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Abstract
With the recent push for green energy technologies by governments around the world,
interest in wind energy has skyrocketed. From 2006 to 2009 worldwide wind power
production has doubled.

To continue the pace of wind-turbine innovation, more

advanced design and analysis methods are needed. The primary tool currently used for
wind-turbine design is the blade element momentum method, which lacks a detailed
wake model and relies on an assumption of non-interacting streamtubes.

These

simplifications limit the designer’s ability to tailor the blade shape to minimize the
induced power loss of the rotor. Improved prediction of the induced velocity distribution
on the blades can be achieved through the use of potential flow models. This thesis
presents the implementation of one such model featuring the use of distributed vorticity
elements. Distributed vorticity elements are quadrilateral elements with vortex filaments
of equal and opposite strength along their leading and trailing edges connected by a
sheet of distributed vorticity. The circulation of the filaments varies quadratically with
the local spanwise coordinate, while the strength of the sheet varies linearly. Both the
rotor and its wake are paneled using these elements. Because the wake has a strong
influence on the flow at the rotor, the accurate prediction of its geometry is highly
important. To this end a force-free relaxed wake model is presented, as well as fixed
wake and hybrid wake models that are less numerically intensive than the relaxed wake
model.

Comparison is made to Goldstein’s theoretical solution for the ideal lightly-

loaded rotor, as well as to the blade element momentum method.
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Chapter 1: Introduction
A wind turbine creates electrical energy by using the oncoming wind to rotate a system
of blades connected by a shaft to an electrical generator. In the process the velocity of
the air in the wake of the rotor is reduced. The aerodynamic forces on the blades serve
as the mechanism that enables this exchange of kinetic for electrical energy by creating
both the torque that turns the shaft and the axial force that decelerates the flow. The
goal of the aerodynamic analysis of wind turbines is to accurately predict the distribution
of these forces for arbitrary blade geometries and operating conditions. This thesis
presents the development of an inviscid numerical methodology that can be used in the
aid of such an analysis.

1.1 Motivation for the Inviscid Analysis of Wind Turbines

Because a wind turbine operates well within the regime of subsonic flow, the axial force
applied by its blades causes the flow to decelerate upstream of the rotor so that in
general the axial velocity at the rotor plane is less than the freestream wind velocity. In
theory the velocity deficit at a given point in the rotor plane is approximately one half of
the ultimate velocity deficit at the corresponding point in the far wake. This reduction in
axial velocity is detrimental to the aerodynamic performance of the rotor. By diminishing
both the circulation around a given blade section and the magnitude of the resulting lift
vector, and by tilting this lift vector away from the tangential direction and towards the
axial direction, the torque produced by the section is decreased.
1

From this perspective it would be preferable not to have this deficit in axial velocity at
the rotor plane, but because momentum must be extracted from the flow, it is an
inescapable consequence of producing power. This is in much the same way that the
downwash on a fixed wing that causes induced drag is an inescapable consequence of
producing lift with a wing of finite span. While it may not be possible to eliminate the
axial induced velocity for the wind turbine, with the proper blade geometry it can be
distributed in such a way that the power produced by the rotor is maximized for a given
operating condition. This makes the accurate calculation of induced velocity highly
important for wind-turbine performance prediction.

The blade element momentum (BEM) method is currently the predominant tool for windturbine design and analysis because it provides good results in many circumstances
while being relatively simple to implement and extremely fast computationally. The
method has several drawbacks, however, that can limit the accuracy of its induced
velocity predictions and reduce its effectiveness for detailed design. In the BEM method
the forces on a given blade cross-section are related to the changes in axial and
angular momentum in the flow through an annular control volume that intersects the
rotor plane at the radius of the element and extends infinitely far upstream and
downstream of the rotor. The forces on the element are determined by treating it as a
two-dimensional airfoil operating in a flow composed of the freestream wind velocity, the
relative velocity due to rotation, and an induced velocity with axial and tangential
components. The velocity induction is in turn related to the forces on the element
through the axial momentum theory with wake rotation.

2

In the basic BEM method the induced velocity is assumed to be azimuthally uniform at a
given radius, as if the rotor had an infinite number of blades. While any modern BEM
code will modify this result to account for the effect of a finite number of blades, the
modification is a generic one. Generally what is termed a tip-loss factor is applied,
whereby the average induced velocity in an annulus in the rotor plane is assumed to be
some fraction of the velocity induced at the blade.

This tip-loss factor is usually

obtained using Prandtl’s approximate solution for the ideal lightly-loaded rotor from
vortex theory. In this case the tip-loss factor for a given element is based on its inboard
distance from the blade tip and on the tip speed ratio and blade number of the rotor.
Because this factor bears no relation to the actual detailed geometry of the rotor being
designed, it offers no guidance on how the blade geometry may be adjusted to minimize
the induced power loss of the wind turbine.

A further drawback to the use of the BEM method for wind-turbine blade design is its
assumption that the annular streamtubes used in the momentum balance of the method
are non-interacting. That is, the momentum change in the flow through a given annulus
and the associated induced velocities in the annulus are related only to the forces on
the elements in that annulus. While this is somewhat limiting in general, it is particularly
so in cases when the interaction of elements is of primary importance. One example is
the analysis of blades with winglets. In this case the loads on the winglets themselves
may contribute nothing to the power production, but by influencing the inboard elements
they may increase the overall power production of the rotor.

3

In addition to the blade element momentum method, other common tools for windturbine analysis are found in the areas of potential flow analysis and more advanced
computational fluid dynamics (CFD). Although CFD offers the possibility of resolving
the above issues, as well as the ability to address some of the more complex flow
phenomena associated with wind turbines, it is still too computationally expensive to be
used in the initial phases of blade design, which require many analysis iterations over
changes in geometry and operating conditions.

For instance, a 2006 paper by

Johansen and Sørensen investigating the potential of using winglets on wind-turbine
blades using CFD analyzed only five different winglet geometries [1]. While they were
able to find a small performance improvement using winglets in some cases, a broader
exploration of the design space likely would have resulted in improved performance and
a better picture of the design trade-offs.

Potential flow methods on the other hand can address some of the primary limitations of
the BEM method while still being computationally efficient enough to use in a design
process that requires many iterations. Potential flow methods are built on the premise
that viscous forces are confined to regions of the flow adjacent to body surfaces and in
well-defined wakes, and that furthermore these viscous regions can be effectively
collapsed into distributions of singularities. Outside these regions the flow is assumed
to be inviscid and irrotational. When the flow is also subsonic and incompressible, as is
the case for wind turbines, the solution for the outer flow can be reduced to the solution
of Laplace’s equation with suitable boundary conditions. Because Laplace’s equation is
linear, the solution for the flow around a complex body can be built up by superimposing

4

elementary singularity solutions, including sources, sinks, doublets and vortices. The
viscous drag on the body is generally computed with a separate inner viscous model
that is either solved iteratively with the coupled outer flow model or that uses input from
the outer flow solution. In the case of a slender wing or blade, two-dimensional airfoil
data can be used with input from the outer flow solution used to determine the section’s
loading level.

Potential flow methods vary depending on which elementary solutions are chosen, how
they are distributed to model the body and its wake, and whether the wake location is
prescribed or is computed as part of the solution. For wind-turbine analysis, methods
featuring vortex singularities have proved by far the most popular.

Classical wind-

turbine vortex theory is based on the same lifting-line concept as that developed by
Prandtl for fixed wings, where the lifting surface is idealized as a vortex filament. The
change in circulation along the filament is matched by vorticity shed into an infinitely thin
wake sheet.

The analysis for wind turbines, however, proves more challenging and the results less
useful than the fixed-wing analysis. The primary difficulty is the determination of the
wake shape. For the modeling of any lifting body, ideally its wake will move freely with
the local velocity so that it is not supporting any spurious forces. Typically if the wake is
allowed to relax in this manner, the edges of the wake sheet will roll up concentrically in
a complex manner that is impossible to know ahead of time. The fixed-wing analysis
gets around this difficulty by assuming a planar wake that is aligned with the freestream

5

velocity direction. While such a wake is not force free, it is induced-drag free. Because
induced drag is usually by far the largest induced force in fixed-wing analysis, using the
simple planar wake can provide very accurate results.

Unfortunately for the wind-

turbine analysis there is no simple induced-power-free analog to the induced-drag-free
fixed-wing wake.

In the special case of a wind turbine that is generating the most power for a given thrust,
Betz determined a condition relating the velocity and geometry of the wake far
downstream from the rotor. Betz’s condition states that such an ideal wind turbine will
produce a far wake of constant pitch that, while moving normal to itself freely at the local
flow velocity, appears to translate rigidly in the axial direction. While this specifies a
requirement for the far wake geometry, it does not specify the actual far wake geometry.
To proceed further, Prandtl assumed a rotor that is lightly loaded, meaning that the
wake shape is unaffected by the induced velocity field and simply follows the blade path
relative to the freestream. Using this assumption, Prandtl was able to determine an
approximate solution for the circulation distribution of the ideal lightly loaded rotor, which
was later followed by an exact solution from Goldstein.

Although Prandtl’s solution has found usefulness as a tip loss correction in the BEM
method, by themselves Prandtl’s and Goldstein’s solutions are of little practical
importance for wind-turbine analysis.

They only apply to an ideal geometry rotor

operating at its ideal tip speed ratio, so they cannot be used for analysis of arbitrary
geometries or for off-design analysis of ideal geometries.
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Further, a wind turbine

operating near its optimal loading induces a significant retardation of the flow velocity,
making light loading a poor assumption.

Also, they apply only to planar blade

geometries. For these reasons, the classical vortex theory is rarely used in wind-turbine
analysis.

Numerical implementations of vortex methods, however, can get around these problems
and are becoming increasingly popular in the modeling of wind turbines and their
wakes. Several early attempts used a vortex ring representation of the wake with an
actuator disc type model of the rotor [2, 3]. Most of the more recent references use
either a lifting line or vortex lattice representation of the blade, with the wake composed
of discretized helical filaments.

The wake shape can be prescribed in advance or

determined as part of the solution by allowing the wake filaments to move and deform
with the local velocity so that no spurious forces are generated. While a relaxed wake
may be more accurate, it is also considerably more numerically expensive because it
requires numerous induced velocity computations at each relaxation point in the wake.
Each induced velocity computation requires computing the induction of each singularity
element that comprises the model of the rotor and its wake. Relaxed wake solutions
can also be prone to numerical stability issues because the filaments used to model the
wake exhibit velocity singularities, so that the numerical solution will blow up if two
filaments get too close to each other or a singularity gets too close to a control point. To
counter this, a rotational vortex core model is sometimes used, though this introduces a
modeling parameter into the problem. Much recent effort has been focused on the use
of relaxed wake models for wind-turbine analysis, see for instance References [4-9],
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while examples of fixed wake usage can be found in [10-13]. An alternative approach
models the wake using vortex particles, or ‘blobs’, that are convected downstream [14,
15].

This thesis presents the adaptation of the higher-order vortex-lattice method originally
developed by Bramesfeld [16] and Bramesfeld and Maughmer [17] to the purpose of
wind-turbine analysis.

This method uses quadrilateral elements composed of two

vortex filaments, one along its leading edge and the other along its trailing edge,
connected by a sheet of distributed vorticity.

These elements, which are termed

distributed vorticity elements (DVE’s), are used to panel both the wing and its wake,
which are considered to be infinitely thin.

The filaments have quadratic circulation

distributions of opposite strength, so that the connecting sheet has a linear vorticity
distribution in accordance with Helmholtz’s vortex theorems. If the loading on the lifting
surface is assumed to be steady, then the spanwise filaments of the DVE’s can be
eliminated in the wake, leaving only the vortex sheet component. The method is termed
higher order due to the use of the quadratic circulation distribution on the spanwise
filaments of the elements, as compared to the more common constant circulation
distribution.

The use of the higher order DVE’s has several advantages. Because the circulation
strength varies continuously over the filament, a more accurate representation of the
circulation distribution of the blade can be obtained with fewer spanwise elements.
Similarly, because of the smooth variation in both bound circulation and shed vorticity,
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the induced velocity computations may generally be expected to be more accurate. For
the steady loading case when the DVE wake contains no filament components, the
singularity behavior of the wake is much improved in comparison to a vortex filament
wake, and is so without the need for a vortex-core model. This makes the DVE wake
relaxation more numerically robust and less subject to modeling parameters than the
typical vortex filament wake.

1.2 Layout of this Thesis

This thesis is comprised roughly of two sections. The first, which includes Chapters 2
and 3, covers background theory on momentum and vortex methods as applied to
horizontal-axis wind turbines, while the second section, which includes Chapters 4 – 6,
describes the implementation and testing of the numerical distributed vorticity element
methodology for wind-turbine analysis.

Chapter 2 covers the BEM method and the axial momentum theory that forms the basis
of the momentum part of the method. Some attention is paid to the assumption of small
tangential velocities that is used in the form of the axial momentum theory typically
incorporated into the BEM method.

This assumption leads to the conclusion that

rotational velocity in the wake is detrimental to wind-turbine performance. This view is
not necessarily supported by the full equations, where decreased pressure in the far
wake and increased mass flow can mitigate the negative effects of wake rotation.
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Chapter 3 provides an overview of the classical lifting line vortex wake theory originally
developed for the analysis of propellers. Betz’s far wake condition for the optimum
propeller is examined in detail. Using Betz’s methodology a new far wake condition for
the maximum power producing wind turbine is proposed and found to be a particular
limiting case of Betz’s more general condition. The chapter then goes on to consider
Prandtl’s approximate and Goldstein’s exact solutions for the optimum lightly loaded
wind turbine, and Theodorsen’s solution for the optimum heavily loaded wind turbine.
Goldstein’s solution is of particular interest because it provides the best available
theoretical comparison for numerical wind-turbine vortex codes.

Since Goldstein’s

solution assumes the rotor to be lightly loaded with a ‘rigid’ helical wake whose shape
follows the blade path relative to the freestream velocity, the proper numerical case for
comparison is one with an identically shaped prescribed vortex wake. Because the
potential problems are set up somewhat differently, the comparison cannot be expected
to be exact even though the wake shapes may be identical.

Chapter 4 provides a brief overview of potential flow methods, with particular emphasis
on the distributed vorticity element method as developed by Bramesfeld [16] and
Bramesfeld and Maughmer [17] and on the multi-lifting-line method of Horstmann [18],
whose element velocity induction solutions form the basis of the DVE method.

Chapter 5 details the implementation of the DVE method for wind-turbine analysis.
Although in general the implementation of the distributed vorticity element method is
similar to the implementation for fixed wings presented in References [16, 17], several
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differences are presented. These include new methods for the handling of the side
edge singularities of the wake elements during relaxation, a new steady loading wake
relaxation technique, differences in the equation system solution methodology for the
steady loading case, and the exploration of several techniques for computing induced
forces using the Kutta-Joukowski theorem.

Chapter 5 also presents a number of

methodologies for determining the vortex wake shape. These include:
•

A prescribed wake with a constant predetermined pitch

•

A prescribed wake with pitch determined iteratively based on either axial
momentum theory or an induced velocity computation at the wake leading
edge

•

A semi-relaxed wake in which each spanwise wake row is relaxed based on
an induced velocity computation at its midpoint and an assumed relationship
between this velocity and the velocity at other points in the row

•

A fully relaxed wake

In Chapter 6 validation and testing of the numerical DVE method are presented,
including convergence and refinement studies, and comparisons to results from the
blade element momentum method and from Goldstein’s theoretical solution. In addition,
results for the various wake shape and force computation methods are discussed.
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Chapter 2: Momentum and Blade Element Methods

2.1 Axial Momentum Theory

The exchange of energy with the air is most simply approximated using the axial
momentum theory originally developed by Rankine [19] and Froude [20]. This method
models the wind turbine as an actuator disc, which is an infinitely thin disc of a finite
area that carries a normal load in the form of a pressure discontinuity across its surface.
The situation is depicted schematically in Figure 2.1, where the flow is from left to right.
Infinitely far upstream of the disc the air has a uniform freestream velocity and is at
atmospheric pressure. As the air approaches the disc it faces an adverse pressure
gradient due to the higher pressure on the upwind side of the disc. This causes the air
to slow and the streamtube area to expand.

Across the disc the pressure drops

discontinuously to below atmospheric pressure. On the downwind side of the disc the

Figure 2.1: Wind turbine actuator disc [21]
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flow again proceeds against an adverse pressure gradient and continues to slow while
the streamtube expands and the pressure recovers to atmospheric far downstream.

The relationship between force on the disc and the velocities at the disc and in the far
wake can be determined by using a control volume analysis and following assumptions:

- Far downstream of the rotor, the static pressure returns to its freestream value.
- Far downstream of the rotor, the velocity is at its freestream value outside of the
streamtube of the disc and is uniform and axial inside of the streamtube.
- The pressure is uniform on each side of the disc, but discontinuous across it.
- The flow is incompressible and frictional forces are ignored

If an axial induction factor, a, is defined so that the axial velocity at the disc, Ud, is:

Ud = (1 − a )U∞

(2.1)

then the application of the continuity and momentum equations shows that the velocity
within the streamtube in the far wake, Uw, to be:

Uw = (1 − 2a )U∞

(2.2)

The velocity decrement in the far wake is twice that at the disc. The thrust force on the
disc is then:

T = 2 ρ Ad U∞2 a(1 − a )

(2.3)

where Ad is the disc area and ρ the fluid density. T is positive in the direction of the
freestream velocity. T is called ‘thrust’ even though it is in the drag direction in part to
follow propeller convention and in part to avoid confusion later with airfoil drag.
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Application of the energy theorem to the control volume reveals the power produced by
the disc to be:

P = 2 ρ Ad U∞3 a(1 − a )2

(2.4)

where P is positive when energy is extracted from the flow.

By defining a reference force and reference power to be, respectively, the momentum
and kinetic energy available in a flow at freestream velocity through an area Ad, then
thrust and power coefficients can be defined as follows:
CT =

T
T
=
1
Tref
ρU∞2 Ad
2

CP =

P
P
=
1
Pref
ρU∞3 Ad
2

(2.5)

(2.6)

Upon substitution of the above expressions for P and T from Equations 2.3 and 2.4, the
following results are obtained as functions of the axial induction factor only:

CT = 4a(1 − a )

(2.7)

CP = 4a(1 − a )2

(2.8)

Plots of Equations 2.7 and 2.8 appear in Figure 2.2. Values of the axial induction factor
between zero and one result in positive values for the power and thrust coefficients and
correspond to the energy-extraction, or wind-turbine, case.

Negative values of a

represent the propeller state. CP and CT are both zero at a = 0 and a = 1, with the
former condition corresponding to zero force on the disc and the latter corresponding to
zero mass flow through the disc.

14

Figure 2.2: Power and thrust coefficients predicted by axial momentum theory

For values of a > 0.5, the velocity in the far wake is negative and therefore must be zero
somewhere downstream of the disc. In the simple axial flow model, this implies an
infinite streamtube area at this point, which invalidates the control volume approach
used in the momentum theory. The real wake will feature flow recirculation, turbulent
mixing, and entrainment of fluid from the exterior flow. A simple analysis is not possible
in this regime, which is sometimes called the turbulent windmill state. Experimental
results [22] show that, in the turbulent windmill state, momentum theory substantially
under predicts thrust, which typically must be computed using empirical relationships.

The maximum value of power coefficient, known as the Betz limit is:
CPmax =

16
1
at a =
27
3

(2.9)

The Betz limit is the result of the fact that increasing the momentum exchange with the
air on a per unit mass basis results in a decreased mass flow through the disc. These
competing factors balance when the Betz limit is reached and the maximum amount of
total energy is extracted from the air.
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The axial momentum theory provides a basic conceptual framework for the extraction of
energy from the air, and through the Betz limit establishes bounds on the maximum
power that can be expected. In addition, it establishes the relationship that the axially
induced velocity in the far wake is twice that at the disc, which holds approximately even
for a more realistic case. Due to the absence of rotational velocity in the wake, the axial
momentum theory lacks the physical means of providing the torque required for the
blade system to produce power. Furthermore, the broad assumptions and geometrical
abstraction of the actuator disc limits its direct application to blade analysis.

2.2 Momentum Theory with Wake Rotation

In order for a torque to be applied to the blades of a wind turbine, there must be an
equal and opposite torque applied to the air. The torque imparted to the air causes
rotational velocity in the wake opposite in sense to that of the blades. The momentum
analysis can be extended to incorporate wake rotation with a torque-producing actuator
disc that rotates at some angular velocity Ω.

In general, the tangential velocity imparted to the air can be expected to vary with
radius. For example, if the torque on the disc is constant with radius, the angular
momentum imparted to the fluid will also be radially constant, so that for this case the
tangential velocity varies inversely with radius. For this reason the equations governing
momentum theory with wake rotation are developed for an annular control volume of
some differential increment in radius. The performance of the entire rotor is obtained by
integrating over the concentric differential control volumes. The key assumption in this
16

approach is the use of ‘non-interacting’ annular sections, where the momentum and
angular momentum imparted to the fluid at a given radius are assumed to be the result
only of the force on the disc at that radius, unaffected by the loading at other radial
locations. While this is an idealization, the method provides useful results. Although
the fluid properties are now allowed to vary with radius, they are still assumed constant
around a given annulus due to the symmetry of the actuator disc. From a particle
perspective the flow is technically unsteady due to the rotation in the wake, but the
symmetry of the problem causes the unsteady terms to vanish from the control volume
integrations.

In his section on airplane propellers in Aerodynamic Theory, Glauert presents the
development of the following set of equations, which he attributes originally to
Joukowski [23]. The equations are adjusted slightly to correspond to wind-turbine sign
conventions. Referring to Figure 2.3, the radius and increment in radius of the annular

Figure 2.3: Actuator disc with annular section [24, modified]
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section at the actuator disc are rd and drd, and rw and drw in the far wake. Immediately
before the disc the rate of rotation of the fluid is zero, and immediately after the disc it is

ωd in the annulus. In the far wake the rate of rotation of the fluid is ωw. For a wind
turbine, the rotation rate is assumed positive when it is in the opposite direction of the
rotation of the disc. The pressure directly upstream of the disc in the annulus is pd, and
immediately downstream of the disc it is pd - p′.

From continuity:

uw rw drw = ud rd drd

(2.10)

and from conservation of angular momentum:

ωw rw2 = ωd rd2

(2.11)

The torque on the disc is equal to the rate of change of angular momentum in the
annulus:

dQ = ρ ud ωd rd2dSd

(2.12)

where dSd is the differential streamtube area at the disc. Applying Bernoulli’s equation
separately to the flow upstream and downstream of the turbine, and then relating them
by the difference in pressure over the disc, p′:
p∞ − pw =

1
ρ [(uw2 − U∞2 ) + (ωd rd2 − ωw rw2 )] + p '
2

(2.13)

An expression for p′ can be obtained by applying Bernoulli’s equation across the disc
relative to the blades, noting that the relative angular velocity goes from Ω ahead of the
disc to (Ω – ωd) behind the disc, then:
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1
p ' = ρ (Ω + ωd )ωd rd2
2

(2.14)

For a rotational velocity to exist in the far wake there must be a centripetal force in the
form of a radial pressure gradient:
dpw
= ρωw2 rw
drw

(2.15)

Although the annular control volumes have been assumed to be non-interacting,
Equation 2.15 introduces a dependence which belies the assumption.

Manipulating Equations 2.13 – 2.15, a relation between the axial and tangential
velocities in the wake is obtained:
1 d
d
(U∞2 − uw2 ) = (Ω + ωw )
(ωw rw2 )
2 drw
drw

(2.16)

The thrust on the disc can be given in relation to p′ and also in relation to the axial
momentum balance across the control volume:
1
dT = p ' dSd = ρ (Ω + ωd )ωd rd2dSd
2

(2.17)

dT = [ ρ uw (U∞ − uw ) + ( p∞ − pw )]dSw

(2.18)

Equating the two expressions for dT and using the continuity relation and Equations
2.13 -2.14, gives:
1
1

Ω + ωw Ω + ωd

1
2
2
−
(U∞ − uw )2 = 
ud
2
 uw




2
 uw ωw rw



(2.19)

Equations 2.10-2.12, 2.16, 2.17, and 2.19, taken together completely describe the
relationship between the thrust and torque on the actuator disc and the flow variables in
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the wake and at the disc. If some distribution of one of the unknowns is specified, the
rest can be solved for.

2.2.1 Constant Circulation Exact Solution
Due to the complexity of the equations, usually further simplifications are made. In the
case of constant circulation, however, the exact solution can be obtained relatively
easily. In this case the angular momentum imparted to the fluid is constant with radius:

ωw rw2 = ωd rd2 = const

(2.20)

The axial velocity is then constant both across the disc and in the wake:
ud = U∞ (1 − a )

(2.21)

uw = U∞ (1 − b )

(2.22)

where a and b are both constant with radius and are related by:
b
(1 − a )b 2 
a = 1− 2

2  4λ (b − a ) 

(2.23)

and where λ is the tip speed ratio of the disc, which, with R being the radius of the disc,
is defined as:

λ=

ΩR
U∞

(2.24)

From Equation 2.23 it can be seen that b > 2a, which implies that the wake expands
more downstream of the disc than it does upstream. For values of λ > 3, however, b
approaches 2a. It should be recalled that the axial momentum theory resulted in a
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value for b of precisely 2a. The drag on the disc is also greater than that predicted by
axial momentum theory.

The power coefficient is found to be:
b 2 (1 − a )2
CP =
b−a

(2.25)

Figure 2.4 plots CP as a function of the axial induction factor at the disc for several
values of λ.

As λ approaches infinity, the solution approaches that of the axial

momentum theory because as Ω increases for a given disc loading, ω decreases,
approaching zero as Ω approaches infinity. For values of λ > 2 the power coefficient is
virtually identical to that given by axial momentum theory. For smaller values of λ the
power extracted actually exceeds that predicted from the axial momentum theory due to
the higher level of wake expansion aft of the disc. Similar results are found in Ref. [25].

Figure 2.4: Power coefficient vs. axial induction factor for a constant circulation actuator
disc, from momentum theory with wake rotation
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The energy equation for the control volume can be reduced to an area integral over the
plane in the far wake, so that the work done on the disc by the flow is:
Wɺ =


 U 2 u 2   ω 2 r 2   
P
P
ρ
−
+

 ∞ − w  −  w w    uw dS
(
)

∫∫ ∞ w
2   2   

Aw 
 2


(2.26)

Each of the three terms in parenthesis is positive for the wind-turbine case. For the
axial momentum theory, the first and third terms are zero. The first term can then be
thought of as a gain in power due to rotation and the third term as a loss in power due to
rotation.

For the constant circulation case the increased power due to the lower

pressure in the wake from rotation and from the increased wake expansion more than
offsets the loss due to the kinetic energy of the tangential velocity. It is often stated that
the effect of wake rotation is to decrease the power that can be extracted due to the
kinetic energy of the tangential velocity in the wake, but clearly this is not true for the
constant circulation case. Of course constant circulation along the radius implies an
infinite tangential velocity along the axis of rotation, which then causes the drag on the
disc to approach infinity at its center. This is not a physically realizable situation, but it
does demonstrate that rotation in the wake cannot always be considered a pure loss.

To eliminate the singularity sometimes an inner Rankine vortex core model is matched
to the constant circulation model at a radius that limits the maximum magnitude of the
rotational velocity in the wake to the magnitude of the disc’s rotation, or some fraction
thereof.

See for instance [24].

A Rankine vortex core stipulates a linear relation

between ωd and rd in the inner portion of the disc so that:
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ωd = 0 at rd = 0
ωd = f Ω at rd =

k

(2.27)

fΩ

where f is a scalar multiple, typically 1 or 0.5. Both the torque and the thrust then go to
zero at the center of the disc. This eliminates the performance benefits at low tip speed
ratios seen in the constant circulation case. In fact CP goes to zero as λ goes to zero.
The performance drop, however, is more the result of limiting the load carrying ability in
the inner portion of the disc than it is to the presence of rotational velocity in the wake.
While it is certainly appropriate to let the loading go to zero at the center of the disc, the
resulting performance drop should not be ascribed to the kinetic energy loss of wake
rotation.

2.2.2 Approximate General Solution
At tip speed ratios representative of modern wind turbines, the rotation rate in most of
the wake is very small, so that terms involving ω2 can be neglected to obtain a simpler
set of equations. With this assumption, the pressure in the wake becomes equal to the
freestream pressure, which leads to the same relationship between the axial velocity in
the wake and at the disc as in the axial momentum theory:
ud = (1 − a )U∞

(2.28)

uw = (1 − 2a )U∞

(2.29)

Defining the tangential flow induction factor a′:

ωd = −2a ' Ω
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(2.30)

The two expressions for the thrust coefficient from Equations 2.17 and 2.18 can be
written:
dT = 4πρU∞2 (1 − a )ard drd

(2.31)

dT = 4πρΩ2 (1 + a ')a ' rd3drd

(2.32)

It should be noted that the second expression contains a term proportional to ω2.
Reference [23] does not explain why this term is kept while other terms proportional to

ω2 are neglected. It may be due its multiplication by the cube of radius, which could be
large, or because it is representative of the kinetic energy of the tangential velocity in
the wake. Sometimes the term is not included, which leads to quite different results at
low tip speed ratios; for instance as seen in Ref. [21].

The two expressions for dT above can be equated to obtain a relationship between the
induction factors:
(1 − a )a = λ 2 (1 + a ')a '

(2.33)

dQ = 4πρU∞ Ω(1 − a )a ' rd3drd

(2.34)

The torque on an annulus is:

Defining the local speed ratio as:

λr =

Ωrd
U∞

(2.35)

rd
R

(2.36)

and the radius ratio as

µ=
the power coefficient is found to be:
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1

CP = 8λ 2 ∫ (1 − a )a ' µ 3d µ

(2.37)

0

Cp can be maximized by a procedure originally attributed to Glauert.

