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Abstract

In this dissertation we present sum of histories formulations of loop quantum cos-
mology. These are considered for exactly soluble LQC expressed in a Schrodinger
form with time provided by a scalar field where we are interested in transition
amplitudes and as a constrained system where we are interested in the physical
inner product defined by group averaging. As loop quantum cosmology is based on
the new quantum mechanics motivated from the representation of loop quantum
gravity the sum over histories have many distinct features from standard Feynman
path integrals. The sum over histories is given by an discrete sum over histories
which change configuration only finitely many times. The resulting sum over his-
tories have strong similarities to the current spin foam models while being derived
from a well-controlled canonical quantization. Thus we are able to probe many of
the open questions of spin foam models as well as provide new insights and avenues
of research.
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Chapter

Introduction

The beginning of the 20th century saw a great leap in our understanding of both
the large scale and the small structure of the universe through the development of
general relativity and quantum mechanics. The pressures of theoretical inconsis-
tencies between established theories and their conflict with new experimental data
required a new understanding of our universe. General relativity and quantum
mechanics have each been astonishingly successful in explaining the physics within
their own realms of validity. Despite a lack of direct conflict with experiment, it
quickly became apparent that while the two theories should be combined within
a single framework, commonly called quantum gravity, the physical and mathe-
matical structures upon which they are based are radically different. Perhaps the
most striking difference is that quantum mechanics and its relativistic extension,
quantum field theory (QFT), make heavy use of fixed background geometries while
on the other hand general relativity indicates that the force of gravity is encoded
in the geometry of space-time which is itself a dynamic object.

There have been many attempts and are currently many approaches to obtain
a theory of quantum gravity most of which derive from one of two paths from
a classical system to a corresponding quantum theory. The first is the canonical
approach as pioneered by Dirac for the quantization of constrained systems [1],
which is rooted in the Hamiltonian formulation of classical mechanics. Second,
is path integral or sum over histories quantization as introduced by Feynman [2]
with closer ties to Lagrangian mechanics. In well understood systems the two

approaches are known to be equivalent [3]. It is then natural to expect the same



to hold for quantum gravity; given a canonical description of quantum gravity
there should exist an equivalent sum over histories description and vice versa. In
this dissertation we analyze the sum over histories representations of canonical
loop quantum gravity (LQG) by constructing them in the simplified model of loop
quantum cosmology (LQC). Further we use the sum over histories representations
of LQC as a window into the open problems of spin foam models (SFM) which are

conjectured to be related to canonical LQG.

1.1 Canonical Quantum Gravity

Canonical quantum gravity is a long standing program to quantize gravity following
the procedures for the quantization of systems with constraints as pioneered by
Bergmann and Dirac. It is rooted in the development of a Hamiltonian framework
for general relativity where the basic canonical variables are a 3-metric on a spatial
slice and its conjugate momentum. Thus the Einstein field equations for the full
metric, which determines the geometry of space-time, are reinterpreted as evolution
equations for the 3-metric. The dynamics are encoded in the Hamiltonian for
general relativity, which due to the diffeomorphism invariance of the theory is a
sum of constraints. The constraints serve two purposes: one to restrict the choice
of 3-metric and its conjugate momentum, and second to generate the symmetries
of the theory through the Poisson brackets of the canonical variables with the
constraints.

The basic content of the Dirac procedure for such a constrained theory is to
first quantize the theory ignoring the constraints obtaining a kinematical Hilbert
space and afterwards to impose the constraints as operators on the kinematic
Hilbert space to obtain the physical theory. The first step is to choose a set of
elementary variables that will be represented in the quantum theory such as the
configuration and momentum variables of Schrodinger quantum mechanics. These
form an algebra generated by products and sums of variables and most importantly
the Poisson brackets between them. The second step is to obtain a representation
of this algebra by operators on a Hilbert space where the Poisson bracket between
elementary variables is replaced by the commutator between the corresponding

operators. The resulting space is referred to as the kinematic Hilbert space and



serves as the foundation for the quantization of the constrained theory. The third
step is to write the constraints in terms of the elementary variables and represent
them as operators on the kinematic Hilbert space. The fourth and final step is to
find the physical states which are annihilated by the constraint operators and to
choose an inner product on the space of these physical states. The result is the
physical Hilbert space consisting of states that are annihilated by each constraint.

Loop quantum gravity is the latest development of the canonical quantization
program. [4, 5, 6]. Beginning with the introduction of a new set of variables [7, 8]
rephrasing general relativity as a theory of connections, the theory is expressed
in the same language as the gauge theories which describe the other fundamen-
tal forces. The phase space of general relativity is then given by pairs of SU(2)
connections, A’, and its conjugate momenta, E¢, from which the metric can be
reconstructed. Drawing intuition from lattice gauge theory the elementary config-
uration variables are taken to be the holonomy, h.(A), of the connection, A, which
determine how a spinor is parallel transported along the edge, e. The elementary
momentum variables are the fluxes of the gravitational ’electric’ field, E¢ through
surfaces S, E(S, f) = [ (B¢ f'd*S,. Together these define the holonomy/flux alge-
bra that is represented in the quantum theory. Through the rigorous construction
of a measure on the space of connections, it was possible to construct the Hilbert
space of square integrable functions of (generalized) connections, Lo(A, dpaz), on
which the holonomy /flux algebra can be represented [9, 10, 11, 12, 13] . Further
it has been shown that up to technical assumptions this representation is unique
due to the requirement of diffeomorphism invariance [14, 15]. Therefore unlike the
the original approach to canonical quantum gravity in terms of metric variables, in
LQG the kinematic Hilbert space can be rigorously constructed thereby providing
a solid foundation upon which to build the physical theory.

Already at the kinematic level there are profound implication for quantum grav-
ity. First although the full kinematic Hilbert space is non-separable and seemingly
too large to allow practical computations, it can be decomposed into orthogonal
Hilbert spaces H., ; which are each finite dimensional. Each Hilbert space, H, ; is
labelled by a graph, 7 and spins j (non-zero half integers) associated to each edge
of the graph. For each choice of graph, v, and spins the Hilbert space H, ; is the

Hilbert space of a simple spin system. Each element of the Hilbert spaces H, ;



is referred to as a spin-network state and can be specified by the assignment of
an intertwiner (an object from representation theory) to each vertex of the graph,
~. These spin-network states provide a basis for the full kinematic Hilbert space
called the spin-network basis. Second, these spaces are invariant under the action
of geometric operators constructed solely from the fluxes, including most impor-
tantly the operators associated to the area of a surface and to the volume of a
region. Further these geometric operators constructed from the fluxes have a dis-
crete spectrum rovelli:1995, qtgl, qtg2, thiemann:1998. This has the surprising
implication that both area and volume are quantized and are allowed to take only
certain discrete values. In this sense the spin-network states provide the eigenstates

of quantum geometry.

1.2 The Problem of Dynamics

As much is known about the kinematical structure of the LQG, there is a large out-
standing problem for the field: Dynamics. The rigorously developed kinematical
Hilbert space, Hyin, provides the foundation upon which to construct the physical
Hilbert space by incorporating the constraints. The dynamics of general relativity
written as theory of connections is given by three constraints: the Gauss and dif-
feomorphism constraints which generate local gauge transformations and spatial
diffeomorphisms and the Hamiltonian constraint which generates the dynamics
or equivalently time reparametrizations. The problem of dynamics is three-fold:
first, to find a viable representation of the constraints (or their exponentiation) on
the kinematic Hilbert space ! by writing the classical constraints in terms of the
elementary operators; second, given a particular candidate for the quantum con-
straints to find the states annihilated by them (or equivalently the states invariant
under the group generated by their exponentiation) and a suitable inner product
between these physical states ; and third, to extract from this physical Hilbert
space observable physics.

For both the Gauss and diffeomorphism constraints this construction has been
carried out. The construction of the full physical Hilbert space composed of solu-

tions to all the constraints including the Hamiltonian constraint remains the major

LOr a suitable space of distributional states



open question of the theory. The main obstruction to obtaining the complete dy-
namics has been the myriad of ambiguities present in writing the Hamiltonian
constraint operator in terms of the elementary operators [16, 17, 18] and further
the lack of simple means to determine the 'viability’ of a particular choice. Given
a particular choice of the quantum Hamiltonian constraint the second difficulty is
in obtaining physical Hilbert space. The Gauss and diffeomorphism constraints
each generate a simple action on the kinematic Hilbert space making it possible to
construct the physical states and the physical inner product for example through
the group averaging procedure. On the other hand, even classically the Hamil-
tonian constraint does not generate a simple geometric action, so naturally the
corresponding operator is equally complex. The problem of dynamics has been a
point of bifurcation leading researchers in two primary directions. First, working
in simpler systems such as symmetry reduced models, gravity in lower dimensions,
and recently parametrized field theory which has provided considerable insight and
key directions for future progress. The other primary direction has been to try to
gain insight into the canonical theory by developing an analogous theory within
the path integral paradigm, which has led to a very enticing picture for quantum

gravity.

1.3 Spin Foam Models

One approach to understand the dynamics of LQG has been spin foam models
(SFM). These models side-step the problem of defining the Hamiltonian constraint
operator and obtaining the physical Hilbert space by working within the path inte-
gral approach to quantization. Recall that in non-relativistic quantum mechanics
the probability amplitude for a particle initially in the configuration ¢; at time
t = t; to evolve to a final configuration ¢ at time ¢ = ty, as defined by the canon-
ical theory, can be equivalently expressed as an integral over all histories of the
configuration variable ¢(t) interpolating between these configurations (¢(t;) = ¢
and q(t;) = q;) each weighted by the exponential of the classical action, €,
evaluated on ¢(t). The path integral representation can be constructed from the
canonical theory following the method introduced by Feynman [2], or can be used

to directly define the quantum theory. The latter route is often used in quantum



field theory where a path integral is used to define the theory and to derive the
Feynman diagrams used to compute scattering amplitudes.

The path integral paradigm gives a distinct route to quantum gravity as de-
fined by a sum over all possible histories of the 3-geometries of a spatial slice, or
equivalently a sum over all 4-geometries each weighted by an exponential of the
classical Einstein-Hilbert action. In ordinary quantum mechanics and quantum
field theories on a fixed background geometry, such a path integral provides the
transition amplitude for the first state, specified at initial time, to evolve to the
second state at the final time. In the background independent context of quantum
gravity, one does not have access to a time variable and dynamics is encoded in
constraints. Therefore the notion of a transition in a pre-specified time interval is
not a priori meaningful. Rather, the sum over histories would have to provide the
physical inner product between solutions to the quantum constraints, extracted
from the initial and final states.

Such an approach was introduced formally by Misner [19]. Defining quantum
gravity by a sum over all possible metrics or 4-geometries is exceedingly difficult
to implement beyond the formal level due to the diffeomorphims invariance of the
theory. The presence of this symmetry implies that there are many 4-geometries
which are physically equivalent only one of which should contribute to the path
integral. In path integrals for gauge theories such as QED where there are sim-
ilarly many physically equivalent histories it is necessary to introduce a gauge
fixing or some method to parametrize the space of physically distinct histories.
For gravity the exceptional difficulty is in parametrizing the space of diffeomor-
phism equivalence classes of geometries. A more recent approach is to introduce a
discretization of gravity using the ideas of Regge calculus [20, 21, 22, 23]. In this
approach the space of physically distinct geometries can be parametrized allowing
for the definition of a regularized sum over geometries. Approaches of this type
have a distinct difficulty which is the need to eventually take the continuum limit
where the regularization is removed.

New insight coming from both the kinematic structure of LQG as well as results
from lower dimensional gravity has led the an enticing picture for quantum gravity
expressed as a sum over quantum 4-geometries. The basic concept is that in con-

structing a path integral from the canonical theory the precise form of the histories



of the configuration variables is specified by the eigenvalues of the corresponding
operators. In Schrodinger quantum mechanics the spectrum of the position oper-
ator is identical to the classical configuration space, so the histories summed over
are simply those ¢(t) taking values in the classical configuration space. In LQG
the eigenvalues of geometrical operators such as area and volume are discrete as
opposed to the continuous classical geometry. As such we would expect a path
integral derived from LQG to be a sum over histories of quantum 3-geometries,
or since the spin-network basis states effectively provide the eigenstates of geome-
try the path integral is expected to consist of sums over histories of spin-network
states.

In the language of SFM this heuristic idea is expressed as follows. A general
SFM can be defined by considering a general 2-dimensional piecewise linear cell
complex A* which is roughly a finite collection of polygons glued together along
their edges with two boundaries that are graphs. Depending on the model this
2-cell complex is either considered to be embedded in a 4-manifold M where the
its boundaries lie on the two 3-surfaces, S; and S5, bounding the manifold M or it
is considered to be simply an abstract object. The cell complex A* plays the role
of a discretization of the 4-manifold M; for certain choices of the 2-dimensional cell
complex there is an associated discretization of the manifold into the 4-dimensional
analogue of tetrahedra, a simplicial decomposition A where each vertex of A* lies
inside a 4-dim tetrahedra, each edge of A* is related to a tetrahedra of A, and so
on. For this reason A* is often referred to as the dual triangulation. The 2-cell
complex is often referred to as the dual triangulation as One can think of S; as an
‘initial’ surface and S, as a ‘final’ surface. On each surface one can fix a basis state
of the kinematic Hilbert space of LQG, a spin network, to specify an ‘initial” and
a ‘final” state of the quantum 3-geometry. A quantum 4-geometry interpolating
between the initial and final states is given by assigning to each face (polygon) of
the 2-cell complex a spin j and to each edge of the 2-cell complex an intertwiner.
The dual triangulation colored with spin labels and intertwiners of SU(2) can be
seen as a history of spin-network states and therefore a history of quantum 3-
geometries interpolating between the initial and final states. To each such coloring
of A* by spins and intertwiners there is an associated amplitude. The spin foam

amplitude associated to the 2-cell complex is then given by a sum over all coloring



of the 2-cell complex. The conjecture is that the physical inner product can then
be obtained by summing these spin foam amplitudes over a suitable family of the
dual triangulations A*. The sum over all dual triangulations is often referred to as
the vertex expansion because the M — th term in the series corresponds to a dual
triangulation with M vertices.

Four different avenues to quantum gravity point towards the framework which
underlies the spin-foam models (SFMs). The first avenue is the heuristic idea from
LQG as above. The other routes are each provided by quantum gravity in lower
dimensions. The first comes from the equivalence of general relativity in 3 space-
time dimensions with BF theory [24], a topological gauge theory having no local
degrees of freedom. For BF theory and thus gravity in 3 space-time dimensions
there is a sum over histories of the SFM type. Although as the theory is topo-
logical the path integral is defined with a fixed but arbitrary discretization and is
independent of the choice of discretization. In higher dimension general relativity
can be regarded as a constrained BF theory [25]. The path integral formulation
of the BF theory provided the second avenue and led to the SFM of Barret and
Crane [26] as defined by constraining the SEM of BF theory. The third route
comes from the Ponzano-Regge model of 3-dimensional gravity [27] that inspired
Regge calculus in higher dimensions [20, 21, 22]|. Here one begins with a simplicial
decomposition of the space-time manifold, describes its discrete Riemannian geom-
etry using edge lengths and deficit angles and constructs a path integral in terms of
them. If one uses holonomies and discrete areas of loop quantum gravity in place
of edge lengths, one is again led to a spin foam. The fourth avenue starts from
approaches to quantum gravity in which gravity is to emerge from a more funda-
mental theory based on abstract structures that, to begin with, have nothing to do
with space-time geometry. Examples are matrix models for 2-dimensional gravity
and their extension to 3-dimensions —the Boulatov model [28]— where the basic
object is a field on a group manifold rather than a matrix. The Boulatov model
was further generalized to a group field theory (GFT) tailored to 4-dimensional
gravity [5, 29, 30]. The perturbative expansion of this GFT turned out be very
closely related to the vertex expansions in SEFMs. Thus the SFMs lie at a junction
where four apparently distinct paths to quantum gravity meet.

While the heuristic idea is well motivated by the convergence of the kinematic



structure of LQG and quantum gravity in 3-dimensions, there are numerous open
questions about the detailed structure of SFMs for 4-dimensional gravity First,
SEFMs in 4-dimension are developed entirely within the framework of discretized
gravity, so the relationship to continuous gravity is not clear. As the theory does
have local degrees of freedom it is not independent of the choice of discretization
and this dependence must be removed to obtain a quantum theory of continuous
gravity. The candidates for recovering continuous gravity are either a sum over
all triangulations or a refinement of a fixed triangulation, but not a continuum
limit as expected from non-topological gauge theories or the standard Regge ap-
proach [31]. Hints in this direction come from the perturbative expansion of GF'T
which gives a sum over triangulations as in the vertex expansion of SFMs. Second
the SFMs in 4-dimensions have not not been systemically derived following estab-
lished quantization procedures, either those coming from path integral or canonical
quantization. The derivations are based on new methods of imposing second class
constraints in the quantum theory, which have yet to be tested sufficiently in known
systems. Where they have been analyzed they have been shown to fail by not giv-
ing the correct physical states and dynamics of the quantum theory [32]. We are

thus led to ask if the SFM picture survives beyond topological models.

1.4 Simpler Systems as Probe of Dynamics

The second main program to understand the dynamics of LQG has been the appli-
cation of the quantization techniques of LQG to simpler systems such as symmetry
reduced gravitational systems, gravity in lower dimensions , and parametrized
field theory. FEach provides a simpler arena in which to probe the problems
mentioned above by reducing the degrees of freedom and the number of con-
straints, or by allowing comparison with systems whose quantization is known
through other methods. First, Loop quantum cosmology (LQC) provides a tech-
nically simpler yet physically interesting context to explore the problem of dy-
namics. In LQC the principles of LQG are applied to cosmological models hav-
ing a high degree of symmetry where this symmetry is imposed at the classi-
cal level. Thanks to this symmetry it has been possible to construct and ana-

lyze in detail the physical Hilbert space for these models in a number of cases
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(33, 34, 35, 36, 37, 38, 39, 40, 41, 42, 43, 44, 45, 46]. LQC shares many of the
conceptual problems and mathematical structures of LQG and thus provides a
fertile ground to test various and ideas of full LQG. LQC thus far has success-
fully provided insight into the dynamics of LQG including how to extract physical
information and most importantly hints into the correct form of the Hamiltonian
constraint. Similarly recent work by Varadarajan and Laddha [47, 48, 49] and later
by Thiemann [50] used insights gained from LQC to carry out a detailed analysis of
the dynamics of polymer parametrized field theory. Further the combined insight
from this work and LQC has led to the remarkable construction of a diffeomor-
phism constraint operator for full LQG [51]. Thus insights from simplified systems
have had dramatic impact on the full theory of LQG

As LQC has provided a successful test bed for many of the open questions of
LQG we are led to ask if LQC can additionally provide insight into the structure
of possible path integral representations of LQG including the SFMs. In this dis-
sertation we start from the well understood and exactly soluble model of LQC,
which is the canonical quantization of homogeneous and isotropic cosmology with
a massless scalar using the tools of LQG. This model has the benefit of two equiva-
lent descriptions. First, as a system where the scalar field is treated as a clock and
the quantum dynamics are defined by a Schrodinger like equation. This framework
allows for contact with the standard quantum mechanics and allows for simpler
extraction of physical results form the model. Second, the system can be analyzed
within the timeless framework where instead of the quantum states evolving in
‘time’ according to a Schrodinger equation, the quantum dynamics are given by
the requirement that the physical states are annihilated by the quantum constraint.
For each picture we will derive a path integral for soluble LQC by closely following
the Feynman construction from the canonical theory. The resulting path integrals
though are quite distinct from those of Schrodinger quantum mechanics due to the
different representation used in LQC which is motivated from the unique represen-
tation used in LQG. We show that the path integrals derived mimic the structure
of the vertex expansion of the SFMs. In particular the path integrals are given by
discrete sums over histories where the configuration variable changes value only a
finite number of times.

The vertex expansion for LQC has the benefit of being constructed from the
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well-understood canonical quantization. As such it is possible to avoid formal ma-
nipulations and to pinpoint the single assumption required to obtain the vertex
expansion. Further we can compare the resulting expansion to the exact physical
inner product. We can then use the similarity between the path integrals of LQC
and the SFM to shed light on the open questions of the current SFMs. Most im-
portantly the vertex expansion of LQC provides a proof of concept that a vertex
expansion as in the SFMs can be constructed starting from the canonical theory.
We show that this construction exists for a large class of models with representa-
tions similar to LQG. Within the context of LQC we are able to study how the
vertex expansion solves the quantum constraint and further how well it provides
an approximation to the exact physical inner product. We are able to probe long-
standing issues such as the role of orientation in the spin foam histories and the
physical interpretation of the coupling constant A appearing in the perturbative
expansion of GFT. We also introduce new tools for the study of vertex expansions

of SFM such as a notion of coarse graining or renormalization.

1.5 Overview

The outline of the dissertation is as follows. In chapter two we first overview the
salient features of LQC and introduce the deparametrized form of LQC where the
scalar field is used as a clock variable. We then follow the Feynman construction
of sum over histories representation for the deparametrized form leading to the
vertex expansion for LQC, and conclude with a study of the properties of the
expansion and its relation to SFMs. Chapter three introduces the group averaging
procedure as a way to solve the constraints of quantum gravity and extends the
construction of chapter two to obtain a distinct vertex expansion as derived from
the timeless framework. Chapter four then extends the construction of the vertex
expansion beyond LQC to more complex gravitational systems coupled to a scalar
field. Finally chapter five considers the vertex expansion of vacuum models of LQC

which require a regularization to remain well defined.



Chapter

Deparametrized LQC

Loop quantum cosmology provides a physically interesting yet technically simpler
context in which explore the open issues of loop quantum gravity [52, 53]. In this
chapter we will use LQC to probe the connection between loop quantum gravity
(LQG) and the spin foam models (SFM). The goal of this chapter is to show
that a detailed analysis of this example provides support for the general paradigm
underlying SFMs and also sharpens the discussion of many open questions. Further
this chapter serves to introduce the techniques and ideas used in the later chapters
in a technically and conceptually simpler setting.

In this chapter we will first provide an overview of the salient aspects of LQC.
Then starting from the deparametrized form of LQC where the scalar field is
treated as a clock variable we construct a sum over histories expansion by follow-
ing the Feynman construction as closely as possible. The result is a sum over dis-
crete histories that closely mimics the vertex expansion in the spin foam paradigm.
We then test the vertex expansion to see how well it provides a perturbative ap-
proximation to the exact transition amplitudes of LQC. We finally conclude with

discussion of the relation to SFM and insights gained.

2.1 Soluble Loop Quantum Cosmology

In this chapter and the next we will focus on the simplest LQC model that has
been analyzed in detail [33, 34, 35, 38]: the k=0, A=0 Friedmann model with a

massless scalar field as a source. However, since the derivations do not depend
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on the detailed structure of the model, it is rather straightforward to extend this
analysis to allow for more complex models such as those with non-zero cosmological
constant [39, 40], the spatially compact k=1 case [36], anisotropic models [41, 42],
and inhomogeneous models [44, 45, 46]. In this section then we provide an overview
of the important aspects of soluble LQC.

As mentioned in the introductory chapter LQC is the quantization of symmet-
ric systems in general relativity following as closely as possible the quantization
of LQG. The canonical quantization procedure begins with the Hamiltonian for-
mulation of general relativity in terms of connection variables [7, 8] where the
phase space consists of an SU(2) valued connection, A’ and the conjugate electric
field , Ef. Based on this there is a natural algebra of functions on this classical
phase space: the holonomies of the connection along edges, h(A, e) = P exp fe Al
and the fluxes of the conjugate field through surfaces, E(S, f) = [ s B f*. This
"holonomy-flux’ algebra is what is represented in the quantum theory in such a
way that preserves the background independence of the theory.

For the homogeneous and isotropic FRW models, classically one begins by fixing
a (spatial) manifold S, topologically R?, cartesian coordinates z* thereon, and a
fiducial metric ¢9, given by ¢%,dz®da’® = da?+da3 +da3. Since the model considers
homogeneous and isotropic metrics, the physical 3-metric g4 is then determined
solely by a scale factor a; qu = a®q%. For the Hamiltonian analysis one further
fixes a cubical fiducial cell V¥ whose volume with respect to g, is given by V' = a3V,
This cell is necessary to obtain finite results in the Hamiltonian theory, but it is
ensured that any physical quantity is independent of the cell.

Using homogeneity and isotropy the triad and connection can be fixed such
that they depend on the spatially constant variables ¢, p.

Ay = Vo Powy BY = pV 2P eged (2.1)
From these we classically construct the holonomies and fluxes along the edges and
surfaces that are tailored to the symmetries of the system. These are entirely
determined by the quantities p and e*¢, which form algebra that we seck a rep-
resentation for. Following input from the full theory the resulting representation

is one where the operator e*¢ is well-defined, while there is no operator corre-
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sponding to the connetion, c. From the dynamics of LQC' it is more convenient to
express the theory in terms of the conjugate variables v and b where the quantity
v is related to the volume by V' = 27+/(3, |v| [38].!

The kinematical Hilbert space is a tensor product Hyy, = Her @ HE of the
gravitational and matter Hilbert spaces. Elements W(v) of HE:" are functions of

v with finite norm

)= e ()P (2.2)

where the sum runs over all real values v. Elements of H§"" must then have
support on only a countable number of points. On this space v acts simply by
multiplication and e’ acts by translations. The matter Hilbert space on the
other hand is the standard one: H2*" = [?(R, d¢). Thus, the kinematic quantum

states of the model are functions ¥ (v, ¢) with finite norm
W)= [do|e(v, 0P (2:3)
A (generalized) orthonormal basis in Hy, is given by |v, ¢) with

(V¢ v, 0) = b, 8(&,9). (2.4)

Notice that here the volume eigenstates have an inner product given by the
Kronecker delta function as opposed to the Dirac delta function of matter Hilbert
space. This is a key similarity to LQG where the kinematic Hilbert space is non-
separable and the spin network basis, the eigenstates of quantum geometry, has a
similar inner product that can be normalized to a Kronecker delta. This property
is a result by the diffeomorphism invariance of the theory and leads to many of the
interesting aspects including the non-existence of an operator corresponding to the
connection. Additionally having a basis normalizable to the Kronecker delta is the
essential element for the derivation of the vertex expansion in the following sections

and any system sharing this feature will admit a similar expansion. Namely the

In LQG the basic geometric variable is an orthonormal triad and the physical metric gq
is constructed from it. If the triad has the same orientation as the fiducial one, given by the
coordinates z?, the configuration variable v is positive and if the orientations are opposite, v is
negative. Physics of the model is insensitive to the triad orientation and hence to the sign of v.
In particular quantum states satisfy U (v, ¢) = U(—wv, ¢).
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vertex expansion presented here can be extended to full loop quantum gravity.
We will refer to such systems as having a discrete kinematical Hilbert space or a
discrete inner product. Where here discrete refers to the discrete topology of the
Hilbert space coming from the Kronecker delta inner product.

Now to obtain the physical Hilbert space one must impose a quantum version
of the constraint equation. One first notes that the quantum constraint can be

written in terms of the basic operators as

CVU(v,¢) = p, /B> (v,¢) — OF(v,¢) =0 (2.5)

where O is a positive and self-adjoint operator on HE " [54]. More explicitly, © is

a second order difference operator [41]

(O (v) ==

3G [ (v + 40)| (v +20,) (v + 40,) — 2020 (v)

Yz
+ (v — 40 (v — 26,) T(v — 4@0)] , (2.6)

where /, is related to the minimum area eigenvalue of LQG, the ‘area gap’,
A = 431y 3, via (2 = A. The form of © shows that the space of solu-
tions to the quantum constraint can be naturally decomposed into sectors in
which the wave functions have support on specific ‘v-lattices’ [34] given by {v, +
anl, | v, € [0,4¢,) and n € Z}. For definiteness, we will restrict ourselves to the
lattice {4nf,} where n is an integer. Details of the expression of © will not be

needed in the following analysis.

