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ABSTRACT
This study focuses on modeling microstructure evolution in elastically inhomogeneous
polycrystalline materials using the phase-field approach. Phase-field models for the diffusional
processes and the structural transformations are successfully integrated with the inhomogeneous
elasticity model of polycrystalline materials. By employing the Voigt notation scheme of the
mechanical equilibrium equation, the computational efficiency for obtaining elastic solutions in
polycrystalline materials is improved. The developed phase-field models are then applied to
investigate the kinetic processes taking place in polycrystals.
To describe the diffusional processes in an elastically anisotropic polycrystalline binary
solid solution, the chemical free energy model of the solid solution is integrated with the elastic
strain energy model. The elastic interactions due to coherency elastic strain are incorporated by
solving the mechanical equilibrium equation using an iterative-perturbation scheme taking into
account elastic modulus inhomogeneity stemming from the grain orientation. The elastic strain
energy of the solid solution itself of an elastically anisotropic polycrystal is also formulated based
on Khachaturyan’s theory, and discussed from the theoretical point of view. By applying the
model, the precipitate-precipitate interaction across a grain boundary and the grain boundary
segregation-precipitate interaction are microscopically investigated.
We then study strain-induced solute segregation at a grain boundary and solute drag
effect on boundary migration using a phase-field model integrating grain boundary segregation
and grain structure evolution. Strain-induced grain boundary segregation at a static planar
boundary is studied numerically and the equilibrium segregation composition profiles are
validated using analytical solutions. In addition, we systematically study the effect of misfit strain
on grain boundary migration with solute drag. The drag force is theoretically analyzed based on
Cahn’s analytic theory. The simulation results are discussed based on our theoretical analysis in
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terms of elastic and chemical drag forces. The optimum condition for solute diffusivity to
maximize the drag force under a given driving force is identified.
The developed phase-field model for structural change in polycrystals is modified and
applied to the deformation twinning process in fcc materials. A phase-field model for modeling
the microstructure evolution during deformation twinning in fcc crystals is firstly proposed. The
order parameters are proportional to the shear strains defined in terms of twin plane orientations
and twinning directions. The deformation energy as a function of shear strain is obtained using
the first-principle calculations. The gradient energy coefficients are fitted to the twin boundary
energies along the twinning planes and to the dislocation core energies along the directions that
are perpendicular to the twinning planes. The elastic strain energy of a twinned structure is
included using the Khachaturyan’s elastic theory. The model is then extended to modeling the
deformation twinning processes in polycrystals. We simulate the twinning processes and
microstructures evolution under a number of fixed deformations and predicted the twinning plane
orientations and microstructures in single- or polycrystals. Moreover, the hierarchical twinning
process in a fcc crystal (Cu) is simulated by applying the phase-field model for twinning
processes in polycrystals. The possibility of secondary and tertiary twinning processes under the
proper deformation condition is identified from the simulations.
The developed models for both diffusional processes and structural transformations are
also applied to modeling phase transformations in one of realistic materials systems, Ti alloys in
which the phase transformation takes place through solute diffusion processes as well as bcc to
hcp structural changes. First of all, the possible kinetic pathways during the phase transformation
from the high temperature  phase to the low temperature (+) two-phase Ti alloys are
investigated based on the thermodynamic stability analyses using a Ti-V binary alloy system. We
demonstrate and discuss the proposed phase transformation sequences employing phase-field
simulations. We then study the morphological evolution during the phase transformations in
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polycrystalline Ti alloy by applying the phase-field model for polycrystals to the system. The
mechanisms of the  phase formation as well as the variant selection at or near a grain boundaries
are investigated using the phase-field simulations.
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Chapter 1

Introduction
This chapter provides the research background of the present work and the outlines of
the dissertation.

Research background
Materials in engineering applications are mostly polycrystals which contain grains of
different crystallographic orientations separated by grain boundaries. Properties of
materials can be controlled by diffusional processes and/or structural modifications along
with accompanying microstructure evolution. Therefore, predicting the kinetics and
thermodynamics of microstructure evolution in polycrystalline materials can play an
important role in the decision making processes associated with the materials design for
desired materials properties. However, the kinetic pathways of microstructure evolution
in polycrystals are significantly complicated since the evolutions of grain structures and
phase microstructures are inherently coupled. For example, during heat treatment, the
microstructures of the polycrystalline materials evolve through the simultaneous grain
boundary migration and phase transformations. The presence of grain boundaries often
leads to the inhomogeneous distribution of solute atoms and/or new phase particles,
which causes the deviation of the mechanical properties of polycrystals from those of
uniform single crystals [1-4]. At the same time, the existence of inhomogeneous phase
microstructures such as solute segregation at grain boundaries may inhibit grain boundary
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migration [5] and thus reduce the rate of grain growth. Moreover, the elastic properties in
polycrystalline materials are always inhomogeneous since the grains which have the
directionally dependent elastic moduli are in different orientations. Thus, to predict the
microstructure evolution in the presence of grain boundaries is significantly more
challenging than those in a uniform single crystal, which results in the necessity of
computational approaches.
This research aims to develop a computational framework for predicting the kinetics
of microstructure evolution in polycrystalline materials. A phase-field approach [6-11] is
employed since it has been highlighted as a most powerful computational methodology
for modeling and predicting the microstructure evolution of materials among several
computational approaches owing to its flexibility to describe a variety of materials
phenomena. We attempt to integrate the elasticity model for elastically inhomogeneous
polycrystalline systems with phase-field equations describing diffusional processes
and/or structural transformations in polycrystals for predicting the thermodynamics and
kinetics of microstructure evolution. The developed framework allows us to simulate
diverse materials kinetic processes taking place in polycrystalline materials and better
understand the underlying materials physics. Using the developed model, we investigate
a number of processes occurring in polycrystals such as grain boundary segregation,
solute drag in grain boundary migration, precipitate reaction near a grain boundary, and
deformation twin formation in polycrystals. In particular, the (+) two-phase titanium
(Ti) alloys are investigated using the developed phase-field models as an application of
the model to realistic materials system.

3

Dissertation outlines
This dissertation consists of seven chapters and is organized as follows:
In Chapter 2, the phase-field models for predicting the microstructure evolution in
polycrystals are developed. The general features of a phase-field approach are reviewed,
and the extension of the models to modeling polycrystalline materials is then described.
Chapter 3 focuses on a phase-field model to describe the diffusional processes in an
elastically anisotropic polycrystalline binary solid solution. The elastic strain energy of
solid solution itself and the coherency strain energy arising from the compositional
inhomogeneity with elastic modulus inhomogeneity of polycrystals are taken into
consideration in the model. The elastic strain energy terms are theoretically discussed.
The model is applied to investigate the precipitate-precipitate interaction across a grain
boundary and the grain boundary segregation-precipitate interaction.
In Chapter 4, we study strain-induced solute segregation at a grain boundary and
solute drag effect on boundary migration using a phase-field model integrating grain
boundary segregation and grain structure evolution. By considering the elastic strain
energy due to both the atomic size mismatch and coherency strain stemming from the
compositional inhomogeneity, we investigate the effects of strain energy on the grain
boundary segregation as well as the solute drag in grain boundary migration. We
theoretically discuss the origin of elastic strain energy contribution to the drag force. The
computer simulation results are analyzed based on the theoretical background.
Chapter 5 describes the application of the developed phase-field model for
polycrystals to one of major deformation modes, a deformation twinning process. First of
all, we propose a phase-field model for modeling microstructure evolution during
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deformation twinning in face-centered cubic (fcc) materials using fcc aluminum (Al) and
copper (Cu) as examples. The model is then extended to modeling the deformation
twinning processes in polycrystals. In addition, the hierarchical twinning processes are
simulated using the developed model.
In Chapter 6, the developed phase-field models are applied to modeling one of
realistic materials systems, (+) two-phase titanium (Ti) alloys. First of all, the possible
kinetic pathways during the phase transformation from the high temperature  phase to
the low temperature (+) two-phase Ti alloys are investigated. We demonstrate and
discuss the proposed phase transformation sequences employing phase-field simulations.
The phase-field model for polycrystals is then applied for modeling the morphological
evolution of the (+) two-phase microstructures. We investigate the mechanisms of the

 phase formation as well as the variant selections at or near a grain boundaries using the
phase-field models and simulations.
Finally, Chapter 7 summarizes the dissertation and provides the future directions.
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Chapter 2

Phase-field Models for Polycrystalline Materials
Materials microstructures are compositionally and structurally inhomogeneous. The
evolution of the microstructures occurs to reduce the total free energy of the system. It
includes the bulk free energy, interfacial energy, elastic strain energy, and so forth.
Therefore, the energy-based modeling is an appropriate methodology to describe the
microstructure evolution in a physically consistent way. A phase-field approach [1-6] has
been emerged as a powerful computational methodology for modeling the microstructure
evolution of materials at the mesoscale. It is known for its flexibility to describe the solid
state materials phenomena such as solute segregation/depletion [7-9], precipitate reaction
[10-17], martensitic transformation [18-20], deformation twinning [21-23], dislocation
dynamics [24-26], grain growth [27-29], and so forth. The applications of the phase-field
model spans from metallic alloys to oxide materials. In other words, the phase-field
method deals with almost all the issues in microstructure evolution considered in the field
of materials science and engineering.

Diffuse-interface description of materials microstructures
The phase-field model is based on the diffuse-interface assumption [30], and it does
not require the explicit tracking of the interface. To describe the microstructures, a set of
field variables which continuously vary across the interface regions are used in the phasefield model. In general, there are two types of field variables. One is a conserved variable
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such as a composition, and the other is a nonconserved variable such as an order
parameter. The thermodynamic aspects of the microstructure evolution such as the
driving forces for the evolution are determined by the total free energy. Therefore, the
modeling the appropriate free energy is an essential implication to describe the phase
microstructure in a physically correct way. In the phase-field model, the total free energy

F of an inhomogeneous microstructure is described as a function of a set of the conserved
field variables ( X 1 , X 2 ,..., X N ) and the nonconserved field variables (1 , 2 ,..., P ), and is
given by the following functional form [1]:
3
3 P n
N

 
c
F    f ( X 1 , X 2 ,..., X N ,1 , 2 ,..., P )   i (X i ) 2   p ,ij  i p j p d 3r


i 1 j 1 p 1 2
i 1 2
(2.1)
 
 
  G (r  r ' )d 3r d 3r ',

where f is the local free energy density,  ic and  pn ,ij are the gradient energy coefficients.
The first volume integral is generally responsible for short-range interactions such as a
chemical interaction. On the other hand, the second integral represents long-range
interactions such as elastic interactions, electric dipole-dipole interactions, electrostatic
interactions, and so on. The gradient energy terms in the first integral are a sort of penalty
terms which make a interface diffuse, and the terms determine the characteristics of the
interface, i.e., the interfacial energy and interface thickness are determined by the
gradient energy coefficients. Depending on the system, the total free energy is described
by the different sets of field variables and it has various contributions of different
interactions. In this thesis, we mainly use a composition ( X ) for the conserved field
variable and an order parameters (  ) of structural variants or crystallographic

8

orientations of grains for the nonconserved field variable. With regard to the interactions,
we mainly focus on the chemical and elastic interactions. The general procedure of the
phase-field modeling is illustrated in Figure 2-1.

Figure 2-1 General procedure of phase-field modeling of microstructures of materials.
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Kinetic equations
The temporal evolution of the compositional fields is governed by the Cahn-Hilliard
diffusion equation (Eq. (2.2)) [31], and that of the non-conserved order parameters is
governed by the Allen-Cahn relaxation (or time-dependent Ginzburg-Landau) equation
(Eq. (2.3)) [32]:


  F 
X i (r , t ) 
,
   M
t
 X i 

(2.2)


 F 
 p (r , t )
,
  L
  
t
 p

(2.3)

where M is the interdiffusion mobility, L is the kinetic coefficient related to interfacial
 F 
 is the variation of the free energy function with respect to
mobility, t is time, 
 X i 
 F 
 is the variation of the free energy function with respect to the
composition, and 
  
p


order parameter fields. Those equations are essentially the energy minimizers. In other
words, the total free energy of the system decreases as time goes on, and the
microstructure which are represented by the field variables tends to follow the kinetic
path which converges to the equilibrium state. Substituting the total free energy F (Eq.
(1)) into Eq. (2.2) and (2.3) with the only consideration of the elastic interaction, we
obtain

  f
X i (r , t ) 
e 
   M
  ic 2 X i  el ,
t
X i 
 X i

(2.4)
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 p (r , t )
t

 f
e 
  L
  pn ,ij i j p  el ,
 
 p 
 p

(2.5)

where eel is the elastic strain energy density.

Nucleation methods
Existing approaches of treating nucleation in phase-field method can be separated into
two types, one being the introduction of Langevin noise [33, 34] and the other the explicit
nucleation method [35, 36]. In the Langevin noise method, stochastic phase-field
equations are solved as the following:

  f

X i 
e 
   M
  ic 2 X i  el    (r , t ),
t
X i 
 X i

(2.6)

 f

e 
  L
  pn ,ij  i j p  el    (r , t ),


t
 p 
  p

(2.7)

 p



where  (r , t ) and  (r , t ) are the random noise terms which satisfy the fluctuationdissipation theorem [34]. The method works well when the initial state is not too far away
from the instability temperature or composition with respect to its transformation to the
new state, i.e., the metastability of the parent phase is small. On the other hand, the
explicit nucleation method is based on the classical nucleation theory [37] and Poisson
seeding [35, 36]. In this method, the critical size and critical free energy of formation of a
nucleus are determined using the classical nucleation theory which assumes
homogeneous properties within a critical nucleus and a sharp-interface between a nucleus
and matrix. Whether or not a critical nucleus is introduced at a given location is
determined by comparing a random number between 0.0 and 1.0 with the probability of
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nucleation. To overcome the drawbacks due to the sharp-interface critical nucleus of the
method, we recently proposed a new approach [38] to treat nucleation in phase-field
simulations which combines diffuse-interface theory of nucleation [39-45] with Poisson
seeding. The profiles of critical nuclei and the critical nucleation energy at a given
driving force for the nucleation were numerically generated by employing the minimax
technique [42] as shown in Figure 2-2. The critical nuclei are incorporated into the phasefield simulations in this method as shown in Figure 2-3.

Figure 2-2 (a) Planar order parameter profiles of some examples of diffuse-interface critical
nuclei, (b) their cross sections, and (c) the critical nucleation energy (G*) as a function of
driving force ().
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Figure 2-3 The temporal evolution of multiple nucleation events and growth. The morphologies
of growing particles are at 50000, 80000, 100000, and 150000 time steps.

Phase-field models for modeling polycrystalline materials
The kinetic processes in materials in the presence of grain boundaries are more
complicated since the interactions associated with grain boundaries may significantly
affect both diffusional processes and structural changes. In addition, the elastic properties
of polycrystals are generally not homogeneous. The following sections discuss the phasefield models for describing diffusional processes as well as structural transformations in
polycrystals.

Phase-field model for diffusional processes in polycrystals
Diffusional processes in polycrystalline materials involve the interaction between
inhomogeneous distribution of solute composition and grain structures. Thus, two types
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of field variables are required to describe the processes. One is a conserved field variable



X (r ) for the composition of solute, and the other is a non-conserved field variable  g (r )
for the crystallographic orientation of grains. Even though the entire system is separated
by grain boundaries, the continuous composition field can be used across the grain
boundaries in the model. In the diffuse-interface description [30], the total free energy F
of an inhomogeneous system is described by a volume integral as a function of a set of
continuous field variables across the interface. We adopted and extended a phase-field
model of Grönhagen et al. [8] which is validated to be quantitatively correct by Kim et al.
[46] for describing the solutes-grain boundary interactions. We additionally incorporated
the elastic strain interactions of solute atoms in the presence of grain boundaries in a
anisotropic binary solid solution. The functional form of the total free energy F of the
solid solution is given by the following volume integral [1]:

c
g
F    f inc    g (1 , 2 ,..., g )  (X ) 2 
2
2
V 

 (
g

g

 
) 2  ecoh d 3r ,


(2.8)

where finc is the incoherent local free energy density, g is the local free energy density of
the grain structure,  is the height of the grain local free energy density,  c and  g are



gradient energy coefficients of composition X (r ) and grain order parameters  g (r ) ,
respectively, and ecoh is the local coherency elastic strain energy density due to a
compositional inhomogeneity. The local free energy density will be rigorously discussed
in Chapter 3 and 4.
The temporal evolution of the compositional fields X is governed by the Cahn-Hilliard
equation (Eq. (30)) [31]:
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 F 
X (r , t )
   M c
 ,
t
 X (r , t ) 

(2.9)

 F 
where Mc is the interdiffusion mobility, and 
 is the variational derivative of the free
 X 
energy functional with respect to composition. Substituting the total free energy F (Eq.
(1)) with the expressions in Eq. (8) into Eq. (30), we obtain the following kinetic
equations:

X
e 
 f
   M c inc  m    g   c 2 X  coh ,
t
X 
 X

(2.10)

We employed either constant or variable interdiffusion mobility for Mc in Eq. (2.10).
In the case of variable mobility, we use the following expression:

M c  M c0  X (1  X )

(2.11)

where M c0 is the prefactor. To solve the Cahn-Hilliard equation with the compositiondependent diffusion mobility, the numerical technique for the variable mobility in [47] is
employed. The Cahn-Hilliard equation (Eq. (33)) is solved by the semi-implicit Fourierspectral method [47, 48].

Phase-field model for structural transformations in polycrystals

The structural transformation is one of key processes associated with phase
transformations of materials. A number of phase-field approaches for modeling the
structural transformations in polycrystals have been proposed [49-51]. All the cases
assume the isotropic homogeneous elastic modulus. It is generally known that the elastic
strain energy plays a dominant role in the microstructure formation during the structural
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transformation. Thus, the isotropic homogeneous elasticity approximation can neglect
some important features of structural transformation in polycrystals since the elastic
properties of polycrystalline materials are generally inhomogeneous. Especially, the
structural change behavior near grain boundaries might be significantly affected by the
inhomogeneous elasticity because the grain boundary is one of strong elastic
inhomogeneities. Therefore, we consider the inhomogeneous characteristics of elasticity
in polycrystals in the present work. The inhomogeneous elasticity calculation will be
discussed in the following section. In this section, the fundamentals of the phase-field
model of structural transformations in polycrystals is described.
During the structural transformations, multiple structural variants are usually produced
due to the crystallographic symmetry change. Therefore, a number of structural order
parameters are employed to describe the structural transformation. In addition, for
polycrystals, different sets of structural order parameters should be assigned to different
grains, i.e. each grain has to have its own structural order parameters. In order to identify
multiple structural variants in each grain, we define the structural order parameter


 pg (r , t ) where p represents the structural variant index and g represents the grain index.
Total free energy of the entire system is given by the following volume integral:

n
 
F    f ({ pg }   p ,ij , g i pg  j pg  ecoh )d 3r
2

g
i
j
p
V


(2.12)

where { pg } is a set of structural order parameters,  pn ,ij , g is the gradient energy
coefficient, and ecoh is the coherency strain energy. The governing equation for the
structural order parameters in a single crystal (Eq. (2.7)) should be modified to describe
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the evolution of separately defined order parameters in different grains [50]. The
modified Allen-Cahn (or time-dependent Ginzburg-Landau) equation is given by [50]

 pg (r , t )
t

   F 
  ( g , r )   L


   pg 
   f ({ pg })
e
  ( g , r )   L
  pn ,ij , g  i j pg  coh

 pg
   pg






(2.13)


where  ( g , r ) is the grain shape function which is equal to 1 inside the g th grain and to
0 outside it. The modified equation, however, is numerically inefficient if we solve the
equation in the Fourier space since all the g sets of order parameters (p  g order


parameters) at a position r should be considered during the calculation even though only
one set of order parameters (p order parameters) corresponding the active grain index g'.
Solving the equation in the Fourier space does not allow to specify the active grain index


g' at the position r in real space. Therefore, the calculations are conducted in real space
for better efficiency. The calculation in real space allows us to select the active p order
parameters participating in the evolution which correspond to the active grain index g' at


the position r . Thus, the equations for only active p order parameters are solved at the

position r , which results in the reduction of the number of calculations compared to the
computation in the Fourier space. For better accuracy, the only gradient energy term is
computed in Fourier space.
The Landau-type free energy is usually employed for the local free energy density
such as the following example:
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2
4
f ({ pg })  A2  pg
 A41  pg
 A61  6pg
p, g

p, g

 A42   
2
pg

p , g p ', g '

p, g

2
p'g '

2
 A62    pg
 p2 ' g ' p2 '' g "  ...

(2.14)

p , g p ', g ' p ", g "

where A2, A41, A61, A42, and A62 are Landau coefficients.

Microelasticity theory for elastically inhomogeneous polycrystals
At the early stage of phase transformations in solid state materials, coherent
microstructures are usually produced. The lattice planes are continuous across the
interfaces in the coherent microstructures, the lattice mismatch between newly produced
phases and a parent phase is accommodated by elastic displacements. The lattice
mismatch gives rise to the coherency strain energy ( ecoh ), and the expression is the
following [52]:

1
ecoh  Cijkl  ijel klel
2
1
 Cijkl ( ij   ij   ij )( kl   kl   kl )
2

(2.15)

where  ijel is the elastic strain tensor which is equal to ( ij   ij   ij ) ,  ij is the
homogeneous strain tensor,  ij is the heterogeneous strain tensor, and  ij is the
eigenstrain tensor.
The elastic modulus of a polycrystal is generally inhomogeneous mainly due to the
following two aspects. Firstly, the elastic properties at a grain boundary are different
from those within a grain since the structure of the grain boundary is generally disordered
with respect to that of the grain. Secondly, the grains of different crystallographic
orientations would have different elastic moduli with respect to a global coordinate
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system when crystalline grains are elastically anisotropic. To take into account both
aspects of an elastically anisotropic and inhomogeneous polycrystal, the positiondependent elastic modulus in the global reference coordinate system is modeled as the
following [53-55]:


ref
Cijkl (r )   g2 aimg a gjn akog alpg Cmnop
,

(2.16)

g

where  g is the grain order parameter, aijg are the components of an axis transformation
matrix representing the rotation from the coordinate system defined on a given grain g to
ref
on the right-hand side is the elastic
the global reference coordinate system, and Cmnop

ref
of all the grains
modulus in the coordinate system defined on the given grain and Cmnop

are same. Depending on the system,
The eigenstrain due to the compositional inhomogeneity in the presence of grain
boundaries is defined by




 ij (r )   ijm ( X (r )  X 0 ),

(2.17)

where  ijm is the misfit strain tensor , and X0 is the overall composition of the solid
solution. To represent the structural inhomogeneity of a polycrystal due to the grain

boundary, we employ the position (or grain structure)-dependent mismatch (  ijm (r ) ).
With regard to the misfit strain tensor  ijm near a grain boundary, the elastic strain is
relaxed when a solute atom approaches to a grain boundary due to its relatively
disordered structure. Therefore, we model the strain relaxation by employing the position
(or grain structure)-dependent mismatch as the following:
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 ijm (r )   ijm,b (r ),

(2.18)


where  (r ) is an interpolation function which is 1 inside grains and 0 at the center of a
grain boundary and its explicit form is



 ( r )  (

  min 2
  min
)  2(
)
max  min
max  min

(2.19)

where    g2 , max is the maximum value of  which corresponds to the value inside
g

the bulk, and min is the minimum value of  which corresponds to the value at the
center of a grain boundary.  ijm ,b is the misfit strain tensor inside the bulk. We assume
dilatational strain tensor  c ij for  ijm ,b where  ij is the Kronecker-delta function,  c is
the composition expansion coefficient of lattice parameter defined as

1  da 

 , and a0 is
a0  dX 

the lattice parameter of the reference homogeneous solid solution of the overall
composition X0. The strain is assumed to be fully relaxed when the solute atom comes to
the center of the grain boundary.
In the case of structural transformation, the eigenstrain tensor in polycrystals is
defined as





2
 ij (r )   ( g , r )aikg a gjl (  00
p , kl pg ),

g

(2.20)

p


where  ( g , r ) is the grain shape function, aijg are the components of an axis
transformation matrix representing the rotation from the coordinate system defined on a
given grain g to the global reference coordinate system, and  p00,kl is the stress-free
transformation strain tensor for each structural variant in a matrix phase.

20

The homogeneous strain  ij represents the macroscopic shape change of the total
volume of the system and is defined such that

 
V

ij


(r )dV  0.