Taking the

derivative of the integrand of Equation 2.37 with respect to either a or a′ and setting it
equal to zero:
d 
da '
(1 − a )a ' µ 3  = 0 →
(1 − a ) − a ' = 0

da 
da

(2.38)

The derivative of a′ with respect to a can be found using Equation 2.33:
da '
1 − 2a
= 2 2
da λ µ (1 + 2a ')

(2.39)

Substituting this result into Equation 2.38 and solving for a′, it is found that CPmax occurs
when:
a' =

1 − 3a
4a − 1

(2.40)

Then a can be found via Equation 2.33, which results in the quadratic equation:
4a2 − (5 + 3λ 2 )a + (1 + λ 2 ) = 0

(2.41)

Inserting the results of Equations 2.41 and 2.40 into Equation 2.37, CPmax can be found
for a given λ. The results of this procedure show that for a value of λ that is non-zero
and non-infinite, both a and a′ vary over the disc, with a = 1/4 at the center of the disc
approaching 1/3 at the outer edge of the disc. At λ = 0, a = 1/4 over the entire disc and
CPmax = 0, which is somewhat nonsensical and calls into question the validity of the

approximate analysis at low tip-speed ratios. As λ increases, the portion over the disc
where a is approximately 1/3 increases and CPmax increases. As λ goes to infinity, a
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goes to 1/3 over the entire disc and CPmax approaches the Betz limit, 16/27. Figure 2.5
shows the variation of CPmax with λ using this procedure.

0.6
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CPmax

0.4
0.3
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0.1
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2.5

5

λ

7.5
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Figure 2.5: Maximum power predicted by the approximate solution to momentum
theory with wake rotation (plotted using tabulated data from [24])

This is the opposite trend seen for the constant circulation exact solution, where CPmax
approaches the Betz limit from above as λ goes to infinity, as opposed to from below.
The difference is due to the fact that the ω2 terms are neglected everywhere except in
the expression for dT in Equation 2.32. This approximation results in the inclusion of
the deleterious effect of the kinetic energy of the tangential velocity in the wake on the
power produced, but ignores the mitigating effects of the reduced pressure in the wake
and the additional post-disc streamtube expansion.

If the ω2 term is neglected

everywhere including Equation 2.32, as in Burton, et al. [21], then the above rotational
effects on CP are found to cancel each other, resulting in CPmax = 16/27 and a = 1/3 for
26

all tip speed ratios, with a′ being a function of a and λ. Like for the constant circulation
solution, however, this approach results in infinite thrust at the center of the disc. While
none of these solutions are entirely satisfactory, at reasonably high tip speed ratios they
do result in nearly equivalent induction factors over most of the disc.

The contradicting results from the various assumptions make it difficult to isolate the
effect of wake rotation, and the full equations are complex enough to resist simple
analysis. The claim that wake rotation results in decreased power output for a wind
turbine appears to be overstated, at least in regards to the actuator disc theory. This
misperception stems from the somewhat misleading results of the approximate solution
and also perhaps from improper analogy to propeller performance, on which wake
rotation is undeniably detrimental.

More recently generalized actuator disc models have been used in conjunction with
numerical solutions of the Euler and Navier-Stokes equations to explore various windturbine loading states. An overview is presented in Ref. [26].

2.3 Blade Element Methods

While the momentum theories provide some bounds on the problem, they do not specify
the detailed geometry of the wind-turbine blades, relying instead on the rather nebulous
concept of the actuator disc. Blade element methods, on the other hand, directly utilize
blade geometry to determine wind-turbine performance.
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This is achieved by relating the lift and drag of a two-dimensional airfoil section at a
given radial station on the blade to the thrust and torque produced at that station. The
resultant velocity, W, relative to the airfoil section at some radius r from the center of
rotation consists of the vector sum of the freestream wind velocity, the velocity due to
rotation at rate Ω, and the induced velocity. For a non-yawed rotor in a uniform wind,
the freestream velocity of magnitude U∞ is aligned with the rotational axis of the wind
turbine and the rotational velocity Ω r is in the plane of rotation. The induced velocity
consists of a component of magnitude aU∞ opposite in direction to the freestream and a
component of magnitude a′Ω r in the same direction as the relative rotational velocity.

The left-hand side of Figure 2.6 depicts the velocities relative to a blade element, where
the wind is blowing from the bottom to the top of the page and the element is moving
from left to right due to rotation. The magnitude of the resultant velocity, W, is:
2

W = Ωr (1 + a ' )  + U∞ (1 − a ) 

2

(2.42)

The flow angle φ is the angle between the resultant velocity and the plane of rotation:
tan φ =

U∞ (1 − a )
U (1 − a )
Ωr (1 + a ')
; sin φ = ∞
; cos φ =
W
W
Ωr (1 + a ')

(2.43)

The blade pitch angle β is the angle between the zero-lift line of the airfoil and the plane
of rotation. The angle of attack of the airfoil, α, is the difference between φ and β:

α =φ −β

(2.44)

It should more properly be called the effective angle of attack, since it is measured from
the zero-lift line and it includes the induced angle of attack.
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Figure 2.6: Blade element velocities and forces [21]

The right-hand side of Figure 2.6 shows the aerodynamic forces acting on the element.
The lift per unit span, L′, acts perpendicular to the resultant velocity W, and the drag per
unit span, D′, acts in the same direction as W. In this arrangement, L′ includes the
induced drag on the element. D′ then consists solely of the profile drag of the airfoil.
The torque and thrust on the element due to the lift and drag are:
dT = (L 'cos φ + D 'sin φ )dr

(2.45)

dQ = [r (L 'sin φ − D 'cos φ )]dr

(2.46)

where dr is the blade radius differential over the element. L′ and D′ can be related to
the two-dimensional lift and drag coefficients, cl and cd, of the airfoil as follows:
L' =

1
ρW 2ccl
2

(2.47)

D' =

1
ρW 2ccd
2

(2.48)

where c is the element’s chord. Corrections to the two-dimensional coefficients are
sometimes necessary due to the effects of rotation, particularly in regards to the stalling
behavior of the airfoil. A rotating airfoil, especially near the hub, tends to stall at a much
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higher effective angle of attack than the same airfoil on a fixed wing. This is known as
the Himmelskamp effect, and its exact cause is debatable.

The leading theory

attributes it to the boundary layer effects of centrifugal pumping and the Coriolis
acceleration seen by the rotating frame of the airfoil.

In any case it is a complex

phenomenon and is usually incorporated into the blade element methods through any of
a number of empirical models. The post-stall airfoil behavior is different as well due to
the effects of rotation on the separated mass of air. Rotating airfoils also seem to be
much less likely to form laminar separation bubbles as compared to their non-rotating
counterparts.

Chapter four of Ref. [27] provides a good overview of the efforts at

modeling these effects. Other corrections on the two-dimensional coefficients, such as
for cascade effects and for effective camber due to rotation, tend to have a smaller
impact and can be included as well.

The above relations form the basis of all blade element methods, connecting the lift and
drag on the airfoil to the performance parameters of the wind turbine. The primary
difficulty of the method is determining the induced velocity at the element, represented
by the induction factors a and a′. There are a number of approaches that can be taken,
resulting in several different varieties of the blade element method. If the induction
factors are related to the momentum theory, the result is the blade element momentum
theory. If the induction factors are related to a vortex representation of the wake, then
the result is known as the vortex theory. If a tip loss factor, generally found from the
vortex theory, is applied to the blade element momentum theory, then the result is
known as the modified blade element momentum theory.
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2.3.1 The Blade Element Momentum Method
The blade element momentum (BEM) method relates the forces on the blades at a
given radius to the changes in axial and angular momentum experienced by the fluid in
an annular control volume passing through rotor plane at that radius. Just as for the
momentum theory with wake rotation, the annular sections are assumed to be noninteracting. In the unmodified BEM method, the flow induction factors are assumed
constant around a given annulus. While this would strictly only be true for an infinite
number of blades, it proves to be an acceptable assumption even for a very small
number of blades, except near the blade tips.

Rewriting the results from the approximate solution of momentum theory with wake
rotation for the changes in axial and angular momentum experienced by the flow
through the annulus at rotor radius r gives:
dT = 4πρU∞2 (1 − a )ardr

(2.31)

dQ = 4πρU∞ Ω(1 − a )a ' r 3dr

(2.34)

It should be recalled that these equations were found by assuming the rotational
velocity in the wake to be very small. So, for instance, the equation for thrust does not
include the additional thrust caused by the reduced pressure in the wake due to wake
rotation.

Equating Equations 2.31 and 2.34 to the thrust and torque due to the lift and drag on B
number of blades from Equations 2.45 and 2.46 yields:
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8π U∞2 (1 − a )ar = BW 2c ( cl cos φ + cd sin φ )

(2.49)

8π U∞2 (1 − a )a ' λ r = BW 2c ( cl sin φ − cd cos φ )

(2.50)

These two equations can be solved for a and a′ at a given radial location. However,
because W, cl, cd and φ all depend on a and a′, the equations must be solved iteratively.
Some authors will include the drag coefficient in the above equations, while others
assume the induction factors are only related to the lift on the element. In either case,
once a and a′ are known the drag coefficient is included when computing the thrust and
torque of the element.

While the above relations constitute the basic BEM method, in practice two major
modifications are made to account for factors not included in the basic theory. The first
deals with the applicability of the momentum theory for values of a > 0.5 or so. As
mentioned above, the wake of a wind turbine at this level of loading is characterized by
reversed flow, turbulent mixing, and entrainment of the exterior flow. The momentum
theory significantly under predicts thrust in this flow state. Due to the complexity of the
flow, a satisfactory alternative theoretical model does not exist. The computation of
thrust is usually handled in an approximate way with an empirical model, typically a
simple curve fit of CT vs. a through the scattered experimental results of Lock [28].
Various examples can be found in References [21, 22, and 29]. Fortunately values of a
> 0.5 are outside the design operating range of most wind turbines, so this correction is
usually only significant in off-design analyses.
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The second and more important modification is the inclusion of a tip-loss factor. The
basic BEM theory assumes that the induced velocities in the wake and on the rotor disc
are azimuthally constant, but for a finite number of blades operating at a finite tip-speed
ratio this will not be the case. Rather, on the rotor disc the induced velocity will be
greatest at the blades and lower elsewhere. Likewise in the wake the induced velocity
will peak at the azimuth angles corresponding to the location of the wakes shed by the
blades. The uneven distribution of induced velocity reduces the amount of power that
can be extracted from the flow. Because the effect is most pronounced at the blade
tips, it is referred to as a tip-loss.

A tip-loss factor F is defined as the ratio of the azimuthally averaged induced velocity at
a given radius to the peak velocity at that radius. F goes to zero at the blade tip and
approaches one farther inboard and applies equally to the axial and tangential induced
velocities.

It is assumed that F is axially constant at a given radius. If the axial and

tangential induced velocities at a blade element are aU∞ and a′Ω rd, then the average
induced velocities at that radius on the rotor disc are aU∞F and a′Ω rdF.

At the

corresponding radius in the far wake the azimuthally averaged induced velocities are
then 2aU∞F and 2a′Ω rwF. This correction is easily integrated into the BEM method.
The terms with the tip-loss factor are used in the momentum balance, while the terms
without the tip-loss factor are used to determine the velocities at the blade element.
The tip-loss factor itself is determined by using the results of vortex theory, which is
presented in some detail below. Usually Prandtl’s approximate solution for the lightly
loaded rotor is used. Although technically Prandtl’s solution only applies to a lightly
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loaded rotor with an ideal circulation distribution, it is commonly considered to be a
reasonable approximation for an arbitrarily loaded wind turbine. The inability to treat the
tip loss in a more exact manner is a shortcoming of the BEM method.

The BEM method provides a straightforward relationship between the blade geometry
and the resulting forces and induced velocities seen by the rotor under a given set of
operational conditions. It is by far the most commonly used method for wind-turbine
design and analysis. It is very computationally inexpensive and numerically robust,
although as pointed out by Adkins and Liebeck, there are occasionally issues involving
convergence of the induction factors near the blade tips [30].
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Chapter 3: Vortex Wake Theory

3.1 Foundations of the Vortex Theory

For a wind turbine whose blades are nowhere stalling, viscous forces are largely
confined to the boundary layer on the surface of the blades and a thin region in the
wake of each blade. The flow outside this region can effectively be assumed to be
inviscid and irrotational and can be modeled using the tools of potential flow theory.
The classical work in this vein has been done using a lifting-line approach akin to that
from Prandtl’s fixed-wing theory.

Figure 3.1, which shows coherent wake vortex

structures persisting well downstream of the rotor, provides some qualitative justification
for the assumption that viscous effects remain confined to a small portion of the flow.

Figure 3.1: Experimental flow visualizations of wake vortex structures downstream of
two-bladed wind-turbine rotors. (a) – [32], (b) – [33]

35

In the lifting-line approach, each lifting surface is modeled using a single vortex filament
line whose circulation strength, Γ, varies with radius and must go to zero at the blade
root and tip, where pressure differences cannot be supported. The wake of each blade
is modeled by an infinitely-thin continuous sheet of vorticity shed by the corresponding
lifting line. To satisfy Helmholtz’s vortex theorems the strength of the vorticity shed into
the sheet must equal the derivative of the circulation of the vortex line with respect to
radius, dΓ/dr. Due to the nature of the motion of a wind-turbine blade relative to the
axial freestream velocity, the vorticity shed from a point on the blade will follow a
nominally helical path, as depicted in Figure 3.2. For a known circulation distribution
and wake shape, the velocity at any point can be computed via the Biot-Savart law.
The vortex sheet singularity causes a discontinuity in tangential velocity across the
wake surface, while the normal induced velocity is continuous across the sheet.

Figure 3.2: Circulation distribution on lifting line with trailing helicoidal vortex sheet [31,
modified]
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The determination of the appropriate wake shape for the theoretical model presents
some difficulties, however. Because the wake surface cannot support any forces, there
can be no pressure discontinuity across it and it must move freely at the local velocity.
The local velocity at a given point is the sum of the freestream wind velocity and the
velocity induced on the point by the vortex system, found via Biot-Savart integration.
For a point on the wake surface the Biot-Savart integral becomes improper due to the
singularity, but a finite Cauchy principal value generally exists. A possible exception is
at the very edge of the wake sheet where the singularity is unbalanced.

The edges of such a free vortex sheet tend to roll up in some complex manner that
cannot be known ahead of time so that the wake shape typically must be computed in
an iterative manner along with the circulation distribution on the lifting line. While such a
freely deforming wake is ideal from an accuracy perspective, it is difficult to treat in an
analytical manner. For this reason the classical analytic methods rely on simplifying
assumptions regarding the wake geometry. Justification for a given geometry is based
on the manner of forces that the prescribed wake generates and how these forces affect
the overall analysis. Typically either the entire wake or the far wake is assumed to be a
regular screw surface. A regular screw surface is a helicoidal vortex sheet whose pitch
is constant axially and radially. The pitch at a given point on the wake is the axial
distance between successive turns of the same wake sheet.

This is geometrically

related to the wake helix angle, sometimes called the wake pitch angle, which is the
angle that a differential wake filament makes with a plane parallel to the plane of
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rotation. If the wake helix angle at a point on a wake sheet is φw, then the pitch at that
point is rw tan(φw).

In theory an optimally loaded wind turbine has a far wake that indeed takes the shape of
a regular screw surface, as discussed later. The optimal wake moves normal to itself at
the local induced velocity, which is distributed in such a manner that the screw shape is
maintained temporally. Although prescribing the wake to form a regular screw surface
ignores the rolling up of the edges of the wake sheets, the assumption can be justified
because a far wake moving at the local velocity does not induce spurious forces on
itself. This is similar to how, for a fixed wing, the assumption of a planar wake in the
freestream direction, which is drag-free, proves highly accurate for the computation of
induced drag on the lifting line (for instance [34]). Some references, e.g. [35], argue
that such a rigid helicoidal sheet is actually supporting tensile forces due to suction at
the sheet edges related to the unbalanced vortex singularity there, and that it is these
forces which prevent the wake from rolling up.

In any case, such tensile forces are

assumed to have negligible effect on the analysis.

If the loading on the wind turbine is low then the induced velocities will be small relative
to the freestream and rotational velocities. In this ‘light loading’ case, the effects of
induced velocity on the wake trajectory are assumed to be negligible so that the wake
follows the blade path relative to the freestream velocity. The pitch of the wake is then
determined solely by the freestream velocity and blade rotation rate. By divorcing the
wake shape determination from the induced velocity determination, the analysis is
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considerably simplified. Because of this simplicity, the light-loading assumption may be
overused in practice. When it is applied to a heavily loaded rotor, spurious forces
develop in the wake due to the impingement of relative velocity on the wake vorticity.
These spurious forces may degrade the accuracy of the analysis. In this case it is more
appropriate to include the effect of induced velocity in the determination of the wake
pitch and radius. As mentioned above there may be small tensile wake forces even in
the heavy loading analysis, but these forces have an insignificant effect on the predicted
performance. Reference [35] explores the implied forces in both the light and heavy
loading cases. Although the heavy loading analysis may very well be preferred for its
generality, it is not used as often as the light loading analysis due to its increased
complexity.

Although the regular-screw-surface wake condition technically only applies to an
optimally loaded rotor, the results are regularly incorporated into the arbitrary loading
analysis of the blade-element-momentum theory as a correction to the assumption of
azimuthally constant induced velocities. Because this correction is most pronounced at
the blade tips, it is called a tip correction. This is a reasonable approach as long as the
rotor is close to being optimally loaded.

Other approaches to defining the wake shape include moderate loading analyses and
empirical methods.

A moderate loading assumption generally involves a constant

radius wake whose pitch is determined by the velocities at the lifting line, including the
induced velocities. Once the pitch is set at the lifting line it does not vary axially at a
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given radial location. In this case the wake does not have to be a regular screw surface
as the pitch of the helicoidal sheet may vary with radius. The methodology of Lerbs is a
good example of this approach, which allows for the analysis of arbitrary circulation
distributions in a mostly analytical manner [36]. Empirical and semi-empirical methods
base the wake shape either fully or partially on experimental results, allowing the wake
radius and local pitch to vary in some predetermined manner. These methods are
naturally limited to the range of conditions close to those for which a given empirical
model was developed, though they may be highly accurate in this range.

The optimum loading methods, either in their original forms or as tip corrections in the
BEM method, are the most commonly used of the above approaches. They also have
closed form analytical results, making them useful comparisons for numerical vortex
methods. The remainder of this section will examine the optimum loading analyses in
more detail.

3.2 The Betz Condition for an Optimum Propeller

Because the axially induced velocity varies in the wake, the local pitch angle that the
helicoidal wake vortex sheet should take is not obvious, and in fact may be expected to
vary both radially and axially. Betz showed that for an optimum efficiency propeller, the
far wake takes the form of a helicoidal sheet of fixed pitch, or a ‘regular screw surface’
that appears to move at a uniform axial velocity [37]. Although originally developed for
propellers, the optimum wind turbine also belongs in the class of solutions defined by
Betz’s theorem.
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Betz’s theory proceeds not from a rigorous proof, but rather through an exercise in logic.
He supposes that some small increment in circulation, ∆Γ, is added to some point on
the lifting line. This results in a change in thrust, ∆T, and torque, ∆Q, on the lifting line.
The change in circulation must be matched by shed vorticity in the wake, which will
affect the induced velocity and induced forces over the whole lifting line. For this reason
the thrust and torque changes ∆T and ∆Q are not merely from the point where the
circulation was added, but rather are the sum of changes over the whole lifting line.
Betz defines a quantity k as the ratio of the increment in useful work to the increment in
shaft power caused by the added circulation:
k=

U∞ ∆T
Ω∆Q

(3.1)

For an optimum propeller k must be constant with radius. If it were not, that would
mean for a given increment in power, the level of thrust added would vary depending on
the radius where ∆Γ was added. That in turn would mean that the overall efficiency of
the propeller could be increased by adding circulation where k was high and removing it
where k was low. So for the optimum efficiency case k must be constant. This does not
necessarily apply to the blade tip and root since circulation cannot be added there.

As mentioned above, adding ∆Γ to some point on the lifting line changes the force
distribution over the entire lifting line, making it difficult to quantify ∆T and ∆Q. To
simplify matters, Betz employs Munk’s stagger theorem. Since the power and thrust
can be completely specified by conditions in the far wake (see for instance Equation
2.26), the added circulation ∆Γ can be moved anywhere along the vortex line shed from
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a given point on the lifting line and expect the same net thrust and torque as if it had
been added at the lifting line, assuming that the increment in circulation does not disturb
the wake shape. It is convenient to add the incremental circulation ∆Γ to some point at
radius rw in the developed wake corresponding to the point at radius rd on the lifting line.
Because ∆Γ and its shed vorticity are now infinitely far from the propeller plane, the
lifting line experiences no change in force distribution. The entire changes in thrust and
torque of the system then are entirely specified by the thrust and torque experienced by

∆Γ in the far wake.

∆Γ is moving with the same axial and angular velocities as the lifting line; translating at
U∞ with a tangential velocity of Ω rw. The induced velocity at ∆Γ’s position on the vortex
sheet in the far wake consists of a component in the axial direction, uw, and a
component in the tangential direction ωw rw. For the propeller case the opposite sign
conventions on uw and ωw as for the wind-turbine case will be used. So the net velocity
relative to ∆Γ is then (U∞ + uw) in the axial direction and (Ω − ωw) rw in the tangential


direction. Figure 3.3 depicts the relevant velocities. The vector AO represents the

absolute velocity of ∆Γ, while the vector CO represents the velocity of ∆Γ relative to the
fluid.

The vector u′ shown in the figure is generally referred to as either the

displacement velocity or the impact velocity. Here it will be called the displacement
velocity, although, as will be shown, it might more properly be referred to as the
apparent velocity.


In addition to representing the velocity of ∆Γ relative to the flow, the vector CO is also
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Figure 3.3: Far wake velocity diagram for a propeller

tangent to the helix at the point in the far wake under consideration. To see this,
consider two fluid particles p and q that leave the same point on the lifting line at radius
rd in quick succession separated by small timestep δt. In the limit as δt goes to zero, the
vector between p and q is tangent to the helicoidal sheet. At some later time t the
particles are in the far wake and the position of point p and the induced velocity at point
p are defined as:




px ( t )
uw






p(t ) = rw cos ν w ( t )   ; w p ( t ) =  −ωw rw sin ν w ( t )  




 rw sin ν w ( t )  
 ωw rw cos ν w ( t )  

(3.2)

where νw(t) is the azimuth angle of point p at time t. Due to the steady nature of the
problem and its helical symmetry, the position of q at any time t is the same as the
position of p at time t – δt, but rotated by an angle Ω δt and translated by U∞ δt:
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q ( t ) = p ( t − δ t ) [M ] − U∞δ t

(3.3)

where [M] is the x-axis rotation matrix, which for the small angle Ω δt is:
1
 1 0
0
0

[M ] = 0 cos ( Ωδ t ) − sin ( Ωδ t ) ≈ 0 1
0 sin ( Ωδ t ) cos ( Ωδ t )  0 Ωδ t



0 
−Ωδ t 
1 

(3.4)

The vector from q to p is then:






p ( t ) − q ( t ) = p ( t ) − p ( t − δ t ) [ M ] + U ∞δ t

(3.5)


dp ( t ) 



p (t − δ t ) ≈ p (t ) − δ t
= p (t ) − w p (t )δ t
dt

(3.6)

For small δt:

Equation 3.5 then becomes:





p ( t ) − q ( t ) = p ( t ) {[I ] − [M ]} + w p ( t ) [ M ] + U∞δ t

where [I] is the identity matrix.

(3.7)

Upon substitution of Equations 3.2 and 3.4 and

neglecting terms of O(δt2), the vector between the two points becomes:


U∞ + uw




p ( t ) − q ( t ) =  sin ν w ( t )  ( Ωrw − ωw rw )  δ t


 − cos ν w ( t )  ( Ωrw − ωw rw ) 

(3.8)

The helix angle φw, which is the ratio of the axial component of this vector to the
tangential component, becomes:


p (t ) − q (t )
x = U∞ + uw
tan φw = 

p (t ) − q (t )
( Ω − ωw ) rw
yz


which is the same angle as that defined by vector CO in Figure 3.3.
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(3.9)


Using the Kutta-Joukowski theorem, with CO representing the relative velocity, the
thrust and torque on ∆Γ are found to be:
∆T = ρ∆Γ ( Ω − ωw ) rw drw

(3.10)

∆Q = ρ∆Γ(U∞ + uw )rw drw

(3.11)

so that:
k=

U∞ ( Ω − ωw ) rw

(U∞ + uw ) Ωrw

(3.12)

or rearranging Equation 3.12:
U∞ + uw
U
= ∞
( Ω − ωw ) rw k Ωrw

(3.13)

The left-hand side of Equation 3.13 is the tangent of the angle φw in Figure 3.3, so
rw tan φw =

U∞
kΩ

(3.14)

Since k must be a constant for an optimum propeller and the other terms on the righthand side of Equation 3.14 are constant, then rw tan φw must also be constant with
radius. Because rw tan φw is the pitch of the wake at radius rw, this is the equation of a
regular screw surface. With reference to the figure, an equivalent expression can be
substituted for the left-hand side of Equation 3.14:
U∞ + u ' U∞
=
Ω
kΩ

(3.15)

So the displacement velocity u′ then must also be constant with respect to radius in the
far wake for an optimum propeller:
u' =

1− k
U∞
k
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(3.16)

This also puts a condition on the component of the induced velocity normal to the helix,
wn:
w = w n = u 'cos φw =

1− k
U∞ cos φw
k

(3.17)

The component of induced velocity parallel to the helix must be zero, as will be shown,
so that the total induced velocity is equal to the normal component of induced velocity.

This velocity normal requirement results from the helical symmetry of the problem, but
in a somewhat indirect manner.

Helical symmetry stipulates that if the wake were

rotated about the axis of rotation and translated an appropriate distance, the problem, in
terms of geometry and velocities, would be indistinguishable from the original
orientation. This condition is met whether there is a component of induced velocity
parallel to the helix or not, as long as the velocity is constant moving along the helix. A
constant component of induced velocity parallel to the helix would mean the velocity
potential is increasing linearly along the helix. This may seem to be a contradiction of
helical symmetry, but the symmetry condition should only be applied to physical
variables and not to the non-physical velocity potential. For example, a pure freestream
velocity clearly admits a translational symmetry in the freestream direction even though
the velocity potential is increasing linearly in this direction. However, going back to the
problem at hand, for the potential function to be increasing linearly along the helix
requires, in polar coordinates, that the velocity potential contain constant multiples of
the axial coordinate x and the angular coordinate θ. As pointed out by Goldstein [38]
the x-term would cause a non-zero perturbation velocity at an infinite radius in violation
of the boundary conditions, and the θ-term would lead to a non-zero circulation about
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the axis at radii greater than the wake radius, in violation of Stoke’s theorem. Therefore
the constant multipliers on these terms must be zero so that the component of induced
velocity parallel to the helix is zero as well.

The axial and tangential components of the normal induced velocity wn are:
w A = u 'cos2 φw = uw
wT = u 'cos φw sin φw = rw ωw

(3.18)

Betz’s optimum propeller condition then requires the far wake to be a regular screw
surface, as described by Equation 3.14, which induces normal to itself the velocity
distribution described by Equation 3.18.

There are two equivalent ways of viewing the above conditions for the motion of the
wake of the optimum propeller. One is that the far wake is a rigid regular screw surface
that moves axially at the displacement velocity u′ and does not rotate. The other view is
that the wake sheets are moving normal to themselves at the local induced velocity as
given by Equation 3.17. In this latter view the wake still takes the same shape of a
regular screw surface, but cannot be considered to be moving rigidly in light of Equation
3.18. This view is the more proper one from a physical standpoint since it has the wake
moving at the local induced velocity, as a free wake must. But the former viewpoint of a
rigid wake moving axially at the displacement velocity is simpler to apply, and since they
are completely equivalent this is the view usually taken. Their geometric equivalence is
perhaps best demonstrated graphically as in Figure 3.4. The tangential motion of the
infinite helix is replaced by an additional axial displacement on top of the displacement
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Figure 3.4: Equivalence of motion due to displacement velocity to that due to sheet
normal induced velocity for an infinite helix [30]

due to the axially induced velocity. This is akin to the way a barber’s pole uses a
rotational motion to create an apparent translational velocity, as noted by Larrabee [39].

To summarize, Betz’s condition for an optimum propeller requires the far wake to be a
regular screw surface that has the appearance of rigid body motion in the axial direction
at the displacement velocity u′. For this reason it is often called Betz’s rigid wake
condition.

As noted above this is a bit of a misnomer since from the more physical

viewpoint of the wake moving at its local induced velocity it is not moving in a rigid
manner. Betz’s condition only applies to the far wake and cannot in general be applied
farther upstream where, in the case of a propeller, the wake will be contracting. By itself
Betz’s condition does not provide a solution to the problem, but provides guidance on
the kind of wake shape to stipulate.

48

3.3 Application of Betz’s Condition to Wind Turbines

Although Betz’s condition was developed for the optimum propeller, it is also often taken
to be the condition defining an optimum wind turbine [30, 40-43]. This assumption is
invariably presented without much discussion, so it is worth looking at in some detail
here. The optimum efficiency for the propeller was defined as the ratio of useful work
(thrust multiplied by the freestream velocity) to input power. The propeller was then
found to be at optimum efficiency when an increment in circulation anywhere on the
blade resulted in an equivalent elemental efficiency k. For the optimum wind turbine,
the thrust level is not of concern, at least from an aerodynamic performance
perspective. The sole objective is to maximize the power extracted at a given wind
speed and blade rotation rate. With this said, it is still worthwhile to begin by looking at
maximizing power for a given thrust since this set will automatically contain the solution
for overall maximum power.

Consider once more the small element of circulation ∆Γ added at radius rw in the far
wake.

Returning to wind-turbine sign conventions, Figure 3.5 depicts the far wake

velocity diagram for a wind turbine.


