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ABSTRACT

Cabin noise due to vibration transmitted from the gearbox is a significant concern to the
rotorcraft industry. The vibrations of most concern occur at frequencies that are annoying for a
human ear, between 500 Hz and 2000 Hz. They propagate to the housing through transmission
mounts that do little to attenuate them, and are a source of discomfort for both passengers and
pilots and can lead to difficulties in communication between crew members.

Many passive and active solutions have been developed over the years to address this
issue, but they are usually heavy, do not meet size requirements and sometimes require power.
Passive elastomeric isolators have been investigated for use in isolation mounts. However, they
are not typically suited for high-frequency isolation. Indeed, monolithic elastomer mounts usually
only isolate low frequencies (usually lower than 100 Hz), and do not meet stiffness requirements
since they are relatively soft.

One very effective solution developed by previous researchers is the use of an axial
multi-layered isolator that is embedded within the mount struts. This isolator consists of a
juxtaposition of different materials: some soft, light material in between dense, stiff layers. It is
characterized by a unique transmissibility, which shows a frequency range in which vibrations are
highly reduced. This is called the “stop band.” The frequencies at the beginning and end of the
stop band are related to the natural frequencies of the isolator.

The present research extends this work, but its aim is to prevent vibrations coming from
the shaft entering the gearbox from propagating into the gearbox housing. The isolator developed
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in this study consists of several concentric rings of different materials and the disturbance forces
act in the radial direction, distinguished from the earlier isolator that addressed axial loads. The
model of the earlier isolator was one-dimensional, whereas the model developed in this work is
two-dimensional.

A three-layered isolator and a five-layered isolator were investigated using both an
assumed modes model and a finite element model. The natural frequencies and mode shapes were
found to characterize each of the isolators, and the results were in good agreement between the
models.

Then the transmissibility of each isolator was studied in order to quantify the isolator’s
effectiveness in terms of frequency stop band and vibration reduction performance. Models of
notional isolators, one with three layers and one with five layers, were developed, each having a
target stop band at the frequency range, [500 Hz; 2000 Hz] and very low transmissibility within
the stop band (up to 0.0009 with the five-layered isolator).

Example cases, with very good performance, were used to identify materials with
properties close to those of the ideal case and that can be readily obtained. Another requirement
was that the materials should be easy to use, so that it would be possible to build the isolators and
to test them experimentally. Moreover, a geometric constraint was added to the model: the inner
radius of the isolator was defined to be equal to the typical outer radius of the bearing
surrounding the input shaft of the gearbox. Good results were found for both three- and fivelayered isolator, with stop bands between [155 Hz; 1957 Hz] and [735 Hz; 2021 Hz] respectively,
and a transmissibility of 0.01 and 0.003 respectively within the stop band. However, these designs
have large outer diameters, 30 cm and 41.2 cm respectively, and thus they are likely too big to be
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implemented in a helicopter gearbox. Additional concepts and materials should be considered in
the future.

Two isolators were designed and built, and are currently being tested at Penn State to
validate the concept and models experimentally. These isolators are smaller than the ones that
include the geometric constraint, and show good performance, with a stop band of 500 Hz to
2000 Hz and a transmissibility of 0.06 within the stop band for the three-layered isolator, and a
stop band of 515 Hz to 1976 Hz for the five-layered isolator with a transmissibility of 0.001
within the stop band.

These encouraging good results should motivate continuing further research on radial
multi-layered isolators for helicopter interior noise reduction.
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Chapter 1
Introduction
1.1 Background and motivation
1.1.1. Source of noise in helicopters
Noise in helicopter cabins is a main source of discomfort for both passengers and
pilots, and also represents a safety problem since it can decrease pilot effectiveness and make
it more difficult to communicate with other crew members [1]. Noise in the cabin is due
mainly to dynamic excitation generated by meshing gear pairs. The helicopter transmission
then transmits these vibrations to the fuselage through rigid connections that do not attenuate
vibrations (see Figure 1-1).

Rigid mounts that
connect the gearbox
to the cabin

Figure 1-1: Transmission of the vibrations through rigid mounts from ( Szefi, [2])
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Indeed, military and commercial helicopter transmissions are typically comprised of
various gear-reducing stages connected to bearing packages, all of which are enclosed in a
metal housing.

Figure 1-2 shows a schematic of the transmission in the US Army’s

OH-58C helicopter [3].

Figure 1-2: OH 58C Helicopter transmission (from Pollard, [1])

An external motor powers an input shaft which rotates at a high speed. A spiral bevel
gear at the end of the input shaft drives the gear reduction system, usually a planetary gear
set, which then outputs power to the rotor at a much lower rotational speed. Since the gear
geometries and alignments are never perfect, fluctuating forces are generated at many toothor gear-meshing frequencies when the transmission operates. The forces are transmitted
through the bearings and into the housing, which then radiates sound directly from its surface
into the cockpit and transmits forces into the helicopter fuselage through its mounting
connections, which in turn vibrate and radiate sound into the cockpit.

Figure 1-3 [3]

illustrates the phenomena that leads to the propagation of noise from the gearbox to the cabin.

3

Figure 1-3: Transmission noise paths (from Pollard, [1])

The resulting sound levels depend not only on the forcing functions at the gear teeth
and transmission paths, but also on the receiver, in this case the acoustic volume enclosed by
the cockpit. In general, the smaller the acoustic volume, the higher the noise levels [1]. The
proximity of the transmission, compared to fixed wing aircraft, makes this issue critical in
helicopters. Typical helicopter noise levels range from 85-115 dBA, a-weighted sound levels
relative to 20μPa. Sound at frequencies between 500Hz and 2000Hz is particularly well
received by the human ear. Also, tonal noise such as that which occurs at gear-meshing
frequencies is much more annoying than broad-band noise and can significantly interfere
with communications between the pilot and other crew members.
Vibration levels up to 31.6 g have been recorded on the Westland Lynx helicopter
during flight. The Lynx noise spectrum in the cabin during flight, shown in Figure 1-4,
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clearly shows the dominance of specific frequencies [2]. Figure 1-5 shows the vibration
spectrum issued from the gearbox of a Sikorsky S-76 helicopter.

Figure 1-4: Lynx gearbox noise identification (from Marze, [4])

Figure 1-5: Cabin acoustic spectrum measured in a Sikorsky S-76 helicopter (from
Marze, [4])
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Tonal noise is more disturbing than broad-band frequency noise and can highly
interfere with the communications between crew members. Therefore, there is a strong need
to reduce the tonal noise caused by the transmission.

1.1.2. Noise reduction techniques
Rotorcraft interior noise can be reduced by minimizing fluctuation forces associated with
gear, applying sound treatments to the cockpit and/or passenger cabins, and by reducing the
transmission of vibrations through the gearbox to the fuselage. The main solutions that have been
proposed and developed are presented in the following sub-sections.

i.

Gear geometry effect
The main idea here, as expressed by Pollard [1], is that minimizing gear tooth

transmission should help minimize the noise source strengths. Thus, some researchers have
focused on optimizing the gear tooth geometry. Since it is not physically possible to design a
perfect gear meshing leading to no kinematic errors as developed by Coy et.al. [3], Rosen and
Frint [5] describe several practical measures of reducing transmission error, such as maximizing
gear contact ratios and minimizing tooth deflection. They describe High Contact Gearing
(HCRG) as a technique that ensures at least two full gear teeth are in contact with their mating
gears at any instant in time. Tooth deflections may be minimized by strengthening the teeth and
by optimizing their shape such that the contact areas are closer to the tooth roots. Finally, care
must be taken to avoid a coincidence between gear meshing frequencies and any torsional
resonances within the drive system. However, even if a gear design is optimized, several authors
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([1], [6]) note significant differences in noise levels at gear meshing frequencies between
nominally identical systems. These differences are due in part to tolerance errors, both in the
manufactured tooth geometries and in the alignment between the components.

ii.

Interior treatments

A general methodology of helicopter soundproofing was presented by Marze, et
al. [4], which can be applied to aircraft in general. It consists of three rational steps:
diagnosis, design of soundproofing treatments to cabin to obtain desired noise reductions,
and validation and optimization. In general, nearly all helicopter manufacturers have
employed this methodology to apply soundproofing treatments to their aircraft. However
it should be noticed that these approaches do not attempt to eliminate the noise at its
source.
Interior noise treatments are applied to most rotorcraft cockpits and passengers areas.
These treatments involve surface additions such as foams and blankets, and acoustic barriers that
can significantly reduce noise levels in the cabin. However, they present several drawbacks, the
main ones being that they are bulky, heavy and expensive. Pollard [1] states that interior noise
control treatments typically lead to 15-20 dB noise reductions for military aircraft and 25-30dB
for civil aircraft. Hartman [7] says that 25-35 dB noise reduction is possible, but careful sealing
between treatment joints is required to attain the highest noise reduction levels. Levine [8] also
gives 25-35 dB as the highest practical noise reduction level that interior soundproofing can
provide, and reviews the cost ramifications of interior noise treatments. Moreover their weight is
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an issue: soundproofing treatments are about 3 % of the gross weight ([4], [8], [9]), which is a
considerable weight penalty.

iii.

Isolation of the transmission mounts
In the design of machinery, control of undesirable vibrations is frequently addressed

using isolation concepts. Thus, elastomeric isolators have been developed to passively isolate
mechanical components. However, in most cases they are designed to prevent low
frequencies from propagating through the structure, typically frequencies under 100 Hz,
whereas the high-frequency vibrations that are of concern in helicopters are typically discrete
gear-meshing frequencies mainly in the range from 500 Hz to 2000 Hz. Moreover, they often
do not meet the stiffness requirements. As a matter of facts, the struts used for supporting the
gearbox need to have a high intrinsic stiffness that cannot be obtained with soft elastomeric
isolators. Indeed, they must be strong enough to support the entire helicopter and rigid
enough to ensure stable control.
Figure 1-6 illustrates the concept of high frequency isolation in transmission mounts.
The typical transmissibility of conventional stiff links between cabin and gearbox is shown in
blue, with very sharp peaks. The ideal transmissibility is the one plotted in grey; in an ideal
case it would be possible to totally isolate the transmission mounts from the propagation of
the vibration. To achieve this, the mounts need to be rigid at low frequencies and soft at high
frequencies. The curve in green shows an initial concept using a single elastomeric layer that
surrounds the mount to reduce the transmission of the vibrations. Some modest reductions
can be obtained using this approach; however it has to be improved in order to be really
useful.

8

Figure 1-6: Transmissibility of conventional links between cabin and gearbox (from
Szefi, [2])

Thus, there is a need for high-frequency isolators between helicopter gearboxes and
fuselages. Much effort has been made to find solutions, and many fully active systems that
provide good isolation have been developed. However most are very complex, heavy, or have
a very poor passive behavior when powered off. That is why passive solutions are preferred.

In previous work, Szefi et. al. ([10], [11]) showed the efficiency of multi-layered isolators
in the reduction of high frequency vibrations propagation in helicopter cabins, as explained in the
following section ( Section 1.2). These cylindrical isolators were designed to be embedded in
support struts, as shown in Figure 1-7.
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Figure 1-7: Conceptual implementation of layered isolators (from
Szefi [2])

The transmissibility of these isolators is shown in Figure 1-8 below.

Figure 1-8: Experimental and “analytical” transmissibility of a three-celled isolator
(from Szefi, [2])
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A great decrease of the transmissibility for frequencies higher then 1000Hz can be seen,
confirming the efficiency of the vibration reduction at high frequencies. Other improvements
([2]) to this isolator were explored, including a fluid-filled isolator concept and embedded inertial
amplifiers, and are described in section1.3.

iv.

Active solutions
Fully active solutions have been mostly studied in the past, as it can appear difficult to

most researchers to develop an effective passive solution like the multi-layered isolator.
Efforts have been pursued to control cabin noise directly, using microphones and
speakers ([12], [13], [14]). But the number of acoustic modes is too large at high frequency and
requires too many speakers to provide a good global control. Engineers at Sikorsky used
microphones as sensors for a control algorithm that controls actuators placed at the gearbox
connection points to the fuselage ([15]). Another approach to active structural vibration control
uses structural actuators and sensors optimally placed on the fuselage to minimize overall interior
noise ([16], [17], [18]). In Germany, Eurocopter and EADS have conducted some research on
designing smart struts to limit vibration transmission ([19]). In England, Westland Helicopters
engineers also studied the solution of active struts to reduce vibration ([20]) with some success as
well. Another interesting idea is currently still investigated at the University of Maryland for
controlling longitudinal and flexural wave transmission through support struts. Good results have
been reached with all of these methods, however in a practical situation, required power and
actuator heating effects are major constraints.

What can be concluded is that reducing noise is an issue with many different possible
solutions, but the constraints have to be considered for practical use such as weight, power

11
required and cost. The solution that has been investigated in this study is the passive solution of
the multi-layered isolator, whose principle and possible improvements are explained in the
following section 1.2.

1.2 Multi-layered isolators
Typical isolation mounts are designed to be efficient at low frequencies, usually below
100Hz. For higher frequencies, these isolators may not be effective because of wave effects, as
explained by Snowdon [21]. [22] and [23] report that periodically-layered metallic and
elastomeric mounts are potential attenuators of dynamic stresses at high frequencies.

Such

isolators consist of multiple identical cells, each of them being composed of one dense, stiff layer,
usually made of metal, and one softer and lighter layer. Elastomeric materials are typically used
for this layer as they have a low stiffness and moderate damping. Moreover they have a low mass
density. Attenuation of vibration is accomplished by the reflection and transmission of the
incident wave on the different interfaces between the elastomer and the metal, as illustrated in
Figure 1-9. This figure shows the dynamic behavior of waves within and outside of a “stop band”.
The transmitted wave is mostly attenuated within the stop band, the wave reflected by the denser
material canceling the incident wave. There is almost no attenuation outside of the stop band,
making these isolators acting as mechanical notch-filters for high frequency dynamic isolation.
As shown by Sackman et al [22], the isolation is better if there is a large impedance mismatch
between the different layers, leading to rapid attenuation of an input wave for certain frequency
ranges.
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Figure 1-9: Wave dynamics for frequencies within and outside the stop band (from
Sackman [22])

Previous work [10] on three-dimensional elasticity behavior of periodically-layered
isolator focused on this high-frequency isolation capability. A finite element analysis of a threecelled isolator was used to determine its first four mode shapes, as illustrated in Figure 1-10, from
Szefi et.al [24].
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Figure 1-10: First four axisymmetric mode shapes of a three-celled isolator (from
Szefi, [10])

The study confirmed the theory of a stop band at high frequencies. For an isolator with n
cells, this stop band has been determined to be between the nth and the (n+1)th mode. The first n
modes are modes where the metal layers basically behave like masses, and the elastomer layers
are subjected to tension or compression. The (n+1)th is the first mode that exhibits both tension
and compression within an elastomer layer; it is also called a ‘thickness’ mode.
A Ritz approximation was also used to find the natural frequencies of these modes and
thus determine the transmissibility of such an isolator. Experiments were performed on different
isolators, and they validated the frequency stop band found with the theory, as shown in Figure
1-8 ([24]).
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1.3 Periodically layered isolators with embedded inertial amplifiers
The multi-layered isolator, however, has performance limitations. Indeed, the targeted
frequency range, between 500 Hz and 2000 Hz for the stop band, cannot always be reached given
a set of realistic design constraints [11]. Layered isolators with embedded vibration absorbers
were thus considered for additional attenuation of tonal vibration in the vicinity of 500Hz, but the
added absorber masses would be prohibitive. Therefore, other configurations were investigated to
effectively amplify absorber mass. For instance, fluidic inertial amplifiers which amplify the
effect of the embedded masses are shown in Figure 1-11. Their effectiveness is shown in Figure
1-12 where the transmissibility of a sample isolator has been plotted in the two configurations.

Figure 1-11 Schematic of Isolator Configuration with Embedded Inertial
Amplifiers. (from Szefi, [2])
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Figure 1-12 Transmissibility of example isolator with and without Inertial
Amplifiers (from Szefi, [2])

One way to implement inertial amplification is to use fluid elements. A dense fluid acts
as a tuned mass of a vibration absorber and the inertial amplification effect results from the outerto-inner diameter area ratio. Note that this ratio is physically equivalent to the lever arm ratio of b
to a in Figure 1-11. The fluid element coupled with the elastomer elements serve as high
frequency tuned absorbers.
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1.3.1. Fluidic Periodically Layered Isolator Design
These fluidic isolators are efficient to reduce high frequency vibrations; however their
weight and size can be an issue. Indeed their design necessitates rigid links between layers, and so
the prototype was designed as shown in Figure 1-13 [11]. With its links as outer concentric parts,
the overall isolator diameter and height increased, as did its weight. Its mass was 6.4kg and its
height 25cm, which substantially exceeds the constrained limits. Moreover its design complexity
reduced its reliability according to Szefi [2], which is a critical factor in rotorcraft applications.

Figure 1-13 Schematic and Cross-section of preliminary three-layered fluidic
isolator (from Szefi, [2])
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Figure 1-14 Cross-section of Compact Isolator with Fluidic elements (from Szefi,
[2])

Figure 1-14, shows an alternative design ([11]), in which the rigid links are
attached to the bottom of the inner cylinders, and pass through both the metal and elastomer
layers. The tuning ports are now located on the outside of the inner cylinders. With this design the
overall isolator weight and height are much smaller, and the isolator is lighter and simpler. The
amplification area ratio in this case is the area of the inner cylinder divided by the port area, or
R=

where do and di are the outer and inner cylinder diameters, as shown in Figure 1-14.

This new specimen had a mass of only 2.6kg and a height of 12cm. This new design provided a
lighter and more compact isolator, and is also more effective and reliable.

The effect of varying inner diameters or fluid amplification ratios on the isolator
transmissibility was evaluated, “analytically” and experimentally, as shown in Figure 1-15 and
Figure 1-16, ([11]). As the inner diameters are increased, the stop band frequencies and the tuned
absorber frequencies are lowered, but the attenuation within the stop band is also reduced. Low
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stop band start frequency and high attenuation level are conflicting goals. A trade-off must be
made.

Figure 1-15 Experimental Transmissibility Comparison between different isolator
configurations (from Szefi, [2])

Figure 1-16 “analytical” and Experimental transmissibility comparison (from Szefi,
[2])
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1.3.2. Passive Performance Limits
This last design of layered isolator with fluid elements as inertial amplifiers provides an
elegant passive control solution for reducing helicopter gearbox noise. Indeed, such a design
satisfies all the constraints given by the literature and the industry, and demonstrates the potential
broadband attenuation of rotorcraft transmission noise in the frequency range of 500 – 2000 Hz.
Moreover, the experimental characterization of this compact fluidic layered isolator showed very
good agreement with the analytical predictions.
However, in some specific design cases, it is not possible to satisfy both the frequency
bandwidth requirements and the attenuation level within the frequency band of interest.
If one of the rigid links in the layered fluidic isolator were replaced by a low voltage,
piezoelectric stack actuator, then the attenuation within the stop band could, in principle, be
actively augmented at the main vibration tones. Because the disturbance would already be
passively diminished in part, perhaps only a very small voltage would be required to further
increase the attenuation. Such a promising improvement in isolator behavior was investigated by
Le Hen [25]. A control scheme was developed to actively improve the layered isolator
performance at multiple specific tones. An adaptive feed-forward control scheme was selected for
a multiple tone control application. Considering the tonal content of the vibration spectrum from
a helicopter’s gearbox, the effort focused on the main disturbance tones between 600 and 2000
Hz.
A one dimensional finite element model was developed to predict the reduction
potentially attainable by such an active control and the predicted results were verified by the
experiments.
The tested specimen consisted of a two-layered model that was built to incorporate the
piezoelectric stack actuator and test the active control. One fluidic inertial amplifier was
embedded in the second layer. The actuator was placed in the second layer, embedded in a non-
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conductive fluid. The passive performance of this isolator was theoretically predicted and
validated with experiments. Le Hen [25] showed that the presence of fluid improved both the
passive and active performance because it amplifies the effect of the mass of the inertial absorber,
on which acts the actuator. This is illustrated in Figure 1-17 and Figure 1-18 that show the
transmissibility of the isolator with and without fluid elements.

Le Hen also proved the advantages of such a multiple tonal disturbance active control in
enhancing the passive performance of the layered isolator. Up to 40 dB of additional reduction
was attained by the active control at any frequency between 600 and 2000 Hz. Very little power
was required to reach this performance.

Figure 1-17: Transmissibility of the isolator without fluid (from Szefi, [2])
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Figure 1-18: Transmissibility of the isolator with fluid (from Szefi, [2])

1.4 Research objectives
Multi-layered isolators have shown their effectiveness in reducing the high frequency
vibrations. It would be of great interest to adapt their shape so that they can be placed directly
around the bearing that surrounds the input shaft in the helicopter gearbox, as illustrated in Figure
1-19.
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Circular multi-layered isolator

Figure 1-19: Location of the circular multi-layered isolator

This alternate implementation of a multi-layered isolator implies a change from a
cylindrical shape, as developed by Szefi et al. [2], to a radial shape as illustrated in the Figure
1-20 and Figure 1-21, inducing a need for an effective design tool.

Figure 1-20: Cylindrical isolator
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Figure 1-21: Radial isolator

The radial isolator with the bearing shown in Figure 1-21 would then be placed around
the shaft as illustrated in Figure 1-22:
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Figure 1-22: Radial isolator around the bearing and the shaft

The purpose of this work is to conceive, model and design a multi-layered circular
isolator. Three and five layer-models are explored. The mechanical behavior is characterized in
terms of mode shapes and natural frequencies. The effectiveness of the multi-layered isolator is
quantified by the determination of its transmissibility.
The change of shape of the multi-layered isolator induces a change in the mechanical
behavior. Thus several questions arise, such as the potential presence of additional modes, the
existence of a stop band in the transmissibility and the possibility to predict the frequencies at
which the stop band starts and ends ( if there is a stop band). Our goal is to identify a stop band at
high frequencies. The targeted frequency range is between 500 Hz and 2000 Hz.
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An augmented assumed mode model has been developed, as well as a finite element
model within the commercial software package ABAQUS. The augmented assumed modes
model is an effective design tool since it gives results much faster than the finite element model.

