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ABSTRACT
The present work numerically investigates the combustion and flow dynamics in
meso- scale vortex combustors with continuum-based computational techniques. The
primary objectives are to, (1) develop and implement a numerical approach based on the
density-based, finite-volume method for the numerical treatment of nonpremixed
combustion in a meso-scale vortex combustor using preconditioning technique; (2)
numerically and systematically investigate the combustion dynamics in a meso-scale
vortex combustor over a broad range of operating conditions; (3) extensively investigate
the swirling flow in a cylindrical chamber, and analyze the underlying physics of some
typical phenomena.
The theoretical formulation is based on the conservation equations of mass,
momentum, energy, and species concentration, with consideration of finite-rate chemical
reactions and variable thermophysical properties. The governing system is discretized
using a preconditioned, density-based, finite-volume method. A multiblock domain
decomposition technique, along with static load balance, is used to facilitate the
application of efficient parallel computation with message passing interfaces at the
domain boundaries.
A comprehensive numerical study is conducted first to investigate the swirling
flow in a cylindrical chamber. Three-dimensional incompressible Navier-Stokes
equations are solved using a finite element method. Three kinds of flow reversals are
identified based on the variation of swirl level. At low swirl level, vortex breakdown
occurs on the axis, which refers to the formation of a free stagnation point or a
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recirculation zone on the axis of flow with significant streamwise vorticity. At high swirl
level, flow is characterized by a columnar flow reversal driven by centrifugal force. The
connection between these two kinds of flow reversals is a critical issue. The transition
process is analyzed with the introduction of Kelvin-Helmholtz instabilities in the free
shear layer.
The non-premixed combustion dynamics in the vortex combustor based on
asymmetric whirl concept is investigated numerically. Both the stoichiometric and fuellean cases are considered. Three kinds of flow structures included in the combustor are
identified: main flow, upstream and downstream recirculating flows. The interactions
between flow and flame evolutions are analyzed. The unusual stability characteristics
demonstrated by the asymmetric whirl concept in the experiments are verified
numerically. Other than that, the behaviors of central recirculation zone associated with
the chamber pressure and the magnitude of injection velocities in a whirl combustor are
studied in detail.
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Chapter 1
Introduction

1.1 Background and Motivation

With the rapid development of Micro Electro Mechanical Systems (MEMS) in the
past decades, the miniaturization of small-size power supply devices with high energy
density has been receiving considerable attention. The use of combustion for power
generation provides enormous advantages over currently available batteries in terms of
specific power generation, even when the conversion efficiency from thermal energy to
electrical energy is taken into account. The most advanced currently available lithium
batteries have an energy density of 1.2 MJ/kg. Liquid hydrocarbons have an extremely
high specific energy, (typically 45 MJ/kg), and are easily transportable and are quite safe.
Thus, a miniature combustion device with a mere 3% system efficiency could compete
with the batteries. The concept behind this new field is to utilize the high specific energy
of liquid hydrocarbon fuels in combustion driven micro-devices to generate power
(Fernandez-Pello, 2002).
Most approaches in micro-power generation use scaled-down macroscopic
combustion devices. The challenges associated with micro-scale combustion modeling
are entirely different from those of macro-scale devices. Laminar flow prevails, but
surface reaction, heat loss, etc., become dominant. The effects of miniaturization on the
fluid mechanics, heat transfer, and combustion characteristics involved in micro power
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devices have been recently analyzed by Fernandez-Pello (2002) and Ketsdever et al.
(1999).
As described by Waitz et al. (1998), a micro-scale combustor is more highly
constrained by inadequate residence time for complete combustion and high rates of heat
transfer from the combustor. Both the inadequate residence time and the high-rate heat
loss can lead to incomplete reaction or even quenching of ongoing reaction. The
commonly used methods to acquire stable combustion in micro-scale combustor are
balancing the flow residence time and the chemical reaction time and optimizing the
thermal conditions, such as the “Swiss roll” burner developed by Weinberg et al. (1975).
The fundamental understanding of combustion mechanism in micro-scaled
chambers, which is essential to the design and optimization of power devices, is not
understood well at present. Due to the difficulties in conducting spatially resolved
measurements of combustion characteristics in micro-scale devices, the numerical study
can be an effective approach to study the micro-combustion mechanisms.

1.2 Literature Review

1.2.1 Characteristics and Challenges of Micro Combustion Systems

The power-generation devices currently available are designed to generate power
in the range of a few watts to milliwatts. The corresponding combustion devices are of
the order of one centimeter in size (meso-scale), and their micro-fabrication techniques
are relatively conventional. As combustion volumes are reduced in size, issues of
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residence time, fluid mixing, thermal management, and wall quenching of gas-phase
reactions become increasingly important. The flow residence time in a small-scale
combustor may become less than the chemical time for a premixed combustion system,
or less than the sum of the mixing and chemical times for a non-premixed system, thus
rendering complete combustion in the chamber a serious challenge. The increased
surface-to-volume ratio of a small combustor not only makes the heat generated from the
combustion process hard to keep pace with the heat loss to the wall, but also increases the
possibility of radical termination by wall reactions. Such radical termination on the wall
is chain breaking, and consequently prevents the radical growth essential for the
branching and propagation of gas-phase reactions. On the other hand, the increased
specific area of a miniaturized combustor makes surface-induced catalytic reactions an
attractive alternative (Kyritsis et al., 2004; Maruta et al., 2003; Spadaccini et al., 2003;
Vican et al., 2003). For small-scale combustors, thermal quenching of confined flames
often occurs as the portion of heat lost to the combustor body increases and less enthalpy
is preserved in the combustion products.
The characteristic length of the micro-combustors being developed to date, even
in MEMS size systems, is sufficiently larger than the molecular mean-free path of the air
and other gases flowing through the systems that the physical-chemical behavior of the
fluids is fundamentally the same as their macro-scale counterparts. For example, the
Knudsen number for air flowing through a 0.1 mm wide channel is of the order of 10-3 ,
which is much smaller than that for free molecule flow (Kn > 1). Consequently, the
standard hypotheses of thermo-fluid such as the non-slip condition and the continuum
medium, will still apply. However, the small size of the micro-devices or their
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components causes particular characteristics of the fluid mechanics, heat transfer and
combustion involved in the device operation.
Some of the technological issues related to micro-scale combustion and thermochemical devices for flow power generation are discussed below.

1.2.1.1 Fluid Issues

For micro-devices with small characteristic lengths and consequently small
Reynolds and Peclet numbers, the flow is primarily laminar, the viscous effects and the
diffusive transport of mass and heat become increasingly important. The small length
scales of the combustor result in high velocity gradients in the fluid, which leads to high
wall frictional loss and high convective heat transfer coefficients. These in turn can result
in large pressure loss and high heat transfer from the fluid to the wall.
The low Reynolds number makes mixing of the reactants a potential problem in
micro-systems. For a diffusion flame, the flame front is nominally defined to exist where
the fuel and oxidizer meet in stoichiometric proportions and molecular diffusion is the
rate-controlling process. Generally, the time needed for convection and diffusion, both
being responsible for mixing, is typically much greater than the time needed for
combustion reactions to occur. The assumption of infinitely fast chemistry therefore
appears to be reasonable.
Since turbulence mixing is small, species mixing will be primarily by diffusion.
Using scaling analysis, a particle traveling a distance Ldiff by diffusion during a diffusion
time τ diff is given by
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τ diff ~

L2diff

1.1

D

where D is the diffusion coefficient. This relation is valid for both particle and thermal
diffusions. The diffusion takes place in the direction opposite of the concentration
gradient, and is generally perpendicular to the injection fuel flow. In the combustor of
simple geometry, the characteristic diffusion length for species is the diameter of the
injection port for complete mixing. Thus the diffusion time may be expressed as

τ diff ~

din2

1.2

D

The diffusion flame length Lf can be seen as the distance from the injection port
to the point where the diffusion process ends, which scales as the product of injection fuel
velocity and the diffusion time

Lf ~ U 0τ diff ~

U 0din2

D

1.3

To make sure the combustion occurs completely, the characteristic length of the
combustor Lc should be greater than the diffusion flame length Lf

Lc > Lf ∼

U 0din2

D

1.4

In fact, U 0din2 represents the volume flow rate of fuel, that is, the laminar diffusion
flame length is proportional to the volumetric flow rate and inversely proportional to the
mass diffusivity. The common values of these parameters are u = 0.1 − 1 cm/s,
d in = 10 −3 − 10 −2 cm and D = 10 −7 − 10 −5 cm2/s. Given these typical values, the flame
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length can be several meters for a combustor with 100 µ m - wide injection port, which is
impractical for a portable system (Stone et al., 2004).
Complete and rapid mixing of adjacent laminar streams is desired, as is required
for the initiation of a chemical reaction. Simple laminar flows are then a disadvantage,
and convective mixing strategies must be developed. Although the small scale of the
combustor helps the diffusive mixing, the residence time of the fluids in the channels is
also small, and may be insufficient to ensure complete mixing. Thus, in some cases
where mixing of species may need to be enhanced, different dynamic mixing approaches
have to be implemented, even though they will introduce fabrication complexities and
will consume valuable energy. To date, several approaches have been used to increase
mixing rates (Lowe et al., 2000; Liu et al., 2000; Zahn et al., 2001). The main problems
with these approaches are fabrication complexity, system size, and increased pressure
drop.
Liquid fuel for the micro-combustion systems is also essential because it offers
the very high energy densities necessary for autonomous systems. Liquid fuel
atomization for micro-combustion is a challenge for the micro-scale residence time in
order to achieve both the evaporation of droplets and the mixing of fuel vapor with the
oxidizer. The use of electrosprays in micro-combustors would greatly benefit the
necessary micro-scale functions such as monosize droplet generation, stable atomization,
low energy requirement and micron size atomization. Sirignano et al. (2001) have
introduced a new concept for burning liquid fuels in miniature combustors, which is to
inject all or a portion of the fuel directly as a film on the solid surfaces. Such a propellant
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delivery technique simultaneously cools the combustor wall and increases the liquid
surface for vaporization.

1.2.1.2 Thermal Issues

At the length scale of micro-combustion devices, heat transfer through the solid
wall in the combustion chamber is significant because of the temperature gradient
increase as the characteristic length decreases. In addition, as the scale of the device is
reduced, the surface-to-volume ratio increases, which combined with the enhanced heat
flux, results in heat transfer effects becoming very important at the chamber wall. This
has advantages in components that use heat transfer in their operation, such as
evaporators or heat exchangers. Yet it may become a problem in micro-combustors
where surface heat loss may quench the flame.
The power lost to the walls by convection scales is
Wloss = hπ DL(Tg − Tw )
∼ hL2 (Tg − Tw )
∼ Nu ⋅ k ⋅ L(Tg − Tw )
∼ Prg1/ 3 Re1/ 2 k ⋅ L(Tg − Tw )
1/ 2

1/ 3
g

 ρ gU g

 µg





1/ 3
g

 pgU g

 Rg µ g





∼ Pr

∼ Pr

k ⋅ L (Tg − Tw )
3/ 2

1/ 2

k ⋅ L3/ 2Tg−1/ 2 (Tg − Tw )

The heat flux represents the heat transfer through unit surface area

1.5
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W flux = Wloss π DL
1/ 3
g

∼ Pr

 p gU g

 Rg µ g

1/ 2





k ⋅ Tg−1/ 2 (Tg − Tw ) L1/ 2

1.6

Equations (1.5) and (1.6) indicate that the overall heat transfer through the solid
wall is proportional to the square root of the length scale, yet the heat flux is conversely
proportional to it. Thus, although the overall heat loss though the solid wall decreases as
the length scale of the combustor decreases, the heat flux increases. The heat loss is a
substantial disadvantage in the micro-combustion system, which may lead to flame
quenching when the total power generated inside the combustor is less than the loss to the
wall.
In the solid, since the Biot number tends to decrease as the size of the combustion
device decreases, the solid temperature gradient also tends to decrease. For example, the
Biot number for a steel or a silicon device with a length scale of 10 mm, and subjected to
moderate convection and radiation (combined convection and radiation heat transfer
coefficient of 100 W/m2 K), will be of the order of 0.002, which is considerably smaller
than what is normally considered sufficient for a lumped heat transfer analysis. It is
expected therefore that micro-devices will have nearly uniform solid phase temperatures.

1.2.1.3 Combustion Issues

Combustion in micro-scale systems presents problems related to the time
available for the combustion reaction to occur, and to the possible quenching of the
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combustion reaction by the wall. For non-premixed combustion, extra time and volume
are needed for complete mixing.
The basic requirement for micro-combustion to occur is that the residence time be
larger than the time required for the chemical reaction to occur. Generally in microcombustors, the residence time is small. It is important to have small chemical times to
ensure completion of the combustion process in the combustor. In general, small
chemical times are obtained by ensuring high combustion temperatures, which in turn can
be achieved by reducing the heat losses in the combustion chamber, preventing radical
depletion at the wall, increasing the reactants’ temperature, using stoichiometric
mixtures, and using highly energetic fuels.
Generally, the time required for species mixing is relatively larger than the
chemical time. For the combustor of a small scale, flow is mainly laminar and the mixing
process is dominated by species diffusion. The mixing time and the non-premixed flame
length are scaled by Eq. (1.2) and (1.3). To ensure complete reaction, the residence time
should be greater than the sum of the mixing time and the chemical time. The residence
time is estimated by
tres ∼

L
U0

1.7

For a given micro combustor, higher flow velocity will blow off the flame due to
inadequate residence time. Yet decreasing the flow velocity to increase the residence time
is not a good choice either when the heat loss is considered.
As the combustor size decreases, the surface-to-volume ratio increases, resulting
in increased combustor surface heat losses and increased potential destruction of radical
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species at the wall. These mechanisms will increase the chemical time and possibly
prevent the onset of the gas-phase combustion reaction, or lead to quenching of an
ongoing reaction. Flame quenching occurs if the total power generated inside the
combustor is less than the loss to the wall,
Wtot < Wloss

1.8

The total heat generation and heat transfer to the walls can be expressed as

Wtot = ρ g ∆H rU gπ DL
~ ρ g ∆H rU g L2

1.9

The heat loss through the solid walls by convection is given by Eq. (1.5). Substituting
equations (1.5) and (1.9) into (1.8), we have

ρ g ∆H rU g L < Pr
2

1/ 3
g

 pgU g

 Rg µ g

1/ 2





k ⋅ L3/ 2T f−1/ 2 (T f − Tw )

1.10

In Eq. (1.10), we use the adiabatic flame temperature Tf instead of the gas temperature.
Rearranging the above equation, we get the criterion for extinction
1/ 2
g

p U

1/ 2 1/ 2
g

L

<

Prg1/ 3 Rg1/ 2 k ⋅ T f1/ 2 (T f − Tw )

µ 1/g 2 ∆H r

1.11

From the point of view of energy balancing, a smaller length scale makes it easier
for the flame to be quenched. For a given combustor, higher chamber pressure and flow
velocity help to keep the flame from extinction. Yet, an exceedingly high flow velocity
will lead to “blow-off”.
To overcome this difficulty, the concept of “excess enthalpy” (Vican et al. 2003;
Ronney, 2003; Kim et al. 2005; Weinberg, 2002) has recently been introduced to extend
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the quenching limit of combustion in small combustors. The idea lies in redirection of hot
burnt gases to preheat cold reactants without mass exchange so that stable combustion
can be sustained under conditions that would normally lead to flame extinction. The
“excess enthalpy” designs, however, suffer from system complexity. Other than that, the
catalytic combustion can be an alternative solution in a micro system. To accomplish a
complete combustion process in a micro-scale, catalysts are placed on the solid chamber
wall resulting in catalytically supported thermal combustion. The advantages of using
catalysts will be the low operating and ignition temperature, the stable combustion for
very lean stoichiomeries, reduced heat loss from the walls, and the elimination of sootparticles. Srinivasan et al. (2001) tested a MEMS based micro-reactor using platinum
catalyzed NH3 oxidation as a model reactor. Their test results show that conversion and
selectivity behavior of conventional reactors can be reproduced, demonstrating the
feasibility of conducting chemical reactions in micro-fabricated systems.

1.2.2 Development of Micro-Power Generation Using Combustion
The excess enthalpy combustors can be used to overcome quenching, which
generates adiabatic walls by stacking planar devices in a symmetrical fashion, establishes
high temperature ceramic walls, and uses surface coatings. The earliest work on excess
enthalpy, recirculating burners, which is known as “Swiss roll”, was conducted by
Weinberg et al. (1975). In this work, the combustion reaction was optimized by using the
enthalpy of the products to preheat the fuel air mixtures. As a result of the enthalpy
exchange obtained by recirculating the exhaust, steady combustion has been obtained
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with mixtures well below the normal flammability limits. The concept of recirculating the
exhaust to reduce the heat losses from the combustion region and to pre-heat the
incoming reactants has been further implemented to attain combustion in thin tubes with
diameters smaller than the quenching distances that are reported in the literature (Cooley
et al., 1999; Peterson et al. 2001).
If the reactants are not pre-mixed and the fuel is liquid, additional time and
volume will be required for fuel evaporation and mixing. The time can be significant
when compared to the gaseous premixed residence time, because the liquid evaporation,
and the mixing at the low Reynolds numbers expected in these systems, are generally
slow. Thus, alternatives to spray combustion in liquid fueled micro-combustors are
currently being explored. Particularly interesting is the concept of burning the liquid fuel
while forming a liquid film along the wall of the combustion chamber (Srinivasan et al.,
2001).
One important aspect of micro-scale combustion that should be kept in mind is
that although the increase in the surface-to-volume ratio of the combustor presents a
problem for gas-phase combustion, it favors catalytic combustion. Although the catalytic
reaction is generally slower than the gas-phase reaction, and surface heat loss is a
problem that also affects the catalytic reaction, the relative increase of surface area and
the lower temperature of the catalytic reaction suggest that micro-scale combustors using
catalytic reaction may be easier to implement than those using gas-phase reactions.
Currently the projects of micro-scale power generation using combustion can be
grouped into three categories: micro-combustors/reactors, micro turbines/engines, and
micro-rockets. Extensive reviews of the current development of these projects were given
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by Fernandez-Pello (2002) and Chigier et al. (2003). In the following parts of this thesis,
the ongoing projects will be briefly introduced.

1.2.2.1 Micro-Combustor/Reactor
Several micro-combustors and chemical reactors are currently being developed.
The obvious advantage of these devices is that they do not have moving parts, but the
problem generally lies in the low efficiency of the complete system.
The Swiss roll approach has been used to develop thermoelectric power
generation devices using micro-scale combustion (Maruta et al., 2001; Vican et al.,
2002). The researchers have demonstrated that their device can produce power, although
to date with low efficiency. New designs of this type of power generation device have
been recently proposed based on thermodynamic analysis that promises to provide better
efficiencies (Weinberg et al., 2002).
The University of Southern California has developed a highly miniaturized,
integrated, monolithically and batch-fabricated power generator with no moving parts
(Maruta et al. 2001; Sitzki et al., 2001). With its 3-D Swiss roll characteristics, the
combustor appears to be well suited for MEMS size devices because the heat losses are
greatly reduced. Low-temperature, self-sustained combustion has been demonstrated in
this reactor.
The chemical energy conversion and power generation device at the MEMS scale
developed at Princeton University (Vican et al., 2002) consists of a recirculating
catalytic, 12.5 mm×12.5mm×5.0mm micro-reactor (2-D Swiss roll) made of alumina
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ceramic and platinum as catalyst and a thermopile unit. Continuous operation with
hydrogen has been demonstrated over a wide range of fuel-air mixtures and chemical
energy inputs from 2 to 12 watts. Plans to increase the efficiency of the electrical
generator by stacking several devices to reduce heat losses are currently underway. They
expect that stacking two-dimensional combustors may be as efficient a method to reduce
heat losses as a three-dimensional configuration.
A thermoelectric power generator based on catalytic combustion in a micromachined combustion chamber has been developed at the University of Michigan (Zhang
et al., 2001). The combustion chamber is 2mm×8mm×0.5mm and covered by a dielectric
diaphragm that integrates polysilicon-Pt thermopiles. Using hydrogen/air mixtures, the
device has produced power levels of the order of 1 µW / thermocouple. They expect to be
able to reach power levels of 10 µW / thermocouple with geometrical modifications that
will increase the temperature gradients on the diaphragm.
A micro-scale power device that includes a combustion-driven fuel reformer and
fuel cell has been developed at the Pacific Northwest National Labs (Holladay et al.,
2001). The micro-scale fuel reformer strips hydrogen from a hydrocarbon fuel and the
hydrogen-rich stream is then fed to a fuel cell to generate electrical power. To date, a 10
to 500 mW steam reformer system has been assembled and fabricated with a reactor
volume of around 0.5 mm3. The device was able to operate independent of any additional
external heating, even during start-up.
At Yale University a meso-scale ( ∼ 16 ×103 mm3 ) catalytic combustor operating
with a liquid fuel electrosprayed into the combustor chamber has been developed
(Kyritsis et al., 2002). The combustor is to be coupled with direct energy conversion
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modules for power generation. Tests have been conducted with n-dodecane and JP8 jet
fuel at rates of 10 g/hr and equivalence ratios varying from 0.35 to 0.7. Combustion
efficiencies on the order of 97% have been reported with n-dodecane. The application of
electrospraying for liquid fuel combustion in small-scale combustors is an important
contribution of this work, since it appears that the technique is potentially applicable in
MEMS scale devices.
A chemical fuel processing micro-system for power generation in MEMS
applications is being developed at MIT (Srinivasan et al., 1997; Arana et al., 2002). The
micro-system will consist of integrated micro-fabricated catalytic reactors, flow sensors,
heaters, micro-valves, micro-pumps, and controllers. Several alternative technologies for
micro fuel processing are being evaluated.

1.2.2.2 Micro-Turbine / Engines
The MIT Gas Turbine Laboratory is developing a MEMS-based gas turbine
power generator with a total volume of approximately 300 mm3, designed to produce 1020 W (Epstein et al., 1996; 1997). This can be viewed as the pioneering research in
MEMS-based micro-scale power generation. The micro-gas-turbine includes a radial
compressor/turbine unit, a combustion chamber and an electrical generator incorporated
into the compressor. The compressor and the turbine, 12 mm in diameter and 3 mm thick,
are made of traditional CMOS materials, and designed to rotate at more than 1 million
rpm. Although the gas turbine has not produced positive power yet, the development of
the different components is well advanced. Some major accomplishments include the
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achievement of rotation of the turbine at 1.3 million rpm by using air bearings, and the
continuous operation of a silicon based combustor using H2/air mixture (Mehra et al.,
1998).
At the UC Berkeley Combustion Laboratories, a research project is currently
underway to develop a liquid hydrocarbon fueled internal combustion rotary (Wankeltype) engine with sizes that are well below those commercially available (Fu et al., 1999;
2001). Two engines are currently being developed, a meso-scale “mini-rotary-engine”
designed to deliver power on the order 30 W, and a micro-scale “micro-rotary-engine”
designed to produce power in the mW range. Testing has been performed using
hydrogen-air mixtures to facilitate ignition, and a range of spark and catalytic glow plug
designs as the ignition source. Net power output of up to 3.7 watts at 9000 rpm has been
obtained, although with low efficiency (~ 0.2 %). As for the “micro-rotary-engine”, the
development project aims at producing an engine with a rotor in the mm range size, using
MEMS techniques. The rotary engine is well suited for the MEMS fabrication techniques
because of its planar construction, reduced number of parts, and self-valving operation.
The fabrication of two MEMS-based micro-engines, one made of SiC with a 2.3 mm
rotor and another of Si with a 1 mm rotor is well advanced (Fu et al., 2001).
A free-piston “knock” micro-engine based on a homogeneous charge compression
ignition (HCCI) of hydrocarbon fuel is being developed at Honeywell with a goal of
generating ~10 W of electrical power in a 103 mm3 package volume (Yang, 2001). In
order to achieve reliable autoignition of the fuel and to develop these power densities, the
engine must operate at kilohertz frequencies, establishing requirements for the allowable
ignition delay times. These operating frequencies generate nearly adiabatic compression
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and expansion since the time scales of the compression and expansion events are much
less than the characteristic thermal diffusion time, leading to a higher overall thermal
efficiency. To date, compression ignition has been achieved in a piston/cylinder unit 3
mm in diameter operating for several cycles.
A free piston/cylinder electrical power generator based on a ferromagnetic piston
oscillating in a magnetic field is under development at Georgia Tech (Allen, 1998). The
piston is propelled by the alternating combustion of a hydrocarbon fuel/air mixture at
each end of the cylinder. The magnetic field is produced by permanent magnetic MEMS
arrays that surround the cylinder assembly. The system also incorporates MEMS igniters.
A power generator with a 4.3 cm stroke and 13.4 cm3 displacement has been developed,
and 12 W of electrical power has been extracted to date, although with poor efficiency
due in part to sealing problems in the piston cylinder unit.
A rotationally oscillating free-piston engine that forms four distinct combustion
chambers from a single base structure and a swing arm is under development at the
University of Michigan (Dahm et al., 2002). The device operates on a four-stroke Otto
cycle. The swing arm is oscillatory, making mechanical torque inefficient but relatively
simple for direct electrical power generation. The design goals of this meso-scale device
are the production of 20 W using a liquid hydrocarbon with a projected system mass of
54 g and a volume of 17 × 103 mm3.
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1.2.2.3 Micro-Propulsion Architectures
Several micro-rocket projects are currently underway, most of them MEMSfabricated, and designed for space applications such as micro-satellite positioning (Rossi
et al., 1999; Micci et al., 2000). A solid fueled micro-rocket has been fabricated at TRW,
which is designed for orbit and station keeping of micro-spacecraft (Lewis et al., 2000). It
consists of a three-layer sandwich containing the thrust chambers where a lead styphnate
propellant is housed, Si3N4 burst diaphragms, and micro-resistors that are used as
igniters. When the resistor is energized, the propellant ignites, raising the pressure in the
chamber and rupturing the diaphragm. Initial testing has produced 10-4 Newton-second of
impulse and 100 W of power.
An HTPB and Ammonium Perchlorate fueled silicon sounding micro-rocket with
a mass of 1 gram was fabricated by Lindsay et al. (2001). This micro-rocket generated
thrust (peak, 4 mN) for an 8-second burn.
At MIT, a high pressure, bipropellant micro-rocket engine has been manufactured
and tested. The rocket weighs 1.2 g and with a chamber pressure of 12 atm has generated
1 N thrust and delivered 750 W of thrust (London et al., 2001).
A liquid propellant micro-thruster for small spacecraft applications is being
developed at the The Pennsylvania State University (Yetter et al., 2001). A prototype
microthruster has been successfully tested with gaseous reactants. Propellants being
explored include environmental friendly energetic oxidizers, with alcohol as fuel and
water as the liquid carrier.

