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ABSTRACT
A basic interest in materials science is the determination of microstructures of materials
in order to understand why materials have the properties they exhibit and how these properties
can be controlled to serve technological uses. In this dissertation, the phase-field approach is
combined with other models and algorithms to study the effect of elastic energy, anisotropic
mobility and structural defects on phase separation kinetics and morphological evolution in bulk
systems.
A multi-dimensional general phase-field model has been developed by combining the
iteration method for calculating the elastic energy and a semi-implicit spectral method for solving
the Cahn–Hilliard equation. The model can efficiently calculate the microstructure evolution for
systems with rather general elastic anisotropies, arbitrarily large elastic inhomogeneity, general
misfit strain, and large anisotropic mobility. The microstructure and structure functions have been
studied to show the effect of large anisotropic mobility together with the elastic energy.
To address the challenge of large scale simulations of microstructures which are still
computationally expensive to date, an adaptive semi-implicit Fourier spectral (AFSIM) method is
developed to solve Allen-Cahn equation by making grid points spatially adaptive in the physical
domain via a moving mesh strategy, while maintaining a uniform grid in the computational
domain for the spectral implementation. The moving mesh method is adopted since it is
particularly efficient among recent efforts in developing advanced numerical algorithms. The
newly developed approach not only provides more accurate treatment at the interfaces requiring
higher resolution, but also retains the numerical efficiency of the semi-implicit Fourier spectral
method. Numerical examples using the adaptive moving mesh semi-implicit Fourier spectral
method are presented for both two and three space dimensional microstructure simulations, and
they are compared with those obtained by other methods. By maintaining similar accuracy, the
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proposed method is shown to be far more efficient than the existing methods for microstructures
with small ratios of interfacial width to the domain size.
The AFSIM is further implemented to solve Cahn-Hilliard equation with inhomogeneous,
anisotropic elasticity. Numerical implementations and test examples in both two and three
dimensions are considered with a particular illustration using the well-studied example of misfitting particles in a solid as they approach to their equilibrium shapes. It is shown that significant
savings in memory and computational time is achieved while accurate solutions are preserved.
The dynamics of the structure defects such as dislocations generally control the material
properties during non-equilibrium processing. In phase-fields description, the dislocations exist
only along the dislocations lines parallel to the slip planes. The total dislocation line length to
volume ratio in dislocation motion is expected to be significantly smaller than the total area to
volume ratio for interface motion. Therefore, AFSIM is extended to study the dislocation motion.
By comparing the results with analytical solutions for accuracy and with results from the uniform
Fourier-spectral semi-implicit method (UFSIM) for efficiency, it is shown that AFSIM yields
much more accurate results for the dislocation stress field and is an order magnitude more
efficient than the UFSIM for the same accuracy.
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Chapter 1

Introduction
The final quality of a material depends on the microstructure formed during solidification,
solid state phase transformation and microstructure evolution. The local structures such as the
size and the orientations of grains, the shape of the precipitates, and the spatial arrangement play
a critical role in determining the physical properties of the material. Microstructure evolution may
involve chemical free energy, interfacial energy, elastic energy, electrostatic energy, magnetic
energy and the energy generated by external applied stress field, electrical and magnetic fields.
The length scale may cover a wide spectrum from angstroms to meters. The time scale may last
from seconds to years. Due to the complex and nonlinear nature of microstructure evolution,
together with the large spatial and temporal range, it is often difficult to formulate analytical
solutions or study the problems by experiments. Numerical approaches are often employed.
Numerical simulations can predict the microstructure evolution and hence the related properties
of a material. A reliable foundation is provided for the process control and the improvement of
the quality. It has both significant theoretical importance and practical application potential.
In recent decades, many numerical models have been developed for studying
microstructure evolution and phase transformation at the nanoscopic, microscopic, mesoscopic
and macroscopic level. In the late 1980s, the Monte Carlo method was used for modeling the
nucleation and growth of the grains [1-3]. In the 1990s, the Cellular Automaton (CA) model was
developed, in which the physical mechanisms of heterogeneous nucleation and grain growth were
taken into account, and a way similar to the deterministic method was introduced to deal with the
distribution of nuclei [4-7]. In recent years, the phase-field model has been proved to be one of
the most powerful methods for modeling many types of microstructure evolution processes.
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Phase-field method is based on a diffuse-interface description proposed by Van der Walls
and Cahn & Hilliard independently [8-10], and becomes a promising tool for simulating the
mesoscale microstructure evolution including solidification, grain growth and coarsening,
precipitation, spinodal decomposition, defects evolution, and many types of liquid or solid state
phase transformation [11-36]. In phase-field simulations, the phase-field parameters, which
generally represent the microstructure, are time-dependent and spatially continuous. Different
from the conventional sharp-interface approach, the phase-field parameters are continuous across
the interfacial regions, and thus the interfaces in a phase-field model are diffuse. It is attractive as
the evolution of different microstructure features can be predicted by means of a single set of
equations, and there are no explicit boundary conditions defined at interfaces, which are the
difficulties faced by the conventional sharp-interface approach. The temporal evolution of the
phase-field parameters is governed by systems of Allen-Cahn equation (time-dependent
Ginzburg-Landau Eq. (1.1)) or Cahn-Hilliard equation Eq. (1.2). Numerical solutions to the
phase-field equations yield the temporal and spatial evolution of the microstructures. The phasefield parameters are either conserved or non-conserved. Conserved variables, such as composition
field, which satisfy the local conservation condition, are governed by the Cahn-Hilliard equation;
non-conserved variables, such as order parameters in order-disorder transformations, are
governed by the Allen-Cahn equation [37].

∂ηαβ ( x, t )

δE
,
δηαβ

(1.1)

δE
∂c( x, t )
= M∇ 2
,
δ ( x, t )
∂t

(1.2)

∂t

= − Lαβ
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where η and c are phase field parameters, t is time, Lαβ (αβ=1, 2…) and M are kinetic
coefficients, and E is the total free energy of the system.

1.1 Research Objectives
Phase-field method has been applied to modeling mesoscale morphological pattern
formation and interface motion for many different materials processes [37]. There have been
significant advances in recent years in modeling the microstructure evolution during solid-state
phase transformations. The limitation of many existing phase-field simulations is that most of the
existing phase-field simulations employ the simple explicit Euler finite-difference scheme which
has severe limitations on simulation time and system size. Consequently, a number of efforts
have been made to develop and implement more advanced numerical algorithms for solving the
phase-field equations. Existing algorithms are designed either to increase the numerical stability
with respect to time or to achieve higher accuracy in spatial discretization. The spectral method
and its semi-implicit implementation have proved particularly efficient [38]. Simplifications and
assumptions are often made to avoid sophisticated mathematical treatments. In the original phasefield equations, the mobility function is taken to be a constant to simplify the mathematical
treatment. In many applications such as precipitate growth, phase separation, dendritic
solidification and grain growth, an anisotropic mobility function needs to be introduced to take
into account the realistic conditions. In some materials, such as battery electrode materials, the
ratio of mobility along different direction can exceed orders of magnitude [39-42]. Significant
errors in microstructure prediction can be induced if the mobility function is still considered as a
constant. Part of this research work addresses the effect of elastic energy and anisotropic mobility
on phase separation kinetics and morphological evolution in bulk systems with a newly
developed phase-field model by using the semi-implicit Fourier spectral algorithm. The model
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can efficiently simulate the coarsening kinetic of a three-dimensional two phase cubic or rather
general crystal system with large anisotropic mobility, anisotropic elasticity and inhomogeneous
elastic energy.
As mentioned, a number of advanced numerical algorithms have been proposed for
solving the phase-field equations to improve the accuracy and efficiency. Generally, these
algorithms are designed to increase the numerical stability with a larger time step or to gain
higher accuracy in spatial discretization. To achieve high accuracy in space, two types of
approaches have been utilized. One is to employ a spectral representation of a continuous spatial
profile of a field variable, e.g. using a Fourier series for a periodic system, and the other is the
adaptive mesh approach in which dense grid points are used in the interfacial regions where the
field variables have large gradients [43]. The spectral method and its semi-implicit
implementation are particularly efficient for systems in which the morphologies and
microstructures are dominated by long-range elastic interactions [38], and the adaptive mesh
method is useful for microstructures with a small interfacial width compared to the domain size.
However, it is technically a very difficult challenge to combine the spectral method with an
adaptive mesh.
In this research, a AFSIM method (adaptive Fourier-spectral semi-implicit method),
which takes advantages of both the moving mesh method and the Fourier Spectral Semi-implicit
scheme, is developed, and larger time step size and system size in phase-field simulations can
therefore be used to gain computational efficiency without sacrificing the accuracy [44-46].
To achieve the adaptivity, we employ the moving mesh approach without adding extra
grid points or enriching Fourier modes. Therefore, the adaptivity can be performed within the
framework of Fourier-Spectral Semi-implicit methods. A time-dependent mapping from the
computational domain to the physical domain is constructed. The solution of certain variational
principles via gradient flow leads to the so-called moving mesh partial differential equations
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(MMPDEs) [47-51]. Larger time step size and larger system size can thus be used by taking
advantages of both the moving mesh method and the Fourier Spectral Semi-implicit scheme.
The dynamics of the topological defects such as dislocations and cracks generally control
the material properties during non-equilibrium processing. Plastic deformation and dislocation
motion have been studied at different levels. Computational simulations of dislocation dynamics
are proved to be excellent tools in obtaining detailed information of dislocation activities in bulk
crystals or thin films. The recent progress in phase field simulations of dislocation dynamics
provides a potential way for efficiently modeling the interactions and motion of dislocations.
Wang et al. proposed a phase field microelasticity model (PFM), in which the dislocations were
viewed as misfitting platelet inclusions and treated in a similar way as how martensitic platelets
are described in the phase field method [22,35]. The motion of dislocations was controlled by the
time-dependent Ginsburg-Landau equation. This model can handle the evolution of complicated
distribution of dislocations in 3D. The interaction of dislocations with other defects can be easily
incorporated into the model [52-59]. A similar phase-field model was proposed by Rodney et al.
They employed two length scales to take into account the grid size and the dislocation core size
which is smaller than the grid size. However, their model is computationally intensive, especially
for a multi-dislocation system [60]. Elder et al. proposed a phase field crystal (PFC) model to
simulate the dynamics of crystal growth that includes elastic and plastic deformations. The model
is constructed to produce phase fields that are periodic [61-63]. Koslowski et al. proposed a
phase-field model to reduce the complexity of the calculations with the aid of closed form
analytical solutions. No numerical grid is required in calculations [64-67]. Hu et al. proposed a
phase-field model for defects by coupling the Cahn-Hilliard diffusion equation with the dynamic
models proposed in [22]. The solute compositional field and a set of order parameter fields
describing the dislocation distribution were employed [68-74].
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One of the main features of phase-field models for dislocation motion is the fact that high
gradients of phase-fields describing the dislocations exist only along the dislocation lines parallel
to the slip planes. The total dislocation line length to volume ratio in dislocation motion is
expected to be significantly smaller than the total area to volume ratio. Therefore, it is natural to
extend AFSIM to phase-field models for dislocation motion. Part of this dissertation is to discuss
the implementation of a moving mesh spectral method to phase-field models for dislocation
motion and to examine the accuracy and efficiency of the method through numerical experiments.

1.2 Dissertation Outline
This dissertation has six chapters: (1) Introduction, (2) Studies of Anisotropic Mobility in
Phase-field Simulations, (3) Spectral Implementation of an Adaptive Moving Mesh Method for
Allen-Cahn Equations, (4) Spectral Implementation of an Adaptive Moving Mesh Method for
Cahn-Hilliard Equations, (5) Spectral Implementation of an Adaptive Moving Mesh Method for
dislocation motion, (6) Conclusions and future work.
Chapter 1 is a literature review, which consists of a general background of computational
materials science and phase-field modeling, followed by the research objectives and the
dissertation outline.
Chapter 2 shows the phase-field model developed to study the effect of elastic energy and
anisotropic mobility on phase separation kinetics and morphological evolution in bulk systems.
The microstructure and structure function have been studied to show the effect of large
anisotropic mobility together with the elastic energy.
In Chapter 3, an AFSIM method (adaptive Fourier-spectral semi-implicit method) is
developed, which takes advantages of both the moving mesh method and the Fourier Spectral
Semi-implicit scheme. Numerical examples using the new adaptive moving mesh semi-implicit
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Fourier spectral method are presented for both two and three space dimensional microstructure
simulations, and they are compared with those obtained by other methods.
Chapter 4 shows the application of AFSIM to Cahn-Hilliard equation with
inhomogeneous, anisotropic elasticity. Numerical implementations and test examples in both two
and three dimensions are considered with a particular illustration using the well-studied example
of mis-fitting particles in a solid as they approach to their equilibrium shapes.
In Chapter 5, An AFSIM model for dislocation dynamics is developed. Numerical
implementations and examples in two dimensions are presented. The results are compared with
analytical solutions for accuracy and with results from the uniform Fourier-spectral semi-implicit
method (UFSIM) for efficiency.
Chapter 6 summarizes the dissertation according to all the results presented. Future work
based on the dissertation is suggested.
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Chapter 2

Studies of Anisotropic Mobility in Phase-field Simulations
Phase separation takes place when a homogeneous system at high temperature is
quenched to a two-phase coexistence region by nucleation and growth or a continuous
mechanism. Microstructure evolution is driven by the reduction in the total free energy. This
process is known as coarsening. The dynamics of phase separation and coarsening is usually
described by the Cahn-Hilliard equation (CH) [10]. In the original phase-field equations, the
mobility function is taken to be a constant to simplify the mathematical treatment. However, the
mobility in different phases along different directions is usually different, especially at low
temperatures. In recent years, variable dependent mobility is studied by several individuals and
groups. Langer et al. [75] and Kitahara and Imada [76] suggested a realistic order parameter
dependent mobility model. Thereafter, more different forms of variable mobility functions are
proposed [77-86]. All the above studies have shown that a variable-mobility will have important
impact on the coarsening behavior of a two-phase system. However, the effect of mobility
difference in different directions is still uncovered and not fully understood yet. In some materials,
such as materials with fiber or layer structures, the ratio of anisotropic mobility along different
direction can exceed orders of magnitude.
In this chapter, a phase-field model will be developed to study the effect of elastic energy
and anisotropic mobility on phase separation kinetics and morphological evolution in bulk
systems. The model can efficiently simulate the coarsening kinetic of a three dimensional two
phase cubic system with large anisotropic mobility and inhomogeneous elastic energy. The
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microstructure and structure function have been studied to show the effect of large anisotropic
mobility together with the elastic energy.

