 Lemo #1 Connections .............................................................................................. 40
Table C-1. Coil offset values for the four cool-downs using the non-standard coils in the
dilution refrigerator. ......................................................................................................... 141

xix

ACKNOWLEDGEMENTS
First, I would like to thank my advisor Peter Schiffer for being undoubtedly the most
positive role model I have had in my life. I am incredibly lucky to have landed in such a well put
together research group, getting to work with exceptional people such as Maria Dahlberg (senior
to me) and Brian Le (junior to me). I also had the opportunity to work with several brilliant
collaborators, most notably Claudio Castelnovo and Roderich Moessner, who added valuable
analysis to my experimental work and spent countless hours reading and revising my papers.
There are several teachers that had an immense impact on my life. I am indebted to my
first math and physics professors, Michael Montano and Terry O’Neill, for starting me off in the
right direction upon starting at Riverside Community College, for giving me a solid educational
foundation from which to work with, for their friendship, and for the opportunities to do work
outside of class that they extended to me. Also, my junior high school science teacher Ms. Bryant
and high school English teacher Ms. Neagley, who had faith in me through some difficult times
growing up.
Last but not least, I owe a huge thank you to my sister, Jennifer Matthews, and to all of
my friends, who have been there for me through good times and rough, put up with me,
encouraged me, and celebrated with me.

Chapter 1
Introduction
“All beginnings are difficult, but we must somehow start” [1].

Magnetism
It would not be an introduction to magnetism if the word “ubiquitous” was not used—so
it is essential to emphasize how ubiquitous magnetism is in science, technology, and our everyday
lives. Magnetism is perhaps the most prominent bridge between the quantum mechanical and the
classical world that we live in. Arising from an atom’s spin (an intrinsically quantum property),
collective magnetic moments are what make a material “magnetic.” Magnetic forces are relevant
to large scale systems, since magnetic lifting cranes and braking systems are common in today’s
large machinery [2]. At the same time, magnetic interactions are used at the nanoscale in the
development of magnetic storage and spin-based electronic devices [3].
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Paramagnetism
When placed in a magnetic field, a magnetic moment (spin) will try to align parallel to
that field. A material with uncoupled magnetic moments will magnetize in the field direction
when a magnetic field is applied. If those moments randomize thermally after the field is
removed, then the material is considered paramagnetic. The torque exerted is

, where

µ is the magnetic moment and B is the field [2]. The Zeeman energy is
, where θ is the angle between the dipole and the field (a discrete quantity in the
quantum-mechanical limit). This energy will be of significance in Chapter 4.
In the simplest form of paramagnetism, the spins are considered to be non-interacting,
and the physics is dominated by the thermal energy
Boltzmann,

(the energy scale given by the

, constant times the temperature in Kelvin, ), and the Zeeman energy. If the

energy scales are closer together, then the spins can no longer be treated as non-interacting and a
high-temperature limit cannot be used. The spins will be randomly oriented until a field is
applied, for which the magnetization of the volume is
the partition function in the canonical ensemble, and

, where
. Here,

is
and

, where is the total angular momentum quantum number. The end result is that
, where
proportionality being

is the Brillouin function[4], and the important result is the
, known as the Curie law [5]. The susceptibility,

is

known as the Langevin susceptibility.
A non-zero magnetic moment is only present in an atom that has unfilled shells, since
Hund’s rules dictate that electrons arrange themselves into orbitals parallel to each other, before
pairing up (and effectively canceling out each other’s angular momentum). For filled shells,
(the orbital angular momentum),

(the spin angular momentum), and

so there is no

3
electrons

permanent magnetic dipole moment [3]. For ions with unfilled shells like Dy3+, the

consist of seven spin-up electrons and only two spin-down electrons, giving a maximum
of

. Recall that the angular momentum magnetic quantum numbers, the

from

to – (in this case,

) in integer steps. Therefore, the sum of the

spin-up electrons is 0, while the maximum
is

value

’s, can range
’s for the seven

from the spin-down electrons is

. This results in a total angular momentum quantum number of

.

For rare-earth ions, the total susceptibility is actually a combination of three different
contributions: the temperature-dependent Langevin susceptibility, the temperature-independent
diamagnetic susceptibility, and the also temperature-independent Van Vleck susceptibility.

The

diamagnetic susceptibility is a much weaker effect that occurs in all atoms (even those with filled
shells), due to the change in orbital angular momentum when an external field is applied [3].
The Van Vleck susceptibility arises when the energy gap between the ground state and higher
energy state is much larger than

, causing orbital angular momentum to be admixed back into

the ground state from higher orbital states [6, 7] .

Ferromagnetism
When magnetic moments reside in a lattice they often cannot be treated as isolated,
especially below their Curie temperature at which they order if the interactions are not frustrated.
The resulting ground state is determined by the exchange (spin-spin) interaction, or in the case of
an external field, the Zeeman interaction. If the spins prefer to align parallel to each other, then
the interaction is considered to be ferromagnetic. If the spins prefer to align anti-parallel, the
interaction is considered to be antiferromagnetic. This preferential alignment is actually a
difference in energy, which we call the “exchange energy.” The exchange force is short-range by
nature, since it arises from the physical overlap in spatial wave functions of the electrons involved
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[5]. The range can actually be extended through electrons that do not contribute a magnetic
moment themselves—this is called “superexchange”[5]. Since the exchange is between the spins,
no external field is required for the material to magnetize with ferromagnetic interactions in the
low-temperature limit, so this is referred to as a spontaneous magnetization. Antiferromagnetic
materials have zero net bulk magnetization, and therefore no spontaneous magnetization in the
low-temperature limit.
A ferromagnetic system will behave as a paramagnet if heated up above its Curie
temperature,

. The susceptibility is given by:

where C is the Curie constant and

is approximately

[3]. Below

, a strong enough

applied external magnetic field will magnetize the spins, and the system will at least partially
retain its magnetization, even after the external field is removed. The spins “remember” the field
direction that caused the initial magnetization, which is the basic mechanism behind magnetic
memory. This behavior is called magnetic hysteresis, and is an important property associated
with ferromagnetic materials.

Inverse Susceptibility and the Theta-Weiss
An important quantity for magnetic materials is the x-intercept of the inverse
susceptibility, known as the theta-Weiss (

). At higher temperatures, paramagnetic,

ferromagnetic, and antiferromagnetic materials can be quantified by determining the
Figure 1-1). The closer

(see

is to , the more “paramagnetic” the material is (and the weaker the

exchange interaction). The temperature where the susceptibility suddenly drops and the spins
“freeze” (since they are no longer susceptible to magnetizing towards the external magnetic
field), is

. A paramagnetic material would have an inverse susceptibility that extrapolates to T
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= 0 (and would thus have a

), a ferromagnetic material would have an inverse

susceptibility that extrapolates to a positive x-axis value in temperature (and would thus have
both a positive

and a positive

at the curie temperature, and an antiferromagnetic material

would have an inverse susceptibility that extrapolates to a negative x-axis value in temperature
(and would thus have a negative

c

) [8].

-1

AFM
PM
FM

Un-Frustrated:

TF ≈  w

w

TF

T

Figure 1-1 Ordering transitions of un-frustrated magnetic materials—divergences occur at the
predicted values, extrapolated from the high temperature susceptibilities [8].

Frustration
Geometric frustration in magnetic systems, in which competing interactions are unable to
determine a unique lowest energy state, has resulted in fascinating physical phenomena in many
magnetic materials. In particular, the geometry of the pyrochlore lattice has proved to be a useful
structure allowing for exotic ground states in the system, including the spin glass, spin liquid (or
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cooperative paramagnet), and spin ice states. Each contains a different set of delicately balanced
interactions, and combined with controlled but changeable variables, allows the ability to isolate
particular parameters of study in the system.
The most basic example of frustration is an equilateral triangle with antiferromagnetic
exchange coupling between spins that are constrained to point either up or down (Figure 1-2). In
this case, only two out of the three spins can be coupled to each other antiferromagnetically. The
third spin would then be frustrated.

Figure 1-2 Example of a geometrically frustrated system—an equilateral triangle with antiferromagnetic interactions.

Several different geometries in both 2 and 3-dimenions can give rise to geometric
frustration, including the kagomé lattice, triangular lattice, and pyrochlore lattice (see Figure 1-3).
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Figure 1-3 Examples of lattices that can give rise to frustration: (a) 2-D triangular (b) 2-D kagome
and (c) 3-D pyrochlore from ref [9].

Many components contribute to the different types of exotic magnetic systems in this
section. Magnetic interactions (discussed in the last section), anisotropy of the magnetic
moments, and frustration all contribute to the formation and behavior of spin glasses, spin liquids,
and spin ices. The thermal energy must be lower than or comparable to the exchange energy,
otherwise thermal motion randomizes the spins and obscures the interaction-induced behavior.
This is perhaps a good point to go back to the inverse susceptibility as a function of
temperature, since for frustrated materials we now have a measurable way of quantifying the
frustration of a system. Recall that for un-frustrated systems, the higher-temperature
extrapolation of

(or alternatively, a mean-field theory approach can be used) predicts the

freezing temperature fairly accurately—therefore,
index as

(or

. If we now designate the frustration

), then un-frustrated systems would have

Materials that are considered highly frustrated usually have a frustration index of
example is shown below in Figure 1-4 for a frustrated material with anti-ferromagnetic
correlations.

.
. An

8

c
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-1
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TF ≠ θW

W
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T

Figure 1-4 For frustrated materials, a freezing does not occur until well below the predicted θW
value.

How Frustration Arises in Spin Glasses
Frustration can arise any time there are many possible ground state configurations. For a
spin glass, this can include disorder from both site occupancy (position of the spins— Figure 1-2)
and mixed interactions (signs of the coupling constants—Figure 1-5).
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Figure 1-5 Example of frustration arising from bond disorder—the fourth spin cannot
simultaneously satisfy both neighboring interactions. On a square lattice, if all the interactions
are ferromagnetic or all anti-ferromagnetic, the fourth spin would order.

Without frustration, a material with ferromagnetic (FM) or anti-ferromagnetic (AFM)
bonds will order in a standard, long-range way. The definition of a spin glass given by Mydosh
is:
“a random, mixed-interacting, magnetic system characterized by a random, yet
co-operative, freezing of spins at a well-defined temperature TF below which a
highly irreversible, metastable frozen state occurs without the usual long-range
spatial magnetic order.” [1]
However, a simpler way to remember a spin glass is simply: disorder from site randomness or
bond randomness. Although there are several spin glass signatures, for practical purposes, two
experimentally distinguishing features of a spin glass are frequency dependence (discussed in
Chapter 3) and a zero-field cool (ZFC) / field cool (FC) bifurcation in the temperature
dependence of the magnetization (Figure 1-6). One consequence of the randomness causing
frustration is a disordered energy landscape, which is seen as a frequency dependence in ac
measurements. When a spin glass is cooled below its freezing temperature,

, the various spin

components begin to interact as the thermal fluctuations diminish. Alternatively, clusters and
domains of correlated spins can rotate as a whole, resulting in “giant” moments, making the
material “superparamagnetic” [1].
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Figure 1-6 An example of the field cool/ zero-field cool bifurcation seen in MnCu, a spin glass
system, from Nagata et al.[10]. (b) and (d) are ZFC, while (a) and (c) are FC.

How Frustration Arises in Spin Liquids
Spin liquids are arguably the most ambiguously presented frustrated material. They are
characterized by their lack of freezing, in which the system theoretically remains in a
paramagnetic state down to

. The spins are nonetheless highly correlated at low

temperatures, so above the predicted theta-Weiss value they are often referred to as cooperative
paramagnets. The comparison to an ordinary liquid comes from the correspondence between the
magnetic spins and the highly correlated molecules that form a dense state without static order
[11]. A likely spin liquid candidate is the rare-earth pyrochlore Tb2Ti2O7. Despite having an
antiferromagnetic theta-Weiss of -19 K [12], the material shows no signs of ordering down to at
least 50 mK in neutron, muon, and susceptibility measurements [13, 14]. This means that the
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spins should theoretically settle into an all-in/all-out tetrahedral arrangement, but instead remain
dynamic well below the temperature at which the freezing should be measurable. Although the
exact mechanism for this behavior remains under debate, the overlying theme is that there are
enough interactions of the same energy scale competing with each other that the spins cannot
choose a ground state with respect to one another. The experimental signature is quite simple—
spin dynamics at low temperature. Tb2Ti2O7 will be discussed in further detail in Appendix D.

How Frustration Arises in Spin Ices
Spin ice is the focus of this thesis; however, it is helpful to present a brief description of
its origin in comparison to other frustrated materials. Spin ice arises from geometric frustration
(see Figure 1-2—a triangle with antiferromagnetic exchange interactions constrained to point
either up or down). Extending the 2-dimensional triangle to three dimensions, a tetrahedron is the
equivalent three-dimensional structure that would give rise to a similar frustrated behavior (see
Figure 1-7a—a tetrahedron with antiferromagnetic exchange interactions constrained to point
either up or down). Where the triangle has one frustrated bond out of 3 bonds total, the
tetrahedron has two frustrated bonds out of six total bonds (in the lowest energy state of the
tetrahedron, 2/6 of the bonds are aligned ferromagnetically against their preferred AFM
coupling). Therefore, for both the triangle and the tetrahedron, one third of the bonds are
frustrated, similar to Figure 1-2.
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Figure 1-7 (a) Anti-ferromagnetically coupled spins aligned along a global axis and (b)
ferromagnetically coupled spins aligned along their local <111> Ising axis (pointing along a line
adjoining a corner and the center of the tetrahedron).

Note that if the interactions in Figure 1-7a are FM with vertical axes for the moments, the
spins can align all up or all down, with no frustrated bonds. Spin ice bonds are effectively
ferromagnetic, so it is a more complex geometry that frustrates this case. If the spins are instead
constrained to point along their local <111> axis (into or out of the tetrahedra, Figure 1-7b), the
same situation occurs where 2/6 bonds are aligned against their preferred FM nature. Appendix
D will go into more detail into the experimental signatures of spin ice materials.
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Chapter 2
Introduction to Spin Ice
Spin ice materials are of the form RE2M2O7, where RE is a rare-earth ion, usually Dy3+ or
Ho3+. M is a non-magnetic ion, usually Ti4+ or Sn4+. Each set of ions sits on a lattice of
interlaced, corner-sharing tetrahedral lattices (Figure 2-1). Each magnetic ion is surrounded by a
posse of eight oxygen atoms.

Figure 2-1 A cartoon of a corner-sharing tetrahedral lattice, with the spins residing at the corners.
Shown below in Figure 2-2, two of the oxygen atoms are seated inside the adjoining
tetrahedra along the local <111> axis, and the other six lie in a puckered hexagonal ring on the
equatorial plane orthogonal to (and slightly further away than) the first two [15-17].
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Figure 2-2 Cartoon from Greedan et al. showing the puckered ring of six oxygen atoms (grey)
surrounding the rare earth ion (black), and the two oxygen atoms residing inside of the rare earthtetrahedra (white). The rare-earth ion’s magnetic moment would align parallel to the line
connecting the two (white) oxygen atoms, denoting the spin’s Ising direction.
The rare earth magnetic ions have large moments on the order of ~10 μB/ion, arising from
the highly localized f-shell electrons. The spins are constrained to point along their local <111>
Ising axes due to strong crystal fields (discussed in Appendix E), so they are considered “Isinglike”.

Analogy to Water Ice
Spin ice is a frustrated magnetic material that is geometrically and entropically analogous
to water ice. At low temperatures, the spins ‘freeze’ into a particular ice-like configuration,
which is why the “ice” term is used. Water ice (Figure 2-3a) is a tetrahedral lattice of oxygen
atoms, where protons sit near the corners of each tetrahedron. The ground state configuration has
two protons displaced into and two out of each tetrahedron. If the displacement vectors are
drawn as arrows, representing spins (Figure 2-3b), then the geometric analogy to magnetic
moments becomes more apparent. The exchange and dipolar interactions in spin ice materials
minimize their energy for each tetrahedron with two spins pointing into the tetrahedron, and two
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pointing out. Therefore, the “2-in/2-out” configuration is referred to as the spin-ice state when
extended across the system.

Figure 2-3 Water ice (left) and spin ice (right) have analogous geometric configurations. Oxygen
atoms are shown in blue, with their corresponding protons shown in red. The red arrows indicate
the proton displacement, which translate to the red arrows on the right indicating spin direction.

The entropic analogy to water ice stems from the macroscopic ground-state degeneracy
that both systems share. The two-in/ two-out constraint has a corresponding degeneracy, since
there are six ways to arrange that ground state on each tetrahedron. This residual entropy issue
was addressed analytically by Linus Pauling in 1935 (see ref. [18]), and the basic idea behind the
calculation is as follows: entropy is given by
and

where

is the number of available microstates. For a single spin,

is the Boltzmann constant
, since the spin can has two

possible states: pointing either into or out of the tetrahedron. For a single tetrahedron,
, since there are two possible orientations per spin, and four possible location sites. Extending
across the entirety of the system we would have

but now we need to account for two

things. First, to obtain the residual ground state entropy

, we need to multiply the total states

by the ratio of configurations that would be in the ground state. This ratio can be obtained using a
single tetrahedral argument. Out of the

possible combinations, only six of them produce
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a 2-in, 2-out configuration. Therefore,

. Second, since we used a whole

tetrahedron to fulfill the ground state constraint, we have now double-counted all the spins, since
the tetrahedral lattice is corner-sharing and each spin sits at one of these corners. So,
, and thus

. This was shown experimentally in

1999 by Ramirez et al [19], by measuring the heat capacity,

and integrating over it to get:
.

is the constant of integration, which is the attributed as the source of the zero-point entropy of
the system. The third law of thermodynamics would dictate that at
alternatively,

. However, as

,

(or

, the entropy should approach

, and

ref.[19] found that the measured value falls short of the expected value by

, which is the

value of Pauling’s calculated residual entropy. This important result is shown below in Figure
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Figure 2-4 (a) Entropy as a function of temperature, reproduced from ref.[19]. The entropy only
approaches the predicted value if Pauling’s zero-point entropy is added as a constant of
integration (b).
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Magnetic Properties
Similar to a spin glass, a spin ice also shows a FC/ZFC bifurcation in its magnetization,
and exhibits magnetic hysteresis below the bifurcation. The ac-susceptibility (reviewed in
Chapter 3) signal of a spin ice gives two distinct deviations from the

Curie law (Figure

2-5). The first is a drop in the susceptibility as the temperature is lowered below ~16 K,
indicating a single-ion freezing [20, 21]. This is where the spins begin to relax more slowly than
the frequency of the ac field, due to single-ion anisotropy. The second is approximately at
, where the spins begin to freeze into their 2-in/2-out ground state (on the timescale of the
measurements shown).