Again the vector AO represents the absolute


velocity of the element of circulation ∆Γ and the vector CO represents the velocity of ∆Γ
relative to the flow. The thrust and torque on the element are found via an application of


the Kutta-Joukowski theorem with the relevant velocity CO :
∆T = ρ∆Γ ( Ω + ωw ) rw drw

(3.19)

∆Q = ρ∆Γ(U∞ − uw )rw drw

(3.20)
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Figure 3.5: Far wake velocity diagram for a wind turbine

If a term k2 is defined as the ratio of the increment in power to the increment in thrust:
k2 =

Ω∆Q Ω(U∞ − uw )rw
=
(Ω + ωw )rw
∆T

(3.21)

then to maximize the power extracted for a given thrust k2 must be constant with radius.
Using the geometry of Figure 3.5, Equation 3.21 can be rearranged:
rw tan φw =

k2
Ω

(3.22)

Then for k2 constant with radius, rw tan φw must also be constant with radius, so that the
far wake is once again required to be a regular screw surface. Also, substituting an
alternate expression for tan φw from the Figure 3.5 Equation 3.22 becomes:
U∞ − u ' = k2

(3.23)

So that the displacement velocity u′ must also be constant with radius for the wind
turbine that extracts the most power for a given thrust. These are the exact same
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conditions as for the Betz optimum propeller. While this specifies a condition for the
maximum power for a given thrust, it is interesting to take it a step further and try to find
a condition for the true optimum wind turbine which will have the maximum power for
any thrust.

3.3.1 Proposed Max Power Far-Wake Condition

The increment in power extracted by the added circulation ∆Γ is:
∆P = Ω∆Q = ρ∆ΓΩ(U∞ − uw )rw drw

(3.24)

The circulation distribution of the wind-turbine blade may be said to be optimum when
any increment in circulation, whether positive or negative, added at any radius except
the tips produces a negative increment in power extracted.

If adding circulation

anywhere increased the power extracted then the distribution would not be optimal.
Other than ∆Γ, the only term in Equation 3.24 that can take on a negative value is (U∞ uw). So for the optimality condition to be met, when ∆Γ is positive (U∞ - uw) must be

negative and when ∆Γ is negative (U∞ - uw) must be positive. Noting that uw increases
with increasing blade circulation, this condition is met if uw = U∞.

If this is true, then the helix angle goes to zero in the far wake for the maximum power
wind turbine.

As the wake sheets move toward infinity in the axial direction their

velocities relative to the wind turbine approach zero. To satisfy continuity the wake
sheet radius must approach infinity. Also, the tangential component of the induced
velocity will approach zero as the sheets become parallel to the plane of rotation. From
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conservation of angular momentum this might seem to mean that no torque is produced
by the rotor, but because the wake sheet radius is going to infinity, even a vanishing
tangential velocity could produce a finite angular momentum in the limit.

This condition disagrees with the results from axial momentum theory, in fact seeming
more consistent with the axial momentum maximum thrust case than the maximum
power case. It does satisfy the more general Betz condition as described above, with
the helix angle being zero everywhere and the displacement velocity equal to the axially
induced velocity equal to the freestream velocity. If correct it is an interesting result that
does not seem to have been presented before, but there may be some error in the
above reasoning.

Not all authors agree that the Betz condition defines the optimum wind turbine. Wilson
et al., for instance contend that the optimum condition for a wind turbine is one in which
there is an increased displacement velocity towards the center of the wake, though an
exact relationship is not reached [44]. This leads them to conclude that methods based
on Betz’s condition are only appropriate at high tip speed ratios [44]; however they are
defining the optimum wind turbine as that which maximizes power for a given thrust
multiplied by velocity at the disc, rather than just for a given thrust as above. In that
sense their analysis does not contradict the results above. Chattot, using a calculus of
variations approach, contends that the optimal wake (in terms of maximum power for a
given thrust) satisfies Betz’s condition in the average when weighted by the circulation
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of the lifting line [13]; however, he ignores wake expansion which is not negligible for a
wind turbine and may affect the analysis.

3.4 Relating the Far-Wake Conditions to the Blade Circulation

The procedure for finding the optimum circulation distribution from Betz’s condition for a
wind turbine or propeller is much different, for instance, than the related procedure of
finding the optimum circulation distribution for a fixed wing using lifting line theory. For a
fixed wing, the wake is assumed to be a semi-infinite flat sheet lying in the freestream
direction. This assumption is justified by the fact that it results in zero drag force on the
wake, making the drag computation on the lifting line highly accurate. The velocities
induced by the simple planar wake are easily computed for an arbitrary circulation
distribution. The circulation distribution is written in the form of a Fourier series with
undefined coefficients, and then the performance parameters are found in terms of
these coefficients, from which the optimum choice of coefficients becomes apparent. In
this case the induced drag is minimized with the choice of coefficients corresponding to
an elliptical circulation distribution.

If rather than the optimal circulation distribution

some other distribution is required, the analysis does not change much. The chosen
wake shape does not change, since in any case the planar, freestream directed wake
produces no drag.

The situation is much different for the axial flow rotor. There is not a simple universal
fixed wake shape that can be assumed like for the fixed wing. Instead, the wake shape
can be expected to change with any change in rotor geometry or operating condition.
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Although the Betz condition requires the far wake to be fixed pitch, the near wake
remains undetermined. Also it only applies to the optimum rotor, so that the shape of
the wake for arbitrary loading is unknown. For these reasons, the type of Fourier series
analysis used for the fixed wing analysis cannot easily be employed.

Instead the

analysis proceeds in somewhat the reverse order. Rather than assuming a form of the
circulation distribution and then computing induced velocities, the induced velocities in
the far wake are computed for the optimum distribution first, and then the circulation
distribution is determined. While the Betz condition specifies a fixed pitch in the far
wake, it does not directly specify what that pitch should be. To proceed, either a certain
pitch is assumed, or the pitch is left as an unknown and determined as part of a more
complicated analysis. The rotor lifting-line theory ends up being more complicated and
less general than that of fixed wing lifting line analysis.

The simplest approach taken is to assume that the rotor is lightly loaded, which means
that the wake radius and pitch are assumed to be constant, set so that the wake
trajectory follows the blade path relative to the freestream velocity
rw = rd = r ;

 U∞ 

 Ωr 

φw = φd = arctan 

(3.25)

This assumption separates the wake shape determination from the rest of the analysis,
and once the wake shape is set the induced velocities as specified by the Betz condition
can be computed either approximately, as by Prandtl [37], or exactly as by Goldstein
[38].

For a lightly loaded symmetrical rotor (evenly spaced identical blades), the

induced velocity at a point on the lifting line is exactly half the induced velocity at the
corresponding point in the far wake. To see this, imagine taking an infinitely long screw
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surface, cutting it in half transversely, and rotating one half 180 degrees so that the cut
ends face the same direction. The two semi-infinite halves will look identical, but the
vorticity in the sheets will be in opposite directions, so that from this perspective the
induced velocities at the broken end are of equal magnitude but in opposite directions.
When you rotate the one half back to its original orientation, the velocity vectors also
rotate 180 degrees so that the induced velocities of each half are now in the same
direction.

The velocity vector at any point on the end of the semi-infinite sheet is then

exactly half that of the same point on the doubly infinite screw surface.

While light loading is not a bad assumption for propellers under typical steady operating
conditions, it is not so good for wind turbines because light loading assumes that the
induced velocities are small compared to the freestream velocity. This is generally not
true for wind turbines. Recall, for instance that axial momentum theory predicts the
induced axial velocity of the maximum power wind turbine in the far wake to be two
thirds the magnitude of the freestream velocity. Theodorsen developed a more general
heavy loading analysis for propellers by recognizing that the Betz condition does not
require a light loading assumption [31]. Then the exact solution of Goldstein can be
applied to the heavy loading case as long as it is matched to the radius and pitch of the
far wake, rather than the radius and pitch of the light loading condition. Of course the
far wake conditions are unknown ahead of time and must be found as part of the
analysis, which becomes quite complex. Some references attempt a middle ground
between the light and heavy loading assumptions by assuming a constant wake radius,
like the light loading case, but with a variable wake pitch [13].
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In any case, because the Betz condition applies to the far wake, it is helpful to have a
relationship between the induced velocity in the far wake and the circulation on the
lifting line. This can be achieved through an application of Stokes’ theorem on the
transformation between surface integrals and line integrals, namely:
 

 

∫∫ ( ∇ × u )indS = ∫ u icdC
S

(3.26)

C

The surface S is chosen to include the rotor disc up to a radius rd and the streamtube
extending to the far wake from that radius. The surface is open on the far wake end,
defined by the circular path C of radius rw. The surface integral will be zero over the
streamtube in the wake since the vorticity is zero everywhere except the along wake
sheet, where it is tangential to the surface. Likewise, the surface integral over the face
of the rotor disc will be zero because the lifting lines are in the surface plane. At the
edge of the encompassed rotor disc, however, the lifting lines pierce the streamtube so
that the surface integral becomes the sum of the circulation over the individual blades at
the radius rd. The integral over the closed circular curve in the wake is simply the
circulation around that curve, which is equal to the average tangential velocity at that
radius multiplied by the perimeter length. Then:

BΓ r = 2π rw wT

(3.27)

d

So the circulation on the blade can be found once both the tangential velocity in the far
wake and the relationship between the radius in the wake and the radius at the lifting
line are known.
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3.5 Prandtl’s Approximate Solution

In the appendix to the paper in which Betz laid out his optimum propeller condition,
Prandtl presented an approximate method to determine the optimum circulation
distribution [37]. Prandtl modeled Betz’s rigid wake as an infinite series of semi-infinite
flat plates moving normal to themselves at velocity v and maintaining a constant
separation distance s, as shown on the left-hand side of Figure 3.6. There can be no
flow through the semi-infinite sheets, but there is flow around the edges of the sheets so
that, in general, at some distance (R – r) from the edge of the sheet the average velocity
normal to the sheets is some fraction F of the sheet velocity:
v = Fv

(3.28)

1
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F
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Figure 3.6: Prandtl’s flat plate approximation. Left: flow around edges of infinite array
of semi-infinite flat plates [37, modified]. Right: ratio of average normal velocity to sheet
velocity vs. non-dimensional distance from sheet edge

There is also a component of velocity tangential to the sheet, but this does not play a
role in the analysis. Using the known potential solution for the flow around the semiinfinite sheets, Prandtl found the fraction F to be:
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F=

2

π

f =

( )

arccos e −f

(3.29)

π (R − r )
s

where f is the distance from the edge of the sheets non-dimensionalized by the sheet
spacing s. The right hand side of Figure 3.6 shows F plotted versus f. At the edges of
the plates F equals zero. Moving inward from the edge, F increases and far from the
edge approaches unity as the fluid is essentially moving at the plate velocity.

To apply this result to a propeller or wind turbine, the plate spacing distance s should be
set equal to the normal distance between successive wake sheets at the edge of the
helicoidal wake. Prandtl considered a light loading case with no wake contraction and
with the pitch of the wake set so that the wake trajectory follows the blade path relative
to the freestream. The spacing parameter s and subsequent expression for f become:
s=

f =

2π U∞
2π R
cos φedge =
BΩ
B 1+ λ 2

(

)

(3.30)

B(λ − λr ) 1 + λ 2 B
= (1 − µ ) 1 + λ 2
2λ
2

where R is the radius of the rotor and B is the number of blades. The tip-speed ratio is

λ = ΩR/U∞ and the local speed ratio is λr = Ωr/U∞. Rewriting Equation 3.18, Betz’s
optimum propeller condition stipulates that the components of the normal induced
velocity in the far wake on the helicoidal sheet should be:
w A = u 'cos2 φw = uw
wT = u 'cos φw sin φw = rw ωw
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(3.18)

where the displacement velocity u′ is constant with radius but φw varies so that rw tan φw
is constant. Incorporating Betz’s condition into Prandtl’s approximation, the azimuthally
averaged induced velocities in the wake at a given radius become:
w A = F * u 'cos2 φw

(3.31)

wT = F * u 'cos φw sin φw

The average tangential velocity can be related to the circulation at the corresponding
radius on the lifting line using Equation 3.27:
Γ=

2π rw Fu 'cos φw sin φw
B

(3.32)

Traditionally the circulation distribution is non-dimensionalized and called G:
G=

BΓ
2π rw u ' tan φw

(3.33)

This is the circulation multiplied by the blade number divided by the product of the
displacement velocity and the pitch of the far wake.

Using Equation 3.32 for the

circulation this becomes:
Gp = F cos2 φw

(3.34)

where the subscript ‘p’ is for Prandtl. And using the typical light loading assumptions
(Equation 3.25) the non-dimensionalized circulation distribution becomes simply:
Gp =

F λr2
1 + λr2

=

F λ 2µ 2
1+ λ 2µ 2

(3.35)

where µ is the radius ratio (µ = r/R). Gp represents the shape of the ideal circulation
distribution for a given tip-speed ratio and number of blades using the Prandtl
approximation.
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At this point, to find the actual ideal circulation distribution the displacement velocity u′
still needs to be computed. To do so requires a further specification (in addition to the
number of blades and tip speed ratio). For a propeller either the power available or the
desired thrust is specified.

For a wind turbine the power is maximized.

This

performance specification is related to the conditions in the far wake by first finding the
relationship between the induced velocity in the far wake and that at the lifting line, and
then using the Kutta-Joukowski theorem to relate the forces on the lifting line to the
velocities in the far wake. This is fairly easily done for a lightly loaded rotor because for
a constant radius, constant pitch helicoidal sheet the induced velocity at a point on the
lifting line is exactly half that at the corresponding point in the far wake. The results for
the power and thrust coefficients are:
2

 u' 
 u' 
CT = 
 Ι1 + 
 Ι2
 U∞ 
 U∞ 

(3.36)

2

 u' 
 u' 
CP = 
 Ι1 − 
 Ι3
 U∞ 
 U∞ 

(3.37)

where:
1

Ι 1 = 4 ∫ Gp µ d µ
0
1

Ι 2 = 2∫
0
1

Ι 3 = 2∫

Gp µ

λ 2µ 2 + 1
Gp λ 2 µ 3

2 2
0 λ µ +1

dµ

(3.38)

dµ

As before λ is the tip-speed ratio and µ = r/R. For a given blade number and tip speed
ratio, Equations 3.36 and 3.37 are functions only of the displacement velocity, so that,
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noting that the integrals in Equation 3.38 are positive, the maximum power case can be
found by taking the derivative of Equation 3.37 with respect to u′, setting equal to zero
and solving for u′:

Ι
u'
= 1
U∞ 2Ι 3

for CPmax

(3.39)

Ι 12
4Ι 3

(3.40)

Then substituting back into Equation 3.37:
CPmax =

The integrals Ι1, Ι2 and Ι3 generally have to be computed numerically.

Once the

displacement velocity is determined, the circulation distribution is found from Equation
3.33, and the far wake induced velocities from Equation 3.18. The induced velocities at
the lifting line are then half those at the corresponding points in the far wake. Once the
induced velocities at the lifting line are known, the induced angles of attack can be
computed. Then the blade chord and pitch angle can be selected to provide the optimal
circulation distribution.

So far the profile drag of the blade sections has been ignored, but this can be easily
integrated into the above analysis by adding the appropriate terms into the expressions
for torque and thrust. The shape of the ideal circulation (the Gp function) does not
change, but the level of power extracted for a given thrust certainly will, so that the
optimal displacement velocity will also be different when drag is included. See, for
instance, any of References [30, 38, or 40] for the full equations.
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These equations were developed for the light loading assumption, which in many
instances is probably not appropriate for a wind turbine.

Sanderson and Archer

developed a heavy loading design procedure for Betz condition wind turbines using
Prandtl’s approximation by combining it with Theodorsen’s heavy loading methodology
[43].

3.6 Goldstein’s Exact Solution

Whereas Prandtl approximated the wake as a series of semi-infinite flat plates to obtain
his function for the ideal circulation distribution, Goldstein was able to determine an
exact solution to Laplace’s equation for the regular helicoidal vortex sheet [38]. For light
loading, the equation in polar coordinates describing the geometry of the screw surface
for an arbitrary number of blades is:

θ−

Ωx 2π j
=
U∞
B

for 0 < r < R and j = 0, …, B-1

(3.41)

where the x-axis is the axis of rotation. The solution is sought in the far wake, so that
the screw surface is assumed to extend to infinity in both axial directions. To adhere to
Betz’s condition, the screw surface is taken to be translating at the displacement
velocity u′. The boundary conditions require zero perturbation velocity at infinite radius
and zero normal velocity on the sheets relative to their motion. The latter condition can
be written:
Ωru ' = Ωr

∂ϕ U∞ ∂ϕ
−
∂x
r ∂θ
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(3.42)

where ϕ is the velocity potential.

Equation 3.42 is valid on the sheet surface as

described by Equation 3.41. Due to the helical symmetry, the velocity is a function of r
and (θ – Ω x/U∞) only. As mentioned earlier, the boundary conditions cause the velocity
potential to adhere to the symmetry requirement as well, so that it is also a function only
of r and (θ – Ω x/U∞), which allows the problem to be reduced to two independent
variables. Starting from Laplace’s equation in cylindrical coordinates and letting σ = (θ –

Ω x/U∞), Laplace’s equation can be written in the form:
2
∂  ∂ϕ 
2 ∂ ϕ
=0
λr
 λr
 + 1 + λr
∂λr  ∂λr 
∂σ 2

(

)

(3.43)

where λr is the local speed ratio. The solution of this equation with the given boundary
conditions determines the velocity everywhere in the far wake. Once the velocity is
determined in the far wake, an azimuthal average can be computed, from which point
the procedure for determining the ideal circulation distribution is exactly the same
procedure that was described for the Prandtl approximate solution above. The method
of determining the solution to Equation 3.43 is quite complicated, involving separate
forms in the regions where r < R and r > R, with a matching condition on the velocity
potential and its radial derivative at the boundary of the two regions. The full details are
presented in Ref. [38]. For light loading, the result for the non-dimensional circulation
distribution can be written as follows, with the subscript ‘g’ indicating Goldstein:
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A 0 = 1, 3 A1 =

(3.44)

1
1⋅ 3
, 5 A2 =
, ...
2
2⋅4

where T1,n is a modified Lomme function as defined in [38], In is a modified Bessel
function of the first kind, and the εm are corrections to the coefficients in the Bessel sum
that must be computed numerically. Equation 3.44 also assumes the tip-speed ratio is
not too small. For very small tip-speed ratios the form of the solution, as given in
Appendix 2 of Goldstein’s paper, is slightly different and contains series which converge
very slowly. The function Gg represents the shape of the ideal circulation distribution for
a given number of blades and tip speed ratio under the light loading assumption using
the exact solution to Laplace’s equation for a regular screw surface. This function is
typically called the Goldstein circulation function or simply the Goldstein function. The
actual computation of Equation 3.44 is very difficult and typically pre-computed tables
are used, such as those produced by Tibery and Wrench [45]. More recently, Sørensen
and Okulov [20, 42] developed a method to compute the Goldstein function using a
series of one hundred discrete helical filaments for which Okulov has developed an
analytical solution [46]. Their method is easier than the solution of Equation 3.44, and
agrees almost exactly with previously tabulated data.

Once the non-dimensional

Goldstein circulation function is found, the analysis proceeds exactly as for the Prandtl
approximation using Equations 3.36 – 3.40 with Gg in place of Gp.
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Figure 3.7 shows both Goldstein’s and Prandtl’s optimum circulation distributions for a
two bladed propeller at various tip speed ratios. The higher the tip-speed ratio, the
flatter the circulation profile becomes. It may appear from the figure that the magnitude
of the circulation is larger for the higher tip-speed ratios, but the G function is
nondimensionalized and only represents the shape of the circulation distribution. The
actual circulation will be of lesser magnitude the higher the tip-speed ratio and also the

Figure 3.7: Nondimensional circulation as a function of local-speed ratio for a two
bladed propeller. Solid line: Goldstein’s exact solution. Dashed line: Prandtl’s
approximate solution [38]

higher the number of blades. Figure 3.8 shows the Goldstein and Prandtl circulation
functions for a two and a four bladed propeller at a tip speed ratio of five. The four
bladed curves are those with the higher maximum value of G. The radius of maximum
circulation shifts outward as the number of blades is increased. The higher the tip-
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speed ratio and the higher the number of blades, the closer the Prandtl approximation
becomes to the exact solution of Goldstein.

Figure 3.8: Nondimensional circulation as a function of local-speed ratio for two and
four bladed propellers. Solid line: Goldstein’s exact solution. Dashed line: Prandtl’s
approximate solution [38]

McCormick modified the Goldstein analysis to account for the effects of a finite hub by
modeling the hub as an infinite cylinder [47]. The boundary condition requires zero
normal velocity on the cylindrical hub, which effectively causes the shed vorticity to be
zero at the hub interface. Since the shed vorticity is equal to the slope of the circulation
distribution, this must also go to zero at the hub as well. The circulation itself does not
have to be zero, and in fact ends up being greater than the circulation at the same radii
on a propeller with no hub. The variation on the Goldstein circulation distribution is
shown to be fairly small for a large number of blades, but more pronounced when there
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are fewer blades. The effect of tip speed ratio was not examined. Wald suggests this is
an improper approach to finding the ideal distribution because downstream of the
propeller the flow should be allowed to expand to fill the central space of the hub [48].
Then, since the Betz condition is in effect whether or not there is a hub, the circulation
distribution on the blade with the hub is essentially a compressed version of the
distribution for the no hub case with the same tip-speed ratio, with the circulation going
to zero at the blade-hub interface.

This approach, however, ignores the velocity

boundary condition on the hub. The proper solution may very well be a combination of
the two methods. In any case, the effect is small for small hubs.

So far the focus has been on the light loading case, but in general light loading is not
necessarily a good assumption for a wind turbine due to the relatively large values of
induced velocity in relation to the freestream magnitude. The light loading assumption
significantly under assumes the wake radius. For instance, at maximum power, axial
momentum theory determines the wake area to be twice that of the rotor area. While
the vortex theory will not match this exactly, it gives some idea of the order of the error.
Also, the light loading assumption causes the pitch angle in the wake to be less than it
should be. Since the induced velocity is perpendicular to the vortex sheets, this causes
the tangential velocity in the wake to be under-predicted for a given amount of
circulation (and the axial velocity over-predicted). This in turn leads to the circulation
magnitude required for a given optimum loading condition to be over predicted.
Furthermore, because the wake shape does not include the effects of induced velocity,
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there is a net velocity relative to the sheets so that they are actually generating spurious
forces.

3.7 Theodorsen’s Heavy Loading Solution

Betz’s condition does not require a light loading assumption and can be readily applied
to a heavily loaded propeller. If the rollup of the edges of the wake sheets is neglected,
the far wake of an optimum propeller with heavy loading will then be a regular screw
surface with a constant axial displacement velocity. Theodorsen recognized that since
the heavily-loaded wake took the same form as for the lightly-loaded case, Goldstein’s
circulation function was applicable as long as it was related to the radius and pitch of
the far wake rather than the radius and pitch specified by the light loading assumption.
Through a control volume analysis the thrust and torque on the rotor can be determined
entirely by the conditions in the far wake. A separate determination of the forces on the
lifting lines from the Kutta-Joukowski theorem allows the conditions in the far wake to be
related to those at the rotor disc. While the principal results from this analysis are
presented below, the full details are fairly involved and can be found in Theodorsen’s
book [31], or in the more modern review by Wald [49]. The presentation here differs
slightly from the above references due to the use of wind turbine sign conventions
rather than propeller sign conventions.

The non-dimensional circulation, as defined by Equation 3.33, can be written for the
heavily loaded wind turbine:

68

G=

BΓ
BΓΩ
=
2π rw u ' tan φw 2π (U∞ − u ')u '

(3.45)

If the wake tip speed ratio, λw, and wake local speed ratio, λwr, are defined as:

λw =
λwr

1
tan φw ( Rw ) 

=

ΩRw
U∞ − u '

(3.46)

Ωrw
=
=
tan φw ( rw )  U∞ − u '
1

then the optimum circulation function can be defined for the wake of the heavily loaded
wind turbine by substituting λw for λ and λwr for λr in Equation 3.44. This heavily-loaded
version of the Goldstein circulation function will be denoted Gt, where the subscript ‘t’
stands for Theodorsen, to distinguish it from the light-loading usage, denoted by Gg.
The non-dimensional displacement velocity uɶ ' is defined as:
uɶ ' =

u'
U∞

(3.47)

Power and thrust coefficients in terms of the wake area are defined as:
CTw =

T

CPw =

1
ρU∞2 Aw
2

P
1
ρU∞3 Aw
2

(3.48)

Theodorsen’s analysis found these coefficients to be:


 1 ε 
CTw = 2κ uɶ ' 1 − uɶ '  +  
 2 κ 


(3.49)

 ε 
CPw = 2κ uɶ ' (1 − uɶ ' )  1 − uɶ ' 
 κ 

(3.50)

where κ is called the mass coefficient and ε is called the axial loss coefficient. These
terms are defined as:
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κ=

ε=

1
u ' Aw

∫ uw dS
Aw

1

(u ' )

2

(3.51)

∫ uw dS
2

Aw

(3.52)

Aw

Physically, κ represents the ratio of the area of a flow with constant axial velocity u′ to
the area Aw of the flow with the axial velocity distribution uw for equivalent mass flow.
Similarly, ε represents an area ratio, but this time in regards to equivalent axial kinetic
energy rather than equivalent mass flow. Both ε and κ must be between zero and one,
with κ being greater than ε.

A simple expression for the mass flow coefficient was found in terms of the Goldstein
function Gt and the non-dimensional wake radius µw = rw/Rw:
1

κ = 2∫ Gt µw d µw
0

(3.53)

Theodorsen also found an interesting relationship for the axial loss coefficient:

ε =κ −

λw dκ
2 d λw

(3.54)

Theodorsen indicates some uncertainty as to whether the above expression is an exact
representation, but that in any case it provides “more than necessary accuracy” for
engineering purposes [31]. For a given wake tip-speed ratio and blade number, κ can
be computed via numerical integration if the Goldstein function is provided in tabulated
form. If κ is computed for several λw around the design λw, then the derivative term in
Equation 3.54 can be estimated with a simple finite difference, so that ε is also easily
computed.
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Equations 3.49, 3.50, 3.53, and 3.54 completely specify the optimal performance in
terms of the wake tip speed ratio, the blade number, and the non-dimensional
displacement velocity. With the possible exception of Equation 3.54, these expressions
are exact representations of the potential problem. To relate the performance to the
parameters at the rotor requires additional relationships; specifically between the radius
of the wake and the rotor radius and for the velocities at the lifting line. Because the
exact shape of the near wake is unknown, only approximations for these relationships
are available.

Theodorsen suggests two methods for determining the wake expansion ratio. The first
is by integrating the radial velocity at the edge of the wake over the semi-infinite
distance from the lifting line to the far wake. The radial velocity is determined from a
Biot-Savart integration over the helicoidal sheet, which for this calculation is assumed to
be fixed pitch, fixed radius, which is where the approximation comes in. The second
suggested method is to equate the expression for the thrust found using the control
volume approach (Equation 3.49) to an expression for the thrust found using a KuttaJoukowski theorem integration over the lifting line.

The result is an approximation

because the exact relations for the velocities at the lifting line needed for the KuttaJoukowski theorem are unknown.

Also, it is assumed that the wake expansion is

radially uniform so that the same Goldstein function of the far wake applies to the lifting
line.

It is not immediately clear if either method is more accurate than the other.

Theodorsen seems to prefer the former method, while other authors [43, 49] use the
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latter probably for its relative simplicity. The expression found by relating thrusts shows
the ratio of the rotor area to the wake area to be:
1
2
(1 − uɶ ' ) 1 − uɶ ' Ι A 
 Rd 
 2


 =
 1 ɶ   ɶ  1 ε 
 Rw 
 1 − 2 u '  1 − u '  2 + κ  




2 1
Ι A = ∫ Gt µ cos2 φd d µ

κ

(3.55)

0

where φd is the helix pitch angle at the lifting line, which will be determined shortly.

There are also a number of different ways to approximate the velocities at the lifting line
in terms of the velocities in the far wake.

Theodorsen proceeds by making two

assumptions. The first is that the induced velocity at the lifting line is perpendicular to
the local relative velocity. The second is that the displacement velocity at the lifting line
is exactly half the magnitude of the displacement velocity in the far wake. Because the
helix angle at the lifting line is different from the helix angle in the far wake, this is not
the same as assuming that the components of induced velocity are half their respective
values in the far wake (see Equation 3.18). This assumption is also an approximation,
with a more exact expression for the non-dimensional displacement velocity at the lifting
line given by Theodorsen as:
1ɶ ε ɶ2
u '− u '
1
2
κ
ɶ
u 'd =
≈ uɶ '
1 ε  2
1 − uɶ '  + 
2 κ 
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(3.56)

With these assumptions, consideration of the velocity diagrams at the lifting line and in
the far wake show the relative velocity at the lifting line and the helix angle at the lifting
line to be:
W =

(

1
U∞ − u 'd cos2 φd
sin φd

tan φd =

)

(3.57)

Rw 1 − uɶ 'd
tan φw
Rd 1 − uɶ '

(3.58)

Wald [49] takes a slightly different approach by making assumptions directly on the
induced velocity components, as opposed to on the displacement velocity. He assumes
that the axial induced velocity at the lifting line is exactly one half its value in the far
wake and that the product of the tangential induced velocity and radius at the lifting line
is equal to one half the product of the tangential induced velocity and the associated
radius in the far wake. This leads to somewhat different expressions for the relative
velocity and helix angle at the lifting line.

Equations 3.55 – 3.58 describe the required relationships between the parameters at
the lifting line and in the far wake so that now the analysis is completely specified. Due
to the interrelated nature of the above expressions, the analysis generally proceeds in
an iterative manner. For instance, the area expansion ratio is initially assumed to be
unity and then refined in future iterations. The performance coefficients are given by:
2
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(3.59)

2

(3.60)

The maximum power coefficient for a given tip-speed ratio and blade number can be
found by taking the derivative of Equation 3.60 with respect to the non-dimensional
displacement velocity and setting equal to zero, but this is not a trivial exercise.
Theodorsen’s Goldstein function Gt depends on uɶ ' through λw, noting that λw is related
to λ as follows:

λw =

λ

Rw
1 − uɶ ' Rd

(3.61)

Because κ and ε depend on Gt, they also indirectly depend on uɶ ' , as does Rw/Rd. This
makes the optimization fairly complicated. The analysis is much easier if rather than
maximizing CP for a given λ and B, CPw is maximized for a given λw and B. In other
words the power is maximized for a given wake structure rather than for given rotor
properties. In this case Equation 3.50 is a simple cubic in uɶ ' and easily handled. This
is essentially the procedure used in References [43, 50]. It is not clear that this will
result in the maximum power extraction for the given rotor properties (rather than the
wake properties) and it does not seem to have been properly justified in the available
references.

