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Abstract

Phonon deformation potentials (PDPs) directly relate shifts in phonon frequency,
measured through Raman spectroscopy, to strain in a material. To measure a
material’s PDPs, one needs to decouple the PDP dependence on phonon shift rate
by measuring multiple shift rates. This is possible through uniaxial tension, which
distorts the shape of the crystal causing phonons that are degenerate at zero strain
to split and shift at different rates. Historically, PDPs have been measured on bulk
samples under uniaxial compression up to fairly low strains and total phonon shifts.
This thesis has clearly shown that PDPs not measured up to high enough strains
to induce visible phonon splitting are flawed. The implementation of flawed PDPs
leads to an overestimated strain measurement and underestimated properties such
as elastic modulus. This study has used a GaP nanowire model system that is
capable of withstanding large strains before failure that enabled highly accurate
PDP measurements. This study has also generalized phonon deformation theory
so that, when combined with accurate PDPs, reliable strain and material property
measurements are possible on any specimen independent of scale, geometry, or
testing condition. Therefore the application of accurate PDPs to phonon deformation theory extends to a variety of experiments that rely on Raman spectroscopy
to quantify strain in the material, including, but not limited to: assessing strain
transfer in a fiber embedded matrix under different loading conditions; measuring
stress distribution in metal-oxide-semiconductor (MOS) devices in order to better
predict failure; characterizing residual stress due to crystallographic mismatch in
materials such as superlattices and core-shell wires; and quantifying the effects of
varying defect densities on the mechanical properties of a material.
Tensile experiments were performed on ten [111] oriented GaP nanowires with
diameters ranging from 53 to 260 nm, five of which included PDP measurements.
These GaP nanowires exhibited fairly high tensile strengths (1.09 GPa ≤ 4.97 GPa)
and large phonon frequency shifts (up to 9.22 cm−1 in the LO phonon, 13.6 cm−1 in
iii

the TO1 phonon, and 22.2 cm−1 in the TO2 phonon). Phonon shift rates measured
in the TO2 phonon were used to measure the PDPs of GaP: γ = −p+2q
= 2.99±0.63
6ω02
r
and ω2 = −1.27 ± 0.46. These PDPs were used to determine strains to failure
0
ranging from 0.70% to 3.69% and experimental elastic moduli ranging from 112.6
to 208.3 GPa from the LO data, 144.5 to 169.7 GPa from the TO1 data, and 158.8
to 168.8 GPa from the TO2 data. These experimental moduli matched closely to
the theoretical elastic modulus of [111] GaP (E=166.7 GPa) determined in the
strength model implemented in this thesis.
The PDPs measured in this study were higher and predicted larger phonon
shift rates than PDPs measured on bulk GaP [1]. Strains to failure determined
from bulk PDPs (1.57% to 21.6%) were unrealistically high and the corresponding
elastic moduli (14.7 to 86.8 GPa) were unrealistically low. A comparison between
the raw data (phonon shift as a function of stress) from the bulk experiment
and nanowire experiments revealed that the bulk data did not differ from the
nanowire data. Rather, the bulk experiment ended at a stress (0.38 GPa) much
lower than the stress (0.5 - 1.5 GPa) at which clear splitting in the TO phonon was
observed in the nanowire experiments. Information for TO splitting in the bulk
was gained by fitting two Lorentzian functions to a slightly broadened TO peak,
which underestimated the phonon shift rate and led to flawed PDPs. In order to
correctly measure a material’s PDPs, the experiment must extend to high enough
strain such that splitting in the degenerate phonon is visible, which occurs when
the difference between a single Lorentzian fit and double Lorentzian fit, ∆Lf it ,
exceeds 0.1.
Experimental work in this study has highlighted the importance of peak splitting in PDP measurements. Phonon deformation theory has been generalized in
this study to show how PDPs, strain, and peak splitting are related in any crystalline material. If a material’s crystallographic space group is known, then its
phonon frequency shift and strain relationship can be determined, which depends
on a combination of the material’s independent PDPs and the strain tensor. The
theory demonstrates that measurement of PDPs requires multiple phonon shift
rates, possible via uniaxial tension, that will comprise a set of linear equations
that decouple the PDPs. The less symmetry a crystal system possesses, the more
independent PDPs are required to fully describe the relationship between phonon
shift and strain. Therefore a material with n independent PDPs requires n2 uniaxial tension experiments that, after phonon splitting, will measure n phonon shift
rates that will comprise a set of n linear equations with n unknowns (PDPs). Once
a material’s PDPs are known, phonon deformation theory can be used to relate
phonon shift in a material under any possible strain state, independent of specimen
scale, geometry, or testing condition.
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Chapter

1

Introduction
Raman spectroscopy is a useful tool that probes interatomic spacing through discrete vibrational modes (phonons) of a material. Phonon deformation potentials
(PDPs) are needed to directly relate strain to changes in phonon frequency. PDPs
that are typically used in the literature to quantify strain from Raman shift have
been measured on bulk materials under minimal loads. This thesis will demonstrate that the method for acquiring these PDPs was flawed and leads to an overestimation of strain and underestimation of elastic modulus. This research will also
show that nanowires capable of withstanding high strains can be used to acquire
highly accurate PDP measurements. This chapter will open with a background
section on Raman spectroscopy and how it relates to strain through PDPs. Then
a thorough literature review will be presented that discusses Raman-mechanical
coupling in bulk materials, specifically how this has been used to measure a material’s PDPs; followed by Raman-mechanical coupling in nanoscale samples and the
lack of quantitative measurements in nanowires and reliance on PDPs measured in
bulk. A description of GaP, the material studied in this thesis, and its properties
will also be given. The chapter will conclude with a summary of the motivation
for this work and how this theme has been explored through the structure of the
thesis.
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1.1

Phonons and Raman Spectroscopy

Raman spectroscopy measures a material’s phonons, discrete vibrational modes
of the atoms, by shining a laser on the material. The energy from the light is
absorbed by the molecule and therefore promoting the molecule to a higher energy
excited vibrational state [17]. This phenomenon is described through an energy
diagram in Fig. 1.1, which also highlights the difference between Stokes and AntiStokes scattering. Stokes scattering occurs when the final vibrational state is more
energetic than the initial state, while Anti-Stokes scattering occurs when the final
vibrational state is less energetic than the initial [17]. Conservation of energy
requires that
~ωi = ~ωs ± ~ωq

(1.1)

where ~ is the reduced Planck constant, ωi is the frequency of the incident radiation, ωs is the frequency of the scattered radiation, and ωq is the frequency of
the phonon, or the Raman frequency. Therefore the scattered light will be shifted
to a lower frequency (Stokes) or a higher frequency (Anti-Stokes). Then the Raman frequency can easily be determined by comparing the incident and scattered
frequencies. Similarly, conservation of momentum requires that
~ki = ~ks ± ~q

(1.2)

where ~ki is the momentum of the incident photon, ~ks is the momentum of the
scattered photon, and ~q is the momentum of the phonon.

3

Figure 1.1. Diagram of inelastic light scattering that occurs in Raman spectroscopy.
Light excites a material from the ground state to a virtual state, and then light is
subsequently absorbed after the material relaxes to an excited ground state (Stokes) or
a less energetic state (Anti-Stokes).

Phonon frequency, ω is directly related to the bond strength, K, between atoms
through the following equation based on Hooke’s law which assumes a quadratic
potential energy and therefore linear elastic behavior:

ω=

1
2πc

s

K
µ

(1.3)

where c is the speed of light and µ is the reduced mass of the unit cell [17].
Therefore the phonon energy changes as a material is strained, elongating the
bonds, lowering the bond dissociation energy and decreasing their strength [18].
A simplistic two dimensional schematic of this phenomenon is shown in Fig. 1.2.
The potential energy of the bond V (lb ) is often modelled as a harmonic potential:
V (lb ) =

kb
(lb − l0 )2
2

(1.4)

where lb is the length of the bond, l0 is the equilibrium length, and kb is the
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stiffness of the bond [19]. However, the actual potential between two atoms is
much more complicated due to attractive and repulsive contributions (Fig. 1.3).
A more realistic model is an anharmonic potential:
V (lb ) = V0 + Vattractive (lb ) + Vrepulsive (lb ) = V0 − A × lba + R × lb−r

(1.5)

where A, a, R, and r are positive constants. A popular approximation of the anharmonic potential is the Lennard-Jones potential, which estimates the repulsive
force contribution, lb−r , as a power of twelve and the attractive force contribution,
lba , as a power of six [20]. This potential can be related to the wavenumber of the
phonon, v̄, and therefore the Grüneisen parameter, γ, of a phonon:
γ=−

∂ log v̄
1 ∂ log v̄
=
∂ log V
βT ∂P

(1.6)

where V is the volume of the material, βT is the isothermal compressibility, and
P is pressure [19]. Therefore by exploring the frequency of phonons at different
interatomic spacings, i.e. under strain, one can essentially probe the shape of the
interatomic potential.

Figure 1.2. A simplistic diagram demonstrating a phonon in the ground state, which
is then promoted to an excited vibrational state by the absorption of energy from an
incoming photon. Then the two atoms are strained, stretching their bond, and causing
the excited state to have a different characteristic energy, changing the photon energy
absorption.

5

Figure 1.3. A simplistic diagram demonstrating a phonon in the ground state, which
is then promoted to an excited vibrational state by the absorption of energy from an
incoming photon. Then the two atoms are strained, stretching their bond, and causing
the excited state to have a different characteristic energy, changing the photon energy
absorption.

The relationship between bond strength and phonon frequency becomes much
more complicated when moving from the simplistic model of two atoms in Fig. 1.2
to a three dimensional crystal system. When relating strain to phonon frequency
in a real crystal, one needs to consider the phonon dispersion in the material as it
relates to the direction of the strain field by way of phonon deformation potentials
(PDPs) [18]. The phonon dispersion in the material relates directly to the space
group of the crystal system. Phonon deformation as it relates to strain was first
determined by Ganesan, et al., for diamond cubic crystals (a common crystal
system found in the semiconductors) [21]:
pηxx + q (ηyy + ηzz ) − λ

2rηxy

2rηxz

2rηxy

pηyy + q (ηzz + ηxx ) − λ

2rηyz

2rηxz

2rηyz

pηzz + q (ηxx + ηyy ) − λ

=0
(1.7)
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where p, q and r are the PDPs and ηαβ are the Langrangian finite strains:
ηαβ

"
#
X
1
=
αβ + βα +
λα λβ = ηβα
2
λ

(1.8)

The eigenvalues in Eq. 1.7 are related to the phonon frequencies under strain, ω
and when no strain is present, ω0 :
λ = ω2 − ω02

(1.9)

The relationship between strain and PDPs in Eq. 1.7 allows one to determine the
phonon shift rate as a function of the PDPs under any possible strain tensor.
Therefore once a material’s correct PDPs are known, strain can be determined
from changes in the Raman response under any experimental condition. As the
crystal system becomes more complicated, the phonon dispersion also becomes
more complicated, and more PDPs need to be introduced to fully describe the
relationship between phonon frequency and strain. A detailed derivation of Eq. 1.7
as well as how the phonon deformation theory was generalized in this study to
describe any crystal system will be presented in Ch. 3.
Phonon deformation potentials (PDPs) contain information on the electronphonon interaction, which describes Ohmic and non-Ohmic mobility and energyloss mechanisms for warm and hot carriers in semiconductors [22, 23]. Though
most important for this piece of work, PDPs determine the rate of phonon shift as
a function of strain in the material. Rate and direction (higher or lower frequency)
of phonon shift also depends on the strain state applied to the material. For
example, a diamond cubic material, such as Si, has one triply degenerate optical
phonon with frequency (stated as a wavenumber) 520 cm−1 , which appears as a
single peak in the Raman spectrum. By solving Eq. 1.7 for hydrostatic pressure,
one finds that the all three eigenvalues describing the phonon shift are equivalent.
Therefore as the pressure is increased, the single optical phonon peak shifts to a
high frequency but remains a single peak. However, by solving Eq. 1.7 for strain
associated with a uniaxial tension along the [111] direction, one finds that two of the
eigenvalues are equivalent, while the third has a different dependence on the PDPs,
indicating a different shift rate. Experimentally, this means that the single Raman
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peak shifts to lower frequencies but also splits into two peaks (one associated with
the two eigenvalues and another associated with the third) as one peak shifts
at a faster rate than the other. Another way of considering this phenomenon is
through the schematic in Fig. 1.4 whereas the bonds in an FCC unit cell under
hydrostatic pressure (Fig. 1.4B) are shortened but the overall structure of the unit
cell remains the same, and therefore a single phonon frequency, though higher
than the original, describes the vibrational behavior of the atoms. In contrast,
the bonds in an FCC unit cell under uniaxial tension (Fig. 1.4C) are not only
elongated, but the overall local symmetry of the unit cell has been distorted from
its original structure. Therefore two phonon frequencies are required to describe
the vibrational state of this distorted crystal structure. One could even imagine
straining the crystal along a different crystallographic direction that would induce
three separate eigenvalues from Eq. 1.7 and therefore a triple splitting of the optical
phonon such that three frequencies are required to describe its behavior. Uniaxial
tension is crucial for measuring a material’s PDPs because it induces splitting in
the phonon, which leads to multiple phonon shift rates (phonon frequency shift as
a function of strain) that can be used to decouple the PDPs from Eq. 1.7.

Figure 1.4. A. A schematic of an FCC unit cell under B. hydrostatic pressure and C.
uniaxial tension along the [111] direction.
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1.2

Raman-Mechanical coupling in Bulk

Mechanical manipulation of a material’s phonon frequency was first observed in
bulk materials in the late 1960’s in hydrostatic pressure experiments. Since then
there have been numerous experiments studying the phonon behavior of a variety
of bulk materials under different strain fields. Uniaxial compression studies have
been the main technique for assessing a material’s PDPs, because, as discussed in
the previous section, uniaxial loading splits degenerate phonons, creating multiple
phonon shift rates that enable the decoupling of the PDPs. Other studies have
then combined these PDPs with Raman as a tool to detect and quantify strain
in the material. These experiments can be broken up into three main categories:
hydrostatic pressure experiments using a diamond anvil cell, uniaxial compression
experiments for PDP measurement, and the use of Raman as a tool to map strain
in a material. The following sections will give a brief description of these techniques
and a discussion on a small sampling of the many studies on these topics.

1.2.1

Hydrostatic Pressure Studies

The earliest experiments that observed the effects of stress on the Raman response
of a material were hydrostatic pressure experiments performed in a diamond anvil
cell (DAC) on α-quartz [24] and on a variety of diamond, zinc-blende, and wurtzite
crystals [25]. These studies (both published October 1969) were the first to observe
a shift in phonon frequency as a function of stress (example in Fig. 1.5). The
experiment performed by Harker, et al., on α-quartz reported frequency shifts
of up to 4 cm−1 of the five phonons present in the material and qualitatively
related the shift trends to an anharmonic potential [24]. The study by Mitra, et
al., used the change in phonon frequency as a function of pressure to determine
the Grüneisen parameter (Eq. 1.6) of diamond cubic, zinc-blende, and wurtzite
materials including diamond, ZnO, ZnS, ZnSe, ZnTe, CdS, GaP, and SiC and
found them to correlate with ionicity [25]. In a diamond cubic material there is a
single Raman peak associated with the optical phonon in a zero stress state, but
in zinc-blende and wurtzite materials, this peak is split into two optical phonons,
transverse optical (TO) and longitudinal optical (LO), due to the ionicity in the
bonding of the crystal [26]. This technique of using DAC-Raman experiments to
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determine a material’s Grüneisen parameter has been replicated and applied to
a large variety of materials, including (but not limited to) Ge, Si, GaAs, AlSb,
GaSb, Mg2 Si, Mg2 Ge, and Mg2 Sn [27], Si and GaP [2], diamond [28], and SiC [29]

Figure 1.5. A. Raman spectra of Si optical phonon located at 520 cm−1 under no
stress. A shift to higher frequencies, 538 cm−1 and 562 cm−1 , was observed as the
pressure was increased to 35 kbar and 99 kbar, respectively. B. Plot highlighting the
increase in phonon frequency of Si as a function of pressure over the course of the entire
DAC experiment. Figure from Weinstein and Piermarini [2].

Hydrostatic pressure DAC-Raman experiments have also been used to investigate how a Raman lineshape evolves under pressure. One example of this is a
study by Weinstein that observed the changes in the TO phonon of GaP under
pressure [30]. When the material is not under stress, the TO phonon of GaP is
asymmetric due to the presence of acoustic phonons (TA+LA). Weinstein observed
that the TO phonon became more symmetric with increasing pressure, indicating
that the acoustic phonons were not shifting at the same rate as the optical. Similarly, hydrostatic pressure experiments have been used to locate the pressure at
which a phase change in the crystal occurs by observing changes in the shape of
the Raman modes, appearance or disappearance of Raman peaks, and changes
in the phonon shift rate. For example, a hydrostatic pressure study on PbTiO3
found a ferroelectric-paraelectric phase transition at 90 kBar when two of the Raman modes merged into one peak [31]. Another example of a phase transition
experiment was performed on CdS where a transition for a wurtzite to a rocksalt
structure was detected at 25 kbar when the luminescence peak associated with a
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direct-band gap vanished [32]. Although hydrostatic pressure studies cannot be
used to split degenerate phonons, they have been used extensively to quantify a
material’s Grüneisen parameter and to investigate changes in Raman spectra as a
function of stress to gain insight into phase transitions.

1.2.2

Uniaxial Compression Experiments

After observing the effects of hydrostatic pressure on Raman spectra, there was
a rush to accomplish an experiment that would observe the effects, specifically
phonon splitting predicted by Eq. 1.7, of a uniaxial stress state on Raman spectra. A uniaxial compression experiment was first successfully performed on an Si
wafer in 1970 by Anastassakis, et al., and the experimental results confirmed the
prediction of splitting in the optical phonons [3]. The splitting, which is shown in
Fig. 1.6, was observed in compression along the [111] and [001] crystallographic
directions in which the initial single optical phonon was split into two separate
phonons, represented as a singlet (one eigenvalue from Eq. 1.7) and a doublet (two
identical eigenvalues from Eq. 1.7). The Si wafer however was not compressed
along a direction that predicted a three way split of the triply degenerate optical
phonon. Although splitting in the Raman peak was reported, a close examination of the change in the spectra in Fig. 1.6, where the open triangles represent the
peak under no stress and the open and closed circles represent the shifted split peak
under stress, show that the splitting appeared as a broadening in the peak with
slight asymmetry to the left side of the peak as a slower shifting phonon with less
intensity emerged. However, this experiment did not reach stresses high enough to
split the optical phonon into two distinct and separate peaks. This study was the
first to use experimentally measured Raman-stress data to determine a material’s
PDPs (p, q, and r) using multiple phonon shift rates measured from the splitting
in a Raman peak.
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Figure 1.6. A. Raman spectra of Si optical phonon (located at 520 cm−1 under no
stress, indicated by empty triangles in plot) under a uniaxial compression stress of 11.5
× 109 dyne/cm2 along the [111] direction. Under this stress, the phonon had shifted
to higher frequencies and split into two separate peaks (indicated as empty and filled
circles in plot) B. Plot highlighting the increase and splitting of phonon frequency of
Si as a function of uniaxial compression along the [001] direction (left side of plot) and
[111] direction (right side of plot). Figure from Anastassakis, et al. [3].

Shortly after this study, a similar series of experiments were performed by
Cerdeira, et al., on a variety of diamond and zinc-blende semiconductors, including
Ge, GaAs, GaSb, InAs, and ZnSe [4]. As mentioned in the previous section, zincblende materials have an inherent splitting of the optical phonon into TO and LO
modes due to ionicity in the bonding. Cerdeira observed that the singlet phonon
resided in the TO phonon along with half the doublet, in which the other half was
the LO phonon. Therefore uniaxial stress led to a splitting of the TO phonon in
zinc-blende semiconductors. An example of the TO split in a zinc-blende material
is shown in Fig. 1.7 for GaSb and, similar to that observed in Si, shows that the
splitting appeared as a slight broadening in the Raman peak with asymmetry to
the left as a slower shifting phonon with less intensity emerged. Again, strain was
not large enough in the crystal to break the phonon into two distinct peaks. For
the zinc-blende materials, the TO data was used to determine the PDPs because
the splitting provided multiple phonon shift rates that enabled decoupling of the
PDPs. However, according to Cerdeira, if the ionicity in zinc-blende materials
caused a significant LO-TO splitting, then there should exist two sets of values
for p, q, and r, one for LO and one for TO. The PDP values were also related to
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the Grüneisen parameter by the following equation and compared to results from
hydrostatic pressure experiments:
γ=

−(p + 2q)
6ω02

(1.10)

The comparison between these results, shown in Table 1.1, revealed that the
Grüneisen parameter measured by hydrostatic compression was typically 20%
larger than those obtained from uniaxial stress experiments. Cerdeira believe that
this was due to a slight relaxation of the stress in the surface layer during uniaxial compression [4]. These results confirm that one should not use hydrostatic
compression results to interpret data from uniaxial experiments.

Figure 1.7. A. Raman spectra of GaSb TO phonon (zero stress location indicated by
empty triangles) under a uniaxial compression stress of 7.1 × 109 dyne/cm2 along the
[111] direction. Under this stress, the TO had shifted to higher frequencies and split into
two separate peaks (indicated as empty and filled circles in plot) B. Plot highlighting the
increase and splitting of phonon frequency of GaSb as a function of uniaxial compression
along the [001] direction (left side of plot) and [111] direction (right side of plot). Figure
from Cerdeira, et al. [4].
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Table 1.1. A list of diamond and zinc-blende semiconductors whose Raman-stress relationship was observed in both hydrostatic pressure experiments and uniaxial compression
experiments. The Grüneisen parameter, γ, measured from the different experimental
techniques is given for comparison.

Material γ: hydrostatic pressure
Si
0.90 ± 0.18 [3]
Ge
0.89 ± 0.09 [4]
GaAs
0.90 ± 0.3 [4]
GaSb
1.10 ± 0.22 [4]
ZnSe
1.80 ± 0.36 [4]

γ: uniaxial compression
1.02 ± 0.02 [27]
1.12 ± 0.02 [27]
1.34 ± 0.08 [27]
1.23 ± 0.02 [27]
1.7 [25]

Following the original uniaxial stress-Raman experiments, many others have
replicated them on a variety of materials including (but not limited to) GaP [1],
α-quartz [33], Ti02 [34], SrF2 [35], and LiIO3 [36]. For materials tested that were
diamond cubic or zinc-blende, such as GaP, the Raman shifts as a function of uniaxial stress were used to determine the PDPs exactly as Cerdeira and Anastassakis
had. However, in the study on GaP, a splitting of the LO mode, as well as the
TO mode was observed, which is contradictory to the triply degenerate phonon
behavior determined from the eigenvalues in Eq. 1.7 and not observed in other
zinc-blende materials [1]. For materials of different crystallographic structures,
other approaches were taken to analyse the data. The uniaxial compression study
on α-quartz was not used to quantify PDPs because the complicated trigonal structure of α-quartz does not obey Eq. 1.7, and intensive calculations would have had
to be performed to determine its phonon deformation behavior [33]. The study
on Ti02 (a tetragonal system) observed shifts in the three phonon modes of rutile:
B1g , Eg , A1g [34]. However this study did not rely on phonon deformation theory,
but rather used a ratio of c/a, the dimensions of the unit cell, to quantify a change
in the volume of the crystal. The studies on SrF2 (flourite structure) and LiIO3
(hexagonal) modified the phonon deformation theory to apply to these specific
crystal systems. It was determined that the flourite structure exhibits two triplydegenerate optical phonons that, because it is a cubic structure, obey Eq. 1.7, and
the PDPs associated with each phonon were determined [35]. It was determined
that the hexagonal phase of LiIO3 contained two doubly degenerate modes and
their subsequent PDPs were then determined [36]. Overall, the studies on the
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phonon behavior of bulk materials under uniaxial compression were important for
directly measuring PDPs using the multiple phonon shift rates that emerged from
the degenerate phonons. They were also important in observing the effect that distortions in the crystal shape (Fig. 1.4) have on the phonon behavior. However, it
was very difficult to reach large uniaxial t in bulk material and therefore significant
splitting in phonons was not observed. Since PDP measurements rely heavily on
phonon shift rates of degenerate phonons, the PDPs measured on bulk materials
under uniaxial compression depend on a very limited amount of information. If
the Raman peak splitting was not properly accounted for, this would propagate to
incorrect PDPs that could not be used to reliably monitor strain in a material.

1.2.3

Strain Mapping

Another common method for linking stress to Raman spectroscopy is to use Raman
as a nondestructive method for probing the strain field or stress-distribution of a
material through strain mapping. This has been used extensively on Si, specifically
to understand the stress distribution in metal-oxide-semiconductor (MOS) devices
in order to better predict their failure. In some studies, the phonon deformation
theory was not used to quantify the strain distribution in the Si, but rather a
previously determined linear relationship between phonon shift and strain in Si
was used to quantify the mapping [6, 37]. Ajito, et al. [6] used strain mapping to
study the strain induced on an Si wafer after Al/SiO2 patterning (Fig 1.8B) and,
using a linear relationship determined from another study, determined compressed
stresses were present near the boundary of the Al/SiO2 film and bare Si on the
order of 2.49 ×108 Pa. Komatsubara, et al. [37], also relied on a previously determined linear relationship (different from that used in Ajito) to study the stress in a
single crystalline Si microstructure designed for tensile testing. They were able to
demonstrate through Raman strain mapping how the stress distributions differed
for convex structures and near edges in the Si specimen. Although these studies
did not invoke phonon deformation theory, they relied on linear phonon shift rates
measured on Si that inherently depend on the PDP relationship, though not explicitly defined by these particular studies. Therefore if a shift rate was measured
on [111] oriented Si, it could not be used to measure strain in another orientation
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of Si because the shift rate would change based on Eq. 1.7. Although these studies
provided interesting maps of strain distribution in samples, it is difficult to trust
their quantified data because the phonon shift rates were not explicitly defined
for a specific crystallographic direction. Other studies, however, have relied on
phonon deformation theory to quantify the frequency distributions measured in
strain mappings of Si [5, 38]. The study by Bonera, et al., performed an extensive
theoretical analysis to study the stress distribution around a scratch in an Si wafer
(Fig. 1.8A) by combining phonon deformation theory with a model of the collection process in the spectrometer [5]. Similarly, a study by De Wolf, et al., modified
phonon deformation theory so that the axes system of the material being studied
([110], [-110], [001]) were used as the bases in order to simplify the calculations [38].
They then applied this approach to Raman maps taken on Si3 N4 /poly-Si linear on
an Si substrate. Both of these studies relied on experimentally measured PDP
values measured by Anastassakis for Si [3]

Figure 1.8. Raman strain maps corresponding to the frequency of the Si optical phonon
of textbfA. Si wafer near a scratch (striped area) where the black corresponds to 520 cm−1
and white corresponds to 525 cm−1 , and of B. Al/SiO2 patterned on an Si wafer where
the black patterns correspond to Al, the darker regions in the map area corresponds to
519.8 cm−1 and the lighter regions to 120.6 cm−1 . Note the significant change in range of
Si phonon frequency between the two maps highlighting the sensitivity in the technique.
Figures from Bonera, et al. [5] and Ajito, et al., [6], respectively.
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The concept of using Raman to strain map materials has been applied to many
other materials in addition to Si. For example, it has been used to characterize
the mismatch in heterostructures of superlattices, such as InGaAs/GaAs superlattices [39]. In this study, phonon deformation theory and bulk PDP values were
applied to strain maps of the superlattice to determine the internal strain from
lattice-mismatch. By comparing the results to X-ray rocking curve data, it was
determined that the strain measured from shifts in the LO were in good agreement,
but not in shifts from the TO. This study revealed that the PDPs measured on
bulk samples may not be correct in that the shift in TO frequency was weaker
than predicted from the PDPs. Similarly, strain mapping has also been used to
study residual strain in composites, such as ceramic fibre reinforced glass composites [40] and carbon fiber reinforced polymer composites [41]. In these studies, the
matrix is typically transparent so that the Raman-active fiber can be located and
mapped. Then the severity of residual strain in the fiber due to thermal expansion
mismatch can be measured.

1.3

Studies on Raman-Mechanical Coupling in
Nanofilaments

Although Raman spectroscopy has been used extensively to probe mechanical
properties of bulk materials, there have only been a handful of studies focusing
on using Raman as a tool to study the mechanical properties of nanofilaments.
Many of these studies also focus on using Raman as a tool to qualitatively demonstrate when the nanofilament is under strain without quantifying the mechanical
effects in the crystal. Some of the studies that do attempt to quantify stress
and/or strain with Raman data often rely on the PDPs that have been measured
for their bulk counterparts. Some studies do not explicitly use PDPs to quantify the strain in the material, but rather rely on trends in the data to determine
a direction specific phonon shift rate. There is a lack of studies in the literature that combine Raman data with an external stress measurement to directly
measure the PDPs up to high strains using nanowires. Raman spectroscopy has
been used to probe the mechanical properties of nanofilaments under hydrostatic
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pressure [42, 43, 44, 45, 46, 47, 48], under a uniaxial load [49, 50, 51], under bending load [52, 7], in a core-shell configuration [53, 54, 55], and with varying defect
densities [56, 8, 57].

1.3.1

Hydrostatic Pressure Experiments

Hydrostatic pressure under a diamond anvil cell (DAC) was the first method, as
it had been with bulk materials, employed to manipulate a nanofilament’s phonon
state. This was because it was easier to control the stress state under a DAC than
in a different configuration, and also one could test a bundle of nanofilaments at
one time rather than manipulating one single filament. Many of these experiments
focused not only on how the phonon frequency shifts under different pressures, but
also on at what pressure a phase change in the material could be induced. Some
of the experiments focused on quantifying the Raman shift to determine different
material properties.
Some of the earliest DAC-Raman nanomechanical studies were performed on
carbon nanotube bundles. An early study on single walled carbon nanotubes
(SWCNTs), performed by Venkateswaran, et al., tracked the radial breathing mode
(R) and tangential mode (referred to as T in this study, but typically G) of SWCNT
bundles under pressure in a DAC and observed an upshift in frequency of both
modes as pressure increased and a disappearance of R at 1.5 GPa [43]. By combining this data with MD simulations, he determined that the loss of the R mode at
1.5 GPa was due to a hexagonal distortion in tube cross-section. A similar study
by Peters, et al., observed a similar loss of the R mode of SWCNT bundles under
pressure in a DAC at 1.7 GPa [44]. Along with the disappearance of the R mode,
he also observed a change in the rate of frequency shift of the G band as a function of pressure at 1.7 GPa, in which under 1.7 GPa, the peak was shifting at 10
cm−1 /GPa and over 1.7 GPa, the shift slowed to 5.8 cm−1 /GPa. Peters attributed
both the loss of the R mode and the change in shift rate of the G band to a phase
transition in the material.
This method has since been extended to study pressure induced phase changes
of other nanofilaments of varying materials. A study by Saha, et al., compared the
Raman response of boron nitride nanotubes (BNTs) to that of hexagonal boron
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nitride under high pressures in a DAC [47]. As pressure was increased, the E2g
mode of the BNTs shifted to higher wavenumbers and decreased in intensity until
it disappeared at 12 GPa indicating a transition to amorphous BN. In comparison,
the E2g mode in bulk h-BN also shifted to higher frequencies under pressure, but
at 13 GPa the rate of shift abruptly changed indicating a transition to a wurtzite
structure. Another phase transformation was observed in AlN nanowires in a study
by Shen, et al., whereas the material transitioned from wurtzite to rocksalt structure at 24.4 GPa as evident by the disappearance of certain peaks and appearance
of others [46]. The appearance of new Raman peaks was also used to indicate a
phase transformation at high pressure in Se nanowires in a study by Dai, et al. [45].
As pressure increased, a shift to higher frequencies and splitting of the E0 mode
was observed until 18.1 GPa at which point a new mode appeared indicating a
phase change from hexagonal to monoclinic. By decreasing the pressure, the new
mode disappeared indicating that the phase transition was reversible.
Other studies used a DAC and Raman spectroscopy to probe other aspects of
the material’s mechanical and phonon properties. One study on SWCNT bundles
by Wood, et al., demonstrated that the D* peak (disorder-induced Raman band)
shifted to higher wave numbers with increasing pressure [42]. In parallel, he also
demonstrated that SWCNTs suspended in liquid or embedded in polymers also
led to shifts in the D* peak. Therefore by embedding the SWCNTs in a polycarbonate matrix and increasing the temperature of the polymer, he was able to
systematically increase the thermal strain in the embedded tubes while tracking
the Raman shift. Combining this data with the DAC data, he inferred stress-strain
curves for the SWCNTs and found a nonlinear response from the material. Another study on Si nanowires used a DAC to determine the Grüneisen parameter,
γ, by measuring the Raman shift as a function of pressure [48]. They measured
a value of 1.06 for γ which is in good agreement with bulk values of 0.98 [2] and
1.0115 [58]. This study was one of the very few that combined Raman-mechanical
testing with a high strength nanofilament to measure a PDP related parameter.
But since hydrostatic pressure experiments have already been carried out to very
large pressures on bulk materials, no additional insight was gained into the value
of γ by using nanowires for testing.
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1.3.2

Uniaxial Loading Experiments

There have been very few attempts at correlating strain associated with uniaxial tension to Raman response in nanofilaments due to difficulty associated with
manipulating a single filament in a controlled manner. A few studies that have
successfully implemented uniaxially loading of carbon nanotubes coupled with Raman spectroscopy had limited methods of quantifying strain and did not measure
or rely on PDPs in order to understand the relationship between Raman shift and
strain. One study by Duan, et al., relied on an atomic force microscopy (AFM) tip
to manipulate and strain a SWCNT but did not employ a method to quantify the
strain [50]. Rather, the changes in the G band and radial breathing mode (RBM)
frequencies led to the conclusion that the NTs were under both uniaxial and torsional loads while being strained by the AFM tip. This indicates that though they
were able to observe changes in the Raman response of the SWCNTs under a mechanically altered state, they did not have enough control over the experiment to
induce only uniaxial strains in the NTs.
Other studies on uniaxial loading of carbon nanotubes have attempted to measure the strain in the nanotube and then correlate it to the response in the Raman.
One study by Cronin, et al., relied on an AFM tip to apply a uniaxial strain to
the nanotube and tracked the strain by measuring the elongation of the nanotube
during testing [49]. They measured that for a strain of 0.53%, the G+ band downshifted 14.8 cm−1 and the G− band downshifted 12.3 cm−1 , corresponding to shift
rates of

∂ωG+
∂

= −27.9 cm−1 /% and

∂ωG−
∂

= −23.2 cm−1 /% respectively. The effect

of the uniaxial strain on the D, G0 , and RBM modes was also recorded. Another
study that quantified the rate of shift in the G band as a function of strain was
performed by Chang, et al. [51]. They suspended SWCNTs across a Si/SiO2 substrate trench and relied on the frictional force between nanotube and substrate
to keep the nanotubes anchored. Then the substrate was attached to a translational stage and configured so that the trench could be widened. Then Raman
spectroscopy of the SWCNTs was monitored while the strain was estimated from
cross-head displacement of the widening substrate trench and measured shift rates
of the G band ranged from

∂ωG
∂

= −6.2 cm−1 /% to -23.6 cm−1 /%. The wide range

of measured shift rates was probably a result of poor strain measurements since the
nanotube could easily be slipping on the substrate leading to an actual strain in the
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nanotube lower than the measured strain. The few studies that have attempted
coupling uniaxial tension in nanofilaments with Raman spectroscopy have focused
on measuring a shift rate as a function of strain and not on measuring PDPs to
describe the interaction between strain and phonons.

1.3.3

Bending Experiments

There have also been a few studies showing the effect that bending has on the
strain state and therefore the Raman response of nanowires. One study by Yan,
et al., used Raman spectroscopy to detect local strains in curved ZnO nanowires
by comparing the spectra to that of straight ZnO nanowires [52]. Shifts in the
energy of the LO phonon of the curved nanowires were observed, but they were
not used to quantify the strain present in the nanowires. Photoluminescence was
also used to demonstrate that local suppression of the LO phonon-exciton interaction through changes in the ratio of the 1-LO and 2-LO modes. Another study by
Chen, et al., on bent InP nanowires made an attempt to use phonon deformation
potential theory in order to correlate the shifts in Raman spectra to strain [7].
InP is a zinc-blende semiconductor, and therefore has a similar TO-LO Raman
spectra as those discussed in Sect. 1.2.2. The nanowires were bent by an AFM
tip and Raman maps were recorded of the NW, highlighting the change in Raman
spectra across the entire NW (example in Fig. 1.9). Broadening in both the TO
and LO peaks was observed at points of curvature and this was attributed to a
combination of both tension (shift to lower frequencies) and compression (shift to
higher frequencies). Unlike most nanofilament Raman-strain experiments, Chen
referred back to the original phonon deformation potential theory used by Anastassakis [3] and Cerdiera [4] in order to attempt to quantify the strain present
in the nanowires. However it is unclear in his article what values he used for the
PDPs in InP, though they were likely obtained in bulk under reasonably low strains
and phonon shifts. His calculations, though admittedly crude for describing the
complicated strain state of the bent nanowires, estimated the strain present in the
nanowire from a curvature profile obtained from AFM which he then used to calculated a theoretical broadening in the LO and TO peaks. A comparison between
this theoretical broadening and the experimental broadening of the TO and LO
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phonons, shown in Fig. 1.9C, revealed that the experimental shifts (degree of peak
broadening) were larger than then theoretical shifts based on previously measured
PDPs. This could be an indication that PDPs measured at low stresses do not
correctly define the strain-phonon relationship, but it is difficult to confirm due to
the assumptions and limitations of this study.