Figure 2-5 Zero-field ac susceptibility of Dy2Ti2O7 showing the single-ion freezing at
and the spin-ice freezing appearing for higher frequencies at
, reproduced from ref.[22].
In order for one to observe the spin-ice freezing at lower frequencies, one must also move
to lower temperatures accessible by a dilution refrigerator (Figure 2-6). Note that the system is
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completely frozen and lacks the dynamics measurable by ac susceptibility even in the lowest
frequencies easily accessible (f = 0.1 Hz), at approximately T = 600 mK.

Figure 2-6 Low-temperature freezing into the spin-ice state of Dy2Ti2O7 reproduced from ref.
[22] shows the freezing at lower frequencies.

Field Dependence
Application of an external magnetic field can lift the large macroscopic ground state
degeneracy fully or partially. The way that the spins in the system magnetically order depends
greatly on the crystalline direction that the field is applied in, and once again geometry plays a
surprisingly important role in the process.
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The [100] Direction
Applying a field along the [100] direction gives the simplest result: since all 4 spins have
an equal component in the field direction, they align uniformly. The saturated state remains 2-in/
2-out, so the spin-ice state remains intact. The projection onto a square is shown below in Figure
2-7, following the presentation of Harris et al [23] and Melko et al [24].

Figure 2-7 Projection of the spins on a tetrahedron with the external field applied along the [100]
direction. All four spins have equal components in the direction of the dc field.
In this case, the degeneracy is completely broken and the system is fully ordered under
the strong external field. The [100] orientation has the largest saturation magnetization value of
the three directions with 5.77 μB/Dy ion [24, 25]. For comparison, the free-ion value of 10 μB/Dy
ion. The saturation magnetization can be obtained from a simple calculation as follows:

One item of interest is that it was hypothesized that there would be a degeneracy breaking
magnetic phase transition, analogous to the liquid-gas transition [23]; however, this has not been
seen experimentally, possibly due to a small system size used in the Monte Carlo simulations
performed by Harris et al. Since this transition is from a disordered state to an ordered one, the
degeneracy breaking is considered “cooperative [23];” however, unlike the (also cooperative)
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lambda transition of liquid helium from a normal liquid to a superfluid, this magnetic transition
was therorized to be more akin to a first-order transition.
For a liquid-gas transition, the order parameter is the difference in densities between the
liquid and gas phases, while the order parameter for a field-induced magnetic phase transition is
the difference in magnetizations of the phases above and below the critical line (see Figure 2-8
[23]). The “gas” phase corresponds to the system being in a disordered spin-ice configuration,
whereas the “liquid” phase corresponds to the ordered phase where each tetrahedron resembles
the one in Figure 2-7. While traditional phase diagrams for an Ising ferromagnet use the liquid
phase as “up magnetization” and the gas phase as “down magnetization,” the analogy here is
much more physical since the scalar value of the magnetization is mapped directly as the density
[23].

Figure 2-8 This phase diagram from Harris et al. [23] illustrates the predicted spin ice phase
diagram in a [100] magnetic field analogy to the liquid gas transition, where “L” indicates the
liquid phase and “G” indicates the gas phase. The solid line indicates the line of first-order fieldinduced (or liquid-gas) phase transitions. The critical point occurs at
, above which
there is sufficient thermal energy for the degeneracy breaking process to be continuous [23].
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The symmetry in reversing the magnetic field causing both the upper and lower half of
the phase diagram to be identical means that the point

is a triple point [23]. It

should be noted that the liquid-gas analogy only holds in the static limit, since spin dynamics are
highly constrained in the spin ice state. In other words, the “liquid” phase is not correlated to a
spin liquid. Again, this transition has not been observed in the [100] direction; however, the
analogy becomes useful when analyzing the [111] direction.

The [110] Direction
Applying a field along the [110] direction divides the spins into two groups: spins with a
component in the field direction lying on the “α-chains” (red) and spins lying perpendicular to the
field direction, on the “β-chains” (blue) [26] (see Figure 2-9 below):

Figure 2-9 The [110] direction divides into two sets of spins. α-chains are shown in red, and βchains are shown in blue.
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Likely the most difficult direction to visualize in 3-dimensions, the [110] pyrochlore
projection onto a square in Figure 2-10 below shows the basic result of a field applied in this
direction. Half of the spins become pinned to the field (the spins lying on the α-chains) and are
represented as arrows in Figure 2-10. The other half remain decoupled from the field (the spins
lying on the β-chains) and are represented as solid blue dots.

Figure 2-10 Projection of the spins on a tetrahedron with the external field applied along the [110]
direction. Spins lying on the α-chains become pinned to the field (arrows) and the spins lying on
the β-chains are perpendicular (and thus decoupled) from the external field (solid dots).
The pinning of only half the spins was observed in a neutron scattering study by Fennel et
al [27] where the coexistence of long-range FM order (from the field-coupled α-chains) and
short-range AFM order (from the field-independent β-chains) was observed. Each β-chain has
two possible states, so the ground states have a degeneracy of

, where

is the number of

beta chains [28]. The saturation magnetization is 4.08 μB/Dy ion [24, 25] (the value expected for
half of the spins to be aligned), in agreement with the neutron results. This result can be obtained
as follows:
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Note that the 2-in/2-out spin ice ground state is still satisfied with this additional
constraint of the field pinning the spins on the α-chains. Heat capacity studies by Hiroi et al [26]
found that the transition from the disordered spin ice (SI) state to the partially-ordered spin-chain
state is continuous, and that the β-chains behave like a 1-dimensional system without long-range
order (LRO). However, there is some disagreement concerning the transition, and it was later
determined to be of first-order [28]. A phase diagram for the 110 direction has been constructed
by Yoshida et al. [28] show in Figure 2-11 below:

Figure 2-11 A magnetic field-temperature phase diagram from Yoshida et al. [28] summarizing
the ordered states of Dy2Ti2O7 in a [110] magnetic field. The solid line shows the first order
phase transition. Open squares indicate the paramagnetic to disordered spin ice transition
(discussed in the previous section), and closed squares indicate the disordered spin ice phase to
the ordered spin-chain transition. As the temperature is increased, the ordered phase transition
breaks into two—one with the both sets of chains ordered (closed circles) and the other with only
ordered alpha spins (open circles).
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The [111] Direction
Application of a magnetic field along the [111] direction in spin ice offers a plethora of
rich physical phenomena and intriguing properties. Along the [111] direction, the pyrochlore
lattice is comprised of alternating layers of kagome and triangular planes (Figure 2-12).

Figure 2-12 The 111 direction: alternating layers of kagome and triangular planes. Red arrows
denote spins on triangular planes, and blue arrows denote spins on the kagome planes.
Similarly to the [100] and [110] directions, the disordered spin-ice state can be broken
with a strong enough applied field. However, there are two interesting differences here: the first,
that there is an intermediate stage retaining some of the residual entropy (Figure 2-13a), and
second that the fully saturated state breaks the 2-in/2-out ice rules (Figure 2-13b).
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(a) Kagome Ice

H

(b) Saturated

H

Figure 2-13 The partially-ordered kagome-ice state and the fully-ordered saturated state. Bold
arrows indicate that the spin is aligned with the external field. Blue arrows lie in the kagome
plane; red arrows lie in the triangular plane. Green arrows indicate the direction and relative
strength of the external dc magnetic field.

As an external field is applied, the system is able to partially magnetize while remaining
in the 2-in, 2-out ground state with ¼ of the spins still disordered and pointing opposite to the
field, called the kagome ice state. This partially magnetized state is approximately 3.33 μB/Dy
ion [24, 25]:

Here,

is the spin that is pointing against the external field, but will flip under a strong

enough field. The projection of the saturated state in the [111] direction onto a square is shown
below in Figure 2-14.
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Figure 2-14 Projection of the spins on a tetrahedron with the external field applied along the [111]
direction. Note that this two-dimensional projection onto a square is actually at an angle—one of
the two spins in the field direction is directly aligned with the field and the other is not, and the
two spins facing outward are also partially aligned with the field.

Eventually, when the Zeeman interaction becomes strong enough to overcome the ice
rule, the system enters the fully saturated, ordered 3-in/1-out or 3-out/1-in state. The
corresponding saturation magnetization for this state is 5.00 μB/Dy ion [24, 25]:

Here,

is the spin that has flipped and is now pointing towards the [111] external

field, but having broken the ice rules in the process. A phase diagram for the [111] direction
from Aoki et al. [29] (below in Figure 2-15) shows the first order phase transition from the spin
ice to the saturated state.
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Figure 2-15 Phase diagram from Aoki et al. [29] determined from magnetization and specific heat
measurements. The solid line shows the first order phase transition (since there should be no
change in the symmetry across the transition). Above the critical temperature of
,
the critical field
turns into spin flip crossover field,
.

Magnetic Monopole Excitations
Magnets, whether the single spin of an electron or a whole refrigerator magnet, are
intrinsically dipoles. Unlike electric dipoles, magnetic dipoles cannot be separated into positive
and negative charges. Theorists have hypothesized hopefully for the existence of intrinsic
magnetic monopoles for a long time, because aside from making Maxwell’s equations
satisfyingly symmetric, magnetic charges would also help to explain the quantization of electric
charge. Unfortunately, we must abide by the (adapted) adage, “these aren’t the particles you’re
looking for,” constraining our theorist friends to work with our realizable condensed matter
systems. It is therefore important to note that when the term “magnetic monopole” is used in the
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context of spin ice, it actually refers to a very specific low-energy excitation—a spin flip out of
the 2-in/2-out ground state (Figure 2-16a) to a 3-in/1-out (or vice versa) single tetrahedral state
(see Figure 2-16b). Therefore, these are quasi-particles, since they are not intrinsically
particles—they just exhibit some of the characteristic behaviors that would be used to describe
such magnetic charges. Moreover, they are not true particles that can exist on their own; they are
confined to the volume and boundaries of the spin ice crystal.

Figure 2-16 This figure is reproduced from ref. [30]. Panel (a) shows the 2-in/2-out spin-ice
ground. Panel (b) shows a single spin-flip generating a monopole/anti-monopole pair in
adjoining tetrahedra.

Several chapters of this thesis are dedicated to magnetic monopoles in an external dc
magnetic field, so it is advantageous to have a good working understanding of the behavior in
zero field. Let us begin with how a spin flips in the first place: a thermal excitation would be the
most common source at higher temperatures, whereas quantum tunneling would eventually
become the preferred means of spin flipping as the temperature is lowered (and the relaxation
process of the system becomes effectively temperature-independent) [22]. At even lower
temperature, the system again exhibits temperature-dependence, but despite several theories
postulating monopole involvement [31, 32], none have been accepted as being complete as of yet.
The basic idea behind a spin-flip being a ‘monopole,’ is that these quasi-particles have a
net magnetic flux going into (or out of) a tetrahedron, and they interact with each other
analogously to their electric counterparts, via a magnetic Coulomb potential:
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with the self-energy

being

[33]. To further the analogy, the

monopole/anti-monopole pairs are connected by a line of reversed spins, called “Dirac strings”
(See Figure 2-17), in analogy to those postulated by Dirac in 1931 [34].

Figure 2-17 This figure is reproduced from M. J. P. Gingras, Science 326, 375 (2009) [30]. Spins
pointing opposite to the field direction connecting a monopole and an anti-monopole are known
as a “Dirac string.” Here, the field direction is shown to be in the [100] direction.
The physical consequence of these Dirac strings is that (since all spins lying on the string
still satisfy the ice rules in their respective tetrahedra), the energy to separate the two poles by an
infinite distance is actually finite [33]. In other words, the poles are dissociated, or deconfined.
This is potentially a very relevant result to those interested in developing low-energy magnetic
memory and spin-based electronic devices.
A signature of monopoles has been observed in neutron spin correlations [30, 35, 36], but
the experimental confirmations of the theory extend further. Dissociated monopoles can be fit to
low-temperature properties such as heat capacity [32], characteristic spin relaxation time [31],
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and monopole density [37]. Additionally, Dirac strings were observed in a neutron scattering
experiment with an applied external field [32], where the strings of reversed spins oriented
opposite to the applied external magnetic field direction causes conic features in the scattering
pattern—an interesting result of these spin ice materials, considering Dirac postulated his (real)
monopole strings to be unobservable! Around the same time (October 2009 must have been a
very exciting time for monopole enthusiasts), another group did a neutron study showing 3dimensional correlations between monopoles, despite their motion being constrained to 2dimensions in the [111] direction, and a heat capacity experiment showing that monopole density
is tunable by controlling temperature and magnetic field [38].
The overwhelming success surrounding magnetic monopole excitations sparked a mass
interest on both the theoretical and experimental sides and opened up an exciting new era of spinice physics to be explored. I am thrilled to have contributed even a small amount to this ongoing
effort.
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Chapter 3
Experimental Techniques
This chapter describes the experimental techniques of the dc magnetization and ac
susceptibility measurements performed in the Quantum Design (QD) Magnetic Property
Measurement Systems (MPMS’s) and Physical Property Measurement Systems (PPMS’s), as
well as ac susceptibility measurements performed in an Oxford dilution refrigerator (DF).

Magnetization
A typical magnetization measurement consists of changing an external parameter (usually
temperature or magnetic field), and determining the magnetic response of the system. The
measurement is static (or “dc”) if the sample is allowed to equilibrate for a length of time greater
than its response time. This time depends on the temperature of the system, so generally longer
wait times are used at lower temperatures. The low-field response of several magnetic material
types to an external field are shown below in Figure 3-1; however, the field range is too low to
show saturation for the paramagnetic and diamagnetic signals. The machine that our lab uses to
perform this measurement is called a Quantum Design Magnetic Properties Measurement System
(MPMS), colloquially referred to as a “SQUID,” since it utilizes a Superconducting QUantum
Interference Device in its magnetometer.
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Figure 3-1 Magnetization as a function of field, M(H), for several different types of magnetic
materials. Figure is courtesy of the Quantum Design Applications Department, located in San
Diego, CA.

The sample is moved through a set of superconducting detection coils (Figure 3-2),
causing an inductive signal to be transferred through (also superconducting) wires to the SQUID.
The two center detection coil loops are wound counterclockwise, while the two outside detection
coil loops are wound clockwise. The corresponding signal is shown in Figure 3-3. Incidentally,
the peak of this signal is how the sample is initially centered inside the coils when installing a
new sample. The detection coils are located outside of the sample chamber, and at the center of
the large external dc magnet [39]. The detection coils, the connection wires, and the SQUID
form a closed superconducting loop so that when the sample is pulled through the coils, its
magnetic moment induces an electric current (from the change in flux). A SQUID functions as a
very sensitive and highly linear current-to-voltage converter [39], and the voltage is the
magnetization signal measured (in electromagnetic units, or emu). From the QD technical
pamphlet, ref. [38]:
“The magnetic flux produced in the SQUID by a typical small sample is of the
order of one-thousandth of a flux quantum, where the flux quantum is 2.07 x 10-7
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G-cm2. For comparison, the magnetic flux through a 1 cm2 area in the earth’s
magnetic field corresponds to about 2 million flux quanta.”

Figure 3-2 Diagram of the SQUID coil setup from ref. [39], showing the superconducting
detection coils, the connecting wires, and the sample. The total length of the coils is
approximately 3 cm.

When the magnetic sample is moved through the detection coils, the counterwound
(center) coils detect the change in magnetic flux density produced the sample. This changes the
current in the superconducting circuit, but since the entire loop is superconducting, the current
does not decay. This allows for multiple readings that can be averaged as the sample is moved in
discrete steps through the detection coils. Additionally, the sensitivity is independent of sample
speed during extraction [40].
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Figure 3-3 The voltage measured from the SQUID across the vertical scan length of 6 cm (in
this instance). Figure is reproduced from ref. [39].
The SQUID must be adequately shielded from the dc magnet, as well as stray fields in
the laboratory. A superconducting shield surrounds the SQUID for this purpose, as well as to trap
and stabilize any ambient fields from the environment during the initial cool down to liquid
helium temperature [39].
The external dc magnet is a closed-loop solenoid that can be charged up to a specific
current and run in what is called persistent mode (in which it is disconnected from the power
supply). In order to charge or discharge the magnet, the closed superconducting loops is opened
electrically by what is called a “persistent mode switch,” which consists of a short segment of the
superconducting magnet’s wire wrapped around a small heater. When the segment is heated
above its superconducting transition temperature, it goes “normal,” and the current can charge or
discharge through the power supply. If the heater switch is active, then the fluctuations in the
current source will cause fluctuations in the magnet, thus introducing noise into the detection
system. Once persistent mode is restored, additional time may be needed for the field to become
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stable, so typically measurements set to be delayed until at least ten seconds after the field is
changed. In order for the magnet to be changed while in persistent mode, the power supply must
match the direction and amplitude of the current. Otherwise the magnet may quench from the
mismatch. When a superconducting magnet quenches, part of it becomes “normal” (resistive),
and will dissipate any persistent current in the form of heat, usually boiling off a large volume of
liquid helium in the process.
To summarize, an MPMS moves a sample through detection coils coupled to a SQUID,
producing a measurable voltage, calibrated to give an output of magnetic moment in
electromagnetic units.

