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Abstract

This thesis proposes a method for determining the location of GSM mobile transmitters. The process discussed here estimates the location of a source without the
use of multilateration or LOS techniques. A Multipath Characteristic Database
(MCD) containing the multipath signatures for each possible transmitter location
in an area of interest is populated via ray-tracing software simulations. The multipath characteristics of interest are Angle of Arrival (AOA), Time of Arrival (TOA),
and Received Signal Strength (RSS). By minimizing the ‘distance’ between estimated and simulated multipath feature vectors, an estimate for the actual source
location can be obtained. Background and components of the estimation method
are presented, then an analysis of the estimation method is given. Since the proposed method utilizes a simulated multipath signature database, the need for a
priori soundings from the area of interest is eliminated, thus making this location
estimation system ideal for application in hostile territories.
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Chapter

1

Introduction
Spatial localization of mobile emitters in urban environments can offer a valuable
tool in a variety of scenarios. Emergency services, law enforcement, and military
personal would benefit from advances in this technology. Navigation, social media,
and location-dependent searching would also benefit from advances in localization
techniques. The ability to use Non Line of Sight (NLOS) and non-multilateration
techniques will allow the end user to perform the localization from one position
anywhere within a given range of the target.
The methods presented compare simulated and measured characteristics of
multipath propagation to provide an estimate for the location of a GSM emitter.
The measured multipath characteristics are collected into ‘feature vectors’ for each
simulated transmit location. Through the use of ray-tracing software, a Multipath
Characteristic Database (MCD) is populated, which contains feature vectors for a
grid of possible transmitter locations within an area of interest. The feature vectors
include information on the number of received multipaths, TOA, AOA, and RSS for
each received multipath. The MCD is then used to find possible transmit locations
that have similar multipath characteristics to that of estimated parameters. The
multipath characteristic estimators used here are Joint Angle Delay Estimation
MUltiple SIgnal Classification (JADE-MUSIC), and JADE Estimation of Signal
Parameters via Rotational Invariance Techniques (JADE-ESPRIT). The estimated
and simulated feature vectors are compared via K-Nearest Neighbor (KNN) and
K-Weighted Nearest Neighbor (KWNN) distance metrics.
This thesis serves as an investigation of the proposed localization techniques.

2
The techniques are analyzed for use with the Global System for Mobile communications (GSM), but can be extended to any narrowband communication system
within a rich multipath environment. The techniques are analyzed for a variable
number of antennas within a Uniform Linear Array (ULA), along with varying
oversampling rates, and SNR values. A comparison between the JADE-MUSIC
and JADE-ESPRIT techniques is presented, both for their ability to estimate multipath parameters and their use in the final localization algorithm. Depending on
the size of the area-of-interest (i.e. the area over which the location is extracted
from) and the accuracy requirement the duration of the methods presented here
can vary from tens of seconds to a couple of minutes. With methods for improving
efficiency (e.g., implementation of clustering, or efficient searching in the case of
the MUSIC technique), the run-time of the methods presented here could be further reduced. The majority of the simulations, and analysis were performed on a
windows-based system, operating with dual core i7 Intel processors, 24 GB of RAM
and a NVIDIA Tesla C1060 GPU. All ray-tracing simulations were created using
Wireless InSite R (2009, Remcom Incorporated), all signal processing algorithms
were implemented with MATLAB R (R2012a, MathWorks).
The work presented here provides a technique in which a GSM emitter can be
located from a group of receivers which are not spatially separated, and thus provides a mobile method for locating a GSM emitter. Location information is now
a basic requirement for new protocols (e.g., routing and clustering), new technologies (e.g., cooperative systems) and new applications (e.g. navigation and social
networking) [1]. The ability for a single cellular base station to locate an emitter
could significantly increase the efficiency of current mobile networks by increasing
directivity toward a mobile user, thus reducing co-channel interference. The advancement of this technology will also have a profound effect on life-threartening
situations. The ability to improve an ambulance’s ability to locate sick and/or injured people; lower a squad car’s response time to a person in distress; and aide war
fighters in locating hostiles on-the-fly, will be a benefit of this technology. Furthermore, unlike stand-alone location technologies (e.g. GPS), the method presented
here can be implemented as an augmentation to existing mobile base stations,
thus ultimately adding the ability to determine the mobile stations location to the
pre-existing communication services.

3
Simulating the multipath environment over the area of interest will eliminate
the need to take actual soundings, therefore this technique is highly dynamic and
able to adapt to operation in any multipath rich environment. The processes on
which this technique is based (i.e. comparing simulated and empirical multipath
characteristics) may also benefit the progression and accuracy of ray-tracing software in the future.

1.1

Background

In 1864, the Scottish physicist James Clerk Maxwell presented a set of twenty
equations to Edinburgh’s Royal Society, which unified the field of electromagnetism [2]. For two decades, there was a debate over whether Maxwell’s equations
actually inferred the existence of electromagnetic waves. The prediction of electromagnetic waves was finally verified, in 1888, when Heinrich Hertz published
results of his experiments [1]. After three years of work and the development of
a transmitter, receiver, and antennas, Hertz demonstrated the existence of radio
waves, and had invented the spark gap transmitter. Consisting of a battery, transformer, and capacitively-loaded dipole antenna with a spark gap at its center, the
transmitter was a glorified spark plug that emitted EM waves in all directions
and frequencies [2, 3]. Within a few years, William Crookes, Guglielmo Marconi
and others were speculating on the possibility of wireless telegraphy [1]. Early
wireless communication was rudimentary at best, without a means of generating
a signal with a consistent frequency, radio innovators relied on discharges from
resonant circuits. Eventually Oliver Lodge, Jagadish Bose, and others were able
to demonstrate the transmission of information via electromagnetic waves, but
Guglielmo Marconi was the first to imagine the commercial potential of this exciting new technology. In 1897, Marconi used Morse code to communicate from ship
to shore. He commercialized the technology and it was installed on transatlantic
ocean liners. Although useful in emergency situations, these systems were very
limited in range and transmission speed, these limitations made casual wireless
communication impractical [3].
In 1906, Lee de Forst forever changed wireless communication technology when
he invented the vacuum tube. With the ability to amplify analog signals, it was
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now possible to transmit high-fidelity signals such as voice and music [3]. Forst’s
invention led the way for AM modulation (1920) and FM modulation (1933). FM
radio was the first time signal-processing methods were utilized to overcome a noisy,
detrimental wireless channel. The number of wireless technology advances are too
numerous to list here, but possibly the most important occurred in 1948 with
Claude E. Shannon’s publication of “A Mathematical Theory of Communications”
[4]. Shannon’s theory predicted that digital communication systems were a better
way to send data than their analog counterparts.
It took decades for signal processing technologies to advance to level needed
for wide-spread digital communication systems. Even the modern cellular phone
industry started as an analog radio technology. The pager was introduced in 1949,
followed by the first commercial cellular phone market in 1979. Finally, in 1993
the second generation of cellular telephone networks, the Personal Communications Services (PCS) system was introduced, which is a truly digital communication system. The theory of Shannon had finally been utilized by the wireless
communications industry. In a little more than a century communication systems
had become untethered, free from costly cables and pre-defined transmit paths [3].
During the advent of the solid-state devices that made digital communications
possible, Ralph Schmidt published “Multiple Emitter Location and Signal Parameter Estimation” which contained his introduction of the MUSIC algorithm [5].
Three years later Richard Roy wrote his dissertation titled “ESPRIT-Estimation
of Signal Parameters via Rotational Invariance Techniques” at Stanford University
in 1987. Both estimation techniques are well known, high-resolution methods, for
finding multiple traits of multiple signals. These methods and their descendants
have been used in the development and testing of narrowband wireless communications systems. As wireless communication systems have grown, and the mobility
of the systems has expanded, the demand for location based services has arose,
and thus has the demand for location estimators.

Chapter

2

The Wireless Channel
Before estimating various parameters of the wireless channel, a model for the channel must be constructed. After developing the channel model based on its numerous
dependencies we shall simplify the model, via assumptions. The stated assumptions will allow us to use the aforementioned technique for localization. The basis
for the localization technique developed here relies heavily on the channel’s dependence of various multipath, thus our attention and assumptions will be highly
centralized around multipath considerations.

2.1

The Wireless Channel

1

The wireless channel is treated as a linear, time-invariant (LTI) filter, which acts
upon an input signal, x(t), to produce an output signal, y(t). The output signal
is found via the convolution of the input signal with the impulse response of the
LTI filter, H(t)2 .
Z+∞
y(t) = x(t) ∗ H(t) =
x(t − τ )H(τ )dτ

(2.1)

−∞
1

Please note that much of this section was derived from [3].
Channel modeling convention dictates that the base domain of the wireless channel is the
frequency domain, which explains why an uppercase H is used to denote the channel impulse
response, whereas a lowercase x and y denote the input and output signals in the time domain.
2
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where ∗ is the convolution operator. For convenience, we will consider the baseband representation of, y(·), x(·), and H(·), which have no dependence on carrier
frequency. Let the tilde, (˜), denote a baseband representation. The expression for
the baseband output signal is given by:
1
ỹ(t) = [x̃(t) ∗ H̃(t)]
2

(2.2)

where the 1/2 factor negates a pseudo-amplification by the baseband channel impulse response within the convolution.3 In general the expression for the output
of a space- and time-varying wireless channel impulse response, H̃(τ ; t, ~r), is given
by:
1
ỹ(t, ~r) =
2

Z+∞
x̃(t − τ )H̃(τ ; t, ~r)dτ

(2.3)

−∞

where the channel impulse is now a function of the position vector, ~r, and time, t.
It is apparent that eqn. 2.3 is not a convolution, because H̃ is time-varying, thus
a frequency-domain multiplication will not suffice in finding the spectrum of the
output signal either, this aspect will be addressed in the following section.

2.1.1

Spectral Representations of the Wireless Channel

In general, the wireless channel is a function of time, frequency, and position.
Utilizing Fourier transforms, we can represent the wireless channel in any combination of each of its dependency’s base domain or transformed domain. The
spectral domains are:
1. Delay Domain: The transform of the frequency, f , domain. Its dependent
variable is denoted by τ , which has units of time.
2. Wavenumber Domain: The transform of the position, r, domain. Its dependent variable is denoted by k, which has units of radians per distance.4
3

The 1/2 appears due to the conventional definition for base- and pass-band signals, in which
baseband signals possess twice the total power as their passband counterparts. Thus, if H̃(t) is
defined in the traditional sense, the output will procure an amplification by gain 2.
4
Equivalently, the wave-vector domain is the transform of the position-vector domain. Its
dependent variable is denoted by ~k.

7
3. Doppler Domain: The transform of the time, t, domain. Its dependent
variable is denoted by ω, which has units of angular frequency.
The channel impulse response is of particular interest, and can be found via a
Fourier transform of the wireless channel with respect to frequency:
Z+∞
h̃(f, t, ~r)e−j2πf τ df
H̃(τ ; t, ~r) =

(2.4)

−∞

Due to the time-dependency of the wireless channel, neither a convolution nor
frequency-domain multiplication can be used to calculate the signal transmission
through the channel. However, by using eqns. 2.3 and 2.4, we can find an expression for the output signal in terms of the inputs signal’s frequency spectrum, X̃(f )
and the untransformed channel, h̃(f, r, t). We start with the following change of
variable:
ξ =t−τ

(2.5)

which yields:
1
ỹ(t, ~r) =
2

Z+∞
x̃(t − τ )H̃(τ ; t, ~r)dτ
−∞

1
=
2

Z+∞
x̃(ξ)H̃(t − ξ; t, ~r)dξ
−∞

1
=
2

 +∞

Z+∞
Z
x̃(ξ)  h̃(f ; t, ~r)ej2πf [t−ξ] df  dξ
−∞

−∞



Z+∞ Z+∞
1
 x̃(ξ)e−j2πf ξ dξ  h̃(f ; t, ~r)ej2πf t df
=
2
−∞

=

1
2

−∞

Z+∞

X̃(f )h̃(f ; t, ~r)ej2πf t df

(2.6)

−∞

Equations 2.3 and 2.6 are the most general input-output relationships for bi-static
wireless transmissions.
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2.1.2

Channel Coherence

Channel coherence is a primary measure used when modeling a wireless channel.
Channel coherence describes “distance” in one dimension (i.e. frequency, time, or
space) over which the channel remains constant. A coherence measure for each
dependency follows.
Temporal Coherence
Temporal coherence refers to the time “window” for which the envelope of an unmodulated carrier signal transmitted through the wireless channel can be considered to remain constant. To construct a mathematical representation of temporal
coherence, we must consider the narrowband, fixed channel, h̃(t). The condition
for temporal coherence is given as:
h̃(t) ≈ V0 ,

for

|t − t0 | ≤

Tc
2

(2.7)

where V0 is a constant voltage, Tc is the length of the time the channel remains
static, and t0 is an arbitrary time instant. The average value of Tc over the length
of channel is called the coherence time. When the envelope of the carrier signal
changes at a rate faster than the transmitted data rate, the channel is classified
as fast fading. Conversely, when the data rate is much faster than changes in the
carrier signal, the channel is classified as slow fading. For most mobile communications the mobile is located very far away from the base station; therefore the
AOAs and TOAs exhibit (almost) stationary behavior, i.e. the path delays and angles appear constant over an observation interval. Conversely, the aforementioned
fadings are highly non-stationary, especially if the transmitter is moving. Furthermore, modification of the local environment around the transmitter (e.g. moving
vehicles or people), will cause variability in path fadings. Vanderveen provides an
estimate for the coherence time of the fading in [6] as:
tcoh =

c
vfc

(2.8)

where c is the speed of light, v represents the speed of the transmitter, and fc is the
transmit carrier frequency. A worst case scenario calculation (where the highest
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frequency channel of the PCS-1900 system is used, and a transmitter speed of 100
mph) yields a coherence time of:
tcoh =

3 × 108
= 3.5 ms
44.7(1909.8 × 106 )

(2.9)

GSM and other TMDA systems have typical time slot lengths on the order
of 0.6 ms, and frame length (total time period for all users on channel) on the
order of 5 ms. Therefore, even for an extreme scenario, the multipath fadings are
stationary over a time slot. For a transmitter moving at walking speed, (1 mps),
the fadings are stationary over 30 slots [6].
Frequency Coherence
Comparable to temporal coherence, frequency coherence is a measure of the frequency “window” over which the envelope of the carrier wave can be considered to
remain constant. To construct a mathematical representation of frequency coherence, we must consider the static, fixed channel, h̃(f ). The condition for frequency
coherence is given as:
h̃(f ) ≈ V0 ,

for

|fc − f | ≤

Bc
2

(2.10)

where V0 is a constant voltage, Bc is the bandwidth over which the channel remains
constant, and fc is the carrier frequency. The maximum value of Bc over which
the frequency coherence condition is satisfied is called the coherence bandwidth.
Degradation of frequency coherence within a wireless transmission occurs due to
the dispersion of multipath propagation. Multipath have different arrival times
at the receiver (Time of Arrival, TOA), thus causing intersymbol interference in
the time domain. In the frequency domain this phenomenon creates peaks and
valleys across the transmit bandwidth. When the wireless channel’s coherence
bandwidth is less than that of the transmitted signal, the channel is classified as
having frequency-selective fading. Conversely, frequency-flat fading is attributed to
channels with coherence bandwidths that are greater than the transmit bandwidth.
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Spatial Coherence
The spatial coherence of a wireless channel is determined by the area of which the
receiver is located for which the envelope of the carrier signal can be considered to
remain constant. Again, to construct a mathemetaical reprenstation of the spatial
coherence we must consider the static, narrowband channel h̃(~r). The condition
for spatial coherence is given as:
h̃(r) ≈ V0 ,

for

|r − r0 | ≤

Dc
2

(2.11)

where V0 is a constant voltage, Dc is the distance of position displacement for
which the wireless channel remains constant, and r0 is an arbitrary position. The
maximum value of Dc is deemed the coherence distance, and it approximates the
distance over which the wireless receiver can be placed while keeping the channel static. Similarly to the degradation of frequency coherence due to multipath
dispersion, the spatial coherence of the wireless channel is compromised by the different Angles of Arrival, AOA, of multipath waves. The multipaths create spatial
peaks and nulls where constructive and deconstructive interferences occur, respectively. If the received signal varies over small changes in receiver position, the
channel is said to suffer from small-scale fading.
Small-Scale Fading vs. Large-Scale Fading
Large scale fading arises from fluctuations in spatially averaged received power due
to shadowing and scattering phenomena. Small-scale fading occurs over distances
comparable to the size of the electromagnetic wavelength, whereas large-scale fading occurs over many wavelengths. Small-scale fading can have significant effect
on the received signal power, even at relatively high large-scale power levels smallscale fading can cause near-zero received power levels.