Figure 1.9. A. Normalized Raman spectra acquired at 5 positions along bent wire
(labelled on left) where the fwhm of the fit is provided next to each peak. B. Raman
map constructed from a frequency band covering the two optical phonon modes. C. Plot
showing the experimental and calculated FWHM of the LO and TO Raman peaks along
the length of the nanowire. Figure modified from Chen, et al. [7]

1.3.4

Core-Shell Nanowires

Core-shell nanowires are nanowires that consist of one material as the core of the
nanowire with a different material, the shell, encasing the core. Therefore there is
a strain state associated with the crystal mismatch at the interface of the core and
the shell and there have been a few attempts to measure this strain using Raman
spectroscopy. One study by Menéndez, et al., focused on developing a theoretical
model to determine strain from Raman Spectra in Si1−x Gex core-shell nanowires
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using phonon deformation potential theory [54]. The strategy they employed was to
define a strain tensor in cylindrical coordinates and then solve for the eigenvalues
of Eq. 1.7. Using PDP values determined from uniaxial compression on bulk
Si and Ge, they then ran through numerical simulations to determine degree of
Raman shift as a function of strain in the core nanowire for scenarios where the
core material was either Si or Ge and the crystallographic orientation was either
[011] or [111]. Although this was a good implementation of phonon deformation
potential theory to assess the Raman-strain relationship in core-shell nanowires, it
cannot be reliably used experimentally if the PDP values have not been correctly
measured.
There have also been a few studies that experimentally explored the relationship
between strain and the Raman spectra in core-shell nanowires. One study on
GaAs/GaP core-shell nanowires, performed by Montazeri, et al., used phonon
deformation theory and bulk PDP values for GaAs in an attempt to quantify
strain in the the core nanowire [53]. They did not observe splitting in the TO
phonon, but a slight broadening that they fit to two different Lorentzian functions.
Using the TO Raman data and bulk GaAs PDPs, they calculated the components
of the strain tensor for three different nanowires and found strains xx ranging
from -1.10% to -1.26% and xy ranging from -0.35% and -0.69%. They then used
these strain values to predict an LO shift from the PDP equations and compare
to the measured LO shift and found that the predicted shifts were 0.6 to 0.4 cm−1
larger than the measured. Although the discrepancy was quite small, the trend
indicated that the strains calculated from bulk PDPs were artificially too high,
indicating a flaw in the implementation of PDPs measured on bulk samples under
low stresses. Another study by Hilse, et al., also used phonon deformation theory
to probe the strain in GaAs-MnAs core-shell nanowires, but rather than using
PDPs from bulk measurements, they just defined the relationships between strain
and Raman shift without quantifying them [55]. By comparing the Raman spectra
from bare GaAs nanowires to the GaAs-MnAs core-shell wires, they were able to
qualitatively confirm the presence of strain at the interface due to shifting in the
TO and LO peaks. This study also acknowledged a thermal expansion mismatch
at the interface that affected the Raman response as the laser was heating the
material. In general, studies on the relationship between strain and Raman shift
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in core-shell nanowires reference the phonon deformation potential theory, but
often rely on potentially flawed PDPs measured under minimal uniaxial loads and
phonon shifts on bulk materials.

1.3.5

Defect Densities

Not only has Raman spectroscopy been used as a tool for observing strain in
mechanical testing, it has also been used as a probe to indicate and observe the
effects of defect densities in nanowires. One study on GaAs and InAs nanowires
observed downshifts and broadening in both TO and LO phonons that fluctuated
from nanowire to nanowire [57]. The amount of downshift from the bulk spectra
was determined to be caused by lattice defects varied from wire to wire. Also
broadening in the LO peak indicated the presence of a surface optical (SO) mode
due to variations in the surface roughness of the nanowires. Another study by
Chen and Lee used Raman spectroscopy to locate nitrogen vacancies, interstitial
hydrogen atoms, and surface roughness in GaN nanowires [56]. Interstitial hydrogen atoms present in the nanowires from the H2 /NH3 +H2 gas used in the growth
process led to a tensile stress in the nanowires. The stress was quantified from the
shift in the E2 phonon using a linear relationship between stress and Raman shift
determined in another study for thermal stresses in GaN thin films [59]. However
by not invoking phonon deformation theory, this Raman shift rate could only be
used to describe phonon shifts along a particular crystallographic direction which
was not clearly defined. Surface roughness of the nanowires was also explored
through the ratio of intensities of the different phonon modes. Another study by
Lopez, et al., combined high resolution TEM (HRTEM) with Raman spectroscopy
to study ordered stacking fault arrays in Si nanowires [8]. They discovered that
polarization dependent peaks at 495, 507, and 517 cm−1 in the Raman spectra were
associated with 2H -Si (wurtzite: ABAB stacking), shown in Fig. 1.10. They also
found that bands of 9R-Si (ABCABC stacking) were associated with a 496.3 cm−1
peak, slightly higher than the 495 cm−1 peak associated with 2H-Si. Although this
unique study did not attempt to quantify stress in the nanowires, it did combine
another characterization tool (HRTEM) with the Raman spectroscopy in order to
better understand changes in the Raman response of the material.
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Figure 1.10. A. HRTEM image of Si nanowire with predominant 2H structure B. Experimental and C. simulated diffraction patters of 2H-Si. D. Raman spectra of nanowire
with each peak labeled and inset of bulk 3C-Si. E. Raman spectra collected at different
polarizations to highlight polarization dependence of peaks. Figure from Lopez, et al. [8]

1.4

Nanowire Tensile Testing Techniques

In order to measure highly accurate PDPs and assess the validity of PDPs measured on bulk samples at low failure strengths, uniaxial experiments need to be
carried out on a material that can withstand large uniaxial strains before failure.
Nanowires are an attractive candidate for such experiments because their small
surface area limits the size of any surface flaws leading to high strengths. Based
on molecular dynamic (MD) simulations, mechanical behavior of nanowires should
mimic that of bulk until very small length scales (2 nm to 17 nm diameter, or
100 to 10,000 atoms spanning the diameter), when the bond-distortion surface region effects the elastic modulus of the material [60]. Since PDP behavior depends
directly on the interatomic distance, then it follows that if nanowire mechanical
behavior mimics bulk, so will its PDP behavior. Therefore uniaxial tensile experiments performed on nanowires provides a technique for highly accurate PDP
measurements up to large strains and large phonon shifts. An extensive literature review was performed on tensile testing technique of nanowires in order to
determine the ideal technique to implement for PDP measurements.

25
A tensile test is an appealing mechanical experiment because it strains the
nanowire uniaxially and the elastic modulus is determined directly from the stressstrain relationship. However difficulty arises in developing methods for reading
small changes in force and strain when testing nanowires and some experiments
are lacking techniques to do one or the other. Often tensile tests on nanowires do
not have a reliable method for determining the stress in the wire but the strain is
measured directly from imaging the specimen, which can lead to errors in strain
measurements if the nanowire is not rigidly held in place. While other tensile tests
have a precise method for loading the nanowire but cannot image it throughout the
test and therefore do not have a strain measurement. Typically a microelectromechanical system (MEMS) is necessary in order to obtain accurate measurements
of both stress and strain. Other tensile tests have been performed on nanowires
using AFM tips and specimen grips to strain the nanowires, but the measurement
of force applied to the nanowire is either difficult to make or unreliable. These
tensile test methods will be discussed first followed by a discussion of tensile tests
of nanowires performed on MEMS devices.

1.4.1

Tensile Experiments Between AFM Tips

There have been several studies on the mechanical behavior of nanowires under
tensile force applied between two AFM tips [9, 61], between an AFM tip and a
substrate or specimen grid [62, 63], or between two specimen grids [64]. The majority of these studies have limited methods for tracking the force applied to the
nanowire during testing, but track the strain and deformation in the nanowire by
imaging the nanowire throughout the experiment. In a study by Han, et al., the
tensile tests were performed on Si nanowires ([110] growth direction and diameters
of 15-70 nm) at room temperature [64]. The goal of the study was to track the
strain and plasticity in the nanowires visually through TEM. A force was applied
to the nanowires by a TEM specimen grid with a colloidal/C film. The nanowires
were pulled axially when the film shrunk under controlled irradiation using an electron beam. The rigidity of this clamping method is not discussed and therefore
there could be a compliance issue that would affect the strain measurements. The
experiments were performed in ultrahigh-resolution TEM (UHRTEM) where re-
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duction in diameter of the nanowires was observed directly and correlated to large
elastic and plastic deformations [64].
Other tensile tests that utilize AFM cantilever tips obtain a force measurement
from the deflection of one of the cantilevers, such as the test shown in Fig. 1.11.
These tensile tests are either performed between an AFM tip and substrate or
between two AFM tips. Tests performed between an AFM tip and substrate were
used to investigate the mechanical behavior of single wall C nanotubes. In this
study, a rope of (10,10) single wall C nanotubes each with a diameter of 1.36 nm
was attached to an AFM tip with a carbaceous deposit and pulled away from the
single wall C nanotube “paper” sample that it was grown on. The AFM tip acted
as a load cell, providing the applied load and the stress was calculated by assuming
each nanotube carried equal load and only the perimeter nanotubes carried load.
Strain was measured on 8 of the 15 tests performed by tracking displacements
between particles on the nanotubes. The maximum strain to failure measured was
5.4%, the strength ranged from 13 to 52 GPa with a mean of 30 GPa, and the elastic
modulus ranged from 320 to 1470 GPa with a mean of 1002 GPa [62]. Other studies
have performed tensile tests between two AFM tips, one soft that can experience
deflection throughout the experiment and one rigid that does not bend during
the experiment. This method was used to investigate the mechanical behavior of
multiwalled C nanotubes with 19-36 nm diameters. The nanotubes were attached
to the AFM tips with solid carbonaceous deposits and the rigid AFM cantilever was
driven by a tensile loading stage. It was noted in the study that during about half
of the tensile experiments, the nanotube detached at one of the deposit sites before
failure, indicating a possibility of compliance and slipping of the nanotube in the
grip. The strain in the nanotube was tracked through displacements between the
AFM tips, which could become inaccurate if the nanotubes were slipping out of the
deposit sites on the tips. The force was measured by the deflection of the soft AFM
cantilever and its known stiffness. The strength of the nanotubes ranged from 11
to 63 GPa, the highest strain to failure was measured as 12%, and the elastic
modulus ranged from 270 to 950 GPa [61]. A similar experimental setup was used
to measure the strength of boron nanowires attached to AFM tips with electron
beam induced deposition (EBID), shown in Fig. 1.11. During the tensile tests on
the boron nanowires, it was found that many of the nanowires failed at the EBID
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clamps and not in the gauge section, again indicating possible compliance in the
grips. This study also included detailed calculations to account for misalignments
between the two AFM cantilevers [9]. Due to the difficulties in tracking force and
the frequent reliance on high resolution image to track strain, these methods of
tensile testing nanofilaments would be difficult to implement successfully while also
monitoring the change in Raman spectra in order to obtain PDP measurements.

Figure 1.11. A boron nanowire clamped between two AFM cantilever tips under a
tensile load. The nanowire was attached to the AFM tips using EBID.Figure from Ding,
et al. [9].

1.4.2

Tensile Tests Performed on MEMS Devices

The most direct method for performing tensile tests on nanostructures involves
the use of a microelectromechanical system (MEMS). MEMS consist of three main
components found in any tensile testing system: an actuator that loads the specimen, a specimen gap, and a load cell that measures the applied force. The two
types of actuators commonly used in MEMS designed for tensile testing are comb
drive electrostatic actuators, which are force controlled [65, 66, 67, 15], and inplane thermal actuators, which are displacement controlled [14, 13, 68, 11, 12].
The comb drive actuator consists of pairs of parallel plates, where half are movable and the other half are stationary. When a voltage is applied to the stationary
combs, the movable combs are pulled by tangential electrostatic forces in order to
obtain more overlapping area with the fixed combs, and therefore the higher the
applied voltage, the more the combs move. A thermal actuator consists two sets
of parallel beams, often inclined at an angle, connected in the center by a shuttle.
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When current is applied through the thermal actuator, the beams (typically made
out of Si) thermally expand, pushing the shuttle and opening the specimen gap.
The comb drive actuator is better suited for testing relatively compliant structures,
and the thermal actuator is more capable of testing stiff structures. Both actuator
designs are depicted in Fig. 1.12.

Figure 1.12. Two types of MEMS designed for in situ tensile testing of nanostructures
are shown, A. one with a comb drive electrostatic actuator and B. the other with a
thermal actuator. The comb drive actuator is force controlled and the thermal actuator
is displacement controlled. Figure modified from one by Espinosa, et al. [10]

A MEMS load cell is used to measure the force applied to the specimen and
design varies from device to device. The simplest load cell design is a single forcesensing beam whose stiffness and deflection relates directly to the force in the
nanowire specimen during testing, analogous to an AFM cantilever [11, 66]. In
this case, the MEMS is modeled as a series of springs, in which case the force in
the nanowire during the test is equivalent to the force in the force-sensing beam,
F , given by
F = kf b ∆xf b

(1.11)

where kf b is the stiffness of the force-sensing beam, calculated from the beam’s ge-
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ometry, and ∆xf b is the displacement in the beam observed throughout the tensile
test. Similar to the single force-sensing beam is a single cantilever configuration,
which measures the force in the system through deflection caused by movement
in the comb drive actuator [67, 15]. There are some disadvantages with the single
force-sensing beam. Firstly, the stiffness of the beam is typically determined from
calculation and not measured directly. Therefore if there is any flaw that occurred
during the fabrication of the MEMS or subsequent damage after that could affect the stiffness of the beam, it is not taken into account leading to an error in
the force calculation. Secondly, since the force-sensing beam needs to be imaged
frequently throughout the test, a method for high resolution images needs to be
available during testing. A more robust load cell was also developed consisting of
a set of comb drives with the goal that the displacements could be read capacitively [10, 68, 65, 14, 13]. Both MEMS designs shown in Fig. 1.12 contain this
type of load cell. The force on the nanowire is calculated the same as Eq. (1.11)
but kf b is now the stiffness of the entire comb drive and ∆xf b is the displacement
between the rigid beams and the movable beams. Also the load cell is sometimes
designed in such a way as to allow for an experimental measurement of its stiffness,
so as not to be relying entirely on a calculated stiffness based on ideal condition
of the MEMS. A differential capacitor consists of different oriented comb drives,
where the displacement between the fingers in one drive increases as the displacement in the other drive decreases. This allows for a more robust determination
of the capacitance change. The displacement between the beams in this type of
load cell, although it can still be read visually, is designed to be read capacitively
through an integrated circuit (IC). The change in capacitance, ∆C, is related to
the displacement between the beams, ∆x, such that
∆C = C1 − C2 ≈

2N A
∆x
d2o

(1.12)

where N is the number of movable beams,  is the electric permittivity, A is the area
of overlap between the beams, and do is the initial gap between a movable beam
and a stationary beam. After the displacement is determined from the change
in capacitance, Eq. (1.11) is used again to determine the force in the nanowire.
Although these types of comb drives appear to be an ideal method for measuring
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force in a nanowire during testing, it is often difficult to electrically isolate the
comb drive from the actuator if the specimen connecting them is conductive. If
the comb drive cannot be electrically isolated, then it cannot be used to provide
an accurate capacitance reading that reflects the force in the nanowire.
The final component to be discussed in the MEMS design is the specimen gap.
The geometry and location of the gap is slightly different for each MEMS design,
but this has no real impact on the operation of the MEMS and the tensile test. The
important discussion to have for the specimen gap is how the nanofilament is manipulated and attached onto the gap. In some studies the specimen is a nanobeam
that was created on the MEMS during the fabrication process [66]. The compliance in the specimen grips would not be an issue since the specimen is part of the
device itself. However nanowires cannot be fabricated with the MEMS, and must
either be grown on the specimen gap or picked from a substrate and placed across
the specimen gap and attached. In a study by Lu, et al., templated C nanotubes
were assembled by electric field guided assembly method (dielectrophoretic deposition) onto the MEMS from a liquid dispersion [11]. The templated C nanotubes
were grown across Si platforms where, since Si is semiconductive, the electric field
was concentrated. The nanowires were attracted and aligned across Au coated
surface on the platforms. Once across the specimen gap, shown in Fig. 1.13A, the
nanowires were attached with clamps made by electron beam induced deposition
(EBID) with a solid phase hydrocarbon source. Since these nanowires were grown
and manipulated with an electric field on the MEMS, they were not manipulated
with a probe that could induce any damage. However, an outside source was introduced to clamp the nanowire across the gap which could lead to compliance
issues and overspray during deposition. Similar to this method was one employed
by Brown, et al., that used dielectrophoresis for placement of GaN nanowires [12].
Electrical probes were placed in contact with electrical pads creating an AC electric
field gradient across the specimen gap, which causes the nanowires to be polarized
and swept from the substrate they were released on to the gap, bridging it. They
were then attached to the gap with focused ion beam (FIB) induced Pt-C deposits,
as shown in Fig. 1.13B. Again the use of electric field to move the nanowire reduces
the chance of damage, but the deposited clamps allow for the possibility of compliance during the tensile test and overspray onto the nanowire during deposition.
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Other tensile experiments performed on MEMS used a type of micromanipulator
to move and align the nanowires across the specimen gap. A micromanipulator
is typically either an AFM tip or W probe tip that attaches to a nanowire either
through a van der Waal’s force [65, 69] or through deposition of a material such
as platinum in a FIB between the nanowire and probe tip [13, 14, 68]. The micromanipulator is used to move the nanowire from the substrate to the specimen
gap and align it across the gap. Then the nanowire is attached to the gap usually through a deposition system and the micromanipulator probe is either pulled
off the nanowire or milled off using an ion beam. Some specific examples of this
placement method include the manipulation of a C nanotube attached to an AFM
tip through van der Waals forces and then attached to the MEMS specimen gap
EBID of a carbonaceous material [65]. Another study used a W probe tip to
move poly-furfuryl alcohol polymer nanowires attached with van der Waals to a
MEMS sample gap where the nanowires were then attached with FIB deposited
W [69]. Another study mounted C nanotubes, shown in Fig. 1.13C, with EBID of
Pt and then also attached to the specimen gap with EBID of Pt [13]. A similar
study conducted on Pd nanowires, shown in Fig. 1.13D, also used EBID of Pt for
nanowelding the nanowire to the W probe nanomanipulator and then for anchoring the nanowire across the specimen gap [14]. The micromanipulator method is
advantageous because it allows for very specific movement and placement of the
nanowires. However it allows for the possibility of damage to the nanowire, especially when deposition techniques are used to attach the nanowire to the probe. A
technique has been developed by Kiuchi, et al., to deposit C nanowires by focused
ion beam-assisted chemical vapor deposition (FIB-CVD) across the specimen gap
using phenanthrene (C14 H10 ) gas [67, 15]. The gas also accumulates at the foot of
the nanowire in order to anchor it to the specimen gap, as shown in Fig. 1.13E.
Although this technique does not require any manipulation of the nanowire since
it is grown across the specimen gap, there is still a possibility of an adhesion issue
and compliance between the C anchors and MEMS substrate. It was also noted by
Kiuchi, et al., that during the deposition of the anchors, the flare gas surrounded
the edge of the nanowire causing the fixed end to thicken and also formed C clusters along the length of the nanowire causing the surface of the nanowire to be
uneven [15]. The change in diameter of the nanowire would effect the stress calcu-
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lation and the uneven surface could effect the strength of the nanowire by allowing
for the creation of more surface flaws. Finally, in my masters thesis, it was determined that the FIB-deposited Pt anchors holding the Si nanowire across the
gap were deforming and the nanowire was slipping [70]. This was determined after
apparent strains measured from gap displacement were much larger than expected
and post test analysis of the fractures Si nanowires revealed a sheath of Pt covered
the nanowire and fracture surface.

Figure 1.13. Series of images showing different techniques of attaching nanowires to
specimen gap, including A. templated C nanotube attached to specimen gap with electron beam induced deposition (EBID), figure from [11], B. gallium nitride nanowire attached to specimen gap with Pt-C deposition inside FIB, figure from [12], C. C nanotube
mounted to specimen gap with EBID of Pt, figure from [13], D. a Pd nanowire mounted
on specimen gap with EBID of Pt, figure from [14], E. FIB deposited C nanowire with
accumulation of C deposition at ends of nanowire to anchor it to specimen gap, figure
from [15].

Nanofilament tensile experiments performed on MEMS structures are advantageous for measuring a material’s PDPs. The largest problem with MEMS testing
structures is that they often rely on crosshead displacement to track strain in the
sample, which leads to erroneous strain measurements because of lack of rigid anchoring. However, this does not effect the Raman response of the material, which
is in fact, a direct strain measurement. Also, as mentioned previously, one needs
only a stress measurement or a strain measurement to correlate with the Raman
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data to determine the PDP values. MEMS tensile experiments provide methods
for monitoring the stress in the sample and also allow for a controlled method of
applying a tensile load to the nanofilament.

1.5

Properties of GaP

GaP nanowires were chosen for this study because of their strong Raman response
and simple crystallographic system: zinc-blende. Zinc-blende is a crystal structure

consisting of two overlapping FCC lattices separated by 41 , 14 , 41 , as shown in
Fig. 1.14. One lattice contains the one atom (in this case Ga) and the other
contains the other atom (P) of the material. The lattice constant, a, at 300 K
and 1 atm is 5.4505 Å [71]. As it was discussed in Sect. 1.1, phonon deformation
theory had been established originally for diamond cubic and then extended to
zinc-blende material through Eq. 1.7. Since the phonon deformation behavior of
these types of crystals depend on only three independent PDPs (p, q, and r), then
uniaxial compression experiments along only one or two directions provide enough
information on the phonon shift rate to decouple the PDPs. Also, as mentioned
in Sect. 1.2.2, the PDP values of bulk GaP have been measured under hydrostatic
compression up to low stresses and limited phonon splitting [1]. Therefore by
comparing PDPs measured up to high strains and phonon shifts in GaP nanowires
to those measured in bulk, we can determine whether or not PDPs measured at
low strain values are flawed.
The largest use of GaP commercially is in optoelectronic devices, specifically
in light emitting diodes (LEDs) [72]. An LED is a semiconductor consisting of
layers of an epitaxially grown material on a substrate that, when electric current
passes through it, it emits light. The epitaxial layers typically consist of various Ga
compounds (GaAlAs, GaAsP, InGaAsP, etc), while the substrate is GaP. The range
of light wavelengths that can be produced from GaP LEDs covers a spectrum from
555 nm (green) to 700 nm (red) [72]. There have been promising advances recently
that show LEDs, lasers, and photodetectors based on semiconductor nanowires
such as GaP [73]. Since the optical properties of GaP nanowires play a crucial
rule in their potential applications in the optoelectronic industry, it is important
to fully understand how the optical phonons react to strain fields.
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Figure 1.14. Unit cell of GaP highlighting the two overlapping FCC lattices where one
lattice consists of Ga atoms (green) and the other consists of P atoms (yellow)

The Raman spectrum of GaP, first measured in 1964 by Hobden and Russel, is
characterized by its transverse optical (TO) and longitudinal optical (LO) modes,
located at Raman shifts of 367 and 403 cm−1 respectively for bulk (Fig. 1.15A) [74].
The TO mode arises from vibrational modes in the atoms that are perpendicular to
the nearest neighbor bonds, while the LO mode is due to vibrational modes in the
atoms parallel to the bonds, as depicted in the schematic in Fig 1.15C. The TO and
LO phonon modes are at the same frequency in a diamond cubic semiconductor
because the bond geometries are identical. But in a zinc-blende semiconductor,
like GaP, the ionicity in the bonds leads to two different frequencies associated
with the phonon modes [26]. On the nanoscale level, the Raman response of GaP
(shown in Fig. 1.15B) has also been studied in detail revealing that the TO and LO
modes are still present but broader and the LO mode is down shifted slightly by a
few cm−1 [75, 76]. There are also surface optical (SO) phonons present near the LO
mode in the Raman spectra of due to diameter oscillations along the length of the
nanowire [77]. However, the Raman spectrum of GaP is unique compared to other
zinc-blende materials in that the TO phonon exhibits an asymmetry on the low
energy side due to the anharmonic coupling with the transverse and longitudinal
acoustic (TA + LA) states [78, 79]. The anharmonic coupling broadens the TO
peak reflecting a loss of resonance between TO and TA + LA. The additional
structure in the TO spectrum is typically accounted for with a step function.
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Figure 1.15. A. Raman spectrum of bulk GaP with the TO and LO modes labeled
compared to B. the Raman spectrum of a GaP nanowire with TO, LO and SO modes
labeled. C. Schematic of two GaP atoms connected by a bond and the direction of bond
vibrations indicated by arrows.

Like many semiconductors, the intensities of the optical modes of GaP depend
greatly on the polarization of the incident and scattered light with respect to the
crystallographic direction of the sample. The relative intensities of the TO and LO
modes, Is where the subscript s represents either TO or LO, can be determined by
¯
Is ∝ ω 4 I0 ês · <(s)
· êi

2

(1.13)

where êi is the polarization of the incident radiation, ês is the polarization of the
scattered radiation, ω is the frequency of the incident light, I0 is the intensity
¯ is the Raman tensor [80]. The Raman tensor for
of the incident light, and <
optical phonons in a zinc-blende structure depends on crystallographic orientation
of the crystal and a constant that differs between TO and LO. A rotatable half
wave plate (HWP) can be used to rotate the laser polarization by an angle θ as it
passes through the plate. Therefore the polarization direction for the incident and
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backscattered radiation depends on the orientation of the HWP such that


0





 = ê.
êi = ês = 
cos
θ


sin θ

(1.14)

The polarization dependence on the intensities of the optical phonons in GaP
nanowires was studied in detail by Wu, et al. [81] and it was found that diameter
was also a factor due to photon confinement. In small diameter nanowires (<70
nm), both TO and LO acted like nearly perfect dipole antenna which led to a
polarized scattering intensity function on the order of

cos4 θ. In other words,

when θ is 0 or π, the intensity is greatest, but the intensity goes to zero when θ
is π2 . The polarization relationship for larger nanowires was more complicated and
varied based on nanowire growth direction. Intensity dependence on polarization
was an important consideration in this study because it was necessary to locate
the HWP angle that would result in the strongest Raman response.
The structure of bulk GaP is identical to nano-scale GaP, so structure dependent properties, such as Elastic modulus, E, should be the same. Elastic modulus
is the derivative of stress with respect to strain, or in other words, a measure of
the tendency of a material to elastically deform under stress. An estimate of elastic modulus from elastic compliance constants, sij , for different crystallographic
planes defined by direction of unit vector, li , in a cubic crystal such that [82]
E=

1
s11 − 2 s11 − s12 −

1
s
2 44



(l12 l22 + l22 l32 + l32 l12 )

(1.15)

The elastic compliance constants for GaP at room temperature and atmospheric
pressure are [83]:
s11 = 9.73 × 10−12 Pa−1
s12 = −2.99 × 10−12 Pa−1
s44 = 1.419 × 10−13 Pa−1
The estimates of elastic modulus from this calculation for [100] GaP 103.4 GPa
and for [111] GaP is 166.9 GPa. A more rigorous calculation of elastic modulus
for GaP is provided in Ch. 3. GaP behaves as a brittle material and does not
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plastically deform at room temperature. It has a preferred cleavage plane of (110)
√
and fairly low fracture toughness of 0.65 MPa m measured in bulk [84]. Failure in
brittle materials usually occurs due to a pre-existing crack or flaw in the material.
Once the stress in the material is large enough to propagate the existing crack, the
material fails catastrophically. The critical size of the flaw depends on the applied
stress, the geometry of specimen and flaw, and the fracture toughness (a material
parameter) [85]. Therefore the strength of GaP is controlled by the size of preexisting flaws. Since bulk GaP is much larger than nano-scale GaP, the cracks and
flaws on the material can be much larger, leading to a lower strength. Therefore
one should be able to observe the change of phonon frequency at a much higher
strain in nano-scale GaP than in bulk GaP and therefore obtain more accurate
PDP measurements.

1.6

Structure of Dissertation

The motivation for this dissertation is to determine a method for correctly measuring a material’s PDPs and extend this method to assess the validity of PDPs
found in the literature. Correctly measured PDPs are crucial for properly relating strain to Raman spectra and the implementation of flawed PDPs will lead to
incorrect strain measurements in Raman-mechanical experiments. How this research project was implemented will be described through a brief summary of the
remaining chapters in this dissertation.
Chapter 2, Materials and Methods, will describe the GaP nanowires tested
in this study along with the experimental techniques used for testing them. A
discussion on the GaP nanowires will be presented, focusing on their synthesis,
Raman characterization, and TEM characterization. The remaining sections of
the chapter will focus on the experimental techniques used to couple mechanical
and Raman behavior. A description of the micromachined load frames used for
tensile experiments of the nanowires will be described, followed by a description
of the technique used for placing and adhering the nanowires to the specimen
gap of the loadframe. Two types of mechanical experiments were performed in
this study: initial experiments without a force measurement and experiments that
incorporated a high-precision force transducer. Details on these experiments and
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the stress and strain analyses used for the data obtained in these experiments will
be described, followed by how this data was used to determine the PDPs of the
GaP nanowires. The chapter will end with a discussion of thermal investigation
performed on the nanowires post failure to assess the effects of the Raman laser
on the material properties.
Chapter 3, Vibrational and Mechanical Models for use in PDP measurements,
will first describe how phonon deformation theory was generalized in this research
to describe strain and phonon interactions in any crystalline system using group
theory. The generalization of phonon deformation theory will highlight the necessity of uniaxial experiments in measuring a material’s PDPs and how phonon
behavior of a material with less crystal symmetry becomes very complex. The
chapter will end with a discussion of a strength model that uses experimentally
measured second and third order stiffness coefficients to make a first order approximation of an anharmonic potential, which is then used to estimate the consitutive
behavior of GaP along the [111] direction.
Chapter 4, Results and Discussion, will present the results from both the initial Raman experiments and the experiments after incorporation with the force
transducer. The evolution of the Raman spectra under uniaxial tension will be
discussed in detail for both sets of experiments. The results of the initial experiments will be used to highlight the flawed nature of the PDPs measured on bulk.
The PDP results from the experiments with force measurements will be presented
and then applied to determine experimental constitutive behavior. Finally the
chapter will end with a discussion on the similitude between nanowire and bulk
PDPs to demonstrate that the PDPs measured in this research can be applied to
any GaP specimen, regardless of size.
Chapter 5, Conclusions and Future Work, will discuss the implications of this
research, focusing on the flawed nature of the bulk PDPs and the necessity of
reaching large strains to induce visible phonon splitting in achieving correct PDP
measurements. The results of this research will be generalized so that they can be
used to assess strain from phonon response in any crystalline material regardless
of specimen scale, geometry, or testing condition. The chapter will finish with
possible advancements in this research for future work.

Chapter

2

Materials and Methods
This chapter will focus on the GaP nanowires tested in this study and the experimental methods used to accurately measure their phonon deformation potentials
(PDPs). This chapter will open up with a brief overview of the Raman spectrometer used throughout this research project as both a characterization tool for the
nanowires and as a strain measurement in the nanowires during mechanical testing.
Next there will be a discussion of the GaP nanowires, specifically growth, Raman
properties, and TEM characterization. Next, the micromachined load frames used
for tensile testing nanowires will be described in detail as well as the method
for nanowire placement on the load frames. Then, the details of the experimental
setup will be discussed, including how the data was recorded and analyzed. Lastly,
post-failure thermal experiments performed on the nanowires will be discussed

2.1

Raman Spectrometer

Raman spectroscopy was a central technique utilized in this research project to
both characterize the phonon frequency of the nanowires and track changes in this
frequency under uniaxial tension. The Raman spectrometer used in the experimental work was the Renishaw inVIA Raman Microspectrometer. The instrument
consists of a sample stage with computer controlled translation (step size 30 nm),
optical microscope, and systems for directing and collecting light (Fig. 2.1). The
direction optics consists of a series of mirrors and lenses that reflect the laser and
focus it on the sample. Then the collection optics receive the light that was scat-
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tered from the sample and direct it to the charge-coupled device (CCD) detector
via a series of mirrors, lenses, filters, and grating. These processes are highlighted
in the diagram in Fig. 2.2. The CCD detector transmits the resulting spectra
directly to a computer through WiRE 3 software for analysis [86].

Figure 2.1. Image of the Renishaw inVia Raman Microspectrometer highlighting the
locations of the sample stage, optical microscope, directing optics, collection optics, and
CCD detector.
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Figure 2.2. Schematic of the directing and collection optics of the Renishaw inVia
Raman Microspectrometer where the purple band indicates the laser path.

2.2

GaP Nanowires

GaP was chosen for this study because of its strong and well documented Raman response [74]. Also GaP has a zinc-blende crystal structure (cubic), which
leads to a fairly simple phonon shift-strain relationship that depends on only three
PDPs: p, q, and r. Therefore uniaxial tension experiments along the [111] direction
(growth direction of nanowire) distorted the shape of crystal, split the degenerate
phonon response, and provided a direct and accurate measurement of p + 2q and
r.

2.2.1

Nanowire Synthesis

GaP nanowires tested in this study were grown in a three zone chemical vapor
deposition (CVD) in which the temperature in each zone of a horizontal furnace was
independently controlled (Fig. 2.3). Phosphor pieces were placed in a quartz tube
reactor inside the furnace at zone 1, held at a temperature of 300◦ C; GaN powder
was placed in the quartz tube reactor at zone 2, held at a temperature of 1100 ◦ C;
and a quartz boat or slide was placed at zone 3, held at 850 ◦ C. Ga and P atoms
were thermally evaporated from the GaN powder and red phosphor, respectively,
and GaP nanowires were grown in the low temperature region between zones 2 and
3. During the growth, Ar gas was flowed at 100 sccm with a background pressure of
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300 mTorr. After 15 minutes, the furnace was shut off and the system cooled down
to room temperature. A cotton-like yellow material containing long GaP nanowires
was collected from the quartz boat and mixed into a beaker containing isopropyl
alcohol (IPA). The IPA solution was sonicated for ∼ 5 minutes to separate the
nanowires. Since no metal nano-catalyst (such as Au nanoparticles) was used, it
is believed that the growth was self-catalyzed by Ga nano-droplets [75].

Figure 2.3. Schematic of the three zone chemical vapor deposition system used to
fabricate the GaP nanowires tested in this study

2.2.2

Raman Properties

Since PDP measurements depend directly on the Raman response of the material,
it was important to chose GaP nanowires with strong Raman peaks prior to testing. In order to determine nanowires that would be ideal candidates for achieving
accurate PDP measurements, a Raman map was made of a TEM grid containing
GaP nanowires. A marker was milled into a copper TEM grid with a fine 2000
square mesh (Electron Microscopy Sciences) using a laser on a probe station (Suss
Micro Tec). The marker was critical for creating a simple mapping nomenclature.
A drop of the IPA solution containing GaP nanowires was released on the TEM
grid and placed under the optical microscope of the Raman spectrometer and the
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marker was located. Nanowires were first selected based on their length and their
position on the grid. Nanowires needed to be over 10 µm long so as to span the
specimen gap on the micromachined loadframe. Also, nanowires with at least one
end hanging over a hole in the grid were chosen because this configuration enabled easier pick up in the FIB. Continuous-wave (CW) laser excitation (514.5
nm, Coherent Innova 70C) was focused onto the nanowires and the spectra were
collected to determine which nanowires had strong Raman responses. Nanowires
with strong Raman responses were ideal for testing because shifts and splitting
of the Raman peaks would be more visible under tension leading to more accurate phonon shift rates and PDPs. Since polarization of the laser with respect to
nanowire orientation can affect the intensity of the Raman signal, a rotatable half
wave plate (HWP) was also inserted and rotated to a few different orientations to
determine which polarization angle led to the greatest intensity. On each grid, ten
to fifteen nanowires with a good Raman response were recorded and their positions
on the grid relative to the marker were noted.

2.2.3

TEM Characterization

After Raman mapping, the TEM grid containing the GaP nanowires was placed
inside the TEM (typically the JEOL 2010F was used, but the JEOL 2010 LaB6
and the Philips EM420T were also used for a couple grids). Nanowires that were
chosen during Raman mapping were located and inspected thoroughly to determine if they were ideal for testing. A nanowire with clusters of smaller nanowires
surrounding it, such as the one shown in Fig. 2.4A, was eliminated because the Raman signal would be coming from all the nanowires, not just the one being tested.
Nanowires with large defects, such as the stacking fault shown in Fig. 2.4B, were
eliminated because the goal of the project was to observe phonon behavior from
perfect crystallographic symmetry, which defects would interrupt. Defects could
also hinder the strength of the nanowire and cause it to fail at a lower strain. It
was important for the nanowires to exhibit high strength since large elastic strains
were necessary to alter the symmetry of the crystal and observe significant shifting
and splitting of the phonons. High resolution transmission electron microscopy
(HRTEM) was also used in the smaller nanowires for assessing the crystallinity of
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the nanowire (Fig. 2.4C). If a nanowire was determined to be virtually defect free,
then the growth direction was determined from selected area diffraction (SAD) and
the diameter (Fig. 2.4D) was measured across 1000 points along the length of the
nanowire using the integration tool in Gatan Digital Micrograph. All nanowires
that were analyzed grew along the [111] direction and ranged in diameter from 50
to 300 nm.

Figure 2.4. Transmission election micrographs of a (A.) GaP nanowire with smaller
nanowire attached, (B.) GaP nanowire with a large defect, possibly a stacking fault, (C.)
HRTEM image of a nearly pristine GaP nanowire, and a (D.) and a low magnification
image used for diameter measuremnts with an inset of a diffraction pattern indicating a
[111] growth direction.
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2.3

Mechanical Experiments

2.3.1

Micromachined Load Frames

Tensile tests in this research were performed on micromachined load frames designed by Ken Gall (Georgia Tech), Brad Boyce (Sandia National Laboratory),
and David Miller (Sandia National Laboratory). The design of the loadframe was
similar to the one used by Espinosa, et al. [10] and consisted of three main parts
(shown in Fig. 2.5): a bent beam thermal actuator [13], specimen gap, and comb
drive. The thermal actuator, intended to load the specimen, consisted of 2 sets of
10 beams, 4 µm wide, 25 µm thick, and 300 µm long, inclined toward the center
at either 2◦ or 5.5◦ , and connected in the center by a 20 µm wide shuttle. The
actuator moved when current was applied across it, leading to resistive heating
that caused the material in the beams to expand, pushing the center shuttle up
and increasing the size of the specimen gap [13, 87, 88]. Further characterization
on the electrical behavior of the thermal actuator, compliance studies of the different components, and thermal mapping of devices was detailed in my masters
thesis [70].