2.1 Cahn-Hilliard Equation with Anisotropic Mobility
A two phase cubic system is considered. The microstructure of the system can be
described by a single compositional profile, c(r).

The dynamics of phase separation and

coarsening is described by the Cahn-Hilliard equation:

⎛
∂c
δF ⎞
⎛
⎡ ∂f ∂E
⎤⎞
= ∇ ⋅ ⎜ M∇
− κ∇ 2c ⎥ ⎟⎟ .
⎟ = ∇ ⋅ ⎜⎜ M∇ ⎢ +
∂t
δc ⎠
⎝
⎣ ∂c ∂c
⎦⎠
⎝

(2.1)

Here c is the composition, t is the time, M is the mobility, F is the total free energy, f is
the local free energy, E is the elastic energy, and κ is the gradient energy coefficient.
In order to take into account the directional dependence of the mobility, we assume:

⎛ M 11 M 12 M 13 ⎞
⎟
⎜
M = ⎜ M 21 M 22 M 23 ⎟ .
⎜ M 31 M 32 M 33 ⎟
⎠
⎝

(2.2)

For simplicity, we only consider the mobility deference between [01] and [10] direction
in two dimensions, [001], [010] and [100] in three dimensions. The above matrix is reduced to:

0 ⎞
⎛ M 11
⎟
M = ⎜⎜
M 22 ⎟⎠ ,
⎝ 0
or
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0
0 ⎞
⎛ M 11
⎟
⎜
M =⎜ 0
M 22
0 ⎟.
⎜ 0
M 33 ⎟⎠
0
⎝

(2.3)

The semi-implicit Fourier spectral method is used to solve Eq. (2.1) [38]:

[

]

∂c
⎡
⎛ ∂f ∂E ⎞⎤
+ ∇ ⋅ M ⋅ ∇(κ∇ 2 c ) = ∇ ⋅ ⎢ M ⋅ ∇⎜ +
⎟⎥ . .
∂t
⎝ ∂c ∂c ⎠⎦
⎣

(2.4)

Assuming a periodic boundary condition, the above equation can be solved in Fourier
space with a summation convention:

[

](

)

^
cˆ = cˆ + Δtk i M ij k j (∂f / ∂c + ∂E / ∂c ) / 1 + κΔtki M ij k j k 2 Δt ,

(2.5)

where ^ represents Fourier Transform.

2.1.1 Local free energy
For simplicity, we choose the double-well free energy function as the local free energy,

1
1
f = − c2 + c4 .
2
4

(2.6)

Two minima of the above equation are located at c = -1 and c = +1, representing the
equilibrium compositions of the two phases. The first derivative of the local free energy reads:

∂f
= −c + c 3 .
∂c

(2.7)
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2.1.2 Elastic energy
The elastic energy density can be calculated by [87]:

1
e = Cijklε ijel ε klel ,
2

(2.8)

with a summation convention. Cijkl is the stiffness coefficient and elastic strain ε el is the
difference between total strain ε and stress-free strain ε 0 since stress-free strain (eigenstrain)
does not contribute to the total elastic energy, i.e.

ε ijel = ε ij − ε ij0 , ε ij0 = ε 0δcδ ij , δc = c( x) − c0 ,

(2.9)

where ε 0 is a constant, δ ij is the Kronecker-delta function, c0 is the average composition as the
zero stress reference.
In micromechanics, the concept of eigenstrain is used to describe the distortion associated
with crystal defects, which allows one to easily introduce an arbitrary spatial distribution of
defects into a system and efficiently obtain the elastic solution by combining Khachaturyan’s
microelasticity theory [87].
The total strain can be determined by:

ε ij = ε ij + δε ij ,

(2.10)

where ε is the homogeneous strain which determines the macroscopic shape and volume change
produced by internal stress and externally applied stress, and δε is inhomogeneous local strain
which is related to the local displacement field u by the usual elasticity relation,
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1 ⎛ ∂u

∂u ⎞

δε ij = ⎜⎜ i + j ⎟⎟ .
2 ⎝ ∂x j ∂xi ⎠

(2.11)

The mechanical equilibrium condition requires that:

∂σ ij
= 0.
∂xi

(2.12)

For the case of homogeneous modulus approximation, the mechanical equilibrium
equation can be written as:

λ

0
ijkl

∂ 2uk0
∂δc 0
ε kl ,
= λ0ijkl
∂x j ∂xl
∂x j

(2.13)

where λ0ijkl is the homogeneous stiffness coefficient
The numerical solution in Fourier space is:

uˆi0 = −i

Ωij
k

2

−1
0
σ 0jl klδcˆ , Ωij = λijkl nk nl ,

(2.14)

where n is the unit vector.
For the case of inhomogeneous modulus approximation, the mechanical equilibrium
equation can be written as:

∂
∂x j

⎛
∂u k ⎞ ∂δc
⎜⎜ C ijkl
⎟⎟ =
(2 λ ijkl' δ c + λ ijkl0 )ε kl0 − λ 1ijkl ε kl ,
∂x l ⎠ ∂x j
⎝

[

]

(2.15)
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where Cijkl = λ0ijkl + λ1ijklδc is the elasticity modulus with a homogeneous part λ0ijkl and an
inhomogeneous part λ1ijklδc .
This equation can be solved using the iteration method [89]. Replacing the displacement
on the left-hand side of the equation with the solution at current time step and move it to the
right-hand side,

λ0ijkl

∂ 2ukn +1 ∂δc
∂ ⎛ ∂ukn ⎞
⎜ δc
⎟.
(
=
2λ1ijklδc + λ0ijkl )ε kl0 − λ1ijkl ε kl − λ1ijkl
∂x j ∂xl ∂x j
∂x j ⎜⎝ ∂xl ⎟⎠

[

]

(2.16)

The equivalent representation in the Fourier space is

uˆ

n +1
k

^

Ω ki (n) ⎡ ∂δc
∂ ⎛ ∂u kn ⎞⎤
1
0
0
1
1
⎜ δc
⎟⎥ .
2λijkl δc + λijkl ε kl − λijkl ε kl − λijkl
=−
⎢
k 2 ⎣⎢ ∂x j
∂x j ⎜⎝ ∂xl ⎟⎠⎦⎥

[(

)

]

(2.18)

2.2 Numerical Simulations and Discussions
The two dimensional simulations are performed on a square domain discretized using a
lattice of 1024×1024 grid points with a grid size 1.0. The three dimensional simulations are
performed on a cubic domain discretized using a lattice of 100×100×100 grid points with a grid
size 1.0. Periodic boundary conditions are employed. The time step dt is chosen to be 0.5. The
overall scaled composition c0 is taken to be 0. The system is initially prepared in a homogeneous
state by assigning a random number to each grid point around their overall composition. The
random numbers are uniformly distributed between 0.05 and -0.05 corresponding to a hightemperature initial state where the composition deviation from the average value is only caused
by fluctuations.
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2.2.1 Two dimensional simulations

2.2.1.1 No elasticity
The first set of examples presented here is performed to simulate the spinodal
decomposition in a bulk system with no elasticity.
Figure 2-1 shows the microstructure of the spinodal decomposition with no elastic energy
and isotropic mobility, i.e., M11=M22=1.0. Since the overall composition is 0 and the
composition of the two equilibrium phases is -1 and +1, the volume fractions of the two phases
are about the same, leading to interconnected morphologies. Due to the well-known GibbsThomson effect [90], coarsening proceeds by a diffusive mass transfer process from the surface
of the smaller domain to the larger domain. The larger domains grow at the expense of the
smaller domains which shrink and then finally disappear.

t=2000
Figure 2-1 No elasticity, M11=M22=1.0

t=20000

t=40000
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t=2000

t=20000

t=40000

Figure 2-2 No elasticity, M11=1.0, M22=0.95

Figure 2-2 shows the coarsening of the microstructure with no elastic energy and
anisotropic mobility. The parameters used are almost the same with the last one but with
M11=1.0 and M22=0.95, which means the mobility anisotropy presents. Theoretically, since the
mobility along y direction is 5 percent smaller than the mobility along x direction, we expect the
microstructure evolves faster along x direction than y direction. It is not easy to tell the difference
with bare eyes. Therefore, mathematic tools are useful in the analysis. A two-phase morphology
during coarsening can be characterized by a time-dependent structure function S(k,t) [91]

S (k , t ) =

where

1
N

∑∑ e
r

r′

−ikr

[C (r + r' , t)C (r′, t ) − C ] ,
2

(2.19)

denotes averaging over all lattice points.
For an isotropic system, the structure function is calculated by computing the circularly

average of the c(k) value along the green arcs (Figure 2-3 (a)). For an anisotropic system, instead
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of seeking the circularly average, structure function S(k,t) is computed along x and y direction
separately (Figure 2-3 (b)).

(a)

(b)

Figure 2-3 (a): Isotropic system； (b): Anisotropic system

Figure 2-4 shows the structure function. The blue curves are the structure function values
along y direction, and the black curves are the structure function along x direction. We can see
that as expected, as time increases, the structure functions shift to lower k, indicating an increase
in the real-space average length scale along both x and y direction. And the black curves shift
more than the blue curves, which implys that the evolution along x direction is faster than that
along y direction.
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Figure 2-4 Structure function (M11=1.0, M22=0.95)

Figure 2-5 Wave length evolution (M11=1.0, M22=0.95)
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We also calculate the wave length evolution along both x and y direction (Figure 2-5). It
can be seen that the black curve is higher than the blue curve, which again indicates that the
evolution along x direction is faster than that along the y direction.
Figure 2-6 shows the microstructure evolution with 20 percent mobility anisotropy. It is
evident that with such a large anisotropy, the microstructure evolution along x direction is much
faster than which along y direction. We can tell the deference even by bare eyes.

t=2000

t=20000

t=40000

Figure 2-6 No elasticity, M11=1.0, M22=0.8

Figure 2-7 shows the structure functions for the 20 percent anisotropy case. Figure 2-8
shows the wave length evolution along both x and y direction. As can be seen, these curves show
the coarsening process and the faster evolution along x direction.
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Figure 2-7 Left: Structure function (M11=1.0, M22=0.8)

Figure 2-8 Wave length evolution (M11=1.0, M22=0.8)
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Figure 2-9 and Figure 2-10 show the microstructure evolution under even bigger
anisotropic mobility, up to 100 times. The layer structure presents under such large anisotropic
mobility. The layers become thinner as the anisotropy becomes bigger.

t=2000

t=20000

t=40000

t=20000

t=40000

Figure 2-9 No elasticity, M11=1.0, M22=0.1

t=2000

Figure 2-10 No elasticity, M11=1.0, M22=0.01
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2.2.1.2 Homogeneous elasticity
The following examples simulate the spinodal decomposition in a cubic system with
homogeneous elasticity. The stiffness coefficients used are c11=600, c12=400 and c44=200.
Figure 2-11 shows the microstructure of the spinodal decomposition with isotropic mobility, i.e.,
M11=M22=1.0. According to the value of the stiffness coefficients, the elastic soft directions are
[10] and [01]. Domains are interconnected rectangular stripes aligned in the soft directions.

t=2000

t=20000

t=40000

Figure 2-11 Homogeneous elasticity, M11=1.0, M22=1.0

Figures 2-12~2-14 show the microstructure of the spinodal decomposition with
anisotropic mobility. The microstructure evolves faster along x direction than y direction as the
anisotropy becomes larger. The microstructure evolves from rectangular stripes to layer structures
as anisotropy continuously increases.
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t=2000

t=20000

t=40000

Figure 2-12 Homogeneous elasticity, M11=1.0, M22=0.95

t=2000

t=20000

Figure 2-13 Homogeneous elasticity, M11=1.0, M22=0.8

t=40000
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t=2000

t=20000

t=40000

Figure 2-14 Homogeneous elasticity, M11=1.0, M22=0.1

2.2.1.3 Inhomogeneous elasticity
The examples presented here are performed to simulate the spinodal decomposition in an
elastically anisotropic and inhomogeneous system with anisotropic mobility.
Figure 2-15 shows the microstructure of the spinodal decomposition with negative elastic
anisotropy, negative elastic inhomogeneity and isotropic mobility, i.e., M11=M22=1.0. The
stiffness coefficients are λ011 = 600, λ012 = 400, λ044 = 200, λ111 = -300, λ112 = -200, and λ144 = -100.