19

1.2.3 Numerical Study of Micro-Combustion
As described by Waitz et al. (1998), a micro-scale combustor is more highly
constrained by inadequate residence time for complete combustion and high rates of heat
transfer from the combustor. Both the inadequate residence time and the high-rate heat
loss can lead to an incomplete reaction or even the quenching of an ongoing reaction. The
commonly used methods to acquire stable combustion in a micro-scale combustor are
balancing the flow residence time and the chemical reaction time, and optimizing the
thermal conditions, such as the “Swiss roll” burner developed by Weinberg et al. (1975).
The fundamental understanding of a combustion mechanism in micro-scaled
chambers, which is essential to the design and optimization of power devices, is not well
understood at present. Due to the difficulties in conducting spatially resolved
measurements of combustion characteristics in micro-scale devices, the numerical study
can be an effective approach for studying the micro-combustion mechanisms.
Using the scaling method, the combustion physics in micro-scale, i.e., quenching,
flame thickness and turbulence length scales, was given by Bruno in 2001. The results
show intrinsic limitations to miniaturizing rocket engines posed by combustion physics,
as well as the opportunities it can provide.
Norton and Vlachos (2003; 2004) conducted a two-dimensional CFD simulation
to analyze the premixed methane/air flames stability in a micro-combustor, which
consisted of two parallel, infinitely wide plates of 1 cm in length and a small distance
apart. They studied the effects of the micro-combustor dimension, conductivity and
thickness of the wall, and the external heat loss on combustion characteristics. They
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found that the wall thermal conductivity is vital in determining the flame stability of the
system, because the walls are responsible for the majority of the upstream heat transfer as
well as for the external heat losses. Furthermore, there is a range of flow velocities that
allow stabilized combustion in micro-burners. Norton and Vlachos found that the microburner dimensions strongly affect thermal stability. Engineering maps denoting flame
stability were constructed and design recommendations were made.
Choi et al. (2004) performed the numerical simulation of hydrogen/air flame
propagation in a near-extinction condition in an axisymmetric cylindrical microcombustor that is subject to excessive heat loss from the wall. An H2/air reaction
mechanism involving 16 species and 10 reaction steps was used to approximate the
combustion process. In their study, the axial gradients of properties were ignored, leaving
the radius as the only spatial coordinate. Instead of evaluating heat transfer from the
temperature gradient near the wall surface, an empirical bulk heat transfer coefficient was
used to approximate heat loss to the wall. The flame propagation speed and the cooling
process after the flame had been quenched by an artificially imposed extinction condition
were investigated.
A two-dimensional numerical model was developed by Chen and Buckmaster
(2004) to simulate combustion and heat transfer in “Swiss roll” combustors. This model
couples heat transfer and chemical reaction in the gas and heat diffusion in the
conducting walls. The goal of the model is to gain insight into micro-scale combustion to
prevent the occurrence of extinction. In the numerical modeling, the “Swiss roll”
geometry is unwrapped into a straight channel, with heat recirculation between the
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unburned and the burned gas being appropriately taken into account. The extinction
mechanisms and heat transfer characteristics in the combustor were investigated.
Hua et al. (2005a; 2005b) performed two-dimensional numerical simulations to
study the combustion of a premixed hydrogen-air mixture in a series of chambers with
the same aspect ratio but with various dimensions from the millimeter to the micron
level. The transition of the combustion phenomena in the chambers from a relatively
large scale to a micro-scale was studied to investigate the micro-combustion mechanism.
The combustion model of premixed hydrogen-air mixture representing the detailed
reaction mechanism with 19 reversible elementary reactions and 9 species was adopted.
The effect of various heat transfer conditions at the chamber wall, e.g. an adiabatic wall,
with heat loss and heat conduction within the wall, on the combustion was analyzed. It
was found that these thermal conditions have strong effects on the combustion especially
when the chamber dimensions become smaller. Both factors, such as larger heat loss
through the chamber wall and a smaller chamber dimension size, may lead to the thermal
quenching of micro-scale combustion. The simulation results also indicate that the stable
combustion in a micro-scaled chamber may be sustained by increasing the ratio of flow
residence time in a chamber to the chemical reaction time, and maintaining a proper
thermal condition. Hua et al. also applied this numerical model to analyze the microcombustion characteristics in a three-dimensional micro-combustor.
Up to now, most of the numerical models dealing with micro-combustion have
been constructed based on the simplified two-dimensional assumption. Yet in real microscale combustors, most phenomena associated with flow and flame evolutions are threedimensional and asymmetric. Especially in some cases, the asymmetric recirculation
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zones, which can engulf fuel and air like a large eddy, are used to improve mixing rates
(Chen and Driscoll, 1988).

1.2.4 Swirl Stabilized Flames
Swirl is used extensively in combustion chambers and industrial furnaces as a
means of controlling flame size, shape, stability, and combustion intensity. The
recirculation bubble plays an important role in flame stabilization by providing a heat
source of recirculated combustion products and a reduced velocity region where flame
speed and flow velocity can be matched. Flame lengths and the distance from the burner
at which the flame is stabilized are shortened significantly.
Chen and Driscoll (1988) experimentally investigated the effect of vortex on fuelair mixing. They found that because of the central toroidal vortex, the overall fuel-air
mixing rate within a swirl-stabilized flame is substantially greater than that of a simple jet
flame. Swirl flames are unique in that the fuel-air mixing rate can be varied by
controlling the extent of swirl. The engulfment mechanism is similar to that of a simple
jet flame but is enhanced because of the increased fuel-air contact area for two reasons.
With swirl, the axial velocity radial profile exhibits an off-centerline maximum at
a short distance downstream of the nozzle (exhibiting reverse flow close to the nozzle), as
measured typically in an industrial furnace. The high temperature zone of the flame front
is deflected from an annular position for the fuel jet without swirl to a jet centerline
position for the case with swirl. This is due to the increased mixing and reaction rates in
the swirling flame. The reverse flow zone of a recirculation bubble has many of the
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characteristics of a well-stirred reactor in that the temperature and gas composition within
the reverse flow zone are almost uniform. The levels of temperature and gas composition
can be controlled by the amount and nature of the fuel injected into the zone, and
aerodynamic control is achieved by varying the degree of swirl. Of course, the precise
effect of swirl on a flow field depends on many factors as well as on the swirl number,
for example, the nozzle geometry, size of enclosure, and the particular exit velocity
profiles.
As combustion volumes are reduced in size, residence time issues (finite-rate
chemistry), fluid mixing (laminar flows, small length scales), heat loss management (high
surface to volume ratios), and wall quenching of gas-phase reactions become increasingly
important. In the present program, many of these issues are addressed by application of
the asymmetric whirl combustion concept (Yetter et al 2000; Yetter and Moore 2000), in
which fuel is injected off the axis of a rotating air flow. The concept of the asymmetric
whirl combustor is shown in Fig. 1-1. Air flow enters the combustor tangentially without
an axial component. This component is determined by mass conservation in which a fresh
mixture displaces the reacting mixture forcing it down the combustor axis. The air
continues its rotating flow pattern by exiting tangentially at the opposite end of the
combustor. Depending upon the exit location about the circumference, the flow can
continue in the same direction as the inlet flow, or in a direction counter to the inlet flow.

24

Figure 1-1: Whirl combustion concept illustrating both symmetric and asymmetric fuel
injection.
In the experiments at The Pennsylvania State University, a series of millimeterscale vortex combustors based on the asymmetric whirl concept were designed,
fabricated and tested (Wu, et al., 2006). Hydrogen/air and methane/oxygen enriched air
combustion can be sustained in the smallest combustor, which has a chamber as small as
10.6 mm3. Quantitative analysis of the FT-IR spectrum and a gas chromatograph show
that the combustion efficiency of the combustor is above 97% for hydrogen/air at the
investigated overall equivalence ratios and flow rates except in the lean blow-out region.
Yet due to the difficulties in conducting spatially resolved measurements in such a small
combustor, both the flow and flame evolutions cannot be well observed and the
mechanisms associated with the flame stabilization are not well understood. The
objective of the present thesis is to numerically investigate the three-dimensional flow
and flame evolutions in the micro-combustor and provide insight into the flame
stabilization mechanisms. A series of calculations of hydrogen/air combustions were
conducted over a broad range of operating conditions.
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1.2.5 Physics of Swirling Flow
Swirling flows are typical of a variety of power and propulsion devices, in which
the main effects of swirl are to provide flame stabilization and improve mixing as a result
of the formation of toroidal flow reversals established downstream of the swirling vanes
(Syred and Beer, 1974; Gupta et al., 1984). Although the velocity characteristics of
swirling flows have been extensively reported (Hardalupas et al., 1990; Heitor et al.,
1992), these flows are still poorly understood. The phenomena of swirling flow are
extremely complex, and experimentally it is quite difficult to obtain enough details to
fully understand it and comprehend the mechanisms involved. With the development of
computers and numerical techniques, a computational approach seemed very attractive to
obtain additional information concerning the structure of the swirling flow.
The flow reversal is considered to be indicative of a critical phenomenon. Harvey
(1962) performed experiments on swirling flows within a divergent tube. By varying the
swirl level of the injection flow, he found that for low swirl settings, the classical vortex
flow without flow reversal was obtained, but as the vanes were changed to give more
swirl, the commonly recognized vortex breakdown was precipitated. Finally this
disappeared to leave another type of vortex flow, i.e., one with a columnar core region in
which the general flow direction was reversed. From this experiment, an important
conclusion was drawn: the breakdown is an intermediate stage between the two basic
types of swirling flows, that is, weakly swirling flows, which exhibit no flow reversal,
and highly swirling flows with columnar flow reversals.
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For weakly swirling flows, the swirl level is not high enough to cause a strong
axial pressure gradient in the central region, which is necessary for the generation of axial
flow reversal. The swirling effects are not so striking that the flow features do not change
very much from those of the non-swirling pipe flow with radial injection. In the present
work, we focus on the discussion of the swirling effects and skip the studies of this
weakly swirling flow. With the increase in the swirl level, the coupling between axial and
tangential velocity components develops eventually. When the adverse pressure gradient
along the axis cannot be further overcome by the kinetic energy of the fluid particles, a
flow reversal is set up in the central region. There are mainly two kinds of flow reversals
in swirling flow: columnar flow reversal at a higher swirl level and vortex breakdown at a
lower swirl level. We will briefly introduce these two kinds of flows in the following
part.

1.2.5.1 Vortex Breakdown
Vortex breakdown refers to the formation of a free stagnation point or
recirculation zone on the axis of flow with significant streamwise vorticity. The
technological importance of vortex breakdown has spurred an intensive amount of work
on the phenomenon since its existence was first described by Peckham and Atkinson
(1957) in an investigation of the flow over “Gothic” wings. For more than four decades,
extensive theoretical, numerical and experimental work has been conducted in this area
(Benjamin, 1962; 1967; Spall and Gatski, 1995; Sarpkaya, 1971; Faler and Leibovich,
1977), but until now no generally accepted explanation for the onset, internal structure,
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and mode selection of vortex breakdown has been found. Insufficient understanding of
this phenomenon causes poor effectiveness of the techniques applied to control vortex
breakdown. Sarpkaya (1971) classified three types of breakdown: bubble, spiral, and
double helix. The bubble mode usually occurs at a high swirl level, whereas, the spiral
mode usually occurs at a low swirl level. The double helix mode is not so commonly
observed and generally occurs at a low Reynolds number. In fact, these three types of
vortex breakdown are among the seven distinct modes of disruption of the vortex core
revealed by Faler and Leibovich (1977), based on the water flow visualization at a variety
of Reynolds numbers and swirl numbers. Besides the so-called “axisymmetric” (type 0 in
their classification) and “spiral” (type 2) vortex breakdowns that have previously been
reported, a third is Sarpkaya’s double helix (type 5). Three others (types 3, 4 and 6) were
previously unreported forms of vortex breakdown. In addition, a variant of the
axisymmetric breakdown is distinguished (type 1). At higher Reynolds numbers, the only
characteristic geometric forms are the bubble and the spiral. Generally the bubble mode is
typical of high swirl conditions. The bubble-like vortex breakdown is also called the
axisymmetric mode. This form has been reported previously by many others and has been
the subject of extensive photographic and flow visualization studies. It is characterized by
a stagnation point on the swirl axis, followed by an abrupt expansion of the central
streamlines to form the envelope of a bubble of recirculating flow. The envelope has a
high degree of axial symmetry over most of its length, but the rear is not closed and is
asymmetric. As reported by Sarpkaya (1971), the bubble was simultaneously filled and
emptied at the rear portion. Another commonly observed vortex breakdown is generally
referred to as the spiral mode and is most commonly observed in swirling flow. In this
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mode, the fluid on the swirl axis decelerated rapidly and formed an abrupt kink. The
streamlines near the swirl axis do not spread out appreciably, but instead take the form of
a spiral, which persisted for one or two turns before breaking up into large scale
turbulence. The whole spiral configuration rotated in a periodic fashion about the tube
axis in the same direction as the base flow.
The scientific interest in explaining this strongly nonlinear phenomenon has led to
many experimental, numerical and theoretical studies. Theoretical attempts to explain
vortex breakdown are numerous: earlier analyses tried to characterize the conditions
under which breakdown is likely to occur, predict its location and establish criteria, while
most of the recent work is aimed at describing physically the whole process and
predicting the internal structure.

Several theories have been proposed for vortex

breakdown, which can roughly be categorized according to the following underlying
ideas (Lucca-Negro and O’Doherty, 2001): The phenomenon is associated with the
concept of critical state or, more generally, with wave phenomena; the phenomenon is
analogous to boundary layer separation or flow stagnation; the phenomenon is a
consequence of hydrodynamic instability. But as indicated by Lucca-Negro and
O’Doherty (2001), despite the extensive experimental and numerical research conducted
in the past decades, a universally accepted explanation for the appearance of vortex
breakdown, a generic dynamic process in swirling flow, remains to be established. Most
previous numerical and theoretical researchers, using the steady and axisymmetric model,
considered vortex breakdown phenomena as a whole and tried to find a general
explanation for these phenomena, such as Benjamin’s theory of critical state (Benjamin,
1962, 1967). Yet in the experiments, the evolution of vortex breakdown is much more
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complicated. It is not only asymmetric, but also unsteady, together with the transition
from one mode to another. The occurrence of vortex breakdown is so complicated that
there is no simple set of parameters that can clearly specify it.

1.2.5.2 Flow with Columnar Flow Reversal
At high swirl level, flow is characterized by a columnar flow reversal on the axis.
After being injected into the chamber, most fluid is driven towards the internal side-wall
by centrifugal force and forms a columnar “cavity” in the central region. This “cavity” is
filled with fluid with small velocity magnitudes. The motion of fluid in the “cavity” is
driven by outer flow by way of shear stress. At a low Reynolds number, the flow pattern
of this “cavity” very much resembles that of a bubble type vortex breakdown. Yet the
mechanisms responsible for these two phenomena are totally different. The generation of
this kind of flow reversal is associated with the local swirl level, which occurs as the
swirl exceeds a critical point Scrit and disappears as the swirl decreases below Scrit . This
critical value is about 0.6 for straight tube swirlers (Gupta et al., 1984). Compared with
bubble-type vortex breakdown, columnar flow reversal generally occurs at a higher swirl
level, and the range of swirl level in which this flow appear is much broader than that of a
vortex breakdown. Generally this kind of flow reversal appears throughout the higher
swirl level above Scrit . Other than that, the flow patterns of this flow are much simpler
than those of vortex breakdown. The size of this recirculation zone is determined by the
Reynolds number and the swirl level. Over the past years, this type of swirling flow was
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seldom reported, although it has a broad application in industrial devices (Syred and
Beer, 1974; Gupta et al., 1984). Most features remain less understandable.

1.2.5.3 Link of Vortex Breakdown and Columnar Flow Reversal
The transition between these two kinds of vortex flows is a critical issue. In fact,
there is no distinct boundary between them, and the transition process from one to the
other is fairly smooth. One prerequisite for the generation of vortex breakdown is the
formation of a cylindrical vortex core in the approaching flow. The swirl of this
approaching flow can be described by the profile of Burgers vortex (Faler and Leibovich,
1977). For the vortex chamber of the present study, the viscous effects on head-end play
an important role in the formation of the cylindrical vortex core. Generally, in the
boundary layer on the head-end, the swirl is reduced due to viscous effects. The
unbalanced radial pressure gradient in the boundary layer drives the fluid to the axis to
form the central vortex core. Without the viscous effects on the head-end, fluid will not
reach the axis due to the conservation of angular momentum. For the present
configuration, the swirl level is adjusted by changing the vane angle. With the increase in
vane angle, the swirl level decreases. At a low Reynolds number ( Re ≈ 200 ) , as the swirl
decreases from a high to low level, the flow evolves from a columnar flow reversal to a
bubble-type vortex breakdown, and then to a spiral-type vortex breakdown. At a high
Reynolds number ( Re > 200 ) , the shear layer between the outer and the central flows
provide the potential for instabilities to grow. This type of flow allows for the
development of Kelvin-Helmholtz instabilities associated with the swirl and axial
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velocity differences between the core and the outer flow (Gallaire and Chomaz, 2003). At
a lower vane angle, the free shear layer between the outer and central recirculating flow
locates near the solid side-wall and remains relatively stable. With the increase in the
vane angle, the free shear layer moves towards the axis. The Kelvin-Helmholtz instability
develops in the free shear layer. As the free shear layer moves towards the axis, the
azimuthal wave number decreases from m = 4 at θ in ≈ 45o . When the m = 0 mode is
obtained at θ in ≈ 60o , an axisymmetric vortex core is formed on the axis and the flow
evolves from a columnar flow reversal with Kelvin-Helmholtz instabilities in the free
shear layer to a spiral vortex breakdown. In the following parts of this thesis, an extensive
investigation will be conducted.

1.3 Outline of the Thesis
The present work numerically investigates the combustion and flow dynamics in
meso- scale vortex combustors with continuum-based computational techniques. The
objectives are to, (1) develop and implement a numerical approach based on the densitybased, finite-volume method for the numerical treatment of non-premixed combustion in
a meso-scale vortex combustor using a preconditioning technique; (2) numerically and
systematically investigate the combustion dynamics in a meso-scale vortex combustor
over a broad range of operating conditions; and (3) extensively investigate the swirling
flow in a cylindrical chamber, and analyze the underlying physics of some typical
phenomena.
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Chapter 2 presents a generalized theoretical formulation and the numerical
methods used. The governing equations are based on the conservation equations of mass,
momentum, energy, and species concentration, with consideration of finite-rate chemical
reactions and variable thermophysical properties. The governing system is discretized
using a preconditioned, density-based, finite-volume method. A multiblock domain
decomposition technique, along with a static load balance, is used to facilitate the
application of efficient parallel computation with message-passing interfaces at the
domain boundaries.
In chapter 3, a comprehensive numerical study is conducted to investigate the
swirling flow in a cylindrical chamber. Three-dimensional incompressible Navier-Stokes
equations are solved using a finite element method. Three kinds of flow reversals are
identified based on the variation of the swirl level. At a low swirl level, vortex
breakdown occurs on the axis, which refers to the formation of a free stagnation point or
a recirculation zone on the axis of flow with significant streamwise vorticity. At a high
swirl level, flow is characterized by a columnar flow reversal driven by centrifugal force.
The connection between these two kinds of flow reversals is a critical issue. The
transition process is analyzed with the introduction of Kelvin-Helmholtz instabilities in
the free shear layer.
Chapter 4 gives a comprehensive numerical study of both the laminar and
turbulent vortex breakdowns. In Benjamin’s theory, vortex breakdown is explained as a
‘finite-amplitude’ transition from a supercritical state of flow to a subcritical state. The
subcritical state always has a greater momentum flux or flow force than the supercritical
state. For a mild transition, the excess of flow-force is small enough to be cancelled by
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the formation of waves in the subcritical region created downstream, without significant
energy loss. But for a strong transition the effect of wave resistance is inadequate to
establish the flow-force balance demanded by a steady state; an energy loss is then
required, which means that in practice a region of vigorous turbulence is generated. In
this part, the spectral characteristics of both the laminar and the turbulent vortex
breakdowns are examined, and the flow evolution from laminar to turbulent breakdown is
analyzed.
In chapter 5, non-premixed combustion dynamics in the vortex combustor based
on the asymmetric whirl concept is investigated numerically. Both the stoichiometric and
fuel-lean cases are considered. Three kinds of flow structures included in the combustor
are identified: main flow, upstream and downstream recirculating flows. The interactions
between flow and flame evolutions are analyzed. The unusual stability characteristics
demonstrated by the asymmetric whirl concept in the experiments are verified
numerically. Other than that, the behaviors of the central recirculation zone associated
with the chamber pressure and the magnitude of the injection velocities in a whirl
combustor are studied in detail.
Finally, the conclusions of the present work and some discussions on future work
are summarized in Chapter 6.

Chapter 2
Theoretical Formulations and Numerical Methods

2.1 Theoretical Formulations for Reacting Flow in Micro-Combustor
The characteristic length of the micro-combustors being developed to date, even
in MEMS size systems, is sufficiently larger than the molecular mean-free path of the air
and other gases flowing through the systems that the physical-chemical behavior of the
fluids is fundamentally the same as their macro-scale counterparts. For example, the
Knudsen number for air flowing through a 0.1 mm wide channel is of the order of 10-3,
which is much smaller than that for free molecular flow (Kn > 1). Hence the fluid is
located in the continuum regime and the Navier-Stokes equations still apply in the
present study.
The formulation is based on the three-dimensional conservation equations of
mass, momentum, energy, and species transport for a chemically reacting system of N
species, and accommodates finite-rate chemical kinetics. The governing equations in the
Cartesian coordinates can be written in the following vector form:
∂ρ ∂ρu i
+
=0
∂t
∂xi

2.1

∂ρu i ∂ ( ρu i u j )
∂p ∂τ ij
+
=−
+
∂t
∂x j
∂xi ∂x j

2.2
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∂q ∂ (uiτ ij )
∂ρE ∂[( ρE + p)ui ]
=− i +
+
∂x j
∂xi
∂xi
∂t

∂ρYkU k , j
∂ρYk ∂ρYk u j
+
= ωk −
,
∂t
∂x j
∂x j

k = 1, ... , N

2.3

2.4

where i, j, and k are the spatial coordinate index, the dummy index for spatial coordinate,
and the species index, respectively. N is the total number of species. Yk and Uk,j represent
the mass fraction and diffusion velocities of species k, respectively.
To get the expression for chemical reaction term, consider a L-step reaction
mechanism with N species, which can be written:
N

∑ν ki′ χ k
k =1

k fi

N

kbi

k =1

⇔ ∑ν ′′ χ
ki

k

for i = 1, 2, ... , L

2.5

where ν ki′ and ν ki′′ are the stoichiometric coefficients on the reactant and product sides,
respectively, for species k in the ith reaction. χ k represents the chemical formula of
species k. kfi and kbi are the rate constants of the forward and backward reactions,
respectively, and take the following form:

k i (T ) = Ai T b exp( − Ei / Ru T )

2.6

where A, b, and Ei are empirical parameters and Ei represents the activation energy of
reaction i. The following relationship expresses the net production rate ( ω ) of each
species in a multi-step mechanism:
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L

ωk = Wk ∑ (ν ki′′ −ν ki′ )
i =1

ν ki′
ν ki′′
N
 N

 k fi ∏ [ χ k ] − kbi ∏ [ χ k ]  for
k =1
 k =1


k = 1, 2, ... , N

2.7

where Wk and [χk] represent the molecular weight and molar concentration of species k.
The above expression for the net production rate, is valid only for elementary reactions.
For global kinetic mechanisms, the exponents for molar concentrations may differ from
their stoichiometric coefficients

2.2 Numerical Methods

Numerical simulation of swirling reacting flows poses a variety of challenges.
This chapter outlines the inherent difficulties and the numerical framework to handle
those problems. The basic algorithm treats three-dimensional flow-fields in a timeaccurate manner using a preconditioned, density-based, finite-volume approach and dualtime stepping integration. The algorithm accommodates fully implicit time advancement
using a fully explicit multistage scheme in pseudo-time. This scheme exhibits excellent
parallel efficiency and scalability attributes. The parallel computing paradigm employs
distributed –memory message passing using MPI, the multiple-instruction-multiple-data
(MIMD) model and structured multiblock domain decomposition.

2.2.1 Preconditioning Method

The governing equations in the Cartesian coordinates can be expressed as
∂Q ∂ (E − Ev ) ∂ (F − Fv ) ∂ (G − Gν )
+
+
+
=H
∂t
∂x
∂y
∂z

2.8
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It’s already known that the behavior of the pressure term in the momentum
equation at very low Mach numbers is singular, with its magnitude exceedingly greater
than that of the convective momentum flux. To circumvent this pressure singularity
problem, a rescaled pressure is used to retain accuracy in calculating the momentum
conservation. Consequently, the pressure is decomposed into the time invariant and
fluctuating parts as follows:
p = p0 + p′

2.9

where p 0 is a constant, generally chosen to be the major part of the pressure. The gauge
pressure p g is the thermodynamic pressure responsible for the velocity-pressure coupling
in the momentum equation, and it is the part that drives the flow. To circumvent the
stiffness problem, the application of time-derivative preconditioning techniques coupled
with the method to handle the effect of grid aspect ratio is implemented. Based on the
preconditioning scheme developed by Choi & Merkle (1993), Buelow (1995) and Hsieh
& Yang (1997), pseudo-time derivatives are added to Eq. (2.8) yielding the following
equations.
Γ

∂Qˆ ∂Q ∂( E − E v ) ∂( F − Fv ) ∂( G −Gv )
+ +
+
+
=0
∂τ ∂t
∂x
∂y
∂z

2.10

The quantities Q̂ and Γ in the above equation represent the primitive variable vector and
preconditioning matrix, respectively. These terms are given as,
T
Qˆ =  pg , u, v, w, T , Y1 , Y2 ,… , YN −1 

2.11
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 u γ /β
ρ
 x

 u γ /β
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 uzγ / β
0


 ht γ / β − 1.0 ρ u
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∂T
∂ρ
0
0
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∂T
∂ρ
0
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ρ
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∂ρ
0
ρ
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∂T
∂ρ
ρ v ρ w ρ C p + ht ( ) p
∂T
− ρYi / T
0
0
0

0
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− ρ ux / T



−ρu y / T



− ρuz / T


− ρ htωi + ρ ( hi − hnesp ) 

ρ − ρYiωi

−ρ / T

2.12

where β = γεc 2 /(1 + (γ − 1)c) is the preconditioning factor. This choice of preconditioning
matrix leads to good control of both the invisid and viscous time scales. At locations
where the cell Reynolds number is high and convective effect is dominant, an inviscid
criterion is employed to select the optimal preconditioning factor. At the location where
the cell Reynolds number is low and diffusion effect is dominant, a viscous criterion is
adopted automatically.
The governing equations listed above are solved through a pressure-based, finite
volume methodology. The spatial discretization employs a fourth order and a second
order central difference scheme for the convective and viscous terms, respectively. The
pseudo-time term is discretized using a four step Runge-Kutta algorithm and the physical
time term is discretized based on a second-order backward implicit scheme. Further
efficiency is obtained by implementing a message passing interface (MPI) parallel
computing architecture with a multi-block domain decomposition technique.
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2.2.2 Spatial Discretization: Finite Volume Approach

2.2.2.1 Finite Volume Approach

The governing equations are solved numerically by means of a finite-volume
approach. This method allows for the treatment of arbitrary geometry. To utilize the
finite-volume approach, the governing equation is integrated over the control volume
enclosed by the volume integral in the physical domain as:
 ∂Qˆ ∂Q ∂ (E − E v ) ∂ (F − Fv ) ∂ (G − G v )

∫∫∫V  (Γ ∂τ + ∂t ) + ∂x + ∂y + ∂z − H dV = 0



2.13
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Figure 2-1: Schematic of three-dimensional adjacent cells.
Using the Gauss divergence theorem, the integral conservation equation takes the
following form for the three dimensional cell with six surfaces, as shown in Fig. 2-1:
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∫∫∫

V

(Γ

∂Qˆ ∂Q
+
)dV + ∫ W • nξ dS ξ + ∫ W • nη dSη + ∫ W • nζ dSζ = ∫∫∫ HdV
Sξ
Sη
Sζ
V
∂τ
∂t

2.14

where

W = ( E − Eν ) i + ( F − Fν ) j + ( G − Gν ) k

2.15

and nξ , nη , and nζ are unit vectors normal to the surface in the ξ-, η-, and ζ-directions,
respectively. The unit normal vectors are related to the cell surface areas Sξ , Sη, and Sζ as

(

)

(

)

(

)

nξ = Sξ x i + Sξ y j + Sξ z k / Sξ
nη = Sη x i + Sη y j + Sη z k / Sη

2.16

nζ = Sζ x i + Sζ y j + Sζ z k / Sζ
The cell surface areas are defined as:

i
1
1
Sξ = (r72 × r36 ) = x2 − x7
2
2
x6 − x3

j
y2 − y7
y6 − y3

i
1
1
Sη = (r86 × r75 ) = x6 − x8
2
2
x5 − x 7

j

i
1
1
Sζ = (r74 × r83 ) = x 4 − x7
2
2
x 3 − x8

k
z 2 − z 7 = Sξ x i + Sξ y j + Sξ z k
z6 − z3
k

y 6 − y8

z6 − z8 = Sη x i + Sη y j + Sη z k

y5 − y 7

z5 − z7

j

k

y 4 − y7
y 3 − y8

z 4 − z7 = Sζ x i + Sζ y j + Sζ z k
z 3 − z8

And the magnitude of each surface vector can be obtained by

2.17
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(

2

2

2 1/2

Sη = Sη x + Sη y + Sη z

(

2

2

2 1/ 2

Sζ = ( Sζ

2 1/ 2

Sξ = Sξ x + Sξ y + Sξ z

2
x

+ Sζ

2
y

+ Sζ

)

)

2.18

)

z

The cell volume ∆V associated with each cell can be evaluated using Kordulla and
Vinokur’s (1983) formula:

∆V =

(

1
r17 Sξ + Sη + Sζ
2

)

2.19

Assuming the increments ∆ξ = ∆η = ∆ζ = 1 in the body-fitted coordinate system,
the quantities describe the transformation of a quadrilateral cell with a volume ∆V in the
x-y-z coordinates to a cubic cell with unit volume in the general coordinate (i.e., ξ-η-ζ
coordinates). Substituting Eqs. (2.15) and (2.16) into Eq. (2.14) yields the following
governing equation in the general coordinates:

(Γ

(

∂Q ∂Q
) ⋅ ∆V + E − E v
+
∂τ ∂t

)

i +1/ 2, j , k
i −1/ 2, j , k

(

+ F − Fv

)

i , j +1/ 2, k
i , j −1/ 2, k

(

+ G − Gv

)

i , j , k +1/ 2
i , j , k −1/ 2

= Hi

2.20

where the vectors E , F , G, Eν , F ν , Gν and H are defined as:

E = ( Sξ x E + Sξ y F + Sξ z G )

F = ( Sη x E + Sη y F + Sη z G )

G = ( Sζ x E + Sζ y F + Sζ z G )

The

quantities

H = ∆V ⋅ H
Eν = ( Sξ x Eν + Sξ y Fν + Sξ z Gν )

F ν = ( Sη x Eν + Sη y Fν + Sη z Gν )

2.21

Gν = ( Sζ x Eν + Sζ y Fν + Sζ z Gν )

E i ±1/ 2, j ,k , Eν ,i ±1/ 2, j , k , F i , j ±1/ 2,k , F ν ,i , j ±1/ 2, j , k , G i , j , k ±1/ 2 and Gν ,i , j , k ±1/ 2

represent the numerical fluxes associated with each cell interface (see Fig. 2-1).
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2.2.2.2 Evaluation of Inviscid Fluxes
Different approaches used for evaluating the numerical fluxes lead to different
schemes with disparate numerical characteristics. For central difference scheme, the
convective flux at any cell face in the axial direction can be written as:
E i +1/ 2, j =

1
 E (Q L ) − E (Q R ) 
2

2.22

where the left and right stencils are used to give desired accuracy. The above equation
corresponds to the stencil illustrated in Fig. 2-2. The superscripts L and R represent the
left and right cells. Depending on the manner in which these terms are evaluated, a wide
variety of central and upwind schemes can be obtained. In the present work, the
methodology proposed by Rai and Chakravarthy (1993) is used. Accordingly, the
numerical flux is computed as:
 E i +3/ 2, j ,k − 2 E i +1/ 2, j ,k + E i +1/ 2, j , k
Ei +1/ 2, j , k = E i +1/ 2, j ,k − φi(4)
+1/ 2, j , k 
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Figure 2-2: Schematic diagram of the stencil used for inviscid flux terms in the x-y plane.
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where φ ( 4) is the flux limiter. This term switches the truncation error associated with the
flux-difference from fourth-order accuracy when φ ( 4) = 1 to second-order accuracy
when φ ( 4) = 0 . To evaluate Eq. (2.23) to the desired accuracy, the left and right state
terms in Eq. (2.24) must be computed using the same or higher order accuracy. These
terms are written as follows to facilitate easy switching and make the scheme TVD (total
variation diminishing).

