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Abstract
Many interesting phenomena in physics, geosciences, and materials science are
directly related to phase transitions, such as ferroelectricity, ferromagnetism, and
multiferroicity, which can be induced by factors such as temperature, pressure, and strain.
Various aspects of phase transitions have been studied such as thermodynamics, kinetics,
and crystallography. The present dissertation focuses on thermodynamics which dictates
not only equilibrium states of materials, but also the driving force for phase transitions.
With the advancement of density functional theory and computing technology, quantum
mechanical first-principles calculations have become a powerful tool for materials design.
In this work, density functional theory based first-principles calculations coupled with ab
initio molecular dynamics and CALPHAD (CALculation of PHase Diagram) methods are
applied to study thermodynamics of phase transitions and aid materials design in three
systems from elemental metal to complex oxides: Ti, TiO2, and BiFeO3.
Ti and Ti-based alloys are widely used in numerous applications due to its
exceptional strength-to-weight ratio, high temperature performance, and corrosion
resistance. The mechanical properties of Ti alloys can be greatly improved by controlling
the crystal structures present. Pressure is a very important variable in causing phase
transitions in this element, and some of the pressure-induced phases can be retained in a
metastable form after removal of pressure. In this work, the pressure-induced phase
transitions and equilibrium pressure-temperature phase diagrams of Ti are studied using
first-principles calculations. The phase stabilities of γ- and δ-Ti phases under hydrostatic
compression are clarified from a systematic study of pressures using various equation-of-
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state fittings and direct first-principles calculations. Due to the dynamical instability of βTi at low-temperature, ab intio molecular dynamics simulations together with
thermodynamic integration are used to explore the hcp/bcc free energy difference and the
phase transition along Burgers paths. The thermal electronic entropy is found to play a
critical role in the stabilization of bcc Ti at high-temperature.
TiO2 possesses a rich phase diagram with many polymorphs. The recently
discovered high-pressure cotunnite and cubic phases of TiO2 show great promises for
ultra-hard materials and future-generation solar cells, due to their large bulk modulus and
excellent optical properties, respectively. Their phase stabilities at ambient conditions are,
however, not clear. In this work, a complete study of the phase stabilities of all TiO2
polymorphs is provided. The calculated phonons show that all high-pressure phases,
except the cubic phase, are dynamically stable at ambient pressure, indicating cotunnite
phase might be quenched to ambient conditions. Meanwhile, it is predicted that fluorite
TiO2 is dynamically stable at high pressures and can be assigned as the synthesized cubic
phase. The equilibrium pressure-temperature phase diagram of TiO2 is determined from
the calculated Gibbs energies, which provides useful information to the synthesis of the
high-pressure phases of TiO2.
Multiferroic material BiFeO3 is a promising material for lead-free piezoelectric
applications. High quality multiferroic BiFeO3 films are, however, difficult to obtain due
to its small processing window. With coupled first-principles calculations and
CALPHAD method, the growth conditions for BiFeO3 thin films are explored by
thermodynamic calculations. The formation enthalpy of BiFeO3 predicted by firstprinciples calculations is used to study the phase equilibrium and chemical potential-
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temperature phase diagram. The chemical potential of Bi is predicted to be useful in
tuning the stability window and tailoring the processing conditions of BiFeO3.
Furthermore, the effect of epitaxial strain on the structure and properties of BiFeO3 is
studied by first-principles calculations to understand strain-induced morphotropic phase
boundary in BiFeO3. A first-order rhombohedral-like to tetragonal-like phase transition is
predicted at a critical compressive strain of 5.15%, and this isosymmetric phase transition
enables the coexistence of these two phases and the morphotropic phase boundary
behavior reported in the strained BiFeO3 films.
This work provides an in-depth study of the mechanisms of the pressure-,
temperature- and strain-induced phase transitions in three selected materials. An
improved understanding of the thermodynamics of phase transitions and the conditions of
phase stability would help to further optimize the properties and improve the
performances of these materials.
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Chapter 1 Introduction
1.1

Motivation
The problem of phase stability and phase transition in solids has fascinated

physicists, chemists, and material scientists for the past one hundred years, which
remains one of the most challenging topics at the interface between condensed mater
chemistry and condensed matter physics. For the basic science, phase transitions belong
to the most fundamental problems of statistical physics. In terms of applications, tuning
the structure allows one to design materials with tailored properties.
Elements are the most fundamental materials and their high-pressure behavior has
attracted wide interest from many researchers since the pioneering work of Bridgeman in
the first-half of the last century [1]. At ambient conditions, most metallic elements adopt
very simple high-symmetry structures, such as body-centered cubic (bcc), or facecentered cubic (fcc), or hexagonal close packed (hcp) [2]. People might expect that these
elements would merely compress under high pressure and that those whose structures
were not yet close-packed or bcc would become so. However, differences in the density
dependence of electronic band structure can change the nature of bonding such that there
may be structural transitions to phases with lower symmetry and less close packing than
that found at ambient pressure. Changes of crystal structure and electronic band structure
can also give rise to dramatic changes in physical properties. Elements that are insulators
at ambient pressure exhibit structural phase transitions accompanied by metallization and
the onset of superconductivity [3]. Applying pressure can also induce transitions from
molecular to non-molecular structural forms [4], and convert graphite into diamond [5].
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However, challenges arise in determining complex structures at high-pressure. The
powder-diffraction and energy-dispersive diffraction techniques were quite successful in
enabling the high-pressure behavior of many of the elements to be investigated to above
100 GPa and their phase diagrams to be mapped over wide ranges of pressure and
temperature [6], but the modest resolution and unreliable peak intensities of energydispersive power diffraction data prevented the solution of more complex structures.
Taking Ti as an example, it has three stable structures at ambient pressure, i.e., α (hcp), β
(bcc), and ω (hexagonal) [7]. At elevated pressures, Ti has a rich phase diagram with a
series of phase transitions. γ and δ are two recently discovered high-pressure phases,
stabilized only at pressures above 116 GPa and 140 GPa, respectively [8, 9]. Due to the
difficulty in applying high hydrostatic-pressure in diamond-anvil cell (DAC), the phase
stabilities of the δ and β phases of Ti at room temperature are still very controversial in
both experimental and theoretical works [9].
There has been very high demand in accurate predictions of phase equilibria. In
the middle of last century this led to an introduction of the concept of lattice stability [10],
which refers to the differences in the Gibbs energies between crystal structures of pure
elements. Currently there exist two major approaches for its determination. The so-called
thermochemical lattice stabilities are based on the accurate assessment of the available
experimental information [11]. Alternatively, one can define the first-principles lattice
stabilities from density functional theory (DFT) calculations as the difference in total
energies for different crystal structures. First-principles lattice stabilities were obtained
for all the transition and simple metals [12], and successful explanation for the observed
trends was given. In this way, the lattice stability concept, introduced originally as a
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practical tool for thermodynamics calculations, gained physical ground. For many
elements one finds quite satisfactory agreement between the thermochemical and firstprinciples results. However, there are cases where ground state DFT calculations show
large discrepancies with the thermochemical data. This is a well-known problem, and its
solution attracts substantial efforts within the physics and materials communities. In
particular, some elements could be dynamically unstable in certain crystal structures.
That is some vibrational modes at certain wave vectors have imaginary frequencies in the
harmonic approximation, and therefore any distortion of the lattice corresponding to such
a vibration would destroy the crystal lattice [13]. On one hand, the dynamical instability
prevents a meaningful use of the energetics obtained from first-principles calculations
because the entropy associated with lattice vibrations cannot be defined, and any
utilization of the results for the zero-temperature configurational energy at finite
temperature is impossible. On the other hand, the observation revives fundamental doubts
in the physical origins of the lattice stability concept. However, some of those
dynamically unstable structures do can be stabilized at high-temperature, such as bcc
phases of group IV elements [14]. To solve the discrepancy between the thermochemical
and first-principles lattice stabilities, temperature and anharmonic effects should be
included in the first-principles calculations.
Interests in phase transition also come from the geosciences community. Huge
effort has been made to explore phase transition taken place deep in the Earth, which are
important to understand the phase evolutions of the Earth’s interior and further predict
earthquakes. However, the challenge of reaching the extremely high-pressure
experienced within the Earth is still formidable using the current available techniques.
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Therefore, the structures and stabilities of the high-pressure TiO2 phases are of particular
interest in Earth sciences, for these phases are an accessible analog of minerals in the
Earth’s mantle [15]. Rutile TiO2 is particularly attractive in this context because it is
expected to undergo a sequence of phase transitions with increasing pressure similar to
that experienced by stishovite SiO2 in the Earth’s mantle, but at more readily accessible
pressures. Great interest in the high-pressure phases of TiO2 has also been stimulated by
the recent discovery of the ultrahard cotunnite-structured TiO2 phase [16]. This phase can
be stabilized in DAC at pressures above 60 GPa, and is the hardest known oxide material;
its discovery has stimulated much interest in potential applications of pressure-stabilized
phases. However, its stability at ambient conditions is not clear.
The phase stabilities and transitions of ABO3 perovskites have been extensively
studied for more than half century. They form one of the most important classes of
functional materials because they can exhibit a broad range of properties, e.g.,
superconductivity, ferroelectricity, ferromagnetism, and multiferroicity. Many of these
interesting physical phenomena are directly related to phase transitions in the solid state.
Also most of these functional materials show specific properties that can be optimized via
phase transitions. Recent experimental work shows that epitaxial strain can be used to
stabilize the tetragonal phase of BiFeO3 and drive the formation of morphotropic phase
boundary in BiFeO3, making this new system of interest for lead-free piezoelectric
applications [17]. However, the coexistence of the rhombohedral and tetragonal phases
and origin of the morphotropic phase boundary in BiFeO3 is still not well understood.
Thermodynamics is indispensable information for studying phase transitions in
materials. For example, with Ehrenfest classification, the order of a phase transition is
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defined by the change of free energy and its derivatives [18]. During a first-order phase
transition, the changes of the first derivatives of free energy with respect to the external
field, such as enthalpy, entropy and volume, are discontinuous, while continuous in the
first derivatives and discontinuous in the second derivatives of free energy, such as heat
capacity, for the second-order phase transitions. Thus, free energy and thermodynamic
properties are of great importance to understand phase transitions. Different techniques
have been developed to study free energy of solid phases [13, 19]. However, due to the
complexity of solid state materials under various conditions, there is no universal
approach applicable to all the cases.
With the development of DFT and computing power, quantum mechanical firstprinciples calculations have become a useful tool in materials design. DFT-based firstprinciples calculations have been applied to study various aspects of phase transitions,
such as thermodynamics, kinetics, and crystallography of phase transitions [19]. The
present dissertation focuses on thermodynamics of phase transitions which not only
dictates equilibrium states of materials, but also the driving force for phase transitions.

1.2

Modeling Techniques
Due to the complex chemistry and phases appeared in the high-pressure and high-

temperature conditions, it is essential to take advantage of computational tools in
depicting complex phase diagrams. DFT method does not rely on any experimental input
and demonstrates a truly predictive power. DFT-based first-principles calculations are
well adapted to study phase transitions in solids [19]. Pressure very different from zero is
not a problem, even negative pressures, since pressure changes can be easily realized by
adjusting the volume of the studied material. However, it is very difficult to truly predict
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new structures because of the difficulty in considering all the possible structures and the
small scale energy differences between similar structures. Appropriate models have to be
utilized to obtain reliable free energy differences, such as equation of state (EOS) fittings
[20].
One significant limitation of DFT method is that it is only accurate for ground
state properties at zero temperature [19]. However, many of the interesting physical
phenomena and related phase transitions take place above room temperature. To go
beyond zero temperature, the contributions to the free energy, such as lattice vibrations
and thermal electrons, should be explicitly considered. Several approaches have been
developed to evaluate the lattice vibrational free energy. Quasi-harmonic approximation
has been quite successful in predicting thermodynamic properties of metals and oxides
using phonons [21]. However, this approach does not work for those unstable phases, due
to the imaginary frequencies in their phonon spectra. Debye model avoids this problem in
some way by introducing empirical parameters [22]. However, the determination of the
input parameters relies on experimental measurements. A recent pioneering work by
Ozolins shows that the fixed-cell-shaped ab initio molecular dynamics (AIMD)
simulations can predict the free energy of unstable phase very well [23]. This approach
will be adopted to investigate the temperature-induced hcp-bcc transition in Ti.
To predict the mechanical properties of Ti and TiO2, an efficient stress-stress
method developed by Shang et al. [24] will be utilized to evaluate their elastic constants.
The CALPHAD (CALculation of PHAse Diagram) method [10, 25, 26] can handle
complicated chemical reactions in multiple-component systems with a multitude of
controlling freedoms, such as composition, temperature, and oxygen partial pressure,

7
making it a unique approach in materials design of alloys and oxides systems [26]. In this
work, the CALPHAD approach coupled with first-principles calculations will be
exploited to study the phase equilibria and predict the growth conditions of the
multiferroic material BiFeO3. Detailed methodology will be presented in Chapter 2.

1.3

Overview
In this dissertation, the first-principles DFT method together with AIMD and

CALPHAD approaches are applied to study the thermodynamics and phase transitions in
solids, including Ti, TiO2, and BiFeO3. The rest of the dissertation is organized as follows:
In Chapter 2, computational methodology and theory, including DFT, AIMD, and
related models, are discussed in details. In Chapter 3, the application of DFT calculations
to elemental Ti is discussed, where structural properties, thermodynamic properties,
phase transition pressures, and pressure-temperature phase diagram of Ti are predicted. In
Chapter 4, AIMD simulations are used to study the bcc-hcp phase transition in Ti along
Burgers path. The results of first principles calculations of TiO2 are provided in Chapter 5,
including lattice dynamics, thermodynamics, mechanical properties, and pressuretemperature phase diagram. Chapters 6 outlines a coupled first principles and CALPHAD
study of the thermodynamics and strain-induced phase transitions in BiFeO3, followed by
conclusions of the dissertation and thoughts on future work in Chapter 7.
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Chapter 2 Computational Methodology
In this chapter, the theory and methodology behind studying of thermodynamics
and phase transitions will be presented. Firstly, density functional theory will be briefly
introduced, followed by a discussion of equation of state fitting to volume dependence of
total energy calculated by DFT. Next, the use of the Debye-Grüneisen model and
phonons to predict the vibrational contribution to the free energy is outlined. Afterwards,
the stress-strain approach for elastic constant calculation is provided. Finally, the theory
of ab initio molecular dynamics simulation is discussed.

2.1

Density Functional Theory
In principle, the properties of a system can be obtained by solving the quantum

mechanical wave equation governing the system dynamics. The dynamics of a timeindependent non-relativistic system are governed by the Schrödinger equation:

Ĥ   E ,

(2.1)

where  is the many-electron wavefunction, E the system energy and H the Hamiltonian
of the system given by (in atomic units):
2
N 
1
H    
i2  Ze2 
2m
i 1 
R ri  R

 1
e2
.



2
r

r
i

j
i
j


(2.2)

Here ri is the position of electron i, while the nuclei are clamped at position R. The first
term is the many-body kinetic energy operator which yields the electronic kinetic
energies; the second term represents the interaction of the electrons with the bare nuclei.
Electron-electron interactions are described by the final term. We have neglected the
nuclei-nuclei interaction energy in the above, which would have to be added in order to
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yield the total energy of the system. However, the Born-Oppenheimer approximation
allows us to decouple the nuclear and electronic degrees of motion; the nuclei are of
order ~ 103 – 105 times massive than the electrons, and therefore may be considered to be
stationary on the electronic timescale. As a result of this, it is possible to neglect the
nuclear kinetic energy contribution to the system energy. Although this equation is exact
within the non-relativistic regime, it is not possible, except for trivially simple case, to
solve it. There are two reasons for this: one mole of a solid contains N ~ 1028 electrons;
since the many-electron wavefunction contains 3N degrees of freedom, this is simply
intractable; further, the electron-electron Coulomb interaction results in the electronic
motions being correlated. Thus we must search for approximations that render the
Schrödinger equation tractable to numerical solution, while retaining as much of the key
physics as is possible.
Density functional theory treats the electron density as the central variable rather
than the many-body wavefunction. This conceptual difference leads to a remarkable
reduction in difficulty: the density is a function of three variables, i.e., the three Cartesian
directions, rather than 3N variables as the full many-body wavefunction is. Here we
consider the Hohenberg-Kohn-Sham formulation of DFT [1, 2]; this technique has
enjoyed success in fields ranging from quantum chemistry and condensed matter physics
to geophysics. DFT is based upon the following remarkable and simple theorems, also
called Hohenberg-Kohn (HK) theorems [1]:
Theorem I: The external potential is a unique functional of the electron density only.
Thus the Hamiltonian, and hence all ground state properties, are determined solely by the
electron density.
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Theorem II: The ground state energy may be obtained variationally: the density that
minimizes the total energy is the exact ground state density.
The many-body Hamiltonian H fixes the ground state of the system under
consideration, i.e., it determines the ground state many-body wavefunction Ψ, and thus
the above theorem ensures that this is also a unique function of the ground state density.
Consequently, the kinetic and electron-electron interaction energies will also be
functionals of electron density ρ(r). Under HK theorem I, the total energy functional of a
many-electron system is
E[  (r)]  T [  (r)]  Eee [  (r)]   Vext (r)  (r)d 3r ,

(2.3)

where T[ρ(r)] is the kinetic energy and Eee[ρ(r)] is the interaction energy of electrons.
Although these two theorems prove the existence of a universal functional, they do not
give any idea as to the nature of the functional, or how to actually calculate the ground
state density. To solve this problem, Kohn and Sham [2] introduced an auxiliary
independent-particle system composed of Kohn-Sham orbitals  i (r ) . The sum of these
orbitals equals to the particle density of the real systems:
N

 (r)   |  i (r) |2 ,

(2.4)

i 1

where N is the number of particles. Let TS be the independent-particle kinetic energy, and
then the Kohn-Sham version of Eq. (2.3) can be rewritten as
EKS [  (r)]  TS [  (r)]  EHatree [  (r)]   d 3rVext (r)  (r)  Exc [  (r)] .

(2.5)

The term Exc[ρ(r)] includes not only the exchange and correlation energy of interacting
electrons, but also the difference between T and TS. The exact form of Exc[ρ(r)] is still
unknown. Exploiting the variational principle under HK theorem II, and introducing
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Lagrange multiplier method for handling the conservation of particle number constraint,
Schrödinger-like single particle equations can be obtained

H KS i (r)   i i (r)

(2.6)

with
H KS (r)  

2

2m

i2  Veff (r) ,

Veff (r)  VHatree (r)  Vext (r)  VXC (r) .

(2.7)
(2.8)

Here
VHatree (r) 

 EHatree
 EXC
and VXC (r) 
 (r)
 (r)

(2.9)

Eqs. (2.6)-(2.9) are the well-known Kohn-Sham equations. Each independent auxiliary
particle feels the effective potential composed of other N-1 particles.
The Kohn-Sham formulation thus succeeds in transforming the N-body problems,
each coupled via the Kohn-Sham effective potential. It is worth noting that formally there
is no physical interoperation of these single-particle Kohn-Sham eigenvalues and orbitals:
they are merely mathematical artifacts that facilitate the determination of the true ground
state density. The essence of Kohn and Sham’s work was to separate terms that can be
expressed explicitly, and leave the unknown parts to the Exc[ρ(r)] term. If the exact form
of Exc[ρ] is known, the exact ground state density and energy for the interacting system
can thus be obtained.
However, the actual form of Exc[ρ(r)] is not known; thus approximate functionals
based upon the electron density must be introduced to describe this term. The most
widely used approximation is the Local Density Approximation (LDA), which assumes
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that the exchange-correlation energy is only a functional of the local density of electrons
in the form:
ExcLDA[  (r)]    (r) xc [  (r)]d 3r ,

(2.10)

 xc [  (r)]   xchom    r  ,

(2.11)

with

where in the last equation the assumption is that the exchange-correlation energy is
purely local. The most common parameterization in use for  xchom is that of Perdew and
Zunger [3], which is based upon the quantum Monte Carlo calculations of Ceperley and
Alder on homogeneous electron gases at various densities [4]. The LDA ignores
corrections to the exchange-correlation energy due to inhomogeneity in the electron
density about r. One significant limitation of LDA is its overbinding of solids: lattice
parameters are usually underestimated while cohesive energies are usually overestimated.
Another widely used approximation is the Generalized Gradient Approximation
(GGA), which attempts to incorporate the effects of inhomogeneity by including the
gradient of the electron density. The GGA exchange-correlation functional can be written
as:
ExcGGA  r (r)    (r) xchom [  (r)] xc [  (r),  (r)]d 3r

(2.12)

where  xc [  (r),  (r)] is known as the enhancement factor. Unlike the LDA, there is no
unique form of the GGA, and indeed many possible variations are possible, each
corresponding to a different enhancement factor.
Efforts to obtain more accurate and efficient exchange-correlation functional
never stop, including modifications on GGAs, orbital-dependent functional, and hybrid

16
functional [5]. In this work, different GGA variations are used, including PW91-GGA
due to Perdew and Wang [6], PBE-GGA due to Perdew, Burke and Ernzerhof [7],
AM05-GGA due to Armiento and Mattsson [8], and revised PBE GGA for solids
(PBEsol) [9] as implemented in VASP [10-12]. The basic quantities DFT calculations
can provide are the total energy, as well as their derivatives, for example, forces and
stresses. Generally speaking, PBE-GGA gives better predictions of equilibrium properties
than those by LDA. However, LDA seems predict more accurate forces and thus phonons
of oxides. The AM05 functional and the PBEsol functional are constructed using
different principles as implemented in VASP 5.2, but both aim at a decent description of
yellium surface energies.
For many metals, semiconductors and insulators, LDA/GGA to DFT is known to
provide a reliable description of the electronic structure of the solid. At the same time
there are cases where applications of LDA/GGA have been far less successful. In
particular, difficulties arise when a conventional DFT approach is applied to the
treatment of the electronic structure of the material where some of the ions contain
partially filled valence d or f shells. It was shown that for many of the transition metal
oxides DFT predicts metallic ground states instead of experimentally observed insulating
ones [5]. The origin of the failure of DFT in transition metal oxides is known to be
associated with an inadequate description of the strong Coulomb repulsion between d
electrons localized on metal ions. An efficient correction to the localized electron
problem is the DFT+U approach, where an intra-atomic Coulomb interaction energy, U,
is added on site of the given ion. However, this approach adds the free parameter U to the
calculation. The formulation employed in the current work by Dudarev et al. [13]
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requires an input, Ueff, with Ueff = U – J, where J is a separate exchange interaction
energy. Ueff value is usually determined by fitting to experimental information, such as
band gap energy and magnetic moment.

