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Abstract
The basal roughness of glaciers and ice sheets is an important parameter controlling ice flow.
Ice will generally slide faster over a smoother bed than a rougher one, but the horizontal scale of
roughness is as important as its amplitude. Studies of basal roughness to date have used airborne
radar data, which capture kilometer-scale roughness well, but for which it is challenging to
resolve the smaller-scale roughness that is likely more important to ice flow. Here we present the
results of a ground-based radar survey to study basal roughness on the scale of 10s to 100s of
meters, and relate these observations to basal conditions. The data are from Thwaites Glacier,
West Antarctica, one of the largest and fastest-flowing outlet glaciers on the continent, as well as
one that is thinning rapidly and contributing to sea-level rise. We assess the value of different
methods for quantitatively characterizing roughness using radar data, including bed-echo
intensities, along-track root-mean-square (RMS) deviation of the basal topography, and spectral
and wavelet analysis of the basal topography. We find that roughness is greater across-flow than
along-flow, and greater downstream than upstream in our study area. This spatial organization
results from a combination of pre-existing topography and glacial erosion. The multi-method
analysis allows us to robustly characterize basal roughness in our study area. We correlate our
results with existing models of greater basal shear stress downstream, and infer the presence of
subglacial water. Finally, we clarify the nature of the relationship between basal conditions and
roughness and relate our findings to those of similar studies.
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1 Introduction
This thesis presents a study of subglacial roughness beneath Thwaites Glacier in West
Antarctica. This work is directly related to potential ice-sheet mass loss to sea-level rise and its
effects on human society. According to the 2007 report of the Intergovernmental Panel on
Climate Change, the ice sheets of Antarctica have the potential to contribute up to 56.6 m of sea
level rise (IPCC, 2007). The Western Antarctic Ice Sheet has long been identified as being
unstable and in danger of disintegrating (Hughes, 1973). It has experienced the fastest warming
in the southern hemisphere (3 K since 1951; Meredith and King, 2005), and 87% of the glacier
fronts have retreated over the last 50 years (Pritchard and Vaughan, 2006). It is essential that we
improve our understanding of the ice sheets to predict what will happen in the future.
Ice sheets flow under their own weight and lose mass at their edges by melting or the calving of
icebergs. Mass loss increases when ice flow accelerates, in the absence of an increase in snow
accumulation. Basal roughness is incorporated in models of ice flow dynamics but is poorly
constrained. Bed roughness and basal shear stress are intrinsic components of sliding velocity
calculations (Weertman, 1957; Nye, 1969; Kamb, 1970), but these boundary conditions are
generally poorly known. These inadequacies in ice-flow models have limited our ability to
forecast how glaciers and ice sheets will behave in the context of ongoing climate change (IPCC,
2007).
Roughness is a measure of deviations from a perfectly smooth surface. In this thesis we address
roughness at the interface between the overlying ice and the underlying substrate (bedrock or
unconsolidated sediment). We examine both roughness amplitude (the size of the deviation at all
wavelengths) and anisotropy, which are important physical characteristics of the bed that
influence glacier flow.
Basal roughness is influenced by ice-flow direction, ice dynamics, lithology and geological
structure (Siegert et al., 2005) because of the basal erosion and depositional processes. Previous
studies of Antarctic basal roughness, summarized and extended by Bingham and Siegert (2009),
used ice-penetrating radar data collected in the 1970s by the SPRI-NSF-TUF consortium. The
spatial resolution of these data ranges from 102–103 m. These analyses applied spectral methods
to quantify roughness over horizontal distances of 60–100 km. More recent approaches have
used the slopes of roughness profiles to further interpret roughness in the vertical dimension (Li
et al., 2010). Siegert et al. (2004) analyzed roughness in West Antarctica and showed that the
Siple Coast and the Ronne ice streams have smoother basal topography, while inter-ice-stream
ridges are rougher, and that upstream areas are rougher than downstream coastal areas. The
smoother areas were attributed to erosion and sediment transport by warm, fast ice flowing
downstream, while the rougher areas upstream and on ridges were interpreted to indicate colder
and slower ice. Low bed roughness is correlated with the presence of deformable marine
sediments. Studies in East Antarctica, which has a continental rather than a marine setting,
compared basal roughness with basal temperature models (Siegert et al., 2005) and found that
beds that are rough at all wavelengths are overlain by colder ice, while beds that are smooth at all
wavelengths are overlain by warmer, faster-moving ice, and beds with smooth high-frequency
topography and rough low-frequency topography (e.g., Dome C) have undergone subglacial

erosion. On a regional scale, Bingham and Siegert (2009) suggest that basal topography in West
Antarctica gets smoother downstream towards the coast.
More recent bed-elevation datasets were compiled by the BEDMAP consortium (Lythe and
Vaughan, 2001), and collected during the Airborne Geophysical Survey of the Amundsen
Embayment (AGASEA; Holt et al., 2006), both of which presented 5-km gridded basal elevation
data. These datasets have been used to assess basal conditions on regional scales (e.g., Rippin et
al., 2005; 2009).
In this study, we use existing and novel roughness metrics to analyze basal roughness in an icepenetrating radar dataset collected across upper Thwaites Glacier. These processed data have a
horizontal posting of 11.4 m along-track, allowing us to conduct a localized analysis of
roughness on finer scales (100–103 m) than has been previously done with airborne radar data (in
which data are collected at approximately 100-m intervals). In this sense, the current study is
more geographically focused than traditional regional-scale analysis of the basal roughness of ice
sheets, since we examine basal roughness within an area of only ~1350 km2, rather than the
whole of Antarctica or an entire glaciological basin. As suggested by Bingham and Siegert
(2009) we further evaluate the utility of the different metrics in quantifying basal roughness. We
compare the spatial pattern of roughness in our survey area with a model of basal shear stress
estimated from model-based inversion of observed ice velocity and thickness (Joughin et al.,
2009). Our findings complement existing theoretical discussions (Hindmarsh, 2000) on the
effects of anisotropic beds on ice dynamics.
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2 Data
2.1

Study Area

Thwaites Glacier and the adjacent Pine Island Glacier are part of the Amundsen Sea Embayment
in West Antarctica. They are among the largest outlet glaciers in West Antarctica.
The Amundsen Sea Embayment is the region of Antarctica that is losing the most mass.
Thwaites Glacier contains more than 280,000 Gt of ice and would raise sea level by 0.55 m if it
were to melt completely (Rignot et al., 2002). The mass loss of Thwaites Glacier increased from
41 ± 27 Gt a–1 in 1996 to 90 ± 27 Gt a–1 in 2006; the latter quantity represents nearly half the
total mass loss of Antarctica in 2006 of 196 ± 92 Gt a–1 (Rignot et al., 2008). Thwaites Glacier
itself discharges 55 ± 5 Gt a–1 into the Amundsen Sea (Rignot, 2001). Basal melt exceeds 0.4 m
a–1 at the grounding line, while the basin-wide average melt rate is 18.7 mm a–1 (Joughin et al.,
2009). These relatively high melt rates occur where the bed is thawed in many places due to
relatively thick ice, fast flow and high geothermal flux.
Early attempts to determine Thwaites Glacier’s velocity involved using Landsat satellite imagery
found an average velocity of 2.84 ± 0.31 km a–1 for the period 1984–90 (Ferrigno et al., 1993).
Studies based on more recent European Remote Sensing Satellite Synthetic Aperture Radar
(ERS-1/2 SAR) data have estimated speeds ranging from 2.2 km a–1 above the grounding line to
3.4 km a–1 at the front of its ice tongue (Rosanova et al., 1998), making it the fastest moving ice
stream in West Antarctica. Acceleration near the grounding line is attributed to the recent but
pre-observational loss of a large buttressing ice shelf; a large portion of the tongue that was
previously connected with the glacier tongue broke off and drifted away at the end of the 1980’s
(Ferrigno et al., 1993). The current glacier tongue does not exert significant backpressure on the
surrounding ice as crevasses and rifts beyond the grounding line have largely detached parts of it
from the main glacier body (Rignot, 2001). The center of the glacier is thinning at a rate of 3.2 ±
0.6 m/yr and the grounding line retreated 1.4 ± 0.2 km between 1992 and 1996 (Rignot, 2001).
Models of the basal shear stress for Thwaites Glacier, calculated based on ice thickness and iceflow velocity data, show a strong bed extending 80 km inland from the grounding line, beyond
which are flow-perpendicular areas of weaker bed interspersed between stronger resistive beds
(Joughin et al., 2009).
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Figure 1: (A) Locations of Thwaites Glacier and adjacent Pine Island Glacier. The red box
highlights the survey area. (B) Inset of Antarctica showing location of survey.
To further investigate the dynamic behavior of Thwaites Glacier, a field team from the Center for
the Remote Sensing of Ice Sheets (CReSIS) carried out ground-based geophysical surveys
(radar, seismic and GPS) along a central flowline of the glacier during the austral summer of
2008–9 and 2009–10 (Figure 1). This thesis focuses on results derived from the radar data. The
bed elevation in the survey area lies within a range of 1500 to 2000 m below sea level.
2.2

Radar Data

We performed a ground-based ice-penetrating radar survey within an area of upper Thwaites
Glacier that was approximately 37 km along-flow and 14 km across-flow. The spacing of the
survey lines within the grid is approximately 1 km. We collected 26 lines, with the along-flow
lines as ‘L’ lines, and the across-flow lines grouped into two sets based on their locations
upstream (‘V’ lines, in the “valley” of lower basal shear stress) and downstream (‘R’ lines, along
the “ridge” of higher basal shear stress) of the survey grid (Figure 2).

4

Figure 2: Map of radar survey lines. Basal shear stress contours (25 kPa contour interval) from
Joughin et al. (2009) are shown in pink. As the glacier flows downstream, it encounters a
“ridge” of high basal shear stress.
Raw data (with a center frequency of 150 MHz, a bandwidth of 30 MHz and a pulse-length of 10
 s were collected at 41-cm intervals along-track averaged into traces with a horizontal posting
of 11.4 m. The radar, originally designed to be airborne but modified to be ground-based, is part
of CReSIS’ arsenal of sensors. Its fundamental design is more fully described by Paden et al.
(2010). The processing of the radar data included low-pass filtering, range compression, f–k
migration (coherent SAR), coherent and incoherent averaging, and waveform and receiver
balancing; processing steps are overall similar to those described in Legarsky et al. (2001). The
Penn State Environment for Seismic Processing, a semi-automatic Matlab script designed for the
interactive picking of reflector traveltimes and amplitudes, was used to measure the traveltime of
the bed reflection.