(2.21)

When a system is constrained under a constant applied strain (  ija ), the homogeneous
strain is simply equal to the applied strain, i.e.,  ij   ija . On the other hand, if the
boundaries are allowed to relax, the homogeneous strain in an elastically inhomogeneous
polycrystal is computed by [53, 54]

 ij  Sijkl  ( ija    ij0     ij ),

(2.22)


where  Sijkl  Cijkl  1 ,  Cijkl  (1 / V )  Cijkl (r )dV ,  ija is an applied stress,
V





  ij0  (1 / V )  Cijkl (r ) kl0 (r )dV , and   ij  (1 / V )  Cijkl (r ) kl (r )dV .
V

V


The heterogeneous strain can be expressed by the elastic displacement ui (r )
following Khachaturyan [52]:


 1 u
 ij (r )   i 
2  rj

u j 
,
ri 

(2.23)

To compute the heterogeneous strain field, we solve the following mechanical
equilibrium equation since the mechanical equilibrium is established much faster than the
phase transformation processes:








 j ij   j Cijkl (r )  ( kl   kl (r )   kl (r ))  0,

(2.24)

where  ij is the local elastic stress. In order to solve the mechanical equilibrium
equation with the spatially inhomogeneous elasticity in polycrystals, we employ the
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Fourier-spectral iterative-perturbation scheme [56, 57]. To apply the method, the
position-dependent elastic modulus (Eq. (2.16)) is divided into a constant homogeneous
hom
(or Cijhom ) and a position-dependent inhomogeneous perturbation part
part Cijkl


inhom 
Cijkl
(r ) (or Cijinhom (r ) ), i.e.,



hom
ref
hom
hom
inhom 
  Cijkl
(r )
Cijkl (r )  Cijkl
 Cijkl
   g2 aimg a gjn akog alpg Cmnop
 Cijkl

g



(2.25)



inhom 
ref
hom
 . The details of the
where Cijkl
(r ) is defined as   g2 aimg a gjn akog alpg Cmnop
 Cijkl


 g
conventional procedure for solving the mechanical equilibrium equation in polycrystals
are discussed in [53, 54]. However, the conventional procedure might have the efficiency
problem due to the iterations for each step in elasticity calculations. For better efficiency,
we additionally employed the Voigt notation scheme to solve the mechanical equilibrium
equation. We reduced the number of terms in equations by considering the symmetry of
elastic modulus, strain, and stress, i.e. we remove the unnecessary calculations by
employing the Voigt notation [58]. The procedure is the follows:
i) Zeroth-order iteration: The elastic modulus is assumed to be homogeneous and solve
the mechanical equilibrium equation to obtain the zeroth-order approximation of the
elastic displacements. The equations in the Voigt notation are
u~10  i[1 (~10 k x  ~60 k y  ~50 k z )   6 (~60 k x  ~20 k y  ~40 k z )  5 (~50 k x  ~40 k y  ~30 k z )],
u~20  i[ 6 (~10 k x  ~60 k y  ~50 k z )   2 (~60 k x  ~20 k y  ~40 k z )   4 (~50 k x  ~40 k y  ~30 k z )], (2.26)
u~ 0  i[ (~ 0 k  ~ 0 k  ~ 0 k )   (~ 0 k  ~ 0 k  ~ 0 k )   (~ 0 k  ~ 0 k  ~ 0 k )],
3

6

1

x

6

y

5

z

2

6

x

2

y

4

z

4

5

x

4

y

3

z


hom
where  i0  Cijhom 0j , ik1  Cijkl
k j kl ( ik is reduced to i ), i   1 , k  (k x , k y , k z ) is
the reciprocal lattice vector, the tilde (~) represents the Fourier transform.
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ii) Higher-order iteration: The (n-1)th-order elastic solution is used to obtain the nthorder elastic displacements by solving
~
~
~
~
~
~
~
~
~
u~1n  i[1 (T1 n1k x  T6n1k y  T5n1k z )   6 (T6n1k x  T2n1k y  T4n1k z )   5 (T5n1k x  T4n1k y  T3n1k z )]
~
~
~
~
~
~
~
~
~
u~2n  i[ 6 (T1 n1k x  T6n1k y  T5n1k z )   2 (T6n1k x  T2n1k y  T4n1k z )   4 (T5n1k x  T4n1k y  T3n1k z )]
~
~
~
~
~
~
~
~
~
u~ n  i[ (T n1k  T n1k  T n1k )   (T n1k  T n1k  T n1k )   (T n1k  T n1k  T n1k )]
3

5

1

x

6

y

5

z

4

6

x

2

y

4

z

3

5

x

4

y

3

(2.27)

z

where Ti n 1  Cijtotal ( 0j   jn 1 )  Cijinhom nj 1 . The number of iterations is controlled by the
tolerance. In this work, the iterations were continuously performed until the value of
(u1n 1  u1n ) 2  (u2n 1  u2n ) 2  (u3n 1  u3n ) 2 became smaller than 1.0  10-4 . Table 2-1
shows the comparison of computation time for simulations between the conventional
scheme [53, 54] and the Voigt notation scheme used in the current study. The elapsed
computation times to produce the microstructures by diffusional processes (Figure 2-4
(b)) and by structural transformations (Figure 2-4(c)) on a static grain structure (Figure 24 (a)) were measured employing both schemes. As shown in the table, the computation
times for the simulations of both diffusional and structural transformations are reduced
when the Voigt notation scheme is employed.
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Table 2-1 Comparison in computation time between
the conventional method and the Voigt notation method.
(System size: 256x  256x, Total time step: 20000 steps )

Conventional
method

Voigt notation
method

Diffusional process

6601.79 sec
(1.83 hours)

3827.76 sec
(1.06 hours)

Structural change

15727.05 sec
(4.37 hours)

11548.13 sec
(3.21 hours)

Process type

Figure 2-4 (a) Polycrystalline grain structure, and microstructures on the grain structure generated
by (b) diffusional processes and (c) structural changes.
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Examples of phase-field simulations in polycrystals
The developed model can be applied to both 2-dimesional (2D) and 3-dimensional
(3D) systems. Figure 2-5 show the examples of phase-field simulations. 2D simulations
of the diffusional process and the cubic to tetragonal structural transformation on a static
grain structure (Figure 2-5(c)) are shown in Figure 2-5(a) and (b), respectively. Figure 25(c) shows a 3D simulation result of the diffusional process on a 3D grain structure
(Figure 2-5(d)).

Figure 2-5 Phase-field simulations of (a) a 2D diffusional process and (b) a 2D cubic to tetragonal
structural transformation on (c) a 2D grain structure, and (d) a 3D diffusional process on (e) a 3D
grain structure using the developed models. In (a) and (d), white color represents the high
composition and black color represent the low composition of solute. In (b), different colors
denote different tetragonal variants.
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Summary
The phase-field models for describing the microstructure evolution in polycrystalline
materials have been successfully developed. The models consider not only the effects of
grain boundaries on diffusing species and structural variants but also the inhomogeneous
elastic properties of polycrystals. The computational efficiency for solving mechanical
equilibrium equations in the presence of the elastic modulus inhomogeneity has been
improved by employing the Voigt notation scheme for the equations. The model can be
applied to modeling a wide spectrum of kinetic processes associated with the diffusional
and/or structural processes in polycrystalline materials.
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Chapter 3

Elastically Anisotropic Polycrystalline Binary Solid Solutions
Phase transformations in solid solutions involve a complicated coupling among a
number of different diffusional processes such as solute segregation/depletion, precipitate
nucleation, growth, and coarsening. In addition, there usually exist the internal defects
such as dislocations, grain boundaries, and coherent inclusions which are sources of
elastic stresses in the solid solutions. For example, for systems with coherent precipitates,
elastic stresses arise naturally due to the lattice parameter mismatch between the
precipitate and the matrix [1-4]. Such elastic stress strongly influences diffusion
processes [5]. Especially, the presence of grain boundaries often leads to the
inhomogeneous distribution of a phase microstructure, e.g., grain boundary segregation
and precipitate free zone, and it has important implications to the materials’ mechanical
properties. Therefore, it is obvious that predicting the kinetics of inhomogeneous
compositional distribution in polycrystalline solid solutions during the phase
transformation plays a key role to design the phase microstructure for desired properties.
However, the computational modeling for the prediction of microstructure evolution in
polycrystalline materials is significantly more challenging than that of a uniform single
crystal. There are two main distinguishing components which should be taken into
account in modeling diffusional processes in polycrystalline solid solutions. First, the
solute-grain boundary interactions should be considered. A grain boundary is one of
structural defects which induce solute segregation or depletion due to chemical and/or
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elastic interaction between solute atoms and defects. To describe the solute-grain
boundary interactions, several phase-field models have been proposed. Fan et al.
employed the phenomenological model to induce the grain boundary segregation [6]. Cha
et al. described the grain boundary as a distinguishable phase and incorporated the
segregation potential within the grain boundary regime [7]. More recently, a phase-field
model consistent with Cahn's theory [8] was proposed by Gronhagen et al. for modeling
grain boundary segregation as well as solute drag effects [9]. The model has been
successfully applied to propose the abnormal grain growth mechanism [10], simulate the
solute-moving grain boundary in the strongly segregating system [11], and model the
strain energy effects on grain boundary segregation and solute drag effects [12]. The
second distinguishing component in the modeling is the elastic properties of a
polycrystalline solid solution. The elasticity in the polycrystalline solid solution is always
inhomogeneous since the elastic modulus is directionally dependent in each grain. It
poses a difficulty to obtain the elastic solutions inside a polycrystalline solid. A number
of approaches have been proposed to model and compute the inhomogeneous elasticity in
polycrystals. Wang et al. developed a method based on the calculation of equivalent
eigenstrain [13]. The authors of the present article recently extended an iterativeperturbation technique using the Fourier spectral method [14, 15] to model the effects of
elastic inhomogeneity in polycrystals [16, 17].
With regard to computational modeling the phase transformations in polycrystals, the
phase-field approach [18-23] is successfully applied. Jin et al. [24], Artemev et al. [25],
Wang et al. [26] investigated the formation and switching of martensitic transformations
in polycrystals. Choudhury et al. analyzed the evolution of ferroelectric domains in

29

polycrystalline oxides [27, 28]. They have mainly focused on the structural
transformation, and assumed the homogeneous isotropic elastic properties. However, the
diffusional processes in polycrystalline anisotropic solid solutions have not been
extensively studied using phase-field simulations even though there have been many
efforts in phase-field modeling of precipitate reactions in single crystalline solid solutions,
e.g., Ni alloy [29-31], Al alloy [32-34], etc. This is mainly because the difficulties
associated with the distinguishing components in polycrystalline modeling explained
above have not been fully resolved. The authors of this article recently reported the
phase-field model for diffusional processes in polycrystals [35].
The main objective of the present work is to extend and generalize the phase-field
models in [12, 35] for describing the diffusional processes in elastically inhomogeneous
polycrystalline solid solutions. We integrate the elasticity model for an elastically
inhomogeneous polycrystalline system with phase-field equations describing diffusional
processes. A binary solid solution is considered for simplicity. The elastic strain energy
terms are discussed from the theoretical point of view. The elastic interactions associated
with the coherent precipitates near grain boundaries and grain boundary segregation are
investigated using the phase-field simulations with the developed model.

Phase-field modeling
The phase-field model for diffusional processes in polycrystals developed in Chapter 2
is employed in this work. The total free energy functional in Eq. (2.8) is used for
modeling the behavior of polycrystalline solid solutions.
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Thermodynamic energy model
The incoherent local free energy contains both the chemical and the elastic strain
energy of a solid solution. In order to explore the origin of both contributions and develop
the incoherent free energy density in the presence of grain boundaries, let us start with the
fundamental concept of the Gibbs free energy of a solid solution. The free energy density
of the solid solution is basically represented by the linear combination of the chemical
potentials, i.e. the partial molar Gibbs free energy, of all the species. In the case of a
binary solid solution, the free energy density is given by
f inc    X   h  (1  X ),

(3.1)

where  is the chemical potential of solutes and  h is the chemical potential of host
atoms in the solid solution. To expand the free energy density of the binary system, a
regular solution model is considered as the following function:
f inc  [  o  RT ln X    (1  X ) 2 ]  X  [  ho  RT ln(1  X )  X 2 ]  (1  X ),

(3.2)

where  o is the chemical potential of solute atoms at standard state,  ho is the chemical
potential of host atoms at standard state, R is the gas constant, T is the temperature, and

 is the regular solution parameter for representing the interactions among atoms.
Following Cahn [8], the interaction potential E is additionally incorporated to represent
pure chemical interaction between a grain boundary and solute atoms, and Eq. (3.2)
becomes

f inc  [  o  RT ln X    (1  X ) 2  E ]  X  [  ho  RT ln(1  X )  X 2 ]  (1  X ). (3.3)
In the present model, we specify the pure chemical interaction potential E between grain
boundary and solutes as [m    g (1 , 2 ,..., g )] where m is a parameter determining the
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interaction strength between solute atoms and a grain boundary and  is the height of the
grain local free energy density as discussed in [9]. Plugging the interaction potential in
Eq. (3.3) and rearranging the equation, we have the incoherent free energy density in the
presence of grain boundaries as the following:

f inc   o X   ho (1  X )  RT [ X ln X  (1  X ) ln(1  X )]  m    g  X    X (1  X ). (3.4)
Generally, the regular solution parameter contains all the contributions associated with
the non-ideality of the solid solution. In principle, the contributions are correlated with
each other, and each contribution cannot be experimentally specified. Ignoring all other
contributions, let us focus on pure chemical and elastic interactions due to the atomic size
difference (or size mismatch) between solute atoms and host atoms. Hence, the elastic
strain

contribution

can

be

separated

from

the

regular

solution

parameter

hom
(    chem   elast
). The main purpose of splitting the regular solution parameter is to

conduct the parametric study with changing the misfit strain (see Chapter 4) which is
experimentally difficult. In addition, it enables us to theoretically analyze the elastic
strain energy of a solid solution for better understanding. The following elastic strain
energy ( ehom ) of homogeneous solid solution of local regime [1] can be used to describe
the elastic interaction in local homogeneous solid solution:


1
ehom  [Cijkl ijm klm   L(n )  n ] X (1  X ),
2

(3.5)


where Cijkl is the elastic modulus,  ijm is the misfit strain tensor, and  L(n )  n is the



average of L(n ) over all the directions of n with L(n )  ni ij0  jk  kl0 nl ,  ij0  Cijkl  klm ,
 1
jk  C jilk ni nl , and ni is the unit wave vector in Fourier space. The details of calculation
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of  L(n )  n are shown in Appendix. Therefore, the incoherent free energy density is
represented by the following expression as discussed in [12]:

f inc   o X   ho (1  X )  RT [ X ln X  (1  X ) ln(1  X )]  m    g  X

1
  chem X (1  X )  [Cijkl  ijm klm   L(n )  n ] X (1  X ),
2

(3.6)

where  chem is the regular solution parameter associated with the pure chemical
contribution, i.e. regular solution parameter of a hypothetical solid solution in which all
the atoms have the same size (This representation is similar to Cahn’s in [36]). The
incoherent free energy is expressed by the summation of purely chemical part and elastic
strain energy of the homogeneous solid solution itself:

finc  [ f chem  m    g  X ]  ehom ,
where

(3.7)

f chem   o X   ho (1  X )  RT [ X ln X  (1  X ) ln(1  X )]  chem X (1  X ) . Our

total free energy without ehom and the excess energy term ( chem X (1  X ) ) is identical to
the model in Gronhagen et al. as discussed in [12].
With regard to the misfit strain tensor  ijm near a grain boundary, the elastic strain is
relaxed when a solute atom approaches to a grain boundary due to its relatively
disordered structure. Therefore, we model the strain relaxation by employing the position
(or grain structure)-dependent mismatch as the following:





 ijm (r )   ijm,b (r ),

(3.8)


where  (r ) is an interpolation function which is 1 inside grains and 0 at the center of a
grain boundary and its explicit form is
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 ( r )  (

  min 2
  min
)  2(
)
max  min
max  min

(3.9)

where    g2 , max is the maximum value of  which corresponds to the value inside
g

the bulk, and min is the minimum value of  which corresponds to the value at the
center of a grain boundary.  ijm ,b is the misfit strain tensor inside the bulk. We assume
dilatational strain tensor  c ij for  ijm ,b where  ij is the Kronecker-delta function,  c is
the composition expansion coefficient of lattice parameter defined as

1  da 
 , and a0 is

a0  dX 

the lattice parameter of the reference homogeneous solid solution of the overall
composition X0. The strain is assumed to be fully relaxed when the solute atom comes to
the center of the grain boundary. Taking into account the position-dependent mismatch,
we rewrite ehom using Eq. (3.8),



1
ehom  [Cijkl  ijm,b klm ,b   Lb (n )  n ] (r ) 2 X (1  X ),
2

(3.10)




where  Lb (n )  n is the average of Lb (n ) over all the directions of n with

Lb (n )  ni ij0,b  jk kl0,b nl ,  ij0,b  Cijkl  klm ,b ,  jk1  C jilk ni nl , and ni is the unit wave vector in

Fourier space. One remarkable thing is that the prefactor


1
[Cijkl  ijm ,b ijm ,b   Lb (n )  n ] in
2

Eq. (3.10) is independent of grain orientation even if each grain has anisotropic elastic
modulus. Since  ijm ,b is a dilatational tensor, the first term Cijkl  ijm ,b ijm ,b in the bracket is


invariant with grain rotation. In addition, the second term  Lb (n )  n is a scalar quantity

where all directions are equally considered. Figure 3-1 shows an example of the Lb (n )
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profiles in k-space in the cases of grains of different crystallographic orientations. If we
average out over all the directions, the values are same since the profiles are just mutually
rotated. Therefore, all the grains have the same values of the prefactor without regard to
the grain orientations, which means that the elastic modulus of a reference grain can be
used for the computations of prefactors of all other grains.
The above elastic strain energy term ( ehom ) is responsible for the homogeneity of a
local solid solution. However, compositional distribution in a solid solution is generally
inhomogeneous. The elastic strain energy stemming from the compositional
inhomogeneity of the solid solution is considered by the coherency elastic strain energy
( ecoh ), and the expression is the following [1]:
1
ecoh  Cijkl ( ij   ij   ij )( kl   kl   kl )
2

(3.11)

where  ij is the homogeneous strain tensor,  ij is the heterogeneous strain tensor, and

 ij is the eigenstrain tensor. For an elastically anisotropic and inhomogeneous polycrystal,
the position-dependent elastic modulus defined in Eq. (2.16) is employed. Details of the
procedure for obtaining the elastic solutions in elastically inhomogeneous polycrystals
are described in Chapter 2.
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Figure 3-1 Profiles of Lb (n ) of (a) a reference grain and (b) rotated grain with respect to the
reference grain in ky-kz planes.

Theoretical discussion of elastic strain energy terms

For the calculation of elastic strain energy of a solid solution, two elastic components
( ehom and ecoh ) are considered. It is meaningful to discuss the relationship between two
elastic components for better understanding and validation of the present modeling.
Elastic strain energy terms in an isotropic solid solutions will be discussed in Chapter 4.
Let us consider the elastic strain energy of an elastically anisotropic solid solution in a
single crystal. Ignoring the macroscopic deformation of the entire system (  ij =0), the
expression of coherency elastic strain energy Ecoh of the entire system in Fourier space is
given by [1]
Ecoh


 ~  2
1 d 3k
 
B
(
n
) X (k ) ,
2 (2 )3

(3.12)
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~ 
where k is the wave vector in Fourier space, X (k ) is the Fourier transform of






X (r )  X  X 0 , and B(n )  Cijkl  ijm klm  ni ij0 jk kl0 nl  Cijkl  ijm klm  L(n ) . The total
elastic strain energy of the system is the sum of Ehom and Ecoh. Using Eqs. (3.5) and (3.12)
aniso
Etotal
 Ehom  Ecoh




 ~  2
1
1 d 3k
m m
 ] X (1  X ) dV 
[
C




L
(
n
)

[Cijkl  ijm klm  L(n )] X (k ) .
ijkl ij kl
n
3


2 V
2 ( 2 )

(3.13)

The second term in Eq. (3.13) can split into two parts:
 ~  2
1 d 3k
[Cijkl  ijm klm  L(n )] X (k ) 
3

2 (2 )


 ~  2
1 d 3k
~  2 1 d 3k
m m
 ] X ( k ) 
  L ( n )] X ( k ) ,
C




L
n

[

L
(
n
)

[
(
)
ijkl
ij
kl
n
n
2  (2 )3
2  (2 )3

(3.14)

where the first term of the right-hand side is the orientation-independent part and the
second term of the right-hand side is the orientation-dependent part of the coherency
strain energy. Applying the Parseval’s theorem to the orientation-independent part and
adding to ehom , it produces the following:


1
1 d 3k
~  2
m m
m m
 ] X (1  X ) dV 
 ] X ( k )
[
C




L
(
n
)

[
C




L
(
n
)

ijkl
ij
kl
n
ijkl
ij
kl
n
2 V
2  (2 )3


1
1
  [Cijkl ijm klm   L(n )  n ] X (1  X )dV   [Cijkl ijm klm   L(n )  n ]( X  X 0 ) 2 dV
V
V
2
2

1
m m
 V [Cijkl ij  kl   L(n )  n ] X 0 (1  X 0 ).
2

(3.15)

Thus, the total elastic strain energy of the elastically anisotropic system can be written as


 ~  2
1 d 3k
1
aniso
Etotal
 V [Cijkl  ijm klm   L(n )  n ] X 0 (1  X 0 )  
[ L(n )  n  L(n )] X (k ) .
3
2 (2 )
2

(3.16)
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which is consistent with Khachaturyan’s expression of the elastic strain energy of a solid
solution [1]. For an elastically isotropic solution, the second term of Eq. (3.16) becomes



zero since L(n ) is equal to  L(n )  n and the first term reduces to

 1   2
2 
 c X 0 (1  X 0 )
 1  
   2
or 
 c X 0 (1  X 0 ),
 1  

(in three dimensions)
(3.17)

(in two dimensions)

where  is the shear modulus and  is the Poisson’s ratio. It means that the elastic strain
energy of elastically isotropic solid solution is not affected by the compositional
distribution (Crum theorem).
The elastic strain energy terms used in the present work also correctly describe the
composition range of the spinodal decomposition which is one of important diffusional
phenomena. The elastic strain energy significantly contributes to the determination of the
spinodal boundaries in the composition range. As Khachaturyan discussed in [1], only the
orientation-dependent part of the coherency strain energy affects the coherent spinodal
boundaries with respect to the chemical spinodal boundaries since the homogeneous part
of free energy should include the orientation-independent part of coherency strain energy.
In other words, we can explain as the follows. Our local free energy density can
expressed by
indep
dep
f  ( f chem  ehom  ecoh
)  ecoh

(3.18)

When we consider the second derivative of f which determines the spinodal boundaries
indep
[37], the second derivative of ( ehom  ecoh
) is equal to zero, i.e.,

38



1
2  1

[Cijkl  ijm klm   L(n )  n ] X (1  X )  [Cijkl  ijm klm   L(n )  n ]( X  X 0 ) 2   0 (3.19)
2 
2
X  2


Therefore, the difference in spinodal regimes between chemical spinodal and coherent
dep
spinodal is also determined by the only second derivative of ( f chem  ecoh
) in our present

model. While, the incoherent spinodal regime is determined by the second derivative of
( f chem  ehom ) which is the incoherent free energy. In the case of an isotropic elastic solid
solution, the coherent spinodal boundaries are same as chemical spinodal ones. On the
other hand, the incoherent spinodal regime is wider than coherent or chemical spinodal
regimes in our model. Moreover, the consolute temperature of the incoherent spinodal
decomposition is higher than that of chemical or coherent spinodal decomposition by

  1 

R  1 

 2
 c . The schematic illustration of the spinodal regime is shown in Figure 3-2.


Consequently, the energetics associated with the elastic strain energy in our free
energy model are described in a correct way.

Figure 3-2 Schematic diagram of the spinodal regimes.
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Diffusion kinetics
The temporal evolution of the compositional fields X is governed by the Cahn-Hilliard
equation (Eq. (2.9)). Substituting the total free energy F (Eq. (2.8)) with the expressions
in Eq. (3.7) into Eq. (2.9), we obtain the following kinetic equations:

X
e
e
 f

   M c chem  m    g  hom  coh   c 2 X ,
t
X
X
 X


(3.20)

The derivatives of ehom and ecoh with respect to X in Eq. (3.20) are derived using Eq.
(3.10) and (3.11):


ehom 1
 [Cijkl  ijm ,b ijm ,b   Lb (n )  n ] (r ) 2 (1  2 X ),
2
X
   

ecoh
 Cijkl ( ij   ij   ij ) kl   Cijkl  ijel c kl (r ),
X
 X 

(3.21)

We employed the variable interdiffusion mobility for Mc in Eq. (2.11). To solve the
Cahn-Hilliard equation with the composition-dependent diffusion mobility, the numerical
technique for the variable mobility in [38] is employed. The Cahn-Hilliard equation (Eq.
(3.20)) is solved by the semi-implicit Fourier-spectral method [38, 39].

Simulation results and discussions
Numerical input parameters and preparation of grain structures
The kinetic equation in Eq. (3.20) was solved in dimensionless forms. The parameters
were normalized by x* 

* 


E l2

, and M c0 * 

C ij


x
f
, t *  L  E  t ,  *  ,  *  , f *  , C ij* 
,
E
l
E
E
E

M c0
where E is the characteristic energy which was chosen to
L l2
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be 10 9 J / m 3 and l is the characteristic length which is taken to be 2  10 9 m . For a
reference grain, we used the elastic constants of  phase in Ni-Al alloy system used in
[29] which were estimated from [40, 41]. The normalized elastic constants in Voigt
notation were C11ref * =195.8, C12ref * =144.0, and C44ref * =89.6. Each grain in a polycrystal is
elastically anisotropic since the Zener anisotropy factor AZ (= 2C44ref * /(C11ref *  C12ref * ) ) is
equal to 3.46. The composition expansion coefficient  c is chosen to be 0.04. The
dimensionless gradient energy coefficients  c* and  o* are set to be 0.25. The interaction
parameter m was taken to be 0.5, and the normalized height  * was chosen to be 1.14.
The terms associated with the normalized chemical free energy such as  * ,  h* , and

*chem were set to be 1.0, 1.0, and 2.0, respectively. The prefactor M c0* of interdiffusion
mobility in dimensionless unit in Eq. (2.11) was chosen as 0.118. The dimesionless grid
size x* was 0.5, and time step t * for integration was 0.1. All the simulations were
conducted with the periodic boundary condition.
Even though the model is applicable to the simulations involving both grain structural
and compositional evolution, we employ the only compositional evolution on a static
grain structure for simplicity. In the present model, we employ the following local free
energy density functional for g (1 , 2 ,..., g ) in Eq. (2.8) based on the model in [42] for
grain structure evolution with multiple grain order parameters:
1 
 1
g (1 , 2 ,..., g )  0.25      g2   g4      g2 g2' ,
2
4 
g 
g g ' g

(3.22)

41

where  is the phenomenological parameter for the interactions among grain order
parameters. A constant 0.25 in Eq. (3.22) is employed to make the value of the function g
equal to 0 inside the bulk to describe zero interaction potential (  m    g in Eq. (3.6))
inside the grain for convenience, which does not affect the kinetics of the grain structure
evolution. The evolution of the non-conserved order parameters g which is a grain order
parameter is governed by the Allen-Cahn relaxation equation (Eq. (3.23)) [43]:

 g (r , t )

t

 F 
,
  L
  (r, t ) 
g



 F
L is the kinetic coefficient related to grain boundary mobility, t is time, and 
 
 g

(3.23)


 is the



variation of the free energy function with respect to the grain order parameter fields. The
equations are solved by semi-implicit Fourier-spectral method [39]. Once the grain
structure is prepared, the local free energy density g in Eq. (3.6) is computed and fixed
for the composition-grain structure interaction term (  m    g  X ).

Observations of interactions near a grain boundary
The diffusional processes usually involve the complicated couplings of elastic
interactions among different objects. For example, the complex configurations of
precipitates in Figure 2-5 (a) and (c) are given rise to as a result of mutual elastic
interactions among precipitates, solute atoms, and grain boundaries. We attempt to
resolve and identify the different features of the interactions among the objects by
employing the simplest simulation setups, which is experimentally challenging. We
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microscopically focus on the precipitate-precipitate interaction across a grain boundary
and the precipitate-grain boundary segregation interaction.

