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Abstract

In this thesis, we study analytical problems related to two models in the hydrodynamics
of complex fluids. The first is the general Ericksen-Leslie system, which models nematic
liquid crystal flow, while the latter is a diffuse-interface model for the mixture of two
incompressible fluids. Both models are based on a special coupling between the induced
elastic stress and transport property of microstructures. Both models can be derived in
the energetic variational framework which demonstrates the consistent exchange of the
kinetic energy of the fluid and internal energy due to elastic effects.

For the general Ericksen-Leslie system, in both the two and three dimensional cases,
we develop the existence theory for global classical solutions with various assumptions
on physical relations between viscosity coefficients. Meanwhile, we study the asymptotic
behavior of global bounded solutions as time goes to infinity and show that the asymptotic
limit is unique. More importantly, we reveal the various roles of physical relations on
corresponding analytical results. For the diffuse-interface model, within the study of
axisymmetric solutions, we construct perturbations to near infinite-energy solutions.
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Chapter

Introduction

This thesis is devoted to the study of analytical problems in hydrodynamics of complex
fluids. Our main study is of the general Ericksen-Leslie system (2.1.10)—(2.1.14), which
models nematic liquid crystal flow and a diffuse-interface model (5.1.1)-(5.1.3) for the
mixture of two incompressible fluids. From the energetic variational point of view, both
are models whose equations of conservation of momentum can be derived via a calculus
of variations. To have a better understanding of their importance and relations, we start

from the general system of equations in fluid mechanics.

1.1 Constitutive law

In the context of fluid mechanics, compressible fluids are described by the following
hydrodynamic system [1]:

pt+ V- (pu) =0, (11.1)
plur +u-Vu)=V-o. o

Here p is the fluid density, u is the fluid velocity, and ¢ is the Cauchy stress tensor, all
of which are functions of time variable ¢ and space variable x in Eulerian coordinates.
Throughout this thesis, the notation V is used to represent the gradient with respect
to spatial variables. In the system (1.1.1), the first equation stands for conservation of
mass, which is also referred to as the continuity equation; the second equation represents
conservation of linear momentum. Analogously, the hydrodynamic system describing

incompressible fluids is (assuming the density before deformation is 1):

v-u=0, (1.1.2)
us +u-Vu=V-o.



The stress tensor can be decomposed as ¢ = —pl + 7, where —pl is the normal part.
For incompressible fluids, p is the Lagrangian multiplier due to the incompressibility
condition, and 7 is the tangential part. For simple fluids (inviscid case), the tangential
part of stress tensor is zero, hence 0 = —pI. While for complex fluids (inviscid case), the

corresponding tangential part is nonzero, hence the system (1.1.2) can be written as

vVeou=0, (1.1.3)
u+u-Vu+Vp=V-T.

From here on, we discuss the incompressible case only.
If the tangential part of the stress tensor is zero in (1.1.3) (inviscid simple fluid), we

get the following classical Eulerian system of equations:

v-u=0, (1.1.4)
ur+u-Vu+ Vp=0.

For viscous Newtonian fluids, 7 depends on Vu linearly:

T =2uD(u), (1.1.5)
where .
D(u) = Vu —|—2Vu

is called Cauchy strain tensor and p is the fluid viscosity coefficient (¢ > 0). The relation

(1.1.5) that connects stress and strain is usually called the constitutive law. In this case,

(1.1.3) becomes
V-u=0, (1.1.6)
ug +u - Vu+ Vp = pAu,

which is the well-known incompressible Navier-Stokes equations.

The complex fluids studied in the present thesis are non-Newtonian fluids that do not
satisfy the Newtonian Law (1.1.5). For such fluids there is no general constitutive law
to describe the dependence of the stress tensor on the strain or the deformation. Both
nematic liquid crystal flow and the mixture of two incompressible fluids studied in this
thesis exhibit certain elastic property and the induced elastic stress is contained in the

equation of conservation of linear momentum.

1.2 Enmnergetic variational formulation

From the energetic point of view, there is special coupling between the induced elastic

stress and the transport property of nontrivial microstructures in complex fluids. The



energetic variational principles used in this thesis combine the maximum dissipation
principle (for long time dynamics) and the least action principle, or equivalently, the
principle of virtual work (for intrinsic and short time dynamics) into a force balance law
that expands the law of conservation of momentum to include dissipation. This procedure
is a modern reworking of Rayleigh’s dissipation principle in [2] motivated by Onsager’s
treatment of dissipation (c.f. [3,4]). This procedure optimizes both the action functional
of classical mechanics and the dissipation functional. The least action principle gives us
the Hamiltonian (reversible) part of the system related to conservative forces, while the
maximal dissipation principle provides the dissipative (irreversible) part of the system

related to dissipative forces.
The energy variational treatment of complex fluids starts with the energy dissipative

law for the whole coupled system:

dEtotal
dt

=D,

where E** is the total energy of the system and D is the dissipation function of Onsager,
which usually consists of a linear combination of the squares of various rate functions,
such as velocity and rate of strain, etc. (cf. [3-5]). In a classical Hamiltonian conservative

system, the energy Ftotel = phinetic | pinternal s the sum of kinetic and internal energies.

In the context of hydrodynamics, the basic variable is the flow map (particle trajec-
tory), =(X,t). (X is the original labeling (the Lagrangian coordinate) of the particle,
which is also referred to as the material coordinate. x is the current (Eulerian) coordi-
nate, which is also called the reference coordinate.) For a given velocity field v(x,t), the
flow map is defined by the ODE:

xy =v(x(X,t),t), =(X,0)=X.

The deformation tensor (strain) of the flow map is given by

ox(X,t)

Fla(X.0) = “5 2,

which satisfies the following transport equation:
Fi+v-VF =VuF.

Here, F carries all information of microstructures and configurations. It is noted that
all evolutions are based on the above relations of the flow map between the reference

domain, g, at time 0 and the current domain, €);, at time t.

We take a simple example in dealing with simple fluids to illustrate the main idea



of the energetic variational approach. A simple fluid is described by the incompressible
Navier-Stokes equations given by (1.1.6) with suitable boundary and initial conditions.

One can directly arrive at the following dissipative energy law:

d

1
7 §|u|2d:c: —/,u|Vu|2dx. (1.2.7)

Conversely, based on the dissipative energy law (1.2.7), we can derive the system (1.1.6)
through energetic variational approaches. It follows from (1.2.7) that the total energy
Etotal and the dissipation D are given by

1
Erotal — [ Z1u?de, D= [ p|Vul’dz, 1.2.8
2

respectively.

We define the action functional A as

T r1
A:/‘/MQMt (1.2.9)
0o Ja, 2

After pulling back the current domain €2; to the reference domain gy through the flow

map and using the incompressibility condition, the action functional becomes

T
A@:A:/t/lm&mw (1.2.10)
0o Ja, 2

We choose a family of volume preserving diffeomorphism, x¢, such that the infinitesimal
generator is %L::O = y. It is noted that the volume preserving assumption implies V -
y=0. Then the variation with respect to x (least action principle), yields the Hamiltonian

part of the system. The least action principle tells

SA(x)
Sxr 0
£
N dA(x%) _0
de e=0
T T
= 0= / / (e, yp)d X dt = / / (ut +u - Vu, y)dzdt,
0 Qo 0 Q

where we used integration by parts and pushed forward from g to € in the last step.
Since y is divergence-free, we need to add a pressure term as a Lagrange multiplier, thus

obtaining the Euler equation as the momentum equation

u+u-Vu+Vp = 0,
Vou = 0. (1.2.11)



On the other hand, consider the dissipation functional

[ on
D:/ / =\ Vul*dzdt. (1.2.12)
o Jo, 2

Choose a family of rate functions u® = u + ev, with V - v = 0. Then, the variation with
respect to the rate function (Onsager’s maximum dissipation law), gives the irreversible

part of the system.

oD _

ou 0
T T
= 0:/ /(Vu,Vv)da:dt:—/ /(Au,v)dwdt.
0 Qt 0 Qt

As a result, we obtain Stokes equation:

pAu = Vp,
V-ou = 0. (1.2.13)

Remark 1.2.1. One can infer from the derivations of (1.2.11) and (1.2.13) that the

term pAu serves as dissipative force.

1.3 Summary of mathematical work

1.3.1 Liquid crystal model

The first model we consider is the general Ericksen-Leslie system (2.1.10)—(2.1.12). Physi-
cally, the general Ericksen-Leslie system is a coupled system used to model nematic liquid
crystal flows. It is a macroscopic continuum description of the time evolutions of these
materials influenced by both the flow field, v(x,t), and the microscopic orientational
configuration, d(x,t), which can be derived from the coarse graining of the directions of
rod-like liquid crystal molecules. The problem contains three variables: the velocity vec-
tor, v = (v1,va,v3)T, the director vector, d = (dy,ds,d3)”, and the hydrostatic pressure
function P. There are generally two types of relations between these viscosity coefficients
in stress terms: Leslie’s relations and Parodi’s relation. The former are necessary condi-
tions for the liquid crystal system (c.f. [6,7]). While the latter, namely Parodi’s relation,
is derived directly from the Onsager reciprocal relation (cf. [8]) expressing the equality of
certain relations between flows and forces in thermodynamic systems out of equilibrium
(cf. [3]). However, Onsager’s relation has not been widely accepted.

Mathematically speaking, due to its complex mathematical structures, only some

simplified models or special cases have been studied (c.f. [9,10] and references therein).



The main contribution of our work, discussed in Chapters 2-4, is to study the well-
posedness of the general system with additional assumptions on coefficients, as well as
the asymptotic behavior of global solutions. More importantly, we reveal the various
roles played by physical relations on mathematical results. For instance, Parodi’s relation

serves as a stability condition in the liquid crystal system.

Our proof of the existence of global classical solutions relies on a modified Galerkin
method introduced in [9]. After generating a sequence of approximate solutions (vy,, d;,), m =
1,2, and denoting higher order energy terms A, (t) = ||Vun|? + |Adm — f(dm)]?,
one can get a uniform high-order energy estimate for the approximate system, under the

large viscosity assumption of one viscosity coefficient, fi4.

Based on the uniform higher order energy control, we have shown uniform estimates
for A, (t). The uniform bound on A,,(¢) enables us to pass to the limit. Furthermore,
a weak solution together with high-order derivative estimates implies the existence of a
strong solution. Finally, a bootstrap argument leads to the existence of classical solutions.

The main result in shown in Theorem 2.3.2.

After establishing the existence of globally bounded solutions, the problem of whether
the solutions will converge to single equilibria as time tends to infinity becomes a problem
of interest. It is well known that the structure of the set of equilibria can be nontrivial
and may form a continuum for certain physically reasonable nonlinearities in higher
dimensional cases. In particular, under current periodic boundary conditions of the
liquid crystal system (2.1.10)-(2.1.12) in n dimensional space, one may expect that the
dimension of the set of equilibria is at least n. This is because a shift in each variable
should give another steady state (cf. also [11]), e.g., in our case, if d*(+) is a steady state
solution, so is d*(-+7¢;), 1 <i < n, T € Z". Moreover, we note that for our system, every
constant vector d with unit-length serves as an absolute minimizer of the elastic energy
functional. As a result, it is highly nontrivial to decide whether a given trajectory will
converge to a single equilibrium. To this end, we apply the so-called Lojasiewicz—Simon
approach to obtain our goal. Simon’s idea relies on a nontrivial generalization of the
Lojasiewicz inequality (cf. [12,13]) for analytic functions defined in the finite dimensional
space R™ to infinite dimensional spaces. We refer to [11,14-22] and the references therein
for applications to various evolution equations. In order to apply the Lojasiewicz—Simon
approach to our problem (2.1.10)—(2.1.14), we need to introduce a suitable Lojasiewicz—
Simon type inequality for vector functions with periodic boundary conditions. We prove
that, although different kinematic transports for the liquid crystal molecules will yield
different dynamics of the hydrodynamical system, the global solutions to the system
have uniform long-time behavior under different kinematic transports, i.e., convergence
to equilibrium with a uniform convergence rate. The main result is shown in Theorem
3.3.1.



As mentioned previously, Parodi’s relation is a direct result of the Onsager reciprocal
relations, which are, nevertheless, independent of the second law of thermodynamics.
The thermodynamic basis of Onsager reciprocal relations have been criticized(c.f. [23]),
but it is admitted meanwhile that, there are certain physical hints indicating that for
particular materials, Onsager relations and their counterparts may serve as stability
conditions (c.f. [23,24]). In this work, we provide a mathematical verification of this
physical hint for nematic liquid crystal material.

For the dissipative system, the internal energy functional is

1 dl? —1)2
E(d):2||Vd||2+/Q(H4)d:r.

Suppose d* is a local energy minimizer of F(d). If the initial velocity, v, is close to
zero and the initial orientational director, dy, is close to d*, we prove that under Parodi’s

relation, the local energy minimizer, d*, is Lyaponov stable.

1.3.2 Diffuse-interface model

The study of analytic results on the nematic liquid crystal model stems from the work

in [9], where the following highly simplified system was investigated:

vr+v-Vo+Vp = pAv—AV-(Vd® Vd), (1.3.14)
Voo = 0, (1.3.15)
di+v-Vd = ~v(Ad— f). (1.3.16)

If we replace the vector function, d, with a scalar function ¢, then the system, (1.3.14)-
(1.3.14), becomes a coupled Navier-Stokes/Allen-Cahn system of equations in R?, which
can be viewed as a phase-field model describing the motion of a mixture of two incom-
pressible viscous fluids (see [25]). In the past, there have been many studies of the
dynamic stability problem near zero or equilibrium. In contrast, the problems we are
interested in are for point-wise solutions with infinite energy. To this end, in [26] we are
concerned with the axisymmetric solutions only.

The consideration of axisymmetry makes it possible to reduce the three dimensional
(3D) problem to a 2D problem. Meanwhile, it should be noted that our system con-
tains the Navier-Stokes equations as a subsystem. By the well-known Caffarelli-Kohn-
Nirenberg theory in [27], the singularity set of any suitable weak solution of the 3D
Navier-Stokes equations has one-dimensional Hausdorff measure zero. Thus, in the case
of 3D axisymmetric equations, if there is any singularity, it must be along the symmetric
axis. This motivates focusing our work on a special study of the system near the z axis.

Differing from the method of asymptotic expansion in [28|, we use a more natural



and straightforward method: separation of variables in the framework of axisymmetry-
namely, in the radial component r and the height z-to derive a 1D system of equations.
This 1D system of equations approximates the 3D system along the z axis. We also
establish the regularity of global solutions (uj(z,t),wy(z,t), ¥ (2,t), ¢§(z,t)) for the 1D
system. Based on the 1D solutions, we obtain exact solutions, (ruj,rwy, 7y, @), to our
3D coupled system, though they have infinite energy.

We make an improvement to the infinite energy solutions by adding a cut-off func-
tion x(r) and perturbation terms (rui,rwi,r1,¢1), which ensure that the solutions

constructed have finite energy:

a(ryz,t) = r(uj(z, t)x(r) +ui(r, z,t)), (1.3.17)
@(ryz,t) = r(wj(z,t)x(r)+wi(r z,t)), (1.3.18)
O(r,z,t) = r(i(zt)x(r) +¥1(r, 2, 1)), (1.3.19)
o(r,z,t) = ¢z, )x(r) + du1(r, z,1). (1.3.20)

Since we are interested in smooth solutions only, one major concern here is the regularity
of the perturbation terms. To solve this, we introduce certain higher order energy terms
and prove their boundedness. The main mathematical difficulty lies in how to control
a series of weighted norms. We discuss it into two subcases, namely the large viscosity
case and small initial data case. And the main results are shown in Theorem 5.1.1 and
Theorem 5.1.2.

1.4 Some useful lemmas and inequalities

In this section we list some inequalities which are frequently used in the proofs throughout
this thesis.

Theorem 1.4.1. (Sobolev Imbedding Theorem) Assume that Q is a bounded domain of

class C™. Then we have

(1) If mp < n, then W™P(Q) is continuously imbedded in L9 (Q) with q% = % -
W™P(Q) — LI (). (1.4.21)

Moreover, the imbedding operator is compact for any q, 1 < q < ¢*.

(2) If mp = n, then W™P(Q) is continuously imbedded in L1(Q), Vq, 1 < ¢ < oco:
WmP(Q) — L1(Q). (1.4.22)

In addition, the imbedding operator is compact for any q, 1 < g < q*. Ifp=1,m =n,
then the above still holds for g = oo



(3) Ifk<m—% <k+1, keN, thenwritingm—%:k—i—a, ke N, 0O<a<l,
W™P(Q) is continuously imbedded in C**(Q):

W™P(Q) — CH(Q), (1.4.23)

where C*%(Q) is the space of functions in C*(Q) whose derivative s of order k are Holder
continuous with exponent «. In addition, if n = m —k —1, and o = 1,p = 1, then
(1.4.23) holds for o = 1, and the imbedding operator is compact from W™P(Q) to C*5(Q),
YO <6< a.

Theorem 1.4.2. (Gargliardo-Nirenberg inequality) Let j and m be integers satisfying
0<j<m,andletl <q,r <oo andp € R, %gagl such that

)+ (1 — a);. (1.4.24)

s13

]— —_——
n_a(r

1
p
Then
(1) For any u € W™ (R™) N LY(R™), there is a positive constant C depending only on
n,m,7j,q,r,a such that the following inequality holds:

|Diul, < C|D™ul®|ul}~ (1.4.25)

with the following exception: if 1 <r < oo andm —j— =

(1.4.25) holds only for a satisfying % <a<l1.
(2) For any u € W™"(Q2) N L1(Q) where Q is a bounded domain with smooth boundary,

there are two positive constants C1, Co such that the following inequality holds:

18 a nonnegative integer, then

|Dulp0 < CID™ulfgluly o + Colulgg- (1.4.26)

with the same exception as in (1).
In particular, for any u € Wy () N L1(Q), the constant Cy in (1.4.26) can be taken as

ZETO0.

Theorem 1.4.3. (Poincaré Inequality I)Let Q be a bounded domain in R™ and u €
HE(Q). Then there is a positive constant C' depending only on 2 and n such that

lull 2y < ClIVullpaay, V€ HY(S), (14.27)

Theorem 1.4.4. (Poincaré Inequality I1) Let  be a bounded domain of C in R™. There
is a positive constant C depending only on 0, n such that for any u € H'(Q),

[ullz2@) < C <|VU||L2(Q) + ‘ /Qud:cD : (1.4.28)
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Theorem 1.4.5. (Gronwall Inequality) Let n(t) be a nonnegative, absolutely continuous

function on [0, T, which satisfies for a.e. t the differential inequality

() < e(t)n(t) + ¥(t),

where ¢(t) and (t) are nonnegative, summable functions on [0,T). Then

. t
n(t) < eJo #(s)ds [17(0) +/ ¢(s)ds] (1.4.29)
0
for all0 <t <T. In particular, if
' < ¢n on[0,T] and n(0) =0,

then
n=0 on|0,T]. (1.4.30)

The remaining part of the thesis is organized as follows:

Chapter 2 is devoted to the derivation of the liquid crystal model and the proof of
existence of global solutions in the general Ericksen-Leslie system. After the problem
setting in the first section, we make a formal physical derivation of the system based
on the basic energy law. Meanwhile, through various energetic variational approaches,
we distinguish the Hamiltonian and dissipative parts among induced elastic stress. In
the third section, we first show the existence of local solutions of an approximate system
using a modified Galerkin method, then we provide the proof of a higher order energy
inequality under the assumption of one large viscosity coefficients, say, 4, which leads
to the existence of global classical solutions of the liquid crystal system.

In Chapter 3, we study the long time behavior of the global solution of the liquid crys-
tal system by virtue of a Lojaciewicz-Simon type inequality. In the first section we give
a brief discussion of the application of the Lojaciewicz inequality in finite-dimensional-
Fuclidean space. In the second section, we prove that the global solution will converge to
single steady states as time goes to infinity, which implies the unique asymptotic limit of
the solution. It is an improvement of the result in [10], where only sequence convergence is
obtained. In the last section, by using suitable energy estimates and constructing proper
differential inequalities, we provide the estimates on convergence rate in both higher and
lower order norms.

In Chapter 4, we investigate the relation between Parodi’s relation and the stability
of the liquid crystal system, which shows Parodi’s relation serves as a stability condition
of the system. In the first section, we provide a suitable higher-order energy inequality,
which implies the local existence of strong solutions and the global existence provided

that the initial data is near equilibrium. In the second section, we prove that if Parodi’s
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relation is satisfied, if the initial velocity is close to zero, and if the initial molecule
director is sufficiently close to a local minimizer of the elastic energy, then the solution
will stay close to the minimizer for all time (Lyaponov stability).

In Chapter 5, we focus on the discussion of axisymmetric solutions to a diffuse-
interface model coupling the Navier-Stokes equations and Allen/Cahn equations in R?,
where we construct smooth solutions, which can be considered as perturbations near
infinite-energy solutions. In section 1 we give the problem settings in the framework of
axisymmetry. Then a 1D system of equations is derived in section 2, which approximats
the 3D system along its symmetry axis. Some useful lemmas are given in section 3. Then
based on the solutions to the 1D system, by adding perturbation terms, we construct finite
energy solutions to the 3D system, and we study the global regularity of the constructed

solutions in both large viscosity and small initial data cases in section 4.



Chapter

Existence of Global Solutions to
the General Ericksen-Leslie
System

Liquid crystal is often viewed as the fourth state of the matter besides the gas, liquid
and solid, or as an intermediate state between liquid and solid. It possesses no or partial
positional order, while at the same time, displays an orientational order. The nematic
phase is the simplest of liquid crystal phases and is close to the liquid phase. The
molecules float around as in a liquid phase, but have the tendency of aligning along a
preferred direction due to their orientation. The hydrodynamic theory of liquid crystals
due to Ericken and Leslie was developed around 1960’s (6,29, 30]. However, the first
rigorous mathematical analysis of the Ericksen-Leslie system was made recently [10] (see
[9,31] for a simplified system which carried important mathematical difficulties of the
original Ericksen-Leslie system, except the kinematic transport of the director field). In
the following context, after the introduction of the problem setting and related results in
section 2.1, the formal physical derivation of the model is made via energetic variational
approaches in section 2.2. And the proof of wellposedness of the liquid crystal system

under large viscosity case is provided in section 2.3.

