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ABSTRACT

This thesis presents the development of BIOGEOCHEM, a numerical model to
simulate biochemical and geochemical reactions in a batch system and
HYDROBIOGEOCHEM, a numerical model to simulate HYDROIlogic transport and
BlOchemical and GEOCHEMical reactions under nonisothermal multiphase systems in
2-dimensions and 3-dimensions.

HYDROBIOGEOCHEM is a coupled hydrologic transport and biogeochemical
reaction code, reaction module of which is BIOGEOCHEM, to predict the spatio-
temporal distributions of all the important chemical species. The formulation of
BIOGEOCHEM and HYDROBIOGEOCHEM is new in that it is based on a general
paradigm which uses the well accepted diagonalizetion-decomposition procedure. The
unique features of the general paradigm are that it can simultaneously (1) facilitate the
segregation (isolation) of linearly independent kinetic reactions and, thus, enable the
formulation and parameterization of individual rates one reaction by one reaction when
linearly dependent kinetic reactions are absent; (2) enable the inclusion of virtually any
type of equilibrium expressions and kinetic rates users want to specify; (3) reduce
problem stiffness by eliminating all fast reactions from the set of ordinary differential
equations governing the evolution of kinetic variables; (4) perform systematic operations
to remove redundant fast reactions and irrelevant kinetic reactions; (5) systematically
define chemical components and explicitly enforce mass conservation; (6) accomplish

automation in decoupling fast reactions from slow reactions; and (7) increase the



v
robustness of numerical integration of the governing equations with species switching
schemes.

The new formulation in HYDROBIOGEOCHEM wuses Gauss-Jordan
decomposition to diagonalize the governing matrix equations for hydrologic transport to
reduce primary dependent variables (PDVs), resulting in mobile components and mobile
kinetic variables as PDVs. Methods for coupling biogeochemical reaction and
hydrologic transport, such as the sequential iteration approach (SIA) and predictor
corrector approach are incorporated into the code to make the model versatile.

The governing transport equation can be written in conservative form and
nonconservative form. Five different numerical schemes based on the two forms of
equations are incorporated in HYDROBIOGEOCHEM to better understand different
physical processes. They are (1) FEM on advective form of equation, (2) FEM on
conservative form of equation, (3) Hybrid Lagrangian-Eulerian FEM for interior
elements + FEM on advective form of equation for boundary elements, (4) hybrid
Lagrangian-Eulerian FEM, and (5) Hybrid Lagrangian-Eulerian FEM for interior
elements + FEM on conservative form of equation for boundary elements.

Heat transfer is considered in HYDROBIOGEOCHEM to account for the
temperature variations that may impact hydrologic transport by affecting the hydrologic
and chemical conditions in the subsurface system. Weak coupling will be applied to
solve a system of chemical transport and heat transfer to save computing resources.

HYDROBIOGEOCHEM is designed to assess migration of subsurface
contamination and help design remediation technologies. The prospective field

application of the model is demonstrated by examples.



TABLE OF CONTENTS

LIST OF FIGURES. . ..o e vii
LIST OF TABLES. ... .o ix
ACKNOWLEDGEMENTS. ... X
CHAPTER 1. NTRODUCTION. ..ottt 1
1.1. BACKGROUND AND LITERATURE REVIEW .............co 1
1.2. OBJECTIVE AND FORMAT ... ..o 6
REFERENCES ... 8
CHAPTER 2. A GENERAL PARADIGM TO MODEL REACTION-BASED
BIOGEOCHEMICAL PROCESSES IN BATCH SYSTEMS..................... 12
ABSTRACT ..o 12
2.1. INTRODUCTION ..ot e 1D
2.2. REACTION NETWORK ... oo 19
2.3. DECOMPOSITION OF REACTION NETWORK ...........c.oooiii 30
2.4. REACTION RATE FORMULATIONS ... 47
2.5. NUMERICAL SOLUTION ..ottt 50
2.6. EXAMPLE SIMULATIONS ... e 54
2.7. CONCLUSION AND DISCUSSION ....oiiiiiiiiiii e 66
APPENDIX 2. A oo 69
APPENDIX 2.B .. 78
ACKNOWLEDGEMENTS. ... e, 83
REFERENCES . ... e 84

CHAPTER 3. REACTIVE TRANSPORT UNDER MULTIPHASE SYSTEM: -
MODEL FORMUATION AND NUMERICAL SCHEMES .........................93

ABSTRACT ... 93
3.1 INTRODUCTION. ..o 95
3.2.PARADIGM REVIEW ... 97
3.3. GOVERNING EQUAITONS FOR TRANSPORT .........cccooiiiiintn. 101
3.4. EXAMPLE SIMULATIONS ...t 114
3.5. DISCUSSION AND CONCLUSIONS ..., 127

APPENDIX 3.A MATRIX EQUATION FOR DIFFERENT NUMERICAL
SCHEME S . .. 129



vi

ACKNOWLEDGEMENTS. ... 135
REFERENCES . ... 136
CHAPTER 4. 3-DIMENSIONAL NON-ISOTHERMAL REACTIVE TRANSPORT
UNDER MULTIPHASE SYSTEM.....ccoiiiiiii e, 143
ABSTRACT ... 143
4.1. INTRODUCTION ..ot e, 145
4.2. GOVERNING EQUATIONS FOR HYDROLOGIC TRANSPORT ....... 146
4.3. NUMERICAL IMPLEMENTATOIN ......cooooiiiiiiiii 150
4.4. GOVERNING EQUATIONS FOR HEAT TRANSFER ..................... 153
4.5. EXAMPLE SIMULATIONS ... 156
4.6. CONCLUSION ...t 159
APPENDIX 4.A ADVECTIVE FORM EQUATONS FOR HYDROLOGIC
TRANSPORT ... 160
APPENDIX 4.B INITIAL AND BOUNDARY CONDITIONS FOR
HYDROLOGIC TRANSPORT ..o, 163
APPENDIX 4.C MATRIX EQUATIONS FOR DIFFERENT NUMERICAL
SCHEMES . ..., 167
APPENDIX 4.D ADVECTIVE FORM EQUATIONS FOR HEAT
TRANSFER. ... 173
ACKNOWLEDGEMENTS. ... 174
REFERENCES . ... 175
CHAPTER 5. SUMMARY AND FUTURE WORK..........c.ooiiiiii, 191
S.L.SUMMARY Lo 191
S2.FUTURE WORK ... e 192

REFERENCES . ... 193



vil

LIST OF FIGURES

Figure 2.1. Solution of the reaction network in table 2.1: Comparison of this study with
results of Chilakapati et al.[1998]. (Cy and C, are the initial concentrations of

Co(IEDTA(aq) and microorganisms, respectively.........coovviiiiiiineniannennn. 55
Figure 2.2. Concentration curves for major species directly involving in the mineral
ISSOIULION. .. et 61
Figure 2.3. Concentration curves for main complexed and adsorbed species .............. 61
Figure 2.4. Concentration curves for ion-exchanged species ............ccovvvvviiniennnnnnn. 62

Figure 3.1. Concentration profile of chemical C at t = 8 days: (a) ap, = 0.1 cm, (b) ap = 10

CM, (C) 0L = 50 CIMlL e e e e 117
Figure 3.2. Concentration profile for problem 3.4.2.......... ..o, 118
Figure 3.3. Gaseous species concentration at selected times .............ccccooeeiviininnn. 121
Figure 3.4. Problem domain ..............ooiiiiiiiiiiii e 122
Figure 3.5. Concentration profile of different species in aqueous phase .................. 126

Figure 3.6. Contours of gaseous hydrocarbon (top, unit in Pa) and aqueous hydrocarbon
(bottom, unit in mg/L) in the unsaturated and saturated zone...................... 126

Figure 4.1. Concentration profile comparison with Sun et al. (1999) at selected time
steps.The solid line is from Sun et al, circle 1is from

HYDROBIOGEOCHEM.......oiiiiiiii e 183
Figure 4.2. Temperature distribution after 8 days..............ccoviiiiiiiiiiiii .. 184
Figure 4.3. Problem domain (after UTCHEM, 2000)............cceiiiiiiiiiiiiiiiiiaiannn, 184

Figure 4.4. Bnapr distribution after (a) t =30d and (b) aftert=150d at x =90 m...... 185
Figure 4.5. Tnapr distribution after (a) t = 30d and (b) after t=150d at x =90 m.......186
Figure 4.6. X, distribution after (a) t =30d and (b) aftert=150d atx=90m.......... 187
Figure 4.7. Oy,q) distribution after (a) t =30d and (b) aftert=150datx=90m....... 188

Figure 4.8. NOs (4q) distribution after (a) t =30d and (b) after t =150 d at x =90 m.... 189



Figure 4.9. Species concentration distribution with respect to time



X

LIST OF TABLES

Table 2.1. Reaction network for the example problem in Section 2.6.1 (after Chilakapati

€L Al [1998]) o 55
Table 2.2. Reaction network for the example problem in Section 2.6.2 ..................... 58
Table 2.3. Reaction network for the example problem in Section 2.6.3 .................... 65
Table 2.4. Initial and simulated species concentration ...............ccovveviiiinieniennenn... 66

Table 2.B.1. Matrix decomposition for the reaction network of the transformation of
BT A e 78

Table 2.B.2. Matrix decomposition for the complex (multiple reaction types) mixed
(equilibrium and kinetic) reaction SYStem ..........c.evvriiiiieiiiiiiieiiieaieennnn. 80

Table 3.1. R? values based on the analytical and calculated results for different values of

QIS POTSIVILY .. ettt e 115
Table 3.2. Processes considered in problem 3.4.2............coooiiiiiiiiiiiiiiiii 118
Table 3.3. Physical and Chemical Parameters and values for Problem 3.4.2 ............. 119
Table 3.4. R* values based on the analytical and calculated results for selected time

] 17 01 119
Table 3.5. Physical and Chemical Parameters and values for Problem 3.4.3...............120
Table 3.6. Physical and Chemical Parameters and values for Problem 3.4.4.............. 123
Table 3.7. Processes considered in problem 3.4.4............ooiiiiiiiiiiiiiiie, 124
Table 4.1. Processes considered in problem 4.1..............ooiiiiiiiiiiiiiiien, 178
Table 4.2. System parameters and values............oovviiiiiiiiiii i 178
Table 4.3. Flow Parameters and Values. ... 179
Table 4.4. Biogeochemical Processes. ........vvuiiiiiiiiiiiiiiii i, 180
Table 4.5. Reaction Rates..........o.oiiiiii i 181

Table 4.6. SIMulation ParameEterS. ... .. .vvuttet ettt e e e eeeeiaeeaaas 182



ACKNOWLEDGEMENTS

I am grateful for the chance to study under the guidance of Dr. Gour-Tsyh Yeh
and his ongoing financial support through my graduate study. Dr. Yeh’s way of research
has impressed me and will greatly help me in my future career. His ideas and input has

enlightened me in this work.

I would like to thank Dr. William D. Burgos for the chance to work with him. I
would also like to thank my other committee members, Dr. Christopher J. Duffy and Dr.
Derek Elsworth for their time and effort on this thesis.

I would like to thank the Department of Civil and Environmental Engineering at
University of Central Florida. UCF has provided me computing resources and other
facilities during my thesis research there for almost two years.

I am indebted to my family for their support and encouragement that have enabled
me to successfully complete this work. Especially, I am grateful to my husband Tao for

his love and encouragement during my study. I would also like to thank my daughter

Michelle who has brightened my life.



CHAPTER 1.
INTRODUCTION

This thesis presents the numerical modeling of biochemical and geochemical
reactions in batch systems and non-isothermal reactive chemical transport under
multiphase systems. Included in the transport model, HYDROBIOGEOCHEM, (a
numerical model to simulate HYDROIlogic transport and BlOchemical and
GEOCHEMical reactions under nonisothermal multiphase systems) are transport
processes including advection, dispersion, and molecular diffusion, and chemical
processes including aqueous complexation, adsorption-desorption, ion-exchange,
oxidation-reduction, precipitation-dissolution, acid-base reactions, and microbial
mediated reactions. Chemical processes are modeled with BIOGEOCHEM, a batch
numerical speciation model. Reaction rates considered in the BIOGEOCHEM is the most
comprehensive so far. Because of this broad modeling scope, HYDROBIOGEOCHEM
has a prospective to be applied to a wide range of subsurface contamination problems,
and to provide a powerful tool for mechanistically understanding biogechemical
processes under transport in natural systems and proper designing of remediation

technologies.

1.1 BACKGROUND AND LITERATURE REVIEW

Increasing human activities have induced potential adverse effect on the
environment, particularly the contamination of the groundwater. General sources of

groundwater contamination include accidental spills and leaks, mining, salt intrusion and



others (Chareneau, 2000). Once the contaminants are introduced into the subsurface, they
will pose a potential threat to large volumes of groundwater flowing through porous
media under the surface of the earth.

Typical porous medium contains solid phase, water phase and gas phase, and
there may be a number of natural chemical species in each phase. In the case of
contamination, the medium also contains foreign chemicals — contaminants, which can
end up in different phases during their migration processes as the result of the complex
interplay among hydrological, physical, geochemical, and biochemical processes in the
subsurface environment.

Once in contact with soil, a contaminant composed of several chemical species
enters the soil and migrates downward through the unsaturated zone under gravity. In
some circumstances, the contaminant may be dissolved as a portion of the aqueous phase.
When the source of contaminant is associated with leaking underground tanks, it will be
in the form of nonaqueous phase liquid (NAPL) because the majority of these tanks store
petroleum products with low solubility in water. Ttrichloroethylene (TCE), for example,
has a solubility of 1100 ppm in water at 20°C (Pinder and Abriola, 1986). In addition,
light components of the contaminant may vaporize into the soil air. Some contaminant
will be trapped in the matrix of the porous media, while others will eventually reach the
water table and migrate as part of the groundwater.

The migration of a chemical contaminant in the subsurface is a very complex
process since its release to the subsurface environment. It will be controlled by
hydrological processes, transport processes such as advection and dispersion, and

biogeochemical processes such as precipitation-dissolution, adsorption, and aqueous



speciation reactions (Viswanathan et al., 1998). Therefore, the assessment of subsurface
contamination and proper design of remediation technologies requires accurate model of
the transport of contaminants in subsurface system.

A fundamental question to the transport of the chemical species under the
multiphase system is how the concentrations of each chemical species within different
phases relate to each other, the understanding of which is known as reactive chemical
transport (Cheng, 1995, and reference therein). The simplest and most common approach
is the local equilibrium assumption (Charbeneau, 2000). This approach assumes that the
rate of mass transport through the porous media within a phase is slow compared to the
rate of mass transfer between phases in contact locally, i.e., the species in different phases
are in thermodynamic equilibrium. However, experimental evidence has shown that this
assumption is not always tenable (Friedly and Rubin, 1992, and references therein).

Various ways have been attempted by researchers to solve the reactive transport
problems. Hunter et al. (1998) classified and reviewed models of reactive transport
developed till 1996 in subsurface environments. Most of these biogeochemical models
are based on local equilibrium assumption due to computational limitations and the lack
of database in kinetic rate constants. This assumption may provide a good approximation
for many homogeneous speciation, acid-base and adsorption reactions; however, it may
not reflect realistic spatio-temporal distributions of chemical species in subsurface
systems when dealing with slow reactions, such as mineral dissolution/precipitation and
oxidation/reduction (Hunter et al., 1998).

In the past few years, there have been considerable efforts to deal with the

kinetically controlled, multi-component transport in the development of reactive chemical



transport in the subsurface systems. We have witnessed the rapid evolution of models for
the analysis of reactive chemical transport with the growing thermodynamic and kinetic
databases. These models include PHREEQC (Parhurst, 1995), an ion-association aqueous
model designed for low-temperature aqueous geochemical calculations; RAFT
(Chilakapati, 1995; Chilakapati et al. 2000), a tool for arbitrarily complex coupled
kinetic-equilibrium heterogeneous reaction networks; OS3D (Steefel and Yabusaki,
1996), a 3D model designed for multicomponent, multispecies chemistry, considering
multiscale heterogeneities; HYDROGEOCHEM (Cheng and Yeh, 1998), a model
designed for the simulation of reactive multispecies-multicomponent chemical transport
through saturated-unsaturated media under non-isothermal conditions; BIORXNTRN
(Hunter et al., 1998), a model focusing on the comprehensive kinetic reaction network for
the multi-component biogeochemical dynamics of groundwater systems; BIOKEMOD
(Salvage and Yeh, 1998), a model designed for simulating any mixture of geochemical
and mocriobiological reactions in subsurface systems; TRANQUI (Xu, 1999), a 2D
model dealing with thermo-hydro-geochemical problems for single phase saturated-
unsaturated porous media flow systems; LEHGC2.0 (Yeh et. al, 2001a), a model for
coupled fluid flow and reactive chemical transport; and some others. There were several
articles on the application and development of reactive chemical transport models in a
special issue of Journal of Hydroloy (Volume 209).

Even though there is a large reservoir of numerical models available as mentioned
above, numerical efficiency for modeling reactive chemical transport is still of major
concern because of the complex nature of transport and reaction processes and their

interactions. Usually, flow and transport can be treated in separate steps. However, from



a physical point of view, the chemicals contained in the subsystem affect the solution
density and induce changes in the flow field, which becomes dependent not only on the
hydrogeologic parameters of the system, but also on the chemical concentration. This
interdependence produces a coupling between the flow and transport equations.
Secondly, as the chemical part of reactive transport models becomes more complex
(considering mixed equilibrium and kinetic reactions), a challenge is posed on numerical
formulations that can solve the resulting governing equations efficiently.

Method to couple chemistry codes to transport models varies according to the
particular codes. Some chemical codes have been extended to include solute transport,
for example, the geochemical code PHREEQE has been expanded to account for one-
dimensional advection, and equilibrium code MINTEQ2 has been coupled with the two-
dimensional advective-dispersive transport code PLUME2D, as summarized by Hunter et
al. (1998). Some chemical codes are iteratively coupled with transport codes, such as
HYDROGEOCHEM (Yeh and Tripathi, 1991).

Yeh and Tripathi (1989) reviewed and discussed a number of approaches used in
different transport models and compared the computation effort of each approach with
regard to the formulation of governing equations and the types of reactions considered.
Steefel and MacQuarrie (1996) also reviewed several approaches for accuracy and
computational efficiency. However, the comparison of different approaches is still an
active topic in the literature (for example, Saaltink et al., 2001). In the meantime, there
are new techniques being proposed other than the three general categories: operator
splitting, the global implicit method and sequential iteration methods, such as ‘selective

coupling method’ in FEHM (Robinson et al., 2000).



While reactive chemical transport in a single flow system is still a subject of
intensive research, some researchers have already initiated investigations in multiphase
systems (for example, Lichtner and Seth, 1996; Viswanathan et al., 1998; Xu and Pruess,
2001). Limits of applicability of some of the models were addressed by Wu and Pruess
(2000), for example, the assumption of isothermal system in the models. However,
temperature variations may impact transport by affecting the hydrologic and chemical
conditions. Therefore, heat transfer should be considered in the models to account for the
temperature effect.

Of all the models cited above, most have the limitation of assuming that all
biogeochemical reactions can be easily written in basic (canonical) forms, which is not
obvious when there are many parallel kinetic reactions (Yeh et al., 2000; Yeh et al.,
2001b). And this limitation will certainly affect the generality of these models. On the
other hand, the rate formulation for biogeochemical reactions is a primary challenge in
biogeochemical modeling. Ad hoc approach dominates in current literature. It is not able
to capture key features of a natural system via several measurable parameters. Therefore,
a reaction-based formulation, though difficult to attain, is in need to alleviate the

problem.