2.2

Equation of State Fitting
With the ability to calculate the total energy of arbitrary structures, DFT can be

applied to several models where such energies are necessary. For instance, the equation
of state (EOS) describes the dependence of a structure's energy on its volume. Details of
EOSs and related properties will be presented in this section.
There have been several EOSs developed in the literature, and each of them has
specific applications. Therefore, we need to choose a suitable EOS, based on criteria such
as minimum fitting errors. The available energy-volume (E-V) EOSs can be roughly
categorized into two groups, i.e., linear and non-linear EOSs. The widely used linear
EOSs are the Birch-Murnaghan (BM) EOS [14, 15] and the modified Birch-Murnaghan
(mBM) EOS [16]. Their fourth-order (five parameters) equations have the following
common format:

E (V )  a  bV  n/3  cV 2n/3  dV  n  eV 4n/4 ,

(2.13)

where a, b, c, d, and e are the fitting parameters, for third-order (four parameters) case e =
0. When n = 2, it is the BM EOS; when n = 1, it becomes the mBM EOS proposed by
Teter et al. [16].
Another commonly used linear EOS is the logarithmic (LOG) EOS [17],

E(V )  a  b ln V  c(ln V )2  d (ln V )3  e(ln V ) 4 ,

(2.14)

18
where a, b, c, d, and e are also the fitting parameters with e = 0 for four-parameter case.
The LOG EOS is believed to offer better performance at high pressures than the BM EOS.
In addition to the linear EOSs, the non-linear EOSs studied in the this work are
Murnagham [18], Vinet [19, 20] and Morse [21] EOSs. The four-parameter or third-order
Murnaghan EOS has the following form [18]:
E (V )  a 

B0V
B0

 (V0 / V ) B0 
1 

B0  1 


(2.15)

where the fitting parameter a  E0  BB00V01 . The parameters V0, E0, B0 and B0 represents
the equilibrium volume, energy, bulk modulus and its first derivative with respect to
pressure, respectively. The non-linear four-parameter Vinet EOS [19, 20] is in the form
of,

4 B0V0
E (V )  a 
2
 B0  1

1/3
1/3


  V  
  V  
 3
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1   B0  1 1       exp   B0  1 1      ,
2
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where the fitting parameter a  E0 

4 B0V0

 B0 12

(2.16)

. Additionally, the four-parameter non-linear

Morse EOS [21] can be expressed as,

E (V )  a  b exp(dV 1/3 )  c exp(2dV 1/3 ) ,

(2.17)

where a, b, c, d, and e are the fitting parameters.
Starting from EOS fitting to E-V, the volume-dependent pressure P, bulk modulus
B, and the first and second derivatives of bulk modulus with respect to pressure, B’ and
B’’, respectively, are obtained via,

P(V )  V

E
,
V

(2.18)
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(2.21)

As a rule of thumb, EOS fitting should be performed in a single phase region, the
total energy calculated by first-principles should be within the volume range of ±10%
around the equilibrium volume. For magnetic materials, care should be taken for the
correspondingly magnetic moment versus volume relationship: a sudden jump of
magnetic moment usually indicates a magnetic phase transition.

2.3

Finite Temperature Thermodynamics
In theory, DFT calculations can only predict the ground state energy of a system,

E0, i.e., at zero temperature. To investigate thermodynamics and phase transitions at finite
temperature, free energy as a function of temperature and volume, F(V,T), is needed. The
free energy is related to the Gibbs energy by the thermodynamic relation:

G( P, T )  F (V , T )  PV

(2.22)

For the convenience of calculations, F(V,T) can be empirically divided into
several terms based on individual contribution, and each contribution can be described by
a separate model,
F (V , T )  E0 (V )  Fvib (V , T )  Fele (V , T )  Fmag (V , T )  ...

(2.23)

Fvib is the free energy due to lattice vibrations, where phonons excite atoms from their
ground state positions, described in the next two subsections. Fel is the thermal electronic
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free energy where electrons are thermally excited to excited energy states, described later
in this chapter. Fmag is the magnetic free energy where the spin states of magnetic ions
can disorder.
In most cases, the largest contribution to the temperature-dependence of the free
energy arises from the lattice vibrational energy. Predicting Fvib from first-principles will
be described by two methods in this section: calculating the input parameters of the
Debye-Grüneisen model or directly calculating phonons by the supercell approach.

2.3.1 Debye-Grüneisen Model
The Debye model is an approximation for the phonon density of states that
assumes a constant sound velocity, v, for energy vibrational mode in the crystal [21, 22].
By this assumption, v is defined as:
1/2

B
v  ,


(2.24)

where B is the bulk modulus, and ρ the atomic density. In the Debye model, the phonons
disperse linearly with the k-vector, K, as:

  vK ,

(2.25)

where ω is the vibrational frequency. To ensure isolation of the vibrational modes, a
cutoff vibrational frequency is enforced in the model, ωD, so that the acoustic vibration of
one atom does not interact with neighboring vibrations. A characteristic Debye
temperature, ΘD, is defined as the temperature at which the vibrations have reached ωD,
given by:

D  kB D ,

(2.26)
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where

is Planck’s constant, kB is Boltzmann’s constant. ΘD is an integral input

parameter in the Debye model, defining the region of low temperature and hightemperature behavior of the model. It is often measured experimentally as a method of
characterizing the vibrational properties of a solid. It also can be calculated from the
Debye model by:
 4 

 .
kB  3 
1/6

 D  v(6 2 )1/3

(2.27)

Substituting into Eq. (2.26) and collecting all the constants gives
1/2

 rB 
D  A   ,
M 

(2.28)

where r is the interatomic distance, M is the average atomic mass, and A is a constant,
231.1 when B is in GPa and r is in Å. It was found, however, that the using experimental
bulk modulus in above Eq. (2.28) results in larger Debye temperatures than experiment
[21]. This overestimation is a consequence of the assumption that the v is proportional
only to B in Eq. (2.28). In reality, a crystal’s stiffness is anisotropic, characterized by
transverse and longitudinal moduli, S and L, respectively. This error can be corrected by
introducing a scaling parameter, s, correcting for this anisotropy. Equation (2.24)
becomes:
1/2

B
v  s  .


(2.29)

Consequently, Eq. (2.28) becomes:
1/2

 rB 
 D  sA   .
M 

(2.30)
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By fitting values of S and L to linear functions of B for many nonmagnetic cubic
elements, Moruzzi et al. [21] found the relations L ~ 1.42B and S ~ 0.30B, yielding a
scaling parameter, s, of 0.617. However, s should not be taken as 0.617 universally as the
anisotropy of the elastic moduli will differ for different classes of materials.
The Debye model is intrinsically harmonic, where the potential energy is
quadratic with the displacement of the atoms. Ignoring anharmonic effects have large
consequences on the predicted thermodynamic properties. For instance, without
anharmonicity, the Debye model predicts a constant heat capacity above the Debye
temperature. Anharmonic effects include phonon-phonon interactions, lattice thermal
expansion, and the temperature dependence of the elastic constants.
Anharmonicity due to lattice expansion can be added to the Debye model with the
addition of the Grüneisen parameter, γ, forming the Debye-Grüneisen Model. γ describes
the volume-dependence of ΘD:

 ln  D
.
 ln V

(2.31)

1 1  ln B
.
6 2  ln V

(2.32)

 
Using Eq. (2.30), Eq. (2.31) becomes:

  
After substituting Eq. (2.19):

2 V  2 P / V 2
.
  
3 2 P / V

(2.33)

This function for γ assumes all the modes, longitudinal and transverse, are excited and
provides a high-temperature limit for γ, γHT. At the low temperature limit, γLT, it is
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assumed that the transverse modes dominate and longitudinal modes are not active, so
that  HT   LT  13 and

 LT  1 

V  2 P / V 2
.
2 P / V

(2.34)

The scaling of ΘD with volume is added to Eq. (2.30) by:
1/2



 rB   V 
 D  sA    0  ,
M  V 

(2.35)

where V0 is the ground state volume. Since most of the phase transitions in the current
work occur at temperatures higher than ΘD, γHT will be used.
To predict the lattice vibrational contribution to the free energy from the DebyeGrüneisen model, Fvib is defined by:

Fvib  Evib  TSvib ,

(2.36)

where Evib is the lattice vibrational energy, and Svib is the lattice vibrational entropy. Evib
and Svib are given as:

 
Evib  E0 K  3kBTD  D  ,
 T 
Svib


 D 
 4  D 
T
 3kB  D 
  ln(1  e )  ,
3
T





(2.37)

(2.38)

where D(x) is the Debye function:
D( x)  3x 3 

x

0

t3
dt .
et  1

(2.39)

And E0K is the zero-point energy, from fluctuations at the quantum level due to the
Heisenberg uncertainty principles. This energy is defined by:
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9
E0 K  kB  D
8

(2.40)

Thus, with these equations the Debye-Grüneisen model can efficiently predict the
lattice vibrational energy (and, in turn, the lattice vibrational heat capacity and entropy)
where the only input is B, which is predicted by DFT from EOS fitting. Without
ambiguity, the Debye-Grüneisen model will be simply called the Debye model in this
dissertation.

2.3.2 Phonon Approach
In the Debye model, the potential surrounding an atom’s equilibrium position was
assumed. With DFT, the stresses from perturbing an atom can be predicted directly and
fit to a model. However, DFT’s periodic boundary conditions require a supercell to be
used in cases where an atom is near its periodic image, a method known as the supercell
approach.
The force, f, on atom i needed to cause a displacement, u, on atom j can be
described by:

f (i)  (i, j ) ( j )

(2.41)

where Φ are the force constants. Φ is determined from DFT by calculating the energy of a
series of static calculations containing individual perturbations of atoms in supercell or by
linear response theory approach with respect to changes in ionic position. The harmonic
approximation is applied:

(i, j ) 

2 E
.
 (i) ( j )

(2.42)
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The phonon frequencies can be obtained by solving the eigenvalue problem of the
reciprocal dynamic matrix D [23]:

 2 (q, l )e(q, l )  D(q)e(q, l )

(2.43)

where ω(q,l) is the phonon frequency with respect to wave vector q and phonon mode l,
and e(q,l) the corresponding normalized atomic displacement weighted by the square root
of the atomic mass. The dynamical matrix D , which is related to the force constant 
by the following Fourier transformation [23]:
Djk (q) 

1

1
 j k N

  (0, P) exp{iq [R( P)  R(0)]} ,
jk

(2.44)

P

where α and β the Cartesian axes of either x, y, or z, j and k the indices of atoms in the
primitive cell, μj the atomic mass of the jth atom in the primitive cell, and R(P) the
position of the Pth primitive cell in the supercell.
For accurate predictions of phonon frequencies of polar materials, such as TiO2, it
is critical to consider the long range dipole-dipole interactions. The effects of dipoledipole interactions are incorporated into the dynamic matrix through the long range
contributions to the force constants [24],
jk

(0, P)  jk (0, P)  jk

(2.45)

where jk is the cumulative contribution from short range interactions, and jk the
contribution from long range interactions due to the dipole-dipole effects. We find that

jk can be explicitly expressed as follows [25]:
jk 

1 4 e2 [q  Z *( j )] [q  Z *(k )]
N V
q  q

(2.46)
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where V is the volume of the primitive unit cell, Z*(j) is the Born effective charge tensor
of the jth atom in the primitive unit cell, and ε∞ is the high-frequency static dielectric
tensor, i.e., the contribution to the dielectric permittivity tensor from the electronic
polarization.
Because of the long-range dipole-dipole interactions, i.e., the contribution of the
nonanalytical part to the dynamic matrix, is a Fourier transformation of force constants in
the limit of zero wave vector, an inverse Fourier transformation of the nonanalytical part
of dynamic matrix gives the real-space force constants as shown in Eq. (2.46) as the zeroorder term. The force constants from long-range interaction, jk in Eq. (2.45) can be
calculated in reciprocal space by the linear response theory, and jk can be obtained from
the supercell approach in real space. This approach makes full use of the accuracies of the
force constants calculated in real space and the dipole-dipole interactions calculated in
reciprocal space, and accordingly avoid the semi-empirical procedure for extrapolating
the LO phonon frequencies for a general q point between the Brillouin zone center and
the zone boundary for polar materials as developed by Parlinski [26] for the direct
approach. The reliability of the current approach for phonon calculation has been verified
by our recently published work for SrTiO3 [24], Sr2RuO4 [27], and BiFeO3 [28].
The lattice vibrational energy is defined by the entropy, which depends on the
number of thermally activated vibrational modes at a given temperature. It can be shown
that after integrating the number of activated frequencies, the lattice vibrational energy is
given by:


  (q, l )  
Fvib  k BT  ln  2sinh 
 .
q ,l
 2kBT  


(2.47)
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However, this approach suffers from the problem of ignoring anharmonicity. The
perturbations are only applied to a supercell at the ground state volume, known as the
harmonic phonon approach. Anharmonicity can be partially included by performing
harmonic phonon calculations for a series of fixed volumes, referred to as the quasiharmonic phonon approach. This approach predicts the volume-dependence of the force
constants and vibrational frequencies, from which properties such as the thermal
expansion and temperature-dependent Debye temperature can be determined.
Another issue with the phonon approach is that dynamic instabilities in the
structure being perturbed will result in the prediction of imaginary phonon modes that
cannot be readily integrable into a physically meaningful vibrational entropy. However,
such entropies are needed for studying phase transitions of phases that are stable only at
elevated temperatures. In such instances, the Debye Model must be used instead.

2.3.3 Thermal Electronic Free Energy
The thermal electronic contribution to the free energy, Fele, in Eq. (2.23), arises
when electrons are thermally excited to higher energy states. This contribution can be
ignored for semi-conductors and insulators as the band gap energy will typically be larger
than the thermal energy, kBT. For metals such as titanium, this contribution must be
considered.
The thermal electronic free energy can be written as:

Fele  Eele  TSele

(2.48)
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where Eele and Sele are the energy and entropy of thermal electronic excitations,
respectively. Sele can be calculated by integrating over the energies of the excited
electrons:
Sele (V , T )  kB  n( ,V )[ f ( , T ) ln f ( , T )  (1  f ( , T )) ln(1  f ( , T ))]d  ,

(2.49)

where n(ε,V) is the electronic density at energy ε and f is the Fermi-Dirac distribution,
given by,
f ( , T ) 

1

exp

 
 
k BT

(2.50)

1

where μ is the chemical potential of an electron. The thermal electronic energy is
determined by,








Eele (V , T )   n( ,V ) f ( , T ) d   n( ,V ) d 

(2.51)

The electron density of state and Fermi energy are calculated from DFT.

2.4

Elastic Stiffness Constants
In mechanics and physics, Hooke’s law of elasticity is an approximation that

states that the extension of a spring is in direct proportion with the load applied to it.
Many materials obey this law as long as the load doses not exceed the material’s elastic
limit. When working with a three-dimensional stress state, a four-order tensor C (Cijkl)
containing 81 elastic coefficients must be defined to link the stress tensor σ (σij) and the
strain tensor  (kl). Expressed in terms of components with respect to an orthonormal
basis, the generalized form of Hooke’s law is written as,

 ij   Cijkl  kl
kl

(2.52)
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The tensor C is called the stiffness tensor or the elastic constant tensor. Due to the
symmetry of the stress tensor, strain tensor, and stiffness tensor, only 21 elastic
coefficients are independent, which is conveniently written in a simple 6×6 matrix form.
In this section, we show briefly the strain versus stress method to predict the
elastic constant Cij. According to the methodology proposed by Shang et al. [29], if a
given set of strains,

ε   1  2  3  4  5  6 

(2.53)

where 1, 2, 3 are normal strains and the others the shear strains, is imposed on a crystal
with lattice vectors R in Cartesian coordinates,
 a1

R   b1
c
 1

a2
b2
c2

a3 

b3 
c3 

(2.54)

where a1 is the first (or x) component of the lattice vector a, and so on, the deformed
crystal with lattice vectors R becomes,
 1  1  6 / 2  5 / 2 


R  RD  R   6 / 2 1  1  4 / 2 
 / 2  / 2 1  
4
1
 5

(2.55)

After crystal deformation due to , a set of relative stresses σ = (σ1 σ2 σ3 σ4 σ5 σ6)
with respect to the stresses of the original crystal with R is generated. The stresses,
defined as the first derivatives of first-principles total energies with respect to the strains,
are evaluated directly by DFT calculations. Based on n sets of strains (which are small
enough in the elastic region and each set of strains is shown in Eq. (2.53)) and
correspondingly the resulting n sets of stresses, elastic stiffness constants are determined
by Hooke’s law,
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 C11 C12

C22


C  E1Δ  





C13 C14
C23 C24
C33 C34
C44

C15
C25
C35
C45
C55

C16 

C26 
C36 

C46 
C56 

C66 

(2.56)

where C is the 6×6 elastic stiffness constant matrix, the lower left part of C is omitted as
the matrix is symmetric. E and Δ are the n×6 strain matrix and stress matrix, respectively.
“-1” of E represents the pseudo-inverse. In practice, we choose the following linearly
independent sets of strains [29],

x

0
0
E
0
0

0

0
x
0
0
0
0

0
0
x
0
0
0

0
0
0
x
0
0

0
0
0
0
x
0

0

0
0
,
0
0

x 

(2.57)

where each row is a set of strains and x = ±0.01.
Most of the compounds considered in this study, either pertain to a cubic or a
tetragonal crystal structure. A few compounds possess other symmetries, such as
hexagonal, orthorhombic and monoclinic. For cubic crystal structures, the number of
independent components of elastic stiffness tensor decreases to 3, i.e., C11, C12 and C44.
Thereby Eq. (2.56) reduces to
 C11 C12 C12

C11 C12


C11
C(cubic)  





0
0
0
C44

0
0
0
0
C44

0 

0 
0 
.
0 
0 

C44 

(2.58)
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For tetragonal crystal structures, the independent elastic stiffness matrix is,
 C11 C12

C11


C(tetragonal)  





C13
C13
C33

0
0
0
C44

0
0
0
0
C44

0 

0 
0 
.
0 
0 

C66 

(2.59)

For orthorhombic crystal structures, the independent elastic stiffness matrix is,
 C11 C12

C22


C(orthorhombic)  





C13
C23
C33

0
0
0
C44

0
0
0
0
C55

0 

0 
0 
.
0 
0 

C66 

(2.60)

For monoclinic crystal structures (with unique b setting), the independent elastic stiffness
matrix is,
 C11 C12

C22


C(monoclinic)  





C13
C23
C33

0
0
0
C44

C15
C25
C35
0
C55

0 

0 
0 
.
C46 
0 

C66 

(2.61)

It is worth mentioning that the stress versus strain method is more efficient than
the conventional strain versus strain energy method due to fewer sets of strain used (see
Eq. (2.57)).
With the calculated elastic constants, the polycrystalline elastic modulus like bulk
modulus (B), shear modulus (G), and Young’s modulus (E) and Poisson’s ratio () can
been calculated using the Voigt-Reuss-Hill approximation. In general the elastic moduli
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for the different compounds can be written using the Hill approach, which is the average
of the Viogt and Reuss values. These properties can be used to determine the hardness of
a material.