Precipitate-precipitate interaction across a grain boundary
The elastic stress field generated by a coherent precipitate in one grain would
influence the precipitation reaction in other grains since the elastic interaction has the
long-range characteristic. In the modeling of the coherent precipitates in a single crystal
[29-31], only interactions among the precipitates aligned in same orientations can be
dealt with. On the other hand, the coherent precipitates in different grains are generally
mutually rotated if the grains are in different crystallographic orientations.
To investigate the interactions between precipitates in different grains, we designed
the simulations in a simple bi-crystal as shown in Figure 3-3(a). We labeled the left-hand
side grain as Grain I and the right-hand side grain as Grain II. We can vary the
misorientation between two adjoining grains as well as the locations of precipitates inside
the grains. Since Young's modulus of an elastically anisotropic grain is orientationdependent, the shape of a grain boundary plane would be influenced by the
misorientation between adjoining grains. However, this effect is not considered for
simplicity. The grain orientation of Grain I is fixed as 0°, while Grain II is oriented at an
angle of 60° with respect to Grain I in this section. The profiles of the elastic constants
*
) we modeled in Eq. (2.16) with respect to the global reference
( C11* , C12* , and C44

coordinate system (x-y frame) are plotted across a grain boundary in Figure 3-3(b). As we
can see in Figure 3-3(b), the elastic constants are position-dependent due to the difference
in grain orientation, and the elastic constants vary continuously near the grain boundary.
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The elastic stress field generated by the coherent precipitate in an elastically anisotropic
solid is strongly orientation-dependent. Moreover, the elastic stress field would
experience the refraction when it propagates across a grain boundary since the elastic
property of the medium varies across the grain boundary as explained above. This is one
of distinct features in a polycrystal from those in a single crystal. Thus, the elastic
interaction between the precipitates in different grains would be more complicated than
that in a single crystal. Figure 3-4 (a) shows contour plots of the computed spatial
distributions of the elastic stress fields (  xx ,  xy ,  yy ) generated from a single coherent
precipitate in a bicrystal. For comparison, the stress fields in a single crystal are also
plotted in Figure 3-4 (b). In both cases, the stress fields from the precipitate propagate
over the long range of the system. However, as one can clearly see, the stress fields are
refracted after passing through the grain boundary in the case of the bicrystal. Especially,

 xx and  yy abruptly changes across the grain boundary. It means that precipitates in
Grain II might be affected by the distorted elastic stress fields, and the effects would be
more significant if the precipitates are located near the grain boundary.
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Figure 3-3 (a) Simulation setup in a bi-crystal generated by a phase-field simulation, and (b)
*
*
*
, C12
, C44
) with respect to (x-y) coordinate system across a grain
profiles of elastic constants ( C11

boundary when =60o.

Figure 3-4 Contour plots of elastic stress fields (xx, xy, yy) generated from a single coherent
precipitate (a) in a bicrystal (red dashed line represents a grain boundary) and (b) a single crystal.
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To observe the precipitation reaction under the stress fields near a grain boundary, we
initially introduced two circular precipitates of R=20 x* into the grain structure and
monitor the temporal evolution of the morphology of precipitates. One was embedded in
Grain I at a fixed location, while the other was embedded in Grain II at several different
distances to the grain boundary as shown in Figure 3-5 to observe the influence of the
different levels of stress field on the precipitate. To reduce the overlap of the elastic field
due to the periodic boundary condition, we employ a relatively large system
(512 x*  512 x* grids) with respect to a size of the precipitate. The composition of
solute in a matrix was taken to be 0.046 which is close to one of the equilibrium
compositions.
Figure 3-6 shows the zoomed images of Figure 3-5 in order to clearly capture the
morphology of precipitates near the grain boundary for the several cases of precipitate
locations in Grain II. First of all, the morphology of the precipitate is cubic with rounded
corners as shown in Figure 3-6(a). The precipitate embedded in Grain II is rotated by 60°
with respect to the precipitate embedded in Grain I. From the morphology of the
precipitates, we can confirm that the inhomogeneous and anisotropic elasticity is properly
incorporated by our proposed model, and the model successfully describes the orientation
of the precipitates in the differently oriented grains. The precipitates in the configuration
of Figure 3-6(a) do not seem to significantly affect each other. As the precipitate in Grain
II becomes closer to the grain boundary (see Figure 3-6(b) to (e)), the interesting features
are captured. The morphology of the precipitate in Grain II deviates from the perfect
cuboidal shape (see Figure 3-6(e)). It means that the diffusion process associated with the
precipitate in Grain II is interfered by a bias.
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Figure 3-5 Morphology of precipitates in a bicrystal. A precipitate in Grain I is located at a fixed
position, while a precipitate in Grain II is placed at several different distances to a grain boundary.
Yellow dashed line represents the location of a grain boundary.

Figure 3-6 Morphology of precipitates near a grain boundary for the cases in Figure 3-5 (Zoomed
images of Figure 3-5). Yellow dashed line represents the location of a grain boundary.
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The diffusion kinetics is generally affected by the elastic stress field. The relationship
between the diffusion flux and the elastic stress field is given by [5]:

J  cM ( F  X i P),

(3.24)

where J is the flux, c is the total concentration, M is the diffusion mobility, F is the
driving force for diffusion except the local pressure effect, Xi is the mole fraction of
species i,  is the pure dilation during the atomic jump, and P is the local pressure
defined by [( xx   yy ) / 2] in two dimensions and [( xx   yy   zz ) / 3] in three
dimensions. For convenience, we use the negative local pressure (  P  ( xx   yy ) / 2 ).
By the definition, the positive value of  P represents the tensile local pressure and the
negative value represents the compressive local pressure. Consequently, the diffusion
kinetics can be significantly affected by the local pressure fields. Thus, we investigated
the local pressure distribution near precipitates in order to explore the origin of the
deformed shape of the precipitate. Figure 3-7(a) shows contour plot of  P
(  ( xx   yy ) / 2 ) distribution which arises due to a single coherent precipitate in Grain I.
In the external area of the precipitate, the local pressure along the diagonal direction of
the precipitate is more compressive. On the other hand, the local pressure along the
normal direction to a flat interface of the precipitate is more tensile. The local pressure
field elongates to the grain boundary, and it is refracted when it passes though the grain
boundary in the same way as the stress fields. As a result, the irregular tensile regime
next to the grain boundary is formed in Grain II. In Figure 3-7(b), the guideline of the
precipitate of Figure 3-6(e) which is closest to the grain boundary is located at Grain II in
the enlarged contour plot in order to observe the effect of the local pressure. Most
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deviation of the morphology occurs near the tensile region, i.e., the left hand side corner
of the precipitate in Grain II tend to be dragged toward the more tensile regime. We also
conducted the simulations with the different crystallographic orientations of Grain II, and
the similar behaviors are observed as shown in Figure 3-8. This can be one of reasons for
the irregular morphology of precipitates near or at grain boundaries which have
significantly important implications to the mechanical properties.

Figure 3-7 (a) Contour plot of -P generated from a single coherent precipitate in Grain I in a
bicrystal, and (b) magnified plot of -P with the guideline of the precipitate in Figure 3-6(e).
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Figure 3-8 Morphology of precipitates near a grain boundary for the cases of different
crystallographic orientations of Grain II. Yellow dashed line represents the location of a grain
boundary.

Precipitate-GB segregation interaction
One of distinct diffusional processes in a polycrystal from those in a single crystal is
the grain boundary segregation. The effects of elastic strain energy due to the atomic size
mismatch between solute atoms and host atoms have been discussed, and the grain
boundary segregation profiles simulated by the present model have been validated in [12]
by employing the isotropic elastic modulus limit. As discussed above, the diffusion
kinetics is also influenced by the elastic stress fields from the coherent precipitates. In
this section, we discuss the effects of elastic stress generated by the precipitates within
grains on the solute segregation at grain boundaries.
It is easily expected that the elastic stress field or local pressure profile along a grain
boundary stemming from the multiple coherent precipitates in adjacent grains is strongly
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inhomogeneous based on the discussion in above section. In addition, it would depend on
the spatial configuration of the precipitates. Figure 3-9(a) show the negative local
pressure (  P ) profiles along the grain boundary in the cases of different grain
orientations of Grain II. Corresponding solute composition profiles along the grain
boundary are shown in Figure 3-9(b). In all cases, the solute composition at the locally
maximum compressive region (shaded in red) is relatively low, while the composition at
the relatively tensile (locally minimum compressive) regions (shaded in blue) tends to be
a local maximum value. The solute atoms do not prefer the locally compressive regions
which provide smaller space for accommodation of the atoms since we employ the
dilatational eigenstrain of solute. As a result, the composition profile along the grain
boundary is non-uniform depending on the configurations of coherent precipitates inside
grains. Similar behaviors of solute segregation/depletion near a dislocation which
generates the stress field were discussed in [44].
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Figure 3-9 (a) Negative local pressure (-P) profiles along the grain boundary in the cases of
different grain orientations of Grain II, and (b) Corresponding solute composition profiles along
the grain boundary.

Further, the non-uniform distribution of solute at a grain boundary can supply the
inhomogeneous distribution of candidate sites for secondary nucleation at the grain
boundary. We performed the simulations with the system of higher matrix composition
(Xm=0.12), i.e., the supersaturated system, in the presence of primary coherent
precipitates inside grains. We monitored the early stage of the secondary nucleation
process at a grain boundary. Depending on the spatial configuration of primary coherent
precipitates, the secondary nucleation events along the grain boundary occur at different
locations as shown in Figure 10(a). For better comparison, the composition profiles along
the grain boundary are plotted in Figure 10(b). The figure clearly shows the non-uniform
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behavior of the secondary nucleation. This phenomena can happen in realistic materials
systems. For instance, upon the continuous cooling, the nucleation of the secondary '
precipitates occurs in the presence of the pre-existing primary coherent ' phase in Ni-Al
systems, which results in the bimodal distribution of ' precipitates in the system [45].
Our simulation results indicate that the primary ' precipitates inside grains can affect the
spatial distribution of grain boundary nucleated secondary ' precipitates.

Figure 3-10 (a) Secondary nucleation of precipitates at a grain boundary with different grain
orientations of Grain II, and (b) composition profiles along the grain boundary.
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Summary
We successfully integrated the chemical free energy model for modeling grain
boundary segregation with the elastic strain energy model to describe the diffusional
processes in an elastically anisotropic polycrystalline solid solution. The elastic strain
energy of a solid solution itself in the presence of grain boundaries was modeled based on
Khachaturyan's theory [1], and the coherency elastic strain energy which was also
formulated based on Khachaturyan's theory [1] was obtained by solving the mechanical
equilibrium equation using the iterative-perturbation Fourier spectral method [14, 16, 17]
with the inhomogeneous elastic modulus of polycrystals. The theoretical aspects of the
elastic energy terms were rigorously discussed. By applying the developed model, we
investigated the elastic interactions between precipitates in different grains, and between
precipitates and grain boundary segregation. The elastic stress fields from a coherent
precipitate inside grain propagate through the grain boundary and the stress fields are
refracted when they pass through the boundary. The propagated stress fields through the
boundary have an effect on the shape of precipitates near the grain boundary. Precipitates
in differently oriented grains generate the non-uniform distribution of the stress field or
local pressure along a grain boundary, which results in the inhomogeneous grain
boundary segregation along the grain boundary. Moreover, the inhomogeneous grain
boundary segregation can induce the non-uniform distribution of nuclei of the secondary
precipitates at the grain boundary. The proposed phase-field model is expected to be
applied to a number of realistic polycrystalline materials systems involving the
diffusional processes such as Ti alloy, Ni alloy, Zr alloy, etc. if the model is combined
with phase-field models for structural transformation or ordering process in polycrystals.
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Chapter 4

Strain Energy Effects on Solute-Grain Boundary Interactions
Grain boundaries are planar defects separating regions of different crystallographic
orientations in a polycrystalline material and are associated with excess free energy. The
interaction between grain boundaries and impurity solute atoms often leads to the
inhomogeneous distribution of solute atoms near the grain boundaries, i.e., grain
boundary segregation. The segregated solute atoms exert a drag force on the moving
grain boundaries and thereby lower their rate of migration during grain growth or
recrystallization process [1, 2]. Moreover, grain boundary segregation may have a
pronounced effect on the mechanical properties of a material [3-8], and microstructures
can be tailored for specific properties by controlling the amount of segregation. For
example, in nanocrystalline materials solute segregation significantly lowers the grain
boundary energy to almost zero and inhibits grain coarsening [9-12]. Therefore, a
fundamental understanding of the solute segregation behavior and its effect on grain
boundary migration is important for designing microstructures of engineering materials
with specific mechanical properties.
Grain boundary segregation has been extensively studied both experimentally and
theoretically (see [13-18] for comprehensive reviews). Recent experimental studies
include surface analysis techniques such as Auger electron spectroscopy (AES) and x-ray
photoelectron spectroscopy (XPS) to quantitatively measure the nature and concentration
of segregated species [14]. Microscopic methods with high spatial resolution (e.g.,
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scanning transmission electron microscope (STEM) and atom-probe field ion
microscope) have also been employed [14]. However, it is still challenging to quantify
the grain boundary segregation by experiments due to the complicated interplays among
energetics associated with the grain boundary segregation such as chemical potential of
solutes, elastic strain energy, grain boundary energy, etc. Therefore, there have been a
number of analytic modeling and computer simulations of grain boundary segregation
[17, 19-27].
The interaction between migrating grain boundaries and solute segregation, known as
solute drag effect, also has been extensively investigated [28]. Even a minute quantity of
segregated impurity atoms can significantly change the grain growth kinetics during a
recrystallization process. Solute drag can be simply considered as the coupled process
between grain boundary segregation and the grain boundary motion. However, the
physics underlying the drag effect is not so simple. Solute segregation to a migrating
grain boundary is a non-equilibrium phenomenon, and the composition profile across the
moving grain boundary is usually asymmetric due to the boundary migration. In addition,
solute drag is influenced by several factors such as grain boundary migration rate,
diffusivity of solute atoms, size difference between solute and host atoms, etc. The
complicated interplay among the factors hampers the quantitative and systematic
experimental studies of solute drag effect on the kinetics of grain boundary migration or
grain growth. Therefore, theoretical models have been developed to understand the solute
drag effect both qualitatively and quantitatively. The first quantitative theoretical study
was conducted by Lücke and Detert [2]. They pointed out the elastic nature of solute drag
effect due to the size difference between solute and host atoms. The most successful

58

solute drag theory was established by Cahn [1]. He described the drag effect by
employing a generic interaction potential, and demonstrated two distinct velocity
regimes: low and high velocity regimes. As a result, the grain boundary migration rate
varies nonlinearly with the driving force for boundary motion. A grain boundary
experiences the drag force within the low velocity regime, while it breaks away from the
segregated solutes in the high velocity regime. Lücke and Stüwe extended Cahn’s work
and developed a simple atomistic model [29]. Hillert and Sundman further generalized
the solute drag theory for systems with high solute content. Their theory is based on the
numerical calculation of free energy dissipation by solute diffusion [30]. Hillert also
showed that the free energy dissipation analysis becomes identical to Cahn’s impurity
drag theory for grain boundary migration in dilute solutions [31, 32]. A comprehensive
review of these approaches is given in [33]. The effect of non-ideality on the solute drag
force was also discussed by employing the regular solution model [34].
A number of attempts have been made to develop quantitative models for the solute
drag effect. For example, phase-field models [35-40] have been developed for studying
the solute drag phenomenon. The first phase-field study of the solute drag effect was
conducted by Fan et al [41]. They captured the drag effect by employing the
phenomenological model and applied their model to the simulation of grain growth to
study the effect of solutes on the growth kinetics and grain size distribution. Cha et al.
developed a phase-field model to study solute drag effect in binary alloy systems in
which the grain boundary is described as a distinguishable phase from the grain interior
and the segregation potential is employed in the grain boundary region [42]. Ma et al.
investigated the effects of concentration gradient, spatial variation of gradient energy
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coefficient and the concentration dependence of the solute-grain boundary interactions
using a regular solution model [43]. They also discussed the transition of grain boundary
mobility as a function of temperature. Strandlund et al. proposed a different approach in
which the effective grain boundary mobility is calculated as a function of driving force
and is used to simulate grain boundary migration without solving the diffusion equation
[44]. Recently, Grönhagen et al. developed a phase-field model [45] consistent with
Cahn’s solute drag theory [1]. In their model, the height of the double-well potential in
the expression for the Gibbs free energy is concentration-dependent. Kim et al. adopted
Grönhagen’s model for their study of the solute drag effect [46]. They combined the
solute drag model with a multiphase-field model [47] for grain growth and proposed a
new mechanism of abnormal grain growth induced by the solute drag effect. Li et al. also
applied Grönhagen’s model to study the drag effects in different velocity regimes [48].
They considered the drag force at non-steady state and the effect of spatially variable
diffusion mobility.
One of the dominant driving forces for the grain boundary segregation in alloy
systems is the reduction of elastic strain energy by the redistribution of solute atoms.
Solute drag is also influenced by the elastic interactions as Lücke and Detert [2] and
Cahn [1] pointed out. However, most of the solute drag theories and phase-field
simulations employed a generic interaction potential which arbitrarily includes all
interactions arising due to chemical contributions, elastic strain effects, etc. In other
words, the elastic interaction of solute atoms with the grain boundary is not explicitly
described in these models and simulations. Thus, a quantitative analysis of the elastic
strain effects on grain boundary segregation and solute drag is not possible using the
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existing phase-field models. Since elastic interactions have a significant effect on grain
boundary segregation and solute drag, it is important to address the effects of elastic
strain energy on solute-grain boundary interactions.
In this work, we present a phase-field model which quantitatively takes into account
the effect of elastic interactions between solutes and a grain boundary. Based on the
energetics associated with the elastic strain energy of the solid solution, we formulate the
elastic strain energy density due to the size difference between solute and host atoms in
the presence of grain boundaries. We extend the model of Grönhagen et al. [45] by
additionally incorporating the effect of elastic strain energy and integrate our model with
the grain structure evolution model developed by Chen et al. [49] to study the
thermodynamics and kinetics of solute segregation at static or moving grain boundaries.
Our study also theoretically explores the origin of drag force in the presence of elastic
strain interactions. We perform a systematic study of the drag force as a function of
atomic size difference, driving force for grain boundary migration, and diffusivity (or
diffusion coefficient). In particular, the optimum condition in terms of those variables for
the strongest drag force is discussed.

Phase-field model for solute-grain boundary interactions with strain energy
Solute segregation at a static or migrating grain boundary is a kinetic process which
leads to inhomogeneous distribution of solute composition in a polycrystalline solid
solution. To study the behavior of segregating solutes to a grain boundary in a binary


alloy system, we use a conserved field X (r , t ) to describe the composition of solute and
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a set of non-conserved order parameters  g (r , t ) to describe the crystallographic

orientations of grains. The total free energy functional F in Eq. (2.8) is employed.

Energetics
The incoherent local free energy density finc of a binary system is described using a
regular solution based model. We employ the expression of the incoherent free energy in
Eq. (3.4). The regular solution parameter  in Eq. (3.4) determines the non-ideality of
the solid solution and intrinsically contains two contributions: one from the pure chemical
effect and the other from the elastic strain due to the atomic size difference (or size
mismatch) between solute atoms and host atoms. Therefore, the regular solution
parameter can be expressed as a sum of two contributions:
hom
   chem   elast
,

(4.1)

where  chem is the regular solution parameter associated with pure chemical contribution
hom
and  elast
is the regular solution parameter due to the elastic strain interactions arising

from the atomic size mismatch in a solid solution. Using Eq. (4.1), Eq. (3.4) can be
expressed as

f inc   o X   ho (1  X )  RT [ X ln X  (1  X ) ln(1  X )]  m    g  X
hom
  chem X (1  X )   elast
X (1  X ).

(4.2)

The last term in Eq. (4.2) represents the elastic strain energy due to the size difference
between solute atoms and host atoms in a homogeneous solid solution. According to
Khachaturyan [50], the elastic strain energy stemming from the atomic size mismatch
between the solute and matrix atoms in a homogeneous solid solution is given by Eq.
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(3.5). For elastically isotropic solids, the elastic strain energy density of the homogeneous
solid solution itself in Eq. (3.5) reduces to Eshelby’s elastic energy for an isotropic
homogeneous solid solution [51]:

 1   2
iso
ehom
 2 
 0 X (1  X )
 1  
   2
iso
ehom

 0 X (1  X )
 1  

(in three dimensions)
(4.3)

(in two dimensions)

where  is the shear modulus and  is the Poisson’s ratio. Replacing the last term in Eq.
(4.2) with Eq. (4.3), the incoherent free energy density is expressed as:

f inc   o X   ho (1  X )  RT [ X ln X  (1  X ) ln(1  X )]  m    g  X
 1 
  chem X (1  X )  2 
 1 

 2
 0 X (1  X ),


(4.4)

Therefore, the incoherent free energy is expressed by the summation of purely chemical
free energy and elastic strain energy of the homogeneous solid solution itself. A similar
expression of the incoherent free energy density with the isotropic elastic modulus was
used for the phase-field modeling of solute segregation near a dislocation [52].
When the solute atom is larger than the matrix atom, the bulk of the grain is elastically
strained when a solute atom is squeezed into the matrix. However, the strain is relaxed
when the solute atom approaches a grain boundary due to its relatively open structure.
The relaxation of the strain is one of the main driving forces for grain boundary
segregation as noted earlier. Therefore, we model the strain relaxation near the grain
boundary by using position (or grain structure)-dependent atomic size mismatch given as:




 0 (r )   c (r ),

(4.5)
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where  (r ) is an interpolation function which is 1 inside grains and becomes 0 at the

center of a grain boundary, and  c is the composition expansion coefficient of lattice
parameter inside the bulk defined as

1  da 

 where a0 is the lattice parameter of a solid
a0  dX 

solution with the overall composition X0. If the solid solution is dilute (X0<<1), a0 can be
approximated as the lattice parameter of a pure host material. Assuming Vegard’s law,
the expansion coefficient  c can be evaluated as

c 

1  da  1  a  1  as  a0  as  a0 rs  r0

,

 
 

a0  dX  a0  X  a0  1 
a0
r0

(4.6)

where as is the lattice parameter of a pure material composed of solute species, rs is the
radius of a solute atom, and r0 is the radius of a host atom. Thus, the composition
expansion coefficient  c can be considered as a measure of atomic size mismatch
between the solute atoms and the host atoms. The size mismatch of a solute atom inside
the bulk is  c , and the mismatch becomes smaller near the grain boundary. The strain is
assumed to be fully relaxed when a solute atom occupies the center of a grain boundary.


The mathematical form of  (r ) is the following:



 ( r )  (

  min 2
  min
)  2(
)
max  min
max  min

(4.7)


where    g (r ) 2 , max is the maximum value of  which corresponds to the value
g

inside the bulk, and min is the minimum value of  which corresponds to the value at


the center of a grain boundary. The properties of the function  (r ) are (i)   

 1 , (ii)
max
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    0 , and (iii)
min


 g

 0 . The property (iii) is employed to avoid the
 g 1 ( grain interior )


artificial change of the equilibrium value of the grain order parameters  g (r ) due to the
elastic strain energy. Taking into account the position-dependent atomic size mismatch,
we rewrite ehom for solid solution with isotropic elastic modulus using Eq. (4.3),
 1 
ehom  2 
 1 

(in three dimensions)

ehom

(in two dimensions)

 2  2
 c  (r ) X (1  X )

   2  2

 c  (r ) X (1  X )
 1  

(4.8)

For the calculation of total elastic strain energy of a compositionally inhomogeneous
solid solution, the coherency elastic strain energy ( ecoh ) arising from the compositional
inhomogeneity should be included in addition to the elastic strain energy ( ehom ) of a
homogeneous solid solution itself. Since elastic relaxation is much faster than diffusional
processes, the local elastic fields are obtained by solving the mechanical equilibrium
equation:


 j ij   j [Cijkl  ( kl (r )   kl (r ))]  0,

(4.9)


where  ij is the local elastic stress, Cijkl denotes the elastic modulus tensor,  ij (r ) is the

total strain tensor, and  ijo (r ) is the stress-free strain (or eigenstrain) tensor. Thus, the


term ( kl (r )   kl (r )) is the elastic strain tensor.

The local stress-free strain due to the compositional inhomogeneity is given by






 ij (r )   ij 0 ( X (r )  X 0 )   ijm ( X (r )  X 0 ),

(4.10)
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where  ij is the Kronecker-delta function,  0 is the composition expansion coefficient of
lattice parameter,  ijm represents the misfit strain tensor , and X0 is the overall
composition of the solid solution. The structural inhomogeneity due to the presence of a

grain boundary is described using the position-dependent mismatch  0 (r ) defined in Eq.


(4.5). The total strain tensor  ij (r ) in Eq. (4.9) is expressed as the sum of homogeneous

strain  ij and heterogeneous strain  ij (r ) , and the heterogeneous strain is expressed in

terms of the displacement fields ui (r ) as follows [50]:




1  u

u 

 ij (r )   ij   ij (r )   ij   i  j ,
2  rj ri 

(4.11)

where the homogeneous strain represents the macroscopic shape change of the system
and is defined such that

 
V

ij


(r )dV  0.