2.1 Problem settings and related results

A well established model for nematic liquid crystal flow is the Ericksen—Leslie system

consisting of the following equations (cf. [6,7,30,32,33]):

pt+v-Vp = 0, (2.1.1)



13

po = pF+V-6, (2.1.2)
pw = pG+g+V-m. (2.1.3)

Equations (2.1.1)-(2.1.3) represent the conservation of mass, linear momentum, and an-
gular momentum respectively, with the anisotropic feature of liquid crystal materials
exhibited in (2.1.3) and its nonlinear coupling in (2.1.2) (cf. [6,10]). p is the fluid density,
p1 is a (positive) inertial constant. v = (v1, ve,v3)? is flow velocity and d = (dy, dg, d3)”
represents the director of molecules. ¢ is the intrinsic force associated with d and 7 is the
director stress. F and G are the external body force and external director body force.

The superposed dot denotes the material derivative. The notations
1 T 1 T .
A=5(Vo+ Vi), Q= (Vo-Vi), w=d=d +(v-V)d, N=w-0Qd

denote the rate of strain tensor, skew-symmetric tensor, the material derivative of d, the
changing rate of the director relative to fluid, respectively. Here, we consider the flow of
an incompressible liquid, namely, V - v = 0. We have the following constitutive relations
in the system (2.1.1)—(2.1.3) for 6, 7 and g:

ow
Gij = —Pdij—po-—dy;+ i, (2.1.4)
ody, ;
ow
mij = Pidj+ P@a (2.1.5)
. ow
gi = ndi—Bdij —pgo -+ (2.1.6)

P is a scalar function representing the pressure. The vector 8 = (81, 32, 33)7 and the
scalar function «y (called director tension) are the Lagrangian multipliers for the constraint
on the length of director |d| = 1, with the Oseen-Frank energy functional W for the

equilibrium configuration of a unit director field:

w %(V-d)QJr%]dx(de)]2+%]d-(de)|2
+ (kg + ky)[tr(Vd)? — (V- d)?]. (2.1.7)

The kinematic transport of the director d (denoted by g) is given by:
gi = M N; + /\deAji, (2.1.8)
while the stress tensor ¢ has the following form:

0ji = p1drdpArpdid; + padiN; 4 p3d; Nj + paAqj + psdjdi Ay + pedidy Ag;. (2.1.9)
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The (independent) coefficients py, ..., ug that may depend on material and temperature

are called Leslie coefficients, which are related to certain local correlations in the fluid
(cf. [33]).

In order to reduce the higher-order nonlinearities in the model (in the Lagrangian
multipliers (3, v for the nonlinear constraint |d| = 1), one frequently used method is to
introduce a proper penalty approximation, namely, we add the term F(d) = é(\d 2—1)2
in W, which holds the information on the extensibility of the molecules. After the
discussions for each £ > 0, we then take the limit as ¢ — 0. This method is motivated by
the work on the gradient flow of harmonic maps into the sphere (cf. [34,35]) and it has
been successfully used for other problems (cf. [9, 10,31, 34]). The reformulated system
with penalty approximation also has natural physical interpretations. It is similar to that
proposed by Leslie in [7] for the flow of an anisotropic liquid with varying director length.
Mathematically, it is also quite similar to the system in [32]| for nematic liquid crystals
with variable degree of orientation, despite some definite physical differences. We refer

to 9] for more discussions.
For the sake of simplicity, we set
1 1
W = -|Vd]* + —(|d|* — 1)

The current choice of W corresponds to the elastically isotropic situation, i.e., k1 = kg =
ks =1, kg = 0. The case with more general Oseen-Frank energy (2.1.7) can be treated in
the same way, but the argument is more involved. Under the choice of penalized energy
W, we can remove the Lagrangian multipliers and set v = 3; = 0. Since the inertial
constant p; is usually very small, we take p; = 0. Moreover, we assume that the density
is constant and external forces vanish, namely, p =1, F =0, G =0 (cf. [10]). Note that
F =0 is equivalent to the assumption that the exterior forces are conservative (thus can

be absorbed into pressure).

Now the system (2.1.1)—(2.1.3) is reformulated to

v+v-Vo+VP = —-V-(VdoVd)+V .o, (2.1.10)
V-v = 0, (2.1.11)
A 1
dt+(v-V)d—Qd+)\—2Ad = 1 (Ad—f(d)). (2.1.12)
1 1

where f(d) = F'(d) = E%(|d|2 — 1)d and o is given by (2.1.9). We denote by Vd ® Vd
the n x n-matrix (n = 2,3) whose (7, j)-entry is Vid - V;d, 1 < i, < n. In the following

text, we just set € = 1 and our results indeed hold for all € > 0. We consider the system
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(2.1.10)—(2.1.12) subject to the periodic boundary conditions (i.e., in torus T", n = 2, 3):
v(z + e, t) = vz, t), d(x+eit)=d(z,t), for (z,t) € 0Q x RT, (2.1.13)

and to the initial conditions
V|t=o = vo(x), with V-vy =0, d|i=o=do(x), forzeQ, (2.1.14)

where @ is a unit square in R" (n = 2, 3).

Due to Leslie coefficients’ temperature dependence, there are differences in behavior
between the various coefficients (cf. [33]): w4, which does not involve the alignment
properties, is a rather smooth function of temperature; but all the other u's describe
couplings between orientation and flow, and are thus affected by a decrease in the nematic
order. The special role played by p4 on the well-posedness of the liquid crystal system will
be shown in Theorems 2.3.2 and 3.3.1. In order to reduce the complexity of mathematical
analysis, we ignore the thermal effect in the subsequent sections so that yu's are assumed

to be constants. Next, the following relations are introduced in the literature (cf. [7])

A1 = pg — p3, A2 = U5 — e, (2.1.15)
Wo + 3 = le — 5. (2.1.16)

(2.1.15) is achieved from the hydrodynamic point of view in order to guarantee the entropy
condition, that is, the second law of thermodynamics. (2.1.16) is called Parodi’s relation
(cf. [8]), which is derived from the Onsager reciprocal relations expressing the equality of
certain relations between flows and forces in thermodynamic systems out of equilibrium
(cf. [3]). Under the assumption of Parodi’s relation, we see that the dynamics of an

incompressible nematic liquid crystal flow involves five independent viscous coefficients.

Since the mathematical structure of E-L system is quite complicated, in the past there
were only some works on its simplified versions (cf. [9,31,36-38|). As far as the general E-L
system is concerned, the only known result in analysis is [10]. In particular, well-posedness
of the general E-L system (2.1.10)-(2.1.12) subject to Dirichlet boundary conditions was
proved under the special assumption Ay = 0, which brings another extra constraint on the
Leslie coefficients. Although the physical meaning of this assumption is unclear, it brings
great convenience in mathematical analysis such that the maximum principle for |d| holds
(cf. [10, Theorem 3.1]). For the system (2.1.10)-(2.1.12), the maximum principle for |d|
fails when Ao # 0. This leads to extra difficulties in the study of well-posedness that we
are not able to handle those highly nonlinear stress terms as in [10]. Even in the 2D case,
one fails to obtain global existence of solutions without any further restriction on the

viscous coeflicients. This is rather different from all the cases studied in the literature.
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On the other hand, we have to confine ourselves to the periodic boundary conditions,
because one cannot get rid of certain boundary terms when performing integration by

parts in the derivation of higher-order energy inequalities.

2.2 Derivation of model via energetic variational approaches

In the general case with Ag # 0, after imposing some additional constraints, we can still
formally establish the basic energy law which governs the dynamics of the general system
(2.1.10)—(2.1.12). Conversely, given the basic energy law, one can also recover the gen-
eral Ericksen—Leslie system by energetic variational approaches. Furthermore, through
different types of energetic methods, say, Onsager’s maximal dissipation principle and
Least Action Principle, we are able to distinguish the dissipative part and conservative

part among all stress terms.

2.2.1 Derivation of basic energy law

It has been pointed out [10] that the Ericksen—Leslie system (2.1.10)—(2.1.14) obeys cer-
tain dissipative energy law under proper assumptions on the physical coefficients, which
plays an important role in the study of hydrodynamical motions of liquid crystal flows
(cf. [9,10]). Generally speaking, the physical singularities tracked by people are those
energetically admissible ones (cf. [36]). Denote the total energy of the system (2.1.10)—
(2.1.14) by

1 1
£(t) = 5 Il + 51vd|? +/Q.7-"(d)d:c. (22.1)

By a direct (formal) calculation with smooth solutions (v,d) to the system (2.1.10)-
(2.1.14), we have

d
Cew) = - / [rald” AdP + B2V + (s + po)] AdP] da
Q

FALIN? 4 (A2 — p2 — p3) (N, Ad). (22.2)

We note that the assumption (2.1.15) is sufficient to guarantee the existence of the
Lyapunov-type functional. However, the Parodi’s relation (2.1.16) is not necessary in
the derivation of (2.2.2). If (2.1.16) is supposed, we immediately arrive at the energy

inequality obtained in [10, Theorem 2.1]. Here and after, we always assume that

A1 <0, (2.2.3)
ws+pe > 0, (2.2.4)
w1 = 0, pug>0. (2.2.5)
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These assumptions are supposed in [7,39] to provide necessary conditions for the dissipa-
tion of the director field. If Ao = 0, it follows from (2.2.2)-(2.2.5) that £(t) is decreasing

in time, which is exactly the case studied in [10].

Lemma 2.2.1. Suppose that (2.1.15), (2.1.16), (2.2.3), (2.2.4) and (2.2.5) are satisfied.

In addition, if we assume
(A2)?
)\

then the total energy E(t) is decreasing in time such that

< ps + pes (2.2.6)

d T 4 12, M4 2 1 2
fl - _ A ~4 —IAd —
GE® = [ [midad 4 Eo] e s Sjad - s
by 2
—(% + pip + (;1) )\|Ad||2 <0. (2.2.7)

Proof. By (2.1.16), i.e., A2 = —(u2 + u3), we infer from the transport equation of d (cf.
(2.1.12)) that

MIN? + (A2 = p2 — ) (N, Ad) = (N, M N + A Ad) + Ao (N, Ad)

1 A
= (N, =Ad+ )+ Aa(N, Ad) = [ Ad — f(d)|* + TH(Ad, Ad — f + AiN)
1 1
1 A2)?
= L @) - G aape (2:28)
)\1 )\1
Inserting the above result into (2.2.2), we arrive at our conclusion. O

On the contrary, if the Parodi’s relation (2.1.16) does not hold, alternative assump-

tions will be required to ensure the dissipation of the total energy.

Lemma 2.2.2. Suppose that (2.1.15), (2.2.3), (2.2.4) and (2.2.5) are satisfied. If we also

assume that

A2 — p2 — p3| < 2v/ =MV ps + pe,s (2.2.9)
then the following energy inequality holds:
d T 4912 . H4 2
—E&(t) < — pild” Ad|* + —|Vu|*| dz < 0. (2.2.10)
dt 0 2

Moreover, if

[A2 — po — 3| < 24/ —=A1vps + 16, (2.2.11)

then the dissipation in (2.2.10) will be stronger in the sense that there exists a small
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constant n > 0,

d
L) < —/Q [ild” AdP + 2 0P] da — (| Ad)? + NP <0, (2212)

Proof. The conclusion easily follows from (2.2.2) and the Cauchy—Schwarz inequality. [

2.2.2 Energetic variational approaches

From the energetic point of view, the system is the coupling between the transport of the
director d in the macroscopic velocity field v and the averaged microscopic effect in the
form of induced macroscopic elastic stress. This indicates some interesting hydrodynamic
and rheological properties of the liquid crystal flows. Based on the basic energy law in
Section 2, and due to the special feature of nematic liquid crystal flow such that the
molecular orientations are transported and deformed by the flow under parallel transport,
we develop a formal physical derivation of the induced elastic stress through energetic
variational approaches. This provides us with a better understanding of the competition
between hydrodynamic kinetic energy and internal elastic energy due to the presence of
the orientational field d.

In the context of hydrodynamics, the basic variable is the flow map (particle trajec-
tory) (X, t). X is the original labeling (the Lagrangian coordinate) of the particle, which
is also referred to as the material coordinate. x is the current (Eulerian) coordinate, and
is also called the reference coordinate. For a given velocity field v(z,t), the flow map is
defined by the ODE:

xy =v(x(X,t),t), =(X,0)=X.

We define the director field

with do(X) being the initial condition. For general ellipsoid shaped liquid crystal molecules,
the deformation E carries all the information of micro structures and configurations and
it satisfies (cf. [36,38,40])

E = (aVU +(1- a)(—VTv))E, (2.2.1)
which can also be reformulated into a combination of a symmetric part and a skew part:

E = QF + (2a — 1) AR, (2.2.2)

where 2a — 1 = ;zjri € [-1,1] and r € R is the aspect ratio of the ellipsoids (cf. [38,40]).
1 A2

In our present case, a = 3(1 — §2) and we deduce from either (2.2.1) or (2.2.2) that the
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total (pure) transport equation of d is

A
di+v-Vd—aVud+ (1—a)(VTv)d=dy+v-Vd—Qd + )\—ZAd = 0. (2.2.3)
1

The energetic variational treatment of complex fluids starts with the energy dissipa-

tive law for the whole coupled system [41]:

dEtot
dt

=D,

where E' is the total energy of the system such that Et°t = Ekinetic . pint and D is
the dissipation function of Onsager, which usually consists of a linear combination of the
squares of various rate functions such as velocity and rate of strain etc. (cf. [3-5]). Our
dissipation functional (like in [42]) departs from Onsager’s-loosely defined between Egs.
5.6 and 5.7 on p. 2227 in [4]-because we use variations with respect to two functions (cf.
[43,44]). The dissipative part uses a variation with respect to the rate function (velocity
v) while the conservative (Hamiltonian) part with respect to the domain (position x). In
what follows, we recover the system (2.1.10)-(2.1.12) from the basic energy law in the
case that (2.1.15) and the Parodi’s relation (2.1.16) are satisfied.

The kinetic energy and internal elastic energy of the system (2.1.10)—(2.1.12) are given
by

inetic 1 in 1
e = |, B t—E(d)—QHVdeJr/Qf(d)d;c.

The Legendre transformation gives the action of the trajectories of the particles in terms
of the flow map z(X,t):

T
A = / (Ekinetic o Eint)dt.
0

The least action principle optimizes the action A with respect to all trajectories z(X,t)
by setting its variation with respect to domain to zero, namely d,A = 0, with incom-
pressibility of flow and the pure transport equation of d (2.2.3). Then we obtain the
weak variational from of the conservative force balance equation of classical Hamiltonian
mechanics and recover the conservative (Hamiltonian) part of the full system (2.1.10)—
(2.1.12) (see appendix for the detailed calculations). We just formally write down the

strong form:

v+v-Vo+VP=-V-(VdoVd)+V.a,
where & = o N @ d+ pusd @ N +n15Ad @ d + ngd ® Ad,
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with constants

1 1 Ao (Ag)? Ao (MN)?
2 2( 1= A2), i3 2( 1+ X2), 75 5 oA UG 5 + oW
Here, we use ® for the usual Kronecker multiplication, namely, (¢ ® b);; = a;b; for

a,beR”" n=23and 1 <i,j <n (cf. eg., [9,38]).

Taking the elastic dissipation into account in the transport equation (2.2.3), we get

A2 10F 1
d Vd—Qd+ ZAd= —— = ——(Ad — f(d)). 2.2.4
t vV by Nod TN f(d)) (2.2.4)
The dissipation functional to the system (2.1.10)—(2.1.14) is in terms of the variables A

and N (cf. (2.2.2))
D = || d" Ad|* + %HVUH2 + (n5 + o) | Adl® + M[IN* + (A2 — 2 — i) (N, Ad).

Moreover, under the Parodi’s relation, it can be transformed into the following form (cf.
(2.2.8)):

Ha 1 (N2)?

D = pulld” Ad? + B Vol - - ad = F@I7 + (s + o+ B2V AdP?. 2.25)
According to the maximum dissipation principle, we treat the dissipation functional by
performing a variation with respect to the velocity v in the Eulerian coordinates. Letting
(51)(%7)) = 0 with incompressibility of flow, we obtain a weak variational form of the dis-
sipative force balance law (see appendix for the detailed calculations). Then we formally

state its strong form:

V- (VdoVd)—V -0+ VP =0, where (2.2.6)
o= pu(d"Ad)d @ d + poN @ d + p3d @ N + g A+ psAd @ d + pgd @ Ad,

with constants

1
——(A A2).
2( 1+ A2)

We have thus derived the induced stress term in the momentum equation (2.1.10) and

1
po = 5(/\1 —A2), pz=
recovered the dissipative part of (2.1.10).
The most surprising fact from the above derivation is that the induced stress terms
V- (Voo V@) + 12V (N®@d) 4+ pusV-(d@N)+n5V - (Ad@d) + 1V - (d @ Ad)

can be derived either by the least action principle or the maximum dissipation principle.

Therefore, we are not able to specify them as either conservative forces or dissipative
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forces. However, the remaining part
V- [(dTAd)d Qd] + psV-A+ (us —n5)V - (Ad@d) + (g —n6)V - (d @ Ad) (2.2.7)

can only be derived by the maximum dissipation principle. This indicates that it can be

identified as dissipative force.

2.3 Existence of global classical solutions in large viscosity

case

This section is devoted to the proof of existence of global classical solutions of the system
(2.1.10)—(2.1.12) under the assumption of large p4. The main theorem in this section
also indicates that Parodi’s relation is not necessary in the wellposedness of the system

under large viscosity assumption.

2.3.1 Preliminary
First, we recall the well established functional setting for periodic problems (cf. [9,45]):
H' Q) = {ue H"R"R) | u(z+e) = u(z)},
H'(Q) = H(Q)N {u : /Qu(x)dx =0 } ,
H = {vel(Q), V-v=0}, where L2(Q) =H)(Q),

V = {veH,(Q), V-v=0},
V! = the dual space of V.

For any Banach space X, we denote by X the space (X)", r € N, endowed with the
product norms. For the sake of simplicity, we denote the inner product on LIQ,(Q) (or
L2(Q)) as well as H by (-,-) and the associated norm by || - ||. The space H™(Q) will be
shorthanded by H™ and the H™-inner product (m € N) can be given by (v, u)ym =
> lwj=o(D"v, D"u), where r = (K1,...,ky) is a multi-index of length [k] = 377, &;
and D® = 9;71,,,0;". We denote by C the genetic constant possibly depending on
Nis, pis, v, Q, f and the initial data. Special dependence will be pointed out explicitly in
the text if necessary. Throughout our work, the Einstein summation convention will be
used.

As mentioned earlier, we are now using the Ginzburg-Landau approximation to re-
duce the order of nonlinearities caused by the constraint |d| = 1. We note that either for
the highly simplified liquid crystal model (cf. [9]), or for the general Ericksen—Leslie sys-
tem (2.1.10)—(2.1.14) with additional assumption Ay = 0, the maximum principle holds
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for d-equation (cf. [9,10]). In these case, one can deduce from the basic energy law that
ve L*0,T;V)NL®0,T;H), de L*0,T;H?) nL>0,T;H'), (2.3.1)
which is sufficient for the following formulation of weak solutions:

Definition 2.3.1. (v,d) is called a weak solution of (2.1.10)~(2.1.12) in Qr = @ % (0,T)
if it satisfies (2.3.1) and for any smooth function ¢(t) with ¥(T) = 0 and ¢(z) € H},
the following weak formulation together with the initial and boundary conditions (2.1.13)
and (2.1.14) hold:

T T
- / (0, )t + / (v- Vo, go)dt
0 0
T

T
(o0, $)(0) + /0 (Vd© Vd, 4V )di — /0 (0. 4V 6)dt.

where o is defined in (2.1.4), and

T T T
- / (d, i)t + / (v- Vd, )t — / (wd, )t
0 0 0

T T
2 [ (Ad vyt = ~do,0y00) - 1 [ (ad (@), vo)i
1Jo 1.Jo

Thanks to the maximum principle, one can also derive the existence of weak solutions
by applying a semi-Galerkin procedure (cf. [9,10]). However, as it has been pointed in [10],
although the artificial assumption A2 # 0 brings convenience in analysis, its physical
meaning is unclear. For the more general case considered in the present paper, we no
longer assume Ay = 0, thus the kinetic transport includes the stretching effect that leads
to the loss of maximum principle for the molecule director d. As a result, the extra stress
term V-0 can not be well-defined in the weak formulation Definition 2.3.1. This suggests
the requirement for higher-order regularity of the solution, i.e., d € L>(0,7T;L>°).

2.3.2 Galerkin approximation

We shall apply the semi-Galerkin method (cf. [9,10]) to prove the existence of solution
to system (2.1.10)—(2.1.14) .

In the periodic setting, one can define mapping S associated with the Stokes problem:
Su=—-Au, YueD(S)={ueH SueH}=H.NH.

The operator S can be seen as an unbounded positive linear self-adjoint operator on H.
If D(S) is endowed with the norm induced by Hg(Q), then S becomes an isomorphism
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from D(S) onto H. We take {¢;}5°; with ||¢;|| = 1 be the eigenvectors of the Stokes

operator in the periodic case with zero mean,
—A¢; + VP, =rKip;, V-¢;=0 inQ, / ¢i(x)dr =0,
Q

where P; € L?(Q) and 0 < k1 < k2 < .... The eigenfunctions ¢; are smooth and {0i}324
forms an orthogonal basis of H (cf. [45]). Let P, : H — Hp, = span{¢p1, - ,dm},
m € N.