(

)

0
0
The elastic anisotropy for phase A is ξ = λ11
− λ12
− 2λ044 / λ044 = (600− 400− 2 × 200) / 200 = −1 .

The two phases have the same elastic anisotropy. According to the value of the elastic anisotropy,
the elastic soft directions are [10] and [01]. Domains are rectangular stripes aligned in the soft
directions. The elastic constants of phase A are greater than those of phase B. Instead of forming
interconnected stripes, the hard phase A forms many rectangular precipitates surrounded by the
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soft phase B. The hard precipitates align themselves along the elastically soft directions [01] and
[10]. Due to Gibbs-Thomson effect, coarsening proceeds by a diffusive mass transfer process
from the surface of the smaller domain to the larger domain. The larger domains grow at the
expense of the smaller domains which shrink and then finally disappear.

t=2000

t=20000

t=40000

Figure 2-15 Inhomogeneous elasticity, black: phase A, white: phase B, M11=M22=1.0

t=2000

t=20000

t=40000

Figure 2-16 Inhomogeneous elasticity, black: phase A, white: phase B, M11=1.0, M22=0.95
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Figure 2-16 shows the coarsening of the microstructure with negative elastic anisotropy,
negative elastic inhomogeneity and anisotropic mobility. The parameters used are almost the
same with the last one but M11=1.0 and M22=0.95, which means the mobility anisotropy presents.
Theoretically, since the mobility along y direction is 5 percent smaller than the mobility along x
direction, we expect the microstructure evolves faster along x direction than y direction. It is not
easy to tell the difference with bare eyes. Figure 2-17 shows the structure function. The blue
curves are the structure function values along y direction as time goes on, and the black curves are
the structure function along x direction. We can see that as expected, as time increases, the
structure functions shift to lower k, indicating an increase in the real-space average length scale
along both x and y direction. And the black curves shift more than the blue curves, which
suggests the evolution along x direction is faster than that along y direction.

Figure 2-17 Structure function (M11=1.0, M22=0.95)
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Figure 2-18 Wave length evolution (M11=1.0, M22=0.95)

We also calculate the wave length evolution along both x and y direction (Figure 2-18).
We can see that the black curves are higher than the blue curves, which again implies that the
evolution along x direction is faster than that along the y direction.
Figure 2-19 shows the microstructure evolution with 20 percent mobility anisotropy. It is
obvious that with such a large anisotropy, the microstructure evolution along x direction is much
faster than that along y direction. We can tell the deference even by bare eyes.
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t=2000

t=20000

t=40000

Figure 2-19 Inhomogeneous elasticity, black: phase A, white: phase B, M11=1.0, M22=0.8

Figure 2-20 shows the structure functions for the 20 percent anisotropy case. Figure 2-21
shows the wave length evolution along both x and y direction. It’s clear that these curves show the
coarsening process and the faster evolution along x direction.

Figure 2-20 Structure function (M11=1.0, M22=0.8)
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Figure 2-21 Wave length evolution (M11=1.0, M22=0.8)

Figure 2-22 and Figure 2-23 show the microstructure evolution under even bigger
anisotropic mobility, up to 100 times. The layer structure presents under such large anisotropic
mobility. The layers become thinner as the anisotropy becomes bigger.

t=2000

t=20000

t=40000

Figure 2-22 Inhomogeneous elasticity, black: phase A, white: phase B, M11=1.0, M22=0.1
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t=2000

t=20000

t=40000

Figure 2-23 Inhomogeneous elasticity, black: phase A, white: phase B, M11=1.0, M22=0.01

2.2.2 Three dimensional simulations
The following examples simulate the spinodal decomposition in a cubic system in 3D.

2.2.2.1 No elasticity
The first set of 3D examples presented here is performed to simulate the spinodal
decomposition in a bulk system with no elasticity. Figures 2-24~2-26 show the microstructure of
the spinodal decomposition with no elasticity and isotropic mobility, i.e., M11=M22=M33=1.0.
Since the overall composition is 0 and the composition of the two equilibrium phases is -1 and +1,
the volume fractions of the two phases are about the same, leading to interconnected
morphologies. As can be seen, coarsening proceeds by a diffusive mass transfer process from the
surface of the smaller domain to the larger domain, and, as a result, the smaller domains shrink
and disappear in time.
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t=2000

t=20000

t=40000

t=20000

t=40000

Figure 2-24 No elasticity, M11=M22=M33=1.0

t=2000

Figure 2-25 No elasticity: x-y section, M11=M22=M33=1.0
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t=2000

t=20000

t=40000

Figure 2-26 No elasticity: x-z section, M11=M22=M33=1.0

Figure 2-27 shows the coarsening of the microstructure with no elastic energy and
anisotropic mobility. The parameters used are almost the same with the last one but with
M11=M22=0.8 and M33=1.0, which means the mobility anisotropy presents. Theoretically, since
the mobility along z direction is 20 percent bigger than the mobility along x and y direction, we
expect the microstructure evolves faster along z direction than x and y direction. We can see from
Figure 2-28 that the growth along x and y directions is about the same, while the growth along z
direction is faster than the growth along x direction in Figure 2-29. This is more evident in Figure
2-30~2-32 where the anisotropy is larger. It is illustrated that fiber structure is developed when
one direction grows faster than the other two directions.
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t=2000

t=20000

t=40000

Figure 2-27 No elasticity, M11=M22=0.8, M33=1.0

t=2000

t=20000

Figure 2-28 No elasticity: x-y section, M11=M22=0.8, M33=1.0

t=40000
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t=2000

t=20000

t=40000

Figure 2-29 No elasticity: x-z section, M11=M22=0.8, M33=1.0

t=2000

t=20000

Figure 2-30No elasticity, M11=M22=0.1, M33=1.0

t=40000
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t=2000

t=20000

t=40000

Figure 2-31 No elasticity: x-y section, M11=M22=0.1, M33=1.0

t=2000

t=20000

t=40000

Figure 2-32 No elasticity: x-z section, M11=M22=0.1, M33=1.0

Figure 2-33 shows the coarsening of the microstructure with no elastic energy and
anisotropic mobility. The parameters used here are M11=M22=1.0 and M33=0.8. In this case, it
is expected that the microstructure evolves faster along x and y direction than z direction since the
mobility along z direction is 20 percent smaller than that along x and y direction. We can see from
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Figure 2-34 that the growth along x and y directions is equivalent, while the growth along z
direction is slower than the growth along x direction in Figure 2-35. The difference of growth
speed along z direction from that along x and y directions is more significant when the anisotropy
is larger as shown in Figures 2-36~2-38. It is evident that layer structure is developed when one
direction grows much slower than the other two directions.

t=2000

t=20000

t=40000

Figure 2-33 No elasticity, M11=M22=1.0, M33=0.8

t=2000

t=20000

Figure 2-34 No elasticity: x-y section, M11=M22=1.0, M33=0.8

t=40000
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t=2000

t=20000

t=40000

Figure 2-35 No elasticity: x-z section, M11=M22=1.0, M33=0.8

t=2000

t=20000

Figure 2-36 No elasticity, M11=M22=1.0, M33=0.1

t=40000
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t=2000

t=20000

t=40000

Figure 2-37 No elasticity: x-y section, M11=M22=1.0, M33=0.1

t=2000

t=20000

t=40000

Figure 2-38 No elasticity: x-z section, M11=M22=1.0, M33=0.1

Figures 2-39~2-41 illustrate the coarsening of the microstructure with homogeneous
elastic energy and isotropic mobility. The parameters used here are λ11 = 600, λ12 = 400, and λ44 =
200. The elastic anisotropy is ξ = (λ11 − λ12 − 2λ44 ) / λ44 = (600 − 400 − 2 × 200) / 200 = −1 .
According to the value of the elastic anisotropy, the elastic soft directions are [100], [010] and
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[001]. Domains are interconnected rectangular stripes aligned in the soft directions. The
coarsening kinetics is observed when the time goes by.

t=2000

t=20000

t=40000

Figure 2-39 Homogeneous elasticity, M11=M22=M33=1.0

t=2000

t=20000

Figure 2-40 Homogeneous elasticity: x-y section, M11=M22=M33=1.0

t=40000
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t=2000

t=20000

t=40000

Figure 2-41 Homogeneous elasticity: x-z section, M11=M22=M33=1.0

Figure 2-42~2-47 shows the coarsening of the microstructure with homogeneous elastic
energy and anisotropic mobility. The parameters used here are the same except M11=M22=0.8,
M33=1.0 in the first example, and M11=M22=0.1, M33=1.0 in the second example. Because the
elastic anisotropy prefers the elastic soft directions [100], [010] and [001], and the mobility along
z direction is larger, the fiber structure is more easily developed in this case than the cases without
negative elastic anisotropy.
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t=2000

t=20000

t=40000

Figure 2-42 Homogeneous elasticity, M11=M22=0.8, M33=1.0

t=2000

t=20000

Figure 2-43 Homogeneous elasticity: x-y section, M11=M22=0.8, M33=1.0

t=40000
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t=2000

t=20000

t=40000

Figure 2-44 Homogeneous elasticity: x-z section, M11=M22=0.8, M33=1.0

t=2000

t=20000

Figure 2-45 Homogeneous elasticity, M11=M22=0.1, M33=1.0

t=40000
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t=2000

t=20000

t=40000

Figure 2-46 Homogeneous elasticity: x-y section, M11=M22=0.1, M33=1.0

t=2000

t=20000

t=40000

Figure 2-47 Homogeneous elasticity: x-z section, M11=M22=0.1, M33=1.0

Figures 2-48~2-53 show the coarsening of the microstructure with homogeneous elastic
energy and anisotropic mobility. The parameters used here are M11=M22=1.0, M33=0.8 in the
first example, and M11=M22=1.0, M33=0.1 in the second example. It can be seen that the layer
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structure is more easily formed in this case than the no elastic cases as the negative elastic
anisotropy prefers the elastic soft directions [100], [010] and [001] and the mobility along x and y
direction is larger.

t=2000

t=20000

t=40000

Figure 2-48 Homogeneous elasticity, M11=M22=1.0, M33=0.8

t=2000

t=20000

Figure 2-49 Homogeneous elasticity: x-y section, M11=M22=1.0, M33=0.8

t=40000
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Figure 2-50 Homogeneous elasticity: x-z section, M11=M22=1.0, M33=0.8

t=2000

t=20000

Figure 2-51 Homogeneous elasticity, M11=M22=1.0, M33=0.1

t=40000
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t=2000
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t=40000

Figure 2-52 Homogeneous elasticity: x-y section, M11=M22=1.0, M33=0.1

t=2000

t=20000

Figure 2-53 Homogeneous elasticity: x-z section, M11=M22=1.0, M33=0.1

t=40000
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2.3 Conclusions
A phase-field model has been developed to study the two and three dimensional
microstructure evolution under anisotropic mobility with homogeneous or inhomogeneous
elasticity. The semi-implicit Fourier spectral algorithm is used to reduce the time step constraint
and improve the efficiency. The effect of elastic energy and anisotropic mobility on phase
separation kinetics and morphological evolution in bulk systems has been studied. As expected,
the microstructure evolves faster along the direction with larger mobility. The microstructure
evolves to fiber structures when mobility in z direction is much higher than that in x and y
direction, and to layer structures with much lower mobility in z direction.
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Chapter 3

Spectral Implementation of an Adaptive Moving Mesh Method for AllenCahn Equations
Many of the earlier phase field simulations employed numerical algorithms such as the
explicit Euler finite difference method, which suffered severe limitations on the simulation time
step and system size. More advanced numerical algorithms have been proposed recently. In
general, existing algorithms are designed either to increase the numerical stability with respect to
time or to achieve higher accuracy in spatial discretization. To achieve high accuracy in space,
two types of approaches have been utilized. One is to employ a spectral representation of a
continuous spatial profile of a field variable, e.g. using a Fourier series for a periodic system, and
the other is the adaptive mesh approach in which dense grid points are used in the interfacial
regions where the field variables have large gradients [43]. The spectral method and its semiimplicit implementation have proved particularly efficient for systems in which the morphologies
and microstructures are dominated by long-range elastic interactions [38] while the adaptive mesh
method is useful for microstructures with a very small interfacial width compared to the domain
size. However, it is technically a very difficult challenge to combine the spectral method with an
adaptive mesh. This chapter is to develop a spectral implementation of an adaptive mesh method
for solving phase-field equations [44].
To achieve the adaptivity within the framework of Fourier-Spectral Semi-implicit
methods, the moving mesh approach is employed while maintaining the same number of Fourier
modes instead of using local refinement (either by adding extra grid points or enriching Fourier
modes). The main idea of the moving mesh approach is to construct a time-dependent mapping
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x(ξ , t ) from the computational domain Ω c (parameterized by ξ ) to the physical domain Ω p
(parameterized by x ), such that the representation υ (ξ , t ) = u ( x(ξ , t )) of the physical solution

u ( x(ξ , t )) in the computational domain is "better behaved". The criteria for constructing the
mapping are usually expressed as certain variational principles, whose solutions via gradient flow
lead to the so-called moving mesh partial differential equations (MMPDEs) [47-51]. It turns out
the semi-implicit Fourier spectral method can also be effectively used to solve the MMPDEs.
Taking advantages of both the moving mesh method and the Fourier Spectral Semi-implicit
scheme, larger time steps and larger system sizes can be used in phase-field simulations to gain
computational efficiency without sacrificing the accuracy.