2.2 Deparameterized Framework

To obtain the physical states we first notice that the scalar field ¢ is monotonic on
all classical solutions (also in the cases when k=1, and A #0) and therefore serves as
a relational time variable, a la Leibnitz, in the classical theory. This interpretation
carries over to the quantum theory. Where, the form of the quantum constraint
(2.5) is similar to that of the Klein-Gordon equation with ¢ playing the role of
time and —© of the spatial Laplacian (or, the elliptic operator generalizing the

Laplacian if we are in a general static space-time). Therefore, in LQC, one can use
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¢ as an internal time variable with respect to which physical quantities such as the
density, scalar curvature, anisotropies and other geometric quantities evolve.

A second conceptually important observation is that, as in the Klein-Gordon
case, there is a superselection. A complete set of physical observables (Dirac ob-
servables), which are those that commute with the Hamiltonian constraint, is given
by the scalar field momentum py; = —i0, and the volume V|, (or, equivalently, the
energy density operator p|s, ) at the value ¢ = ¢, of the internal time [34, 38, 35].
The action of these Dirac observables as well as time evolution leaves the space
of positive and negative frequency solutions invariant. Therefore, as in the Klein-
Gordon theory, we are led to work with either set. In LQC, one generally works
with the positive frequency ones. The similarity of the form of the quantum con-
straint to the Klein-Gordon equation suggests that we use ¢ as relational time
to deparameterize the quantum theory. As in the Klein-Gordon theory, one can
perform a group averaging procedure to arrive at the physical Hilbert space Hppy
[33]. Then the physical Hilbert space Hpyy, of LQC consists of positive frequency

solutions W (v, ¢) to the quantum constraint (2.5), i.e. solutions satisfying
_Za¢ qj+(y> ¢) = \/6‘IJ+(V> ¢) = qu+(V7 ¢) (27)
with the inner-product

(\11-1-7 q)—l—)phy = Z ‘ij-l-(yv d)o) (I)+(I/, d)o) : (28)

v=4nt,

which is independent of the value ¢, of ¢ at which the right side is evaluated.
Note that, because of deparametrization, the quantum constraint can be regarded
as ‘evolving the state in relational time ¢’.

While this construction of Hppy does not require us to think of ¢ as internal time
in quantum theory, this interpretation is natural in the light of final Eqs (2.7) and
(2.8). For, these equations suggest that we can think of v as the sole configuration
variable and introduce ‘Schrédinger states’ W(v) through the physical inner product
(2.8). These ‘evolve’ via (2.7). In this picture, the restriction to positive frequency
states has direct interpretation: py, = VO is now a positive operator on Hpny just

as po is a positive operator on the traditional Klein-Gordon Hilbert space.
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2.3 Sum Over Histories

Given LQC expressed in the Schrodinger picture where we regard v as a configu-
ration variable and ¢ as time we will now construct a configuration path integral

for this model. As the physical states evolve via a Schrodinger like equation:
—i0, U(v, ) = VOU(r,¢) = HI(v, ), (2.9)
the primary object of interest will be the transition amplitude

A(vg, dp5 vi, ) = (vg| e 0570

Vi) (2.10)

for the initial configuration |v;) at time ¢; to evolve to |vs) at time ¢;. Because
of the close similarity of (2.9) with the Schrodinger equation, we can now pass
to a sum over histories formulation of quantum dynamics using the procedure
introduced by Feynman [2]. It is immediate from the form of (2.9) that this
amplitude depends only on the difference ¢y — ¢;. Therefore, without loss of
generality we will set ¢; = 0 and ¢y = ¢ and refer to this time interval as Z. Let
us divide Z into N parts each of length e = ¢/N and write the transition amplitude

as

N
A(vg, @; v1,0) = (vl [vi) = (gl [ [ " 1w) (2.11)
n=1

we then introduce a decomposition of the identity operator at each intermediate
time ¢ = ne, (n=1,2,...,N —1), I = > |7)(|, where the sum runs over the

invariant lattice. 2

Alvp, 03 v,0) = > (onle o) onale™ oy o) . (] |m)

UN—1,-V1

= UDNDN_l UD

UN—1,-V1

U17117() ) (212)

N—1VN-—2 * ‘"

For notational simplicity we set vy = vx and v; = 1y and to further simplify de-

noted the matrix element (1| expieH |v,,—1) by U; The division of Z provides

nUn—1"

2Here the complete basis can be just the lattice v = 4n/, or equivalently all real values of v.
The dynamics will automatically select the invariant lattice as the matrix elements Uy, 5 _, are
non-zero only if both v, and v,,_; lie on the same lattice.
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a skeletonization of the time interval. An assignment o = (Dy, ..., ) of volumes
to the N 41 time instants ¢ = en can be regarded as a history of the configuration
variable associated with this skeletonization since one can envision the system as
evolving from each 7, ; at time ¢ = ¢(n — 1) to i, at time ¢n. The transition
amplitude is thus given by a sum of amplitudes for each of these histories, a la

Feynman:

A(Vf, @5 Vs, 0) = Z A(&N) Wlth A(&N) = U17N17N—1 U17N7117N—2 e U172171 U171170 .
ON

(2.13)

Recall, that the Hamiltonian theory implies A(vy, ; v;,0) = (v4|e?|v;). Hencel]
the value of the amplitude (2.13) does not depend on N ; the skeletonization was
introduced just to express this well-defined amplitude as a sum over histories. In
non-relativistic quantum mechanics, the amplitude for each history would be sim-
plified in the limit of infinitely refining the skeletonization (N — oo) where the

amplitude for each history can be expanded in epsilon giving,

A(on) =(vn|1 +ieH|ovn_1) (Un — 1|1 +ieH|oy_2) . .. (2.14)
X (|l +ieH|v) (|1 + ieH ) + O(e)

Here, if the gravitational kinematic Hilbert space was the standard L?(R, dv) each
matrix element in the above amplitude is distributional. The amplitude would
then be evaluated by inserting a complete basis in the conjugate momenta b for

each matrix element which results in the following,

€

AlGy) ~ O (/ dbm) expiNz:le (bnM + H(p, b)) (2.15)

where H (7, b) is some discretization of the Hamiltonian (depending on the factor
ordering chosen). The full amplitude in the limit N — oo would be formally
written as a phase space path integral as in non-relativistic quantum mechanics
where if possible one would integrate out the momenta to arrive at a configuration
space path integral.

Where in the standard representation each term in the product is distributional,

for LQC each matrix element in (2.14) is simply a complex number since the volume
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eigenstates are normalizable in the kinematic Hilbert space. That the eigenstates
of the configuration variable are normalizable leads to sum over histories very
distinct from that of Schrodinger quantum mechanics. First it allows for a more
rigorous analysis of the limit N — oo of removing the skeletonization. Further
since the amplitudes already depend only on histories in the configuration variable
it is not necessary to pass to the phase space path integral. 3.

We find that while the continuum limit of the amplitude for a single configura-
tion history (2.15) in the Schrodinger representation gives to a non-trivial contri-
bution to the overall amplitude, for LQC the continuum limit of each individual
history (2.14) is zero. This can be seen by looking at the family of amplitudes
of a generic path for each refinement of the skeletonizationi, N, as defined by
vn, = v(en) for some history v(¢). Up to order e the amplitude is a product of the

following matrix elements
<Ijn‘1 -+ iﬁH‘ﬂn,1> = (5177“17"_1 -+ iGHDnDn—l (216)

where H;; denote the matrix elements of the physical Hamiltonian. Notice that
due to the Kronecker delta, unless the two volumes are equal the matrix elements
is of order e. Thus if along a history the volume changes values M times the
amplitude for that history will be of order €M and is zero in the limit that the
skeletonization is removed. It is not possible then to use the limit N — oo to

simplify the amplitude for each individual history

2.4 Reorganizing the Sum Over Histories

In section 2.3 we found that the limit, N — oo, cannot be taken in a naive manner.
In this section we will reorganize the sum (2.13) such that this limit can be taken.
The result will be a sum over discrete histories changing values only finitely many
times, which can be cast as a ‘vertex expansion’ in the spirit of SFM. The idea is
that while the continuum time limit of individual histories is trivial by grouping

together histories the limit can be taken. This is clearly true for the entire set of

3 Although, a phase space path integral can be constructed and has many interesting features
[55]
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histories as summing over all histories returns the exact amplitude, but we will see
this is equally true for subsets of the set of histories. More explicitly the idea is as

follows: the total amplitude is written as a sum over amplitudes of histories at a
fixed N,

Avy, 3 1v3,0) = Z A(on) (2.17)

We will remove the dependence on the skeletonization N from the sum over his-

tories by summing over all histories of all lengths N,
A(vy, 05 13,0) = > An(0) (2.18)

where the amplitude Ay () is zero if the skeletonization associated to the history
o is not N and returns the amplitude (2.13) otherwise. Now we are interested in
finding a partitioning of the space of histories of all lengths N + 1, such that for
each subset the limit of removing the skeletonization is well defined and commutes

with the sum over histories.
A(vy, ¢; 14,0) = Z ZAN(Ua) (2.19)

where each alpha denotes a subset of the set of histories and

J\}l—{nooz ZAN(Ja) = Z ]\}EHOOZAN(Ja) (2.20)

[0 Oo

In the following we construct a given partition such that the limit is well defined
and the commutitivity above holds.

Since the configuration space given by the set of U eigenvalues is discrete, even
in the limit that the skeletonization is removed the histories are not continuous
functions v(¢). The paths then simply consist of those that are constant in v aside
from discontinuous jumps to new values of the volume. At fixed N we first note
that along a path oy, the volume 7 is allowed to remain constant along a number of
time steps, then transition to another value, where it could again remain constant
for a certain number of time steps, and so on. The first key idea is to group paths

according to the number of volume transitions rather than time steps. Let us then
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consider a path a3/ which involves M volume transitions (clearly, M < N):

Thus, the volume changes from v,,_; to v, at time ¢ = N,,e and remains v, till
time ¢ = N, 41 €. Clearly N7 > 1 and Ny, < N. (Note that v, is distinct from 2,
used in section 2.3: while v, is the volume after the m-th volume transition along
the given discrete path, v, is the volume at the end of the m-th time interval, i.e.,
at ¢ = me.) It is clear that any history is of this type.

These histories can be labelled more transparently by two ordered sequences

on' = { (var, Va1, - - v, 10); (Nagy, Nar—1, ..., Noy ND Y, v # Vi1, Now > Nyt |
(2.22)

Note that while no two consecutive volume values can be equal, a given volume

value can repeat in the sequence; v, can equal some v, if n # m £ 1. The

probability amplitude for such a history o& is given by:
A(&%) = [UVMVM]N N UVMVM 1t [UVIVI]N2 “t UVIVO [UVOVO]Nl_l (223)

The second key idea is to carry out the sum over all these amplitudes in three
steps. First we keep the ordered set of volumes (v, ..., 1) fixed, but allow the
volume transitions to occur at any value ¢ = ne in the interval Z, subject only to
the constraint that the m-th transition occurs before the (m+1)-th for all m. The

sum of amplitudes over this group of histories is given by

Ny—1 Na—1
An(var, - - 10 Z Y Al (2.24)
Ny=M Ny 1=M-1 N1=1

Next we sum over all possible intermediate values of v, such that v,, # v,,_1,
keeping vy = v;, vy = v¢ to obtain the amplitude A(M) associated with the set

of all paths in which there are precisely M volume transitions:

A (M Vf?’%a@ Z AN(”M:"'?”O:SO) (225)

VM —1,--V
Vm¢Vm+1
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Finally the total amplitude A(vy, ¢; 14, 0) is obtained by summing over all volume
transitions that are permissible within our initially fixed skeletonization with N

time steps:

N N
A(”f?@a I/Z',O):ZAN(M,Vf,VZ‘,QD EZ [ Z AN(VM,---,VO,QD)
M=0 M

=0 VM —1;
VUm #Vm-&-l

(2.26)

This is clearly a reorganization of the sum over histories given by

Yy = Z >N (2.27)

ON M=0 onm -M

Where the barred oy and 6! are the histories in the time ¢ and o), keeps track
of only the values of the volume taken along the history. In the following we will
call o); a discrete history.

Recall, however, that the value of the amplitude (2.26) does not depend on N at
all; the skeletanization was introduced just to express this well-defined amplitude
as a sum over histories. Thus, while the range of M in the sum and the amplitude
AN (M) in (2.26) both depend on N, the sum does not. We are now well positioned
to get rid of the skeletonization altogether by taking the limit N goes to infinity.
Note first that with our fixed skeletonization, the gravitational amplitude is a finite

sum of terms,

Ac(vy,visp) =An(0;vp, 13, 0) + An(Livp, v 0) + (2.28)
+AN(M;VfaVi790)+"'+AN(N;Vf>Vi>(10)

each providing the contribution of all discrete paths that contain a fixed number

of volume transitions. We will rewrite this as

Aq(vp, v o) = lim Z Z An(Vary - - Vo5 @) (2.29)

N—o0
M=0VM—1;---V
Vm7£l/7n+l

where the partial amplitude Ay (M;a) is defined to be zero if M is larger than N

the total number of transitions thus decoupling the limit N — oo from the sum
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over the amplitudes. Focusing on the Mth term in the sum:

The third key idea is to get rid of the skeletonization altogether by taking the
limit as N goes to infinity, to express the total transition amplitude as a vertex
expansion in the spirit of spin-foam models. To carry out this step, we first note
that a straightforward but non-trivial calculation presented in A.1 shows that with

the grouping of paths defined above limy_.o, Ay (v, - . ., o) exists and is given by:
Avag, . 1) 1= hm An(vag,y - 1)
ém P2
/ A6 / donrs oo [ Aoy Al widurse . 60), (230
0
where,

Alvar, - V0 Onpy e oy 1) = (P On) Hupruy (tH

UMV,

ei(¢2—¢1)HV1V1 (Z'HVIVO) @i¢1H”0”0 (231)

) O —on—1)Huy_yvp_y

The structure of these equations can be understood as follows. In the limit N — oo,
the length e = ¢ /N of the elementary time intervals goes to zero, which made the
amplitude due to a single history vanish. Here each € combines with a discrete
sum appearing in (2.24) over the time where the transitions occur resulting in
continuous integrals over ¢, ..., ¢p. Clearly the ordered sums over NN; in (2.24)
gives the structure of Eq (2.30) which says that the final, i.e., M-th volume tran-
sition can occur anywhere in the interval Z, the (M-1)-th transition can occur
anywhere before the M-th, and so on. In passing from (2.24) to (3.29), the factors
[Uinging M1 = 1+ i(Nar — Nar-1)€) Hupuy, + O(€2)] go to el @vrmom=tmy
while the factors U,,,,,, , = i€H,,,u,, , + O(¢?) simply contribute multiplicative
factors, tH,,,,,,_,- Thus we find that as expected by a suitable grouping of paths
the limit N — oo can be taken leading to a non-zero value.

The dependence on the intermediate times in (2.30) can be removed by in-
tegrating out the variables (2.24) leading to an expression A(vyy, ..., 1) just in
terms of matrix elements of H. For simplicity, let us first consider the case of a

discrete history where the diagonal elements H, are all distinct values, which

mVm

for this system is equivalent to the requirement that the volumes (vy,...,1y) are
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all distinct. Then, we have:

M

Avpr, . v0,0) = Hyppogy oy - Huy 7
MVM-—1 1,0 n;) HJ;O (Hllml/m - Hyjy]-)
Jj#m

6’54,0 HVm vm

(2.32)

More generally if the diagonal elements are not distinct, there are P distinct vol-
umes v;(q) taken during the discrete history each repeating n; times. Clearly then

ny+...+np = M+ 1. For this general case the integral is given by the following:

A(var, .oy v0,0) = Hyponr 1 Hosy osgo -+ - Hugon Hupy X
P 1 P e
1 a \™ iHip
Mot () X 239
=1\ ¥ ' k it 11;(Hi — Hj) H—H,

i(d)"i(d)

which is computed by first taking the derivatives and then evaluating the resulting

function at the distinct values of the diagonal matrix elements H,, ;- Finally,

(@)Vi(d
since limy oo An(Var, - - ., Vo, @) exists, the contribution Ay, from paths with pre-
cisely M volume changes has a well defined ‘continuous time’ limit and the total

amplitude is given by a discrete sum over M:

o0

A(VfﬂD? Viao) = Z AM(Vf’QD; Viao) (2'34)

M=0

where the partial amplitudes A,; are given by

Anm(vy, @5 vi,0) = Z A(vp, var—1, - V1, Vi, @) (2.35)
1

VM —15--V
Vm#”m-&-l

= : : HV]\/IVIWleVhlflVIV172 e HVQVIHVIVO X

VM —15-V1

Um#Vm+1
Mot (o) Srror
—1)! P
Pl (ng — 1)! \ OH} i—1 Hj;éi(Hi — 1)) Hi=Hu,4yv;(4)

In this limit the reference to the skeletonization of the time interval disappears
and volume changes can now occur at any time in the continuous interval (¢; =

0, ¢ = ). As one might expect, the final expression involves just the matrix
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elements of the Hamiltonian H = v/©. These are calculated in Appendix B.

Eq (2.34) mimics the vertex expansion of SFMs. The key similarity is that
the resulting sum over histories extends over the discrete histories characterized
by simply a finite number of values the volume takes along the history instead
of continuous functions. More precisely, the parallels are as follows. The analog
of the manifold M with boundaries >J;, > in SFMs is the manifold V x 7, where
V is the elementary cell in LQC and Z the closed interval bounded by ¢ = 0
and ¢ = ¢. The analog of the dual-triangulation in SFMs is just a ‘vertical’ line
in V x Z with M marked points or ‘vertices’ (not including the two end-points
of Z). What matters here is the number M; the precise location of vertices is
irrelevant. Coloring of the dual-triangulation in SFMs corresponds to an ordered
assignment (v, Var—1,...1v1, V) of volumes to edges bounded by these marked
points (subject only to the constraints vy, = vy, vy = v; and v, # vy,—1). Each
vertex signals a change in the physical volume along the quantum history. The
probability amplitude associated with the given coloring is A(vyy,...,14) and a
sum over colorings yields the amplitude A(M) associated with the triangulation
with M ‘vertices’, which is related to current SFM which are defined on fixed
triangulations. The total amplitude A(vy, p; v;,0) is given by a sum (2.34) over
these M-vertex amplitudes, which gives insight into the conjectured sum over
triangulations needed to recover continuum general relativity.

Here we also highlight one key difference as well. Current SFM have locality as
a key assumption. By locality it is meant that the amplitude corresponding to a
fixed triangulation with a given set of labels is a product of amplitudes associated
to each element of the dual triangulation (faces, edges, and vertices) which may
depend only on those elements in their immediate neighborhood. In this system
the amplitude (2.35) associated to each triangulation is not local in this sense. The
amplitude depends on the entire history as can be seen by the explicit dependence
on the number of times a given volume repeats in a history.

The assumption of locality can be related to the assumption that given two
manifolds M and M’ and triangulation thereof, the amplitude associated to the
triangulation obtained by glueing together M and M’ is given by the product of
the amplitudes of the two triangulations summed over the labels of the glueing

surface. The corresponding statement for the vertex expansion (2.34) would be
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that the partial amplitude for M + M’ vertices is given by the product of the
partial amplitudes for M and M’ vertices with a sum over the intermediate value
of the volume. It can be clearly seen that this feature is not present at the level of
(2.34)

Starting from the full amplitude we can derive composition law for the partial
amplitudes corresponding to two triangulations M and M’ by simply splitting the
transition amplitude by inserting a complete basis in v and applying the vertex

expansion to each resulting transition amplitude.

(vple! o) =% (gl |v) (v]e' 7 |us) (2.36)

v

We can then apply the vertex expansion to each amplitude on the right hand side
of (2.36).

Z )\MAM(Vf,901+902§Vu Z Z A 1A’41\41 Vf Y2V, O Z )\MQAMQ gpl;VhO)I

M=0 v M1

(2.37)

From which we can find the following composition law for the partial amplitudes,

Anr(vy, o1+ 02313,0) Z ZAM wr (Vg 02,0, 0) Anp (v, 015 13,0) - (2.38)

The amplitude associated to a larger triangulation M + M’ is then the not product
of two smaller triangulations but the sum of all possible decompositions into two
triangulations.

One the other hand we can see from the derivation of the amplitudes that the

following holds

Ay (vg, vy ) = /d(p/AMl(l/f, s U1, = O )i oy e Aty (Vatys s Viy @)

(2.39)
where My + Ms+1 = M. Here we do find that the amplitude corresponding to the
larger triangulation M;+ Ms is given by a product of the amplitudes corresponding
to M7 and M, connected by an action of the constraint, if additionally we integrate

over all possible 'times’ at which these amplitudes are combined. In this sense the
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expansion is local when one considers both degrees of freedom.

To conclude this section, we emphasize that the resulting vertex expansion was
derived from a Hamiltonian theory. We did not postulate that the left side of (2.34)
is given by a formal path integral. Rather, a rigorously developed Hamiltonian
theory guaranteed that the left side is well-defined and provided the expression
(2.12) for it. We simply recast this expression as a vertex expansion with one
assumption of the exchange of the limit N — oo with the sum over the discrete

histories.

2.5 Vertex Expansion as a Perturbation Series

We will now show that the expression (2.34) of the transition amplitude can also
be obtained using a specific perturbative expansion. This alternative derivation
provides three benefits. First it provides a direct justification of the reordering of
the sum used in the previous section and the interchange of the sum over discrete
histories and the limit N — oo. The perturbative approach avoids skeletonization
altogether and has the advantage that it guarantees a convergent series. Second,
structurally this derivation of the vertex expansion is reminiscent of the pertur-
bative strategy used in group field theory (see, e.g., [29, 30]), which presents new
insights for group field theory and its connection with quantum gravity. Finally
we will see in later chapters that this derivation provides an additional avenue for
generalization of the expansion presented in this chapter and the next.

Let us begin by decomposing the ‘Hamiltonian’ H into the diagonal part D and
the remainder, the non-diagonal part K which is responsible for volume change of
the in the basis |v = 4nl,)

H,, vV #£v

0 vV =v

Dl/’zz = Hw/ 51/’1/7 Kz/l/ - { (240)
Again this decomposition of H is possible due to the discrete inner product of the
basis. Clearly H = D+ K. The idea is to think of D as the main part of H and K
as a perturbation. To implement it, introduce a 1-parameter family of operators
H), = D+ \K as an intermediate mathematical step. The parameter \ will simply

serve as a marker to keep track of powers of K in the perturbative expansion; we
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will have to set A = 1 at the end of the calculation as there is no true coupling
constant in the theory - the only dimensionfull parameters in H appear equally in
each term of the constraint.
Following the textbook procedure, let us define the ‘interaction Hamiltonian’
as
Hi(¢) = e PP \K €P?, (2.41)

Then the evolution in the interaction picture is dictated by the operator

U,\(¢) = ¢ Dot G satisfying d(]ci\(¢) = iHI(¢)U,\(¢) , (2.42)

whose solution is given by a time-ordered exponential:

_ i [Caon [T aonr [Caon o ol

Next, let us express the evolution operator as Uy () = eP??U,(y), with Uy ()
given by (2.43), take matrix element between initial and final states, |v; = 1) and
lv = var), write out explicitly the product of the H,’s, and insert a complete a

complete basis between each H;. The result is

> ® o2 4
Ax(vp, v, 0) = > / e ... / dgr Y [P (IAK,, 0, ) X
M=0 0 0

VUM —15- V1

[P ] L (IAK ) [ P00].

(2.44)

We can now replace D and K by their definition (3.42). Because K has no diagonal
matrix elements, only the terms with v, # v,,,1 contribute to the sum and the

sum becomes

Mwp v 0) =3 )\M[ 3 A(VM,..,VO)], (2.45)
M=0 VM —15---V1

Vm#”m-&-l

where A(vyy, ..., 1p) is defined in (2.32). If we now set A = 1, Eq. (2.45) reduces
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to Eq. (2.34) obtained independently in section 2.4.

Thus, by formally regarding the off-diagonal piece of the Hamiltonian as a
perturbation of the diagonal piece we have obtained an independent derivation of
the vertex expansion of the amplitude Ay(vy, p;14,0) as a power series expansion
in A\, the power of A serving as a book-keeping device to keep track of the order
in the vertex expansion. In this sense this alternate derivation is analogous to the

vertex expansion obtained using group field theory.

2.6 Satisfaction of the Schrodinger Equation

Recall that in the deparametrization scheme, the Schrodinger equation (2.9) in-
corporates both the quantum constraint and the positive frequency condition.
By its very definition, the exact transition amplitude A(vy,¢;v;,0) satisfies this

Schrodinger equation if viewed as a function of vy and .
(100 + H)A(vys, 505, 0) = (vf|(i0p + H)e"|v;) = 0 (2.46)

As a non-trivial check of the perturbative expansion (2.34) we are led to ask
whether the Schrodinger equation is solved by the vertex expansion and in a con-
trolled approximate sense if we were to truncate the series on the right side of
(2.34) at a finite number , M*, of vertices. We will now show that this is indeed
the case.