Chapter 2
Modeling

In this chapter an augmented assumed-modes model of the dynamic behavior of a radial
isolator is developed. It consists of an assumed-modes model combined to an additional analytical
model to find some specific modes that cannot be addressed by the assumed-modes model.
The simplest model takes into account a first stiff and dense layer, then one light and soft
layer, and again a stiff and dense layer as illustrated in Figure 2-1. The boundary conditions are
free at the innermost and the outermost layer. They are chosen to capture the natural frequencies
and mode shapes of the isolator.

Stiff and
dense layers

r

Soft and
light
layer

θ

Figure 2-1: Three layered ring isolator model
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This is very similar to the concept of the three-layered sandwich ring as developed by
Rongong and Tomlinson ([26]). This basic model can be extended to isolators with additional
layers. The theory of the model will be detailed in the section 2.1 for the three-layered isolator
case, but it has also been extended to a five layered isolator model, and so results for three layers
and five layers will be presented.
Lagrange’s Equation coupled with the assumed modes method is used to obtain the
Equations of motion in generalized coordinates [26]. In order to be able to verify the results, a
finite element (FE) model has also been developed using the software package ABAQUS.

2.1 Three-layered assumed modes model
2.1.1. Assumptions
The main assumptions in setting up the Equations of motion are as follows:
i.

Linear elastic behavior in all the layers. Note that viscoelastic behavior is represented by
using a complex modulus.

ii.

Radial and circumferential displacements vary linearly through the thickness of the
viscoelastic layer.

iii.

Shear deformation of the metal layers is insignificant

iv.

Perfect bonding occurs between the layers

Figure 2-2 shows the deformations considered in the analysis and the nomenclature used.
The radial motion is referred to w with the subscript of the corresponding layer. The subscripts
used are r for the innermost layer, c for the outermost layer, the constraining layer, and v for the
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viscoelastic (elastomer) layer. Note that the bearing is not taken into account directly in the
model; the innermost layer of the isolator is a stiff layer that surrounds the bearing.
u, with the appropriate subscript, represents the circumferential motion. Finally, R stands
for the ring centerline radius, and t for the thickness of the layer corresponding to the subscript
used.

Figure 2-2: Notations to describe the deformation of a sandwich ring

2.1.2. Assumed modes model
The variations in the displacement of the base centerline in the tangential and radial
directions respectively are described by:
( )

( )

( )

and
( ) ( )

(2)
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where φr and ψr describe the assumed deformation shapes (dependent on the angle θ defined on
Figure 2-1) and gr and hr are the time varying coefficients. For the constraining layer, the
displacements are given by,
( )

( )

( )

( ) ( )

( )

and,

The deformations within the viscoelastic layer in the circumferential and radial directions are,
) ( )

(

and

) ( )

(
where,

(

)

(

( )

)

( )
(9)
(10)

Note that the symbol ’ is used to denote ∂/∂θ and ∙ to denote the time derivative ∂/∂t. z,
with the correct subscript, refers to the distance to the mid plane of the corresponding layer.
The kinetic energy of the base ring is obtained from:
∫

∫

̇

(

̇

̇ ) (

)

(

)
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Similarly for the constrained layer:
∫

̇

∫

(

̇

̇ ) (

)

(

)

The kinetic energy for the viscoelastic layer is obtained from:
∫

∫

̇

(
̇

)

(

)

As shear and radial strains in the base ring are ignored and the circumferential strain at any point
is given by [27]:

(

(

)

)

The strain energy expression for the bearing and the constraining layer are respectively,
∫

∫

∫

∫

(

)

(

)

(

)

(

)

(

)

(

)

For the viscoelastic layer, substituting Equations (5) and (6) into the expressions for strain in
cylindrical coordinates give,
[ (

)

(
(

)]

(

)

)

And

[

(

)

(

)]

(

)
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The strain energy is then defined by:
∫

∫

(

(

)

)

(

)

Lagrange’s Equation states that:
(

(

)
)
̇

(

)

(

)

where qk are the generalized coordinates, Qk the generalized force, T and U the kinetic and
potential energy respectively. Examination of the energy expressions show that for this model,
Lagrange’s Equations can be reduced to:
(

(

)
)
̇

(

)

(

)

Substituting the energy terms into Equation (21) and taking the derivatives with respect to each of
the time dependent variables in Equations (1) to (4) gives four coupled Equations of motion.
These can be represented in the matrix form as
̈

T

(23)

where M and K are the mass and stiffness matrices and F the forcing terms. The correspondence
principle is used to take into account the damping of each material. Structural damping is thus
used, and leads to the introduction of a complex stiffness matrix.

̈

[

]

(

)
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The assumed modes method approximates the deformed shape using a series of
comparison functions which must satisfy the physical boundary conditions, free at all the edges in
this case. One set of suitable shape functions are the mode shapes of a freely vibrating ring.
Applying this method to the displacements in Equations (1) to (4) gives Equations (25):
∑

∑

∑
∑

where φjr, φjc, ψjr and ψjc are the assumed shape functions. They are defined by
-

φjr = φjc = sin[(j-1)θ]

(26)

-

ψjr = ψjc = cos[(j-1)θ]

(27)

Figure 2-3 to Figure 2-6 below show examples of these shape functions for j=3 and 4:
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Figure 2-3:φ3

Figure 2-4:ψ3
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Figure 2-5:φ4

Figure 2-6:ψ4
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Note that the coefficients gr0, gc0, hb0 and hc0 allow describing the rigid body modes of the
isolator.

Consequently to their definition, the chosen assumed functions do not allow capturing
pairs of orthogonal modes. Only one occurrence of each mode is expected, contrary to the results
obtained with the finite element model. Indeed, pairs of orthogonal modes are expected with the
finite element model.

The mass and stiffness matrices have size 4nxn, n being the number of terms in the series
expansion. However, due to the orthogonality of the comparison functions, the mass and stiffness
matrices become banded diagonal matrices and are therefore computationally inexpensive.

Codes have been written using MATLAB software to find the natural frequencies and to plot the
mode shapes of the system by solving the eigenvalue problem associated with Equation (24) with
F=0. These codes can be found in Appendix A.

2.1.3. Thickness modes
The thickness modes are of great interest since, in the one dimensional case, they predict
the end of the transmissibility stop band [24]. Thus, it is critical to be able to predict them.
However, the model developed in the previous section does not capture the thickness modes due
to the assumptions about deformation in the soft layers. To address this, an additional analytical
model was developed to predict the natural frequencies of the thickness modes.
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The thickness modes of the system can be approached by solving for the natural
frequencies and mode shapes of a single elastomer layer with fixed-fixed boundary conditions.
Indeed, the stiff and dense layers that surround the elastomer layer on its inner and outer edge do
not move a lot in the case of a thickness mode, all the deformations occur within the elastomer
layer. Thus it is reasonable to assess that they can be replaced by fixed-fixed boundary
conditions.
Based on the work from Bashmal et ale [28], the Equations of motion for the in-plane
vibration of an annular disk are formulated as shown in Figure 2-7 below:

Figure 2-7: Geometry and coordinate system used for in-plane vibration analysis of
an annular disk

The disk is characterized by the same properties as the elastomer layer in the threelayered model. It is considered to be elastic with thickness h, outer radius b and inner radius a.
The material is assumed to be isotropic with mass density ρ, Young’s modulus E and Poisson’s
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ratio ν. The Equations of dynamic equilibrium in terms of in-plane radial and circumferential
displacements are described by Equations (28) and (29) ( [29], [30]):

(

)
(

)

(

(

)

)

where ur and uθ are the radial and circumferential displacements, respectively, along the r
and θ directions,

(

)

and

(

)

. Using Love’s theory [[31]], the radial and

circumferential displacements can be expressed in terms of the Lamé potentials Φ and ψ ([32])as:
(

)

(

)

(

)

(

)

where ξ =

Assuming harmonic oscillations corresponding to a natural frequency ω, the potential
functions Φ and ψ can be represented by:
(

)

( )

(

)

(

)

( )

(

)

Where n is the circumferential wave number or nodal diameter number. Upon substituting for u r
and uθ in terms of ξ, Φ and ψ from (30) to (33) in (28) and (29), the Equations of motion reduce to
the following uncoupled form:
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(

)

(

)

Where λ1 and λ2 are non-dimensional frequency parameters defined as
(

)

(

)

(

)

And

Equations (28) and (29) are the parametric Bessel Equations and their general solutions
are attainable in terms of Bessel functions as:
(

)

(

)

(

)

(

)

(

)

(

)

Where Jn and Yn are Bessel functions of the first and second kind of order n respectively,
and An, Bn, Cn, Dn are the deflection coefficients.

The radial and circumferential displacements can then be expressed in terms of Bessel
functions by substituting for Φ and ψ. The resulting expressions for the radial and circumferential
displacements can be expressed as:
(

{

(

{

(

Where
And

(

)
)

)
)

(
(

(
(

)
)

)
)

(

(
(

(
(

)
(

)

)
)

(
(

(
(

))}
))}

)
)

(

)

(

)

(

)
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Fixed-Fixed boundary conditions:
The evaluation of the natural frequencies and arbitrary deflection coefficients (An, Bn, Cn, Dn)
necessitate the consideration of the in-plane free vibration response under specific boundary
conditions. For an annular disk with the inner and outer edges fixed, the boundary conditions can
be expressed by setting the radial and circumferential displacements at ξ=1 (outer edge) and
⁄

(inner edge) to be equal to zero. This gives Equations (40) to (43):
Outer edge, ξ=1:

-

( )

( )

( )

( )

(40) (radial displacement)

( )

( )

( )

( )

(41) (circumferential displacement)

-

⁄

Inner edge,

:

(

)

(

)

(

)

(

)

(

)

(

)

(

)

(

)

(42) (radial displacement)
0

(43) (circumferential

displacement)

The four boundary conditions may be expressed in a matrix form as:
( )
( )
(
)
[

(

)

( )
( )
(
)
(

)

( )
( )
(

)

(

)

( )
( )
(
(

)

{

}

(

)

)]

In the above matrix, the top two rows describe the boundary condition at the outer edge,
first in the radial direction, then in the circumferential direction, while the bottom two rows are
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associated with those at the inner edge (again first the radial displacement, and then the
circumferential displacement).

Equation (44) has non-zero solutions if and only if the determinant of the matrix is zero,
which corresponds to solving the Equation for λ1:
(

Where:
E1a = Xn(λ1)
E1b = Zn(λ1)
E1c = nJn(λ2)
E1d = nYn(λ2)

E2a = nJn(λ1)
E2b = nYn(λ1)
E2c = Xn(λ2)
E2d = Zn(λ2)

E3a = Xn(βλ1)
E3b = Zn(βλ1)
E3c = n/β Jn(βλ2)
E3d = n/β Yn(βλ2)

E4a = Jn(βλ1)

)
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E4b =

Yn(βλ1)

E4c = Xn(βλ2)
E4d = Zn(βλ2)

Thus, by solving Equation (45) for λ1 (note that

(

)

) it is possible to find the

natural frequencies and mode shapes of a single elastomer ring with fixed-fixed boundary
conditions. These modes correspond to an approximation of the “thickness modes” that are
missing in the initial “analytical” model. Note that Equation (45) can have several solutions for λ1
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but, as Bashmal [28] showed it, the solution that is giving the first mode is the first zero of the
Equation. Thus, that is the one that we focus on.

To solve Equation (45) for λ1, a code has been written using the software MATLAB and
especially its function “fsolve”. However, one of the parameters of this function is a starting point
of the value of the solution. The function is iterating from this starting point to converge to the
solution. Thus it was necessary to find a way to have a first idea the λ1 that is the solution.
According to Szefi et al. [2], the frequency of the end of the stop band, which is also the
frequency of the first thickness mode, is equal to:

, where ce is the axial wave speed

through the elastomer and te is the thickness of the elastomer.

Sackman [22] defines ce as

√

with

(

)

, where Ee is the Young’s

modulus of the elastomer and ν its Poisson’s ratio. Note that ρe is the mass density of the
elastomer. So we have:
√

(

)

(46)

Moreover, the solution λ1 of Equation (37) is related to the frequency, according to
Bashmal [28] by
(
√

)

(

)

Thus it is possible, given the thickness of the elastomeric layer and the material
properties of the chosen elastomer, to find a theoretical ending frequency using Equation (46).
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Then, by using this result and the geometric and material properties of the elastomer layer and
substitute in (47), it is possible to find a theoretical λ1 that is then used in the “fsolve” function of
MATLAB.

2.2 Five-layered assumed modes model

The three-layered isolator model has been extended to a five-layered isolator model. The
number of layers within the isolator must be a trade-off between the size and weight constraints
on one hand, and efficiency on the other hand. Indeed, according to Szefi ([10], [11]) increasing
the number of layers tends to give a deeper drop in the transmissibility, as is observed for
multistage isolators [22]. Thus the more layers the isolator has, the more effectively the vibrations
tend to be reduced. Of course, having too many layers makes the isolator big and heavy, which
can violate the design constraints.

i.

Assumed modes model
Using the same assumption as in the three-layered case, assumptions (i) to (iv), it was

also possible to create an “analytical” model on MATLAB to find the natural frequencies and
mode shapes of a five-layered isolator. The MATLAB code can be found in Appendix A. The
model that is now considered is as illustrated in Figure 2-8.
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Figure 2-8: Five-layered isolator model

ii.

Thickness modes
The thickness modes of the five-layered isolator are approximated by considering

separately the modes of the two elastomeric layers. Thus the code described for the three-layered
case is used now twice: once for each elastomeric layer. The two single elastomeric rings
considered have the same material properties and geometric characteristics as the two elastomeric
layers used in the isolator model.

2.3 Finite Element model
In order to check the results given by the “analytical” model a finite element model was
developed using the software package ABAQUS. In the case of the three-layered isolator model,
three concentric rings with different thicknesses were created with the material properties
corresponding either to a dense and stiff or a light and soft material. This model is expected to
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capture all the modes, even the thickness modes. Moreover this model captures pairs of
orthogonal modes, contrary to the assumed-modes model.

The Young’s modulus, Poisson’s ratio, mass density, thickness and damping ratio must
be specified in the software in order to get accurate results. The three and five-layered models
were meshed with quad-dominated elements. The side length of the elements depends on the size
of the global isolator. For instance, for a bearing of radius 0.05m, the side length of the element
was set at 0.002m. Figure 2-9 and Figure 2-10 show an illustration of the mesh. Note that the stiff
layers are in yellow and the elastomer ones are in white.

Figure 2-9: Mesh used in the finite element model of the three and five-layered
isolator
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Figure 2-10: Zoom-in of the mesh used in the three-layered isolator finite elements
model

As seen in Figure 2-10 it can be noticed that, due to the circular shape of the isolator, it
was not possible to get a regular grid of nodes for the model. However, the mesh was very fine
and still gives accurate results, as comparison with the augmented assumed-modes model will
show. The chosen mesh gives results for the natural frequencies that converge. The density of the
mesh was chosen so that the results are stable within a 0.1 margin. The same process was used to
define a five-layered isolator model with finite elements.
The number of elements depends of course on the designed isolator, but on average, there
are 20 000 elements for the FE model of a three-layered isolator, and 39 000 elements for the FE
model of a five-layered isolator.
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2.4 Transmissibility
2.4.1. Analytical solution
As explained in Chapter 1, the transmissibility of a system can be defined by the ratio of
the output displacement to the input displacement of the isolator. In the system that considered
here, the isolator is placed around a bearing and a shaft going into the gearbox. This shaft is
subjected to random vibrations that are transmitted to the bearing and that create the input
displacement going into the expression of the transmissibility. Note that, in this case, the input
displacement is considered to be sinusoidal instead of random.

It is assumed in this analysis that only the radial component of the input displacement is
significant. Indeed, it seems reasonable that when the shaft hits the bearing, the main component
of the transmitted displacement is radial.
Moreover, since the system is axisymmetric, it is possible to focus only on the
transmissibility at any angle θ. Thus for simplicity of the calculations, the transmissibility will be
determined at the angle θ=0. Figure 2-11summarizes the input and output displacements that are
considered to calculate the transmissibility.
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Input displacement:
radial displacement
at the point (Rb,0)
on the inside of the
inner layer

θ
Output
displacement: radial
displacement of the
point (Rc,0) on the
outside of the outer
layer

Figure 2-11: Definition of displacements taken into account in the transmissibility
calculations

Under these assumptions the calculation of the transmissibility consists of finding the
radial component of the output displacement resulting from a known radial input displacement.
Recalling Equation (18):

̈

T

where q is the vector of the generalized coordinates.

From Equation (25) it can be deduced that gr and gc are related to the circumferential
component of the displacement of the innermost layer and the constraining layer respectively,
whereas hr and hc are the coefficients of the radial displacements of these two layers. Let {gr},
{gc}, {hr} and {hc} be the vectors of the coefficients gri, gci, hbi, hci. If the number of terms in the
expansions of ur, uc, wr, wc is n, then the vectors {gr}, {gc}, {hr} and {hc} are of length n+1 (the
coefficients gr0, gc0, hr0, hc0 are not taken into account in n, see Equations (25)).

Let w0 be the input displacement at θ=0. Then:
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∑

(

)

Treating w0 as prescribed, hb0 can be expressed in terms of the hbi:
(

∑

)

Let {qnew} be the vector of the generalized coordinates without the coefficient hb0. It is a vector of
size (n-1) that can be described by the expression:
{qnew} = { {gb0…gbn}, {gc0…gcn}, {hb1…hbn}, {hc0…hcn} }T

Then {qnew} is related to {q} by the Equation:
{q}=[T]{qnew} + {d}

(50)

where T is a nx(n-1) matrix as follow:

(51)
[

]

and {d} is the forced displacement:

(

{d}=

{

}

), corresponding to the ordering:

{

}

And Igb, Igc and Ihb are identity matrices of size nxn, and Ihc is a (n-1)x(n-1) identity matrix.
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Substituting (50) into (23) gives the following Equation:
[ [Knew]-Ω2[Mnew] ]{qnew}=-[T]T ([K]-Ω2[M] ){d}

(53)

A code was written using MATLAB to solve for the radial component of the output
displacement, that is to say the hci. Then the transmissibility, t, is obtained by calculating the ratio
of the radial component of the output displacement over the radial component of the input
displacement as a function of the frequency Ω:
√∑

(

)

2.4.2. Finite Element Method
The finite element model was also used to determine the transmissibility by post
processing, using the software MATLAB, the data obtained by running a dynamic analysis
(referred as Steady-State dynamics, Direct) on ABAQUS. The finite element analysis is a
dynamic analysis of the finite element model of the isolator subjected to a radial sinusoidal force
on the innermost ring of the isolator at θ=0, as illustrated by Figure 2-8. The output from the
analysis is the radial component of the displacement of a point on the outermost ring, at an angle
θ=0, as shown by Figure 2-8.

The results obtained from the augmented assumed-modes model and the finite element
model for both three-layered and five-layered isolators are presented in the next Chapter.
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Chapter 3
Results

This section presents results for the natural frequencies, mode shapes and
transmissibilities for both three and five-layered isolators. Results were found using an
augmented assumed modes model (the assumed mode method completed by the analytical model
of the thickness modes) implemented in MATLAB, and then a finite element method using
ABAQUS. For simplicity of the presentation of this work, the results obtained with the
augmented assumed modes method will be referred as the “analytical” method, by comparison to
the finite element (FE) method.
In general, the comparison is quite good. The assumed modes model is much better suited
for design purposes, as it runs more than 2000 times faster than the finite element model.
Specific isolator designs that give good results in terms of transmissibility decrease in the
targeted frequency range are presented.
Finally, paying special attention to realistic design constraints and suitable materials,
several additional designs are generated for fabrication and experimental validation.
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3.1 Natural frequencies and mode shapes of a three layered isolator
The model presented in Chapter 2 was used to predict the behavior of a three-layered
isolator. The “analytical” results were compared to the results given by the finite element
analysis.

3.1.1. Natural frequencies
The natural frequencies of an unconstrained three-layered isolator were calculated using
the augmented assumed-modes model and the finite element methods. The number of terms after
1 used in the expansion for the assumed-modes model is n=10.
The general characteristics of this isolator were taken from Rongong et al. [26]. The inner
radius of the isolator is 0.18375m, and the geometric characteristics and material properties of the
isolator are presented in Table 1below.

Table 1: Geometric characteristics and material properties of the three layered
isolator
Metal

Elastomer

Young’s modulus

210GPa

2MPa

Poisson’s ratio

0.3

0.499

Mass density

7850kg/m3

1000kg/m3

Thickness

0.05m

0.01m

Loss factor

0.0005

0.05

Width (out of plane)

0.025m

0.025m
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Note that the width is needed in the calculations of the MATLAB code, but the out-ofplane modes are not taken into account, and so it is a 2D model, as is the finite element model.
Moreover, the inner radius of the isolator as well as the thicknesses of the metal and elastomer
layers are much bigger than what would be needed in the case of an implementation of the
isolator in a helicopter gearbox. Indeed, with this geometry, the isolator would have an outer
radius of almost 30 cm, which is unacceptable as regard to the size and weight constraints of the
helicopter gearbox. This specific geometry was chosen in order to have thickness modes at a
relatively low frequency, so that they can be captured by ABAQUS in a reasonable analysis time.

Table 2 compares the results found with the assumed-modes model and the finite element
models. Note that, first, the finite element (FE) model generally gives pairs of modes with
orthogonal mode shapes, whereas the assumed-modes model gives only one occurrence of each
mode. The only exception is the mode of frequency 90.85Hz (assumed-modes) or 90.84Hz (FE)
for which the FE method gives only one occurrence. This is because this mode is pure rotational
mode. This will be illustrated in the next section where the mode shapes are plotted.

Both analyses take the rigid body modes into account. These are the modes with a 0 Hz
frequency. They correspond to pure rotation and pure translation of the entire system, with zero
strain energy. Note that in the FE analysis there are two translational rigid body modes that are
orthogonal, and only one in the assumed-modes model. Thus there are three rigid body modes in
the FE analysis (two are pure translation, one is pure rotation), and only two in the assumedmodes model (one translation and one rotation).
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Table 2: Comparison of the natural frequencies found with the assumed-modes
model and the finite elements model

“Jump” in the
frequencies:
some
frequencies
are missing

The main observation that can be drawn from these results is that the two methods agree
very well. Indeed, the errors are very low, under 5%. The assumed modes method is certainly
adequate for preliminary design. It is then possible to find the natural frequencies of a threelayered isolator very easily using the assumed-modes model which saves a lot of time compared
to running an analysis with the finite element method on ABAQUS. A comparison of the actual
computational times is presented in section 3.6.