This chapter demonstrates the

performance of this new approach for the Allen_Cahn equations in both two and three space
dimensions. Similar improvement can also be expected for its application to the phase filed
simulations of more realistic and complicated problems.

3.1 Variational Formulations of Moving Mesh PDEs

3.1.1 The moving-mesh PDEs
Moving-mesh PDEs can be formulated either on a computational domain [92] or on a
physical domain [93]. The former has the advantage of being simple and efficient, though
bearing a lesser rigorous derivation. The latter is derived on a more rigorous basis, but the
resulting MMPDE is slightly more complicated. More comparisons of the implementation based
on the two different approaches are given in [94]. This chapter briefly discusses both approaches,
although only the second approach, the physical domain variational formulation (PDVF), is
implemented in the numerical simulations.
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a

b

Figure 3-1 a: the physical domain; b: the computational domain

Figure 3-1 shows the discretization of a function in the physical domain and in the
computational domain, respectively. One can achieve the high grid density in the high gradient
region in the physical domain (Figure 3-1 a) by smoothing the gradient in the computational
domain (Figure 3-1 b).
To make υ (ξ , t ) = u ( x(ξ , t )) a nicely behaved function, the solution to the following
minimization problem is solved,

min x (ξ ,t ) ∫ ωdξ ,
Ωc

ω = 1 + υξ2 = 1 + u x2 ( x(ξ , t )) xξ2 .

(3.1)

(3.2)

The Euler-Lagrange equation associated with this special functional in the computational
domain is
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⎛
⎞
u x u xx xξ2
u x2
⎜
⎟
=
x
.
ξ⎟
⎜
2 2
⎜ 1 + u x2 xξ2
⎟
1
+
u
x
x
ξ
⎝
⎠ξ

(3.3)

The solution to the above equation gives the transformation, x(ξ , t ) , between the
computational domain described by ξ to the physical domain by x . The PDE in Eq. (3.3) is
difficult to solve, which involves a rather singular coefficient on the left-hand side and a stiff
source term on the right-hand side. However, through numerical experiments [92], it is found
that one can achieve the same goal of smoothing the physical solution in the computational space
by solving a much simpler PDE,

(

)

∂
ω xξ = 0 ,
∂ξ
where ω = 1 + u x2 xξ2 or

1 + uξ2

(3.4)

is the so-called monitor function that connects the mesh

with the physical solution. In general, the monitor function should be problem-dependent as this
function ultimately determines the compression and deformation of the mesh. The mesh will
concentrate more on places where

ω is larger. Other geometric controls such as mesh

orientation and orthogonality can also be built in the monitor function [94]. A common choice is

ω = 1 + β 2uξ2 , where β is a scaling constant for the control of mesh concentration. Since
both the MMPDE Eq. (3.4) and the monitor function are expressed in computational domain, the
implementation is rather straightforward.
For the PDVF approach [93], the goal is to find the inverse mapping ξ = ξ ( x, t ) of

x = x(ξ , t ) . Given an appropriate matrix monitor function G, the mapping can be obtained by
solving the following variation problem
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2

minξ ( x ,t )

⎛ ∂ξ ⎞
= ∫ ω ⎜ ⎟ dx .
Ωp
⎝ ∂x ⎠
−1

(3.5)

In higher dimensions, the objective function in Eq. (3.5) becomes

I [ξ ] =

∫ ∑ (∇ξ ) G
i T

Ωp

∇ ξ i dx ,

−1

(3.6)

i

where ∇ is the gradient operator with respect to x, and ω is the monitor function.
The Euler-Lagrange equation associated with this variational problem is

δI [ξ ]
= 0 or ∇ ⋅ (G −1∇ξ i ) = 0, i = 1,2,3 .
δξ i

(3.7)

The static PDE Eq. (3.7) can be converted to a time-dependent problem via gradient flow:

∂ i
ξ ( x, t ) = p∇ ⋅ (G −1∇ξ i ) , i = 1,2,3 ,
∂t

(3.8)

where the mobility p is a positive function and can vary in space.
Some complications arise when one converts Eq. (3.8) to a more convenient version in
the computational space. This is done by interchanging the roles of dependent and independent
variables in Eq. (3.8).

Following [93], it is convenient to introduce the covariant and

contravariant basis vectors

ai =

which are related by

∂x
, a i = ∇ξ i , i = 1,2,3 ,
i
∂ξ

(3.9)
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ai =

1
a j × a k , ai = Ja j × a k , ai ⋅ a l = δ il , (i,j,k being cyclic) ,
J

(3.10)

where δ il is the Kronecker delta function, and J is the Jacobian J = a1 ⋅ (a2 × a3 ) [93].
With the aid of the following formulae,

∇ = ∑ ai
i

∂
1
∂
= ∑ i Ja i ,
i
∂ξ
J i ∂ξ

i
∂J
i ∂a
=
⋅
J
a
∑i ∂ξ l
∂ξ l

,

∂a
∂a i
= −∑ (a i ⋅ sl )a s ,
l
∂ξ
∂ξ
s

(3.11)

and

∂x
∂ξ i
= −∑ ai
.
∂t
∂t
i

(3.12)

Eq. (3.8) can be transformed into

⎡
∂x
∂2x
∂G −1 j ∂x ⎤
= p ⎢∑ (a i ⋅ G −1a j ) i j − ∑ (a i ⋅
a ) i ⎥.
j
∂t
∂
∂
ξ
ξ
ξ
∂
∂ξ ⎦
i
j
i
j
,
,
⎣

(3.13)

In the case of Winslow type of monitor function G = ωi [95], with i being the identity
matrix, the above equation can be further simplified into
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(

)

∂x
∂ ⎛⎜ ∂x
p
= 2 ∑ ai ⋅ a j
ω
∂t ω i , j
∂ξ i ⎜⎝ ∂ξ j

⎞
⎟.
⎟
⎠

(3.14)

This work focus only on the case where G = ωi, though more general matrix forms can
also be used in order to introduce anisotropic adaptive grids. We adopt the following variable
mobility in practical calculation

p = μω 2 / λ ,

(3.15)

(

)

where λ is the largest eigenvalue of the positive-definite matrix A = ( Aij ) = a i ⋅ a j . Here, the
generic constant μ introduces an artificial time scale for the MMPDE as compared with the
physical time t. It should be noted that our choice of the mobility function is simpler than the
form suggested in [93]. Our motivation for choosing such mobility is to make Eq. (3.14) behave
similarly to a simple diffusion equation, and our numerical experiences seem to indicate that this
choice helps increase the stability of the MMPDE significantly.

3.1.2 Fourier-spectral implementation of MMPDEs.
In [93], three types of boundary conditions have been suggested to supplement the
moving mesh PDEs: 1) Dirichlet conditions where the boundary points are held fixed; 2)
orthogonal conditions where one set of coordinate lines are required to be orthogonal to the
physical boundary; and 3) boundary conditions determined by a lower dimensional MMPDE. In
this chapter, we discuss an implementation of the periodic boundary conditions for the MMPDEs,
since periodic boundary conditions are the most commonly used in phase-field simulations.
Suppose the computational domain is a unit square [0,1]×[0,1]. Though periodic boundary
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conditions can be understood in a straightforward way on the unit square, it is not immediately
clear how the resulting adaptive mesh inherits the periodic properties.

In fact, it is the

displacement of the adaptive grid point from its inverse image on the regular grid, i.e.

x(ξ , t ) − ξ , that satisfies the periodic boundary conditions on the unit square, i.e.,

x(ξ + (k , l ), t ) = x(ξ , t ) + (k , l ) , integer pair (k,l).

(3.16)

Interestingly, this condition does not require that the mapping x(ξ , t ) maps a unit square
onto a unit square. In other words, with periodic boundary conditions, the physical domain may
not turn out to be a square even though the computational domain is. This can be seen in Figure
3-2 which shows a mesh adaptation. Although the physical domain boundaries are curved, the
condition Eq. (3.16) guarantees that the periodic copies of

Ω p (non-square) cover the whole

two dimensional space as effectively as periodic copies of the unit square. In particular, it is easy
to verify that Eq. (3.16) implies that the area of the physical domain Ω p is the same as that of

Ωc .

a

b

Figure 3-2 A domain mapping from regular grids on the computational domain (unit square) to
irregular grids on the physical domain (non-square)
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Considering the PDVF approach in [93], with periodic boundary conditions on

X = x − ξ , Eq. (3.14) becomes

⎤
a i ⋅ a j ∂ ⎡ ⎛⎜ ∂X
∂X
i⎞
= μ∑
⎢ω ⎜ j + e ⎟⎟⎥ ,
i
λ ∂ξ ⎢⎣ ⎝ ∂ξ
∂t
i, j
⎠⎥⎦

(3.17)

where e i is the canonical unit vector (the i -th column of the identity matrix). This can be
solved by the semi-implicit Fourier spectral method [38] through

⎤
a i ⋅ a j ∂ ⎡ ∂X
Xi − Xi
− μW∇ξ2 X i = μ ∑
ω ( j + ei )⎥ − μW∇ξ2 X i ,
i ⎢
Δt
λ ∂ξ ⎣ ∂ξ
i, j
⎦

(3.18)

where X is the value of X at the next time step and W is the maximum of ω on Ω c . The
equivalent representation in the Fourier space is

^

⎧ a i ⋅ a j ∂ ⎡ ∂X
⎫
i ⎤
ω
(1 + μWΔtκ )( Xˆ − Xˆ ) = μΔt ⎨∑
(
+
e
)
⎥⎬ ,
i ⎢
j
λ
ξ
ξ
∂
∂
i
j
,
⎣
⎦⎭
⎩
2

(3.19)

where the ^ represents the Fourier transform.

3.1.3 Phase-field equations.
In the phase-field simulation, MMPDEs are solved together with the phase-field
equations alternately. We now discuss how the phase-field equations are transformed into the
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computational domain and their numerical solutions. As an illustration, we consider the Allen–
Cahn equation with a constant mobility [37]

∂
η ( x, t ) = f (η ) + ∇ 2xη .
∂t

(3.20)

We also refer the above equation as a time-dependent Ginzburg–Landau (TDGL)
equation. The nonlinear term f = f (η ) is specified later. Now, by introducing the variable
transformation x = x(ξ , t ) and treating η as a function of ξ and t, we have

∂
η (ξ , t ) = x& ⋅ ∇ xη + f (η ) + ∇ 2xη ,
∂t

where x& =

(3.21)

∂x(ξ , t )
is the velocity of the moving mesh determined from the MMPDEs. The
∂t

extra convection term x& ⋅ ∇ xη represents the change of the inverse image of the field variable η
on the computational domain due to the mesh motion. Using (3.11), one may easily verify that

∇ xη = ∑ a i
i

∂η
,
∂ξ i

(3.22)

and

∇ 2xη =

1
∇ ξ ⋅ ( JA∇ ξη ) ,
J

(3.23)
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where A = ( Ai , j ) = ( a i ⋅ a j ) . In order to apply the semi-implicit Fourier spectral scheme, we
denote by λ* the maximum among the eigenvalues of A over the whole domain Ω c (maximum
of λ in Eq. (3.15)) and introduce the splitting

η −η
Δt

− λ*∇ ξ2η = x& ⋅ ∇ xη + f (η ) + ∇ 2xη − λ*∇ ξ2η ,

(3.24)

whose counterpart in the Fourier space conjugate to Ω c reads

{

}

^
(1 + λ*Δtκ 2 )(ηˆ − ηˆ ) = Δt x& ⋅ ∇ xη + f (η ) + ∇ 2xη .

(3.25)

3.2 Numerical Simulations and Discussions
We now report numerical simulation results using the AFSIM (adaptive Fourier-spectral
semi-implicit method) for a popular bench-mark problem and some more realistic problems.