 3∇Qi +1, j ,k + ∇Qi , j ,k 

QiL+1 / 2, j ,k = Qi , j ,k + φ i(+21)/, j ,k 
8


 − 5∇Qi + 2, j ,k + 7∇Qi +1, j ,k + ∇Qi , j ,k − 3∇Qi −1, j ,k
+ φ i(+41)/ 2, j ,k 
128


 ∇Qi + 2, j ,k + 3∇Qi +1, j ,k 

QiR+1 / 2, j ,k = Qi , j ,k − φ i(+21)/, j ,k 
8


 3∇Qi +3, j ,k − ∇Qi + 2, j ,k − 7∇Qi +1, j ,k + 5∇Qi , j ,k
+ φ i(+41)/ 2, j ,k 
128










2.25

2.26

where

∇Qi , j = Qi , j − Qi −1, j

2.27

These stencils can be used to get fifth-order accuracy ( φ ( 4) = 1, φ ( 2) = 1 ), thirdorder accuracy ( φ ( 4) = 0, φ ( 2 ) = 1 ), and first-order accuracy ( φ ( 4) = 0, φ ( 2) = 0 ),
respectively. The present work utilizes second-order overall accuracy for the spatial
discretization except the cells close to the physical boundaries. At the near boundary
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region, the third-order accurate evaluation of the left and right states is thus employed.
The fluxes in y and z directions can be computed in a similar fashion as above.

2.2.2.3 Evaluation of Viscous Fluxes
A three-dimensional auxiliary cell is shown schematically by the dash-dotted lines
in Fig. 2-3 . The viscous fluxes need to be evaluated at the center of the cell faces, i.e.,
i + 1 / 2, j, k for the viscous flux in the axial direction. Using the Gauss divergence
theorem and applying it to a small control volume ∆V , the viscous fluxes can be
approximated as:
∇⋅ f =

1
∫ f ⋅ ndS
∆V S

2.28

Applying the above formulation to the auxiliary cell at ( i + 1 / 2, j, k ) gives:
1
 ∂f 
f S
=
 
 ξ x i +1, j , k − f Sξ x i , j , k + f Sη x i +1 / 2, j +1 / 2, k
∂
∆
x
V
  i +1 / 2 , j , k
i +1 / 2 , j , k 

− f Sη x
+ f Sζ x
− f Sζ x
i +1 / 2, j −1 / 2, k
i +1 / 2 , j , k +1 / 2
i +1 / 2, j , k −1 / 2 

2.29

Similarly,
 ∂f 
1

=
 
 f Sξ y i +1, j , k − f Sξ y i , j , k + f Sη y i +1 / 2, j +1 / 2, k
 ∂y i +1 / 2, j , k ∆Vi +1 / 2, j , k 

− f Sη y
+ f Sζ y
− f Sζ y

i +1 / 2, j −1 / 2, k
i +1 / 2 , j , k +1 / 2
i +1 / 2, j , k −1 / 2 

2.30

45
1
 ∂f 
f S
=
 
 ξ z i +1, j , k − f Sξ z i , j , k + f Sη z i +1 / 2, j +1 / 2, k
z
V
∂
∆
  i +1 / 2 , j , k
i +1 / 2, j , k 

− f Sη z
+ f Sζ z
− f Sζ z
i +1 / 2, j −1 / 2, k
i +1 / 2 , j , k +1 / 2
i +1 / 2, j , k −1 / 2 

y
x
z
i+1/2,j+1/2,k
i+1/2,j,k-1/2

i,j,k

i+1,j,k

i+1/2,j,k+1/2
i+1/2,j-1/2,k

Figure 2-3: Schematic diagram of three-dimensional auxiliary cell
Note that f in the above equations are elements of the viscous flux vector Ev .
Physical variables with one-half indices need to be interpolated from the quantities at the
neighboring cell centers and are given as,

1
( f i , j , k + f i +1, j , k + f i +1, j ±1, k +
4
1
f i +1 / 2, j , k ±1 / 2 = ( f i , j , k + f i +1, j , k + f i +1, j , k ±1 +
4

f i +1 / 2 , j ±1 / 2 , k =

f i , j ±1, k )
2.32

f i , j , k ±1 )

2.2.2.4 Evaluation of Artificial Dissipation
Artificial dissipation plays a crucial role in the stability of the numerical scheme
based on central differencing. The form of these artificial dissipation terms depends on

2.31
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the order of accuracy of the numerical scheme, and must be higher-order accurate to keep
its magnitude to the minimal. For the present case, the numerical differentiation of the
flux vectors is second-order accurate in the core region of the computational domain.
Accordingly, the artificial dissipation is fourth-order accurate. The order of accuracy of
the numerical scheme decreases near the physical boundary, and the artificial dissipation
terms also go to a lower order. The form of numerical dissipation used in the present
schemes is quite often a blending of second- and fourth-order dissipation terms. The
second-order terms are used to prevent oscillations near shock waves and in flame zones
to prevent spurious oscillations within such thin regions, while the fourth-order terms are
important for stability and convergence.
The standard dissipation model can be written as:
d i ±1 / 2, j ,k =

ε 6 ∆V ∂ 5 Q
ε 2 ∆V ∂Q
ε ∆V ∂ 3 Q
− 4
+
8 ∆t ∂ξ i ±1 / 2, j ,k 8 ∆t ∂ξ 3 i ±1 / 2, j ,k 8 ∆t ∂ξ 5 i ±1 / 2, j ,k

2.33

where ε 2 , ε 4 , ε 6 correspond to the coefficients of the second, fourth and sixth order
accurate artificial dissipation terms.
Even though the standard dissipation model has been proven to be reasonably
effective in many cases, there are strong motivations for reducing the numerical
dissipation being produced. Also the standard model has difficulties in hypersonic flow
and reactive flow with steep discontinuities near the flame front as in the present case.
In this work, Jameson’s matrix dissipation model as developed by Swanson and
Turkel (1992) is used.
AD = artificial dissipation
= di +1 / 2 , j − di −1/ 2, j

2.34
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where
di +1/ 2, j = A

i +1/ 2, j

ε

(2)
i +1/ 2, j

∂Q
∂ξ

− A
i +1/ 2, j

i +1/ 2, j

ε

(4)
i +1/ 2, j

∂3 Q
∂ξ 3

2.35
i +1/ 2, j

with
A = M ξ Λξ M ξ−1

2.36

ε i(+21) / 2, j = κ ( 2) max(ν i −1, j ,ν i, j ,ν i +1, j ,ν i + 2, j )

2.37

ν i, j =

pi −1, j − 2 pi , j + pi + 2, j
pi −1, j + 2 pi , j + pi +1, j

(

ε i(+41) / 2, j = max 0, (κ ( 4) − ε i(+21) / 2, j

κ ( 2) =

1 1
1
1
~ , κ (4) =
~
4 2
64 32

2.38

)

2.39

2.40

The second-difference dissipation term given in Eq. (2.35) is nonlinear. Its
purpose is to introduce an entropy-like condition and to suppress oscillations in the
neighborhood of shock discontinuities. This term is small in the smooth portion of the
flow field. The switch ν i , j is important near discontinuities, as there are large pressuregradients across them. For resolving flames, however, this switch is changed to include
temperature- or density-gradients, as pressure may still be uniform across the flame. The
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fourth-order term is basically linear and is included to damp high-frequency modes and
allow the scheme to approach a steady state. Only this term affects the linear stability of
the scheme and near discontinuities it is reduced to zero.
The matrix dissipation model makes the central-difference scheme closely
resemble an upwind scheme near flow discontinuities and have the total variation
diminishing (TVD) property, which prevents the occurrence of spurious oscillations. The
terms M̂ ξ and M̂ ξ−1 are the right and left eigenvectors matrices, respectively. These
matrices diagonalize Â where Â = ∂Ê / ∂Q̂ . The eigenvalues of the flux Jacobin matrix

are λ1 = λ 2 = λ3 = λ6 = ξ x u + ξ y v + ξ z w , λ5,6 = ξ x u + ξ y v + ξ z w ± c ξ x2 + ξ y2 + ξ z2 , where

ξ x , ξ y and ξ z are metrics of the coordinate transformation. The term Λξ represents the
modified diagonal matrix of eigenvalues Λξ = diag (λ1 , λ2 , λ3 , λ4 , λ5 , λ6 ) to avoid zero
~ ~
~ ~
~
eigenvalues, where λ1 = λ 2 = λ3 = λ6 = max( λ1 , Vl σ ) , λ5,6 = max( λ5, 6 ,Vnσ ) , σ is the
spectral radius of the flux Jacobian. We use Vl =0.025 and Vn =0.25 for the present study.
In evaluating Â = M ξ Λξ M ξ−1 , Roe Average is used since large density-gradient exists.

2.2.3 Temporal Integration

A fourth-order Runge-Kutta (RK4) scheme is used to evaluate the pseudo time
term in governing equations due to its higher temporal accuracy and relatively larger CFL
number (i.e. 2 2 for Euler calculation using RK4). A thorough investigation of the

stability characteristics of RK4 method, based on convection of the turbulence energy-
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spectrum, is performed by Apte and Yang (2001) to establish its creditability and
accuracy.
Using the four-stage Runge-Kutta scheme, pseudo-time term is calculated through
four consecutive intermediate steps, as given below.
Q0 = Q

m

Q1 = Q 0 + α 1∆τ R(Q 0 )
Q 2 = Q1 + α 2 ∆τ R(Q1 )

2.41

Q 3 = Q 0 + α 3 ∆τ R(Q 2 )
Q

m +1

= Q 0 + ∆τ R(Q 3 )

Superscripts ‘m’ and ‘m+1’ stand for the solution at the ‘mth’ and ‘m+1 th’ time
steps, respectively. The coefficients α1 , α 2 , and α 3 can be varied to obtain a variety of
schemes with different stability properties. The standard four-stage scheme has the
following values (Jameson 1983):
α1 =

1
1
1
, α2 = , α3 =
4
3
2

2.42

A generalized backward differencing was used to evaluate the physical time
derivatives,

[

∂Q 1
=
a1Q m +1 − φ (Q n , Q n −1 ,…)
∂t
∆t

]

2.43

The coefficient a1 and function φ in Eq. (2.43) can be specified to any level of
temporal accuracy desired. In the current work, a three point backward difference with
second order accuracy is employed. For this situation
a1 =

1
3
and φ = (4Q n − Q n −1 )
2
2

2.44
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The superscripts m and n denote iterations within the pseudo time domain (innerloop) and physical time domain (outer-loop), respectively. At convergence in pseudo
time, Q m = Q m =1 = Q n +1 , and the solution is advanced one physical time step.
In order to enhance numerical efficiency and minimize the complexity arising
from the irregular shape of the computational mesh, a curvilinear coordinate
transformation of the governing equations is employed so that the grid spacing in the
transformed domain is unity.

2.2.4 Parallel Implementation

2.2.4.1 Parallel Computing Strategies
The parallel computing architecture can be classified as four categories depending
on whether there is one or several of instruction streams and data streams: Single
Instruction Single Data (SISD), Multiple Instructions Single Data (MISD), Single
Instruction Multiple Data (SIMD), and Multiple Instruction Multiple Data (MIMD). The
most widely used computing architecture is the Multiple Instruction Multiple Data
(MIMD) system as indicated schematically in Fig. 2-4. In this configuration, each
processor has its own data set and also a set of instructions to follow. These processors
work independent of each other on these data sets and only communicate at some point
during the computation where the data set and the results obtained are shared by two or
more processors. This can be done in two ways: 1) Shared Memory systems, and 2)
Distributed memory systems or Message Passing Interconnection (MPI) Network. The
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shared memory system consists of global address space, which is accessible by all the
processors and thus the memory is shared among these processors. One processor can
communicate with other processors by writing into or reading from the global memory.
This architecture inherently solves the inter-processor communication problem, but
introduces bottleneck problems created from the simultaneous access of the memory by
more than one processor.
In the distributed memory systems or MPI Network architecture, each processor
has its own local (or private) memory and the global/shared memory is absent. The
processors are connected externally to switches and network of wires to allow
communications among them. The efficiency of these systems is based on the
communication time required among these processors, however, and enjoys several
advantages such as hardware compatibility, functionality, and performance. The only
drawback of this architecture could be the enormous responsibility placed on software
programmers. The programmers must provide an efficient scheme to distribute the data
and set of instructions, and also explicitly provide the instruction set for communications
among the various CPUs. This requires reconstruction of the numerical algorithm and
synchronization of the processors for efficient, parallel computing. This scheme and
computer architecture is utilized in the present study.

52

Control 1

Processor 1

Control 2

Processor 2
Shared Memory

Control 3

Processor 3

or

Control 4

Processor 4

Interconnection
Network

Control N

Processor N

Figure 2-4: Multiple Instruction Multiple Data (MIMD) architecture.

2.2.4.2 Domain Decomposition
Because the explicit time stepping numerical scheme (RK4) is applied in the
current study and only the neighboring data instead of the whole computational domain
data are required during the calculation of variable in each cell, which means the data
dependence is weak. Domain decomposition technique is best suitable for this kind of
application. It is also a common implementation in a distributed-memory computer
system. In the field of computational fluid dynamics (CFD), it is generally referred to as
mesh partitioning, based on the geometric substructure of the computational domain.
In a domain-decomposition technique, the physical domain is divided into several
sub-domains. Variables in each cell are updated to next time step simultaneously. In
order to calculate the spatial derivatives near the processors’ domain boundaries, ghost
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cells, which are located in the overlap regions of sub-domains, are introduced. Figure 2-5
shows an example of two dimensional ghost cells. Because the variables in the ghost cell
are updated in another sub-domain, message passing is required to synchronize data
between different sub-domains. The communication overhead is directly proportional to
the volume-to-surface ratio of that sub-domain. Maximizing the computation-tocommunication ratio, i.e. increasing the thickness of each nodes, leads to higher parallel
execution efficiency.

8
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3
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C.V.
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2
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4
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6

7

ghost
cells

ghost cells
Figure 2-5: Example of two dimensional ghost cells.

2.3 Numerical Implementations for Studies of Physics of Swirling Flow
In the numerical study of the physics of swirling flow, a finite element solution
for three-dimensional incompressible viscous flow is considered. The velocity correction
method is applied for the time integration. Discretization in space is carried out by the
Galerkin weighted residual method.
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2.3.1 Governing Equations and Boundary Conditions
In the present part, our study focuses on the physics of swirling flow. The
governing equations here are the three-dimensional unsteady Navier-Stokes equations for
incompressible constant-property fluid. In dimensional form these are

∇⋅u = 0

2.45

∂u
1
+ u ⋅∇u + ∇p = ν∇ 2u
∂t
ρ

2.46

where t is the time, u = u ( x , t ) is the velocity with Cartesian components in three
directions, p = p ( x , t ) is the pressure, ρ is the density and ν =

µ
is the kinematic
ρ

viscosity. Boundary conditions are

u = uˆ ( x , t ) on Γ , with

∫

Γ

ˆ Γ=0
n ⋅ ud

2.47

where û is a known function on the entire boundary Γ . Initial conditions are

u = u ( x , t = 0 ) = u0 ( x ) in Ω ∪ Γ , with ∇ ⋅ u0 = 0 in Ω ∪ Γ

2.48

where u0 is a prescribed function.

2.3.2 Time Integration
In the present method, time integration is carried out through the velocity
correction method. This method was applied and explained in detail in the work of
Shimura and Kawahara (1987), Ramaswamy and Kawahara (1987), and Kovacs and
Kawahara (1991). The obtained semidiscretized scheme is as follows
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Step 1
Calculation of the ‘intermediate-velocity’ field-apply the explicit first-order Euler
scheme for Eq. (2.46)
u = u n − ∆t  −ν∇ 2u n + ( u n ⋅∇ ) u n 

2.49

Step 2
Solution to the pressure Poisson equation obtained by setting u n +1 = u −

∆t

ρ

∇p n +1 ,

then performing a divergence operation on it and forcing u n +1 to satisfy the
incompressible constraint,
∇ 2 p n +1 =

ρ
∆t

∇ ⋅u

2.50

Step 3
Correction of the ‘intermediate-velocity’ field by adding the terms neglected in
Eq. (2.49) to the ‘intermediate-velocity’ field:
u n +1 = u −

∆t

ρ

∇p n +1

2.51

where the superscript n indicates the number of the time step, and ∆t is the time
increment.
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2.3.3 Spatial Discretization

The finite element discretization of Eq. (2.49) - (2.51) is performed using the
Galerkin weighted residual method via the following expansions in the piecewise
polynomial interpolation functions associated with FEM:
N

u ( x, y, z , t ) = ∑ u i (t )ϕ i ( x, y, z )

2.52

p ( x, y, z , t ) = ∑ pi ( t ) ϕi ( x, y, z )

2.53

i =1
N

i =1

Here in the discretized domain there are N nodes for velocity, pressure and temperature.

ϕi is the polynomial interpolation function.
A weak solution form of Eq. (2.49) - (2.51) is obtained by multiplying the
differential equations by suitable weighting functions and integrating over the
computational domain V which is bounded by surface S .
Step 1

∫

V

{

}

uθi dV = ∫ u n − ∆t  −ν∇ 2u n + ( u n ⋅∇ ) u n  θi dV
V

2.54

Step 2

∫ θ∇
V

i

2

p n +1dV = ∫ θi
V

ρ
∆t

∇ ⋅ udV

2.55

Step 3

∫

V



∆t
u n +1θi dV = ∫  u − ∇p n +1  θi dV
V
ρ



2.56

Where θ i is the weighting function. In Galerkin weighted residual method, the weighting
function is defined as the same as the interpolation function, that is
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θ i ( x, y , z ) = ϕ i ( x, y , z )

2.57

The weak formulation permits ϕ i to be discontinuous in the first derivative and
introduces natural boundary conditions. Substituting Eq. (2.52) and (2.53) into the weak
solution form of Eq. (2.49) - (2.51), we can reach the discretized system of equations,
which can be written in matrix form for the whole domain.

Step 1

(
(
(

)
)

 Aij ui = Aij uin − ∆t Bijk uinukn + Cijk uin vkn + Dijk uin w kn − ∆tν Fij ui


n
n n
n n
n n
 Aij vi = Aij vi − ∆t Bijk vi uk + Cijk vi vk + Dijk vi w k − ∆tν Fij vi

n
n n
n n
n n
 Aij wi = Aij wi − ∆t Bijk wi uk + Cijk wi vk + Dijk wi wk − ∆tν Fij wi

2.58

)

Step 2
Fij pin+1 = −

1
1
1
 ∂p 
E1ij ui − E2ij vi − E3ij wi + H ij  
∆t
∆t
∆t
 ∂n i

2.59

Step 3
 Aij uin+1 = Aij ui − ∆t ⋅ E1ij pin+1

n +1
n+1
 Aij vi = Aij vi − ∆t ⋅ E2ij pi

n +1
n +1
 Aij wi = Aij wi − ∆t ⋅ E3ij pi

2.60

where A is the mass matrix, B, C and D are the convection matrices, E1, E2 and E3 are
the divergence matrices and F is the diffusion or Laplacian matrix. The matrices
associated with equation Eq. (2.58) and (2.60) are evaluated as

Aij = ∫ ϕ iϕ j dV
V

2.61
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Bijk = ∫

∂ϕ i
ϕ jϕ k dV
∂x

2.62

Cijk = ∫

∂ϕ i
ϕ jϕ k dV
∂y

2.63

Dijk = ∫

∂ϕ i
ϕ jϕ k dV
∂z

2.64

E1ij = ∫

∂ϕ i
ϕ j dV
∂x

2.65

E 2 ij = ∫

∂ϕ i
ϕ j dV
∂y

2.66

E 3ij = ∫

∂ϕ i
ϕ j dV
∂z

2.67

V

V

V

V

V

V

 ∂ϕ ∂ϕ j ∂ϕ i ∂ϕ j ∂ϕ i ∂ϕ j 
dV
+
+
Fij = ∫  i
∂x ∂x
∂y ∂y
∂z ∂z 
V 

2.68

H ij = ∫ ϕ iϕ j dΓ

2.69

s

In the present study, the tetrahedral elements are employed for spatial
interpolation. The structure of a typical tetrahedral element is given in Fig. 2-6. For
tetrahedral elements, it is easy to construct four nondimensional coordinates Li

( i = 1, 2,3, 4 ) ,
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Li =

4
Vi
, V = ∑ Vi
V
i =1

2.70

Where Vi is the volume of the tetrahedral formed by nodes j , k , l and an arbitrary point

P in the element, and V is the total volume of the element. The relationship between the
Cartesian coordinates and the volume coordinates for an arbitrary point in the element are
1  1
  x
 x =  1
 y   y1
 z   z
   1

1
x2

1
x3

y2

y3

z2

z3

1  L1 
 
x4   L2 
y4  L3 
 
z4   L4 

2.71

Where ( xi , yi , zi ) is the Cartesian coordinates of point i . This equation can be rearranged
as
 L1 = a1 + b1 x + c1 y + d1 z
L = a + b x + c y + d z
 2
2
2
2
2

 L3 = a3 + b3 x + c3 y + d3 z
 L4 = a4 + b4 x + c4 y + d 4 z

2.72

It’s easy to prove that Li is just the interpolation function associated with node i ,
that is

ϕi = Li

2.73

Substituting the interpolation functions into the matrix equations (2.61) - (2.69) , we
obtain the expressions of each matrix in the element

1
10 V , ( i = j )
Aij = 
 1 V (i ≠ j )
 20

2.74
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 bi
 10 V , ( j = k )
Bijk = 
 bi V , ( j ≠ k )
 20

2.75

 ci
 10 V , ( j = k )
Cijk = 
 ci V , ( j ≠ k )
 20

2.76

 di
 10 V , ( j = k )
Dijk = 
 di V , ( j ≠ k )
 20

2.77

E1ij =

bi
V
4

2.78

E 2ij =

ci
V
4

2.79

E 3ij =

di
V
4

2.80

Using these expressions, one can obtain the velocities and pressure at each node
by solving the linear equations (2.58) - (2.60). In our previous study, some validations by
using this numerical approach have already been carried out (Wang et al., 2004a; Wang
et al. 2004b).
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1
2
Figure 2-6: Linear tetrahedral element.

Chapter 3
Swirling Flow in Axisymmetric Cylindrical Chamber

3.1 Introduction
Swirling flows are typical of a variety of power and propulsion devices, in which
the main effects of swirl are to provide flame stabilization and improve mixing as a result
of the formation of toroidal flow reversals established downstream of the swirling vanes
(Syred and Beer, 1974; Gupta et al., 1984). The flow reversal is considered as indicative
of a critical phenomenon. Harvey (1962) experiments showed two kinds of flow
recirculations in swirling flow. At low swirl level, the vortex breakdown phenomena
appear, which may be described by the formation of a free stagnation point or a
recirculation zone on the axis of flow with significant streamwise vorticity. At high swirl
level, flow is characterized by a columnar flow reversal on the axis.
Sarpkaya (1971) classified three types of vortex breakdown: bubble, spiral, and
double helix. The bubble mode usually occurs at high swirl level and the spiral mode
usually occurs at low swirl level. The double helix mode is not so commonly observed
and generally occurs at low Reynolds number. In fact, these three types of vortex
breakdown are among the seven distinct modes of disruption of the vortex core revealed
by Faler and Leibovich (1977) based on the water flow visualization at a variety of
Reynolds numbers and Swirl numbers. Over more than four decades, extensive
theoretical, numerical and experimental work has been conducted in this area (Benjamin,
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1962; 1967; Spall and Gatski, 1995; Sarpkaya, 1971; Faler and Leibovich, 1977), but up
to now no generally accepted explanation for the onset, internal structure, and mode
selection of vortex breakdown has been found. Insufficient understanding of this
phenomenon causes poor effectiveness of the techniques applied to control vortex
breakdown.
At high swirl level, the strong centrifugal force drives the swirling flow to the
outer regime and forms a columnar “cavity” in the central region. This “cavity” is filled
with fluid with small magnitude of velocities. This type of swirling flow was seldom
reported in past years, although it has a broad application in industrial devices (Syred and
Beer, 1974; Gupta et al., 1984). Most features keep less understandable.
In this chapter, a comprehensive numerical study is conducted to investigate the
swirling flow in a cylindrical chamber. Three-dimensional incompressible Navier-Stokes
equations are solved using a finite element method. Some phenomena and the underlying
physics are analyzed.