The action of H on the vertex expansion is given by
H)\A(vg, 0;0;,0) = Z M H\ Ay (v, 304, 0) (2.47)
M

since each term of the vertex expansion can be treated as a function of v; and ¢.
Here we have kept A which will act as a place-holder to simplify the calculation.
Since Hy = D + MK, the Schrodinger equation would be solved order by order in
A if for each M we have:

(10, + Dy) Ay (ve, 305, 0) + KpAp—1 (vs, @;v;,0) = 0. (2.48)

Using the expression of the partial amplitudes Ay (vy, ¢; 14, 0) this is equivalent to
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the requirement that

> [ > (i + Dy) A(vp,vnact, - 11, Vi ) (2.49)

VM —2;---3V1 VM -1
Um#FVUm+1  VM-17VM—2
+ KAy (Vs V-2, - - V1, Vis @) (2.50)
vanishes for each M. Where again we view Ap(vs,var—1,..., 01, Vi) as func-
tions of vy and ¢ for fixed vp—1,...,v;. It is clearly possible that the above

expression could vanish only through cancellations between terms from the en-
tire sum over vy _1,...,v;. Surprisingly though using the expression (2.35) for

A(vg,vpr—1, ... 11,045 @), one can verify that the cancellations occur path by path

i.e. for each vy;_1,...,1; the term in brackets is zero.
Z (10, + Dy) Ap (Ve vni—1, - -, V1, Vis ) (2.51)
VM1
VN 1FVM -2
+ KpAy—1(Ve, V=2, - 01, V59) = 0 (2.52)

To see this we compute the action of the diagonal and off-diagonal parts of the
Schrédinger equation on the partial amplitudes (2.35). Without loss of generality
we assume that vy = vp(g) in (2.35). Then we have that the action of id, + Dy is

(10, + Dy)A(vg, vnr—1, - v, Vis ) = Hypny  Hop o iong g - - - Hupo Hypy X

L 1 0 \" 1 —H;etie
H (g, — 1)! (8Hk) Z [17..(H, — i) (2.53)

k=1 i=1 11j#i
P np—1 P i H
1 a k eleSo
Up(d) Vp(d) _ P
P p Pl (nk 1)' 8H;€ i—1 H];éz(Hl — HJ) Hi—H,
i(d)Yi(d)
If H,,P( yVp(a) OCCUIS with multiplicity np = 1, if vy is the only point in the history

taking the value vpy) then there are no derivatives in H, in the above

P(d)VP(d)

equation and it simplifies to

(10, + Dyp)A(vp, Uni—1, - . ., 1, Vi ) = Hy v s Hopr oo -+ - Hugy Hyy, X
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i

k=1

1 0 \"' < (Hp — Hy)eHe
(ny — 1)! (3Hk) ; H;;Z-(Hi - Hj)]

Hi=Hu,vica)

= —Hyp Avaroa, . v, v ) - (2.54)

Where in the final step we recognized that the term (Hp — H;) renders the P —th
term of the sum zero and removes the Hp dependence from each other term in the
series. Together these reduce the structure to that of a history without the final
point v;. Thus, on simple paths where the final volume occurs only once in the
history, the action of id, + Dy is to give the amplitude of the history without vy,
times a matrix element of H related to the transition from vy, to v¢. In general,
the value of the final volume can be repeated in the discrete history; np # 1. In
under the derivatives in (2.53). We push the
factor of H, under the derivatives using the identity that

that case we need to push Hyp(d)yp(d)

o o an—l
v (@) = (@ (@) = o () (2.55)

giving
(10, + Dp)Awnts - v050) = Hypony  Huny ong o - - Hugoy Hypy X

P 1 0 np—1 P (Hp—Hi)eiHW
LUl (g, — 1)! (aHk) 2 [ (He — 1) (2.56)

=1 J#u

’ﬁ 1 ( 0 )”k—l 1 ( 0 )”ﬂi eitlie
+ (e — 1) \OH,, (np —2)! \OH, — T1.i(H: — Hy)

VfV]y[,lA(VM—:L? MR Vl? V’H SO)

As above the (Hp — H;) appearing in the first term removes the Hp dependence,
so the derivative with respect to Hp is zero. The result is simply the second term
which is again the amplitude of the history without the final point, v¢, times a

matrix element H

vivp—,- Lhus, in all cases we have

(10p + Dy)A(vars - 05 0) = —Hy gy AWM—15 - V1, Vi ) - (2.57)

Finally, it is straightforward to evaluate the action of the off-diagonal part on
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Kf A(Vfa UM—2y---,V1,Vi; @) = Z HufuM,lA(VM—h VM—2y ..., V1, Vi; 90) . (2-58)

VM—-1

Putting these two results together we see that (2.51) is satisfied by the partial
amplitudes A(vyr, var—1, ..., 1, V5 ). Thus the Schrodinger equation is solved in
a surprisingly simple fashion. It is satisfied path by path due to the satisfaction of
eqn (2.51) by the partial amplitudes A(var, vpr—1, - .. V1, V45 @) Thus we have shown
that the vertex expansion resulting from the perturbation series satisfies quantum
dynamics in a well-controlled fashion: If we were to terminate the sum at M = M*,
we would have

M*
(0, + Dy + AK) [ S A A (g, o, 0)] = O\ (2.59)

M=0
This brings out the precise sense in which a truncation to a finite order of the ver-
tex expansion incorporates the quantum dynamics of the deparameterized theory
approximately. If only up to a finite number M = M™ of vertices are included then
the sum provides a solution to the Schrodinger equation up to terms depending on
paths with M = M*+1 vertices. The difficulty though is that to recover expansion
corresponding to the original constraint we must set A = 1 so it is not clear that the
terms of higher order in A\ are necessarily small. It would be necessary to explicitly
compute each term or be able to set bounds on them to show that each successive
term is smaller. Here we do know that the series converges as it is derived from
the expansion of the unitary evolution operator via standard perturbation theory,
so there does exist M* such that for all M > M*, the partial amplitudes A,; have
the necessary falloff. The terms of the expansion could then be increasing up to
say M = 100, so there is a no a priori reason why any finite number of terms
will provide a good approximation the physical inner product without additional

knowledge of the amplitudes.
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Figure 2.1. Real (solid) and imaginary (dashed) parts of the partial amplitude with
zero vertices Ag(4\, p; 4\, 0) plotted as a function of V12rGy. This provides the first
term of the vertex expansion.

2.7 Testing the Expansion

In the previous section we demonstrated that the vertex expansion provides a per-
turbative solution to the constraint in a very simple manner - i.e. path by path.
On the other hand there is at present no a priori way to determine if the concate-
nation of the series at some finite order will provide a good approximation to the
exact physical inner product. In this section then we explicitly test the expansion
through comparison with the exact amplitude. It is imperative to test any new
approximation methods or quantization technique with well known systems to en-
sure that results can be trusted in more complex systems where exact calculations
are not available.

The strategy for this section is as follows: For the simple choice of initial and
final volumes, v; = 4\ and vy = 4\, we analyze the first few terms of the expansion
first individually to check the falloff behavior and second how the sum to compares
to the exact amplitude. We will see that the behavior of the expansion exhibits the
concern of the previous section that higher order terms can dominate the sum. In
particular we see that higher order terms become more important at large values
of scalar field.

We see here an explicit realization of the concern that even though the series
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Ax(4A, 4X)
3

_al

Figure 2.2. Real (solid) and imaginary (dashed) parts of the second term in the vertex

expansion with two vertices (M = 2) Ay(4\, p;4A,0) plotted as a function of vV 127Go.
Comparing with figure 2.1, for vV127Gp < 2 the M = 2 term is smaller than the M =0

while clearly the M = 2 term of the vertex expansion dominates the M = 0 for larger

more than the lower terms in the vertex expansion.

values of ¢, so we see for longer evolution in ¢ terms with more vertices can contribute
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Figure 2.3. Real (solid) and imaginary (dashed) parts of the partial amplitude with two

vertices A4 (4, @;4X,0) plotted as a function of v 12rGp. Again comparison with figures
2.1 and 2.2 the M = 4 term of the vertex expansion is larger than both M =0, M = 2

terms for larger values of ¢. We again clearly see that for longer evolution in ¢ higher
order terms in the vertex expansion will dominate the expansion.
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-1.0-

Figure 2.4. The exact transition amplitude A(4\, 4\, ¢) (solid line) and the vertex
expansion up to order M = 2 (dashed), M = 4 (dot-dashed), and M = 6 (dotted)
plotted as functions of V127G . With more terms of the expansion included the vertex
expansion converges up to a larger value of ¢, but there is large deviation from the exact
amplitude beyond that value. Thus it is necessary to include higher and higher terms
in the vertex expansion to have even a first-order approximation of the exact transition
amplitude.

is convergent it does not require that the each subsequent term after the first is
smaller - that especially for longer evolution in ¢ the amplitudes increase with M up
to some critical value of M beyond which they must fall-off since the overall series
is convergent. It is necessary to then to take many terms in the vertex expansion
even to obtain a first order approximation of the exact transition amplitude. This
is an important realization for spin-foam models where there is equally no coupling
constant and little knowledge about the relative size of different terms of the vertex
expansion. Carrying over our intuition from this system we would expect that for
‘short time-scale’ phenomena the first few terms of the expansion may suffice,
but for 'long time-scale’ phenomena such as cosmological evolution or scattering

amplitudes the first terms would actually provide a negligible contribution.

2.8 Discussion

Let us start with a brief summary. In section 2.3 we began with Hamiltonian

LQC, divided the time interval into N segments thereby expressing the transition
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amplitude A(vy, ¢f; v, ¢;) as a sum (2.13) over histories. In section 2.4 we reorga-
nized this sum according to the number of volume transitions allowing us to take
the N — oo limit to get rid of the skeletonization of the time interval. This led
us to the expression (2.45) of the transition amplitude. The M-th term in this
expansion corresponds to a sum over all histories in which there are precisely M
volume transitions, allowed to occur at any time in the interval (¢, ¢;). Therefore
as discussed in 2.4 the expansion resembles the vertex expansion of SFMs where
the dual-triangulation is simply a line with M vertices and the coloring is simply a
labeling of each edge by a volume. In section 2.4 we showed that the same vertex
expansion can be arrived at by formally splitting the Hamiltonian H into a main
part D and a ‘perturbation’ AK and expanding the transition amplitude using
standard perturbation theory in the interaction picture. (Here the ‘coupling con-
stant’ \ was introduced just as a mathematical label to keep track of the number
of vertices in various terms and we have to set A = 1 at the end to recover the
physical transition amplitude). This expansion in powers of A resembles the vertex
expansion in group field theory.

While our final result yields vertex expansions in the spirit of SFMs, we did
not begin with a particular SFM and arrive at the vertex expansion by a suitable
symmetry reduction, e.g., by summing over the degrees of freedom other than the
total volume. Rather, since our goal is to analyze spin foam models from the point
of view of standard quantization techniques we begin from the canonical theory. A
parallel approach would be to study SFM from standard path integral techniques
of quantum field theory [56, 57, 58]. While ideally our analysis would begin with
LQG, our procedure is much more modest: As is usual in LQC, we carried out the
symmetry reduction at the classical level by partial gauge fixing, constructed the
Hamiltonian quantum theory and used it to obtain vertex expansions. Also, so far,
vertex expansions have been discussed in SFMs only for source-free gravity, while
the presence of a scalar field played a key role in LQC. Thus the results obtained
here are better tailored then to deparametrized LQG based on for example the
Brown-Kuchar model [59]. Nonetheless our results provide support for the heuris-
tic framework underlying SFMs. In addition, since we have an exactly soluble,
concrete example, we can use it to analyze the status of open issues of the SFM.

First, as hoped in SFMs, the physical inner product can indeed be expressed
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as a vertex expansion, a sum over discrete histories each characterized by a fi-
nite number of configurations. The inner product is defined independently by the
canonical theory and this well-defined quantity is merely expanded out as a conve-
nient series. Second, the expectation that the expansion should be derivable from
a suitable Hamiltonian theory has been realized. In addition, as one would expect
from [60], each vertex can be thought of as emerging from the action of the Hamil-
tonian operator. Finally, in our decomposition H = D + AK (or © = D + \K)
one can think of D as the free part of the Hamiltonian because it does not change
the volume and K as the interaction part because it does. Thus, as in group field
theory, the factors of A are associated with ‘interaction’ piece of the Hamiltonian
(which is responsible for the volume transitions in LQC). Third, the expansion
provide a perturbative solution to the Schrodinger equation order by order in the
number of vertices, changes in volume.

One key issue of SFMs is the lack of connection to continuum general relativity,
since the construction of SFMs is based on a discretization of GR. An issue that is
often raised in the literature on SFMs is whether the physical inner product should
be given by summing over triangulations, each with a finite number of vertices, or
if one should take a “continuum” limit at the end as in, e.g., lattice QCD. If one
defines the inner product as a discretized path integral there is no clear answer.
However, since we began with a well-controlled Hamiltonian theory, in the LQC
example, the answer is clear. We did not have to take the limit; the physical inner
product is given by a discrete sum over amplitudes associated to triangulation
with a finite number of vertices or equivalently over discrete histories with a finite
number of volume changes.

A related issue is how well a finite number of elements of this sum over triangu-
lations will approximate the exact transition amplitude. As the coupling constant
A here and coming from GFT is a dimensionless parameter that is set to one in
the expansion there is a priori no reason for the terms of higher order in A to be
sub-dominant. In the vertex expansion for LQC presented here we explicitly see
that the terms of higher order in A can be larger than the lower order terms. In
particular at large values of the scalar field terms with more volume transitions
dominate the expansion.

Finally, the vertex expansion of LQC does not fit with one of the key assump-
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tions of the SFMs. In the general definition of a SFM the amplitude associated to
a given dual triangulation is given by a product of amplitudes associated to each
vertex, edge, and face which depends on only the immediate neighborhood of each.
The LQC vertex expansion in contrast was extremely non-local in its dependence
on the volume labels. This feature will persist in the next chapter where we derive
a distinct vertex expansion without using the scalar field as a clock variable to

deparametrize the theory. There we will further explore this lack of locality.



Chapter

Vertex Expansion from Group

Averaging

As seen in the previous chapter we derived at a sum over histories expansion of
LQC starting from a deparametrization of the canonical theory using the scalar
field as a clock. This sum over histories extended over those histories that feature
a discrete number of changes in volume mimicking the structure of SFMs, so we
refer to the expansion as a vertex expansion of LQC. In general there is no such
method for deparametrizing full general relativity. Although, there are proposals
for deparametrized models which will be well defined on a suitable sub-space of
the full phase space of general relativity coupled to suitable matter fields [59, 61].
The expansion for deparametrized LQC could then be extended to such models,
but not to full LQG. In this chapter we then derive a distinct vertex expansion
starting from the timeless framework with a Hamiltonian constraint instead of the
deparametrized system.

Recall that spin network states are used in LQG to construct a convenient or-
thonormal basis in the kinematical Hilbert space. A key challenge is to extract
physical states from them by imposing constraints. Formally this can be accom-
plished by the group averaging procedure which also provides the physical inner
product between the resulting states [62, 12]. From the LQG perspective, the
primary goal of SFMs is to construct a path integral that leads to this physical
Hilbert space. Similarly in LQC the physical Hilbert space can be obtained from

the group averaging procedure. We then construct a vertex expansion starting
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from the group averaging procedure.

We will find that this expansion bears out the ideas and conjectures that drive
the spin foam paradigm more thoroughly as it has a stronger connection to the
spin foam framework. Specifically, we will show that: i) the physical inner product
in the timeless framework equals the transition amplitude in the theory that is
deparameterized using the scalar field; ii) the physical inner product admits a ver-
tex expansion a la SFMs distinct from that of the deparametrized system; iii) the
exact physical inner product is again obtained by summing over just the discrete
geometries; no ‘continuum limit’ is involved; and, iv) the vertex expansion can
be interpreted as a perturbative expansion in the spirit of GF'T, where, moreover,
the GFT coupling constant A is closely related to the cosmological constant A.
Since the Hilbert space theory is fully under control in this example, we will be
able to avoid formal manipulations and pin-point the one technical assumption
that is necessary to obtain the desired vertex expansion: that one can interchange
the group averaging integral and a convergent but infinite sum defining the gravi-
tational contribution to the vertex expansion(see discussion at the end of section
3.2). This analysis will shed light on some long standing issues in SFMs such as the
role of orientation in the spin foam histories [63], the somewhat puzzling fact that
spin foam amplitudes are real rather than complex [64]. Further it will introduce
new insights and new issues for SFM.

The chapter is organized as follows. We begin with an overview of group
averaging as a way to obtain the physical Hilbert space of LQC. In section 3.2
we adapt the main results from chapter 2 to the timeless framework by showing
that the physical inner product as defined by group averaging can be expressed
as a vertex expansion. In section 3.3 we will arrive at the same expansion using
perturbation theory in a suitably defined interaction picture. As an important
consistency check, in section 3.4 we verify that this perturbative expansion does
satisfy the constraint order by order. In section 3.5 we observe that, in this simple
example, the coupling constant A used in the expansion is intimately related to the
cosmological constant A. Although the precise relation we obtain is tied to LQC,
the observation illustrates in a concrete fashion how one may be able to provide
a gravitational interpretation to A in GFTs. Finally, in 3.6 we numerically test

the vertex expansion for a simple choice of initial and final volumes. Section 3.7
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summarizes the main results and discusses some generalizations and open issues.

3.1 Group Averaging LQC

We began our discussion in the previous chapter by carrying out a deparametriza-
tion (using ¢ as the relational time variable) because this is the procedure used in
LQC to extract physics from the quantum theory and provides contact with stan-
dard non-relativistic quantum mechanics. In the SFM and LQG, by contrast, one
does not have access to such a preferred time and therefore one chooses to work
with the timeless formalism where the dynamics is encoded by constraints instead
of a Schrodinger like equation. Furthermore, a convenient deparametrization is
not always available even in cosmology if we allow the scalar field to have general
potentials or the gravitational field to admit inhomogeneities or when considering
vacuum general relativity. In this case we have to return to the constrained system
and construct the physical Hilbert space differently. The standard construction of
Hpny in LQG is done using group averaging which provides both the solutions to
the constraint and their inner product. Therefore we first forgo the emphasis on
using ¢ as internal time and implement the group averaging procedure which uses
the constraint operator as a whole [62, 12]. Then the basic object of interest is not
the transition amplitude but the physical inner product.

As the group averaging procedure is the basis of the remaining discussions we
will summarize it in some detail. The necessity of the procedure arises since the
spectrum of the constraint is continuous and thus the eigenstates of the constraint
are not normalizable in the kinematical Hilbert space requiring the construction of
a new Hilbert space and inner product which we will denote as the physical Hilbert
space and physical inner product. One begins by fixing a dense sub-space S of Hyy,.
In LQC, this is generally taken to be the Schwartz space of smooth functions f(v, ¢)
which fall off to zero at infinity faster than any polynomial. This Schwartz space
serves two purposes one to provide a set of kinematic states from which to generate
solutions to the constraint and second to give a meaning to the distributional
solutions as states in the dual of S. The first step in the group averaging procedure
is then to extract a solution W (v, ¢) to the quantum constraint operator (2.5) from

each f € S. Here the constraint is a self-adjoint operator, so we can define the
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physical state as.
T
)l = | [ aacip) 1

where C' = p*/h? — © is the constraint operator and the round bracket on the left
side of the equation denotes a ‘generalized bra’, an element of the algebraic dual
(called Cyl* in the literature) of a suitable dense subspace of Hyn, S. Where here
the terminology ’group averaging’ is clear - as we are averaging over the action of
the unitary evolution operator generated from the constraint thus constructing a
state that is invariant under this group.

The second step of the group averaging procedure provides an appropriate
inner product between solutions W¢. As the solutions are distributional states the
physical inner product between Wy and V¥, is defined by the action of U, on any

state |g) which gives W, when group averaged.

(W5 [Wg)pnys = (Wylg) = (Wl f) (3.2)

! Formally, integration over the ‘lapse’ a introduces the factor §(C') that is neces-
sary to extract physical states from kinematical ones and also yields the physical
inner product between the resulting physical states. This procedure can be carried
out in detail for LQC as follows [33].

Denote by ey (v), with k € (—o00, 00) a complete set of orthonormal eigenfunc-
tions of © on HE™. We will denote the eigenvalues by w? and, without loss of
generality, assume that wy > 0 [34, 35]. (Eigenfunctions and operator functions of

© are discussed in appendix B.) Any f(v,¢) € S can be expanded as

flv,0) = [dk & [dpy f(k,py)e?? e(v) . (3.3)

Here and in what follows the range of integrals will be from —oo to oo unless
otherwise stated. Using this expansion, we can group-average any f(v, ¢) to obtain

a distributional solution (in S*) U(v, ¢) to the quantum constraint:

Vi(v,¢) 1= [dale™2lpy| f(v, )] (3.4)

!There is some freedom in the definition of the action of elements of Cyl*. In LQC, this
freedom is used to simplify the expression of the physical inner product [33] and the subsequent
action of Dirac observables on Hn,. We will use the same conventions here.
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= [dk [dps 6(pf — wi) 2lpsl f(k,ps) € ex(v),

where, the operator 2|p,| has been introduced just for later technical simplification.
Had we dropped it, we would have associated with f the solution (2|ps|)~! ¥ and,
in the end, obtained a unitarily equivalent representation of the algebra of Dirac
observables.

By carrying out the integral over py the expression of W can be brought to the

desired form:

Ue(v,0) = [dk [f(k,wk.) en? e (1) + f(k, —wy) e k? ex(v)]
— UH(n,¢) + U (1,0). (3.5)

By their very definition \Iljf(l/, ¢) satisfy
Vi (v, 0) = VOO W (v, 6,), (3.6)

whence they can be interpreted as the ‘positive and negative frequency solutions’ to
(2.5) with respect to the relational time ¢ considered in the deparametrized system.
Thus the group average of f is a solution W ¢ to the quantum constraint (2.5) which,
furthermore, is naturally decomposed into positive and negative frequency parts.
U is to be regarded as a distribution in S* which acts on elements g € S via the

kinematic inner product [62, 12]:

(rlg) = (Tylg) )
= Jdk f_dp<z> o(pl — wi) ka_f(/f>p¢>) g(k,pg)
= Jdk [f(k,w) gk, wi) + F(k, —wi) Gk, —wr)]. (3.7)

Finally, the group averaged scalar product on solutions W, is given just by this
action [62, 12]. Thus, given any elements f, g in S, the scalar product between the

corresponding group averaged states Wy, W, is given by

Wy, Uy) = (Uylg) = (Wl f) - (3.8)

In section 3.2 we will obtain a vertex expansion for this scalar product.
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As discussed in the previous chapter there is a superselection allowing us to
work with either the set of positive or negative frequency solutions. Therefore, as in
the Klein-Gordon theory, we are led to work with either set. In LQC, one generally
works with the positive frequency ones. Then the physical Hilbert space Hpp, of
LQC consists of positive frequency solutions W, (v, ¢) to the quantum constraint

(2.5), i.e. solutions satisfying
—i0y V1 (v, 9) = Vou, (v,¢) = HV,(v,¢) (3.9)
with inner-product (3.8). This inner product can be re-expressed simply as:

(T, @)y = D Ui (1,60) D4 (v, 60) (3.10)

v=4nt,
and is independent of the value ¢, of ¢ at which the right side is evaluated. The
physical Hilbert space obtained through group averaging is precisely that discussed

in the previous chapter.

3.2 Sum Over Histories

To mimic the general spin foam constructions in LQC, in this section we will largely
disregard the fact that the scalar field can be used as relational time and that the
final constraint has the form of the Schrodinger equation. Instead, we will use the

group averaging procedure for the full constraint
C=-0;-06=p,—-6 (3.11)

and incorporate the positive frequency condition in a second step. None of the
steps in this analysis refer the evolution in relational time mentioned above. The
primary object of interest will be the physical scalar product, rather than the
transition amplitude for a Schrodinger state W(v,¢;) at an initial time’ ¢; to
evolve to another state ®(v, ¢¢) at a final ‘time’ ¢y.

In section 3.1 we considered general kinematic states f(v, ¢). Here, in contrast,
we will focus on the basis vectors |v, ¢) in Hyi, which are the LQC analogs of spin

networks that are used to specify the boundary states in SFMs. Following the
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setup introduced in section 2.2 let us then fix two kinematic states, |v;, ¢;) and
\vg, ¢). For notational simplicity, we will denote the group averaged solutions to
(3.11) they define by |[v;, ¢;]) and |[vf, ¢¢]). The group averaged inner product

between these states is given by

([vr, @], v i) = 2 da (v, d51 € |py| v, i) - (3.12)

From our discussion in section 3.1, one would expect this physical scalar product
([vf, @1+, W4, 0l4)phy = G(vf, @514, 0) to be equivalent to the transition amplitudes
considered in section 2.2. This is indeed the case. For, the positive frequency
solution W,, 5. = [v4, ¢;]+ obtained by group averaging the kinematic basis vector

|vi, @) is given by
‘Ijl/i,dh'(% ¢) = fdk (ék(yi) e_iwk¢i) el (?) 6k(V) (313)

(see Eq.(3.5)) so that the physical scalar product between positive frequency solu-
tions [v;, ¢;|+ and [vy, ¢f]4 is given by

([vr, &7+, [Vis Gil+ Doy = [dE ek(®r=91) &, (1;) e (vy) (3.14)

(see Eq (3.8)). The right hand side is precisely the expression of the transition
amplitude (v¢| e|v;) = [dk (v¢| e¢|k)(k|v;). Since e(v) = (v|k), we have the
equality: G(vy, p;14,0) = A(vs, 314, 0).

If we restrict ourselves to the positive part of the spectrum of p, —or, to
‘positive frequency’ physical states— as in LQC, the physical inner product is
given precisely by the transition amplitude A(vys, ¢s;v4, ¢;) we focused on in chap-
ter 2. On the ‘negative frequency’ solutions it is given by the complex conju-
gate, [A(vs, ¢p;vi, ¢)]" (because the matrix elements H,,, ,, and ©,, ,, are all
real.) If we allow both, then the inner product is always real: (v, o¢|v;, i)phys =
A(ve, opvi, ¢i) + [A(vg, ¢givi, ¢;)]*. Thus, the physical inner product, the key
object in the timeless framework, can be readily constructed from the transition
amplitude, the key object in the deparameterized framework.

Our goal is to express the scalar product given by (3.12) as a vertex expansion
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a la SFMs and study its properties. To do so we first focus on the amplitude

A(vy, b vi, 0 ) = 2 (v, dp| € |py| i, 1) (3.15)

which constitutes the integrand of (3.12). Our strategy is to first expand this
amplitude such that the integral a can be carried out term by term in the resulting
vertex expansion. We will find that this is a highly non-trivial requirement.
Mathematically one can choose to regard aC' as a Hamiltonian operator. Then
A(vs, ¢f;,v4, ¢i; ) can be interpreted as the probability amplitude for an initial
kinematic state |v;, ¢;) to evolve to a final kinematic state |v¢, ¢) in a unit ‘time
interval’ and we can follow Feynman’s procedure [2] to express it as a sum over
histories. More precisely the constraint C' generates gauge evolution, so we will
obtain a sum over gauge histories. Technically, a key simplification comes from the
fact that the constraint C' is a sum of two commuting pieces that act separately

on HpEa™ and Hi'. Consequently, the amplitude (3.15) factorizes as
A(vy, ¢pivis di ) = Ag(dy, bz ) Aa(vy, vis a) (3.16)
with
Ag(bg, 8i0) = 2(dsle’ ™" Ipyl|gi),  and  Ac(vy,vis ) = (vyle ™). (3.17)

It is easy to cast the first amplitude, Ay, in the desired form using either a standard
Feynman expansion or simply evaluating it by inserting a complete eigen-basis of

Pe. The result is:

Ap(b5, di; ) = 2 [dpy €Ps iPoldr=0)

The expansion of the gravitational amplitude Ag is not as simple. We will first
express it as a sum over histories following the strategy from chapter 2. In a
second step, we will evaluate the total amplitude (3.15) by integrating over « for
each history separately. Although it is not a priori obvious, we will find that the
amplitude associated to each history is manifestly finite and the total amplitude

can be written as a discrete sum that mimics the vertex expansion in SFMs.
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3.2.1 The gravitational amplitude Aq

As mentioned above, to apply the standard Feynman procedure we will regard
e~"® as an ‘evolution operator’ with ‘Hamiltonian’ a® and a ‘time interval’ A7 =
1. We emphasize that this ‘evolution’ is a just a convenient mathematical construct
and does not correspond to the physical evolution with respect to a relational time
variable. Rather, since it is generated by the constraint C', physically it represents
gauge transformations (or time reparameterizations).

As the construction of chapter 2 did not depend on the particular details of
the Hamiltonian, H, it is simply extended to this amplitude. We then follow
the construction of chapter 2 leaving out details. We first divide the interval
A7 =1 into N parts each of length e = 1/N and write the gravitational amplitude

Ac(ve, v ) as

ple =@y = 37 {wgle oy ) oy -ale O a) - (e O )
UN—1,---,/1
(3.19)
where we have first split the exponential into N identical terms and then intro-
duced a decomposition of the identity operator at each intermediate ‘time’ 7 = ne,
n = 1,2,..,N — 1. For notational simplicity, we will denote the matrix element
(Dp|e~®|5, 1) by U, and set vy = vy and v; = 1. We then have

nUn—1

AG(Vf, Vi Oé) == Z UVNVN 1 U17N7117N—2 e Ul71170 . (320)

UN—1,--V1

Where it is important to note that the Uj
the U introduced in the previous chapter as it depends on a®© instead of v/O.

w17, appearing here is distinct from

The division of A7 again provides a skeletonization of this ‘time interval’. An
assignment oy = (Uy, ..., ) of volumes to the N + 1 time instants 7 = en is now
regarded as a discrete (gauge) history associated with this skeletonization. The

matrix element is given by a sum of amplitudes over histories with fixed endpoints,
A l/f, Vi & Z A UN Z UNDUN_1 VN 1 ON_o - U172171 U171170 . (321)

The next step is to take the ‘continuum’ limit, N — oo, of the skeletonization.
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Again since our basis |v,) is discrete, one can make rigorous sense of the N — oo
limit by reorganizing the well-defined sum (3.21) according to the number of volume
transitions.