1.2 OBJECTIVE AND FORMAT

This thesis is to develop a non-isothermal, reactive chemical transport model on a
reaction-based formulation under the multiphase system. The ultimate goal is to develop

the capability of the model to calculate the spatio-temporal distributions of all the



important chemical species, reaction rates in the system. The organization of the thesis is
as follows: A theoretical description of the batch model BIOGEOCHEM will be
presented first. Followed by the derivation of the governing equations for reactive
transport based on a new formulation and heat transfer under multiphase system, the
techniques involved in transport calculations will be discussed. The thesis is made up of
three journal articles. Chapter 2 presents the development, and application of the batch
biogeochemical reaction model BIOGEOCHEM; this paper has been accepted for
publication by Water Resources Research. Chapter 3 presents the formulation and
different numerical schemes of HYDROBIOGEOCHEM, a reactive transport model; this
paper is intended for submission to Water Resources Research. Chapter 4 presents the
formulation of a three dimensional non-isothermal reactive transport model,
3DHYDROBIOGEOCHEM; this paper is intended for submission to the Journal of
Hydrology. Chapter 5 summarizes the work presented in this thesis and outlines the limits

of the study.
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CHAPTER 2.
A GENERAL PARADIGM TO MODEL REACTION-BASED
BIOGEOCHEMICAL PROCESSES IN BATCH SYSTEMS

Yilin Fang' , Gour-Tsyh Yeh® and William D. Burgos'

'Department of Civil and Environmental Engineering
The Pennsylvania State University

University Park, PA 16802

*Department of Civil and Environmental Engineering

University of Central Florida
Orlando, FL 32816-2450

ABSTRACT

This paper presents the development and illustration of a numerical model of
reaction-based geochemical and biochemical processes with mixed equilibrium and
kinetic reactions. The objective is to provide a general paradigm for modeling reactive
chemicals in batch systems, with expectations that it is applicable to reactive chemical
transport problems. The unique aspects of the paradigm are to simultaneously (1)
facilitate the segregation (isolation) of linearly independent kinetic reactions and, thus,
enable the formulation and parameterization of individual rates one reaction by one
reaction when linearly dependent kinetic reactions are absent; (2) enable the inclusion of
virtually any type of equilibrium expressions and kinetic rates users want to specify; (3)
reduce problem stiffness by eliminating all fast reactions from the set of ordinary
differential equations governing the evolution of kinetic variables; (4) perform systematic
operations to remove redundant fast reactions and irrelevant kinetic reactions; (5)
systematically define chemical components and explicitly enforce mass conservation; (6)

accomplish automation in decoupling fast reactions from slow reactions; and (7) increase
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the robustness of numerical integration of the governing equations with species switching
schemes. None of the existing models to our knowledge has included these scopes
simultaneously. This model (BIOGEOCHEM) is a general computer code to simulate
biogeochemical processes in batch systems from a reaction-based mechanistic standpoint,
and is designed to be easily coupled with transport models. To make the model
applicable to a wide range of problems, programmed reaction types include aqueous
complexation, adsorption-desorption, ion-exchange, oxidation-reduction, precipitation-
dissolution, acid-base reactions, and microbial mediated reactions. In addition, users-
specified reaction types can be programmed into the model. Any reaction can be treated
as fast/equilibrium or slow/kinetic reaction. An equilibrium reaction is modeled with an
infinite rate governed by a mass-action equilibrium equation or by a users-specified
algebraic equation. Programmed kinetic reaction rates include multiple Monod kinetics,
n-th order empirical, and elementary formulations. In addition, users-specified rate
formulations can be programmed into the model. No existing models to our knowledge
offer these simultaneous features. Furthermore, most available reaction-based models
assume chemical components a priori so that reactions can be written in basic (canonical)
forms, and implicitly assume that fast equilibrium reactions occur only for homogeneous
reactions. The decoupling of fast reactions from slow reactions lessens the stiffness
typical of these systems. The explicit enforcement of mass conservation overcomes the
mass conservation error due to numerical integration errors. The removal of redundant
fast reactions alleviates the problem of singularity. The exclusion of irrelevant slow
reactions eliminates the issue of exporting their problematic rate formulations/parameter
estimations to different environment conditions. Taking the advantage of the non-

uniqueness of components, a dynamic basis-species switching strategy is employed to
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make the model numerically robust. Backward basis switching allows components to
freely change in the simulation of the chemistry module, while being recovered for
transport simulation. Three example problems were selected to demonstrate the
versatility and robustness of the model.

Keywords: Geochemical Modeling; Biochemical Modeling; Reaction Network; Matrix

Decomposition; Basis Species Switching; Batch Systems.
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2.1 INTRODUCTION

While the coupling of hydrologic transport and chemical reaction models is an
active area of research, the development of chemical reaction batch models has received
much less attention. Chemical reactions can be divided into two classes (Rubin, 1983):
(1) those that are sufficiently fast and reversible, so that local equilibrium may be
assumed and (2) those that are insufficiently fast and/or irreversible, where the local
equilibrium formulation is inappropriate. The modeling of equilibrium chemistry has
been well established. Some models for equilibrium chemistry have come into wide use,
such as WATEQ (Truesdell and Jones, 1974), MINEQL (Westall et al., 1976),
PHREEQE (Parkhurst et al., 1980), EQ3/6 and their derivatives (see Wolery, 1992 and
references therein). However, more complex types of biochemical and geochemical
reactions exist in the subsurface or surface waters that cannot be described by equilibrium
chemistry alone (see Friedly and Rubin, 1992; and references therein). Therefore, the
modeling of equilibrium chemistry coupled with the kinetic chemistry has become a
necessity. There are quite a few models, either stand-alone or being embedded in
transport codes, that can model mixed kinetic and equilibrium reactions (e.g., model
name unknown [Lin and Benjamin, 1990]; KEMOD [Yeh et al., 1995]; OS3D [Steefel
and Yabusaki, 1996]; BIOKEMOD [Salvage and Yeh, 1998]; RAFT [Chilakapati, 1995;
Chilakapati et al., 2000]). All of these chemistry modules have had varied scopes, and
most have limited capabilities in terms of rate equations for kinetic reactions and reaction
types for equilibrium reactions.

A generic chemistry module to describe geochemical and biochemical processes

in batch systems is needed to improve reactive transport models. Since qualitative
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geochemical and biochemical processes must be conceptualized quantitatively as a
reaction network (Yeh et al.,, 200la), a reaction-based biogeochemical model is
conceivably the most generic approach to modeling these processes. This paper presents
the development and verification of a generic numerical model (BIOGEOCHEM) using
demonstrative examples. The objective is to provide a general paradigm for modeling
reactive chemicals in batch systems, with the expectation that this paradigm is applicable
to reactive transport systems.

To make the model applicable to as wide a range of problems as possible,
BIOGEOCHEM embodies a complete suite of reactions including aqueous complexation,
adsorption-desorption, ion-exchange, redox, precipitation-dissolution, acid-base
reactions, and microbial mediated reactions. = Any reaction can be treated as
fast/equilibrium or slow/kinetic reaction. An equilibrium reaction is modeled with an
infinite rate governed by a mass-action equilibrium equation or by a users-specified
algebraic equation. A kinetic reaction is modeled with a finite rate with microbial
mediated enzymatic kinetics, an elementary rate, or a users-specified rate equation. None
of the existing models has encompassed this wide array of scopes.

To make the model numerically robust, a dynamic basis-species switching
strategy is employed taking the advantage of the non-uniqueness of components.
Components are free to change in the simulation of the chemistry module, while being
recovered for transport simulation by backward basis switching.

BIOGEOCHEM can be coupled with any hydrologic transport model in the same
way that PHREEQ or MINTEQ can be coupled to transport models (Lin and Benjamin,
1990, Steefel and Yabusaki, 1996]. A subsequent paper will present a reactive

biogeochemical transport model (HYDROBIOGEOCHEM) based on the same paradigm
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described in this paper. Instead of performing the matrix decomposition on species
balance equations, one performs the decomposition on species transport equations in
transport systems. It is expected that this matrix decomposition approach can be used by
others to modify their reactive transport models to improve the design capabilities. For
this reason, we will first review some existing reactive transport models that could have
taken advantage of this generic paradigm before we outline what will be included in this
paper.

Reactive chemical transport models have had varied scopes. Conventional solute
transport models often ignore chemical speciation in the aqueous phase. Much attention
has been given to heterogeneous reactions with partitioning between aqueous and sorbed
chemicals represented by linear (K4 approach) or nonlinear (Freundlich and/or Langmuir)
isotherms (Yeh and Tripathi, 1991; Davis et al., 2000). Most models cannot account for
the complete set of biogeochemical processes (biogeochemical processes are coupled
organic and inorganic reaction processes [Brun and Engesgaard, 2002]) and they cannot
be easily extended to include mixed equilibrium/kinetic reactions or mixed
chemical/microbial reactions using mechanistic rate formulations. From a geochemical
point of view, approaches that use empirical partitioning reactions can be considered as
reactive chemical transport because they are dealing with adsorption/desorption
phenomena. However, from a modeling point of view, we hesitate to classify such
models as reactive transport because a true reactive chemical transport models should be
based on the principles of thermodynamics (for fast/equilibrium reactions) and chemical
kinetics (for slow/kinetic reactions). Many conventional transport models (e.g., van der
Zee and Riemsdijk, 1987; Bosma and van der Zee, 1993; Tompson, 1993; Toride, et al.,

1993; Brusseau, 1994) that have been proclaimed to be reactive transport models perhaps
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should not be categorized as such.

A true reactive chemical transport models have been extensively documented.
Many models couple simulation of transport with equilibrium geochemistry (e.g. Miller
and Benson, 1983; Cederberg et al., 1985; Hostetler and Erikson, 1989; Narasimhan et
al., 1986; Liu and Narasimhan, 1989a, 1989b; Griffioen, 1993; Yeh and Tripathi, 1991;
Cheng, 1995; Parkhurst, 1995; Parkhurst and Appelo, 1999). Some models couple
transport with kinetic geochemistry for certain geochemical processes like precipitation-
dissolution (e.g. Lichtner, 1996; Steefel and Yabusaki, 1996; Suarez and Simunek, 1996),
adsorption (e.g. Theis et al., 1982, Szecsody et al., 1998), redox (Lensing et al., 1994;
Saiers et al., 2000), or biodegradation (MacQuarrie et al., 1990; Chen et al., 1992; Chang,
et al., 1993; Cheng and Yeh, 1994; Wood et al., 1994).

Models coupling transport with mixed equilibrium/ kinetic reactions have
appeared since the mid-1990s (e.g., Steefel and Lagasa, 1994; McNab and Narasimhan,
1994, 1995; Salvage et al., 1996; Yeh et al., 1996; Abrams et al., 1998; Chilakapati et al.,
1998; Tebes-Stevens et al., 1998; Yeh and Salvage, 1998; Yeh et al., 2001b; Brun and
Engesgaard, 2002). For most models chemical components must be selected a prior such
that only limited reaction network can be considered (e.g., Parkurst, 1995; Parkhurst and
Appelo, 1999). Most models have implicitly assumed that equilibrium reactions occur
only among aqueous species so that transport of components can be manually decoupled
from fast reactions (Steefel and Lasaga, 1994; Lichtner, 1996; Tebes-Stevens et al., 1998;
Parkhurst and Appelo, 1999). However, in a complicated reactive system, the
identification of component species may not be so easy when there are many parallel
kinetic reactions (Friedly and Rubin, 1992; Chilakapati et al., 1998; Yeh et al., 2000).

Under such circumstances, matrix methods may be better employed to define component
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species and derive governing equations to model mixed equilibrium /kinetic reactions.
There appears to be few general purpose transport models that can simulate a generic
reaction including both biochemical and geochemical reactions, and mixed equilibrium
/kinetic reactions (Fang and Yeh, 2002). Instead, recent reactive biogeochemical
transport models either add geochemical reactions to biodegradation transport models or
add simple biodegradation reactions to geochemical transport models (Brun and
Engesgaard, 2002).
2.1.1 OUTLINE

This paper is organized as follows. In section 2.2.2, a reaction network used to
represent a biogeochemical system is defined with a simple example. Possible
difficulties in using primitive or DAE (mixed Differential/Algebraic Equation)
approaches to modeling complex systems are heuristically exposed. In section 2.2.3, a
formal decomposition of the reaction network, which results in a new numerical approach
to setting up and integrating differential equations, will be presented using two sets of
results (one from a geochemist’s point view of components, the other with a totally
different designation of components). Advantages of using this generic paradigm are
discussed. In section 2.2.4, reaction rate formulations for kinetic reactions are discussed.
In section 2.2.5, the numerical solution of the governing equations is outlined. In section
2.2.6, the general application of BIOGEOCHEM is presented using three demonstrative
examples. In section 2.2.7, conclusions and discussions from the current research are

summarized.

2.2 REACTION NETWORK
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2.2.1 Definition

Reactive systems are completely defined by specifying reaction networks (Yeh et
al., 2001a). From a mathematical point of view, a system of M ordinary differential
equations can be written for M chemical species in a reactive, well-mixed batch system

as

e
dt

=rily, 1I€M (1)

where C; is the concentration of the i-th chemical species, t is time, and rjy is the
production-consumption rate of the i-th species due to N biogeochemical reactions. The
determination of rjjx and associated parameters is a primary challenge in biogeochemical
modeling. There are two general models to formulate riln: ad hoc and reaction-based

models, distinctions between which have been discussed extensively (Yeh et al, 2001a).

It should be noted that Eq. (1) can be easily extended to transport systems by replacing
) ) ) ) ) ) dC; )
the ordinary differential equation with a transport equation: s +L(C) =ri|, where L is

the advection-dispersion/diffusion operator. Thus, the framework provided in this paper
is also applicable to transport systems except that, instead of Eq. (1), one employs the set
of transport equations. A subsequent paper will present the development of a
biogeochemical transport model (HYDROBIOGEOCHEM) using the same paradigm
described here (Fang and Yeh, 2002).

In an ad hoc model, the production-consumption rate of a species is described

with an empirical function

d¢;
E:rih\;:fi(Cl,Cza---aCM;plapp“') (2)

where f; is the empirical function for the i-th species and pi, p», ...are rate parameters used
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to fit experimental data. The ad hoc formulations and their associated fitting parameters
may be applicable only to the specific experiment tested, because in these ad hoc
approaches, the contribution of all geochemical and biochemical processes is lumped and
the contribution from individual reactions is not explicitly modeled. Many widely used
models (e.g., WASP [Ambrose et al., 1988] and QUAL2E [Barnwell and Brown, 1987],
and all WASP-based and QUAL2E-based water quality modeling) have taken this
approach. It is not difficult to see that calibrated rate parameters using the ad hoc
approach are only applicable to the environmental condition under study because the
contribution from individual reactions are not segregated. As a result, new calibrations
have to be performed for every study under different environmental conditions when a
different set of reactions is the contributing chemical processes.

In a reaction-based model, the production-consumption rates of M species are described

by
- 1'1 |N 2(V1k ik) Rk 2 le M (3)

where, vix is the reaction stoichiometry of the i-th species in the k-th reaction associated
with the products, pix is the reaction stoichiometry of the i-th species in the k-th reaction
associated with the reactants, and Ry is the rate of the k-th reaction. Equation (3) is a
statement of mass balance for any species i in a batch system. It simply states that the
rate of change of mass of any species is due to all reactions that produce or consume that

species. This formulation can be extended to transport systems by replacing the ordinary
: . : . . 9C N

differential equation with the transport equation: o +L(C) =1:h = X, (Vi - ) R
k=

This partial differential equation is then a statement of mass balance for any species at a

point in a transport system. It simply states that the rate of change of mass of any
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chemical species at any point is due to the net transport to or from the point and due to all
chemical reactions occurring at the point.

In a reaction-based approach, the contribution from all individual reactions is
explicitly modeled. Thus, a properly formulated and parameterized rate equation may
still find its application to a wide range of environmental conditions. This is so because
rate equations are description of reactions and because under a different environmental
condition, only the reaction-rate equations (not the lumped rate equations) associated
with the reactions that are operative under the conditions are used. Thus, a reaction-
based approach is superior to an ad hoc approach. A reaction based approach using
mechanistic rate formulations would be the ultimate goal of biogeochemical modeling,
though it would be difficult to obtain.

2.2.2 Example

Let us consider a simple system with the following reaction network for
nitrotriacetic acid (NTA), cobalt(Il), and microbial biomass, B (simplified from the one
modeled in Yeh et al., 1998):

(R1) H+ NTA <> HNTA, an equilibrium reaction with R; = oo;

(R2) CoNTA < Co + NTA, an equilibrium reaction with R, = oo;

(R3) CoNTA + H <> Co + HNTA, a kinetic reaction, with its rate R3 that must be
formulated;

(R4) HNTA + H — B, irreversible microbial degradation reaction with its rate R4 that

must be formulated.
where R1, R2, R3, and R4 denote the reaction number in the system and R;, R,, R3, and
R4 denote the corresponding rates of reaction. This notation is used throughout the paper.

It is noted that we have considered the rate of an equilibrium reaction infinity as in R1
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and R2.

The concept that the rate of an equilibrium reaction is infinity (not indeterminate)
is very important. All reactions in reality are kinetics and take time, however small, to
reach equilibrium. In the limit, it takes zero time to reach equilibrium (the zero time is,
of course, a mathematical abstraction). = With this abstraction, one uses the
thermodynamic approach to model a fast reaction resulting in the concept of infinite rate,
rather than uses the chemical kinetic approach to model a fast reaction resulting in the
concept of indeterminate rate. Consider a simple system of three species subject to one
fast reaction as follows: A + B <> C. Using the reaction-based approach, we can write the

following three ordinary differential equations (ODEs) governing the evolution of three

species- concentrations for this reactive system: M=-R; @: -R; an ﬂ: R

dt dt dt
where /4], [B], and [C] are the concentrations of species A, B, and C, respectively, and R
is the reaction rate. From a kinetic point of view, when the reaction is fast and quickly
achieves to equilibrium, we can formulate R as the asymptotic approximation of the

elementary rate with the backward rate constant approaching infinity. With this

asymptotic formulation, the three ODEs become: %=k}’ ([C]- Ke[A][B]);

LU = (1) - ety Vand “CL =) ke (4]B]). where K and K* are the

dt t
very large (in the limit infinity) backward rate constant and the fixed equilibrium
constant, respectively. Theoretically, one can solve these three ODEs to yield the

equilibrium concentrations, [4/., /[B]., and [C]., given the initial concentrations, [A4],,

[B]o, and [CJo. [At equilibrium, the rate computed

withR=- lim ’ ([C ].-K°[A],[B ]e) is indeterminate.] In practice, this asymptotic
K=o
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approach is extremely difficult to solve numerically because the system is very stiff or
infinitely stiff in the limit. Alternatively, from a thermodynamic point of view, we do not
have to formulate the reaction rate R. Instead, we simply postulate that a fast reaction

reaches equilibrium instantaneously. = The reaction is then described with a
thermodynamically consistent expression, for example: R=ec 3 [C]=K°[A] [B] (or
other thermodynamically consistent algebraic expressions). [Note: this expression is not

the same as to formulating R as R=- lim kb([C]e—Ke[A]e[B]e) a priori]. R = cois a
Kb =seo

mathematical abstraction.

An important question is then: is it an appropriate abstraction? To answer this

question, we need to find out: whether R is infinity or not (i.e, R E o) assuming that the
reaction reaches equilibrium instantaneously? Now one of the system equations is
[C]=K¢[A] [B]. The other two equations can be derived with algebraic manipulations
of the three ODEs to yield two component equations: [4]+/[C]=/[A] +[C ],  and
[B] +[C]=[B], +[C],k. Given the initial concentrations, [4/,, [B/,, and [C],, we solve

these three algebraic equations to yield three concentrations at equilibrium, [A/., [B].,

d[cj _[C],-[C], _
dt At =0

and /C/.. The reaction rate is finally computed with R= oo (keep

in mind that the reaction reaches equilibrium instantaneously, so At = 0), not

withR=- lim K ([C J.-K°[A],[B ]e) that has never entered into the picture in the
kP =se0

thermodynamic approach. Indeed, the reaction rate for an equilibrium reaction is infinity,
and the mathematical abstraction is an appropriate one. In other words, when we model a
fast reaction with a thermodynamic expression, the rate corresponding to this reaction is

infinity when it is used in reaction-based mass balance equations. This mathematical
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abstraction of treating a fast rate as infinity is also valid and consistent for a system with
mixed equilibrium and kinetic reactions as shall be addressed in the subsequent sections.
As we shall see later, the abstraction of an infinite rate is equivalent to saying that the
concentration of an equilibrium variable (the definition of the equilibrium variable under
mixed kinetic and equilibrium reactions will be given later) reaches its equilibrium value
instantaneously at any time. The conceptualization of a fast reaction as having a rate of
infinity, when this rate is used in chemical kinetic equations, is thus justified.

In contrast, it has been argued by many authors (e.g., Lichtner, 1996) that the rate

for an equilibrium reaction is indeterminate. This argument has resulted from the

calculation of R using R=- lim k" ([C]e- Ke[A]e[B]e). This argument is logical if a
kb =0

fast reaction is modeled with the chemical kinetic approach using the asymptotic
approximation of an elementary rate. However, the argument is incorrect when the fast
reaction is modeled with the thermodynamic approach. Since the rate R has not been
formulated a priori when a consistent thermodynamic expression is directly used to

model the  fast reaction, the rate cannot be computed  with

R=-lim f’ (/cj.-k°74]./B].) but must be computed
kb =eo

d[C] _[C].-[C], _
dt At=0

with R = Therefore, the argument that the rate of an

equilibrium reaction is indeterminate is flawed when a thermodynamic approach is used
to model the reaction.
To distinguish the conceptual difference between kinetic modeling and

thermodynamic modeling of a fast reaction, the equation,

R=-lim |’ ([C ].-K°[A],[B ]6) is called a mass-action kinetic equation while the
kP =
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equation, R=e 3 [C]=K°[A] [B], is called a mass-action equilibrium equation
throughout this paper. The concept of infinite rates for equilibrium reactions is used to
facilitate the discussion on the difficulties encountered in solving a set of ODEs involving
mixed fast/slow reactions in the following section.

