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Abstract
The use of autonomous vehicles in a variety of applications has recently increased
due largely to their ability to perform objectives too difficult for manned platforms. The
cooperation between these vehicles can facilitate achievement of objectives. Formation
control is described here as controlling the position alignment among a group of
autonomous vehicles. Formation control of multiple autonomous vehicles is particularly
useful for environment searching, exploring, and mapping. Vehicles can search a given
environment and adapt the formation as more information becomes available about the
objectives and the environment. Further, the vehicles can explore potentially hazardous
or remote areas to develop a map of the area. The vehicles can improve their total search
area by aligning themselves in certain formations based on sensor limitations.
This thesis shows that a collection of fuzzy controllers, or fuzzy inference systems
(FIS), can provide formation control of multiple homogeneous autonomous vehicles. A
leader-follower approach is presented wherein the leader represents the reference vehicle
for the formation, and the followers comprise the other vehicles in the group. Each
vehicle is given an arbitrary initial direction and position in two dimensional spaces. A
leader selection FIS determines the leader vehicle based on its direction and location
relative to the desired formation line-of-travel. Once the leader vehicle is chosen, the
objective is for each follower vehicle to converge to a desired position relative to the
leader.
Under the assumption that the follower vehicles can perfectly sense the states (i.e.
velocity, position for the scope of this problem) of the leader vehicle and that the leader
has been selected, the fuzzy controller generates velocity commands for each follower
while the leader traverses an arbitrary path. The advantage of this approach is that fuzzy
controllers can be tuned for any set of possible vehicle states. Thus only the set of
possible vehicle states are required to develop a comprehensive formation controller.
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Chapter 1.

Motivation

In this paper, we show that fuzzy systems can support the development of a leader
follower approach to formation control. We develop two impendent fuzzy systems: a
leader selection system and a formation control system. The leader selection system
provides us with an algorithm for determining which vehicle in the group is best suited to
be the leader of the formation. Once the leader is selected, the formation control system
provides command velocities for a given follower so that this vehicle will converge to its
desired position in the formation. We provide the design and results for these two fuzzy
systems. Prior to discussing this solution to formation control, we must explain the
problem and the usefulness of its solution. We formulate a problem statement to explain
the goals of the solution and discuss the practicality of such a solution. What applications
would need a solution to this type of problem? How will this solution improve this
application?

Once we determine the problem statement and the usefulness of the

solution, we propose a solution to this problem via the aforementioned fuzzy system
design.

A discussion of these concepts provides the motivation for solving such a

problem.

1.1.

Formation Control Problem Statement

We may describe the problem of formation control as one of controlling the
relative positions among multiple autonomous vehicles. The vehicles are initialized with
arbitrary states and must autonomously choose a leader vehicle based on this information.
The leader may be defined as the reference vehicle that describes the direction of the
formation.

Typically this vehicle is physically ahead of the other vehicles in the

formation. The remaining follower vehicles must align themselves in desired positions
relative to the leader. All vehicles must maintain these positions as time elapses. This
vehicle alignment provides a formation of vehicles and hence the term formation control.
This defines the problem statement for formation control, and we now turn to describing
the usefulness of a solution to this problem.
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1.2.

Application of Formation Control to Autonomous Vehicles

The use of autonomous vehicles in a variety of applications has recently increased
due largely to their ability to perform objectives too difficult for manned platforms. The
cooperation amongst these vehicles can facilitate achievement of objectives. Controlling
the formation of multiple vehicles is particularly useful for objectives requiring
searching, exploring, or mapping of the environment.
vehicles will have sensor limitations.

For practical situations the

Based on these limitations the vehicles can

maximize their total search area through formation control.

Furthermore, some

objectives may require that vehicles leave the formation. The remaining vehicles will
have to update their formation in order to maintain efficient searching. Formation control
is also useful for objectives requiring exploration or mapping of potentially hazardous or
remote areas. The vehicles may explore or map the area efficiently through formation
control based on practical limitations of the vehicles.

1.3.

Proposed Solution

The problem of formation control can be cast into two smaller problems. We
must assign the leader of the formation, and then the follower vehicles must collectively
converge to their desired positions in the formation. There must be some way to select
which vehicle will be the leader based on the state information available. Once the leader
is selected, the follower vehicles must generate velocity commands that will place them
at their chosen positions in the formation.
The following work presents the development of two algorithms designed to
provide formation control of multiple vehicles.

The algorithms assume universal

knowledge of all vehicle states (i.e., velocity and position, for the scope of this problem).
Assuming universal knowledge would not be true for a practical system. Such systems
would have sensing limitations that would not allow each vehicle to acquire the states of
all vehicles in the formation. This assumption was necessary to establish a baseline of
performance. We also assume a homogeneous system in which all vehicles have the
same dynamics.

2

To accomplish formation control, we first design a leader selection fuzzy system
to assign the leader vehicle based on all vehicles’ positions and headings. Then, we
develop a separate fuzzy formation controller to generate velocity commands of the
follower vehicles. We have additionally developed functions to test these systems. Due
to time constraints, the final merge of the two algorithms into a single construct will not
be presented in this work, but is currently under development nonetheless.
In Chapter 2, we present some of the previous work on this problem in a literature
review. We then discuss how the previous work does not directly apply to our particular
problem. We present the design and results of three leader selection fuzzy systems in
Chapter 3. Here we describe a single input, two input, and three input fuzzy system and
discuss the performance of each. In Chapter 4, we present a formation controller design
implementing fuzzy systems with a previously selected leader. We develop the fuzzy
system and show the performance of this system as a formation controller. We present
our concluding remarks as well as recommendations for future work in Chapter 5.

3

Chapter 2.
2.1.

Literature Review

Overview

A literature review was performed to evaluate the relevant work on autonomous
vehicles and Multi-Agent Systems (MAS). We focus our research on control systems
and fuzzy systems that implement formation control algorithms of autonomous MAS as
well as groups of autonomous vehicles.

Thus we provide numerous examples of

formation control in this review. We also mention some work outside of formation
control for these types of autonomous systems. This review provides insight on the
existing literature and potential improvements for solutions to this problem.

2.2.

MAS Control Problems and Advancements

There is also some literature that discusses control system problems and
advancements related to MAS. Bars et al. [5] provide the status of current control
problems, and mention coordinating autonomous agents as a potential future research
topic. Girard et al. [6] discuss different control problems related to networked MAS
including autonomous underwater vehicles (AUV). The article mentions that using low
bandwidth communication allows for cooperation amongst the AUVs. This leads to a
system that surveys oceanographic phenomena. The article includes aerial and ground
applications of networked MAS.

2.3.

Generalized Control Algorithms for Autonomous MAS

A number of research efforts have focused on developing generalized algorithms
for MAS. Okarnoto and Edwards [7] discuss formation regulation when perturbations
disrupt the desired formation. Linear state equations are developed therein to describe
vehicle formation regulation with six degrees of freedom. This system of equations is
extended to multiple vehicles and the conditions for formation stabilization are analyzed.
Simulations demonstrated successful application of this algorithm to a leader-follower
scenario with one leader and two followers. The formations are maintained for vehicles
implementing a dynamics model with six degrees of freedom. Porfiri et al. [8] provide
an algorithm in which a formation of autonomous vehicles tracks contours of the
4

environment using limited communication. Wang et al. [9] also provide an algorithm for
groups of autonomous agents in which the agents asymptotically approach a desired
velocity for a given dynamics model. Olfati-Saber et al [10] produces an algorithm for
consensus of autonomous agents, or agreement on a quantity of interest. The applications
to formation control are discussed here.

A generalized approach aimed towards

exploring, mapping, and searching is outlined by Kumar and Leonard [11]. Here the
formation control algorithms are discussed as well as some practical tools for testing
some of these concepts.

2.4.

Formation Control of Aerial and Ground Vehicles

A number of research topics were found on formation control applied to aerial
and ground vehicles.

Sohl et al. [1] describe the Formation Algorithm Simulation

Testbed (FAST). This testbed uses hovering robots to test the effectiveness of algorithms
developed for spacecrafts. They discuss the hardware and software implementation of
this testbed and the use of spacecraft dynamics and communication to simulate a
spacecraft’s operations. The motivation is to maintain formation while these spacecraft
search for earthlike planets orbiting stars. Krogstad et al. [2] discuss satellite formation
keeping with demonstration of a two satellite case. They develop a system of matrix
equations for satellites using kinematics and dynamics.

They show controller and

observer designs implementing these dynamical equations. The controller design showed
asymptotic stability of the attitude between the leader and follower. The observer design
shows synchronization of angular velocities. It also implements a momentum dumping
scheme to minimize the effect of disturbances on the design. Simulations are then
performed to demonstrate the stability of the angular velocity and attitude of the
satellites. Wang et al. [3] demonstrate how four unmanned air vehicles (UAV) modify
their flight formations according to the environment.

Two modes of operation are

considered. Safe mode refers to maintaining a square formation with collision avoidance.
Danger mode refers to obstacle avoidance in which maintaining formation is not
important. System dynamics are developed for point mass UAVs, and are extended to
develop the control hierarchy for safe mode operation of the UAVs.

A Grossberg

Network is used to develop the control hierarchy for danger mode operations. The
5

objective here is to use this algorithm to provide assistance in searching for targets and
avoiding collisions. Ganji et al. [4] discuss applications to ground vehicles. Ganji
implements a leader follower formation strategy that adapts as autonomous robots
navigate an unknown terrain. The algorithm implements dynamic models to describe
each robot, then uses adaptive control and estimation to provide the formation navigation
of these robots. This allows the formation of the robots to update according to their
current terrain and avoid difficult terrain. The work also shows that the formation control
models stabilize asymptotically. A simulation is provided for the case of three robots in
which leader-follower communication is utilized to maintain terrain adaptive formation.

2.5.

Formation Control of Large Groups of AUVs

Similar to aerial and ground applications, some research focuses on formation
control algorithms for AUVs. These algorithms are designed for MAS with each agent
considered to be an AUV. Designing a control system that provides formations related to
contours of the ocean floor is useful for exploring and mapping the layout of the ocean.
Kalantar and Zimmer produce articles related to contour models and a large number of
AUVs. They examine and design controllers for formations resembling contours of the
ocean floor [12], and implement contour models to develop an algorithm that controls an
aggregate of autonomous robots [13]. The latter applies to AUVs exploring, mapping,
and adapting to their environment. They also propose an approach that generates complex
formations for a large number of AUVs [14]. The application here is for exploring and
sampling the ocean surface. Edwards [15] implements a formation control algorithm that
minimizes communication to maintain formation between AUVs.

The algorithm is

intended for use on fleets of AUVs. It implements a variation of the leader follower
formation and was tested on surface ships. The stability and behavior of groups of AUVs
is discussed by Roberson and Stilwell [16]. Here they focus on formation control using
time varying communication, and the stability of the system when communication is lost.
Feng et al. [17] perform further study on groups of autonomous agents.

Here an

algorithm is presented to implement group formation and agreement for large numbers of
autonomous underwater robots.
6

2.6.

Formation Control of Small Groups of AUVs

Grabelle [23] derives an algorithm for formation control of a specific system with
two AUVs.

The algorithm demonstrates a follow-the-leader scenario in which the

follower tracks the leader via forward looking sonar.

Yang et al. [24] implement

methods to demonstrate improvement of the formation control for a nonlinear system.
This improvement is demonstrated by application to a leader follower orientation of two
AUVs. Further, Li et al. [25] consider groups of AUVs with torpedo-like dynamics. A
nonlinear control system is used to develop formation control of such AUVs. The AUVs
stabilize to a desired velocity and formation.

Edwards et al [22] provide a flying

formation control algorithm intended for AUVs with applications to one, two, and three
dimensions.

Each dimension represents a formation type for the vehicles.

One

dimension corresponds to all follower vehicles directly behind the leader, two dimensions
correspond to all follower vehicles aligned at a vertical and horizontal distance from the
leader, and three dimensions correspond to all follower vehicles aligned at a vertical,
horizontal, and depth distance from the leader. A trajectory algorithm is developed via
system dynamics equations to control the path of the individual AUVs. The formation
algorithm controls the alignment between the agents as the trajectory of the leader agent
is broadcasted to followers via acoustic communication. The algorithms were tested
using scenarios with one and two surface water vehicles.

2.7.

Underwater Formation Adaptation

Ludwig [18] approaches the issue of formation updating. Underwater robots
maintain a formation and sweep for mines. The formation will update when a robot is
lost due to mine detonation. Similarly, Fiorelli et al. [19] provide a method for adaptable
formation control. This method was tested in Monterey Bay. Baker et al. [20] also
develop a leader follower algorithm that allows multiple AUVs to maintain a desired
formation.
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2.8.

Fuzzy Control and Application to Different Vehicles

Lee [26] [27] presents the behavior of Unmanned Underwater Crawling Vehicles
(UUCV). His first article combines model based control and fuzzy logic to provide
adaptive control of multiple UUCVs.