AC Susceptibility (PPMS)
In contrast to dc magnetization measurements, ac susceptibility provides the ability to
measure time-dependent phenomena. This allows investigation of magnetization dynamics,
which are not present in dc measurements in which the sample moment remains constant during
the measurement. Additionally, the technique is very sensitive to changes in M(H) since it
measures the derivative instead of the absolute magnitude of the moment. To make an ac
susceptibility measurement, a small oscillating field is applied to the sample through a solenoid
called the primary coils. This changing magnetic field induces a response in the sample’s
magnetic moment, which then induces an EMF in a set of secondary pickup coils. Therefore, the
measurement is done without having to move the sample with respect to the coils.
The small oscillating (ac) field can be used by itself, or superimposed on an external dc
field. The output voltage is compared to the frequency of the oscillations going into the primary
coils, and an in phase and out of phase component can be extracted (see Appendix D). The real
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(in-phase) component,
phase) component,

, is 90° out of phase with the driving field, and the imaginary (out-of, is in phase with the driving field.

AC susceptibility is a bulk technique, meaning that it measures the average dynamic
signal of the sample’s magnetic moment. The system will have a characteristic relaxation time
due to its constituent spins. Depending on the temperature and magnetic field, this can result
from thermal or quantum relaxation processes [21]. If the inverse of the driving frequency is
slower than the characteristic spin relaxation time of the system, then the resulting signal will be
the same for those frequencies (this is usually the case at “high” temperatures). As the thermal
energy of the system is lowered, the spin relaxation time of the system, τ, also increases. If τ
drops below the inverse of the driving frequency, then a “freezing” is observed as a drop in the
susceptibility; frequency dependence in the freezing is characteristic of spin glass and spin ice
materials. When this occurs, both an in-phase and an out of phase component are present. A
schematic of the ac magnetic susceptibility (ACMS) insert is shown below in Figure 3-4. The
setup is capable of additional accuracy by performing a 5-point measurement (Figure 3-5).
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Figure 3-4 Diagram of the AC Magnetic Susceptibility (ACMS) coil insert for the QD PPMS
showing the insert (which can be used in any QD cryostat equipped with an ACMS card) as well
as the detection coils around the sample space (which the sample is inserted into after the ACMS
insert is installed). Picture reproduced from the Quantum Design Hardware and Applications
manual.
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Figure 3-5 Diagram of the 5-point measurement technique, courtesy of QD Applications
Department. Step 1 determines the baseline signal, step 2 determines the coil imbalance (which
gives a scale for the sensitivity), steps 3 and 4 calibrate the amplitude and phase, and step 5
adjusts for the drift that occurred during the previous steps.

AC Susceptibility (DF)
Measuring ac susceptibility in the dilution refrigerator (DF) setup is quite different than
in the PPMS. The coils are meticulously custom wound by graduate student labor, and come out
less accurate than the commercial coils in the PPMS. Additionally, there exists only one set of
clockwise and one set of counter-clockwise coils, so the five point measurement (Figure 3-5) is
unavailable to add accuracy. The advantage of this setup is its ability to reach much lower
temperatures (

mK for a new DF and

mK for the older DF used for the

experiments in Chapter 5 of this thesis) than are available in the PPMS (

K).
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Electronics Setup
A schematic of the electronics for the dilution refrigerator is shown in Figure 3-8. While
all of the electronics are controlled from a computer using GPIB cables, the ac susceptibility
signals going into and coming out of the fridge (via the lollipop—Figure 3-6), are transmitted
underneath the floor (to avoid a tripping hazard) through standard BNC cables. The signals to
and from the heaters and resistors (respectively), are also transmitted under the floor through a
standard lemo cable, shown below in Figure 3-7, with the corresponding signals summarized in
Table 3-1.

Figure 3-6 The fridge lollipop: the four active BNC connections leading into the sample can are
marked: primary = red and secondary = blue.
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Figure 3-7 Lemo #1 connections leading into the dilution refrigerator.
Table 3-1 Lemo #1 Connections
1/2
3/4
5/6
7/8
9/10
11/12
13/14
15/16
17/18
19/20
21/22
23/24

Sorption pump
1K Pot
Still
Cold Plate
U. Mixing Chamber
C. Mixing Chamber
C. Mixing Chamber
AVS
IGH
Sorption pump
Still
Mixing Chamber

I+
I+
I+
I+
I+
I+
VVV-

V+
V+
V+
V+
V+
V+
III-

IGH 1
IGH 2
AVS 0
IGH 3
AVS 1
AVS 2
AVS 2
Common
Common
Heater
Heater
Heater
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Note that although there are connections for a sorption pump (sorb), the fridge is not currently
equipped with one. The AVS and IGH channels use a common I- and V- so that only I+ and V+
need to be transmitted to and from the cryostat.
The electronic signals are summarized below in Figure 3-8. While all of the signals are
controlled through the same LabVIEW program (and recorded into the same data file), the heaters
and thermometers are on a separate “loop” from the lock-in amplifiers. The resistance bridges
used are model LR-700 (from Lakeshore Research) and the lock-in amplifiers are model SR-830
(Stanford Research). General Purpose Interface Bus (GPIB) signals tend to degrade after about 4
meters between devices [41], so GPIB extenders were used to connect the electronics rack to the
computer. There is also a multimeter connected across the voltage of the dc magnet leads to
determine the amplitude of the magnetic field (not shown). Therefore, there are a total of 5
devices, which is less than the maximum of 15 that can be handled by the bus [41].

Fridge Electronics Setup
Resistors Box

Down into fridge
through lollipop

Secondary lock-in sync-ed
to the internal oscillator of
the primary lock-in

B

Pre-amp

COMPUTER

Lock-in [30]

B-A

GPIB Extender

GPIB Extender

Lock-in [16]

A
MC Heater &
Thermometer
Still Thermometer
Still Heater

Down into fridge
through lemo

LR700 [19]
LR700 [17]
Oxford Power Supply*

*can also use for manual control of MC heater

Figure 3-8 Electronics setup of for the dilution refrigerator.
brackets, however they can be changed manually if needed.
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GPIB addresses are given in

Custom Coil Setup
A standard coil set would normally consist of a long solenoid of superconducting primary
coils that would provide an oscillating magnetic field without creating any heating. A set of
secondary coils would be placed inside, along with an identical counter-wound twin to ideally
cancel out any signal that the coils themselves would produce from the oscillating field. The
secondary coils are usually made of copper, so that any signal from the sample will induce an
EMF, from which the voltage can be measured. Normally, a sample would sit inside one of the
long sets of secondary coils so that the entire signal from the sample volume would be accounted
for. This is the setup used for the crossover series in Chapter 6, and for Tb2Ti2O7 in Appendix D.
A custom set of secondary coils was constructed for the purpose of measuring the spatial
variation in large single crystals of spin ice. Since application of a magnetic field can induce
magnetic monopole excitations in the [111] direction (Figure 2-13), the possibility arose that
these monopoles could accumulate in the ends of the crystal (saturating every tetrahedron
containing a monopole or anti-monopole), providing an undetermined difference in susceptibility.
Hence, the coils were wound for crystals of approximately 10 mm in length. For structural
stability, both the primary and secondary coil sets were wound around hollow Teflon cylinders
with notches for the coils to securely sit without unwinding (Figure 3-9). Panels (a) and (b) show
the [110] positions of the crystal to scale in the secondary coils measuring the end and center,
respectively. Panel (c) of Figure 3-9 shows the dimensions of the Teflon base for the primary
coils. Pictures of the bases are in Figure 3-10a, and the finished wound coils are shown in Figure
3-10b. The primary coils were made from 0.005 inch diameter insulating superconducting wire,
for a total of four layers and 832 turns. The wire had to be chemically stripped and crimped to
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capillary tubing in order to be soldered to the wire leads extending up through the length of the
DF insert. The secondary coils were wound with 44 gauge insulated copper, with a total of 7
layers and approximately 330 turns per end.

Figure 3-9 Schematic of the custom set of coil bases. The large [110] crystal is shown (scaled to
the dimensions of the secondary coil bases) in red. (a) shows the end of the crystal being
measured inside the top secondary coils, (b) shows the center of the crystal being measured in the
top secondary coils, and (c) shows the dimensions of the primary coil base.
The crystal’s position is secured by a cap made of Teflon of the correct length to place
the coils around the desired portion of the crystal. The secondary coil bases, primary coil bases,
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and the positioning end caps were made by the Physics Department machine shop. The
secondary coil bases proved to be the most difficult, and they were crafted using a custom
aluminum base for the lathe. This aluminum base was then used as the structural support for the
coil winding process. The coil winding station consisted of an electric motor (controlled by a
variable voltage supply), bolted to a lab bench, which was then connected to a drill chuck. This
provided a means of rotating the coil base in a controlled and continuous manner.

Figure 3-10 Second set of secondary coils wound, as well as new primary coils. The bases are
shown (left) and the finished coils with a comparison to the 666mg [110] crystal (right). The
picture of the finished coil sets has a vertical offset—the secondary coils are closer to the camera
and therefore appear larger with respect to the crystal and the primary coils than they actually are.
Several secondary coil sets were constructed due to problems with the wires breaking;
however, all were tested and balanced to within 1% of their counter wound sets.

Chapter 4
Dy2Ti2O7 single crystal anisotropy in the temperature range 1.8 K – 7 K
Fields applied along different crystalline directions in spin ice results in rather different
behaviors. Signals from measurements on single crystals are not being averaged over the
different directions, as in a powder sample, and thus single crystal samples of spin ice provide a
much clearer viewing window of physics than their polycrystalline counterparts. As discussed in
Chapter 2, geometry plays a surprisingly important role in the spin dynamics when an external
field is applied along a particular direction. It is also quite fortuitous that the temperature range
of the commercial machines for measuring ac susceptibility (the Quantum Design PPMS’s) is
particularly useful for investigating the energy range at which spin fluctuations are interesting.
To be more precise, the temperature at which spin-ice (2-in/2-out) correlations begin to build is
approximately T = 2 K, while below about T = 1 K the lower thermal energy suppresses
monopole formation to a much lower density, where they are usually treated as isolated
excitations. The base temperature of the PPMS 9T is T = 1.8 K, putting us in the energy range
where the spins are correlated, yet still quite dynamic.
This chapter highlights the important results of applying an external magnetic field along
three different crystalline directions in dynamic spin ice temperature regime. Recall from
Chapter 2 that the [100] direction has all four spins per tetrahedron containing equal vector
components in the direction of the field (Figure 2-7), and the [110] direction contains two spins
per tetrahedra with a component in the field direction (α-chains) and two perpendicular to the
field direction (β-chains) (Figure 2-10). The [111] direction contains spins lying in kagome
planes (canted slightly in the field direction) alternated with spins in triangular planes (aligned
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with the field direction) (Figure 2-12), and breaks the spin-ice rules under a strong enough
applied field (Figure 2-14).

The [100] Direction
As discussed in Chapter 2, the [100] direction exhibits smooth field dependence in the
magnetic properties with no phase transitions down the lowest temperatures accessible to
experimentalists. Below in Figure 4-1, the dc magnetization, M(H), is shown at several
temperatures in panel (a), as well as the derivative, dM/dH, in panel (b). The saturation
magnetization of 6.55

per Dy ion is 12.5% larger than 5.78

per Dy ion, the expected value

measured and compared to Monte Carlo results from ref. [25]. This could be due to the
inaccuracy of the balance used to measure the mass of the sample. The slope of the
magnetization increases with decreasing temperature, monotonically. In this section, we show
that the dynamics in both the susceptibility and spin relaxation time are also monotonic.
Additionally, we examine the temperature and frequency dependence of the field dependent
behavior.
Two crystals were measured to confirm the results in this section. Both were from D.
Prabhakaran, from University of Oxford, UK of dimensions 0.5 mm x 0.5 mm x 2.0 mm and
mass 4.1± 0.3 mg, and dimensions 2 mm x 2 mm x 2 mm, mass unknown (since the sample was
misplaced before weighing). The alignment of the smaller crystal was to within 4°.
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Figure 4-1 DC magnetization, M(H), for Dy2Ti2O7 in the [100] direction at selected temperatures.
The M(H) curves show a Brillouin function behavior leading up to the saturation magnetization
(standard for ferromagnetic materials). Very little difference is seen between the demagnetization
corrected and non-demagnetization corrected data (see Appendix A); the demagnetization
corrected data is shown above.
The zero-field temperature sweep of the ac susceptibility in the [100] direction (Figure
4-2) shows the single-ion freezing around T = 16 K and spin-ice freezing in the higher
frequencies around T = 2 K, characteristic of spin ice materials and observed previously in
polycrystalline samples [22] (Figure 2-5).
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Figure 4-2 Temperature dependence of the susceptibility in zero field of Dy2Ti2O7 in the [100]
direction. The
curves show a general
Curie behavior with deviations at
and
, indicative of characteristic spin-ice behavior.

At T = 1.8 K and H = 0 T (Figure 4-3), the [100] direction has the greatest magnitude
signal at lower frequencies, compared to the [110] (Figure 4-8) and [111] (Figure 4-15)
directions. This is consistent with the dc results, since the [100] direction has the highest
saturation magnetization (see ref. [25] and Figure 4-21). In the ac case, all four spins will be
coupled equally strongly to the oscillatory field, driving any collective spin dynamics. It is
important to emphasize that at a temperature of 1.8 K, the spin-ice state is energetically favorable,
but the system contains enough thermal energy that the spins remain strongly fluctuating. That
is, ac susceptibility measures a dynamic response until the ac signal from spin-ices “freezes out,”
usually around T = 500 mK [22, 42, 43].
The field dependence taken at different frequencies (Figure 4-3) shows a hump in the
imaginary part of the susceptibility at lower frequencies. This means that the system becomes
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more out of phase as an external field is applied, before the signal is monotonically suppressed by
the field (such as the behavior of the real component, where there is no rise). A plausible
argument could be that the Zeeman energy (created by introducing the external dc field) increases
the response time of the system (which is consistent with our measurements of the spin relaxation
time—see Figure 4-5). If the ac field is measuring on a timescale that is slower than the
characteristic relaxation time, then this manifests itself as an increase in the out of phase
component,

. At higher frequencies, the response time of the system is already slower than the

measuring frequency, so the shift in response time due to the dc field is essentially negligible on
the timescale of the measurement (as compared to zero dc field). This rise in the imaginary
component extends to higher frequency in the [100] direction than the other two, for reasons that
are unclear. Additional discussion will be presented in the comparison section at the end of this
chapter.
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Figure 4-3 Field dependence of the susceptibility of Dy2Ti2O7 in the [100] direction.
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Examining the dynamic limit (accessible to our measurements of the ac susceptibility),
we can focus in on the f = 10 kHz data. In Figure 4-4, f = 10 kHz data are shown at several
temperatures. Normally, lowering the temperature would result in a monotonic increase in

(so,

it would be expected that the black T = 1.8 K curve would have the greatest magnitude), however
we see that this is not the case. The spins at lower temperatures become less responsive at zero
field in the high frequency limit. This is simply the spin-ice freezing seen in Figure 4-2 where the
susceptibility is higher right above the temperature of the spin-ice freezing. Additionally, the
lower temperature curves have a steeper drop-off in signal, confirming the persistence of thermal
fluctuations competing with the dc field Zeeman coupling to the spins.
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Figure 4-4 Field dependence of the susceptibility in the [100] direction at selected temperatures.
We can also take this opportunity to note that the monotonic behavior between the curves
going from low to high temperature that we saw in the dc measurements (Figure 4-1) is no longer
present. From T = 7 K down to 2.5 K, the decrease in temperature increases the overall
susceptibility since fewer thermal fluctuations are causing the spins to deviate from their coupling
to the oscillating field. Below T = 2.5 K, the temperature is lowered to the point that the spins
are not able to fully respond to the ac field, since their characteristic relaxation time is slower than
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the oscillations of the ac field. Similar to the static dM/dH case however (Figure 4-3b), the lower
the temperature, the steeper the slope of the

and

curves. This is due to the Zeeman coupling

to the dc field more easily overcoming the coupling to the oscillatory ac field with a lower density
of thermal fluctuations.
Last but not least, we are able to determine the characteristic spin relaxation time of the
system—an important quantity that can shed light in several ways. By looking at the peak in the
imaginary component of the susceptibility as a function of frequency (where the system is
maximally out of phase), we can determine this spin relaxation time,
shows

. Figure 4-5

in panel (a) and the corresponding spin relaxation times in panel (b). The different

curves in panel (a) that correspond to the x-axis in panel (b) are taken at different dc field values.
This analysis is traditionally done as a function of temperature in the same way, however those
data are shown in the comparison section at the end of this chapter for conciseness. The main
difference from the temperature dependent analysis is that the peak moves to higher frequency
with increasing temperature (Figure 4-23) (giving a faster spin relaxation time) whereas the peak
moves to lower frequency with increasing field (giving a slower relaxation time). This is because
increased temperatures give more energy for the spins to return to their ground states faster
(Figure 4-28), whereas applying a field suppresses the dynamics in the system, slowing it down
(Figure 4-5).
The slowing of the spin relaxation time (or the peak of

moving to lower frequency)

can be considered as a monotonic trade off from a thermally dynamic regime to a fieldconstrained regime. The “thermal regime” is where a reasonably high density of tetrahedra have
one of their four spins (Figure 2-7) flipped out of the 2-in/2-out ground state into a 3-in/1-out or
1-out/3-in state excited “monopole” in the timescale of the measurement (the inverse of the
frequency of the excitation field). The “field-constrained regime” is where the Zeeman
interaction energetically dominates the spin-spin interactions, and the spins have increasing
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difficulty transitioning back into an orientation pointing against the field. From a monopole
perspective, monopole excitations in zero dc field are thermally driven, and are thus present in the
“thermal regime.” Application of a field slows the dynamics and pins the spins in the field
direction, which (for the [100] direction) is a state of fewer monopoles. This behavior is reflected
at high fields in the

data for all three crystalline directions, and would naïvely be the

expected behavior of

for non-interacting spins out of equilibrium. The [100] direction is the

only direction that does not contain additional features in
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Figure 4-5 Peaks from the imaginary component of the susceptibility in the [100] direction in
panel (a) determine the characteristic spin relaxation time of the system at a given field in panel
(b). Only selected curves are shown in panel (a) for clarity. We believe that the bump at lower
frequencies is an artifact due to a mechanical vibration, because remounting the crystal with GE
varnish moves the bump by approximately 10 or 20 Hz, and the bump did not appear in the data
for the cubic sample. Error bars indicate relative certainty in the peak position determined by
eye, showing approximately what magnitude of field strength the peaks become difficult to
resolve.
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To summarize, the [100] direction exhibits smooth and monotonic field dependence in
M(H), dM/dH,

,

, and

, with no discernable features that are not present in

polycrystalline samples.