(4.12)

Taking into account the strain fields defined in Eqs. (4.10), (4.11), and (4.12), we solve
the mechanical equilibrium equation (Eq. (4.9)) in Fourier space and obtain the elastic
displacement fields. The coherency elastic strain energy density due to the compositional
inhomogeneity is defined as
1
Cijkl ( ij   ij   ij )( kl   kl   kl ),
2
1
 Cijkl  ijel  klel ,
2

ecoh 

(4.13)
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where  ijel denotes the elastic strain tensor which is equal to ( ij   ij   ij ) . If we assume
the elastic modulus of the system to be homogeneous and isotropic, the coherency elastic
strain energy density defined in Eq. (4.13) becomes

 1   2
iso
2
ecoh
 2 
 0 ( X  X 0 )
1





(in three dimension)

   2
2

 0 ( X  X 0 )
 1  

(in two dimension)

iso
coh

e

(4.14)

In the original model of Grönhagen et al. [45], a simple double-well type potential as

 2 (1   ) 2 is employed. Kim et al. implemented the multiphase-field model [47] for grain
structure evolution in polycrystalline structure [46]. In the present model, we employ the
following local free energy density functional for g (1 , 2 ,..., g ) in Eq. (2.8) based on
the model in [49] associated with the evolution of grain structure with multiple grain
order parameters:
1 
 1
g (1 , 2 ,..., g )  0.25      g2   g4      g2 g2' ,
2
4 
g 
g g ' g

(4.15)

where  is the phenomenological parameter describing the interactions among the grain
order parameters. A constant 0.25 is used in Eq. (4.15) to make the value of g equal to 0
inside the bulk so that the interaction potential (  m    g in Eq. (4.4)) is zero inside the
grain. It should be noted that the addition of a constant does not affect the kinetics of the
grain structure evolution.
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Discussion of the free energy model

In this section, we critically compare our free energy model with the existing
thermodynamic models of solute segregation [45]. Neglecting the gradient energy terms,
the total free energy density given in Eq. (2.8) is given as
f  f inc    g  ecoh ,
  o X   ho (1  X )  RT [ X ln X  (1  X ) ln(1  X )]   chem X (1  X ) 
(1  mX )    g (1 , 2 ,..., g )  ehom  ecoh ,

(4.16)

 f chem  (1  mX )    g  ehom  ecoh ,
where f chem   o X   ho (1  X )  RT [ X ln X  (1  X ) ln(1  X )]   chem X (1  X ) . If we
ignore  chem in f chem and the elastic energy components ehom and ecoh , the expression of
the local free energy density becomes identical to that of Grönhagen et al. [45] where the
barrier height of the double well potential for the evolution of grain structure is
composition-dependent. The driving forces for the grain boundary segregation in metallic
alloy system are both chemical and elastic in nature. The sum of the first two terms
[ f chem  (1  mX )    g ] in Eq. (4.16) accounts for the chemical driving force due to the
chemical potential inhomogeneity caused by the grain boundary while the sum of the last
two terms [ehom  ecoh ] is responsible for the elastic driving force.
The coherency elastic strain energy density ecoh does not include the elastic strain
energy density of a homogeneous solid solution itself since ecoh is calculated using the
homogeneous solid solution as the reference system for the compositional inhomogeneity
[53]. In other words, ehom is the elastic strain energy density of the homogeneous solid
solution itself in a local region due to atomic mismatch, and ecoh is the elastic strain
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energy density caused by the inhomogeneous fluctuations in composition. For a system
with volume V without grain boundaries and assuming it to be an elastically isotropic
solid solution with compositional inhomogeneity, the total elastic strain energy is
calculated using Eq. (4.3) and Eq. (4.14) as discussed in [53]:
iso
iso
iso
Etotal
]dV ,
  [ehom
 ecoh
V

 1   2
 1   2
2
3
 0 X (1  X )  2  
  [2 
 0 ( X  X 0 ) ]d r ,

V
1

1







 1   2
 2 
 0  V  X 0 (1  X 0 ).
 1  

(4.17)

Thus, without considering the effect of grain boundaries, the total elastic strain energy of
a compositionally inhomogeneous system (with an average composition X0) is identical
to that of a homogeneous solid solution having the same composition, which is in
accordance with the Crum theorem.

Kinetics

The temporal evolution of the composition field X is governed by the Cahn-Hilliard
equation [54], and that of the non-conserved order parameters g by the Allen-Cahn
equation [55]. Taking into consideration the free energy of the system given by Eq. (2.8),
we obtain the following kinetic equations:
X
e
e
 f

   M c chem  m    g  hom  coh   c 2 X ,
t
X
X
 X


(4.18)



 g
g ehom ecoh
  L (1  m  X )   


  g  2 g ,


t
 g  g
 g



(4.19)
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where Mc is the interdiffusion mobility, L is the kinetic coefficient related to grain
boundary mobility, and t is time. The derivatives of ehom and ecoh with respect to X or g
in Eq. (4.18) and (4.19) are obtained as follows using Eqs. (4.8) and (4.13):
ehom
 1   2  2
 2 
 c  (r ) (1  2 X ),
X
 1  

ecoh
 Cijkl  ijel  c kl (r )
X

(4.20)

and
2
 e 
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 1    2  ( )
 2 g  hom   4 g  
X (1  X ),
 c
 g

 1  
  

 e 
  
ecoh
 2 g  coh   2 g Cijkl  ijel c kl ( X  X 0 )
,
 g
  
  

(4.21)


where    g (r ) 2 .
g

  2 f chem 
 where
The interdiffusion mobility Mc in Eq. (4.18) can be expressed as D / 
2 
 X 
D is the interdiffusion coefficient and f chem is the chemical free energy defined in Eq.
(4.16). Ignoring the regular solution parameter and assuming D to be constant, the
composition-dependent mobility is given as

 D 
0
Mc  
  X (1  X )  M c  X (1  X )
 RT 

(4.22)

where the prefactor M c0 is equal to D / RT . To solve the Cahn-Hilliard equation with the
composition-dependent interdiffusion mobility, we use the numerical technique described
in [56]. The governing equations (Eqs. (4.18) and (4.19)) are solved using the semiimplicit Fourier-spectral method [56, 57].
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Results and discussion
First, we study the effects of strain energy on solute segregation to a static grain
boundary. The equilibrium solute composition segregated at the grain boundary is
compared with the corresponding analytical solution. In the subsequent simulations, the
grain boundary is moved by applying artificial driving forces to study the strain energy
effect on solute drag in grain boundary motion. We systematically vary the magnitude of
the driving force, misfit, and diffusion mobility to study their effect on solute drag. The
simulations are conducted using bicrystalline systems.

Simulation parameters

An elastically isotropic system is chosen for the simulations for simplicity although
the model is applicable to general, elastically anisotropic systems. The elastic moduli of
the system are taken to be C11=118 GPa, C12=60 GPa, and C44=29 GPa which are close to
those of aluminum (Al) but the Zener anisotropy factor AZ (= 2C44 /(C11  C12 ) ) is equal to
1. The overall composition X 0 of solutes is taken as 0.01 in all simulations. The
composition expansion coefficient or atomic size mismatch  c ranges from 0.00 to 0.08.
For example, if we consider Al (atomic radius=0.125 nm [58]) to be the host material, the
atomic size mismatch of Ni (0.135 nm [58]) or Cu (0.135 nm [58]) solutes is 0.08, that of
Ga (0.130 nm [58]) solutes is 0.04, and so on. The magnitude of the eigenstrain due to the
atomic size mismatch is approximately equal to  c X 0 whose value is of the order of
magnitude of 10-4. Two different sizes of computational domains were employed. The
simulations of solute segregation to a static grain boundary were carried out on
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256x  256x  2x grids where x is the grid size chosen to be 1 nm. However, longer
computational domains (2048x  32x  2x grids) were used to study solute drag effect
on grain boundary migration. The longer domains are used to ensure steady state motion
of the grain boundary. The gradient energy coefficients  o and  c associated with the
grain order parameters and composition field, respectively, are assumed to be equal and
fitted to be 4.0 109 J/m . The barrier height  of the grain local free energy density was
taken to be 1.14 109 J/m3 . The equilibrium grain boundary energy  gb is 0.82J/m 2 and
the equilibrium grain boundary width l gb is 12nm . These values are reasonable for a
generic high angle grain boundary. The parameter m describing the chemical interaction
potential in Eq. (5) is chosen to be 5.0. The chemical potentials of both solute atoms (  o )
and host atoms (  ho ) at standard state are assumed to be 1.0 109 J/m 3 . The prefactor M c0
of the interdiffusion mobility M c in Eq. (26) ranges from 1.7  1026 to 1.7 1024 m5 /J  s
which corresponds to the interdiffusion coefficient D of 1.0  10 13 ~ 1.0  10 11 cm 2 /s
through the relation D  M c0 RT . The kinetic coefficient L for the Allen-Cahn equation
(Eq. (4.19)) is chosen to be 0.36 105 m3 /J  s , and the intrinsic mobility M0 of the grain
boundary

motion

is

calculated

to

be 1.76 1014 m 4 /J  s

using

the

relation

M 0  L   o /  gb [59]. We use a temperature T (= 700 K) and the molar volume Vm of Al
(= 10cm3 /mol ) for unit conversion. The time step t for integration is taken as

0.56 104 s . The physical parameters are summarized in Table 4-1. The kinetic equations
are solved in their dimensionless forms. The parameters are normalized by x* 

x
,
l
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t *  L  E  t ,  * 


E

, * 


E

, f* 

C ij

f
M c0
0*

, C ij* 
, * 
,
and
M
c
E
L l2
E
E l2

where E is the characteristic energy (taken to be 10 9 J / m 3 ) and l is the characteristic
length (taken to be 2nm ). All the simulations were conducted using periodic boundary
conditions.

Table 4-1 Simulation parameters.

Parameters

Values

C11, C12, C44

118 GPa, 60 GPa, 29 GPa

X0

0.01

c

0.00 ~ 0.08

o

4.0 109 J/m

c

4.0  10 9 J/m



1.14 109 J/m 3

m

5.0

o

1.0  109 J/m 3

 ho

1.0  109 J/m 3

M c0

1.7  1026 ~ 1.7 1024 m5 /J  s

L

0.36 105 m3 /J  s

x

1 nm

t

0.56 10 4 s
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Strain energy effect on grain boundary segregation
Simulations were carried out on a simple bicrystal containing a flat grain boundary.
The equilibrium grain structure was first prepared without solute segregation using a
phase-field simulation, and then the solute species was allowed to segregate to the grain
boundary by solving Eqs. (4.18) and (4.19). A high diffusivity ( 1.0 1011 cm 2 /s ) of the
solute was used to achieve the equilibrium state rapidly. The pure chemical part of the
regular solution parameter  chem in Eq. (4.4) was set to be 0 for simplicity. Since there is
neither curvature of the grain boundary nor external driving force for grain boundary
motion, the grain boundary remains stationary. In the simulations of grain boundary
segregation, the gradient energy coefficient c in Eq. (1) was set to be 0 thus reducing the
Cahn-Hilliard equation (Eq. (4.18)) to a simple diffusion equation.
We chose a particular value of the compositional expansion coefficient (  c = 0.04) to
observe the change in elastic strain energy as a function of solute segregation. The solute
composition at the grain boundary increases with time (see Figure 4-1(a)). The variation
of nondimensionalized elastic strain energy density ( (ehom  ecoh ) / E ) across the grain
boundary is shown in Figure 4-1(b). Elastic strain energy density inside the grains
becomes relaxed with increasing solute segregation to the boundary. As a result, the total
nondimensional elastic strain energy of the entire system (=

 [(e
V

hom

 ecoh ) / E ]dV )

decreases with time (see Figure 4-1(c)). Thus, the elastic strain energy reduction drives
the solute atoms to segregate to the grain boundary.
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Figure 4-1 Temporal evolution of (a) composition profile, (b) nondimensional elastic strain
energy density across a grain boundary, and (c) nondimensional total elastic strain energy of the
entire system when c=0.04 and D  1.0  10 11 cm 2 / s .
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To quantitatively examine the effect of the elastic strain energy on the grain boundary
segregation, the solute compositions at the grain boundary were monitored as a function
of the atomic size mismatch (  c ) between the solute atoms and host atoms. To compare
the simulation results with the analytical solution, the simulations were conducted with

 c ranging from 0 to 0.08. Figure 4-2 (a) shows the equilibrium composition profile
across the grain boundary with increasing atomic mismatch (  c ). The concentration of
segregated solute increases with increasing  c since larger solute atoms prefer the grain
boundary region to grain interior since the elastic strain energy can be further relaxed at
the grain boundary. The analytical equation for obtaining the equilibrium solute
eq
composition at the center of the grain boundary (denoted by X gb
) is given by (See

Appendix B for derivation):


 1   2
  E gb  2  
 c (1  2 X 0 ) 
eq
  X meq 
 X gb
 1  


 exp

eq 
eq 


RT
1  X gb  1  X m 





(4.23)

where Egb (  m    g GB ) is the pure chemical interaction potential at the center of the
grain boundary. The equilibrium solute composition at the grain boundary obtained from
phase-field simulations without the compositional gradient energy contribution (marked
with open squares) agrees well with the corresponding analytical solution (represented by
a dashed line) as shown in Figure 4-2(b). The solute segregation with the compositional
gradient energy  c  4  10 9 J/m was also simulated, and the degree of grain boundary
segregation in this case is slightly lower than in the case without the gradient energy over
the entire range of the atomic mismatch.
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Figure 4-2 (a) Equilibrium composition profile near a grain boundary with atomic size mismatch
(c) ranging from 0.0 to 0.08 without compositional gradient energy. (b) Comparison of
equilibrium solute compositions at the grain boundary as a function of atomic size mismatch
obtained from phase-field simulations and analytical solution when D  1.0  10 11 cm 2 / s .
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Effect of strain energy on solute drag
Steady state grain boundary migration
All prior theoretical discussions of the solute drag effect considered the steady state
motion of a grain boundary. For instance, Cahn [1] assumed a constant velocity of the
migrating grain boundary to derive the drag force arising from impurities. However,
almost all the previous phase-field simulations have been carried out with circular grains
for the curvature-driven grain boundary motion during which the driving force for
boundary motion increases with shrinking grain size and is not a steady state. Only a few
simulations in [48] consider the migration of a flat grain boundary by imposing constant
velocities to achieve steady state motion of the boundary which should be determined
before the simulations. A better evaluation of drag forces and their comparisons with
analytical theories can be obtained if the steady state motion of grain boundaries is
established naturally as a result of the interactions among possible factors under a given
driving force. Therefore, we employed a bicrystal containing a flat grain boundary to
achieve steady state grain boundary motion during a simulation. Since the flat boundary
cannot move by itself, we devised an additional energy term which provides the
necessary driving force for grain boundary motion given as   H ( 2 ) where  is the
magnitude of driving force for the motion and H ( 2 ) is an interpolation function of grain
order

parameter

2 (representing grain 2). The function H

is

given

as

H ( 2 )  2 23  3 22 and has the following properties: (i) H ( 2  0)  0 & H ( 2  1)  1 ,
(ii)

dH
 0 . Property (i) of the H-function allows us to assign an extra energy 
d 2  0,1
2
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only to the grain 2 and property (ii) prevents any artificial change of the equilibrium grain
order parameter values within the bulk of each grain. The energy term   H ( 2 ) is added
to the local free energy density which is an integrand of Eq. (2.8). The driving force for
grain boundary motion can be easily controlled by changing the magnitude of . Thus,
we can plug in the driving force corresponding to the curvature of a particular grain size
we are interested in. To examine the drag effect due to the presence of solute under given
conditions, the migrating grain boundary shown in Figure 4-3(a) is considered. We
monitored the location of the moving grain boundary and the solute composition at the
grain boundary as a function of time as shown in Figure 4-3(b) and (c), respectively.
When the steady state is established, the velocity of grain boundary migration is
measured from the slope of the displacement-time plot using linear fitting.

Origin of elastic strain energy contribution to drag force: theoretical assessment
Before conducting simulations, we discuss the elastic strain energy contribution to
drag force to provide a better understanding of the simulation results. Basically, the
relation between the drag force Pdrag and the driving force  is the following:
Vgb  M 0 [   Pdrag ],

(4.24)

where M0 is the intrinsic mobility of the grain boundary, and Vgb is the migration velocity.
Kim et al. [46] derived the drag force from the kinetic equation assuming an
instantaneous steady state with a spherical coordinate system since they considered a
spherical grain in their analysis. Using a similar procedure, we derived the drag force
exerted by the solute atoms on the migrating flat grain boundary under a given constant
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driving force in the Cartesian coordinate system. The drag force is derived as (see
Appendix C for the derivation):

  
 1    
 g 
Pdrag  m  X   dx  4(1  2 X 0 )  
  X   0  0 dx,

 x 
 1  
 x 

(4.25)

Based on the functional form of the drag force in Eq. (4.25), we can easily understand
that the asymmetric distribution of solute composition across the moving grain boundary

  
 g 
is the key to non-zero drag force since   and  0  0  in the integrands are odd
 x 
 x 
functions. The static grain boundary generates a symmetric distribution of solute
composition across the boundary, and the drag force is therefore equal to zero.

Figure 4-3 (a) Migration of flat grain boundary with periodic boundary condition, (b) solute
composition change at a grain boundary, and (c) displacement of grain boundary location as a
function of time.
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The first term in Eq. (4.25) is identical to Cahn’s expression of the drag force [1]
using the definition of E  m    g . One remarkable point of the derivation is the
existence of the second term in Eq. (4.25). Both the atomic mismatch itself and its
position-dependency (or grain structure-dependency) contribute to the second term. In
other words, both the magnitude of misfit strain itself and its relaxation near a grain
boundary have contributions to the solute drag force. In our model, we separate the
interactions between solute and grain boundary into pure chemical interaction (E) and the
elastic strain interaction. Thus, the first term accounts for the drag force due to the pure
chemical interaction and the second term describes the drag force due to the elastic strain
interaction. The increase in the atomic size mismatch inside the bulk (  c ) would induce
enhanced grain boundary segregation similar to the equilibrium grain boundary
segregation discussed above, and it causes stronger drag force due to an increase in the
first term. At the same time, the increase of  c itself gives rise to the enhancement of the
 g 
  
drag force stemming from the second term in Eq. (4.25) since  0  0  and   have
 x 
 x 
opposite signs. Therefore, the elastic strain energy contribution to the solute drag effect is
significant.
Employing the Cahn-Hilliard diffusion equation (Eq. (4.18)), the drag force in Eq.
(4.25) reduces to a simpler expression in terms of measurable variables such as grain
boundary migration velocity at steady state and diffusivity given as (see also Appendix C
for the derivation):

Pdrag  RTVgb 





(X  Xm)
dx,
D(1  X )

(4.26)
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where Xm is the solute composition inside the grain. The expression in Eq. (4.26)
implicitly contains the contribution from elastic strain interaction, while the expression
for the drag force in Eq. (4.25) explicitly shows the contribution from the elastic strain.

Solute drag under different driving forces
The evaluation of the solute drag effect under several driving forces for the grain
boundary motion will be useful because the magnitude of the driving force in our model
for the migration of a planar grain boundary corresponds to a particular radius of a
circular grain in the case of curvature driven grain boundary motion as noted earlier.
Thus, a set of simulations under different levels of the driving forces for boundary motion
will provide us information regarding the stability of the grain structure in terms of an
average grain size. In addition, the dependency of drag force on the atomic mismatch will
give us guidelines for the selection of solutes to suppress the grain growth.
We first conducted the simulations of the solute drag effect in absence of elastic strain
energy. These simulations provide us a benchmark with which we compare the results of
drag effect when elastic strain interactions are taken into consideration. As a reference,
grain boundary motion without solute was first simulated when the driving force varies
from 0 to 0.02 in dimensionless units. The velocity of the migrating grain boundary is
proportional to the driving force within this regime as shown in Figure 4-4(a). The grain
boundary velocity Vgb as a function of driving force  is fitted using the linear equation

Vgb  M 0   to determine the intrinsic grain boundary mobility M0 from the simulations.
M0 is determined to be 2.25 in dimensionless units. The value of the computationally
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measured intrinsic mobility is slightly (7%) smaller than the value (=2.42) calculated
from the equilibrium grain boundary energy  gb using the relation: M 0  L o /  gb . This
is because the migrating grain boundary is at non-equilibrium state under the driving
force.
The grain boundary motion was then simulated in the presence of solute under the
same range of the driving force without taking into account the elastic strain energy. The
interdiffusivity D was chosen to be 1.0 1012 cm 2 / s . As shown in Figure 4-4(b), the
velocity of the boundary motion in this case shows a nonlinear behavior with increasing
driving force, and the rate of boundary migration is slower than that of the previous case
due to solute drag effect. We compared the simulation results with the theoretical analysis
by Cahn [1]. It should be noted that fully analytical calculation of the drag force under a
given driving force for grain boundary motion is not an easy task or almost impossible
since the velocity of the grain boundary migration and the solute segregation composition
are interdependent. Moreover, the steady state grain boundary motion is achieved by the
iterative interactions between the grain boundary velocity and the composition of
segregated solute. Therefore, one of the possible ways is to presume one of the variables
for analytical calculation of the drag force. For example, we need to presume the steady
state grain boundary velocity and then calculate the composition profile across the grain
boundary based on the solution of the diffusion equation with moving grain boundary
derived by Cahn [1]. With the calculated composition profile and a presumed velocity,
the drag force is calculated using either Eq. (4.25) or (4.26). However, without the
information of the steady state grain boundary velocity, the pure analytical prediction of
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the drag force is impossible. Instead, we computed the steady state composition profile
by solving both Cahn-Hilliard and Allen-Cahn equations under a constant driving force.
It should be noted that this is the more natural way to obtain the steady state solute
composition profile near a migrating grain boundary since the steady state is
automatically achieved after the iterative interactions between solute composition profile
and the migrating grain boundary by solving the well-defined equations. The drag force is
then calculated using both Eqs. (4.25) and (4.26) as a theoretical prediction in the absence
of elastic interactions, i.e., only the first term is employed in the case of Eq. (4.25).
Figure 4-4 (b) shows the comparison between the migration velocity obtained from the
simulations and those estimated analytically. It should be mentioned that Eq. (4.26) and
the first term of Eq. (4.25) give the same predicted results as shown in Figure 4-4 (b) in
the absence of the elastic strain energy. In addition, the computationally measured
velocities agree well with the theoretically predicted ones in the low driving force regime.
There is a slight difference between measured and predicted velocities in the high driving
force regime. The difference stems from the assumption of the equilibrium grain
boundary profile (Eq. (C.6)) during its migration. The profile of the moving grain
boundary shifts from equilibrium when the driving force is large. However, such a small
discrepancy is not so significant for the validation of the simulations.

Velocity of GB (Vgb)
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Figure 4-4 (a) Grain boundary velocity as a function of driving force without solutes and its linear
fitting, and (b) Grain boundary migration velocity as a function of driving force with solutes of

D  1.0  10 12 cm 2 / s when elastic strain effects are ignored and its comparison with theoretical
predictions.

85

We next investigated the strain energy effects on solute drag and compared our results
with the analytical prediction. The elastic modulus was assumed to be isotropic for
simplicity. The steady state grain boundary velocities were computationally measured
under the different levels of driving force for boundary motion with increasing atomic
size mismatch (  c ). To ensure the accuracy of the predictions from the simulations, 136
sets of simulations (17 different values of mismatch under a particular driving force  8
different levels of driving force) were carried out. As shown in Figure 4-5(a), the grain
boundary velocity decreases as the mismatch increases under any driving force as
expected from the discussion in 'Origin of elastic strain energy contribution to drag

force: theoretical assessment' section. When the magnitude of driving force is large, such
as 0.0175 and 0.02, the grain boundary velocities are not sensitive to the atomic size
mismatch. Thus, when the driving force is large enough, the incorporation of solute
atoms with large atomic radius does not effectively impede grain boundary motion.
However, one can identify a critical mismatch within the range we employed in our
simulations beyond which there is a sharp reduction in the grain boundary velocity in the
low driving force regime (<0.0150). For a better representation of the data sets, we also
plotted the grain boundary velocity as a function of driving force for different levels of
atomic size mismatch shown in Figure 4-5(b) using the same data sets as in Figure 4-5(a).
The plot shows a typical nonlinear behavior of the dragged grain boundary velocity with
the increasing driving force. The nonlinearity becomes significant with the increase in the
atomic mismatch, and the discontinuous change in velocity with increasing driving force
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becomes evident. For  c  0.08 , there is an abrupt increase in velocity when the
magnitude of the driving force is above 0.0125.
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Figure 4-5 (a) Grain boundary velocity with solutes of several atomic size mismatch under
different driving forces with D  1.0  10 12 cm 2 / s , and (b) reconstructed graph with data sets of
(a).
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As we discussed it earlier, both chemical and elastic interactions contribute to the drag
force. We attempt to quantify each contribution based on Eq. (4.25) using the case of

 c  0.08 as an example. Since the intrinsic grain boundary mobility M0, driving force ,
and the grain boundary velocity are known, the total drag force can be either analytically
estimated by Eq. (4.26) or computationally measured from the simulations using Eq.
(4.24). The contribution from chemical interaction is calculated using the first term in Eq.
(4.25), and deducted from the measured total drag force to calculate the contribution from
elastic strain. First of all, the computationally measured drag force agrees well with that
estimated analytically using Eq. (4.26) (see Figure 4-6). In the presence of the elastic
strain, the drag force calculated using Eq. (4.26) is significantly different from the drag
force calculated from the first term of Eq. (4.25), which shows that Eq. (4.26) implicitly
contains the elastic strain contribution as we discussed above. We also observe that the
contribution from the elastic strain interaction to the total drag force is comparable with
that from the chemical interaction in this case from Figure 4-6. Based on this comparison,
we could confirm that the elastic strain interaction contribution is significant to the total
drag force as expected from the theoretical analysis discussed in the previous section.
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Total drag force
(Measured)

Total drag force
(Calculated by Eq. (4.26))

0.012

Chemical contribution

Drag force (Pdrag)

(Calculated by the 1st term of Eq.(4.25))

Elastic strain contribution

0.010

(=Total drag-Chemical drag)

0.008
0.006
0.004
0.002
0.000
0.000

0.005

0.010

0.015

0.020

Driving force for GB migration ()
Figure 4-6 Total drag force as a function of driving force for grain boundary motion. Chemical
and elastic strain contributions to total drag force are plotted in the case of c=0.08. The solute
diffusivity is assumed to be D  1.0  10 12 cm 2 / s .