The crawling vehicles maintain their desired

leader-follower formation in an underwater environment with unknown 3-D topography.
Simulations are performed to demonstrate success for five UUCVs. Lee’s second article
extends this concept to enable the UUCVs to perform target searching missions. They
implement fuzzy logic and control architecture to gather information on target-like
objects while maintaining leader-follower control. The UUCVs then identify the target
using an intelligent software agent. Sisto and Gu [28] present a collection of fuzzy
controllers to provide formation control with collision avoidance for mobile robots.
Separate fuzzy systems are developed to ensure the robots converge to a desired
formation while avoiding collisions between robots. Benjamin et al. [29] develop fuzzy
systems for collision avoidance of autonomous marine surface crafts. Rajala et al. [30]
present fuzzy systems to determine formation updates when an AUV in the formation is
lost due to mine detonation. Antonelli and Chiaverini [31] develop a set of task functions
for vehicles during an entrapment mission, in which a platoon of autonomous vehicles
surrounds a desired target. Fuzzy logic is implemented to deal with large numbers of
tasks for the vehicles. Wang and Lee [32] develop an adaptive neuro-fuzzy system with a
feedback controller to generate AUV motion close to a desired trajectory with limited
error.

2.9. Limitations of Previous Research Work
We would like to note the limitations of the aforementioned research work as it
applies to our problem of formation control. Herein, we show that the previous research
work cannot be directly applied to the problem we pose.
The research work mentioned included formation control of ground and aerial
vehicles, a summary of control problems related to MAS, generalized algorithms using
point masses as agents, and control algorithms for groups of AUVs. The algorithms for
AUVs are contour modeling, implementation of a large number of AUVs, adaptive
8

formation control, and implementing formation control and stability for different types of
AUVs. While these topics have applications to the problem described in section 1.1, the
solutions presented are limited to underwater vehicles. We desire a formation controller
for general vehicle dynamics while these results are applied to underwater vehicle
dynamics. Similarly, the ground and aerial vehicle systems exhibit specific dynamics for
these vehicle types. The generalized MAS algorithms are variants of formation control
that we desire. Some controllers are developed for specific dynamics models which
focus on formation regulation or environmental tracking. Contour modeling of AUVs is
typically developed for adaptation to the environment and obstacle avoidance, which is
not our focus. We are only concerned with small groups of vehicles so a large number of
AUVs is not a concern. The adaptive formation work is not implemented for a specific
system. We desire a formation controller independent of the number of vehicles and
vehicle dynamics, which is not the case here. The algorithms implementing formation
control and stability are most relevant to this problem. These algorithms are again
developed for specific dynamics models while we desire a more generic controller.
We also discuss the completed work of fuzzy controllers generating formation
control. UUCV and mobile robots are applied to particular types of autonomous vehicles
while we are concerned with a controller independent of vehicle dynamics. Other fuzzy
control works do not concentrate on formation control. They discuss collision avoidance
and formation updates rather than formation convergence from arbitrary initial
conditions. There is also work focusing on entrapment, which is not the formation
control we desire. The final fuzzy control work provides a control system for the
trajectory of the vehicles.
The reasons listed above show that there is more work needed to solve our
problem. There are certainly interesting applications of formation control presented, but
we cannot find an exact solution to our problem from this work. Therefore we must
develop our own solution to the problem of formation control.
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Chapter 3.
3.1.

Leader Selection Fuzzy Systems

Leader Selection Metrics

In order to develop a leader-based formation controller, it is necessary to
determine the leader vehicle, which serves as the reference point about which the
formation is formed. The objective of the leader selection algorithm is to determine
which vehicle in the group is best suited to be the leader. We accomplish leader selection
with a fuzzy inference system (FIS). The inputs of the system are specified using the
known, desired formation line-of-travel.

The formation line-of-travel describes the

desired direction in which the formation will attempt to travel. Therefore, we desire to
have the leader vehicle traveling close to this line with the formation traveling parallel to
this line. The system outputs a number called a leader confidence value (LCi) for each
vehicle i which is on [0 1]. A typical three-vehicle scenario is displayed in Figure 1.

Figure 1. Leader Selection Scenario with Input Metrics
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We assign each vehicle an index number, i, with corresponding speed (Vi ), angle
from the formation line-of-travel to direction of vehicle i (αi), perpendicular distance
from the centroid line to vehicle i (dperi), parallel distance from the centroid point to
vehicle i (dpari), and a parallel distance weight (wpar). These measurements are shown in
Figure 1, where for simplification dpari is only shown for vehicle 3. We define the
formation line-of-travel and use this to determine the centroid line. The centroid line is
found by taking the average, or centroid point, of the vehicles’ positions and drawing a
line parallel to the formation line-of-travel through the centroid point. The perpendicular
distance is measured relative to the centroid line while parallel distance is measured
relative to the centroid point. These distances can be positive or negative because they
are measured as differences between points. A parallel distance weight is assigned
according to the vehicles distance along the formation line-of-travel. The vehicle furthest
along this line (vehicle 1 in Figure 1) is assigned a parallel weight of 1, the next furthest
(vehicle 2 in Figure 1) is assigned a weight of 1/2, and the last vehicle is assigned a
weight of 1/3. These weight values were arbitrarily chosen with the restrictions that the
weights are on [0, 1] and decrease as the vehicles’ positions along the formation line-oftravel decrease.
In sections 3.3, 3.4, and 3.5 we present the design of three leader selection fuzzy
systems. We implement each fuzzy system using selected measurements from the set {αi,
dperi, dpari, wpar} of Figure 1 as inputs to the system. The fuzzy system is applied to
each vehicle and the one with the largest leader confidence is assigned as the leader of the
formation.

The interested reader should refer to text from Harris et al [33], Klir et al

[34], and De Silva [35] for further information on fuzzy logic and intelligent control.
Before we present the three fuzzy system designs, we will describe the dynamics model
implemented in the simulations.

3.2.

Dynamics Model

In a practical sense, the vehicles cannot instantaneously achieve their commanded
speed and heading. Therefore we develop a simple dynamics model to govern the motion
of a vehicle as it moves towards its desired heading and speed. We illustrate this model
through Figure 2.
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Figure 2. Dynamics Model Concept

The equation of motion along the circle is governed by approximating an angular
physics equation:
�⃗ � = 𝜔𝜔 ∙ 𝑟𝑟𝑙𝑙𝑙𝑙𝑙𝑙𝑙𝑙𝑙𝑙 ≈
�𝑉𝑉

𝛾𝛾
∙ 𝑟𝑟
𝑑𝑑𝑑𝑑 𝑙𝑙𝑙𝑙𝑙𝑙𝑙𝑙𝑙𝑙

(1)

Where dt is the time between each position of the vehicle, γ is the angle the vehicle can
turn in dt seconds, and rlimit is the smallest turning radius of the vehicle. The variables γ
and rlimit are depicted in Figure 2.
The initial horizontal and vertical components of the velocity (Vxinit, Vyinit) as well
as the heading (θ) are known. We also know the turning radius (rlimit ) for the vehicle.
For each time step (dt), the vehicle traverses a circle with radius rlimit and its speed
increments by γ ′ where:
𝛾𝛾 ′ = 𝑘𝑘 ∙ 𝛾𝛾

(2)

The turning rate constant, k, describes the speed per turn angle of the vehicle. We have a
resulting horizontal and vertical speed (Vxact, Vyact) for each time step dt. We calculate the
�⃗ �, γ, and rlimit are chosen values. When the
time step, dt, using the above equation since �𝑉𝑉

vehicle is close to the desired heading, it leaves the circle of radius rlimit and will continue
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to increment its speed until Vxact(n) ≈ Vxdes and Vyact(n) ≈ Vydes. The flow chart of Figure 3
describes the inputs and outputs of the dynamics model.

Vx Vy

θ

∆t

Dynamics Model

V xact V yact x act y act
Figure 3. Dynamics Model Flow Chart

We define inputs as follows:
�⃗𝑥𝑥 = [𝑉𝑉𝑥𝑥𝑥𝑥𝑥𝑥𝑥𝑥𝑥𝑥 𝑉𝑉𝑥𝑥𝑥𝑥𝑥𝑥𝑥𝑥 ]
𝑉𝑉

�⃗𝑦𝑦 = �𝑉𝑉𝑦𝑦𝑦𝑦𝑦𝑦𝑦𝑦𝑦𝑦 𝑉𝑉𝑦𝑦𝑦𝑦𝑦𝑦𝑦𝑦 �
𝑉𝑉

(3)
(4)

𝑉𝑉𝑥𝑥,𝑦𝑦𝑦𝑦𝑦𝑦𝑦𝑦𝑦𝑦 = 𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑖 𝑥𝑥, 𝑦𝑦 𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠 𝑜𝑜𝑜𝑜 𝑡𝑡ℎ𝑒𝑒 𝑣𝑣𝑣𝑣ℎ𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑖

𝑉𝑉𝑥𝑥,𝑦𝑦𝑦𝑦𝑦𝑦𝑦𝑦 = 𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑 𝑥𝑥, 𝑦𝑦 𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠 𝑜𝑜𝑜𝑜 𝑡𝑡ℎ𝑒𝑒 𝑣𝑣𝑣𝑣ℎ𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑖

𝜃𝜃 = 𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑖 ℎ𝑒𝑒𝑒𝑒𝑒𝑒𝑒𝑒𝑒𝑒𝑒𝑒 𝑜𝑜𝑜𝑜 𝑡𝑡ℎ𝑒𝑒 𝑣𝑣𝑣𝑣ℎ𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑖

∆𝑡𝑡 = 𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡 𝑡𝑡𝑡𝑡 𝑟𝑟𝑟𝑟𝑟𝑟𝑟𝑟ℎ 𝑑𝑑𝑑𝑑𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠 ℎ𝑒𝑒𝑒𝑒𝑒𝑒𝑒𝑒𝑒𝑒𝑒𝑒 𝑎𝑎𝑎𝑎𝑎𝑎 𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠

The outputs are defined as:

�⃗𝑥𝑥𝑥𝑥𝑥𝑥𝑥𝑥 = 𝑣𝑣𝑣𝑣𝑣𝑣𝑣𝑣𝑣𝑣𝑣𝑣 𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐 𝑡𝑡ℎ𝑒𝑒 𝑎𝑎𝑎𝑎𝑎𝑎𝑎𝑎𝑎𝑎𝑎𝑎 𝑥𝑥 𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠 𝑜𝑜𝑜𝑜 𝑡𝑡ℎ𝑒𝑒 𝑣𝑣𝑣𝑣ℎ𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑖
𝑉𝑉

�⃗𝑥𝑥𝑥𝑥𝑥𝑥𝑥𝑥 = 𝑣𝑣𝑣𝑣𝑣𝑣𝑣𝑣𝑣𝑣𝑣𝑣 𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐 𝑡𝑡ℎ𝑒𝑒 𝑎𝑎𝑎𝑎𝑎𝑎𝑎𝑎𝑎𝑎𝑎𝑎 𝑦𝑦 𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠 𝑜𝑜𝑜𝑜 𝑡𝑡ℎ𝑒𝑒 𝑣𝑣𝑣𝑣ℎ𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑖
𝑉𝑉

𝑥𝑥⃗𝑎𝑎𝑎𝑎𝑎𝑎 = 𝑣𝑣𝑣𝑣𝑣𝑣𝑣𝑣𝑣𝑣𝑣𝑣 𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐 𝑡𝑡ℎ𝑒𝑒 𝑎𝑎𝑎𝑎𝑎𝑎𝑎𝑎𝑎𝑎𝑎𝑎 𝑥𝑥 𝑝𝑝𝑝𝑝𝑝𝑝𝑝𝑝𝑝𝑝𝑝𝑝𝑝𝑝𝑝𝑝𝑝𝑝 𝑜𝑜𝑜𝑜 𝑡𝑡ℎ𝑒𝑒 𝑣𝑣𝑣𝑣ℎ𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑖
𝑦𝑦⃗𝑎𝑎𝑎𝑎𝑎𝑎 = 𝑣𝑣𝑣𝑣𝑣𝑣𝑣𝑣𝑣𝑣𝑣𝑣 𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐 𝑡𝑡ℎ𝑒𝑒 𝑦𝑦 𝑝𝑝𝑝𝑝𝑝𝑝𝑝𝑝𝑝𝑝𝑝𝑝𝑝𝑝𝑝𝑝𝑝𝑝 𝑜𝑜𝑜𝑜 𝑡𝑡ℎ𝑒𝑒 𝑣𝑣𝑣𝑣ℎ𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑖

This dynamics model is applied to each vehicle during a particular simulation.
We note that the development of this model is based on the rule that the vehicle can
increase its speed by the number of degrees traversed in a circle of radius rlimit. This is a
reasonable rule for practical purposes. This model provides us with a tool to test the
fuzzy systems throughout this paper. We now present the design of a nominal single
input fuzzy system, the first of three leader selection algorithms.
13

3.3.