However, as explained previously, the assumed-modes model does not capture the
thickness modes. That is illustrated in the table by the “jump” in the natural frequencies between
the assumed-modes model and the FE method. For this reason an analytical model was developed
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to find these modes apart from the other modes. Recalling Chapter 2, these modes were assumed
to be roughly equivalent to the modes of a single elastomer layer with the same geometric
characteristics and the same material properties of the elastomer layer of the three-layered model,
but with fixed-fixed boundary conditions.

As explained previously, a finite element model was also developed in order to check the
results found analytically. The material properties used are the same as the ones used in the
analytical solution. Quad-dominated elements were used, with a 0.002m seed size, as illustrated
in Figure 2-9.

The ring has the properties and geometric characteristics given in Table 3 below. The
inner radius of the isolator is 0.15875m.

Table 3: Material properties and geometric characteristics of the single elastomer
ring
Young's modulus

mass density

2 MPa

1000 kg/m3

Poisson's
thickness
ratio
0.499

0.01 m

loss factor
0.05

Inner
radius a
0.18625
m

Outer
radius b
0.19625
m

Table 4 shows a comparison between the natural frequencies of a single elastomer ring
with fixed-fixed boundary conditions found with the analytical analysis and the finite element
analysis.
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Table 4: Comparison between the natural frequencies of a single elastomer ring
with fixed-fixed boundary conditions found with the analytical and the finite elements
methods

The table shows a very good agreement between the two methods, providing confidence
that the analysis obtained from Bashmal et al [28] permits accurate estimation of the natural
frequencies of a single elastomer ring with fixed-fixed boundary conditions.

The natural frequencies of the single elastomer ring with fixed-fixed boundary
conditions, and the natural frequencies of the three-layered ring with free-free boundary
conditions were compared and combined to verify that they match the frequencies of the threelayered isolator obtained with the FE analysis. Table 5 compares the results of the natural
frequencies found with the augmented assumed-modes model and the finite element model.
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Table 5: Comparison of the natural frequencies found with the augmented assumedmodes model and the finite element model
Augmented
assumed-modes
model (Hz)

0.0
0.0
90.9
137.9
511.1
889.0
1292.0
1293.5
1296.1
1299.4
1304.0

finite element
model (Hz)

error

0.0
0.0
0.0
90.8
137.9
137.9
500.6
500.6
857.8
857.8
1237.7
1240.3
1265.5
1265.7
1271.1

0%
0%
NA
0.02%
0.0%
NA
2.0%
NA
3.5%
NA
4.2%
4.1%
2.4%
2.6%
2.5%

Table 5 shows a very good agreement between the natural frequencies found with the two
models. The error between are low, under 4%, which gives confident in the ability of the
augmented assumed-modes model to describe the general dynamic behavior of the isolator.

From these results, the single elastomer ring with fixed-fixed boundary conditions is
found to be a good model for the thickness modes of the three-layered isolator that the assumedmodes model was not able to capture.

Thus, the augmented assumed-modes model, which is the combination of the assumedmodes model and the analytical model that captures the thickness modes, accurately captures the
essentiel dynamic behavior of the three-layered isolator. This is of great interest since the
augmented assumed-modes model is far faster and more reliable than the finite element model.
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3.1.2. Mode shapes
The analytic method permits finding the mode shapes of a three-layered isolator as
explained in Chapter 2. For the three-layered isolator with the geometric characteristics and
material properties presented inTable 3, the mode shapes are plotted and compared to those found
with the finite element method. The first four mode shapes are shown in Figure 3-1 to Figure
3-11. The rigid body modes are not shown.
Note that for the mode shapes obtained with the assumed-modes model, the blue line
represents the innermost stiff layer, and the red line the outermost stiff layer. Their thickness is
not shown and the elastomer is represented by the region in between the two stiff layers in blue
and red. The black circles correspond to unit circles and should not require attention.
Finally, on the plots obtained with the finite element method, the stiff layers are in yellow
and the elastomer layer in between is in white. The deformed mesh is also shown on the figures.

-

Undeformed shape:

Figure 3-1: Undeformed shape of the three-layered isolator with the FE model
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Outermost metal layer

Innermost metal layer

Figure 3-2: Undeformed shape of the three-layered isolator with the assumed-modes
model

-

Mode 1:

Figure 3-3: First mode shape of the three-layered isolator with the FE model,
f=90.383 Hz
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Figure 3-4: First mode shape of the three-layered isolator with the assumed modes
model, f=90.86 Hz

Note that this mode is a “twisting” mode: it is a pure rotation of the two stiff layers, and
consequently the elastomer in between is twisted. This can be seen in the finite element model,
but requires a large magnification, as shown in Figure 3-5. The assumed-modes model
corroborates this observation since the two stiff layers remain undeformed while the strain energy
is bigger than zero.
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Figure 3-5: Twisting of the elastomer layer

-

Mode 2:

Figure 3-6 and Figure 3-7 show that this mode involves primarily an out-of-phase
translation of the two stiff layers. Note that the finite element method gives two orthogonal mode
shapes at the same frequency, whereas the assumed-modes model one gives only one mode
shape. This was not the case in the previous mode because it involved only a pure rotation.
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Figure 3-6: Second mode shape of the three-layered isolator with the FE model,
f=137.93 Hz

Figure 3-7: Second mode shape of the three-layered isolator with the assumedmodes model, f=137.99 Hz
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-

Mode 3:

Figure 3-8: Third mode shape of the three-layered isolator with the FE model,
f=500.61 Hz

Figure 3-9: Third mode of the three-layered isolator with the assumed-modes model,
f=511.05 Hz
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Figure 3-8 and Figure 3-9 show that the third mode shape consists of an outside layer
much more deformed than the inner one. The outer layer takes a roughly elliptical shape while the
inner one remains roughly circular.

-

Mode 4:

Figure 3-10: Mode shape 4 of the three-layered isolator with the FE model, f=857.78
Hz

Figure 3-11: Mode shape 4 of the three-layered isolator with the assumed-modes
model, f=888.99 Hz
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Figure 3-10 and Figure 3-11 show the fourth mode and again agree in the description of
the mode shape. In this case the inner stiff layer is much more deformed than the outer one,
taking a roughly elliptical shape while the outer one remains roughly circular.

From these examples, the mode shapes found with the assumed-modes model are seen to
match the ones found with the finite element analysis. This gives confidence in the results of the
assumed-modes model. Thus any mode shape of a three-layered isolator at a given frequency can
be found very quickly using the assumed-modes model. This is of great interest since this method
is very time effective and its results are very useful for generating and interpreting
transmissibility plot, as explained in the following section.

The thickness modes cannot be captured by the assumed-modes model, but they can be captured
by the finite element method. Figure 3-12 shows an example of a thickness mode. A
magnification is needed to see the presence of both tension and compression within the elastomer
layer.

Compression zone

Tension zone

Figure 3-12: An example of a thickness mode

66
3.2 Transmissibility of a three layered isolator
3.2.1. Comparison of the results obtained with the two methods
The transmissibility of the isolator is critical to understanding the response of the isolator
to an excitation, and thus to be able to characterize its effectiveness. The analysis developed in
Chapter 2 to find the transmissibility was implemented in a code using MATLAB. This code can
be found in Appendix C. The transmissibility of the finite element model was also found by post
processing the results of the FE simulation. Both transmissibilities are plotted on the same for
comparison. Figure 3-13 and Figure 3-14 show respectively the magnitude and phase of the
transmissibility for an isolator using the same material properties and geometric characteristics as
those in Table 3.

Figure 3-13 shows that the transmissibility found with the assumed-modes model and the
finite element model match for the frequency range [0Hz; 1260Hz]. At higher frequencies, the
transmissibility found with the finite element method presents many more peaks. This is due to
the fact that, as explained previously, the assumed-modes model does not take into account the
thickness modes. An augmented assumed-modes model, presented in Chapter 2, permits
estimation of the frequencies of the missing modes of the initial model, the thickness modes, but
this model is not included in the calculations of the transmissibility. It will be used in the
following section to predict the natural frequency of the first thickness mode, which corresponds
to the ending frequency of the stop band.
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Figure 3-13: Magnitude of the transmissibility of a three-layered isolator with the
assumed-modes model and the FE model

An important observation is that the two methods give similar results, at least through the
beginning of the transmissibility. The finite element method gives a more detailed result because
it takes into account the thickness modes, contrary to the assumed-modes model.

The phase of the transmissibility is plotted on Figure 3-14. As expected the figure shows
a change of π or 2π corresponding to a peak in the transmissibility.
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Figure 3-14: Phase of the transmissibility of a three-layered isolator with the
analytical model

For a better understanding of the magnitude of these superimposed plots shown in Figure
3-13, the peaks appearing on the two plots are addressed individually.

3.2.2. Peaks on the transmissibility
The frequencies corresponding to each peak on the transmissibility were collected for
both methods and compared to the natural frequencies. Table 6 and Table 7 summarize these
results. Note that, for Table 7, it was not possible to get the natural frequencies of the isolator for
frequencies higher than 1300Hz using the FE model. Indeed, the high modal density of the
thickness modes makes it hard to identify individual mode. That is why, for higher frequencies,
the natural frequencies found using the assumed-modes model were used.
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These two tables show clearly that, regardless of the method used, a majority of the
frequencies corresponding to peaks in the transmissibility match with a natural frequency.
However some modes seem to be “missing”; they do not appear as a peak in the transmissibility.
Moreover some peaks in the transmissibility do not correspond to a natural frequency.

Table 6: Comparison between the frequencies of the peaks in the transmissibility
and the natural frequencies - Assumed-modes model

Natural frequencies(Hz) Peaks on the transmissibility errors in percentage
0,00
0,00
0,00
0,00
0,00
0,00
90,86
89,00
2,05
137,99
missing?
missing?
511,05
509,00
0,40
888,99
534,00
39,93
1407,51
1408,00
-0,03
2461,85
1833,00
25,54
2661,60
2662,00
-0,01
3151,36
3151,00
0,01
4181,25
3490,00
16,53
4238,90
4239,00
0,00
4418,70
4365,00
1,22
4623,99
4419,00
4,43
5814,92
5527,00
4,95
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Table 7: Comparison between the frequencies of the peaks in the transmissibility
and the natural frequencies - Finite elements method

natural frequencies (Hz)
0,00
0,00
0,00
90,84
137,93
137,93
500,61
500,64
857,76
857,80
1265,50

1407,51
2461,85
2661,60

3151,36
4181,25
4238,90
4418,70
4623,99

5814,92

Peaks on the transmissibility
0,00
0,00
85,00
missing?
missing?
490,00
500,30
1261,00
1351,00
1361,00
1546,00
2416,00
2451,00
2556,00
2881,00
2891,00
3172,00
3837,00
4177,00
4422,00
4702,00
4772,00
4947,00
5353,00
5363,00
5968,00

errors in percentage
0,00
0,00
6,42
6,42
missing?
missing?
0,51
41,67
41,91
0,36

8,96
0,44
3,97

0,65
0,10

1,66

2,56

Using the assumed-modes model it was possible to examine the mode shapes of the
modes that were not present as peaks in the transmissibility. The first conclusion of this check is
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that, depending on the relative motion of the two stiff layers, that is, whether they are moving inphase or out-of-phase, the modes will appear differently on the transmissibility plot. Thus, if the
two stiff layers move in-phase, then the excited mode appears on the transmissibility as a peak
with a frequency that corresponds to its natural frequency. If, on the contrary, the two stiff layers
move out-of-phase, then the excited mode appears on the transmissibility plot as a peak having a
different, lower, frequency than its natural frequency.

To understand at which frequency the “out-of-phase” modes were appearing on the
transmissibility plot, an analogy was made with a one-dimensional two-mass, single spring
system, as illustrated in Table 15 below:

Figure 3-15: Two-mass, single spring system

i.

Natural frequencies
If x1 and x2 are the displacements of the mass 1 and mass 2 respectively, than the

Equations of motion can be written as:
̈
̈

Or in matrix form:

(

)

(

)

(

)

(

)
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The natural frequencies are obtained by solving Equation (57):
|

(

|

)

We find two natural frequencies:
ω1 = 0Hz

and

ω2 = √

Hz

The first natural frequency corresponds to the rigid body mode, and the second natural
frequency corresponds to an out-of-phase motion of the two masses.

ii.

Transmissibility
Let assume that mass 1 is excited with a sinusoidal force. The transformation of

Equations (54) and (55) in the Laplace domain gives:

Using Equation (59) we get: (

(

)

(

)

(

)

(

)

)

or with s=iω:
(

)

Thus there will be a peak in the transmissibility plot at the frequency

√
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iii.

Comparison between the natural frequencies and the peaks in the transmissibility
From the results found in the sections (i) and (ii), a relationship can be found between the

natural frequency, ωn and the frequency of the peak corresponding to the same mode in the
transmissibility plot, ωp:
√

(

)

Returning to the transmissibility of the three-layered isolator it can be noticed, by looking
at the mode shapes, that the first “out-of-phase” mode of the isolator is the mode at the frequency
137.99Hz (assumed-modes model) or 137.93Hz (finite element). A check of Table 6 and Table 7
confirms that this mode, which is excited (since it corresponds to a translation), does not appear at
this frequency in the transmissibility. Using the material properties and the geometric
characteristics of the isolator summarized in Table 3:
m1=12.9885 kg and m2=17.2297 kg, which gives √

.

Then by substituting in Equation (61) it can be concluded that the mode at the frequency
137.99Hz/137.93Hz gives a peak at the frequency ωp

90Hz.

Thus the mode of natural frequency 137.99Hz/137.93Hz appears in the transmissibility as
the peak around 90Hz. The same explanation can be given for all the peaks that do not correspond
directly to a natural frequency: they correspond to an “out-of-phase” mode.
Note that, in this model, there is a natural frequency at 90Hz, however the peak of
frequency 90Hz in the transmissibility cannot correspond to this mode since this mode involves a
pure rotation (as shown by Figures 3-3 and 3-4) and thus is not excited by the input displacement.
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3.3 Natural frequencies and mode shapes of a five layered isolator
As developed in Chapter 2, the three-layered isolator augmented assumed-modes model
was extended to a five-layered model. The initial assumed-modes model finds the natural
frequencies and mode shapes but does not capture the thickness modes. The results obtained with
this model were compared to those found using the finite element model, and were then
complemented by those obtained from an analytical model that captures the thickness modes. The
combination of the assumed-modes model and the analytical model is called the augmented
assumed-modes model.

The results presented in the two following sections are for a five-layered isolator having
the same material properties and geometric characteristics as the model presented in Table 3, but
with one elastomer layer and one metal layer added after the last metal layer of the three-layered
isolator.

3.3.1. Natural frequencies
Table 8 summarizes the natural frequencies found with the assumed-modes model and
the finite element model.
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Table 8: Comparison of the natural frequencies found with both the assumed-modes
model and the finite elements model

Assumed modes
model (Hz)

Finite Elements
model (Hz)

error

0.0
0.0

0.0
0.0
0.0
71.5
105.2
105.2
115.6
179.4
179.4
357.1
357.1
548.8
548.8
917.9
917.9
947.3
947.3
1224.7
1240.2
1265.3

0.0%
0.0%
NA
0.0%
0.09%
NA
0.01%
0.1%
NA
1.3%
NA
1.9%
NA
3.5%
NA
2.9%
NA
NA
NA
NA

71.5
105.3
115.7
179.6
361.8
559.7
951.4
976.5
thickness mode
thickness mode
thickness mode

From these results the two models are seen to agree very well in the natural frequencies,
with errors ranging from 0.01% to 3.5%. As expected, the errors are very small at low frequencies
and increase somewhat as the frequencies increase. This is due to the fact that the finite element
method is less accurate at high frequencies.
Moreover it appears in Table 8 that some modes are again missing in the assumed-modes
model. This was expected since the assumed-modes model cannot capture the thickness modes,
contrary to the finite element method.
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As explained in Chapter 2, the thickness modes of the five-layered isolator are assumed
to be close to the modes of two single elastomer rings with fixed-fixed boundary conditions. The
elastomer rings have the same geometric characteristics and material properties as the elastomer
layers of the five-layered isolator, and are studied separately. The natural frequencies of these two
elastomer rings with fixed-fixed boundary conditions are given in Table 4 (in the previous
section) and Table 11. The properties of each ring are given in Table 9 and Table 12.

-

First elastomer ring

Table 9: Material properties and geometric characteristics of the innermost
elastomer ring with fixed-fixed boundary conditions
E (Mpa)
2.00E+06

ρ (kg/m3)
1000

Poisson's ratio
0.499

thickness (m)
0.01

inner radius (m)
0.20875

outer radius (m)
0.21875

The natural frequencies of this single elastomer ring with fixed-fixed boundary
conditions were already calculated in the three-layered isolator and presented in Table 10 where
they are compared to the results found with the finite element method. The natural frequencies
found with the analytical method have also been compared to the ones found with a finite element
model, in order to be confident in the analytical results.

loss factor
0.05
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Table 10: Comparison between the natural frequencies of a single elastomer ring
with fixed-fixed boundary conditions found with the analytical and the finite elements
methods

Analytical model
(Hz)
1291.9
1293.5
1296.1
1303.9
1309.6
1316.0
1323.5

Finite Element
model (Hz)
1237.7
1240.3
1268.3
1269.4
1270.8
1272.4
1275.7

Error
4.2%
4.1%
2.1%
2.3%
2.6%
2.9%
3.4%

The very good agreement between the two methods provides confidence that the
analytical model correctly captures the modes of the single elastomer ring.

-

Second elastomer ring

The properties of the studied ring are summarized in Table 11 below.

Table 11: Material properties and geometric characteristics of the outermost single
elastomer ring with fixed-fixed boundary conditions
E (Mpa)
2.00E+06

ρ (kg/m3)
1000

Poisson's ratio
0.499

thickness (m)
0.01

inner radius (m)
0.26875

outer radius (m)
0.27875

Again the natural frequencies were found using the analytical model, and were then
compared to those found with a finite element model in order to be confident in the analytical
results. The results are summarized in Table 12. The very low errors confirm that the analytical
model is reliable.

loss factor
0.05
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Table 12: Comparison between the natural frequencies of a single elastomer ring
with fixed-fixed boundary conditions found with the finite elements and the “analytical”
method

Finite element
model
1268.2
1268.5
1269.3
1270
1270.1
1271.3
1271.4
1273

Analytical model

Error in percentage

1291.73
1292.61
1294.38
1296.44
1299.09
1302.63
1306.46
1311.17

1.82
1.87
1.94
2.04
2.23
2.41
2.68
2.91

Combining the natural frequencies of the two single elastomer rings with fixed-fixed
boundary conditions, it was possible to determine the natural frequencies corresponding to the
thickness modes of the five-layered isolator. The results are given in Table 13, which shows the
combination of the natural frequencies found with the assumed-modes model, and the natural
frequencies of the thickness modes found analytically. The combination of these results is called
the augmented assumed-modes model.

The very good agreement between the results found with the augmented assumed modes
model and the finite element model shows that the augmented assumed-modes model describes
entirely the natural frequencies of the five-layered isolator.
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Table 13: Comparison between the natural frequencies of the thickness modes
found with the FE model and the augmented assumed-modes model

Assumed modes
model (Hz)

Finite Elements
model (Hz)

error

0.0
0.0

0.0
0.0
0.0
71.5
105.2
105.2
115.6
179.4
179.4
357.1
357.1
548.8
548.8
917.9
917.9
947.3
947.3
1224.7
1240.2
1265.3

0.0%
0.0%
NA
0.0%
0.09%
NA
0.01%
0.1%
NA
1.3%
NA
1.9%
NA
3.5%
NA
2.9%
NA
5.2%
4.1%
2.2%

71.5
105.3
115.7
179.6
361.8
559.7
951.4
976.5
1291.7
1292.6
1293.4

3.3.2. Mode shapes
The assumed-modes model developed in Chapter 2 also determines the mode shapes of
the five-layered isolator. A code was written using MATLAB for this purpose. The code can be
found in Appendix B. The mode shapes found were compared to the ones found using the finite
element model developed in Chapter 2. The results are illustrated in Figure 3-16 to Figure 3-32.
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Note that for the finite element results, the metal layers are in yellow and the elastomer
layers are in white (due to the density of the mesh, these different colors may appear very dark on
the figures).
In the plots obtained from the assumed-modes model, only the metal layers are shown.
They have no thickness and are represented by a circle when undeformed. The innermost metal
layer is plotted in blue, the one between the two elastomer layers is represented in red, and the
outermost metal layer is in green.

-

Undeformed initial shape:

Elastomeric layers
Metal layers

Figure 3-16: Undeformed shape of the five-layered isolator with the FE analysis
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Outermost metal layer

Middle metal layer
Innermost metal layer

Figure 3-17: Undeformed shape of the five-layered isolator with the assumed modesmodel

-

Mode 1:

Figure 3-18: First mode shape of the five-layered isolator with the FE model,
f=71.516 Hz

82

Figure 3-19: First mode shape of the five-layered isolator with the assumed modesmodel, f=71.52 Hz

Figure 3-18 and Figure 3-19 show that this mode seems to involve a pure rotation of the
metal layers. Thus the elastomer layers are sheared.
-

Mode 2:

Figure 3-20: Mode shape 2 of the five-layered isolator with the FE model, f=105.19
Hz
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Figure 3-21: Mode shape 2 of the five-layered isolator with the assumed-modes
model, f=105.29 Hz

The figures clearly show relative translation of the metal layers. For this reason, the finite
element method finds two orthogonal modes, whereas the assumed-modes model gives only one,
as explained previously in the case of a three-layered isolator.
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-

Mode 3:

Figure 3-22: Mode shape 3 of the five-layered isolator with the FE model, f=115.64
Hz

Figure 3-23: Mode shape 3 of the five-layered isolator with the assumed-modes
model, f=115.66 Hz
This mode is again a twisting mode, with a pure rotation of the metal layers.
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-

Mode 4:

Figure 3-24: Mode shape 4 of the five-layered isolator with the FE model, f=179.39
Hz

Figure 3-25: Mode shape 4 of the five-layered isolator with the assumed-modes
model, f=179.57 Hz
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Figure 3-24 and Figure 3-25 agree, showing that this mode consists of relative translation
of the metal layers. Since it is a translational mode, the finite element model gives two orthogonal
modes as expected.