We first group paths according to the number of volume transitions rather than

time steps. Let us then consider a path o which involves M volume transitions
(clearly, M < N):

No
M - v ~
On = (VMoo s UM UM 1y ooy VM1« ee e VIR 7 B (3.22)
—_———

Ny

Thus, the volume changes from v,,_; to v, at ‘time’ 7 = N,,e¢ and remains v, till
time 7 = N,,, 11 €. Where v, is the volume after the m-th volume transition along
the given discrete path, 7, is the volume at the end of the m-th time interval, i.e.,
at 7 = me. These discrete histories are labeled more transparently by two ordered

sequences

o ={(var,var—1, - v, %0); (Nagy Nar—1y oo, Noy N1 Y, Uiy # Vi1, N > Ny > Nyt )
(3.23)

where vy, . . ., 14 denote the volumes that feature in the history o3/ and Ny denotes

the number of time steps after which the volume changes from v;_; to v,. Note

that while no two consecutive volume values can be equal, a given volume value

can repeat in the sequence; v, can equal some v, if n # m £ 1. The probability

amplitude for such a history o is given by:
A(J%) = [UVMVM]NiNM UVMVM—I e [UVIVI]N27N171 UVIVO [UVOVO]Nlil . (324)

Second we to perform the sum over all these amplitudes in three steps. First we
keep the ordered set of volumes (v, . . ., 1) fixed, but allow the volume transitions
to occur at any value 7 = ne in the interval A7, subject only to the constraint that
the m-th transition occurs before the (m+1)-th for all m. The sum of amplitudes

over this group of histories is given by

Npy—1 No—1

An(vagy .- vy @) = i: Z Z A(aih. (3.25)

Ny=M Np_q1=M—1 Ni=1
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This is again the grouping of histories with well defined N — oo limit. Next
we sum over all possible intermediate values of v, such that v, # v,,_1, keeping
vy = V4, Vy = Vg to obtain the amplitude Ax (M) associated with the set of all

paths in which there are precisely M volume transitions:

VUM —1,---yV1
Vm#’/m+1

Finally the total amplitude Ag(vy; v, @) is obtained by summing over all volume
transitions that are permissible within our initially fixed skeletonization with N

time steps:

Ac(vy, vina) = Z An(M; ) (3.27)

This concludes the desired re-arrangement of the sum (3.21). The sum on the
right side is manifestly finite. Furthermore, since Ag(vs, vi; o) = (v¢|e "®|1;), the
value of the amplitude (3.27) does not depend on N at all; the skeletonization
was introduced just to express this well-defined amplitude as a sum over histories.
Thus, while the range of M in the sum and the amplitude Ay (M; «) in (3.27) both
depend on N, the sum does not.

Now, in 2.4 the limit limy_ ., Ax(vas, ..., V0;«) exists for each grouping of

histories and is given by

A(vay, CL V) = A}l_r)noo An(Var, - - Vos @)

:f(l)dTM ngdTM_l ...f(?dﬁ Avag, - V0 Ty -+ -5 71 ) (3.28)
where

A(Wng, V05 Tags - 11 @) i= e 0O (0@ X

VIWV]\/Ifl)

‘ 671'(7'277'1)04@111111 (_ia@ml/o) 672'7'104@"0”0 . (329)

Note that the matrix elements O,,,,,, = (V;|O|vy,) of © in HE can be calculated
easily from (2.6) and vanish if (v, —v,) & {0, £4¢o}. Therefore, explicit evaluation
of the limit is rather straightforward. We will assume that the limit N — oo can be

interchanged with the sum over vy;_1,...vy. (This assumption is motivated by the
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fact that in the expression of A(vyy, ..., vp; a) most matrix elements of © vanish,
and since the initial and final volumes are fixed, the sums over intermediate volumes
Uni—1,-..,11 extend over only a finite number of non-zero terms. It is further
verified by the perturbation expansion of section 3.3). With this assumption it
follows that

Ag(M; ) ::A;iinooAN(M; @) (3.30)

= E lim Ay(var, ..., Vo; @)
N—oo
VM —1,---V1
Vm#’/m-‘—l

exists for each finite M. Finally, the total gravitational amplitude can be written

as an infinite sum:

Ac(vs, v a Z Ag(M;a) (3.31)

Ag = > A, w0) (3.32)

VM —15--V
Vm¢Vm+1

where the partial amplitude associated to each discrete history vy, ..., vy is given
by (3.29). Note that the reference to the skeletonization disappears in this limit.
Thus, Ag(M; «) is the amplitude obtained by summing over all paths that contain
precisely M volume transitions within the ‘time interval’ A7 = 1, irrespective of
precisely when and at what values of volume they occurred.

While each partial amplitude Ag(M;«a) is well-defined and finite, it does not
ensure that the infinite sum converges. A priori the infinite sum on the right hand
side of (3.31) could be, for example, only an asymptotic series to the well-defined
left side. Also, our derivation assumed that the limit N — oo commutes with the
partial sums. Both these limitations will be overcome in section 3.3: We will see
that Ag(vy, vi; @) is indeed given by a convergent sum (3.31).

Here the expansion is clearly seen as a sum over all histories of the configuration
variable v which are given by piecewise constant functions each taking a countable
number of values v,,. As compared to the standard path integral the sum over
histories is clearly defined as a sum over M, the number of times v changes along
the history, a sum over (va/_1,...,v,) the constant values taken, and finally a

time ordered integral over the length of each constant part. We have not yet
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removed the dependence of 7,,, the time of each transition, yet here this sum can
be viewed equivalently as a sum over all triangulations of the interval Z in a distinct
sense from the sum over triangulation analogous to that of the spin foam models
presented in section 2.4. This brings to light two distinct notions of triangulation.
The first being the construction of an abstract simplicial complex composed of an
abstract set of simplices, the basic geometric objects, and the information about
how they are connected. This we refer to as an abstract triangulation as it is not
built upon some pre-existing manifold. The second notion of triangulation arises
from geometric realization of these abstract simplicial complexes or the embedding
in a topological space. This we refer to as an embedded triangulation as it is built
upon the underlying manifold. It is clear that these are two very different notions
of triangulation as for a given number of simplices, M, here there is a single
abstract triangulation of the interval Z while there is an uncountable number of
embedded triangulations given by the set of possible partitions of the interval 7
into M subsets. Expressed as a sum over embedded triangulations the amplitude
for each triangulation is simply a product of elements associated to each piece while
we find in the following the the amplitude can be reduced to a sum over abstract
triangulations whereby the local nature is lost. This realization raises the natural
question as to whether the spinfoam sum over triangulations should extend over
simply abstract triangulations or embedded triangulations.

As mentioned the expression (3.28) still contains some integrals of 7 relating to
the length of each constant portion of the history. These can be performed exactly
thus reducing to a sum over abstract triangulations depending only on the number
of times the volume changes and not on the time at which it changes. This is akin
to modding out by time-reparametrizations. The case when all of (v, ..., 1) are
distinct is straightforward and the result as given in [65]. The general case is a

little more complicated and is analyzed in Appendix A.2. The final result is:

A(VMa <oy V0, Oé) = @VI»IV]\/[71@VI»171VIV172 T 61’21’1 61’11’0 X
f[ 1 ( o )nkl p efia@iAT
— 1) Z v ,— 0
k=1 (nk 1)' 0O i=1 jii(@z 6]) ©i=Ov; gyvi(a)

(3.33)
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where, since the volumes can repeat along the discrete path, v;4) label the p distinct
values taken by the volume and n,, the number of times that each value occurs
in the sequence. The n,, satisfy n; +...+n, = M + 1. In doing so we notice
that the amplitude is no longer local as it depends on how many times a given
volume reoccurs during the history. It is clear here that locality is not a necessary
ingredient for a sum over histories expansion and may disappear at some order of
the construction.

To summarize, we have written the gravitational part Ag(vy, v;; «r) of the am-

plitude as a ‘sum over histories’:

Aq(ve, v o Z Z A(vag, .. Vo @) (3.34)

o
with A(var, ..., v; ) given by (3.33). This expression consists of a sum over M,
the number of volume transitions, and a sum over the (finite number of) sequences
of M — 1 intermediate volumes that are consistent with the boundary conditions
and the condition that v, # v,,,1. It is important to note that this is only one
component of the physical inner product it is necessary to combine this with the
scalar field component and integrate out the lapse a. The ability to carry out this

integral is a highly non-trivial requirement.

3.2.2 Vertex expansion of the physical inner product

Thus for we have only considered the transition amplitudes for the evolution be-
tween an initial and final state as generated by the gauge evolution. Recall that

the group-averaged scalar product is expressed in terms of these amplitudes as

(g, &5, i, dil) = 2[da Ay (vs, b5 @) A (v, vis @) (3.35)

In the previous section we constructed a vertex expansion for the gravitational

part of (3.35) which we can insert in the above expression.

([Vf7 ¢f]7 [Vi7 ¢Z]) - 2fd06 A¢(¢f: d)za Oé) ZE:O ZZ:/A:L;IZ;T”J’:I A(VM7 -y V0, Oé)
(3.36)
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If we desire a vertex expansion for the physical inner product it is then necessary to
carry out the integral over lapse « for each term of the vertex expansion seperately.
If this does not give meaningful results it is then clear that the sum over vertices
must be carried out before the group averaging and there does not exist a vertex
expansion ala SFMs as constructed in this way. The main assumption then in our
derivation —the only one that will be required also in section 3.3— is that one can
interchange the integration over o and the (convergent but infinite) sum over M
in the expression of Ag (v, v;;«). Let us then use expressions (3.18) and (3.34) of
Ay and Ag, make the interchange and carry out the integral over . If this can be
done, the scalar product (3.35) will then be re-expressed as a sum of amplitudes

associated with each discrete path (v, ..., 1):

([vs, 5], [vis 6i]) Z[ 3 A(I/M,...,I/O;¢f,¢i)]. (3.37)

= VM —15--+V
Vm#’/m-‘—l

where,

Avnr, ..o V05 08, @) = 2 / da Ay(or, dis ) A(var, . .., vo; ) (3.38)

By replacing the partial amplitude A(vyy, ..., v; ¢f, ¢;) with the expression (3.33)

and carrying out the integral over the lapse a.
A(VM7 ERLF ¢f d)l) 0, VMVM— 161/1\1 WWM—2 ®V2V1@V1V0 X

ng—1
i ; 5(p2 —0,;AT)
T (56) 3 S aml g5,

kzl ©0,=0,

i(d)Vi(d)

(3.39)

The right side is a sum of distributions depending on the matrix elements of © and
Py, but the result is well defined as it is integrated over p,. It is straightforward
to perform this integral over p, and express A(vyy, ..., vo; ¢f, ¢;) in terms of the

matrix elements of ©:

A(wpr, . V0508, 01) = Oupvns—1 Ovasvvnses - - Ovarn Ouing X (3.40)



o4

l_P[ 1 O N\l o eIVOIAD 4 —iVOAG

—771(78;) Ry
oot (7 = DIROO, io1 1149 -9;)) ©i=0u, () v;(a)
where A¢ = ¢y — ¢,. Since by inspection each amplitude A(vay, ..., v, ¢r, @;) is
real, the group averaged scalar product (3.37) is also real.

Finally, as explained in section 3.1, the group averaging procedure yields a
solution which has both positive and negative frequency components while the
physical Hilbert space consists only of positive frequency solutions. Let us denote
the positive frequency parts of the group averaged ket |[v, ¢]) by |[v, ¢]+). Then,
the physical scalar product between these states in H,yy is given by a sum over

amplitudes A(M), each associated with a fixed number of volume transitions:

([vr, drlss Vi, il4 )phy = A(M) (3.41)

§ : @VMVM—l @VM—lVM—Q s @V2V1 61/11/0

M=0 VM—1;--V1

Vm#”m-&-l
ﬁ 1 O -1 Z BN
x (76:) 7 J
k=1 (nk N 1)! 0O i=1 H#i(@i - @j) ©i=Ov;yvi(a

(Note that the right side is in general complex, a point to which we will return
in section 3.3.) This is the vertex expansion of the physical inner product we
were seeking. It has two key features. First, the integral over the parameter «
was carried out and is not divergent. This is a non-trivial and important result
if we are interested in computing the physical inner product perturbatively, i.e.,
order by order in the number of vertices. Second, the summand involves only the
matrix elements of © which are easy to compute. As remarked earlier, significant
simplification arises because Eq (2.6) implies that ©,, ,, is zero if v, — v, &
{0,4+44y}. This provides a clear benefit over the deparametrized model - as the
sum runs over a finite number of paths for each partial amplitudes with M vertices.

Let us summarize. We did not begin by postulating that the physical inner
product is given by a formal path integral. Rather, we started with the kinematical
Hilbert space and the group averaging procedure and derived a vertex expansion

of the physical inner product. Because the Hilbert space framework is fully under
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control, we could pin-point the one assumption that is needed to arrive at (3.41):
the sum over vertices and the integral over a can be interchanged. In the full theory,
one often performs formal manipulations which result in divergent individual terms
in the series under consideration. (For instance sometimes one starts by expanding
the very first amplitude (3.15) in powers of v even though the « integral of each
term is then divergent [60, 66]). In our case, individual terms in the series are all
finite. Nonetheless, at present the interchange of the a-integral and the infinite
sum over M has not been justified. If this gap can be filled, we would have a fully
rigorous argument that the well-defined physical inner product admits an exact,
convergent vertex expansion (3.41). (This assumption is needed only in the timeless
framework because the integration over « never appears in the deparameterized
framework of section 2.3.)

Thus, the total transition amplitude has been expressed as a vertex expansion
(3.41) a la SFMs. We provided several intermediate steps because, although the
left hand sides are equal, the final vertex expansions is different from that ob-
tained in section 2.3: While (2.34) features matrix elements of H = /O, (3.41)
features matrix elements of © itself. The existence of distinct but equivalent ver-
tex expansions is quite surprising. In each case we emphasized a distinct aspect
of dynamics: the timeless framework and group averaging in (3.41), and relational
time and deparametrization in (2.34). This fact leads to two important differences.
First m , the square root of the matrix element of ©, is distinct from H,, ,,,,,
the matrix element of the square root of ©. Second, because the off diagonal el-
ements O,, , in Eq (3.40) are non-zero only if v, = v, + 4¢,, consecutive v, in
second sum in Eq (3.41) can differ only by £4¢,. There is no such simplification
in Eq (2.34). Because of these differences, although the physical inner product
obtained by group averaging is related in a simple manner to the transition am-
plitude, the vertex expansion obtained in this section is completely different from
that obtained in the last two sections. If we were to terminate the sum at any

finite order, the results would not be simply related.
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3.3 Perturbation Series

We will now show that the expression (3.41) of the transition amplitude can also
be obtained using a specific perturbative expansion in the same manner as the de-
parametrized system. Structurally, this second derivation of the vertex expansion
is reminiscent of the perturbative strategy used in group field theory (see, e.g.,
29, 30]).

We begin by considering the diagonal and off-diagonal parts D and K of the
operator © in the basis |v = 4nf,). Thus, matrix elements of D and K are given
by:

O, V£ v

0 vV =v

Dz/l/ = @uy 51/’1/7 Kz/l/ - { (342)
Clearly C' = pé — D — K. We think of pz — D as the ‘main part’ of C' and K as a

‘perturbation’. To implement it, introduce a 1-parameter family of operators
Ch=p,—Ox:=p,—D— K (3.43)

as an intermediate mathematical step. The parameter A simply serves as a marker
to keep track of powers of K in the perturbative expansion and we will have to set
A =1 at the end of the calculation. As opposed to the deparametrized case, here
we must be more careful and ensure that the the spectrum of these constraints C'y
is continuous in the parameter A at the point A = 0. At the very least we require
that zero remains in the continuous part of the spectrum. This problem is brought
to the fore in the vacuum models where when defining the operator C'\ as above
the spectrum becomes completely discrete at A = 0, at which point expansion
becomes ill-defined.

Our starting point is again the decomposition (3.16) of the amplitude A(vy, ¢f; vi, ¢i; @)
into a scalar field and a gravitational part. The A dependence appears in the grav-
itational part:

Ag‘)(uf, Vi, @) 1= (vple 70N u,). (3.44)

We construct a perturbative expansion of this amplitude. Again we think of e~**©x
as a mathematical ‘evolution operator’ defined by the ‘Hamiltonian’ a©®, and a

‘time interval” A7 = 1. The ‘ unperturbed Hamiltonian’ is oD and the ‘per-
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turbation’ is AaK. Following the textbook procedure, we define the ‘interaction

Hamiltonian’ as
Hi(1) = e“PT aK 7P, (3.45)

Then the evolution in the interaction picture is dictated by the 1-parameter family

of unitary operators on Hg""

. . d0 -~
U)\(T) _ ezaDTe—ZOlQAT ; Satisfying U(;\(T) = —i\ HI(T)UA (T) . (346)
T

The solution of this equation is given by a time-ordered exponential:

0/\(7) _ Tefing](T)dT

= > M [ldry [Mdry_y .. [Tdn [—iH (7a)] - [—iHi (1)[3.47)

Using use the relation e=@®x = ¢~@P[J,(1), with U, given by (3.47), take the
matrix element of € between initial and final states, |v; = 1) and |v; = vay),

and write out explicitly the product of the H;’s. The result is

Ag‘)(Vf,Vza Z M fO dTMf dTl VIW—L-~,V1[eii(liTM)aDuMVM] %

(—zozK,,M,,M_l) o (miaK,,,,) [eTmePron] (3.48)

We can now replace D and K by their definition (3.42). Because K has no diagonal
matrix elements, only the terms with v, # v, contribute and the sum reduces

precisely to

A()‘ (ve, v, @ Z )\M[ Z A(var, .. v ) | (3.49)

VM —15--+5V
Vm#’/m-‘—l
where A(vyy, ..., ;@) is given by (3.33) as in the sum over histories expansion of
section 3.2.1.
We can now construct the total amplitude by including the scalar field factor

(3.18) and performing the « integral as in section 3.2.2. Then the group averaged
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scalar product is given by

([vad)f]? [Vi7¢i])(>\): Z/\M[ Z A(VM7“‘7V07¢fv¢i)] (3‘50)

VUM —1y.-3V
VUmFVm+1

where A(vas, ..., v, ¢f, ¢i) is given in (3.40). If we now set A = 1, (3.50) re-
duces to (3.41) obtained independently in section 3.2.1. Finally, let us restrict
ourselves to the positive frequency parts |[v, ¢],) of [v,¢]) which provide ele-
ments of H,,. Reasoning of section 3.2.2 tells us that the physical scalar product
(5, @pl+s [vi, dil+ )pny 1s given by (3.41).

Thus, by formally regarding the volume changing, off-diagonal piece of the con-
straint as a perturbation we have obtained an independent derivation of the vertex
expansion for ([, @fl4, [vi, ¢i|+)phy as a power series expansion in A, the power
of A serving as a bookmark that keeps track of the number of vertices in each
term. In this sense this alternate derivation is analogous to the vertex expansion
obtained using group field theory. This derivation has a technical advantage. Since
H; is self-adjoint on HZ™, it follows that the expansion (3.47) of Uy(7) is conver-
gent everywhere on HE " [67]. This in turn implies that the right hand side of
(3.49) converges to the well-defined gravitational amplitude Ag‘ ) = (vsle™™Ox|;).
However, to arrive at the final vertex expansion starting from (3.49) we followed
the same procedure as in section 3.2.2. Therefore, this second derivation of the
vertex amplitude also assumes that one can interchange the integral over a with
the (convergent but) infinite sum over M in (3.49). This derivation has a second
benefit as it clearly demonstrates a potential breaking point of the theory, which

is where the spectrum of the family of operators C is discontinuous around A = 0.

3.4 Satisfaction of the constraint

The physical inner product between the basis states defines a 2-point function:

G(vy, ¢5; viy @i) = ([vr, Orles [Vis @il4 ) ony (3.51)
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and it follows from section 3.1 that it satisfies the constraint equation in each
argument. Since G(vs, ¢r; vi, &) = G(vi, d4; vy, @), it suffices to focus just on one

argument, say the final one. Then we have:
[a;f _@f]G(Vf7¢f§ Vz‘u¢i) =0 (3.52)

where O acts as in (2.6) but on vy in place of v. If one replaces © by ©,, one
obtains a 2-point function G (vy, ¢f; v, ¢;) which, as we saw in section 3.2.2 admits

a perturbative expansion:

Ga(vr, &5; vis 6i) = Y AN Ani(vy, b3 01, 64), (3.53)
M=0
where Ay is the amplitude defined in (3.41):

An(vy, ¢pivi, d) = Z Ar(var, - vo; &y, i)

VM —1;--V1
Vm#’/m+1
= Z @VMVM—I @VM—IVM—Q te @1/21/1 @I/lz/o (354)
VM —1;--5V1
Vm#’/m+1
ﬁ 1 a ng—1 i ei\/QiAd)
X
—i(50,) r
£t (e = 1)1\ 00y = Lu®-0)le o,

The suffix + in Ay (var, ..., v0o; ¢, ¢;) emphasizes that we have taken the positive
frequency part.

As a non-trivial check on this expansion we will now show that G, satisfies
(3.52) order by order. As the derivation of 3.54 requires the key assumption that
the integral over the lapse o can be exchanged with the sum over vertices this
provides a check of the validity of the expansion. Since ©, = D + MK, our task

reduces to showing
(Qif — Dy) An(vy, d5; viy 6i) — Ky Avr—1 (v, @5 v, i) = 0. (3.55)

We will show that as with the expansion of Chapter 2, the left hand side is zero
path by path in the sense that for every history acted on by the off-diagonal part
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there are two histories acted on the diagonal part that cancel it. To see how
the constraint acts on the partial amplitude with M vertices we first act on each
amplitude Ay (vpr, ... vo; ¢f, ¢;) viewed as a free function of vy and ¢;. Without

loss of generality we assume that vy = ;4. Then we have

(a(?)f - ‘Df)A+(Vf7 VM—I? MR Vl? Vi; ¢f7 d)l) - ®Vfl/]\/[71@l/]y[711/h[,2 st 61121/1 61111/1- X
1 ( 0 )”k‘l " @,eiVOise
(ni — 1)1 \ 0Oy, — [1.(6;— ©;)
)nkl P VO
i=1 Hf;éi(@i o @j)

—~

(3.56)

k=1

P
1 0
- @U D Vp(d
p()p()]}_[l(nk_l)! (3@k

Oi=Ovi¥ica) I

If vp(q) occurs with multiplicity np = 1, if v; is the only volume to take the value

Vp(a) then there are no derivatives in ©p in the above equation and it simplifies to
(03, = DAL (v, a1, - V1, Vi 085 05) = Oy, Oy vas s - - Oy Oy, X

oo 0\ e (O, — Op)eVORs
H(nk—l)! (a@k) Z [15..(0; — 0,

i=1 J#i

(3.57)

Oi=Ovi i

- ®VfV]\/[,1A+(VM—17 MR Vl? VZ? d)f? d)l) :

Where in the final step we recognized that the term (©; — ©p) renders the P — th
term of the sum zero and removes the ©p dependence for each other term in the
series. Together these reduce the structure to that of a history without the final
point v¢. Thus, on simple histories where the final volume occurs only once in the
sequence, the action of [8§f — D] is to give the amplitude of the history without vy,
times a matrix element of © related to the transition from vy;_; to v¢. In general,
the value of the final volume can be repeated in the discrete history; n, # 1. It

can be shown using the same strategy as that of section 2.4 that in all cases,

(aif - Df) A+(Vf,VM_1, .. ‘7V17Vi;¢f7¢i) - ®VfVM,1 A—l—(VM—la .. 'uylayi;¢f7¢i) .
(3.58)

Finally, it is straightforward to evaluate the action of the off-diagonal part on A,;
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(see (3.55)):

KA (Vg vara, 01, Vi 0, 00) = Y Oupun Ay (U1, Vi, - 01, Vi O, 1) -
VM -1

(3.59)
Combining these results we see that Eq. (3.55) is satisfied as it can be expressed

as,

Z Z (aq%f - Df)AJr(Vf, . V3 Oy, ¢i) + KA+(Vf> VM2, Vo; Oy, ¢i) =0

Ui LM
(3.60)
Thus the vertex expansion we obtained is a solution to the quantum constraint
equation. Further it is a good perturbative solution in the sense that, if we only
take histories in which the number of volume transitions is less than some M™*,
then the constraint is satisfied to the order \":
M*
(05, — (Df + MK )] > M Ay(vy, o5 vy ¢0) = O (3.61)
M=0
Also in this calculation the cancelations occur in a simple manner; the off-diagonal
part acting on histories with M — 1 transitions gives a contribution for each history
with M transitions that could be obtained by a adding a single additional transition
in the original history. These contributions cancel with the action of the diagonal
part on the histories with M transitions.

We again stress though that while the series above solves the constraint the
solution may be purely formal. It is not a priori clear whether that the series
is convergent, asymptotic, or simply a divergent series and secondly if cutting
off the series at some finite point provides a good approximation of the exact
physical inner product. In a later section we well examine these questions through
explicit computation. Nonetheless this section provides an explicit check on our
perturbative expansion of the physical inner product. This is a concrete realization,
in this simple example, of a central hope of SFMs: to show that the physical inner
product between spin networks, expressed as a vertex expansion, does solve the

Hamiltonian constraint of LQG order by order.
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This further leads to important insights into the structure of the vertex expan-
sion for the full spin foam models. First it is clear in this system that no single
term of the vertex expansion provides a solution of the constraint. It is necessary
to include the full sum over all terms of the vertex expansion to obtain a solution.
Although, since the solution of the constraint happens through the cancellation of
closely related triangulations and even closely related colored triangulations this
can provide very deep insight into the structure of the sum over triangulations
including the relative weighting of the amplitude associated to each triangulation.
Further this can be used as a procedure to generate higher order triangulations

from lower order terms in the expansion.

3.5 The ‘coupling constant’ A\ and the cosmolog-

ical constant A

So far we have regarded the perturbation theory as purely a calculational tool and
the coupling constant A as a book-keeping device which merely keeps track of the
number of vertices in the vertex expansion. We found that by taking only histories
with up to M* vertices that the constraint is solved to O(AM" +1) | but from this
standpoint values of A other than A = 1 have no physical significance. This leads
us to question what the more convergent series with A < 1 means. Further, if one
regards GF'T as fundamental and gravity as an emergent phenomenon, one is forced
to change the viewpoint. In this perspective, the coupling constant A is physical
and can, for example, run under a renormalization group flow. The question we
raised in section 3 is: What would then be the physical meaning of A from the
gravitational perspective? Surprisingly, in the LQC model under consideration, A
can be regarded as (a function of) the cosmological constant A.

Let us begin by noting how the quantum constraint changes in presence of a

cosmological constant A:
—C(A) = 335 +0O(A) = 8; + 0 — TGy A2, (3.62)

Thus, only the diagonal part of © is modified and it just acquires an additional

term proportional to A. In the GFT-like perturbation expansion, then, we are led



63

to decompose O,(A) as
O,(A) = D(A) + MK where  D(A) = 7G (= — ¥*A) V2. (3.63)
It is now easy to check that W(v, ¢) satisfies the constraint equation
[0 + D(A) + AK] U (v, ¢) =0 (3.64)
with cosmological constant A if and only if \i/(u, q;) satisfies

02+ D(A) + K] ¥ (v, ) = 0 (3.65)

where

A= % + 272353/\ (A—=1), b=V o, and U(v,¢)=T(v,¢). (3.66)
Consequently the two theories are isomorphic. Because of this isomorphism, the
gravitational meaning of the coupling constant \ is surprisingly simple: it is related
to the cosmological constant A.

First this gives meaning to the vertex expansion with A # 1. We find that it
is related to the expansion of the normal gravitational constraint with a shifted
value of the cosmological constant. Thus if we take the expansion where A # 1
and A = 0 this is equivalent to the expansion with A\ = 1 and with the following

values of the cosmological constant

3 1

Y

(3.67)
In particular if we look at the values of A for which the series is clearly more
divergent A > 1 we find that this corresponds to a positive cosmological constant
taking values A € (0, ﬁ) On the other hand taking the values of A < 1 leading
to a more convergent series is equivalent to values of the cosmological constant
A€ (—00,0].

Second a conjectural but interesting point is the following. Suppose we want

to consider the Hamiltonian theory (or the SFM) for zero cosmological constant.
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Then we are interested in the Hamiltonian constraint (3.65) with A = 0. From the
GFT perspective, on the other hand, the cosmological constant is A which ‘runs

with the coupling constant’ \ via?