The species charges of the reactions R1 through R4 are not included for simplicity
of presentation. In this system, the total number of species M = 6, and the total number
of reactions N = 4. From Equation (3), the mass balance equations for the reaction

network R1 through R4 can be written as:

d[H]
— —"Ri"R3-Ry4 4.1
dt Ri-R;-R (4.1)
d[NTA
g =_ Rl + 1{2 (42)
dt
d[HNTA
dIANTA] ¢ +Ro-Rs 3)
dt
d[Co]
SO _Ru+ 4.4
o RTR (4.4)
d[CoNTA
L:'Rz'R3 (45)
dt
d[B]
——=R, 4.6
dt R (4.6)

2.2.3 Difficulties in Solving Eqs. (4.1) through (4.6)

An analytical solution of Egs. (4.1) through (4.6) is generally impossible, which
makes numerical integration attractive. The majority of existing reactive chemical
models has taken either a primitive approach (i.e., integrate Eq. (3) directly) or a mixed
differential and algebraic equations (DAEs) approach. In a DAE approach, most models,

with a few exception (e.g., Friedly and Rubin, 1992; Chilakapati et. al, 1998), do not have
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the capability to automate the setup of DAEs based on Egs. (4.1) through (4.6). Instead,
the set of DAEs is manually and directly obtained based on the reactive system (e.g., Liu
et al., 2001). For the reactive network R1 through R4, one can easily set up two mass-
action equilibrium equations governing the fast reactions [refer to Egs. (6.1) and (6.2)],
an ordinary differential equation governing the slow/kinetic reaction [refer to Eq. (6.3)],
and three component equations governing three mass conservation of TOTy, TOT¢,, and
TOTnra [refer to Egs. (6.4), (6.5), and (6.6)]. This system of DAEs is then numerically
integrated simultaneously. The manual and direct setup of mass-action equilibrium
equations, ordinary differential equations, and mass conservation equations is easy for
this simple system. For a generic system, with many fast and slow reactions including
parallel reactions, a manual setup will be difficult even for experienced modelers and/or
chemists. Under such circumstances, a better way is to automate the generation of a new
but equivalent governing set of equations (Friedly and Rubin, 1992; Chilakapati et al.,
1998; Yeh et al., 2001a). Another problem is that when fast reactions are not written in
basic form [a reaction is defined as basic in this paper when all reactants are component
species and includes only one product species], they are not easy to decouple from slow
reactions. Clearly, a systematic approach is needed to achieve the mission of decoupling
(i.e., eliminating fast reactions from simultaneous solution).

In a primitive approach, direct numerical integration of the system of ODEs is
performed using very large backward and forward rate constants (with their ratio defining
the equilibrium constant) to mimic the rates of fast/equilibrium reactions. Several
numerical difficulties can be encountered in this approach. First, the reaction rates of N
reactions can, in general, range over several orders of magnitude. The time-step size

used in numerical integration is dictated by the largest reaction rate among N reactions.
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If at least one of the reactions is fast/equilibrium, its rate is infinitely large. As a result,
the time-step size must be infinitely small, which makes integration impractical. For
example, in Egs. (4.1) through (4.5), R; and R; are infinitely large, which dictates the use
of an infinitely small time step for numerical integration. Second, physics dictates that
the number of linearly independent reactions must be less than the number of species.
This implies that there must be one or more chemical components whose mass must be
conserved during the reactions. For example, there are three linearly independent
reactions in the above reaction network. Thus, there must be three components (N¢ =M -
Nip). If Co, H, and NTA are selected (at the discretion of a user) as the three chemical
components, then the TOT¢,, TOTy, and TOTnra, defined in next section, must be
invariant. The direct numerical integration of Eqs. (4.1) through (4.6) yields the solution
of all six species assuming one can afford the use of an infinitely small time step size.
Because of numerical errors, there are no assurances that TOT¢,, TOTy, and TOTnra, as
defined in Eqgs. (6.4) through (6.6), respectively, are invariant when the primitive set of
equations are integrated directly. Similarly, in case of transport systems, even without
spatial discretization errors, there are no assurances that TOT¢,, TOTy, and TOTNtA
obtained from solving the system of primitive PDEs (Partial Differential Equations) will
satisfy the component transport equations.

Third, if more than one equilibrium reactions are involved, there is no way to
define the subtraction or addition of infinity. For example, in Eq. (4.2), both R; and R,
are infinitely large, so how can one interpret (-R; + R,)?  Fourth, redundant
fast/equilibrium reactions must be removed from consideration, otherwise the system
would become singular or over-constrained. Redundant reactions can easily be detected

and excluded from consideration manually when the system is simple and components
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are chosen a priori. When there are many fast/slow reactions, redundancies are not easy
to detect and a systematic way must be employed to detect them. Fifth, the inclusion of
these irrelevant reactions makes their rate formulations and parameter determinations
meaningless because they are insensitive to the system. Because of their insensitivity,
any rate formulation and parameter estimate are as good as any others. As a result, their
rate formulations and parameter estimates are not true descriptions of these rates. Hence,
these rate formulations and parameters are not portable to other conditions, when they are
relevant, unless one is lucky enough to have coincidently come up with true rate
formulations and parameters. Therefore, it is desirable to exclude these irrelevant
reactions with a systematic approach.

Sixth, which is the most important difficulty, even if all reactions are
slow/kinetic, their rates are coupled via the concentration-versus-time curves of all
species. They cannot be formulated and parameterized one reaction by one reaction
independently of each other.

While a DAE approach can overcome the first difficulty of system stiffness, it
greatly increases the computational burdens when there are numerous fast reactions or if
the model is coupled with transport when hundreds or thousands of DAE problems must
be solved. A DAE approach is definitely able to alleviate the second difficulty of mass
balance error as it also explicitly enforces mass conservation. The problem is that the
number of species that must be included in a component equation is not obvious and may
be specified incorrectly when many parallel reactions are involved. The issues related to
the third, fourth, and fifth difficulties are eliminated from a DAE approach only if all
reactions are written in basic form. For a realistic system it would be difficult to write all

reactions in basic form, thus the DAE approach will be demanding to address these
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issues. Finally, a DAE approach definitely cannot resolve the sixth difficulty related to
kinetic rate coupling.

In spite of the difficulties outlined above, the majority of literature has taken the
primitive approach of directly integrating the system of ODEs (e.g., McNab and
Narasimhan, 1993, 1994; Chilakapati, 1995; Saiers et al., 2000) or the DAE approach
(e.g., Miller, et al., 1983; Chilakapati et al., 1998; Liu et al., 2001). Neither the primitive
nor the DAE approaches will pose computational burdens when the system is small, for
example, when modeling laboratory experiments (e.g., Lin and Benjamin, 1990;
Szecsody et al., 1994, 1998). However, for large problems or when the reactive chemical
model is intended to couple with hydrologic transport, a systematic approach that can
overcome the above difficulties is needed. This paper presents the development of such a

model using the well-known Gauss-Jordan matrix decomposition.

2.3 DECOMPOSITION OF REACTION NETWORK

Egs. (4.1) through (4.6) govern the evolution of six species and contain both fast
and slow reactions on the right hand sides. Obviously, the above system of equations is
very stiff if fast reactions are modeled with mass-action kinetic equations because the rate
constants are very large and infinity in the limit. To reduce the stiffness of the system, a
direct thermodynamic approach may be employed to model the two fast reactions; then
two of the above ODEs may be replaced by two thermodynamically consistent
equilibrium expressions (mass-action equilibrium equations or users- specified algebraic
equations). But difficulties still exist. First, we do not know which two ODEs should be

replaced (i.e., we do not know how to define the subtraction or addition of infinity).
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Second, even if we know which two to replace, the remaining ODEs still contain fast
reactions and the system is still stiff. Therefore, a systematic way must be provided to
reduce the system of equations such that (i) no more than one fast reaction is allowed in
any reduced ODE and (ii) any fast reaction is not allowed to appear in more than one
reduced ODE. These two constraints can be met if and only if all fast reactions are
linearly independent. The use of Gauss-Jordan reduction on the matrix made up of only
fast reactions can determine if all fast reactions are linearly independent. During
reduction process, any reaction detected to be dependent reaction must be removed and
the constraints can be satisfied. With these constraints, the number of reduced ODEs that
contain fast rates will be equal to the number of non-removed fast reactions after the
reduction. Any reduced ODE that contains one and the only one linearly independent
fast reaction may still contain other slow reactions that are linearly dependent on this fast
reaction. However, because the rates of all slow reactions are conceptualized infinitely
small compared to the rate of the fast reaction, these rates can be discarded and the
reduced ODE can be replaced by the corresponding equilibrium expression. This
resolves the problem of not knowing which equation is to be replaced. The replacement
can be done for every reduced ODE in which the number of fast reactions is only one.
After the completion of the replacement, the remaining ODEs will no longer contain any
fast reactions, and the problem of stiffness is resolved. The reduction can be achieved via
the Gauss-Jordan decomposition of the reaction matrix which will be presented in the
following sections.
2.3.1 Description of reaction network decomposition

As stated in section 2.2.2, to make possible the formulation of rate equations one

reaction by one reaction and to enable robust and efficient numerical integration of Eq.



32

(3), a systematic approach rather than the primitive or DAE approaches is necessary. The
approach can be achieved with a diagonalization of Eq. (3). Eq. (3) written in matrix
form can be decomposed based on the type of biogeochemical reactions via Gauss-Jordan
column reduction of the reaction matrix (Chilakapati, 1995; Steefel and MacQuarrie,
1996; Yeh et al., 2001a). Each column of the reaction matrix is made up of reaction
stoichiometries of a reaction. To perform column reduction is to determine a pivot
element, and use a matrix row operation to convert the column containing the pivot
element into a unit column. The example from section 2.2.2 is used to illustrate the
decomposition and demonstrate how the difficulties presented earlier can be overcome.

The system of Egs. (4.1) through (4.6) written in matrix form is

1000 0 0] diHIdE g T

01000 of| dNTAVAtY| |4 1 o o |[R]

0 0 100 ofdHNTAYA |1 0 1 -1 | R: )
000100 d[Col/dt| |0 1 1 0 |]|R,

0 0 00 1 0] [dCoNTA]/dt 0 -1 -1 0 |[R,

0 0 0 00 1] dB)/de) LO 0 0 1]

The decomposition of Eq. (5) is not unique. Step-by-step decomposition procedures for
this simple example are given in Appendix 2.A. For complex systems, the decomposition
procedures are provided within the BIOGEOCHEM preprocessor (description in section
2.2.3.2). Two different decompositions are described and compared below.
2.3.1.1 Decomposition I

One possible decomposition, when choosing Co, H, and NTA as chemical

components, results in the following set of 6 equations for the 6 species (Appendix 2.A):
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d([HNTA]+[B]):R TR, d((HNTA]+[B) _ _

dt dt (6.1)
3 [HNTA]= K [H][NTA]

d[CONTA] _ . dICONTA]
dt Tt ’ (6.2)
3 [Co][NTA]= K [CONTA]
dB] _
o R (6.3)
d(CH]* [HIZ?A] 28D _ 0 = TOT,=[H]+[HNTA]+ 2[B]= const (6.4)

d(INTA] +[HNTA] +[CoNTAI +[B) _
dt (6.5)
= TOTxm =[NTA]+[HNTA]+[CoNTA]+[B]= const

d([Co] +[CoNTAY])
dt

=0 = TOTe =[Co]+[CoNTA]=const (6.6)

The two variables ((HNTA] + [B]) and [CoONTA] in the differential operator in Egs. (6.1)
and (6.2) are defined as equilibrium variables. The variable [B] in Eq. (6.3) is defined as
the kinetic variable. The three variables, ([H] + [HNTA] + 2[B]), (INTA] + [HNTA] +
[CoNTA] + [B]), and ([Co] + [CoNTA]), in Egs. (6.4) through (6.6) are defined as
component variables. It should be noted that R; appears in both Egs. (6.1) and (6.2)
because R3 is linearly dependent on R1 and R2.

This first decomposition yields the above set of equations which, one may argue,
can be easily set up manually from a geochemist’s point of view. However, it may be
easy to miss species B in defining the total H and total NTA even for this simple system.
For complex systems, it may not be obvious to generate such a system manually, and a
systematic approach using the matrix decomposition will accomplish this task.

Now let us discuss how the diagonalization procedure (i.e., decomposition of
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reaction matrix) overcomes the difficulties stated in section 2.2.2. First, it is noted that

either none or one and only one fast reaction appears in any of the above six ODEs.
Since the rate of a fast reaction is infinitely large, Rs3 is small compared to R; = e in Eq.

d([HNTA] + [B]) ~R

(6.1), the ODE is reduced to 7

=oco, The infinity rate is interpreted

as a reaction that can  reach  equilibrium  instantly. Thus,

d([HNTA] + [B]) _
dt

R, =oo states the use of thermodynamics (not chemical kinetics) to

model R1, which results in the last equation in Eq. (6.1), and the equilibrium variable,
([HNTA] + [B]), reaches its equilibrium value instantaneously at any time. It is clear that
the equilibrium variable ([HNTA] + [B]) for this system of mixed fast and slow reactions
is analogous to the variable [C] in the simple system described in the second paragraph in
Section 2.2.2.2. Similarly, R, = oo results in the last equation in Eq. (6.2). With the
decomposition of reaction networks and the modeling of fast reactions with
thermodynamically consistent expressions, no more ODEs involve infinite rates, and the
simulation time step size is dictated only by slow kinetic rates, which makes the system
much less stiff than in the primitive approach. These reductions cannot be applied to the
primitive approach using Egs. (4.1) through (4.6) since either more than one infinite rate
appears in one equation [e.g., R; and R, in Eq. (4.2)] or one infinite rate appears in more
than one equation [e.g., R, in Egs. (4.1), (4.2), and (4.3) or R, in Egs. (4,2), (4,4), and
(4.5)].

Second, there is no reaction rate appearing in Egs. (6.4), (6.5), and (6.6). This
signifies that there are three components, which naturally results from the fact that the
rank of the reaction matrix is three. [The rank of a reaction matrix is equal to the number

of linearly independent reactions, N;. The number of components, N¢, is equal to the
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number of species, M, minus the number of linearly independent reactions (i.e, Nc = M -
N; =6 - 3 =3)]. Again, the components are determined systematically, and the question
of how many species are used to define a component is automated. The solution of the
diagonalized set of Egs. (6.1) through (6.6) explicitly enforces the mass conservation of
the components Co, H, and NTA. Third, because none or one and only one infinite rate
appears in each equation, the issue of subtraction or addition of infinite rates is moot.
Fourth, R3 appears in both Egs. (6.1) and (6.2). This indicates that this reaction
is linearly dependent on R1 and R2. If this reaction were also assumed to be a fast
reaction, it must be removed from consideration because two infinite rates are not
allowed to appear in any ODE in a diagonalized system. If R3 is not removed, than three
infinite rates state three mass-action equilibrium equations, but the mass-action
equilibrium equation for R3 is a combination of those for R1 and R2. If all three mass-
action equilibrium equations were used, the system would become singular or over-
constrained, which would necessitate the removal of the dependent fast reaction R3. This
automatic removal of fast reactions that are linearly dependent on other fast reactions
circumvents the problem of singularity in the system. Fifth, if R3 is a slow reaction as
assumed in this case, since R3 is linearly dependent on only two fast reactions R1 and
R2, its rate appears only in the equations where rates R; and R, appear after
decomposition. Because Rj is small compared to R; and R», it disappears from Egs. (6.1)
and (6.2). Also, it never appeared in any of the other four equations after decomposition.
Thus, R3 does not appear in any of the final six governing equations and hence is
irrelevant to the system, and is automatically removed from the system by the
BIOGEOCHEM preprocessor. Five difficulties presented in Section 2.2.2 have now been

resolved; thus the advantages of the diagonalization-decomposition approach over the
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primitive approach should become clear.

Finally, the mass-action equilibrium equations, the last equations in Egs. (6.1) and
(6.2), can be decoupled from Egs. (6.3) through (6.6) by eliminating [HNTA] and
[CoNTA] (the procedure of elimination is given in section 2.3.2.2 and a simple example
is given in Section 2.A.3 in Appendix 2.A). In other words, after the substitution of the
last equations of Egs. (6.1) and (6.2) into Egs. (6.3) through (6.6), [H], [Co], [NTA], and
[B] can be obtained by solving three linear algebraic equations [Eqgs. (6.4) through (6.6)]
and one ODE [Eq. (6.3)]. Then [HNTA] and [CoNTA] can be simply calculated using
the last equations of Egs. (6.1) and (6.2), respectively. In general, equilibrium reactions
are decoupled from kinetic reactions. This offers great advantages over DAE approaches
when the system involves a large number of fast/equilibrium reactions.
2.3.1.2 Decomposition II

A second decomposition, when NTA, CoNTA, and B are chosen as the

components, yields the following six equations (Appendix 2.A).

d([NTA]-[Co]) — Ri-R.: d([INTA]-[Co])

dt R dt TR 7.1)
3 [HNTA]=K;[H][NTA]
diCo] _ - dCol _ _

dt Y gt ’ (7.2)

3 [Co][NTA]=K5[CONTA]
d([H]-[NTA]+[Co]) __ . 73)

dt
d(-[H]+2[NTA]+[HNTA]-2[Co]) _

dt (7.4)
= Totirs =[HNTA]+2[NTA]+[HNTA]-2[Co] = const
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d([Co] +[CoNTA]) _
dt

0 = Totconra =[CoNTA]+[Co] = const (7.5)

d([B]+[H]-[NTA]+[Co]) _ 0
dt (7.6)
= Tots =[B]+[Co]+[H]-[NTA]= const

While the mass conservation of Co, NTA, and H may be intuitive to geochemists,
the mass conservation of HNTA, CoNTA, and B may be a surprise. These alternative
mass conservation equations are nonetheless mathematically as correct as the mass
conservation of Co, NTA, and H. This is beside the point. The question then becomes
why bother with the second decomposition? In the first intuitive decomposition, the
reaction rate R4 is measured by the evolution of the [B]-versus-time curve [Eq. (6.3)]. If
the concentration of microbial biomass, [B], is difficult to measure, the second
decomposition may offer a way to determine the reaction rate R4 by measuring the ([H]-
[NTA]+[Co])-versus-time curve if the concentration of H (or pH), NTA, and Co can be
measured easier. Under such circumstances, the second decomposition offers an
attractive way of formulating reaction rate R4. In any event, the non-uniqueness of the
matrix decomposition may allow employment of appropriate governing equations for
easier formulations of rate equations (Burgos, et al., 2002a, 2002b) and/or for robust
numerical computation. The variable that can be used to measure a kinetic reaction is
defined as a kinetic variable. A kinetic variable may consist of just one species [e.g., Eq.
(6.3)] or a combination of species [e.g., Eq. (7.3)] depending on the reaction matrix
decomposition.

Recall that in Decomposition I, the mass-action equilibrium equations, Egs. (6.1)
and (6.2), were decoupled from Egs. (6.3) through (6.6) by eliminating [HNTA] and

[CoNTA]. In this alternative decomposition, since HNTA and CoNTA are chosen as the
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component species, they are not eligible species for elimination. Instead, the decoupling
of Egs. (7.1) and (7.2) from Egs. (7.3) through (7.6) is achieved by eliminating two
species (e.g., [NTA] and [Co], or [Co] and [H]) out of the three product species ([H],
[NTA], and [Co]). While the elimination of [HNTA] and [CONTA] in Decomposition I
is straightforward, the elimination of [NTA] and [Co], for example, is not as
straightforward. The detailed procedure of decoupling mass action equilibrium equations
from kinetic-variable and component equations by eliminating a subset of product species
1s given in section 2.3.2.2.
2.3.1.3 Other Advantages of Decomposition

An even more significant advantage is that the decomposition decouples all
kinetic rates such that rate formulations/parameters can be determined one reaction at a
time, independent of all other kinetic reactions (when parallel kinetic reactions are not
present). For example, in Egs. (6.3) or (7.3), there is only one kinetic rate on its right
hand side. Thus, the slope of [B]-versus-time or ([H] - [NTA] + [Co])-versus-time
defines the reaction rate R4. For the former case, the kinetic variable is a single species B
while for the latter case, the kinetic variable consists of three species. Conceptually, Eq.
(4.6) and (6.3) are quite different. In Eq. (4.6), [B] denotes the concentration of the
species B due to all reactions (in this case just R3) while in Eq. (6.3), [B] denotes the
concentration of a kinetic variable (in this case just B) that is measured by a linearly
independent kinetic reaction and possibly other linearly dependent kinetic reactions (none
in this case). In general, a kinetic variable may consist of more than one species
depending on the complexity of the system. The rate of a linearly independent kinetic
reaction is measured by a kinetic variable not by a single species. The rate of a kinetic

reaction is measured by a single species only when it is the only contributing reaction to
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the production/consumption of the species. The distinction between kinetic variables and
time-variant species concentrations must always be borne in mind when one models
geochemical and biochemical processes with this new paradigm.
2.3.2 BIOGEOCHEM Preprocessor
2.3.2.1 Determines the Number of Linearly Independent Reactions

Let us start with a reaction network that consists of N, equilibrium and N kinetic
reactions. For a complex system, it will not be obvious to know if all N, reactions are
linearly independent. Nor is it obvious to know if any of the Ny kinetic reaction is
linearly dependent on only fast reactions. Thus, from the above discussion, the first step
in the decomposition is to determine the rank, i.e., the number of linearly independent
reactions, of the matrix whose columns are made of the stoichiometric coefficients of N,
equilibrium reactions. The rank of a matrix can be determined with column reduction
using any standard matrix operation package (Press et al., 1992). The reduction is carried
out column by column. If no pivot element can be found for a column, the equilibrium
reaction corresponding to this column is considered a dependent reaction and is
redundant. Suppose the rank of the matrix is Ng, which should be less than or equal to
Ne, we choose the first Ng columns in which a pivot element can be found as the Ng
linearly independent reactions. The remaining (N, - Ng) equilibrium reactions are
discarded from further consideration in the reaction network. It does not matter which Ng
equations are chosen when all fast reactions are modeled with thermodynamically
consistent equilibrium expressions. Second, we determine which of the Ny kinetic
reactions is linearly dependent on only the chosen Ng equilibrium reactions. To do this,
we check the rank of the Ng+1 matrix (defined as the matrix whose columns are made of

the stoichiometric coefficients of Ng equilibrium reactions and one kinetic reaction).
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When the rank of this matrix is equal to N, i.e., no pivot element can be found in the
(Ng+1)-th column, the kinetic reaction in the matrix is linearly dependent on only Ng
equilibrium reactions, and this kinetic reaction is removed from the reaction network.
Continuing this process one by one for all Ny kinetic reactions, we are left with Ng
kinetic reactions, which is less than or equal to Ny.