Figure 2.5. SEM micrograph of a typical micromachined load frame used in this study.
The main components of the load frame (thermal actuator, specimen gap, and comb
drive) are labeled.
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The micromachined load frames were fabricated at MEMSCAP using a micromachining process known as SOIMUMPs: Si-on-insulator Multi-User MEMS
Processes. The process is explained in detail in the SOIMUMPs design handbook [89]. It starts with a 100 mm n-type double-sided polished Si on insulator
wafer, consisting of a 25 µm Si layer, a 1 µm oxide layer, and a 400 µm substrate
layer. A layer of phosphosilicate glass (PSG) was deposited on the top surface of
the Si layer and annealed at 1050◦ C for 1 hour in argon in order to dope the Si.
Wet chemical etching was used to remove the PSG layer. A liftoff process was
then used to produce the metal bond pads on the MEMS by patterning a stack of
20 nm of chrome and 500 nm of Au. The metal was then covered and the Si was
lithographically patterned with a deep reactive ion etch (DRIE). Then a protective material was applied to the top surface of the Si layer. A final mask level was
used to photolithographically pattern the substrate layer from the bottom side.
The pattern was reactive ion etched (RIE) into the bottom side oxide layer, and a
DRIE etch was utilized to etch the features completely through the substrate layer.
This final etch created the through-hole structures in the load frames, such as the
comb drive and the thermal actuator. A blanket metal layer of 50 nm chrome and
600 nm of Au was deposited and patterned using a shadow mask to obtain the
small markings and labels surrounding the load frames. A standard vapor phase
etch was used to remove most of the sacrificial oxide layer, but some areas on the
load frame were not accessible to the vapor phase etch, specifically where the comb
drive was on top of the silicon wafer. Therefore the remaining oxide layer needed
to be removed before proper operation.
Before removal of the sacrificial oxide layer, the micromachined load frames
were inspected visually under an optical microscope for any damage or debris. A
record was kept for each device on the chip, twenty-four total, of any broken beams
in the thermal actuator, missing combs in the load cell comb drive, large pieces of
debris, or any other flaw that could be detected visually. By recording a pre-release
record of the appearance of each load frame, it was easy to detect any damage the
devices accrued during the release process.
After thorough visual inspection, the remaining oxide layer was removed by
placing the chip in unbuffered 49% HF contained in a Teflon dish for 8.5 minutes.
The chip was then removed from the HF and placed in a deionized (DI) water
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bath for 10 minutes to stop the HF etch. After which it was moved directly to a
fresh DI water bath for an additional 5 minutes to ensure that all HF had been
removed from the chip. After this release process, it was placed immediately into
a beaker of isopropyl alcohol (IPA). Special care was taken while moving the chip
from one liquid to the next to ensure that it was not left in air too long to avoid
stiction among the individual components of the load frame and submersion into
each liquid was slow and steady to avoid any additional damage from fluid flow
around the structures. The load frames could not air dry because the device
structures, specifically the comb drive, would adhere to the substrate, resulting in
loss of mobility in the device. To avoid this issue, the load frame chip was taken
to a Bal-tec CPD-030 critical point dryer while still submerged in IPA. The die
was moved into a flow thru sample carrier, removed from the IPA and submerged
into ethanol, and loaded into the pressure chamber of the CPD, also filled with
ethanol. The ethanol in the pressure chamber was slowly replaced with liquid CO2
through a series of six to seven drain/refill cycles. Once the pressure chamber was
filled with pure liquid CO2 , the chamber was pressurized until the critical point of
CO2 was reached, at which the liquid phase and vapor phase co-exist. Therefore
the liquid CO2 changes to vapor without a change of density and without creating
surface tension effects that could damage the load frame. The load frame chip
was removed from the CPD pressure chamber and placed in a gel-pack (Gel Pak,
Delphon Industries LLC) until further inspection and packaging.
After the HF release process, the micromachined load frames were again inspected visually under an optical microscope for any additional damage or debris
and a record was kept for each device for comparison to the pre-release record. A
discoloration of the surface was present in all devices released through this process
due to oxidation of the Si [90]. For most devices, the damage after release was the
same as any damage present before release. However in a few cases, there was obvious stiction visible in the load cell comb drive, rendering these devices unusable.
After thorough visual inspection, the thermal actuators were tested for proper operation. Using an optical microscope with probe station (Suss Micro Tec), a direct
current (Agilent E3632A DC Power Supply) was applied to the thermal actuator
and the displacement in the specimen gap was tracked with optical images. Plots
of specimen gap displacement as a function of current immediately indicated any
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thermal actuators that were not operating properly. Details on expected thermal
actuator behavior were investigated in my masters thesis [70].
After thorough inspection, the micromachined load frames were packaged,
bonded, and prepared for tensile testing. Two different pin grid array (PGA)
packages were used to hold the load frame chip. Initial experiments (no force measurement) were performed with the chip inside of a 100 lead count PGA with a
11.9 mm × 11.9 mm cavity (Spectrum Semiconductor Materials, Inc CPG10029).
After incorporation of the force transducer, load frame chips were packaged in a
64 lead count PGA with a 12.7 mm × 12.7 mm cavity (Spectrum Semiconductor
Materials, Inc CPG06402). The 64 pin PGA was significantly smaller than the
100 pin PGA (2.5 cm × 2.5 cm compared to 3.3 cm × 3.3 cm) and therefore easier
to accommodate in the modified setup with force transducer. Before a chip was
mounted in a PGA, the PGA was cleaned with an acetone rinse followed by an
IPA rinse. Using a toothpick, Ag paint (SPI supplies) was dabbed in the corners
of the 100 pin PGA’s cavity, and the load frame chip was placed directly inside.
However before placing a chip in the 64 pin PGA, two small pieces of Si wafer
(approximately 12 mm × 12 mm) were first placed in the cavity and attached
with Ag paint. These Si wafers served as risers for the load frame and enabled
easier attachment of the force transducer during testing. Then a toothpick was
used to dab Ag paint on the corners of the top Si riser and the chip placed on
top. It was important to use only a small amount of Ag paint and restrict it only
to the corners so that it did not seep into the through-hole structures of the load
frames, permanently damaging them. The package was kept protected under a
glass beaker for 20-30 minutes until the Ag paint was dry. Then the chip was kept
protected by an 18 mm × 18 mm VWR International micro cover glass over the
PGA cavity and attached to the PGA with a piece of tape.
After the load frame chip was attached inside the PGA, individual micromachined load frames were wire bonded with a Kulicke & Soffa 4500 series manual
wire bonder. Load frames with properly operating thermal actuators and minimal
damage were used for testing and subsequently wirebonded. An example layout of
a bonded MEMS chip, shown in Fig. 2.6, highlights that both thermal actuators
and comb drives were wire bonded to the Au pads on the PGA, which in turn allowed for easy electrical connections to the devices through the PGA pins. When
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the packaged chip was placed inside the FIB, the pins connected to both the comb
drive and thermal actuator were used to ground the devices and stop any charging
effects from the electron beam. Connections to the thermal actuator enabled easy
connection of a direct current source to load nanowires under the Raman spectrometer. The PGA pads used for bonding were chosen based on the location of
their corresponding pin in the pin array. It was easiest to attach crimped wires to
pins along the outside border of the array, so these were almost always used first.

Figure 2.6. Diagram of a load frame chip inside the cavity of a 64 pin PGA. Lines within
the diagram indicate where the devices were wire bonded, empty rectangles represent
the comb drives, and rectangles with ‘X’s represent bonding pads. The numbers along
the outside of the PGA represent the nomenclature used to associate the bond pads with
their corresponding pins in the pin array.
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2.3.2

FIB technique for nanowire placement

Nanowires were mounted on the specimen gap of the micromachined load frames
in an FEI Quanta 200 3D Focused Ion Beam (FIB) in a similar method to how
Si nanowires were mounted in my masters work [70]. Electron beam imaging and
electron beam induced deposition (EBID) was used exclusively throughout this
process since it was found that exposure to the ion beam damaged and caused
amorphization in GaP nanowires [91]. Amorphization would greatly reduce the
Raman response of the material and alter its mechanical properties. Prior to moving the nanowire, the load frame of interest was located and Pt adhesive pads
covering the majority of the specimen gap (∼250 µm2 ) were deposited with an
ion beam current of 1.0 nA. This Pt adhesive layer helped to improve adhesion
of the nanowires to the specimen gap and provided a reflective surface to help
dissipate heat from the focused laser during the Raman experiment. The Pt adhesive deposited in the FIB is amorphous and contains Pt, Ga, O, and C [92].
The nanowires were manipulated using the Omniprobe-AutoProbe 200 micromanipulator, a five axis, motor driven manipulation tool with 1 nm motion resolution
located inside the FIB. A previously characterized GaP nanowire was chosen from
the TEM copper grid and the Omniprobe was brought into the chamber and moved
above the nanowire using the Omniprobe manipulation program. Since the electron beam was used exclusively, only in-plane movement of the Omniprobe was
visible. Therefore focus and contrast were used to determine how high above the
nanowire the Omniprobe was. The Omniprobe was slowly lowered until it was
touching one end of the nanowire. Electron beam induced deposition (EBID) at
accelerating voltage 5kV and beam current 0.34 nA was used to deposit a small
amount of Pt adhesive (∼2 µm2 ) between the Omniprobe and nanowire (Fig. 2.7).
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Figure 2.7. SEM micrograph of GaP nanowire on Cu TEM grid after attachment to
Omniprobe with EBID deposition of Pt adhesive

Once the nanowire was adhered to the probe tip, the Omniprobe was lifted
off the TEM grid and moved to the location of the load frame. The stage was
realigned so that the nanowire would be oriented correctly with respect to the
specimen gap. Again, contrast and focus were used to determine how high the
nanowire was above the specimen gap as the Omniprobe was lowered (Fig. 2.8). A
sudden change in contrast indicated when the nanowire was touching the specimen
gap. Once the nanowire was laying flat, EBID was used to deposit Pt adhesion
pads (∼12 µm2 ) over the nanowire on both sides of the gap. After the nanowire
was securely attached to the specimen gap, the ion beam was used to mill the
Omniprobe off. Care was taken to ensure that the nanowire was not exposed to
the ion beam during the process. After a nanowire was successfully adhered to a
load frame, the entire packaged load frame chip was placed inside a rectangular
membrane box (SPI Supplies). The membrane box minimized vibrations in the
load frame, ensuring safe transport for the nanowire.
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Figure 2.8. SEM micrographs of the Omniprobe with GaP nanowire attached as it was
lowered toward the specimen gap of the micromachined load frame. Focus was used to
determine how high the nanowire was above the load frame, such that A. Specimen gap
in focus and B. Omniprobe with nanowire in focus.

2.3.3

Initial Uniaxial Tensile Experiments

The packaged micromachined load frame chip was attaching to a specimen holder
on the Renishaw sample stage with the SEM stub on its base. First the nanowire
was located in the optical microscope with the 100x lens. Rather than using the
HWP to change the polarization of the laser, which reduces the intensity, the
loadframe package containing the nanowire was physically rotated under the laser
until an optimal intensity was found. Then the laser spot (514.5 nm without
preferential polarization) was aligned over the center of the nanowire (Fig. 2.9).
Only 10% (∼100 µW power) of the laser’s full intensity was used when recording
spectra of nanowires to minimize overheating and damage. The thermal actuator
was attached to an Agilent E3632A DC Power Supply and current was incremented
in 2 mA steps until 10 mA where it was then incremented in 1 mA steps. At each
current interval, a Raman spectrum and optical image were recorded until the
nanowire failed.
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Figure 2.9. Optical micrograph of a 260 nm GaP nanowire on micromachined load
frame specimen gap under the Raman spectrometer during tensile experiment.

Since force was not measured directly in these initial experiments, stress in the
nanowires was estimated using the classic-Raman stress relationship determined
by Cerdeira, et al., for a uniaxial load along the [111] direction [4]:
σ
[1/3(p + 2q) (S11 + 2S12 ) + 2/3rS44 ]
2ω0
σ
[1/3(p + 2q) (S11 + 2S12 ) − 1/3rS44 ]
= ω0 +
2ω0

ω,s = ω0 +
ω,d

(2.1)

where Sij are the compliance constants of the material the subscripts s and d
refer to singlet and doublet respectively. Compliance constants have been experimentally measured for bulk GaP by Weil and Groves [83]. The singlet refers to
the phonon parallel to the direction of uniaxial tension and the doublet to the
phonons perpendicular. For a zinc-blende material under a uniaxial stress in the
[111] direction, the singlet is the TO2 phonon and the doublet are the LO and TO1
phonons. The shift in the LO phonon was used to calculate the stress throughout
the experiment using Eq. 2.1 and the phonon deformation potentials measured by
Balslev for bulk GaP [1] for the LO phonon:
γ=

−p + 2q
= 0.87
6ω02
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r
= −0.5
ω02

(2.2)

and the TO phonon:
γ=

−p + 2q
= 0.9
6ω02

r
= −0.58
ω02

(2.3)

The LO phonon was chosen for the stress estimation because it does not exhibit
any splitting and therefore has a more confident fit associated with it. Then the
shifts of both the TO1 and TO2 were plotted as a function of the stress determined
from the LO mode and compared to the theoretical stress-Raman relationship from
Eq. 2.1. This gave a sense of how accurate the bulk PDPs were in the context of
the classic Raman-stress relationship.

2.3.4

Incorporation of Force Transducer

In order to directly relate changes in phonon response in nanowires under uniaxial
tension to the applied force, a high resolution force transducer was incorporated
into the nanowire testing setup. A custom 400 series force transducer was designed
by Aurora Scientific for a full range of 1 mN and resolution of 0.1 µN. A series
of adapters were designed to attach both the transducer and packaged micromachined loadframe to the microscope stage under the Raman spectrometer. The
final design, shown in Fig. 2.10, included a dovetail vertical displacement stage
with adapter to attach to the transducer head. Then the packaged micromachined
load frame with nanowire was attached to an adapter that was connected to a
NanoMax 302 (Thor Labs) flexure stage with piezo actuation for fine movements
(50 nm steps) and a manual micrometer drive (1 µm steps) for coarse adjustment.
The piezo driven stage was connected to a MDT693A controller box through which
a change of 0.1 V was on the order of 50 nm. These series of stages and adapter
plates enabled the transducer head to be lowered toward the micromachined load
frame and for the load frame to be centered underneath the transducer.
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Figure 2.10. Experimental setup used to probe the mechanical-optical coupling of
nanowires. The piezo stage, packaged load frame chip, force transducer, and dovetail
stage are higlighted. Adapter plates were designed to connect these four pieces together.

A bent, notched probe tip was created and attached to the output tube of the
transducer (Fig. 2.11) in order to attach the transducer to the specific micromachined load frame containing a nanowire. The probe tip was used to hook into
the ring (50 µm across) located under the comb drive in the micromachined load
frame, shown in Fig. 2.5. A tungsten probe tip (American Probe & Technologies
71T) with 1 µm radius tip was bent at a 90◦ angle by securing the tip in a mechanical vise and then bending the shaft of the probe flat against the vise. It was
important to protect the tip by securing it in the vise because if it were to become
damaged and too blunt, it would not fit inside the 50 µm ring on the load frame.
Next, a notch was machined into the probe tip using the FIB so that once the
probe was inside the load frame’s ring, it would hook on and not slide out. The
notch, shown in Fig. 2.12, needed to be larger than 25 µm long (thickness of the
micromachined load frame) but close enough to the tip so that the diameter of
the top of the notch was under 50 µm (diameter of load frame ring). After the
probe was bent and notched, it was inserted into the glass capillary output tube
of the force transducer. Since the transducer is very sensitive, insertion was made
possible by attaching the probe via paraffin wax to a Newport ULTRAlign Inte-
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grated Crossed-Roller Bearing Linear XY Stage and then using the stage controls
to slowly move the probe into the tube. Once inside the tube, paraffin wax was
melted around the capillary tube to grip the probe and the wax holding the probe
to the stage was melted so the probe could be removed from the stage. To reinforce
the probe and reduce risk of the paraffin wax drifting, crystalbond 509 (SPI 05110)
was also melted around the capillary tube.

Figure 2.11. Image of the packaged micromachined load frames containing GaP
nanowire and the bent probe tip attached the force transducer output tube.
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Figure 2.12. Scanning electron micrograph of W probe tip after notch had been machined out using the FIB. The notch enabled the probe to hook into the micromachined
load frame and not slip out.

After a characterized nanowire was mounted to a micromachined load frame
as described in Sect. 2.3.2, the packaged loadframe was brought to the Renishaw
Raman spectrometer and attached to the Nanomax Piezo stage with an adapter
(Fig. 2.10). The Aurora force transducer was attached to the dovetail vertical
stage and the entire configuration was placed on the sample stage of the Raman
spectrometer. To reduce vibrations in the system, the cords from the Nanomax
stage and the Aurora were attached to a rod near the Renishaw stage with a cable
tie. To ensure that the force transducer was operating properly, the notched probe
was aligned with a load frame not containing a nanowire and lowered into the ring
below the comb drive. The 50x optical lens was used for inserting the probe because
the working distance (1 cm) was long enough to accomodate the probe under it
and the field of view captured the entire load frame ring. When the probe was close
to insertion, the piezo stage was used to slowly move the load frame up so that the
probe was inserted into the ring. Then the piezo stage was moved away from the
transducer (decrease in the voltage associated with horizontal direction) so that
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the probe was pulling on the comb drive. This quick diagnostics test ensured that
the Aurora force transducer was behaving properly and that the probe tip had not
been damaged or contaminated. Then the Nanomax stage was lowered so that the
probe was no longer in the ring of the empty loadframe.
The micromachined loadframe containing the nanowire was then located under
the optical microscope with the 50x lens. The laser spot was centered over the
nanowire and a spectra was aquired. Due to the arrangement of the experimental
setup (ie location of force transducer and output tube), the nanowire had to be
horizontally aligned with respect to the optical image and therefore almost always
required the HWP to achieve strong intensities in both TO and LO. Since it was
necessary to use the 50x lens to insert the probe, and it was too risky to switch
lenses once the probe was hooked in, the power of the laser was increased to 20%
(∼150 µW) to compensate.
After determining the optimal HWP configuration and acquisition time for
the strongest Raman response, the probe was inserted into the load frame ring
using the method described above. Extra care was taken not to bump the load
frame with the probe while inserting it because the slightest movement in the load
frame could fracture the nanowire. Also the voltage in the Aurora before and after
insertion was noted as an indication to the probe touching the load frame. Then
the entire Renishaw stage was moved to focus back on the nanowire, the HWP was
gently inserted, and another Raman spectra was recorded. The Nanomax piezo
stage was then moved in small increments so as to move the load frame away from
the force transducer (a decrease in the value of the piezo voltage) until a change in
the force transducer voltage of ∼10 mV (1 µN) was observed, indicating the probe
had engaged with the load frame ring. Another spectra was recorded and the force
transducer voltage was observed throughout this acquisition time. Throughout
Raman collection, the force transducer output would drop as the intensity of the
laser increased the temperature in the nanowire, but then would return to its
previous output after Raman collection was finished and the laser intensity was
reduced. The highest and lowest observed voltages on the force transducer were
written down during each Raman collection. The piezo stage was moved in small
increments (100 nm steps), and Raman spectra and force transducer voltage were
recorded at each step until the nanowire broke. After failure, a final Raman spectra
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was recorded of the nanowire to provide a reference for the spectra under no strain
since there could have been some preloading in the nanowire during the mounting
process on the FIB. After the nanowire failed, the piezo stage was returned back
to its original position so that the Aurora probe was no longer in contact with the
load frame ring. Since there was no load on the force transducer at this position,
the Aurora voltage was noted and compared to the “zero” voltage prior to the
experiment in order to account for any drift.
In order to measure the stiffness of the load frame’s comb drive, the optical
microscope was centered over the comb drive and an image was captured. Again
the piezo was moved such that the probe was pulling the load frame ring. Images
of the comb drive were recorded ever 0.5 V (50 µN) change in Aurora ouput until
the output reached 5 V (500 µN). Displacements in the comb drive were measured
from the recorded images using Adobe Photoshop CS2 and were typically on the
order of 0.2 µm for every 50 µN change in force, depending on the individual comb
drive stiffness. The recorded forces were plotted as a function of the measured
comb drive displacements and a least squares regression linear fit of the data was
performed in Kaleidagraph 4.1 (Synergy Software). The slope determined from
this fit was the experimentally determined stiffness of the comb drive, which was
then used to calculated the force in the nanowire during the experiment (details
given in Sect. 2.3.5.1). Comb drive stiffness values ranged from 230 to 780 N/m.
An error associated with this stiffness was determined from an uncertainty of ±
2 pixels (∼0.12 µm) in the measurement of comb drive displacement from optical
images. This error propagated to <10% error in the nanowire stress measurement.

2.3.5

Data Analysis

The data acquired during the tensile experiments described in the previous sections
was in the form of Raman spectra (intensity as a function of wavenumber) and, for
the experiments after the force transducer was incorporated, voltage values relating
to the force. The following sections will demonstrate how stress in the nanowire
during testing was extracted from the force recorded in the Aurora force transducer
throughout the test, along with the errors associated with the measurement. Then
the technique used to relate the shifts in the Raman spectra collected during testing

60
directly back to the strain in the nanowires will be presented, followed by how
this concept was used to experimentally measure GaP PDPs. Since there was
information for each phonon (LO, TO1 , and TO2 ) in the data, then three sets of
strain values were determined for each experiment. After determining both stress
and strain from each phonon measurement, stress, σ, as a function of strain, , was
plotted and fit for Young’s Modulus, E, assuming linear elastic behavior,
σ = E

(2.4)

Since there were three sets of strain values from the three phonons for each experiment, three values for an experimental Young’s modulus were determined for each
experiment with force data.
2.3.5.1

Stress Analysis

The force recorded with the Aurora force transducer was used to determine the
force in the nanowire throughout the experiment. Since the force transducer was
hooked into the load frame comb drive, it was not measuring the force in the
nanowire directly, but rather a coupling of the nanowire force and the comb drive
force. To determine the relationship between these forces, a detailed force diagram
of the system was developed (Fig. 2.13A) where the thermal actuator was modeled
as inclined cantilever beams and the comb drive was modeled as two fixed-fixed
beams connected by a rigid member. However, since the displacements in the
system were small throughout the experiment, the force on the beams (thermal
actuator and comb drive) scaled linearly with displacement, and therefore could be
modeled as springs. The deformation of the FIB deposited Pt adhesive anchoring
the nanowire to the load frame’s specimen gap scaled linearly with force. Therefore
the force diagram could be simplified as a system of springs shown in Fig. 2.13B,
where the forces are related as
FN W = FT A = FP t
FA = FCD + FN W

(2.5)
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where FN W is the force on the nanowire, FT A is the force on the thermal actuator,
FP t is the force in the FIB deposited Pt adhesive anchor, FCD is the force on the
comb drive, and FA is the force recorded from the Aurora force transducer. Therefore the force on the comb drive throughout the experiment and the mechanical
properties of the Pt adhesive had to be either measured or estimated to extract
the force on the nanowire.

Figure 2.13. A. Detailed force diagram indicating the force in the nanowire, FN W ,
force in the Pt adhesive, FP t , force along the support beam of the comb drive, FCD ,
force measured by the Aurora, FA , shear forces in the thermal actuator and comb drive
cantilever beams, VT A,CD , and the moments in the thermal actuator and comb drive
beams, MT A,CD . B,C. Simplified force diagrams where the forces present in each component were estimated as spring forces (linear dependence on displacement).

In order to justify modeling the behavior of the Pt adhesive as a spring, the Si
nanowire data from my masters work was used to analyze the mechanical behavior
of the Pt adhesive [70]. In my masters research, the micromachined load frame
(described in Sect. 2.3.1) was used to run tensile experiments on Si nanowires
inside the FIB immediately after attaching a nanowire to the specimen gap. High
magnification electron beam images of the specimen gap were used to monitor
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strain in the sample and images of the comb drive were used to monitor force in
the sample. The results of the experiments revealed elastic moduli much lower
than expected, and after post experiment fracture surface examination, it was
determined that the Pt adhesive was deforming and the nanowire was slipping.
Therefore the measured apparent strains, app , were larger than the actual strain
in the nanowire, N W , due to a coupling of the nanowire elongation, ∆LN W and
Pt adhesive displacement, ∆xP t , in the measurement of crosshead displacement,
∆xtotal :
∆xtotal = ∆LN W + ∆xP t

(2.6)

Since the Si nanowires were known to be pristine and crystalline from TEM characterization, it was believed that their mechanical behavior should mimic the ideal
constitutive behavior determined from the strength model (described in Ch. 3).
Since the force in the nanowire throughout the experiment was known through
measurements of the load frame comb drive, the ideal strain in the nanowire, N W ,
could be determined from this constitutive behavior as
N W =

∆LN W
L0

(2.7)

where L0 is the initial length of the nanowire before the experiment began. Then by
combining Eqs. 2.6 and 2.7, the displacement in the Pt adhesive throughout each
Si nanowire experiment was found. Since all the components in these experiments
were connected in series, the force measured throughout was also the force in the
Pt adhesive. Combining this data, plots of Pt adhesive displacement as a function
of force were made for each experiment in order to get a sense of the stiffness and
mechanical behavior of the Pt adhesive. A schematic of the load bearing area in
each Pt adhesive anchor, shown in Fig. 2.14, shows that the dimensions affecting
the stiffness of the Pt adhesive are the length of each pad, L, the thickness of the
Pt adhesive layer, T , and the width of the area carrying the load, W . Then the
shear stress, τ , acting on the Pt adhesive during the experiment is
τ=

F
LW

(2.8)
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and the stiffness of the Pt adhesive anchor can be defined as
kP t =

GP t LW
T

(2.9)

where GP t is the shear modulus of the FIB deposited Pt adhesive, which is not a
known value. The dimensions L can be measured from FIB images recorded prior
to testing and W can be reasonably estimated as twice the nanowire diameter.
However it is difficult to determine the thickness of each Pt adhesive pad because a
time of deposition was not recorded and the rate of deposition can change slightly
each FIB session due to changes in alignment of the equipment. Therefore the
known information on the Pt adhesive used in the Si experiments was used to
estimate a value for

G
T

for each Si experiment. The Pt adhesive anchors used for

the large Si nanowires (>400 nm) had significantly higher joint/bond stiffnesses
than the Pt adhesive anchors used on the smaller Si nanowires (<250 nm) due to
changes in geometry. Since the GaP nanowires tested in this study had smaller
diameters (<200 nm), it can reasonably be assumed that the joint/bond geometry
and therefore stiffness of the Pt adhesive anchor in the GaP experiments more
closely resembled the joint/bond geometry and stiffness from the smaller diameter
Si nanowire experiments. Therefore an average value of shear modulus to thickness

ratio, G
was determined from the smaller Si nanowire experiments and used
T ave
to estimate the stiffness of the Pt adhesive anchor in each GaP experiment as
kP t

 
G
=
(2d)L
T Ave

(2.10)

where L is the length of the Pt adhesive anchor measured from electron beam
images acquired in the FIB and d is the diameter of the GaP nanowire.
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Figure 2.14. Schematic of the dimensions of the FIB deposited Pt adhesive anchor that
are carrying the load during a tensile experiment.

After determining a way to estimate the stiffness in the Pt adhesive anchors
and also justifying their linear behavior, a method for estimating the force carried
in the comb drive during testing had to be determined in order to solve for the
nanowire force in Eq. 2.5. The two main structural beams located at the top and
bottom of the comb drive behave as Euler-Bernoulli beams in that the beam is
made of single crystal Si, has a constant cross section, and is subject only to pure
bending and small deflections [93]. The dimensions of these beams are 1250 µm
long, 16.8 µm wide, and 25 µm thick. Typical deflections during an experiment
are on the order of a few microns and cannot exceed 12 µm due to restrictions in
the load frame design. Therefore the angle of deflection can be approximated as
very small since the length of the beam is much larger than the deflection of the
beam. Also the beam must undergo small amounts of strain such that the shape
of the beam does not change. Although the thickness of the beam is almost twice
the largest possible deflection, the strain in the beam is still considered minimal
in that the change in length of the beam during bending is insignificant. A similar
analysis has been used on the MEMS testing structures designed by Espinosa [10].
Hence the load frame structure beams followed the physics of small deflection beam
theory. One of the definitions of small deflection beam theory dictated that the
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force in the comb drive scaled linearly with displacement:
FCD = kCD ∆xCD

(2.11)

where kCD is the stiffness of the comb drive and ∆xCD is the displacement of the
comb drive. Although the stiffness of the comb drive can be calculated from the
known dimensions of the beams, it was found that the stiffness varied slightly from
load frame to load frame due to inconsistencies in the exact geometry of the devices,
probably as a result of the etch process during fabrication [70]. As mentioned at
the end of Sect. 2.3.4, the force and the displacement (through optical images)
was recorded for the comb drive after the nanowire failed. The displacement was
measured in pixels using Adobe Photoshop CS2 and converted to micrometers.
The force was plotted as a function of displacement and a least squares linear fit
was used to determine the slope of the line corresponding to the stiffness (Eq. 2.11)
using Kaleidagraph.
To determine the force in the nanowire during the experiment from Eq. 2.5,
the force in the comb drive had to be determined for each data point. Since the
stiffness of the comb drive was known from the process in the above paragraph, the
displacement in the comb drive at each data point had to be determined. First an
attempt was made to measure the displacement optically during the experiment
by capturing images of the comb drive after each Raman acquisition. However,
since the 50x optical lens was used for its longer working distance (1 cm), the
resolution was not high enough in the images to reliably track the small displacements. Therefore the displacements had to be estimated from a ratio of the relative
stiffnesses in the system. The stiffness of the nanowire could be estimated as
kN W =

EA
Eπr2
=
L0
L0

(2.12)

where E is the Young’s modulus, A is the cross-sectional area, L0 is the length of
the nanowire between the Pt adhesive grips, and r is the radius of the nanowire.
The stiffnesses of comb drives ranged from 230 to 780 N/m and varied between each
load frame due to slight differences in geometry (i.e. thickness) occurring during
the fabrication process, which is why it was so important to measure the stiffness of
each load frame directly. The stiffness of the nanowire ranged from 35 to 364 N/m,
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depending on the diameter in Eq. 2.12. Similarly, the stiffness of the Pt adhesive
ranged from 130 to 890 N/m due to changes in geometry in Eq. 2.10. The full
set of all the stiffness values (comb drive, nanowire, and Pt adhesive) are given in
Table 2.1. From stiffness measurements performed on the thermal actuators in my
masters work, the stiffness of the thermal actuator was on the order of 10,000 N/m
when being deflected away from the specimen gap. Due to the angled geometry
of the thermal actuator (Fig. 2.5), the stiffness is actually much larger when being
deflected toward the specimen gap, as it was during the experiment. However, it
would be quite difficult to measure the stiffness in this direction because, due to the
location of the thermal actuator ring, a hooked probe would have to push, rather
than pull, on the thermal actuator, which would most likely lead to buckling [94].
Since the stiffness of the thermal actuator (>> 10,000 N/m) was significantly
greater than that of the comb drive (230 - 780 N/m), nanowire (35 - 364 N/m),
and Pt adhesive (130 - 890 N/m), it was reasonable to estimate the force diagram
as Fig. 2.13C, where only the comb drive was hooked in parallel to an equivalent
spring consisting of the nanowire and Pt adhesive anchor. This assumption, made
because it was difficult to measure the stiffness of the thermal actuator directly,
led to approximately 1% error in the equivalent spring stiffness which propagated
to an error on the order of 0.1% in the nanowire force. Then the force equation
(Eq. 2.5) can be rewritten as
FA = FCD + Fequiv = kCD ∆xCD + kequiv ∆xequiv

(2.13)

where kequiv is the stiffness of the equivalent spring and ∆xequiv is the displacement
of the equivalent spring. The stiffness of the equivalent spring can be determined
from the nanowire stiffness, kN W and Pt adhesive stiffness, kP t such that
1
kequiv

=

1
kN W

+

1
kP t

(2.14)

where kN W is calculated from Eq. 2.12 and kP t from Eq. 2.10. Since the comb
drive and the equivalent spring are joined in parallel, their displacements are equal
∆xCD = ∆xequiv = ∆x

(2.15)
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and Eq. 2.13 can be rearranged to solve for ∆x
∆x =

FA
kCD + kequiv

(2.16)

By combining Eqs. 2.5, 2.11, 2.14, and 2.16, the force in the nanowire can be
estimated as
FN W


= FA 1 −

kCD
kCD + kequiv


(2.17)

This estimation does not account for changes in the Young’s modulus, E, of GaP as
the constitutive behavior becomes nonlinear elastic or changes in E due to elevated
temperature from the laser. However nonlinear elastic behavior only occurs at
high strains (> 4.8%), which were not achieved during these experiments. This
estimation also does not account for any slippage of the nanowire between the
Pt adhesive grips, which would alter the value of L0 in Eq. 2.17. However, as
discussed previously, the deformation behavior of the Pt adhesive was explored
through the results of my masters work and from Eq. 2.6, it was found that ∆xP t
ranged from 14 to 313 nm in the Si nanowire experiments. This displacement is
a combination of Pt adhesive deformation and nanowire slippage and it is near
impossible to determine which contribution dominated. However, by assuming a
worst case nanowire slippage of 313 nm, the maximum measured ∆xP t and most
likely an overestimate of the actual slippage, the error induced in the nanowire
force in Eq. 2.17 was on the order of 1%.
Table 2.1. Summary of the relative stiffnesses of the different components contributing
to the nanowire force calculation in Eq. 2.17

Diameter (nm)
180
170
165
100
75
53

kN W (N/m) kCD (N/m) kP t (N/m)
364
460 ± 50
380
332
660 ± 60
890
194
780 ± 70
510
114
620 ± 60
320
58
550 ± 70
180
35
230 ± 15
140

In some of the experiments, a zero drift in the output voltage of the Aurora
was observed. As explained in Sect. 2.3.4, the “zero” voltage of the Aurora was
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noted prior to the experiment and immediately after the probe was disengaged
from the loadframe following completion of the experiment. It was assumed that
any observed drift between these two values was linear. Then the drift could be
estimated at any point during the experiment and subtracted from the measured
value:
FDC = FA −

∆F0
n
N

(2.18)

where FDC is the drift corrected force, FA is the force measured on the Aurora, ∆F0
is the difference in the zero forces from the beginning of the experiment to the end
of the experiment, N is the total number of data points taken, and n is specific data
point being corrected and ranges from 0 to N . In most experiments, the drift was
minimal and ranged from 0 to 2 µN (<1% of total system force at failure). However
one experiment exhibited a much larger drift of 62.5 µN (16% of total system force
at failure), significantly more severe than the other experiments. There is an error
associated with this correction in that Eq. 2.18 assumes the drift was linear, when
it very well could have behaved differently. However, with only two values for the
”zero” voltage of the Aurora (before and after testing), there is no way of knowing
the actual behavior of the drift and therefore no way to quantify an error associated
with the linear assumption. Since the Pt adhesives were deforming throughout the
experiment, it was impossible to unload the nanowire to check the “zero” voltage
mid-experiment because the nanowire would have buckled and failed. However by
carefully monitoring the voltage immediately prior to and after every experiment
and accounting for any drift in the force calculation, the effect had little to no
impact on the results of this research.
2.3.5.2

Strain Analysis

To determine strain in the nanowires, the Raman spectra collected during the
experiment were analyzed in detail. Peaks of the TO, LO, and SO modes were
each fit to a single Lorentzian function of the following form
L(ω) = As

Γ2s
(ω − ωs )2 + Γ2s

(2.19)
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where As is the amplitude of the peak, ωs is the center of the single peak, and Γs
is the half width at half maximum. The Lorentzian function, similar in form to a
Gaussian, is typically used to describe Raman spectra peaks because the functional
form best fits the peak shape [95]. Fits were performed using the LevenbergMarquardt fitting method in Fityk, which also computed an error in each fitted
variable based on a standard deviation method [96]. The TA+LA mode, though
typically fit with a step function, was also fit with a Lorentzian function since
Fityk does not have the capability of step function fitting. However, since the
position of the TA+LA mode, not the shape, was the characteristic of concern in
this experiment, the Lorentzian provided a good approximation.
Strain was then determined by utilizing phonon deformation theory originally
derived by Ganesan, et al. for diamond cubic structures [21]:
pηxx + q (ηyy + ηzz ) − λ

2rηxy

2rηxz

2rηxy

pηyy + q (ηzz + ηxx ) − λ

2rηyz

2rηxz

2rηyz

pηzz + q (ηxx + ηyy ) − λ

=0
(2.20)

where p, q and r are the PDPs and ηαβ are the Lagrangian finite strains:
ηαβ

"
#
X
1
=
αβ + βα +
λα λβ = ηβα
2
λ

(2.21)

Here, αβ refer to a displacement gradient. When there is little to no residual
stress in the system, one can assume that infinitesimal strains are equivalent to
finite strains. In order to monitor any residual stress in the system, a Raman
spectra had been collected after failure of the nanowire to compare to the initial
Raman spectra taken at the start of the experiment. Since in all experiments,
there was very little deviation in the two spectra, then Eq. 2.20 can be redefined
in terms of infinitesimal strains, ij :
pxx + q (yy + zz ) − λ

2rxy

2rxz

2rxy

pyy + q (zz + xx ) − λ

2ryz

2rxz

2ryz

pzz + q (xx + yy ) − λ

=0
(2.22)
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The eigenvalues of Eqs. 2.20, 2.22 are defined as
λ = ω2 − ω02

(2.23)

where ω0 is the frequency of an optical phonon at the zero strain state and ω is
the frequency under strain.
In order to determine the relationship between Raman shift and strain in the
GaP nanowires, we first needed to define a strain tensor associated with uniaxial
tension along the [111] direction (the growth direction of the nanowires). The stress
tensor, σij [111] and strain tensor ij [111] for [111] uniaxial tension are defined in
the [111] basis respectively as:


σ 0 0






σij [111] = 
0
0
0


0 0 0




0


ij [111] = 
 0 −ν
0

0

(2.24)

0



0





−ν

(2.25)

where σ is the stress along the [111] direction,  is the infinitesimal strain based
on the change in nanowire length along the [111] direction, and ν is the Poisson’s
ratio and describes the contraction of the material in the (111) plane. The strain
tensor is shown schematically in Fig. 2.15. Poisson’s ratio can be defined generally
for any crystallographic plane in an anisotropic material (such as single crystalline
GaP) as [97]