Recently Okulov and Sørensen have proposed an alternative heavy loading analysis
methodology for wind turbines [50, 51]. They take issue with Theodorsen’s approach
for several reasons. First because, in the limit as the blade number goes to infinity,
Theodorsen’s solution does not equal that of the momentum theory with wake rotation
(using the approximate solution as presented by Glauert).

Theodorsen and Wald,

however, contend that the actuator disc is not the proper limiting case for the vortex
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theory. Schouten on the other hand purports to show that the failure of Theodorsen’s
analysis with infinite blades to agree with the actuator disc analysis is due to the neglect
of wake rollup [52].

It is worth pointing out that the approximations made in the

momentum theory with wake rotation may lead to somewhat questionable results at low
tip-speed ratios, perhaps affecting the comparison. Secondly, Okulov and Sørensen
state that Theodorsen should have used the unsteady versions of the control volume
equations in his analysis. This does not seem to be a valid criticism because, although
the flow is unsteady, the bulk unsteady terms in the energy and axial momentum
integral equations vanish anyway for uniform steady wind velocity and steady blade
rotation (there is no buildup of energy or axial momentum in the stationary control
volume) and Theodorsen does properly use the unsteady Bernoulli equation. Thirdly,
they indicate that Theodorsen’s method results in poor correlation with wind turbine
experimental results. They do not provide any examples or details, however, so it is
difficult to assess this statement. Their final criticism of Theodorsen’s approach is that,
due to its reliance on the properties of the far wake, it is difficult to apply in practice.

In their alternative approach, Okulov and Sørensen utilize the Goldstein distribution as
defined by the far wake properties in the same way as Theodorsen, but they do not do a
control volume analysis and instead rely solely on a Kutta-Joukowski integration on the
lifting lines to determine performance [50, 51].

While their procedure results in a

considerably simpler analysis than Theodorsen’s, several choices made to gain this
simplicity may be problematic. Because a control volume analysis is not used, there is
no way to relate the velocities in the far wake to those at the lifting line. To get around
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this, Okulov and Sørensen simply stipulate the axial and tangential induced velocities at
the lifting line to be half their value in the far wake. While this is exact for the lightly
loaded case and is probably not too bad an assumption in general, it is a greater
simplification than is made by either Theodorsen or Wald. Of more concern is their
consideration of the pitch of the wake to be constant over its entire length. This notion
is contrary to the usual understanding that for heavy loading, the pitch decreases from
the lifting line to the far wake with the reduction in net axial velocity. Their use of an
axially constant pitch wake could be considered a moderate loading assumption, though
this is not how it is presented. Rather, it is presented as a requirement stemming from
the use of the same Goldstein function in the far wake and on the lifting line [51]. The
connection is not made clear. Concomitant with this stipulation, they dimensionalize the
circulation from the Goldstein function using an expression for the pitch at the lifting line
rather than in the far wake. Assuming the induced velocities at the lifting line to be half
their far wake values with an axially constant pitch wake causes the displacement
velocity at the lifting line to also be half its far wake value. Another related irregularity is
their definition of an angular velocity, different than the angular velocity of the rotor, to
define the wake geometry.

Its use allows them to use the axially constant pitch

stipulation along with the induced velocity assumption without an obvious incongruity in
their expressions for the pitches, but it is not clear what rotation rate it is meant to refer
to. While their results look reasonable and do approach the actuator disc solution as
the blade number goes to infinity, the above issues in their analysis lead to some
reservation. It may be better to regard their analysis as appropriate to a moderately
loaded rather than heavily-loaded wind turbine.
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Theodorsen’s heavy loading approach is rarely used in wind-turbine analysis, probably
due to its complexity and, as described by Wald, “obscurities in his treatment and
inaccuracies and limited coverage in his tables” [49]. One example of its use is a paper
by Sanderson and Archer [43].

Though they use the Prandtl approximate solution

rather than Goldstein’s exact solution for the circulation distribution, they otherwise
follow Theodorsen’s heavy loading analysis. They find that an optimal two-bladed wind
turbine designed using the heavy loading analysis differs significantly from one
designed using the light loading analysis.
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Chapter 4: Numerical Methods

4.1 Overview

While the blade element momentum method is still the dominant wind-turbine design
and analysis tool, it is increasingly being augmented and in some situations supplanted
by more advanced numerical methods. The limits of the BEM method include:

•

assumptions of non-interacting streamtubes and small wake rotational velocities

•

approximate treatment of tip-losses

•

requirement of an empirical thrust correction for values of the axial induction factor
greater than one half

•

limits of the control volume approach in treating unsteady flow, requiring
approximate methods to deal with yaw, non-uniform or unsteady inflow, dynamic
stall, and other unsteady flow phenomena

•

difficulty in correcting two-dimensional airfoil data for three-dimensional rotational
effects, especially regarding stall

•

lack of detailed wake information

•

limited abilities in modeling complex geometries

While many of these issues have been addressed in the BEM theory with any of a
number of often empirical corrections, more general approaches are preferable, and
can often be provided by various more advanced numerical methods. Some of the
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problems remain difficult to treat using any method, particularly those related to
separated or highly unsteady flow.

Computational approaches to the analysis of the flow around wind turbines range from
inviscid potential flow methods including lifting line, lifting surface, and panel methods to
more advanced CFD solutions.

While CFD methods, most commonly using the

Reynolds-Averaged Navier-Stokes Equations, have in some cases become quite adept
at predicting the performance of a given wind-turbine geometry, they are still too
computationally intensive to use as a tool in a design process that requires many
iterations with a three dimensional geometry. Currently the best alternative options to
the BEM method for rapid design analyses can be found in potential flow methods.

The Mach number at the tip of even the fastest rotating wind-turbine blade is well below
the 0.3 threshold for compressibility effects. Furthermore, outside of the blade wakes
and boundary layers, viscous forces on the flow are negligible. Thus, the bulk of the
flow is irrotational and incompressible and subject to the tools of potential flow analysis.
One notable exception is when part of the blade is stalling, which is not uncommon on
wind turbines particularly near the blade root at low tip speed ratios. In this case there
may be regions of separated flow in which viscous forces are important. If the regions
of separated flow are not too large, it may still be possible to use potential flow methods
at least in an approximate manner, but if the separated region are large, then the
viscous forces can have a significant effect on the solution.
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4.2 Potential Flow Methods

Potential flows are governed by Laplace’s Equation. Two important characteristics of
Laplace’s equation are that it is elliptical and that it is linear. Because it is elliptical,
disturbances in the field are communicated universally so that the solution at every point
in space depends on the imposed conditions on the entirety of the boundary. This has
the computational benefit that, since the boundary generally includes the aerodynamic
surfaces in question, the solution only needs to be computed on the boundary and not
in the entire flow field.

The linearity of Laplace’s Equation means that elementary

solutions can be superimposed to form the solution of more complex problems. Most
commonly this involves superimposing so called singularity solutions on top of a uniform
freestream flow and applying appropriate boundary conditions.

As their name suggests, singularity solutions exhibit velocity singularities at particular
points or along particular curves or surfaces.

The classic elementary singularity

solutions include sources, sinks, doublets, and vortices.

In two dimensions these

singularities can appear as points or be built up into curves.

In three dimensions,

curves and surfaces are used. These solutions satisfy Laplace’s equation everywhere
except for at the locations of singularity.

For example a source solution is

incompressible everywhere except at its singularity location, and similarly a vortex
solution is irrotational everywhere except at its singularity location. This behavior is
crucial to their utility in aerodynamic problems because it allows, for instance, for the
computation of the response of the irrotational majority of the fluid to effects of the
rotational minority, which in this case is idealized as a vortex singularity surface. The
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properties of the rotational viscous regions remain unknown, so that things like
boundary layer thickness, transition and separation points, and skin friction cannot be
computed.

This issue is generally addressed in one of two ways. Ideally the potential outer flow is
coupled to a viscous inner flow and an iterative procedure is used to find the solutions to
the two regions simultaneously. This works well in two dimensions and is commonly
employed in airfoil simulation programs. In three dimensions this approach becomes
considerably more complex and numerically expensive.

The other option, which is often preferable for high aspect ratio wings, is to use the
potential flow solution in conjunction with two-dimensional airfoil data. The airfoil data
may be obtained from experimental or computational efforts. The potential solution
provides the lift and induced forces along with the induced angle of attack at each blade
section. Each airfoil section is then treated as if it is operating in a two-dimensional flow
set at the sum of the geometric and induced angles of attack, so that the twodimensional airfoil data is used to provide the profile drag of the section. The viscous
and potential solutions are essentially decoupled, except for the determination of the
effective two-dimensional angle of attack, in contrast to the previous option where the
two solutions are tightly coupled.

In some situations this decoupling can be problematic in wind-turbine analysis. This is
particularly true regarding stall and post-stall behavior on the inner portion of the blades,
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for which three-dimensional rotational effects can have a strong impact on the behavior
of the viscous solution with the biggest outcome being a sometimes significant delay of
stall. Like in the BEM method, this behavior can be modeled in potential flow methods
through the use of empirical corrections to the two-dimensional airfoil coefficients.
While not ideal, these empirical corrections allow for fairly accurate computations in
many situations without the need of a coupled viscid-inviscid solver. Even with the
rotationally induced delay of stall it is far more common for a wind turbine to be
operating with a significant portion of its blade surface experiencing stall than for a fixed
wing.

In these situations the regions of stalled flow will affect the inviscid solution in a

non-trivial manner. An emerging approach to address such issues is to use CFD in the
immediate vicinity of the blades coupled with an external potential flow model and
vortex wake representation [53, 54].

With these limitations in mind, potential flow methodology with the use of twodimensional airfoil data can be an effective tool for wind-turbine analysis in many
situations. While not as fast as the BEM method, it is still computationally efficient
enough to be used as a tool in preliminary design. It should provide more accurate
inflow information than BEM without relying on the assumptions of non-interacting
streamtubes and small wake rotational velocities. This can be important in various
design problems, including the potential use of non-planar geometry for wind-turbine
blade planforms, which depends strongly on the interaction of the blade elements. For
instance, winglets added to the blade tips would likely themselves provide little to no
power, or even negative power, but their influence on the inbound blade sections could
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be such that a net positive increase in power is attained. Potential flow methods can
also provide detailed wake information not available in the BEM that can be important in
problems regarding spacing on wind farms.

There has been a wide variety of three-dimensional potential flow methods used for the
analysis of wind turbines, generally matching the methods used for fixed wings. Most
common are lifting-line methods, vortex-lattice methods, and panel methods, in order of
increasing complexity.

The lifting-line method of Prandtl represents the lifting surface by a single vortex
filament.

The variation in circulation strength of the vortex filament is matched by

vorticity shed into the wake in order to satisfy Helmholtz’s vortex theorems so that the
strength of the vorticity at a point in the wake is equal to the derivative of the circulation
distribution at the corresponding point on the lifting line with respect to the spanwise
coordinate. The wake is represented by an infinitely thin sheet of vorticity emanating
from the lifting line. In Prandtl’s original method, the lift and induced drag of an arbitrary
geometry are found by assuming a Fourier series representation for the circulation
distribution of the lifting line, and then solving for the unknown coefficients by requiring
the geometric angle of attack to be equal to the sum of the effective and induced angles
of attack.

In Weissinger’s extension of the lifting-line method, a flow tangency

requirement at collocation points on the three-quarter chord line of the wing are used in
place of the angle of attack condition to determine the appropriate circulation distribution
for a given geometry, with the lifting line placed at the quarter chord. Multiple lifting-line
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methods extend this approach by using several lifting lines placed at evenly spaced
chord-wise locations, with collocation points placed at the three-quarter fraction of the
local sub-chord.

The vortex-lattice method represents the wing as an infinitely thin surface. This surface
is divided into a lattice of sub-elements, each with a bound vortex filament across the
quarter chord. In the basic vortex-lattice method the circulation strength of the bound
vortex of each element is constant and matched by discrete filaments of equal strength
at each tip shed into the wake, forming a horseshoe vortex system.

Higher-order

vortex-lattice methods allow the circulation strength to vary across each element so that
a continuous sheet of vorticity is shed from each bound vortex. In either case, the
circulation strength of the elements is determined by requiring flow tangency at
collocation points usually placed at the three-quarter chord midspan point of the each
element.

Higher-order vortex-lattice methods also require appropriate circulation

matching conditions at the boundaries of elements.

Panel methods are similar to vortex-lattice methods, but rather than using an infinitely
thin representation of the wing, a paneled version of the actual three-dimensional
surface geometry is used. The surface is again divided into an array of smaller subelements, each with an associated collocation point. The best results are obtained if a
combination of singularity types is used.

Typically source singularities are used to

model the thickness of the wing and either vortices or doublets are used to model the
circulation. The strength of these singularities can be considered constant over each
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element or allowed to vary in some manner. Panel methods are more numerically
intensive than vortex-lattice methods and generally give similar results for thin wings.
They may offer some benefit in wind-turbine analysis towards the hub where the
thickness of the blade sections may be a factor, but this generally has a small effect on
the overall performance and can be accounted for using other means.

No matter which method is used, the determination of the trajectory of the vortex wake
is an important part of the potential flow analysis of wind turbines. This was already
discussed somewhat in Chapter 3, and will be discussed further. Another factor that
affects all the methods is the use of singularity elements and numerical issues that may
result. Singularity elements involve velocities that approach infinity at the singularities,
which can cause obvious numerical problems. The extent of these problems depends
in large part on the singularity scheme used, its implementation, and locations where
velocity computations are required.

The remainder of this thesis will focus on the application to wind-turbine analysis of the
distributed vorticity element method developed by Bramesfeld [16] and Bramesfeld and
Maughmer [17], which itself is an extension of the multi-lifting-line approach of
Horstmann [18]. This method is a numerically efficient means of representing complex
geometries with a high order of accuracy and a minimum of singularity issues. It can be
used effectively with either a fixed or relaxed wake.
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4.3 The Multi-Lifting-Line Method of Horstmann

Horstmann’s multi-lifting-line method [18] is a fixed-wake higher-order vortex-lattice
method. The lifting surface is defined by the zero-lift lines of the airfoil sections that
compose the wing. This surface is divided spanwise and streamwise into an array of
sub-elements as depicted in Figure 4.1. Each element has a bound vortex filament at
its quarter chord with a quadratic circulation distribution, causing the wake of each
element to have a linear vorticity distribution. The fixed wake is shed locally from each
elementary bound vortex directly into the freestream direction so that when multiple
lifting lines are used to represent the wing at an angle of attack there are multiple
parallel wakes. Collocation points are located at the midspan of the three quarter chord
line of each element. Circulation is determined by requiring flow tangency at the

Figure 4.1: Circulation distribution and paneling geometry for Horstmann’s multi-liftingline method (from [18] as presented in [16])

86

collocation points and continuity at the edges of neighboring elements of both the
circulation of the bound vortices and the vorticity of the wake sections. Using the BiotSavart law Horstmann derived exact analytical expressions for the velocity induced by
the quadratic circulation bound vortex filament and the linear vorticity semi-infinite wake
sheet.

The induced velocity at any point is determined by summing the analytical

solutions of the velocity induced by the bound vortex and wake sheet of all of the subelements.

Due to the use of a continuous circulation distribution on the lifting lines, greater
accuracy is obtained with significantly fewer elements than would be required by a
vortex-lattice method that uses horseshoe vortex elements.

This is a principal

advantage of the multi-lifting-line method, though there is a concomitant increase in
complexity involved with using vortex sheets in place of discrete wake filaments. The
need for a relatively small number of elements, combined with the use of analytical
solutions for the element induced velocities, makes Horstmann’s method very
numerically efficient. Results are obtained for a given geometry nearly instantaneously.
The qualities of Horstmann’s multi-lifting-line method lend it to applications that require
high accuracy in induced force and velocity computation with respect to small geometry
changes.

Because Horstmann’s method uses semi-infinite planar wake sheets, it is not directly
applicable to wind-turbine analysis, which requires helicoidal wake vortex sheets. The
analytical solution for the planar wake sheets could be replaced by an analytical solution
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for helicoidal wake sheets, but such a solution is not presently available or easily
obtained.

4.4 The Distributed Vorticity Element Method of Bramesfeld and Maughmer

Bramesfeld [16] and Bramesfeld and Maughmer [17] have developed a higher-order
vortex-lattice method based on the analytical solutions of Horstmann, but with the
capability of having wakes of arbitrary shape, including freely relaxed wakes. This is
accomplished through the use of what are termed distributed vorticity elements (DVE’s).
A distributed vorticity element is a trapezoidal sub-element that has vortex filaments
along its leading and trailing edges connected by an infinitely thin vortex sheet. The
vortex filaments have quadratic circulation distributions of equal magnitude but opposite
orientation and the vortex sheet has a linear vorticity distribution in accordance with
Helmholtz’s vortex theorems.

As illustrated in Figure 4.2, the distributed vorticity

element is formed by combining two opposite-strength coplanar vortex filament/semiinfinite vortex sheet combos that are staggered in the streamwise direction by the DVE
chord length. Because the vortex sheets are of opposite strength, they exactly cancel
each other aft of the trailing edge vortex filament, resulting in the finite chord DVE.
Thus Horstmann’s analytical induced velocity solutions for the two semi-infinite wake
sheets can be summed to give the induced velocity of the limited chord wake sheet.

Distributed vorticity elements can be used to build up both the lifting surface and its
wake, with no limitations on the shape the wake might take. Figure 4.3 shows the
paneling of a wing surface with DVE’s, with the wing represented by solid lines and the
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Γt.e. = −A−Bη−Cη2
Γl.e.= A+Bη+Cη2

γ t.e. = −B−2Cη

γ l.e. = B+2Cη

η

ξ

Figure 4.2: Formation of DVE from combination of two opposite-strength vortex
filament/wake sheet systems [16]

y

Control Points

x

Figure 4.3: Paneling of a wing (solid lines) with distributed vorticity elements (dashed
lines) [16]

DVE’s by dashed lines. In this example there are two lifting lines. The leading edge of
each DVE is placed at the quarter chord of the associated wing subsection so that the
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trailing edge of the aft row of surface DVE’s extends past the trailing edge of the wing.
The purpose of this overhang is to better model the Kutta condition. If the local chord of
the wing is c and the number of lifting lines is m, then the overhang length is c/(4m).
Collocation points are placed at the midspan, midchord point of each DVE,
corresponding to the three-quarter chord midspan point of each wing subsection.

Because the shed vorticity on the surface remains confined to the DVE plane, rather
than leaving directly into the freestream direction, there will only be one wake per lifting
surface even with multiple chordwise lifting lines, unlike the multiple parallel wakes of
Horstmann’s multi-lifting-line method. For steady flow over a wing, there should be no
spanwise vorticity in the wake. This is achieved if the strengths of the vortex filaments
of the wake DVE’s shed from a given spanwise location are all of equal strength. Then
the trailing edge filament of each wake DVE will be exactly canceled by the leading
edge filament of its aft neighbor, so that the spanwise wake filaments can effectively be
excluded from the analysis.

The accuracy provided by the continuous piecewise-quadratic circulation distribution in
addition to the geometrical flexibility allowed by the use of DVE’s makes Bramesfeld’s
methodology a strong choice for wind-turbine modeling.

The DVE’s can easily be

arranged to form any given helicoidal wake model, or allowed to relax freely. With the
exception of its absolute edges, the velocity on the wake sheet and in its vicinity
remains finite. This is a considerable advantage for wake relaxation purposes over
wake models composed of discrete vortex filaments, which induce infinite velocities
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approaching the filament. While discrete vortex relaxed wake models will often use
solid body rotation cores to mitigate these singularity related numerical issues, this
introduces both finite areas of rotational flow into what was previously an irrotational
analysis and modeling ambiguity related to the choice of core radii.

When modeling the prescribed-wake fixed-wing case, the DVE technique will execute
nearly as fast as Horstmann’s multi-lifting-line method, since in this case the wake can
be composed of semi-infinite elements. The prescribed-wake wind-turbine case cannot
be quite as fast since the use of planar semi-infinite elements is not possible and there
currently is not an analytic solution for a semi-infinite helicoidal sheet. Many wake
DVE’s are needed to model the helicoidal sheet, with each wake DVE being
computationally equivalent to two of Horstmann’s semi-infinite vortex sheets. Even so,
the fixed wake DVE wind-turbine method is still computationally very fast. As always,
relaxing the wake is a time-intensive procedure compared to prescribing the wake since
it requires induced velocity computations at many points in the wake. The DVE method
should compare favorably to other relaxed wake potential flow methods in this regard
because the continuous circulation distribution allows for the use of fewer elements.
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Chapter 5: Implementation of the DVE Method for Wind-Turbine
Analysis
This section describes the use of distributed vorticity elements for the modeling of the
inviscid performance of wind-turbine rotors. Many of the details are identical to the
fixed-wing usage as presented by Bramesfeld [16] and Bramesfeld and Maughmer [17],
but there are important differences.

5.1 Reference Frames

The reference frames used in the wind-turbine analysis include a stationary global
reference frame as well as local element-fixed reference frames for each DVE. The
global reference frame is represented by Cartesian coordinate axes x, y, and z and
polar coordinates x, r, and θ. The x-axis is directed along the rotor’s axis of rotation,
with its positive direction pointing downstream. The z-axis points away from the center
of the Earth, so that looking upstream at the rotor the y-axis points to the right. The time
stepping scheme used in this thesis has the rotor moving in the negative direction along
the x-axis. The y-z-plane is parallel to the plane of rotation of the rotor. The polar xaxis is identical to the Cartesian x-axis and the polar r-axis is in the y-z-plane. The
angle θ is measured from the y-axis to the r-axis, with positive orientation determined by
right-hand rotation about the x-axis. The polar and Cartesian coordinates are related as
follows:
x = x;

y = r cos θ ;
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z = r sinθ

(5.1)

The local element fixed reference frame is defined by Cartesian axes ξ, η, and ζ, as
illustrated in Figure 5.1.

The ξ-axis is points downstream along the chord of the

element, while the η-axis points outward along the span of the element. Both the ξ and
the η-axes are in the plane of the element so that the ζ-axis is normal to the element. In
Figure 5.1 the ζ-axis points out of the page. The origin of the ξ−η−ζ coordinate system


is x0 , which is the control point of the DVE. In the stationary global coordinate system

x0 has coordinates x0 ( t ) , y 0 ( t ) , z0 ( t ) .

Figure 5.1: The distributed vorticity element [16]
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Three orientation angles, the dihedral angle ν, the incidence angle ε, and the yaw angle

ψ, describe the relationship between the local and global Cartesian coordinate systems.
The transformation from the global reference frame to the local reference frame consists
of the following three steps, in order, with positive rotation directions defined by the right
hand rule:

- rotation by angle ν about the x-axis, forming intermediate coordinate system x′-y′-z′
- rotation by angle ε about the y′-axis, forming a second intermediate coordinate
system x′′-y′′-z′′
- rotation by angle ψ about the z′′-axis, forming the local ξ−η−ζ coordinate system

This procedure results in the following expression for the local coordinates of a point
having the global coordinates x, y , z :
ξ   cosψ cos ε
η  =  − sinψ cos ε
  
sin ε
ζ  

cosψ sin ε sinν + sinψ cosν
− sinψ sin ε sinν + cosψ cosν
− cos ε sinν
(5.2)

− cosψ sin ε cosν + sinψ sinν   x − x0 
sinψ sin ε cosν + cosψ sinν   y − y 0 
cos ε cosν
  z − z0 

The reverse process is used to transform from the global to the local coordinate system,
with the result:
cosψ cos ε
x  
 y  =  cosψ sin ε sinν + sinψ cosν
  
 z   − cosψ sin ε cosν + sinψ sinν

− sinψ cos ε
− sinψ sin ε sinν + cosψ cosν
sinψ sin ε cosν + cosψ sinν
(5.3)
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sin ε

  ξ   x0 
− cos ε sinν  η  +  y 0 
cos ε cosν  ζ   z0 

When doing induced velocity computations, it is convenient to use reference frames
identical to the local reference of the element except with an origin at the midpoint of
either the leading edge or trailing edge vortex filament, rather than at the control point of
the element. As this only involves a simple translation of the coordinate system, the
reference frame transformation equations are the same as presented in Equations 5.2

and 5.3, but with the vector x0 replaced with a vector to the midpoint of the vortex

filament in question.

5.2 DVE Geometry

Referring again to Figure 5.1, the distributed vorticity element has a trapezoidal shape
whose left and right sides are parallel. The η-coordinate along the right side edge of the
DVE is ηi, and the η-coordinate along the left edge is –ηi, where the subscript ‘i’ is the
index of the DVE in question.

The span of the DVE, which is defined as the

perpendicular distance between the side edges, is then given by 2ηi. The ξ-coordinates
of the midspan points of the DVE’s trailing and leading edges are ξi and –ξi respectively
so that the midspan chord is 2ξi. Because the leading and trailing edges are in general
not parallel, the chord of the DVE varies spanwise. The sweep of a line in the plane of
the DVE is defined as the angle it makes with the η -axis, with positive sweep meaning
a positive increase in the ξ-coordinate of the line for a given positive increment in the ηcoordinate. The sweeps of the DVE leading edge, ΛLE, midchord, Λ0, and trailing edge,

ΛTE, are related geometrically as follows:
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tan Λ0 =

1
( tan ΛLE + tan ΛTE )
2

(5.4)

The chord of the element, ci, can be given as a function of the DVE’s η-coordinate:
ci (η ) = 2ξ i +η ( tan ΛTE − tan ΛLE )

(5.5)



The left and right side midchord points, indicated in Figure 5.1 as x1 and x2

respectively, have the local coordinates:
 −ηi tan Λ0 
 
;
x1 =  −ηi



0

ηi tan Λ0 


x2 =  ηi



0

(5.6)

5.3 DVE Singularity Distribution

The singularity structure of the distributed vorticity element consists of two discrete
vortex filaments connected by a planar sheet of distributed vorticity. The filaments are
oriented so that they point along the element’s leading and trailing edges, while the
vorticity in the sheet is directed along the local ξ-axis of the element. The direction of
the velocity induced by a segment of the vortex filament or sheet is governed by the
right-hand rule. The circulation at a point on one of the vortex filaments is defined as
positive when the η-component of the filament’s vorticity vector is positive.

The leading and trailing edge vortex filaments have circulation distributions that are
quadratic in the element’s η-coordinate and are of equal magnitude but opposite
orientation:
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Γ LE = A + Bη + Cη 2
Γ TE = − A − Bη − Cη 2

(5.7)

where A, B, and C are the coefficients of the quadratic unique to each DVE. From each
vortex filament trails a sheet of vorticity with a linear distribution equivalent to the
spanwise derivate of the circulation strength of the associated filament:
d Γ LE
= Bη + 2Cη
dη
d Γ TE
=
= −Bη − 2Cη
dη

γ LE =
γ TE

(5.8)

Aft of the DVE’s trailing edge the two wake sheets overlap and negate each other.
Positive γ at a point on the wake indicates that the wake vorticity vector is pointing in the
negative ξ direction at that point.

5.4 DVE Induced Velocity

The Biot-Savart law, which supplies the induced velocity at an arbitrary point in an
incompressible flow with a known vorticity distribution, can be used to compute the
velocity induced by the various components of the distributed vorticity element.
According to the Biot-Savart law, a section of a vortex filament with differential vector



length ds1 and circulation Γ located at position r1∗ induces on point PA located at rA the


differential velocity dw1 :


 

Γ ds1 × (rA − r1∗ )
dw1 =
 
4π | rA − r1∗ |3
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(5.9)


Similarly, a section of the wake sheet with differential vector length ds2 , width dη, and


circulation γ dη located at position r2∗ induces on point PA the differential velocity d 2w 2 :

 

γ dη ds2 × (rA − r2∗ )
d w2 =
 
4π
| rA − r2∗ |3
2

(5.10)

To proceed with the computation of the velocity induced by the combination of a vortex
filament and its associated shed vorticity, a local reference frame similar to that
presented in Figure 5.1, but with the origin at the center of the vortex filament is used.
Figure 5.2 shows the relevant geometrical parameters for the computation of the
velocity induced by the vortex filament, while Figure 5.3 shows the geometry for the


vortex sheet computation. The vectors from ds1 and ds2 to PA, which are designated


r1 and r2 respectively, and their magnitudes can be expressed as:
  
r1 = rA − r1∗ ;

  
r2 = rA − r2∗ ;


r1 = r1 ;


r2 = r2

(5.11)

With reference to Figures 5.2 and 5.3, expressions for the remaining parameters are as
follows:
ξ A 

rA = η A  ;
ζ A 

η tan Λ 
∗ 
r1 =  η  ;
 0 

ξ 
∗  
r2 = η  ;
0 

dη tan Λ 
 
;
ds1 =  η



0

 −dξ 

ds2 =  0 
 0 

(5.12)


To be consistent with the positive direction of the wake vorticity, the sign of ds2 is the

opposite of the direction indicated in Figure 5.3.
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Figure 5.2: Geometry for vortex filament induced velocity computation [18]

Figure 5.3: Geometry for vortex sheet induced velocity computation [18]
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Following Reference [18], the velocity induced by the entire length of the vortex filament
is found by integrating Equation 5.9 from –ηi to ηi with substitutions from Equations 5.11
and 5.12:

w1 =

ηi

∫

−ηi

ζA


Γ 
−ζ A tan Λ  dη
3 
4π r1
 −ξ A + η A tan Λ 

(5.13)

The velocity induced by the semi-infinite trailing vortex sheet can be found by first
integrating Equation 5.10 in the ξ-direction from zero to infinity, and then integrating
again in the spanwise direction from –ηi to ηi:

w2 =

ηi

∫

−ηi



0



 ξ A − η tan Λ  
1
γ
+ 1  ζ A  dη

2
r1
4π (η − η ) + ζ 2 
  −η + η 
A
A


A

(5.14)



where the ξ integration has already been performed. The vortex sheet induces zero
velocity in the ξ-direction because this is the direction of the sheet’s vorticity vector. Γ
and γ are quadratic and linear functions of η, as given respectively in Equations 5.7 and


5.8, with coefficients A, B, and C. The integral expressions for w1 and w 2 in Equations

5.13 and 5.14 are identical to the equivalent expressions found in Ref. [18] except they
are of opposite sign because Ref. [18] uses a left-hand vortex rotation convention as
opposed to the right hand convention used here. Both Equations 5.13 and 5.14 can be
integrated analytically as in Ref. [18], the results of which appear in Appendix A of this
thesis. The integration of Equation 5.13 is fairly straightforward using trigonometric
substitution and other standard methods, while the integration of Equation 5.14 is more
obscure.