2.5

Ab Initio Molecular Dynamics
As mentioned in Sec. 2.3, the finite temperature phonon-phonon interactions in

solids are not considered in quasi-harmonic approach, thus there is no explicit
temperature dependence for the calculated phonon frequencies. The previous mentioned
phonon approach cannot explain the stabilization of high-temperature phases, such bcc Ti,
which are dynamically unstable at low-temperature.
Molecular dynamics (MD) simulations includes effects of temperature and
anharmonicity, which can be used to study temperature-induced phase transitions, such
hcp-bcc transformation in Ti. An accurate potential, or force field, is an important
element in the MD method. However, current force field technology is not capable of
describing bond breaking and forming very well. Furthermore, it is extremely timeconsuming to construct accurate force fields, and changing a single species provokes
typically enormous efforts to parameterize the new potentials needs. As a result,
systematic studies are impossible if no suitable set of consistent potentials is already
available. The technique known as ab initio molecular dynamics (AIMD) solves the
problem by combining “on the fly” electronic structure calculations with finite
temperature dynamics. Not surprisingly, AIMD simulations are substantially more
expensive than calculations based on empirical force fields. However, advances in
electronic structure theory as well as readily available high-speed computers have begun
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to render the AIMD a viable approach for studying thermodynamics and phase transitions
in the condensed phase.
The most important element in an AIMD calculation is the representation of the
electronic structure. From DFT, the energy of a set of n occupied single-particle orbitals

 1 (r) ,…,  n (r) and N nuclear positions, R1, …, RN, takes the form:
E[{ },{R}]  

1 n
1  (r)  (r ')
 i* (r) 2 i (r)dr  
drdr '  E XC [  (r)]


2 i 1
2 |r r'|
.

(2.62)

  Vext (r, R1,..., R N )  (r) dr
A possible strategy for combining electronic structure with molecular dynamics is the
following: for a given set of initial nuclear positions R1, …, RN, minimize the energy
functional in the Eq. (2.62) to obtain the ground state density ρ0(r) and the corresponding
orbitals  1(0) (r) ,…,  n(0) (r) . Given these quantities, the forces between the nuclei are
given by the Hellman-Feynman theorem:

FI  

E[{ (0) },{R}]
.
R I

(2.63)

The forces are then fed into a numerical integration procedure together with a set of
initial velocities for the nuclei, and a step of molecular dynamics is carried out, yielding a
new set of positions and velocities. At the new nuclear positions, the energy functional is
minimized again and a new set of forces is obtained and used to perform another step of
MD propagation. This procedure is repeated until an entire trajectory has been generated.
A crucial reason that boosted the field of AIMD was the pioneering introduction
of the Car-Parrinello approach [30]. This technique opened novel avenues to treat largescale problems via AIMD and catalyzed the entire field by making interesting
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calculations possible. The basic idea is the introduction of a fictitious dynamics for the
electronic orbitals, which allows them to follow the motion of the nuclei adiabatically.
This dynamical procedure is constructed in such a way that if the orbitals are initially
chosen corresponding to the ground state density at the initial nuclear configuration, they
will remain approximately the ground state as the nuclear configuration evolves in time.
Since the electronic wave functions of DFT are meaningful only if the electrons
are in their ground state for the instantaneous ionic configuration, an essential condition
for the practicability of the Car-Parrinello method is that the transfer of energy between
the atomic and electronic subsystems is small in order to prevent the electron states to
drift away from control. In metals, there are several mechanisms that drive metallic
systems into nonadiabaticity: a resonance between the atomic and electronic frequencies
opening a channel for energy transfer and a level crossing between occupied and empty
electron states [31, 32]. The operational solution of the nonadiabaticity problem is (i) to
perform periodic energy minimization to bring the system back to the Born-Oppenheimer
surface or (ii) to attach the electronic subsystem to a Nosé thermostat that prevents the
heating up of the electron system.
The alternative is to perform the minimization of the Kohn-Sham functional for
the electronic total energy at any step of the MD simulation, so that the problem of the
nonadiabaticity does not arise at all. An efficient way to perform the minimization
process is using the conjugate-gradient techniques developed by Payne and co-workers
[33-35] as implemented in VASP by Kresse et al. [32]. These techniques have been now
been developed to a point where it is possible to perform canonical MD simulations for
liquid metals over periods of hundreds of picoseconds, with complete control over
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deviations from adiabaticity and good energy conservation [31]. In this work, the atomic
motion is described by Nosé dynamics [36] generating a canonical ensemble at prefixed
temperature. The equations of motion are integrated using fourth-order predictorcorrector algorithm [37, 38] which allows the use of time steps as large as 3 fs with good
energy conservation.
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Chapter 3 Lattice Stability and Pressure-Temperature Phase
Diagram of Ti
3.1

Introduction
In the past few years, group IV transition metals have attracted tremendous

interest due to their technological and scientific importance. The technological
importance of these materials is mainly due to their high strength-to-weight ratio and
excellent resistance to corrosion [1]. The scientific interest in these materials stems from
the fact that they have a narrow d band in the midst of a broad s-p band, which has a
critical impact on the electronic properties and the stability of crystal structures. The
electron transfer from the s-p band to the d band under pressure plays an important role in
the phase stability of these materials [2].
Among these elements, Ti is controversial in its phase transitions at high
pressures. There are five solid phases of Ti reported in the literature: α (hcp), β (bcc), ω
(hexagonal), γ (distorted hcp), and δ (distorted bcc) [1-7]. Extensive experimental studies
of the pressure-induced phase transition α → ω show a large hysteresis [1-6]. At room
temperature, the accepted equilibrium transition pressure of 2.0 ± 0.3 GPa was estimated
from measurements of shear stressed samples because the shear reduces the hysteresis [8].
X-ray experiment by Xia et al. [4] showed that the α → ω transition is the only transition
at pressures up to 87 GPa. Recently, Vohra et al. [1] observed a new phase transition ω
→ γ at 116 GPa by energy-dispersive X-ray-diffraction measurements. Subsequently,
Akahama et al. [2] reported another phase transition from γ → δ at 140-145 GPa using a
monochromatic synchrotron x-ray diffraction technique. The γ and δ phases have the
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same orthorhombic structure, with space group Cmcm and atoms at the 4c Wyckoff
positions (0, y, 1/4) [1, 2]. The only difference is y = 0.11 for γ [1] while y = 0.295 for δ
[2]. However, as pointed out by the authors themselves, the stability of the δ phase is
suspected due to the possible non-hydrostatic condition in the transition [2], also by later
theoretical studies because of its relative higher energy with respect to the β phase [9, 10].
Thus far, the high-pressure β-Ti has not been observed in most of the experiments even
under extreme high pressure up to 220 GPa by Akahama et al. [2] - except as claimed by
Ahuja et al. [11] of the observation of the ω → β transition in the range of 40 ~ 80 GPa
using angle-dispersive synchrotron X-ray diffraction. At ambient pressure, with
increasing temperature, α transforms to the high-temperature phase β at 1155 K [12]. The
transitional temperature decreases as the pressure increases, stabilizing the hightemperature β phase.
First-principles DFT calculations have been widely used to understand the phase
stability of Ti [9-11, 13-17]. Ahuja et al. [11] predicted the transition ω → β at 57.5 GPa
based on LDA. Joshi et al. [9] employed the full-potential linear-augmented-plane wave
(FLAPW) method to study the stability of γ and δ and obtained that the ω phase
transforms to the β phase at 93 GPa. Kutepov and Kutepova [14] investigated the crystal
structural stability for the five phases (α, β, ω, γ and δ) of Ti under pressures, using
FLAPW method with full geometry optimizations. They found the transition sequence at
0 K to be α → ω → γ → δ → β. Recently, Verma et al. [10] used augmented plane-wave
with local orbital method and found that ω → γ and γ → β transition pressures are 102
and 112 GPa, respectively. However, in all above theoretical investigations except that of
Kutepov and Kutepova [14], fixed ratios b/a and c/a have been used for the total energy
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calculations. In the work of Kutepov and Kutepova [14], however, the enthalpy curve of
the δ phase oscillates within the pressure range of 135-145 GPa. Kutepov and Kutepova
were themselves skeptical about the authenticity of these oscillations and attribute them
to poor Brillouin-zone sampling [14]. In all the above theoretical works, none of them
discussed how the pressures were obtained for the Gibbs energy calculations. A common
practice is to fit the calculated total energy versus volume (E-V) data to an appropriate
EOS, and then obtain pressure by P  E / V . However, EOS fitting can be a
significant source of error when the free energy difference between phases is small. This
could be a reason why the δ phase is stable in some predictions [14, 17] while unstable in
others [10], since β, γ and δ phases have very similar free energies in the phase transition
regions.
Among previous first-principles studies, most of them are focused on the 0 K
phase stability. Only a few have studied the temperature effect on the phase transitions.
Rudin et al. [18] investigated the temperature and pressure dependence of α → ω
transition using a tight-binding model based on first-principles calculations, while Hao et
al. [17] explored the same problem using the Debye model. However, the complete
pressure-temperature (P-T) phase diagram of Ti has not been well studied due to the wellknown unstable phonon modes of the β phase at low-temperature [19]. Ostanin and
Trubitsin [20] firstly worked on the P-T phase diagram of α-, β-, and ω-Ti using the
Debye model. The fitting parameters of the ω phase used in the Debye model, however,
was obtained without detailed justifications [20]. Recently, Hennig et al. [21] studied the
P-T phase diagram of Ti using MD simulations based on modified embedded atom
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potential. Their prediction that the transition temperature between α and β is nearly
independent of the pressure doesn’t agree with the experimental results [12].
Under ambient conditions, Ti is a nonmagnetic metal. Moruzzi and Marcus [22],
however, demonstrated that nonmagnetic transition metals can become ferromagnetic
with large volumes by DFT calculations. They found that β-Ti undergoes a second-order
transition from nonmagnetic to ferromagnetic phase at an expanded volume V=1.25V0 (V0
is the calculated equilibrium volume of β). The ferromagnetic and anti-ferromagnetic
phase stabilities of Ti have not been fully discussed yet.
With the aim to understand both the magnetic and structural phase stabilities of Ti,
we have investigated the pressure-induced structural and magnetic phase transitions
through first-principles calculations. The stabilities of the high-pressure phases γ, δ and β
have been carefully evaluated with procedures using both various EOS fittings and direct
calculations of pressures by DFT. With the quasi-harmonic approximation, we have
predicted the thermodynamics properties of α- and ω-Ti from the first-principles phonons.
The Debye model has been explored in calculating the lattice vibrational energy and
predicting the P-T phase diagram of α-, β-, and ω-Ti. The γ phase is not included in the
present study of the P-T phase diagram due to its extremely narrow stable range at high
pressures [23].

3.2

Pressure-induced Phase Transitions

3.2.1

Computational Details
DFT calculations as implemented in VASP (Vienna ab initio simulation package)

[24] have been utilized in this study. Perdew-Burke-Ernzerhof (PBE) GGA [25] for the
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exchange-correlation potential has been used for all calculations. The all-electron
projector augmented plane-wave method (PAW) [26, 27] is adopted. In order to avoid
core overlap at high-pressure, we have treated semicore states 3s and 3p as valence
electrons. To obtain accurate total energy and stress tensor, the plane-wave basis energy
cut-off (Ecut) is set to 500 eV. Our calculations showed that the systems need to be fully
relaxed with high accuracy (both large Ecut and high k-point sampling) to obtain truly
hydrostatic compression. Hence, dense k-point samplings in the Brillouin-zone were
adopted, i.e., 27×27×15 for α-Ti, 25×25×25 for β-Ti, 17×17×24 for ω-Ti, 27×27×15 for
γ-Ti, 25×25×15 for δ-Ti, and 24×24×24 for fcc-Ti. Full geometry optimization at each
volume was considered to be completed when the forces exerted on the atoms were less
than 10-3 eV/Å. A high accurate static calculation using the tetrahedron method with
Blöchl corrections [28] and with an energy convergence criterion of 10-8 eV/cell was
performed after the completion of the structure relaxation.
The commonly used procedure for studying pressure-induced transition is to
compare the Gibbs energy as a function of pressure. The most stable phase has the lowest
G. In order to get the pressure, different EOSs can be used to fit the calculated E-V data,
such as the widely used Birch-Murnaghan (BM) EOS [29, 30] and the Vinet EOS [31].
The Vinet EOS is suggested to be more accurate for highly compressible materials.
However, EOSs fitting can introduce fitting errors to G or even change phase transition
sequence when the free energy difference is small. Alternatively we can extract pressure
(stress) directly from DFT calculations. To obtain accurate stress, the structures should be
fully relaxed with high accuracy, although being computationally demanding. Both of
these methods are utilized in this work.
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3.2.2

Magnetic Transitions
We have calculated the total energies of nonmagnetic (NM) α, β, ω, γ, δ and fcc

phases of Ti. The total energies of ferromagnetic (FM) α, β, ω, and fcc, and antiferromagnetic (AFM) α, β, and fcc phases are also calculated to explore the magnetic
behaviors of Ti. In Figure 3.1, we show the calculated magnetic moments of FM and
AFM α, β, ω, γ, δ and fcc phases of Ti as a function of reduced volume V/V0 (V0 is the
equilibrium volume of ω-Ti) at 0 K. It can be seen that the FM-β phase starts to exhibit
magnetism at a volume larger than 1.12V0, which is equivalent to a negative pressure of 8.0 GPa. However, this FM-β phase is not thermodynamically stable with respect to α
and ω phases at low-pressure. Therefore, we only consider the NM α, β, ω, γ, δ and fcc
phases of Ti in this work.

Figure 3.1 Calculated magnetic moment per atom as a function of volume V/V0 (where V0
is the equilibrium volume of ω-Ti) for FM α, β, ω and fcc, and AFM α, β and fcc phases.
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3.2.3

Lattice Parameters
To benchmark our high-pressure calculations, we have compared the calculated

lattice parameters of ω and γ with the available experimental data (See Figure 3.2 and
Figure 3.3). Table 3.1 lists the predicted structural parameters and bulk modulus of Ti
with different structures. The predicted lattice parameters of the ω and γ phases compare
well with the experimental values. For the δ phase, however, the fully relaxed lattice
parameters a and c are quite different from Akahama et al’s [2] experimental results. In
fact, the δ phase is not dynamically stable above the pressure of 71.8 GPa. The full
relations show that it transforms to a bcc-like structure with a/b = c/b ≈ 2 and y ≈ 0.25 in
the orthorhombic coordinates [2].
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Table 3.1 Calculated structural parameters and bulk modulus of Ti phases.
Structure Space

Source

group
α

β
ω

a

P63/mmc This work

Im3m

P6/mmm

Unit cell (Å)
b

Wyckoff
c

Positions

2.939

2.939

4.650

Experiment 2.920

2.920

4.717 [16]

2.957

2.957

4.685 [1]

3.255

3.255

3.255

This work

2c: 1/3, 2/3, 1/4

110
117±9 [6]

2a: 0,0,0

Experiment 3.31

3.31

3.31 [7]

This work

4.575

2.828

4.575

B0 (GPa)

106

a

87.7 [7]a
1a:0, 0, 0;

118

2d:1/3, 2/3, 1/2

γ

a

Cmcm

Experiment 4.588

4.588

2.837 [16]

4.598

4.598

2.822 [1]

This work

2.380

4.485

3.915

Experiment 2.388

4.484

3.915 [1]c

2.382

4.461

3.876 [2]d

[6]
4c: 0, 0.108, 1/4
4c: 0, 0.10, 1/4f

e

96
143.7 [1]

Lattice constants estimated at 1173 K, and bulk modulus evaluated from elastic

constants.
b
c

b

138±10

Structural parameters estimated at 115 GPa.

Structural parameters estimated at 118 GPa.

g

Lattice constants estimated at 130 GPa.
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Figure 3.2 Calculated lattice parameters and c/a ratio (open symbols) in comparison with
the experimental data (filled symbols) of Akahama et al. [2] for ω-Ti at room temperature.

Figure 3.3 Calculated lattice parameters and their ratios (open symbols) in comparison
with the experimental data (filled symbols) of Akahama et al. [2] for γ-Ti at room
temperature.
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3.2.4

Pressure-induced Phase Transitions at 0 K
The total energies of α, β, ω, γ, δ and fcc (relative to that of β) phases of Ti by

direct VASP calculations as a function of volume are depicted in Figure 3.4. The ω phase
has the lowest energy at zero pressure, consistent with most of the theoretical predictions
[10, 14, 17]. Our calculations show that there is a narrow stability region for γ, while δ is
not stable in the entire volume range studied. This result is in agreement with Verma et
al.’s work [10], but in contrary to Kutepov and Kutepova’s calculations [14]. Similar to
Kutepov and Kutepova’s work, the E-V curve of γ coincides with that of α as γ becomes
unstable at volumes larger than 14 Å3 when fully relaxed, and the E-V curve of δ
coincides with that of β as δ becomes unstable at volumes smaller than 11.5 Å3 when
fully relaxed. As a result, these two parts of E-V curves for the γ and δ phases are not
shown in Figure 3.4. Consistent with the above crystal structure analysis, the δ phase is
stable only under pressure lower than 71.8 GPa. Above this pressure, it transforms to a
bcc-like structure under hydrostatic compression. Thus our calculations indicate that the δ
phase found by experiment probably exits only due to nonhydrostatic conditions. As for
the γ phase, it transforms to a hcp structure at pressure lower than 32.8 GPa with b/a ≈

3 and y ≈ 0.167 in the orthorhombic coordinates [1].
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Figure 3.4 Calculated total energy differences for α, β, ω, γ, δ and fcc phases of Ti with
respect to β as a function of volume per atom. For γ and δ phases, only the stable parts are
shown in the figure.

At zero temperature, Gibbs energy is equivalent to enthalpy (H), expressed as H =
E + PV. Figure 3.5 shows the relative enthalpies of Ti phases as a function of pressure
with β as the reference state, with pressures calculated directly by VASP. Consistent with
the results of the E-V data, the most stable phase at 0 K under ambient pressure is ω, not
α which is the most stable phase at room temperature as reported in experiments [1, 2, 4].
This can be interpreted as the entropy from the thermal population of phonon states that
stabilizes the α phase at room temperature [18]. Our calculated ω → γ phase transition
pressure is 104.9 GPa, which is lower than the experimentally observed pressure of 116 ±
4 GPa [1]. In the subsequent phase transition, γ transforms to β at the pressure of 107.3
GPa. The δ phase is not stable in comparison with the β phase. We also calculated the
total energy of δ using the experimental a/b and c/b ratios, which has higher energy than
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that of β at any pressures. Thus, there are only three phase transitions at 0 K for Ti,
namely α → ω, ω → γ, γ → β. The calculated transition pressures are listed in Table 3.2.
From Figure 3.5 we can also obtain a metastable phase transition α → β at 63 GPa, which
is comparable to the extrapolated value 50 GPa from the experimentally determined
phase diagram [32].

Table 3.2. Calculated transition sequence and pressures of Ti.
Transition pressure (GPa)

Phase transition
Experiment

Theory

This work

α→ω

2-11.9 [1-3, 6] -3 [14]

-3.7

α→βa

50 [32]

63.7

ω→γ

116±4 [1]

98 [14], 102 [10], 106.3 [17]

γ→δ

140-14 [2]

106 [14], 134.9 [17]

δ→β

136 [14], 160.8 [17]

γ→ β

112 [10]

a

The α→β is a metastable phase transition.

104.9

107.3
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Figure 3.5 Calculated enthalpy differences of α, β, ω, γ, δ and fcc phases with respect to β
as a function of pressure. For γ and δ phases, only the stable parts are shown in the figure.