Starting with N, fast reactions and Ny slow reactions, we end up with Ng linearly
independent equilibrium reactions and Nk kinetic reactions. Among those Nk kinetic
reactions, some are linearly independent reactions while some may be linearly dependent
on at least one other kinetic reaction. Under such circumstances, only linearly
independent kinetic reactions can be segregated. In other words, a subset of the Nk
kinetic reactions (referred to as Ngj) consists of linearly independent kinetic reactions
while the remaining reactions (referred to as Nkxp where, Nx-Nk; = Ngp) are linearly
dependent kinetic reactions. Of course, the selection of Nk; linearly independent kinetic
reactions is not unique. Let us denote Nj as the number of linearly independent reactions,
i.e., N = Ng + Nkg;. The remaining task for the BIOGEOCHEM preprocessor is to
formally decompose the reaction matrix which is made of Ng linearly independent
equilibrium reactions and N kinetic reactions.

All reactions are initially indexed with 0 in the BIOGEOCHEM preprocessor.
During the reduction process, the index of every linearly dependent reaction is
overwritten with a non-zero value. A redundant reaction is indexed with 1, an irrelevant
reaction with 2, and all other relevant linearly dependent reactions with 3. The indexing
array is used to determine which linearly independent reactions the dependent reactions
depend on, and is also used to indicate if the dependent is redundant, irrelevant, or

relevant. For example, in Eq. (A4.3), R3 depends on R1 (keep in mind, R1 has been
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already chosen an independent reaction) because R; and R; show up in the same
equation. Similarly, R3 depends on R2 because both R3; and R, show up in Eq. (A4.5).
Thus, R3 depend on both R1 and R2. Because R2 is a slow reaction and it depends on
only fast reactions, it is irrelevant and the preprocessor will give us the index of 2 for this
reaction.

The decomposition of the reaction matrix is not unique (Westall et al., 1976; Yeh
et al., 2000, 2001a). In order to obtain a decomposition that contains intuitively obvious
or recognizable quantities, we observe in the Gauss-Jordan column decomposition that
(1) when a row is chosen as a pivot element, its corresponding species is a product
species, (2) the species corresponding to the row that has never been chosen as a pivot
element is a component species so that one can exert control of components based on
one’s understanding of the problem, and (3) a linearly dependent reaction will appear
only in the rows that contain the linearly independent reaction (each row has one) that
this reaction depends on after completion of the decomposition. Based on observations
(1) and (2), we choose the row that contains the least number of non-zero entries as the
pivot element in any column reduction. Based on observation (3) and because all Ng
equilibrium reactions are linearly independent, an equilibrium reaction appears in only
one row and any row will not have more than one equilibrium reaction, if the reduction
is performed firstly for Ng columns corresponding to the Ng reactions. In this Ng set,
each reduced ODE (not the original ODE) that has one and only one equilibrium reaction
is simplified by discarding slow kinetic rates in the equation. The simplified ODE is then
replaced by the corresponding mass-action equilibrium equation or a users-specified
algebraic equation. The number of ODEs replaced is thus equal to Ng. The remaining

ODEs will not have any fast reaction rates in them.
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2.3.2.2 Selects Master and Secondary Species

Before decomposition, users can judiciously select a set of components. After
decomposition, the BIOGEOCHEM preprocessor will automatically rectify illegitimate
components that a user may have wrongfully selected, and return a complete set of
components (Nc = M - Nj). This automatic procedure is performed by removing an
incorrectly selected component during a column reduction step. If a pivot element can be
found from rows other than those corresponding to users-selected components, then all
selected components are still legitimate up to this point. Otherwise, a row corresponding
to the selected-component must be chosen as the pivot element and this selected-
component must be de-listed from the set of components. All species that have been
chosen as the pivot elements form the set of product species (the number of product
species is equal to Nj). The remaining species make up the set of component species.
After completion of the decomposition, the BIOGEOCHEM preprocessor will keep those
users-selected components that are legitimate and remove those that are illegitimate. The
component species are classified as master species (term used in PHREEQE) or basis
species (term used in MINEQL). A product species can be classified as a master or a
secondary species. In order to minimize the number of simultaneous equations in
biogeochemical modeling, all fast reactions that are modeled with mass-action
equilibrium equations should be decoupled from the kinetic reactions. In other words,
each fast reaction modeled with the mass-action equilibrium equation can be used to
eliminate one product species from simultaneous consideration. An eliminated product
species is termed a secondary species. Since there are Ng linearly independent
equilibrium reactions, there may be up to Ng secondary species [Note: the number of

secondary species will be equal to Ng if and only if all Ng reactions are modeled with the
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mass-action equilibrium equations. If some fast reactions are modeled with users-
specified algebraic equations or some fast reactions are ion-exchange reactions or
precipitation-dissolution reactions, then the number of secondary species is less than Ng
because these algebraic equations and the mass-action equilibrium equations for ion-
exchange and precipitation-dissolution reactions are not eliminated.] The choice of the
set of secondary species among Ny product species is not unique when at least one of the
fast reactions involves more than one product species.

To obtain a suitable set of secondary species, we perform Gauss-Jordan row
decomposition of the matrix whose rows are made up of reaction stoichiometries of those
fast reactions that are modeled with mass-action equilibrium equations.  The fast
reactions that are modeled with users-specified algebraic equations should not be
included in the matrix decomposition for the selection of secondary species, because the
inclusion of these reactions will not allow the linear combination of the log K* values of
fast reactions. Users must specify one species as a master species for this reaction.

The BIOGEOCHEM preprocessor performs the final step of finding and
eliminating the secondary species after the components and kinetic variables are defined
and after the redundant equilibrium reactions and irrelevant kinetic reactions are
removed. The procedure is achieved by diagonalizing the matrix whose rows are made of
the reaction stoichiometries of fast reactions (excluding those fast reactions that are
modeled with users-specified algebraic equations). The species that will be used to
eliminate a mass-action equilibrium equation is chosen as a pivot element. Any species
in a fast reaction can be chosen as a pivot element except the component species, the
species that have been reserved in users-specified algebraic equations, and the species

that have already been found as pivot elements. The procedure of choosing a pivot
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element is automated in the BIOGEOCHEM preprocessor. In the automation, either the
first eligible column or the eligible column that contains the least number of non-zero
entries is chosen as the pivot element in any row reduction. If a product species that is
chosen as a pivot element is not a precipitated species or an ion-exchanged species, it will
be eliminated from simultaneous consideration and thus is a secondary species;
otherwise, the species will not be eliminated and remains as a master species and the
corresponding mass-action equilibrium equation (used to model precipitation-dissolution
or ion-exchanged reaction) is not eliminated. Those product species that have not been
chosen as pivot elements are master species. The element in the diagonalized matrix that
corresponds to the pivoting species is normalized so that its activity can be expressed
explicitly as the function of the activities of component species and other non-pivoting
species. Meanwhile, the log equilibrium constant of each pivoting species (secondary
species) can be determined as the linear combination of the log equilibrium constants of
all the original independent equilibrium reactions. The detail of these procedures is given
in appendix 2.A using a simple example.

Careful decisions must be made as to which equilibrium reactions are to be
treated as dependent reactions (keep in mind that when some reactions are dependent on
each other, the selection of independent reactions versus dependent reactions is not
unique) and hence as redundant reactions. When all fast reactions are modeled with
mass-action equilibrium equations, it does not matter which fast reaction is removed.
However, when at least one fast reaction is formulated with a users-specified algebraic
equation, one must consider the importance of each fast reaction and remove the least
important one.  If one wants to exclude certain reactions from the list of candidate

eliminations, one simply arranges these among the first Ng reactions. This is the point
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that a user must be aware of and guard against.
2.3.2.3 Generates Three Subsets of Governing Equations

With the above discussion, Eq. (3) is decomposed into the following equation via
the Gauss-Jordan elimination (Chilakapati, 1995; Steefel and MacQuarrie, 1996; Yeh et
al., 2001a)

B ac_ |:D K] R (8)
dt Lo, o

where B is the reduced unit matrix, D is the diagonal matrix representing a submatrix of
the reduced reaction-matrix with size of N; x Nj reflecting the effects of Nj linearly
independent reactions on the production-consumption rate of all kinetic-variables, K is a
submatrix of the reduced reaction-matrix with size of N; x Ngp reflecting the effects of
Nkp dependent kinetic reactions, 0; is a zero matrix representing a submatrix of the
reduced reaction-matrix with size N¢ x Nj, and 0, is a zero matrix representing a
submatrix of the reduced reaction-matrix with size N¢ x Ngp. An example illustrating
this form of the equation is given for Decomposition I in Appendix 2.A.

The decomposition of Eq. (3) to Eq. (8) effectively reduces a set of M
simultaneous ODEs into three subsets of equations: the first contains Ng infinite-rate
equations, each represents an equilibrium reaction that can be formulated with either a
mass-action equilibrium equation or a users-specified algebraic equation (cf. Section 2.4);
the second contains (Nj - Ng) simultaneous ODEs representing the rate of change of the
kinetic variables; and, the third contains N¢ linear algebraic equations representing mass
conservation of the chemical components. These equation subsets are defined as

Infinite-Rate Equations for Ng Equilibrium Reactions -
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dE : d( E
—=DuR:t X DiR;, ke Ng, ieM: —[ — [=R, =2
dt j€ Nkpk) dt D
9)
3 a thermodynamically consistent equation
Governing Equations for (N; - Ng) Kinetic Variables —
dE :
—=DuRi* Y, DiR;, ke Ny, ieM (10)
dt j€ Nkpao
and Mass Conservation Equations for Nc Chemical Components —
dE; : : :
EZO; denoting T,=Ei, J€ N¢, 1€ M (11)

where E; is the linear combination of species concentration resulting from the matrix
decomposition and Nkp) is the subset of linearly dependent kinetic reactions, which
depends on the k-th linearly independent reaction. For this generic system, the variable,
E;, in Eq. (9) is called an equilibrium variable, the variable E; in Eq. (10) is called a
kinetic variable, and the variable E; in Eq. (11) is called a component variable and is
normally denoted with Tj. It should be emphasized here that only linearly independent
reactions can be segregated, not all reactions.

The unique feature of the diagonalization is that there is only one linearly
independent kinetic reaction appearing on the right-hand side of Eq. (10) when parallel
kinetic reactions are not present. The significance of this unique feature is that all
linearly independent kinetic reactions are segregated, thus it enables the formulation and
parameterization of linearly independent reaction rates one reaction at a time,
independent of all other kinetic reactions; if linearly dependent kinetic reactions are not
present in the system. When an experiment is conducted to study kinetics, it must be
controlled such that Nyxpx = 0. Otherwise, kinetic reactions cannot be completely

segregated (Yeh et al., 2000a) and the independent formulation of kinetic reaction rates
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cannot be achieved (Burgos et al., 2002a, 2002b). Without a careful design of
experiments to exclude linearly dependent kinetic reactions, only lumped kinetic rates

can be formulated and characterized (Burgos et al., 2002a, 2002b).
24. REACTINO RATE FORMULATIONS

A rate equation must be specified in order to quantitatively describe a general

biogeochemical reaction. A general reaction can be written as
M M
ZuikGi R ZVikGia kEN (12)
i-1 i-1

where G;j is the chemical formula of the i-th species involved in k reactions. For an
elementary kinetic reaction the rate law is given by collision theory (Smith, 1981; Atkins,

1986) as
f M H b M Vi
Rf(kkg(ca e ) ke Ne (13)
in which
f f M M b b M Vi
KE=KUTT()™ and ki =KETT(r)" (14)

where Ry is the reaction rate, ki is the concentration-based forward rate constant, and ki
1s the concentration-based backward rate constant of the k-th kinetic reaction, C; is the
concentration of the i-th species, K, is the activity-based forward rate constant, v; is the
activity coefficient of the i-th species, and K.’ is the activity-based backward rate
constant. When a kinetic reaction cannot be modeled with an elementary rate, it may be
formulated based on either empirical or mechanistic approaches (Steefel and van
Cappellen, 1998, Yeh et al. , 2001a). To make BIOGEOCHEM completely general, for

any non-elementary kinetic reaction, its rate may be users-specified as follows:
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Rk:Rk(ClaCZa'“aCM;k13k23~") (15)

where Ry is the prescribed rate law by the user written as a function of the concentrations
of species participating in the reaction and a number of parameters; C; is the
concentration of the i-th species and kj, ko,... are rate parameters used to fit experimental
data. Equation (15) looks like Eq. (2) at first glance, but they render different meanings.
In an ad hoc approach, Eq. (2) represents the empirical rate of change of a species due to
all reactions. In a reaction-based approach, Eq. (15) represents the empirical rate (if one
cannot come up with a pathway) or mechanistically derived rate (if one can come up with
a pathway, for example enzymatic kinetics) of a single reaction. Hence, for a reaction-
based model, even when an empirical rate formulation is used, the formulation is
theoretically descriptive of the specific chemical reaction and, therefore, may be
applicable to a wider range of environmental conditions. Only when the rate of a species
is due to only one reaction are Equations (2) and (15) conceptually the same.

If the reaction is a fast reaction, it is assumed that the reaction instantaneously
reaches equilibrium and its rate is mathematically abstracted as infinity stating a
thermodynamically consistent expression, for example, the mass-action equilibrium

equation as

d | . d | !H(Ai)vik l
_E:DkkRk+ > DinjykENEaleM:_EszkszooEKi: Ml (16)
dt jGNKD(k) dt (H (A.)“ik)

where K,° is the equilibrium constant of the k-th reaction and A; is the activity of the i-th
species. For precipitation/dissolution reactions, the activity of solid species is assumed to
be constant and equal to unity. The mass-action equilibrium equation can be simply

treated as a thermodynamic hypothesis (Goldberg, 1991). It does not have to be
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conceived as the kinetic rate expression that follows mass action kinetics as described

with the following equation

M M f
Ri=- lim K (q (A)™ -KeIT(A)™ ); Ki= % = fixed constant (17)

K= k

Conceptually, the use of Egs. (16) and (17) to describe an equilibrium reaction are
quite different. Equation (16) states that the rate of a fast reaction is infinity as a
mathematical abstraction (Recall: this is justified in the paragraph under Section 2.2) and
its reactants and products satisfy the mass-action equilibrium equation instantaneously.
The last equation in Eq. (16) is not a rate formulation because the concept of infinite rate
does not exist in thermodynamics. On the other hand, Equation (17) states that the rate of
a fast reaction is formulated as an asymptote of the mass-action kinetics (a kinetic
reaction modeled with an elementary rate expression with both forward and backward
rate constants infinitely large while keeping their ratio at a fixed value, i.e. the
equilibrium constant). [Keep in mind, Equation (16) is called mass-action equilibrium
equation while Equation (17) is called mass-action kinetic equation.] The rate of the fast
kinetic reaction is indeterminate since its reactants and products satisfy the mass-action
equilibrium equation, Eq. (16), at equilibrium. Even at the slightest deviation from the
equilibrium, the rate as defined by Eq. (17) is infinity. This is precisely the reason that
the fast reaction rate should not be formulated as the asymptotic approximation of a
mass-action kinetics because it would make the set of ODEs [Eqgs. (4.1) to (4.6) for the
example given in Section 2.2] infinitely stiff. Rather, it is better to consider the rate of a
fast reaction infinity as a mathematical abstraction [i.e. Eq. (16)]. The mathematical
abstraction serves a dual function. First, it facilitates the comparison of the magnitude of
various reaction rates appearing in the reduced set of ODEs. Second, it states that the

thermodynamic approach is taken to model the equilibrium reactions using either a mass-
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action equilibrium equation or a users-specified algebraic equation.

To make BIOGEOCHEM completely general, a users-specified algebraic
equation can be used to describe a fast reaction when it cannot be modeled with a mass-
action equilibrium equation
— = DL R+ Z DiR;, ke Ng,ie M:
i€ Nk (18)

—= = DR = 3 Fi(C1>Casevrs Cat Pys Paser) =0
where Fy is an implicit function of species concentrations with a number of parameters.
For example, the linear (K4 approach) and nonlinear (Freundlich) isotherms describing
heterogeneous reactions with partitioning between aqueous and adsorbed chemicals fall

into this category.

2.5 NUMERICAL SOLUTION

After the reaction matrix is decomposed in BIOGEOCHEM, equations of the type
of Eq. (16) are manipulated so that only one secondary species can appear in any of
mass-action equilibrium equation to facilitate computation (i.e., equations of the type of
Eq. (16) can be easily eliminated). On the other hand, users-appointed species in
equations of the type of Eq. (18) cannot be easily eliminated in general. Thus, for
computational efficiency in the Newton-Raphson technique (Westall et al., 1976; Yeh et
al.,1995), the numbers of equations are kept to a minimum in BIOGEOCHEM, involving
one set of linear algebraic equations (mass conservation equations), one set of nonlinear
ordinary differential equations (for kinetic variable), one set of users-specified algebraic

equations (for the fast reactions that cannot be modeled with mass-action equilibrium
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equations), one set of nonlinear algebraic equations for equilibrium ion-exchanged
reaction, and one set of nonlinear algebraic equations for equilibrium precipitation
reactions. Full pivoting is used to solve the matrix equation resulting from the Newton-
Raphson iteration (Yeh et al.,1998).

The governing set of linear algebraic equations, nonlinear algebraic equations,
and nonlinear ODEs are solved with a significantly modified version of the code
BIOKEMOD (Salvage and Yeh, 1998). An iteration loop of basis switching is
incorporated within a Newton-Raphson iteration loop to improve the robustness and
efficiency of computation. The idea of basis switching can be found in Westall et al.
(1976) and Steefel and MacQuarrie (1996).

Since the concentration of some species may be several orders of magnitude
smaller than others in a component equation, mass non-balance or non-convergence may
occur for the component. In other words, the computed species concentrations that
compose the mole balance equation cannot add up to the given total component
concentration to within the error tolerance. This normally occurs when the concentration
of a component species is very low and the concentration of a secondary species that is a
member of the component is very high. The component species is explicitly included in
solving the mass balance equation. Because of its low concentration, it may still satisfy
the mass balance to within the error tolerance even though its percentage error may not
be very small. On the other hand, the concentration of the secondary species is calculated
using the simulated component species (and possibly other master species)
concentrations. When the reduced log K value of the secondary species is large and the
percentage error in the concentration of the component species is not that small, the

calculated concentration of the secondary species may have a significant absolute error
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that is much larger than the concentrations of the component species and other master
species consisting of the component. This error naturally causes a significant mass
balance error. To resolve this problem, basis switching is used to the swap low-
concentration component species with the high-concentration secondary species (i.e., the
component species become a new secondary species and the secondary species becomes
a new component species). With this species switching, the concentrations of the new
component species can be expected to be much higher than that of the new secondary
species. As a result, the contribution to the mass balance is mainly due to the new
component species. Since the new component species concentration is simulated to
explicitly satisfy the mass balance equation, it will not cause much mass balance error.
The mass balance error is due mainly to the new secondary species. However, because
the concentration of the new secondary species is much smaller than that of the new
component species, even a large percentage error in its concentration will not cause much
mass balance error.  Therefore, the mass balance is likely satisfied with the new
component and secondary species.

The mathematical algorithm of basis switching is summarized as follows. From

mass-action equilibrium equations, we have
Xi:OCil—ICEiij (19)
j

where c; is the concentration of the j-th component or species, x; is the concentration of
the i-th secondary species, aj; is the stoichiometric coefficient of the j-th species in the i-th
mass-action equilibrium equation and o; given by

I

o = Ki (20)

Yi
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is the modified stability constant.

Suppose ¢ 1s the component to be switched with xy , then from Eq. (19), fori =k

Xk = Ok gcj’kj cum 21)
from which we can obtain
1 B 1
Con = X" [ock I1 cj-"”] o (22)
j#m

Substituting Eq. (22) into Eq. (19) for i # k, we have
X, :aia;aﬂcj‘rmxi?‘ (23)
j#£m
Egs. (22) and (23) can be described in a general form as

,
7 aj

x = ]¢] (24)
J

in which fori=k:

’ _ X N S 1
X, FCpy O =00 =0, =—
akm
k
(=al="=_gal, and c¢/=c, if jEm; (25)
a,=a, = =-aga), and c;=c, if j#m;
Akm
r_ ’r _ . .
a,=a, =— and ¢, =x, if j=m

Akm

fori#k:

“3im

’ = N /= m— 7 \@im
X =xi =00 =0 (o)
’r_ Ay Aim __ , , L .
a;=a;-— ——a;Tamd, and ¢, =c, if j#m; (26)
Akm
’r __ 7 _aim_ ’ d ’r_ 'f .
aij_aim_ = Aimd,, an cj_Xkl J=m
Adkm

After basis switching, the same calculation is carried out with the new
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components and secondary species. Although the choice of component species is not
unique, any choice is equivalent; thus results for the system will not be changed after
basis switching. By switching one species at each time, BIOGEOCHEM can switch as
many times as needed. In order to keep the system consistent, BIOGEOCHEM performs
forward and backward basis switching. After backward basis switching, the components
are the same as the original ones. Because the components must be consistent in
hydrologic transport (i.e., once the set of components is chosen, the same set must be
used throughout transport simulations), the backward basis switching is necessary when

the reaction chemical module is coupled with a hydrologic transport model.