3.2 Physical Model
The flow of interest is simulated by considering a cylinder of diameter D and
length L , with circular entrance width of d located on the on the upstream sidewall near
the head end. The sketch of the cylindrical chamber configuration is given in Fig. 3-1.
Incompressible fluid of kinematic viscosity ν is injected axisymmetrically into the
cylindrical chamber at vane angle θin , with uniform velocities distributed along the
entrance slit. The circulation is given by Γ = π DUθ , where Uθ is the tangential velocity
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component of the injection flow. A complete description of the vortex flow for a given
geometry includes the following parameters L, D, d , θin and Uθ ,in .

d

θin

D

Figure 3-1: Sketch of the cylindrical container configuration.
In most previous studies, Reynolds number is defined based on the mean axial
velocity as Re = ux D ν , where D is the chamber diameter. For the present study, the
viscous effects are mainly reflected from the dissipation in swirl, and the flow motion in
azimuthal direction plays a more important role in determining the flow evolution,
especially near the head end. As a result of this, the tangential velocity of injection flow
Uθ and the chamber radius D are chosen as the characteristic variables and the Reynolds
number is defined based on this tangential velocity as

Re =

U θ ,in D

ν

3.1

where D is the chamber diameter, and ν is the fluid kinematic viscosity. Based on this
definition, the vane angle directly shows the mass flow rate and the flux of angular
momentum transported into the chamber. The relationship between the current Reynolds
number and the conventional Reynolds number, which is defined based on the mean axial
velocity is
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Re x =

4d
tan θin ⋅ Reθ
D

3.2

In the nondimensional form, U θ ,in = 1 , D = 2 , and the circulation is given constantly as

Γ = U θ ,in π D = 2π

3.3

Based on these definitions, the amount of angular momentum carried by unit
volume of fluid through the entrance is fixed

M = Uθ ,in D 2

3.4

The guiding vane angle θin , defined as the angle between the injection flow and
the tangential lines, can be expressed as the inverse tangent function of the ratio of radial
to tangential velocity components of the injection flow.

 U r ,in 
 V 
 = arctan (U r ,in ) = arctan 

 π Dd 
 Uθ ,in 

θin = arctan 

3.5

This angle indicates the nondimensional volume flow rate injected into the
chamber. The immediate effect of the increase in vane angle is the increase in the volume
flow rate and angular momentum flux, which influences the swirling flow to evolve from
one type to another.
The swirl degree, characterized by the Swirl number, defined as
S=

Gθ
Gx D 2

3.6

ρ uθ r ⋅ uxdA

3.7

where

Gθ =

∫

A
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Gx =

∫

A

ρ ux ⋅ uxdA

3.8

The swirl number S is a nondimensional number representing axial flux of swirl
momentum divided by axial flux of axial momentum, times the equivalent nozzle radius.
In the present study, fluid is injected into the chamber at vane angle θin with zero
axial velocity component, so it is easy to get the Swirl number of injection flow using the
mean axial velocity as
S in =

Gθ ,in
Gx ,in D 2

3.9

Gθ ,in = ρU θ RU r 2π Rd

3.10

Gx ,in = ρ ux uxr π R 2R

3.11

where R is the chamber radius, and the capital U stands for the injection velocity
component. Since
ux π R 2 = U r 2π Rd

3.12

The Swirl number of injection flow can be reduced as
S =

Uθ
R Uθ
R
=
=
tan −1 θin
ux
2d U r
2d

3.13

That is, the swirl level of injection flow is proportional to the inverse tangent
function of injection vane angle, which is defined as the angle between the injection flow
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and the tangential lines. In the nondimensional form, as the increase in the vane angle, the
volume rate of fluid injected into the chamber increases, yet the swirl level decreases. Yet
this trend is valid only in a limited upstream regime, since the evolution of Swirl level is
also determined by viscous dissipation, which is represented by Reynolds number. As
flow travels to the downstream, the viscous dissipation in swirl is greater at lower
Reynolds number, which makes the swirl level decrease faster. When the vane angle
increases, the flow rate of fluid carrying fixed amount of angular momentum per unit
volume increases, which makes the relative dissipation rate of swirl decrease. Thus
although the swirl level of injection flow is lower at higher vane angle, the swirl lasts
longer as flow convects to the downstream.
It is already known that the flow behaviors are strongly dependent on the swirl
level of injection flow, which may be expressed by the vane angle θin by Eq. (3.13).
Other than that, the Reynolds number, which indicates the viscous dissipation rate, also
has a substantial influence on the flow behaviors. In the present study, the calculation is
implemented in nondimensional form, so the circulation of flow at the entrance is
constant and the angular momentum carried by unit volume of fluid injected into the
chamber is fixed. Equation (3.13) shows that, with the increase in the vane angle, the
volume flow rate increases, yet the swirl level of injection flow decreases. In the
following parts, the discussion is conducted in the sequence of increasing vane angle
from 5ο to 75ο . The Reynolds number ranges from 100 to 1000. Some phenomena in
swirling flow and the underlying physics will be analyzed extensively in this part.
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3.3 Flow with Axisymmetric Columnar Flow Reversal at High Swirl Level
In this part we focus on the investigation of the features and causes of swirling
flow with columnar reversal at high swirl level. With the aim to study the insight into the
underlying physics, only the laminar flow is considered.
At low vane angles (θin < 30o ) , flow is injected approximately tangentially and
the swirl is at a high level. As fluid is injected into the chamber, the high swirl drives the
fluid to travel along the sidewall spirally to the downstream, enveloping a bubble-like
recirculation zone in the central region. In the present simulation it is found that the
viscous effects on the surface of head end have a strong influence on the appearance of
this recirculation. To dig out the essence of each effect, we conduct the study by two
steps. In the first step, we ignore the viscous effect on the head end and investigate the
pure influence of centrifugal effect on swirling flow. In the second step, we consider the
viscous effect on head end together with the centrifugal effect.

3.3.1 Swirling Flow without Viscous Effects on Head End
In the numerical calculation the slip boundary conditions are employed on the end
surface, for which the normal gradient of each variable is zero. If we make a mirror
image of this flow about the head end and connect it with the original one, the combined
flow just presents the swirling flow in a cylinder of infinite length, into which the fluid is
injected axisymmetrically through a circular entrance located at the medium position.
Due to high swirl, the centrifugal effect plays an important role in the flow evolution. Our
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discussion will be conducted in the sequence of increasing vane angle, that is, increasing
flow rate or decreasing swirl level.
At θin = 10o , the typical flow patterns ( Re = 300, d D = 0.1 ) are given in Fig. 3-

2. The vane angle is so small that the fluid is injected approximately tangentially. The
centrifugal effects are strong enough to prevent the flow to approach the center region
and drive the flow to travel along the side-wall. As a result of this, an axisymmetric
toroidal central recirculation zone is formed on the axis. The generation of this kind of
flow reversal is associated with the axial evolution of flow swirl (Gupta, 1984). It occurs
only when the Swirl number exceeds a certain critical value. With the viscous dissipation
of swirl, the lateral radius of this recirculation zone decreases eventually towards the
downstream, till the Swirl number decreases below the critical value and the flow
reversal terminates.
With fixed width of entrance slit d D = 0.1 and vane angle θin = 10o , the flow
U D

patterns for various Reynolds numbers  Re = θ  are given in Fig. 3-3. According to
ν 

Eq. (3.13), the inlet Swirl number is about 14 at this vane angle, which is sufficient for
the generation of a cylindrical columnar flow recirculation on the axis. With the increase
in the Reynolds number, the viscous dissipation rate decreases and the axial length of the
recirculation zone increases.
Since the amount of angular momentum carried by unit volume of fluid injected
into the chamber is fixed (the tangential velocity component of injection flow is chosen
as the characteristic velocity), the increase in the vane angle results in an increased flux
of angular momentum, which causes the axial expansion of the flow reversal. Figure 3-4
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presents the flow patterns on - ( x, y ) plane for various vane angles at Re = 200 . With the
increase in the vane angle, the volume flow rate through the entrance increases, which
leads to the reduction in the mean radius of this columnar recirculation zone.
The length of the recirculation zone is defined as the distance from the head end
to the downstream stagnation point where the flow reversal terminates. Higher Reynolds
number can ensure the Swirl number not to decrease so fast as a result of low dissipation
rate, which makes the recirculation zone extend farther towards the downstream. At the
same time, the increase in the vane angle θin introduces increasing flux of angular
momentum into the chamber. The increasing flux of angular momentum can maintain the
recirculation zone a longer distance before termination.

The Reynolds number

dependence of the recirculation length for various vane angles is given in Fig. 3-5, which
shows that the length of the recirculation zone increases with the growth of both
Reynolds number and vane angle. In a fairly wide range of vane angles, the bubble length
appears to be approximately linearly proportional to the Reynolds number. The main
reason is that at such low vane angles, the nonlinear properties are not dominant, and the
flow behavior is governed by the viscous dissipation rate and the angular momentum flux
via simple linear relationship. Using the simple dimensional analysis, it is easy to obtain
the linear relationship
Lbx ∝ Re⋅V

3.14
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where Lbx is the axial length of the recurculation zone. This relation is consistent with the
numerical results given in Fig. 3-5. At higher vane angles, flow gets complicated and the
linear relationship given in Eq. (3.14) breaks down.
The position of the stagnation point on head end, where the radial velocity
magnitude reaches its zero point (in fact, it is a stagnation circle) indicate the start of the
interface of outer downstream traveling flow and the central recirculating flow. The
lateral width of the central recirculation zone Lbw may be defined as the radius of the
stagnation circle connected by the stagnation point on head end. Generally the radial
position of this stagnation point is determined by the vane angle θin and the inlet width
d.

With

the

increase

in

the

vane

angle

θin ,

which

is

defined

as

θin = arctan (U r Uθ ) = arctan U r , the magnitude of the radial velocity of the injection
flow U r grows up. As a result of this, the stagnation point is driven to move closer to
the axis. Figure 3-6 shows the Reynolds number dependence of bubble width at various
vane angles. At a fixed vane angle, the width of the recirculation zone Lbw increases with
Reynolds number and approaches a constant value as Reynolds number gets high enough,
that is, the viscous effect on bubble width reduces greatly at higher Reynolds number.
Thus, with the increase in the inlet width, the volume flow rate increases and the bubble
width decreases.
The profiles of tangential velocity uθ on the slip head end for various Reynolds
numbers and vane angles are given in Fig. 3-7. From this figure it can be noted that the
evolutions of tangential velocity may be decomposed into three continuous stages, by
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which the magnitude of tangential velocity changes from unit value at the entrance to
zero at the axis. In the first stage, the flow enters the chamber at r = 1 and travels towards
the axis spirally along the head end. At this stage, the angular momentum is well
conserved and the magnitude of tangential velocity increases towards the axis according
to uθ r = Uθ ,in R = 1 . This regime can be seen as a potential flow regime. Due to the
centrifugal effect, the magnitude of radial velocity ur decreases eventually when flow
travels towards the axis. Before reaching the stagnation point, the tangential velocity
obtains its maximum and then decreases sharply to a much lower value. This sharp
decrease in tangential velocity indicates the free shear layer by which the outer flow
drives the fluid in the central recirculation zone to swirl about the axis. The thickness of
this free shear layer is strongly dependent on Reynolds number. At higher Reynolds
number the shear layer is thinner. The last stage illustrates the tangential motion of the
central recirculation zone. In this stage, the tangential velocity magnitude decreases
approximately linearly to zero at the axis. This shows that the solid body rotation
characterizes the flow motion in the recirculation zone. The rotation of the central
recirculation zone is driven by outer main flow by way of shear stress, so at higher
Reynolds number, the rotation of the center region reduces greatly.
At lower Reynolds number, the influence from the side-wall and the interaction
with the central recirculating flow accelerates the dissipation in swirl of the outer main
flow. When Reynolds number is low enough, the outer potential flow regime disappears
entirely. At Re = 100 and θin = 10o , the tangential velocity decreases monotonically
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towards the axis, which indicates that the angular momentum is not conserved throughout
the flow regime.
Based on the variation of vane angle, the curves in Fig. 3-7 may be categorized
into several groups. With the increase in the vane angle, the free shear layer moves
towards the axis and the central recirculation zone with solid-body rotation shrinks in
radius. Other than that, the maximum of tangential velocity magnitude on the head end
increases. This increase in maximum tangential velocity is associated with the
conservation of angular momentum. At the same time, these curves coincide with each
other very well above the point where the maximum of tangential velocity magnitude is
obtained. This coincident section can be exactly fitted by uθ ⋅ r = 1 in the
nondimensional form. Thus it may be concluded that in the outer main flow region, the
flow is ideal and the angular momentum is well conserved.
The profiles of pressure on the head end for various Reynolds numbers and vane
angles are given in Fig. 3-8. The pressure at the entrance is chosen as the base value. It is
already known that high swirl mainly concentrates in outer region. To balance the
centrifugal force, a large radial pressure gradient ∂p

∂r

appears in this region. As a result

of this, the pressure decreases sharply toward the axis with the simple radial equilibrium
assumption
∂p vθ2
1
∼
∼ 3
r
r
∂r

3.15

Since the rotation of the central recirculating flow is driven by outer main flow by
way of shear stress and is reduced greatly, the radial pressure gradient in this region is
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much lower than that of the outer region, especially at low vane angles. In consequence
of this, the pressure in the central recirculation zone can be roughly estimated by the
pressure in the free shear layer, which can be obtained by integrating Eq. (3.15).
Just as those of the tangential velocity, these curves may be classified into several
groups based on the vane angle. The increase in the vane angle results in the decrease in
the radius of the free shear layer. According to Eq. (3.15) the pressure in the central
region, which approximately equals that in the free shear layer, decreases consequently.
At the same vane angle, the difference in Reynolds number causes minor
difference in the pressure in the central region. Higher Reynolds number reduces the
function of the outer main flow to drive the central flow to swirl, so the swirl level of
central flow is slightly lower. As a result of this, the pressure in the central region is
higher at higher Reynolds number. This phenomenon can be clearly observed in the
pressure profiles given in Fig. 3-8.
The profiles of radial velocity ur on the head end at various Reynolds numbers
and vane angles are given in Fig. 3-9. The point at which ur = 0 stands for the point
which separates the outer main flow and the central recirculating flow by a free shear
layer. In the outer regime ur < 0 and in the central regime ur > 0 . It is obvious that on
the head end the magnitude of radial velocity is much lower in the central recirculation
zone than in the outer flow. As the vane angle increases, the magnitude of radial velocity
component of the injection flow increases, which drives the stagnation point on the head
end to the axis. This may be observed from the comparisons of these curves at different
vane angles. Although the magnitudes of radial velocity components in outer region
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increase greatly at higher vane angles, there is almost no change in the central region. At
the same vane angle, with the increase in the Reynolds number, the magnitude of radial
velocity component in the central recirculating zone (below the stagnation point)
decreases. It is because that the motion of the central recirculating flow is driven by outer
flow by way of shear stress and at higher Reynolds number, the shear stress reduces,
which results in the decrease in velocity magnitudes in the central region. Yet at much
lower Reynolds numbers, the viscous effects make the flow pattern much “smoother”,
which will result in lower velocity magnitudes in the central region. This is just contrary
to the present trend.
Two components of shear strain rate
erθ =

r ∂  uθ

2 ∂r  r

exr =

 1 ∂ur
+
 2r ∂θ

1 ∂ur 1 ∂u x
+
2 ∂x 2 ∂r

3.16

3.17

describe the surface-force interaction of neighboring fluid due to shear
deformation in radial direction. The distributions of erθ and exr on - ( x, y ) plane at
Re = 200 and θ = 10ο are given in Fig. 3-10. The dashed lines indicate the negative

values. In Fig. 3-10 (a), which shows the contours of erθ , it is found that, in the left part
of the recirculation zone, erθ > 0 , yet in the right part erθ < 0 . It shows that, in the left
region, the swirl of the central recirculating flow is driven by outer main flow by shear
stress. As flow travels to the downstream part of the recirculation zone, the swirl of outer
main flow reduces due to the viscous dissipation on side-wall and the central
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recirculating flow drives the outer main flow to swirl. In Fig. Fig. 3-10 (b), which gives
the contours of exr , the recirculation zone is fully covered by the region of exr with
positive value. It shows that the axial motion of the central recirculation zone is also
driven by outer flow.
The velocity magnitudes in the central recirculation zone are much lower than
those of the outer flow and the behavior of the central zone is strongly dependent on outer
flow. In the interaction between them, the central flow behaves in a passive manner. The
location of the stagnation point on the head end, which indicates the boundary of the
central recirculation zone, is mainly determined by the axial momentum balance of outer
main flow. It is already known that the angular momentum is well conserved in the outer
regime in upstream, so it is an effective way to use the ideal flow assumption in outer
region to estimate the width of central recirculation zone. Construct the control volume as
Fig. 3-11, whose lower side coincides with the free shear layer. Consider the Bernoulli
equation for steady flow in the control volume.
pin +

1 2
1
1
Uθ + U r2 ) = px =0 + ( uθ2, x =0 + ur2, x =0 ) = px = a + ( uθ2, x = a + u x2, x = a )
(
2
2
2

3.18

where pin is the pressure at the entrance. The subscripts x = 0 and x = a indicate the
variables considered on the left and right sides of the control volume. In this evaluation,
the radial velocity component is ignored on the right side of the control volume. For ideal
case, the angular momentum is conserved
Uθ R0 = uθ r

3.19

77
So the tangential velocity at any radial position can be obtained by this equation.
Apply the mass and axial momentum conservation to the control volume
U r 2π Rd =

∫

R

rc

p (r )x =0 2π rdr =

∫

R

rc

∫

R

rc

u (r )x ,x =b 2π rdr

R

p (r )x =b 2π rdr + ∫ ρ u (r )2x ,x =b 2π rdr
rc

3.20

3.21

Approximate the profiles of ur ,x =0 (r ) and ux ,x =b (r ) by functions of radial
position based on the numerical results together with the mass conservation equation
(3.20), the pressure distribution on the left and right sides of the control volume can be
obtained by Eq. (3.18). Substitute all these functions into the momentum conservation
equation (3.21), the radial position of the separation point rc can be obtained as a
function of U r and d . In the present calculation, it is reasonable to approximate

ur ,x =0 (r ) and ux ,x =b (r ) by a linear and a parabolic functions, respectively
u (r )r ,x =0 = U r

r − rc
R − rc

3.22

2

u (r )x ,x =b

R + rc 
= C 1  r −
 + C2
2 


3.23

It will certainly be more accurate if higher order functions are employed, and the
influence of the central recirculation zone is considered.
It is already known that the generation of the flow reversal in swirling flow is
associated with the axial evolution of Swirl number. Only when the Swirl number
exceeds a critical value Sc can this flow reversal occur. As a result of viscous dissipation,
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the swirl degree decreases as flow convects to the downstream. At the point where the
Swirl number turns below this critical value Sc , the flow reversal terminates. In the
preceding part, it was illustrated that the Swirl number of flow injected into the chamber
decreases with the increase in the vane angle. That is, with the increase in the volume
flow rate transported into the chamber, the flow Swirl level decreases. Yet this trend is
only valid near the entrance, because the axial evolution of Swirl number is determined
by the flow viscous dissipation, which is represented by Reynolds number. As flow
travels to the downstream, the viscous dissipation in swirl is greater at lower Reynolds
number, which makes the degree of swirl decrease faster. Other than that, with the
increase in the vane angle, the volume flow rate of fluid increases, which makes the
relative dissipation rate of swirl decrease. Thus at higher vane angle, although the swirl
degree near the entrance is lower, the viscous dissipation in swirl is slower as flow
convects to the downstream. In consequence of this, the central recirculation zone is
longer in size. Figure 3-12 gives the Swirl number at the axial stagnation point where the
flow reversal terminates at different Reynolds numbers and vane angles. From this figure,
it is found that the swirl number ranges in a very narrow region at the stagnation point.
This verifies the conclusion that the generation of flow reversal is associated with the
local swirl level.

3.3.2 Viscous Effects of Head End on Flow Evolution
In the real case, the viscous effects on the head end have a strong influence on the
formation of the central recirculation zone and cannot be ignored. Its importance is not
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reflected by the viscous dissipation as that on the side-wall, but a critical issue for flow to
reach the axis stably along the head end. Without this viscous effect, the tangential
motion of fluid is governed by the angular momentum conservation vθ r = 1 . The
centrifugal force makes it impossible for flow to reach the axis along the head end, else
an infinitely large tangential velocity will be obtained at r = 0 .
In swirling flow, the centrifugal force is balanced by the radial pressure gradient
∂p ∂r . Due to viscous effect, a boundary layer is formed on the head end, in which the

velocity magnitudes decrease sharply towards the end surface. As a result of this, the
centrifugal force, which is directly proportional to the tangential velocity magnitude,
reduces in the boundary layer. Yet in the boundary layer, the normal pressure gradient is
in a lower order of magnitude and the radial pressure gradient is identical to that out of
the boundary layer. Thus the equilibrium between the radial pressure gradient and the
centrifugal force is broken in the boundary on head end. The excess pressure gradient
drives the fluid in the boundary layer towards the axis along the end surface. The
thickness of the induced flow driven by the excess pressure gradient has the same order
as that of the boundary layer on the end surface. As the Reynolds number increases, the
thickness of boundary layer on the end surface gets thinner, which makes the flow rate
induced to the center regime to decrease. This flow travels towards the axis and drives the
central recirculation zone to the downstream. The region between the head end and the
recirculation zone is fed by this induced flow. Since the flow rate transported to this
region is much smaller, it seems that a flow cushion between the head end and the
recirculation zone. Figure 3-13 shows the velocity vectors on the meridian plane at
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θ = 20ο and Re = 200 . From this figure, it can be found that the velocity magnitudes in
this flow cushion are much lower than elsewhere. The flow driven by the excess pressure
gradient on head end has a strong influence on the behaviors of the central recirculation
zone. It not only drives the recirculation zone to the downstream, but also decreases the
axial length of this recirculation zone. Compared with the flow without viscous effect on
head end, the axial length of the central recirculation zone decreases greatly due to the
viscous dissipation on head end. Yet the mean radius of the recirculation zone increases
substantially.
The central recirculation zone reflects the axial evolution of swirl level. For the
present cases, the length of recirculation zone is also defined as the distance from the
head end to the downstream stagnation point. The only difference is that, in the present
case, the recirculation length includes the part occupied by the flow cushion between the
head end and the central recirculation zone. The Reynolds number dependence of the
recirculation length for various vane angles is given in Fig. 3-14. In a fairly wide range of
vane angles ( θ ≤ 30ο ), the bubble length appears to be approximately linearly
proportional to the Reynolds number. Compared with the flow without the viscous effect
on head end, the recirculation lengths decrease about fifty percent in size. The flow
recirculation only occurs when the swirl degree exceeds a critical point, so the viscous
head end accelerates the dissipation in flow swirl.
The swirl numbers at the stagnation point where the flow reversal terminates on
the axis are given in Fig. 3-15 for different Reynolds numbers and Swirl numbers. No
matter what’s the inlet vane angle and whether the head end is viscous or not, the swirl
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numbers at the stagnation location keeps in a narrow range, 0.43 < S < 0.64 . It is also
verified that the recirculation bubble only generates beyond a critical swirl number.

3.4 Columnar Flow Reversals with Kelvin-Helmholtz Instabilities at Medium Swirl
Level
At low vane angles, an axi-symmetric recirculation zone is formed on the axis due
to high swirl. The flow motion in the central recirculation zone is driven by outer main
flow by way of shear stress in both axial and azimuthal directions. The free shear layer
between the outer and the central flows provide the potential for instabilities to grow. At
low vane angles (θ ≤ 300 ) , the thickness of outer main flow is small and the free shear
layer is very close to the solid side-wall, which has a strong quenching effect on the
instabilities to grow. With the increase in the vane angle, the free shear layer moves
towards the axis and gets unstable eventually. Gallaire and Chomaz (2003) identified
totally four different physical mechanisms governing the instabilities in swirling flow:
axial Kelvin-Helmholtz instabilities, azimuthal Kelvin-Helmholtz instabilities, inertial
waves and centrifugal instabilities. In the present cases, the swirl of the central
recirculating flow is driven by outer flow and the flow circulation decreases towards the
axis. The Rayleigh criterion shows that the present flow is stable to centrifugal
disturbances. The results in the preceding parts have shown that the swirl degree of the
central recirculation zone, which behaves as a solid rotation, is much lower than that of
the outer flow. This reduces the restoring effects of the Coriolis force and stunts the
development of the inertial waves. As a result of this, the flow of the present type only
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allows for the development of Kelvin-Helmholtz instabilities associated with the swirl
and axial velocity differences between the core and the outer flow. Carton and
Mcwilliams (1989) and Carnevale and Kloosterziel (1994) have shown that, due to the
azimuthal shear, instabilities of wave numbers n = 2,3, 4 develop in the region of
azimuthal shear, eventually leading to stable dipoles, tripoles, or quadrupoles. In all the
experiments the number of vortices that appeared was roughly proportional to the ratio of
the circular shear layer diameter to its thickness. It is already known in preceding
discussion that the viscous head end has a strong influence in the flow behaviors. To find
out the underlying physics of this kind of flow, we first ignore the viscous effects on head
end and only focus on the unstable shear layer, and then study the influence of the
viscous effect in the second step.

