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Abstract
The long-time deflection multiplier specified in the ACI Code is simple to use,
but neglects the effects of several parameters such as age at loading and reinforcement
ratio that are known to have significant effects on long-time slab deflections. Several
authors including Branson (1977), Sbarounis (1984(a)), and Graham and Scanlon (1986)
have made recommendations in the past to increase the long-time multiplier for
application to two-way slabs, however, no systemic study has been found that would
provide a sound theoretical basis to justify such recommendations.
The research documented in this thesis examines the factors that influence longtime deflections from a theoretical viewpoint at the member section level using a timestep method of analysis developed from established principles. The time-step analysis
traces the effects of creep and shrinkage on the time-dependent strain and curvature of
various member sections. A parametric study is performed using the developed
algorithm to evaluate the limitations of the existing ACI 318-11 long-time multiplier (λΔ)
used in calculating two-way slab deflections. Results of the parametric study are used to
provide designers with insight as to which factors have the most influence on long-term
deflections and recommend methods of dealing with design problems engineers face.
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Chapter 1
INTRODUCTION

1.1. Background
The use of two-way concrete slabs is very common in building construction,
particularly for application to multistory office and apartment buildings. Excessive
deflection in the two-way slab systems sometimes occurs during and after the
construction phase, and causes serviceability problems such as cracked partitions,
cracked door and window jambs, and uneven floors. While these problems generally do
not indicate a potential life safety problem, significant economic loss can result from such
damage to nonstructural elements and functionality.
ACI 318-11 considers deflection serviceability requirements of two-way slabs
fulfilled by satisfying slab minimum thickness based on span length. The current ACI
318-11 minimum thickness requirements are essentially independent of the applied load,
which can lead to inadequate serviceability performance of slabs (Bondy, 2005). The
current alternative to the minimum thickness requirements is calculating the short and
long-term deflection using software packages, or procedures outlined in the ACI 318-11
Code. However, the current ACI 318-11 does not require the calculation of deflections as
long as the slab thickness meets the requirements of ACI 318-11 Table 9.5(c).
Recommendations for improving minimum thickness requirements to extend their range
of applicability have been provided by Scanlon and Lee (2006).
The general procedure for calculating long-term slab deflections is outlined in
sections 9.5.2.2 – 9.5.2.5 of ACI 318-11. In the procedure, short-term instantaneous
elastic deflections for a unit strip width are calculated using the equation for deflection at
midspan due to a uniform distributed load (1-1).

kwln4
Δi =
384Ec I e

(1-1)

The long-term deflections are then calculated by applying a long-time multiplier,
λΔ, to the instantaneous deflection. The long-time multiplier adopted in ACI 318-11
accounts for increased deflections due to the time-dependent effects of creep and
shrinkage in the concrete.
The total slab deflection at midspan is then determined by adding the short and
long-term deflection, ΔT = Δi + λΔ Δi. This method can be applied to estimate mid-panel,
two-way, slab deflections by combining with the crossing-beam method presented in ACI
435.9R-91.
Several authors, including Branson (1977), Sbarounis (1984(a)), and Graham and
Scanlon (1986), have found that the long-time multiplier established by ACI often
substantially under-predicts long-term deflections of two-way slabs when compared to
experimental data published by Heiman (1974) and Sbarounis (1984(b)). In addition, the
simple code-specified multiplier does not account for the effects of varying reinforcement
ratios and early age loading, which are known to affect long-time deflections (Wium,
2010).
ACI 318-11 long-time multiplier is generated based on test data from one-way
slabs and beams and does not pertain to axially loaded columns and shear walls.
Simbirkin and Balevicius (2004) found that the same serviceability problems also arise
from differential deformations of columns and shear walls in tall reinforced concrete
buildings with slender columns where small strains can cause large long-term
deformations.

1.2. Problem Statement
The long-time deflection multiplier specified in the ACI Code is simple to use,
but neglects the effects of several parameters such as age at loading and reinforcement
ratio that are known to have significant effects on long-time slab deflections. While
several recommendations have been made in the past to increase the long-time multiplier
for application to two-way slabs, no systemic study has been found that would provide a
sound theoretical basis to justify such recommendations.
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1.3. Objectives and Scope
The objectives of the research are to evaluate the limitations of the existing ACI
318-11 long-time multiplier (λΔ) used in calculating two-way slab deflections and to
investigate the factors that influence long-time deflections from a theoretical viewpoint at
the member section level.
The objectives were achieved within the following scope:
1. A literature review was conducted on the current state of research on longtime multipliers.
2. A method of analysis based on the principle of creep superposition was
developed to evaluate time-dependent curvature under sustained load.
3. A parametric study was conducted to determine the sensitivity of the
calculated long-time strain in an axially loaded prism, and curvature in a
flexural member, both uncracked and cracked, to various parameters
including reinforcement ratio and age at loading.
4. Implications for design of axial members as well as flexural members
were made based on the results of the parametric study to aid engineers
with long-term serviceability design.
An algorithm was developed for time-stepping analysis at the sectional level of an
axially loaded prism under constant load based on the principle of creep superposition,
and maintaining equilibrium on the section. Creep superposition elements of the
algorithm were used in an algorithm developed for time-stepping analysis of a layered
beam model of a flexural section under constant moment. Equilibrium is maintained in
the section assuming a linear variation of the strain with depth of the section. A
compliance function was used to predict strains in each layer at the end of the time step
assuming constant stress throughout the time step. Equilibrium was established in the
section at each time step to determine new stress increments in the steel and concrete. A
long-time multiplier value was determined by dividing the time-dependent curvature at
five years by the initial curvature at loading.

3

The developed algorithms were used to conduct a parametric study examining the
effects of various parameters on the long-time strain in an axially loaded prism section,
and curvature in an uncracked and cracked flexural section. The uncracked and cracked
section act as the upper and lower bounds of flexural stiffness and play a large role on the
value of the long-term multiplier. Each section type was examined for a range of
parameters including reinforcement ratio, ρ = 0.18 – 1.5%, age of loading, t0 = 3 – 56
days, concrete strength, f’c = 3000 – 8000 psi, and ultimate creep coefficient, Cu = 1.3 –
4.15. Design implications based on results of the study are examined, including ranges of
applicability for the existing long-time multiplier and potential approaches to develop
expressions for the long-time multiplier including parameters such as reinforcement ratio.
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Chapter 2
LITERATURE REVIEW
The following chapter contains a literature review of materials related to timedependent properties of concrete and methods of determining time-dependent deflections
in concrete slabs. Initially, existing code established and author recommended timedependent functions for creep and shrinkage used in determining long-term strains and
curvatures in concrete members are detailed with short discussion on which function is
chosen for analysis. Methods of time-dependent analysis are then discussed, including
long-term multipliers recommended by various authors, creep superposition, and ageadjusted effective modulus. Followed by, a review of the methods recommended by ACI
Committee 435 (1991) for determining immediate deflections in two-way slab systems
namely classical solutions, crossing-beam methods, and finite element methods. The
final section contains a brief summary of the contents of the chapter. Aspects of the
literature review will be applied to the method of analysis developed in Chapter 3.

2.1. Time-Dependent Creep Functions
Creep is a time-dependent strain increase in concrete due to a sustained stress.
Creep is commonly divided into two different categories: basic and drying creep. Both
types affect the amount of strain increase in the concrete. In the case of long-term
deflection analysis, the two components are lumped together and expressed as the total
creep.
The amount of creep present in concrete stressed over time is influenced by many
factors, including: mixture composition, level of applied stress, strength of concrete at
application of loading, duration of applied stress, and relative humidity. Various creep
models, accounting for these factors, have been developed for calculating creep effects in
concrete structures.
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2.1.1. ACI 209R-92
ACI Committee 209 (1992) recommends a procedure and set of equations for
predicting creep effects in concrete structures. The method for predicting creep,
established in ACI 209R-92, is valid for both normal and lightweight concrete (composed
of Type I and III cements, and using moist or steam curing) subjected to “standard
conditions.” A summarized list of the standard conditions can be found in (Goel, Kumar,
and Paul, 2007). Under standard conditions the creep coefficient is expressed by (2-1):

(t − t 0 )0.60
Φ(t,t 0 ) =
Cuγ c
10 + (t − t 0 )0.60

(2-1)

where:

Φ(t,t 0 ) = creep coefficient at time, t, due to a load at time, t0;
Cu

= ultimate creep coefficient;

γc

= creep correction factor for non-standard conditions;

t

= age of concrete in days; and

t0

= initial time of loading in days.

The adjustment factor, γc, is the product of factors that account for non-standard
conditions. Applicable values can be found in section 2.5 and 2.6 of ACI 209R-92.

γ c = γ LAγ RH γ vsγ sγ ψ γ α

(2-2)

Correction factors for non-standard conditions of relative humidity (γRH), volume
to surface ratio (γvs), slump (γs), fine aggregate amount (γψ), and air content (γα) are
normally taken as 1.0 during the design phase reducing (2-2) to (2-3).

γ c = γ LA
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(2-3)

The ACI 209 loading age factor (γLA), for moist cured concrete, is calculated using
(2-4). At a loading age of 7 days this value reduces to 1.0. The correction factor can also
be calculated using (2-5), developed by Ghosh (2008), and equal to 1.0 at a loading age
of 28 days.

γ LA = 1.25(t LA )−0.118

(2-4)

γ LA = 2.3(t LA )−0.25 ≤ 1.75

(2-5)

ACI 209 recommends the following form of the creep compliance function, strain
per unit stress, when calculating elastic plus creep strains.

J(t,t 0 ) =

1+ Φ(t,t 0 )
Ec (t 0 )

(2-6)

2.1.2. CEB-FIP MC 1990
The procedure outlined in the CEB-FIP Model Code 1990 is limited to ordinary
structural concretes having 28 day mean cylinder strength of 12 – 80 MPa, relative
humidity above 40%, and mean temperatures of 5 - 30°C (Goel et. al., 2007). The model
uses the following expression for the creep function:

⎡
⎤
⎢
⎥
1− h
⎢
⎥ ⎡ 5.3
Φ(t,t 0 ) = 1+
1/3 ⎢
⎢
⎛ 2Ac ⎞ ⎥ ⎢⎣ 0.1 fcm 28
⎢ 0.46 ⎜
⎥
⎝ 100 µ ⎟⎠ ⎥⎦
⎢⎣

⎤
⎤⎡
⎤ ⎡ (t − t 0 )0.3
1
⎢
⎥⎢
0.3 ⎥
0.2 ⎥
⎥⎦ ⎣ 0.1+ (t 0 ) ⎦ ⎢⎣ [ β H + (t − t 0 )] ⎥⎦

The term, βH, is calculated using the expression given in (2-8):

7

(2-7)

⎛ 2Ac ⎞
β H = 150 ⎡⎣1+ (1.2h)18 ⎤⎦ ⎜
+ 250 ≤ 1.500
⎝ 100 µ ⎟⎠

(2-8)

where:

Ac

= concrete cross sectional area (mm2);

βH

= constant used in equation (2-8);

h

= relative humidity (decimal);

µ

= perimeter of member in contact with atmosphere (mm); and

fcm 28

= mean concrete compressive strength at 28 days (MPa).

The CEB-FIP MC 1990 procedure computes the creep compliance by equation
(2-9), where the time-dependent elastic modulus is calculated using (2-10):

J(t,t 0 ) =

1
Φ(t,t 0 )
+
Ec (t 0 ) Ecm 28

⎧⎪ ⎛
18 ⎞ ⎫⎪
Ec (t 0 ) = Ecm 28 exp ⎨S ⎜ 1−
⎬
t 0 ⎟⎠ ⎭⎪
⎩⎪ ⎝

(2-9)

(2-10)

where:

Ecm 28 = mean modulus of elasticity of concrete at age of 28 days (MPa); and
S

= constant based on cement type.

A more detailed description of the model can be found in CEB-FIP MC90 (1994).

2.1.3. B3 Model
The B3 Model is an updated version of the Bazant and Panula (1978) and the
Bazant and Kim (1991) models. The strength and concrete property restrictions of the
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model are summarized by Goel et. al. (2007). The model calculates the concrete modulus
of elasticity using expression (2-11), and the creep compliance and creep coefficient are
calculated using (2-12) and (2-13).

Ec (t) = 4, 734

J(t,t 0 ) =

fcmt
4 + 0.85t

127
+ C0 (t,t 0 ) + Cd (t,t 0 ,t c )
fcm

Φ(t,t 0 ) = Ec (t 0 )J(t,t 0 ) − 1

(2-11)
(2-12)
(2-13)

The equations for calculating C0(t,t0) and Cd(t,t0,tc) are expressed in detail by Goel
et. al. (2007) and ACI 209-08 publications, along with a more detailed description.

2.1.4. Other Functions
The GL2000 Model presented by Gardner and Lockman (2001) is another creep
function that is well established (Goel et. al., 2007). Other authors such as Haldar,
Gopinath, Palani, and Iyer (2010) and Yue and Taerwe (1993) have developed their own
prediction models; however, these models and procedures are generally less widely
accepted.

2.1.5 Selection of Creep Function
The ACI 209 creep function has been shown by Goel et. al. (2007) to provide an
accurate prediction of concrete creep compared to the function’s level of simplicity. It is
the least complicated of the above models and only requires parameters that are generally
known at the design stage, i.e. concrete compressive strength, and age of concrete at
loading. The functions described in sections 2.1.2 – 2.1.4, although slightly more
accurate than others, are much more complicated and require parameters generally
unknown at the time of design, such as relative humidity, and concrete composition. It is
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also the most commonly used creep function in the United States. Therefore for the
purpose of this thesis, the ACI 209 creep function will be used for the prediction of creep
effects.

2.2. Time-Dependent Shrinkage Functions

2.2.1. ACI 209R-92
ACI Committee 209 (1992) recommends a set of equations for predicting
shrinkage effects in concrete structures:

ε sh (t) =

(t − tc ) γ ε
sh shu
35 + ( t − t c )

(2-14)

where:

ε sh (t) = shrinkage strain at time, t;

ε shu

= ultimate shrinkage strain, 780 x 106 (in/in) (standard conditions);

γ sh

= adjustment factor for non-standard conditions;

t

= age of concrete in days; and

tc

= age of concrete when drying starts at end of moist curing in days.

The adjustment factor, γsh, is the product of factors that account for non-standard
conditions. Applicable values can be found in section 2.5 and 2.6 of ACI 209R-92.

γ sh = γ cpγ RH γ vsγ sγ ψ γ α

(2-15)

Correction factors for non-standard conditions of relative humidity (γRH), slump
(γs), fine aggregate amount (γψ), and air content (γα) are taken as 1.0 during the design
phase reducing (2-15) to (2-16).
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γ sh = γ cpγ vs

(2-16)

The ACI 209 initial moist curing factor (γcp), for moist cured concrete, is 1.0 at a
moist curing period of 7 days. Values corresponding to different initial moist curing
times are given in Table 2.5.3 of ACI 209-R92 and are reproduced below in Table 2-1.
For the purpose of this thesis it is assumed that the moist curing duration is never greater
than 7 days.
Table 2-1. Shrinkage correction factors for initial moist curing
Moist curing duration, days

Shrinkage correction factor, γcp

1

1.2

3

1.1

7

1.0

14

0.93

28

0.86

90

0.75

ACI 209 also provides a correction factor for the volume to surface ratio of the
concrete section, (γvs). The value is determined using the relationship reproduced below.