2.6 EXAMPLE SIMULATIONS

A total of three example problems are employed to demonstrate the application of
BIOGEOCHEM. The first example is used to partially verify the model using a
comprehensive reactive-chemical and biodegradation problem that was modeled by
others (Chilakapati et al., 1998). In addition, this problem involves nonlinear Monod
kinetics as well as nonlinear elementary kinetics. A successful simulation of this problem
would demonstrate the capability of the model to address various types of nonlinear
cases. The second example is used to demonstrate the capability of BIOGEOCHEM to
simulate generic reactive chemical problems involving mixed fast/equilibrium and
slow/kinetic reactions of simultaneous geochemical processes including aqueous
complexation, adsorption-desorption, ion-exchange, and precipitation-dissolution. The
third problem is used to exemplify the need for basis species switching to deal with

problems that are difficult to converge.
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2.6.1 Mixed Microbiological and Chemical Kinetics

This case has been studied by Chilakapati et al. [1998]. The main purpose of the
case was to study biogeochemical reactions that affect the transformation of Co(II)
ethylenediaminetetraacetic acid (EDTA) complexes. The reaction network is listed in
Table 2.1. It was simplified by Chilakapati et al. [1998] from the full reaction network of
over 64 reactions studied by Szecsody et al. [1994]. Reactions RI1-R5 are fast
adsorption/desorption reactions. R6 and R7 represent iron dissolution as a two-step
ligand promoted process. RS is an oxidation reaction. R9 and R10 are biodegradation
reactions, where Fe(III) EDTA and EDTA are the electron donors and O, is the terminal
electron acceptor. Some of the reactants and products are not included in reactions R7
and R8 because these species are not the contributing factors in the simulation.

Table 2.1. Reaction network for the example problem in Section 2.6.1
(after Chilakapati et al. [1998])

Reaction # Reaction constants

Co(I1)(aq) + Speg ¢ Sneg-CoO (R1)  KF=120

Co(I)EDTA(aq) + Spos <> Spos-Co(IDEDTA  (R2)  K,*=25.0

Fe(IINEDTA(aq) + Spos <> Spos-Fe(IIDEDTA ~ (R3)  K;*=9.0

EDTA(aq) + Spos > Spos-EDTA (R4)  KS=250

Co(IINEDTA(aq) + Spos <> Spos-Co(IINEDTA ~ (R5)  Ks°=2.5

Spos"CO(INEDTA < Co(Il)(aq) + Spos-EDTA  (R6)  ks'=1.0h", k" =1.0x 10° L mM '’
Spos-EDTA < Fe(IINEDTA(aq) + Sy (R7) ks =25h",k,"=0.0LmM'h’
Co(II)EDTA(aq) <> Co(II)EDTA(aq) (R8)  kgf=1.0x10>h", k>=0.0 h™!

Fe(III)EDTA(aq) + 60, — 3CO, + Biomass (R9) user specified reaction rate as expressed by Ry in
Eq. (B1.9) in Table 2.B.1, where p;=2.5 x 10™
h'k;; =1.0x 10° mM L™, and k, = 1.0x10”
mM L

EDTA(aq) + 60, — 3CO, + Biomass (R10) user specified reaction rate as expressed by Ry
in Eq. (B1.9) in Table 2.B.1, where p, = 0.025 h’
L ki =1.0x10°mML", and kp,= 1.0 x 10°
mM L
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Included in this simulation are a total of 15 species (M = 15), 5 equilibrium
reactions (N, = 5) and 5 kinetic reactions (Nx = 5). According to Chilakapati et al.
[1998], species initially present in the system are Co(II)EDTA (0.032 mM), dissolved O,
(0.256 mM), microorganisms (0.02 mM), the charged surface site S5 (0.016 mM) and
Sheg (0.0011 mM). If we suppose all the reactions are linearly independent, then there
must be 5 components. However, the BIOGEOCHEM preprocessor determined there are
6 components. In other words, there are only 9 linearly independent reactions, i.e., the
rank of the reaction matrix turned out to be 9. Because all five equilibrium reactions are
linearly independent, none of these fast reactions is redundant. The decomposition
indicated that none of the five slow reactions depends on only fast reactions, thus all
kinetic reactions are relevant to the system. The decomposition also revealed that one of
the three kinetic reactions (R7, R9, and R10) can be considered linearly dependent on the
other two and possibly other fast reactions. Without loss of generality, we consider R10 a
linearly dependent reaction. The decomposition revealed that R10 depends on R4 (a fast
reaction), R7 and R9. R10 is relevant because it depends on at least one of the kinetic
reactions (two in this case). Had R10 depended on only fast reactions, it would be
irrelevant. An example of matrix decomposition of the reaction network is shown in
Table 2.B.1 in Appendix 2.B.

Comparison of the simulation results obtained with the present study (solid line)
and with Chilakapati et al. [1998] for the steady disappearance of Co(II)EDTA, the
production/consumption of EDTA and Fe(III)EDTA, and the growth of microorganisms
are shown in Figure 2.1. These results demonstrate that the simulations calculated using

BIOGEOCHEM were essentially identical to the simulation calculated by Chilakapati et
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al. [1998]. Identical model simulations serve to partially verify the performance and
accuracy of BIOGEOCHEMI. For description and discussion of the experimental data

see Chilakapati et al. [1998].

- BIOGEOCHEM
16 + Chilakapati et al. (1998) Cic,- 10

Biomass ‘\

Colll)ECTA

Fe{lI)EDTA

\

0.4

0 -

0.01 0.1 1 10 100 1000 10000
Time {hrs)

Figure 2.1. Solution of the reaction network in table 2.1: Comparison of this study with
results of Chilakapati et al.[1998]. (Cy and C; are the initial concentrations of
Co(I1)EDTA(aq) and microorganisms, respectively)

2.6.2 Complexation, Adsorption, Ion-exchange, and Dissolution in a System of
Mixed Equilibrium and Kinetic Reactions

This example demonstrates the generic flexibility of BIOGEOCHEM. 1t is a
fictitious system involving aqueous complexation, adsorption, ion-exchange, and mineral
dissolution reactions. Each type of reaction includes both fast/equilibrium and
slow/kinetic reactions. Table 2.2 lists the conceptualized reaction network. Initially,
species Cs; (an organic complex) is in contact with mineral M, which is a metal-
hydroxide. Through dissolution a portion of the mineral becomes solubilized (Reaction
R1 in Table 2.2); the dissolution is assumed to be an irreversible reaction. Adsorbing

sites are formed on the surface of the mineral M (R2). The surface site commonly
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undergoes ionization reactions upon contact with water (R25 and R26). Species Cs
dissociates into C4 and Cs (R3 in Table 2.2). Species C4, Cs, C¢ and dissolved species C;
react to form various complexed species (R4 through R23). In turn, some of these
complexed species are adsorbed onto the surface of the mineral M (R27 through R31).
The system also includes an ion-exchange site and three ions (Cs, Cy9 and Csp) compete
for the site (R32 and R33). The chemical system is quite complex, although some of the
reactions are made up in order to demonstrate the generality of BIOGEOCHEM. For
example, R2 (partition between bulk and surface metal ions) is used to reflect the mass
balance of surface sites. Some of the reaction constants are obtained from Szecsody, et

al. (1994) and Yeh et al.(1995).

Table 2.2 Reaction network for the example problem in Section 2.6.2

Reaction # Reaction constants

Mineral Dissolution and Surface Site Formation Reactions

M « C;-3C, R  kf=0.05

M &S, (R2) User specified partition between bulk and surface
metal ions as expressed by equation (B2.1) in the
Appendix 2.B.

Aqueous Complexation Reactions

Cy; o C4+Cs (R3)  Logks'=2.03, Log k" = 20.00
Cs + Cs «C (R4) Log K4=12.32

C, +Cs +Cs © Cg (R5)  LogKs =15.93

Cs & C, +Cy (R6)  LogK¢ =-12.60

C, +Cs « Cy (R7)  Logk,;"=25.00, Log k;"=-2.57
Ci+C+Cs o Cy (R8)  LogKg"=29.08

C,+Cs & C, +Cpy (R9)  LogKo =19.65

Ci+Cs ©2C,+Cy3 (R10)  Log K" =-36.30

C, & C+Cy (R11)  LogK;*=-2.19

C, 2C,+Cs (R12) LogK,=-5.67
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Ci «3C,+Cy
C «4C+Cyy
2C1 <—>2C2+C18

C,+C4+Cs < Cy

Cy o Cy+Cyy
Cy & 2C,+ Cyy
Cy «3C+Cyp
C,+Cs « Cy
2C,+Cs & Cy
3C, +C5 o Cys
4C,+ Cs < Cy
G+ Gy oCys

(R13)
(R14)
(R15)
(R16)
(R17)
(R18)
(R19)
(R20)
(R21)
(R22)
(R23)
(R24)

Log Ki3°=-13.60
Log K,5=-21.60
Log K;5°=-2.95
Log K" =21.40
Log K{;°=-9.67
Log Ks°=-18.76
Log Ko° =-32.23
Log K5° =11.03
Log K,,°=17.78
Log K»°=20.89
Log K»°=23.10
Log Ky, = 14.00

Adsorption-Desorption Reactions

Sl <—>SQ+C2
Sl +C2 <—>S3

Sl+3C2+C5 <—>S4
Sl+C1+C2+C5 <—>Sg
S]JFCZJF C4+C5 HSG

Sl-C2+C4 <—>S7
S1+C2+C5+C6 ‘—’Sg

(R25)
(R26)
(R27)
(R28)
(R29)
(R30)
(R31)

Log K,5°=-11.60

Log Ky = 5.60

Log Ky;°=30.48

Log kas' = 40.00, Log kas” = 2.37
Log kao' = 30.00, Log ko’ = 1.51
Log kso' =-0.99, Log k3," = 1.70
Log ks;"=1.19, Log k3, = 25.0

Ion-Exchange Reactions

ng +2 site-C30 Ad site—C29 + 2C30 (R32)

C6 +2 SitC-C30 g Site-CG + 2C30 (R33)

Log ks,” =-0.5, Log k3,' =-0.75
LOg k33e =0.6

The slow reactions were assumed to be the dissolution of the mineral, and the

adsorption of Cs-complexes and C4 (R1 and R28-31, respectively). Sorbed species were

modeled using simple surface complexation approaches built into BIOGEOCHEM. To

further demonstrate the capability of BIOGEOCHEM to model kinetic aqueous

complexation and ion-exchange reactions, R3, R7 and R32 are treated as kinetic

reactions.
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From the above conceptualization of the reaction network, this simulation
includes a total of 41 species (M = 41), excluding the species Cyg because its activity is
assumed 1.0, 25 equilibrium reactions (N, = 25) and 8 kinetic reactions (Nx = 8). Initial
concentrations of Cg, M, Cs;, and Cj( are 2x107 M, 2.36x107 M, 8.51x10° M, and 0.1552
M, respectively; and initial concentrations of site-Cs, site-Cyo, and site-Cg are 0.0651 M,
0.1463 M, and 0.1562 M, respectively. All other species are initially 0.0 M except for
C,, whose concentration is fixed at 3.16x10° M. The BIOGEOCHEM preprocessor

indicated that all reactions in this system are linearly independent, i.e., Ny =33, Ng =N, =
25, Ng1 = Nk = N = 8. In other words, none of the 25 equilibrium reactions nor any of
the 8 kinetic reactions are removed from consideration. Thus, a formal matrix
decomposition of the reaction network should yield 24 mass-action equilibrium equations
and one users-specified algebraic equation (25 total), 8 kinetic variable equations, and 8
mass conservation equations (Nc =M - Ny =41 - 33). An example of one decomposition
of the reaction matrix presented in Table 2.2 is shown in Table 2.B.2 in Appendix 2.B.

The 24 mass-action equilibrium equations are decoupled from the other 17
equations (8 mass conservation, 8 kinetic-variable, and one users-specified algebraic
equation). In other words, 24 equations are substituted into 17 equations to eliminate 24
secondary variables (C7, Cs, Co, Cy; through C,7, Sy, S3, S4, and site-Csp). The resulting
17 equations are then solved simultaneously for 17 master variables (C,; through Cs, Cyo,
Cas, Ca9, C30, Si, Ss through Sg, M, and site-Cyo).

The time-variant dissolution of the mineral is described by the concentration
variations of six species (Figs. 2.2 and 2.3). Cs, Cjs and M in Fig. 2.2 represent the
species that are directly involved in the dissolution according to the reaction network.

The formation of species C;o dominates the aqueous speciation in the system and is
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ultimately the driving force for mineral dissolution. The last two species in Fig. 2.3
represent the two main adsorbed species in the system. The simulation of the interaction
of these six species demonstrates the ability of BIOGEOCHEM to model a complex

(multiple reaction types) mixed (equilibrium and kinetic) reaction system.
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Figure 2.2. Concentration curves for major species directly involving in the mineral
dissolution.
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Figure 2.3. Concentration curves for main complexed and adsorbed species
For the first 10 hours, there is a decline in the mineral concentration (Fig. 2.2)
which corresponds to an equivalent increase in the concentration of C;o (Fig. 2.2).

Dissolved species C; quickly combines with Cs to form the complexed species. This
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continues until Cjo begins to reach its equilibrium value (at around 15 h) due to the
limiting of total concentration of Cs (Fig. 2.2). At this time, the aqueous species C; and
Cje that are formed no longer combine directly into the complexed species but remain
free and increase to their approximate equilibrium values (Fig. 2.2).

The two main sorbed species, S; and Ss, also undergo considerable changes
during the first 20 h. Initially Ss is the main adsorbed species (Fig. 2.3). But when the
production of C;y begins to be limited by the available free Cs, its high production rate
drives its continued formation by scavenging other sources of Cs species. As a result, the
adsorbed species (Ss) begins to decrease to form the aqueous complexed species (Cio)
after ca. 12 h. S; increases as a result for approximately the next 3 h. After that time,
both species concentrations decrease because the available sites decrease due to the
continuous dissolution of M. Given sufficient time, M will completely dissolve as

indicated in Figure 2.2 because of the assumption that it is an irreversible reaction.
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Figure 2.4. Concentration curves for ion-exchanged species
Reactions R32 and R33 are weakly coupled to the rest of the system because the
amounts of Ce¢ and its complexed species are insignificant. About 10% of site-C¢ was

exchanged immediately into the solution because of the equilibrium reaction R33. There
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are significant amounts of site-Cy9 and Cj in the system, R32 proceeds from right to left
till it reaches equilibrium as shown in Fig. 2.4.
2.6.3 Basis switching

This example demonstrates the need for basis switching when component
concentrations become very low and cause mass balance errors. The problem is defined
by 20 aqueous
complexation reactions and four precipitation-dissolution reactions involving 27 aqueous
species and 4 precipitated species (reaction network presented in Table 2.3).

Based on this reaction network there are a total of 31 species (M = 31), excluding
the species H,O(1) because its activity is assumed 1.0, and 24 equilibrium reactions (Ne =
24). The BIOGEOCHEM preprocessor indicated that all 24 equilibrium reactions in this
system are linearly independent, i.e., Ng = N. = 24. Hence, a formal matrix
decomposition of the reaction network should yield 24 mass-action equilibrium equations
and 7 mass conservation equations (N¢c =M - Ny =31 - 24).

Without basis switching, the simulation stopped while checking mass balances.
BIOGEOCHEM displayed information in the output file that mass balance of the third

: 3+
component, i.e., Al

, was not maintained. A false convergence was reached due to the
low concentration of AI’". The absolute error of AI(OH)," concentration computed
based on that of AI’" was too large. When this concentration was substituted into the
mass balance equation for the component Al*, it resulted in a large mass balance error.
Hence the converged AI’* concentration is a false value, and the simulation stopped. The
input concentration for TOT Al’" was 4.263 x 10° M while the calculated TOT AI*" is

3.684 x 10™* M; thus it is seen that there is a large error in mass balance. The simulated

concentration of species A’ is 3.015 x 10> M, which is close to 0, while the calculated
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concentration of AI(OH), is 3.680 x 10* M, which is relatively very large compared to
other species in the mass balance equation. Thus, the species AI(OH)s is the major
contributor to the calculated TOT AI*"

When the basis switching was enabled, Al(OH)4", which was the most abundant
species in the mass balance equation for AI’", was selected automatically by
BIOGEOCHEM to replace AI’" as the master species for aluminum. Simulation results
are shown in Table 2.4, with 3 of the 4 possible precipitated species actually formed
within the system. The simulated concentration of AI(OH)4 is 5.64 X 10® M, while the
calculated concentration of A’ is 2.80 x 10" M. It is seen, from Table 2.4, that the
species AI(OH)4", that has been chosen as the component species by BIOGEOCHEM,
has the largest concentration among all species composing the component AI**. Thus,
the contribution to mass balance is mainly from the species AI(OH)4’; however, the mass
balance error due to the species Al(OH),™ is small, because the concentration of species
AI(OH)4 is directly simulated to satisfy the mass balance equation. The contribution to
mass balance error by species Al’" is small because its concentration (which is indirectly
calculated based on the concentrations of component species) is relatively small

compared to that of the component species AI(OH)4'.



Table 2.3. Reaction network for the example problem in Section 2.6.3.

Reaction # Reaction constants
H,0(/) < H' + OH (R1) Log K,°=-14.0
Fe’' + H,0(/) < FeOH* +H" (R2) Log K,*=-2.19
Fe*" + 2H,0(/) « Fe(OH)," +2H" (R3) Log K5° =-5.67
Fe’" +3H,0(/) < Fe(OH)s(aq)+3H" (R4) Log K4 =-12.56
Fe*' +4H,0(/) < Fe(OH), +4H' (RS) Log K" =-21.6
AP"+HO(f) < AIOH* +H" (R6) Log K¢*=-5.00
AP*+2H,0(f) < Al(OH)," +2H" (R7) Log K;°=-10.20
AP +4H,0(/) < Al(OH), +4H" (R8) Log K¢° =-23.00
AP +3H,0(/) < Al(OH)s(aq) + 3H" (R9) Log Ky*=-17.20
H'+COs* & HCOy (R10) Log K,,°=10.33
2H" + COs* « H,CO, (R11) Log K;;°=16.68
Ca*" + COs* < CaCOs(aq) (R12) Log K;,°=3.22
Ca” +H"+ CO* « CaHCO;" (R13) Log K;3*=11.44
H'+S0/ < HSO, (R14) Log K,4°=1.99
Ca> + S04 — CaSO04(aq) (R15) Log K;5°=2.30
AP +8045 « AISO," (R16) Log K¢ =3.50
AP +2S0,5  Al(SO,)* (R17) Log K7 =5.00
Fe'' +50," < FeSO,’ (R18) Log Kis° = 4.04
Fe’" +2S0,” < Fe(SO4), (R19) Log K o°=5.42
Na'+ S0, < NaSO, (R20) Log Ky =0.07
Ca® + CO» — CaCOx(s) (R21) Log Ky° = 8.48
AP +3H,0(/) < AI(OH);(s)+3H" (R22) Log Ky*=-9.11
Fe** +3H,0(f) < Fe(OH)y(s) +3H" (R23) Log Ky;" = -4.89

Ca® +S04 — CaSO4(s) (R24) Log Ky, = 4.58
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Table 2.4. Initial and simulated species concentration

Species Co(M) Log(C <) Species Co(M) Log(C )
Ca*" 6.335x10"  -2.160 HCOy 0.000 -2.000
CO3* 6.365x10"0  -5.478 H,CO; 0.000 -2.292
AP* 4263x10°  -9.553 CaCO; 0.000 -5.260
SO4* 3.177x10%  -1.582 CaHCO;" 0.000 -3.471
H 2.056x10%  -6.536 HSO, 0.000 -6.443
Fe’* 1.234x10°  -13.77 CaSOy 0.000 -2.283
Na® 3.043x10°  -1.522 AlSO4" 0.000 -8.896
OH 0.000 -7.359 Al(SO4), 0.000 -9.398
FeOH*" 0.000 -9.952 FeSO4" 0.000 -12.576
Fe(OH),"  0.000 7211 Fe(SO4), 0.000 -13.198
Fe(OH); 0.000 -7.670 NaSOy4 0.000 -3.454
Fe(OH),  0.000 -10.069 CaCOs(s)  0.000 -0.207
AI(OH)*  0.000 -8.542 AI(OH); (s)  0.000 -4.371
Al(OH),"  0.000 -7.521 Fe(OH); (s)  0.000 -4.912
AI(OH),  0.000 -7.249 CaSO0y (s) 0.000 —oc
AI(OH); 0.000 -8.090

2.7  CONCLUSION AND DISCUSSION

This paper proposed a generic framework to model biogeochemical processes. To
use this generic paradigm for modeling reactive chemicals, the system must be translated
mathematically into a reaction network. A computer model was developed to diagonalize
the reaction network and numerically solve the diagonalized system of kinetic-variable
equations, mass-conservation equations, and a subset of nonlinear algebraic equations

(governing fast ion-exchange and precipitation-dissolution reactions, and some fast
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reactions that are modeled with users-specified algebraic equations). The model is
designed to have the most generic capability for modeling biogeochemical processes. It
can simulate both equilibrium and kinetic reactions involving aqueous complexation,
adsorption, ion-exchange, precipitation/dissolution, oxidation-reduction, acid-base
reactions, and microbial-mediated reactions. Any fast reaction can be modeled with an
infinite rate governed by a mass-action equilibrium equation or by a users-specified
algebraic equation. Any slow reaction can be modeled with microbial-mediated
enzymatic kinetics, empirical n-th order rates, an elementary rate, or a users-specified
rate equation. The conceptualization of reaction networks and the specification of rate
formulations and parameters should be carried out iteratively in collaboration with
modelers and experimentalists who understand the system (Burgos et al., 2002a, 2002b).

