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ABSTRACT
Object manipulation with the hand is a complicated task for the central nervous
system (CNS). In numerous investigations of multi-finger prehension (reviewed in
Zatsiorsky and Latash 2004, 2008), it has been found that the CNS simplifies control by
employing stable patterns of conjoint changes in finger forces and moments of force,
called prehension synergies (PSs). Although PSs have been comprehensively studied in
a series of customized experiments, certain aspects of them have not been well-addressed
in current literature. To cover this deficiency, we investigate: (1) the effect of
transcrainial magnetic stimulation (TMS) on the stability of multi-finger prehension
synergies, the relationship between the background magnitude and TMS-induced changes,
and the applicability of the principle of superposition under these conditions; (2) the
effect of grasping force magnitude on prehension synergies, including a test of the scale
invariance hypothesis for multi-finger prehension; (3) the applicability of a newlydeveloped inverse optimization method (analytical inverse optimization, ANIO) to multidigit grasping, including a comparison with other optimization methods; and (4) the
reproducibility of both multi-finger prehension over time, and the associated optimization
cost functions.
A series of experiments have been performed, and the following conclusions have
been reached: (1) the TMS-induced changes in normal forces, tangential forces and
moments of force were proportional to the background force/moment magnitudes; (2) the
restoration of prehension patterns after TMS involved two phases: synergy restoration
(i.e., the restoration of the correlation between elemental variables) and force magnitude
restoration; (3) observations of PS restoration time after TMS supported the principle of
superposition in human hand grasping; (4) the scale invariance hypothesis was confirmed
only for zero-torque tasks, and rejected for tasks with torque; (5) the inverse optimization
problem for force-sharing among fingers could be solved using the Analytical Inverse
Optimization (ANIO) method, creating good agreement with the experimental
observations; (6) reproducibility of PSs and the reconstructed cost functions over time
was confirmed for multi-finger prehension; and (7) the planarity of finger forces in multifinger prehension was valid for all subjects over time; the 2nd order coefficients of the
cost function, Ki, had a linear relationship with finger force averages.
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CHAPTER 1
Introduction

The human hand has amazingly dexterity. The hand is used in daily life for a wide
range of tasks, which can be as simple as grasping an object in a reflexive manner like a
baby (Arimoto 2004), or as complex as performing a micro-surgery. The ability to create
and use tools has been a significant evolutionary achievement. The finger control during
manipulation of hand-held object is a “basic” motor activity. Human beings have
developed their hands so well that uncertainties about the object, e.g., weight, geometry,
and friction condition, can be compensated fast by multiple sensory systems, learning and
practice.
Object manipulation with the hand is also a “complicated” task for the central
nervous system (CNS). The human hand is a combination of parallel and serial link
mechanisms. Each finger is kinematically redundant and kinetically overdetermined;
while several fingers acting on an object are kinetically redundant and overdetermined in
kinematics (Zatsiorsky 2002). The CNS has to take into account multiple factors to
accomplish a task successfully. The hand control becomes more complex considering the
deformation of digit-object contact surface under load, rolling of soft digit tip, which
changes the moment arm of the digit forces, friction condition at the contact surface, etc.
Among numerous investigations of multi-finger prehension (reviewed in
Zatsiorsky and Latash 2004, 2008; Latash and Zatsiorsky 2009), it has been found that
the CNS simplifies the control by employing stable patterns of conjoint changes of finger
forces and moments of force, which is called prehension synergies, PS (Zatsiorsky and
1

Latash 2004, 2008; Latash et al. 2007). A better understanding of nature and complexity
of the control of human hand will (a) contribute to studying the problem of motor
redundancy by using object manipulation as an appropriate object; (b) help clinicians to
improve hand surgery and rehabilitation medicine for patients with hand injuries and
disorders; (c) specifically contribute to designing dexterous multi-fingered robotic hands
able to realize similar function and capacity as the human hand.

1.1 Statement of the problem
Several aspects of precision grasping have been addressed in the previous studies:
hierarchical control of prehension (Arbib et al. 1985; Mackenzie and Iberall 1994;
Santello and Soechting 1997; Baud-Bovy and Soechting 2001); principle of superposition
(Arimoto et al. 2001; Zatsiorsky et al. 2004; Shim et al. 2005); chain effect (Zatsiorsky et
al. 2002a; Zatsiorsky et al. 2003; Zatsiorsky and Latash 2004; Shim et al. 2005); finger
interdependence (Li et al. 1998a,b; Kilbreath and Gandevia 1994; Zatsiorsky et al. 2000;
Kilbreath et al. 2002; Latash et al. 2002; Li et al. 2004; Schieber and Santello 2004), and
others.
Although PSs has been comprehensively studied by a series of customized
experiments (Johansson 1998; Santello and Soechting 2000; Zatsiorsky et al. 2002a,b;
Zatsiorsky et al. 2003; Vaillancourt et al. 2002; Shim et al. 2003, 2005; Budgeon et al.
2007; Shim and Park 2007), several aspects of PS have not been well addressed in current
literature:
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(1) Effects of transcrainial magnetic stimulation on stability of PS and, time
course of PS restoration;
(2) Effects of grasping force magnitude on PS and pattern of force and moment
adjustments after grasping force changes;
(3) Optimization modeling of multi-finger grasping based on a mathematically
valid inverse optimization method;
(4) Reproducibility of multi-finger grasping and its implication on optimization
problems.
Stability of multi-finger prehension synergy subject is usually investigated by
external perturbations, such as sudden load changes (Cole and Johansson 1993; Birznieks
et al. 1998). The perturbation of motor function and its effects on the PSs deserves
investigation in depth. Transcrainial magnetic stimulation (TMS), as a safe and noninvasive tool to study the human brain, has also been hypothesized to interrupt motor
planning processes (Day et al. 1989; Pascual-Leone et al. 1995; Berardelli et al. 1994;
Van der Kamp et al. 1998). So far, most studies of effects of TMS on digit forces are
performed in multi-finger pressing (Latash et al. 2003a,b; Li et al. 2004), two-digit
precision grip (Bonnard et al. 2007; Cros et al. 2007) and tripod grasping (Baud-Bovy et
al. 2005, 2008). It has been found that proportionality exists between background level
and TMS-induced changes of finger normal force. Destructive effects of TMS on patterns
of digit force co-variation during prehensile tasks have never been reported. A TMS
applied during a task of holding an object statically in the air may be expected to lead to
changes in the overall mechanical action of the hand on the object such as the grip force
and tangential force. PS violated by a TMS needs time to restore. Based on the principle
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of superposition, different time course of restoration of the synergy constituents, i.e.,
normal force, tangential force and moment of force, will be expected.
Performers exert grasping force in their own way. As compared with the
investigations of effects of external torque, load and friction on PS in multi-finger
grasping, the influence of grasping force on the pattern of multi-finger force coordination
is not clear. When the grasping force increased, the prevention of slipping would
mechanically not be required by the control of the CNS, while the control of rotation
becomes an essential problem. Mechanically, the changes in the total grasping force
magnitude may be associated with different patterns of individual finger force adjustment.
The individual finger forces might either (a) scale with the total normal force
(maintaining the same sharing percentages of the total force), or (b) change in different
way to maintain the moment of the normal forces constant (the sharing pattern is
changed). It has been reported in several studies that human performers alter the
magnitude of the total force produced by several contributing elements by scaling the
forces generated by the individual elements. This fact has been reported for such tasks as
static arm force generation of different magnitude at various force directions and arm
postures (Pan et al. 2005), isometric contractions of human elbow muscles (Buchanan et
al. 1986), and voluntary force production by the index finger (Valero-Cuevas 2000). This
finding was summarized as scale invariance (Pan et al. 2005): if the direction of the total
force is constant but the magnitude is scaled, the contributing forces as well as muscle
activations also scale. So our question is whether the finger force contribution will follow
the hypothesis of scale invariance with the increase of grasping force.
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Despite of the well documented inter-individual and inter-trial variability,
prehension tasks are performed by people more or less similarly (Zatsiorsky et al. 2003).
Such a similarity possibly reveals that the control controller shares the task among
elemental variables based on some unknown optimization criteria (Crowninshield et al.
1981; Tsirakos et al. 1997; Prilutsky et al. 2002, Todorov 2004). The optimization
modeling methods employed so far in studies on the multi-finger prehension are
essentially try-and-compare procedures (Zatsiorsky et al. 2002b; Pataky et al. 2004b;
Aoki et al. 2006; Niu et al. 2009; Terekhov et al. 2010). Recently a new inverse
optimization method, which solves the optimization problem based on the characteristic
of the data instead of empirical judgment of the cost function, have been introduced, an
analytical inverse optimization (ANIO). The application of this method in multi-finger
prehenion studies would help to understand the control mechanisms presumably used by
the CNS in delicate grasping tasks.
To our knowledge, reproducibility of PSs has been never addressed in current
literature. Considering the performance variability due to motor redundancy, our question
is whether co-variation patterns characteristic of the PS, e.g., grasping force sharing
percentage among fingers, are reproducible over time. In addition, if an optimization
procedure was indeed used by the CNS for multi-finger prehension, we expect that the
cost functions computed from individual subjects would also be similar over time.
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1.2 Statements of objectives
The objectives of the current studies are:
(1) To investigate the post-TMS effect on stability of multi-finger prehension synergies
and the relation between the background magnitude and TMS-induced changes, to test
whether the principle of superposition is valid in this conditions.
(2) To explore the effect of grasping force magnitude on the prehension synergies and to
test the hypothesis of scale invariance for multi-finger prehension.
(3) To test the applicability of the new developed inverse optimization method in multidigit grasping and compare it with other optimization methods.
(4) To examine the reproducibility of the multi-finger prehension as well the optimization
cost function reproducibility.
Prismatic precision grip tasks will be tested in all studies. Prehension synergies,
PSs, defined as conjoint changes of digit forces, will be the core topic to be investigated.

1.3 Overview of the dissertation
The dissertation work is composed of eight chapters plus an appendix.
Chapter 1 is an introduction of the dissertation including statement of problem
and objective.
Chapter 2 is a literature review, which will go through anatomy and function
control of the human hand; motor redundancy and prehension synergy; transcranial
magnetic stimulation (TMS); inverse optimization problems in movement studies.
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Chapter 3 is a study of TMS effect on stability of multi-finger grasping, which is
included in a published paper:
Niu X, Zatsiorsky VM, Latash ML (2008). Stability of the multi-finger prehension
synergy studied with transcranial magnetic stimulation. Experimental Brain Research
190: 225-38.
Chapter 4 is an investigation of the effect of grasping magnitude on multi-finger
prehension synergy:
Niu X, Latash, ML, Zatsiorsky VM (2009). Effects of grasping force magnitude on the
coordination of digit forces in multi-finger prehension. Experimental Brain Research
194: 115-29.
Chapter 5 applies a novel inverse optimization method, analytical inverse (ANIO),
to a study of multi-finger grasping with varied load, external torque and instructed
grasping force.
Chapter 6 addresses the reproducibility of multi-finger prehension studied with
the ANIO method.
Chapter 7 is a summary of the conclusions drawn from Chapter 3 to Chapter 6.
Chapter 8 includes a further discussion based on Chapter 7, limitations of the
current work and studies expected in the future.
Appendix includes a paper which highlights the works completed during my Ph.D.
study as supporting material for the current dissertation. The paper describes the
mathematical proving of analytical inverse optimization and its core, the Uniqueness
Theorem:
Terekhov VA, Pesin YB, Niu X, Latash ML, Zatsiorsky VM (2010) An analytical
approach to the problem of inverse optimization with additive objective functions: An
application to human prehension. Journal of Mathematical Biology 6(3):423-453
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CHAPTER 2
Literature Review

The review addresses the following topics: anatomy and function control of the
hand, motor redundancy and prehension synergy, tactile sensing, and transcranial
magnetic stimulation (TMS).

2.1 Anatomy and function control of the hand
The human hand is a “complex” apparatus in the human body. It has evolved into
such a well-developed, precisely-controlled part of the body that it remains a popular
research subject. The functions of the human hand can be partially explained by
anatomical structure, primarily the opposable thumb, which is not common to all
primates. The mass of the thumb musculature accounts for 39% of the intrinsic muscles
within the human hand, in contrast to just 24% in chimpanzees and orangutans (Tuttle
1969; Jones and Lederman 2006). It has been found that the human hand has three more
muscles than chimpanzees, which are flexor pollicis brevis (deep head), 1st volar
interosseous of Henle, and flexor pollicis longus, allowing for more dexterity than apes
(Susman 1994). The human metacarpals 2–4 (MC2–4) are significantly shorter than those
of the chimpanzee, while MC1 is almost the same (Schultz 1930; Midlo 1934; Green and
Gordon 2008). It is also argued that the large thumb phalanx and relatively short finger
phalanges of the modern human hand as compared to nonhuman primates facilitate
manual dexterity and improve gripping precision and power when the thumb opposes a
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finger (Napier 1956, 1960, 1961; Susman 1979, 1998; Shrewsbury and Sonek, 1986;
Marzke, 1997).

2.1.1 Anatomy of the hand
In all, the 27 bones in the human hand are controlled by 38 muscles (Loren et al.
1996; Tubiana, 1981; Alexander 1992; Spence 1990; Jones and Lederman 2006). When
tendons separate a muscle into parts, some literatures count it as a single muscle, which
decreases the muscle count to 29. For example, flexor digitorum profundus inserts into
the base of the distal phalanx of four fingers (Jones and Lederman 2006).
The hand bones are divided into three groups: carpals, metacarpals, and phalanges
(Figure 2.1).

Figure 2.1. The skeleton of the right hand. Adapted from Tortora, Principles of Human Anatomy (2001),
Figure 7.8.

9

(a) Carpals
Eight small carpal bones of the wrist lie in two transverse rows and provide
flexibility. Carpal bones are named for their shapes and are joined to each other
by ligaments. Articulations between carpal bones are called intercarpal joints. In
the distal row, the four bones of Trapezium, Trapezoid, Capitate and Hamate, run
from the radial side to the ulnar side. They articulate with the metacarpals to form
the carpometacarpal (CMC) joint. The carpal bones in the proximal row are
Scaphoid, Lunate, Triquetrum and Pisiform, the first three of which articulate
with the distal end of the radius and form the radiocarpal joint (wrist joint).
(b) Metacarpals
Five metacarpal (MC) bones exist between the distal carpus and proximal
phalanges

of

the

digits,

while

the

latter

articulations

form

the

metacarpophalangeal joints. They are numbered from 1 to 5, starting from the
thumb side.
(c) Phalanges
The phalanges are the bones of digits which are distal to the hand. Each bone is
called a phalanx. There are two bones in the thumb, and three phalanges in each
of the index, middle, ring and little fingers. Proximal, middle and distal phalanges
are labeled based on their relative positions to MC. The thumb does not have
middle phalanx. The joints between phalanges are termed interphalangeal joints,
which are also labeled as proximal, middle and distal interphalangeal joints (PIP,
MIP and DIP).
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The muscular apparatus of the hand is a complex system. The hand muscles can
be categorized into two groups based on their origins: extrinsic and intrinsic. Each digit is
controlled by both sets of muscles.
The extrinsic muscles originate outside the hand with bellies in the forearm,
which insert into the hand as tendons (Kapandji 1970). They generate powerful but crude
functions in diverse tasks requiring power grip, precision handling and pinch (Long et al.
1968). The extrinsic muscles are grouped into the anterior compartment (flexors) or
posterior compartment (extensors) according to their locations in the forearm and their
functions in hand movement, and are further classified as superficial and deep (Tortora
2001). The extrinsic muscles and skin of the hand contain ulnar nerves, radial nerves and
median nerves that are all derived from the brachial plexus, which extends inferiorly and
laterally on either side of the last four cervical (C5-C8) and first thoracic (T1) vertebrae
and passes over the first rib, entering the axilla.
Flexor digitorum profundus (FDS) and flexor digitorum superficialis (FDS) are
the main finger-flexors. They are involved in most repetitive work, each contributing
differently. For example, the FDP flexes the DIP joint of each finger and plays a key role
during unloaded tasks while the FDS flexes the PIP joint of each finger when more
strength is needed. Detailed mechanical characteristics of the extrinsic muscles have been
reviewed by Spence (1990) and April (1997). Thumb flexion is mainly controlled by the
flexor pollicis longus, which inserts at the distal phalanx of the thumb. Flexion of the
wrist involves the flexor carpi ulnaris, flexor carpi radialis, and palmaris longus, absent in
about 15% of the population (Taylor and Schwarz 1970; Daniels et al. 2004).
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The intrinsic muscles, whose origins and insertions are within the hand, produce
weak but intricate and precise movement of the digits (Figure 2.2). All of the intrinsic
muscles originate from the deep flexor and insert on the dorsal extensor hood mechanism.
They are divided into three groups based on their locations within the hand: thenar
muscles acting on the thumb, hypothenar muscles acting on the little finger, and
intermediate muscles acting on four fingers (Tortora 2002). The lumbrical muscles are
unique in the human body since they only originate from tendons. The thenar muscles
pronate the thumb and oppose the thumb to the fingertips. The hypothenar muscles
abduct the fingers and flex the little finger. The intermediate muscles extend the
interphalangeal joints and flex the metacarpophalangeal joints of the fingers. In particular,
FDP inserts into the distal phalanx, so it controls the wrist, MCP, PIP and DIP joints.
FDS inserts into the intermediate phalanx, therefore it does not control the DIP joint.
The intrinsic muscles are responsible for fine-tuning the control of multi-joint
movement. (Chao et al. 1976; Long et al. 1970). The intrinsic muscles insert at both the
proximal phalanx and the more distal phalanges, so they transmit forces to the
interphalangeal joints and contribute to finger extension. This phenomenon is called the
extension mechanism, or dorsal aponeurosis. Li et al. (2001) investigated its effect on
how intrinsic and extrinsic flexors contribute to the production of finger flexion force. A
suspension system was used to measure maximum finger flexion force by varying the
application point of an external (extension) force at the middle of the distal phalanx, the
DIP joint, and the PIP joint. The moments of force generated externally were calculated
for the DIP, PI and MCP joints, which were counterbalanced by muscular forces. The
intrinsic muscles (ulnar and radial interossei and lumricales) were lumped into a single
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virtual intrinsic muscle (intrinsic muscle group, INT). It was also assumed that when the
external force was applied at the proximal joint, the moment at the more distal joint was
zero. Two models were used: a flexor model (FM), which only considered the intrinsic
muscles to be moment generators at the MCP joint; and an extensor muscle model
(EMM), which took the extensor mechanism into account. It was found that the FM
underestimated the extrinsic muscle forces and overestimated intrinsic muscle forces. The
forces of the FDP, FDS and INT muscles were estimated quantitatively. It was found that
the INT extensor muscles contributed more when the external force acted at the PIP joint
than when it acted at the distal phalanx and DIP joint. It was assumed that the moment
arms and cross-sectional areas of the muscles were known from literatures. The models
were both two dimensional.

Figure 2.2: Intrinsic muscles of the right hand. Adapted from Tortora, Principles of Human Anatomy
(2002), Figure 10.20.
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The muscles, skin and sensory innervations of the hand are provided by the radial,
median, and ulnar nerves. The radial nerve innervates the extensors of the hand, the
thumb abductor, the dorsum of the hand on the radial side and the dorsal surface of all
digits with the exception of the little finger. The median nerve runs through the carpal
tunnel of the wrist and connects with the volar surface of all digits of the hand except the
little finger. It innervates the flexors of the hand, the abductors and opponens muscle of
the thumb, and the first and second lumbrical. Carpal tunnel syndrome (CTS) occurs
when the median nerve within the carpal tunnel is compressed at the wrist. The carpal
tunnel housing the median nerve is a narrow and rigid passageway formed anteriorly by
the flexor retinaculum and posteriorly by the capus. CTS is the most common entrapment
neuropathy, and can be caused by many factors such as swelling and inflammation of the
irritated tendon sheaths. CTS can decrease grip strength in object manipulation (Freivalds
2004; Brininger 2007). The ulnar nerve runs from collarbone to hand. It innervates the
other intrinsic muscles of the hand, the little finger, and the ulnar half of the ring finger
on the palm. The innervation patterns are not the same among individual humans, and
might change due to hand injury (Dellon et al. 1974).

2.1.2 The function control of the hand
Hand function is controlled by both the peripheral complex apparatus of the hand
and the central control mechanism, mainly the primary motor cortex (M1),
supplementary motor area (SMA), the premotor cortex (PM) and the cingulated motor
areas (CMA) (Roland et al. 1980; Lang et al. 1991; Ikeda et al. 1992, 1993; Gentilucci et
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al. 1988; Luppino et al. 1991; Rouiller 1996; Eliassen et al. 2000; Nowak et al. 1999).
The motor pathways start from the brainstem and descend down the spinal cord to control
the alpha-motoneurons. One of the major descending motor pathways is the corticospinal
pathway. Its has been reported that 50% of the corticospinal fibers originate from M1, 1219% from SMA, 12-21% from PM, and 17-21% from CMA and the sensory cortex (Dum
and Strick 1991; Ghez and Krakauer 2000). A subset of corticospinal neurons (CSMN)
in M1 sends axons to establish direct contact with the pool of distal motoneurons
innervating distal muscles for precise movement (i.e., independent and fine control of
fingers) (Lawrence et al. 1985; Maier et al. 1993; Porter and Lemon 1993).
The primary motor cortex (M1) is located in the dorsal part of the precentral gyrus
and anterior to the central sulcus. Somatotopic representations of different body parts can
be found in M1, roughly correlating with their physical separation which is called motor
homunculus. The face and head of the human body are represented laterally; the lower
extremity is close to the midline, and the upper extremity in between. The relative sizes
of the represented body parts depend on the level of motor skill complexity and the
number of sense nerve connections. Among all body parts, the hand is the largest
represented body part in the primary motor cortex. Since the human brain undergoes
neuroplasticity (neuron changes due to neural network function adjustments which
compensate for injuries or environmental changes), the representation size is not fixed
(Hallett 2001; Raineteau and Schwab 2001).
The hand representation in M1 cannot specify a separate control area for an
individual finger because of neural factors which include:
(a)

Overlapping cortical representations of fingers in the M1 hand area (Hepp-
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Reymond 1998; Leijnse et al. 1993; Schieber and Hibbard 1994; Schieber 1999,
2001; Schieber and Santello 2004);
a) Convergence of outputs from different cortical nerves to the same muscle
(Schieber and Hibbard 1994; Schieber 1999, 2001; Schieber and Santello
2004);
(b) Divergence of outputs from a single cortical site to multiple muscles
(Schieber and Hibbard 1994; Schieber 1999, 2001; Schieber and Santello
2004);
(c) Brain plasticity which undergoes changes over time (Kolb and Whishaw
1998; Berlucchi and Buchtel 2009).
The neurophysiological control of unimanual and bimanual coordination are not
the same. It was previously reported that while the SMA, PM, CMA, parietal association
cortex and brain commissures together control bimanual movement (Wiesendanger et al.
1994), M1 is singularly responsible for unimanual control. One possible explanation was
the relatively weak callosal projections between the two hemispheres for the M1 motor
area, compared to the strong callosal interconnections for SMA, PM and SMA (Eliassen
et al. 2000). However, recent studies found that the argument for the exclusive role of the
M1 motor area in unimanual control oversimplifies cortical control of movement (Iberall
and Arbib, 1990). It was reported that when a monkey performed a task using both arms,
the neurons in M1 demonstrated higher or similar activity levels to those in SMA and
differed from levels seen during a unimanual task. The authors claimed that M1 is also
responsible for bilateral coordination, contradicting the traditional view of contralateral
control (Donchin et al. 1998). Cramer et al. (1999) found that the region of finger
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representation activated in the motor cortex during ipsilateral hand movement differed
spatially from contralateral hand movement. This confirms the notion that mapping
cortical control is a fluid process which may change based on the task requirement.

2.2 Motor redundancy and prehension synergy
2.2.1 Motor redundancy
In human movements, the number of immediately controlled variables (e.g.,
degrees of freedom in the joints of a kinematic chain, muscles serving a joint, or the digit
forces and moments in multi-finger grasping) typically exceeds the number of
performance variables, such as coordinates of the endpoint, joint torques, or the resultant
forces and moments acting on a hand-held object. This discrepancy is usually described
as motor redundancy (Bernstein, 1967). In such circumstances, the central nervous
system (CNS) should select a unique solution among many possibilities based on certain
priorities (coordinative rules, Latash and Anson 1996). For example, when the index
finger touches a point in three-dimensional space, the number of independent axes of
joint rotation of the arm is larger than three; the CNS selects a unique joint configuration
among numerous choices for each arm-hand-finger posture (Latash 2000).
The problem of motor redundancy is also termed Bernstein’s problem (Turvey,
1990), and reflects the complexity of the motor control system. It is traditionally seen in
situations of kinematic underdeterminacy, in systems with less constraints (mathematical
equation sets) than the number of unknown variables. Instead of being independently
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controlled by the CNS, the elements are controlled conjointly (Latash et al. 2004). For
example, a blacksmith can hit a chisel with little variability in the hammer tip trajectory
across trials, but with high variability in the individual limb joint trajectories (Latash
1998). In order to let the endpoint hit the chisel accurately, the joints do not work
independently but cooperate to compensate for errors. Assuming that the CNS facilitates
groups of equally acceptable solutions rather than trying to find unique solutions, the
generation of successive movement to achieve the same motor task is termed as
“repetition without repetition.” In one sense, motor variability can be regarded as “noise”;
but for researchers in motor control, motor variability is an interesting phenomenon
inherent to the production of voluntary movements and informative to the process of
motor control and coordination.
Bernstein (1967) proposed the problem of “elimination of redundant degrees of
freedom” as the central issue of motor control, and suggested that the CNS uses synergies
to deal with the motor redundancy. As a result, the central controller chooses one solution
from an infinite number of possible solutions to solve a motor task. It has also been
discussed that motor redundancy should be termed motor abundance, since all elements
participate in a motor task and no DoF is eliminated in movement. Such an observed fact
increases flexibility when accomplishing a specific task and facilitates resolving task
constraints (such as stabilizing the performance variable) via proper modulation of
elopements (Latash 2000; Latash et al 2007; Gera et al. 2010).
The problem of motor redundancy can be formulated at the kinematic and kinetic
levels. Kinematic redundancy refers to the ability of a manipulator to perform the same
task in different ways (Potkonjak et al. 1996). A typical example is the human upper limb,
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which has three DoFs at the shoulder, two DoFs at the elbow and two DoFs at the wrist.
The seven DoFs in total are larger than the end effector’s six DoFs. In a simple planar
movement, the shoulder, elbow and wrist joints provide three degrees of freedom for the
endpoint position, which has two degrees of freedom. Comparatively, multi-finger
grasping with parallel alignment of the fingers is a representative example of kinetic
redundancy. Each finger is a six-component force/moment actuator which results in 30
variables for a hand. Three-digit grasping is a minimally redundant system for multifinger prehension (Niu et. al. 2007).
Motor redundancy is not a negative phenomenon, but rather highlights the
advantage of employing different strategies when performing a required motor task
(Cirstea and Levin 2000), increasing both quality and flexibility. For example, the
seemingly uncoordinated movements in Parkinson’s patients should be viewed as an
adaptive change to compensate for impaired abilities; motor redundancy in the CNS
allows a new set of optimal solutions to be generated in order to accomplish a motor task
(Latash 1998).
Approaches to studying motor redundancy should be based on the abundance
principle (Gelfand and Latash 2002): many motor elements participate in the activity of a
structural unit with respect to each task, and find their places within the task.
Motor synergy is one method used in the study of motor redundancy. The term
synergy may have various operational or specific definitions based on how it is applied or
understood in different research areas. In human movement science, synergy is usually
viewed as the organization of elements within a complex system into a task-specific
structural unit. Recently, it has been proposed that synergy in human movement study
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should be defined in terms of three components: sharing, error compensation
(flexibility/stability), and task-dependence (see review: Latash 2008).
(a) Sharing: all elements contribute to a task to produce required mechanical
action.
(b) Error compensation (flexibility/stability): any deviation of one element causes
sharing pattern changes in the other elemental variables in a way that the
performance variable stays stable so the task can be accomplished with
flexible solutions.
(c) Task-specific: a synergy is able to change its function depending on the task
using the same set of elements.
Thus, the elements of synergy are able to covariate in a non-independent pattern
to accomplish a particular goal.
Principal component analysis (PCA) is another method that has been employed
when studying motor redundancy. Based on the distribution of data points, this method
analyzes the covariance among the variable pairs and uses a few axes to explain the
variation. For example, the principal component (PC) with the largest eigen value has the
largest variation along the specific direction; the PC with the smallest eigen value has the
smallest variation. However, this method can only explain sharing issues in motor
synergy. Recently, the uncontrolled manifold (UCM) hypothesis (a computational
approach) has been successfully used to study and quantify synergy (Latash et al. 2001;
Scholz et al. 2002; Wang et al. 2005; Zhang et al. 2006).
UCM hypothesis assumes the central neural controller acts in a space of
independent element variables (e.g., associated with forces, moments of forces and neural
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commands to muscles), and organizes their co-variation to stabilize a certain value of a
performance variable. Therefore, the CNS creates a subspace (uncontrolled manifold)
such that all points in the subspace correspond to a desired value for an important
performance variable. It allows relatively large variability within the UCM without being
orthogonal to it, meaning that variance within the UCM is good, whereas variance in the
orthogonal complement is bad for a specified task. If a multi-element system changes its
state within a UCM, a corresponding performance variable will be kept at a constant
value without interference from the CNS.

The UCM requires specification of the

performance variable and the elemental variables, which are independently controlled by
the CNS.
Another approach is optimization method, where the CNS finds a single optimal
solution for a specific problem in a pre-computational way. This approach assumes that
the motor control system is optimizing certain characteristics of a behavior, represented
by a cost (objective) function in the system. The CNS tries to optimize characteristics by
minimizing or maximizing the cost function value. Optimization has been frequently used
to study system mechanical performance, hypothetical control processes within a system
such as minimizing the jerk of a trajectory and minimizing joint torque, and
psychological factors such as fatigue and comfort (Latash 2008). Since a system
underdetermination cannot be solved simply based on the mechanical equations, this
approach provides a tool to obtain the solution of the elemental variables with an
assumed objective function (if it is correct). However, since it has been found that the
CNS prefers to be sloppy and flexible rather than precise and prone to failure, the
optimization approach has its own disadvantage. It has been suggested that the CNS
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solves the problem of motor redundancy not by specifying a single solution, but by
allowing a family of solutions to satisfy task requirements (Gelfand and Tsetlin 1966;
Scholz and Schoner 1999; d’Avella et al. 2003; Shim et al. 2004, 2005; Latash et al.
2005).

2.2.2 Prehension synergy

The hand is an outstanding model for analyzing the motor control mechanisms. It
is a convenient object to study since all digit forces can be measured (including
magnitude, direction and center of force application for each digit), but it is also a highly
complicated biomechanical system that serves various sophisticated functions every day.
Recent studies on prehension (the multi-finger manipulation of hand-held objects)
have been based on an assumed two-level hierarchical control scheme (reviewed in Arbib
et al. 1985; Mackenzie and Iberall 1994). At both levels, patterns of conjoint changes in
forces and moments of force produced by the digits have been documented as prehension
synergies, which are defined as the conjoint changes in digit forces and moments of force
required to accomplish a task during prehension (Zatsiorsky and Latash 2004, Zatsiorsky
et al. 2005). Prehension synergies can be manifested by a series of customized
experiments with:
(a) changes in task parameters, such as object geometry, external torque and load
added on the object (Zatsiorsky et al. 2002a,b; Zatsiorsky et al. 2003);
(b) self-induced perturbations, such as the number of fingers involved in the
prehension task (Budgeon et al. 2007);
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(c) externally-imposed perturbations (Cole and Johansson 1993; Birznieks et al.
1998);
(d) error compensation presented by negative correlations among elemental
variables recorded in single trials of long duration (Santello and Soechting
2000; Vaillancourt et al. 2002); and
(e) trial-to-trial variability (i.e., many repeat trials of the same task) (Shim et al.
2003, 2005; Shim and Park 2007).
As mentioned above in the section on motor redundancy, the CNS follows certain
rules to complete similar or repeated tasks. The goal of a prehension synergy study is to
discover possible finger force sharing patterns.

2.2.2.a Hierarchical control of prehension
At the upper level of the hierarchical control scheme, the task (required
mechanical action on the hand-held object) is shared between the thumb and the virtual
finger (VF, an imagined finger to generate the same mechanical effect as the summed
action of all four fingers of the hand).The performance of the virtual finger shows quite a
different pattern from individual fingers (Santello and Soechting 1997; Baud-Bovy and
Soechting 2001). At the lower level, the action of the VF is shared among individual
fingers in terms of individual finger force and moment of force.
The task is redundant on both levels, which means the number of variables is
larger than the number of constraints. For example, at the VF level, if an object is held
vertically using a prismatic grasp (the thumb opposing the four fingers) and manipulated
in a static condition, there are five unknown variables (normal and tangential forces of
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the thumb and VF, and the moment arm of the VF normal force) with three mechanical
constraints:
Fthn + Fvfn = 0

(a)

Ftht + Fvft = FLOAD

(b)

M n + M t = Fvfn Yvf + ( Fvft − Ftht )

W
= −Texternal
2

(2.1)

(c)

where Yvf is the moment arm of the VF normal force, and W is the width of the object.
Patterns of co-variation in these constraints describe three main components of
prehension synergies related to the production of (a) internal forces (i.e., the forces that
cancel each other without any horizontal movement) (Kerr and Roth 1986; Yoshikawa
and Nagai 1991; Gao et al. 2005); (b) resultant force to offset the weight of the object;
and (c) resultant moment of force acting on the object.
At the lower level, the individual finger normal and tangential forces can be
analyzed independently in terms of the known VF mechanical action, by assuming that
no slipping happened in any finger.
Normal force
Finn + Fmin + Frin + Flin = Fvfn

(a)

FinnYin + Fmin Ymi + FrinYri + FlinYli = Fvfn Yvf

(b)

(2.2)

Tangential force
(c)

Fint + Fmit + Frit + Flit = Fvft

where Yi is the moment arm of individual finger respect to the thumb.
The equations for both levels can be satisfied with sufficient accuracy without
such co-variations (synergies). For example, the values of the summands on the left sides
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can be assigned and controlled for low variability. Uncontrolled manifold has been
proposed as a way of quantifying variables in order to decide whether synergies are
present among them.

2.2.2.b Chain effects
As Equation (2.1) presented, the thumb and VF normal forces should be equal but
opposite, the sum of the thumb and VF tangential forces should equal the weight of the
object; and the sum of moments of normal force and tangential force should be able to
counterbalance the external torque. Any changes in one variable will be compensated by
changes in another variable to satisfy the mechanical constraint. Such a coupling
relationship between the variables is called a chain effect, which explains a high
correlation between seemingly uncorrelated variables (Zatsiorsky et al. 2002a; Zatsiorsky
et al. 2003; Zatsiorsky and Latash 2004; Shim et al. 2005). The chain effect was
addressed by Bernstein (1967, p. 69): “Movements react to changes in one single detail
with changes in a whole series of others which are sometimes very far removed from the
former both in space and in time.”

2.2.2.c Principle of superposition
Superposition is a widely-accepted term where net response in a system is the
sum of the responses generated by individual inputs. Different scientific areas, such as
mathematics, physics, and engineering each have their own idiosyncratic interpretations
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of the concept. The principle of superposition discussed here extends research findings
regarding robotic hand object manipulation to the human hand.
It was found that the skilled actions of the robotic hand could be divided into
several independent actions to accomplish the task. For example, the pinching action
created with two soft-tip fingers of a robotic hand can be decoupled into two commands:
one command for stable grasping, and the other for controlling the rotation of the object.
Such a design can save computation time for robotic control.
A number of studies have suggested that the decomposition of actions was also
adopted by the CNS for human hand control, ensuring a stable grip force value and
rotational equilibrium. These notions have been confirmed in a series of experiments on
circular and prismatic grasping by analyzing the actions on a two-dimensional plane and
in three-dimensional space. For prismatic grasping on the frontal plane, the trial-to-trial
variations between normal forces of the thumb and VF are highly correlated; changes in
another subset of variables, including the tangential forces of thumb and VF, the
moments of force generated by the tangential and normal forces, and the moment arm of
the VF are also correlated. However, the variables in different groups are not correlated.
The first subset prevents an object from slipping; the second subset maintains torque and
vertical equilibrium.
In an experiment on prismatic grasping, subjects were instructed to keep an
instrument handle in static equilibrium during different tasks by varying the external
torques and loads. It was found that the correlation coefficient of normal forces between
the thumb and the VF was close to 1; moment of normal force, moment of tangential
force, VF tangential force and thumb tangential force highly correlated with each other.
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Variables within the same subset were correlated with each other significantly, while no
relationships existed between variables of different subsets. The subsets were controlled
separately by two independent control commands; control commands were simply added
together to complete the prehension task.
In a three-dimensional analysis of prismatic grasping control (Shim et al. 2005), a
load-bar was suspended from the bottom of a rectangular handle, generating seven
external anterior-posterior torques with respect to the subject. It was confirmed that the
variables could be decoupled into two subgroups (control of grasping and control of
rotation) by performing principal component analysis (PCA) for the variables
contributing to the moments of forces around the X-axis (anterior-posterior) and Y-axis
(high-low) separately. Along the Z-axis (medial-lateral), PCA failed to discover such a
superposition pattern. In an experiment on circular object prehension (Shim 2007), a
subject placed his thumb at the top of an object with his fingers around the object so the
ring finger was opposite the thumb. In this case, normal forces did not contribute to the
rotation action mechanically since they intercepted at the center of the object. The PCA
showed that normal forces were responsible for grasping stability and tangential forces
controlled rotational equilibrium.