γ vs = 1.2 * e

v⎞
⎛
⎜⎝ −0.12* ⎟⎠
s

(2-17)

Once the values of the adjustment factors are determined the shrinkage strain in
the section at any time is determined using equation (2-14).

2.2.2. CEB-FIP MC 1990
The procedure outlined in the CEB-FIP Model Code 1990 for predicting
shrinkage in structural concrete is governed by the same limitations described in section
11

2.1.2 for creep (Goel et. al., 2007). The model uses the following expression of the creep
function:

f ⎞⎤
⎡
⎛
ε sh (t,t c ) = ⎢160 + 10 β sc ⎜ 9 − cm28 ⎟ ⎥ × 10 −6 β RH ( h ) β s ( t − t c )
⎝
10 ⎠ ⎦
⎣

(2-18)

Where the terms, βRH(h) and βs(t-tc) are calculated using the expressions given in
(2-19) and (2-20) respectively:
3
β RH (h) = −1.55 ⎡⎣1− ( h ) ⎤⎦ for 0.4 ≤ h < 0.99

β RH (h) = 0.25 for h ≥ 0.99

β s (t − tc ) =

(t − tc )
2

⎡ 2Ac ⎤
350 ⎢
⎥ + (t − tc )
⎣ 100 µ ⎦

(2-19)

(2-20)

where:

Ac

= concrete cross sectional area (mm2);

βs

= correction term for effect of time on shrinkage;

β sc

= constant based on cement type;

β RH (h) = constant based on ambient relative humidity;
h

= ambient relative humidity (decimal);

µ

= perimeter of member in contact with atmosphere (mm); and

fcm 28

= mean concrete compressive strength at 28 days (MPa).

After computation of the necessary constants the shrinkage strain in the section is
calculated using equation (2-18). A more detailed description of the model is found in
CEB-FIP MC90 (1994) and ACI 209-08.
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2.2.3. B3 Model
Like the creep model from section 2.1.3 the B3 Model for shrinkage is an updated
version of the Bazant and Panula (1978) and the Bazant and Kim (1991) models. The
strength and concrete property restrictions of the model are summarized in ACI 209-08.
The model calculates the shrinkage strain in the cross section at concrete age, t (days),
after a curing time, tc (days), using equation (2-21).

ε sh (t,t c ) = −ε shu kh S ( t − t c )

(2-21)

The ultimate shrinkage strain, εshu, the time curve, S(t – tc), and the shrinkage halftime, τsh, are calculated using expressions (2-22), (2-23), and (2-24):

E
−0.28
ε shu = α 1α 2 ⎡⎣ 0.019w 2.1 ( fcm28 )
+ 270 ⎤ cm607
⎦ Ecm(t +τ )
c
sh
S ( t − t c ) = tanh

(t − tc )

(2-23)

τ sh

τ sh = 0.085t c−0.08 fcm−0.25
28 ⎡
⎣ 2ks (V / S ) ⎤⎦

2

where:

kh

= humidity dependence factor;

α 1,α 2

= constants based on cement type and curing condition;

w

= water content (kg/m3);

ks

= cross-section shape-correction factor;

Ecm 607

= mean modulus of elasticity of concrete at 607 days;

Ecm(tc +τ sh )

= mean modulus of elasticity of concrete at curing time
plus shrinkage half-time; and

V /S

= volume to surface area ratio (mm).
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(2-22)

(2-24)

The previous information has been summarized with a more detailed description
available in ACI 209-08.

2.2.4. Other Functions
The GL2000 Model presented by Gardner and Lockman (2001) is another model
with a well-established shrinkage function (Goel et. al., 2007). Other authors such as
Haldar et. al. (2010) and Yue and Taerwe (1993) have developed their own prediction
models; however, these models and procedures are generally less accepted.
The ACI 209 shrinkage function has been shown by Goel et. al. (2007) to provide
a scattered and inaccurate prediction of concrete shrinkage when compared with the
Russell and Larson (1989) experimental data. The GL2000 model was shown to provide
a more accurate representation and be just as simple as the ACI 209 function. Both
require only parameters that are generally known and readily available at the design
stage. The functions described in sections 2.2.2 – 2.2.4, although slightly more accurate
than others, are much more complicated and require parameters generally unknown at the
time of design.

2.2.5 Selection of Shrinkage Function
Although the GL2000 function is shown to be more accurate in this case, for the
purpose of this thesis and maintaining consistency, the ACI 209 shrinkage function will
be used for the prediction of shrinkage effects. This is also the most widely used form of
the shrinkage function used in the United States.

2.3. Long-Term Multiplier
The ACI 318-11 procedure for deflection calculation uses a long-term multiplier,
λΔ, to account for additional long-term deflections due to creep and shrinkage. The
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additional deflections are determined by multiplying the immediate deflections due to the
sustained load by the factor λΔ. Branson (1977), Sbarounis (1984(a)), and Graham and
Scanlon (1986) have proposed that the code established multiplier under estimates the
additional long-term deflection in two-way slab systems and proposed recommended
values. A brief overview of the code prescribed value and recommended values is given
in the following sections. ACI 435.9R-91 provides a summarized table of the multiplier
values reproduced in Table 2-2.
Table 2-2. Multipliers recommended by different authors (435.9R-91)
Modulus of rupture,

Creep,

Shrinkage,

Total,

Source

psi (MPa)

Immediate

λcr

λsh

λΔ

Branson (1977)

7.5√f’c (0.6√f’c)

1.0

2.0

1.0

4.0

Sbarounis (1984)

7.5√f’c (0.6√f’c)

1.0

2.8

1.2

5.0

Graham & Scanlon

7.5√f’c (0.6√f’c)

1.0

2.0

2.0

5.0

(1986)

4√f’c (0.32√f’c)

1.0

1.5

1.0

3.5

ACI 318

7.5√f’c (0.6√f’c)

1.0

2.0

3.0

2.3.1. ACI 318-11 Code Provisions
The current code defines the long-term multiplier, λΔ, by equation (2-25):

λΔ =

ξ
1+ 50 ρ ′

(2-25)

where ρ’ is the compression reinforcement ratio at midspan for simple and continuous
spans, and at the support for cantilevers. The value for ξ, the time-dependent factor for
sustained loads, is assumed to be one of the following values:
5 or more years…………………………………………..2.0
12 months………………………………………………..1.4
6 months…………………………………………………1.2
3 months…………………………………………………1.0
15

In practice, the value of ξ is usually taken as 2.0 for a time of 5 years or more, and
the compression reinforcement in the slab is zero in order to maintain economy and
constructability of the slab, reducing (2-25) to (2-26).

λ Δ = 2.0

(2-26)

2.3.2. Branson (1977)
Analytical studies of long-time deflections of two-way slabs were performed to
determine reasonable values of the long-time multiplier considering the effects of
compression reinforcement, relative humidity, age of loading, concrete strength, and
cracking (Branson, 1977). When comparing calculated deflections to experimental
values, it was found that the ACI 318 multiplier did not provide a good correlation to the
data. Branson recommended the values for the long-time creep and shrinkage multiplier
as λcr = 2.0 and λsh = 1.0 respectively, resulting in a total long-term multiplier of λΔ = 3.0.

2.3.3. Sbarounis (1984(a))
Sbarounis (1984(a)) uses the ratio of calculated total deflection to the deflection
due to service dead load (DT/Dsd) to recommend a long-term multiplier value considering
the effects of construction loading on the long-term deflections, focusing on age at
loading and level of sustained loading. Immediate deflection due to service dead load
was determined using (2-27):

⎛W ⎞
Dsd = Dmax
′ ⎜ sd ⎟
⎝ Wmax ⎠
where:

Dsd

= deflection due to service dead load;
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(2-27)

Dmax
′

= deflection due to Wmax at a single load increment accounting for
age at loading and extent of cracking;

Wsd

= total service dead load; and

Wmax

= maximum construction dead and live load.

Creep and shrinkage were considered separately in the analysis and added to
obtain the total deflection. Sbarounis (1984(a)) observed that when considering
construction loading the creep and shrinkage multiplier are estimated as λcr = 2.8 and
λsh=1.2 respectively. The total long-term multiplier of λΔ = 4.0 is recommended by
Sbarounis (1984(a)), twice as high as the ACI 318 multiplier.

2.3.4. Graham and Scanlon (1986)
The analytical model based on finite element analysis for calculating long-term
deflections developed by Graham and Scanlon (1986) takes into account issues such as
loading history, flexural cracking, cracking due to shrinkage restraint, shrinkage warping,
creep and creep recovery. The model was used to perform a parametric study to assess
the sensitivity of two-way slab deflections to various parameters such as modulus of
rupture, degree of creep recovery, span to depth ratio, and various construction practices.
The detailed procedure for determining long-time multiplier values is described by
Graham and Scanlon (1986). Based on the results of the parametric study, Graham and
Scanlon recommended values of the long-time creep and shrinkage multipliers as λcr =
2.0 and λsh = 2.0 respectively. A total long-term multiplier of λΔ = 4.0 is obtained by
combining both effects.
Graham and Scanlon (1986) also recommended long-time multiplier values based
on the effective modulus of rupture suggested by Scanlon and Murray (1982) that
accounts for cracking due to shrinkage restraint. The recommended values for the longtime creep and shrinkage multipliers are λcr = 1.5 and λsh = 1.0 respectively, resulting in a
total long-time multiplier of λΔ = 2.5.
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2.3.5. Hossain, Vollum, and Ahmed (2011)
Hossain, Vollum, and Ahmed (2011) proposed a refinement to the ACI 318
deflection multiplier approach to account for the effects of short-term construction loads
on long-term deflections. A nonlinear finite element model developed by Hossain and
Vollum (2002) and Hossain (1999) was used to calculate slab curvature and hence
deflection incorporating the effects of cracking, creep, and shrinkage. The finite element
model is used to estimate total long-term deflection multipliers, (1+λ(t)), as Δ(t)/Δi, where
Δ(t) is the measured deflection at time t, and Δi, is the instantaneous deflection under the
applied load w. The instantaneous deflection is calculated using equation (2-28):

Δi =

w
Δ max
wmax

(2-28)

where:

w

= applied load;

wmax

= largest of either the peak construction load, wpeak, or maximum
in service load per unit area, wsls; and

Δ max

= instantaneous deflection due to wmax.

Δmax is calculated with the ACI 318-11 effective moment of inertia and the
instantaneous elastic deflection equation reproduced in equation (1-1). The concrete
elastic modulus used in calculation is the value at the time when the first peak
construction load is applied.
At completion of the study, Hossain et al. (2011) proposed a conservative total
long-term deflection multiplier, (1+λ) = 4.0, for calculating long-term deflections using
the proposed revised ACI 318-11 method. Long-time deflection multipliers were
determined for different slab conditions and reinforcement ratios using the proposed
method. Figure 11 of Hossain et. al. (2011) shows that the proposed method is applicable
to slabs with low reinforcement ratios between 0.002 and 0.005. The trends show that as
reinforcement ratio in a slab increases the deflection multiplier decreases.
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2.3.6. Section Analysis
The proposed multipliers described above were based on limited analysis of twoway slab deflection cases. There does not appear to have been any systematic study of
time-dependent effects at the section level that would provide an indication of the
sensitivity of time-dependent deformations to various parameters.

2.4. Time-dependent Analysis
Calculations of long-term deflections in two-way slabs require some form of
time-dependent analysis. Creep superposition and the age-adjusted effective modulus are
two established methods of time-dependent analysis, in addition to the simple multiplier
approach.

2.4.1. Creep Superposition
The method of creep superposition, proposed by McHenry (1943), states:
“The strains produced in concrete at any time, t, by a stress increment
applied at any time, t0, are independent of the effects of any stress applied
either earlier or later than t0. The stress increment may be either positive
or negative, but stresses which approach the ultimate strength are excluded
(McHenry, 1943).”
Essentially, creep strains due to a series of finite stress increments are calculated
independently and summed together to determine the strain due to a history of load
effects. The total strain is then used to calculate long-term deformations in the concrete.
The theory was first verified using a variable load test on Catalin, a synthetic resin
that creeps much like concrete. McHenry (1943) describes the tests in more detail.
Further experimentation by Ross (1958) tested plain concrete cylinders subjected to
constant and varying stress histories and total concrete creep was recorded. The data was
compared to creep values estimated using three prediction methods: effective modulus,
rate of creep, and the principle of creep superposition.
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Ross (1958) further verified the principle of creep superposition by showing the
method provided the closest prediction of the experimental results when compared to the
other two methods. Although the superposition method is more rigorous to apply, it
would be choice for important problems in the laboratory and office design (Ross, 1958).

2.4.2. Age-adjusted Effective Modulus
The age-adjusted effective modulus method is used to approximate creep effects
due to stress changes that occur gradually with time (Bazant, 1972). The method expands
upon the effective modulus method, which is based on a constant sustained stress. The
effect of varying stress is accounted for by using the “aging coefficient” (χ(t,t0)),
originally termed the “relaxation coefficient” (Bazant, 1972) and (Trost, 1967).
The method proves simple by reducing to a single elastic analysis using the ageadjusted elastic modulus (2-29), assuming a gradually changing stress. Varying loading
histories are accounted for by separate analysis of effects of each time step and applying
linear superposition:

Ec,aa =

Ec (t 0 )
1+ χ (t,t 0 )Φ(t,t 0 )

where:

Ec,aa

= age-adjusted effective elastic modulus of concrete; and

χ (t,t 0 ) = “aging coefficient” accounting for the aging of the material.
Bazant (1972) tabulated typical values for the “aging coefficient” based on
application of the creep superposition method for various stress histories.
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(2-29)

2.5. Two-Way Action
ACI 435.9R-91 details three methods, classical solutions, crossing-beam methods,
and finite element method, for dealing with two-way action in slab systems namely
calculating immediate deflections in two-way slabs.

2.5.1. Classical Solutions
The classical solutions use the plate-bending theory for elastic thin plates to
determine immediate deflections in uncracked two-way slabs. The differential plate
equation governs the load-deflection response. Timoshenko and Woinowsky-Krieger
(1959) and Jensen (1938) developed closed form solutions to the differential plate
equation for plates of various geometries and support conditions. Since only a number of
configurations with closed form plate equation solutions exist, other methods must be
employed to determine deflections in most practical cases.

2.5.2. Crossing-beam Methods
Although multiple procedures exist, more recent crossing-beam methods for
calculating two-way slab deflections have been developed by Rangan (1976) and Scanlon
and Murray (1982). Each procedure treats the column and middle strips as continuous
beams where the ends of the middle strip are supported by the midspan of the column
strips. The procedure divides the slab in each direction into column and middle strips
much like the ACI 318-11 procedure for strength. The total static moment, M0, is broken
down into positive and negative moments and distributed to column and middle strips
using the direct design method or the equivalent frame method in each direction
considering the unfactored service moment. The elastic redistribution of the moments
can be used to approximate the immediate deflections in the slab. Approximate
immediate deflections are calculated at the midspan of the column strips as well as the
midspan of the middle strip perpendicular to the column strips and added to determine the
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total midpanel deflection. A more detailed description of the calculation process can be
found in section 2.1.2 of ACI 435.9R-91. Chang and Hwang (1996) demonstrated that
the crossing-beam method provides good agreement with results from finite element
analysis for rectangular two-way slab systems.