89

Effect of diffusivity on solute drag
One important factor that determines the drag force is the diffusivity (or diffusion
coefficient) of solute species as shown in Eq. (4.26). Solute atoms with high diffusivity
can easily catch up with the migrating boundary, and the composition profile across the
grain boundary can be close to the symmetric one, i.e., the equilibrium profile. Thus,
solute atoms with high diffusivity will exert less drag force. On the other hand, the
rapidly diffusing solute atoms can easily segregate to a moving grain boundary at the
same time. This will lead to an increase in the solute composition near the grain boundary,
which, in turn, will cause an increase in the drag force. Solute atoms with low diffusivity
will exhibit the opposite tendency. Therefore, we expect that there should be an optimum
diffusivity of the solute which results in maximum solute drag force in grain boundary
motion. When elastic interactions are also considered, the correlation between solute
composition and the grain boundary migration velocity becomes more complicated. Thus,
it is more obvious that a computational approach is required to specify the optimum
condition for the maximum drag force.
We conducted simulations with different values of diffusivity and atomic size
mismatch under a fixed driving force for grain boundary motion. The magnitudes of
driving force for grain boundary motion were chosen to be 0.005 or 0.01 in dimensionless
units. The diffusivities range from 1.0 1013 cm 2 / s to 1.0 1011 cm 2 / s . Figure 4-7(a)
and 4-8(a) show the computationally measured velocities for different solute diffusivities
as a function of mismatch when =0.005 and =0.01, respectively. In addition, the
composition profiles for the cases of  c  0.02 and  c  0.06 when =0.005 are shown in
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Figure 4-7(b) and (c), and those for the cases of  c  0.03 and  c  0.07 when =0.01
are shown in Figure 4-8 (b) and (c). We observe a wide spectrum of grain boundary
velocities depending on diffusivity as well as the atomic size mismatch even though the
same driving force is applied as shown in Figure 4-7(a) and 4-8(a). This implies that the
change in either diffusivity or size mismatch is an effective way to control the grain
boundary migration rate. Moreover, when the atomic size mismatch is larger, the
migration velocity of the boundary is more sensitive to the solute diffusivities in both
cases of driving forces.
It should be noted that the drag force depends on a complicated interplay between the
atomic size mismatch and solute diffusivity for a given driving force. In the case of the
lowest diffusivity ( 1.0 1013 cm 2 / s ), very small amount of solute atoms are segregated
to the migrating grain boundary since solute atoms almost cannot catch up with the
moving boundary. The drag effect is insignificant under both driving forces (=0.005 and
0.01), and the dependency of the velocity on the atomic size mismatch is very slight. On
the other hand, the remarkable tendency of the boundary velocities is observed as the
diffusivity increases in Figure 4-7 and 4-8. Let us consider the case where the magnitude
of driving force =0.005 and mismatch c=0.02 (marked by a vertical line in Figure 47(a)). Under this condition, the solute with diffusivity D  1.0 10 12 cm 2 / s results in the
strongest drag force. Even though more solute atoms are segregated to the grain boundary
when the solute diffusivity is higher ( 1.0  10 11 cm 2 / s and 5.0  10 12 cm 2 / s ), the drag is
less effective since the fast diffusing solute atoms keep pace with the migrating grain
boundary and the composition profile tries to become the more symmetric. However, the
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reason for the smaller drag force when the diffusivity is low ( D  5.0  10 13 cm 2 / s ) is
different from the cases with high solute diffusivity. With the significantly lower solute
diffusivity, the relatively slow diffusion causes less solute segregation to the moving
grain boundary and such a small amount of solute atoms cannot effectively suppress the
boundary motion. When the mismatch is larger than 0.04, the optimum diffusivity for the
strongest drag force is, however, different from that of above case. The strongest drag
force is achieved with D  5.0 1013 cm 2 / s . Even the smallest amount of solute exerts
the strongest drag force within this regime as shown in Figure 4-7(c). When the
magnitude of driving force is changed (e.g., =0.01), the optimum condition for
maximum drag force changes. For example, solute atoms with size mismatch 0.03
suppress the boundary motion most effectively when D  5.0 1012 cm 2 / s , but the solute
with a mismatch 0.07 gives the strongest drag force when D  1.0  10 12 cm 2 / s (see
Figure 4-8 (a)).
One interesting feature is observed in Figure 4-8 (a) and (b). Significantly different
amounts of solute segregation result in similar drag forces. For example, when the size
mismatch is 0.03, the grain boundary velocities (as well as the drag forces) for

D  1.0  10 11 cm 2 / s and D  1.0  10 12 cm 2 / s are very similar to each other although
much larger amount of solute atoms segregates to the grain boundary when

D  1.0 1011 cm 2 / s as shown in Figure 4-8(b). The faster diffusion of solute atoms
enables them to easily catch up with the migrating grain boundary even though a large
amount of solute atoms segregate to the moving grain boundary in the case of

D  1.0 1011 cm 2 / s . On the other hand, the small amount of segregated solutes
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effectively

drags

the

boundary

migration

in

the

case

of

slow

diffusion

( D  1.0 10 12 cm 2 / s ) since the more asymmetric composition profile is achieved. As a
result, totally different amounts of grain boundary segregation give rise to the same
resultant velocities. In other words, the determining factors for the same drag forces for
these two cases are different.

Figure 4-7 (a) Grain boundary velocity for different solute diffusivities when driving force () is
0.005, (b) composition profiles in the cases of c=0.02 and (c) c=0.06.
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Figure 4-8 (a) Grain boundary velocity for different solute diffusivities when driving force () is
0.010, (b) composition profiles in the cases of c=0.03 and (c) c=0.07.

Summary
We revisited Cahn’s impurity drag theory [1] with an emphasis on the elastic strain
energy contribution to the drag force. We successfully modeled and incorporated the
elastic strain energy of a polycrystalline solid solution to a phase-field model for the
quantitative study of grain boundary segregation and solute drag effects on grain
boundary motion. Solute segregation to a grain boundary was simulated by taking into
account the contribution from elastic strain energy, and the results were compared with
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the analytical prediction. The effect of elastic strain energy on the solute drag in grain
boundary motion was theoretically analyzed based on Cahn’s theory. The theoretical
analysis reveals that the drag force is influenced by both chemical and elastic strain
interactions. The chemical interaction includes the degree of the grain boundary
segregation as well as the asymmetry of the solute composition profile across the grain
boundary. The elastic strain interaction is associated with the misfit strain relaxation near
the grain boundary. We quantitatively analyzed the effects of these interactions. Our
simulation results show that the grain boundary velocity depends strongly on the solute
diffusivity as well as the atomic size mismatch under a given driving force for grain
boundary migration. In addition, the velocity becomes more sensitive to the solute
diffusivity when the solute atoms have larger size mismatch. We should emphasize that
the grain boundary migration rate in the presence of solute is determined by different
mechanisms under different conditions. In addition, there exists an optimum condition of
solute diffusivity which results in the strongest drag effect on the grain boundary motion.
The optimum conditions for maximum drag force under given parameters were identified
using computer simulations. It is expected that the model provides us with guidelines in
terms of atomic size of solute and diffusivity to maximize the drag force and arrest grain
growth in polycrystalline materials.
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Chapter 5

Deformation Twinning in Single- or Polycrystalline fcc materials
Deformation twinning is one of the two major deformation mechanisms of crystalline
solids [1], the other being slipping through dislocation motion. It is widely known that
deformation twinning typically takes place in materials with low-to-medium stacking
fault energy and a small number of slip systems such as body-centered cubic (bcc) or
hexagonal close-packed (hcp) crystals. However, deformation twinning has also been
observed in many face-centered cubic (fcc) materials which have large number of slip
systems and/or high stacking fault energy under severe deformation conditions such as
low temperature and high strain rates [2-6], in pure [7, 8], nanocrystalline materials [911], and at the crack tip in a polycrystal [12]. Therefore, deformation twinning is a very
common phenomenon.
There have been many theoretical efforts on deformation twinning. These include
phenomenological models of twin nucleation [13-16], crystallographic theoretical study
on the plastic strain due to twinning [17], and first-principle calculations [18-25] and
molecular dynamics (MD) simulations [8, 26-29] of the atomistic mechanisms of
twinning, the critical shear stress for deformation twinning, and twin growth. An
energetic approach to predicting the formation of twins was also proposed [30]. In
addition, the factors which affect the deformation twinning behavior such as stacking
fault energy, grain size, temperature [31, 32], single crystal size [33] have been discussed.
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In this chapter, we propose a phase-field model [34-39] for predicting microstructure
evolution during deformation twinning. We use fcc aluminum (Al) and copper (Cu) as
representative examples. Even though deformation twinning in Al is difficult due to its
high stacking fault energy, there have been several recent reports on deformation
twinning in pure Al in experiments [7-9] as well as in computer simulations such as MD
simulations [8, 26-29] and first-principle calculation [20]. This modeling process
describes the general framework for formulating a phase-field model for predicting
microstructural evolution during deformation twinning in fcc crystals. Thus, the
formulated model is generally applicable to any other materials with fcc structures. In
addition, the phase-field model for polycrystal is then applied to simulate the twinning
processes in polycrystalline fcc materials. Moreover, the modeling framework for
polycrystals is employed to model and simulate the hierarchical twinning processes in fcc
Cu. As a first attempt, we simply employ two-dimensional (2D) simulations although the
model is easily extendable to three-dimensions (3D).

Phase-field model for deformation twinning processes
A general framework of phase-field modeling for deformation twinning processes
using fcc Al and Cu as examples. The framework shows the general features of the
modeling, and it can be applied to other materials with fcc structures.
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Crystallographic description
Twinning is associated with the creation of Shockley partial dislocations and twin
boundaries. Thus, twinning in fcc takes place on {111} habit planes along  112 
directions. Twinning process has directionality. For example, on a (111) plane, twinning
along [11 2 ] direction is possible while it is not allowed along the [ 1 1 2] direction. Such
directionality can be understood with a simple crystallographic consideration or from the
energy pathways for two opposite twinning modes, (111) [11 2 ] and (111) [ 1 1 2] ,
obtained from first-principle calculations [23]. Therefore, the total possible number of
twinning mode in fcc is 12 ( {111}  11 2  ).
In Figure 5-1, we describe our computational cell, outlined in dashed lines in Figure 51(a) and (b), for 2D simulation of deformation twinning on the (1 1 0) plane. In this case,
there are only two possible modes of twinning; one is along the [11 2 ] direction on the

(111) habit plane (Figure 5-1(a) (variant 1)), and the other is along the [ 1 1 2 ] direction
on the ( 1 1 1) habit plane (Figure 5-1(b) (variant 2)). The habit planes on (1 1 0) for the
two modes are related by a rotation angle of twin=70.53o (Figure 5-1(c)). For
convenience, we define new coordinate axes (x’, y’, z’) along [00 1 ] , [110] , and [1 1 0]
directions, respectively.
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Figure 5-1 The crystallographic description of twinning process for (a) variant 1 and (b) variant 2.
(c) The configuration of habit planes for both variants on a (1 1 0) plane.

Phase-field formulation of deformation twinning
Within a single crystal or a given grain in a polycrystal of a fcc solid, it requires 12
order parameters,  p (p=1, 2, 3, …), for the 12 possible twin variants. For 2D simulations
on the (1 1 0) plane, two spatially dependent fields, 1 (r ) and  2 (r ) , are sufficient to
describe the twinning microstructures. The local twinning strains,  (111)[112 ] and

 ( 1 1 1)[ 1 1 2 ] , are related to the order parameters as:
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 (111)[112 ] (r )  1 (r )   (twin
,
111)[11 2 ]
 ( 1 1 1)[ 1 1 2 ] (r )   2 (r )   (twin
,
1 1 1)[ 1 1 2 ]

(5.1)

where  (twin
and  (twin
are shear strains of fully twinned states along the
111)[11 2 ]
1 1 1)[ 1 1 2 ]
[11 2 ] direction on the (111) plane and the [ 1 1 2 ] direction on the ( 1 1 1) plane,
respectively. Both of their magnitudes are equal to 1 / 2 (  twin ) [17, 30]. Thus, (r) =
0 and (r) = 0 represents the original crystal, (r) = 1 and (r) = 0 twin variant 1, and

(r) = 0 and (r) = 1 twin variant 2.
The deformation strain tensors of variant 1 and 2 are then given by  ij(1)  1   ijtwin ,1 and

 ij( 2 )  1   ijtwin , 2 , respectively, where  ijtwin ,1 and  ijtwin , 2 are the twinning strain tensors
associated with variant 1 and variant 2. To determine the twinning strain tensors for
,1
variant 1 and 2, we first defined the reference eigenstrain tensors for variant 1 (  ijtwin
, ref ) and
,2
variant 2 (  ijtwin
,ref ) which are defined in the specifically chosen local reference frame (x

axis is defined along the twinning direction, y axis is defined along the normal direction
to habit plane, and z axis is defined by the orthogonal to both x and y axis) such that it
gives the pure shear strain tensors [30] as the following:

[

twin ,1
ij ,ref

 twin / 2 0
  twin / 2 0
 0
 0



twin , 2
]   twin / 2
0
0 and [ ij ,ref ]    twin / 2
0
0,
 0
 0
0
0
0
0

(5.2)

Therefore, the components of the twinning strain tensor of variant 1 (  ijtwin ,1 ) in the
coordinate system (x’, y’, z’) are obtained by the rotation of the reference tensors as
twin ,1
twin , 2
twin , 2
 ijtwin ,1  aimR1a Rjn1 mn
 aimR 2 a Rjn2 mn
,ref and those of variant 2 are obtained by  ij
,ref where
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aijR1 and aijR 2 are the elements of the axis transformation matrix of rotation around the z’

axis defined as

a 
R1
ij

 cos( twin / 2) sin( twin / 2) 0
 cos( twin / 2) sin(  twin / 2) 0


R2
and
aij   sin( twin / 2) cos( twin / 2) 0.
  sin(  twin / 2) cos( twin / 2) 0


0
0
1
0
0
1

 

(5.3)

In the diffuse-interface description [40], the total free energy F of the system is given
by the following volume integral [41],

F   [ f (1 , 2 ,..., p )  


p

 p ,ij

1 '
 i p  j p  Cijkl
( ij   ij0 )( kl   kl0 )] dV ,
2
2

(5.4)

where f is the local deformation energy density,  p ,ij is the gradient energy coefficient
'
is the elastic
tensor in the reference frame (x’, y’, z’) for the pth order parameter, Cijkl

moduli in the reference frame (x’, y’, z’),  ij is the total strain tensor in the reference
frame (x’, y’, z’),  ij0 is the eigenstrain tensor in the reference frame (x’, y’, z’), and 
represents the domain of interest.

Deformation energy
One of the key differences in modeling deformation twinning and structural
transformations such as martensitic transformation [42, 43] is the driving force. For
example, the driving force for a martensitic transformation is the chemical energy
difference between the parent phase and the transformed phase while in deformation
twinning, the chemical free energy of a parent crystal and that of its twin state are exactly
the same, i.e., there is no chemical driving force from the parent to twin state. The driving
force for deformation twinning is the mechanical energy of a deformed state. The local
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deformation energy density f is the energy change associated with a homogeneous shear
of a crystal and can be directly computed using first-principles methods [44, 45]. We
choose a reference state in which the lattice vectors are a, b, and c in the Cartesian
coordinates. For programming, it is convenient to combine the three lattice vectors into a

a 
33 matrix R= b  . The homogeneous deformation of a crystal with respect to the
 c 
reference state R is expressed as R '  RX where R’ represents the deformed state in the
Cartesian coordinates and X represents the deformation matrix [46]. For deformation on
the (111) plane, we have

t/2
t  s/2 
1  t / 2  s / 2

X   t / 2  s / 2 1  t / 2  t  s / 2  ,
 t / 2  s / 2
t / 2 1  t  s / 2

(5.5)

where t and s represent the amount of deformation along the twinning direction [11 2 ] and
the slipping direction [10 1 ] , respectively. The energies were calculated in a 51×51 mesh
in the t×s space using the first-principles method. We employed the projector-augmented
wave (PAW) method [44, 45] implemented in the Vienna ab initio simulation package
(VASP, version 4.6). The exchange-correlation functional according to Perdew-BurkeErnzerhof (PBE) [47] was employed together with a 20×20×20 -centered k-mesh and
an energy cutoff of 300 eV. We described a general deformation using the twinning and
slipping directions. Thus, for pure twinning, we neglect s. The calculated deformation
energy of both Al and Cu is shown in Figure 5-2(a) as a function of shear strain along the
twinning direction. The variable t was converted to shear strain using the interplanar
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spacing of {111} plane. Using the relation between the shear strain and the order
parameter (Eq. (5.1)), we obtained the deformation energy as a function of order
parameter along a twinning direction as shown in Figure 5-2(b).

(a)

(b)
Figure 5-2 The deformation energy of Al and Cu (a) calculated by the first-principle calculation
and (b) its non-dimensionalized energy profile and fitted curve.
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Gradient energy
In a twin structure, the interfacial energy between twin and original crystal is strongly
anisotropic; the interfacial energy along the twin boundaries is much smaller than
interfaces along other orientations. In order to take into account this anisotropy in 2D, we
describe the gradient energy coefficient as [ ijref ]  11
0

0 
where
 22 

11 is larger than 22,

and the superscript ref represents reference tensor which is defined in the specifically
chosen local reference frame. Thus, the gradient energy coefficients for variant 1 and 2
expressed in the coordinate system (x’, y’, z’) are obtained by the simple rotation around
ref
ref
the z’ axis of the reference tensor components as 1,ij  aimR1a Rjn1 mn
and  2,ij  aimR 2 a Rjn2 mn

where aijR1 and aijR 2 are the elements of the rotation matrix.

Elastic energy
The elastic energy density represents the energy generated by the local elastic
deformation in a twinned structure. The cubic elastic constants are expressed in the
coordinate system (x’, y’, z’) using the following transformation matrix,

 0
[a]  1 / 2
1 / 2

0
1/ 2
1/ 2

 1
0 
0 

(5.6)

'
and Cijkl
 aim a jn ako alp Cmnop . The eigenstrain (  ij0 ) of the elastic energy term of Eq. (5.4) is

defined as  ij0    ijtwin , p H ( p ) where  ijtwin ,1 and  ijtwin , 2 are the strain tensors for the twin
p

variant 1 and variant 2 in the coordinate system (x’, y’, z’), respectively. We employed
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the piecewise function for H ( ) . In order to describe the linear relation  and the
eigenstrain, we chose H ( )   in the range of     1   where  is very small
value. On the other hand, H ( )  2 3  3 2 was chosen near the equilibrium values (0
or 1) of order parameter satisfying (i) H (0)  0 , (ii) H (1)  1 , (iii)

H



 0

H


0.
 1

Following the Khachaturyan’s elasticity theory [48], the total strain is separated into two
contributions as  ij   ij   ij where  ij is the homogeneous strain and  ij is the
heterogeneous strain.  ij characterizes the macroscopic shape and volume change of the
system and

 


ij

dV  0 . To calculate the elastic strain, we solve the mechanical

'
equilibrium equation,  j ij   j Cijkl
( kl   kl   kl0 )  0, using Fourier spectral method

[48]. We consider a fixed macroscopic deformation,  ija , i.e.,  ij   ija . This is a good
approximation for a grain embedded in a polycrystalline aggregate.
The evolution of order parameters is governed by the time-dependent GinzburgLandau (TDGL) equation [49],

 f ( p )
 F 
E 
   L
  p ,ij  i  j p  el ,
  L
 
  
 p 
t
p

 p

 p

(5.7)

where L is the kinetic coefficient, t is time and Eel is the elastic energy density. To solve
the equation, we employed the semi-implicit Fourier-spectral method [50, 51].
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Simulation results and discussions
We chose Al and Cu as examples with elastic constants C11=114 GPa, C12=62 GPa,
and C44=32 GPa for Al [24] and C11=176.20 GPa, C12=124.94 GPa, and C44=81.77 GPa
for Cu [52]. The twin boundary energy (56.5 mJ/m2 [24] for Al, and 25.4 mJ/m2 for Cu)
and the dislocation core energy (Ecore= 4.8 × 10-7 mJ/m [53-55]) are used to obtain the
gradient energy coefficients. We approximated the interfacial energy by assuming a
dislocation core at each {111} habit plane, i.e., Ecore/d111~2.0 J/m2 where d111 is the
interplanar spacing among {111} habit planes. All the simulations were conducted in a
square domain with 512x  512x grids where x is the grid size and was chosen as 0.2
nm with a periodic boundary condition. We employed dimensionless parameters in the
simulations: x* 

C12* 

C
x


*
, t *  L f max t , 11*  2 11
,  22
, C11*  11 ,
 2 22
l
l f max
l f max
f max

C12
C
*
, and C44
 44 . The characteristic length (l) is chosen to be the same as
f max
f max

x, and the maximum driving force ( f max ) is obtained from the deformation energy,
approximately 1.0  109 J/m3 for Al, and 0.82  109 J/m3 for Cu. The dimensionless grid
size and time step are x*=1, t*=0.005. The dimensionless parameters for Al are
*
*
11* =112.0,  22
=0.09, C11* =114, C12* =62, and C44
=32, and those for Cu are 11* =548.78,
*
*
=0.023, C11* =214.88, C12* =152.37, and C44
=99.72.
 22

The deformation energy (f) was non-dimensionalized as f * 
following polynomial

f
and fitted to the
f max
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f * ( )  A0  A2 (  0.5) 2  A4 (  0.5) 4  A6 (  0.5) 6  A8 (  0.5)8 as shown in Figure
5-2(b). The values of coefficients are A0=1.0, A2=-12.43, A4=61.71, A6=-152.31,
A8=161.11 for Al, and A0=1.02, A2=-9.27, A4=32.90, A6=-84.58, A8=143.86 for Cu. For a
multi-variant system, we employ
f * (1 , 2 ,..., p )  A'0  A2  ( p  0.5) 2  A4  ( p  0.5) 4  A6  ( p  0.5) 6  A8  ( p  0.5)8  A
p

p

p

p

 

p, q( p)

2
p

where A is the interaction coefficient among variants.
The simulations started with a deformed state (  (1, 2) = (, 0) or (0, )), i.e., the
system is initially under a macroscopic shear deformation. The  can be any value
between 0 and 1 to describe the initial deformation state. In particular, we fixed the
homogeneous strain (  ij ) to    ijtwin ,1 or    ijtwin , 2 . Therefore, the volume average of the
eigenstrain during the entire process should be equal to the fixed homogeneous strain for
fixed deformation:

term [56],

1
V



1
1
M ij (

2 i, j
V



0
ij




dV   ij . To fix the deformation during the process, a penalty

0
ij

dV   ij ) 2 , is added to the free energy term, and Eq. (5.7)

becomes
 f ( p )
E
  p ,ij  i  j p  el
  L
 
 p
t
p


 p


 
  L  M ij ( 1
  ij
 V
 




0
ij

dV   ij )  ( ijtwin , p

1
V





H ( p )
 p


dV ) 
 

where Mij

are the penalty constants chosen to be M11=1030, M12=3930, M21=3930, M22=1030.
We first examined the growth aspect of a single twin under a fixed macroscopic shear
strain 0.1   ijtwin ,1 using the case of Al. A circular shaped twin domain of radius 5x was
embedded at the center of the system as a nucleus. Figure 5-3 shows the temporal
evolution of the growth of the single twin nucleus. Even though the initial shape of the

2
q
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nucleus is isotropic, the growth is strongly anisotropic, i.e., the lengthening takes place
much faster than the thickening. In addition, we measured the angle between the twin
lengthening direction and x’ axis, and the angle is equal to 35.4o as shown in Figure 53(c). It agrees with a half of the dihedral angle between (111) and ( 1 1 1) habit planes,
which means that the twin lengthens along the twin direction ( [11 2 ] ) on the (111) habit
planes and thickens along the normal direction to the habit plane. The elastic energy
density profile arising from the existence of a twin also analyzed as shown in Figure 53(d). The elastic energy density inside the twin and the original crystal is almost zero.
Elastic energy density is only nonzero around the edge containing the array of dislocation
cores. The order parameter value at this region ranges between 0 and 1 representing
transition region from the undeformed original crystal (=0) to twin (=1). The elastic
energy profile is similar to that obtained in an energy-based mechanics model in [30].
The phase-field model correctly predicts the crystallographically correct twin formation
as a result of the interplay among the deformation energy, interfacial energy, and the
elastic strain energy.
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Figure 5-3 The growth of a single twin under a fixed macroscopic shear strain 0.1   ijtwin ,1 . The
order parameter profiles at (a) the initial state, (b) 1000t*, and (c) 3000t*. (d) The elastic
energy density profile at 3000t*.

A set of simulations which involve multiple twins under several fixed macroscopic
shear strains were then carried out for both Al and Cu cases. The initial state is a
homogeneously deformed crystal with 0.5   ijtwin ,1 , 0.5   ijtwin , 2 , 0.4   ijtwin ,1 , respectively,
with small order parameter fluctuations to simulate severe deformation conditions. Figure
5-4(a), (b), and (c) show the twin formation in Al and Figure 5-5(a), (b), and (c) in Cu for
the three cases, i.e., the parent crystal is under a fixed macroscopic shear strain 0.5  twin
along [11 2 ] direction on (111) plane, 0.5  twin along [ 1 1 2 ] direction on ( 1 1 1) plane,
and 0.4  twin along [11 2 ] direction on (111) plane. The homogeneously deformed crystal
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is transformed to a twin structure, indicating that the deformation energy in Eq. (5.4)
stored in the initial deformed crystal is dissipated by transforming into a mixture of
undeformed original crystals ((1, 2) = (0, 0)) and twins ((1, 2) = (1, 0)). The twin
boundaries between the original crystals and twins are formed along habit planes as
expected, i.e., along (111) habit planes in Figure 5-4 and 5-5(a) and (c), and along
( 1 1 1) habit planes in Figure 5-4 and 5-5(b). Since we consider twinning as the only
deformation mode and no slipping is allowed, the equilibrium volume fraction of twin
variants are expected to be related to the amount of macroscopic deformation. We can
simply expect that the larger macroscopic strain generate more twins. To verify this
behavior in our model, we monitored the volume fraction of twins in Al case. We
counted the number of grid points which have the order parameter greater than 0.5. The
volume fraction of twin in the case where the macroscopic shear strain is 0.4   ijtwin ,1 is
0.397. On the other hand, the volume fraction is 0.500 when we applied 0.5   ijtwin ,1 as the
macroscopic shear strain. Thus, the larger macroscopic shear strain gives rise to relatively
more twins in our model.
If the macroscopic strain is relatively small, the parent crystal is metastable and
twinning takes through a nucleation and growth mechanism. As an example, the initial

 (1, 2) was chosen to (0.1, 0.1). In general, the macroscopic strain in the presence of
both order parameters is calculated by (1   ijtwin ,1   2   ijtwin , 2 ) which is
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1
 
(1   2 )  2  twin sin( twin ) (1   2 )  2  twin cos( twin ) 0



 

 (   )  1  cos( ) (   )  1  sin( ) 0,
twin 
1
2 
twin
twin 
 1 2  2 twin


2


0
0
0





(5.8)

when the system deformed arbitrarily with initial order parameter (1, 2). We fixed the
homogeneous strain tenor (  ij ) to (0.1   ijtwin ,1  0.1   ijtwin , 2 ) to hold the system at a fixed
macroscopically deformation. In this case, we incorporated a number of nuclei ((1, 2) =
(1, 0) or (0, 1)) into the macroscopically deformed crystals at the initial stage under the
small macroscopic strain. As a nucleus, we assume the nucleus as a few stacks of planar
faults with very large aspect ratio (length/thickness) [20, 24, 30]. We chose the layer
which has the thickness 2x as a nucleus. Hence, we randomly distributed the same
number of the nuclei for both variant 1 and 2 for nucleation of twins in the system under
the macroscopic strain. The lengthening and thickening of both variants of twins aligned
along habit planes was observed under the macroscopic strain as shown in Figure 5-4 and
5-5(d). In addition, the volume fraction of variant 1 and 2 are 0.085 and 0.088 in Al case,
respectively. It also shows the dependency of the volume fraction of twins on the amount
of the macroscopic strain.
Since deformation twinning involves Shockley partial dislocations, the order
parameter in the current phase-field model, related to the shear strain associated with the
twinning, is similar to order parameter describing a partial dislocation [57]. However, it
should be pointed out that there are significant differences between our phase-field model
of deformation twinning and phase-field model of partial dislocations [57]. First of all,
the dislocation model [57] employs the crystalline energy as the local free energy as a
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function of dislocation order parameter which is fitted to the generalized stacking fault
energy (-surface calculated by the first-principle calculation) caused by the sweeping of
a dislocation. On the other hand, the local free energy employed in our deformation
twinning model is the deformation energy as a function of degree of crystal deformation.
Deformation energy is the energy change from the original crystal state due to the
homogeneous deformation of the local region participating in the twinning process.
Secondly, the gradient energy coefficient in our model is fitted to the twin boundary
energy as well as the dislocation core energy while in the dislocation model the gradient
energy is only fitted to the dislocation core energy.