2.2.2.d Finger interdependence
In addition to sharing patterns, two other characteristics of finger interaction,
force deficit and enslaving, have been introduced in many studies (Li et al. 1998a,b;
Kilbreath and Gandevia 1994; Zatsiorsky et al. 2000; Kilbreath et al. 2002; Latash et al.
2002; Li et al. 2004; Schieber and Santello 2004; Zatsiorsky et al. 2005).
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(a) Force deficit
The peak pressing force generated in a single-finger maximal voluntary
contraction (MVC) task is larger than the peak force in multi-finger MVC task.
The deficit increases depending on the number of fingers involved in the MVC
task (Ohtsuki 1981a,b; Kinoshita et al. 1995; Li et al. 1998a,b). The force deficit
might be due to peripheral factors such as interconnected tissues among fingers,
and central constraints which are explained by central ceiling hypothesis (Li et al.
1998a).
(b) Enslaving effects (lack of individuation)
It has been observed in many studies that the intended movement of one finger
can activate the unanticipated movement of other finger(s); the voluntary force
production of a specific finger is accompanied by involuntary forces generated in
other fingers. This phenomenon of finger dependence is called enslaving, or lack
of individuation (Ohtsuki 1981; Kinoshita et al. 1995;Li et al. 1998a; Zatsiorsky
et al. 2000; Lang and Schieber 2003; Schieber and Santello 2004). The enslaving
effect can be attributed to the peripheral connections among fingers, inter-digit
tendinous connections, and neural factors such as the divergence and convergence
of neuronal projections from the motor cortex to the arm (reviewed by Schieber
and Santello 2004).
Force deficit and enslaving can be changed. It has been observed that force deficit
increases under fatigue, with unchanged force causing an increase in sharing actions
among fingers and the enslaving effect. Elderly people show large force deficits and
weak enslaving effects; pianists also manifest weak enslaving in their fingers.
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Additionally, a non-dominant hand has a smaller enslaving effect on fingers than a
dominant hand.
Finger interdependence can be represented by the inter-finger connection matrix
(Zatsiorsky et al. 1998; Li et al. 2002, Gao et al. 2003; Latash et al. 2003) or enslaving
matrix (Danion et al. 2003). The inter-finger connection matrix assigns neural commands
to individual fingers with actual forces exerted by individual actions.
F =W ×C

(2.3)

where F is the force vector, W is the inter-finger connection matrix, and C is the neural
command vector. The size of the vectors and matrix depends on the number of fingers
involved in the task. Each element (weight coefficient) within C ranges from 0 to 1; 1
denotes the central command to produce maximal voluntary force on the specific finger,
while 0 represents the finger which is not intended to exert any force. To determine the
weight coefficients within W, the subjects exert maximal voluntary pressing force with
one, two, three or all four fingers, with all fingers placed on the sensors. The matrix W
can then be computed via artificial neural networks (Zatsiorsky et al. 1998; Li et al. 2002;
Gao et al. 2003; Latash 2003). A connection matrix averaged over all participants is
recommended after being normalized for maximal voluntary pressing force for
individuals using all four fingers (Zatsiorsky et al. 1998, 2002b).
The enslaving matrix is similar to the inter-digit connection matrix. It is defined
as
F=

1
E×M
n 0.7

(2.4)

where n is the number of fingers participating in a task when the deficit effect increases
by involving more fingers, E is the enslaving matrix, and M is the mode vector. The
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maximal voluntary pressing tasks are not required in order to compute the enslaving
matrix E. A typical test is conducted where a subject is asked to generate a profile of
force with each finger (i.e., subjects increase index finger force from 0% to 40% of MVC,
using a target ramp on a computer screen as a guide.) Linear regression is then used to
compute E after completing four trials for all four fingers.
The inter-finger connection matrix and enslaving matrix are not singular, so the
neural commands or modes can be estimated through the inverse matrix operation of
either W or E, depending on which matrix is used. In finger pressing tasks, the connection
matrix and enslaving matrix are employed only for finger normal forces.
Using these techniques, force enslaving and deficits have been discovered in both
pressing and prehension tasks. For example, the inter-finger connection matrix was used
by Zatsiorsky et al. (2002b) in a multi-finger prehension study to optimize finger normal
force. Optimizing neural commands made it possible to calculate finger normal forces
close to those observed during the experiment, especially the forces for torque antagonist
fingers. On the other hand, directly optimizing forces such as minimizing the sum of
squared forces (an energy-like function), failed to generate such results (i.e., normal
forces for the torque antagonist fingers were zero since enslaving and deficit effects were
not considered in the model). However, the actual enslaving effects for multi-finger
grasping are more complicated than in pressing tasks and generalizing the use of the
connection matrix to grasping tasks needs further validation. For example, each digit in a
grasping task has three forces and three moments of force which result in a 30×30
connection matrix in the grasping task. Such a complicated enslaving effect has not been
solved yet.
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2.2.3 Inverse optimization
2.2.3.a Optimization problems in human movement studies
Optimization problems have been studied for a wide range of human movements,
including: reaching trajectory formation (Wada et al. 2001, 2006; Biess et al 2007; Cruse
et al 1990; Engelbrecht 2001; Flash and Hogan 1985; Wolpert et al. 1995; Plamondon et
al 1993; Tsirakos et al 1997; Nakano et al. 1999; Todorov and Jordan 1998; Uno et al.
1989; Koike and Kawato 1995), writing (Wada and Kawato, 1995; Edelman and Flash
1987), walking (Pham et al 2007), gait (Davy and Audu 1987; Collins 1995), cycling
(Prilutsky and Gregory 2000), jumping (Anderson and Pandy 1999; Pandy et. al. 1990;
Alexander 1990), sit-to-stand movements (Kuzelicki et al 2005), postural control (Kuo
and Zajac 1993), muscle motor unit recruitment patterns (Hatze 1977; Rasmussen et al.
2001; Fagg et al. 2002), motor planning (Harris and Wolpert 1998; Flanagan and Wing
1997; Wolpert and Flanagan 2001), grasping (Smeets and Brenner 1999; Hoff and Arbib
1993), and force-sharing among muscles (Prilutsky 2000; Prilutsky and Zatsiorsky 2002),
specifically during multi-finger prehension (Zatsiorsky et al. 2002b; Pataky et al 2004;
Niu et al. 2009).
An optimization problem is defined as:
Let J: R n → R1
Minimize: J ( X ) = f ( x1 , x2 ,  , xn )
Subject to: g ( X ) = 0

H(X ) ≤ 0
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(2.5)

where X=(x1, x2,…, xn) ∈ Rn, n is the number of variables in the optimization procedures, f
is an unknown scalar function to be minimized, g ( R n → R m ) and h ( R n → R l ) is a
group of functions containing the equality and inequality constraints that X has to satisfy,
and m and l are the number of equality and inequality constraints, respectively.
The optimization problem can be categorized into two classes:

direct

optimization and inverse optimization (Ahuja and Orlin 2001).
For a direct optimization problem, the cost function and constraints are known
and used to calculate optimal solutions. Sometimes, such a problem is unconstrained.
Direct optimization has been thoroughly investigated mathematically and applied in
numerous areas, such as economics, engineering, biology and operations research. The
optimal solutions of a constraint problem can be found using Lagrange multiplier
methods such as Karush-Kuhn-Tucker conditions, and numerical methods such as
Newton’s method, random search and golden section search. Unconstrained problems can
be solved by finding the points leading to the zero values of the cost function’s first
derivative, followed by a second derivative test to determine if they are local
minimum/maximum points or saddle points.
In an inverse optimization problem, optimal solutions and constraints are
acknowledged while the cost function is unknown and to be determined. The optimal
solutions are obtained through experimental observations which are assumed to be
generated from an optimal system. The inverse optimization problem needs more
mathematical work at this point. In a recent review on the optimality principles in
sensorimotor control, it was mentioned that “It would be very useful to have a general
data analysis procedure that infers the cost function given experimental data and a
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biomechanical model. Some results along these lines are obtained in the computational
literature, but a method applicable to motor control is not available” (Todorov 2004, p.
908).
The inverse optimization problem has been addressed in many studies, but most
use a type of try-and-compare method, which is very common in human motion
biomechanics (for reviews see Collins 1995; Tsirakos et al. 1997; Prilutsky 2000;
Engelbrecht 2001; Todorov 2004, Erdemir et al. 2007). For example, a few cost functions
are compared based on their ability to predict experimental outcomes. The cost function
creating the best correspondence between predicted and actual values is interpreted as the
one that is optimized by the motor system. The choice regarding objective function
formulation depends on physiological and psychological considerations, and a priori
information based on publications (Engelbrecht 2001). The limitations of such a method
are obvious: (a) the cost functions are obtained from guesses made by the researchers,
rather than specific experimental observations; (b) there are an infinite number of cost
functions which could generate the same optimal solution; mathematical proof could not
be presented for the uniqueness of the cost functions.
Multi-criteria optimization is also used in inverse optimization. The objective
function is comprised of a few functions. Some of the optimization criteria are even
competing. The weighting factors for the cost functions are determined by minimizing
errors between experimental observations and optimal solutions by varying the values of
the weighting factors (Ackermann and Schiehlen 2008). For example, in a dynamic
optimization of walking using a neuromusculoskeletal model (Anderson and Pandy 2001),
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the objective function was defined as the sum of resting heat, activation heat,
maintenance heat, shortening heat, and the mechanical work muscles.
Another approach requires preselecting a parameterized class of putative
objective functions (e.g., the function is assumed to be linear or quadratic, and then the
unknown function parameters are estimated from experimental data by approximating
optimal solutions, which are assigned to the experimental data). Such a methodology has
been mainly used beyond the motor control area and largely involves linear programming
methods (Ng and Russell 2000; Abbeel and Ng 2004; Syed et al. 2008; Ziebart et al.
2008).
A recent review (Dorit 2009) argued against the opinion that natural selection
during evolution unavoidably leads to best solution to adapt to environmental challenges.
The author claimed that natural selection might settle for a “good enough” solution, one
that although suboptimal, works well enough for the system to function and prosper. The
simplicity of optimization in terms of energy cost reflects our limited understanding of
the system. From this point of view, optimization is a way to achieve the goal (cost
function) for a redundant system. However, positing that optimization equals perfection
oversimplifies the complex organization of the CNS in a motor redundant system.

2.2.3.b Analytical inverse optimization (ANIO) method
Recently, a method called analytical inverse optimization (ANIO) was proposed
by Terekhov et al. (2010) in order to determine a cost function based solely on
observation properties. It might be capable of taking all factors acting on a system into
account, resulting in an integrated cost function. However, the cost function sometimes
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provides only a quantitative description of a system, which lacks mechanistic
interpretation (Engelbrecht 2001).

Uniqueness Theorem
An optimization problem with an additive objective function is defined as:
Let J: R n → R1

Min: J ( x) = g1 ( x1 ) + g 2 ( x2 ) +  + g n ( xn )

(2.6)

Subject to: CX=B
where X=(x1, x2,…, xn) ∈ Rn, gi is an unknown scalar differentiable function with g'(·)>0
in the feasible region, C is a k×n matrix and B is a k-dimension vector, k<n. This problem
can be recorded as <J, C>. Such an objective function is called additive.
Assume that the optimization problem (3) with k≥2 is non-splittable. If the
functions gi(xi) in a problem are twice continuously differentiable and there exist twice
continuously differentiable functions fi such that f i′ is not identically constant and


Cf ′( X ) = 0 for all X ∈ X * , where f ′( X ) = ( f1′( x1 ),, f n′ ( x n )) T and C = I − C T (CC T ) −1 C ,

then g i ( xi ) = rf i ( xi ) + qi xi + const i for every xi ∈ X i* , where X i* ={s| there is X ∈ X * :
xi ∈ s } and X* is the set of the solutions for all B ∈ R k , and the constants qi satisfy the

equation Cq = 0 where q = (q1 ,, q n ) T . Primes designate derivatives.

The uniqueness theorem provides the conditions that allow the inverse
optimization problem to be solved in a unique way (up to linear members), and
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consequently the equation Cf ′( X ) = 0 becomes sufficient for estimating the objective

function.
Aside from the uniqueness theorem, new approaches suggested by Körding and
Wolpert (2006), Sieminski (2006) and Bottasso et al. (2006) have been developed to
solve the inverse problem of optimization analytically, but these methods have not been
applied to multi-finger grasping.

2.2.3.c Inverse optimization of multi-finger prehension
Force distribution among digits in multi-finger prehension is an example of a
more general problem stemming from the distribution of activity among several effectors
acting in parallel. An illustration of this problem is force-sharing among a group of
muscles serving one or several joints (Erdemir et al 2007; Challis and Kerwin 1993;
Herzog et al. 1993; Prilutsky and Zatsiorsky. 2002; Ait-Haddou et al. 2004).
Although variability exists among subjects and individual trials for the same task,
human movement is still easily reproducible. In other words, subjects perform multifinger prehension tasks in similar ways (Zatsiorsky et al. 2004). This similarity reveals
the ability of the CNS control mechanism to share a task among elemental variables
based on unknown optimization criteria (Crowninshield et al. 1981; Tsirakos et al. 1997;
Prilutsky et al. 2002, Todorov 2004).
Several candidate objective functions have been suggested and tested for multifinger prehension (Zatsiorsky et al. 2002b; Pataky et al. 2004; Aoki et al. 2006; Niu et al.
2009). The cost functions are: (a) sum of squares of force vector magnitudes; (b) finger
forces normalized with respect to the maximal forces measured in single-finger tasks; (c)
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finger forces normalized with respect to the maximal forces measured in a four-finger
task; and (d) the entropy-like function of finger normal forces.
All four criteria failed to predict antagonist finger moments (moments exerted by
individual fingers that assisted rather than resisted external torques) at large external
torques. Note that the above criteria did not take finger interdependence (enslaving) into
consideration. This discrepancy is similar to a dynamic analysis of level walking (Collins
1995), in which 6 different cost functions (the minimization of total muscle force,
squared muscle force, muscle stress, intra-articular contact force, instantaneous muscle
power and total ligament force) were tested, but all failed to predict antagonistic
quadriceps-hamstring action at the knee and hip during heel strike.
To account for finger enslaving, the vectors of neural commands are reconstructed
from finger forces using the enslaving matrix (Zatsiorsky et al. 2002). Optimizing the
neural commands resulted in the best correspondence between actual and predicted finger
forces, particularly the antagonist moments. However, the enslaving matrix was designed
for pressing tasks with normal force, and has not been validated for multi-finger
prehension tasks.
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2.3 Tactile sensing

2.3.1 The role of cutaneous afferents in grip force

There are approximately 17,000 cutaneous mechanoreceptors innervating the
glabrous skin of each hand (Vallbo and Johansson 1984) which can be classified into four
distinct afferent unit types: FA I (RA), FA II (PC), SA I and SA II (Burgess and Perl
1973; Johnson et al. 2000). Cutaneous afferents are required in order to properly set a
grip force level (Augurelle et al. 2003; Nowak and Hermsdorfer 2003; Monzee et al.
2003). The tasks of sensory-motor integration and anticipatory parameter control are
attributed to the cerebellum (Picard and Smith 1992; Dugas and Smith 1992; Johansson
and Cole 1992). The effects of an unexpected change in object weight and contact surface
friction on grasping force scaling have been investigated in several studies on patients
who have motor disorders (Müller and Dichgans 1994; Fellows et al. 1998, 2001;
Schwarz et al. 2001). Results have shown that cerebellar patients exert larger grip forces
than required and present disrupted temporal coordination during lifting (Müller and
Dichgans 1994; Fellows et al. 2001), while patients with Huntington’s disease have
significantly inhibited reflex responses and increased grip force variability. It was
concluded that these patients have a reduced ability to process tactile information
(Fellows et al. 1997; Schwarz et al. 2001).
Four types of corpuscles, Meissner, Pacinian, Merkel, and Ruffini, are the endorgans of the corresponding mechanoreceptors. Johnson (2001) elaborates:
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Each of the four mechanoreceptive afferent systems innervating the hand serves a
distinctly different perceptual function, and the tactile perception can be
understood as the sum of these functions. Furthermore, the receptors in each of
those systems seem to be specialized for their assigned perceptual function. (p.
455)
(a) The Merkel corpuscles are connected with slowly adapting type I (SA I) afferents,
which are sensitive to edges, corners, textures and curvature, and are able transmit
acute neural information with linear response to skin deformation over a wide range
(Johnson 2000, 2001).
(b) The Meissner corpuscles are innervated by rapidly adapting afferents (RA or FA I).
They are sensitive to minute dynamic skin deformation but insensitive to static skin
deformation, and are important during grip control. RA receptors transmit neural
images of skin motions but have poor spatial resolution (Johnson 2000). They
innervate the skin more densely (about 150 per cm2) than SA I afferents.
(c) The Pacinian corpuscles, innervated by FA II afferents, are the most sensitive (up to
10 nm skin motion at 200 Hz) among all four types, but have no spatial resolution.
They provide high-quality neural images of transient and vibratory stimuli transmitted
to the hand from distant events, such as the hand-held objects (Brisben et al. 1999;
Johnson 2000).
(d) The Ruffini corpuscles are innervated by slowly adapting type II afferents (SA II).
They are sensitive to hand conformation and skin stretch over the whole hand with
an appreciable directionality and high sensitivity to the magnitude of lateral tension
in the skin (Vallbo and Johansson 1984; Johnson 2001). They might play an
important role in finger muscle control, allowing for proper adjustments to shear
forces during object manipulation (Vallbo and Johansson 1984).
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Figure 2.3. Types of mechanoreceptive afferents from the glabrous skin of the human hand, and their
distinguishing properties. (Adapted from Johansson, 1996)

The spatial resolution of the tactile apparatus varies considerably across hand
regions; it is the highest at the finger tips and decreases towards the wrist. Such variation
agrees well with FA I and SA I density changes in the human hand (Johansson and
Vallbo, 1983). The RA (FA I) and PC (FA II) afferents respond to sustained skin
indentation quickly, while SA I and SA II afferents adapt slowly and exhibit responses
related to the skin deformation magnitude. FA I and SA I afferents have small and welldefined cutaneous receptive fields of 12.6 mm2 and 11.0 mm2 respectively (Johansson et
al. 1980), and have distinct borders; intense densities at the finger tip are 140 and 70 per
cm2 respectively, which decrease rapidly in the palm to 25 and 8 per cm2 (Johansson and
Vallbo 1979). In contrast, the FA II and SA II afferents, whose densities are lower and
more uniform in the hand than the type I endings, have receptive fields that are large with
vague borders (Johansson 1996a,b).
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During manual manipulation, hand tactile receptors (especially type II units) also
provide proprioceptive information about joint movements and positions, along with the
afferent units in joints, muscles, and tendons in the hand (Johansson and Vallbo 1983).

2.3.2 The effect of friction on grasping

Based on tactile-sensing from individual digits, people adjust grip forces to object
weights and friction conditions at digit-object interfaces (Edin et al. 1992; Cadoret and
Smith, 1996; Cole and Johansson, 1993; Johansson, 1996; Johansson and Westling, 1984,
1987; Westling and Johansson 1984). It was found that the static grip force is
proportional to the weight of an object, and the ratio between grip force and tangential
force is higher for a slippery surface (Johansson and Westling 1984; Westling and
Johansson 1984). The effect of surface friction is more important for scaling grip force
than surface texture or coating (Cadoret and Smith 1996). It was also observed that
anticipatory grasp control could be attributed to practice and learning rather than visual
information (Quaney and Cole 2004).
The adjustment of grip force to load and friction conditions in two- or three-digit
(tripod) grasping has been discussed in many studies (Burstedt et al. 1997, 1999; Cadoret
and Smith 1996; Cole and Johansson 1993; Edin et al. 1992; Birznieks et al. 1998;
Johansson 1996; Johansson and Westling 1987; Kinoshita et al. 1995; Quaney and Cole
2004; Aoki et al. 2006). The adaptive adjustment of modulating normal (grip force) and
tangential (load force) digit forces is essential in order to prevent objects from slipping
out of the hand. Slipping only occurs when the grip force is below the minimal force
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required. The Coulomb friction model is widely used to define the relationship between
normal force f n and tangential force f t , with friction coefficient µ as a function of the
materials of contact surface. If f t is less than or equal to µf n , no slipping occurs at the
specific digit. Such a fact can be represented geometrically as a friction cone (Figure 2.4)
within which the acting force prevents any slipping. The Coulomb model simplifies the
complexity of the interaction between the digit pad and an object. For example, the
friction coefficient is variable depending on the magnitude of the normal force exerted by
the digit and the deformation of the digit pad; the rolling of the digit tip is not taken into
account.

fn

f t = µf n

1

µ

ft

Figure 2.4. Friction cone representing the Coulomb friction model in three dimensions.

Another study investigated by Burstedt et al. (1997) instructed participants to lift
an object with the thumb and index finger of the right hand (unimanually), with two
index fingers of both hand (bimanually), and with right-hand index fingers from two
subjects (cooperatively). The results were similar among different grasping patterns. The
normal to tangential force ratio was determined mainly by the local friction at the digitobject interface. The grip force and load force adjusted to the friction decrease in order
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to increase the safety margin at the slippery contact point. The authors concluded that the
coordination of digit forces was controlled by independent neural networks for each
engaged digit. Higher levels of control were related to pre-grasping actions (selecting
grasp configurations and synchronizing digit movements temporally), as well as coping
with the weight and size of the object. Two functionally different mechanisms were
suggested to explain coordination control in most types of prehensile movements: (a) the
changes in grip and load forces are parallel without phase difference (Johansson et al.
1990a,b,c; Johansson and Westling 1984; Flanagan and Wing 1997); and (b) the balance
between the grip and load forces is regulated to the frictional requirements (Johansson
and Westling 1984, 1987).
This independent neural network hypothesis was recently challenged by
investigations into three- and five-digit multi-finger prehension with various friction
combinations at the contact surface. These studies suggested an alternative hypothesis
that the interaction between two mechanisms (local and synergic friction effects) defines
digit force adjustments (Aoki et al. 2006, 2007; Niu et al. 2007). The local effect
addresses how friction at a given digit influences that digit’s forces, and the synergic
effect refers to the adjustment of force by a digit in response to friction changes for other
digits (Aoki et al. 2006). In some cases, synergic friction influences the normal and
tangential forces for a digit more strongly than the local effect (Aoki et al. 2007; Niu et al.
2007). The local and synergic effects in a three-digit grasping study agreed with a tripleproduct model demonstrating the relationships among normal force, tangential force and
weight of an object for an individual digit (Niu et al. 2007).
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2.4 Transcranial Magnetic Stimulation (TMS)
Transcranial magnetic stimulation (TMS) is a safe, powerful and non-invasive
tool for studying the human brain and the interaction between brain structures and the
spinal cord. It can excite or inhibit specific areas of the brain, depending on stimulation
parameters (Hallett 2000), such as the frequency, intensity of stimulation, and coil
orientation of the repetitive stimulation. TMS has been used in numerous
neurophysiological studies and clinical research to explore brain neural functions
(Pascual-Leone 2002), brain plasticity (Cohen et al. 1997) and psychiatry (George et al.
1995; Lancet 1996; Geller et al. 1997). The FDA in the US has cleared two companies
for the use of TMS in the clinical treatment of depression, and the mapping of the motor
cortex before neurosurgery.
TMS applies the principle of induction (eddy current) to produce electric current
in a specific area of the brain so as to stimulate nearby neural nerves by quickly changing
their magnetic fields. Compared to other brain stimulation approaches, such as
Transcranial Electrical Stimulation (TES) which is applied to the surface of the skull and
causes pain for the patient, TMS has been well used as a research tool to study human
brain physiology. TMS can be used as a supplementary method to functional imaging
(i.e., Magnetic Resonance Imaging (MRI), which maps functional activation by detecting
the hemodynamic response related to neural activity in the brain or spinal cord, and
electroencephalogram (EEG), which records the brain's electrical activity), while TMS is
able to produce functional changes in cortical areas and map them.
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There are two types of TMS, which are arbitrarily defined depending on the
modes of magnetic stimulation: non-repetitive and repetitive.
Non-repetitive TMS can be single-pulse, dual-pulse or quadruple-pulse. The
stimulation of the dual-pulse and quadruple-pulse comes through the same coil at a
customized time interval, and the intensities can be controlled independently. The
stimulation effects can be detected by subjects consciously, or be discovered by specific
devices (i.e., the motor evoked potential (MEP) recorded from EMG electrodes placed at
the muscles or the changes in brain activity detected by magnetic imaging). The effects of
non-repetitive TMS do not outlast the period of stimulation.
Repetitive TMS (rTMS) generates much longer effects on the brain than the
period of stimulation. High-frequency TMS has a repetition rate above 1Hz; while lowfrequency TMS is between 0.3 and 1 Hz.
TMS is an appropriate tool for investigating the role of the cortical areas and the
corticospinal pathway involved in the control of object manipulation. TMS can be
applied over different cortical structures, such as the primary motor cortex, ventral
premotor cortex, dorsal premotro cortex and anterior intraparietal sulcus, to study how
they control the hand during tasks such as reaching, grasping, and lifting. To assess the
effect of cortical activity on muscle responses during different phases of motor tasks,
Lemon et al. (Lemon et al. 1995) performed an experiment to deliver single-pulse TMS
over the primary motor at eight phases of a reach-grasp-lift task, which were divided into
reach, grip closure, object manipulation, synchronized increase of grip and load forces,
lifting movement, and holding in the air. Electromyographic (EMG) responses (motor
evoked potentials, MEPs) to TMS observed from the muscles of the forearm
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demonstrated different cortical activities in each phase. They confirmed that the
functional connections between M1 and muscles were not fixed but fluid, and required
feedback information from muscles and joints in order to facilitate movement parameters
(Graziano 2006).
rTMS has been applied over the primary motor cortex during a grip-lift task
(Chouinard et al. 2005; Nowak et al. 2005). It was reported that rTMS could possibly
interrupt motor planning processes (i.e., anticipatory force scaling based on obtained
information in the previous lifting trials). This hypothesis regarding the interruption of
the movement intention was also based on observed changes in reaction time produced
by a single TMS pulse (Day et al. 1989; Pascual-Leone et al. 1992; Berardelli et al. 1994;
van der Kamp et al. 1998), and the hand-tool interactions based on the weight and shape
of the object (Olivier et al. 2007; Davare et al. 2007)
On the other hand, a recent study (Cros et al. 2007) has reported high correlations
between the direction of TMS-induced force responses and the direction of voluntary
forces, while the magnitude of the responses depended strongly on the rate of voluntary
force production. Different TMS response timings were observed in agonist and postural
muscles during static and dynamic contractions. The authors concluded that TMS does
not disrupt the basic “architecture of motor plans” (Cros et al. 2007).
The motor cortex maps the body’s muscles in a complex pattern of excitation and
inhibition to accomplish diverse tasks. Several studies have found that muscles with
higher background activation levels show larger responses to single-pulse TMS
(Ravnborg et al. 1991; Lim and Yiannikas 1992; Cros et al. 2007). Additionally, the act
of practicing might change the excitability of the corticospinal tract. It was found that
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MEP was larger in finger flexor muscles after subjects were trained to play the piano with
five fingers. (Pascual-Leone et al. 1995; Pascual-Leone 2001). It was also reported that
the MEP was larger for precision tasks than for power grips (Aimonetti and Nielsen 2002;
Datta et al. 1989; Flament et al. 1993; Hasegawa et al. 2001; Anson et al. 2002). This was
confirmed by several fMRI studies on human grasping, where the average activity in M1
increased for both force and precision when it was involved with a more extended
functional network (Kuhtz-Buschbeck 2001; Ehrsson et al. 2001).
When a digit produced a pressing force, a single TMS stimulus caused a shortlatency increase in the force (Danion et al. 2003), which was mediated by descending
signals in the corticospinal tract (Ugawa et al. 1995; Classen et al. 1998). The increase in
finger force scaled nearly proportionally with the background finger force magnitude up
to about 50% of the maximal voluntary contraction force (Danion et al. 2003), but did not
depend on the background forces of other fingers which were involved in the pressing
task due to the enslaving effect. The TMS-evoked force was followed by a delayed drop
in force associated with a silent period in the activity of extrinsic hand flexors (Danion et
al. 2003). In an experiment on three-finger balancing with a pivot point under the middle
finger, subjects were instructed to track a ramp shown on the monitor by exerting
pressing force (Latash et al. 2001). It was shown that the magnitude of the TMS-induced
force depended on (a) the instantaneous background force at the time when TMS was
applied; and (b) the amount of training that subjects received during the experiment
(Latash et al. 2001). The close relationship between the background force and TMSinduced force was confirmed in several pinch grasping studies regarding TMS effects on
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patterns of digit force co-variation (multi-digit synergies) during prehensile tasks
(Johansson et al. 1994; Johansson 1996).
In a three-digit tripod grasping study, it was found that TMS effects on grasp and
net forces were different, regardless of the mechanical constraints (Baud-Bovy et al. 2005,
2008). Another study showed that TMS-induced muscle responses are sensitive to
precision demands during two-digit precision grip tasks (Bonnard et al. 2007).
The study of TMS effects on multi-finger prehension is a more complicated task
because it is an abundant system with at least 30 variables for all digits. The tangential
forces and moments of forces can change their directions without violating the task
constraints. Thus, such studies are very limited.
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CHAPTER 3
Stability of the Multi-finger Prehension Synergy Studied with Transcranial
Magnetic Stimulation

Chapter 3 contains the following original paper reprinted by the permission from SpringerLink:
Niu X, Zatsiorsky VM, Latash ML. Stability of the multi-finger prehension synergy studied with transcranial magnetic
stimulation. Experimental Brain Research 190: 225-38, 2008
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Abstract We used transcranial magnetic stimulation
(TMS) to explore the stability of the three constituents of
the multi-finger prehension synergy. Patterns of co-variation between mechanical variables produced by individual
digits were used as indices of the prehension synergy. We
tested hypotheses that TMS would violate these patterns
and that different components of the prehension synergy
would take different times to restore. Subjects held an
instrumented handle with one of the three external load and
one of the seven external torques statically in the air.
Single-pulse TMS was applied unexpectedly over the hand
projection in the contralateral hemisphere. The normal
forces showed a quick TMS-induced increase that was
proportional to the background force magnitude. This was
also true for the tangential forces produced by the thumb,
middle, and ring fingers but not by the index and little
fingers. The total moment of force changed proportionally
to its background value with predominance of supination
responses. During the quick force response to TMS, patterns of digit force co-variation stabilizing the total
tangential force and total moment of force were violated.
Two stages of synergy restoration were identified taking
approximately 0.3 and 1.5 s. These times differed among
the three synergy components. The results support the idea
of a prehension synergy as a neural mechanism that facilitates conjoint changes in forces produced by individual
digits with the purpose to stabilize the hand action on the
hand-held object. The data also support applicability of the
principle of superposition to the human hand action.

Introduction
Recent studies of multi-finger manipulation of hand-held
objects (prehension) have been based on an assumed twolevel hierarchical control scheme (reviewed in Arbib et al.
1985; Mackenzie and Iberall 1994). At the upper level of
the hierarchy, the task (required mechanical action on the
hand-held object) is distributed between the thumb and a
virtual finger (VF)—an imagined finger with the mechanical action equal to that of the four fingers of the hand. At
the lower level, action of the VF is distributed among
individual fingers. At both levels, patterns of conjoint
changes in forces and moments of force produced by the
digits have been documented, addressed as prehension
synergies (reviewed in Zatsiorsky and Latash 2004, 2008;
Latash et al. 2007).
Three main constituents of prehension synergies have
been described at the thumb–VF level related to the production of (a) internal forces, i.e., the forces that cancel
each other and hence do not disturb the object equilibrium,
e.g., the grip force (Kerr and Roth 1986; Yoshikawa and
Nagai 1991; Gao et al. 2005), (b) resultant force; and (c)
resultant moment of force acting on the object. In tasks of
holding an object oriented vertically using a prismatic
grasp (the thumb opposing the four fingers), the three
constituents can be expressed as:
fvfn þ fthn ¼ 0
fvft þ ftht ¼ FLOAD
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M t þ M n ¼ MEXT

ð1Þ
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responses are sensitive to precision demands during twodigit precision grip tasks (Bonnard et al. 2007). One more
recent study (Cros et al. 2007) has reported high correlations between the direction of TMS-induced force
responses and the direction of voluntary forces, while the
magnitude of the responses depended strongly on the rate
of voluntary force production. These authors have also
reported different timing of the responses in agonist and
postural muscles and concluded that TMS does not disrupt
the ‘‘architecture of motor plans’’ (Cros et al. 2007). If one
considers synergies to be a major part of the ‘‘architecture
of motor plans’’, they are expected to be preserved following TMS. In contrast, we expected the synergy
constituents, i.e., the co-variations between the summands
on the left-hand side of the equations (1), to be violated by
a TMS and take time to restore. Documenting such violations would provide a strong argument that neural circuitry
responsible for the co-variation patterns characteristic of
the prehension synergy is located upstream of the stimulation site (M1 cortical area). Indeed, if this circuitry were
located downstream, TMS would lead to a change in an
input signal into the synergy-forming circuitry, and synergies may be expected to persist. Based on the principle of
superposition, we also expect different time patterns of
restoration of the synergy constituents corresponding to
each of the three Eqs. 1.

where f is force, M is moment of force, MEXT is external
moment of force, superscripts t and n refer to tangential
and normal forces and moments produced by those forces,
and subscripts vf and th stand for the VF and the thumb,
respectively. Patterns of co-variation between the two
summands on the left-hand side of the three equations have
been used as signatures of corresponding synergy components (Shim et al. 2003, 2004; Gao et al. 2006). Note that
the equations can be satisfied with sufficient accuracy
without such co-variations (synergies), for example by
selecting values of the summands in the left sides and
keeping their variability very low. A number of studies
have suggested that the synergies ensuring a stable value of
the grip force and a stable rotational equilibrium are controlled using the principle of superposition introduced for
the hand action in robotics (Arimoto et al. 2001; Zatsiorsky
et al. 2004). According to this principle, two separate
commands define the grip force and the total moment of
force, respectively, and digit variables defined by the two
commands are summed up.
In this paper, we address issues of stability of prehension
synergies. For this purpose, we used, as the source of perturbation, single-pulse transcranial magnetic stimulation
(TMS) applied over the hand projection in the contralateral
primary motor cortex. Muscles with higher background
activation levels are known to show larger responses to
TMS (Ravnborg et al. 1991; Lim and Yiannikas 1992; Cros
et al. 2007). Hence, when a digit produces a pressing force,
a single TMS stimulus leads to a short-latency increase in
the force (Danion et al. 2003) possibly mediated by
descending signals in the corticospinal tract (Ugawa et al.
1995; Classen et al. 1998). The force increase is followed by
a delayed drop in the force associated with a silent period in
the activity of extrinsic hand flexors (Danion et al. 2003).
TMS has also been hypothesized to interrupt motor planning processes; this hypothesis was based, in particular, on
observations of changes in reaction time produced by a
TMS pulse (Day et al. 1989; Pascual-Leone et al. 1995;
Berardelli et al. 1994; Van der Kamp et al. 1998).
A TMS applied during a task of holding an object
statically in the air may be expected to lead to changes in
the overall mechanical action of the hand on the object
such as the grip force and tangential force. The stimulus
may also be expected to affect the prehension synergy, that
is, it may be expected to violate equations (1). To our
knowledge, no studies of effects of TMS on patterns of
digit force co-variation (multi-digit synergies) during prehensile tasks have been performed. A report on a pilot
study of the effects of TMS on digit forces in the tripod
grasp mentions different effects of the TMS on the grasp
force and the net force (Baud-Bovy et al. 2005, 2008).
Another study has shown that the TMS-induced muscle

Methods
Subjects
Six male subjects participated in the experiment (age
28.7 ± 2.5 years, weight 73 ± 15.2 kg, height 1.75 ±
0.07 m, hand length from the middle fingertip to the distal
crease of the wrist with hand extended 19.1 ± 1.5 cm, hand
width at the MCP level with hand extended 10.3 ± 0.8 cm).
The subjects were all right-hand dominant and had no history
of neuropathy or trauma to their upper limbs and their heads.
All subjects gave informed consent according to the procedures approved by the Office for Research Protections of the
Penn State University.
Apparatus
Five six-component force/moment transducers (Nano-17,
ATI Industrial Automation, Garner, NC, USA) were
mounted on an aluminum handle at the bottom of which a
horizontal aluminum bar was attached (0.8 m long,
Fig. 1). A level was positioned at the top of the handle to
help the subjects keep the handle vertical. Four transducers were used to measure forces and moments of force
applied by the fingers, and the fifth transducer measured
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Fig. 1 Schematic drawing of
the apparatus with five sensors
mounted on the handle with the
T-shaped attachment. The
openings along the horizontal
bar represent the different
locations of the load attachment
(D) to achieve the target
external torques. The right
panels show the sensor-centered
reference frame, the sensor cap,
and the definition of the point of
force application. The figure is
not drawn to the scale

TMS procedure

the force and moment of force produced by the thumb.
The surface of each sensor was covered with sandpaper
(friction coefficient about 1.4, see Shim et al. 2003;
Savescu et al. 2008). The centers of all five sensors were
in one plane (the grasp plane). Sensor signals were set to
0 prior to each trial.
The distance between two finger sensors was 3.0 cm,
and the thumb sensor was positioned across the midpoint
between the centers of the middle and ring finger sensors.
The combined mass of the handle, sensors, and the bar was
0.58 kg. Three loads, 0.25 kg, 0.5 kg, and 0.75 kg, could
be attached at different points along the bar. Their suspension at different locations generated seven external
torques: 0.2, 0.4, and 0.6 Nm clockwise and counterclockwise, as well as a zero torque. There were a total of 21
different load/torque conditions in the experiment.
Bipolar electromyographic (EMG) recordings from
flexor digitorum superficialis (FDS) and extensor digitorum communis (EDC) of the right forearm were obtained
from pairs of Ag/AgCl surface electrodes. The ground
reference electrode was placed on the subject’s styloid
process of the ulna. The diameter of each electrode was
1 cm, the distance between the centers of two electrodes
was 3 cm. EMG electrode positions were secured by tape.
Bortec 8-channel EMG system (AMT-8, Bortec Biomedical Ltd, Calgary, AB, Canada) was used to acquire and
transmit EMG signals to the computer. The gain of the
EMG amplifier was set at 5 K. Since this study has
focused on mechanical responses to TMS, the EMG signals were only used to define the time when TMS
occurred (Fig. 3a).
All the signals were digitized by two 32-channel 12-bit
A/D converters (PCD-6033E, National Instruments, Austin, TX, USA). The sampling frequency was 1,000 Hz. The
digital signals were processed by a PC computer (Dell
Dimension 8200, USA) with a customized program written
in LabVIEW 6.1 (National Instruments, Austin, TX, USA).

Focal TMS was delivered with a Magstim-200 stimulator
(Magstim, Wales, UK) with a 70-mm figure-of-eight coil
(P/N 9925-00), which produced a monophasic magnetic
field with the maximal output of 1.7 Tesla reached in
0.5 ms and decaying over approximately 1 ms.
The subject put on a Nylon swimming cap, which was
fixed bilaterally on the subject’s scalp with tape to avoid its
motion during the experiment. A 10 9 10 grid with the
step of 0.5 cm was marked on the lateral-anterior left side
of the cap. The subject was first instructed to be relaxed,
and then TMS stimuli at 70% of maximal power were
applied over the subject’s left motor cortex. The coil was
oriented at about 30° over the transverse plane with the
handle pointing forward. The experimenter systematically
changed the location of the central point of the coil over the
grid and observed the response of the subject’s digits,
which rested naturally on the table. An optimal position of
the coil was defined as the spot with the largest magnitude
of the digit response. Typically, the optimal position was
about 2 cm anterior and 3 cm lateral of Cz, and varied
among subjects within 1 cm. During the experiment, the
center of the coil was always placed at the optimal location.
The coil was fixed onto the swimming cap by double-sided
adhesive tape and also held by an experimenter to avoid
fatigue to the subject and ensure that the coil position and
orientation were constant across trials.
To determine the stimulation intensity, the output of the
stimulator was reduced gradually until no visible response
to a single TMS could be observed in three of six consecutive stimulations. This intensity was viewed as the
resting motor threshold (rMT). Since we have been interested in the combined mechanical effects of the TMSinduced responses in many muscles, a mechanical rather
than EMG criterion has been selected for rMT. Then, the
output was set as 140% of rMT. The stimulation strength
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represent the axes with respect to which the force or
moment were determined. In the transducer-fixed reference
system, forces normal to the transducer surface corresponded to the z direction fz. In this experiment, fz was
oriented horizontally. At equilibrium states, the tangential
force acted in the vertical direction fy.
The digit contacts with the sensors were modeled as
soft-finger contacts (Murray et al. 1994); in particular
rolling and deforming the fingertips were allowed. The
vertical coordinates (yi) of the digit force application (point
P in the right panel in Fig. 1) with respect to the sensor
center were computed as yi ¼ mxi  fiy  d =fiz ; i = 1, 2,3,
4, 5 and plus–minus sign depends on the digit: minus for
the thumb; plus for the index, middle, ring, and little fingers, mxi is the moment of the ith digit with respect to x-axis
(horizontal axis), fiy and fiz are the forces of the ith digit in
the y and z directions, d = 0.5 cm is the sensor cap height,
i.e., the distance between the fingertip contact and the
sensor.
The vertical coordinate of the point of VF normal force
application with respect to the point of application of the
thumb force was determined based on the theorem of
P
moments as Yvf ¼ fin Yi =fvfn ; where Yi is the vertical
coordinate of the force application point of finger i. Yi
equals the algebraic sum of (1) the vertical coordinate of
the sensor center in the handle fixed reference system
(e.g. 1.5 cm for the index finger and -1.5 cm for the
middle finger, see Fig. 1), (2) the displacement of the
point of application of the thumb force with respect to the
center of the thumb sensor, and (3) yi, the displacement of
the application point of the finger i’s normal force with
respect to the sensor center. fvfn is the sum of the normal
forces produced by the four fingers. Note that a capital
letter, such as Y, is used to designate a coordinate in the
handle fixed reference system, while the lowercase letter
like y designates the coordinate with respect to the center
of a sensor.
At the VF level, the moment of normal forces Mn and
the moment of the tangential forces Mt were computed.
The moment of normal forces was computed as M n ¼
fvfn  Yvf ; and the
 moment
 of tangential forces was computed as M t ¼ fvft  ftht w=2; where w is the width of the
handle (76 mm). Mn is the moment produced by the force
couple consisting of the thumb and VF normal forces; it
can be computed using either the normal force of the thumb
or the normal force of the VF (as in the expression above).
Because the moment of a couple is a free moment, Mn can
be added to Mt to obtain the total moment exerted by the
subject. Upward tangential forces and counterclockwise
moments were defined as positive. Background values of
all the force and moment of force variables were computed
as their average values over the time interval from 300 to
100 ms prior to the TMS application.

ranged from 55 to 72% of the stimulator output and had an
average of 65% across subjects.
Experimental procedure
Before the experiment, subjects were given an orientation
session to familiarize them with the experimental tasks and
apparatus. Then, subjects washed their hands to normalize
skin condition. The subject sat in a chair alongside a table,
with the right upper arm positioned at approximately 45°
abduction in the frontal plane and 30° flexion in the sagittal
plane. The elbow joint was flexed by approximately 90°.
The forearm, but not the wrist and hand, was placed on the
brace. The brace was fastened to the table and the forearm
was fixed in the brace with an elastic band. The forearm
was pronated 90° such that the hand was in a natural
grasping position.
Subjects were instructed to take the handle from the rack
and keep the handle vertically and statically in the air while
looking at the air bubble level. When the handle was stabilized, the trial started, and a TMS stimulus was applied at
an unpredictable time during the first 4 s; the subjects had
sufficient time (at least 2 s) to re-stabilize the handle. The
instruction to the subjects was: ‘‘Try to keep the handle
vertical at all times’’. After the data collection in a trial
stopped, the subjects placed the handle back on the rack
and waited for the next trial.
In further text, different load/torque combinations are
also addressed as load/torque conditions. The order of
loads and torques was randomized, while three trials were
presented in a row within each load/torque condition. After
the third trial, the load and/or the location of the load along
the bar was changed by the investigator. Each trial took 6 s.
A 30-s break was provided after each trial within a load/
torque condition, and at least 3-min breaks were provided
between two consecutive conditions. The total duration of
the experiment was approximately 1.5 h.
Data analysis
Software written in LabView (National Instruments, NC,
USA) was used to convert digital signals into the force and
moment of force values. Data processing was performed
using Matlab software package (Mathworks, Inc., Natick,
MA, USA). The raw force/moment data were filtered with
a fourth-order, zero-lag Butterworth low-pass filter at
12.5 Hz.
In further text, symbols m and f designate a digit’s
moment of force and force, respectively. Subscript i refers
to the ith digit, such as the thumb (th), index (in), middle
(mi), ring (r), and little finger (l). Subscript vf is for the
virtual finger. VF force was computed as the sum of forces
produced by the four fingers. Superscripts x, y, or z

123
53

Exp Brain Res (2008) 190:225–238

229

Fig. 2 The relations between the VF and thumb normal forces (panel c
a), tangential forces (panel b), and moments produced by the normal
forces and by the tangential forces (panel c) before and after a TMS
stimulus. A representative example from a typical subject. Red dots
variations prior to the TMS. T = 0 is the time when TMS was
applied. Tp is the time of normal force to reach peak force magnitude
after TMS. Green dots the changes immediately following the TMS.
Blue dots the first stage of the synergy restoration period (between
times T1 and T2). Black dots the second stage of synergy restoration
(after T2). The slanted dashed lines are the equality lines corresponding to the equations of statics

Synergy restoration analysis
The concept of equilibrium restoration
We introduce the concept of equilibrium restoration using
an example. When the time changing tangential forces of
the thumb and VF were plotted against each other
(Fig. 2b), the following regularities in the force-force
relations have been observed:
(1)

(2)

(3)

(4)

Prior to the TMS, simultaneous synchronous variations of the VF and thumb force magnitudes were
always present (the red traces in Fig. 2b). Such
conjoint matching changes of the thumb and VF
tangential forces manifest a constituent of the grasping synergy (Zatsiorsky and Latash 2004).
Immediately after the TMS (the green portion of the
force-force curve in Fig. 2b) the forces of the thumb
and index finger changed in a less regular way such
that fvft þ ftht 6¼ Load and hence the handle equilibrium in the vertical direction was broken.
After some time the resultant tangential force approximated in magnitude Load again (the blue curve in
Fig. 2b). The handle equilibrium was restored but the
force magnitudes varied substantially. We can say
that the tangential force synergy has been restored.
The forces magnitudes stabilized at a certain steadystate level (the black portion of the line in Fig. 2b).