−S12 + S11 − S12 − 21 S44 (l12 m21 + l22 m22 + l32 m23 )
−transverse

ν=
=
longitudinal
S11 − 2 S11 − S12 − 12 S44 (l12 l12 + l22 l22 + l32 l32 )

(2.26)

where transverse is the transverse strain, longitudinal is the longitudinal strain, Sij
are the compliance constants of the material, and li and mi are direction cosines
with respect to the [100] basis. Using Eq. 2.26, the Poisson’s ratio for GaP within
the (111) plane is 0.269 [97].
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Figure 2.15. Right: Schematic of a material element strained uniaxially along the [111]
direction with Poisson contraction effect in the (111) plane. Left: Diagrams of the [111]
orthogonal basis and the [100] orthogonal basis. Stress and Strain tensors sigmaij [111]
and ij [111] (Eqs. 2.24 and 2.24) are defined in the [111] basis and sigmaij [100] and
ij [100] (Eqs. 2.31 and 2.31) are defined in the [100] basis

Since phonon deformation theory (Eq. 2.22) is defined in the [100] basis, then
the strain tensor also had to be defined in the [100] basis. The rotation matrix aij ,
based on direction cosines, for rotating an element from the standard [100] basis
to the [111] basis is defined as


aij = 


√1
3
√
− 12
− √16

√1
3
√1
2
− √16

√1
3




0 
q 

(2.27)

2
3

However in order to rotate the stress and strain tensors, σij [111] and ij [111] defined
in Eqs. 2.24 and 2.25, from the [111] basis to the [100] basis, the inverse of this
rotation matrix was used:



a−1
ij = 

√1
3
√1
3
√1
3

− √12 − √16
√1
2

0




− √16 
q 
2
3

(2.28)
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such that
−1
σij [100] = a−1
ik ajl σkl [111]

(2.29)

−1
ij [100] = a−1
ik ajl kl [111]

(2.30)

and

From Eqs. 2.29 and 2.30, the stress and strain tensors were defined in the [100]
basis as:



σij [100] = 


σ
3
σ
3
σ
3

σ
3
σ
3
σ
3

σ
3
σ
3
σ
3






(2.31)

and





ij [100] =  


1
3
1
3
1
3

−
+
+

2
ν
3

1
ν
3

1
ν
3







1
3
1
3
1
3

+
−
+

1
ν
3

2
ν
3

1
ν
3







1
3
1
3
1
3

+
+
−

  



  11 12 12
 =  12 11 12
 
12 12 11

1
ν
3

1
ν
3

2
ν
3






(2.32)

Then by substituting the values for the strain tensor defined in the [100] basis,
Eq. 2.32, into Eq. 2.22, it reduces to
(p + 2q)11 − λ

2r12

2r12

2r12

(p + 2q)11 − λ

2r12

2r12

2r12

(p + 2q)11 − λ

=0

(2.33)

The eigenvalues in the above equation can be solved for such that
λ1 = λ2 = (p + 2q)11 − 2r12
λ3 = (p + 2q)11 + 4r12

(2.34)

where λ1 is associated with the LO phonon, λ2 with TO1 , and λ3 with TO2 . Then
by combining Eqs. 2.23, 2.32, and 2.34, strain values from each phonon, LO , T O1 ,
and T O2 , could be determined:
LO

2
2
ωLO,
− ωLO,0

=
(p + 2q) 13 − 32 ν − 2r

1
3

+ 13 ν
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T O1
T O2

ωT2 O1, − ωT2 O,0

=
(p + 2q) 13 − 32 ν − 2r
ωT2 O2, − ωT2 O,0

=
(p + 2q) 13 − 32 ν + 4r

1
3

+ 13 ν



1
3

+ 13 ν



(2.35)

where ωLO, refers to the frequency of the LO phonon when strain is present in the
nanowire and ωLO,0 is the frequency of the LO phonon before the experiment begins, etc. Therefore, three sets of strain values associated with the three phonons
were determined for each experiment. This strain calculation was performed twice
for each experiment: once with PDPs measured from bulk uniaxial compression
experiments (Eqs. 2.2 and 2.3) [1] and once with PDPs determined from the experimental data in this study. An error associated with the strain calculation was
determined from the uncertainties in the variables of the Lorentzian fits (A, x0 ,
and Γ in Eq 2.19) provided in Fityk. For larger nanowires, these errors were on
the order of 1-2%, and for smaller nanowires, were on the order of 5-10%. This
is due to the fact that as nanowire diameter decreased, the noise in the Raman
spectra increased due to the smaller sampling volume, which led to less certainty
in the Lorentzian fits of the data.
2.3.5.3

Phonon Deformation Potentials

As explained in Sect. 2.3.5.2, the Raman shift in the LO, TO1 , and TO2 phonons
relates to the strain along the [111] direction in GaP through Eq. 2.35. However, during the nanowire experiments, stress was only monitored through Raman
spectra, and without another method of measuring strain directly to calibrate the
Raman shift, the stress measurements were used to determine the PDPs. The
ideal constitutive behavior of [111] GaP was determined using a strength model
that will be discussed in detail in Ch.3:
σ = 0.0446 + 167.9 − 7.6982 − 17493 − 21974

(2.36)

Since the GaP nanowires were fairly large (thousands of atoms spanning the diameter) and, after inspection in the TEM, were found to be crystalline and fairly
pristine, then the nanowire constitutive behavior should match closely to the ideal
(Eq. 2.36). Therefore the stress in the nanowire determined from the force mea-
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sured throughout the experiment was used to determine the strain in the nanowires
by solving for  in Eq. 2.36 using Mathematica. Then by rearranging Eq. 2.35, a
linear relationship between the difference of the squares of the Raman frequencies
and the strain was determined:





1 2
1 1
2
2
ωLO, − ωLO,0 = (p + 2q)
− ν − 2r
+ ν 
3 3
3 3





1 2
1 1
2
2
ωT O1, − ωT O,0 = (p + 2q)
− ν − 2r
+ ν 
3 3
3 3





1 2
1 1
2
2
ωT O2, − ωT O,0 = (p + 2q)
− ν + 4r
+ ν 
3 3
3 3

(2.37)

Then the difference between the squared experimentally determined Raman shifts
were plotted as a function of the strain determined from the experimental stresses
and a least squares regression fit performed in Kaleidagraph was used to determine
the slope of this relationship. Therefore for each nanowire experiment, three slope
values (one from the LO, TO1 , and TO2 ) were extracted relating to the PDPs
through Eq. 2.37. According to Cerdeira, et al., if the LO-TO splitting was significant in a zinc-blende material, then there should exist two sets of PDPs, one
associated with the LO phonon and the other with the TO [4]. If so, then the TO,
since it splits, was used to determine the GaP nanowire PDP values, r and p + 2q,
from Eq. 2.37 along with the Poisson ratio of GaP in the (111) plane (ν=0.269):
mT O2 − mT O1
2.538
1
(mT O1 + 0.846r)
(p + 2q) =
0.154
r=

(2.38)

where mT O1 and mT O2 refer to the slopes from the the least squares regression linear
fits of the experimental data. Then for a direct comparison to the bulk PDP values
computed by Balslev (Eq. 2.3),

r
2
ωT
O,0

and the Grunesian parameter,γ =

−p+2q
,
2
6ωT
O,0

were also computed. Also, to confirm Cerdeira’s statement that the TO and LO
phonons would have different PDP values to describe their behavior, the slope
from the TO1 data was compared to the slope of the LO data.

75

2.4

Thermal Experiments

After the mechanical experiments were performed on the GaP nanowires, the thermal effects of the laser on the nanowire were characterized. The effective temperature, Tef f , due to laser heating can be inferred from the ratio of the integrated
intensity of the Stokes and Anti-stokes Raman peaks by
~ω0
IS
= A0 e kTef f
IAS

(2.39)

where A0 is related to the optical abosorption constant, scattering cross-section,
and Raleigh factor at the phonon frequency; ~ is the reduced Planck’s constant, ω0
is the phonon frequency at room temperature, and k is Boltzman’s constant [98].
Stokes scattering, which was used for the mechanical experiments, occurs when the
material absorbs energy and the scattered radiation has a lower energy than the
absorbed. Likewise, anti-Stokes scattering occurs when the material loses energy
and the scattered radiation has a higher energy than the absorbed radiation [17].
Stokes/Anti-Stokes measurements were performed on the nanowires after failure,
rather than before the experiments, in order to reduce the risk of burning the
nanowire before the mechanical experiment could be performed.
In order to measure anti-Stokes Raman spectra, an edge filter had to be inserted
into the Raman spectrometer and the mirrors had to be realigned to optimize the
signal. The edge filter allowed less laser intensity to the sample than the notch
filter, used for the mechanical experiments. The micromachined load frame chip
containing the failed nanowires was placed under the Raman spectrometer and
a failed nanowire was located using the 100x lens. The laser spot was centered
over a portion of the nanowire that was either hanging off the edge of the load
frame (if possible), or laying over the Pt adhesive coated edge of the load frame. It
was important to take extra care when centering the laser because heating of the
nanowire would be slightly different if the laser was not centered. Two collection
windows were created in the Renishaw WiRE 3 software, one for Stokes and another
for anti-Stokes collection. The laser power was set to a low power by adjusting the
laser percentage in the WiRE 3 software (1% of the of the full range) and manually
adjusting the laser output on the laser control box (5 mW). Then an anti-Stokes
spectra was collected and a Stokes immediately after. It was important to allow the
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least amount of time possible between Stokes and anti-Stokes collection to ensure
that the spectrometer alignment was identical during each collection. The laser
focus was readjusted after each Stokes/anti-Stokes collection since slight movement
in the spectrometer can alter the focus. Then the power was slowly incremented
through the WiRE 3 software (5-10% of full range) and the laser control box (5 mW
to 20 mW) and spectra were acquired after each increment in the manner discussed
above. After all the Raman spectra were collected, the actual output laser power
was measured manually with a handheld laser power meter with ± 5% accuracy
(Edmund Optics, Inc.). Because the laser was shown through a series of gratings
and mirrors inside the spectrometer before reaching the sample, the actual power
illuminating the sample was much smaller (∼1-150 µW) than the laser power
manually entered on the laser control box. In order to compare the impact of
laser heating in nanowires to bulk, similar Stokes/anti-Stokes measurements were
performed on a [111] oriented GaP substrate (MTI Corporation).
After all the Raman spectra were collected, Lorentzian fits were performed
using Renishaw WiRE 3 software. The intensity variables, IS and IAS , in Eq. 2.39
actually refer to an integrated intensity, not just the height of the peak. Therefore
WiRE 3 was used, rather than Fityk, because it provided a value for the area
under each Lorentzian curve which Fityk did not. However, WiRE 3 does not
computer an uncertainty value like Fityk does, so an error associated with each
measurement could not be determined. After fitting the Raman spectra, plots
of

IS
IAS

as a function of laser power were created in order to assess the overall

temperature trends in the material. An actual effective temperature could not be
calculated from the data because, from the results, it was obvious that the A0 value
differed between nanowire and bulk.
Not only were Stokes/Anti-Stokes intensity ratios used to assess the thermal
affects of the laser on the nanowires, but also the concept of thermal expansion
was used to estimate the temperature. During each experiment with the force
transducer, a drop in force transducer output voltage was observed during Raman
collection due to thermal expansion of the nanowire under the increased laser
power. The expansion in the nanowire, ∆L, could then be determined from this
drop in force, ∆F :
∆L =

∆F
kAurora

(2.40)
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where kAurora is the stiffness of the Aurora force transducer, which was provided by
the manufacture as 200 N/m. The expansion in the nanowire could then be related
to the thermal coefficient of linear expansion, α, to estimate the temperature in
the nanowire, T , during Raman collection:
T =

∆L 1
+ TR
L0 α

(2.41)

where TR is room temperature and L0 is the initial length of the nanowire measured
in SEM images after attachment in the FIB. Therefore this calculation assumes
that the entire nanowire is heating to the same temperature. The thermal coefficient of linear expansion of GaP is 4.65×10−6 ◦ C−1 [71].

Chapter

3

Vibrational and Mechanical Models
for use in PDP Measurements
Phonon deformation theory relates shifts in phonon frequency to strain in a material through phonon deformation potentials (PDPs). Using a material’s space
group, the theory has been generalized in this thesis to show how PDPs, strain,
and peak splitting are related in any crystalline material, independent of specimen
scale, geometry, or testing condition. The theory also demonstrates the proper
method for measuring a material’s PDPs through multiple phonon shift rates obtained during peak splitting under uniaxial strain. The chapter will finish by discussing the previously developed strength model and how it was used to determine
the constitutive behavior of GaP. This model was used to relate the experimental
nanowire stress to strain, enabling highly accurate PDP measurements.

3.1

Effects of Strains on Optical Phonons

As discussed in detail in Ch. 1, the Raman response of the material depends directly on the vibrational modes of the material’s interatomic bonds. When bonds
elongate or are compressed during deformation, their vibrational modes and Raman response change. The relationship between strain and phonon frequency
depends on the stiffness of the bonds (which is material dependent), the atomic
arrangement (ie, the crystal system), and the strain tensor. The relationship between all these factors has been developed through phonon deformation theory,
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which enables one to determine strain from shifts in Raman frequency for any material independent of specimen scale, geometry, or testing condition. The theory
was originally developed to describe this relationship for diamond cubic materials [21] and it has since been extended to zinc blende [4], flourite [35], and hexagonal
materials [36]. The following sections will provide details on the mathematics behind the theory and how space groups were used in this thesis to generalize the
theory for any crystalline material.

3.1.1

Phonon Deformation Theory

The following theoretical derivation for the strain dependence of optical phonons
is based on work developed by Ganesan, et al., for diamond cubic lattice structure [21]. The model begins with the simple case of two atoms attached by a
bond and then uses symmetry and group theory to extend this to a diamond cubic lattice. The goal of this study was to generalize Ganesan’s work, so that the
relationship between phonon frequency and strain could be determined for any
material system through its space group.
Starting with the most general case, we define the Fourier transformed equations of motion for an arbitrary diatomic crystal (containing only two atoms). The
equations of motion for an infinite lattice can be written as a harmonic approximation:

!
!
W(1)
D(11) D(12)
D(21) D(22)

W(2)

= ω2

!
W(1)

(3.1)

W(2)

where W are the amplitudes of motion, ω is the characteristic frequency of motion,
and ‘1’ and ‘2’ identify each atom in the diatomic crystal. The prime notation is
used to distinguish between two arbitrary atoms (κ and κ0 ) or unit cells (l and l0 ).
D(κκ0 ) is the dynamical matrix containing the Fourier components that define the
frequency of motion for a specific phonon wave vector, k, in reciprocal space, so
that
Dαβ (κκ0 |k) =

1

X
1/2

(Mκ Mκ0 )

0 0

Φαβ (lκ; l0 κ0 ) e−ik·[x(lκ)−x(l κ )]

(3.2)

l

where Mκ is the mass of the κ-th atom, and Φαβ (lκ; l0 κ0 ) are the atomic force
constants. This Fourier transform is summing over an ideal medium that extends
to infinity (i.e. an infinite crystal lattice), and therefore one needs to take caution
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when applying these relationships to phonon behavior in small structures such as
nanowires. Phonon confinement occurs when the dimensional constraints are small
enough that a range of phonon wave vectors, rather than just one, are required
to describe a Raman-active phonon, which leads to broadening and asymmetry in
the Raman peak [99]. However this effect is only observed in very small nanowires
(<20 nm) [75], and since the nanowires tested in this study were much larger (50 to
200 nm, i.e. 1000s of atoms spanning the diameter), their behavior would closely
mimic an infinite lattice (Eq. 3.2). In order to relate equations of motion (Eq. 3.1)
to strain, new amplitudes of motion were defined: ξ, the rigid body motion, and
η, the deformation between the two atoms in the primitive unit cell (finite strain).
An orthogonal transformation is then performed to define the equations of motion
in terms of ξ and η. The result is a pair of equations:
C(11)ξ + C(12)η = ω 2 ξ
C(21)ξ + C(22)η = ω 2 η

(3.3)

where C(κκ0 ) are matrices that depend on Mκ , the mass of the unit cell MC , and
D(κκ0 ). They are defined as
1
Mc
1
C(12) =
Mc
1
C(21) =
Mc
1
C(22) =
Mc
C(11) =

o
n
1/2
M1 D(11) + (M1 M2 [D(12) + D(21)] + M2 D(22)


(M1 M2 )1/2 D(11) + M2 D(21) − M1 D(12) − (M1 M2 )1/2 D(22)

(M1 M2 )1/2 D(11) + M2 D(12) − M1 D(21) − (M1 M2 )1/2 D(22)
n
o
1/2
M2 D(11) − (M1 M2 [D(12) + D(21)] + M1 D(22)
(3.4)


The motion within the crystal that is of interest for PDP measurement is finite
strain, η. Therefore the rigid body motion, ξ is excluded by rearranging Eq. 3.3:
n
o

−1
C(22) + C(21) ω 2 I − C(11)
C(12) η = ω 2 η

(3.5)

where the deformation, η, is the only amplitude of motion.
Next we define the relationship between finite strain and the frequencies of
the optical phonon modes, by restricting ourselves to the first Brillouin zone (BZ)
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where k → 0. The condition of infinitesimal translational invariance states that
X

Φαβ (lκ; l0 κ0 ) = 0

(3.6)

l0 κ0

Therefore as k approaches 0 in Eq. 3.2, C(11), C(12), and C(21) also approach
0. When applying these conditions to Eq. 3.5, we see that the optical phonon
frequencies, ω, at k = 0 depend only on C(22) so that
X

Cαβ (22|0) ηβ = ω 2 ηα

(3.7)

β

Then C(22) can be expanded in terms of mass and atomic force constants and
simplified to define a phonon frequency tensor, Gαβ :
Cαβ (22|0) = Gαβ = −

1X
Φαβ (01; l0 2) = Gβα
µ l0

(3.8)

where µ is the reduced mass of the atoms in a unit cell:
µ=

M1 M2
M1 + M2

(3.9)

Therefore Eq. 3.8 defines a phonon frequency tensor, Gαβ , between two atomic
locations (κ = 1 and κ0 = 2) as a sum of atomic force constants between one
unit cell and its surrounding unit cells (l = 0 and l0 = 1 − 6 indicating one of
six surrounding unit cells). Gαβ contains 1 to 3 fold degeneracy depending on the
symmetry of the crystal, meaning that if n directions (where n = 1 − 3) in the
orthogonal bases are identical crystallographically, then the vibrational frequencies
along these directions will also be identical.
Next we look at the special case of an applied strain field and its impact on
optical phonon frequencies. The applied strain field is defined by Lagrangian finite
strain parameters [100], such that
ηαβ

"
#
X
1
=
αβ + βα +
λα λβ = ηβα
2
λ

(3.10)

where ik is a homogeneous deformation of the crystal (displacement gradient).
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The atomic force constants can be expanded in powers of the applied strain field,
meaning that the force constant describing the interatomic bonding will change as
the length of the bond changes. By Eq. 3.8, this leads to an expansion of Gαβ :
(0)

Gαβ = Gαβ +

X

(η)

ηµν Gµναβ + ...

(3.11)

µν

where
(0)

1 X (0)
Φ (01; l0 2)
µ l0 αβ
1 X (η)
=−
Φ
(01; l0 2)
µ l0 µναβ

Gαβ = −
(η)

Gµναβ

(3.12)

The atomic force constant terms denote when there is no strain field present,
(0)

(η)

Φαβ , and with contribution from the applied strain, Φµναβ . Then Gαβ are the
(0)

phonon frequencies when there is strain present in the crystal, Gαβ are the phonon
(η)

frequencies when there is no strain present in the crystal, and Gµναβ are the phonon
deformation potentials (PDPs), which dictate the rate of phonon frequency shifts
as a function of strain. Since phonon frequency depends directly on the atomic
force constants, kµν , the PDP fourth order tensor is the partial derivative of kµν
with respect to finite strain [101]:
(η)
Gµναβ ηαβ


=

∂kµν
∂ηαβ


ηαβ

(3.13)

Since this tensor is always symmetric, we can rewrite it in a suppressed index
notation known as Voigt notation. This notation compresses the fourth order
(η)

(η)

tensor, Gµναβ , into a 6 × 6 matrix, Γij so that when µ = ν = 1, 2, 3 then i = 1, 2, 3
respectively; when µ = 2 and ν = 3 or µ = 3 and ν = 2 then i = 4; when µ = 1
and ν = 3 or µ = 3 and ν = 1 then i = 5; when µ = 1 and ν = 2 or µ = 2 and
ν = 1 then i = 6; and likewise for α, β, and j.
We can use symmetry and structure of the crystal to simplify the appearance
(η)

of Gαβ and Gµναβ , ie the degree of degeneracy in the optical phonons when no
strain is present and the number of independent PDPs needed to describe changes
in phonon frequency under strain. Ganesan focused only on symmetry in diamond

83
cubic crystals when determining the theoretical derivation for phonon deformation
theory [21]. This derivation was generalized in this thesis so that it could be
applied to any space group and therefore any crystalline material. Symmetry in a
crystal is determined through space group operations. For example, a space group
operation on a position vector x(lκ) is defined in Seitz notation as [102]
{S|V(S) + x(m)} x(lκ) = Sx(lκ) + V(S) + x(m) ≡ x(LK)

(3.14)

where S is a 3 × 3 matrix representation of an orthogonal transformation in a point
group, V(S) is a displacement vector that is nonzero only for nonsymmorphic space
groups, and x(m) is a translation vector of the crystal. A symmorphic, or split,
space group is one in which all symmetries are a composition of a point group
operation and a translational symmetry of the crystal, and therefore contain glide
or screw translations [103]. When a crystal is subjected to a space group operation,
the strain field is simultaneously rotated due to invariance of potential energy.
Likewise, it follows that the atomic force constants and the atomic force constant
contributions from strain are also rotated. However Gαβ , the phonon frequencies,
are defined for two atoms in location l = 0, κ = 1, and κ0 = 2 (Eq. 3.12). Because a
space group operation moves the atom to a new location, a new notation is needed
to describe that location and express the relationships between the two. Therefore
it is useful to define coefficients Ĝαβ , phonon frequencies applying to any atom in
the crystal, that are defined for general l, κ, and κ0 so that a space group operation
could be applied to them:
1 X (0)
Φαβ (lκ; l0 κ0 )
µ l0
1 X (η)
(η)
Ĝµναβ (κκ0 ) = −
Φ
(lκ; l0 κ0 )
µ l0 µναβ
(0)

Ĝαβ (κκ0 ) = −

(3.15)

Therefore Gαβ are special cases of Ĝαβ where the atom location is defined by κ = 1
(0)

(0)

and κ0 = 2: Gαβ = Ĝαβ (12), etc. The transformation law for Ĝαβ when the crystal
is subjected to a space group operation, {S|V(S) + x(m)} (Eq. 3.14), is defined

84
for Cartesian coordinates as
(0)

Ĝαβ (KK 0 ) =

X

(0)

Sαγ Sβδ Ĝγδ (κκ0 )

γδ
(η)
Ĝµναβ (KK 0 )

=

X

(η)

Sµρ Sνσ Sαγ Sβδ Ĝρσγδ (κκ0 )

(3.16)

ρσγδ

where K and K 0 are the new locations of the atoms after the space group operation.
However, if we confine ourselves to only point group operations within a space
group (i.e., the translations V(S) and xm are identically zero), then we can rewrite
Eq. 3.16 as
Ĝαβ (12) =

X

(η)

X

(0)

(0)

Sαγ Sβδ Ĝγδ (12)

γδ

Ĝµναβ (12) =

(η)

Sµρ Sνσ Sαγ Sβδ Ĝρσγδ (12)

(3.17)

ρσγδ

where the atom locations (κ = 1 and κ0 = 2) do not change since there is no
translation. This equation can then be written in terms of Gαβ since it is defined
for atom locations κ = 1 and κ0 = 2:
(0)

X

(η)
Gµναβ

X

Gαβ =

(0)

Sαγ Sβδ Gγδ

γδ

=

(η)

Sµρ Sνσ Sαγ Sβδ Gρσγδ

(3.18)

ρσγδ

Therefore by confining ourselves to point group symmetry, we can apply the symmetry operations directly to the phonon frequencies, Gαβ and the phonon deformation potentials, Gµναβ . By doing so, we can show how the symmetry of the
crystal is reflected in the symmetry of Gαβ and Gµναβ . That is, the symmetry will
determine linear relations that greatly simplify the form of Gαβ and Gµναβ .
To determine the shift in optical phonon frequency as a function of strain, we
(η)

apply the symmetrically reduced Gαβ and Gµναβ from Eq. 3.18 to Eq. 3.11. To
(0)

determine the change in phonon frequencies from under no strain (Gαβ ) to that
under strain (Gαβ ), we set the contribution from the second order tensors equal to
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the contribution from the fourth order tensor so that
(0)

Gαβ − Gαβ =

X

(η)

ηµν Gµναβ + ...

(3.19)

µν

Then we make the assumption that the eigenvalues from the left side of Eq. 3.19
will equal the eigenvalues from the first term of the series in the right side of
Eq. 3.19, which will equate the shift in phonon frequencies due to strain to the
PDPs and strain tensor. We are therefore assuming that the Raman shift as a
function of strain will be linear, which is based on a Harmonic approximation of
the interatomic potential. Then Eq. 3.19 is only valid for linear elastic behavior.
The eigenvalues from the second order tensor contribution, which satisfy
det





(0)
Gαβ − Gαβ − λI = 0

(3.20)

are equal to the difference between the squares of the optical phonon frequencies
under strain, ωη2 , and the optical frequencies when there is no strain in the system,
ω02 , i.e. the Raman shift. Then the eigenvalues from the fourth order tensor
contribution, which satisfy
!
det

X

(η)

ηµν Gµναβ − λI

=0

(3.21)

µν

relate the strain field through the finite strain tensor, ηµν , to a material’s phonon
deformation potentials, Gµναβ . In order to determine eigenvalues in Eq. 3.21, one
needs to specify the appropriate form of ηµν that represents the strain field in the
experiment of interest. For example, in this work, a strain was defined for a [111]
oriented uniaxial tension (derivation described in Ch.2 Sect. 2.3.5.2). Then by
equating the eigenvalues from the second and fourth order contributions, a shift in
Raman frequency (i.e., ωη2 − ω02 ) can be directly related to the strain state of the
material and the material properties through the phonon deformation potentials.
The theory described in this section was originally determined by Ganesan, et
al. [21]. However, Ganesan only applied this theory to a diamond cubic space
group. The following sections explain how the theory was generalized for any space
group, and therefore any crystalline material system, in this research project.
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3.1.2

Calculations

By generalizing phonon deformation theory for any space group, the degree of
degenerate phonons and independent PDPs can be determined for any crystalline
material. This information defines the relationship between phonon shift (and
splitting) and strain, which enables accurate PDP measurements of any material.
First, a method was determined for generating space and point groups for any
crystallographic system. This enabled phonon deformation theory to be applied to
any Raman-active crystalline material. Next a method was developed for applying
the point group symmetry to the phonon frequency tensor, Gαβ , to determine
degenerate phonons, and the PDP tensor, Gµναβ , to define it by the smallest
number of independent PDPs. Finally, a method for computing the eigenvalues of
these tensors to determine the relationship between phonon shift and strain in the
material was calculated. All the calculations described in the following sections
were performed using Wolfram Mathematica 8.0 (code in Appendix A).
3.1.2.1

Space and Point Group Generation

Every crystallographic system possesses symmetry defined by a point group and
a space group [104]. A point group is a group of symmetry operations, including
rotations, inversions, and reflections, that fix a particular point. There are 32
point groups that define the point symmetry in crystal systems. A space group is
a group of symmetry operations that transform the crystal to configurations that
are indistinguishable from the original one. Space groups combine the symmetry
operations of a point group with translations to define the symmetry of any crystal
system, and there are 230 distinct space groups. In mathematics, a group is defined
as a set of operations that satisfies three conditions. First, for every two operations
in the group, the composition of the two operations (their product) is an element
of the group. Second, the inverse of every operation is also an element in the
group. Third, there exists one element of the group, known as an identity element,
such that the composition of the identity element, I, with another element in the
group, S, is the element S, i.e. IS = SI = S [104]. For every finite group there
exists a minimal set of operations from which the entire group can be generating
by taking their products. Such a set of operations is called a set of generators. The
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generators for each of the 230 space groups, along with other information on the
space group, can be found in the International Tables for Crystallography [103].
An algorithm was written that accepts the generators as input and outputs
every operation in the reduced space group, one that defines the symmetry of a
crystal’s unit cell. The goal of the algorithm was to create the group by computing every possible product from the generators and then removing any duplicate
elements. Each group element was represented as an orthogonal transformation,
or point group operation, (3 × 3 matrix) and a translation (3 × 1 column vector).
If an element in the group only had a point group operation and not a translation,
then the null vector was that element’s translation. The identity element, I, for
each space group was defined as

 

0
1 0 0

 


 
I~x = 
0 1 0 ~x + 0
0
0 0 1

(3.22)

where ~x was describing the position of a point in the lattice. First a list of generator
operations was created from the entered generators. Next the products of each
element in this list were computed so that if S and T, defined as
S~x = A~x + ~a
T~x = B~x + ~b

(3.23)

were elements in the generators list, then their product would be
(ST)~x = S(B~x + ~b)
= AB~x + (A~b + ~a)

(3.24)

However, due to the translational part of each element, a space group is a representation of an infinite group. In other words, if the products of all the elements
were determined with no restriction, specifically on the translations, there would
be infinite elements in the group representing an infinite crystal lattice. Therefore
we confine ourselves to the unit cell, the smallest reproducible unit of the crystal,
as a representation of the entire lattice via a reduced space group. To do so, the
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coordinates of each translation vector are reduced modulo 1. So as each product
was determined and reduced modulo 1, the resulting element was added to a temporary list. After all the products were determined, any duplicates within the list
were deleted. The length of the temporary list was compared to the length of the
original list, and if different, the temporary list was defined as the space group list
and a new temporary list was created. Then, the products of all the elements in
the new space group list were computed and placed into the new temporary list.
This process was repeated until the length of the lists were the same. Since the list
started with generators, then by taking their products, eventually the program is
able to compute every element in the whole group. The final list was the list of all
symmetry operations and accompanying translations that comprise the reduced
space group. The point group could then be extracted from the space group by
looking at the elements from the space group list that had a null vector for the
translation. The symmetry operations from these elements were appended to a
point group list.
3.1.2.2

(0)

(η)

Simplification of Gαβ and Gµναβ using Point Group Symmetry

In order to determine the degenerate phonon frequencies in the phonon tensor,
Gαβ , and the number of independent PDPs in the PDP fourth order tensor Gµναβ ,
we use the fact that these tensors are invariant under the transformation law in
Eq. 3.18. We shall refer to the tensor after the transformation law was applied as
the rotated tensor. Due to invariance in the crystal, the rotated tensor is identically
equal to the original tensor. Therefore to determine the final symmetry in the
tensors crystallography, products between each point group symmetry operation
and the tensor had to be computed and compared with the original tensor.
The goal of this algorithm was to compare each element in the original tensor
to elements in the rotated tensor after each point group operation so that the
relations between the various Gαβ and Gµναβ elements (due to symmetry) could be
determined. First, I will explain how I implemented this strategy for the second
order tensor before extending it to the fourth order tensor. We begin by defining
a general symmetric tensor where the elements are simply denoted as G11 and
so fourth. Six element lists were created to hold the values of each individual
element: G11, G22, G33, G12, G13, and G23. Since the tensor is symmetric, G21,
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G31, and G32 values were included in the lists of values for G12, G13, and G23
respectively. Then as each symmetry operation from the point group was applied
to the tensor (Eq. 3.18), the new values of each rotated element were appended to
the appropriate lists, i.e. if G22 was located in the first row and first column after
the rotation, it was appended to the G11 list. In order to keep the elements list
as short as possible, after each symmetry iteration, any duplicates were deleted.
In order to determine the symmetry in the elements, two new lists were created
from the elements list: a list of original elements and a list of rotated elements.
The two lists were then equated and the solutions to this set of linear equations
provided the symmetry for the tensor. For example, in the diamond cubic case,
the list of original elements, Gαβ O, and the list of rotated elements, Gαβ R, are
equated (redundant entries in the lists were omitted):

 
G33
G11

 

G11  G22 
 .   . 
 .   . 
 .   . 

 


 
Gαβ O = 
G12 =  G13  = Gαβ R

 

G12  G23 

 

G12 −G12

 

..
..
.
.


(3.25)

The solutions for each element were then
G11 = G22 = G33
G12 = G13 = G23 = 0

(3.26)

And the second order Gαβ tensor was reduced to


 

G11 G12 G13
G11 0
0

 

G12 G22 G23 ≡  0 G11 0 

 

G13 G23 G33
0
0 G11

(3.27)

Then the final output of the algorithm was the symmetrically reduced second order
tensor in Eq. 3.27.
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The same strategy was then applied to the fourth order tensor, except there
were now more elements to track in an element list. The fourth order tensor was
defined by 36 element lists that held values for each individual element: G1111,
G2222, G3333, G1122, G1133, G1112, G1113, G1123, G2211, G2233, G2212,
G2213, G2223, G3311, G3322, G3312, G3313, G3323, G1211, G1222, G1233,
G1212, G1213, G1223, G1311, G1322, G1333, G1312, G1313, G1323, G2311,
G2322, G2333, G2312, G2313, and G2323. Also, because the fourth order tensor Gµναβ is symmetric in µ and ν and in α and β, equivalent elements were held
in appropriate lists. Again, as the symmetry operations were applied to the fourth
order tensor (Eq. 3.18), the new values of each element were appended to the appropriate list. Then a list of original elements and a list of rotated elements were
formed from the elements list and equated to solve for each element. The solutions
to this set of linear equations were used to output a fourth order tensor reduced
by the symmetry of the point group.
3.1.2.3

Determination of Eigenvalues

As explained in Sect. 3.1.1, the relationship between phonon shift and strain can be
found by equating the eigenvalues of the contributions from the second and fourth
order G tensors (Eq. 3.19). Specifically, the phonon frequency shift is related to
the eigenvalues of the second order contribution (Eq. 3.20) and the rate of shift
as a function of strain is related to the eigenvalues of the fourth order contribution (Eq. 3.21). Therefore, after determining the symmetrically simplified tensors,
(0)

these results were used to calculate Gαβ − Gαβ , the second order contribution, and
P
(η)
ηµν Gµναβ , the fourth order contribution.
µν

To determine the eigenvalues from the second order contribution, first the symmetrically reduced Gαβ was defined in a matrix form to represent the Raman frequencies when strain was present in the material. Another second order tensor with
(0)

the same symmetry as Gαβ was defined to represent Gαβ , the Raman frequencies
when there was no strain present in the material, by renaming the variables to
denote them as a different tensor. For example, G11 of Gαβ was defined as G11 z
(0)

in Gαβ . Then the difference between these two tensors was computed and the
eigenvalues were determined (Eq. 3.20).
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The rate of phonon shift as a function of strain is determined from the eigenvalues of the fourth order tensor contribution from Eq. 3.19. The fourth order
contribution is an Einstein summation of the fourth order tensor Gµναβ and the
finite strain elements ηµν . Therefore, after the symmetrically reduced Gµναβ tensor
was calculated, an algorithm was written to calculate each element in the 3 × 3
matrix representing the Einstein summation
ηµν Gµνab =η11 G11ab + η12 G12ab + η13 G13ab + η12 G21ab + η22 G22ab
+ η23 G23ab + η13 G31ab + η23 G32ab + η33 G33ab

(3.28)

where a = 1, 2, 3 and b = 1, 2, 3. Then the eigenvalues (Eq. 3.21) of the resulting
3 × 3 matrix representing ηµν Gµνab were computed. The eigenvalues from the
second and fourth order contributions were equated (Eq. 3.19) to determine phonon
frequency shift as a function of strain and phonon deformation potentials.