Nominal Single Input Leader Selection Fuzzy System

We implement a single input fuzzy system with parallel position weights for the
first design of the leader selection system. We choose αi, the angle from the formation
line-of-travel to the direction of vehicle i, as a single input to an FIS scaled by the parallel
position weights. The weights will truncate the set of possible outputs for the FIS such
that:
FIS Output Range = [0, 1] ∙ 𝑤𝑤𝑝𝑝𝑝𝑝𝑝𝑝

(5)

Scaling the FIS output set by weights could distinguish between vehicles based on their
positions parallel to the formation line-of-travel. Figure 4 displays a block diagram of
this nominal fuzzy system with parallel position weights.

Figure 4. Single Input Leader Selection Fuzzy System Flow Chart

3.3.1.

Fuzzy System Design

In designing fuzzy systems, the most important steps are developing the fuzzy
sets and rule tables. Prior to developing the fuzzy sets and rule tables, the system
parameters (i.e., aggregation method, defuzzification method, etc.) must be chosen. The
14

system settings were initially chosen by using typical methods found in the literature.
These settings were modified if it was found through testing they were causing
undesirable performance. We note that the mean-of-maxima defuzzification method was
intentionally chosen to provide a smooth surface plot displayed later in this section. The
following table displays the final settings for this system.
Parameter

Setting

Type

Mamdani

AND Method

Product

Implication Method

Minimum

Aggregation Method

Probabilistic OR

Defuzzification Method

Mean of Maxima

Table 1. Single Input Leader Confidence FIS Settings

We turn our attention to design of the fuzzy sets and tables. Throughout this
paper the following acronyms will be used to describe fuzzy input sets.
Acronym

Meaning

NH

Negative High

NM

Negative Medium

NS

Negative Small

NZ

Near Zero

PS

Positive Small

PM

Positive Medium

PH

Positive High

Table 2. Fuzzy Membership Function Acronym Key

The acronyms of Table 2 describe many inputs throughout this paper. For example the
leader selection system uses these acronyms for the αi fuzzy set. Later chapters will use
these acronyms to describe vehicle speeds and position errors. The fuzzy sets for this
system are displayed in Figure 5 through Figure 7. The weights are between 0 and 1,
wherein a larger weight enables larger possible values of leader confidence and a smaller
weight restricts the possible values of leader confidence to a smaller range. The output
fuzzy sets are shown in Figure 6 and Figure 7 with weights of 1 and 0.5 to demonstrate
this effect.
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Nominal System Input Fuzzy Set
NH
1

NM

NS

NZ

PS

PM

PH

Degree of Membership

0.8

0.6

0.4

0.2

0
-150

-100

-50

0

αi

50

100

150

Figure 5. Fuzzy Set Applied to Single Input, αi, of Leader Selection Fuzzy System

Figure 6. Fuzzy Set Used to Generate the Leader Selection Fuzzy System Output, LCi, when wpar = 1
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Figure 7. Fuzzy Set Used to Generate the Leader Selection Fuzzy System Output, LCi, when wpar = 0.5

Based on the geometry in Figure 1, it is clear that -180˚ ≤ αi ≤ 180˚ which is
displayed in the domain of the fuzzy set in Figure 5. The domain of the fuzzy output set
is crafted so that 0 ≤ LCi ≤ 1 when the parallel weight value is 1, as displayed in Figure 6.
Also note in Figure 7 how the domain is crafted such that 0 ≤ LCi ≤ 0.5 when the weight
value is 0.5. A vehicle using this output set would have a smaller parallel distance than a
vehicle using the set of Figure 6.
Table 3 shows the fuzzy rule table describing how the sets are combined for this
FIS.
Input

Output

(αi)

(LCi)

1

NH

Small

2

NM

Med

3

NS

High

4

NZ

VeryHigh

5

PS

High

6

PM

Med

7

PH

Small

Rule

Table 3. Single Input Leader Confidence FIS Rule Table
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The rows of this table are combined with if-then statements. For example, the fuzzy
linguistic interpretation of rule 1 reads as:
If (𝛼𝛼𝑖𝑖 is NH) Then (𝐿𝐿𝐿𝐿i is Small)

(6)

Table 3 is one way of describing the input output relationship of the FIS in this fuzzy
system. Surface plots such as the one in Figure 8 can help someone visualize the
functionality of this system.

Figure 8. Single Input Leader Confidence FIS Surface Plots for All Possible Weights

Figure 8 shows that, as the magnitude of αi increases, the leader confidence value
of the vehicle decreases. This is because a large positive or negative αi corresponds to a
vehicle that is not heading in desired formation direction. We also see the effect of
parallel position weights. As the weights decrease, the range of possible LCi values
decrease.
This completes the design of the nominal single input leader selection fuzzy
system. A simple testing algorithm was developed to evaluate the performance of this
system. We now turn to the results of this fuzzy system through the testing algorithm.
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3.3.2.

Fuzzy System Results

The testing algorithm implements the dynamics model of section 3.2 to provide
position updates of each vehicle. The goal was to generate leader confidence values for
each vehicle as the vehicles moved with constant speed to match the desired formation
direction of travel. Figure 9 displays the flow chart for testing the nominal fuzzy system.
We test this system for three vehicles with different sets of initial states for each vehicle.
These test cases are shown in Table 4.

Figure 9. Flow Chart for Testing Nominal Single Input Leader Selection Fuzzy System
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Case
1
(Initial αi = 0 for All Vehicles)

2
(Initial αi ≠ 0 for All Vehicles)

3
(Perpendicular Outlier)

Vehicle Index

Initial Position [m]

Initial Velocity [m/s]

1

(100,0)

(5,5)

2

(100,150)

(5,5)

3

(0,200)

(5,5)

1

(100,0)

(0,-5)

2

(100,150)

(-5,0)

3

(0,200)

(5,0)

1

(100,0)

(0,-5)

2

(100,150)

(-5,0)

3

(-200,400)

(5,0)

Table 4. Test Cases for Nominal Single Input Leader Selection Fuzzy System

Case 1 is the simplest case, in which the initial directions of all vehicles match the
desired formation direction. Case 2 displays results when all vehicles initially do not
match the desired formation line-of-travel. The third case displays results when vehicle 3
is an outlier in perpendicular distance. We show vehicle positions in two dimensional
spaces as time elapses, or vehicle trajectories, to display the results of these test cases.
The resulting vehicle trajectories are displayed in Figure 10 through Figure 12.

Figure 10. Vehicle Trajectory Simulation when Initial αi = 0 for All Vehicles (Case 1)
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Figure 11. Vehicle Trajectory Simulation when Initial αi ≠ 0 for All Vehicles (Case 2)

Figure 12. Vehicle Trajectory Simulation for Perpendicular Outlier (Case 3)

The result of Figure 10 (Case 1) shows that vehicle 2 has the largest leader
confidence value, LC2. This is because the vehicle remains physically ahead of the
others. Figure 11 (Case 2) shows the need to use αi as an input to the fuzzy system. Here
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vehicle 2 starts out as the best candidate for the leader. However the large initial value of
α2 allows vehicle 3 to become a better candidate for the leader as time elapses. Therefore
vehicle 3 has the largest leader confidence, LC3. Figure 12 (Case 3) displays the need to
add a perpendicular distance input metric to the fuzzy system. Here vehicle 3 actually
has the largest leader confidence even though vehicle 2 would be the intuitive choice for
the leader. This leads us to a two input fuzzy system, in which the perpendicular distance
from the centroid line must be included.

3.4.

Two Input Leader Selection Fuzzy System

The performance of the nominal system can be improved by adding a properly
chosen input to the fuzzy system. It is desirable to limit the leader confidence value for
vehicles with a large perpendicular distance from the centroid line. Therefore we choose
the normalized perpendicular distance from the centroid line, dperni, as the second input
metric to the leader selection fuzzy system. Parallel distance weights are implemented in
an identical manner to the nominal FIS to adjust LCi for parallel positions of each
vehicle. Figure 13 displays a flow chart of this fuzzy system.

Figure 13. Two Input Leader Selection Fuzzy System Flow Chart
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3.4.1.

Fuzzy System Design

The FIS settings for this design are identical to the nominal system in Table 1.
We simplify the fuzzy sets of this system to limit the size of the rule table. Since the
response of the nominal fuzzy system (Figure 8) is symmetric with respect to αi, we need
only consider the absolute value of αi. Inspection of Figure 1 shows that dperi also can be
measured absolutely and hence so can dperni. This eliminates membership functions for
negative αi and dperni thus reducing the rule table.

The normalized perpendicular

distance metric, dperni is calculated as follows:
𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑖𝑖 =

𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑖𝑖 − 𝜇𝜇(𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑)
𝜎𝜎(𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑖𝑖 − 𝜇𝜇(𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑))

(7)

𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑖𝑖 = 𝑝𝑝𝑝𝑝𝑝𝑝𝑝𝑝𝑝𝑝𝑝𝑝𝑝𝑝𝑝𝑝𝑝𝑝𝑝𝑝𝑝𝑝𝑝𝑝𝑝𝑝 𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑 𝑓𝑓𝑓𝑓𝑓𝑓 𝑣𝑣𝑣𝑣ℎ𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑖 𝑖𝑖

𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑 = 𝑣𝑣𝑣𝑣𝑣𝑣𝑣𝑣𝑣𝑣𝑣𝑣 𝑜𝑜𝑜𝑜 𝑎𝑎𝑎𝑎𝑎𝑎 𝑝𝑝𝑝𝑝𝑝𝑝𝑝𝑝𝑝𝑝𝑝𝑝𝑝𝑝𝑝𝑝𝑝𝑝𝑝𝑝𝑝𝑝𝑝𝑝𝑝𝑝 𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑 𝑓𝑓𝑓𝑓𝑓𝑓 𝑡𝑡ℎ𝑒𝑒 𝑣𝑣𝑣𝑣ℎ𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑖

𝜇𝜇(𝑥𝑥) = 𝑚𝑚𝑚𝑚𝑚𝑚𝑚𝑚 𝑜𝑜𝑜𝑜 𝑡𝑡ℎ𝑒𝑒 𝑣𝑣𝑣𝑣𝑣𝑣𝑣𝑣𝑣𝑣𝑣𝑣 𝑥𝑥

𝜎𝜎(𝑥𝑥) = 𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠 𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑛𝑛 𝑜𝑜𝑜𝑜 𝑣𝑣𝑣𝑣𝑣𝑣𝑣𝑣𝑣𝑣𝑣𝑣 𝑥𝑥

We normalize dperi to quantify perpendicular distance in terms of number of
standard deviations from the centroid line. We use distance from the centroid line so that
we have a weighted metric depending on the vehicle positions. Consider a situation in
which a large group of vehicles are concentrated around a certain area with one vehicle
far away from this area. We desire a vehicle in the concentrated group to be the leader to
limit overall vehicle motion. The distance metric, dperni, will be small for the vehicles in
the concentrated group and large for the one vehicle outside that group which is desirable
for this situation. Using a distance metric from the formation line-of-travel will not
account for this scenario. We desire to limit leader confidence for vehicles with large
perpendicular distance, so we apply three membership functions concentrated around
small perpendicular distance values.

Essentially this input will limit the leader

confidence value for vehicles with outlier perpendicular distances. The output fuzzy set
was also simplified by removing a membership function. The fuzzy sets implemented in
this design are displayed in Figure 14 through Figure 16 followed by the rule table in
Table 5.
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Angle Input Fuzzy Set
NearZero
1

Small

Medium

High

Degree of Membership

0.8

0.6

0.4

0.2

0
0

20

60

40

80

αi

140

120

100

160

180

Figure 14. Fuzzy Set Applied to First Input, αi, of Two Input Leader Selection Fuzzy System

Perpendicular Metric Input Fuzzy Set

Degree of Membership

Low
1

Medium

High

0.8

0.6

0.4

0.2

0
0

0.5

1

1.5

2
dperni

2.5

3

3.5

4

Figure 15. Fuzzy Set Applied to Second Input, dperni, of Two Input Leader Selection Fuzzy System
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Figure 16. Fuzzy Set Used to Generate the Leader Selection Fuzzy System Output, LCi, when wpar = 1

Input 1

Input 2

Output

(αi)

(dperni )

(LCi)

1

NearZero

Low

High

2

Small

Low

Medium

3

Medium

Low

Small

4

High

Low

Small

5

NearZero

Medium

Medium

6

Small

Medium

Small

7

Medium

Medium

Small

8

High

Medium

Small

9

NearZero

High

Small

10

Small

High

Small

11

Medium

High

Small

12

High

High

Small

Rule

Table 5. Two Input Leader Confidence FIS Rule Table

The inputs are combined with a fuzzy if-and-then operation, so rule 1 reads as:
If (𝛼𝛼𝑖𝑖 is NearZero)And (𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑖𝑖 is Low)Then (𝐿𝐿𝐿𝐿𝑖𝑖 is High)

(8)

Due to the previously mentioned simplifications, this rule table only has 12 rules, which
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is certainly a feasible problem. It may be easier to visualize the functionality of the
system by viewing its surface plot. Figure 17 and Figure 18 display the surface plot for
this system with weights of 1 and 0.5.