The [110] Direction
Recall from Chapter 2 that only two of the four spins per tetrahedron are coupled to the
field direction (the spins lying on the α-chains) when the field is applied along the [110] direction.
The other two lie in a perpendicular plane (spins on the β-chains), and therefore do not experience
any Zeeman coupling to the field. This is reflected below in Figure 4-6a, where the
magnetization as a function of field, M(H), is shown at several temperatures. Since only half of
the spins are pinned to the field direction, the full saturation magnetization is lower than in the
other two directions examined in this chapter which have 3 or 4 spins with a component in the
field direction. The curves in panel (b) of Figure 4-6 show the corresponding derivatives. The
saturation magnetization of 4.4

per Dy ion is 5.2% larger than 4.08

per Dy ion, the

expected value measured and compared to Monte Carlo results from ref. [25].
Two crystals were measured to confirm the results in this section. The first was from D.
Prabhakaran, from University of Oxford, UK of dimensions 0.7 mm x 0.7 mm x 2.2 mm and
mass 7.7 ± 0.3 mg. The second was large and cylindrical, from S. Grigera from University of St.
Andrews, UK and Universidad Nacional de La Plata -CONICET, Argentina of dimensions
approximately 3.4 mm diameter x 12 mm and mass 666 ± 0.3 mg. The data were consistent, and
the results shown in this chapter are from the smaller rectangular crystal, for consistency. The
alignment of the smaller crystal was to within 4°.
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Figure 4-6 Magnetization in the [110] direction, shown up to H = 2T. Saturation occurs at
approximately 4.4 µB/Dy ion.

The lower temperature data saturate “faster,” (meaning magnetizing at lower fields and a
larger magnitude derivative at lower fields) because thermal effects are not as strong in
comparison to the dc field. In other words, lower temperatures have weaker thermal fluctuations
which work to randomize the moments. This causes the broadening seen in Figure 4-6 (a) and (b)
for the red T = 4 K curve, where thermal fluctuations obstruct the spins from relaxing towards the
dc field direction. No unexpected features in the field dependence of the magnetization are
present in the static limit (M(H) is smooth at all temperatures examined), so we turn our attention
to the frequency dependent results to uncover the interesting physics.
Again, we are able to see the single ion freezing and spin-ice state forming in the zerofield temperature sweep of the susceptibility in Figure 4-7. Similarly to the [100] direction, the
[110] direction exhibits spin ice freezing around T = 2 K that becomes visible around f = 500 Hz,
which also appears to be the frequency of maximum amplitude in the imaginary component. This
confirms that the frequency dependence of the spin-ice freezing is correlated with the
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characteristic spin relaxation time of the system at that temperature. At zero field, there is little
difference between the frequency curves produced by a small oscillating field applied along the
[100] direction (Figure 4-2) and the [110] direction (Figure 4-7).
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Figure 4-7 Temperature dependence of the susceptibility in zero field of the [110] direction. The
[110] direction is very similar to the [100] direction (Figure 4-2), showing a very similar singleion freezing around T = 16 K and a spin-ice freezing around T = 2 K for higher frequencies.
As seen in (Figure 4-8), the data in an applied magnetic field are substantially different
from those with the field along the [100] direction at higher frequencies (Figure 4-3). A plateau
begins to form at higher frequencies in the real component (left), and the rise in the susceptibility
that was apparent up to approximately f = 100 Hz in the [100] direction is now only visible at f =
10 Hz in the [110] direction. This indicates that applying a field in the [110] direction does not
pull the system more out of phase, except at very low frequency, in contrast to the [100] direction.
The increased susceptibility causing the plateau would likely be from the external fluctuations
caused by the β-chain spins. Magnification of the plateau region (Figure 4-9) reveals a frequency
dependence below, at, and above the plateau region indicating that the system remains in a
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disordered state until the dc field is finally strong enough to effectively suppress the dynamics.
This could mean that the β-chains are ordered for finite length (not ordered across the length of
the sample) or simply anti-ferromagnetically coupled to each other (the “Q = X” state, which has
been under some debate [26, 28, 44]).
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Figure 4-8 Field dependence of the susceptibility of Dy2Ti2O7 at T = 1.8 K in the [110] direction,
which looks very similar to the [100] direction at lower frequencies. Higher frequencies are
shown in Figure 4-9.
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Figure 4-9 Details for data from Figure 4-8 at a magnified y-axis scale: Field dependence of the
susceptibility at T = 1.8 K in the [110] direction. f = 10 Hz was removed for clarity, since the
frequency was very noisy.
Focusing on the high-frequency limit of our ac susceptibility measurements, f = 10 kHz,
we can more closely examine the plateau region that is observed at our higher frequencies.
Figure 4-10 below shows curves at several temperatures for f = 10 kHz, showing that the plateau
region also forms with decreasing temperature in this range. At zero field, the maximum
susceptibility is at approximately T = 2.5 K. The steep drop at low fields shows the α-spins
aligning with the external dc field via the Zeeman interaction, since they have a component in the
global [110] field direction. The flattening between approximately

of the

susceptibility suggests a field-independent mechanism being the source of the spin fluctuations in
that region. The lack of decrease in the susceptibility could be due to the increase in fluctuations
of the β-spins, which (while not coupled to the oscillating ac or external dc fields) are beginning
to settle into the 2-in/2-out spin ice ground state arrangement, causing external field fluctuations
that are picked up by the secondary coils. This is the transition into the so-called “spin chain”
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state, which has previously only been detected by heat capacity [26] and neutron scattering
measurements [27, 44]. We note that this process occurs over a finite field region, and that the
boundaries are sharpened with increasing frequency. When sampling a volume of spins, ac
susceptibility measures the bulk response integrated over some timescale. When that timescale is
shortened, the spins are less able to respond in that timescale if that timescale is shorter than the
characteristic relaxation time of the spins in the system (hence the decrease in signal amplitude).
The sharpening of the regions (in both field and temperature dependence) occurs because the
response of the spins is more sensitive to the development of correlations at higher frequencies.
The response at higher frequencies corresponds to timescales faster than the spin relaxation time.
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Figure 4-10 Field dependence of the susceptibility at f = 10 kHz in the [110] direction at selected
temperatures.
Figure 4-11b below shows the characteristic relaxation time in the [110] direction as a
function of field. The left panel (a) shows curves up to H = 0.4 T, where the system first slows
down before speeding up (and thus the peak moves to lower and then higher frequency). We
hypothesize that the initial rise of the broad hump in panel (b) corresponds to the α-spins
smoothly and continuously aligning with the field (as their dynamics are quickly suppressed)
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until the β-spins begin to cause a significant response in external field fluctuations above
approximately H = 0.26 T (the peak of the bump). This new source of dynamics allows the
system (which is measured as a whole) to fluctuate faster. As an even stronger field is applied,
the system begins to slow down monotonically as expected (from the field clamping the spins)
around H = 0.5 T, which is immediately after the dip seen in Figure 4-11b. Note that the peak in
Figure 4-11b corresponds to the starting field value of the plateau region, and the dip corresponds
to the end field value of the plateau region.
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Figure 4-11 Peaks from the imaginary component of the susceptibility in the [110] direction in
panel (a) determine the characteristic spin relaxation time of the system at a given field in panel
(b). Only selected curves are shown in panel (a) for clarity. Error bars indicate relative certainty
in the peak position determined by eye, showing approximately what magnitude of field strength
the peaks become difficult to resolve.

Now that we have examined the spin relaxation time at T = 1.8 K, we can also examine
the plateau region in more detail by taking a closer look at the temperature dependence at that
field value (Figure 4-12). For the real component (left), the single-ion freezing is still quite
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visible. At higher frequencies, the spins freeze into their local <111> Ising axes at higher
temperatures, as expected. The spin-ice freezing is now visible in the entire frequency range (f =
10 Hz – 10 kHz), however at the lowest frequency of f = 10 Hz, the two freezing peaks blend
together. The strong dc field appears to make the temperature at which the spin-ice freezing
occurs higher. This indicates that the system realizes the spin-ice state sooner (as the temperature
is lowered) in an applied dc field (Figure 4-12 as compared to Figure 4-7), possibly similar to the
effect at higher frequencies where the thermal fluctuations have less time to disrupt the spin-ice
correlations. The imaginary component (right) shows the system being pulled out of phase
(higher frequencies leading the trend, as the spins have more trouble “keeping up” with the
oscillating field) as the temperature is lowered below 20 K. The interesting bit is that the dc field
raises the temperature at which the system falls into the spin-ice state, i.e., in a stronger dc field
the energy barrier is raised for thermal fluctuations to destroy the spin ice state (which is
consistent with polycrystalline data). The f = 5 kHz and 10 kHz curves in the real component are
reasonably flat, suggesting the predominance of non-thermal fluctuations.
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Figure 4-12 Temperature dependence of the susceptibility in the plateau at H = 0.4 T.

To summarize, the transition into the field-induced “spin-chain” state in the [110]
direction occurs over the region
inflection points in

, indicated by a plateau in

and by

at corresponding values of H.

The [111] Direction
Along the [111] direction, the pyrochlore lattice consists of alternating layers of kagome
planes and triangular planes, as mentioned in Chapter 2 (Figure 2-12). Application of a dc field
along this direction causes the magnetization to occur in a two stage process at low enough
temperatures that spin-ice correlations are present. This manifests itself in a plateau in the
magnetization as a function of field at very low temperatures (for example, around T = 300 mK)
[45]. At T = 1.8 K (Figure 4-13), the temperature is low enough to see the spins begin to saturate
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in a 2-in/2-out state before the dc field strength breaks them out of the 2-in/2-out ground state
and into the 3-in/1-out saturated state (with all spins along the dc field direction). At higher
temperatures, the spins smoothly align with the dc field in the expected Brillouin function. In
panel (a), the [111] plateau (and hence the onset of spin-ice correlations) begins to form between
T = 2.5 K and 4 K. The saturation magnetization of 5.27

per Dy ion is 7.5% larger than 5.00

per Dy ion, the expected value measured and compared to Monte Carlo results from ref. [25].
Two crystals were measured to confirm the results in this section. The first was from D.
Prabhakaran from University of Oxford, UK of dimensions 0.7 mm x 0.7 mm x 2.1 mm and
mass 6.9 ± 0.3 mg. The second was from S. Grigera from University of St. Andrews, UK and
UNLP-CONICET, Argentina of dimensions 0.7 mm x 0.7 mm x 2.2 mm and mass 8.1 mg. The
data were consistent, and the results shown in this chapter are from the 6.9 mg crystal. The
alignment of both crystals were to within 4°.
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Figure 4-13 Magnetization data showing (a) the [111] magnetization plateau forming below T = 4
K, with saturation occurring at 5.27 µB/Dy ion and (b) the derivative dM/dH, showing the
susceptibility in the static limit. The hump at approximately H = 1 T in panel (b) matches the
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calculation from ref. [25], however their corresponding experimental data is fairly flat, and the
discrepancy was not clarified.

Figure 4-14 below shows the susceptibility as a function of temperature in the [111]
direction. Similarly to the [100] and [110] directions, the single-ion freezing in the [111]
direction is around T = 16 K and the spin-ice freezing is around T = 2 K. The frequency
dependence of the spin-ice freezing becomes apparent above f = 100 Hz like the other directions;
however, the difference in amplitude between f = 100 Hz and 500 Hz is less than in the [100] and
[110] directions. This implies that the system, as a whole, is less responsive to a change in
frequency of an oscillatory field in the [111] direction than in the other two directions, at T = 1.8
K in zero field. Indeed, the intricacies in zero dc field are convoluted and easier to sort out in an
applied field, so we will move to field dependence for a more meaningful physical interpretation.
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Figure 4-14 Temperature dependence of the susceptibility for Dy2Ti2O7 in zero field for the [111]
direction shows very similar behavior to the two other crystalline directions (Figure 4-2 and
Figure 4-7).

64
The [111] direction has the most features of interest when a dc field is applied. AC
susceptibility brings out several idiosyncrasies associated with the [111] plateau that shed light on
the dynamics associated with the phenomenon. First, we examine the frequency dependence in
Figure 4-15. A bump appears in the real component of the susceptibility (left) around H = 1 T,
which is remnant of the first-order phase transition that occurs at lower temperatures [29] and
presumably associated with the [111] magnetization plateau. A magnification of the peak is
shown in Figure 4-16, illuminating three inflection points of interest. We can focus in on the
purple f = 10 kHz curve, which (while lower in signal amplitude) accentuates the crossing points
of the physical phenomena. We can divide the curve into several regions of interest. The low
field region from H = 0 T to approximately H = 0.24 T shows a steep decline of the susceptibility,
which can be attributed to the spins in the triangular plane aligning with the field, and fluctuating
increasingly less as the population becomes more pinned. At H = 0.24 T the fluctuations of the
spins in the kagome plane begin to more strongly affect the susceptibility. The susceptibility still
declines, but less rapidly meaning that the dc field is still pinning the spins more than the increase
in fluctuations is able to keep the system dynamic.
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Figure 4-15 Field dependence of the susceptibility for Dy2Ti2O7 at T = 1.8 K for the [111]
direction showing the incipient peak at
—a precursor to a first-order phase transition
observed at lower temperatures.
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Figure 4-16 Expanded vertical scale for Figure 4-15: field dependence at T = 1.8 K for the [111]
direction.
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This all changes drastically at H = 0.6 T, where the Zeeman energy begins to become
strong enough to overcome the spin-ice correlations. The sudden increase in dynamic activity is
from field-induced monopole formation (spins from the 2-in/2-out kagome-ice state flipping into
the 3-in/1-out or vice versa “monopole” state). The increasing dc field continues to facilitate
monopole creation until H = 1 T, where monopole saturation of the system quickly begins (Figure
2-13b). At this point the susceptibility falls off in the expected fashion, with all of the spins
rapidly pinning to the [111] dc field. A plot of the f = 10 kHz curve is shown at selected
temperatures in Figure 4-17. The corresponding dip in the imaginary component (b) indicates
that the dominant spin response occurs in phase with the ac field, and even further, this occurs in
the entire frequency range measured. At this particular field value, the system is more in phase
than at other fields in this temperature regime and has no frequency dependence- like a
paramagnet. This freedom points to a balance between the Zeeman energy and the interaction
energies.
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Figure 4-17 Field dependence of the susceptibility at f = 10 kHz in the [111] direction at select
temperatures, showing the temperature-independent field position of the H = 1 T peak in . The
corresponding dip in
indicates that the system is almost entirely in phase at the crossover field
value of H = 1 T.
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The strong frequency dependence below the peak is notable, and indicates a disordered
energy landscape [1]. Indeed, heat capacity studies have shown the kagome-ice state to still be
partially disordered [45], having almost 40% of the residual entropy of the zero-field state [19].
The lack of frequency dependence above the H = 1 T peak reflects the saturated, ordered nature
of the system in the higher field region where each tetrahedron has the same spin arrangement.
A notable aspect of the H = 1 T peak is the lack of temperature dependence of the field
value (the peak remains consistently at H = 1 T even as the temperature is increased). Generally,
thermal fluctuations serve to help excite spins from one state to another (which can be viewed
either giving the system dynamical abilities or disrupting a well described low-energy state). In
the case of the 1 T peak, an increase in temperature flattens the transition peak, but does not
disturb its field value. This can be understood by considering that the field value of 1T is where
the Zeeman energy is balanced against the spin-ice correlations. Since the spins are essentially
free to flip in this balanced state, thermal fluctuations (that would normally assist in flipping the
spins) only serve to disrupt the net volume of magnetization in the [111] direction that the spins
can achieve in the field direction simultaneously. Any remnant of the peak becomes strongly
suppressed above

, the temperature at which the thermal

fluctuations overcome the Zeeman coupling entirely.
As mentioned in Chapter 2, the [111] direction undergoes a liquid-gas-like transition at
low temperatures (below approximately T = 400 mK) [23, 45]. Specific heat measurements have
found that the kagome-ice state stabilizes between H = 0.3 T and 0.6 T (the ‘gas phase’) [45],
which is consistent with the boundaries formed by the f = 10 kHz curve in Figure 4-17a. At low
temperatures, strengthening the applied field rapidly condenses the kagome-ice ‘gas phase’ into a
‘liquid phase’ (the ordered phase with all spins pointing in the field direction, with nearly zero
entropy) until the transition is complete at the critical field of about 1 T [45]. Indeed, this peak in
the heat capacity is also visible in the susceptibility data (Figure 4-16a and Figure 4-17a).
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However, the temperature is high enough at T = 1.8 K that the first order phase transition is not
directly visible, only a remnant artifact—the crossover, HSF (Figure 2-15).
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Figure 4-18 Peaks from the imaginary component of the susceptibility in the [111] direction in
panel (a) determine the characteristic spin relaxation time of the system at a given field in panel
(b). Only select curves are shown in panel (a) for clarity. Error bars indicate relative certainty in
the peak position determined by eye, showing approximately what magnitude of field strength the
peaks become difficult to resolve.