-

Mode 5:

Figure 3-26: Mode shape 5 of the five-layered isolator with the FE model, f=357.05
Hz

Figure 3-27: Mode shape 5 of the five-layered isolator with the assumed-modes
model, f=361.82 Hz
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The two methods show that the outermost metal layer is deformed much more than the
two other metal layers, roughly elliptical, while the other layers remain circular.

-

Mode 6:

Figure 3-28: Mode shape 6 of the five-layered isolator with the FE model, f=548.78
Hz

Figure 3-29: Mode shape 6 of the five-layered isolator with the assumed-modes
model, f=559.75 Hz
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On this mode, the middle metal layer takes a roughly elliptical shape while the others
remain circular.

-

Mode 7:

Figure 3-30: Mode shape 7 of the five-layered isolator with the FE model, f=917.88
Hz

Figure 3-31: Mode shape 7 of the five-layered isolator with the assumed-modes
model, f=951.40 Hz
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This mode shape primarily involves deformation of the innermost steel layer. There is
good agreement between the assumed-modes model and the finite element results.

-

Mode 8:

Figure 3-32: Mode shape 8 of the five-layered isolator with the FE model, f=947.30
Hz

Figure 3-33: Mode shape 8 of the five-layered isolator with the assumed-modes
model, f=976.53 Hz
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In this mode shape, there are three waves on the circumference of the outermost metal
layer. Again the two methods agree very well.

To conclude, the comparison between the mode shapes found with the assumed-modes
model and the finite element model match very well. It is then possible to find the shape of any
mode of the five-layered isolator, except those of the thickness modes that cannot be captured by
this model. Moreover, this is of great interest in order to understand the behavior of the fivelayered isolator, and will be used especially in the interpretation of the transmissibility plot in the
next section.

3.4 Transmissibility of a five layered isolator
The transmissibility of the five-layered isolator considered in the previous section is
shown in Figure 3-34. This figure allows the results found using the assumed-modes model and
the finite element model to be compared. Again it can be seen that the results given by the two
methods match very well, although the finite element model shows more peaks due the fact that it
can capture all the modes, contrary to the assumed-modes model.

The frequencies of the peaks can be related to the natural frequencies. As shown in the
previous section, the frequencies of the peaks depend on the nature of the mode shapes, which
can be easily determined from the assumed-modes model presented previously. Three cases can
occur:
-

if the mode involves pure rotation of the stiff layers, the mode is not excited and thus,
does not appear in the transmissibility.
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-

if the mode involves translation where all the steel layers move in phase, the peaks
appear at the same frequency as the natural frequency.

-

if the mode involves translation with an out-of-phase motion of at least two metal
layers, the mode appears in the transmissibility at a frequency that is lower than the
natural frequency.

Figure 3-34: Transmissibility of a five-layered isolator

A comparison between the transmissibility plots found for a three-layered isolator and a
five-layered isolator is presented in Figure 3-35. To enhance visibility, only the transmissibilities
obtained with the assumed-modes model are shown. The isolators have the same properties as
presented in Table 3, the five-layered isolator has two layers added to the three-layered model,
one elastomer layer and one metal layer having the same material properties and thicknesses as
the elastomer and the metal layers of the three-layered isolator.
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Figure 3-35: Comparison between the transmissibility of a three-layered and a fivelayered isolator

Figure 3-35 shows that the frequencies of the peaks differ between the three- and the
five-layered isolators. Thus, if a good design is found for a three-layered isolator in terms of
frequency stop band, adding one elastomer and one steel layers to the three-layered isolator will
not create a suitable five-layered isolator design.
Moreover, Figure 3-35 shows why it could be useful to add multiple layers to the isolator.
The drop in the transmissibility is much deeper with a five-layered isolator compared to a threelayered isolator. Adding two more layers to create a seven-layered isolator would give an even
deeper drop. However, the choice of the number of layers involves a trade-off between the
performance of the isolator and the weight and size constraints.
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3.5 Influence of others parameters
The influence of the Poisson’s ratio and the loss factor of the elastomeric layer has been
studied on a three-layered isolator.

3.5.1. Influence of the Poisson’s ratio

The Poisson’s ratio is a data that is not always specified in the materials characteristics.
That is why it is interesting to know its influence on the transmissibility. The transmissibility of a
three-layered isolator with varying Poisson’s ratio for the elastomer has been plotted on Figure
3-36. The different Poisson’s ratios used are 0.3, 0.4, 0.499. Note that 0.499 is the value that is
used in all the transmissibility plots shown in this study. The Poisson’s ratio is changed in each
case, but the Young’s modulus is kept the same, making then the shear modulus changing
according to the relationship between the Young’s modulus E, the shear modulus G and the
Poisson’s ratio ν: E = 2G(1+ν).
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Figure 3-36: Influence of the Poisson's ratio of the elastomeric layer of a threelayered isolator

Figure 3-36 shows that the variation of the Poisson’s ratio has a low impact on the
transmissibility. Indeed the peaks remain approximately at the same frequencies. For instance, the
first peak appears at 285.1 Hz when the Poisson’s ratio is equal to 0.3, 295.1 Hz when it is set
equal to 0.4, and 305.2 Hz when it is equal to 0.499.
With these values of the Poisson’s ratio and a Young’s modulus set constant equal to 2
MPa, the shear modulus has the following values:

Table 14: Values of the Poisson's ratio, Young's modulus and Shear modulus

Poisson's ratio
Young's modulus (Mpa)
Shear modulus (Mpa)

0.3
2
0.77

0.4
2
0.71

0.499
2
0.67
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It can be noticed that, as expected, the ratio of two successive shear moduli is constant, as
is the ratio of the corresponding frequency of the first peak. Indeed

and

.

3.5.2. Influence of the loss factor
The loss factor of the elastomeric is also a data that is difficult to know when obtaining
the material. Thus, it is of great interest to be aware of its impact on the transmissibility.
The transmissibility of a three-layered isolator with varying loss factor for the elastomeric
layer has been plotted in Figure 3-37. Three cases were considered for the loss factor η, all the
other parameters remaining constant: η=0.005, η=0.05 and η=0.5.

Figure 3-37 shows that the variation of the loss factor does not have a huge impact on the
transmissibility since the peaks appear at the same frequencies. It can be noticed that when the
damping ratio is high, for η=0.5, the thickness modes tend to disappear. Indeed, the second peak
on Figure 3-37 is due to a thickness mode, and it can be seen that on the curve corresponding to
η=0.5, the green curve, the peak does not appear. On the contrary, even if the loss factor impacts
the magnitude of the peaks, it has a low influence on the “general modes”, that is to say the
modes that are not thickness modes since it can be noticed that these peaks are still present with a
high loss factor η=0.5.
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Figure 3-37: Influence of the loss factor on the transmissibility of a three-layered
isolator

Thus, using a common value close to η=0.05 will not affect significantly the results if the
exact value of the loss factor is not known.

3.6 Improved isolator model
As stated in Chapter 1, the disturbances that must be prevented from propagating are in
the frequency range between 500 Hz and 2000 Hz. Two approaches were pursued to find a good
design for the isolator.
First the material properties and geometric characteristics for the isolator with three and
five layers are chosen so that the isolators meet the frequency stop band requirement and show
the best effectiveness in terms of the magnitude of the transmissibility drop within the stop band.
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Then the material properties were adapted so that they correspond to real materials. One
geometric constraint of a helicopter gearbox, the outer radius of the bearing that surrounds the
input shaft, was taken into account to propose an isolator closer to what could be implemented in
a helicopter in reality. The best performances were targeted; however, in this case they may not
meet exactly the requirements, especially the targeted stop band frequency range, due to the
constraints. These isolators can surely be built and tested, whereas with the first approach, the
materials are virtual and may not exist exactly as stated.

3.6.1. Example of isolators meeting the requirements

In this section the approach is to find with the augmented assumed-modes model the best
performance that can be obtained by the isolator. The process is as follows:

i.

The assumed-modes model is used to find the transmissibility. This is very fast and can
be done as many times as needed to have a satisfying stop band between 500 Hz and
2000 Hz, and the deepest drop of the amplitude within the stop band.

ii.

Then the augmented assumed-modes model is used to find the first thickness mode of the
isolator, in order to make sure that the first thickness mode is not located within the stop
band. Indeed if the thickness mode is within the stop band, it means that in reality the
stop band is much narrower than what would be expected from the “analytical” model. In
that case the process returns to step (i).
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iii.

If the first thickness mode is not located within the theoretical stop band, an analysis is
done with the finite element model to verify these results and validate the selected design.

This process has been realized to find an ideal three-layered isolator, and an ideal fivelayered isolator.

i.

Three-layered isolator
The properties of a good three-layered isolator are summarized in Table 15. The inner

radius is 2.15 cm and the total diameter of this isolator is 8.4 cm.

The transmissibility found, both analytically and with the finite element analysis, is
shown in Figure 3-38.

Table 15: Material properties and geometric characteristics of the ideal threelayered isolator

E (Pa)
ρ (kg/m3)
Poisson's ratio
thickness (m)
loss factor

metal
2.10E+11
7850
0.3
0.007
0.0005

elastomer
2.00E+06
1000
0.499
0.0065
0.01

From Figure 3-38 the stop band requirements are seen to be met. Indeed, the theoretical
stop band, the one shown with the red curve on the figure, is between 460 Hz (first frequency for
which the transmissibility goes below 1 indicating a reduction of the vibration transmission) and
2980 Hz. Then the analytical model of a single elastomer ring with fixed-fixed boundary
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conditions shows that the first thickness mode should occur at 2004 Hz. Thus the theoretical stop
band is reduced to [460 Hz; 2004 Hz].
The finite element analysis is then done and confirms (blue curve) the results obtained
with the augmented assumed-modes model: the stop band is also between 460 Hz and 2004 Hz.

Figure 3-38 shows that the drop in the transmissibility amplitude within the stop band
goes down to 0.04, which represents a good vibration reduction. Note that at 2004 Hz, even if
there is a peak associated with the first thickness mode, the transmissibility is still below 1; the
amplitude at 2004 Hz is about 0.6. Thus the isolator is still reducing the vibration transmission at
the end of the defined stop band.

Stop band

Figure 3-38: Transmissibility of the three-layered isolator

The material properties used were chosen to get the best isolator performance in terms of
stop band frequency range, deepness of the drop of the transmissibility within the stop band, and
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the size and weight of the isolator. However, the existence of materials presenting these precise
properties was not established. The chosen metal has properties of steel, and the chosen elastomer
has properties that are consistent with the general properties of silicone rubber. Indeed, the
silicone rubbers family has very broad material properties, with a Young’s modulus between
0.0448MPa and 1720 MPa, and a mass density between 700 and 5830 kg/m3. In this study E=2
MPa and ρ=1000 kg/m3 were chosen, so the elastomer could be some silicone rubber.

ii.

Five-layered isolator

The process described previously was also followed for the five-layered isolator model in
order to find an isolator with high performance. Once again the material properties and geometric
characteristics were changed until good performance was achieved without considering specific
materials.

The selected design has the properties summarized in Table 16. Note that the inner radius
is 2.05 cm, and the total diameter of the isolator is 11 cm.

Table 16: Material properties and geometric characteristics of a five-layered
isolator

E (Pa)
ρ(kg/m3)
Poisson's ratio
thickness (m)
loss factor

metal
2.10E+11
7850
0.3
0.008
0.0005

elastomer
1.20E+06
1000
0.499
0.005
0.01
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Figure 3-39 shows the transmissibility of this isolator found with both the “analytical”
and the finite element analyses.

Stop band

Figure 3-39: Transmissibility of the five-layered isolator

The theoretical frequency stop band (red curve) is between 500 Hz and 4772 Hz. The first
thickness mode was estimated to be at 2006 Hz. Thus the analytical stop band is narrowed to [500
Hz; 2006 Hz]. This prediction is then compared to the results given by the finite element model
(blue curve). The transmissibility found with the finite element analysis confirms these results.
Indeed the beginning of the stop band is found to be exactly 500Hz. The end of the stop band is
found at 2011 Hz, a difference from the predicted ending frequency of 0.2%.
The drop in the transmissibility amplitude within the stop goes down to 0.0009 according
to the analytical model, and down to 0.001 according to the finite element model. In both cases
the vibrations are highly reduced by this isolator.
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This illustrates the accuracy of the analytical method to determine the stop band of any
circular isolator with five layers. This method is of great interest since it allows saving a lot of
time compared to the finite element analysis.

Note that the materials were defined using representative properties, not through the
selection of specific materials. The metal is essentially steel and the elastomer could be some
silicone rubber.

3.6.2. Integration of the constraints

i.

Material properties
As stated before, the ideal designs found previously do not take into account the

existence of the materials. Another approach then is to look for materials that have properties
close to the ones that were chosen in the ideal case, and to modify then the geometry in order to
find the best performances in terms of frequency stop band and reduction of the vibrations. The
purpose of this is to be able to build a specimen and to test it in order to have a proof of concept
of the circular multi-layered isolator.

The materials chosen previously have the following properties:
-

Metal: ρ=7850 kg/m3; E=210 GPa; ν=0.3

-

Elastomer: ρ=1000 kg/m3; E=2 MPa; ν=0.499

Research on existing materials has shown that some materials have properties close to
these materials:
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-

Metal: Latrobe Specialty Steel Lescalloy D6AC Allegheny Ludlum Stainless Type
201, 10% cold worked: ρ=7860 kg/m3; E=210 GPa; ν=0.3.

-

ii.

Elastomer: Resinlab UR 3010 Clear or Black: ρ=1040 kg/m3; E=1.72 MPa; ν=0.499.

Geometric constraints
The multi-layered isolators are aimed to be placed around the input shaft of a helicopter

gearbox. This shaft is often a straddled spiral bevel gear with the triplex, three angular contact
ball bearings, and a “nose roller” (cylindrical roller bearing). Typical outer diameter for the shaft
is 5.6 cm, and typical outer diameter for the bearing is 6.4 cm.

Using the materials presented above and integrating the geometric constraints, it was
possible to design new isolators that correspond more to the reality of the helicopter gearbox.
Three- and five-layered isolators were designed.

iii.

Three-layered isolator
The selected design has the geometry and material properties summarized in Table 17.

Note that “metal 1” refers to the innermost metal layer, and “metal 2” refers to the outermost
metal layer. Indeed in this case the two metal layers do not have the same geometric
characteristics. The inner radius is 6.4 cm and the total diameter 30 cm.
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Table 17: Geometric characteristics and material properties of the three-layered
isolator

E (Pa)
ρ(kg/m3)
Poisson's ratio
thickness (m)
loss factor

metal 1
2.10E+11
7860
0.3
0.03
0.0005

metal 2
2.10E+11
7860
0.3
0.05
0.0005

elastomer
1.72E+06
1040
0.499
0.006
0.01

The transmissibility of this isolator is shown in Figure 3-40. The analytical stop band is
found to be between 155 Hz and 2550 Hz. After finding the frequency of the first thickness mode
using the augmented assumed modes model, it is narrowed to [155 Hz; 1957 Hz]. A comparison
with the finite element model shows a stop band between 155 Hz and 1954 Hz, so a difference of
0.15%.
The drop of the magnitude within the stop band goes down to 0.01 (finite element model)
and 0.009 (analytical model), which is a satisfactory result.

Thus, this model meets the requirements in terms of stop band, reduction of the vibration
propagation within the stop band and geometric constraints. However, the geometric constraint
concerns here only the inner diameter of the isolator, not the outer diameter, although a maximum
outer diameter must be set up too. In this case, the outer diameter is 30 cm, which is certainly too
big to be implemented in a helicopter gearbox.
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Stop band

Figure 3-40: Transmissibility of the three-layered isolator

iv.

Five-layered isolator model
The selected design has the geometry and material properties summarized in Table 18.

Note that “metal 1” refers to the innermost metal layer, and “metal 2 and 3” refers to the two
other metal layers. Indeed in this case the three metal layers do not have the same geometric
characteristics. The inner radius is 6.4 cm and the total diameter 41.2 cm. The transmissibility of
this isolator is shown in Figure 3-41.
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Table 18: Geometric characteristics and material properties of the five-layered
isolator

E (Pa)
ρ (kg/m3)
Poisson's ratio
thickness (m)
loss factor

metal 1
2.10E+11
7860
0.3
0.03
0.0005

metal 2 and 3
2.10E+11
7860
0.3
0.05
0.0005

elastomer
1.72E+06
1040
0.499
0.006
0.01

Stop band

Figure 3-41: Transmissibility of the five-layered isolator

The transmissibility of this isolator is shown in Figure 3-41. The analytical stop band is
found to be between 735 Hz and 4207 Hz. After finding the frequency of the first thickness mode
using the augmented assumed modes model, it is narrowed to [735 Hz; 2021 Hz]. The drop of the
magnitude within the stop band goes down to 0.003 for both models, which is a satisfactory
result.
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This model does not exactly meet the requirements in terms of stop band, but the
vibration reduction is satisfactory. However, the geometric constraint concerns here only the
inner diameter of the isolator, not the outer diameter, although a maximum outer diameter must
be set up too. Moreover, in this case, the outer diameter is 41.2 cm, which is again certainly too
big to be implemented in a helicopter gearbox.

3.6.3. Experimental designs
As shown previously, the isolators designed by taking into account the geometric
constraints of a helicopter gearbox have big diameters. Thus, for experimental purposes, new
designs were chosen, that combine real and easy to use materials, reasonable size and a large stop
band. The selected designs for a three-layered isolator and for a five-layered isolator are
presented in the two following sub-sections.

i.

Three-layered isolator
The selected design has the geometric characteristics and the material properties

presented in Table 19. Note that the materials used are Latrobe Specialty Steel Lescaloy for the
metal layers, and the Resinlab UR 3010 for the elastomer because these materials are easy to find
and to use. The inner radius is 2.2 cm and the total diameter of the isolator is 7.9cm.
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Table 19: Geometric characteristics and material properties of the three-layered
isolator for experimental purposes

E (Pa)
ρ(kg/m3)
Poisson's ratio
thickness (m)
loss factor

metal
2.10E+11
7860
0.3
0.006
0.0005

elastomer
1.72E+06
1040
0.499
0.0055
0.01

The transmissibility, found with both the analytical and the finite element models, is
shown in Figure 3-42.

Stop band

Figure 3-42: Transmissibility of the three-layered isolator

The initial analytical stop band was found to be between 450 Hz and 2844 Hz. Then it
was shown with the augmented assumed modes model that the first thickness mode occurs at
2149 Hz, reducing the stop band to [450 Hz; 2149 Hz]. The finite element analysis confirms these
results since the stop band is found to be between 450 Hz and 2140 Hz. The beginning frequency
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of the stop band is the same between the two methods, and there is a difference of 0.4% between
the two ending frequencies. Again, the agreement between the two methods gives confidence in
the results.
The stop band of this isolator is thus between 450 Hz and 2140 Hz, which meets the stop
band frequency range requirements. The amplitude of the transmissibility goes to a minimum of
0.06 with the analytical method and 0.09 with the finite element method.

ii.

Five-layered isolator

The material properties used are again those of the Latrobe Specialty Steel Lescalloy
D6AC for the metal layers, and the Resinlab UR 3010 for the elastomer. The selected geometric
characteristics and material properties are summarized in Table 19. The inner radius is chosen to
be 2.10 m, making the total diameter of the isolator to be 11.4 cm.

Table 20: Geometric characteristics and material properties of the five-layered
isolator for experimental purposes

E (Pa)
ρ(kg/m3)
Poisson's ratio
thickness (m)
loss factor

metal
2.10E+11
7860
0.3
0.008
0.0005

elastomer
1.72E+06
1040
0.499
0.006
0.01

Figure 3-43 shows the transmissibility of this isolator. The theoretical stop band is
initially found by looking at the red curve. We find [515 Hz; 4753 Hz]. Using the augmented
assumed-modes model to find the natural frequencies of the thickness modes it appears that the
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first thickness mode occurs at 1964 Hz. Thus the theoretical stop band is narrowed to [515 Hz;
1964 Hz]. A finite element analysis corroborates this result, with a stop band between 515 Hz and
1976 Hz. Note that the two methods agree exactly on the beginning frequency of the stop band,
and agree very well on the ending frequency, with a different between of 0.6%.

Stop band

Figure 3-43: Transmissibility of a five-layered isolator

The drop in the transmissibility’s amplitude goes down to 0.001 with the augmented
assumed-modes model, and 0.002 with the finite element analysis. This represents a good
reduction of the vibration propagation and should easily be seen during the experiment.

These isolators have been built and are being tested at Penn State. The results will be
summarized in a publication.
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3.7 Computational effectiveness
One of the main purposes of the development of an augmented assumed-modes model,
coded on MATLAB, was to be able to develop an effective design tool to determine the
mechanical behavior and the transmissibility of the three-layered and five-layered isolator.
Indeed, the finite element model is known to be a heavy procedure that is not time-efficient, and
consequently not well suited for design purposes.
Thus the computational times necessary to obtained the transmissibility plot for the threelayered isolator model with the geometric characteristics and the material properties given in
Table 15 were compared between the augmented assumed-modes model (code on MATLAB) and
the finite element model (software ABAQUS). The comparison was made possible by using the
“clockwall” time given on ABAQUS, and the total time, obtained with the function tic/toc, on
MATLAB.

The results are as follows:
-

Augmented assumed modes model, t = 4.85s

-

Finite element model, t = 6613s, or 1 hour and 50 minutes

The results are even more impressive when we compare the computational times for a
five-layered isolator. For instance, for the model whose geometric characteristics and material
properties are described in Table 16, the results are:
-

Augmented assumed modes model, t = 8.44s

-

Finite elements model, t = 15196s or 4 hours and 13 minutes
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Thus the augmented assumed modes model is of great interest since it is more than 2000
times faster than the finite element model. It is well suited to be included in an optimization code.
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Chapter 4
Conclusions and Recommendations

4.1 Conclusions
The objectives of this work were to conceive, model and design a three- and a fivelayered radial isolator. They have been fulfilled, and a passive solution that reduces the
propagation of the vibrations from the shaft entering the gearbox to the housing of the helicopter
has been developed.