See, for instance, Section 231 of Integraltafel for information about the

integration of rational functions of the type seen in Equations 5.14 [55].
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The net velocity w induced by the entire DVE on point PA can then be found by

summing the velocities induced by the individual components of the DVE, consisting of
the leading and trailing edge vortex filaments and their associated semi-infinite vortex
sheets:
 



w = w1 LE + w 2 LE + w1 TE + w 2 TE

(5.15)

where the appropriate coefficients from the distribution functions ΓLE, γLE, ΓTE, and γTE,
must be used with the analytical expressions found in Appendix A. The leading- and
trailing-edge computations utilize local coordinate systems centered at their respective
vortex filament midpoints, so the position vectors will be different in each case. Velocity
vectors are the same in either system since only a coordinate system translation is
involved.

The total induced velocity at point PA is found by summing the induced

velocity contributions from all the DVE’s used to model the blade surfaces and wakes.

5.5 Singularity Treatment

The vortex filament and vortex sheet singularities used in the DVE analysis can cause
numerical problems in certain situations. Although less of a concern than the issues
faced by some other singularity methods, special care is required, especially since
induced velocity computations are often needed precisely at the singularity locations.
These situations include the computation of induced force along the bound vortex
filaments using the Kutta-Joukowski theorem, the application of the kinematic condition
at the DVE control points, and the relaxation of the wake sheet.
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Moving towards a vortex filament singularity, the tangentially induced velocity
approaches infinity.

While this has the potential to cause numerical problems, as

applied in the DVE wind-turbine analysis any such issue should be rare. Directly on a
straight vortex filament, its self-induced velocity is zero in the Cauchy principal value
sense, so that when, for instance, computing induced forces along the filament using
the Kutta-Joukowski theorem, no special handling is typically required. A possible
exception to this is the modeling of a curved lifting line as on a twisted blade. When the
curved line is modeled by straight segments, the segments do not align exactly, forming
a finite angle. At their juncture, two such filament segments will induce on each other a
velocity approaching infinity. Generally this velocity singularity diminishes substantially
in a short distance, so that as long as the quadrature points are taken inboard from the
DVE edges, the induced force computation is well behaved. Similar conditions are seen
at filament corners due to dihedral or sweep changes.

When operating steadily in a uniform inflow, the wake of a wind turbine modeled with
DVE’s is filament free, so that in general wake relaxation is not adversely affected by
the filament singularity. The exception to this is if for some reason part of the wake
passes very near the bound vortex filament of a blade, as might happen if multiple
streamwise turbines are modeled, or if a turbine has an unusual geometry. These
situations are not addressed in this thesis, but could be handled in a number of ways,
for instance by simply not computing the induced velocity directly at such a point but
rather obtaining a value by averaging the velocities of neighboring points.
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The

kinematic flow tangency condition is applied at the surface DVE control points, too far
away from the filaments for any problems to arise.

Approaching the vortex sheet away from its edges, the induced velocity remains finite,
though there is a discontinuous jump in tangential velocity across the sheet. At a point
on the sheet itself, a Cauchy principal value of the Biot-Savart integration, which
becomes improper, defines the induced velocity. Because this value remains finite, no
issues are seen when computing the induced velocity on the sheet away from its edges
as, for instance, is done when applying the kinematic condition at the surface DVE
control points.

The situation is different at the side edges of the element vortex sheet, where the selfinduced velocity, which is normal to the sheet, approaches infinity. It can be seen in
Appendix A that this side edge singularity is logarithmic in nature and so is weaker and
more easily treated than the pole singularity of a vortex filament.

If there is a

neighboring coplanar element sharing the edge in question, then, assuming the sheet
strength is continuous between the two elements, this neighbor will induce an infinite
velocity in the opposite direction so that the net velocity induced by the two elements
remains finite. While this presents no problems analytically, from a numeric perspective
such infinite values cannot be accommodated when relaxing the wake in discrete steps.
Since it is convenient to use points along the side edges of elements in the wake
relaxation procedure, it is important to address this issue.
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References [16] and [17] introduce a convenient solution by adding an additional
singularity at the edge of the sheet to modify the original logarithmic singularity so that
an element’s self-induced side-edge velocity remains finite. This addition is represented
by the term kse in Appendix A, which is a small positive constant, where the ‘se’
subscript stands for side edge. When this term is added to two neighboring elements of
equal span, the net velocity induced at their shared edge is exactly the same as the
unmodified theoretical result for any value of kse. When the spans of the two elements
differ the induced velocity with the modification is nearly the same as the theoretical
value, with the accuracy increasing as kse decreases. The modification eliminates any
numerical issues and only needs to be used when computing an element’s self-induced
velocity on its side edge. The value of kse associated with an element can be set to
zero when computing the velocity the element induces anywhere else.

At the extreme edges of the wake sheet where there is not a neighboring element, as
occurs at the blade root and tip, the addition of such a canceling singularity has the
potential to alter the entire solution. In this case the velocity induced at the wake edge
will depend on the magnitude of the added singularity, which will subsequently affect the
shape of the relaxed wake. That the velocity approaches infinity at the absolute edge of
the wake sheet is not necessarily a problem from a theoretical standpoint. This velocity
is always normal to the sheet, so that it may be interpreted as causing a predominately
rotational motion, with the wake edge spinning infinitely fast and twisting the wake sheet
around it, but without a spatial divergence. Numerically, however, the infinite velocity
and infinite concentric layers of wake sheet cannot be accommodated.
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In this situation, References [16] and [17] again use the singularity adjustment
represented by kse. As long as kse is chosen appropriately, the velocities at the edges
remain small enough so that the solution does not blow up, but not so small that the
wake edge rollup behavior is overly restricted. One-percent of the span of the smallest
surface DVE is suggested as an appropriate value for kse [16, 17]. While this can result
in a smooth wake relaxation, it introduces a dependency on the magnitude of kse, the
only real modeling factor necessary in the DVE method with wake relaxation. The
choice of kse can also affect the choice of time step size because the larger the velocity
at the wake edge the smaller the time step size must be to capture the edge rollup.
Paneling density also plays a role in this, as the smaller the elements, the steeper the
circulation distribution tends to be at the edges, and subsequently, the larger the
magnitude of the wake sheet edge vorticity. This in turn causes the induced velocity at
the edge to increase for a fixed value of kse. If kse is based on the smallest span,
increasing the paneling density will decrease kse, further increasing the induced velocity
at the wake edge. For heavily-loaded wind turbines, it was found this method could be
inconsistent, with the edge of the sheet often rotating through itself.

An alternate method that uses points slightly inboard from the edge rather than points at
the very edge of the wake for relaxation purposes is used here. At these inboard points
the velocity remains finite without need to apply the kse singularity adjustment. While
this eliminates the dependency on kse, it introduces a dependency on the inboard
distance, which needs to be carefully selected.

For instance if the point is too far

inboard the direction of the induced velocity reverses. To avoid this, each timestep the
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velocity reversal points are determined at each side of the wake at the midchord of the
wake row immediately aft of the blade surface. Then the edge displacement points are
set inboard some fraction of the distance to the velocity reversal points. For further aft
wake rows, which have stretched during the relaxation, the velocity reversal points tend
to be a farther distance inboard as a fraction of the span of the edge element, so that
using the same span ratio as for the farthest upstream row keeps all the edge relaxation
points on the proper side of the velocity reversal points. This process usually results in
a smooth relaxation and tends to be less sensitive to paneling density and timestep
size.

Figure 5.4 shows a comparison between the wakes generated from a single blade of a
three-bladed rotor operating at a tip speed ratio of six using the two edge relaxation
methods. Using points on the absolute edge results in the wake edge turning through
itself by one revolution downstream of the rotor. This causes the tip rollup to shift to the
wrong side of the interior wake sheet. The use of inboard points shows a modest
improvement.

While there is still some wake sheet intersection, it occurs further

downstream. The wake does not turn through itself as strongly and the tip roll up stays
on the proper side of the interior wake sheet.

Another issue regarding the side edge singularity is the inexact singularity canceling
that occurs when two neighboring elements are not coplanar.

This is a common

occurrence due to the representation of the highly non-planar relaxed wake with planar
elements. Because each DVE induces onto itself a velocity normal to its plane, when
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Figure 5.4: Comparison between using wake edge relaxation points at the absolute
wake edge versus using points slightly inboard from the edge

two neighboring elements are not coplanar, the infinite velocities at their side edges will
not exactly cancel as would be the case for coplanar elements.

Figure 5.5 demonstrates how this can lead to an inordinately high velocity at the
junction of two such elements. The left-hand side of the figure shows an edge view of
two coplanar distributed vorticity elements, dve1 and dve2, looking along their local ξaxis. Also shown are the velocities induced by dve1 and dve2 at their common junction,



denoted by w1 and w2 respectively, and their net vector resultant wR . The element

induced velocities w1 and w2 are computed using the singularity mitigating term kse so
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w1
wR

w1

wR
dve2

dve1

w2
ν
w2

dve2

dve1

Figure 5.5: False velocity spike at junction of non-coplanar neighboring
DVE’s
(right)



compared to velocity cancellation of coplanar DVE’s (left). w1 and w2 are the

velocities induced by dve1 and dve2 respectively at their shared junction, while wR is
their vector resultant.

that they remain finite, but in general their magnitudes are still relatively large. The two
elements induce velocities in opposite directions, making the resultant vector much
smaller than either of the two components. The right-hand side of Figure 5.5 shows the
same two elements, but oriented so that they are not coplanar, instead meeting at an
angle ν. The induced velocities, which remain perpendicular to their respective inducing
elements, then are no longer in opposing directions and also meet at angle ν. This
causes the resultant velocity to increase, getting larger as the magnitude of ν gets



smaller. Given the relatively large magnitudes of w1 and w2 , the increase in wR can

be substantial. This velocity peak is a result of the planar elements coming together at
a sharp corner and would not happen if the wake were a smooth surface, and so should
be considered an error. The right side of Figure 5.5 depicts elements with a difference
in roll angle, but the same effect applies to a pitch differential as well, though this tends
to not be as large.
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In the flat center region of the wake sheet this angle difference is generally small, but in
the tightly rolled tip region it can regularly exceed forty-five degrees unless the wake is
very finely paneled. While the use of the singularity mitigating term kse helps, there are
still instances when the velocity peaks can adversely affect the wake relaxation. An
attempt here is made to improve the situation by temporarily splitting each of the
elements adjacent to a common edge into two new DVEs when computing their
influence on the induced velocity at the junction. The two new DVEs adjacent to the
shared edge are given a small span and made coplanar, while the exterior DVEs
comprise the bulk of the original spans and stay close to the orientations of the original
two DVEs. This allows the side edge singularities to cancel and also eliminates the
wake gap at the junction. This process is demonstrated in Figure 5.6. The two DVEs
on the left hand side of the figure are temporarily replaced by the four DVEs on the
right-hand side when computing their influence on the induced velocity at their shared
junction point. The wake DVEs are only split like this when computing the induced
velocity on their own side edges, so the added computational expense is negligible.

Figure 5.6: Example of DVE splitting adjustment for computing the induced velocity at
the junction of two non-coplanar wake DVEs. The two DVEs on the left are temporarily
replaced by the four DVEs on the right.
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Care must be taken during the splitting process so that new DVE’s are given a proper
orientation. Also the vorticity coefficients of the new elements must be set to maintain
continuity of vortex filament and sheet strength between elements, while ensuring that
the circulation around each old element is equal to the sum of that around its two
replacements despite the slight net increase in span. Figure 5.7 shows relaxed wakes
computed with and without using this DVE splitting method for a single blade operating
at tip speed ratio of 6, while Figure 5.8 shows the convergence on power coefficient for
these cases.

Without using the DVE splitting method, the wake in the tip region

becomes jumbled as the false velocity spikes distort the wake shape, also causing
substantial oscillations in the power convergence history.

With the DVE splitting

method, both the wake and the convergence are quite smooth.

5

0
z

z

5

-5

0

-5

0
-5

5

5

-10
0

-10

-15

0

-20

-5
y

0
-5

-25

-15
-20

-5

x

y

-25

x

Figure 5.7: Example relaxed wakes without (left) and with (right) DVE splitting method
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Figure 5.8: Convergence of example case with and without DVE splitting

In addition to the side-edge singularity, there is also a velocity singularity along the
swept leading edge of a wake sheet. Considering a point on the leading edge of a
vortex sheet away from the edges, if the sheet is unswept the sheet induced velocity
remains finite because the vortex singularities touching the point on its right side and left
side induce opposite infinite velocities that exactly cancel.

If the sheet is swept

however, a point on the leading edge will only have adjacent vorticity on one side and
not the other, so that the singularity will be unbalanced and the velocity will approach
infinity. Much like the side edge singularity, the sheet may have a fore neighbor to
balance the infinite velocity so that the net induced velocity remains finite. This situation
is handled in the same way as for the side edge case through the addition of a
moderating singularity. This is represented by the term kle in Appendix A, where ‘le’
stands for leading edge. With the use of kle the contribution of each of the neighboring
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elements remains finite, while the sum is the same theoretically as if no correction had
been used.

On the lifting lines of a blade these swept leading edge singularities do not have
balancing neighbors, however. While the use of kle in this situation prevents numerical
problems, it also introduces a dependency on kle for the velocity induced here. As this
velocity is used to compute the induced forces via the Kutta-Joukowski law it is best to
eliminate this dependency. To do so an equivalent de-swept lifting surface can be
constructed by utilizing Munk’s stagger theorem. If the whole lifting surface is de-swept,
however, some second order wake relaxation effects may be lost.

This can be

minimized by de-sweeping an element only when computing the velocity it induces on
itself. The de-sweeping procedure is discussed more thoroughly in the section on force
computation.

5.6 Blade Surface Geometry

For the purposes of this thesis, the surface is defined by a chord and twist distribution
specified along the quarter chord line of the blade. The quarter chord line can take any
trajectory and may include dihedral and sweep breaks. The twist is taken about the
local span axis, which is defined as follows for a given point xq on the quarter chord line.
For positive rotation about the x-axis, zero twist places the chord along the negative
tangential direction, given at xq by the unit vector −êθ . A blade section with zero twist
then generates zero force due to the rotational velocity, which is also in the −êθ
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direction. If at xq the local trajectory of the quarter chord line is êq , a zero-twist surface
normal direction, eˆn 0 , is defined as:

eˆn 0 =

−eˆθ × eˆq
eˆθ × eˆq

(5.16)

Then the local span axis is in the direction of unit vector êb , given as:
eˆb = eˆn 0 × −eˆθ

(5.17)

The direction of the chord, given by unit vector eˆc , for a blade section with twist β is:
eˆc = ( − cos β ) eˆθ + ( sin β ) eˆn 0

(5.18)

The chord effectively represents the zero-lift line of an airfoil with a 2π lift curve slope,
disregarding any effective camber due to blade rotation. This process for defining the
surface results in surface gaps when there is a dihedral break on a twisted blade, with
only the quarter chord remaining connected at the break. The above procedure should
be refined to eliminate or minimize such surface gaps.

The blade is paneled with an array of m chordwise DVEs and n spanwise DVE’s. The
paneling is staggered in the chordwise direction from the blade surface so that the
leading edge of the fore most row of surface DVE’s is located a distance c/4m aft of the
leading edge of the blade, while the trailing edge of the aft most row extends the same
distance past the blade trailing edge.

In general the DVE’s are connected in the

spanwise direction at their midchords and in the chordwise direction at their midspans,
though a slightly different arrangement is used when computing the surface induced
velocity on the lifting lines for the force computation. Figure 5.9 shows the paneling of a
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blade with DVE’s, while Figure 5.10 shows a rotor constructed using three of these
blades. The geometry of the blade, which is also used to create example wakes in the
next section, was generated using data from Table 3.1 of Reference [21]. The dashed
section indicates the portion of the surface elements that extends into the wake.

Figure 5.9: Example of blade surface paneling with DVEs

Figure 5.10: Example of surface paneling of a three-bladed rotor with DVEs
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5.7 Wake Geometry

The trailing wake system of any lifting body has a significant influence on the forces and
velocities that the body generates.

This is especially true for a system of rotating

blades, where the helicoidal nature of the wake requires the blades to pass in close
proximity to the previously shed wake.

This makes the determination of the wake

geometry crucial for an accurate solution in a numerical wind-turbine model. Several
options for the DVE method are explored here, including: a fixed wake with
predetermined pitch, a fixed wake with an iterated pitch, a fully relaxed wake, and a
‘semi-relaxed’ wake. A time stepping methodology is used in all cases. Each time step
the blade system translates relative to the wind and rotates. A spanwise row of wake
elements is generated to represent the vorticity shed by the blade during the time step.
Each wake row contains one DVE for each spanwise DVE on the surface trailing edge.
The wake DVEs are connected in the spanwise direction at their midchord and in the
streamwise direction at their midspan.

5.7.1 Fixed Wake
In the fixed wake methods, once a wake row is generated, its position and geometry do
not change in subsequent time steps. This makes the fixed wake methods very fast
computationally because induced velocities never need to be computed in the wake.
However, because the wake is not allowed to deform with the local velocity, there is
generally some error in position which reduces the accuracy of the induced velocity
computation on the surface. This also causes the wake to support an implied force.
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Depending on the geometry specification of each wake row, the effect of the position
error can be reduced. Several options for setting the geometry are compared here,
including a fully prescribed constant pitch wake, and two iterated pitch methods. Each
uses a constant wake radius equivalent to the rotor radius.

In the fully prescribed case, at a given radial location the pitch of the wake is constant
along its length. The pitch is determined using the tip speed ratio and an input axial
induction factor, a.

The axial induction factor sets the axial velocity of the wake

structure and is used to vary the axial spacing of successive turns of the wake sheet.
Essentially this amounts to assuming that the induced velocity in the wake is of
magnitude aU∞ in the opposing direction to the freestream velocity. This of course has
no direct bearing on the actual velocity induced by the wake, which is computed as
described above, but is only used to set the wake geometry. Increasing the input axial
induction factor causes the axial wake spacing to decrease. Setting a equal to zero
prescribes the wake to follow the blade trailing edge path relative to the freestream
velocity, consistent with a light-loading assumption.

Setting a equal to one-third is

consistent with the max power case from axial momentum theory, while setting a equal
to one causes the wake to buildup in the rotational plane with zero axial spacing
between wake turns.

Figure 5.11 shows the fixed wake shed from a single blade

operating at a tip speed ratio of six and with the induction factor a set equal to one-third.

The primary benefits of the fully prescribed wake are that it is the simplest and most
computationally efficient of the methods. One drawback is that it requires the value for
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Figure 5.11: Example of constant pitch prescribed wake for single blade with λ = 6, R =
8.5 m, and a = 1/3.

the axial induction factor to be input. What this value should be, and how it should
change with changes in geometry and operating condition, is not apparent without some
external analysis, or informed guessing. In addition, at least for the constant-pitch,
constant-radius wake used here, the variation of the wake pitch and radius with the axial
distance downstream from the rotor is not modeled.

The fixed-wake, iterated-pitch methods improve the situation by making the
determination of the axial induction factor part of the iterative solution.

In these

methods, a new value of the axial induction factor is computed each time step. This
value is used to set the pitch of the row of wake DVEs that is generated the next time
step. Two options for computing the axial induction factor are compared. The first uses
the relationship between the power coefficient and the axial induction factor (Equation
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2.8) from the axial momentum theory to compute the value of a given the value of the
current value of CP computed that time step. On the positive side, this causes the axial
induction factor and subsequently the wake shape to depend on the loading of the rotor
and to change as the loading changes. On the negative side, because it uses the
simple axial momentum relation, it ignores the fact that for a finite number of blades the
axial induction factor varies both azimuthally and radially in the rotor plane. The value
of CP corresponds to an averaged value in the plane, while ideally the initial wake pitch
should be set with a value local to the blade.

The second fixed-wake iterated-pitch method sets the value of the axial induction factor
using a single induced velocity computation taken each time step at the middle of the
leading edge of the entire wake. Here, the axial induction factor is simply the axial
component of the induced velocity non-dimensionalized by the axial freestream velocity.
Unlike the previous method, this method properly uses the induction factor local to the
blade location, rather than an azimuthally averaged value. However, since an induced
velocity computation at only one spanwise location is used per time step, the radial
variation of a is still not captured, and it is again assumed that a is radially constant.
Also, as with the other fixed wake methods used here, the axial variation of the wake
pitch is not taken into account. This means the iterated-pitch methods essentially use a
moderate loading assumption with the wake pitch set to its initial value at the rotor
plane.

This is suitable because the forces are computed here using the Kutta-

Joukowski theorem along the blades. If the forces were computed in the Trefftz plane it
would be more appropriate to use the far wake pitch.
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5.7.2 Relaxed Wake
A better alternative from an accuracy perspective is to allow the wake to move freely
with the local velocity. To the extent possible given the use of discrete time steps and
planar wake elements, this eliminates the spurious wake forces inherent in the fixed
wake methods. For each time step an induced velocity is computed at the side edge
midpoints of each wake element. These induced velocities, along with the time step
size, are then used to compute a displacement distance for each of the wake points.
Once the wake points are displaced, the wake is re-paneled to reflect the new sideedge midpoint positions. During the relaxation process, each element must remain
planar and its side edges remain parallel, but may otherwise stretch and deform. If one
of the displacements of a relaxation point is slightly off, this can lead to accordion style
‘crinkling’ of the re-paneled wake downstream of this point, as depicted schematically in
Figure 5.12. In the figure the blade cross section is shown at the upper left and the free
wake shed from this section as a dotted line. The discretized paneling of the wake is
represented with solid line segments with dots showing the midchord relaxation points.
As shown in the figure, misplacing only one point from the theoretical wake trajectory
can cause crinkling of all downstream panels. This crinkling can either be smoothed or
exacerbated in future timesteps depending on the normal direction of the induced
velocity at that spanwise location.

To avoid this, a velocity smoothing technique is implemented following Bramesfeld [56].
If the induced velocity in a given direction at a relaxation point is overestimated because
of crinkling, then the induced velocity in that direction will in general be underestimated
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Figure 5.12: Schematic drawing showing crinkling of wake upon re-paneling if one
relaxation point is misplaced

at the points immediately upstream and downstream of the point in question, and vice
versa. If the induced velocities of the point and its upstream neighbor are averaged,
this leads to a good estimate of the induced velocity halfway between the two points.
An average is then also taken between the velocity at the point and its downstream
neighbor to give a good estimate of the velocity halfway between these two points. If
the two resulting average velocities are then themselves averaged, this leads to a

 

corrected induced velocity estimate at the point in question. If w i , w i +1 , and w i −1 are
the induced velocities at the point and at its upstream and downstream neighbors, then
the smoothed velocity at the point is given as:

wi

s




w i +1 + 2w i + w i −1
=
4

(5.19)

The geometry could also be smoothed directly rather than smoothing the induced
velocities, but this would be more complicated to implement.
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One option for the relaxation is simply to displace the points at the velocity given by
Equation 5.19 each timestep. While this is acceptable, it leads to distortion in the
farthest downstream portion of the wake because there is not a semi-infinite starting
solution to hold up the wake shape. For the steady-loading case, an improvement can
be made by recognizing that for a wake relaxation point at a given timestep, all the
induced velocity values computed for that timestep at upstream wake points shed from
the same point on the blade trailing edge represent better estimates of what the induced
velocity for the point in question should have been in previous timesteps when it was in
the same relative position to the blade as the upstream points. In general, if a point in


the wake is shed from the blade trailing edge at time t0 and position x0 and moves at


induced velocity w ( t ) , its position at some later time t is given as:
t



x ( t ) = x0 + ∫ w t * dt *

( )

(5.20)

t0


In the regular relaxation the induced velocity w ( t ) is simply the induced velocity

computed at the point each timestep.

Using the steady relaxation technique, the

velocity history of the point is replaced by the current values of the induced velocities
computed at upstream points. To put it in the proper reference frame, each upstream
velocity is rotated by the azimuth angle that the blade rotated between when it
generated the upstream point and when it generated the point in question.

The

integration is done via Simpson’s rule quadrature when there are an even number of
upstream points, and Simpson’s rule with a trapezoidal rule end cap when there are an
odd number of upstream points. Because this technique requires no additional induced
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velocity computations, and because the integrations can be summed streamwise, there
is little added computational cost.

Figure 5.13 shows the relaxed wake shed from a single blade operating at a tip-speed
ratio of six after three revolutions. Figure 5.14 illustrates the wake from the same onebladed rotor after one revolution. Figure 5.15 shows the wake from a three-bladed rotor
with the same example blade and at a tip-speed ratio of 6, using the regular relaxation
method and not the steady relaxation method. The wake becomes much more nonplanar in the three-bladed case as the additional axial induction pushes the center of the
wake sheet back towards the rotor, while the tip vortices remain relatively fixed axially
and move radially inwards. Figure 5.16 compares the regular relaxation to the steady
relaxation method, showing the wake of one blade from a three-bladed rotor. The
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Figure 5.13: Relaxed wake for single blade with λ = 6 and R = 8.5 m after 3 revolutions
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Figure 5.14: Relaxed wake for single blade with λ = 6 and R = 8.5 after 1 revolution
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Figure 5.15: Relaxed wake for three-bladed rotor with λ = 6 and R = 8.5 after 3
revolutions
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Figure 5.16: Comparison of relaxed wakes using standard relaxation versus using the
proposed steady relaxation

standard relaxation procedure results in the aft portion of the wake tapering off and
becoming jumbled, while with the steady relaxation technique the wake maintains its
shape even to its trailing edge.

The relaxation process is numerically expensive. At each time step induced velocity
computations are required at the side edge midpoints of each wake element. If there
are b blades and n spanwise wake DVE’s per wake row per blade, then to bring the
nt

wake relaxation to time step nt requires b(n + 1) ∑ it induced velocity computations.
i t =1

Each induced velocity computation requires the computation of the influence of each of
the it*b*n wake DVE’s using Horstmann’s exact solution as given in Appendix A, which
involves about 300 floating point operations. To bring the simulation to timestep nt then
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nt

(

)

requires 300b n(n + 1) ∑ it2 , which can be simplified to 50b 2 (n 2 + n ) 2nt3 + 3nt2 + nt .
2

i t =1

For a geometrically symmetric rotor, this can be reduced by assuming the wake is also
symmetric so that the induced velocities only need to be computed on the wake shed
from one of the blades, so that the number of operations required is reduced to

(

)(

)

50b n 2 + n 2nt3 + 3nt2 + nt .

For example, to bring the wake relaxation of a three-

bladed rotor to time step 100 with 20 spanwise elements per blade requires about 1011
operations. The operation count is proportional to n2 and nt3, causing the computation
time for the fully relaxed case to increase dramatically with increases in spanwise
paneling and especially number of time steps. Because induced velocity calculations
are the most computationally expensive part of the routine, this causes the fully relaxed
wake method to take much more computational time than a fixed wake routine. This is
typically further aggravated by the need for both smaller time steps and finer spanwise
paneling to adequately resolve the relaxed wake. Due to the present lack of a semiinfinite starting solution, the number of time steps required for convergence can be
significant.

There are a number of ways to reduce the expense of the relaxed wake routine. Two
methods are tested here. The first is to use a variable timestep size so that timesteps in
the early part of the simulation can be large and, as the simulation progresses, can be
made smaller so that fewer total wake rows are needed to advance the wake a given
distance downstream while maintaining sufficient paneling density near the rotor. This
speeds up the program runtime considerably given that the computational time is
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proportional to the total number of wake rows cubed. The second method to speed up
convergence is to set the wake to be extrapolated once it reaches a certain distance
downstream of the rotor. The pitch of the extrapolated section of wake is specified to be
constant in the streamwise direction aft of the extrapolation point, but to vary radially
based on the radial distribution of the local pitch immediately upstream of the
extrapolated portion.

5.7.3 Semi-Relaxed Wake
The semi-relaxed wake scheme introduced here is an attempt to gain some of the
benefits of the fully relaxed wake method, but at a lesser computational cost. This
method relies on assuming the induced velocity distribution in a wake row locally
matches the Betz optimum wake condition discussed in Chapter 2. Then, for each time
step only one induced velocity computation is needed in a given row, with the remainder
of the induced velocity distribution for the wake row prescribed by the Betz condition.
This is a reduction from the n + 1 induced velocity computations required by the fully
relaxed method per row per time step, which reduces the number of floating point
operations required by a factor of 1/n.

The induced velocity is computed at the center point, x*, of each wake row at radius r*.
If the induced velocity components in the axial, radial, and tangential directions at x* are
wx*, wr*, and wθ*, then the displacement velocity u′ and the incremental power to thrust
ratio k2, as defined in Chapter 2, are:
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k2 =

(

Ω r ∗ U ∞ − w ∗x

)

Ω r ∗ + wθ∗

(5.21)

u ' = U∞ − k 2

The axial and tangential induced velocities wx and wθ, at some other point x with radius r
in the same wake row as x* can be computed using the Betz relation:

Ω 2r 2
w x = u 'cos φ = u ' 2
k2 + Ω 2r 2
2

wθ = u 'cos φ sin φ = u '

(5.22)

Ω r k2
+ Ω 2r 2

k22

where the helix angle φ was found using the relation: tan(φ) = k2 /Ω r. The radial induced
velocity is computed by assuming a linear distribution, with wr = 0 at r = 0 and wr = wr* at
r = r*.