The selection of chemical components and kinetic variables are automated within
the BIOGEOCHEM preprocessor. In order to facilitate numerical integration, the set of
ordinary differential equations governing the production/consumption of all species are
decomposed into three subsets: mass-action equilibrium equations representing fast
equilibrium reactions, kinetic-variable equations representing slow kinetic reactions, and
mass conservation equations representing chemical components. Basis switching is
included to enhance the robustness of the model.

The general paradigm addresses all the questions and difficulties arising from
primitive or DAE approaches. This paradigm is new only in concept as the use of the
diagonalization-decomposition procedure from mathematical and numerical perspectives
is well accepted. This procedure facilitates the elimination of fast/equilibrium reactions
from slow/kinetic reactions to reduce the number of unknowns that must be solved

simultaneously, explicitly enforces mass conservation, removes redundant
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fast/equilibrium reactions, and excludes irrelevant slow/kinetic reactions in the reaction
network. The decoupling of fast reactions from kinetic reactions alleviates the stiffness
of the system. The explicit enforcement of mass conservation overcomes the mass
conservation error due to numerical integration errors. The removal of redundant
reactions circumvents the problem of singularity. The exclusion of irrelevant
slow/kinetic reactions greatly improves computational efficiency and avoids problematic
export of meaningless rate formulations and parameter estimations to other system in
which these reactions are relevant. Finally and most importantly, the diagonalization of
slow/kinetic reactions allows the formulation and parameterization of individual rate
equations rather than the optimization of rate formulation/parameters for all reactions
simultaneously (Yeh el al., 2001a). The individual rate formulation/parameterization is
more descriptive of geochemical and biochemical reactions (Burgos et al., 2002a, 2002b).

To make the model numerically robust, a dynamic basis-species switching
strategy due to the non-uniqueness of components is employed. Backward basis
switching allows components to freely change in the simulation of chemistry module,
while being recovered for transport simulation. Three example problems were selected to
demonstrate the versatility and robustness of the model.

BIOGEOCHEM is a stand-alone batch model, which can also be coupled with a
hydrologic transport model (Fang and Yeh, 2002). It can apply to systems of high
complexity and can serve as a tool for the planning of batch experiments, assessing
system consistency and minimum data needs for reaction based modeling (Yeh et al.,
2001a). The model described was tested with over 15 examples (Yeh and Fang, 2002),
although only 3 problems are demonstrated in this paper to illustrate the versatility and

flexibility of the model.
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APPENDIX 2.A
2.A.1 Decomposition I

Let’s start with the following matrix, which is a repeat of Eq. (5)

100 0 0 0] diHl/de g o g

01000 of| dNTAVAY |4 1 o o |[R]

00 100 OfdHNTAA| t 1 0 1 -1]]Rs )
000100 dicol/dt| |0 1 1 o |]|R,

0 0 0 0 I O] |d[CONTA]/dt 0 -1 -1 0 | |Ry
000000 ]| gpyal Lo 0 0 1]

First, choose suspected component species. From a geochemist’s point of view, let’s
choose H, NTA, and Co as component species, i.e., species that have the low priority to
be chosen as pivot elements. The remaining species can therefore have higher priority to
be chosen as pivot elements.

In the first column of the reaction matrix in Eq. (5), there are three non-zero rows
(first, second, and third rows, respectively). The first and second rows are on the low
priority list for choosing pivot elements because their corresponding species, H and NTA,
respectively, have been selected as components. Therefore, the third row (corresponding

to HNTA) is chosen as a pivot element. Pivoting on Row 3 (HNTA) gives

10 10 0 0 diHl/dt) g o o L2 ]

01 100 of | 4NTAdt] |9 1 1 -1 [[R

0 0 10 0 ofdHNTAYdt| |1 0 1 -1]]Rs (A1)
00010 0 dicol/dt| o 1 1 o |]|R,

0 0 00 1 0]][dCoNTA]/dt| |0 -1 -1 0 | |R,]
00000 1] aBy/d| L0 0 0 1.

In the second column of the Column 1-reduced reaction matrix in Eq. (A1), there
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are three non-zero rows (second, fourth, and fifth rows, respectively). The second and
fourth rows (corresponding to NTA and Co, respectively) are on the low priority list for
the selection of pivot elements because NTA and Co have been selected as components.
[If the third row were not zero, it could not be chosen as a pivot element because it had
already been chosen as the pivot element in the reduction of first column.] Therefore,

chose the fifth row as the pivot element. Pivoting on Row 5 (CoNTA) gives

10 100 0 diH)/dt) g 9 0 2]
011010 dINTAJ/dt| 1o o o -1 ||R
0 01 0 0 0] d[HNTA]/dt 1 0 1 -1 R,
= (A2)
000110 d[Col/dt| |0 0 0 o |]|R,
0 0 00 1 0]][dCoNTA]/dt| |0 -1 -1 0 | |R,]
0 00 00 1] dB]/de| L0 0 0 1]

If the fifth row in Column 2 of the Column 1-reduced reaction matrix in (A1) were 0,
then one would have to choose either Row 2 or Row 4 as the pivot element. This would
signify that the user had selected incorrect components. Under such circumstances, the
preprocessor would have chosen either NTA (Row 2) or Co (Row 4) as the pivot element
and removed it from the users-selected component list and treated it as a product species.

There are only two no-zero rows (Rows 3 and 5) in the third column in the
Column 2-reduced reaction in Eq. (A2). However, these two rows (corresponding to
HNTA and CoNTA) have already been chosen as the pivot elements in Column 1 and
Column 2 reductions, respectively. They cannot be chosen as pivoting elements, hence
no row can be found as the pivot element for this third column. This signifies that the
third reaction is a linearly dependent reaction and it depends on the first and second
reactions, i.e., R3 is linearly dependent on R1 and R2.

In the fourth column of the reduced reaction matrix in Eq. (A2) there are four
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non-zero rows (Rows 1, 2, 3, and 6). Row 3 is not eligible as a pivoting element because

it has already been chosen in the first column reduction. Rows 1 and 2 are on the low

priority list. Therefore chose Row 6 as the pivot element. Pivoting on Row 6 (B) gives

10 10 0 2] diHl/dt) g o o 0]
01 10 1 1| dNTAVdtl o o o o |[R
0 0 10 0 1||dHNTA]/dt| |1 0 1 0 ||R:
000110 acopdt| o 0 0 o ||r
0 0 0 0 1 O] [d[CoNTA]/dt 0 -1 -1 0 ||R,]
00000 L aBy/d| L0 0 0 1

(A3)

The above procedure completes the reduction of the reaction matrix and the

decomposition of the unit matrix.

Expand the matrix in Eq. (A3) and the following equations are obtained:

d[H] , d[HNTA] _ ,d[B] _
dt dt dt

d[NTA] , d[HNTA]  d[CoNTA]  d[B] _

dt dt dt dt
d[HNTA] d[B]
+ =R:TR;
dt dt

d[Co] N d[CoNTA] _ 0
dt dt

d[CONTA] _
dt

2R3

dB]_
dt

4

(A4.1)

(A4.2)

(A4.3)

(A4.4)

(A4.5)

(A4.6)

Equations (A4.1), (A4.2) and (A4.4) define Total H, Total NTA, and Total Co,

respectively. Since the total amount of H, NTA, and Co are reaction invariant, they are
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defined as component species. Equations (A4.3) and (A4.5) each contains one
equilibrium reaction. They are replaced by the mass-action equilibrium equations as
shown in the last equation of Egs. (6.1) and (6.2) in section 2.3.

Eq. (A3) is re-arranged so that it can be written in the form of Eq. (8) in section

2.3.2.3as
0 0 100 I d[H]/ dt o ol T
0000 10 d[NTA]/ dt o 1 ol | [ R,
0 0 0 0 0 1|/ dHNTA]/dt 0 0 1 0 R,
) - \ (AS)
10100 2 d[Co]/ dt 000 0 R,
0 0 0 0
0 1 1 0 1 1||d[CoNTA]/dt 0 0 o 0 | R
(0 0 0 1T 1 0] » d[B]/dt| B

Comparing Eq. (A5) and Eq. (8) which is repeated for the convenience of direct

comparison,
dc |Db K
B—=[ ]R (8)
dt [0, 0.
we can easily see that
00 100 I diHyde
0000 0 1| dc_| d[HNTAJdt R.
B= ; — =3 ; and R= (AS.1)
10 1 00 2 dt d[Co]/dt R,
0 1 1 0 11 d[CoNTA]/dt ne
[0 0 0 1 1 0] _ d[B)/dt

and
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1 00 1 000 0
D=[0 -1 0|; K=|-1|;0=]|0 0 0[; and 0,=| 0 (A5.2)
0 0 1 0 000 0

2.A.2 Decomposition II
An alternative diagonalization is to choose HNTA, CoNTA, and B as

components. Again repeat Eq. (5)

100 0 0 0] diHl/de g o g

01000 of| dNTAVAYl |4 | o o |[R]

0 01 0 0 of|dHNTA]/dt |10 1 -l ]R, )
000100 dicoy/dtl o 1 1 o |]|r,

0 0 0 0 1 0f]|dCoNTA]/dt 0 -1 -1 0 | [Ry
00000 | gpyal LO 0 0 1]

The reduction and decomposition procedure is similar to Decomposition I as follows. In

the first column in Eq. (5), pivoting on H (row 1) gives

- 1 d[H]/dt] 1

101000 10 -1 -1
1100 0 of| ANTA/dt) 1o 1 1 1 |[R)

1 0 1 0 0 of]| dHNTA]/dt [0 0 0 -2 R: (A6)
000100 d[Col/dt] [0 1 1 0 ||R,

0 0 00 1 O] |[d[CoNTA]/dt| |0 -1 -1 0 | |R,]
L0000 0 1] dB]/dt| LO 0 0 1]

In the second column in Eq. (A6), pivoting on NTA (row 2) gives



- < d[H]/dt]

1 00000 10 -1
1 10000 dINTAJ/dt] | o 1 1
1 0 10 0 of|dHNTAl/dt| 0o 0 0
1 .10 10 0 dicol/at[ [0 o o
-1 1.0 0 I Of|d[CONTA]/dt 00 O
[0 0000 L dB]/dt| LO 0 0

(R

R:
R

[ R4
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(A7)

No pivot element can be found in the third column. This signifies that R3 is linearly

dependent on R1 and R2. In the fourth column in (A7), pivoting on Co (row 4) gives

0 1.0 -1 0 0] diHldt g
000 100 dINTAJ/dt| | o 1 1
-1 2 1 -2 0 0| | dHNTA}J/dt| fo0 0 O
1 .10 100 dicol/at[ [0 o o
0 0 0 I 1 O] |d[CONTA]/dt 00 O
(110 10 1 aB)/at] Lo 0 0

Expand the matrix and the following equations can be obtained:

d[NTA] d[Co] _
dt dt

Rl'R3

d[Co]

dt =R,*TR;

_d[H] , ) dINTA] , d[HNTA] ,d[Co] _|,
dt dt dt dt

dH] dINTA]  d[Co] _
dt dt dt

4

d[Co] , d[CONTA] _
dt dt

d[H] d[NTA] _ d[Co] d[B]_,
dt dt dtdt

(R

R:
Rs

[ R4)

(A)

(A9.1)

(A9.2)

(A9.3)

(A9.4)

(A9.5)

(A9.6)
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Equations (A9.3), (A9.5) and (A9.6) define Total HNTA, Total CoNTA, and
Total B, respectively. Equations (A9.1) and (A9.2) contain equilibrium reactions, they
are replaced by the mass-action equilibrium equations as shown in the last equation of
Egs. (7.1) and (7.2) in section 2.3.
2.A.3 Elimination of Secondary Species
To illustrate the procedure of eliminating secondary species, consider the
following reaction network with two fast reactions:
(RA1): A + C < 3D, with equilibrium constant K;°
(RA2): A + 2B < 2C, with equilibrium K,°
Let us assume that A and B have been chosen as the component via column reduction of
the reaction matrix. Reactions RA1 and RA2 are two linearly independent reactions, two
species can be eliminated from simultaneous consideration. To illustrate the procedure of

elimination, a matrix made up of these two reactions is first generated as

[ log (A)]

[-1 0 -1 3] log (B) [1 o] { logKT}
= (A10)
-1 -2 20 log (C) 0 1 log K5

| log (D))

In the first row in Eq. (A10), since A and B are component species, the first and
second columns corresponding to species A and B, respectively, cannot be chosen as the
pivoting element. The third and fourth columns corresponding to species C and D are the
potential candidates. Because the fourth column (Species D) has fewer non-zero rows, it

is chosen as the pivot element for the first row reduction. Pivoting on species D gives
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[ log (A)]

[-1 0 -1 3] log (B) [1 o]{logKf}
= (Al1)
-1 -2 20 log (C) 0 1 log K5

| log (D))

It is noted that Eq. (A11) is identical to Eq. (10) for this case. This is so because all rows
in column 4 (corresponding to species D, the chosen pivot) are zeros, hence pivoting on
species D has not changed the matrix.

In the second row in Eq. (A11), the first and second columns corresponding to
Spaces A and B cannot be chosen as the pivot element as in the first row reduction.
Column 4 corresponding to Species D has already been pivoted. The third column
corresponding to Species C is the only candidate for pivoting. Pivoting on Species C

(Column 3) gives

[ log (A)]
[-3/2 10 3] log (B) [1 1/2]{10gK1°}
= (A12)
-1 -2 20 log (C) 0 1 log K5
| log(D)]

The next step is to normalize the finally reduced matrix with respect to the pivot
elements [column 4 of the first row and column 3 of the second row in Eq. A(12)]. After

the normalization, we have

[ log (A)<

-1/2 -1/3 0 1] | logB)| [1/3 1/6] | logK:
= (A13)
-1/2 -1 1 0] | log(C) 0 1/2] | logK;

| log(D)]

Expanding Eq. (A13), we have
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1 1 1 1
(D)=(K1)* (K5)s (A)2 (B): (Al4)
and
(©)=(K:)* (A): (B) (A15)
The elimination of Species D and C using Eq. (A14) and (A15) is as easy as eating rice

(Chinese proverb).
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APPENDIX 2.B
The decomposed set of equations for Examples 1 and 2, respectively, are given in
Table 2.B.1 and 2.B.2, respectively.

Table 2.B.1. Matrix decomposition for the reaction network of the transformation of
EDTA

Mass-action Equilibrium Equations

(Collh(ag) = % (BI.1)
(Spos - Co(I)EDTA) =K 5 (Co(II)EDTA(aq)) (Sp0s) (B 1 2)
(SpoS -Fe(IMEDTA) =K§ (spos)(Fe(HI)EDTA(aq)) (B 1 3)
(EDTA(agq)) = —-— ) (B1.4)

KZ (Spos - EDTA)

1 (Spos - Co(INEDTA)

(Co(IIMEDTA(aq) = (B1.5)
KS (Spos)
Kinetic-Variable Equations
d([CO(II)(aq)31t+ [Sneg - CO]) =R6:R6= kg [Spos - CO(II) EDTA] - kg [CO(H)(aQ)] [Spos - EDTA] (B 1 '6)
d(EDTA] + [S, - EDTA) - [Co(I)(aq)] + [Sye, - Col) Rk
dt (B1.7)

Ry = k! [Sy0. - EDTA]- k2 [Sy0.] [Fe(IIT)- EDTA(aq)], R, = H LEDT A [02] [Biomass]

(ki» + [EDTA(aq)]) (k +[0.])

d([Co(IEDTA (aq)] + [S,, - Co(II)EDTA])

= Rs; Rs = ki [Co(INEDTA(aq)]- ki [Co(IINEDTA(aq)]

dt
(B1.8)
M =3Rot3Ryo
de (B1.9)
_ 1, [Fe(IHEDTA(aq)] [O.] [Biomass] _ 1, [EDTA(aq)] [O.] [Biomass] )

9

(ki + [Fe(IDEDTAaq)]) (ko +[0,]1) " (kio +[EDTA(aq)]) ([ka +[0])

Mass Conservation Equations

TOTSneg = [Sncg] + [Sncg - CO] = Inltlal TOTSneg (B 1 . 1 0)
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TOT comyepra = [Co(I1)(@g)] +[Suee] - Co] +[Co(II) EDTA(aq)] +[Sp0s - Co(I EDTA]
(B1.11)

+[Co(II) EDTA(aq)] +[S,0s - CoII)EDTA] = Initial TOT comyepra
TOTSP05 = [Spos] + [Spos - CO(II) EDTA] + [Spos - FC(III)EDTA] + [Spos - EDTA] + [Spos - CO(III)EDTA]

= Initial TOTs,,
(B1.12)

TOTreamenra =[-Co(ID)(aq)] - [Sye, - Co]+ [Fe(IINEDTA(aq)] + [S,, - Fe(IIHEDTA] +[EDTA(aq)]

+[Spos - EDTA]+1/3[CO,] = Initial TOT reqmyrnra

(B1.13)
TOT,, =[0:]+2[CO,]= Initial TOT,, (B1.14)
TOTBiomass = [BiomaSS] - 1/3 [COZ] = Inltlal TOTBiomass (B 1 * 1 5)

Note: 1. A species inside a parenthesis in Table 2.B.1 denotes the activity of the
species.
2. A species inside a bracket in Table 2.B.1 denotes the concentration of the
species.
3. Activity = activity coefficient X concentration
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Table 2.B.2. Matrix decomposition for the complex (multiple reaction types)

mixed (equilibrium and kinetic) reaction system

Users-Specified Algebraic Equations

Sa N

N = Mumineratl IM] = [S1]F[S2]+[S5] + [Sa] + [Ss] + [Se] + [S7] + [Ss]

(B2.1)

This users’ specified equatlon 1s modified from Stumm and Morgan, 1996, in which
S A is the unit surface area (m® g"') of mineral, Ns is the surface site density (mol sites
m ) Na is Avogadro s number (mol sites mol’ ) Mnineral 18 the molecular weight of

mineral (g mol’ h.

Mass-action Equilibrium Equations

(C7)=KS (Cs) (Co) (B2.2) | (Co=K¢ (C) (Cs) (Co)
(Co)=KS E?; (B2.4) | (CD=Ki(C)(C) ()
2
(C12)=Kj5 —(C(I)C(SS) (B2.6) | (cin=x% —(C(ZZ()C;)
(Ci4) =K ((SS (B28) (C15)=Kh ((CC;))
(Ci) =Ki3—5 () (leo) (C)=Kis— ()
() ()’
(C18) =Kis Egl)) (B212) (C19)=KJs (C2) (C4) (Cs)
2
_ e (C4) B2.14 (Cq)
(C20)=Ki7 ) ( ) (C21)=KTs (Cz)
(Co) =Ko ((CC“)) (B2.16) | (Cx)=Ks» (C) (C3)
)
(C20) =K1 (o)’ (C3) (B2.18) | (C29)=K% (C2)" (C)
1
(C26)=K53 (C2)4 (Cs) (B220) K5 (C2)
() = K& ((21)) (B2.22) | (89=K3s (C) ()
2
. 1 o \0S
(S)=K% (€)' (C) () (B2.24) | (site- Cy) =— s () B1E-Co)
K5s (Cs)

(B2.3)
(B2.5)

(B2.7)

(B2.9)

(B2.11)

(B2.13)

(B2.15)

(B2.17)

(B2.19)

(B2.21)

(B2 23)

(B2.25)

Kinetic-Variable Equations
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s U SR (ARSI (B2.26)
%( [S]+ [M] + [S5] + [S5] + [Ss] + [Se] + [S5] + [S4] + [S5]=- R, Ri=k![M] (B2.27)
d ([1?] = Ry, Rs=KiCs]-KSICaIICS] (B2.28)
% =Rus> Ras=kas[SI[CII[CIICs] - k3s[Ss] (B2.29)
d c[lfé] =R Rao =kis[SI[C21C4IIC5]- k35 [Se] (B2.30)
d 7 f 1 4

(E? ) = R0, R3o=kao [S[ii(]: ] -k3[S7] (B23 1)
LIS g, Ra = KUISITICAICAIC - Kb [S:] (B2.32)

dt 31> R T kailSlCallCs 1 Cel - k311Ss .
d[Cxl [d(‘iw] =-Ru, R =k5[Collsite- Cso]” - ka[site- Cool[Co]° (B2.33)

Mass Conservation Equations

TOTc,=[Ce] + [C7] + [Cs] + [Col + [Ss] + [Caol - 0.5 [site- Cs] = Initial TOT, (B2.34)
TOT,=[Cal + [C5] + [Cio] + [Ca0] + [Ca] + [C22] + [Se] + [S7]= Initial TOT, (B23 5)
TOTc, =[C2]-3[Si]+[Cs]-[Col +[Ci1]-[Ci2] - 2[Ci3] - [Cial - 2[Ci5] - 3[Ci6] - 3[M]

-4[C17]- 2[Cis] +[Cio]-[Ca0l - 2[Cail - 3[Ca2] +[Ca3] + 2[Cral +3[Cas] +4[C] (B2.36)

-[Ca7]-4[S2] - 2[Ss3] - 2[Ss] - 2[Se] - 4[S] - 2[Ss] = Initial TOT,

TOTC5 = [CS] + [C7] + [CS] + [CIO] + [Cll] + [CIZ] + [Cl}] + [C}] + [C19] + [CZ}] + [C24] + [CZS] + [CZG]

F[Ss]+[Se] +[S4] +[Ss] = Initial TOT

TOT ¢, =[CH[SITF[Ciol F[CHlF[Cr] +[Cis] +[Cral +[Cis] +[Ci6] +[M]+[Ci7]+2[Cis]

F[S2] +[Ss]+ 2[Ss]+ [Sel + [S7] +[Sa] +[Ss] = Initial TOT,
TOTC30 = [C30] + [Slte_ C30] = Inltlal TOTC30
TOT site-cy = [Ca0] +[Site- Cpo] = Initial TOT .,

TOTsite-cs ~ - [Cao] + 0.5[site- C3o] +[site- C¢] = Initial TOTsite-c,

(B2.37)

(B2.38)

(B2.39)
(B2.40)

(B2.41)

Note: 1. A species inside a parenthesis in Table 2.B.2 denotes the activity of the



82

species.