3.2.5

Equation of State Fitting
Our 0 K phase transition sequence is different from the results by Kutepov and

Kutepova [14] and Hao et al [17]. Kutepove and Kutepova predicted that the δ phase is
stable between 106 ~ 136 GPa while Hao et al. showed that the δ phase is stable between
134.9 ~ 160.8 GPa using the Vinet EOS fitting, although Kutepove and Kutepova didn’t
mention how they calculated the pressure. To explore the origin of the differences, we
used Vinet EOS to fit our calculated E-V data of all the phases using data in the whole
pressure range. The result shows that the δ phase is stable between 106 ~ 122 GPa, as
shown in Figure 3.6 (a). These transition pressures are a little lower than those of Hao et
al.’s results. We also found that the δ phase is stable between 104 ~ 144 GPa using BM3
EOS, as shown is Figure 3.6 (b), which is very close to Kutepov and Kutepova’s results.
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However, our direct VASP calculations show that the δ phase is not stable in the whole
pressure region and becomes bcc when relaxed at high pressures. Thus, one has to be
very careful in using EOS fittings to predict the phase transition sequence of Ti. Table 3.3
lists the calculated equilibrium volume (V0), bulk modulus (B0), and the first and second
pressure derivatives of bulk modulus ( B0 and B0 ) of α, β, ω, γ, and δ phases of Ti with
BM3 and Vinet EOSs.
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Table 3.3. Calculated equilibrium volume per atom V0 (Å3/atom), bulk modulus B0 (GPa),
and the first and second pressure derivatives of bulk modulus ( B0 and B0 ) with different
EOS fitting schemes.
Structure

EOS

V0 (Å3/atom)

B0 (GPa)

B0

B0 (GPa-1)

α

BM3

17.46

110

3.3

-0.033

Vinet

17.41

116

3.1

-0.029

BM3

17.28

103

3.3

-0.036

Vinet

17.26

105

3.2

-0.035

BM3

17.09

118

3.4

-0.031

Vinet

17.09

119

3.3

-0.032

BM3

17.61

96

3.5

-0.038

Vinet

17.59

96

3.6

-0.047

BM3

17.39

98

3.4

-0.037

Vinet

17.34

102

3.3

-0.038

β

ω

γ

δ

Figure 3.6 Calculated enthalpy differences of Ti phases with respect to β as a function of
pressure using different EOSs fitting: (a) Vinet EOS; (b) third-order Birch-Murnaghan
EOS.
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3.3

Phase Transitions at Finite Temperature

3.3.1

Computational Details
Similar as previous 0 K DFT calculations of Ti, PAW method as implemented in

VASP [24, 27] has been used for all the calculations. The exchange-correlation potentials
are treated by PBE-GGA [25]. Dense k-point samplings in the first Brillouin-zone have
been utilized, i.e., 36×36×32 for α, 32×32×32 for β, and 24×24×32 for ω. Accurate total
energy calculations are performed by means of the linear tetrahedron method with
Blöchl’s correction [28]. In all cases the total energies are converged to10-8 eV/cell with a
500 eV plane wave cutoff energy.
Phonon frequency calculations were carried out in the framework of the supercell
approach using small displacement method as implemented in the FROPHO code [33].
To maintain the high accuracy indicated above we used 3×3×3 supercells for α, 4×4×4
for β, and 3×3×3 for ω, respectively. The forces induced by small displacements are
calculated by VASP.
3.3.2

Atomic Structure and Static Energy
We have calculated the total energy of α-, β-, and ω-Ti at 15 different volumes,

which are fitted by the third-order Birch-Murnaghan equation [29, 30] to obtain the 0 K
equilibrium properties. Figure 3.7 shows the calculated total energies for α-, β-, and ω-Ti
as a function of volume per atom. The calculated equilibrium properties c/a ratio, atomic
volume (V0), isothermal bulk modulus (B0), and first derivative of bulk modulus with
respect to pressure ( B0 ) at 0 K are shown in Table 3.4 together with the predicted
equilibrium properties at finite temperature. The calculated c/a ratios of α and ω agree
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very well with experiments [1, 6, 34, 35]. The predicted equilibrium volumes at 0 K are
smaller than the experimental data [1, 6, 34] measured at finite temperature. After
considering the temperature effect, the calculated equilibrium volumes of α and ω at 300
K and β at 1270 K agree much better with experiments [1, 6, 34]. The finite temperature
bulk modulus calculated according to the formula B0  V0   2 F / V 2 

V0

well with experimental data [1, 6, 34, 35].

also compares
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Table 3.4. Equilibrium structural properties of Ti phases at finite temperature.
Phase

Reference

Temperature

c/a

K
α

This work

β

a

Å3/atom

GPa

B0

1.583

17.39

111.4

3.5

This work

300

1.583

17.54

106.5

3.5

Experiment [34]

300

1.586

17.64

114.0 ± 3.0

4.0

Experiment [36]

300

1.583

17.70 ± 0.05

117.0 ± 9.0

3.9 ± 0.4

Experiment [37]

300

1.585

17.74

102.0

3.9

Experiment [35]

300

109.0

3.4

This work

0

0.618

17.16

111.5

3.5

This worka

300

0.618

17.30

106.7

3.5

Experiment [34]

300

0.613

17.29

107.0 ± 3.0

4.0

Experiment [38]

300

0.608

17.37

123.1 ± 4.7

3.2 ± 1.2

Experiment [37]

300

0.614

17.37

142.0

3.9

Experiment [36]

300

0.609

This work

0

1.000

17.24

106.3

3.3

This workb

1270

1.000

18.13

94.4

3.3

Experiment [7]

1273

1.000

18.13

87.7

Experiment [19]

1293

1.000

18.22

118

Calculated using phonon DOS.

b

B0

0

a

ω

V0

Calculated using Debye model.

17.40 ± 0.08 138.0 ± 10.0

3.8 ± 0.5
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Figure 3.7 Total energy of α-, β-, and ω-Ti as a function of volume per atom. Open
symbols are direct calculation results by VASP. Solid lines are fitted E-V curves
according to the third-order Burch-Murnaghan EOS.

3.3.3

Phonon Dispersion Relations
In Figure 3.8, we show the calculated phonon dispersion relations and density of

state (DOS) of α-, β-, and ω-Ti at experimental equilibrium volumes, i.e., 17.64 Å3/atom
at 298 K [34], 18.22 Å3/atom at 1300 K [19], and 17.37 Å3/atom at 298 K [1],
respectively. We have compared the predicted phonon spectra of α Ti with the inelasticneutron-scattering measurement by Stassis et al. [39]. The agreement is better than
previous theoretical calculations [21, 40], which can be ascribed to our more accurate
calculations of the force constants. At the K point, the calculated optical phonon
frequencies show the largest deviations from experiment, which also appears in others’
predictions [21, 40]. For high-pressure ω phase, there is no experimental phonon data to
be compared yet. The high-temperature β phase is dynamically unstable at lowtemperature and shows soft modes in the experimental measurements for the L- 23 [111]
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and T- 12 110 phonons [19]. The predicted 0 K phonon results reflect this instability
showing these unstable phonon branches. L- 23 [111] is responsible for the β → ω phase
transformation, while T- 12 110 corresponds to the β → α phase transformation [19].
Based on the calculated phonon DOS, the Debye temperature can be estimated [41]. The
Debye temperature of α is predicted to be 359 K, which agrees very well with the hightemperature limit of Debye temperature, 360 K, estimated by Petry et al. [19]. For the ω
phase, the Debye temperature is predicted to be 383 K.
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Figure 3.8 Phonon dispersion curves of α-, β-, and ω-Ti are plotted as solid lines using
experimental volumes. The calculated phonon results of α-Ti are compared with the
experimental data measured by Stassis et al. [39] (open circles).

61
3.3.4

Thermodynamic Properties
Within quasi-harmonic approximation, we have calculated the enthalpy (H),

entropy (S), bulk modulus (B), linear thermal expansion coefficient (αl), and heat capacity
at constant pressure (CP) of α and ω using both phonon and Debye model. As shown in
Figure 3.9 and Figure 3.10, the enthalpy and entropy calculated from phonon DOS are
almost identical to those obtained using the Debye model for both α and ω phases. The
predicted enthalpy and entropy of α are in good agreement with the experimental data
from NIST-JANAF [42]. The enthalpy difference between the current prediction and
experimental measurement of α-Ti is less than 5.6% at 1100 K, while the entropy
difference of α-Ti is less than 2.4% at 1100 K. Figure 3.11 shows the bulk modulus of α
and ω as a function of temperature together with experimental data [7, 43]. For both α
and ω, the bulk modulus calculated by Debye model are higher than those by phonon
DOS, and the difference becomes larger at higher temperature. The experimental
measurements of α-Ti lie between those predicted by phonons and Debye model. The
bulk modulus of α-Ti calculated by Debye model is higher than that of Ogi et al. [7] by
4.5% at 1100 K. The linear thermal expansion coefficient can be evaluated by,

l 

1  V 

 .
3V  T  P 0

(3.1)

Figure 3.12 shows the calculated linear thermal expansion coefficient of α and ω as a
function of temperature together with the experimental data assessed by Touloukian et al.
[44]. The linear thermal expansion coefficients calculated by phonon DOS and Debye
model are very close with each other. The calculated results agree well with the
experimental data, with difference within 4.9% at 1155 K. The heat capacity at constant
volume CV can be calculated by,
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 2 F 
 S 
CV  T 


T
 2 .

 T V
 T V

(3.2)

However, most of the heat capacity measurements are carried out at constant pressure,
i.e., ambient pressure. Using the thermodynamic relationship between CP and CV, CP can
be evaluated by,
CP  CV  (3l )2VBT ,

(3.3)

where V and B are equilibrium volume and bulk modulus at temperature T, respectively.
As shown in Figure 3.13, the calculated CP using phonon DOS and Debye model are very
close to each other for both α and ω phases. The predicted CP of α are in good agreement
with the experimental data [42, 45-47] below 200 K. Above 200 K, our results are
smaller than experiments by Chase [42] and Bendick and Pepperhoff [46]. Comparing
with the results obtained from the phonon approach, we found that the Debye model is a
quite reliable method to predict the thermodynamic properties of Ti phases.

Figure 3.9 Enthalpy of α- and ω-Ti as a function of temperature. The calculated results
using phonon DOS and Debye model are plotted as solid and dashed lines, respectively.
The experimental data from NIST-JANAF [42] are plotted as open circles.
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Figure 3.10 Entropy of α- and ω-Ti as a function of temperature. The calculated results
using phonon DOS and Debye model are plotted as solid and dashed lines, respectively.
The experimental data from NIST-JANAF [42] are plotted as open circles.

Figure 3.11 Bulk modulus of α- and ω-Ti as a function of temperature. The calculated
results using phonon DOS and Debye model are plotted as solid and dashed lines,
respectively. The experimental data [7, 43] are plotted as open symbols.

64

Figure 3.12 Linear thermal expansion coefficient of α- and ω-Ti as a function of
temperature. The calculated results using phonon DOS and Debye model are plotted as
solid and dashed lines, respectively. The experimental data [44] are plotted as open
circles.

Figure 3.13 Constant pressure heat capacity (CP) of α- and ω-Ti as a function of
temperature. The calculated results using phonon DOS and Debye model are plotted as
solid and dashed lines, respectively. The experimental data [42, 45-47] are plotted as
open symbols.
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As mentioned above, the phonon dispersion relations of β show imaginary phonon
frequencies, which prevent us from calculating the free energy using phonon spectra
directly. As an alternative, the thermodynamic properties of β can be studied by the
Debye model. As shown in Figure 3.14, the entropy of β predicted by Debye model
agrees with experiment very well. For the enthalpy, our predicted results are
overestimated by about 8 kJ mol-1 compared with the data from NIST-JANAF [42].
These enthalpy differences come from the incorrect 0 K total energy of β calculated,
which can be attributed to the over-simplified structure chosen for 0 K calculations. We
notice that the enthalpy difference can be corrected by reducing the predicted enthalpy by
8 kJ mol-1 (See Figure 3.15). The correct 0 K total energy of β can also be obtained by
AIMD simulations, as demonstrated by Ozolins, who utilized this approach to predict the
free energy of the unstable fcc W phase [48]. Instead of applying the AIMD approach, we
simply adjust the 0 K total energy of β to tackle the problem in this chapter. As shown in
the next section, the predicted P-T phase diagram of Ti agrees quite well with experiment,
which further confirms our approach is reasonable.
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Figure 3.14 Entropy of β-Ti as a function of temperature, with the experimental values
from NIST-JANAF [42] superimposed (open circles).

Figure 3.15 Enthalpy of β-Ti as a function of temperature, with the experimental values
from NIST-JANAF [42] superimposed (open circles). The calculated enthalpies are
shifted down by 8.0 kJ mol-1 to match the experimental data.

67
3.3.5

Pressure-temperature Phase Diagram
Figure 3.16 shows the Gibbs energy of α-, β- and ω-Ti as a function of

temperature at different pressures, i.e., 0 GPa, 5 GPa, 11.1 GPa and 20 GPa. For P = 0
GPa, the ω phase has the lowest Gibbs energy for the range of 0 < T < 186 K; from 186 K
to 1114 K, the α phase is preferred, while at T > 1114 K the β phase becomes stable. At P
= 11.1 GPa, the three phases has the same Gibbs energy at T = 821 K, which corresponds
to a triple point of the P-T phase diagram. For P = 20 GPa, the α phase has higher Gibbs
energy than the ω and β phases at all temperatures, and ω thus transforms to β without
the formation of α. Comparison of the Gibbs energies as a function of pressure and
temperature allows us to identify the phase transformation conditions. A similar approach
has been used by Wang et al. to predict the T-V phase diagram of Ce successfully [49].
Figure 3.17 shows the predicted P-T phase diagram of Ti together with the experimental
data by Young [12]. The calculated α → β transition temperature at ambient pressure is
1114 K. It compares well with the experimental value of 1155 K. The predicted transition
pressure between α and ω at room temperature is 1.8 GPa, close to the experimental
transition pressure 2.0 ± 0.3 GPa [8]. We also predicted a triple point (11.1 GPa, 821 K)
which is also close to the experimental data (9 GPa, 940 K) [12].
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Figure 3.16 Temperature dependences of the Gibbs energy difference (ΔG) of Ti phases
with respect to α Ti at selected pressures, i.e., 0 GPa, 5 GPa, 11.1 GPa and 20 GPa.

69

Figure 3.17 Pressure-temeprature phase diagram of Ti. The dashed lines connect the
experimental data points are given by Young [12]; the solid lines are the predicted α → ω,
ω → β, and α → β transition boundaries.

3.3.6

Effect of Thermal Electronic and Zero-point Energies
To further understand the factors leading to the ω → α and α → β transitions at

ambient pressure, we have compared the enthalpy and entropy differences of Ti phases as
a function of temperature with respect to α, with and without the thermal electronic
contribution (See Figure 3.18). As we can see in Figure 3.18, the enthalpy of ω is lower
than that of α at all temperatures, while the enthalpy of β is always higher than that of α.
As for entropy, ω has lower entropy than that of α at all temperatures, while β always has
higher entropy than that of α. Since G equals to H – TS, ω becomes less stable compared
with α at increased temperatures, while β becomes more stable than α as temperature
increases. It is the entropy difference that makes the ω → α and α → β transitions occur
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at temperatures 186 K and 1114 K, respectively. We also notice that the thermal
electronic contribution to both enthalpy and entropy becomes more and more important at
high temperatures for the β phase. At the 1114 K, the electronic entropy accounts for 24%
of the entropy change at the α → β transition, which is close to the experimental value 30%
[19].
Zero-point energy can have a profound influence on the phase transition pressure
at low-temperature [50]. Without considering zero-point energy, we predicted that 0 K
transition pressure of α → ω to be -3.7 GPa [23]. After considering the zero-point energy,
we noticed that the corresponding transition pressure increases to -1.5 GPa. For the
metastable phase transitions α → β and β → ω, the transition pressures at 0 K decrease to
54.2 GPa and 95.9 GPa, respectively, compared to the predicted transition pressures of
63.7 GPa and 106.0 GPa without considering the zero-point energy. Hence, zero-point
energy cannot be neglected in predicting the transition pressures of Ti at low-temperature.
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Figure 3.18 Enthalpy (ΔH) and entropy differences (ΔS) of Ti phases as a function of
temperature with respect to α at ambient pressure. ΔH and ΔS, with and without the
thermal electronic contribution, are plotted as lines and open symbols, respectively.

3.4

Summary
We have studied the phase stability of Ti by first-principles DFT calculations.

Only under a large negative pressure, -8.0 GPa, the β Ti exhibits magnetic behavior,
however, thermodynamically not stable in comparison with the α and ω phases. The 0 K
phase transition sequence of Ti is predicted to be α → ω → γ → β with increasing
pressure. The obtained stable and metastable phase transition pressures are in a good
agreement with the available experimental data. Under hydrostatic compressions, the γ
phase is stable in the pressure range of 104.9 ~ 107.3 GPa. Total energy calculations with
full relaxations indicate that the δ phase transforms into a bcc-like structure at high-
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pressure. We also found that highly accurate DFT calculation is critical in obtaining the
correct phase transition sequence of Ti and extreme attention should be paid to EOS
fittings. To verify the phase stabilities of γ- and δ- Ti, more experiments with true
hydrostatic compression will be helpful.
We have also studied the phonon spectra of α-, β-, and ω-Ti using the supercell
approach. The thermodynamic properties of α- and ω-Ti have been investigated using
both the phonon and Debye model. We find that the Debye model can well reproduce the
results obtained from phonon DOS. The predicted thermodynamic properties of α Ti are
in good agreement with the experiment data. Enthalpy difference between α and β Ti is,
however, overestimated by static DFT calculations. An adjusting parameter has been
introduced to match the experimental measured enthalpy of β-Ti. Using the Gibbs energy
evaluated by Debye model, we have determined the P-T phase diagram of α-, β-, and ωTi. The predicted phase transition temperature between α and β at ambient pressure is
1114 K, comparing well with the experimental data of 1155 K. We also predicted a triple
point (11.1 GPa, 821 K), which is close to the experimental data (9 GPa, 940 K). Our
study shows that the entropy plays an important role in the ω → α and α → β transitions,
and the thermal electronic contribution to the α → β transition cannot be neglected. Our
calculations also indicate that zero-point energy is important in predicting the accurate
transition pressures of Ti at low-temperature.
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Chapter 4 BCC-HCP Transition of Ti by AIMD
4.1

Introduction
Many elements, alloys, and compounds appear in crystal structures which should

not be energetically stable. The interatomic interactions place these systems at energy
saddle points on the potential surface for these structures rather than minima for statically
stable structures. The bcc structure prevails as the simplest and best known example.
Although a stable structure at low-temperature for several elements in the Periodic Table,
bcc becomes unstable in the harmonic approximation for the group IV elements, the rareearth elements, and the actinides.
As shown in previous chapter, phonon spectra in the harmonic approximation can
be efficiently evaluated by DFT calculations. Harmonic phonon theory has been
extremely successful in calculating thermodynamics of crystals from the calculated
phonon spectra; however, it does not work in situations where the crystal structure is
dynamically unstable in the harmonic approximation, such as bcc phases of the group IV
elements [1-3]. For those dynamically unstable phases, the phonon spectra in the
harmonic approximation reveal imaginary phonon frequencies at some wave vectors, thus
thermodynamic functions are not well defined for these phases. Nevertheless, at elevated
temperatures, these bcc phases emerge as the stable crystal structure [1-3]. There have
been a few suggestions that some of the unstable phases may be anharmonically
stabilized at elevated temperatures. Possible explanations of the stabilization of the bcc
structure have also been proposed as electronic entropy by Grimvall et al [4]. So far, no
satisfactory, quantitative explanation has been presented for this situation. A
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straightforward calculation using AIMD should in principles be able to reproduce the
stability of the bcc phase for the above discussed elements, since MD implicitly include
temperature effects. However, MD suffers from the fact that obtaining reliable free
energies implies a computationally very demanding task, which in many cases makes
these types of calculations intractable.
In nature, unstable phases can be stabilized by external constraints, such as those
exerted by substrates on heteroepitaxial films or by solid-solid interfaces on precipitates
in bulk alloys. Similar constraints can be imposed in simulation to prevent the
development of mechanical instabilities. The fixed-cell-shape AIMD simulations has
been shown to successfully calculate the free energy and entropy differences between the
fcc and bcc phases of W [5]. The validity of this approach is based on the fact that at
finite temperature anharmonic effects stabilize harmonically unstable short-wavelength
phonons, while the finite size and fixed shape of the simulation cell prevent the
development of remaining long-wavelength acoustic instabilities. In essence, AIMD can
be used to integrate out the irrelevant (i.e., dynamical stable) vibrational degrees of
freedom and to obtain a coarse-grained free energy functional, which depends on the
elastic shear strain and describes the driving force for the phase transformation.
In this work, the fixed-cell-shape AIMD simulation approach has been used to
investigate the bcc-hcp phase transition of Ti. Thermodynamic integration along the
Burgers path gives the hcp/bcc free energy difference. The stabilization of bcc phase at
high-temperature is explored. The predicted phase stability of Ti is compared with
CALPHAD results.
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4.2

Mechanism of BCC-HCP Transition
Since there is no group-subgroup relationship between the space groups of bcc

and hcp, it is generally accepted that bcc-hcp transition is a reconstructive transformation,
following the so-called Burgers mechanism [6], as shown in Figure 4.1. The following
crystallographic relations hold for bcc to hcp transition:
(110)bcc || (0001) hcp and  111 bcc ||  2110  hcp .

(4.1)

This transition can be achieved by the superposition of two lattice distortions: (1) two
equivalent long-wavelength shears - for instance 1 12   111 and  112  1 11 - which
squeeze the bcc octahedron into a regular hcp one by changing the angle from 70.53° to
60° in basal plane; and (2) the transverse TA1  12 12 0  (i.e., N-point) phonon with  111
polarization, which displaces neighboring (110) planes in opposite  111 directions with
an amplitude of a 2 / 6 (a is the bcc lattice parameter) to achieve the correct stacking
sequence of the hcp phase. For simplicity, it is often assumed that these two steps are
decoupled and sequential, often called Burgers path. In reality, these two steps must
happen simultaneously.
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Burgers path

Figure 4.1 Schematic diagram of BCC-HCP transition along the Burgers path.