The velocity of radar waves in ice is 167 m/s. The wavelength of the radar in ice, c , is 1.12 m,
calculated using (eg. Hubbard and Glasser, 2005)
Equation 1

c

c 



r



fr
where c is the radio-wave speed in free space, 3.0  108 m/s, is the real part of the relative
dielectric permittivity of ice (3.2), and
is the radar frequency. The vertical resolution of the
radar is one quarter of the radar wavelength (0.28 m). The horizontal resolution of the radar
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ranges from 23 m at a bed depth of 995 m, to ~29 m at a bed depth of 1452 m, given by the first
Fresnel zone, F, (Hubbard and Glasser, 2005, simplified from Robin et al., 1969):
Equation 2

F



c h



c 2

,
2
16
where h is the depth to bed. The mean horizontal resolution is 26.5 m, which is the primary
radius illuminated by the radar system antennae, also known as the radar’s footprint. Objects
smaller than the horizontal resolution are not accurately represented in the data, nor are multiple

objects within the limits of horizontal
resolution distinguishable.
Numerous englacial reflectors appear throughout the radar echograms (Figure 3) but here we
focus on the reflection from the ice bottom. This reflection is generally the strongest because of
the dielectric contrast between the basal ice and the underlying substrate.

Figure 3: Radar profile of the 'L' Line showing basal topography. Flow is to the right of the
page, and the bed elevation is increasing downstream.
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3 Measuring Roughness
3.1

Review of Previous Studies

Roughness can be quantified as either the RMS deviation (for series of x values of length n), as
Equation 3
n

1
(x i  x ) 2

n i1
or as the arithmetic deviation
Equation 4



n

1
 xi  x .
n i1
These aggregate numbers do not include a measure of either wavelength or direction (anisotropy)
but are useful as a metric for comparing regions.

There are two fundamental models
of glacier-bed roughness: the “tombstone” model of
Weertman (1964) and the “band-limited” roughness models of Nye (1969, 1970), Kamb (1969),
and others. Using these models, estimates of basal sliding velocity as functions of the roughness
parameters can be made. When quantifying roughness, we must consider the relationship
between the roughness scale and basal sliding. Basal sliding is attributed both to regelation and
enhanced creep. The former is a combination of pressure melting and refreezing, and the latter is
the plastic flow of ice around obstacles (Weertman, 1964). In that study, the bed is made up of a
regular grid of cubic obstructions of dimension a, on planar horizontal bedrock spaced at λ. The
roughness of the bed, R , is defined as:
Equation 5

R

a



Nye (1969, 1970) and Kamb (1970) improved upon Weertman’s model by using a bed geometry
comprised of superimposed sinusoids. They described roughness by spectral power density and a

spectral roughness function, respectively,
based on Fourier transforms of idealized basal
topography.
Regelation is the dominant process by which ice “slides” around small obstacles. The regelation
speed U1 is:
Equation 6

CK
L aR 2
where C is the pressure dependence of melting point, usually 10-8 K/Pa, K is the thermal
conductivity of bump, Lp is the latent heat required to melt ice, a is bump size and  is the basal
U1 
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shear stress of ice.
Enhanced creep is most effective over large obstacles; it produces a strain rate proportional to
12  n
 2  where n is about 3. The enhanced creep speed, U 2 , is described as
R 
Equation 7

(n 1)/ 2 aA(
U2  2(3)




2R 2

)n

where A is the softness of ice. Weertman used Glen’s non-linear flow law for ice in his model,
and took the strain rate of ice to be proportional to the third power of the stress (n = 3). This
reduces Equation 7 to

Equation 8
3

  
aA 2 
R 
U2 
36
At a certain “controlling” obstacle size, ac , regelation and enhanced creep contribute equally to
basal drag ( U1  U2 ) and more drag is exerted on the base than at any other size. The controlling
obstacle size is where basal sliding is slowest and erosion peaks. It is defined as

Equation 9




1/ 2

CK 
ac  2(n1)/ 2 3(n 1)/ 4 T (1n )/ 2 R(n1)
AL 

  

When we assume all basal resistance arises from this bump size, the summation of the
contributions from the two mechanisms of regelation and creep gives the total sliding speed, U,

to be
Equation 10
1/ 2

(3n )/ 2 (n 1)/ 4

U 2

3

 1/ 2 n 1CKA 

  


 R   L 

which simplifies when n=3 to
Equation 11



B 2
R4 ,
where B is a constant, and the strong dependence of basal sliding upon roughness is evident.
U  U1  U 2 

Several issues with Weertman’s model arise from its simplicity. For instance, it involves

uniformly spaced rectangular blocks on a flat surface. It also assumes that the obstacles of the
bed are of uniform size and homogenous distribution. This makes the model unrealistic in its
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simplicity (Hooke, 1998).
The mean basal shear stress,  , is expressed as (Nye, 1970)
Equation 12
2i uk.2



k3
dk ,
2
2

k.

k
0
where S(k) is the spectral power density, S is ice velocity, i is ice viscosity, k is wavenumber
k3
and k* represents the transition wavenumber. A weighing factor, 2
2 accounts for the
k

k
*

varying effects of regelation and enhanced creep on ice flow. Kamb (1969) and Nye (1969)
assumed that ice deforms like a Newtonian viscous material (n=1 in Equation 7) and reached
similar conclusions as Weertman, i.e. that ice slides past obstacles below a controlling obstacle
size, ac , by regelation, and past obstacles above that size 
by creep. They determined that ac
should be on the order of 0.5 m, and also concluded that the total flow velocity was proportional
to basal shear stress divided by the square of roughness.

 

 S(k)

 Their results, while mathematically more elaborate, were ultimately similar to Weertman’s.

Lliboutry (1975) modified this result by suggesting roughness be defined by the square of the
bed slope in the direction of flow, averaged over the bed and weighted by the how much bigger
or smaller obstacles are compared to the controlling obstacle size:
Equation 13
2

1   z 
R     *  dx.dy
D   x 
,

where z(x,y) represents the elevation of the bed above a datum, z* (x,y) is the weighted elevation
and D is the area of the bed.

Kamb (1970) suggesting using a truncated white spectrum where bed features of shorter
wavelengths (less than a few meters) are more subject to abrasion from rock particles imbedded
in regelating basal ice and hence preferentially removed. In addition, when ice-bedrock
separation takes place, features within the separation interval are removed, and this selectively
decreases roughness at shorter wavelengths.

Fowler (1979, 1981) suggested that regelation could be ignored for large-scale flow, and
assumed a sinusoidal bed with a non-linear flow relation to predict sliding velocity:
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Equation 14
a (n 1) n
U F  c 
A
 
where n is a flow parameter usually taken to be 3 (Glen, 1958) and c is a coefficient dependent
on
, where is ice thickness.
 us to study roughness on the scale of meters, a scale close to the
Our horizontal resolution allows
scale of the controlling obstacle size of 0.51 m. Although we are unable to meaningfully
interpret the data on the scale of centimeters, this study examines bed roughness at a smaller
scale than any existing study excepting Hubbard et al. (1999).

3.2

RMS Deviation

To remove the effects of large-scale elevation changes and emphasize variations on the scale of
meters, all data are linearly detrended before any analysis to remove any large-scale (> 10% of
the profile length) trends. This detrending is the subtraction of the least-squares fit of a straight
line to the data from the data itself. Following Shepard et al. (2001), we calculate each profile’s
root-mean-square (RMS) deviation, a simple and commonly reported roughness parameter. RMS
deviation is the root-mean-square of the differences in bed elevations separated by a specific lag:
Equation 15
v(x) 

2

N

1
zB (x i )  zB (x i  x)
N i1

where v, the RMS deviation, is a function of ∆x, the lag separating the points. N is the total
number of data points; Z B is the detrended basal elevation at location xi. We calculated the RMS

deviations for each line using 100 different lags between 12 m (just above the mean sampling
interval of 11.4 m) and 500 m (an adequately small lag, shorter than 10% of the shortest line
which is 6.23 km long).



The RMS deviation of natural surfaces typically has a scale-dependent relationship:
Equation 16
( )
where
is the RMS deviation at the smallest x , and H is a scaling parameter known as the
Hurst exponent (0  H  1). The Hurst exponent and another parameter called the fractal
dimension (D) are used as indicators of behavioral patterns in nature. The Hurst exponent is
related to the fractal dimension by





Equation 17

;
D values of less than 1 represent self-similar, or scaling, behavior, while D values of more than 1
represent self-affine, or fractal, behavior. Self-similar surfaces scale proportionally in all
directions, while self-affine surfaces scale slower in the vertical than horizontal directions and
appear increasingly smooth at larger scales. Hurst exponents are associated with self-affine
10

behavior, with H = 0.5 representing random Gaussian behavior, H > 0.5 representing persistent
phenomena and H < 0.5 representing non-persistent, mean-reverting phenomena.
3.3

Bed-echo intensity

The bed-echo intensity can be a proxy for roughness. The intensity depends on the nature of the
radar system, the amount of energy lost by geometric spreading and dielectric attenuation within
the ice, and the basal reflectivity, which in turns depends on its roughness, among other factors.
High bed-echo intensities are favored by a wet or smooth bed. The bed-echo intensity Pr of a bed
reflection is calculated using (e.g., Peters et al., 2005):
Equation 18
2H 
Pt G 2
Pr 
exp

Rib
2
4 2H 
 La 
where Pt is the transmitted power; G the effective antenna gain; H the ice thickness; La the depthaveraged attenuation length, and Rib the power reflectivity of the ice bottom.

In order to estimate roughness
from bed echo intensity Pr, we first estimate and correct for all
terms in Equation 18 except Rib; we correct for signal loss caused by dielectric attenuation and
geometric spreading and assume that variations in Rib are due to either changes in lithology or
due to variations in roughness. High-frequency dielectric attenuation depends on impurity
concentrations and temperature; we model attenuation at upper Thwaites Glacier following
MacGregor et al. (2007), incorporating a high-frequency ice-conductivity model based on Siple
Dome acidity and chloride concentrations, and a Robin temperature profile based on a steadystate temperature distribution with no horizontal advection (Robin, 1955 and Patterson, 1994).
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Increasing roughness, as measured by increasing RMS deviation, is responsible for the shift from
specular reflection to diffuse backscatter. Following Boithias (1987) and Peters et al. (2005), an
RMS phase variation of order  will result in a reduction of specular reflection from that of an
ideal smooth reflection by a factor of  , as in
Equation 19





,
where I0 is a modified zero-order Bessel function and g is the root-mean-squared phase variation.



 g2
 2

  exp  g 2 I 0 2 

The presence of water is suggested by high reflectivies. This is due to differences in the
dielectric contrasts at interfaces where ice, water or bedrock meet. We calculate the hydraulic
potential, , as (eg. Paterson, 1994)
Equation 20

  i gzs  g(w  i )zb ,
where zs is surface elevation,  is the density of water or ice depending on the subscripts w or i
respectively, g is gravity. Water flows from regions of high potential to those of lower potential,
and a hydropotential map allows us to infer areas where water is potentially pooling.