2.5.3. Finite Element Methods
Finite element procedures are becoming more popular for calculating midpanel
deflections in two-way slabs with irregular support and loading conditions as computer
programs and technology increase. Scanlon and Murray (1974) and Gilbert (1979) used
finite element models to model creep and shrinkage effects in two-way slabs. The effects
of beams and columns can be included in the plate analysis, and programs for elastic
analysis are readily available. The finite element method breaks the plate into a number
of elements with each node having defined degrees of freedom. The transverse
displacement function is approximated by a finite number of degrees of freedom and
element stiffness matrices can be derived from stress-strain and moment-curvature
relationships. Standard matrix-analysis methods are used for solving equations of
equilibrium to determine the deflections and internal moments. The method requires an
understanding of the procedure in order to properly model the plate and degrees of
freedom.

2.6. Summary
The previous sections contain a review of time-dependent creep and shrinkage
functions, time-dependent methods of analysis, and methods for handling two-way action
in slab systems. Various code established and author recommended models for timedependent creep and shrinkage analysis were examined. Due to each function’s ability to
maintain accuracy in results while maintaining simplicity in application, the ACI 209
functions for creep and shrinkage will be used in further analysis. They are also the
functions most prevalently used in the United States. The recommended long-term
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multipliers were based on limited analysis of two-way slab cases, but there seems to have
been no systematic study done at the section level. Therefore, the theory of creep
superposition developed by McHenry (1943) will be used to develop a time-step analysis
method for tracing long-term strains and curvatures in various concrete section types.
This thesis will focus on the analysis of three section types, an axial prism, uncracked
flexural, and cracked flexural, to study the sensitivity of long-term strain or curvature
multipliers to major parameters such as reinforcement ratio, and age of loading.
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Chapter 3
DETAILED TIME-STEP METHOD OF ANALYSIS
A method of analysis is developed for computing concrete stresses and total strain
values for an axially loaded reinforced concrete prism, an uncracked flexural section, and
a cracked flexural section. The time-step analysis method calculates total strain as well
as corresponding concrete and steel stresses at each defined time step. The method is
designed to evaluate the effects of creep and shrinkage in the concrete on the long-term
strain and curvature. The additional long-term strain or curvature is normalized to the
initial elastic value to obtain a long-time multiplier, λΔ, for calculating the time-dependent
deflections due to the effects of creep and shrinkage in deflection design calculations as
defined in ACI 318-11. A parametric study, performed using the developed algorithm, to
evaluate the effects of various parameters, predominately reinforcement ratio and age at
loading, on the long-term multiplier is presented in Chapter 4.

3.1. Assumptions
The developed time-step algorithm is based on a set of underlying assumptions.
The program calculates stresses and strains in each component of the reinforced concrete
prism based on the following assumptions:
•

Creep superposition holds true, therefore creep strains are additive for
both increasing and decreasing stress increments

•

A decreasing stress increment causes full creep recovery

•

Stresses remain constant throughout the time step

•

Compressive and tensile stresses are considered positive and negative
respectively

•

Shrinkage strain is uniform throughout cross section

•

Plane sections remain plane

•

Concrete and reinforcement are perfectly bonded allowing for strain
compatibility
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•

Time-dependent material properties are based on design codes and
published models

•

Prism is concentrically and uniformly loaded (no eccentric load)

The same assumptions are used in each layer of the reinforced concrete flexural
section. The program calculates stresses and strains in each layer of the reinforced
concrete flexural section based the following additional assumptions:
Uncracked section:
•

Tensile creep is calculated the same as compressive creep

•

Section is in pure bending (no net axial force)

Cracked section:
•

Concrete in tension is assumed to be cracked with Eck = 0 and σck = 0

•

Section is in pure bending (no net axial force)

3.2. Material Properties
The time-dependent expressions for concrete compressive strength, and elastic
modulus are chosen based on values recommended by ACI Committee 209 and ACI 318
Code, shown in (3-1) and (3-2):

fc′(t) =

t
( fc′)28
a + βt

Ec (t) = 57,000 fc′(t)

where:

a

= empirical constant (days);

β

= empirical constant;

Ec (t) = time-dependent elastic modulus of concrete (psi);
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(3-1)

(3-2)

fc′(t)

= concrete compressive strength at time, t (psi);

( fc′)28 = 28-day concrete compressive strength (psi); and
t

= age of concrete (days).

Values for a and β are functions of the type of cement and curing conditions.
Recommended values, established by Branson and Christiason (1971), can be found in
Table 2.2.1 of ACI 209R-92. In the analysis, the concrete is assumed to be Type I moist
cured with values of a = 4.0 and β = 0.85.

3.3. Axial Prism

3.3.1. Development of Method
Figure 3-1 depicts a graphical representation of the relationship between stress,
creep compliance, and total strain in the concrete. Strains due to each stress increment
are determined for a given instance in time and a total strain is determined by summing
all strain effects:

ε c (t) = ε1 (t) + ε 2 (t) + ε 3 (t) ++ ε n (t)

(3-3)

where:

ε c (t) = total elastic and creep strain at time, t; and

ε i (t)

= total elastic and creep strain at time, t, due to the ith stress increment.

The creep compliance function expresses the total elastic and creep strain due to a
unit stress as a relationship between the elastic modulus and creep function, as seen in
(3-4):

C(t, τ ) =

1
Φ(t, τ )
+
Ec (τ ) Ec (τ )
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(3-4)

where:

C(t, τ ) = creep compliance function at time, t, due to a stress increment at time, τ;

Ec (τ ) = elastic modulus of concrete at time, τ; and
Φ(t, τ ) = Creep function at time, t, due to a stress increment at time, τ.

Figure 3-1. Graphical representation of creep compliance relationship.
When concrete is subjected to a varying stress history, the total strain at time, ti,
can be written in terms of the applied stress increments and the corresponding
compliance function as shown in (3-5). The expression can be further simplified to the
form found in (3-6):

ε c (ti ) = Δσ c (τ 1 )C(ti , τ 1 ) + Δσ c (τ 2 )C(ti , τ 2 ) + Δσ c (τ 3 )C(ti , τ 3 ) +
+ Δσ c (τ i−1 )C(ti , τ i−1 )
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(3-5)

i−1

ε c (ti ) = ∑ Δσ c (τ j )C(ti , τ j )

(3-6)

j=1

where:

C(ti , τ j ) = creep compliance function at time, ti, due to a stress increment at
time, τj ;

ε c (ti )

= total concrete strain at time, ti; and

Δσ c (τ j ) = applied stress increment at time, τj.

Stress-induced strains are not the only component to the total time-dependent
strain. Additional strains due to temperature and shrinkage also contribute to the total
strain, as shown in (3-7):

ε c (ti ) = ε e (ti ) + ε cr (ti ) + ε sh (ti ) + ε α (ti )

(3-7)

where:

ε e (ti ) = total elastic concrete strain at time, ti;

ε cr (ti ) = total creep strain at time, ti;
ε sh (ti ) = total shrinkage strain at time, ti; and
ε α (ti ) = total temperature strain at time, ti.

The creep, shrinkage, and temperature strain terms can be lumped together into
one “inelastic” strain term (3-8):

ε I (ti ) = ε cr (ti ) + ε sh (ti ) + ε α (ti )
where:

ε I (ti ) = Total inelastic concrete strain at time, ti.

28

(3-8)

Substituting (3-8) into (3-7) produces (3-9)

ε c (ti ) = ε e (ti ) + ε I (ti )

(3-9)

Solving (3-9) for the elastic strain yields (3-10)

ε e (ti ) = ε c (ti ) − ε I (ti )

(3-10)

It is important to note that the creep and shrinkage strains are considered as
separate parts of the inelastic strain in this study. The contributions of shrinkage will be
added to the total inelastic strain as a separate term.
Subsequently, the total time-dependent concrete strain at time ti, due to stress, can
be expressed as the summation of all stress increments in the total stress history and the
compliance function.
i−1
⎛ 1
Φ(ti , τ j ) ⎞
ε c (ti ) = ∑ Δσ c (τ j ) ⎜
+
⎟
⎝ Ec (τ j ) Ec (τ j ) ⎠
j=1

(3-11)

The inelastic strain due to creep can be expressed as the difference between the
total time-dependent concrete strain due to stress and the summation of the elastic strains
at time ti, as shown in (3-12). The subtracted term accounts for the change in elastic
modulus over time as shown in Figure 3-2.

i−1

∑ Δσ c (τ j )
⎛ 1
Φ(ti , τ j ) ⎞ j=1
ε cr (ti ) = ∑ Δσ c (τ j ) ⎜
+
⎟ − E (t )
⎝ Ec (τ j ) Ec (τ j ) ⎠
j=1
c i
i−1
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(3-12)

Figure 3-2. Graphical representation of inelastic creep strain expression with respect to
time.
The time-dependent shrinkage term, εsh(ti), is treated separately from creep and
later added as an additional term in the total inelastic strain. The shrinkage strain is
calculated using (2-14) from section 2.2.1.
Temperature strains will be neglected in the study, reducing the total timedependent inelastic strain expression (3-8) to (3-13).

ε I (ti ) = ε cr (ti ) + ε sh (ti )

(3-13)

Figure 3-3 is used to develop strain relationships for the components of the axially
loaded reinforced concrete prism. Under the assumption of perfect bond, strain
compatibility maintains total strain in the reinforcing steel equal to the total strain in the
concrete. Because both strain values are equal, they can each be expressed as the total
strain in the reinforced concrete prism:

ε s (ti ) = ε c (ti ) = ε T (ti )
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(3-14)

where:

ε s (ti ) = elastic steel strain at time, ti; and

ε T (ti ) = reinforced concrete prism total strain at time, ti.

Figure 3-3. Diagram of axially loaded prism used for development of stress strain
relationships.
According to Hooke’s Law, the stress of both the concrete and steel can be
calculated as the product of the elastic modulus and the elastic strain of each material,
shown in (3-15) and (3-16) respectively:

σ c (ti ) = Ec (ti )ε e (ti ) = Ec (ti ) ( ε T (ti ) − ε I (ti ))

σ s (ti ) = Esε s (ti ) = Esε T (ti )
where:

Ec (ti ) = modulus of elasticity of concrete at time, ti;
Es

= modulus of elasticity of reinforcing steel;

σ c (ti ) = stress in concrete at time, ti; and
σ s (ti ) = stress in reinforcing steel at time, ti.
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(3-15)
(3-16)

For a known concrete stress history, the total strain in the prism at any time, ti, can
be found by evaluating (3-11). The corresponding stress values for the concrete and steel
can be found by solving (3-15) and (3-16).
In the case of an axially loaded prism under sustained load, the steel restrains
concrete creep causing stress changes in both the steel and concrete over time. The
incremental stresses at each time step are unknown, therefore (3-11) does not provide a
direct solution for total strain in the prism. Realizing that equilibrium in the cross section
must be maintained at each time step, the applied force must be equal to the internal
forces in the concrete and steel, shown in (3-17). Expressing the force in each
component as the product of its stress and area yields (3-18):

Pc + Ps = P0

(3-17)

Acσ c + Asσ s = P0

(3-18)

where:

Ac = area of concrete;
As = area of reinforcing steel;
Pc = force in concrete;
P0 = applied force; and
Ps = force in reinforcing steel.
Substituting both (3-15) and (3-16) into (3-18) produces (3-19)

Ac Ec (ti ) ( ε T (ti ) − ε I (ti )) + As Esε T (ti ) = P0

(3-19)

(3-19) can be rearranged to solve for the total strain in the prism at any time, ti (320)
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ε T (ti ) =

P0 + Ac Ec (ti )ε I (ti )
Ac Ec (ti ) + As Es

(3-20)

Simultaneously solving (3-13) and (3-20) yields a value for the total prism strain
at the designated time step based on stress increments up to the previous time step. The
concrete and steel stress can be determined by solving (3-15) and (3-16). The applied
concrete stress increment at time, ti, becomes the difference between the concrete stress at
the current time, ti, and the previous time, ti-1, shown in (3-21).

Δσ c (ti ) = σ c (ti ) − σ c (ti−1 )

(3-21)

The stress increment can be used to evaluate (3-12) and solve for the total strain
and material stresses in the prism at the next time step. The long-time multiplier is found
by dividing the difference between the long-term total strain and the initial elastic strain
by the initial elastic strain (3-22) and can be expressed as the sum of the creep multiplier
and shrinkage multiplier (3-23). The creep multiplier, λcr, is calculated using (3-22)
considering only creep strains and the total long-time multiplier, λΔ, is determined by
considering both creep and shrinkage strains. The shrinkage multiplier, λsh, is determined
by subtracting the creep multiplier from the total multiplier (3-24):

λΔ =

ε T (t n ) − ε e (t 0 )
ε e (t 0 )

(3-22)

λ Δ = λcr + λ sh

(3-23)

λ sh = λ Δ − λcr

(3-24)

where:

λcr

= long-time creep multiplier;

λ sh

= long-time shrinkage multiplier; and

λΔ

= long-time total multiplier.
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3.3.2. Analysis Algorithm
The algorithm for computing the total strain, stresses, and stress increment at each
time step is outlined below. A computer code was developed in MATLAB to repeatedly
execute the algorithm and solve for the values at each time step.
1. Constant values are chosen and input into the script.
a. These values include:
•

Time steps, ti

•

Concrete prism dimensions, b and h

•

Reinforcement ratio, ρ

•

Elastic modulus of steel, Es

•

28-day concrete strength, f’c

•

ACI 209R-92 concrete strength material constants, a and β

•

Applied load at time, t0

2. Calculate concrete and steel area using concrete prism dimensions and
reinforcement ratio.
3. Calculate time-dependent concrete modulus of elasticity for each time step
using (3-1) and (3-2).
4. Calculate the creep strain using equation (3-12)
a. The total creep strain is zero at the time of initial loading, first time step.
For all subsequent time steps, total creep strain in the prism is calculated
using the stress increment and creep coefficient corresponding to each
proceeding time step. An assumption of the level of creep superposition is
required. Either full creep superposition or partial creep recovery can be
applied.
5. Add the shrinkage term (2-14) to the total inelastic strain equation (3-13)
6. Calculate the total strain in the prism using equation (3-20)
a. The total strain is equal to the elastic strain at the first time step because
the creep strain is equal to zero.
7. Solve equations (3-15) and (3-16) for stresses at the current time using values
calculated in steps 4 thru 6.
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8. Solve for the stress increment induced at the current time using equation
(3-21)
a. The stress increment applied at the first time step is equal to the concrete
stress calculated in step 6 under the assumption that the concrete stress
before loading is zero. All other time steps are calculated by equation (321). The stress increments are used in future calculations.
9. Repeat algorithm steps 4 thru 8 for the next time step.
10. Determine the creep, shrinkage, and total long-time multiplier using equations
(3-22) and (3-24) when all time-step calculations have been completed.