2.1.3

Multipath

Multipath is the propagation mechanism that results in transmitted signals reaching a receiver by two or more paths. In an urban environment, paths are created by
reflection, refraction, and scattering from various objects such as buildings, cars,
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street signs, etc. [7]. Multipath causes constructive and deconstructive interference, and phase shifting of the transmitted signal. The multipath phenomenon
causes space-, time- and frequency-spread. The multipath are characterized as
time-delayed, spatially separated, frequency dispersed replicas of the transmitted
signal [6].5 The typical delay spread for outdoor cellular networks is on the order
of 0-10 microseconds, and the angular spread ranges from 2◦ to 60◦ , with 6 to 12
paths present [6, 8]. The multipath of a given transmission link are generally described by a power delay profile. The power delay profile is plot of impulses along
the time axis (corresponding to the delayed reception of each multipath), with the
magnitude of each impulse signifying the power level of each multipath. In Lineof-Sight (LOS) scenarios, one multipath’s power will usually have a much higher
power than the other paths. The LOS scenario is described as a Ricean channel
(i.e. the power delay profile will have a Ricean distribution); the non-Line-of-Sight
(NLOS) scenario is referred to as a Rayleigh channel [1].
2.1.3.1

LOS and NLOS Channels

For the LOS scenario, the envelope of the received signal follows a Ricean distribution:

 2
  
r
r + a2
ar
fRice (r) = 2 exp −
I0 2
2
σ
2σ
σ

(2.12)

where I0 (·) is the modified Bessel function of the first kind of order 0, and a is
dependent on the amplitude of the LOS ray. The Ricean distribution results in a
complex distribution of the received power, given by:
s
!


(1 + κ)γ
4κ(1 + κ)γ
2(1 + κ)
exp(κ)exp −
I0
fRice (γ) =
γ̄
γ̄
γ̄

(2.13)

where κ = a2 /(2σ 2 ). For a = 0 the NLOS scenario occurs, and the distribution
reduces to a Rayleigh distribution:


r
r2
fRayleigh (r) = 2 exp − 2
σ
2σ
and the received power is
5

Frequency spreading only occurs when the transmitter is in motion.

(2.14)
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1
γ
fRayleigh (γ) = exp −
.
γ̄
γ̄

(2.15)

An example of power delay profiles resulting from LOS- and NLOS- scenarios is
shown in Figures 2.1 and 2.2, respectively.
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Figure 2.1: Power Delay Profile for LOS Multipath scenario, based on signal envelope’s Rician distribution with a = 1, and σ = 1.
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Figure 2.2: Power Delay Profile for NLOS Multipath scenario, based on signal
envelope’s Rayleigh distribution wih a = 1, and σ = 1.

2.2

Discrete Space-Time Wireless Channel Model

To develop the expressions for received multipath signals, consider a uniform linear
antenna array (ULA) located in the same plane as the impinging signals, consisting
of M antennas. Let q narrow-band plane waves centered at frequency ωo , advance
toward the array from directions {θ1 , . . . , θq }. The received signal at the ith sensor
can be expressed as:
rm (t) =

q
X

Gm (θk )βk sk (t) e−jωo (m−1) sin θk (d/c) + nm (t)

k=1
6

Much of this section follows from [6].

(2.16)

6
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The notation and assumptions used in this model are:
1. Gm (θk ) denotes the complex gain towards the direction θk , of the mth antenna
element.
2. For simplicity, it is assumed that Gm is constant over the frequencies of
interest, and independent of source polarization.
3. βk denotes the complex path attenuation of the k th multipath signal.
4. sk (t) denotes the k th multipath signal, i.e. time-delayed transmit signal.
5. nm denotes the noise introduced at the mth antenna element.
6. d denotes the spacing between each antenna element in the ULA.
7. c denotes the propagation speed of the multipath signals (assumed to be
constant over all multipath signals).
8. nm are assumed to be uncorrelated with the received signals, and between
receivers. nm all have the same noise power.
9. sk and nm are ergodic complex-valued random processes with zero mean.
10. The angular and frequency spread of each path is assumed to be negligible,
i.e. the AOAs and received signal frequencies are discrete (not continuous
spectra).
We can represent the received signals in an M × 1 vector, r, by rewriting eqn. 2.16
in vector notation:
r (t) =

q
X

a (θk ) sk (t) + n(t)

(2.17)

k=1

where, the βk term has been absorbed into the sk term. a(θk ) represents the the
M × 1 ‘steering vector’, which contains the received signal phase and complex gain
towards direction θ of each antenna element, given by:
a (θk ) = [ G1 (θ) G2 (θ)e−jωo τk

···

GM (θ)e−jωo (M −1)τ k ]T

(2.18)
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where

d
τk = sinθk
c

(2.19)

is the propagation delay in between antenna elements in reference We can further
simplify our notation by rewriting the summation as a matrix multiplication:
r (t) = As (t) + n(t)

(2.20)

where s(t) is the q × 1 vector:
s(t) = [ s1 (t)

···

sq (t) ]T

(2.21)

···

a (θq ) ].

(2.22)

and A is the M × q matrix:
A = [ a (θ1 )

Now we wish to discretize the channel model in time. To convert the wireless
channel modeled derived from physical phenomena into a more useful form we must
form a model in discretized space and time. The discretized space/time model will
lend itself to signal processing methods discussed in subsequent sections. Before a
data sequence (digital sequence modeled as Dirac pulses) is modulated by a carrier
signal for RF transmission it is modulated by a pulse shaping function g(t). The
GSM modulation scheme is discussed in Section 3.1. Although the modulation
scheme used in GSM, Gaussian Minimum Shift Keying (GMSK), is non-linear,
Section 3.1.4 develops a linear approximation to GMSK. Assuming linear modulation, we can convolve the data sequence with the pulse shaping function to obtain
the complex baseband transmit waveform:
s̃(t) =

X

αl g(t − lT )

(2.23)

l

where T is the symbol period, and αl is the sequence of Dirac pulses.5 The received
signal is then arranged into an M × 1 vector, r(t), we are, in essence, discretizing space. While still in the continuous-time domain, we can model the received
5

The linear GMSK approximation developed in Section 3.1.4 utilizes complex NRZ impulses:
1 + j1, 1 − j1, −1 + j1, and −1 − j1.

16
baseband signal vector as:
r̃(t) =

q
X

a(θk )βk s̃(t − τk ) + n(t)

(2.24)

k=1

where all variables are consistent with their definitions in the previous section
except for τk which is now the path delay of the k th multipath. Furthermore,
an additional remark on the parameters of the each multipath must be made:
In general θk , βk , τk are non-stationary; however we can consider only a short time
interval, in which we can approximate the wireless channel as time-invariant. With
the assumption of a time-invariant channel, the received signal vector is given as
the following convolution:
r̃(t) = s̃(t) ∗ c(t) + n(t)
#
" q
X
X
a(θk )βk g(t − τk − lT ) + n(t)
=
αl ·
l

=

X

k=1

αl · h(t − lT ) + n(t)

(2.25)

l

where h(t) is defined as the channel pulse response. The pulse shape function, g(t)
is finite in length, we define its support to the interval [0, Lg T ]. Then the channel
length is given by LT = Lg T + ∆τ , i.e. the pulse length plus the maximum
multipath delay spread. In discrete time, r̃(t) is sampled over N symbol periods
with an oversampling factor of P . Without loss of generality, the sampling instants
are made to coincide with the time t = 0 which is the time at which the first
multipath arrives at the antenna array. For discretized time the received signal
vector becomes:

r̃(nT ) =

bnc
X

αl h((n − l)T ) + n(nT ),

n = 0,

l=bn−L+1c

1
1
1
, ..., T − , T, ..., N −
P
P
P
(2.26)

In matrix form the channel model takes the form:
X = H̄S + N

(2.27)

17
where



r(0)




X=



r( PT )
..
.

. . . r((N − 1)T )
..
r((1 + P1 )T )
.
..
.
r(T )

r((1 − P1 )T ) r((2 − P1 )T ) . . . r((N − P1 )T )



h(0)




H̄ = 



h( PT )
..
.

. . . h((L − 1)T )
..
h((1 + P1 )T )
.
..
.
h(T )

h((1 − P1 )T ) h((2 − P1 )T ) . . . h((L − P1 )T )









(2.28)

M P ×N









(2.29)

M P ×L

and


α0

α1

. . . αN −1
..
.
..
..
.
.


 α
α0
−1

S=
..

.

α−L+1 α−L+2 . . . αN −L









(2.30)

L×N

and N has the same dimensionality as X.7 The channel model can be decomposed
into multipath contributions by coalescing the discrete space-time channel vectors
into the following M × P L matrix:


 
T
H = h(0) h
··· h
L−
P


β1
0


..

= [a(θ1 ) · · · a(θq )] 
.


0
βq


= A(θ) diag[β] GT (τ )
7

 
T

gT (τ1 )

..

.

T
g (τq )

1
P

(2.31)

The notation X and S to denote the received signal matrix and the transmitted binary
sequence matrix is used to avoid confusion with the autocorrelation matrix R and steering vector
matrix A.
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where g(τi ) = [g(kT − τi )]|k=0,1/P,...,L−1/P is a LP × 1 column vector containing
samples of the delayed pulse shaping function, θ = [θ1 · · · θq ], τ = [τ1 · · · τq ], β T =
[β1 · · · βq ]. This representation of the discrete space-time channel model will be
used for most of the multipath parameter estimation techniques in chapter 4.8

2.3

Channel Estimation

In order to exploit the properties of the wireless channel via the wireless channel
model, an estimate of the channel must be obtained. There are two classifications
of channel estimation: blind and non-blind. Blind channel estimation techniques
must be employed when no information about the received signal is available.
In contrast, non-blind channel estimation utilizes a priori information about the
possible transmit signals. For the purposes of this thesis, only non-blind channel
estimation will be discussed, an extensive analysis of blind channel estimation of
the wireless channel can be found in Chapter 7 of [6].
In GSM communication systems there is a 26 bit training sequence midamble.
The GSM midamble can be used to estimate the channel impulse response for each
time slot.9 Assuming the coherence time is greater than a single slot time (0.557
ms for GSM), a Viterbi equalizer can be employed to obtain the channel estimate.

2.3.1

Viterbi Equalizer

Let str (t) denote the transmitted GSM training sequence, and rtr (t) denote the
received GSM training sequence. The received signal is given by:
rtr (t) = str (t) ∗ H(t)

(2.32)

where H(t) is the channel impulse response, modeled here as an FIR filter. The
output of H(t) is a summation of delayed and attenuated inputs, corresponding
to multipath propagation. The receiver extracts rtr (t) from the received normal
burst (see Figure 3.1), and then convolves the received training sequence with a
8

The time dependencies of the θ,τ , and β are omitted, because the received signal vector is
only sampled for N T seconds, which is assumed to satisfy the condition for temporal coherence.
9
The multipath fadings must be constant over the time-slot for this technique to be applicable.
Fadings which change over the period of a time-slot are discussed in Section 4.2
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filter, hmf (t), which is matched to str (t). str (t) is known by the receiver prior to
transmission. The output of the matched filter produces an estimate of the wireless
channel, represented in discrete-time as:

Ĥ[k] = rtr [k] ∗ hmf [k] = str [k] ∗ H[k] ∗ hmf [k] = H(k) ∗ Rs [k]

(2.33)

where Rs [t] = str [k] ∗ hmf [t] is the autocorrelation function of str (t). The transmitted GSM training sequences are designed to have impulse-like autocorrelation
functions, which yields: H[k] ≈ Ĥ[k]. The channel estimate is then truncated via a
windowing function of length L = LCISI +LM P , where LCISI incorporates the controlled ISI caused intentionally in the Gaussian Minimum Shift Keying (GMSK)
modulation scheme employed by GSM, and LM P incorporates the ISI induced via
multipath propagation, both are measured in bit-periods. The Viterbi equalizer is
designed to resolve received training sequences for signals have delay spreads up
to 20 µs, this corresponds to up to 6 bit periods. The Viterbi equalizer now aims
to estimate the most likely L-bit sequence for each interval of L bits.
Let r[k] denote the complex received signal at time k. The goal of the Viterbi
equalizer is to find α[k] ∈ [−1, +1] which minimizes the Euclidian distance metric
given as:

MEuc [k] =

K
X

r[k] −

k=0

L
X

2

H[l]α[k − l]

l=0

≈

K
X

r[k] −

k=0

L
X

2

Ĥ[l]α[l − i]

(2.34)

l=0

MEuc can be approximated by the the matched filter metric given by [9]:

MM F [k] =

K
X

α[k]<

( L
X

k=0

l=0



Ĥ[l]r[l + k] −

L 
X

(k)

SĤ α[k − l]



)
(2.35)

l=1

where SĤ (k) denotes the k th tap of the autocorrelation of the estimated channel
impulse response, given by:
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(k)
SĤ

=

L
X

Ĥ ∗ [l]Ĥ[l + k] for k = 1, 2, . . . , L

(2.36)

l=0

Due to a signnchange, the goal
o now is to maximize the matched filter metric. The
(k)
expression < SĤ α[k − l] in eqn. 2.35 is denoted as the Viterbi parameters
(k)

(VP). Since SĤ is known, and α[k] ∈ [−1, +1] there are 2L possible VPs. The 2L
possible VPs are generated at the receiver and then used to calculate the matched
filter metric, MM F . The Viterbi algorithm is used to find the maximum value of
MM F which yields the best estimate for the transmitted data sequence α[k]. We
can now use eqn. 2.27 to find a least-squares estimate of H̄ given by:
H̄est = X · S†

(2.37)

where S † denotes the pseudo-inverse of the estimated transmit binary sequence
matrix. H̄ can then be decomposed into its more useful form, H found in eqn.
2.31.

Chapter

3

GSM 850 and PCS 1900 Overview
3.1

GSM 850 and PCS 1900 Overview

GSM had more than 2.9 billion users in 2008, corresponding to a market share of
more than 81% [10]. North American GSM networks operate at 850 MHz and 1900
MHz frequency bands. The 850 MHz band is split into two sub-bands, an uplink
(824 - 849 MHz) and a downlink (860 -894 MHz); similarly the 1900 MHz band is
split into an uplink (1850 - 1910 MHz) and a downlink (1930 - 1990 MHz) (see Table
3.1). We are solely interested in the uplink transmission. GSM is a Time-Division
Multiple Access (TDMA) system consisting of 8 time slots. Each time slot of the
TDMA time frame contains 148 data bits and 8.25 guard bits (i.e. transmission
silence). At a data rate of 270.83 kbit/s, the resultant duration of the TDMA
time slot is 576.9 µs, and the total duration of the GSM frame is 4.615 ms. Figure
3.1 shows the structure of the GSM time slot and frame, for the transmission
of a normal burst. Details on burst types and structures are provided in Ref.
[10], Chapter 4. The GSM 850 and PCS 1900 systems were the primary mobile
telephony systems considered in this research; however other TDMA (narrowband)
systems would work with the multipath estimation techniques used here.
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Table 3.1: Frequency Bands for GSM Systems
Frequency Bands Used by GSM
System

Band

Uplink (MHz)

Downlink (MHz)

GSM 400

450

450.4 - 457.6

460.4 - 467.6

GSM 400

480

478.8 - 486.0

488.8 - 496.0

GSM 850

850

824.0 - 849.0

869.0 - 894.0

GSM 900 (P-GSM)

900

890.0 - 915.0

935.0 - 960.0

GSM 900 (E-GSM)

900

880.0 - 915.0

925.0 - 960.0

GSM-R (R-GSM)

900

876.0 - 880.0

921.0 - 925.0

DCS 1800

1800

1710.0 - 1785.0

1805.0 - 1880.0

PCS 1900

1900

1850.0 - 1910.0

1930.0 - 1990.0

4.615 ms

Frame

1

Time Slot 3

...

2

57 data bits

1

26 bit training
1
sequence

57 data bits

3

8

8 Time Slots

8.25

156.25 Bits

576.92 ms

Figure 3.1: GSM Frame Structure for Normal Burst.

3.1.1

GSM Modulation

The following derivations follow from [10] and [11]. GSM uses Gaussian Minimum
Shift Keying (GMSK) modulation, which is a form of Frequency Shift Keying
(FSK). GMSK passes the digital information (Dirac pulse data stream) through a
Gaussian (low-pass) filter. The filter’s impulse response is given by:
h (t) =

1
√

σT 2π

2
2 2
e(−t /2σ T )

(3.1)
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The integral of h(t) cannot be expressed with elementary functions, thus we must
introduce the error function.
2
erf (x) = √
π

x

Z

2

e−t dt →

erf

x

Z



x√
σT 2

h (t) dt =

+1

2T

−∞

0



(3.2)

A high accuracy approximation of the error function can be implemented in MATLAB. We can model the data stream as a summation of rectangular pulses:
(
rect (t) =

T
2

1

if |t| <

0

otherwise

(3.3)

The convolution, g(t), of the Gauss function with a rectangular pulse is given by:

Z

∞

Z
h (u) · rect (t − u) du =

g (t) =

t+ T2

h (u) du
t− T2

−∞

"
1
=
erf
2T

t + T2
√
σT 2

!

t − T2
√
σT 2

− erf

!#
(3.4)
(3.5)

This √
result is a Gaussian filtered rectangular pulse. We now define the constant
σ=

log(2)
,
2πBT

where
B ≡ 3 dB bandwidth of the Gaussian filter h(t)

T ≡ bit duration =

1
symbol rate

(3.6)

(3.7)

The GSM is standard is defined as BT = 0.3 → σ = 0.44168. Now, let αi = ±1
be the sequence of (non-return to zero, NRZ) bits we wish to transmit. The phase
of the modulated signals is the convolution of the impulse response, g(t) of the
Gaussian filter with the NRZ bits (data stream):
φ (t) =

X
i

Z

t−iT

ai πη

g (u) du = πη
−∞

X
i

Z

t−iT

ai

g (u) du
−∞

(3.8)
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η ≡ modulation index = 0.5 (for MSK)
Thus making the maximal phase shift, dφ (t) ,
2πf (t) =

π
2

(3.9)

per bit duration. Furthermore:

dφ (t)
πX
=
ai · g (t − iT )
dt
2 i

(3.10)

The maximum and minimum frequencies occur when ai equals 1 for all i, and when
each ai equals -1 for all i, respectively.