We consider the following (variational) approximate problem: V u,, € H,,,

(Orvm, um) + (Um » Vo, tp) = (Vdy © Vdg, Vug) — (0m, Vi),  (2.3.2)
A 1

Ny + 22 Ay - doy = ——Adrn — f(di), (2.3.3)
A1 A

Um(x,0) = Ppvo(z), dm(x,0) = do(z), (2.3.4)

vz + e, t) = vp(z,t), dp(z+e,t) = dp(x,t), (2.3.5)

where
_\uTr T
Q, = W’ AmZW’ Ny, = O¢dyy, + Uy - Vi, + Qo - di,

Om = Nld?nAmdmdm @ dm + N?Nm ® dm + N3dm ® Nm + ,U/4Am + M5Amdm ® dm

Here and after, we assume that the initial data satisfy
vo €V, dy € H(Q). (2.3.6)

For vy, € H,,, we have the expansion v, (z,t) = > 1%, g% (t)¢i(x). Then, (2.3.2) can be
reduced to the following ODE system

subject to the initial conditions g, (0) = (vg, ¢;), where for j,k = 1,...,m,

) = (i YOt v, d,)
2 ) 5T
(5 ) (TG T,

e = — (65 Vor, b)),
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D (1) = <Vdm,V¢i-Vdm)d:c+’§—i Q(Adm— (), o - V55)

+lj\—j<Adm — (dm), o - qusZ-).

We have the following local existence result for the approximate problem.

Theorem 2.3.1. For anym > 0, vg € V and dyg € H?, there is a Ty > 0 depending on v,
dp, Q and m such that the approxzimate problem (2.3.2)—(2.3.5) admits a unique strong
solution (U, dm) such that vy, € L>®(0,Ty; V) N L2(0,Ty; H?), d,, € L*(0,Tp; H?) N
L0, To; H3), and (2.3.2)~(2.3.5) are satisfied a.e. in Qr, := Q x [0,Tp]. Besides,

(U, dm,) s smooth in the interior of Q.

Proof. The local existence of weak solutions to (2.3.2)—(2.3.5) follows from the semi-
Galerkin procedure with a fixed point argument (cf. [9,10,38]). We just point the differ-
ence in the proof.

Step 1. For 0 < T < 1, given u = Y. gt (t)pi(x) with g,(0) = (vo,¢;) and
S lgh, P <M =2+23" |(vo, ¢:)|* on [0,T], we consider the parabolic equation
(2.3.3) for d,, with v, = u and d,,,(0) = dy. The existence of d,, easily follows from the
standard parabolic equation. Moreover, from the observation that u is smooth in space,

we have

d

1 2 1 2
5 | (319 + () ) ds = 51 = Ak + 1)1

1
< Clluli [Vdul* + ClIVullfe lldm|* < C/ (Q\Vdm2 + f(dm)) da +C,
Q
where C depends on M, (), m and coefficients of the system. By the Gronwall inequality,
ldm ()35 < Clldollgr)e”, V¢ €[0,T]. (2.3.8)

Besides, apply A to (2.3.3) and test it by Ad,,, we infer from the Sobolev embedding
theorem that

1d 1
——|Ady,|? = —||IVAd,,||?
2dtH [ AlHV [

CIIVAdp[[(IV f(dm) | + IVullLec[[Vdml| + [[ullee || Adm| + [| Ao [|dml])
1
< — o IVAd|? + CllAdn|* + C, (2.3.9)
1

IA

where C' depends on M, @), m and coeflicients of the system. The Gronwall inequality
together with (2.3.8) yields that holds

ldm (D)1 < Cllidollmz)e”, ¥ ¢ € [0,T],
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which implies the L estimate of d,,:
| (t)||Le < Ce, ¥ tel0,T).

Step 2. We substitute d,,, into (2.3.2) and solve the ODE (2.3.7). By the above
estimates on d,,,, we see that the 2y, ; s D¢ are all bounded by a constant that depends
on M, @, m and coefficients of the system. Then we can see that (2.3.7) admits a unique
local solution g, (t) with i (0) = (vo, ¢;)-

Denote v = > g4, ()i (x) with i (0) = (v, ¢;). Then we can argue exactly as
in |9, 38| that for sufficiently small T, the mapping £ : u — v admits a fixed point
in the space V(Ty) = {u(z,t) = S gl (D6(x) = Sy (g, ()2 < M for 0 < t <
To, 9%, (0) = (vo, ¢;)}, which completes the proof of existence. The regularity of solutions
in the interior of Q)7 follows from the regularity theory for parabolic equations and a
bootstrap argument (cf. [46]). Then the uniqueness of smooth /regular solutions can be

proved in a standard way by Gronwall’s inequality. O

2.3.3 Uniform a prior estimates

In order to prove the (global) existence of solutions to our original problem (2.1.10)-
(2.1.14), we have to derive some uniform (in time) estimates that are independent of
approximation parameter m and time Tj. These uniform estimates enable us to (i) pass
to the limit as m — oo to obtain a solution to system (2.1.10)—(2.1.14) in proper Sobolev
spaces; (ii) extend the local solution to a global one on (0, +00). Besides, the higher-order
estimates allow us to prove the uniqueness of the solution. We note that the advantage of
above mentioned semi-Galerkin scheme is that the approximate solutions satisfy the same
basic energy law and higher-order differential inequalities for smooth solutions to system
(2.1.10)—(2.1.14). For the sake of simplicity, the following calculations are carried out
formally for smooth solutions. However, they can be justified by using the approximate
solutions to (2.3.2)—(2.3.5) and then pass to limit.

The basic energy law plays an important role in the derivation of uniform estimates.
According to the discussions in Section 2.2, we shall consider two cases, in which the

basic energy law holds:
e Case I. with Parodi’s relation: As # 0, (2.1.15), (2.1.16), (2.2.3)—(2.2.6);

e Case II. without the Parodi’s relation: Ay # 0, (2.1.15), (2.2.3)-(2.2.5) and
(2.2.11).

We first consider Case I. It follows from Lemma 2.2.1 that

d 1
—E(t) < —/ i1 (Appdidy)?de — 21| Vol2 + (| Ad — F(@)2, V>0,
dt 0 2 A
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This implies the uniform estimates

ol <€ ldlm <C, t20, (2.3.10)

o0 1
/ U 1 (Agpdidy)?de + %HV@;HQ — /\—HAd — @] dt <, (2.3.11)
0 Q 1

where the constant C' > 0 depends only on ||vg|| and ||do||g:-

Next, we try to derive a new type high-order energy inequality, which turns out to
be useful in the study of some (simplified) liquid crystal models on the global existence

of regular solutions as well as the long-time behavior (cf. [9,10,38,47,48|). Define
A(t) = Vo)1 + |Ad(t) — f(d(t))]I*. (2.3.12)
A direct calculation yields that

%%A@) = —(Av,v) + (Ad — f,Ad; — f'(d)dy)

= (Av,v-Vv) + (Av, VdAd) + (V - 0, —Av) + /\iHV(Ad — NI
1

—(Ad— f,A(v-Vd)) + (Ad — f,AQd)) — %(Ad _ £, A(Ad))
+ (Ad — £, f(d) (%(Ad ) 4+v-Vd+Qd+ fAd)) . (2.3.13)

We expand the right-hand side of (2.3.13) term by term.

(V-o,—Av)

—/ VjaileVwidx: —/ Vlaijvlvjvidx
Q Q

—ul/Qvl(dkdpAkpdidj)Vlevidx—,u4/QVl(Aij)Vlevidx
—,uQ/QVl(djNi)Vlevidx—ugévl(diNj)Vlevidx
u5/QVl(djdkAki)VlevidxuG/QVl(didk.Akj)Vlevidx,
then we have
—,ul/Qvl(dkdpAkpdidj)Vlevida:
_ _% QdkdpvlAk,,didjvl(vjul-Jrvl-vj)dgc—m1 /Q Ay Vidydydid ViV v;da

72,[11 / AkpdkdpdivldleAijdx
Q

—Ml/(d}gdelAkp>2d$—2M1/ Akpvldkdpdidjvlvj‘vidl‘
Q Q
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—2u / AkpdkdpdivldleAijdx. (2.3.14)
Q
By the incompressibility condition, we see that

—,LL4/ Vl(Aij)lejvidJ? = —u4/ Vj(Aij)leﬂ}idl‘ = —%HA’UH{ (2.3.15)
Q Q

—,LLQ/ Vl(djN,;)Vlevidx—,ug/ Vl(diNj)Vlevidx
Q Q

/,LQ/ djNiA(Aij + Qij)d.’lf + M?,/ d,NjA(A” + Qij)d.%'
Q Q

(12 + Ms)/ d;iNiA(Aj)dx — (p2 — Ms)/ diNj, A(S;)dx. (2.3.16)
Q Q

— s /Q Vi(djdrAri) ViVjvide — pe /Q Vi(didi Akj)ViVjvide,

= i [ Ay 0 s | i A (A = 0,

= (us + pg) /Q d;di A A Ay dz + (s — i) /Q d,dp A A, dz,

= —(us + p6) /Q ViAgidpViAgjdide — (ps + ) /Q AgidVid;ViAgyd
—(us + p6) /Q AkiVided; Vi Aijde + (ps — MG)(Ad, AQd)

= —(us +pe)IVA - d|I” — (15 + pe) /Q AyidpV1d; Vi Ajdx

—(us + p6) / Akivldkdjleide + (s — pe) (Ad, AQd) (2.3.17)
Q
We have
(Ad — f,A(Qd))
— (Ad— f,AQd) +2(Ad — £,VQVd) + (Ad — f,QAd)
= -\ / djNiAQij dr — Ao (Ad, AQd) + Q(Ad - f, VQVd) + (Ad - f, QAd),
Q
Q
(2.3.18)
and

Ao (A2)?
T (Ad £, A(AD) = Xa(N, A(Ad)) + 52 (4d, A(Ad))

= A2 (N,AAd) + 2X3(N,VAVd) 4+ X2 (N, AAd)
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)\22 2 )\22 2
—22 [ |\VA-dPdz— 22 | |A - Vd|*da. (2.3.19)
M Jo M Jo

By condition (2.1.15), the first term on the right-hand side of (2.3.18) cancels with the second
term of the right-hand side of (2.3.16) and the second term on the right-hand side of (2.3.18)
cancels with the fourth term of the right-hand side of (2.3.17). By (2.1.16), the first term of the
right-hand side of (2.3.19) cancels with the first term of the right-hand side of (2.3.16).

For the fifth term on the right-hand side of (2.3.13), we have
—(Ad — f,A(v-Vd)) = —(Ad — f,Av-Vd) — 2(Ad — f,Vv-V3d) — (Ad — f,v- VAd),

and due to the incompressibility of v,

—(Ad— f,Av-Vd) = —(Av,VdAd)+ (Av, VF(d))

= —(Av,VdAd),
—2(Av — f,Vv-V3d) = 2(V(Av— f),Vv-Vd), (2.3.20)
—(Ad— f,v-VAd) = —(Ad—f,v-V(Ad—f))—(Ad— f,v-Vf)

= —(Ad— f,v-Vf).

Hence,
—(Ad — f,A(v-Vd)) + (Av, VdAd)
+ (Adf,f’(d) <1(Adf) +v-Vd—Qd+ AQAd))
)\1 )\1
_ [y 20 Y A
= Al/cgf(d)md fI?dx (Ad f,f(d)(Qd AlAd)>
+2(V(Av — f), Vv - Vd). (2.3.21)

Summing up, we infer from (2.3.14)—(2.3.21) that

1d 1
5 iAW + mlld” - VA-dl? + B + (s + o) [VA-dI - |[V(Ad ~ P

= —2u1/ AkagdpdkdidleAijdx—2u1/AkpdpdkdivldleAijdx
Q Q
—(M5+M6)/ A diVid; Vi Aijde — (M5+,u6)/ A Vidpd;ViAgjda
Q Q

—(V(Ad — ), QVd) + (Ad — f,VQVd) + 2)2(N, VAVd)
2 2
+A2(N,AAd)—M/ |VA~d|2dx—M/ |A - Vd|*dx + (Av,v - V)
Mo Jo Mo Jo

i / _ f12 _ _ / _ &
+>\1 /Qf (d)|Ad — f|*dx (Ad £ () (Qd AlAd))
+2(V(Av — f), Vv - Vd)
I+ ...+ 11y (2322)

(1>
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Lemma 2.3.1. Assume n = 2 or n = 3. Under assumption of Case I we have the following
inequality:
A0 < = (B = CopbA0) 180l = (- = Con LA ) V(A= P + Cad (),
(2.3.23)
where A(t) = A(t)+1, C; (i = 1,2,3) are constants depending on Q, f, ||voll, ||do||s1, A's, and
w's but except ig.

1
—2)\1

Proof. Without loss of generality, we assume p4 > 1. Our argument is valid for any pq > p > 0.
Below we only give the proof for n = 3, the proof for n = 2 can be done in a similar way with
minor modifications. We now estimate the right-hand side of (2.3.22) term by term.

B =20 | A Vidydidid;Vidiyde < BT - VA d? + Cldl Vol V.
Q
By the lower-order estimate (2.3.10), we can apply the Agmon’s inequality that
ldle < C(1+ [|Ad]|?), (2.3.24)

Besides, from (2.3.10), the Gagliardo—Nirenberg inequality and (2.3.24), we obtain

Vol < [Voll2Av]|Z, [[Vollus < Vol Av]5, [[Vd]Le < C(|Ad] + 1),
IAd]| < [[Ad— f(@)] + If (@) < |Ad - f(d)] +C,
IVAd| < [[V(Ad = f(@d)] + V@] < V(A= f(@d)] + [ ()| V]|
< IV(Ad - (@) + C+ld]f <) < [IV(Ad = f(d)] + C(1+ [|Ad])
< |IV(Ad - f(@d)]| + C(1+|[VAd| 2 | Vd||= + [|Vd])
< ||V(Adff(d)||+%||VAdH+C. (2.3.25)

As a consequence,

a3~ 90l VdIEs < CIVelllAvl(lad - fIF +1)
(nd + i lad = 712) |Av]? + Cpy | wol(1 + | Ad - 1Y)

IN

IN

_ _1 _1 1 1 4
ui AN Aol? + O * [0l + Cuy # Wl (IVAd)F[Vd|F + [Vl +C)

pi Al AV + Cpug 2 ([ Vol* + Cpy 2 [V *(IV(Ad = )| + 1)
ul A Av|? + Cuy * A|V(Ad — f)||> + CA. (2.3.26)

IN

1
2
4
1
2
4
1
2
4

IN

This implies that

1< BT VA d)? + pd Aol + Oy AV (Ad - )2 + CA. (2.3.27)
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For I, using integration by parts, we obtain

I

—2/1,1/ AkpdpdkdivldleAijdx

Q

2#1/ VlAkpdpdkdivldeijd$+4N1/ AppdpVid Aijd; Vdjda
Q Q

—|—2p,1/ AkpdkvldiAijdeldjdx+2u1/ AkpdpdkdiAdeijdl‘
Q Q

i
< fHdT VA-d|? + Clldli [VollLs [ValLs + ClIVolLsllAd)ld]ie,
(2.3.28)
where
1 3 5
ClIVoliza | Adlld]i~ < ClIVol|Z]|Av]=(|Ad — f]|F + 1)

< pat A Aol + Cps Vol (1 | Ad = £, (2.3.29)

and now the right-hand side in (2.3.29) can be estimated exactly as (2.3.26). Therefore,
I, < %HdT VA )2+ p2 A Av)? + Cpy P AV(Ad — £)])> + CA. (2.3.30)

Using integration by parts, we deduce from (2.3.25) that (cf. the argument in (2.3.26))

Next,

I3+ 14

ININ A

I5

Is

—(ps + Me)/ A diV1d; Vi Agydr — (ps + Me)/ A Vidypd; Vi Agjdx
Q Q

(/1,5 + /1'6)/ Aikvldkvldeijdl' + (/1,5 + /146)/ AikdkAdeijdl'
Q Q
ClIVollEaIVdlLs + ClIVollLs | Ad] | dl|ee
Clvol|Av]> (Ad - f]I> +1)
pa 2 Al Av|2 + Cpy ™2 || Vo2 (2.3.31)

—  —(V(Ad - ),2Vd) < C|V(Ad = Il VollLs | Vs
ClIV(Ad — V]2 [ Av]> (Ad - f] +1)

ud Vol Aol + Cuy *AIV(Ad — f)I?

ui | A0]? + Cpy * AV (Ad — £)])” + C|| Vo] > (2:3.32)
(Ad — £,VQVd) < [VQI|[|Ad ~ ]|][Vd]r~

Cllav]|ad - FI(IV(Ad - f)]F +1)

ui | A0]? + Cpy ¥ Ad — fIRIV(Ad - f)]? + ClAd - £

P | A0|2 + Cug FA|V(Ad — )2 + CA. (2.3.33)

INIA

IN

INIA

IN
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Using integration by parts and (2.1.12), we get

2
1 Q

2
A2(N,VAVd) — \o(VN, AVd) — % / |AVd|*dx
1 JQ

= —Q(Ad — f,VAVd) — (A2)* (Ad, VAVd)
)\1 /\1
+%(V(Ad — f),AVd) + (A;)Q (VAd, AVd). (2.3.34)
1 1

Then we estimate the four terms on the right-hand side of (2.3.34). Similar to (2.3.32) and
(2.3.33), we have

A2 (Ad — f,VAVd) + % (V(Ad - f), AVd)
1

Y
< Clavffad = FllIVdllLe + ClIV(Ad = Pl VollLs [ VdllLs
< pi AP+ Cpy PAIV(Ad = )]* + CA,

and a similar argument as in (2.3.31) yields

(A2)? (A2)? 15 2 _3 2
— (Ad,VAVd) + (VAd, AVd) < py? A|Av||> + Cps ™2 || Vol|?,
1 1
hence ) )
I + Ig + Iy < p2 Al|Av||?> + Cuy P A||V(Ad — f)||? + CA. (2.3.35)

(2.2.4) and (2.2.6) indicate that

)\ 2
110:_( 2) /|VAd\2dx§(u5+u6)/ |VAd|*da. (2.3.36)
A Jg Q
Furthermore,
L = (Av,v- Vo) < [ollua|Vollea| Av]| < Cllol|7 [ Vol 3 [|Vol| 7 || Av] T[] Av]|
< pa? || A0 4 pa® Vo2 Av||? + Cpa 3| Vo2
< it A|Av|? + CA. (2.3.37)
1
Lo = /Q F(d)|Ad — fPPdz < C(|d|2s +1)|Ad — f]|2
< c(nAd — IV (Ad = f)] +||Ad — f|\2)
1
< —2—/\1||V(Ad—f)||2+C||Ad—f||2. (2.3.38)
A
ha = —(ad- 7.7 (90~ {24d) ) < Ol @dlIad - s Vol
< c(Iv@ad— )l +llad = f1) Vol av]
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< pE A + s V(A - f))? + CA. (2:3.39)
For Ih4, the estimate is exactly the same as (2.3.32) such that
Ly < pa | A0]]? + Cuy TA|V(Ad — f)[2 + O Vol (2.3.40)
Collecting all the above estimates together, we obtain (2.3.23). O
Lemma 2.3.2. Under the assumption Case I, for any initial data (vo,dy) € V x H2(Q), if the
viscosity py is properly large, i.e., g > ul (i, A\, A2, vo,do), i = 1,2,3,5,6, we have
At <C, vt >0. (2.3.41)

The uniform bound C' is a constant depending only on f,Q, ||vollv, ||dol|sz2, 1's, X's.
Proof. Tt follows from (2.3.23) that

A0+ ("5 = o) 80P+ (55 - Cong LA ) IV (- 1P < Cade). (2342

On the other hand, by (2.3.11), there exists a positive constant M depending only on puls, s,
llvoll, I|do|esr, such that

t+1 t+1
/ A(r)dr < / A(r)dr +1< M, ¥ > 0. (2.3.43)
t t
Now we choose 14 large enough satisfying
pa? > 201 (A(0) + 4M + CsM) + 4X3C2(A(0) + 4M + C3M)? + 1. (2.3.44)

As a result, there must be some T > 0 such that

1~ 1 1 ~
% ~CuuaA(t) 20, —5o- = Copa™HA() 20, forall t € [0, T3]
Moreover, on [0, Tp],
d - ~
@A(t) < C3A(L). (2.3.45)

Denote T, = supTp. First we show that T, > 1 by a contradiction argument.
If T, <1, then

1
A(T,) < A(0) + Cs / A(t)dt < A(0) + C3M.
0
On the other hand, from the definition of T, we have for t = T,
ud < max{2C1A(T,), 4N2C2A(T.)), (2.3.46)

which contradicts (2.3.44).
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Next, if T, < 400, (2.3.43) implies that there is a ¢; € [T} — 3, 7] such that

Alt) < 4M.

As a result,

Ty
A(T,) < 4M + 03/ A(T)dr < 4AM + CsM. (2.3.47)
ty

Then from the definition of T, we again have (2.3.46), which together with (2.3.47) yields a
contradiction with (2.3.44). Hence, we have the uniform estimate

- oz gt
t) < t>0.
A(t) mln{201’—2)\102}’ Vt>0

The proof is complete.

Next, we briefly discuss Case II.
Corollary 2.3.1. Forn = 2,3, under the assumption Case II, we still have inequality (2.3.23).

Proof. If Parodi’s relation (2.1.16) doesn’t hold, i.e., As + (2 + p3) # 0, then in the proof of
Theorem 2.3.1, the first term of the right-hand side of (2.3.19) does not cancel with the first term
of the right-hand side of (2.3.16). Consequently, there is one extra term:

(A2 + po + p3) (Nidj, A(Aij)).