3.4

Spectral Analysis

Spectral analysis is a classic time-series analysis tool used to identify if a signal has cyclical
properties. Spectral analysis can be used to analyze spatial data given some statistical
assumptions (Bartels, 1979). In the earth sciences, spectral analysis has been applied to spatial
data for wide range of purposes, such as the detection of environmental cycles in stratigraphic
records (Weedon, 2003), landslide terrain identification (Booth et al., 2009), and even the
identification of orbital signals in Martian deposits (Perron and Huybers, 2009). The two main
methods of spectral analysis we consider are Fourier, or power spectra, analysis, and wavelet
analysis. They are both useful for identifying dominant roughness scales. Unlike existing
roughness studies (e.g., Siegert et al., 2005), we do not use spectral analysis to understand
regional ice dynamics, as our focus is more localized. Rather, as with the other metrics, spectral
analysis is used to quantify roughness in the survey area and compare it to modeled basal shear
stress, as well as to compare across-flow roughness with along-flow roughness.
The Fourier transform is the backbone of spectral analysis. It breaks a signal down into its
composite frequencies by treating the signal as an expression of a sum of sine and cosine waves.
Mathematically, the Fourier transform of the discrete signal x(t) is expressed as:
Equation 21
F f  



 f t e

2 fti



The inverse Fourier transform is


12

dt

.

Equation 22
f (t) 



 F( f )e

(2 fit )

df



.
These equations can also be expressed in terms of radial frequency by substituting 2f with , as
follows:


Equation 23
( )

( )

∫

and the corresponding inverse Fourier transform is:
Equation 24
x(t) 

1
2



 X()e 

(i t )

d



(e.g., Mallat, 1998).
When the Fourier transform is applied to a data series, each point of the series is multiplied point
by point by a cosine waveof given frequency and then summed and multiplied by 2/N, with N
being the number of data points. This calculation gives the average amplitude of the cosine
component with that given frequency. The same is done with a sine wave. The amplitudes of
these constituent components form a periodogram, which shows the energy–frequency
distribution of the signal. There are two equivalent ways to calculate the power spectral density;
the first, by using the conventional Wiener–Khinchin method of calculating the Fourier
transform of the autocorrelation function of the detrended signal (Sharp et al., 1988); the second,
by taking the squared modulus of the Fourier transform of the signal (cf. Hubbard et al., 2000).
We are essentially finding the sample variance of the series over the range of frequencies by
taking the sum of the squared sine and cosine averages. The Nyquist frequency, which is the
highest frequency that can be resolved, is 43 km-1 for our data.
Due to the nature of the periodogram, several pre-processing steps must be taken prior to Fourier
analysis. The data must first be detrended so that large-scale trends do not bias the final
spectrum. Next, to deal with erratic fluctuations in the periodogram caused by the random
distribution of power values above and below the expected spectrum, we smooth the
periodogram, thereby decreasing the data used to calculate individual spectral estimates. The
most common way of smoothing the periodogram is to apply a moving average to each of the
periodogram values in the form of a spectral window. Spectral windowing not only smoothes the
periodogram, it also helps minimize spectral leakage. Spectral leakage occurs when the edges of
data do not line up well. The Fourier transform assumes that a given signal is periodic even at the
edges; if it is not, many extraneous sine and cosine waves are produced that try and match the
data, producing signals that “leak” into, or contaminate, the power spectra. Windowing the data
causes the edges of the data to be closer to the mean or zero value and reduces this problem of
spectral leakage.
For our analysis we use Welch’s averaged modified periodogram method of spectral estimation
(Welch, 1967). Each line is split up into overlapping 1-km long segments; this division reduces
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problems relating to variance by smoothing the spectrum. Each segment is then individually
windowed with a Hamming window to reduce spectral bias. Finally, the squared-magnitude
discrete Fourier transforms of each segment are averaged to get the power spectral density
estimate. We follow Hubbard et al. (2000)’s metrics of roughness characterization. Taking the
integral of the normalized spectral power density, S(k) , we calculate a total roughness index, ,
defined by Hubbard et al., (2000) as
Equation 25


∫ ( ) ,
We also calculate a sliding-related roughness index, , as the integral of the weighted normalized
spectral power density as
Equation 26
∫ ( ) ( ) ,
where W(k) is Nye’s weighing factor, previously outlined in Equation 12. We use a transition
wavenumber of 6.3 m-1, corresponding to a transition wavelength of 1 m:
Equation 27

2
 6.3m1
1m
In order to make more spatially reasonable comparisons, we then focus on equal-length portions
at the intersections of the across- and along-flow lines. Comparing lines of equal lengths renders
 We examine crossovers in three areas; two where the L- and
 and  values directly comparable.
V- lines cross, and one where the L- and R- lines cross (Figure 4).
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Figure 4: Map of survey area indicating areas of comparison for spectral analysis. 3 zones, LR,
LV-1 and LV-2, of 6-, 5- and 7-km radii, are shown. In each area, the spectra of line sections of
equal length are compared to each other. The lines are 6 km, 5 km and 7 km long in the LR, LV-1
and LV-2 areas respectively. The lengths were calculated based on maximal inclusion of data
while staying within the crossover area.
We seek to determine if roughness trends can be differentiated by wavenumber. This can be done
by identifying the roll-off in the spectra, where the data follow different power laws at different
wavenumbers. Due to noise and what presumably are ‘natural’ variations in topography, there is
no singular roll-off wavenumber, but we can still use calculate the mean roll-off wavenumber to
divide the spectra into sections which follow different power laws.
We calculate the roll-off wavenumber using log values of spectral power densities. The roll-off
wavenumber is estimated using a plot of the magnitude of the regression line slope associated
with each spectrum. Starting with the lowest wavenumber, a linear best-fit is fit between that
wavenumber and the second lowest wavenumber. The best-fit slope is recorded. Following this
calculation, a linear best-fit is made for all three points in the range of the lowest wavenumber
and the third lowest wavenumber, and that slope is recorded, and so on, with the range of
wavenumbers fitted increasing until the entire spectrum is fit (Perron et al., 2008). The fits are
normalized for the number of data points. The highest value of the slope of these linear best-fit
lines correlates to the location of the roll-off wavenumber; we identify it as the first peak after
the lowest slope value (Figure 5).

Figure 5: Example of roll-off wavenumber detection using Line 7. (A) The power spectrum for
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Line 7 is shown in black, with the roll-off wavenumber indicated by the red line. The dotted blue
lines are the best-fit lines for the different data. (B) The magnitude of the regression line slope is
plotted; the first peak in the slope values marks the roll-off wavenumber. The value of the slope
at this peak is the slope of the best-fit regression line for the range of wavenumbers from 0 to
that wavenumber. Note that in (B) the first few slope values are zero; this is because the initial
slopes formed by connecting less than 3 points would be erroneous.
These aforementioned parameters provide a quantitative comparison of roughness of each
profile. In order to compare roughness along spatial distances of each profile, we could take this
a step further and break down the power spectral densities by location along the profile (Siegert
et al., 2004; Taylor et al., 2004; Bingham et al., 2009). This involves dividing each line up into
segments of equal length, calculating the power spectrum, integrating to obtain a roughness
index, then comparing these roughness indices along each segment. This method has only been
used for profiles of very long lengths (hundreds to thousands of kilometers) and we have chosen
not to use it here.
Li Xin et al. (2010) suggested taking the Fourier transform of the bed slope to account for
horizontal roughness. Given the topographic profile Z(x), a slope profile Sl(x) is calculated using
Equation 28
( )

( )

A Fourier transform of the slope profile gives its spectral power density as
Equation 29
2
1
SSl (k)  sl(k)
l
,
where k is the horizontal wavenumber and l the length of the line. The slope index, Sl is
Equation 30

( )
∫



where k1 and k2 are the limits of the desired wavelength interval. The horizontal irregularity
parameter, , is defined as
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Equation 31

Surfaces with low  (low roughness) at high frequencies will have larger  values, while surfaces
with low  at low frequencies will have smaller  values. Essentially, as an indicator of
horizontal roughness, the larger , the more dominant long-wavelength (low-frequency)
roughness.
The  parameter, when used in conjunction with  on a regional scale, was developed to improve
geomorphic interpretations of subglacial landscapes (Li Xin et al., 2010, Figure 3). In our case,
our data cover a small area with very high resolution, so we cannot draw regional-scale
geomorphic distinctions using these two parameters, but  contributes to our understanding of
how wavelengths (horizontal roughness) vary throughout our survey area.
We also compare our data with random Gaussian behavior by modeling the discrete Fourier
power spectra of red noise models based on the assumed lag-1 autocorrelation of our data,
following Gilman et al. (1963) and Torrence and Compo (1998)
Equation 32
(
where Pk is the red noise spectrum and
3.5

)

is the lag-1 autocorrelation.

Wavelet Analysis

Although useful for analyzing broad spectral characteristics of bed roughness, the Fourier
transform does not provide spatial resolution of roughness components. Even the windowed
Fourier transform suffers from aliasing of frequency components outside of the window range.
Wavelet analysis provides spatiotemporal resolution of roughness components, picking up where
Fourier analysis leaves off. Wavelets can be used to analyze signals at different frequencies
regardless of stationarity or periodicity (Daubechies, 1990). Despite being a relatively recent
advance, wavelet analysis has already been applied to numerous spatial data in the
environmental, atmospheric and geophysical sciences (eg. Lindsay et al., 1996 and Torrence and
Compo, 1997), as well as surface morphology (eg. Nyander et al., 2003, Wei et al., 2005 and
Yovanni et al., 2009). Studies are not limited to simply CWT or DWT analysis; discretized
versions of the CWT have also been used to analyze spatial patterns (eg. He et al., 1996).
Readers are referred to Daubechies (1990) for a more extensive mathematical description of the
wavelet transform, and to Torrence and Compo(1997) for a succinct step-by-step guide to
wavelet analysis applications. Wavelet packets, which allow the decomposition of both high and
low frequency portions of signals, (eg. Gabbanini et al., 2004), are not discussed in this work due
to the our assessment that these techniques are less relevant to the questions considered here.
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There are two types of wavelet transforms: the continuous wavelet transform (CWT) and discrete
wavelet transform (DWT), both based on the concept of a mother wavelet, which can be scaled,
translated, and correlated with the input signal (Mallet, 1989).
Given an input signal x(t), we select a mother wavelet (t),
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Equation 33
( )