3.1.3

Results

Although this model can be applied to any crystal system, we focused on only
three systems for this project: diamond cubic, zinc blende, and rhombohedral. The
relationship between phonon shift and strain was first calculated for diamond cubic
in this study since this was the crystal system originally analyzed by Ganesan, et
al. [21]. It was therefore crucial to verify that the program was operating properly
by comparing our diamond cubic results to those found by Ganesan. Zinc blende,
the crystal structure of GaP, was explored second in order to aide in analyzing
the results of the experimental work on GaP nanowires performed in this study. A
third crystal system with less symmetry than diamond cubic or zinc blende was also
explored in order to show how less symmetry in the crystal system affects phonon
behavior. Rhombohedral was chosen since nanowires of this crystal structure,
such as B4 C, can easily be fabricated and used to achieve highly accurate PDP
measurements. The following sections will discuss the results of these three crystal
systems.
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3.1.3.1

Diamond Cubic (Space Group F d3̄m)

The relationship between phonon shift and strain in diamond cubic crystals was
originally developed by Ganesan, et al. [21]. The space group of a diamond cubic
material is F d3̄m and its corresponding point group is m3̄m [103]. The generators for this space group, represented as an orthogonal transformation matrix and
translation vector pair, are [103]:


  
1 0 0
0

  
0 1 0 , 0

  
0 0 1
0
  

0
−1 0 0
  

 0 −1 0 ,  1 
 2

0



0

−1 0

1

0

1
2

  
1

 2

 0 1 0  , 1
 2

0 0 −1
0
  

0
0 0 1
  

1 0 0 , 0
  

0
0 1 0

  
3
0 1 0

 4
1 0 0  ,  1 

 4
3
0 0 −1
4

  
1
−1 0
0

 4
 0 −1 0  ,  1 

 4
1
0
0 −1
4
Using the techniques described in Sect. 3.1.2.1, these generators were used to compute a list of 192 different elements in the reduced space group. This list was then
reduced to just the 24 elements contained in the point group.
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The elements in the point group were then used to determine the symmetry in
Gαβ and Gµναβ . The results for the second order tensor were


G11


(Gαβ ) = 
 0

0
G11

0

0

0




0 

G11

(3.29)

where G11 is the square of the Raman frequency for the optical phonon mode. This
result indicates three-fold degeneracy in the phonon in that it is identical in three
orthogonal directions under no strain. The symmetrically reduced fourth order
tensor was calculated as



G1111
0
0





 0
G
0
1122




 0
0
G1122



0
G1212 0





(Gµναβ ) =  G1212
0
0



0
0
0



0
0 G1212




 0
0
0


G1212 0
0


G1212 0



G1212
0
0


0
0
0


G
0
0

 1122
 0
G1111
0 


0
0
G1122


0
0
0



0
0
G
1212


0 G1212
0


0


0 G1212



 0
0
0




G
0
0

 1212

0
0
0




0
0
G1212 




0 G1212
0




G1122
0
0 





 0
G
0
1122



0
0
G1111
(3.30)


0

Or more simply
G1111 = G2222 = G3333 = p
G1122 = G2211 = G2233 = G3322 = G1133 = G3311 = q
G1212 = G1313 = G2323 = r
G1112 = G1113 = G1123 = G2212 = G2213 = G2223 = G3312
= G3313 = G3323 = G1211 = G1222 = G1233 = G1213
= G1223 = G1311 = G1322 = G1333 = G1312 = G1323
= G2311 = G2322 = G2333 = G2312 = G2313 = 0

(3.31)

where p, q, and r are three independent phonon deformation potentials. As Gµναβ

94
is symmetric in µ and ν and also symmetric in α and β, Eq. 3.31 fully defines
Gµναβ . The PDP tensor can be represented in the Voigt notation as



p q q 0 0 0


q p q 0 0 0


q q p 0 0 0


Γij = 

 0 0 0 r 0 0




0
0
0
0
r
0


0 0 0 0 0 r

(3.32)

Next by solving for the eigenvalues for the second order contribution (Eq. 3.20),
we find the shift in Raman frequencies to be
λ1 = λ2 = λ3 = ωη2 − ω02

(3.33)

where ω0 is the triply degenerate Raman frequency of the optical mode of the
material when no strain is present in the system and ωη is the Raman frequency
when the material is under strain. The eigenvalues for the Einstein summation of
Gµναβ and ηµν are determined in the following equation
pη11 + q(η22 + η33 ) − λ

2rη12

2rη13

2rη12

pη22 + q(η11 + η33 ) − λ

2rη23

2rη13

2rη23

pη33 + q(η11 + η22 ) − λ

=0
(3.34)

By equating the eigenvalues from Eq. 3.33 with those from Eq. 3.34, one can relate
the phonon frequency shift to any strain tensor. These results agree with those
found by Ganesan, ensuring that this theoretical model program was operating
correctly.
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3.1.3.2

Zinc Blende (Space Group: F 4̄3m)

The space group of a zinc blende material is F 4̄3m and its corresponding point
group is 4̄3m [103]. The generators for this group, which all contained a zero
translation vector, were the orthogonal transformations [103]:



1 0 0


0 1 0


0 0 1


−1 0 0


 0 −1 0


0
0 1


−1 0 0


0 1 0


0 0 −1


0 0 1


1 0 0


0 1 0


0 1 0


1 0 0


0 0 1
There were a total of 24 elements in the reduced space group, and since there were
no translation vectors, the reduced space group was equal to the point group.
The elements in the point group were then used to determine the symmetry
in Gαβ and Gµναβ . The results were identical to that of the diamond cubic case
where Gαβ held the same symmetry as Eq. 3.29 and Gµναβ held the same symmetry as Eq. 3.31. Therefore the relationship between Raman frequency shift,
phonon deformation potentials, and finite strain was also the same as diamond
cubic (Eqs. 3.33, 3.34). Then only three phonon deformation potentials (p, q, and
r) are required to define this relationship. The phonon deformation potentials have
been measured for bulk GaP by Balslev [1]. Although zinc blende and diamond
cubic structures obey the same phonon deformation relationship (Eqs. 3.33, 3.34),
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their Raman response differs. Diamond cubic, which consists of two overlapping
FCC lattices of the same atom, has a single triply degenerate optical phonon,
whose frequencies are dictated by Eq. 3.33. Therefore, because all the atoms and
bonds are the same in diamond cubic, vibrations perpendicular to the bond are
indistinguishable from vibrations parallel to the bond. Zinc blende, which consists
of two overlapping FCC lattices, one for each atom in the material, has two optical
phonons, a TO and LO, describing its vibrational behavior. Due to ionicity in the
bonds of a zinc blende material, vibrations perpendicular to the bond occur at a
different frequency than vibrations parallel to the bond [26]. Essentially, charge
in the bonds have split the triply degenerate phonon into one singly degenerate
phonon and one doubly degenerate phonon. This difference between the phonon
behavior of diamond cubic and zinc blende material does not come out of the space
group because space groups do not carry information on ionicity in bonds. It has
been shown that the LO phonon is singly degenerate and the TO phonon is doubly
degenerate in zinc blende materials [4]. Vibrations parallel to the bond (LO) occur
along a single direction, and therefore are singly degenerate. Vibrations perpendicular to the bond (TO) occur along two orthogonal directions, and are therefore
doubly degenerate (Fig. 3.1A). When a crystal is distorted under uniaxial strain,
the vibrations parallel to the bond (LO) will change frequency but will not split
due to the single direction parallel to the bond. However the vibrations perpendicular to the bond (TO) can split into different frequencies as the relative lengths
of these bonds change (Fig. 3.1B).
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Figure 3.1. A. Schematic of the bond between two atoms in a zinc blende material
highlighting the vibrations along the direction of bonding, LO, and the doubly degenerate
vibrations perpendicular to the direction of bonding, TO. B. A uniaxial strain results in
an elongation of L1 along one perpendicular direction and an elongation of L2 along the
other perpendicular direction resulting in two different TO phonon frequencies.

Because the phonon deformation behavior between diamond cubic and zinc
blende both follow Eq. 3.34, the shift rates of phonons have the same PDP relationships. However, the LO and TO phonons depend on two separate sets of PDPs
due to the dependence of the effective charge in the bonds on strain [105]. In order
to measure each TO PDP value in a zinc blende material, a uniaxial tension must
be applied along a crystallographic direction, such as [111], that will split the TO
phonon into two different shift rates according to Eq. 3.34:
ωT2 O1,

−

ωT2 O,0

ωT2 O2, − ωT2 O,0








1 2
1 1
= (p + 2q)
− ν − 2r
+ ν 
3 3
3 3





1 2
1 1
= (p + 2q)
− ν + 4r
+ ν 
3 3
3 3

(3.35)

These equations were derived in Ch. 2 Sect. 2.3.5.2. These shift rates provide a
set of two equations that can be used to solve for p + 2q and r. In order to further
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decouple p and q, another uniaxial tensile experiment along another direction, such
as [100], would have to be performed. This strain would split the TO phonon under
two different shift rates:
ωT2 O1, − ωT2 O,0 = [q − ν(p + 2)] 
ωT2 O2, − ωT2 O,0 = [p − 2νq] 

(3.36)

where ν is the Poisson ratio in the (100) plane. Therefore these shift rates will
lead to two linear equations from which p and q can be solved for. However,
due to the shift rates in Eq. 3.36, a uniaxial strain applied only along the [100]
does not provide information on r. Likewise, in order to measure each LO PDP,
three uniaxial strain experiments would have to be performed along three different
crystallographic directions. This would lead to three LO phonon shift rates which
could be decoupled to solve for p, q, and r of the LO phonon. By applying uniaxial
strain along different crystallographic directions, different phonon shift rates are
observed. Using phonon deformation theory, the shift rate dependence on PDPs
can be extracted and used to decouple the PDPs.
3.1.3.3

Rhombohedral (Space Group: R3̄m)

The space group of the rhombohedral structure of B4 C is R3̄m and its corresponding point group is 3̄m [103]. The generators for this group, which all contained a
zero translation vector, were the following orthogonal transformations [103]:



1 0 0


0 1 0


0 0 1


√
3
1
−
0
2
 √2

1
 3

0
2

2
0
0
−1


−1 0 0


 0 1 0


0 0 1
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There were a total of 12 elements in the reduced space group, and since there were
no translation vectors like the zinc blende case, the reduced space group was equal
to the point group.
The elements in the point group were then used to find the symmetry in Gαβ
and Gµναβ for this crystal system. The results for the second order tensor were


Gαβ



G
0
0
 11


=
 0 G11 0 
0
0 G33

(3.37)

where G11 relates to the doubly degenerate phonon frequency associated with vibrations along the directions associated with the a lattice constant and G33 relates
to the phonon frequency associated with vibrations along the direction associated
with the c lattice constant. The symmetrically reduced fourth order tensor was
calculated as
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(3.38)
Or more simply
G1111 = G2222 = a
G3333 = b
G1122 = G2211 = c
G1133 = G2233 = d
G3322 = G3311 = e
G2323 = G1313 = f
a c
G1111 G1122
−
= −
G1212 =
2
2
2 2
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G1123 = G1213 = −G2223 = g
G1312 = G2311 = −G2322 = h
G1112 = G1113 = G2212 = G2213 = G3312 = G3313 = G3323
= G1211 = G1222 = G1233 = G1223 = G1311 = G1322
= G1333 = G1323 = G2333 = G2312 = G2313 = 0

(3.39)

where a, b, c, d, e, f , g, and h are eight independent phonon deformation potentials
and Gµναβ is symmetric in µ and ν and also symmetric in α and β. The PDP tensor
can be represented in the Voigt notation as
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These eight PDPs have not been measured for B4 C. By solving for the eigenvalues
for the second order contribution (Eq. 3.20), we find the shift in phonon frequencies
associated with the a and c lattice constant:
2
2
λ1 = λ2 = ωa,η
− ωa,0
2
2
λ3 = ωb,η
− ωb,0

(3.41)

The eigenvalues for the fourth order contribution result in the following equation
a
2



cη11 + aη22 − 2hη23 + eη33 − λ

g(η11 − η22 ) + 2f η23

2gη12 + 2f η13

g(η11 − η22 ) + 2f η23

d(η11 + η22) + bη33 − λ

2

−

c
2

aη11 + cη22 + 2hη23 ) + eη33 − λ

2 a2 − 2c η12 + 2hη13

η12 + 2hη13

2gη12 + 2f η13
=0

(3.42)
By computing the results of phonon deformation theory for a rhombohedral crystal
containing symmetry of space group R3̄m, it has been demonstrated that as symmetry in the crystal decreases, more PDPs are required to describe the relationship
between phonon frequency and strain. In order to measure all eight PDPs in a
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material of this structure, at least four uniaxial strain experiments would have to
be performed along four different crystallographic directions so as to induce splitting in the degenerate phonon along the a lattice constant (Eq. 3.41), resulting in
a total of eight different shift rates for this phonon. Therefore a material with n
PDPs requires at least

n
2

uniaxial strain experiments, which will lead to n phonon

shift rates which will comprise a set of linear equations consisting of n equations
and n unknowns (PDPs).

3.2

Theoretical Strength Model

A theoretical strength model had been developed in my Masters Thesis to determine the constitutive behavior of Si for multiple crystallographic directions [70]. It
was an extension of the model previously developed by Ruoff, et al. [106, 107, 108].
At high strains, the constitutive behavior of an elastic material becomes nonlinear.
This model, based on a first order approximation of an anharmonic interatomic
potential, enabled one to determine the strain at which the material goes from
behaving linearly to nonlinearly, as well as the ultimate tensile and compressive
strength along a particular crystallographic orientation. Using the resulting constitutive behavior from the model, the experimental nanowire stresses could be
related to strain, enabling highly accurate PDP measurements. The model was
also crucial for determining if the experimental nanowire strain extended to the
nonlinear elastic regime of the constitutive behavior, which would also indicate
that the PDP measurement extended beyond linear behavior.

3.2.1

Derivation of Strength Model

This model is based on an anisotropic continuum elasticity problem that used
experimentally measured stiffness values to determine the strength of a material.
In order to determine the constitutive behavior in this model, a finite material
element was assumed to be strained uniaxially, and therefore the principal stresses
in the other two orthogonal directions (not the direction of strain) were zero.
A thermodynamic argument was used to determine when the strain was large
enough that the bonds between the atoms could no longer physically exist and the
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system became unstable [109]. This failure criterion was therefore a firmly based
fundamental concept that ignored flaws and dislocations in the material.
The finite elasticity notation used in this model was the same that Ruoff, et al.
used, which came from Thurston and Brugger [110] and Brugger [109]. Throughout
this section, the subscripts of 1, 2, and 3 on any variables refers to the orthonormal
coordinate system where the uniaxial strain is along the 1 direction. If a finite
material element was strained, the deformation of a crystal was described by
  
 
x
A
0 0
a
 1  1
  1
 x 2  =  0 A 2 0   a2 
  
 
x3
0 0 A3
a3

(3.43)

where the location of a point in the unstressed crystal, (a1 , a2 , a3 ) , moved to the
location (x1 , x2 , x3 ) in the deformed, stressed crystal where A1 , A2 , A3 refer to the
principal strains. The finite strain components for this crystal were
1
ηi = (A2i − 1), i = 1, 2, 3
2

(3.44)

Note that this is a change in the strain notation previously used in Sect. 3.1. The
internal energy density to terms cubic in strain was defined as
1
1
ρUo = c0ij ηi ηj + c0ijk ηi ηj ηk , i, j, k = 1, 2, 3
2
6

(3.45)

where c0ij and c0ijk represented the contracted form of the fourth and sixth order
stiffness tensors that were rotated to the desired crystallographic direction. The
internal energy density in Eq. 3.45 extends the theory of Hooke’s law, a harmonic
potential (parabolic), to a first order approximation of an anharmonic potential by
including a cubic term. By comparing these two interatomic potentials graphically
(Fig. 3.2), one can see that the anharmonic approximation predicts larger restoring forces in compression than in tension while Hooke’s law predicts symmetric
restoring forces. Also one can see graphically that the deviation between Hooke’s
law and this anharmonic potential occurs at relatively low strains of < 5%.
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Figure 3.2. Left: Interatomic potential predicted by Hooke’s law (red, dashed) and the
first order cubic approximation of an anharmonic potential (blue, solid) plotted on the
same axes to highlight the difference in shape of the two potentials. Right: Close up
of portion of plot on left inside of dashed box showing the potentials begin to differ at
strains < 5%.

The thermodynamic tensions for the crystal were determined from the partial
derivative of the internal energy density such that
ti =

∂(ρUo )
, i=1−3
∂ηi

(3.46)

The principal stresses on the crystal depended on the thermodynamic tensions
such that
σi =

A2i ti
, i=1−3
A1 A2 A3

(3.47)

As discussed in the previous paragraph, uniaxial tension was assumed along the
direction to which the stiffness tensors have been rotated, denoted by ‘1’. By doing
so, the principal stresses (σ2 and σ3 ) and thermodynamic tensions (t2 and t3 ) in
the other two directions were zero. For a specific applied principal strain, A1 ,
the finite strain in the same direction, η1 , was determined from Eq. (3.44). From
here numerical techniques were used to determine the finite strains in the off-axis
directions (η2 and η3 ) by utilizing the fact that the off axis thermodynamic tensions
from Eq. (3.46) were zero. Then the corresponding thermodynamic tension in
the direction of applied strain, t1 , was determined from Eq. (3.46) and the other
principal strains, A2 and A3 , from Eq. (3.44). Finally the principal stress in the
direction of applied strain, σ1 , for any given applied strain, A1 , was determined
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from Eq. (3.47). The corresponding nominal strain value was
1 = A1 − 1.

(3.48)

The value of the principal strain, A1 , was iterated and a series of principal stress
and nominal strain values were obtained and plotted. The maximum principal
stress value in this series corresponded with the ultimate tensile strength and the
minimum with the ultimate compressive strength of the material in the chosen
direction. All calculations were performed using Wolfram Mathematica 8.0 (code
in Appendix B). Details of how these calculations were performed can be found in
my masters thesis [70].

3.2.2

Results

The calculations were performed using second and third order elastic constants
of GaP experimentally measured by Yogurtcu, et al. [111]. The resulting stressstrain curve for the [111] direction is shown in Fig. 3.3 and the material properties
of GaP extracted from the constitutive behavior are given in Table 3.1. The ultimate tensile and compressive strengths, σf , were determined as the maximum and
minimum principal stresses and the strains to failure, f , were the nominal strains
associated with the theoretical strengths. There has been very limited theoretical
work in the literature on the ultimate tensile strength of GaP for comparison. The
Young’s modulus, E, of the linear elastic regime (Eq. 3.49) was determined from
the slope of a least squares linear fit of strains, L , ranging from -0.5% to 0.5%:
σL = EL

(3.49)

where σL refers to the stress in the linear elastic regime. The resulting Young’s
modulus of 166.7 GPa matched closely with the Young’s modulus calculated by
Brantley for GaP along the [111] direction as 166.9 GPa [97]. Then in order
to determine the strain where the ideal constitutive behavior becomes nonlinear
elastic, the theoretical curve was plotted on the same axes as the linear stress-strain
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relationship, shown in Fig. 3.4. The proportional limit was identified by
|σL − σT h | = 0.001E

(3.50)

where σL refers to stress obeying the linear relationship in Eq. 3.49 and σT h refers
to the stress from the full range of the theoretical curve (i.e., a 0.1% deviation).

Figure 3.3. Constitutive behavior of GaP along the [111] direction determined from
the strength model.

Table 3.1. Properties of GaP along the [111] direction determined using this strength
model

Material Property
Ultimate Tensile Strength
Ultimate Compressive Strength
Tensile Strain to Failure
Compressive Strain to Failure
Young’s Modulus
Tensile Proportional Limit
Compressive Proportional Limit

Value
17.8 GPa
-23.3 GPa
15%
-20.6%
166.7 GPa
4.8%
-4.6 %
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Figure 3.4. Left: The nonlinear elastic, true, behavior of GaP (solid line) plotted next
to the linear elastic behavior (dashed line) to highlight how far the true behavior deviates
from the linear at high strains. Right: Close up of portion of plot on left inside of dashed
box. The strains where the constitutive behavior deviates from linear are circled.

The ideal elastic constitutive behavior of GaP along the [111] direction shown
in Fig. 3.3 was also fit to a fourth order polynomial of the following form using a
least-squares method implemented in Kaleidagraph 4.0 (Synergy Software)
σ = E0 + E1  + E2 2 + E3 3 + E4 4

(3.51)

where σ is the uniaxial stress,  is strain, E1 is the Young’s Modulus for linear elastic
behavior, and Ei refer to higher order terms of the Young’s Modulus. The Young’s
modulus values determined from the fit of [111] GaP are given in Table 3.2. The
R2 value for this fit was 1, indicating that the polynomial can be used to reliably
replicate the ideal GaP consititutive behavior for direct comparisons to uniaxial
loading experiments. This polynomial was then used as the relationship between
experimental stress and strain, which enabled highly accurate PDP measurements.
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Table 3.2. Values of higher order Young’s moduli terms determined from a least squares
polynomial fit of Eq. 3.51 to the theoretical constitutive behavior of [111] GaP

Material Property
E0
E1
E2
E3
E4

Value
0.0446
167.9
-7.698
-1749
-2197

Chapter

4

Results and Discussion
This chapter will discuss the results of the experimental portion of this thesis to
demonstrate that the implementation of bulk PDPs is flawed. Using the results
from GaP nanowires, a proper and highly accurate method for determining a
material’s PDP behavior will be presented. This method can be generalized to
measure PDPs of any material. The theoretical constitutive behavior determined
in the strength model of the GaP model system will be used to highlight the
accuracy of the PDPs measured in this study. Then, this chapter will present a
discussion on the similitude between nanoscale and bulk PDP behavior, which will
demonstrate that the PDPs measured on nanowires can be used to relate phonon
deformation to strain in any material, independent of specimen scale.

4.1

Raman Spectra Under Uniaxial Tension

During all the experiments performed in this study, both the LO and TO phonons
shifted to lower frequencies under increasing uniaxial tension. The TO phonon,
which is degenerate at zero strain, shifted at two different rates as the symmetry
in the crystal was deformed. This started as a general broadening of the peak
before two distinct peaks formed. Therefore, at small shifts in the peak, the two
TO modes were close enough together that they were fit to only one Lorentzian.
When shifts were larger (greater than 1.25-1.5 cm−1 ) and the TO visibly began
to split, TO1 and TO2 were fit to separate Lorentzians. The other consideration
when fitting the TO and TA+LA modes was the rate of shift of the TA+LA modes,
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which according to Ves, et al., was slower as a function of pressure than the shift
in the TO mode [79]. A similar trend in our data was evident in that the TO
mode was slightly asymmetric due to the TA+LA at low strains but became more
symmetric at higher strains. So then the TA+LA modes were only accounted for
at low strains.

4.1.1

Initial Experiments

The main goal of the initial experiments was to observe the impact that large uniaxial tensions had on the optical phonon behavior of GaP nanowires. As the tensile
stress was increased in the nanowires for all experiments, both optical modes down
shifted in frequency and the TO mode (degenerate at a zero stress state) split into
two peaks, TO1 and TO2 , which had been predicted by phonon deformation theory. Total shifts in each optical mode for these experiments are shown in Table 4.1.
The phonon shift and degree of deformation was most notable for the largest (260
nm) nanowire tested. However, the next largest Raman shift was observed in the
smallest nanowire (86 nm), so there was no clear correlation between diameter and
degree of deformation. Raman spectra, which were normalized with respect to the
LO phonon intensity, recorded throughout the tensile experiments on the largest
and smallest nanowires are shown in Fig. 4.1. The spectra recorded for the 260
nm nanowire was much stronger with more well defined peaks, closely mimicking
bulk GaP, due to the larger sample volume. Although the spectra for the 86 nm
nanowire was significantly noisier, shifts of the optical mode frequencies, as well
as splitting of the TO mode, was still evident. An interesting trend emerged in
the Raman behavior in that the three larger nanowires (260, 226, and 193 nm)
all exhibited a similar breakdown in the TO phonon in which TO1 had a larger
intensity than TO2 . However, the smaller nanowire tested (86 nm) revealed TO2
to have a stronger intensity than TO1 . This is likely an artifact of the polarization dependence in small nanowires, as discussed previously in Ch.1. Therefore
in the larger nanowires, the peak asymmetry in the TO phonon first appeared as
a protrusion on the left side of the peak as the faster, less intense TO2 phonon
emerged. However in the 86 nm nanowire, the asymmetry first appeared as a protrusion on the right side of the TO phonon as the faster, more intense TO2 phonon
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emerged. Also the intensity difference was greater between TO1 and TO2 phonons
for the larger nanowire, making the emerging asymmetry more evident. In the 86
nm nanowire, the intensity of the TO2 phonon was only slightly larger than the
intensity of the TO1 phonon, making the emerging asymmetry appear more as an
asymmetric broadening than a protrusion in the peak.

Figure 4.1. Evolution of spectra recorded during tensile experiments performed on a
260 nm (left) and 86 nm (right) GaP nanowires. The emerging asymmetry in the TO
phonon differs between the two nanowires due to relative intensities of the TO1 and
TO2 . The Lorentzian fits of the LO, SO, TO1 , and TO2 phonons are indicated in the
top spectra.
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Table 4.1. Summary of total shift in Raman data from initial tensile experiments on
GaP nanowires

Diameter
260
2261
193
86

4.1.2

LO Shift (cm−1 )
5.91
3.75
3.81
5.4

TO1 Shift (cm−1 )
5.53
3.24
3.97
5.62

TO2 Shift (cm−1 )
18.6
10.8
12.5
15.2

Experiments with Force Transducer

The Raman spectra collected from the nanowires during experiments with the
force transducer were consistent with the spectra collected in the initial experiments. Again both the TO and LO phonons shifted to lower frequencies and the
TO phonon, degenerate at the zero strain state, split into two seperate peaks:
TO1 and TO2 . The total shifts of each phonon for each experiment are shown
in Table 4.2. The nanowire that exhibited the largest shifts in optical phonon
frequencies was 75 nm and the next largest shifts were observed in the 100 nm
nanowire followed by the 170 nm nanowire. So again, echoing the results of the
initial experiments (Table 4.1), no correlation between diameter and degree of
deformation was observed.

1

These are not the true strain to failures of this nanowire, since it did not break in tension.
Rather, halfway through the experiment an error occurred in the Renishaw software and to avoid
holding the nanowire in tension while it was fixed, the thermal actuator current was brought back
to 0 mA. However, the Pt adhesion pads had plastically deformed and the nanowire buckled under
compression.
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Table 4.2. Summary of Raman shifts from tensile experiments performed with Aurora
force transducer on GaP nanowires

Diameter (nm)
180
170
165
100
75
53

LO shift (cm−1 )
3.57
5.68
2.22
8.66
9.22
3.94

TO1 shift (cm−1 )
2.97
5.12
1.88
11.4
13.6
5.22

TO2 shift (cm−1 )
16.9
20.7
8.62
22.2
21.7
5.22 2

Raman spectra collected throughout the experiments on the 170 nm nanowire
and the 75 nm nanowire are shown in Fig 4.2. The larger nanowires (180, 170,
and 165 nm) exhibited a breakdown in the TO phonon such that TO1 had a larger
intensity than TO2 , similar to the larger nanowires tested initially. Therefore the
emerging asymmetry in the peak appeared as a definitive bump on the left side
of the TO peak. The smaller nanowires (100, 75, 53 nm) exhibited similar TO
behavior as the 86 nm nanowire initially tested in which the TO2 intensity was
much larger than the TO1 . Therefore the emerging asymmetry was observed as
an asymmetrical broadening, with the more angled side of the peak toward the
right. However unlike the 86 nm nanowire initially tested, these smaller nanowires
exhibited very weak LO phonon intensity due to limitations in experimental setup,
which required a 50x lens and nanowire orientation horizontal with respect to the
optical image. Although a half wave plate could be used to alter the polarization
of the laser, it also reduced intensity. A strong intensity in the TO mode was
favorable over the LO mode in order to clearly observe the breakdown in the TO
phonon, and therefore the HWP was not used.

2

This nanowire failed before a clear splitting in the TO phonon was evident and therefore was
only fit to one Lorentzian function. It broadened as it shifted indicating that two modes were
within the one peak but the effect was not significant enough to fit two Lorentzian functions to
the peak.
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Figure 4.2. Spectra recorded during tensile experiments performed on a 170 nm (left)
and 75 nm (right) GaP nanowires. The stress measured with the Aurora force transducer
is shown for each spectra. The Lorentzian fits of the LO, SO, TO1 , and TO2 phonons
are indicated in the top spectra.

After failure occurred in each nanowire, another Raman spectra was collected
for comparison with Raman spectra collected prior to the start of the experiment.
This was to ensure that there was no residual stress present in the nanowire, which
could occur during placement in the FIB. In all experiments, there was very little
deviation between the initial and final spectra (example in Fig. 4.3) ensuring that
there was little to no residual stress in the system during the experiment.
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Figure 4.3. Raman spectra of a 165 nm GaP nanowire collected before the experiment
began (top) and after the nanowire failed (bottom). Dashed lines show that the position
of the TO and LO phonons had not changed revealing that the nanowire was not under
any residual stress prior to testing. These spectra are typical of all the experiments
performed on GaP nanowires.

4.2

Classic Raman-Stress Relationship

In order to compare the nanowire results directly to those obtained for bulk materials, an analysis scheme was used that was similar to that used for bulk uniaxial
compression experiments. The effect of uniaxial stress on Raman spectra of a
diamond cubic material was first measured by Anastassakis, et al., in 1970 for Si
under compression along the [001] and [111] [3]. Then Cerdeira, et al., extended the
analysis to study the Raman spectra of both diamond cubic and zinc-blende semiconductors under uniaxial compression [4]. These studies were primarily used as
a method for obtaining a material’s phonon deformation potentials and Grüneisen
parameter.
The basis of the analysis, similar to the strain calculation using Raman shift
and PDP values, begins with Eq. 2.20 developed by Ganesan, et al. for diamond
cubic materials [21]. In order to make the calculations more manageable, a first
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order Taylor series approximation of the eigenvalues (Eq. 2.23) was made:
λ = ω2 − ω02
λ
ω ≈ ω0 +
2ω0

(4.1)

Note, this approximation was not made in the strain analysis of the data in the
this study described in Ch.2 Sect. 2.3.5.2. However, since the phonon deformation
potentials were not previously known when these classic experiments were run,
there was no way to relate the shifts in Raman spectra directly to strain in the
material. Therefore, the classic approach was to solve Eqs. 2.20 and 4.1 in terms
of stress rather than strain by converting to stress using a material’s known compliance constants, Sij . The resulting Raman shifts for a uniaxial load along the
[111] direction were therefore determined as:
σ
[1/3(p + 2q) (S11 + 2S12 ) + 2/3rS44 ]
2ω0
σ
= ω0 +
[1/3(p + 2q) (S11 + 2S12 ) − 1/3rS44 ]
2ω0

ω,s = ω0 +
ω,d

(4.2)

where the subscripts s and d refer to singlet and doublet respectively. The singlet
refers to the eigenvector parallel to the stress and the doublet to the eigenvectors
perpendicular to the stress. For a zinc-blende material under a uniaxial stress in
the [111] direction, the singlet is the TO2 phonon and the doublet are the LO and
TO1 phonons.

4.2.1

Classic Raman-Stress in Initial Experiments

In the initial uniaxial tensile experiments, the force was not measured directly
in the nanowire during testing. Rather, the force was applied by running current
through the thermal actuator of the micromachined load frame and Raman spectra
were collected over the centers of the nanowires as a direct strain measurement
throughout the experiment. Four nanowires of varying diameters (260, 226, 193,
and 86 nm) were tested in this manner. Images of the smallest nanowire tested,
86 nm, and the largest nanowire tested, 260 nm, in these initial experiments are
shown in Fig. 4.4 and Fig. 4.5 respectively.
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Figure 4.4. A. TEM image of 86 nm nanowire used for diameter measurement, inset
is the selected area diffraction pattern used to determine its [111] growth direction. B.
HRTEM image of 86 nm GaP nanowire highlighting its crystallinity and revealing a 3
nm oxide layer. C. Scanning electron micrograph of 86 nm nanowire after attachment
to sample gap of load frame in FIB. D. Optical image of 86 nm nanowire recorded in
the Raman spectrometer with 100x lens during testing.

Since force was not measured directly throughout the initial nanowire experiments, Eq. 4.2 and PDPs measured by Balslev for bulk GaP [1] were used to
estimate the stress in the nanowire. Specifically, the shifts in the LO phonon were
used to calculate the stress in the nanowire throughout the experiment because
the LO phonon does not exhibit any splitting and therefore has a more confident
fit associated with it. Then these stresses were compared with the experimental
TO shifts (Fig. 4.6) to determine how closely the nanowire’s behavior was to the
classic Raman-stress relationship. The fracture strengths of the nanowires inferred
from the LO shift data are given in Table 4.3.
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Figure 4.5. A. TEM image of 260 nm nanowire used for diameter measurement, inset
is the selected area diffraction pattern used to determine its [111] growth direction. B.
Scanning electron micrograph of 260 nm nanowire after attachment to sample gap of load
frame in FIB. C. Optical image of 260 nm nanowire recorded in the Raman spectrometer
with 100x lens during testing.
Table 4.3. Strength, σf , of the nanowires tested in the initial tensile experiments
determined from shifts in the LO phonon and the classic Raman-Stress relationship.

Diameter (nm)
260
226
193
86

.

Strength, σf (GPa)
6.93
4.38
4.45
6.38
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Figure 4.6. Plots of the classic Stress-Raman shift relationship with the experimental
phonon shifts measured in the initial strain experiments. The stress corresponding to
the shifts of each spectra was determined from the LO phonon shift.

The plots in Fig. 4.6 show that the TO1 shift was fairly consistent with the
theoretical behavior for all the nanowires. However the TO2 shifted more rapidly
than predicted for the larger nanowires (260, 226, 193 nm), though it was fairly
consistent for the small (86 nm) nanowire. This correlation does not necessarily
indicate that the TO1 (and TO2 for the small nanowire) are behaving like bulk, this
comparison only showed that the relative shift rates of the TO1 and LO phonons are
similar to the relative shift rates in bulk, since this is in reference to stress inferred
from the LO shift and not stress actually measured throughout the experiment.
In order to properly compare the phonon-strain relationship in nanowires to that
in bulk, a direct force measurement had to be incorporated into the experimental
setup and the PDPs of the nanowires needed to be measured directly.
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4.2.2

Classic Raman-Stress with Direct Force Measurements

Similar stress analysis plots were made based on Cerdeira’s classic Raman-stress
relationship for the experiments performed with the force transducer. Since force
was measured directly in the nanowire for these experiments, the experimental
Raman shift as a function of experimental stress were compared to the theoretical Raman-stress relationship. Resulting plots for all the nanowires tested in this
manner are shown in Fig 4.7. All of these experiments reveal a significant deviation
from the theoretical analysis developed by Cerdeira [4] using PDPs measured on
bulk GaP by Balslev [1]. In order to quantify the deviation, the theoretical failure
stress (σf,LO , σf,T O1 , σf,T O2 ) was also determined from the shifts in all three optical
modes and compared with the experimentally measured failure stress (σf,ex ) in
the nanowire, shown in Table 4.4. For the smaller nanowires, it appears that the
theoretical strength determined from TO2 shift was closest to the experimentally
measured failure stress of the nanowires, though still not within the error associated with the Lorentzian fits of the Raman spectra. There was no trend amongst
the larger nanowires as to which theoretical stress correlated closest with the experimental stress. The overall trend from these experiments was that the Raman
shift measured was much higher than expected based on the classic Raman-stress
relationship, revealing the nanowire phonons were shifting faster than predicted
by bulk parameters. In order to fully assess the difference between the nanowire
results and the bulk parameters, the results from the experiments with force measurements were used to properly measure GaP PDPs.
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Figure 4.7. Plots of the classic Stress-Raman shift relationship with the experimental
data of nanowires tested with the force transducer configuration. The theoretical relationship was determined by Cerdeira’s equations (Ch.2) and the bulk PDP values. The
experimental data is based on the shift in the center of each peak as the measured force
in the nanowire increased.

.
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Table 4.4.
Experimentally measured strength, σf,ex , of each nanowire tested
with the Aurora force transducer setup compared to the the theoretical strengths
(σf,LO , σf,T O1 , σf,T O2 ) determined from the shifts in the LO, TO1 and TO2 phonon
modes, the stress analysis developed by Cerdeira, et al., and the phonon deformation
potentials measured in bulk GaP by Balslev.

Diameter (nm)
180
170
165
100
75
53

4.3

σf,ex (GPa) σf,LO (GPa) σf,T O1 (GPa) σf,T O2 (GPa)
4.46
4.31
4.09
7.62
3.11
6.85
7.04
9.32
1.61
2.65
2.57
3.86
4.29
10.3
15.6
9.93
4.97
11.2
18.7
9.76
1.09
4.77
7.16
2.34

Results from Experiments with Force Transducer

A custom Aurora force transducer was incorporated into the experimental setup in
order to measure force in the nanowires throughout the tensile tests and correlate
that force directly with the response in the Raman spectra in order determine
PDP values that apply to GaP nanowires. Six GaP nanowires were tested using
the Aurora force measurements: three with larger diameters (180, 170, 165 nm) and
three with smaller diameters (100, 75, 53 nm). Images of one of the 75 nm nanowire
and the 170 nm nanowires are shown in Fig. 4.8 and Fig. 4.9 respectively. The
following sections discuss the results of these experiments and their implications
on proper PDP measurements.

122

Figure 4.8. A. TEM image of 75 nm nanowire used for diameter measurement, inset
is the selected area diffraction pattern used to determine its [111] growth direction. B.
Scanning electron micrograph of 75 nm nanowire after attachment to sample gap of load
frame in FIB. C. Optical image of 75 nm nanowire recorded in the Raman spectrometer
with 50x lens during testing. The reduction in contrast in the image is due to the
insertion of the HWP to alter polarization and increase Raman spectra intensity.

.
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Figure 4.9. A. TEM image of 170 nm nanowire used for diameter measurement, inset
is the selected area diffraction pattern used to determine its [111] growth direction.
B. Scanning electron micrograph of 170 nm nanowire after attachment to sample gap
of load frame in FIB. C. Optical image of 170 nm nanowire recorded in the Raman
spectrometer with 50x lens during testing. The reduction in contrast in the image is due
to the insertion of the HWP to alter polarization and increase Raman spectra intensity.
Note that this image was recorded when the laser spot was not focused over the ceneter
of the nanowire

4.3.1

Pt Compliance Results

In Ch.2 Sect. 2.3.5.1, the importance of considering the effect of Pt anchor compliance on the system when determining the nanowire force was discussed. In order
to gain some insight into the mechanical behavior of FIB deposited Pt, results
from my masters work on Si nanowires were used [70]. Although e-beam deposited
Pt was used in this work, it was believed that the behavior between the two materials should be similar enough that at least some insight could be gained from
my masters work. Plots of Pt displacement, ∆xP t , as a function of force were
made and least squares linear fits were performed to determine the stiffness of the
Pt anchors in each of the six Si nanowire experiments (Fig. 4.10). The stiffness
values, as well as the dimensions of the Pt anchors measured from SEM images,
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are also given in Table 4.5. The general trend in these results reveal large jointbond stiffness values for large nanowires and lower joint-bond stiffness values for
smaller nanowires. This was not surprising since the large nanowires had experimental Young’s moduli closer to theoretical than the smaller nanowires had. The
difference in stiffness values is most likely a result of differing geometry of the Pt
anchor in each experiment. Although the length and width of each Pt pad could
be measured from SEM images, it was difficult to determine the thickness of each
Pt pad because a time of deposition was not recorded and the rate of deposition
can change slightly each FIB session due to changes in alignment of the equipment.
Therefore the known information on the Pt used in the Si experiments was used to
estimate a value for a shear modulus to thickness ratio,

G
,
T

for each Si experiment,

also given in Table 4.5. The Pt anchors used for the large Si nanowires (>400
nm) had significantly higher joint/bond stiffnesses than the Pt anchors used on
the smaller Si nanowires (<250 nm) due to changes in geometry. Since the GaP
nanowires tested in this study had smaller diameters (<200 nm), it can reasonably
be assumed that the joint/bond geometry and therefore stiffness of the Pt anchor
in the GaP experiments more closely resembled the joint/bond geometry and stiffness from the smaller diameter Si nanowire experiments. Therefore an average
value of

G
T

was determined from the three smallest Si nanowire experiments as

0.07 GPa/µm. This value was then used in Eq. 2.10 to estimate the Pt stiffness of
each anchor in the GaP experiments.
Table 4.5. Summary of the information on the FIB deposited Pt mechanical behavior
determined from the results of my Masters work on Si nanowires

NW Diameter
(nm)
460
425
260
250
230
230

Stiffness,
kP t (N/m)
10120
5958
1388
577
765
705

R2 of
Length of Pt,
stiffness plot
L (µm)
0.71
4.13
0.77
4.3
0.03
5.2
0.99
3.65
0.93
3.4
0.97
3.35

G
T

(GPa/µm)
0.444
0.272
0.086
0.053
0.082
0.077
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Figure 4.10. Plots of Pt displacement (determined from Eqs. 2.6 and 2.7) as a function
of force from Si nanowire experiments. The stiffness determined from least squares
linear fits and the R2 value of the linear fits are given in each plot, revealing a general
trend where larger nanowires (>400 nm) showed high Pt stiffnesses and not very linear
behavior while smaller nanowires (<260 nm) showed lower Pt stiffness values and very
linear behavior.