Besides, since we no longer have (2.2.6) in Case II, we have to redo the estimate for (2.3.36).
Using the d equation (2.1.12) and integration by parts, we get

(A2 + po + p13) (Nidjv A(Aij))

M (Vad - f)d, v4) + M ((ad- f)va, va)
1 1

)\1 )\1

We estimate the the right-hand side of (2.3.48). First, we notice that the second term can be
estimated as (2.3.33), while the fourth term of (2.3.48) is similar to (2.3.31). For the first term,

we have

w(v(Ad_ £)d, VA)
A
< COldlu=lIV(Ad = )l Av] < C(IAd = fI|2 + 1)[[V(Ad = )] Av]
1 C
<t (L4 [|Ad = D] Av]* + e IV(Ad - £)]?
44
< b AAo]? + Oy IV (ad = PP (2.3.49)

Finally, concerning the third term in (2.3.48) and the two terms in (2.3.36), we infer from (2.1.15)
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and (2.2.11) that

Ao(Ag + po + Ao)? 1
2R + pi2 + ts) - (Aa) — (s + pe) = —~[A1 (s + p6) — Ao (p2 + p3)]
A1 A1 A1

1

-+ H(AQ — iz = 13)? = Aotz + m} — 022 + (1 + ) <0,

which yields

[/\20\2 +p2+p3)  (N)?

— (us + m} / |V Ad|da < 0.
¥ ¥ 0

Combining the other estimates in the proof of Theorem 2.3.1, we obtain the inequality (2.3.23)
under assumption Case II. O

Corollary 2.3.2. Under the assumption Case II, for any initial data (vo,do) € V x H?(Q), if
the viscosity puy is properly large, i.e., pg > uq(pi, A1, A2, vo,do), i = 1,2,3,5,6, we have A(t) < C
for t >0 with C being a constant depending only on f, Q, ||lvollv, ||do|lmz, p's, N's.

2.3.4 Existence and uniqueness of classical solutions

Under both Case I and Case II, the uniform estimates we have obtained are independent of the
approximation parameter m and time ¢. This indicates that for both cases, (v, d,) is a global
solution to the approximate problem (2.3.2)—(2.3.4):

U € L®(0, +00; V)N L2 (0, 4+00; H?), dp, € L=(0,+00; H?) N L2 (0, +00; H?), (2.3.50)

loc

which further implies that
Otvm € L}, (0, +00; L?),  Od,, € L}, (0, +00; L?). (2.3.51)

The uniform estimates enable us to pass to the limit for (v,,,d,,) as m — oo. By a similar
argument to [9,38], we can show that there exist limit functions (v, d) satisfying

v e L>®(0,00; V)N L (0, +00; H?), d € L®(0,+00; H*) N LE (0, +00; H?), (2.3.52)

loc

such that (v,d) is a strong solution and system (2.1.10)—(2.1.12) are satisfied a.e. in Qr for
arbitrary T > 0. A bootstrap argument based on Serrin’s result [49] and Sobolev embedding
theorems leads to the existence of classical solutions.

To prove the uniqueness of regular solutions to problem (2.1.10)—(2.1.14), we need the fol-
lowing continuous dependence on initial data. The proof is lengthy but quite standard, hence we
omit the proof here. The corresponding proof in a simplified case can be found in [48].

Lemma 2.3.3. Suppose that assumptions in Theorem 2.3.2 are satisfied. (vi,d;) (i = 1,2)
are global solutions to problem (2.1.10)—(2.1.14) corresponding to initial data (vo;,do;) € V X
Hg(Q) (i =1,2). Moreover, we assume that for any T > 0, the following estimate holds

[oi(®)llar + |di()||g> < M, V¢ €l0,T]. (2.3.53)
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Then for any t € [0,T], we have

(v = v2) ()7 + [(dr — da) (&) I s
" ha 2 2
+ [ (V0 = O + 1A - )l dr

< 2% (lvor — vozll® + [ldo1 — doz Iy

where C is a constant depending on ||vollv, ||do||mz, 1's, N's but not on t.
Corollary 2.3.3. The global solution (v,d) obtained in Lemma 2.3.2 or Corollary 2.5.2 is unique.

Proof. Since the global classical solution (v, d) to the problem (2.1.10)—(2.1.14) obtained in both
Lemma 2.3.2 and Corollary 2.3.2 is uniformly bounded in V' x H?, it follows immediately from
Lemma 2.3.3 that the solution is unique. O

Summing up, we have proved the following main theorem in this chapter.

Theorem 2.3.2. Let n = 2,3. We assume that either the conditions in Case I or in Case
II are satisfied. For any (vo,do) € V x H?(Q), under the large viscosity assumption py >
u9(1iy A1, A2, v0,do), i = 1,2,3,5,6, the problem (2.1.10)—(2.1.14) admits a unique global solution
in the sense that

v € L>(0,00; V)N LE,.(0, +00; H?), d € L>(0,+00; H?) N LE,.(0, +o0; H?). (2.3.54)

Remark 2.3.1. Due to the complexity of the system and the appearance of highly nonlinear
stress terms, we have to impose the large viscosity assumption even in 2D case, which is quite

different from all existing related results.

Remark 2.3.2. If in addition, the assumption (i) p1 = 0,A2 # 0, or (i) p1 > 0, 2 = 0 is
supposed, the same result holds true in 2D without assuming the viscosity py to be large. For (i),
we notice that the nonlinearity of the highest-order vanishes. In particular, this applies for the
rod-like system in [38], which is a simplified version of the general Ericksen—Leslie model. On the
other hand, for (ii), one can apply the mazximum principle for d to obtain its L°°-bound, which
makes the proof much easier (cf. [10]).



Chapter

Long Time Behavior for Global
Solutions to the General
Ericksen-Leslie System

Generally speaking, the study of long behavior of solutions to nonlinear dissipative evolution
equations can be divided into two categories: In the first category, it is concerned with the long
behavior of a global solution (or a single orbit) for any given initial datum, i.e., whether the
global solution will converge to an equilibrium as time goes to infinity. In the second category,
it is concerned with the asymptotic behavior of a family of global solutions (or orbits) for initial
data starting from any bounded set in certain Sobolev space, i.e., whether the family of global
solutions will converge to a compact invariant set, namely, a global attractor. In this chapter for
the global solution to the liquid crystal system, we are concerned with the first category. With the
help of a suitable Lojaciewicz—Simon type inequality, we prove that although different kinematic
transports for the liquid crystal molecules will yield different dynamics of the hydrodynamical
system, we show that global solutions to our system have uniform long-time behavior under
different kinematic transports, i.e., convergence to equilibrium with a uniform convergence rate.
Section 3.1 is a brief discussion of the application of YLojasiewicz inequality in finite dimensional
Euclidean space. Section 3.2 is devoted to the proof of convergence of global solutions to single
equilibrium states as times goes to infinity, and Section 3.3 provides with the estimate on the

convergence rate.

3.1 Application of finite dimensional Lojasiewicz inequality

The key ingredient in this chapter is the application of the f.ojasiewicz—Simon approach. Since
it is a generalization of the Fojasiewicz inequality in finite dimensional space R™ for analytic
functions, to understand it better, let us briefly recall the applications in the finite dimensional
case first.

In the 1960’s, Y.ojaciewicz proved the following fundamental inequality for gradient systems
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of analytic functions in finite dimensional Euclidean spaces [12,13].

Theorem 3.1.1 (Lojasiewicz inequality). Suppose that F : R™ — R is an analytic function
near its critical point a (i.e., VF(a) = 0). Then there is a positive constant o and 6 € (0, 3)
depending on a, such that when ||x — a|lgm < o,

|F(a) = F(a)]'~" < |VF(@)]zn. (3.1.1)

The Lojasiewicz inequality is a powerful tool to study the asymptotic behavior of solutions
to gradient systems. To describe the idea, let us recall a simple example discussed in [19] (for
other applications on ODEs, cf. e.g. [50]).

Consider the ODE system

{ Tt = *Vf(x), (S RN’ (3.1.2)

z(0) = Zo.

We assume that f is analytic in z, f > 0. We also assume that the ODE system (3.1.2) admits
a bounded smooth solution z(t), defined for all ¢ > 0. For brevity we denote F(t) = f(z(t)),
t > 0. Multiplying both sides of (3.1.2) with z,(t), we know

%,Et) = =V @®)lgy = —llze(®)lzy <0, V0. (3.1.3)

Therefore, the nonnegative function F(t) is decreasing on [0,+00) and serves as a Lyapunov
function for (3.1.2). Then integrating (3.1.3) from 0 to ¢, we have

F(t) +/O |z4(7) |zn dT = F(0). (3.1.4)

For the gradient system (3.1.2), we infer that the w-limit set of x(t), is nonempty and consists
of equilibria (cf. [51]). Namely, there exists an increasing unbounded sequence {t,}nen and an
equilbrium x,, € RY, such that

tlim lz(tn) — Too|lry = 0. (3.1.5)

Consequently, F(t,) > f(x) and

1tlim F(ty) = Foo = f(zs) > 0. (3.1.6)
Our goal is to prove
tlim |lz(t) — zoollry = 0. (3.1.7)

We can discuss in two subcases.

Case 1. If there exists some ¢y > 0, such that F'(ty) = f(z), then we deduce from (3.1.3)
that Vit > to, 2(t) = 2(to).
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Case 2. If Vt > 0, F(t) > f(2), due to (3.1.3), (3.1.6), we have

lim F(t) = f(zoo). (3.1.8)

t—o0

Let € = (%9)%, it follows from (3.1.5) and (3.1.8) that there exists an integer K such that for all
n> K.

|2 (tn) — oollmy < % 0< F(ty) — flase) < e (3.1.9)

Define
by =sup {t > t,| |2(s) — zoo|lry < 0, V5 € [tn,t].}

In what follows, we recall the simple argument introduced in [14], which provides a convenient
way to apply the Lojasiewicz inequality.

Proposition 3.1.1. There exists ng > K, such that t,, = +oco.

Proof. The proof follows from the contradiction argument in [14]. Suppose Vn > K, t, < t, <
+0o. We can apply Theorem 3.1.1 on interval [t,,,]. As a consequence, the length of the
trajectory z(t) between [t,,T,] is

tn fn 1 d
[ tlear = [ MO

n n

< [ . (L p(r)d
— 7))dT
= i, IF(7) = flas)P 0 dr
1 _
= S [Ft) = @) = (F(E) = flwes))’]
< G(F(t") flzeo))’ < ke < 1 (3.1.10)
Therefore,
[2(tn) — Toollrr < [l(tn) — @(tn) Ry + [|2(tn) — Too[[ry
En
< [Tt + 5 < 3, (3.1.11)
. 172
which is a contradiction to the definition of ,,. O

Since ||z(t) — Tool|lgy < 0, YV > tp,, we infer that

+oo
/ ||lze(7)||py dr < +o00.
0

Consequently,
to
lx(t1) — z(t2)||gy < / lze(7)|lgvdT — 0,  as t1, ta — 0.
ty

Hence, z(t) is uniformly convergent in RYY. Combined with (3.1.5), one arrives at our goal (3.1.7).



39

Finally, let us study the convergence rate of z(t) to . We only have to consider Case 2,
since Case 1 is trivial. We know from Theorem 3.1.1 that Vt > ¢t,,,

d

— = [F(t) = floo)l” = Ollalln [F(1) = f(20))’™" = O () = f(aoo) I’

which indicates (cf. [15,22])
F(t) = f(200) SCL+)T7, Vit >ty (3.1.12)

As a result,

o0 1 oo
/ zo(7) [ dr < —7/ 1Pty — foa)Pdr < C(L+6) T3, Wt > t,..
¢ 0), dr

After choosing proper constant C, we can get

|2(t) — Zoclley < C(1+8)" T2, Vit >0. (3.1.13)

3.2 Convergence to Equilibrium

In this section we prove that the global bounded solution obtained in (2.3.2) will converge uni-
formly to a single equilibrium state solution as time goes to infinity, which implies the uniqueness
of the asymptotic limit of the system (2.1.10)—(2.1.14).
For brevity, we only discuss the situation in 2D case here, because the analysis in 3D can be
treated similarly.
For the system (2.1.10)-(2.1.14), we have the Lyapunov functional to the system
1 2, 1 2
£t) = S llv@®]” + 5 IVa@®)" + /Q F(d(t))dx (3.2.1)
satisfying the basic energy law (2.2.7), which immediately yields A(t) € L'(0,+00). Combined
with the uniform bounds of A(t) itself and the time derivative of A(t), provided by Lemma 2.3.2
and Corollary 2.3.2 respectively, we can easily prove

Lemma 3.2.1. For any t > 0, in both 2D and 3D cases, under the large viscosity assumption
(2.3.44), for the unique global solution (v(t),d(t)), it holds

lim (Jo()llm + | — Ad(t) + F(dD)]) = 0. (3.2:2)

t——+o0

It follows immediately from Lemma 3.2.1 that the velocity v is uniformly convergent to 0 as
time goes to infinity. To prove the convergence of the director d, first let S be the set

S={ul] —Au+ f(u) =0, in Q, u(z+e;) = u(x) on 0Q}.
The w-limit set of (vo,do) € V x H2(Q) C LZ(Q) x H}(Q) is defined as follows:

w(vg,dp) = {(veo(x),doo(x)) | there exists {t,} " oo such that
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(v(tn), d(tn)) — (Voo,dso) in L*(Q) x H*(Q), as t, — 400}

We infer from the uniform bound of (v(t),d(t)) and Lemma 3.2.1 that

Proposition 3.2.1. w(vg,dy) is a nonempty bounded subset in H;(Q) X Hg(Q), which is compact
in L2(Q) x H}(Q). Besides, all asymptotic limiting points (vss,dso) of the problem (2.1.10) -
(2.1.14) satisfy that veo =0 and des € S.

Proposition 3.2.1 implies that there is an increasing unbounded sequence {t,},cn and a
function do, € S such that
1in+1 ld(t) — doo|| g2 = 0. (3.2.3)

in

Moreover, d., satisfies the equation
—Ads + fdo) =0, €9, doolz+e;)=ds(x)on 0Q. (3.2.4)

Let us look at the following elliptic periodic boundary value problem

—Ad+ f(d)=0, ze€Q,
{ d(x +e;) =d(z), x on 9. (3.2.5)
Define
1 2
E(d) := 5 |[Vd]| +/ F(d)dz. (3.2.6)
Q

It is not difficult to see that the solution to (3.2.5) is a critical point of E(d) and conversely the
critical point of E(d) is a solution to (3.2.5).

In order to apply the f.ojasiewicz—Simon approach to prove the convergence to equilibrium,
we shall introduce a suitable Lojasiewicz—Simon type inequality that is related to our problem.
In particular, we have (cf. [21])

Lemma 3.2.2. [Lojasiewicz—Simon inequality| Let ¢ be a critical point of E(d). Then there
exist constants 0 € (0, %) and B > 0 depending on 1 such that for any d € H;(Q) satisfying
ld — a2 (@) < B, it holds

I = Ad+ f( @z 2 [E(@) — E@)F7, (3.2.7)

where (H)(Q))' is the dual space of H}(Q).

Remark 3.2.1. Lemma 3.2.2 can be viewed as an extended version of Simon’s result [52] for
scalar functions under the L?-norm.

We prove the convergence result following a simple argument first introduced in [14] in which
the key observation is that after a certain time ¢y, d(¢) will fall into a certain small neighborhood
of d, and stay there forever.

From the basic energy law (2.2.7), we can see that £(t) is decreasing on [0,00), and it has
a finite limit as time goes to infinity because it is nonegative. Therefore, it follows from (3.2.2)
and (3.2.3) that

lim &(tp) = E(dw)- (3.2.8)

tyn—+00
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On the other hand, we can infer from (2.2.7) that £(t) > E(d), for all ¢ > 0, and the equal sign
holds if and only if, for all ¢ > 0, v = 0 and d solves problem (3.2.4).

We now consider all possibilities.

Case 1. If there is a tg > 0 such that £(tg) = F(dw), then for all ¢ > ¢y, we deduce from (2.2.7)
that
o]l = Vol =0, || - Ad+ f(d)] = 0. (3.2.9)

It follows from (2.1.12), (3.2.9) and the Sobolev embedding theorem that for ¢ > ¢,

1 A2
0<[|de]| < —ATH —Ad+ f(d)|| + |)\*1H|Ad|| + llv - Vd|| + |||
< llzallVdl pa + |2l d]| Lo
< C|Vol||Vd] 1 + C|[ Vo] =0, (3.2.10)

Namely, d is independent of time for all ¢ > ¢y. Due to (3.2.3), we conclude that d(t) = d, for
t > 1.

Case 2. For all t > 0, we suppose that £(t) > E(d ). First we assume that the following claim
holds true.

Proposition 3.2.2. There is a tg > 0 such that for all t > tg, ||d(t) — deo||gr < B. Namely, for
all t > to, d(t) satisfies the condition in Lemma 3.2.2.

In this case, it follows from Lemma 3.2.2 that
|E(d) — E(doo)|"™" < | = Ad+ f(d)||(my@y < |l = Ad+ f()], V> to. (3.2.11)
The fact 6 € (0, 1) implies that 0 < 1 —6 < 1, 2(1 — §) > 1. Consequently,
[l = [P o]| < Cllo].
Then we infer from the basic inequality

(a+0)'"0<a 4+  Va,b>0

that
1—-6
() - Bdo)— < (v||2+|E E(doo>|)
1—6
< ( ol + || — Ad+ £(d >1le)
< () 10209 1 || — Ad + £(d)]
< Clloll+ 1l - Ad+ (@) (3:212)
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Therefore, a direct calculation yields that

OE(D) — B(duc)' L)
COUIe] + || - Ad+ S(d)])?
Cloll+ 11— Ad+ fd)]

CL(IV|| + || = Ad+ f(d)|)), Yt > to, (3.2.13)

|
(|
tn
=
~
|
&=
—~
U
3
=
|

\%

where (7 is a constant depending on g4, A1, vg, dg, @, 6.
Integrating from ¢ to ¢, we get

(£(t) = B(ds))’ + C1 /t (Vo) + 1| = Ad(7) + f(d(7))[))dr

< (E(ty) — E(ds))? < 00, VYt >t. (3.2.14)

Since £(t) — E(dw) > 0, we conclude that

/OO(HVU(T)H + || — Ad(r) + f(d(m))])dT < 0. (3.2.15)

to

On the other hand, it follows from equation (2.1.12) and Sobolev embedding theorems that

" |
ldell < v~ Vdl| + [[Qd] + |)\*1|||Ad|| - )\TII — Ad+ f(d)||
" |
< llzallVdl za + lld]| L (1921 + |)\*1|||VU||||d||Loo - )\TH — Ad+ f(d)|
< C|Vol|+Cl = Ad + f(d)]. (3.2.16)
Hence,
/ du(7) | dr < oo, (3.2.17)
to

which easily implies that as t — +oo, d(t) converges in L?(Q). This and (3.2.3) indicate that

lim_[|d(t) — dus || = 0. (3.2.18)

t—+o0
Since d(t) is uniformly bounded in H?(Q)), by standard interpolation inequality we have

Jm [[d(t) = dooll g = 0. (3.2.19)
On the other hand, the uniform bound of d in H?(Q) implies the weak convergence

d(t) = du, in H*(Q). (3.2.20)

However, the decay property of the quantity A(t) (cf. Lemma 3.2.1) could tell us more. Namely,
we could get strong convergence of d in H2. To see this, we keep in mind that
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IN

1Ad = f(@)II + £/ ()l zalld — doo | s
|Ad = f(d)]| + Clld = doo || 111 (3.2.21)

A\

The above estimate together with (3.2.2) and (3.2.19) yields
i [d(t) = docll 2 = 0. (3.2.22)

To finish the proof, it remains to show that Proposition 3.2.2 always holds true for the global
solution d(t) to the system (2.1.10)-(2.1.14). Define

t, =supf{ t > t,| ||d(s) — doo|lzr < B, V 5 € [tn,t]}. (3.2.23)

It follows from (3.2.3) that for any £ € (0,03), there exists an integer N such that when
n>N,

ld(tn) — doollm < e, (3.2.24)
G- (E(tn) - B(d))’ <. (3.2.25)

On the other hand, we know that the orbit of the classical solution d is continuous in H!. It follows
from the uniform bound of ||d(t)|| = that d € L?(t,t + 1; H?) for any ¢ > 0. The basic energy
law and (3.2.16) imply d; € L2(t,t + 1;L?). Thus, for any ¢ > 0, it holds d € C([t,t + 1]; H').
The continuity of the orbit of d in H! and (3.2.24) yield that

tp, >tn, forall n>N. (3.2.26)

Then there are two possibilities:

(i). If there exists ng > N such that ¢,, = 400, then from the previous discussions in Case
1 and Case 2, the theorem is proved.