For the convenience of calculations, the hcp lattice is transformed into an
orthorhombic lattice by the following transformation matrix:

Thcp-orth

1 0 0 
 1 2 0  .
0 0 1 

(4.2)

With AIMD simulations, the Burgers path can be simplified by a volume-conserving
shear strain in (001) plane along 100 direction within the orthorhombic lattice: x   x ,

y  y /  , z  z , with Ti displacement achieved automatically in MD simulations. We
choose the hcp structure as the reference state and consider a rectangular parallelepiped
volume element V0  3a02c0 with each side length x = a0, y =

3 a0, z = c0 (a and c are

the hcp lattice parameters). Upon shear distortion, the areas of its faces Aα (α is the index
of the Cartesian axes) vary as Ax  3a0c0 /  , Ay   a0c0 and Az  3a02 . The change in
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the free energy due to an infinitesimal shear deformation is given by dF   A  du ,
where σαα are the diagonal elements of the stress tensor and duα are the elastic
displacements given by dux  a0 d , du y   3a0 d  /  2 and duz  0 . Integrating over γ,
we obtain the following expression for the free energy:
F ( )  V0 



 hcp

where  



1

 '  xx

'

  yy

'

 d '


(4.3)

is the time average of the internal stress tensor, calculated at shear

deformation γ. The parameter γ is defined so that the hcp phase corresponds to γhcp = 1,
and the bcc phase is located at γbcc =

4 3
2

. With this approach we can obtain the exact free

energy differences including vibrational and electronic entropy effects, since it is based
upon a fundamental thermodynamic relation for the average stress as a derivative of the
free energy with respect to strain,    F /  .

4.3

Computational Details
All AIMD simulations have been carried out using VASP [7]. The generalized

gradient approximation [8] and ultrasoft pseudopotentials [9, 10] were used to describe
electron-ion interactions. Because of thermal and vibrational broadening of the electronic
density of states (EDOS), a 2×2×2 regular mesh of k points was sufficient for 3×3×2 hcp
(36 atoms) and 3×3×3 bcc (54 atoms) supercells. The AIMD simulations used a time step
of 3 fs; equilibrium times of 9 ps or longer were followed by production runs of at least
of 9 ps. Temperature was controlled using the Nosé-Hoover thermostat [11, 12]. Errors
were estimated using the block-averaging method of Flyvbjerg and Peterson [13]. The
average stresses were fit to a polynomial form:
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   P   Amn    hcp 
n

n  2 m 1

where P  13   



nm

   bcc 

m

(4.4)

. We found that the calculated stresses could be reproduced using

the three lowest powers in Eq. (4.4). Thermodynamic integration along the Burgers path
in Eq. (4.3) was done at a constant volume corresponding to the static T = 0 K lattice
parameter of hcp Ti; the results were subsequently corrected to take into account the
differences in thermal expansion and equilibrium volumes of the hcp and bcc phases by
integrating dF = - PdV.
To accelerate the AIMD simulations and reduce statistical errors, a novel
Jarzynski switching approach is applied in this work. The basic idea is to 1) use low
accuracy calculations to get long MD trajectories; 2) resample independent
configurations from MD trajectories and do high accuracy static calculations; 3) use
instant-switch Jarzynski formula [14] to obtain the true averages, such as stress, internal
energy, and free energy. The Jarzynski formula can relate the averages sampled over a
low-accuracy run to the “true” high-accuracy averages by following relation [14]:

  eW / k T
B

  

eW / kBT

,

with W = Ehigh – Elow. The free energy difference is given by f  kBT log eW / kBT .

(4.5)
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4.4

Results and Discussion

4.4.1

Velocity Autocorrelation Function
In order to obtain the maximum independent configurations from the low

accuracy MD trajectories, the correlation step Ncorr for each MD simulation should be
evaluated. To get an estimate of the correlation time tcorr for each AIMD simulation,
velocity-velocity time correlation function can be used to check the correlation between
configurations at different time steps. The normalized velocity autocorrelation function
can be expressed as, Cvv (t )  v(0)  v(t ) / v 2 (0) [15]. Then the correlation step Ncorr can
be determined by Ncorr  tcorr / tstep .
Figure 4.2 shows the typical velocity autocorrelation functions calculated for hcp
Ti at 650K and 1155 K. At T = 650 K, the velocity autocorrelation function of hcp Ti
changes from 1.0 to 0.0 as the time step increases to about 400 MD steps, suggesting that
the configurations at time step = 0 and 400 are completely uncorrelated. Thus the
minimum step to get uncorrelated configurations for hcp Ti at 650 K is 400 MD-steps or
1200 fs. As temperature increases, higher thermal energy reduces the correlation time,
and fewer time steps are needed to obtain uncorrelated configurations, e.g., 300 MD-steps
for hcp Ti at 1155 K.
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Figure 4.2 Calculated auto velocity correlation functions of hcp at 650 K and 1155 K.

4.4.2

Stress and Free energy Differences along Burgers Path
The average stress difference of Ti at 1155 K under the integral in Eq. (4.3) is

shown in Figure 4.3. We have tested 3×3×2 hcp-based and 3×3×3 bcc-based supercells.
The calculated stress differences obtained from these two supercells are in good
agreement with each other (except at γ = 1 for bcc and γ =

4 3
2

for hcp), suggesting that

stresses are well converged with respect to the shape and size of the supercell. The slope
of the calculated stress difference in Figure 4.3 shows the elastic shear constant C’ is
negative at γ =

4 3
2

; i.e., bcc Ti is dynamically unstable with respect to long-wavelength

acoustic shear, and only the shape constraint on the simulation cell prevents a martensitic
transformation to the hcp phase. Analyses of the average atomic positions and
displacements show that all atoms vibrate around their average bcc positions, preserving
cubic symmetry. This is a remarkable results, showing that massive zone-boundary
instabilities, such as those that exist in bcc Ti at T = 0 K, can be anharmonically
stabilized at high-temperature.
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The calculated stress differences of Ti as a function of shear strain γ at T = 650 K,
and 300 K are shown in Figure 4.4. As temperature decreases, the stresses exhibit very
different behavior compared with that at T = 1155 K. The stress differences show
negative values at small shear strains, which introduces positive strain energies and
makes bcc phase less stable at low-temperature, in agreement with the fact that hcp is the
stable structure at low-temperature.
The free energy differences between hcp and bcc Ti phases are estimated by
integration over the calculated stress differences along the Burgers path using Eq. (4.3).
The calculated free energy of Ti at T = 1155K is shown in Figure 4.3, with hcp Ti as the
reference state. The free energy curves of Ti show typical double wells at the hcp and bcc
side, corresponding to two local free energy minima. At T = 1155 K, bcc Ti shows lower
free energy than that of the hcp phase by 15 meV, indicating that bcc is more stable than
hcp at this temperature.
Using ΔF = ΔE – TΔS, we obtain that the entropy difference between the hcp and
bcc phases of Ti at T = 1155 K is ΔS = 0.28 kB/atom. The electronic contribution to ΔS
was obtained from the time-averaged EDOS and found to be ΔSel = 0.045 kB/atom. We
note here that using the band structures of static bcc and hcp phases yields a relative
higher value of ΔSel, suggesting that ΔSel derived from static positions may not be a good
indicator of the electronic entropy at high temperatures. However, the division of the total
entropy into separate vibrational and electronic contributions is not unique. Indeed,
thermal disorder due to atomic vibrations broadens the EDOS, which in turn changes the
phonon frequencies, and contributes to the vibrational entropy calculated from these
frequencies. It can be shown that assigning this effect to the electronic or vibrational
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entropy is a matter of choice; we choose to add this contribution to the electronic entropy
since the average EDOS can be easily evaluated from AIMD simulations.
Figure 4.4 shows the calculated free energy of Ti along the Burgers path at T =
650 K and 300 K, respectively. At T = 650 K, the free difference between bcc and hcp Ti
decreases to 6.5 meV, while the hcp phase shows lower free energy than bcc Ti at T =
300 K. The bcc-hcp phase transition shows a typical first-order transformation at
temperature above 300 K. The predicted bcc-hcp transition temperature seems much
lower than the experimental measurement, which is ascribed to the uncorrected free
energy for both hcp and bcc phases. After consideration of the pressure and stress
differences in bcc and hcp phases, an improved transition temperature can be obtained,
shown in the following section.
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Figure 4.3 Calculated stress difference of Ti along the Burgers path at 1155 K. The solid
red line represents a polynomial fit to the directly calculated data points using Eq. (4.4).

Figure 4.4 Calculated stress difference of Ti along the Burgers path at 650 K and 300 K,
respectively. The solid red lines represent a polynomial fit to the directly calculated data
points using Eq. (4.4).

89

Figure 4.5 Calculate free energy of Ti along the Burgers path at T = 1155 K.

Figure 4.6 Calculate free energy of Ti along the Burgers path at T = 650 K and 300 K,
respectively.
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4.4.3

Phonon Order Parameter
As mentioned in Sec. 4.2, the displacement of Ti atoms in successive (0001)

planes required for the hcp-bcc transition can be achieved automatically during AIMD
simulations. Figure 4.7 (a) shows the phonon order parameter of hcp Ti with shear strain
γ = 1.04 at 1155K, and this two-dimensional order parameter measures relative position
of Ti in successive (0001) planes. The color in Figure 4.7 (a) shows the relative
occupation possibility of the particular lattice site by Ti atoms in that plane, with red
color for the highest possibility of occupation and blue color lowest occupation
possibility. The open black circle is the ideal position of Ti atoms in the non-strained hcp
crystal structure. As can been seen, the average position of Ti atoms deviates from the
ideal position in the strained hcp structures. Figure 4.7 (b) shows the calculated free
energy as a function of the displacement of Ti atoms, and the free energy minimum also
gives to the average position of the Ti atoms. The average positions of Ti atoms estimated
from these two approaches are consistent with each other.
Figure 4.8 shows the phonon order parameter as a function of shear strain at T =
1155 K. With increasing shear distortion for hcp structure, the average position of Ti
atoms moves from the ideal position to the edge to the triangle at a critical shear strain of
1.05. It indicates that the shear strain required to achieve the bcc stacking sequence from
hcp lattice is much smaller than that needed to stretch a regular hcp octahedron into a bcc
one by changing the angle from 120° to 109.47° in basal plane. Meanwhile, the phonon
order parameter changes continuously from 1/3 to 0, showing a second-order behavior of
phase transitions. With decreasing temperature, the critical strain increases, thus larger
shear strain is required to achieve the bcc stacking sequence, in agreement with the fact
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that the transition from hcp to bcc becomes more difficult at lower temperatures. Our
results are qualitative consistent with the Landau free energy proposed by Lindgard and
Mouritsen [16], and the hcp-to-bcc transformation is expected to be first-ordered.

(a)

(b)

Figure 4.7 (a) Phonon order parameter for hcp Ti with shear strain γ = 1.04 and (b)
corresponding free energy as a function of atom displacement at 1155 K.

Figure 4.8 Calculated average atomic position of Ti atoms in successful (0001) planes as
a function of shear strain γ at T = 1155K.
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4.4.4

Thermodynamic Properties
The calculated free energy differences ΔFBCC-HCP at selected temperatures are

shown in Figure 4.9, together with the experimental data compiled by Chase [17]. It can
be seen that ΔF decreases with increasing temperature, in agreement with experimental
measurements. From the calculated free energy differences, the bcc-hcp transition
temperature is estimated to be about 760 K, lower than the experimental result T = 1155
K. However, the current prediction by AIMD simulations is much better that that
calculated from Debye model without introducing adjusting parameters.
Figure 4.10 shows the calculated enthalpy differences ΔHBCC-HCP at T = 1155 K,
together with the results estimate from Debye model [18] and experimental
measurements [17]. It can be seen that the AIMD predicted ΔHBCC-HCP is much improved
over that estimated from Debye model, which overestimates ΔHBCC-HCP at T = 1155 K by
8 kJ/mol. The current AIMD simulations justify our adjustment of the enthalpy of bcc Ti
with respect to the hcp phase in the previous chapter.
The calculated entropy difference ΔSBCC-HCP at T = 1155 K is shown in Figure
4.11, together with the results estimated from Debye model [18] and experimental
measurement [17]. The entropies predicted by AIMD and Debye approaches are close to
the experimental data. Additional calculations show that most of the entropy change
during the hcp-bcc transition comes from the lattice vibrational contribution, and
electronic contribution accounts for 13% of the entropy change, smaller than that
predicted by Debye model, i.e. 24%. Since the anharmonic contribution to the entropy
change is only partially accounted in the Debye model, the 10% difference in entropy
change predicted by AIMD and Debye model can be assigned to the additional
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anharmonic vibrational entropy due to high-order phonon-phonon interactions. Therefore,
the electronic and anharmonic vibrational entropies play importants role in the
stabilization of bcc Ti at high-temperature.

Figure 4.9 Calculated free energy difference ΔFBCC-HCP as a function of temperature,
together with the experimental data compiled by Chase in JANAF [17].
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Figure 4.10 Calculated enthalpy differences ΔHBCC-HCP by AIMD simulations and Debye
model, compared with the experimental data compiled by Chase in JANAF [17].

Figure 4.11 Calculated entropy differences ΔSBCC-HCP by AIMD simulations and Debye
model, compared with the experimental data compiled by Chase in JANAF [17].
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4.5

Summary
The fixed-cell-shape AIMD simulations have been utilized to study the bcc-hcp

transition and calculate the free energy and entropies differences between bcc and hcp Ti
phases by thermodynamic integrations along Burgers path. A novel approach based on
Jarzunski formula is used to accelerate the MD simulations and reduce the statistical
errors. The calculated free energy indicates that the hcp-bcc transition in Ti is a typical
first-order transformation. The predicted entropy difference at T = 1155 K agrees well
with experimental data, while the enthalpy difference is underestimated, leading to an
underestimated transitional temperature of bcc-hcp of Ti. Meanwhile, the entropy change
at transitional temperature mainly comes from the lattice vibrations. The anharmonic
vibrational entropy plays an important role in the stabilization of bcc Ti at hightemperature. Thus, the current method will be useful in first-principles modeling of the
thermodynamics of unstable phases and calculations of the thermodynamic driving forces
for martensitic transitions in pure elements and alloys.
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Chapter 5 Lattice Dynamics, Thermodynamics and Pressuretemperature Phase Diagram of TiO2
5.1

Introduction
Titanium dioxide (TiO2) possesses a rich phase relation with many polymorphs.

Among them, rutile (P42/mnm), anatase (I41/amd), and brookite (Pbca) are naturally
occurring phases. Because of its high refractive index (2.7) [1] and wide band gap (~ 3.0
eV) [2], TiO2 shows a wide range of potential applications in areas such as white
pigments, high efficiency solar cells [3], photocatalysts [4], and storage capacitors in
dynamic random access memories [5]. Among the polymorphs, the rutile phase has been
extensively studied from both experimental and theoretical perspectives, thanks to the
availability of good single crystals for characterizations. Recently, researchers have
focused

on

the

anatase

phase

due

to

its

promising

photochemical

and

photoelectrochemical applications [6, 7]. Additionally, nanostructured TiO2 has attracted
significant interest as a host material for its unique physical and chemical properties [8].
Many of the technologically important properties of TiO2 are closely related to the
lattice dynamics of the crystal. Information about its chemical bonding, elastic behavior,
specific heat, dielectric behavior, and optical properties can be obtained from the analysis
of the phonon dispersion relation. For example, the exceptionally high static dielectric
constant of rutile and its anomalous increase as temperature decreases can be understood
by the softening of the transverse optic A2u mode, which may result in ferroelectric phase
transitions [9]. The full phonon dispersion relation of rutile TiO2 has been studied by
Traylor et al. [10] using coherent neutron inelastic scattering along the principal
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directions in the Brillouin zone. The phonon frequencies at Γ point were also measured
by Raman [11] and infrared spectroscopes [12]. However, there are very few papers
dealing with the phonon spectra of the anatase phase [13-15], owing to the scarcity of
good quality single crystals for measurement. Although the lattice dynamics of the rutile
and anatase phases have been studied by several authors using first-principles
calculations [9, 15-21], very few papers studied their full phonon dispersion relations.
At elevated pressures, TiO2 experiences a series of structural transitions. Its high
pressure polymorphs, i.e., columbite (TiO2 II phase, space group Pbcn) [22], baddeleyite
(MI, P21/c) [23], orthorhombic I (OI, Pbca) [24], and cotunnite (OII, Pnma) [25], were
discovered at increased pressures. The cotunnite-structured TiO2 was reported to be the
hardest oxide ever known [25]. Recently, cubic TiO2 was synthesized at high-pressure
and high-temperature, which may serve as an important promising material for future
generation solar cells [26]. Up to now, there are very few studies of the phonon properties
of the high pressure polymorphs of TiO2 [18]. Phonon density of states (DOS), however,
are of critical importance to the study of Helmholtz and Gibbs energies, phase stabilities,
and pressure-temperature phase diagrams [27], which could be useful in identifying the
proper synthesis conditions for the potential ultra-hard TiO2 phases.
The structure and stability of the high-pressure phases of TiO2 are of particular
interest in earth sciences, for these phases are an accessible analog of minerals in the
earth’s mantle. High pressure X-ray-diffraction and Raman spectroscopy studies have
revealed that rutile and anatase transform to columbite and baddeleyite structures upon
applying pressure [23]. The pressure-temperature boundary of columbite and baddeleyite
type high-pressure phases of TiO2 has been studied by Tang et al. using in situ X-ray
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diffraction experiments under high pressures up to 18 GPa and temperatures up to 950 °C
[28]. There has been considerable dispute over the equilibrium phase boundary between
rutile and columbite. The high-pressure, high-temperature phase equilibria of the rutile
and columbite TiO2 phases have been studied by Olsen et al. [29]. It is found that the
phase boundary, when plotted in a pressure-temperature diagram, changes from having a
negative to having a positive slope with increasing temperature at about 6 GPa and
850 °C. Withers et al. also studied the transition at 700 ~ 1200 °C and 4.2 ~ 9.6 GPa, and
suggested the phase boundary is linear, described by the equation P (GPa) = 1.29 +
0.0065T (°C) [30].
The present work aims at providing a systematic study of the structural,
mechanical, phonon and thermodynamic properties of eight TiO2 polymorphs, i.e., rutile,
anatase, TiO2II, MI, OI, OII, fluorite and pyrite by DFT calculations. The first-principles
study of the vibrational modes in TiO2 polymorphs is thus expected to give a firm
baseline for the properties of nanosized phases. The Gibbs energy functions derived from
the first-principles calculations can be used for CALPHAD thermodynamic modeling of
the complex oxide system [31]. The potential applications of the cotunnite and cubic
structured TiO2 phase are evaluated by studying their mechanical properties and phase
stabilities. Since it is still a challenging task to synthesize and characterize phases at hightemperature and high-pressure, equilibrium pressure-temperature phase diagram of TiO2
provides useful information of the synthesis conditions of the potential ultra-hard TiO2
phases. We provide a complete study of the pressure-temperature phase diagram of TiO2
by first-principles calculations.
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5.2

Computational Details
The DFT calculations were performed by the PAW method [32] as implemented

in VASP [33, 34]. LDA was utilized to depict the exchange-correlation functional. Dense
k-point meshes in the first Brillouin zone were utilized (see Table 5.1). The cell shapes
and ionic positions of TiO2 phases were fully relaxed by the Gaussian smearing technique.
Accurate total energy calculations were performed by means of the linear tetrahedron
method with Blöchl’s correction [35]. In all cases the total energies were converged to
10-7 eV/cell with an energy cutoff of 500 eV.
The phonon properties of TiO2 polymorphs were studied by supercell approach as
implemented in Yphon code [36]. The Born effective charge tensor and electronic
dielectric constant tensor were calculated using the linear-response method as
implemented in VASP 5.2 [37]. To calculate force constants, we used an energy cutoff of
400 eV and 333 k-point mesh for the supercells. Ancillary calculations using denser kpoint mesh and larger supercell, such as 555 k-point mesh and 333 supercell, were
tested for the phonon properties of the rutile phase; however, no significant difference
was found. All the calculated force constants within the supercell were used for the realspace component of the force constants. More details about the first-principles total
energy and phonon calculations are shown in Table 5.1, including space group, k-point
mesh for electronic structure calculations, supercell size and k-point mesh for force
constants calculations.
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Table 5.1 Details of the first-principles calculations of the total energy and phonon
spectra of the TiO2 polymorphs, including the space group, k-point mesh for electronic
structure calculations, and supercell and k-point mesh for phonon calculations.
Phase