.
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4.3.2

PDP Measurements

Highly accurate PDP values were determined for each nanowire from the experimental data. The strain in the nanowires throughout the experiment was determined using the experimentally measured stress and ideal constitutive behavior of
GaP (Ch. 3). Based on phonon deformation theory, the difference of the squares
of the Raman frequencies under strain and no strain (ω2 − ω02 ) were plotted as a
function of strain, , and fitted by least squares linear regression in Kaleidagraph
with a forced intercept through zero to determine the slope, which related back
to the PDP values. The plots for each nanowire, shown in Fig 4.11, were done
on the axes of the same scale so as to visually compare the different shift rates.
From these plots, one can see that the shift rate was very similar between each
experiment, which ranged from (not including the 53 nm nanowire) 1.4×105 to
2.7×105 cm−2 for the LO phonon, 1.0×105 to 3.2×105 cm−2 for the TO1 phonon
and 4.9×105 to 9.2×105 cm−2 for the TO2 phonon. The TO2 shift rate of the 170
nm nanowire was furthest from all the other experiments (9.2×105 cm−2 compared
to 4.9×105 to 7.0×105 cm−2 ). However, the shape of plot indicated that there was
an offset in the data, and when the fit was not forced through zero, the shift rate
was 6.3×105 cm−2 , which is very similar to the other shift rates. The offset in
the data could have occurred due to an error in fits of the early data by misinterpreting the TA+LA mode as a Lorentzian and not a step function. The shift in
LO and TO1 phonons was determined by the same eigenvalue relationship through
phonon deformation theory. Although the rates are fairly similar, they still differ
slightly within each experiment, revealing that the TO and LO phonon behavior
is determined by different, though similar, sets of PDPs.
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Figure 4.11. Plots of the difference in squares of the Raman frequencies under strain
and no strain as a function of strain in the nanowire for each experiment performed with
force transducer. These plots, all shown on the same axes for easy comparison, were
used to calculate PDP values for each nanowire.

Since the TO phonon split, the shift rates from the TO1 and TO2 phonons were
used to calculate the PDP values and Grüneisen parameter, γ, for each nanowire
(Table 4.6). An average of the PDPs (not including the 53 nm because a clear
TO split was not observed) were calculated as γ =
r
ω02

−p+2q
6ω02

= 2.99 ± 0.63 and

= −1.27 ± 0.46 where the uncertainties were determined from the standard

deviation of the set of data. Although there was some variation present in the set
of PDPs due uncertainties associated with both the Lorentzian fit of the Raman
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peak and the force measurement, comparing the plots in Fig. 4.11 show that each
each nanowire behaved very similarly. Although the LO and TO phonons do
not possess the same PDPs, since the shift rates between LO and TO1 shown in
Fig. 4.11 are similar, the TO PDPs can be used as a fair approximation of the
LO PDPs. Then by substituting in the LO frequency for γ =

−(p+2q)
6ω02

and

r
,
ω02

the PDPs dictating LO behavior can be estimated as 2.48 ± 0.52 and -1.05 ±
0.38, respectively. Comparing the average nanowire PDP to the bulk PDP values
measured by Balslev, (TO: γ = 0.9,

r
ω02

= −0.58 and LO: γ = 0.87,

we see that both the nanowire Grüneisen parameter and the value of

r
ω02
r
ω02

= −0.5)
is larger

than what has been measured in the bulk. The effective difference between the
average nanowire PDPs and the bulk PDPs is shown in Fig. 4.12 where the Raman
shift is plotted as a function of strain for both the LO and TO phonons. These
plots clearly show that the phonon shift rate predicted by bulk PDPs was much
slower than the phonon shift rate observed in the nanowires. It is also interesting
to note that Balslev observed splitting in the LO phonon as well as the TO, hence
his ability to calculate PDP values for each phonon [1]. The LO phonon never
exhibited splitting in the nanowires tested in this study, and is not predicted
by the three eigenvalue behavior of optical phonons in the theory developed by
Ganesan (described in Ch. 3). Also, in other classic studies on the PDP values
of bulk zinc-blende semiconductors, splitting in the LO was never observed, only
splitting in the TO.
Table 4.6. The experimentally measured PDP values from the shift in TO phonons in
GaP nanowires under uniaxial tension.

Diameter (nm)
180
170
165
100
75
533
Average
3

p+2q (cm−2 )
-1497983
-2992264
-2389974
-2652113
-2301338
-2969692
-2366733

r (cm−2 ) γ = −(p+2q)
6ω02
-155919
1.90
-269924
3.79
-199103
2.98
-106037
3.37
-107372
2.90
-16678
3.74
-167671 2.99 ± 0.63

r
ω02

-1.19
-2.04
-1.49
-0.81
-0.81
-0.13
-1.27 ± 0.46

Since this nanowire failed before a clear splitting was apparent in the TO phonon, the LO
phonon and TO phonon were used to calculate the PDPs. These PDPs were not factored into
the average value.
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Figure 4.12. Plots of LO, TO1 and TO2 phonon shifts as functions of strain determined
from the average of the experimentally measured nanowire PDPs compared to the phonon
behavior predicted from Balslev’s PDPs

4.3.3

Experimental Constitutive Behavior

In order to assess the validity of the nanowire PDPs, experimental constitutive
behavior was determined from all three phonons for each nanowire experiment.
The stress was determined from the direct force measurements during the experiment, and the strain was determined using phonon deformation theory and the
experimentally determined nanowire PDPs in Table 4.6. To further compare the
nanowire PDPs with the bulk PDPs, strains and constitutive behavior plots were
also determined using the bulk PDP values.
Since shifts were measured in three phonons (LO, TO1 , and TO2 ), three sets of
strain values were calculated from the Raman data for each experiment. Therefore,
three stress-strain curves were determined for each experiment and are shown in
Figs. 4.13 - 4.18. The calculated strains to failure and Young’s moduli from linear
fits of the stress-strain curves are also presented in Table 4.7. Since the strain to
failures were all lower than the proportional limit of 4.8% for [111] GaP (strain
where constitutive behavior becomes nonlinear elastic), the entire data set was
used for the linear fits to determine Young’s moduli. Also, all the experiments
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exhibit very linear constitutive behavior, indicating that the nanowires exhibited no
evidence of plasticity during the experiments. Since the ideal constitutive behavior
had been used to convert the measured stress values to strain in order to determine
the nanowire PDPs, it is not surprising that the elastic moduli are all near 167
GPa (modulus for bulk [111] GaP). However these plots do show that the PDPs
measured in this study can be used to reliably relate phonon shift to strain and
measure realistic elastic moduli. For all the nanowire experiments, except the 53
nm nanowire, the Young’s modulis is furthest from 167 GPa for the LO phonon.
This is due to the fact that the PDP values were calculated from the TO phonon
because of the splitting. The 53 nm nanowire however relied on both the LO and
TO to determine the PDP values since not enough strain was present to induce
visible splitting in the peak, hence why the moduli determined in this experiment
did not follow the same trends as the other experiments.
Table 4.7. Strain to failure, f , and Young’s modulus, E, determined from experimental
stress-strain curves where the strain was calculated from the Raman spectra and the
experimental nanowire PDP values (Table 4.6). The experimental PDP values were
determined assuming a Young’s modulus of 167 GPa.

Diameter (nm)
180
170
165
100
75
53

f
2.87%
1.94%
0.89%
2.13%
2.74%
0.70%

LO
E (GPa)
112.6
147.1
156.2
208.3
175.0
174.4

TO1
f
E (GPa)
2.15%
156.6
1.58%
162.8
0.69%
146.2
2.55%
169.7
3.69%
148.6
0.85%
144.5

TO2
f
E (GPa)
2.25%
163.6
1.59%
166.4
0.88%
159.4
2.65%
168.8
2.87%
165.0
0.78%
158.8
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Figure 4.13. Constitutive behavior plots of the experimental data from the 180 nm
nanowire experiment where strain values were calculated based on PDP values (Table 4.6)
determined from the measured stress and an ideal Young’s modulus of 166.7 GPa.

Figure 4.14. Constitutive behavior plots of the experimental data from the 170 nm
nanowire experiment where strain values were calculated based on PDP values (Table 4.6)
determined from the measured stress and an ideal Young’s modulus of 166.7 GPa.

.
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Figure 4.15. Constitutive behavior plots of the experimental data from the 165 nm
nanowire experiment where strain values were calculated based on PDP values (Table 4.6)
determined from the measured stress and an ideal Young’s modulus of 166.7 GPa.

Figure 4.16. Constitutive behavior plots of the experimental data from the 100 nm
nanowire experiment where strain values were calculated based on PDP values (Table 4.6)
determined from the measured stress and an ideal Young’s modulus of 166.7 GPa.

.
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Figure 4.17. Constitutive behavior plots of the experimental data from the 75 nm
nanowire experiment where strain values were calculated based on PDP values (Table 4.6)
determined from the measured stress and an ideal Young’s modulus of 166.7 GPa.

Figure 4.18. Constitutive behavior plots of the experimental data from the 53 nm
nanowire experiment where strain values were calculated based on PDP values (Table 4.6)
determined from the measured stress and an ideal Young’s modulus of 166.7 GPa.

.
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In order to further explore the difference between GaP PDPs measured on bulk
and those measured in this study, the bulk PDP values were used to determine
a strain value in the nanowires as well as experimental stress-strain curves and
Young’s moduli (results in Table 4.8). The strains to failure of these nanowires
calculated from bulk PDPs are very high, and in some cases, exceeding the ultimate
strain to failure determined from the strength model (15%), which cannot physically happen. Because the strains determined from the bulk PDPs are so high,
the resulting Young’s moduli are unrealistically too low (<100 GPa). Also the
agreement between Young’s moduli and strain to failure from the three phonons
within one experiment differ by as much as 63.6 GPa and 6.78%, respectively. This
is also physically impossible because there should only be one strain value and one
modulus value for each nanowire. These results reveal that implementation of bulk
PDPs is flawed because they lead to artificially high strains and low elastic moduli.

Table 4.8. Strain to failure, f , and Young’s modulus, E, determined from experimental
stress-strain curves where the strain was calculated from the Raman spectra and bulk
phonon deformation potentials for each phonon.

Diameter (nm)
180
170
165
100
75
53

f
4.68%
7.4%
2.89%
11.4%
12.1%
5.18%

LO
E (GPa)
69.0
38.6
48.3
39.1
39.7
23.7

TO1
f
E (GPa)
5.14%
65.5
8.21%
31.3
3.92%
35.6
15.1%
28.5
21.6%
25.4
8.35%
14.7

TO2
f
E (GPa)
4.23%
86.8
6.12%
43.4
2.57%
54.8
7.07%
63.1
6.40%
73.9
1.57%
78.3

The average nanowire PDPs were also used to determine the strain from the
phonon shifts in the initial experiments. For comparison, another set of strains
were also computed using the bulk PDPs, and the results are given in Table 4.9.
The strains determined from the PDPs measured in this study are very reasonable,
ranging from 1.05% to 2.09%. They are also consistent in that the strain determined from LO, TO1 and TO2 shifts in a single experiment are within 0.3% of each
other. In comparison, the strains determined from the bulk PDPs are very high,
though not above the ultimate strain to failure. These strains are also inconsistent
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in that the strain determined from LO, TO1 , and TO2 within one experiment differ
up to 4.5%. Since each phonon frequency is being shifted by the same strain within
the nanowire, this inconsistency within one experiment makes no physical sense.
By relating the PDPs back to the initial experiments, we are able to show again
that the implementation of bulk PDPs is flawed and likewise the PDPs measured
in this study can be used to reliably monitor strain.
Table 4.9. Comparison of strain to failure, f , in initial tensile experiments calculated
for each phonon using the experimentally determined nanowire PDP values (Table 4.6)
and bulk PDPs [1]

Diameter
(nm)
260
226
193
86

4.3.4

Nanowire PDPs
LO: f TO1 : f TO2 : f
2.09%
1.79%
2.04%
1.33%
1.05%
1.19%
1.35%
1.28%
1.38%
1.93%
1.81%
1.66%

LO: f
4.88%
7.71%
4.97%
7.11%

Bulk PDPs
TO1 : f TO2 : f
4.66%
3.24%
8.88%
5.52%
6.36%
3.73%
8.98%
4.51%

Raw Data Comparison

In order to determine why the GaP PDPs measured on bulk samples are flawed,
the raw data from the nanowire experiments was compared to the raw data of the
bulk experiment (Fig. 4.19). The raw data used to calculate the PDPs in Balslev’s
study were presented in a plot (shown in Fig. 4.20). The stress and Raman shift
values were then carefully extracted using pixel measurements in Adobe Photoshop
CS2 and replotted with the nanowire stress and Raman shift from each experiment,
shown in Fig. 4.19. These plots clearly show that the bulk experiment ended at
a much lower stress (0.38 GPa) and consequently much lower phonon frequency
shifts (0.6 cm−1 for the LO, 0.2 cm−1 for TO1 , and 0.8 cm−1 for TO2 ) than the
nanowire experiments had. These plots also reveal that the bulk data did not
actually differ from the nanowire, but rather is within the very early data of the
nanowire experiments.
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Figure 4.19. Plots of the raw data (Raman shift vs uniaxial stress) from all the nanowire
experiments in this study and the bulk experiment performed by Balslev [1]. The top
plots are for the LO phonon and the bottom for the TO phonon, where the plots on the
right represent the area in in the dashed box in the plots on the left.

.
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Figure 4.20. Original plot of the raw data (Raman shift as a function of uniaxial stress)
for the uniaxial compression experiment that measured PDPs on bulk GaP [1]

The reason that the PDPs measured on bulk differ from those measured in
this study, is that they were based on phonon shift rates measured before a clear
TO splitting could be observed. TO splitting was not observed in this study
until stresses between 0.5 and 1.5 GPa, above the failure stress in the bulk study.
Information for TO splitting was determined in the bulk experiment by fitting two
Lorentzian curves to a very slightly broadened TO peak, leading to incorrect shift
rate measurements for both the TO1 and TO2 phonons. Phonon shift rates as a
function of stress from the bulk and nanowire experiments, given in Table 4.10,
show that by not properly fitting the TO phonons, the bulk experiments severely
underestimated the TO shift rates. The underestimated TO shift rate led to flawed
PDPs which severely underestimate strain and overestimated elastic modulus when
implemented. The nanowire shift rates are fairly consistent with each other. The
LO shift rate of the 180 nm nanowire is slightly lower than the other nanowires
because the SO phonon was very strong for this wire, making it difficult to properly
track shifts in the LO phonon. The TO2 phonon for the 170 nm nanowire is higher
than the others, but by examining the raw data in Fig. 4.19, it is clear that it is
offset from the other data sets, but has a fairly similar slope to the others. The
LO nanowire and bulk shift rates are also fairly similar, except for the second LO
shift rate that Balslev measured by misinterpreting the theory and forcing two

138
Lorentzian fits to the LO peak as well. Likewise, the TO2 shift rate that was
incorrectly measured in the bulk is actually very similar to the TO1 shift rate in
the nanowires.
Table 4.10. Phonon shift rates as a function of stress determined from fits of the data
in Fig. 4.19.

Sample
Bulk [1]
180 nm
170 nm
165 nm
100 nm
75 nm
53 nm

4.3.5

LO Shift Rate
(cm−1 GPa−1 )
1.88 (0.59)4
1.04
1.96
1.54
1.91
1.85
2.8

TO1 Shift Rate
(cm−1 GPa−1 )
0.61
0.81
1.88
1.58
2.48
2.22
3.42

TO2 Shift Rate
(cm−1 GPa−1 )
2.18
4.10
7.57
5.96
4.88
4.53
3.42

Correct Method for Measuring Phonon Splitting

As described in the previous section, the bulk GaP PDP measurement was flawed
because it did not extend to high enough strains to induce visible TO phonon splitting and therefore the TO shift rates were incorrectly measured. Correct phonon
shift rates, specifically for the phonon that splits under uniaxial tension, are crucial
for correctly measuring a material’s PDPs. For a correct PDP measurement, the
experiment must extend to strains high enough that the splitting in the degenerate
phonon forms two distinguishable peaks that can be reliably fit to two different
Lorentzian functions. A single Raman peak is fit to a single Lorentzian, Ls , of the
form
Ls = As

Γ2s
(ω − ωs )2 + Γ2s

(4.3)

where As is the amplitude of the peak, Γs is the half width at half maximum
(HWHM) of the peak, and ωs is the center of the peak. Comparatively, when the
peak splitting is visible, the degenerate phonon is then fit to a double Lorentzian,
4

Two LO shift rates were measured because Balslev misinterpreted the theory and forced a
splitting in the LO phonon, though no splitting was observed.
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Ld , of the form
Ld = L1 + L2 = A1

Γ21
Γ22
+
A
2
(ω − ω1 )2 + Γ21
(ω − ω2 )2 + Γ22

(4.4)

where A1 and A2 are the amplitudes of the two peaks, Γ1 and Γ2 are HWHMs of
the two peaks, and ω1 and ω2 are the centers of the two peaks. Then the separation
distance, ∆ωsplit , between the two peaks is defined as
∆ωsplit = ω1 − ω2

(4.5)

which relates directly to the strain in the material through the PDPs. This relationship depends on the crystallographic direction along which the uniaxial tension
has been applied as well as the space group of the material, which will dictate the
PDP-strain relationship. For a [111] oriented strain in a diamond cubic or zincblende material, the phonon shift rates, R1 and R2 (which come from Eq. 3.34),
of the degenerate phonon are defined as







1 2
1 1
(ω1 − ω0 ) = (p + 2q)
− ν − 2r
+ ν  = R1 
3 3
3 3





1 2
1 1
2
(ω2 − ω0 ) = (p + 2q)
− ν + 4r
+ ν  = R2 
3 3
3 3
2

(4.6)

where ν is the Poisson ratio within the (111) plane and ω0 is the initial peak
position before strain. Therefore the separation distance between the two peaks
relates to strain by
∆ωsplit =

p
(R1 − R2 )

(4.7)

However the relationship between ∆ωsplit and the strain will be different if the
uniaxial tension is along a different crystallographic direction, altering the shift
rate. For example, the shift rates for a uniaxial tension along the [100] direction
in a diamond cubic or zinc-blende material (based on Eq. 3.34) are defined as
(ω1 − ω0 )2 = [q − ν(p + 2)]  = R1 
(ω2 − ω0 )2 = [p − 2νq]  = R2 

(4.8)
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where ν is the Poisson ratio for the (100) plane. Similarly, the shift rates will
also change for a different crystal system that depends on more independent PDPs
based on its space group.
Strain is not the only factor that determines when a degenerate phonon has
visibly separated. The shape of the peaks, specifically the relative amplitudes and
widths, will also play a role in determining the appropriate separation distance at
which the degenerate phonon appears as two distinguishable peaks. The amplitude and width of Raman peaks depend on a number of factors including sample
volume, geometry, and laser polarization. Therefore to determine when the double
Lorentzian is a better fit, one needs to look at the error, ∆Lf it , associated with fitting the degenerate phonon to a single Lorentzian (Eq. 4.3) compared to a double
Lorentzian (Eq. 4.4):
s
∆Lf it =

xs +100
R

(Ld − Ls )2 dx

xs −100

s

xs +100
R

(4.9)
L2s dx

xs −100

which is a function of A1 , A2 , As , Γ1 , Γ2 , Γs , ω1 , ω2 , and ωs . Typically, two
distinct peaks start to emerge when the error between the single and double fits is
∆Lf it ≈ 0.1. Comparisons between single and double Lorentzian fits under various
peaks shape configurations, shown graphically in Fig. 4.21, reveal that the severity
of ∆Lf it at a specific ∆ωsplit varies based on relative amplitude and width of the
peaks. The case where both peaks have the same amplitude and same narrow
width of Γ = 2 (first row in Fig. 4.21) approaches an error of 0.1 sooner than
the other cases at ∆ωsplit ≈ 3. However the similar case when both peaks have
the same amplitude and same wider width of Γ = 4 (second row in Fig. 4.21)
does not reach an error ∼ 0.1 until a ∆ωsplit ≈ 4. Therefore wider peaks need to
separate further (reach higher strains) before they can be considered distinct. For
the mixed case of one narrow and one wide peak at the same amplitude (third
row in Fig. 4.21), the separation distance when the peaks become distinct lies
somewhere between the previous two cases. Changes in the relative amplitude of
the two peaks also changes the error between the fits. For the case of the same
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width but amplitude ratio of

A2
A1

= 0.6 (fourth row in Fig. 4.21), the peaks become

distinct at a separation distance slightly above 4. However when the ratio between
the amplitudes of the peaks is decreased to

A2
A1

= 0.3 (fifth row in Fig. 4.21), the

peaks do not become distinct until a separation distance closer to 6. Therefore a
smaller amplitude ratio between the two peaks requires a larger strain (i.e. more
sensitivity to strain) to achieve visible distinction.

Figure 4.21. Plots of single (orange solid line, based on Eq. 4.3) and double Lorentzians
(purple solid line, based on Eq. 4.4) for two peaks (red and blue dashed lines) separated
by a given ∆ωsplit that increases from 0 to 8 cm−1 moving horizontally across the plots.
Five different cases were explored (represented by each horizontal set of plots) that vary
the relative intensity and widths of the peaks. The error between the single and double
Lorentzian fits, ∆Lf it , is given for each plot.
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Applying these concepts to the GaP nanowire experiments, a TO2 shift rate
was not measured until the emergence of a clear asymmetry in the TO peak. This
asymmetry emerged at strains ranging from 0.38% to 1.07%, and can be seen for
each nanowire experiment in Fig. 4.22. Information on the Lorentzian fits at the
emerging asymetry spectra are given in Table 4.11. The top three plots in this
figure show the Raman spectra for the larger nanowires (180, 170, and 165 nm)
prior to the experiment (zero strain), at the point where TO asymmetry became
apparent and was fit to two Lorentzians, and the final spectra collected just prior to
failure. The bottom two plots show similar spectra progression for the two smaller
nanowires tested (100 and 75 nm). The 53 nm nanowire was not examined because
a clear TO splitting could not be measured. The general trend in the spectra show
that peak asymmetry became apparent at lower strains for larger nanowires than
for smaller nanowires due to the difference in TO intensity (given in Table 4.11),
mimicking the trend observed in Fig. 4.21. Peak asymmetry emerged at the lowest
strain of 0.38% for the 170 nm nanowire, which also had the highest intensity
ratio between the TO1 and TO2 Lorentzians of 1.55. Likewise, peak asymmetry
emerged at the highest strain of 1.07% for the 100 nm nanowire, which had the
smallest TO intensity ratio of 0.26. In order to assess this trend, strain at visible
peak splitting was plotted as a function of TO intensity ratio and a least squares
linear fit was performed in Kaleidagraph, shown in Fig. 4.23. The general trend
shows that the strain at peak asymmetry emergence, split , can be related to the
TO intensity ratio,

IT O1
,
IT O2

through the linear relationship:

split = 1.04 − 0.43

IT O1
IT O2


(4.10)

Although this trend is only based on five experiments, it provides a sense of how
important the relative intensity of the degenerate phonon is to the strain at which
the phonon splitting becomes apparent. However since this relationship is based
on the phonon shift rates inherent to GaP, it cannot be used to assess the strain
at splitting for other materials.
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Figure 4.22. Plots of Raman spectra at zero strain, at the strain when TO asymmetry
was apparent and could be fit to two separate Lorentzians, and just prior to failure. The
spectra from the larger nanowires (180, 170, and 165 nm) were normalized to the LO
peak and the spectra from the smaller nanowires (100 and 75 nm) were normalized to
the TO peak.

.
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Table 4.11. Information on the Raman spectra at the point when TO peak asymmetry
due to splitting became apparent. The strain that this occurs scales directly with the
Intensity ratio between the TO1 and TO2 peaks.

Nanowire
180 nm
170 nm
165 nm
100 nm
75 nm

Strain
0.39%
0.38%
0.50%
1.07%
0.68%

∆ωsplit (cm−1 )
5.12
6.40
4.48
5.76
5.50

ΓT O1
3.41
4.18
2.30
5.49
3.36

ΓT O2
5.31
4.99
3.60
4.79
4.74

IT O1
IT O2

1.44
1.55
1.33
0.26
0.43

∆Lf it
0.122
0.136
0.184
0.062
0.10

Figure 4.23. Plot of strain when TO peak asymmetry emerged as a function of the
intensity ratio, IITT O1
, between the TO1 and TO2 peaks.
O2

For PDPs to be measured correctly, the uniaxial tensile experiment must extend
to high enough strains such that the splitting in the degenerate phonon is visible
and accurate strain rates can be measured. PDPs that were measured up to strain
lower than this critical point are not valid. In order to assess the validity of PDPs
in the literature, one needs to examine the strain at which the experiment extended
to as well as information on the shape of the Lorentzian fits, specifically intensity
and width, of the Raman peak after splitting. This information can be applied
to Eqs. 4.7 and 4.9 to determine sensitivity to strain of the peak shapes and if
the experiment reached to high enough strains to observe phonon splitting. Since
PDPs are often reported in the literature through phonon shift rates as functions
of tensile stress, one can use Young’s modulus, E, to relate stress to the strain at
splitting if the constitutive behavior is linear elastic. Other considerations would
have to be made for different loading conditions other than pure tension. Therefore,

145
for lower values of Young’s modulus, an experiment does not need to reach as high
of levels of stress in order to correctly measure the material’s PDPs.

4.4

Similitude Between Bulk and Nanowire PDP
Behavior

Many studies in the literature state that nanoscale materials should have different
or enhanced mechanical behavior than their bulk counterparts. It is true that,
since brittle materials fail due to surface flaws, brittle nanowires exhibit much
higher failure strengths than bulk because of smaller surface flaws due to spatial
restriction on the nanowire. However, the elastic behavior of nanowires only starts
to differ from bulk when the nanowire is small enough (< 20 nm) that the bonddistorted surface region begins to dominate [60]. Since PDPs are directly related to
mechanical behavior through the interatomic potential, this implies that many may
believe that nanoscale materials would have different PDPs than bulk materials.
Therefore the similitude between bulk and nanowire PDP behavior was explored
in detail in order to demonstrate that PDPs measured on nanowires can be used
to monitor strain in any sample, regardless of size and geometry.

4.4.1

Indirect Thermal Measurements

A major concern when comparing Raman data from bulk with Raman data from
nanowires is the effect of the laser on the material. Due to the much smaller
volume, heat from the laser cannot dissipate in nanowires as well as it can in bulk.
An indication that the laser was inducing a higher temperature in the nanowires is
from the fact that the phonon frequency in the unstrained nanowires was lower than
bulk (Table 4.12). High temperatures will reduce the atomic bond strength and
lower the phonon frequency. Similar results were observed in a Raman study by de
la Chapelle, et al., on GaP nanowires of diameters 30 to 100 nm [76]. Therefore,
to ensure that the increased temperature due to laser heating was not effecting the
nanowire PDPs significantly, a series of investigations were performed, including
Stokes/Anti-Stokes intensity ratios, linear thermal expansion calculation, and the
effect of increased temperature on the elastic constants.
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Table 4.12. Raman frequency of the TO and LO phonons in the unstrained nanowires
compared to bulk.

Diameter (nm)
Bulk
180
170
165
100
75
53

4.4.1.1

LO Frequency (cm−1 )
401.6
400.1
399.1
402.1
397.2
396.6
396.9

TO Frequency (cm−1 )
364.2
363.7
363.0
364.9
362.8
363.9
363.5

Stokes/Anti-Stokes Ratio

In order to compare the impact of laser heating on nanowires to bulk, indirect
temperature measurements were performed on the nanowires after failure. As
discussed in Ch.2, the ratio between the integrated intensities of the Stokes and
anti-Stokes phonon modes,

IS
,
IAS

is related to an effective temperature, Tef f in the

specimen during Raman collection through the following equation
~ω0
IS
= A0 e kTef f
IAS

(4.11)

where A0 is related to the optical abosorption constant, scattering cross-section,
and Raleigh factor at the phonon frequency; ~ is the reduced Planck’s constant, ω0
is the phonon frequency at room temperature, and k is Boltzman’s constant [98]. A
plot of the Stokes/Anti-Stokes intensity ratios for the failed nanowires as a function
of laser power along with bulk results collected on a [111] oriented GaP substrate,
shown in Fig. 4.24, reveals that the temperature due to laser power is larger in the
nanowires than bulk because of the lower ratio values. The laser power used for
Raman collection throughout the experiments was on the order of 150 µW. The
powers used to collect the intensity ratio data were lower than this power because
of the need to use an edge filter in order to collect the Anti-Stokes spectra, which
greatly reduced the intensity of the laser. A temperature value for the nanowires
could not be determined because the A0 constant was not known, and from the
results, is different between GaP nanowires and bulk. These results also show that
the temperature in two of the nanowires (180 nm and 165 nm) was higher than
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the other four nanowires due to overall lower intensity ratios. However this is not
a result of the diameter dependence on nanowire temperature under the laser, but
rather a result of how the data was acquired. Failure in most of the experiments
occurred at multiple points along the nanowire resulting in a loss of large pieces
of the nanowire. Therefore, for most of the nanowires, except for the 180 nm and
165 nm, the remaining fractured ends were no longer suspended over the edge
of the loadframe, but rather were laying on top of the Pt deposited surfaces of
the loadframe (Fig. 4.25). In this configuration, thermal conduction between the
nanowire and the Pt resulted in lower overall temperatures in the nanowires when
illuminated by the laser. During a nanowire experiment, Raman spectra were
collected over the center of the nanowire that was not on top of Pt, and therefore
would experience even higher temperatures as evident from the 180 nm and 165
nm wire intensity ratios. However, when a laser power of 150 µW, the power
used during experiments, was focused on the 180 nm nanowire (Fig. 4.25A), the
nanowire burned. At temperatures between 1014-1226 K in air, GaP dissociates
and the P escapes as a gas [112]. This is most likely due to the fact that the
nanowire was only touching the Pt coated load frame on one end, where as during
the experiment, both ends of the nanowire were touching Pt coated load frame
enabling for more thermal conductivity. Although this experiment provided insight
into the fact that the laser induced a higher temperature change in the nanowires
than in bulk, it could not be used to fully understand the temperature increase
during an experiment due to the limitations of the nanowire configurations.
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S
) over a
Figure 4.24. Plot of Stokes/anti-Stokes Raman integrated intensity ratio ( IIAS
range of low laser power values for a GaP substrate (bulk) and nanowires (post-failure)
tested in force transducer experiments. The general trend reveals a high ratio for bulk
related to lower temperatures and a lower ratio for nanowires indicating an elevated
temperature.

Figure 4.25. Optical microscope images indicating the laser spot location during Raman collection of Stokes and AntiStokes Spectra of the A. 180 nm nanowire and B. 170
nm nanowire post failure.

4.4.1.2

Thermal Expansion

During the duration of an experiment, it had become evident through changes
in the force transducer output that focusing the laser over the nanowire during
Raman collection increased the temperature of the nanowire. During each force
measurement in the experiment, the force transducer was moved via the piezo
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stage such that the probe attached to the transducer was pulling the load frame
and increasing the force on the nanowire. During this time the laser was left
centered over the nanowire at a very low power (∼0.001 µW) and the force output
on the transducer was fairly steady with fluctuations on the order of 3-5 mV (0.30.5 µN). After incrementing the force by moving the piezo stage, a Raman spectra
was collected from the center of the nanowire at a laser power of ∼150 µW. During
Raman collection, the force reading on the Aurora force transducer would drop by
several mV, sometimes as high as 100 mV (10 µN), revealing that the increased
laser power was heating and therefore expanding the nanowire through thermal
expansion. After Raman collection was complete and the laser power was reduced,
the force returned to what it was before Raman collection began. By using the
principles of thermal expansion and assuming that the entire length, L0 , of the
nanowire was heated to the same temperature, an estimate of the temperature
was determined from each measured drop in force (shown in Fig. 4.26):
T =

∆L 1
+ TR
L0 α

(4.12)

where α is the linear coefficient of thermal expansion, TR is room temperature (295
K), and ∆L is the expansion of the nanowire due to heating estimated from the
drop in force as
∆L =

∆F
kAurora

(4.13)

where kAurora is the stiffness of the force transducer provided by the manufacturer
as 200 N/m. The linear coefficient of thermal expansion, α, for GaP is 4.65 ×
10−6 K−1 [71]. The average elevated temperature throughout each experiment,
indicated in the top left of each plot in Fig. 4.26, ranged from 521 to 699 K. There
was no clear correlation between nanowire diameter and temperature, but this
could be because the laser power differed slightly between each experiment.
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Figure 4.26. Plots of nanowire temperature estimated from linear thermal expansion as
a function of average force throughout each experiment. The temperature was estimated
using the drop in force observed during Raman collection and the coefficient of linear
thermal expansion.

Since the same laser power was used to acquire all the Raman spectra within
one experiment, the effect would appear as a constant offset in frequency. The
increased temperature would not change the phonon shift rate throughout one
experiment, unless the combined effect of increased bond length due to strain
and higher temperature effected the thermal coefficient of expansion. If this were
the case, one would expect the drop in force observed in the force transducer
during Raman collection to increase with increasing strain. However plots of the
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drop in force as a function of average force (Fig. 4.27) exhibit no trend and are
fairly constant throughout each experiment. Therefore, although the increased
temperature due to laser interaction, does effect the frequency of the phonons, it
did not significantly alter the phonon shift rate within an experiment.

Figure 4.27. Plots of drop in force during Raman collection due to laser heating as a
function of the average force throughout each nanowire experiment. Scale for the drop
in force is the same for each plot for comparison between the different nanowires.
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4.4.1.3

Thermal Effect on Elastic Constants and PDPs

An elevated temperature in the nanowires would effect the elastic constants and
therefore the constitutive behavior of the nanowires. A study by Boyle and Sladek
measured the second order elastic constants of GaP at temperatures ranging from
4.2 to 300 K [16]. Since no reports could be found on GaP elastic constants at
elevated temperatures, the results from Boyle and Sladek’s study were used to
estimate the elastic constants assuming that the temperature dependence trend
continued linearly into higher temperatures. Plots of Boyle and Sladek’s data
and how this data was extended to higher temperatures are shown in Fig. 4.28.
The results of this elastic constant estimation are giving in Table 4.13. Since no
reports could be found on the temperature dependence of the third-order elastic
constants, an estimation was made by assuming that the percent difference of the
second order constants at each temperature, %∆ was the same for the third order:
%∆ =

cij − cij,T
cij

(4.14)

where cij is the second order elastic constant at room temperature and cij,T is the
second order elastic constant estimated for an elevated temperature from Fig. 4.28.
Then the third order elastic constants at higher temperatures, cijk,T , were estimated as
cijk,T = cijk − %∆cijk

(4.15)

where cijk are the third order elastic constants determined at room temperature
by Yogurtco, et al. [111].
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Figure 4.28. Plot in top right shows the evolution of second order elastic constants
of GaP at temperatures of 4.2 - 300 K, taken from Boyle and Sladek [16]. The other
three plots show how this data was extended to estimate elastic constant values at high
temperatures.

.
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Table 4.13. The experimentally measured PDP values from the shift in TO phonons
in GaP nanowires under uniaxial tension.

Temperature (K) c11 (GPa) c12 (GPa) c44 (GPa)
300
141.4
63.98
70.28
400
141.0
63.4
69.8
500
140.2
62.7
69.3
600
139.3
62.1
68.8
700
138.4
61.5
68.25
800
137.5
60.9
67.8
900
136.6
60.3
67.2
1000
135.7
59.6
66.7

The estimates of the elastic constants at high temperatures were then used to
determine an ideal constitutive behavior of GaP at high temperatures with the
strength model described in Ch. 3. The resulting stress-strain curves, shown in
Fig. 4.29, reveal little change in the behavior as temperature increases. Young’s
moduli determined from the linear elastic portion of the constitutive behavior,
listed in Table 4.14, decreased as temperature increased, but not very drastically.
The average elevated temperature in the nanowires during each experiment was
estimated from thermal expansion and ranged from 521 to 699 K. Therefore the
constitutive behavior determined for 600 K was used to recalculate nanowire PDPs
based on the experimentally measured stress values. The results, shown in Table 4.15, show that the constitutive behavior at the elevated temperature had very
little impact on the PDPs. When comparing the average PDPs (which do not
include the 53 nm nanowire since TO splitting could not be measured), the differences between 300 K and 600 K are within the error computed from the standard
deviation of the set. Therefore any impact that the elevated temperature had on
the PDPs of the nanowires is insignificant.
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Figure 4.29. Left: The ideal constitutive behavior of GaP determined from elastic
moduli at different temperatures. Right: Close up of portion of plot on left inside of
dashed box to highlight the behavior in the linear elastic portion of the curve.
Table 4.14. Young’s moduli of GaP at high temperatures determined from linear fits
of the linear elastic portion of the theoretical curves shown in Fig. 4.28

Temperature (K)
300
400
500
600
700
800
900
1000

.

Young’s Modulus, E (GPa)
166.7
165.6
164.4
163.2
162.1
160.7
159.3
158.1

156

Table 4.15. The experimentally measured PDP values from the shift in TO phonons
in GaP nanowires under uniaxial tension calculated based on GaP constitutive behavior
at 300 K and 600 K.