114

Figure 5-4 Twin formation in Al when the macroscopic strain (a) 0.5   ijtwin ,1 , (b) 0.5   ijtwin , 2 , (c)

0.4   ijtwin ,1 , and (d) (0.1   ijtwin ,1  0.1   ijtwin , 2 ) is applied. The monitor function for the case (d),
we chose the (1+2).

Figure 5-5 Twin formation in Cu when the macroscopic strain (a) 0.5   ijtwin ,1 , (b) 0.5   ijtwin , 2 , (c)

0.4   ijtwin ,1 , and (d) (0.1  ijtwin ,1  0.1   ijtwin , 2 ) is applied. The monitor function for the case (d),
we chose the (1+2).
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Phase-field modeling of deformation twin formation in polycrystals
By employing the computational framework for structural transformations in
polycrystals, we extended the model to modeling deformation twin formation in
polycrystalline fcc materials using fcc Cu as an example. We model and simulate the
twinning processes in static grain structures. In order to demonstrate the twinning
processes in a polycrystal, we use a simple two-dimensional (1 1 0) textured polycrystal
as shown in the schematic diagram in Figure 5-6. We define the grain reference frame (x',
y') and the global reference frame (X, Y) as shown in the figure. The x' and y' axes in the
grain reference frame are along [00 1 ] and [110] , respectively, as defined in a single
crystal in Figure 5-1. It should be noted that the twinning strain tensors in each grain
reference frame are same, and the strain tensors are given by  ijtwin ,1 and  ijtwin , 2 as defined
in the above single crystal case. In order to simulate the twinning process in the global
reference frame (X, Y), the twinning strain tensors should be defined in the global
reference frame as the following:
,1
 aikg a gjl  kltwin ,1 ,
 gtwin
, ij
,2
 gtwin
 aikg a gjl  kltwin , 2 ,
, ij

(5.9)

,1
twin , 2
are the twinning strain tensors in a given grain g defined in the
where  gtwin
, ij and  g , ij

global reference frame, and aijg are the components of an axis transformation matrix
representing the rotation from the coordinate system defined on a given grain g to the
global reference coordinate system. Corresponding order parameters are defined to
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describe the deformation strain tensors  g(1,)ij and  g( 2,ij) along the twinning directions as the
following:
,1
 g(1,)ij  1g   gtwin
, ij ,
,2
 g( 2,ij)   2 g   gtwin
, ij ,

(5.10)

i.e., two order parameters are defined in each grain.

Figure 5-6 Schematic diagram of a two-dimensional (1 1 0) textured polycrystal for the
simulations of deformation twinning processes.
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The total free energy of the system is then defined as the following functional form
using the defined order parameters:

F   [ f ({ pg })  


 pg ,ij


1
i pg  j pg  Cijkl (r )( ij   ij0 )( kl   kl0 )] dV ,
2
2

p

(5.11)

where f is the local deformation energy density,  pg ,ij is the gradient energy coefficient
tensor for the pth order parameter in a grain g defined in the global reference frame (X, Y),


Cijkl (r ) is the position-dependent elastic modulus in the global reference frame (X, Y),  ij
is the total strain tensor in the global reference frame (X, Y),  ij0 is the eigenstrain tensor
in the global reference frame (X, Y), and  represents the domain of interest.
For the local free energy in a polycrystal, we modified the free energy function of a
single crystal using the order parameters defined in the polycrystal, and the
nondimensionalized deformation energy as a function of  pg is given by
f * ({ pg })  A'0  A2  ( pg  0.5) 2  A4  ( pg  0.5) 4
p,g

p,g

 A6  ( pg  0.5)  A8  ( pg  0.5)8  A
6

p ,g

p



 qg2 ' .

(5.12)

2
pg
p , q (  p ), g , g '

The gradient energy coefficients in a given grain g should be also defined in a global
reference frame, and given by  pg ,ij  aikg a gjl p ,ij where  p ,ij is the gradient energy
coefficients defined in the grain reference frame (x', y'). For the position-dependent
elastic modulus in the global reference frame (X-Y), we use the similar expression as Eq.
(2.16). However, we use the sharp-interface grain shape function instead of grain order
parameters since we assume the grain boundary width is very narrow. The expression of
the modulus is the following:
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'
Cijkl (r )   ( g , r )aipg a gjq akrg alsg C pqrs

(5.13)

g


where  ( g , r ) is the grain shape function which is equal to 1 inside the gth grain and to 0
'
is the elastic modulus defined in the grain reference frame (x', y').
outside it, and C pqrs

The eigenstrain (  ij0 ) in the global reference frame in the polycrystal is given by





,p
 ij0  [ ( g , r )aikg a gjl (  kltwin, p H ( pg ))]  [ ( g , r )  gtwin
, kl H ( pg )]
g

p

g

(5.14)

p

where  ijtwin , p the twinning strain tensors for the twin variant p grain reference frame,
,p
is the twinning strain tensors in a given grain g defined in the global reference
 gtwin
, ij

frame, and the same function is used for H ( pg ) as the above single crystal case.
In the phase-field model of martensitic transformation in a polycrystal, the initial order
parameters in each grain are always 0 even if the system is under the stress or strain since
the initial phase, e.g., a cubic phase for cubic to tetragonal transformation, is represented
by  pg =0 regardless of the applied load. On the other hand, the values of initial order
parameters in each grain vary depending on the deformation condition imposed on each
grain in the current phase-field model for deformation twinning since the driving force
for the twinning in each grain is determined by the initial deformation condition of each
grain corresponding to the deformation energy as a function of the initial order
parameters. The determination of the initial deformation condition for the simulations of
each grain under the arbitrary homogeneous deformation of a polycrystal is quite
challenging due to the anisotropic property of deformation strain tensors and different
grain orientation of each grain. To determine the initial deformation condition of a given
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grain g under the arbitrary homogeneous deformation  ija of a polycrystal, we have to
and  2initial
to satisfy the following relation:
decompose the initial order parameters 1initial
g
g
,1
initial twin , 2
 ija  1initial
 gtwin
, ij   2 g  g , ij
g

(5.15)

if the deformation is fully accommodated by the twins. However, it should be noted that
the arbitrary deformation  ija cannot be generally accommodated by only twins.
Therefore, the possible 1initial
and  2initial
values should be found such that the values of
g
g
,1
initial twin , 2
a
 gtwin
the components of (1initial
, ij   2 g  g , ij ) are close to those of the components of  ij .
g

In order to obtain the initial order parameters, we devised the following methodology. It
is a sort of application of the penalty method [56]. We define the following term Ed,
Ed 

K
,1
initial twin , 2
a 2
[(1initial
 gtwin

, ij   2 g  g , ij )   ij ] ,
g
2 g ij

(5.16)

where K is a constant. To minimize Ed, we solve the following Landau-Ginzburg
equations:
 initial
pg
t

  Ld

Ed

 initial
pg

,

(5.17)

make the tensor
where Ld is the kinetic coefficient. As a result, the solutions of  initial
pg
,1
initial twin , 2
a
(1initial
 gtwin
, ij   2 g  g , ij ) close to  ij . We applied the developed method to the case of a
g

  0.1 0 0 


polycrystal in Figure 5-7(a). We applied the external strain  0
0.1 0  to the entire
 0
0 0 

system as an example, and the computed initial order parameters are listed in Table 5-1.
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Table 5-1 Computed initial deformation condition (initial order parameters) of each grain under
the applied strain

  0. 1 0 0  .


0. 1 0 
 0
 0
0 0 


g

 (o)

1g ,initial

 2g ,initial

1
2
3
4
5
6
.
.
.
.
.
20
21
22
23
24

0
-89.8
41.5
-28.7
53.6
74.7
.
.
.
.
.
2.2
-85.3
22.1
-87.1
-27.6

0.149
-0.146
-0.401
0.436
-0.448
-0.344
.
.
.
.
.
0.116
-0.078
-0.188
-0.106
0.432

0.149
-0.153
0.438
-0.275
0.360
0.086
.
.
.
.
.
0.182
-0.217
0.402
-0.191
-0.262

Under the applied strain on the entire system, some grains have the initial order
parameter less than 0 as shown in the table. Since the deformation twinning process has
the directionality as explained above, twinning cannot occur when the initial order
parameter is less than 0. The only positive initial order parameters are active to the
twinning process, and we define the strain (





initial , positive twin , p
pg
g , ij

) as the active

p

, positive
deformation strain where  initial
represents the positive initial order parameters. The
pg

residual part of the strain
, positive twin , p
 ijresidual   ija   initial
 g ,ij
pg
p

(5.18)
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defined as inactive deformation strain to the twinning processes. The residual strain

 ijresidual would be accommodated by the plastic deformation through the different
mechanism associated with the different dislocation activity such as slipping. At the
moment, we do not consider other types of plastic deformations. Thus, we do not allow
the evolution associated with the dissipation of deformation energy corresponding to the
inactive deformation strain. In other words, the deformed state corresponding to the
negative initial order parameter is frozen during the twinning processes. The initial
deformation energy considering only active deformation strain of each grain is calculated
by Eq. (5.12) using the computed initial active order parameters, and mapped on the grain
structure as shown in Figure 5-7(b).

Figure 5-7 (a) Grain structure of a polycrystal, (b) Deformation energy map in the polycrystal
under the homogeneous deformation condition of

  0. 1 0 0 


0. 1 0 
 0
 0
0 0 


, and (c) Deformation twins

formation under the deformation condition where white color represents the twin variant 1, red
color represents the twin variant 2, and black color represents the original crystal.

122

Once the initial deformation condition is determined, we subsequently solve the
kinetic equations for deformation twinning process. The modified Allen-Cahn equation
(Eq. (2.13)) for polycrystals are solved for the twinning process. In addition, the
following penalty term is added to the total free energy during the process:
1
1
M ijg (

2 g i, j
Vg



g

 ij0 dV   ija ) 2 ,

(5.19)

where M ijg are the penalty constants, Vg is the volume of a grain g,  g represents a grain

g as the domain of integration. The penalty term make each grain maintain the
deformation condition during the process. The modified Allen-Cahn equation for
twinning process in polycrystal taking into account the penalty term is given by
 pg
  f ( pg )
e
  L ( g , r )
  pg,ij i j pg  el

t
 pg
  pg
 1

 L ( g , r )  M ijg (
 ij
 Vg




g






 ij0 dV   ija )  (

(5.20)
1
Vg



g


H ( pg )

[ ( g , r )aikg a gjl kltwin , p
]dV ) 
 pg
 


where L is the kinetic coefficient, and  ( g , r ) is the grain shape function which is equal
to 1 inside the grain g and to 0 outside it. For the nucleation of twins, we incorporated a
number of nuclei into the macroscopically deformed polycrystal at the initial stage. As a
nucleus, we assume the nucleus as a few stacks of planar faults with very large aspect
ratio (length/thickness) [20, 24, 30]. We randomly distributed nuclei of both variant 1 and
2 for twin nucleation. The number of each variant is controlled by the initial deformation
condition, i.e., the number of variant 1 or 2 is proportional to the initial order parameter
value. At the same time, we also introduce the random fluctuation for the initial 100 time
steps. Figure 5-7(c) shows an example of the twin formation in the deformed polycrystal
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  0.1 0 0 


under the strain  0
0.1 0  . Depending on the grain orientation, different twin
 0
0 0 

variants are created under the homogeneous deformation of the entire system.
Further, we observed the deformation twinning processes under several different
applied strain conditions. Figure 5-8 shows comparison of deformation twin formations
under several different deformation conditions on the same grain structures with same
grain orientations. As shown in the figure, the types of active twin variants in each grain
vary with applied deformation conditions. For example, the grain in a blue dashed circle
in Figure 5-8(a) and (c) displays the twin formation of variant 2 (Figure 5-8(a)) or variant
1 (Figure 5-8(c)) depending on the deformation directions. In addition, deformation
twinning occurs or does not occur depending on the applied strain types as shown in the
grain in a yellow dashed circle of Figure 5-8(b) and (d). Moreover, the magnitude of the
applied strain determines the volume fraction of deformation twins in the grain structure.
As the smaller magnitude of applied strain is applied, one can clearly see the smaller
volume fraction of twins in the grain structure in Figure 5-9.
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Figure 5-8 Comparison of deformation twin formations under several deformation conditions.
Twin formation under the applied strain of (a)

 0.1 0.05 0 


 0.05  0.1 0 
 0
0
0 


  0.1 0 0  ,


0. 1 0 
 0
 0
0 0 


(b)

  0.1 0.05 0  ,


 0.05 0.1 0 
 0
0
0 


(c)

0
0 ,
 0.1


 0  0.1 0 
 0
0
0 


(d)

where white color represents the twin variant 1, red color represents the twin variant

2, and black color represents the original crystal.

Figure 5-9 Deformation twin formations under different magnitudes of deformation conditions.
Twin formation under the applied strain of (a)

0
0 ,
 0.1


 0  0. 1 0 
 0
0
0 


(b)

0
0 ,
 0.05


 0.05 0 
 0
 0
0
0 


(c)

0
0
 0.025


 0.025 0 
 0
 0
0
0 


where white color represents the twin variant 1, red color represents the twin variant 2, and black
color represents the original crystal.
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Phase-field simulations of hierarchical twinning processes
Recently, the simultaneous enhancements of both strength and ductility of a
nanocrystalline steel have been achieved through the creation of the hierarchical twin
structure [58]. In this section, we simulate the consecutive twinning process to identify
the possibility of secondary or tertiary hierarchical twinning under the deformation of the
entire system in general fcc crystals.
Cu is chosen as an example since it has the stable fcc structure at low temperature and
high twinnability owing to its low stacking fault energy. Homogeneous isotropic elastic
modulus approximation is employed (C11=215 GPa, C12=152 GPa, C44=31.5 GPa) in this
case. We employed two twin variants for each original crystals or twin crystals.
Simulations were also conducted in 512x  512x grids where x is the grid size and
chosen to be 0.2 nm. The slipping process is assumed to be prohibited during the present
twinning simulations at the size scale we employed. The basic framework of the phasefield model of deformation twinning in fcc polycrystals is applied to simulate the
hierarchical twinning process. However, in order to model the hierarchical twinning
process, the consecutive mirror symmetry operations are used for the transformation
matrix [aijg ] instead of the transformation matrices representing the rotations from the
coordinate system defined on a given grain g to the global reference coordinate system in
the original model. The twinning strain tensor and the anisotropic gradient energy
coefficient tensor are consecutively transformed by the mirror symmetry operation for
primary, secondary, and tertiary twins.
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First, the secondary twin formation in the interior of fully relaxed primary twin
structure (in Figure 5-10(a)) was simulated. The mixed deformation strain was applied to
the entire system for the secondary twinning process. As shown in Figure 5-10(b), the
secondary twins within both original crystal and primary twin occurs under the given
deformation condition. We also checked that the types of active twin variants are
determined depending on the deformation condition. We then introduced the thicker
secondary twins (as shown in Figure 5-11(a)) for the fully relaxed secondary twinned
structure, and simulated the tertiary tensile twin formation inside the secondary twins
under tension. The formation of tertiary twins is observed under tension along either x
direction (see Figure 5-11(b)) or y (see Figure 5-11(c)) direction. The different types of
variants occur depending on the applied strain direction as shown in Figure 5-11(b) and
(c). In the case of tension along y direction, the tensile twins are not produced inside the
primary twin crystals while they are formed in the interior of the secondary twin as
shown in Figure 5-11(c). In other words, the creation of secondary twins which changes
the crystallographic orientation of crystals makes it possible to generate tertiary twins.
From the phase-field simulations, we could identify the possibility of secondary and
tertiary twinning processes under the proper deformation condition.
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(a)

(b)

Figure 5-10 (a) Fully relaxed primary twinned structure, and (b) formation of secondary twins in
the primary twin structure under the mixed deformation condition:

(a)

  0.05  0.05 0  .


0.1 0 
  0.05
 0
0
0 


(b)

(c)

Figure 5-11 (a) Fully related secondary twinned structure, (b) formation of tertiary twins in the
secondary twin structure under tension along x direction:

0
0 .
0


 0 0.15 0 
0
0
0 


 0.15 0 0 


0 0
 0
 0
0 0 


, and (c) along y direction:
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Summary
A phase-field model for deformation twinning is proposed. Using aluminum and
copper as examples, the deformation energy density is obtained by means of the firstprinciple calculations. All the parameters such as gradient energy coefficients and
eigenstrains are modeled taking into account the crystallographic information of twinning
process. It is shown that the model predicts the crystallographically correct twin
formation in a deformed state by taking into account twin boundary energy, the energy of
the arrays of dislocation cores, and the elastic energy around the dislocation cores under
the fixed macroscopic deformation condition. At large deformation, the twinning process
takes place continuously as a result of absolute thermodynamic instability of the
deformed state with respect to twinning. At small deformation, twining can only take
place through the nucleation and growth mechanism. In all cases, the volume fraction of
twins is related to the amount of macroscopic deformation, i.e., the larger macroscopic
deformation gives rise to more twins.
By applying the schematics of the phase-field model for structural transformations in
polycrystals described in Chapter 2, we successfully modeled the deformation twin
formation in a polycrystal. The initial deformation condition of each grain under uniform
applied strain to an entire polycrystal is determined by the newly devised method.
Computer simulations with different applied strain conditions indicate that the selection
of active twin variants depends on the grain orientation and the types of applied strain.
The phase-field model for deformation twinning in polycrystals is also applied to
simulate the hierarchical twinning process. We identified the possible secondary and
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tertiary twins in twinned structure under the proper deformation conditions through the
simulations.
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Chapter 6

Phase Transformations in Polycrystalline Two-phase Ti Alloys
Titanium (Ti) alloys have been extensively utilized in aerospace applications,
biomedical devices, and chemical processing equipment owing to their excellent strength
to weight ratio and corrosion resistance [1]. Pure Ti has two allotropic forms, hexagonalclose packed (hcp)  and body-centered cubic (bcc) , and it undergoes  to  allotropic
transformation upon cooling. Most of commercial Ti alloys in structural applications
display (+) two-phase microstructures for high strength [2]. Incorporating 3d transition
metals, e.g., V, Mn, Fe, Mo, etc., as alloying components which stabilize the  phase [3]
makes it possible for both two phases to coexist. The mechanical properties of Ti alloys
are very sensitive to the spatial configurations of two phases in the microstructure.
Therefore, predicting microstructure evolution of the phases plays a key role to design the
alloy system for desirable properties.
Different thermo-mechanical processing routes produce a wide spectrum of complex
(+) two-phase microstructures such as fully lamellar structure (or basket-weave and
Widmanstätten structures) and bimodal (duplex) structure containing lamellae with
primary  phases displaying globular morphology [2, 4]. The phase transformation
mechanisms which lead such kinds of microstructures are also very complicated.
However, our current knowledge on the phase transformations in Ti alloys is very limited
and relies on only a few systematic studies despite decades of research. Therefore, the
optimum processing conditions for the desired microstructures are entirely determined by
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the empirical trial and error based processes, and it eventually contributes to the high
manufacturing cost. It is obvious that understanding the phase transformation
mechanisms and predicting microstructure evolution during the phase transformations
will reduce the cost during the decision making process for the Ti alloy design, and it will
be eventually able to lower the price of the Ti alloys.
There have been a number of experimental efforts to understand the phase
transformation behavior of binary [3, 5-10] or multicomponent [11-14] Ti alloys.
However, the determination of the phase transformation kinetic pathways has not been
established yet, and it has not been fully understood since the phase transformations in Ti
alloys are usually associated with the complicated competitions among several processes.
They

include

the

competitions

between

nucleation-and-growth

and

spinodal

decomposition, or between continuous and discontinuous structural transformations. In
addition, it is significantly challenging to distinguish the mechanisms during the phase
transformations through experimental efforts. For example, the spinodal decomposition
process of an intermediate ' phase or  phase during the phase transformation is not
easily detectable in experiments since the decomposed solute-rich and solute-poor phases
exhibit a very small difference in lattice parameters. Hence, theoretical and
computational approaches are required for the systematic study on the subject.
The systematic theoretical analyses on the phase transformation mechanisms related to
the complicated coupling of kinetic processes have been conducted. Soffa et al. applied
the graphical thermodynamic method to theoretically analyze the phase transformation
sequences taking place through either clustering or ordering [15]. Fan et al. discussed the
possibility of spinodal decomposition during the phase transformation in a ZrO2-Y2O3
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system [16], and Ni et al. also discussed the transformation sequences associated with the
cubic to tetragonal structural change and the decomposition process [17]. With regard to
computational approach especially on Ti alloys, there have been very few attempts to
model the formation of the (+) two-phase microstructures [18, 19].
In the presence of grain boundaries, the morphological aspects of the (+) two-phase
microstructure are more complicated due to the interactions between phases and the grain
boundaries. Recent advances in the experimental techniques allow the three-dimensional
analysis of  phases near - grain boundaries [20]. In addition, the variant selection of
the  plates and the orientation relationship between grain boundary  phases and 
grains in the presence of grain boundaries have been experimentally characterized [2123].
The main objectives of this work are to establish the framework to investigate the
possible phase transformation mechanisms and microstructure evolution of (+) twophase Ti alloy and to apply the developed phase-field model to the Ti alloy systems. By
applying the graphical thermodynamic method [15], the phase transformation sequences
that may undergo either nucleation-and-growth or continuous transformation such as
spinodal decomposition and martenstic transformation are analyzed as done by Fan et al.
[16] and Ni et al. [17] for cubic to tetragonal decomposition processes. By employing the
phase-field model, the possible kinetic mechanisms are demonstrated. We construct the
phase-field based free energy functional according to phase diagrams of a Ti-V binary
system. We show how the composition of solute and the structural order parameter
evolve following the proposed kinetic pathways using the developed phase-field
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approach. In addition, the morphological evolution of the two-phase microstructure is
simulated using the phase-field model. Kinetic processes in polycrystalline Ti alloys are
then described by means of the phase-field models for diffusional and structural
transformation of polycrystals developed in Chapter 2.

Kinetic pathways of phase transformations in two-phase Ti alloys
Phase transformations in (+) two-phase Ti alloys involve both diffusional and
structural transformation. The behavior of those transformations entirely rely on the
stabilities of phases, i.e., the kinetic pathways during the phase transformation from the 
phase to the (+) two-phase Ti alloys would be determined by the stabilities of initial or
intermediate phases.

Phase stabilities and kinetic pathways during phase transformations
A Ti-V binary Ti alloy system is considered for simplicity. Vanadium (V) is known as
a -stabilizer, and the incorporation of V decreases the  to  transition temperature. The
phase diagrams of the binary system computed by the ThermoCalc are shown in Figure
6-1. We confine our attention to the system which is quenched from the temperature
above the  transus to the temperature between two consolute temperatures (the top of
miscibility gaps) of  and  phases (e.g., 450~500 C ) as indicated with a blue solid
arrow in Figure 6-1(a). Thus, decomposition of a  phase [13] is not considered in our
discussion since no miscibility gap of  phase is observed within the temperature range
we are considering as shown in Figure 6-1(c). The miscibility gap of  phase happens
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below 200 C in the phase diagram, and it would be probably difficult for the
decomposition process to occur due to low diffusivity of solute if the alloy is processed at
such a low temperature even though the decomposition of  phase is possible [7, 13] and
remaining oxygen might open up the miscibility gap of  phase [8]. The formation of
phase which is known to be formed at relatively low temperature and slow cooling rate
[7, 24, 25] is not taken into consideration. Ti-V binary system had been known as a
candidate material for transient ordering. However, the recent research has reported that
no transient ordering is found in the system [3]. Therefore, we also exclude the transient
ordering process in the modeling.

Figure 6-1 (a) Phase diagram of a Ti-V system, (b) Miscibility gap of an  phase, and (c)
Miscibility gap of a  phase.

The system of our interest undergoes the phase transformation from the high
temperature  phase to the low temperature (+) dual phases during the process
according to the phase diagram in Figure 6-1. However, the details of the kinetic
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pathways cannot be easily captured from the phase diagram. For example, the existence
of the intermediate or metastable phases is not simply determined by the diagrams.
Therefore, we explore the possible kinetic mechanisms involving the formation of
intermediate phases or the existence of metastable states by analyzing the thermodynamic
stabilities of phases underlying the phase transformations.
The phase transformations in Ti alloys are accompanied by both the diffusion process
of solute and the bcc () to hcp () structural transformation upon rapid quenching
followed by aging process. Therefore, the system can be represented by the composition
(X) of solute contents and order parameter () for the structural identification, i.e., =0
represents bcc () structure and =1 represents hcp () structure. The local specific free
energy is described by those two variables, f ( X , ) . Even though multiple order
parameters should be employed for the full expression of free energy, we use only one
order parameter in this section for simplicity in the discussion of the phase instabilities
without the loss of generality. The bcc to hcp transformation is first-order [26, 27] and
the two phases have separate free energy curves f ( X ) and f  ( X ) . The free energy
function f ( X , ) becomes f ( X ) or f  ( X ) depending on the structural state of the
system, i.e., the order parameter value. The schematic diagram of the free energy curves
is shown in Figure 6-2. Since there is the miscibility gap of  phase, the double-well type
energy curve is employed for f ( X ) . However, the single-well type energy curve is used
for f  ( X ) since the miscibility gap of  phase is not observed within the temperature
regime we are interested in as we mentioned above. The equilibrium composition of 
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and  phases within the two-phase regime are determined by the Gibbs common tangent
construction as illustrated in Figure 6-2.

Free energy

 phase
 phase

0.0

0.2

0.4

0.6

0.8

1.0

Composition (X) of V
Figure 6-2 Schematic diagram of free energy curves of  and  phases.

The stability of the system is determined by the topological properties of the free
energy curves [15]. The system would have both structural and compositional instabilities.
We can specify the instability regimes by taking into consideration the second derivatives
of the free energy with respect to and X. Let us consider the structural instability first.
Basically, the  phase becomes more stable with increasing V contents since V is the stabilizer. Therefore, the quenched  phase with low composition of V would be unstable,
but it would be metastable with relatively high composition of V. The quenched  phase
is represented by =0 as explained above. The composition range where the  phase is
unstable with respect to the structural transformation is specified by

range of structurally metastable  phase is specified by

2 f
 0 , and the
 2   0

2 f
 0 . Figure 6-3 illustrates
 2   0
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the schematic energy pathways in f-X- space for the variations of  with fixed
compositions as in [15]. The state U in the figure is unstable with respect to the structural
transformation, and the transformation occurs spontaneously and continuously since the
free energy varies without a barrier. On the other hand, the state M is metastable with
respect to the structural transformation, and it undergoes the transformation through the
nucleation-and-growth mechanism due to an energy barrier. Therefore, the whole
composition range would be able to be divided into two different regimes depending on
the structural instability, and it is illustrated in Figure 6-4(a).