Space group

k-point mesh

Supercell

electron

k-point mesh
phonon

Rutile

P42/mnm

18×18×27

2×2×2

3×3×3

Anatase

I41/amd

19×19×7

3×3×3

3×3×3

TiO2II

Pbcn

16×13×14

2×2×2

3×3×3

MI

P21/c

13×12×12

2×2×2

3×3×3

OI

Pbca

7×12×13

1×2×2

3×3×3

OII

Pnma

12×10×20

2×2×2

3×3×3
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5.3

Results and Discussion

5.3.1

Structural Properties
The total energies of the six polymorphs of TiO2 calculated at ten different

volumes in the present work are fitted by the third-order Birch-Murnaghan equations [38,
39]. The obtained 0 K equilibrium properties, including the lattice parameters, volume
(V), bulk modulus (B), and the Debye temperature (ΘD), are listed in Table 5.2. Similar to
other DFT calculations [40-44], our 0 K LDA calculations (without considering the zeropoint vibrations) underestimate the equilibrium of TiO2 polymorphs with the errors less
than 1.8% [24, 45-48], except for 2.5% of the cotunnite phase.[45, 48] Accordingly, the
bulk moduli of rutile and anatase TiO2 are overestimated by 6.4% and 3.4%, respectively
[45, 47, 49]. As for the high pressure polymorphs of TiO2, the bulk moduli are much
underestimated [24, 45-48], especially for the MI phase [45, 46]. Nevertheless, our
calculations are consistent with most of the recent DFT calculations [42-44]. The reason
for the underestimation could be due to the difficulty in the high-pressure measurements,
since we noticed that the uncertainties for the measured bulk moduli of the high pressure
phases are very large (see Table 5.2). From the calculated phonon DOS, we also
estimated the Debye temperature using the second-moment Debye cutoff frequency [50].
Similar to bulk modulus, Debye temperature is intimately related to the bonding strength
in a material. The predicted ΘD of the rutile phase is very close to the experimental value
at high-temperature limit estimated from the measured heat capacity [51]. Additionally,
our calculations show that the high-pressure polymorphs have relatively larger ΘD than
the ambient stable phases, indicating stronger bonding in these phases, in agreement with
the calculated force constants (not shown here).
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For more realistic comparison with the experimental data, we estimated the
equilibrium structural properties at 298 K since most of the measurements were carried
out at room temperature. The predicted equilibrium volume and bulk modulus at 298 K
are tabulated in Table 5.2. By taking account of the lattice vibrational contribution, the
estimated equilibrium volumes agree much better with experiments than the 0 K
calculations do, and the average of the relative errors decreases from 1.4% to 0.4%. The
same conclusion applies to the bulk moduli of rutile and anatase TiO2, with the average
of the relative errors reducing from 5% to 2.4%. However, the consideration of phonon
contribution does not help to improve the bulk moduli of the high-pressure phases. For
the cotunnite-structured TiO2, our predicted bulk modulus is much smaller than the value
reported by Dubrovinsk et al. [25], but agrees with the recent experiments [45, 48] and
theoretical investigations [42-44]. Since the experimental equilibrium volume and bulk
modulus of the high pressure polymorphs are estimated from the equation of state fitting,
it is more meaningful to compare our predictions with the directly measurements, e.g.,
high-pressure volumes. The predicted high-pressure volumes agree very well with the
experimental data for all the high pressure polymorphs (see Table 5.2 for more details)
[48]. The average of the relative errors is less than 0.8%, indicating the reliability of our
calculations at high pressures. The calculated equilibrium volume and bulk modulus of
TiO2 polymorphs are compared with the available experimental measurements in Figure
5.1 and Figure 5.2.
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Table 5.2. Calculated properties of the TiO2 polymorphs at 0 K (without considering the
zero-point vibrations) and 298 K together with the experimental data, including the
equilibrium and high pressure lattice parameters (a, b, c) and volume (V), bulk modulus
(B), and Debye temperature (ΘD).
Phase

Rutile

Anatase

TiO2II

MI

OI

OII

a

Source

T

P

V

B

ΘD

(Å /TiO2)

(GPa)

(K)

30.64

250

809a

a, b, c
3

(K)

(GPa)

(Å)

This work

0

0

This work

298

0

4.593, 4.593, 2.935

30.96

241

Expt.

298

0

4.593, 4.593, 2.959c

31.2b, 31.21c

211±7d ,235±10b

778e

This work

0

0

33.58

185

834a

This work

298

0

3.759, 3.759, 9.585

33.86

175

Expt.

298

0

3.785, 3.785, 9.512c

34.07c, f

179±2f

This work

0

0

30.06

245

This work

298

0

4.536, 5.486, 4.883

30.37

240

This work

298

13.2

4.465, 5.383, 4.805

28.88

f

30.53b, 30.59f

253±12b, 258±8f

Expt.

298

0

4.541, 5.493, 4.906

Expt.

298

13.2

4.401, 5.382, 4.864g

This work

0

0

28.02

207

This work

298

0

28.31

203

This work

298

19.1

Expt.

298

0

Expt.

298

19.1

This work

0

0

27.01

274

This work

298

0

27.29

269

This work

298

28.7

Expt.

298

0

Expt.

298

28.7

This work

0

0

24.44

287

This work

298

0

24.74

273

This work

298

59.6

Expt.

298

0

Expt.

298

59.6

4.583, 4.799, 4.744

28.8g

8.975, 4.811, 4.586

290±10f ,298±21b

26.28g

5.011, 5.880, 2.906

314±16b, 318±3h

25.15g

21.41
25.10g, 25.28b

5.028, 5.889, 2.930g

306±9g, 312±34b

21.67g

Estimated from the second-moment Debye cutoff frequency obtained by phonon DOS.

b

Reference [45].

c

f

g

Reference [47].

Reference [46].
Reference [48].

893a

24.75
27.27h, 27.54b

9.014, 4.835, 4.616g

873a

26.09
28.06b, f

4.602, 4.855, 4.751g

823a

d

Reference [49].

h

Reference [24].

e

Reference [51].

884a
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Figure 5.1 Calculated equilibrium volume of TiO2 polymorphs compared with the
available experimental measurements.

Figure 5.2 Calculated equilibrium bulk modulus of TiO2 polymorphs compared with the
available experimental measurements.
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5.3.2

Phonon Properties
For the rutile phase, there are 6 atoms in the primitive cell, thus there should be

fifteen optical modes and three acoustic modes. From the group analysis of its space
group (P42/mnm), the optical modes at the Γ point belong to the following irreducible
representations:
opt (rutile)  A1g  A2 g  A2u  B1g  2B1u  B2 g  Eg  3Eu

(5.1)

The symbol g represents Raman active, u infrared active and E degenerate. In principle,
the long range dipole-dipole interactions in the ionic compounds can result in the LO-TO
splitting (longitudinal and transversal optical phonon frequencies). The LO-TO splitting
occurs at the Γ point and only for infrared active modes. Since A2u and Eu modes are
polar, they split into LO and TO modes with different frequencies due to macroscopic
electric fields associated with the LO phonons. A2g and B1u modes, however, are Raman
and infrared inactive (silent modes). In Table III, we compare the calculated Γ point
phonon frequencies of the rutile phase with the experimental neutron scattering, infrared,
and Raman measurements [10-12], together with other calculations [9, 16, 17, 20, 21].
The optical phonon frequencies at Γ point are accurately predicted, and all the LO-TO
splittings are also correctly reproduced. The relative errors for most of the phonon modes
are very small, less than 6%, except for the low frequency mode A2u (TO) .
Similar to the rutile phase, there are 6 atoms in the primitive cell of the anatase
phase, thus there should be fifteen optical modes. From the group analysis of its space
group (I41/amd), the optical modes at the Γ point belong to the following irreducible
representations:
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opt (anatase)  A1g  A2u  2B1g  B2u  3Eg  2Eu

(5.2)

A1g, B1g, and Eg are Raman active, while A2u and Eu are infrared active. B2u is a silent
mode. The calculated phonon frequencies at Γ point for the anatase phase are
summarized in Table IV, along with the experimental and other theoretical results [13-15,
19, 20, 52]. The agreement with experiments seems not as good as other calculations,
since theoretical equilibrium lattice parameters, rather than experimental values, were
adopted for the phonon calculations in order to achieve a complete first-principles
prediction. Using the experimental lattice parameters of anatase, the overall agreement
improves substantially.
In the meanwhile, we have studied the full phonon dispersion relations throughout
the whole Brillouin zone and plotted the phonon DOSs for all TiO2 polymorphs at their
theoretic equilibrium volumes. Up to now, only the phonon dispersion relation of the
rutile phase has been measured in the whole Brillouin zone by coherent neutron inelastic
scattering method [10]. As shown Figure 5.3, the presently predicted phonon modes of
rutile TiO2 agree well with the experimental data for both low and high frequencies
modes, and show an overall improvement over other theoretical calculations [17, 20, 21]
using the current mixed-space approach to the phonon calculations. In Figure 5.4, we
have also compared the phonon DOS of rutile TiO2 with and without dipole-dipole
interactions. The effect of dipole-dipole interaction on the whole shape of the phonon
DOS is small, especially at low frequencies, and the most notable changes appear at high
frequencies. Thus, the dipole-dipole effect is important in the study of free energies and
phase stabilities only at high temperatures. We also calculated the partial phonon DOS of
rutile TiO2 to see the contribution of each atom to the total phonon DOS. As we can see
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in Figure 5.5, heavier Ti atom dominates the DOS at low frequencies, while light O atom
dominates at high frequencies.
For the high pressure polymorphs of TiO2, it is very encouraging to discover that
there is no imaginary phonon frequencies in their phonon dispersions and DOSs (see
Figure 5.7), indicating that they are dynamically stable under ambient pressure. It
suggests that these high-pressure phases of TiO2 can be quenched to ambient conditions
as metastable phases, and that cotunnite TiO2 might be stabilized at ambient pressure as
an ultra-hard material.

Figure 5.3 Phonon dispersion relations of rutile TiO2. The solid lines represent the
present calculated phonon spectra, the open circles (blue) are the inelastic neutron
scattering data [10], and the solid red triangles are Raman [11] or infrared data [12].
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Table 5.3. Comparison of the computed phonon frequencies (in THz) at the Γ point with
the experimental data for rutile TiO2.
This work

Opticala

Neutronb

Theoryc

Theoryd

Theorye

Theoryf

Theoryg

A1g

18.72

18.36

18.30

18.46

18.30

18.66

18.67

18.50

A2g

12.39

12.46

12.66

12.20

B1g

4.04

4.29

4.25

3.96

4.25

3.75

3.95

3.45

B2g

25.05

24.78

24.72

24.02

24.72

24.82

24.90

24.67

Eg

14.21

13.41

13.34

14.16

13.89

14.13

14.18

14.06

B1u(1)

3.75

3.39

3.53

3.12

3.50

3.33

3.36

B1u(2)

12.43

12.18

12.52

11.78

12.22

12.12

12.02

A2u(TO)

5.97

5.01

5.18

5.74

4.63

5.28

4.72

4.92

Eu1 (TO)

5.26

5.49

5.66

4.31

5.74

4.94

4.88

4.38

Eu2 (TO)

11.83

11.64

11.79

11.51

11.73

11.74

11.63

Eu3 (TO)

15.15

15.00

14.95

14.64

14.77

14.92

14.54

A2u(LO)

24.51

24.33

24.02

23.06

22.82

22.81

Eu1 (LO)

10.52

11.19

11.23

10.57

10.54

10.72

10.22

Eu2 (LO)

13.44

13.74

12.85

13.04

13.24

13.27

13.16

Eu3 (LO)

23.81

24.18

25.24

23.63

24.23

24.09

24.07

Mode

a

12.38

Measured by Raman [11] and infrared [12] spectroscopies.

b

Reference [10].

c

Reference [16].

f

e

14.81

Reference [17].

d

Reference [20].

g

Reference [9].

Reference [21].
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Figure 5.4 Phonon density of states (DOS) of rutile TiO2. Black solid and blue dashed
lines represent phonon DOS with and without dipole-dipole interactions, respectively.

Figure 5.5 Partial phonon density of state (PDOS) of rutile TiO2. Red bashed and blue
dash-dotted lines represent contributions of O and Ti vibration to the total phonon DOS,
respectively.
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Figure 5.6 Phonon dispersion relations and DOS of anatase TiO2. The solid lines
represent the present calculated phonon spectra, and the solid red triangles are Raman [11]
or infrared data [12]. Black solid and blue dashed lines represent phonon DOS with and
without dipole-dipole interactions, respectively.
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Table 5.4. Comparison of the computed phonon frequencies (in THz) at the Γ point with
the experimental data for anatase TiO2.
Mode

This work

Ramana

Ramanb

Ramanc

Eg(1)

3.15

4.29

4.32

Eg(2)

4.95

5.94

B1g(1)

13.94

B1g(2)

Theorya

Theorye

Theoryf

4.32

4.70

4.37

4.22

5.91

5.91

5.71

5.13

4.92

11.84

11.99

11.96

11.41

11.94

11.71

15.54

15.35

15.44

15.56

15.60

15.54

15.18

A1g

16.05

15.53

15.56

15.38

15.55

16.07

15.83

Eg(3)

19.64

19.16

19.19

19.16

19.21

19.85

19.50

Eu1 (LO)

7.19

7.85

7.87

7.45

7.30

Eu1 (LO)

9.76

10.97

10.63

10.21

10.21

A2u(TO)

12.05

11.00

10.00

11.25

10.55

A2u(LO)

22.67

22.63

21.90

22.28

21.85

Eu2 (LO)

13.95

13.04

12.96

14.39

13.77

Eu2 (TO)

26.67

26.26

26.35

26.75

26.38

B2u

17.20

16.25

16.93

16.66

a

Reference [15].

d

Reference [14].

b

Reference [52].

c

Reference [19].

f

e

Infraredd

Reference [13].

Reference [20].

114

Figure 5.7 Phonon dispersion relations and DOSs of the high-pressure phases of TiO2, i.e.,
TiO2II, MI, OI, and OII. Black solid and blue dashed lines represent phonon DOS with
and without dipole-dipole interactions, respectively.
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Figure 5.8 shows the calculated phonon dispersion relations of the cubic TiO2
phases, i.e., fluorite and pyrite at theoretical equilibrium volumes. Both of them show
unstable phonon modes, indicating the dynamical instability of these two cubic phases at
ambient pressure. For fluorite phase the phonon DOS show strong peak at negative
frequencies at zero pressure, as shown in Figure 5.9 (a). These peaks in the negative
regime are related with the vibrations of Ti atoms, whereas the small and broad
contribution of O atoms is spread over the whole range of the negative frequencies.
Under pressure, the main peak due to the vibrations of Ti atoms in the negative frequency
regime decreases rapidly and eventually disappears completely around 55 GPa. In fact,
the negative frequency peak shifts to the positive frequency regime and appears as a
sharp peak around 6 THz, showing that the fluorite phase is dynamically stable at high
pressure and can be assigned as the cubic phase of TiO2. The phonon DOS of pyrite
phase also display a strong peak at negative frequencies, corresponding mostly to
vibrations of Ti atoms. As pressure increases, the Ti peak shifts towards more negative
region, and the peaks at negative frequencies remains at all calculated pressures, as
shown in Figure 5.9 (b).
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Figure 5.8 Phonon dispersion relations of cubic TiO2 phases, i.e., fluorite and pyrite.

(a)

(b)

Figure 5.9 Phonon density of states of (a) fluorite and (b) pyrite phases at selected
pressures.
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5.3.3

Thermodynamic Properties
With the obtained phonon DOSs at six different volumes in the present work, the

Helmholtz energy (F) of TiO2 polymorphs can be evaluated based on the quasi-harmonic
approximation. Accordingly, the entropy (S) and internal energy (U) can be estimated by
the following equations,

 F 
S  

 T T

(5.3)

 F 
U  F  TS  F  T 

 T V

(5.4)

Neglecting the influence of pressure (P) on the solid phases (i.e., the PV term), the
internal energy is equal to the enthalpy (H) and the Helmholtz free energy (F) is equal to
the Gibbs energy (G). We calculated H and S as a function of temperature up to the
melting temperature (Tm = 2130 K) [53] for rutile, anatase, TiO2 II, MI, OI, and OII TiO2,
where the rutile phase at 298.15 K and 1 atm was chosen as the reference state for H. As
shown in Figure 5.10 and Figure 5.11, the predicted H and S of rutile and anatase TiO2
are in excellent agreement with the critically evaluated values by Chase et al. [53] from
experiments. The enthalpy and entropy differences from experiments are very small even
at 2000 K, which are less than 0.5 % for both rutile and anatase phases. We notice that
OII TiO2 shows a relative large slope of H compared with other phases, especially at high
temperatures. Since the slope of enthalpy with respect to temperature equals heat capacity,
OII TiO2 should have the largest heat capacity among all TiO2 phases, which is verified
by the following heat capacities calculations.
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Figure 5.10 Enthalpies of the TiO2 polymorphs, i.e., rutile, anatase, columbite,
baddeleyite, OI, and cotunnite, with the enthalpy of rutile phase at 298.15 K and 1 atm as
the reference. The lines represent the present calculations, and the open symbols are the
critically evaluated values obtained by Chase et al. [53].
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Figure 5.11 Entropies of the TiO2 polymorphs, i.e., rutile, anatase, columbite, baddeleyite,
OI, and cotunnite. The lines represent the present calculations, while the open symbols
are the critically evaluated values obtained by Chase et al. [53].
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To compare the phase stabilities of TiO2, we also plotted the Gibbs energy
difference as a function of temperature with respect to the rutile phase in Figure 5.12.
There have been a lot of debates about the relative stabilities of rutile and anatase phases
under ambient conditions. A number of first-principles studies have been performed to
address this issue in the past decade, and recent calculations predicted anatase to be more
stable than rutile at 0 K and ambient pressure [43, 44, 54]. However, the lattice stability
at finite temperature and ambient pressure is determined by the Gibbs energy rather than
internal energy. Although our 0 K calculations do reveal that anatase has lower total
energy than rutile, the rutile phase should be more stable than anatase by considering the
zero-point vibrations. Furthermore, the finite temperature Gibbs energy study predicts
that rutile is more stable than anatase in the whole temperature range we studied, as
shown in Figure 5.12. We also see that the Gibbs energies of the high pressure
polymorph TiO2II are close to those of anatase at low-temperature, which explains why
the TiO2II phase was often observed as metastable pressure-quenched phases at ambient
pressure instead of anatase [23, 45]. For use in CALPHAD thermodynamic modeling, the
following function [31] is used to describe the Gibbs energies of the TiO2 polymorphs
from room temperature up to Tm, in per mole of formula unit:

G  a  bT  cT ln T  dT 2  eT 1

(5.5)

where a, b, c, d, and e are fitting parameters. The derived Gibbs energy functions of all
TiO2 polymorphs are tabulated in Table 5.5.
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Figure 5.12 Calculated Gibbs energy differences (ΔG) of the TiO2 polymorphs as a
function of temperature, with respect to rutile phase.