3.2.1 Two dimensional implementation

3.2.1.1 Temporal evolution of a circular domain

t = 1000

t = 2000

t = 3000

t = 4000

Figure 3-3 Temporal evolution of a two dimensional circular domain (dx = 4)

t = 5000
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The first example presented here is chosen for testing the accuracy and efficiency of the
proposed moving mesh based adaptive Fourier-spectral Semi-implicit method (AFSIM) since it is
the most commonly used bench-mark example for which an analytical solution for the temporal
evolution kinetics is known. In light of the numerical studies already carried out in [38] which
demonstrated the high efficiency and accuracy of Uniform Fourier-spectral Semi-implicit method
(UFSIM), we only need to compare the performance of AFSIM and UFSIM.
To compare the accuracy and efficiency of various schemes, we considered the TDGL eq.
(3.20) in two dimensions (with the system size or domain size being 256μ256) with various grid
sizes dx and time step sizes dt (because the system size is fixed, if we for example use dx=4, then
it implies the number of grid points used is 64μ64). We use the double well free energy,

f = −1 / 2η 2 + 1 / 4η 4 , so that we have f (η) = −∂f / ∂η = η −η3 in the Eq. (3.20). In the
implementation of AFSIM, we take β 2 = 0.15 in the monitor function and pick μ = 1 to get
the mobility in the Eq. (3.15). These are the only extra parameters required in the computer
simulation other than those already used in the standard UFSIM.
We first consider the shrinkage kinetics of a circular domain in two dimensions. Both the
equilibrium profiles and the velocity of a moving interface are monitored. At t = 0, a circular
domain with a radius of 100 is prescribed. The phase-field parameter values inside the circle are
assigned -l and +1 outside. Such a circular interface is unstable and the driving force for its
motion is the mean curvature. Therefore, the circle will shrink and eventually disappear (Figure
3-3). If the radius of the circle is much larger than the interfacial thickness, the velocity of the
moving interface, V, is given by [96]

V=

dR
1
=− ,
dt
R

(3.26)
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where R is the radius of the circle at a given time t. Furthermore, the area of the circle as a
function of time can be described as:

A = A0 − 2π t ,

(3.27)

where A is the area of the circle at time t and A0 is the initial area.
The area of the circle is proportional to the time with a slope -2p. The areas as a function
of time obtained from both schemes are shown in Figure 3-4. All the results show a linear
dependence of the area on time. However, the slopes of the lines are different. The thick solid
line labeled as "theory" is a plot of Eq. (3.27) with a slope of -2p. We may characterize the
accuracy of different schemes by comparing the slopes of the lines with the analytical solution Eq.
(3.27). The resulting errors are shown in Table 3-1.
Notice that the errors of UFSIM range from 2.4733% to 28.9439%, which yield large
discrepancies in the solutions. On the other hand, there is no significant difference between the
errors obtained from AFSIM and the maximum error is less than 4%, with different grid sizes dx
and time step sizes dt, which means the newly developed AFSIM is much more stable and
accurate.

UFSIM
Figure 3-4 Areas of a circular domain as a function of time

AFSIM
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The overall computational capacity and computing time are crucial issues in large-scale
simulations, especially three-dimensional simulations. AFSIM can significantly increase the
spatial scale of the simulation and improve the efficiency, while ensuring the computation
accuracy as well. Table 3-2 shows the computing time of both schemes with different grid sizes
and time step sizes. One may notice that, by providing the same kinetics (Figure 3-5) and a
similar accuracy (2.4205% vs. 2.4733%), the AFSIM with parameter values (dx = 4, dt = 0.5) is
about 18 times faster than the UFSIM with (dx = 1, dt = 0.05), in addition to potential memory
savings by using fewer grid points.

Table 3-1 Errors in the slopes of the area dependence (2D)

Schemes
UFSIM dx = 1
AFSIM dx = 1
AFSIM dx = 2
AFSIM dx = 4

dt = 0.05
2.4733%
0.6978%
0.7021%
0.7168%

dt = 0.25
9.5397%
1.5801%
1.5792%
1.5743%

dt = 0.5
17.1410%
2.4204%
2.4220%
2.4205%

dt = 1
28.9439%
3.8661%
3.8655%
3.8644%

dt = 0.5
38
745
133
21

dt = 1
18
362
67
10

Table 3-2 Computing time for the 2D problem (unit: seconds)

Schemes
UFSIM dx = 1
AFSIM dx = 1
AFSIM dx = 2
AFSIM dx = 4

dt = 0.05
381
8220
1390
220

dt = 0.25
76
1656
266
41
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Figure 3-5 Phase-field parameter profile evolution with time

3.2.1.2 Temporal evolution of a random domain structure
AFSIM is expected to perform well for microstructures with a small fraction of interfaces.
To simulate a more realistic microstructure, we consider the evolution of a random domain
structure. The same free energy and parameters used above are employed. At t = 0, the initial
distribution of phase-field parameter is around 0 with a spatial small random noise valued within
(-0.5, 0.5). Interconnected structures shown in Figure 3-6 are obtained during evolution using
UFSIM.
To compare, we take the distribution at t = 50 using UFSIM as the input for AFSIM.
Figure 3-7 shows the mesh distribution during evolution using AFSIM. The associated phasefield parameter distribution is plotted in Figure 3-8. It can be seen that Figure 3-6 and Figure 3-8
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agree quite well. Although the accuracy of these two methods cannot be compared quantitatively
because there is no analytical solution for this case, the efficiency of the two methods are studied
and it is found that AFSIM using smaller number of Fourier modes and larger time step is three
times more efficient than UFSIM with more Fourier modes and smaller time step.

Figure 3-6 Phase-field parameter distribution (UFSIM, dx=1, dt=0.05)

Figure 3-7 Mesh distribution (AFSIM, dx=2, dt=0.5)

Figure 3-8 Phase-field parameter distribution (AFSIM, dx=2, dt=0.5)

As an additional example, we use the same parameters as in the above example, but take
a tilted double well free energy: f = 0.2η − 1 / 2η 2 − 0.2 × 1 / 3η 3 + 1 / 4η 4 . Thus, in Eq. (3-20),
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we have f (η ) = −∂f / ∂η = (η − 0.2)(1 − η 2 ) . At t = 0, the initial distribution of phase-field
parameter is taken to be around 0.3 with a spatially distributed small random noise with values in
(-0.5, 0.5). Figure 3-9 (a) is obtained using UFSIM with dx = 1, dt = 0.05 and the plots
correspond to solutions at t = 100 and t = 150, respectively during the microstructure evolution.
To compare with the AFSIM, we take the simulation result of the UFSIM at t = 100 as the input
for AFSIM. Figure 3-9 (b) shows the mesh distribution (see Figure 3-9 (b) left) during evolution
(from t = 100 to t = 150) using the AFSIM with dx = 2, dt = 0.5 and the associated phase-field
parameter distribution (Figure 3-9 (b) right).

Figure 3-9 Temporal evolution of a random domain structure

It can be seen that Figure 3-9 (a) and (b) agree again very well, with AFSIM being again
three times more efficient than UFSIM. In comparison, Figure 3-9 (c) shows the phase-field
parameter distribution from t = 100 to t = 150 using UFSIM with dx = 2, dt = 0.5. Notice that the
microstructure at t = 150 displayed in Figure 3-9 (c) show a square like morphology instead of the
circular one showing in Figure 3-9 (a) and (b) computed by more accurate simulations. Thus, the
UFSIM with the same degree of freedom as the AFSIM produces qualitatively different results
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and is unable to accurately reproduce the same morphology as shown in the AFSIM and the finer
UFSIM calculation. This again illustrates the enhanced resolution provided by AFSIM over the
UFSIM when the same number of grid points and step size are used.

3.2.2 Three dimensional implementation

Figure 3-10 Mesh distributions for the temporal evolution of a shrinking three dimensional
spherical domain (cross-sections in a quadrant are shown, dx = 4)

While a number of 1D and 2D moving mesh methods have been developed in the last
twenty years, such as those in [43,47-50,97,98], few has been applied in three spatial dimensions
[49,99,100].

Two and three dimensional adaptive Phase-field simulations have been

implemented before but often in the finite difference and finite element contexts [101–103]. To
our knowledge, the combination of moving mesh strategy with the Fourier spectral discretization
in three dimensions in the context of phase field modeling has not been attempted in the literature
before.
Here we discuss the three-dimensional implementation of AFSIM scheme.

In the

following, we considered the Allen-Cahn (or TDGL) Eq. (3.20) in three dimensions with a
system size 256μ256μ256 and various grid sizes dx and time step sizes dt (again, the system size
is fixed, e.g. dx = 4 corresponds to a 64μ64μ64 grids). Similar to the first example in the twodimensional case, we assume that at t = 0, there is a spherical domain with a radius of 100. The
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sphere will shrink and eventually disappear as illustrated in Figure 3-10. The velocity of the
moving interface, V, is given by

V=

dR
2
=− ,
dt
R

(3.28)

where R is the radius of the circle at a given time t. Furthermore, the volume of the sphere as a
function of time can be described as

⎛ 9π V
⎜⎜
⎝ 16

1

2

⎛ 9 π V 02
⎞3
⎟⎟ = ⎜⎜
⎠
⎝ 16

1

⎞3
⎟⎟ − 4 π t ,
⎠

(3.29)

where V is the volume of the sphere at time t and V0 is the initial volume. The errors of different
schemes by comparing the slopes of the lines with the analytical solution Eq. (3.29) are shown in
Table 3-3. It is evident that AFSIM yields much more accurate results compared to UFSIM.

Table 3-3 Errors in the slopes of the area dependence (3D)

Schemes
UFSIM dx = 1
AFSIM dx = 4

dt = 0.05
2.4642%
0.7023

dt = 0.25
9.5292%
1.5660%

dt = 0.5
17.0555%
2.4135%

dt = 1
28.9232%
3.8639%

Table 3-4 Computing time for the 3D problem (unit: hours)

Schemes
UFSIM dx = 1
AFSIM dx = 4

dt = 0.05
41.03
22.64

dt = 0.25
8.22
4.53

dt = 0.5
4.07
2.27

dt = 1
2.01
1.15
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Table 3-4 shows the computing time of both schemes with different grid sizes and time
step sizes. One may notice that, by providing a similar accuracy (2.4135% vs. 2.4642%), the
AFSIM with parameter values (dx = 4, dt = 0.5) is about 18 times faster than the UFSIM with (dx
= 1, dt =0.05), in addition to potential memory savings by using fewer grid point.

3.3 Discussions
By taking advantages of the moving mesh method, larger time steps can be used to gain
computational efficiency without sacrificing the accuracy, in addition to the savings of Fourierspectral Semi-implicit method. This makes sense because the stiffness of the solution is reduced
in the computational domain. Also, since we have high grids density in high gradient area, we can
use less grid points to save the computing time, e.g. we can use 64μ64 grid points to calculate a
system sizes of 256μ256.
We should notice that the new AFSIM requires more CPU time in constructing a timedependent mapping from the computational domain to the physical domain, which constitutes the
overhead of the moving mesh strategy. Counting the cost of solving MMPDE and Allen-Cahn
equation together, we need 32 Fourier transforms in 2D and 66 Fourier transforms in 3D. In
contrast, solving the simplest Allen-Cahn equation on a regular uniform grid requires only 3
Fourier transforms. Therefore, we may need a compression ratio of 4 in each dimension to gain
some savings by using the adaptive grids. The savings of course would be much more apparent if
an Allen-Cahn equation with variable mobility had been considered. For example, in 2D, the
Allen-Cahn equation with a variable mobility generally requires 7 Fourier transforms on a regular
uniform grid, and then an adaptive grid with a compression ratio of 3 would already noticeably
reduce the overall computational cost. As the number of Fourier modes is reduced, we also see
potential savings in the memory, in spite of the extra memory overhead allocated for the
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additional variables, which is often another crucial concern in large scale three dimensional
simulations.

3.4 Conclusion
A new numerical scheme has been developed to solve the phase-field equations. It
combines the adaptive moving mesh method with the semi-implicit Fourier spectral algorithm.
The scheme has been implemented in both two and three dimensions for solving a single AllenCahn (TDGL) equation. It is demonstrated that for a prescribed accuracy in both the equilibrium
profile of a phase-field parameter and the interface velocity, the new moving mesh method can
potentially lead to an order of magnitude improvement in efficiency over the conventional
uniform mesh spectral method, particularly for problems that the volume fraction of interfacial
region is small. It is naturally possible to apply this scheme to systems of Allen-Cahn, CahnHilliard, and systems involving elasticity equations.
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Chapter 4

Spectral Implementation of an Adaptive Moving Mesh Method for CahnHilliard Equations
Many solid state phase transformations and microstructure involve the solution of the
Cahn-Hilliard diffusion equation and the elasticity equation. Furthermore, the elastic modulus is
not only generally anisotropic, but also inhomogeneous, i.e. its magnitude and anisotropy depends
on composition, and thus is spatially dependent. In these cases, the implementation of AFSIM is
significantly more challenging. This work reports the first attempt to solve the Cahn-Hilliard
diffusion equation with inhomogeneous, anisotropic elasticity using a combination of adaptive
moving mesh and semi-implicit Fourier spectral method. We consider the specific example of
coherent precipitates in a solid matrix as they approach to their equilibrium morphology which
plays an important role in determining the physical properties of a material. Thermodynamically,
the shape of a precipitate is determined by both the interfacial energy and elastic energy while
kinetics the evolution of a precipitate is achieved through diffusion. The interfacial energy is
dominant in determining the particle shape at small sizes, while the elastic energy becomes more
important at larger sizes [104]. Therefore, the application of an adaptive moving mesh method is
very appealing for the simulation of these excellent examples of microstructure evolutions in
many alloy systems that require the solution of diffusion equations coupled with elasticity.