Another type of susceptibility measurement (using the imaginary component to extract a
characteristic spin relaxation time for the system) shows surprisingly consistent findings with the
heat capacity and

results (above in Figure 4-18 and additional curves below in Figure

4-19). The system slows down in the region from zero field up to H = 0.24 T, indicating the
population of spins in the triangle planes getting pinned to the field. This happens rather quickly
due to the strong Zeeman coupling, since the spins in the triangular plane are oriented directly in
the [111] field direction. The majority of the susceptibility signal is lost here in the low field
region, as seen in Figure 4-16a and Figure 4-17a, mirrored by a correspondingly sharp rise in the
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spin relaxation time (Figure 4-18b). This is the same “standard” behavior exhibited by the [100]
direction Figure 4-5, since the spins in the triangular plane are smoothly getting pinned to the dc
field and become less responsive to the oscillating field.
Above about H = 0.24 T (the first black arrow in Figure 4-18b), fluctuations of the spins
in the kagome planes begin to dominate the susceptibility. The added dynamics result in an
upward inflection in the susceptibility,
spin relaxation time,

(Figure 4-17a) and a corresponding decrease in the

(while still maintaining the 2-in/2-out spin ice state, on average). This

first peak is consistent with a crossover from the regime where the spins in the triangular plane
dominate the susceptibility in the system to the regime where the kagome spins give the majority
contribution to the dynamics. The external dc field again becomes strong enough to overtake the
newly (now totaling about 2/3rds, on average) dynamic kagome spins at approximately H = 0.4
T and the spin relaxation time once again increases, now that the (2/3rds) kagome spins are
following the standard behavior (monotonic increase in

due to the pinning of the spins from

the dc field). The complex behavior (see Figure 4-16 and Figure 4-18) observed in the higher
field regions must be associated with the competing effects (spin-ice correlations and Zeeman
coupling) from the spins in the kagome planes, since the spins in the triangular planes are nearly
completely pinned to the dc field and are no longer responsive.
Next, H = 0.6 T (second black arrow in Figure 4-18b) is the critical field point where the
external field becomes so strong it begins to overcome the spin-ice correlations that lead to the 2in/2-out configuration being the lowest energy state. This leads to an avalanche of rapid
monopole formation, indicated by a massive decrease in the spin relaxation time up to H = 1 T,
where the peak moves to a higher frequency than f = 10 kHz—the limit of the ac susceptibility
measurement in the PPMS. One can see this directly in Figure 4-19b, as the peak rapidly moves
to the right (to higher frequency). Therefore, monopole formation is a fantastically effective
mechanism for enabling the system to respond dynamically. When the field strength reaches H =
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1 T, the interaction energies are balanced with the Zeeman coupling allowing the spins to flip
freely. This is the minimum seen in

, where the spin relaxation time approaches (nearly)

zero (Figure 4-18b). Immediately above H = 1 T, the balance shifts so that the Zeeman coupling
is favorable, and the flipping spins immediately align themselves to the dc field in the [111]
direction. With the tetrahedra in the crystal primarily saturated with monopoles, the susceptibility
drops off as the main contribution comes primarily from thermal fluctuations.
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Figure 4-19 Additional curves showing the peaks that give the spin relaxation data points for
. Panel (a) shows curves up to H = 0.39 T, and panel (b) is rescaled to show curves from H
= 0.4 T to H = 1.6 T. Each curve was individually rescaled for the determination of the peak
value.
One final item of interest for the [111] direction is a “temperature-independent point” –
the point where all of the curves in Figure 4-17 cross, at approximately H = 0.688 T. The
crossing point occurs in Monte Carlo simulations for a single tetrahedron, but not when averaged
over an entire lattice (shown in the section Appendix F), so it is unclear why the bulk meaurement
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would be more consistent with the single tetrahedral results. The crossing point would suggest
that the susceptibility at that particular field value would be constant with temperature. A
temperature sweep at this field is shown below in Figure 4-20, and in fact the susceptibility at
higher frequencies is quite flat in the range between T = 1.8 K and 12 K. For f = 10 kHz, the
variation is less than 10% for the real component (a), and less than 7% for the imaginary
component (b). The higher frequency temperature-independence again alludes to thermal effects
being less relevant to faster spin relaxation in this temperature regime.
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Figure 4-20 Temperature dependence of the “temperature-independent crossover point” at H =
0.688 T. The effect is much more apparent at higher frequencies, where quantum effects appear
to be more substantial.
While the temperatures crossing could be a matter of coincindence—a serendipitous
cancellation of effects leading to a crossover at that point—the uncommon nature of such a
phenomenon suggests something more complex at work. At zero dc field, the spin relaxation
time exhbits a similar temperature-independence in the same temperature range, attributable to a
quantum spin-relaxation process, where the system lacks a thermal activation process [21].
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To summarize, the [111] direction exhibits unusual dynamics related to the [111]
magnetization plateau, and the preceding kagome-ice state that are unique to applying an external
field in this direction.

Comparison of the [100], [110], and [111] Directions
Now that each crystalline direction has been examined separately, we can make a direct
comparison to explore the differences more quantitatively. The magnetization, M(H) shown
below in Figure 4-21a, shows the static process where the external field is changed incrementally
and the spins in the constituent system eventually relax to the external field before the field is
changed again. The magnetization curves are qualitatively consistent with the results presented in
Chapter 2, from ref. [25], showing the full saturation values for each direction. However, the
saturation values are somewhat higher (12.5% for the [100] direction, 5.2% for the [110]
direction, and 7.5% for the [111] direction), perhaps due to errors in mass measurements from a
balance with low precision. Figure 4-21b shows the derivative, dM/dH which shows the incipient
peak for the [111] direction.
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Figure 4-21 (a) DC Magnetization M(H) for the [100], [110], and [111] directions. (b) The
derivative, dM/dH, for each direction.
AC susceptibility results at low frequency (f = 10 Hz) as a function of temperature show
very little difference between the three directions (Figure 4-22). A standard 1/T Curie behavior
(Chapter 1) is seen in the real component in panel (a) and very little signal (mostly noise) is seen
in the imaginary component in panel (b), indicating paramagnetic behavior at zero field in this
higher-temperature, low-frequency range.
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Figure 4-22 Comparison of the temperature dependence for the [100], [110], and [111] directions
at f = 10 Hz. At low frequency, the system is mostly in phase, and the out of phase component is
on the order of the background noise.
However, even at zero dc field, there are differences between the crystalline directions in
a higher frequency range. Recall that the single-ion freezing occurs at approximately T = 16 K
and the spin ice freezing occurs at approximately T = 2 K at the higher frequencies. Figure 4-23
below shows the same measurement at f = 10 kHz. First, it should be noted that the imaginary
component is no longer negligible noise, but has a signal on the same scale as the real component.
The [100] direction experiences the single-ion freezing first as the temperature is lowered in both
the real and imaginary components, meaning that the spins in that crystalline direction are the
least capable of keeping up with the ac field as they become constrained along their local <111>
Ising axes (with all four spins per tetrahedron having equal components in the direction of the
small oscillating field). The [110] direction freezes out at a slightly lower temperature for its
single ion freezing, but stays low in signal amplitude for its entire temperature range. This is
again consistent with the magnetization results, indicating that only half of the spins are coupled
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to the ac field. Since these two spins are more coupled to the small oscillating field than any of
the four spins in the [100] direction, it is logical that the [110] system stays dynamic to lower
temperatures due to the added coupling. Finally, the [111] direction shows a similar single-ion
freezing as the [110] direction, but differs from the other two directions in the spin-ice freezing at
lower temperatures. The system remains significantly more dynamic in both the real and
imaginary component down into the spin-ice freezing at approximately T = 2 K. The single-ion
freezing agrees with the previous notion that spins more strongly coupled to the ac field facilitate
the overall ability for the system to remain dynamic at low temperature:

However, the spin-ice freezing occurs at the same temperature for all three directions, with the
magnitude not following this same order. The [111] direction is the most dynamic at the
temperature of the freezing, but is then followed by the [100] direction and then the [110]
direction. The reason for this is unclear; however, the higher frequency measurements are fairly
consistent and we do not believe the discrepancies are due to sample dependence.
These ac results are different from the static magnetization because the ac susceptibility
also depends on the spin relaxation time relative to the measurement frequency, and the
relaxation time varies with the field direction relative to the spin axes. The concept to identify
here is that as temperature is lowered, or as the frequency is increased, ac susceptibility is more
sensitive in measuring the coupling to the field since it also depends on the rate of spin relaxation
(which varies with direction).
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Figure 4-23 Comparison of the temperature dependence for the [100], [110], and [111] directions
at f = 10 kHz. Higher frequencies exhibit differences in the freezing transitions, especially with
the [111] direction in the spin-ice freezing.
Next, the field dependence is examined at low frequency below in Figure 4-24. The
results are consistent with the dc M(H) results. There is very similar dynamic behavior between
the three directions as a field is applied and the small oscillating field slowly nudges the spins in
the direction of the dc field. The [111] direction shows a two-stage drop in the real component of
the susceptibility (panel (a)), as would be expected from the magnetization plateau. Each of the
three directions shows a rise in the imaginary component at low field (panel (b)) as the system is
initially pulled more out of phase from the slow ac field by the external dc field, before the spins
couple to the dc field and cease fluctuating entirely.
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Figure 4-24 Comparison of the [100], [110], and [111] field dependent susceptibilities at f = 10
Hz. This is as close to the static limit as we can get in the PPMS. Note that the scale of the
imaginary component is an order of magnitude smaller than the scale of the real component,
indicating that the system is mostly in phase with the oscillating field.

We now turn to the more dynamic limit with the f = 10 kHz field dependence—the most
prominent contrast between the three crystalline directions. The [100] direction acts as a
‘control’ sample, because all of the spins have the same alignment with the applied field. The data
smoothly and continuously decrease in magnitude with increasing applied dc field. The [110]
direction shows a similar drop-off, as the spins on the α-chains align to the field, until the spins
on the β-chains begin to fluctuate into the 2-in/2-out ground state (after the α-chains have settled
in the external field direction). Although the β-chain spins have no direct coupling to the dc field
themselves, their fluctuations would cause fluctuations in the surrounding field. Once the β-spins
are settled and the system is primarily in the spin-ice state, the susceptibility drops off in the usual
manner. The [111] direction shows the clear kagome-ice region, the avalanche of monopole
generation leading up to H = 1T peak, and the following traffic jam of monopoles saturating the
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system. The [111] direction is the most dynamic system at f = 10 kHz, with the greatest
magnitude in both the real and imaginary components (compliments of the highly coupled spins
in the triangular plane at low-field and monopole dynamics at higher field), for the entirety of the
field range measured.
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Figure 4-25 Comparison of the [100], [110], and [111] field dependent susceptibilities at f = 10
kHz. The [100] direction shows a smooth monotonic behavior, whereas the [110] and [111]
directions show distinct regions of field-activated spin populations.

Note that at f = 10 kHz, for all three of the directions, the magnitude of the real
component has diminished substantially while the imaginary component remains on the same
order of magnitude. For f = 10 Hz, the scale of the real to the imaginary component is about 10:1
(so the response is mainly in phase), whereas for f = 10 kHz it is about 1:1 (where the response is
about equally in phase as out of phase). At H = 2 T, all three directions can be considered nondynamic and pinned to the dc field.
Next, one might be curious as to the distribution of

of each direction, or the peak

broadening for each curve that gives the characteristic relaxation time, especially since it appears
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to be different for each direction (Figure 4-28). Below in Figure 4-26, panel (a) shows the
normalized zero-field peak in the imaginary component, while panel (b) shows the unnormalized
curves. The normalized curves (normalized to the peak frequency and amplitude) are very
similar, showing very little broadening between the three directions. Curiously, polycrystalline
data taken by Joe Snyder (not shown) is slightly narrower than the three single-crystal curves.
The unnormalized curves in panel (b) show that at zero dc field, the [100] direction has the
greatest amplitude and the [111] has the least, in very slight amounts. The [110] direction peaks
at the lowest frequency, whereas the [111] direction peaks at the highest. All three peaks broaden
by the same amount with an applied magnetic field (Figure 4-27) and separate further in
frequency.
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Figure 4-26 Panel (a) shows the relative peak broadening of each crystalline direction at H = 0 T,
normalized to both peak frequency and amplitude. The [100] direction shows slightly less
broadening on the higher frequency and the [111] direction shows more broadening on the low
frequency side. All three directions are broader than the polycrystalline data from Snyder et al
(not shown). Panel (b) shows the unnormalized peaks, with the [100] direction having the
greatest magnitude and the [111] having the smallest magnitude, and the [110] direction having
the lowest peak frequency and the [111] direction having the highest peak frequency.
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Figure 4-27 Panel (a) shows the relative peak broadening of each crystalline direction at H = 0.4
T, normalized to both peak frequency and amplitude. Panel (b) shows the unnormalized peaks,
with the [110] direction having the greatest magnitude and the [100] having the lowest
magnitude, and the [100] direction having the lowest peak frequency and the [111] direction
having the highest peak frequency.
Moving around in temperature, we can compare the spin relaxation times for the three
directions in zero field (Figure 4-28). All three directions show the temperature-independent
plateau in the T = 2 K to 12 K range, and the sudden slowing in the spin-ice freezing below 2 K.
The [111] direction maintains its lead across the temperature range measured in having the fastest
relaxation time, and the [110] remains the slowest dynamics in the plateau and spin-ice regions.
Note that for the polycrystalline sample, this is the characteristic relaxation time of the system on
average, not the response of each direction under a given ac field (such as in Figure 4-24 and
Figure 4-25). The [111] direction has the fastest characteristic relaxation time, presumably due to
its highly coupled triangle plane spins and only lightly coupled kagome plane spins (to the [111]
oscillations). The [100] direction has all moderately coupled spins (to the [100] oscillations), so
its spin relaxation time is central. The [110] is a combination of moderately coupled α-chain
spins and negligibly coupled β-chain spins (to the [110] oscillations), so it has the longest
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relaxation time. The widths of the peaks in

are sufficiently large that any double-peak

features in the [111] and [110] directions cannot be resolved from different spin populations since
the response times are relatively close.
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Figure 4-28 Zero-field spin relaxation times for the three crystalline directions, as well as
polycrystalline data from ref. [22]. The powder data has not had a demagnetization correction
performed, which would effectively move the data to slightly larger
. This may be due to
surface effects which would be more prevalent in the powder data. The spin relaxation time for
the crystals without the demagnetization was faster; however, the difference from the
demagnetization correction was less than that between the crystal and the polycrystalline data.
Based on the differences between the three directions seen in the susceptibility at zero dc field,
we believe the differences shown above are physical.
The spin relaxation time can also be determined as a function of field. The comparison
data are shown below in Figure 4-29. The data for each direction were presented separately in the
previous sections (each on its own scale to emphasize the features), however the comparison is
also enlightening. The zero-field results are consistent with the

results above; however, as

the external field grows, the [110] direction crosses over the [100] direction in speed. This is
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from the added susceptibility due to the field fluctuations from the spins on the β-chains
fluctuating to satisfy the spin-ice ground state imposed by the α-chain spins.
Interestingly, [111] direction maintains its very fast spin relaxation time, even as the
external field is quite high. This means that the system still responds to the small [111]
oscillations, even in a strong [111] field, in contrast to the other two directions. The cause of this
is unclear, but may be due to a presence of monopoles persisting to high fields in the [111]
direction. For example, the [111] direction in a strong dc field is in a densely monopole-saturated
state. Therefore, it is possible that spin fluctuations are primarily causing monopole/antimonopole annihilation—spin flips that would pay the cost of the Zeeman energy (against the dc
field) but would gain the dipolar energy (into the 2-in/2-out spin-ice configuration). On the flip
side, the [110] and [100] directions are in a primarily vacuum (low-monopole density) state in a
strong dc field. Therefore, spin flips would cost both the Zeeman energy against the dc field and
the dipolar energy.
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Figure 4-29 Field dependence of the spin relaxation time for the [100], [110], and [111]
directions. All spins in the [100] direction have an equal component in the field direction, so the
behavior is monotonic. However, the peaks in the other directions show one higher-field
activated spin population for the [110] direction and two activated populations for the [111]
direction. Error bars indicate relative certainty in the peak position determined by eye, showing
approximately what magnitude of field strength the peaks become difficult to resolve.
To summarize the difference between the [100], [110], and [111] directions, the dc
magnetization shows a stark contrast in both saturation values and shape of M(H). The lowfrequency temperature dependence of the susceptibility,

, is nearly identical in zero dc field,

whereas differences being to appear at higher frequency for the single-ion and spin ice freezing
transitions around T = 16 K and T = 2 K, respectively. The low frequency field dependence of
the susceptibility,

, is also reasonably similar for each direction; however, moving to high

frequencies illuminates the massive differences in the system dynamics for each direction.
Finally, the spin relaxation times as a function of both temperature (

) and field (

) are

strikingly different for the three directions. In zero field, the small ac oscillations are surprisingly
influential enough to cause significant differences in

. For

, an even more pronounced
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discrepancy occurs at higher field (H > 1 T), even though the differences in susceptibility are
almost negligible in that regime.
Crystal anisotropy has proved to be surprisingly important in spin dynamics in this
temperature range. Ties to monopole dynamics may prove to be quite useful (which were
previously considered to be only useful at lower temperatures). Future directions could include
more systematic studies on single crystals and powder samples to eliminate any uncertainty in
sample dependence. Additionally, µSR studies could prove to be useful in extending
measurements to faster timescales.

Chapter 5
Low-Temperature Crystal Spatial Variation in Dy2Ti2O7
In addition to taking data above T = 1.8 K in the three directions discussed in Chapter 4,
we both extended the measurements to lower temperatures in a dilution refrigerator (DF) and
probed the spatial variation by using a custom coil setup (Chapter 3) for large single crystals. The
[110] and [111] directions were examined using this method, and the results are presented in this
chapter. Recall that the custom coil setup contains a standard set of primary coils and a shorter
than usual set of secondary coils. The purpose of these smaller secondary coils was to measure
the pickup signal from one portion of the crystal only (i.e., just the end or just the center of the
crystal). A phase offset from the electronics was accounted for (explained in Appendix C). Since
the coils were not calibrated (unlike the commercial PPMS machines), the units for the DF data
are arbitrary.