Figure 17. Two Input Leader Confidence FIS Surface Plot when wpar = 1

Figure 18. Two Input Leader Confidence FIS Surface Plot when wpar = 0.5
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Figure 17 and Figure 18 displays the desired result that for a known value of αi,
large dperni limit LCi to small values. LCi also decreases as αi increases for a particular
value of dperni. This is desired because larger αi means the vehicle does not match the
desired formation direction well and is not a good candidate to be the leader. Similar to
the nominal system, the maximum allowable LCi is controlled by the parallel weights.
Also note the ripples in the surface for dperni > 2. This is due to the fact that the Small
output membership function is assigned to all values of alpha for dperni.

The

deffuzzified output will have small oscillations as αi increases. We can decrease this
oscillation by adding more membership functions to the LCi set. Although this is an
undesirable effect, we do not expect all vehicles to have dperni > 2. Thus, vehicles with
dperni > 2 should still have leader confidence values that are distinctly less than those
vehicles with dperni < 2. Using this fuzzy system design for a leader selection algorithm,
we turn to testing the system to evaluate performance.

3.4.2.

Fuzzy System Results

We apply the same testing algorithm for the nominal system (See Figure 9) to the
two input system. The test cases for this system are shown in Table 6.
Case
1
(Initial αi = 0 for All Vehicles)

2
(Initial αi ≠ 0 for All Vehicles)

3
(Perpendicular Outlier)

4
(Parallel Outlier)

Vehicle Number

Initial Position [m]

Initial Velocity [m/s]

1

(100,0)

(5,5)

2

(100,150)

(5,5)

3

(0,200)

(5,5)

1

(100,0)

(0,-5)

2

(100,150)

(-5,0)

3

(0,200)

(5,0)

1

(100,0)

(0,-5)

2

(100,150)

(-5,0)

3

(-200,400)

(5,0)

1

(500,400)

(0,-5)

2

(100,150)

(-5,0)

3

(0,200)

(5,0)

Table 6. Test Cases for Two Input Leader Selection Fuzzy System

Note that cases 1 through 3 are identical to the test cases for the nominal system. The
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fourth test case will show the systems response to parallel outliers. Figure 19 through
Figure 22 show simulation results of these test cases.

Figure 19. Vehicle Trajectory Simulation when Initial αi = 0 for All Vehicles (Case 1)

Figure 20. Vehicle Trajectory Simulation when Initial αi ≠ 0 for All Vehicles (Case 2)
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Figure 21. Vehicle Trajectory Simulation for Perpendicular Outlier (Case 3)

Figure 22. Vehicle Trajectory Simulation for Parallel Outlier (Case 4)

The results of these simulations show the effects of adding a second input to the
fuzzy system. Figure 19 and Figure 20 (Cases 1 and 2) provide similar performance to the
nominal system where LC2 is the largest value for case 1 and LC3 is largest for case 2.
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Figure 21(Case 3) shows improved performance over the nominal system. Since vehicle
3 has a large perpendicular distance from the centroid line, its leader confidence is
decreased such that vehicle 2 now has the largest leader confidence. This is because we
have included the perpendicular distance metric in the fuzzy system. Figure 22 (Case 4)
shows the need to include a parallel distance metric in the system. Vehicle 1 has a large
enough parallel distance to compensate for its large initial αi. Thus vehicle 1 would be
the intuitive choice as a leader. Despite this, the system outputs the largest leader
confidence to vehicle 2. This leads us to the third and final leader selection system
wherein we add a parallel distance metric as an input.

3.5.

Three Input Leader Selection Fuzzy System

The two input fuzzy system can be further simplified by eliminating the parallel
weights. We add the normalized parallel distance from vehicle i to the centroid point,
dparni, to provide this simplification. Again we normalize dpari to define the parallel
distance metric in terms of standard deviations from the centroid point. The purpose of
this input is to modify leader confidence when dparni has very large or very small values.
Leader confidence will increase when dparni is large and decrease when dparni is very
small. Essentially this input will help control the leader confidence value for vehicles
with outlier parallel distances. Note how the flow chart has been simplified from the
previous two fuzzy systems because it is completely described by the FIS.

Figure 23. Three Input Leader Selection Fuzzy System Flow Chart
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3.5.1.

Fuzzy System Design

The system settings for this design are different than the previous two. It was
found that a mean of maxima defuzzification method was causing undesirable
performance. For the case in which αi is small, dperni is small, and dparni is a very large
negative value the aggregated function would have two peaks with a value of 1. A mean
of maxima defuzzification method outputs a leader confidence of one in this case, which
is undesirable because the vehicle has a large negative parallel distance. However, a
centroid defuzzification method would output a number between the two peaks. See text
by Klir [34] for a discussion of these deffuzzification methods.

Thus a centroid

defuzzification method, which mitigates these issues, was required to provide the proper
functionality.
Parameter

Setting

Type

Mamdani

AND Method

Product

Implication Method

Minimum

Aggregation Method

Probabilistic OR

Defuzzification Method

Centroid

Table 7. Three Input Leader Confidence FIS Settings

The third input for this system, dparni, is calculated similarly to dperni as:
𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑖𝑖 =

𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑖𝑖 − 𝜇𝜇(𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑)
𝜎𝜎(𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑖𝑖 − 𝜇𝜇(𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑))

(9)

𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑖𝑖 = 𝑝𝑝𝑝𝑝𝑝𝑝𝑝𝑝𝑝𝑝𝑝𝑝𝑝𝑝𝑝𝑝 𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑 𝑓𝑓𝑓𝑓𝑓𝑓 𝑣𝑣𝑣𝑣ℎ𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑖 𝑖𝑖

𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑 = 𝑣𝑣𝑣𝑣𝑣𝑣𝑣𝑣𝑣𝑣𝑣𝑣 𝑜𝑜𝑜𝑜 𝑎𝑎𝑎𝑎𝑎𝑎 𝑝𝑝𝑝𝑝𝑝𝑝𝑝𝑝𝑝𝑝𝑝𝑝𝑝𝑝𝑝𝑝 𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑 𝑓𝑓𝑓𝑓𝑓𝑓 𝑡𝑡ℎ𝑒𝑒 𝑣𝑣𝑣𝑣ℎ𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑖
𝜇𝜇(𝑥𝑥) = 𝑚𝑚𝑚𝑚𝑚𝑚𝑚𝑚 𝑜𝑜𝑜𝑜 𝑡𝑡ℎ𝑒𝑒 𝑣𝑣𝑣𝑣𝑣𝑣𝑣𝑣𝑣𝑣𝑣𝑣 𝑥𝑥

𝜎𝜎(𝑥𝑥) = 𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠 𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑 𝑜𝑜𝑜𝑜 𝑣𝑣𝑣𝑣𝑣𝑣𝑣𝑣𝑣𝑣𝑣𝑣 𝑥𝑥

Similarly to the dperni fuzzy set, the dparni fuzzy set is only concerned with
modifying extreme values so the membership functions will be concentrated around
small distance values. However, this fuzzy set differs from the dperni because positive
and negative values of dparni must be considered. It was also found that we could
remove a membership function from dperni and still provide reasonable performance.
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The fuzzy set for αi is identical to that of Figure 14 in the two input design, so it is
omitted here. Figure 24 through Figure 26 show the fuzzy sets for this system followed
by the rule table in Table 8.
Perpendicular Distance Input Fuzzy Set
Low
1

High

Degree of Membership

0.8

0.6

0.4

0.2

0
0

0.5

1

1.5

2
dperni

2.5

3

3.5

4

Figure 24. Fuzzy Set Applied to Second Input, dperni, of Three Input Leader Selection Fuzzy System

Parallel Distance Input Fuzzy Set
NegHigh

Low

PosHigh

Degree of Membership

1

0.8

0.6

0.4

0.2

0
-4

-3

-2

-1

0
dparni

1

2

3

4

Figure 25. Fuzzy Set Applied to Third Input, dparni, of Three Input Leader Selection Fuzzy System
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Leader Confidence Output Fuzzy Set
Small
1

Medium

High

Degree of Membership

0.8

0.6

0.4

0.2

0
0

0.2

0.4

0.8

0.6
LCi

1.2

1

Figure 26. Fuzzy Set Used to Generate the Leader Selection Fuzzy System Output, LCi, when wpar = 1

Input 1

Input 2

Input 3

Output

(αi)

(dperni)

(dparni)

(LCi)

1

NearZero

Low

-

High

2

Small

Low

-

Medium

3

Medium

Low

-

Small

4

High

Low

-

Small

5

NearZero

High

-

Small

6

Small

High

-

Small

7

Medium

High

-

Small

8

High

High

-

Small

9

-

-

NegHigh

Small

10

-

-

Low

Medium

11

-

-

PosHigh

High

Rule

Table 8. Three Input Leader Confidence FIS Rule Table
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In combining the fuzzy sets, we take advantage of using a ProbOr type
aggregation method [34]. This allows us to treat each distance input independently. For
example, if the system inputs invoke rules 1 and 9 we have:
If (𝛼𝛼𝑖𝑖 is NearZero) And (𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑖𝑖 is Low)Then (𝐿𝐿𝐿𝐿𝑖𝑖 is High)
ProbOr

(10)

If (𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑i is NegHigh)Then (𝐿𝐿𝐿𝐿𝑖𝑖 is Small)

The result of this aggregation will be a fuzzy set that combines the two leader confidence
outputs through a probabilistic “or” operation. Effectively we are saying that for a
known value of αi, if dperni or dparni is extreme then modify the output accordingly.
Since there are three inputs for this fuzzy system, we cannot generate a surface
plot to encompass all inputs and outputs to this system. As an alternative, we fix one
input and show the response for the other two inputs. These plots show the effect of
extreme values of dperni and dparni on leader confidence.

FIS Response (α = 0 degrees )
i

LC

i

0.8
0.6
0.4
0.2
0
1
2
3
4
dperni

-4

-3

-2

-1

0

1

2

3

4

dparni

Figure 27. Three Input Leader Confidence FIS Surface Plot when αi = 0˚
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FIS Response ( αi = 180 degrees )

0.6

LC

i

0.5
0.4
0.3
0.2
0
1
2
dperni

3
4

-4

-2

0

2

4

dparni

Figure 28. Three Input Leader Confidence FIS Surface Plot when αi = 180˚

The surface plot of Figure 27 shows that when the vehicle’s direction is
equivalent to the formation direction (αi = 0), its leader confidence will decrease as dperni
increases and dparni decreases. Further as dperni decreases and dparni increases the
leader confidence increases. Figure 28 shows that leader confidence peaks of Figure
27(dperni < 1) are truncated when the vehicle’s direction is opposite of the formation
direction (αi = 180). Also note that the leader confidence values cannot be exactly 0 or 1.
This is because we use a centroid defuzzification method for this FIS. We now turn to
the testing algorithm for this fuzzy control system.
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3.5.2.

Fuzzy System Results

We apply the same testing algorithm for the nominal system (See Figure 9) to the
three input system. The test cases for this system are shown in Table 9.
Case
1
(Initial αi = 0 for All Vehicles)

2
(Initial αi ≠ 0 for All Vehicles)

3
(Perpendicular Outlier)

4
(Parallel Outlier)

5
(Perpendicular Outlier)

Vehicle Number

Initial Position [m]

Initial Velocity [m/s]

1

(100,0)

(5,5)

2

(100,150)

(5,5)

3

(0,200)

(5,5)

1

(100,0)

(0,-5)

2

(100,150)

(-5,0)

3

(0,200)

(5,0)

1

(100,0)

(0,-5)

2

(100,150)

(-5,0)

3

(-200,400)

(5,0)

1

(500,400)

(0,-5)

2

(100,150)

(-5,0)

3

(0,200)

(5,0)

1

(100,0)

(0,-5)

2

(100,150)

(-5,0)

3

(-300,400)

(5,0)

Table 9. Test Cases for Three Input Leader Selection Fuzzy System

Cases 1 through 4 are identical to the test cases for the 2 input system of section
3.4. Case 5 was added due to some interesting results with case 3 for this system. Figure
29 through Figure 33 show simulation results of these test cases.
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Figure 29. Vehicle Trajectory Simulation when Initial αi = 0 for All Vehicles (Case 1)

Figure 30. Vehicle Trajectory Simulation when Initial α ≠ 0 for All Vehicles (Case 2)
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Figure 31. Vehicle Trajectory Simulation for Perpendicular Outlier (Case 3)

Figure 32. Vehicle Trajectory Simulation for Perpendicular Outlier (Case 5)
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Figure 33. Vehicle Trajectory Simulation for Parallel Outlier (Case 4)

Figure 29 and Figure 30 (Cases 1 and 2) show that the vehicle with the largest
leader confidence is the intuitive choice, so the performance of cases 1 and 2 of the two
input system was sustained when adding the third input to the fuzzy system. Figure 31
(Case 3) shows an interesting result of this system. Vehicles 2 and 3 have the same
leader confidence. Even though vehicle 3 has a large perpendicular distance metric, its
parallel distance metric is large enough to produce a leader confidence equivalent to
vehicle 2. Figure 32 (Case 5) shows that decreasing the parallel distance of vehicle 3 will
increase the leader confidence of vehicle 2, which is the intuitive choice. The result of
Figure 33 (Case 4) for this system shows that vehicle 1 has the largest leader confidence,
which is an improvement on the two input system. Recall that the two input system
assigned vehicle 3 with the largest leader confidence, which is not the intuitive choice for
the leader in this case.
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Before leaving this chapter, we note that there are tradeoffs between each system.
For example, if it is known that all vehicles will start close to the formation line-of-travel,
then perpendicular distance may be irrelevant and the nominal system would be
sufficient. If the vehicles are known to start far away from the formation line, then the
two input or three input systems may be desirable because perpendicular and parallel
distance may be relevant. The three input system has no parallel weights and thus is the
most compact system, and should provide sufficient performance for most situations. As
seen in some of the results, there are limitations to this system as well.
Now that we have discussed methods for selecting the leader of the formation, we
need to present how the vehicles will converge to their formation when the leader has
been selected. The following chapter presents the formation controller design once the
leader has been selected.
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Chapter 4.