3

A= —2
27202

(1—=2X) (3.68)
At A = 1, we have A = 0, whence the GFT reproduces the amplitudes of the
SFM with zero cosmological constant. The question is: What is the space-time
interpretation of GFT for other values of \? From the perturbation theory per-
spective, A will start out being zero in GFT and, under the renormalization group
flow, it will hopefully increase to the desired value A = 1. In the weak coupling
limit A = 0, the SFM will reproduce the amplitudes of the theory which has a pos-
itive but Planck scale cosmological constant A ~ 3/2v2¢2. This is just what one
would expect from the ‘vacuum energy’ considerations in quantum field theories
in Minkowski space-time. As the coupling constant \ increases and approaches
the SFM value A = 1, the cosmological constant A decreases. Now, suppose that
the renormalization group flow leads us close to but not all the way to A = 1. If
we are just slightly away from the fixed point A = 1, the cosmological constant A
would be small and positive. These considerations are only heuristic. But they
suggest an avenue by which a fully developed GFT could perhaps account for the

smallness of the cosmological constant.

3.6 Testing the Expansion

As done for the deparametrized model in 2.4, we will now directly test the abil-
ity of the expansion to approximate the exact physical inner product using only
finitely many terms of the vertex expansion. In the following we again analyze the
expansion for a simple choice of initial and final volumes, v; = 4, vy = 4, and a
range of values of the scalar field. We compute the first few orders in M of the
vertex expansion exactly seeing how they vary with increasing order and compare

the sum to the exact expression for the physical inner product.

ZNote incidentally that, contrary to what is often assumed, running of constant under a
renormalization group flow is not related to the physical time evolution in cosmology [68].
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Ao(4A, 40)

3l

Figure 3.1. Real (solid) and imaginary (dashed) parts of the partial amplitude with
zero vertices Ag(4X, 4\, A¢) plotted as a function of v12rG.

Similar to the deparametrized vertex expansion the initial terms of the expan-
sion do not necessarily provide a good approximation to the exact physical inner
product. In particular at larger values of A¢ the sum is dominated not by the
first terms of the expansion, but higher orders. This can be seen in figures 3.1-3.3
where for example both the M = 2, M = 6 partial amplitude dominates the M = 0
partial amplitudes for large A¢. We see in 3.4 the comparison of the sum over
partial amplitudes up to order M =0, M = 6, M = 10, and M = 18 as compared
to the exact physical inner product. As more terms are included the expansion
converges up to larger values of A¢, but has drastically large error beyond that.
This indicates that either terms of higher order dominate the sum at those values
of the scalar field or the series is asymptotic beyond a certain value of Ag.

We again find that a priori it is not clear what a fixed number of terms of
the vertex expansion mean. For small values of A¢ they do provide a very good
approximation to the exact physical inner product, but for larger values they may
not even provide a zeroth order approximation. This expansion then serves as a
clear warning for similar computations within more complicated models. Without
a coupling constant in the theory that ensures that higher order terms are sub-
dominate as in QED or in large N expansions of Yang-Mills, a finite number of

terms in an expansion may not provide a good approximation to the physical
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Ax(4A, 41)
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Figure 3.2. Real (solid) and imaginary (dashed) parts of the partial amplitude with
two vertices Ag(4\, 4); A¢) plotted as a function of V12rGA¢. For vV12rGA¢p < 2 the
M = 2 is smaller than the M = 0 while clearly the M = 2 term of the vertex expansion
dominates the M = 0 for larger values of A¢, so we see for larger A¢ terms with more
vertices can contribute more than the lower terms in the vertex expansion.

As(4A, 41)

3t
Figure 3.3. Real (solid) and imaginary (dashed) parts of the partial amplitude with
two vertices Ag(4\, 4X\; Ag) plotted as a function of vV127GA¢. Again the M = 6 term
of the vertex expansion is larger than both M = 0, M = 2 terms for larger values of

A¢. We again clearly see that for larger A¢ terms with more vertices can dominate the
expansion.
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V127G A¢
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Figure 3.4. The exact transition amplitude A(4\, 4\, A¢) (solid line) and the vertex
expansion up to order M = 2 (large dashes), M = 6 (dashed), and M = 10 (dot-
doshed), and M = 18 (dotted) plotted as functions of v127GA¢. With more terms
of the expansion included it converges at a larger value of A¢, but diverges strongly
from the exact amplitude beyond that value. Thus it is necessary to include higher and
higher terms in the vertex expansion to have even a first-order approximation of the
exact transition amplitude.

inner product. Although, while there is no coupling constant, when computing the
physical inner product at a fixed value of A¢ using the vertex expansion the series

does converge to the exact result.

3.7 Discussion and Relation to SFM

We begin a brief summary. Group averaging provides a Green’s function G(vy, ¢y; v4, ¢; )
representing the inner product between physical states extracted from the kine-
matic kets |vs, ¢r) and |v;, ¢;). We saw in section 3.2 that this quantity is equal
to the transition amplitude A(vy, ¢f; 14, ¢;) for the physical state |v;) at the initial
instant ¢; to evolve to the state |vf) at the final instant of time ¢, as provided
by the Schrodinger evolution of the deparameterized theory. Although they are
equal, they emphasize different physics. Following the procedure of chapter 2 to
pass from a Hamiltonian theory to a sum over discrete histories, we were able to
obtain a series expansion, (3.41) for G(vy, ¢y; v;, ¢;) - that mimics the vertex ex-

pansion of SFMs. In section 3.2, we had to make one assumption in the derivation
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of the vertex expansion of G(v¢, ¢r; 14, ¢;): in the passage from (3.49) to (3.50) we
assumed that the integration over a of the group averaging procedure commutes
with an infinite sum in (3.49). This is an additional assumption on top of the those
required for chapter 2.

In sections 3.3 we were able to obtain the same vertex sum using a perturbative
expansion, in a coupling constant A, that is reminiscent of GFTs. In sections 3.4
we showed that this is a useful expansion in the sense that the Green’s function
satisfy the constraint equation order by order in A\. Thus, if we were to truncate the
expansion to order M, the truncated Green’s function would satisfy the constraint
equation up to terms of the order O(AM*1). In section 3.5 we showed that the cou-
pling constant A inspired by GFTs is closely related to the cosmological constant.
This interpretation opens a possibility that a detailed study of the renormalization
group flow in GFT may be able to account for the very small, positive value of the
cosmological constant.

There is again a detailed parallel between this construction and the SFMS. The
vertex expansion (3.41) can be seen as a sum over amplitudes corresponding to
triangulations Aj; of a given manifold as in the spin foam paradigm. The ana-
log of the manifold M with boundaries >;, >, in SFMs is the manifold V x Z,
where V is the elementary cell in LQC and Z, a closed interval in the real line
(corresponding to 7 € [0,1] in the timeless framework. The analog of a triangula-
tion in spin-foams is just a division of V x Z into M parts by introducing M — 1
time slices. Just as the triangulation in SFMs is determined by the number of
4-simplices, what matters in LQC is the number M; the precise location of slices is
irrelevant. The analog of the dual-triangulation in SFMs is just a ‘vertical’ line in
V x Z with M marked points or ‘vertices’ (not including the two end-points of 7).
Again, what matters is the number M the precise location of vertices is irrelevant.
Coloring of the dual-triangulation in SFMs corresponds to an ordered assignment
(Vats Va1, - - - 1, V) of volumes to edges bounded by these marked points (subject
only to the constraints vy, = vy, vy = v; and v, # vp,—1). Each vertex signals
a change in the physical volume along the quantum history. The probability am-
plitude associated with the given coloring is given by A(vy, ..., vo; ¢y, ¢4), (3.40)).
A sum over these colorings yields the partial amplitude associated with the trian-

gulation with M ‘vertices’. These partial amplitudes then correspond to the spin
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foam amplitude corresponding to a fixed triangulation A,,;. Finally, the Green’s
function G(vy, ¢f; vi, ¢;) is given by a sum over all M-vertex amplitudes.

Thus, the physical inner product of the timeless framework can be expressed
as a discrete sum of amplitudes associated with triangulations of the interval 7
without the need of a ‘continuum limit’: A countable number of vertices suffices;
the number of volume transitions does not have to become continuously infinite.
This result supports the view that LQG and SFMs are not quite analogous to
quantum field theories on classical space-times. Discrete quantum geometry at
the Planck scale makes a key difference. Taken together, these results provide
concrete support for the general paradigms that underlie SFM and GFT. By giving
a construction from the canonical theory leading to a spin foam like structure we
have both a proof of concept that canonical quantum gravity and spin foam models
can be related and a more rigorous framework to help pin-down open issues of the
spin foam models.

However, we again emphasize that this analysis has a limitation: We did not
begin with a SFM in full general relativity and then arrive at the LQC model
through a systematic symmetry reduction of the full vertex expansion. Rather,
we began with an already symmetry reduced model in the canonical language and
recast the results in the spin foam language. Reciprocally, a key strength of these
results is that we did not have to start by postulating that the physical inner
product or the transition amplitude is given by a formal path integral. Rather,
a rigorously developed Hamiltonian theory guaranteed that these quantities are
well-defined. We simply recast their expressions as vertex expansions. Thus we
are not necessarily providing insight about the current spin-foam models from
within their own framework rather we provide insight into the open questions of
the current spin foam models through the assumption that they are derivable from
a given canonical theory. This has the strong benefit of being based on traditional
quantum mechanics as well as retaining a connection to continuous gravity.

It is often the case that exactly soluble models not only provide support for or
against general paradigms but they can also uncover new issues whose significance
had not been realized before. The LQC analysis has brought to forefront five such
issues.

First, as the derivations of the current SFM’s is based on a discretization of
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general relativity on a fixed triangulation the theory does not tell us how to recover
the continuum theory. The expected route to recover the continuum theory is to
sum over all choices of triangulations, which is supported by the vertex expansion
constructed here. The vertex expansion of LQC actually presents two distinct
notions of a sum over triangulations. First there are the abstract simplicial com-
plexes that are usually considered in the SFM. These are defined without reference
to an underlying manifold, depending only on the set of abstract simplices, the
basic geometric objects, and how they are connected together. The second notion
of triangulation arises from the geometric realization of these abstract simplicial
complexes, from the their embedding in a manifold. At different stages of the
derivation each notion of triangulation, abstract and embedded, appears in the
vertex expansion of LQC. Prior to the integration over the times at which each
vertex appears, the amplitude 3.28 can be seen as an integral over the set of all
embedded triangulation - here given by all partitions of the interval Z into M + 1
intervals. In this case two triangulations with the same number of vertices but
different times at which the vertices are located will have different amplitudes.
Following the integration over these intermediate times the amplitude naturally
reduced to a sum over abstract triangulations where all that matters is how many
vertices there are not at what time they occur. This extends the standard ques-
tion in SFM about what triangulations should be summed over beyond whether
one consider triangulations more general than simplicial complexes; in addition one
may need to consider not abstract triangulations, but also all possible embeddings.

Second, related to these two notions of triangulation is the presence or lack of
locality” in the vertex expansions presented here. Recall that locality in SFM is
defined as the property where the amplitude corresponding to a coloring of a fixed
triangulation is given as the product of amplitudes corresponding to each edge,
face, and vertex (each simplex) of the dual triangulation. Further the amplitude
corresponding to each simplex depends only on its immediate neighbors. For the
vertex expansion of LQC expressed as a sum over embedded triangulations, the
gravitational amplitude 3.29 for a given choice of triangulation and of volumes is
simply a product of elements associated to each edge and vertex of the triangu-
lation. Following the reduction to a sum over abstract triangulations this simple

product structure is lost 3.33. This loss of locality is then transferred to the vertex
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expansion for the physical inner product. Locality is a key assumption of SFM
that must of course be tested. In many systems locality as mentioned above does
occur. The examples often cited include standard Feynman path integrals and
the amplitudes associated to Feynman diagrams in momentum space. Similarly
though there are many systems for which this locality is not present - for example
Feynman diagrams in position space.

Third, it has revealed the advantage of adding matter fields. It is widely ap-
preciated that on physical grounds it is important to extend SFMs beyond vac-
uum general relativity. However what was not realized before is that, rather than
complicating the analysis, this generalization can in fact lead to interesting and
significant technical simplifications. This point is brought out by a recent analysis
of Rovelli and Vidotto [69]. They considered a simple model on a finite dimen-
sional Hilbert space where there is no analog of the scalar field or the possibility of
deparametrization. There, individual terms in the vertex expansion turn out to be
well defined only after a (natural) regularization. In our example, the presence of
the scalar field simplified the analysis (in the transition from (3.37) to (3.40)) and
individual terms in the vertex expansion are finite without the need of any regular-
ization. Furthermore, this simplification is not an artefact of our restriction to the
simplest cosmological model. For example, in the Bianchi I model the Hamiltonian
theory is also well-developed in the vacuum case [70]. Work done by Campiglia,
Henderson, Nelson and Wilson-Ewing shows that technical problems illustrated in
[69] arise also in this case, making it necessary to consider a regularization or other
modification. These problems simply disappear if one also includes a scalar field.
This issue will be further discussed in the following chapters.

Fourth, it came as a surprise that there are two distinct vertex expansions. The
standard group averaging procedure implies that (for ‘positive frequency’ physical
states) the physical inner product in the timeless framework equals the transition
amplitude in the deparameterized framework used in LQC [33]. But whereas the
perturbative expansion (2.34) involves the matrix elements of H, (3.41) involves the
matrix elements of © (and their square-roots). Thus, while the sum yields the same
quantity, if we were to truncate the perturbation series to any finite order one would
obtain distinct results. This is not an artefact of using the simplest cosmological

model. Indeed, from a Hamiltonian perspective, it would appear that distinct
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vertex expansions can arise whenever a well-defined deparametrization is available
or when the constraint can be solved explicitly as in 2 + 1 gravity. This raises an
interesting and more general possibility. Can there exist distinct spin foam models
—constructed by using, say, distinct vertex amplitudes— for which the complete
vertex expansions yield the same answer? Finite truncations of these expansions
could be inequivalent, but each could be tailored to provide an approximation to
the full answer for a specific physical question. One may then be able to choose
which truncated expansion to use to probe a specific physical effect.

The fifth issue concerns three related questions in the spin foam literature: i)
Should the physical inner products between states associated with spin networks
be real rather than complex [64]7 ii) In the classical limit, should one recover cos S
in place of the usual term €™, where S is the Einstein Hilbert action [71, 72]?
iii) Should the choice of orientation play a role in the sum of histories [63]7 In
the LQC example we studied in this paper, these three questions are intimately
related. The inner product between the physical states [v, ¢], determined by the
kinematic basis vectors —which are the analogs of spin networks in this example—
are in general complex (see Eq (3.41)). However, if we had dropped the positive
frequency requirement, the group averaged inner products would have been real
(see Eq (3.37)). The situation with action is analogous. And, as we show in the
next paragraph, the positive frequency condition also selects a time-orientation.

Since this is an important issue, we will discuss it in some detail. Let us begin
with the classical theory. The phase space is 4-dimensional and there is a single
constraint: C(v,b; ¢, pg) := G p; — 31 ((fv*) b* = 0. Dynamics has two conceptu-
ally interesting features. First, given a solution (v(t), ¢(t)) to the constraint and
dynamical equations, (—v(t), ¢(t)) is also a solution (where ¢ denotes proper time).
They define the same space-time metric and scalar field; only the parity of the spa-
tial triad is reversed. Therefore (v(t), p(t)) — (—v(t), ¢(t)) is regarded as a gauge
transformation. The second feature arises from the fact that the constraint surface
has two ‘branches’, p, > 0 and pg < 0, joined at points ps = 0 which represent
Minkowski space-time. As is usual in quantum cosmology, let us ignore the trivial
flat solution. Then each of the two portions ['* of the constraint surface defined
by the sign of p, is left invariant by dynamics. Furthermore, there is a symmetry:
Given a dynamical trajectory (v(t), ¢(t)) in I't, there is a trajectory (v(t), —¢(t))
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which lies in T'~. This represents a redundancy in the description in the sense
that we recover all physical space-time geometries g,;(t) even if we restrict only to
one of the two branches I'*. In particular, the dynamical trajectories on I'T, for
example, include solutions which start with a big-bang and expand out to infinity
as well as those which start out with infinite volume and end their lives in a big
crunch. The difference is in only in time orientation: If we regard ¢ as an internal
or relational time variable and reconstruct space-time geometries from phase space
trajectories, space-times obtained from a trajectory on I'T defines the same geome-
try as the one obtained from the corresponding trajectory on I'™ but with opposite
time orientation. As in the Klein-Gordon theory of a free relativistic particle, this
redundancy is removed by restricting oneself either to the p, > 0 sector or to the
pe < 0 sector. In the quantum theory, then, the physical Hilbert space is given
by solutions ¥(v, ¢) to the quantum constraint (3.11) which in addition have only
positive (or negative) frequency so that the operator p, is positive (or negative)
definite. (They are also invariant under parity, (v, ¢) = V(—v,¢)). Thus, the
LQC example suggests that in general SFMs one should fix the time-orientation,
lending independent support to the new ideas proposed in [63]. Reality of the
physical inner products between spin network states [64] and the emergence of
cos S in place of € [71, 72] can be traced back to the fact that in most of the
SFM literature one sums over both orientations. However, our analysis provides
only a hint rather than an iron-clad argument because all our discussion is tied to
LQC models where symmetry reduction occurs prior to quantization.

Next, we saw that the inner product between physical states extracted from
the kinematic basis vectors |v, ¢) are in general complex (as is generally true for
constrained systems). However, if we were to enlarge the physical Hilbert space
allowing for both ‘positive and negative frequency’ solutions, they become real. In
SFMs the obvious analog of the LQC ‘positive frequency’ restriction is a choice
of an orientation. Currently, the sum involves both orientations and the inner
products between the physical states extracted from spin network states are all
real. The LQC analysis naturally raises a question: Should one also impose a
suitable restriction allowing, e.g., only those histories with only one orientation
[63]7 Or, does correct quantum physics require us to have only real physical scalar

products in this basis? If so, why is there a qualitative difference in LQC?
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We conclude with a hopeful direction for new insight into the construction of
SEFM. Coming from the view of the gravitational amplitude expressed as a sum
of embedded triangulations 3.28. The vertex amplitude of LQC can be thought
of as a sum over all piece-wise constant histories in the configuration variable.
This is natural given the discrete topology of the spectrum of the configuration
variable coming from the Kronecker delta inner product. This raises the hope
that it is possible to derive the vertex expansion of spin foam models not by first
discretizing the theory and then writing a path integral expression, but given the
insight into the the structure of the kinematic Hilbert space of LQG of quantum
geometries consider the space of piecewise constant configurations. The sum over
all histories compatible with the quantum geometry would then decompose into
a sum over different embedded triangulations and integrals over the values of the

configuration variables in each constant patch.



Chapter

Generalization of Vertex Expansion

In the previous chapters we introduced two distinct sum over histories expansions
for exactly soluble LQC, a quantization of FRW coupled to a massless scalar field.
The first was constructed by identifying the scalar field as a clock, deparametrizing
the system, and then following the Feynman construction of a sum over histories.
The result is a sum over discrete histories where the volume changes only a finite
number of times, which we call a vertex expansion due to the connection with the
expansion of the same name in the spin foam models. The second was constructed
without deparametrizing, but instead through constructing a vertex expansion
for the group averaging expression for the physical inner product. The vertex
expansion of this soluble model provided both a method of perturbative calculation
for LQC as well as insight into the current SFMs albeit in a simplified setting. For
both reasons we should extend the construction to more complex models such as
anisotropic cosmologies [41, 42, 43] and inhomogeneous systems ([44, 45, 46]). For
these systems there is little known analytically, so the vertex expansion provides a
tool to perturbatively compute the physics of these models. Second, systems with
more degrees of freedom capture more features of full quantum gravity and thus
provide more precise insight into the structure of SFMs.

Although each vertex expansion was constructed for a particular model, the
derivations did not make extensive use of the detailed properties of the model. In
this chapter we analyze more general models with a single Hamiltonian constraint:
first by extending the construction to general gravitational parts of the constraint

while keeping the massless scalar field and then by additionally allowing for more
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general matter contribution to the constraint. We show that the vertex expansion
directly extends to a large class of systems. We find though that the requirement
of being able to carry out the integral over the lapse, «, in the group averaging
procedure is the main obstacle to generalization of the vertex expansion of the
timeless framework. New input is needed for the integrals over a: to be well defined
Rather than being an insurmountable problem though, this leads to deeper insights

into the vertex expansion and to spin foam models.

4.1 General Sum Over Discrete Histories

We will first return to the discrete sum over histories introduced in section 2.4 that
was the basis of the vertex expansion for both the deparametrized and timeless
framework. Here we analyze the necessary assumptions of that expansion to see
to how specific the construction is to soluble LQC and hence how generally it
can be applied. Recall that that the structure of the sum over discrete histories

corresponding to the transition amplitude is,

[e.e]
(ve| e |v) = A(vg, t; 1v,0) = Z Ay (vy, t; 14,0) (4.1)
M=0
where the partial amplitudes A, are given by a sum over amplitudes corresponding

to each discrete history where the volume changes M times.

Ay vy, t; 1;,0) = E A(vp,vpr—q, ... 01,14, t) (4.2)
UM 1,51
V'm#l’m-&-l

The amplitude for a general discrete history is then given by

A(vg,vp—q, ..., v,t) = E Hy e Honrivngs - - Hugoy Hupy X

VM —15-5V1
Vm#’/m-‘—l

P 1 < o )nk—l P eiHigp
P
Pty (nk. - 1)' 8Hk i—1 Hg#z(HZ - Hj) H=H,

i(d)i(d)
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where even though neighboring volumes are required to be distinct the same volume
can repeat many times during the history. The v then denote the P distinct
values of the volume taken along the history and n; denote the degeneracy of
each of those values. Here this encompasses both the vertex expansion of the
deparametrized system, H = /O and t = ¢, and of the gravitational amplitude of
the timeless system, H = —a© and ¢t = 1.

The key ingredients going into the construction were the following. We require
a kinematical Hilbert space with a basis normalizable to the Kronecker delta, which
encompasses every Hilbert space. For the cases above this was given by the basis

of volume eigenstates with an inner product given by the Kronecker delta,

<V1|V2> - 61’17112 (43)

It was this structure allowed the continuous time limit (N — oo) to be rigorously
taken leading to a sum over discrete histories instead a path integral over continu-
ous histories. Similarly the use of such a normalizable basis allowed for the decom-
position of the Hamiltonian into diagonal and off-diagonal parts in the derivation
of the vertex expansion from perturbation theory. It is preferable if the normaliz-
able basis is provided by the eigenstates of a natural configuration variable. This is
one point where LQG and LQC are distinct from standard Schrodinger quantum
mechanics where the position and momentum eigenstates used to construct the
Feynman path integral are non-normalizable in the Hilbert space, as opposed to
the normalizable volume eigenstates of LQC. The second input was a self-adjoint
operator H on this kinematical Hilbert space of which no additional assumptions
were made.

From here we see that the derivation of (4.1 — 4.3) is completely general. It
extends to any Hilbert space, with any choice of a normalizable basis and any self-
adjoint operator on that Hilbert space. The vertex expansion can then be applied
to standard Schrodinger quantum mechanics using for example the eigenstates of
the simple harmonic oscillator. It most naturally extend though to theories where
the normalizable basis consists of the eigenstates of a natural configuration vari-
able. Importantly, the spin network basis of LQG has precisely such a normalizable

basis, so the vertex expansion is directly generalizable to LQG. The vertex expan-
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sion In the following we will take a general kinematical Hilbert space given by
finite linear combinations of basis elements given by states |s) for all s in some
index set S. In soluble LQC the states |s) are the eigenstates of the volume and
S is isomorphic to the set of integers. For the LQC of Bianchi I the states [s)
are the simultaneous eigenstates of the volume v and two variables describing the
anisotropy and in LQG the states |s) are elements of the spin network basis with
S given by the set of all piecewise-analytic graphs on the spatial slice ¥ colored
with SU(2) spins. The inner product between these basis elements is given simply
as

(s1]s2) = 0515, Vs1,80€ 8 (4.4)

We have then that given any deparametrizable system or any system with a
true Hamiltonian the construction of the vertex expansion presented in chapter
two can be simply generalized. The barriers to constructing a useful expansion of
these systems lie primarily in the ability to compute the matrix elements of the

Hamiltonian. Even in the exactly soluble system this was highly non-trivial.

4.2 Vertex Expansion of Physical Inner Product

In the previous section we saw that the vertex expansion of the amplitude to
evolve between two kinematical states can be extended to any constrained system
admitting a deparametrization through a choice of clock variable. For a general
constrained system such a deparametrization is not available. Additionally, for
more complex LQC models such as Bianchi I that do admit a deparametrization
it is extremely difficult to calculate the matrix elements appearing in the vertex
expansion (4.3). In either case we must return to the timeless framework and
obtain the physical states and physical inner product through the group averaging
procedure. We will find in this section though that to derive the vertex expansion
in the timeless framework there are more stringent requirements to on the choice
of basis states and the form of the constraint.

The derivation of the vertex expansion for the physical inner product con-
structed in chapter 3 required the following inputs. First we required a kinematical

Hilbert space that was the tensor product of a gravitational Hilbert space with a
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normalizable basis with the standard Hilbert space, H1" = L?(R,d¢), for the
scalar field. In the following we denote the gravitational basis states by |s) where
s is an element of some index sex S and the states have an inner product given
by (4.4. The construction necessarily required the presence of a matter degree of
freedom - the extension to purely vacuum models will be presented in the next
chapter. Second the constraint is assumed to be given by a gravitational part plus

a matter contribution corresponding to a massless scalar field
2 /32
C =p,/h”—© (4.5)

It is this feature that allows the system to be simply deparametrized. Third, the
gravitational part of the constraint, © has all non-zero matrix elements in the
basis, (s|©]s) # 0 for all s. Given the first two assumptions the physical inner

product can be written as follows.

([s7, 07, [si; i) = 2[da (s, b5l € |pyl |si, i) (4.6)
= [daAy(dy, ¢is ) Ac(sy, sis @) (4.7)

with
Ay, 053 a) = 2 (5|5 [py||¢), and  Ag(sy, si;a) = (sle™®]s;) . (4.8)

since the constraint simply breaks into one term acting on the gravitational Hilbert
space and one term acting on the scalar field Hilbert space. Here without any
additional assumptions the gravitational amplitude Ag(sy, s;; ) can be expanded
in a vertex expansion using (4.1-4.3).

Inserting this vertex expansion into the expression for the physical inner prod-
uct above, assuming that the diagonal matrix elements are non-zero, and again
interchanging the integration over o with the sum over vertices M we arrive at the

following.

([Sf qbf sz,qbz Z [ Z A(SM,~~~7SO§¢f7¢i) ) (49)

= SM—15--S
Sm#sm-‘—l
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where the partial amplitude associated to each number of vertices M is given by

A(SM7 AR 80; ¢f7 d)Z) = @Slwslw—l 651\/[,181\/[,2 AR 68281 68130 X (410)
ﬁ 1 < B )nk_l P ivVOide | —ivOiA

P

oo (e = 1)IN00, = 1[0 -6y o6,

(d)%i(d)

as obtained by first integrating over the lapse a and then over the scalar field mo-
mentum py. In a discrete history sf, sp—1,...,s1,s; there can be many states s;
that lead to the same diagonal element. In the above expression then P is the num-
Si()Sid) denotes the i-th such

distinct value, and n; denotes the number of times that value repeats. For SLQC

ber of distinct values of ©4, taken along the history, ©

the diagonal elements of ©,, were distinct if the volumes v were distinct along
the discrete history. In that case this construction led to the correct expansion as
observed by the fact that it solved the constraint and that it well approximated
the physical inner product at least for at least some range of values. Similarly the
vertex expansion (4.9) solves the constraint C' = pi — O for a generic gravitational
part © with non-zero diagonal matrix elements.

To reiterate the necessary features for the construction above are the following:

e The presence of a scalar field

e A splitting of the constraint operator into a gravitational part and a massless

scalar field part.

e A gravitational part of the constraint © having nonzero diagonal elements.

Together these three assumptions allowed us to interchange the integral over o with
the sum over M the number of vertices obtaining a well-defined amplitude for each
discrete history. In the following we will seek to relax the last two assumptions

and finally relax the first assumption in the next chapter.