The [110] Direction
The [110] direction consists of two sets of spins—those with a component along the field
direction (the α-chain spins) and those perpendicular to the field direction (the β-chain spins). A
temperature sweep at zero dc field is shown below in Figure 5-1. We are now low enough in
temperature to see the spin-ice freezing down to f = 5 Hz, although ref. [22] was able to measure
to f = 0.5 Hz. This is in contrast to the PPMS data where the spin ice freezing was only visible
above approximately f = 500 Hz, due to the limited temperature range of

K.

Little difference is seen between the crystal center and crystal end, which one might
expect since small oscillations would (naïvely) produce the same effect throughout the bulk of the
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crystal. While the freezing occurs at slightly lower temperature in the end of the [110] crystal (T
= 845 mK compared to T = 865 mK in the center, for f = 5 Hz), the possibility of the sample
being slightly out of thermal equilibrium cannot be ignored. Forty minutes of wait time were
taken for each data point after the temperature was changed (in increments of T = 5-10 mK), for
temperatures below T = 1 K; however, the large crystal size could have affected the temperature
stability.
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Figure 5-1 Zero field susceptibility vs. temperature in the [110] direction. The “end” data (open
squares) was more sparse and had more temperature equilibration issues; however, there is very
little difference between the center (solid squares) and the end (open squares).
As is the case in any glassy freezing, the spins are better able to track the oscillating
field at lower frequencies (Figure 5-1). The single-ion freezing around T = 16 K does not affect
the dynamics at lower frequencies due to the quantum spin relaxation process elucidated by
previous works [21, 22].
Next, we can see what happens to this freezing transition with the application of a
magnetic field (in the PPMS we are limited to a higher temperature range, and therefore to
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observing the transition in the higher frequency range). Figure 5-2 below shows how the low
frequency (f = 5 Hz, 10 Hz, 50 Hz, and 100 Hz) peaks behave under a (relatively) small applied
field of H = 0.1 T and 0.2 T. The peak is suppressed in amplitude, broadened, and moved to a
higher field, all due to the external field pinning the spins, making them less responsive to the ac
field.
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Figure 5-2 Application of a magnetic field both suppresses the signal and moves the peak in χ’’
to higher temperature. Only the low frequencies with visible peaks are shown for clarity. Zero
field are closed squares, H = 0.1 T are open squares, and H = 0.2 T are lines. The data above
were taken in the crystal end.

Oddly enough, application of a magnetic field actually increases the magnitude of the
susceptibility for low frequencies at temperatures above the peak value, possibly due to a
broadening of that freezing transition. This is more clearly apparent below in the lower panels of
Figure 5-3.
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Figure 5-3 Temperature dependence of the susceptibility in an applied magnetic field. These
data were taken in the center of the crystal.

More complete temperature dependent data were obtained in the center of the crystal for
intermediate fields, where the same three behaviors are observed (Figure 5-3). The rise in the
imaginary component of the susceptibility above the peak temperature is not a relative change—
the magnitude of the susceptibility at T = 2.5 K for the applied field of H = 0.245 T is larger than
the signal at T = 2.5 K for H = 0.1 T.
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The field dependent susceptibility was measured at several temperatures. One example is
shown below for T = 800 mK (Figure 5-4). This is the lowest temperature that affords a clear
signal; however, no extraordinary features are visible at this stage. The lower frequencies still
exhibit some dynamics, and the system is more out of phase than in phase, since

. The

data are monotonic in frequency in the real component (top panels); however, the lower
frequencies in the imaginary component (bottom panels) start at lower amplitude and then exhibit
a rise as the temperature is varied (Figure 5-5). Starting at approximately T = 900 mK, the f = 5
Hz

curve begins lower in amplitude at low field before rising up, crossing over the f = 10 Hz

curve. Moving up in temperature, the effect begins to occur at higher frequencies. To study this
further, we examine the f = 5 Hz susceptibility curves at different temperatures (Figure 5-5).
High frequencies are quite different, and we thus scrutinize f = 10 kHz separately (Figure 5-6).
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Figure 5-4 Field dependence of the susceptibility in the [110] direction at T = 800 mK at
different frequencies. The behavior at low frequencies is smooth and drops of monotonically.

The low-frequency field dependence is shown below in Figure 5-5. The curves of
at f = 5 Hz change qualitatively as the dc field is applied. The rise in the imaginary
component is also non-monotonic: below T = 700 mK the signal is not above noise, and from 700
mK to 800 mK the signal amplitude increases but the rise as the dc field is applied is not yet
apparent. The amplitude then begins to drop for T = 900 mK and continues to drop for the curves
at higher temperatures. There is also a low-field rise in

(which was also noted in Chapter 4)

that begins to occur around T = 900 mK, and the peak moves to higher field as the temperature
increases. This crossing of the curves at higher field values is indicative of the freezing peak
broadening and moving to higher temperature.
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Figure 5-5 Real (top) and imaginary (bottom) components of the susceptibility in the [110]
direction at f = 5 Hz. T = 600 mK and 500 mK data were not taken in the center of the crystal.
At higher temperatures, the lower frequencies no longer drop off monotonically and a rise in the
imaginary component is observed.

Moving away from the static limit, a feature becomes apparent at f = 10 kHz around H =
0.36 T (Figure 5-6). The susceptibility simply flattens into a plateau ranging from H = 0.36 T to
approximately H = 0.55 T in the end of the crystal, while the feature turns into a pronounced
bump for the center of the crystal. This feature is the only clear distinction between the end and
center of the crystal. This is the first evidence that there may be a field-induced bulk saturation
effect in the end of the crystal (in other words, a spatial variation caused by a large dc field).
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Figure 5-6 Field dependent susceptibility in the [110] direction at f = 10 kHz showing the
observed difference between the end (open symbols) and center (closed symbols) of the crystal.
Data were taken down to 600 mK, however only higher temperatures are shown for clarity (the
lower temperatures are also on the order of magnitude associated with the difference in signal
from different levels of liquid helium covering the magnet). The difference between the end
(lower amplitude) and the center data (greater magnitude) appeared primarily above T = 1 K, in
the plateau region between H = 0.36 T and 0.55 T. Differences at very low field are likely due to
the demagnetization field being different in the end of the crystal from the center.

Heat capacity measurements have shown a peak in the specific heat at T = 1.1 K forming
at H = 0.3 T and growing with increasing field, attributed to the field strength required to pin the
α- chain spins [26]. The flattening of the susceptibility would then be the spins on the β-chains
fluctuating into the spin-ice state. The field value at which the plateau region begins remains
fairly constant in temperature, indicating that the onset of β-chain spin fluctuations is dependent
on field, but not temperature (in contrast to the [111] direction from Chapter 4). However, the
end of the boundary extends to higher field values at lower temperatures. Therefore, a lower
temperature keeps the β-chain spins fluctuating until higher dc field values perhaps due to a field
suppression of certain types of spin fluctuations in the α-chain spins. This feature is certainly
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puzzling; however, the only other puzzle piece that we have is the correlation with short-range
ordering from neutron scattering. Both Bragg scattering and diffuse scattering were observed in
magnetic fields of H = 1.5 T, indicating the existence of long-range magnetic order (from the αchain spins) and short-range magnetic order (from the β-chain spins) [26, 27, 44]. The notable
aspect of the feature with regard to the spatial dependence in the crystal is that the region of
fluctuations is significantly more pronounced in the center of the crystal for temperatures above
1.1 K (Figure 5-6). A demagnetization effect would give a stronger net field (from a weaker
demagnetization field) in the end of the crystal, but intuitively one would think that would only
cause a shift in the bump, not a flattening of it. Additionally, a demagnetization effect (Appendix
A) is usually only apparent in a low field environment. One possibility is that thermally excited
monopoles are moved to the end of the crystal by the external dc field. The difference between
the end and the center data disappears below

K, which is the region at which monopoles

are treated as low-density, isolated excitations. In this way, monopole movement to one end of
the crystal or the other presents a new mechanism for which the system can respond dynamically,
thus increasing the susceptibility. Saturation of monopoles at the ends of the crystals could
potentially inhibit this process, decreasing the rise in susceptibility of the
feature (especially since we saw in Chapter 4 that monopole saturation causes the drop-off in
susceptibility above the H = 1 T peak in the [111] direction).
Next, we can look at the zero-field peaks in the imaginary component of the
susceptibility, to see how the spin relaxation time varies from the center to the end of the crystal
(Figure 5-7). A difference was not expected, since it was a strong dc field that was supposed to
cause any spatial effects across the length of the crystal. Surprisingly, the small oscillating ac
field in the [110] direction may have been enough to cause a sizable shift in frequency. The
center of the crystal gives more amplitude (due to a larger filling factor in the secondary coils),
but a change in spin-relaxation time indicates a change in the physical properties of the crystal.
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The spins appear to have a faster characteristic relaxation time in the end of the crystal. The most
likely cause would be due to a demagnetization effect, since application of a magnetic field would
increase the spin relaxation time (shift the peak to lower frequency). This would occur from a
higher net field in the end of the crystal. While no other plausible explanations come to light, it is
notable that the same discrepancy does not occur in the [111] direction (Figure 5-18).
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Figure 5-7 Zero field imaginary component of the susceptibility at different temperatures in the
[110] direction. The curves from the center of the crystal are indicated by thick lines, whereas the
curves from the end of the crystal are indicated by thin lines. The units are arbitrary, and the end
curves have not been normalized to the center ones.

The peaks of

determine the spin relaxation time, shown below in Figure 5-8. The

spin relaxation times for the center of the crystal are indicated by solid green squares and the
times for the end of the crystal are open green squares. Comparisons to polycrystalline samples
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[21, 22] as well as another single crystal from another group [42] are shown, as well as the same
measurement done in the PPMS with and without a demagnetization correction (to show the
extent the demagnetization effect changes the relaxation time in zero field) . The spin relaxation
time for the center of the crystal (without a demagnetization correction) lines up nicely with the
PPMS (also without a demagnetization correction), however both line up with the [110] single
crystal from ref. [42] with a demagnetization correction. All spins in the single crystals have a
faster relaxation time than in the polycrystalline samples, the origin of which is unclear since a
demagnetization correction would make the times even longer.
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Figure 5-8 Zero field spin relaxation times of the different samples in the [110] direction. The
crystal’s center data points (solid green squares) and end data points (open green squares) are
compared to the PPMS data (solid black squares) from Chapter 4, PPMS data without demag
correction (open black squares), solid blue squares reproduced from ref.[21], open blue squares
reproduced from ref.[22], and orange squares reproduced from ref.[42].

To summarize the [110] field direction data at low temperature: the spin chain freezing at
is a much more dynamic process in the center of the crystal than at the
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end, in that the upward inflection of the susceptibility is a much more drastic increase into a bump
with a distinct maximum, than at the end where only a plateau is formed. This behavior is not
present in other field regimes, and we see that the spatial difference only emerges at higher
frequencies. This field region corresponds to the approximate field range at which the α-chains
order ferromagnetically and the β-chains order antiferromagnetically, seen in Monte Carlo
simulations (Figure 2-11) [28], and we hypothesize that the transition into the ordered chain-state
is a more dynamical process towards the center of the crystal. This may be due to a saturation of
monopoles; since we saw from the [111] direction in Chapter 4 that monopole saturation causes a
drop in the susceptibility. These would be thermally excited monopoles, not field-induced like
the ones in the [111] direction—the dc field would only serve to move the monopoles to the end
of the crystal. In other words, in the temperature regime where a higher density of monopoles
can still be formed thermally (above approximately T = 1 K), the monopoles can be moved along
the field direction (or against, for anti-monopoles), giving the system a mechanism to
substantially increase the susceptibility. A saturation of monopoles would inhibit this process,
suppressing the bump seen at the center of the crystal (Figure 5-6).

The [111] Direction
The [111] direction consists planes of spins forming alternating layers of kagome and
triangular planes. A zero-field temperature sweep is shown below in Figure 5-9, where similar to
the [110] direction, little difference is observed between the end and the center of the crystal. The
curves do freeze at slightly higher temperature in the center than in the end (by about 20-25 mK),
which is at least consistent with the [110] direction. As a comparison, the freezing occurs in the
[111] direction at T = 950 mK in the center of the crystal and at T = 925 mK in the end of the
crystal, for f = 5 Hz. Unfortunately, with no plausible explanation, two data points are not
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enough to reach a conclusion regarding this result. It is notable that the freezing occurs at almost
100 mK higher in temperature for the [111] direction compared to the [110] direction, indicating
that the spin-ice correlations are able to overwhelm the thermal fluctuations with greater ease
when the small oscillating field is in the [111] direction.
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Figure 5-9 Zero field susceptibility vs. temperature in the [111] direction. There is very little
difference between the center (solid squares) and the end (open squares). The higher frequency
peaks in the imaginary component are broader than in the [110] direction.

Concerning the field dependence, there are two major points regarding the crystal used.
First, a difference was observed between the large [111] crystal provided by D. Prabhakaran and
the two smaller crystals provided by S. Grigera and D. Prabhakaran (Figure 5-10). The
susceptibility of the kagome-ice regime was significantly suppressed in the end of the crystal
compared to the center, however the H = 1 T peak was very similar in shape and amplitude. This
would seemingly point to the spins in the triangular plane being the cause of the initial lack of
susceptibility in the system at low fields (as compared to the smaller [111] crystals) (see Figure
5-10). At first, it was proposed that a misalignment could cause this effect, however x-ray Laue
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scattering done by Nichole Wonderling at the Penn State Materials Research Laboratory showed
that the crystal was less than 2 degrees off of its [111] axis (data not shown). A significant
difference in oxygen stoichiometry would present itself in the color of the crystal [46], which was
not observed. A size effect could be a factor, however the same lack of low-field susceptibility
was not observed in the large [110] crystal as compared to the small [110] crystal. The cause of
this discrepancy is still unknown.
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Figure 5-10 Comparison at f = 10 kHz of the large [111] crystal to the two smaller [111] crystals,
as well as a small misalignment of a small [111] crystal. A misalignment of 6.5° suppresses the
peak, and moves it to a slightly lower field. Therefore, a misalignment would not account for the
difference seen between the large [111] crystal and the two smaller [111] crystals.

Second, the data for the end of the crystal were dramatically different, with several
possible reasons. When the cryostat was warmed after the run, we found that the crystal had
fallen off of the Teflon mount that held its position fixed within the coils. The breaking of the GE
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varnish support was almost certainly due to differential thermal contraction on cooling from room
temperature at the start of the run. While the end of the crystal was still being measured (in the
opposite secondary coil set, where it had fallen and remained—see Figure 3-9 for the original
setup), mechanical vibrations could have played a role, although a resonance would normally
present itself in just one of the frequencies, and therefore we do not believe this is the case. It is
also possible that the crystal was misaligned slightly, however a 6.5° misaligned field sweep in
the PPMS 9T showed little qualitative difference—only a slight suppression of the peak and
movement of the peak to a slightly lower field value (Figure 5-10). Since we are probing the end
of the crystal in either case, another possibility is that the physics in the end of the crystal is the
cause, and that will be discussed in the following section.
Field sweeps were taken at a various temperatures. T = 800 mK (below in Figure 5-11
and Figure 5-12) is a good typical temperature in the low-temperature regime while still having
some non-zero susceptibility in the low-field (kagome-ice) regime. The lower frequencies begin
with the greatest signal amplitude, in contrast to the higher frequencies which are almost
completely suppressed. Moving into the region of rapidly field-induced monopole creation
(about H > 0.7 T), the strong frequency dependence observed at higher temperatures has been
vastly depleted—all of the monopoles are being generated and moving through at approximately
the same rate (very quickly, on the 10 kHz or greater timescale, based on the lack of frequency
dependence and the sharp increase in susceptibility). The system is mostly in phase during this
process, and only the very low frequency of f = 5 Hz shows any measurable remaining dip seen in
the imaginary component of the PPMS data (Figure 4-15b and Figure 4-17b). The distinctive
complete lack of frequency dependence seen in the PPMS data is still apparent above the
jamming point (H > 1 T), where the spins are in a fully saturated state. A widening of the H = 1
T peak is observed in the crystal end data in the form of a greater frequency dependence below
the jamming point, and a distinctly more shallow drop above the peak at all of the measured
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frequencies. The peak is also diminished in amplitude, and there is a low-frequency increase of
the susceptibility in the low-field region, in comparison to the center of the crystal. Any
movement from the crystal out of the coils that might cause a suppression of the H = 1 T peak
(from a reduced filling factor of the pickup coils), would not account for the widening above H =
1 T, since it would be opposite to the expected drop in susceptibility.
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Figure 5-11 Field dependence of the susceptibility in the [111] direction at T = 800 mK at
different frequencies. The H = 1 T peak is much larger than at higher temperatures, and the end
of the crystal exhibits a very strange suppression of that peak (as well as moving it to higher field
value).
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Figure 5-12 Expanded vertical scale of Figure 5-11. Features in the imaginary component of the
susceptibility are not above noise (there is a very low signal to noise ratio), and may be caused by
minor phase changes introduced by the electronics.
One other note concerning the field dependence taken at one temperature is that the
comparison between the T = 1.8 K PPMS data and the T = 1.8 K dilution refrigerator data not
only exhibit a decrease in the susceptibity signal for the kagome-ice region as mentioned above,
but the boundaries of the kagome-ice region were distinct at frequencies much lower than in the
PPMS data for the smaller crystals (Figure 5-13). We hypothesize that whatever is causing the
diminished susceptibility at low field is also making the crossover into and out of the kagome-ice
state more prominent.
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Figure 5-13 Comparison of field sweeps for the large [111] crystal center data taken in the
dilution refrigerator at T = 1.8 K to the small 6.9 mg [111] crystal. The top panels show the real
component of the susceptibility, with the kagome-ice region appearing at lower frequencies in the
large [111] crystal center than in the small whole crystal. f = 5 Hz and f = 10 Hz are not collapsed
with the other frequencies above H = 1 T for the DF center data, for unknown reasons.
We can examine the field dependence in the (almost) static limit of f = 5 Hz at different
temperatures, shown below in Figure 5-14. The H = 1 T peak is lower in signal amplitude than
the low-field region, indicating that the relative dynamics of each regime are on the same order of
magnitude. The end of the crystal had an even lower amplitude H = 1 T peak compared to the
low-field susceptibility. The peak appears to grow with diminishing temperature which
maximizes at T = 450 mK, before a sudden drop at T = 400mK. The T = 400 mK curve had no
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measurable signal above noise in the low-field region, and had a severely diminished H = 1 T
peak for only having dropped in temperature by 50 mK. T = 400mK is the only temperature that
exhibits hysteresis between the upward field sweep and downward field sweep (occuring in the
saturated region above H = 1 T), indicating that the system is below the first-order metamagnetic
phase transition at this temperature (which has been observed at different temperatures for
magnetization [47] and heat capacity [45], and had not yet been determined for ac susceptibility).
The H = 1 T peak was temperature-independent down to the lowest temperatures measured for
the crystal center; however, the peak shifted to significantly higher field as the temperature was
lowered in the crystal end data. This phenomenon is very odd for two reasons: first, the peak has
been independent of temperature in all of the other PPMS (whole crystal) and dilution fridge
(center only) measurements, and second that a misalignment would cause the peak to shift to a
lower field value (Figure 5-10). An optimistic presumption might be that a saturation of
monopoles is occuring in the physical end of the crystal, inhibiting monopole formation (hence
the diminshed H = 1 T peak). It appears that a stronger field is needed as the temperature is
lowered for the saturation to occur in the end of the crystal. Again, a demagnetization affect
could be present, but we would not expect this drastic of an effect at such a high field since the
demag correction is relatively small—on the order of 1000 Oe. Somehow, monopole generation
is still on the rise in the end of the crystal above H = 1 T at lower temperatures. It is also notable
that the peak at T = 450 mK is lower in amplitude than the peak at T = 600 mK, indicating that
the temperature of the phase transition may have increased slightly, to somewhere above T = 450
mK. Both transition temperatures will be explored further in temperature sweeps at the field
values later in this section. Both the end and the center of the crystal show a rise in the imaginary
component of the susceptibility appearing at T = 1.2 K and continuing at higher temperatures,
similar to the [110] direction (Figure 5-5).
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Figure 5-14 Real (top) and imaginary (bottom) components of the susceptibility in the [111]
direction at f = 5 Hz. The low-field dynamics are still greater in amplitude than the H = 1 T peak
at this low of a frequency.
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Figure 5-15 Expanded vertical scale of Figure 5-14, showing the susceptibility in the [111]
direction at f = 5 Hz.
Next, we can consider the dynamic limit, where curves at several different temperatures
are shown at f = 10 kHz, below in Figure 5-16. Again, the T = 450 mK peak is both diminished
in amplitude and shifted to higher field (H = 1.3 T), similar to the f = 5 Hz data. In the T = 450
mK data, a shoulder on both sides of the H = 1.3 T peak occur at H = 1 T and H = 1.4 T are
present at all frequencies measured (data not shown). Sudden drops in the susceptibiity are likely
due to power losses to the magnet power supply, causing the dc magnet to discharge, since
thunderstorms occurred during all of the field sweeps with the drop in signal1. It is unclear if the
broadening on the higher field side of the H = 1 T peak at higher temperatures is a tradeoff
between two separate peaks, or simply the shifting of the H = 1 T peak.