Figures similar to Fig. 2b can be drawn for the TMSinduced changes in the normal forces (Fig. 2a) that are
supposed to sum up to 0 and moments of force produced by
the tangential and normal forces (Fig. 2c) that are supposed
to sum up to the external torque. The following formal
definitions of the normal force synergy (grasping synergy),
tangential force synergy and the moment-of-force synergy
are adopted here:
A.

Normal force synergy is defined as co-variation of the
normal forces of the thumb and VF that satisfies the
equation:
fvfn þ fthn ¼ 0

ð2Þ
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(synergy is restored in a sense that force and moment of
force co-variations satisfy Eqs. 2, 3, 4; however, force and
moment of force magnitudes produced by the thumb and
VF continue to change substantially) and Stage-2 (a new
steady-state is reached). An operational definition for the
two stages is described in the following section.
Search methods for the timing of synergy restoration
Let us introduce a notion of the equality line as a line
corresponding to one of the Eqs. 2, 3, 4. If data points
measured at different time samples stay close to the
equality line, they satisfy the corresponding synergy. The
following computational steps were selected to estimate
time changes in two variables: (1) The distances of the data
points from the equality line; and (2) The differences
between the magnitudes of force and moment of force
produced by the thumb and VF at different times after the
TMS and those values measured at a steady-state after the
handle was at a new equilibrium. This particular method
was based on many trial-and-error attempts and analysis of
the data for each individual subject. These steps lead to the
most consistent across subjects and conditions results.
First, the distance from each point of the data to the
equality line (for example, the distance from each data
point on the plane spanned by the VF and thumb normal
forces to the corresponding equality line) was calculated.
This variable is shown in Fig. 3b as Dist(t). The maximal
distance from the last 200 data points to the equality line
was accepted as the steady-state distance (DSS).
Second, the standard deviation (SD) of the performance
variable of interest was calculated within a moving window
of 50 ms. By moving the window 1 ms at a time, a time
series SD(t) was computed (Fig. 3b). We used the 50 ms
time window as a compromise between having sufficient
statistical power and sufficient time resolution. The root
mean square (RMS) over 200 points at the end of each SD
time series was computed; it was termed the steady-state
standard deviation (SDSS). The indices DSS and SDSS
characterize the typical for this subject variations in the
mechanical variables at the new steady-state. In some of
the subjects, visual analysis of the data clearly showed two
stages in the process of equilibrium restoration (seen in
Fig. 3); other subjects showed a more smooth, less staged
process. To test whether these processes differed across the
three performance variables corresponding to Eqs. 2, 3, 4,
we decided to view them as consisting of two stages across
all subjects.

Fig. 3 a Time series of the sum of normal forces produced by the
four fingers and the EMG profiles of the FDS and EDC (arbitrary
units; the EDC EMG is inverted for better visualization). b The
distance from the data points to the equality line, Dist(t), and its
standard deviation SD(t). T1 and T2 indicate the beginning of Stage-1
and Stage-2 of the normal force synergy restoration

B.

Tangential force synergy is defined as co-variation of
the tangential forces of the thumb and VF that
satisfies the equation:
fvft þ ftht ¼ FLOAD

ð3Þ

where FLOAD is the force produced by the subject that
supports the weight of the object (FLOAD = -Load).
C. Moment of force synergy is defined as co-variation of
the moments produced by the normal and tangential
forces that satisfies the equation:
M tot ¼ M n þ M t ¼ MEXT
tot

n

ð4Þ

t

where M , M , M are the total moment of force,
moment of normal forces and moment of tangential
forces exerted by the subject, respectively.
Based on the patterns illustrated in Fig. 2a, b, c, synergy
restoration was viewed as consisting of two stages, Stage-1

(1)

The forward propagation method: Stage-1.

The search process started from the time when the TMS
occurred, which was defined using the EMG recording
(time zero, T = 0) and moved along the natural time. If,
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forces produced by the thumb and virtual finger (VF). This
relation is illustrated by the red dots in Fig. 2a for a typical
subject holding a load of 0.75 kg with the external torque
of -0.4 Nm. There was negative co-variation between the
tangential forces of the thumb and VF (Fig. 2b) and also
between the moment of normal forces and the moment of
tangential forces (Fig. 2c). Overall, the average amount of
variance prior to the TMS accounted for by the linear
equations was 97.1, 85.5, and 73.2% for the grip force,
tangential force, and total moment of force respectively.

after a certain time, the RMS computed over 100 points in
SD(t) was under 10SDSS, and the maximal value of Dist(t)
over those 100 consecutive data point was under 10DSS,
this time (T1) was regarded as the beginning of Stage-1.
(2)

The backward propagation method: Stage-2.

The search process started from the end of the SD time
series and moved in the backward direction, i.e., opposite
to the natural time sequence. The last point, for which the
RMS value of 100 consecutive points in SD(t) was smaller
than 3SDSS, and the maximal value of Dist(t) over those
100 consecutive data points was smaller than 3DSS, was
regarded as the end of Stage-1 and start of Stage-2 (T2). An
illustration of T1 and T2 is presented in Fig. 3 with the
corresponding normal force, Dist(t), and SD(t) series.

Typical patterns of the TMS-induced changes
The individual digit forces (including VF force), the total
force and the moment of force are shown as time functions
in Fig. 4 for a typical trial performed by a representative
subject. Overall, the digit forces stabilized within 1–2 s
after the TMS but all subjects showed variable patterns of
transient changes in all the digit forces. Four phases can be
distinguished in the normal force changes (in Figs. 2a, 4a):

Statistical analysis
All the data were averaged over the three trials at each
condition. ANOVA with and without repeated measures
and paired Student’s t-tests were used. The factors included
Load (three levels), Torque (seven levels), Condition as a
factor (21 levels corresponding to all the external LoadTorque combinations, used only for the synergy restoration
analysis), and Finger (four levels). Significant effects were
further explored using Tukey’s pair-wise comparisons.
The significance level was set as 0.05. Statistical analyses
were performed in Minitab 13.0 (Minitab, Inc., State College, PA, USA) and SPSS (SPSS Inc., Chicago, IL, USA).
To check the data for accuracy, the following comparisons have been regularly performed for all trials: (a) the
normal forces of the thumb and VF at equilibrium should add
up to 0; (b) the total tangential force at equilibrium should
equal the weight of the object; (c) the total moment of force
should counterbalance the external torque; and (d) the EMG
recordings should show a motor evoked potential (MEP), a
silent period and return to about the pre-TMS level.

(1)

(2)

Results
This section is organized in the following way. First, we
analyze the behavior prior to the TMS. Further, we illustrate
typical effects of TMS on digit forces. Then, we analyze the
immediate effects of TMS on the grip force, tangential
force, and total moment of force. Finally, the time course of
the restoration of equilibrium after a TMS is described.

(3)

(4)
Behavior prior to the stimulation
All the subjects showed co-variation among digit forces
and moments of force that satisfied the equilibrium Eqs. 1.
In particular, there was positive co-variation of the normal

Fast Force Increase (FFI): The average latency of the
early response (MEP) in the FDS was 17.4 ± 1.9 ms
(SD is across all conditions). Immediately following a
TMS, at a latency of about 25 ± 4 ms, the VF normal
force fvfn and thumb normal force fthn both increased
rapidly and reached maximum values at about the same
time. The average time to peak force, Tp, was 67.0 ±
9.57 ms. Two-way repeated-measures ANOVA with
the factors Load and Torque showed no significant
effects on Tp. fvfn increased slightly faster than the
thumb normal force fthn : In all the subjects and under all
conditions, the force-force line was above the line of
equal force changes, as in Fig. 2a.
Fast Force Decrease (FFD): After reaching the peak
values, both forces dropped along a nearly straight line
on the force–force plane, but fvfn dropped slightly faster
than fthn getting closer to the force equality line. A linear
regression model was fitted for the FFI and FFD phases
separately in each trial. The R2 values averaged over all
subjects and conditions were 99 and 96.7% for FFI and
FFD, respectively. Two-way repeated measures
Load 9 Torque ANOVAs were run on the regression
coefficients; no significant effects were found.
Irregular Pattern Phase: After the FFD phase, there
was a period of irregular force changes, ultimately
leading close to the equality line.
Synergy Restoration: Later, the force changes were
mainly along the equality line, i.e., they satisfied the
equation of statics (Eq. 2 in Sect. ’’Methods’’). While
fvfn and fthn were nearly equal both prior to and after
TMS, the magnitude of these forces was larger after
TMS, i.e., the handle was grasped stronger.
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Fig. 4 A typical example of the
time series of normal forces (a),
tangential forces (b), total
normal force and total tangential
force (c), and total moment of
force (d) following a TMS that
occurred at time 0. A
representative example for a
typical subject holding a load of
0.75 kg with the external torque
of -0.4 Nm

decrease in ftht were produced by one subject. The TMSinduced change of this force Dftht was significantly
affected by the direction of the rotational effort (Table 1)
such that Dftht during the supination effort conditions was
larger than in the conditions with no rotation effort,
while it was the smallest in the pronation effort
conditions.
The percentage of trials with positive fvft depended on
the external torque (Table 1). There were more cases of
positive Dfvft in trials with pronation efforts as compared to
trials with supination efforts. The magnitude of Dfvft was
affected by external torque. However, this effect was
opposite to the one for Dftht (Table 1). During conditions
with pronation efforts Dfvft was larger than during tasks
with 0 rotation effort, while Dfvft was the smallest during
the supination effort conditions. The change in the total
tangential force is also shown in Table 1. There was no
significant effect of Torque or Load and no interaction.
The TMS-induced change in the total moment of force,
DM tot depended on whether the effort prior to the TMS was
into supination or into pronation. The percentage of trials
with negative DM tot for each external torque is shown in
Fig. 5. Negative DM tot signify an increase in the supination
effort or a decrease in the pronation effort. In the supination effort conditions (positive external torque), in over
90% of the trials the total moment changed into supination.
Under zero external torque conditions, DM tot was into
supination in about 65% of the trials, and in the pronation

The relation between the TMS-induced changes in the
VF and thumb tangential forces, fvft and ftht ; showed a less
regular pattern (illustrated earlier in Fig. 2b). Right after
the TMS, the handle could move up and down (or down
and up) until the force–force relation came close to the
equality line (shown as the straight dashed line with a
negative slope in Fig. 2b) corresponding to Eq. 3 in
Sect. ’’Methods’’.
The balance of moments of force was also violated by
the TMS, but then it gradually went close to and finally
settled down along the moment equality line corresponding
to Eq. 4 in Sect. ’’Methods’’ (Fig. 2c).
Early force changes after TMS
In order to simplify the analysis, the forces and moments of
force were measured when the normal force peak value
was reached. Then, they were compared to the steady-state
values prior to the TMS (averaged over the time interval
300–100 ms prior to TMS application, see Sect. ’’Methods’’). The changes of forces and moments of force during
this period were monotonic. In the ensuing description of
the changes in the tangential forces, the upward direction is
considered positive. The following force and moment
changes were observed.
All digit normal forces increased (described earlier,
Fig. 2a). The thumb tangential force increased in 366 out
of the total of 378 trials. Eleven of the 12 trials with a
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Table 1 TMS-induced changes in tangential forces
External torque, Nm

Supination efforts

Zero

Pronation efforts

0.6

0.4

0.2

0

-0.2

-0.4

-0.6

Dftht ; N

3.48 ± 0.80

2.66 ± 0.63

2.45 ± 0.57

1.89 ± 0.54

1.79 ± 0.56

1.69 ± 0.56

1.61 ± 0.54

% of positive Dfvft ;
occurences

40.1

64.8

74.1

81.5

87.0

85.2

90.7

Dfvft ; N
t
;N
Dftotal

0.06 ± 0.32
3.42 ± 0.65

0.52 ± 0.39
3.17 ± 0.48

0.65 ± 0.35
3.10 ± 0.45

0.94 ± 0.34
2.83 ± 0.46

1.15 ± 0.38
2.94 ± 0.42

1.18 ± 0.34
2.87 ± 0.50

1.34 ± 0.37
2.95 ± 0.44

t
stand for the TMS-induced
The data are shown for different external torques that required supination or pronation efforts. Dftht ; Dfvft ; and Dftotal
changes in the tangential forces of the thumb, virtual finger, and the total tangential force. Averages across subjects with standard errors are
presented

increments in those values scaled strongly with the external
torque as illustrated in Fig. 6. These relations could be
described by second-order regressions with the coefficients
of determination (computed over the data pooled over the
subjects, loads, and trials) ranging from 0.9 to 0.99.
Similar to the normal force changes, the tangential forces changed during the early response to the TMS with
background force. These changes were close to linear for
the forces produced by the thumb, the middle finger, and
the ring finger. They showed much less consistent changes
for the index finger and the little finger. Linear relations
between the background tangential force value and the
magnitude of its TMS-induced response accounted, on
average, for 74, 11, 98, 85, and 26% of the total variance
for the thumb, index, middle, ring, and little fingers,
respectively. The grand averages of the background tangential force and the TMS-induced change of tangential
force across all subjects and loads are illustrated in Fig. 7
as functions of the external torque. Note the high coefficients of determination for the thumb, the middle finger,
and the ring finger (ranging from 0.87 to 0.99, Fig. 7a, c).
Note also the strong linear scaling of the index finger force
with external torque and the absence of such a scaling in
the TMS-induced force increments (Fig. 7b).
Changes in the background moment of force and in the
TMS-induced change in the total moment of force with
external torque are shown in the top panel of Fig. 8. The
grand average of the moment of force showed a strong linear
relation with external torque. The magnitude of the TMSinduced changes showed a non-linear scaling with external
torque illustrated in Fig. 8 with a second-order regression
line (the coefficient of determination 0.99). Note the predominance of negative (supination) responses to the TMS.
Repeated-measures ANOVA showed that DM n ; DM t
and DM tot were each affected by Torque significantly
(P \ 0.001), but not influenced by Load (P [ 0.2) without
a Torque 9 Load interaction (P [ 0.9). Paired t-tests with
Bonferroni corrections have confirmed that DM tot tended to
supinate the handle more in trials with supination efforts,

Fig. 5 The percentage of trials with negative changes in the moment
of force, DMn (stars), DMt (open squares), and DMtot (filled circles)
for each external torque. Negative changes signify an increase in the
supination effort or a decrease in the pronation effort. Averaged
across subjects data are presented

effort conditions, DM tot was into supination in about 50%
of the trials.
Quantitative analysis of the TMS-induced responses
The TMS-induced normal force increment during the FFI
period showed an overall tendency to increase with the
background force. The relations between the increment of
individual digit’s force value and background normal force
in each individual subject could be described by a linear
regression model, which accounted, on average, for over
70% of the variance for each digit. However, the slopes of
the force–force regression line (regression coefficient)
differed across digits and subjects; their average values
across subjects were 0.40 ± 0.16, 0.19 ± 0.07, 0.48 ±
0.24, 0.63 ± 0.25, and 0.59 ± 0.30 for the thumb, index,
middle, ring, and little finger, respectively. Note that both
background normal force values and the TMS-induced
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Fig. 6 The background values of the normal digit forces (BG, filled
symbols) and the TMS-induced changes in the normal digit forces
(TMS, open symbols) as functions of the external torque with secondorder regression lines and coefficients of determination. Averaged

across subjects data are shown for the thumb (a), index and little
fingers (b), and ring and middle fingers (c). Note the similar shapes of
the two dependences

Fig. 7 The background values of the tangential digit forces (BG,
filled symbols) and the TMS-induced changes in the tangential digit
forces (TMS, open symbols) as functions of the external torque with
linear regression lines and coefficients of determination

(interpolations are shown for irregular patterns). Averaged across
subjects data are shown for the thumb (a), index and little fingers (b),
and ring and middle fingers (c). Note the similar shapes of the two
dependences in panels a and c but not in panel b

while during pronation effort conditions the TMS could
lead to supination or pronation DM tot (Table 2).

(21 levels corresponding to all the external load–torque
combinations) confirmed a significant difference between
the times for M tot and f n (P \ 0.001), but not between the
times for f n and f t (P [ 0.5).
During Stage-2, the sequence was different. The tangential forces reached steady-state first (in 1,181 ±
168 ms), while the restoration of the normal forces and
moments of force occurred approximately 300 ms later
(1,517 ± 201 and 1,496 ± 160 ms, respectively). A twoway ANOVA using Condition as a factor showed the significant difference of the timing of Stage-2 between the
times for f t and f n (P \ 0.001), but not between the times
for f n and M tot (P [ 0.5).

Restoration of the equilibrium
The grand averages of the synergy restoration times are
presented in Table 3. Recall that we characterized the
process of synergy restoration using two time indices, the
time of crude synergy restoration (Stage-1) and the time of
achieving steady-state (Stage-2). The synergy restoration
times for the normal forces, tangential forces, and moments
of force did not depend on factors Load and Torque, as
confirmed by two-way repeated-measures ANOVAs.
There were differences in the synergy restoration times
for the normal forces, tangential forces, and moments of
force. For Stage-1, the longest restoration time was seen for
the total moment of force (357 ± 68 ms), followed by
approximately similar restoration times for the normal
forces (301 ± 47 ms) and the tangential forces (296 ±
30 ms). A two-way ANOVA using Condition as a factor

Discussion
The main hypotheses formulated in the Introduction have
been supported. In particular, the early responses of
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levels. Further discussion addresses implications of these
findings for the control of multi-digit prehension.
Destructive TMS effects on the prehension synergy
Note that our analysis addressed changes in the mechanical
variables produced by the digits on the handle, not muscle
activations that might be responsible for these changes. As
a result, we cannot address such issues as the relative role
of TMS-induced responses in distal and proximal muscle
groups. We will, however, address the issue of passive vs.
active generation of tangential finger forces during the
TMS-induced responses in a later subsection.
The prehension synergy was reflected at steady-state
prior to TMS as co-varied changes in the elemental variables at the thumb–VF level (the variables in the left-hand
sides of the equations of statics—see the Sect. ’’Introduction’’). These observations are similar to earlier reports
(Santello and Soechting 2000; Shim et al. 2003, 2005;
reviewed in Zatsiorsky and Latash 2004, 2008). The three
constituents of the prehension synergy were also obvious at
the post-stimulation steady-state. However, there were
transient violations of the synergy by the TMS. Such violations were particularly pronounced in the synergy
constituents related to the production of the required tangential force and moment of force values. These
observations argue against a recent suggestion that TMS
does not disrupt the basic ‘‘architecture of motor plans’’
based on the analysis of the mechanical and muscle
responses to TMS during static and dynamic contractions
(Cros et al. 2007; see Sect. ’’Introduction’’ for more detail).
The mentioned law of proportional increase in the
background force produced by TMS allows expecting
proportional increase in the components of the overall hand
action on the handle (see also Danion et al. 2003). The grip
component of the prehension synergy requires positive covariation of the normal forces of the thumb and VF (Eq. 2
in the Sect. ’’Methods’’). Such co-varied changes could be
expected after a TMS, based on the mentioned rule, and
indeed were observed (see Figs. 2a and 6).
In contrast, the synergy constituent related to the tangential force production requires negative co-variation of

Fig. 8 TMS-induced changes in the total moment of force (MomentTMS, solid second-order regression line) and the background total
moment of force (Moment-BG, dashed linear regression line) as
functions of the external torque. Note the non-linear change in the
TMS-induced changes with the predominance of supination (negative) responses. Averaged across subjects data are shown with
coefficients of determination

mechanical variables to TMS scaled nearly proportionally
with the background values of those variables. These
results corroborate earlier observations of a close to proportional increase in finger force response to TMS with an
increase in the background finger force up to about 50% of
the maximal voluntary contraction force (Danion et al.
2003). Our data show that this rule is true not only for
normal finger forces but also for tangential forces produced
by some of the digits, and for the total moment of force.
After the TMS-induced perturbation, all mechanical
variables ultimately returned to values close to those prior
to the TMS. However, the time profiles of the restoration
processes could differ among the variables. In addition,
restoration of synergic relations between pairs of variables
at the thumb–VF level in Eq. 1 typically happened before
the variables themselves returned to new steady-state

Table 2 TMS-induced changes in the moment of force
External torque, Nm

Supination effort
0.2

Zero

Pronation effort

0

-0.2

0.6

0.4

-0.4

-0.6

DM n ; Nmm

-194 ± 36

-129 ± 32

-80 ± 19

-11 ± 11

9 ± 15

25 ± 28

50 ± 29

DM t ; Nmm

-127 ± 37

-77 ± 33

-65 ± 30

-34 ± 28

-23 ± 31

-18 ± 28

-10 ± 29

DM total ; Nmm

-321 ± 64

-206 ± 50

-144 ± 34

-46 ± 28

-14 ± 34

7 ± 35

41 ± 43

The data are shown for different external torques that required supination or pronation efforts. DM n ; DM t ; DM tot stand for the changes in the
moment of normal force, moment of tangential force and total moment of force. Averages across subjects with standard errors are presented
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expected to show scaling of the TMS-induced responses
with the magnitude of those forces.
Earlier studies of similar static prehensile tasks have
shown that all four fingers produce normal forces in the
same direction against the thumb force direction (fingers
can only push, not pull), while the individual moments of
force could be in opposite directions for some of the fingers
and in some external loading conditions (Zatsiorsky et al.
2002, 2003). As a result, one cannot make similarly
straight-forward predictions for the third synergy constituent related to rotational equilibrium (Eq. 4 in the
Sect. ’’Methods’’). Indeed, even the earliest TMS-induced
changes in Mn and Mt were much less predictable and did
not show positive co-variation (Figs. 2c). Nevertheless, the
TMS-induced changes in the total moment of force produced by the digits were proportional to the background
magnitude of the moment of force (Fig. 8), although the
DMtot(Mtot) relation was skewed toward supination
responses. This finding is compatible with an earlier report
of higher voluntary torques produced into supination
(clockwise) as compared to pronation (counterclockwise)
during maximal torque production tasks performed while
gripping a circular object (Shim et al. 2007). The finding
could also get contribution from different patterns of agonist–antagonist activation during supination and pronation
tasks. Note that the total moment of force is a variable that
describes the combined action of many digits and muscles
thus complicating interpretation of the skewed DMtot(Mtot)
relation. We do not have a neurophysiological explanation
for this finding and suspect that peculiarities of the cortical
representations of different hand muscles and the orientation of the coil could lead to these results.
Taken together, the observations of the earliest responses to TMS suggest that these responses did not reflect
synergic requirements imposed by the task but mostly
followed the mentioned simple rule: A response in an
elemental mechanical variable was proportional to its
background magnitude.
Neurophysiological mechanisms of the prehension synergy are all but unknown. The mentioned destructive
effects of TMS over the primary cortical motor area suggest that structures responsible for the co-varying changes
in digit forces are either upstream of the stimulation site or
involve the stimulation site (cf. Bonnard et al. 2007), but
unlikely to be targets of neurons subjected to the TMS in
our experiments. The TMS used in the study was likely to
induce activation of corticospinal neurons both directly and
trans-synaptically. If the site of synergy formation were
downstream of the stimulation site (M1), the TMS would
only change the input into that site, and synergic relations
between elemental variables satisfying the Eqs. 2, 3, 4
could be expected to persist.

Table 3 Timing of synergy restoration
Total normal
force

Total tangential
force

Total moment
of force

Stage-1 (T1)
Mean
Standard error

301

296

357

47

30

68

1,517

1,181

1,496

201

168

160

Stage-2 (T2)
Mean
Standard error

The times of the initiation of the two stages of synergy restoration (in
ms) are presented for the three characteristics of the hand mechanical
action (mean values across the subjects and standard errors)

elemental variables (Eq. 3 in the Sect. ’’Methods’’). The
law of proportional force increase acts against the required
negative co-variation and thus led to TMS-induced changes
that violated that synergy constituent (see Figs. 2b).
Indeed, TMS tended to induce positively co-varying
changes in the tangential forces produced by the thumb and
VF thus destabilizing the total tangential force.
Although the overall finger force response to TMS
scaled with force magnitude, individual fingers showed
different correlation coefficients of the relations between
the TMS-induced force changes and background force
values. These relations for the normal force were considerably weaker for the middle finger, while for the
tangential force they were considerably weaker for the
index and little fingers. One may tentatively suggest that
these differences are related to the different involvement of
the fingers in the production of the total tangential force
and total moment of force. Note that an earlier study
(Zatsiorsky et al. 2002) has suggested that the M and R
fingers may be viewed as primarily load-supporting (their
forces scale closely with external load) while the I and L
fingers play a major role in maintaining the rotational
equilibrium (their forces scale closely with external torque). Assume that the neural controller has an ability to
modify sensitivity to TMS of neural structures responsible
for force production by different digits. This assumption is
supported by a study of the effects of practice on TMSinduced force responses in the task of multi-finger accurate
force production (Latash et al. 2003). Under this assumption, neural structures controlling the load-supporting
fingers may be expected to be tuned for the production of
requisite tangential forces and show scaling of the TMSinduced responses with those forces. In contrast, structures
controlling the torque-producing fingers may be expected
to be tuned for the production of specific normal forces to
ensure appropriate location of the point of VF normal force
application—a major contributor to the total moment of
force (Zatsiorsky et al. 2002). As such, they may be
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resulting from two major sources (Pataky et al. 2004). First,
given a sufficient grip force, the hand–object interaction
produces load-resisting, tangential forces passively, due to
the deformation of the fingertips and possibly finger joints
(Rumman 1991). Second, adjustments in tangential forces
can result from neural signals generated by the central
nervous system (supported by Rearick and Santello 2002).
A recent study of isometric voluntary finger force production in the radial-ulnar deviation has shown complex
relations between purposefully produced forces and forces
produced by non-instructed fingers (Pataky et al. 2007).
The muscular apparatus involved in radial–ulnar finger
deviation (tangential force production) involves primarily
digit-specific intrinsic muscles. Hence, any interactions
among the forces produced by individual digits in isometric
conditions are likely to be of a central, neural origin. The
synergic relations among the tangential forces produced by
individual fingers (Shim et al. 2003, 2004) provide support
for the neural hypothesis on the origin of the tangential
forces in prehension.
Our observations also support this hypothesis. First, if
the tangential forces were passive consequences of the
mechanical hand–object interactions, TMS would not be
expected to lead to a consistent increase in those forces.
However, in our experiments, not only TMS produced an
increase in the tangential forces, but this increase scaled
with the background level of the tangential forces, at least
for some of the digits. This observation points at a neural
origin of these forces. Indeed, an increase in the TMSinduced response is likely to reflect an increase in the
excitability of neuronal pools (cortical or segmental)
involved in the response that parallels an increase in the
pool activation level (reviewed in Ellaway et al. 1999).

The prehension synergy took time to restore after a single
TMS pulse. It should be noted, however, that patterns of
co-variation between pairs of elemental variables corresponding to the equations of statics restored first (Stage-1),
followed by continuing changes in the magnitude of the
variables at the VF–thumb level. These observations support the idea of synergies as conjoint changes in elemental
variables (Zatsiorsky and Latash 2004) by showing that
synergies stabilizing a certain mechanical variable exerted
on the hand-held object may be present while there are still
ongoing changes in the magnitude of the contributing
elemental variables (see also Latash et al. 2002; Zhang
et al. 2006).
Another finding that supports the idea of restoration of
synergy components independently of the magnitudes of
the mechanical variables exerted on the handle is the fact
that the timing of synergy restoration was not affected by
manipulations of the external load and torque. In contrast,
the magnitudes of the mechanical variables such as FGRIP,
FLOAD, and Mtot were all affected by these factors as
required by the equilibrium constraints.
The relative timing of the restoration of synergy components differed among the three variables, FGRIP, FLOAD,
and Mtot. Co-variation of variables at the thumb–VF level
related to FGRIP and FLOAD production was restored faster
that co-variation of variables related to Mtot production.
This result supports the idea of independent control of the
total force and moment of force as required by the principle
of superposition (Arimoto et al. 2001; Zatsiorsky et al.
2004). In contrast, it took longer for the magnitude of FGRIP
to come close to the new steady-state as compared to the
magnitude of FLOAD. The latter finding may be due to the
fact that the production of a precise FLOAD is necessary to
keep the object steady in space, while over-gripping the
object does not visibly violate the equilibrium as long as the
normal forces of the thumb and VF are equal in magnitude.
Note that FGRIP at a steady-state after TMS tended to be
higher than prior to TMS. Several factors might have
contributed to this phenomenon. First, agonist–antagonist
co-contraction after a quick movement is known to be
elevated for some time (Corcos et al. 1989). Second, an
increase in FGRIP has been reported following a transient
perturbation to the hand-held object (Shim et al. 2006).
Third, this phenomenon may represent a ‘‘stiffening strategy’’ (Johansson and Westling 1988) to mitigate kinematic
effects of any perturbation.
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mainly due to the decrease of the index finger force (VF is
an imagined finger that exerts the same force and moment
as all the fingers together). In the non-zero torque tasks the
individual finger forces did not scale proportionally with
the grasping force, the sharing percentage of the individual
finger forces in the VF normal force changed with the
grasping force increase. The root mean square differences
between the actual finger sharing percentages in the VF
force and the sharing percentages predicted from optimization procedures in which different cost functions were
used were in all cases smaller after the doubling than
before the doubling. Hence the answers to the three questions formulated above are: (1) the alteration of the
grasping force magnitude induces complex coordinated
changes of all digit forces and moments; (2) the scale
invariance hypothesis is confirmed only for the zero-torque
tasks and rejected for the non-zero tasks, and (3) the
specification of the grasping force magnitude at the level of
twice the initial grasping force—which essentially restricts
the control task to the object tilt prevention—improves the
accuracy of the employed optimization procedures.

Abstract The study addresses three main questions: (1)
Does the magnitude of the grasping force affect the prehension synergies, i.e., conjoint changes of finger forces
and moments? (2) Do individual finger forces scale with
the total grasping forces (‘scale-invariance hypothesis’)?
(3) How specification of the grasping force magnitude
affects the inverse optimization of digit forces. Subjects
(n = 7) grasped with minimal force an instrumented handle and maintained it at rest in the air. Then, the subjects
doubled the initial grasping force. The forces and moments
exerted by individual digits were recorded with six-component sensors. External torques that the subjects should
resist (9 in total) varied among the trials from 0 to 0.46 Nm
both in clockwise and counterclockwise directions. After
the force doubling, the moments of the normal forces (Mn)
increased in the pronation effort tasks (PR-tasks) and
decreased in the supination effort tasks (SU-tasks). The
changes in the moments of the tangential forces (Mt) were
opposite to the Mn changes; the moments increased in the
SU-tasks and decreased in the PR-tasks. The opposite
effects of force doubling on the Mts in the SU-tasks and
PR-tasks were a consequence of the unidirectional changes
of the thumb tangential forces: in all the tasks the contribution of the thumb tangential force to the total tangential
force increased after the grasping force doubling (and the
total contribution of the four fingers decreased). The
decrease of the virtual finger (VF) tangential force was

Keywords Grasping  Prehension synergy  Redundancy 
Digit forces  Doubling

Introduction
In this study, subjects grasped with a minimal force an
instrumented handle and kept it at rest in the air; then they
doubled the grasping force while still maintaining the handle at rest. The study is motivated by three considerations.
When people manipulate hand-held objects, for
instance, to keep an object at rest in the air, the performers
distribute the digital normal and tangential forces to satisfy
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change the moment of the normal forces exerted on the
object and hence may lead to the object rotation. This
option, however, does not discard completely the finger
force scaling as a feasible mechanism of the total force
control. The moment of the normal forces can be negated
by generating an opposite moment of tangential forces
(Zatsiorsky et al. 2002a, b). Hence, the scaling of the
normal forces is still a viable strategy of grip force control
(provided that the tilt prevention is achieved by the concomitant adjustments of the tangential forces). Due to the
mechanical redundancy, the pattern of force adjustments
after the total force doubling—(a) scaling the normal finger
forces with concomitant adjustments of the tangential forces to maintain the total moment constant, or (b) the
coordinated changes of the normal forces to maintain the
moment of the normal forces constant—cannot be immediately predicted from the mechanical analysis and should
be established experimentally. Hence, the second goal
of the present study was to test the ‘scale invariance’
hypothesis, whether the pattern (a) above is valid. Note that
in the prehension tasks, the scale invariance hypothesis can
be valid only for the normal finger forces. If the finger
force vectors do not change their direction, the tangential
forces will increase with the rise of the normal forces and
the object equilibrium will be broken; the object will
accelerate in the vertical direction.
An additional goal of the study was to explore effects of
the grasping force specification on the inverse optimization
of digit forces in grasping. This aspect of research requires
a special explanation. Because people perform similar
tasks, e.g., walking or grasping, more or less similarly and
in a certain sense efficiently, it is commonly accepted that
the central controller selects a movement pattern or force
distribution pattern optimally by minimizing a certain cost
function(s) (for reviews see Crowninshield and Brand
1981; Tsirakos et al. 1997; Engelbrecht 2001; Zatsiorsky
and Latash 2004; Erdemir et al. 2007). For the human
prehension several probable cost functions have been
explored (Hershkovitz et al. 1995, 1997; Zatsiorsky et al.
2002b) with some of the functions borrowed from robotic
research on grasping (Hershkovitz et al. 1995; Salunkhe
et al. 1998; Buss et al. 1996). Since the pioneering study of
Nubar and Contini (1961) the main idea behind the
employed cost functions was that a certain measure of
muscular effort is minimized, e.g., the sum of squared
muscle moments of force (Nubar and Contini 1961), the
weighted norm of the joint torque vector (Baud-Bovy et al.
2005); the sum of the cubed muscle stresses (Crowninshield 1978; Stokes and Gardner-Morse 2001), ‘global
muscular effort’, i.e., the sum of squared values of the
muscle forces normalized with respect to their maximal
magnitudes (Chalfoun et al. 2004), overall maximum tendon stress (Fowler and Nicol 2000), sum of muscle stresses

the task requirements. Because the number of degrees of
freedom of the object, totally six, is smaller than the
degrees of freedom of a five-digit hand, the task is
mechanically redundant, i.e., the same task can be performed by various combinations of the digit forces and
moments (Latash et al. 2003; Latash 2008). In spite of the
task redundancy, similar prehension tasks are performed by
people more or less similarly (Zatsiorsky et al. 2003). Still
some inter-individual differences exist. In particular, the
performers grasp the object with different forces; they
may share individual digit forces in their own way, etc.
(Zatsiorsky et al. 2003). This may happen due to many
reasons (e.g., different understanding of the instruction,
different sensitivity of skin receptors, different skin
friction, etc). We leave, however, these questions for the
future and are interested in this study in the following
question: does the magnitude of the grasping force affect
the prehension synergies, i.e., conjoint changes of finger
forces and moments?
It has been reported in the literature that human performers alter the magnitude of the total force produced by
several contributing elements by scaling the forces generated by the individual elements. If the direction of the total
force is constant but the magnitude is scaled, the contributing forces as well as muscle activations also scale (the socalled ‘scale invariance’—Pan et al. 2005). The examples
are: (a) the total grasping force in multi-finger grasping: at
any combination of friction values at the individual fingertip-object contacts the performers select a certain
‘template’ of digit forces and then scale it linearly with the
weight of the hand-held object (Niu et al. 2007), (b) static
arm force generation of different magnitude at various
force directions and arm postures (Pan et al. 2005), (c)
four-finger ramp force production (Li et al. 1998), (d)
isometric contractions of human elbow muscles (Buchanan
et al. 1986), and (e) the voluntary force production by the
index finger (Valero-Cuevas 2000). In (d) and (e) the
contributing muscles and their relative activity did not
change with the force magnitude. The force was controlled
by scaling the magnitude of a constant coordination pattern. However, it was hypothesized (Niu et al. 2007) that
scaling of a certain template is not a universal mechanism
of force control. In particular this mechanism is only valid
for prehension tasks with zero moment production. The
second goal of the present study was to test this hypothesis.
For experimental analysis of this problem, we selected a
task of doubling the total grasping force while preserving
the orientation of the object in space. This task required the
subjects to keep the total moment of force constant while
the moment produced by the normal (grasping) force could
change if properly balanced by changes in the moment of
the tangential forces. The scaling of the finger normal
forces in the non-zero torque prehension tasks would
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and had no history of neuropathy or trauma to their upper
limbs. All subjects gave informed consent according to the
policies of the Office for Research Protections of The
Pennsylvania State University.

squared (Brook et al. 1995), an entropy-like function that
assumes a minimal value when the total force generated by
several fingers is distributed equally among the fingers
(Hershkovitz et al. 1995, 1997), the strain energy of the soft
finger pad tissue (Pataky 2005), and the central neural
commands that take into account the finger interdependence (Zatsiorsky et al. 2002a, b). For instance, a
reasonable candidate for the cost function in prehension
may be a particular function of digit forces, such as their
Eucledian norm or the sum of the cubed values, either
absolute (in newtons) or relative (in %% of the maximal
force), etc. All of these functions are based on an
assumption that prehension is optimal or close to optimal if
the exerted forces are either minimal or are at least small.
Differently from the earlier studies on the finger force
optimization in multi-finger prehension (Zatsiorsky et al.
2002a, b; Pataky et al. 2004a, b; Aoki et al. 2007), in the
present experiment the total normal force exerted by the
digits was prescribed (twice the magnitude observed during
a comfortable ‘‘minimum effort’’ grasp). Hence, after force
doubling the total grasping force was not an optimized
variable anymore; it was an optimization constraint. We
were interested in knowing how this modification affects
optimization results, specifically we explored the ability of
the various cost functions to predict finger forces in multifinger prehension. While this question may give the
impression of being ‘pure technical’, i.e., related more to
mathematical method of optimization itself than to the
issues of motor control, there is also a significant motor
control aspect here.
According to the principle of superposition the control
of multi-finger prehension can be viewed as a superposition
of two independent synergies controlling the grasping force
(‘slip prevention synergy)’ and the orientation of the object
(‘‘tilt prevention synergy’’), respectively (Zatsiorsky et al.
2004). An optimization procedure when the grasping force
is not specified should satisfy the two above requirements,
i.e., to prevent both the slip and the tilt. After the grasping
force doubling the slip prevention is not a problem anymore, and the force optimization is restricted only by the
necessity to prevent object tilt.