4.3 Zero Diagonal Elements

The simplest generalization leaves the matter part of the constraint untouched
and simply considers the most general possible self-adjoint operator © whose di-

agonal matrix elements can be zero. Even for the Bianchi I model, the simplest
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anisotropic cosmology, the gravitational part of the constraint ©p; has all zero
diagonal matrix elements in a natural basis given by eigenstates of geometric op-
erators. The presence of a single zero diagonal matrix leads to divergences in the
vertex expansion in the timeless framework. It is then necessary to introduce new
ideas to obtain a well defined vertex expansion.

We first recall that the derivation of the vertex expansion for the gravitational

part of the amplitude does not depend on the details of the operator ©.

oo

Ag(sy, si5a) =(ss]e7C|s;) = Z Z A(Spry - -+, So; @) (4.11)

M=0 | SM—1,---51

SmFESm+1
A(Spy 2350 ) =Osyrs1s19s1r 15asn - - - Osas1 Os1s0 X
ﬁ 1 ( B )”kl XP: e—iaGiAT
P
k=1 (ne = DI\ 0Oy, i=1 Hj#i(@i —6j) 0,=05,, s
H Si(d)%i(d)
(4.12)

where the derivates are taken and then the expression is evaluated at values of the
diagonal elements associated to the distinct states in the history. This is equally
valid when the diagonal elements are zero.

The barrier to obtaining a vertex expansion of the physical inner product is
whether or not the integral over o appearing in (4.6) can be carried out for each
discrete history separately. Without loss of generality we can assume that that the

matrix element © is zero. To clearly see the breakdown of the expansion

SP(d)SP(d)
we carry out the integrals over o and p, and then take the limit as ©p goes to

zero for the amplitude corresponding a single discrete history (4.10).

A(8M7 -+ 503 ¢f7 d)Z) - @Shlshl—l@5h1—15h1—2 s 6825168180 X

P n—1 P ivVOiAg
132]] ! i (ag ) —
gt (e — D! k [1,.(0: —©;)

i=1 jF#i ®i:@si(d)si(d)

(4.13) |

The limit ©p — 0 is well defined for the terms i = 1 to P — 1 of the sum. Though
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the limit is clearly divergent for the P-th term of the sum when np > 2. The

dominant term in that case is given by

A(sats s 50 b, i) elff’lom (4.14)
coming from the repeated derivatives of ¢'VOP2? with respect to ©p. The ampli-
tude for a discrete history which contains states whose diagonal matrix elements
are zero have divergent amplitudes and further the divergence is proportional to
the number of such states appearing in the history repeat. We thus see a clear
need to modify the expansion such that the integral over a will be well defined.

There are three natural solutions

e Introduce a different grouping of histories resulting in a finite integral over «,
which was the strategy to obtain a well-defined limit as the skeletonization

was removed, N — oo.

e Change to a basis where the operator © has all non-zero diagonal matrix

elements.

e Introduce a different splitting of the Hamiltonian into "Free” and "Interaction’

terms in the derivation from perturbation theory.

These are each related but provide different intuition for generalizing the vertex
expansion. In the following we discuss these three solutions with focus on the first

as it has the closest contact to the path integral paradigm.

4.3.1 New Basis/Choice of Free and Interaction Terms

Two natural solutions from the canonical perspective are simply consider change
of basis in which the diagonal matrix elements are all non-zero or to consider a
different choice of free and interaction terms in the perturbation theory expansion.
We can simply see that the choosing a different basis while following the exact
derivation of the vertex expansion as in 3.3 is equivalent working with the same
basis and using a different choice of free and interaction terms. We can first choose
a new normalizable basis {|d)} such that (d|d’) = d4s. Splitting the operator ©
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into a diagonal part D', and off-diagonal part K’ in terms of the new basis states

and following the derivation of section 3.3 of the vertex expansion where we find,

AG (spsiva) = 3 A [ dnare [0 T o (syldaale™ T Pt ]

M:O m;édm-‘—l
. . —iTiaD’
(_ZOZKC,ZIWChwfl) Tt (_ZaKcllldo) [6 ' dOdO] <80‘82> (415)

The gravitational amplitude is simply expressed as a sum over discrete histories of
the new basis states.

Similarly we can consider working with the original basis and choosing a dif-
ferent splitting of the gravitational part of the constraint, © = D’ + K’, where D’
is not diagonal in the original basis and the spectrum of D’ is still discrete (the
eigenstates of D" are normalizable). Treating D’ as the free part of the constraint
and K’ as the interaction term we can again follow the derivation of section 3.3
of the vertex expansion. Starting with the gravitational part of the amplitude we

take the perturbative expansion around the free part D’,

o0

AD(sg,51,0) = 30 A [ dray [2dm (sy][e”07m00D] (—iaK") x
M=0
(—iaK') [e”{u—mu—0)aD"] - fomilrz=m)aD (i K1) [em el |,

(4.16)

To evaluate the above expression we insert a decomposition of the identity operator
in terms of the eigenstates |d) of free part D" between each interaction term. Since
the spectrum of D" was assumed to be discrete the eigenstates can be normalized
to an inner product given by the Kronecker delta and the resulting perturbative

expansion is a vertex expansion,
A(G),\)(Sf, Si, Oé) = Z )\M f(l) dTM...fg2d’7'1 ZdM,...,do dM(Sf)[67i(17TM)aD;’MdM] X
M=0
(K, 4 ) - (—iaK) 4) [e7 ™ Pt ] dy(s;). (4.17)

which is equivalent to (4.15) if additionally the free and interaction terms are

chosen such that for all eigenstates of D" |d) the diagonal matrix elements of the
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interaction term, Kgyg are zero. We then find that either approach produces the
same vertex expansion, so in the following we focus on the choice of a different
splitting of the constraint.

If the free part, D', is chosen such its eigenvalues are always non-zero the vertex

expansion for the physical inner product can be derived leading to

oo

(Isy. 5], [si 1) Z[ S (soldu A, - dos b, 00 {dolsi) |, (418)

M=0  du,....do
dm #dm+1

with sums over discrete histories of the eigenstates d instead of the original basis

states. The partial amplitude associated to each number of vertices M is given by

Aldy, ... do; op, 00) = K;MdM K K K ) (4.19)
H < 9 )nk 1 ei\/ﬁA¢+6—i\/D_;A¢
Py (n, — D)'\OD;, — H#Z(D’ DY)

where the D! the distinct values of the matrix elements Dy 4, taken along the
discrete history and n; are the number of times each distinct value D] is repeated
along the history. The problem is then to find a suitable splitting of the constraint
that will lead to a free part with no zero eigenvalues and to matrix element of the
interaction term, K}, that are zero for each eigenstate of D’. Such a splitting will
lead to a well defined vertex expansion given.

For LQC and similar systems where the kinematic basis is isomorphic to the
integers there is a simple generalization of the splitting of © into diagonal and
off-diagonal parts satisfying the above properties. In such systems the operator
© can be written as a matrix. For soluble LQC for example the operator © is a
tri-diagonal matrix with entries only along the main diagonal and the diagonals
above and below it. A natural splitting in these cases is to consider the free part of
O, D', to be a block-diagonal matrix instead of simply diagonal. The spectrum of
this block diagonal free part is then given simply by the eigenvalues of each block,

D;, along the diagonal. The simplest such choice is to take each zero diagonal
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element to be in a 2 x 2 block as in the following example,

Oumar  Oursy 0 0 0 D K 0

Ogx 4 0 Ogx 122 0 0 1 12 0
0 Oiaasn O2ri2a Orien 0 | = K21 D2 0 (4.20)
0 0 O16x122 0 . e
0 0 0 00 0 ...

where D, is the block containing the matrix elements with respect to 4\ and 8\
and Dy with respect to 12X,16. For this simple choice the spectrum of the free
part D" will necessarily not contain 0. Each zero diagonal element of © is contained
in a 2 x 2 block

0 @ss’
e a0

whose eigenvalues are non-zero for all values of G4y # 0 and Oy .

More generally the gravitational part of the constraint © cannot be written as
a simple matrix as above. There remains though a clear notion of a block diagonal
decomposition. It is helpful to first introduce the following picture: as © is a
self-adjoint operator on the kinematic Hilbert space it necessarily maps a single
element of the basis to a finite linear combination of states |s). The index set S
then inherits from © a graph structure where to each s € S there is a vertex and
there is a link between the vertices s and s’ iff ©,¢ # 0 (Allowing links between
s and itself). From this there is a clear notion of distance between two elements
of the kinematic basis as the minimum number of links connecting the two points,
or equivalently the minimum n such that (s'|©"|s) is non-zero. We say that two
points are n-connected if there exists is a path of n-links connecting them.

The block diagonal decomposition is then constructed as follows. We take a
partitioning of the set S into disjoint countable subsets S, such that the induced
graph on each S, is connected graph with some maximum number of distance
betweens elements. In other words we partition the graph into connected subgraphs

Sa. The decomposition into free and interaction parts is then as follows:

D,y = O,y if thereexists o suchthat s,s" € S, (4.22)
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K,y = O,y if there does not exist o such that s,s" € S, (4.23)

Here each block of the free part of the constraint D is given by the restriction of © to
a single subset S,. The off-diagonal part K then connects elements within distinct
subsets S, and S/, acting as a generalization of the interaction term introduced in
section 3.3. The eigenvalues of D are simply given by the eigenvalues of each block
D,,, the restriction of D to a single S, and the eigenstates of D be chosen to be the
eigenstates of each D,. Then it is true that the diagonal matrix elements of the
interaction term in the basis of eigenstates of D. The final and most important
requirement is to chose the subsets S, such that the eigenvalues of each block D,
are non-zero. The simplest choice is to take each S, to be a connected pair of states,
which corresponds to the simple example above for LQC. If such a decomposition
exists then a vertex expansion exists for the model and is given by (4.18) and
(4.19).

The choice of splitting © into a free part which is block diagonal and an inter-
action term provides one way to resolve the divergences that occur in the vertex
expansion when the © has diagonal matrix elements that are zero. Although, in
practice it may be difficult to construct a splitting such that the free part D does

not have zero as an eigenvalue.

4.3.2 Coarse Graining

The most natural generalization from the sum over histories derivation of the
vertex expansion is to consider further grouping together the histories prior to
taking integral over o coming from the group averaging. This was precisely the
approach that led to a well-defined limit N — oo in sections 2.4 and 3.2. Originally
we considered the simplest grouping of histories that allowed for the limit N — oo
to be taken. This was defined for each finite set of volumes (v, var 1, ..., 1) by
summing together all piecewise constant histories where the transitions between
each constant value, v,, — v,,_1, is allowed to happen at any time, 7,, along the
history. Coincidentally this choice also resulted in a well defined expression when

interchanging the integral over v with the sum over discrete histories when the
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operator © had no zero diagonal matrix elements.

([sf, Prls [si,4]) = 2/da Z Z Ap(pyr, iy ) A(Sr, - - -, s05)  (4.24)

M=0 SM~—15--51
SmASm+1

>, D /dO‘ 2A4(df, dis ) A(sn, - .-, s05a)  (4.25)
M=0

=0 SM—15--51
SmASm+1

Denoting the sum over discrete histories as

= i > (4.26)

M=0 SM—1,51
smASm1
where o denotes the set of all discrete histories of any length M. The assumption
above is that the sum over all discrete histories in ¢ commutes with the integral
over «. Clearly assumption breaks down in the case that © has some diagonal
matrix elements that are zero where the integral over « is divergent.

Since the integral over o cannot be trivially interchanged with the entire sum
over all histories, we are led to ask if there exist a further grouping of paths such
that the integral over « is well-defined for sum of amplitudes corresponding to the
whole grouping. It is clear that if we sum over all discrete histories in (4.9) the
gravitational part of the amplitude reduces to its exact value and the resulting
integral over o will give the exact physical inner product (assuming everything is
convergent). We then seek subsets, oz of the set of all discrete histories such that
the sum over amplitudes of the histories within a o3 has a well-defined integral
over the lapse and that the integral over the lapse, o, can be interchanged with

the sum over the subsets indexed by 3 € B.

JEEDIDIEDS

BeB og BeB

/ da (4.27)

To obtain a well-defined limit N — oo in sections 2.4 and 3.2 we consider the sets
of histories with M volume transitions between a fixed set of volumes vy, ...,y
where the transitions could occur at arbitrary times. Here we consider a similar

construction: As we saw in (4.14) if for some basis state, |s,) the diagonal matrix
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element of O, ,, is zero the size of the divergence in the amplitude of a discrete
history is given by the number of times that state repeats in the history. As such
our intuition is to take for each o those paths which oscillate arbitrarily around
states with zero diagonal matrix element to those states are nearby (states, |s) for
which ©,_ , is non-zero). We can view this as a coarse graining of our notion of
‘constant’ path to be one that fluctuates to nearby points.

To describe this grouping of paths we can return to the picture of the graph on
S. For each element s € S we take its immediate neighborhood to be C(s,1) set

of states that are a distance one from s.
C(s,1) ={s'|0s9 #0 s # s} (4.28)

and C/(s, 2) to be the set of states that are a distance two away from s not including
s itself.
C(s,2) = {s'|6%y #0 and s # s} (4.29)

We now follow the same idea as that of 2.3 and 3.2 where we re-organized the
sum over histories in 'time’ emphasizing the number of volume transitions thereby
obtaining a well-defined limit as the skeletonization was removed. Here we re-
organize the sum over discrete histories emphasizing the ’double-transitions’, or
transitions from a state s to a state sy € C(s,2). We first notice that any dis-
crete history with M transitions can be written as a sequence of Ny (possibly 0)
transitions between the initial point sy and states of C'(sg, 1), followed by a double
transition directly to an element s; in C/(sg, 2) followed by N; transitions between
s; and states of C'(s1, 1), etc... Then instead of focusing on the number of single
transitions we characterize histories by the number of double transitions which do
not return to the original state.

Each discrete history can be characterized by a set of ordered sequences. First
a set oy of M+ 1 states along the history each separated by a double transition. A
set of M +1 integers NNV,, denoting the number of transitions between each element
of o); and it’s neighbouring states. Finally M + 1 sequences of length 2/N,, giving

the sequence of transitions between s, and nearby states in C(s,,,1). A generic
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history can then be written as

2Ny
7 "\ N
_ (M) (M) (M) M,M—1 (M-1)
oun = (Sa, 87 5 Sms Sy ,...,SNM,SM,S( ) Sn—1, 8y s SM-1,--- (4.30)
(1) (1) 1,0 (0) (0)
y 515, 51 7817"'78N178178( )780781 7807“‘8N0780) Sm+160(8m,1)
~ vV ~ vV
2N, 2No
where sys, Sp-1, - - -, S1, So denote the states separated by double transitions, eachs,, € C(s,,_1,2) ]}

ng), cee s%\fl) denote the states in C'(sy, 1), the neighboring states of s;/, and sim-
ilarly each each element s is an element of C (8, 1). The states s™™= 1 then
are the intermediate states that connect s, and s, separated by two transitions,
they are elements of C(sy41,1) N C(8m, 1).

The idea is to sum over all histories with the same coarse grained history
SM,SM—_1,---,81,80 of states separated by two transitions. To do so we first sum
over all possible sequences of transitions between each states of the coarse grained
history, s,,, and it’s neighboring states in C'(s,,, 1) for a fixed coarse grained history
and fixed numbers of transitions N,,. Second we sum over all N,, the number of
transitions between each s,, and it’s neighboring states. The result is an amplitude
depending only on the coarse grained amplitude sy;, spr—1, ..., S1, Sg- 10 obtain the
full amplitude we must then sum over all such histories of fixed length and finally
over the number of double transitions M. This will provide the full amplitude only
in the case that the final states s;; can be reached from the initial state sy only
by an even number of actions of the operator ©.

For simplicity we will discuss here the case where all diagonal elements of the
O are zero, which is the case for simplest anisotropic LQC model, Bianchi I, with
basis states labelled by the volume and two variables encoding the anisotropy. For
such cases the gravitational amplitude for a single discrete history is simply

(—ia)™

A(Spry ..y 80;0) = O Osps 151/ —o ...95231@51507 (4.31)

SMSM—1

whereby the resulting integral over @ would be strongly divergent as in 4.14. To
carry out the coarse graining we first then consider a fixed history of states that
are separated by two transitions, sps,sp_1,-...,S0, and a fixed number N,, of

oscillations around each state, s,,, in the history. The amplitude corresponding to
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this is given by a sum over all possible sets of N,, neighboring states for each s,,
and all possible states connecting each s,, to s,,_;. This can easily be seen to be

the following,

(_Z'a)Q(NM-FNMA+---+N0+M)
(2(Npy + Npypy + ...+ No+ M))!
X (GQSMSM)NM(@ZSMSM—I)(@25M—15M—1)NM_1 e (@25180)(@25080)N0

A(Q)(SM,...,SO;NM,...,N(]) = (432)

where (©2,,/) simply denote the matrix elements of the operator ©2

We next sum over all Ny, ..., Ny with a fixed coarse grained history.
14(2)(81\/[,...,807 Z ZA(Q SM,...,SO;NM,...,N()) (433)
Npr=0

By inserting (4.32) and defining Pyy = Nay + Nyy—y + ...+ Noy, Py—1 = Nyoq +
Nyo+ ...+ Ny, ..., By = Ny, (4.33) can be expressed as,

Apy(sar, - s0ia) = (02 ) ... (0% Z Z Z (4.34)

Ppy=0 Ppr—1=0 Po=
(_ZQ)Q(PM+M)

(2(Nas + M))!

(62SIWSIW)PIW_P]\/[71 (@251\/[7151\/171)PIW?l_PIW?2 Tt (GQSOSO)PO

From this form the sums can be simply carried out for the case where the diagonal

matrix elements of ©2 for states in the coarse grained history are all distinct.

\/ SzSz +6+101\/

]#’L( SiSi 25j5j)

Agy(sary - s050) = (02 ). (0% Z N (4.35)

When the diagonal matrix elements of ©% are not distinct along a history (4.35) is

generalized in the same manner as (4.3.2),

Ay (sars - s0:0) (engM D (0%0) (4.36)

[ () e s
X
k 1 8@% 1 Hg#z(@2l - ®2j)

where ©2; now denote the P distinct values of the diagonal matrix elements of
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©? along the history and n; again label how many times each value ©% repeats.
The overall gravitational amplitude is then given as a sum over these amplitudes

corresponding to coarse grained histories.

Ag(sy,sipa) = Z Z Ay (Sars - -5 805 0) (4.37)

Sl PG A
where since we have introduced a coarse graining this expansion can only give the
gravitational amplitude for states s; and s; that are connected by an even number
of actions of the constraint. In terms of the picture of © giving a graph on the
space of basis states, sy and s; are connected by only even length paths. This can
be simply generalized, but will be discussed in the following chapter where it can
be given a simpler formulation.

The final expression for the amplitude corresponding to coarse grained histories
now does not depend on the diagonal matrix elements of ©, which if zero rendered
the expansion of the physical inner product divergent. Instead the amplitude
(4.36) depends on the diagonal matrix elements of ©% which if zero for some state
indicate that the state is entirely decoupled from the dynamics. Further the partial
amplitude for each coarse grained history has the same form as the amplitude for
the original discrete histories (4.10) except it depends on the matrix elements of
©? in place of © and it contains exponential terms with both signs. From here this
amplitude can be combined with the amplitude for the scalar field as in (4.6) and
the group averaging integral can be carried out leading to a result much like (4.9-
4.10) but now depending on the matrix elements of ©2. The coarse graining has
taken a gravitational amplitude that would lead to a divergent vertex expansion
for the physical inner product and by a suitable resummation has produced a
gravitational amplitude that will allow for a well defined vertex expansion.

To summarize we have found that the construction of the vertex expansion
for the physical inner product breaks down when the diagonal matrix elements
of © are zero. There exists at least two modifications to the construction that
produce a well defined vertex expansion. First to choose a new basis such that the
diagonal matrix elements of © are non-zero or equivalently chose a new splitting

of the constraint into free and interaction terms while keeping the original basis.
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A candidate for a splitting of the constraint was presented based on choosing
a 'block-diagonal’” free part as opposed to the diagonal free term in the original
construction. In examples such a choice does produce a well defined expansion,
but may be difficult to implement in models with non-separable Hilbert spaces. A
second way to remove the divergences is to effectively coarse grain the sum over
histories prior to carrying out the integral over . For each M and for each coarse
grained history (sas, Sp-1,- .., S0) with each state s,,41 connected to s,, now by
two transitions, we group together all discrete histories that oscillate arbitrarily
many times between each s, and the nearby states. This process reduces the
vertex expansion of the gravitational amplitude to a sum over the coarse grained
histories which admits a well defined integral over a and thus a well-defined vertex
expansion for the physical inner product. We will return to this coarse graining in

the following chapter where it can be analyzed in general.

4.4 General Matter Terms

Up till now we have consistently worked with systems with a trivial matter part,
excluding those that are physically interesting such as inflationary models which
require a potential term for the scalar field. A very important generalization then is
to extend the vertex expansion to more general matter terms including those where
the constraint does not split into commuting gravitational and matter parts. We
will explore these again in the context of homogeneous cosmology while recalling
that the construction is independent of the details of Hy,. While initially one
would expect this to be a large hurdle to overcome we find that for a very general
class of matter contributions to the Hamiltonian constraint the vertex expansion
can be carried out nearly to completion and leads to important insights into the
possible structure of spin foams coupled to matter.

We analyze a very general class of constraints given by
O - Hmatt - @ (438)

where O is a self-adjoint operator acting only on the gravitational part of Hy,

with non-zero diagonal matrix elements (which can be generalized using the ideas
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of the previous section). H,,.u acts on both the gravitational and matter parts
of Hyin, but we assume that it depends only on the volume, v. This is a natural
assumption and is satisfied by most couplings of LQC with matter. Thus the
matter Hamiltonian is diagonal on the gravitational part of the kinematic Hilbert
space. For such models it is no longer possible to deparametrize the system by
using the scalar field as a clock, so we must necessarily work within the timeless
framework and use group averaging to extract physics from the model. We will
then begin with the argument of the group averaging expression for the physical

inner product.
A(vy, dp; viy @iz ) = (vy, by e Vi, ¢i) (4.39)

Where since the constraint does not trivially split into one part acting on the
matter Hilbert space and one acting on the gravitational part, the amplitude can
not be split into a product of scalar field and gravitational amplitudes. We will
again follow the Feynman construction as far as possible, where now we treat the
entire constraint, aC' as our "Hamiltonian’ with a unit time interval. Starting from
(4.39 we split the exponential as a product of N terms, and insert a complete

kinematical basis between each giving,

A(vy, dr v, ¢iy ) = Z /d¢N1-~d¢1 (vn, on|e“Cloy 1, on—1)  (4.40)

UN—15V1

X oo <I/1, qﬁl\eimc\ﬂo, ¢0> (441)

Then as with the standard derivation we make use of the limit N — oo to simplify
the matrix elements in the above expression. The gravitational matrix elements
are simple to calculate, while to evaluate the scalar field matrix elements it is

necessary to insert a complete basis of the scalar field momentum, p, resulting in,

Alvs, dpividia) = > /d¢N—1md¢1/de---dp1 i Znm1 Po($n=dn-1)

UN—1,V

(4.42)

X U(Un, UN—1, ONs ON—-1,DN) - .. U(01, Dy, ¢1, G0, 1)
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where up to order e = 1/N,

U(ﬂna Dn—la d)na ¢n—17pn) :61771,17”,1 + 1€ 517,1,17,1,1 H(pm d)na d)n—la Dn) (443)
—i€a®y 5., + O(e)

In the limit as the skeletonization is removed, N — oo the gravitational part
will again take the form of a vertex expansion due to the normalizable volume
eigenstates while on the other hand the matter part will take the form of a standard
path integral as it is constructed with the distributional eigenstates of ¢ and p.
To see this we again group together those histories with a finite number of M
transitions in the volume v to allow for a well defined limit as the triangulation
is removed. At fixed N we first focus on the histories with M volume transitions
taking the values (vas, var—1, ..., 1) and a fixed scalar field history ¢(7), p(7) from
which we obtain (¢, ..., ¢0) and (pn,...,p1) by ¢, = ¢(ne) and p,, = p(ne). By
grouping together all histories where the volume transitions are allowed to happen
at any time during the history according, we find that by a slight extension of the
proof in appendix A.1 the limit N — oo exists for this sum over histories and is

given by

1 T2 .
A(var, vpr—1y -« V03 0(7), p(7); ) = {/ dra... / dn exp(if(l)dquS) (4.44)
0 0

e (1=ma1)aBuy vy (—ia©yy,00,_ ) - (—10O,,) e (m)aOur

eXp(iOéfj_MdT Hmatt(p7 ¢7 VM)) X exp(iozfgldT Hmatt(p7 ¢7 VO)):|

The full amplitude is again given by a sum over all numbers of volume transitions,
M, discrete histories of volumes, (vas, vas_1, - - ., 1), and additionally integrals over

all continuous scalar field histories.

Avy, opivi, o3 v Z Z A(O)@' D¢/DPA(Vfa VM1, - - V03 §(T), p(T); @)

M=0VM~1:-V1" (1)=¢

Vm#”m-&-l

(4.45) |

Thus we obtain a sum over histories for the argument of the group averaging inte-

gral which is a hybrid of a traditional path integral for the matter contribution with



95

a sum over piecewise constant paths for the gravitational part. The resulting am-
plitude for a given history of geometries specified by the volumes (v, vas 1, - . ., Vo)

and scalar field histories 4.44 can be written as

A(var, Var -1, - - - Vo; &(T) /dTM / dr et =m)aOuy vy (4.46)

—i(71)a®

X (—1aOy, 00, 1) - (—iaO,,,,) € 010 exp(iSmatt (P, @, V))

Where the matter action S,,q(p, @, ) is the original action ! where the gravita-

tional dependence in the action is evaluated on simple piecewise constant histories.

1 1 1
Smatt(p7 ¢7 V) - / d7p¢) +/ OédT Hmatt(p7 ¢7 VO) + .. / dT aHmatt(p7 ¢7 VM)
0 0

™

(4.47)

This is not surprising given the appearance of such piecewise histories of the volume
appearing in the simpler models, but may be very powerful for analyzing quantum
cosmologies with more complicated matter Hamiltonians.

This it opens the possibility of utilizing standard path integral tools of quantum
field theory on fixed backgrounds, since the matter path integral simple reduces
to a path integral on constant geometries. The vertex expansion (4.45) is still
expressed as a sum over embedded triangulations with explicit integrals over 7 the
times at which the volume transitions occur. An open question is precisely how
the vertex expansion (4.45) is reduced to a sum over discrete histories where the

dependence on 7 is removed.

4.5 Conclusion

In this chapter we found that the vertex expansion introduced for exactly soluble
LQC is extremely general. Flrst, for any non-separable Hilbert space and any self-
adjoint operator H there exists a vertex expansion for the transition amplitude toi
"evolve’ between two kinematic states via the evolution operator e®’. This vertex

expansion is characterized by a discrete sum over histories where the state changes

1'Up to modifications depending on precisely how H,, 4 is represented on the kinematic Hilbert
space
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only finitely many times. This structure will be shared by all configuration space
path integrals in such models unless the path integral expansion is carried out
with a non-normalizable basis in the kinematic Hilbert space. While the vertex
expansion can be trivially extended to a wide range of systems, the further step of
carrying out the group averaging procedure by integrating over the lapse a for each
element of the vertex expansion separately is more difficult to generalize. When
extending the vertex expansion to generic gravitational parts of the constraint we
found the terms of the sum to be divergent if the operator © has any diagonal
matrix elements with respect to the basis states that are zero. These divergences
can be cured by a variety of closely related techniques: considering a different basis
for the gravitational kinematic Hilbert space, considering a different splitting of
the constraint into ’free’ and ’interacting’ terms when performing derivation via
perturbation expansion, and finally consider a coarse graining of the sum over his-
tories. The third will be further investigated in the following chapter as a possible
cure for both divergences due to a vanishing diagonal terms and divergences due
to the entire summation.