(
)
√
with varying scale, a, and varying location in the data series, b, to apply to the signal. Wavelets
can be designed with different shapes depending on the type of signal or desired investigation.
The CWT uses the correlation between a wavelet and the input signal as a measure of similarity.
The CWT involves taking the integral of the convolution of the signal and the wavelet transform,
the outputs of which are a series of wavelet coefficients, W a,b , at the applied scales and
locations
Equation 34
∫ ( )





( )

W a,b can be expressed as a matrix of wavelet coefficients ordered in rows by scale. These wavelet
coefficient matrices can then be plotted to show how amplitudes of features vary with scale and
location. Such plots, called scalograms, W plot , show the percentage of “energy” each coefficient
represents. The scalogram is calculated using

Equation 35


W plot 

100 *W a,b
.
W a,b

To calculate the pseudo-frequency f corresponding to each scale we relate the known centerfrequency fc of the wavelet to the scale (Addison, 2002)

Equation 36

fc
a
to give us a satisfactorily close, though not precise, frequency.
f =

The DWT involves similar calculations, except instead of operating continuously over the entire
signal, a pyramidal algorithm is used to apply the transform on selected sub-frequencies, ie. a
dyadic discretization into approximations and details. It provides good time resolution at high
frequencies and good frequency resolution at low frequencies. In DWT nomenclature, the
number of times the signal is decomposed is referred to as “levels” and the coefficients are a
series of “details”; the specifics of implementing the DWT is adequately described in Numerical
Recipes in C (1992). DWT levels are related to scales (Lindsay et al., 1996):
Equation 37
where j refers to level and
the sampling interval. If the input signal’s length is a power of 2,
decomposition down to the largest scale leaves with one wavelet coefficient at that last level, but
this is superfluous for detecting patterns, so we only decompose signals to intermediate levels.
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Calculating the wavelet variance allows us to breakdown the input signal’s variance by scale. We
use Percival (1995)’s maximal-overlap estimator:
Equation 38
̂

∑

where N is the number of samples, L the length of the wavelet filter and Nw=N-L+1. We also use
an iterative cumulative sum-of-squares method (Inclan and Tiao, 1994) to detect variance shiftpoints in the profiles.
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4 Results
The bed-elevation data from our survey has an unprecedentedly high resolution for Thwaites
Glacier (Figure 6). More local features can be seen in better detail.

Figure 6: Our bed elevations overlain on the AGASEA bed elevation grid. Note that a subglacial
trough in the downstream region and the mound upstream of it are not discernable by the
coarser AGASEA grid.
In a 3D visualization of the basal topography based on the radar bed picks, we can readily
observe that the bed is increasing in elevation downstream; central profiles of the area show an
elevation rise of ~400m is seen over 35 km (Figure 7).
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Polar stereographic Y
(km)
Figure 7: Three-dimensional perspective of the basal topography of our survey area, oriented to
best show the middle trough.
4.1

RMS Deviations

For all lags in the range of 12 m to 500 m, the R-lines consistently showed the highest RMS
deviations followed by the V-lines and then the L-lines (Figure 8). The mean Hurst exponents for
the lines all indicate persistent behavior (ie. the data follow a trend); the upstream L-line portions
have a mean exponent of 0.72 ± 0.08, the downstream L-line portions 0.73 ± 0.07; the V-lines
0.54 ±0.07 and the R-lines 0.57 ± 0.04. Their associated D values of > 1 indicate self-affine
behavior, with the across-flow V and R lines having a greater self-affinity than the along-flow Llines. The trends for all lines are overall linear and mono-fractal, i.e. their trends are well fit by a
power law throughout the range of our selected lags (Figure 8).
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Figure 8: RMS deviation vs lag for each line. The RMS deviation imcreases with lag size.
Dividing each line segment into smaller chunks for RMS deviation calculations of each separate
chunks shows that there is greater spatial variation in the RMS deviation across-flow than alongflow (Figure 9). Across-flow lines also have generally higher RMS deviations than along-flow Llines. Within the across-flow lines, the R lines have higher RMS deviations than the V lines,
implying that the downstream topography is rougher. Larger chunk sizes see lower RMS
deviations as the mean is calculated over more datapoints. Analysis using different chunk sizes
from 0.2 to 2 km show consistent spatial patterns where the across-flow RMS values are higher
than the along-flow values, suggesting that the across-flow lines are rougher than the along-flow
lines.
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Figure 9: RMS deviations calculated with a lag of 0.4-km in (a) 0.5-km chunks and (b) 2-km
chunks. Color scale is capped at 20 meters for comparison. Note that regardless of chunk size,
the across-flow lines have warmer colors indicating higher RMS deviations and higher
roughness than the along-flow lines.
4.2

Bed-echo Intensity

Anisotropy is also evident in our evaluation of the bed-echo intensities. We analyze the bed-echo
intensities at intervals of 11.4 m without averaging. In maps of raw bed-echo intensities (Figure
10a) and bed-echo intensities corrected for attenuation and geometric spreading (Figure 10b), we
see that the data from along-flow L-lines exhibit higher bed-echo intensity values (indicated by
the warmer colors) than the across-flow R and V lines. There are a number of possible reasons
for this that we address later in the discussion section.
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Figure 10: Maps of (a) raw bed-echo intensities (dB), (b) bed-echo intensities corrected for
geometric spreading and attenuation at a uniform 17.3 dB/km in both directions. In all figures,
the bed-echo intensities along the across-flow lines are lower than those along the along-flow
lines, although this is much more prominent in (b).
Another way to demonstrate the anisotropy is to calculate the difference between bed-echo
intensities in the different directions at the same location (crossover locations), based on data that
has been corrected with the same value (16.5 dB/km) for geometric spreading and attenuation in
both directions. The differences are greater upstream than downstream (Figure 11). The
differences are also for some areas notably as large as half the actual dB values at the crossovers.
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Figure 11: Differences in bed-echo intensities (dB) at each cross-over location given an
isotropic correction of 16.5 dB km–1 for geometric attenuation and spreading. The upstream area
has generally larger anisotropy than the downstream area.
The observed anisotropy of echo strength most likely arise from anisotropy in either bed
roughness or attenuation; such a large anisotropy of attenuation is not expected from known
physical mechanisms in ice-sheet ice (such as directional differences in d.c. conductivity or
effective conductivity). Values of ice thickness at each crossover location are compared to ensure
the quality of acquisition in both directions (Figure 12). We expect the detected ice-thickness in
each direction to be the same. The r-squared value (the squared linear correlation coefficient
which indicates how close two values correlate) is 0.98, indicating the values of thickness in the
along-flow direction are very close to the values of thickness in the across-flow direction.
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Figure 12: Crossover ice-thickness at each location where the across-flow lines intersect the
along-flow lines (r2 = 0.98.
The potential presence of subglacial water in the downstream area, where anisotropy is lower, is
discussed later.
4.3

Spectral Analysis

Spectral analysis shows us differences in the signal density between the 3 sets of lines. Following
convention, we use the Hubbard indices (the integral of the power spectra of the bed elevation
profile) to describe the spatial distribution of roughness. Because this index does not singularly
qualify the nature of roughness, we also use the horizontal irregularity parameter h which is
based on the slope of the bed elevation profiles (Table 3 of the Appendix).
For wavelengths less than 5.5 km (Figure 13), the R line has the highest power spectral density,
followed by the V lines and lastly the L line. The higher the power spectral density, the more
energy at that wavelength and the larger the Hubbard indices; thus roughness is greatest in the R
line and the least in the L line. However, for wavelengths greater than 5.5 km, the L lines have
highest spectral power densities than the across-flow lines, likely due to the effect of prominent
topographic ridges transverse to ice flow.
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Figure 13: Power spectral density plots of the L-, R- and V-lines. They are representative of the
other lines in their groups (not shown). The along-flow L-line has the lowest power spectral
density values at wavelengths below 5.5km (indicated by dashed line).
4.4

Comparison to Red Noise

Many geologic processes produce features that can be approximated as red noise (or Gaussian).
We compare the mean power spectra for the L, V and R lines for wavenumbers up to 1 km with
the red noise models for the L, V and R lines (Figure 14). Although the shape of the spectra
resemble that of the red noise data, above wavenumbers of 2.5 km-1, the data spectra are about 10
dB higher than the models. This is not due to a zero-frequency offset, because both the spectra
and models were calculated using detrended data. The observed spectra fall below the modeled
spectra at wavenumbers of less than 2.5 km-1, which indicates that bed roughness is not a random
process.
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Figure 14: Mean spectra for the L, R and V-line groups with the modeled red noise curves
(based on the assumed lag-1 autocorrelation of our data) for the L, V and R-lines. Note that the
shape of the observed spectra closely resembles that of the red noise curves, but the higher
wavenumbers have more power than the models.
4.5

Spatial Distribution of Roughness

The sliding index  approximates the drag the glacier bed exerts on overlying ice (Hubbard et al.,
2000). We use this index in combination with the horizontal irregularity parameter,  , to
examine the spatial distribution of roughness. When the lines are ordered by the sliding indices ,
the along-flow L-lines have lower sliding indices than the across-flow V and R lines. To
compare the across- and along-flow lines on the same spatial scale, we divide thelonger L lines
into halves. The upstream halves of the L lines can then be compared with the V-lines, which are
in the upstream portion of the study area, while the downstream halves of the L lines can be
compared with the R lines in the downstream area (Figure 15).
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Figure 15: Map showing each line colored based on sliding index values; warmer colors
indicate higher sliding indices and thus higher roughness. Downstream R-lines exhibit highest
values, followed by V-lines. The L-lines were divided into upstream and downstream halves, the
latter of which are very slightly rougher than the former. The actual values can be found in the
appendix (Table 4).
The upstream L-halves have the lowest sliding indices, followed by the downstream L-halves.
For the rougher across-flow lines, the V-lines in general have lower indices than the R-lines.
The downstream lines (the R-lines and the downstream L-halves) are rougher than their upstream
counterparts (the V-lines and the upstream L-halves respectively), suggesting the basal
topography is rougher downstream.
The horizontal irregularity parameter,  , for the upstream L-lines is at least 5 orders of
magnitude larger than that of the downstream L-lines (Table 3). This suggests the dominance of
long-wavelength horizontal roughness in the upstream area, and more short-wavelength
horizontal roughness in the downstream area. In addition, the ratio of  to  increases from
upstream L-lines to downstreamL-lines to V-lines to R-lines, suggesting that vertical roughness
is increasing in relation to horizontal roughness in that order; i.e., the overall roughness is
increasing in that order.
4.6

L-V Crossover Areas

We next compare the crossover area data (Figure 4 in Methods). Initially, we include all
wavelengths in the analysis, and then we subdivide to look at shorter and longer wavelengths
separately. This subdivided approach is useful in examining the spatial distribution of roughness.
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For all wavelengths, in the LV-1 area where V- and L- lines cross, both the values of the
roughness index  and the sliding-related roughness index  are larger for the V-lines than the Llines (Table 5 in Appendix). This suggests that the L-lines have lower overall roughness and are
smoother and ‘slipperier’ than V-lines, although we cannot say how this roughness is distributed
by frequency. To do that we need to examine the  values. The  values of the V-lines are
slightly lower than those of the L-lines, suggesting more short-wavelength roughness across-flow
than along-flow.

 km, the V-lines
 have consistently higher spectral
For wavelengths less than approximately 0.4
density than the L-lines (Figure 16). For wavelengths longer than 0.4 km, the slope of the L-line
spectra increase steeply, and at wavelengths greater than 0.7 km, the L-line spectra have greater
amplitudes than the V-line spectra. This could be an indicator of a roll-off frequency or transition
wavelength where different physical processes cause the spectra to obey different power laws.
As previously noted, the spectra do have a red noise trend but deviate enough for us to suggest
this transition, or roll-off point. The average roll-off wavenumber for both the L-lines and Vlines is 0.47 km (Figure 16).