∆f max

"
η X
erf
4T i

t−T i+
√
σT 2

1
2

!

t−T i−
√
=
− erf
σT 2
η
η
η · fbit
=
[erf (∞) − erf (−∞)] =
=
4T
2T
2

1
2

 !#

(3.11)

For GSM we have η = 1/2 and fbit = 270.833 KHz, which yields ∆f max = 67.708
KHz (this result is used as a metric for the validity of our synthesized GSM signal
later, see §3.1.3)
Ref. [11] states that a data stream of alternating bits (i.e. 101010. . . ) will have
spectral peaks at integer multiples of 12 fbit =135.42 KHz for GSM. Using numerical
approximations, Kimuli [12] provided the following table of normalized power levels
at these peaks.
Table 3.2: Normalized Power Levels at Spectral Peaks for Alternating Bit Data
Stream
Normalized Power Levels at Spectral Peaks for a Data Stream of
Alternating Bits (1010. . . )
Frequency (KHz)
0
135.42
270.84
406.26
Normalized Power (dB)
-0.1288
-18.37
-42.67
-71.08

3.1.2

Practical Implementation of GMSK Modulation

Two methods are frequently used to generate GMSK modulation:
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1. FSK modulation
A VCO is directly controlled by the output of the Gaussian (i.e. the Gaussian
shaped pulses)
2. Quadrature Phase Shift Keyed Modulation
The Gaussian shaped pulses are integrated (Low-Pass Filtered), the signal
output is then divided and used as an argument for a sine and cosine function.
The cosine and sine functions represent the I (in-phase) and Q (quadraturephase) components of the baseband signal. The I/Q signals are then sent to
mixers to be modulated by the RF carrier frequency. This process is known
as I/Q modulation, a block diagram is shown in Figure 3.2.

Sin[θ(t)]

90o
NRZ Data
Stream

ʃdt

Q

θ(t)

LO

I

Σ

GMSK
Transmit
Signal

Cos[θ(t)]

Figure 3.2: I/Q Modulator Block Diagram.

In practice, method 2 is used. Although method 1 is simple, it is unable to
operate within the tolerance governed by GSM standards. GSM standards dictate
that the frequency deviation factor must equal exactly 0.5, but the modulation
index of a conventional VCO generally drifts over time and temperature.

3.1.3

Synthesis of GSM Signal Using MATLAB

A MATLAB simulation was used to synthesize the GSM transmit signals, via
the quadrature phase shift keyed modulation scheme. A non-return to zero data
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stream is first passed through a Gaussian low-pass filter (see Figure 3.3).
−178

4

x 10

3.5

3

Amplitude

2.5

2

1.5

1

0.5

0
0

1

2

3
n (samples)

4

5

6
x 10

4

Figure 3.3: Gaussian filter (BT = 0.3) used in GSM communication systems.

Due to the length of the Gaussian Filter (in this case BT = 0.3) the data
stream experiences inter-symbol interference at the benefit of increased spectral
efficiency. The Gaussian filtered data stream is then integrated which produces
the phase arguments for the I/Q signals. Figure 3.4 shows the progression from
the non-return to zero data stream to phase signal.
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Figure 3.4: (a) NRZ data stream, (b) Gaussian shaped data stream, and (c) phase
of baseband transmission signal.

The I- and Q-baseband signals are then produced by taking the cosine and sine
of the phase argument, respectively (see Figure 3.5). The I/Q signals are then
mixed with a carrier frequency, Fc . Fc is between 824 – 849 MHz for GSM 850
uplink transmissions and between 1850 – 1910 MHz for GSM PCS 1900 uplink
transmissions. The GSM bands are divided into 200 KHz wide channels. Figure
3.6 shows a simulated GSM frequency spectrum at baseband.
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Figure 3.5: (a) In-Phase & (b) quadrature components of baseband transmit signal.
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Figure 3.6: GSM Normalized Frequency Spectrum for Random Transmissions.

Recall eqn. 3.11, for a NRZ data stream of all 1’s, the frequency response yields a
peak at F = 67.708 KHz. The spectrum for a GSM transmission of all 1’s can be
found in Figure 3.7, which clearly shows a peak that corresponds to our theoretical
frequency response. Similarly, a NRZ data stream of all 0’s produces a peak at
F = −67.708 KHz.

30
0
−20
−40
−60

(dB)

−80
−100
−120
−140
−160
−180
−300

−200

−100
0
100
Frequency w.r.t. Fc (KHz)

200

300

Figure 3.7: GSM normalized frequency spectrum for transmission of all 1’s.

Hars provides spectrum information for a data stream of alternating bits in [11]
(See Table 3.3), this data was used to further validate the GSM simulations. There
is a strong correlation between the simulated frequency spectrum found in Figure
3.8, and the numerical approximations provided by Hars.
Table 3.3: Normalized power Levels at Spectral Peaks for a Data Stream of Alternating Bits (1010. . . ) from MATLAB Simulation
Normalized Power Levels at Spectral Peaks for a Data Stream of
Alternating Bits (1010. . . ) from MATLAB Simulation
Frequency (KHz)

0

134.7

270.5

405.8

Normalized Power (dB)

-0.22

-19.17

-41.65

-69.48
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Figure 3.8: GSM normalized frequency spectrum for transmission of (1010. . . ).

3.1.4

Linear Approximation of GMSK

A method for representing digital phase modulations via superposition of Amplitude Modulated Pulses (AMP) was introduced by Laurent in Ref. [13]; this
method was further investigated for GMSK in Ref. [14]. Weisler et. al. show that
the GMSK (BT = 0.3, L = 4) modulated signal can be decomposed into linear
and non-linear parts:

s(t) =

∞
X

"
ejπA0,n /2 C0 (t − nT ) +

n=0

=

∞
X
n=0

ejπ/2

Pn

i=0

ai

7
X

#
ejπAK ,n/2 CK (t − nT )

K=1
∞
X

C0 (t − nT ) +

7
X

n=0 K=1

ejπAK,n CK (t − nT )

(3.12)
(3.13)
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= slin (t) + snlin (t)

(3.14)

where
(
C0 (t) =

S(t)

Q4

l=1

S(t + l · T ) 0 ≤ t ≤ 5T

0

otherwise

(3.15)

S(t) is defined as

Rt

sin
[π
h
(τ )dτ ]
0 ≤ t ≤ 4T


0 gauss
Rt
S(t) =
sin [(π/2) − π 0 hgauss (τ )dτ ] 4T ≤ t ≤ 8T


 0
otherwise

(3.16)

and ai is the NRZ data stream.1 Fig. 3.9 displays the relevant functions used to
create slin (t). Weisler et. al. show that approximating s(t) solely by its linear
term result in a BER performance as good or (for good SNR) even better than the
exact GMSK representation. This result can be used to represent a pulse shaping
modulation function when performing a multipath characteristic estimation techniques. We further simplify our representation of the GMSK modulated signal
by setting the exponential term in eqn. 3.13 equal to zn . Therefore, our linear
approxmation yields:
s(t) ≈ slin (t) =

∞
X

zn C0 (t − nT )

(3.17)

n=0

Figs. 3.10 – 3.11 show a comparison between an actual GMSK signal and a linear
approximation of the GMSK signal using AMP. This result will be used in Section
4.2.
Since AK,n , αK,l and CK (for K ≥ 1) are only found in the snlin , we have omitted their
definitions here. General expressions for AK,n , αK,l and CK are given in eqns. 4-6 of Ref. [15].
1
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Chapter

4

Empirical Feature Vector Estimation
Focus is now placed on estimating various multipath parameters from received
signals. Multipath parameters of interest include: Number of Paths, Angle of
Arrival (Elevation and Azimuth), Time of Arrival, and Signal Strength. These
parameters will be used to compare with the parameters of simulated multipath
which will yield an estimate for the location of transmission.

4.1

Estimating the Number of Multipaths

Not only does the number of multipaths received act as a metric by which to
compare the measured and reference multipath parameters, but many multipath
estimation techniques require this parameter a priori to estimation. The most
direct approach to estimating the number of sources (NOS) involves the received
signal covariance matrix. Recall the received signal vector presented in eqn. 2.17:
r (t) =

q
X

a (θk ) sk (t) + n(t)

(4.1)

k=1

from which it follows that the covariance matrix of the received signals is given by:
E[r(t)rH (t)] = R = A(θ (q) )SAH (θ (q) ) + V

(4.2)

where A is the steering matrix defined in Section 2.2, S is the covariance matrix
of the multipath signals, and V is the noise covariance matrix. In general, an
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estimate for the NOS can be obtained by finding the number of eigenvalues of
this covariance matrix (or the covariance matrix of the channel estimates for the
JADE case discussed in Section 4.2) above a set threshold. This method arises
because, for the true covariance matrix, the smallest eigenvalue should be equal to
the variance of additive signal noise (or estimation noise for the JADE case) with
multiplicity M − q, where M is the order of the square covariance matrix.
The two most prevalent techniques for estimating the NOS, where a subjective
threshold is not set, are based on the application of Akaike Information Criterion (AIC) and Minimum Description Length (MDL) [16]. These techniques were
introduced by Wax and Kailath in [17]. The following steps describe the methods:
1. Obtain an estimate for the array correlation matrix from N i.i.d. samples.
2. Perform

eigen-decomposition

and

sort

eigenvalues

such

that:

λ1 > λ2 > · · · > λM , where M is the number of antenna elements in
the array.
3. An estimate for the number of sources, q, can be found by solving:




min N (M − q̂)log
q̂

where

f1 (q̂)
f2 (q̂)




+ f3 (q̂, N )

M
X
1
λi ,
f1 (q̂) ≡
M − q̂ i=q̂+1
M
Y

f2 (q̂) ≡

(4.3)

(4.4)

! M1−q̂
λi

,

(4.5)

i=q̂+1

and

(
f3 (q̂, N ) =

q̂(2M − q̂)
1
q̂(2M
2

for AIC

− q̂)log(N ) for MDL.

(4.6)

It is assumed that the q, (q < M ), signals are complex, stationary, and ergodic Gaussian random processes, with zero mean and positive definite covariance
matrix. The additive noise is assumed to be complex, stationary, and ergodic
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Gaussian process which is independent of the signals, with zero mean and uncorrelated between antenna elements. These methods are based on the fact that the
q largest eigenvalues correspond to eigenvectors which the span the received signal
subspace, the remaining M − q eigenvalues correspond to eigenvectors which span
the noise subspace. Max and Kailath showed that the MDL criterion yielded a
consistent estimate for the NOS, while the AIC yielded an inconsistent estimate
that tended to overestimate the NOS.
A major issue with the AIC and MDL approaches to NOS estimation is that
they cannot be applied to the case where the received signals are fully correlated,
which can arise in multipath scenarios. Wax and Ziskind introduced a method
for NOS estimation for coherent signals based on the MDL criteria in [18]. This
method uses a deterministic signal model; it was later improved upon by Wax
in [19] by incorporating a stochastic signal model which has a smaller number of free
parameters than the deterministic case. Wax further improved the NOS estimation
technique in [20] by allowing for a model of noise with unknown covariance. This
technique is more attractive than comparable techniques found in [21] and [22]
which also incorporate cases of coherent sources and arbitrary array geometry, but
use a parametric ARMA model of the noise.
The problem with these advanced methods is that they require an estimate
for the AOAs, which adds much complexity to our overall multipath characteristic
estimation scheme with little benefit. We wish to obtain paired estimates of AOAs
and TOAs simultaneously (see the following section), therefore only the simplistic
method of NOS estimation based on eigenvalues of the covariance matrix is applied
hereinafter.

4.2

Joint Angle and Delay Estimation

1

The Joint Angle and Delay Estimation (JADE) techniques developed by Vanderveen et. al. were chosen to provide paired AOA and TOA estimates simultaneously. The benefits of JADE over independent AOA and TOA estimation
techinques will become evident throughout this section. The JADE techniques
used here rely on multiple channel estimates, which can be obtained from time
1

Much of this section follows from [6], [23], and [24].
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slotted communication systems such as GSM and other TDMA technologies.
As discussed in Section 2.1.2, the channel coherence time is dictated by the
multipath fadings (i.e. the AOAs and TOAs vary much slower than the path fadings). Although the fluctuations are highly influenced by the speed of the mobile
transmitter, other sources can also cause variability in path fadings. Therefore, the
channel coherence time can be reduced significantly, causing the channel to vary
within a single GSM time-slot, or even within a GSM symbol period. This thesis
only considers channels that vary on the order of GSM frame-time (i.e. the channel
is constant for at least one time-slot).2 The following JADE techniques use the
diversity in stationarity of the multipath parameters to obtain several channel estimates (one for each time-slot), where AOAs and TOAs remain constant, and path
fadings vary. These multiple channel estimate techniques not only provide more
accuracy in estimation of multipath parameters, but also decrease the number of
antenna elements needed to resolve the same number of multipaths.

4.2.1

JADE-MUSIC

The JADE-MUSIC algorithm is a 2-dimensional variant of the traditional MUSIC
algorithm first introduced in 1986 by Ralph Schmidt [5]. The MUSIC algorithm decomposes the received signal covariance matrix into ‘signal’ and ‘noise’ subspaces.
The ‘signal’ and ‘noise’ subspaces are orthogonal; the MUSIC pseudo-spectrum is
defined as inverse of the normalized projection of the parameter (angle, frequency,
or in this case angle-delay) subspace onto the noise subspace. The parameter
estimates are the obtained by searching the MUSIC pseudo-spectrum for peaks.
Recall the discrete space-time channel model from eqn. 2.31:



 

T
H = h(0) h
··· h
L−
P


β1
0


..

= [a(θ1 ) · · · a(θq )] 
.


0
βq

 
T

gT (τ1 )

..

.

T
g (τq )

1
P

= A(θ) diag[β] GT (τ )
2

Vanderveen addresses JADE for slot-time varying channels in [6].

(4.7)
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where A(θ) is the M × q matrix containing q steering vectors defined in eqn. 2.18,
diag[β] is a q × q diagonal matrix containing the q complex multipath fadings
(attenuation factors), and GT (τ ) is a q × LP matrix containing the q time-delayed
pulse shaping functions. L defines the length of the channel impulse response in
symbol periods, and P is the over-sampling factor, as discussed in Section 2.2.
The pulse shaping function used is C0 (t) derived in Section 3.1.4, which provides
a good (linear) approximation of the (non-linear) GSM modulation scheme.
Vanderveen derives the space-time response vector as the M P L × q column
vector: u(θ, τ ) = g(τ ) ⊗ a(θ), where ⊗ denotes the Kronecker product. The
span of this vector over all possible AOA/TOA combinations trace the space-time
manifold (much like the span of the steering vector for all possible AOAs trace
the array manifold). The goal here is to transform the channel model in a way
such that the multipath parameter dependent components can be combined into
a single matrix which contains the space-time response vectors of the q multipath
parameter pairings. Using the relation vec(Adiag[b]C) = (CT ◦ A)b, vectorizing
H yields:
vec(H) = (G(τ ) ◦ A(θ))β = U(θ, τ )β

(4.8)

where ◦ denotes the Khatri-Rao product (a column-wise Kronecker product), and
U(θ, τ ) = (G(τ ) ◦ A(θ)) = [u(θ1 , τ1 ), u(θ2 , τ2 ), . . . , u(θq , τq )].