Figure 6-3 Energy pathways of the variation of the structural order parameter in a f--X space.
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Another instability of the system is the compositional instability of  phase with
respect to its decomposition. The composition range where the  phase is unstable with
 2 f
 0 . The unstable regime is
respect to the decomposition is specified by
X 2
represented in Figure 6-4(b). Within the unstable regime, the system is decomposed by
the spinodal mechanism [28]. On the other hand, the decomposition occurs through the
nucleation-and-growth process outside the regime where the system is metastable with
respect to its decomposition.
By combining the above instabilities, the whole composition range can be divided into
four different regimes which render different kinetic pathways of phase transformations
as shown in Figure 6-4(c). The hatched portion of free energy curve of  phase (f)
represents the unstable state of  phase with respect to the structural transformation. Let
us discuss the possible phase transformation kinetic pathways in four different
composition regimes.
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Figure 6-4 (a) Phase instability of initial  phase, (b) phase instability of intermediate ’ phase,
and (c) 4 different subdivisions of a composition range.

If a solid solution of composition within regime I in Figure 6-4(c) is rapidly quenched
retaining bcc structure, the solid solution is structurally unstable. Hence, the system
undergoes bcc to hcp structural transformation continuously without composition change
(congruently) during aging which result in an intermediate ' phase since the structural
change is generally known to be much faster than a diffusional process. The ' phase
within this composition range is metastable with respect to the decomposition. The next
step, therefore, is the nucleation-and-growth of  phase from the supersaturated ' solid
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solution, which leads to the equilibrium ( +  two-phase mixture. The transformation
sequences of kinetic pathway I are illustrated in Figure 6-5(a), and it can be expressed as
the following:
Pathway I: 

'

+ 

(6.1)

We use a solid arrow to represent the continuous reaction, e.g., continuous martensitic
transformation or spinodal decomposition, and a dashed arrow to denote the
discontinuous reaction such as nucleation-and-growth hereafter.
The quenched  phase with the composition corresponding to regime II undergoes
more complicated transformation sequences. The  phase is also structurally unstable as
the above case, and it continuously and congruently transforms to the hcp structure,
resulting in supersaturated ' phase. The ' phase within this composition regime is,
however, unstable with respect to the decomposition since the free energy curve has the
negative curvature. Therefore, the decomposition process occurs through the spinodal
mechanism which produces solute-rich (1) and solute-poor (2) phases. The
composition of the solute-poor  phase gradually reaches the equilibrium  phase
composition keeping the hcp structure, whereas the solute-rich  phase experiences the
hcp (1) to bcc () structural change when the composition exceeds the critical
composition where f and f  intersect each other. Afterward, the composition of the 
phase becomes the equilibrium  composition. The kinetic pathway can be summarized
as the following:
Pathway II: 

'

1(solute-rich) +2(solute-poor)

and the graphical representation is shown in Figure 6-5(b).

+ 

(6.2)
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The phase transformation sequences within the regime III is very similar to those of
regime II. The only difference is the first stage. The initial quenched  phase is
structurally metastable with respect to the transformation, and the structural
transformation from bcc to hcp takes place through the nucleation-and-growth
mechanism. The same sequences follows as the case of regime II. Thus, the kinetic
sequences in pathway III (shown in Figure 6-5(c)) is
Pathway III: 

'

1(solute-rich) +2(solute-poor)

+ 

(6.3)

The quenched  phase within the regime IV is also structurally metastable and the free
energy of  phase is lower than that of  phase with a same composition. Therefore, the
direct formation of  phase from  phase through the nucleation and growth process
without the occurrence of intermediate  phase is expected. The kinetic pathway within
this regime can be expressed by
Pathway IV: 
and the pathway is represented in Figure 6-5(d).

+

(6.4)
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Figure 6-5 Phase transformation pathway in (a) the regime I, (b) the regime II, (c) the regime III,
and (d) the regime IV.

Phase-field modeling of binary two-phase Ti alloys
Phase-field approach [29-34] is known for its capability of describing the structural
transformations [35-42] as well as the diffusional processes [43-48]. Therefore, the
phase-field method is most appropriate way for modeling the microstructure evolution in
Ti alloys. The total free energy F of a non-uniform system in the phase-field scheme is
given by the following functional form [49]:
F   [ f ( X ,{ p }) 


c
2

(X ) 2  
p

i, j

 op ,ij
2

 i p j p  eel ] dV ,

(6.5)
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where { p } represents a set of order parameters,  c and  op.ij is the gradient energy
coefficients of composition and order parameter fields of a pth variant, respectively, and
eel is the elastic strain energy density.

Thermodynamic model
We have devised the thermodynamically consistent free energy function which
corresponds to the temperature range of our interest in the phase diagrams in Figure 6-1.
Due to a point group symmetry reduction during bcc to hcp transformation, the
transformed system has multiple variants. In addition, the structural transformation is
known to follow the Burgers mechanism [50], and the number of possible  variants with
respect to the parent bcc lattice is 12 by considering the crystallographic symmetry of the
Burgers orientation relationship ( (0001) || {110} and  11 2 0  ||  1 1 1   ) [50].
Therefore, the local chemical free energy density of the system is described by a
composition field (X) of V and 12 long-range order parameters (  p ) for structural
transformations. For local specific chemical free energy, we adopted and modified the
model in [19]. The free energy function is the following:
f ( X ,{ p })     X   h  (1  X )  [[1  h({ p })]  g  ( X )  h({ p })  g ( X )]    q({ p }),

(6.6)

where   is the chemical potential of solute (V) atoms at standard state,  h is the
chemical potential of host (Ti) atoms at standard state, g ( X ) and g  ( X ) are the free
energies of mixing of  and  phases, respectively, h({ p }) is an interpolation function
which satisfies the properties: h(0)=0, h(1)=1, dh / d p  0 at p=0 or 1,  is the barrier
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height, and q ({ p }) is the Landau free energy to describe the structural transformation.
This model is essentially similar to the free energy model in [16, 17], but it is more
flexible to adjust and fit the parameters with phase diagrams. The term

[(1  h)  g   h  g ] in the free energy expression represent the free energy of mixing in
,  or two-phase mixture depending on the order parameter state. The double-well type
energy function is used for g , and the single-well type function is used for g  . Since
the bcc to hcp structural change is the first-order transformation [27], we employed the
6th-order Landau free energy [26] for q({ p }) as the following:

q({ p })  A2  p2  A41  p4  A61  6p  A42  p2q2  A62
p

p

p

pq

  

pqr

2 2 2
p q r

,

(6.7)

where A2, A41, A61, A42, and A62 are the phenomenological Landau coefficients.

Elastic strain energy
Elastic strain energy density is composed of two components as discussed in Chapter
3. One is the elastic strain energy of local homogeneous solid solution itself ( ehom ) due to
the misfit strain between solute and host atoms, and the other is the local coherency strain
energy ( ecoh ) due to compositional or structural inhomogeneities, i.e., eel  ehom  ecoh .
The elastic strain energy of the local homogeneous solid solution itself is given by Eq.
(3.5). The coherency elastic strain energy is calculated by Eq. (3.11). The eigenstrain
tensor is represented by

 ij   E p ,ij  p2   ijc ( X  X 0 ),
p

(6.8)
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where E p ,ij is the stress-free transformation strain (SFTS) tensor of the pth variant
associated with the bcc to hcp structural transformation, and X0 is the overall composition.
The details on derivations are shown in the following section. We derive the SFTSs using
pure Ti lattice parameters. Thus, the second term is responsible for the lattice parameter
expansion with composition change in alloy system. The strain tensor  ijc is the
compositional misfit strain tensor defined as  c ij where  c is the compositional
expansion coefficient and  ij is the Kronecker delta function .

Stress-free transformation strain (SFTS) tensors for the bcc to hcp transformation
According to the Burgers mechanism [50], the bcc to hcp transformation is completed
by two simultaneous or consecutive processes. One is the shear deformation to change
the diagonal angle of {111} planes from 70.528o to 60o, and the other is the atomic shuffle
to achieve the correct atomic layer sequence of hcp structure. Since the atomic shuffling
does not affect the shape change of unit cell, it is not considered for the derivation of
SFTSs.
It is convenient to define the local reference frames ( xˆ ' , yˆ ' , zˆ ' ) on {110} planes of a
bcc structure corresponding to all 12 variants. One of examples on a (1 1 0) plane is
shown in Figure 6-6(a), where x̂' is along [111] , ŷ ' is along [112 ] , and ẑ ' is along

[ 1 10] . The axes (coordinate vectors) of local reference frame for the pth variant can be
expressed by the following matrix forms:
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 xˆ 
 xˆ ' 
 
 
 yˆ '   X ' p  yˆ ,
 zˆ 
 zˆ ' 
 
 p

(6.9)

where X ' p is the 3  3 matrix, x̂ , ŷ , and ẑ are the coordinate vectors of a global
reference frame. The complete list of X ' p in Table 6-1. The shearing process in the local
reference frame is demonstrated in Figure 6-6(b). A parallelepiped in blue solid lines
represents the lattices of original bcc structure and a parallelepiped in red dashed lines
represent the lattices of transformed structure (hcp). It should be noted that the shearing
processes for all variants are equivalent in each local reference frame.

Figure 6-6 (a) Local reference frame defined on a (1 1 0) plane, and (b) the shearing process
during the bcc to hcp transformation in the local reference frame.
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Table 6-1 The complete list of X ' p .

  
The lattice vectors (a , b , c ) of bcc phase can be expressed using the local
coordinate vectors as a basis by


3

a

2
 a  
   3
a sin(19.68)
 b   
 c   2
  
0



0
3
a cos(19.68)
2
0


0 
 xˆ ' 
 xˆ ' 
 
 
0  yˆ '   B yˆ ' ,
 zˆ ' 
 
 
2a  zˆ ' 



(6.10)

where a is the lattice parameter of bcc phase. Likewise, the lattice vectors of hcp phase
can be represented by

0
0  xˆ ' 
a
 xˆ ' 
 a  
 
 
  
 b    a sin(30) a cos(30) 0  yˆ '   H  yˆ ' ,
 zˆ ' 
 c  
0
0
c  zˆ ' 
 
  

(6.11)
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where a and c are the lattice parameters of hcp phase. If the shearing process occurs
maintaining the coherency, the transformation strain can be obtained using the following
lattice correspondence between above two lattice vectors:



 a 
 a 
 
 
 b   M  b ,
 c 
 c 
 
 

(6.12)

where M is the lattice correspondence matrix which is easily obtained using Eqs. (6.10)
and (6.11) to be
M  H  B 1 .

(6.13)

The strain tensor e is calculated from the following relation:




 a   a   a 
 





 
 b    b   e b .
 c   c   c 
     

(6.14)

Applying Eqs.(6.12) and (6.13) results in
e  H  B 1  I .

(6.15)

Therefore, the finite strain in the local reference frame is obtained by
E'

1
(e  et  et e).
2

Using the lattice parameters ( a  2.908 , a  2.656

(6.16)
, c  4.252 ) of pure Ti [51],

we can compute the finite strain tensor, and the numerical values are the following:
0 
 0.076 0.097


E '   0.097  0.030
0 
 0
0
0.034 


(6.17)

150

However, the coherency cannot be fully maintained during the process due to the large
amount of magnitude of strain. We assume that the coherency is maintained only across
x'-z' planes ( {11 2} planes) which are nearly invariant during the process. The other
interfaces are assumed to be incoherent. In other words, we considered the mixed
coherency. With the assumption, the strain component E '22 should be re-evaluated.
Instead of the lattice correspondence, the change of volume per atom should be
accommodated via E '22 . Replacing the component E '22 with the unknown y,
0 
 0.076 0.097


y
0 
 0.097
 0
0
0.034 


(6.18)

the volumetric strain  V is calculated by the three eigenvalues of the strain:

 V ( y )  1   2   3  1 2   2 3  1 3  1 2 3 ,

(6.19)

where 1, 2, 3 are the eigenvalues of (6.18). The volumetric strain ( V / V ) due to the
change of volume per atom can be easily calculated by the lattice parameters of pure Ti:

V V  V


V
V


 3 2
3


 4 a  6 c  / 6  a  / 2


a 3 / 2

following equality:  V ( y ) 

 0.05632. Therefore, the unknown y is obtained by the

V
, which results in y  0.042 . Therefore, the
V

transformation strain in the local reference frame with the mixed coherency is the
following:
0 
 0.076 0.097


E '   0.097  0.042
0 .
 0
0
0.034 


(6.20)
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In order to obtain the strain tensors in global reference frame, the transformation strain
(Eq. 6.20) in the local reference frame should be transformed by the axis transformation
from ( xˆ ' , yˆ ' , zˆ ' ) to ( xˆ , yˆ , zˆ ) by the transformation matrix Tp . The axis transformation
matrix Tp is X p1 by Eq. (6.9) . The transformation strain ( E p ) for the pth variant is
obtained by the following transform:

E p  Tp  E 'Tpt
where Tpt is the transpose of Tp . All the SFTS tensors are listed in Table 6-2.

Table 6-2 The list of stress-free transformation strain (SFTS) tensors for bcc to hcp
transformation.

(6.21)
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Anisotropic gradient energy coefficients of multiple  variants in a  matrix

The interfacial energy between  and  phases is assumed to be anisotropic. It is also
convenient to consider the interfacial anisotropy in the local reference frames ( xˆ ' , yˆ ' , zˆ ' )
defined in Figure 6-6(a) first. According to Figure 6-6(b), {112} planes ( x̂' - ẑ ' plane) are
nearly invariant and assumed to be coherent during the shearing process involved in the
bcc to hcp transformation as discussed above. Therefore, the {11 2} planes have low
interfacial energy, while other planes, e.g., planes normal to x̂' or ẑ ' direction, have
relatively high interfacial energy since the interfaces along those planes are assumed to
be incoherent interfaces where the dislocations would be accommodated. It should be
also noted that the gradient energy tensor for all the variants are equivalent within each
local reference frame. To take into account the interfacial energy anisotropy, the gradient
energy coefficient tensor  'o associated with the structural order parameters in the local
reference frame ( xˆ ' , yˆ ' , zˆ ' ) is given by
o
  '11
0
0 


o
o
 '   0  '22 0 
 0
o 
0  '33



(6.22)

o
o
where  '11
  '33
  'o22 , while the gradient energy coefficient tensor  c is assumed to be

isotropic. The gradient energy coefficient tensors in global reference frame are obtained
by the axis transformation of the tensors (Eq.6. 22) in the local reference frame from

( xˆ ' , yˆ ' , zˆ ' ) to ( xˆ, yˆ , zˆ) . The axis transformation matrix Tp defined above is used, and the
gradient energy coefficient tensor (  p ) for the pth variant is obtained by the following
transform:
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 op  Tp   'o Tpt

(6.23)

where Tpt is the transpose of Tp .

Axis transformation of tensors for 2D simulations

For the simulation of morphological evolution, we employ 2-dimensional (2D) or 3dimensional (3D) simulations. In particular, for 2D simulations, we choose a (111)
crystallographic plane for computational domain. The reference frame (x", y", z") are
defined for 2D computational domain as shown in Figure 6-7. Thus, the elastic modulus,
STFSs, and anisotropic gradient energy coefficient tensors should be transformed from
the regular reference frame (x, y, z) to our reference frame (x", y", z") defined on a (111)
plane as the following:
ref
"
Cijkl
 aiq2 D a 2jrD aks2 D alt2 DCqrst

E "p ,ij  aiq2 D a 2jrD E p , qr

(6.24)

 "po,ij  aiq2 D a 2jrD op , qr
where aij2 D are the components of an axis transformation matrix from the reference frame
(x, y, z) to the reference frame (x", y", z").
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Figure 6-7 System configuration for 2D simulations on a (111) plane.

Kinetic equations

The evolutions of the composition (X) and order parameters (p) are governed by the
Cahn-Hilliard equation [28] and the Allen-Cahn (or time-dependent Ginzburg-Landau)
equation [52], respectively. The explicit forms of the equations are the following:

X (r , t )
 F 
   M c 
,
t
 X 

(6.25)


 F 
 p (r , t )
,
  L
  
t
 p

(6.26)

 F 
where Mc is the interdiffusion mobility, L is the kinetic coefficient, and 
 and
 X 

 F 


  
 p

are the variational derivatives of the free energy functional with respect to composition
and order parameters, respectively. By evaluating the variational derivatives, the
governing equations (Eqs. (6.25) and (6.26)) become
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X (r , t )
 f ehom ecoh

   M c 


  c 2 X ,
t
X
X
 X


 f

 p (r , t )
e
  L
 coh    op ,ij  i j p ,
 

t
 p  p i , j


(6.27)

(6.28)

where
 g
f
     h  [1  h({ p })]   
X
 X


 g 
  h({ p })    ,
 X 




 h 
f
  [ g ( X )  g  ( X )]     q 

  
 p   p 
 p

ehom 1
 [Cijkl  ijc ijc   L(n )  n ](1  2 X ),
2
X
  0 
ecoh
 Cijkl ( ij   ij   ij0 ) kl   Cijkl ( ij   ij   ij0 ) klc
X
 X 

(6.29)

 0
ecoh
0   kl 
 2 pCijkl ( ij   ij   ij0 ) 00
 Cijkl ( ij   ij   ij )
p , ij


 p
  p 
The equations are solved using the semi-implicit Fourier-spectral method [53, 54].

Computer simulations and discussions
For better illustrations of phase stabilities and phase transformation sequences, we
carried out 1-dimensional (1D) simulations since 1D simulation is the best way to capture
the phase transformation sequences. We neglected the strain energy contribution and
interfacial energy anisotropy since they do not directly affect the kinetic sequences. On
the other hand, 2-dimensional (2D) or 3-dimensional (3D) simulations taking into
consideration both the elastic strain energy as well as the interfacial energy anisotropy are
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employed for the simulation of the morphological evolution of (+) two-phase
microstructures.

Numerical input parameters

We employed 512x grids for 1D simulations and we conducted 2D simulations with
1024x  1024x grids or 3D simulations with 100x  100x  100x grids where x is
the grid size. We chose the elastic moduli of bcc Ti for the entire system which are C11=
97.7 GPa, C12=82.7 GPa, and C44=37.5 GPa [55]. The compositional expansion
coefficient of lattice parameter  c was chosen to be -0.0006 [25]. The barrier height  of
the Landau free energy, the isotropic gradient energy coefficient  c and the anisotropic
gradient energy coefficient  op,ij were fitted to be the anisotropic interfacial energy of
coherent and incoherent interfaces:  coh = 50mJ / m 2

and  inc = 0.6 J / m 2 . For 1D

simulations, they were fitted to coherent interfacial energy. The compositions X 1 , X 2 ,
and X  in the free energies of mixing are taken to be 0.084, 0.65, and 0.6, respectively.
The phase-field equations in Eqs. (6.27) and (6.28) were solved in dimensionless unit.
The parameters were normalized by x* 

C ij* 

C ij
E

* 


E l

2

, and M c* 


f
x
, t *  L  E  t ,  *  , f * 
,
l
E
E

Mc
where E is the characteristic energy which was
L  l2

chosen to be 2  109 J / m3 and l is the characteristic length which is taken to be 5nm . The
normalized chemical potentials of both solutes (  * ) and host atoms (  h* ) at standard
state were 0.01393 and 0.01, respectively. The interdiffusion mobility M c* in Eq. (6.27)
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was taken to be 0.005. The time step t * for the time integration was 0.0025 during the
nucleation stage (introducing the random fluctuation) and 0.025 after the nucleation stage.
All the simulations were conducted with the periodic boundary condition. The
normalized grid size x* was taken to be 0.2 for 2D or 3D simulations. For 1D
simulations, smaller x* was chosen for better resolution of interfaces. The
*
*
*
=-0.35, A42
=5.0, A61
=0.2,
dimensionless Landau coefficients are taken to be A2* =0.1, A41

*
=5.0.
A62

Phase stabilities

The critical composition of V to determine the structural stability of the initial bcc
structure is determined by the inflection point with respect to the structural order
parameter satisfying

2 f
 0 . Without consideration of the elastic strain energy, the
 2   0

critical composition of the structural stability of our current model is 0.370. The  phase
with the composition of V (-stabilizer) less than 0.370 is therefore structurally unstable
and it would undergo the continuous structural transformation, while the  phase with V
composition more than 0.370 is structurally metastable. To demonstrate the structural
stability through the phase-field simulations, the initial state of the alloy was chosen to be
a uniform  phase (=0) with overall composition (X0) 0.180 or 0.385. We introduced the
Gaussian random fluctuations to order parameters for a short-time period (100 time steps)
to induce the structural transformations. During the simulations, we suppressed the
diffusional process by setting Mc =0. As shown in Figure 6-8(a), the  phase with less V
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composition (X0=0.180), the structural transformation spontaneously takes place in spite
of the short-time perturbation. However, the same random fluctuation cannot lead to the
structural transformation in the case of the alloy with more content of solute (X0=0.385)
than the critical composition since the system is metastable as shown in Figure 6-8(b).

Figure 6-8 Temporal evolution of order parameters from a uniform  phase with (a) X0=0.180
(unstable) and (b) X0=0.385 (metastable) by phase-field simulations. Different colors represent
different variants.
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In the case of the compositional stability of the intermediate ' phase, the critical
compositions of V which are determined by

 2 f
 0 are 0.216 and 0.534, which means
X 2

that the system with the composition between two critical compositions is unstable,
whereas the system is metastable if the composition is out of the range. We started the
simulations with a uniform intermediate ' phase (=1) with X0=0.180 or 0.385. The
structural change is inhibited by setting L=0 during the simulations, and the Gaussian
random fluctuation of the composition for a short-time period (50 time step) is also
incorporated. As expected, the decomposition of the ' phase within the unstable regime
(X0=0.385 case) occurs by the spinodal mechanism, which results in solute-rich and
solute-poor  phases as shown in Figure 6-9(a). On the other hand, the fluctuation for the
short-time period cannot decompose the ' phase in the case of X0=0.180 due to the
metastability of the system (Figure 6-9(b)). To nucleate  phase in metastable  phase or
decompose the metastable ' solid solution, incorporating the perturbations with larger
amplitudes for a longer time period and/or explicit seeding of nuclei would be required in
the simulations.
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Figure 6-9 Temporal evolution of a composition from a uniform intermediate ’ phase with (a)
X0=0.385 (unstable) and (b) X0=0.180 (metastable) by phase-field simulations.

Phase transformation pathways

As discussed in 'Phase stabilities and kinetic pathways during phase transformations'
section, the whole composition range has four subdivisions where different kinetic
mechanisms govern the phase transformation behaviors. To demonstrate the pathways
within the different composition regimes, we also employ 1D phase-field simulations.
For the kinetic pathway I in Eq. (6.1), the overall composition was chosen to be 0.180.
A uniform ' phase (=1) of a single variant was chosen as an initial state of the
simulation for better representation. This is a reasonable simulation setup since the
structural change generally takes place much faster than the diffusional process. In
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addition, it was demonstrated that the structural transformation occurs spontaneously
with X0=0.180 in the above section. We confirmed that short-time period noise cannot
nucleate the  phase. Therefore, the Gaussian random fluctuations for up to 200 time
steps was introduced to the system. As shown in Figure 6-10, the  phases (=0) are
directly nucleated from ' phase without the formation of another intermediate states. The
compositions of  and  phases reach equilibrium compositions which are determined by
the Gibbs common tangent line as shown in the figure.

Figure 6-10 Temporal evolution of order parameters and a composition for a kinetic pathway I.
The phase-field simulation starts from a uniform ’ phase with X0=0.180 and the Gaussian
random fluctuation is introduced up to 200 time steps.

The only difference between the pathway II (Eq. (6.2)) and III (Eq.(6.3)) is the first
step of the pathway, i.e., bcc to hcp structural change. Different mechanisms of the
structural transformation depending on the composition of V are verified in 'Phase
stabilities' section above. Thus, we focus on the remaining common sequences in this
section. A uniform ' phase (=1) is also employed as an initial state. The composition is
chosen to be 0.31 which is within regime II to III. Even though very short-time period
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noise (<10 time steps) could lead to the decomposition, the structural transformation
could not occur. Thus, we introduced the random fluctuation up to 100 time steps, and the
perturbation induces the decomposition as well as the structural change from hcp to bcc
at the same time. Figure 6-11(a) shows the temporal evolution of both order parameter
and composition. During the process, the kinetic sequences occur simultaneously at
different rates in different locations of the system as shown in the figure. Therefore, it is
very difficult to capture and distinguish the kinetic pathways during the simulations. For
example, we cannot clearly observe whether the solute-rich  phase is really transformed
to  phase during the process. To resolve the kinetic sequences, we designed the
simulation steps as the following: Step 1. Inducing the solute-rich and solute-poor 
phases by introducing the short-time random fluctuation to the composition field only in
the beginning (up to 10 time steps). Step 2. Turning on the Gaussian random fluctuation
again after achieving the decomposition. The temporal evolutions of both composition
and order parameter are shown in Figure 6-11(b). First of all, even very short-time period
noise induces the decomposition which results in the solute-rich and solute-poor  phases.
As one can clearly see, the solute-rich  phase regimes (shaded regimes in the figure) are
transformed to  phases and the solute-poor  phases become  phases with the
equilibrium composition, which eventually results in the (+) two-phase mixture with
equilibrium compositions.
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Figure 6-11 Temporal evolution of order parameters and a composition for a kinetic pathway II
and III. The phase-field simulation starts from a uniform ’ phase with X0=0.310. (a) The
Gaussian random fluctuation is introduced up to initial 100 time steps. (b) The Gaussian random
fluctuation is introduced up to initial 10 steps, and the noise is turned on again for 100 steps (from
500 to 600 time step period) after establishing (1+2) state.

The initial state to simulate the kinetic path IV was chosen to be a uniform  phase
(=0) with the overall composition X0=0.41. We confirmed that incorporating random
fluctuations for a short time cannot nucleate the  phases. The Gaussian random
fluctuation up to 1500 time steps was incorporated to nucleate the  phases. As shown in
Figure 6-12, the  phases are directly nucleated without intermediate states. Only some
variants are nucleated and followed by the growth process. This simulation clearly shows
the kinetic pathway within the composition regime IV.
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Figure 6-12 Temporal evolution of order parameters and a composition for a kinetic pathway IV.
The phase-field simulation starts from a uniform  phase with X0=0.410 and the Gaussian random
fluctuation is introduced up to 1500 time steps. Red solid lines represent the composition and the
lines with open circles represent the order parameters.