Apparatus
Five six-component force/moment transducers (Nano-17,
ATI Industrial Automation, Garner, NC, USA) were
mounted on an aluminum handle at the bottom of which a
horizontal aluminum bar was attached (70 cm long,
Fig. 1a). An air bubble level was positioned at the top of
the handle to help the subjects keep the handle vertical. The
level (diameter 32 mm) included a central circle (diameter
15 mm) and an air bubble (diameter 5 mm) in the enclosed
liquid. If the bubble was within the central circle, the trial
was accepted by the researcher; otherwise the trial was
repeated. We found that when the moment of force exerted
by the subject was within ±40 Nmm (0.04 Nm) of the
target level, the bubble was at the edge of the central circle.
Four transducers were used to measure forces and moments
of force applied by the fingers, and the fifth transducer
measured the force and moment of force produced by the
thumb. The centers of all five sensors were in one plane
(the grasp plane).
The distance between two finger sensors was 2.6 cm, and
the thumb sensor was positioned across the midpoint
between the centers of the middle and ring finger sensors.
The combined mass of the handle, sensors, and the bar was
415 g. During the experiments, a 160 g load was attached at
different points along the bar. The load suspension at different locations generated nine external torques: 0.14, 0.23,
0.28 and 0.46 Nm clockwise and counterclockwise, as well
as a zero torque. In the ensuing text and figures, the external
torques 0.46, 0.28, 0.23, 0.14, 0, -0.14, -0.23, -0.28 and
-0.46 Nm are designated as L4, L3, L2, L1, Mi, R1, R2, R3,
and R4, respectively. The designations represent the position of the load along the bar on the left (L) or on the right
(R) from the handle. Since in the Li tasks (i = 1, 2, 3, 4) the
handle tilt was prevented by supination efforts, these tasks
were called ‘‘Supination Effort Tasks’’ (SU-tasks). The Ri
tasks were called ‘‘Pronation Effort Tasks’’ (PR-tasks). In
the finger arrangement shown in Fig. 1a, two fingers (the
index and middle) are located above the thumb and the other
two fingers (the ring and little) are located below the thumb.
These finger pairs exert moments of force in the opposite
directions with respect to the thumb as a pivot. If in a given
task the moments generated by individual finger(s) force
resist external torque, i.e., they prevent the handle tilt, the
fingers will be called moment agonists, if the moments assist
external torque, i.e., the effect of their action is opposite to
the task requirement, the corresponding fingers will be
called moment antagonists (Zatsiorsky et al. 2002a).

Methods
Subjects
Seven male subjects participated in the experiment (age
27.7 ± 2.2 years, weight 69.8 ± 8.5 kg, height 1.77 ±
0.08 m, hand length from the middle fingertip to the distal
crease of the wrist with hand extended 18.8 ± 1.3 cm,
hand width at the MCP level with hand extended
9.1 ± 0.9 cm). The subjects were all right-hand dominant
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Fig. 1 The experimental apparatus and recorded forces. a Schematic
drawing of the apparatus with five sensors mounted on a handle with a
T-shaped attachment. b Local coordinates on each transducer. c Total
normal force generated to match the target line after 4 s of natural
grasping. d Digit force vectors recorded before and after doubling.

The force polygons are obtained by adding tail-to-head the individual
digit forces. Starting from the upper left corner the following forces
are shown: gravity, the thumb, index, middle, ring and little finger
force. Ideally, in static conditions the polygon should close. c and d
are representative examples, R1 task

Experimental procedure

force (4 s) and doubling grasping force (16 s). The target
for the force doubling was presented as the horizontal line
on the force–time graph (Fig. 1c).
Subjects were instructed to take the handle from the rack
and keep the handle vertically and statically in the air by
monitoring the air bubble level. When the handle was
stabilized and natural grasping force was applied by the
subject, the trial would start. In the first 4 s, the total normal force was collected and averaged. From the fifth
second, a target line at the double force value of the
average force of the first 4 s was demonstrated on the
screen. The instruction from the investigator to the subject
was: ‘‘Keep the handle vertical but match the target line by
increasing the gripping force’’. After the data collection in
a trial stopped, the subjects placed the handle back on the
rack and took a 60-s break. The investigator would change
the location of the load along the bar, and informed the

Before the experiment, subjects were given an orientation
session to familiarize themselves with the experimental
tasks and apparatus. Then, subjects washed their hands to
normalize skin condition.
The subject sat in a chair with the right upper arm
positioned at approximately 45 abduction in the frontal
plane and 30 flexion in the sagittal plane. The elbow joint
was flexed approximately 90. The forearm was pronated
90 such that the hand was in a natural grasping position. A
computer monitor located in front of the subject showed
the total normal force exerted by the subject on the handle.
The subjects were coached to keep the handle vertically by
looking quickly at the bubble level located at the top of the
handle while mainly watching the monitor. Each trial in the
experiment consisted of two stages: grasping with natural
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capital letter, such as Y, is used to designate a coordinate
in the handle fixed reference system, while the lowercase
letter like y designates the coordinate with respect to the
center of a sensor.
At the VF level, the moment of normal forces Mn and
the moment of the tangential forces Mt were computed.
The moment of normal forces was computed as
Mn = fvfn 9 Yvf, and the moment of tangential forces was
computed as Mt = (fvft - ftht)w/2, where w is the width of
the handle (60 mm). Mn is the moment produced by the
force couple consisting of the thumb and VF normal forces.
Because the moment of a couple is a free moment, Mn can
be added to Mt to obtain the total moment exerted by the
subject. Upward tangential forces, the thumb normal forces, and the counterclockwise moments were defined as
positive.

subject that he could start the next trial. Sensor signals
were set to zero prior to each trial.
The order of external torques was randomized. Three
trials were conducted for each torque combination. Each
trial took 20 s. At least 1-min breaks were provided
between two consecutive tasks. The total duration of each
experiment was approximately 1 h.
Data analysis
Software written in LabVIEW (National Instruments, NC,
USA) was used to convert digital signals into the force and
moment of force values. Data processing was performed
using Matlab software package (Mathworks, Inc., Natick,
MA, USA). The raw force/moment data were filtered with
a third-order, zero-lag Butterworth low-pass filter at 10 Hz.
In further text, symbols m and f designate a digit
moment of force and force, respectively. Subscript i refers
to the ith digit, such as the thumb (th), index (in), middle
(mi), ring (r) and little finger (l). Subscript VF is for the
virtual finger. A virtual finger (VF) is an imagined finger
that exerts the same force and moment as all the fingers
together (Arbib et al. 1985; Iberall 1987; Santello and
Soechting 1997; Baud-Bovy and Soechting 2001). Superscripts x, y, or z represent the axes with respect to which the
force or moment were determined. In the transducer-fixed
reference system, forces normal to the transducer surface
corresponded to the z-direction f z. In this experiment, f z
was oriented horizontally. At equilibrium states, the tangential force acted in the vertical direction f y.
The digit contacts with the sensors were modeled as the
soft-finger-contacts (Murray et al. 1994); in particular
rolling and deforming the fingertips were allowed. The
vertical coordinates (y) of the digit force application with
respect to the sensor center were computed as yi = (mxi )/
fiz(i = 1, 2, 3, 4, 5), mxi is the moment of the ith digit with
respect to x-axis (horizontal axis), fzi is the force of the ith
digit in the z-direction (Fig. 1b).
The vertical coordinate of the point of VF normal force
application with respect to the point of application of the
thumb force was determined based on the theorem of
P
moments as Yvf = finYi/fvfn, where Yi is the vertical
coordinate of the force application point of finger i. Yi
equals the algebraic sum of (1) the vertical coordinate of
the sensor center in the handle fixed reference system
(e.g., 15 mm for the index finger and -15 for the middle
finger), (2) the displacement of the point of application of
the thumb force with respect to the center of the thumb
sensor, and (3) yi, the displacement of the application
point of the finger i’s normal force with respect to the
sensor center. In the following Yvf will be referred to as
the moment arm of the VF normal force. fvfn is the sum of
the normal forces produced by the four fingers. Note that a

Synergy definition
The following operational definitions of the normal force
synergy (grasping synergy), tangential force synergy and
the moment-of-force synergy are adopted in this study:
a. Normal force synergy is defined as co-variation of the
normal forces of the thumb and VF that satisfies the
equation:
fvfn þ fthn ¼ 0
b.

ð1Þ

Tangential force synergy is defined as co-variation of
the tangential forces of the thumb and VF that satisfies
the equation:
fvft þ ftht ¼ FLoad

ð2Þ

where Load is the total weight of the object;
FLoad = 5.83 N in this study.
c. Moment of force synergy is defined as co-variation of
the moments produced by the normal and tangential
forces that satisfies the equation:
M tot ¼ M n þ M t ¼ MEXT
tot

n

ð3Þ

t

where M , M , M are the total moment of force,
moment of normal forces and moment of tangential
forces exerted by the subjects, respectively.
Note that the term ‘synergy’ in the present context refers
to the co-variations of forces that satisfy the above equations not to the equations themselves. The finger forces are
not constant. They vary (in the trial, among the trials, etc).
Some of these variations break the object equilibrium while
others are coordinated in such a way that the equilibrium is
preserved. The term ‘synergy’ refers to the second type of
co-variation only (for a more detailed analysis of the
concept of synergy see Latash et al. 2007; Latash 2008).
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Statistical analysis

500

Total moment of force (Nmm)

All the data were averaged over the three trials at each
condition. ANOVA and MANOVA with and without
repeated measures and paired Student’s t tests were used.
Significant effects were further explored using Tukey’s
pair-wise comparisons. The data were checked for sphericity in the repeated measures ANOVA test. When the
requirements for the sphericity of the repeated measure
ANOVA test were violated (which happened only in two of
17 RM–ANOVA tests), the degrees of freedom were
corrected with the Greenhouse-Geisser method. The significance level was set as 0.05. Statistical analyses were
performed in the statistics toolbox of Minitab 13.0 (Minitab
Inc., State College, PA, USA) and SPSS (SPSS Inc.,
Chicago, IL, USA).
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Fig. 2 The actual and target moments of force exerted on the handle

Accuracy of the data
To check the data for accuracy, the following comparisons
have been regularly performed for all trials: (a) the normal
forces of the thumb and VF at equilibrium should add up to
zero; (b) the total tangential force at equilibrium should
equal the weight of the object; (c) the total moment of force
should counterbalance the external torque; (d) the total
normal force (the sum of the magnitudes of all digit normal
forces) is doubled in the second experiment stage. To
visualize whether the requirements were satisfied the force
polygons were drawn (Fig. 1d). The equilibrium requirements were satisfied with high accuracy: the maximum
standard deviation of the difference between the VF and
thumb normal forces among all subjects across the tasks
were below 0.24 N before and after the doubling (which
simply indicates that the handle was not oscillating in the
horizontal direction). The maximum standard deviations of
the vertical component of the total force applied to the
handle among all subjects were below 0.04 N before and
after the doubling (hence the handle did not oscillate significantly in the vertical direction either). Small deviations
between the computed values of the total moment of force
and the external torque have been observed (Fig. 2). With
the exception of the L4 task, the deviation did not exceed
0.015 Nm which is a very small number. The largest
deviation (0.034 Nm, or 7.3% of the target moment)
occurred in L4 which is the most difficult supination task.
Since the little finger which is the main torque agonist in
this task is the weakest among all fingers and not as dexterous as index finger, it was difficult for the subjects to
perform the task accurately. The observed discrepancies
did not distort the general tendencies of the findings and
were neglected in the future analysis.

Optimization
We used three objective functions that were employed
previously to study multi-finger prehension in human
performers (Hershkovitz et al. 1995, 1997; Zatsiorsky
et al. 2002b; Pataky et al. 2004a, b). The necessary
equality and inequality constraints on the digit forces,
similar to the used in the above mentioned papers, were
incorporated into the optimization procedures. The optimization computations were performed twice, for the
data before and after the force doubling. The optimization before the doubling treated the total normal force
(defined above) as an optimized variable while in the
optimization procedure employed for the post-doubling
data the total normal force (the grasping force) was
treated as an equality constraint. In the both cases, the
constraints formed convex regions. Because the optimization functions are also convex, the optimal solutions
were unique.
1. Energy-like function over Ft and Fn. This measure is
proportional to the potential energy of deformation
for a linear, e.g., Hookian, system (Hershkovitz et al.
1997).
F1 ¼

4 
X
   
F n 2 þ F t  2
i

i

ð4Þ

i¼1

where Fni and Fti are individual finger’s normal and
tangential forces, respectively. Although F1 explicitly
addresses only external contact forces, this function has
been proposed to be related to minimization of muscular effort (Hershkovitz et al. 1995, 1997).
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121

Cubic norm function over Fn:
vﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
u 4
u
X
3
F2 ¼ t
jF n j3

magnitudes of the moment of normal forces Mn and the
moment of the tangential forces Mt after the force doubling
as before the doubling. To maintain the Mn constant after
the VF force doubling the moment arm of the VF normal
force should decrease to 0.5 of the moment arm before the
doubling. The experimental findings are shown in Fig. 3.
The t tests performed separately for the PR-tasks or SUtasks confirmed that the obtained ratios ‘moment arm after
force doubling/moment arm prior to the doubling’ were
different from the ‘gold standard’ value of 0.5. In particular, in the SU-tasks the ratios in all cases were \0.4 (i.e.,
smaller than 0.5; p \ 0.05), while in the PR-tasks the ratios
were [0.6 (i.e., larger than 0.5, p \ 0.05).
Because according to the instruction the grasping force
doubled, the deviation of the ratios from 0.5 indicated that
the moments of the normal forces changed after the force
doubling. The changes were, however, different for the SU
and PR: the Mn magnitudes decreased in the supination
tasks and increased in the pronation tasks, Fig. 4.
Two-way repeated measure ANOVA showed that the
factors force, torque, and the force 9 torque interaction
affected significantly (p \ 0.001) the Mn magnitude. Note
that in this analysis the factor torque represents both the
changes in the torque direction and the torque magnitude.
The ANOVA was also performed separately for the supination and pronation effort tasks (the torque factor in this
case represented only the torque magnitude and had 4
levels). In the latter analysis, instead of the Mn magnitude
the contribution of Mn into the total moment was considered. The effect of force was significant in both the SU-and
the PR-tasks (p \ 0.001) while the effects of torque
and force 9 torque interaction did not reach the level of
statistical significance. Hence, the Mn changes were

ð5Þ

i

i¼1

This function was selected because of two reasons.
First, it has been proposed that the tangential digit
forces Ft are passive consequences of external loading
and the selected Fn, i.e., that the CNS is concerned only
with the Fn coordination (Pataky et al. 2004b). Thus,
the inclusion of only Fn in a cost function is appropriate. Secondly, when a quadratic function over Fn
similar to F1 was used in the optimization procedure
the differences between the application of F1 and this
quadratic function practically did exist. Based on that
we decided to employ the cubic norm function F2. A
similar cubic function was used in prehension tasks
previously and was shown to yield better results than
several other cost functions (Zatsiorsky et al. 2002b).
3. Entropy-like function F3. Since it is conceivable that
the CNS prefers to spread efforts as evenly as possible
among redundant effectors, the entropy-motivated
measure:
4 
4 
X



 
 X
F n  þ 1 log F n  þ 1 
F n  ð6Þ
F3 ¼
10
i
i
i
i¼1

i¼1

was introduced by Hershkovitz et al. (1995, 1997). The
equation has the similar format as the entropy function
in the theory of information. It reflects the uniformity
of the contact forces of fingers.
The optimal solutions were solved by applying the
nonlinear multivariate function ‘‘fmincon’’ from Matlab’s
optimization tool box (Mathworks Inc.). The quality of the
optimization results was estimated by the root mean square
(RMS) differences between the actual finger sharing percentages in VF and the sharing percentages predicted from
optimization.

The ratio of moment arm (%)

70

Results
Experimental results
We describe first the results at the VF level and then at the
individual finger level.
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To maintain the rotational equilibrium the total moment
exerted by the performer on the handle should not change
after the force doubling. There are many ways of doing so.
In particular, this can be achieved by maintaining the same

Fig. 3 The ratios ‘moment arm of the VF normal force after force
doubling/moment arm prior to the doubling’ for the SU-tasks and PRtasks. Group averages and standard errors
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Fig. 4 Changes of the moments of the normal forces after the VF
force doubling. Group averages and standard errors
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torque, and the force 9 torque interaction affected significantly the thumb tangential force (all p \ 0.001).
Because the total tangential force was constant across
the tasks, the thumb tangential force increase was accompanied by the equal decrease of the VF tangential forces.
As a result, the difference between the thumb and VF
tangential forces changed across the tasks, and hence in
accordance with Eq. 3 the moment of tangential forces also
changed. The increase of the thumb tangential force (with
simultaneous decrease of the VF force) resulted in the
mentioned increase of the Mt in the supination tasks and its
decrease in pronation tasks (Fig. 5).
On the whole, the doubling of the grasping force
induced interrelated changes of (a) the moment arms of the
VF-thumb normal force couple, (b) the thumb and VF
tangential forces that were different in the supination and
pronation effort tasks, and (c) the contribution of the
moments of the normal and tangential forces into the total
moment exerted by the subjects, Fig. 7. After the doubling
this contribution (which can be approximately estimated
from the slopes of the regression equations) was different
for the supination and pronation tasks.
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-100
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-300
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120

Fig. 6 Effect of the grasping force doubling on the relative
contribution of the thumb tangential force into the total tangential
force, %. Group averages and standard errors. Note that the total
tangential force equaled the supported load and hence remained
constant across the tasks. Note also that in the tasks with the large
supination efforts (L4), the entire handle weight was supported by the
thumb

asymmetric, i.e., they were different for the supination and
pronation tasks. The contribution of Mn into total moment
was dependent on the torque direction but not on the torque
magnitude.
Reported effects on the moments of normal forces were
complemented by the opposite changes of the moments of
tangential forces Mt, Fig. 5. The contribution increased in
the supination tasks and it decreased in pronation tasks.
The opposite effects on the supination and pronation Mt
moments were a consequence of the unidirectional changes
of the thumb tangential forces: in all the tasks the contribution of the thumb tangential force to the total tangential
force increased after the doubling, Fig. 6. Two-way repeated measure ANOVA showed that the factors force,

100
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Individual finger forces
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We describe first the observed adjustments of the normal
forces, and then the tangential forces.

R4

Task

Normal finger forces Only in the Mi task (zero torque)
the grasping force doubling was achieved by doubling the

Fig. 5 The effect of the grasping force doubling on the moment of
tangential forces Mt. Group averages and standard errors
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In the non-zero torque tasks, the ratio ‘finger force after
the doubling/finger force before the doubling’ depended
both on the finger and its function in the task, i.e., on
whether the finger served as a moment agonist or antagonist (Fig. 8). Two-way ANOVA with the factors ‘finger’
(4 levels) and ‘agonist/antagonist’ (2 levels) confirmed that
the both effects were significant (finger: F(3,184) = 44.64,
p \ 0.001; agonist/antagonist: F(1,184) = 125.68, p \ 0.001;
interaction of the two factors: F(3,184) = 14.59, p \ 0.001).
The same was true for the factor interaction.
When the fingers, especially the index and little fingers,
worked as moment antagonists, i.e., they assisted external
torque and hence generated a moment of force that was
acting against the moment required by the task, their normal forces increased much more than in the tasks where
these fingers serve as torque agonists. For instance, in the
supination effort tasks, where the index finger exerted a
moment of force on the object in pronation, the finger
increased its force production after the VF force doubling
on average up to 800%. In the pronation effort tasks the
corresponding force increase was less than 200%. For the
little finger, in the pronation effort tasks the force increased
up to 400%. The effects of the finger function (torque
agonist vs. torque antagonist) on the middle and especially
the ring finger forces were less striking. For the ring finger,
the force after the grasping force doubling was close to
200%, although even for this finger the difference between
the pronation effort tasks (the force was above 200% in all
of them) and the supination tasks (the force was below
200% in all of them) is evident, see Fig. 8.
Because in the non-zero torque tasks the individual
finger forces did not scale proportionally with the scaling
of the grasping force, the sharing percentage of the individual finger forces in the VF normal force changed with

y =(0.715±0.025) x+24.4
r 2 =0.916

200
100
0

y = (0.500±0.039) x +10.7
r 2 =0.849

-100

y= (0.629±0.021) x + 0.71
r 2 =0.978
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Fig. 7 The relation between the moment of normal forces Mn and the
total moment exerted on the handle before and after the doubling.
Regression equations are computed for the group data. The average
and the standard deviation of the regression slope are presented in the
regression equations (average ± SD)

individual finger forces (approximately): the ratio ‘finger
force after the doubling/finger force before the doubling’
was close to 200% for all the fingers. To test whether the
individual finger force after the doubling differed statistically significantly from twice the value of the force before
doubling a one-way repeated measure ANOVA with the
factor force (2 levels) was performed for each finger separately. To perform the analysis the finger forces recorded
before the doubling were initially multiplied by 2. The
effect of force was not significant (p [ 0.9 in all four
cases). In other words, in the zero torque (Mi) task the total
force increase was achieved by proportional scaling of the
individual finger forces.
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Fig. 8 The normal finger forces after the doubling in % of their
values before the doubling. A 200% value signifies the doubling of
the individual finger force. a The ratios ‘Group average force after
doubling/group average force before the doubling’. b Bold bars
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correspond to force values over 200%. The thin line bars represent a
200% benchmark. The curved arrows indicate the direction of the
rotation efforts, pronation or supination, as seen from the subject
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Fig. 9 The sharing % of the
total normal finger force (the VF
force) among the individual
fingers before and after the
grasping force doubling in
different tasks. Group averages
an standard errors. a, b, c, d
correspond to index, middle,
ring and little fingers,
respectively

while their interaction was not significant (p = 0.085). In
the PR tasks, the effect of FORCE was significant
(p = 0.045), while torque magnitude and the interaction
effects were not significant (p = 0.165 and 0.075, respectively). Overall, in the non-zero torque tasks the individual
finger forces do not scale proportionally with increase of
the VF force.

the grasping force increase (Fig. 9). For the index and little
fingers that are the main torque producers, the changes
were uniform: when fingers served as torque antagonists
their contribution to the VF force increased and when they
served as torque agonists the contribution decreased.
Similar tendencies—but with some exceptions— were also
observed for the middle and ring fingers.
To estimate the effects of such factors as force and
torque magnitude on the contribution of individual fingers
into the VF normal force (% of the VF force, Fig. 9), a twoway repeated measures MANOVA was performed separately for the SU and PR tasks. The significant effects of
force on the sharing percentages would indicate that after
the force doubling the sharing percentages change, i.e., the
individual finger forces do not scale proportionally with the
grasping force. The percentage contribution of the index,
ring, and little fingers into the VF normal force was analyzed. To avoid redundancy, the middle finger was not
included in this analysis; the sum of all four finger force
contribution is evidently 100% and the middle finger
sharing percentage completely depends on the sum of
sharing percentages of the other three fingers. Overall
significance was assessed using Wilks’ Lambda criterion.
In the SU tasks, the effects of force and torque magnitude
were both significant (p = 0.03 and 0.023, respectively)

Tangential digit forces As it was described in the previous sections, the grasping force doubling was accompanied
by the increase of the thumb tangential force and the
concomitant decrease of the VF tangential force such that
the total force acting on the object in the vertical direction
stayed constant. The decrease of the VF tangential force
was achieved mainly by the decrease of the tangential force
exerted by the index finger (Fig. 10). Paired Student’s t
tests showed that the thumb, ring and little finger’s tangential forces increased (p \ 0.001 in each case); index
and middle finger’s tangential force decreased (p \ 0.001
in each case). Similarly to the analysis performed on the
normal digit forces, an RM-MANOVA for overall test and
RM-ANOVAs for individual fingers were employed on the
changes of tangential digit forces. The factors were torque
direction and torque magnitude. In the RM-MANOVA test,
torque magnitude effect was significant (p \ 0.001), but
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2

doubling, the group average RMS was 9.7%, and after
doubling the average RMS was 5.5%. While this conclusion is rather subjective, the prediction accuracy of 5.5%
may be considered not a bad fit for an optimization procedure. The average RMSs for different objective functions
are 5.2, 6.4 and 4.9%, respectively. The values are close to
each other and based on the results obtained so far, we
cannot claim one of the objective functions can predict the
forces better than others. Three-way ANOVA was performed to inspect the effects of force (2 levels: before
doubling and after doubling), finger (4 levels) and function
(3 levels) on the RMS values. Only the main effect of force
was significant (p = 0.002) while the other two factors had
no significant effects (p [ 0.05 for each).
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Discussion

Fig. 10 Effect of the grasping force doubling on the tangential forces
of the individual digits. After the doubling the thumb force increases
(this fact was mentioned previously, see Fig. 5) while the index finger
force, and consequently the VF force (not shown in the figure),
decrease. The changes of tangential forces produced by other fingers
are much smaller in magnitude. Group averages and standard errors

We limit the discussion to the following issues: (a) maintaining the object equilibrium, (b) active versus passive
tangential force generation, (c) scaling the total force, (d)
effect of grasping force magnitude on the finger force
pattern, (e) optimization results and their meaning for the
motor control of multi-finger prehension. The items (c)–(e)
answer the main questions of this study formulated in the
beginning of the paper, while items (a) and (b) address
some complementary issues that are, however, necessary to
discuss the main results.

the effects of torque direction and the interaction were not
significant (p = 0.125 and 0.531, respectively). The RMANOVA results are shown in Table 1.
Statistically significant effects of torque magnitude on
all digits except ring finger were observed, i.e., the changes
of tangential forces after doubling were distinct for different torque magnitudes. The RM-ANOVAs confirmed
that torque direction (SU and PR tasks) does not influence
the changes of tangential forces after doubling.

Maintaining object equilibrium: mechanically
necessitated and mechanically non-necessitated
adjustments

Optimization results

In order to maintain Mn at the same level after the force
doubling as before the doubling the normal force changes
(‘deltas’) should generate a zero moment. This never
happened, Mns after the doubling differed systematically
from the moment values prior to the doubling (Fig. 4).
Hence, the central controller did not solve the problem of
rotational equilibrium by adjusting only the normal finger
forces (which is mechanically possible); rather it preferred
to prevent object tilting by simultaneous adjustments of
both the normal and tangential forces. Once again, an old
adage of N. Bernstein (1961, p. 69) is confirmed:
‘‘Movements react to changes in one single detail with
changes in a whole series of others which are sometimes
very far removed from the former both in space and in
time…’’ Such changes can be mechanically necessary, that
is to say the equilibrium could not be maintained without
them, or they represented a choice made by the central
controller, that is other force and moment adjustments
could also maintain the object equilibrium, but the central
controller preferred the observed solutions over other

The optimization results after the force doubling were more
accurate than the results before the doubling: the RMS
differences between the actual finger sharing percentages
in VF and the sharing percentages in VF predicted from
optimization procedures were in all 12 cases smaller after
the doubling than before the doubling (Fig. 11). Before
Table 1 The results of the two-way repeated measure ANOVAs on
the changes of the individual finger’s tangential force in the non-zero
torque tasks
DFt

Torque direction

Torque magnitude

Interaction

Thumb

0.976

<0.001

0.576

Index

0.184

<0.001

0.863

Middle

0.301

0.035

0.208

Ring

0.259

0.201

0.161

Little

0.622

0.001

0.711

The factors are torque direction and torque magnitude. Only p values
are presented. Statistically significant p values are printed in bold
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Fig. 11 The differences between the actual force sharing percentages
and the values predicted from optimization (in % of the VF normal
force). Before doubling (empty bars) and after doubling (black bars)
results are shown. The data are for the four fingers (in columns) and
three cost functions (in rows). Each panel represents the data for nine

different torques, from L4 to R4. The vertical dotted lines designate
the zero torque (Mi) tasks. The numbers in the panels separated by
slash represent the RMS differences between the actual group average
data and predicted values before and after the doubling, respectively

possible ones. The mechanically necessitated adjustments
can be traced as the so-called chain effects, i.e., the causeeffect relation between the involved variables (Shim et al.
2004; Zatsiorsky et al. 2004).
The following chain effects can be traced in the
observed data: (1) The VF force doubling was associated
with a change of the moment arm of the VF-thumb force
couple by a ratio other than 0.5, which was necessary to
maintain the Mn constant; the ratio was larger than 0.5 for
all pronation effort tasks and it was below 0.5 for all
supination effort tasks, see Fig. 3 (the reason for such
coordinated changes is not known). (2) The above changes
of the moment arm resulted in the change of moment of the
normal forces Mn. (3) To compensate for the changes of
the Mn the moment of the tangential forces M changed by
an equal magnitude in the opposite direction. (4) The
changes of Mt—its decrease in the pronation effort tasks
and increase in the supination tasks—was due to an
increase of the thumb tangential force and an equal

decrease of the VF tangential force in all the tasks. The
adjustments from stage (1) to stage (4) were all mechanically necessitated. However, the reported decrease of the
index finger tangential force after the grasping force doubling does not represent a mechanical requirement, it is a
choice made by the central controller. Hence the force/
moment adjustments made by the central controller to
maintain the object equilibrium were only in part
mechanically necessitated; other part represents the choices
made by the central controller (e.g., specific changes of the
VF moment arm in the pronation and supination effort
tasks, the change of the VF tangential due mainly to the
contribution of the index finger force, etc). Also, the percentage distribution of the total moment among the Mn and
Mt (Fig. 7) is not mechanically necessitated (see Zatsiorsky
et al. 2002a for the discussion). Note that the mechanically
non-necessitated adjustments (those that represent a choice
made by the central controller) are highly reproducible
among the subjects. This consistency points toward using
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magnitude. The scale invariance was found in several
studies in which the objects of research were different: (a)
digit forces (Niu et al. 2007), (b) human elbow muscles
(Buchanan et al. 1986), (c) muscles of the index finger
(Valero-Cuevas 2000) and (d) static arm force generation
(Pan et al. 2005). In all these cases the relative activity of
the contributing elements (digits, muscles) did not change
with the total force magnitude. However, for the prehension tasks it was hypothesized that this mechanism is only
valid when zero moment production is required (Niu et al.
2007). The study present study confirms this hypothesis:
the individual digit forces scaled with the total force
magnitude, i.e., doubled, only in the Mi task when the
torque on the object was zero. Hence the scale invariance is
not a general law of motor control; it is valid only for some
tasks. It is still possible that the scale invariance control is
used when the forces are applied to fixed objects, such as in
studies (b) and (c) above.

the same rule—or, if the decisions made by the central
controller are a result of a certain optimization process, a
cost function(s)—used by various performers.
How are the finger tangential forces generated?
In contemporary artificial hands, both in robotics and
prosthetics, the MCP joints are simple hinges that can resist
tangential forces but cannot exert them (Mason and Salisbury 1985). In people, the MCP joints have two degrees of
freedom; the moments at these joints can be exerted both in
the flexion-extension and ab/adduction planes. However, to
which extent this option used during multi prehension is
still an object of discussion and intensive research (Pataky
et al. 2004c). The passive mechanical properties of the
fingers, such as stiffness of the finger tips in the tangential
direction (Nakazawa et al. 2000), the tangential stiffness at
the DIP and PIP joints (Pataky et al. 2005), etc., allow for
providing sufficiently large resistance to the external tangential forces. The task of force sharing is mechanically
redundant (one force should be distributed among the four
fingers) and hence cannot be immediately determined from
equations of statics. However, if the resistance is provided
passively, the knowledge of the finger tangential stiffness
would allow for determining the force sharing among the
fingers: the sharing would be in proportion to the finger
stiffness (Pataky et al. 2004c; Shim et al. 2004). The data
obtained in this paper definitely indicate that the finger
tangential forces are generated actively: in particular, the
substantial changes of the index finger tangential force
observed after the grasping force doubling cannot be
explained by the passive mechanical properties of the
fingers.
After the doubling, the index finger either generated an
adduction effort in downward direction (this action can be
achieved by activation of the first palmar interosseous) thus
decreasing the magnitude of the VF tangential force exerted on the handle, either the finger provided a smaller
resistance to the externally applied tangential load due to
partial relaxation of the intrinsic muscles controlling the
finger efforts in abduction, e.g., the abductor indicis. It is
presently unknown which of the above mechanisms, the
first (‘active’) or the second (‘passive’), comes about. An
EMG recording is necessary to answer this question. Disregarding the mechanism of the index finger tangential
force control, the bare fact that the index finger behavior
plays such an important role in the VF tangential force
control deserves attention.

Effect of grasping force magnitude on the finger force
pattern
The total force doubling induced changes both in the percentage sharing of the total VF force among individual
fingers (Fig. 8) and in the tangential forces exerted by
individual fingers (Fig. 10). Hence, in the present study the
pattern of finger forces in grasping, i.e., their relative values, depended on the grasping force magnitude. It is well
established that people with the decreased sensitivity of the
digits grasp the objects stronger than the young healthy
performers. This is valid for patients with some neurological disorders (Gordon and Duff 1999; Babin-Ratté et al.
1999; Hermsdorfer et al. 1999; Serrien and Wiesendanger
1999; Fellows et al. 1998, 2001; Nowak and Hermsdorfer
2005), seniors (Vandervoort et al. 1986; Kinoshita and
Francis 1996; Cole and Rotella 2002), and healthy subjects
whose finger sensitivity was intentionally decreased by
cold application (Nowak and Hermsdorfer 2003) or digital
anesthesia (Nowak et al. 2001). Unfortunately none of
these studies was performed on the multifinger grasping.
Hence, it remain unknown whether in the mentioned
populations and conditions the performers change not only
the grasping force magnitude but also the relative values of
the contributing digit forces, the force sharing pattern.
Optimization
When optimization methods were employed to study the
finger forces before and after the VF force doubling, an
important difference between these two situations was that
in the first case the optimization procedure had to satisfy the
requirement of both the slip and tilt prevention while in the
second case only the tilt prevention requirement had to be

Force scaling
One of the goals of the present study was to test whether
the individual finger forces scale with the total force
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satisfied. The differences between the optimization results
in terms of their accuracy, i.e., the RMS values of the differences between the actual and predicted finger forces,
were in favor of the second case, the accuracy of optimization was better after force doubling. This fact can be
explained by pure technical aspects of the optimization
methods, converting one of the variables (the total force
exerted on the object) from the optimized variable to the
task constraint may affect the optimization result. However,
the finding also agrees with the previously published data
that the slip prevention and tilt prevention requirements
cause additive effects on the finger forces (Zatsiorsky et al.
2005) and suggests that the slip prevention and tilt prevention can be parts of different cost functions. We
hypothesize that a correct way of employing the optimization methods for studying multi-finger is to use a multicriterial optimization with one criterion related to securing
slip prevention and another one to satisfying the rotational
equilibrium requirements. We are presently preparing an
experiment in which this hypothesis will be tested.
We acknowledge a delimitation of this study. Comparing the data before and after the doubling in the present
experiment involved implicit manipulation of two task
characteristics: the force magnitude and the force magnitude specification. That is, the force magnitude before the
doubling was freely determined by the performer while the
force magnitude after the doubling was prescribed. To
determine the sole effect of each of these manipulations a
two-stage experiment should be performed. During the first
stage the grasping force should be specified at some initial
level, and during the second stage, it should be specified at
the doubled force value. We are going to perform such an
experiment in near future.’’
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CHAPTER 5
Reconstruction of the unknown optimization cost functions from
experimental recordings in multi-finger prehension study

5.1 Introduction

The chapter applies a recently developed analytical method for determining an unknown
objective function from a set of observations (Terekhov et al. in press) to multi-finger
prehension. When manipulating hand-held objects, people adjust the digit forces to the weight of
the handle, external torque, friction conditions, and object geometry.

The task is highly

redundant: in 5-digit grasps with the digit tips there are 30 variables to control (3 force and 3
moment components at each contact times 5 digits) while a rigid object in space has only 6
degrees of freedom. However, when performing a prehension task performers do this in a similar
way (Zatsiorsky et al. 2004). Such a similarity agrees with an idea that the central controller
selects the force sharing pattern based on some unknown optimization criteria (Crowninshield et
al. 1981; Tsirakos et al. 1997; Prilutsky et al. 2002, Todorov 2004).
For the multi-finger prehension, several candidate objective functions have been
suggested and tested in the literature (Zatsiorsky et al. 2002b; Pataky et al. 2004b; Aoki et al.
2006; Niu et al. 2009). While some of them worked better than others, i.e. their application
resulted in a better correspondence with the experimental data, all of them were based on guesses
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made by the researchers rather than directly followed experimental observations. In other words,
the inverse optimization problem—finding a cost function from experimental data—was
replaced by comparing the functioning of various optimization criteria in direct optimization.
Such a try-and-compare approach have been common in biomechanics of human motion (for
reviews see Collins 1995; Tsirakos et al. 1997; Prilutsky 2000; Engelbrecht 2001; Todorov 2004,
Erdemir et al. 2007) since analytical inverse optimization methods did not exist. Another
approach consists in selecting, a priori, a parametrized class of putative objective functions, e.g.
an assumption is made that the function is linear or quadratic, and then the function parameters
are estimated from experimental data. Such a methodology was mainly used outside the motor
control area, in particular using methods of linear programming (Ng, Russell 2000; Abbeel, Ng
2004; Syed et al. 2008; Ziebart et al. 2008). An interesting new approach has been recently
suggested by Körding, Wolpert (2006). We discuss this method in more detail in the Discussion.
Force distribution among digits in multi-finger prehension is an example of a more
general problem of distributing activity among several effectors acting in parallel (a most
popular case of such a problem is sharing activity among a group of muscles serving a joint –
Challis, Kerwin 1993; Herzog et al. 1993; Prilutsky et al. 2002; Ait-Haddou et al. 2004). Several
attempts have been made recently to solve the inverse problem of optimization for such tasks
analytically (Sieminski, 2006; Bottasso et al. 2006) but these methods were not applied to multifinger grasping. As compared with other distribution problems, for instance with the muscle
sharing problem, multi-finger prehension provides three important research advantages: (a) all
the variables of interest, e.g. digit forces and moments, moment arms, the task parameters, etc.
can be directly measured; (b) the task parameters such as the object weight and geometry,
applied external torques, etc. can be varied by a researcher according to the method
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requirements; and (c) the performance of different optimization functions can be validated
experimentally.