1

The end of the crystal was measured during the summer monsoon season, and a battery backup
was prohibitively expensive.
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Figure 5-16 Real (top) and imaginary (bottom) components of the susceptibility at f = 10 kHz
showing the peak at H = 1 T indicative of the first order phase transition, growing as the
temperature is decreased, until approximately T = 450 mK, where the signal is suppressed
dramatically. The cutoffs in the “end” data indicate a power loss to the dc magnet, due to
thunderstorm activity.
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Figure 5-17 Expanded vertical scale of Figure 5-16, showing the susceptibility in the [111]
direction at f = 10 kHz.
Frequency sweeps at zero field were taken at the end and center of the [111] crystal
(Figure 5-18), to see if a similar discrepancy as the [110] direction occurred (Figure 5-7). Even
with the

curves from the end of the crystal normalized to the center

amplitudes,

only slight differences were observed (and only at the lowest temperatures measured).
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Figure 5-18 Zero field imaginary component of the susceptibility at different temperatures in the
[111] direction. The curves from the center of the crystal are indicated by thick lines, whereas the
curves from the end of the crystal are indicated by thin lines. The units are arbitrary, and the end
curves have been normalized to the center ones.

A quick comparison to other [111] crystals in Figure 5-19 shows the minimal difference
between the [111] crystal at the end and center, as well as a similarity to the polycrystalline spin
relaxation times. A substantial difference between the spin relaxation times for the large [111]
crystal (in the dilution fridge) as compared to the small [111] crystals (taken in the PPMS) could
be correlated with low-field discrepancy seen in the field sweeps.
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Figure 5-19 Zero field spin relaxation times of the different samples in the [111] direction. The
crystal’s center data points (solid purple squares) and end data points (open purple squares) are
compared to the PPMS data (black squares) from Chapter 4, solid blue squares reproduced from
ref.[21], open blue squares reproduced from ref.[22], and orange squares reproduced from
ref.[48].
Next, temperature sweeps were taken at the H = 1 T peak to determine the temperature at
which the phase transition occurs. The data shown below in Figure 5-20 were taken in the center
of the crystal, and shows the first-order phase transition occurring at approximately T = 450 mK.
This is consistent with magnetization measurements, which put the phase transition at T = 360
mK [47] and specific heat measurements that put the transition at T = 500 mK [45]. The
susceptibility is somewhat frequency independent above the transition in this H = 1 T field and
still curving upwards in a Curie-like fashion before a sudden drop in cooling below T = 450 mK.
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Figure 5-20 Temperature dependent susceptibility in the [111] direction at H = 1 T showing the
first order phase transition at approximately T = 450 mK. These data were taken at the center of
the crystal.
The H = 1 T peak at the end of the crystal appeared at a slightly higher field, and then
climbed to higher field as the temperature was lowered, so picking a field value for the
temperature sweep was somewhat difficult. H = 1.06 T was chosen, but as the temperature was
lowered, that field value would have been on the low-field shoulder of the phase transition peak.
The results are shown below in Figure 5-21, where the susceptibility already begins to freeze out
at approximately T = 700 mK (with a significant frequency dependence) before the drastic dropoff at T = 430 mK. This could possibly contradict the previous conjecture that the phase
transition occurs at a higher temperature in the end of the crystal, however pinning the
phenomenon is now incredibly difficult as it changes with both field and temperature! There is
something more complex at work that could potentially be related to a monopole saturation effect
in the end of the crystal. It should be noted however, that once the spins in the triangular plane

111
are fully pinned by the dc field, monopoles are constrained to move in their respective kagome
planes. Therefore, any monopole saturation effect would be most apparent at higher
temperatures, where the monopoles (or anti-monopoles) can hop thermally along the respective
field gradient.
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Figure 5-21 Temperature dependent susceptibility in the [111] direction at H = 1 T showing the
first order phase transition at approximately T = 450 mK. These data were taken at the end of the
crystal. The real component of f = 5 Hz and f = 10 Hz are not shown due to problems with the
lock-in amplifiers measuring those frequencies poorly during this measurement.

To summarize the [111] direction at low temperature: the first-order phase transition is
observed at H = 1 T, while susceptibility due to the spins in the triangular plane and the kagomeice state is drastically suppressed. The data from the end of the crystal is extremely unexpected,
in the diminished H = 1 T peak relative to the center of the crystal, and an unusual broadening of
the high field side of the H = 1 T peak. The crystal had unsecured itself from its Teflon mount
during the cool down; however, mechanical vibrations or a misalignment would not account for
the unusual phenomena observed in the end of the crystal. We estimate that the sample did not
have more than a 10° misalignment; additionally, a misalignment would not cause this behavior
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as seen from a PPMS data comparison (Figure 5-10). Again, mechanical vibrations usually
manifest themselves in a limited frequency range, making it highly unlikely that vibrations are the
culprit. A significant difference was observed in the low-field region between the large [111]
crystals and the two smaller crystals, however none of the data taken in the commercial PPMS
reproduced the higher field H = 1 T peak broadening, or the peak movement to higher field at
higher frequencies seen in the end of the [111] crystal. Therefore, we hypothesize that monopole
creation remains a strong mechanism for dynamic fluctuations in the end of the crystal in the
[111] direction, as compared to the center of the crystal above H = 1 T.
Spatial variation in large single crystals does appear to hold the answers to some of the
questions involving surface effects of monopole dynamics. The [111] direction would likely give
the most interesting results based on the data presented in this chapter, and a comparison to the
[100] direction would make a more complete comparison to Chapter 4.

Chapter 6
The Crossover Series Tb2Ti2-xSnxO7
The purpose of this chapter is to summarize the data collected on a series of materials,
starting with a “soft spin ice,” eventually being diluted down to a spin liquid. The data presented
in this section was the product of a joint effort between myself and Maria Dahlberg, and the data
presented is the outcome of her project. The high temperature dc data, especially batch E, were
primarily my responsibility, whereas the high temperature and low temperature ac were a highly
collaborative effort. The distribution of work was such that I was mainly responsible for labor
(sample mounting, helium fills, and running the magnet, and monitoring the cryostats) whereas
Maria Dahlberg did the vast majority of the work putting together the plots and forming the
analysis.

Motivation:
Dilution is a particularly useful tool when trying to gain insight into the progression of a
system’s behavior by changing a variable. This can either be the magnetic interaction (by
substituting magnetic ions with non-magnetic ion of the same size, or vice versa) or by the lattice
spacing (by substituting an ion with similar magnetic properties, but a different physical size). A
systematic transformation from one type of ground state to another gives us valuable insight into
the physics of both states.
The aim of this particular study is to probe the interactions that lead to the formation of
the “soft” spin ice and spin liquid states. The term “soft” is used because the weaker Ising
anisotropy allows the spins to cant at a 13˚ angle [12]— incidentally this allows for long range
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order in the system. Both consist of antiferromagnetic (AFM) nearest neighbor exchange
interaction and a ferromagnetic (FM) dipolar interaction. In spin ice materials the overall
interaction is FM, whereas in a spin liquid the net interaction is more delicately balanced, and
therefore not as clear. Tb2Sn2O7 (TSO), the so-called “soft” spin ice has a larger lattice spacing
than Tb2Ti2O7 (TTO) since Sn is a larger atom than Ti. The stronger dipolar interaction causes
the spins to have a net FM interaction. As the lattice spacing becomes smaller and the AFM
nearest neighbor exchange interaction grows stronger, the two interactions begin to compete,
resulting in more fluid spin fluctuations. We studied a series of crossover materials with the
formula Tb2Ti2-xSnxO7 with values of x = 0, 0.1, 0.2, 0.4, 0.6, 0.8, 1.0, 1.2, 1.4, 1.6, 1.7, 1.8, 1.9,
and 2.0 for the higher temperature PPMS and SQUID studies. Values of x = 0, 0.1, 0.2, 0.5, 1.0,
1.5, and 2.0 were used for the lower temperature dilution refrigerator studies.
The results of our studies can be summarized as follows:
The ordering in Tb2Sn2O7 is quite delicate (which is drastically different from
traditional spin ice materials).
We observe evidence for additional spin dynamics at low temperatures that had
not previously been reported.
The lack of spin order observed extends across a large range of titanium dilution
into the system.
These conclusions were formed based on a series of dcac magnetization and ac
susceptibility experiments, as well as having additional confirmation from collaborating groups in
both μSR and neutron scattering studies. Five separate batches were synthesized by Robert
Cava’s group in the Department of Chemistry at Princeton University. Batch E appears to be the
most consistent, and is the batch that was sent to the neutron and μSR studies.
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High Temperature DC Magnetization
The first logical step to determining a sample’s magnetic properties is seeing how it
magnetizes in an external dc magnetic field. Since these materials do not hold a net
magnetization in zero field (at least in this temperature range), they start with zero magnetization
and gain a net magnetic moment as the field is increased. Since this process is due to the
magnetic moments aligning with the field, M(H) curves should be that of a Brillouin function. In
the “high” temperature range, the process is fairly smooth and is shown in Figure 6-1, for earlier
batches of the sample (A-D). Two factors contribute to the magnitude of a given M(H) curve:
first, how large the material’s magnetic moments are, and second, how constrained they are.
Since all of the crossover materials have the same magnetic ion (Tb3+ ), we are simply looking at
the strength of the Ising anisotropy. Curiously enough, the curves do not behave monotonically.
After re-measuring the samples for confirmation, as well as creating new samples from the same
batches, it was determined that the variations were most likely caused by sample contamination.
However, even the most consistent samples (Batch E) showed non-monotonic behavior (Figure
6-2). The lower field region (inset) from 0 T – 1 T is more monotonic in this regime for batch E.
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Figure 6-1 Magnetization as a function of applied external dc magnetic field: batches A-D. The
M(H) curves are unexpectedly non-monotonic, possibly due to defects and sample dependence.
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Figure 6-2 Magnetization as a function of applied external dc magnetic field: batch E. Inset
shows low field region up to H = 1 T.

The non-monotonicity of the M(H) curves remain a mystery, fortunately there are many
other avenues of characterization available. Two other methods include finding the effective
magnetic moment and the Weiss-theta (

) of each different sample. The susceptibility as a

function of temperature follows the Curie-Weiss law:

where

is the Curie constant,

is the temperature in Kelvin, and

the susceptibility is supposed to diverge, based on mean field theory.

is the temperature at which
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Inverting, we have:

which is in the correct form for a linear fit to

. This makes the slope

and

the x-intercept

. All Curie-Weiss sweeps were taken at 500 Oe, and fitted from 50 K

– 300 K. Values of the

can be found in the bottom panel of Figure 6-3. TSO (x = 0) has a

and TTO (x = 2) has a

[12].

The effective magnetic moment of an ion is given by:

where

is the Boltzmann constant
, and

,

is Avagadro’s number

is once again the slope. Values of the effective magnetic

moment can be found in the top panel of Figure 6-3. TSO (x = 0) has a
(x = 2) has a

[12].

and TTO
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CW Series E
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Figure 6-3 Curie-Weiss fits for batch E samples at high temperatures (top panel) and the
monotonicity of the samples at lower temperatures (bottom panel).
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Figure 6-4 Effective magnetic moment (top panel) and Curie-Weis values (bottom panel). The
purple horizontal line drawn is 9.6 µB, which is the effective moment of the magnetic ion Tb3+.
Error in the data points was very small and did not propagate; fitting parameters given by Origin
were used.
While the DC results are not particularly enlightening, they do provide a confirmation of
limited variation amongst the samples.
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High Temperature AC Susceptibility
Data taken in the temperature range 1.8 K – 40 K in the Quantum Design PPMS
machines was very effective in illustrating the different behaviors associated with therelatively
un-diluted samples (close to TTO and TSO) versus the mid-range (near 50/50) samples. The real
and imaginary parts of the susceptibility are both measured as a function of temperature. Figure
6-5 shows the real component of the susceptibility at H = 0 T, 1 T, 3 T, and 5 T, all taken at 500
Hz.
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Figure 6-5 Real component of the susceptibility at 500 Hz, shown at four different applied fields.
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These ac data in the higher temperature range effectively separate the samples into two groups:
1. The endpoints (x = 0, 0.1, 0.2, 1.8, 2)
2. The middle range (x = 0.4, 0.5, 0.8, 1.0, 1.2, 1.5, 1.6)
With the application of an external field, we see that the endpoints show spin freezing at higher
temperatures than the mid-range samples. We can see from the frequency dependence of selected
x-values that all samples show similar glass-like frequency dependence. The endpoints show two
features that appear to merge into one in the middle range samples.
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Figure 6-6 Frequency dependence of the real component of the ac susceptibility of each dilution
at 3 T. The other fields presented in Figure 6-5 show similar lack of frequency dependence.
With this distinction in hand, we turn to the dilution refrigerator to further elucidate the
properties of each sample dilution.
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Low Temperature AC Susceptibility
By far, the most striking results on these samples come out of the low-temperature ac
susceptibility measurements taken in the dilution refrigerator. Again, we choose the intermediate
frequency of 500 Hz in zero applied field to illustrate the variation between different dilutions.
The findings are as follows:
x = 0: We confirm the existence of the FM ordering peak, though at a lower
temperature (830 mK) than previously reported (870 mK) [49]. However,
unexpected spin dynamics below the freezing point are evidenced by the shoulder in
χ’ at ~300 mK as well as two peaks in χ’’ at ~150 mK and 300 mK. More analysis is
given in reference [50].
x = 0.1: The pure TSO with slight Ti dilution is possibly the most interesting sample
for two reasons. First, the suppression of the ordering peak with the slight amount of
lattice disorder contrasts the more traditional spin ice materials that hold their spinice-like properties up to relatively high levels of dilution. Second, the spins show no
sign of freezing, as there is no downturn in either χ’ or χ’’. Although it is possible
that the freezing occurs at a temperature lower than 100 mK, it is still a peculiarity
that this sample shows no spin freezing as the lowest measurable temperature is
approached.
x = 0.2: Another feature of curiosity appears in this sample containing even more
dilution of Ti. A prominent peak at ~250 mK exhibits field and frequency
dependence that are spin-glass-like in nature.
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x = 0.5, 1.0, 1.5: The mid-range (50/50 and 25/75 percent) samples appear to collapse
onto one low-lying broad curve, likely indicative of a mixing of the crystal field
levels due to the high amount of disorder.
x = 1.8, 2.0: The pure TTO and sample containing 10% Sn does seem to have a
glassy feature below 300 mK, and a significant lack of χ’’ until the low-temperature
freezing occurs.
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Figure 6-7 Low-temperature ac susceptibility of all the dilutions at f = 500 Hz.
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The frequency dependence of each dilution shown above from f = 10 Hz- 1 kHz is shown
in Figure 6-8, as well as field dependence in Figure 6-9 and Figure 6-10.
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Figure 6-8 Frequency dependence of each dilution in zero applied field. χ’ is shown in closed
symbols and χ’’ in open symbols.
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Figure 6-9 Field dependence of χ’ at 500 Hz, with each panel corresponding to one of the curves
(x values) in Figure 6-7.
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Figure 6-10 Field dependence of χ’ at 500 Hz, with each panel corresponding to one of the curves
(x values) in Figure 6-7.