Table 5.5. Gibbs energy functions (G) of the TiO2 polymorphs at ambient pressure.
Phase

Gibbs energy function (G) (298.15 K < T < Tm = 2130 K)

Rutile

27598  448.1T  72.92T ln T  2.10 103T 2  8.43 105 T 1

Anatase

26351  435.7T  70.99T ln T  2.31103T 2  8.15 105 T 1

TiO2II

27472  451.8T  72.97T ln T 1.92 103T 2  8.90 105 T 1

MI

27328  457.8T  72.71T ln T 1.80 103T 2  9.88 105 T 1

OI

27478  459.3T  72.98T ln T 1.72 103T 2  9.72 105 T 1

OII

26799  452.0T  71.72T ln T  3.86 103T 2  9.81105 T 1
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Figure 5.13 shows the predicted CP together with the available experimental data
[53]. Our calculations reproduce the CP of anatase TiO2 very well in the whole
temperature range, with relative error about 1.5% at 2000 K. The CP of rutile TiO2 is
somewhat overestimated, especially above 1200 K; however, the relative error at 2000 K
is less than 4%. The difference might be traced back to the stability of the rutile phase
above 1200 K. Since heat capacity is a second derivative of free energy with respect to
temperature, it is more demanding on the accuracy of free energy than entropy and
enthalpy do. Thus, the presently predicted CP of the rutile phase is still acceptable. For
the high pressure OII phase, it shows an abnormally large heat capacity at high
temperatures compared with other TiO2 phases, consistent with the above analysis of the
enthalpies. We also derived the heat capacity functions for all TiO2 polymorphs by the
formula CP  c  2dT  2eT 2 , valid from room temperature to Tm, shown in Table 5.6.
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Figure 5.13 Heat capacities of the TiO2 polymorphs, i.e., rutile, anatase, columbite,
baddeleyite, OI, and cotunnite. The lines represent the present calculations, the open
symbols are the critically evaluated values obtained by Chase et al. [53].
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Table 5.6. Heat capacity functions (CP) of the TiO2 polymorphs at ambient pressure.
Phase

Heat capacity function (CP) (298.15 K < T < Tm = 2130 K)

Rutile

72.92  4.20 103T 1.69 106 T 2

Anatase

70.99  4.61103 T  1.63106 T 2

TiO2II

72.97  3.84 103 T 1.78 106 T 2

MI

72.71  3.61103T  1.98 106 T 2

OI

72.98  3.44 103T  1.94 106 T 2

OII

71.72  7.72 103 T 1.96 106 T 2
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5.3.4

Mechanical Properties
The search for a super-hard material to replace diamond continues to attract a

broad range of researchers from the field of technology and basic sciences. During the
last decade great efforts have been made to find hard materials, such as SiC, BN, Si3N4,
and C3N4. To accomplish this challenge, the most advanced experimental and theoretical
techniques have been applied. Recently, DFT calculations together with high-pressure
experiments have provided the discovery of the hardest known oxide, cotunnite-type
TiO2 [25]. Meanwhile, Swamy and Muddle studied the crystal structures and
compressibilities of the cubic fluorite- and pyrite-structured phases of TiO2 under varying
hydrostatic pressures by first-principles calculations [41]. They found that fluorite TiO2 is
a highly incompressible solid with a large bulk modulus value (B0 ~ 395 GPa),
approaching that of cotunnite TiO2 (B0 = 431 GPa). However, there are a lot of debates
on the reported bulk moduli for the cotunnite and fluorite TiO2 phases in literature.
To solve these controversies, we have studied the elastic and mechanical
properties for all TiO2 polymorphs using different XC functionals. The bulk moduli
calculated from elastic constants and EOS fitting have been compared. We have tested
several XC potentials provided by VASP, i.e., LDA, GGA_PW91, GGA_PBE, AM05,
rPBE, and PBEsol. The Hybrid functionals are not utilized in this work due to the
expensive calculations. Table 5.7 shows the calculated equilibrium volume, lattice
parameters, atomic position, and bulk moduli of rutile and anatase TiO2 with different
XC potentials. By comparing the calculated structural properties with experiments, we
find the PBEsol potential provides the overall best performance among all the available
XC potentials. Since the elastic property is very sensitive to the lattice parameters,
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PBEsol functional should also predict best elastic constants of TiO2, which is also
confirmed by the calculated elastic constants of rutile TiO2 by LDA, GGA_PW91,
GGA_PBE and PBEsol potentials (see Table 5.8 for more details). Therefore, the PBEsol
potential is adopted for the following calculation of elastic properties of all TiO2 phases.
The intrinsic hardness of a material is correlated with its bulk modulus (B) and
shear modulus (G), although other factors, such as high electron density, short bond
lengths, and a high degree of covalent bonding have also been suggested to contribute to
enhanced hardness. Of these two elastic moduli, B is easier to compute by first-principles
methods, i.e., from EOS fitting to the calculated energy-volume relationship. Meanwhile,
bulk modulus, shear modulus and Young’s modulus can also be evaluated from singlecrystal elastic constants (Cijs), which can be calculated using the stress-strain method [58].
Table 5.9 lists the calculated elastic properties of TiO2 phases, including polycrystalline
aggregate properties of bulk modulus BH, shear modulus GH, Young’s modulus EH,
BH/GH ratio and Poisson’s ratio  according to the Voigt-Reuss-Hill approach [59]. The
bulk modulus calculated from elastic constants is very close to that from EOS fitting,
with difference less than 5%, except for baddelyite phase. Fluorite- and cotunnitestructured TiO2 phases show the largest bulk modulus among all the phases, however not
large enough to be ultrahard materials. Our calculations agree with the recent highpressure experimental results and first-principles calculations [42-45, 48]. The
overestimated bulk modulus of cotunnite TiO2 by Dubrovinsky et al. [25] and fluorite
TiO2 by Swamy and Muddle [41] might be ascribed to their unreliable EOS fitting results.
The fitted first pressure derivative of bulk modulus, B’, is 1.75 by GGA for fluorite [41]
and 1.35 for cotunnite [25], which is much smaller than the commonly accepted value of
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B’, around 4. Nishio-Hamane et al. [48] studied the sum of squared residuals (SSR) after
fitting V0 and B0 by varying the value of B’ based on the third-order Birch-Murnaghan
EOS for the cotunnite phase. They found that very high B0 values (419-485) can be
obtained if very small B’ values (1 ~ 2) are assumed, but a large SSR remains in this case.
SSR was minimized when B’ was fixed as 4.25. By constraining B’ = 4.0, a different set
of experiments did yield a B0 = 294 GPa of cotunnite TiO2, which is much close to our
result. Here, we can say that the present study is more reliable than those by Dubrovinsky
et al. [25] and by Swamy and Muddle [41], and that the bulk moduli for the cotunnite and
fluorite phases lie within the range of about 260 - 300 GPa. These values are significantly
smaller than that of diamond (444 GPa), and thus we conclude that the hardness for the
cotunnite and fluorite phases of TiO2 is not comparable to that of diamond.
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Table 5.7 Calculated equilibrium volume, lattice parameters, atomic position, and bulk
moduli of rutile and anatase TiO2 with different XC potentials.
Phase

Method

V (Å3/TiO2)

a

c/a

u

B (GPa)

Rutile

Expt.

31.00-31.22

4.582-4.594

0.64-0.644

0.305

211-235

LDA

30.47

4.559

0.642

0.304

238

PBE

32.22

4.651

0.639

0.305

196

PW91

32.11

4.646

0.639

0.305

203

AM05

31.28

4.606

0.639

0.305

210

rPBE

32.93

4.695

0.636

0.306

177

PBEsol

31.13

4.599

0.640

0.304

216

Expt.

33.98-34.07

3.782-3.785

2.512-2.514

0.208

178-179

LDA

33.34

3.751

2.527

0.208

184

PBE

35.24

3.806

2.556

0.206

166

PW91

35.13

3.803

2.555

0.206

168

AM05

34.30

3.775

2.550

0.207

170

rPBE

36.08

3.830

2.569

0.206

156

PBEsol

34.14

3.776

2.536

0.207

176

Anatase

Table 5.8 Calculated elastic constants of rutile TiO2 with different XC functional together
with measured experimental data. Cijs in GPa.
Method

C11

C12

C13

C33

C44

C66

Source

Expt. (298 K)

271

177

149

484

124

194

Fritz [55]

Expt. (300 K)

267

174

146

484

124

190

Isaak [56]

Expt. (4 K)

289

197

159

508

128

227

Manghnani [57]

LDA

295

223

174

523

124

245

This work

PBE

255

172

147

467

114

212

This work

PW91

260

174

149

471

115

215

This work

PBEsol

276

200

163

497

118

230

This work
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Table 5.9 Calculated elastic properties of TiO2 phases, including polycrystalline
aggregate properties of bulk modulus BH (GPa), shear modulus GH (GPa), Young’s
modulus EH (GPa), BH/GH ratio and Poisson’s ratio  in Hill approach, and bulk modulus
BEOS estimated from EOS fitting.
Phase

BH

BEOS

GH

EH

BH/ GH



Rutile

229

220

109

281

2.10

0.29

Anatase

191

179

56

152

3.43

0.37

Brookite

213

208

85

225

2.52

0.32

Columbite

224

220

88

234

2.54

0.33

Baddeleyite

201

173

103

264

1.94

0.28

OI

242

243

116

300

2.09

0.29

Cotunnite

244

256

93

248

2.62

0.33

Fluorite

271

270

86

230

3.14

0.36

Pyrite

263

261

107

282

2.46

0.32
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5.3.5

Pressure-induced Phase Transformation at 0 K
The enthalpy change in the anatase to rutile transition has been measure using

calorimetric techniques. There are significant differences in the values reported in the
literature: from the exothermic values to the endothermic values. The phase stability of
TiO2 predicted by DFT calculations is found to be sensitive to the treatment of XC
potentials. The relative stability between rutile and anatase phases, however, is not
affected by the potentials used. Our calculations using different XC potentials show that
the energy difference between rutile and anatase (ΔE = Erutile - Eanatase) is always a
positive value, ranging from 1.08 to 8.78 kJ/mol, which means anatase is more stable
than rutile phase at 0 K. The current calculations are consistent with most of the recent
theoretical studies [43, 54]. The large differences for the experimental measurement
might be due to the large surface energy of anatase phase, which is not properly excluded
in the estimation of enthalpy [60].
Although a number of high-pressure phases of TiO2 were found in experiments,
many of them have not been well characterized. For example, the existence of the fluorite
phase of TiO2 has only been tentatively assigned, and it is not certain whether the fluorite
and pyrite phases can exist between baddeleyite and cotunnite or if they are postcotunnite. In order to understand the high pressure phase diagram of TiO2, we have
performed calculations of the rutile, anatase, columibite, baddeleyite, OI, cotunnite,
fluorite, and pyrite phase with pressures up to at least 80 GPa. The calculated volume
dependences of the total energy for eight TiO2 phases are fitted by BM3 EOS, illustrated
in Figure 5.14. To study the pressure-induced phase transition, we also calculated the
pressure dependence of enthalpy, as shown in Figure 5.15. The present calculations
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predict that anatase to columbite transformation occurs at 3.6 GPa, while the rutile and
columbite phases are energetically very similar, with columbite having slightly low
energy at low compressions. Columbite is the most stable phase up to 9.9 GPa where the
calculations predict a transition to baddeleyite which in turn transforms to OI at 20.6 GPa,
and to cotunnite at 39.3 GPa. Our calculations show that neither fluorite nor pyrite phase
is the stable form in all the studied pressures up to 100 GPa, although the pyrite phase is
more stable than the fluorite structure up to 24.2 GPa. Starting with anatase, the pressureinduced phase transition sequence is predicted to be anatase  columbite  baddeleyite
 OI  cotunnite. In experiments, rutile phase, however, is more frequently used as the
starting material. Starting with rutile we predict a transition to baddeleyite phase at 6.9
GPa, to OI at 20.6 GPa, and to OII at 39.3 GPa, in close agreement with experiments [24,
45, 47, 48, 61, 62]. On decompression the baddeleyite phase converts to columbite at ~
9.9 GPa, never recovering the rutile structure, also in agreement with experiments that are
unable to back-transform TiO2 to rutile under decompression [45, 48]. The small
energetic difference between rutile and columbite at ambient pressure (-33 meV/f.u. in
calorimetric and 8 meV/f.u. in calculations) are most likely the reason for the absence of
columbite on compression, and rutile on decompression.
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Figure 5.14 Calculated total energy with respect to volume for eight TiO2 polymorphs.

Figure 5.15 Calculated enthalpy differences (H – Hrutile) of eight TiO2 polymorphs as a
function of pressure, relative to rutile phase.
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5.3.6

Pressure-temperature Phase Diagram
From calculated phonon spectra, the lattice vibrational free energies are estimated,

which are used to predict the lattice stabilities and phase transitions at finite temperature.
Using a similar approach as Ti, we predict the pressure-temperature phase diagram of
TiO2 by comparing the Gibbs energy of each phase as a function of pressure and
temperature.
Figure 5.16 shows the predicted phase boundary between rutile and anatase
phases. The zero pressure transition temperature between anatase and rutile is predicted
to be 1340 K, close to the experimental result 1200 K compiled by Chase [53]. Since the
prediction of transition temperature requires high accuracy in Gibbs energy, the current
prediction should be reasonable. The transition temperature is determined by both the
temperature dependence of the lattice vibrational energy and the difference of the static
energy at 0 K. Since the thermodynamic properties of rutile and anatase phases are
accurately predicted, indicating the former is well described by the current quasiharmonic approach. Thus, the error of the predicted transition temperature must come
from the uncertainty of lattice stability calculated at 0 K, which is largely determined by
the XC functional used. EOS fitting also has a minor effect on the equilibrium total
energy.
There have been considerable disputes over the equilibrium phase boundary
between rutile and columbite. The high-pressure and high-temperature phase boundary of
the rutile and columbite TiO2 phases has been studied by several authors [29, 30, 63]. Our
predicted pressure-temperature phase boundary (see Figure 5.17) shows a positive slope,
in agreement with results by Akaogi et al. [63] and Withers et al. [30], indicating that the
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measured phase boundary by Olsen et al. [29] may have some technical problems. The
currently predicted transition pressure between rutile and columbite at room temperature
seems underestimated compared with the experimental data [30, 63], which is mostly due
to the underestimated total energy difference between rutile and columbite phase at 0 K.
Figure 5.18 shows the calculated phase boundary between columbite and
baddeleyite phases of TiO2, together with the experimental result measured by Tang et al.
[62]. The predicted transition pressure between columbite and baddeleyite TiO2 at room
temperature is 12.3 GPa, in perfect agreement with the experiment 11.8 GPa [62]. The
predicted phase boundary equation is T = 159.4×P -1637.6 (T in unit K and P in unit
GPa), close to that measured by Tang et al. [62], T = 188.7×P - 1919.5.
By combining all the calculated phase boundaries between each two phases, we
obtain the complete pressure-temperature diagram of TiO2 as shown in Figure 5.19. The
fluorite and pyrite phases are not included, due to their thermodynamic instabilities in the
whole pressure and temperature range we studied. A general feature of the P-T phase
diagram of TiO2 is that all phase boundaries show positive slopes, except that of
rutile/anatase. From thermodynamic point of view, we know the slope of the phase
boundary is determined by dT/dP = V/S. Thus, the entropy changes due to pressureinduced

phase

transitions

on

the

phase

boundaries

of

rutile/columbite,

columbite/baddeleyite, baddeleyite/OI, and OI/cotunnite are negative, while the entropy
change due to anatase-rutile transition is positive. It should be pointed out that the
currently P-T diagram is predicted based on the thermodynamic equilibrium condition,
and kinetic information of the phase transition is not considered. Thus, the synthesis of
the high-pressure phases of TiO2, such as cotunnite, may need higher temperatures than
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those suggested by the current calculations, to overcome the energy barrier encountered
in phase transitions.

Figure 5.16 Calculated phase boundary between rutile and anatase phases of TiO2. The
red symbol is the experimental data by Chase [53].

Figure 5.17 Calculated phase boundary between rutile and columbite phases of TiO2. The
blue dashed line and read dash-dotted line are measured phase boundaries by Withers et
al. [30] and Akaogi et al. [63], respectively.
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Figure 5.18 Calculated phase boundary between columbite and baddeleyite phases of
TiO2. The blue dashed line is measured phase boundary by Tang et al. [62].

Figure 5.19 Calculated equilibrium pressure-temperature phase diagram of TiO2.
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5.4

Summary
We have studied the structural, phonon, and thermodynamic properties of the six

polymorphs of TiO2, i.e., rutile, anatase, TiO2II, MI, OI, and OII, by DFT calculations.
Good agreement between the predicted the equilibrium volume and bulk modulus of TiO2
phases and the available experimental data have been obtained. The phonon dispersion
relations for all TiO2 polymorphs have been predicted, and the LO-TO splitting are well
reproduced for rutile and anatase phases by considering the dipole-dipole interactions.
The calculated phonons show that all high pressure phases, except the cubic phases, are
dynamically stable at ambient pressure, indicating cotunnite phase might be quenched to
ambient conditions. Cubic fluorite TiO2 can only be stabilized by high pressures. From
the calculated phonon spectra, the thermodynamic properties (enthalpy, entropy, Gibbs
energy, and heat capacity) of TiO2 are accurately predicted by the quasi-harmonic
approximation. We derived the Gibbs energy and heat capacity functions for all TiO2
polymorphs, which can be used in CALPHAD thermodynamic modeling of the oxide
system. We have also studied the pressure-induced phase transitions of TiO2. Anatase
TiO2 is found to be more stable than the rutile phase. The 0 K phase transition sequence
of TiO2 is predicted to be anatase  columbite  baddeleyite  cotunnite under
compression. The pressure-temperature phase diagram of TiO2 is predicted by comparing
the Gibbs energy as a function of pressure and temperature. Excellent agreement between
the predicted transition temperature between rutile and anatase and the phase boundary of
columbite and baddeleyite with the available experimental data has been obtained.
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Chapter 6 Thermodynamics and Strain-induced Phase
Transitions in BiFeO3
6.1

Introduction
Multiferroic materials have attracted much attention due to their novel phenomena

and great potential for new device applications [1]. Among them, BiFeO3 is well known
for exhibiting simultaneous ferroelectric (TC ≈ 1110 K) and antiferromagnetic (AFM) (TN
≈ 643 K) behaviors above room temperature [2]. The reported enhanced spontaneous
polarization in BiFeO3 thin films [3], compared with the bulk phase, gave rise to an
explosion of interest in this material [4-6]. BiFeO3 thin films has been grown by different
techniques, such as chemical vapor deposition (CVD) [4], pulsed-laser deposition (PLD)
[5], and molecular-beam epitaxy (MBE) [6]. Due to the high volatility of Bi, adsorptioncontrolled MBE is well suited for fabricating BiFeO3 films with simplified composition
control [6]. Within a narrow window of substrate temperature and oxygen chemical
potential, single phase films can be grown on substrates. Oxygen pressure-temperature
phase diagram is, therefore, important in identifying appropriate growth conditions for
BiFeO3 thin films. In our previous work, we studied the processing window for the MBE
growth of BiFeO3 thin films using the CALPHAD method, and the prediction was
confirmed by ex situ X-ray diffraction [6]. Due to the absence of thermodynamic
descriptions of BiFeO3 and Bi2O2.5, estimated formation enthalpies were used in the
thermodynamic modeling, which introduces uncertainty of the predicted processing
window for BiFeO3 thin films.
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Although BiFeO3 occurs in a rhombohedrally distorted perovskite in its bulk form,
a tetragonally distorted perovskite phase with a giant c/a ratio and large spontaneous
polarization has been identified by several groups in highly strained BiFeO3 films [7, 8].
The epitaxial strain imposed by substrates has been used to alter the stable crystal
structure of BiFeO3 thin films which does not exist in its bulk form. In addition to the
enhanced polarization in the strained BiFeO3 films, Zeches et al. observed the
coexistence of the tetragonal-like (T) and rhombohedral-like (R) polymorphs of BiFeO3
with intermediate strains, and revealed that epitaxial strain can be used to drive the
formation of a morphotropic phase boundary (MPB) and create large piezoelectric
responses in lead-free ferroelectric BiFeO3 films [8]. Using density-functional
calculations, Hatt et al. found a strain-induced isosymmetric phase transition at
compressive strain, which shed some light on the observed coexistence of T and R phases
in strained BiFeO3 [8, 9]. However, the experimental observation of a morphotropic
phase boundary in BiFeO3 films is still poorly understood.
In this work, we aim to investigate the growth conditions of single phase BiFeO3
films by coupled first-principles and CALPHAD approaches [10]. DFT plus U approach
is utilized to calculate the formation enthalpy of BiFeO3, which is used to describe its
Gibbs energy function and predict the chemical potential-temperature diagram of BiFeO3.
We have also studied the effect of Bi vapor pressure on the growth conditions of BiFeO3
thin films. In addition, the epitaxial strain effect on the coexistence of T and R phases and
MPB in BiFeO3 films have been investigated by DFT calculations. We address the most
widely used (001)-oriented cubic substrates and cover a range of strains encompassing all
experimentally accessible states.
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6.2

Thermodynamics of BiFeO3

6.2.1

Computational Details
The PAW method as implemented in VASP [11] was utilized for the DFT

calculations. Both GGA and LDA were used to depict the XC functional. The strong onsite Coulomb interaction between localized 3d electrons of Fe is treated by DFT plus U
approach. The Dudarev’s implementation is utilized for the DFT+U method through the
effective Coulomb interaction Ueff. In this study, we used a value Ueff = 6 eV, which has
been shown to give a good description of electronic and magnetic properties of BiFeO3
[12]. Auxiliary Ueffs of 0, 1, 3, 5, 7 eV were also tested. In the first-principles calculations,
we employed a plane-wave energy cutoff of 500 eV, and dense k-point meshes of
15×15×15 for AFM BiFeO3 (R3c), 8×6×7 for α-Bi2O3 (P21/c), 11×11×11 for AFM αFe2O3 ( R 3c ), 25×25×25 for Bi ( R 3 m ), and 7×7×9 for Bi2O2.5 ( P 421 c ).The cell shapes
and ionic positions are fully relaxed by the Gaussian smearing technique. For Bi2O2.5, the
oxygen 8e sites are partially occupied [13]. Based on its symmetry, four different
configurations are tested, and the one with the lowest energy is chosen as the ground state.
The phase equilibrium calculations were performed by the Thermo-Calc program [14]
within CALPHAD approach. The Gibbs energy functions of the gas phase containing
various Bi and Bi-O species and the stable and metastable Fe and Bi oxides are taken
from the SGTE database [15]. The formation enthalpies of BiFeO3 and Bi2O2.5 from firstprinciples calculations were used for the descriptions of their Gibbs energy functions.
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6.2.2

Enthalpy of Formation
To obtain the equilibrium properties, the calculated total energy vs. volume

relationships are fitted by the third-order Birch-Murnaghan EOS [16]. Table 6.1 shows
the EOS predicted equilibrium volume, and bulk modulus of α-Bi2O3, α-Fe2O3, and
BiFeO3, together with the available experimental data [2, 17-22]. The present predictions
are consistent with most of the previous calculations [23-25]. By considering the effect of
on-site Coulomb interaction, the band gap and magnetic moment of Fe in α-Fe2O3 and
BiFeO3 are well reproduced (see Table 6.1) [26-30]. However, LDA+U calculations
show an overall better agreement with experiments than GGA+U. Thus, only LDA+U
results are presented in the following work.
The formation enthalpy of BiFeO3, Hf(BiFeO3), is calculated according to the
reaction of

1
2

 -Bi2O3 + 12  -Fe2O3  BiFeO3 . Figure 6.1 shows the calculated

Hf(BiFeO3) with different Ueffs. As Ueff increases, Hf(BiFeO3) decreases from a
positive value to a small negative value, and becomes a constant (-7.9 kJ/f.u.) when Ueff >
6 eV. The presently predicted Hf(BiFeO3) is less negative than that calculated by Zhang
et al. [31], which might be ascribed to the un-fully relaxed structures used. Small
Hf(BiFeO3) indicates that BiFeO3 is thermodynamically not very stable in air without
being in contact with Bi2O3/Fe2O3 flux [32]. The formation enthalpy of Bi2O2.5 is
calculated from the reaction of

1
3

Bi+ 65  -Bi2O3  Bi2O2.5 . The predicted positive

formation enthalpy indicates that Bi2O2.5 is unstable with respect to Bi and α-Bi2O3.
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Table 6.1 Calculated (by DFT+U with Ueff = 6 eV) equilibrium properties of α-Bi2O3, αFe2O3, and BiFeO3, including the equilibrium volume V, bulk modulus B, band gap (Egap),
and magnetic moment of Fe (Mag).
Phase

Method

V (Å3/atom)

B (GPa)

Egap (eV)

α-Bi2O3

GGA

17.24

41

1.9

LDA

15.67

76

2.3

Expt.