3.4.1 Flow Features at m = -4 Mode
With the development of Kelvin-Helmholtz instabilities at the free shear layer, the
axi-symmetric surface of the central recirculation zone corrugates like water waves. Since
the interface between the outer and the central recirculating flow cannot be easily
identified, the 3-D surface of the flow reversal zone, which is defined as the region in
which the sign of axial velocity is negative, at θ = 45o and Re = 700 is given in Fig. 3-

16. A family of corrugations is located uniformly around the cylindrical surface,
especially in the upstream region. These corrugations represent the Kelvin-Helmholtz
instability waves caused by the velocity differences between outer and central flows.
These corrugations originate in the upstream and attenuated in the downstream. For the
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current case, the dominant perturbation mode m = −4 is acquired. In the beginning part

( x ≤ 0.3) ,

the corrugations are aligned perfectly parallel to the axis and propagate

tangentially at a constant speed. This indicates that the Kelvin-Helmholtz instabilities
appear in the free shear layer are mainly caused by the swirl difference across the shear
layer. The reason is that, near the entrance the outer flow has not accumulated enough
axial momentum and mainly travels in tangential direction. The swirl difference across
the shear layer gives birth to the Kelvin-Helmholtz instability waves propagating in
azimuthal direction. As the outer flow turns to the downstream, the difference in axial
velocity component across the shear layer takes effects, which promotes the generation of
axial-propagating instability waves and makes the corrugations deviate from the axial
direction showing up as a family of spiral on the surface of reverse flow zone. These
corrugations describe the 3-D instability waves and are aligned perpendicularly to the
direction of wave propagation. With the viscous dissipation, the strength of shear stress
decreases in the downstream, and the instability waves are weakened gradually.
The 2-D flow patterns on cross-sections x = 0.2 and 1.0 in the coordinates fixed
to the chamber at θ = 45o , Re = 700 are given in Fig. 3-17. The Kelvin-Holmholtz
instability waves with m = −4 , which are caused by the swirl difference between the
outer and central flows, can be identified clearly in this figure. At x = 1.0 , the wave
fluctuation magnitude is not so strong as that at x = 0.2 . The viscous dissipation in swirl
gradient should be responsible for this reduction. The Kelvin-Helmholtz instability waves
move at a phase velocity equal to the average velocity of the base flow. It is must be true
from symmetry considerations. For the present cases, the instability waves at the
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cylindrical free shear layer propagate tangentially at a constant speed. The rotation
frequency at θ = 45o , Re = 700 is f = 0.27 . To view the flow fluctuations caused by the
instability wave, we attach the flow to the rotating coordinate frame fixed to the
azimuthally propagating wave. Figure 3-18 presents the 2-D flow patterns on crosssections x = 0.2 and 1.0 in the rotating coordinates system. Four bubbles, which indicate
the “eyes” of the instability wave, are located uniformly around the axis near the head
end. At x = 1.0 , the fluctuation is not so obvious as that of the upstream. The flow
evolution in the rotating frame is more meaningful in describing the phenomena of
instability wave.
The distributions of azimuthal velocity component on cross sections x = 0.2 and
1.0 are shown in Fig. 3-19. It is just the difference in azimuthal velocity across the free
shear layer between the outer and central flows that gives rise to the instability wave.
Outside the wave train the magnitude is higher and it decreases sharply across the shear
layer. Near the wave “eyes”, both the maximum and minimum are obtained in outer and
inner sides. Figure 3-20 gives the contours of axial velocity component on cross sections
x = 0.2 and 1.0. Due to the instability wave, the outer main flow decomposes into four

bunches, in which the axial velocity is higher in magnitude. In the central regime, the
axial velocity shows up as a lovely round square instead of an axi-symmetric circle in
flow without instability wave.
The contours of relative pressure, which is defined as the pressure difference
relative to the value on the axis, on cross sections x = 0.2 and 1.0 are given in Fig. 3-21.
In the axi-symmetric flow discussed in preceding parts, the pressure decreases
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monotonically towards the axis, yet for the present case, the Kelvin-Helmholtz instability
waves develop at the free shear layer. The sharp turn of flow at the wave “eyes” causes a
family of low-pressure cores. The pressure reaches its minimum at the core centers. The
pressure doesn’t decrease monotonically towards the axis any more, although the mean
pressure in the central regime is still lower than that of the outer regime.
The 3-D structures of the pressure cores at θ = 45o , Re = 700 are given in Fig. 3-

22. Near the entrance ( x ≤ 0.3) , these cores are straight and uniform in the core diameter.
As the outer flow accumulates enough axial momentum and turns downstream, the
difference in axial velocity across the free shear layer produces the axial-propagating
waves, which make the pressure cores deviate from the axial direction and curve spirally
to the downstream. The pressure cores can be seen as the connection of wave peaks and
are aligned perpendicularly to the direction of wave propagation.
Due to high strain rate, the vorticity magnitude is much higher in the free shear
layer and this free shear layer may be considered as a cylindrical vortex sheet. With the
development of Kelvin-Helmholtz instability waves, the vortex sheet rolls up and forms a
number of vortex cores at the wave “eyes”. Generally the vortex cores coincide with the
pressure cores in spatial evolution. Figure 3-23 shows the instantaneous snapshot of
vortex filaments defined as the continuous connection of the vortex centers. These vortex
filaments are colored by the axial and azimuthal vorticity magnitudes. Near the entrance

( x ≤ 0.3) ,

the Kelvin-Helmholtz instability waves are caused by the swirl difference

across the free shear layer, which feeds on the axial vorticity. As a result of this, the axial
vorticity magnitude is higher in the beginning parts of the vortex filaments. This can be
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seen from Fig. 3-23 (a) which indicates the higher magnitude by red color in the
beginning parts. In this regime ( x ≤ 0.3) , the axial velocity difference has not developed
and the vortex filaments are parallel to the axis. As the outer main flow turns to the
downstream, the difference in axial velocity strengthens and feeds on the azimuthal
vorticity, which makes the vortex filaments deviate from the axial direction and curve
spirally. In Fig. 3-23 (b), the red color from x ≈ 0.4 to x ≈ 0.8 indicates the development
of azimuthal vorticity component on the vortex cores.
Figure 3-24 gives the contours of axial vorticity ω x on cross sections x = 0.2 and
1.0. At x = 0.2 , four vortices are located just in the wave “eyes”. We have mentioned
before that both the vortex cores and pressure cores can be seen as the continuous
connection of the wave “eyes”. The main reason is that both of them are produced by the
sharp turn of flow at the wave peak with the development of instability wave. With the
viscous dissipation, the axial vorticity decreases as flow travels to the downstream. At
x = 1.0 , the mean value in the core regime is much lower than that at x = 0.2 . For the
present flow, the strong shear stress caused by axial velocity difference only occurs at
x ≥ 0.3 , where the outer flow acquires enough axial momentum. The contours of
azimuthal vorticity ωθ on cross sections x = 0.2 and 1.0 are given in Fig. 3-25. At
x = 0.2 , the difference in axial velocity has not fully developed and the magnitude of ωθ
is much lower than that at x = 1.0 except near the side-wall. Yet at x = 1.0 , the increased
axial velocity difference feeds on ωθ and the maximum of ωθ reaches ωθ = 6.0 around
the peak “eyes”.
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The winding of these spirals in swirl flow attracted more considerations. Martin
and Meiburg (1994) determined the linear temporal instability properties as: For
centrifugally stabilizing flows ( Γ c − Γ ∞ < 0 ), the instability is of Kelvin-Helmholtz-type,
feeding on both azimuthal and axial vorticity, and counter-rotating helical waves ( m < 0 )
are most unstable. When the flow is centrifugally destabilizing ( Γ c − Γ ∞ > 0 ), the most
unstable modes consist of corotating helical waves ( m > 0 ). These properties are in
qualitative agreement with physical intuition: Kelvin-Helmholtz instability generates
cross-stream vortices with a wave vector ( k , m ) perpendicular to the local shear, which
therefore, take the shape of counter-rotating spirals ( m < 0 ), whereas centrifugal
instability generates locally streamwise vortices spiraling with the flow ( m > 0 ). It should
be made clear that this model does not take into consideration the finite thickness of the
cylindrical shear layer. In the present work, the central flow is driven by outer flow,
which makes the circulation decrease monotonically towards the axis. Thus the present
flows may be categorized as centrifugally stabilizing flows and the counter-rotating
helical waves ( m < 0 ) are the most unstable.
Generally the Kelvin-Helmholtz instability wave moves at a phase velocity equal
to the average velocity of the base flow. For the present cases, the instability waves at the
cylindrical free shear layer propagate tangentially at a constant speed. Figure 3-26 shows
the time history of axial velocity u x at (0.2, 0.37, 0). In this figure, a highly periodic
behavior with the rotation frequency f = 0.27 is presented. Throughout the flow field,
the rotation frequency is constant.
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3.4.2 Influences of Vane Angle on Wave Mode
The previous experiments (Carton et al., 1989; Carnevale and Kloosterziel, 1994)
showed that the number of vortices was roughly proportional to the ratio of the circular
shear layer diameter to its thickness. For the present chamber geometry the diameter of
the free shear layer is determined by the injection vane angle and the shear layer
thickness is associated with the flow Reynolds number. Generally, the shear layer
thickness decreases with the increase in the Reynolds number. In the present simulation,
the Kelvin-Helmholtz instability wave occur only when Re > 300 . At lower Reynolds
number, the viscous damping effects are strong enough to stabilize the flow to the
instability wave of any wave number. In the regime of 300 <Re < 1000 , the instability
wave is dominated by m = −4 mode. Generally, the wave number will increase as the
Reynolds number increases beyond Re = 1000 .
For flow of present type, the diameter of the free shear layer is a critical parameter
in determining the instability wave mode. When the vane angle increases, the flow
injected into the chamber drives the free shear layer to move towards the axis. The
decrease in the perimeter of the free shear layer leads to the reduction of the instability
wave number directly. With the increase in the wave angle from θ = 45o to 55o , the
helical instability wave mode shifts from m = −4 to m = −3 . At θ = 60o , m = −2 is
obtained.
Figure 3-27 presents the 2-D flow patterns at cross section x = 0.2 at three vane
angles θ = 45o ,55o , 60o at Re = 700 . In this figure, the vane angle dependence of the
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instability wave mode is illustrated clearly. The corresponding 3-D structures of pressure
cores for these three vane angles are given in Fig. 3-28.
According to this flow evolution trend, it seems that further increase in the vane
angle will lead to the further reduction of the azimuthal wave number, that is, m = −1 and
m = 0 will be reached at higher vane angle. Yet this is not the case. Generally only
helical perturbations that do not lead to a displacement or deformation of the centerline
vortex are admissible (Martin and Meiburg, 1994). For symmetry reason, it follows that a
helical wave m = −1 violates this condition and is hence not admissible. m = 0 mode
represents an axi-symmetric vortex core located on the central axis in swirling flow. We
have discussed in previous part that, for swirling flow in chamber with slip head end, the
flow injected into the chamber cannot reach the axis along the slip head end, else it will
result in an infinity azimuthal velocity according to the angular momentum conservation
relation. Thus the conclusion can be drawn that m = 0 mode cannot be reached without
the help of viscous head end.

3.4.3 Viscous Effects on Head End
In the discussion of swirling flow with cylindrical flow reversal, it is found that
the viscous effects on head end have a strong influence on the flow evolution. In the
boundary layer on head end, the equilibrium between the radial pressure gradient and the
centrifugal force is broken due to the deduction of azimuthal velocity. The excess
pressure gradient generates an inward flow towards the axis along the end surface to form
a flow cushion between the head end and the central recirculation zone. This flow
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cushion not only drives the recirculation zone to the downstream, but also reduces the
size of this zone. With the increase in the vane angle, the Kelvin-Helmholtz instability
waves develop at the interface between outer and central flow. Under the influence of
viscous effects on head end the behaviors of the instability wave will change a little.
Because the velocity magnitudes in the flow cushion are much lower than elsewhere, the
sharpness of velocities across the free shear layer near the entrance is spoiled greatly.
This may cause a reduction in azimuthal wave number. Figure 3-29 gives the 3-D surface
of the flow reversal zone in the chamber with viscous head end at θ = 45o and Re = 700 .
Due to the drive of the flow cushion, the flow reversal zone moves to the downstream
and begins at about x = 0.2 . Due to the damping effects of the flow cushion between the
head end and the central recirculation zone, the instability wave mode reduces from
m = −4 to m = −3 . Figure 3-30 presents the distributions of relative pressure at a series

of cross sections x = 0.1, 0.2 and 0.3 near the head end. x = 0.1 is located in the flow
cushion, x = 0.2 is near the head border of reversal flow regime and x = 0.3 is in the
reversal flow.
It is already known that the normal pressure gradient in the flow cushion is at a
lower order of magnitude compared with the radial pressure gradient. The pressure
distribution in the flow cushion can be roughly estimated by that outside the flow
cushion. At the interface of the outer and central flow the sharp turns of flow at the wave
“eyes” give rise to a series of pressure cores, in which the pressure is lower. As a result of
the zero normal pressure gradient in the flow cushion, these pressure cores extend into
the flow cushion as shown in Fig. 3-30 (a). In the flow cushion, the intruding pressure
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cores caused by the Kelvin-Helmholtz instability waves outside the flow cushion form
another wave-like structure by attracting fluid to converge to themselves. This can be
seen from the 2-D flow patterns on the cross sections x = 0.1, 0.2 and 0.3 in Fig. 3-31 .
The frame is fixed to the tangentially propagating instability waves. At x = 0.1 , which is
located in the flow cushion, the fluid converges to the pressure cores in which the
pressure is relatively lower, forming a series of “wells”. In consequence of this effect, the
magnitude of axial velocity in these cores is higher than elsewhere. The distributions of
axial velocity at x = 0.1, 0.2 and 0.3 given in Fig. 3-32 show the axial peaks in the core
regime in the flow cushion. At x = 0.3 , which is located outside the flow cushion, these
axial velocity peaks merge with the outer main flow. Up to now, we have known that the
viscous effect on the head end has a strong influence on the behaviors of the instability
waves.
The 3-D pressure cores at various vane angles at Re = 700 are given in Fig. 3-33.
The damping effect of the viscous head end reduces the helical wave mode from m = −4
to m = −3 at θ = 45o . For the same reason, the wave mode reduces from m = −3 to
m = −2 at θ = 55o . At θ = 60o , the azimuthal wave keeps m = −2 mode.

The Kelvin-Helmholtz instability wave moves at a phase velocity equal to the
average velocity of the base flow. Near the entrance, the instability is caused by the swirl
difference, which makes the instability waves propagate in tangential direction. With the
development of the difference in axial velocity, the wave propagation turns to the
downstream eventually. As a result of this, the whole flow structure rotates about the axis
at a constant speed. The comparisons of rotation frequencies in the chamber with slip
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head end and with viscous head end for various vane angles at Re = 700 are given in
Fig. 3-34. Although the viscous effect on the head end reduces the wave mode
substantially, the rotation frequency changes very little. With the increase in the vane
angle, the rotation frequency increases. The reason is that, the increase in the vane angle
leads to the moving of the free shear layer towards the axis, which makes the average
tangential velocity at the free shear layer increase. Thus for the present cases, the only
factor determining the rotation frequency is the radius of the free shear layer, that is, the
injection vane angle.
It is already known that m = −1 mode is not admissible for the present cases.
Further increase in the vane angle with the help of the viscous head end will lead to
m = 0 mode which represents an axi-symmetric vortex core located on the flow axis. If
the axi-symmetric vortex core is considered separately, it has nothing to do with the
Kelvin-Helmholtz instability wave. Yet it can be obtained by the reduction of azimuthal
wave number by way of increasing the vane angle. The generation of the axi-symmetric
vortex core is the prerequisite for another phenomenon in swirling flow — vortex
breakdown. In the present study, the Kelvin-Helmholtz instability waves appear as the
injection vane angle exceeds a critical point while Re < 1000 . At lower vane angle, the
free shear layer is close to the solid side-wall and is subject to the viscous stabilizing
effect from the side-wall. With the increase in the Reynolds number, the viscous
stabilizing effect reduces eventually. The free shear layer gets unstable to the
disturbances and the Kelvin-Helmholtz instability waves can develop at lower vane
angles, that is, the threshold for the Kelvin-Helmholtz instability waves to develop
decreases in vane angle as Reynolds number increases.
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3.5 Vortex Breakdown (Low Swirl Level)
In the boundary layer on the viscous head end, the equilibrium between the
centrifugal force and the radial pressure gradient breaks down due to the reduction in
swirl. The excess radial pressure gradient drives the fluid in the boundary layer to the axis
along the head end to form a flow cushion between the head end and the central flow
reversal. As the injection vane angle increases, the momentum flux transported by the
flow driven by the excess radial pressure gradient in the boundary layer on head end
increases, which facilitates the generation of an axi-symmetric jet-like vortex core on the
axis. At lower Reynolds number ( Re ≤ 300 ) , flow is stable to disturbances and keeps
axi-symmetric. When the vane angle increases to θin ≈ 30o , a peak of vorticity magnitude
is formed on the axis in the flow cushion. This vorticity peak indicates the formation of a
jet-like vortex core. This formation process of the vortex core at low Reynolds number
can be illustrated by Fig. 3-35, which presents the profiles of vorticity magnitude,
azimuthal and axial velocities x = 0.2 for various vane angles at Re = 200 . At a critical
vane angle between 45o and 55o, a vortex core is formed on the axis. With the increase in
the vane angle, the peak magnitude increases and the vortex core gets stronger. The
profiles of azimuthal velocity indicate that before the formation of vortex core

(θ

in

< 55o ) , the relationship between the azimuthal velocity and the radial position is

nonlinear in the central regime. With the formation of the central vortex core, the flow in
the core regime turns to be linearly dependent on the radial location, that is, the vortex
core takes solid body rotation. With the increase in the vane angle, the rotation speed
increases. The core boundary is defined as the location where the maximum azimuthal
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velocity is reached. With the increase in the vane angle, the core radius decreases. The
profiles of axial velocity show that the formation of the central vortex core can be
represented by the transition from a wake-like to jet-like flow in the central regime. As
the vortex core gets stronger, the peak magnitude of axial velocity increases. At higher
Reynolds number ( Re > 300 ) , the flow bifurcation occurs in the flow cushion as the vane
angle increases to θ in ≈ 30o . The flow bifurcation is caused by the development of
Kelvin-Helmholtz instability waves outside the flow cushion. A number of vortex cores
associated with the azimuthal propagation of instability waves are formed in the flow
cushion. With the further increase in the vane angle, the number of vortex cores
decreases. At about θ in ≈ 70o , the wave mode reduces to m = 0 and an axi-symmetric
vortex core is formed on the axis. The formation of a vortex core is prerequisite for
vortex breakdown to occur. But it does not mean that vortex breakdown must occur after
a vortex core. It is also dependent on some other factors, such as Reynolds number.
Vortex breakdown is usually identified by the development of a free stagnation
point on the axis, followed by a region of reversed axial flow encapsulated by a swollen
stream surface. Experimental work performed on vortex cores formed by flow separation
on swept wings at high angles of attack, and on vortices formed in tubes have
documented two major types of vortex breakdown: the “bubble”, which will be called the
B-type, or B-breakdown, and the “spiral” breakdown, which will be called the S-type, or
S-breakdown. Generally the bubble type is typical of high swirl level and the spiral type
typical of low swirl level.
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Generally, flow divergence, which results in an adverse pressure gradient, is
necessary for the generation of vortex breakdown. In our investigation, the chamber
diameter keeps fixed along the axis. Yet as flow is injected into the chamber, flow
separation occurs on the side-wall near the entrance, which forms a divergence in bulk
flow and favors the generation of vortex breakdown. The interaction between the flow
separation on the side-wall and the location of vortex breakdown points out quite
emphatically the fact that there is not a simple set of parameters which would fix the
position of vortex breakdown and that the entire velocity and pressure fields play a very
important and interrelated role.

3.5.1 Bubble Mode of Vortex Breakdown
The bubble type vortex breakdown is generally called axisymmetric mode. It is
characterized by a stagnation point on the swirl axis followed by an abrupt expansion of
the central streamlines to form the envelope of a bubble of recirculating flow. In the
present study, with the formation of a jet-like vortex core on the axis, flow gets the
potential for vortex breakdown to occur. At lower Reynolds number

( Re ≤ 300 ) ,

a

bubble type vortex breakdown appears in the flow as the vane angle falls into the regime
30o < θin < 70o . At high Reynolds number, the flow driven by the excess radial pressure
gradient in the head-end boundary layer attenuates and the whole flow show up as a
cylindrical flow recirculation with Kelvin-Helmholtz instability waves at the interface.
Generally the appearance of bubble type vortex breakdown is similar to that of
cylindrical flow reversal at higher swirl level. Yet the mechanisms governing these two
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phenomena are entirely different. Body rotation in swirling flow is accompanied by
Coriolis force, which has the restoring effects and tends to eliminate the flow
deformation. This raises the possibility of a wave motion propagating in axial direction
(Bachelor, 2000). In swirling flow with bubble type vortex breakdown, fluid in jet-like
approaching flow deviates from the axis at the stagnation point due to the adverse
pressure gradient. A repulsive force associated with the restoring effects causes the fluid
particles to converge to the axis. At higher swirl level, the momentum of the approaching
flow before the cylindrical flow recirculation is not so high as that of vortex breakdown,
flow is dominated by centrifugal effects and fluid particles converge to the axis at the
point where the swirl degree decreases to the “critical point”. In the common cases, there
is no distinct boundary between these two phenomena.
Figure Fig. 3-36 presents the instantaneous 2-D flow pattern of a bubble type
vortex breakdown at θin = 55o and Re = 200 on the meridian plane. As described by
Faler and Leibovich (1977), the bubble has a high degree of axial symmetry over most of
its length, but the rear is not closed and asymmetric. The bubble was simultaneously
filled and emptied at the rear portion. The corresponding distributions of axial and
azimuthal velocity components are given in Fig. 3-37. Near the entrance, the maximum
of axial velocity magnitude is reached as the main flow turns to the downstream along the
front part of the bubble surface. Due to the higher axial velocity magnitude in the outer
main flow, the peak of axial velocity in the approaching flow in front of the bubble is not
so obvious. Yet the jet-like approaching flow does exist, which can be found
quantitatively from the profiles given in Fig. 3-35. The bubble and its slim wake form a
cylindrical regime in which the magnitude of axial velocity is lower than that of the outer
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main flow. Figure 3-37 (b) shows the contours of azimuthal velocity on the meridian
plane. Just as the axial velocity, the azimuthal velocity reaches its maximum as the main
flow turns to the downstream along the bubble surface. In the approaching flow before
the bubble and the wake flow after the bubble, the azimuthal velocity decreases
uniformly towards the axis, which means that both the approaching flow and the wake
flow rotates as a solid body about the axis.
The 2-D distributions of vorticity magnitude on the meridian plane are given in
Fig. 3-38. In this figure, a slim vortex core can be seen clearly in the approaching flow
before the breakdown bubble. With the approaching flow deviating from the axis to form
the envelope of the recirculating bubble, the vortex core diverges with this flow and
expands along the bubble surface forming a mushroom-like vortex layer. This vortex
layer is located in the outer main flow regime. It is obviously not caused by the shear
strain rate across the interface of the outer and central flows, but associated with the
transportation of the flow deviating from the approaching vortex core. The vorticity
magnitude in the wake regime is relatively higher than that in the outer main flow, so the
bubble wake can be seen as a vortex wake.
The axial distributions of axial velocity and pressure on the axis are given in
Fig. 3-39. Before breakdown, there exists a peak in axial velocity. At the same axial
position, the pressure is the lowest. The adverse pressure gradient before breakdown
decelerates the approaching fluid to the stagnation point and makes it deviate from the
axis. In the wake regime, the adverse pressure gradient lasts till x = 8.0 , yet the increase
in axial velocity keeps even much longer. The axial velocity increase on the axis is

98
caused by the lateral expansion of outer main flow as a result of the viscous dissipation in
both angular and axial momentum.

3.5.2 Spiral Mode of Vortex Breakdown
With the further increase in the vane angle, the volume flow rate injected into the
chamber increases, which decreases the swirl level of injection flow. In consequence to
this, the vortex breakdown evolves from the bubble mode to the spiral mode eventually.
Actually the vane angle is not the only factor influencing the mode selection. At

θin = 65o , the bubble mode is obtained at Re = 200 . With the increase in the Reynolds
number from 200 to 300, the bubble mode shifts to spiral mode.
At θin = 75o , flow is governed by spiral type vortex breakdown. For this mode,
the fluid in the jet-like approaching flow decelerates rapidly and forms an abrupt kink.
The streamlines don’t spiral out appreciably, but take the form of a spiral. In the present
study, the spiral type vortex breakdown at θin = 75o and Re = 300 is selected as the
representative reference case.
Like what was did in the experiments, a series of massless particles are inserted
around the axis in the approaching flow at a certain time interval. By tracing each particle
using the time integration of its velocity components, the instantaneous streaklines of
fluid particles of the numerical results can be obtained. These streaklines correspond to
the dyed lines in the experiments. Figure 3-40 gives the instantaneous streaklines of a
fully-developed spiral-type vortex breakdown, colored by vorticity magnitude. As
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observed in the experiments (Faler and Leibovich, 1977), the dyed filament marking the
swirl axis decelerates rapidly and forms an abrupt kink. The filament takes the form of a
spiral, which persists for serveral turns before breaking up into small scales. In the
following part, all the discussions about the instantaneous flow field of laminar vortex
breakdown are conducted at the same time level as this instantaneous streaklines. The
particles are injected around the axis in the approaching flow, where the straight vortex
core is formed before breakdown. These streaklines indicate the spatial evolutions of the
vortex core before and after vortex breakdown. With the particles traveling to the
downstream, the vorticity magnitude decreases. The vortex core deviates from the axis
after breakdown. Around the axis, this magnitude seems a bit lower. The snapshot of 3-D
iso-vorticity surfaces of the spiral type vortex breakdown is given in Fig. 3-41. Before
breakdown, the vortex core is perfectly smooth and straight. With the occurrence of
vortex breakdown at the stagnation point ( xstag ≈ 1.8 ) , the vortex core bends and deviates
from the axis. A highly structured spiral is formed. The whole spiral configuration rotates
in a periodic fashion about the axis in the same direction as the base flow. At this
Reynolds number ( Re = 300 ) , the nondimensional rotation frequency is about f = 1.85 .
The corresponding Strouhal number

( fD Q )

is 0.31. The instantaneous contours of

vorticity magnitude on meridian plane are given in Fig. 3-42. Before breakdown, a
perfectly straight vortex core with the mean vorticity magnitude of the vortex core as
high as ω ≈ 100 is formed on the axis. After breakdown, the strength of this vortex core
decreases substantially. Two series of vortices corresponding to the spiral vortex structure
can be identified periodically located on both sides of the axis.
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The behaviors of the precessing vortex core (PVC) are some important issues
associated with vortex breakdown. Regarding the PVC in a small expansion for low swirl
intensities, the work of Dellenback et al. (1988) presented relatively compelete
information. They noted that the PVC precesses with the mean swirl for larger swirl
numbers and against the mean swirl for low swirl numbers. The precessing frequency is
strongly dependent on the swirl level and Reynolds number. In the present cases, the
sense of winding of the PVC is opposite to the mean flow rotation.
Figure 3-43 shows the instantaneous streamlines of a spiral mode of vortex
breakdown based on the axial and radial velocities on a ( x, r ) -plane. In this figure, the
spiral vortex breakdown shows up as a stagnation point on the axis ( xstag ≈ 1.8 ) , followed
by a series of flow reversals located around the axis. These flow reversals are caused by
the projection of the 3-D spiral vortex core on a 2-D meridian plane.
The contours of axial and azimuthal velocity components based on an
instantaneous flow field on a meridian plane are given in Fig. 3-44. Before breakdown,
the magnitudes of both axial and azimuthal velocity increase as flow approaches the axis.
For axial velocity, the increase is monotonic and the maximum is obtained on the axis.
For azimuthal velocity, the variation is two-fold. Outside the central vortex core, it is
mainly dominated by angular momentum conservation law. The magnitude gets higher
towards the axis. At about r = 0.15 , the magnitude reaches its maximum. Beyond that,
the azimuthal velocity magnitude decreases sharply and becomes zero on the axis. The
columnar surface at which the maximum in azimuthal velocity magnitude is obtained can
be defined as the border of the central vortex core. In fact, the profiles of the azimuthal
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velocity may be described by Burgers’ vortex (Faler and Leibovich, 1977), which is an
exact solution for a viscous vortex produced by radial inflow and axial outflow where the
outer flow at large radial distance are irrotational. After breakdown, the central vortex
core deviates from the axis, and takes the spiral shape winding about the axis. A
cylindrical regime, which is enveloped by the spiral vortex core, is formed along the axis.
The flow motion in this regime is induced by the spiral vortex filament after breakdown
and the sign of the axial velocity is negative. In this cylindrical regime, the magnitude of
axial velocity components is much lower than outer space. It seems that the vortex
breakdown serves to drive the approaching flow out of the central cylindrical regime.
This may be shown by Fig. 3-45, which shows the cylindrical flow reversal zone wrapped
by the spiral vortex core. The outer spiral structure presents the iso-vorticity surface and
the inner slim stick is the iso-surface of u x .
The whole flow structure rotates about the axis in a periodic fashion. Figure 3-46
gives the time history of axial velocity at (3.05, 0.37, 0). This point is just located in the
spiral wake regime. The high-frequency fluctuation stands for the rotation of the whole
flow structure and the low frequency one represents the axial drift of vortex breakdown.
As pointed out by Faler and Leibovich (1977), neither the position nor the rotation
frequency is fixed. The behaviors of vortex breakdown is random to some extent. The
corresponding power spectra of axial velocity at the same point are given in Fig. 3-47. It
indicates that the nondimensional rotation frequency is about f = 1.85 . Due to the
limitation of calculation time, the low frequency related to the axial drift of vortex
breakdown cannot be identified.
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We have mentioned that the Reynolds number also have some influence on the
mode selection. At lower Reynolds number, the flow “prefers” the bubble mode. To
illustrates this trend, we decreased the Reynolds number to Re = 200 and kept the vane
angle at θin = 75o . Figure 3-48 and 3-49 present the 3-D streaklines and vortex structures
of a spiral type vortex breakdown at Re = 200 . Compared with that at Re = 300 , the
spiral expands in radius and the pitch of spiral decreases substantially. The profiles of the
spiral structure look like an elliptic bubble very much. The main reason is that, the lower
Reynolds number tends to increase the volume flow rate transported to the central regime
due to the equilibrium break of centrifugal force and radial pressure gradient in the
boundary layer on the head end. As a result of this, the central approaching vortex core is
strengthened and the swirl level of it is increased, so it is reasonable for flow to tend to
show up as a bubble type vortex breakdown at lower Reynolds number.
In the cylindrical chamber, for which the chamber geometry is given, the factors
determining the flow evolution are the Reynolds number and vane angle. Generally the
Reynolds number is associated with the flow instability. At lower Reynolds number, flow
is relatively stable and flow pattern is simple. The most important issue for swirling flow
is the swirl level, which is determined by the injection vane angle. At high swirl level,
flow is characterized by a columnar flow reversal located on the central regime. The
generation of this columnar flow reversal is associated with the centrifugal effect due to
high swirl. It occurs only when the local swirl number exceeds a critical value. As the
swirl level decreases, the central flow reversal evolves into vortex breakdown eventually.
Two modes of vortex breakdown are identified in the present study, i.e., the bubble mode
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and spiral mode. The bubble mode generally occurs at higher swirl level. At lower
Reynolds number (Re < 500), the transition from columnar flow reversal to vortex
breakdown is smooth, and is in the sequence columnar flow reversal, bubble type vortex
breakdown and spiral type vortex breakdown. At higher Reynolds number, the columnar
flow reversal and vortex breakdown are linked by another flow type: columnar flow
reversal with Kelvin-Helmholtz instability wave at the interface. The different flow types
occurring at various ( Re, θin ) ranges are given in Fig. 3-50. Except the vortex flows
given above, at low Reynolds number or low swirl level, there exist another flow type. As
a result of high viscous effect or low swirl level, the flow pattern is so simple that there is
no flow reversal of any kind in the flow. This kind of flow was not discussed in detail in
this paper.