(4.9)

We assume that U(θ, τ ) is time-invariant over O time-slots, where O is determined based on the stationarity of the AOAs and TOAs for a given multipath
scenario. Furthermore, β will change on the order of a time-slot or greater, as discussed previously. Collecting a channel estimate for each time slot 1 to O yields:
(n)

vec(Hest ) = U(θ, τ )β (n) + vec(V(n) ),

n = 1, . . . , O

(4.10)

where the superscript, ·(n) , denotes the nth time-slot, and vec(V(n) ) denotes the
estimation noise matrix. Refer to section 2.3 for a brief analysis of obtaining
the wireless channel estimate. Let the column vectors y(n) and v(n) denote the
vectorized channel estimation and estimation noise matrices, respectively. The
concatenation of each vectorized channel estimate, y(n) , into a matrix yields:
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Y = [y(1)

···

y(O) ] = U(θ, τ )B + V

(4.11)

where B = [β (1) · · · β (O) ], and V = [v(1) · · · v(O) ].
This representation is very similar to the matrix form (for N observations) of
eqn. 2.17, given by:
X = A(θ)S + N

(4.12)

where A and S are defined as they were for eqn. 2.20 and X and N are defined as
they were in eqn. 2.27. Here the array output is replaced by channel estimates, the
manifold matrix is now a function of both angles and delays, and the time-variant
path fadings replace the multipath signals. The similar structure allows for the
use of the 2-dimensional MUSIC algorithm. The MUSIC algorithm will result in
a joint delay and angle estimation under the following restrictions:
1. The number of multipaths, q, must be less than the M · L · P .
2. The number of time-slots collected over, O, must be greater than the number
of multipaths, q.
3. The collection time must be larger than the coherence time of the mobile
channel. i.e. the multipath fadings must be non-stationary over the collection
interval.
A remarkable consequence of these restrictions is that the number of antenna
elements needed can be reduced to less than the number of multipaths, given an
adequate number of samples are obtained. A brief outline of the MUSIC algorithm
follows:
(n)

1. As the O channel estimates, Hest , are obtained, they are vectorized and
concatenated into the LP M × O matrix Y.
2. The covariance matrix of Y, RY , is decomposed into Q∆Q−1 via eigendecomposition, where Q is the O × O matrix with its ith column containing
the ith eigenvector of RY , and ∆ is the diagonal matrix containing the corresponding eigenvalues of λi of RY .
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3. The NOS techniques found in Section 4.1 are used to determine an estimate
for the number of multipaths, q̂. The LP M − q̂ eigenvectors corresponding
to the LP M − q̂ smallest eigenvalues define the noise subspace of Y denoted
as EN .3
4. Finally, the music pseudo-spectrum is defined as:

PMUSIC (θ, τ ) =

u∗ (θ, τ )E

1
∗
N EN u(θ, τ )

for θ ∈ [−90◦ , 90◦ ] and τ ∈ [0, τmax ]
(4.13)

where τmax denotes the maximum expected time-delay for the multipath
scenario of interest. The estimated multipath parameters are then taken to
be the the values corresponding to the q̂ largest peaks of PMUSIC (θ, τ ). In
practice, the MUSIC pseudo-spectrum is discrete, and the step sizes of each
multipath parameter can be adjusted to improve either the algorithm’s speed
or performance.

4.2.2

JADE-MUSIC Simulation

Figs. 4.1 – 4.3 show JADE-MUSIC algorithm results at various SNRs for the
following multipath parameters:
1. Angles of Arrival: θ = [ −12o

21o

38o

− 10o

9o

− 13o ]

2. Times of Arrival (µS): τ = [ 0.5 1.2 2.5 5.1 5.6 8.7 ]
3. Times of Arrival (Symbol Periods): τT = [0.14 0.32 0.68 1.38 1.51 2.35]
4. Attenuations: Are complex Gaussian distribution with 0 mean and variance
of 1.
The simulations were run using the number of antennas, M , set equal to 4, the
number of channel estimates, O, set equal to 30, and with an oversampling factor,
P , set to 2.
3

Alternatively, a threshold can be set for which eigenvalues below the threshold correspond
to the eigenvectors which make up the noise subspace. In essence, this techniques follows from
the fact that the true covariance matrix would contain L · P · M − q eigenvalues equal to the
variance of the additive signal noise power.
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Figure 4.1: The MUSIC pseudo-spectrum, identifying the paired angle and delay
of each multipath, for SNR = 30 dB.
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Figure 4.2: The MUSIC pseudo-spectrum, identifying the paired angle and delay
of each multipath, for SNR = 20 dB.
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Figure 4.3: The MUSIC pseudo-spectrum, identifying the paired angle and delay
of each multipath, for SNR = 10 dB.

4.2.3

JADE-ESPRIT

The JADE-ESPRIT algorithm is a closed-form estimation algorithm, which leads
to a paired estimate of multipath AOAs and TOAs. The JADE-ESPRIT algorithm has less computational complexity than the JADE-MUSIC algorithm (see
Section 4.2.5, at the cost of slightly stricter requirements than those of the JADEMUSIC algorithm. In addition to the JADE-MUSIC restrictions: The number of
multipaths, q, must be less than min{M (L − 1), (M − 1)L}. The JADE-ESPRIT
algorithm manipulates the form of the channel estimate matrix so that a 2-D
ESPRIT-like algorithm can be applied. First, the discrete Fourier transform (DFT)
is applied to channel model, H, in eqn. 2.31:
H̃ = HF = Adiag[β]GT (τ )F
where F denotes the LP × LP DFT matrix:

(4.14)
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1

1

···

1





F =



1
..
.

φ
..
.

···

φLP −1
..
.



,



1 φLP −1 · · · φ(LP −1)

2



2π
φ = exp −j
LP

(4.15)

Let g denote the sampled known pulse-shaping function with zero delay. Its DFT
is is then given as g̃T = gT F . Since a delay in the time domain corresponds to a
phase change in the frequency domain, the Fourier transform of the pulse-shaping
function delayed by τ , g̃τT , can be expressed as:

g̃τT = 1 φτ P

(φτ P )2

···


(φτ P )(LP −1) diag[g̃].

Here, it is assumed that τ is an integer multiple of

T
,
P

(4.16)

the pulse shaping function

is sampled above its Nyquist rate. There is some estimation error induced if τ is
arbitrary, but it is negligible in comparison to estimation errors attributed to the
presence of noise, see [6] for details. The Fourier transform of the channel model
can now be rewritten as:
H̃ = HF = Adiag[β]Fdiag[g̃]

(4.17)

where F is a Vandermonde matrix containing the phase changes corresponding to
the multipath delays, given as:



1 φ1 φ21 · · · φ1LP −1
 . .

..
..
,
.. ..
F=
.
.


1 φq φ2q · · · φqLP −1



τi 2π
φi = exp −j
L

(4.18)

Next, a deconvolution of the pulse-shaping function is performed on the Fouriertransformed channel model. This operation is performed by dividing H̃ by diag[g̃];
however some precaution must be observed because g is bandlimited. A windowing
of g̃ must be performed to avoid division by 0. For the pulse shaping function
used in GMSK linear approximation, the DFT is non-zero for a maximum of
L = Lg +

∆τ
T

≈ 8 entries.4 However, entries on the border of the frequency

Here δτ is taken as 10 × 10−6 , which is an upper limit on the delay spread for an urban
environment multipath scenario.
4
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band are very small. The smaller valued entries should also be avoided, because
their inversion inflates the effects of estimation noise. Therefore, only the center
L entries will be used in the deconvolution of the pulse shaping function. If the
traditional DFT output is used (i.e. the zero-frequency component has not been
shifted to the center of the spectrum), then the following selection matrix can be
used to select only the non-zero entries of interest:


0

IbL/2c




Jg̃ = 


0

0

IdL/2e

0





(4.19)

LP ×L

The deconvolution is performed by factoring diag[g̃T Jg̃ ] out from the M × L
matrix H̃Jg̃ :
H̆ = H̃Jg̃ {diag[g̃T Jg̃ ]}−1 = Adiag[β]F

(4.20)

where F is the Vandermonde matrix with the same form as in equation 4.18, except
it is now q × L. As before we estimate O time-slots over a sampling period, the
fourier-transformed/deconvolved channel estimate becomes:



(n)

β1

0
...


H̆(n) = [a(ψ1 ) · · · a(ψq )] 


(n)

0
= A(ψ) diag[β (n) ] FT (φ)

βq


f T (φ1 )


..


.


T
f (φq )


n = 1, . . . , O

(4.21)




 T
 1

M −1
τ
,
a
(ψ
)
=
1
ψ
·
·
·
ψ
,
where ψi = exp −j2π λd sin(θi ) , φi = exp −j 2π
i
i
i
i
L
 1

−1
and f (φi ) = 1 φi · · · φLP
. Applying a similar vectorization and stacking opi
eration as in the JADE-MUSIC algorithm, the channel model becomes:
Y̆ = U(ψ, φ)B + V̆

(4.22)

where U(ψ, φ) = F(φ) ◦ A(ψ). Next a basis of the column span of U(ψ, φ) is
estimated via the q left singular vectors which correspond to the largest values of
covariance matrix, RY̆ . A 2-D ESPRIT algorithm is now applied and estimates for
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τ and θ can be obtained. We aim to find the matrix T such that: ET−1 = U(ψ, φ).
Define the following selection matrices:
Jψ = IL ⊗ [IM −1 01 ],

J0ψ = IL ⊗ [01 IM −1 ]

Jφ = [IL−1 01 ] ⊗ IM ,

J0φ = [01 IL−1 ] ⊗ IM

(4.23)

Let Uψ = Jψ U(ψ, φ) and U0ψ , Uφ , U0φ be defined similarly. Due to the Vandermonde structure of U(ψ, φ) the following relations hold:
U0ψ = Uψ Ψ
U0φ = Uφ Φ

(4.24)

where Ψ = diag[ψ1 · · · ψq ], and Φ = diag[φ1 · · · φq ]. Finally, we express the
“selection” bases as:

Eψ = Jψ E = Uψ T

(4.25a)

E0ψ = J0ψ E = Uψ ΨT

(4.25b)

Eφ = Jφ E = Uφ T

(4.26a)

E0φ = J0φ E = Uφ ΦT

(4.26b)

and

Solving eqn. 4.25a for Uψ and plugging into eqn. 4.25b yields:
0
−1
E−1
ψ Eψ = T ΨT

(4.27)

Similarly, solving eqn. 4.26a for Uφ and plugging into eqn. 4.26b yields:
−1
0
E−1
φ Eφ = T ΦT

From the structures of eqns.

(4.28)

0
4.27 and 4.28, it is apparent that E−1
ψ Eψ and

Eφ−1 E0φ are commutative matrices, i.e. [T−1 ΨT][T−1 ΦT] = T−1 diag[ψ1 · · · ψq ] ·
diag[φ · · · φq ]T = T−1 diag[φ1 · · · φq ] · diag[ψ · · · ψq ]T = [T−1 ΦT][T−1 ΨT].
We wish to find the unitary matrix T which jointly (simultaneously) diagonalizes
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−1 0
0
EΨ
EΨ and E−1
Φ EΦ . A Jacobi-like algorithm is presented and discussed extensively

in [25], and further investigated in [26]. A brief description of the Jacobi-like algorithm used in the rest of this work is discussed next. Other methods are discussed
in [6].
4.2.3.1

Joint Diagonalization via Jacobi-like Algorithm

−1 0
0
Let DΨ = E−1
Ψ EΨ and DΦ = EΦ EΦ . DΨ and DΦ can be simultaneously diag-

onalized by setting their off-diagonal terms to zero by a unitary transform. The
distance of the pair (DΨ , DΦ ) from diagonality is given by the following metric:
off2 (DΨ , DΦ ) =

X

|dΨ,ij |2 +

i6=j

X

|dΦ,ij |2 .

(4.29)

i6=j

where dΨ,ij and dΦ,ij denote the (i, j) − th entry of the matrices DΨ and DΦ ,
respectively. Therefore, the goal of the Jacobi-like algorithm is to find T such that:
off2 (TDΨ T−1 , TDΦ T−1 ) = off2 (TDΨ TH , TDΦ TH ) is minimized. The algorithm
constructs T as a product of plane rotations of the form:
R(i, j, c, s) = Iq + R̃(i, j, c, s)

(4.30)

where R̃ is a q × q matrix of all zeros except for the following entries:
r̃ii r̃ij

!

r̃ji r̃jj

=

(1 − c)

s∗

−s

(1 − c∗ )

!
.

(4.31)

where c, s ∈ C are the Jacobi angles, and |c|2 + |s|2 = 1. We wish to find c and s
for each (i, j) pair (i 6= j) which minimizes the following objective function:

O(c, s) = off2 (R(i, j, c, s)DΨ R(i, j, c, s), (R(i, j, c, s)DΦ R(i, j, c, s))

(4.32)

Ref. [26] presents a closed form computation of the Jacobi angles which minimize
O(c, s) as:
r
c=

x+r
2r

y − jz
s= p
2r(x + r)

(4.33)
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where r =

p
x2 + y 2 + z 2 and [x y z]T is the eigenvector corresponding to largest

eigenvalue of the 3 × 3 matrix:
o
n
H
d̃
d̃
+
d̃
G = < d̃H
φ
ψ
φ
ψ
where d̃ψ = [dψ,ii − dψ,jj

dψ,ij + dψ,ji

(4.34)

j(dψ,ji − dψ,ij )] and similiarly for d̃φ . A

brief outline of the Jacobi-like joint diagonalization algorithm follows:
1. Iterate through each (i, j) pair for i 6= j.
2. Calculate d̃Φ and d̃Ψ .
3. Calculate G and perform eigendecomposition.
4. Calculate c and s from eqn. 4.33 using the eigenvector corresponding to the
largest eigenvalue of G.
5. Update D̃Ψ and D̃Φ by performing the plane rotation, R(i, j, c, s), on DΨ
and DΦ .
6. Stop iterating through all (i, j) pairs for i 6= j when s becomes smaller than
a set threshold (i.e. the rotation angle is negligible).
7. Lastly, D̃Ψ ≈ TDΨ T−1 = Ψ and D̃Φ ≈ TDΦ T−1 = Φ
The AOAs and TOAs are then calculated from the definitions of Ψ and Φ, respectively. Furthermore, since the diagonalization is performed simultaneously, the
AOAs and TOAs are already paired (much like in the JADE-MUSIC algorithm).

4.2.4

JADE-ESPRIT Simulation

Figures 4.4 – 4.6 show JADE-ESPRIT algorithm results at various SNRs for the
following multipath parameters:
1. Angles-of-arrival: θ = [ −12o

21o

38o

− 10o

9o

− 13o ]

2. Time delays (µS): τ = [ 0.5 1.2 2.5 5.1 5.6 8.7 ]
3. Time delays (Symbol Periods): τT = [ 0.14 0.32 0.68 1.38 1.51 2.35 ]
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4. Attenuations: Are complex Gaussian distribution with 0 mean and variance
of 1.
The simulations were run using the number of antennas, M , set equal to 4, the
number of channel estimates, O, set equal to 30, and with an oversampling factor,
P , set to 10.
60

40

AOA (◦ )

20

0

−20

−40

Actual
JADE-ESPRIT Estimate

−60
−0.5

0

0.5

1

1.5
TOA (τ /T )

2

2.5

3

3.5

Figure 4.4: The JADE-ESPRIT paired angle and delay estimations of each multipath, for SNR = 30 dB.
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Figure 4.5: The JADE-ESPRIT paired angle and delay estimations of each multipath, for SNR = 10 dB.
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Figure 4.6: The JADE-ESPRIT paired angle and delay estimations of each multipath, for SNR = 5 dB.
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4.2.5

Simulation Comparison

The computational complexity of the JADE-MUSIC algorithm is O((P · L · OF )3 )
for the eigendecomposition of the covariance matrix, plus an additional O((P · L ·
OF )2 ) for each point in the 2-D search, or (3-D for AOA in elevation as well).
Whereas, JADE-ESPRIT has a much lower computational complexity O((P · L ·
OF )3 ), at the cost of reduced performance in the presence of noise, and stricter setup conditions [6] Figures 4.7 and 4.8 show the calculated Root Mean Square Error
(RMSE) of JADE -MUSIC and -ESPRIT algorithms for 200 iterations at various
SNR values for AOA and TOA estimations, respectively, with RMSE defined as:
v"
#
u
q
200 X

2
u 1 X
min θk,t − θˆt
RM SEθ = t
200 t=1 k=1

(4.35)

where θ̂ is the vector of estimates for the tth iteration. and similarly for the delays,
τk . The following parameters were applied to both algorithms:
1. Number of multipaths: q = 5.
2. AOAs (◦ ): Uniformly distributed between −90◦ and 90◦ .
3. TOAs (µS): Uniformly distributed between 0 and 5µS.
4. Complex Path Fadings: Uniformly distributed between 0 +j0 and 1 + j1,
and were stationary for 1 time slot (i.e. mobile moving at highway speed
scenario).
5. Number of Antenna Elements: P = 4.
6. Oversampling Factor: OF = 10.
7. Number of Channel Estimates per Iteration: N = 30.
8. The noise applied was white Gaussian noise, with power level calculated from
the average power of the received signal, and SNR.
The RMSE results show that both the JADE -MUSIC and -ESPRIT algorithms
perform well when the aforementioned parameters are used. The JADE-MUSIC
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algorithm appears to perform better than the JADE-ESPRIT algorithm at higher
SNR values.
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Figure 4.7: RMSE for various SNR values of the JADE -MUSIC and -ESPRIT
algorithms.
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Figure 4.8: RMSE for various SNR values of the JADE -MUSIC and -ESPRIT
algorithms.