Figure 16: LV-1 spectra with the calculated L and V roll-off indicated by the dotted blue line.
The bold black and blue lines represent the mean best-fit lines for the L-lines and V-lines
respectively.
We use the same procedure to analyze the LV-2 area. The power spectra of 6-km portions of the
V-lines and L-lines was created, and roughness indices calculated. The ξ and ς values of the V31

lines are 1-2 orders of magnitude larger than for the L-lines valued, while the ratio  :  is an
order of magnitude greater for the V-lines than the L-lines, suggesting the V-lines are rougher
than the L-lines (Table 6). The mean roll-off wavelength for the V-lines is 0.77 km while the
mean roll-off wavelength for the L-lines is 0.71 km (Figure 17).

Figure 17: Plot of LV-2 spectra with the mean best-fit lines for the L-line and V-lines in bold
black and blue lines respectively, and the calculated L and V roll-off wavenumbers.
4.7

L-R Crossover Area

In the downstream L–R crossover area, we compare 6-km portions of the lines. L-lines and Rlines demonstrate similar behavior for wavelengths less than ~0.4 km; the R-lines exhibit both
greater roughness and sliding roughness indices compared to the L-lines (Table 7 in Appendix).
Similar to the LV-1 and LV-2 crossover areas, the ratio / is greater for the across-flow R-lines
than the L-lines. The mean roll-off wavelength for the R-lines is 0.89 km while the mean roll-off
wavelength for the L-lines is 0.57 km (Figure 18). Similar to the LV-1 case, the mean best-fit
slope of the L-lines is steeper than that of the R-lines below the roll-off wavenumber, and above
the roll-off wavenumber the slopes are quite similar.
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Figure 18: Plot of LR spectra with the calculated L and R roll-offs and mean best-fit lines for the
L- and R- lines.
4.8

Relationship between spectral power density and wavenumber

Assuming constant, scale-invariant roughness, Nye (1970) suggested that the spectral power
density and wavenumber are related by
Equation 39
n

S(k)  Ak
where A and n are constants. The values of A and n for each of the lines in the crossover areas
are presented in the Appendix. We discuss their utility for modeling later on.

4.9


Continuous Wavelet Analysis

We use a Daubechies-2 wavelet in the continuous wavelet transform (CWT) to examine
frequency variations over 64 scales. The percentage of “energy” each coefficient represents is
calculated (Equation 35) and plotted as a scalogram to identify areas of sharp change in
roughness (Figure 19). Note that the highest coefficients in Figure 16(B) correlate spatially to the
large trough to the left in Figure 19a, next to the ‘A’ label. This area has much steeper slopes
than the rest of the profile. The high energies for this portion of the profile are at wavelengths
greater than 3.5 km (these correspond to scales from 33 to 64 based on Equation 36). The
scalogram indicates the profile of the coarse, spatially-large trough has the highest wavelet
coefficients of the entire line, which we interpret as indicative of the roughness contribution of
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the trough.

Figure 19: (A) Detrended bed elevation for the V line. (B) Equivalent scalogram. The scalogram
shows the percentage of energy for each coefficient, calculated from Equation 35. The warmer
colors indicate areas with the highest wavelet coefficient. There is little contribution to the
scalogram energies at wavelengths of less than 1 km because the dominant larger-wavelength
roughness washes out the smaller wavelengths on the color scale.
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Figure 20: CWT wavelet coefficients of Lines L, V and R at Scale 64. The standard deviation for
each line’s wavelet coefficients was calculated and plotted as dotted lines. For the L Line, the
start of the profile at 0 km is the most upstream part of the line. There is an interesting
distinction between the L and R/V lines. The L line has a stretch of small variability, which the R
and V lines do not have. Even in the regions of increased roughness (at km 20 and higher) there
are areas of smoothness (at km 25-30). Interpreting these differences is outside the scope of this
work.
Identifying areas along our profiles that have wavelet coefficients that are greater than the
standard deviation of the data in each scale, per line, lets us identify areas of very high
roughness. To examine the wavelet coefficients at each scale we use the discretized CWT
(Figure 20). Apart from the one solitary peak right at the start of the L-line, the following
coefficients remain largely inside the standard deviation boundaries for the next 20 km before
starting to exhibit increasingly larger deviations. This is consistent with our other indications of
increasing roughness with distance downstream along the L-lines. The V line exhibits 2 peaks
and a trough to the left of the profile (within the first 2 km) that are outside of the standard
deviation. These large coefficients values correlate spatially with the areas of high energy in
Figure 19; they indicate the same trough feature. The R Line has the largest standard deviations
of all 3 lines due to its higher roughness.
Next we assess the utility of wavelets for feature detection. For each line, we calculate the
absolute difference between actual wavelet coefficient values and the standard deviations for the
line’s coefficients at scale 64 (Figure 21). The more spatially distinct a feature is in the line, the
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larger the difference between the coefficients at that location and the standard deviation of the
coefficients for that line. The previously discussed trough in Line 10 is an example of a spatially
distinct feature. We seek to visually compare the bed elevation with the calculated differences to
see if any topographic features are matched by what wavelet analysis indicates to be spatially
distinct features. Visual correlations can be drawn to a channel-shaped feature in the northeast
corner of the grid where the high-energy coefficients of Line V lie; this channel feature is not
obvious from the bed elevation map. In the western part of the grid the high coefficient values
appear to follow the edges of higher basal elevation along the yellow contours, particularly the
northwest area and the channel-like feature running through the central part of the R-lines.

Figure 21: Wavelet coefficients above standard deviation for scale 64, per line, superimposed
over bed elevation (m). The lighter grey and white colors on each line indicate features that are
distinctively rougher, i.e., above the standard deviation of the coefficients for that line. Relative
roughness is the absolute difference between the wavelet coefficients of each line and the
standard deviation of the wavelet coefficients of each line. Areas of high relative roughness
follow the yellow area in the northwest, as well as the yellow area east of it. In the northeast is a
linear cluster of higher relative roughness that shows no spatial correlation to the bed elevation.
This may indicate smaller-wavelength roughness features that are too small to be interpolated in
the bed elevation grid.
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4.10

Discrete Wavelet Transform

The next way to analyze our data is with the DWT. We decompose Line V into 4 levels using a
Daubechies-4 wavelet (Figure 22). The levels 1 to 4 correspond to 11.4, 22.9, 45.7 and 91.5m
respectively (Equation 36).

Figure 22: Decomposition to Level 4 of Line V showing detrended bed elevation profile,
approximation and 4 levels of deconstruction. Note the different vertical scales for each
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deconstruction.
The high-roughness area at the beginning of the V line observed using the CWT is also seen at
all levels in the DWT. Note that the higher the level of decomposition, the lower the spatial
resolution but the higher the frequency resolution. In level 1, corresponding to roughness on the
scale of our sampling interval, the 2 other areas with high coefficient “peaks” are at
approximately 6 and 8.3 km along the profile. These 2 locations correspond to depressions in the
topography as can be seen in the profile. At higher levels, large wavelength roughness is detected
in the second half of the profile and the prominence of those two peaks is greatly diminished; by
level 4 they are indistinguishable from the ~90-m roughness being detected in the signal. The
DWT is therefore useful in detecting roughness at different levels; in this case of V line, we see
three prominent localized areas of roughness at the Level 1 (10+m), while by the Level 4 (90+m)
the roughness are distributed mainly at kilometer 0.9 and the later half of the profile from
kilometer 6 to the end. If desired this method can be used to identify the scales of specific
roughness features in profiles.
4.11

Wavelet Variance

Wavelet variance at levels 1 to 6 (corresponding to the sampling interval of 11.4m to 300 m) for
the L, V and R lines (Lines 1, 10 and 20 respectively) are calculated with 95% confidence
intervals (Figure 23). The variance increases with level for all the lines, which is not surprising
as our spectral analysis results showed us that roughness is greater at longer wavelengths. The R
line has the highest variance, followed by the V line and the L line has the lowest variance, in
keeping with our understanding from previous metrics that the downstream R lines have the most
roughness and hence topographic variance. The trends are representative of the other lines.