(ii) Otherwise, for all n > N, we have t,, < t,, < +oo, and for all ¢ € [t,,1,], E(ds) < E(1).
Then from (3.2.14) with ¢, being replaced by ¢,, and t being replaced by #,, we obtain from
(3.2.25) that

/ n(||vv(7)|| + || = Ad(7) + f(d(7))])dr < €. (3.2.27)

Thus, it follows that (cf. (3.2.16))

ld(E) — dooll < [[d(tn) — doo]| + C / " ldu(r) dr
< d(tn) — duol + C / CIVo)l| + 1| - Ad(r) + f(d(r))dr
< Ce, | (3.2.28)

which implies that lim, ;o ||d(£n) — doo|| = 0. Since d(t) is relatively compact in H?, there
exists a subsequence of {d(%,)}, still denoted by {d(f,)} converging to ds, in H!, i.e., when n is
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sufficiently large,
1d(tn) = dos |l < B,

which contradicts the definition of %, that ||d(t,) — deo|lz1 = 8-

Summing up, we have considered all the possible cases and prove the conclusion that

A (fo@)lm +[1d(t) = dooll =) = 0, (3.2.29)

3.3 Convergence rate

Once we prove the convergence to an equilibrium, a natural question is the convergence rate. It
is well known that an estimate in certain lower—order norm can usually be obtained directly from
the Lojasiewicz—Simon approach (see, e.g., [15]). One can then in a straightforward way, obtain
estimates in higher—order norms by using interpolation inequalities (cf. [15]), and consequently,
the decay exponent deteriorates. We shall show that by using suitable energy estimates and
constructing proper differential inequalities, it is possible to obtain the same estimates on the
convergence rate in both higher and lower order norms. This procedure can be achieved by three
steps.
Step 1. As has been shown in the literature (cf. [15]), an estimate on the convergence rate
in certain lower—order norm could be obtained directly from the f.ojasiewicz—Simon approach.
From Lemma 3.2.2 and (3.2.13), we have

%(5@) ~ B(d)) + CL(E() — B(da))20 <0, V> 1o, (3.3.1)
which implies

E()— BE(do) <C(1+8)" 77, Vt>t, (3.3.2)

Integrating (3.2.13) on (¢, 00), where t > tg, it follows from (3.2.16) that

6

/ l[de(7) | dr < / CUIVo(r)l + I = Ad(r) + f(d(7))[)dm < C(1 + )" 7. (3.3.3)
t t
By adjusting the constant C' properly, we obtain

[d(t) — doo|| < C(A+¢) T2, ¢ >0. (3.3.4)

Step 2. The steady state corresponding to problem (2.1.10)-(2.1.14) satisfies the following

system:
OV
o F Voo Vo + VPs = =V :(Vde ©®Vds) + V000,
(3.3.5)
Vte = 0, (3.3.6)
M (doot + s - Voo — Qocdoo + %Amdm) = Ade — f(doo), (3.3.7)
(3.3.8)

Voo (T + €;) = Voo (), doo (T + €;) = doo (). 3.3.8
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where
An = Ve + VTUOO7 - Ve — VT’UOO’
2 2
Od s
Noo = 5= 4o Voo — Qoodoc. (3.3.9)
F 150000 © doo + oo © Asolso- (3.3.10)

Lemma 3.2.1 implies that all limiting points of system (2.1.10)-(2.1.14) satisfy vy, = 0 and
doo € S. As a result, system (3.3.5)—(3.3.8) can be reduced to

2

VP, +V <Vd200|) = —Vdeo - Adw, (3.3.11)
Vove = 0, (3.3.12)

“Ade + flde) = 0, (3.3.13)
Uoo(Z +€;) = v(x), deo(z+e;)=d(z), forxzedQ (3.3.14)

In (3.3.11), we use the fact that
dool?
V- (Vdoo ©®Vds) =V <V2|) + Vds - Ad.

Subtracting the stationary problem (3.3.11)-(3.3.14) from the evolution problem (2.1.10)-(2.1.14),
we obtain that

d|? dool?
Ut+U~VU—VAU+V(P—POO)+V(|V|—V|)

2 2
= —Vd-Ad+Vdy -Ads +V -0, (3.3.15)
Vv = 0, (3.3.16)
—Ai(dy +v-Vd—Qd + %Ad) = A(d—dx) — f(d)+ f(dx), (3.3.17)
Voo(T +€;) = v:o(:zc)7 doo (T + €;) = doo (). (3.3.18)

Multiplying (3.3.15) by v and (3.3.17) by /\%(Ad —f) = +Ad - ds) — )\%(f(d) — flds)),

1
respectively, integrating over @), and adding the results together, we have

d (1 1
% (5 + 51va - val+ [

i \2 [ (P&~ Fldo) ~ J(dc)a - doo)}dx)

1 A2)?
P = Llad— SR + mllar VAT + (s + s + G2 a2

A1
= (v,Vdy - Ads)

= (v, Vds - (Ads — f(deo))) + (v Voo, f(doo))
= 0. (3.3.19)
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Multiplying (3.3.17) by —)\%(d — doo) and integrating in ), we have

1d , 1 )
~ld — doo* — —[IV(d — doo
il = el = IV (d = de)|

= —(’U : Vd>d_ doo) + (Qdad_ doo) - %(Adad_ doo) - )\il(f(d) - f(doo)vd_ doo)

= L. (3.3.20)

Using Sobolev embedding theorem, the right hand side can be estimated as follows

p
] < lvllzall V| palld — doo || + Q][] e |d — doo || + |/\%\HA||||d||L°° [d — doo|
(O < 1d = doo I
< C|[Volllld = deol| + C[[V|ll|d = doo || + C|ld = doo|?
< allVol? + Clld — do |1*. (3.3.21)

where ¢ = ad + (1 — a)ds with a € [0,1].
Multiplying (3.3.20) by a > 0 and adding the resultant to (3.3.19), using (3.3.21), we get

d (1 1 o
& (5101 + 319d = Va4 Slla -l + [ (F(@) = Pl
- [ stda = deyie) + (5~ ac |90l - L 1ad- @)
Q 1

@ Ao)?
9~ o) 2+ a7 Ad? + (s + g+ O aa?
)\1 )\1
< Calld - dso|?. (3.3.22)
On the other hand, by the Taylor’s expansion, we have
F(d) = F(doo) + f(doo)(d = doo) + f'(€)(d — ds)?, (3.3.23)

where £ = bd + (1 — b)d, with b € [0, 1].
Then we deduce that

/ F(d) — Fdoo)dt — [(doo)(d — doo)]d / F()(d - du)da
Q Q
< Ol ld — duo|? < Colld — o (3.3.24)

Let us define now, for ¢ > 0,
1 2, 1 2, @ 2
v = IO+ IV VP + T ~ ol + | (Pl — F ()

- [ )t = do)ie (3:3.25)



In (3.3.22) and (3.3.25), we choose

_Ha

0421+2C2>0, E1 = .
4o

As a result,
1
y(t) + Calld — doo||* > §(II’UH2 +lld = doollF1)-
Furthermore, we infer from (3.3.27) that for certain constants Cs, Cy > 0,

20

d
ay(t) + Csy(t) < Culld — doo|? < C(1 +t) 129,

By Gronwall’s inequality, we have (cf. [17,20])
y(t) < C+t)" T, Vit>0,
which together with (3.3.27) and (3.3.4) implies that
[o()ll + () = docls < C(L+1)" T2, V¢ >0.

To sum up, we have proved the main theorem of this chapter:

47

(3.3.26)

(3.3.27)

(3.3.28)

(3.3.29)

(3.3.30)

Theorem 3.3.1. Under the assumption of Theorem 2.3.2, the global solution (v,d) satisfies

o)l + [d(t) — docllz < C(1+ )" T2, ¥ ¢ >0,

(3.3.31)

where doo s a solution to (3.2.5), C is a constant depending on vo,do, f,Q, pis, \;s,ds and

0 € (0, %) depends on d.



Chapter

Parodi's Relation and Stability in
the General Ericksen-Leslie

System

To derive the liquid crystal system the influence of spatial symmetry on the phenomenological
equations was considered. Later on the influence of the property of time reversal invariance of
the equations of motion of the individual particles was also taken into account. This property of
time reversal invariance expresses the fact that the mechanical equations of motion (classical as
well as quantum mechanical) of the particles are symmetric with respect to time. It implies that
the particles retrace their former paths if all velocities are reversed.

It is due to Onsager in [3] and [4] that a macroscopic theorem was concluded from this mi-
croscopic property, where the connection between the theory of irreversible processes and the
spontaneous fluctuations of thermodynamic variables of equilibrium systems was discussed. The
fluctuation theory was brought in to prove a theorem for irreversible processes, the reciprocal
relations: the symmetry of the matrix of coefficients of the set of linear equations relating ther-
modynamic "forces" and "fluxes". The connection was made by postulating that the decay of a
system from a given non-equilibrium state produced by a spontaneous fluctuation obeys, on the
average, the (empirical) law for the decay from the same state back to equilibrium. Consequently,
when Onsager’s reciprocal relations were applied to the liquid crystal model, one can get Parodi’s
relation (2.1.16) in a direct way (c.f. [8]). As a matter of fact, if (2.1.16) is accepted, then the
Ericksen-Leslie system is also referred to as the Ericksen-Leslie-Parodi system.

In this chapter we demonstrate that Parodi’s relation is a stability condition for the nematic
liquid crystal flow. In section 4.1 we provide the higher-order energy law under Parodi’s relation,
which implies the local existence of strong solutions and the global existence provided that the
initial data is near equilibrium. In section 4.2, we obtain some information on the stability of
local energy minimizers. From the mathematical point of view, the Parodi’s relation actually
serves as a stability condition.
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4.1 Higher-order energy inequality under Parodi’s relation

The results obtained in Chapter 2 indicate that in both Case I (with Parodi’s relation) and
Case II (without Parodi’s relation), the viscosity p4 plays a crucial role. Recall Navier—Stokes
equation in 3D (with periodic boundary condition and vy € H), we can easily derive that

d 1 C
— ||V —ug — —||Vo|)? ) ||Av||? <0,
IVl + (ua = SIvol?) ol <
which implies that the large viscosity assumption is equivalent to small initial data in H'-norm.
However, this is not the case for our complicated coupling system (2.1.10)—(2.1.14) (see e.g.
(2.3.44)). Actually, we do not have the large viscosity/small initial data alternative relation even
for the simplified liquid crystal systems |9, 38].

In this section, we shall see that the Parodi’s relation (2.1.16) does play an important role in
the well-posedness and stability of the system (2.1.10)—(2.1.14), if we do not suppose additional
requirement on the viscosity p4. In particular, under assumptions in Case I, we are able to prove
a suitable higher-order energy inequality which implies the local existence of strong solutions and
the global existence provided that the initial data vq is near zero and dj is close to a local energy
minimizer d* of the elastic energy E(d).

First, we derive the higher-order energy inequality under assumptions in Case I:

Lemma 4.1.1. Let n = 2,3. Suppose that the conditions in Case I are satisfied. Then the
following higher-order energy inequality holds:

d 1
CA() < ~EHdT VA d)? - B A + IV (Ad - )2 + Cu(A%(E) + A1), (4.1.1)
dt 2 8 81

where Cy is a constant that only depends on u's, N's, ||vol|| and ||do]|e -

Proof. We only give the proof in 3D case and the proof for 2D is similar. The basic energy law

(2.2.7) implies that
lo@ + ld®)|lar <C, V>0 (4.1.2)

We re-estimate the right-hand side of differential equality (2.3.22) which was derived under
conditions in Case I. We note that estimates (2.3.24)—(2.3.25) are still valid.

I

72[1,1 / (Akpvldpdk, dldleA”)dx
Q

< BHd"-VA-d? + CldIf~ Vol V-

< %HdT-VA-d||2+C(I|Ad—f||3+1)||VU||HAUH

< Ed"-vA-dIP + 2 A0]2 4+ C(IVol| Ad = £° + Vo))

< BT VAL dP 4 AP+ CAT + CA (4.1.3)
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Corresponding to (2.3.28),

12 = 72#1/(Akpdpdkdivldj,leij)dI
Q
I
< ZlHdT~VA'd||2+CHdllioollwllisHVdH%e+C||d||‘°£oo||Vv||i4HAdll
< BT -VA-dP + 2 Av]? + CA* + CA+ O(|ad = £1F + DI|Vol|F | Av]#
< %HdT~VA~d||2+%\\Av||2+CA6+CA. (4.1.4)

Concerning (2.3.31), we have

1 3 3
C|[Vol[3[Vd[[s + Clldll= Vol | Ad]| < C|[Vol| | Av]|Z (| Ad - f]|Z +1)
%||Av||2+CA4+CA. (4.1.5)

Is+ 1,

IN A

Next, by (2.3.32) and (2.3.33) respectively, we obtain

I = - /Q (V(Ad - £),Vd)dz < C|[V(Ad = f)|[[[Vo]|2 | Av|l? (|Ad - f]| + 1)
1
< Bav]? = —[V(Ad = )I* + CIVulP(|Ad - £ +1)
32 81
Ha 2 1 2 3
< = - — — L.
< GlIavl = S IVAd = PP+ CAT+ CA (4.1.6)
Iy = /Q (Ad — f,VQVd)dz < C||Av]|[|Ad = f[([(V(Ad = f)IIF +1)
< Bav)? - S |V(Ad - )P+ CAT + CA, (4.17)
32 81

Corresponding to (2.3.34), a similar argument to (4.1.5)—(4.1.7) yields

A 1
2 (A= [94-Vd)de < L aw]? — IV (Ad — f)IP + CA* + CA,
W 32 81
A 1
i/ (V(Ad—fm-w)dx < Fyag - L vad— 2+ 048 1 oA,
M Jo 32 8\
and
()\2)2 2
— (Ad VA. Vd VA d,A- Vd)
At Jg Q
2
_ ) /( Ad AAd)d
o Jo

IA

%HAUHQ +CA* £ CA,
which implies that

1
In+1Is+ 1o < —HA I? - o —|IV(Ad - f)||> + CA* + CA.
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The remaining terms can be estimated in a straightforward way.

2
Lo = _%/ |VAd|2dx§(u5+u6)/ VA dPde,
1 Q Q
Ly < |(Av0-90)| < Cllav]3 Vel < Eavl? + Clvol,
1
he < 5 [ F@ad- fPds < C(ldls + Dlad- £
Q
< c(lad—FIIv@d- Pl +|ad - )
1
< —Iv@ad- pIP+ea
81
A
e = - [ F@(ad- 104 Pad)ds < P @] [8d - floo | Tz
Q
< clvolt Al (Iv(ad = i+ |ad- f])
<

Ha 2 1 2 3
—||Av||* — =—||V(Ad —
g 18017 = G-IV (Ad = I + CA* + CA,
Finally, the estimate of I14 is similar to (4.1.6):
1
ha < = [IV(Ad — HI?+CA® + CA.
1

Collecting all the estimates above, we can conclude (4.1.1). O
As a direct consequence, we have the local existence result:

Theorem 4.1.1. Let n = 2,3. We suppose that the conditions in Case I are satisfied. For any
(vo,do) € V x H2(Q), there exists T > 0 such that problem (2.1.10)~(2.1.14) admits a unique
local solution satisfying v € L>(0,T;V) N L?(0,T;H?), d € L>(0,T; H?) N L?(0, T; H?).

Remark 4.1.1. Unfortunately, we are not able to prove an corresponding local well-posedness
result under the conditions in Case II. This is because when the Parodi’s relation does not hold,
the higher-order energy inequality (4.1.1) is not available. One direct difficulty is that we lose
control of some higher-order nonlinearities which will vanish due to cancelation under Parodi’s
relation (see, e.g., (2.3.49)).

4.2 Close to local minimizers: well-posedness and stability

In this section, we obtain some information on the stability of local energy minimizers of E(d).
From the mathematical point of view, Parodi’s relation actually serves as a stability condition
for the Ericksen—Leslie system.

First we can deduce the following property based on the higher-order energy inequality.

Proposition 4.2.1. Suppose the assumptions in Case I are satisfied. For any (vo,do) € V X
Hy(Q), if
[Vo][(0) + |Ad — f(d)]*(0) < R, (4.2.1)
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where R > 0 being a constant, there exists a positive constant ey depending on p's, N's, ||voll,
ldolle, f, @ and R, such that the following property holds: for the (unique) local strong solution
(v,d) of system (2.1.10)—(2.1.14) which exists on [0,T*], if E(t) > £(0) — o, for any t € [0,T7],
then the local strong solution (v,d) can be extended beyond T™*.

Proof. Inspired by Lemma 4.1.1, we consider the following initial value problem of an ODE:
—Y(t) = C.(Y()° +Y(t), Y(0)=R>A). (4.2.2)

We denote by I = [0,T},4,) the maximal existence interval of Y'(¢) such that lim, ;- Y(t) =
+00. On the other hand, it is easy to see from the comparison principle that for any t € I,
0 < A(t) <Y (t). Consequently, A(t) exists on I. Moreover, Ty,q, is determined by Y(0) = R
and C, such that Trae = Tmae(Y(0),Cy) is increasing when Y (0) > 0 is decreasing. We can
take tg = %me (R,C,) > 0. Then it follows that

0<AW) <Y() <K, Vel o], (4.2.3)

where K is a constant that only depends on R, C,,ty. This fact together our previous Galerkin
approximate scheme will imply the local existence of a unique strong solution of system (2.1.10)—
(2.1.14) at least on [0,¢0]. (This also provides a proof of Theorem 4.1.1.)

The above argument suggests that T* > t5. Now if £(t) > £(0) — ¢q for all ¢ € [0,T7], we
infer from Lemma 2.2.1 that

r Ha 2 1 2
/0 /Q <2|v'y(t)| — )\—1|Ad(t) — f(d(t))] ) dedt <eg, Vit>0.

Hence, there exists a t, € [T* — %, T™] such that

2 3e
Vot + [|Ad(t.) — f(d(t.))]|* < max {, Al} =2
4 to
Choosing ¢ > 0 such that
max {2, —Al} 30 _p, (4.2.4)
a to

we have A(t,) < R. Taking t. as the initial time in ODE (4.2.2), we infer from the above
argument that Y (¢) (and thus .A(t)) is uniformly bounded at least on [0, ¢, + to] D [0, T + 2to].
Thus, we can extend the local unique strong solution (v,d) from [0, T*] to [0, T* + 2to]. O

Remark 4.2.1. Proposition 4.2.1 implies that, for the (local) strong solution (v,d) of (2.1.10)-
(2.1.14), if £(t) does not drop too fast on its existence interval [0,T], then it can be extended
beyond T. We note that stronger results have been obtained in [9, 10] for various simplified
Ericksen—Leslie systems. In those cases, the existence of weak solutions can be proved and the
associated total energy E(t) is well-defined on [0,+00). Then one can show the alternative rela-
tion: either there exists a T < 400 such that E(T) < £(0) — g or the system admits a (unique)

global strong solution.
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Concerning the elastic energy functional
1
E(@) = 5|Vd|* + [ Fd)do >0 (1.25)
Q

it is easy to see that the above hypothesis on the changing rate of £(t) can be fulfilled if the initial
velocity vg is close to zero and the initial molecule director dy is sufficiently close to an absolute
minimizer of E(d). We refer to [9,10,47] for special simplified cases of the Ericksen—Leslie system.
Of course, the same result holds for our current general case if we make the same assumption.

The condition being closed to absolute minimizer can be greatly improved in the following
sense. Under the Parodi’s relation, we can show that if the initial velocity vy is close to zero
and the initial molecule director dy is sufficiently close to a local minimizer of E(d), then the
total energy £ will never drop too much. Actually, we shall see that the global solution will
stay close to the minimizer for all time (Lyaponov stability) and £(t) will converge to the same
energy level of the local minimizer. This result applies to all the simplified systems considered
in [9,10, 38,47,48].

Definition 4.2.1. d* € H)(Q) is called a local minimizer of E(d), if there exists o > 0, such
that for any d € HY(Q) satisfying ||d — d*||gr < o, it holds E(d) > E(d*).

Remark 4.2.2. Since any minimizer of E(d) is also a critical point of E(d), it satisfies the
FEuler—Lagrange equation

—Ad+ f(d)=0, z€Q, dx)=dxz+e;), z€0Q. (4.2.6)

From the elliptic regularity theorem and bootstrap argument, we easily see that if the solution
d € H(Q), then d is smooth.

Now we state the main result of this Chapter:

Theorem 4.2.1. We suppose n = 2,3 and the conditions in Case I are satisfied. Let d* € H%(Q)
be a local minimizer of E(d). There exist positive constants 1,02, which may depend on \;s,
wis, Q, o and d*, such that for any initial data (vo,do) € V x HZ(Q) satisfying |lvollmr < 1,
ldo — d*||lz2 < 1 and ||vo|| < o1, ||do — d*||gr < o2, there holds

(i) problem (2.1.10)—(2.1.14) admits a unique global strong solution (v,d),

(i) (v,d) enjoys the same long-time behavior as in Theorem 3.3.1. Moreover,

tE«I»moo E(t) = E(ds) = E(d"). (4.2.7)

Proof. Without loss of generality, we assume that the constant ¢ in Definition 4.2.1 satisfies
o < 1. Throughout the proof, C;, i = 1,2,--- denote generic constants depending only on s,
A.s, o and d*. By our assumptions, we easily see that

@l + lld@) [l < C1, ¥E20, and A0) = [[Vuol® + [Ado — f(do)|* < Ca. (4.2.8)

Now we recall Proposition 4.2.1 and its proof. For our current case, we take R = C5 and the
constant C, in (4.2.2) can be fixed by C; and p's, \'s. Then we set tg = %Tmam (Co, Cy) and take
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T* =ty. We see from (4.2.3) that A(¢) is uniformly bounded on [0, #], which implies
lo@llv + lld(t)llaz < C5, V¢ € [0, 0] (4.2.9)
Finally, the critical constant £y can be determined by (4.2.4).

Next, we extend the local strong solution not only beyond T* = tg but to infinity by using
the Lojasiewicz—Simon approach. Since the minimizer d* is a critical point of E(d), in the
Lojasiewicz—Simon inequality (cf. Lemma 3.2.2), we take ¢ = d*, then the constants 8 > 0,6 €
(0, 3) are determined by d* and (3.2.7) holds.

The proof consists of several steps.