3.6 Summary
This chapter gives an extensive investigation on swirling flow in a cylindrical
chamber at a broad range of working conditions. Some phenomena and the underlying
physics are analyzed.
At high swirl level, flow is characterized by an axisymmetric cylindrical flow
reversal on the axis. This flow reversal is caused by the centrifugal effect due to high
swirl. It only occurs as the local swirl number exceeds a critical value. The viscous effect
on the head end has a strong influence on the flow behaviors. In the boundary layer on
head end, the equilibrium between the centrifugal force and the radial pressure gradient is
broken. The unbalanced pressure gradient drives the fluid in the boundary layer to the
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axis. This flow not only drives the central recirculation zone to the downstream, but also
reduces its size.
At medium swirl level, the free shear layer between the outer and central flows is
closer to the axis compared with that at high swirl level. The swirl and axial velocity
differences across the free shear layer give rise to the Kelvin-Helmholtz instability waves
at the interface. Near the entrance, the instability waves are caused by the swirl difference
across the free shear layer and propagate tangentially. As the outer main flow turns to the
downstream, the difference in axial velocity strengthens and makes the wave peaks
deviate from the axial direction and curve spirally. With the increase in the vane angle,
the wave mode reduces. As m = 0 mode is obtained, a jet-like vortex core is formed on
the axis, which is prerequisite to the occurrence of vortex breakdown.
Vortex breakdown occurs at low swirl level. Two types of breakdown: the bubble
mode and spiral mode are identified. The bubble mode is typical of higher swirl level.
The difference between the columnar flow reversal and the bubble type vortex
breakdown is that the columnar flow reversal is caused the centrifugal effect, yet the
bubble type vortex breakdown is caused by the adverse pressure gradient and the
repulsive force associated with the restoring effect of swirling flow. In the common
cases, there is no distinct boundary between these two phenomena.

105

Figure 3-2: Flow patterns in a cylindrical chamber with slip head end at Re=300,
θin = 10o .
(a) Pseudo streamlines on meridianal plane;
(b) Three dimensional streamlines in central region;
(c) Three dimensional streamlines in outer region.
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Figure 3-3: Flow patterns in a cylindrical chamber with slip head end at various Reynolds
numbers, θin = 10o .

Figure 3-4: Flow patterns in a cylindrical chamber at various vane angles, Re = 200.
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Figure 3-8: The profiles of pressure on the slip head end.
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Figure 3-9: The profiles of radial velocity on the slip head end.

Figure 3-10: Distributions of erθ and exr on the meridian plane at Re=300, θin = 10o .
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Figure 3-11: The control volume (enclosed by dashed line) for injected flow.
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Figure 3-12: Swirl number at the axial stagnation location in the chamber with slip head
end.
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Figure 3-13: The velocity vectors near the head end at Re = 200, θ = 20o.
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Figure 3-14: The locations of the stagnation point on the axis in the chamber with viscous
head end.
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Figure 3-15: The swirl number at the axial stagnation location in the chamber with
viscous head end.

Figure 3-16: The 3-D surface of flow reversal zone in the chamber with slip head end at
Re = 700, θin = 45o.
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Figure 3-17: The flow patterns on cross-sections x = 0.2 and 1.0 in the chamber with slip
head end at Re = 700, θin = 45o.

Figure 3-18: The flow patterns on cross sections x = 0.2 and 1.0 in the rotating frame at
Re = 700, θin = 45o.

Figure 3-19: The contours of azimuthal velocity on cross sections x = 0.2 and 1.0 in the
chamber with slip head end at Re = 700, θin = 45o.
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Figure 3-20: The contours of axial velocity on cross sections x=0.2 and 1.0 in the
chamber with slip head end at Re = 700, θin = 45o.

Figure 3-21: The contours of relative pressure on cross sections x = 0.2 and 1.0 in the
chamber with slip head end at Re = 700, θin = 45o.

Figure 3-22: The 3-D pressure cores in the chamber with slip head end at Re = 700, θin =
45o.
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Figure 3-23: The continuous connecting lines of vortex centers colored by the axial and
azimuthal vorticity magnitude.

Figure 3-24: The contours of axial vorticity magnitude on cross sections x = 0.2 and 1.0
in the chamber with slip head end at Re = 700, θin = 45o.
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Figure 3-25: The contours of azimuthal vorticity magnitude in the chamber with slip head
end at Re = 700, θin = 45o.
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Figure 3-26: The time history of axial velocity at (0.2, 0.37, 0).
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Figure 3-27: The flow patterns at cross section x = 0.2 for three vane angles θin = 45o, 55o
and 60o at Re = 700.

Figure 3-28: The 3-D pressure cores in the chamber with slip head end for three vane
angles θin = 45o, 55o and 60o at Re = 700.

Figure 3-29: The 3-D surface of the flow reversal zone in the chamber with viscous head
end at Re = 700, θin = 45o.
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Figure 3-30: The distributions of relative pressure at cross sections x = 0.1, 0.2 and 0.3 in
the chamber with viscous head end at Re = 700, θin = 45o.

Figure 3-31: The 2-D flow patterns at cross sections x = 0.1, 0.2 and 0.3 in the chamber
with viscous head end at Re = 700, θin = 45o.

Figure 3-32: The distributions of axial velocity at cross sections x = 0.1, 0.2 and 0.3 in
the chamber with viscous head end at Re = 700, θin = 45o.
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Figure 3-33: The 3-D pressure cores in the chamber with viscous head end for three vane
angles θin = 45o, 55o and 60o at Re = 700.

Rotation frequency

0.7
0.6
0.5
0.4
0.3
with slip head end
with viscous head end

0.2
0.1
40

45

50

55

Vane angle (degree)

60

65

Figure 3-34: The rotation frequency of the flow structure associated with the azimuthal
propagation of Kelvin-Helmholtz instability wave.
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Figure 3-35: The profiles of vorticity magnitude, azimuthal and axial velocities at x = 0.2
for various vane angles at Re = 200.
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Figure 3-36: The instantaneous 2-D flow pattern of a bubble type vortex breakdown at θin
= 55o, Re = 200.

Figure 3-37: The distributions of axial and azimuthal velocity component of a bubble
type vortex breakdown at θin = 55o, Re = 200.
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Figure 3-38: The distributions of vorticity magnitude of a bubble type vortex breakdown
at θin = 55o, Re = 200.
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Figure 3-39: The axial distributions of axial velocity and pressure on the axis for a bubble
type vortex breakdown at θin = 55o, Re = 200.
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Figure 3-40: The instantaneous streaklines of a spiral type vortex breakdown, colored by
vorticity magnitude at θin = 75o, Re = 300.

Figure 3-41: The instantaneous iso-vorticity surfaces of a spiral type vortex breakdown at
θin = 75o, Re = 300.
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Figure 3-42: The contours of vorticity magnitude on the maridian plane in the flow of a
spiral type vortex breakdown at θin = 75o, Re = 300.

Figure 3-43: 2-D flow pattern of a spiral type vortex breakdown at θin = 75o, Re = 300.
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Figure 3-44: The contours of axial and azimuthal velocities on the meridian plane in the
flow of a spiral type vortex breakdown at θin = 75o, Re = 300.

Figure 3-45: The cylindrical flow reversal zone wrapped by the spiral vortex core in the
wake of spiral type vortex breakdown.
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Figure 3-46: The time history of axial velocity at (3.05, 0.37, 0)
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Figure 3-47: The power spectra of axial velocity at (3.05, 0.37, 0).
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Figure 3-48: The streaklines of a spiral type vortex breakdown at θin = 75o, Re = 200.

Figure 3-49: The iso-vorticity surface of a spiral type vortex breakdown at θin = 75o, Re =
200.
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Chapter 4
Numerical Simulation of Vortex Breakdown

4.1 Introduction
Vortex breakdown is usually identified by the development of a free stagnation
point on the axis, followed by a region of reversed axial flow encapsulated by a swollen
stream surface. The technological importance of vortex breakdown has spurred an
intensive amount of work on the phenomenon since its existence was first described by
Peckham and Atkinson (1957) in an investigation of the flow over “Gothic” wings. Over
more than four decades, extensive theoretical, numerical and experimental work has been
conducted in this area (Benjamin, 1962; Benjamin, 1967; Spall and Gatski, 1995;
Sarpkaya, 1971; Faler and Leibovich, 1977), but up to now no generally accepted
explanation for the onset, internal structure, and mode selection of vortex breakdown has
been found, especially at high Reynolds number.
Leibovich (1978) suggested a division into three spatial regimes: the approach
flow, the breakdown region, and a new vortex structure with an expanded core
established downstream of the breakdown. A breakdown event causes significant
modifications of the vortex structure. With the possible exception of confined vortices at
fairly low Reynolds numbers, the flow downstream of breakdown seems always to
contain fluctuations that are not axially symmetric, even if the flow upstream is axially
symmetric to a high degree of accuracy. Experiments at high Reynolds numbers reveal
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that the flow downstream of it is always more unstable than that upstream. Breakdown
acts as a switch that marks the onset of transition to a turbulent flow downstream if the
flow upstream is laminar, or transition to a flow with a higher level of turbulent
fluctuations downstream if the vortex upstream of breakdown is already turbulent (Garg
and Leibovich, 1979; Leibovich, 1984).
In Benjamin’s theory (1962, 1967), vortex breakdown is explained as a ‘finiteamplitude’ transition from a supercritical state of flow to a subcritical state. In a
subcritical flow, disturbances can propagate upstream and downstream and standing
waves are supported, whereas in a supercritical flow, only downstream propagation is
possible. The subcritical state always had a greater momentum flux or flow force than the
supercritical state. For a mild transition, the excess of flow-force is small enough to be
cancelled by the formation of waves in the subcritical regime created downstream,
without significant energy loss. But for a strong transition the effect of wave resistance is
inadequate to establish the flow-force balance demanded by a steady state; an energy loss
is then required, which means that in practice a region of vigorous turbulence is
generated. The turbulence properties in the wake region of vortex breakdown were
seldom reported in past years.
Garg and Leibovich (1979) experimentally investigated spectral characteristics of
vortex breakdown flowfield. In the experiments, the wake regions were observed to be
unstable to nonaxisymmetric disturbances that produce coherent low frequency
oscillations. The results showed that all flows upstream of breakdown are stable to
nonaxisymmetric disturbances, while all flows downstream of breakdown are unstable to
infinitesimal nonaxisymmetric disturbances.
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As the Reynolds number increases to some extent, the flow field evolves into
turbulent vortex breakdown. Sarpkaya (1995) was the first to show that vortex
breakdown in non-cavitating swirling flows in tubes at high Reynolds numbers is
significantly different from the other well-known primary types. In their experiments it
was found that the Reynolds number and the local turbulence properties have a profound
influence on the evolution of the flow. In the high Reynolds number regime, the vortex
core initiates a kink, followed by a spiral. The nascent spirals adjacent to the kink burst
into turbulence shortly after their inception, while rotating rapidly. The remainder of the
breakdown transforms into a nominally axisymmetric cone of swirling turbulent flow.
Using much shorter exposure time, Novak and Sarpkaya (2000) found that the conical
breakdown is born from a few spirals that are rotating at very high speeds and bursting
into turbulence. It was concluded that of all the known forms, the spiral emerges as the
most fundamental breakdown form. This new type of breakdown is denoted as the eighth
type of vortex breakdown in Khoo et al’s experiments (1997).
Numerical simulation of swirling flows is an important tool to assist experiments
to gain deep understanding of the fundamental flow physics. Up to now, most previous
numerical studies dealt with the axisymmetric or three-dimensional laminar flows at
relatively low Reynolds numbers, which are highly questionable to give a complete
description of vortex breakdown phenomena. Spall and Gatski (1995) first proposed a
fully three-dimensional, time-dependent numerical simulation of turbulent vortex
breakdown. It was found that the decay of axial vorticity upstream of breakdown appears
to be slower than in laminar vortex breakdown. The levels of axial vorticity downstream
are much lower and much simpler. Other than that, Guo et al. (2001) numerically
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investigated the turbulent swirl flow in an axisymmetric sudden expansion. The behaviors
of precession vortex core are provided. Mary (2003) performed the large eddy simulation
of a turbulent vortex breakdown past a delta wing. Lu et al. (2005) studied the turbulent
swirling flows injected into a coaxial dump chamber at different swirl numbers and their
mutual coupling with acoustic waves.

4.2 Physical and Numerical Model
In this chapter, Large-eddy simulations are implemented in the present work for
turbulence closure, in which large-scale motions are explicitly computed and eddies in
scales smaller than the grid or filter size are modeled to represent the effects of
unresolved motions on resolved scales. In this paper, the subgrid-scale components are
represented by the Smagorinsky model (1963), which introduces an eddy viscosity that
was supposed to model three-dimensional turbulence with approximately threedimensional Kolmogorov k −5 3 cascade in the subgrid scales. The formulation is based on
the filtered conservation equations of mass and momentum for incompressible viscous
flow. The non-dimensional forms are given as
∂ui
=0
4.1
∂xi

∂ui
∂u
∂p  2
+uj i = −
+
+ν τ
∂t
∂x j
∂xi  Re

2
 ∂ ui

 ∂x j ∂x j

4.2

where ν τ denotes the non-dimensional eddy viscosity coefficient.

ν τ = ( Cs ∆ ) S

4.3

S = 2 Sij Sij

4.4

2
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where Cs is the Smagorinsky constant and ∆ is the grid filter width. Cs = 0.1 is used
in the present simulation.a large-eddy simulation technique is utilized to study the
behaviors of vortex breakdown as flow transmits from supercritical to subcritical states.
Both the laminar and turbulent vortex breakdown is considered. The physical model of
the investigation of vortex breakdown in this chapter is the same as that in chapter 3. To
meet the requirements of vortex breakdown, the injection vane angle is fixed at

θin = 75o , and the non-slip boundary conditions is employed on the head end. The
Reynolds number is also defined based on the chamber diameter and the tangential
velocity of the injection flow.

4.3 Laminar Breakdown with Turbulent Wake

4.3.1 Flow Evolution of Laminar Vortex Breakdown
Faler and Leibovich (1977) described a series of experiments carried out in an
apparatus modeled after Sarpkaya’s (1971). Flow visualization studies revealed a total of
six distinct modes of disruption of the vortex core as the Reynolds number and
circulation of the flow were varied. At higher Reynolds numbers, the only characteristic
geometric forms are the bubble and the spiral. Generally, the bubble types are typical of
high swirl conditions, and spiral type typical of low swirl conditions. For the device
geometry of the present simulation, vortex breakdown only occurs when the vane angle
exceeds a critical value, which is around θ c ≈ 70o . In the present study, the vane angle is
fixed at θ = 75o and the Reynolds number, which is defined based on the azimuthal
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velocity of injection flow and the chamber diameter, ranges from 200 to 750. In this
range of Reynolds number, the laminar vortex breakdown of spiral mode appears. To
investigate the general features of laminar vortex breakdown, Re = 500 is selected as the
representative reference case.
As fluid is injected into the chamber, a jet-like flow is formed on the axis before
breakdown. Due to the adverse pressure gradient associated with flow expansion, this jetlike flow decelerates sharply and deviates from the axis at the stagnation point. In the
present numerical simulation, like what were did in the experiments, a series of massless
particles are inserted around the axis in the approaching flow at a fixed time interval. By
tracing each particle using the time integration of its velocity components, the
instantaneous streaklines of fluid particles of the current numerical results can be
obtained. These streaklines correspond to the dyed lines in the experiments. Figure 4-1
gives the instantaneous streaklines of a fully-developed spiral-type vortex breakdown,
colored by vorticity magnitude. These streaklines illustrate the spatial evolutions of the
vortex core before and after vortex breakdown. With the particles traveling to the
downstream, the vorticity magnitude decreases eventually. As observed in the
experiments (Faler and Leibovich, 1977), the dyed filament marking the swirl axis
decelerates rapidly and forms an abrupt kink. The filament takes the form of a spiral,
which persists for serveral turns before breaking up into small scales. In the following
part, all the discussions about the instantaneous flow field of laminar vortex breakdown
are conducted at the same time level as this instantaneous streaklines. The snapshot of 3D iso-vorticity surfaces of the spiral type vortex breakdown is given in Fig. 4-2. Before
breakdown, the vortex core is fairly smooth and straight. With the occurrence of vortex
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breakdown at the stagnation point ( xstag ≈ 1.2 ) , the vortex core bends and deviates from
the axis. A highly structured spiral is formed. The whole spiral configuration rotates in a
periodic fashion about the axis in the same direction as the base flow. At this Reynolds
number

( Re = 500 ) ,

the nondimensional rotation frequency is about f = 2.9 . The

corresponding Strouhal number

( fD Q )

is 0.49. After several turns, this vortex core

bursts into fine-scale structures. The instantaneous contours of vorticity magnitude on

( x, y ) - plane are given in Fig. 4-3. Before breakdown, the vorticity magnitude in the core
regime is as high as ω ≈ 100 . After breakdown, the strength of the vortex core decreases
substantially. Two series of vortices corresponding to the 2-D projection of the spiral
vortex structure are located periodically on both sides of the axis. At x ≈ 4 , the largescale coherent structures break up into small scale.
The behaviors of the precessing vortex core (PVC) are of importance associated
with vortex breakdown. Regarding the PVC in a small expansion for low swirl
intensities, the work of Dellenback et al. (1988) presented relatively compelete
information. They noted that the PVC precesses with the mean swirl for large swirl
numbers and against the mean swirl for low swirl numbers. The precessing frequency is
strongly dependent on the swirl level and Reynolds number. For the present cases, the
sense of winding of the PVC is opposite to the mean flow rotation.
Figure 4-4 shows the instantaneous 2-D streamlines based on the axial and radial
velocities on a ( x, r ) -plane. In this figure, the spiral vortex breakdown shows up as a
stagnation point on the axis ( xstag ≈ 1.2 ) , followed by a series of flow reversals located
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around the axis. These flow reversals are caused by the projection of the 3-D spiral vortex
core on ( x, y ) -plane. For laminar vortex breakdown, the stagnation point on the axis can
be seen as the onset of breakdown. Yet this does not apply to double helical mode, for
which there is no flow reversal in the central regime.
The 2-D contours of axial and azimuthal velocity components based on the
instantaneous flow field on ( x, y ) -plane are given in Fig. 4-5. Before breakdown, the
magnitudes of both axial and azimuthal velocity components increase as flow approaches
the axis. For axial velocity component, the increase is monotonic and the maximum is
obtained on the axis. For azimuthal velocity, the variation is two-fold. Outside the central
vortex core, it is mainly dominated by angular momentum conservation law. The
magnitude increases towards the axis. At about r = 0.1 , the magnitude reaches its
maximum. Beyond that point, the azimuthal velocity magnitude decreases sharply and
reaches zero at the axis. The columnar surface at which the maximum azimuthal velocity
is obtained can be recognized as the border of the central vortex core. In fact, the profiles
of the azimuthal velocity may be described by Burgers’ vortex (Faler and Leibovich,
1977), which is an exact solution for a viscous vortex produced by radial inflow and axial
outflow where the outer flow at large radial distance are irrotational. After breakdown,
the central vortex core deviates from the axis, and takes the spiral shape winding about
the axis. A cylindrical regime, which is enveloped by the spiral vortex core, is formed on
the axis. In this cylindrical regime, the magnitudes of both axial and azimuthal velocity
components are much lower than outer region. The flow in this regime is supposed to be
induced by the spiral vortex core after breakdown and can be evaluated theoretically by
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the Biot-Savart law. It appears that the vortex breakdown serves to drive the approaching
flow out of the central cylindrical regime. This phenomenon may be illustrated by Fig. 4-

6, which gives the combined iso-surfaces of both vorticity magnitude and axial velocity
component. The outer spiral structure presents the iso-vorticity surface and the inner slim
stick is the iso-surface of u x . The value of axial velocity component at the iso-velocity
surface is u x = 1.0 , which is much lower than that of the outer regime.
The radial distributions of the time-mean axial and azimuthal velocity
components at several axial locations x = 0.5,1, 2 and 5 are given in Fig. 4-7. At x = 0.5 ,
a jet-like approaching flow can be identified before breakdown. Generally the swirl of the
approaching flow may be described by Burgers’ vortex (Faler and Leibovich, 1977).
With the occurrence of vortex breakdown, the jet-like flow evolves into the wake-like
eventually. In the wake regime, the profiles of both axial and azimuthal velocity
components reduce greatly. And the profiles of azimuthal velocity in this regime bear a
strong resemblance to that of a solid-body rotation.
The randomness of the behaviors of vortex breakdown was previously
investigated by Faler and Leibovich (1977). It was found that neither the position nor the
frequency was fixed. The breakdown continually drifted axially to and fro, in a seemingly
random fashion, about some mean axial location. Generally, the upstream drift of the
breakdown was preceded by a slight increase in the rotation frequency of the spiral. The
randomness shows that the vortex breakdown is a highly nonlinear phenomenon, and is
extremely sensitive to some flow parameters.
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Other than the observation in the experiments, some novel phenomena are found
in the present simulation. The present results show that, the spiral vortex core rotates
about the axis at a relatively stable frequency. Occasionally, the radius of the spiral
coherent structure expands significantly, and another minor spiral vortex core generates
near the axis. The generation of the minor vortex core is accompanied with an increase in
the rotation frequency of the whole spiral structure. The newly generated vortex core
intertwines with the main branch and rotates together with it. Sometimes, this newly
generated core gets stronger in the downstream and takes the place of the original main
vortex core. After 3 to 4 rotation periods, this minor vortex core disappears and the flow
recovers to the single spiral structure. Figure 4-8 gives the instantaneous iso-vorticity
structures as the minor vortex core generates. Generally, there are two possibilities for the
generation of the minor vortex core. The first is the bifurcation of the main vortex core
after breakdown, and the second is the convergence of outer fluid to the axis. In Fig. 4-8,
it seems that the minor vortex core originates at some distance downstream the onset of
vortex breakdown around the axis. Thus it is very likely that the generation of the minor
vortex core is caused by the convergence effect of outer fluid. The spiral winding of the
main vortex core after breakdown evacuates the central regime and attracts outer fluid to
the axis. This fluid convergence to the axis facilitates the generation of the minor vortex
core. To verify this conclusion, the instantaneous streaklines of fluid particles are
investigated. We inserted two groups of particles in the approaching flow. The first group
is set uniformly at the periphery of circle r = 0.02 at x = 0.4 . This circle is entirely
located in the core regime. The second group is set at the periphery of another circle
r = 0.14 at x = 0.4 , which is outside the central vortex core. Figure 4-9 shows the
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instantaneous streaklines of fluid particles colored with the vorticity magnitude. Figure 4-

9 (a) gives the streaklines of particles of the first group, which are released in the core
regime of the approaching flow. In this figure, only the main branch can be identified.
Yet in Fig. 4-9 (b), which presents both groups, the red particles with higher vorticity
magnitude clearly indicate the double-spiral vortex structures. Thus it may be concluded
that the generation of the minor vortex core is associated with the convergence of outer
flow to the central regime. Generally the minor vortex core can’t be observed in the
experiments because only the fluid in the approaching vortex core is dyed in the
experiments. In the present simulation, no specific frequency can be found for the
generation of the minor vortex core. It seems that this behavior is totally random.
The generation of the minor vortex core reveals the transition from m = −1 mode,
which occurs at lower Reynolds number, to m = −2 mode, which occurs at high
Reynolds number (Novak and Sarpkaya, 2000). In fact, the mode selection is dependent
on not only the Reynolds number, but also the Swirl level (Ruith et al., 2003). For the
present cases, the vane angle of injection flow is fixed and the swirl level does not change
very much for various Reynolds number.

4.3.2 Spectral characteristics of vortex breakdown flowfields
Figure 4-10 shows the frequency spectra of the turbulent kinetic energy at
x = 3.90 , r = 0.14 . The –5/3 law of energy spectrum based on the Kolmogorov-

Obukhow theory, which characterizes the inertial sub-range, is largely satisfied. In LES,
the cutoff wave number for turbulent motions should lie in the inertia sub-range of the
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kinetic energy spectrum. The result further confirms the adequacy of the numerical grid
resolution achieved.
The power spectra of the axial velocity component at various axial locations at
r = 0.19 is given in Fig. 4-11. The first three points are located in the wake regime where
the vortex core keeps the spiral shape. It appears that the rotation frequency decreases
slightly towards the downstream. The spiral structure rotates about the axis almost as a
whole. Yet the peak magnitude decreases eventually towards the downstream, which
indicates that the coherent fluctuations account for progressively less energy as flow
travels to the downstream. At the same time, the fluctuation magnitude of the small-scale
turbulence increases eventually. At x = 3.05 , where the spiral vortex core is on the border
of breaking up into small scales, the dominant peak can hardly be observed. The flow is
overwhelmed by broadband turbulence.

4.3.3 Effects of Reynolds number on vortex breakdown
Reynolds number is an important factor associated with the flow instability.
Generally higher Reynolds number makes flow unstable. The comparisons of isovorticity surfaces at Re = 300, 500 and 750 are given in Fig. 4-12. With the increase in
the Reynolds number, the turbulent wake behind the spiral vortex filament gets more and
more “turbulent”. At the same time, the breakdown position moves back to the upstream
as the Reynolds number increases. This is consistent with previous experiments
(Sarpkaya, 1971).
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Dellenback et al. (1988) found that the PVC precessed with the mean swirl for
larger swirl numbers, and against the mean swirl for low swirl numbers and the Reynolds
number does not influence the rotation of PVC so much as the swirl number. Generally,
the increase in the Reynolds number results in slight increase in rotation frequency. In the
present simulation, it is found that the dominant precessing frequency of PVC is not
uniform in streamwise direction. Figure 4-13 presents the variation of dominant rotation
frequency in axial direction for various Reynolds numbers. For each Reynolds number,
the rotation frequency decreases as flow travels to the downstream, that is, the rotation
gets slower in the downstream. Just as the experiments of Dellenback et al. (1988), with
the increase in the Reynolds number, the mean frequency increases, that is, at higher
Reynolds number, the spiral structure rotates faster.