Fuzzy Formation Controller

We now turn our attention to controlling the formation between multiple vehicles.
A fuzzy formation controller can provide formation control of multiple vehicles given
state information.

A leader-follower approach is presented wherein the leader and

followers are defined in section 1.1. Each follower vehicle is given an arbitrary initial
heading and position from the leader. The objective is for the follower vehicles to
converge to a desired set of positions relative to the leader.
Under the assumption that the followers can perfectly sense the states (i.e.
velocity, position for the scope of this problem) of the leader and that the leader is
already defined, the fuzzy formation controller generates velocity commands for each
follower while the leader traverses an arbitrary path. The advantage of this approach is
that fuzzy controllers can be tuned for any set of possible vehicle states. Only the set of
possible vehicle states are required to develop a comprehensive formation controller.
Figure 34 displays the control loop for this formation controller.

Figure 34. Formation Control Feedback Loop

The objective is to design the fuzzy formation controller to generate proper
follower position updates. The inputs to the fuzzy formation controller are follower
position error relative to the leader and leader speed. Our reasons for choosing these
inputs and outputs will be apparent in section 4.1.1. We apply this control loop to each
follower independent of the other followers in the group. We now present the design of
the fuzzy formation controller by showing the input-output metrics chosen as well as the
multiple FIS implemented in the fuzzy formation controller.
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4.1.

Fuzzy Formation Controller Design

We design the fuzzy formation controller using three FIS which are presented in
sections 4.1.1through 4.1.3. First we describe the input and output metrics for all FIS and
an overall system view of the three FIS. Then we describe the design of the three
individual FIS through fuzzy sets, rule tables, and surface plots.

4.1.1.

Input, Output Metrics and Overall Fuzzy System View

The control system of Figure 34 implies that relative follower distance errors and
leader speed are the input metrics to the fuzzy formation controller. The input metrics
chosen for the fuzzy formation controller include cross range position error, down range
position error, and leader speed. Figure 35 displays these metrics along with the cross
range, down range coordinate system chosen.

Figure 35. Fuzzy Formation Controller Input Metrics
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The coordinate system for these metrics is chosen relative to the leader vehicle,
allowing the system to be invariant to rotation and translation. In other words, the fuzzy
formation controller will respond identically if the coordinate frame of reference is
rotated and translated by the same amount. Down range (DR) position is in the direction
of the leader’s direction while cross range (CR) position is perpendicular to the leader’s
direction. The DR, CR error (eDR, eCR) is calculated as:
𝑒𝑒𝐷𝐷𝐷𝐷 = 𝐷𝐷𝐷𝐷𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑 − 𝐷𝐷𝐷𝐷𝑎𝑎𝑎𝑎𝑎𝑎𝑎𝑎𝑎𝑎𝑎𝑎
𝑒𝑒𝐶𝐶𝐶𝐶 = 𝐶𝐶𝐶𝐶𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑 − 𝐶𝐶𝐶𝐶𝑎𝑎𝑎𝑎𝑎𝑎𝑎𝑎𝑎𝑎𝑎𝑎

(11)
(12)

DRdesired and CRdesired are the desired position of the followers relative to the leader.
�⃗𝐿𝐿 � , give the inputs to the fuzzy
These error calculations along with the leader speed,�𝑉𝑉

formation controller.

We use the same coordinate system to generate the outputs of the fuzzy formation
controller. The down range and cross range components of follower velocity are the
�⃗𝐹𝐹𝐹𝐹𝐹𝐹 and 𝑉𝑉
�⃗𝐹𝐹𝐹𝐹𝐹𝐹 in Figure
formation controller outputs. These vector outputs are labeled 𝑉𝑉
36.

Figure 36. Fuzzy Formation Controller Output Metrics
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Three FIS in the fuzzy formation controller design were implemented to avoid a
complex fuzzy controller.

Figure 37 describes the system view of how these FIS

generate the desired follower output velocity components.

Figure 37. Flow Chart Displaying Overall Fuzzy System View

�⃗𝐿𝐿 � and eDR as inputs to DR FIS to generate 𝑉𝑉
�⃗𝐹𝐹𝐹𝐹𝐹𝐹 . Further, we use eCR as
We use �𝑉𝑉

�⃗𝐹𝐹𝐹𝐹𝐹𝐹 . The output of both the DR FIS and the CR
the single input to CR FIS to generate 𝑉𝑉
FIS are input to the velocity FIS. The velocity FIS uses these inputs to generate a final

�⃗𝐹𝐹𝐹𝐹𝐹𝐹 . We use the velocity FIS to limit the speed of the follower vehicle to its maximum
𝑉𝑉

�⃗𝐹𝐹𝐹𝐹𝐹𝐹 and 𝑉𝑉
�⃗𝐹𝐹𝐹𝐹𝐹𝐹 are large enough such that
speed, Vmax. There is a possibility that both 𝑉𝑉

�⃗𝐹𝐹 � exceeds Vmax. It is more important for the followers to maintain DR position, so the
�𝑉𝑉

�⃗𝐹𝐹 � exceeds Vmax. The flow chart of
CR FIS output is truncated by the velocity FIS if �𝑉𝑉
Figure 37 describes the overall system view of this design. We now describe the design

of the DR, CR and Velocity FIS in sections 4.1.2 and 4.1.3. We refer the reader to text
from Harris et al [33], Klir et al [34], and De Silva [35] for further information on fuzzy
logic and intelligent control implemented in these sections.
44

4.1.2.

Fuzzy Set Design

The first step of the design is choosing all FIS settings. The chosen settings for
this controller are the same as the three input leader selection system of section 3.5.1.
Parameter

Setting

Type

Mamdani

AND Method

Product

Implecation Method

Minimum

Aggregation Method

Probabilistic Or

Defuzzification Method

Centroid

Table 10. Fuzzy Formation Controller FIS Settings

Our design of the fuzzy sets for the input metrics of Figure 35 requires knowledge
of DRdesired, CRdesired, �����⃗
𝐷𝐷𝐷𝐷 , and �����⃗
𝐶𝐶𝐶𝐶 which are defined as:

�����⃗
𝐷𝐷𝐷𝐷 = [𝐷𝐷𝐷𝐷𝑚𝑚𝑚𝑚𝑚𝑚 𝐷𝐷𝐷𝐷𝑚𝑚𝑚𝑚𝑚𝑚 ] = range of possible 𝐷𝐷𝐷𝐷 positions
�����⃗ = [𝐶𝐶𝐶𝐶𝑚𝑚𝑚𝑚𝑚𝑚 𝐶𝐶𝐶𝐶𝑚𝑚𝑚𝑚𝑚𝑚 ] = range of possible 𝐶𝐶𝐶𝐶 positions
𝐶𝐶𝐶𝐶

(13)
(14)

𝐷𝐷𝐷𝐷𝑚𝑚𝑚𝑚𝑚𝑚 /𝑚𝑚𝑚𝑚𝑚𝑚 = minimum/maximum possible 𝐷𝐷𝐷𝐷 position

𝐶𝐶𝐶𝐶𝑚𝑚𝑚𝑚𝑚𝑚 /𝑚𝑚𝑚𝑚𝑚𝑚 = minimum/maximum possible 𝐶𝐶𝐶𝐶 position

We use this knowledge to determine the corresponding error ranges of the system.
It is desirable to have complete overlap of fuzzy membership functions to generate
distinct outputs for each input set of the system.

We choose triangle membership

functions to build the the fuzzy sets. Thus, we construct the membership functions using
the error ranges as well as the center and endpoint locations of each membership
function. The following equations show this process for determining the eCR fuzzy input
membership functions. We implement an analogous process for the eDR fuzzy input.
We desire a 10% DR and CR error for all follower vehicles in the group, so the
design specifications are as follows:
%𝑒𝑒𝑒𝑒𝑒𝑒𝑒𝑒𝑒𝑒𝐷𝐷𝐷𝐷 =

|𝐷𝐷𝐷𝐷𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑 − 𝐷𝐷𝐷𝐷𝑎𝑎𝑎𝑎𝑎𝑎𝑎𝑎𝑎𝑎𝑎𝑎 |
∙ 100
|𝐷𝐷𝐷𝐷𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑 |
|𝑒𝑒𝐷𝐷𝐷𝐷 |
=
∙ 100 ≤ 10%
|𝐷𝐷𝐷𝐷𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑 |

(15)
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%𝑒𝑒𝑒𝑒𝑒𝑒𝑒𝑒𝑒𝑒𝐶𝐶𝐶𝐶 =

|𝐶𝐶𝐶𝐶𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑 − 𝐶𝐶𝐶𝐶𝑎𝑎𝑎𝑎𝑎𝑎𝑎𝑎𝑎𝑎𝑎𝑎 |
∙ 100
|𝐶𝐶𝐶𝐶𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑 |

|𝑒𝑒𝐶𝐶𝐶𝐶 |
=
∙ 100 ≤ 10%
|𝐶𝐶𝐶𝐶𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑 |

(16)

In terms of fuzzy logic, this means designing the NZ membership function domain to
contain 10% of the error for both CR and DR positions. Since we desire complete
overlap of all membership functions, the endpoints of the NZ membership function are
controlled by the center points of the NS and PS membership functions. Therefore we
define the NZ membership function as:
𝑃𝑃𝑃𝑃𝑃𝑃𝑃𝑃𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐 = 0.1 ∙ |𝐶𝐶𝐶𝐶𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑 | = 𝑁𝑁𝑁𝑁𝑁𝑁𝑁𝑁𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐
𝑁𝑁𝑁𝑁𝑒𝑒 𝐶𝐶𝐶𝐶 = [−𝑁𝑁𝑁𝑁𝑁𝑁𝑁𝑁𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐 , 0, 𝑃𝑃𝑃𝑃𝑃𝑃𝑃𝑃𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐 ]

(17)
(18)

We define the rest of the membership functions by constructing 𝑒𝑒⃗𝐶𝐶𝐶𝐶 , a vector

containing the smallest and largest possible eCR values. Then we arrange 𝑒𝑒⃗𝐶𝐶𝐶𝐶 in terms of
its minimum and maximum values.

𝑒𝑒⃗𝐶𝐶𝐶𝐶 = 𝐶𝐶𝐶𝐶𝑑𝑑𝑑𝑑𝑑𝑑 − �����⃗
𝐶𝐶𝐶𝐶

𝑒𝑒⃗𝐶𝐶𝐶𝐶 = [min(𝑒𝑒𝐶𝐶𝐶𝐶 ) max(𝑒𝑒𝐶𝐶𝐶𝐶 )] = [𝑒𝑒⃗𝐶𝐶𝐶𝐶 (1) 𝑒𝑒⃗𝐶𝐶𝐶𝐶 (2)]

(19)
(20)

Using triangle membership functions implies that we only need to define the center point
and two endpoints for each membership function. We use the length of 𝑒𝑒⃗𝐶𝐶𝐶𝐶 to define the
center points of each membership function as shown in the following equations.
𝑁𝑁𝑁𝑁𝑁𝑁𝑁𝑁𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐 = 𝑐𝑐𝑁𝑁𝑁𝑁𝑁𝑁𝑁𝑁 ∙ 𝑒𝑒⃗𝐶𝐶𝐶𝐶 (1)

(21)

𝑃𝑃𝑃𝑃𝑃𝑃𝑃𝑃𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐 = 𝑐𝑐𝑃𝑃𝑃𝑃𝑃𝑃𝑃𝑃 ∙ 𝑒𝑒⃗𝐶𝐶𝐶𝐶 (2)

(23)

𝑁𝑁𝑁𝑁𝑁𝑁𝑁𝑁𝑐𝑐𝑐𝑐𝑐𝑐 𝑡𝑡𝑡𝑡𝑡𝑡 = 𝑐𝑐𝑁𝑁𝑁𝑁𝑁𝑁𝑁𝑁 ∙ 𝑒𝑒⃗𝐶𝐶𝐶𝐶 (1)

(22)

𝑃𝑃𝑃𝑃𝑃𝑃𝑃𝑃𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐 = 𝑐𝑐𝑃𝑃𝑃𝑃𝑃𝑃𝑃𝑃 ∙ 𝑒𝑒⃗𝐶𝐶𝐶𝐶 (2)

(24)