2. A species inside a bracket in Table 2.B.2 denotes the concentration of the
species.

3. Activity = activity coefficient x concentration
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ABSTRACT

This paper presents the development of a numerical model,
HYDROBIOGEOCHEM, modeling reactive transport processes in the subsurface system
composed of three fluid phases (gas, aqueous, and NAPL if present) and the solid soil
matrix. The formulation of this model is based on the general paradigm for modeling
reactive chemicals in batch systems described in model BIOGEOCHEM, so that
BIOGEOCHEM can be easily coupled with HYDROBIOGEOCHEM. The uniqueness of
the general paradigm lies in that it can (1) facilitate the segregation of kinetic reactions
and, thus, enable the formulation and paramertization of individual rates one reaction by
one reaction; (2) enable the inclusion of as many types of reactions as possible; (3)
accomplish automation in decoupling fast reactions from slow reactions; (4) perform
systematic operations to remove redundant fast reactions and irrelevant kinetic reactions;
(5) achieve the reduction of problem stiffness as much as possible; (6) increase the
robustness of numerical integration of the governing equations; and (7) systematically
define chemical components and explicitly enforce mass conservation. Based on the
conservative form and advective form of the governing equations, five different
numerical schemes were used to solve the governing transport equations. They are: (1)

FEM on advective form of equation; (2) FEM on conservative form of equation; (3)
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Hybrid Lagrangian-Eulerian FEM for interior elements + FEM on advective form of
equation for boundary elements; (4) hybrid Lagrangian-Eulerian FEM; and (5) Hybrid
Lagrangian-Eulerian FEM for interior elements + FEM on conservative form of equation
for boundary elements. The advantages, drawbacks of these schemes, and the application
of HYDROBIOGEOCHEM are illustrated by four examples.

Keywords: Biogeochemical Modeling; Reaction Network; Matrix Decomposition;

Reactive Chemical Transport; Multiphase System; Conservative Form; Advective Form.
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3.1 INTRODUCTION

3.1.1 Background

Reactive chemical transport models have had varied scopes. Conventional solute
transport models often ignore chemical speciation in the aqueous phase. Much attention
has been given to heterogeneous reactions with partitioning between aqueous and sorbed
chemicals represented by linear (K4 approach) or nonlinear (Freundlich and/or Langmuir)
isotherms (Yeh and Tripathi, 1991; Davis et al., 2000). Most models cannot account for
the complete set of biogeochemical processes (biogeochemical processes are “coupled
organic and inorganic reaction processes” [Brun and Engesgaard, 2002]) and they cannot
be easily extended to include mixed equilibrium/kinetic reactions or mixed
chemical/microbial reactions using mechanistic rate formulations. From a geochemical
point of view, approaches that use empirical partitioning reactions can be considered as
reactive chemical transport because they are dealing with adsorption/desorption
phenomena. However, from a modeling point of view, we hesitate to classify such
models as reactive transport because a “true” reactive chemical transport models should
be based on the principles of thermodynamics (for fast/equilibrium reactions) and
chemical kinetics (for slow/kinetic reactions). Many conventional transport models
(e.g., van der Zee and Riemsdijk, 1987; Bosma and van der Zee, 1993; Tompson, 1993;
Toride, et al., 1993; Brusseau, 1994) that have been proclaimed to be reactive transport
models perhaps should not be categorized as such. The insufficiency of these models to
describe the complex biogeochemical reactions in subsurface environments was itemized
in Zhu et al. (2001).

“True” reactive chemical transport models have been extensively documented.
Many models couple simulation of transport with equilibrium geochemistry (e.g. Miller
and Benson, 1983; Cederberg et al., 1985; Hostetler and Erikson, 1989; Narasimhan et
al., 1986; Liu and Narasimhan, 1989a, 1989b; Griffioen, 1993; Yeh and Tripathi, 1991;



96

Cheng, 1995; Parkhurst, 1995; Parkhurst and Appelo, 1999). Some models couple
transport with kinetic geochemistry for certain geochemical processes like precipitation-
dissolution (e.g. Lichtner, 1996; Steefel and Yabusaki, 1996; Suarez and Simunek, 1996),
adsorption (e.g. Theis et al., 1982, Szecsody et al., 1998), redox (Lensing et al., 1994;
Saiers et al., 2000 ), or biodegradation (MacQuarrie et al., 1990; Chen et al., 1992;
Chang, et al., 1993; Cheng and Yeh, 1994; Wood et al., 1994).

Models coupling transport with mixed equilibrium/ kinetic reactions have
appeared since the mid-1990s (e.g., Steefel and Lagasa, 1994; McNab and Narasimhan,
1994, 1995; Salvage et al., 1996; Yeh et al., 1996; Abrams et al., 1998; Chilakapati et al.,
1998; Tebes-Stevens et al., 1998; Yeh and Salvage, 1998; Yeh et al., 2001a; Brun and
Engesgaard, 2002). For most models chemical components must be selected a prior such
that only limited reaction network can be considered (e.g., Parkurst, 1995; Parkhurst and
Appelo, 1999). Most models have implicitly assumed that equilibrium reactions occur
only among aqueous species so that transport of components can be manually decoupled
from fast reactions (Steefel and Lasaga, 1994; Lichtner, 1996; Tebes-Stevens et al., 1998;
Parkhurst and Appelo, 1999). However, in a complicated reactive system, the
identification of component species may not be so easy when there are many parallel
kinetic reactions (Friedly and Rubin, 1992; Chilakapati et al., 1998; Yeh et al., 2000).
Under such circumstances, matrix methods may be better employed to define component
species and derive governing equations to model mixed equilibrium /kinetic reactions.
There appears to be few general purpose transport models that can simulate a generic
reaction including both biochemical and geochemical reactions, and mixed equilibrium
/kinetic reactions (Fang and Yeh, 2002). Instead, recent reactive biogeochemical
transport models either add geochemical reactions to biodegradation transport models or
add simple biodegradation reactions to geochemical transport models (Brun and
Engesgaard, 2002).

Most of past modeling focus was on the chemical processes between groundwater
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and the solid matrix in the subsurface system. For the few multiphase reactive transport
models, such as models in Lichtner and Seth (1996), Viswanathan et al. (1998), Xu and
Pruess (2001), their formulation are limited to that of water phase reactive transport only.

In this study, a numerical model, HYDROBIOGEOCHEM, based on a new
formulation is presented. A comprehensive suite of reaction types and reaction rates are
incorporated into the model. Reaction types include aqueous complexation, adsorption-
desorption, ion-exchange, oxidation-reduction, precipitation-dissolution, acid-base
reactions, and microbial mediated reactions. Phase transfer and decay of species will not
be separately considered in hydrologic transport equations, instead, they are treated as
reactions in HYDROBIOGEOCHEM. An equilibrium reaction is modeled with an
infinite rate governed by a mass-action equilibrium equation or by a users-specified
algebraic equation. Programmed kinetic reaction rates include multiple Monod kinetics,
n-th order empirical, and elementary formulations.
3.1.2 Outline

This paper is organized in the following order. In section 3.2, the general
paradigm for model BIOGEOCHEM is briefly reviewed. Conservative form of the
governing equations for hydrologic transport is derived in section 3.3.1. Section 3.3.2
derives the non-conservative form or advective form of the governing transport
equations. Boundary conditions for the two forms of transport equations are given in
section 3.3.3, followed by the options of different numerical implementations in section
3.3.4. Section 3.4 presents examples used to verify the model HYDROBIOGEOCHEM

and show its potential application.

3.2 PARADIGM REVIEW

Before deriving the governing equations for hydrologic transport, the general

paradigm for modeling reactive chemicals in batch systems described in Fang et al.
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(2003) will be briefly reviewed in the following.

The conceptualization of reaction network is a prerequisite to modeling
geochemical and biochemical processes. A reaction network is defined by specifying
chemical species and biogeochemical reactions that produce them (Yeh et al., 2001a).
From a mathematical point of view, a system of M, ordinary differential equations can be

written for M chemical species in a reactive, well-mixed batch system as

dG; .
Fzrih\], 1€ M; (1)

where C; is the concentration of the i-th chemical species, t is time, and 1; |N is the
production-consumption rate of the i-th species due to N biogeochemical reactions. The
determination of r; | N and associated parameters is a primary challenge in biogeochemical
modeling. There are two general models to formulate r; | N: ad hoc and reaction-based
models, distinctions between which have been discussed extensively (Yeh et al, 2001b).
In a reaction-based model, the production-consumption rates of M species are

described by

dc N :

_=ri|N=Z(Vik_;uik)Rka 1€ M; (2)
dt =

where, vj is the reaction stoichiometry of the i-th species in the k-th reaction associated
with the products, pix is the reaction stoichiometry of the i-th species in the k-th reaction
associated with the reactants, and Ry is the rate of the k-th reaction. Equation (2) is a
statement of mass balance for any species i in a batch system. It simply states that the

rate of change of mass of any species is due to all reactions that produce or consume that

species. This formulation can be extended to transport systems by replacing the ordinary

N
differential equation with the transport equation: ? +L(C)=rnily= 2‘(\/ik - Uy )Ry

t

This partial differential equation is then a statement of mass balance for any species at a
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point in a transport system. It simply states that the rate of change of mass of any
chemical species at any point is due to the net transport to or from the point and due to all
chemical reactions occurring at the point.

In a reaction-based approach, the contribution from all individual reactions is
explicitly modeled. Thus, a properly formulated and parameterized rate equation may
still find its application to a wide range of environmental conditions. This is so because
rate equations are description of reactions and because under a different environmental
condition, only the reaction-rate equations (not the lumped rate equations) associated
with the reactions that are operative under the conditions are used. Thus, a reaction-
based approach is superior to an ad hoc approach. A reaction based approach using
mechanistic rate formulations would be the ultimate goal of biogeochemical modeling,
though it would be difficult to obtain.

With the above discussion, Eq. (2) is decomposed into the following equation via
the Gauss-Jordan elimination (Chilakapati, 1995; Steefel and MacQuarrie, 1996; Yeh et
al., 2001b)

D K
g &€ :[ ]R G
dt 0 0.

where B is the reduced unit matrix, D is the diagonal matrix representing a submatrix of
the reduced reaction-matrix with size of N; x Nj reflecting the effects of N linearly
independent reactions on the production-consumption rate of all kinetic-variables, K is a
submatrix of the reduced reaction-matrix with size of N; x Ngp reflecting the effects of
Nkp dependent kinetic reactions, 0; is a zero matrix representing a submatrix of the
reduced reaction-matrix with size N¢ x Nj, and 0, is a zero matrix representing a
submatrix of the reduced reaction-matrix with size N¢ x Nkp.

The decomposition of Eq. (2) to Eq. (3) effectively reduces a set of M

simultaneous ODEs into three subsets of equations: the first contains Ng infinite-rate
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equations, each represents an equilibrium reaction that can be formulated with either a
mass-action equilibrium equation or a users-specified algebraic equation; the second
contains (N; - Ng) simultaneous ODEs representing the rate of change of the kinetic
variables; and, the third contains Nc¢ linear algebraic equations representing mass
conservation of the chemical components. These equation subsets are defined as

Infinite-Rate Equations for Ng Equilibrium Reactions -

dE; : d i
_E:DkkRk+ 2 DiR;, kENEaleMs:_ i =Ry =00
dt j€ Nkpw dt Dkk (4)
3 a thermodynamically consistent equation
Governing Equations for (N; - Ng) Kinetic Variables —
dE; :
—=Dw Rt D, DiR;, k€ Ny, i€ M, (5)
dt Jj€ Nkpw
and Mass Conservation Equations for Nc Chemical Components —
dE; . . .
— 0s denoting T,=E;. j€ Ne. i€ M, (6)

where E; is the linear combination of species concentration resulting from the matrix
decomposition and Nkp) is the subset of linearly dependent kinetic reactions, which
depends on the k-th linearly independent reaction. The variable, E;, in Eq. (4) is called an
equilibrium variable, the variable E; in Eq. (5) is called a kinetic variable, and the
variable E; in Eq. (6) is called a component variable and is normally denoted with T;.

The formulation of the model HYDROBIOGEOCHEM in the present study is
based on the general paradigm for modeling reactive chemicals in batch systems
described in model BIOGEOCHEM, so that BIOGEOCHEM can be easily coupled with
HYDROBIOGEOCHEM. The uniqueness of the general paradigm lies in that it can (1)
facilitate the segregation of kinetic reactions and, thus, enable the formulation and

paramertization of individual rates one reaction by one reaction; (2) enable the inclusion
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of as many types of reactions as possible; (3) accomplish automation in decoupling fast
reactions from slow reactions; (4) perform systematic operations to remove redundant
fast reactions and irrelevant kinetic reactions; (5) achieve the reduction of problem
stiffness as much as possible; (6) increase the robustness of numerical integration of the
governing equations; and (7) systematically define chemical components and explicitly

enforce mass conservation.
3.3 GOVERNING EQUATIONS FOR TRANSPORT

According to custom definition, species in each fluid phase is considered to be
mobile and every solid or solid associated species is considered to be immobile. In the
present model, each mobile species (including aqueous-phase species, mobile NAPL
phase species, and air-phase species) concentration has the unit of moles per mass of
fluid, while immobile species has the unit of moles per unit mass of rock matrix,
excluding precipitated species concentration, which has a unit of moles per bulk volume.
With the concentration unit defined, governing equation for transport of mobile chemical
species can be derived from the principle of mass balance as

D
D Padaci dv=-Tne(pg0qcf Vis o )dl - meyitdl+ Jridv + fmitdv (7)
v r r v v
where v is the material volume containing constant amount of media (L*);T is the

surface enclosing the material volumev (L?); n is the outward unit vector normal to the
surface I'; p, is the fluid density of phase o, a denoting water, gas or oil, (M/L%); o, is
the volume fraction of fluid o within the representative elementary volume (REV),
(L*/L%), 0,=08S,; ¢ is the effective porosity;S, is the fluid saturation;c? is the
concentration of the i-th chemical species in fluid phase a (M/M of fluid); J is the

surface flux of the i-th chemical species with respect to the velocity of fluid o [(M/T)/L*];
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and J{'=p, 0uc (Vie-Via); Vie 1s the local velocity of the i-th chemical species in
phase o (L/T); V¢, is the local fluid velocity of phase a (L/T); Viy=Vgot Vi Vi 1S
the fluid velocity of phase a relative to the solid surface (L/T); V, is the solid velocity
(L/T); m{ is the external source/sink rate of the i-th species in phase a per unit bulk

volume [(M/L*)/T]; ¢ is the production/consumption rate of the i-th species in phase a

due to all chemical reactions (decay of the i-th species is also considered as a

reaction)[(M/ L’ bulk volume)/T] and it can be expressed by
N
= z (Vi - Hik) Ry (8)
k=1

wherey;, is the stoichiometric coefficient of the i-th species in the k-th reaction as a

product; u, is the stoichiometric coefficient of the i-th species in the k-th reaction as a

reactant.
By the Reynolds transport theorem (Owczarek, 1964) and Gaussian divergence
theorem, neglecting the deformation of the porous media, the following equation is

obtained:

9p, 0.cf =
%JFV'(PuC?Va)JFV’Ji =3 (vie- 1) Ri + m? )
k=1

The surface flux can be expressed in terms of the gradient of ¢ (Nguyen et al., 1982):
Ji*=-p,0.D.* Vi (10)

and the dispersion tensor D, of phase a, according to Millington and Quirk (1961) (from
Gerke et al., 1998), can be given in the standard form as

0D =ar|Vo|8+(aL-ar) Ve Va/ | Vo | T ameba 148 (11)
where D, is the dispersion coefficient tensor of phase i, (L2/T);aT is the transverse

disffusivity (L);a, is the longitudinal diffusion coefficient (LYT); ap, is the molecular
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diffusion coefficient in pure phase a (L*/T); 7, is the tortuosity factor of the medium for
fluid phase a;0 is the Kronecker delta tensor; andV,, is the Darcy velocity of phase o

(L/T), it 1s related with fluid velocity by V,=V,0, .

N
“a +Ve(p,ciVo)-Ve(p,0.Di® V)= (vic - 1) Ri+ m (12)
k=1

dp,0.ci
t
Immobile species are not subject to hydrological transport, the mass balance

equation for these species can be obtained from Eq. (12) by dropping advection,

dispersion/diffusion, and external source/sink terms and replacing (p,6,c) with (p’c;)

e <
—g © ZZ(Vik‘Hik) R (13)
t S

where p” = 1.0 for precipitated species and p” = the bulk density for other immobile
species.
3.3.1 Governing Equations for Primary Dependent Variables (PDVs)

It is noted that Eq. (1) can be easily extended to transport systems by replacing the

9G

ordinary differentiation equation with a transport equation: . + L(C;) = rily where L is

the advection-dispersion/diffusion operator. Thus, the framework provided Fang et al.
(2003) is also applicable to transport systems except that, instead of Eq. (1), one employs
the set of transport equations.

Decompose the matrix equation made up of the transport equations of mobile
species and the mass balance of immobile species, the following set of governing
equations are obtained:

Transport Equation for Mobile Components —

at a=1 aVa a=1 aVa

AT, <& ¢ ) < TS .
—J+ZV°(puean ’]- V'[paeaDaV( é]]=Mj, JE€ N (14)
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Transport Equation for Mobile Kinetic Variables —

JE; < Ef | < E{
—+ V. o o ! - V. o a.v !
e Z; (pae Vi N ) [pae D ( ﬂ

aVa a=1 Pa ea

(15)
=M;t DRt 2 DiR;,» k€ Nii» J€ M

J€ Nkp@

Infinite-Rate Equations for Ng Equilibrium Reactions -

dE; < Ef | < E!
—+ V. aeuV o . - V. aeuDa.v .
dt Zl (p .0 ] P P.0

aYa o=l o Va

d( E (16)
=M;t D Rk T Z DiR;, KENg,: —| — [®#Rc=<
j€ Nkp dt Dkk

3 a thermodynamically consistent equation

where T; is the total concentration of the j-th component, T;" is the concentration of the j-
th component j in phase o; E; is the total concentration of the j-th kinetic-variable; E;* is
the concentration of the j-th kinetic variable in fluid phase a; N, is the number of mobile

components, My, is the number of mobile kinetic variables; and Miy, is the number of

immobile kinetic variables. The number of immobile components iS N, = N¢ - Ny, ; the

number of immobile kinetic variable is M, =M -M .

Governing equations for immobile components and kinetic variables are in the
same form as Eqgs. (14) and (15) by dropping advection, dispersion/diffusion, and
external source/sink terms in Egs. (14) and (15).

For the convenience of presentation, Egs. (14) and (15) will be expressed by the

following equation in a general form:

aVa o=l aVa

oT. 3 a 3 a
%+2V’(PQGQVM Té ] V-[pueanav( Ly }]:MJ+RRj (17)
=1
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where RR ;=0 for components, and RR ;= Dy Ry + Z D;R; for kinetic variables.

J€ Nkpw
To solve Eq. (17) numerically, T is expressed in terms of T; to makeT;s as

PDVs and the following equation is obtained:

o

oT;, < T® 3 T
_J+ZV. ] Paequ,aTj - Ve paeaDa.V( J TJ)
at o=l e a=1 9

aVva 1]

aVva 1]

(18)
=M;*+RR;

which is conservative form of the transport equations.
3.3.2 Conversion to advective Form

Differential Eq. (18) is the conservative or primitive form of the governing
equations for hydrologic transport. They are derived from the law of mass conservation.
They can also be converted to the non-conservative or advective form by expanding the
second term of Eq. (18), 1.e., divergence of advection flux. Though conservative form and
advective form are mathematically equivalent, the numerical solutions for them have
different characteristics. The conservative form offers advantages in preserving
conservative properties in numerical implementations. On the other hand, the advective
form offers some advantages in preserving the transport property in numerical
implementations by the finite element method (FEM) (Huyakorn et al., 1985), and
facilitates the implementation of Lagrangian-Eulerian approach.