3.4. Uncracked Flexural Section Analysis

3.4.1. Development of Method
The methodology outlined in section 3.3.1 for the axial prism analysis is extended
to the case of an uncracked and cracked reinforced concrete flexural section under
constant moment. A layered beam model is used to determine the variation in the
stresses and strains over time using the method of creep superposition. The creep
superposition algorithm is applied to each layer of the section to trace the evolution of the
creep strain with time. Equilibrium is established on the section at each time step where
the external axial force and moment equal zero and the applied moment respectively.
Analyses are performed for both an uncracked reinforced concrete section and a
cracked reinforced concrete section. Stress and strain relationships in the uncracked
section are established at each time step assuming a linear strain distribution, as seen in
Figure 3-4. The reference strain and curvature are established using equilibrium of the
section. The number of layers used in analysis of the flexural sections was controlled by
the cracked section analysis. A total of 100 concrete layers were chosen for both the
uncracked and cracked flexural section analysis in order to achieve convergence on a
value for the neutral axis location, c, during iteration within a time step in the cracked
section analysis.
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Figure 3-4. Diagram of uncracked reinforced concrete flexure section used for
development of stress, strain, and curvature relationships.
The variables shown in the section profile in Figure 3-4 are time-dependent and
defined with respect to any given time step in the time-stepping routine.

k

layer of interest at a given time step

n

number of concrete layers

Ack

area of concrete layer k

As

area of reinforcing steel

hk

depth to the top of layer k, relative to the top of the section

hk+1

depth to the bottom of layer k, relative to the top of the section

d

depth to the centroid of reinforcing steel, relative to the top of the
section

yk

depth to the center of layer k, relative to the top of the section

c

depth to the neutral axis, relative to the top of the section

εT 0

reference top strain used to define strain profile

φ

reference curvature used to define strain profile

ε Tk

total strain in layer k

ε Ts

total strain in reinforcing steel
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Values of stress and strain in the section follow the sign convention established in
Figure 3-4. Compression and tension are positive and negative respectively. Stress and
strain relationships are derived using Figure 3-4 and Hooke’s Law. Table 3-1
summarizes the stress and strain relationships for key values in the time-step routine.
Table 3-1. Stress and strain relationships for key values in the time-step routine
Strain

Stress

Concrete Layer k

ε Tk (t) = ε T 0 (t) − y k φ (t)

σ ck (t) = Eck (t) ( ε Tk (t) − ε Ik (t))

Reinforcing Steel

ε Ts (t) = ε T 0 (t) − dφ (t)

σ s (t) = Esε Ts (t)

Each concrete layer is treated as an axially loaded prism (i.e. stress constant over
the depth of the concrete layer) allowing for the use of the existing creep superposition
formulation presented in section 3.3.1. Modifying equation (3-11) to account for a
specific layer, the total strain in each concrete layer can be expressed as the summation of
all stress increments in the total stress history of the layer and the compliance function as
seen in (3-25). Creep strains in each layer are expressed in a similar fashion in (3-26)
while the shrinkage strains in each layer are expressed by (2-14) since shrinkage is
assumed uniform throughout the section. The total inelastic strain in each layer (3-27)
becomes the sum of (3-26) and (2-14).
i−1
⎛ 1
Φ(ti , τ j ) ⎞
ε ck (ti ) = ∑ Δσ ck (τ j ) ⎜
+
⎟
⎝ Eck (τ j ) Eck (τ j ) ⎠
j=1

(3-25)

i−1

∑ Δσ ck (τ j )
⎛ 1
Φ(ti , τ j ) ⎞ j=1
ε cr (ti ) = ∑ Δσ ck (τ j ) ⎜
+
⎟ − E (t )
⎝ Eck (τ j ) Eck (τ j ) ⎠
j=1
ck i
i−1

ε Ik (ti ) = ε cr (ti ) + ε sh (ti )
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(3-26)

(3-27)

Just as the case of an axially loaded prism, in a reinforced concrete flexural
section the steel restrains concrete creep causing stress changes in both the steel and
concrete over time. The incremental stresses in each layer at each time step are unknown
therefore (3-26) does not provide a direct solution for total strain in the prism.
Realizing that equilibrium in the cross-section must be maintained at each time
step, and the applied axial force is assumed to be zero, the total axial force in the section,
N, must sum to zero at each time step.

N = ∫ σ dA = 0
A

(3-28)

The equilibrium expression (3-28) is satisfied by summing the stress times the
area of each concrete layer k and the stress times the area of the reinforcing steel. The
expanded form of the equilibrium expression using the relationships summarized in Table
3-1 is shown in (3-29).

n

N = ∑ Ack Eck (ti )[ ε Tk (ti ) − ε Ik (ti )] + As Esε Ts (ti ) = 0

(3-29)

k=1

In order to reduce the number of unknowns, the strain expressions containing the
reference strain and curvature from Table 3-1 are substituted into (3-29).

n

∑A

ck

k=1

Eck (ti )[ ε T 0 (ti ) − y k φ (ti ) − ε Ik (ti )] + As Es [ ε T 0 (ti ) − dφ (ti )] = 0

Grouping terms in (3-30) with respect to the unknown reference strain and
curvature yields (3-31).
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(3-30)

⎡⎛ n
⎤
⎞
⎢⎜ ∑ Ack Eck (ti )⎟ + As Es ⎥ ε T 0 (ti )
⎠
⎣⎝ k=1
⎦
⎡⎛ n
⎤
⎞
⎛ n
⎞
− ⎢⎜ ∑ Ack Eck (ti )y k ⎟ + As Es d ⎥φ (ti ) = ⎜ ∑ Ack Eck (ti )ε Ik (ti )⎟
⎠
⎝ k=1
⎠
⎣⎝ k=1
⎦

(3-31)

(3-31) is expressed in general form as (3-32):

Aε T 0 (ti ) − Bφ (ti ) = N I

(3-32)

where:
⎡⎛ n
⎤
⎞
A = ⎢⎜ ∑ Ack Eck (ti )⎟ + As Es ⎥
⎠
⎣⎝ k=1
⎦
⎡⎛ n
⎤
⎞
B = ⎢⎜ ∑ Ack Eck (ti )y k ⎟ + As Es d ⎥
⎠
⎣⎝ k=1
⎦

⎛ n
⎞
N I = ⎜ ∑ Ack Eck (ti )ε Ik (ti )⎟
⎝ k=1
⎠
The final term, NI, is an effective internal axial force due to the inelastic stress
components of creep and shrinkage.
In addition to satisfying axial equilibrium, similar steps must be taken to satisfy
flexural equilibrium. The internal moment in the cross-section being analyzed must be
equal to the external applied moment.

M = ∫ σ y dA = M APP
A

(3-33)

Expanding (3-33) to a form that includes the forces in the concrete layers and
reinforcing steel yields (3-34):
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n

M = ∑ Ack Eck (ti )yk [ ε Tk (ti ) − ε Ik (ti )] + As Es dε Ts (ti ) = M APP

(3-34)

k=1

where:

M APP = total applied moment due to external loads; taken as negative for
moments that induce compression on the top of the beam.
In order to reduce the number of unknowns, the strain expressions containing the
reference strain and curvature from Table 3-1 are substituted into (3-34).

n

∑A

ck

k=1

Eck (ti )yk [ ε T 0 (ti ) − y k φ (ti ) − ε Ik (ti )] + As Es d [ ε T 0 (ti ) − dφ (ti )] = M APP

(3-35)

Grouping terms in (3-35) with respect to the unknown reference strain and
curvature yields (3-36).

⎡⎛ n
⎤
⎞
⎢⎜ ∑ Ack Eck (ti )y k ⎟ + As Es d ⎥ ε T 0 (ti )
⎠
⎣⎝ k=1
⎦
⎡⎛ n
⎤
⎞
⎛ n
⎞
− ⎢⎜ ∑ Ack Eck (ti )yk2 ⎟ + As Es d 2 ⎥φ (ti ) = ⎜ ∑ Ack Eck (ti )yk ε Ik (ti )⎟ + M APP
⎠
⎝ k=1
⎠
⎣⎝ k=1
⎦

(3-36)

(3-36) is expressed in general form as (3-37):

Bε T 0 (ti ) − Cφ (ti ) = M APP + M I
where:
⎡⎛ n
⎤
⎞
B = ⎢⎜ ∑ Ack Eck (ti )y k ⎟ + As Es d ⎥
⎠
⎣⎝ k=1
⎦
⎡⎛ n
⎤
⎞
C = ⎢⎜ ∑ Ack Eck (ti )yk2 ⎟ + As Es d 2 ⎥
⎠
⎣⎝ k=1
⎦
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(3-37)

⎛ n
⎞
M I = ⎜ ∑ Ack Eck (ti )yk ε Ik (ti )⎟
⎝ k=1
⎠
MI, is the effective internal moment due to the inelastic stress components of
creep and shrinkage.
A complete strain profile that satisfies equilibrium is determined by
simultaneously solving (3-32) and (3-37) via the substitution method to create
expressions for the reference strain and curvature (3-38) and (3-39). The solution results
in a value for reference strain and curvature for the time step under consideration. The
strain and stress at any layer in the cross-section can be determined using the expressions
found in Table 3-1.

ε T 0 (ti ) =

( M APP + M I ) B − N I C
B 2 − AC

φ (ti ) =

Aε T 0 (ti ) − N I
B

(3-38)

(3-39)

The depth to the neutral axis, c, can be determined by dividing the reference strain
by the reference curvature as shown in equation (3-40).

c(ti ) =

ε T 0 (ti )
φ (ti )

(3-40)

The incremental concrete stress is calculated in the same manner as the axial
prism case using equation (3-21). The calculated stress increment can be used to evaluate
(3-26) and solve for the reference strain and curvature, and material stresses in the
uncracked flexural section at the next time step. The long-time multiplier is found by
dividing the difference between the long-term total curvature and the initial elastic
curvature by the initial elastic curvature (3-41). As with the axial prism case, creep and
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shrinkage multipliers are treated separately. The creep multiplier, λcr, is calculated using
(3-41) considering only creep curvatures and the total long-time multiplier, λΔ, is
determined by considering both creep and shrinkage curvatures. The shrinkage
multiplier, λsh, is determined by subtracting the creep multiplier from the total multiplier
(3-24).

λΔ =

φT (t n ) − φe (t 0 )
φe (t 0 )

(3-41)

3.4.2. Analysis Algorithm
The algorithm for computing the reference strain and curvature, strains, stresses,
and stress increments in each concrete layer at each time step is outlined below. A
computer code was developed in MATLAB to repeatedly execute the algorithm and solve
for the values at each time step.
1. Constant values are chosen and input into the script.
a. These values include:
•

Time steps, ti

•

Concrete prism dimensions, b and h

•

Reinforcement ratio, ρ

•

Elastic modulus of steel, Es

•

28-day concrete strength, f’c

•

ACI 209R-92 concrete strength material constants, a and β

•

Applied load at time, t0

2. Calculate concrete and steel area using concrete flexure section dimensions
and reinforcement ratio
3. Calculate time-dependent concrete modulus of elasticity in each layer k for
each time step using equations (3-1) and (3-2)
4. Calculate the creep strain in each layer k, using equation (3-26)
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a. The total creep strain is zero at the time of initial loading, first time step.
For all subsequent time steps, total creep strain in the section is calculated
using the stress increment and creep coefficient corresponding to each
proceeding time step. An assumption of the level of creep superposition is
required. Either full creep superposition or partial creep recovery can be
applied.
5. Determine the total inelastic strain in each layer k by adding shrinkage strain
(2-14) to the creep strain in each layer k
6. Calculate the constants for solving simultaneous equations (3-38) and (3-39)
7. Solve equations (3-38) and (3-39) to yield reference strain and curvature for
the current time step
8. Calculate the total strain in each layer k, based on expressions in Table 3-1
a. The elastic strain is equal to the total strain at the first time step neglecting
the effects of creep and shrinkage.
9. Calculate the elastic stress in each layer k, based on expressions in Table 3-1
10. Solve for the stress increment in each layer k induced at the current time using
equation (3-21)
a. The stress increment applied at the first time step is equal to the concrete
stress calculated in step 9 under the assumption that the concrete stress
before loading is zero. All other time steps are calculated by equation (321). The stress increments are used in future calculations.
11. Repeat algorithm steps 4 thru 10 for the next time step.
12. Determine the creep and total long-time multiplier using equation (3-41) when
all time-step calculations have been completed.
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3.5. Cracked Flexural Section Analysis

3.5.1. Development of Method
The cracked reinforced concrete flexural section will follow the same formulation
method as the uncracked flexural section described in section 3.4.1. A few modifications
must be made to account for concrete cracking and neutral axis shift in the section that
can cause the stress in a layer to change from tension to compression within a time step.
The formulation for calculating reference strain and curvature is identical to the
uncracked case; however, due to cracking in the section, iteration must be done within a
time step to find the neutral axis depth that satisfies section equilibrium at each time step.
The initial neutral axis depth and strain profile is calculated assuming an uncracked
section. Stresses and strains in each layer are determined using the defined strain profile
and the relationships established in Table 3-1. Layers subjected to a negative, or tensile,
stress, are considered cracked and the concrete stress becomes zero. An exact c value
may never be reached therefore the tolerance for the absolute percent difference between
the final and previous depth is set at 1% as shown in (3-42).

cm (ti ) − cm−1 (ti )
≤ 0.01
cm−1 (ti )

(3-42)

As stated in section 3.4.1, 100 concrete layers were used in the cracked flexural
section analysis in order to achieve convergence on a value for the neutral axis location,
c, during iteration within a time step. The cracked layers and final neutral axis depth
determined at the current time step are then used as the first iteration values at the next
time step.
At subsequent time steps, as the concrete creeps with time the total strain in the
concrete and steel increase. The stiffness of the steel tends to restrain concrete creep
increasing the neutral axis depth and reducing the elastic stress in the concrete at the top
fiber as seen in Figure 3-5.
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The long-time multiplier will be calculated similar to the previous case using the
expression given in (3-41).

Figure 3-5. Schematic of concrete creep effect on cracked reinforced concrete section.