𝑐𝑐𝑥𝑥 = scaling factor for membership function 𝑥𝑥

In order to have complete overlap of each membership function, we define endpoints of
each membership function as a function of the center points.
𝑁𝑁𝑁𝑁𝑒𝑒 𝐶𝐶𝐶𝐶 = �−100000, −𝑁𝑁𝑁𝑁𝑁𝑁𝑁𝑁𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐 , − 𝑁𝑁𝑁𝑁𝑁𝑁𝑁𝑁𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐 �

(25)

𝑃𝑃𝑃𝑃𝑒𝑒 𝐶𝐶𝐶𝐶 = [0, 𝑃𝑃𝑃𝑃𝑃𝑃𝑃𝑃𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐 , 𝑃𝑃𝑃𝑃𝑃𝑃𝑃𝑃𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐 ]

(27)

𝑁𝑁𝑁𝑁𝑒𝑒 𝐶𝐶𝐶𝐶 = [−𝑁𝑁𝑁𝑁𝑁𝑁𝑁𝑁𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐 , −𝑁𝑁𝑁𝑁𝑁𝑁𝑁𝑁𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐 , −𝑁𝑁𝑁𝑁𝑁𝑁𝑁𝑁𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐 ]

(26)
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𝑃𝑃𝑃𝑃𝑒𝑒 𝐶𝐶𝐶𝐶 = [ 𝑃𝑃𝑃𝑃𝑃𝑃𝑃𝑃𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐 , 𝑃𝑃𝑃𝑃𝑃𝑃𝑃𝑃𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐 , 𝑃𝑃𝑃𝑃𝑃𝑃𝑃𝑃𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐 ]
𝑃𝑃𝑃𝑃𝑒𝑒 𝐶𝐶𝐶𝐶 = [𝑃𝑃𝑃𝑃𝑃𝑃𝑃𝑃𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐 , 𝑃𝑃𝑃𝑃𝑃𝑃𝑃𝑃𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐 , 100000]

(28)
(29)

We tune these membership functions through the scaling factor 𝑐𝑐𝑥𝑥 . For example,

if 𝑐𝑐𝑃𝑃𝑃𝑃𝑃𝑃𝑃𝑃 = 2/3 then the center point of the positive medium CR error membership
function will be at two thirds of the largest possible positive CR error value. This scaling
factor controls the center point of each membership function, and since each membership
function is dependent on the center points, this will affectively adjust the alignment of the
membership functions.
The set of possible positions and speeds can be chosen based on the application.
An example parameter tuning is shown in Table 11.
Parameter

Value

𝐶𝐶𝐶𝐶𝑑𝑑𝑑𝑑𝑑𝑑

50 m

𝐷𝐷𝐷𝐷𝑑𝑑𝑑𝑑𝑑𝑑
�����⃗
𝐷𝐷𝐷𝐷

-100 m
[-1000 -10] m

�����⃗
𝐶𝐶𝐶𝐶
𝑒𝑒⃗𝐶𝐶𝐶𝐶

[-1000 1000] m

𝑁𝑁𝑁𝑁𝑁𝑁𝑁𝑁𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐

5m

[-950 1050] m

𝑒𝑒⃗𝐷𝐷𝐷𝐷

[-90 1100] m

𝑃𝑃𝑃𝑃𝑃𝑃𝑃𝑃𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐

10 m

𝑃𝑃𝑃𝑃𝑃𝑃𝑃𝑃𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐

𝑁𝑁𝑁𝑁𝑁𝑁𝑁𝑁𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐
𝑁𝑁𝑁𝑁𝑒𝑒𝐶𝐶𝐶𝐶

5m

10 m
[-5, 0, 5] m

NZe DR

[-10, 0, 10] m

𝑐𝑐𝑃𝑃𝑃𝑃𝑃𝑃𝑃𝑃

1

𝑐𝑐𝑁𝑁𝑁𝑁𝑁𝑁𝑁𝑁

1

𝑐𝑐𝑃𝑃𝑃𝑃𝑃𝑃𝑃𝑃

1

𝑐𝑐𝑁𝑁𝑁𝑁𝑁𝑁𝑁𝑁

1

𝑐𝑐𝑁𝑁𝑁𝑁𝑁𝑁𝑁𝑁

2/3

𝑐𝑐𝑃𝑃𝑃𝑃𝑃𝑃𝑃𝑃

2/3

𝑐𝑐𝑁𝑁𝑁𝑁𝑁𝑁𝑁𝑁

2/3

𝑉𝑉𝑚𝑚𝑚𝑚𝑚𝑚

- 5 m/s

𝑐𝑐𝑃𝑃𝑃𝑃𝑃𝑃𝑃𝑃
𝑉𝑉𝑚𝑚𝑚𝑚𝑚𝑚

2/3

5 m/s

Table 11. Fuzzy Formation Controller Tuning Example
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We define 𝑒𝑒⃗𝐶𝐶𝐶𝐶 and 𝑒𝑒⃗𝐷𝐷𝐷𝐷 as the domain of the corresponding fuzzy sets. The

domain of any follower velocity fuzzy sets must be between Vmin and Vmax while the
domain of the leader speed fuzzy set must be between 0 and Vmax. The rest of the
membership functions are defined with the center points as previously shown. The fuzzy
sets corresponding to this tuning are displayed in Figure 38 through Figure 42.

Figure 38. Follower Down Range Position Fuzzy Input Set
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Figure 39. Follower Cross Range Position Fuzzy Input Set

Figure 40. Leader Down Range Speed Fuzzy Input Set
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Figure 41. Follower Down Range Velocity Component Fuzzy Output Set

Figure 42. Follower Cross Range Velocity Component Fuzzy Output Set
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�⃗𝐹𝐹𝐹𝐹𝐹𝐹 and 𝑉𝑉
�⃗𝐹𝐹𝐹𝐹𝐹𝐹 to application specific
The output fuzzy sets are crafted to limit 𝑉𝑉

values of Vmin and Vmax. For example we choose the fuzzy sets above to limit the speed of
�⃗𝐹𝐹 �, to 5 m/s which means that Vmin = -5 m/s and Vmax = 5 m/s. The
the follower, �𝑉𝑉
�⃗𝐹𝐹𝐹𝐹𝐹𝐹 and 𝑉𝑉
�⃗𝐹𝐹𝐹𝐹𝐹𝐹 if the resulting �𝑉𝑉
�⃗𝐹𝐹 � is larger than 5 m/s.
velocity FIS will then limit 𝑉𝑉
Figure 41 and Figure 42 display these output fuzzy sets where Vmin and Vmax are labeled.

This completes the development of the fuzzy sets for the fuzzy formation
controller. We can tune this controller for any set of possible DR, CR, positions and
speed limitations of the vehicles. Results for this system and a system with Vmin = -10
m/s and Vmax = 10 m/s for three vehicles are presented in section 4.2. We now turn to the
fuzzy rule tables describing how these fuzzy sets are combined to generate the desired
velocity commands of the followers.

4.1.3.

Fuzzy Rule Table Design

We discussed in section 4.1.1 that this design implements three FIS. The rule
tables for each FIS describe how the FIS inputs are merged to produce follower
velocities. Table 12 through Table 14 show the rule tables for DR FIS, CR FIS and
Velocity FIS respectively.
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Rule

Down Range Error

Leader Speed

Down Range Follower Velocity

(eDR)

1

NH

�⃗𝐿𝐿 �)
(�𝑉𝑉
NZ

�⃗𝐹𝐹𝐹𝐹𝐹𝐹 )
(𝑉𝑉

2

NM

NZ

NZ

3

NS

NZ

NZ

4

NZ

NZ

NZ

5

PS

NZ

PS

6

PM

NZ

PM

7

PH

NZ

PH

8

NH

PS

NZ

9

NM

PS

NZ

10

NS

PS

NZ

11

NZ

PS

NZ

12

PS

PS

PM

13

PM

PS

PH

14

PH

PS

PH

15

NH

PM

PS

16

NM

PM

PS

17

NS

PM

PS

18

NZ

PM

PS

19

PS

PM

PH

20

PM

PM

PH

21

PH

PM

PH

22

NH

PH

PS

23

NM

PH

PS

24

NS

PH

PS

25

NZ

PH

PM

26

PS

PH

PH

27

PM

PH

PH

28

PH

PH

PH

NZ

Table 12. DR FIS Rule Table
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Rule

Cross Range Error

Cross Range Follower Speed

(eCR)

1

NH

�⃗𝐹𝐹𝐹𝐹𝐹𝐹 )
(𝑉𝑉

2

NM

NM

3

NS

NS

4

NZ

NZ

5

PS

PS

6

PM

PM

7

PH

PH

NH

Table 13. CR FIS Rule Table

Down Range

Cross Range

Cross Range

1

�⃗𝐹𝐹𝐹𝐹𝐹𝐹 )
Follower Velocity (𝑉𝑉
NH

�⃗𝐹𝐹𝐹𝐹𝐹𝐹 )
Follower Velocity (𝑉𝑉
NH

�⃗𝐹𝐹𝐹𝐹𝐹𝐹 )
Follower Velocity (𝑉𝑉

2

NM

NH

NS

3

NS

NH

NM

4

NZ

NH

NH

5

PS

NH

NM

6

PM

NH

NS

7

PH

NH

NZ

8

NH

NM

NZ

9

NM

NM

NS

10

NS

NM

NM

11

NZ

NM

NM

12

PS

NM

NM

13

PM

NM

NS

14

PH

NM

NZ

15

NH

NS

NZ

16

NM

NS

NS

17

NS

NS

NS

18

NZ

NS

NS

19

PS

NS

NS

20

PM

NS

NS

21

PH

NS

NZ

Rule

NZ
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22

NH

NZ

NZ

23

NM

NZ

NZ

24

NS

NZ

NZ

25

NZ

NZ

NZ

26

PS

NZ

NZ

27

PM

NZ

NZ

28

PH

NZ

NZ

29

NH

PS

NZ

30

NM

PS

PS

31

NS

PS

PS

32

NZ

PS

PS

33

PS

PS

PS

34

PM

PS

PS

35

PH

PS

NZ

36

NH

PM

NZ

37

NM

PM

PS

38

NS

PM

PM

39

NZ

PM

PM

40

PS

PM

PM

41

PM

PM

PS

42

PH

PM

NZ

43

NH

PH

NZ

44

NM

PH

PS

45

NS

PH

PM

46

NZ

PH

PH

47

PS

PH

PM

48

PM

PH

PS

49

PH

PH

NZ

Table 14. Velocity FIS Rule Table

The rules for DR FIS are combined with fuzzy if-and-then statements. For
example rule 1 of Table 12 reads as:
�⃗𝐿𝐿 � is NZ�Then �𝑉𝑉
�⃗𝐹𝐹𝐹𝐹𝐹𝐹 is NZ�
If (𝑒𝑒𝐷𝐷𝐷𝐷 is NH)And ��𝑉𝑉

(30)
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The rules for the CR FIS are combined with fuzzy if-then statements. Here rule 1 reads
as:
�⃗𝐹𝐹𝐹𝐹𝐹𝐹 is NH)
If (𝑒𝑒𝐶𝐶𝐶𝐶 is NH)Then (𝑉𝑉

(31)

�⃗𝐹𝐹𝐹𝐹𝐹𝐹 is NH�And �𝑉𝑉
�⃗𝐹𝐹𝐹𝐹𝐹𝐹 is NH�Then (𝑉𝑉
�⃗𝐹𝐹𝐹𝐹𝐹𝐹 is NZ)
If �𝑉𝑉

(32)

The rules for Velocity FIS are combined with fuzzy if-and-then statements. For example
rule 1 of Table 14reads as:

We look at the surface plots of these FIS to better understand the response of each
FIS. Figure 43 through Figure 45 display surface plots for all three FIS.

Figure 43. DR FIS Surface Plot
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Figure 44. CR FIS Surface Plot

Figure 45. Velocity FIS Surface Plot
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In the DR direction, eDR > 0 implies that the follower is too far away from the
leader while eDR < 0 implies that the follower is too close to the leader. Therefore we
�⃗𝐹𝐹𝐹𝐹𝐹𝐹 > �𝑉𝑉
�⃗𝐿𝐿 � when eDR > 0 and 𝑉𝑉
�⃗𝐹𝐹𝐹𝐹𝐹𝐹 <
design the DR FIS rule table (Table 12) such that 𝑉𝑉

�⃗𝐿𝐿 � when eDR < 0. When eDR > 0 and increases, 𝑉𝑉
�⃗𝐹𝐹𝐹𝐹𝐹𝐹 increases to become greater than
�𝑉𝑉

�⃗𝐿𝐿 � by a larger amount. This behavior is displayed in the DR FIS surface plot (Figure
�𝑉𝑉
43).