5.1.1 On the analytical inverse optimization (ANIO) method

The mathematics behind the method, including the proofs of all the lemmas and
theorems, are described in Terekhov et al. (in press). The Appendix to this chapter presents the
main Uniqueness Theorem on which the ANIO method is based. The main concepts of the ANIO
are explained here in a basic form.
The objective function is assumed to be an unknown additive function J which is
composed of unknown scalar differentiable functions g i . An optimization problem with additive
objective function is defined as:
Let J: R n → R1
Min: J ( x) = g1 ( x1 ) + g 2 ( x2 ) +  + g n ( xn )

(1)

Subject to: CX=B
where X=(x 1 , x 2 ,…, x n) ∈ Rn, g i is an unknown scalar differentiable function with g'(·)>0 in the
feasible region, C is a k×n matrix, rank C=k, and B is a k-dimensional vector, k<n. Such a
problem can be referred to as <J, C>.
Lagrange principle for the inverse optimization problem. The necessary conditions for a
solution of the direct optimization problem are known as Lagrange principle. Since every
experimentally observed point is assumed to be a result of minimization of some objective
function, the Lagrange principle must hold. For the inverse optimization problem with additive
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objective functions and linear constraints the following formulation of the Lagrange principle is
valid.
If the objective functions g i in equation (1) are continuously differentiable then they
satisfy

the

equation:


Cg ′( X ) = 0 ,

for

every

experimentally

observed

X*.

Here


C = I − C T (CC T ) −1 C . C T denotes the transpose of matrix C.

Essentially similar objective functions. Estimating the objective function from
observations does not necessary lead to a unique solution. For example, multiplying an objective
function by a positive number or adding a number does not change the optimal solution. Two
objective functions are called essentially similar on the same set if for every possible constraint
their optimization leads to the same result.
Problem splitability. If minimization of the objective function can be performed
independently for certain subsets of variables the problem is splittable. Splittabilty limits the
inverse optimization. It was proven in (Terekhov et al. in press) that the optimization problem


(1) is splittable if and only if breve matrix C can be made block diagonal by reordering the rows
and columns with the same indices.
The theorem of uniqueness is presented in Appendix. The theorem provides sufficient
conditions for uniqueness, up to linear terms, of solutions of the inverse optimization problem.
According to the theorem, if the experimentally observed values X* form a k-dimensional
hypersurface, where k is the number of constraints in the problem, then the solution of the
inverse problem is unique up to linear terms. In this case the equation provided by the Lagrange
principle can be used to determine the objective function. In particular, if the experimental

hypersurface can be defined by the equation Cf ′( X ) = 0 , where f ′( X ) = ( f1′( x1 ),..., f n′ ( xn ))T and
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f i are arbitrary scalar functions, then the sought functions g i coincide with f i up to linear terms
(specific details are explained later in the text).

5.1.2 Goals
The present research was performed with the following goals:
(1) To test applicability of the ANIO method to studying the multi-finger prehension.
(2) To compare the cost functions obtained in different subjects. Do all the subjects use
functions of the same class, e.g. quadratic function with linear terms?
(3) To compare the performance of the cost functions determined analytically using the
ANIO method to performance of other cost functions.
This chapter has the following structure. In Section 1 the experiment is described and the
main experimental results are presented. The ANIO is a general mathematical method. To apply
the method to a particular task, the method should be adjusted. Section 2 specifies the ANIO
method for the task under consideration. Section 3 addresses the computational procedures of the
ANIO method and the results of its application. Section 4 compares the performance of the cost
functions obtained by using the ANIO method with other cost functions. Section 5 is devoted to
a general discussion.
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5.2 Experiment

In the experiment subjects maintained at rest a vertically oriented handle. The subjects
used a prismatic grasp in which the fingers and the thumb contact the object in the same plane
(the grasp plane, Figure 5.1).

5.2.1 Methods

5.2.1a Subjects
Eight young male subjects participated in the experiment (age 27.6 ± 3.0 yr, weight 74.7
± 9.0 kg, height 176.3 ± 9.2 cm, hand length from the middle finger tip to the distal crease of the
wrist with hand extended 18.4 ± 0.9 cm, hand width at the MCP level with hand extended 8.9 ±
0.7 cm). They were all right-hand dominant according to their hand usage during eating and
writing. None of the subjects had a history of neuropathy or trauma to their upper limbs or
professional training that might affect their hand function, such as playing musical instruments.
All subjects gave informed consent according to the policies of the Office for Research
Protections of The Pennsylvania State University.

5.2.1b Apparatus
Five six-component force/moment transducers (Nano-17, ATI Industrial Automation,
Garner, NC, USA) were mounted on an aluminum handle at the bottom of which a horizontal
aluminum bar was attached (0.7 m long), see Figure 5.1. The subjects were instructed to keep the
handle vertical and static by watching an air bubble level placed at the top of the handle. The
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level (diameter: 32 mm) included a central circle (diameter: 15 mm) and an air bubble (diameter:
5mm) in the enclosed liquid. If the bubble was within the central circle, the trial was accepted by
the researcher; otherwise the trial was repeated. We found that when the moment of force exerted
by the subject was within ±40 Nmm (0.04 Nm) of the target moment of force, the bubble was at
the edge of the central circle. Four transducers were used to measure forces and moments of
force applied by the fingers, and the fifth transducer measured the force and moment of force
produced by the thumb. The surface of each sensor was covered with sandpaper (the coefficient
of friction =1.34±0.05, Aoki et al. 2006). Sensor signals were set to zero prior to each trial.

Figure 5.1. An instrumented handle and recorded forces in the experiment. (A) Schematic drawing of the
apparatus with five sensors and an air bubble level mounted on a handle with a T-shaped attachment. (B)
Local coordinates on each transducer. (C) Total normal force generated in the tasks (examples: external
torque 0.4 Nm with load of 0.5 Kg).
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The distance between the centers of two finger sensors was 3.0 cm, and the thumb sensor
was positioned across the midpoint between the centers of the middle and ring finger sensors.
The combined mass of the handle, sensors, and the bar was 1.01 kg. Four loads, 0.25 kg, 0.5 kg,
0.75 kg and 1.0 kg could be attached at different points along the bar. Their suspension at
different locations generated five external torques:

0.2 Nm and 0.4 Nm clockwise and

counterclockwise, as well as a zero torque. There were a total of 20 different load/torque
conditions in the experiment.

5.2.1c Experimental Procedure
The subjects were instructed to perform five trials at each torque/load combination. In the
first trial, the subjects applied the minimal normal force (grasping force), while holding the
handle in the air. In the next four trials, a target line was shown on the monitor with different
grasping force magnitude, which was determined by increasing the recorded minimal normal
force by 0% (i.e. essentially repeating the first trial but with the grasping force prescribed), 25%,
50% and 75% separately in each trial. The forces were prescribed due to the necessity to apply
the method to a large number of trials (otherwise we would not be able to determine precisely a
hyper-surface on which the experimental data are located, which is crucial for the ANIO
method). If in different trials performed under the same conditions (the same load and torque)
the grasping force were different, the individual finger forces would be subjected to two sources
of variability: (a) variability of the sharing pattern (a topic of our research) and (b) variability of
the total grasping force (which we are presently not interested in). The problem then would
become (a) hierarchical and (b) splittable (i.e. there will be not one but two inter-connected
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optimization problems combined together). Therefore we decided to limit our first study on the
application of the ANIO method in motor control to the case of the constrained total force.
The subjects were asked to match the target line while keeping the handle vertically
without any angular or linear movement. The sequence of the four trials was randomized. Before
the experiment, subjects were given an orientation session to familiarize themselves with the
experimental tasks and apparatus. Then, subjects washed their hands to normalize skin condition.
The subject sat in a chair with the right upper arm positioned at approximately 45º
abduction in the frontal plane and 30º flexion in the sagittal plane. The elbow joint was flexed
approximately 90º. The forearm was pronated 90º such that the hand was in a natural grasping
position. A computer monitor located in front of the subject showed the total normal force
exerted by the subject on the handle. The subjects were coached to keep the handle vertically by
looking quickly at the bubble level located at the top of the handle while mainly watching the
monitor.
Subjects were instructed to take the handle from the rack and keep the handle vertically
and statically in the air by monitoring the air bubble level. When the handle was stabilized and
the natural grasping force was applied by the subject, the main trial would start.
The subjects were told by the investigator to “Keep the handle vertical and static as much
as he can, but match the target line by increasing or decreasing the gripping force if necessary”.
After the data collection in a trial stopped, the subjects placed the handle back on the rack and
took a 30-s break. After the subject completed all the five trials at the same torque/load
combination, the investigator would change the load or the location of the load along the bar, and
informed the subject that he could start the next trial. Sensor signals were set to zero prior to each
trial.
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The order of external torques and loads, and the force-specification percentages within
each torque/load condition was randomized. Each trial took 10 seconds. During the experiment
each subject performed 100 trials (4 loads×5 torque×5 grasping force magnitudes, including one
trial with natural grasping force and four with the prescribed force magnitude). The total duration
of each experiment was approximately two hours.
The percentages of the normal force increase were calculated across all trials, which were
3% ± 5%, 27%± 4%, 50%± 5% 74% ± 6% (mean ± standard deviation) in the tasks of 0%, 25%,
50% and 75% force increase. The matching error was small.

5.2.1d Data analysis
Software written in LabVIEW (National Instruments, NC, USA) was used to convert
digital signals into the force and moment of force values. Data processing was performed using
Matlab software package (Mathworks, In., Natick, MA, USA). The raw force/moment data were
filtered with a third-order, zero-lag Butterworth low-pass filter at 10 Hz.
Since the thumb and virtual finger (VF, an imagined finger with the same mechanical
effect as the combined action of all four fingers of the hand) normal forces compose a force
couple and hence generate a free moment (Zatsiorsky, 2002a), the pivot point used to calculate
the moment of normal force (Mn) was arbitrarily defined at the center of force application (CFA)
of the thumb. Therefore, the moment arms of index, middle, ring and little fingers in producing
the Mn were y in =45±d in mm, y mi =15±d mi mm, y ri =–15±d ri mm, and y li =–45±d li mm, respectively,
where d i is the CFA of each finger with respect to the sensor center where the finger was placed
on (see Figure 5.1). The minus sign for ring and little fingers is because they generated clockwise
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(negative) moment of force. The method of determining d i is described elsewhere (Niu et al.
2009).
To determine the effects of TORQUE, LOAD and TARGET FORCE on d i the repeated
measures ANOVAs were performed with Bonferroni pairwise comparisons. The d i for the
middle and little fingers were not affected by any factor significantly (p-value>0.051 for all). The
d i for the index finger was smaller at 75% target force level than at 0% (p-value=0.029); d i for
the ring finger at external torque of 0.4 Nm was significantly larger than at –0.4 Nm (pvalue=0.006). We compared optimal solutions for the accurately recorded force application
points and the application points averaged across trials. The differences were very small, less
than 1% of finger force normalized by the grasping force. It seems that the cost function is robust
to the variation of contact points. Therefore in the present study, we averaged locations of force
application points across trials and used these data in the optimization procedure.

5.2.1e Statistical analysis
The Linear Mixed Model (LMM) in SPSS 16.0 (SPSS Inc., Chicago, IL, USA) was used
to do the statistical tests. The LLM is more powerful to analyze repeated measures observations
than other models, such as Generalized Linear Model (GLM) (Littel et al. 2006 ). Repeated
measures (RM) ANOVA on finger normal forces was performed with the factors: TORQUE,
LOAD, and TARGET FORCE. Also, four-way RM-ANOVA was employed to analyze the
effects of TORQUE, LOAD, TARGET FORCE and METHOD on the RMS differences between
optimal solutions and experimental observations, where METHOD included five levels
corresponding to the procedures of ANIO, MBIO, and three direct optimization methods
explained in Section 4. Akaike’s Information Criteria (AIC) as a criterion of goodness-of-fit was
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used to determine the best covariance structure for the RM ANOVA model (Akaike 1974). We
found that First Order Autoregressive Model (AR(1)) covariance structure was more appropriate
to analyze the data than other covariance structures. AR(1) model assumes that the expected
within-subject correlation decreases exponentially with the spacing of the factor levels between
measurements. It has been also shown (Howell 2002) that AR(1) is better than Compound
Symmetry (CS) covariance structure in repeated measures studies, thus the sphericity assumption
testing was not required in this study. Pairwise comparison using the Bonferroni correction with
family confidence coefficient .95 was calculated for the significant effects in the RM-ANOVA
post-hoc tests.

5.2.2 Experimental results

Only results which were used in the subsequent optimization procedure—i.e. normal
forces exerted by individual fingers— are reported here.
The increase of the grasping force was accomplished by the increases of all fingers’
normal forces. Figure 5.2 shows, as example, the index and little finger normal forces at various
external torques, loads, and target grasping forces. As expected, the individual finger forces
increased with an increase of the supported load and target grasping force. With a change of the
external torque, the index and little finger forces changed in opposite directions.
Three-way RM-ANOVA showed that the TORQUE, LOAD and TARGET FORCE all
had significant main effects on Finn (p-value<0.001 for all). Bonferroni pairwise comparison
showed that Finn increased significantly for every level of the factor TARGET FORCE from 0%
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to 75% (p-values<0.001 for all). None of the two- and three-way interactions was significant (pvalue>0.5).
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Figure 5.2. Index and little finger normal forces at various torques, loads, and target levels of force.
Group averages over eight subjects are shown.

Similar to the index finger force, Fmin , Frin and Flin increased with the increase of LOAD
(p-value<0.001 for all), and TARGET FORCE whose effect, however, depended on the external
torque. For these fingers, the interaction TORQUE×TARGET FORCE, which reflected the
conjoint effect of TORQUE and TARGET FORCE on the normal forces, was statistically
significant (p-values<0.001 for all). No significant TORQUE×LOAD interaction effects were
found for any finger. Pairwise comparisons with Bonferroni corrections showed that Fmin , Frin
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and Flin increased significantly with an increase of TARGET FORCE at each level of TORQUE
(p-values<0.05 for all).
The principal component analysis (PCA) was performed on the observations (80 points
for the individual subjects and 640 points for the all subjects) was performed. In the analysis of
individual subject’s data, it was found that 93.53±0.43% of the total variance across subjects was
accounted for by the first two principal components which had the larger eigenvalues. The first
two principal components explained 88.14% variance in the pooled data for all subjects.
Therefore, it was concluded that the experimental observations tend to lie on a 2dimensional hyperplane in the 4-dimensional space (although the constraints, i.e. the load, the
required total force and the resisted moment, were different in all 80 trials; see section 2 for more
details). An example of the projections of the hyperplane onto a 3-D space ( Finn , Fmin , Flin ) and the
finger force distribution in the space is presented in Figure 5.3B.
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Figure 5.3. The experimental data in various projections. (A) The scatter plot of finger forces projected
onto the principal components with the largest (abscissa) and smallest (ordinate) eigenvalues. Data points
from Subject 1. (B) The finger force distribution in 80 trials and the hyperplane containing experimental
data (experimental hyperplane) projected onto a three-dimensional space. Data points from Subject 1. (C)
The same hyperplane as in Figure 3A with five ‘mechanical’ planes added. The latter planes are randomly
picked up from 80 planes representing the trials with different mechanical constraints and projected onto
the three-dimensional space. Each of the ‘mechanical’ planes is plotted by using the following procedure:
(1) 100 solutions satisfying each constraint set (each trial’s mechanical requirements) are computed; (2)
index, middle and little finger’s forces from the 100 solutions are picked out and the principal component
analysis (PCA) is performed on them; (3) the lesser principal component obtained from the PCA is used
to plot the plane in three dimensions. The angle between the experimental plane and the ‘mechanical’
planes in the projected space (89.8°) is different from the real angle in the four-dimensional space (79.5°)
due to the projection. Note: the observed data points, their principal components and experimental plane,
are all obtained in a 4-dimensional space of finger forces. To visualize the data, we projected them in 2-D
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and 3-D spaces, respectively. The projection of the 4-D experimental hyperplane and observed data onto a
3-D space could cause visual distortion of their real orientation and relative distances. The further
explanation is provided in the text (see Section 2. Problem Specification).

5.3 Problem specification

The ANIO method is a general mathematical method that can be applied to many real life
problems. This section specifies the computational problem for the task under consideration.
The conditions of static equilibrium for the studied task (described in Section 1 above) should
satisfy three equality constraints (balancing external forces in the horizontal and vertical
directions and balancing an external moment applied to the handle) and two inequality
constraints (the normal force should be sufficiently large to prevent the object slipping from the
hand and the finger forces are non-negative and cannot be larger than the maximal finger force),
for a more detailed explanation see Zatsiorsky, Latash (2009). Because the surfaces of the
sensors were covered with sand paper the friction at the finger tips was large and slipping was
not a problem in the present study.
It was previously shown that percentage sharing of the total normal force among the
fingers is quite reproducible across trials with fixed load force and external torque (Zatsiorsky et
al. 2003 a, b; Shim et al. 2003). This observation allowed assuming that particular force sharing
patterns result from minimization of a certain objective function. The inverse optimization
problem was defined as
4

Min

J = ∑ g i ( Fi n )
i =1
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n

Finn + Fmin + Frin + Flin = Ftotal
 n
n
n
n
n
 Fin Yin + FmiYmi + Fri Yri + Fli Yli = M

Subject to

[

where F = Finn , Fmin , Frin , Flin

]

T

(2)

is a 4×1 non-negative vector of finger forces (the subscripts in,

mi, ri, and li refer to the index, middle, ring, and little finger, respectively), superscript n
n
is the sum of four finger normal forces, Y
indicates that normal forces are considered, Ftotal

designate the moment arms of the normal finger forces, M is a moment. The constraints can be
written as CF=B.

1
C = 
 Yin

1
Ymi

1
Yri

Fn 
B =  totaln 
M 

1

Yli 

(3)

n
The linear constraints provided two equality requirements on normal force Ftotal
and moment of

normal force M n .
For a system of two linear equations and four unknowns (equation (2) above), the
solutions should evidently lie onto a 2-dimensional hyperplane in the 4-dimensional finger-force
n
space (provided that Ftotal
and M n in the right hand side of the equation (2) do not vary). Such a

plane, named ‘mechanical’ hyperplane, is defined by the “pure mechanical” constraints with the
n
specific values of Ftotal
and Mn. However in the present experiment the constraints were different

in different trials. As a result, every experimentally obtained data point (normal finger forces)
n
corresponded to a particular combination of Ftotal
and M n , and lied onto its own ‘mechanical’
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n
hyperplane. There should be as many ‘mechanical’ hyperplanes as the Ftotal
and M n combinations

employed in the experiment, i.e. 80 ‘mechanical’ hyperplanes. In case the points of finger force
applications on the sensors do not change across the trials, the ‘mechanical’ hyperplanes would
be parallel to each other (Figure 5.3C presented five exemplary parallel ‘mechanical’
hyperplanes). In contrast, if a point (solution) were randomly picked up from each ‘mechanical’
hyperplane, the 80 points would form a four-dimensional ‘cloud’ instead of being obliged to be
onto a certain hyperplane. However, in the present study it was found that the experimental
points are located onto a plane (for an example see Figure 5.3A and 5.3B) and the plane is
different from the ‘mechanical’ hyperplane (Figure 5.3C). Such a planarity of the experimental
observations for the whole set of the trials is not a direct consequence of the task mechanics.
Instead, it is a non-trivial finding indicating that the finger forces are specified in such a way due
to certain motor control mechanisms. Most probably these mechanisms are based on the
optimality principles. The orientation of two-dimensional hyperplane composed by the
experimental observations might be significantly different from the one of any of the
‘mechanical’ hyperplanes derived from equation (2). In this experiment, the dihedral angle
between experimental hyperplane and “mechanical” hyperplane equaled 83.7° ± 4.5° (standard
deviation) across subjects.
The computational procedure to find the optimization cost functions involves several
steps.
Step 1. Identify whether the optimization problem is splittable or not by observing the (4×4)



matrix C = I − C T (CC T ) −1 C . If C is block-diagonal, or can be made block diagonal by identical
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reordering its columns and rows, the problem is splittable and should be divided into
subproblems each of which is non-splittable and can be solved individually.
Step 2. The goal of Step 2 is to determine the observed hyperplane mathematically. The
hyperplane can be defined as
AFn=b,

(4a)

where A is a 2×4 matrix composed of the transposed vectors of the two lesser principal
components obtained from the PCA; b is a 2-dimensional vector defined as
b = AF n ,

[

and F n = Finn , Fmin , Frin , Flin

]
T

(4b)

is the vector of the average finger normal forces (the horizontal

lines above the symbols signify averaging). Note that the hyperplane determined from equation
(4a) is prone to experimental errors (‘noise’).

Step 3. The goal of this step is to compare the experimentally determined hyperplane derived by
using equation (4a) with the theoretical plane derived from the Uniqueness Theorem. According
to the Theorem, if there are functions f in ( Finn ) , f mi ( Fmin ) , f ri ( Frin ) and f li ( Flin ) satisfying

Cf ′( F n ) = 0 , then the objective function J ( F n ) = f in ( Finn ) + f mi ( Fmin ) + f ri ( Frin ) + f li ( Flin ) is

essentially similar to the true one up to linear terms (prime symbol denotes a derivative of a
function f i with respect to its independent variable Fi n , where i = in, mi, ri and li).
The objective function J can be determined based on the following consideration: the
experimental data points tend to form a two-dimensional hyperplane AFn=b while all the


experimental observations should also comply with Cf ′( F n ) = 0 . To satisfy both these
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requirements, f ′( F n ) should be a linear function of F n . As a result, the following formulation
can be obtained
f i′( Fi n ) = k i Fi n + wi

(5a)

Therefore
f i ( Fi n ) =

ki
( Fi n ) 2 + wi Fi n
2

(5b)

where i = in, mi, ri and li.


An optimal solution would be expected to define a plane Cf ′( F n ) = 0 in the four-dimensional
space.
Step 4. The values of k i can be numerically computed by minimizing the dihedral angle between




the two above mentioned planes: (i) the plane of optimal solutions Cf ′( F n ) = C ( KF n + W ) = 0
and (ii) the plane of experimental observations AFn =b with k in =1 for normalization in the
optimization procedure, where K=diag(k in , k mi , k ri , k li ) is a 4×4 diagonal matrix with k i on the
main diagonal; the vector W= [win , wmi , wri , wli ]T was chosen to have minimal vector length.

Thus we get W = −CK F n .

Step 5. The desired objective function is:
n

Jˆ = ∑ g i ( xi )

(6a)

i =1

where g i ( xi ) = rf i ( Fi n ) + qi Fi n + const i , r is a nonzero number, const i can be any real number, q i


is any real number satisfying the equation Cq = 0 , where q=(q in , q mi , q ri , q li )T (see detailed
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explaination in Terekhov et al., in press). After combining equations (6a) and (5b) and arbitrarily
assuming r=1, const i =0, and q i =0 we obtain:
4
1 4
Jˆ = ∑ k i ( Fi n ) 2 + ∑ ( wi ) Fi n
2 i =1
i =1

(6b)

Step 6. To validate the reconstructed objective functions, optimal solutions for different values of
vector B (equation 3) can be computed and compared with the observations: the solutions should


be all lying on the plane C ( KF n + W ) = 0 .

5.4 Analytical determination of the objective functions and their validation
This section describes the ANIO computations and their results. The objective functions
were reconstructed from the experimental data following the sequence of steps described above.
The procedures were applied to the data points from individual subjects as well as to the pool of
data points from all subjects. Original computer codes were written in Matlab software package
(Mathworks, Inc., Natick, MA, USA). The optimal solutions were computed by applying the
constrained nonlinear multivariate function ‘‘fmincon’’ from Matlab’s optimization tool box.

5.4.1 The optimization procedure


Step 1. The C matrices were computed and the optimization problem was found
to be non-splittable in all cases.
Step 2. As it was mentioned above (Section 1.2), the hyperplanes composed by the data
points recorded in the experiment were determined (see Figure 5.3).
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Step 3. The Uniqueness Theorem predict that if:
(a) matrix C were precisely known and the moments arms of the finger forces were not
varying from trial to trial (the CFA’s and d i were constant),
(b) the subject’s performance were perfect, i.e. the equilibrium were ideally maintained
(no tremor or minute tilting of the object) and the exerted forces satisfied constraints (2) without
a slightest deviation, and
(c) the central controllers of the subjects were strictly fulfilling the optimization function,
then the hyperplanes of the experimental data, i.e. the plane defined by equation (4a), and the


plane of optimal solutions Cf ′( F n ) = 0 would coincide.
We cannot expect, however, actual performance to be ideal. Hence, a given experimental
plane should be considered an approximation of the (unknown) plane of a perfect performance.


The latter plane (the plane of optimal solutions Cf ′( F n ) = 0 ) corresponds to a minimal dihedral
angle α with respect to the estimate of the experimental plane. To find the angle the average
values predicted from the ANIO method were forced to coincide with the average experimental
data.
Step 4. Minimization of angle α was achieved numerically by selecting proper values of
k i (for normalization k in =1 was selected). The minimal values of α were equal to 2.66±0.74º for
the individual subjects and it was 2.81º for the lumped group data. Hence, the estimated
experimental plane and the plane of optimal solutions were close to each other.
Step 5. This step completes the computation of the optimization cost functions from the
experimental data.
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5.4.2 The optimization results

Individual subjects. The experimentally determined coefficients of Equation 6b are
presented in Table 1. All the functions had a similar form across subjects, in particular the
coefficients of the second-order terms k i were positive for all subjects and the relations
k in <k mi =k ri <k li were maintained, which was proved statistically.

Table 5.1. The estimation of parameters k i and wi from the ANIO method

Subject #
1
2
3
4
5
6
7
8

k in
1
1
1
1
1
1
1
1

k mi
2.63
1.59
1.31
1.87
0.85
2.68
1.42
1.87

k ri
2.23
1.82
1.38
3.09
1.33
1.30
1.18
1.83

k li
6.92
2.73
4.46
5.23
1.51
2.09
2.17
2.40

w in
-2.34
-0.32
-1.70
-2.47
-0.71
-0.72
-0.11
-0.11

w mi
1.88
0.48
1.21
2.96
1.34
-0.22
-0.22
0.28

w ri
3.37
0.10
2.25
1.37
-0.24
2.10
0.82
-0.21

w li
-2.91
-0.26
-1.76
-1.86
0.38
-1.15
-0.48
0.03

The averages of the second-order term coefficient over all subjects were 1.78±0.24,
1.77±0.24, and 3.44±0.72 (average ± SE) for the middle, ring, and little fingers, respectively.
Paired t-test showed that k mi was significantly larger than 1 (the normalized value for k in ) with a
p-value of 0.005; k mi and k ri were the same (p-value=0.978) but both smaller than k li (pvalue=0.0286 and 0.0181 respectively). win was significantly smaller than wmi and wri (pvalue=0.0124 and 0.0099) but it was the same as w li (p-value=0.776); wmi is the same as wri (p-


value=0.6695). To estimate how different were the CKF = 0 planes for individual subjects, we
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computed the maximum angle between the planes for subject 1 and other subjects, and then the
maximum angle between subject 2 and others, and so on. The average (±SE) of the maximum
pairwise dihedral angle between the two hyperplanes was 15.83°±1.59°


Group data. The angle between the plane CKF = 0 and the principal components plane

was 2.81º. The computed plane CKF = 0 contained 87.96% of the raw data variance. This result
suggested that it was possible to find an estimate of a unified objective function that could fit all
eight participants in this experiment. The obtained cost function was:

J =

((

1
Finn
2

)

2

( )

+ 1.68 Fmin

2

( )

+ 1.83 Frin

2

( ) ) − 0.95F

+ 3.14 Flin

2

n
in

+ 1.06 Fmin + 0.77 Frin − 0.87 Flin

(7)

The coefficients of the second order terms were close to the averaged coefficients of the
objective functions from the individual subjects.
Step 6. This step involves validation of the obtained cost functions by performing a direct
optimization of finger forces. Equation (6b) with the coefficients presented in Table 5.1 was
used as the cost function. Though the ANIO method rests on a solid mathematical theory, it did
not consider effects of the experimental noise. In the present experiments, the experimental data
did not form an ideal plane but instead were scattered around such (see e.g. Panel A in Figure 5.3
and Panel B in Figure 5.4). The validation allows ensuring robustness of the ANIO with respect
to the experimental noise. The validation was done for the individual subjects as well as for the
group data.
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Figure 5.4. Projections of the two-dimensional plane of finger forces. (A) Projection onto the
three-dimensional space: Middle finger –Ring finger –Little finger. (B) The scatter plot of finger
forces projected onto the principal components with the largest (abscissa) and smallest (ordinate)
eigenvalues. The small angle between the experimental data and optimal solutions was due to
approximation discrepancy between the experimental plane and the plane of optimal solutions, a
dihedral angle of 2.81º. (C) Projection onto the three-dimensional space: Middle finger –Ring
finger –Little finger. Dots represent the observed experimental data; stars represent the optimal
solution obtained from the optimization procedure. Panel A is for Subject 1. Panels B and C are
for all subjects.
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Individual subjects. The absolute errors between the predicted normal force and the
measurement were reasonably small, 0.30±0.01, 0.41±0.02, 0.40±0.02, 0.30±0.01 N across
subjects for the index, middle, ring and little fingers, respectively. Figure 5.4 A illustrates the
correspondence between the experimental data and the data obtained from the inverse
optimization method for one of the subjects.
Since the minimal grasping force varied among subjects and torque/load condition, the
finger normal forces expressed in percent of the virtual finger (VF) normal force and their
prediction were normalized by the grasping force and the root mean square (RMS) differences
between them were computed. The differences were small (Table 5.2).

Table 5.2. The RMS differences between the observed normal force sharing percentages and the values
predicted from optimization (in % of the total normal force). The data are for the eight subjects.

Subject
#
Index
finger
Middle
finger
Ring
finger
Little
finger
Average
± SE

1

2

3

4

5

6

7

8

1.62

1.25

1.29

2.20

2.07

2.00

2.06

2.29

Average
± SE
1.85±0.15

2.47

2.02

1.70

2.89

2.49

2.16

2.82

2.69

2.41±0.16

3.53

1.58

1.47

2.33

2.67

3.12

2.30

2.67

2.46±0.27

2.17

1.25

1.10

1.85

2.14

2.03

2.08

2.12

1.84±0.16

0.25±
0.46

1.53±
0.21

1.39±
0.15

2.32±
0.25

2.34±
0.16

2.33±
0.31

2.32±
0.20

2.44±
0.16

2.14±0.10

Group data. The data points from all subjects also dispersed around a two-dimensional
plane in the four-dimensional space of the fingers’ normal forces (Figure 5.4C). The relations
between the experimental data and the data predicted by the optimization algorithm are presented
in Figure 5.5
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Figure 5.5. The scatter plots of the experimental data and the optimal solution for all eight subjects. (A)
index finger; (B) middle finger; (C) ring finger; (D) little finger.

The absolute errors between the predicted normal forces and the measurements were
0.49±0.02, 0.67±0.02, 0.57±0.02, 0.46±0.02 N for the index, middle, ring and little fingers,
respectively. The maximum absolute error was 2.08, 2.77, 2.53 and 1.90 N for each finger across
all trials. The RMS differences between the observed normal force sharing percentages and the
prediction from optimization were 3.81%+0.46%, 4.81%+0.46%, 4.57%+0.57% and
3.7%+0.38% for the index, middle, ring and little fingers, respectively.
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On the whole, the reconstructed from the experimental data objective functions
approximated the cost function used by the central controller quite well.

5.5 Comparing the ANIO performance with the performance of other
cost functions
So far, to the best of our knowledge only one method for inferring from experimental
data the optimization cost functions has been suggested in the literature (Bottasso et al. 2006).
The method was developed for the multi-body models of the neuro-musculoskeletal system
(Multi-body Inverse Optimization method, MBIO method). The method has not been validated
for multi-finger prehension. The method involves limiting the search space for the cost function
based on the researcher’s knowledge and intuition and then solving a nested optimization
problem, i.e. finding a cost function that best matches the experimental data. The (unknown) cost
function is assumed to lie in a search space that depends on a set of parameters p, i.e. the cost
function belongs to a known parameterized class of objective functions. When testing the method
we tried quadratic, cubic, and quadric polynomials as the objective functions but for the cubic
and quadric polynomials the optimization procedure failed to converge to the experimental data.
Therefore we limited the choice to the quadratic functions and used the following
polynomial form S J of finger normal forces without interaction terms as the possible cost
function:
S J ( Fk | P ) = pin ,1 Finn,k + pmi ,1 Fmin ,k + pri ,1 Frin,k + pli ,1 Flin,k +
pin , 2 ( Finn,k ) 2 + pmi , 2 ( Fmin ,k ) 2 + pri , 2 ( Frin,k ) 2 + pli , 2 ( Flin,k ) 2
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(8)

where P = ( pin , 2 , pmi , 2 , pri , 2 , pli , 2 , pin ,1 , pmi ,1 , pri ,1 , pli ,1 ) is an unknown (8×1) vector of coefficients
T

in the objective function S J ; the first subscript of p denotes individual fingers (in, mi, ri, li for
index, middle, ring and little finger, respectively); and the second subscript denotes the order of
the terms (1 is for the first-order term and 2 for the second-order term). Note that cost function
(8) is of the same class as equation (6b). The difference is that cost function (6b) was obtained
from experimental data in the ANIO procedure while quadratic polynomial (8) was suggested by
the researchers.
The goal of the MBIO method is to find the best estimate of the coefficients P in the
polynomial objective function S J , i. e. a set of coefficients that minimizes the error (Euclidean
distance) between the vectors of experimental observations and optimal solutions. The MBIO
method involves breaking the entire optimization procedure into two complementing
optimization sub-routines: outer and inner optimizations.

The inner objective function

minimizes polynomial S J with respect to the normal finger forces. The outer optimization
searches the space of the coefficients of S J to minimize the discrepancy between the solutions of
the inner optimization and the experimental observations. The structure of the optimization
procedure is hierarchical: the optimal solutions generated by the inner sub-routine are used by
the outer.
The problem can be reformulated as the following.
Let Z: R n → R1 , J: R n → R1
Outer optimization problem:
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N

min Z ( F n ) =
P

∑F

n
k

k =1

− ( Fkn ) E

(9)

N

∑ (F
k =1

i

n E

)

subject to pin , 2 = 1 , where Fkn is the solution of the inner optimization problem.

Inner optimization problem:
N

n
min J = ∑ S J ( Fk | P)
F

(10)

k =1

subject to:
n

Finn,k + Fmin ,k + Frin,k + Flin,k = Ftotal
,k / 2
 n
n
n
n
n
 Fin ,k Yin ,k + Fmi ,k Ymi ,k + Fri ,k Yri ,k + Fli ,k Yli ,k = M k

where k =1, …80 is the trial number; Fkn = ( Fin ,k , Fmi ,k , Fri ,k , Fli ,k ) T is a (4×1) vector of normal
n
n
finger forces in trial k; Ftotal
, k is the virtual finger normal force in trial k; M k is the moment of

normal force in trial k; superscript E denotes experimental observations; h(P) is the constraint on
vector P that normalizes the coefficient pin , 2 of the Finn,k to be 1. J indicates summation of S J
over 80 trials.
The nested optimization problem described above is difficult to solve directly by general
numerical methods. To simplify the solution, Bottasso et. al. (2006) proposed transforming the
inner optimization problem into its dual problem, the Lagrange’s equation. As a result, the newly
generated Lagrange’s equation together with h(P) worked as constraints for the objective
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function Z. The MBIO method requires huge computational work; for individual subjects the
optimization should be performed in a 488-dimensional space (8 polynomial coefficients + 80
trials×4 finger forces +80 trials × 2 slack variables in the Lagrange’s functions =488).
We compared the ANIO performance with the MBIO performance (using the software
codes that we wrote) as well as with the performance of three other cost functions that have been
used previously in the studies on optimization of the finger forces in multi-finger prehension
tasks (Zatsiorsky et al. 2002b, Pataky et al. 2004b, Niu et al. 2009).
1. Energy-like function over Fn.
4

F1 = ∑ ( Fi n ) 2

(11a)

i =1

2. Cubic norm function over Fn.
F2 = 3

4

∑ (F
i =1

i

n 3

(11b)

)

3. Entropy-like function F3 . The function, firstly introduced in robotics (Hershkovitz et
al. 1995, 1997), resembles the entropy function in information theory and is minimal when the
grasping force is evenly distributed among the fingers.
4

(

)

4

F3 = ∑ Fi n + 1 log10 ( Fi n + 1) − ∑ Fi n
i =1

(11c)

i =1

The optimal solutions for the three latter functions were calculated by using Matlab’s
fmincon routine (Mathworks, Inc., Natick, MA, USA).
RM-ANOVAs were performed for each finger with the factors of TORQUE, LOAD,
TARGET FORCE and METHOD, where METHOD included five levels corresponding to the
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procedures of ANIO, MBIO, and another three direct optimization methods. It was found that the
effects of TARGET FORCE, LOAD and the interaction METHOD×TORQUE were significant
(p-value<0.0001 for all). One-sided multiple Bonferroni comparison test with ANIO as the
control proved that ANIO method yielded significantly smaller or equal absolute errors to other
methods at all TORQUE levels for each finger (p-value<0.02 for all).
To further check the performance of the employed optimization method we used three
parameterization variables: (a) the dihedral angle between the hyperplanes predicted by a given
optimization method and the plane composed by the experimental data; (b) the root mean square
(RMS) difference between the experimental data and the data predicted by the optimization
procedures, and (c) the average data predicted by the optimization method (with the exception of
the ANIO method, because the average data in this method coincided with the experimental data
due to the employed optimization algorithm). For the sake of illustration the obtained results are
presented in Table 5.3. Note that because some of the above parameters we computed for the
entire subject group the statistical testing was inapplicable in this case.
Table 5.3. Comparing the performance of the employed optimization methods. (a) The angle between the
observed data and the optimal solution, (b) the averaged RMS difference between the observed normal
force sharing percentages and the values predicted from optimization, and (3) the average values of the
experimental observations and the optimal solutions from the ANIO method and the direct optimization
(N).

Parameters
Dihedral
angle
RMS
Sharing
percentages
Average
values (N)

Fingers Experiment ANIO MBIO
----2.81° 5.24°

F1
F2
F3
21.55° 24.64° 18.25°

Index
Middle
Ring
Little
Index
Middle
Ring
Little

4.1%
6.2%
3.6%
3.2%
4.94
4.45
4.09
3.58

--------5.50
3.49
4.30
3.80

3.8%
4.8%
4.6%
3.7%
5.50
3.49
4.30
3.80
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4.8%
6.1%
5.3%
4.24%.
4.96
4.13
4.62
3.38

4.8%
7.0%
3.8%
3.9%
4.82
4.59
4.25
3.43

3.6%
5.6%
3.6%
2.9%
5.09
4.32
3.97
3.70

The MBIO method in general worked well yielding the solutions that were close to the
ANIO method and the experimental data (Figure 56). However the MBIO accuracy was slightly
worse than that for the ANIO method (Table 5.3). This difference cannot be however attributed
to the methods themselves. In MBIO method, we tried 500 different starting points in the
solution space based on uniform distribution for each variable, and the solution with the minimal
error was selected. Nevertheless, it is still possible that the difference between the performance
of the ANIO and MBIO methods was due to an inappropriate selection of the starting point in the
MBIO method. Since the numeric optimization was based on the gradient descent method, we
can assume that the obtained MBIO solutions correspond to the local minimums, nearest to the
starting points. Finding an optimal starting point in a 488-dimensional space is a challenging task
requiring huge computations.
The program to compute the objective function by the MBIO method that we developed
failed to work with the group pooled data. The size of the vector used in the optimization
procedure was too large for solving such a nonlinear problem (the vector size was 3848×1). The
method needs further improvement on its numerical computation algorithm.
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Figure 5.6. The observations from Subject 1 and the reconstructed planes from ANIO and MBIO
methods projected onto the three-dimensional space: Index finger –Middle finger -Little finger.

The optimal solutions that the objective functions F 1 , F2 , and F3 generated were all
situated on two-dimensional hyperplanes in the four-dimensional space. However, the dihedral


angles between these hyperplanes and the plane of the optimal solution Cf ′( F n ) = 0 were large
(Table 5.3). Since the observations and the solutions predicted by the objective functions F 1 , F2 ,
and F3 were concentrated around their respective averages (see Table 5.3), the average
differences between the observations and optimal solutions caused by the hyperplane deviation
were not large. The absolute errors between the optimal solutions and the observations were
small, less than 1 N for each finger. We may expect however that due to the large values of the
dihedral angles the errors will greatly increase when the individual data deviate from the group
average. However, the sharing percentage errors were all larger than 10%. This discrepancy is
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due to the relatively small force of natural grasping which results in the small error value but
large sharing percentage error when the data are normalized by the total grasping force.
On the whole, the objective function obtained from ANIO method yielded more accurate
predictions than the other objective functions.