This is an overly simplistic assumption.

Better results can be obtained by

computing the induced velocity at several spanwise points in a wake row, rather than
one, and interpolating in between these points. Figure 5.17 shows an example of a
semi-relaxed wake for a single blade operating at a tip-speed ratio of six after three
revolutions, while Figure 5.18 shows the wake from a three-bladed rotor using the same
blade. For the three bladed rotor, moving downstream from the rotor, after an initial
period where the pitch decreases slightly and the radius increases slightly, there is a
more substantial move in the opposite direction with the pitch increasing and the radius
decreasing. This, and the similar behavior seen in the fully relaxed case, may be due to
the lack of a starting semi-infinite solution.
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Figure 5.17: Semi-relaxed wake for single blade with λ = 6 and R = 8.5 using Betz
condition
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Figure 5.18: Top view of semi-relaxed wake for three-bladed rotor with λ = 6 and R =
8.5 using Betz condition

Noticing that tip vortices of the relaxed wake case tend not to move much spatially,
while the interior section undergoes a strong displacement towards the rotor, a second
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semi-relaxation method was attempted. In this second method, the edges of the wake
are held fixed while an assumed parabolic axial induced velocity distribution is used in
each wake row, with the peak velocity given by a single induced velocity computation at
the center of the row. The tangential and radial induced velocities are ignored.

Figure 5.19: Example of parabolic semi-relaxation, showing the wake of one blade of a
three-bladed rotor

5.7.4 Circulation Conservation During Relaxation
During the relaxation process the wake elements may be stretched in their local
spanwise and/or local chordwise directions. No special steps need be taken for the
chordwise stretching, but for spanwise stretching the vorticity distribution needs to be
adjusted to comply with Kelvin’s circulation theorem. For an inviscid, incompressible
flow without non-conservative body forces, Kelvin’s circulation theorem states the
circulation taken around a given closed material curve always containing the same fluid
particles is constant with time:
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dΓ e
=0
dt

(5.23)

If the curve is initially taken to encircle a wake element in the spanwise sense and
intersect its side edges, then because the wake is moving with the flow, the curve will
always intersect the element’s side edges. The subscript ‘e’ indicates the circulation
taken spanwise around the element. The velocity integral around the closed path can
be reduced to a simple definite integral of the vortex sheet strength γ taken over the
element’s spanwise coordinate:

Γe = ∫

ηi

−ηi

γ dη = ∫

ηi

−ηi

Bi + 2Ciη dη = 2Biηi = const

(5.24)

which must be a constant equal to the initial value of the integral in order to satisfy
Equation 5.23.

References [16] and [17] suggest a different circulation conservation relationship using
the filament circulation distribution Γ:
1
2ηi

ηi

ηi

∫−η Γ dη = ∫−η Ai + Biη + Ciη
i

i

2

1
dη = Ai + Cηi2 = const
3

(5.25)

If an element is assumed to be evenly stretched, meaning the spanwise expansion rate
is uniform across the element, both equations 5.24 and 5.25 hold true for the element.
However if each element in a wake row is individually evenly stretched, but the
stretching rate varies between elements, then continuity of vorticity is lost between
elements due to the piecewise linear nature of the vorticity distribution. For this reason
even stretching cannot be assumed. Using Equation 5.24, along with a condition on
spanwise continuity of vorticity between elements, tends to result in a ‘jagged’ vorticity
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distribution, which leads to instability in the wake relaxation. This is likely a result of the
piecewise linear vorticity distribution and the uneven stretching of elements. Equation
5.25, on the other hand, when used with conditions on continuity of vorticity and
circulation between elements, results in a smoother vorticity distribution and no stability
issues. For this reason Equation 5.25, even though it does not satisfy Equation 5.23, is
used as the circulation conservation condition.

Figure 5.20 illustrates an example of the application of the circulation conservation
condition during the full relaxation of a wake shed from a single blade. The wake in
question is that of Figure 5.13.

The left-hand side of Figure 5.20 shows the

development of the wake vortex filament strength distribution moving downstream, while
the right-hand side shows the development of the wake vortex sheet strength
distribution. The circular markers on the curves represent the edges of the elements in
the wake row at the downstream axial position indicated. The vorticity distributions are
plotted versus a spanwise coordinate tangential to the wake row, denoted as ηg. The
maximum value of ηg for a given distribution represents the unrolled span of the wake
row at that downstream position. The unrolled span increases about three times its
initial length by the time the wake row is two revolutions downstream of the blade
surface. This stretching, due to the roll up of the wake sheet around the tip vortices,
causes the sheet vorticity edge values to decrease substantially as the wake row
progresses downstream.

The stretching works its way from the edge of the wake

sheets inward as the wake progresses downstream and the tip vortices roll up more and
more of the vorticity in the wake.
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Figure 5.20: Examples of wake filament strength Γ (left) and sheet strength γ (right)
distributions at several streamwise positions in a fully relaxed wake plotted versus a
spanwise tangential coordinate ηg
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5.8 Equation System

The circulation distribution on a lifting surface composed of distributed vorticity elements
is solved for through the application of a kinematic condition at the control point of the
surface elements, the requirement of continuity of the vortex filament strength and
vortex sheet strength between spanwise adjacent elements, and the stipulation of
boundary conditions on either the filament or sheet strength at the blade root and tip.
This results in a system of 3n equations for the three circulation coefficients, A, B, and
C, of each of the n surface elements:

[D ]{A} = {R}
where

[D ]

(5.26)

is a 3n x 3n matrix of influence coefficients,

{A}

is the 3n vector of

circulation coefficients, and {R} is the 3n resultant vector.

The ‘no flow through’ kinematic condition requires the net normal velocity at the control
point of each element to be zero:








(u + wwake + w surface )i ini

=0

(5.27)



where u is the local relative freestream velocity including rotation, wwake is the net

velocity induced by the wake elements, w surface is the net velocity induced by the

surface elements, and n is the surface normal vector. The subscript ‘i’ indicates that

the quantity is determined at the control point of surface element i. The surface induced
velocity component can be written:
n

(wsurface in )i = ∑ ( aij A j + bij B j + cijC j )




j =1
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(5.28)

in terms of the coefficients aij, bij, and cij, which provide the influence of surface element
j onto the control point of surface element i. Aj, Bj, and Cj are the circulation coefficients
of surface element j.

The freestream term always goes into the resultant side of

Equation 5.26, while the surface induced velocity term always goes into the unknown
left-hand side of Equation 5.26.

For a steady flow the wake element circulation

coefficients are directly related to the vorticity coefficients at the trailing edge of the
surface, so that the wake induced velocity component of Equation 5.27 can be added to
the left hand side of Equation 5.26. In this case the wake influence on the control point
of surface element i can be written:




(wwake in )i

=

 nw 
 B jk
B
b


∑ j ∑  ijk  B
j =TE1 
 j
 k =1 
TE2

nw 

 C jk
  + C j ∑ cijk 

 Cj
k =1 
 



  
 

  

(5.29)

where the j-summation is taken over the trailing-edge surface elements and the ksummation is taken over the nw streamwise rows of wake DVE’s. The coefficients bijk
and cijk provide the normal influence of the wake element at the spanwise position j and
the streamwise position k onto the control point of surface element i, while Bjk and Cjk
are the vorticity coefficients of the wake element. An A term is not required because in
the steady case there are no vortex filaments in the wake. The vorticity coefficients of a
wake element jk are directly related to the coefficients of the corresponding trailing-edge
surface element j due to the conservation of circulation required by the Helmholtz
theorem. The coefficients are not equal, however, if the wake element has a different
span than the surface element. The exact ratio of the coefficients is unknown ahead of
time, but a good approximation can be obtained by assuming that the wake element is
evenly stretched, in which case:
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ηj
≈
;
B j η jk

B jk

 ηj
≈
C j  η jk

C jk






2

(5.30)

where ηj an ηjk are the half-spans of elements j and jk. A more exact approximation
could be obtained by iterating the equation solution, but this is likely unnecessary. With
the use of Equation 5.30, the wake influence can be included in the left hand side of
Equation 5.26 for a steady flow. For the unsteady case the wake induced velocity goes
into the resultant side of Equation 5.26 because the wake coefficients no longer depend
on the current value of the surface trailing edge vorticity distribution, but rather on
previous values.

The continuity of circulation and vorticity between a surface element i and its spanwise
neighbor i+1 can be written:
Ai + Biηi + Ciηi2 = Ai +1 − Bi +1ηi +1 + Ci +1ηi2+1

(5.31)

Bi + 2Ciηi = Bi +1 − 2Ci +1ηi +1

At the blade tip a zero circulation boundary condition is applied:
2
Atip + Btipηtip + Ctipηtip
=0

The root boundary condition depends on how the rotor hub is modeled.

(5.32)
When

comparing to theoretical results where no hub is used, a zero circulation condition is
appropriate. In other cases it may be more appropriate to use a zero vorticity condition.
The results presented here use a zero circulation condition:
2
Aroot − Brootηroot + Crootηroot
=0
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(5.33)

In the time-stepping solution methodology, if the steady assumption is used then the left
hand side of Equation 5.26 is updated each time step to include the wake induced
velocity influence while the right hand side remains fixed. In the unsteady case the left
hand side remains fixed while the right hand side is updated to include the wake
influence.

This makes the unsteady case suitable for solution via lower-upper

decomposition, while the steady case is solved via standard Gaussian elimination. The
steady case could be treated in an unsteady manner so that the more efficient lowerupper decomposition method could be used, but because the equation system solution
tends not to be the major computational expense, this is generally not necessary.

5.9 Force and Moment Computations

To compute the inviscid forces and moments generated by the rotor, the KuttaJoukowski theorem is applied to the vortex filaments that are bound to the blade
surfaces. The Kutta-Joukowski theorem relates the force developed on an element of
bound vorticity to the element’s circulation vector and the local velocity that impinges
upon it. The forces resulting from the freestream and blade rotational velocities can be
computed analytically, while the forces due to the induced velocities must be computed
numerically. The moment computations are taken about the center of rotation of the

blade system, xr . Forces are computed in both the global Cartesian and polar frames.

Generally, due to the nature of the integrations, conversion between the two systems
cannot be performed by a simple reference-frame transformation. For instance the
integration around a unit circle of a force field that is always of unit tangency on the

136

circle results in net zero force in the Cartersian frame, but a tangential force of 2π in the
polar frame.

It is also possible to compute the forces using the wake properties in the Trefftz plane,
but this method tends to be very sensitive to the precise Trefftz-plane wake shape [34].
When relaxing the wake, small errors in wake displacement can build up in the far
wake, causing non-negligible error in the force computed there due to this sensitivity.
Another concern with a Trefftz-plane force computation in the wind-turbine DVE
analysis is that since a semi-infinite helical wake solution is not available, the wake must
be extended a large distance away from the rotor to obtain the necessary far wake
properties. This distance would likely be farther than required for a converged KuttaJoukowski force calculation, resulting in increased computation time. For these reasons
Trefftz-plane force computations are not pursued here.

5.9.1 Kutta-Joukowski Theorem Applied to the DVE Filament

The Kutta-Joukowski theorem expresses the force F developed on a vortex filament

that follows the curve c due to the velocity v as:




F = ∫ ρ v × dΓ

(5.34)

c

For the straight vortex filament of the distributed vorticity element the differential

circulation vector d Γ can be written:



dη
d Γ = Γ (η ) ds = Γ (η ) sˆ
cos Λ
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(5.35)


where ds is the differential vector along the line of the vortex and ŝ is the unit vector in

this direction.


Letting S = sˆ

cos Λ

the Kutta-Joukowski theorem for a DVE vortex

filament becomes:

F=

ηi

∫





ρΓ (η ) v (η ) × S dη

(5.36)

−ηi

Taking the moment of the differential force vector about the center of rotation and

integrating along the filament results in the integrated moment vector Q :
ηi


Q=

∫

−ηi




ρΓ (η ) r (η ) × v (η ) × S  dη

(5.37)

Letting p̂ represent either the axial, radial, or tangential unit vector at coordinate η, the
components of the integrated force in the p̂ direction and moment about the p̂ direction
are:
ηi

Fp =

∫

−ηi

ηi

Qp =

∫

−ηi





ρΓ (η ) v (η ) × S  i pˆ (η ) dη

{

}




ρΓ (η ) r (η ) × v (η ) × S  i pˆ (η ) dη

(5.38)

(5.39)

where p̂ may vary over the filament, as would be the case for the radial and tangential
unit vectors if the filament is not radially aligned. The axial direction is along the axis of
rotation of the blade system and is consequently constant over the filament. The radial
direction at a given point on the filament is defined by the projection onto the plane of
rotation of the line from the center of rotation to the point in question, with the tangential
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direction being perpendicular to this line in the plane of rotation. The radial vector r (η )

from the center of rotation to the point on the filament with coordinates x (η ) in the

global Cartesian frame is given by:



r (η ) = x (η ) − xr

(5.40)

so that the radial and tangential unit vectors are:

r (η ) 
yz
eˆr (η ) = 
r (η ) 
yz

(5.41)

eˆθ (η ) = eˆ x × eˆr (η )
where the ‘yz’ subscript indicates the projection onto the plane of rotation. The axial
component of the force vector provides the thrust of the element, while the axial
component of the moment vector provides the torque. When the torque is multiplied by
the blade rotation rate, the element’s contribution to the power extraction is returned.

It may also be useful to compute the integrated vector components in the lift, drag, and
side force directions. Drag, by definition, is in the direction of the local freestream

vector u , while here the lift direction is defined by the cross product of the unit vectors

in the drag and radial directions.

This definition of the lift direction makes it

perpendicular to both the local freestream velocity and the radial vector. The unit vector
in the side force direction is the cross product between the lift and drag unit vectors.
The force direction unit vectors are then:
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u (η )
eˆD (η ) = 
u (η )
eˆL (η ) = eˆD (η ) × eˆr (η )

(5.42)

eˆS (η ) = eˆL (η ) × eˆD (η )

If one of these unit vectors is represented as fˆ , then the integrated force vector in that
direction and its ensuing moment vector about the center of rotation are:

Ff =

ηi

∫

−ηi

ηi


Qf =

∫

−ηi





ρΓ (η ) v (η ) × S  ifˆ (η ) fˆ (η ) dη

{



(5.43)

}



ρΓ (η ) r (η ) × v (η ) × S  ifˆ (η ) fˆ (η ) dη

(5.44)



Components of the Ff and Qf in the direction of axial, radial, or tangential unit vector p̂

are found as:
ηi

Ffp =

∫

−ηi

ηi

Qfp =

∫

−ηi

{

}





ρΓ (η ) v (η ) × S  ifˆ (η ) fˆ (η ) i pˆ (η ) dη

{

{



}}

ρΓ (η ) r (η ) × v (η ) × S  ifˆ (η ) fˆ (η ) i pˆ (η ) dη

(5.45)

(5.46)

As an example, if eˆL is substituted for fˆ and êθ for p̂ , then Equation 5.45 provides the
integrated component of lift force in the tangential direction, while Equation 5.46
provides the tangential component of the moment about the center of rotation caused
by the lift force.
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5.9.2 Freestream Forces

The local freestream velocity u is given by the sum of the freestream and blade

rotational velocities relative to the point on the filament:

 

u (η ) = U∞ − Ω × r (η )

(5.47)



where Ω is the rotational vector of the rotor and r (η ) is the vector from the rotor center

of rotation to the point on the filament with coordinate η. The insertion of this velocity
into Equations 5.36 – 5.39 provides the Kutta-Joukokwski integral expressions for the
element’s freestream force and moment vectors and their components in the axial,
radial, and tangential directions. These integrations can be performed analytically, the
results of which are provided in Appendix B, along with expressions for the relevant
variables in terms of the integration variable η. Although the expressions for the lift,
drag, and side force given in Equations 5.43 – 5.46 can be integrated analytically as
well for the freestream velocity, the calculations would be lengthy. These integrations
are instead performed numerically.

5.9.3 Induced Forces
The induced forces are computed via the Kutta-Joukowski theorem using the induced

velocity w either along the bound vortices of the lifting surface or along a single lumped

filament at the surface trailing edge with a circulation strength equal to the net strength
of the bound vortices. The reasoning for computing the induced force at the trailing
edge is that the trailing edge is where the vorticity from the surface is shed into the
wake, while the reasoning for computing on the bound vortices is that the induced force
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is ultimately a pressure force that may reasonably be assumed to develop over the
whole surface of the blade. Sometimes a combination is used. In the fixed wing DVE
analysis of reference [16], for instance, the induced drag is computed at the trailing
edge and the induced lift and side forces at the bound vortices. It is not clear which
location is preferable for the wind-turbine analysis, so both are compared here.

The same integral equations apply as for the freestream force, except with the local


freestream velocity u replaced by the induced velocity w . Unlike for the freestream

case, however, a simple analytical expression for the induced velocity along the bound
vortices is not available. Although technically it may be possible to develop such an
expression in the same way that analytic expressions were found for the DVE induced
velocity at a single point, such an undertaking is unfeasible from a practical perspective.
Instead the induced velocity must be computed at a finite number of points along the
bound vortex, and the force integrated numerically using a quadrature rule.

As the evaluation points may be freely chosen and because induced velocity
computations tend to be numerically expensive, Gaussian quadrature is a good choice
for the integration method. It provides a high order of accuracy with very few function
evaluations. For instance a polynomial of order 2n + 1 is integrated exactly with only n
+ 1 evaluation points using Gaussian quadrature [57]. The induced force and moment
results presented in this thesis were found using a standard Gauss-Legendre
quadrature with three evaluation points per vortex filament segment. Depending on the
number of spanwise DVE’s used to model the surface, two evaluation points per DVE

142

also will provide acceptable accuracy in many cases. If a very sparse paneling is used,
the number of evaluation points per element can easily be increased. The Gauss
Legendre quadrature rule for the integration of a vector function f (η ) from –ηi to ηi is

written:
ηi

∫

−ηi

n


f (η ) dη ≈ ηi ∑ w j f ηi yɶ j

(

j =0

)

(5.48)

where w j are the weights corresponding to the non-dimensional evaluation points yɶ j .
The evaluation points and weights for the three-point quadrature are given in Table 5.1.

Table 5.1: Evaluation points and weights for three-point Gauss-Legendre quadrature
yɶ j
− 3

wj
5

5
8

0

3

5
5

9
9
9

The only place where Gaussian quadrature may not be applicable is at the blade tips
where, if the shed vorticity is non-zero, the induced velocity is infinite. The issue is not
the infinite value itself, as the evaluation points are sufficiently inboard to avoid
computational problems. Rather, for accuracy reasons, sometimes such a singularity
requires the development of a Gaussian quadrature rule especially for the type of
singularity in question (logarithmic in this case). This does not seem to be needed here.
The force integrations at the tips were computed in several test cases using varying
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numbers of evaluation points up to ten. The results were insensitive to the number of
points used, indicating that the standard Gauss-Legendre quadrature rule is performing
effectively even at the tips.

As described in Section 5.5, there is an induced velocity singularity at the leading edge
of a swept vortex sheet that interferes with the computation of the induced force along a
filament at the sheet leading edge. This problem can be ameliorated through the use of
an equivalent non-swept force system. Munk’s stagger theorem in fixed wing analysis
states that lifting systems with equivalent spanwise circulation distributions produce
identical induced drag regardless of streamwise circulation placement [58].

More

generally, control volume analysis shows that two systems with identical Trefftz-plane
wake geometries and circulation distributions will generate identical net forces,
regardless of the detailed lifting surface geometry and placement. While two systems
with differing surface geometry are almost certain to have differing free wake geometry
even if their circulation distributions are identical, if the difference in surface geometry is
small, it is reasonable to assume the difference in wake geometry will be small as well
and have a negligible effect on the forces. Under this assumption, a swept vortex on
the wind-turbine blade can be replaced by a non-swept vortex with the same circulation
distribution for the force computation.

Three options for the Kutta-Joukowski induced force computation are compared for the
DVE wind-turbine analysis:
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1) The force is computed at a lumped vortex filament along the surface trailing
edge, which is de-swept along its entire length.
2) The force is again computed at the lumped trailing edge, but this time the
elements that compose the filament are only de-swept when computing their selfinduced velocity
3) The force is computed at the bound vortices of the elements, which are only
de-swept when computing their self-induced velocity
Option 1, which is based on the method of Eppler and Schmidt-Göller [59], is used by
Bramesfeld for the computation of induced drag in the fixed-wing DVE analysis [16].
When the forces are computed at the trailing edge in options 1 and 2, the blade surface
is solely represented by the vortex filament at the trailing edge and the velocity
otherwise induced by the surface DVE’s is not included.

For options 2 and 3, each element is de-swept only when computing its self-induced
velocity. Recalling Figure 4.2, each DVE is a superposition of two semi-infinite vortex
sheets with their corresponding vortex filaments. For this ‘local’ de-sweeping, only the
semi-infinite vortex sheet of the filament on which the force is being computed is deswept. For example, if the force is being computed along the leading edge filament of a
DVE, the leading edge filament and the associated leading edge semi-infinite vortex
sheet are de-swept before computing the velocity the sheet induces on the filament.
The trailing edge vortex sheet and filament, on the other hand, are not de-swept and
their induction is computed on the original leading edge vortex filament position, not the
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de-swept version. The velocities induced by all the other surface and wake elements
are computed on the original leading edge filament position.

Sometimes in fixed wing analysis the self-induced velocity of the lifting surface is
ignored in the computation of induced velocities. This is because any pair of bound
filament segments will induce equal and opposite drags on each other, no matter their
geometrical orientation [58]. While the same cannot be said for induced lift and side
forces, these are typically of less concern than induced drag. For the rotating wing,
though the forces may be equal and opposite, a finite torque will result from the radial
separation of the filament segments which should probably be included in the moment
computation.

Even so, the effect will be generally be small because the velocity

induced by one of a pair of mostly spanwise bound filament segments on the other is
typically only significant when they are radially close together and hence do not
generate much of a moment.

Paneling of a twisted blade with planar elements creates gaps in the surface model that
can affect the force computation. The surface elements are connected spanwise at
their leading edges to ensure continuity of the bound vortices. The blade trailing edge,
located at the three-quarter chord line of the most aft row of surface elements, becomes
discontinuous, which may not be good for the force computation there.

This is

addressed by constructing a continuous trailing edge as illustrated in Figure 5.21. The
solid lines represent the surface DVE’s, whose trailing quarter chord length stretches
into the wake. This quarter chord is replaced by a new row of DVE’s, represented by

146

the dashed lines, which have a continuous leading edge to represent the trailing edge of
the blade. It is upon this edge where the induced forces are computed.
0

-0.1

-0.2

surface DVE’s

-0.3

z

-0.4
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-0.7
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4
3.5
3
2.5
2
1.5
1

0

0.1

0.3

0.2

y

x

Figure 5.21: Continuous blade trailing edge used for induced force computations

If the blade is modeled with multiple rows of surface DVE’s, a twisted blade will cause a
dihedral misalignment between neighboring streamwise elements as well. This gap
may affect the induced force computation at the bound vortices because of flow leakage
and inexact singularity canceling. To avoid such problems, the surface is rearranged for
the force computation on each lifting line so that the DVE’s directly fore and aft of a
segment of the lifting line are coplanar. This is illustrated in Figure 5.22, which shows
how the surface DVE’s are arranged for the force computation on the third of four lifting
lines. The twist has been exaggerated for effect. The surface is similarly adjusted for
the computation of the force on the other lifting lines in turn.
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Figure 5.22: Arrangement of surface DVE’s for computation of induced force on third
lifting line from blade leading edge

148

Chapter 6: Validation and Testing
This chapter presents validation and testing of a computer code implementation of the
methodology described in the previous chapter. The validation has three goals:

1) The first objective is to test the sensitivity of the results of the program to changes in
certain parameter values. The primary parameters tested include the paneling density
of the surface and the wake, the convergence behavior of the timestepping solution as
the wake extends farther and farther downstream, and the values of certain modeling
terms dealing with singularity handling.

2) The second objective of the validation is to compare different computation options in
the code, like which wake model is used and which force computation method is used.

3) The final objective of the validation is to compare results of the numerical DVE
method to the results of other methods. In this case the numerical results are compared
to Goldstein’s theoretical results and the results of the blade element momentum
method.

With the exception of the Goldstein theoretical comparison, all of the validation was
done using a sample rotor taken from the Wind Energy Handbook [21], and will be
referred to as the WEH rotor. This three-bladed rotor was designed using the blade
element momentum method to be optimal at a tip speed ratio of about six. It was
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designed to be a practical in the sense that it features a linearly-tapered blade and a
finite hub with a radius of 20% of the rotor radius. Table 6.1 lists the geometrical
properties of the WEH blade. The pitch angle in the table has been adjusted so that it
represents the pitch of the zero-lift line of the airfoil. The blade was designed with the
NACA 63-2XX airfoils in mind. These Airfoils have a zero-lift angle of attack of -1.5 deg.

Table 6.1: Geometry of the WEH blade, reproduced from Table 3.1 of [21]
r (m)
1.700
2.125
2.550
2.975
3.400
3.825
4.250
4.675
5.100
5.525
5.950
6.375
6.800
7.225
7.650
8.075
8.500

r/R
0.200
0.250
0.300
0.350
0.400
0.450
0.500
0.550
0.600
0.650
0.700
0.750
0.800
0.850
0.900
0.950
1.000

c (m)
1.085
1.045
1.005
0.965
0.925
0.885
0.845
0.805
0.765
0.725
0.685
0.645
0.605
0.565
0.525
0.485
0.445

β (deg)
13.500
10.600
8.000
6.100
4.600
3.400
2.400
1.600
0.900
0.400
0.000
-0.300
-0.600
-0.900
-1.100
-1.300
-1.500

6.1 Refinement Testing

For consistency, the power and thrust predicted by the numerical method should
converge to a fixed value as the paneling density of the blade and wake increases. This
section compares the refinement behavior for the fixed, relaxed, and semi-relaxed
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methods. The fixed wake cases were run for 10 revolutions, while the relaxed and
semi-relaxed cases were run for only 2.5 to save computational time. This is adequate
to explore the refinement behavior of the method, but these results should not be used
to compare the various wake models, since the fixed wake results will be more
converged in these cases.

Figure 6.1 shows the convergence behavior of the total and induced power and thrust
coefficients as the number of spanwise panels, n, is increased for the fixed wake, semirelaxed wake, and relaxed wake cases.

Forces were computed using the Kutta-

Joukowski integrations on the lifting line of the single chordwise panel. Overall the
convergence behavior is strong.

The power coefficient, which is the primary

performance parameter, comes within 1% of its final value with only 10 panels per blade
for the fixed and semi-relaxed cases, while it requires 17 panels for the relaxed case to
reach 1% of its final value. The overall thrust coefficient shows similar convergence.
For the induced power computation, all three methods require only 10 panels to reach
1% of their final values.

For the relaxed case, CPi converges more rapidly than CP, while for the fixed and semirelaxed cases the convergence rate of CPi is similar to that of CP. The reason for this is
not entirely clear, but likely has to do with the refinement of the circulation distribution in
the tip region. As the tip panel gets increasingly smaller, the slope of the circulation
derivative at the tip gets progressively steeper, perhaps approaching infinity in the limit.
This increases the circulation level in the tip region and thus the freestream power. For
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Figure 6.1: Variation of total and induced power and thrust coefficients with number of
spanwise panels; B=3, λ=6, m=1.

the fixed and semi-relaxed case this is offset by an increase in induced power loss due
to the stronger tip vortex. For the relaxed case however this offset behavior is limited
because the stronger tip vortex also moves farther away from the blade during the
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relaxation and starts to roll, so even though the freestream power is increasing the
induced power may level out. It may be this balance, which would also depend on the
timestep size, which is in evidence here. This view is further supported by the behavior
of the induced thrust coefficient, which does not show the same early convergence as
CPi. As the tip element rolls, it induces velocity in the tangential direction, contributing to
the increasing induced thrust, but not in the axial direction, which would contribute to
induced power.

Figure 6.2 shows the convergence of the power and thrust coefficients with increasing
number of chordwise panels, m. CP, CPi, and CT all are within 1% of their final value
with only one row of chordwise elements for all the wake models. CTi on the other hand
shows relatively slow convergence in all cases, still increasing even with 10 rows of
elements. Most likely this is due to the behavior in the root region of the blade, where
the wake is inducing tangential velocity which is felt more strongly by more aft lifting
lines. Because CTi is so small compared to the overall CT, it is generally not worth
adding rows of elements just to refine the computation of CTi.

Figure 6.3 shows the variation of the power and thrust coefficients with variation of the
number of timesteps taken per blade revolution, which is what controls the paneling
density of the wake. In this case only 10 - 12 timesteps per revolution are needed to
reach 1% of the final converged values for all the coefficients in all the cases. For a tip
speed ratio of 6, this corresponds to timestep sizes of 0.9 – 0.75 seconds.
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Figure 6.2: Variation of total and induced power and thrust coefficients with number of
chordwise panels; B=3, λ=6, n=20.
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Figure 6.3: Variation of total and induced power and thrust coefficients with
number of timesteps per blade revolution; B=3, λ=6, m=2, n=20.
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6.2 Convergence Testing

This section presents the timestepping convergence behavior of the numerical method
for the fixed wake, semi-relaxed wake, and relaxed wake cases for the WEH rotor
operating at a tip-speed ratio of 6. The simulation was run for 9 blade revolutions at 20
timesteps per revolution. Eighteen unevenly spaced spanwise panels were used on the
blade with two chordwise rows. The paneling of the blade is shown in Figure 6.4, while
Figure 6.5 shows side views of the wakes from one of the three blades for each of the
three wake models after 9 revolutions. In the timestepping scheme the rotor starts at an
axial position of x = 0 and moves axially in the negative x-direction. The fixed-wake has
an iterated pitch based on power coefficient. The wake pitch is achieved by having the
rotor advance at a velocity less than the freestream velocity by a factor of (1 – a), where
a is determined from the axial momentum theory relationship between CP and a. This is
why the fixed wake blade has only advanced to an axial position of about x = -60, while
the relaxed and semi-relaxed blades which move axially at the freestream velocity, have
reached axial position of x = -80. The parabolic version of the semi-relaxation method
was used.