Models of the mechanical behavior of three-layered and five-layered radial isolators were
developed. An assumed-modes model captured the key global modes, and was augmented by an
analytical model of the local thickness modes. A finite element model was developed to verify the
results found with the augmented assumed modes method.
All the analytical models were implemented using the MATLAB software, and all the
finite element studies were carried out using the ABAQUS software.

The natural frequencies and mode shapes were found with an assumed-modes model and
compared to the results given by the finite element analysis. Very good agreement (less than 5%
of error) was found between the two methods, giving confidence in the accuracy of the assumedmodes model. Both models included rigid body modes, and the FE model yielded repeated modes
corresponding to a rotation of 90 degrees of the basic modes included in the assumed-modes
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model. The assumed-modes model mainly addressed modes involving motion of the dense rings,
with linear variation of displacements through the soft layers. The FE model was able to further
capture “thickness modes” and other higher-order modes.

The transmissibilities of the three and five-layered isolators were studied, using both the
assumed-modes model and finite element analysis. Results from both methods were compared
with very good agreement generally (less than 1% of error between the peaks than can be
compared between the two methods. This excludes then the peaks corresponding to the thickness
modes since these modes do not appear in the assumed-modes model). However, the assumedmodes model does not capture the effects of thickness modes on transmissibility. Thus there was
a need to be able to predict the frequencies of these thickness modes. To address this, an
analytical model of a single elastomer ring with fixed-fixed boundary conditions was developed
that determines the frequencies of the thickness modes. These frequencies are then taken into
account when interpreting the transmissibility plot obtained with the assumed modes model.
These results are of great interest because first they demonstrate theoretically the
effectiveness of circular three- and five-layered isolators to prevent high frequency radial
vibration from propagating into the housing of the helicopter. Secondly they show that the
augmented assumed modes model is an effective design tool for determining the mechanical
behavior and the transmissibility of a three- or five-layered isolator since it gives reliable and
accurate results more than 2000 times faster than the finite element model does.

Using the augmented assumed-modes model, good designs were found for three- and
five-layered isolators. These designs meet the frequency stop band requirement, and significantly
reduce vibration transmission within the stop band. Then some of the geometric constraints of the
helicopter gearbox and real materials were considered to design isolators that could be
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implemented in helicopter gearboxes. Two isolators, one with three layers and one with five,
were designed with Latrobe Specialty Steel Lescalloy D6AC for the metal and Resinlab UR 3010
for the elastomer, and an inner radius of 5.1 cm corresponding to the outer diameter of the
bearing that is surrounded by the isolators.
It was possible to meet the requirements in terms of frequency stop band with the threelayered isolator, with a stop band between 155 Hz and 1957 Hz, and a maximum reduction of
0.01. For the five-layered isolator, the requirements in terms of frequency stop band were not
exactly met, as the stop band found was [735 Hz; 2021 Hz], but a satisfactory vibration reduction
of 0.003 was found. However the outer diameter in both cases is too large to be practically
implemented in a helicopter gearbox.

For purposes of experimental validation, new designs have been selected that satisfy the
frequency stop band requirements but that have a smaller outer diameter, and that are easier to
manufacture. The materials suggested are Latrobe Specialty Steel Lescalloy D6AC for the metal
and Resinlab UR 3010 for the elastomer. The experiments still have to be completed. Modelbased predictions indicate a stop band of 450 Hz to 2140 Hz for the three-layered isolator, and
515 Hz to 1976 Hz for the five-layered isolator. The expected vibration reduction is 0.06 and
0.001 for the three- and the five-layered isolators respectively.

These good results suggest continuing exploration of multi-layered isolators for
helicopter interior noise reduction.
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4.2 Recommendations for future work
It would be very useful to validate these models with experimental results. Some work in
that direction is currently being pursued at Penn State. The three-layered and five-layered designs
mentioned in Chapter 3 have been built and should be tested soon.

Some improvements could be made to the augmented assumed modes model that is used
to determine the transmissibility. Indeed one could create an optimization program to verify that
the suggested designs are really the best ones. Such a code could include all the design constraints
that were addressed here and add others such as the size and the static stiffness of the isolator.
Moreover, the augmented assumed-modes model does not take into account possible non-linear
behavior of the elastomer, and the input displacement to determine the transmissibility is assumed
to be mainly radial. It would be of great interest to improve the model by adding non-linear
behavior of the elastomer, and by considering also tangential and axial components of the input
displacement. This implies the development of a three-dimensional model, instead of the two
dimensional model presented in this study.

In addition, it would be useful to be able to predict the beginning frequency of the stop
band without having to plot the transmissibility. As a matter of fact, this model allows finding the
ending frequency of the stop band analytically, but there is no systematic way to determine the
beginning frequency. To do so and to determine the entire stop band it is necessary to plot the
transmissibility. In Szefi’s work ([1], [4]) the beginning frequency of the stop band corresponds
to the natural frequency of the mode that is just before the first thickness mode. However in the
system considered here, the different modes of the isolator do not always appear in the
transmissibility as peaks at their respective natural frequencies. They can appear at different
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frequencies, or not appear at all. This depends on the nature of the mode shape: a pure rotational
mode is not excited by a radial force, and thus does not appear in the transmissibility; a
translational mode with an in-phase motion of the metal layers appears in a peak at its natural
frequency; a translational mode with an out-of-phase motion of the metal layers appears at a
lower frequency. Perhaps other boundary conditions for modal analysis, such as fixed-free, could
lead to the determination of the beginning of the frequency stop band.
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Appendix A: MATLAB codes to find the natural
frequencies of the three and five-layered isolators

The codes to find the natural frequencies of the three and five-layered isolator models are
presented in the following sections. The codes were written on MATLAB.

A. Three-layered isolator
The main function to calculate the natural frequencies of a three-layered isolator is called
“newring”. The function “newring” calls other sub functions that can be found after the main
function code.
function
[M,K,Mb,Mc,Mv,Kb,Kc,Kve,Kvs,d,eigenvector]=newring(ord,Rb,width,t,E,rho
,nu,typ)
format long

% integrals of shape functions
% note: both sin and cos based series give the same result
% over the full ring
[H,H1,H2,H1H,H2H,H2H1,HH1,HH2,H1H2] = intpp_r(1,ord);
[SH,S1H1,S2H2,S1H,S2H,S2H1,SH1,SH2,S1H2] = intpp_r(3,ord);

% calculate other common variables
A = t.*width;
m = rho.*A;
% define core stress-strain behaviour (if used)
if length(t) > 1,
%
1 = plane stress,
%
2 = plane strain,
if nargin < 8,
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typ(1) = 2;
end
if typ(1)==3 | typ(1)==4,
if length(typ) ~= 2,
typ(2) = 1;
end
end
[D2,mu,dr2t] = vlaystif(typ,E(2),nu(2),t(2),width(2));
end

% further terms
ab = Rb/t(1)*log( (1+t(1)/2/Rb)/(1-t(1)/2/Rb) ) - 1;
if length(t) > 1,
Rv = Rb + (t(1)+t(2))/2;
av = Rv/t(2)*log( (1+t(2)/2/Rv)/(1-t(2)/2/Rv) ) - 1;
Rc = Rv + (t(2)+t(3))/2;
ac = Rc/t(3)*log( (1+t(3)/2/Rc)/(1-t(3)/2/Rc) ) - 1;
c(3)
c(4)
c(1)
c(2)

=
=
=
=

t(1)/(2*Rb);
t(3)/(2*Rc);
1 + c(3);
1 - c(4);

b(1) = t(2)/Rv;
b(2) = 1-b(1)/4;
b(3) = 1+b(1)/4;
end

[Mplainb,Mb,Mplainc,Mc,Mv] = mass_jem(H,H1,SH1,Rb,Rc,Rv,t,m,c,b)

[Kplainb,Kb,Kplainc,Kc] = stifc_jem(H,H1,H2,HH2,S1H,E,A,Rb,Rc,ab,ac)

[Kve,Kvs] =
stifv_jem(H,H1,H2,HH2,SH1,S1H,S1H2,E,nu,D2,mu,dr2t,A,Rv,t,c,b,av)
M=Mb+Mc+Mv;
Mb;
Mc;
Mv;
K=Kb+Kc+Kve+Kvs;
K;
Kb;
Kc;
Kve;
Kvs;
d=sqrt(eig(K,M))/(2*pi);
[eigenvector,omega2]=eig(K,M);
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end

The function intpp builds matrices of integrals of P.Q and their derivatives between a 1
and a2 (a1 and a2 are between 0 and 2π).
Note that typ defines the mode shape type:
-

typ = 1: P= 1, cos(t), cos(2t),…, cos(pt) and Q=P

-

typ = 2: P= 1, sin(t), sin(2t) …, sin(pt) and Q=P

-

typ = 3, P= 1, sin(t), sin(2t),…, sin(pt) and Q= 1, cos(t), cos(2t),…, cos(pt)

With p the number of terms in the series after 1 and t between a1 and a2.
function [PQ,P1Q1,P2Q2,P1Q,P2Q,P2Q1,PQ1,PQ2,P1Q2] =
intpp(typ,p,a1,a2,L)
if nargin < 5,
L = 1;
end
for np = 0:p;
for nq = 0:p;
if np == 0 & nq == 0,
PQ(np+1,nq+1) = (a2-a1)*L;
P1Q1(np+1,nq+1) = 0;
P2Q2(np+1,nq+1) = 0;
P1Q(np+1,nq+1) = 0;
P2Q(np+1,nq+1) = 0;
P2Q1(np+1,nq+1) = 0;
PQ1(np+1,nq+1) = 0;
PQ2(np+1,nq+1) = 0;
P1Q2(np+1,nq+1) = 0;
elseif np == 0,
if typ == 1 | typ == 3,
PQ(np+1,nq+1) = ic(nq,a1,a2,L);
PQ1(np+1,nq+1) = -nq*is(nq,a1,a2,L);
PQ2(np+1,nq+1) = -nq^2*ic(nq,a1,a2,L);
elseif typ == 2,
PQ(np+1,nq+1) = is(nq,a1,a2,L);
PQ1(np+1,nq+1) = nq*ic(nq,a1,a2,L);
PQ2(np+1,nq+1) = -nq^2*is(nq,a1,a2,L);
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end
P1Q1(np+1,nq+1) = 0;
P2Q2(np+1,nq+1) = 0;
P1Q(np+1,nq+1) = 0;
P2Q(np+1,nq+1) = 0;
P2Q1(np+1,nq+1) = 0;
P1Q2(np+1,nq+1) = 0;
elseif nq == 0,
if typ == 1,
PQ(np+1,nq+1) = ic(np,a1,a2,L);
P1Q(np+1,nq+1) = -nq*is(np,a1,a2,L);
P2Q(np+1,nq+1) = -nq^2*ic(np,a1,a2,L);
elseif typ == 2 | typ == 3,
PQ(np+1,nq+1) = is(np,a1,a2,L);
P1Q(np+1,nq+1) = np*ic(np,a1,a2,L);
P2Q(np+1,nq+1) = -np^2*is(np,a1,a2,L);
end
P1Q1(np+1,nq+1) = 0;
P2Q2(np+1,nq+1) = 0;
P2Q1(np+1,nq+1) = 0;
PQ1(np+1,nq+1) = 0;
PQ2(np+1,nq+1) = 0;
P1Q2(np+1,nq+1) = 0;
else
A = icc(np,nq,a1,a2,L);
B = iss(np,nq,a1,a2,L);
C = isc(np,nq,a1,a2,L);
D = isc(nq,np,a1,a2,L);
if typ == 1,
PQ(np+1,nq+1) = A;
P1Q1(np+1,nq+1) = B*np*nq/L^2;
P2Q2(np+1,nq+1) = A*np^2*nq^2/L^4;
P1Q(np+1,nq+1) = -C*np/L;
P2Q(np+1,nq+1) = -A*np^2/L^2;
P2Q1(np+1,nq+1) = D*np^2*nq/L^3;
PQ1(np+1,nq+1) = -D*nq/L;
PQ2(np+1,nq+1) = -A*nq^2/L^3;
P1Q2(np+1,nq+1) = C*nq^2*np/L^3;
elseif typ == 2,
PQ(np+1,nq+1) = B;
P1Q1(np+1,nq+1) = A*np*nq/L^2;
P2Q2(np+1,nq+1) = B*np^2*nq^2/L^4;
P1Q(np+1,nq+1) = D*np/L;
P2Q(np+1,nq+1) = -B*np^2/L^2;
P2Q1(np+1,nq+1) = -C*np^2*nq/L^3;
PQ1(np+1,nq+1) = C*nq/L;
PQ2(np+1,nq+1) = -B*nq^2/L^2;
P1Q2(np+1,nq+1) = -D*np*nq^2/L^3;
elseif typ == 3,
PQ(np+1,nq+1) = C;
P1Q1(np+1,nq+1) = D*isc(nq,np,a1,a2,L);
P2Q2(np+1,nq+1) = C*np^2*nq^2/L^4;
P1Q(np+1,nq+1) = A*np/L;
P2Q(np+1,nq+1) = -C*np^2/L^2;
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P2Q1(np+1,nq+1) = B*np^2*nq/L^3;
PQ1(np+1,nq+1) = -B*nq/L;
PQ2(np+1,nq+1) = -C*nq^2/L^2;
P1Q2(np+1,nq+1) = -A*np*nq^2/L^3;
end
end
end
end
%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%
%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%
%%%%%%%%%%% Internal functions %%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%
%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%
%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%
% ic
% I = ic(lam,a,b,L);
% calculates the integral from a to b for
% cos(lam*x/L)
function I = ic(lam,a,b,L)
I = lam/L*(sin(lam*b/L)-sin(lam*a/L));

%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%
% is
% I = is(lam,a,b,L);
% calculates the integral from a to b for
% sin(lam*x/L)
function I = is(lam,a,b,L)
I = -lam/L*(cos(lam*b/L)-cos(lam*a/L));

%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%
% icc
% I = icc(lam1,lam2,a,b,L);
% calculates the integral from a to b for
% cos(lam1*x/L)*cos(lam2*x/L)
function I = icc(lam1,lam2,a,b,L)
if lam1 == 0 & lam2 == 0,
I = b-a;
elseif lam1 == lam2,
I = ((b-a) + (sin(2*lam1*b/L)-sin(2*lam1*a/L))*L/(2*lam1))/2;
else,
g = (lam1+lam2)/L;
h = (lam1-lam2)/L;
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I1 = (sin(g*b)-sin(g*a))/g;
I2 = (sin(h*b)-sin(h*a))/h;
I = (I1+I2)/2;
end

%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%
% iss
% I = iss(lam1,lam2,a,b,L);
% calculates the integral from a to b for
% sin(lam1*x/L)*sin(lam2*x/L)
function I = iss(lam1,lam2,a,b,L)
if lam1 == 0 & lam2 == 0,
I = 0;
elseif lam1 == lam2,
I = ((b-a) - (sin(2*lam1*b/L)-sin(2*lam1*a/L))*L/(2*lam1))/2;
else,
g = (lam1+lam2)/L;
h = (lam1-lam2)/L;
I1 = (sin(g*b)-sin(g*a))/g;
I2 = (sin(h*b)-sin(h*a))/h;
I = -(I1-I2)/2;
end
%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%
% isc
% I = isc(lam1,lam2,a,b,L);
% calculates the integral from a to b for
% sin(lam1*x/L)*cos(lam2*x/L)
function I = isc(lam1,lam2,a,b,L)
if lam1 == 0 & lam2 == 0,
I = 0;
elseif lam1 == lam2,
I = -(cos(2*lam1*b/L)-cos(2*lam1*a/L))*L/(4*lam1);
else,
g = (lam1+lam2)/L;
h = (lam1-lam2)/L;
I1 = (cos(g*b)-cos(g*a))/g;
I2 = (cos(h*b)-cos(h*a))/h;
I = -(I1+I2)/2;
end
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function [PQ,P1Q1,P2Q2,P1Q,P2Q,P2Q1,PQ1,PQ2,P1Q2] = intpp_r(typ,p)
[P0,P1,P2,P3,P4] = intpp_r1(p);
z = zeros(size(P0));
if typ == 1 | typ == 2,
PQ = P0;
P1Q1 = P2;
P2Q2 = P4;
P1Q = z;
P2Q = -P2;
P2Q1 = z;
PQ1 = z;
PQ2 = -P2;
P1Q2 = z;
elseif typ == 3,
PQ = z;
P1Q1 = z;
P2Q2 = z;
P1Q = P1;
P2Q = z;
P2Q1 = P3;
PQ1 = -P1;
PQ2 = z;
P1Q2 = -P3;
end
PQ(1,1) = 2*pi;

%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%
%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%
function [Pi0,Pi1,Pi2,Pi3,Pi4] = intpp_r1(p)
Pi0
Pi1
Pi2
Pi3
Pi4

=
=
=
=
=

zeros(p+1);
Pi0;
Pi0;
Pi0;
Pi0;

for vi = 0:p;
for vj = 0:p;
if vj == vi,
Pi0(vi+1,vj+1)
Pi1(vi+1,vj+1)
Pi2(vi+1,vj+1)
Pi3(vi+1,vj+1)
Pi4(vi+1,vj+1)
end
end
end

=
=
=
=
=

pi;
pi *
pi *
pi *
pi *

vi;
vi * vj;
vi^2 * vj;
vi^2 * vj^2;
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The function mass_jem calculates the mass matrices of the stiff and soft rings.
function [Mplainb,Mb,Mplainc,Mc,Mv] =
mass_jem(H,H1,SH1,Rb,Rc,Rv,t,m,c,b)

rb = t(1)/Rb;
Z = zeros(size(H));
Mb11 = m(1)*Rb*(1 + rb^2/4)*H ;
Mb13 = -m(1)*Rb/6*rb^2*SH1;
Mb33 = m(1)*Rb*(H+rb^2/12*H1);
Mplainb = [Mb11 Mb13; Mb13' Mb33];
% only for a sandwich
if length(m) > 1,
Mb = [Mb11 Z Mb13 Z; Z Z Z Z; Mb13.' Z Mb33 Z; Z Z Z Z];
rc = t(3)/Rc;
Mc22 = m(3)*Rc*(1 + rc^2/4)*H;
Mc24 = -m(3)*Rc/6*rc^2*SH1;
Mc44 = m(3)*Rc*(H+rc^2/12*H1);
Mplainc = [Mc22 Mc24; Mc24.' Mc44];
Mc = [Z Z Z Z; Z Mc22 Z Mc24; Z Z Z Z; Z Mc24.' Z Mc44];
% calculate constants
B1 = c(1)^2*b(2);
B2 = c(2)^2*b(3);
B3 = c(1) * c(2);
B4 = b(2);
B5 = c(3)^2 * b(2);
B6 = b(3);
B7 = c(4)^2 * b(3);
B8 = 1;
B9 = -c(3)*c(4);
B10 = -2*c(3) * c(1) * b(2);
B11 = c(4) * c(1);
B12 = -c(3) * c(2);
B13 = 2*c(4) * c(2) * b(3);
mv = m(2)*Rv/3;
Mv11 = mv*B1*H;
Mv12 = mv/2*B3*H;
Mv13 = mv/2*B10*SH1;
Mv14 = mv/2*B11*SH1;
Mv22 = mv*B2*H;
Mv23 = mv/2*B12*SH1;
Mv24 = mv/2*B13*SH1;
Mv33 = mv*(B4*H + B5*H1);
Mv34 = mv/2*(B8*H + B9*H1);
Mv44 = mv*(B6*H + B7*H1);
Mv = [Mv11 Mv12 Mv13 Mv14;Mv12.' Mv22 Mv23 Mv24;Mv13.' Mv23.' Mv33
Mv34; ...
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Mv14.' Mv24.' Mv34.' Mv44];
end

The function stifc_jem calculates the stiffness matrices of the stiff rings.
function [Kplainb,Kb,Kplainc,Kc] =
stifc_jem(H,H1,H2,HH2,S1H,E,A,Rb,Rc,ab,ac)
Z = zeros(size(H));
Kb11 = E(1)*A(1)/Rb*H1;
Kb13 = E(1)*A(1)/Rb*S1H;
Kb33 = E(1)*A(1)/Rb*((ab+1)*H + 2*ab*HH2 + ab*H2);
Kplainb = [Kb11 Kb13; Kb13.' Kb33];
if length(A) > 1,
Kb = [Kb11 Z Kb13 Z; Z Z Z Z; Kb13.' Z Kb33 Z; Z Z Z Z];
Kc22 = E(3)*A(3)/Rc*H1;
Kc24 = E(3)*A(3)/Rc*S1H;
Kc44 = E(3)*A(3)/Rc*((1+ac)*H + 2*ac*HH2 + ac*H2);
Kplainc = [Kc22 Kc24; Kc24' Kc44];
Kc = [Z Z Z Z; Z Kc22 Z Kc24; Z Z Z Z; Z Kc24.' Z Kc44];
end

The function stivc_jem calculates the stiffness matrix of the elastomer layer.