5.6 Discussion

Prior to discussing the questions posed in the Goals section, we want to briefly address
two questions: (A) How was the conclusion that the cost function is quadratic reached (no cost
function types were assumed a priori in this research)? And (B) How does the ANIO method
compare with other methods of inverse optimization?
(A) In brief, the cost function is quadratic because the distribution of the experimental
data was (approximately) planar. In other words, the planarity of the distribution of the
experimental data demonstrates that the derivatives were linear and hence the cost function was
quadratic. If the cost function were not quadratic, e.g. it were cubic, the optimal solutions would
not compose a two-dimensional plane, instead they would form a curved surface, e.g. a
paraboloid or a hyperboloid in case of cubic cost function. The reason is straightforward, the
derivative of the cubic cost function is quadratic which results in a curved surface for optimal
solutions subject to varied constraints.
(B) Other methods of inverse optimization involve, as a rule, assumptions either about a
cost function or about its class, e.g. an assumed cost function is quadratic but its coefficients are
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unknown. Then the parameters of the selected cost function are determined (as we did using the
MBIO method) and/or the cost function performance is compared with the performances of other
cost functions (as we did in this chapter with functions F1, F2, and F3). A notable exception to
this practice is a method developed by Körding and Wolpert (2006). The authors proposed an
ingenious approach to estimating what the subjects considered as “being as accurate as possible”
in a particular exemplary task. The reported results are probably the closest to what we did.
However, we would like to note that the reported results, though interesting, do not intersect with
our current work. The two methods address similar issues: ‘measuring the loss associated with
error’ in the K&W paper and reconstructing the cost function in our study. In both studies, the
cost functions were derived from experimental data (this sets apart these two studies from other
studies where the cost functions were assumed). In both studies, the quadratic cost functions play
a special role. Otherwise the studies and the methods are quite different. The K&W study deals
with a kinematic task where the end-point accuracy in a single direction was considered a
measure of optimality of the performance. The quadratic cost (loss) function was selected before
the experiment and then its applicability was tested (the function worked well only for small
errors).

In our study, a satisfactory accuracy of performance (total force and moment

production) was required and was included as a 2-D constraint in the equations. The forces of
individual fingers were optimized. Neither a class of the cost functions nor its parameters were
assumed. Rather, they were determined (reconstructed) from the experimental data. It was found
that an optimal cost function was a 2nd order polynomial with linear terms. Essentially, we
studied the famous force sharing problem which has been commonly studied as the problem of
sharing muscle forces at a joint (Seireg, Arvikar 1975. Dul et al. 1984; Herzog 1996; Ait-Haddou
et al. 2000, 2002, 2004). In terms of mechanics, Körding and Wolpert (2006) studied kinematics
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of a serial kinematic chain, while we studied statics of a parallel mechanism (human hand as a
parallel mechanism is discussed in Zatsiorsky, Latash 2008 and the differences between the
mechanics of the serial and parallel mechanisms are described in Zatsiorsky, 2002, Section
2.3.7). The K&W method cannot be immediately applied for studying the sharing problem (at
least, we do not know how to do this). The ANIO method cannot be applied to the K&W
problem (at least, we do not know how to do this). Our understanding is that these methods do
not overlap but rather complement each other. On the whole, the problem of optimization in
motor control is a large problem. It consists of several subfields, which require different
methods, such as for instance K&W and ANIO methods.

The further discussion addresses the three questions posed above in the Goals section
(1)

Does the ANIO method work: is it possible to reconstruct the unknown cost

function from experimental data? It seems that for the studied case of the multi-finger prehension
the answer is ‘yes’, at least within the simplifications of the experiment and analyses. The
validation results presented above in Section 3 support this conclusion. The above answer is
evidently limited to the studied prehension task: prismatic vertical grasps with all the points of
the digit force application in the grasp plane and the external moment in the plane of grasp (the
axis of the moment is orthogonal to this plane). The task mechanics allowed describing it with
linear equations and applying the classical methods of linear algebra. Whether this method will
work for more complex grasps, for instance the grasps used by the pitchers performing curve ball
pitches, cannot be said without additional analysis. Another simplification was limiting the
analyses to normal forces only.
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The ANIO method is based on the Uniqueness Theorem which proves that the optimal
solutions of the additive cost functions should be on the hypersurface, defined by the equation

Cf ′( F n ) = 0 . The present experiment confirmed that the experimental data lied on a plane or

were very close to it, thus showing that there may be an optimization process underlying the
force control. Moreover, the experimental plane was such that it allowed the approximation of


the specific type ( Cf ′( F n ) = 0 ), thus proving that the true objective function indeed may be
additive. Note, that not every surface can be approximated with this kind of equation.
In the PCA, 93.53±0.43% of the total variability was accounted by two largest eigen
values, i.e. the main part of the data variability was along only two eigen vectors. In principle,
the planarity of the solution space (the distribution of the experimental data) may be a
consequence of a small magnitude of variation of the task constraints in the right hand side of
equation (2) across the trials (if this variation were zero the finger force data would be on a
hyperplane). To check for such a possibility, we selected a random point based on a uniform
distribution from 0 to 15 for each finger force from each 2-dimensional plane (these planes
satisfy the mechanical requirements of the tasks, they are ‘pure’ mechanical planes) and
performed the PCA on 80 points reconstructed from 80 solution spaces, one for a trial. Such
resampling and PCA procedures were repeated 500 times for each subject. The variance
explained by the first two principal components varied between 60% and 80% among all
subjects’ resampling results, which is significantly smaller than the variance from the
observations (93.53±0.43%). One-sided t-test was performed for each subject to compare its
variances explained by the first two principal components after the resampling and the variance
value observed in the experiment (Figure 5.7). The observed variances along the first two
principal components were larger than the variances generated by the resampling (p-value<0.001
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for all subjects, see figure 5.7A for the boxplot). Hence, the observed variances along the last
two principal components were smaller, i.e. the experimental data had a tendency to lie closer to
a plane than the data obtained from the resampling procedure. The increased planarity of the
solution space can be attributed to the intervention of the motor control mechanisms.
The planes of the experimental data and the planes determined from the resampling
procedure were quite different (Figure 5.7 B). Note that all the 500 four-force-value sets
obtained from the resampling procedure satisfy the task mechanical requirements. In other
words, the value sets located on the plane based on resampled data could solve the task. They are
different however from the experimental observations. It seems that the central controller
compels the data to lie onto the experimental plane following an optimization procedure, i.e. by
minimizing a certain cost function.
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Figure 5.7. The illustration of the numerical resampling results: a random point was picked from each
hyperplane (corresponding to each trial); 80 points were generated corresponding to the 80 trials for each
subject. The PCA was performed on the resampled points. Such a resampling was repeated 500 times for
each subject. (A) The boxplot of the variance explained by the first two principal components computed
based on the resampled data. Asterisks represent the value of the variance explained by the first two
principal components observed in the experiment for each subject. (B) Numerical resampling for subject
1 with the variance of 74.26% explained by the first two principal components. A projection of the 4dimensional plane onto the 3-dimensional space of the Index-Middle-Little finger forces. The dihedral
angle between the observed plane and the resampling plane is shown with thick lines. The angle in this
example is 49.3º. The mean value of the angle and its standard deviation are 51.1º and 9.4º, respectively.
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The term ‘reconstruction of the cost functions used by the central controller’ should not
be taken literally. More accurate expression would be: the cost function reconstructed with the
ANIO method approximates (or estimates) a cost function presumably used by the central
controller. The ANIO-reconstructed cost function was quadratic. The quadratic form of the
objective function is a direct consequence of linear approximation of the experimental data
(hyperplane). Since the experimental data were “noisy”, it is quite possible that the “true” (or
ideal) experimental data would form a different hypersurface, for example, a part of a
hyperboloid, or even a more extravagant object. For such a surface, the estimated objective
function would be different from the quadratic polynomial. Nevertheless, in the same way as the
PCA hyperplane can be thought to approximate an ideal hypersurface, the quadratic polynomial
approximates the “true” objective function. We evidently do not think that the central controller
directly uses quadratic functions (most probably, it does not know algebra); rather, it uses the
procedures whose outcome in this particular case can be well approximated by the quadratic
polynomials as cost functions.
There are many questions in this field that remain unsolved. An example of such a
question is: How do the results of the present study which seem to suggest that a certain
optimization function may explain the experimental findings on finger forces in multi-finger
prehension agree with the previously reported data on the trial-to-trial variability of the forces
recorded during repetitive attempts at the same task in seemingly constant conditions (Zatsiorsky
et al. 2002a, Shim et al.2003, 2005). We may hypothesize that the trial-to-trial variability is due
to the slightly changed locations of the points of finger force application in different trials, but
we cannot either prove or disprove this assertion due to the lack of experimental data. We are
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going to perform a study in which the same subjects will be tested repeatedly over several days
to answer the two questions: First, can the trial-to-trial variability be explained by the different
positioning of the fingers in the individual trials? and, Second, do the determined cost functions
remain the same for a given subject over several days?
A very intriguing question is whether the obtained cost function indicates that the central
controller minimizes a certain mechanical variable whose minimal level corresponds to a
minimum of a quadratic objective function or such an outcome is a by-product of minimization
of an unknown physiological characteristic rather than a mechanical one. Such a candidate
physiological variable can be, for instance, a total activity of a set of neurons involved in the
control of a motor task. Gelfand and Tsetlin (1966) pointed out that the ensembles of neurons
which are not pacemakers, i.e. the cells that need external input to become active, have a natural
tendency to go from activity to rest. For the sake of illustration imagine a set of active neurons
that form a closed system, i.e. they do not receive inputs from other parts of the brain and
sensory organs. If one cell becomes inactive it ceases to send excitation to other cells. This may
be sufficient to deactivate another cell. As a result, a cascade of deactivation occurs and the
activity of the entire network decreases or even comes to a close (‘the principle of minimization
of neural activity’, or ‘minimal final action’, Latash 2008, which is analogous to Hamilton's
principle of least action in classical mechanics). Such a ‘physiological’ minimization may be
associated with a decrease in many biomechanical variables, such as, for instance, force, power,
energy expenditure, etc. As a result of evolution and learning, the ‘physiological’ minimization
will be associated with minimal values of some biomechanical variables to a larger degree than
with minimization of other variables. Also, it is possible that the goal of the optimization is not
to minimize an output, e.g. the energy expenditure—after all there is no energy receptors in the
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body, but to decrease the input, especially unpleasant one, such as for instance the tissue
deformation and the afferent signals associated with it.
For the finger tip deformation, it has been shown that finger mechanoreceptor activity is
strongly associated with strain energy (Dandekar et al. 2003). Based on this information, Pataky
(2005) suggested using for optimization of intra-finger normal-tangential force coordination a
quadratic polynomial whose terms are the strain energy of the individual elements in a finite
element model. The optimization results agreed well with the experimental observations. The
results of McNulty et al. (1999) who found that fingertip mechanoreceptors generate afferent
signals sufficiently strong to activate finger flexor motoneurons also lend credibility to this
hypothesis. It is quite possible that the Pataky’s hypothesis on strain energy minimization can be
extrapolated to multi-finger prehension.
(2) Do all subjects use cost functions of the same class, e.g. quadratic function with linear
terms? Based on the results of the present study we can conclude that the functions are similar,
quadratic polynomials with linear terms (see Table 5.1). The values of k i coefficients were
however different. Presently we do not know whether the sets of k i coefficients represent a stable
trait of individual subjects or they are changeable and vary from one test session to another. We
are going to explore this issue in future studies.
(3) Performance of the cost functions determined analytically using the ANIO method in
comparison with other cost functions. It seems that the cost functions reconstructed with the
ANIO method worked better than other functions. As mentioned above, this may be due to an
inappropriate selection of the starting point for the numerical optimization in the MBIO method.
The method assumes that a parameterized class of the objective functions is somehow known. In
the current work we used a class of the objective functions (quadratic polynomials with linear
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terms) yielded by the ANIO method. The MBIO method is supposed to find such parameters of
the objective functions that the distance between the experimental data and the theoretical
predictions is minimal. However, in the current work we found that the objective function
estimated using the ANIO method resulted in smaller errors than the one provided by the MBIO
method. Theoretically, this looks impossible, since MBIO is supposed to provide the best
possible estimate on the given class. However, we used a method of numeric optimization for the
MBIO and it seems that this method converged to a local minimum rather than to the global one,
and thus resulted in the parameters of the objective function, which are “better than any ones
around”, but yet are not the best ones. We believe that, if not for the problem of convergence, the
MBIO and ANIO methods could form a strong tandem for solving inverse optimization
problems: ANIO methods could be used to estimate a parameterized class of the objective
functions, while the MBIO method would allow finding the best possible parameters within that
class.
The better performance of the ANIO method in comparison with objective functions F1 ,
F2 , and F 3 is understandable. The F 1 , F2 , and F3 functions are just educated guesses. So, there is
nothing strange in the fact that these guesses were not very precise. It so happened that the ANIO
method yielded a quadratic function in this experiment. The F1 function is also quadratic. The
terms of the ANIO function however included coefficients k i , i.e. the function was a weighted
function of quadratic values of the finger forces while the terms in F1 function are not weighted.
The functions inferred from the experimental data, ANIO and MBIO functions, both
worked better than the F1 , F2 , and F3 functions. This result could be expected provided that both
ANIO and MBIO methods work. They did. The ANIO yielded more accurate results. It is quite
possible that the better performance of the ANIO method will not be seen in other motor tasks.
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Still we think that the ANIO method has advantages over other methods:
(A)

ANIO is a non-parametric method meaning that it does not assume that the

objective functions belong to a known parameterized class of objective functions. For real-life
applications, the ANIO method can be also used to choose a parameterized class of the objective
functions basing on experimental data. In the present work, the fact that the experimental data
tended to form a hyperplane in the space of the finger forces dictated the choice of the class of
the objective functions: second-order polynomials.
(B)

The method is based on the Uniqueness Theorem that provides sufficient

conditions for the uniqueness of solutions of the inverse optimization problem with additive
objective function and linear constraints. As long as the conditions are satisfied, one can be sure
that the method yields a unique solution. Of course, this property holds only for ideal
experimental conditions. For real-life applications, it could be very useful to verify that the
chosen experimental conditions are sufficient for estimating the objective function. For example,
in the current work, estimation of the objective function would be impossible without varying the
external torque in the experiment.
We would like to emphasize the uniqueness issue of ANIO method. Of course, given
limited and non-ideal experimental data it would be naive to expect that the estimated objective
function is the “true” one and all other possible functions are false. However, what the ANIO
method states is that the “true” objective function used by CNS is sufficiently well approximated
by the estimated objective function. Moreover, if someone will ever propose another additive
objective function, which would approximate the finger force sharing more precisely than we do,
this new objective function will be close (on the experimentally observed range of the normal
forces) to the quadratic approximation obtained in the current study. It must be noted, that
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though the mathematical formulation of that hypothetical new objective function could be
different from the quadratic polynomial, their “plots” must be close. This statement comes from
the theorem of uniqueness and in our opinion represents a main strength of the ANIO method.

In a recent review on the optimality principles in sensorimotor control it was mentioned
that “It would be very useful to have a general data analysis procedure that infers the cost
function given experimental data and a biomechanical model. Some results along these lines are
obtained in the computational literature, but a method applicable to motor control is not
available” (Todorov 2004, p. 908). The present chapter attempts to develop such a method.

5.7 Summary

(a) The experimental data recorded from 80 trials with different constraints (load, moment of
force, and target grasping force) have a tendency to lie on a 2-dimensional hyperplane in a 4dimensional finger-force space. Because the constraints in each trial were different such a
propensity is a manifestation of motor control mechanisms (not the task mechanics).
(b) The experimental data were found consistent with the hypothesis that the normal force
distribution is based on minimization of an additive objective function. This finding allowed for
reconstructing the optimization objective functions. The functions happened to be quadratic with
linear terms in all subjects.
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(c) The estimated objective functions are unique (up to linear members) in the sense, that any
additive objective function, explaining the experimental data with the same or higher precision,
must be close to the estimated quadratic objective function (up to linear members) or to a
function essentially similar to the estimated one.
(d) The central controller not only drives the finger forces to the optimal plane but also
selects the latter plane to be different from the planes expected from simple mechanical
considerations.
(e) The ANIO method demonstrated good performance in reconstructing the unknown cost
functions from experimental data (small RMS errors, small dihedral angle between the planes
composed by the observations and optimal solutions, relative simplicity of numerical
computations). The method is based on dependable mathematical theory and has an evident
potential for examining the inverse optimization problem in motor control.
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CHAPTER 6
A Study of the Reproducibility of Multi-Finger Prehension
using the ANIO Method

Abstract
The goal of the study is to examine the reproducibility of Prehension Synergies
(PSs) in multi-finger grasping as well as the reproducibility of the cost functions over
time. Participants performed the tasks described in Chapter 5 and repeated them on three
days: Day 1, Day 2, and Day 7. By following ANIO computation procedures, cost
functions and optimal solutions for each day were computed for individual subjects. The
main finding was that the cost functions obtained using the ANIO method were
reproducible over time. Hence, the cost functions represent stable preferences of the
subjects and can be considered personal characteristics of motor coordination. Other
findings include: (a) finger force planarity in multi-finger prehension is confirmed for all
subjects over time; (b) PC1 might control rotation equilibrium based on PCA of the
finger forces; and (c) the 2nd order coefficients of the cost function K i have a linear
relationship with finger force averages.
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To our knowledge, reproducibility (test-retest reliability) of PSs has been never
addressed in the current literature. Considering performance variability due to motor
redundancy, our question is whether co-variation pattern characteristics of the PS (e.g.,
the effect of load and torque on the VF moment arm), are reproducible over time. In
addition, if an optimization procedure is indeed used by the CNS for multi-finger
prehension, it is important to know whether the cost functions computed for individual
subjects would also be similar over time. The above questions arise from the classical
model of test reliability that assumes that a recorded test result X can be represented as a
sum
X= X t ±X r ±X e

(6.1)

where X t is a “true” value of performance that cannot be measured directly but can be
estimated as an average over a large number of trials, X r is a random value due to
fluctuations in the state of the subject, and X e is the measurement error (Morrow et al.
2000; Hopkins 2000). If the measurement error is small, Equation (6.1) simplifies to
X= X t ±X r

(6.2)

where the random error X r is manifested as the trial-to-trial variability. In other words,
the problem addressed in this study is whether the pattern of force distributions in multifinger prehension represents a stable characteristic of the performer, or is highly variable.
To estimate the reproducibility of the optimization cost functions, we used two
approaches:
(a) Computation of the intra-class correlation coefficients (ICC). The ICCs are the
most common and broadly-recommended measures for estimating test-retest reliability
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(Mcgraw and Wong 1996; Shrout and Fleiss 1979; Müller and Büttner 1994). Because
the cost functions reconstructed from the experimental observations are essentially
similar up to linear terms, only the 2nd order coefficients of the objective functions (K i , as
opposed to the 1st order coefficients W i ), were used for the analysis.
(b)

Cross-validation of the cost functions over time was also conducted to

compare differences between the experimental data and the optimal solutions generated
by cost functions on distinct days. For cross validation, the cost function obtained on Day
i was applied to experimental data observed on Day j (i≠j).
In addition to test-retest reliability (reproducibility), the relationship between K i
and finger force was investigated. The results presented in Chapter 5 demonstrated that
the 2nd order coefficients K i of the cost functions had a similar pattern across subjects
(i.e., K in <K mi =K ri <K li ). It seems that such relationships among K i depend on the finger
force contributions to the grasping force. Therefore, we investigated the relationship
between K i and finger force magnitude, as well as finger force sharing percentage. We
expected that such an analysis would be useful for understanding the peculiarities of the
cost functions computed from the inverse optimization procedures.

6.1 Experiment
In the experiment, participants held a vertically-oriented handle at rest in the air
without any movement or rotation. The subjects used a prismatic grasp in which the
fingers and the thumb contacted the object in the same plane (see grasp plane, Figure 1).
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6.1.1 Subjects
Eight young healthy male subjects participated in the experiment (age 30.2 ± 4.1
years, weight 73.7 ± 11.0 kg, height 179.3 ± 10.3 cm, hand length from the middle finger
tip to the distal crease of the wrist with hand extended 19.4 ± 1.4 cm, hand width at the
MCP level with hand extended 9.3 ± 0.8 cm). They were all right-hand dominant
according to their daily use of hand, such as eating, writing, and preference of computer
mouse usage. None of the subjects had a history of neuropathy or trauma to their upper
limbs. None of the subjects was involved in special training, like playing a musical
instrument, or professional typing. All subjects gave informed consent according to the
policies of the Office for Research Protections of The Pennsylvania State University.

6.1.2 Apparatus
Five six-component force/moment transducers (Nano-17, ATI Industrial Automation,
Garner, NC, USA) were fixed at two sides of the aluminum handle. Four transducers were
used to measure forces and moments of force applied by the fingers, and the fifth transducer
measured the force and moment of force produced by the thumb. The surface of each sensor
was covered with sandpaper. The coefficient of friction between the fingertip skin and the
sandpaper was 1.34 ± 0.05, which has been measured in previous studies (Aoki et al. 2006).
Sensor signals were set to zero prior to each trial.
A 70-cm long load bar was attached at the bottom of the handle (Chapter 5,
Figure 5.1). Four loads, 0.25 kg, 0.5 kg, 0.75 kg and 1.0 kg could be attached at different
points along the load bar. Suspending the loads at different locations generated five
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external torques: 0.2 Nm and 0.4 Nm clockwise and counterclockwise, as well as a zero
torque. There were a total of 20 different load/torque conditions in the experiment.
At the top of the handle, an air bubble level was fixed to allow the subjects to
recognize the vertical orientation of the handle. The level (diameter: 32 mm) included a
central circle (diameter: 15 mm) and an air bubble (diameter: 5mm) in the enclosed
liquid. When the bubble was within the central circle, the divergence of the moment of
force exerted by the subjects from the external torque was less than 0.04 Nm. The
experimental trial was accepted by the researcher if the bubble did not come outside the
central circle during the whole trial; otherwise the trial would be repeated.
The distance between the centers of each of the two adjacent sensors was 3.0 cm,
and the sensor center for the thumb was positioned at the midpoint between the centers of
the middle and ring finger sensors. The combined mass of the handle, sensors, and the
load bar was 1.01 kg.

6.1.3 Experimental Procedure
The experiment was designed to last for seven days for every participant, who
performed the same experimental procedures on the first, second and seventh days.
During the seven days, they were instructed to keep their upper limbs in healthy
condition. For example, they could not lift heavy weights, type or play video games more
than they would on a typical day.
On each day, the subjects were instructed to perform five trials with each
torque/load combination. Before the each experimental session, the subjects washed their
hands to normalize skin conditions. In the first trial (baseline session), the subjects
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applied minimal grasping force while holding the handle in the air. In the next four trials,
a target line was shown on the monitor with a different grasping force magnitude, which
was determined by increasing the recorded minimal grip force by 0% (i.e., essentially
repeating the first trial but with the grasping force prescribed), 25%, 50% and 75%
separately in each trial. The subjects were asked to match the target line while keeping
the handle in a vertical position without any angular or linear movement.
Each subject sat in a chair with the right upper arm positioned at approximately
45º abduction in the frontal plane and 30º flexion in the sagittal plane. The elbow joint
was flexed approximately 90º. The forearm was pronated 90º such that the hand was in a
natural grasping position. A computer monitor located in front of the subject showed the
total normal force exerted by the subject on the handle. The subjects were coached to
keep the handle in a vertical position by looking quickly at the bubble level located at the
top of the handle while mainly watching the monitor.
The subjects were told by the investigator to keep the handle vertical and static as
much as possible, but to match the target line by increasing or decreasing the gripping
force as necessary. When the handle was stabilized and the natural grasping force was
applied by the subject, the main trial began. After the data collection in a trial stopped,
the subjects placed the handle back on the rack and took a 30-second break. After the
subject completed all five trials with the same torque/load combination, the investigator
would change the load or the location of the load along the bar, and inform the subject
that he could start the next trial. Sensor signals were set to zero prior to each trial.
The order of external torques and loads, and the force-specification percentages
within each torque/load condition was randomized. The sequence of the four trials, which
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specified grasping force increases after each baseline session, was randomized. Each trial
took 10 seconds. During the experiment, each subject performed 100 trials (4 loads × 5
torques × 5 grasping force magnitudes, including one trial with natural grasping force and
four with the prescribed force magnitude). The total duration of each experiment was
approximately two hours.
The percentages of normal force increase were calculated across all trials, which
were 2% ± 7%, 27%± 7%, 52%± 8% 76% ± 10% (mean ± standard deviation) in the
tasks of 0%, 25%, 50% and 75% force increase. The matching error was small.

6.2 Data analysis and ANIO modeling

6.2.1 Data analysis
Even though subjects were instructed to place their digits at the sensor centers, it
was impossible for them to keep their thumbs and fingers at the exact center of the
transducers throughout the whole trial. Therefore, in producing the moment of normal
force (Mn), the actual moment arms of the index, middle, ring and little fingers may have
differed from the nominal moment arms with respect to the thumb center (i.e., the
distances between the centers of the digit force sensors). The actual moment arms were
computed using the method described in Niu et al. (2009) where the center of the thumb
is treated as the pivot point to calculate Mn. In the subsequent analysis, the actual values
of the finger force moment arms were used.
Software written in LabVIEW (National Instruments, NC, USA) was used to
convert digital signals into the force and moment of force values. Data processing was
performed using the Matlab software package (Mathworks, Inc., Natick, MA, USA). The
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raw force/moment data were filtered with a third-order, zero-lag Butterworth low-pass
filter at 10 Hz.
The Linear Mixed Model (LMM) in SPSS 16.0 (SPSS Inc., Chicago, IL, USA)
was used to perform Repeated Measures ANOVA (RM-ANOVA) (Littel et al. 2006 ).
Akaike’s Information Criteria (AIC) as a criterion of goodness-of-fit was used to
determine the best covariance structure for the RM-ANOVA model (Akaike 1974).
Pairwise comparisons using the Bonferroni correction with a family confidence
coefficient of 0.95 were calculated to determine significant effects in the RM-ANOVA
post-hoc tests.

6.2.2 Inverse optimization
The analytical inverse optimization (ANIO) method was used to compute the
unknown cost functions uniquely based on the intrinsic properties of the data distribution
(Terekhov et al. 2010). The application of the ANIO method in multi-finger prehension
was discussed earlier in Chapter 5. This study will follow the computational procedures
described there.
In summary, the computational procedures followed several steps: (1) identify
whether the optimization problem is splittable;

(2) determine the mathematical

formulation of the hypersurface composed by the experimental data;

(3) employ

Uniqueness Theorem to compute a group of cost functions which are essentially similar
up to linear terms, whose optimal solutions compose a hypersurface matching the
experimentally-determined (observed) hypersurface; (4) evaluate the performance of the
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obtained

cost functions by comparing the optimal solutions with the experimental

observations.
The inverse optimization problem was defined as:
4

Min J = ∑ g i ( Fi n )
i =1

n

F n + F n + Frin + Flin = Ftotal
Subject to  n in n mi
n
n
n
 Fin Yin + FmiYmi + Fri Yri + Fli Yli = M

[

where F = Finn , Fmin , Frin , Flin

]

T

(6.3)

is a 4×1 non-negative vector of finger forces (the

subscripts in, mi, ri, and li refer to the index, middle, ring, and little fingers, respectively),
n
superscript n indicates that normal forces are considered, Ftotal
is the sum of four finger

normal forces, Y designates the moment arms of the normal finger forces, M is a
moment. The constraints can be written as CF=B.

1
1 1
1

C = 
 Yin Ymi Yri Yli 
Fn 
(6.4)
B =  totaln 
M 
n
and the
The linear constraints provided two equality requirements on normal force Ftotal

moment of normal force M n .
The objective functions were reconstructed from the experimental data following
the sequence of steps described above. The procedures were applied to the data points
from individual subjects on each day. Original computer codes were written using the
Matlab software package (Mathworks, Inc., Natick, MA, USA). In order to evaluate the
performance of the obtained cost functions, the optimal solutions were computed by
applying the constrained nonlinear multivariate function ‘‘fmincon’’ from Matlab’s
optimization tool box.
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6.2.3 Estimating the reproducibility of the results and the obtained cost functions
To estimate the reproducibility of the data, the following two methods were
employed:
(1) In the framework of the Repeated Measures ANOVA, the intra-class
coefficients of correlation (ICC) were computed for each K i . The ICC was computed as
the ratio of within-subject day-to-day variation to total variation.
(2) Cross-validation of the application of the cost functions. The reproducibility
of the cost functions over time was evaluated by comparing the optimal solutions
computed from cost functions obtained on different days. In what follows, C i (i=1, 2, 7)
is the cost function computed using the ANIO method for an individual subject on Day i.
The following cost functions were used to compute optimal solutions:
(a) C 1 is the cost function computed from an individual subject’s experimental
recordings on Day 1.
(b) C 2 is the cost function computed for Day 2.
(c) C 7 is the cost function computed for Day 7.
(d) F1 is an energy-like function over Fn
4

F1 = ∑ ( Fi n ) 2
i =1

(e) F2 is the cubic norm function over Fn
F2 = 3

4

∑ (F
i =1

i

n 3

)

As it was already mentioned, C 1 , C 2 , and C 7 were obtained using the ANIO
method. F1 and F2 have been used previously in finger force optimization studies on
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multi-finger prehension tasks (Zatsiorsky et al. 2002b, Pataky et al. 2004b, Niu et al.
2009).
Since the VF moment arm, grasping forces, and moments of normal force
changed from day to day for the same subject, the constraints used in the inverse
optimization to compute cost functions, and constraints used in the direct optimizations to
compute the optimal solutions were different over time. To evaluate the reproducibility of
the cost functions obtained via the ANIO method on Day 1, Day 2 and Day 7, the optimal
solutions were computed by applying the cost function C i to the constraints on Day j,
where i is different from j. Such a procedure is called cross-validation in the current
study. For example, when C 2 and C 7 were used as the cost functions but the experiment
was performed on Day 1, cross validation of the cost functions for the same subject over
time would be satisfied for Day 1.
The optimal solutions for the five cost functions above were compared with the
experimental recordings; an important characteristic of the distribution of optimal
solutions (e.g., orientation of the optimal plane), was compared with the experimental
plane composed by the experimental data. The optimal plane could be determined
mathematically by knowing the center point of the data and the orientation of the plane.
The center point of the data was treated as the average of the finger forces across trials;
the orientation could be determined by the first two prehension synergies (PCs).
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6.3 Results
In this section, the results are presented and several questions are investigated.
(1) How did the torque, load and day affect the minimal grip force and VF moment arm
recorded in the baseline session?
(2) How did the day affect the obtained cost functions? This is calculated via:
(a) Principal Component Analysis (PCA) of finger normal forces during the specified
grasping force sessions;
(b) computation of intraclass correlation coefficients (ICC) of K i over time; and
(c) cross-validation of the cost functions over time.
(3) What are the relationships between the 2nd order coefficients of the reconstructed
objective function K i, and:
(a) finger force magnitude;
(b) finger force magnitude normalized by the index finger force; and
(c) finger force sharing percentage?

6.3.1 The effects of torque, load and day on the minimal grip force and VF moment
arm recorded during the baseline session

The

statistical

RM-ANOVA

test

showed

that

the

interactions

of

TORQUE×LOAD and LOAD×DAY have significant effects on minimal grasping force
(p-values=0.021 and 0.012 respectively). The plots for TORQUE×LOAD and
LOAD×DAY effects are presented in Figures 6.1, 6.2 and 6.3. As it was reported several
times previously (Zatsiorsky et al. 2002; Shim et al. 2005; Zatsiorsky et al. 2004), the
grip force increased with the LOAD and TORQUE magnitudes. For each load, the
minimal grip force was affected by torque significantly (p-value<0.001); for each torque,
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grip force was affected by load significantly (p-value<0.001) (Figure 6.1). Due to the
non-originality of these results, we will not be discussing them further here.
For the same load, the grip force averaged over all torques on Day 1 was larger
than that for Days 2 and 7 (p-values<0.021, see Figure 6.2). The grip force on Day 2 did
not differ statistically from the force on Day 7 (p-values>0.457). The force averaged over
torques increased with load on each day (p<values<0.01, see Figure 6.3).

Minimal grip force (N)

30

25

20

Load 1
Load 2
Load 3
Load 4

15

10

L2

L1

Mi

R1

R2

External torque
Figure 6.1. Relationship between grip force and external torque for individual loads.
(Grip forces were averaged across subjects; error bars are not shown for clarity purposes.)
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Figure 6.2 Minimal grip force averaged over all torques as function of DAY and LOAD.
(Averages across all subjects are presented with standard deviations.)
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Figure 6.3 Minimal grip force averaged over all torques as function of LOAD for all
days. (Averages across all subjects are presented with standard deviations.)
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DAY did not affect the VF moment arm significantly (p-value=0.129). As was expected,
the effect of TORQUE×LOAD on the VF moment arm was significant (p-values<0.001,
see Figure 6.4). For the torques of L2, L1, R1 and R2, the effect of LOAD was significant
(p-values<0.014 for all); for the torque of Mi the effect of LOAD on the VF moment arm
was not significant (p-value=0.993). These results completely agree with the previously
published data (e.g., Zatsiorsky et al. 2002) and hence the findings of this study with
respect to the effects of LOAD and TORQUE on grasping force can be considered rather
typical.

VF moment arm (mm)

30
Load 1
Load 2
Load 3
Load 4

20
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0
-10
-20
-30
-40

L2

Mi

L1

R1

R2

External torque
Figure 6.4. VF moment arms averaged over all subjects and days as a function of external
torque for individual loads. (Error bars are not shown for clarity purposes.)
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6.3.2 Principal component analysis

Principal Component Analysis (PCA) was performed as a part of the ANIO
procedure. The goal was to determine whether the experimental data are located mainly
on a two-dimensional hyperplane. The PCA was done on the finger normal forces for
each subject/day combination. It was found that the variances explained by the first two
principal components (PCs) were 92.91 ± 3.39%, 93.44 ± 2.72% and 93.99 ± 2.88%
(average ± standard deviation) for Day 1, Day 2 and Day 7, respectively. Because two
PCs define a plane, it can be concluded that the experimental data were mainly located on
a two-dimensional hyperplane. The variance explained by the first two PCs was not
affected by DAY (p-value=0.363). PC1 explained 62.13 ± 3.84% of the total variance; it
was not affected by DAY (p-value=0.183); PC2 explained 31.31 ± 3.30% of the total
variance, and was also not affected by DAY (p-value=0.135).
The loading coefficients of PC1 decreased monotonically from index finger to
little finger (p-value<0.003); they were not affected by DAY (p-value=0.309). The
loading coefficients of PC2 had the smallest magnitude for the index finger among all
fingers (p-values<0.001); the loading coefficient of the middle finger was smaller than
the ring finger (p-value=0.009); the ring and little fingers had the same loading
coefficient magnitudes (p=0.915). The loading coefficients of PC2 were affected by DAY
(p-value=0.040), while the coefficients for Day 1 had larger values than for Day 2 (pvalues=0.035).
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Loading coefficient

1

0.5

0

Index finger
Middle finger
Ring finger
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-0.5

-1

PC1

PC2

Figure 6.5. Loading coefficients for the first two Principal Components (PCs).
(Averages across all subjects are presented with standard deviations.)

6.3.3 ANIO results
The distribution planarity of the experimental data in the 4-dimensional finger
force space indicates that the sought cost functions are quadratic polynomials which are
able to generate optimal solutions located on the observed two-dimensional hyperplanes.
The reasons for such a conclusion were discussed in Chapter 5 in detail.
The ANIO procedures were further performed on data from individual subjects
for each day. The experimentally-determined coefficients of the cost functions for subject
1 are presented as an example in Table 6.1; the average coefficients of the cost functions
across all subjects are shown in Table 6.2.
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Table 6.1 Estimations of Parameters Ki and W i for Subject 1 from the ANIO Method for
Three Days
Subject 1
Day 1
Day 2
Day 3

K mi
1.61
1.20
0.94

K ri
1.47
1.28
1.06

K li
2.05
2.49
1.71

Win
-0.01
-0.59
-0.42

Wmi
0.29
0.85
0.77

Wri
-0.49
0.21
-0.12

Wli
0.21
-0.46
-0.22

Table 6.2 Estimations of Parameters K i and W i from the ANIO Method for Three Days.
(Averages over all subjects are presented with standard errors.)

Averages over
all subjects
K mi
K ri
K li
Win
Wmi
Wri
Wli

Day1

Day 2

Day 3

1.65±0.24
1.71±0.22
2.95±0.67
-0.93±0.31
0.88±0.32
1.02±0.44
-0.97±0.37

1.77±0.32
2.16±0.47
2.92±0.50
-0.62±0.22
0.77±0.33
0.36±0.22
-0.52±0.19

1.70±0.27
2.02±0.48
2.58±0.49
-0.25±0.17
0.37±0.28
0.08±0.43
-0.20±0.23

The dihedral angles between each of the two optimal planes for the same subject
were computed. The optimal planes were composed by the optimal solutions for each
day. The angles varied from 2.73° to 20.53°. Comparatively, the angle between optimal
planes for different subjects varied from 4.97° to 44.38°. The average maximum angle
over all subjects was 13.17° with a standard deviation of 5.78°.

6.3.3a Reproducibility of the cost function coefficients: Intraclass correlation

The day-to-day reproducibility of the cost function coefficients was estimated by
using the RM-ANOVA test and computing the ICCs. Two-way RM-ANOVA was
performed to inspect the effect of FINGER (three levels corresponding to the middle, ring
and little fingers separately) and DAY on the second order coefficient K, which is
univariate. Since K in was normalized to be 1 during the inverse optimization procedures,
K in was not included in the statistical tests. It was found that DAY did not influence K
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significantly (p-value=0.602), while FINGER had a significant effect on K (pvalue=0.003). Bonferroni pairwise comparisons showed that K mi did not differ
significantly from K ri (p-value=1.000); K mi and K ri were smaller than K li (pvalues=0.023 and 0.003 respectively). K mi , K ri and K li were significantly larger than 1
which was the normalized value for K in . Intraclass correlation coefficients (ICC) were
computed for K mi , K ri and K li individually to check the reproducibility of the 2nd order
coefficients of the objective function over time (Table 6.3).

All the coefficients were

significantly different from zero.

Table 6.3 ICC Values for K i of the Middle, Ring and Little Fingers, Computed using the
Two-Way Mixed Model

ICC
p-value

K mi
0.709
0.001

2nd Order Coefficients
K ri
0.471
0.021

K li
0.700
0.001

6.3.3.b Cross-validation of the cost functions
The following measures were employed to estimate the performance of different
cost functions:
(a) The differences between the averaged experimental observations of finger
forces over 80 trials and the solutions predicted by different optimization
approaches;
(b) The values of the dihedral angles between the experimental plane and the
optimal plane, computed from the different cost functions for individual days;
(c) The root mean square (RMS) difference between optimal solutions and the
experimental recordings; and
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(d) The RMS errors of the finger force sharing percentages predicted by the
optimal procedures with respect to the experimental data.
The cross-validation results from each of these measures are discussed in detail below.
(a)

The average finger forces over all trials for individual subjects were computed for

each day of experimental data, and the optimal solutions were generated from all cost
functions. The average of the force data that was predicted by the ANIO cost function for
a specific day (i.e., predicted by cost function C i for Day i) was the same as the average
of the observed data (p-value<0.001 for all fingers, see Table 6.4). The difference
between average finger forces in the experimental data and the optimal solutions are
shown in Figure 6.6. Since the averaged finger forces for Day i are almost equal to the
predicted values from cost function C i , the results from C i are not presented.
Table 6.4. The group averages of individual finger forces over all trails in each
subject/day, averages over subjects with standard deviation presented.