Figure 6.4: Blade paneling of WEH blade used for the convergence study
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Figure 6.5: Wakes from single blade of a 3 bladed rotor after 9 revolutions using 3
wake models, λ=6.

Figure 6.6 shows the values of CP, CPi, and timestep change in power coefficient, ∆CP.
plotted versus the timestep index. All wake models show a steady, regular asymptotic
convergence, with the fixed wake model converging faster than the relaxed and semirelaxed wake models. This indicates that the later convergence of the relaxed models
has to do with adjustment of the position of the near wake rather than not having the
wake extend far enough downstream. The utility of a semi-infinite starting solution then
would likely depend on how well it helped the near wake position converge.
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Figure 6.6: Power coefficient convergence behavior of timestepping method for the
WEH test blade; B=3, λ=6, m=2, n=18, 20 timesteps per revolution

After about 80 timesteps the relaxed wake convergence begins to exhibit some small
oscillation.

This is shown more clearly in Figure 6.7, which zooms in on the later

timesteps. This oscillation appears to be the result of the behavior of the tip roll-up of
the relaxed wake model in the face of the significant distortion of the wake as the tip
vortex stays relatively fixed spatially while the central portion of the wake gets pulled
strongly towards the rotor. In the tip region, a small variation in position can cause an
element to be either pulled towards the rotor or not. It seems a wake element begins to
alternate on successive timesteps between being pulled upstream or not, causing the
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oscillation in the convergence. This is exacerbated by imprecise location of the wake
edge. The current model uses a wake edge relaxation point slightly inboard from the
absolute wake edge. This means that the actual absolute wake edge position is linearly
extrapolated from the inboard point location. The wake edge element tends to roll about
270 deg around so that its midchord line is pointing upstream towards the edge. The
outer edge of the element gets pulled upstream while the interior edge stays
downstream. In reality the outer edge of the element should curl inward, which might
result in a smoother overall stretching of the elements in the tip vortex with less
likelihood for the oscillatory behavior to occur. One way to accomplish this would be to
split the outer most DVE streamwise at the inboard relax point and locate the edge of
the outer portion at the centroid of the rolled up region.

Figure 6.7: Timestep over timestep change in power coefficient demonstrating
oscillation in relaxed wake convergence, B=3, λ=6, n=18, m=2

Further evidence that this oscillation comes from the heavy distortion of the wake
comes from looking at the relaxed wake behavior of a more lightly loaded turbine, where
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the wake is pulled less strongly towards the rotor. Figure 6.8 shows ∆CP plotted versus
timestep for a 1 bladed version of the WEH rotor, all other properties being the same.
The relaxed wake convergence is completely smooth in this case.

The periodic

behavior seen for all the wake models is due to the blade passage every 20 timesteps.
Notice also that the convergence of the relaxed and semi-relaxed cases, though slower
initially, appears to catch up to the fixed wake convergence, and that in all cases ∆CP is
an order of magnitude smaller than for the three-bladed rotor.

Figure 6.8: Timestep over timestep change in power coefficient without oscillation for a
more lightly loaded rotor, B=1, λ=6, n=18, m=2

Figure 6.9 plots the cumulative computational time required by the various wake models
for the three-bladed case.

These simulations were performed on a Dell Optiplex

desktop computer with an Intel Core2 processor at 3.16 Ghz and 3GB of RAM. For the
fixed wake case, almost all of the computation time is for the force computations that
were performed each timestep. As expected, the computation time required for the
relaxed wake case dwarfs those for the semi-relaxed and fixed wake cases, increasing
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with the cube of the timestep index and requiring about 75 minutes to reach nine
revolutions.

The computational time of the fixed and semi-relaxed case could be

improved further by using a coarser paneling on the blades and wakes.

Figure 6.9: Cumulative computational time required vs. timestep, B=3, n=18, m=2

6.3 Wake Models

Although the fully relaxed wake model is expected to provide the most accurate results,
several other fixed and semi-relaxed wake models were proposed which would offer a
computational speed advantage over the fully relaxed wake. This section compares the
power and induced power calculated using the various models to the relaxed wake
results for the WEH test rotor at tip speed ratios ranging from two to twelve at a
freestream velocity of 1. The blade was paneled as shown in Figure 6.4 for these
cases.

At a tip speed ratio of 6, the simulations were run for 9 revolutions at 20

timesteps per revolution. To make the wakes for the simulations of the lower and higher
tip speed ratios reach approximately the same distance downstream as the λ = 6 case,
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the number of revolutions and timestep sizes were adjusted either up or down. Even
so, the higher tip speed ratios were run for a shorter axial distance than the lower tip
speed ratios in deference to computational time, so the higher tip speed ratio cases are
not quite as converged as the lower tip speed ratios. For the relaxed wake cases, at tip
speed ratios of 6 and below, full relaxation at a single timestep size was used. At tip
speed ratios above 6, where more rotations and timesteps are required to advance a
given distance downstream, variable timestep sizes and the wake extrapolation
technique were used to cut down further on computational time.

6.3.1 Relaxed Wake Results
Figures 6.10 and 6.11 show the relaxed wakes shed from a single blade of the three
bladed WEH rotor for each of the tip speed ratios considered. As the tip speed ratio
increases the wake turns get closer and closer to the rotational plane both because of
the increasing blade rotational rate and because of the increasing axial induction.
Above λ = 6, the solution convergences began to demonstrate the kind of oscillation
shown in Figure 6.7. Except for λ = 12, these oscillations remained small enough not to
affect the gross power values. At λ = 12 the oscillations were bigger causing CP to go
up and down by about 5% at the end of the run. Because the CP value oscillated about
a mean, this mean was found by averaging the value of CP over the last five timesteps
for this case. The reason the oscillations increase with increasing tip speed ratio is
because the sheets are both closer together and closer to the rotor plane, leading to a
higher level of interaction.
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Figure 6.10: Relaxed wakes of WEH rotor at tip speed ratios of 2, 4, and 6
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Figure 6.11: Relaxed wakes of WEH rotor at tip speed ratios of 8, 10, and 12

Figure 6.12 shows the power computation results for the relaxed wake model. The
figure shows the total power coefficient CP, the power coefficient due to the freestream
velocity CP_fs, and the negative of the induced power coefficient, -CPi.
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In this

arrangement CP can be found by subtracting –CPi from CP_fs. CP_fs keeps increasing as

λ increases, but with a decreasing slope, while CPi increases in an almost linear
manner. Between λ =6 and λ =8 the increase in CPi more than offsets the increase in
CP_fs, and CP maxes out. From a momentum theory perspective, this is the crossover
point in the tradeoff between extracting as much momentum from each fluid particle as
possible but being able to affect less particles because the total mass flow through the
rotor is decreasing.

From the Kutta-Joukowski theorem, the torque force that

contributes to CP_fs comes from the cross product of the axial freestream wind velocity,
which is constant, and the circulation vector. That CP_fs is always increasing

Figure 6.12: Relaxed wake power results for the WEH rotor. Total power coefficient
CP, freestream power coefficient CP_fs and the absolute value of the induced power
coefficient CPi are shown.
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means that the circulation on the blade as a whole is increasing, though at a decreasing
rate, as λ increases. The fact that the induced power, which is the result of the cross
product of the axial induced velocity and the circulation vector, increases at a steady
rate and not a diminishing rate like the blade circulation indicates that the axial induced
velocity is increasing at an accelerating rate as λ increases. This results from the
vorticity in the wake both getting stronger due to the higher circulation on the blade and
also being shed closer to the rotor plane due to the higher rotation rate.

It should be emphasized that these are potential flow results, as are all the results in this
chapter. If profile drag were included, the power coefficient would be lower at all tip
speed ratios. The drop in power would be more dramatic at higher tip speed ratios due
to the higher velocities seen by the blade elements and at lower tip speed ratios due to
separation.

6.3.2 Fixed Wake versus Relaxed Wake
Figure 6.13 shows the net power coefficients predicted by the various fixed wake
models over the range of tip speed ratios compared to the relaxed wake model. The
wake pitches of the fixed wake models are set by moving the rotor forward at an axial
velocity reduced from the freestream velocity by a factor (1 – a). The models differ
depending on how a is set. The fixed wake models compared here include:

- Fixed pitch with a = 0
- Fixed pitch with a = 1/3
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- Pitch iterated using the value of CP computed each timestep and the relationship
between CP and a from axial momentum theory to set a
- Pitch iterated using the axial component of the induced velocity at the leading edge
midpoint of the wake, Wmid, to set a.

As might be expected, the fixed-pitch fixed-wake models only perform well at loading
levels consistent with the choice of a. When the tip speed ratio is low and the loading
on the rotor is light, a = 0 provides a fairly accurate prediction of CP, but well over
predicts CP at higher tip speed ratios. This is because at higher tip speed ratios it
places the wake too far back from the rotor, so it underestimates the induced velocity at

Figure 6.13: Power prediction using fixed wake models compared to results of relaxed
wake for the WEH rotor over a range of tip speed ratios
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the rotor plane. Recalling that this rotor was designed using BEM for a tip speed ratio of
6 and that from momentum theory the value of a corresponding to the maximum power
condition is 1/3, it makes sense that the fixed wake model with a = 1/3 provides an
excellent CP computation for λ = 6.

At lower tip speed ratios it under predicts CP

because it places the wake too close to the rotor, and at higher tip speed ratios it overpredicts CP because it places the wake too far away. The fixed wake fixed pitch model
with a = 1/3 might provide some value analyzing a rotor near its designed optimal
operating condition, but for more general analysis is unsatisfactory.

The best results over the range of tip speed ratios is given when the value of a is found
using Wmid, though the power is always under predicted. The reason for this is that the
axial velocity at the center of the wake is typical the maximum value, or close to it, so
that it puts the edge of the wake too close to the rotor plane, even if the center is
properly located. Compared to the relaxed wake method, the value of CP is off by about
3% at a tip speed ratio of 6 and about 7% at tip speed ratios 8 and 10. Although this is
probably not good enough, it does point the way to an improved method. If multiple
induced velocity computations were made at various positions along the wake leading
edge and the pitch allowed to vary radially accordingly, the results would probably
improve considerably. This effect could be achieved with the current code by pushing
the wake extrapolation up to right behind the rotor.

The behavior of the fixed wake model with a iterated on CP is a little more complicated.
It over predicts the power for the lower three tip speed ratios and under predicts it for
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the higher three tip speed ratios. The reason for this is not immediately obvious but it
likely has to do with the fact that tip loss is not included in the relationship used to find a
from CP. How this happens is shown conceptually in Figure 6.14, which shows two
curves of power coefficient versus axial induction factor. The solid curve is from the
axial momentum theory, and the dashed curve is for an actual rotor with tip loss. When
a is less than 1/3, such as at point A on the figure, for a given value of CP the value of a
from axial momentum theory is less than the actual value of a. Using this value then
results in an over prediction of power in the fixed wake numerical method because it
puts the wake too far away from the rotor plane. The opposite happens when a is
greater than 1/3: the value of a is over predicted, leading to CP being under predicted.
This is exactly the trend that occurs here. Figure 6.15, which shows the converged
values of the axial induction factor for the two iterated pitch fixed wake methods, further
supports this view.

Figure 6.14: Demonstration of why obtaining the axial induction factor ‘a’ from axial
momentum theory using a CP for an actual rotor with tip loss causes ‘a’ to be too small
when ‘a’ < 1/3 (point A) and too big when ‘a’ > 1/3 (point B)
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Figure 6.15: Converged values of axial induction factor a used to set wake pitch for
iterated pitch fixed wake models

Figure 6.16 shows the results for CPi for the fixed wake models compared to the relaxed
wake model. Interestingly, considering how poor the comparison on CP was, the results
for CPi show excellent agreement for all the fixed wake models, except the a = 0 model,
which is a little off. It is understandable that the results would be more in accordance,
but the degree to which they agree is surprising. When analyzing this result it is helpful
to remember the Kutta-Joukowski theorem – the induced torque, and thus induced
power, is the result of the axial induced velocity crossed with the circulation vector.
When the wake is placed too far from the rotor plane the axial induced velocity
decreases on the lifting line, but the circulation increases. When the wake is placed too
close to the rotor plane the opposite happens: the axial induced velocity increases while
the circulation decreases. This explains how the CPi computation has some stability,
but that there is so little variation over such a wide variation of CP perhaps indicates
there may be a more fundamental reason.
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Figure 6.16: Induced power prediction using fixed wake models compared to results of
relaxed wake for the WEH rotor over a range of tip speed ratios

6.3.3 Semi-Relaxed Wake versus Relaxed Wake
Figure 6.17 compares the power coefficient results found using the two semi-relaxed
methods to the relaxed wake results. The Betz condition semi-relaxation substantially
under predicts the power prediction at all tip speed ratios. This is because using the
velocity at the middle of the wake row to displace the whole wake row places the strong
wake edge vorticity too close to the rotor plane. That the under-prediction is worse than
for the fixed-wake model with pitch iterated on Wmid is because for the semi-relaxed
case as a wake row progresses downstream of the rotor it continuously gets displaced
closer to the rotor, while for the fixed wake case once a wake row’s initial position is set
it does not change.
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The parabolic semi-relaxation matches well only at low tip speed ratios and over
predicts CP at higher tip speed ratios, similar to results of the a = 0 fixed-wake fixedpitch case. Keeping the edges of the wake fixed keeps the strong tip vorticity too far
away from the rotor plane, so that it is essentially a light-loading model. That the edge
of the wake becomes nearly parallel to the axial direction probably contributes as well.
The poor results at higher tip speed ratios are despite the fact that the middle of the
wake is allowed to move close to the rotor plane and that overall the wake shape
compares relatively well to the relaxed wake model (see Figure 6.5). For the relaxed
wake model, some of the edge vorticity is pulled upstream, which seems to have a
strong effect on the overall results. For a semi-relaxed method like this to work would
require a better method of determining the wake edge path.

Also having induced

velocity computations at multiple radial points per wake row would help fill out the wake
profile better overall. The same computational expense could be maintained by not
computing induced velocities at every wake row and interpolating between rows. Figure
6.18 shows the induced power coefficient results for the semi-relaxed models. As with
the fixed wake models, they match the relaxed model results much more closely than
for CP, and probably for the same reason.
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Figure 6.17: Power prediction using semi-relaxed wake models compared to results of
relaxed wake for the WEH rotor over a range of tip speed ratios

Figure 6.18: Induced power prediction using semi-relaxed wake models compared to
results of relaxed wake for the WEH rotor over a range of tip speed ratios
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6.3.4 Wake Extrapolation and Variable Timestep Sizes
In an attempt to reduce the computational time of the relaxed wake model, two
techniques were implemented: a variable time step size method and a downstream
wake extrapolation method.

This section compares the results of using these two

methods, individually and in conjunction, to the results of the fully-relaxed single
timestep size wake model for the WEH test rotor at a tip speed ratio of 6 and with the
wake extended 9 revolutions downstream. The wake extrapolation begins at 1.75 rotor
diameters downstream, uses a different pitch for each streamwise location, and keeps a
constant radius. For the variable timestep size results, the first 45 timesteps are taken
at 10 timesteps per revolution, the final 50 timesteps at 20 timesteps per revolution, and
in between, 30 timesteps are taken at a steadily increasing timestep size.

Figure 6.19 shows the resulting wakes of the time saving methods compared to the fully
relaxed single timestep size wake. The aft portions of the extrapolated wakes do not
taper like the fully relaxed cases because they use a constant radius extrapolation and
the variable timestep size cases have downstream elements with larger chords, but
other than that the wakes are very similar.

Figure 6.20 shows the convergence behavior for these cases plotted versus simulation
time. The initial gap that is apparent especially in the ∆CP plot is because the variable
timestep size cases are taking bigger steps in the beginning of the simulation. There is
again oscillation in the convergence behavior, but since there was oscillation in the fully
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relaxed single timestep size case, it is not clear whether the time saving methods
themselves contribute to the oscillation.

Figure 6.19: Wakes after 9 revolutions using relaxed wake extrapolation and variable
timestep size methods compared to the full relaxation at a single timestep size
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Figure 6.20: Convergence behavior of different wake relaxation methods plotted
versus simulation time

Figure 6.21: Timestep change in power coefficient for different wake relaxation
methods plotted versus simulation time

Figure 6.21 shows a closer view of the ∆CP convergence. Interestingly the instability
starts around the same simulation time even with different timestep sizes. For the
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variable timestep methods there is a bigger spike around a simulation time of 60 sec,
which is when the timestep size begins to change. Other than that the convergence
behaviors are similar, with the full relaxation at a single timestep size perhaps showing
a little less oscillation.

Table 6.2 shows the numerical results of using the time saving wake relaxation
methods. Overall the results are very close for all the methods and probably within the
engineering tolerance. The computational time improves dramatically, especially with
the use of the variable timestep size. Using both variable timestep sizes and the wake
extrapolation technique results in a reduction of computational time of 75% compared to
the full relaxation at a single timestep size, with the final value of CP only differing by
0.58%. This could probably be pushed even farther by using bigger initial timestep
sizes and pushing the beginning of the extrapolation further upstream. The next section
explores the solution behavior as the extrapolation start distance is varied. Although
these methods are compared at only a single tip speed ratio here, similar results would
be expected at other tip speed ratios.

Table 6.2: Results using different wake relaxation methods for the WEH rotor at λ = 6

full
extrp
vtstep
vtstep + extrp

CP
0.508
0.506
0.504
0.505

CPi
-0.278
-0.278
-0.278
-0.278

CT
0.800
0.798
0.797
0.798
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CTi
0.014
0.014
0.014
0.014

cpu time (min)
74
51
26
19

6.3.5 Wake Extrapolation Distance Variation
Some preliminary work was done on testing how wake extrapolation solution varies
based on the distance downstream at which the extrapolation starts. For this testing,
the WEH rotor at a tip speed ratio of 6 was run for four revolutions at different values for
the extrapolation start distance. Figure 6.22 shows the results for power coefficient
versus the number of rotor diameters downstream, nD, at which the extrapolation
started. At the lowest value of nD, the four wake rows closest to the rotor were relaxed,
and at the highest value of nD all the wake rows were relaxed. For this case the solution
is fairly well converged around nD = 1, which at a tip speed ratio of 6 is about two
revolutions downstream. These results are promising, but need to be confirmed with
longer simulations and over a range of tip speed ratios.

Figure 6.22: Effect of varying distance downstream at which wake extrapolation starts
on the power coefficient of the WEH rotor taken four revolutions
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6.4 Force Computation Methods

The force computation methods have not been rigorously tested, though one
comparison is made here.

Figure 6.23 shows the results of spanwise paneling

refinement on the induced power coefficient found using the three induced force
computation methods described in Section 5.9:
- Induced forces computed on lifting lines using local de-sweeping
- Induced forces computed at trailing edge using local de-sweeping
- Induced Forces computed at trailing edge using global de-sweeping method of
Eppler and Schmidt-Göller [59].
Freestream forces are always computed on the lifting lines. Four lifting lines were used
for the lifting line induced force computation method so that the lifting lines would be

Figure 6.23: Effects of spanwise panel refinement on CPi found using three force
computation methods and a fixed wake; B=3, m=4, λ=6.
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swept for the WEH rotor. If only a single lifting line had been used, it would have been
located on the unswept quarter chord line of the blade. The results of Figure 6.23 were
found using the fixed-wake a=0 model since the wake should not play much of a role in
the comparison of the induced force computation methods.

As seen in the figure, all the methods are finding reasonably close values for CPi, but
the computation at the locally de-swept TE appears to be converging much more slowly,
or perhaps not converging at all.

This may indicate that the local de-sweeping

procedure is conceptually ill conceived. However, the computation at the lifting lines,
which also uses the local de-sweeping procedure, does not show this same problem
and converges at almost exactly the same rate as the computation at the globally deswept TE. Although the TE is more swept than the lifting lines, some effect on the
lifting-line force-computation convergence behavior would still be expected if there was
a problem with the local de-sweeping procedure. More research into this is needed.

The particular way that the global de-sweeping the trailing edge is accomplished in the
computer program sometimes results in the intersection of the leading edge and trailing
edge of the element that represents the portion of the wake between the trailing edge of
the blade and the trailing edge of the most aft row of surface elements. This happens
only for the element at the spanwise location where the force is being computed, and is
the result of de-sweeping the leading edge but not the trailing edge of the element. This
only occurs when many chordwise rows are used to panel the surface or the blade
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trailing edge is highly swept. At least in this case it does not seem to have had much of
an effect on the results, but the code should be modified so that it cannot happen.

Another issue that needs to be addressed is how best to include the influence of the
bound vorticity in the induced force computations. For fixed-wing analysis, Bramesfeld
included the influence of the bound vortices in the computation of the induced lift and
side forces on the swept lifting lines (no de-sweeping used), but not on the induced drag
computation at the trailing edge (global de-sweeping used) [56]. The reason it becomes
important is that a kinked bound vortex has an induced velocity singularity on the
filament approaching the kink. The bound filaments of a twisted blade will have kinks,
and it becomes even more of an issue for non-planar blade geometries. It seems to
have much more of an effect on the induced thrust computation than on the induced
power computation. Most likely the bound vortices should be included, but with local
filament geometry smoothing to eliminate the velocity singularity.

All the results in this chapter were found using the induced force computation on the
lifting lines with local de-sweeping and with the influence of bound vortices included,
except when noted.

6.5 Goldstein Rotor Theoretical Comparison

Goldstein’s exact solution for the ideal lightly-loaded wind turbine, as described in
Section 3.5, provides the closest theoretical comparison available for the numerical
wind-turbine vortex model. Because the prescribed wake numerical case with the wake
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trajectory set to follow the blade path relative to the freestream also uses a light loading
assumption (a = 0), this case is expected to offer the closest comparison to the
theoretical results. It is not expected for the comparison to be exact, not only because
of the discretization associated with the numerical problem and some uncertainty in the
theoretical results, but more importantly because the potential flow problems are
somewhat different, though the wake shapes are the same. In the Goldstein analysis
the far wake is moving axially at the displacement velocity (or, from a different
viewpoint, moving normal to itself at the local velocity), while in the numerical model the
entire wake is moving at the freestream velocity.

The Goldstein model applies a

boundary condition on the wake surface that requires the normal velocity to be that
stipulated by the Betz condition, while the numerical model uses a no flow-through
boundary condition at the blade surface control points. Finally, the Goldstein model
uses a lifting line to model the blade, while the numerical model is a lifting surface.

6.5.1 Goldstein Design Relations
Using the analysis of Sections 3.4 and 3.5, the following Goldstein rotor design
procedure was implemented. The first step is to select a blade number B and a tip
speed ratio λ at which the rotor is to be optimized.

Then the Goldstein function

corresponding to B and λ is computed or found from a table. Once the Goldstein
function is found, the integrals I1, I2, and I3 as defined by Equation 3.38 can be
computed, with Gg replacing Gp. At this point there are an infinite number of rotors that
are defined by this Goldstein function, each of which produces the most power possible
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for the amount of thrust produced. The selection of u′ pins down which rotor is returned.
The rotor that produces the most overall power is given by the displacement velocity:
I
u'
= 1 for CPmax
U∞ 2I3

(6.1)

This is the value of u′ used here, though a comparison to the numerical method could
be made using a rotor designed for any value of u′. The circulation distribution is then
related to the Goldstein distribution as follows:

Γ
=
RU∞

2π

u'
G
U∞
Bλ

(6.2)

To relate this circulation distribution to the blade design parameters, the KuttaJoukowski expression for the lift returned by the section is equated to the expression for
the lift that defines the lift coefficient, giving:
1
Γ = Wccl
2

(6.3)

W is the velocity relative to the section:
2

1
1

 

W =  U∞ − w A  +  Ωr + wT 
2
2

 


2

(6.4)

where wA and wT are the axial and tangential induced velocity on the wake sheet in the
far wake:
w A = u 'cos2 φw
wT = u 'cos φw sin φw

(6.5)

The one-half multiplier terms in Equation 6.4 are from the relation that a semi-infinite
helical sheet induces half the velocity at its end as that induced by a double infinite
helical sheet at a given radial position on the sheet. For the lightly loaded rotor, it is
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assumed that the pitch at the rotor disc is equivalent to the pitch of the far wake, found
by neglecting the effect of induced velocity on the wake shape:

φw = φd = arctan(1/λr)

(6.6)

Because the numerical method is expected to return a lift coefficient that varies linearly
with the angle of attack of the section at a slope of two pi per radian, for the rotor design
it is assumed:
cl = clα α eff = 2 π α eff

→

α eff =

cl
c
= l
clα 2π

(6.7)

Since there is no camber explicitly in the numerical model, the zero-lift angle of attack is
assumed to be zero so that:

α eff = φ − β

→

β =φ −

cl
c lα

(6.8)

β is the pitch angle of the section and φ is the local flow angle, given by:
1


 U∞ − 2 w A 
φ = arctan 

 Ωr + 1 wT 
2



(6.9)

Figure 6.24 shows the angles and velocities relative to the blade section. For a forcefree wake, the wake pitch angle at the rotor plane, φd, is equivalent to the local flow
angle φ. This is not the case for the light loading assumption where the computation of

φd neglects induced velocities, but the computation of φ includes them. Essentially a
value for φd is assumed in order to find wA and wT to give an estimate for φ.

At this point the chord distribution can be set in any number of ways in order to give the
circulation stipulated by Equation 6.3. The procedure used here is to assume cl is
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Figure 6.24: Blade element velocity diagram

constant along the blade, so that the twist and chord distributions are returned directly
from Equations 6.3 and 6.8. Because Goldstein distributions tend to have large chords,
especially on the inboard section and at low tip speed ratios, cl was set to 1.5. This is
not a realistic value for cl but, because the numerical model does not include stall,
should be fine for a theoretical comparison. In fact an even larger value for cl may be
expected to give a better comparison because it would make the numerical blade more
slender and thus a closer comparison to the lifting line of the theoretical model.

Because the Goldstein function is difficult to work with, both mathematically and
numerically, tabulated values from Tibery and Wrench are used here [45]. For a given
B and λ, Tibery and Wrench provide values of the Goldstein function at twelve data
points at unevenly spaced values of µ, beginning at µ = 0.2 and ending at µ = 0.975,
where µ is the nondimensional radius, r/R. For the purposes of interpolating the data
and finding the integrals I1, I2, and I3, a cubic spline was fit through the data. The end
conditions for the cubic spline required some consideration, especially at the root
because there are no data points between µ = 0.0 and µ = 0.2. The slope of the
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Goldstein function is not any easier to calculate than the function itself, so it was not
possible to stipulate the slope at the ends. It is straightforward to show that Prandtl’s
approximation to the Goldstein function has zero slope at the root (see Equation 3.35),
so that is a definite possibility for the Goldstein function itself. Figure 6.25 shows two
spline fits through the data of Tibery and Wrench for a three-bladed rotor operating at a
tip speed ratio of five, one with zero root-slope and the other with free run out (zero
second derivative) at the root. Also shown is the 100 vortex filament numerical solution
of Okulov and Sørensen [42].

The zero root-slope fit displays a small oscillation

between µ = 0.2 and µ = 0.3, while the free run-out solution gives a relatively steep
slope at the root. Neither matches the numerical solution particularly well in the root
region. A compromise was used where the root slope is set to the average values of

Goldstein Function, B = 3, λ = 5
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Figure 6.25: Cubic spline interpolation with different end conditions of Tibery and
Wrench’s [45] tabulated Goldstein function at B=3, λ=5. Also shown is the 100 vortex
filament numerical solution of Okulov and Sørensen [42].
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the zero-slope and free run out splines, which results in a distribution that splits the
difference between the free run out and zero slope splines. Using the cubic spline
coefficients, the integrals I1, I2, and I3 can be integrated exactly on an interval of the
spline and then summed over all the intervals.

Figure 6.26 shows the blade chord and pitch distributions resulting from the above
design procedure for a three-bladed wind turbine optimized for tip speed ratios ranging
from two to twelve with a constant cl. The large chords at low tip speed ratios indicate
the blade sections must work harder to achieve ideal loading due to the lower rotational
velocity. Because the blade was designed for constant section lift coefficient, the higher
pitch distributions at lower tip speed ratios are the result of the increased inflow angle φ.
Figure 6.27 shows front views of the Goldstein rotors for each of the tip speed ratios.
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Figure 6.26: Goldstein blade chord and pitch distributions, B = 3, cl = 1.5
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Figure 6.27: Goldstein rotors for CPmax at different tip speed ratios with cl = 1.5
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6.5.2 Theoretical Comparison
Figure 6.28 shows the numerical fixed-wake (a=0) DVE method results for CP of each of
the ideal Goldstein rotors operating at their design tip speed ratios compared to the
theoretical results. Two curves are shown for the DVE method, one with the induced
forces computed on the lifting lines and the other with the induced forces computed at
the globally de-swept blade TE.

At high tip speed ratios, the numerical method

compares very well to the theoretical result. At lower tip speed ratios there is a little
more discrepancy.

This is likely due to the large blade chords seen on the rotors

designed to be optimal at lower tip speed ratios.

When the induced forces are

computed at the trailing edge, the comparison is a little closer than when the induced
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Figure 6.28: Comparison of power coefficient predicted by fixed wake DVE method to
Goldstein theory (solid line) over a range of tip speed ratios. For the DVE method,
induced forces were computed at either the lifting lines (dashed line) or the globally deswept trailing edge (dotted line).
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forces are computed on the lifting lines.

This is probably because computing the

induced forces at a lumped vortex on the TE of the blade is very similar to using a single
lifting line, which is what the theory uses. There is still a difference in that, when the
lumped TE method is used, the small initial part of the wake extends a quarter of a
surface element chord length in the blade-chord direction before following the lightly
loaded wake trajectory. Notice that the power coefficient is well above the Betz limit
and seems to be approaching a value of 1 as tip speed ratio increases. This is due to
the use of the light loading assumption.