Step 1. In order to apply Proposition 4.2.1 with 7™ = ¢, it suffices to show that
E(t) —&E(0) > —eg, Vte|[0,to]. (4.2.10)

Using (4.2.8) and Sobolev embedding theorem, we have |E(dy) — E(d*)| < C4l|do — d* |31, which
implies that

£~ €0) = @I ~ Fllwl + E(d() - E(do)
> 2ol + B((0) - B(d) + B(d*) - B(do)
> 2ol ~ Calldo — d* s + B(d(t)) ~ B(d"). (42.11)
If we take
algmin{eé,l}, 02gmin{2‘5004,1}, (4.2.12)

then by (4.2.11), (4.2.10) will be satisfied if we can prove
E(d(t)) — E(d*) >0, Vtel0,t. (4.2.13)
By the definition of d*, it reduces to prove that
ld(t) —d*|lar <o, Ytel0to. (4.2.14)
Actually, we will prove a slightly stronger conclusion such that
ld(t) —d*|lar <w:= %min{o,ﬂ}, vVt el0,to]. (4.2.15)

Let 05 < tw. If (4.2.15) is not true, then by the continuity of d that d € C([0,t]; H'), there
exists a minimal time Ty € (0,¢o], such that ||d(Tp) — d*||g = w. We observe that E(t) =
Lv(®)||? + E(d(t)) > E(d*) for any 0 < t < Tp. First, we consider the trivial case that if for
some T' < Ty, E(T) = E(d*), then the definition of local minimizer indicates that for ¢ > T, £
cannot drop and will remain F(d*). Thus, we infer from the basic energy law (2.2.7) that the
evolution will be stationary and the conclusion easily follows. So in the following, we just assume
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E(t) > E(d*) for any 0 <t < Ty. By Lemma 3.2.2 with ¢ = d*, we can compute

B Vol2 - L lad - £I?)
[ad=7]

d - o1 d 0 (
—S[E®) —EW@)) = 0l - BT ZE@) =

Cs([[Voll + [[Ad = f1)).

vV

On the other hand, it follows from (2.1.12) and (4.2.9) that

A 1
ldell < o= Vil + [Qd] + || [ Ad]| = 5-l|1Ad ~ /]
1 1
< Colllvllusl Vs + Vo]~ + | Ad = fI]
< Cr(IVoll +l1ad - fI), ¥t € [0,to). (4.2.16)
As a consequence,
ld(To) = dolls < Cslld(To) — dol| 2|d(To) — doll s
T(] % 0
< Gl [ hddde) < cule© - B@ !
0

A
2

1 *
S Clo <2||'U02 + C4||d() —d ||H1)
0
< Culllvol® + ldo — d*[|£0)- (4.2.17)

Finally, choosing (also taking previous assumptions into account)

N 1 5
Ulzmin{sg,(£> ,1}, azzmin{;&l,<4g ) ,‘Z,l}, (4.2.18)
11 11

we can see that

N " woow o w
14(To) — d*lzs < [d(T) — dollzs + o — "l < % + 2+ 2 <,

which leads to a contradiction with the definition of Ty. Thus, (4.2.15) is true and so is (4.2.13),
which implies that (4.2.10) are satisfied.

As in the proof of Proposition 4.2.1, there exists t,. € [%,tOL such that A(t*) < R. Then

we can conclude that A(t) is uniformly bounded on [0, t* + o] D [07 5%} (with the same bound
as on [0,¢0]). This implies the important fact that the bound only depends on R, C,, tp but not
on the length of existence interval.

Step 2. We take T* = %to. By same argument as in Step 1, we can show that £(¢t) — £(0) >
—eq, for t € [0,7*]. Again, we can show that A(t) is uniformly bounded on [O, T + %to} (with
the same bound as on [0, %¢]).

By iteration, we can see that the local strong solution can be extended by a fixed length %to
at each step and .A(t) is uniformly bounded by a constant only depending on R, C, to.
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As a consequence, we can show that (v,d) is indeed a global strong solution. Moreover,
lo@)lla + ld(@)|lgz < K, V>0, (4.2.19)

where K depends on Cy, R, C,,ty. The conclusion (i) is proved.
Based on uniform estimate (4.2.19), a similar argument to Theorem 3.3.1 yields that there
exists a doo satisfying (3.2.5), such that
im (Jo(®)ly + (1) ~ declsrz) = 0
with the convergence rate (3.3.31) (in (3.3.31), the Lojasiewicz exponent 6 is determined by do,
which is different from the one we have used in Step 1).

By repeating the argument in Step 1, we are able to show that ||d(t) — d*||gm < w for all
t > 0. Then for ¢ sufficiently large, we have

oo — s < oo — d(0) s + d0) — "o < 0 < min{3, . (42.20)
Applying Lemma 3.2.2 with d = d, and 1 = d*, we obtain
|B(duo) — B < || = A" + £(d)] =0,
which together with (4.2.20) implies that d is also a local minimizer of F(d). O

Remark 4.2.3. We note that in the assumptions ||vollm < 1, ||do — d*|lg2 < 1, the bound 1 is
not crucial and it can be replaced by any fixed positive constant M. Of course, the constants in
the proof of Theorem 4.2.1 will depend also on M.

Remark 4.2.4. Since w in the proof of of Theorem 4.2.1 can be arbitrary small positive con-
stant satisfying w < %min{a, B}, by our choice of 01,09, we actually have shown that the local
minimizer d* is Lyapunov stable. Moreover, if d* is an isolated local minimizer, then do = d*

and d* is asymptotic stable.



Chapter

Axisymmetric Solutions to a

diffuse-interface Model

The hydrodynamic of mixture of different materials plays an important role in many scientific and
engineering applications. Among them, the interfacial dynamics is one of the fundamental issues
in hydrodynamics and rheology [53-55]. Conventionally, the model for the mixture consists of
separate hydrodynamic system of each component, together with the free interface that separates
them. In another point of view, the mixture can be treated as a special type of non-newtonian
fluids, whose rheology property reflects the competition between the kinetic energy and the
"elastic" mixing energy.

In classical approaches, the interface is usually considered to be a free surface that evolves
in time with the fluid. The hydrodynamic system describing the mixture of two Newtonian
fluids with a free interface will be the usual Navier-Stokes equations in each of the fluid domains
(possibly with different density and viscosity) together with the kinematic and force balance
(traction free) boundary conditions on the interface. From the statistical (phase field approach)
point of view, the interface represents a continuous, but steep change of the properties (density,
viscosity, etc.) of two fluids. Within this "thin" transition region, the fluid is mixed and has to
store certain amount of "mixing energy". In recent years, much work has been done in various
fluid environments using the phase field approach.

The diffuse-interface model studied in this chapter can be viewed as a physically motivated
level-set method. Instead of choosing an artificial smoothing function for the interface, the
diffuse-interface model describes the interface by a mixing energy, whose idea can be traced
back to [56]. The structure of the interface is determined by molecular forces: the tendencies
for mixing and demixing are balanced through the non local mixing energy. When the capillary
width approaches zero, the diffuse-interface model becomes identical to a sharp-interface level-set
formulation.

This chapter is organized as follows: In section 1 we provide the basic problem settings and
the statement of main results. In section 2 a system of 1D equations is derived by separation
of variables. In section 3, some useful lemmas and estimates are prepared, in order to prove the
regularity of perturbation terms later. In section 4, the proof of global regularity of the solutions
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to the 3D system in both large viscosity and small initial data cases is discussed.

5.1 Problem settings and main results

In this chapter, we shall study the following coupled Navier-Stokes/Allen-Cahn equations in
R3 x (0, 4+00) :

w+(u-Viu = —Vp+rvAu—- AV (Vo Vo), (5.1.1)
V-ou = 0, (5.1.2)
¢t +(u-V)p = v(A¢— f(d)) (5.1.3)

We assume u and V¢ decay sufficiently fast in the infinity. Here u is a vector function, ¢ and
p are scalar functions, and f(¢) = n%(¢3 — @), v, A\, v, n are positive constants. In addition,
V¢ ® V¢ is a tensor product—e.g., (Vo ® Vo)i; = (V9)i(Ve);, 1 <i, j < 3.

Multiplying (5.1.1) by u, (5.1.3) by AM(—A¢ + f(¢)), then adding them up, and using inte-
gration by parts combined with (5.1.2), we get the basic energy law

5 (Il 4 ITIP + 2516 = D) = ~@Ival? 4 a6 - F@P). (G4
where || - || denotes the L? norm in 3D space ([gs | - 2dx)z.

The system (5.1.1)-(5.1.3) can be viewed as a phase field model describing the motion of a
mixture of two incompressible viscous fluids (see [25]). The fluids are separated by a thin interface
of width 7. The velocity vector of the mixture is represented by u, the pressure by p, the fluid
kinetic viscosity by v, and the phase of the fluid components by ¢. The phase ¢ takes the value
1 in one bulk phase and —1 in the other. In the interfacial region, it undergoes rapid but smooth
variation. It is assumed that the interface possesses a free energy E, = [, ﬁ(dﬁ —1)2+1|Vo|2dx
caused by the mixing of fluids. Motion of the interface is caused by energy dissipation, which is
given by ¢, = —0FE,/0¢. The term V¢ ® V¢ in the momentum equation is the induced elastic
stress due to the mixing of fluids. Finally, A corresponds to the surface tension and - the elastic
relaxation time. We want to point out that this model is based on an energetic variational
formulation and interested reader can refer to [26] for more details.

In this chapter, we study only axisymmetric solutions to (5.1.1)-(5.1.3). There have been
some interesting developments in the study of axisymmetric solutions to the 3D Navier-Stokes
equations, see for example [57], [58], [59], and [60]. The 2D Boussinesq equations are closely
related to the 3D Navier-Stokes equations with swirl (away from the symmetry axis). Recently
in [57], [61], the authors have independently proved the existence of solutions to the 2D global
viscous Boussinesq equations with viscosity entering only in the fluid equation. And most inter-
estingly, in [28], the authors constructed a smooth solution to the Navier-Stokes equations, with
initial conditions uy = u(r, z,0) satisfying

A
luollz2(q) ~ W’ [Vuol| 2y = AVM,

where A and M are constants to be determined. Since |[ugl|r2(q)l|Vuo||z2(0) = A2, by choosing



99

A large enough, [[ugl|z2(q)||Vuol/2(q) can be made arbitrarily large. Thus, it violates the small-
ness condition that guarantees the existence of global classical solutions to 3D Navier-Stokes
equations.

Motivated by these results, it seems natural to study the properties of 3D axisymmetric
solutions to our system (5.1.1)-(5.1.3). For this system, we construct a family of global classical
solutions with finite energy, which can also be regarded as perturbations of near infinite-energy
solutions.

In contrast to the asymptotic expansion method in [28], we use the much more straightforward
method of separation of variables to derive a system of 1D equations. Then, based on the solutions
to these equations, using cutoff functions, we construct a family of finite energy solutions to the
3D system (5.1.1)-(5.1.3). After that, through a detailed study of weighted norm inequalities, we
prove the global regularity of the solutions we construct in the case of large viscosity and small
initial data.

5.1.1 Basic settings and 1D special configurations

Let

Ut
ot

xr
er:(;

Yy Yy x
Y 0), en=(=2.%2.0), e, = (0,0,1 1.
Y )7 €9 ( ol )a € ( ) ( )

be three unit vectors, where r = \/Lﬁy2 . We can decompose the velocity field as
u=0"(r,zte, + ug(r, z,t)eg + v (r, 2, t)e,.
The vorticity field is expressed similarly as
w=—(u?).(r,z,t)e, +wW(r z,t)es + %(rue)r(r, z,t)es,

where w? = (v"), — (v?),.. To simplify our notation, we will use v and w to denote v and w? in
the rest of our paper.

Throughout this chapter, V2, A, and V will stand for the Laplace, modified Laplace, and
gradient operators, respectively in cylindrical coordinates,

0% 0 0?
2 _ zr 5.1.
v Or? + r + 022’ (5.1.6)
9% 39, 0? 0?
= — — = — 1.
A or? + r + 022 Brt 022’ (5.1.7)
V = 0.e +0.e,. (5.1.8)

up + v u, +vFu, = v(V:- 2 Ju — ;vru, (5.1.9)
T z 2 1 1 9 1 »
Wt + v W+ vw, = I/(V —7)w+7(u )Z—*Uw
T T T

+)\(¢zv2¢r - ¢rv2¢z - Tig(br(bz)a (5.1.10)
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_(V2_Ti2)¢ I (5.1.11)
(vr)r+v7r+(vz)z = 0, (5.1.12)

1 1
bt + 0" b + V70, Y(V2p — ?qﬁ + ?d)). (5.1.13)
Here u and w stand for # components of velocity u and vorticity w respectively, and v" and v*
are the other two components of u. ¢ is the angular stream function, which is related to v" and
v* as follows:

.o, 10

V=g VS Tar(m/}) (5.1.14)

One can alternatively derive the following 1D equations :

(u)e +2¢7(u1)z = w(up)zz +2(¥1)-u7, (5.1.15)
(Wi + 207 (1) = v(w))es + (uf?)s, (5.1.16)

—(¥1)z: = Wi, (5.1.17)
(%0)e +207(dg)= = Y(¢0)2= — %(fﬁé)g + %d)é (5.1.18)

Here uj, wi, 9] and ¢ are functions of only 2z and t¢.
We will consider solutions with periodic boundary conditions in the z direction with period

1, hence in the rest of this chapter we set

Q = [0,00)x[0,1], 0<r <00, 0<z<1.
1
3

1 [e'e)
-1 = -l = ( | Prdrd

|l pa) = ( / / |4rdrdz)

L*(0,00;X) = { (t) € X for a.e. t| supse(o,00)l|z]lx < 0} -

|
. S~
R

- e

5.1.2 Construction of solutions to the 3D system and main results

By the 1D equations to (5.1.15)-(5.1.18), we can construct a family of exact solutions to the 3D
system. If (u}, wi, ¥¥, &f) is a solution to the 1D equations, then (ruj(z,t), rwi(z,t), rij(z,t),
¢5(z,t)) is an exact solution to the 3D system. Therefore, it is reasonable to think that the
1D equations retain some essential nonlinear features of the 3D system. However, (ruj(z,t),
rwi(z,t), ri(z,t), ¢§(z,t)) is an exact solution with infinite energy. Thus, we want to look for
global classical solutions to (5.1.9)-(5.1.13) with finite energy. To this end, we study solutions of

the following form :

a(r,z,t) = r(uj(z,t)x(r) +ui(r, zt)), (5.1.19)
o(r,z,t) = r(wi(zt)x(r)+wi(r,z1)), (5.1.20)
O(rzt) = ri(z,Ox(r) + 4 (r,2,1)), (5.1.21)
Sroz,t) = (= t)x(r) + i (r,2,0), (5.1.22)
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where a(r, z,t), ©(r, z,t), ¥(r, 2, t) are the § components of velocity, vorticity and stream function,
respectively, and x(r) is a cut-off function, which ensures the solution has finite energy. Here,
u1, wi, Y1 and ¢; are considered as perturbation terms.

Using a priori estimates of solutions to the 1D equations and delicate energy estimates, we
prove that if the viscosity v is large enough, then there exists a family of global classical functions
up(r, z,t), wi(r, z,t), P1(r, z,t) and ¢1(r, 2, t) such that @, @, 1 and ¢ are global classical solutions
to the 3D system.

Since our system contains the 3D axisymmetric Navier-Stokes equation as a sub-system, one
can not expect better results. In fact, we get theorems in both the large viscosity and small
initial data cases. Our main theorems are stated as follows.

Theorem 5.1.1. For the 3D system (5.1.1)-(5.1.3), assume uj(z,0), ¥i(2,0), wi(z,0), and
#5(2,0) are smooth functions which are periodic in z with period 1. Then there exists a global
classical solution in the form of (5.1.19)-(5.1.22), if initial conditions fip = w(r,2,0) € H'(Q),
bo 2 B(r,2,0) € HX(Q) and v > vy(v, A, Tio, do).

In addition, without the assumption of large viscosity v, if we assume ui(z,0), ¥7(z,0),
wi(z,0), ¢§(z,0) are odd, periodic functions in the z direction with period 1, after some delicate
analysis, we can also get a global smooth solution, provided the initial data is small enough.

Theorem 5.1.2. Suppose the initial conditions for ui, wi, 1, and ¢1 are smooth functions
with compact support and odd in z. Moreover, assume that n > 1, and ||a(0)||2 + X|Vp(0)||2 +
ﬁ”(i)((})2 - 12 < \/% For any given v > 0, there exists C(v) > 0, such that if M > C(v)
and H(0) <1 where H%(t) = |[rVui||? + [|[rAv1||2 + [|[V2¢1||2. Then, solutions to the 3D system

(5.1.1)-(5.1.3) in the form of (5.1.19)-(5.1.22) are globally smooth.

5.2 Derivation of the 1D system of equations

In this section, we use the method of separation of variables to derive the 1D equations. More-
over, the regularity of solutions to the 1D equations is investigated. In the end, we present a
key observation of the connection between solutions to the 1D equations and those to the 3D
axisymmetric system.

Assume

Then (5.1.12) gives
T
[(v% T ﬂ a(z.t) + 7Y (2,1) = 0,
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implying
a(z,t) = V(z1t), (5.2.1)
("), + . +7* = 0. (5.2.2)
Since v" = —,, v, = %%(rw) and w = (v"), — (v¥),, by (5.2.1) we get

Pr(r) = o(r),

a(z,t)
b(z,t)

w

—wi‘z(z, t)v
—W(% t)v

= 7_Twrzz + (l_}z)rq/q’

then plugging (5.2.4) and (5.2.5) into (5.1.9) and (5.1.10), one arrives at

—Z |k %k (ﬂ)r”‘ (ﬁ)”" 1 * 1 (a)r =T /% *
v wlulz-l-V[_-i-_—TQ up + ;‘FT vy ug,

* *
U1 — VU =
1t lzz i U

(5.2.7)
* * ’DT w T ,177” * * — * ok 2 17/)2 * ok
Wig = WWy,, = ( (w) _r) Y1y +UZ¢1W1Z+;7(Q UpUy,
@)pr @) 17 .
- — . 5.2.8
+V{ n) + rQ@ 2|1 ( )

Comparing the r and z components in (5.2.8), we know immediately that 9% is a constant. From
(5.2.6), we have

—~ _ =T * *
w=7v, wlfiwlzzv

Comparing the r and z components in (5.2.8) again, it follows that

D () L o 2(w)? (O (@), 1
- 77:("‘})7’777 e — + — T 5
w r r’or w rw T
are all constants. As a result,
=0 =u=r,
together with (5.2.2) we obtain
7F = —2.
Consequently,
u(r,z,t) = ruj(z,t), (5.2.9)
UT(T,Z,t) = 77”1/}?2(2’,0, (5210)
vi(ryz,t) = 27(z,t), (5.2.11)
(r, z,t) (2, t), (5.2.12)
w(r,z,t) = r1wi(z,1). (5.2.13)

Plugging these into equations (5.1.9)-(5.1.13), one derives (5.1.15)-(5.1.18) of the 1D system.
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Let vi = —(¢7).. Integrating the w} equation with respect to z and using —(¢7).. = w}, an
equation for v} is derived,

(01)s + 201 (v7) 2 = w(v]) 2z + ui” — 07 — c(t), (5.2.14)

where ¢(t) is an integration constant, which enforces that the mean value of v; be zero. For
instance, if ¥7 is periodic with period 1 in z, then ¢(t) = 3f01 vi%dz — fol ui?dz. We point out
that the equation for wi is equivalent to that for v}. Using (5.1.15), (5.2.14) and the result
in 28], we can get some regularity results for the 1D equations in the following lemmas.

Lemma 5.2.1. Assume uj(z,0), ¥ (2,0), wi(z,0) are smooth and periodic functions with period
1, then Y5 (z,t), ¥1.(2,t), ui(z,t), ui, (z,t), and wi(z,t) are uniformly bounded.

Lemma 5.2.2. Assume ¢*(z,0) is a smooth and periodic function with period 1, then ¢§(z,t)
and its derivatives are uniformly bounded.

Proof. Multiplying (5.1.18) by ¢, then integrating with respect to z over [0, 1],

1d v [ 2
Sdt ||¢0||L2(0 nt—3 / (¢0)4d2'+’7||¢02||m(0,1)

c

= —2/ Y1 ¢o.90dz + —3 2 H¢o||L2(o sy ||¢oz||L2 01) T (A/

* c *
< 3 ||¢02||L2(0,1) + (; + ?) ||¢0HL4(0,1)

L L

Y * 12 C i ! *\4
< 3 166:20172(0,1) + (; + 2772)5 ; (¢9)"dz + C(e). (5.2.15)
Multiplying (5.1.18) by ¢, and integrating with respect to z over [0, 1], it follows that
d 1 oy
H¢0t||L2 on T = { ||¢oz||L2 o T3 / (¢0)"d T ||¢0%2(0,1)}
= *2/0 Vid600udz < 05l 72(0.) + C 1052 12(0,1) - (5.2.16)

Multiplying (5.2.15) by a constant C, then summing up with (5.2.16), one arrives at

d 1 C
= |2 1861720 + / (¢3)"d= +<2—2”2>||¢3|i2(071>]
C C .
H = Ooiulron +0 | 5 - E 4 e / (Gi)ide < CCe).  (32.17)

Choosing C large enough and ¢ small enough that % -C>0, 5 - (% + g02)e > 0, we get

d * 1 * * 1
i (165030 + [ 00110 1631300+ [ i)iaz <



64

Applying Gronwall’s lemma, we have that
¢4(z,t) € L™ (0,00, H'(0,1)).

O

Theorem 5.2.1. Let uf, wy, ¥}, ¢ be the solution to the 1D equations (5.1.15)-(5.1.18). Define

u(r,z,t) = ruj(zt),
w(r,z,t) = rwi(zt),
Yir,z,t) = ri(z,t),
d(r,z,t) = @5z, t). (5.2.18)

Then (u(r,z,t), w(r,z,t), ¥(r, z,t), ¢(r,z,t)) is an exact solution to the 3D system (5.1.1)-
(5.1.3).

Remark 5.2.1. The ezxact solution (u(r,z,t), w(r,z,t), ¥(r,z,t), ¢(r,z,t)) in Theorem 5.2.1
has infinite energy in R3.

5.3 Some useful lemmas

In this section, using the solution to the 1D equations (5.1.15)-(5.1.18), we construct a global
classical solution to the 3D axisymmetric system with finite energy. To do this, some preliminary
work is necessary.

Denoting (u *(z t), w¥(z,t), ¥ (z,t), ¢¥(z,t)) as the solution to the 1D equations, (iu(r,z,t),
&(r,z,t), ¥(r,2,t), é(r, z,t)) as the solution to the 3D system. Further, we define

, =

%\Ex

= ‘@z

Let x(r) = xo(g;) be a smooth cut-off function, where xo(r) = 1,10 <r < %, and xo(r) = 0, if
r > 1. Our idea is to construct a global classical function (ru;, rw1, r¢1, ¢1), which is periodic

in z direction with periods 1, such that

a(r,z,t) = ri(z,t)x(r) +ui(r, z,t) = ruix + u, (5.3.1)
o(r,z,t) = r(wi(zt)x(r) +wi(r,z,t) = rwix +w, (5.3.2)
Brant) = (@10 () + Y1l 2,8) = rix + ¥, (5.3.3)
b(r,z,t) = @5z, )x(r) + ¢1(r, 2, 1), (5.3.4)

" = —izz = —7'7/’sz - Twlz = _r,l/flkzx + ,UT7 (535)

v = . D= X+ 205X + 201 4+ 11 = T X + 207X + 07 (5.3.6)
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Here v", v® are considered as perturbation terms of radial and z-axis velocity components re-
spectively.

