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Abstract 

This thesis is comprised of two distinct studies in the shaping of radiation patterns.  The 

first part involves a comparative study of hyperbolic, profiled and flat lenses of varying 

diameters with a focus on achieving high gain, narrow beamwidth and wide-angle scan 

performance. The second part entails the design of a grated dielectric surface that produces an 

isoflux pattern when irradiated from below.  The geometries involved were simulated using 

GEMS, a commercially available parallel Finite Difference Time Domain (FDTD) 

electromagnetics solver. 

Contribution to Knowledge: 

¶ Utilizing a parallel FDTD EM solver to conduct a comparative study of microwave 

lenses 

¶ Exciting a leaky-wave antenna with an arbitrary radiator located underneath the structure 

as opposed to a waveguide and coupler located at one end 
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1. Comparative Study of Hyperbolic, Profiled and Flat Lenses  

 

1.1 Introduction and  Motivation  

The typical lens encountered in optics transmits and refracts light, resulting in the 

convergence or divergence of a beam.  The main difference between these lenses and those 

covered in this discussion is the frequency of operation; specifically, the lenses we investigate 

are designed to operate in the GHz vs. 100s of THz regime.  However, the basic physics of the 

lenses, which remains unchanged, will be examined in the following section from the microwave 

point of view.  The underlying mechanism that creates a focal point on the exiting side of a lens 

is based on the enforcement of equivalent electrical lengths regardless of the physical path. The 

two most direct ways to do this are to either create a lens comprised of radially varying 

heterogeneous materials (in the case of a cylindrical flat lens), or to design a profiled lens that 

utilizes a single material, but varies the thickness of each successive region.  

The lens design that inspired this study was based on one described by Hao et al. [1] (see 

Figure 1.1), where the theory of Transformation Optics was used to compress a conventional 

hyperbolic lens into a flat, zone plate lens with varying effective dielectric parameters.  This lens 

was claimed to have a superior bandwidth performance (for 20 GHz < f < 40GHz) when 

compared to a conventional quarter-wave Fresnel zone plate lens proposed by Petosa et al. [2]. 

Though it is not immediately apparent from Figure 1.1, both of these lenses utilize a 

homogenous dielectric disk perforated with holes of varying diameter which, in turn, give rise to 

varying effective dielectric constants. 
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Figure 1.1. Development and rough schematic of a zone plate lens proposed by Hao et al.. 

 

 
Figure 1.2. Quarter-wave zone plate lens proposed by Petosa et al.. 

 

Compared to these lenses, the structures covered in this study are simple and include a 

hyperbolic, profiled and flat lens whose design properties are described first followed by their 
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simulation results.  The importance of this work is that prior to the introduction of parallel FDTD 

EM solvers, such a comparative study as this, would not have been possible due to the inherent 

computational intensiveness of the simulations. 

1.2 Hyperbolic Lens 

The first lens we investigated, inspired by Cagnon et al. in [3], had a hyperbolic geometry 

with a diameter D = 63.5 mm, focal length F = D/4 = 15.875, 
r
e = 2.6 and a central design 

frequency f0 = 30.0 GHz.  The corresponding values in terms of free-space wavelength for D and 

F are 6.35ɚ0 and 1.5875ɚ0, respectively.  The particular dimensions of the lens and its relative 

permittivity were chosen to facilitate an immediate comparison to the performance of the lens 

described in [1].  In common with all focusing lenses, the hyperbolic lens design needs to ensure 

that the electrical path length of all incident rays are equivalent regardless of physical path length 

which it achieves by utilizing a curved profile.  A mathematically rigorous explanation of this 

will be presented in the next section on profiled lenses, which may be viewed as a ñcoarseò 

hyperbolic lens.  The hyperbolic profile of the lens is described by  

( )

() 1cos

1
)(

-

-
=

qe

e
q

r

r
F

R      (1.1) 

and is illustrated in Figure 1.3. 
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Figure 1.3. Cross section view of hyperbolic lens. 

 

Starting with D, F and Ůr it is possible to find the thickness of the lens t, which turns out to 

be approximately
0

2l . Different views of the hyperbolic lens are shown in Figure 1.4. 

 
Figure 1.4. (a) yx; (b) isometric; (c) zx; and (d) zy.  
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The first area of interest, for all of the lenses in this study, was their scan capabilities at 

the central design frequency of 30 GHz, i.e., their ability to maintain a compact distribution in 

the focal region as the incidence angle was progressively increased.  To evaluate this capability, 

GEMS, a parallel FDTD EM Solver, was used.  The lens was excited by a plane wave traveling 

in the zy-plane with an E-field intensity of 1 V/m, polarized in the x-direction, as shown in 

Figure 1.5. 

 
Figure 1.5. Method of excitation. 