4.4 Turbulent Vortex Breakdown

4.4.1 Flow Evolution of Turbulent Vortex Breakdown
Sarpkaya’s experiments (1995) revealed that the vortex breakdown at high
Reynolds number, which is characterized by a conical vortex structure, is significantly
different from the other primary types (double helix, nearly axisymmetric bubble, and
spiral) at low Reynolds number. The conical breakdown is born from a few spirals that
are rotating at very high speeds and burst into turbulence. In the present simulations, it is
found that at about Re = 1000 , the flow of vortex breakdown fully turns into turbulence.
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As a representative reference case, Re = 1500 is selected to study the fundamental
behaviors of turbulent vortex breakdown.
The instantaneous 2-D streamlines of a fully developed turbulent vortex
breakdown on ( x, y ) -plane are given in Fig. 4-14. This figure shows that the turbulent
vortex breakdown can be described as an approximately symmetric conical region
containing a series of flow recirculations formed on the axis. The conical shape of
turbulent vortex breakdown was first observed by Sarpkaya in 1995. The flow
recirculations are caused by the 2-D projection of spiral vortex cores after breakdown. In
the conical regime the size of flow recirculation bubbles change approximately linearly
with the axial location, which is consistent with the observations of Novak and Sarpkaya
(2000). The first recirculation bubble is located at x = 0.2 . This point may be seen as the
onset of breakdown. At about x = 4 , this conical region expands suddenly and the
spatially periodic recirculating flow in the central region becomes chaotic. Outside the
central conical region the flow appears much smoother and stable, that is, only the flow
in the central conical regime gets chaotic. The corresponding distributions of axial and
azimuthal components of velocities on ( x, y ) - plane are given in Fig. 4-15, in which an
approximately symmetric conical breakdown regime can be observed on the axis. In this
regime, both the magnitudes of axial and azimuthal velocities are lower than those of the
outer regime, and the conical breakdown regime is enveloped by flow with higher
magnitudes of axial and azimuthal velocities. This reduction in velocity magnitude is
characterized by most vortex breakdown phenomena. Before the nose of the first flow
recirculation where vortex breakdown occurs, a swirling jet with high azimuthal velocity
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is formed in the approaching flow and the axial velocity reaches its maximum on the axis,
which is about 11 in the nondimensional form. At the boundary of the central vortex core
before breakdown, the maximum of azimuthal velocity component is obtained, which is
about 8.5 m/s. Thus the vortex breakdown turns a swirling jet into a swirling wake. The
increase in axial and azimuthal velocities in the approaching flow is associated with the
convergence to the axis of injection flow. Outside the central conical regime, the viscous
effects are not so striking. As flow converges to the axis, the mass and angular
momentum conservations give rise to the increase in both axial and azimuthal velocities.
Figure 4-16 presents the contours of vorticity magnitude on ( x, y ) -plane. In the
central regime where vortex breakdown occurs, the vorticity magnitude is much higher
than elsewhere. Because the vortex breakdown takes place very close to the head end, it
is difficult to discriminate between the flows before and after breakdown in this figure.
The spiral vortex structures show up as a series magnitude peaks located on both sides of
the axis in the upstream central regime. At about x = 2 , these spiral vortex cores burst
into fine-scale turbulence. This location is farther upstream than that where the central
conical region expands suddenly in Fig. 4-14. In the fine-scale turbulence regime, no
large scale spatially structured pattern can be observed only by eyes. This may indicate a
transition from structured turbulence to unstructured turbulence in the vortex breakdown
wake. In the farther downstream, the turbulent intensities decrease.
The vortex topology of turbulent vortex breakdown is given in Fig. 4-17, which
shows the instantaneous three-dimensional iso-surfaces of vorticity magnitude. As
described by Novak and Sarpkaya (2000), after breakdown the central vortex core
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slightly bends and initiates either a single or a double spiral. In the present simulation at
Re = 1500 , it appears that the double spiral structure is dominant in the flow after
breakdown. Occasionally the double spirals burst into a number of minor spirals. This
burst seems to be random in time. In Fig. 4-17, a temporal double spiral structure is
presented after breakdown. The spirals rotate rapidly about the axis. After several turns,
the double spiral cores burst into fine-scale turbulence and the radius of core regime
expands simultaneously. In the regime where the coherent structures break up into small
scales the flow in the central regime fully mixes up with the outer flow. This is an
important characteristic of vortex breakdown, which has various applications in
combustion devices using swirling flow. In farther downstream, the turbulent intensity
reduces eventually and flow calm down again. As that of laminar vortex breakdown, the
sense of winding of the double spiral vortex cores is observed to be opposite to the
rotation of base flow for turbulent vortex breakdown.
Novak and Sarpkaya (2000) found in their experiments that the precessing vortex
core oscillated about its mean position, but neither the frequency nor the amplitude was
fixed. Fourier analysis results did not reveal any dominant characteristic frequencies. In
the present simulation, the irregular behaviors include two aspects: the irregular shifting
on the axis and the irregular bifurcation of the spiral vortex core. When Reynolds number
exceeds 1000, the irregular oscillations get more frequent. These irregular behaviors are
supposed to be caused by the highly nonlinear intrinsic features of vortex breakdown.
The quantitative investigation will be given in the following parts.

145

4.4.2 Mean Flow Field
The mean flow properties are obtained by taking a long-time average of the
instantaneous quantities. In spite of significant flow motion in the azimuthal direction, the
mean flowfield remains perfectly axisymmetric.
Figure 4-18 presents the contours of axial and azimuthal velocity components
based on the time-mean flow field on ( x, y ) -plane. A clear conical central regime can be
observed in both contours. In the conical regime, the axial velocity magnitude is around
zero, which stands for a series of flow recirculation in the instantaneous flow field. At the
same time, the azimuthal velocity magnitude in this regime is also much lower than that
of the outer flow. This can be illustrated by the radial distributions of the time-mean axial
and azimuthal velocity at x = 1, 2,3, 4,5, 6 and 8 given in Fig. 4-19. At each axial
location, both axial and azimuthal velocity components reduce greatly in the central
regime. The profiles of azimuthal velocity in the central regime bear a strong
resemblance to that of a solid-body rotation. Similar behaviors were previously observed
in many experimental and numerical studies (Pierce and Moin, 1998; Paschereit et al,
1999). This does not mean that the conical regime rotate as a whole with uniform rotation
frequency. It is noted in this figure that the value of azimuthal velocity on the border of
the central core keeps almost constant. As a result of this, with the expansion of the core
regime in the downstream, the rotation frequency decreases. This conic does not include
the whole regime where vortex breakdown occurs. In fact this conical regime is located
in the center part of breakdown and only illustrates the features near the axis.
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Vortex breakdown describes some behaviors of vortex core in swirling flow. One
efficient way to define the breakdown regime is to utilize the distribution of vorticity.
Figure 4-20 shows the distributions of time-mean vorticity magnitude ω on

( x, y ) -

plane. Because the vortex core deviates from the axis as breakdown occurs, the vorticity
magnitude acquires its maximum on the border of the central conical regime at each axial
position, and on the axis, a local minimum is reached. As flow travels to the downstream,
the peak value of vorticity magnitude decreases. At about x = 3 , the conical regime
expands suddenly, which indicates the transition into fine-scale turbulence. In farther
downstream, the mean value decreases eventually due to viscous dissipation.
The radial distributions of vorticity magnitude ω based on the time-mean flow
field at x = 1, 2,3, 4,5, 6 and 8 are given in Fig. 4-21. Before breakdown, a peak of
vorticity magnitude is located on the axis, which represents the undisturbed vortex core.
With the occurrence of vortex breakdown, the straight vortex core deviates from the axis
and curls in spiral shape. Consequently, the vorticity magnitude is relatively lower in the
central regime. The peak is reached in the annular regime where the spiral vortex core is
located.

4.4.3 Turbulent Characteristics
The irregular motion of the spiral vortex cores make it difficult to discriminate
between velocity fluctuations caused by unsteadiness and those caused by turbulence. In
the present study, we only consider the long time-mean flow field, which makes
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quantities such as turbulent kinetic energy be overestimated within the immediate vicinity
of the vortex core.
Figure 4-22 shows the distributions of turbulent kinetic energy k on ( x, y ) -plane.
In the vicinity of the breakdown nose, a peak of k, which is as high as k = 10 is reached.
In this regime, the approaching jet flow makes a sharp turn around the breakdown nose,
deviating from the axis. Due to the impact on the surface of flow reversal, the flow is
destabilized before breakdown. As a result of this, the turbulent kinetic energy k is much
higher in this regime. In the central conical regime where vortex breakdown occurs, the
mean value of k is higher than that in the outer regime. Due to the rotation of the spiral
vortex cores, the value of k at the wake boundary, where the vortex cores are located, is
higher than that near the axis. The present numerical simulation illustrates that vortex
breakdown makes the flow in the wake unstable to outer disturbances. Figure 4-23 shows
the radial distributions of the turbulence intensity components at several axial locations
x = 1, 2,3, 4,5, 6 and 8.
Long time histories of velocity components at several probe points in the vortex
breakdown wake are examined. Based on this, the analysis of power spectra at these
points is conducted. In the wake of a turbulent vortex breakdown, there are totally two
kinds of flow fluctuations of interest. The first one is caused by the transient motion of
the spiral vortex cores after breakdown and the second one is associated with the intrinsic
properties of turbulence. The general features of the oscillatory behavior will be brought
out by the power spectra at Re = 1500 .
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Figure 4-24 presents the power spectra for the axial velocity component at various
axial locations at r = 0.27 . At x = 1.60 , there is no evidence of oscillatory behavior. It is
because that this test point is located out of the central conical vortex core and the
bifurcation effects of the vortex core are not obvious. At x = 2.14 , a noticeable peak at
2.35 Hz can be found in the plot. This peak indicates locally the rotation frequency of the
coherent vortex cores at this point. With the moving of the test point to the downstream,
the dominant rotation frequency presented by the spectra peaks decreases eventually. At
x = 2.55 , the dominant frequency is 2.35 Hz and at x = 3.05 , it is 2.02 Hz. At x = 3.46
and 3.90, flow has evolved into fine-scale turbulence and there is no obvious coherent
structures can be observed in the vortex structures given in Fig. 4-24 D, yet the peaks in
the power spectra in this regime reveals the motions of the coherent structures. The
dominant frequency decreases further towards the downstream in this regime. In farther
downstream, the peaks are overwhelmed by the fluctuations caused by turbulence, which
means that the coherent behaviors attenuate eventually. The high magnitude of the
dominant peak reveals that a large fraction of the energy contained in the flow
fluctuations arises from the coherent motions.

4.4.4 Reynolds Number Effects
The Reynolds number has strong influences on not only the statistic properties of
turbulence, but also the transient behaviors of the coherent structure of breakdown, such
as the stagnation point location and rotation frequency.
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Generally the onset location of vortex breakdown can be defined as the stagnation
point on axis. Yet for some cases at high Reynolds number, the mean axial velocity at the
centerline does not become negative, that is, there does not exist a stagnation point on the
axis (Novak and Sarpkaya, 2000). In the vicinity of the vortex breakdown nose, the sharp
deviation of the approaching flow from the axis gives rise to an increase in the axial
velocity fluctuation. For the cases without stagnation point on the axis, the onset location
of breakdown can be defined as the point at which the maximum of the root mean square
(RMS) of the axial velocity fluctuation is acquired. Figure 4-25 shows the distributions of
the RMS of axial velocity fluctuation on the axis for Re = 1000,1500 and 2000. For each
case, an obvious peak can be found near the head end, which is almost one order higher
in magnitude than elsewhere. At Re = 1000 , the peak is at about x = 0.48 . With the
increase in the Reynolds number to Re = 1500 , the peak moves backward to the upstream
to x = 0.20 . At Re = 2000 , the peak is at about x = 0.13 . The Reynolds number
dependence of axial location of vortex breakdown has already been studied in previous
works (Sarpkaya, 1971). With the increase in the Reynolds number, the peak magnitude
of the RMS of axial velocity fluctuation increases. It is reasonable that high Reynolds
number makes the flow unstable to disturbances.
Figure 4-26 shows the distributions of turbulent kinetic energy k on ( x, r ) -plane
for Re = 1000,1500 and 2000. As described in preceding parts, in the central conical
regime, which can be seen as the wake of vortex breakdown, the magnitude of k is
higher than elsewhere. Inside the wake regime, k is higher at the conical boundary than
on the axis. This conical regime is followed by a suddenly expanding regime, in which
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the spiral vortex cores burst into fine-scale turbulence. These three figures are almost the
same except that with the increase in the Reynolds number, the mean value of k grows
up. The increase in k with Re can be explained by the intrinsic characteristics of
turbulence.
Figure 4-27 shows the axial variations of the dominant frequencies for

Re = 1000,1500 and 2000. Just as that of laminar vortex breakdown, the rotation
frequency decreases as flow travels to the downstream and the mean frequency is higher
at higher Reynolds number. But the increase in frequency is not so remarkable as that of
laminar vortex breakdown while the Reynolds number increases.
The present numerical simulation shows that for both laminar and turbulent
vortex breakdown, the nondimensional rotation frequency of the spiral structure increases
with the increase in the Reynolds number. Yet the frequency does not increase
monotonically as the flow transits from laminar to turbulent vortex breakdown. Figure 4-

28 shows the peak rotation frequencies at various Reynolds number. For laminar vortex
breakdown, the rotation frequency increases slightly with Reynolds number. Near the
transition point, the slope becomes sharper and the rotation frequency increases
substantially. At Re = 750, the frequency is f = 9 , which is almost four times greater
than that at Re = 300. As flow transits from laminar to turbulent, the peak frequency
decreases dramatically into a narrow region similar to that of laminar vortex breakdown
at lower Reynolds number ( Re ≤ 500 ). Except for the transition, the peak rotation
frequencies are almost the same for both laminar and turbulent cases. Generally, the
rotation frequency of the spiral structure is determined by the local flow swirl level
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(Dellenback, 1988). The transition process is characterized by a sharper increase,
followed by a sudden decrease in rotation frequency. The frequency variation at the
transition from laminar to turbulent vortex breakdown is associated with the transition
from the laminar large-scale structure to the turbulent coherent structure. This process
may be revealed from the time histories of axial velocity at the probe point in the
breakdown wake, which are given in Fig. 4-29.

4.5 Summary
A comprehensive numerical study of spiral vortex breakdown is conducted in this
chapter. The flow evolution and the spectral characteristics of both the laminar and the
turbulent vortex breakdowns are examined. The laminar vortex breakdown is
characterized by a rapid deceleration of the dyed vortex filament, which causes
stagnation, and by an abrupt kink, followed by a spiral twisting of the dyed filament. The
spiral structure persists for one or two turns before breaking up into large-scale
turbulence. The generation of the minor vortex core reveals the transition from m = −1
mode, which occurs at lower Reynolds number, to m = −2 mode, which occurs at high
Reynolds number. The turbulent vortex breakdown is significantly different from the
laminar type, which appears as a nominally axisymmetric cone of swirling turbulent flow.
The conical breakdown is born from two spiral vortex filaments after breakdown and
rotates about the axis with the base flow. The rotation frequency of a turbulent
breakdown is almost the same as that of a laminar breakdown, except those in the
transition range. The frequency variation at the transition from laminar to turbulent
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vortex breakdown is associated with the transition from the laminar flow structure to the
turbulent coherent structure. The transition process is characterized by a sharp increase in
rotation frequency, followed by a sudden decrease to the old level.

Figure 4-1: The instantaneous streaklines of a spiral type vortex breakdown, colored by
vorticity magnitude, Re = 500.
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Figure 4-2: The instantaneous iso-vorticity surfaces of a spiral type vortex breakdown,
ω = 30.0 , Re = 500.

Figure 4-3: Instantaneous distributions of vorticity magnitude ω on (x,y)- plane, Re =
500.

Figure 4-4: Instantaneous streamlines on (x,y)- plane at Re = 500.
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Figure 4-5: Instantaneous distributions of axial and azimuthal velocity components on
(x,y)- plane at Re = 500.

Figure 4-6: The cylindrical flow reversal zone wrapped by the spiral vortex core in the
wake of spiral type vortex breakdown.
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Figure 4-7: The radial distributions of axial and azimuthal velocity components based on
the time-mean flow field at Re = 500.

Figure 4-8: Snapshots of iso-vorticity surfaces as the minor vortex core generates,
ω = 30.0 , Re = 500.
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Figure 4-9: The instantaneous streaklines as the minor vortex core generates, colored by
vorticity magnitude. (a). released at r = 0.02 , x = 0.4 ; (b). released at r = 0.02 and
r = 0.14 , x = 0.4 .
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Figure 4-10: Frequency spectra of turbulent kinetic energy at x = 3.90 , r = 0.14 .
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Figure 4-11: Power spectra of axial velocity component at several axial locations at
r = 0.19 . (a). x = 1.60 ; (b). x = 2.14 ; (c). x = 2.55 ; (d). x = 3.05 ; (e). x = 3.90 ; (f).
x = 5.48
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Figure 4-12: The comparisons of iso-vorticity surfaces for various Reynolds numbers.(a).
Re = 300; (b). Re = 500; (c). Re = 750.
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Figure 4-13: The variation of rotation frequency in axial direction for various Reynolds
number in laminar range.

Figure 4-14: Instantaneous 2-D streamlines on (x,y)- plane at Re = 1500.
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Figure 4-15: Instantaneous distributions of axial and azimuthal velocity components on
(x,y)- plane, Re = 1500.

Figure 4-16: Instantaneous distributions of vorticity magnitude ω on (x,y)- plane, Re =
1500.
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Figure 4-17: Snapshots of iso-vorticity surfaces at ω = 45.0 , Re = 1500.

Figure 4-18: Distributions of axial and azimuthal velocities based on the time-mean flow
field on (x,y)-plane, Re = 1500.
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Figure 4-19: Profiles of the time-mean axial and azimuthal velocity components at
different axial locations, Re = 1500.
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Figure 4-20: Distributions of time-mean vorticity magnitude ω on (x,y)-plane, Re =
1500.
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Figure 4-21: Profiles of vorticity magnitude ω at different axial locations, Re = 1500.

Figure 4-22: Distributions of turbulent kinetic energy k on (x,y)-plane, Re = 1500.
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Figure 4-23: The profiles of turbulence intensities at different axial locations, Re = 1500.
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Figure 4-24: Power spectra of axial velocity component at several axial locations at
r = 0.27 . (a). x = 1.60 ; (b). x = 2.14 ; (c). x = 2.55 ; (d). x = 3.05 ; (e). x = 3.46 ; (f).
x = 3.90 ; (g). x = 4.40 ; (h). x = 5.48 .
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on the axis at Re = 1000,1500 and 2000.

Figure 4-26: Distributions of turbulent kinetic energy k on (x,r)-plane at Re = 1000,1500
and 2000.
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Figure 4-29: The time histories of axial velocity at r = 0.19 , x = 1.6 for various
Reynolds numbers.

Chapter 5
H2 / Air Combustion in a Meso-Scale Vortex Combustor

5.1 Introduction
With the advancement of MEMS (Micro Electro Mechanical Systems) technology
in past years, the development of micro-combustion systems for propulsion and powergeneration applications has been receiving considerable attention due to high energy
density. The challenges and characteristics of combustion in small volume were
discussed by Fernandez-Pello (2002) and Ketsdever et al. (1999). The main obstacles
were identified by two major categories: inadequate residence time and high-rate heat
loss. Both of them can lead to incomplete combustion or even to quenching of the
ongoing reaction. Some technologies must be introduced to acquire stable combustion in
micro-scale.
In combustion systems, the favorable effects of applying swirl to injected air and
fuel have been extensively utilized as an aid to achieve flame stabilization and clean
combustion in a variety of practical situations. The flame size, shape, stability, and
combustion intensity are strongly affected by the degree of swirl imparted to the flow.
The swirl causes the flow to travel downstream spirally. This spiral flow not only restricts
the reaction zone in a limited regime, but also improves the mixing upstream of the
flame. For a strong swirl, substantial radial and axial pressure gradients are set up near
the entrance, resulting in an axial recirculation in the form of a central toroidal
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recirculation zone, CTRZ, which is not observed in weak swirling flows. The
recirculating bubble plays an important role in flame stabilization by providing a hot flow
of recirculated combustion products and a reduced velocity region, which prohibits the
flame from expanding downstream. As a result, the flame length is shortened
significantly.
In this chapter, a series of calculations on reaction flows were conducted to study
the flow evolutions and flame structures in a vortex combustor over a broad range of
operating conditions. The basic flow and flame evolutions are discussed first, then the
behaviors of the central recirculation zone are studied.

5.2 Physical Model
The physical model of the vortex combustor of concern is given in Fig. 5-1, into
which fuel is injected inwardly along a radius, perpendicularly to the airflow, which
enters the combustor tangentially without axial velocity component. This combustor
geometry is the same as the smallest one in the experiments, which has a chamber as
small as 10.6 mm3. The flow of products continues the rotation by exiting tangentially at
the opposite end of the combustor. For a given combustor, the baseline parameters are:
equivalence ratio φ , chamber pressure p , velocities and temperature of injection
reactants, and wall temperature Tw . For the present cases, the Reynolds number, which is
defined based on the injection velocity of air flow and the chamber diameter, falls in the
range of 50-500 for all the conditions studied, so the reacting flow is mainly dominated
by a laminar viscous flow, yet there may still be some local turbulent regimes. In the
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present study, the turbulence effects are ignored. The inlet temperature of both fuel and
air are assumed at 300K for all simulation cases. At the combustion chamber outlet, a
fixed pressure of 1.013 ×105 Pa is specified. At the wall, a no-slip boundary condition
and a no species flux normal to the wall surface are applied. The gas density is calculated
using the ideal gas law. The fluid mixture’s specific heat, viscosity, and thermal
conductivity are calculated from a mass fraction weighted average of species properties.
The thermal boundary conditions on the chamber wall relate to two main heat transfer
factors: heat loss through the chamber wall to the ambient and heat conduction within the
wall. For the heat conduction in the chamber wall, previous works (Norton and Vlachos,
2003; 2004) have illustrated that the heat conduction within the chamber wall might have
a significant effect on the combustion behavior, depending on the wall properties such as
the wall dimension and thermal conductivity. In the present study, the characteristic
length of the vortex combustor is as small as 3 mm, so it is reasonable to employ the
isothermal boundary conditions. The experimental measurements showed that the wall
temperature on the outer surface is around 600K . The heat conduction analysis on the
whole combustor suggested an inner wall surface temperature Twall = 800 K . In the
present numerical simulation, this deduced wall temperature is chosen as the uniform
thermal boundary condition.
It is reported that the quenching phenomenon in micro-scale combustion may be
due to two primary mechanisms, namely thermal and radical quenching. Thermal
quenching occurs when the heat loss through the chamber wall is too high so that the
combustion process cannot be self –sustained. Radical quenching occurs via adsorption
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of radicals on the combustion chamber walls and the subsequent recombination, which
results in the lack of homogeneous chemistry. Both quenching mechanisms become more
significant in micro-scale combustion because of the larger surface-to-volume ratio
exhibited at the small length scale (Norton and Vlachos, 2003). The effect of radical
quenching has a close relationship with the chemical reactions, combustor size, and the
wall material property. Recent experiments have shown that the radical quenching effect
can be minimized through appropriate surface modification of combustor wall materials
to limit radical loss ( Masel and Shannon, 2001). Hua et al. (2005a; 2005b) showed
numerically that the radical quenching effect is not significant in the particular cases
because no catalyst coating is applied to the chamber wall and because the dimension is
not so small. In the present work, we focus on the flow and flame evolutions and the
flame stabilization mechanisms in the whirl combustor. Therefore, the effect of radical
quenching is ignored and a reduced one-step hydrogen/air combustion mechanism is used
in this paper. The following one-step reversible reaction has been chosen as the chemical
model:
2 H 2 + O2 ⇔ 2 H 2 O

5.1

And the net rate of reaction of H 2 is given by the expression (Sekar and
Mukunda, 1990)
dcH 2
dt

= −2 1.102 ×1019 ⋅ exp ( −8025 T ) cH2 2 cO2 − kb cH2 2O 

5.2

The rate constant of the reverse reaction is obtained from the forward rate
constant and the equilibrium constant. Although the combustion model parameters used
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in this work are obtained from macro-scale experiments, it is believed that they are still
valid at the micro scale level, according the assumption that the chemical reaction is
based on the interactions of reactant molecules.
In the experiments (Yetter et al., 2001), a ring flame structure, which was
supposed to result from the tangentially injected air-flow, was observed in the whirl
combustor. The whirl combustor exhibits unusual stability. The stability limits for
hydrogen/air combustion in the 49 mm3 combustor were at φ ∼ 0.28 on the lean side, and
between φ ∼ 5 and 6 on the rich side. Under conditions where stable operation was
achieved, chemical efficiencies were above 97%. In this part, an extensive description of
the flow and flame evolutions in the vortex combustor will be provided numerically,
together with the analysis of flame stabilization mechanisms associated with the whirl
concept.