4.1 Cahn-Hilliard Equation
The Cahn-Hilliard equation with constant mobility and elasticity is
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δF
∂c
⎡ ∂f ∂e
⎤
= ∇ 2x
= ∇ 2x ⎢ + − ∈2 ∇ 2x c ⎥ ,
δc
∂t
⎣ ∂c ∂c
⎦

(4.1)

where c is the composition, F is the total free energy, f is the local free energy, e is the elastic
energy, and ∈ is the gradient energy coefficient.
Treating c as a function of ξ and t, we have

∂c(ξ , t )
⎡ ∂f ∂e
⎤
= x& ⋅ ∇ x c + ∇ 2x ⎢ + − ∈2 ∇ 2x c ⎥ ,
∂t
⎣ ∂c ∂c
⎦

where x& =

(4.2)

∂x(ξ , t )
is the velocity of the moving mesh determined from the MMPDEs. The
∂t

extra convection term x& ⋅ ∇ x c represents the change of the inverse image of the field variable c
on the computational domain due to the mesh motion. One may easily verify that

∇ xc = ∑ ai
i

∂c
,
∂ξ i

(4.3)

and

∇ 2x c =

1
∇ξ ⋅ ( JA∇ξ c) ,
J

(4.4)

where Ai , j = a i ⋅ a j . In order to apply the semi-implicit Fourier spectral scheme, we denote λ*
the maximum among the eigenvalues of A over the whole domain Ω c and introduce the splitting

2
2
c −c
⎡ ∂f ∂e
⎤
+ λ*∇ ξ2 c = x& ⋅ ∇ x c − ∇ 2x ⎢ + − ∈2 ∇ 2x c ⎥ + λ*∇ ξ2 c ,
Δt
⎣ ∂c ∂c
⎦

(

)

(

)

(4.5)
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whose counterpart in the Fourier space conjugate to Ω c reads

(

(1 + λ κ
*

)

2 2

^

⎧
⎡ ∂f ∂e
⎤⎫
Δt )(cˆ − cˆ) = Δt ⎨ x& ⋅ ∇ x c − ∇ 2x ⎢ + − ∈2 ∇ 2x c ⎥ ⎬ .
⎣ ∂c ∂c
⎦⎭
⎩

(4.6)

4.2 Elasticity Equations and an Iterative Solver
The elastic energy density in Eq. (4.1) can be calculated by

e=

1
Cijkl ε ijel ε klel ,
2

(4.7)

where elastic strain ε el is the difference between total strain ε and stress-free strain ε 0 since
stress-free strain does not contribute to the total elastic energy, i.e.

ε klel = ε kl − ε iklo ,

(4.8)

while

ε kl = ε kl + δε kl

,

(4.9)

where ε is the homogeneous strain which determines the macroscopic shape and volume change
produced by internal stress and externally applied stress, and δε is inhomogeneous local strain
which is related to the local displacement field u by the usual elasticity relation,

1 ⎛ ∂u

∂u ⎞
⎟⎟ .
⎠

δε kl = ⎜⎜ k + l
2 ⎝ ∂xl ∂xk

(4.10)
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For the case of homogeneous modulus approximation, the mechanical equilibrium equation
can be written as

λ

0
ijkl

∂ 2uk0
∂δc 0
= λ0ijkl
ε kl , δc = c( x) − c0 ,
∂x j ∂xl
∂x j

(4.11)

where λ0ijkl is the homogeneous elasticity modulus tensor, u 0 is the local displacement in the
homogeneous (zeroth order) approximation, ε 0 is the local stress-free strain, and c0 is the
average composition as the zero stress reference.
Under the variable transform ξ → x , the elasticity system can be rewritten as

λ ijkl

∂ξ l ∂
∂x j ∂ξ l

⎛ ∂ ξ j ∂ u k0
⎜
⎜ ∂x ξ
l
j
⎝

⎞
⎟ = λ ijkl ∂ δ c ε kl0 .
⎟
∂x j
⎠
~

(4.12)

(

)

0
We first introduce a splitting to majorize the 4-rank tensor λijkl = λijkl
∂ξ j ∂ξl / ∂x j ∂xl .

~

In particular, we want to control λijkl by a scalar v 2 multiple of λ0ijkl in the sense that for any
matrix pij , we have

~
v 2 pij λ0ijkl pkl ≥ pij λijkl pkl .
The constant ν

is chosen to be the Frobenius norm of ∂ξ i / ∂x j

(4.13)

, i.e.

v 2 = max ∑ j (∂ξ i / ∂x j ) . After the splitting, we have the equivalent representation of the
2

i

elasticity system,
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vλ

2 0
ijkl

∂ 2uk0
∂ 2uk0
∂ 2uk0
0
0 ∂δc 0
2 0
ε kl + v λijkl
= λijkl
+ λijkl
,
∂ξ j ∂ξl
∂x j
∂x j ∂xl
∂ξ j ∂ξl

(4.14)

and arrive at an analog of the iterative-perturbation scheme as in [89],

λ0ijkl

∂ 2 (u~k0 − uk0 ) 1 ⎛⎜ 0 ∂δc 0
∂ 2uk0 ⎞⎟
0
ε
λ
= 2 λijkl
−
,
kl
ijkl
v ⎜⎝
∂ξ j ∂ξl
∂x j
∂x j ∂xl ⎟⎠

(4.15)

where u~k0 is the new value of u k0 after the iteration. We can also view the scaling factor v as an
effective time scale introduced for the iterative scheme.
The above iterative scheme in the Fourier spectral setting is given by

^

2 0 ⎞
⎛
0
~
ˆu = uˆ − Ωij ⎜ λ0 ∂δc ε 0 − λ0 ∂ uk ⎟ , Ωij−1 = λijkl
n j nl ,
kl
ijkl
2 2 ⎜ ijkl
κ v ⎝
∂x j
∂x j ∂xl ⎟⎠
0
k

0
k

(4.16)

where κ is the magnitude of the wave vector, and n is the normalized wave vector.
We now consider the elastically inhomogeneous case,

∂
∂x j

⎛
∂u k
⎜⎜ C ijkl
∂x l
⎝

⎞ ∂δc
⎟⎟ =
(2 λ 1ijkl δ c + λ ijkl0 )ε kl0 − λ 1ijkl ε kl ,
⎠ ∂x j

[

]

(4.17)

where Cijkl = λ0ijkl + λ1ijklδc is the elasticity modulus with a homogeneous part λ0ijkl and an
inhomogeneous part λ1ijklδc [105], similar to the homogeneous case, we introduce the variable
transform ξ → x and the splitting scheme. After the splitting, we have the equivalent
representation of the elasticity system,
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v 2λ0ijkl

∂ 2 uk
∂ ⎛
∂u
⎜⎜ Cijkl k
+
∂ξ j ∂ξl ∂x j ⎝
∂xl

⎞ ∂δc
∂ 2 uk
⎟⎟ =
(
2λ1ijklδc + λ0ijkl )ε kl0 − λ1ijklε kl + v 2λ0ijkl
,(4.18)
∂ξ j ∂ξl
⎠ ∂x j

[

]

and arrive at an analog of the iterative-perturbation scheme as in [89],

λ

0
ijkl

∂ 2 (u~k − uk ) 1 ⎡ ∂δc
(2λ1ijklδc + λijkl0 )ε kl0 − λ1ijklε kl − ∂
= 2⎢
∂ξ j ∂ξl
∂x j
v ⎢⎣ ∂x j

[

]

⎛
∂u ⎞⎤
⎜⎜ Cijkl k ⎟⎟⎥ , (4.19)
∂xl ⎠⎥⎦
⎝

where u~k is the new value of u k after the iteration. Simplifying and formulating in the Fourier
space, we obtain the final form of the iterative-perturbation scheme

Ω ⎡ ∂δc
(2λ1ijklδc + λ0ijkl )ε kl0 − λ1ijklε kl − ∂
u~ˆk = uˆk − 2 ij 2 ⎢
∂x j
κ v ⎢⎣ ∂x j

[

]

^

⎛
∂u ⎞⎤
⎜⎜ Cijkl k ⎟⎟⎥ .
∂xl ⎠⎥⎦
⎝

(4.20)

4.3 Switching on the Mesh Adaptation
The adaptive Fourier spectral methods bring potentially significant savings, but they are
also associated with extra overhead costs. The savings become more dramatic when the
interfacial regions are more concentrated spatially. In practice, the mesh adaption can be used as
an independent module to complement the existing phase field simulation on a uniform mesh, and
mesh adaptation can be switched on only when the potential payoff is evident. There are two
important factors that affect this decision: efficiency and accuracy.
More specifically, we are concerned with whether the computational savings resulting
from the mesh adaptation would out-weigh the overheads caused by the extra Fourier transforms
required to solve the phase field equations in the computational domain. Meanwhile, as much as
we would like to save on a smaller (adaptive) grid, we cannot sacrifice the computational
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accuracy. Following the discussions given in [106], in practice, we may take the guideline that the
mesh adaption will be switched on when the volume fraction of the interfacial region falls below
certain threshold chosen for the particular simulation, and lock in the savings by successively
reducing the grid size provided that it still allows accurate determination of the driving forces.
Since the solution behavior away from the interfacial region also affects the interface motion, we
anticipate that a better alternative than this heuristic rule may be developed based on a more
complete a posteriori error analysis.

4.4 Numerical Simulations and Discussion
We now present numerical examples to illustrate the effectiveness of the adaptive Fourier
spectral Semi-implicit method (AFSIM) for the Cahn-Hilliard equation with elasticity.

4.4.1 One-dimensional implementation.
The first example presented in this chapter is to test the accuracy of the proposed moving
mesh based adaptive Fourier-spectral Semi-implicit method (AFSIM). We choose the evolution
of a cosine profile c = c0 (t ) cos 2πx with free energy f = c2/2. We consider the Cahn-Hilliard Eq.
(4.1) in two dimensions without elasticity, so that we have

[

]

∂c
⎡ ∂f
⎤
= ∇ 2x ⎢ − ∈2 ∇ 2x c ⎥ = ∇ 2x c − ∈2 ∇ 2x c = (−4π 2 − 16π 4 ∈2 )c0 (t ) cos 2πx . (4.21)
∂t
⎣ ∂c
⎦
Since
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∂c (t )
∂c
3
4 2
= cos 2πx 0 , and c0 (t ) = e ( −4π −16π ∈ ) t ,
∂t
∂t

(4.22)

the exact solution is

c = e ( −4π

3

−16π 4 ∈2 ) t

cos 2πx .

(4.23)

In the implementation of AFSIM, the system or domain size is taken to be unit length.
We take 32×32 grids points and β 2 = 0.01 in the monitor function. This particular value of β 2 is
selected without any special consideration but it is found to be a good choice of making the
simulation stable. At t = 0, an initial composition distribution c = cos 2πx is prescribed. A certain
number of steps (e.g. 100 steps) are performed to prepare for the initial adaptive mesh distribution.
More specifically, during the initial preparation, only MMPDE Eq. (3.14) is solved. The
change of composition due to the mesh motion x& ⋅ ∇ x c can then be calculated. The composition
distribution for the system is updated. After a number of time steps, we get an adaptive mesh
distribution (Figure 4-1). We can see that mesh density is higher when composition gradient is
higher. After that, the evolution of composition is turned on.
The time step size of mesh motion, denoted by dτ can be different from the overall time
step size dt for the Cahn-Hilliard equation eq. (4.1). In the present simulation, dτ = 1E-03 and dt
= 1E-05. The number of mesh motion steps can be performed differently from that for the
solution of the PDE. In this simulation, we evolve the mesh and solve the PDE within the same
steps once beyond the initial preparation. Once beyond the initial stage, in every time step, the
MMPDE is solved first, and the change of composition due to the mesh motion x& ⋅ ∇ x c can then
be calculated, followed by the update of the composition distribution for the system using Eq.
(4.3). Since an analytical solution for the temporal evolution kinetics is known, we can compare
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the simulation results with the analytical solution. Figure 4-2 shows the evolution of the
composition. Dashed lines are from the analytical solution, dotted lines from simulation. We can
see that the simulation results agree quite well with the analytical solution. We note that this
example is only used to verify the accuracy of the AFSIM. Since the analytic solution does not
have spatially highly concentrated derivative, methods based on the uniform mesh can also be
very accurate in this case.