function [Kve,Kvs] =
stifv_jem(H,H1,H2,HH2,SH1,S1H,S1H2,E,nu,D2,mu,dr2t,A,Rv,t,c,b,av)
% calculate constants (direct strains)
b2 = (av+1)*b(1)^2/4;
C1 = c(1)^2*(b2 + av*(1+b(1)));
C2 = c(2)^2*(b2 + av*(1-b(1)));
C3 = 2*c(1)*c(2)*(b2-av);
C4 = dr2t^2 + b2 + av*(1+b(1)) - 2*mu*b(1);
C5 = -2*c(3)*(b2 + av*(1+b(1)) - mu*b(1));
C6 = c(3)^2*(b2 + av*(1+b(1)));
C7 = dr2t^2 + b2 + av*(1-b(1)) + 2*mu*b(1);
C8 = 2*c(4)*(b2 + av*(1-b(1)) + mu*b(1));
C9 = c(4)^2*(b2 + av*(1-b(1)));
C10 = -2*(dr2t^2 - b2 + av);
C11 = 2*c(4)*(b2 - av - mu*b(1));
C12 = -2*c(3)*(b2 - av + mu*b(1));
C13 = -2*c(3)*c(4)*(b2-av);
C14 = 2*c(1)*(b2 + av*(1+b(1)) - mu*b(1));
C15 = -2*c(1)*c(3)*(b2 + av*(1+b(1)));
C16 = 2*c(1)*(b2 - av + mu*b(1));
C17 = 2*c(1)*c(4)*(b2 - av);
C18 = 2*c(2)*(b2 - av - mu*b(1));
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C19 = -2*c(2)*c(3)*(b2 - av);
C20 = 2*c(2)*(b2 + av*(1-b(1)) + mu*b(1));
C21 = 2*c(2)*c(4)*(b2 + av*(1-b(1)));
% set up submatrices (direct strains)
e2 = D2*A(2)*Rv/t(2)^2;
Kve11 = e2*( C1*H1 );
Kve12 = e2*( C3/2*H1 );
Kve13 = e2*( C14/2*S1H + C15/2*S1H2);
Kve14 = e2*( C16/2*S1H + C17/2*S1H2);
Kve22 = e2*( C2*H1 );
Kve23 = e2*( C18/2*S1H + C19/2*S1H2);
Kve24 = e2*( C20/2*S1H + C21/2*S1H2);
Kve33 = e2*( C4*H + C5*HH2 + C6*H2 );
Kve34 = e2*( C10/2*H + C11/2*HH2 + C12/2*HH2 + C13/2*H2 );
Kve44 = e2*( C7*H + C8*HH2 + C9*H2 );
Kve = [Kve11 Kve12 Kve13 Kve14;Kve12.' Kve22 Kve23 Kve24;Kve13.'
Kve23.' ...
Kve33 Kve34; Kve14.' Kve24.' Kve34.' Kve44];
% calculate constants (shear strains)
S1 = c(1)^2 * (av+1) * (1+b(1)+b(1)^2/4);
S2 = c(2)^2 * (av+1) * (1-b(1)+b(1)^2/4);
S3 = -2*c(1)*c(2) * (av+1) * (1 - b(1)^2/4);
S4 = c(3) * (c(3) + b(1)*c(1)) +
c(1)^2*(av*(1+b(1)+b(1)^2/4)+b(1)^2/4);
S5 = c(4) * (c(4) + b(1)*c(2)) + c(2)^2*(av*(1b(1)+b(1)^2/4)+b(1)^2/4);
S6 = 2*c(3)*c(4) + b(1)*(c(3)+c(4)) + 2*c(1)*c(2)*((av+1)*b(1)^2/4-av);
S7 = -2*c(1)*(c(3) + b(1)/2*(c(1)+c(3)) +
c(1)*(av*(1+b(1)+b(1)^2/4)+b(1)^2/4));
S8 = -2*c(1)*(c(4) + b(1)/2 + c(2)*((av+1)*b(1)^2/4-av));
S9 = 2*c(2)*(c(3) + b(1)/2 - c(1)*((av+1)*b(1)^2/4-av));
S10 = 2*c(2)*(c(4) + b(1)/2*(c(2)-c(4)) - c(2)*(av*(1b(1)+b(1)^2/4)+b(1)^2/4));
% set up submatrices (shear strains)
G2 = E(2)/(2*(1+nu(2)));
g2 = G2*A(2)*Rv/t(2)^2;
Kvs11 = g2*S1*H ;
Kvs12 = g2*S3/2*H;
Kvs13 = g2*S7/2*SH1;
Kvs14 = g2*S8/2*SH1;
Kvs22 = g2*S2*H;
Kvs23 = g2*S9/2*SH1;
Kvs24 = g2*S10/2*SH1;
Kvs33 = g2*S4*H1;
Kvs34 = g2*S6/2*H1;
Kvs44 = g2*S5*H1;
Kvs = [Kvs11 Kvs12 Kvs13 Kvs14;Kvs12.' Kvs22 Kvs23 Kvs24;Kvs13.'
Kvs23.' ...
Kvs33 Kvs34; Kvs14.' Kvs24.' Kvs34.' Kvs44];
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The function vlaystif is a program giving the correct stiffness values depending on typ.
-

typ=1: plane stress

-

typ=2: plane strain

function [D,mu,dr2t] = vlaystif(typ,E,nu,t,width,beta)
nut = 1-nu^2;
if typ(1) == 1,
D = E/nut;
mu = nu;
dr2t = 1;
elseif typ(1) == 2,
e_mod = E/nut;
mu = nu/(1-nu);
D = e_mod/(1-mu^2);
dr2t = 1;
elseif typ(1) == 3,
s_factor = width/t/2;
s_scl = 1+typ(2)*s_factor^2;
D = E*s_scl/(nut+3*(1-2*nu)*s_scl);
mu = nu;
dr2t = 1;
elseif typ(1) == 4,
s_factor = width/t/2;
s_scl = 1+typ(2)*s_factor^2;
D = E*s_scl/(nut+(s_scl-1)*(1+nu)*(1-2*nu)/(1-nu));
mu = nu;
dr2t = 1;
elseif typ(1) == 5,
D = E/nut;
mu = nu;
dr2t = typ(2);
elseif typ(1) == 6,
mu = nu/(1-nu);
D = E/nut/(1-mu^2);
dr2t = typ(2);
end
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B. Five-layered isolator
The main function to calculate the natural frequencies of a five-layered isolator is called
“newring5”. The functions used within “newring5” that were not already used in “newring” are
detailed after the code “newring5”, the others can be found in the previous section.

function
[M1,M2,M3,M4,M5,K1,Kve2,Kvs2,K3,Kve4,Kvs4,K5,M,K,d,eigenvector]=newring
5(ord,Rb,width,t,E,rho,nu,typ)
format long

% integrals of shape functions
% note: both sin and cos based series give the same result
% over the full ring
[H,H1,H2,H1H,H2H,H2H1,HH1,HH2,H1H2] = intpp_r(1,ord);
[SH,S1H1,S2H2,S1H,S2H,S2H1,SH1,SH2,S1H2] = intpp_r(3,ord);

% calculate other common variables
A = t.*width;
m = rho.*A;
% define core stress-strain behaviour (if used)
if length(t) > 1,
%
1 = plane stress,
%
2 = plane strain,
%
3 = shape factor, Lindley specified as typ = [typ beta])
%
4 = shape factor, Jem specified as typ = [typ beta])
%
5 = variable dr2t (specified as typ = [typ dr2t]) plane
stress
%
6 = variable dr2t (specified as typ = [typ dr2t]) plane
strain
if nargin < 8,
typ(1) = 2;
end
if typ(1)==3 | typ(1)==4,
if length(typ) ~= 2,
typ(2) = 1;
end
end
[D2,mu2,dr2t] = vlaystif(typ,E(2),nu(2),t(2),width(2));
[D4,mu4,dr4t] = vlaystif(typ,E(4),nu(4),t(4),width(4));
end
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% further terms
a1 = Rb/t(1)*log( (1+t(1)/(2*Rb))/(1-t(1)/(2*Rb)) ) - 1;
if length(t) > 1,
R2 = Rb + (t(1)+t(2))/2;
a2 = R2/t(2)*log( (1+t(2)/(2*R2))/(1-t(2)/(2*R2)) ) - 1;
R3 = R2 + (t(2)+t(3))/2;
a3 = R3/t(3)*log( (1+t(3)/(2*R3))/(1-t(3)/(2*R3)) ) - 1;
R4=R3+(t(3)+t(4))/2;
a4 = R4/t(4)*log( (1+t(4)/(2*R4))/(1-t(4)/(2*R4)) ) - 1;
R5=R4+(t(4)+t(5))/2;
a5 = R5/t(5)*log( (1+t(5)/(2*R5))/(1-t(5)/(2*R5)) ) - 1;
end

[Mplain1,M1,Mplain3,M3,M5,Mplain5,M2,M4] =
mass5(H,H1,SH1,Rb,R3,R2,R4,R5,t,m);

[Kplain1,K1,Kplain3,K3, Kplain5, K5] =
stifc5(H,H1,H2,HH2,S1H,E,A,Rb,R3,R5,a1,a3,a5)

[Kve2,Kve4,Kvs2,Kvs4] =
stifv5(H,H1,H2,HH2,SH1,S1H,S1H2,E,nu,D2,mu2,dr2t,D4,mu4,dr4t,Rb,A,R2,R3
,R4,R5,t,a2,a4);
M=M1+M2+M3+M4+M5;
K=K1+K3+Kve2+Kvs2+K5+Kve4+Kvs4;
d=sort(sqrt(eig(K,M))/(2*pi))
[eigenvector,omega2]=eig(K,M)
End

The function “mass5” calculates the mass matrices of each layer of the isolator.
function [Mplain1,M1,Mplain3,M3,M5,Mplain5,M2,M4] =
mass5(H,H1,SH1,Rb,R3,R2,R4,R5,t,m)

% mass submatrices
rb = t(1)/Rb;
Z = zeros(size(H));
M111 = m(1)*Rb*(1 + rb^2/4)*H ;
M113 = -m(1)*Rb/6*rb^2*SH1;
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M133 = m(1)*Rb*(H+rb^2/12*H1);
Mplain1 = [M111 M113; M113' M133];
% only for a sandwich
if length(m) > 1,
M1 = [M111 Z Z M113 Z Z; Z Z Z Z Z Z; Z Z Z Z Z Z; M113.' Z Z M133
Z Z; Z Z Z Z Z Z; Z Z Z Z Z Z];
r3 = t(3)/R3;
M322 = m(3)*R3*(1 + r3^2/4)*H;
M324 = -m(3)*R3/6*r3^2*SH1;
M344 = m(3)*R3*(H+r3^2/12*H1);
Mplain3 = [M322 M324; M324.' M344];
M3 = [Z Z Z Z Z Z; Z M322 Z Z M324 Z; Z Z Z Z Z Z; Z Z Z Z Z Z; Z
M324.' Z Z M344 Z; Z Z Z Z Z Z];
r5 = t(5)/R5;
M511 = m(5)*R5*(1 + r5^2/4)*H ;
M513 = -m(5)*R5/6*r5^2*SH1;
M533 = m(5)*R5*(H+r5^2/12*H1);
Mplain5 = [M511 M513; M513' M533];
M5 = [Z Z Z Z Z Z; Z Z Z Z Z Z; Z Z M511 Z Z M513; Z Z Z Z Z Z; Z Z
Z Z Z Z; Z Z M513' Z Z M533];
% calculate constants
B1=(1+t(1)/(2*Rb))^2*(1-t(2)/(4*R2));
B2=(1-t(3)/(2*R3))^2*(1+t(2)/(4*R2));
B3=(1+t(1)/(2*Rb))*(1-t(3)/(2*R3));
B4=(1-t(2)/(4*R2));
B5=t(1)^2/(4*Rb^2)*(1-t(2)/(4*R2));
B6=(1+t(2)/(4*R2));
B7=t(3)^2/(4*R3^2)*(1+t(2)/(4*R2));
B8=1;
B9=-t(1)*t(3)/(4*Rb*R3);
B10=-t(1)/Rb*(1+t(1)/(2*Rb))*(1-t(2)/(4*R2));
B11=t(3)/(2*R3)*(1+t(1)/(2*Rb));
B12=-t(1)/(2*Rb)*(1-t(3)/(2*R3));
B13=t(3)/R3*(1-t(3)/(2*R3))*(1+t(2)/(4*R2));
B14=(1+t(3)/(2*R3))^2*(1-t(4)/(4*R4));
B15=(1-t(5)/(2*R5))^2*(1+t(4)/(4*R4));
B16=(1+t(3)/(2*R3))*(1-t(5)/(2*R5));
B17=(1-t(4)/(4*R4));
B18=t(3)^2/(4*R3^2)*(1-t(4)/(4*R4));
B19=(1+t(4)/(4*R4));
B20=t(5)^2/(4*R5^2)*(1+t(4)/(4*R4));
B21=1;
B22=-t(3)*t(5)/(4*R3*R5);
B23=-t(3)/R3*(1+t(3)/(2*R3))*(1-t(4)/(4*R4));
B24=t(5)/(2*R5)*(1+t(3)/(2*R3));
B25=-t(3)/(2*R3)*(1-t(5)/(2*R5));
B26=t(5)/R5*(1-t(5)/(2*R5))*(1+t(4)/(4*R4));
m2 = m(2)*R2/3;
M211 = m2*B1*H;
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M212 = m2/2*B3*H;
M213 = m2/2*B10*SH1;
M214 = m2/2*B11*SH1;
M222 = m2*B2*H;
M223 = m2/2*B12*SH1;
M224 = m2/2*B13*SH1;
M233 = m2*(B4*H + B5*H1);
M234 = m2/2*(B8*H + B9*H1);
M244 = m2*(B6*H + B7*H1);
M2 = [M211 M212 Z M213 M214 Z;M212.' M222 Z M223 M224 Z; Z Z Z Z Z
Z ;M213.' M223.' Z M233 M234 Z;M214.' M224.' Z M234.' M244 Z; Z Z Z Z Z
Z];
m4 = m(4)*R4/3;
M411 = m4*B14*H;
M412 = m4/2*B16*H;
M413 = m4/2*B23*SH1;
M414 = m4/2*B24*SH1;
M422 = m4*B15*H;
M423 = m4/2*B25*SH1;
M424 = m4/2*B26*SH1;
M433 = m4*(B17*H + B18*H1);
M434 = m4/2*(B21*H + B22*H1);
M444 = m4*(B19*H + B20*H1);
M4 = [Z Z Z Z Z Z; Z M411 M412 Z M413 M414 ;Z M412.' M422 Z M423
M424; Z Z Z Z Z Z ; Z M413.' M423.' Z M433 M434;Z M414.' M424.' Z
M434.' M444];
end

The function “stifc5” calculates the stiffness matrices of each stiff layer.

function [Kplain1,K1,Kplain3,K3, Kplain5, K5] =
stifc5(H,H1,H2,HH2,S1H,E,A,Rb,R3,R5,a1,a3,a5)
Z = zeros(size(H));
K111 = E(1)*A(1)/Rb*H1;
K113 = E(1)*A(1)/Rb*S1H;
K133 = E(1)*A(1)/Rb*((a1+1)*H + 2*a1*HH2 + a1*H2);
Kplain1 = [K111 K113; K113.' K133];
if length(A) > 1,
K1 = [K111 Z Z K113 Z Z; Z Z Z Z Z Z;Z Z Z Z Z Z; K113.' Z Z K133 Z
Z; Z Z Z Z Z Z; Z Z Z Z Z Z];
K322 = E(3)*A(3)/R3*H1;
K324 = E(3)*A(3)/R3*S1H;
K344 = E(3)*A(3)/R3*((1+a3)*H + 2*a3*HH2 + a3*H2);
Kplain3 = [K322 K324; K324' K344];
K3 = [Z Z Z Z Z Z; Z K322 Z Z K324 Z; Z Z Z Z Z Z; Z Z Z Z Z Z; Z
K324.' Z Z K344 Z; Z Z Z Z Z Z];
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K522 = E(5)*A(5)/R5*H1;
K524 = E(5)*A(5)/R5*S1H;
K544 = E(5)*A(5)/R5*((1+a5)*H + 2*a5*HH2 + a5*H2);
Kplain5 = [K522 K524; K524' K544];
K5 = [Z Z Z Z Z Z; Z Z Z Z Z Z; Z Z K522 Z Z K524; Z Z Z Z Z Z; Z Z
Z Z Z Z; Z Z K524.' Z Z K544];
end

The function “stiv5” calculates the stiffness matrices of each elastomer layer.