5.3 Results and Discussion

5.3.1 Combustion in the Whirl Combustor
In the present study, both stoichiometric (φ = 1.0 ) and fuel lean (φ = 0.5 ) cases
are considered. The working pressure is fixed at P0 = 1atm , and the solid wall
temperature is fixed at Tw = 800 K . Two injection velocities of air U in ,air = 50 and 100
m/s are employed. For a given combustor, once the equivalence ratio is specified, the
injection velocity of hydrogen flow U in , H 2 can be deducted from the air-flow velocity
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U in, air . The three-dimensional computational grids are given in Fig. 5-2.In the present
study, the stoichiometric reaction with U in ,air = 100m / s is chosen as the baseline case,
which will provide the baseline characteristics of reaction flow in the vortex combustor.
Some other effects, such as the injection velocity and the equivalence ratio, will be
discussed based on this baseline case. Figure 5-3 presents the 3-D stream traces of
reacting flow at φ = 1.0 and U in ,air = 100m / s . Three distinct flow regimes can be
identified in the combustor, which are the main flow, the upstream and the downstream
recirculating flow. The main flow, which accounts for most of the flow injected into the
chamber, convects directly to the exhaust tube along the inner side wall, without any
recirculation. At the entrance, flow injected between the head end and the main flow
forms an azimuthal recirculation in the upstream regime. Then this flow combines with
the main flow traveling to the exhaust tube. The third part is another recirculation zone
near the downstream end. This recirculation zone is formed by flow injected downstream
of the main flow at the entrance. It is found that the ratios of flow rate in these two zones
are lower than those of the main flow, and the velocity magnitudes in these zones are
much lower than those of the main flow. It is just this reduction in velocity magnitude
that helps the flame stabilization and improves the mixing. Figure 5-4 shows the 3-D
stream traces colored by the velocity magnitudes, which are defined as
u = u x2 + u y2 + u z2

5.3

It is easily determined that the velocity magnitude in both the upstream and
downstream recirculating zones is much lower than that of the main flow. The main flow
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travels to the exhaust along the inner side wall, and the central regime is mainly occupied
by the recirculating flow.
For non-premixed combustion, the flame is located where the fuel and oxidizer
meet in stoichiometric proportions. The isosurface of water mass fraction at YH 2O = 0.24 ,
which indicates the flame front approximately, is given in Fig. 5-5. Due to the three-fold
decomposition of flow structures, the flame front separates into three parts corresponding
to the upstream recirculating flow, main flow, and downstream recirculating flow. Each
branch of the flame travels with the corresponding flow to the exhaust. It is certain that
the behavior of the main branch plays an important role in the performance of the
combustor. The 2-D distributions of water mass fraction on z = 0, y = 0, x = 0.2, 1, 2 and
3 mm planes are given in Fig. 5-6. Due to the swirl, the flame front is stabilized very well
in a limited regime near the entrance.
The stream traces colored by temperature are given in Fig. 5-7. As a result of heat
loss from the solid wall, the mean temperature of the present case is lower than the
adiabatic flame temperature. The temperature in the central regime, which is occupied by
the recirculating flow, is higher than that near the solid wall. As a result of this, the
recirculating flow can serve as the energy source to preheat the reactants in the main
flow. The 2-D temperature contours on z = 0, y = 0, x = 0.2, 1, 2 and 3 mm planes are
given in Fig. 5-8. It is shown that the temperature peak is reached at the flame front and
the chamber center, which is slightly lower than that of the adiabatic flame temperature.
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5.3.2 Influence of Equivalence Ratio
In the present study, the equivalence ratio is adjusted by changing the mass flow
rate of hydrogen. The equivalence ratio influences not only the flame structure, but also
the flow structure. In this part, the fuel-lean combustion φ = 0.5 is studied in the
combustor with asymmetric exhaust. The chamber pressure is one atmosphere and the
injection velocity of air is U in ,air = 100m / s and Tw = 800 K is chosen as the wall
temperature. Figure 5-9 gives the 3-D stream traces. Compared with that of
stoichiometric combustion, the major difference is that the main flow region increases in
volume and occupies almost the whole chamber. The upstream recirculating zone shrinks
strikingly and the downstream recirculating zone disappears entirely. Flow evolution is
strongly dependent on the Reynolds number, which is directly proportional to the mass
flow rate. The reduction in the equivalence ratio causes a decrease in the total mass flow
rate. As a result of this, the generation of flow recirculation is prevented. Figure 5-10
gives the comparisons of tangential velocities on the cross sections x = 0.2mm for
stoichiometric and fuel-lean cases. It shows that the decrease in equivalence ratio results
in a reduction in swirl level, which is the main reason for the shrink in the recirculation
zones.
Figure 5-11 presents the 3-D stream traces colored by the water mass fraction. For
non-premixed combustion, the flame is located where the fuel and the oxidizer meet in
stoichiometric proportions. Thus for a non-stoichiometric combustion, the water mass
fraction in the flame front regime is close to the value of a stoichiometric combustion,
which is higher than that in the products. In Fig. 5-11, the water mass fraction near the
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flame front is about 0.24, which is close to that of a stoichiometric reaction. After mixing
with the unconsumed air, this value falls to 0.115, which is just the water mass fraction of
fuel-lean combustion at φ = 0.5 . The 2-D distributions of water mass fraction on z = 0, y
= 0, x = 0.2, 1, 2 and 3 mm planes are given in Fig. 5-12. The 3-D isosurface of water
mass fraction at YH 2O = 0.2 is given in Fig. 5-13. This isosurface indicates the flame
regime approximately. Due to the shrink of recirculation zones, the shape of the flame
front is mainly determined by the main flow, and the flame-stabilization effect of the
upstream recirculating zone is limited.
The 3-D stream traces colored by temperature are given in Fig. 5-14. The
maximum is reached near the flame front. Due to the heat loss from the solid wall, this
flame temperature is lower than that of an adiabatic combustion. The temperature peak is
reached near the flame front, which is about Tmax ≈ 1400 K . The 2-D temperature
contours on z = 0, y = 0, x = 0.2, 1, 2 and 3 mm planes are given in Fig. 5-15.

5.3.3 Behaviors of the Central Recirculation Zone
Swirling flows have been commonly used for a number of years for the
stabilization of high-intensity combustion processes. The main effects of swirl are to
improve flame stability as a result of the formation of toroidal recirculation zones and to
reduce combustion lengths by producing high rates of entrainment of the ambient fluid
and fast mixing (Syred and Beer, 1974). In Chen and Driscoll‘s (1988) experiments, the
recirculation zone is shown to take an active role and engulf fuel and air like a large eddy,
and mixing rates are found to strongly depend on the recirculation velocities. Because of
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the central toroidal vortex, the overall fuel-air mixing rate within a swirl-stabilized flame
is found to be a factor five times greater than that of a simple jet flame, as evidenced by a
fivefold shorting of flame length.
In this part, the behaviors of the central recirculation zone and the effects on
flame stabilization in the vortex combustor are investigated numerically. To strengthen
the effects of the central recirculation zone, an axisymmetric circular exhaust, which is
located on the downstream side wall, is employed instead of the asymmetric single-hole
exhaust in the experiments. The configuration of a cylindrical combustor with circular
exhaust is given in Fig. 5-16, for which a circular exhaust exit is located on the
downstream side wall. For the purpose of studying the behaviors of the central
recirculation zone and making the problem simple, the adiabatic boundary conditions are
employed on the solid wall, and the equivalence ratio φ is fixed at 1. The basic flow
pattern can be sketched as Fig. 5-17. Due to high swirling, a recirculation zone is
generated in the cylinder driven by the centrifugal force. After being injected into the
cylinder, the majority of the fluid goes along the inner sidewall of the cylinder spirally to
the downstream, enclosing the recirculation zones located in the central region. This
bubble-like zone is separated from the upstream end by another zone, into which a small
flow spirals inward from the inlet to the centerline region along the upstream end and
then deflects back to the outer region along the surface of the recirculation zone. The
generation of this bubble-like recirculation is associated with the local swirl intensity,
which is characterized by the swirl number, defined as the angular momentum flux
divided by the axial momentum flux and the radius of the cylindrical combustor. In fact,
the flow is subject to several distinct mechanisms, and the flow structures show up as the
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combined effects of these mechanisms. All these things will be discussed in detail in the
following.
Since the fresh reactants are injected asymmetrically into the chamber, the
recirculation zone will not show up axisymmetrically, and the center of this zone will
depart a small distance from the central line. For the same reason, the recirculation
bubble does not keep close. This engulfing process improves the mixing rates and helps
to stabilize the flame (Chigier and Dvorak, 1975; Broadwell and Briedenthal, 1982;
Dahm and Dimotakis, 1987).
In the present study, it is found that the viscous layer on the head-end surface has
strong impeding effects on the generation of the central recirculation zone. In the
boundary layer on the head end, the reduction in the azimuthal component of velocities
vθ makes the centrifugal force decrease. Yet the radial pressure gradients in the boundary
layer are the same as those out of the boundary layer. That is, the equilibrium between the
centrifugal force and the radial pressure gradient ∂p

∂r

on the head end. The dominant pressure gradient ∂p

∂r

is broken in the boundary layer
drives an inward flow towards

the central line ( r = 0 ) along the end surface. This flow not only drives the recirculation
zone to the downstream, but also reduces the size of this zone. When the Reynolds
number is low enough, this zone can be extinguished entirely. Since the flow rate of the
induced fluid is associated with the reduction of the azimuthal velocity, the thickness of
the induced fluid has the same order as the boundary layer on the end surface. When slip
boundary conditions are employed on the head end, there generates a remarkable
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recirculation zone attached on the end surface. This zone pushes all the flow injected into
the chamber to go spirally in the outer region towards the downstream. This recirculation
zone plays an important role in anchoring the flame. Unfortunately, in the real cases, the
viscous effects on the end surface cannot be neglected, which is unfavorable to the
generation of the recirculation zone.
The comparisons of three-dimensional streamlines in combustors with slip and
viscous head ends at P0 = 1atm and different injection velocities are given in Fig. 5-18 .
The bald line indicates the regions of recirculation approximately. As expected, for the
cases with a slip head end, a central recirculation zone is just located on the head end and
the size of this zone increases as the injection velocity increases. Yet for the viscous end
cases, the recirculation zone is driven to the downstream and the size is reduced greatly
compared with those of the slip-end cases. For U in ,air = 20m / s , this recirculation zone
disappears entirely. The region between the head end and the recirculation zone is
occupied by the induced flow, whose velocity magnitude is much lower.
Figure 5-19 gives the distribution of the mass flux density ρ u x at different cross
sections in combustors with a viscous head end for P0 = 1atm , U in ,air = 40m / s . It is easily
found that the mass flux density is much higher in the outer regime and the central regime
is almost stationary. In the upstream, the central regime is fed by the induced flow in the
boundary layer on the head end, and in the downstream, the central regime is occupied by
the central recirculation zone. Thus almost all the fluid is transported to the downstream
through the high radius regime.
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The distribution of the azimuthal velocity uθ at a different cross section in the
combustors with a viscous head end for P0 = 1atm , U in ,air = 40m / s is given in Fig. 5-20.
For the slip-end cases, the injection flow cannot reach the central region due to the
existence of centrifugal force. The rotation of fluid in the central region is driven by way
of shear stress, which makes the swirl in the central region be much lower than that of the
outer region. For a viscous end case, the region between the upstream end and the
recirculation zone is fed by the induced fluid, and uθ of the induced fluid is almost zero
due to the viscous effect. Thus the rotation of the fluid in the central region is also driven
by the flow in the outer region, and the azimuthal velocity in the central region is much
lower.
The viscous effects on the head end can be measured by Reynolds number. For
the current cases, the Reynolds number can be defined based on the chamber diameter
and the tangential component of injection velocity as follows:
Re =

ρUθ D
p Uθ D
=
µ
RuT µ

5.4

The generation of the central recirculation zone is associated with the Reynolds
number. Only when the Reynolds number exceeds a certain threshold, does the
recirculation zone generate. In Eq. (5.4) , the Reynolds number is linearly proportional to
both the injection velocity and the chamber pressure. Thus, if the surrounding pressure
increases, the lower limit of velocity can decrease correspondingly to keep the occurrence
of recirculation. Figure 5-21 shows the three-dimensional streamlines for various
injection velocities at p = 2atm . Compared with those at p = 1atm , it is easily found that
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at the same injection velocity, the size of the central recirculation zone at high pressure is
larger than that at low pressure. At U in ,air = 20m / s , there is a recirculation zone, yet for
P0 = 1atm , this zone is extinguished entirely. Since the recirculation zone plays an
important role in anchoring the flame, high pressure can be used to generate the
recirculation zone, instead of increasing the injection velocity, which might blow off the
flame.
With the viscous effects on the head end, the recirculation zone is driven to the
downstream and the size is reduced greatly. This leads to the reduction of the flame
stabilization effects of the central recirculation zone. The induced flow, which convects
to the central region along the upstream end, forms another low-speed zone between the
upstream end and the recirculation zone, which can also serve as the flame anchor by
providing a reduced velocity region and an elongated circular flow passage.
The central recirculation zone is strongly dependent on the swirl number, which is
a non-dimensional number representing the axial flux of swirl momentum divided by the
axial flux of the axial momentum, times the equivalent nozzle radius.
S=

∫ ( ρu uθ ) rdA
∫ ρ u dA × D 2
x

A

A

2
x

5.5

High swirl favors the generation of a central recirculation zone. Figure 5-22
presents the axial evolution of the swirl number in the chamber with a viscous head end
at p = 1atm . It is found that an increase in injection velocity can lead to an increase in the
swirl level.
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The flame structure is strongly dependent on the flow evolution. One reasonable
way to define the flame front is to use the iso-surface of concentration at a certain value
of products. Sometimes the flame front can also be defined as an isothermal surface at
which the temperature is constant, but due to the complication of the combustion process,
the temperature at the flame front does not remain constant. Visible flame length has
been shown to be a good indicator of overall fuel-air mixing. For a diffusion flame, the
flame front indicates the location where sufficient air has been mixed so as to dilute the
fuel to stoichiometric conditions. By studying the shape and length of the flame, one can
evaluate the performance of a certain combustor. In the real case, the flame is subject to
not only the vortex flow, but also to heat loss through the solid boundary and the
equivalence ratio of reactants. Therefore, it is much better if all the effects are
investigated separately.
Currently the equivalent ratio φ is set to be 1, that is, the chemical reaction occurs
stoichiometrically. To avoid the influence of heat loss from the solid wall, the adiabatic
boundary conditions are used on the solid wall. The flame structure for P0 = 1atm and
U in ,air = 40m / s is given in Fig. 5-23, which shows the iso-surface of the constant
temperature T = 1300 K . This value is just about the median of fresh reactants
temperature and the maximum flame temperature. A bifurcated flame shape can be found
near the head end, in which one branch points to the downstream and the other expands
tangentially along the inner surface of the combustor. This is mainly caused by the
injecting pathways of air and hydrogen. In fact, the branch pointing to the downstream is
formed by the hydrogen flow injected from the injection port and the other is formed by
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the air flow. This can be demonstrated by the iso-surfaces of concentrations of hydrogen
and air, which are given in Fig. 5-24. Although hydrogen is injected in a radial direction,
the momentum carried by hydrogen is lower than that by air, so the hydrogen flow is
driven to the downstream by the high-velocity air flow. The iso-surfaces of concentration
of different components can illustrate the mixing process, which is extremely important
in the combustion system.
Figures 5-25 and 5-26 show the comparison of flame structures for various
injecting velocities at P0 = 1atm and P0 = 2atm . At the same chamber pressure, as the
injection velocity increases, the flame front is located farther downstream. This is
reasonable for a non-premixed combustion process, in which the flame front is located
where sufficient air has been mixed so as to dilute the fuel to stoichiometric conditions. If
the injection velocity is increased high enough, the flame may be blown out of the
combustor. As the chamber pressure increases, the flame front moves back to the
upstream. This can be explained in two ways. First, the high pressure speeds up the
mixing process and consequently makes the combustion occur rapidly. Second, the
central recirculation zone increases in size as the Reynolds number grows and anchors
the flame in a limited regime.

5.4 Summary
In this chapter, non-premixed combustion dynamics in the vortex combustor
based on the asymmetric whirl concept is investigated numerically. Both the
stoichiometric and fuel-lean cases are considered. The flow development and flame
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structure are illustrated with numerical results for hydrogen-air combustion in the
smallest combustor (10.6 mm3). Two kinds of flow recirculation can be identified. At the
head end of the combustor, the tangentially injected flow travels along the sidewall and
recirculates azimuthally in the upstream regime before convecting downstream. The
second recirculation zone is formed by a portion of the injected flow traveling directly
downstream along the side-wall, turning backwards at the end plate, recirculating, and
then exiting towards the exhaust. Consequently, the injected flow decomposes into three
groups, a main flow and two minor branches. The main flow, which accounts for the
majority of flow, rotates along the chamber wall as it spirals towards the exhaust, and the
two minor branches feed the two-recirculation zones as described above. Regions of flow
reversal are important to mixing and flame stabilization. To ensure efficient combustion,
fast mixing and long residence times are required. The present combustor flow provides
enhanced flame stabilization through generation of flow recirculations. In the
recirculation zone, the velocity magnitude is lower, which facilitates the flame
stabilization. The interactions between flow and flame evolutions are analyzed. As a
consequence of the three-fold bifurcation of the injected flow at the entrance, the flame
front decomposes into three branches, each propagating together with the corresponding
flow along the side-wall to the exhaust. The unusual stability characteristics demonstrated
by the asymmetric whirl in the experiments are verified numerically.
Special effort is put into the study of the behaviors of the central recirculation
zone caused by centrifugal force in the combustor with axisymmetric exhaust. The
recirculation zone plays an important role in flame stabilization by providing a heat
source of recirculating combustion products and a reduced velocity region where the
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flame front can be anchored. Under the influence of viscous effects on the upstream end,
a flow penetrates to the central region along the end surface, which not only pushes the
recirculation zone downstream, but also reduces the size of this zone greatly. This flow
forms another low-speed zone between the upstream end and the recirculation zone,
which can also serve as the flame anchor by providing a reduced velocity region and an
elongated circular flow trail. It is found that at a fixed working pressure, as the injecting
velocity increases, the flame front is located farther towards the downstream. As the
working pressure increases, the flame front moves back to the upstream.
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Figure 5-1: Configuration of the meso- scale vortex combustor.

Figure 5-2: The computational grids for the vortex combustor.
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Figure 5-3: The 3-D stream traces of reacting flow at φ = 1.0 and U in ,air = 100m / s .

Figure 5-4: The 3-D stream traces colored by the velocity magnitude.
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Figure 5-5: The isosurface of water mass fraction at YH 2O = 0.24 .
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Figure 5-6: The 2-D distributions of water mass fraction. (a) z = 0 mm; (b) y = 0 mm; (c)
x = 0.2 mm; (d) x = 1 mm; (e) x = 2 mm; (f) x = 3 mm.
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Figure 5-7: The 3-D stream traces colored by temperature.
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Figure 5-8: The 2-D temperature contours. (a) z = 0 mm; (b) y = 0 mm; (c) x = 0.2 mm;
(d) x = 1 mm; (e) x = 2 mm; (f) x = 3 mm.
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Figure 5-9: The 3-D stream traces of reacting flow at φ = 1.0 and U in ,air = 100m / s .

Figure 5-10: The comparisons of tangential velocities on the cross sections x = 0.2mm .
(a) φ = 1.0; (b) φ = 0.5
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Figure 5-11: The 3-D stream traces colored by the mass fraction of water.
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Figure 5-12: The 2-D distributions of water mass fraction. (a) z = 0 mm; (b) y = 0 mm;
(c) x = 0.2 mm; (d) x = 1 mm; (e) x = 2 mm; (f) x = 3 mm.
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Figure 5-13: The isosurface of water mass fraction at YH 2O = 0.24 .

Figure 5-14: The 3-D stream traces colored by temperature.
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Figure 5-15: The 2-D temperature contours.(a) z = 0 mm; (b) y = 0 mm; (c) x = 0.2 mm;
(d) x = 1 mm; (e) x = 2 mm; (f) x = 3 mm.
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Figure 5-16: Configuration of asymmetric cylindrical combustor with circular exhaust

Figure 5-17: Flow pattern in the combustor with circular exhaust.
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Figure 5-18: Three dimensional streamlines for different inlet velocities at P0 = 1atm . (a)
U in ,air = 20m / s ; (b) U in ,air = 40m / s ; (c) U in ,air = 80m / s .(The upper for slip upstream end
and the lower for non-slip upstream end )

Figure 5-19: Distribution of mass flux ρ u x at different cross sections at P0 = 1atm ,
U in ,air = 40m / s .
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Figure 5-20: Distribution of azimuthal velocity uθ at different cross section at P0 = 1atm ,
U in ,air = 40m / s .

Figure 5-21: Three dimensional streamlines for different inlet velocities at P0 = 2atm .
(a) U in ,air = 20m / s ; (b) U in ,air = 40m / s ; (c) U in ,air = 80m / s
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Figure 5-22: Axial evolution of swirl numbers in the chamber with viscous head end at
p = 1atm .

Figure 5-23: Iso-surface of temperature at P0 = 1atm , U in ,air = 40m / s . ( T = 1300 K )
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Figure 5-24: Iso-surface of mass fraction at P0 = 1atm , U in ,air = 40m / s . (a) H 2 ,
YH 2 = 0.2 ; (b) O2 , YO2 = 0.17

Figure 5-25: Isothermal surface ( T = 1300 K ) at P0 = 1atm , (a) U in ,air = 20m / s ; (b)
U in ,air = 40m / s ; (c) U in ,air = 80m / s
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Figure 5-26: Isothermal surface ( T = 1300 K ) at P0 = 2atm , (a) U in ,air = 20m / s ; (b)
U in ,air = 40m / s ; (c) U in ,air = 80m / s .

Chapter 6
Conclusions and Future Work

6.1 Conclusions
The present work numerically investigates the flow and combustion dynamics in
meso- scale vortex combustors with continuum-based computational techniques. The
micro combustor under consideration is developed with application of the asymmetric
whirl combustion concept (Yetter et al 2000; Yetter and Moore 2000). Air flow enters the
combustor tangentially without an axial component. The axial component is determined
by mass conservation in which fresh mixture displaces the reacting mixture forcing it
down the combustor axis. The air continues its rotating flow pattern by exiting
tangentially at the opposite end of the combustor. In this work, a series of calculations on
hydrogen/air combustions are conducted over a broad range of operating conditions. In
addition, the physics of swirling flow based on the incompressible fluid dynamics is
investigated extensively.
The numerical study on swirling flow in a cylindrical chamber is conducted first.
Three-dimensional incompressible Navier-Stokes equations are solved using a finite
element method. Three kinds of flow reversals are identified based on the variation of
swirl level. At high swirl level, flow is characterized by an axisymmetric cylindrical flow
reversal on the axis. This flow reversal is caused by the centrifugal effect due to high
swirl. It only occurs as the local swirl number exceeds a critical value. The viscous effect
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on the head end has a strong influence on the flow behaviors. In the boundary layer on
head end, the equilibrium between the centrifugal force and the radial pressure gradient is
broken. The unbalanced pressure gradient drives the fluid in the boundary layer to the
axis. This flow not only drives the central recirculation zone to the downstream, but also
reduces its size. At medium swirl level, the free shear layer between the outer and central
flows is closer to the axis. The swirl and axial velocity differences across the free shear
layer give rise to the Kelvin-Helmholtz instability waves at the interface. Near the
entrance, the instability waves are caused by the swirl difference across the free shear
layer and propagate tangentially. As the outer main flow turns to the downstream, the
difference in axial velocity strengthens and makes the wave peaks deviate from the axial
direction and curve spirally. With the increase of vane angle, the wave mode reduces. As
m = 0 mode is obtained, a jet-like vortex core is formed on the axis, which is prerequisite

to the occurrence of vortex breakdown. Vortex breakdown generally occurs at low swirl
level. Two types of breakdown: the bubble mode and spiral mode are identified. The
bubble mode is typical of higher swirl level. The difference between the columnar flow
reversal and the bubble type vortex breakdown is that the columnar flow reversal is
caused the centrifugal effect, yet the bubble type vortex breakdown is caused by the
adverse pressure gradient and the repulsive force associated with the restoring effect of
swirling flow. In the common cases, there is no distinct boundary between these two
phenomena.
A comprehensive numerical study on spiral vortex breakdown is conducted in the
second part. In Benjamin’s theory, vortex breakdown is explained as a ‘finite-amplitude’
transition from a supercritical state of flow to a subcritical state. This process is generally
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accompanied with vigorous turbulence in the downstream. The flow evolution and the
spectral characteristics of both the laminar and the turbulent vortex breakdowns are
examined. The laminar vortex breakdown is characterized by a rapid deceleration of the
dyed vortex filament, which causes stagnation, and by an abrupt kink, followed by a
spiral twisting of the dyed filament. The spiral structure persists for one or two turns
before breaking up into large-scale turbulence. The generation of the minor vortex core
reveals the transition from m = −1 mode, which occurs at lower Reynolds number, to
m = −2 mode, which occurs at high Reynolds number. The turbulent vortex breakdown
is significantly different from the laminar type, which appears as a nominally
axisymmetric cone of swirling turbulent flow. The conical breakdown is born from two
spiral vortex filaments after breakdown and rotates about the axis with the base flow. The
rotation frequency of a turbulent breakdown is almost the same as that of a laminar
breakdown, except that in the transition range. The frequency variation at the transition
from laminar to turbulent vortex breakdown is associated with the transition from the
laminar flow structure to the turbulent coherent structure. The transition process is
characterized by a sharp increase in rotation frequency, followed by a sudden decrease to
the old level.
Finally, non-premixed combustion dynamics in the vortex combustor based on
asymmetric whirl concept is investigated numerically. Both the stoichiometric and fuellean cases are considered. The flow development and flame structure are illustrated with
numerical results for hydrogen-air combustion in the smallest combustor (10.6 mm3).
Two kinds of flow recirculation can be identified. At the head-end of the combustor, the
tangentially injected flow travels along the sidewall and recirculates azimuthally in the
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upstream regime before convecting downstream. The second recirculation zone is formed
by a portion of the injected flow traveling directly downstream along the side-wall,
turning backwards at the end plate, recirculating, and then exiting towards the exhaust.
Consequently, the injected flow decomposes into three groups, a main flow and two
minor branches. The main flow, which accounts for the majority of flow, rotates along
the chamber-wall as it spirals towards the exhaust, and the two minor branches feed the
two-recirculation zones as described above. Regions of flow reversal are important to
mixing and flame stabilization. To ensure efficient combustion, fast mixing and long
residence times are required. The present combustor flow provides enhanced flame
stabilization through generation of flow recirculations. In the recirculation zone, the
velocity magnitude is lower, which facilitates the flame stabilization. The interactions
between flow and flame evolutions are analyzed. As a consequence of the three-fold
bifurcation of the injected flow at the entrance, the flame front decomposes into three
branches, each propagating together with the corresponding flow along the side-wall to
the exhaust. The unusual stability characteristics demonstrated by the asymmetric whirl
concept in the experiments are verified numerically.
Special effort is put into the study of behaviors of central recirculation zone
caused by centrifugal force in the combustor with axisymmetric exhaust. The
recirculation zone plays an important role in flame stabilization by providing a heat
source of recirculating combustion products and a reduced velocity region where the
flame front can be anchored. Under the influence of viscous effects on the upstream end,
a flow penetrates to the central region along the end surface, which not only push the
recirculation zone to the downstream, but also reduce the size of this zone greatly. This
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flow forms another low speed zone between the upstream end and the recirculation zone,
which can also serve as the flame anchor by providing a reduced velocity region and an
elongated circular flow trail. It is found that at a fixed working pressure, as the injecting
velocity increases, the flame front is located farther to the downstream. As the working
pressure increases, the flame front moves back to the upstream.

6.2 Major Contributions
(1) Three kinds of flow reversals are identified in swirling flow: columnar flow
reversal at high swirl level, columnar flow reversal with Kelvin-Helmholtz instability at
medium swirl level and vortex breakdown at low swirl level. The characteristics and
mechanisms of these three kinds of flows are provided.
(2) The behaviors of both laminar and turbulent vortex breakdown are
investigated numerically.
(3) The flow and flame evolutions in micro vortex combustor are studied
numerically.
(4) The behaviors of the central recirculation zone in combustion system are
investigated. The effect of the recirculation zone on flame stabilization are analyzed.

6.3 Recommendation for Future Work
In the present work, the numerical study of the physics of swirling flow is
conducted mainly in laminar flow regime. Generally, the behaviors of turbulent swirling
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flow are different from those of laminar swirling flow. In future work, the numerical
investigation should be expanded to turbulent flow regime.
In the present study, the random behaviors of vortex breakdown are found, yet the
mechanisms remain unknown. With the help of further numerical simulation, the
randomness of vortex breakdown should be described and explained theoretically.
The swirling flow has broad applications in combustion systems. The physics of
swirling flow with chemical reactions is understood very little at present. This study
could be conducted in future work.
In the numerical study of the micro combustion system, the heat loss to
surrounding walls, inversely proportional to length scale, plays an important role in
overall device performance, especially for devices in micro scale. In the present work, the
adiabatic wall is assumed. Thus, in the future work, the heat loss through the boundaries
should be considered. The thermal effects associated with the material and geometry of
the combustor influence the performance of micro-combustor greatly. This could be
studied together with the inner flow.
In real case, the chemical reactions occur in the combustor are much more
complicated. Multi-step reactions should be considered instead of the simplest one step
model. The reaction mechanisms in micro scale are different from those of macro scale.
The exact mechanisms applying to micro scale could be considered.
The reacting flow in subsonic, transonic and supersonic nozzles in micro scale
could be studied numerically in future work.
The features of much smaller combustors, in which non-continuum flow occurs,
are still unknown. In the slip flow regime the flow is governed by the Navier-Stokes
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equations (Schaaf and Chambre 1961), and rarefaction effects are modeled through the
partial slip at the wall using Maxwell’s velocity slip and von Smoluchowski’s
temperature jump boundary conditions (Kennard, 1938) In the transition regime

( Kn > 0.1) ,

the constitutive laws that define the stress tensor and the heat flux vector

break down. In the future work, study could be conducted on the flow in slip regime.
The whole performance of different designs could be studied, such as the
combustion efficiency.
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