Figure 4-1 Concentration and mesh distribution of AFSIM
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Figure 4-2 Composition evolution with time

4.4.2 Two-dimensional implementation.
We present two examples here. The first example is chosen for testing the accuracy and
efficiency of the proposed AFSIM. In light of the numerical studies already carried out in [37]
which demonstrated the high efficiency and accuracy of uniform Fourier-spectral semi-implicit
method (UFSIM) in comparison with low order methods developed earlier in the literature, we
elect to compare the performance of AFSIM and UFSIM. The second example illustrates the
effectiveness of the AFSIM in simulating the evolution of random microstructure.
To compare the accuracy and efficiency of various schemes, we first consider the CahnHilliard Eq. (4.1) with inhomogeneous elasticity in two dimensions (again with unit system or
domain size) with various grid sizes dx and time step sizes dτ and dt (note a grid size of dx = 1/64
implies the number of grid points used is 64×64). The double-well free energy
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f = −1 / 2c 2 + 1 / 4c 4 is used in this case. The other parameters are chosen without any special
consideration. For example, the gradient coefficient is chosen to be ∈= 0.002 , ε ij0 is assumed
purely dilatational ε ij0 = 0.04δ ij ( δ ij is the Kronecker-delta function), λ011 = 600, λ012 = 400, λ044
= 200, λ111 = -100, λ112 = -75, and λ144 = -25.
At t = 0, a circular domain with a radius of 0.25 is prescribed. The composition values are
assigned +l inside the circle and -1 outside using c = − tanh(( ( x − 0.5) 2 + ( y − 0.5) 2 − 0.25) / ∈) .
The interface is automatically generated by the tanh function. We first take 500 steps of the
MMPDE to generate the initial adaptive mesh, same as the above example. After that, in each
step, Eq. (3.14) is first solved to evolve the mesh. The elasticity equation (4.16) is then solved for
an elastically homogeneous modulus system, and the iterative procedure (Eq. (4.20)) is used to
obtain the elasticity solution for the more general, inhomogeneous modulus case. With the
equilibrium elastic displacements, the composition distribution for the system is updated using Eq.
(4.6).
The evolution of the circular domain from phase-field simulations is shown in Figure 4-3
and Figure 4-4 for an elastically inhomogeneous cubic system with anisotropy parameter

ψ = 2λ44 / (λ11 − λ12 ) > 1 . As previously predicted by others, the precipitate shape gradually
changes from a sphere to a cube with the sides along the {100} planes. So the moving mesh
correctly predicts the diffuse-controlled evolution of a coherent precipitate.

In the

implementation of AFSIM, we take β 2 = 0.02 in the monitor function and pick μ = 1 to get the
mobility in the Eq. (3.15). These are the only extra parameters required in the computer
simulation other than those already used in the standard UFSIM.
Since there is no analytical solution for this case, we take the simulation result of UFSIM
(dx = 1/1024) as the accurate solution. We may characterize the accuracy of different schemes by
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comparing the final area of the domain with the accurate solution. The resulting errors (in terms
of the percentage of the area) are shown in Table 4-1. It’s noticeable that with different grid sizes
dx and time step sizes dt, the newly developed AFSIM is much more accurate and stable.

Figure 4-3 Concentration distribution

Figure 4-4 Mesh distribution

The overall computational capacity and computing time are crucial issues in large-scale
simulations, especially three-dimensional simulations. AFSIM can significantly increase the
spatial scale of the simulation and improve the efficiency, and ensure the computation accuracy
as well. Table 4-2 shows the computing time of both schemes with different grid sizes and time
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step sizes. One may notice that, by providing a similar accuracy, the AFSIM is more than 20
times faster than the UFSIM, in addition to potential memory savings by using fewer grid points.

Table 4-1 Error percentages of the area for 2D circular domain

UFSIM dx = 1/256
UFSIM dx = 1/128
AFSIM dx=1/64

dt = 5E-06
0.76
1.35
0.78

dt = 1E-05
unstable
unstable
0.79

dt = 5E-05
unstable
unstable
0.81

dt = 1E-04
unstable
unstable
0.98

dt =5E-05
--157

dt =1E-04
--80

Table 4-2 Computing time for the 2D circular domain (unit: s)

UFSIM dx = 1/256
UFSIM dx = 1/128
AFSIM dx = 1/64

dt = 5E-06
5092
1124
1543

dt = 1E-05
--788

The AFSIM scheme presented here can be used to simulate more realistic microstructures,
although it is expected to perform much better for microstructures with a small fraction of
interfaces. We next consider the evolution of a random domain structure. The same free energy
and parameters used above are employed unless otherwise specified. λ111 = 300, λ112 = 200, λ144 =
100, and ∈= 0.004 . At t = 0, the initial distribution of phase-field parameter is around 0 with a
spatial small random noise valued within (-0.25, 0.25).
The random structures shown in Figure 4-5 (a) are obtained during the time evolution
using UFSIM with dx = 1/256, dt = 5E-6. To compare, we take the distribution at t = 1.2 using
UFSIM as the input for AFSIM. The left column of Figure 4-5 (b) shows the mesh distribution
during evolution using AFSIM with dx =1/128, dt =5E-5, and β 2 = 0.05. The associated
composition distribution is plotted in the right column of Figure 4-5 (b). It can be seen that
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Figures 4-5 (b) and 4-5(a) agree quite well. Figure 4-5 (c) shows the composition distribution
from t = 1.20 to t = 1.30 using UFSIM with dx = 1/128, dt = 5E-6. Notice that the microstructure
evolution displayed in Figure 4-5 (c) is nearly stopped, as seen most evidently in the smallest
particle, due to insufficient grid points in the interfaces. Thus, the UFSIM with the same degree
of freedom as the AFSIM produces qualitatively different results and is unable to accurately
reproduce the same morphology as shown in the AFSIM and the finer UFSIM calculation. This
again illustrates the enhanced resolution provided by AFSIM over the UFSIM when the same
number of grid points is used. Although the accuracy of these two methods cannot be compared
quantitatively because there is no analytical solution, the efficiency of the two methods are
studied by using the AFSIM solution with dx=1/128 and dt=1E-5 as the benchmark to compare
the computational cost involved. It is found that AFSIM with less Fourier modes and larger time
step is five times more efficient than UFSIM with more Fourier modes and smaller time step.

Figure 4-5 Temporal evolution of a random domain structure
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4.4.3 Three dimensional implementation
We produce the first three dimensional simulation that combined the moving mesh
strategy with the Fourier spectral discretization in the context of Allen-Cahn dynamics [44]. Here
we use the three-dimensional implementation of AFSIM scheme to examine the equilibrium
shapes of the second-phase precipitates. In the following, we consider the Cahn-Hilliard Eq. (4.1)
with elasticity in three dimensions with a unit system size, and dx=1/64. The other parameters are
the same as the second example unless stated otherwise. We first examine the equilibrium shape
of a precipitate for a previously studied elastically homogenous cubic system with anisotropy ψ>
1 (λ11 = 300, λ12 = 175, and λ44 = 125). The equilibrium shapes of the precipitate from phase-field
simulations are shown in Figure 4.6. Same as the 2D case, the precipitate shape gradually changes
from a sphere to a cube with the sides along the {100} planes. The equilibrium shapes of the
precipitate for the cubic system with positive anisotropy ψ< 1 (λ11 = 250, λ12 = 100 λ44 = 25) are
also shown in Figure 4.7. The shape changes to an octahedron with sides along {111} planes.
These results agree very well with the previous studies [107,108].
We note that the simulation using UFSIM with the same parameters is unstable, which
gives another demonstration of the advantage of AFSIM.

a. equilibrium shape

b. center section

Figure 4-6 Negative cubic anisotropy (ψ> 1)

c. 1/8 section of mesh distribution
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a. equilibrium shape

b. center section

c. 1/8 section of mesh distribution

Figure 4-7 Positive cubic anisotropy (ψ< 1)

4.5 Discussions
Because the monitor function automatically gathers mesh points around the interface
region and scales mesh appropriately in the computational domain, the stiffness of the solution is
reduced. The new method results in significant efficiency savings over uniform mesh methods in
particular cases. In addition to the savings of Fourier-spectral semi-implicit method, larger time
steps and larger grid size can be used without sacrificing the accuracy by taking advantages of the
moving mesh method. It should be noticed that the new AFSIM requires more CPU time in
constructing a time-dependent mapping from the computational domain to the physical domain,
which constitutes the overhead of the moving mesh strategy. Counting the cost of solving
MMPDE and Cahn-Hilliard equation with inhomogeneous elasticity together, we need 214
Fourier transforms in 3D. In contrast, solving the Cahn-Hilliard equation with inhomogeneous on
a regular uniform grid requires 35 Fourier transforms. Therefore, an adaptive grid with a
compression ratio of three in each dimension would noticeably reduce the overall computational
cost. As the number of Fourier modes is reduced, we also see potential savings in the memory.
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Although the new moving mesh strategy can be used for all problems, the computational
efficiency does not improve significantly if the microstructure has high interface volume fraction.
In such a case, the mesh distribution tends to be homogeneous. The moving mesh method would
lose much of its advantage.

4.6 Conclusions
The scheme combining the adaptive moving mesh method with the semi-implicit Fourier
spectral algorithm has been implemented in both two and three dimensions for solving CahnHilliard equation with elasticity. It is demonstrated that for a prescribed accuracy, the new
moving mesh method can potentially lead to an order of magnitude improvement in efficiency
over the conventional uniform mesh spectral method. In particular, many alloy systems, e.g. Al
alloys, contain a low volume fraction of precipitates with separation distances significantly larger
than their dimensions. In such systems, the application of an adaptive moving mesh can be very
appealing as the amount of interfaces per unit volume is relatively small. In addition, the
examples shown here and those in [44] indicate that with the reduction of the number of Fourier
modes, larger time steps can also be taken in the phase field simulation. Intuitively, the adaptive
mesh tends to provide better resolution to the large gradients in the solution in both one and
higher space dimensions, and in the latter case, the grid distribution is effectively adjusted in an
anisotropic fashion. These may all be factors contributing to better time accuracy and stability. It
will be interesting to examine such an effect more closely and to investigate the coupling of
spatial adaptivity of Fourier spectral methods with the time adaptivity of variable step size.
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Chapter 5

Spectral Implementation of an Adaptive Moving Mesh Method for
Dislocation Motion
The material properties during non-equilibrium processing are generally controlled by the
dynamics of the topological defects such as dislocations. Dislocation dynamics has been studied
at different levels using either numerical or experimental methods. Computational simulations of
dislocation dynamics are proved to be useful tools in obtaining detailed information of dislocation
activities. The recent progress in phase field simulation of dislocation dynamics provides a
potential way for efficiently modeling the interactions and motion of dislocations. In this chapter,
the moving-mesh-based adaptive Fourier-spectral semi-implicit method (AFSIM) is implemented
to solve the phase-field equations for dislocation motion. Numerical implementations and
examples in two dimensions are presented. The results are compared with analytical solutions for
accuracy and with results from the uniform Fourier-spectral semi-implicit method (UFSIM) for
efficiency.

5.1 Phase-Field Equations
To model dislocation dynamics within the phase-filed framework, a set of phase field
variables, i.e., phase field parameters η i ( x, t ) , are employed to describe the evolution of
dislocations at position x and time t. In a single crystal with N slip systems, N phase-field
parameters ηαβ ( x, t ) ( N =

∑α

p
=1

mα , α = 1,2,L, p; β = 1,2,L, mα ) are needed to

completely describe the dislocation distribution, where p denotes the number of elementary slip
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planes and mα denotes the number of elementary Burgers vectors on the slip plane α . For
instance, in a FCC single crystal, there are four slip planes: (111) , ( 1 11) , (1 1 1) , and (11 1 ) ,
and three slip directions on each slip plane, and hence it requires 12 phase field parameters.
We now discuss, in the moving mesh setting, how the phase-field equations are
transformed into the computational domain and their numerical solutions. We note that in our
phase-field simulation, MMPDEs are solved with the phase-field equations alternately.

5.1.1 Allen-Cahn equations.
The phase field parameters describing the dislocation distribution are non-conserved, and
their temporal evolutions are described by the time-dependent Ginzburg-Landau equations:

∂ηαβ ( x, t )
∂t

= − Lαβ

δE
,
δηαβ

(5.1)

where Lαβ is the kinetic coefficient characterizing the dislocation mobility and E is the total
free energy of the system.
As discussed above, with ξ denoting the variables on the fixed computational domain,
and treating ηαβ as a function of ξ and t, we have

∂
δE
ηαβ (ξ , t ) = x& ⋅ ∇ xηαβ − Lαβ
,
∂t
δηαβ

(5.2)
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where x& =

∂x(ξ , t )
is the velocity of the moving mesh determined from the MMPDEs. The extra
∂t

convection term x& ⋅ ∇ xηαβ represents the change of the inverse image of the field variable ηαβ
on the computational domain due to the mesh motion. Using the standard chain rule, we have

∇ xηαβ = ∑ a i
i

∂ηαβ
∂ξ i

.