We chose the DR, CR coordinates so that the speed of the leader would be
�⃗𝐿𝐿 � in the CR FIS.
completely in the DR direction. Therefore we do not need to include �𝑉𝑉

In the CR direction, eCR > 0 (CRactual < CRdesired) implies that the follower is to the right of
its desired position and needs to turn left. Similarly eCR < 0 (CRactual > CRdesired) implies
that the follower is to the left of its desired position and needs to turn to its right.
�⃗𝐹𝐹𝐹𝐹𝐹𝐹 > 0 when eCR > 0 and 𝑉𝑉
�⃗𝐹𝐹𝐹𝐹𝐹𝐹
Therefore we design the CR FIS table (Table 13) so that 𝑉𝑉

< 0 when eCR < 0. The CR FIS surface plot (Figure 44) displays this behavior.

We use the Velocity FIS to limit the speed of the follower vehicle to Vmax. It is
�⃗𝐹𝐹𝐹𝐹𝐹𝐹 so that the leader will not gain too much speed on the
more important to maintain 𝑉𝑉
�⃗𝐹𝐹𝐹𝐹𝐹𝐹 as 𝑉𝑉
�⃗𝐹𝐹𝐹𝐹𝐹𝐹 increases in either the positive
follower. Therefore the Velocity FIS limits 𝑉𝑉

or negative direction so the overall speed of the follower is within its limits. The
Velocity FIS surface plot (Figure 45) displays this behavior.

4.2.

Fuzzy Formation Controller Results for 3 Vehicles

We develop a testing algorithm to properly test the formation controller. Figure
46 depicts the flow chart for this testing algorithm.

Figure 46. Fuzzy Formation Controller Testing Flow Chart

57

The fuzzy formation control loop is depicted in Figure 34. We arbitrarily define the
leader motion, then use the time vector and initial states of follower i as inputs to the
formation control loop. The output is a vector of the follower vehicle states. We apply
this iteration for each follower vehicle. The states of all vehicles as they converge to
formation are the outputs of this algorithm.
We present vehicle trajectory results for a scenario with three vehicles in which
the leader and two followers are predefined. We demonstrate the tuning ability of this
controller by presenting results for vehicles with Vmax/min = +/-5 m/s and Vmax/min = +/- 10
m/s. We tune the rest of the parameters (eDR, eCR, etc.) in the same manner as section
4.1.2.

4.2.1.

Linear Leader Motion

We present the first set of results for linear leader motion. Similar to the leader
selection fuzzy system, we develop a set of test cases for the controller. These test cases
for the specified speed limitations are shown in Table 15 and Table 16.
Case

Follower 1
Initial Positions
[m]

Follower 2
Initial Position
[m]

Follower 1 and 2
Initial
Velocities [m/s]

Initial
Leader
Position [m]

Leader
Velocity
[m/s]

1a

(-200,100)

(-200,-100)

(7.5,0)

(0,0)

(3,4)

2a

(-1000,0)

(0,-1000)

(7.5,0)

(0,0)

(3,4)

3a

(-1000,0)

(0,-1000)

(7.5,0)

(0,0)

(6.3,6.4)

4a

(900,-100)

(-100,900)

(-7.5,0)

(-100,-100)

(-6.3,-6.4)

Table 15. Fuzzy Formation Controller Test Cases for Linear Leader Motion (Vmax/min = +/- 10 m/s)

Case

Follower 1
Initial Positions
[m]

Follower 2
Initial Position
[m]

Follower 1 and 2
Initial
Velocities [m/s]

Initial
Leader
Position [m]

Leader
Velocity
[m/s]

1b

(-200,100)

(-200,-100)

(3.75,0)

(0,0)

(1.75,1.75)

2b

(-1000,0)

(0,-1000)

(3.75,0)

(0,0)

(1.75,1.75)

3b

(-1000,0)

(0,-1000)

(3.75,0)

(0,0)

(3.1,3.2)

4b

(900,-100)

(-100,900)

(-3.75,0)

(-100,-100)

(-3.1,-3.2)

Table 16. Fuzzy Formation Controller Test Cases for Linear Leader Motion (Vmax/min = +/- 5 m/s)
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Case 1 represents the situation in which the followers are initially close to the
leader and the leader has a slow speed. We then start the followers at positions far away
from the leader which has slow speed in case 2. An increase in the leader speed with
followers still far away from the leader is represented in case 3. Case 4 is a rotated and
translated version of case 3. Cases a and b only differ in the speed limitation of all
vehicles.
The leader positions are updated so that they maintain constant speed with the
following equations of motion.
�⃗𝐿𝐿𝐿𝐿 ∗ 𝑡𝑡 + 𝐿𝐿𝐿𝐿(0)
𝐿𝐿𝐿𝐿(𝑡𝑡) = 𝑉𝑉

�⃗𝐿𝐿𝐿𝐿 ∗ 𝑡𝑡 + 𝐿𝐿𝐿𝐿(0)
𝐿𝐿𝐿𝐿(𝑡𝑡) = 𝑉𝑉

(33)
(34)

�⃗𝐿𝐿𝐿𝐿 , 𝑉𝑉
�⃗𝐿𝐿𝐿𝐿 are x, y velocities of
Lx(t), Ly(t) are the x, y positions of the leader at time t and 𝑉𝑉

the leader which are constant for all t and shown in the last column of Table 15 and Table
16. We implement these simulations for a constant time between follower data updates,
Δt = 2 seconds. The length of time, t, for a given simulation depends on the initial states
of the follower because it may take longer for convergence for some simulations. For
example both followers start further away from the leader for case 2a so the length of t
will be larger than case 1a. We also note that the initial speeds of follower 1 and 2 are
the same for all cases. This is just to simplify the simulations. Finally we will denote
�⃗𝐹𝐹 � as the speed of follower i and �𝑉𝑉
�⃗𝐿𝐿 � as the leader speed. Figure 47 through Figure 54
�𝑉𝑉
𝑖𝑖

show the simulation results for the test cases of Table 15 and Table 16.
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Figure 47. Fuzzy Formation Controller Simulation for Linear Leader Motion Case 1a

Figure 48. Fuzzy Formation Controller Simulation for Linear Leader Motion Case 2a
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Figure 49. Fuzzy Formation Controller Simulation for Linear Leader Motion Case 3a

Figure 50. Fuzzy Formation Controller Simulation for Linear Leader Motion Case 4a
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Figure 51. Fuzzy Formation Controller Simulation for Linear Leader Motion Case 1b

Figure 52. Fuzzy Formation Controller Simulation for Linear Leader Motion Case 2b
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Figure 53. Fuzzy Formation Controller Simulation for Linear Leader Motion Case 3b

Figure 54. Fuzzy Formation Controller Simulation for Linear Leader Motion Case 4b
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The trajectories of Figure 47 through Figure 54 show that the followers converge
to their desired positions for all test cases. We also note that the final speeds of each
vehicle are within the desired limitations whether it is 5 m/s or 10 m/s. This is true for all
time due to the design of the controller. We look at follower DR, CR positions as a
function of time (Figure 55 through Figure 58) to compare the performance of these test
cases.

Figure 55. Follower 1 DR Positions for All Linear Leader Motion Cases
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Figure 56. Follower 2 DR Positions for All Linear Leader Motion Cases

Figure 57. Follower 1 CR Positions for All Linear Leader Motion Cases
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Figure 58. Follower 2 CR Positions for All Linear Leader Motion Cases

Figure 55 through Figure 58 show expected results.

The followers’ initial

positions are close to the leader, and the leader is moving slowly for case 1a. Therefore
we expect the followers to converge to their desired positions the fastest for this case
which is demonstrated in Figure 55 through Figure 58. Similarly case 1b produces the
same results but the vehicles have a smaller speed limitation than case 1a, so the vehicles
converge in slightly slower time. For cases 2a and 2b, the followers’ initial positions are
farther away from the leader so it takes longer time to converge. We increase the leader
speed for cases 3a, 3b, 4a, and 4b so even more time is necessary for the followers to
converge.

We note that cases 3 and 4 are the same because of the rotational and

translational invariance of the controller. We now view the final percent error of the DR,
CR position in Table 17 to determine if the controller meets the design specifications
described in equations 15 and 16.

66

Follower 1

Follower 2

Case

%errorDR

%errorCR

%errorDR

%errorCR

1a

0.209

2.966

0.270

1.189

2a

0.291

0.251

0.184

3.489

3a

5.607

0.246

5.603

0.520

4a

5.607

0.246

5.603

0.520

1b

0.080

0.001

0.079

0.081

2b

0.079

0.074

0.081

0.027

3b

5.815

0.223

5.813

0.367

4b

5.815

0.223

5.813

0.367

Table 17. Final Percent Error Measurements for Each Follower with Linear Leader Motion

We note a couple of things in Table 17. First, all the percent errors are below
10% which are the design specifications. Also the %errorDR increases significantly when
�⃗𝐿𝐿 � is close to Vmax (Cases 3a/b and 4a/b) because the followers cannot make up position
�𝑉𝑉
as quickly with a fast leader. Longer simulation time would allow %errorDR to decrease
for these cases. All the other cases show very low percent errors which are expected
because the leader speed is small enough for the followers to achieve nearly exact
formation positions. We now examine a more practical situation in which the motion of
the leader is nonlinear.

4.2.2.

Nonlinear Leader Motion

We test the performance of this controller for nonlinear leader motion by
changing only the equation of motion for the leader vehicle. The general equation of
motion has the form:
𝐿𝐿𝐿𝐿(𝑡𝑡) = 𝑏𝑏 ∗ 𝑡𝑡 + 𝐿𝐿𝐿𝐿(0)
𝑎𝑎
𝐿𝐿𝐿𝐿(𝑡𝑡) = ∗ sin(𝜔𝜔𝜔𝜔) + 𝐿𝐿𝐿𝐿(0)
𝜔𝜔

�⃗L (t)� ,
where b = min�V
t

(35)
(36)

�⃗L (t)�
�b 2 + a2 = max�V
t

(37)

The rest of the parameters along with the testing algorithm (See Figure 46) are the same
as the linear leader motion scenario.
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We select four cases from linear leader motion section and modify them to
demonstrate the performance of formation controller for nonlinear leader motion. These
modified test cases are displayed in Table 18.

Case

Follower 1
Initial
Positions
[m]

Follower 2
Initial
Position
[m]

Follower 1
and 2
Initial
Velocities
[m/s]

Initial
Leader
Position
[m]

Initial
Leader
Velocity
[m/s]

Leader
Speed
Range
[m/s]

Leader
Frequency
[rad/s]

1a

(-200,100)

(-200,-100)

(7.5,0)

(0,0)

(3,4)

3-5

π/200

3a

(-1000,0)

(0,-1000)

(7.5,0)

(0,0)

7-9

π/200

1b

(-200,100)

(-200,-100)

(3.75,0)

(0,0)

(6.3,6.4)
(1.75,1.75)

1.5 - 2.5

π/400

3b

(-1000,0)

(0,-1000)

(3.75,0)

(0,0)

(3.1,3.2)

2.45 - 4.45

π/400

Table 18. Fuzzy Formation Controller Test Cases Modified for Nonlinear Leader Motion

The only difference with these cases from linear leader motion is in the last two columns,
where we specify the range of leader speed and frequency of oscillation for the leader
motion. Figure 59 through Figure 62 display the results of simulating the formation
controller for these cases with nonlinear leader motion.

Figure 59. Fuzzy Formation Controller Simulation for Nonlinear Leader Motion Case 1a
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Figure 60. Fuzzy Formation Controller Simulation for Nonlinear Leader Motion Case 3a

Figure 61. Fuzzy Formation Controller Simulation for Nonlinear Leader Motion Case 1b
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Figure 62. Fuzzy Formation Controller Simulation for Nonlinear Leader Motion Case 3b

The followers in Figure 60 and Figure 62 do not collide. Their paths intersect but
not at the same time. These trajectories show that both follower vehicles converge to
their desired positions and remain in such positions. We again look at the DR, CR
positions over time to further demonstrate follower convergence to desired positions.

Figure 63. Follower 1 DR Positions for All Nonlinear Leader Motion Cases
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Figure 64. Follower 2 DR Positions for All Nonlinear Leader Motion Cases

Figure 65. Follower 1 CR Positions for All Nonlinear Leader Motion Cases

71

Figure 66. Follower 2 CR Positions for All Nonlinear Leader Motion Cases

Case 1a has the smallest time to convergence again because the leader is slow and
the followers’ initial positions are close to the leader. This is the same for case 1b with
the only difference being a smaller speed limit for all vehicles. Case 3a has the followers
start out far away from the leader, so intuitively we would expect follower convergence
to take longer time than cases 1a and 1b. Case 3b is the parallel of case 3a with a smaller
speed limitation, so convergence here is longer than case 3a. We also note the small
variations in DR, CR positions when the vehicles are near the desired values. This is
because the formation controller must continue to adjust to the nonlinear motion of the
leader. Again the percent error shown in Table 19 is less than 10% for all cases and we
have a large %errorDR in cases 3a and 3b due to the large speed of the leader.
Follower 1

Follower 2

Case

%errorDR

%errorCR

%errorDR

%errorCR

1a

0.040

0.085

0.097

0.012

3a

6.066

0.326

4.822

0.334

1b

0.044

3.662

0.538

0.077

3b

5.077

0.322

5.946

0.377

Table 19. Final Percent Error Measurements for Each Follower with Nonlinear Leader Motion
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4.2.3.