Day 1

Day 2

Day 3

Index
Middle
Ring
Little
Index
Middle
Ring
Little
Index
Middle
Ring
Little

Raw

C1

C2

C7

F1

F2

4.99±1.05
3.20±0.51
3.82±0.93
3.61±0.52
4.45±1.12
2.92±0.61
3.34±0.83
3.33±0.63
4.38±0.95
3.06±0.60
3.23±0.74
3.12±0.65

4.99±1.05
3.20±0.51
3.82±0.93
3.61±0.52
4.24±1.10
3.10±0.66
3.61±0.78
3.10±0.58
4.3±1.00
3.04±0.69
3.47±0.74
2.99±0.59

4.72±1.13
3.65±0.82
3.79±1.05
3.46±0.70
4.45±1.12
2.92±0.61
3.34±0.83
3.33±0.63
4.28±1.11
3.19±0.89
3.27±0.83
3.05±0.68

4.71±0.98
3.65±0.81
3.81±1.02
3.44±0.68
4.22±1.07
3.24±0.75
3.43±0.85
3.15±0.67
4.38±0.95
3.06±0.60
3.23±0.74
3.12±0.65

4.50±0.85
4.05±0.47
3.74±0.40
3.34±0.63
4.00±0.90
3.62±0.39
3.36±0.32
3.05±0.73
4.03±0.81
3.59±0.37
3.28±0.34
2.9±0.72

3.74±0.82
4.70±0.44
4.70±0.44
2.47±0.78
3.25±0.86
4.29±0.34
4.29±0.34
2.2±0.94
3.27±0.78
4.23±0.33
4.23±0.33
2.06±0.91
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(C) Day 7
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Figure 6.6. The differences between averaged finger forces over 80 trials for
experimental observations and optimal solutions.
(Averaged data among all subjects are presented with standard deviations.)

As seen in Figure 6.6, the optimal solutions generated by the cost functions C j and
applied to Day i (i≠j) from F 1 and F 2 all had different finger force averages from the
experimental data observed on Day i. The deviation of the center point (force averages)
of the optimal solutions from the experimental data was smaller for any cost function C i
than for F1 and F 2 (p-values<0.001).
(b)

Figure 6.7 shows the values of the dihedral angles between the experimental plane

and the optimal plane computed for the different cost functions on individual days. The
angles from any C i were smaller than from F1 and F2 (p-values<0.001); the dihedral
angle between the experimental plane and the plane computed from C i on Day i was the
smallest (p-values<0.001).
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Figure 6.7. The dihedral angle between the actual plane of the experimental data and the
optimal plane, computed from various cost functions and averaged over all subjects.

(c)
The root mean square (RMS) difference between optimal solutions and the
experimental recordings are presented for F1 , F2 and all C i on Day j, where i=1, 2, and 7
(Figure 6.8).
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(C) Day 7
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Figure 6.8. The root mean square (RMS) differences between the optimal solutions and
the experimental data.
(Averages across subjects are presented with standard deviations.)

(d)

The RMS errors of the finger force sharing percentages for the optimal solutions

with respect to the experimental data are demonstrated in Figure 6.9.
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(C) Day 7
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Figure 6.9. RMS errors of the finger force sharing percentages predicted by the optimal
procedures with respect to the experimental data.
(Averages across subjects with standard deviations are presented.)

It was confirmed statistically via one-sided multiple comparison with Bonferroni
corrections that the differences between the optimal solutions generated by C i and
experimental observations on Day i were significantly smaller than the differences for C j
(p-values<0.01), where i≠j; while the differences between the solutions generated by any
C i were smaller than those generated by F1 or F2 at all torque levels for each finger and
day (p-value<0.05 for all) (Figure 6.8 and 6.9).
For all subjects, application of the cost functions C i over the entire one-week
period of testing resulted in smaller deviations from experimental observations than using
F1 and F2 . The optimal solutions from C i approximated the experimental data when
applied to Day i, with smaller errors for both force magnitude and finger force sharing
percentage.
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6.3.4 The relationship of K i to finger force magnitudes
The relationships of K i to finger force magnitudes (N), finger forces normalized
by index finger force (%), and finger force sharing ratios (%) were explored. Linear
regression of K i was performed on:
Fi n

:

average finger forces across all trials for each subject/day combination
(Figure 6.10 a);

Fi n

FVFn

: the average sharing ratio contribution of individual finger force in the VF
normal force (Figure 6.10 b);

Finn

: the finger forces normalized by the index normal force, which was then
averaged over all trials for individual subjects on each day (Figure 6.10 c)
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(s is the slope of the linear regression; r is the correlation coefficient between Ki and the corresponding
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On the whole, negative linear relationships were observed between K i and the
finger force, finger force sharing percentage, and normalized finger force for the middle,
ring and little fingers. The little finger data had higher slopes than data for the middle and
ring fingers.

6.4 Discussion
In this section, the effect of day on multi-finger grasping, Principle Component
Analysis of finger normal forces, cross-validation of cost functions over time, and the
linear regression of K i on finger forces are discussed.
6.4.1 Effect of day on grasping force and VF moment arm
The minimal grip force on Day 1 was significantly larger than on Days 2 and 7. It
is possible that subjects apply more grasping force than necessary when presented with
novel tasks, and soon learn strategies for saving effort after practice. Such a fact implies
that the effect of time should be taken into account when grip force contributes to the
experimental tasks, as in the current study. Other results in the baseline session, such as
the effect of external torque and load on grasping force and the VF moment arm, agree
well with previous findings (e.g., Zatsiorsky et al. 2002, 2004), therefore the day had a
non-significant effect on the PSs.

6.4.2 PCA and its loading coefficients
The results of the Principal Component Analysis confirmed that the finger forces
exerted by individual subjects on each day composed a 2-dimensional hyperplane in the
4-D finger force space. The variance explained by the first two PCs was not affected by
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day (p-value=0.363). The planarity of finger forces in multi-finger prehension is a
universal observation, at least for young healthy male participants. As was explained
earlier, according to the inverse Lagrange principle proven in our recent publication
(Terekhov et al., 2010), the planarity of the experimental data indicates that the
derivatives of the cost functions are linear functions and the cost functions themselves
can be represented by quadratic polynomials.
The index finger and little fingers had opposite loading coefficients for PC1,
which changed monotonically from the index to little fingers (p-values<0.003).
Comparatively, the index finger had the smallest loading coefficient for PC2 among all
four fingers (Figure 6.5); the other fingers all had positive loading coefficients.
It has been found previously (the Principle of Superposition, Zatsiorsky et al.
2004) that the control of grasping force and the control of rotation are decoupled at the
VF level. To maintain the rotational equilibrium, the index finger and little finger act in
opposition (i.e., as antagonists), while they work as agonists for grasping force control
and slipping prevention. These fingers contribute more to the control of rotation than the
middle and ring fingers due to their larger moment arms (Zatsiorsky et al. 2002).
According to changes in PC1 load coefficients based on specific fingers (Figure 6.5), one
may tentatively suggest that PC1 corresponds to rotation control and PC2 to grasping
control. The index finger in this study contributes weakly to grasping force, but highly
impacts rotation control.
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6.4.3 Cross-validation of cost functions
The averages of predicted finger forces and the orientation of the optimal plane in
the 4-D finger force space are important criteria for judging the quality of optimization
modeling. As expected based on the results from Chapter 5, the averages of the optimal
solutions from the cost function C i for each subject/day combination were the same as the
averages of the experimental observations on Day i. In contrast, the averages from the
cost function C j and F1 and F 2 were different from the experimental averages on Day i,
where i≠j. However, the differences between the averaged finger forces computed from
any C i and the observed averages were smaller than the difference of the force averages
computed from F1 and F 2 . The dihedral angle between the optimal plane and the
observed plane was smallest for C i on Day i, and the angle of any C i was smaller than F 1
and F2 . Hence, the cost function applied to either the same or different days for the same
subject creates a better approximation of the optimal plane to the experimental plane than
traditional methods, which do not differentiate the cost function across subjects and days,
such as F1 and F 2 used in this study.
The RMS difference between the finger forces and finger force sharing
percentages for the optimal solutions and the experimental observations showed that C i
approximates the finger forces better than F1 and F2 . The difference between C i on Day i
and the experimental observations on Day i is smaller or the same as the difference
created when C j is used, where i≠j (p-values<0.01 for all).
In summary, cross-validation of the cost functions over time proves that the C i
obtained from ANIO method approximates the experimental data better than F1 and F2
when C i is applied to data from any day. The estimates of the cost functions obtained

161

with the ANIO method provide reliable predictions of performance over the explored
period of observation (i.e., one week).

6.4.4 The relationship between K i and finger forces
The second order coefficients K i had a strong negative linear relationship with
finger force (Figure 6.10). When the force magnitude or force sharing percentage for a
specific finger was smaller for a subject/day combination than in other cases, the K i for
that finger would have a higher value than for other subject/day cases. The regression
slopes decreased from the little to the ring and middle fingers. Hence, the little finger
would have higher K i than the ring and middle fingers for the same finger force
magnitude or sharing percentage. Interestingly, Figure 10 (C) shows that the relationship
between K i and

Fi n

Finn

for the middle, ring and little fingers were almost parallel, with

the slopes of –1.40, –1.69 and –1.78, respectively. Thus, K i (i=mi, ri, li) changes
approximately at a similar rate when

Fi n

Finn

(i = mi, ri, li) varies across either subject or

day. This fact warrants future study.
The relationships found between the coefficients K i and finger forces inspire a
question as to whether inter-individual differences in the cost functions (explained in
Chapter 5) are simply due to the different grasping forces exerted by the subjects. Such
differences in grasping forces can be due, for instance, to different friction coefficients at
the fingertip-object interface (more slippery conditions are usually associated with higher
grasping forces, a fact noted by Aoki et al. 2006), individual preferences for smaller or
larger safety margins, etc. Alternatively, perhaps different cost functions are employed by
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individual subjects such that the cost function is a distinctive personal trait per se. This
question can be extrapolated to other tasks, such as writing and gait. It is well-known that
people differ in terms of their detailed movement patterns. The question is whether interindividual differences in movements are due to different optimization cost functions
employed by the performers, or movement patterns differing due to other factors (e.g.,
body morphology). Unfortunately, this question cannot be answered without special
investigation.
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CHAPTER 7
Summary of Conclusions
(1)

The TMS-induced changes to normal forces, tangential forces and moments of
force were proportional to the background force magnitude.

(2)

The restoration of prehension patterns after TMS involves two phases: synergy
restoration (i.e., restoration of the correlation between elemental variables) and
force magnitude restoration. The duration of the phases/stages equals
approximately 0.3 s and 1.5 s, respectively.

(3)

The restoration times differed among the three prehension synergy components
(stabilization of both normal forces and tangential forces, and restoration of
rotational equilibrium). This finding validates the principle of superposition for
action in the human hand.

(4)

Alterations to the grasping force magnitude induce complex, coordinated changes
in all digit forces and moments; the scale invariance hypothesis is confirmed only
for zero-torque tasks, and rejected for tasks with torque.

(5)

The inverse optimization problem for force-sharing among fingers can be solved
by the ANIO method, creating good agreement with experimental observations.
Due to specific features of the ANIO method, the reconstructed function - a
quadratic function with non-zero linear terms - is unique.

(6)

The reproducibility of PSs and optimization cost functions over time for multifinger prehension was documented.

(7)

The planarity of finger forces in multi-finger prehension, which is a manifestation
of motor control mechanisms, was confirmed for all subjects over time.

(8)

The 2nd order coefficients of the cost function, K i , had a linear relationship with
finger force averages.
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CHAPTER 8
General Discussion
8.2 Discussion

Object manipulation with the hand is a basic task for daily human activities.
However, it is a relatively complicated task for the central nervous system (CNS) to
achieve, since multiple factors must be taken into account in order to accomplish a task
successfully.
In this paper, the two-level hierarchical control scheme (reviewed in Arbib et al.
1985; Mackenzie and Iberall 1994) was employed during the analysis of multi-finger
prehension: the thumb and the VF constituted the upper level of the hierarchy, with the
action of the VF distributed among individual fingers. PSs were addressed at both levels.
Internal forces, resultant forces and moments of force acting on an object were revealed
as the three main elements of prehension synergies at the thumb-VF level.
Transcranial magnetic stimulation (TMS) was used to investigate the stability of
PSs. To our knowledge, no studies pertaining to the effects of TMS on patterns of digit
force co-variation (multi-digit synergies) during prehensile tasks have been performed.
The responses of forces/moments to TMS suggested that the law of proportional force
increase (which claims that the response of an elemental mechanical variable to TMS
scales with its background magnitude) is valid for all digits in terms of normal forces,
tangential forces, and moments of force. The relationship correlation coefficients varied
among fingers, suggesting different levels of involvement for each of the fingers in terms
of grip force, load force and total moment of force. The synergistic relationship among
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the tangential forces produced by individual fingers provided support for the hypothesis
pertaining to the neural origin of tangential forces in prehension. TMS increased the
excitability of the neuronal pools (cortical or segmental) involved in the tangential force
response. The second experiment, in which participants doubled their grasping force,
also indicated that the finger tangential forces were generated actively rather than
passively.
After the TMS-induced perturbation, all mechanical variables ultimately returned
to values close to those prior to TMS. However, the time profiles of the restoration
processes differed among the variables at the thumb-VF level. Two stages of synergy
restoration were identified, taking approximately 0.3 s and 1.5 s.

The

first

stage

involved the restoration of a strong correlation between elemental variables, and the
second stage involved the restoration of force magnitudes. The restoration times differed
among the three prehension synergy components (stabilization of both normal forces and
tangential forces, and restoration of rotational equilibrium). This result supported the idea
regarding independent control of the total force and moment of force as required by the
principle of superposition (Arimoto et al. 2001; Zatsiorsky et al. 2005), suggesting that
the independence might have a purpose, such as the restoration of a previous grasping
pattern. The mentioned destructive effects of TMS over the primary cortical motor area
suggested that structures responsible for the co-varying changes in digit forces were
either upstream of the stimulation site or directly involved it (Bonnard et al. 2007).
The contribution of finger forces to grasping force changed as the grasping force
magnitude increased, so the scale invariance hypothesis cannot be considered a general
law of motor control; it was not valid for the prehension tasks with non-zero external
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torque. The CNS solved the problem of rotational equilibrium by adjusting all elemental
variables simultaneously; the adjustment of finger normal forces caused a series of
changes in the tangential force and moment of force. The mechanically-necessitated
adjustments could be categorized as chain effects, or the cause-effect relationships
between involved variables (Shim et al. 2004; Zatsiorsky et al. 2004). Such a pattern
revealed choices made by the central controller. Hence the force/moment adjustments
made by the central controller to maintain the object equilibrium were only partly
mechanically–necessitated. Such adjustments were highly reproducible among the
subjects.

This consistency pointed toward the same process being used by various

performers.
One of the most important findings in this dissertation is the planarity of the
finger force distribution in a 4-dimensinal space of finger forces. This conclusion stems
from the fact that in individual subjects, over 90% of the total variance was accounted for
by the first two principal components (PCs), with larger eigenvalues in the single-day and
multi-day studies. As follows from the inverse Lagrange principle (proved
mathematically in our previous study, see Terekhov, Pesin, Niu et al. 2010), planarity
demonstrates that the derivatives of the cost function are linear; hence, the cost function
is a quadratic polynomial. If the cost function was not quadratic (e.g., cubic), the optimal
solutions would not compose a two-dimensional plane; instead, they would form a curved
surface (e.g., hyperboloid or ellipsoid in the case of a cubic cost function). If three PCs
were required to approximate the experimental data, it would indicate that the surface
was significantly nonlinear, and the cost function not square. As a result, it is
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recommended that principal component analysis (PCA) be applied first to determine the
mathematical formulation of the cost function to be used by the central controller.
PCA has been previously performed in multi-finger prehension studies, but we
did not realize its implication on optimization problems. One misunderstanding about
planarity is that the two independent linear constraints in a 4-dimensional space should
result in a 2-dimensional plane with the experimental data. However, in the present study
the linear constrains were different in individual tasks (80 in total). Such inter-task
variation of the linear constraints does not necessarily indicate planarity. A
dimensionality reduction suggests that the CNS limits the finger forces to a twodimensional subspace. A possible approach to this problem is to use UCM analysis to
determine the two performance variables being stabilized. However, UCM analysis is
usually applied to data which vary in trials of the same task. In contrast, the planarity
found in this dissertation was obtained using data which varied among tasks. Hence,
UCM could not be used in the present study without special modifications for the
situation at hand.
The ANIO method is derived from Uniqueness Theorem, which provides
sufficient conditions for the uniqueness of cost functions up to linear terms. If the
conditions of Uniqueness Theorem are satisfied, the precision of the objective function
estimation is only limited by the precision of the experimental data. In turn, if the
conditions are not satisfied, it is quite possible that an objective function estimated based
on a given set of constraints will not be able to predict solutions for other constraints. The
cost function obtained by using the ANIO method provides the best fit to the
experimental data and, and very promisingly, transforms the entire process of applying
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optimization in motor control, moving from guessing cost functions to determining
(reconstructing) them experimentally.
The computational procedures proposed in this dissertation can be further
improved to increase cost function quality in order to approximate the optimal solutions
for experimental observations. For example, we proposed computing the 2nd coefficients
of the cost functions by minimizing the dihedral angle between the experimental and
optimal planes. Alternatively, the coefficients can also be determined by minimizing the
root mean square difference between the experimental observations and the optimal
solutions. The latter case requires more computer programming efforts.
The question of whether the objective function used by humans is indeed additive
requires a separate investigation. In general, the parallel structure of prehension as well as
the ability of humans to grasp objects with different combinations of fingers prompts us
to think that the cost of each finger's involvement depends on its force, and the total cost
is a sum of costs associated with the individual fingers. Without regard to these
speculations, we may say that our results show that this assumption of additivity does not
contradict the experimental data. As our analysis shows, the dihedral angle between the
experimental plane and the plane that is consistent with the assumption of additivity was
less than 3 angular degrees. If this angle were much larger (e.g., larger than 10 degrees),
the above conclusion would become questionable.
With respect to the particular problem investigated in this study, we learned that,
based on the assumption that the CNS uses an objective function to distribute normal
finger forces in grasping, and that the objective function is additive, such an objective
function is close to quadratic with non-zero linear terms. Moreover, in the tested
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population, the quadratic objective functions were such that the ring and middle fingers
contributed nearly equally to the total cost, while the contribution of the index finger to
the objective function value was significantly smaller than of the ring and middle fingers,
and the contribution of the little finger was significantly higher.
Based on the experiments, in which the same prehension tasks were repeatedly
performed over one-week intervals, the cost functions for individual subjects were
reproducible, and hence could be regarded as relatively stable personal features. The
experiments further showed the existence of a negative linear relationship between the 2nd
order coefficients of the cost functions and finger force averages over all trials for each
subject/day combination.

8.2 Possible future research
The results reported in this dissertation open some new avenues for future
research.
(1) It would be interesting to study the effect of TMS on multi-finger grasping
with unstable equilibrium. For example, a plastic tube filled with mobile fluid could be
attached to the top of a handle instead of to the bottom. The control of rotation
equilibrium in such a task would be more difficult for the subjects to accomplish. We
expect that the synergy restoration timing would reflect the priority of the different
aspects of control. For example, the synergy of moment of force control (e.g., the
negative correlation between the moments of normal and tangential forces) would likely
be restored faster than force magnitudes.
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(2) Tangential forces were not involved in the inverse optimization modeling in
this dissertation. The main reason is that an optimization problem that includes both the
tangential forces and normal forces is splittable (Terekhov et al. 2010) (i.e., it consists of
two independent optimization problems). A possible design for a future experiment
would be to put caps/spacers with different heights on the transducers, which would
create distinct moment arms for the tangential force. The shape of the handle could be
either prismatic or circular.
(3) The effect of the friction coefficient is neglected in the current study. Multicriteria optimization, which can take into account the safety margin magnitude in the cost
function, would be a possible approach to address this issue.
(4) The subjects participating in this experiment were healthy young males. The
next experiment should include subjects of both genders, a larger age range, and
participants with movement disorders, such as stroke patients. The comparison of cost
functions among different groups of participants would provide insight into the potential
application of inverse optimization.
(5) Due to technical reasons, the maximal isometric grasping force was not
measured in the current studies. The normalization of finger forces by the maximal force
might yield useful results.
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Abstract We consider the problem of what is being optimized in human actions
with respect to various aspects of human movements and different motor tasks. From
the mathematical point of view this problem consists of finding an unknown objective
function given the values at which it reaches its minimum. This problem is called
the inverse optimization problem. Until now the main approach to this problems has
been the cut-and-try method, which consists of introducing an objective function and
checking how it reflects the experimental data. Using this approach, different objective functions have been proposed for the same motor action. In the current paper we
focus on inverse optimization problems with additive objective functions and linear
constraints. Such problems are typical in human movement science. The problem of
muscle (or finger) force sharing is an example. For such problems we obtain sufficient
conditions for uniqueness and propose a method for determining the objective functions. To illustrate our method we analyze the problem of force sharing among the
fingers in a grasping task. We estimate the objective function from the experimental
data and show that it can predict the force-sharing pattern for a vast range of external
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forces and torques applied to the grasped object. The resulting objective function is
quadratic with essentially non-zero linear terms.
Keywords Inverse optimization · Human prehension · Uniqueness theorem ·
Principal component analysis
Mathematics Subject Classification (2000)
92C10
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List of symbols
x
An independent variable
J
An objective function of an optimization problem
C
Constraints for an optimization problem
J, C
An optimization problem with the objective function J and the
constrains C
f i (·), gi (·) Scalar functions
C, b
A matrix and a vector of the linear constraints C x = b
A scalar value
ai
I
A set of indexes
1 Introduction
The human motor system is redundant with respect to common actions it performs.
This means that there usually are numerous ways to achieve a particular motor goal
(Bernstein 1967). At the same time, human motor actions usually are well-reproducible. They vary only slightly from trial to trial and from subject to subject. Such
consistency may reflect the fact that humans try to perform their actions in most
“comfortable” ways, optimizing performance in some sense.
The problem of what is being optimized in human actions was studied for the trajectory formation in reaching movement (Biess et al. 2007; Cruse et al. 1990; Engelbrecht
2001; Flash and Hogan 1985; Plamondon et al. 1993; Tsirakos et al. 1997), writing
(Edelman and Flash 1987), walking (Pham et al. 2007); force sharing among the muscles (reviewed in Prilutsky 2000; Prilutsky and Zatsiorsky 2002) in gait (reviewed in
Collins 1995), cycling (Prilutsky and Gregory 2000), jumping (Anderson and Pandy
1999), sit-to-stand movement (Kuzelicki et al. 2005), postural control (Kuo and Zajac
1993), and force sharing among fingers in grasping (Pataky et al. 2004).
This problem is usually called the problem of inverse optimization (Ahuja and Orlin
2001), in contrast to the more common direct optimization problem. The latter consists
of finding values minimizing a given objective function. Unlike direct optimization
problems, in the inverse optimization the objective function is unknown, while the
values at which the objective function reaches its minimum are given. The inverse
optimization problem is usually considered for a set of different constraints.
Though the inverse optimization problem has been addressed for a vast range of
tasks, the approach rarely goes beyond the cut-and-try method. The common way to
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analyze it is based on an a priori chosen objective function, for which predictions are
obtained and compared with experimental data. The choice of the objective function
depends on physiological or psychological considerations and often on mathematical elegance. A reasonably good agreement of the prediction with experimental data
is usually interpreted as a proof that the chosen objective function is the one that is
optimized by the motor system.
The most extensive analysis of the problem has been done for the force sharing
among the muscles serving one or several joints (reviewed in Erdemir et al. 2007;
Prilutsky and Zatsiorsky 2002). In this case the optimization problem is to find muscle
forces Fi such that, taken together, they exert desired moments of force M j at the
joints and minimize some objective function J . The muscles can exert only pulling
efforts not exceeding the maximum values Fimax . In mathematical terms this problem
can be stated as follows:
J (F1 , . . . , Fn ) → min, J : Rn → R,
n

ri j Fi = M j , j = 1, . . . , k,
i=1

0 ≤ Fi ≤ Fimax , i = 1, . . . , n,
where k is the number of joints and n is the number of muscles, acting on these joints,
n > k, ri j is the arm of the ith muscle relatively the j-th joint.
The objective function J is usually of the form:



n 

Fi p
J (F1 , . . . , Fn ) =
Fi∗

1/ p
,

(1)

i=1

where Fi∗ are positive weights, which are usually either taken equal to each other or
are normalized to some quantity (for example, the physiological cross section area
or maximum force). The power p can be any positive number up to plus infinity, in
which case the objective function transforms into:

J (F1 , . . . , Fn ) = max

i=1,...,n

Fi
Fi∗


.

Crowninshield and Brand (1981) suggested an approach for defining the parameters
of the objective function (1), which they claimed to be physiologically relevant. In their
model the value being minimized is inverse of the fatigue time averaged across muscles. They show that this value is proportional to normalized muscle force raised to the
power p between 2.54 and 3.14. Normalization parameters Fi∗ are taken proportional
to the physiological cross section area (PCSA).
The above function captures general features of muscle activation patterns in gait
(Crowninshield and Brand 1981). It has been even suggested that in skilled movement
the muscle forces are shared in a way to minimize this objective function (Prilutsky
2000). However, this hypothesis cannot explain experimentally observed co-activation
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of antagonist muscles (i.e. muscles making opposite contributions into the moment
of force at the same joint) except for biarticular antagonists (Ait-Haddou et al. 2000;
Herzog and Binding 1992).
It is unclear whether an optimization function can be unambiguously identified
from experimental data. Collins (1995) has shown that the same experimental data
can be explained reasonably well with significantly different objective functions. To
some extent, this fact may be due to the imprecision of muscle force estimation from
the electromyographic signal and uncertainties in the moment arms, which have been
shown to influence the result of optimization significantly (Herzog 1992; Raikova and
Prilutsky 2001; Redl et al. 2007).
These uncertainties are less dramatic in grasping tasks, where forces and points
of their application can be directly measured (Zatsiorsky et al. 2002; Zatsiorsky and
Latash 2008). When the grasp orientation was vertical and the subjects had to maintain the hand-held objects in the air at equilibrium resisting object weight and external
torque an optimization was performed using as criteria the cubic norms of (a) finger
forces, (b) finger forces normalized with respect to the maximal forces measured in
single-finger tasks, (c) finger forces normalized with respect to the maximal forces
measured in a four-finger task, and (d) finger forces normalized with respect to the
maximal moments that can be generated by the fingers. All four criteria failed to predict antagonist finger moments (moments exerted by individual fingers that assisted
rather than resisted external torques) at large external torques. Note that the above
criteria did not take into consideration the finger interdependence (‘enslaving’). To
account for the finger enslaving the vectors of “neural commands” were reconstructed
from the finger forces using the enslaving matrix (Zatsiorsky et al. 2002). Optimization of the neural commands resulted in the best correspondence between actual and
predicted finger forces; in particular the antagonist moments were predicted. However,
when the grasp orientation was not vertical all the above mentioned objective functions
explained the experimental data with approximately similar accuracy (Pataky et al.
2004).
In this paper we show that, even if ideally precise experimental data are given, the
inverse optimization problem may have infinitely many solutions. Consider a simple
mental experiment. Assume that the subject is instructed to exert a given total force
with the four digits:
F1 + F2 + F3 + F4 = Ftotal ,

(2)

0 < Fi < Fimax .

In the experiment the total force is varied within some range. Assume that the subject
performs the task perfectly and there are no errors in data recording. For each value
of the total force the subject chooses a pattern of sharing the total force among the
digits. Let us assume that the total force is shared equally among the fingers:
F1 = Ftotal /4,
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F2 = Ftotal /4,

F3 = Ftotal /4,
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Now, assume that a researcher guesses an objective function whose optimization
should lead to the observed experimental results:
J (F1 , F2 , F3 , F4 ) =

1/2
1 2
.
F1 + F22 + F32 + F42
2

(4)

Indeed, one can verify that minimization of (4) subject to the constraints (2) has a
unique solution (3). However one can also notice that (4) is by far not the only function with such properties. For example, the objective function
J (F1 , F2 , F3 , F4 ) = F1 · F2 · F3 · F4

(5)

is as good in predicting experimental results (3) as the objective function (4). In fact,
for every differentiable function g such that g  > 0 minimizing
J (F1 , F2 , F3 , F4 ) = g(F1 ) + g(F2 ) + g(F3 ) + g(F4 )

(6)

subject to (2) leads to the solution (3).
Hence, for this particular example, there exist infinitely many different objective
functions, which optimization, subject to (2), results in (3). At the same time, having more observations under other experimental conditions might limit the range of
possible objective functions.
The main goal of this paper is to develop a method to determine an unknown objective function from a set of observations. To do that we obtain sufficient conditions that
guarantee unique solution of the inverse optimization problem. We focus our analysis on the inverse optimization problem with additive objective function and linear
constraints:
J (x) = g1 (x1 ) + · · · + gn (xn ) → min,
such that
C x = b,

(7)

where x is an n-dimensional vector, gi unknown scalar functions, C a k × n-matrix
and b a k-dimensional vector, k < n.
This formalization is typical of a vast range of problems considered in the human
movement science, in particular for various forms of the force sharing problem. A
simpler version of this problem was analysed in Siemienski (2006) for the case when
the functions gi are proportional to each other and only one linear constraint is present.
The paper has the following structure. In the Preliminaries, we provide general definitions and statements we needed for the analysis of inverse optimization problems.
In the Main Results, we focus on the problem (7), for which we prove the Uniqueness
theorem. Then we consider four simple examples of the inverse optimization problem
and illustrate how the Uniqueness theorem can be used to solve them. In the Applications, we analyse a “real-life” example of force sharing in grasping. We used our
theoretical results to plan an experiment and to determine the objective function from
the experimental data. The results are discussed in the Discussion section, followed
by Appendix, which contains the proofs of the statements given in the paper.
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2 Preliminaries
Estimating the objective function from observations does not necessary lead to a unique
solution. Indeed, there are some transformations of the objective function that do not
influence the solution of the optimization problem. Among those are multiplication
of the objective function by a positive number or adding an arbitrary number to the
objective function. As a consequence, the inverse optimization problem can never be
solved uniquely unless some additional information on the objective function is given.
We call two objective functions J1 : X → R and J2 : X → R essentially different on
a subset X ∈ Rn if there exist constraints C such that the problems J1 , C and J2 , C
have different solutions. Otherwise we call the objective functions essentially similar
on X .
Optimization of essentially similar objective functions under any constraints leads
to the same result. Therefore the inverse optimization problem can be solved up to the
class of essentially similar functions only. It must be noted that the class of essentially
similar objective functions is rather vast. For example, the objective functions J (x)
and f (J (x)) are essentially similar for any strictly increasing function f .
In some cases, minimization of the objective function can be performed independently for some subsets of variables. This fact may limit the possibility of inverse
optimization. Consider a simple example:
J (x1 , x2 , x3 , x4 ) = x12 + x22 + x32 + x42 → min,
x1 + x2 = a,
x3 + x4 = b.
It is evident, that x1 , x2 , x3 , x4 guarantee minimization of J → min subject to constraints C if and only if x1 , x2 minimize J1 = x12 + x22 → min subject to x1 + x2 = a
and x3 , x4 minimize J2 = x32 + x42 → min subject to x3 + x4 = b. In these two problems the functions J1 and J2 can be replaced with any essentially similar objective
functions J˜1 = J˜1 (x1 , x2 ) and J˜2 = J˜2 (x3 , x4 ). Then all x1 , . . . , x4 that minimize
J = x12 + x22 + x32 + x42 subject to constraints x1 + x2 = a and x3 + x4 = b will
also minimize the objective function J˜ = J˜1 + J˜2 subject to the same constraints.
However, the objective functions J and J˜ can be essentially different. Thus, there are
infinitely many essentially different objective functions, which are minimized by the
same values x1 , . . . , x4 under constraints x1 + x2 = a, x3 + x4 = b. This fact may
lead to non-uniqueness in solving the inverse optimization problem.
We now define a splittable optimization problem. To do that we first introduce
the notion of groups of variables independent with respect to the optimization problem. Let the objective function J (x) be minimized subject to the constraints C(x),
where x = (x1 , . . . , xn )T . Assume that the elements of x are split into two groups
x 1 and x 2 . The initial optimization problem converts into the following: minimize
˜ 1 , x 2 ) = C(x). Now, consider the optimization probJ˜(x 1 , x 2 ) = J (x) subject to C(x
1
1
1
2
˜ 1 , x̂ 2 ); and similarly for J˜21 .
˜
˜
lems: Jx̂ 2 (x ) = J (x , x̂ ) → min subject to C(x
x̂
The variables x 1 and x 2 are said to be independent for the optimization prob˜ 1 , x̂ 2 ) does not depend on x̂ 2 and
lem J, C if the solution of the problem J˜x̂12 , C(x
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˜ x̂ 1 , x 2 ) . In particular, if there is just one point x̂ 2
similarly for the problem J˜x̂21 , C(
satisfying C˜2 , the variables x 1 and x 2 are independent.
We call the optimization problem J, C splittable if it has independent variables.
Consider the following example:
J (x) = J 1 (x 1 ) + J 2 (x 2 ) → min,
C x = b, x ∈ X,

(8)

where x 1 and x 2 are composed of components of x with indexes I 1 and I 2 respectively,
C is a k × n-matrix (k < n), rank C = k, b is a k-dimensional vector.
The variables x 1 and x 2 are independent for the regarded optimization problem if
and only if there is a matrix D, det D = 0, such that in every row of the matrix DC
all elements, either with indices I 1 or I 2 , equal zero. The proof of this statement is
given in Appendix.
We call an objective function additive if it is essentially similar to an objective
function that can be written as follows
J (x1 , . . . , xn ) =

n


gi (xi ).

(9)

i=1

Assume that the additive objective function (9) is minimized subject to linear constraints:
C x = b,
where C is a k × n matrix, k < n, rank C = k, b is a k-dimensional vector. Then the
problem is splittable if and only if there is a k × k-matrix D, det D = 0, such that by
reordering the rows one can make the matrix DC block-diagonal.
This statement is a particular case of the last example (8), which is proven in
Appendix as Lemma 2.
Thus, if an additive objective functions is minimized under linear constraints, then
the question of whether the corresponding optimization problem is splittable depends
only on the properties of the constraint matrix C. For this reason we call a full-ranked
matrix C splittable if it satisfies the above mentioned conditions.
−1
C
The matrix C is splittable if and only if one can make the matrix C̃ = C T CC T
block-diagonal by reordering the rows and columns with the same indexes (here and
on C T denotes the transpose of the matrix C). Indeed, if C is block-diagonal then so
is C̃. On the other hand, it is easy to show that multiplying the matrix C by the matrix
C̃ results in a block-diagonal matrix. Since the matrix C̃ has rank k, it has k linearly
independent rows. It can be shown that, if the matrix D is composed of these rows,
then the matrix DC has block-diagonal structure. Therefore, if the matrix C̃ is block
diagonal, then so is C.
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3 Main results
The main goal of the current study is to find sufficient conditions for the uniqueness
of solutions of an inverse optimization problem with additive objective function and
linear constraints:
J (x) =

n


gi (xi ) → min,

(10)

i=1

C x = b, x ∈ X ⊂ Rn ,

(11)

where C is a k × n matrix, rank C = k, and b is a k-dimensional vector.
The formulas (10), (11) define a class of direct optimization problems parametrized
with b ∈ B, where B is a domain of Rk . Here and on we assume that every direct
optimization problem has a unique solution and that the solutions are known for all
b ∈ B. The set of the solutions will be denoted by X ∗ and assumed to be a smooth
k-dimensional hypersurface.
Given the set X ∗ , the inverse optimization problem consists of finding functions
gi , i = 1, . . . , n defined on some subset of X .
The optimization problem (10), (11) imposes some strong requirements on the
functions gi that come from the Lagrange minimum principle, which must hold for
every x ∈ X ∗ and the corresponding parameter b. The requirements are summarized
in the following lemma, which can be thought of as the Lagrange principle for the
inverse optimization problem.
Lemma 1 If the functions gi (·) in (10) are continuously differentiable then they satisfy
the equation:

where

Č g  (x) = 0, for every x ∈ X ∗ ,

(12)


−1
Č = I − C T CC T
C

(13)

and g  (x) = g1 (x1 ), . . . , gn (xn )
n × n unit matrix.

T

(prime symbol denotes derivative) and I is the

The proof of Lemma 1 is given in Appendix. Using this lemma we will prove in
Appendix the following statement, which is one of our main results.
Theorem 1 Assume that the inverse optimization problem (10),(11) with k ≥ 2 is
non-splittable. If the functions gi (·) in (10) are twice continuously differentiable and
there exist twice continuously differentiable functions f i such that f i is not identically

constant and Č f  (x) = 0 for all x ∈ X ∗ , f  (x) = f 1 (x1 ), . . . , f n (xn )
defined by (13), then
gi (xi ) = r f i (xi ) + qi xi + consti , for every xi ∈ X i∗ ,
X i∗ = {s | there is x ∈ X ∗ : xi = s}
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where the constants qi satisfy the equation Čq = 0, q = (q1 , . . . , qn )T , consti are
arbitrary scalar numbers and r is a non-zero constant value.
This theorem provides sufficient conditions for uniqueness, up to linear terms qi xi ,
of solutions of the inverse optimization problem. This means that if one could find
such f i that minimization of the objective function
J˜ =

n


f i (xi ) → min

i=1

subject to the constraints (11) for all b ∈ B results in the set X ∗ , then the desired
objective function J is essentially similar to J˜ up to unknown linear terms qi xi .
The values qi satisfy
q=

k


ciT pi = C T p,

(14)

i=1

where ciT is the ith column of the matrix C T , p = ( p1 , . . . , pk )T and pi are arbitrary
numbers.
To illustrate why the inverse optimization problem (10), (11) can be solved only up
to unknown pi , write
qT x =

n


qjxj =

k


j=1

ciT x pi = (C x)T p = b T p.

i=1

Thus, given the constraints (11) the expression q T x does not depend on x. Therefore,
adding these linear terms to the objective function does not influence the solution of
the optimization problem as long as the constraints (11) are present.
An important manifestation of Theorem 1 is that it provides unique solution of the
inverse optimization problem. We first consider the case when k = n − 1. We call such
inverse optimization problem elementary. In this case the rank of matrix Č is equal to
one and, consequently, the vector equation Č f  (x) = 0 is equivalent to the following
scalar equation:
n


ai f i (xi ) = 0,

i=1

where a = (a1 , . . . , an ) is any row of the matrix Č. Notice that since the problem is
non-splittable, the coefficients ai are nonzero (see the proof of Theorem 1).
At the same time, X ∗ is an (n−1)-dimensional smooth hypersurface in the n-dimensional space, which can be defined by a single scalar equation. Now the problem of the
inverse optimization consists of finding a collection of functions h 1 (x1 ), . . . , h n (xn )
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such that the equation
n


h i (xi ) = 0

i=1

defines the hypersurface X ∗ . Indeed, if such functions are known then
f i (xi ) =

1
ai

h i (xi )d xi

and
J (x) = r

n

1
ai

h i (xi )d x +

i=1

n


qi xi .

i=1

Here r = ∓1 and the sign of r determines whether the objective function J reaches
minimum or maximum on the given set X ∗ .
Now consider the case of an arbitrary k. Let x 1 and x 2 be two groups of variables
such that x 1 ∈ Rk+1 . An optimal solution x ∗ of the problem (10),(11) corresponds
to some values of these variables: x 1∗ and x 2∗ . Consider the following optimization
problem, obtained from the initial one by adding the constraint x 2 = x 2∗ :
Jx 2∗ (x1 ) = J (x1 , x 2∗ ) =



gi (xi ) +

i∈I 1



gi (xi∗ ) → min,

(15)

i∈I 2

C 1 x 1 = b − C 2 x 2∗ .