3.5.2. Analysis Algorithm
The algorithm for computing the reference strain and curvature, strains, stresses,
and stress increments in each concrete layer at each time step is outlined below. A
computer code was developed in MATLAB to repeatedly execute the algorithm and solve
for the values at each time step.
1. Constant values are chosen and input into the script.
a. These values include:
•

Time steps, ti

•

Concrete prism dimensions, b and h

•

Reinforcement ratio, ρ

•

Elastic modulus of steel, Ec

•

28-day concrete strength, f’c
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•

ACI 209R-92 concrete strength material constants, a and β

•

Applied load at time, t0

2. Calculate concrete and steel area using concrete flexure section dimensions
and reinforcement ratio.
3. Calculate time-dependent concrete modulus of elasticity in each layer k for
each time step using equations (3-1) and (3-2).
4. Define number of cracked layers in the section to begin the iteration process
a. For the first iteration during initial loading assume the section is
uncracked. At each subsequent time step, use the cracked section at the
end of the previous time step as the initial section for iteration at the
current time step.
5. Calculate the creep strain in each layer k, using equation (3-26).
a. The total creep strain is zero at the time of initial loading, first time step.
For all subsequent time steps, total creep strain in the section is calculated
using the stress increment and creep coefficient corresponding to each
proceeding time step. An assumption of the level of creep superposition is
required. Either full creep superposition or partial creep recovery can be
applied.
6. Determine the total inelastic strain in each layer k by adding shrinkage strain
(2-14) to the creep strain in each layer k.
7. Calculate the constants for solving simultaneous equations (3-38) and (3-39).
8. Solve equations (3-38) and (3-39) to yield reference strain and curvature for
the current time step.
9. Calculate depth of the neutral axis, c, using (3-40).
10. Calculate the total strain in each layer k, based on expressions in Table 3-1.
a. The elastic strain is equal to the total strain at the first time step neglecting
the effects of creep and shrinkage.
11. Calculate the elastic stress in each layer k, based on expressions in Table 3-1.
12. Repeat algorithm steps 5 thru 11 with Eck = 0 and σck = 0 for concrete layers
with negative stress values until (3-42) is satisfied.
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a. Concrete layers with a negative or tensile stress value are assumed cracked
with zero tensile capacity.
b. Inelastic strain is assumed zero for cracked layers and therefore step 5 is
omitted for cracked layers (i.e. division by zero in (3-26) is avoided).
13. Solve for the stress increment in each layer k induced at the current time using
equation (3-21).
a. The stress increment applied at the first time step is equal to the concrete
stress calculated in step 11 under the assumption that the concrete stress
before loading is zero. All other time steps are calculated by equation (321). The stress increments are used in future calculations.
14. Repeat algorithm steps 4 thru 13 for the next time step.
15. Determine the creep and total long-time multiplier using equation (3-42) when
all time-step calculations have been completed.

3.6. Summary
A method of analysis was developed for computing concrete stresses and total
strain values for an axially loaded reinforced concrete prism, an uncracked flexural
section, and a cracked flexural section. The time-step analysis method calculates total
strain as well as corresponding concrete and steel stresses at each defined time step based
on a set of underlying assumptions. The axial prism algorithm developed for calculating
long-term strains was based on a constant applied axial force. The method was then
expanded to the flexural section case assuming a layered beam model with each layer
acting as an axial prism. It was assumed that the applied moment was constant for the
algorithm developed for the uncracked and cracked flexural sections. The method was
designed to evaluate the effects of creep and shrinkage in the concrete on the long-term
strain and curvature. The additional long-term strain or curvature was normalized to the
initial elastic value to obtain a long-time multiplier, λΔ, for calculating the time-dependent
deflections due to the effects of creep and shrinkage in deflection design calculations as
defined in ACI 318-11. Although it is outside the scope of this thesis, each algorithm can
easily be modified to account for a stepwise variation in the applied axial force or
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moment at each time step. The developed algorithm for each section type is used in a
parametric study, presented in Chapter 4, to evaluate the effects of various parameters,
predominately reinforcement ratio and age at loading, on the long-term multiplier.
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Chapter 4
PARAMETRIC STUDIES
The main objective of the parametric studies presented in this chapter is to
evaluate the effects of various parameters on the long-time multiplier, λΔ, used for
calculating time-dependent deformations. Three different member sections are
examined: a reinforced concrete axial prism section; an uncracked reinforced concrete
flexural section; and a cracked reinforced concrete flexural section. The parametric study
for each corresponding section type is broken into its own subsection. Each subsection
contains a tabular summary of the chosen parameter cases for that particular study. The
results are presented graphically and compared to the current ACI 318 Code values in
order to examine the limitations of the current ACI 318 long-time multiplier value.
Creep and shrinkage are examined separately by first considering only the creep
contribution and then considering both the creep and shrinkage contribution together.
The shrinkage contribution is determined by subtracting the creep contribution from the
total. A brief summary and discussion of the results of each study is presented at the end
of the chapter.

4.1. Axial Prism
The parametric study examines the effects of four parameters on the long-time
multiplier using different cases as described in Table 4-1. Reinforcement ratio and initial
time of loading are known to have significant effects on the long-time multiplier value
and chosen as the primary and secondary parameters. Concrete strength and ultimate
creep coefficient are chosen as the other two parameters. The first four columns of Table
4-1 contain the variable range of interest for each parameter with the final column
containing the case number assigned to that set of parameters. The ranges of values were
chosen based on typical values found in design practice (Bondy, 2005), recommendations
of ACI 209R-92, and design maximum and minimums adopted by ACI 318-11.
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Table 4-1. Parameter cases examined for the axial prism study
ρ
(%)

to
(days)
3

f'c
(psi)
4000
3000

Cu

ρ
(%)

Case
#
1
2
3
4
5
6
7
8
9
10
11
12
13
14
15
16
17
18
19
20
21
22
23
24
25

2.35
2.35
1.3
1.65
2
2.35
4000
2.8
7
3.25
3.7
1
4.15
5000 2.35
6000 2.35
7000 2.35
8000 2.35
10
4000 2.35
14
4000 2.35
21
4000 2.35
28
4000 2.35
56
4000 2.35
7
4000 2.35
2
28
4000 2.35
7
4000 2.35
3
28
4000 2.35
7
4000 2.35
4
28
4000 2.35
Note: ρ = reinforcement ratio; t0 = age of
loading; f’c = concrete strength; Cu = ultimate
creep coefficient

5
6
7

to
(days)
7
28
7
28
7
28
3

f'c
(psi)
4000
4000
4000
4000
4000
4000
4000
3000

4000
7
8

10
14
21
28
56

5000
6000
7000
8000
4000
4000
4000
4000
4000

Cu
2.35
2.35
2.35
2.35
2.35
2.35
2.35
2.35
1.3
1.65
2
2.35
2.8
3.25
3.7
4.15
2.35
2.35
2.35
2.35
2.35
2.35
2.35
2.35
2.35

Case
#
26
27
28
29
30
31
32
33
34
35
36
37
38
39
40
41
42
43
44
45
46
47
48
49
50

The applied uniform axial load, PAPP, used in the study was chosen based on
maintaining an initial applied stress of approximately 2000 psi based on the gross area of
the concrete section. The dimensions of the prism were chosen as 16” x 16” and
remained constant throughout the study. The gross area of concrete, Ag = 256 in2, was
multiplied by the desired applied stress in the prism, σ = 2000 psi, to obtain the resulting
applied axial load, PAPP = 512 kips, used in the axial prism study.
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4.2. Axial Prism Study Results
The following section contains plotted results of the parametric study considering
each parameter in turn. A short sensitivity study on the effect of the number or size of
the time steps on the long-time creep strains is completed before examining the major
parameters. Each parameter considered is plotted using the variable range vs. the longtime multiplier value determined using the creep superposition formulation from section
3.3.1. Creep and shrinkage effects are considered separately in each case and combined
to obtain a total time-dependent strain. All plots are compared with the ACI 318-11
value of the long-time multiplier and λΔ = 2, which neglects compression reinforcement,
to examine where limitations may exist.

4.2.1. Sensitivity to the Number of Time Steps
A short sensitivity study was performed in order to observe the effect of the
number of time-steps on the long-time creep strains. Figure 4-1 shows that as the number
of time steps increases, the long-term creep deflection multiplier begins to converge on a
steady value around 2.41. The percent difference between the values calculated with 5
and 1778 time steps was approximately 2.6%. Therefore, the number of time steps used
does not have a large impact on the results. For the purpose of this thesis approximately
30 time steps were used in analysis.
2.49

Creep deflection multiplier, !cr

2.48
2.47
2.46
2.45
2.44
2.43
2.42
2.41
2.4

1

100
1000
Number of time steps

10000

Note: " = 1.0%; t0 = 7 days; f’c = 4000 psi; Cu = 2.35

Figure 4-1. Creep deflection multiplier vs. the number of time steps used in analysis.
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4.2.2. Reinforcement Ratio, ρ
Two cases for varying reinforcement ratio are considered: case 1 for t0 = 7 days
and case 2 for t0 = 28 days. Resulting values of the creep, shrinkage, and total long-time
deformation multiplier vs. reinforcement ratio are plotted collectively for each case in
Figure 4-2. The value of the reinforcement ratio for an axial prism is defined by (4-1):

ρ=

As
bh

(4-1)

where:
= Reinforcement ratio (decimal);

As

= Area of reinforcing steel (in2);

b

= Width of concrete section (in); and

h

= Height of concrete section (in).

(a) Axial Section: t0 = 7 days
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(b) Axial section: t0 = 28 days
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Note: f’c = 4000 psi; Cu = 2.35

Figure 4-2. Long-time deformation multipliers vs. reinforcement ratio:
(a) Axial section: t0 = 7 days; (b) Axial section: t0 = 28 days.
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8

Case 1: To study the influence of reinforcement ratio on each deformation
multiplier at a loading age of 7 days, ρ was varied between 1% and 8%. Section 10.9.1 of
ACI 318-11 defines these as the minimum and maximum values. The long-time
multiplier values for this case are determined from the parameter cases 6, 20, 22, 24, 26,
28, 30, and 37 from Table 4-1. The plotted values tend to follow the same trends as those
found by Hossain et al. (2011). Results of this case are shown in Figure 4-2(a). It is
observed that for reinforcement ratios of 2% or less, creep deformations calculated using
the ACI 318 multiplier are lower than those calculated using the time-step procedure.
Additional deformations due to shrinkage range from about 0.75 to 0.5 of the initial
elastic deformation. Considering the combined effects of creep and shrinkage, results in
Figure 4-2(a) show that the ACI 318 multiplier tends to under predict time-dependent
deformations for reinforcement ratios of 4% or less.
Case 2: The approach to this analysis is the same as the previous, except the
initial load time changes from 7 days to 28 days. The results are generated using the
parameter study cases 18, 21, 23, 25, 27, 29, 31, and 49 outlined in Table 4-1. Figure 42(b) summarizes the deformation multiplier results for the current case. It is found that
in the given range of reinforcement ratios, the ACI 318 multiplier value, λΔ = 2, is
conservative and predicts larger creep deformations than what the actual deformations
may be. The additional deformation due to shrinkage ranges between about 1.0 and 0.5.
The ACI 318 multiplier tends to under predict total time-dependent deformations,
considering both creep and shrinkage, for reinforcement ratios of 3% or less as seen in
Figure 4-2(b). For higher reinforcement ratios it is seen that the difference between
values in case 1 and case 2 are not that significant.

4.2.3. Initial Time of Loading, t0
Initial time of loading is the second parameter being examined. Two cases are
considered: case 1 for ρ = 1% and case 2 for ρ = 8%. Results are presented graphically in
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Figure 4-3 as the creep, shrinkage, and total long-time deformation multiplier vs. initial
time of loading.
(a) Axial section: " = 1.0%

(b) Axial section: " = 8.0%

8

8
Creep only, !cr
Shrinkage only, !sh
Total, !#

6

ACI 318 !# = 2/(1+50"’)

5

ACI 318 !# = 2

4
3
2
1
0

Creep only, !cr

7
Deformation multipliers, !

Deformation multipliers, !

7

Shrinkage only, !sh
Total, !#

6

ACI 318 !# = 2/(1+50"’)

5

ACI 318 !# = 2

4
3
2
1

0

20
40
Initial time of loading, t0 (days)

0

60

0

20
40
Initial time of loading, t0 (days)

60

Note: f’c = 4000 psi; Cu = 2.35

Figure 4-3. Long-time deformation multipliers vs. initial time of loading:
(a) Axial section: ρ = 1%; (b) Axial section: ρ = 8%.
Case 1: To study the influence of initial load time on the time-dependent
deformation multiplier for a reinforcement ratio of 1%, a set of values for t0 equal to 3, 7,
10, 14, 21, 28, and 56 days were chosen based on common construction practice (Bondy,
2005). Parameter cases 1, 6, 15, 16, 17, 18, and 19 from Table 4-1 were used to obtain
the results of this case. Multiplier values obtained from the study are plotted in Figure 43(a). Results indicate that the ACI 318 multiplier tends to under predict the creep
deformation for initial loading times of 14 days or less. The multiplier for additional
deformation due to shrinkage increases from about 0.75 at 3 day loading to 1.0 at 56 day
loading. The long-time multiplier calculated considering both creep and shrinkage
Student
Version
of MATLAB
decreases as the age of loading increases. As seen in Figure 4-3(a),
the ACI
long-time

multiplier under predicts the total additional long-term deformation for all ages of loading
given a reinforcement ratio of 1%.
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Case 2: This analysis follows the same procedure as the previous; however, the
value of the reinforcement ratio is increased from ρ = 1% to ρ = 8%. The parameter cases
32, 37, 46, 47, 48, 49, and 50 from Table 4-1 are used to determine the multiplier values
compared in this case. The results are displayed graphically in Figure 4-3(b). Creep
deformations calculated using the ACI 318 multiplier are often conservatively over
predicted across the entire examined range. Additional deformations due to shrinkage are
approximately 0.5 for all initial load times. It is observed in Figure 4-3(b) that for all
considered loading times the ACI 318 multiplier over predicts total time-dependent
deformations for axial members with maximum reinforcement.

4.2.4. Concrete Strength, f’c
The third varied parameter is concrete strength. Two cases are also considered:
case 1 for ρ = 1% and case 2 for ρ = 8%. Results are plotted in Figure 4-4 in terms of the
creep, shrinkage, and total long-time deformation multiplier vs. concrete strength.
Case 1: When studying the influence of concrete strength on the time-dependent
deformation multiplier for a reinforcement ratio of 1%, f’c was varied between 3000 psi
and 8000 psi. The range of values is common in design practice with 7000-8000 psi
becoming more common in high-rise buildings and members with size restrictions. The
plotted values are determined using parameter cases 2, 6, 11, 12, 13, and 14 found in
Table 4-1. The calculated values are summarized graphically in Figure 4-4(a). It is
observed that for all examined ranges of concrete strength, the ACI 318 multiplier
predicts a smaller amount of creep deformation than predicted using the time-step
procedure. From the same figure it is seen that the shrinkage multiplier for predicting
additional deformation due to shrinkage in the prism ranges from about 0.7 to 1.1. When
considering both creep and shrinkage together the total long-time deformation multiplier
is larger than the ACI 318 value of 2.0, shown in Figure 4-4(a). Therefore the actual
time-dependent deformations seen in the structure are likely to be much higher than the
design deformation determined using the ACI 318 multiplier.
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(a) Axial section: " = 1.0%

(b) Axial section: " = 8.0%
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Note: t0 = 7 days; Cu = 2.35

Figure 4-4. Long-time deformation multipliers vs. concrete strength:
(a) Axial section: ρ = 1%; (b) Axial section: ρ = 8%.
Case 2: The previous case is re-examined using the same procedure, but the
reinforcement ratio is changed from 1% to 8%. Parameter cases 33, 37, 42, 43, 44, and
45 from Table 4-1 are used to determine the values plotted. Figure 4-4(b) shows that
when maximum reinforcement is present, the ACI 318 multiplier over predicts creep
deformation for the entire range of concrete strength examined when compared to the
time-step method. Looking at shrinkage deformation in the same figure, it is observed
that the excess deformation due to shrinkage ranges from about 0.4 to 0.7. Finally, in
Figure 4-4(b), it is observed that the ACI 318 multiplier over predicts total long-term
deformations accounting for both creep and shrinkage for the entire range of concrete
strengths considered.
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4.2.5. Ultimate Creep Coefficient, Cu
The final varied parameter in the study is the ultimate creep coefficient used in the
creep function. Two cases are considered: case 1 for ρ = 1% and case 2 for ρ = 8%.
Results are presented in graphical form as the creep, shrinkage, and total long-time
multiplier vs. ultimate creep coefficient in Figure 4-5.