300 K
Diameter (nm)
180
170
165
100
75
53
Average

−(p+2q)
6ω02

γ=
1.90
3.79
2.98
3.37
2.90
3.74
2.99 ± 0.63

600 K
r
ω02

-1.19
-2.04
-1.49
-0.81
-0.81
-0.13
-1.27 ± 0.46

−(p+2q)
6ω02

γ=
1.86
3.70
2.92
3.29
2.84
3.67
2.92 ± 0.61

r
ω02

-1.16
-2.00
-1.46
-0.79
-0.79
-0.12
-1.24 ± 0.46

Elevated temperature in the nanowires could also effect the mechanical behavior by enabling plastic deformation. Plastic deformation in GaP leads to the
formation of defects such as stacking faults and dislocations, which relax the internal elastic energy and the interatomic spacing [113]. The Raman spectrum is only
sensitive to elastic deformation via the increased interatomic distance via strain or
thermal expansion, and therefore is not sensitive to plastic deformation. If elastic
and plastic deformation coexisted in the nanowire, three different possible scenarios could occur: elastic deformation dominating over the plastic deformation which
would cause the Raman frequencies to continue to shift to lower values but at a rate
lower than expected for pure elastic response; elastic deformation equal to plastic deformation which would cause the Raman frequencies to stay constant with
increases in force; and plastic mechanisms dominating over elastic which would
cause the Raman frequencies to shift back toward the equilibrium value (under
no strain). Therefore plastic deformation would lead to an underestimation in the
PDP measurements. However, a study by Boehnke and Paufler measured brittle
crack propagation in GaP in temperature ranges 300 to 670 K, a quasi-brittle crack
propagation in the temperature range 670 to 820 K in which pre-existing dislocations began to move but no additional dislocations were generated, and plastic
deformation via dislocation generation and movement at temperatures above 770
K in bending and above 670 K in compression [113]. Since the temperatures estimated via thermal expansion ranged from 521 to 699 K, then the generation of
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defects due to the increased temperature would be very minimal and not have an
impact on the PDP measurement.

4.4.2

Phonon Confinement

Phonon confinement theory, first developed by Richter, et al., qualitatively explains
the downshifting and broadening of Raman bands due to spacial constriction [99].
Phonon confinement can occur in a nanowire when the dimensional constraint
perpendicular to the nanowire axis is small enough that a range of phonon wave
vectors, rather than just one, are required to describe a Raman-active phonon,
which leads to broadening and asymmetry in the Raman peak. Since opticalmode frequency decreases away from the Brillouin zone center, the frequencies of
the wave vectors also decrease from the bulk phonon frequency, which leads to
downshifting of the Raman peak. Phonon confinement effects have been observed
in GaP nanowires with small diameters on the order of 20 nm [75]. However,
other studies have found that the effect of phonon confinement was minimal to
non-existent in GaP nanowires with diameters ranging from 30 to 100 nm [76].
Therefore, since the GaP nanowires tested in this study were significantly larger
than 20 nm, phonon confinement would not effect their PDP behavior. Also,
asymmetry as a result of phonon confinement was not observed in the Raman
spectra of the nanowires tested in this study.

4.4.3

Volume Percentage of Surface

Another consideration that differs between bulk and nanowire Raman collection is
volume percentage of the material being tested that is composed of surface atoms,
which depends on the penetration depth of the laser. The Beer-Lambert law relates
the degree of absorption by a solution to its concentration of components:
I(z) = I0 e−αz

(4.16)

where I0 is the intensity of the incident light, α is the absorption coefficient of
the material, and I(z) is the intensity of the absorbed light as a function of z,
the depth of the light into the material [114]. Then the penetration depth, δp , of
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the radiation in the material is defined by the depth in the material where I has
decayed by

1
e

of the I0 , at which point
δp =

1
α

(4.17)

The absorption coefficient of GaP has been measured by Spitzer, et al., as a function of the wavelength of radiation into the material [115]. For a 514 nm wavelength, the wavelength of the laser used for the Raman collection in this study,
the absorption coefficient of GaP is ∼110 cm−1 . From Eq. 4.17, the penetration
depth of a 514 nm laser into GaP is 83.3 µm. This depth is much larger than
the diameter of all nanowires tested, and therefore indicates that we are collecting
Raman data from the entire nanowire including both the top and bottom surfaces.
If the bond distorted surface region of GaP is 2 nm, then the percentage of the
measured volume that is surface is 0.0024% in bulk, 4.4% in a 180 nm nanowire,
and 14.5% in a 53 nm nanowire. Therefore, the volume percentage of surface atoms
is much larger in nanowires than in bulk and increases as the nanowire diameter
decreases. If we were to assume that the phonons from the bond-distorted surface
region shifted at a different rate as a function of strain, but that the crystalline
core of the nanowire still behaved like bulk, then we would expect the Raman
peaks to broaden throughout the experiment since they would be composed of two
different phonons (surface and core) that would be shifting at different rates. However, plots of half width at half maximum (HWHM) of the Lorentzian fits of the
Raman peaks throughout the experiment show no broadening effects (Fig. 4.30).
The standard deviation of the HWHM of LO, TO1 , and TO2 ranged from 0.23
to 1.29 for all the experiments. Since the error in the HWHM determined from
the fitting software (Fityk) was on average ∼ 0.8, the deviation in peak width is
considered insignificant. This indicates that the phonon response of the material is
representative of the entire nanowire, which behaves as bulk, and not a core/shell
effect.
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Figure 4.30. Plots of HWHM of the Lorentzian fits of the Raman peaks as a function
of nanowire stress for each experiment. These plots reveal no broadening effects since
the HWHM is fairly constant for each experiment.

.
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4.4.4

Nanowire Oxide Layer

Another way the nanowire behavior could differ from bulk, is the mechanical effect
of the oxide layer coating the surface. HRTEM images acquired of some of the
nanowires prior to testing (Fig. 4.4) reveal an oxide layer of ∼3 nm thickness
coating the surface of the nanowire. Therefore the elastic modulus of the nanowires,
EN W , would actually be a composite of the oxide layer modulus, Eoxide and the
modulus of GaP, EGaP = 167 GPa, such that
EN W = EGaP VN W + EOxide VOxide

(4.18)

where VN W is the volume of the GaP nanowire core and VOxide is the volume of
the oxide layer:
2
D
=π
−3 L
2
 2 !
D
= π
L − VN W
2


VN W
VOxide

(4.19)

where D is diameter of the nanowire measured from TEM images and L is the
length of the nanowire measured from SEM images after placement on the micromachined load frame. A study on the mechanical properties of the oxide layer
that forms on GaP could not be found. Therefore a lower (SiO2 : E ≈ 70 GPa)
and upper (ZrO2 : E ≈ 200 GPa) boundary based on elastic moduli of other oxide
compounds were used to estimate EOxide [116]. The resulting elastic moduli of
the nanowire oxide compounds were then used to recalculate the PDPs, which are
presented in Table 4.16. The average PDPs for both the upper and lower oxide
layer bounds (which do not include the 53 nm nanowire) are within error of the
PDPs determined without consideration of the oxide layer: γ =
and

r
ω02

−p+2q
6ω02

= 2.99±0.63

= −1.27 ± 0.46. Although the oxide layer can affect the elastic properties

and therefore the PDPs of the nanowire, the change is only 1.5-10% in E which
propagates to an error of 0.3-7% error in the PDPs.
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Table 4.16. The experimentally measured PDP values from the shift in TO phonons in
GaP nanowires under uniaxial tension based on an upper and lower bound of the effect
of the oxide layer on the nanowire elastic properties.

Diameter
(nm)
180
170
165
100
75
53
Average
PDPs

4.5

Upper Bound: EOxide =200 GPa
r
EN W γ = −(p+2q)
6ω02
ω02
(GPa)
169.2
1.90
-1.19
169.3
3.75
-2.02
169.4
2.89
-1.44
170.8
3.39
-0.81
172.1
2.96
-0.83
174.0
3.63
-0.12
2.98 ± 0.62 -1.26 ± 0.45

Lower Bound: EOxide =70 GPa
r
EN W γ = −(p+2q)
6ω02
ω02
(GPa)
160.6
1.80
-1.13
160.3
3.55
-1.96
160.1
2.73
-1.36
155.7
3.09
-0.74
152.1
3.14
-0.71
146.3
3.06
-0.10
2.86 ± 0.59 -1.17 ± 0.45

Summary

The results of this thesis clearly demonstrate that when PDPs are not measured to
high enough strains to induce visible phonon splitting, they are flawed. PDPs measured on GaP nanowires using a high precision force transducer were determined
as γ =

−p+2q
6ω02

= 2.99 ± 0.63 and

r
ω02

= −1.27 ± 0.46. The nanowire PDPs were used

to measure reasonable strain values from shifts in Raman spectra and experimental
Young’s moduli ranging from 144.5 to 169.7 GPa for TO1 phonon data and 158.8
to 168.8 GPa for TO2 phonon data, all near the theoretical Young’s modulus for
[111] GaP of 167 GPa. The PDPs measured in this study are larger and predict
faster phonon shift rates as a function of strain than the PDPs measured by Balslev
on bulk GaP [1]. Balslev’s PDPs severely overestimated strain, ranging from 1.6%
to 21.6% (1.7% to 17.9% larger than strain measured using PDPs determined in
this study). This gross overestimation of strain led to a severe underestimation
of Young’s moduli (14.7 to 86.8 GPa). However by comparing the raw data between Balslev’s experiment and the nanowire experiments, it was evident that the
phonon behavior in GaP did not differ do to sample size, but rather Balslev incorrectly accounted for the TO splitting. In order to correctly measure phonon shift
rates through phonon splitting, the uniaxial experiment must reach strains high
enough so that the phonon split is visible through peak asymmetry, determined
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when the difference between the single and double Lorentzian fits reach ∼0.1. It
was determined that the lower the intensity ratio was between the split Raman
peaks, the higher the strain needed to be in order to visibly observe and measure
the splitting. Likewise, the wider the split peaks are, the higher the strain needs
to be to observe splitting. Because the experiments in this study went beyond
this critical strain, reliable phonon shift rates and therefore PDP values could be
measured. By confirming the similitude between bulk and nanowire PDP behavior, the PDPs measured in this study can be used to measure strain in any GaP
sample, independent of size and test geometry.

Chapter

5

Conclusions and Future Work
This research project has clearly demonstrated that the use of phonon deformation potentials (PDPs) measured from bulk specimens cannot be used to determine
strain or related properties such as the elastic modulus because these PDPs overestimate strain. This problem is exacerbated when extending the PDP models and
results from bulk materials to more complicated nanostructures and other test geometries and types. This dissertation used a model system capable of withstanding
high strains that enabled highly accurate PDP measurements. This work has also
generalized phonon deformation theory such that, when combined with accurate
PDP measurements, it allows for reliable strain and elastic modulus measurements
independent of specimen scale, geometry, or testing condition.

5.1

Conclusions

Many studies in the literature state that nanoscale materials should have different
mechanical behavior than their bulk counterparts. Since PDPs are directly related to mechanical behavior through the interatomic potential, this implies that
nanoscale materials would have different PDPs than bulk materials. However,
the mechanical behavior of nanowires only starts to differ from bulk when the
nanowire is small enough (<20 nm) that the bond-distorted surface region begins
to dominate [60]. Since the nanowires tested in this study were much larger than
20 nm (53 to 260 nm), their mechanical behavior should mimic bulk. Likewise,
to ensure that their PDP behavior mimicked bulk and therefore could be imple-
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mented to describe phonon behavior at any material size or geometry, we explored
the similitude between bulk and nanoscale phonon deformation behavior. Physical
and experimental effects that could affect the phonon response of the nanowires
include phonon confinement, effect of the bond-distorted surface region, the oxide
layer on the nanowire, and increased temperature due to laser heating. Phonon
confinement occurs due to spatial constriction in a material and leads to downshifting and broadening of Raman peaks. However this effect is not observed in
nanowires larger than 20 nm. The penetration depth of a 514 nm laser into GaP
is 83.3 µm, indicating that, since the entire nanowire is being sampled, the percent of sampling volume that is surface region ranges from 4.4% to 14.5% in the
nanowires for this study, compared to 0.0024% for bulk. However if the surface
region affected the phonon behavior such that the phonon frequency of the surface
shifted differently under strain than the core of the nanowire, then we would observe a broadening in the Raman peaks throughout an experiment. Plots of the
half width at half maximum (HWHM) of the Lorentzian fits for each experiment
show no such broadening effects. HRTEM performed on the GaP nanowire revealed an oxide layer ∼3 nm thick. The elastic modulus of the oxide layer was
estimated as ∼200 GPa upper bound and ∼70 GPa lower bound [116], which,
considering volume ratios, would change the total elastic modulus of the nanowire
by 1.5-10% depending on nanowire diameter, which would propagate to an error
in the PDP measurement of only 0.5-7%. During mechanical experiments, a drop
in the force measurement occurred during Raman collection because of an increase
in temperature due to laser heating. Temperature estimates, made using this force
drop and thermal coefficient of expansion for GaP, ranged from 520 K to 700 K.
This increase in temperature does not have a significant impact on the mechanical
behavior of GaP because the changes in the elastic constants were on the order
of 0.5 GPa for every 100 K change in temperature. These changes in the elastic
constants led to minimal changes in the constitutive behavior determined in the
strength model such that the Young’s modulus dropped from 166.7 GPa at 300 K
to 163.2 GPa at 600 K. Since the increased temperature had minimal effect on the
elastic behavior of GaP, it followed that the effect on PDP behavior was also minimal. PDPs recalculated using the elastic behavior at 600 K were only 2% different
from PDPs calculated at 300 K. The increased temperature, however, does lower
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the phonon frequency by ∼1-4 cm−1 when the material is not strained. Since the
observed drop in force measurement was consistent throughout each experiment,
then the higher temperature only shifts the phonon frequency by a constant offset
and does not effect the phonon shift rate (i.e., the PDPs). Also, plastic deformation does not occur in GaP until temperatures above 670 K [113], so the generation
of defects due to the increased temperature and their effect on the Raman response
would be very minimal.
Tensile experiments were performed on ten [111] oriented GaP nanowires with
diameters ranging from 53 to 260 nm, six of which included PDP measurements.
These GaP nanowires exhibited fairly high tensile strengths, σf , ranging from 1.09
GPa to 4.97 GPa. They also exhibited very large phonon frequency shifts before
failure, ranging from 2.22 cm−1 to 9.22 cm−1 for the LO phonon, 1.88 cm−1 to
13.6 cm−1 for the TO1 phonon, and 8.62 cm−1 to 22.2 cm−1 for the TO2 phonon.
Therefore the TO2 shift rate was measured correctly because nanowire experiments
extended to high enough strains that the TO2 phonon was visible through peak
asymmetry. Correct TO2 shift rates cannot be measured when the material does
not reach high enough strains (<0.6%) because the splitting in the peak is not
evident through peak asymmetry and cannot be fit correctly. Using the TO1 and
TO2 shift rates and measured stress, values for p + 2q and r were determined.
Values for γ =

−p+2q
ω02

and

r
ω02

ranged from 1.90 to 3.79 and -0.81 to -2.04 respec-

tively. An average of the PDPs of the five nanowires (excluding a 53 nm because
a clear TO split was not observed) were calculated as γ =
and

r
ω02

−p+2q
6ω02

= 2.99 ± 0.63

= −1.27 ± 0.46 where the uncertainties were determined from the standard

deviation of the set of data. Some variation was present in the PDP values between
each nanowire experiment due to uncertainties associated with both the Lorentzian
fit of the Raman peak and the force measurement. There were also slight variations in the experimental conditions for each nanowire, specifically the elevated
temperature induced by the laser, which could slightly effect the PDPs. However
a raw data comparison showed that the nanowire phonons shifted at very similar
rates indicating that their PDPs were also very similar, and an average of all the
nanowire PDPs was a good approximation of the general PDPs dictating phonon
behavior in GaP. Experimental strains to failure determined from the nanowire
PDPs ranged from 0.70% to 3.69%. Experimental constitutive behavior was fairly
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linear and exhibited reasonable values of Young’s moduli: 112.6 to 208.3 GPa for
LO phonon data, 144.5 to 169.7 GPa for TO1 phonon data, and 158.8 to 168.8 GPa
for TO2 phonon data. The experimental Young’s moduli determined from PDPs
measured in GaP nanowires matched closely with the theoretical constitutive behavior (E=166.7 GPa) determined from the strength model used in this research
study. Therefore the PDPs measured in this study can be reliably used to measure
strain and strain-derived properties like the elastic modulus from phonon shifts.
The strength model showed that the constitutive behavior of [111] oriented GaP is
linear up to a proportional limit strain of 4.8% in tension, and then the behavior
is nonlinear elastic. Strains to failure in the GaP nanowires (0.7% ≤ f ≤ 3.69%)
did not reach this regime, and therefore the PDPs measured in this study only
describe phonon behavior in the linear elastic regime. This model also predicted
the ultimate tensile strength of GaP as 17.8 GPa, tensile strain to failure as 15%,
the ultimate compressive strength as -23.3 GPa, compressive strain to failure as
-20.6%, and the Young’s modulus in the linear elastic regime as 166.7 GPa. The
strength model was also used to relate the experimental stress to a strain value,
which aided in the calculation of PDPs.
PDPs measured from GaP nanowire data in this study differed from PDPs measured in [111] oriented bulk GaP under uniaxial compression by Balslev (γ=0.87
and

r
=-0.5
ω02

for LO phonon and γ=0.9 and

r
=-0.58
ω02

for TO phonon) [1]. The

compressive strength of the bulk GaP in Balslev’s study was 0.38 GPa and the observed phonon shifts were 0.6 cm−1 for the LO, 0.2 cm−1 for the TO1 , and 0.8 cm−1
for the TO2 phonon, much smaller than the strength and phonon shifts observed
in the nanowires in this study. When combined with nanowire phonon shifts, Balslev’s PDPs led to large strains to failure ranging from 1.57% to 21.6%, which in
some measurements exceeded 15%, the ultimate strain to failure of GaP determined in the strength model. Also, strain calculated from LO, TO1 , and TO2 shift
within one experiment differed between 1.2% and 4.3%, while there should only be
one strain value existing in the nanowire at any moment. Constitutive behavior
determined from the experimental stress and these strains yielded unrealistically
low elastic moduli ranging from 14.7 to 86.8 GPa, much lower than the theoretical
elastic moduli for [111] oriented GaP of 166.7 GPa. The nanowires tested in this
study are large enough that any surface effects would not dominate and therefore

167
their mechanical properties should mimic bulk. However using flawed PDPs to
determine experimental strain yielded high strain values leading to elastic moduli
well below 100 GPa, an unrealistic value for these GaP nanowires.
A direct comparison between the nanowire and bulk experimental data (Raman
shift as a function of uniaxial stress) clearly highlighted that, although the bulk
experiments ended at a much lower stress and Raman shift than the nanowire
experiments had, the bulk data points actually were within the noise of the very
early data of the nanowire experiments. The LO shift rate was 1.88 cm−1 GPa−1 for
the bulk and ranged from 1.04 to 2.8 cm−1 GPa−1 for the nanowires; the TO1 shift
rate was 0.61 cm−1 GPa−1 for the bulk and ranged from 0.81 to 2.48 cm−1 GPa−1 for
the nanowires; and the TO2 shift was 2.18 for the bulk and ranged from 4.1 to 7.57
cm−1 GPa−1 for the nanowires. A clear splitting of the TO phonon did not become
evident through peak asymmetry in the nanowires until a stress between 0.5 and
1.5 GPa, but the bulk GaP failed at a stress of 0.38 GPa, before clear splitting
could be observed. Rather, phonon shift rates of the TO1 and TO2 phonons were
determined in the bulk by fitting two Lorentzian curves to a very slightly broadened
TO peak, which led to incorrect shift rate measurements for the TO phonon. By
defining the TO2 phonon in this manner, the nanowire data revealed that the TO2
phonon shifted much faster than the bulk data had predicted. The splitting in
the TO phonon is critical for determining the PDP values because it provides two
phonon shift rates described by the eigenvalues from phonon deformation theory.
These two shift rates allow the PDP values, p+2q and r, to be solved for explicitly.
Therefore PDP measurements that do not extend to high enough strains where a
separate TO2 phonon can be clearly defined through peak asymmetry are flawed.
Uniaxial tension (or compression) experiments show that you must observe
peak splitting to correctly measure phonon shift rates and PDPs. Phonon deformation theory allows us to generalize how PDPs, strain, and peak splitting are
related. This theory determines the change in a material’s optical phonon frequencies under strain by relating a material’s crystallographic symmetry to its PDPs
(changes in atomic force constants). The theory, originally determined for diamond cubic crystals [21], was generalized in this thesis such that, if a material’s
crystallographic space group is known, then its phonon frequency shift and strain
relationship can be determined. The theory shows that a phonon shift rate de-
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pends on a combination of the material’s PDPs and the strain tensor. Decoupling
of the PDPs requires comparison between multiple shift rates, which occur experimentally during phonon splitting under uniaxial tension. A zinc-blende material,
such as GaP, depends on three independent PDPs (p, q, and r), which can be
decoupled into p + 2q and r by splitting the TO phonon under uniaxial tension
along the [111] direction. To further decouple p and q, additional uniaxial tension
experiments along another crystallographic direction, such as [100], would have to
be performed. However, the less symmetry a crystal system possesses, the more
independent PDPs are required to fully describe this relationship. For example, a
rhombehedral system possessed by B4 C (space group R3̄m) was found to require
eight independent PDPs in order to fully describe the optical phonons under strain.
To decouple and measure all these PDPs, this system would require uniaxial tension experiments along four different crystallographic directions in order to split
the phonon and measure eight different shift rates. Not only is phonon deformation theory important in demonstrating the necessity for phonon peak splitting in
PDP measurements, but it can also be applied to any Raman-mechanical experiment in that it is independent of specimen scale, geometry, and testing condition.
Therefore, once a material’s PDPs are known, phonon deformation theory can be
used to relate phonon shift to strain under any possible strain state.
The correct method for measuring a material’s PDPs is to induce large enough
strains associated with uniaxial tension so that the splitting in the degenerate
phonon is visible. This is determined graphically when the error between the
single Lorentzian fit and a double Lorentzian fit, ∆Lf it , is greater than 0.1. This
error is a function of the amplitudes, widths, and positions of the peak. The
positions of the peaks relate directly to the strain in the material via the phonon
shift rates which depend on the material’s PDPs, the direction of uniaxial loading,
and the space group of the material. Amplitudes and widths of Raman peaks vary
due to sample volume, geometry, and laser polarization. In general, wider peaks
need to reach a further separation distance via larger strain before becoming two
distinguishable peaks. Likewise, the degree to which the two peaks vary in relative
amplitude also effects the critical separation distance between the peaks, such that
peaks with larger amplitude difference require more strain than those with similar
amplitudes. If a uniaxial experiment extends to high enough strains that the
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degenerate phonon becomes two distinct peaks, then the correct shift rates of the
degenerate phonon are combined with phonon deformation theory to directly solve
for the material’s PDPs. A material with less crystal symmetry, and therefore more
independent PDPs, requires multiple uniaxial tensile experiments along different
crystallographic directions that measure several phonon shift rates in order to
decouple the PDPs. For a crystal system with n independent PDPs, the number
of different directions that need to be tested is

n
.
2

Then, after phonon splitting,

there will exist n measured phonon shift rates that can be used to comprise a
set of linear equations consisting of n equations and n unknowns (PDPs). This
method for measuring a material’s PDPs only requires that the uniaxial tensile (or
compression) test extends to high enough strains that induce visible peak splitting
via a single versus double Lorentzian fit error larger than 0.1. Therefore nanowires
are good candidates for measuring PDPs because they can withstand large degrees
of deformation before failure. Once a material’s correct PDPs are known, they can
be used to measure strain from phonon shift in complicated test procedures and
varying geometries not limited to nanowires under tension.
Raman spectroscopy is a useful tool for tracking strain in a material, and it is
very important to use properly measured PDP values in order to quantify strain
and related properties such as elastic moduli. PDPs measured from uniaxial compression experiments on bulk materials are often trusted as a correct representation
of a material’s phonon behavior under strain, and are therefore used in many experiments to quantify the strain in the system. This study has revealed that PDPs
measured under very minimal phonon frequency shifts and insignificant peak splitting are flawed. In order to assess the validity of PDPs in the literature, one needs
to examine the strain to which the experiment extended to as well as any information on the shape of the Lorentzian fits, specifically relative intensities, widths,
and positions after splitting was observed. If the geometry of the peaks allowed for
reliable double Lorentzian fitting (∆Lf it ≥ 0.1), the phonon shift rates and PDP
measurements should be valid. However, if two distinct peaks were not observed,
the PDP measurement was flawed. The implications of using these flawed models
and techniques on various specimens leads to artificially high strain values and low
elastic moduli. This research project has determined a correct analysis of a material’s PDPs that allows for high accuracy in PDP measurements. This technique is
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not limited to nanowires, but can also be applied to bulk samples through a simple
tensile test up to high strains, and can also be extended to more complicated test
procedures and geometries.

5.2

Future Work

The next logical progression of this work is to extend the experimental methods to
nanowires of other materials in order to measure reliable PDP values. By using the
generalized phonon deformation theory and the crystallographic space group of the
material, one can determine the relationship between strain and phonon shift in
the material, specifically how many independent PDPs exist for the specific crystallographic system. Then applying a tensile load to the nanowire using the micromachined load frame coupled with high resolution force transducer and performing
Raman spectroscopy, one can experimentally measure a relationship between stress
and phonon shift, which can then be used to determine PDP values. After a reliable measurement of a material’s PDPs have been made via nanowire tension
experiments, one can test the material in other methods and relate the strain to
phonon frequency shifts. For example, a polymer matrix could be embedded with
the known nanowire and loaded in tension. Then Raman spectroscopy could be
used to reliably quantify load transfer between matrix and nanowire. PDPs measured from nanowire experiments can also be used to moniter strain bulk samples
as well. For example, the PDPs could be used to moniter strain in different locations of a bulk sample under a three point bend test. These are just a few examples
of applying reliable PDPs to various test procedures and geometries. With a more
accurate PDP measurement, one can be less conservative using the material in
an application, which can improve specimen design and decrease processing and
manufacturing costs.
The conclusions of this study also carry broad implications to studying a material’s bond energy curves. Phonon frequency depends directly on a materials
atomic bond energy and likewise the PDPs depend on the change in a material’s
atomic bond strength as the bonds are elongated and the shape of the crystal lattice is distorted. Therefore by applying large strains on a material and measuring
the resulting phonon response, one can ultimately probe a material’s interatomic

171
potential. If the strains are large enough that they can no longer be considered
in the linear elastic regime, then the phonon shift rates should start to increase.
Therefore one can gain a reliable insight into a material’s bond energy curves, which
can then be applied to achieve more accurate molecular dynamics simulations.

Appendix

A

Generalized Phonon Deformation
Theory: Mathematica Notebook
(*Input the generator elements for the Space group. Specifically G0, G1,... Gn
are the point symmetry matrices and T0, T1, ..., Tn are the accompanying translational
 symmetries*)

 1 0 0 



G0 = 
 0 1 0 ;


0 0 1


 −1 0 0 


;
G1 = 
0
−1
0




0
0 1


 −1 0 0 


;
G2 = 
0
1
0




0 0 −1


 0 0 1 


 1 0 0 ;
G3 = 



0 1 0

173




 0 1 0 


;
G4 = 
1
0
0




0 0 −1


0 
 −1 0


;
G5 = 
0
−1
0




0
0 −1
T0 = {0, 0, 0};
T1 = {0, 1/2, 1/2};
T2 = {1/2, 1/2, 0};
T3 = {0, 0, 0};
T4 = {3/4, 1/4, 3/4};
T5 = {1/4, 1/4, 1/4};
(*Define a set of all generators where each element in the set consists of both
a symmetry matrix and a translation vector. Also define an empty temporary set
for the products of the elements*)

S = {{G0, T0}, {G1, T1}, {G2, T2}, {G3, T3}, {G4, T4}, {G5, T5}};
STemp = {};
(*Fill empty set with products of each element in space group set, keeping the
translation vectors modulo 1, ie within the unit cell. Compare new set of operators
with previous set until the lengths are equal*)

While[Length[S] 6= Length[STemp],
If[STemp == {}, STemp = S, S = STemp];
For[i = 1, i ≤ Length[S], i++,
For[j = 1, j ≤ Length[S], j++,
e = S[[i, 1]].S[[j, 1]];
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f = S[[i, 1]].S[[j, 2]] + S[[i, 2]];
g = {Mod[f [[1]], 1], Mod[f [[2]], 1], Mod[f [[3]], 1]};
STemp = Append[STemp, {e, g}];
]]
STemp = DeleteDuplicates[STemp];
]
Length[S]
(*Define an empty list for the point group operators. Fill the list with symmetry operators from the space group that have a null vector for their translation*)
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P = {};
For[k = 1, k ≤ Length[S], k++,
If[S[[k, 2]] == {0, 0, 0},
t = S[[k, 1]];
P = Append[P, t];
]]
Length[P ]
(*For loop that transforms the second order G tensor with each element in the
point group. After each transformation, the new values of each element in the
tensor are recorded in the elements list and duplicates are deleted*)
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Gαβ = {{G11, G12, G13}, {G12, G22, G23}, {G13, G23, G33}};
MatrixForm[Gαβ];
Gαβtemp = {{0, 0, 0}, {0, 0, 0}, {0, 0, 0}};

175
MatrixForm[Gαβtemp];
Gαβelements = {{G11}, {G22}, {G33}, {G12}, {G13}, {G23}};
For[l = 1, l ≤ Length[P ], l++,
For[m = 1, m ≤ 3, m++, For[n = 1, n ≤ 3, n++,

P P
Gαβtemp[[m, n]] = 3a=1 3b=1 P [[l, m, a]] ∗ P [[l, n, b]] ∗ Gαβ[[a, b]];
For[u = 1, u ≤ 6, u++,
If[u ≤ 3, c = u; d = u];
If[u == 4, c = 1; d = 2];
If[u == 5, c = 1; d = 3];
If[u == 6, c = 2; d = 3];
Gαβelements[[u]] = Append[Gαβelements[[u]], Gαβtemp[[c, d]]];
Gαβelements[[u]] = Append[Gαβelements[[u]], Gαβtemp[[d, c]]];
Gαβelements[[u]] = DeleteDuplicates[Gαβelements[[u]]];
]
]
Clear[l, m, n, u, c, d]
(*Create two new empty lists and fill one with the values of the original second order tensor and another with the values of the elements in the rotated tensor*)

GαβF = {};
GαβR = {};
For[i = 1, i ≤ Length[Gαβelements], i++,
For[j = 2, j ≤ Length[Gαβelements[[i]]], j++,
f = Gαβelements[[i, 1]];
r = Gαβelements[[i, j]];
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GαβF = Append[GαβF, f ];
GαβR = Append[GαβR, r];
]]
GαβR
(*Set the two element lists equal and solve for the system of equations for each
element in the tensor*)

K = Solve[GαβF == GαβR, {G11, G22, G33, G12, G13, G23}];
(*Extracts the values from the solutions of the system of equations and sets
each element to its new value*)

For[m = 1, m ≤ 3, m++,
For[n = 1, n ≤ 3, n++,
Gαβ[[m, n]] = Gαβ[[m, n]]/.K[[1]];
]]
(*Display the second order tensor with simplified element values*)

MatrixForm[Gαβ]

0
 G11 0

 0 G11 0


0
0 G11








(*Determine eigenvalues of second order contribution*)
Gαβ0 = {{0, 0, 0}, {0, 0, 0}, {0, 0, 0}};
For[s = 1, s ≤ 3, s++,
For[t = 1, t ≤ 3, t++,
Gαβ0[[s, t]] = Gαβ[[s, t]]zero;
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]]
λ1 = Eigenvalues[Gαβ − Gαβ0]
{G11 − G11zero, G11 − G11zero, G11 − G11zero}
Clear[i, j, f, r, m, n]
(*Define general 4th order G tensor and empty temporary 4th order tensor.
Also define a list to hold lists of each element in the tensor*)

 






 G1111 G1112 G1113   G1211 G1212 G1213 



 

 G1112 G1122 G1123  ,  G1212 G1222 G1223  ,
Gµναβ =









 





 G1113 G1123 G1133
G1213 G1223 G1233





 G1311 G1312 G1313 


 G1312 G1322 G1323  ,







G1313 G1323 G1333 


 


 G1211 G1212 G1213   G2211 G2212 G2213 



 

 G1212 G1222 G1223  ,  G2212 G2222 G2223  ,

 




 


 G1213 G1223 G1233
G2213 G2223 G2233




 G2311 G2312 G2313 



 G2312 G2322 G2323  ,






G2313 G2323 G2333 

 



G1311 G1312 G1313   G2311 G2312 G2313 




 

 G1312 G1322 G1323  ,  G2312 G2322 G2323  ,







 



 G1313 G1323 G1333
G2313 G2323 G2333






 G3311 G3312 G3313 




 G3312 G3322 G3323 

  ;









G3313 G3323 G3333
MatrixForm[Gµναβ];
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 0 0




 0 0
Gµναβtemp =








 0 0

 


0 0 0  0 0 0




 
 0 0 0 , 0 0 0

 



 


 0 0 0
0 0 0
MatrixForm[Gµναβtemp];

 
0  
 

0 
,
 
0
 
  0
 
, 0
 
 
0



0   0 0 0 


 



0 
 ,  0 0 0  ,
 



0
0 0 0 
 
 


 

 
 0 0 0  
 
 
 ,  0 0 0 ,
 
 



 



 
 0 0 0
 

0 0
0 0
0 0
0 0
0 0
0 0

 
0 0 0 
 

0 0 0 
,
 
0 0 0

Gµναβelements = {{G1111}, {G2222}, {G3333}, {G1122}, {G1133},
{G1112}, {G1113}, {G1123}, {G2211}, {G2233}, {G2212}, {G2213},
{G2223}, {G3311}, {G3322}, {G3312}, {G3313}, {G3323}, {G1211},
{G1222}, {G1233}, {G1212}, {G1213}, {G1223}, {G1311}, {G1322},
{G1333}, {G1312}, {G1313}, {G1323}, {G2311}, {G2322}, {G2333},
{G2312}, {G2313}, {G2323}};
(*For loop that transforms the fourth order G tensor with each element in the
point group. After each transformation, the new values of each element in the
tensor are recorded in the elements list and duplicates are deleted*)

For[l = 1, l ≤ Length[P ], l++,
For[m = 1, m ≤ 3, m++,
For[n = 1, n ≤ 3, n++, For[o = 1, o ≤ 3, o++, For[p = 1, p ≤ 3, p++,
Gµναβtemp[[m, n, o, p]] =
P3 P3
P3 P3
aa=1

bb=1

cc=1

dd=1 P [[l, m, aa]] ∗ P [[l, n, bb]] ∗ P [[l, o, cc]]∗

P [[l, p, dd]]Gµναβ[[aa, bb, cc, dd]]; ]]]]
For[u = 1, u ≤ 36, u++,
If[u ≤ 3, c = u; d = u; e = u; f = u];
If[4 ≤ u ≤ 8, c = 1; d = 1];

0 0 0
0 0 0
0 0 0
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If[9 ≤ u ≤ 13, c = 2; d = 2];
If[14 ≤ u ≤ 18, c = 3; d = 3];
If[19 ≤ u ≤ 24, c = 1; d = 2];
If[25 ≤ u ≤ 30, c = 1; d = 3];
If[31 ≤ u ≤ 36, c = 2; d = 3];
If[u == 9ku == 14ku == 19ku == 25ku == 31, e = 1; f = 1];
If[u == 4ku == 15ku == 20ku == 26ku == 32, e = 2; f = 2];
If[u == 5ku == 10ku == 21ku == 27ku == 33, e = 3; f = 3];
If[u == 6ku == 11ku == 16ku == 22ku == 28ku == 34, e = 1; f = 2];
If[u == 7ku == 12ku == 17ku == 23ku == 29ku == 35, e = 1; f = 3];
If[u == 8ku == 13ku == 18ku == 24ku == 30ku == 36, e = 2; f = 3];
Gµναβelements[[u]] = Append[Gµναβelements[[u]],
Gµναβtemp[[c, d, e, f ]]];
Gµναβelements[[u]] = Append[Gµναβelements[[u]],
Gµναβtemp[[d, c, e, f ]]];
Gµναβelements[[u]] = Append[Gµναβelements[[u]],
Gµναβtemp[[c, d, f, e]]];
Gµναβelements[[u]] = Append[Gµναβelements[[u]],
Gµναβtemp[[d, c, f, e]]];
Gµναβelements[[u]] = DeleteDuplicates[Gµναβelements[[u]]];
]]
Clear[l, m, n, o, p, u, c, d, e, f ]
(*Create two new empty lists and fill one with the values of the original fourth
order tensor and the other with the values of the elements in the rotated tensor*)

GµναβF = {};
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GµναβR = {};
For[i = 1, i ≤ Length[Gµναβelements], i++,
For[j = 2, j ≤ Length[Gµναβelements[[i]]], j++,
f = Gµναβelements[[i, 1]];
r = Gµναβelements[[i, j]];
GµναβF = Append[GµναβF, f ];
GµναβR = Append[GµναβR, r];
]]
(*Set the two element lists equal and solve for the system of equations for each
element in the tensor*)

H = Solve[GµναβF == GµναβR,
{G1111, G2222, G3333, G1122, G1133, G1112, G1113, G1123,
G2211, G2233, G2212, G2213, G2223, G3311, G3322, G3312,
G3313, G3323, G1211, G1222, G1233, G1212, G1213, G1223,
G1311, G1322, G1333, G1312, G1313, G1323, G2311, G2322,
G2333, G2312, G2313, G2323}];
(*Extacts the values from the solutions of the system of equations and sets
each element to its new value*)

For[m = 1, m ≤ 3, m++,
For[n = 1, n ≤ 3, n++,
For[o = 1, o ≤ 3, o++,
For[p = 1, p ≤ 3, p++,
Gµναβ[[m, n, o, p]] = Gµναβ[[m, n, o, p]]/.H[[1]];
]]]]

181
(*Display the fourth order tensor with simplifies element values*)

MatrixForm[Gµναβ]
 

0
0
  G1111

 

 

0
G1122
0
 

 