We finally considered extensions of the vertex expansion to systems with more
general matter terms in the constraint. There again the vertex expansion of the

transition amplitude generated by ¢

can be easily generalized. This already
leads to an interesting structure. The resulting sum over histories expansion of
the above transition amplitude is a hybrid of the vertex expansion and a standard
path integral for the matter. The first construction takes the form of a sum over
piecewise histories in the volume v together with a standard path integral over
the scalar field and its conjugate momentum. The matter action appearing in this
hybrid path integral depends not an continuous geometries as we would expect
but instead on piecewise constant geometries. This opens the possibility to use
established path integral techniques associated to QFT on a fixed background
spacetime even within the context of quantum gravity. This also leads to an
intuition for the addition of matter to spin-foam models. We find that instead of the
matter having a discrete evolution tailored to the discrete histories in the volume,
the matter follows a continuous evolution on piecewise constant configurations. Of
course if we additionally consider diffeomorphism invariant measures for the matter

Hilbert space we will be similarly led to non-seperable spaces for the matter as well.



Chapter

Vacuum Vertex Expansion

We have seen in the previous chapters that the relationship between the canonical
and spin-foam languages can be studied in the simplified context of cosmology.
For a very general class of models, the standard path integral construction carried
out using a normalizable basis leads to a vertex expansion that mimics the struc-
ture of the vertex expansion of SFM. The previous discussions though included a
massless scalar field which was later generalized to allow for more general matter
contributions to the constraint, but current spin-foam models are intended to be
models of vacuum quantum gravity only. In this chapter we then extend of the
construction of the vertex expansion to vacuum models.

For the vertex expansions presented thus far, matter played two roles. The
presence of a massless scalar field allowed for the theory to be deparametrized
by using the scalar field as a clock. Further, integration over the matter degrees
of freedom makes the otherwise distributional terms of the vertex expansion well
defined. In the absence of matter or another suitable variable with continuous
spectrum the theory cannot be deparametrized, requiring us to work within the
timeless framework where we will show that the resulting vertex expansion will be
in general distributional. Although the expansion is distributional we will see that
it still provides a formal perturbative solution to the constraint equation.

In this chapter we will introduce a regular ¢ in the group averaging procedure
making each term of the expansion a regular function of the discrete histories.
We introduce two choices of regulator, the Gaussian and Feynman regularizations.

The second leads to a simple local expansion which makes better contact with
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the current SFM, so we will explore it in more detail. The hope is that the
vertex expansion for the regulated physical inner product is accurate up to some
specifiable small error which vanishes as 6 — 0. In simple examples though, the
resulting vertex expansion is divergent in the usual sense even when the exact
physical inner product is well defined. We will show that while divergent in the
normal sense the vertex expansion for these simple systems is Borel summable and
does produce the exact physical inner product.

The chapter is organized as follows. We first carry out the expansion of a generic
vacuum model showing how the expansion breaks down and use this to motivate
the regularizations. In sections 5.2 and 5.3 we introduce the expansion with each
type of regularization. We then focus on the local expansion as it provides the best
contact with current SFM. In section 5.4 we derive the conditions under which the
local expansion provides a good approximation to the physical inner product. In
sections 5.5 and 5.6 we test the local expansion by applying first to exactly soluble
LQC and then to a simple vacuum model. As the expansion for the vacuum model
is a strongly divergent in 5.7 we analyze ways to improve the series properties

through the coarse graining introduced in chapter 4.

5.1 The Vertex Expansion

In this section we illustrate the breakdown of the vertex expansion in the timeless
framework when applied to the vacuum models of LQC and similarly LQG. When
followed exactly each term of the vertex expansion is a sum of distributions. While
each term is distributional we find that in examples the entire series is well defined
and does provide a solution to the constraint. Thus much like the divergences
of standard quantum field theory there is physical information contained even in
these distributional terms.

We start with a vacuum model with a normalizable basis of states |s) with
inner product (s'|s) = dy s and a single constraint operator, C. We will initially
assume that the diagonal matrix elements of the constraint are non-zero in the
given basis. Following the introduction of the regularization we will find that the
assumption can be relaxed. We will also naturally assume that zero lies within the

continuous spectrum of the constraint. As for a general system it is not possible to



99

deparametrize we will work within the timeless framework and construct a vertex

expansion for the physical inner product defined by group averaging.

1 > iaC
(571 fs) = 5 [ datssle™ls) (1)
™ —0o0
We again follow the strategy of first obtaining a vertex expansion of the argument of
the group averaging integral. For generic constraint operator this vertex expansion

is given by (4.1-4.3),

(sf]ew‘c\si):z Z A(SpMy SM—1, - - - 51, S0; @), (5.2)

M=0SM~—15---S1
sm#sm-‘—l

where each partial amplitude is given by

A(Spry Sty -+ 551,80, @) = Cisypsapyq - - - Csyso X (5.3)
[ P 1 ( B )nkl XP: ¢iaCi
, (5.4)
e (n, — 1) \OCy — Hf#(ci — )

where C; are the P distinct values of Cj,,, taken along the history and n; is the
number of times the each value Cj is repeated. Recall that in the simplest case of

all the n; being 1, this is simply*

M 6iOlCz‘

; Hj;éi(ci - Cj) .

(5.5)

A(Sary Sp—1, - -+ S1, S0; @) =

The last step is to perform the integral over a and express the physical in-
ner product, ([sf],[s:]) by interchanging of the infinite sum M over the number
of transitions with the integral over a coming from group averaging. In the sim-
plest case where the diagonal matrix elements along the history are all distinct,

e

SmSm

# Cy o forall s, and s, along the discrete history, , one obtains a sum of
Dirac delta distributions. More generally the amplitude for each path is a sum of

derivatives of Dirac delta distributions. The total amplitude is then a discrete sum

'Even though expression (5.3) is well defined in the limit that some of the diagonal ma-
trix elements of the constraint are zero, the integral over « in Eq. (5.2) is divergent instead of
distributional in this limit.
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over distributions outside of any integral and the vertex expansion would strictly
fail to be well defined.
Carrying out the integral over o without introducing any sort of regulator

results in the following expansion

Z An (s, 8i) (5.6)
M=0
- Z Z A SM7 ) )7
=0SM—1,--+,51
SmFSm41
where | e
A(sar, ..., 50) = %/ da A(spr, - -+ 805 ). (5.7)

This integral can be easily evaluated giving

A(sar, -+, 50) = [ﬁ (nkl_m (agk)n

k=1

(5.8)

Z H];éz )
where, as before, C; are the p distinct values of Cj, taken along the history and
n; is the number of times the value C; is repeated. When viewed as a distribu-
tion depending on C4,...,Cp (or equivalently some parameter common to each
diagonal matrix element) one can verify that this distribution is equivalent to the

following simpler one:

p . n;—1
. o\ (G
A(SM,...,S() = M+1 E _1 (80) p( C),n] (59)
J

i=1 J#i

Despite being a totally distributional expression the vertex expansion (5.6) provides
formal solution to the constraint. As in sections 2.5 and 3.4 we can introduce a
parameter A\ as a marker of the number of vertices and write the constraint as
diagonal plus off-diagonal part, C' = D + AK. The constraint equation is then
satisfied if for each M,

DAM(Sf, Si) + KAM_l(Sf, 32‘) =0 (510)
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From the previous chapter we would expect that this is satisfied by cancellations

between similar histories,

ZZ ZDA(sf,sM,l,...,si)+KA(sf,sM,2,...,3i) =0 (5.11)

SM—2 51 | snm-1

meaning that (5.11) vanishes simply because the term in brackets is zero. To show

this we again look at the action of D and K on the amplitude corresponding to

a discrete history, A(syy, ..., So). Without loss of generality we may assume that
is C, ss; 1s the P —th distinct diagonal matrix element, Cp. The action of the

diagonal part of the constraint can be simply evaluated,

p . L
_1ym gD (c,
DA(sf,..,si):csfsz(sf,...7si):cpz(fm_)l)! i énj).

i=1 J#L T

(5.12)

where 6™ (z) denotes the n — th derivative of the Dirac delta function. For i # P
in the sum the C'p simply reduces the power of C'p in the denominator. While the

Pth term in the sum simplifies to

i (1)t 5D (Cp)

(1) — (5.13)
(np = 2)8 Tljp €7
where we have used the identity that
6™ (z) = —nd" V() (5.14)

Overall all then the action of D gives the amplitude for the discrete history with

one less configuration having the diagonal matrix element Cp.
DA(sp, sn-1, -5 81) = —Cspopy A(Sn—1, - - -, 84) (5.15)
The off-diagonal part of the constraint acts very simply

KA(sp, Spr—2,...,8;) = Z CsfsM_lA(sM,l,sM,g,...,si) (5.16)

5f7££M—1
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Together we find that (5.11) is satisfied, so the distributional vertex expansion
(5.6) does provide a formal solution to the constraint.

As this series provides a formal solution to the constraint one would natu-
rally ask how this relates to the actual physical inner product. Above we have
obtained an infinite sequence of distributions. These have a natural notion of con-
vergence obtained from their action on test functions. A sequence of distributions,
dy, converges to a given distribution, d, if the sequence [ d,(x)f(z) converges to
[ d(z)f(x) for all test-functions f(z). For simple sequence of distributions the limit
d(x) can be found, but it is intractable in general. Alternatively we consider in the
following sections a regularization of the distributional series. We can look at the
convergence of the regulated series and if convergent take the limit as the regulator
is removed for the sum of the regulated series. We introduce two such regulators
parametrized by d, first a Gaussian suppression of the group averaging integral

and then a linear suppression akin to that used in the Feynman propagator.

5.2 Gaussian Regulator

A natural way to regulate the distributional vertex expansion (5.6) is by introduc-
ing a gaussian suppression in the integral over « in the group averaging procedure.
The approximate physical inner product given by this regulated group averaging
1s
1 > iaC—5%a?
(slllsiDes =5 | da (srle |5 )in- (5.17)
While the standard group averaging procedure extracts only the kernel of the con-
straint, the regulated definition will clearly include eigenstates within some spread
0 around the zero eigenstates. The correct physical inner product is recovered in
the limit 6 — 0.
Following the same procedure outlined in section 5.1 in order to obtain a vertex

expansion for this regulated inner product, we obtain

1 2,2
([selllsiDas = =— daz Z e A(Sary a1y - -+ 51, 50;a),  (5.18)

M=05M-1,---8
5m7£57n+1
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where A(snr, Spr-1, - - -, 81, So; @) is again given by Eq. (5.3). Pulling the sum over
M outside of the integral and evaluating the integral over a leads to the following

regulated vertex expansion

(slsdos=5- 3 3 Acslor.-50) (5.19)

sm7é5m+l

Where the gaussian regulated amplitude for each discrete history is given by

P npy—1 P A2 82
A H 1 0 ’v JT e Gl
AG76(8M7SM—1**-781,80;O[) — ( ) '

pr (7% — D AOCK Z“ 0 TLj(Ci—Cy)

(5.20)
Again the C; label the p distinct values of Cy, taken along the history (sa, - .., So)
and n; the number of times that value is repeated. Notice that one cannot take
the limit of 6 — 0 at this point, the fact that ¢ is nonzero is absolutely necessary
in order to pull the sum over M outside of the integral.

The integral here gives Gaussians and derivatives thereof instead of Dirac delta
distributions and derivatives thereof. Each term of the regulated physical inner
product is then well defined. A priori though it is not clear how well this expansion
will approximate the exact physical inner product. First, since the expansion itself
is not clearly convergent or even asymptotic for a given choice of constraint and
initial/final states. Second, if we assume that the series is convergent, since it is
necessary to leave ¢ at some finite value, there remains an error term parametrized
by 9.

(sF|s0)phy = (sF[s0)a,s + O(0) (5.21)

The properties of this error term are not known as of yet for the Gaussian regu-

larization, but will be discussed in more detail for the Feynman regularization.

5.3 Feynman Regulator

Another possible approach is to introduce a linear suppression in the group averag-
ing integral much as is done in computing the Feynman propagator. This provides

the closest contact with the current SFM as it leads to a local expansion where the
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amplitude for each discrete history is simply a product. The Feynman regulated

physical inner product is as follows,

1 o ,
(sslsi)ps = o [ da O EY) (5.22)
— 00
1 [e'e} 0

o 1 .
= 5 i da (sf]ew‘c M‘Si)kin—i_%/—w do <Sf‘elac+6a’8i>kin

= (5f]5i) 4.6 + (s¢]51) -5

where (syf|s;)4/— s denote the integrals over positive and negative, o. If we con-
struct a phase space path integral for this system as done for LQC [55] we find that
a plays the role of the lapse. Each term (sf|s;)/— s then corresponds to fixing one
sign for the lapse or fixing a single direction for the time evolution, and will be
directly related to the positive and negative frequency solutions to the constraint
for deparametrizable systems such as soluble LQC. In what follows we will refer
to (sf|s;)4 /- as the positive and negative lapse amplitudes. For general systems
though it is necessary to include both terms to obtain the correct physical inner
product when the regulator is removed.

The negative lapse amplitude can be obtained by simply replacing C' by —C
in the positive lapse amplitude, so for simplicity we first focus on just one half of
this expression. e |

(srlses = 5o [ e (sgle™5s), (523)
the vertex expansion of (s;]e’“|s;) can be carried out as in (5.2) and assuming
that the integral over o can be exchanged with the sum over discrete histories the

positive lapse expansion is given by

I « .
(8f:8i)4+.6 = o S0 Aus(spsu—t.s1si), (5.24)

M=0S5M-15--+51
SmASm+1

where the amplitude associated to each discrete history is,
_ (0.0]
A+,6(3M> SM—1---,51, So) = / da 676QA($M, SM—15---550; 04), (5-25)
0

and A(Sar, Sar—1, - - -, 81, So; @) is given by (5.3). Surprisingly, the integral over «
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reduces the very nonlocal expression given in (5.3) with a simple local one which

is just a product of matrix elements:

i(=)MCyyyspry -+ - Csiso
H%:O (Csmsm + 7’6)

/I+75(3M,3M,1,...,31,30) = (5.26)

Inserting this simple result into the full expression, the resulting positive lapse

expansion is

_ i (_1) CSMSM,1 'Cslso
(8f,8i)16 = o Z Z (Cyyyeny +10)(C +30) .. (Com ¥ i0)

SM—1SM—1

(5.27)
The negative lapse expansion can be obtained by interchanging C' with —C' in 5.28.

MOyt Carsg

i (—1)

Stlsi)s = —— , _ —.

( f’ ) ' 21 ]\;}Sﬂgqsl (CSMSM - Z(S)(CSM—ISM—l - 25) s (CSOSO o 25)
SmZFSm+1

(5.28)
The vertex expansion for the regulated physical inner product is then given as the

sum of the two local expansions above,

(sflsi)rs = (splsi)vs + (sflsi)-s (5.29)

As with the Gaussian regulator it is not possible to remove § at a finite order in
the expansion. The positive and negative lapse expansions separately have a well-
defined limit as 6 — 0 when each C, is non-zero. Together though they limit to
the distributional expansion 5.6. When the matrix elements of the constraint are
all real the physical inner product, regulated by the parameter ¢, is given simply
by the real part of the positive vertex expansion. Equivalently we have that the

exact physical inner product in that case is given by
(sflsi) = 2 Re(s¢|si)+s + err(9), (5.30)

where err(d) is an error term which vanishes in the limit of 6 — 0. Notice that
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(5.28) can be rewritten in the form

(Sf‘si)MZ% oo D TAGn TTAs, (5.31)

= SM—1--+551 f
5m7£57n+1

where f = 0,...,M; v = 1,..., M; the “face” amplitude is A = (O

the “vertex” amplitude is A, = —©

spsp T i0) 71,
wsy_;- The expression (5.31) is precisely the
general expression for (local) SFM, if as in chapter 3 we identify the sum over M
with a sum over triangulations, the sum over the sy with a sum over coloring of
each dual triangulation.

The Feynman regulated expansion reproduces a local expression fitting with
the current expression for SFM. Where again locality means that the amplitude of
a single history is a product of amplitudes of the elements that form the history.
This type of locality was not present for the constructions of the vertex expansions
in previous chapters. Locality is one of the key assumptions of the current SFM.
This assumption is motivated by path integrals of Schrodinger QM and QF T where
the amplitude eif uk can be written as a product of amplitudes each depending on
the Lagrangian, £, integrated on a subset of M, and by the amplitude associated
to Feynman diagrams which is a product of amplitudes associated to propagators
and vertices when written in momentum space. Locality though is not a universal
feature. For example the simple local form of Feynman diagram amplitudes breaks
down when written in position space. Similarly we saw in chapter 3 that the
locality present in a path integral can be lost when reducing the vertex expansion
to a sum over only abstract triangulations. In the following then we will focus on
the Feynman regulated expansion, henceforth referred to as the regulated vertex
expansion as it provides a simpler form of the expansion allowing for analytical

results and as it provides the best contact with the current SFM.

5.4 Solution to the Constraint

For the vertex expansions in systems with matter we found that the vertex expan-
sion solved the constraint equation, and further in a very simple manner. For the

regulated expansions derived above it is critical to test the hope that they solve the
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constraint up to a controlled error in the regulator 9. We analyze this here for the
Feynman expansion. We show that there are conditions such that the regulated
expansion provides a solution to the constraint up to a controlled error in §, but
these do not appear to be satisfied by the physically interesting vacuum models.
For this analysis we are again interested in evaluating the action of the constraint
operator on the vertex expansion for the regulated physical inner product viewed
as a function of the final state. We would expect that the result will be non-zero,

but will vanish in the limit § — 0.
Cy(ss.si)rs = O(0) (5.32)

To check this we first find the action of the constraint on the positive lapse expan-

sion by acting on each term of the expansion as follows

oo

1
Of(Sf,Si)_Hg = % Z(D+)\K)/\MAM(Sf,SZ) (533)
M=0

where we have included the placeholder A to simplify calculations. It is again
instructive to find the A term of the above expression given by the action of D
on the partial amplitudes with M transitions and the action of K on the partial

amplitudes with M — 1 transtions.

_ (-D)MC,..Cyrarp s - Coyss
DA e i) = fo] Sl - 5.34
+6(Sf,8M-15- -, 51,80) (Copr +0) .. (Com 1 10) (5.34)
_ _1 MﬁlOS S R C{5150
KA s5(sp,8pm—2,..-,5,5) = Z =Y o (5.35)

(051\4715]\/[—1 + 15) L (Osisi + 15)

SM—17Sf,SM—2

Together we find that for all M # 0

DAM(Sf,SZ')—FKAM_l(Sf,SZ') = Z
SM—15--+3S1
Sm7é5m+l

Coyonr s+ Conso ( Cs,
(Cuypoy +0) .. (Corgy +10) \Cs,s, + 0

(5.36)
= —i0An(sy, Si)

)
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As opposed to the previous expansions where (5.36) was identically 0, here there
is a non-zero result that vanishes as 6 — 0. For M = 0 the only contribution is

the action of the diagonal part D given by
DAy(sf,s;) = —i0Ao(sy, si) + 0(sf, S;) (5.37)

Together we find that the action of the constraint on the positive lapse expansion
is,

Cr(sflsi)rs = —10(sf|si)1s +1i0(ss, 54). (5.38)
From which the action of the constraint negative lapse expansion of the can be

simply obtained by replacing ¢ — —¢ in the result for the positive expansion.
Cr(sflsi)—s = +i0(sf|si)—s — (s, si) (5.39)

The vertex expansion for the regulated physical inner product is provided by the
sum of the positive and negative expansions, so overall the action of the constraint

on the complete vertex expansion is given by

Cr(sylsi)s = —id[(sglsi)+s — (sflsi)-s] (5.40)

In the case where all matrix elements of the constraint are real the above expression

reduces to
Cr(sflsi)s = —id[2Im((s]si)15)] (5.41)

so while the real part gives the approximate physical inner product, the imaginary
part specifies the error. Thus we find that there is a controllable error in how well
the regulated physical inner product solves the quantum constraint equation if the
positive and negative lapse expansions are convergent series. If the positive and
negative expansions are each convergent then both the regulated vertex expansion
for the physical inner product and the error term are well-defined. In practice
though each of the positive and negative lapse expansions are actually divergent
series.

Note that the above discussion does not specify the error between the regu-

lated vertex expansion and the exact physical inner product, but just how well the
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regulated vertex expansion approximates a solution to the quantum constraint.
In addition the statement that the series well-approximates the constraint is con-
ditional on the convergence of the vertex expansions corresponding to each the
positive and negative halves of the regulated inner product while in the following

we will see though that the expansions are far from convergent in the normal sense.

5.5 Local Expansion of Soluble LQC

As an example we can apply the local vertex expansion to exactly soluble LQC in
the timeless framework. For this system the local expansion leads to the same result
as obtained from the group averaging procedure (3.41). It provides an alternate,
more compact expression for the amplitudes associated to each history (3.40).
Further for this deparametrizable system the positive and negative lapse expansions
correspond to the positive and negative frequency solutions of the constraint.

We begin with the expression, 3.12, for the physical inner product

1 ,
(s, @)y [vis di]) = %fd& (vr, o5l €€ 2|pg| vi, di) - (5.42)

with the constraint
C=p;—0. (5.43)

By inserting a complete basis in the scalar field momentum we obtain

1 i ia(p2 —
([vr, &4, i, 0) = gfdp¢€zp"’(¢f_¢i)2|l)¢|fda (vg] ePe= 1) (5.44)

. Now we can focus on the term under the integral over ps which for each fixed
value of p, is an expression of the form 5.1, so we can construct the positive lapse

vertex expansion for this term.

Jda (v @Oy s =" Y (5.45)

M=0VM-1;---V1
UmFVm+1

@VIWV]\/Ifl T @VlVO

(pi - 61’]\/[”]\/[ + 15)(]9; - 61’1\/1711’1\/171 + 15) s (pé - @1/01/0 + MS)I

We can insert this positive lapse expansion into the original expression to obtain
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the following positive lapse expansion for the regulated physical inner product.

(s, &5), Vi b)) = Z > Apsvpvmer,vvidp ) (5.46)

M=0VM—1;--V
Vm7£l/7n+l

where each partial amplitude is given by
Ars(Vp vty V1L V5 bf, 00) = fdp¢ e'Po (s =91) 2|p¢|% (5.47)

61’]\/11’]\/[71 T 6111110

(pé - 61’]\/[”]\/[ + 16) (pi - @Vlwfll’]\/[—l + 26) s (pi - @VOVO + 26)

The full physical inner product, (5.42), is then real part of (5.46) in the limit § — 0,
which reproduces exactly the expression (3.39) obtained from the original vertex
expansion in the timeless framework. Additionally though each of the positive and
negative expansions individually have well defined limits as 6 — 0 and provide the
positive and negative frequency expansions obtained in chapter 3.

Focusing on the partial amplitudes (5.47) we see that the integrand has poles
for each distinct values of ©,, and further that the factor of i selects only one
of the positive or negative pole py = +/0,,. The limit 6 — 0 of the partial
amplitude (5.47) then reduces by the residue theorem to the negative frequency
analogue of the expression (3.41) A¢ is positive and positive frequency is A¢ is

2 This observation was made independently in [73]. We see in this

negative.
example that the regulated vertex expansion is equivalent to the original vertex
expansion constructed for LQC in timeless framework. Further we find that for
LQC the regulator can be removed at a finite order since the positive and negative
lapse expansions separately provide solutions to the constraint so we can work with
one or the two expansions where the limit 6 — 0 is well defined. It is unknown if

this behavior extends to models that are not deparametrizable.

2The result is the negative frequency expression due to the choice of sign of the constraint
appearing in the group averaging. Choosing e~**“ leads to both the correct action and to the
match up of the positive lapse expansion and the positive frequency solutions.
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5.6 DlIvergence of Local Expansion

Above we tested whether the regulated vertex expansion is well-defined in the sense
that it provides a solution to the constraint up to a controlled error depending
on 0. We found that the regulated vertex expansion provides an approximate
solution to the physical inner product only if each the positive and negative vertex
expansions converge independently. When applied to physically interesting systems
such as the vacuum Bianchi [ LQC it is found that the positive and negative vertex
expansions are divergent and thus the regulated vertex expansion does not provide
an approximation to the physical inner product. In this section we analyze a
simple example which nonetheless captures the features of more complex models
that lead to the divergence of the regulated vertex expansion. For this simple
example we find that while the regulated expansion is divergent in the usual sense
it is convergent in a more general sense as the series is Borel summable.

The simple vacuum model we consider is defined as follows: The kinematical
Hilbert space is the same as the gravitational Kinematic space of LQC, whose basis
states we will denote by |n). The constraint is chosen to generate a very simple

difference equation in the 'volume’ n,
C = sin®*(b) — sin*(0) (5.48)

where 6 € [0,7/2] is a constant. The action of the constraint on states ¢)(n) is the

simple difference equation,

CY(n) = —(9(n = 2) + (5 s O)(n) — W +2)  (549)

The matrix elements of this constraint in the n basis are then simply,
1
Chongn = —— (5.50)
4
| 1
Con = 5 —sin (0) = 5 cos(20). (5.51)

In this model the difference equation satisfied by the physical states, the group
averaging procedure, and the vertex expansion can all be analyzed exactly allow-

ing for direct comparison of the exact physical inner product with the regulated
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expansions.
First the group averaging can be carried out exactly for this system. Starting

with the group averaging expression for the physical inner product we obtain,

1 ia(sin?(b)—sin?
(1 ) =5 [ da (a0 (5.52)
1 1 o ib(n—m) _ic(sin?(b)—sin?(0))

=— [ da— dbe’ e’ (5.53)

2 2m J,

1 2m ]
=5 db =™ (sin? (b) — sin’(6)) (5.54)
T Jo

. Where we have inserted a complete basis in the conjugate variable b and then
carried out the integral over a. Now for §# = 0 and 6 = 7/2 the above expression
is divergent, so consider 6 € (0, 7/2) and note that the group averaging expression
above can be simply modified to ensure convergence. The integral over b can then
be carried out exactly giving the following physical inner product between the

physical states extracted from the kinematic basis states.

0 n —m odd
([n], [m]) = { 9 cos(6(n—m)) (5.55)
@) n —m even

It is simply checked that treating this physical inner product as a free function of
n that it satisfies the constraint.

On the other hand we can also consider the regulated vertex expansion con-
structed for this system. The positive lapse expansion of the regulated physical

inner product is the following,

==y S DU (5.56)

M=0 MM-1---,11 (1/2 COS(26) + 25)M+1

Nm+1=NmE£2

Since amplitude is independent of the values n,, taken during each discrete history,
the sums over the intermediate states can be evaluated by counting the number
of paths between the initial state m and final state n with M transitions. T his
is a simple combinatoric problem with the result that for M = 2M’ + (n —m)/2

transitions there are 2M choose M’ paths between the initial and final states. The
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positive lapse expansion above then reduces to the following

A0 M (2 cos(20) + 4i6)2M'+(n—m)/2+1

The resulting series is highly divergent do to the large number of possible histories
for each M’. For all § in (0,7/2) the above series is purely divergent. We are led
to ask in what sense this expansion is related to the exact inner product. The
resulting vertex expansion does not provide a good approximation to the physical
inner product even as an asymptotic series, so how can we extract information
from it?

We can first see that although this series is divergent it does reproduce the
exact physical inner product in a clear way. The divergence appearing here is
much like that of traditional quantum field theory where even though each term
of the Feynman diagram expansion is finite after renormalization the overall series
is diverges. There we typically find that the series is asymptotic up to some order
as compared to this example where the series simply diverges. Overall though the
perturbation series as defined by Feynman diagrams while divergent according to
the usual notion of series convergence, is convergent according to more general
notions. In particular the perturbation series in many cases is known to be Borel
summable, which says that under certain technical conditions there is a unique
function whose power series expansion will reproduce the terms of the series. We
find a similar property for the vertex expansion obtained here.

Obtaining the Borel sum of a divergent series > A\"b, requires two steps. First

to introduce a new series

infty
b A"
B\ t) =) — (5.58)
n=0 ’

which naturally has better convergence properties than the original due the fac-
torial. If this series converges for all ¢ then we take the Laplace transform of the
function B(A, ). .