Chapter

5

Multipath Characteristic Database
(MCD) Analysis
Ray tracing software was used to populate a Multipath Characteristic Database
(MCD). The MCD contains location based multipath feature vectors (fingerprints).
A map of State College, Pennsylvania was used in the simulation; see Figures 5.1
- 5.3. Transmitters were placed at a constant height of 2 meters (w.r.t. to the
ground), and spaced in 3.5 meter increments along the x- and y-axes. The grid of
transmitters covers a 1 km2 , and consists of 81,796 transmitters. A receiver was
placed on top of the Advanced Research Laboratory building of The Pennsylvania
State University, at a height of 10 meters (approximately 2 meters above the
building height).

Figure 5.1: Model of State College, PA used in Wireless InSite Simulation.

Figure 5.2: Simulation set up from Wireless InSite model of State College, PA.
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Figure 5.3: Simulation set up from Wireless InSite model overlaid onto map of State College, PA. c 2012 Google Earth
c USDA Farm Service Agency.
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5.1

Propagation Model

1

Wireless InSite employs four ray-tracing propagation models: Urban Canyon (UC),
Fast 3D Urban (F3D-U), Full 3D (3D) and Vertical Plane (VP). In all models, raytracing algorithms are used to find propagation paths between transmit and receive
points. Then, the Uniform Theory of Diffraction (UTD) is used to evaluate electric
fields associated with each propagation path.
The 3D model was used in the creation of the MCD. Unlike the UC and F3DU models, the 3D model allows for buildings with sloped roofs, and transmission
through surfaces. This model incorporates the faster 2D ray tracing algorithm
of the UC model, but also considers cases when transmitter and receiver heights
are comparable to surrounding building heights. The 3D model considers building reflections, diffractions, and ground interactions. It is capable of analyzing
LOS, singly diffracted, and doubly diffracted paths. Although the model permits
it, transmissions were not allowed in the creation of the MCD, as only ‘outside’
transmitters were of interest, and the number of transmissions greatly increases
the computation time, which is roughly proportional to:
(NR + NT + 1)!
NR ! × NT !

(5.1)

where NR and NT are the number of allowed reflections and transmissions, respectively. The number of reflections allowed was 6, and the number of diffractions
allowed was 2; this allows for rays between the receiver and transmitters which
are blocked by the height of a building. The computational time is increased in
the allowance of 2 diffractions, the computational time is roughly proportional to
the number of building and terrain facets squared. The number of facets in the
State College, PA simulations was about 10,000; thus the computation time was
increased by a factor of 105 . The total simulation time was about 5 hours.
A simulated GSM signal with center frequency, fc , of 1.91 GHz was used. The
transmitters were dipoles aligned perpendicular to the ground at a height of 2
meters, and an isotropic antenna with an elevation of 10 meters was used for the
receiver.
1

This section follows from the user-manual provided with Remcom’s Wireless InSite software.
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5.1.1

Ray-tracing

The Shooting-and-Bouncing Ray (SBR) method is used to trace the propagation paths through the 3D building/terrain geometry. In essence, multiple rays
are ‘shot’ in all directions with a user-defined angular spacing from each transmitter (0.25◦ separation was used here).2 The rays are then specularly reflected
from building walls, this process is then repeated until the user-defined maximum
number of reflections has been reached, or the ray hits the study-area boundary.
Diffracting edges (i.e. building wall or roof corners) are then found by comparing
adjacent rays. Adjacent rays which follow different paths (e.g. one path is reflected
off a building a wall, and another adjacent path continues without a reflection)
indicate a discontinuities in the Geometric Optics (GO) fields. The location of
discontinuity is then identified as a diffracting edge and the path of the incident
field can be constructed. Wireless InSite then uses collection areas to determine
which rays propagate through specific areas. Multiple rays which follow similar
paths simplified into one selected ray, so that each unique path corresponds to one
ray.

5.1.2

Electric Field Evaluation

When all 3D propagation paths are found, the E-field is then determined for each
path. Wireless InSite only considers the far field model given, for a distance r from
the transmitter, by:
E(r, θ, φ) = [Aθ (θ, φ)âθ + Aφ (θ, φ)âφ ]

e−jkr
r

(5.2)

where
r
Aθ (θ, φ) =
2

Pt η0
gθ (θ, φ)
2π

Although we are interested in simulating the multipath characteristics between a single receiver (base station) and a grid of transmitters over the area of interest, the inverse set-up was
used in the simulation (i.e. one transmitter and a grid of receivers). This was done because
reciprocity of the propagation path can be assumed, and this set-up greatly reduces the simulation time by reducing the number of initial rays by a factor of the number of transmitters (in
real-world). The TOAs, received power, NOS were kept the same, and Angle-of-Departure was
used as the AOA characteristic.
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r

Pt η0
gφ (θ, φ)
2π
gθ (θ, φ) = |Gθ (θ, φ)|1/2 ejψθ

Aφ (θ, φ) =

(5.3)
and similarly for gφ (θ, φ). Gθ,φ (θ, φ) represent the gain of the transmitting antenna,
ψθ,φ represent the relative phase of the electric field. k is the wavenumber and Pt
is the time-averaged radiated power of the transmitter.
Reflections
Unlike the UC model, the 3D model must consider rays which are not traveling in
the plane of incidence at reflection points. Therefore, electric fields are comprised
of a combination of parallel and perpendicular polarizations. The decomposition
of the E-field is given in spherical coordinates as:
Ekr
E⊥r

!
=

Rk

0

0

R⊥

!

Eki

!

E⊥i

(5.4)

where Eik = E i · âk , Ei⊥ = E i · â⊥ , and âk , â⊥ are unit vectors, for the incident
electric field, parallel and perpendicular to the plane of incidence, respectively.
Unlike 2D models, the amplitude of the E-field after multiple reflections is not
given by the product of reflection coefficients, each reflection must be evaluated
based on the rays orientation to the plane of incidence.
Diffraction
Wireless InSite uses the transformation found in [27] from diffraction coefficients
derived for normal incidence, to diffraction coefficients which allow for arbitrary
incident direction and polarization.
Consider the geometry of a diffracting wedge and line source in Figure 12-12
of [28]. After the transformation from a ray-fixed to an edge-fixed coordinate
system, the total diffracted field from a dielectric slab wedge may be expressed as:
"

Eβd
Eφd

#

"
=

Dss Dsh
Dhs Dhh

#"

Eβi 0
Eφi 0

#r

rT D
e−jkrDR
rDR (rT D + rDR )

(5.5)
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where rT D denotes the distance from the transmitter (or last reflection point) to
the diffraction edge, rDR denotes the distance from the diffraction edge to the
receiver (or next reflection point), and Dss , Dsh, Dhs, and Dhh are given as:

Dss = D+ (φ − φ0 ) + D− (φ − φ0 )

(5.6)

0
− D− (φ + φ0 )[Rk0 cos2 (α1 ) − R⊥
sin2 (α1 )]

(5.7)

n
sin2 (α2 )]
− D+ (φ + φ0 )[Rkn cos2 (α2 ) − R⊥

(5.8)

Dhh = D+ (φ − φ0 ) + D− (φ − φ0 )

(5.9)

0
+ D− (φ + φ0 )[Rk0 cos2 (α1 ) + R⊥
sin2 (α1 )]

(5.10)

n
− D+ (φ + φ0 )[Rkn cos2 (α2 ) + R⊥
sin2 (α2 )]

(5.11)

0
Dsh = −D− (φ + φ0 )[Rk0 + R⊥
]cos(α1 )sin(α1 )

(5.12)

n
− D+ (φ + φ0 )[Rkn + R⊥
]cos(α2 )sin(α2 )

(5.13)

0
Dhs = D− (φ + φ0 )[Rk0 + R⊥
]cos(α1 )sin(α1 )

(5.14)

n
+ D+ (φ + φ0 )[Rkn + R⊥
]cos(α2 )sin(α2 ).

(5.15)

Here, ‘0’ and ‘n’ superscripts denote the two-sides of the diffracting wedge depicted
in Figure 1 of [29], φ and φ0 are the observation and incidence angles depicted in
Figure 12-12 of [28], α is used in the coordinate transformation, shown in Figure
6 of [27], and
−e−jπ/4
D (φ ± φ ) = √
cot
2n 2πk
±

0



π ± (φ ± φ0 )
2n



· F (kρg ± (φ ± φ0 ))

(5.16)

where F (kρg ± (φ ± φ0 ) is the Fresnel integral defined on page 787 of [28] and n is
found in the definition of the wedge angle, given as (2 − n)π.
Output
After each reflection and diffraction is applied to the electric field the simulation
writes the requested outputs (e.g. AOA, TOA, received power) to separate .p2m
file. These were then loaded into MATLAB, and the data for every multipath at
each transmitter were concatenated into feature vectors.
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5.2

Feature Vectors in the MCD

Let MCD(i,j,m,n) be a I × J × M × N matrix, where i and j denote the reference
transmitter’s x- and y-locations, respectively. m denotes the multipath number,
m = 1, . . . , q where m = 1 denotes the strongest (highest amplitude) multipath,
and m = q denotes the weakest multipath. n denotes the multipath characteristic
(e.g. n = 1 denotes the RSS, n = 2 denotes the azimuth AOA, n = 3 denotes the
elevation AOA, n = 4 denotes the TOA, etc.). So for example, the TOA of the
4th strongest multipath transmitted from the location (x, y) = (50, 1300) meters
would be stored at MCD(10,260,4,4) .3
The multipath feature vector of each transmission location contains the following information:
1. Number of received rays (above noise floor of system);
2. Angle of arrival (AOA) of each ray;
3. Time of arrival (TOA) of each ray;
4. Relative power of each ray; and,
5. Mean and standard deviation of 2-4.
The separability between transmission points (i.e. the minimum separation between two transmit locations at which two unique multipath fingerprints are produced) is determined by the spatial coherence of the wireless channel, as discussed
in Section 2.1.2. Clearly the separability is dependent on many factors, and therefore a uniform spacing of simulated transmitters may fail to provide all unique
multipath ‘fingerprints’ in one area, and may include many redundancies in another. Furthermore, the resolving power in spatial and temporal domains of the
system used may reduce the number of unique multipaths.
An adapative spacing of the transmitters would allow for an efficient search
of the database for an optimal location estimation. By clustering the feature
vectors (based on their attributes, not corresponding locations), we can reduce
redundancies in the MCD. Furthermore, if an estimated feature vector fits well
3

Here the MCD x- and y-locations are incremented by 5 meters.
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within a one or more clusters, a more detailed search can be performed within a
cluster. Clustering the MCD prevents a brute-force ‘distance’ calculation between
the estimated feature vector and every simulated feature vector. The following
paragraph emphasizes the need for efficient search methods.
The number of transmitters needed to cover the area of interest (1 km2 of
State College, PA) was 81,796. Up to 6 multipaths were simulated for each transmitter/receiver pair. The simulation allows for multipath rays with power as low
as -250 dBm. Considering two angles of arrival (azimuth and elevation), time of
arrival, relative power, and the mean and the standard deviation for each of the
aforementioned characteristics, each Tx/Rx pair will have up to 4 × 6 + 8 = 32
element feature vector. Therefore, the MCD has upper limit of 81, 796× 32 ≈ 2.6
million data points. In the future, a third dimension to the simulated transmitters
would be necessary for locating transmissions from multi-story buildings, also an
increase in features or number of multipaths may be necessary. Therefore, an efficient finger-printing method will need to be utilized to meet a real-time estimation
objective.

5.3

Clustering Algorithm Analysis

Depending on the size of the area of interest and spatial density of transimitters, the
MCD can contain an enormous amount of information. One way to reduce search
redundancy and thus improve the location estimation efficiency is to perform a
clustering of the MCD. Ref. [30] provides attributes of an ideal clustering algorithm,
these attributes relations to the MCD follow.
Due to the variability of the environment within the area of interest, the clustering algorithm should be able to detect clusters of arbitrary shape.4 An ideal
clustering algorithm should not be affected by outliers (data objects that are not
contained in any cluster); these outliers could arise due to improper simulation
setup. The output of the clustering algorithm should not be affected by the order
in which data is input. Although ideally a clustering algorithm should not require
4

The clustering is performed over the feature vector attributes, not over physically location of
the transmitters. Thus, the term term “shape” here does not refer to physical shape, but rather
a cluster’s ‘spread’ over the multi-dimensional feature vector space.
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prior knowledge of the number of clusters present. Our MCD analysis is done
off-line prior to performing any location estimations, therefore multiple clustering
schemes could be realized and available for use. Although some insight on the
cluster statistics of the database would improve the performance of a clustering
algorithm, it should not be required.
In summary, a well-designed clustering algorithm should possess the following
properties:
1. Efficient
2. Able to detect clusters of arbitrary shape
3. Insensitive to noise (outliers)
4. Insensitive to the data input order
5. Able to perform without prior knowledge of cluster statistics

5.3.1

Categorization of Clustering Algorithms

Clustering algorithms can be grouped into four categories: partitioning algorithms,
hierarchical algorithms, density-based algorithms and grid-based algorithms. Each
algorithm possesses strengths and weaknesses that are adaptable to various data
types.

Hierarchical Algorithms
Hierarchal algorithms do not use a single value for k; they construct k clusters for
all values of k on the same run (k = 1, 2, 3, . . . , n − 1, n). The algorithm starts
with k = 1, all data objects are organized into the same cluster, and iterates k
until k = n where each cluster corresponds to one data point. The algorithm can
be stopped at any value 1 ≤ k ≤ n, for which a pre-defined termination condition
has been met [31]. Hierarchical algorithms do not require an input value for k;
however a termination condition must be specified. Balanced Iterative Reducing
and Cluster using Hierarchies (BIRCH) is a hierarchical algorithm that has been
used on large databases [30]. Although BIRCH can handle noise and has a lower
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computational complexity, O(N ), than the partitioning algorithms, it occasionally
produces un-natural clusters. Furthermore, the clusters are dependent on the order
of the data input [32]. Additionally, in [30] it was shown that BIRCH does not
perform optimally if the clusters were not spherical or convex in shape. This is
due to BIRCH’s use of a radius to control the boundary of a cluster [33].
Density-Based Algorithms
Density-based algorithms are based on the concept that clusters can be determined
by the density of the data objects. Thus, for each object in a cluster, a neighborhood defined by a given radius must contain a minimum number of points [32].
This method allows for arbitrarily shaped clusters, and can remove noise (outliers).
A well known Density-based algorithm, Density Based Spatial Clustering of Applications with Noise (DBSCAN), possesses these characteristics, but the average
runtime complexity of DBSCAN is O(N log(N )) [30].
Grid-Based Algorithms
Grid-based algorithms discretize the feature space into a finite number of cells.
Each cell is limited to a certain number of data objects, if the limit is reached,
the cell splits in two [32]. After each cell’s limit is satisfied, the cell’s statistical
characteristics are calculated (i.e. number of data points, mean, variance, and the
probability distribution of the data points contained in the cell) [30]. The cells with
the highest density (# of data objects/“size” of cell) have the strongest pattern
correlation. The Grid-based algorithms use the highest density cells as the cluster
centers, and determines clusters based on the discretized space. The data objects
are then labeled with their corresponding cluster [34]. STatistical INformation
Grid-based method (STING) and Distribution Based Clustering of LArge Spatial
Databases (DBCLASD) are examples of grid-based algorithms. The fundamental
operation of these algorithms is that the clustering is performed on the space
around the data objects (i.e. the cells), not the actual data objects. Thus, by
increasing the number of data objects per cell, one decreases the number of cells,
thus decreasing the complexity of the algorithm. The computational complexity
of grid-based clustering algorithms can vary from O(N ) to O(N 2 ) depending on
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the distribution of the data objects.
Partitioning Algorithms
Partitioning algorithms organize the data into k partitions, which must satisfy the
following requirements:
1. Each partition (cluster) must contain at least one data object; and
2. Each data object must belong to exactly one partition.
Therefore a database consisting of n data objects can have at most k partitions
(k ≤ n). The second condition states that two different clusters cannot contain mutual data objects. Therefore, the k partitions form an independent linear
spanning set of the full data set. The value k is defined by the user, therefore multiple runs must be performed until the clusters represent a meaningful representation [35]. Partitioning algorithms used on large databases include: Partitioning
Around Medoids (PAM) , Clustering LARge Applications (CLARA), Clustering
Large Applications based on RANdomized Search (CLARANS). PAM starts by selecting k arbitrary data objects as initial medoids and then assigns each remaining
data object to the nearest medoid. The algorithm then swaps medoids with other
data objects until the average distance between medoids and objects contained
in their respective clusters is minimized. CLARA takes a random sample from
large databases and then applies PAM to the smaller samples. CLARANS uses a
randomized search after the initial iteration, which improves run-time. The computational complexities of PAM/CLARA and CLARANS are O(K (N − K))2 and
O(KN 2 ), respectively [30].