From (5.1.15)-(5.1.18) of the 1D equations about (u}, wy, ¥, ¢§), and equations (5.1.9)-
(5.1.13) of the 3D system on (u, @, ¥, q?)), one can derive the equations for (ui, w1, 11, ¢1) as

follows :
U + 0 UL, F 00U, = vAup +2 (77/;1#11 — XLZ)TZUT) — 0 uixy,
=X ([rxr +2(x — D] Y7 +v7) ui, + vuid,x, (5.3.7)
wit + 0 wip +0Pw1, = vAw; + [(UIX + ul)Q]Z — (U x — " wix,

—x([rxr +20¢ = DY + v7)wi, +vwidex
+2 (@ + 612) [(T05)r + (V201),]
2 + o) [(V@0): + (P00, (5389)
$10+ 0 P + 0P = AV - 7712 (67 + Bopdix + 3y b1 — 61)
+7¢5 (er + %) - %%3 (* = x) = ¢ xr
+20790.X — $0.0°X- (5.3.9)
From the basic energy law (5.1.4), we know actually
u € L>(0,00; L*(Q)), ¢1 € L>(0,00; H()). (5.3.10)
Therefore, from the result in [49] and standard bootstrap arguments, all we need is to prove
u € L>®(0,00; HY(Q)), ¢1 € L>(0,00; H*(2)). (5.3.11)

We assume u and V(Z) decay sufficiently fast in the infinity » = oo, and has periodic boundary
conditions in z direction, with period 1, then so do the perturbation terms u;, wi, 1 and ¢;.
Due to the periodicity of our boundary conditions in z. Using the boundary conditions, we can
get the following useful lemmas.

Lemma 5.3.1.

[ur ]l < [lruar|-

Proof.

1 poo 1 poo 2 1 poo 2
/ / (u1)?rdrdz = / / (u1)?d(—=)dz = —/ / —2uquy,drdz
o Jo 0o Jo 2 oJo 2

1 (e’
—/ / wr (unyr)rdrds < [lun |||ruse),
0 0

hence ||u1]| < [Jruiy|- -

Lemma 5.3.2.
[rVur| < [[rAu].



66

Proof.

1 o) 1 e’}
—// ulul,«rrzrdrdz—fi// wug,ridrdz
o Jo o Jo
1 o)
—/ / UL, 2rdrdz
o Jo
1 o) 1 o)
// (uh«r)Qrdrdz—i—// (u1.7)*rdrdz.
o Jo o Jo

1 o)
—/ / g Augr?rdrdz < ||ruq||||rAu |,
o Jo

1 0
—/ / up Auyrirdrdz
o Jo

On the other hand,

hence
[rVur||? < run|[rAu || < [[rVua||[|rAud .
O
Lemma 5.3.3.
[rurzzll + lrwier || + lrwwe || + 3llug || < JlrAw.
Proof.

1 e} 1 o)
// Auguy,,r2rdrdz = ||rulzz||2+3// ULy 572 drdz
o Jo o Jo
1 oo
+/ / Wyt 57 2rdrdz
o Jo

1 o)
— ||7‘U1zz||2 — 3/ / ULty 72drdz + ||7’u12r||2
o Jo

1 e’}
+3 / / UL ar i 7 2drdz
o Jo

= lrunee] + llruns, 1.

On the other hand,
b 2 1 9 1 2
Auguy . rordrdz < ||rAu||]jrug..|| < §||rulzz|| + §||rAu1|| ,

o Jo

hence 1
”Tulzzn2 + 5“TAU1||2ﬂ

N

HrulzzHQ + |‘Tulzr‘|2 S

which implies
lrurze |12 + ruee|® < lrAu .

Similarly,

1 fe%e) 1 o)
/ / Aui Aurr?rdrdz = ||rAug||? +/ / Utz Ut rdrdz
o Jo o Jo
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1 o]
+3/ / ULy 5o 2drdz
o Jo

= ”TArule + Hrulzr||2a

therefore 1 1
1Arurr[|? + [Jurzrr|? < [[Ausr||[|Avurr| < §||Aul7"||2 + §IIATU17’|I27

which tells us
A |? + [[rurer||? < [lrAu .

Since
1 o)
lrAu||* = // (Apuy)?rPrdrdz
o Jo
1 [e%s) 1 [e’s)
= Hrulrr||2+9// (ulT)Qrdrdz+6// U pptir,r2drdz
o Jo o Jo
1 oo
_ Hrulw||2+3Hru1r||2+3// [(run,) 2] drdz
o Jo
= Hrulr,,||2—|—3Hru1T||2,
we finish the proof. O

Analogously, we can get

Lemma 5.3.4.
1]l < llrbieell, 191l < llroreells [[AY:]] < lrV (AP
Lemma 5.3.5.
[rbiesll + 171z || + IrAvibr]] < 2[[r Ay ]
Lemma 5.3.6.

[rorerz |l 4 11zl + Irprzer | + lrreee || + 7122z || < 3[rV (AP

Lemma 5.3.7.
H(blzzH + ||¢lzr|| + ||¢17‘T‘|| < ||v2¢lH

Lemma 5.3.8.
||¢1'r’rz|| + ”d)lzzT’H + ||¢1TTT|| + ||¢1222|| < 3||V(V2¢1)”

In all, we conclude from the lemmas above, that to prove (5.3.11), it is sufficient to prove

rVuy, 1Ay, V¢ € L™ (0,00, L*()) . (5.3.12)

5.4 Regularity of perturbation terms

In this section we are discussing the proofs of Theorem 5.1.1 and Theorem 5.1.2.
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5.4.1 Large viscosity case

Proof. We begin to do estimates term by term, where Holder inequality and Sobolev interpolation
inequalities are used at times.

Multiplying (5.3.7) with —r2Awu;y, then integrating over 2, we have

%%/ [(ulz)2 + (ulr)2] r2rdrdz

= —y/(Aul)Qrgrdrdz+/f}’"uerulr%drdz—i—/f}zulZAulr%drdz
—2/ﬁru1Au1r2rdrdz — 2/XUT¢12Au1r27‘drdz -2 /(X2 — X)szZuTAulrQrdrdz
+ / Tul X Auyrirdrdz 4 /X ([rxr + 2(x — D05 + v*) ul, Auyrirdrdz

—v / wi A xAuyr?rdrdz

— V/(Au1)2r2rdrdz tlo+ Iy + I+ Tg+ I+ Ip + 1, + I (5.4.1)

Estimates for u; equation
From (5.3.5), Lemma 5.2.1 and 5.3.2, we know

L = ] [ it )

IN

C ol s i+ | [ . A

IN

)

C’H?‘Au1||2 + ’/¢1zu1rAu1T3rdrdz

where the second term

’/wlzu”Aulr?’rdrdz
< rtnsllpallrunlpallrAus | < a3 IV a1 ruse |5V (rugg ) |13 [l A |
< el (lrnes |+ Iroer + 1) ¥ lrunel* (lrues || + [P + ws)? llrAwu |
< O (lrraall + lrorae ) rusellt (lrwses |l + lFued)® e Aw
< CllrAy |5 rus | [rAw [T < CllrAy||? [lrAu |2 + Cfrus, |2
< C(lrAgr ) + 1) [lrAus|? + Cllrus, |2
< C(lrAvy ] +1) [[rau |2,

here we used (5.3.10) and Lemma 5.3.2, Lemma 5.3.3, Lemma 5.3.5 and Young’s Inequality. As
a result,

L] < C(lrag? +1) [JrAw . (5.4.2)
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Similar to I, we get

|Iy| = ‘/ﬂzuleulrQTdrdz

< O (|lrAg]® + 1) [JrAuq . (5.4.3)
Due to (5.3.5), (5.3.10), we have

|I.] =2 ‘/ﬁrmAulrQrdrdz

< O (lrdul® +1) + 2llrdell pallrua | pallr A,
Similar to I,
Il < C (lrAyu|* +1) [IrAu|* + C. (5.4.4)

For estimates from I to Ij,, with the help of (5.3.5), (5.1.4), (5.3.10) and Lemma 5.2.1, we obtain

|Is] = —2/Xu*1‘z/leAu1r2rdrdz < 20|ud || o [|rns |||rAuy || < C|lrAuy]|® + C.
(5.4.5)
Ll = |2 [02 = ututSurrrdrds) < Clg o o dun
< C|rAu?+C. (5.4.6)
sl = /6’"u1‘xrAu1r2rdrdz < Clluille= 7" [lrAw || < ClrAw|* +C. (5.4.7)
gl = /X ([rxr +2(x — D]Y; +v%) ul, Auyr?rdrdz
< Cllgillellur, o llrAu|| + Cllut, || < [lv* [ Aua |
< Cllrdu]* +C. (5.4.8)
|In] = ’—V/UTA»,«XAul’I“Q’/‘deZ < %HrAmHQ +C. (5.4.9)
Therefore,
%% IV |* < — [g — O (|rag|? + 1)} lrAuy || + C. (5.4.10)

Multiplying (5.3.8) with —r2As);, and integrating over €, since —w; = Ay + (A.¢)Yf, by
(5.1.12), we know the fact that

_/@T(A%)TA%T%CIMZ—/ﬁz(Awl)zAwlrzrdrdz

= - %/177" [(A¢1)2]TT3deZ — %/f/z [(Az/)l)g]ZTSdrdz

1/(AdJl)Q [(rP0"), + (r®0%).] drdz

2

! /(A¢1)2 [(ro"), + (ro7), + 207] r’drdz

2

/(Awl)zﬂTTerdz,
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consequently, one arrives at
ld

2dt

= —v / [((Awl)r)2+((A¢1)z)2] ridrdz — / A x5 Ay r3drdz + / (AY1)?0"r2drdz

(Ay)? rPrdrdz

— / " (ARX) 0 Ay ridrdz — / VA XU, A3 drdz + v / A (A xYT) Ay rdrdz
—2/ [uiui, (x* — X) + ulxur + ufxui.] AyirPdrdz — 2/u1u12Aw1r3drdz
+/’DTWTXTA1/11T3drdz + /x (Irxr + 2(x — DY} + v7) wi, Apyridrdz
—V/WTATXA%T?’d?‘dZ - A/(%zx +012) [(V2(¢5x)), + (V261),] AprrPdrdz

A / (G5 + b1r) [(T2650), + (V261):] Agyrdrds

,V/ V(A ridrdz + Ju + Jy + Jo + Ja+ Je + Jp + J,
+Jy +Ji+Jj 4 T+ J (5.4.11)
Estimates for w; equation

Equation (5.1.17) infers (¢7;).. = —w};. By (5.1.16) and Lemma 5.2.1, we conclude ||1)};||L= <
C. As a result,

|Jo| = ’/ATXthAwlrgdrdz < OlrAy| < C (rAag:|® +1). (5.4.12)

By (5.3.5), Lemma 5.2.1, 5.3.4, 5.3.5, 5.3.6, and Young’s Inequality, it follows that

| = ‘ / (Ahr )25 drdz

= | vt - oo

OllrAgpy || + 912 pallr Ay || a [l Ay |

CllrAy|? + Cllpna || Vabra |3 | Ay |31V (r o) || F 1 A |

Cllr A + CllrtirallF (Irraar | + lrneazl)® A | 5 1rV (Ag) |3
CllrAgy|? + Cllr Ay |2 7V (Ayy)|2

CllrAn |2 + Cllr A [[||rV (Agsy) |2

OllrAgy || + C (rAga]|? + 1) [rV (A2 (5.4.13)

(VAN VAN VAN VAN VAN VAN

Using basic energy law (5.1.4) and Lemma 5.2.1, 5.3.2, one can get estimates of J. to Jy as

< Clo"||lrAgn || < C (lrAn]? +1) . (5.4.14)

|Je| = ’— / " (ARX)p 0 Ay ridrdz

|Jg| = ’—/ﬂzArxz/Jiszwlr?’drdz < |77 ||[lrAvn | < C (lrAg|* +1) . (5.4.15)




|Je| =

IN

IN

IN

|

IN A

IN

By Lemma 5.3.1,

|Jg‘ =

(AN VAN VAN VAN VAN VAN
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v / A(A XY APy ridrdz

v

/ (Arxt]er + (Arx])ss] (A )r¥drdz + 3 / (Brxth?) (A )r2drdz

—V/A,.XwTZ(A¢1)zr3drdz - V/(A,.X),.wf(Awl)rrgdrdz

v(| (2 Arx) il pee + 1 (Arx) e[| =) [V A |
%HTVA%HQ +C. (5.4.16)

‘—2/ [ufuiz()f —x) +uixur + u“{xulz] Apir3drdz
CllrAya || + Cllrua[[[[r A || + Cllrus.[|[[r Ay ||
Cllruiz|* + CllrAg | + C

CllrAus||? + C|lrAdgy || + C. (5.4.17)

5.3.2, 5.3.5, we have

‘—2 / uu A ridrdz

Cllua |l pallrus psllrAa || < Cllul| 7 [[Vaua || [[rurs | 71V (rus) | ¥ [|r Ay |
COllrur 1 (I | 4+ lrwass DT sl (lrups ||+ [Funs) 3 e |

Cllrune |5 |ruas | [l Auy || 3 [|r Ay |

Cllrury |2 ruas |2 rAu | + C|lrAug |?]|rAgsy ||

C (lrue | + lrusz|?) + CllrAu | (|lr Ay || + 1)

CllrAu||? (|JrAg: |2 +1) . (5.4.18)

Lemma 5.2.1 and basic energy law (5.1.4) tell us

|Jn| = /f}rwfxrAwlr?’drdz < Cllo"lrAyn ] < C’HTAL/J1||2 +C. (5.4.19)
Tl = / X ([ + 20¢ = DI} + v7) wh, Ay rdrdz
< / 3 (X + 20¢ = D] +v7) wi Apyr3drdz

+ '/X ([rxr + 2(x — DY} 4+ v%) wi(Ay).ridrdz

IN

Clr&nll + Ol (Sl +| [ xost dvurara:

, (5.4.20)

where the estimate of the third term can be derived from (5.3.6) and Lemma 5.3.5.

‘/XviwIAw1r3drdz

= ‘/ X (lez + Twl'rz) WTAT/)l'rSd’I"dZ
CllrAs |l + Cllriprez|l|lr A || < CllrAgn || + CllrAgy |2,

IN
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consequently,
| Ji| < CllrA: || + C|rV (Agy)|? + C. (5.4.21)
Lemma 5.2.1 infers that

|5 =

v / WiA XA 3 drdz

v
< Cv|rAyy] < 5||rA¢1||2 +C. (5.4.22)
For the estimate of Ji, using basic energy law (5.1.4) and Lemma 5.2.2, one derives

il = \A [ix+ 612 [(F650), + (T201)] Suwr?drd:

IN

A / 165.x (V2(65%)) . A [r2drdz + A / 612 (T2(65)), At [r2drdz

+)\/\¢SZX(V2¢1)rAw1\r2drdz+/\/\qﬁlz (V2¢1)TAw1|r2drdz

C 1+ llpr=ll + 1(V2¢1)ell) P A1 || + Cligrz Nl La (VP )r | Ir Avhy || 1a
C (IrAi|l> + 1) + Cllr: )l 2a (V2 o1)r | Ir Aty || 14,

IN N

where the estimate of the second term is obtained by using (5.1.4), Lemma 5.3.6, 5.3.7, and
Young’s Inequality,

¢1=ll 24 (V2 dr)rlllr Acr | s

< CIV2oullF V(T2 g lllIr A |F [V (rAgy) | ¥
3 3 3 1 1 1
< c(vBIvialtirv vt (viiirae ) (mwv%on)
Vi
1 1 C
< O ra | + OV V261 P [rV (M) + - [V (V20u) P,

therefore,
1 C
[Tl < Cvz (L+[IV20ul?) [V (A¢n)|* + —IV(VZo0)|I* + C ([rAv|* +1) . (5.4.23)
V2

Similarly, we have

|h] = ‘)\/(Q%Xr + ¢1r) [(V2(05X)), + (V201):] Ayr?drdz
< OV VP [PIrV(Av) |2 + Crm 2 [V |21V (V2 ¢0)|I?
+C (lrdn | + IV (V260)I% +1) . (5.4.24)
In sum,
1d 1
sallrdunl? < = 2 v V32 = C (Iraw]? + 1)] V(A

+ OV E V20 2IV(T200) |2 + C (IrAva |2 + 1) [[rAuy |
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+C (|rav|? + V(Y2601 + [lrAu > +1). (5.4.25)

Multiplying (5.3.9) with V2(V2¢;), then integrating over €2, one arrives at

2dt/\v2¢1\2rdrdz

— / [V(V2¢1)]” rdrdz — / 5 1. V2(V2¢y )rdrdz — / 1. V2(V2¢y)rdrdz
—nlz/ (65 4 36501 x + 3¢5 1> — ¢1) VA (V21 )rdrdz
+y / &5 (xor + X—) (V261 )rdrdz — / nl 53 (x® = x) V2(V26y )rdrdz
/ G0 x» V2 (V2 p1)rdrdz + 2 / Vg XV (V21 )rdrdz
/ b6,V XV (V21 )rdrdz.

—7/ [V(V201)]* rdrdz + Ko + Ky + Ko+ Kg+ Ko + Kp+ Ky + Kp. (5.4.26)

Estimates for ¢; equation

K,

/ [(’Dr)r¢lr(v2¢1)r + ﬁr¢1rr(v2¢1)r + (ﬁr)z(blr(vQ(bl)z + ﬂr(blrz(vQ(bl)z] rdrdz
a; + b1 +c+d,

where estimates of a; to dy can be derived through (5.3.5), basic energy law (5.1.4), Lemma
5.2.1, 5.3.4, 5.3.5, 5.3.7, 5.3.8, and Young’s Inequality.

|a]

And

|b1]

VARVAN

IN

IA

IA

IAN A

IN

' / (0")y 1 (V21),rdrdz

Cllb IV (V2p1)|| + Clltbrz + 11z | o |61 | 23 |V (V261)]|
CIV(V2o)|| + Cllvors + rorra |31V (W1 + ro1e) | 61|51V (01, | 1V (V20) |
CIV (Vo) + CllrAg |77V (Ag) || 7 [1V261 17|V (V261)]|

1 1 3 3 3 1
ClIV(T261) | +C (v rav ) (vi]rv (v V26:) ) (Vinwv%on)

C
WHV(VQ%)H2 + VOV (A [PV oul* + C (rAva]® +1).

‘/(ﬂr)¢lrr(v2¢1)r7"d7’dz

Cllorr IV (V2p0)| + Cllrtpnzllall b |all(V21). |
CIV2 |V (V2p1)|| + Cllrora | TV (ron) |2 | d1mr | E 1V (01,0 | TV (V200)
CIV2o1 [V (V2h1)|| + Cll A1 V261 || 1|V (V20 || 7

%(Hmwn? L9202 + V(T30 + C.
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Similar to aq,

lel] = ‘/(5T)Z¢lr(v2¢l)zrdrdz

< \%IV(V%)II? + V[PV (AP 2V 61 + C (lrAg|® +1) .
Similar to by,
jdi] = ‘/(W)aém(v%) rdrdz \C}(Ilrm/ull2 +[IVZoul* + D)V (V2e)|1?
< L (Iranl? + 1926101 + DIV(T201) 2 + C.

NG

To sum up, we conclude

C
< W(HTAMIIQ +V20ul* + DI[V(V2¢1)|?

VPV (AY) 2V 12 + C ([rAya||? + 1) . (5.4.27)

| Kl

For K}, we can get the same estimate like K,. After expanding K., we get

Koo= % / (6 4 36562x + 363201 — 1) VA(V2bn)rdrdz
— l/v (63 + 3¢50Tx + 305 d1x> — ¢1) V(V21)rdrdz
- ‘:”7 (392 — 1)V¢1V(V2¢1)rdrdz+ / W3V (o5 x)V (V21 )rdrdz
/ o1V (5% ?) V2¢>1)rdrdz+ - / o5x 1V V (V21 )rdrdz
+? / GV IV (V2y) rdrds,

using basic energy law (5.1.4) and Lemma 5.2.2, it is easy to obtain

K| < %nwv%nuua (5.4.28)
Similarly,

K4 < \ifnwv%l)nuc. (5.4.29)

K| < \}nwv%l)n%a (5.4.30)

|K,| < \%I|V(V2¢1)||2+O. (5.4.31)
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For Ky, we use (5.3.5) and Lemma 5.3.4, 5.3.5,

|K | ‘— /(qﬁéﬂrx,.)VQ(VQd)l)rdrdz

IN

‘/T}TV(X,-(%) -V(V2py )rdrdz| + '/(ﬁSXTV(ﬁT) -V(V2¢y)rdrdz
Clla" IV (V2o1)[| + ClIV @)V (V1)

CIIV(V2o1)[ + CIV (rei) IV (V)|

CIIV (Vo) + CllrApa [V (V2¢) |

(V200 + =l [+ C. (5.4.32)

IN N

IN

IN

1
—|IV
ﬁll
Similarly for Kj,

1
K| < (V260 I° + —=lIrdiu|* + C. (5.4.33)

1
—=IIv
Vv NG
Thus,

1d

ld G
2 dt

NG
O ([r A+ 1V261]%) [V (A0n) [* + Cllr A > + C(5.4.34)

IV2er|” < = |y (lrAgal® + 1V26u]* + 1) | [V (V1)

Adding up estimates (5.4.10), (5.4.25) and (5.4.34), and denoting

H2(t) = [rVul? + [ragd? + [V, (5.4.35)
EX(t) = |lrAwl|® + [[rV(A)]* + [V (VZ61) 2. (5.4.36)
Then we get
Ydingy < _l-cm2@) - O] rawP
2 dt = !
~ =AW + O] IV (AP
C C
- [y - WH%) - ﬁ] [V (V21)||? + CH?(t) + C. (5.4.37)

Following the steps in [9], we can prove when v is large enough, H(t) is uniformly bounded
for all ¢ > 0. It follows that

ue L>(0,00; H(Q)), ¢ € L>(0,00; H*()),

which is actually a classical solution. O

5.4.2 Discussion in the small initial data case

In this section we briefly discuss the proof of Theorem 5.1.2.