Figure 23: Wavelet variances for the L, V and R lines. Dotted lines represent 95% confidence
intervals.
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The cumulative sum of squares for each level is calculated by squaring the coefficients at each
level then cumulatively adding them along the profile, then normalizing them by the sum. This is
useful in detecting local roughness features that contribute significantly to variance at different
scales (Equation 38). For example, in Line R, there is a large, steep trough at kilometer 7.7. This
trough is indicated by sharp change-points on CSS plots for Levels 1 and 4, which are the
wavelet deconstructions at the 11.4-m and 92-m scales respectively. The trough is picked up at
Level 8, the 1465-m scale, but the much gentler CSS slope at that location tells us its
contribution to the CSS is not as prominent at that scale. Several sharp bumps are picked up at
the Level 1, 11.4-m scale, the most prominent being the one at km 9.7, which visible causes a
sharp jump in the CSS. As a final example, the large peak at kilometer 5 is captured in the CSS
at the Level 8, 1465-m scale in the gradual rise at that location. As demonstrated, this type of
analysis is useful in pinpointing scale-specific roughness features.
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Figure 24: (a) Line R, and the cumulative sum of squares for Line R at wavelet deconstructions
at (b) Level 1, (c) Level 4, and (d) Level 8. Vertical colored lines highlight points of interest at
the different levels on Line R. In (a) the large trough at kilometer 7.7 and the sharp point at
kilometer 9.7 are contributing the most to the CSS, indicating they are the most prominent
features on the 11.4-m scale. In (b) the large trough also contributes to roughness on the 91.6-m
scale. In (c), at the 1465.4-m scale, the increase in CSS is gentler; the large peak at kilometer 5
is contributing to increasing the CSS.
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5 Discussion
5.1

Roughness influences basal shear stress

Our localized study of an area of Thwaites Glacier, with roughness increasing downstream as it
flows onto a ridge, suggests that there is high spatial variability in bed roughness. The different
metrics used to quantify roughness suggest that roughness and modeled basal shear stress are
related (Joughin et al., 2009). We find differences in roughness between the upstream and
downstream halves of our study area that are coincident with differences in modeled basal shear
stress. This link supports the hypothesis that rougher beds provide greater resistance to ice flow.
However, we cannot confirm that roughness is the only factor causing basal shear stress to
increase downstream; changes in glacier thickness can also change basal shear stress. Given
steady-state conditions, when a glacier thins, the basal shear stress must increase to actuate a
higher velocity to drive the same amount of ice out of the thinner zone. Nonetheless, the sum of
the evidence points towards bed roughness playing an important role in influencing the basal
shear stress.
5.2

Pre-existing topography influencing flow

Taylor et al. (2004) recognized that analyzing roughness alone does not solve the causality issue
of pre-existing topography and flow direction, in that we cannot determine if the glacier is
simply flowing along the path of least resistance over pre-existing topography, or whether the
glacier is eroding its flow path through topography. Based on geomorphology considerations, we
propose below that flow in our area is occurring over pre-existing large-scale topography.
Bed topography is higher downstream (Figure 7). On a regional scale, Joughin et al. (2009)
found alternating bands of high and low basal shear stress aligned perpendicular to flow that may
represent alternating areas of strong and weak bed associated with topographic ridges and tillfilled depressions, respectively. The along-flow increase in elevation in our survey area matches
the increase of high basal shear stress. We also observe that roughness increases with elevation.
Distinguishing between the effects of ice thickness, large-scale topography, roughness and
localized bed features on basal shear stress requires additional ice-flow modeling to properly
address, which is outside the scope of this work. However, we can still hypothesize about the
nature of the relationship between roughness and basal shear stress. We suggest the higher ridges
are composed of more resistant bedrock that produces higher basal shear stresses. Future analysis
of the seismic data in our survey area will inform the bed lithology.
The ~400-m topographic rise that the glacier is flowing over spans several kilometers in the
across-flow direction, too big to be a transverse deposit of the glacier and more likely to be a preglacial feature. This region of West Antarctica is located below sea level and is believed to be the
product of millions of years of extension, volcanic activity, rifting and uplift (eg. Dalziel and
Lawver, 2001; Kohl, 2010). Neogene extension in the West Antarctic Rift Zone (LeMasurier,
2007) and more recent subglacial volcanism (Corr and Vaughan, 2008) are some of the
documented tectonic processes that have altered the subglacial geomorphology beneath Thwaites
Glacier. Although lack of accessibility to the base of the ice has prevented extensive dating of
subglacial sediments in West Antarctica, cores and tectonic reconstructions have narrowed the
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ages of geomorphologic processes; subglacial marine sediments in the Ross Embayment date
back to the late Pleistocene (Scherer et al., 1998). Although preglacial erosion is believed to be
minimal due to the marine setting of the continental ice shelf, paleo-flow directions indicate
preferential erosion following tectonic lineaments that existed as late as 13 to 15 million years
ago in the middle Miocene (Gohl, 2011). The ridges observed by Joughin et al.(2009) are largely
parallel to the trend of the rift, suggesting tectonic control of their alignment.
The time of formation of the subglacial features we observed is unknown, but we can make
geologically informed speculations about their origins. It is possible that the alternating parallel
zones of strong and weak bed in Joughin et al. (2009)’s model, including the topographic ridge in
the downstream part of our study area, represent horst and graben features created during
extension. If so, then the greater roughness observed over the topographic highs suggests that
bedrock of the topographic highs (which tends to erode into relatively rough surfaces) alternates
with marine sediments (or subglacial lake sediments or tills (Peters et al., 2007) that erode into
relatively smooth surfaces) in the topographic lows. The smoother, upstream part of our survey
area could possibly composed of marine sediment or till. In a possibly analogous situation,
studies of basal roughness beneath Pine Island Glacier suggest that smooth beds represent
significant marine sediment deposits laid down ~200 ka BP after the West Antarctic Ice Sheet
collapsed (Rippin et al., 2011). In addition, low bed roughness on the Siple Coast is believed to
be indicative of marine sediments deposited and eroded in a fast, warm subglacial environment
(Bingham and Siegert, 2009).
Based on the direction of the small trough in the middle of the survey area running up-flow,
another possible preglacial setting is a ridge-and-valley system where the along-flow trough that
cross-cuts the across-flow ridge may have been incised by a river flowing in the opposite
direction before glaciation and subsidence. Although subglacial water may be capable of
influencing bed morphology via outburst floods (Alley et al., 2006), the parallel ridges are on the
kilometer-scale and are highly unlikely to have been created by subglacial water flow. The most
reasonable conclusion is therefore that the topographic ridges that correlate with high basal shear
stress and high roughness are hard-bedrock ridges with a tectonic alignment.
Regardless of origin, the pre-glacial topographic highs have higher roughness and may provide a
buttressing effect on the flow of the glacier by increasing basal shear stress, while the
topographic lows may contain deformable till that is smoother. Confirming the bedrock lithology
will contribute greatly to reconstructing the geomorphologic history of these features.
5.3

Flow influences basal roughness anisotropy

Pre-glacial topography and rough surfaces established prior to the initiation of glaciation may
reduce basal lubrication and thus slow ice motion. However, subglacial erosion can modify the
bed. We suggest that the variation of roughness trends in the across-flow versus along-flow
directions are indications of erosion variability.
A summary of the mean metric values is presented in order in Table 1; all the metrics show that
the bed is smoother along-flow than across-flow:

42

1. The RMS deviation of the along-flow L-lines is generally less than that of the across-flow Vand R- lines;
2. The across-flow lines exhibit bed-echo intensities an order of magnitude higher than the
along-flow lines;
3. Spectral power-density values are lower along-flow than across-flow; and
4. The wavelet variance is largest for the across-flow lines exhibit the most variance, indicative
of the most roughness, followed by the upstream across-flow lines and the along-flow lines.
Table 1: Mean metric values for each set of lines, normalized to the R-lines, which are always
roughest.
Normalized Metric
Line sets

Mean
RMS
Deviations at a Mean 
lag of 11.4 m

Wavelet
Wavelet
Variance at level Variance at level
6 - 365 m scale
1 - 11.4m scale

Upstream
L-lines
0.24
(compare to V-lines)

0.10

0.01

0.05

Downstream L-lines
0.42
(compare to R-lines)

0.22

0.17

0.10

V-lines

0.84

0.63

0.50

0.20

R-lines

1.00

1.00

1.00

1.00

Similarly, our bed-echo intensities exhibit anisotropy, where the along-flow radar reflectivities in
the upstream area are up to ~35 dB stronger than across-flow after correcting for spherical
spreading and attenuation. When dealing with bed-echo intensities we need to consider what
contributes to different values in different directions, and a discussion of factors that may cause
such anisotropy now follows.
Dielectric attenuation (due to impurity content and temperature) and birefringence (the
orientation of polar molecules) are the main factors that affect bed-echo intensities (eg.
Dowdeswell and Evans, 2004, and Matsuoka et al., 2009). Recent studies suggest that ice
exhibits anisotropy at radar frequencies, so this may affect our results. Fujita et al. (1993) found
that the real part of the permittivity is ~ 1.2 +/- 0.2 % anisotropic at 9.7 GHz (Fujita et al., 1993),
although earlier work had not detected this anisotropy (e.g., Johari and Charette, 1975; Johari
and Jones, 1978).
The effects of conductivity on anisotropy are expected to be negligible. Laboratory experiments
by Fujita et al. (2000) using single ice crystals with the conductivity of pure ice at frequencies
less than 1 MHz show dielectric anisotropy in the imaginary part of the permittivity of about 20
± 6 %. Dielectric anisotropy in ice does not depend on frequency (Matsuoka et al., 1997), so with
our 150-MHz radar the anisotropy from conductivity should be very small. Since pure ice
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contributes about two thirds of bulk conductivity in polar ice sheets (Matsuoka et al., 2009),
actual anisotropy values caused by conductivity should be even smaller for our data. There is a
possibility that aligned micro-scale impurities in the grain boundaries may introduce anisotropy
into the radar data, but the anisotropy of grain-boundary conduction has not been documented
nor studied, so we only speculate that anisotropy is not influenced by it.
The bed-echo anisotropies we observe must therefore be either caused by birefringence or
different degrees of diffuse scattering due to anisotropic basal roughness. Birefringence has a
90-degree periodicity (e.g., Matsuoka et al, 2003). While our transect pairs are perpendicular to
each other, the predicted effect of birefringence is much less than observed, therefore
birefringence should not cause an echo-intensity anisotropy between perpendicular transects.
However, there is at least one study where birefringence is not correlated with ice flow direction
(Doake, 1981). More recent studies by Besson et al. (in prep.) observed differences in recorded
travel-times of the basal reflectors at crossover points between the along- and across-flow data.
The magnitude of this time asymmetry is interpreted as being caused by birefringence.
The observed spatial pattern of our dataset’s anisotropy also has an inverse spatial relationship
with the separately modeled basal shear stresses (Joughin et al., 2009). The anisotropy is largest
upstream, where the basal shear stresses are lower (Figure 11). We suggest the greater anisotropy
upstream is due to preferential erosion of a softer bed along-flow, whereas farther downstream,
as the glacier encounters a rise in bed elevation and harder bedrock, its efficiency in eroding in
the along-flow direction is impeded and the directional anisotropy decreases.
We suggest that the likeliest explanation for bed-echo-intensity-anisotropy is that the reflecting
surface in the along-flow direction of the glacier is smoother, leading to more specular reflection
of energy, while the across-flow surface is rougher, leading to more diffuse reflections and hence
lower bed-echo intensities. Ultimately, an ice-flow model that predicts fabric development and
birefringence patterns necessary to rule out birefringence as a plausible explanation. However,
such modeling is unfeasible without a nearby vertical profile of crystal fabric orientation.
It is important to note that this anisotropy in our bed-echo intensities invokes anisotropic
roughness at the scale of the radar wavelength (1.12 m). Anisotropy in the basal roughness at this
length scale has been previously reported only at deglaciated locations (Hubbard et al., 2000).
Traditionally, white roughness or a truncated white spectrum have been used in models of ice
dynamics due to limited observations of anisotropy (Kamb, 1970); our findings imply that the
anisotropy is significant in this area and may affect ice flow.
Hindmarsh (2000) modeled the effect of anisotropy on basal shear stress and sliding and found
that the direction of sliding is not necessarily parallel to the direction of anisotropy. The
application of his work to actual beds is recommended for future investigators. For now, we
simply demonstrate how roughness anisotropy can affect ice dynamics. We use our roughness
values in simple ice-flow models. For simplicity, we consider scales of more than 1 m and
neglect the effects of regelation. We rearrange Weertman (1964)’s equation for sliding velocity
due to enhanced creep (where A is the softness of ice. Weertman used Glen’s non-linear flow
law for ice in his model, and took the strain rate of ice to be proportional to the third power of the
stress (n = 3). This reduces Equation 7 to
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Equation 8) so that the terms involving roughness are presented together:
Equation 40