0
0
G1122






0
G1212 0 






 G1212

0
0







0
0
0






0
0 G1212 








0
0
0






G1212 0
0







0
G1212 0 



 G1212

0
0




0
0
0









0



0
0
 G1122





0
G1111
0




0
0
G1122


0
0
 0



 0

0
G1212




0 G1212
0








0 G1212 


0
0
0


G1212 0
0

0
0
0


0
0
G1212 


0 G1212
0





0
0
 G1122


0
G1122
0


0
0
G1111







(*From the simplified fourth order tensor, determine the sum over ab of the
products of strain and 4th order G (Einstein summation)*)

ηGµναβ = {{0, 0, 0}, {0, 0, 0}, {0, 0, 0}};
MatrixForm[ηGµναβ];
For[a = 1, a ≤ 3, a++,
For[b = 1, b ≤ 3, b++,
ηGµναβ[[a, b]] = η11 ∗ Gµναβ[[1, 1, a, b]] + η12 ∗ Gµναβ[[1, 2, a, b]]+
η13 ∗ Gµναβ[[1, 3, a, b]] + η12 ∗ Gµναβ[[2, 1, a, b]]+
η22 ∗ Gµναβ[[2, 2, a, b]] + η23 ∗ Gµναβ[[2, 3, a, b]]+
η13 ∗ Gµναβ[[3, 1, a, b]] + η23 ∗ Gµναβ[[3, 2, a, b]]+
η33 ∗ Gµναβ[[3, 3, a, b]];
]]
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(*Display fourth order contribution, ie strain and PDP dependence*)

MatrixForm[ηGµναβ]



 G1111η11 + G1122η22 + G1122η33






2G1212η12




2G1212η13

2G1212η12

2G1212η13

G1122η11 + G1111η22 + G1122η33

2G1212η23

2G1212η23

G1122η11 + G1122η22 + G1111η33

(*Determine eigenvalues of 4th order contribution*)

λ2 = Eigenvalues[ηGµναβ];













Appendix

B

Strength Model: Mathematica
Notebook
(*Define the direction you want to determine the constitutive behavior, ie [111] is
ux=1, uy=1, uz=1*)

ux = 1;
uy = 1;
uz = 1;
(*Graham Schmidt process to determine aij rotation matrix*)

w1 = {1, 0, 0};
w2 = {0, 1, 0};
w3 = {0, 0, 1};
W = {w1, w2, w3};
v1 = Normalize[{ux, uy, uz}];
v2 = Normalize[w2 − Projection[w2, v1]];
v3 = Normalize[w3 − Projection[w3, v2] − Projection[w3, v1]];
V = {v1, v2, v3};
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 0 0 0 


;
aij = 
0
0
0




0 0 0
For[i = 1, i ≤ 3, i++, For[j = 1, j ≤ 3, j++,
aij[[i, j]] = V [[i]].W [[j]]
]]
MatrixForm[aij];
(*Expansion of second order elastic constants (cij) to 4th order (cijkl)*)
cij = {{1.405 × 1011 , 6.203 × 1010 , 6.203 × 1010 , 0, 0, 0},
{6.203 × 1010 , 1.405 × 1011 , 6.203 × 1010 , 0, 0, 0},
{6.203 × 1010 , 6.203 × 1010 , 1.405 × 1011 , 0, 0, 0}, {0, 0, 0, 7.033 × 1010 , 0, 0},
10
10
{0, 0, 0,
0,
7.033
0}, 
{0, 0, 0, 0, 0,
7.033
 × 10 , 
 × 10 }};






 0 0 0   0 0 0   0 0 0 





 
 

 0 0 0 , 0 0 0 , 0 0 0  ,
cijkl =
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 0 0 0 , 0 0 0 , 0 0 0  ,

 
 




 
 





 0 0 0
0 0 0
0 0 0 

 
 





0 0 0   0 0 0   0 0 0 









 
 
 
 0 0 0 , 0 0 0 , 0 0 0 

 
 
 ;















 0 0 0


0 0 0
0 0 0
MatrixForm[cijkl];

For[i = 1, i ≤ 6, i++, For[j = 1, j ≤ 6, j++,
If[i ≤ 3, m = i; n = i,
If[i == 4, m = 3; n = 2,
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If[i == 5, m = 3; n = 1,
m = 2; n = 1]]];
If[j ≤ 3, o = j; p = j,
If[j == 4, o = 3; p = 2,
If[j == 5, o = 3; p = 1,
o = 2; p = 1]]];
If[i ≤ 3&&j ≤ 3, cijkl[[m, n, o, p]] = cij[[i, j]],
If[i ≤ 3&&j > 3, cijkl[[m, n, o, p]] = cij[[i, j]];
cijkl[[m, n, p, o]] = cij[[i, j]],
If[i > 3&&j ≤ 3, cijkl[[m, n, o, p]] = cij[[i, j]];
cijkl[[n, m, o, p]] = cij[[i, j]],
cijkl[[m, n, o, p]] = cij[[i, j]]; cijkl[[m, n, p, o]] = cij[[i, j]];
cijkl[[n, m, o, p]] = cij[[i, j]]; cijkl[[n, m, p, o]] = cij[[i, j]]]]]]]
(*Expansion of third order elastic constants (cijk) to 6th order tensor (cijklmn)*)

cijk = {{{0, 0, 0, 0, 0, 0}, {0, 0, 0, 0, 0, 0}, {0, 0, 0, 0, 0, 0},
{0, 0, 0, 0, 0, 0}, {0, 0, 0, 0, 0, 0}, {0, 0, 0, 0, 0, 0}},
{{0, 0, 0, 0, 0, 0}, {0, 0, 0, 0, 0, 0}, {0, 0, 0, 0, 0, 0},
{0, 0, 0, 0, 0, 0}, {0, 0, 0, 0, 0, 0}, {0, 0, 0, 0, 0, 0}},
{{0, 0, 0, 0, 0, 0}, {0, 0, 0, 0, 0, 0}, {0, 0, 0, 0, 0, 0},
{0, 0, 0, 0, 0, 0}, {0, 0, 0, 0, 0, 0}, {0, 0, 0, 0, 0, 0}},
{{0, 0, 0, 0, 0, 0}, {0, 0, 0, 0, 0, 0},
{0, 0, 0, 0, 0, 0}, {0, 0, 0, 0, 0, 0}, {0, 0, 0, 0, 0, 0},
{0, 0, 0, 0, 0, 0}}, {{0, 0, 0, 0, 0, 0},
{0, 0, 0, 0, 0, 0}, {0, 0, 0, 0, 0, 0}, {0, 0, 0, 0, 0, 0},
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{0, 0, 0, 0, 0, 0}, {0, 0, 0, 0, 0, 0}},
{{0, 0, 0, 0, 0, 0}, {0, 0, 0, 0, 0, 0}, {0, 0, 0, 0, 0, 0},
{0, 0, 0, 0, 0, 0}, {0, 0, 0, 0, 0, 0}, {0, 0, 0, 0, 0, 0}}};
MatrixForm[cijk];
For[i = 1, i ≤ 6, i++, For[j = 1, j ≤ 6, j++, For[k = 1, k ≤ 6, k++,
If [i == j&&i == k&&i ≤ 3, cijk[[i, j, k]] = −7.37 ∗ 1011 ]
If[(i == j&&j 6= k&&i ≤ 3&&k ≤ 3)k(i == k&&k 6= j&&i ≤ 3&&j ≤ 3)k
(j == k&&i 6= j
&&i ≤ 3&&j ≤ 3), cijk[[i, j, k]] = −4.74 ∗ 1011 ]
If[(i == 1&&j == 2&&k == 3)k(i == 1&&j == 3&&k == 2)k
(i == 2&&j == 1&&k == 3)
k(i == 2&&j == 3&&k == 1)k(i == 3&&j == 1&&k == 2)k
(i == 3&&j == 2&&k == 1),
cijk[[i, j, k]] = −1.31 ∗ 1011 ]
If[(i == j&&j 6= k&&(i − k) == 3)k(i == k&&k 6= j&&(i − j) == 3)k(j == k
&&i 6= j&&(j − i) == 3), cijk[[i, j, k]] = −1.07 ∗ 1011]
If[(i == j&&j 6= k&&(i − k) 6= 3&&i > 3&&k ≤ 3)k
(i == k&&k 6= j&&(i − j) 6= 3&&i > 3&&
j ≤ 3)k(j == k&&i 6= j&&(j − i) 6= 3&&j > 3&&i ≤ 3),
cijk[[i, j, k]] = −2.34 ∗ 1011 ]
If[(i == 4&&j == 5&&k == 6)k(i == 4&&j == 6&&k == 5)k
(i == 5&&j == 4&&k == 6)k
(i == 5&&j == 6&&k == 4)k(i == 6&&j == 4&&k == 5)k
(i == 6&&j == 5&&k == 4),
cijk[[i, j, k]] = 0.62 ∗ 1011 ]
]]]
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MatrixForm[cijk];
cijklmn =
{{{{{{0, 0, 0}, {0, 0, 0}, {0, 0, 0}}, {{0, 0, 0}, {0, 0, 0}, {0, 0, 0}},
{{0, 0, 0}, {0, 0, 0}, {0, 0, 0}}},
{{{0, 0, 0}, {0, 0, 0}, {0, 0, 0}}, {{0, 0, 0}, {0, 0, 0}, {0, 0, 0}},
{{0, 0, 0}, {0, 0, 0}, {0, 0, 0}}},
{{{0, 0, 0}, {0, 0, 0}, {0, 0, 0}}, {{0, 0, 0}, {0, 0, 0}, {0, 0, 0}},
{{0, 0, 0}, {0, 0, 0}, {0, 0, 0}}}},
{{{{0, 0, 0}, {0, 0, 0}, {0, 0, 0}}, {{0, 0, 0}, {0, 0, 0}, {0, 0, 0}},
{{0, 0, 0}, {0, 0, 0}, {0, 0, 0}}},
{{{0, 0, 0}, {0, 0, 0}, {0, 0, 0}}, {{0, 0, 0}, {0, 0, 0}, {0, 0, 0}},
{{0, 0, 0}, {0, 0, 0}, {0, 0, 0}}},
{{{0, 0, 0}, {0, 0, 0}, {0, 0, 0}}, {{0, 0, 0}, {0, 0, 0}, {0, 0, 0}},
{{0, 0, 0}, {0, 0, 0}, {0, 0, 0}}}},
{{{{0, 0, 0}, {0, 0, 0}, {0, 0, 0}}, {{0, 0, 0}, {0, 0, 0}, {0, 0, 0}},
{{0, 0, 0}, {0, 0, 0}, {0, 0, 0}}},
{{{0, 0, 0}, {0, 0, 0}, {0, 0, 0}}, {{0, 0, 0}, {0, 0, 0}, {0, 0, 0}},
{{0, 0, 0}, {0, 0, 0}, {0, 0, 0}}},
{{{0, 0, 0}, {0, 0, 0}, {0, 0, 0}}, {{0, 0, 0}, {0, 0, 0}, {0, 0, 0}},
{{0, 0, 0}, {0, 0, 0}, {0, 0, 0}}}}},
{{{{{0, 0, 0}, {0, 0, 0}, {0, 0, 0}}, {{0, 0, 0}, {0, 0, 0}, {0, 0, 0}},
{{0, 0, 0}, {0, 0, 0}, {0, 0, 0}}},
{{{0, 0, 0}, {0, 0, 0}, {0, 0, 0}}, {{0, 0, 0}, {0, 0, 0}, {0, 0, 0}},
{{0, 0, 0}, {0, 0, 0}, {0, 0, 0}}},
{{{0, 0, 0}, {0, 0, 0}, {0, 0, 0}}, {{0, 0, 0}, {0, 0, 0}, {0, 0, 0}},
{{0, 0, 0}, {0, 0, 0}, {0, 0, 0}}}},
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{{{{0, 0, 0}, {0, 0, 0}, {0, 0, 0}}, {{0, 0, 0}, {0, 0, 0}, {0, 0, 0}},
{{0, 0, 0}, {0, 0, 0}, {0, 0, 0}}},
{{{0, 0, 0}, {0, 0, 0}, {0, 0, 0}}, {{0, 0, 0}, {0, 0, 0}, {0, 0, 0}},
{{0, 0, 0}, {0, 0, 0}, {0, 0, 0}}},
{{{0, 0, 0}, {0, 0, 0}, {0, 0, 0}}, {{0, 0, 0}, {0, 0, 0}, {0, 0, 0}},
{{0, 0, 0}, {0, 0, 0}, {0, 0, 0}}}},
{{{{0, 0, 0}, {0, 0, 0}, {0, 0, 0}}, {{0, 0, 0}, {0, 0, 0}, {0, 0, 0}},
{{0, 0, 0}, {0, 0, 0}, {0, 0, 0}}},
{{{0, 0, 0}, {0, 0, 0}, {0, 0, 0}}, {{0, 0, 0}, {0, 0, 0}, {0, 0, 0}},
{{0, 0, 0}, {0, 0, 0}, {0, 0, 0}}},
{{{0, 0, 0}, {0, 0, 0}, {0, 0, 0}}, {{0, 0, 0}, {0, 0, 0}, {0, 0, 0}},
{{0, 0, 0}, {0, 0, 0}, {0, 0, 0}}}}},
{{{{{0, 0, 0}, {0, 0, 0}, {0, 0, 0}}, {{0, 0, 0}, {0, 0, 0}, {0, 0, 0}},
{{0, 0, 0}, {0, 0, 0}, {0, 0, 0}}},
{{{0, 0, 0}, {0, 0, 0}, {0, 0, 0}}, {{0, 0, 0}, {0, 0, 0}, {0, 0, 0}},
{{0, 0, 0}, {0, 0, 0}, {0, 0, 0}}},
{{{0, 0, 0}, {0, 0, 0}, {0, 0, 0}}, {{0, 0, 0}, {0, 0, 0}, {0, 0, 0}},
{{0, 0, 0}, {0, 0, 0}, {0, 0, 0}}}},
{{{{0, 0, 0}, {0, 0, 0}, {0, 0, 0}}, {{0, 0, 0}, {0, 0, 0}, {0, 0, 0}},
{{0, 0, 0}, {0, 0, 0}, {0, 0, 0}}},
{{{0, 0, 0}, {0, 0, 0}, {0, 0, 0}}, {{0, 0, 0}, {0, 0, 0}, {0, 0, 0}},
{{0, 0, 0}, {0, 0, 0}, {0, 0, 0}}},
{{{0, 0, 0}, {0, 0, 0}, {0, 0, 0}}, {{0, 0, 0}, {0, 0, 0}, {0, 0, 0}},
{{0, 0, 0}, {0, 0, 0}, {0, 0, 0}}}},
{{{{0, 0, 0}, {0, 0, 0}, {0, 0, 0}}, {{0, 0, 0}, {0, 0, 0}, {0, 0, 0}},
{{0, 0, 0}, {0, 0, 0}, {0, 0, 0}}},

189
{{{0, 0, 0}, {0, 0, 0}, {0, 0, 0}}, {{0, 0, 0}, {0, 0, 0}, {0, 0, 0}},
{{0, 0, 0}, {0, 0, 0}, {0, 0, 0}}},
{{{0, 0, 0}, {0, 0, 0}, {0, 0, 0}}, {{0, 0, 0}, {0, 0, 0}, {0, 0, 0}},
{{0, 0, 0}, {0, 0, 0}, {0, 0, 0}}}}}};
MatrixForm[cijklmn];
For[i = 1, i ≤ 6, i++, For[j = 1, j ≤ 6, j++, For[k = 1, k ≤ 6, k++,
If[i ≤ 3, m = i; n = i,
If[i == 4, m = 3; n = 2,
If[i == 5, m = 3; n = 1, m = 2; n = 1]]];
If[j ≤ 3, o = j; p = j,
If[j == 4, o = 3; p = 2,
If[j == 5, o = 3; p = 1, o = 2; p = 1]]];
If[k ≤ 3, q = k; r = k,
If[k == 4, q = 3; r = 2,
If[k == 5, q = 3; r = 1, q = 2; r = 1]]];
If[i ≤ 3&&j ≤ 3&&k ≤ 3, cijklmn[[m, n, o, p, q, r]] = cijk[[i, j, k]],
If[i ≤ 3&&j ≤ 3&&k > 3, cijklmn[[m, n, o, p, q, r]] = cijk[[i, j, k]];
cijklmn[[m, n, o, p, r, q]] = cijk[[i, j, k]],
If[i ≤ 3&&j > 3&&k ≤ 3, cijklmn[[m, n, o, p, q, r]] = cijk[[i, j, k]];
cijklmn[[m, n, p, o, q, r]] = cijk[[i, j, k]],
If[i > 3&&j ≤ 3&&k ≤ 3, cijklmn[[m, n, o, p, q, r]] = cijk[[i, j, k]];
cijklmn[[n, m, p, o, q, r]] = cijk[[i, j, k]],
If[i ≤ 3&&j > 3&&k > 3, cijklmn[[m, n, o, p, q, r]] = cijk[[i, j, k]];
cijklmn[[m, n, o, p, r, q]] = cijk[[i, j, k]];
cijklmn[[m, n, p, o, q, r]] = cijk[[i, j, k]];
cijklmn[[m, n, p, o, r, q]] = cijk[[i, j, k]],
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If[i > 3&&j ≤ 3&&k > 3, cijklmn[[m, n, o, p, q, r]] = cijk[[i, j, k]];
cijklmn[[m, n, o, p, r, q]] = cijk[[i, j, k]];
cijklmn[[n, m, o, p, q, r]] = cijk[[i, j, k]];
cijklmn[[n, m, o, p, r, q]] = cijk[[i, j, k]],
If[i > 3&&j > 3&&k ≤ 3, cijklmn[[m, n, o, p, q, r]] = cijk[[i, j, k]];
cijklmn[[m, n, p, o, q, r]] = cijk[[i, j, k]];
cijklmn[[n, m, o, p, q, r]] = cijk[[i, j, k]];
cijklmn[[n, m, p, o, q, r]] = cijk[[i, j, k]],
cijklmn[[m, n, o, p, q, r]] = cijk[[i, j, k]];
cijklmn[[m, n, o, p, r, q]] = cijk[[i, j, k]];
cijklmn[[m, n, p, o, q, r]] = cijk[[i, j, k]];
cijklmn[[m, n, p, o, r, q]] = cijk[[i, j, k]];
cijklmn[[n, m, o, p, q, r]] = cijk[[i, j, k]];
cijklmn[[n, m, o, p, r, q]] = cijk[[i, j, k]];
cijklmn[[n, m, p, o, q, r]] = cijk[[i, j, k]];
cijklmn[[n, m, p, o, r, q]] = cijk[[i, j, k]]]]]]]]]]]]
MatrixForm[cijklmn];
(*Rotation of 4th order tensor (cijk) using aij to get primed 4th order tensor
(cijkP)*)




 0 0






 0 0
cijklP =










 0 0

 


0 0 0   0




 
 0 0 0 , 0

 



 


 0 0 0
0

 
0  0 0
 

0 
, 0 0
 
0
0 0
 
0 0   0
 

0 0 
, 0
 
0 0
0



0   0 0 0 


 



0 
 ,  0 0 0  ,
 



0
0 0 0 


0 0 




0 0  ,




0 0 
 

191

 
 
 



 0 0 0   0 0 0   0 0 0 







 
 
 
 0 0 0 , 0 0 0 , 0 0 0 

 
 
  ;



 
 







 0 0 0
0 0 0
0 0 0 
For[e = 1, e ≤ 3, e++,
For[f = 1, f ≤ 3, f ++, For[g = 1, g ≤ 3, g++, For[h = 1, h ≤ 3, h++,
cijklP[[e, f, g, h]] =
P3 P3 P3 P3
a=1

b=1

c=1

d=1 aij[[e, a]] ∗ aij[[f, b]] ∗ aij[[g, c]] ∗ aij[[h, d]]∗

cijkl[[a, b, c, d]]]]]]
MatrixForm[cijklP];
(*Rotation of 6th order tensor (cijklm) using aij to get primed 6th order tensor
(cijklmP)*)

cijklmnP =
{{{{{{0, 0, 0}, {0, 0, 0}, {0, 0, 0}}, {{0, 0, 0}, {0, 0, 0}, {0, 0, 0}},
{{0, 0, 0}, {0, 0, 0}, {0, 0, 0}}},
{{{0, 0, 0}, {0, 0, 0}, {0, 0, 0}}, {{0, 0, 0}, {0, 0, 0}, {0, 0, 0}},
{{0, 0, 0}, {0, 0, 0}, {0, 0, 0}}},
{{{0, 0, 0}, {0, 0, 0}, {0, 0, 0}}, {{0, 0, 0}, {0, 0, 0}, {0, 0, 0}},
{{0, 0, 0}, {0, 0, 0}, {0, 0, 0}}}},
{{{{0, 0, 0}, {0, 0, 0}, {0, 0, 0}}, {{0, 0, 0}, {0, 0, 0}, {0, 0, 0}},
{{0, 0, 0}, {0, 0, 0}, {0, 0, 0}}},
{{{0, 0, 0}, {0, 0, 0}, {0, 0, 0}}, {{0, 0, 0}, {0, 0, 0}, {0, 0, 0}},
{{0, 0, 0}, {0, 0, 0}, {0, 0, 0}}},
{{{0, 0, 0}, {0, 0, 0}, {0, 0, 0}}, {{0, 0, 0}, {0, 0, 0}, {0, 0, 0}},
{{0, 0, 0}, {0, 0, 0}, {0, 0, 0}}}},
{{{{0, 0, 0}, {0, 0, 0}, {0, 0, 0}}, {{0, 0, 0}, {0, 0, 0}, {0, 0, 0}},
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{{0, 0, 0}, {0, 0, 0}, {0, 0, 0}}},
{{{0, 0, 0}, {0, 0, 0}, {0, 0, 0}}, {{0, 0, 0}, {0, 0, 0}, {0, 0, 0}},
{{0, 0, 0}, {0, 0, 0}, {0, 0, 0}}},
{{{0, 0, 0}, {0, 0, 0}, {0, 0, 0}}, {{0, 0, 0}, {0, 0, 0}, {0, 0, 0}},
{{0, 0, 0}, {0, 0, 0}, {0, 0, 0}}}}},
{{{{{0, 0, 0}, {0, 0, 0}, {0, 0, 0}}, {{0, 0, 0}, {0, 0, 0}, {0, 0, 0}},
{{0, 0, 0}, {0, 0, 0}, {0, 0, 0}}},
{{{0, 0, 0}, {0, 0, 0}, {0, 0, 0}}, {{0, 0, 0}, {0, 0, 0}, {0, 0, 0}},
{{0, 0, 0}, {0, 0, 0}, {0, 0, 0}}},
{{{0, 0, 0}, {0, 0, 0}, {0, 0, 0}}, {{0, 0, 0}, {0, 0, 0}, {0, 0, 0}},
{{0, 0, 0}, {0, 0, 0}, {0, 0, 0}}}},
{{{{0, 0, 0}, {0, 0, 0}, {0, 0, 0}}, {{0, 0, 0}, {0, 0, 0}, {0, 0, 0}},
{{0, 0, 0}, {0, 0, 0}, {0, 0, 0}}},
{{{0, 0, 0}, {0, 0, 0}, {0, 0, 0}}, {{0, 0, 0}, {0, 0, 0}, {0, 0, 0}},
{{0, 0, 0}, {0, 0, 0}, {0, 0, 0}}},
{{{0, 0, 0}, {0, 0, 0}, {0, 0, 0}}, {{0, 0, 0}, {0, 0, 0}, {0, 0, 0}},
{{0, 0, 0}, {0, 0, 0}, {0, 0, 0}}}},
{{{{0, 0, 0}, {0, 0, 0}, {0, 0, 0}}, {{0, 0, 0}, {0, 0, 0}, {0, 0, 0}},
{{0, 0, 0}, {0, 0, 0}, {0, 0, 0}}},
{{{0, 0, 0}, {0, 0, 0}, {0, 0, 0}}, {{0, 0, 0}, {0, 0, 0}, {0, 0, 0}},
{{0, 0, 0}, {0, 0, 0}, {0, 0, 0}}},
{{{0, 0, 0}, {0, 0, 0}, {0, 0, 0}}, {{0, 0, 0}, {0, 0, 0}, {0, 0, 0}},
{{0, 0, 0}, {0, 0, 0}, {0, 0, 0}}}}},
{{{{{0, 0, 0}, {0, 0, 0}, {0, 0, 0}}, {{0, 0, 0}, {0, 0, 0}, {0, 0, 0}},
{{0, 0, 0}, {0, 0, 0}, {0, 0, 0}}},
{{{0, 0, 0}, {0, 0, 0}, {0, 0, 0}}, {{0, 0, 0}, {0, 0, 0}, {0, 0, 0}},

193
{{0, 0, 0}, {0, 0, 0}, {0, 0, 0}}},
{{{0, 0, 0}, {0, 0, 0}, {0, 0, 0}}, {{0, 0, 0}, {0, 0, 0}, {0, 0, 0}},
{{0, 0, 0}, {0, 0, 0}, {0, 0, 0}}}},
{{{{0, 0, 0}, {0, 0, 0}, {0, 0, 0}}, {{0, 0, 0}, {0, 0, 0}, {0, 0, 0}},
{{0, 0, 0}, {0, 0, 0}, {0, 0, 0}}},
{{{0, 0, 0}, {0, 0, 0}, {0, 0, 0}}, {{0, 0, 0}, {0, 0, 0}, {0, 0, 0}},
{{0, 0, 0}, {0, 0, 0}, {0, 0, 0}}},
{{{0, 0, 0}, {0, 0, 0}, {0, 0, 0}}, {{0, 0, 0}, {0, 0, 0}, {0, 0, 0}},
{{0, 0, 0}, {0, 0, 0}, {0, 0, 0}}}},
{{{{0, 0, 0}, {0, 0, 0}, {0, 0, 0}}, {{0, 0, 0}, {0, 0, 0}, {0, 0, 0}},
{{0, 0, 0}, {0, 0, 0}, {0, 0, 0}}},
{{{0, 0, 0}, {0, 0, 0}, {0, 0, 0}}, {{0, 0, 0}, {0, 0, 0}, {0, 0, 0}},
{{0, 0, 0}, {0, 0, 0}, {0, 0, 0}}},
{{{0, 0, 0}, {0, 0, 0}, {0, 0, 0}}, {{0, 0, 0}, {0, 0, 0}, {0, 0, 0}},
{{0, 0, 0}, {0, 0, 0}, {0, 0, 0}}}}}};
MatrixForm[cijklmnP];
For[u = 1, u ≤ 3, u++,
For[v = 1, v ≤ 3, v++, For[w = 1, w ≤ 3, w++, For[x = 1, x ≤ 3, x++,
For[y = 1, y ≤ 3, y++, For[z = 1, z ≤ 3, z++,
P
P
P
P
P
P
cijklmnP[[u, v, w, x, y, z]] = 3aa=1 3bb=1 3cc=1 3dd=1 3ee=1 3ff=1 aij[[u, aa]]∗
aij[[v, bb]] ∗ aij[[w, cc]] ∗ aij[[x, dd]] ∗ aij[[y, ee]]∗
aij[[z, ff]] ∗ cijklmn[[aa, bb, cc, dd, ee, ff]]]]]]]]
MatrixForm[cijklmnP];
(*Define empty lists to fill with finite strain components, principle stress, and
nominal strains*)
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η1 = {};
η2 = {};
η3 = {};
σ1 = {};
1 = {};
1vsσ1 = {};
η3guess = 0.1;
(*For loop that iterates through principal strain, A1, vales to determine the
finite strains, thermodynamic tensions, and principal stress and nominal strains.
Fills in lists with appropriate values*)

For[A1 = 0.4, A1 ≤ 1.26, A1 = A1 + 0.001,
Clear[T ];
η1now =

1
2


A12 − 1 ;

(*Determines variables in 4th order polynomial of eta3, defined as T for now*)

a1 = 1/2 ∗ cijklmnP[[2, 2, 2, 2, 2, 2]];
b1 = cijklP[[2, 2, 2, 2]] + (1/3 ∗ cijklmnP[[1, 1, 2, 2, 2, 2]] ∗ η1now)+
(1/3 ∗ cijklmnP[[2, 2, 1, 1, 2, 2]] ∗ η1now)+
(1/3 ∗ cijklmnP[[2, 2, 2, 2, 1, 1]] ∗ η1now)+
(1/3 ∗ cijklmnP[[2, 2, 2, 2, 3, 3]] ∗ T )+
(1/3 ∗ cijklmnP[[2, 2, 3, 3, 2, 2]] ∗ T )+
(1/3 ∗ cijklmnP[[3, 3, 2, 2, 2, 2]] ∗ T );
c1 = (1/2 ∗ cijklP[[1, 1, 2, 2]] ∗ η1now) + (1/2 ∗ cijklP[[2, 2, 1, 1]] ∗ η1now)+
(1/2 ∗ cijklP[[2, 2, 3, 3]] ∗ T ) + (1/2 ∗ cijklP[[3, 3, 2, 2]] ∗ T )+

1/6 ∗ cijklmnP[[1, 1, 1, 1, 2, 2]] ∗ η1now2 +

1/6 ∗ cijklmnP[[1, 1, 2, 2, 1, 1]] ∗ η1now2 +
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1/6 ∗ cijklmnP[[2, 2, 1, 1, 1, 1]] ∗ η1now2 +
(1/6 ∗ cijklmnP[[2, 2, 3, 3, 3, 3]] ∗ T 2 ) +
(1/6 ∗ cijklmnP[[3, 3, 2, 2, 3, 3]] ∗ T 2 ) +
(1/6 ∗ cijklmnP[[3, 3, 3, 3, 2, 2]] ∗ T 2 ) +
(1/6 ∗ cijklmnP[[1, 1, 2, 2, 3, 3]] ∗ η1now ∗ T )+
(1/6 ∗ cijklmnP[[1, 1, 3, 3, 2, 2]] ∗ η1now ∗ T )+
(1/6 ∗ cijklmnP[[2, 2, 1, 1, 3, 3]] ∗ η1now ∗ T )+
(1/6 ∗ cijklmnP[[2, 2, 3, 3, 1, 1]] ∗ η1now ∗ T )+
(1/6 ∗ cijklmnP[[3, 3, 1, 1, 2, 2]] ∗ η1now ∗ T )+
(1/6 ∗ cijklmnP[[3, 3, 2, 2, 1, 1]] ∗ η1now ∗ T );
a2 = (1/6 ∗ cijklmnP[[2, 2, 2, 2, 3, 3]]) + (1/6 ∗ cijklmnP[[2, 2, 3, 3, 2, 2]])+
(1/6 ∗ cijklmnP[[3, 3, 2, 2, 2, 2]]);
b2 = (1/2 ∗ cijklP[[2, 2, 3, 3]]) + (1/2 ∗ cijklP[[3, 3, 2, 2]])+
(1/6 ∗ cijklmnP[[1, 1, 2, 2, 3, 3]] ∗ η1now)+
(1/6 ∗ cijklmnP[[1, 1, 3, 3, 2, 2]] ∗ η1now)+
(1/6 ∗ cijklmnP[[2, 2, 1, 1, 3, 3]] ∗ η1now)+
(1/6 ∗ cijklmnP[[2, 2, 3, 3, 1, 1]] ∗ η1now)+
(1/6 ∗ cijklmnP[[3, 3, 1, 1, 2, 2]] ∗ η1now)+
(1/6 ∗ cijklmnP[[3, 3, 2, 2, 1, 1]] ∗ η1now)+
(1/3 ∗ cijklmnP[[2, 2, 3, 3, 3, 3]] ∗ T )+
(1/3 ∗ cijklmnP[[3, 3, 2, 2, 3, 3]] ∗ T )+
(1/3 ∗ cijklmnP[[3, 3, 3, 3, 2, 2]] ∗ T );
c2 = (cijklP[[3, 3, 3, 3]] ∗ T ) + (1/2 ∗ cijklP[[1, 1, 3, 3]] ∗ η1now)+
(1/2 ∗ cijklP[[3, 3, 1, 1]] ∗ η1now)+
(1/2 ∗ cijklmnP[[3, 3, 3, 3, 3, 3]] ∗ T 2 ) +

1/6 ∗ cijklmnP[[1, 1, 1, 1, 3, 3]] ∗ η1now2 +
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1/6 ∗ cijklmnP[[1, 1, 3, 3, 1, 1]] ∗ η1now2 +

1/6 ∗ cijklmnP[[3, 3, 1, 1, 1, 1]] ∗ η1now2 +
(1/3 ∗ cijklmnP[[1, 1, 3, 3, 3, 3]] ∗ η1now ∗ T )+
(1/3 ∗ cijklmnP[[3, 3, 1, 1, 3, 3]] ∗ η1now ∗ T )+
(1/3 ∗ cijklmnP[[3, 3, 3, 3, 1, 1]] ∗ η1now ∗ T );
H=
Expand[((a2 ∗ c1) − (a1 ∗ c2))∧ 2+
((a1 ∗ b2) − (a2 ∗ b1)) ∗ ((c1 ∗ b2) − (c2 ∗ b1))];
(*Solves the 4th order polynomial for eta3 (T) and defines the roots as numbers, not strings*)

η3rootString = Solve[H==0, T ];
η3root = T /.η3rootString;
(*Chooses eta3 value closest to current eta3 guess, unless all roots are complex,
then eta3 becomes 100*)

If[MatchQ[η3root[[1]], Complex], R1 = 100, R1 = η3root[[1]]];
If[MatchQ[η3root[[2]], Complex], R2 = 100, R2 = η3root[[2]]];
If[MatchQ[η3root[[3]], Complex], R3 = 100, R3 = η3root[[3]]];
If[MatchQ[η3root[[4]], Complex], R4 = 100, R4 = η3root[[4]]];
If[Abs[R1 − η3guess] < Abs[R2 − η3guess], η3now = η3root[[1]],
η3now = η3root[[2]]];
If[Abs[R3 − η3guess] < Abs[η3now − η3guess], η3now = η3root[[3]]];
If[Abs[R4 − η3guess] < Abs[η3now − η3guess], η3now = η3root[[4]]];
T = η3now;
(*Solves for eta2 from eta3 root that was chosen*)
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η2now =

a1∗c2−a2∗c1
;
a2∗b1−a1∗b2

(*Solves for the thermodynamic tension*)

t1 = (cijklP[[1, 1, 1, 1]] ∗ η1now) + (1/2 ∗ cijklP[[1, 1, 2, 2]] ∗ η2now)+
(1/2 ∗ cijklP[[1, 1, 3, 3]] ∗ η3now) + (1/2 ∗ cijklP[[2, 2, 1, 1]] ∗ η2now)+
(1/2 ∗ cijklP[[3, 3, 1, 1]] ∗ η3now)+
(1/2 ∗ cijklmnP[[1, 1, 1, 1, 1, 1]] ∗ η1now∧ 2)+
(1/3 ∗ cijklmnP[[1, 1, 1, 1, 2, 2]] ∗ η1now ∗ η2now)+
(1/3 ∗ cijklmnP[[1, 1, 1, 1, 3, 3]] ∗ η1now ∗ η3now)+
(1/3 ∗ cijklmnP[[1, 1, 2, 2, 1, 1]] ∗ η1now ∗ η2now)+
(1/3 ∗ cijklmnP[[1, 1, 3, 3, 1, 1]] ∗ η1now ∗ η3now)+
(1/3 ∗ cijklmnP[[2, 2, 1, 1, 1, 1]] ∗ η1now ∗ η2now)+
(1/3 ∗ cijklmnP[[3, 3, 1, 1, 1, 1]] ∗ η1now ∗ η3now)+
(1/6 ∗ cijklmnP[[1, 1, 2, 2, 2, 2]] ∗ η2now∧ 2)+
(1/6 ∗ cijklmnP[[1, 1, 2, 2, 3, 3]] ∗ η2now ∗ η3now)+
(1/6 ∗ cijklmnP[[1, 1, 3, 3, 2, 2]] ∗ η2now ∗ η3now)+
(1/6 ∗ cijklmnP[[1, 1, 3, 3, 3, 3]] ∗ η3now∧ 2)+
(1/6 ∗ cijklmnP[[2, 2, 1, 1, 2, 2]] ∗ η2now∧ 2)+
(1/6 ∗ cijklmnP[[2, 2, 2, 2, 1, 1]] ∗ η2now∧ 2)+
(1/6 ∗ cijklmnP[[2, 2, 1, 1, 3, 3]] ∗ η2now ∗ η3now)+
(1/6 ∗ cijklmnP[[2, 2, 3, 3, 1, 1]] ∗ η2now ∗ η3now)+
(1/6 ∗ cijklmnP[[3, 3, 1, 1, 2, 2]] ∗ η2now ∗ η3now)+
(1/6 ∗ cijklmnP[[3, 3, 2, 2, 1, 1]] ∗ η2now ∗ η3now)+
(1/6 ∗ cijklmnP[[3, 3, 1, 1, 3, 3]] ∗ η3now∧ 2)+
(1/6 ∗ cijklmnP[[3, 3, 3, 3, 1, 1]] ∗ η3now∧ 2);
(*Solves for the remaining principla strains*)
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√
2η2now + 1;
√
A3 = 2η3now + 1;

A2 =

(*Solves for the principal stress and nomincal strains*)

A1
σ1now = A2∗A3
∗ t1 ∗ 10−9 ;
1now = A1 − 1;
(*Determines if any values are complex numbers. If they are, the for loop
starts over and nothing is stored. If they aren’t then the values are stored in their
respective lists and the eta3guess is chosen*)
If[MatchQ[σ1now, Complex],
η3guess = 0.1,
η1 = Append[η1, η1now];
η2 = Append[η2, η2now];
η3 = Append[η3, η3now];
σ1 = Append[σ1, σ1now];
1 = Append[1, 1now];
1vsσ1 = Append[1vsσ1, {1now, σ1now}];
If[Length[η3]==1, η3guess = η3[[1]]; Γ = 1,
η3guess = 2 ∗ η3[[Γ]] − η3[[Γ − 1]]];
Γ=Γ+1
];];]] (*End of for loop*)
(*Plots the stress-strain curve from the list of results and determines the ultimate tensile (max) and compressive (min) strengths*)
plot = ListLinePlot[1vsσ1, AspectRatio → 1.2]
Max[1vsσ1]
Min[1vsσ1]
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