We choose the initial data for the 1D system as:

1 IR g
Yi(2,0) = 5 i (M), wi(z,0) = - Ti(=M),
W (2,0) = (M), 65(2,0) = 1 0(=M),
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(5.4.1)

where M is a positive constant to be determined, ¥, Uy, W7, ¢ are smooth, periodic functions in

y with period 1. Moreover, we assume 11, Uy, ¢ are odd functions in y. By (5.1.17), le—azz,

hence it is also a smooth, periodic, and odd function in y. In particular, ui(z,t), ¥} (z,t), wi(z,t)

and ¢§(z,t) are periodic functions in z with period ﬁ and odd in z within each period. Therefore,

a priori estimates for the solutions to the 1D equations are modified from Lemma 5.2.1 as follows

Co
9z < 15
* CO * CO
5w < 32, fufllze < 20,

[willze < Co, lut[lLe= < Co.
Let Ry—M 3, from the above inequalities (5.4.3), (5.4.4), we know
C C
ruy]| < —, Vru))|| < Cv M, rlLl < —.
il € <. IVGuDl < OVAL vl < <=

As long as n > ng > 1, the right hand side of (5.2.15) can be refined as

! 2
535 10617 + % [ (@5)'az+ 7165,

Y %112
n) 651

_ / W d5dz + - |65

)
2
< (1 _ n) V65 + (

Y '7’ %
< (7—2 ) e,
o

Also, the right hand side of (5.2.16) is refined as

\ d [y, . IVE Y e
logell” + 5 | = losel® + = (¢0)4d2_72 [
di |2 1), 2

1
2 / GG Bl

IN

65 11% + 4II%ZII

Multiplying (5.4.6) by = 72> then adding the resultant with (5.4.7), it infers that

o Lo+ g [ e

(5.4.2)

(5.4.3)

(5.4.4)

(5.4.5)

(5.4.6)

(5.4.7)
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am
- L= o 3| I (5.4

Since n > 19 > 1, if M is chosen large enough, it follows that

d * ! * *
g (16502 + [ @iytaz] + hoi.l? <o, (5.49)
Hence we have the uniform bound
* * c
ol 0,17 () < 96l E110,17(0) < SVER (5.4.10)
Similarly, one can derive the uniform bound of ¢§, in H* norm,
* 2 * 2 C
H(bOzz”[O,l] (t) < H¢0zz||[071] (O) < M (5411)
From (5.4.10), (5.4.11) and Morrey’s inequality, the uniform L bounds for ¢§ are
190l oo to,0) < Nl @oll o) < 7750 190z llzpo,0) < 190 ]l 210,11 () < 7 (5.4.12)

On the other hand, we assume the initial conditions of the 3D velocity vector 1, and the phase
function ¢ as

mmW+MwmmW+5;wmﬁ—u2<jL. (5.4.13)

From the basic energy law (5.1.4),

C
ait)]| < —=, [|[Vo@)| <
la®) < Wi Vol
By (5.4.5), (5.4.10) and (5.4.14), we get a priori bounds for the perturbed velocity and the phase

function in L? norm :

(5.4.14)

=k

C
lruall < —=,  [v"[| <

v <
T E

C C C
NaTh NiTa Vo]l < NTa (5.4.15)

Now we give a sketch of proof for Theorem 5.1.2.

Proof. Under these conditions (5.4.2)-(5.4.4), (5.4.10)-(5.4.15), we shall refine all estimates in
the proof of Theorem 5.1.1 (c.f. [62] for details). By adding all the estimates about g, 11 and
¢1 equations, we find except for dissipation terms, all other terms are bounded by

c o, 1
ITCRR VERIS

where g(H) is a polynomial of H with positive exponents and coefficients, and [ denotes a
positive constant. Choose M large enough, then

d 1
Spr< Bpry

I 1
g < —5E +qp9H) < —GH +

< -5 T9H) (5.4.16)
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since H < F, and here p = min(v,~).
We can choose M large enough such that

" 1
2 T 89

(1) <o. (5.4.17)

Therefore, if the initial conditions are small so that H(0) < 1, we will get the uniform bound of
H(t), such that

H(t)<1, forall t>0. (5.4.18)

which indicates (5.3.12) holds, hence the proof is complete. O



Appendix

Detailed calculations for energetic
variational approaches

Here we provide some detailed computations in the previous sections.

A.1 Least action principle

The action functional takes the form
T 1 1
A(x) :/ / [2|xt(X, ))* — (2|FTVX]ETd0(X)|2 +]—"(Ed0(X))>} JdXdt, (A.1.1)
0 JQo

where ¢y = @ is the original domain occupied by the material, E is the deformation tensor
satisfying (2.2.1) and the Jacobian J = detF = 1. The above expression includes all the kinematic
transport property of the molecular director d. With different kinematic transport relations, we
will obtain different action functionals, even though the energies may have the same expression
in the Eulerian coordinate.

We take any one-parameter family of volume preserving flow map x¢(X,t) with 2% = z,

dx©

‘e |lc—o = y and the volume-preserving constraint V, -y = 0 (or J¢ = detF€¢ = 1). Apply the

least action principle A = 0, we have dAéfé) = 0 such that
e=0

T T d
0 = / / xt-ythdt—/ / (F—TvxEdo):{
0 JQ 0 JQo de
T
dE*
[ s (4
0 JQ €

where E¢ = E(z¢(X, t), t).
Pushing forward to the Eulerian coordinate, we have

T T T ,
I = 7/ / Xy - ydXdt = 7/ / 0 - ydrdt = 7/ / (ve +v- Vo) ydedt, (A.1.3)
0 Qo 0 Qt 0 Qt

(Ve d(a", t))] dX dt
=0

d0> dth = Il + IQ + 13, (A12)
e=0
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where §2; is the domain occupied by the material at time ¢. From the definition of E€, we have

dE¢ 1 Y -
== — - — E Al4
| = (57T = Sy V) ) (A14)

which implies that

L = —/OT /Q (F~TV xEdy) : [d(FCZT _ VxEdg +F TV <d§: _ do)] dXdt
_ _/T/Qtw: {—VTchH-VK;(Vy—VT )—%(V@H—VT )) d]}da:dt
- / / Vd@Vd)]~ydxdt+;<l—>/ /Q (Ad® d)] - yddt
;( >/ /Q (d® Ad)] - ydadt, (A.15)
I = —/T . f(d) - Kl(vy—vT ) — 2AA1 (Vy+VTy )) d} dXdt
- [ L5 (-52) v v@ed w5 (1+52) v o s -y oot
(A.L6)

Inserting (A.1.3), (A.1.5) and (A.1.6) into (A.1.2), we arrive at

/T/ (ve+v-Vo+ V- (VdoO Vd) -V -§) - ydedt =0, (A.1.7)
Qy
where
5= _~ (1_&> (Ad—f(d))®d+1< /\2>d®(Ad £(d)). (A.1.8)
2 A1 2

Since y is an arbitrary divergence free vector field, integration by parts we formally derive the

momentum equation (Hamiltonian/conservative part)
v +v-Vo+ VP =-V.-(Vdo Vd)+V -2, (A.1.9)

where the pressure P serves as a Lagrangian multiplier for the incompressibility of the fluid.

A.2 Maximum dissipation principle

Using the transport equation of d (2.2.4), we can manipulate the dissipation (2.2.5) in terms of
a rate in time

1 Ao
D = /M1|Akpdkdp|2dx+f/u4|Vv|2dx—)\1/ ‘dt—l—de—Qd—i— —ZAd d
Q 2 Jq Q 1

A
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/ |Ad|*da. (A2.1)

1
Let v® = v + eu, where u is an arbitrary regular function with V-« = 0. Set % = 0. Then
we have
0 = 1dD(v°)
- 2 de e=0
= % /Q Vv : Vudz + p /Q dkAkpdpdiMdjdx

_ T T
41/ (dt+de—Qd+ QAd) - (U'Vdf Vu-Vu,, fmd)dx
Q A1

2 A1 2
A2)? Viug + Viu;
+<ﬂ5+,u6+( 2) )/QAijdjwdkdxa

A1 2
= Il + IQ + 13 + I4. (AQ?)

Integration by parts, we get

I = % (Av, u), (A.2.3)
I = —pu (V- [d"Ad( d®d)] L), (A.2.4)
Iy = % <M5 + e + N 2) /Q (ukvl(dkA”dj) +Uivk(Aijdjdk)>dl’,
2
= % ( (AAR ) (V- (d®Ad),u) + (V- (Ad®@d),u)].  (A.25)

Using the transport equation (2.2.4) of d and the incompressibility of u, we infer that

I = (Adf(d),deQ(l/\l)V d+ - ( Al)vT )

= (w-VF(@) + V- (Vdo Vd) - JV(Vd?))

1 i—j)(u,v Jad- sy od) - (14 12) (w.V-lde (ad f(@)
(u, V- (Vd® Vd)) — p2(u, V- (N®@d)) — p3(u, V- (d@ N))

—n5(u, V- (Ad®d)) —n6(u, V- (d® Ad)), (A.2.6)

with the coefficients

_1 _ ! e )2 A (W)?
o = 5()\1 A2), p3 = 5()\1 +X2), n5= 5 "o TS T oy (A.2.7)
It follows from (A.2.3)—(A.2.7) that
1dD
0=5—"| =@V (VdoVd) - (u,V o). (A.2.8)
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The stress tensor o is given by
o= (dTAd)d @ d + paN @ d + pzd @ N + g A + fisAd @ d + figd ® Ad,
with constants
1 1 . 1 . 1
p2=5(A =), s =5 (At X)), fis = 5(he+ps +pe), fis = 5(=Az + ps + ko).
Since u is an arbitrary function with V-u = 0, we arrive at the dissipative force balance equation
VP=-V-(VdoVd)+V o, (A.2.9)

where the pressure P serves as a Lagrangian multiplier for the incompressibility of the fluid.



Bibliography

1]

2]
3]

4]

[5]

(6]

7]

8]

19]

[10]

[11]

[12]
[13]

CHORIN, A. J. and J. E. MARSDEN (1990) Mathematical introduction to fluids
mechanics, second edition ed., Springer-Verlag.

RAYLEIGH, L. (1873) Proc. London Math. Soc, IV.

ONSAGER, L. (1931) “Reciprocal relations in irreversible processes 1,” Physical Re-
view, 37, pp. 405-426.

(1931) “Reciprocal relations in irreversible processes I1,” Physical Review, 38,
pp- 2265-2279.

ONSAGER, L. and S. MACHLUP (1953) “Fluctuations and Irreversible Processes,”
Physical Review, 91, pp. 1505-1512.

LEsLIE, F. (1968) “Some constitutive equations for liquid crystals,” Arch. Ration.
Mech. Anal., 28, pp. 265-283.

—— (1979) Theory of flow phenomenum in liquid crystals, vol. 4 of Advances in
Liquid Crystals, Academic Press, New York.

PArODI, O. (1970) “Stress tensor for a nematic liquid crystal,” Journal de Physique,
31, pp. 581-584.

LiN, F. H. and C. Liu (1995) “Nonparabolic dissipative system modeling the flow
of liquid crystals,” Comm. Pure. Appl. Math., 48(5), pp. 501-537.

(2001) “Existence of solutions for the Ericksen-Leslie system,” Arch. Ration.
Mech. Anal., 154(2), pp. 135-156.

RyYBKA, P. and K. HOFFMANN (1999) “Convergence of solutions to Cahn-Hilliard
equation,” Comm. Partial Diff. Eqns., 24, pp. 1055-1077.

L oJasiewicz, S. (1965) Ensembles semi-analytiques, Bures-sur-Yvette: L.H.E.S.

———— (1963) “Une propriété topologique des sous-ensembles analytiques réels, Col-
loque Internationaux du C.N.R.S.” Les équations aux dérivées partielles, 117, pp.
87-89.



[14]

[15]

[16]

[17]

[18]

[19]

[20]

[21]

[22]

[23]
[24]

[25]

[26]

[27]

84

JENDOUBI, M. (1998) “A simple unified approach to some convergence theorem of
L. Simon,” J. Func. Anal., 153, pp. 187-202.

HARAUX, A. and M. JENDOUBI (2001) “Decay estimates to equilibrium for some
evolution equations with an analytic nonlinearity,” Asymptot. Anal., 26, pp. 21-36.

FEIREISL, E. and P. TAKAC (2001) “Long-time stabilization of solutions to the
Ginzburg-Landau equations of superconductivity,” Monatsh. Math., 133, pp. 197—
221.

Wu, H., M. GRASSELLI, and S. ZHENG (2007) “Convergence to equilibrium for a
parabolic-hyperbolic phase-field system with Neumann boundary conditions,” Math.
Models Methods Appl. Sci., 17(1), pp. 125-153.

GRASSELLI, M., H. Wu, and S. ZHENG (2009) “Convergence to equilibrium for

parabolic-hyperbolic time-dependent Ginzburg—Landau—Maxwell equations,” STAM
J. Math. Anal., 40(5), pp. 2007-2033.

LiN, F. H. and Q. DU (1997) “Ginzburg-Landau vortices: dynamics, pinning, and
hysteresis,” SIAM J. Math. Anal., 28, pp. 1265-1293.

Wu, H. (2007) “Convergence to equilibrium for a Cahn-Hilliard model with the
Wentzell boundary condition,” Asymptot. Anal., 54, pp. 71-92.

HUANG, S.-Z. (2006) Gradient inequalities, with applications to asymptotic behavior
and stability of gradient-like systems, vol. 126 of Mathematical Surveys and Mono-
graphs, AMS.

ZHENG, S. (2004) Nonlinear evolution equations, vol. 133 of Pitman series Mono-
graphs and Survey in Pure and Applied Mathematics, Chapman & Hall/CRC, Boca
Raton, Florida.

TRUESDELL, C. (1969) Rational Thermodynamics, McGraw-Hill, New York.

CURRIE, P. K. (1974) “Parodi’s relation as a stability condition for nematics,” Mol.
Cryst. Liq. Cryst., 28, pp. 335-338.

Yug, P., J. FENG, C. Liu, and J. SHEN (2004) “A diffuse-interface method for
simulating two-phase flows of complex fluids,” J. Fluid Mech., 515, pp. 293-317.

Liu, C. and J. SHEN (2003) “A phase-field model for the mixture of two incom-
pressible fluids and its approximation by a Fourier-spectral method,” Physica D,
179(3-4), pp. 211-228.

CAFFARELLI, L., R. KOHN, and L. NIRENBERG (1982) “ Partial reqularity of suitable
weak solutions of the Navier-Stokes equations,” Comm. Pure Appl. Math., 35(6),
pp. T71-851.

/28] Hou, T. Y. and C. L1 (2007) “Dynamic stability of the three dimensional az-

isymmetric Navier-Stokes equations with swirl,” Comm. Pure Appl. Math., 61, pp.
661-697.



85

[29] ERICKSEN, J. (1961) “Conservation laws for liquid crystals,” Trans. Soc. Rheol., 5,
pp. 243-262.

[30] LESLIE, F. (1966) “Some constitutive equations for anisotropic fluids,” J. Mech.
Appl. Math., 19, pp. 357-370.

[31] LiN, F. H. and C. Liu (1996) “Partial regularities of the nonlinear dissipative
systems modeling the flow of liquid crystals,” Disc. Conti. Dyna. Sys., 2, pp. 1-23.

[32] ERICKSEN, J. (1987) “Continuum theory of nematic liquid crystals,” Res. Mechan-
ica, 21, pp. 381-592.

/33] DE GENNES, P. and J. PROST (1993) The physics of liquid crystals, 2nd ed., Oxford
Science Publications, Ozford.

[34] CHEN, Y. M. and M. STRUWE (1989) “Existence and partial regularity for heat
flow for harmonic maps,” Math. Z., 201(1), pp. 83-103.

[35] CHEN, Y. M. and F.-H. LIN (1993) “Evolution of harmonic maps with the Dirichlet
boundary condition,” Comm. Anal. Geom., 1(3-4), pp. 327-346.

[36] LiN, P., C. Liu, and H. ZHANG (2007) “An energy law preserving C° finite element
scheme for simulating the kinematic effects in liquid crystal dynamics,” J. Comput.
Phys., 227(2), pp. 1411-1427.

[37] Liu, C., J. SHEN, and X. YANG (2007) “Dynamics of defect motion in nematic
liquid crystal flow: modeling and numerical simulation,” Comm. Comput. Phys., 2,
pp. 1184-1198.

/38] SuN, H. and C. Liu (2009) “On energetic variational approaches in modeling the
nematic liquid crystal flows,” Disc. Conti. Dyna. Sys., 23, pp. 455—475.

[39] ERICKSEN, J. (1991) “Liquid crystals with variable degree of orientation,” Arch
Rational Mech. Anal., 113, pp. 97-120.

[40] JEFFERY, G. (1922) “The motion of ellipsolidal particles immersed in a viscous
fluid,” Roy. Soc. Proc., 102, pp. 102-161.

[41] Hyon, Y., D.-Y. Kwak, and C. Liu (2010) “Energetic variational approach in
complex flurds: maximum dissipation principle,” Discrete and Continuous Dynamical
Systems, 26(4), pp. 1291-1304.

[42] BioT, M. A. (1970) Variational Principles in Heat Transfer: A Unified Lagrangian
Analysis of Dissipative Phenomena, Oxford University Press, New York.

[43] LANDAU, L. D. and E. M. LIFSHITZ (1996) Statistical Physics, vol. 5 of Course
of theoretical Physics, 3rd ed., Butterworths, London.

[44] COURANT, R. and D. HILBERT (1953) Methods of Mathematical Physics, vol. 1,

Interscience, New York.



86

[45] TEMAM, R. (1983) Navier—Stokes equations and nonlinear functional analysis,
CBMS-NSF Regional Conference Series in Applied Mathematics, SIAM, Philadel-
phia.

[46] LADYZHENSKAYA, S. N.; O.A. and N. URALTSEVA (1968) Linear and quasilinear
equations of parabolic type, vol. 28 of Transl. Math. Monographs, AMS.

[47] Wu, H. (2010) “Long-time behavior for nonlinear hydrodynamic system modeling
the nematic liquid crystal flows,” Disc. Conti. Dyna. Sys., 26(1), pp. 379-396.

/48] Wu, H., X. Xu, and C. Liu (2010) “Asymptotic behavior for a nematic liquid
crystal model with different kinematic transport properties,” submitted to Calculus
of Variations and PDE.

[49] SERRIN, J. (1962) “On the interior of weak solutions of Navier—Stokes equations,”
Arch. Ration. Mech. Anal., 9, pp. 187-195.

[50] HARAUX, A. and M. JENDOUBI (1998) “Convergence of solutions of second-order
gradient-like systems with analytic nonlinearities,” J. Differential Equations, 144,
pp. 313-320.

[51] HALE, J. (1988) Asymptotic behavior of dissipative systems, vol. 25 of Math.
Surveys and Monographs, AMS, Providence, Rhode Island.

[52] SIMON, L. (1983) “Asymptotics for a class of nonlinear evolution equation with
applicationa to geometric problems,” Ann. of Math., 118, pp. 525-571.

/53] EDWARDs, D., H. BRENNER, and D. WASAN (1991) Interfacial Transport Process
and Rheology, Butterworths/Heinemann, London.

[54] KroTov, V. V. and A. I. RUSANOV (1999) Physicochemical Hydrodynamics of
Capillary Systems, Imperial College Press, London.

[55] PROBSTEIN, R. F. (199/4) Physicochemical Hydrodynamics: An Introduction, Wi-
ley, New York.

[56] VAN DER WaALs, J. D. (1892) The thermodynamic theory of capillarity under
the hypothesis of a continous variation of density, vol. 1, Verhandel Konink. Akad.
Weten., Amsterdam.

[57] CHAE, D. (2006) “Global reqularity of the 2d Boussinesq equation with partial viscous
terms,” Adv. Math., 203(2), pp. 497-515.

/58] CHAE, D. and J. LEE (2002) “On the regularity of the azisymmetric solutions of
the Navier-Stokes equations,” Math. Z., 289(4), pp. 645-671.

[59] Liu, J. G. and W. C. WANG (2008) “Convergence analysis of the energy and
helicity preserving scheme for axisymmetric flows,” SIAM J. Numer. Anal., 44, pp.
2456-2480.



87

[60] SONG, J. and P. ZHANG (2003) “Axisymmetric solutions of the 3D Navier-Stokes
equations for compressible isentropic fluids,” J. Math. Pures. Appl., 82, pp. 949-973.

[61] Hou, T. Y. and C. L1 (2005) “Global well-posedness of the viscous Boussinesq

equations,” Discrete and Continuous Dynamical Systems, 12, pp. 1-12.

[62] Xu, X., L. Y. ZHAO, and C. L1u (2009/2010) “Azisymmetric solutions to coupled
Navier—Stokes/Allen-Cahn equations,” STAM J. Math. Anal., 41(6), pp. 2246-2282.



Vita

Xiang Xu

Xiang Xu was born in Nanchang, Jiangxi, China on October 25th, 1983. He received
his bachelor’s degree in Applied Mathematics from Shanghai Jiaotong University in July
2002 and Master’s degree in Mathematics from Fudan University in June 2006. He entered
the Doctoral program for applied mathematics at the Pennsylvania State University in
August 2006 where he held a position as a teaching assistant. He visited the IMA in
Minneapolis, Minnesota during the whole Spring 2009 and Spring 2010.