(a) Axial section: " = 1.0%

(b) Axial section: " = 8.0%
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Note: t0 = 7 days; f’c = 4000 psi

Figure 4-5. Long-time deformation multipliers vs. ultimate creep coefficient:
(a) Axial section: ρ = 1%; (b) Axial section: ρ = 8%.
Case 1: In order to evaluate the influence of the ultimate creep coefficient on the
creep deflection multiplier, Cu was varied between 1.3 and 4.15. Section 2.2.2 of ACI
209R-92 establishes these as the minimum and maximum for the normal range of the
ultimate creep coefficient. The plotted values were generated using parameter cases 3 –
10 shown in Table 4-1. The resulting values of the study are shown in Figure 4-5(a). It
is observed that increasing the ultimate creep coefficient linearly increases the calculated
creep deformation multiplier resulting in the ACI 318 multiplier tending to under predict
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creep deformations for ultimate creep coefficients greater than Cu = 2.0. Shrinkage
contributes an additional deformation of about 0.75 for a prism with minimum
reinforcement. It is observed from Figure 4-5(a) that when considering both creep and
shrinkage together, the ACI 318 multiplier under estimates the total long-term
deformation for all ranges of ultimate creep coefficient. The value of the calculated total
long-time multiplier is highly sensitive to the ultimate creep value assumed for sections
with low reinforcement ratios.
Case 2: The following analysis is carried out using the same procedure as the
previous. In this case the reinforcement ratio is increased to ρ = 8% from ρ = 1%.
Plotted values were calculated using parameter cases 34 – 41 described in Table 4-1. The
resulting values in Figure 4-5(b) follow the same increasing trends as the previous case,
but the spread is much less drastic. In this case, the ACI 318 multiplier will likely predict
larger creep deformations and over estimate design deformations for all ranges of Cu.
Considering only shrinkage, it is observed that the additional deformation due to
shrinkage ranges from about 0.6 to 0.3. The total time-dependent deformation multiplier,
shown in Figure 4-5(b), considering both creep and shrinkage, tends to be over predicted
using the ACI 318 multiplier.

4.2.6. No Correction Factor vs. Correction Factor
A first approximation for determining total strain at a future time step due to the
additional creep strain was performed using the expression for the compliance function
given by equation (3-11). A correction factor is then applied to account for the elastic
strain loss due to the increasing elastic modulus of the concrete. Figure 4-6 shows the
effect of the correction factor on the calculated value of the creep deflection multiplier for
the range of reinforcement ratios. The legend labels are as follows:
CF = Calculated with correction factor applied
NCF = Calculated with no correction factor applied
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Figure 4-6. Comparison of creep deflection multiplier values vs. reinforcement ratio
calculated with and without the correction factor applied.
Results show that the difference in the creep deflection multiplier values
calculated using the correction factors are not significantly different from the first
approximation values calculated without a correction factor. The correction factor has a
larger effect on members with lower reinforcement ratios at early ages of loading.
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4.3. Reinforced Concrete Flexural Section
A parametric study was conducted to determine the sensitivity of the long-time
multiplier to various parameters such as reinforcement ratio, age at loading, concrete
strength, and ultimate creep coefficient for an uncracked and cracked flexural section
representing the two bounds of member stiffness. The degree of shrinkage warping on
the section over time was also examined for a low, middle, and high reinforcement ratio.
The first four columns of Table 4-2 contain the variable range of interest for each
parameter with the final column listing the case number assigned to that set of
parameters. The ranges of values were chosen based on typical values found in design
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practice (Bondy, 2005), recommendations of ACI 209R-92, and design maximum and
minimums adopted by ACI 318-11.
Table 4-2. Parameter cases examined for the flexural section study
ρ
(%)

to
(days)
3

f’c
(psi)
4000
3000

Cu

Case
#
1
2
3
4
5
6
7
8
9
10
11
12
13
14
15
16
17
18

ρ
(%)

2.35
2.35
1.3
1.65
2
2.35
4000
2.8
7
3.25
3.7
0.18
4.15
5000 2.35
6000 2.35
7000 2.35
8000 2.35
10
4000 2.35
14
4000 2.35
21
4000 2.35
28
4000 2.35
56
4000 2.35
19
7
4000 2.35
20
0.3
28
4000 2.35
21
7
4000 2.35
22
0.4
28
4000 2.35
23
7
4000 2.35
24
0.5
28
4000 2.35
25
7
4000 2.35
26
0.6
28
4000 2.35
27
Note: ρ = reinforcement ratio; t0 = age of
loading; f’c = concrete strength; Cu = ultimate
creep coefficient

0.7
0.8
0.9

to
(days)
7
28
7
28
7
28
3

f'c
(psi)
4000
4000
4000
4000
4000
4000
4000
3000

4000
7
1

1.5

10
14
21
28
56
7
28

5000
6000
7000
8000
4000
4000
4000
4000
4000
4000
4000

Cu
2.35
2.35
2.35
2.35
2.35
2.35
2.35
2.35
1.3
1.65
2
2.35
2.8
3.25
3.7
4.15
2.35
2.35
2.35
2.35
2.35
2.35
2.35
2.35
2.35
2.35
2.35

Case
#
28
29
30
31
32
33
34
35
36
37
38
39
40
41
42
43
44
45
46
47
48
49
50
51
52
53
54

The applied service moment, MAPP, in each case was chosen based on the
calculated nominal moment capacity of a reinforced concrete flexure section adopted by
ACI 318-11, reproduced in equation (4-2):
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a⎞
⎛
M u = φ M n = φ As fy ⎜ d − ⎟
⎝
2⎠

(4-2)

where:

Mu

= factored design moment (k-in);

Mn

= nominal moment capacity (k-in);

φ

= strength reduction factor used in design;

AS

= area of reinforcing steel (in2);

fy

= yield stress of the reinforcing steel (ksi);

d

= depth to centroid of reinforcing steel (in); and

a

= depth of the Whitney stress block (in).

As can be rewritten as the product of the section width, b, depth to centroid of the
reinforcing steel, d, and the reinforcement ratio, ρ, shown in (4-3). Approximating the
moment arm, (d-a/2), as 0.85d and substituting (4-3) into (4-2) results in (4-4).

As = bd ρ
M u = φ M n = φ ( bd ρ ) fy ( 0.85d )

(4-3)
(4-4)

The factored design moment Mu, accounting for both dead and live load, was
assumed equal the design moment capacity of the section, ϕMn. Using (4-4), factored
design moments were calculated for each reinforcement ratio being examined in the
parameter study and tabulated in column 2 of Table 4-3. The sustained applied service
moment, MAPP, was assumed to be 60% of the factored design moment for strength, Mu,
considering both dead and live load, resulting in equation (4-5).

M APP = 0.6M u

(4-5)

The applied service moment for each corresponding reinforcement ratio examined
in the study was calculated using (4-5) and tabulated in column 3 of Table 4-3. The
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following values for the section dimensions and design properties are used in calculation
and for the analysis: b = 12 in; h = 8 in; d = 7 in; ϕ = 0.9; and fy = 60 ksi. The values
were chosen based on typical slab sections and properties, common in design practice.
The constant service moment applied in each parameter case is equal to the value
tabulated in column 3 of Table 4-3 for the respective reinforcement ratio of the parameter
case being examined.
Table 4-3. Factored and applied service moments for each reinforcement ratio
ρ
(%)
0.18
0.3
0.4
0.5
0.6
0.7
0.8
0.9
1.0
1.5

Mu
k-in
48.6
81.0
108.0
134.9
161.9
188.9
215.9
242.9
269.9
404.8

MAPP = 0.6Mu
k-in
29.1
48.6
64.8
81.0
97.2
113.4
129.5
145.7
161.9
242.9

4.4. Reinforced Concrete Flexural Section Results
The results of the reinforced concrete flexural section parameter studies for an
uncracked and cracked section are presented in this section considering each parameter in
turn. Creep and shrinkage effects are considered separately in each case and combined to
obtain a total time-dependent deflection multiplier. All plots are compared with the ACI
318-11 value of the long-time multiplier to examine where limitations of the prescribed
multiplier may exist.

4.4.1. Long-Term Effects of Shrinkage
The following section examines the long-term effects of shrinkage on the
reinforced concrete flexural sections. The main purpose of the section is to show the
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Figure 4-7. Effects of shrinkage warping on the long-term curvature of the uncracked
reinforced concrete flexure section: (a) ρ = 0.0018; (b) ρ = 0.005; (c) ρ = 0.02.
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effect of shrinkage warping on the long-term curvature in the uncracked section with
reinforcement ratios of 0.18%, 0.5%, and 2.0%. The section also examines the effects of
the ultimate shrinkage strain value on the value of the long-time deflection multipliers.
The effect of shrinkage warping on the section for 3 different reinforcement ratios
is shown in Figure 4-7. It is seen in Figure 4-7(a) that uncracked sections with lower
reinforcement ratios tend to maintain uniform shrinkage throughout the section with
small amounts of warping, or curvature increase. The effect of shrinkage warping
increases slightly for a reinforcement ratio of 0.5% as seen in Figure 4-7(b). At large
reinforcement ratios, shrinkage warping has a substantial effect on the long-time
curvature in the section as seen in Figure 4-7(c). Observation shows that for all 3 cases,
shrinkage has a net compressive effect on the long-term total strain in the uncracked
reinforced concrete flexure section.
Plots of the internal elastic forces in both the concrete and steel used to verify
equilibrium was maintained in the section can be found in the Appendix.
The effects of the ultimate shrinkage strain on the value of the long-time
deflection multipliers was examined by calculating the deflection multipliers for both an
uncracked and cracked section for the following ultimate shrinkage strain values: 0, 200,
400, 600, 780, and 1000 microstrain. The following parameters ρ = 0.5%, t0 = 7 days, f’c
= 4000 psi, and Cu = 2.35 are held constant.
Figure 4-8(a) shows that for the uncracked section, the total long-time deflection
multiplier increases as the value of the ultimate shrinkage strain increases. It is observed
that the ACI 318 multiplier tends to under predict the long-term deflection for the entire
range of ultimate shrinkage values examined.
In the case of the cracked section, the trends in Figure 4-8(b) remain the same as
those in the uncracked section shown in Figure 4-8(a). The calculated multiplier values
for the cracked section are much lower than those determined for the cracked section.
The actual deflection that may be seen in a cracked section tends to be much lower than
that predicted using ACI 318 multiplier.
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Figure 4-8. Long-term deflection multipliers vs. ultimate shrinkage strain:
(a) Uncracked section: ρ = 0.5%; (b) Cracked section: ρ = 0.5%.
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The multipliers for a time-dependent cracked curvature relative to an initial
uncracked curvature act as a set of upper bound multiplier values calculated using (4-6):

λt =

φcrt − φucri
φucri

(4-6)

where:

λt

= upper bound long-time deflection multiplier;

φcrt

= time-dependent cracked section curvature at final time, tn; and

φucri

= initial uncracked section curvature at initial load time, t0.

Upper bound multiplier values for varying the ultimate shrinkage strain are
plotted in Figure 4-9(a). This value assumes that the initial deflection is calculated using
an uncracked section, but the section is actually cracked in the long-term.
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Figure 4-9. Upper bound long-term deflection multipliers vs. ultimate shrinkage strain:
(a) (ϕcrt-ϕucri)/ϕucri : ρ = 0.5%
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4.4.2. Reinforcement Ratio, ρ
Two cases for varying reinforcement ratio are considered for both the uncracked
and cracked section: case 1 for t0 = 7 days and case 2 for t0 = 28 days. Resulting values
of the creep, shrinkage, and total long-time deflection multiplier vs. reinforcement ratio
are plotted collectively for each case in Figure 4-10 for comparison. The value of the
reinforcement ratio for a reinforced concrete flexural section is defined by (4-7):

ρ=

As
bd

(4-7)

where:

ρ

= reinforcement ratio (decimal);

As

= area of reinforcing steel (in2);

b

= width of concrete section (in); and

d

= depth to centroid of reinforcing steel (in).

Case 1: To study the influence of reinforcement ratio on each deflection
multiplier at a loading age of 7 days, ρ was varied between 0.18% and 1.5%. The longtime multiplier values for this case are determined from the parameter cases 6, 20, 22, 24,
26, 28, 30, 32, 39, and 53 from Table 4-2.
Multiplier values for the uncracked section are plotted in Figure 4-10(a) and tend
to follow the same trends as those found by Hossain et al. (2011). It is observed that as
the amount of reinforcement increases the additional time-dependent curvature due to
creep and shrinkage decreases. The ACI 318 multiplier under predicts additional
curvature due to the effects of creep for all ranges of reinforcement ratio considered.
Additional curvature contributions due to shrinkage range from about 0.75 to 0.5 of the
initial elastic deflection. The total time-dependent curvature of an uncracked section
considering the effects of creep and shrinkage is under estimated by the ACI 318
multiplier for the entire range of reinforcement ratios considered as seen in Figure 410(a).
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Figure 4-10. Long-term deflection multipliers vs. reinforcement ratio:
(a) Uncracked section: t0 = 7 days; (b) Uncracked section: t0 = 28 days; (c) Cracked
section: t0 = 7 days; (d) Cracked section: t0 = 28 days.
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Figure 4-10(c) contains the resulting multiplier values for a cracked section under
the same conditions. As the amount of reinforcement in the cracked section increases, it
is observed that the total deflection multiplier increases while the creep effect increases
and the shrinkage effect decreases. The effect of creep is lower than the effect of
shrinkage for reinforcement ratios less than 0.6%. The ACI 318 multiplier tends to over
predict additional long-term deflections for all reinforcement ratios in a cracked section.
This is likely due to the initial curvature in the cracked section being much larger than an
uncracked section with the same reinforcement.
Upper bound multiplier values are plotted in Figure 4-11(a). It is observed that as
the reinforcement ratio increases the maximum value of the time-dependent total
deflection multiplier decreases. The trend seems reasonable as a higher reinforcement
ratio restrains more creep and shrinkage.
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Figure 4-11. Upper bound long-term deflection multipliers vs. reinforcement ratio:
(a) (ϕcrt-ϕucri)/ϕucri : t0 = 7 days; (b) (ϕcrt-ϕucri)/ϕucri : t0 = 28 days.
Case 2: The approach to this analysis is the same as the previous, except the
initial load time changes from 7 days to 28 days. The results are generated using the
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parameter study cases 18, 21, 23, 25, 27, 29, 31, 33, 51 and 54 outlined in Table 4-2.
Figure 4-10(b) summarizes the deflection multiplier results for the uncracked
section. It is found that in the given range of reinforcement ratios, the ACI 318 multiplier
predicts larger creep deflections than what the actual deflections may be. However
considering both creep and shrinkage, the adopted ACI 318 multiplier for the entire range
of reinforcement ratios considered under predicts the total time-dependent deflection
calculated by the algorithm. The additional deflection due to shrinkage of about 1.0 to
0.6 causes the difference.
The values and trends for the long-term deflection multipliers for the cracked
section are displayed in Figure 4-10(d). While the trends remain the same as those in
Figure 4-10(c) the contribution of creep is slightly less at a later load time causing a
slightly lower total long-time deflection multiplier. The shrinkage contribution remains
approximately the same and is larger than the creep contribution across the entire range
of reinforcement ratios. Comparing the cracked case in Figure 4-10(d) to the uncracked
case in Figure 4-10(b) it is observed that the trends are opposite and as the reinforcement
ratio in the cracked section increases so does the total deflection multiplier. Shrinkage
contribution remains approximately the same for both the cracked and uncracked case.
Finally, to set an upper bound limit for the long-time multiplier values the longterm cracked curvature relative to the initial uncracked curvature (4-6) is plotted in
Figure 4-11(b). It is observed that the trends for the total, creep, and shrinkage multiplier
remain the same as those observed in Figure 4-11(a). The value of the total multiplier
remains nearly the same for the 28 day loading as the 7 day loading due to larger creep
effects and smaller shrinkage effects at reinforcement ratios below 0.5%.