5.4

Clustering Algorithm for MCD

The ray-tracing simulation of the area of interest will provide the MCD before
the actual multipath signatures are measured in the field. With this in mind, we
must have on the fly measured feature vector comparison with the clustered MCD.
However, we can apply the clustering algorithm to the MCD far before the field
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measurements are available. Therefore, the importance of limiting the computational complexity is negligible. Furthermore, alternate clustering schemes may be
more useful than others in different scenarios. For example, if an approximate location prediction is urgently required, then a clustering scheme containing a large
amount of data points in each cluster may be more useful. For these two reasons
we choose a partitioning clustering algorithm to process the MCD, because it can
provide 1 to k (# of data points in MCD) different clustering configurations, even
though it has the highest computational complexity.

5.4.1

Results of Partitioning Clustering Algorithm (kmeancalc.m)

Note: The following results use a MCD populated via a Wireless InSite simulation
of State College, PA (See Fig. 5.3). This analysis used the built-in MATLAB
function kmeans.m. K-means is a partitioning algorithm. MATLAB summarizes
the algorithm as follows:
“kmeans uses a two-phase iterative algorithm to minimize the sum
of point-to-centroid distances, summed over all k clusters:
1. The first phase uses batch updates, where each iteration consists of reassigning points to their nearest cluster centroid, all at once,
followed by recalculation of cluster centroids. This phase occasionally
does not converge to solution that is a local minimum; that is, a partition of the data where moving any single point to a different cluster
increases the total sum of distances. This is more likely for small data
sets. The batch phase is fast, but potentially only approximates a solution as a starting point for the second phase.
2. The second phase uses online updates, where points are individually reassigned if doing so will reduce the sum of distances, and
cluster centroids are recomputed after each reassignment. Each iteration during the second phase consists of one pass though all the points.
The second phase will converge to a local minimum, although there
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may be other local minima with lower total sum of distances. The
problem of finding the global minimum can only be solved in general
by an exhaustive (or clever, or lucky) choice of starting points, but
using several replicates with random starting points typically results in
a solution that is a global minimum.”
The feature vector used for simulated transmit location was the following 3x1
vector: [Power of Received Ray #1; DoA (θ) of Received Ray #1; DoA(φ) of
Received Ray #1]
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Figure 5.4: MCD - Received Power Metric (from ray #1).
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A metric used for the analysis of the clusters produced by algorithm is the
‘silhouette value’. Silhouette value ranges from +1, indicating points that are very
distant from neighboring clusters, through 0, indicating points that are not distinctly in one cluster or another, to -1, indicating points that are probably assigned
to the wrong cluster. The following figures show the clustering configurations and
silhouette values for k (# of clusters) = 2, 4, 8, and 16.
2
250

y- position

200

150

100

50

1
50

100

150
x- position

200

250

Figure 5.5: Clustering Configuration of Received Power for k = 2.
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Figure 5.6: Silhouette Values for k = 2 Clustering Configuration.
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Figure 5.7: Clustering Configuration of Received Power for k = 4
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Figure 5.8: Silhouette Values for k = 4 Clustering Configuration.
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Figure 5.9: Clustering Configuration of Received Power for k = 8.
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Figure 5.10: Silhouette Values for k = 8 Clustering Configuration.
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Figure 5.11: Clustering Configuration of Received Power for k = 16.
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Figure 5.12: Silhouette Values for k = 16 Clustering Configuration.

It is apparent that on average, the entries’ silhouette values are greater than
0. This means that only a small number of feature vectors within each cluster are
ambiguous and could possibly be re-assigned to another cluster. However, a small
number of feature vectors have a silhouette value greater than 0.5, thus adding more
clusters to further categorize the data points may be needed. All of the clustering
configurations provide a unique way to compare measured feature vectors with
those that are simulated. Although an ‘optimal’ clustering configuration will be
based on the scenario in which the system is used, metrics can be developed for
analyzing clustering configurations once measured data is collected.

Chapter

6

Geolocation of a GSM Emitter
As mentioned before, the motivation of this thesis is to provide location estimates
for mobile emitters without the use of multilateration or LOS techniques. The
method presented here is, in essence, a fingerprint matching technique, which uses
the comparison between measured multipath characteristics and those found in
a reference database, to provide an estimate for the location. The fingerprinting
technique overcomes problems that occur in traditional localization techniques
(e.g. multilateration [36], or assisted GPS [37]) in urban environments (NLOS
scenarios) [38].
The fingerprinting localization technique can be decomposed into 2 phases [39]:
1. Calibration: Measured (or simulated) reference multipath feature vectors
(fingerprints) are collected over the area of interest. A feature vector for each
Tx/Rx pair is stored, along with its corresponding Tx location. This phase
can be quite cumbersome, however it is performed off-line, therefore it can
be implemented long before the localization is performed.
2. Run-time: The feature vector for a transmitter at an unknown location
is estimated via techniques discussed in chapter 4. A distance metric is
then calculated between the unknown transmitter’s feature vector and the
reference feature vectors found in the calibration phase. The minimum values
of various distance metrics are then used to provide multiple estimates for
the transmitter’s location.
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Traditionally, the fingerprinting technique only considered RSS feature and
real-world measurements were taken to construct the reference database [40]. The
technique is limited to use indoors or in small areas, because obtaining the reference
multipath measurements would be impractically for a large area. Since the method
presented in this thesis uses ray-tracing software to generate its reference database
(the MCD) a larger area of operation is allowed. Furthermore, this method allows
for the localization of a mobile emitter found in a hostile territory or other area
where reference measurements can not be obtained.
Since the earlier versions of the technique only relied on RSS, multiple stationary access points (or base stations) were needed [39, 40]. Usually the access
points used were pre-existing in the wireless network. The RSS from transmitters
positioned in reference locations were collected for each access point. A test transmitter than emits from an unknown location, and the RSS is once again collected
for each access point. A distance metric (which will be discussed later) is then
calculated, the minimization of this metric yields the location estimate.
Ref. [39] introduced the use of ray-tracing software and propagation models to
construct the RSS reference database, which induced a slight increase in location
estimate errors compared to the same approach with measured RSS reference data.
This greatly reduced the complexity of the calibration phase and allowed for the
technique to be used in larger areas.
Refs. [41] and [38] implemented fingerprinting techniques which consider more
multipath characteristics then those found in [39, 40]. By using the Channel Impulse Response (CIR) these techniques, essentially utilize all multipath features,
except for the phase of the complex attenuation, which varies greatly over small
distances due to small-scale fading. These techniques are similar to the one presented here, except that our performs a distance metric on each of the estimated
multipath parameters.

6.1

Distance Metric

Multiple distance metrics have been used in fingerprinting localization techniques.
Each has advantageous in different multipath scenarios. Utilization of these metrics is known as instance-based localization as they do not rely on previous lo-
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cation estimates. Intuitively, one may assume that previous location estimates
may offer aide in the estimation of a transmitter in close proximity to a previous estimate. However, Qiu and Kennedy found that implementing a Support
Vector Machine (SVM), which is not an instance-based technique, but rather a
feed-forward network, did not improve location estimation accuracy [38]. The reason that implementation of the SVM, which is known for its aptitude in solving
pattern classification problems, did not improve performance is due to the “smallscale” distribution of multipath characteristics, i.e. the wireless channel impulse
response fluctuates rapidly over short distances.
The instance-based distance metrics analyzed here are:
Nearest Neighbor (NN)
The location corresponding to the reference feature vector which is “nearest” to
the measured feature vector is taken as the location estimate. Therefore, the
normalized location estimate is given as:
"
(i, j) = min
(i,j)

q̂
N
X
X

# P1
fm,n − MCD(i,j,m,n)

p

for P ≥ 1

(6.1)

m=1 n=1

where fm,n denotes the mth multipath attributes of the nth strongest multipath of
the measured feature vector. The value of P defines the LP space on which the
distance is calculated (e.g. P = 1 corresponds to Manhattan distance, P = 2
corresponds to Euclidean distance). Finally, the actual location estimate is given
as:
(x̂, ŷ)NN = (∆x i, ∆y j)

(6.2)

where ∆x and ∆y denote the spatial resolution in the x- and y-directions used
when constructing the MCD, respectively.
K-Nearest Neighbor (KNN)
KNN is similar to to Nearest Neighbor, except now the K smallest distance measurements (corresponding to the K nearest neighbors) are used in the location
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estimate. Let (x̂k , ŷk )NN

for k = 1, . . . , K denote the K nearest neighbors.

Then, the KNN location estimate is given as:
K
P

(x̂, ŷ)KNN =

(x̂k , ŷk )NN

k=1

(6.3)

K

KNN can overcome problems that arise when the MCD is too sparsely populated
by combining several close neighbors [38]. KNN is a special case of K-Weighted
Nearest Neighbors (KWNN), where each weight is equal to unity.
K-Weighted Nearest Neighbors (KWNN)
KWNN is a weighted average of the K-nearest location estimates, given as:
K
P

(x̂, ŷ)KWNN =

wk (x̂k , ŷk )NN

k=1
K
P

(6.4)
wk

k=1

A natural selection for the weights would the inverse of the distance between
measured/simulated and reference feature vectors, but alternate weights may be
better suited for the multipath characteristics which arise in an urban environment.
For example, certain multipath characteristics in the measured/simulated feature
vector may be more susceptible to estimation errors and therefore should not influence the weights as more stable characteristics. A simple case of this is when a
feature is not used in the distance metric, this feature is essentially weighted with
a ‘0’.

6.2

Localization Algorithm

The objective in developing the localization algorithm is to efficiently provide an
accurate location estimate. The algorithm must utilize multipath characteristics
that are strongly correlated to the final location estimate, while discarding multipath characteristics that have a commonality across the entire area of interest.
Therefore, multipath parameters with small variance, relative to the parameter’s
range, should be ignored, this will increase the efficiency of the algorithm. The
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(theoretical) ranges and simulated multipath parameters’ standard deviations are:

DOA1: θ ∈ [0◦ , 180◦ ];

σθ = 1.81◦

DOA2: φ ∈ [0◦ , 180◦ ];

σφ = 109.68◦

TOA: τ ∈ [0 µs, 20 µs];

στ = 1.80 µs

RSS: RSS ∈ [1 × 10−25 ≈ 0 mW, 1 mW];

σRSS = 4.14 × 10−7 mW

The direction-of-arrival in the φ-direction (azimuth) and the time-of-arrival
have the greatest variation within their respective theoretical ranges.1 .
The limited variation of the multipath signals in the θ-direction (elevation) is
expected, because the receiver is placed at an elevation of 10 meters (with respect
to the terrain), which is comparable to most building heights in the area-of-interest.
In a city with taller buildings, the multipaths’ elevation angles would vary more,
and could be used as another multipath characteristic in the localization algorithm.
For our purposes, the θ-direction AOA characteristic was not used, thus increasing
the speed of the localization algorithm without severely impacting its accuracy (for
this scenario).
The RSS also has a small variability with respect to its theoretical range. Furthermore, the multipath fast-fading phenomena inhibits an accurate estimate of
RSS over our observation time. Although the average power of the signals could
be approximated if the observation time was increased to several bursts, the raytracing model used here is too rudimentary to yield realistic power estimates for
comparison, and therefore does not contribute to our proof of concept. Therefore,
the use of the RSS in the MCD and the discussion of its estimate is omitted.
A basic outline of the entire process used in this thesis, including the localization
algorithm is presented in Figure 6.1.
1

φ is the azimuth unit vector in the traditional spherical coordinate system, oriented in the
plane of the horizon. Note: φ is restricted to the half-plane extending from the ARL building
toward Tx Grid, this because only a (1D) uniform linear antenna array was considered, therefore
ambiguities would arise if a signal emanated from ‘behind’ the array (i.e. from left of the ARL
Building in Figure 5.3).
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Figure 6.1: A flowchart of the entire geolocation process described in this thesis.
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6.3

Geolocation Algorithm Analysis

Several different estimation scenarios are shown in this section, followed by statistics of the geolocation algorithm. The following figures are plots of the normalized
distance metrics for each transmit location considered in the MCD. The number
of antennas used in the linear array was 4, with a half wavelength spacing between
them. 30 channel estimates were taken, and an oversampling factor of 10 was used.
The initial transmit location and SNR used is case specific.
Figures 6.2 and 6.3 show estimation results for the same initial transmitter
location with an SNR of 15 dB, for JADE-MUSIC and JADE-ESPRIT techniques,
respectively. We see that as the MUSIC estimation is slightly improved with the
addition of more nearest neighbors, the converse is true for the ESPRIT case. Thus,
the ESPRIT has erroneous location estimation peaks which are far from the actual
transmitter location. If the consideration of nearest neighbors vastly changes the
estimation location, then most likely the initial estimation is incorrect; however
this is valid in this case. The peaks causing the unreliability of the NN estimates
could be mitigated by adding additional feature vectors to compare during the
algorithm.
Figures 6.4 and 6.5 show estimation results for the same intial transmitter
location with an SNR of 30 dB, for JADE-MUSIC and JADE-ESPRIT techniques,
respectively. Here we the MUSIC estimation is poor when only considering the
largest estimation peak. However, by utilizing the nearest neighbors the estimation
is vastly improved. For the JADE-ESPRIT case, the error for all distance metrics
is approximately the same. One interesting note about this case is that the KNN
and WKNN distance metrics appear to coincide with eachother, thus the peak
values for the first 24 highest estimation peaks must be very close!
Figures 6.6 and 6.7 show estimation results for the same intial transmitter location with an SNR of 0 dB, for JADE-MUSIC and JADE-ESPRIT techniques, respectively. We see in the JADE estimation that the estimation peaks are extremely
colocated, yielding virtually no change between each distance metric. Since the
SNR is 0 dB in this case, it is most likely that the error in the estimation of the
multipath parameters resulted in a feature vector very similar to a nearby location to the actual transmitter location. Finally, for the ESPRIT estimation, we
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see a great example of the NN distance metrics providing a much better estimate
than the single highest estimation peak. This shows the value of the non-weighted
nearest neighbor approach when the highest estimation peak dominates all others.
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Figure 6.2: JADE-MUSIC geolocation prediction results for NN, 8NN, 12NN,
24NN, 8WNN, 12WNN, and 24WNN distance metrics at a SNR of 15 dB.
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Figure 6.3: JADE-ESPRIT geolocation prediction results for NN, 8NN, 12NN,
24NN, 8WNN, 12WNN, and 24WNN distance metrics at a SNR of 15 dB.
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Figure 6.4: JADE-MUSIC geolocation prediction results for NN, 8NN, 12NN,
24NN, 8WNN, 12WNN, and 24WNN distance metrics at a SNR of 30 dB.
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Figure 6.5: JADE-ESPRIT geolocation prediction results for NN, 8NN, 12NN,
24NN, 8WNN, 12WNN, and 24WNN distance metrics at a SNR of 30 dB.
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Figure 6.6: JADE-MUSIC geolocation prediction results for NN, 8NN, 12NN,
24NN, 8WNN, 12WNN, and 24WNN distance metrics at a SNR of 0 dB.
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Figure 6.7: JADE-ESPRIT geolocation prediction results for NN, 8NN, 12NN,
24NN, 8WNN, 12WNN, and 24WNN distance metrics at a SNR of 0 dB.

Tables 6.1 - 6.3 display the number of times a location estimate was within
a certain radius of the actual transmit location. An oversampling rate of 10 was
used, and a uniform linear array with 6 antennas (spaced a half wavelength apart)
was used. The number of trials performed was 100. We see that ESPRIT overall
performance was worse than that of the MUSIC algorithm, this is expected as
the JADE-ESPRIT algorithm has stricter requirements than the JADE-MUSIC
algorithm. Furthermore, it appears that occasionally method/radius pairs yield
more hits as the SNR is decreased. This is due to errors which ‘move’ the location
estimate to a close neighbor of the actual transmit location by coincidence. If
more multipath features are added, the occurrence of this phenomena would be
diminished, as more separation between adjacent transmit locations feature vectors
would occur. However, as multipath parameters are increased, the computational
complexity of the localization algorithm increases as well, as discussed in Chapter
4.
Overall, these results show that the geolocation technique is conceptually sound.
Although a 50% sucess rate at a 100 meter radius may not meet the requirements

84

Table 6.1: Geolocation Analysis (SNR = 30 dB). Number of ‘hits’ within given
radius to actual location for each distance metric out of 50 trials.

Method

NN
4NN
8NN
12NN
4WNN
8WNN
12WNN
NN
4NN
8NN
12NN
4WNN
8WNN
12WNN

10
27
17
13
11
19
15
12
11
9
8
5
9
9
7

Radius (meters)
25 50 100 200
36 44 57
71
30 37 52
75
25 33 52
76
22 28 47
69
31 40 55
78
29 38 51
76
23 30 51
75
23 31 39
56
16 31 42
57
16 29 39
57
14 33 41
59
15 32 42
58
16 28 42
58
15 33 43
60

MUSIC

ESPRIT

Table 6.2: Geolocation Analysis (SNR = 15 dB). Number of ‘hits’ within given
radius to actual location for each distance metric out of 50 trials.