A comparison to the theoretical Goldstein thrust results is shown in Figure 6.29. For
this comparison it does not make much difference which induced force computation
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Figure 6.29: Comparison of thrust coefficient predicted by fixed wake DVE method to
Goldstein theory (solid line) over a range of tip speed ratios. For the DVE method,
induced forces were computed at either the lifting lines (dashed line) or the globally deswept trailing edge (dotted line).
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method is used because the induced thrust is a relatively small fraction of the total
thrust, especially at higher tip speed ratios. At low tip speed ratios there is a fairly large
difference in the theoretical and numerical results. As the tip speed ratio increases, this
discrepancy narrows, but the curves remain separated.

From the Kutta-Joukowski

theorem, the thrust is the cross product of the tangential velocity at the blade and the
blade circulation. That the induced thrust is higher for the theoretical model indicates
that the difference in CT between the numerical and theoretical results is due to a higher
blade circulation or a higher tangential induced velocity in the theoretical model, or
some combination of the two.

Figure 6.30 shows circulation distributions for each of the rotors operating at their
design tip speed ratios. At low tip speed ratios there is a significant difference in the
magnitude of the circulation distribution between the theoretical and fixed wake DVE
results. This difference is believed to mostly be the result of using a lifting surface
model for the numerical method and a lifting line model for the theoretical model. The
blade surface tends to be at a small pitch angle relative to the rotor plane in comparison
to the pitch angle of the wake. The vorticity of the blade surface then generates a
higher axial induced velocity, subsequently reducing the circulation of the blade
compared to the lifting line model. This effect is exaggerated for the smaller tip speed
ratio cases when the blade chord is larger and the wake is at a larger pitch angle so that
there is a larger difference between the pitch angles of the blade and the surface. To
verify this supposition a second Goldstein rotor was designed for the λ = 2
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Figure 6.30: Comparison of theoretical and numerical circulation distributions for the
Goldstein rotors operating at their design tip speed ratios
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case, this time with the design section lift coefficient set equal to 4.5, which is three
times the lift coefficient of the previous λ = 2 design. As shown in Figure 6.31, this
results in a closer match to the theoretical model for the cl = 4.5 case compared to the cl
= 1.5 case.

Referring back to Figure 6.30, at tip speed ratios of λ = 8 and above, the theoretical
circulation distributions are virtually indistinguishable from those of the numerical model
over most of the blade. The exception is near the root of the blade. Between r/R = 0.2
and r/R = 0.4 there appears to be a bump in the circulation distributions of the
theoretical model. This is likely an oscillation resulting from the root end condition used
for the cubic spline fit of the Goldstein function. A closer fit to the numerical results
probably would have been achieved if a free run-out condition had been used instead.
In any case the close match of the numerical and circulation distributions provides some
0.8
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Figure 6.31: DVE circulation distributions for λ = 2 Goldstein rotors designed for cl = 1.5
and cl = 4.5, compared to Goldstein’s theoretical result
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validation that the fixed-wake DVE model is working well. Unfortunately, the relaxed
wake model cannot be validated in this way.

Figure 6.32 shows the distributions of the axial and tangential induced velocities on the
blade for the λ = 6 Goldstein rotor operating at λ = 6.

For this comparison, the

numerical method was run with one lifting line, which is where the induced velocities
were computed. The axial induction matches the theoretical distribution very closely
near the radial location of peak circulation (r/R ~ 0.6), but not as closely towards the
blade root and tip.

The numerical model predicts axial induced velocity in the

downstream direction near the blade roots and tips, while, for the theoretical model, the
axial induced velocity is always in the upstream direction. The tangential induced
velocity does not match the theoretical result as closely, but does show the same trend
as the theoretical curve, with a peak tangential induced velocity near r/R = 0.2,
decreasing steadily moving towards the tip. For most of the blade, the tangential

Figure 6.32: Axial and tangential induced velocity distributions along the blade from the
DVE fixed wake (a=0) compared to the Goldstein theoretical results for theλ = 6 rotor
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induced velocity is higher in the theoretical model. This explains why, at high tip speed
ratios, there is a persistent difference in CT between the numerical and theoretical
models even though the circulation distributions match closely. At low tip speed ratios,
the difference in CT is the result of both the circulation and the tangential induced
velocity being higher in the theoretical model.

Because the potential flow problem

formulations are somewhat differently for the numerical and theoretical models, it is
difficult to state with much certainty the reasons for their differing results. The tangential
velocity result may be due to the fact that the wake surface in the theoretical model has
some tangential velocity due to the application of the Betz condition, while in the
numerical model the wake is only moving axially relative to the rotor plane.

6.6 Comparison to Blade Element Momentum Method

This section compares the DVE relaxed wake results to results from the blade element
momentum method for the WEH rotor at tip speed ratios from two to twelve. The DVE
relaxed wake results are the same as those that appear in Section 6.3. The BEM
results were obtained by D. Maniaci [60] using the National Renewable Energy Lab’s
WT_Perf BEM code [61]. For comparison to the inviscid DVE results, a symmetric
airfoil with a profile drag coefficient cd everywhere equal to zero and a lift curve slope of
clα = 2π was used in the BEM code. For the BEM analysis, the rotational speed of the
rotor was set to 60 rpm for all tip speed ratios and the freestream wind was assumed
uniform and steady. The Prandtl tip correction factor was applied to both the roots and
tips of the blades, and the other WT_Perf program settings were also set as
recommended in the WT_Perf User’s Guide [62].
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Figure 6.33 shows the power coefficient predicted by the two methods over the range of
tip speed ratios. Although there is some correspondence in the results, especially at
low tip speed ratios, there are also noticeable differences. At the design tip speed ratio
of 6 the BEM method predicts an inviscid power coefficient 2.3% less than the DVE
power coefficient. That percentage jumps to 5.0% at λ = 8. As the tip speed ratio
increases the two curves cross near λ = 10 and then when λ = 12 the BEM CP exceeds
the DVE CP by 15%. The DVE method predicts inviscid max power for this rotor near a
tip speed ratio of 7.5, while the BEM method shows max power closer to design tip
speed ratio of 6. More analysis points are needed to narrow it down further. The trend
for the thrust coefficient, as shown in Figure 6.34, is more consistent. The curves for
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Figure 6.33: Comparison of inviscid power coefficients predicted by the BEM method
(dashed) and the DVE relaxed wake model (solid) for the WEH rotor
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the two methods increase in tandem with increasing tip speed ratio, with the CT
predicted by the BEM method always exceeding that predicted by the relaxed wake
DVE model.
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Figure 6.34: Comparison of inviscid thrust coefficients predicted by the BEM method
(dashed) and the DVE relaxed wake model (solid) for the WEH rotor

Figure 6.35 shows the resulting circulation distributions for the WEH rotor over the
range of tip speed ratios from the blade element momentum method and the DVE
relaxed wake method. At low tip speed ratios, the peak of the circulation distribution is
on the inboard portion of the blade.

As the tip speed ratio increases, so that the

rotational velocity is also increasing relative to the freestream velocity, the peak of the
circulation distribution migrates radially outward. At the design tip speed ratio of λ = 6
the peak is near the center of the blade and at higher tip speed ratios moves to the
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Figure 6.35: Circulation distributions for the WEH rotor computed by the DVE relaxed
wake model compared to results from the BEM method
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outboard portion of the blade. At some tip speed ratios, the circulation distributions from
the two methods match very closely, while at others there are noticeable differences. At

λ = 2 the BEM method predicts a higher circulation over most of the blade than the DVE
method. At tip speed ratios of 4 and 6, the circulation distributions of the two models
are nearly identical.

At λ = 8 and above, the DVE model predicts a higher peak

circulation than predicted by the BEM, but lower circulation near the root and tip. At
these higher tip speed ratios, the differences in CP between the two models may not be
entirely indicative of the true difference between the methods since the negative
circulation difference over the root and tip portions of the blade will cancel part of the
positive circulation difference over the center portion of the blade. The variation in the
radial circulation distribution between the two models would have a considerable
significance in the blade design process.

The results for the induced axial and tangential induced velocity distributions along the
blade from the two models at a tip speed ratio of 6 are shown in Figure 6.36. The
velocity peaks seen at the root and tip of the DVE case are due to the unbalanced
velocity singularities at the outward edges of the root and tip surface elements. Except
near these edges, the axial induced velocity matches fairly well over most of the blade;
with the magnitude of uA predicted by BEM being a little higher than that from the DVE
model. This, combined with the slightly lower BEM peak blade circulation, explains why
CP predicted by BEM is less than that given by the DVE method.

The tangential

induced velocity distributions match almost exactly over the center portion of the blade,
but the differences at the root and tip extend farther inboard than for the axial induced
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velocity. The higher magnitude of uT over these blade portions for the BEM method
explains the resulting higher BEM thrust coefficient.

Figure 6.36: Axial and tangential induced velocity distributions along the blade from the
DVE relaxed wake model compared to BEM results for the WEH rotor at λ = 6
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Chapter 7: Conclusions

7.1 Summary of Results

This thesis has presented the development of a numerical potential flow model for the
analysis of the inviscid performance of horizontal-axis wind turbines. In the numerical
method, the rotor blades and their wakes are considered infinitely thin, and paneled
using distributed vorticity elements. The importance of the wake geometry has been
emphasized through the comparison of a number of different wake models, including a
fully relaxed wake, prescribed wake fixed pitch models, prescribed wake iterated pitch
models, and hybrid ‘semi-relaxed’ models where the center of each row of wake
elements is displaced at the local velocity and the remainder of the row is displaced
based on an assumed relationship to the velocity at the center of the row.

The relaxed wake model is the standard bearer in terms of accuracy due to its lack of
spurious wake forces, but is also the most numerically intensive.

The other wake

models in general compared poorly to the relaxed wake model due to misplacement of
the edges of the wake sheets, where the vorticity, and hence influence on the flow along
the blades, is greatest. For a test rotor analyzed over a range of tip speed ratios, the
closest match to the relaxed wake results over the range came from a prescribed wake
model where the pitch was iterated based on the axial induced velocity at the center of
the leading edge of the wake. The power predicted by this method followed the trend of
the relaxed wake model with the tip speed ratio, but under predicted the power. This
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could be improved by using a radially varying pitch for the fixed wake model, rather than
a pitch that is constant with radius.

Several methods were implemented for improving the stability and convergence of the
wake relaxation. A steady relaxation technique has been introduced where the induced
velocity time history at a wake relaxation point is replaced by the current induced
velocities of upstream points shed from the same blade trailing edge location. This
method helps the aft portion of the wake maintain its shape despite the lack of a semiinfinite starting solution.

In addition, new methods for handling the side edge

singularities of the wake elements during relaxation were detailed. These include a
local geometry smoothing technique at the interior wake points and the use of wake
edge relaxation points slightly inboard from the absolute wake edges.

The local

geometry smoothing method, in particular, stabilizes the wake relaxation considerably.

Two methods for improving the computational speed of the wake relaxation routine
were also described. These include using variable timestep sizes and extrapolating the
aft portion of the wake with a radially varying pitch based on the pitch of the wake
immediately upstream of the extrapolated section. The combination of using variable
timestep sizes and extrapolating the wake aft of 1.75 diameters downstream was found
to reduce the computation run time by 75% for the test case, with a resulting power
coefficient that only differed by 0.58% from the fully relaxed wake model. A preliminary
study of the effect of the distance downstream at which the extrapolation starts indicates
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that extrapolation distance may be able to be reduced to closer to 1 diameter
downstream, which would further reduce the computational time.

Numerical validation on the DVE method was done through convergence and paneling
refinement studies on a test rotor operating at a tip speed ratio of six.

When the

spanwise paneling density was varied, using 17 spanwise elements was found to result
in a power coefficient within 1% of that found using 50 spanwise elements for the
relaxed wake case. Since the panel density does not need to be as high in the center
portion of the blade, the number of elements can be reduced by increasing the size of
the interior elements. Using only one chordwise row of elements on a blade returned a
power coefficient with 1% of that found using 10 rows of chordwise elements for the
relaxed wake case. For the streamwise wake paneling density, it was found that using
12 timesteps per blade revolution brought the power coefficient within 1% of that found
using 40 timesteps per blade revolution. These refinement results would be expected to
vary based on tip speed ratio and particular blade geometry.

The convergence behavior of the relaxed wake model was examined by simulating the
test rotor for 9 blade revolutions at a tip speed ratio of 6. Overall the convergence was
well behaved, though a small oscillation developed during the latter half of the
simulation. This oscillation was not big enough to affect the gross performance terms in
this case, but did have some effect for higher tip speed ratios used in other sections of
the validation. The oscillatory behavior is believed to be due to imprecise wake edge
location resulting from the current inboard relaxation method, which linearly extrapolates

204

the wake edge from the location of the inboard relaxation point. It is suggested an
improved method would be to split the outer wake element and locate its edge at the
centroid of the rolled up region.

As a validation of the basic DVE model for wind-turbine analysis, a comparison was
made to Goldstein’s exact solution for the optimal lightly loaded wind turbine.

A

maximum power condition was used to design several Goldstein rotors to be optimal at
different tip speed ratios. The closest easily implemented numerical wake model for
comparison to Goldstein’s theoretical model is a fixed wake that follows the blade
trajectory relative to the freestream. Though both use a light loading assumption, the
numerical and theoretical potential problem formulations are slightly different, so the
comparison is not necessarily expected to be exact.

The power coefficient and

circulation distributions predicted by the fixed wake DVE method matched the
theoretical results almost exactly at higher tip speed ratios, but not quite as closely at
lower tip speed ratios. This was determined to be the result of the large chords of the
lower tip speed ratio rotors, which do not compare well to the zero-chord lifting line of
the theoretical model. The results for the thrust coefficient from the numerical and
theoretical methods showed the same general trend but did not match as well as the
power coefficient, even at higher tip speed ratios, due to a consistent difference in the
prediction of the tangential induced velocity along the blades. This is likely a result of
the differences in the potential models.
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The relaxed wake DVE model was compared to the blade element momentum method
for a test rotor operating over a range of tip speed ratios. While there was a general
correspondence in results, there were also some noticeable differences stemming from
differences in the circulation distributions given by the two methods. At higher tip speed
ratios, for instance, the circulation of the DVE model would peak at a higher value than
that given by the BEM method, but would be lower over the tip and root portions of the
blade. Such differences could have an influence on the blade design, even for a simple
planar blade like that of the test rotor.

7.2 Future Work

Suggestions for future work on the modeling of wind-turbine performance with
distributed vorticity elements include:
•

inclusion of profile drag through the use of airfoil data

•

accommodation for non-linear lift curve slopes by iterating the computation angle
of attack of the blade sections

•

further validation of the model with other relaxed wake models and with
experimental results

•

exploration of semi-infinite starting solutions

•

unsteady modeling through the inclusion of transverse shed vorticity

•

refinement of the wake edge relaxation behavior

•

incorporation of hub and tower models

•

coupling with static and dynamic structural models for aeroelastic analyses
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Appendix A: Analytical Solutions for Velocity Induction by DVE
Components
This section presents the analytical solution for the velocity induced at arbitrary point PA
by a bound vortex filament with a quadratic circulation distribution and its associated
semi-infinite planar trailing vortex sheet with linear vorticity distribution, as given in Ref.
[18]. The results are presented in the local ξ-η-ζ reference frame of the element that
has its origin at the midpoint of the vortex filament. The point PA has coordinates

ξ A ,η A ,ζ A in this frame. The direction of the induced velocity is governed by the right
hand rule. Figures 5.2 and 5.3 illustrate the relevant geometrical parameters for the
filament and sheet velocity induction computations respectively.

A.1 Vortex Filament Velocity Induction

The vortex filament is swept at an angle Λ with respect to the η-axis, extending from –ηi
to ηI, and has the quadratic circulation distribution Γ = A + Bη + Cη2, where positive
circulation means the component of the vorticity vector in the η-direction is positive.
The velocity induced at point PA by the vortex filament can be written as follows:
 a1ξ

1 
w1 = −
 a1η
4π 
a1ζ

b1ξ
b1η
b1ζ

c1ξ   A 

c1η  B 

c1ζ  C 

where the components of the 3x3 influence coefficient matrix are:
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(A.1)

a1ξ = −G11 ζ A

b1ξ = −G12 ζ A

c1ξ = −G13 ζ A

a1η = G11 ζ A tan Λ

b1η = G12 ζ A tan Λ

c1η = G13 ζ A tan Λ

(A.2)

a1ζ = G11 (ξ A − η A tan Λ ) b1ζ = G12 (ξ A − η A tan Λ ) c1ζ = G13 (ξ A − η A tan Λ )

and where G11, G12, and G13 are the following integration results:
ηi

G11 =

∫

−ηi

1
2

a1η + 2b1η + c1

ηi

G12 =

∫

−ηi

η
2

a1η + 2b1η + c1

ηi

G13 =

∫

−ηi

η
2

2

a1η + 2b1η + c1

dη =

a1η + b1

(a c − b ) r (η )
2
1

1 1

dη = −

dη

ηi

(

b1η + c1
a1c1 − b12

−ηi

ηi

) r (η )

(A.3)
−ηi

( 2b − a c )η + b c
=
(a c − b ) a r (η )
2
1

1 1

1 1

2
1

1 1

1

ηi

+

1
a13

ln  a1 r (η ) + a1η + b1 


−ηi

with
a1 = 1 + tan2 Λ

c1 = ξ A2 + η A2 + ζ A2

b1 = − (η A + ξ A tan Λ )

r (η ) = a1η + 2b1η + c1
2

(A.4)

A.2 Vortex Sheet Velocity Induction

The vortex sheet lies in the ζ = 0 plane and spans from –ηi to ηi in the η-direction and
zero to infinity in the ξ-direction. The vorticity of the sheet is oriented parallel to the ξ axis, with a positive vorticity vector pointing in the negative ξ direction. The circulation
around a spanwise differential segment dη is γ dη, where γ is the linear distribution γ = B
+ 2Cη. This semi-infinite vortex sheet induces the following velocity on point PA:
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0 0

1 
w2 = −
0 b2η
4π 
0 b2ζ

0   A

c2η  B 

c2ζ  C 

(A.5)

The first column of the 3x3 influence matrix is zero because the vortex sheet distribution
does not depend on the coefficient A, and the first row of the matrix is zero because a
vortex sheet whose vorticity is oriented in the ξ-direction cannot induce a velocity in the

ξ-direction. The remaining non-zero components of the 3x3 influence coefficient matrix
are:
b2η = −ζ A (G21b24 + G22b21 + G26 b25 )
c2η = −ζ A (G21c24 + G22c21 + G24c23 + G25c27 + G26c25 )
7

b2ζ = ∑ G2i b2i

(A.6)

i =1
7

c2ζ = ∑ G2i c2i
i =1

where G21 – G27 represent integration results with b21 – b27 and c21 – c27 as coefficients.
These integrations were performed with the following change of variables from η to t:
t = ηA − η

t1 = η A + ηi

t 2 = η A − ηi

(A.7)

and with the following substitutions:
a2 = 1 + tan2 Λ

c2 = (ξ A + η A tan Λ ) + ζ A2

b2 = (ξ A + η A tan Λ ) tan Λ

r ( t ) = t a2 + 2 t b2 + c2

2

2

The integrals G21 and G22 become:
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(A.8)

t2

G21 =

∫

t1

(t

2

+ ζ A2

)

t2

G22 =

∫

t1

(t

2

+ ζ A2

)

t

β
β
2
dt =  1 ln µ1 ( t ) + 2 µ2 ( t ) 
ρ
 2ρ
 t1
a2t 2 + 2b2t + c2
t

t2

(A.9)

 β

β
dt =  − 2 ln µ1 ( t ) + 1 µ2 ( t ) 
ρζ A
 2 ρζ A
 t1
a2t 2 + 2b2t + c2
1

with

β1 = ±

ρ +ε

β2 = ±

2

ρ = β12 + β22 = ε 2 + 4ζ A2 b22
γ1 =
δ1 =
µ1

1

ρ
1

ρ

2

γ2 =

( b2 β2ζ A + c2 β1 )

δ2 =

t 2 + ζ A2 + kse

2

ε = (ξ A − η A tan Λ ) − ζ A2 tan2 Λ

( a2 β2ζ A + b2 β1 )

2
2
γ 1t + δ1 − r ( t ) ) + ( γ 2t + δ 2 )
(
=

ρ −ε

1

ρ
1

ρ

( a2 β1ζ A − b2 β2 )

(A.10)

( b2 β1ζ A − c2 β2 )

µ2 = arc tan

ζA
t

+ arc tan

γ 2t + δ 2
γ 1t + δ1 − r ( t )

where the signs of β1 and β2 are set so that β1β2 = ζAb2. G23 and G24 are computed as
follows:
t2

G23 =

∫

t1
t2

G24 =

∫

t1

t


2
b
t
1
dt =  r ( t ) − 2 ln µ3 
2
 a2

a2t + 2b2t + c2
a23

 t1

(A.11)

t2

 1

ln µ3 
dt = 
 a2
 t
a2t 2 + 2b2t + c2
1
1

with

µ3 = a2t + b2 + a2 r ( t ) + kle
The remaining integration results G25 – G27 are:
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(A.12)

t2

G25

(

)

t

1
2
2
2
ln
=∫ 2
=
+
ζ
+
dt
t
k
A
se
2

2

 t1
t t +ζ A
t

1

t2

G26

t

2
 1
t 
dt =  arc tan
=∫ 2

2
ζ A t
ζ A
t1 t + ζ A
1

1

(A.13)

t2

G27 = ∫ 1dt = t2 − t1
t1

The coefficients b21 – b27 and c21 – c27 are defined as follows:
b21 = −ξ A + η A tan Λ

c21 = −2 ζ A2 tan Λ + η A (ξ A − η A tan Λ ) 



b22 = ζ A2 tan Λ

c22 = −2ζ A2 (ξ A − 2η A tan Λ )

b23 = 0

c23 = 2 tan Λ

b24 = − tan Λ

c24 = 2 (ξ A − 2η A tan Λ )

b25 = −1

c25 = −2η A

b26 = 0

c26 = −2ζ A2

b27 = 0

c27 = 2

(A.14)

The terms kse and kle that appear in Equations A.10, A.12, and A.13 are small positive
constants that are applied for singularity smoothing in certain situations to prevent
numerical issues, following the usage of References [16] and [17]. kse is associated
with the singularities at the side edges of the vortex sheet, while kle is associated with
the singularity at the swept leading edge of a vortex sheet. When both these terms are
set to zero, the original solution of [18] is obtained.
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Appendix B: Analytical Solutions of Force and Moment Integrations
This section presents the analytical solutions to the freestream force and moment
integrations along the vortex filament of a distributed vorticity element introduced in
Section 5.9. The integrations are performed in the η-coordinate of the local system, so
it is necessary to have expressions for the relevant variables in terms of this coordinate.
The global Cartesian coordinate vector of a point on the filament is a linear function of

η:



x (η ) = xm + S η

(B.1)



where xm is the coordinate vector of the midpoint of the filament (η = 0) and S is the
vector along the filament with magnitude 1
. The radial vector from the center of
cos Λ



rotation xr to x is then:




r (η ) = xm + S η − xr

(B.2)

The derivative of this radial vector with respect to η is simply:
 
dr
=S
dη

(B.3)



If Ω is the rotational vector of the blade system, then the local freestream velocity at x

is:


 

u (η ) = U∞ + Ω × r (η )

(B.4)


In this thesis Ω is directed along the x-axis. Because Equation B.4 is linear in η it can

be written:
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du
u (η ) = um +
η
dη

(B.5)




where um equals the value of u at the midpoint of the filament and du

dη

is a constant

that can be found by taking the derivative of Equation B.4 with respect to η:


 
du
= Ω ×S
dη

(B.6)

Using the quadratic circulation function defined by constants A, B, and C, the integrated
force vector over the filament due to the local freestream velocity is:


F



  


2
= 2 A um × S ηi + B Ω × S × S + C um × S  ηi3

3
ρ

(

)

(

)

(

)

(B.7)

The integrated moment about the center of rotation due to the local freestream force on
the filament is:


Q


2 
2 
= 2 Q0 ηi + Q2 ηi3 + Q4 ηi5
ρ
3
5

(B.8)

where



Q0 = Ak0



Q1 = Ak1 + Bk0




Q2 = Ak2 + Bk1 + Ck0



Q3 = Bk2 + Ck1


Q4 = Ck2





k0 = rm × um × S
 

 
  
k1 = rm ×  Ω × S × S  + S × um × S




  
k2 = S ×  Ω × S × S 



(

(
(

)
)
)

(

)
(B.9)

Because the axial direction unit vector, which is along the positive x-axis, is constant
over the filament, the force and moment components in the axial direction, which
represent thrust and torque respectively, are simply:


Fx = F ieˆ x
218

(B.10)


Qx = Q ieˆ x

(B.11)

The radial and tangential unit vectors on the other hand can vary over the filament.
They can be written as functions of η as follows:

eˆr (η ) =



rm, yz + Syz η

D (η )


eˆ x × rm + eˆ x × S η
eˆθ (η ) =
D (η )

(B.12)

where the ‘yz’ subscript indicates projection onto the plane of rotation and the
denominator takes the form:
D (η ) = D0 + D1η + D2 η 2

(B.13)

with
 
D0 =  rm irm  yz

 
D1 = 2 rm iS 

yz

 
D2 = S iS 
yz

(B.14)

The radial and tangential unit vectors have the common form:


p0 + p1η
pˆ (η ) =
D (η )

(B.15)

The result of the force integration in the direction of a unit vector of this form is:
Fp

ρ

=

D (ηi ) [Na + Nb ηi ] − D ( −ηi ) [Na − Nb ηi ]
192 D24

with

219

+ Nc ln ( H )

(B.16)

Na = −105 D13 M 4 + D1 D2 (120 D1 M3 + 220 D0 M 4 ) −
D22 144 D1 M2 + 128 D0 M3 + 56 D1 M4 ηi2 + D23 192 M1 + 64 M3 ηi2

(

)

(

(

Nb = 70 D12 D2 M 4 − D22 ( 80 D1 M3 + 72 D0 M 4 ) + D23 96 M2 + 48 M4 ηi2

{

)

)

(B.17)

Nc = 128 D24 M0 − 64 D23 ( D1 M1 + D0 M2 ) + 35 D14 M4 − 40 D12 D2 ( D1 M3 + 3 D0 M4 ) +

} (128 D )

48 D22 D12 M2 + D0 ( 2 D1 M3 + D0 M4 ) 



9
2

and

 
M0 = L0 i p0
   
M1 = L0 i p1 + L1i p0
   
M2 = L1i p1 + L2 i p0
   
M3 = L2 i p1 + L3 i p0
 
M4 = L3 i p1


L0 = A

L1 = A

L2 = B

L3 = C



um × S
  
Ω ×S ×S + B
  
Ω ×S ×S +C
  
Ω ×S ×S

(
(
(
(

)

)
)
)



(um × S )


u
×
S
(m )

(B.18)

and also
H=

D1 + 2 D2 ηi + 2 D2 D (ηi )
D1 − 2 D2 ηi + 2 D2 D ( −ηi )

(B.19)

The integrated component of the moment in the p̂ direction is:
Qp

ρ

=

D (ηi ) [Ra + Rb ηi ] − D ( −ηi ) [Ra − Rb ηi ] + Rc ln ( H )

1920 D25

where

220

(B.20)

Ra = D12 945D12T5 − D2 (1050D1T4 + 2940D0T5 )  +


4
2
2 
D2 1920T1 + ηi 640T3 + 384T5ηi −


3
2
D2 D0 1280T3 + 512T5ηi + D1 1440T2 + 560T4ηi2  +


2
2
2
D2 1024D0T5 + 2200D0D1T4 + D1 1200T3 + 504T5ηi2 



(

(

(

)

)

(

)

)

(

(

)

)

Rb = D24 960T2 + 480T4ηi2 + D22 1288D0D1T5 + 700D12T4 − 630D13D2T5 −

(

)

(B.21)

D23 720D0T4 + D1 800T3 + 432T5ηi2 



{

(

)

Rc = 256D25T0 − 128D24 ( D1T1 + D0T2 ) + 96D23 D12T2 + 2D0D1T3 + D02T4 −

(
(

)

D1 D12 63D12T5 − 70D2 ( D1T4 + 4D0T5 ) +

80D22 D12T3 + 3D0 ( D1T4 + D0T5 ) 
256 D211


)}

(

)

and
 
T0 = Q0 i p0
 
 
T1 = Q0 i p1 + Q1i p0
 
 
T2 = Q1i p1 + Q2 i p0

 
 
T3 = Q2 i p1 + Q3 i p0
 
 
T4 = Q3 i p1 + Q4 i p0
 
T5 = Q4 i p1

(B.22)



and with H and Q0 − Q4 as defined earlier. The integrated force components in the lift,

drag, and side force directions can also be computed analytically. These integrations
would be rather lengthy, however, so they are done via quadrature in this thesis, but if
one were so inclined it would be useful to have expressions for the force direction unit
vectors as functions of η:
eˆD (η ) =
eˆL (η ) =
eˆS (η ) =

 

um + Ω × S η
E0 + E1η + E2 η 2



G0 + G1η + G2 η 2
2

3

4

H0 + H1η + H2 η + H3 η + H4 η
 


I0 + I1η + I2 η 2 + I3 η 3

J0 + J1η + J2 η 2 + J3 η 3 + J 4 η 4 + J5 η 5 + J6 η 6

221

(B.23)

where
 
 
 
 

E0 = um ium
E1 = 2um i Ω × S
E2 = Ω × S i Ω × S




  
  



G0 = um × rm, yz
G1 = um × Syz + Ω × S × rm, yz G2 = Ω × S × Syz
 
 
 
 
H0 = G0 iG0
H1 = 2 G0 iG1
H2 = 2G0 iG2 + G1iG1
 
 



H3 = 2G1iG2
H4 = G2 iG2
I0 = G0 × um

 



 

 
 
 

I3 = G2 × Ω × S
I1 = G0 × Ω × S + G1 × um I2 = G1 × Ω × S + G2 × um

(

)

(

(

)

(

)

)

(
(

)(
)

(

)

)

J 0 = H 0 E0

J1 = H0E1 + H1E0

J2 = H0E2 + H1E1 + H2E0

J3 = H1E2 + H2E1 + H3E0

J 4 = H2E2 + H3E1 + H4E0

J5 = H3E2 + H4E1

J 6 = H 4E2

222

(B.24)