Using an example of obstacles with a wavelength of 2 m, we assume the RMS deviation of
points along the profile separated by 2-m intervals is representative of the mean height a of the
obstacles. For the L-line, a = 1.71 m, while for the V-line a = 3.80 m. Substituting these values
into Equation 3 gives
Equation 41

and
Equation 42

We see that with of 2m, the velocity in the across-flow direction is two orders of magnitude
smaller than in the along-flow direction.
Similarly, rearranging Fowler(1979, 1981)’s Equation 14 using n=3, we have
Equation 43
(

)

Inputting the same roughness parameters, we find that
Equation 44

UF,Lline  CAT 3 * 3.74
Equation 45





UF,V Line  CAT 3 *0.15 .
Again, the velocity in the across-flow direction is two orders of magnitude less than that in the
along-flow direction. Greater roughness will always result in impeded velocity. Note that
Weertman’s model assumes white roughness, which we have shown is not true of our bed.
Fowler assumes a sinusoidal bed, similar to what Lliboutry(1970) described as a washboard
profile. We follow these assumptions when we take the RMS deviations at lag l to represent the
mean bed elevation at l intervals. In reality the bed bumps are better described as a random
bumpy profile rather than a sinusoidal washboard profile. Weertman(1967) criticized the
washboard model as being rough only in the direction of flow and smooth across-flow. However,
we have shown that at Thwaites Glacier the bed is indeed rougher across-flow than along-flow.
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This matches intuition where we would expect the glacier to erode preferentially in its direction
of flow.
A key issue that has yet to be addressed is the quantitative effect subglacial water has on the
relationship between roughness and flow velocities. The models mentioned all assume that only
a thin film of water separates ice and bedrock. We have already discussed the possibility of the
presence of a greater thickness of water between ice and bedrock or till, but current models are
inadequate to address how such water may influence flow in comparison to roughness.

5.4

Presence of subglacial water

The modeled hydropotential (Figure 25) for the survey area shows two areas with very high
reflectivities in the range of -10 to 0 dB, indicating either smooth surfaces or wet beds. These
values are similar to values in other radar studies in other locations that have suggested the
presence of water (e.g.. Peters et al., 2005). These areas match areas of lower hydropotential,
toward which water would flow. It is possible that these areas have subglacial water or wet till.

Figure 25: Bed-echo intensity values superimposed on top of hydraulic potential. Circles
indicate areas where high bed-echo values, which can indicate water, match areas of lower
hydraulic potential, i.e., areas to which subglacial water would flow).
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The hydraulic potential depends more strongly on surface slope than bed slope; areas of higher
hydraulic potential correlate primarily with higher surface elevation. We expect pooling of water
in the areas with low hydraulic potential. Indeed, we observe two areas of lower hydraulic
potential in the downstream area of flow (indicated by the circles in Figure 25) that match areas
of higher bed-echo-intensity, which can suggest the presence of water. Note, however, that there
is also an upstream area of high bed-echo intensity that is located in an area of high hydraulic
potential. We know from our bed-echo intensity analysis that the downstream area is less
anisotropic than the upstream area. No large kilometer-scale subglacial ponds are visible in the
seismic or radar in the areas of low hydraulic potential, so these findings are significant. The
pooling of water in these smaller areas may have increased erosion in those areas, as well as
deposited sediments in topographic lows that served to reduce the anisotropy of roughness.
It is relevant to note that other areas of low hydropotential do not match high bed-echo
intensities, telling us that high bed-echo intensity values do not always indicate wetness and we
need to consider roughness when interpreting reflectivity. In the drier upstream area, there is
greater bed-echo anisotropy. We suggest that englacial processes are unlikely to introduce
anisotropy and the cause of the difference is basal roughness, as discussed earlier.
5.5

Spatial variation of bed roughness

Spatial organization is demonstrated by all the metrics (Table 1). Directional roughness
anisotropy is strong; the bed increases in roughness downstream. The upstream across-flow Vlines are rougher than the downstream along-flow lines.
5.6

Vertical and horizontal roughness

Values of  have not shown us any distinctive patterns; Li et al. (2010) suggested that situations
like ours arise because  accounts only for vertical deviations, meaning profiles with different
horizontal roughness can have similar  values. The horizontal irregularity parameter, , is used
to distinguish between profiles with similar  values.
The larger , the more dominant is long-wavelength (low-frequency) roughness. We find that the
upstream L-lines have the largest  values (more than 1000 compared to less than 1 for the
downstream L lines) although their  are not the highest (Table 3 in the Appendix). From our 
comparisons, the upstream area is smoothest, and higher  values suggest that long-wavelength
roughness is greater upstream than downstream.  values are smaller downstream and are
smaller yet in the across-flow lines, with the downstream R-lines having the smallest  values.
This suggests that the R-lines have the most short-wavelength roughness compared to the L- and
V-lines. The downstream L-lines and R-lines have higher  values than the other lines, telling us
that vertical irregularities in the downstream area are larger than in the upstream area. Overall,
utilizing both the  and  information, we observe that both vertical and horizontal roughness
increase as we move downstream. Unlike Li et al. (2010), who used  to evaluate
geomorphology using data from different regions of Antarctica, we did not have data from other
regions;  is a more appropriate parameter to use in regional studies than localized studies.
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5.7

Horizontal scales of roughness

There is a qualitative impression that earth surfaces are scale-invariant in nature (Perron et al.,
2008), but we have shown that the combination of pre-existing tectonic features and glacier
erosion have resulted in the preservation of the long-wavelength features of the harder bedrock,
and the glacial erosion of the small-wavelength features. Our RMS-deviation analysis shows
that basal topography exhibits self-affine, persistent behavior within our lag range (up to 500 m).
This mono-fractal behavior (Figure 8) implies that we can extrapolate RMS deviations to smaller
scales, and also model roughness with a constant fractal dimension within that range.
Observations of spatial self-organizing behavior in geomorphology expressed in scale-invariant
topography are not new (Hallet, 1990). Taylor et al. (2004) compared the roughness wavelength
components of their ~2.2 km-interval data with digitized 200m-interval data and found a close
correlation for wavelengths of less than 10 km, suggesting that patterns of roughness beneath the
10 km scale are preserved down to the 1 km scale. We revisit their conclusions on a smaller
scale; we have already shown that RMS deviations at the lag scale of 500 m can be extrapolated
to smaller scales (Figure 14). In our spectral analyses, our roll-off wavelengths for the lines all
fall at 500 m or shorter; patterns of roughness beneath the roll-off wavelength scale are preserved
to all smaller scales. We conclude that the basal topography is fractal in nature beneath 500 m;
since fractal patterns seen on a small scale always propagate into larger scales, and these patterns
manifest themselves regardless of what metric is used to analyze roughness. We cannot,
however, extrapolate our RMS deviations above 500 m, due to the possibility of a change in
geomorphic processes suggested by the transition wavelengths in our spectral analysis. In
conclusion, while the basal topography is not scale invariant when comparing kilometer-scale
roughness with sub-kilometer roughness, beneath wavelengths of 500 m it is fractal in nature.
5.8

Utility of different roughness metrics

Multiple roughness metrics were applied in this study, with all yielding similar results.
Nonetheless, the different metrics have strengths and weaknesses, as discussed below.
RMS deviations are the simplest calculations to use in assessing roughness at the local scale.
They address both vertical (height) and horizontal (lag) aspects of roughness. However, the lag
parameter is blind to undulations and the start and end points of roughness features, and gives us
only a superficial indication of the scales of roughness involved. Using orthogonal distance
regression to improve the robustness of RMS deviation-based surface roughness models for
LiDAR data has been recently suggested (Pollyea and Fairley, 2011) and may be useful for
future analysis of radar data.
Spectral analysis, with its frequency resolution, can provide a more illuminating description of
roughness spectra. The advantage of the traditional spectral analysis method is the ability to link
the power spectrum of profiles with Nye’s equations (Equation 26) and compare roughness
values of our survey area with other existing studies of roughness. In Table 2 we show the mean
best-fit equations for the along-flow and across-flow lines, above and below a heuristic transition
wavelength of 0.5 km. These values should be useful for modeling the roughness in this area in
the along-flow and across-flow directions. For low wavelengths of less than 0.5 km, the alongflow A values are lower than the across-flow A values, while the along-flow n values are 3-4
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times larger than those across-flow. For spectra above wavelengths of 0.5 km, the across-flow A
and n values are both higher than those along-flow.
Low Wavelengths ( < 0.5 km)
Weaker bed
Harder bed
(upstream)
(downstream)
Acrossflow
S(k) =156 k -1.2
Alongflow
S(k) = 34 k - 4.2

S(k) = 272 k

- 1.3

S(k) = 84 k -3.9

High Wavelengths ( > 0.5 km)
Weaker bed
Harder bed
(upstream)
(downstream)
Across-flow