(16)

Here I 1 and I 2 are sets of indices of x, corresponding to x 1 and x 2 ; the matrices C 1
and C 2 are composed of the columns of C with indices I1 and I2 respectively.
Evidently, if x 1 is a solution of (15) then x 1 = x 1∗ . One can define the set X 1∗ of
all x 1∗ , which is the projection of X ∗ onto axes I 1 .
The problem (15), (16) is defined for a (k + 1)-dimensional variable x 1 subjected
to k constraints, i.e. it is an elementary inverse optimization problem. If it is nonsplittable, then the procedure described above is applicable and allows one to estimate
functions gi (xi ) for i ∈ I 1 . Since the choice of indices I 1 was to some extent arbitrary,
all functions gi can be determined in this way.
If the inverse optimization problem is splittable, it should be split until we reach
a non-splittable subproblem. We thus proved that, if the initial problem (10), (11) is
non-splittable, then for every i there exists a non-splittable elementary subproblem
with at least two constraints.
It must be noted that to apply the proposed method the researcher must assume that
the experimentally observed hypersurface is composed of solutions of the optimization
problem with an additive objective function and known linear constraints. However,
this assumption may not actually hold as for a given set of constraints there may be
no additive objective function, which minimization results in the given hypersurface
of solutions. In this case the method would result in a non-feasible objective function,
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which, for example, does not reach either its minimum or maximum on the observed
surface, but instead has only hyperbolic points on it.
We illustrate our method by four simple inverse optimization problems.
3.1 Example 1
Consider an inverse optimization problem with an additive objective function of three
variables:
J (x1 , x2 , x3 ) = g1 (x1 ) + g2 (x2 ) + g3 (x3 )

(17)

subject to the constraints:
x1 + x2 + x3 = b1 ,
x1 − x3 = b2 .

(18)

The solution of the direct optimization problem is known for a range of b1 and b2 :
b1
+
3
1
x2 = b1 ,
3
b1
−
x3 =
3
x1 =

b2
,
2
(19)
b2
.
2

We wish to determine the objective function (17) such that its minimization subject to
the constraints (18) leads to the solution (19).
The constraints (18) are given by the matrix C:

C=

1 1

1

1 0 −1


.

(20)

Note that the matrix C is non-splittable. Indeed, the matrix Č = I − C T CC T
(see (13)):
⎛
Č =

1
6
⎜ 1
⎝−3
1
6

− 13
2
3
− 13

1
6
− 13
1
6

−1

C

⎞
⎟
⎠

cannot be made block-diagonal by reordering the rows and columns with the same
indices.
Now we wish to find twice continuously differentiable functions f 1 , f 2 , f 3 satisfying the equation:
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⎛

f 1 (x1 )

⎞

⎟
⎜
C̆ ⎝ f 2 (x2 ) ⎠ = 0
f 3 (x3 )
for every x1 , x2 , x3 from (19). Since the matrix C̆ has rank one, the latter is equivalent
to the following scalar equation:
f 1 (x1 ) − 2 f 2 (x2 ) + f 3 (x3 ) = 0.

(21)

Solution (19) determines a plane in the 3-dimensional space:
x1 − 2x2 + x3 = 0.

(22)

We should find any functions f i satisfying (21) on the plane (22) and we can take
f 1 (x1 ) = x1 ,
f 2 (x2 ) = x2 ,
f 3 (x3 ) = x3 .
Then, according to Theorem 1, the functions gi are equal to:
r 2
x + q1 x1 + const 1 ,
2 1
r
g2 (x2 ) = x22 + q2 x2 + const 2 ,
2
r 2
g3 (x3 ) = x3 + q3 x3 + const 3 ,
2
g1 (x1 ) =

(23)

where r is an arbitrary non-zero scalar. The values qi can be represented as
⎛ ⎞
⎛
⎞
1
1
⎜
⎜ ⎟ ⎜ ⎟
⎟
⎝ q 2 ⎠ = ⎝ 1 ⎠ p1 + ⎝ 0 ⎠ p2 .
1
q3
−1
⎛

q1

⎞

Since determining the objective function can only be performed up to the class of
essentially similar functions, the constants in (23) can be set zero. The parameter r
can be taken equal ±1. Since we want the resulting objective function to be minimized
rather then maximized on (21), the parameter r must be positive.
The desired objective function is essentially similar to:
J (x1 , x2 , x3 ) =

x12
x2
x2
+ 2 + 3 + ( p1 + p2 )x1 + p1 x2 + ( p1 − p2 )x3 ,
2
2
2

where p1 and p2 are arbitrary scalar numbers.
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3.2 Example 2
Consider an inverse optimization problem with an additive objective function of four
variables:
J (x1 , x2 , x3 , x4 ) = g1 (x1 ) + g2 (x2 ) + g3 (x3 ) + g4 (x4 )

(25)

subject to the constraints:
x 1 + x 2 + x 3 + x 4 = b1 ,
2x1 + x2 + x4 = b2 ,
x1 + x2 + x3 + 2x4 = b3 .

(26)

Let the solutions of the direct optimization problems for a range of b1 , b2 , b3 lie within
a 3-dimensional subspace with the normal vector u = (1, −2, 1, 0)T .
The first step is to verify that the problem is non-splittable. The matrix C for the
constraints (26) is
⎛

1 1 1 1

⎞

⎜
⎟
C = ⎝2 1 0 1⎠.

(27)

1 1 1 2
The matrix Č = I − C T CC T

−1

C is

⎛
Č =

1
6
⎜ 1
⎜−
⎜ 3
⎜
⎜ 1
⎝ 6

− 13
2
3
− 13

1
6
− 13
1
6

0

0

0

0

⎞

⎟
0⎟
⎟
⎟
0⎟
⎠
0

and is block-diagonal, hence the matrix C is splittable.
The problem splits into two subproblems. The first one is:
J˜(x1 , x2 , x3 ) = g1 (x1 ) + g2 (x2 ) + g3 (x3 ) → min,
such that x1 + x2 + x3 = 2b1 − b3 ,
x1 − x3 = b2 − b1 .

(28)

Its solution for a range of b1 , b2 , b3 lies in a plane in the 3-dimensional space, which
can be obtained as the result of projecting the solution of the initial problem on the
space of variables x1 , x2 , x3 . This plane passes through zero and is orthogonal to the
vector ũ = (1, −2, 1)T .
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The second problem is vacuous, since x4 can be unambiguously determined from
the constraints:
x4 = b3 − b1
and, thus, g4 can be an arbitrary function.
In this case, the best one can do is to estimate the functions g1 , g2 , g3 . The constraints
in (28) are defined by the matrix C̃:

C̃ =


1 1
1
.
1 0 −1

(29)

The plane of the solutions of the direct problem (28) can be defined by the equation:
x1 − 2x2 + x3 = 0.

(30)

The constraints matrix (29) and the surface of the solutions (30) coincide with those
of the previous example. Thus, the objective function J˜(x1 , x2 , x3 ) is essentially similar to (24) and hence,
J (x1 , x2 , x3 , x4 ) =

x12
x2
x2
+ 2 + 3 + ( p1 + p2 )x1 + p1 x2 + ( p1 − p2 )x3 + g4 (x4 ),
2
2
2

where p1 and p2 are arbitrary numbers and g4 is an arbitrary scalar function.
3.3 Example 3
In the previous examples the estimated objective function is quadratic reflecting the
fact that the surface of solutions is planar. Here we illustrate how to use our method to
analyze non-polynomial objective functions. Consider the inverse optimization problem from Example 1 with additive objective function (17) and linear constraints (18).
Assume that the variation of parameters b1 and b2 results in a surface, defined by the
equation:
x1 − 2x2 + 5 cos x3 = 0.

(31)

According to Lemma 1 the functions gi from (17) satisfy the equation Č g  (x) = 0
on (31). This equation can be rewritten as follows:
g1 (x1 ) − 2g2 (x2 ) + g3 (x3 ) = 0.
Then according to Theorem 1
g1 (x1 ) = r x1 + q1 ,
g2 (x2 ) = r x2 + q2 ,

g3 (x3 ) = 5r cos x3 + q3 ,
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where r is a non-zero scalar whose sign determines weather the optimization problem
consists in minimization or maximization of the objective function, qi are arbitrary
scalars satisfying the equation q1 − 2q2 + q3 = 0.
The objective function J is essentially similar to the following:
J (x1 , x2 , x3 ) =

x12
x2
+ 2 + 5 sin x3 + ( p1 + p2 )x1 + p1 x2 + ( p1 − p2 )x3 ,
2
2

where p1 and p2 are arbitrary scalar numbers.
3.4 Example 4
In the previous example the method resulted in estimation of the feasible objective
functions. Here we give an example of a hypersurface not resulting in minimization
of any additive objective function. Consider the inverse optimization problem from
Example 1 with additive objective function (17) and linear constraints (18). Assume
that the variation of parameters b1 and b2 results in a surface, defined by the equation:
x1 + 2x2 + x3 = 0.

(32)

According to Lemma 1 the functions gi from (17) satisfy the equation Č g  (x) = 0
on (32). This equation can be rewritten as follows:
g1 (x1 ) − 2g2 (x2 ) + g3 (x3 ) = 0.
Then according to Theorem 1
g1 (x1 ) = r x1 + q1 ,
g2 (x2 ) = −r x2 + q2 ,
g3 (x3 ) = r x3 + q3 ,

where r is a non-zero scalar, qi are arbitrary scalars satisfying the equation q1 − 2q2 +
q3 = 0.
The estimated objective function J is the following:
J (x1 , x2 , x3 ) =


r  2
x1 − x22 + x32 + ( p1 + p2 )x1 + p1 x2 + ( p1 − p2 )x3 ,
2

where p1 and p2 are arbitrary scalar numbers.
Evidently, that for any non-zero r , the estimated function does not reach it’s minimum subject to constraints (18) at any point of R3 . Thus, it proves falsity of the
hypothesis that the hypersurface (32) results from minimization of an additive objective function subject to constraints (18).
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Fig. 1 Schematic representation
of the handle. Here T stands for
the external torque, F l for the
load force, F0n and F0t for the
normal and tangential
components of the thumb force,
Fin and Fit for the normal and
tangential components of the
finger forces (i = 1, . . . , 4). The
arrows define positive values of
the forces

4 Applications
To illustrate applicability of the approach presented above to “real-life” tasks we analyze the problem of force sharing among the digits in prismatic grasping when a subject
holds a handle similarly to holding a glass with liquid. The points of application of
the thumb and finger forces are assumed to lie in the grasp plane, which is parallel to
the longitudinal handle axis (see Fig. 1). An external force F l parallel to the handle
axis and an external torque T orthogonal to the task plane act on the handle.

4.1 Description of the system
In the planar case, the static equilibrium constraints include two equations on the forces
and one equation on the moments of force. For a vertically oriented handle, the load
force F l must be counterbalanced by the tangential forces of the fingers (F1t , . . . , F4t )
and the thumb (F0t ):
F0t + F1t + F2t + F3t + F4t = F l .

(33)

The normal force of the thumb F0n must be equal and opposite to the total normal force
of the fingers:
F0n = F1n + F2n + F3n + F4n .

(34)

The joint moment of the normal and tangential forces must be equal and opposite to
the external torque T .
− d1 F1n − d2 F2n + d3 F3n + d4 F4n + r0 F0t − r1 F1t + F2t + F3t + F4t = T.
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The normal forces must be non-negative and cannot exceed their maximum values:
0 ≤ Fin ≤ Fin max ,

i = 0, . . . , 4.

The tangential forces must stay below the maximum static friction force:
 t
 F  ≤ μi F n ,
i = 0, . . . , 4,
i
i

(36)

(37)

where μi is the coefficient of the static Coulomb’s friction.
The static equilibrium imposes three equality-type constraints (33), (34), (35) on
ten force variables: five normal and five tangential forces. Even though they must also
satisfy ten inequalities (36), (37), in general, the problem is redundant.
In spite of the redundancy the force sharing among the fingers is quite reproducible among trials with fixed load force F and external torque T (Shim et al. 2003;
Zatsiorsky et al. 2003). This is especially true for the normal forces. For zero external
torque the normal forces Fin are known to scale with the load force (Niu et al. 2007;
Westling and Johansson 1984). It is reasonable to assume that a particular force sharing patterns result from minimization of a certain objective function of the normal and
tangential forces.
We assume that the force distribution among fingers in grasping results from the
minimization of the objective function J for given handle geometry and friction coefficients:
J=

4


gi (Fin ) + H F0t , F1t , . . . , F4t ,

(38)

i=0

where gi are scalar functions of normal forces and H is a scalar function of tangential
forces.
Our goal here is to estimate the objective function involved into the sharing of the
normal forces among the fingers, in particular, the functions gi in (38). Indeed, the
fact that the constraints are linear and the assumption that the objective function is
additive with respect to the normal forces, make it possible to find the functions gi
without resorting to the function H . To this end, we consider the following reduced
optimization problem:
J˜ =

4


gi (Fin ) → min

(39)

i=0

subject to:
−F0n + F1n + F2n + F3n + F4n = 0,
−d1 F1n − d2 F2n + d3 F3n + d4 F4n = T − M t ,

(40)

where M t stands for the total moment of the tangential forces. The Eq. (33) was
omitted because it does not contain normal forces.
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According to Theorem 1 one can find the objective function unambiguously, up
to some linear terms if a k-dimensional surface of solutions is known, where k is the
number of the (equality) constraints. In our case k = 2 and therefore a 2-dimensional
surface of the optimal solutions is required.
Changes in the external torque effect only the second equation in (40), while the
first one remains unchanged. The load force is not directly present in the constraints
(40). Variation of the external torque at a constant load will result in a curve instead
of a surface required to apply the method.
To overcome this difficulty we introduce an additional constraint by asking the
subject to grip the handle with a given total grip force F g :
F0n + F1n + F2n + F3n + F4n = F g .

(41)

The constraint (41) makes the problem splittable since from (40) and (41) it follows
that F0n = F g /2. Splitting the initial problem produces two subproblems. The first
one contains only normal force of the thumb and is vacuous. The second one includes
the normal forces of the fingers:
Jˆ =

4


gi (Fin ) → min

(42)

i=1

subject to
F1n + F2n + F3n + F4n = F g /2,
−d1 F1n − d2 F2n + d3 F3n + d4 F4n = T − M t .

(43)

The normal forces of the fingers must also satisfy the (inequality) constraints (36)
and (37). However, as it is known from various experiments (Johansson and Westling
1984; Cole and Johansson 1993), normal forces are typically 30–50% above the slipping threshold. If the external load is not very large, neither normal nor tangential
forces approach the borders of the domain defined by (36), (37) and therefore these
constraints can be omitted. The constraint matrix C for the problem (42), (43) has the
form:

C=

1

1

1

1

−d1 −d2

d3

d4


.

(44)

The problem (42), (43) has two linear constraints containing two parameters: the
external torque T and the grip force F g , which can be varied independently in the
experiment. Thus, we hope that the finger forces F1 , F2 , F3 , F4 obtained for the pairs
(T, F g ) will form a surface in the 4-dimensional space of finger forces. As it was
shown above, knowing this surface should be sufficient for estimating the additive
objective function (42).
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4.2 The experimental procedure
We present results obtained for three subjects. They were right-handed young male
adults with no history of hand injury (age 27.6 ± 3.0 year, weight 74.7 ± 9.0 kg, height
176.3 ± 9.2 cm, hand length from the middle fingertip to the distal crease of the wrist
with hand extended 18.4 ± 0.9 cm, hand width at the MCP level with hand extended
8.9 ± 0.7 cm).
In the experiment, the subjects held a handle mounted with five 6-dimensional
force-torque sensors, whose surfaces were covered with sandpaper. The geometry of
the handle is presented on Fig. 1. The top of the handle was equipped with an air-bubble level intended to help subjects to hold the handle vertically. A horizontal bar was
attached to the handle at the bottom. Suspending various loads at different points along
the bar allowed for varying both the load force F l and external torque T in (43). All
combinations of four values of the load force 12.5, 15, 17.5 or 2.0 N, and five values
of the external torque −0.4, −0.2, 0.0, 0.2, 0.4 Nm were used in the current study. The
total number of combination was 20.
For every combination there were two types of trials, calibration and experimental,
lasting 10 s each. In the calibration trials the subjects were instructed to hold the handle
naturally trying not to grip it too hard. The total grip force was averaged over the 10-s
period of the calibration trial. The averaged value was then used in the experimental
trials, in which the subjects were instructed to make the gripping force equal 100,
125, 150 or 175% of that value. The subjects could see the current value of the total
normal force of the five digits (gripping force) and the target value on the computer
monitor located in front of the subject. Though the load force is not directly present in
the Eq. (43), the subjects tended to grip harder in the calibration trials with the greater
load force. Thus, by changing the load force we increased the range of the grip force.
On the whole, every subject performed 80 experimental trials. In every trial the average normal finger forces were computed over a 2-second interval where they exhibited
the least variation. Following this procedure we obtained 80 points (one point per trial)
in the 4-dimensional space of the normal finger forces for every subject. The thumb
data are not presented since they are not relevant to the problem (42), (43).
It should be noted that the points of application of the normal finger forces varied
across trials and conditions, which in turn resulted in variation of the constraints matrix
C. Contrary to the case described above, where C was a constant matrix, we assume
that the variations of the matrix C result in small changes of the optimal finger forces
as compared to those caused by changing the external torque and the grip force. This
assumption allows us to apply our method while keeping in mind that the experimental
data points can be scattered around the ideal optimal surface. We used the following
values of geometrical parameters of the handle:
d1 = 45 mm,

d2 = 15 mm,

d3 = 15 mm,

d4 = 45 mm.

4.3 The results
The influence of the varied factors (the external torque, the load force and the grip
force) on the normal finger forces is illustrated on Fig. 2. One can see that the influence
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a

b

Fig. 2 An example of the normal forces of the index finger in different conditions. a The load force is fixed
and equal to 12.5 N, while the external torque and the total grip force are varied. The different symbols
correspond to the values obtained for 100, 125, 150 and 175% of the natural grip force. b The load force and
the external torque are varied, while the grip force is kept equal to 150% of the natural one. The different
symbols correspond to different values of the load force: 12.5, 15.0, 17.5 and 20 N

can be rather complex (especially Fig. 2b). However, as mentioned earlier, we expect
the experimental values of the normal finger forces to lie on a surface in the 4-dimensional space. To verify this fact, for every subject we plotted 3-dimensional projections
of the experimental data on the subspaces (F1 , F2 , F3 ), (F2 , F3 , F4 ), (F1 , F3 , F4 ) and
(F1 , F2 , F4 ). In the projections the points tended to lie on planes, but were dispersed
around them. The planarity of the data in the 4-dimensional space of the finger forces
was quantified using the principal component analysis. It showed that 94.4 ± 0.4% of
the total variance could be explained by 2 principal components, which define a plane
in the 4-dimensional space.
Based on this observation, we made an assumption that the surface of the optimal
solutions is a 2-dimensional plane, which can be approximately estimated from the
experimental data. The fact that the data points did not ideally form a plane can be
explained by variation of the points of the finger forces application, variability of the
subject performance and instrumental noise. The plane can be defined by the vector
equation:
AF n + b = 0,
T

(45)

where F n = F1n , F2n , F3n , F4n is the vector of the normal finger forces, A is a
full-ranked 2 × 4-matrix and b is a 2-dimensional vector. The matrix A is composed
of transposed vectors of two lesser principle components. The vector b is defined as
b = −A F̄ n , where F̄ n is the vector of average finger forces.
According to Theorem 1, if there are functions f 1 (F1n ), f 2 (F2n ), f 3 (F3n ), f 4 (F4n )
satisfying Č f  (F n ) = 0 on the plane (45), then they coincide with gi in (42) up to linear terms. Since the experimental points tend to form a plane the following functions
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f i can be chosen:
f i (Fin ) = ki Fin + wi
and f i :
f i (Fin ) =

ki
Fn
2 i

2

+ wi Fin .

(46)

Now, the inverse optimization problem consists of finding coefficients k1 , k2 , k3 , k4
and values w1 , w2 , w3 , w4 for which the plane Č(K F n + w) = 0 (where K =
diag (k1 , k2 , k3 , k4 ), w = (w1 , w2 , w3 , w4 )T ) coincides with the plane AF n + b = 0.
However, such ki do not always exist. Since both the experimental plane (45) and the
matrix C are known imprecisely, it might happen that for a given experimental plane
these coefficients cannot be determined, while it can be done for a plane lying very
close to the experimental one.
For this reason we searched for the values ki that minimize angle α between the
planes Č K F n = 0 and AF n = 0, assuming k1 = 1 for normalization. This problem
was solved numerically. The minimum α equals 2.7±0.5◦ , confirming that the desired
plane is indeed close to the experimental one. Moreover, the plane Č K F n = 0 gives
just 0.2±0.1% less variability of the centered experimental data than the experimental
plane (45).
The vector w was chosen to have minimal length. It can be easily shown that such
a vector is defined by the formula:
w = −Č K F̄ n .
Thus, we found functions f i satisfying the equation Č f  (F n ) = 0 for all F n lying on
the plane Č(K F n +w) = 0, which approximates the experimentally observed optimal
finger forces. According to Theorem 1, the functions gi in (42) are the following:
gi (xi ) = r f i (Fin ) + qi Fin + consti
and thus

gi (xi ) = r

ki
Fn
2 i

2


+ wi Fin + qi Fin + consti .

(47)

Here r is a nonzero number and qi are any numbers satisfying the equation Čq = 0,
q = (q1 , q2 , q3 , q4 )T .
Since the objective function can be estimated only up to the class of essentially
similar functions, one can assume consti = 0 and r = ∓1. The sign of r is chosen in
such a way that the resulting objective function corresponds to minimization problem.
The vector q can be represented as follows:
q = c 1 p1 + c 2 p2 ,
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Table 1 Parameters of the
estimated objective function

w1

w2

w3

w4

Subject

k1

k2

k3

k4

1

1.00

2.95

3.03

9.28 −2.70

1.92

2

1.00

1.72

2.36

3.82 −0.51

0.82 −0.11 −0.20

3

1.00

1.54

1.77

3.24 −0.27

0.22

4.25 −3.48
0.37 −0.32

where p1 , p2 are arbitrary numbers, c1 and c2 are columns of the transposed constraints
matrix C T . Thus,
qi = p1 + di p2 .

(48)

Substituting the values of gi from (47) and qi from (48) in (42) leads to the expression
for the desired objective function:
1
Jˆ =
ki Fin
2
4

i=1

2

+

4


(wi + p1 + di p2 ) Fin .

(49)

i=1

The values ki and wi for all subject are given in Table 1. We would like to emphasize
that all coefficients ki are positive for all subjects, meaning that the estimated objective function is feasible (it really reaches its minimum on the idealized experimental
surface).
The theorem of uniqueness requires the hypersurface of solutions to be known.
In this example we dispose only limited set of data points, which, in addition, are
subjected to noise. We idealize this data by assuming that it tends to lay on a hyperplane. However, it may happen that in ideal experiment the ideal hypersurface would
be slightly different from the hyperplane and consequently, the real objective function
would differ from the estimated one. Thus, the estimated objective function represents
a quadratic approximation of real objective function. In general, this approximation is
as good as the approximation of the experimental data with the hyperplane. To illustrate the quality of the estimated objective function we solved the direct optimization
problem with the objective function (49) and the constraints (43). The values in the
right side of the constraints equations (43) were computed from the experimental data.
Since the solution of the direct optimization problem does not depend on parameters
p1 and p2 , they were set to be zero. The average errors were computed for every finger as the average absolute difference between the experimentally observed value of
the normal force and the one predicted by the optimization problem. The correlation
between the predicted and experimental data and the average errors are presented in
Fig. 3.
In this procedure we used the same set of data both to estimate the objective function
and to illustrate its use in approximating the experimental results. To further validate
our method and the assumptions on which it is based, e.g. that the objective function
is additive and the plane is an acceptable approximation of the experimental data, we
performed additional computational experiments in which estimation and validation
sets of data were separated. For each subject we selected 60 random data points and
used them to estimate the objective function. Then we solved the forward optimization

123

217

An analytical approach to the problem of inverse optimization

445

Fig. 3 The correlation between the experimental data and the solution of the direct optimization problem
for the normal finger forces. Each point corresponds to a particular combination of the external torque,
the load force and the grip force. The errors were computed as average absolute difference between the
experimental data and the corresponding solutions of the direct optimization problem

problem with this objective function and compared the corresponding solutions with
the remaining 20 data points. We performed this procedure 50 times for each subject
and computed the average errors of the results of the forward optimization. We found
that the average errors were only slightly larger (<20%) than those shown in Fig. 3
and did not exceed 0.6 N; the coefficients ki were always positive.

5 Discussion
In this paper we analyse the problem of inverse optimization, which consists of finding
an unknown objective function given the values, at which the function reaches its minimum, for a set of different constraints. This problem often arises when the principles of
control of human movements are studied (Engelbrecht 2001). Nowadays, the inverse
optimization problem is usually approached with the cut-and-try method. As a consequence, a number of different objective functions have been proposed to explain the
control of the same motor task (Collins 1995; Cruse et al. 1990; Pataky et al. 2004).
The attempts to approach the inverse optimization problems more systematically
are rather rare. Some theoretical results were obtained in the problem of the correction
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of a known objective function in linear programming and the theory of combinatorial
optimization (Ahuja and Orlin 2001). Recently Bottasso et al. (2006) proposed a systematic approach to identifying unknown parameters of the objective function taking
into account possible inaccuracy of the experimental data. Siemienski (2006) proposed an approach to non-parametric identification of an unknown objective function
from experimental data for a specific class of additive objective functions, which
are minimized subject to a single linear constraint. Siemienski was among the first
to emphasize that the inverse optimization problem should be regarded for a set of
different constraints.
The purpose of the current study is twofold: to develop a method for non-parametric
identification of the objective function in the inverse optimization problem and to
obtain sufficient conditions on the set of constraints (and the objective functions
themselves) that would guarantee the uniqueness of the solution of the inverse optimization problem. We focus our analysis on the class of the inverse optimization
problems with additive objective functions and linear constraints. This class includes
various aspects of the force sharing problem, which is one of the most common inverse
optimization problems in the science of human motions.
We show that for any value, which minimizes the additive objective function, almost
unique identification of the function can be performed. The dimension of the space of
such values must be equal to the dimension of the constraints in the problem. From
the practical point of view this means that, in order to solve the inverse optimization
problem, one should be able to vary independently the values of every constraint. We
note that this condition was not met in most studies where an objective function was
proposed to optimize various motor tasks. We believe that one of the reasons for a variety of different objective functions in the case of force sharing is insufficient amount
of experimental conditions that were used to determine the objective function. The
conditions of the Uniqueness theorem proved here can be used to plan the experiments
directed to identifying the objective function.
Moreover, we use the Uniqueness theorem to propose a method of solving
the inverse optimization problem. To determine the additive objective function of n
variables minimized subject to k constraints one can find any n − k independent additive functions, which equal zero on the k-dimensional hypersurface of the experimental
data. Of course, in reality one has only a finite number of experimental observations
and, therefore, these data should be used to determine the idealized hypersurface. The
latter cannot be unambiguous since it represents an attempt to estimate non-parametrized function from limited set of noisy data. Roughly speaking, our method provides
as accurate estimate of the objective function as is the idealization of the hypersurface.
In this study we restrict our analysis to the problems with equality constraints
only. Usually “real-life” problems have both equality and inequality constraints. The
analyzed problem of the finger force sharing in grasping can be considered as an
example. Indeed, the normal forces of the fingers cannot be negative or exceed their
maximal values while the magnitudes of tangential forces cannot exceed the magnitudes of the normal forces multiplied by the friction coefficient. Nevertheless, the
developed method can be applied to this problem because the inequality constraints are
“passive”, which means that all experimental points are inside the set defined by the
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inequality constraints and not on the boundary of this set. In the context of the inverse
optimization problem, the passive inequality constraints can be ignored. On the contrary, if all the data points are on the boundary of the constraints, such constraints
become “active” and should be treated the same way as any other equality constraints.
The case when for some subset of data the inequality constraints are active and for the
other they are passive cannot be approached with the proposed method.
Developing our method we assumed that the given experimental data result from the
minimization of an additive objective function subject to the known linear constraints.
This assumption keeps out of the scope the question of the existence of solutions of
the inverse optimization problem. In practical applications the researcher can rarely
know for sure that the observed experimental data indeed corresponds to a solution
of an optimization problem. In this case he/she can assume the latter and apply the
method keeping in mind that the estimated function must be verified to ensure that it
really reaches its minima on the observed data.
We illustrate the applicability of our method by analysing a “real-life” example
of the force sharing problem in grasping. We demonstrate how the conditions of the
Uniqueness theorem can help planning the experiment. We found that, in order to
estimate the objective function used for the normal finger forces distribution, it is necessary to vary the external torque applied to the handle and the total grip force of the
fingers. We would like to note that in most previous attempts to estimate this objective
function the external torque and the load force were varied instead.
We use our method to estimate the objective function from the experimental data.
The resulting objective function is quadratic with nonzero linear terms. Polynomial
and, particularly, quadratic objective functions have been proposed for force sharing
problem, however they did not include linear terms. It must be emphasized here that
the fact that the estimated objective function is quadratic follows from the planarity of the surface of experimental data. Since the experimental data was limited and
noisy the real objective function may be different from the estimated one. Thus, the
result should be treated as a quadratic approximation of the real objective function.
In order to illustrate the precision of this approximation we solve the direct optimization problem and compare the solutions with the experimental data. The ability
of the objective function to explain the experimental data is illustrated by Fig. 3. In
addition, we estimated the objective function on randomly selected subset of data
and then validated the estimated function on the remaining data. It appeared that the
average performance on the new data was comparable to the one when the same data
set was used both for estimation and validation. The latter confirms that at least in
the regarded example, the method performs rather robustly and the estimated objective function can be used, of course, with limitations, to predict new experimental
data.
We believe that the method we propose can be helpful in analysis of principles
underlying the control of human movements. It can be applied to a vast range of
problems, especially to various forms of the problem of force sharing. This method
provides a mathematical tool for an almost unambiguous identification of the objective function from experimental data, however the question of its interpretation still
remains unanswered.
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Appendix
We present here the proofs of the theorems and lemmas formulated in the text.
Lemma 2 Consider the following optimization problem:
J (x) = J 1 (x 1 ) + J 2 (x 2 ) → min
such that
C x = b, x ∈ X,

(50)

where the groups of variables x 1 and x 2 are composed of components of x with indexes
I 1 and I 2 respectively, C is a k × n-matrix (k < n), rank C = k, b is a k-dimensional
vector.
Then the groups of variables x 1 and x 2 are independent for the corresponding
optimization problem if and only if there is a matrix D, det D = 0, such that in every
row of the matrix DC all elements with either indexes I 1 or I 2 are equal to zero.
Proof For simplicity we assume that x 1 corresponds to the first m components of x
and x 2 to the remaining n − m components.
Suppose there is a matrix D such that:

DC =

A1

0

0

A2




,

Db =

a1
a2


.

Then the constraint (50) splits into two:
A1 x 1 = a 1 ,

A2 x 2 = a 2 .

Thus, the set of all x 1 satisfying (50) does not depend on x 2 and vice versa.
Consider a set of objective functions Jx̂12 = J 1 (x 1 ) + J 2 (x̂ 2 ) parametrized by x̂ 2 .
All these objective functions are essentially similar and thus are minimized by the
same value x 1∗ under all possible constraints. The same holds for Jx̂21 . Since in addition to that the constraints for x 1 do not depend on x̂ 2 and vice versa the groups of
variables x 1 and x 2 are independent.
Now, assume that x 1 and x 2 are independent. The objective functions Jx̂12 are essentially similar for all x̂ 2 . The same is true for Jx̂21 . Thus, the groups of variables x 1 and
x 2 can be independent only if the constraints on x 1 and x 2 are independent, i.e. the
set of all x 1 satisfying (50) does not depend on x̂ 2 and the same for x 2 .
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Let C 1 be the matrix comprised of the first m columns of C and C 2 be the matrix
comprised of the remaining n − m columns. The Eq. (50) can be rewritten as
C 1 x 1 + C 2 x 2 = b.

(51)

The Eq. (51) holds for every x 1 ∈ S 1 ∩ X and x 2 ∈ S 2 ∩ X , where S 1 and S 2
are some affine subspaces of dimensions k 1 and k 2 respectively. Since X is an open
domain in Rn and the matrix C has rank k, we have k 1 + k 2 = k.
Consider the linear space of all rows d 2 such that d 2 C 1 = 0. Since the matrix
C 1 has rank k1 , the dimension of this space is k 2 . Hence there exist a k 2 × k-matrix
D 2 , rank D 2 = k 2 , such that D 2 C 1 = 0. Similarly, there exists a k 1 × k-matrix D 1 ,
rank D 1 = k 1 , such that D 1 C 2 = 0. The matrix

D=

D1
D2



has nonzero determinant since the matrix C has full rank. One can see that the matrix
DC is block diagonal.


Proof of Lemma 1 Fix b in (11) and consider the corresponding direct optimization
problem. Since the objective function J is differentiable it satisfies the Lagrange minimum principle. The Lagrange function L is
L = λ0 J (x) + (C x − b, λ)

(52)

where (·, ·) denotes the scalar product, λ = (λ1 , . . . , λk )T is a k-dimensional vector,
λ0 ≥ 0 is a number. It can be easily shown that λ0 is strictly positive and, thus, we
can assume it to be one.
According to the Lagrange principle, if x is a solution of the problem (10), (11)
then there is a non-zero vector λ such that x minimizes L. Since L is smooth, it means
that
∂L
(x) = gi (xi ) + CiT λ = 0, for i = 1, . . . , n,
∂ xi
where Ci is the ith column of C.
In the vector form these equations can be written as
g  (x) + C T λ = 0.

(53)

Excluding λ from (53) leads to (12), (13). Since this reasoning holds for all b ∈ B, it
also holds for all x ∈ X ∗ .


Proof of Theorem 1 I. The case of an elementary optimization problem, k = n − 1.
In this case the matrix Č has rank one and therefore the equation Č g  (x) = 0 is
equivalent to the following scalar equation
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a1 g1 (x1 ) + · · · + an gn (xn ) = 0,

(54)

where a = (a1 , . . . , an ) is any row of Č.
The coefficients ai are non-zero. Indeed, if any of them is zero then the matrix Č is
block-diagonal (or can be made block-diagonal by reordering the rows and columns
with the same indexes). The latter contradicts to the fact that the initial problem is
non-splittable.
Let us now prove that if the functions f i satisfy (54) on X ∗ then they coincide with

gi up to a constant.
Using the Taylor decomposition in a vicinity of a point x ∈ X ∗ we obtain that
a1 g1 (x1 )d x1 + · · · + an gn (xn )d xn = 0,
a1 f 1 (x1 )d x1 + · · · + an f n (xn )d xn = 0,
which holds for every vector d x = (d x1 , . . . , d xn )T in the tangent space to X ∗
at x. Since the dimension of the tangent space is n − 1, it means that the vectors
T
T
a1 g1 (x1 ), . . . , an gn (xn ) and a1 f 1 (x1 ), . . . , an f n (xn ) are collinear. Therefore
there exists a scalar function r (x) on X ∗ such that
ai f i (xi ) = r (x)ai gi (xi ), for i = 1, . . . , n.

(55)

We shall show that r (x) does not depend on x. To this end we express the variable x1
as a function of other variables on the hypersurface X ∗ :
x1 = h 1 (x2 , . . . , xn )
and transfer the Eq. (55) into:
f i (xi ) = r̃1 (x2 , . . . , xn )gi (xi ), i = 1, . . . , n,

(56)

where r̃1 (x2 , . . . , xn ) = r (h 1 (x2 , . . . , xn ), x2 , . . . , xn ).
The Eq. (56) holds for all x2 , . . . , xn . Since xi , i = 2, . . . , n can be varied while all
x j ( j = 2, . . . , n and j = i) remain constant, the function r̃1 is constant and hence,
so is the function r .
Integrating (55) twice leads to
f i (xi ) = rg(xi ) + qi xi + consti ,

(57)

where qi must satisfy
a1 q1 + · · · + an qn = 0.
II. The general case, 2 ≤ k < n − 1.
As it was noted above, for arbitrary n solving the problem of inverse optimization
can be reduced to solving a number of elementary subproblems. Thus, to prove the
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theorem in the general case it suffices to show that for every i there exists a non-splittable elementary subproblem containing gi and that the coefficient r in (57) is the
same for all gi .
First we show that if C is a non-splittable k × n-matrix then for every column c
of the matrix C there exists a non-splittable s × (s + 1)-minor C̃, rank C̃ = s, s ≥ 2
resting on c.
Assume by contradiction that the statement does not hold for some column c of C,
that is every s × (s + 1)-minor, s ≥ 2, of C resting on c is splittable. We prove that
in this case every s × m-minor, m ≥ s + 1, s ≥ 2, of C resting on c is splittable. We
shall use induction over s and m.
The proof is evident for s = 2 and arbitrary m. We prove that if this holds for all
s  × m  -minors, where s  ≤ s and m  ≥ s  + 1, and it holds for (s + 1) × m-minors
then it also holds for (s + 1) × (m + 1)-minors. Since the property holds for every
s × (s + 1)-minor the latter would prove it for all s × m-minors with m ≥ s + 1.
Let B be an arbitrary s × (m + 1)-minor of C resting on the column c. It is splittable
according to the induction assumption and thus there exists a matrix D such that:

DB =

D 11 D 12




B=

D 21 D 22

B 11

0

0


.

B 22 b23

0

Here D 11 is a s 1 × s 1 -matrix, and respectively, D 22 is s 2 × s 2 , B 11 is s 1 × m 1 , B 22
is s 2 × m 2 , b23 is s 2 × 1.
Let B  be a (s + 1) × (m + 1)-minor such that its first s rows coincide with those
of the minor B. Then
⎛

D 11 D 12 0

⎞

⎛

B 11

⎜
⎜
⎟
D  B  = ⎝ D 21 D 22 0 ⎠ B  = ⎝ 0
0

0

b31

1

0

0

⎞

⎟
B 22 b23 ⎠ .
b32 b33

Here b31 is 1 × s 1 , b32 is 1 × s 2 , b33 is scalar.
Consider (s+1)×m-minor B  composed of all but the last column of B  . The matrix

D B  is splittable and hence, either there exists a row d 31 such that d 31 B 11 + b31 = 0
or there exists a row d 32 such that d 32 B 22 + b32 = 0. If the former is true, then B 
is obviously splittable. In particular, it is the case when B 11 is a column. Assume the
latter is true and B 11 consists of at least two columns. Then
⎛

D 11

⎜
D  B  = ⎝ D 21

D 12
D 22

0

⎛

⎞

B 11

⎜
⎟
0 ⎠ B = ⎝ 0

d 32 D 21 d 32 D 22 1

b31

0

0

B 22

b23

0

d 32 b23 + b33

⎞
⎟
⎠.

Consider an (s + 1) × m-minor B  composed of all but the first column of B  . Since
B  is splittable, there exists a row d 33 such that d 33 B 22 = 0 and d 33 b23 + d 32 b23

224

123

452

A. V. Terekhov et al.

+ b33 = 0. Thus,
⎛
⎜
D  B  = ⎝

D 11

D 12

D 21

D 22

0

⎞

⎛

B 11

⎜
⎟
0 ⎠ B = ⎝ 0

(d 32 + d 33 )D 21 (d 32 + d 33 )D 22 1

b31

0

0

0

0

⎞

⎟
B 22 b23 ⎠ ,

which proves that B  is splittable.
We proved that any s ×m minor of C resting on c is splittable. In particular, it means
that the matrix C is splittable contradicting to the assumption of the theorem. Hence
for every column c of the matrix C there exists a non-splittable s × (s + 1)-minor
C̃ s ≥ 2.
It can be proved that for every two rows c1 and c2 of the matrix C there exists a
non-splittable s × (s + 1)-minor C̃, s ≥ 2, of the matrix C. The proof of this fact is
similar to the previous one and is omitted.
Now, we prove the theorem for the general case. Assume there are functions f i (xi ),
i = 1, . . . , n satisfying the equation Č f  (x) = 0 on X ∗ .
Consider any function gi . There exists a non-splittable s × (s + 1) minor resting on
i-th column of C. Let C̃ be one of the minors with the largest s. Assume this minor
rests on the rows with indexes I. Now consider any elementary subproblem with the
constraints matrix C  , which includes the columns with indexes I. If the matrix C 
does not coincide with the minor C̃ then the elementary subproblem is splittable. Split
it and consider the subproblem with the constraints matrix including the columns with
indexes I. Proceeding in this way we come to a non-splittable elementary subproblem
with the constraint matrix C̃.
It can be shown that the functions f i satisfy the equation C̃ˇ f˜ = 0, where f˜ consists of the elements of f  with indexes I. For this problem the theorem has been
already proven and therefore the Eq. (57) holds for all i ∈ I.
The same procedure can be performed for all sets of indexes. The scalar r in (57)
is the same for all i = 1, . . . , n since for every i 1 and i 2 there exists an elementary
subproblem, which contains both gi1 and gi2 . Obviously, the constants qi must satisfy
Čq = 0.
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