Neutron studies done by Bruce Gaulin’s group at McMaster University and µSR studies
performed by Philippe Mendels group at Université Paris XI both confirm our basic conclusion
that the soft spin ice state is weak and easily disturbed with small concentrations of an atom of
different lattice parameter. A joint publication is being planned at the time of this writing, giving
a relatively complete picture of this material series. Future directions that involve computational
or theoretical work would likely prove to be the most useful.

Appendix A

The Demagnetization Correction
The purpose of this appendix is to discuss the demagnetization effect and how to correct
the corresponding magnetization and susceptibility data.

The Basic Concept:
Consider a rectangular piece of ferromagnetic material. Applying an external magnetic
field H in one direction causes the magnetic moments to align with the field. Effectively, this can
be seen as poles on the surfaces of the two ends of the sample (Figure A - 1). Internally, this
generates a field in the opposite direction, the result being that the actual field H’ is less:
. Here, D is the demagnetization factor, which is a tensor, and M is the magnetization
per unit volume of the sample. For the most general derivation of D, see [51]. For the purposes
of calculating the canceling field,

, we only need the direction along the external field axis,

and call the demagnetizing factor in that direction N so the canceling field is then just

.

129

Figure A - 1 A cartoon of an external magnetic field being applied along the long axis of a
rectangular sample. The effective poles at the end of the sample (produced by the magnetization)
create their own internal field opposite to the direction of the external applied field.

DC Magnetic Fields:
For an external DC field, the correction is simply N*M, and without an external DC field
to polarize the sample, there is no demagnetization field.
The sample geometry determines the demagnetization factor N: an infinitely long needleshaped specimen will have no correction (N = 0), whereas a sphere will have a correction of N =
1/3. For a more general case, an oddly shaped sample would have a demagnetization factor N
that varies within the sample, making the demagnetization effect dependent on location inside the
sample. Luckily, the calculation for the demagnetizing factor has been done already for a
rectangular prism which is the shape for most of the single crystal samples studied in this thesis,
at least to a good approximation.

For a rectangular prism, we have [52]:

.
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B-1

.

For all of the rectangular samples used, the values of N were between 0.1 and 0.15.

AC Magnetic Fields:

If instead we have an oscillating ac field h, then the magnitude of that field is what will
generate the internal demagnetization field in the sample. We will start with the basic correction

h '  h - (4 N )M , and take the derivative with respect to the ac field:

dh ' dh
dM

- (4 N )
dh dh
dh
Recall that susceptibility is c 

dh dH ' dh

(1) - (4 N )
dM dh dM

dM
, so we have the relation:
dh
1
1

- 4 N .

c

cA

B-2
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Here, χ is the magnitude of the actual susceptibility and χA is the apparent (or measured)
susceptibility. We actually measure the real and imaginary components of the susceptibility χ’
and χ’’, respectively, where c  c ' i c " . Plugging this into equation A - 2 we get:
B-3

B-4

Combined DC and AC Magnetic Fields:
For the case of both an external dc and ac field, we have h '  h - (4 N )M  H DC , with
the derivative giving:
B-5

HDC is constant with respect to the AC field h, so while there is still a DC correction to any DC
measurements, it does not contribute to any correction to χ’ or χ’’. While the demagnetization
correction has significant contribution to the frequency sweep data (Figure A- 2), no sizable
difference was observed for temperature (Figure A- 3) and field swept data (Figure A- 4 and
Figure A- 5).
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Figure A- 2 An example of the demagnetization correction for a frequency sweep at zero external
field (H=0) for a sample of Dy2Ti2O7 in the [111] direction taken in the PPMS 9T for a sample of
dimensions 2 mm (long axis to which field is applied) x 0.7 mm x 0.7 mm.
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Figure A- 3 An example of the demagnetization correction for a temperature sweep at zero
external field (H=0) for a sample of Dy2Ti2O7 in the [111] direction taken in the PPMS 9T for a
sample of dimensions 2 mm (long axis to which field is applied) x 0.7 mm x 0.7 mm.
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Figure A- 4 An example of the demagnetization correction for a field sweep at T = 1.8 K and f =
10 kHz for a sample of Dy2Ti2O7 in the [111] direction taken in the PPMS 9T for a sample of
dimensions 2 mm (long axis to which field is applied) x 0.7 mm x 0.7 mm.
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Figure A- 5 An example of the demagnetization correction for a magnetization curve at T = 1.8 K
for a sample of Dy2Ti2O7 in the [111] direction taken in the SQUID 5T for a sample of
dimensions 2 mm (long axis to which field is applied) x 0.7 mm x 0.7 mm.
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Units:
It is important to note that the above equations A - 2, A - 3, and A - 4 all assume that the
values of the measured susceptibility, χA are in units of emu/Oe/cm3. A unitless susceptibility
would simply remove the factor of

.

135
Appendix B

AC Susceptibility
The purpose of this appendix is to describe how ac susceptibility is measured
experimentally in our studies.

The basic setup:
For a schematic of the overall setup, please see Figure 3-8. The ac signal that the lock-in
amplifier reads is actually the voltage across the secondary coils,

. Recall that the

secondary coils consist of two sets of windings, one counter-wound to the other. With empty
coils, the only signal that is detected arises from any slight physical differences between the two
sets of windings, however with a magnetic sample sitting inside one set there is an additional
signal (Figure B - 1).

Figure B - 1 Empty coils (setup a) would ideally produce
one set of coils (setup b) would produce
.

, while a sample occupying
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The basic physics:
The secondary coils are picking up an induction signal from the magnetic sample, caused
by the oscillating field of the primary coils. This is based on the physical principle that a
changing magnetic field induces an EMF (Faraday’s Law), where the induced EMF is the change
in flux with respect to time, in the opposite direction as the original field (Lenz’s Law), equation
B - 1.
B-1
Here,

is the total flux, (or the number of turns, , times the magnetic field, , integrated over

the area per turn):

The magnetic flux to voltage conversion:
Going back to the signal that the lock-in measures, this EMF is read:
,
since

and

= 0 for coil set (1). The two terms are subtracted, not added, due to

the coils being counter-wound to each other. Clearly the equation becomes much simpler if the
coils are identical, and with < 1% difference between the coils used in these experiments, that
approximation will be made:
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where

and

is the filling factor of the coil (which reflects the ratio of the sample volume

inside the coil volume). Assuming that the magnetization is proportional to the field is valid for
small fields, which is again the case for these experiments.

Solving for χ:
The susceptibility χ is the quantity of interest here. While positive for paramagnets and
negative for diamagnets, the susceptibility becomes more interesting in the lower temperature
limits of these exotic magnetic materials. In any case, in order to extract χ from the above
equation, we must determine what the field

is. The field at the center of the solenoid is given

by equation B - 2:
B-2

Using

,

,

,

,

(the driving current of the primary coils—a maximum current of
), we obtain:

giving a maximum field of

We can now write:

.

, and
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This brings us to a crucial point: comparing this time-dependent signal to the reference signal
going into the primary coils, we are able to determine the real and imaginary components of the
susceptibility:
and

,

So we finally have:

Note the

phase difference, which will present itself in the readout of the lock-ins.
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Appendix C

Correction for Phase Offset
The purpose of this appendix is to address an offset in the data caused by the wiring of
the electronics.

The Problem:
To correct for any offset in high frequency from the electrical wiring of the experimental
setup, I will explain the wiring situation and the subsequent correction in the raw data. Initially,
the reference phase was taken across resistor R2 only. Regardless of the arrangement of the
resistors, the signal that we really want is the phase across the primary coils. The correct setup is
shown below in Figure C - 1.
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Figure C - 1 Correct wiring of the electronics box where the two lock-in signals are compared.
This figure is courtesy of Ben Ueland, and all parameters apply to his coil setup.
For consistency, the incorrect setup was maintained throughout the loop experiments.

The Solution:
The phase offset for frequencies 1 kHz and lower was negligible. The corrections for 5
kHz and 10 kHz are as follows:
,
where

is the scaling factor and

that is caused by the electronics.
obtain, while

and

components we have:

is the offset in the real component of the susceptibility
and

are the true susceptibilities that we wish to

are the measured values. Separating into real and imaginary
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To extract the phase , we will use the property that both

and

are physically zero at high

magnetic field, and we have simply:

The scaling factor is determined by a comparison to calibrated PPMS data.
Table C-1. Coil offset values for the four cool-downs using the non-standard coils in the dilution
refrigerator.
[110]
End

[110]
Center

[111]
End
14
18
32

[111]
Center
16
20
36
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Appendix D

Field Dependent Spin Fluctuations in Tb2Ti2O7

The purpose of this appendix is to summarize the experiment done on a single crystal of
Tb2Ti2O7 (TTO) that was part of a search for evidence of a quantum spin ice state in the material.

Motivation:
A good deal of controversy has surrounded the ordering (or lack therof) of the very
unique magnetic pyrochlore Tb2Ti2O7 (TTO). Frustration occurs when the spins fail to order
down to temperatures far below the energy scale of their magnetic exchange interactions. In the
case of Tb2Ti2O7 , the ΘCW = -14K and the spins do not order down to at least 50 mK, therefore it
is a very frustrated material. As a potential 3-dimensional spin liquid or cooperative paramagnet,
TTO is of great interest to the theoretical community [11]. The controversy arises from a
quantum spin ice theory, which predicts TTO to be an antiferromagnet that would exhibit long
range order around 1 K [53, 54], contradicting the experimental results showing a complete lack
of order. Theorists have put forth the claim that TTO is really a quantum spin ice, several
experiments have been done to hunt down any sign of this theory [55-57].

Theoretical Construct:
The original theoretical formulation for TTO was that of an Ising model where the spin
could point either in or out of a tetrahedron, such as in spin ice materials. However, this
description of TTO predicts that the system will order into an all in/all out Néel ordered state
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around 1 K [58]. Since experiments could find no such ordering, the model was restructured to
incorporate the excited crystal field states, lying about

= 18 K above the ground and first

excited state doublets (unlike in classical spin ice where the separation is on the order of ~200300 K) [54].

Experimental Evidence:
Several experiments on TTO were performed during the same time period as we were
putting together our results. One group performed dc magnetization (M(H)) and ac susceptibility
(

in < kHz frequency range) measurements on four crystals, but “did not observe a clear

plateau in the magnetization as a function of field along the [111] direction, as suggested by the
quantum spin ice model” [55]—an inconclusive result at best, and an alternative theory was not
suggested. Another group performed dc magnetization measurements on the [100], [110], and
[111] directions of TTO and found that the “magnetic phase diagram inferred from the
magnetization is essentially isotropic, without evidence of magnetization plateaus as anticipated
for so-called quantum spin ice, predicted theoretically for [111] when quantum fluctuations
renormalize the interactions,” [56] and suggested the behavior to be in agreement semiquantitatively with an all-in, all-out antiferromagnet. A third group did ac susceptibility
measurements that found “the presence of a weak magnetization plateau below 50 mK”—
supporting evidence that “the underlying proposal that the disordered low-field ground state of
Tb2Ti2O7 is a quantum spin ice” [57]. This last group aligns the most closely to the conclusions
formed from our own ac susceptibility measurements, paired with the muon spin resonance
measurements from Peter Baker and Sean Giblin [59]. We found a rise in the imaginary
component of the susceptibility in the same magnetic field region that an increased muon spin
relaxation rate occurred. Overall, there were three different regions in magnetic field (
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,

, and

) identified suggesting differences in the evolving spin

dynamics in the [111] direction. It should be noted that integrating the susceptibility did not
produce a plateau-like feature; however, an inflection point was visible that was not apparent in
the polycrystalline data. Unfortunately, without having other crystal orientations at our disposal,
it was unclear whether this was a [111] effect or simply a single crystal effect.

Figure D - 1 Field dependence of the susceptibility for TTO in the [111] direction at T = 68 mK
and T = 100 mK for f = 50 Hz and f = 500 Hz. Inset shows the magnetization plateau predicted
from ref. [54].
To summarize, the data for TTO are inconclusive, and there is controversy surrounding
the experimental results. There is evidence of glassy freezing [56], slow-spin relaxation [60], and
an assortment of inconclusive results.
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Appendix E

Crystal Fields and Energy Scales in Spin Ice
In a lattice with magnetic ions, magnetic moments on ions will interact with any external
charges via the electrostatic potential

. External charge distributions of neighboring ions are

called “ligands,” so if these charge distributions from close by ions overlap with each other, then
the effects are dealt with using ligand field theory. However, for the shielded 4 f electrons that
are relevant to the rare earth ions, neighboring charge distributions can be treated as point
charges. We are then able to resort to crystal field theory [7], the advantage being that
satisfies Laplace’s equation and we are able to utilize spherical harmonics and proceed
accordingly. For a good reference on crystal electric field calculations for rare earth pyrochlore
oxides, see Bertin et al. [61].
For spin ice materials, crystal field levels are important because they determine how large
the energy gap is between the ground state doublet and the first excited state doublet, or in other
words, how constrained the spins are to their local Ising <111> axes. For Dy2Ti2O7, the energy
gap is approximately 380 K, or ~0.033 meV. As a comparison, the energy gap for Ho2Ti2O7 is
~240 K and for Tb2Ti2O7 is ~20 K [12]. These crystal field energies are much greater than the
energies involved in the spin-spin interactions. While the spins are antiferromagnetically
coupled, the 4 f electrons are well shielded by the outer orbitals and thus the direct exchange
interaction is quite small. The dipolar interaction (usually much smaller than the exchange)
becomes the dominant energy. Therefore, the sum of the two interactions gives an effective
coupling constant that is ferromagnetic:

. The “nn” indicates “nearest

neighbor,” since higher order terms are negligible. For Dy2Ti2O7,
and so

,

,

. Note that while the convention is not always consistent (there is an ambiguity
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in how the Hamiltonian is defined), a positive coupling constant is generally considered
ferromagnetic and a negative one antiferromagnetic.
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Appendix F

Monte Carlo Simulations for the [111] Direction
Monte Carlo simulations were run, specifically for this project by C. Castelnovo at Royal
Holloway University of London and R. Moessner at Max-Planck Institut für Physik Komplexer
Systeme. The results were not consistent with the experimental data, and were therefore not
included in the published results. The susceptibility as a function of applied magnetic field was
studied at different temperatures, and can be compared to Figure 4-17. The point of curiosity is
that statistical averaging takes the results of the simulations further from matching with the
experimental data.
First, the results for a single tetrahedron are presented below in Figure F - 1. The
susceptibility was computed using the definitions:

where

is the thermal average of the magnetization of the system at

temperature T.
same axis ([111] in this case).

is the external dc field plus the oscillating field, both along the
is deliberately chosen to be smaller than any other energy scale

in the system. For the single tetrahedron calculation, the frequency ω is set to zero, so the results
are in fact the static susceptibility. While the boundaries of the kagome-ice state are not apparent,
a peak around H = 1 T does appear, as well as a crossing of the temperatures.
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Figure F - 1 Monte Carlo results for susceptibility as a function of dc magnetic field at different
temperatures for a single tetrahedron. Green is T = 1.8 K, blue is T = 2 K, purple is T = 2.5 K, red
is T = 4 K, and black is T = 7 K.

Results for a nearest neighbor spin ice (NNSI) are presented below in Figure F - 2. The
NNSI Hamiltonian is:

where adjacent spins are coupled together ferromagnetically. Several oddities can be noted at this
point—first, the temperature crossing point for χ’ seen in the experimental data and singletetrahedron results is no longer present. Second, the H = 1 T peak is not visible until much lower
temperatures than in the experimental data and single tetrahedron results.
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Figure F - 2 Monte Carlo results for susceptibility as a function of dc magnetic field at different
temperatures for nearest neighbor spin ice. The top panels used an oscillating field amplitude of
10 Oe, where as the bottom panels were computed using 100 Oe. Green squares are at T = 600
mK, blue squares are at T = 800 mK, red squares are at T = 1 K, yellow dots are T = 1.4 K, cyan
dots are T = 1.8 K, magenta dots are T = 2 K, green dots are T = 2.5 K, blue dots are T = 4 K, and
red dots are T = 7 K. The vertical black line indicates the field strength necessary to create two
monopoles by flipping a spin in the kagome-ice state to the saturated state at zero temperature.

Results for the dipolar spin ice (DSI) are shown below in Figure F - 3, which are even
less promising than the nearest neighbor spin ice results. The dipolar spin ice Hamiltonian is:

Both the NNSI and DSI exhibit a non-monotonic temperature dependence, of which the origin is
unknown, as well as a curiously large amplitude of the imaginary component compared to the real
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component (

, which is not the case in the experimental data). One possibility for the odd

results is the small system size used (a two tetrahedron cluster), which is a gross approximation to
the real physical system.

Figure F - 3 Monte Carlo results for susceptibility as a function of dc magnetic field at different
temperatures for dipolar spin ice. The top panels used an oscillating field amplitude of 10 Oe,
where as the bottom panels were computed using 100 Oe. Green squares are at T = 600 mK, blue
squares are at T = 800 mK, red squares are at T = 1 K, yellow dots are T = 1.4 K, cyan dots are T
= 1.8 K, magenta dots are T = 2 K, green dots are T = 2.5 K, blue dots are T = 4 K, and red dots
are T = 7 K.
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Additionally, the numerical data was unable to reproduce the strong frequency
independence seen above H = 1 T in the experimental data (Figure F - 4).

Figure F - 4 Dependence of the susceptibility on the external dc field for different frequencies at
the same temperature of T = 1.8 K (left panels) and T = 600 mK (right panels) from Monte Carlo
simulations: f = 500 Hz (magenta dots), f = 1 kHz (cyan dots), f = 5 kHz (yellow dots), and f = 10
kHz (red squares). The curves were obtained using an oscillating field of amplitude 100 Oe.
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