Method

NN
4NN
8NN
12NN
4WNN
8WNN
12WNN
NN
4NN
8NN
12NN
4WNN
8WNN
12WNN

10
24
14
10
9
16
11
10
9
9
7
6
9
7
6

Radius (meters)
25 50 100 200
37 43 54
69
26 35 50
71
22 30 50
74
22 27 45
67
29 38 52
72
25 35 58
71
23 28 46
71
22 29 37
56
13 29 40
55
13 26 37
58
12 28 37
61
14 30 41
56
13 27 40
61
12 30 40
62

MUSIC

ESPRIT
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Table 6.3: Geolocation Analysis (SNR = 0 dB). Number of ‘hits’ within given
radius to actual location for each distance metric out of 50 trials.

Method

NN
4NN
8NN
12NN
4WNN
8WNN
12WNN
NN
4NN
8NN
12NN
4WNN
8WNN
12WNN

10
23
16
11
8
17
12
10
11
6
7
6
9
7
6

Radius (meters)
25 50 100 200
34 41 51
66
28 33 45
67
21 30 46
70
20 27 41
68
30 36 48
69
25 34 46
69
21 27 42
71
19 27 34
49
13 28 39
54
14 29 37
57
13 28 38
58
16 28 39
54
14 27 29
56
13 28 37
59

MUSIC

ESPRIT

of practical systems, with improvements (discussed in the following chapter) a
reasonable performance level may be achievable.

Chapter

7

Conclusions and Further Work
The goal of this thesis was to build upon existing geolocation techniques by combining the fingerprint method with additional multipath characteristics. The research presented here was solely simulated, but aims to yield an understanding
and starting point for future research.
In chapter 2, A background for the wireless channel was provided to yield valuable insight into the complex problem at hand. Channel coherence was discussed
to provide a context for various phenomena that could be expected during this
research project. The discrete channel model was presented, this model was later
used in the multipath characteristic estimation techniques. Finally, a method for
estimating the via the Viterbi equalizer was discussed.
Chapter 3 presented the GSM modulation scheme, along with a linear approximation to GMSK provided by the AMP method. This chapter is meant to serve
as a quick reference or a good starting point to whomever wishes to continue this
work. Furthermore, the results presented here served as a validation of the simulated GSM signal, along as the performance of the AMP approximation method.
The next chapter contains a crucial component to the geolocation technique,
the feature vector estimation techniques were explained and derived. Any location
estimate is heavily dependent on the accuracy of these techniques. Methods of
determining the number of multipaths was presented as a guide for future work.
The JADE-MUSIC and JADE-ESPRIT algorithms were derived, and their performance was compared. The analysis showed an advantage in using the JADEMUSIC algorithm for higher SNRs, however it was stated that this method is more
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computationally expensive then the JADE-ESPRIT method.
An analysis of the MCD was given, the MCD was derived from simulations
in State College, PA, over a 2D grid of transmitters. The MCD could be applied
to any multipath-rich environment, and can be easily adapted to 3D transmitter
placement. The method used in the ray-tracing software was presented, and the
organization of the multipath characteristics in the MCD was explained. Clustering algorithm analysis was given, which is meant to serve as a catalyst of the
geolocation technique in future work.
Lastly, the geolocation algorithm, variations of the distance metrics used in the
algorithm, and analysis of the algorithm was presented. The localization algorithm
shows good promise, as it consistently provided an estimate within 25 meters of a
transmitter about 25% of the time (when averaged over all distance metrics).
The transformation of this problem from using simulated data to real-world
measurements, will surely reduce its robustness, but expanding on the technique
presented here could still yield a reliable localization process. With more multipath characteristics available to the feature vectors, the ability to use clustering to
further define the feature vector space, and the availability of other location estimation distance metrics, this technique may still prove valuable. The biggest threat
to this technique is its limitation to band-limited signals, as wideband communications become more popular this technique could eventually become obsolete. For
now, the results presented here show real promise for a new geolocation technique,
and future work to be done is plentiful.

Appendix

A

Geolocate.m
Contents
• Geolocate a transmitter in an Urban Environment
• Initialize Constants
• Load MCD and Choose a Random Transmit Location
• Plot Estimation Results
• Calculate Distance Metrics
• Determine Location Estimate Based on Distance Metric
• Determine Radius Between Estimates and Actual Location
• Plot Results

Geolocate a transmitter in an Urban Environment
clear all; clc; close all

Initialize constants
SNRs = [30 15 10];

%Signal-to-Noise ratio

num_iter = 1;
OF = 2;

%Oversampling factor

angsweep = 90;

%Predicted angle-spread of multipaths ...
%[-angsweep, +angsweep]

figures = 0;

%Turn figures on (1) or off (2)

89

Load MCD and Choose a Random Transmit Location
load MCDfinal
% MCD = [xindex, ysindex, Multipath_#, [Phi, Theta, Power, TOA]’)
[W, X, Y, Z] = size(MCD(:,:,:,:));
xlocs = randi(W,num_iter);
ylocs = randi(X,num_iter);
for perform = 1:numel(SNRs)
disp([’Performing over SNR ’, num2str(perform), ’.’])
for iter = 1:num_iter
SNR = SNRs(perform);
g = 0;
while g == 0;
xloc = xlocs(iter);
yloc = ylocs(iter);
% Extract AOAs and TOAs from locations within the MCD
MP(:,:) = MCD(xloc, yloc,:,:);
AOAs = MP(:,1);
TOAs = MP(:,4);
K = numel(AOAs);

% Ignore AOAs from behind the receiver
TOAs(AOAs > 180) = 0;
AOAs(AOAs > 180) = 0;

% Ignore multipaths that are too closely spaced, in reality they
% would most likely produce only a single signal, and they diminish
% the performance of the JADE-MUSIC and JADE-ESPRIT algorithms
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for k = K:-1:1
toa = TOAs(k);
aoa = AOAs(k);
for m = [1:k-1 k+1:K]
D = sqrt(((toa - TOAs(m))^2)/max(TOAs/OF) +...
((aoa - AOAs(m))^2)/(2*angsweep));
if D < 1
TOAs(k) = 0;
AOAs(k) = 0;
end
end
end
% Delete ignored AOA and TOA entries
RP = 10.^(MP(find(AOAs),3)’./10);
if numel(find(AOAs)) ~= K
TOAs = TOAs(find(AOAs));
AOAs = AOAs(find(AOAs));
end
% Translate angles from [0, 180] to [-90, 90]
AOAs = AOAs - 90;
K = numel(AOAs);
RP = RP./max(RP);
% Check to make sure at least 1 MP exists in location in MCD
if isempty(AOAs);
xlocs(iter) = randi(W);
ylocs(iter) = randi(X);
g = 0;
else
g = 1;
end
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end
% Call JADE algorithms and determine AOA/TOA estimations
[AOAs_M,TOAs_M,AOAs_E,TOAs_E] = jade(AOAs,TOAs,RP,SNR,OF,angsweep);

Plot Estimation Results
if figures == 1;
figure(’units’,’inches’,’position’, [2 2 8.5 6.5],’color’,[1 1 1]);
plot(TOAs*270.8E3,AOAs,’xk’,’markersize’,10)
hold on
plot(TOAs_M/OF,AOAs_M,’sb’,’markersize’,10)
hold on
grid on
plot(TOAs_E/OF,AOAs_E,’^r’,’markersize’,10)
ylabel([’AOA ’, ’$(^\circ)$’])
xlabel([’TOA ’, ’$(\tau/T)$’])
legend(’$Actual$’, ’$MUSIC_{est}$’, ’$ESPRIT_{est}$’, ’location’,...
’NorthEast’)
end

Calculate Distance Metrics
AOAs_M = AOAs_M + 90;
AOAs_E = AOAs_E + 90;
TOAs_M = TOAs_M/(OF*270.8E3);
TOAs_E = TOAs_E/(OF*270.8E3);
LOC_EST_M = zeros(W,X);
LOC_EST_E = zeros(W,X);
D_MUSIC = zeros(1, numel(MCD(1,1,:,1)));
D_ESPRIT = zeros(1, numel(MCD(1,1,:,1)));
for m = 1:W
for n = 1:X
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for k = 1:K
for p = 1:numel(MCD(1,1,:,1))
D_MUSIC(p) = sqrt((MCD(m,n,p,4) - TOAs_M(k))^2 +...
(MCD(m,n,p,1) - AOAs_M(k))^2);
D_ESPRIT(p) = sqrt((MCD(m,n,p,4)- TOAs_E(k))^2 +...
(MCD(m,n,p,1)- AOAs_E(k))^2);
end
LOC_EST_M(m,n) = LOC_EST_M(m,n) + min(D_MUSIC);
LOC_EST_E(m,n) = LOC_EST_E(m,n) + min(D_ESPRIT);
end
end
end

Determine Location Estimate Based on Distance Metric
K = 24;

%Set K for KNN and KWNN metrics

%Initialize the K location estimates for MUSIC and ESPRIT
x_est_M = zeros(1,K);
y_est_M = zeros(1,K);
x_est_E = zeros(1,K);
y_est_E = zeros(1,K);
LOC_EST_M = 1./LOC_EST_M;
LOC_EST_M = LOC_EST_M/(max(max(LOC_EST_M)));
for m = 1:K
[Y x_M] = max(LOC_EST_M);
[Y y_M] = max(Y);
x_M = x_M(y_M);
w(m) = LOC_EST_M(x_M, y_M);
LOC_EST_M(x_M, y_M) = 0;
x_est_M(m) = x_M;
y_est_M(m) = y_M;
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end
% Determine x and y location estimates for various distance metrics:
%(1) max, (2) 4NN (3) 8NN (4) 12NN (5) 4WNN (6) 8WNN (7) 12WNN
x_M(1) = x_est_M(1);
y_M(1) = y_est_M(1);
x_M(2) = sum(x_est_M(1:8))/8;
y_M(2) = sum(y_est_M(1:8))/8;
x_M(3) = sum(x_est_M(1:12))/12;
y_M(3) = sum(y_est_M(1:12))/12;
x_M(4) = sum(x_est_M)/K;
y_M(4) = sum(y_est_M)/K;
x_M(5) = sum(x_est_M(1:8)*w(1:8)’)/sum(w(1:8));
y_M(5) = sum(y_est_M(1:8)*w(1:8)’)/sum(w(1:8));
x_M(6) = sum(x_est_M(1:12)*w(1:12)’)/sum(w(1:12));
y_M(6) = sum(y_est_M(1:12)*w(1:12)’)/sum(w(1:12));
x_M(7) = sum(x_est_M*w’)/sum(w);
y_M(7) = sum(y_est_M*w’)/sum(w);

LOC_EST_E = 1./LOC_EST_E;
LOC_EST_E = LOC_EST_E/(max(max(LOC_EST_E)));
for m = 1:K
[Y, x_E] = max(LOC_EST_E);
[Y, y_E] = max(Y);
x_E = x_E(y_E);
w(m) = LOC_EST_E(x_E, y_E);
LOC_EST_E(x_E, y_E) = 0;
x_est_E(m) = x_E;
y_est_E(m) = y_E;
end
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% Determine x and y location estimates for various distance metrics:
%(1) max, (2) 4NN (3) 8NN (4) 12NN (5) 4WNN (6) 8WNN (7) 12WNN
x_E(1) = x_est_E(1);
y_E(1) = y_est_E(1);
x_E(2) = sum(x_est_E(1:8))/8;
y_E(2) = sum(y_est_E(1:8))/8;
x_E(3) = sum(x_est_E(1:12))/12;
y_E(3) = sum(y_est_E(1:12))/12;
x_E(4) = sum(x_est_E)/K;
y_E(4) = sum(y_est_E)/K;
x_E(5) = sum(x_est_E(1:8)*w(1:8)’)/sum(w(1:8));
y_E(5) = sum(y_est_E(1:8)*w(1:8)’)/sum(w(1:8));
x_E(6) = sum(x_est_E(1:12)*w(1:12)’)/sum(w(1:12));
y_E(6) = sum(y_est_E(1:12)*w(1:12)’)/sum(w(1:12));
x_E(7) = sum(x_est_E*w’)/sum(w);
y_E(7) = sum(y_est_E*w’)/sum(w);

Determine Radius Between Estimates and Actual Location
r_M = 3.5*1E-3*sqrt(sum(([xloc yloc]’*ones(1,7) - [x_M; y_M]).^2));
r_E = 3.5*1E-3*sqrt(sum(([xloc yloc]’*ones(1,7) - [x_E; y_E]).^2));

% Count number of ’hits’
M_r200(iter, :, perform) = lt(r_M,.2);
M_r100(iter, :, perform) = lt(r_M,.1);
M_r50(iter, :, perform) = lt(r_M,.05);
M_r25(iter, :, perform) = lt(r_M,.025);
M_r10(iter, :, perform) = lt(r_M,.010);
M_r5(iter, :, perform) = lt(r_M,.005);
E_r200(iter, :, perform) = lt(r_E,.2);
E_r100(iter, :, perform) = lt(r_E,.1);
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E_r50(iter, :, perform) = lt(r_E,.05);
E_r25(iter, :, perform) = lt(r_E,.025);
E_r10(iter, :, perform) = lt(r_E,.010);
E_r5(iter, :, perform) = lt(r_E,.005);

Plot Results
if figures == 1
S = [’s’; ’v’; ’<’; ’^’; ’h’; ’p’; ’d’];
C = [0.1 0.1 0.1];
figure(’units’,’inches’,’position’,[4 0.5 9.5 6.5],’color’,[1 1 1]);
imagesc((1:3.5:3.5*X)*1E-3,(1:3.5:3.5*W)*1E-3, ...
flipud(rot90(LOC_EST_M_o)))
axis xy
colorbar
colormap(summer)
hold on
scatter(3.5*xloc*1E-3,3.5*yloc*1E-3,400,[0.1 0.1 0.1],’linewidth’,2)
for m = 1:7
hold on
scatter(3.5*x_M(m)*1E-3,3.5*y_M(m)*1E-3,400,C,S(m),’linewidth’,2)
end
grid on
xlabel(’x-location (km)’)
ylabel(’y-location (km)’)
hleg1 = legend(’Actual’,’Max’,’8NN’,’12NN’,’24NN’,’8WNN’,’12WNN’,...
’24WNN’, ’orientation’, ’horizontal’);
set(hleg1, ’position’, [0.49, 0.02, 0.02, 0.001]);
title(’JADE-MUSIC Estimate’)
figure(’units’,’inches’,’position’,[4 0.5 9.5 6.5],’color’,[1 1 1]);
imagesc((1:3.5:3.5*X)*1E-3, (1:3.5:3.5*W)*1E-3, ...

96
flipud(rot90(LOC_EST_E_o)))
axis xy
colorbar
colormap(summer)
hold on
scatter(3.5*xloc*1E-3,3.5*yloc*1E-3,400,[0.1 0.1 0.1],’linewidth’,2)
for m = 1:7
hold on
scatter(3.5*x_E(m)*1E-3, 3.5*y_E(m)*1E-3,400,C,S(m),’linewidth’,2)
end
view([0 90])
colorbar
grid on
xlabel(’x-location (km)’)
ylabel(’y-location (km)’)
title(’JADE-ESPRIT ESTIMATE’)
hleg2 = legend(’Actual’,’Max’,’8NN’,’12NN’,’24NN’,’8WNN’,’12WNN’,...
’24WNN’, ’orientation’, ’horizontal’);
set(hleg2, ’position’, [0.49, 0.02, 0.02, 0.001]);
end
end
end
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Jade.m
Contents
• Perform Joint-Angle Delay Estimation
• Error Messages
• Define DoAs, ans ToAs of K-Multi-Path Signals
• Define Multipath Parameters
• Compute Channel Estimates
• Perform MUSIC Algorithm
• Combine TOA/AOA Peaks that are ’Close’ and Add Next Peak to Estimation
• Perform ESPRIT Algorithm

Perform Joint-Angle Delay Estimation
function [AOAs\_M,TOAs\_M,AOAs\_E,TOAs\_E] = ...
jade(AOAs, TOAs, RP, SNR, OF, angsweep)

load ’Pulse Shape’
K = numel(AOAs);

%Number of multipaths

data_rate = 270.8E3;

%Symbol Rate

Fc = 836.3E6;

%Carrier Frequency
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Fs = OF*270.8E3;

%Sampling Frequency of Receiver (10MHz is...
%chosen so delay spreads are resolvable)

P = 6;

%Number of Elements in Antenna Array ...
%(Note: P >= 1.5*K for F/B SS)

dx = .1115;

%Antenna Array Element Seperation (m) ...
%(Note: Must be less than lambda/2)

num_time_slots = 1;

%Channel fadings are stationary for:

%30 time slots if Tx is moving at walking speeds
%1 time slot if Tx is moving at driving speeds
num_chan = 30;

%Number of channel estimates (must be ...
%less than the number of time slots that ...
%AOA and TOA are stationary

Lg = 5;

%Length of Pulse Shaping Function

W = 1;

%Factor for determining bandwidth of...
%Pulse Shaping Function

var_RP = 1;

%Variance of multipath received powers

Error Messages
if dx >= 1.5e8/Fc
warning(’Antenna separation must be greater than lambda/2’)
dx = 1.5e8/Fc;
disp([’dx set to lambda/2 = ’, num2str(dx)])
end