S(k) = 114 k -2.2 S(k) = 111 k -2.1

Along-flow

S(k) = 3 k -1.3

S(k) = 8 k -1.9

Table 2: Best-fit spectral profile equations S(k) based on Equation 26
The addition of a slope parameter to the standard spectral analysis procedure (Li et al. 2010)
integrates horizontal and vertical roughness into studies, as well as helps qualify roughness. The
issue with spectral analysis is that advances in filtering, windowing and other methods mean the
quantitative spectrum values, total roughness indices and sliding roughness indices, may no
longer be comparable study-to-study as we use more modern algorithms are introduced. For
example, it was previously standard to zero-pad input signals to the next highest power of two
for computational efficiency, but with today’s computing power it is no longer necessary to do
so. Also, the quality of data may affect one’s choice of windows and filters. Such small changes
in procedure can end up altering the quantitative values of the resulting spectrum. The different
authors we have cited have normalized their data differently (Hubbard et al., 2000; c.f., Taylor et
al. 2004) and have different processing steps, so it is inappropriate to compare our values directly
with values in the literature.
Visually, presenting roughness by plotting bed-echo intensity values may be the most intuitive
for assessing relative roughness in surveys. However, bed-echo intensities are influenced by
geometric spreading and attenuation, which need to be accounted for in analysis. Bed-echo
intensities are not quantitatively useful when comparing data because they are partly functions of
the radar system.
The final tool, wavelet analysis, would be more useful if we had analyzed a higher resolution,
large-scale 2-D dataset (eg. Jordan and Schott, 2009). 1-D wavelet analysis has been shown to be
able to identify features of interest in our survey area, indicated by high wavelet coefficients.
Interestingly, the high coefficient values in the western part of the survey area that follow the
elevation contours (Figure 21) do not extend into the areas of higher elevation to the west. This
suggests the high coefficient values represent features of interest, possibly very rough locations
on the slope of the topographic ridge. Not surprisingly, there is no correlation with Joughin et al.
(2009)’s basal shear stress reconstructions since the model does not resolve the bed down to subkilometer scale (note that fractal roughness does not equate to fractal basal shear stress). In order
to assess roughness quantitatively we have to calculate the wavelet variances, since the spatial
information we gain from using wavelets needs to be quantified before we can compare it other
metrics. The results verify our other findings.
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The feature-detection potential of wavelets may prove useful for other sorts of geomorphology
studies. It should be noted that wavelet analysis has been used to successfully identify
frequencies present in basal topography that are spatially correlated with supraglacial lake
locations (Vanderberg and Lampkin, 2009), so further exploration of their utility for other
expects of glaciology is recommended.
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6 Conclusion
We have performed a thorough investigation of the nature of basal roughness in an area of
Thwaites Glacier, and noted prominent spatial patterns of roughness. Pre-existing topography
and past geomorphology have influenced the roughness, and in combination with glacial erosion
have created a roughness that varies with scale. The glacier has more effectively eroded smaller
wavelength-features, leaving the longer-scale features to contribute more to roughness. Our
analyses have shown us that features at long wavelengths are contributing more to roughness that
features at short wavelengths, that across-flow roughness is greater than along-flow, and that the
upstream area is smoother than the downstream area. We have complemented Joughin et al.
(2009)’s basal shear stress reconstructions by showing that roughness is higher in areas of higher
basal shear stress. Anisotropic roughness has been established as a significant component of the
glacial geomorphology in this area. Hard bedrock ridges running across-flow in the downstream
part of the study area increase the roughness at long-wavelengths, while softer sediment in the
upstream area is believed to undergo greater erosion and smoothening; the presence of till may
play a role in smoothening profiles by infilling depressions.
The different roughness metrics have shown to have a variety of different uses and can tell us
different things about roughness. It is highly likely that the upstream, smoother area of the
survey area is of weak till-bearing lithology. Preliminary amplitude-vs-offset (AVO) studies of
the seismic data obtained for this area also suggest this. A developed AVO analysis of the data
would be highly useful in confirming our intuition that rough areas overlie stronger beds and
smoother areas overlie weaker beds. As Bingham and Siegert (2009) note, we still need data
taken at the resolution of the transition wavelength (1 cm-1 m) in order to verify the scales on
which regelation and pressure creep operate. Further analysis of seismic data in this area should
help to verify the presence of basal till and the strength of the bed material. To improve our
understanding of the glacial geomorphology and ice dynamics, more flow-perpendicular ridge
features need to be documented and their buttressing effects on the ice investigated further.
Lastly, the effect of till on smoothening subglacial topography needs to be studied further.
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Appendix A : Additional Tables
Line Type





:

L1R U

97.89

3902.13

0.03

L3R U

399.04

13489.30

0.03

L1L U

283.85

9370.72

0.03

L6R U

210.61

5320.51

0.04

L4L U

351.77

8793.75

0.04

L2L U

556.68

13058.26

0.04

L5L U

754.94

16525.64

0.05

L5R U

603.70

10059.38

0.06

L3L U

724.32

6122.35

0.12

L4R U

550.36

4589.84

0.12

L2R U

579.96

4099.05

0.14

LU

1658.33

2873.70

0.58

L4R D

1794.75

0.30

5997.90

L6R D

1208.06

0.19

6299.26

L5R D

1630.55

0.19

8369.06

L3R D

1077.80

0.10

10380.79

LD

1282.05

0.08

15340.60

L2R D

331.02

0.02

16622.17

L1R D

650.92

0.04

16663.06

L3L D

560.55

0.03

21473.12

L4L D

644.80

0.03

23493.61

L2L D

448.29

0.02

23831.61

L1L D

2060.83

0.07

29921.63

V1U

500.91

0.01

40096.38

V5D

393.43

0.01

47812.62

V

456.64

0.01

47950.73

V3D

300.24

0.00

81726.75

R8U

882.82

0.01

82316.06

V4D

386.02

0.00

84371.78
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R7U

808.03

0.01

96263.83

L5L D

571.22

0.01

96437.40

V2D

393.28

0.00

96871.64

V1D

456.69

0.00

99271.72

R11U

1318.76

0.01

108886.63

R9U

468.68

0.00

110754.70

R

1864.59

0.02

115013.61

R10U

860.93

0.01

119990.91

R6U

1124.22

0.01

121755.98

Table 3: Slope-related horizontal irregularity parameter, 

Line Type
L1R up
L2R up
L4R up
L6R up
L3L up
L1L up
L4L up
L5R up
L6R down
L3R up
L1R down
L2R down
L up
L3R down
L4R down
L5R down
L4L down
L5L up
L2L down
L2L up
L down
L3L down
V
L1L down
V1U
V5D
R8U
V3D

Sliding Index,

0.00011
0.00018
0.00018
0.00020
0.00025
0.00027
0.00031
0.00033
0.00034
0.00035
0.00036
0.00036
0.00038
0.00038
0.00039
0.00043
0.00048
0.00048
0.00049
0.00052
0.00055
0.00055
0.00089
0.00098
0.00107
0.00127
0.00214
0.00241
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V4D
V2D
R7U
V1D
R11U
L5L down
R6U
R
R9U
R10U

0.00255
0.00275
0.00287
0.00288
0.00309
0.00311
0.00338
0.00345
0.00347
0.00354

Table 4: Sliding Index Values for Line Spectra, in order

Line
L2R
L3R
L4R 

L5R
L6R
V
V1D
V2D
V3D
V4D



0.4
4.5 2.1E-04
0.7
6.8 3.0E-04
0.6
4.7 3.7E-04
 

0.5
6.0 4.1E-04
3.1 31.0 4.7E-04
31.0 178.1 4.3E-04
38.5 303.6 2.8E-04
34.4 267.7 2.7E-04
39.7 313.3 2.8E-04
36.1 322.3 2.1E-04


n
n
A
A
:
low
wn
high
wn
low
wn
high wn
 
1819.6
4.2
1.4
16.2
0.3
2216.7
4.4
1.6
24.4
0.7
1612.3
3.7
1.9
15.9
1.4
1342.4
5.8
1.5
18.4
0.5
6499.4
5.1
1.5
120.7
2.7
72205.9
1.5
2.8
160.4
310.3
139303.2
1.6
2.1
128.8
116.1
127192.4
-0.1
2.2
351.8
146.2
142806.7
1.9
2.0
102.1
100.7
174235.6
-0.2
1.9
333.2
95.1

Table 5: Roughness values for the LV-1 crossover area. A and ‘n’ values for the spectral equation (Equation 26)
at low and high wavenumbers (‘wn’) separated by the roll-off boundaries for each line are also included in the last
4 columns.

Line 


L
3.8 34.5 3.6E-04
L1L
0.6
6.3 2.0E-04
L1R  2.0 11.8 4.4E-04

 

L2L
2.0 14.4 3.5E-04
L3L
0.7
6.3 2.6E-04
L4L
0.6
5.3 2.5E-04
L5L
4.8 31.9 3.3E-04
V1D 22.0 141.2 3.8E-04

 :
10580.8
3190.6
4478.8
5788.9
2611.9
2351.5
14497.5
58755.2

n
n
A
A
low wn
high wn low wn high wn
5.1
1.7
59.0
4.8
3.8
1.6
7.7
0.7
2.6
2.3
18.8
8.2
3.6
2.0
31.0
4.2
4.6
1.7
7.7
1.0
4.1
1.7
6.9
0.8
2.2
2.2
64.3
15.6
1.9
2.2
115.1
72.5
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V2D
V3D
V4D
V5D

22.1 167.7
19.7 128.7
15.2 92.1
21.5 138.1

2.8E-04
3.8E-04
4.2E-04
3.5E-04

79384.2
51946.4
36446.4
60925.1

0.9
1.3
1.5
1.5

2.1
2.4
2.4
2.1

120.2
56.5
76.1
111.0

76.1
95.5
65.5
58.3

Table 6: Roughness values for the LV-2 crossover area. A and ‘n’ values for the spectral equation (Equation 26)
at low and high wavenumbers (‘wn’) separated by the roll-off boundaries for each line are also included in the last
4 columns.

n
low
wn
3.52
5.22
4.97
5.40
4.29
1.41
2.74
1.40
1.30
1.23
0.82
1.10
2.06

n
high
wn
2.19
1.82
1.59
1.45
1.65
2.46
2.15
2.17
2.07
2.15
2.06
2.17
2.14

A
high
wn

4.83 24.97
6.51E-04
7425.89
8.50
4.24 36.41
4.61E-04
9194.08
7.62
2.85
27.98
3.94E-04
7246.07
3.14

 

1.40 15.57
3.09E-04
4530.74
1.23
1.87 16.36
3.42E-04
5467.68
2.21
3.71 24.80
3.22E-04 11529.15
24.44
2.77 17.23
3.62E-04
7645.74
7.39
44.32 308.92
3.53E-04 125499.08
141.35
29.87 211.93
3.34E-04 89318.22
74.16
34.24 235.56
3.52E-04 97304.04
105.88
34.84 251.65
3.10E-04 112408.69
94.18
33.75 245.28
3.11E-04 108458.60
116.37
45.09 315.09
3.40E-04 132607.43
132.34
Table 7: Roughness values for the LR crossover area. A and ‘n’ values for the spectral equation (Equation 26) at
Line
L
L6R
L5R

L4R
L3R
L2R
L1R
R6U
R7U
R8U
R9U
R10U
R11U





 :

A
low wn
87.97
105.19
127.41
47.14
71.91
91.59
55.22
354.58
194.84
243.37
193.53
314.18
335.99

low and high wavenumbers (‘wn’) separated by the roll-off boundaries for each line are also included in the last 4
columns.
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Appendix B : Detrended Line Profiles
L-Lines (parallel to flow); Line 1 is the L-line
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R-lines (perpendicular to flow and downstream); Line 20 is the R Line

V-lines (perpendicular to flow and upstream); Line 10 is the V Line
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