We analyzed the possible kinetic pathways during the phase transformations in a
binary Ti-V system as an example. However, the analyses are expected to be applicable
to any Ti-(-stabilizer) binary systems or multicomponent systems containing stabilizers. For example, a quasi-vertical section of a phase diagram of a Ti-Al-V ternary
system is very similar to that of the binary system shown in Figure 6-1 except the
formation of other phases such as Ti3Al in the presence of Al as an -stabilizer [4].
Therefore, the main scenario for the possible kinetic pathways would be very similar to
those proposed in the present work.

Morphological evolution of (+) phases from a single crystalline  phase

The morphology of the (+) two-phase microstructure is determined by the thermomechanical processing conditions as explained above. Both the interfacial energy
anisotropy and the elastic anisotropy contribute to the shape of  phases in a  parent
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phase. It is generally known that  phases form as plate shape in a  phase [1]. To
observe the morphological evolution of two-phase Ti alloy in the phase-field simulations
using our developed model, we also confine our attention to the phase transformation
from the  phase to the (+) two-phase alloy.
We first observed the shape of a single  precipitate through the computer simulation.
A small spherical  particle was embedded in the middle of the simulation domain, and
the morphological evolution was monitored. Figure 6-13 shows the shape of a growing 
phase. The simulation result clearly indicates that the our phase-field model produces the
plate-shaped  phases as expected.

Figure 6-13 Plate shape of a growing  precipitate of variant 1 in a  phase.
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We then simulate the formation of the multiple  variants from a  phase. The initial
state of the system was a uniform  phase with the overall compositions (X0) of 0.31.
Figure 6-14 and 6-15 shows the 2D and 3D simulation results, respectively. It should be
noted that only 3 variants (variant 1, 3, 5) out of all 12 variants are survived during the
2D simulations due to the nature of 2D simulations on (111) plane. However, all the
variants are survived during the full 3D simulations. In 2D simulations on a (111) plane,
the variants show correctly the 3-fold symmetric configurations as shown in Figure 6-14.
Figure 6-16 shows the 3D microstructures of two-phase Ti alloy with different overall
compositions and their cross sections. The volume fraction of  phase is controlled by the
solute (-stabilizer) content, and the alloy with lower content of V contains more volume
of  phases as shown in Figure 6-16 as expected. In the cross sections of the
microstructure, the multiple  variants display the basketweave-type structures. 2D
simulation results in Figure 6-14 and the cross sections of 3D simulations in Figure 6-16
are qualitatively quite similar to the experimental observations [22].
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Figure 6-14 2D temporal evolution of (a) order parameters and (b) composition.

Figure 6-15 3D temporal evolution of (a) order parameters and (b) composition.
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Figure 6-16 3D microstructures with (a) X0=0.18 and (b) X0=0.31, and the cross sections of the
case of (c) X0=0.18 and (d) X0=0.31.

Phase-field modeling of polycrystalline binary two-phase Ti alloys
The extension of the model to modeling of polycrystalline Ti alloy is quite
straightforward. The phase-field models discussed in Chapter 2 and 3 are basically
utilized

for

modeling

morphological

evolution

of

two-phase

polycrystalline

microstructures, i.e., the microstructure evolution during the phase transformation from
the initial polycrystalline  phase to (+) two-phase polycrystalline microstructure. For
the total free energy of a polycrystalline Ti alloy system, Eq. (2.8) is essentially
combined with Eq. (2.12) to describe both diffusional and structural transformations in
polycrystals. The total free energy is given by
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F   [ f ( X ,{ pg },{ g })   g  g ({ g }) 
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 op ,ij , g
2

 i pg  j pg  eel ] dV

(6.30)

where f is the local specific chemical free energy, { pg } represents a set of structural
order parameters of a pth variant in a grain g , { g } denotes a set of grain order
parameters, the g is the local free energy density of the grain structure,  g is the height
of the grain local free energy density,  c and  op.ij , g is the gradient energy coefficients of
composition and order parameter fields of a pth variant in a grain g, respectively, and eel
is the elastic strain energy density.

Thermodynamic model and eigenstrain tensor in a polycrystalline Ti alloy

For local specific chemical free energy in a polycrystal, we use the following function:

f ( X ,{ pg },{ g })     X   h  (1  X ) 
[[1  h({ pg })]  g  ( X )  h({ pg })  g ( X )] 

(6.31)

  q({ pg })  m   g  g ({ g })  X ,
where   is the chemical potential of solute (V) atoms at standard state,  h is the
chemical potential of host (Ti) atoms at standard state, h({ pg }) is an interpolation
function,  is the barrier height, q({ pg }) is the Landau free energy to describe the
structural transformation in a polycrystal, m is an interaction parameter determining the
interaction strength between solute atoms and a grain boundary, and  g is the height of
the grain local free energy density. The same functions are used for g and g  as those
in a single crystal. The explicit form of the Landau free energy is given by
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q({ pg })  A2  ( pg ) 2  A41  ( pg ) 4  A61  ( pg )6
p, g

p, g
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 A42  ( pg ) (qg )  A62
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pq
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 (

pqr
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) 2 (qg ) 2 (rg ) 2 .

(6.32)

The elastic strain energy terms discussed in Chapter 2 and 3 are considered with the
following eigenstrain tensor:



2
 ij   ( g , r )aikg a gjl ( E p , kl  pg
)   ijc ( X  X 0 ),
g

(6.33)

p


where  ( g , r ) is the grain shape function, aijg are the components of an axis
transformation matrix representing the rotation from the coordinate system defined on a
given grain g to the global reference coordinate system, E p ,ij is the stress-free
transformation strain tensor of the pth variant,  ijc is the compositional misfit strain tensor,
and X0 is the overall composition. With the defined energetics and strain tensors, the
kinetic equations established in Chapter 2 and 3 are numerically solved.

Computer simulations of  plate formation at or near a grain boundary
To simulate the morphological evolution near a grain boundary, we employ a 2dimensional bicrystal as shown in Figure 6-17 for simplicity even though the model can
handle the phase transformations in arbitrary grain structures. The orientation of the
right-hand side grain can vary in the bicrystal. In addition, the behaviors of solute, i.e.,
whether it segregates or depletes, can be controlled by adjusting the interaction parameter
m in Eq. (6.31). The solute behavior near a grain boundary has not been clear. In addition,
whether solute atoms segregate or deplete at a grain boundary depends on the chemical
and/or elastic properties of solute, i.e., the chemical and/or elastic interactions between
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solute and the grain boundary, in general. In other words, the solute can either segregate
or deplete depending on the kinds of the solute as well as the types of the grain boundary.
Therefore, we investigate the evolution of  and  phases for both cases of segregation
and depletion of solute at a grain boundary to observe the  plate formation mechanism.
In general, Ti alloys contain -stabilizer as well as -stabilizer. We consider only V
which is -stabilizer. It should be noted that the depletion of -stabilizer is equivalent to
the segregation of -stabilizer, and the segregation of -stabilizer is equivalent to the
depletion of -stabilizer. Thus, it is meaningful to simulate both cases of -stabilizer.
Based on the above 2D simulation results, we employ only 3 variants (variant 1,3,5).

Figure 6-17 Simulation setup of a bi-crystal when solute (a) segregates or (b) depletes at the grain
boundary.
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Mechanism of  plate formation near a grain boundary

We started the simulations with the unstable or metastable  phase to observed the 
plate formation. The overall compositions (X0) were chosen to be 0.330 for unstable 
phase and 0.375 for metastable  phase. The grain orientation of right-hand side grain
was taken to be 70o. The Gaussian random fluctuation was introduced up to only 10 time
steps.
The temporal evolutions during the  plate formation when the solute atoms segregate
to the grain boundary in the unstable  phase (X0=0.330) and the metastable  phase
(X0=0.375) are shown in Figure 6-18(a) and (b), respectively. In the case of the unstable 
phase bicrystal,  plates nucleates over an entire system. However, as one can clearly see
in Figure 6-18(a), the high density of  plates nucleate near the grain boundary. It should
be noted that the nucleation process starts at the region next to the grain boundary, not at
the grain boundary. The formation of  phases does not take place at the grain boundary
region where solute atoms segregate. The grain boundary region is initially unstable, but
it becomes stabilized as the solute V which is the -stabilizer segregates to the region. At
the same time, the grain boundary segregation induces the solute depletion next the grain
boundary, and the local depletion of solute enhance the nucleation of  phases since the
depletion of -stabilizer makes the region of  phase more unstable. As a result, the
microstructure at later stage displays the basketweave-type structure inside the grains and
the colony-type  phases near the grain boundary. In the case of the metastable  phase
bicrystal, the formation of  phases occurs only near a grain boundary. Due to the
structural metastability inside the grains, new  phases cannot nucleate with short-time
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period random fluctuation we introduced. On the other hand, the local regime next to the
grain boundary has less solute composition since the solute atoms of the regime segregate
to the grain boundary, and the solute-poor regime then becomes structurally unstable. It
results in the nucleation of new  phases at the solute-poor regime.

Figure 6-18 Temporal evolution of the  plate formation near a grain boundary when solute
segregates at the grain boundary when (a) X0=0.330 (Unstable  phase) (b) X0=0.375 (metastable
 phase).
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Figure 6-19 shows the  plate formation process when the solute depletion occurs at
the grain boundary in the case of the unstable  phase (X0=0.330) (in (a)) and the
metastable  phase (X0=0.375) (in (b)). The behaviors of the  plate formation inside the
grains are quite similar to the above grain boundary segregation case in both unstable and
metastable  phase cases. However, the morphology of  phases at or near the grain
boundary is significantly different from the above cases. The  phases nucleate at the
grain boundary in this case, and thick  plate forms along the grain boundary at the later
stage of the process. The grain boundary depletion itself promote the nucleation of 
phases at the grain boundary. It does not seem to propagate to the grain interior, which is
also different from the above grain boundary segregation case. The grain boundary
depletion of solute atoms induces the local solute segregation next to the depletion region.
It prohibits the  phase propagation since the local solute segregated region is structurally
metastable. Even though the local region next to the grain boundary is initially unstable
in the case of X0=0.330, it becomes metastable as the solute atoms are depleted at the
grain boundary and they migrate to that local region near the grain boundary. In the case
of X0=0.375, the metastability of the local regime next to the grain boundary increases as
the process continue.
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Figure 6-19 Temporal evolution of the  plate formation near a grain boundary when solute
depletes at the grain boundary when (a) X0=0.330 (Unstable  phase) (b) X0=0.375 (metastable 
phase).
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Based on the above simulation results, we can summarize the  plate formation
mechanism which involves the grain boundary segregation or depletion. When the solute
atoms segregate to the grain boundary, the solute depletion happens at the local region
next to the grain boundary, which results in the  plate formation nucleating near a grain
boundary. On the other hand, the grain boundary depletion of solute atoms give rise to
the  plate nucleation at the grain boundary itself. In both cases, the solute depletion
promotes the  phase nucleation since the depletion make the  phase more unstable with
respect to the structural transformation. The explained kinetic pathway is illustrated in
Figure 6-20.

Figure 6-20 Graphical representation of the solute depletion mediated  phase formation where
(M) represents the metastable  phase and (U) represents the unstable  phase.
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We simulated the  plate formations involving the grain boundary segregation or
depletion of -stabilizer, which is equivalent to depletion or segregation of -stabilizer,
respectively, as we discussed above. In addition to those cases, we have to consider the 
plate formations which does not involve neither grain boundary segregation nor depletion
of solute. It can be equivalent to simultaneous grain boundary segregations (or depletion)
of both -stabilizer and -stabilizer, which compensate the stabilizing effects of each
other. Figure 6-21 shows the temporal evolution of  plate formation without the grain
boundary segregation nor depletion. It starts from the unstable  phase (X0=0.330). The
microstructure evolution near the grain boundary is different from the above cases. High
density of  plates nucleate at the grain boundary. At the same time, the formed  plates
at the grain boundary elongate toward the grain interior without facing the locally stabilized region.

Figure 6-21 Temporal evolution of the  plate formation without the grain boundary segregation
nor depletion when X0=0.330 (unstable  phase).
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The above sets of simulations indicate that  plate formation near a grain boundary is
sensitive to the behaviors of solute near the grain boundary.
In fact, the strain energy and grain boundary energy reduction are also the main
contributions for the grain boundary nucleation of  phase although we have focused on
only grain boundary segregation/depletion mediated  phase formations. In addition, the
solute depletion induced  phase nucleation would be affected by the diffusivity of
solutes, e.g., the contribution of this process would be more significant if the solute has
high diffusivity. The rigorous investigation of those effects will be done in subsequent
work.

Variant selection of  plate formation near a grain boundary

To investigate the selection of  variants near a grain boundary, we simulated the 
phase formation in a bicrystal with a number of different grain orientations of the righthand side grain. We started the simulation with a metastable  phase, i.e., the overall
composition was chosen to be 0.375. We allowed the grain boundary segregation of
solute in this case. Figure 6-22 shows the microstructures of  plates near the grain
boundary for different grain orientations. The  plate formation behavior near the grain
boundary on the left-hand side seems to be similar although the different orientations are
assigned to the right-hand side grain. Both variant 3 and variant 5 almost equally nucleate.
On the other hand, the different types of  variants nucleate near a grain boundary on the
right-hand side grain depending on the grain orientation. When the orientation of righthand side grain () is 10o or 40o, only variant 3 of  phases nucleates near a grain
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boundary. Only variant 1 nucleates when =70o or 100o, and variant 5 nucleates when
=130o or 160o. Consequently,  plates which are geometrically most parallel to the grain
boundary are preferred for the nucleation in our simulations.

Figure 6-22 Variant selection of  plates near a grain boundary for different grain orientations of
the right-hand side grain with grain boundary segregation of solute when X0=0.375.

Summary
We demonstrated the framework for elucidating the possible kinetic pathways during
the phase transformations in (+) two-phase Ti alloy. By analyzing the phase stabilities
of the Ti-V binary system, it was shown that the whole composition range of V (stabilizer) can be divided into four subsections. Each composition regime displays a
different kinetic pathway by the competitions between the continuous and discontinuous
transformation processes. To illustrate the proposed pathways, we developed the phase-

180

field model for describing the interplay between the structural transformation and
diffusional process in Ti alloys. Using 1D simulations, the proposed kinetic mechanisms
were examined and demonstrated.
Morphological evolution of the two-phase microstructures was simulated using the
phase-field approach combined with the derived stress-free transformation strain tensors
associated with the bcc to hcp transformation. The phase-field models for polycrystals
were successfully applied to the Ti alloy system. Using the model, the formation of 
plates near or at a grain boundary was simulated and the mechanism was discussed. In
addition, the variant selection of  phases near the grain boundary was investigated. The
extension of the model and thermodynamic analysis on the kinetic mechanisms to those
of multi-component systems is underway.
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Chapter 7

Summary and Future Directions
This chapter summarizes the dissertation and provides the future directions.

Summary of the dissertation
In this dissertation, the phase-field models for modeling microstructure evolution in
elastically inhomogeneous polycrystalline materials were successfully developed. The
developed models were applied to study the materials phenomena taking place in
materials system containing grain boundaries. The major contributions of this work are
the followings:

1. The inhomogeneous elasticity model for polycrystals were successfully incorporated
into the phase-field equations for describing the diffusional processes as well as the
structural transformations. The computational efficiency for solving the mechanical
equilibrium equations in the presence of the elastic modulus inhomogeneity was
improved by employing the Voigt notation scheme of the equation.

2. A phase-field model for

the diffusional processes in an elastically anisotropic

polycrystalline binary solid solution was fully established by considering the elastic
interactions arising from the coherency elastic strain, the elastic modulus inhomogeneity,
and the elastic strain energy of the solid solution itself. The elastic energy terms
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responsible for the elastic interactions were theoretically discussed for the rigorous
validation of the model. The developed model was applied to study the precipitateprecipitate interaction across a grain boundary and the grain boundary segregationprecipitate interaction. It was found that the precipitate shape in one grain deviates from
the ideal cuboidal shape due to the stress fields from the coherent precipitate in other
grains. In addition, the stress fields from coherent primary precipitates affect the grain
boundary segregation profile along the grain boundary, which results in the
inhomogeneous distribution of secondary nuclei at the grain boundary.

3. The developed phase-field model was employed to investigate the strain-induced grain
boundary segregation and the effects of strain energy on solute drag in grain boundary
migration. The effects of misfit strain on grain boundary segregation and grain boundary
motion with solute drag were systematically studied. The chemical and elastic
contributions to the drag force were theoretically analyzed based on Cahn's theory and
clarified. In addition, it was shown that the drag force enhancement arising from the
increase of atomic size mismatch is caused by both the grain boundary segregation
increase and the misfit strain relaxation itself near the grain boundary. By phase-field
simulations, the optimum condition of solute diffusivity for the maximum drag force
under a given driving force for grain boundary motion was identified.

4. The developed phase-field model for structural transformation in polycrystals was
modified to model the deformation twinning process in fcc crystals. A phase-field model
for modeling the deformation twinning process in fcc materials was first established. The
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model is then extended for modeling the process in fcc polycrystals by employing the
fundamentals of the phase-field model for structural transformations. To determine the
deformation condition of each grain under a homogeneous deformation of an entire
system, we devised new method. Using the method and the developed phase-field model,
we simulated the deformation twinning processes under a number of deformation
conditions in single- or polycrystals. The phase-field model for polycrystals allows us to
simulate the hierarchical twinning process. The possibility of secondary and tertiary
twinning processes was identified through the phase-field simulations.

5. As an application of the developed phase-field models to realistic materials systems,
the phase transformations of (+) two-phase Ti alloys were studied employing the
developed models for both diffusional processes and structural transformations for
polycrystals. The possible kinetic pathways for the phase transformation from the  phase
to the (+) two-phase Ti alloy were discussed using the graphical thermodynamic
method. It was shown that the phase transformation can occur through four different
mechanisms

by

the

competitions

between

continuous

and

discontinuous

structural/diffusional transformations depending on the composition of V (-stabilizer).
The phase transformation sequences were illustrated by the phase-field simulations. The
developed phase-field model can produce the qualitatively correct morphology of twophase microstructures. Using the model, we investigated the mechanism of the  plate
formation and the variant selection of  phases near or at a grain boundary.
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Future directions
The present dissertation provides the general computational framework for modeling
the microstructure evolution in polycrystalline materials based on the phase-field
approach. The developed phase-field models have a variety of potential applications to
materials phenomena occurring in elastically inhomogeneous polycrystalline materials
systems. The present work can be extended to the following directions:

1. The developed phase-field model can be applied to study the coarsening kinetics of
precipitates in the presence of grain boundaries. Diffusion kinetics near grain boundaries
would be affected by the elastic fields generated by the coherent precipitates near grain
boundaries. As the average grain size decreases, the contribution of diffusion processes
near the grain boundaries to the coarsening kinetics would increase. The ripening kinetics
between a pair of precipitates across a grain boundary can be first investigated, and the
coarsening kinetics of multiple precipitates in polycrystals can be studied.

2. The strain-induced grain boundary segregation can be incorporated to the grain growth
simulations [1-3]. The grain growth kinetics would be affected by the solute segregation
at the grain boundary due to the solute drag effect. The grain growth kinetics can be
quantified in terms of the atomic size mismatch of solute, solute diffusivity, etc.

3. The phase-field model for deformation twinning can be combined with the phase-field
model for dislocation dynamics [4-6]. By combining the models, the model is expected to
be able to predict the possible deformation mechanism through either slipping or
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deformation twinning under arbitrary deformation conditions. In addition to fcc materials,
the model can be applied to different structured materials, e.g., hcp magnesium, hcp
titanium, bcc tantalum, etc.

4. The developed phase-field model for two-phase Ti alloys should be extended to
modeling the multi-component systems since most Ti alloys in engineering applications
generally contain several kinds of alloying components. The generated microstructures
can be statistically measured in terms of morphology of  plates such as thickness, aspect
ratio, size distribution, and so forth. For better understanding of the mechanism of grain
boundary nucleation of  phases, the contributions of elastic strain energy reduction as
well as the grain boundary energy reduction due to the formation of  plates near grain
boundaries can be elucidated. In addition, the effect of solute diffusivity on the grain
boundary  phase formation mechanism can be investigated since different kinds of
alloying components in Ti alloys may have different solute diffusivities.

5. The developed phase-field models are expected to be applied to a number of realistic
materials systems involving diffusional processes and/or structural transformations such
as hydride formation in Zr alloys, ' precipitate formation in Al alloys, ' precipitate
formation Ni alloys, '' precipitate formation in Mg alloys, etc.
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Appendix A


Calculation of  L(n )  n



By definition,  L(n )  n is the average of L(n ) over all the directions of n where

L(n )  ni ij0  jk  kl0 nl ,  ij0  Cijkl  klm ,  1
jk  C jilk ni nl , and ni is the unit wave vector in


Fourier space. The mathematical expression of  L(n )  n is given by [1]
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where d is the solid angle element. Since
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where rk is an arbitrary radius of a sphere in k-space. Applying the definition of the solid
angle ( d  sin dd ), we obtain
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Therefore,  L(n )  n becomes the spherical average. In [1], the Debye cutoff radius ( kd )
(2 )3
4 3 (2 )3
is the volume of the first Brillouin
where
kd 
3
v0
v0

zone was chosen for the radius of the sphere, and  L(n )  n was calculated by

defined by the relation
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It should be noted that we can also take any rk within the first Brillouin zone. Thus, we
can take the integration over the sphere whose radius is equal to  / x for the spherical


average. Hence,  L(n )  n can be computed as
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(A.5)

k sphere
r  /x

in the numerical calculations where Vk represents the volume of sphere whose radius is
equal to  / x .
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Appendix B

Equilibrium Composition Profile of Grain Boundary Segregation

Let us consider a polycrystalline binary alloy. The binary solid solution is in
thermodynamic equilibrium when

f
(    h ) becomes constant everywhere in the
X

polycrystal. To determine the equilibrium composition of solute at the center of the grain
boundary, the following relation should be satisfied:
f
X


r atGB



f
X

(B.1)
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Using the homogeneous and isotropic modulus approximation (Eq. (4.8) and Eq. (4.14)),
Eq. (B.2) becomes
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Rearranging Eq. (B.3), we obtain the analytical expression
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where Egb is defined as [ m    g GB ] .

Appendix C

Drag Force Expression

Let us consider a bicrystal consisting of grain 1 and 2. With the driving force term
(   H ( 2 ) ) and elastic strain energies of the isotropic elastic modulus approximation (Eq.
(4.8) and Eq. (4.14)), the Allen-Cahn relaxation equations for 1 and 2 in Eq. (4.19)
becomes
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If the boundary moves along the direction perpendicular to itself (x direction) with a
constant velocity Vgb, the following equations are satisfied:
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Multiplying  1  on the first equation and  2  on the second equation of Eq. (C.2),
 x 
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and adding two equations, we obtain
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Integrating both sides of the equation with respect to x, the equation becomes
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Applying the integration
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following approximation with an equilibrium order parameter assumption to Eq. (C.5):
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where  gb is the grain boundary energy, we obtain the relation:
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where M 0 is the intrinsic mobility of the grain boundary motion and defined as L o /  gb
as discussed above. We can easily induce the expression of the drag force if we compare
Eq. (C.7) with Eq. (4.24). Hence, the drag force is given by
  g 
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2
Pdrag  m  X  dx  4 
   0 
( X  2 X 0 X  X 0 )dx,

 x 
 1  
 x 

(C.8)

Moreover, if we assume that  0 is symmetric across the grain boundary, the drag force
expression becomes simpler as
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dx is equal to zero.
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Following the similar procedure discussed in [1], the Cahn-Hilliard equation (Eq.
(4.18)) in 1-dimensional system with isotropic elastic modulus approximation is
employed for another expression of drag force. The Cahn-Hilliard equation becomes
X
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With moving grain boundary of a constant velocity Vgb, the following relation is satisfied:
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Integrating both sides with respect to x, we have
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Rearranging Eq. (C.12) using Eq. (4.22), the equation becomes
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Plugging Eq. (C.13) in Eq. (C.9), the drag force becomes
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  f

Applying the integrations  X  chem dx  0 and

x  X 
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dx  0 , the following


expression is obtained:

(X  Xm)
dx.
 D (1  X )

Pdrag  RTVgb 



References
[1] S. G. Kim and Y. B. Park, Acta Mater, 56, 3739 (2008).

(C.15)

VITA

Tae Wook Heo

Tae Wook Heo was born in Seoul, Korea on May 26, 1980. He graduated from Seoul National
University, Seoul, Korea with honor and with his B.S. degree in Materials Science and
Engineering with a Physics minor in 2005. He continued his graduate study at the same university
and got his M.S. degree in Materials Science and Engineering in 2007. He then enrolled in the
Ph.D. program in the Department of Materials Science and Engineering at The Pennsylvania
State University in 2007. He received the George W. Brindley/Jyung-oock Choe Graduate
Fellowship from the Department of Materials Science and Engineering at The Pennsylvania State
University in 2009, 2010, and the Robert E. Newnham Award for Research Excellence from
Department of Materials Science and Engineering at The Pennsylvania State University in 2011.
Listed below are his first authored publications during his Ph.D. study:
1. Tae Wook Heo, Saswata Bhattacharyya, and Long-Qing Chen, "A phase-field model for
elastically anisotropic polycrystalline binary solid solutions", To be submitted.
2. Tae Wook Heo, Donald S. Shih, Zi-Kui Liu, and Long-Qing Chen, "Kinetic pathways of
phase transformations in two-phase Ti alloys", To be submitted.
3. Tae Wook Heo, Saswata Bhattacharyya, and Long-Qing Chen, "A phase field study of strain
energy effects on solute-grain boundary interactions”, Acta Materialia, 59, 7800 (2011)
4. Tae Wook Heo, Saswata Bhattacharyya, and Long-Qing Chen, "Phase-field model for
diffusional phase transformations in elastically inhomogeneous polycrystals”, Solid State
Phenomena, 172-174, 1084 (2011)
5. Tae Wook Heo, Yi Wang, Saswata Bhattacharya, Xin Sun, Shenyang Hu, and Long-Qing
Chen, "A phase-field model for deformation twinning", Philosophical Magazine Letters, 91,
110 (2011)
6. Tae Wook Heo, Lei Zhang, Qiang Du, and Long-Qing Chen, "Incorporating diffuse-interface
nuclei in phase-field simulations", Scripta Materialia, 63, 8 (2010)