Define AOAs, ans TOAs of K-Multi-Path Signals
theta_0 = AOAs;
toa_0 = TOAs;
%Convert ToA’s from time to indices
toa_0 = ceil(toa_0*AMP_OF*data_rate);
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Define Multipath Parameters
% Create Antenna Array Matrix
A = zeros(P,K);
for k = 1:K
for p = 1:P
A(p,k) = exp(-2*pi*1i*Fc/3E8*dx*(p-1)*sind(theta_0(k)));
end
end
% Create Pulse Shaping Matrix
L = ceil(Lg + max(toa_0)/AMP_OF);
g = [C0 zeros(1, (L-Lg)*AMP_OF)];
G = zeros(K, numel(g));
for k = 1:K
G(k,:) = circshift(g, [1 toa_0(k)]);
end
g = downsample(g, ceil(AMP_OF/OF));
G = downsample(G’,ceil(AMP_OF/OF))’;
toa_0 = toa_0*OF/AMP_OF;
for m = 1:num_chan
if mod(m-1, num_time_slots) == 0
%Create Attenuation Matrix
Betas = RP + var_RP*(randn(1,K) + 1i*randn(1,K));
Atten_Mat = diag(Betas)/K;

Compute Channel Estimates
H_ESPRIT = A*Atten_Mat*G;
H_MUSIC = zeros(P*OF,L);
for n = 1:L
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H_MUSIC(1:P,n) = H_ESPRIT(:,(n-1)*OF+1);
for k = 2:OF
H_MUSIC((k-1)*P+1:k*P,n) = H_ESPRIT(:,k + (n-1)*OF);
end
end
end
% Compute Digital Data Sequence
u = 2*(randi([0 1],1,26)-0.5);
s = 1;
for k = 1:numel(u)
s(k+1) = s(k)*u(k);
end
s = [zeros(1,4) s]’;
S_ESPRIT = s(1:5).*[1i^(-2) 1i^(-1) 1i^(0) 1i^(1) 1i^(2)].’;
S_MUSIC = s(1:5).*[1i^(-2) 1i^(-1) 1i^(0) 1i^(1) 1i^(2)].’;
for k = 2:numel(s)-4
S_ESPRIT = [S_ESPRIT s(k:k+4).*[1i^(k-3) 1i^(k-2) 1i^(k-1)...
1i^(k) 1i^(k+1)].’];
S_MUSIC = [S_MUSIC; s(k:k+4).*[1i^(k-3) 1i^(k-2) 1i^(k-1)...
1i^(k) 1i^(k+1)].’];
end
%Sample S Matrix (Only used for JADE-MUSIC)
S_MUSIC_samp = zeros(L, numel(S_MUSIC));
for k = 1:numel(S_MUSIC)-L+1
S_MUSIC_samp(:,k) = S_MUSIC(k:k+L-1);
end
%Oversampled S Matrix (Only used for JADE-ESPRIT)
S_ESPRIT_samp = kron(S_ESPRIT(1:L),ones(OF,1)’)’;
for k = 2:numel(S_ESPRIT)-numel(u)-1
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S_ESPRIT_samp(:,k) = kron(S_ESPRIT(k+1:k+L),ones(OF,1)’)’;
end
X_MUSIC = H_MUSIC*S_MUSIC_samp;
X_ESPRIT = H_ESPRIT*S_ESPRIT_samp;
% Add Noise to Received Signal Matrix
sig_energy = sum(sum((abs(X_MUSIC)-mean(mean(abs(X_MUSIC)))).^2))...
./numel(X_MUSIC);
sig_noise = sqrt(10^(-SNR/10)*sig_energy/2)*(randn(size(X_MUSIC))...
+ 1i*randn(size(X_MUSIC)));
X_MUSIC = X_MUSIC + sig_noise;
sig_energy=sum(sum((abs(X_ESPRIT)-mean(mean(abs(X_ESPRIT)))).^2))...
./numel(X_ESPRIT);
sig_noise=sqrt(10^(-SNR/10)*sig_energy/2)*(randn(size(X_ESPRIT))...
+ 1i*randn(size(X_ESPRIT)));
X_ESPRIT = X_ESPRIT + sig_noise;
% Calculate Noisy Channel Estimate
H_MUSIC = X_MUSIC*pinv(S_MUSIC_samp);
H_ESPRIT = X_ESPRIT*pinv(S_ESPRIT_samp);
%Create Vectorized Channel Matrix for JADE-MUSIC
vec_H_MUSIC = H_MUSIC(:,1);
for k = 2:size(H_MUSIC,2)
vec_H_MUSIC = [vec_H_MUSIC; H_MUSIC(:,k)];
end
h_MUSIC(:,m) = vec_H_MUSIC;
% Create Vectorized Channel MATRIX for JADE-ESPRIT
% Create DFT matrix
F = zeros(L*OF,L*OF);
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for n = 1:L*OF
for k = 1:L*OF
F(n,k) = exp(-1i*2*pi/(L*OF))^((n-1)*(k-1));
end
end
F = OF*F;
% Compute Fourier Transform of Channel Matrix and Pulse Shape Matrix
H_ESPRIT_ft = H_ESPRIT*F;
G_ft = (g*F).’;
% Compute Selection Matrix
J_g = selection_matrix(W, L, OF);
% Deconv G from H_ESPRIT, and vectorize Channel Matrix H
H_Deconv = H_ESPRIT_ft*J_g*inv(diag(G_ft.’*J_g));
vec_H_ESPRIT = H_Deconv(1,:).’;
for k = 2:size(H_Deconv,1)
vec_H_ESPRIT = [vec_H_ESPRIT; H_Deconv(k,:).’];
end
h_ESPRIT(:,m) = vec_H_ESPRIT;
end

Perform MUSIC Algorithm
[toa_est_MUSIC,aoa_est_MUSIC] = ...
fJADE_MUSIC(h_MUSIC,P,L,Lg,OF,AMP_OF,K,C0,Fc,dx,angsweep);

Combine TOA/AOA Peaks that are ’Close’ and Add Next
Peak to Estimation
Y = 1;
for k = K:-1:1
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toa = toa_est_MUSIC(k);
aoa = aoa_est_MUSIC(k);
for m = [1:k-1 k+1:K]
D = sqrt(((toa - toa_est_MUSIC(m))^2)/max(toa_0/OF) +...
((aoa - aoa_est_MUSIC(m))^2)/(2*angsweep));
if D < .4 && toa_est_MUSIC(k) ~= 0 && (K+Y) ~=...
numel(toa_est_MUSIC)
toa_est_MUSIC(k) = toa_est_MUSIC(K+Y);
aoa_est_MUSIC(k) = aoa_est_MUSIC(K+Y);
toa = toa_est_MUSIC(k);
aoa = aoa_est_MUSIC(k);
m = 1;
Y = Y + 1;
elseif (K+Y) == numel(toa_est_MUSIC)
break
end
end
end
TOAs_M = toa_est_MUSIC(1:K)’;
AOAs_M = aoa_est_MUSIC(1:K)’;

Perform ESPRIT Algorithm
[TOAs_E AOAs_E] = fJADE_ESPRIT(h_ESPRIT, P, L, OF, K, W, Fc, dx);
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fJADE MUSIC.m
Contents
• MUSIC Algorithm
• Plot MUSIC Psuedo-Spectrum and Determine Peaks
function [toalocs aoalocs] = ...
fJADE_MUSIC(h_MUSIC,P,L,Lg,OF,AMP_OF,K,C0,Fc,dx,angsweep);

MUSIC Algorithm
h_MUSIC = gpuArray(h_MUSIC);
[V d] = eig(cov(h_MUSIC’));
NEV = P*L*OF-K;

%Use to Manually set Number of Eigen-Vectors...
%(NEV) in Noise Subspace

angstep = 1;
timestep = 2;
g = [C0 zeros(1, (L-Lg)*AMP_OF)];
P_mu = gpuArray(zeros(2*angsweep/angstep+1,(L-Lg)*...
AMP_OF/timestep + 1));
for theta = -angsweep:angstep:angsweep
% Create steering matrix
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a = zeros(P,1);
for n = 1:P
a(n) = exp(-2*pi*1i*Fc/3e8*dx*(n-1)*sind(theta));
end
a = gpuArray(a);
for toa = 0:timestep:(L-Lg)*AMP_OF
g_delay = circshift(g, [1 toa]);
g_delay_samp = downsample(g_delay, ceil(AMP_OF/OF));
a = gpuArray(a);
g_delay_samp = gpuArray(g_delay_samp);
u = kron(g_delay_samp’,a);
u = gpuArray(u);
%MUSIC Psuedo-Spectrum
P_mu(uint16((theta+angsweep)/angstep+1),uint16(toa/timestep+1))...
= 1/abs((u’*V(:,K+1:P*L*OF)*V(:,K+1:P*L*OF)’*u));
end
end

Plot MUSIC Psuedo-Spectrum and Determine Peaks
P_mu = gather(P_mu);
P_mu = P_mu./max(max(P_mu));
P_mu = max(P_mu,0);
[P_mu1 P_mu2] = size(P_mu);
if P_mu2 > 1
[~, IMAX, ~, ~] = extrema2(P_mu);
aoalocs = mod(IMAX, (angsweep*2)/angstep+1)*angstep-angsweep-1;
aoalocs = [aoalocs; zeros(K,1)];
toalocs = floor(IMAX/((angsweep*2)/angstep+1))*OF/AMP_OF;
toalocs = timestep*[toalocs; ones(K,1)*(L-Lg)/(timestep)];
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else
aoalocs = zeros(K,1);
toalocs = ones(K,1)*(L-Lg);
end
%
% figure(’units’,’inches’,’position’,[2 2 8.5 6.5],’color’,[1 1 1]);
% surf(P_mu)
% title(’Normalized JADE-MUSIC Psuedo-Spectrum’)
% %narrow_colorbar
% ylabel([’AOA ’, ’$(^\circ)$’], ’fontname’, ’times’)
% xlabel([’TOA ’, ’$(\tau/T)$’])
% zlabel(’Normalized Magnitude (dB)’)
end
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fJADE ESPRIT.m
Contents
• Determine Basis of the column Span U, the matrix E
• Create Selection Matrices
• Take Selections of the Basis Matrix E
• Perform Shur Decompositions
function [toa_est aoa_est] = ...
fJADE_ESPRIT(h_ESPRIT, P, L, OF, K, W, Fc, dx);

Determine Basis of the column Span U, the matrix E
[V d] = eig(cov(h_ESPRIT’));
% Basis containing K largest singular values of Cov(H_est_deconv)
E = V(:,length(V)-K+1:length(V));

Create Selection Matrices
J_psi = kron(eye(P), [eye(L*W-1) zeros(L*W-1,1)]);
J_psi2 = kron(eye(P), [zeros(L*W-1,1) eye(L*W-1)]);
J_phi = kron([eye(P-1) zeros(P-1,1)], eye(L*W));
J_phi2 = kron([zeros(P-1,1) eye(P -1)], eye(L*W));
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Take Selections of the Basis Matrix E
E_psi = J_psi*E;
E_psi2 = J_psi2*E;
E_phi = J_phi*E;
E_phi2 = J_phi2*E;

Perform Shur Decompositions
[~, e] = joint_diag([pinv(E_psi)*E_psi2 pinv(E_phi)*E_phi2],.8E-13);
Phi = diag(e(:,1:K)).’;
Psi = diag(e(:,K+1:2*K)).’;
toa_est = (1i*L*OF)*log(Phi)./(2*pi);
I = find(toa_est < -OF);
toa_est(I) = toa_est(I) + L*OF;
toa_est = real(toa_est);
aoa_est = asin(log(Psi)*(3E8/(-2*pi*1i*Fc*dx)));
aoa_est = real(aoa_est*180/pi);
end
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AMP.m
Contents
• Define/Determine Constants
• Generate Phase Smoothing Response
• Generate Linearly Approximated GMSK Signal
• Generate Actual GMSK Signal
• Plot
clear all; close all; clc

Define/Determine Constants
f = 270.8E3;

%Define symbol rate

T = 1/f;

%Define symbol period

BT = 0.3;

%Define time-bandwidth product

AMP_OF = 200;

%Determine oversampling factor

fs = AMP_OF*f;

%Define sampling rate

x = 0:1/fs:T;

%Determine sampling points per period

L = numel(x)-1;

%Define number of samples/period

Generate Phase Smoothing Response
%Generate sampling time vector
t = 0:1/fs:4*T;
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%Define standard deviation of Gaussian pulse
sigma = sqrt(log(2))*T/(2*pi*BT);
%Phase Smoothing Response
PSR = 0.25*(1 + erf((t-2*T)/((1+1/sqrt(2))*sigma)));
%Eqn. (4) in Jung 1994
S0 = [sin(pi*PSR(1:(numel(PSR)-1))) sin((pi/2)-pi*PSR)];
%Generate Impulses used in AMP
for t = 1:5*L
%Eqn. (6) in Jung 1994
C0(t) = S0(t)*S0(t+L)*S0(t+2*L)*S0(t+3*L);
end
%Store sections of length L of C0
C00 = C0(1:L);
C01 = C0(L+1:2*L);
C02 = C0(2*L+1:3*L);
C03 = C0(3*L+1:4*L);
C04 = C0(4*L+1:5*L);
%C1 is determined to show agreement with Jung 1994
for t = 1:3*L+1
C1(t) = S0(t)*S0(t+5*L)*S0(t+2*L)*S0(t+3*L);
end
save(’Pulse Shape’,’C0’,’C00’,’C01’,’C02’,’C03’,’C04’,’AMP_OF’)

Generate Linearly Approximated GMSK Signal
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%Generate transmitted binary data sequence
a = randi([0 1],1,26);
a = 2*(a-0.5);
%Differntially Code the Transmit Signal
u = a;
a = 1;
for k = 1:numel(u)
a(k+1) = a(k)*u(k);
end
a = [zeros(1,4) a];
%Implement modulator structure as defined by Eqn. (11) in Jung 1994
for t = 1:numel(a)-4
e((t-1)*L+1:t*L) = [a(t+4)*C00’ a(t+3)*C01’ a(t+2)*C02’ ...
a(t+1)*C03’ a(t)*C04’]*[1i^(t+1) 1i^(t) 1i^(t-1) ...
1i^(t-2) 1i^(t-3)]’;
end
e = -1i*imag(e) - real(e);
e = e(L/2+2:numel(e));

%Complex Envelope of modulated waveform

Generate Actual GMSK Signal
[I,Q,m] = modGMSK(f,1,AMP_OF,BT,2);

Plot Figures
figure(’units’,’inches’,’position’,[1 1 6.75 5.1],’color’, [1 1 1]);
subplot(2,2,1)
plot(linspace(0,4,numel(PSR)),PSR, ’-k’, ’linewidth’,1.5)
xlabel({’t/T’;’(a)’})
grid on
subplot(2,2,2)
plot(linspace(0,8,numel(S0)),S0, ’-k’, ’linewidth’,1.5)
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xlabel({’t/T’,’(b)’})
grid on
subplot(2,2,[3 4])
plot(linspace(0,5,numel(C0)),C0, ’-k’, ...
linspace(0,3,numel(C1)),C1, ’-k’, ’linewidth’,1.5)
xlabel({’t/T’,’(c)’})
grid on
figure(’units’,’inches’,’position’,[14 1 6.75 4.5],’color’,[1 1 1]);
plot((0:1/fs:(numel(I)/3-1)/fs)*1E6,I(1:numel(I)/3),’-b’, ...
(0:1/fs:(numel(e)/3-1)/fs)*1E6,real(e(1:numel(e)/3)),’:r’,...
’linewidth’,1.5)
xlabel([’Time (’, ’$\mu$’, ’s)’]); ylabel(’Amplitude’);
legend(’GMSK’,’AMP’, ’location’, ’southeast’)
figure(’units’,’inches’,’position’,[1 5 6.75 4.5],’color’,[1 1 1]);
plot((0:1/fs:(numel(Q)/3-1)/fs)*1E6,Q(1:numel(Q)/3),’-b’, ...
(0:1/fs:(numel(e)/3-1)/fs)*1E6,imag(e(1:numel(e)/3)),’:r’,...
’linewidth’,1.5)
xlabel([’Time (’, ’$\mu$’, ’s)’]); ylabel(’Amplitude’);
legend(’GMSK’,’AMP’, ’location’, ’southeast’)
figure(’units’,’inches’,’position’,[14 6 6.75 3.5],’color’,[1 1 1]);
subplot(1,2,1)
plot3(I, Q, 0:1/fs:(numel(I)-1)/fs, ’-b’, ’linewidth’,1.5)
axis([-1 1 -1 1])
axis square
xlabel({’In-Phase’, ’(a)’})
ylabel(’Quad-Phase’)
%zlabel(’Time (sec.)’)
subplot(1,2,2)
plot3(real(e(189:numel(e))), imag(e(189:numel(e))), ...
0:1/fs:(numel(e)-189)/fs, ’-r’, ’linewidth’,1.5)
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axis([-1 1 -1 1])
axis square
xlabel({’In-Phase’, ’(b)’})
ylabel(’Quad-Phase’)
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