16.47 [22]

GGA+U

10.45

192

2.5

4.32

LDA+U

9.74

225

2.3

4.26

Expt.

10.05 [18]

225 [19], 231[20]

2.0 [26], 2.2 [27]

4.6 [28]

GGA+U

12.86

101

2.2

4.31

LDA+U

11.85

133

2.4

4.26

Expt.

12.46 [2]

75.5±15.5 [21]

2.4 [29], 2.74 [6]

3.75 [30]

α-Fe2O3

BiFeO3

Mag (μB)

2.5 [17]

Figure 6.1 Calculated formation enthalpy of BiFeO3 (∆H) with respect to α-Bi2O3 and αFe2O3 with different Ueffs.
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6.2.3

Chemical Potential-temperature Diagram
During the deposition process of thin films by PLD, single phase BiFeO3 can be

achieved by controlling the substrate temperature and oxygen partial pressure. To
compensate for the volatile Bi and prevent Bi deficiency inside the films, excess Bi oxide
is used [5]. For the MBE growth of BiFeO3, however, the Bi partial pressure can be
controlled independently for more convenient growth conditions. In this work, we have
studied the thermodynamic stability window of BiFeO3 in two scenarios, i.e., with two
different Bi partial pressures (representing Bi chemical potential). With excess Bi oxide,
it can decompose into O2 and Bi, and Bi will evaporates due to the high vapor pressure of
Bi. A fixed Bi partial pressure of 2×10-9 atm is assumed in the first scenario
corresponding to the vapor pressure of Bi at 600 °C [5]. Since γ-Fe2O3 was identified in
the growth of BiFeO3 films by different deposition approaches [5, 6], γ-Fe2O3 is adopted
in the equilibrium calculations instead of α-Fe2O3. The thermodynamic stability window
of BiFeO3 is best illustrated by the oxygen partial pressure-temperature phase diagram as
shown in Figure 6.2, representing the phase stability between BixOy gases and BiFeO3+γFe2O3, BiFeO3, and BiFeO3+α-Bi2O3 condensed phases, respectively. This is a sectioned
phase diagram representing the chemical potential of O2 depicted by its partial pressure
and temperature under constant total pressure at 1atm and Bi partial pressure at 2×10-9
atm in the vicinity of BiFeO3 with the ratio of Bi/Fe being unit. The predicted stability
window for single phase BiFeO3 is consistent with the PLD experiment by Béa et al. [5].
Single phase films can be achieved in a small processing window. At low temperatures or
high oxygen partial pressures, α-Bi2O3 forms, while at high temperatures or low pressures,
γ-Fe2O3 appears, since it is thermodynamically favorable for BiFeO3 to decompose into
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Fe2O3 and maintain a high Bi vapor pressure. The boundary of the growth window for the
single phase BiFeO3, as shown in Figure 6.2, can be describe by log10(P) = a/T + b,
where P is the oxygen partial pressure in Torr and T the temperature in K. The predicted
parameters a and b are given in Table 6.2.
For the second scenario, we fixed the Bi partial pressure at 6.7×10 -10 atm
according to the MBE growth conditions used by Ihlefeld et al. [6]. The experimentally
detected parasitic phases, such as γ-Fe2O3 and Bi2O2.5 [6], are adopted in the phase
equilibrium calculations. The predicted stability window of BiFeO3 is shown in Figure
6.3, representing the phase stability between BixOy gases and BiFeO3+γ-Fe2O3, BiFeO3,
and BiFeO3+Bi2O2.5 condensed phases, respectively. With the inclusion of Bi2O2.5, the
growth window of BiFeO3 becomes much wider than that of the first scenario, and the
oxygen pressure extends over three orders of magnitude at a fixed temperature. As Bi
partial pressure decreases, Bi2O3 becomes unstable and decomposes into Bi and O2, and
the thermodynamically stable window of BiFeO3 is shifted to higher oxygen partial
pressures more than one order of magnitude. Thus, it is possible to achieve more
favorable growth conditions for BiFeO3 films by properly choosing the Bi partial
pressure. The reported MBE growth conditions for the single phase BiFeO3 films [6] are
well within our predicted processing window.

151
Table 6.2. Boundaries for the growth windows of single phase BiFeO3, i.e., log10(P) =
a/T + b.
P(Bi) (atm)
2×10-9
6.7×10-10

Boundary

Phases

a

b

Upper

BiFeO3+α-Bi2O3

-23593

25.62

Lower

BiFeO3+γ-Fe2O3

-24735

25.68

Upper

BiFeO3+Bi2O2.5

-24262

29.29

Lower

BiFeO3+γ-Fe2O3

-24796

26.38
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Figure 6.2 Calculated O2 partial pressure-temperature phase diagram of BiFeO3 with Bi
partial pressure fixed at 2×10-9 atm. The solid yellow circles [5] represent the reported
growth conditions for the single phase BiFeO3 thin films.

Figure 6.3 Calculated O2 partial pressure-temperature phase diagram of BiFeO3 with Bi
partial pressure fixed at 6.7×10-10 atm. The red dashed line [6] represents the reported
growth conditions for the single phase BiFeO3 thin films.
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6.3

Strain-Induced Phase Transitions

6.3.1

Computational Details
Similar as previous section, LDA+U approach, with Ueff = 6 eV, was used to treat

the strong on-site Coulomb interaction between localized 3d electrons of Fe presented in
BiFeO3. In the first-principles calculations, G-type AFM ordering was adopted for the
magnetic structure of BiFeO3. We used a monoclinic ten-atom unit cell, which allows the
structure to continuously change from the rhombohedral R3c symmetry of bulk BiFeO3 to
P4mm tetragonal symmetry. To simulate the effect of epitaxial strain, we constrained the
unit cell lattice vectors in the pseudocubic (001) plane and relaxed all internal coordinates
by minimizing the Hellman-Feynman forces to a tolerance of 5 meV/Å. The internal
coordinates were initialized corresponding to monoclinic Cc symmetry.
6.3.2

Structures and Energetics of Strained BiFeO3
As a first step, we have studied the effect of epitaxial strain on the crystal

structure and energy of BiFeO3 thin films with out-of-plane lattice parameter c fully
relaxed, and the in-plane compressive strains was studied up to 7%. Similar as previous
study by Hatt et al. [9], the epitaxial strain results in an isosymmetric phase transition in
BiFeO3 at a compressive strain of 5.15%. Within small compressive strains, the relaxed
BiFeO3 resembles the rhombohedral-like structure (R) of the bulk phase but the epitaxial
constraint causes a monoclinic distortion that lowers the symmetry from R3c to Cc. At
high strain region, the ground state structure of BiFeO3 resembles the P4mm symmetry (T)
described previously for tetragonally constrained BiFeO3 phase. The Fe atom undergoes a
large displacement toward one of the apical oxygen atoms, resulting in a super-tetragonal
structure with five-coordinated Fe (see Figure 6.4). The calculated total energy of
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strained BiFeO3 with respect to its bulk ground state structure as a function of strain
relative to the theoretical bulk lattice parameter is shown in Figure 6.5. Figure 6.6 shows
the calculated structural parameters, i.e., c/a, cell volume and Fe-O distance. Both the
abrupt changes of total energy and structural parameters clearly indicate an isosymmetric
phase transition in BiFeO3 with crystal structure Cc.

(a)

(b)

Figure 6.4 Crystal structures of compressively strained BiFeO3: a) lowly strained
rhombohedral-like (R) phase; b) highly strained tetragonal-like (T) phase.

155

Figure 6.5 Total energy of strained BiFeO3 with respect to its bulk ground state structure
as a function of strain relative to the theoretical bulk lattice parameter.

Figure 6.6 Structural parameters of strained BiFeO3 as a function of strain relative to the
theoretical bulk lattice parameter.
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6.3.3

Total energy of Strained BiFeO3 as a function of c/a ratio
The fully relaxed out-of-plane lattice parameter of strained BiFeO3 corresponds to

the outer layers of thick films. However, people are also interested in extremely thin film,
in which new crystal structures and properties may appear. Furthermore, the above
calculations with relaxed c cannot properly explain the coexistence of R and T phases at
intermediate strains. For extremely thin film case, the out-of-plane lattice parameter may
not be fully relaxed. Thus, it would be interesting to investigate the strained BiFeO3 films
with constrained surface.
For in-plane compressive strains up to 7%, we varied c/a ratio from 1.0 to 1.5. For
each c/a value, we relaxed all internal coordinates until the Hellman-Feynman forces
reach the required accuracy. The internal coordinates were initialized according to the
relaxed bulk R3c structure, resulting in space group symmetry Cc. Figure 6.7 shows the
total energy as a function of c/a ratio for three representative cases. Strains are given
relative to the LDA+U predicted equilibrium lattice parameter a = 3.899 Å of bulk R3c
BiFeO3. For all the three cases, total energy vs c/a ratio double well are observed, which
shows a close resemblance to energy vs volume double well. These two energy wells
correspond to two different phases. A close examination of the relaxed crystal structure
shows that the phase with small c/a ratio resembles a rhombohedral-like phase, while the
phase with large c/a ratio resembles a tetragonal-like phase. The common tangent to the
energy double well is of physical significance, i.e., a quantity related to the out-of-plane
stress in the strained BiFeO3 films. The R to T phase transition in BiFeO3 films can be
realized by controlling the out-of-plane stress. As shown Figure 6.7(a), when the initial
c/a ratio of BiFeO3 thin film lies between 1.165 and 1.24, it will separate into the R phase
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with c/a ratio of 1.165 and the T phase with c/a ratio of 1.24. These two phases should
have the same out-of-plane stress and lie vertically side by side to each other on
substrates, in agreement with the mixed phase region observed by high-resolution TEM
[8]. For films with small in-plane strains as shown in Figure 6.7(a), the ground state
structure of strained BiFeO3 is the R phase, while T phase for large in-plane strains as
shown in Figure 6.7(c). With intermediate in-plane strain around -5.15%, since R and T
phases share a similar total energy, phase separation should take place spontaneously
without the restriction of out-of-plane stress, and these two phases should have similar
volume percentages in the BiFeO3 films. For BiFeO3 films with in-plane strains away
from -5.15%, R and T phases can coexist in epitaxial thin films with one of them as a
metastable phase, and most of them will be the phase with ground state structure. The
volume percentage of the metastable phase changes with the film thickness.
By constructing the common tangent to the energy vs c/a ratio double wells of
strained BiFeO3 at different in-plane strains, we obtain the c/a ratio vs in-plane strain
phase diagram of BiFeO3, as shown in Figure 6.8. The coexistence of R and T phases can
be found for certain in-plane strain region. Taking BiFeO3 film with in-plane strain of 4.5%
as an example, the R and T phases coexist in strained BiFeO3 when c/a ratio lies in 1.165
and 1.24, and the volume fraction of each phase can be estimated by the lever rule. At
highly compressive conditions, strained BiFeO3 films essentially show a tetragonal-like
structure, while rhombohedral-like structure for low compressive strains. For a simple
estimation, the c/a ratio can be related to the film thickness. Correspondently, the c/a
ratio vs in-plane strain diagram of BiFeO3 films explains the observation that films grown
on LaAlO3 show a distinct evolution of the phase mixture with increased thickness while
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films grown on YAlO3 remains essentially tetragonal-like for the range of thickness
studied [8].
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Figure 6.7 Total energy of strained BiFeO3 as a function of c/a ratio at selected in-plane
strains, i.e., -4.5%, -5.15 and -6.0%. Solid lines are guide to eyes.
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Figure 6.8 c/a ratio vs epitaxial strain phase diagram of strained BiFeO3. Solid lines are
guide to eyes. T represents the tetragonal-like Cc phase, and R the rhombohedral-like Cc
phase. Dotted lines are estimated phase boundary.

6.4

Summary
With coupled first-principles and CALPHAD approaches, we have studied the

growth conditions for BiFeO3 thin films by equilibrium thermodynamic calculations. The
formation enthalpy of BiFeO3 from oxides is predicted to be a small negative value by
LDA+U calculations, which is used to study the phase equilibria and chemical potentialtemperature phase diagram of BiFeO3. The predicted processing window for BiFeO3
agrees well with experimental oxygen partial pressure-temperature conditions. We further
predict that Bi chemical potential represented by its partial pressure can be used to adjust
the stability window of BiFeO3. This opens a new dimension in tailoring processing
conditions for optimal growth of BiFeO3 films.
With LDA+U calculations, we have also studied the effect of epitaxial strain on
the structure and properties of BiFeO3. A first order rhombohedral-like to tetragonal-like
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phase transition is predicted at a critical compressive strain of 5.15%, and this isosymmetric phase transition enables the coexistence of R and T phases and MPB-like
behavior recently reported in strained BiFeO3 thin films. The phase stability of the
strained BiFeO3 with respect to c/a ratio is studied to understand the evolution of the
phase mixture under different substrates. The calculated c/a ratio vs epitaxial strain phase
diagram of BiFeO3 provides helpful guidance for choosing appropriate substrates in order
to obtain the coexistence of R and T phases within the strained BiFeO3 films.
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Chapter 7 Conclusion and Future Work
7.1

Conclusion
In this dissertation, the thermodynamics of phase transitions in Ti, TiO2 and

BiFeO3 have been studied by DFT-based first-principles calculations coupled with AIMD
and CALPHAD methods. This work provides an in-depth study of the mechanisms of
phase transitions in solids and the stability conditions of the interested phases, which can
be used to optimize material’s properties. The main contributions of the present work
include:
1.

The effect of hydrostatic pressure on the phase transitions in Ti has been
systematically studied by first-principles calculations with pressures obtained from
both various EOS fittings and direct DFT calculations without fitting. The γ-Ti
phase can be stabilized by pressure in a narrow pressure region, while δ-Ti is
thermodynamically unstable under hydrostatic compressions. The predicted phase
transition sequence and pressures of Ti are in good agreement with the available
experimental data.

2.

With quasi-harmonic approximation, the lattice vibrational energy of α-, ω- and βTi phases have been studied using first-principles phonons and Debye model. The
Debye model can predict thermodynamic properties of α- and ω-Ti, such as
enthalpy and entropy, very well, in comparison with phonon approach. However,
the enthalpy difference β- and α-Ti is overestimated by DFT calculations. With
correction of the enthalpy of β-Ti, the pressure-temperature phase diagram of Ti has
been studied by Debye model. Excellent agreement between phase boundaries
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predicted in this work and the available experimental data has been obtained. The
calculations show that thermal electronic entropy plays an important role in the α →
β transition at high-temperature.
3.

The bcc-hcp phase transition in Ti has been studied by AIMD simulations. The free
energy difference between bcc and hcp Ti phases has been predicted by
thermodynamic integration along the Burgers path, indicating a typical first-order
phase transition. Without any adjusting parameters, the transition temperature
predicted by AIMD simulation is close to the experimental data, which also confirm
that the enthalpy difference is overestimated by the Debye model. The bcc phase of
Ti is predicted to be stabilized by anharmonic vibrational entropy at hightemperature.

4.

The thermodynamic, mechanical and phonon properties of TiO2 polymorph have
been systematically studied by first-principles calculations. The thermodynamic
properties predicted by phonon approach are in perfect agreement with the available
experimental measurements. The calculated elastic constant and moduli show that
cotunnite and cubic phases of TiO2 are not ultra-hard materials. All high-pressure
phases, except the cubic phases, are predicted to be dynamically stable at ambient
pressure, indicating that the cotunnite phase might be quenched to ambient
conditions. Cubic fluorite TiO2 can only be stabilized by high pressures. The
predicted pressure-temperature phase diagram of TiO2 can provide helpful
information for the synthesis of the high-pressure phases of TiO2.

5.

The growth conditions for BiFeO3 thin films have been studied by coupled firstprinciples and CALPHAD approaches. The predicted processing window for
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BiFeO3 agrees well with experimental oxygen partial pressure-temperature
conditions. It is further predicted that Bi chemical potential represented by its
partial pressure can be used to adjust the stability window of BiFeO3. This opens
another dimension in tailoring processing conditions for optimal growth of BiFeO3
films.
6.

First-principles calculations have been used to study the strain-induced phase
transitions and origin of morphotropic phase boundary in BiFeO3. A first order
rhombohedral-like to tetragonal-like phase transition has been predicted at a critical
compressive strain of 5.15%, and the predicted iso-symmetric phase transition
explains the coexistence of the rhombohedral-like and tetragonal-like phases and
the MPB behavior recently discovered in the strained BiFeO3 thin films.

7.2

Future work
In this dissertation, we have investigated the phase transitions and

thermodynamics in several material systems by first-principles calculations. The
challenges still remain for an improved understanding of the phase stabilities and
transitions in solids:
1.

AIMD simulations have been successfully applied to study the free energy of
unstable phases, such bcc Ti in this work. However, it is still a very demanding task
to obtaining reliable free energies using AIMD simulations, which in many cases
makes these types of prediction unreliable. Thus, more efficient approach to
calculate free energies for unstable phases is needed, such as the self-consistent ab
initio lattice dynamics proposed by Souvatzis et al. [1].
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2.

The anharmonic contribution to the lattice vibrational energy is not explicitly
considered in the calculations of free energy in this work. However, it is essential to
predict accurate thermodynamic properties at high-temperature and phase transition
conditions. Thus, methods beyond quasi-harmonic approach are necessary. One of
the approaches is to take into account the explicit phonon-phonon interactions, such
as the third-order anharmonicity assessed from three-phonon processes [2].

3.

All the pressure-temperature phase diagrams in this dissertation have been predicted
from equilibrium thermodynamic calculations. However, relative high temperature
is needed to achieve phase transitions at high-pressure, although equilibrium
thermodynamic calculations show that phase transition can take place at 0 K.
Meanwhile, phase transitions usually occur along the energy minimum path
according to the energy barrier of the transition path. This kinetic information
should be well addressed for a complete understanding the mechanism of phase
transitions.

4.

The cotunnite and fluorite structured TiO2 phases have been predicted to be
dynamically stable at high-pressure, however, they are still not thermodynamically
stable phases at ambient conditions. Doping or alloying has been proved to be an
effective way to stabilized high-pressure or high-temperature phase to ambient
conditions, such as yttria-stablized zirconia [3]. In a similar way, cotunnite and
cubic phases of TiO2 might also be stabilized by appropriate doping, which would
make their applications at ambient conditions feasible.

5.

The oxygen partial pressure-temperature phase diagram of BiFeO3 shown in this
work has been predicted from equilibrium thermodynamic calculations of the bulk
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phases involved and the strain energy due to lattice mismatch between substrate and
thin film is not considered [4]. Thus, the strain energy should be addressed in the
phase equilibrium calculations to make a meaningful comparison with experimental
measurement under epitaxial strains.
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