4.4.3. Initial Time of Loading, t0
Initial time of loading is the second parameter being examined. Two cases are
considered for both the uncracked and cracked section: case 1 for ρ = 0.18% and case 2
for ρ = 0.5%. Results are presented graphically in Figure 4-12 for comparison as the
creep, shrinkage, and total long-time deflection multiplier vs. initial time of loading.
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Figure 4-12. Long-term deflection multipliers vs. initial time of loading:
(a) Uncracked section: ρ = 0.18%; (b) Uncracked section: ρ = 1.0%; (c) Cracked
section: ρ = 0.18%; (d) Cracked section: ρ = 1.0%.
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Case 1: To study the influence of initial time of loading on each deflection
multiplier for minimum reinforcement of 0.18%, a set of values for t0 equal to 3, 7, 10,
14, 21, 28, and 56 days were chosen based on common construction practice (Bondy,
2005). The long-time multiplier values for this case are determined from the parameter
cases 1, 6, and 15-19 from Table 4-2.
Multiplier values for the uncracked section are plotted in Figure 4-12(a). It is
observed that for early age loading the additional time-dependent curvature due to creep
and shrinkage is rather large and asymptotically decreases with increasing loading ages.
The creep contribution follows the same trend as the total with the differences being in
the shrinkage contribution that tends to increase slightly as the time of loading increases.
The ACI 318 multiplier under predicts additional deflections due to the effects of creep
and shrinkage for all initial loading times examined at minimum reinforcement.
Figure 4-12(c) contains the resulting multiplier values for a cracked section under
the same conditions. It is observed that the initial time of loading for the cracked section
has a very small effect on the total time-dependent deflection multiplier. The result is
most likely due to the fact that the initial curvature in the cracked section is very large
and the amount of concrete in compression is very small causing minimal creep effects.
Overall, the ACI 318 multiplier tends to over predict additional long-term deflections for
all initial loading times in the cracked section with minimum reinforcement. When
comparing the results of the cracked case Figure 4-12(c) to the uncracked case Figure 412(a), it is noticed that the total deflection multipliers are much smaller in the cracked
case due to a large initial curvature.
The upper bound limits for the different deflection multiplier values at minimum
reinforcement are determined using (4-6) and plotted in Figure 4-13(a). It is observed
that as the initial loading time increases the long-term cracked curvature to the initial
uncracked curvature, considering creep only, asymptotically increases while the
shrinkage effect increases up to 7 days and then begins to decrease. The combined
effects cause the total time-dependent deflection to increase up to an initial load time of
14 days and then slowly decrease.
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Figure 4-13. Upper bound long-term deflection multipliers vs. initial time of loading:
(a) (ϕcrt-ϕucri)/ϕucri : ρ = 0.18%; (b) (ϕcrt-ϕucri)/ϕucri : ρ = 1.0%.
Case 2: In this analysis the same procedure as the previous is followed; however,
the value of the reinforcement ratio is increased from ρ = 0.18% to ρ = 1.0%. The
parameter cases 34, 39, and 48-52 from Table 4-2 are used to determine the multiplier
values compared in this case.
The resulting multiplier values for the uncracked section are displayed graphically
in Figure 4-12(b). The deflection multipliers follow the same trends as those seen in
Figure 4-12(a) for uncracked case with minimum reinforcement. Figure 4-12(b) shows
that creep and shrinkage effects decrease overall due to the restraint by increased
Version
reinforcement and the total long-time multiplier value is reduced.Student
The ACI
318 of MATLAB

multiplier still under predicts the total long-time deflection multiplier for an uncracked
section across the examined range of initial loading time. Figure 4-12(d) summarizes the
calculated deflection multipliers for a cracked section with 1.0% reinforcement.
Compared to the uncracked section with the same reinforcement shown in Figure 412(b), the cracked section follows the same general trends with decreased multiplier
values. It is apparent that the ACI 318 multiplier over predicts the total long-term
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multiplier for the cracked section. When comparing the cracked section in Figure 4-12(d)
with the cracked section in Figure 4-12(c), it is observed that the shrinkage effects remain
approximately the same while the creep and total increase. In both cases the ACI 318
multiplier still over predicts the calculated long-time deflection multiplier.
The upper bound limits for the different deflection multiplier values at 1.0%
reinforcement are determined using (4-6) and plotted in Figure 4-13(b). Initial time of
loading has a very small effect on all the upper bound deflection multipliers values that
tend to slightly decrease as loading time increases. The limits are significantly lower
than those seen in Figure 4-13(a).

4.4.4. Concrete Strength, f’c
The third varied parameter is concrete strength. Two cases are also considered for
the uncracked and cracked section: case 1 for ρ = 1% and case 2 for ρ = 8%. Results are
plotted for comparison in Figure 4-14 in terms of the creep, shrinkage, and total longtime deflection multiplier vs. concrete strength.
Case 1: When studying the influence of concrete strength on the time-dependent
deflection multiplier for a reinforcement ratio of 1%, f’c was varied between 3000 psi and
8000 psi. The range of values is common in design practice with 7000-8000 psi
becoming more common in high-rise buildings and members with size restrictions. The
plotted values are determined using parameter cases 2, 6, and 11-14 found in Table 4-2.
The calculated deflection multiplier values for the uncracked section are
summarized graphically in Figure 4-14(a). It is observed that for all examined ranges of
concrete strength, the ACI 318 multiplier predicts a smaller time-dependent deflection
than predicted using the time-step procedure. The results also show that the variation of
concrete strength has little effect on the value of the long-time multiplier for an
uncracked flexural section.
In the case of a cracked section, the variation of concrete strength still has little
effect on the value of the deflection multiplier as seen in Figure 4-14(c). The calculated
values are much lower than those determined for the uncracked case Figure 4-14(a).
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Figure 4-14. Long-term deflection multipliers vs. concrete strength:
(a) Uncracked section: ρ = 0.18%; (b) Uncracked section: ρ = 1.0%; (c) Cracked
section: ρ = 0.18%; (d) Cracked section: ρ = 1.0%.
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Long-term deflections for the entire range of concrete strengths tend to be over predicted
by the ACI 318 multiplier for a cracked section with minimum reinforcement, shown in
Figure 4-14(c).
Figure 4-15(a) contains a visual depiction of the upper limit values of the longtime deflection multipliers calculated using the relationship in (4-6). It is observed that
as the concrete strength increases the long-term cracked curvature to the initial uncracked
curvature continues to increase for all long-term effects.
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Figure 4-15. Upper bound long-term deflection multipliers vs. concrete strength:
(a) (ϕcrt-ϕucri)/ϕucri : ρ = 0.18%; (b) (ϕcrt-ϕucri)/ϕucri : ρ = 1.0%.
Case 2: The previous case for the uncracked and cracked sections is re-examined
using the same procedure, but the reinforcement ratio is changed from 0.18% to 1.0%.
Parameter cases 35, 39, and 44-47 from Table 4-2 are used to determine the plotted
values.
Results of the uncracked case are shown in Figure 4-14(b). The trends for the
case with ρ = 1.0% remain the same as the case with ρ = 0.18% over the specified
concrete strength range; however, the total deflection multipliers for ρ = 1.0% are
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approximately 0.75 lower than those calculated using ρ = 0.18%. Use of the ACI
multiplier may predict deflections much lower than the actual deflections for this case.
The cracked section results are displayed in Figure 4-14(d). It is observed that
values follow the same trends as the cracked case in Figure 4-14(c) with slightly higher
values. The ACI 318 multiplier still over predicts the long-term deflections in the
cracked section with high reinforcement.
The upper limit values of the long-time deflection multipliers for case 2 calculated
using the relationship in (4-6) are found in Figure 4-15(b). It is observed that as the
concrete strength increases the long-term cracked curvature to the initial uncracked
curvature for sections with high reinforcement increases for all long-term effects. The
calculated upper bound values are much lower compared with the minimum
reinforcement values in Figure 4-15(a).

4.4.5. Ultimate Creep Coefficient, Cu
The final varied parameter in the study is the ultimate creep coefficient used in the
creep function. Two cases are considered for both the uncracked and cracked section:
case 1 for ρ = 0.18% and case 2 for ρ = 1.0%. Results are presented in graphical form as
the creep, shrinkage, and total long-time multiplier vs. ultimate creep coefficient in
Figure 4-16.
Case 1: In order to evaluate the influence of the ultimate creep coefficient on the
long-time deflection multipliers, Cu was varied between 1.3 and 4.15. The plotted values
were generated using parameter cases 3 – 10 shown in Table 4-2.
The resulting values for the uncracked section with minimum reinforcement are
shown in Figure 4-16(a). It is observed that increasing the ultimate creep coefficient
drastically increases the calculated deflection multipliers. The ACI 318 multiplier tends
to under predict long-term deformations for the entire range of ultimate creep
coefficients.
Figure 4-16(c) contains the plotted results for the cracked section. As the ultimate
creep coefficient increases the total deflection multipliers increase slightly for ultimate
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Figure 4-16. Long-term deflection multipliers vs. ultimate creep coefficient:
(a) Uncracked section: ρ = 0.18%; (b) Uncracked section: ρ = 1.0%; (c) Cracked
section: ρ = 0.18%; (d) Cracked section: ρ = 1.0%.
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values less than 3.25 and increase slope for the remainder. Total long-term deflections
are often lower than those predicted by the ACI 318 multiplier for Cu ≤ 3.7.
Equation (4-6) is used to calculate the upper bound values for the long-term
deflection multipliers shown in Figure 4-17(a). Trends are similar to those found in
Figure 4-16(c), but the deflection multiplier values are much larger.
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Figure 4-17. Upper bound long-term deflection multipliers vs. ultimate creep coefficient:
(a) (ϕcrt-ϕucri)/ϕucri : ρ = 0.18%; (b) (ϕcrt-ϕucri)/ϕucri : ρ = 1.0%.
Case 2: The following analysis is carried out using the same procedure as the
previous. In this case the reinforcement ratio is increased to ρ = 1% from ρ = 0.18%.
Plotted values were calculated using parameter cases 36 – 43 described in Table 4-2.
The resulting values in Figure 4-16(b) follow the same increasing trends as the
previous case Figure 4-16(a), but the spread is much less drastic. In this case, the ACI
318 multiplier will likely predict smaller total time-dependent deformations than the
actual deformations for ultimate creep values greater than 1.65.
Figure 4-16(d) shows the effects of changing ultimate creep coefficients for a
of MATLAB
cracked section with high reinforcement. The general trends are Student
the sameVersion
as the cracked
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case with low reinforcement where values increase heavily after an ultimate creep value
of 3.25. As with the prior cracked case, the ACI 318 multiplier tends to over predict total
long-term deflections for Cu ≤ 3.7.
Upper bound multiplier values are calculated using (4-6) and plotted in Figure 417(b). Although similar trends exist, the upper bound multiplier values are much smaller
compared to those found in Figure 4-17(a) due to the increased reinforcement.

4.5. Summary
Parametric studies have been completed for an axial section, and an uncracked
and cracked flexural section. Results show that the ACI 318 deflection multiplier, λΔ, has
limitations in its range of use. For each section type, time-dependent effects due to creep
and shrinkage were treated separately by first calculating deflection multipliers
considering only creep, λcr, and then calculating total deflection multipliers considering
both creep and shrinkage, λΔ. Shrinkage effects were determined by subtracting the total
multiplier from the creep multiplier to get the shrinkage multiplier, λsh = λΔ - λcr.
The axially loaded concrete prism subject to a constant compression load was
analyzed for the parameter cases tabulated in Table 4-1. As predicted, results show that
reinforcement ratio, initial time of loading, and the ultimate creep coefficient have the
largest impact on the computed deformation multiplier values, λ. The long-time
multiplier prescribed by ACI 318 tends to underestimate the long-term deformations in
axial members with reinforcement ratios lower than 4.0% and age of loading lower than 7
days. The amount of additional long-term deformation due to sustained loads is largely
dependent on reinforcement ratio and age of loading as seen in Figure 4-2 and 4-3.
Although variation in the ultimate creep coefficient is seen to have a significant effect on
the long-time multiplier the amount of variation in the deformation multiplier values is
still dependent on the amount of reinforcement. In most design cases the ultimate creep
coefficient is taken as Cu = 2.35 with an understanding that any significant variability in
the actual ultimate creep value may cause significant differences in long-term
deformations.
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A parameter study was also completed for a reinforced concrete flexural section
subjected to a constant applied moment. Both an uncracked and cracked section was
evaluated for the parameter cases tabulated in Table 4-2. Results show that for an
uncracked section the long-term deflection multiplier is most influenced by changes in
reinforcement ratio and age of loading as predicted. Variations in the ultimate creep
coefficient linearly affects the deflection multipliers as well; however, the value is often
taken as Cu = 2.35 for design. Use of the ACI 318 multiplier for long-term deflection
prediction often underestimates deflections for all reinforcement ratios considered and
loading ages of 28 days or less. Concrete strength tends to have little effect on the
variation in the multiplier for uncracked sections. In a cracked flexural section the
parameter variations have very little effect on the value of the total long-time deflection
multiplier. The cracked deflection multiplier is approximately λΔ = 1.0 in most cases,
with the exception of a non-linear increase due to an increasing ultimate creep
coefficient. Therefore, the ACI 318 multiplier is adequate for use in the prediction of
long-term deflections in cracked flexural sections.
The uncracked and cracked section cases act as the upper and lower bound of
flexural stiffness for the problem. The actual deflection multiplier lies somewhere
between the values determined in the uncracked and cracked case. Therefore, an upper
bound limit was examined using equation (4-6) assuming that the initial curvature is
considered using an uncracked section, but the section is actually cracked over time.
The plotted results of the parametric studies for each case provide implications for
design against excessive long-term deflections for each section type. Trends in the
results also highlight some of the problems engineers may face during design. The true
behavior of the section will be somewhere between the uncracked and cracked case
because a flexural member will have both uncracked and cracked sections along its
length. Methods for considering this issue will be discussed in Chapter 5.
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Chapter 5
IMPLICATIONS FOR DESIGN
The results of the parametric studies of an axially loaded prism section and the
uncracked and cracked reinforced concrete flexure sections show that the ACI 318
multiplier is limited in its use for predicting long-term deformations in certain parameter
ranges. Implications for design have been developed from the results of the parametric
studies for each section type to aid designers in calculating long-time deformations using
the ACI 318 long-time multiplier approach. Common pitfalls faced by engineers during
design for deflection control are also discussed for both axially loaded members, such as
columns and shear walls, and flexural members, such as one-way and two-way slabs.