function [Kve2,Kve4,Kvs2,Kvs4] =
stifv5(H,H1,H2,HH2,SH1,S1H,S1H2,E,nu,D2,mu2,dr2t,D4,mu4,dr4t,Rb,A,R2,R3
,R4,R5,t,a2,a4)
Z=zeros(size(H));
% calculate constants (direct strains)
C1=(1+t(1)/(2*Rb))^2*((a2+1)*t(2)^2/(4*R2^2)+a2*(1+t(2)/R2));
C2=(1-t(3)/(2*R3))^2*((a2+1)*t(2)^2/(4*R2^2)+a2*(1-t(2)/R2));
C3=(1+t(1)/(2*Rb))*(1-t(3)/(2*R3))*((a2+1)*t(2)^2/(4*R2^2)-a2);
C4=dr2t^2+(a2+1)*t(2)^2/(4*R2^2)+a2*(1+t(2)/R2)-2*nu(2)*t(2)/R2; %
C5=-t(1)/Rb*((a2+1)*t(2)^2/(4*R2^2)+a2*(1+t(2)/R2)-nu(2)*t(2)/R2);
C6=t(1)^2/(4*Rb^2)*((a2+1)*t(2)^2/(4*R2^2)+a2*(1+t(2)/R2));
C7=dr2t^2+(a2+1)*t(2)^2/(4*R2^2)+a2*(1-t(2)/R2)+2*nu(2)*t(2)/R2; %
C8=t(3)/R3*((a2+1)*t(2)^2/(4*R2^2)+a2*(1-t(2)/R2)+nu(2)*t(2)/R2);
C9=t(3)^2/(4*R3^2)*((a2+1)*t(2)^2/(4*R2^2)+a2*(1-t(2)/R2));
C10=-2*(dr2t^2-(a2+1)*t(2)^2/(4*R2^2)+a2); %
C11=t(3)/R3*((a2+1)*t(2)^2/(4*R2^2)-a2-nu(2)*t(2)/R2);
C12=-t(1)/Rb*((a2+1)*t(2)^2/(4*R2^2)+a2+nu(2)*t(2)/R2);
C13=-t(1)*t(3)/(2*R3*Rb)*((a2+1)*t(2)^2/(4*R2^2)-a2);
C14=(2+t(1)/Rb)*((a2+1)*t(2)^2/(4*R2^2)+a2*(1+t(2)/R2)-nu(2)*t(2)/R2);
C15=-t(1)/Rb*(1+t(1)/(2*Rb))*((a2+1)*t(2)^2/(4*R2^2)+a2*(1+t(2)/R2));
C16=(2+t(1)/Rb)*((a2+1)*t(2)^2/(4*R2^2)-a2+nu(2)*t(2)/R2);
C17=t(3)/R3*(1+t(1)/(2*Rb))*((a2+1)*t(2)^2/(4*R2^2)-a2);
C18=(2-t(3)/R3)*((a2+1)*t(2)^2/(4*R2^2)-a2-nu(2)*t(2)/R2);
C19=-t(1)/Rb*(1+t(3)/(2*R3))*((a2+1)*t(2)^2/(4*R2^2)-a2);
C20=(2-t(3)/R3)*((a2+1)*t(2)^2/(4*R2^2)+a2*(1-t(2)/R2)+nu(2)*t(2)/R2);
C21=t(3)/R3*(1-t(3)/(2*R3))*((a2+1)*t(2)^2/(4*R2^2)+a2*(1-t(2)/R2));
% set up submatrices (direct strains)
e2 = D2*A(2)*R2/t(2)^2;
Kve211 = e2*( C1*H1 );
Kve212 = e2*( C3/2*H1 );
Kve213 = e2*( C14/2*S1H + C15/2*S1H2);
Kve214 = e2*( C16/2*S1H + C17/2*S1H2);
Kve222 = e2*( C2*H1 );
Kve223 = e2*( C18/2*S1H + C19/2*S1H2);
Kve224 = e2*( C20/2*S1H + C21/2*S1H2);
Kve233 = e2*( C4*H + C5*HH2 + C6*H2 );
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Kve234 = e2*( C10/2*H + C11/2*HH2 + C12/2*HH2 + C13/2*H2 );
Kve244 = e2*( C7*H + C8*HH2 + C9*H2 );
Kve2 = [Kve211 Kve212 Z Kve213 Kve214 Z;Kve212.' Kve222 Z Kve223 Kve224
Z;Z Z Z Z Z Z;Kve213.' Kve223.' Z Kve233 Kve234 Z; Kve214.' Kve224.' Z
Kve234.' Kve244 Z; Z Z Z Z Z Z];
C22=(1+t(3)/(2*R3))^2*((a4+1)*t(4)^2/(4*R4^2)+a4*(1+t(4)/R4));
C23=(1-t(5)/(2*R5))^2*((a4+1)*t(4)^2/(4*R4^2)+a4*(1-t(4)/R4));
C24=(1+t(3)/(2*R3))*(1-t(5)/(2*R5))*((a4+1)*t(4)^2/(4*R4^2)-a4);
C25=dr4t^2+(a4+1)*t(4)^2/(4*R4^2)+a4*(1+t(4)/R4)-2*nu(4)*t(4)/R4; %
C26=-t(3)/R3*((a4+1)*t(4)^2/(4*R4^2)+a4*(1+t(4)/R4)-nu(4)*t(4)/R4);
C27=t(3)^2/(4*R3^2)*((a4+1)*t(4)^2/(4*R4^2)+a4*(1+t(4)/R4));
C28=dr4t^2+(a4+1)*t(4)^2/(4*R4^2)+a4*(1-t(4)/R4)+2*nu(4)*t(4)/R4;%
C29=t(5)/R5*((a4+1)*t(4)^2/(4*R4^2)+a4*(1-t(4)/R4)+nu(4)*t(4)/R4);
C30=t(5)^2/(4*R5^2)*((a4+1)*t(4)^2/(4*R4^2)+a4*(1-t(4)/R4));
C31=-2*(dr4t^2-(a4+1)*t(4)^2/(4*R4^2)+a4);%
C32=t(5)/R5*((a4+1)*t(4)^2/(4*R4^2)-a4-nu(4)*t(4)/R4);
C33=-t(3)/R3*((a4+1)*t(4)^2/(4*R4^2)+a4+nu(4)*t(4)/R4);
C34=-t(3)*t(5)/(2*R5*R3)*((a4+1)*t(4)^2/(4*R4^2)-a4);
C35=(2+t(3)/R3)*((a4+1)*t(4)^2/(4*R4^2)+a4*(1+t(4)/R4)-nu(4)*t(4)/R4);
C36=-t(3)/R3*(1+t(3)/(2*R3))*((a4+1)*t(4)^2/(4*R4^2)+a4*(1+t(4)/R4));
C37=(2+t(3)/R3)*((a4+1)*t(4)^2/(4*R4^2)-a4+nu(4)*t(4)/R4);
C38=t(5)/R5*(1+t(3)/(2*R3))*((a4+1)*t(4)^2/(4*R4^2)-a4);
C39=(2-t(5)/R5)*((a4+1)*t(4)^2/(4*R4^2)-a4-nu(4)*(t(4)/R4));
C40=-t(3)/R3*(1+t(5)/(2*R5))*((a4+1)*t(4)^2/(4*R4^2)-a4);
C41=(2-t(5)/R5)*((a4+1)*t(4)^2/(4*R4^2)+a4*(1-t(4)/R4)+nu(4)*t(4)/R4);
C42=t(5)/R5*(1-t(5)/(2*R5))*((a4+1)*t(4)^2/(4*R4^2)+a4*(1-t(4)/R4));
% set up submatrices (direct strains)
e4 = D4*A(4)*R4/t(4)^2;
Kve411 = e4*( C22*H1 );
Kve412 = e4*( C24/2*H1 );
Kve413 = e4*( C35/2*S1H + C36/2*S1H2);
Kve414 = e4*( C37/2*S1H + C38/2*S1H2);
Kve422 = e4*( C23*H1 );
Kve423 = e4*( C39/2*S1H + C40/2*S1H2);
Kve424 = e4*( C41/2*S1H + C42/2*S1H2);
Kve433 = e4*( C25*H + C26*HH2 + C27*H2 );
Kve434 = e4*( C31/2*H + C32/2*HH2 + C33/2*HH2 + C34/2*H2 );
Kve444 = e4*( C28*H + C29*HH2 + C30*H2 );
Kve4 = [ Z Z Z Z Z Z;Z Kve411 Kve412 Z Kve413 Kve414; Z Kve412.' Kve422
Z Kve423 Kve424;Z Z Z Z Z Z;Z Kve413.' Kve423.' Z Kve433 Kve434; Z
Kve414.' Kve424.' Z Kve434.' Kve444];
% calculate constants (shear strains)
S1=(1+t(1)/(2*Rb))^2*(a2+1)*(1+t(2)/R2+t(2)^2/(4*R2^2));
S2=(1-t(3)/(2*R3))^2*(a2+1)*(1-t(2)/R2+t(2)^2/(4*R2^2));
S3=-(2+t(1)/Rb)*(1-t(3)/(2*R3))*(a2+1)*(1-t(2)^2/(4*R2^2));
S4=t(1)/(2*Rb)*(t(1)/(2*Rb)+t(2)/R2*(1+t(1)/(2*Rb)))+(1+t(1)/(2*Rb))^2*
(a2*(1+t(2)/R2+t(2)^2/(4*R2^2))+t(2)^2/(4*R2^2));
S5=t(3)/(2*R3)*(t(3)/(2*R3)+t(2)/R2*(1t(3)/(2*R3)))+(1+t(3)/(2*R3))^2*(a2*(1t(2)/R2+t(2)^2/(4*R2^2))+t(2)^2/(4*R2^2));
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S6=t(1)*t(3)/(2*Rb*R3)+t(2)/R2*(t(1)/(2*Rb)+t(3)/(2*R3))+2*(1+t(1)/(2*R
b))*(1-t(3)/(2*R3))*((a2+1)*t(2)^2/(4*R2^2)-a2);
S7=(2t(1)/Rb)*(t(1)/(2*Rb)+t(2)/(2*R2)*(1+t(1)/Rb)+(1+t(1)/(2*Rb))*((a2+1)*t
(2)^2/(4*R2^2)+a2*(1+t(2)/R2)));
S8=-(2+t(1)/Rb)*(t(3)/(2*R3)+t(2)/(2*R2)+(1t(3)/(2*R3))*((a2+1)*t(2)^2/(4*R2^2)-a2));
S9=(2-t(3)/R3)*(t(1)/(2*Rb)+t(2)/(2*R2)(1+t(1)/(2*Rb))*((a2+1)*t(2)^2/(4*R2^2)-a2));
S10=(2-t(3)/R3)*(t(3)/(2*R3)+t(2)/(2*R2)*(1-t(3)/R3)-(1t(3)/(2*R3))*((a2+1)*t(2)^2/(4*R2^2)+a2*(1-t(2)/R2)));
% set up submatrices (shear strains)
G2 = E(2)/(2*(1+nu(2)));
g2 = G2*A(2)*R2/t(2)^2;
Kvs211 = g2*S1*H ;
Kvs212 = g2*S3/2*H;
Kvs213 = g2*S7/2*SH1;
Kvs214 = g2*S8/2*SH1;
Kvs222 = g2*S2*H;
Kvs223 = g2*S9/2*SH1;
Kvs224 = g2*S10/2*SH1;
Kvs233 = g2*S4*H1;
Kvs234 = g2*S6/2*H1;
Kvs244 = g2*S5*H1;
Kvs2 = [Kvs211 Kvs212 Z Kvs213 Kvs214 Z;Kvs212.' Kvs222 Z Kvs223 Kvs224
Z;Z Z Z Z Z Z;Kvs213.' Kvs223.' Z Kvs233 Kvs234 Z; Kvs214.' Kvs224.' Z
Kvs234.' Kvs244 Z;Z Z Z Z Z Z];
S11=(1+t(3)/(2*R3))^2*(a4+1)*(1+t(4)/R4+t(4)^2/(4*R4^2));
S12=(1-t(5)/(2*R5))^2*(a4+1)*(1-t(4)/R4+t(4)^2/(4*R4^2));
S13=-(2+t(3)/R3)*(1-t(5)/(2*R5))*(a4+1)*(1-t(4)^2/(4*R4^2));
S14=t(3)/(2*R3)*(t(3)/(2*R3)+t(4)/R4*(1+t(3)/(2*R3)))+(1+t(3)/(2*R3))^2
*(a4*(1+t(4)/R4+t(4)^2/(4*R4^2))+t(4)^2/(4*R4^2));
S15=t(5)/(2*R5)*(t(5)/(2*R5)+t(4)/R4*(1t(5)/(2*R5)))+(1+t(5)/(2*R5))^2*(a4*(1t(4)/R4+t(4)^2/(4*R4^2))+t(4)^2/(4*R4^2));
S16=t(3)*t(5)/(2*R3*R5)+t(4)/R4*(t(3)/(2*R3)+t(5)/(2*R5))+2*(1+t(3)/(2*
R3))*(1-t(5)/(2*R5))*((a4+1)*t(4)^2/(4*R4^2)-a4);
S17=(2t(3)/R3)*(t(3)/(2*R3)+t(4)/(2*R4)*(1+t(3)/R3)+(1+t(3)/(2*R3))*((a4+1)*t
(4)^2/(4*R4^2)+a4*(1+t(4)/R4)));
S18=-(2+t(3)/R3)*(t(5)/(2*R5)+t(4)/(2*R4)+(1t(5)/(2*R5))*((a4+1)*t(4)^2/(4*R4^2)-a4));
S19=(2-t(5)/R5)*(t(3)/(2*R3)+t(4)/(2*R4)(1+t(3)/(2*R3))*((a4+1)*t(4)^2/(4*R4^2)-a4));
S20=(2-t(5)/R5)*(t(5)/(2*R5)+t(4)/(2*R4)*(1-t(5)/R5)-(1t(5)/(2*R5))*((a4+1)*t(4)^2/(4*R4^2)+a4*(1-t(4)/R4)));
% set up submatrices (shear strains)
G4 = E(4)/(2*(1+nu(4)));
g4 = G4*A(4)*R4/t(4)^2;
Kvs411 = g4*S11*H ;
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Kvs412
Kvs413
Kvs414
Kvs422
Kvs423
Kvs424
Kvs433
Kvs434
Kvs444

=
=
=
=
=
=
=
=
=

g4*S13/2*H;
g4*S17/2*SH1;
g4*S18/2*SH1;
g4*S12*H;
g4*S19/2*SH1;
g4*S20/2*SH1;
g4*S14*H1;
g4*S16/2*H1;
g4*S15*H1;

Kvs4 = [ Z Z Z Z Z Z; Z Kvs411 Kvs412 Z Kvs413 Kvs414; Z Kvs412.'
Kvs422 Z Kvs423 Kvs424; Z Z Z Z Z Z; Z Kvs413.' Kvs423.' Z Kvs433
Kvs434; Z Kvs414.' Kvs424.' Z Kvs434.' Kvs444];
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Appendix B: MATLAB codes to plot the mode shapes of
the three and five-layered isolators

Codes have been written using MATLAB to plot the mode shapes of the three- and fivelayered isolators. These codes are presented below. They recall functions that have been
introduced in Appendix A to find the natural frequencies of the three- and five-layered isolators.

A. Mode shapes of a three-layered isolator
The main function is presented below.

% Define angles
format long
clear all
theta=0:pi/100:2*pi;
% Define radius
for j=1:length(theta)
Rb(j)=0.18375;
Rc(j)=0.24375;
end

% Plot a serie of points on the base ring
thetat=zeros(3,length(theta));

% select eigenvectors among the matrix of eigenvectors
ord=10;
width=[0.025 0.025 0.025];
t=[0.05 0.01 0.05];
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E=[210e9 2e6 210e9];
rho=[7850 1000 7850];
nu=[0.3 0.499 0.3];
typ=[1 1];
[M,K,Mb,Mc,Mv,Kb,Kc,Kve,Kvs]=newring(ord,Rb(1),width,t,E,rho,nu,typ);
[mateigenvector,omega2]=eig(K,M);
eigenvector=zeros(length(mateigenvector));
for j=1:length(mateigenvector)
eigenvector(:,j)=mateigenvector(:,j);
end
% mass normalization and sort of eigenvectors
c= eigenvector'*(M)*eigenvector;
mseigenvector = eigenvector;
for n=1:length(eigenvector),
mseigenvector(:,n)=mseigenvector(:,n)./sqrt(c(n,n)); end;
[omg,index] = sort(sqrt(diag(omega2)));
for n=1:ord+1, eigenvector(:,n)=mseigenvector(:,index(n)); end;
% decoupling of the first 2 eigenvectors
eigenvector(1,1)=0;
eigenvector(ord+2,1)=0;
d=eigenvector(:,1)'*(M)*eigenvector(:,1);
eigenvector(:,1)=eigenvector(:,1)/sqrt(d);
eigenvector(2,2)=0;
eigenvector(ord+3,2)=0;
eigenvector(2*ord+4,2)=0;
eigenvector(3*ord+5,2)=0;
f=eigenvector(:,2)'*(M)*eigenvector(:,2);
eigenvector(:,2)=eigenvector(:,2)/sqrt(f);

% select gb among each eigenvector
gb=zeros(length(eigenvector)/4,1);
for i=1:(length(eigenvector))
gb(1:(length(eigenvector)/4),i)=eigenvector(1:(length(eigenvector)/4),i
);
end

% Select gc
gc=zeros(length(eigenvector)/4,1);
for i=1:(length(eigenvector))
gc(1:(length(eigenvector)/4),i)=eigenvector((length(eigenvector)/4+1):(
length(eigenvector)/2),i);
end
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% select hb among one selected eigenvector
hb=zeros(length(eigenvector)/4,1);
for i=1:(length(eigenvector))
hb(1:(length(eigenvector)/4),i)=eigenvector((length(eigenvector)/2+1):(
3*length(eigenvector)/4),i);
end

% select hc among one selected eigenvector
hc=zeros(length(eigenvector)/4,1);
for i=1:(length(eigenvector))
hc(1:(length(eigenvector)/4),i)=eigenvector((3*length(eigenvector)/4)+1
:(length(eigenvector)),i);
end

for i=1:size(mseigenvector,2) %describe all the eigenvectors
for p=1:length(theta)
ub(p,i)= gb(1,i)*0.1;
uc(p,i) = gc(1,i)*0.1;
wb(p,i) = hb(1,i)*0.1;
wc(p,i) = hc(1,i)*0.1;
for

j = 1:ord

ub(p,i)
uc(p,i)
wb(p,i)
wc(p,i)

=
=
=
=

ub(p,i)+sin(j*theta(p)).*gb(j+1,i)*0.1;
uc(p,i)+sin(j*theta(p)).*gc(j+1,i)*0.1;
wb(p,i)+cos(j*theta(p)).*hb(j+1,i)*0.1;
wc(p,i)+cos(j*theta(p)).*hc(j+1,i)*0.1;

end
end
end
for i = 1:8
phib = theta+ub(p,i)./(Rb(1)+wb(p,i));
radiusb = Rb(1)+wb(:,i);
phic = theta+uc(p,i)./(Rc(1)+wc(p,i));
radiusc = Rc(1)+wc(:,i);
uub=ub(:,i);
uuc=uc(:,i);
phibt=zeros(2,length(theta));
radiusbt=zeros(2);
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figure(1000+i)

polar(phic,radiusc','r'), axis equal, hold on
polar(phib,radiusb','b'), axis equal, hold on
hold on
%
end

B. Mode shapes of a five-layered isolator
The main function is presented below.

% Define angles
format long
clear all
theta=0:pi/100:2*pi;
% Define radius
for j=1:length(theta)
Rb(j)=25;
Rc(j)=52.5;
R5(j)=80;
end

% Plot a serie of points on the base ring
thetat=zeros(3,length(theta));
Rbt=zeros(3);
for j=1:length(theta)
thetat(:,j)=[theta(j) theta(j) theta(j)];
Rbt(:,j)=[Rb(j)-abs(0.007*Rb(j)),Rb(j),Rb(j)+abs(0.007*Rb(j))];
Rct(:,j)=[Rc(j)-abs(0.007*Rc(j)),Rc(j),Rc(j)+abs(0.007*Rc(j))];
R5t(:,j)=[R5(j)-abs(0.007*R5(j)),R5(j),R5(j)+abs(0.007*R5(j))];
end

% select eigenvectors among the matrix of eigenvectors
ord=10;
width=[25 25 25 25 25];
t=[5 1 5 1 5];
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E=[210e3 2 210e3 2 210e3];
rho=[7.85 2 7.85 1 7.85]*1e-9;
nu=[0.3 0.499 0.3 0.499 0.3];
typ=[1 1];
[M1,M2,M3,M4,M5,K1,K3,K5,Kve2,Kvs2,Kve4,Kvs4,M,K,d,eigenvector] =
ring51(ord,Rb(1),width,t,E,rho,nu,typ)
[mateigenvector,omega2]=eig(K,M);
eigenvector=zeros(length(mateigenvector));
for j=1:length(mateigenvector)
eigenvector(:,j)=mateigenvector(:,j);
end
% mass normalization and sort of eigenvectors
c= eigenvector'*(M1+M2+M3+M4+M5)*eigenvector;
mseigenvector = eigenvector;
for n=1:length(eigenvector),
mseigenvector(:,n)=mseigenvector(:,n)./sqrt(c(n,n)); end;
[omg,index] = sort(sqrt(diag(omega2)));
for n=1:ord+1, eigenvector(:,n)=mseigenvector(:,index(n)); end;

g1=zeros(length(eigenvector)/6,1);
for i=1:(length(eigenvector))
g1(1:(length(eigenvector)/6),i)=eigenvector(1:(length(eigenvector)/6),i
);
end

%
%
%

figure(1000)
plot(theta,wb),hold on
xlabel('\theta'),ylabel('w_b')

% Select gc
g3=zeros(length(eigenvector)/6,1);
for i=1:(length(eigenvector))
g3(1:(length(eigenvector)/6),i)=eigenvector((length(eigenvector)/6+1):(
2*length(eigenvector)/6),i);
end

g5=zeros(length(eigenvector)/6,1);
for i=1:(length(eigenvector))
g5(1:(length(eigenvector)/6),i)=eigenvector((2*length(eigenvector)/6+1)
:(3*length(eigenvector)/6),i);
end
% select hb among one selected eigenvector
h1=zeros(length(eigenvector)/6,1);
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for i=1:(length(eigenvector))
h1(1:(length(eigenvector)/6),i)=eigenvector((3*length(eigenvector)/6+1)
:(4*length(eigenvector)/6),i);
end

% select hc among one selected eigenvector
h3=zeros(length(eigenvector)/6,1);
for i=1:(length(eigenvector))
h3(1:(length(eigenvector)/6),i)=eigenvector((4*length(eigenvector)/6+1)
:(5*length(eigenvector)/6),i);
end
h5=zeros(length(eigenvector)/6,1);
for i=1:(length(eigenvector))
h5(1:(length(eigenvector)/6),i)=eigenvector((5*length(eigenvector)/6+1)
:(length(eigenvector)),i);
end

for i=1:size(mseigenvector,2) %describe all the eigenvectors
for p=1:length(theta)
u1(p,i)= g1(1,i)*0.08;
u3(p,i) = g3(1,i)*0.08;
u5(p,i) = g5(1,i)*0.08;
w1(p,i) = h1(1,i)*0.08;
w3(p,i) = h3(1,i)*0.08;
w5(p,i) = h5(1,i)*0.08;
for j = 1:ord
u1(p,i)
u3(p,i)
u5(p,i)
w1(p,i)
w3(p,i)
w5(p,i)

=
=
=
=
=
=

u1(p,i)+sin(j*theta(p)).*g1(j+1,i)*0.08;
u3(p,i)+sin(j*theta(p)).*g3(j+1,i)*0.08;
u5(p,i)+sin(j*theta(p)).*g5(j+1,i)*0.08;
w1(p,i)+cos(j*theta(p)).*h1(j+1,i)*0.08;
w3(p,i)+cos(j*theta(p)).*h3(j+1,i)*0.08;
w5(p,i)+cos(j*theta(p)).*h5(j+1,i)*0.08;

end
end
end
for i = 1:size(eigenvector,2)
phi1 = theta+u1(p,i)./(Rb(1)+w1(p,i));
radius1 = Rb(1)+w1(:,i);
phi3 = theta+u3(p,i)./(Rc(1)+w3(p,i));
radius3 = Rc(1)+w3(:,i);
phi5 = theta+u5(p,i)./(R5(1)+w5(p,i));
radius5 = R5(1)+w5(:,i);
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phi1t=zeros(2,length(theta));
radius1t=zeros(2);
for j=1:length(theta)
phi1t(:,j)=[theta(j) phi1(j)];
radius1t(:,j)=[Rb(j),radius1(j)];
phi3t(:,j)=[theta(j) phi3(j)];
radius3t(:,j)=[Rc(j),radius3(j)];
phi5t(:,j)=[theta(j) phi5(j)];
radius5t(:,j)=[R5(j),radius5(j)];
end

figure(1000+i)
polar(phi5,radius5','g'), axis equal, hold on
polar(phi3,radius3','r'), axis equal, hold on
polar(phi1,radius1','b'), axis equal, hold on
hold on
end
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Appendix C: MATLAB codes to find the
transmissibility of the three and five-layered isolators

The codes presented here were written on MATLAB and allows determining and plotting
the transmissibility of a three and a five-layered isolator.

A. Transmissibility of a three-layered isolator
The main function of the code is called “radialtransmidampx”. It allows finding the
transmissibility of a three-layered isolator and plotting it. Note that the damping is taken into
account by introducing complex stiffness matrices for the elastomer and even the stiff layers. The
main function calls functions that were presented in Appendix A.

format long
clear all
% Definition of the parameters
ord=10;
w0=0.1;
etas=0.0005;
etar=0.01;
width=[0.025 0.025 0.025];
t=[0.006 0.0055 0.006];
E=[200e9 1.72e6 200e9];
rho=[7830 1040 7830];
nu=[0.3 0.499 0.3];
typ=[1 1];
Rb=0.025;
[M,K,Mb,Mc,Mv,Kb,Kc,Kve,Kvs,d,eigenvector]=newring(ord,Rb,width,t,E,rho
,nu,typ)
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forceddisp=zeros(4*(ord+1),1);
forceddisp(2*(ord+1)+1)=w0;
T=zeros(4*(ord+1),4*ord+3);
Ia=eye(2*(ord+1));
Ihbi=eye(ord);
Iz=eye(ord+1);
T(1:2*(ord+1),1:2*(ord+1))=Ia;
T(2*(ord+1)+1,2*(ord+1)+1:2*(ord+1)+ord)=-ones(1,ord);
T(2*(ord+1)+2:2*(ord+1)+1+ord,2*(ord+1)+1:2*(ord+1)+ord)=Ihbi;
T(2*(ord+1)+1+ord+1:4*ord+4,2*(ord+1)+ord+1:4*ord+3)=Iz;
Mnew=T'*M*T;
Kbc=Kb+Kc;
Kbcnew=T'*Kbc*T;
Kves=Kve+Kvs;
Kvesnew=T'*Kves*T;
omegaforce=0:1:60000;
counter=1;
for k=1:1:length(omegaforce)
qnew(:,counter)=(Kbcnew*(1+i*etas)+Kvesnew*(1+i*etar)(omegaforce(k)*(2*pi))^2*Mnew)\(-T'*(Kbc*(1+i*etas)+Kves*(1+i*etar)(omegaforce(k)*(2*pi))^2*M)*forceddisp);
hc(:,counter)=qnew(3*ord+3:4*(ord+1)-1,counter);
gc(:,counter)=qnew(ord+2,counter);
transmissibility(counter)=sqrt(sum((real(hc(:,counter))).^2+(imag(hc(:,
counter))).^2+(real(gc(:,counter))).^2+(imag(gc(:,counter))).^2))/w0;
counter=counter+1;
end
figure(2000)
omegaforce=0:1:60000;
loglog(omegaforce,transmissibility)

B. Five-layered isolator transmissibility
The following code allows calculating and plotting the transmissibility of a five-layered
isolator. The main function is called “radial5transmidampx”.

format long
clear all
ord=10;
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% Definition of the parameters
w0=0.01;
etas=0.0005;
etar=0.01;
width=[0.025 0.025 0.025 0.025 0.025];
t=[0.008 0.006 0.008 0.006 0.008];
E=[210e9 1.72e6 210e9 1.72e6 210e9];
rho=[7860 1040 7860 1040 7860];
nu=[0.3 0.4999 0.3 0.4999 0.3];
typ=[1 1];
Rb=0.025;
n=ord+1;

[M1,M2,M3,M4,M5,K1,K3,K5,Kve2,Kvs2,Kve4,Kvs4,M,K,d,eigenvector] =
ring51(ord,Rb,width,t,E,rho,nu,typ)

forceddisp=zeros(6*(n),1);
forceddisp(length(eigenvector)/2+1)=w0;
T=zeros(6*(n),6*n-1);
Ia=eye(3*n);
Ihbi=eye(n-1);
Iz=eye(2*n);
T(1:3*n,1:3*n)=Ia;
T(3*n+1,3*n+1:3*n+ord)=-ones(1,ord);
T(3*n+2:3*n+1+ord,3*n+1:3*n+ord)=Ihbi;
T(3*n+1+n:6*n,3*n+ord+1:6*n-1)=Iz;
K135=K1+K3+K5;
K24=Kve2+Kvs2+Kve4+Kvs4;
Mnew=T'*M*T;
K135new=T'*K135*T;
K24new=T'*K24*T;
omegaforce=0:1:20000;
counter=1;
for i=1:1:length(omegaforce)
qnew(:,counter)=(K135new*(1+j*etas)+K24new*(1+j*etar)(omegaforce(i)*2*pi)^2*Mnew)\(-T'*(K135*(1+j*etas)+K24*(1+j*etar)(omegaforce(i)*2*pi)^2*M)*forceddisp);
hc(:,counter)=qnew(5*(ord+1)+1,counter);
transmissibility(counter)=sqrt(sum((real(hc(:,counter))).^2+(imag(hc(:,
counter))).^2))/w0;
counter=counter+1;
end
omegaforce=0:1:20000;
loglog(omegaforce,transmissibility)
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Appendix D: MATLAB code to find the first thickness
mode

To find the first thickness mode, Equation (45) must be solved for λ1 as explained in
Chapter 2. To do so a code has been written on MATLAB using the function “fsolve”.