 

The angle of incidence, ɗ, is the angle formed between the unit vector normal to the top of 

the lens, +z-axis in this case, and the poynting vector of the incident wave. The position of the 

transverse test plane for all of the lens designs was directly under the lens, bisecting it along the 

x-axis, with its longest edge oriented in the z-direction.  The width of the plane is equal to that of 

the diameter of the lenses, 6.35ɚ0, and to ensure that the majority of the focal region was 

captured, while still minimizing the computational domain of the simulations, a height of 7.00ɚ0 

was used.  It should be noted that normally when lenses are fabricated and tested their 
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performance is gauged with a horn antenna placed in the focal region of the lens; however, this is 

not done here for the sake of simplifying the numerical modeling of the lenses.   

The scan performance of the hyperbolic lens can be found in Figures 1.6, 1.7 and 1.8.  We 

see that as the angle of incidence moves off the z-axis so does the primary focal region.  This is 

to be expected because the rays are encountering a single dielectric material and their incidence 

angles and exiting angles relative to the normal formed by the surface, should be identical.  Not 

until the angle of incidence surpasses 45°, in Figure 1.8, do we start to see severe degradation of 

the focal region.  The relationship between the angle of incidence and the averaged magnitude of 

the E-field inside of the focal region, as well as bandwidth is discussed for this, and all of the 

other lenses, in a following section. 

 

 
Figure 1.6. Spatial distribution (Amplitude of Ex) of hyperbolic lens for ɗ = 0Á, 5Á, 10Á and 15Á. 
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Figure 1.7. Spatial distribution (Amplitude of Ex) of hyperbolic lens for ɗ = 20Á, 25Á, 30Á and 

35°. 

 

 
Figure 1.8. Spatial distribution (Amplitude of Ex) of hyperbolic lens for ɗ = 40Á, 45Á, 50Á and 

55°. 
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1.3 Profiled Lens Design 

The second lens of interest was a conventional profiled lens, whose parameters were 

identical to those of the hyperbolic lens, namely a diameter D = 63.5 mm, focal length F = D/4 = 

15.875 mm and a central design frequency f0 = 30.0 GHz.  The key geometric feature that 

differentiates this type of lens from the hyperbolic lens is that instead of possessing a smooth 

surface along its incident face, the profiled lens is comprised of distinct regions with varying 

thicknesses that mimic the curved profile by staircasing.  Not unexpectedly, it is necessary to 

choose certain design parameters of the lens from the outset, as for instance, the dielectric 

material, the number of distinct regions and the thickness of either the outermost or the central 

region.  Through trial and error it was determined that six distinct regions would suffice.  A 

relative permittivity 
r
e  = 4.0 was chosen owing to its widespread availability, and lower level of 

computational intensiveness required to simulate it.  With regards to setting the thickness of the 

outermost region it was important to keep in mind that the thickness of the entire lens itself was 

not as important as the thickness differential that existed between contiguous regions, insofar as 

the functionality of the lens was concerned. Thus, the thinnest possible thickness was assigned to 

the outer region in order to minimize the overall lens thickness. 

 
Figure 1.9. Profiled lens with paths of interest. 
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To make this lens work properly we need to ascertain that the electrical lengths of path 1 

(represented by the red arrows) and path n (represented by the blue arrows) in Figure 1.9 are 

equivalent.  The thickness of region n is predefined and we need to determine the thickness of 

region 1.  We start by equating the paths: 

( )
001011

klktkttklkt
nmnnm

++-=+     (1.2) 

where
m

m
k

l

p2
= ,

mr

m

,

0

e

l
l = , 

22

1
'Rll

n
+= , and 'R is the distance between the center of the 

lens and the exact point within each region where we wish to guarantee the equivalent electrical 

path lengths.  Solving for 
1

t  we get: 
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From (1.3) we can see that the relative permittivity of the material used to fabricate the lens 

does affect the thickness of the central region. Specifically, the larger the relative permittivity of 

the material is, the thinner the central region needs to be.  There is a tradeoff; however, in that it 

is desirable to keep reflections from the incident face of the lens to a minimum and the easiest 

way to do this is to ensure a good impedance match between the lens and free space.  The same 

method described above to find the thickness of the central region was also used to find the 

thickness of the remaining regions. Region 1 corresponds to the area in the center of the lens, 

while region 6 corresponds to the area that constitutes the outermost region (see Figure 1.10). 

 

Table 1.1. Geometric properties of profiled lens. 

region 1 2 3 4 5 6 

t( )
0
l  1.51 1.39 1.13 0.84 0.52 0.20 

width ( )
0
l  0.289 0.577 0.577 0.577 0.577 0.577 
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Figure 1.10. (a) yx, (b) isometric, (c) zx and (d) zy. 

The simulation results for this lens, when excited by a plane wave as discussed earlier, are 

displayed in Figures 1.11, 1.12 and 1.13. 

 
Figure 1.11. Spatial distribution (Amplitude of Ex) of profiled lens for ɗ = 0Á, 5Á, 10Á and 15Á. 
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Figure 1.12. Spatial distribution (Amplitude of Ex) of profiled lens for ɗ = 20Á, 25Á, 30Á and 35Á. 

 

 
Figure 1.13. Spatial distribution (Amplitude of Ex) of profiled lens for ɗ = 40Á, 45Á, 50Á and 55Á. 

 