AN = / dt e B\ 1) (5.59)

0
A()) then is the Borel sum of the original series. For series that converge in the

normal sense we can check that this process returns the expected sum, since term-
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wise the Laplace transform acts to remove the t"/n! introduced in forming the
more convergent series.
We can now carry out this process for the vertex expansion given above. First

we define the new series

7 © t2M’+(nfm)/2 1 2M'+(n—m)/2
B(t) =
®) 27(1/2 cos(20) + i9) Z M+ (n—m)/2)!M" (2 cos(26) + 4@'5)

M'=0 (
(5.60)
Recalling that the series expansion of the Bessel function is
> (_1)M T\ 2m+n
Jn(x) = Z —_— (—) (5.61)
byt MM + n)! \2
We find that B(t) does converge and is given by
B(t) :2L(—i)(”’m)/22wj(n_m) 1 (iwt) (5.62)
T
1
(5.63)

“ :cos(29) + 209

Finally we can carry out the Laplace of transform of B(t) to give the Borel sum

of the series (n,m) s,

: (1 4 /1 — w2)—(n—m)/2 w(n—m)/2+1
V1—w?

The limit § — 0 of this final result is clearly defined and can be simply evaluated
to be

(n,m),s = /000 dte ' B(t) = (5.64)

3~

1

7rST(Qe)(e_i(”_m)a) (n —m) even (5.65)

(n|m)y =

Now finally as this is a system whose matrix elements are all real the exact physical
inner product is recovered by simply taking twice the real part of 5.65, which
reproduces the exact expression obtained from group averaging (5.55). We see
then that the local vertex expansion constructed does reproduce the exact result
of the group averaging procedure, but not in the desired manner. To recover the
group averaging result it was necessary to have knowledge of the full series and to

compute the Borel sum. The above technique cannot be carried out at a finite order
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of the vertex expansion, so it does not give a well-defined perturbative procedure
for computing the physical inner product.

A surprising consequence though is that the positive frequency expansion of
the physical inner product returned exactly the positive frequency solution of the
constraint equation. Looking at simply breaking the group averaging integral
into integrals over positive and negative « it is not clear that the restriction to
integration on the positive frequency part should return a solution to constraint.
A similar analysis can be considered for the cases § = 0 and 6 = 7, but there
the group averaging procedure as carried out above is divergent. It is necessary to
insert a factor of v/C' in the definition of the physical inner product to recover a
finite result.

A further interesting question is to analyze for when the expansion for the

above simple system will be convergent. Taking the constraint to be
C =sin®*(b) — A (5.66)

where A > 1, the constraint equation does not have even distributional solutions.

The vertex expansion though

i = (2M' 4 (n—m)/2 4
(n’ m)+5 T or MZ:O ( M (2 — 4N + 47;5)2M’+(n7m)/2+1 (5.67)

is convergent. If we let A = cosh(¢)? then the series converges to

i

—1)(n=m/2) = (n—m)é 5.68
7rsinh(2¢)( ) ‘ (5.68)

(77’7 m)+6 =
Further, much in the way that the Borel sum (5.65) gives the positive frequency
solution to the constraint (5.48), (5.68) gives the divergent solutions to (5.66). The
full physical inner product though is given by the real part of the (5.68), which is
zero. While the positive/negative vertex expansions can individually be non-zero
even when the constraint equation does not have solutions, in this case the physical
inner product is zero as expected.
In this explicit example we see that the local expansion is a divergent series

due to the large number of discrete histories. Further it does not give a good
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asymptotic series for the physical inner product since the terms in the expansion
typically grow, so similarly the error grows at each order of the expansion. Thus in
this simple example we have obtained a local expansion similar to the current SFM
at the expense of the ability of the series to approximate the physical inner product
using a finite number of terms. Additionally this problem is not particular to the
simple model considered. If we consider more complex models such as vacuum
Bianchi I the sum is divergent in a similar manner since for large volumes the
amplitudes approach the simple constant amplitudes of this simple model. Thus

this is a very general concern.

5.7 Coarse-Graining/Renormalization

In section 4.3.2 we introduced a notion of coarse graining of the sum over histories
as a cure for the divergences arising from the presence zero matrix elements of
the constraint. The coarse graining was conceptually simple, just considering the
sum over all paths that fluctuate around those states leading to zero diagonal
matrix elements, but the implementation was more complicated. Here since the
amplitude for a given history is much simpler we can state the exact action of this
renormalization. For each basis state s we consider the set of states that are in its
immediate neighborhood, C(s, 1) defined by

C(s,1) ={s'|Cse # 0 and ¢ # s} (5.69)

and the set of states that are separated by two actions of the constraint, C'(2, s),
defined by
C(s,2) = {s|C2%, #0 and & # s} (5.70)

As in section 4.3.2 we consider coarse grained histories characterized by a sequence

of a states connected by 2-transitions
om = (SM,8M-1,---,51,80)  Smt1 € C(2,8) (5.71)

We will refer to these as 2-histories since they are made up of states separated by

two transitions and use A to denote the amplitude associated to them. We can
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similarly refer to the original discrete histories as 1-histories.

The amplitude corresponding to such a history is given by the sum over all
histories of single transitions that start at sq transition arbitrarily many times be-
tween states in C'(sp, 1) and sy followed by 2-transition leading to s;, arbitrarily
many transitions between states in C(sy,1) and s; and so on. Since the ampli-
tude corresponding to a 1-history is totally local it can be written as a product

amplitudes corresponding to each part of the history,

o0

Ay (sars sar—1s- -, 51,80) = > oo Y Apy(sar Nar) Koy (sar, sn—1) - (5.72)

Npr=0 No=0

X Apy(sm-1, Navi—1) - .. K(2)(51, 50) A2) (50, No)

Where Ay (s, N) denotes the amplitude corresponding to the sum over all histories
that transition between s and elements of C(s,1) a total N times and Ky)(s, s’)
denotes the amplitude corresponding to the sum over all 2-transitions between s
and s’. The amplitude above can be simplified as follows: We first absorb the
‘edge’ amplitudes into each 'vertex’ amplitude to simplify the calculation. Then

the amplitude corresponding to a single discrete 1-history can be written as
A(Spry SM—1y -+ +551,50) = Viyssart - - - Vaiso (5.73)

where

\/(Css -+ i(S)(CS/s/ -+ 25)

and the overall amplitude for the positive part is then

fors #£¢ (5.74)

ss! =

1 1
(sf‘si)Jr(S = 5_ Z Z A 8M7SM 1y-- .731,80)
2 \/(Cstf + Z(S)(Cs Si + 7/(5 M 0sp—1,

(5.75)
The amplitudes corresponding to an arbitrary number of oscillations between a

state s and it’s neighboring elements can be simply computed,

D Ao N) =) Y Vi ViwsVaey o Vayois - Ve Vas (5.76)
N=0

N=0sp,...,s1 € C(s,1)
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a 5.78
1 _25/6051 Vs Visrs D(Q)(S,S) ( )

Similarly the amplitude corresponding to the double transition can be simply eval-

uated as
Ko(s,s)= > ViV (5.79)

B(s,1)NB(s",1)

Thus the overall amplitude corresponding to a coarse grained history is given by

K(2)(3M> SM71)K(2)(SM71, 3M72) .- -K(2)(81, So)

D(Z)(3M> SM)D(2)(SM71, SM-1-- -D(2)(80, So))
(5.80)

Thus the coarse grained amplitude has an identical form to the original with new

A(Q)(SM, SM_1,--+,51,80) =

vertex and edge amplitudes. We can clearly read off the action of this renormal-

ization group on the vertex and edge amplitudes.

C //C %
K@ (s, s) = S (5.81)
) B VO T

Oss’os/s

CssCyg
s’ e C(s,1) ss—ss

D)(s,s) =1— (5.82)
Since the coarse graining reproduced an amplitude of the exact same form this
process can be repeated arbitrarily many times generating a renormalization group
flow of the edge and vertex amplitudes. The overall amplitude is then given as a
sum over all sequences of states separated by double transitions with the above
amplitude for each history,
1 1
(Sf ) 3i)+5 - % i i
\/ (Cuyoy +0)(Cosy +16)  sarTmes

Sm+1 € C(sm,2)

A(z)(SM, SM—15---551, 80)

(5.83)
if the states sy and s; are connected by an even number of actions of the constraint.
Applied to the simple example considered in section 5.6 this coarse graining

does provide improved convergence. In the regime where the vertex expansion
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was convergent, which is the non-physical region where there is no solution to the
constraint, the convergence is accelerated. For the physically interesting range of
values 6 the coarse graining does not produce a convergent sequence although it
dramatically improves the accuracy of the first terms of the series. If the coarse
graining is repeated eventually the first term of the series provides a sufficiently
good approximation to the exact physical inner product. Thus the coarse grain-
ing discussed here can provide a means to extract physical information from the

otherwise often purely divergent series generated by the local vertex expansion.

5.8 Discussion

For the systems without matter considered in this chapter the resulting vertex
expansion was a sum over distributions. The resulting expansion while providing a
formal solution to the constraint does not provide a viable perturbative scheme for
computing the physical inner product. We have introduced two possible regulators
in the group averaging procedure which lead to vertex expansions that are well
defined term by term. The Feynman regulator further gives vertex expansion
with a simple local expression for the amplitude for each discrete history. The
Feynman regularization adds an additional similarity to spin foams. The spin foam
amplitude for a single triangulation and set of labels, for a single history of spin
networks, is given by a product of amplitudes associated to each vertex, face, and
edge. This is in contrast to the vertex expansions presented in the previous chapters
which were essentially non-local, with the amplitude for a history depending on the
properties of the entire history. The Feynman regularization was given by a sum
of two vertex expansions, the positive and negative part, each of which are local
in the above sense. In the simple case where all matrix elements of the constraint
are real, the regulated physical inner product is given simply by the real part of
the positive expansion.

This regulator though cannot be removed at a finite order of the expansion
of the regulated physical inner product as in the limit 6 — 0 each term becomes
distributional. The hope was then that the regulator could be left at a small value
0 at which the regulated vertex expansion would provide an approximation to the

exact physical inner product up to a controlled error. Unfortunately we generally
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find that the regulated vertex expansion is divergent and thus does not provide a
good approximation to the physical inner product. The regulated vertex expan-
sion is not devoid of physical information though. Similar to the Feynman diagram
expansion of QFT the regulated vertex expansion in examples is convergent in a
more general sense as it it Borel summable and further the Borel sum does repro-
duce the exact physical inner product. Thus the regulated local vertex expansion
may similarly generate a Borel summable series for physical inner product.

While the local vertex expansion provides better contact with the current SFMs
it also leads to a highly divergent series that does not provide a good approximation

to the physical inner product by taking finitely many terms.



Appendix l \

Proofs and ldentities for Vertex

Expansion

A.1 Limit in Eq (3.28)

It is convenient to rewrite Ay (var, . .., v; o) defined in (3.25) in the following way:
N -1
AN(VMv e Vos a) - UVMVM Ui [UV]\[VJW] [UVMVM T UVOVO] X

NJW 1 N2 1 N]\/[ U N1
Z Z Z { VM —-1VM—1 :| { Vo0 }
Uzq v

Ny=M Ny_1=M-1 Ni=1 ”M”M

(A.1)

Our aim is to calculate the limit N — oo of (A.1) and show that is given by

A(vag, ... vo; @), of Eq (3.28) which we rewrite as

—ia©®

A(VJW’ ooy Vo5 Oé) = (_ia)]w @VMVM—1 s @I/lll() € YMYM X
f(l)dTM fz)-MdT]u_l e fz)-QdTl eTMbM . 67-1131 (A2)
where
by = —1a(O,, 0, — Oy ). (A.3)

We start by calculating the N > 1 behavior of the terms appearing in (A.1).
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These are:

X6}

Uym+1ym - _N@unwlum_}_O(NiZ)u (A4)
A

= eN(fi%@VMVMJFO(N_Q))

= e L O(NTY, (A.5)
[Upssons - U] - = 1+ O(NTY), (A.6)

_ 6Nm (log Uv,,_1vy,_1—10g Ul/ml/m)

]

UmVm

oNm (b /N+O(N=2))

= ¥ 4 O(N,, N2, (A7)

with by, given in (A.3). In (A.5) and (A.7) we have used the fact that the multival-
ued nature of the log function does not affect the final result: eV{logz+2mik) — oNlogz
where k € Z reflects the multiple values that log can take.

We now substitute expressions (A.4) to (A.7) in (A.1) to obtain

AN(VM’ e Vo Oé) - [(_ia)MGV]\/[V]\/[—l - ®V1Voe_ia®UMVM NM + O(N_M_l)} X
M Nm+1—1

IT1 > e +0oW,.N 2 (A.8)

m=1 Nm=m

where the product denotes the M nested sums in (A.1). Each sum in (A.8) has
two terms. The first one gives a contribution of ) ¢ R ~ O(N) while the
second one is )~y O(N,N~?) ~ O(1). The M sums then give a contribution of
order [O(N) + O(1)]™ ~ O(NM) + O(NM~1). By combining this with the first

factor of (A.8), we find that the non-vanishing contribution comes from the first
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terms of the sums:

—ia®

AN(VM? - Vs a) :(_ia)M @Vlwl/lwfl s @Vﬂ/o € TMEM X
M Nm41—1
NMT] [ > e ® o L O(NTY). (A.9)
m=1 Nm=m

Eq (A.9) has all the pre-factors appearing in (A.2). It then remains to show
that N~ times the sums in (A.9) limits to the integrals in (A.2). But this is rather

obvious, as the sums can be seen as Riemann sums for the integrals. Specifically,

M [Nm41—1
. _ N,
lim N~M E e Nbm
N—oo

m=1 L Np,=m
N Ny No ~ N
. _ Ny Ny
= lim N M E E E eV M ewh
N—oo
Npy=0 Np_1=0 N1=0

= f(l)d’TM f(T)MdTM,l ...f0T2d’7'1 embm - emibr (A.10)

where, in the second line, we have slightly changed the limits on the sums, intro-
ducing an O(N~!)-term which vanishes in the limit. This concludes the proof of
the limit (3.28).

A.2 General Integrals in Eq (3.28)

The integrals over 7 appearing in the amplitude for a single discrete path (3.28)
can be evaluated for a general sequence of volumes (v, ..., ). In this appendix
we will perform these integrals first for the case where all v; are distinct and then

for the general case. The amplitude for a single discrete path given by (3.28) is

AT ™ T2 —i(AT—701)a© ;
A(VM> Vs Q) :fo dras fo dra_q ... fO dre i(AT—=Ta1)aOu vy, (—za@uMl,Ml) X
e—i(TM —TM—1)0Ouy; qvpr g e—i(TQ —71)aOp; 1, ( iT1aO g

(A.11)

—ia0,,,,) e
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This expression can be written in terms of the following integral.

AT T : . ; — ; —
(o, ..y wo, A7) = [7dmy [ dra—y o [ordm ()M AT manear gl =mar-D)za—

(A.12)

"‘ei(T27T1 )z1 eiﬁxo
We will first evaluate this integral for the case where all z; are distinct. By
induction on M —the number of vertices or the number of times that x changes

value— we will show that when the x; are all distinct the integral is given by

M

I(a:M,...,xO,AT):Z

M
i=0 Hj;éi(xi — ;)

This is true by inspection for M = 0. If we assume that (A.13) holds for M we

can evaluate the integral with M + 1 vertices.

eiIiAT

(A.13)

AT (AT —T
Hzyga, s - oo w0, AT) = [T dTar i ATTTME)INM T (20 20, Targ)

(A.14)

AT - i AT— M TN 41
_ d7asaq je (AT=Tar )T Mo et MAL
fo * 2izo I1)%; (zi—;)

M eixiAT ‘ M 1
=2 — Ty
B +
1=0 jF#i (xl - x]) i=0 H]#Z (xz — .TJ)

In the first step we recognized that the M + 1-th integral contains the M-th and
then, in the second step, we inserted the assumed result for the M — th integral.

In the second step the integral over 1), is carried out. Finally using the identity

M+1
1

=0 A.15
>, [ (A.15)

i=1 Lljzi (2 — ;)

The integral can be written as

(A.16)
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Therefore if (A.13) holds for M it also holds for M + 1, thus by induction it holds
for all M > 0.

If the x; are not distinct, if there exist ¢, j such that x; = x;, then the proof
follows in a similar way. The key element is that the integral I(xys,...,x0) is
independent of the order of the x;’s. This can be seen by rewriting the integral in

terms of the time intervals A1; = 7,41 — 7; where 79 = 0 and 7,1 = AT.

I(xg, 1, ...xpr, AT) = fOATdATMdATM_l..dATO ATy, + ... + Ao — A7) (A17)

(,L')MeiATMIM eiATM—lxM—l “'67;A7'1I16’iAT()I0

It is clear that this is symmetric under the interchange of x; with x; for all 7, j, so
the integral is independent of the order of the sequence z;. Since the integral is
independent of the order of the values x; it should be characterized by the distinct
values, labeled by y; and their multiplicity n;. Where n; + ... +n, = M + 1.
Given a set of values x; we will evaluate the integral for the case where they are
organized such that any x; sharing the same value are grouped together. Doing so

the integral simplifies to

I(yp> n;m <oy Y1, N, AT) - fOATdTM fghld’i']\/[,l . fz)—QdTl (i)Mei(AT*Tnl-&-»-»-&-np,l)Z/p

(A.18)

ei(Tnl oty *Tn1+...+np,2)yp—1 ) Uei(Tnl 1o —Tny )Y2 eiTnl Y1

By induction on p, the number of distinct values, we show that this integral is

given by

1 9 np—1 1 o ni—1 P eWiAT
! Ar)y=—— (o) o (o T =
(ypynpy y Y1, N, 7—) (np . 1)' (ayp) (nl _ 1)] (ayl) Z §¢Z(yl — y])

i=1

(A.19)
p 1 a ng—1 P 6iyiAT
N H (i — 1)) (@) T (v — vy)

For p = 1 (A.18) can be easily evaluated giving

AT T . —1 4 T sAT)?1 1 i T
I(yr,na) = [T dr, -1 ... [Qdm (i) e AT = %e i (A.20)
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ni—1
_ (i) 1 eiyiAT
3y1 (TLl — 1)'

I(y1,n) = GAT)™ 71 /(ny — 1)! (A.21)

And if Y = 0

If we assume that (A.19) holds for p distinct values then we can evaluate it for

p + 1 distinct values as follows.

AT TM—n
I(Ypi1s Mops 1 Yps M - - - Y1, 1, AT) = [ dTy ...fOM erlJerTJ\/[_anH (A.22)

. —1 _i(AT—7p—
(Z)np+1 162( T np+1+l)yp+1[(ypa npa <oy Y1, Ny, Tanp_;,_lJrl)

Plugging in the assumed result for p distinct values and performing the integrals

over T we obtain

p ng—1 P
0 . 1
T(Yps1, Mpi1s - - Y1, 1, AT) H e —1)! (8—) E H ) (A.23)

k:I Yk jiYi —
6Zyi AT Tl eZyP+1 AT (iAT)nP+1 -m
Wi = Ypr1)™ = (Y = Ypa)™ (1ps1 — m)!

If one diagonal element is zero without loss of generality we can assume the p4+1—th

element is.

I(ypﬂ,npﬂ,...,yl,nl,AT) = Hil (—) Z D (A24)

=% (e — 1)\ Oy — [T — y))
[ 6iyiAT Tp+1 1 (Z'A,]_)np+1—m]

()t N p (i)™ (nps1 —m)!

m=

We recognize that the term in brackets can be written as derivatives with

respect to y,1 of a simple function.

P 1 a ng—1 P
T(Ypi1s Mpi1s Yps M - - -5 Y1, 11, AT) = H (ng — 1)! <—) Z

k=1 ayk 1=1 ?#l Yi— y])
(A.25)

1 ( o )np+11 ( eWiAT eYp+1AT )
(npr1 — 1)1 \ Oyp41 Yi — Yp+1  Yi — Ypt+1
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Finally simplifying the expression and using eqn (A.15) we obtain
p+1

1 0 nk—1 ptl 6iyiAT
Ipir sy, A7) = [ ——— (—) T (ao6)
e kl;[l (ne — 1) \ Oy Zl i —yj)

Thus if (A.19) holds for p then it also holds for p+ 1, so it is true for all p > 0.
Using this result we find that the contribution due to each discrete path is

A(VM7 - Vo, a) - (@VMVM 1)(6111\1 11/]\4,2) s (61121/1)(@1/11/0) (A27)

—za@w jw; AT

P a ng—1 P
1;[ nk _1 (a@wkwk) Z H];éz( wiw; w]wj)

where w; label the distinct values taken by v along the path and n; the multiplicity

of each value.



Appendix

Eigenstates and Matrix Elements of
f(©)

In the timeless framework of section of chapter 3, the vertex expansion featured
matrix elements ©,, ,, = (V,|0|v,). These are easy to evaluate directly from the
definition of ©. In the deparameterized framework of chapter 2, on the other hand,
the vertex expansion involves matrix elements of vO. To evaluate these one needs
the spectral decomposition of ©. In the first part of this Appendix we construct
eigenstates of © and discuss their relevant properties. In the second part we use

these eigenstates to evaluate the matrix elements functions of ©, including v/©.

B.1 Eigenstates of O

Recall that © is a positive, self-adjoint operator on Hy"". By its definition (2.6), it
follows that © preserves each of the three sub-spaces in the decomposition H}"" =
H_ @ Hy ® Hy, spanned by functions with support on v < 0, v = 0 and v > 0
respectively. In particular, |v = 0) is the unique eigenvector of ©, with eigenvalue
0; Ho is 1-dimensional. Our first task is to solve the eigenvalue equation for a
general eigenvalue w}:

Oer(v) = wien(v). (B.1)
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This task becomes simpler in the representation in which states are functions y/(b)
1

\/7 Y e L) (B.2)

v=4nt,

of the variable b conjugate to v:

In this representation, the eigenvalue equation (B.1) takes the form of a simple

differential equation

sin¢,b 2
(@Xk>(b) = —12nG ( 3b) Xk(b) = wi Xk(b)a (B-3)
whose solutions are
xk(b) = A(k) ¢ikloa(tan 15%) with wj = 127G k?, (B.4)

where A(k) is a normalization factor and k € (—o00,00). k = 0 yields a discrete
eigenvalue wy = 0 and in the v representation the eigenvector can be expressed
simply as eg(v) = dp,. Eigenvectors with non-zero eigenvalues can also be ex-

pressed in the v representation by applying the inverse transformation of (B.2) to
(B.4):

ex(v) = fﬁ/eodb —5vbgiklog(tan 1) where £ 0. (B.5)

Let us note two properties of these eigenvectors. First, e, and e_; have the
same eigenvalue and so the wi-eigenspace is two-dimensional. Second, the vectors
ex(v) we have obtained have support on both v > 0 and v < 0. However, since
© preserves the sub-spaces H., it is natural to seek linear combinations e; (1/) of
ex(v) and e_g(v) which lie in these sub-spaces. In particular, this will simplify the
problem of normalization of eigenfunctions.

Let us begin by rewriting the integral in (B.5) as a contour integral in the

1Our normalization is different from that in [38]. The wave function ¥(v) in [38] is related to
the one here by ¥(v) = ﬂ \I!( ).
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bl

complex plane. Recalling that v = 4/, n and setting z = ¢ we obtain

¢ m/lo —2ibn i n Lot e"Tk/2 —2n— —z\
;O o/ db e~ eiklog(tan 758) — ¢ =2 P(2) " dz = J(k,n), (B.6)

where C is the unit semicircle in counterclockwise direction in the upper half, Sz >
0, of the complex plane. As remarked earlier, e;(v) = A(k)\/Lo|v]/m J(k,v/4L,)
has support on both positive and negative values of v = 4/, n. Now, the second
independent eigenfunction e_;(v) with the same eigenvalue w? can be represented

b The result is a contour-integral along

in a similar fashion by setting z = —¢°
the unit semicircle in counterclockwise direction in the lower half, &z < 0 of the
complex plane. By combining the two integrals, we obtain a closed integral along

the unit circle:

1 —2n—1 l—=z " — 1 mk/2 —mk/2 =
5 P e (1+2) dz—z(e J(k,n)+e J(=k,n)) = I(k,n).
(B.7)

Being a linear combination of ey (v) and e_j(v), this I(k,n) gives also an eigen-

function of © with eigenvalue w?. Moreover, using elementary complex analysis,

one finds that it has support only on positive n:

R 15\
I(k,n) =4 G a | (%) n=l (B.8)
0 n < 0.
Repeating the argument but taking z = e % and z = —e =% one obtains
1 1 1—2\"
5 (e’”k/ZJ(k,n) + e”k/ZJ(—k,n)) = %7{22’11 (m) dz = I(k,—n) (B.9)

which has support only on negative n. Thus, the basis we are looking for is given
by

m|v]

£

I(k,£—). (B.10)

1
er(v) = 5 (ei”k/Qek(u) + 6“’“/26%(1/)) = A(k) ",

By construction, ef € Hy.

Next, let us calculate the normalization of these vectors. It is convenient to
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introduce kets |k+) such that (v|k+) = ei(v). Then, it is clear that (k' + [kF) =
0. To calculate the nontrivial inner product, (k" + |k+), let us return to the b

representation. There, the functions describing the states |k=+) are

<ei7rk/26ik log(tan %b) 4 e¥7fk/26*ik log(tan Zg_b)> (Bll)

Alk)

Xi (b) = =

and their inner product is given by [3§]

/e

(K + |kt) = [T

"db [A(K)* X1 (D) |2i0] x;; (D) (B.12)
where |2i0y| is the absolute value of the volume operator o = 2id,. Simplification
occurs because e; () have support only on positive/negative v values. Because of
this property, one can replace |0y| in (B.12) by +0,. The calculation now reduces

to a straightforward integration. The result is

(K' £ |k£) = |A(k)|? 27k sinh(7k) 6(K', k). (B.13)

B.2 Matrix Elements for f(O)

We will now use the eigenbasis | & k) of © to calculate the matrix elements
(Anl,|f(©)|4ml,), of the operators of the form f(©), for a measurable function
f. Throughout this section, the normalization factor A(k) is chosen to be unity.
From the normalization condition (B.13) with A(k) = 1, we have the following

decomposition of the identity:

which can be inserted in (4nl,|f(©)|4mb,). If m and n have different signs, the
result is zero. It suffices to consider the case where both are positive. By writing

(4nl,|k+) in terms of derivatives (see equations (B.10) and (B.8)), one obtains

1+s1—1t
F - B.15
@ (1—51+t> (B.15)

~ 2v/mn A d*
Ant,| f(B)[4me,) =
(nbol F(O)dmbo) = 7 STt Tsom e
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with Fje) the ‘generating function’ given by?

TGk2) ik
fO kf(lizmh ﬂl)c) ) (B16)

We now give the generating function for v/©. It is also useful (at least to check
normalization factors) to write down the generating functions for operators whose
matrix elements are known, namely © and the identity I. These generating func-

tions are given by,

Fi(z) = —2 (log(l 4 )+ logD(1/2 + zl‘;g;)) (B.17)

Fo(z) = \/127TG(12fx —(1/2+i 102%:5)) (B.18)

(1?95)2 212 (A/2+ logx))

Fo(z) = 12nG ( (B.19)
where ['(z) is the gamma function, and ¢(z) = I''(2) /T'(2) the polygamma function.

In obtaining these functions, it is useful to observe the following relations among
them:

F(r) = —i\/lQWGl’%FI([L’) (B.20)
Fo(x) = —iVlQWGl’%F\/@([L’), (B.21)

which can be derived from (B.16).
We will conclude by noting that the matrix elements for the evolution operator
U(yp) = V@ are casy to find: From (B.16) one sees that Fiy((z) = Fy(e¥V7"%%x).

2For a general f, integral as defined may diverge. However the divergent terms (e.g., those
which are z-independent) do not contribute to the expression of the matrix element and can
therefore be discarded. This ‘finite part extraction’ is implicit in going from (B.16) to (B.17),
(B.18) and (B.19) .
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