Random Time between Follower Data

In sections 4.2.1 and 4.2.2, we illustrate the performance of the formation
controller when Δt = 2 seconds. In a real system, however, there exists the potential for
the followers to receive data on the leader at uneven time intervals. Therefore, we must
examine the performance of the formation controller when Δt is a random number. We
generate random Δt from a Gaussian probability distribution with mean of 2 seconds and
standard deviation of �1/2 seconds. We truncate this distribution from [0,∞] to allow

for only positive values of Δt. The probability distribution function from which Δt is
generated is depicted in Figure 67.

We test formation controller performance with

random time through cases 1a and 3a from the nonlinear leader motion shown in Table
20. Figure 68 and Figure 69 show the trajectory results of these simulations.

Figure 67. Probability Distribution Function for Time between Follower Data (Δt)

Case

Follower 1
Initial
Positions
[m]

Follower 2
Initial
Position [m]

Follower 1
and 2
Initial
Velocities
[m/s]

Initial
Leader
Position
[m]

Initial
Leader
Velocity
[m/s]

Leader
Speed
Range
[m/s]

Leader
Frequency
[rad/s]

1a

(-200,100)

(-200,-100)

(7.5,0)

(0,0)

(3,4)

3-5

π/200

3a

(-1000,0)

(0,-1000)

(7.5,0)

(0,0)

(6.3,6.4)

7-9

π/200
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Table 20. Fuzzy Formation Controller Test Cases Modified for Random Time

Figure 68. Fuzzy Formation Controller Simulation for Random Time Case 1a

Figure 69. Fuzzy Formation Controller Simulation for Random Time Case 3a
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Random Δt does not have much effect on the performance of the formation
controller. This particular result emphasizes an advantage of implementing a fuzzy
system as a formation controller. We chose to implement a fuzzy system so that it would
be robust to uncertainties and this is an example of such a case. Also note in Figure 69
that follower 2 does not have a sharp turn because the axis scale is large. The followers
converge to their positions and remain there. This is further illustrated through DR, CR
positions of Figure 70 through Figure 73. Here we see that these plots are similar to the
nonlinear cases with deterministic Δt. The percent errors displayed in Table 21 also show
similar trends to the deterministic case where %errorDR increases for case 3a .

Figure 70. Follower 1 DR Positions for All Cases with Random Time
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Figure 71. Follower 2 DR Positions for All Cases with Random Time

Figure 72. Follower 1 CR Positions for All Cases with Random Time
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Figure 73. Follower 2 CR Positions for All Cases with Random Time

Follower 1

Follower 2

Case

%errorDR

%errorCR

%errorDR

%errorCR

1a

0.641

1.080

0.223

1.003

3a

5.725

1.076

5.256

1.093

Table 21. Final Percent Error Measurements for Each Follower with Random Time

4.2.4.

Elasticity Feature

We define the final feature of this formation controller as the elasticity feature.
This feature allows the follower vehicle to be less sensitive to small position errors while
maintaining DR position from the leader in a practical sense. Maintaining practical DR
position from the leader means that the follower slows down and speeds up intermittently
as it gets close to its desired position. Once the follower is within some range of its
desired position, it will slow down in the DR direction to a speed less than the leader.
Eventually the follower will be out of position so it must increase its speed to something
greater than the leader.

The follower will remain in this state of decreasing and

increasing speed which we describe as elastic behavior. We design a controller less
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sensitive to small position errors modifying the eCR and eDR fuzzy sets so that there is a
small region with no overlap of membership functions. This provides a situation in
which the follower will not react to position error in this region. Figure 74 and Figure 75
display these modified fuzzy sets where we have truncated eCR and eDR to +/- 50 meters to
show the regions with no overlap.

Figure 74. Modified DR Position Fuzzy Input Set to Create Elasticity Feature

Figure 75. Modified CR Position Fuzzy Input Set to Create Elasticity Feature
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We also modify the rule table to provide the effect of maintaining practical DR
position from the leader. Previously, when eDR was small, the controller would generate
�⃗𝐹𝐹𝐹𝐹𝐹𝐹 to match the leader velocity. Since we now desire the follower to slow down when
𝑉𝑉

�⃗𝐹𝐹𝐹𝐹𝐹𝐹 smaller
it is close to the leader, we modify the formation controller to generate 𝑉𝑉
�⃗𝐿𝐿 � when eDR is small. Table 22 displays the original rules while Table 23 shows the
than�𝑉𝑉
�⃗𝐹𝐹𝐹𝐹𝐹𝐹 has been decreased by one
modified rules for the elasticity feature. Essentially 𝑉𝑉
membership function when eDR is NZ.
Rule

Down Range Error

Leader Speed

Down Range Follower Velocity

(eDR)

11

NZ

�⃗𝐿𝐿 �)
(�𝑉𝑉
PS

�⃗𝐹𝐹𝐹𝐹𝐹𝐹 )
(𝑉𝑉

18

NZ

PM

PM

25

NZ

PH

PH

PS

Table 22. Original DR FIS Rules without Elasticity Feature

Rule

Down Range Error

Leader Speed

Down Range Follower Velocity

(eDR)

11

NZ

�⃗𝐿𝐿 �)
(�𝑉𝑉
PS

�⃗𝐹𝐹𝐹𝐹𝐹𝐹 )
(𝑉𝑉

18

NZ

PM

PS

25

NZ

PH

PM

NZ

Table 23. Modified DR FIS Rules to Create Elasticity Feature

We choose cases 1a and 2a of the linear leader motion scenario as test cases for
this feature because there are small variations in the CR positions as the follower
converges to its desired postion (See Figure 47 and Figure 48). The region with no
overlap in the eCR fuzzy set (Figure 75) should help eliminate these variations. Therefore
cases 1a and 2a are good candidates for testing the eleasticity feature. Table 24 shows
these test cases for the formation controller with the elasticity feature. Figure 76 and
Figure 77 display the simulation results of this controller.
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Case

Follower 1
Initial Positions
[m]

Follower 2
Initial Position
[m]

Follower 1 and 2
Initial
Velocities [m/s]

Initial
Leader
Position [m]

Leader
Velocity
[m/s]

1a

(-200,100)

(-200,-100)

(7.5,0)

(0,0)

(3,4)

2a

(-1000,0)

(0,-1000)

(7.5,0)

(0,0)

(3,4)

Table 24. Fuzzy Formation Controller Test Cases Modified for Elasticity Feature

Figure 76. Fuzzy Formation Controller Simulation with Elasticity Feature for Case 1a

Figure 77. Fuzzy Formation Controller Simulation with Elasticity Feature for Case 2a
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The trajectory results in Figure 76 and Figure 77 show that the followers converge
to their desired positions without CR variation which is due to the lack of overlap in the
eCR fuzzy set (Figure 75).

Furthermore, we see in Figure 78 and Figure 79 that DR

positions vary around the desired position. This is the desired effect of the modified rules
in Table 23, which allow the follower to maintain practical DR position from the leader.
Figure 80 and Figure 81 show little variation as the followers converge to desired CR
positions.

Figure 78. Follower 1 DR Positions for All Cases with Elasticity Feature
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Figure 79. Follower 2 DR Positions for All Cases with Elasticity Feature

Figure 80. Follower 1 CR Positions for All Cases with Elasticity Feature
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Figure 81. Follower 2 CR Positions for All Cases with Elasticity Feature

The fuzzy sets in Figure 74 and Figure 75 suggest that:
95 ≤ |DRdes| ≤ 105
47.5 ≤ |CRdes| ≤ 52.5
We use the maximum of these desired values as the desired value in equations 15 and 16.
The results are displayed in Table 25.
Case
1a
2a

Follower 1
Follower 2
%errorDR %errorCR %errorDR %errorCR
3.091
0.564
6.090
2.656
5.632
0.446
0.024
8.658

Table 25. Final Percent Error Measurements for Each Follower with Elastic Effect

Table 25 shows that both vehicle positions are within 10% of the maximum
desired position. We further illustrate the changing speeds of the followers in Figure 82
and Figure 83.
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Figure 82. Follower Speeds without the Effect of the Elasticity Feature

Figure 83. Follower Speeds Demonstrating the Effect of the Elasticity Feature
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Figure 82 and Figure 83 demonstrate the speed of each follower with and without
elasticity feature. The speeds of the followers change much more rapidly with the
elasticity feature because the followers get into DR position then decelerate to a slower
speed than the leader. Once the follower is far enough out of position, it must accelerate
to get back into position. Again this is the result of the rule table modified for practical
follower DR position from the leader (See Table 22 and Table 23).
This completes the design and results of the formation controller. We have shown
our design for this controller in section 4.1. The input and output metrics were described
in section 4.1.1, the fuzzy sets in section 4.1.2, and the rule tables in section 4.1.3. We
have shown results for linear leader motion (section 4.2.1), nonlinear leader motion
(section 4.2.2), random time between follower updates with nonlinear leader motion
(section 4.2.3), and an elasticity feature for linear leader motion (section 4.2.4). All these
results displayed satisfactory performance of the formation controller meeting the design
specifications. We demonstrated that there was little affect on the performance of the
controller for random time between follower updates. We also demonstrated that adding
the elasticity feature to the formation controller removed variations in the CR position of
the followers and caused rapid changes in follower speed.
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Chapter 5.
5.1.

Conclusions and Recommendations

Conclusions

This thesis showed that leader selection as well as formation controlcould be
achieved by fuzzy systems. Two independent fuzzy systems have been developed and
tested to demonstrate the performance of these two fuzzy systems. We provided the
motivation of formation control in Chapter 1. Here we presented our problem statement,
applications of a solution, and a proposed solution implementing fuzzy systems.
Chapter 2 presented the previous research work in formation control. A number
of categories were discussed including work on specific vehicle types as well as fuzzy
control techniques applied to formation control. We discussed how this research work
does not apply to the specific problem we pose. Therefore there was a need to develop
our own solution to this problem.
We presented the design and performance of three different fuzzy systems for
leader selection in Chapter 3. We first showed the system input metrics and testing
dynamics model implemented in testing the leader selection fuzzy systems. Then we
presented a design of a nominal single input fuzzy system followed by the trajectory
results of such a system. These simulations showed cases with acceptable performance
as well as cases demonstrating a need to improve the nominal fuzzy system. Therefore
we presented the design and trajectory results of a two input fuzzy system. Again these
results showed acceptable and unacceptable performance depending on the situation. We
finally presented the design and trajectory results of a three input fuzzy leader selection
system.

The performance of this leader selection was acceptable in most cases.

However, similarly to the previous two leader selection systems, there were cases in
which this system has unacceptable performance. We concluded that there are tradeoffs
between these three leader selection systems.

The leader selection system must be

chosen based on the information available for the particular application.
Chapter 4 provided the design and performance of the fuzzy formation controller.
We presented the input and output metrics for this fuzzy formation controller. We
implemented the same dynamics model as the leader selection systems for this formation
86

controller. Following the description of the input and output metrics, we presented the
design of this controller via a control loop, flow chart, fuzzy sets, and rule tables. We
showed the performance of the fuzzy formation controller through trajectory simulations
in which follower and leader positions were shown in two dimensional spaces as time
elapsed. We showed these results for linear leader motion, nonlinear leader motion,
random time between follower updates, and with the elasticity feature.

All results

showed the follower vehicles converging to the desired positions relative to the leader
vehicle within the design specifications. We also showed that adding random time
between follower updates had little effect on the controller performance. Further the
elasticity feature removed variations in the CR position for each follower and provided a
practical DR position between the followers and the leader.
The results presented in Chapter 3 and Chapter 4 showed that implementing fuzzy
systems provided a form of leader selection as well as formation control. We have
argued that leader selection as well as formation control can be accomplished via fuzzy
systems. Our results showed that this is certainly true in most cases. However, there are
situations in which these fuzzy systems will not perform as we desired. Therefore we
provide recommendations to improve the robustness of these fuzzy systems.

5.2.

Recommendations for Future Work

We recommend merging the leader selection system with the formation
controller, limiting vehicle sensing capabilities, and collision avoidance as future work on
this problem. The leader selection and formation control algorithms are independent of
each other.

Now that we have baseline algorithms for both leader selection and

formation control, we would like to fuse the two algorithms to provide a more
streamlined version of formation control. Thus a more complete system would provide
leader selection as well as formation control simultaneously. Further we would like to
add a role assignment feature in which each follower would dynamically determine its
desired formation position as the vehicles converge to formation. We also assumed all
vehicles can perfectly sense the states (i.e. position, velocity for the scope of this
problem) of other vehicles in the group. We would like to add sensing limitations to
develop a more practical system. Adding such limitations may also require the vehicles
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to communicate data effectively, so the fusing of sensed and communicated data would
be necessary.

Therefore, adding sensing limitations would enable a more practical

solution. Finally there was nothing presented here to prevent vehicles from colliding in a
given simulation. We must determine a model to provide collision avoidance so that
vehicles can react accordingly if they are going to collide. A function to provide collision
avoidance would further increase the practicality of these systems. These additions to the
current algorithms would provide a more robust and practical formation controller.
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