5.1. Axial Prism Section
In the design of axially loaded members such as columns and shear walls in
multistory buildings, long-term deformations may have to be considered to account for
the effects of differential shortening between members. Differential shortening often
occurs because multistory columns are subject to higher stresses than shear walls due to
high axial loads on a smaller concrete area. Results from the axial prism parametric
study show that reinforcement ratio, age of loading, and ultimate creep coefficient have
the largest impact on the amount of long-term deformation as seen in Figures 4-2, 4-3,
and 4-5.
In serviceability design of multistory columns and shear walls, designers are
inclined to use the ACI 318 long-time multiplier value determined using equation (5-1) to
calculate long-term deformations when employing the long-time multiplier method:

λΔ =

2
1+ 50 ρ '

where:

ρ'

= compression reinforcement ratio (decimal).
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(5-1)

Results of the parameter study show that in all the parameter ranges considered,
using the ACI 318 multiplier value given by (5-1) for calculating long-term deformations
proves inadequate as shown in Figures 4-2, 4-3, 4-4, and 4-5. However, the long-term
deflection multiplier prescribed by ACI 318-11 is intended for flexural members and not
axial members. Therefore, the designer may choose to ignore the term for compression
reinforcement and use a multiplier value of λΔ = 2. Results of the parameter study show
that some parameter ranges, using the value λΔ = 2, neglecting compression
reinforcement, for deformation calculations proves adequate. However modifications are
required outside these ranges.
The resulting trends show that for certain design parameter ranges, the ACI 318
long-time multiplier value, λΔ = 2, often under predicts the additional time-dependent
deformations resulting in larger deformations than the initial design intended. Long-term
deformations are often higher in axial members with lower reinforcement ratios and
earlier ages of loading as seen in Figures 4-2 and 4-3. Increasing the concrete strength
causes a small linear increase in the long-term deformation, but not enough to make it a
significant parameter in serviceability design of axial members. Long-term deformations
are also highly affected by variations in the ultimate creep coefficient; however, the value
is often taken as Cu = 2.35 for design. Due to the high variability in concrete creep, even
a small variation in the ultimate creep can cause significant differences between the
calculated and actual deformation values.
Based on results of the parametric study it is found that the ACI 318 multiplier, λΔ
= 2, ignoring compressive reinforcement, is generally adequate and conservative for
time-dependent deformation design of axially loaded members subjected to compressive
load under the following conditions:
a) Reinforcement ratio no less than 4%
b) Initial loading time no less than 7 days
c) Concrete compressive strength no greater than 4000 psi
d) Ultimate creep factor no greater than 2.35

83

Actual deformations will likely be larger than those calculated using the ACI 318
long-time multiplier, λΔ = 2, ignoring compressive reinforcement, for design conditions
falling outside these ranges. Therefore, it is recommended that a more comprehensive
analysis method, such as the time-step analysis outlined in Chapter 3, be employed for a
more accurate representation of the long-term deformation in order to prevent potential
serviceability problems in axial members.
In lieu of a time-step analysis, designers could use Figures 4-2, 4-3, 4-4, and 4-5
as design charts for determining long-time multiplier values to apply to axial members
subject to certain design parameters. Since the variations in the long-time multiplier
values are nearly linear, a designer could determine a long-time multiplier value via
linear interpolation for design parameters that are not explicitly shown.
A design procedure is outlined for calculating long-term strains in axially loaded
members. The strains are then used to determine long-term deformations in the members
in order to evaluate potential serviceability problems due to differential shortening in
axially loaded members.
The initial elastic strain due to the applied load is calculated dividing the applied
load by the total axial stiffness of the member as formulated from equilibrium in Chapter
3. The resulting expression is reproduced below as equation (5-2):

ε T (t 0 ) =

PAPP
Ac Ec (t 0 ) + As Es

where:
= area of concrete (in2);
= area of reinforcing steel (in2);

Ec (t 0 ) = elastic modulus of concrete at time of load application, t0 (ksi);
= elastic modulus of steel (ksi);

ε T (t 0 ) = initial elastic strain at time of load application, t0 (in/in); and
= applied axial force (kips).
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(5-2)

After calculation of the initial elastic strain, a long-time multiplier accounting for
the effects of creep and shrinkage is determined for the given design parameters using
Figures 4-2, 4-3, 4-4, and 4-5. The total long-term strain in the prism is determined using
the ACI 318 long-time multiplier approach shown in equation (5-3):

ε T (t) = ε T (t 0 ) (1+ λ Δ )

(5-3)

where:

ε T (t) = total long-term strain at time, t (in/in); and
= long-time multiplier chosen using Figures 4-2, 4-3, 4-4, and 4-5.

The total long-term deformation or shortening, ΔT, in the member is determined
by multiplying the long-term strain, εT(t), by the length of the member, L, as shown in (54).

Δ T = ε T (t)∗ L

(5-4)

The procedure can be performed at each story and the story deformations can then
be summed to determine the total axial shortening over the entire height of the building.
The design procedure in combination with the recommended long-time multiplier design
charts could help aid designers in predicting a more accurate representation of the timedependent deformation in multistory columns and shear walls to account for differential
shortening.

5.2. Reinforced Concrete Flexural Sections
The implications for design of reinforced concrete flexural members are made
based on the results of the parametric studies of the uncracked and cracked flexural
sections. Uncracked and cracked sections represent upper and lower bounds on flexural
stiffness of members under immediate load application. To account for the effective
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stiffness of the member as a whole, the effective moment of inertia concept, allowing for
a gradual transition from uncracked to cracked stiffness, is adopted by the ACI Code.
The parametric study results indicate that time-dependent multipliers for uncracked and
cracked section can be significantly different suggesting that a similar type of transition
may be appropriate for cracked members.
As with the axial prism section, reinforcement ratio, initial time of loading, and
the ultimate creep coefficient are found to have the largest impact on the computed timedependent deflections for an uncracked flexural section. As the reinforcement ratio,
initial time of loading, and ultimate creep coefficient increases the total deflection
multiplier decreases for each parameter. Variation in the concrete strength has minimal
effects on the variation of the long-time multiplier for uncracked flexural sections.
Uncracked sections with lower reinforcement ratios and earlier loading ages tend
to have higher long-term multipliers, up to approximately four times the initial
deflections, due to lower creep restraint and a lower concrete elastic modulus at loading,
and the fact that concrete in both tension and compression is subjected to creep
deformation.
For cracked sections, all the parameters, reinforcement ratio, age of loading,
concrete strength, and ultimate creep coefficient have minimal effect on the variation in
the long-time deflection multiplier values. The multiplier values in all cases are
approximately λΔ = 1 with slight increase due to increasing reinforcement ratio.
Based on the results of the parametric study, expressions for a long-time
multiplier for flexural members could be developed to account for significant parameters
identified in Chapter 5. Linear equations for the long-time multiplier for both the
uncracked and cracked flexural case could be developed as a function of reinforcement
ratio using the values plotted in Figure 4-10(a). A linear interpolation (5-5) between the
two extremes is solved for the uncracked multiplier as a function of reinforcement ratio to
generate equation (5-6) for approximating a long-time multiplier for an uncracked section
based on the amount of reinforcement in percentage. In the cracked case the multiplier is
nearly one for all reinforcement ratios so the value is taken as (5-7). The equations could
then be used to predict long-term deflections that could be compared with experimental
results.
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ρ
λucr
− 2.75 3.75 − 2.75
1
=
=
ρ − 1.5
0.18 − 1.5 −1.32

(5-5)

1
( ρ − 1.5 ) ≥ 2.0
−1.32

(5-6)

ρ
λucr
= 2.75 +

λcrρ = 1.0

(5-7)

Since the true value of the long-time multiplier is shown to lie somewhere
between the uncracked and cracked case because both uncracked and cracked sections
exist along the flexural member length; an interpolation equation (5-8) for the effective
long-time multiplier, λeff, could be developed in a form much like Bischoff’s effective
moment of inertia equation. It is a weighted function of the uncracked multiplier, λucr, to
the cracked multiplier, λcr, formulated with relation to flexibility. Values for the
multipliers are determined using (5-6) and (5-7). As the ratio of the cracking moment to
the applied moment approaches one, Mcr/Ma = 1, the section acts as an uncracked section.
As Mcr/Ma approaches 0, the section acts more like a cracked section. The equation could
be used to approximate long-term deflections and compare them to published
experimental data.
m
⎛ ⎛ M ⎞m⎞
⎛ M cr ⎞
ρ
λeff = λ ⎜
+ λcr ⎜ 1− ⎜ cr ⎟ ⎟
⎟
⎝ Ma ⎠
⎝ ⎝ Ma ⎠ ⎠

ρ
ucr

(5-8)

For lightly reinforced members, both immediate and long-term deflections are
sensitive to the effects of cracking. As pointed out by Scanlon and Bischoff (2008), it is
important to account for factors such as early age construction loading and shrinkage
restraint that can have a significant effect on immediate deflection since the long-term
deflection is calculated as a multiple of the immediate deflection. For example if the
immediate deflection is calculated considering dead load only, the member may be
considered as uncracked whereas the member may actually be cracked during the
construction phase due to the factors mentioned above.
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5.3. Summary
Implications have been made for design of an axially loaded prism, and flexural
sections using the results of the parametric studies outlined in Chapter 4. It was
determined that the long-time multiplier adopted by the ACI 318 Code which is
originally intended for lightly reinforced flexural sections, is inadequate for deformation
design of axial members under all examined parameters. If a designer chooses to neglect
the compression reinforcement term in the equation, the resulting multiplier value of λΔ =
2 is still inadequate for deformation design of axial members with low reinforcement
ratios and early age loadings. In multistory buildings where differential shortening
between multistory columns and shear walls may be an issue, it was suggested that the
results of the parametric study be used as design charts for selecting an adequate longtime multiplier pertaining to certain design parameters for use in design. A design
procedure involving an equation for calculating the initial total strain in an axial member
is also suggested because the current ACI 318 Code does not provide a direct equation
for calculating the initial total strain.
The results of the flexural cases show that long-time deflections in slabs with low
reinforcement ratios and early loading ages are highly dependent on the extent of
cracking and suggestions have been made to account for these factors in design for
deflection control.

88

Chapter 6
SUMMARY, CONCLUSIONS, AND RECOMMENDATIONS
The limitations of the existing ACI 318-11 long-time multiplier (λΔ) used in
calculating two-way slab deflections were examined and the factors that influence longtime deflections from a theoretical viewpoint at the member section level were
investigated. A literature review on the current state of research on long-time multipliers
was completed in order to apply published functions to the development of the method of
analysis. The method of analysis was developed for determining the long-term strains
and curvatures in an axial prism section, and an uncracked and cracked flexural section
subjected to a constant loads or moments. The method employs the theory of creep
superposition for tracing the strain history in the concrete at each time step defined in the
analysis. Shrinkage effects are also incorporated as an additional inelastic strain term.
An algorithm for each section type was developed for repeated execution of the time-step
analysis. The developed algorithms were then used to complete a parametric study that
examined the effects of common design parameters, including reinforcement ratio and
age at loading, on the long-term strains and curvatures in the section. Recommendations
and implications for design are made for both the axial prism section and the flexural
sections based on the results of the parametric study, with a focus on low reinforcement
ratios and early age loadings.

6.1. Conclusions
General conclusions and observations of the research are summarized as follows:
•

The long-time multiplier expression (5-1) adopted by the ACI 318-11
Code is inadequate for predicting long-term deflections in an axial prism.

•

The ACI 318-11 multiplier of 2 is generally adequate for predicting longterm deflections in medium to heavily reinforced slabs.
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•

Long-term strain and curvature at the sectional level is highly dependent
on the reinforcement ratio and age of loading of the member.

•

Slight variations in creep properties of concrete can cause large
differences between actual and predicted deflections due to the high
sensitivity of the ultimate creep coefficient.

•

In lightly reinforced flexural sections, long-term deflections are highly
sensitive to the extent of cracking considered in calculating the immediate
deflection. Therefore it is important to consider potential cracking due to
shrinkage restraint and construction loads.

•

The calculated long-time multiplier is highly dependent on the amount of
shrinkage strain assumed in the sectional analysis

6.2. Recommendations
Recommendations for future research are presented as follows:
•

The study provides a deterministic model for calculating long-term strains
and curvatures in various section types. A probabilistic model examining
uncertainties in concrete strength, ultimate creep, ultimate shrinkage, and
loading can be developed using the developed deterministic model.

•

The equation (5-2) is recommended for directly calculating immediate
elastic strains due to the initial applied load for the design of multistory
columns and shear walls.

•

It is recommended that Figures 4-2, 4-3, 4-4, and 4-5 be used as design
charts for determining an applicable long-time multiplier used for the
calculation of long-term strains in multistory columns and shear walls for
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parameter ranges outside those shown to be adequate for use of the ACI
318 multiplier, λΔ = 2, neglecting compression reinforcement.
•

Equations (5-6), (5-7), and (5-8) are presented in Chapter 5 as potential
equations for determining an effective long-time multiplier value as a
function of the reinforcement ratio. The equations are presented in a form
suitable for potential adoption into design codes.

•

Examine the effects of the amount of creep recovery assumed during
analysis.

•

Adapt existing algorithm to analyze cases with stepwise variation in
applied load.

Recommendations are made based on the results of a numerical model formulated
on well-established theoretical principles. Further research is needed to evaluate the
proposed expressions for the long-time multiplier for possible implementation in design.
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Appendix
Equilibrium Verification for Flexural Sections
Plots of the amount of force in the concrete and steel due to shrinkage in both the
uncracked and cracked section are also shown in order to verify that equilibrium was
maintained at each time-step. Figures A and B show the net elastic internal forces in the
concrete and steel at each time-step for the uncracked and cracked section respectively.
It is observed that section equilibrium is maintained for each case verifying that the
computational method was working correctly. Finally, Figure C shows that elastic
equilibrium is maintained in the uncracked section for each of the reinforcement ratios,
considering both creep and shrinkage.
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Figure A. Elastic internal forces in the steel and concrete in the uncracked reinforced
concrete flexure section due to shrinkage only for ρ = 0.0018, 0.005, and 0.02.
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Figure B. Elastic internal forces in the steel and concrete in the cracked reinforced
concrete flexure section due to shrinkage only for ρ = 0.0018, 0.005, and 0.02.
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Figure C. Elastic internal forces in the steel and concrete in the uncracked reinforced
concrete flexure section due to creep and shrinkage for ρ = 0.0018, 0.005, and 0.02.
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