Following is the MATLAB code to find the frequency of the first thickness mode. The
expression of the Equation (37) is very long.

%% main functions in from symbolic
FunctionFl1l2 = @ ( n, l1, nu, beta) ((((n.*bessely(n,
2.^(1./2).*beta.*l1.*(-1./(nu - 1)).^(1./2)))./beta +
(beta.*(l1.*besselj(n - 1, beta.*l1) - (n.*besselj(n,
beta.*l1))./beta).*((n.*bessely(n, 2.^(1./2).*beta.*l1.*(-1./(nu 1)).^(1./2)))./beta - 2.^(1./2).*l1.*(-1./(nu - 1)).^(1./2).*bessely(n
- 1, 2.^(1./2).*beta.*l1.*(-1./(nu - 1)).^(1./2))))./(n.*besselj(n,
beta.*l1))).*bessely(n, beta.*l1))./(besselj(n,
beta.*l1).*((n.*bessely(n, beta.*l1))./beta - l1.*bessely(n - 1,
beta.*l1) + ((l1.*besselj(n - 1, beta.*l1) - (n.*besselj(n,
beta.*l1))./beta).*bessely(n, beta.*l1))./besselj(n, beta.*l1))) (beta.*((n.*bessely(n, 2.^(1./2).*beta.*l1.*(-1./(nu 1)).^(1./2)))./beta - 2.^(1./2).*l1.*(-1./(nu - 1)).^(1./2).*bessely(n
- 1, 2.^(1./2).*beta.*l1.*(-1./(nu - 1)).^(1./2))))./(n.*besselj(n,
beta.*l1))).*(n.*besselj(n, l1) - l1.*besselj(n - 1, l1)) +
n.*bessely(n, 2.^(1./2).*l1.*(-1./(nu - 1)).^(1./2)) - (((n.*bessely(n,
2.^(1./2).*beta.*l1.*(-1./(nu - 1)).^(1./2)))./beta +
(beta.*(l1.*besselj(n - 1, beta.*l1) - (n.*besselj(n,
beta.*l1))./beta).*((n.*bessely(n, 2.^(1./2).*beta.*l1.*(-1./(nu 1)).^(1./2)))./beta - 2.^(1./2).*l1.*(-1./(nu - 1)).^(1./2).*bessely(n
- 1, 2.^(1./2).*beta.*l1.*(-1./(nu - 1)).^(1./2))))./(n.*besselj(n,
beta.*l1))).*(n.*bessely(n, l1) - l1.*bessely(n - 1,
l1)))./((n.*bessely(n, beta.*l1))./beta - l1.*bessely(n - 1, beta.*l1)
+ ((l1.*besselj(n - 1, beta.*l1) - (n.*besselj(n,
beta.*l1))./beta).*bessely(n, beta.*l1))./besselj(n, beta.*l1)) (((((n.*besselj(n, 2.^(1./2).*beta.*l1.*(-1./(nu - 1)).^(1./2)))./beta
+ (beta.*(l1.*besselj(n - 1, beta.*l1) - (n.*besselj(n,
beta.*l1))./beta).*((n.*besselj(n, 2.^(1./2).*beta.*l1.*(-1./(nu 1)).^(1./2)))./beta - 2.^(1./2).*l1.*(-1./(nu - 1)).^(1./2).*besselj(n
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- 1, 2.^(1./2).*beta.*l1.*(-1./(nu - 1)).^(1./2))))./(n.*besselj(n,
beta.*l1))).*bessely(n, beta.*l1))./(besselj(n,
beta.*l1).*((n.*bessely(n, beta.*l1))./beta - l1.*bessely(n - 1,
beta.*l1) + ((l1.*besselj(n - 1, beta.*l1) - (n.*besselj(n,
beta.*l1))./beta).*bessely(n, beta.*l1))./besselj(n, beta.*l1))) (beta.*((n.*besselj(n, 2.^(1./2).*beta.*l1.*(-1./(nu 1)).^(1./2)))./beta - 2.^(1./2).*l1.*(-1./(nu - 1)).^(1./2).*besselj(n
- 1, 2.^(1./2).*beta.*l1.*(-1./(nu - 1)).^(1./2))))./(n.*besselj(n,
beta.*l1))).*(n.*besselj(n, l1) - l1.*besselj(n - 1,
l1)).*(n.*bessely(n, 2.^(1./2).*l1.*(-1./(nu - 1)).^(1./2)) +
n.*besselj(n, l1).*((((n.*bessely(n, 2.^(1./2).*beta.*l1.*(-1./(nu 1)).^(1./2)))./beta + (beta.*(l1.*besselj(n - 1, beta.*l1) (n.*besselj(n, beta.*l1))./beta).*((n.*bessely(n,
2.^(1./2).*beta.*l1.*(-1./(nu - 1)).^(1./2)))./beta - 2.^(1./2).*l1.*(1./(nu - 1)).^(1./2).*bessely(n - 1, 2.^(1./2).*beta.*l1.*(-1./(nu 1)).^(1./2))))./(n.*besselj(n, beta.*l1))).*bessely(n,
beta.*l1))./(besselj(n, beta.*l1).*((n.*bessely(n, beta.*l1))./beta l1.*bessely(n - 1, beta.*l1) + ((l1.*besselj(n - 1, beta.*l1) (n.*besselj(n, beta.*l1))./beta).*bessely(n, beta.*l1))./besselj(n,
beta.*l1))) - (beta.*((n.*bessely(n, 2.^(1./2).*beta.*l1.*(-1./(nu 1)).^(1./2)))./beta - 2.^(1./2).*l1.*(-1./(nu - 1)).^(1./2).*bessely(n
- 1, 2.^(1./2).*beta.*l1.*(-1./(nu - 1)).^(1./2))))./(n.*besselj(n,
beta.*l1))) - 2.^(1./2).*l1.*(-1./(nu - 1)).^(1./2).*bessely(n - 1,
2.^(1./2).*l1.*(-1./(nu - 1)).^(1./2)) - (n.*((n.*bessely(n,
2.^(1./2).*beta.*l1.*(-1./(nu - 1)).^(1./2)))./beta +
(beta.*(l1.*besselj(n - 1, beta.*l1) - (n.*besselj(n,
beta.*l1))./beta).*((n.*bessely(n, 2.^(1./2).*beta.*l1.*(-1./(nu 1)).^(1./2)))./beta - 2.^(1./2).*l1.*(-1./(nu - 1)).^(1./2).*bessely(n
- 1, 2.^(1./2).*beta.*l1.*(-1./(nu - 1)).^(1./2))))./(n.*besselj(n,
beta.*l1))).*bessely(n, l1))./((n.*bessely(n, beta.*l1))./beta l1.*bessely(n - 1, beta.*l1) + ((l1.*besselj(n - 1, beta.*l1) (n.*besselj(n, beta.*l1))./beta).*bessely(n, beta.*l1))./besselj(n,
beta.*l1))))./(n.*besselj(n, 2.^(1./2).*l1.*(-1./(nu - 1)).^(1./2)) +
n.*besselj(n, l1).*((((n.*besselj(n, 2.^(1./2).*beta.*l1.*(-1./(nu 1)).^(1./2)))./beta + (beta.*(l1.*besselj(n - 1, beta.*l1) (n.*besselj(n, beta.*l1))./beta).*((n.*besselj(n,
2.^(1./2).*beta.*l1.*(-1./(nu - 1)).^(1./2)))./beta - 2.^(1./2).*l1.*(1./(nu - 1)).^(1./2).*besselj(n - 1, 2.^(1./2).*beta.*l1.*(-1./(nu 1)).^(1./2))))./(n.*besselj(n, beta.*l1))).*bessely(n,
beta.*l1))./(besselj(n, beta.*l1).*((n.*bessely(n, beta.*l1))./beta l1.*bessely(n - 1, beta.*l1) + ((l1.*besselj(n - 1, beta.*l1) (n.*besselj(n, beta.*l1))./beta).*bessely(n, beta.*l1))./besselj(n,
beta.*l1))) - (beta.*((n.*besselj(n, 2.^(1./2).*beta.*l1.*(-1./(nu 1)).^(1./2)))./beta - 2.^(1./2).*l1.*(-1./(nu - 1)).^(1./2).*besselj(n
- 1, 2.^(1./2).*beta.*l1.*(-1./(nu - 1)).^(1./2))))./(n.*besselj(n,
beta.*l1))) - 2.^(1./2).*l1.*(-1./(nu - 1)).^(1./2).*besselj(n - 1,
2.^(1./2).*l1.*(-1./(nu - 1)).^(1./2)) - (n.*((n.*besselj(n,
2.^(1./2).*beta.*l1.*(-1./(nu - 1)).^(1./2)))./beta +
(beta.*(l1.*besselj(n - 1, beta.*l1) - (n.*besselj(n,
beta.*l1))./beta).*((n.*besselj(n, 2.^(1./2).*beta.*l1.*(-1./(nu 1)).^(1./2)))./beta - 2.^(1./2).*l1.*(-1./(nu - 1)).^(1./2).*besselj(n
- 1, 2.^(1./2).*beta.*l1.*(-1./(nu - 1)).^(1./2))))./(n.*besselj(n,
beta.*l1))).*bessely(n, l1))./((n.*bessely(n, beta.*l1))./beta l1.*bessely(n - 1, beta.*l1) + ((l1.*besselj(n - 1, beta.*l1) (n.*besselj(n, beta.*l1))./beta).*bessely(n, beta.*l1))./besselj(n,
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beta.*l1))) - (n.*besselj(n, 2.^(1./2).*l1.*(-1./(nu 1)).^(1./2)).*(n.*bessely(n, 2.^(1./2).*l1.*(-1./(nu - 1)).^(1./2)) +
n.*besselj(n, l1).*((((n.*bessely(n, 2.^(1./2).*beta.*l1.*(-1./(nu 1)).^(1./2)))./beta + (beta.*(l1.*besselj(n - 1, beta.*l1) (n.*besselj(n, beta.*l1))./beta).*((n.*bessely(n,
2.^(1./2).*beta.*l1.*(-1./(nu - 1)).^(1./2)))./beta - 2.^(1./2).*l1.*(1./(nu - 1)).^(1./2).*bessely(n - 1, 2.^(1./2).*beta.*l1.*(-1./(nu 1)).^(1./2))))./(n.*besselj(n, beta.*l1))).*bessely(n,
beta.*l1))./(besselj(n, beta.*l1).*((n.*bessely(n, beta.*l1))./beta l1.*bessely(n - 1, beta.*l1) + ((l1.*besselj(n - 1, beta.*l1) (n.*besselj(n, beta.*l1))./beta).*bessely(n, beta.*l1))./besselj(n,
beta.*l1))) - (beta.*((n.*bessely(n, 2.^(1./2).*beta.*l1.*(-1./(nu 1)).^(1./2)))./beta - 2.^(1./2).*l1.*(-1./(nu - 1)).^(1./2).*bessely(n
- 1, 2.^(1./2).*beta.*l1.*(-1./(nu - 1)).^(1./2))))./(n.*besselj(n,
beta.*l1))) - 2.^(1./2).*l1.*(-1./(nu - 1)).^(1./2).*bessely(n - 1,
2.^(1./2).*l1.*(-1./(nu - 1)).^(1./2)) - (n.*((n.*bessely(n,
2.^(1./2).*beta.*l1.*(-1./(nu - 1)).^(1./2)))./beta +
(beta.*(l1.*besselj(n - 1, beta.*l1) - (n.*besselj(n,
beta.*l1))./beta).*((n.*bessely(n, 2.^(1./2).*beta.*l1.*(-1./(nu 1)).^(1./2)))./beta - 2.^(1./2).*l1.*(-1./(nu - 1)).^(1./2).*bessely(n
- 1, 2.^(1./2).*beta.*l1.*(-1./(nu - 1)).^(1./2))))./(n.*besselj(n,
beta.*l1))).*bessely(n, l1))./((n.*bessely(n, beta.*l1))./beta l1.*bessely(n - 1, beta.*l1) + ((l1.*besselj(n - 1, beta.*l1) (n.*besselj(n, beta.*l1))./beta).*bessely(n, beta.*l1))./besselj(n,
beta.*l1))))./(n.*besselj(n, 2.^(1./2).*l1.*(-1./(nu - 1)).^(1./2)) +
n.*besselj(n, l1).*((((n.*besselj(n, 2.^(1./2).*beta.*l1.*(-1./(nu 1)).^(1./2)))./beta + (beta.*(l1.*besselj(n - 1, beta.*l1) (n.*besselj(n, beta.*l1))./beta).*((n.*besselj(n,
2.^(1./2).*beta.*l1.*(-1./(nu - 1)).^(1./2)))./beta - 2.^(1./2).*l1.*(1./(nu - 1)).^(1./2).*besselj(n - 1, 2.^(1./2).*beta.*l1.*(-1./(nu 1)).^(1./2))))./(n.*besselj(n, beta.*l1))).*bessely(n,
beta.*l1))./(besselj(n, beta.*l1).*((n.*bessely(n, beta.*l1))./beta l1.*bessely(n - 1, beta.*l1) + ((l1.*besselj(n - 1, beta.*l1) (n.*besselj(n, beta.*l1))./beta).*bessely(n, beta.*l1))./besselj(n,
beta.*l1))) - (beta.*((n.*besselj(n, 2.^(1./2).*beta.*l1.*(-1./(nu 1)).^(1./2)))./beta - 2.^(1./2).*l1.*(-1./(nu - 1)).^(1./2).*besselj(n
- 1, 2.^(1./2).*beta.*l1.*(-1./(nu - 1)).^(1./2))))./(n.*besselj(n,
beta.*l1))) - 2.^(1./2).*l1.*(-1./(nu - 1)).^(1./2).*besselj(n - 1,
2.^(1./2).*l1.*(-1./(nu - 1)).^(1./2)) - (n.*((n.*besselj(n,
2.^(1./2).*beta.*l1.*(-1./(nu - 1)).^(1./2)))./beta +
(beta.*(l1.*besselj(n - 1, beta.*l1) - (n.*besselj(n,
beta.*l1))./beta).*((n.*besselj(n, 2.^(1./2).*beta.*l1.*(-1./(nu 1)).^(1./2)))./beta - 2.^(1./2).*l1.*(-1./(nu - 1)).^(1./2).*besselj(n
- 1, 2.^(1./2).*beta.*l1.*(-1./(nu - 1)).^(1./2))))./(n.*besselj(n,
beta.*l1))).*bessely(n, l1))./((n.*bessely(n, beta.*l1))./beta l1.*bessely(n - 1, beta.*l1) + ((l1.*besselj(n - 1, beta.*l1) (n.*besselj(n, beta.*l1))./beta).*bessely(n, beta.*l1))./besselj(n,
beta.*l1))) + (((n.*besselj(n, 2.^(1./2).*beta.*l1.*(-1./(nu 1)).^(1./2)))./beta + (beta.*(l1.*besselj(n - 1, beta.*l1) (n.*besselj(n, beta.*l1))./beta).*((n.*besselj(n,
2.^(1./2).*beta.*l1.*(-1./(nu - 1)).^(1./2)))./beta - 2.^(1./2).*l1.*(1./(nu - 1)).^(1./2).*besselj(n - 1, 2.^(1./2).*beta.*l1.*(-1./(nu 1)).^(1./2))))./(n.*besselj(n, beta.*l1))).*(n.*bessely(n, l1) l1.*bessely(n - 1, l1)).*(n.*bessely(n, 2.^(1./2).*l1.*(-1./(nu 1)).^(1./2)) + n.*besselj(n, l1).*((((n.*bessely(n,
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2.^(1./2).*beta.*l1.*(-1./(nu - 1)).^(1./2)))./beta +
(beta.*(l1.*besselj(n - 1, beta.*l1) - (n.*besselj(n,
beta.*l1))./beta).*((n.*bessely(n, 2.^(1./2).*beta.*l1.*(-1./(nu 1)).^(1./2)))./beta - 2.^(1./2).*l1.*(-1./(nu - 1)).^(1./2).*bessely(n
- 1, 2.^(1./2).*beta.*l1.*(-1./(nu - 1)).^(1./2))))./(n.*besselj(n,
beta.*l1))).*bessely(n, beta.*l1))./(besselj(n,
beta.*l1).*((n.*bessely(n, beta.*l1))./beta - l1.*bessely(n - 1,
beta.*l1) + ((l1.*besselj(n - 1, beta.*l1) - (n.*besselj(n,
beta.*l1))./beta).*bessely(n, beta.*l1))./besselj(n, beta.*l1))) (beta.*((n.*bessely(n, 2.^(1./2).*beta.*l1.*(-1./(nu 1)).^(1./2)))./beta - 2.^(1./2).*l1.*(-1./(nu - 1)).^(1./2).*bessely(n
- 1, 2.^(1./2).*beta.*l1.*(-1./(nu - 1)).^(1./2))))./(n.*besselj(n,
beta.*l1))) - 2.^(1./2).*l1.*(-1./(nu - 1)).^(1./2).*bessely(n - 1,
2.^(1./2).*l1.*(-1./(nu - 1)).^(1./2)) - (n.*((n.*bessely(n,
2.^(1./2).*beta.*l1.*(-1./(nu - 1)).^(1./2)))./beta +
(beta.*(l1.*besselj(n - 1, beta.*l1) - (n.*besselj(n,
beta.*l1))./beta).*((n.*bessely(n, 2.^(1./2).*beta.*l1.*(-1./(nu 1)).^(1./2)))./beta - 2.^(1./2).*l1.*(-1./(nu - 1)).^(1./2).*bessely(n
- 1, 2.^(1./2).*beta.*l1.*(-1./(nu - 1)).^(1./2))))./(n.*besselj(n,
beta.*l1))).*bessely(n, l1))./((n.*bessely(n, beta.*l1))./beta l1.*bessely(n - 1, beta.*l1) + ((l1.*besselj(n - 1, beta.*l1) (n.*besselj(n, beta.*l1))./beta).*bessely(n, beta.*l1))./besselj(n,
beta.*l1))))./(((n.*bessely(n, beta.*l1))./beta - l1.*bessely(n - 1,
beta.*l1) + ((l1.*besselj(n - 1, beta.*l1) - (n.*besselj(n,
beta.*l1))./beta).*bessely(n, beta.*l1))./besselj(n,
beta.*l1)).*(n.*besselj(n, 2.^(1./2).*l1.*(-1./(nu - 1)).^(1./2)) +
n.*besselj(n, l1).*((((n.*besselj(n, 2.^(1./2).*beta.*l1.*(-1./(nu 1)).^(1./2)))./beta + (beta.*(l1.*besselj(n - 1, beta.*l1) (n.*besselj(n, beta.*l1))./beta).*((n.*besselj(n,
2.^(1./2).*beta.*l1.*(-1./(nu - 1)).^(1./2)))./beta - 2.^(1./2).*l1.*(1./(nu - 1)).^(1./2).*besselj(n - 1, 2.^(1./2).*beta.*l1.*(-1./(nu 1)).^(1./2))))./(n.*besselj(n, beta.*l1))).*bessely(n,
beta.*l1))./(besselj(n, beta.*l1).*((n.*bessely(n, beta.*l1))./beta l1.*bessely(n - 1, beta.*l1) + ((l1.*besselj(n - 1, beta.*l1) (n.*besselj(n, beta.*l1))./beta).*bessely(n, beta.*l1))./besselj(n,
beta.*l1))) - (beta.*((n.*besselj(n, 2.^(1./2).*beta.*l1.*(-1./(nu 1)).^(1./2)))./beta - 2.^(1./2).*l1.*(-1./(nu - 1)).^(1./2).*besselj(n
- 1, 2.^(1./2).*beta.*l1.*(-1./(nu - 1)).^(1./2))))./(n.*besselj(n,
beta.*l1))) - 2.^(1./2).*l1.*(-1./(nu - 1)).^(1./2).*besselj(n - 1,
2.^(1./2).*l1.*(-1./(nu - 1)).^(1./2)) - (n.*((n.*besselj(n,
2.^(1./2).*beta.*l1.*(-1./(nu - 1)).^(1./2)))./beta +
(beta.*(l1.*besselj(n - 1, beta.*l1) - (n.*besselj(n,
beta.*l1))./beta).*((n.*besselj(n, 2.^(1./2).*beta.*l1.*(-1./(nu 1)).^(1./2)))./beta - 2.^(1./2).*l1.*(-1./(nu - 1)).^(1./2).*besselj(n
- 1, 2.^(1./2).*beta.*l1.*(-1./(nu - 1)).^(1./2))))./(n.*besselj(n,
beta.*l1))).*bessely(n, l1))./((n.*bessely(n, beta.*l1))./beta l1.*bessely(n - 1, beta.*l1) + ((l1.*besselj(n - 1, beta.*l1) (n.*besselj(n, beta.*l1))./beta).*bessely(n, beta.*l1))./besselj(n,
beta.*l1))))

%% given parameters
n=1;
a=0.029;
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b=0.034;
beta=a./b;
nu=0.499;
%% solve
% l1 = 0:0.0001:30;
Fl1l2 = @(l1) FunctionFl1l2( n, l1, nu, beta)
A=fzero(Fl1l2,l1)