However, for FEM in advective form, mass conservation property cannot be
satisfied, while for Lagrangian—Eulerian methods, (1) mass conservative property cannot
be satisfied, (2) boundary conditions are not easy to implement. We shall see later on the
different features of the numerical implementation for these two forms.

Eq. (18) is used for illustration in the following derivation. Expanding the second

term of Eq. (18) yields



0T <~ T¢ 3
_J+2 V.(paeavﬂa)+2paean,a.V[
at a=1 paea a=1

3 T
->.Ve|p,0.D.® V| —— |[=M;*RR,

a=1 o Ya

Tj
paea

Express T¢ in terms of T; to make T;s as PDVs:

BTJ : T?
+ T V euV o + aeuV o V T
at ;paeaTJ ! (p ' ) ;p ' * [ aeq ] J)

3 a
_ZV.[paeaDa.V[ L Tj)]:MJ+RRj

o=1 aVa 1]

Expanding the third term on the left hand side of Eq. (20), we obtain
TS
z Pa e Vf o { T )
= TJ 2 pa ea Vf(x [

T}
+ ) p.0.Vie o VT
) z ' paeaTj !

Expanding the fourth term on the right hand side of Eq. (20), we obtain
3 Ta
Y Velp,0.D.0 V| ——T,
o=1 Pa ea T_]

3 o ¢
=2V. paeaDa.V TJ paeaDa T VTJ
o P.0.T; Po0aT;

3 Ta a
=) 1|p,0, DoV oVT,+T, ) Vel p,0 D, oV
P O J]] p
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(19)

(20)

1)

(22)

Substituting Egs. (21), (22) into Eq. (20) and combining similar terms, the following

equation is obtained
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aTJ ;
+ W0e——Viu-p,0,D, oV oVT
;[p paeaTJ ' paeaTJ J
3 T
—Y.Ve|p,0,D,——eVT,
a=1 aea j (23)

a=1 ueu j avo ]

3 & T a
+Z[LV-®aeavf,a)+paeaVﬁa'V o1 " (paeaDwV ]]Tj

:Mj+RRj

Combining Eq. (23) and the continuity equation of flow

apuea

o =-Ve (pme(1 Vﬂa)+ pz Q,, o= water, gas or oil (24)

yields the following equation

oT; T
tJ+L(T)+KT +ZJQ—LT =M+ RR; (25)

alpae(x j

where p? is the density of source/sink fluid, (M of liquid/L’ of liquid), equal to p,if

sink/withdrawal (negative Q) or p,, if source/injection (positive Q); Q is the source or

sink due to artificial injection or withdrawal of water, unit of volume of liquid per volume
of porous media per time (L*/L® T). K is a first order term and L( ) is an advection-
dispersion operator:

3 o “© 9 o
K=2[paeavf,a-v{ L J L gie“-v-(paeuna-v L J] (26)

i=1 pueaTj pqeuT_j aa Lj

L(Tj):Ve.vTj_V.[De.vTj]a jeNm (27)
where V., andD. are effective velocity and effective dispersion coefficient respectively,

and they are given by
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aVvVa i)

3 T¢ T
Vezz pQQan,a( : ]- paeaDa.V . (28)

paeflTj

DeZZ(PaOuDa L ] 29)

a=1 pq eCL T_]

The source/sink term can be defined by
3 *
M= Y b1 Q) (30)
i=1

where T{" is the total concentration of the j-th component in the a-th source/sink liquid

(M/M of liquid), and TJ-*ZL in the case of sink/withdrawl, or T =T%,-- input
concentration in the case of source/injection.
3.3.3 Initial and Boundary Conditions

Initially, the concentration of each chemical species must be given throughout the

region of interest:

P,0a.ci=Cip att=0, i€ M (31)
where Cj, is the initial concentration of the i-th chemical species, unit of mass of
chemical species per volume of porous media (M/L?).

For all species that are subject to hydrological transport, boundary conditions are
specified. Types of boundary conditions incorporated are: Dirichlet, Neumann, Cauchy,

or variable.

A Dirichlet condition is used to deal with a prescribed concentration as:
P,0.ci=Cip OnBp,i€ M (32)
Where Cip is the prescribed Dirichlet concentration for the i-th chemical species, unit of

mass of chemical species per volume of porous media (M/L?).

A boundary is often treated as a Neumann boundary when the flux due to the
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gradient of species concentration is known, or as a Cauchy boundary when the total flux
is given:

-ne(p 0,D.®Vc)=qy, OnBy,i€ M; (33)

ne(p,V,ci-p,0.D.®Vci)=qic, onBc,i€ M (34)

where q,, is the normal Neumann flux, unit of mass of the i-th chemical species per unit

area of porous media per time (M/L*/T), q,c 1s the normal Cauchy flux, unit of mass of

the i-th chemical species per unit area of porous media per time(M/L¥T), n is an
outward unit vector normal to the boundary.

A flow-through boundary is normally the soil-air interface or soil-water interface,
and the appropriate condition is variable depending on the direction of transport across
the boundary. For this type of boundary, a variable-type boundary is imposed. When the
flow is directed out of the region, the boundary is depicted by the Neumann condition
with zero gradient flux; when the flow is directed into the region, the boundary is
depicted by the Cauchy condition with given total flux. Therefore, the variable boundary
condition can be written as

-ne(p,0,D,*Vc)=qy,=0 if V,en>0onBy,i€ M;

. . (35)
n.(paVuCi_paeaDa.VCi):qiv,a lfVa.n<00n BV)le Ms

Expressed in the form of total phase concentration, Egs. (31) to (35) can be written as:

Ti=T;, att=0,je(N.+M) (36)
TP |_ :
-ne PaeuDu°V e _qija OnBN:JE (Nm+Mm) (37)

o Va pa(l

T§ TS .
n.{pava Je _paeaDa.V Je):qjc,a OnBC’JG (Nm+Mm) (38)
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Ti
pae(l

-no[paeana-V )=qjv,a=0 if V,en>0o0nBy, j€ (Nu+Mmn) (39)

T} T : :
n.{puva é 'paeaDa.V Je)ijv,a lfVa.n<00nBV9.]e (Nm+Mm) (40)

When applying FEM to the advective form of the governing equations, boundary
conditions should be reformulated to be consistent with Eq.(25) (regarding to the
effective velocity and effective dispersion tensor).

Express Eq. (37) in terms of Tj, we obtain

o

-n.[paeaDa.V( Tj TJ)]

aefl Tj
(41)
=-ne p eaDa.(V Tj} )T+P eaDa Tl} .VT =q'N
o aea r-[*J J a pu 0('1"j ] INa
T ] )
Add p,6,V,,——T,to both sides of Eq. (37), we obtain
a’o”j
TS T§ T
n.[pueavﬁa ! _pueaDa.V( . )]Tj-n.puea])a : .VTJ
oVa L] pa al] oVa L] (42)
TS .
=ne Vf,a_] T] + qjN’a ) on BN ) _]G (Nm + Mm)
T;
Similarly, express Eq. (38) in terms of Tj, we obtain
TS TS
n.[paV(l BJT Tj_pueaDa.Vp : Tj}_qjc,u (43)
aVa +j ava -j

Expand the second term on the left hand side of Eq. (43) as in Eq. (41) and combine

similar terms, the following equation is obtained
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i

T T‘?‘ T‘?‘
n.[puVQ BJT -pqeaDa.V[ GJT ]]Tj-n.puea])a GJT .VTJ (44)
pu alj pcr. alj po. alj

=qjC’a on BC s je (Nm +Mm)

Eq. (39) and (40) are special case of Eqs. (37) and (38), respectively, and they can be
easily written out as

o

ne paQQVfﬂ : -paeuDu.V — Tj'n.paeaDu ] .VTJ
paeaTj

oV L]

p 6(1
——]‘lo\ff,&—j Ij lf Va0n>0 Ol’le ) je (Nm Mm)

]

o

T T T
n'[PaVap eJT,'PQOaDMV( . J]Tj-n.paeaDa : .Vszqu,a
aVvao 1]

oVa L]

PaYals (46)

if v,en<0onBy,j€ (Ny+Mp)

3.3.4 Numerical Implementation

Finite element method (FEM) is used to solve the transport equations. There are
five numerical schemes included in HYDROBIOGEOCHEM, based on the conservative
form and advective form of the governing equations. They are: scheme 1, FEM on
advective form of equation with upstream weighting; scheme 2, FEM on conservative
form of equation with upstream weighting; scheme 3, Hybrid Lagrangian-Eulerian FEM
for interior elements + FEM on advective form of equation for boundary elements;
scheme 4, hybrid Lagrangian-Eulerian FEM; and scheme 5, Hybrid Lagrangian-Eulerian
FEM for interior elements + FEM on conservative form of equation for boundary
elements. Scheme 4 is different from traditional hybrid Lagrangian-Eulerian FEM in that
it first approximates the time derivative term with finite difference method and multiplies
both sides of the governing equation with the time interval. The Galerkin FEM is then

applied to the resulted residual equation and we’ll obtain the linearized equation as Eq.
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(A.18) in appendix 3.A, where the numerical solutions of the transport equation by FEM
for all five schemes are presented. We call the traditional Lagrangian-Eulerian FEM
method as scheme 6 in the example simulation section.

Three approaches for solving coupled hydrologic transport and biogeochemical
reaction problems are included in HYDROBIOGEOCHEM. These approaches are fully
implicit sequential iteration approach, operator splitting approach, and predictor-corrector
approach. In all three approaches, only the mobile PDVs are solved in the transport
module. The immobile PDVs are solved in the chemistry module. For the simplicity of

presentation, without losing generality, the transport equation can be expressed as

aT
5 L(T)+R(T) (47)

where L( ) is an advective-dispersive transport operator and R( ) is a reaction operator.

For the fully implicit sequential iteration approach, Eq. (47) becomes:

Tn+1,r+1 _ Tn

At — L(Tn+l,r+1 ) + R(Tn+l,r+l) (48)

and the reaction term will be linearized by a Taylor series approximation:

aT J ]

N, +M, aR n+l,r
R(T™™) =R(T™" )+ Y [—} (Tpeirt — o) (49)
=l j
Where n = time step level, and r = iteration step.

In the fully implicit approach, the biogeochemical reaction subsystem of
equations and the hydrologic transport subsystem of equations are solved sequentially
and iteratively. The concentrations of all immobile PDVs are computed in the
biogeochemical subsystem using all species concentrations from the prior iteration. The
concentrations of the mobile PDVs are not solved in the reaction subsystem. They are
determined in the hydrologic module using the species concentrations and the reaction

term evaluated from species concentrations of the current iteration. These concentrations

then passed to the reaction module as given constants.
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In the operator splitting approach, the concentrations of mobile PDVs are solved
for in both subsystems of equations. The mobile PDVs are first subjected to transport
without considering the reaction term to yield an intermediate value of their
concentrations. These transported concentrations are then subjected to the
biogeochemical reactions, yielding final values of the concentrations for the current time

step. In this approach, Eq. (47) is solved in two steps:

Tn+1/2_Tn

- - = L Tn+1/2 (50)
At ( )

Tn+1 _Tn+1/2 .

. _R(™ (51)
A (T")

where the superscripts (n), (n+1/2), and (n+1) denote the values at the prior time, at an
intermediate point in the current computation, and at the new time, respectively.

In the predictor-corrector approach the concentrations of mobile PDVs are also
solved for in both subsystems of equations. The only difference of this approach from
the operator splitting approach lies in whether reaction terms be considered in the

transport equation. In this approach, Eq.(47) is solved in the following two steps:

Tl’l+1/2_Tn

— L(T™"?)+R(T") (52)
n+l n+1/2

% =R(T"™)-R(T") (53)

where the superscripts (n), (n+1/2), and (n+1) denote the values at the prior time, at an
intermediate point in the current computation, and at the new time, respectively.

In the operator splitting approach and the predictor-corrector approach, the
coefficients in the L( ) operator are determined from previous iterate. No iteration
between the transport subsystem and the reaction subsystem is implemented. However,
when the PDVs have immobile components, these coefficients in the L( ) operator are
dependent on the PDVs to be simulated. This implementation will give a less accurate

solution.
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Compared to the fully implicit approach, the operator splitting approach and
predictor-corrector approach are less computationally intensive and more robust, but they

sacrifice the accuracy of the solution (Salvage, 1998).

3.4 Example Simulations

3.4.1 1-D Solute Transport Verification

The numerical schemes have been compared with analytical solutions for simple
cases with one adsorption reaction. This example solves the transient simulation of
chemical transport in a horizontal beam. The domain of interest has a size of 150 cm X 1
cm. The flow beam contains water (S, = 1) with an initial concentration of chemical C(x
,0) = 0 mmol/cm® of bulk volume. It also contains soil with a bulk density of 1.5 g/cm’
and sorbed chemical S, initial concentration of which is S(x,0) = 0 mmol/cm’ of bulk
volume. A steady flow field is assumed with a constant Darcy velocity V =1 cm/day and
an effective moisture content of 0.2. The molecular diffusion coefficient is 0 cm?” /day.
The boundary condition at x = 0 is flow in boundary condition and the incoming
concentration of chemical C is 5.0mmol/cm’®. At x = 150 cm is natural boundary
condition. The domain is discretized with 100 equal size elements (1.5 cm x 1 cm each).
A constant time step size of 0.1 day is used for the simulation. The simple equilibrium

reaction considered is

C o S,Ky=0.1333 (54)

where K4 is partition coefficient.

Five schemes presented in this paper are simulated separately and are compared
with analytical solution given by Lindstrom and Freed (1967) in figure 3.1 and table 3.1
for concentration profile of chemical C given after 8 days. Scheme 6 is the traditional

form of Lagrangian Eulerian FEM.
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The grid Peclet number ( Pe = % _ VAx

= —) in the simulation corresponds to
oV o

the three dispersivity, ap = 0.1 cm, o = 10 cm, and ap = 50 cm are Pe = 15, Pe = 0.15,
and Pe = 0.03, respectively. Grid Courant number is less than 1. Differences of the
different schemes are apparent from Figure 3.1.

It is seen from table 3.1 that for large Peclet number, scheme 4 gives more
accurate result even though it shows some amount of numerical dispersion. However, for
small Peclet number, accuracy of scheme 4 and 6 are bad because of the inaccurate
treatment of boundary fluxes in the Lagrangian step of these two schemes. Although
schemes 1 and 2 present high accuracy, they are susceptible to numerical dispersion, and
limitations on the size of the Courant number. Therefore, for dispersion dominant
problems with flux boundary conditions, we recommend scheme 3 and 5. For
advection dominant problem, scheme 3 and 5 are also recommended because they ensure

mass conservation.

Table 3.1. R” values based on the analytical and calculated results for different values of

dispersivity.

Scheme 1l Scheme2 Scheme3 Scheme4 Scheme5 Scheme 6

Pe= 0.1 0.9660 0.9660 0.9752 0.9756 0.9752 0.9355

Pe=10 0.9995 0.9995 0.9995 0.9542 0.9995 0.8286

Pe =50 0.9999 0.9999 0.9998 0.4030 0.9998 -1.3554
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Figure 3.1 Concentration profile of chemical C at t = 8 days: (a) o = 0.1 cm,

(b) o =10 cm, (¢) ar =50 cm.

3.4.2 1-D Transport: Chemical Decay and Productoin

The problem domain is the same as example 3.4.1. The boundary condition is the
Dirichlet boundary condition, which involves a constant total concentration of 1.0 mol/L
at x = 0, corresponding to constant concentration of ¢ = 2.5 mol/kg of water. Processes
considered in this problem are listed in table 3.2. Simulation parameters are given in table
3.3. A constant time step size of 0.05 day is used for the simulation. Analytical solution
of the problem is given by van Genuchten and Alves (1982). The concentration profiles
of species with different schemes are given and compared with the analytical solutions at
selected times in figure 3.2 and table 3.4. They all show good agreement with the
analytical solutions before the change of boundary conditions (t = 4 d). But after the
change of boundary condition, scheme 4 shows the best accuracy, scheme 3 and 5 are

next. This is due to the big concentration gradient generated after 4 days. Decreasing time
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steps around 4 days, scheme 3 and 5 may give better results.

Table 3.2. Processes considered in problem 3.4.2.

Process # Type
Ces (R1) Equilibrium reaction described by linear isotherms=k ¢
Decay of ¢ (R2)  First-order kinetics, rate R, =- ¢
Decay of s (R3)  First-order kinetics, rate R, =- i s
Production of ¢ (R4)  Zero-order kinetics, rate R, =y
Production of s (RS)  Zero-order kinetics, rate R, =y,
25 &
Analytical
2 A Scheme 1
————— Scheme 2
Scheme 3
= — - — Scheme4
E & Scheme 5
“g 15+ QPt=3days — — - - Scheme®
2
3

20 40 60 80 100 120 140 160

Distance (cm)

Figure 3.2. Concentration profile for problem 3.4.2.
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Table 3.3. Physical and Chemical Parameters and values for Problem 3.4.2.

Parameters

Value

Effective porosity

Bulk density
Longitudinal dispersivity
Vertical dispersivity
Tortuosity

Aqueous diffusion coefficient

Darcy velocity

Boundary condition

Initial species concentration

Partition coefficient

first-order decay constant in water phase
first-order decay constant in solid phase
zero-order production rate constant in water phase

zero-order production rate constant in solid phase

¢=0.2
pp=1.5g/L
o, =10.0 cm
or=0.0 cm
t=1.0

amw = 0.0 cm?/d

V=1.0cm/d
c=constantatx =0 (0 <t<4d)
0.0 of bulk volume

k=0.1333

y =4.0x107 g/em’ d

e =2.25x10" g/em’ d

Yw=2.0 %107 mol/cm® d

vs=3.0 %10 mol/cm® d

Table 3.4. R? values based on the analytical and calculated results for selected time steps

Scheme 1 Scheme?2 Scheme 3

Scheme 4  Scheme 5 Scheme6

t=3d 0.9987 0.9987 0.9989
t=8d 0.9741 0.9892 0.9867

0.9983 0.9989 0.9965
0.9915 0.9867 0.8945




120

3.4.3 1-D Diffusive Transport: Gas-Liquid Reaction

This problem 1is to verify the applicability of HYDROBIOGEOCHEM in
multiphase system. Transport of hydrocarbon in the unsaturated zone due to phase
partitioning is simulated and compared with analytical solution. Problem domain is
identical to problem 3.4.1. Initial species concentration and boundary conditions are

given in table 3.5.

Table 3.5 Physical and Chemical Parameters and values for Problem 3.4.3.

Parameters Value
Effective porosity ¢ =0.37
Bulk density pp=1.5g/L
water volumetric content 0, =0.10
air volumetric content 0., =0.27
Longitudinal dispersivity ar =0.0 cm
Transverse dispersivity ar=0.0 cm
Tortuosity t=0.34
Aqueous diffusion coefficient Amw = 8.64 X 107 cm?/d
Gaseous diffusion coefficient ama = 86.4 cm?/d
Boundary condition G =constant at x =0
Initial species concentration 0.0 mole per bulk volume

Processes included are:
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partitioning between the water and air phases for the hydrocarbon

G C,H=1.05 (55)

adsorption
Ce S, Kg=0.3 (56)

where H is the Henry’s law coefficient. G is in gaseous phase, C is in aqueous phase, and
S is sorbed species.

Parameters used for this problem is shown in table 3.5. Most of the values are
from Barhr (1987). A constant time step size of 1.0 day is used for the simulation.

Simulated results for gaseous species concentration with scheme 5 for selected
times are compared with the analytical solution given in Baehr (1987) in Figure 3 and
they show very good agreement. Other schemes are not compared for this example
because for Dirichlet boundary conditions, there is not much difference among different

numerical schemes as has already shown in problem 3.4.2.

1.2 —

08 —
g i
3 Analytical

HYDROBIOGEQCHEM
0.4 —
0.0
4] 40 B0 120 180
Distance (cm}

Figure 3.3 Gaseous species concentration at selected times
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3.4.4 2-D Transport: Biodegradation of Hydrocarbon

The problem domain consists of two zones and is described in Figure 3.4. Zone 1
is unsaturated, zone 2 is saturated. The properties of these two zones are listed in Table
3.6. Parameters for this example are mainly from Borden and Bedient (1986).
Groundwater flow was assumed to be uniform and horizontal. Boundary conditions are
variable boundary condition on the upstream, influent concentrations given in table 3.6,
and no flux boundary condition on the downstream. At the soil surface, partial pressure of
oxygen is fixed (table 3.6). Initial species concentrations are given in table 3.6. Only

diffusion is considered in the gas phase.

0 r7==r= A

Zohe 1

W water table 12m

Y zone?

|l-,- 250 m

¥

Figure 3.4 Problem domain

Monod kinetics for biodegradation is described by the following function

M _Mky[ © (57)
dt Kh+H Ko+o

and the microbial decay is represented by the first order decay rate

dM
=-bM, 58
at M (58)

where

H hydrocarbon concentration;