(5.3)

The semi-implicit time-splitting marching scheme can be used:

ηαβ − η
Δt

− λ*∇ ξ2ηαβ = x& ⋅ ∇ xηαβ − L

δE
− λ*∇ ξ2ηαβ ,
δηαβ

(5.4)

whose counterpart in the Fourier space conjugate to Ω c reads

^

(1 + λ Δtκ )(ηˆαβ
*

2

⎧⎪
δE ⎫⎪
− ηˆαβ ) = Δt ⎨ x& ⋅ ∇ xηαβ − L
⎬ .
δηαβ ⎪⎭
⎪⎩

(5.5)

5.1.2 Total free energy of the system.
The total free energy E in a system with the presence of dislocations is described by [52]:

E = E cryst + E elast + E grad ,

(5.6)

where E elast is the elastic energy associated with defects and applied stresses, E cryst is the
crystalline energy associated with the local structural energy and E grad is the gradient energy
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which is the structural gradient energy. For a perfect dislocation, the crystalline energy and
gradient energy are only associated with the dislocation core energy.

5.1.2.1 Elastic energy
The elastic energy density e can be calculated by [87]:

e=

1
Cijkl ε ijel ε klel ,
2

E elast =

1
λijkl ε ijel ε klel dV ,
2 V∫

(5.7)

with a summation convention. Cijkl is the stiffness coefficient and ε el is the elastic strain.
In micromechanics, the concept of eigenstrain is used to describe the distortion
associated with crystal defects, which allows one to easily introduce an arbitrary spatial
distribution of defects into a system and efficiently obtain the elastic solution by combining
Khachaturyan’s microelasticity theory [87]. Hence:

ε ijel = ε ij + δε ij ( x) − ε ijd ( x) ,

(5.8)

where ε ij is the homogeneous macroscopic strain characterizing the macroscopic shape and
volume change, δε ij (x) is heterogeneous strains, ε ijd (x) is the eigenstrain associated with the
dislocation distribution, and δ ij is the Kronecker-delta function.
To describe the temporal evolution of a dislocation system within the context of a phasefield model, the dislocation can be viewed as misfit platelet inclusions labeled by a set of phase
field parameters [22]. The stress free strain of a dislocation system is [72]:
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ε ijd ( x) = ∑

bαβ (i )nα ( j ) + bαβ ( j )nα (i )
2d 0

α ,β

ηαβ ( x) ,

(5.9)

where bαβ is the Burgers vector, nα is the unit vector normal to the slip plane α , d 0 is the
interplanar distance of the slip planes, and the field variables ηαβ characterize the amount of
shear with respect to a perfect crystal in the unit of bαβ / d 0 at position x caused by sweeping of
dislocations of bαβ .

5.1.2.2 Crystalline energy
A general Fourier expansion series was proposed in [109] for a 3D periodical crystalline
potential whose degenerated minima are located at the crystal lattice sites. A simplified
approximation was employed

E cryst = ∫ ∑ A(α , β )sin 2 [πηαβ ( x )]dx ,
α ,β

(5.10)

where A(α,β) is a material constant which can be obtained by fitting at small strain limit to the
shear modulus for the corresponding slip system.

5.1.2.3 Gradient energy
The gradient energy accounts partially for the excess energy resulted from any nonuniformity of a system. In the phase field model of dislocations, a corresponding gradient energy
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term proportional to (∇η ) 2 is introduced. It contributes partially to the core energy and provides
a diffuse core profile that is required for modeling temporal evolution of dislocation
configurations. A general form of the gradient term is [35]:

E grad =

γ

∑B
2 ∫α α

ijkl

(α 1 , α 2 ) ×

1, 2

∂bi (α 1 , x ) ∂bk (α 2 , x )
dx ,
∂x j
∂xl

(5.11)

where γ is a positive constant, Bijkl is a material constant which can be fitted to the dislocation
core size, and b(α,x) is given by:

b(α , x ) = ∑ bαβ ηαβ ( x ) .
β

(5.12)

5.2 The Selection of Monitor Function

Figure 5-1 Schematic illustration of a dislocation loop located at the center of a 2D computational
cell
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In equation (3.14), ω is the so called monitor function. In the case of Winslow type of
monitor function, its matrix form is G = ω i , with i being the identity matrix. The success of a
mesh adaptation strategy depends on the appropriate selection of monitor function G. In general,
the eigenvectors of G determine the directions of the mesh concentration, while the eigenvalues
determine the strength of mesh compression or expansion. This insight motivates how G can be
selected in practice. For general problems, an eigenvector in the gradient direction of the field
variable is commonly used. The eigenvalues are in turn chosen to vary the strength of the mesh
concentration [110]. In our case, since the dislocations are line defects, we only need high density
grids at the dislocation lines. Therefore, instead of using gradient of phase field parameter as
monitor function like our previous work (i.e., ω = 1 + β 2 ∇η

2

), we use 1+ β2(n×∇η) ⋅ (n×∇η)

as the monitor function, where n is the normal of the slip plane. Figure 5-2 shows the profile of
the monitor function with ω = 1 + β 2 ∇η

2

. It has none zero value along the slip plane B-B.

We will also get high grids density at the slip plane (Figure 5-4). If we choose

1 + β 2 (n × ∇η ) ⋅ (n × ∇η ) , the value of (n × ∇η ) ⋅ (n × ∇η ) across the slip plane is 0 (Figure 53). As a result, we get high density grids only at the dislocation lines (Figure 5-5).

92

Figure 5-2 Profiles of the first choices of the monitor function

Figure 5-3 Profiles of the second choices of the monitor function
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Figure 5-4 Mesh distribution for first choices of monitor function

Figure 5-5 Mesh distribution for the second choices of monitor function
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5.3 Numerical Simulations and Discussions
We now report some numerical simulation results to demonstrate the effectiveness of the
AFSIM for solving dislocation dynamics.

5.3.1 Stress field of a static single edge dislocation.
The first example presented here is to test the accuracy of the proposed adaptive Fourierspectral Semi-implicit method (AFSIM) for solving dislocation dynamics. The stress field of a
static single edge dislocation is studied because an analytical elastic solution exists in this case. A
two-dimensional simulation cell with a dislocation loop shown in Figure 5-1 is considered. The
dislocation loop with R = 64Δx is introduced into the center of the simulation cell 256×256 by
assigning the initial value η = 1 on the grid points inside the dislocation loop on the slip plane
and η = 0 outside the loop. The Burgers vector of the dislocation loop is b = (100) along the x
direction, and its slip plane is the n = (001) plane. The equilibrium profile from the kinetic Eq.
(5.1) in the absence of applied stresses is used to calculate the stress field of the dislocation.
Figure 5-6 shows the mesh distribution. We can see that high density grids are achieved at the
position of the dislocation core. Figure 5-7 plots the stress distributions of the edge dislocation in
the right part of simulation cell along A-A line just below the slip plane shown in Figure 5-1. The
corresponding analytical solution is also plotted for comparison. The results show that the stress
fields obtained with the new AFSIM are in good agreement with the analytical elastic solution. In
addition, it is found that numerical stresses are continuous at the dislocation line. This means that
the singularity of the stress field at the dislocation line is removed, which is expected since the
discontinuous displacement at a dislocation line in classical elastic theory is replaced by a
continuous displacement in the phase field model. The elimination of singularity not only brings
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the dislocation stress field much closer to the real situation but also benefits the stability of
numerical calculations.

Figure 5-6 Mesh distribution

Figure 5-7 Stress field of an edge dislocation
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5.3.2 Motion of dislocations under applied stress.
We present two examples here. The first example is chosen for testing the accuracy and
efficiency of the proposed AFSIM. In light of the numerical studies already carried out in [111]
which demonstrated the high efficiency and accuracy of uniform Fourier-spectral semi-implicit
method (UFSIM) in comparison with low order methods developed earlier in the literature, we
elect to compare the performance of AFSIM and UFSIM. The second example illustrates that
AFSIM can also be used to simulate more complex configuration of dislocations.

Figure 5-8 A dislocation loop under applied stress located at the center of a 2D computational cell

5.3.2.1 Temporal evolution of a dislocation loop
To compare the accuracy and efficiency of various schemes, we consider the motion of a
dislocation loop under applied stress (Figure 5-8) with various grid sizes dx and time step sizes dt
(note a grid size of dx = 1/64 implies the number of grid points used is 64×64). The other
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parameters are chosen without any special consideration. For example, the gradient coefficient is
chosen to be 0.003, and stiffness coefficient: λ11 = 300, λ12 = 100, and λ44 = 100

Figure 5-9 Phase-field parameter profile evolution with time

At t = 0, a dislocation loop with a radius of 0.4 is prescribed. The phase field parameter
values inside the dislocation are assigned l and 0 outside. Under the applied stress described in
Figure 5-8, the dislocation loop will shrink (Figure 5-9). The velocity of the shrinkage is used to
test the efficiency of the different schemes. Since there is no analytical solution for this case, we
take the simulation result of UFSIM (with dx=1/512, i.e., the number of grid points used is
512×512, and dt=0.05) as the reference solution. We may characterize the accuracy of different
schemes by comparing the velocity of the dislocation loop with the reference solution.
The resulting errors are shown in Table 5-1. Notice that the errors of UFSIM range from
0.18% to 99.61%, which are quite significant when larger grid size and time step size are used.
On the contrary, there is no significant difference between the errors obtained from AFSIM, with
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different grid sizes dx and time step sizes dt, and the errors are less than 0.3%. Table 5-2 shows
the computing time of both schemes with different grid sizes and time step sizes. One may notice
that, by providing the same kinetics (Figure 5-9) and without losing too much accuracy (0.29% vs.
0.18%), the AFSIM with parameter values (dx=1/64, dt=1) is 16 times faster than the UFSIM
with dx=1/256 and dt=0.05. With this example, it is demonstrated that the AFSIM is much more
efficient and stable while remaining high accuracy.

Table 5-1 Relative errors in the velocity

Schemes
UFSIM dx=1/256
UFSIM dx=1/128
AFSIM dx=1/64

dt = 0.05
0.18%
99.61%
0.12%

dt = 0.25
6.16%
0.17%

dt = 0.5
12.79%
0.23%

dt = 1
0.29%

dt = 0.25
121
135

dt = 0.5
58
74

dt = 1
31
36

Table 5-2 Computing time (unit: seconds)

Schemes
UFSIM dx=1/256
UFSIM dx=1/128
AFSIM dx=1/64

dt = 0.05
605
108
643

5.3.2.2 Temporal evolution of two dislocation loops
We also simulate the evolution of two dislocation loops under applied stress. The same
free energy and parameters used above are employed. The monitor function used in this example
is

1 + β 2 [(n1 × ∇η1 ) ⋅ (n1 × ∇η1 ) + (n 2 × ∇η 2 ) ⋅ (n2 × ∇η 2 )] . Figure 5-10 shows the

configuration of the two loops under applied stress. In this case, the stress fields from the
dislocations interact not only with the applied stress field but also with each other from the two
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sets of dislocation loops along two slip planes. Figure 5-11 shows the mesh distribution of the
two loops with time. With this work, we show that AFSIM can also handle the motion of
dislocations in more than one slip systems modeling complex configurations, which is important
for extending this approach to three dimensional systems. The computational capacity and
computing time are crucial issues in large-scale simulations, especially three-dimensional
simulations. It is expected that AFSIM can significantly increase the computation scale and
improve the efficiency for dislocation motion, while ensuring the computation accuracy at the
same time.

Figure 5-10 Two dislocation loops under applied stress
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Figure 5-11 Mesh distribution of the evolution of dislocation with time

5.4 Conclusions
A new moving mesh based adaptive Fourier-spectral Semi-implicit method for the
simulation of dislocation dynamics has been successfully developed. The accuracy and efficiency
of the method were studied by comparing the simulation results to the analytical solution and
simulation results of UFSIM. Through numerical experiments, it is shown that the new AFSIM
implementation could bring the dislocation stress field much closer to the real situation and is
about 16 times more efficient than the UFSIM. This also serves to demonstrate the great potential
of the new AFSIM approach in the simulation of microstructure evolutions.
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Chapter 6

Conclusions and Future Directions

6.1 Conclusions
In this dissertation, the phase-field model has been extended or combined with other
models or numerical algorithms to study the microstructure evolution involving elastic
inhomogeneity, anisotropic mobility, and dislocation dynamics.
(1) An efficient spectral method is implemented to study the two and three dimensional
microstructure evolution under anisotropic mobility with homogeneous or inhomogeneous
elasticity. The semi-implicit Fourier spectral algorithm is combined to reduce the time step
constraint and improve the efficiency. The effect of elastic energy and anisotropic mobility on
phase separation kinetics and morphological evolution in bulk systems has been studied. As
expected, the microstructure evolves faster along the direction with larger mobility. In 3D, the
microstructure evolves to fiber structures when mobility in one direction is much higher than that
in the other two directions, and to layer structures with much lower mobility in one direction.
(2) AFSIM has been developed to solve the phase-field equations, which combines the
adaptive moving mesh method with the semi-implicit Fourier spectral algorithm. The scheme has
been implemented in both two and three dimensions for solving a single Allen-Cahn equation. It
is demonstrated that for a prescribed accuracy in both the equilibrium profile of a phase-field
parameter and the interface velocity, the new moving mesh method can potentially lead to an
order of magnitude improvement in efficiency over the conventional uniform mesh spectral
method, particularly for problems that have a small volume fraction of the interfacial region.
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(3) The AFSIM has been implemented successfully to solve Cahn-Hilliard equation with
inhomogeneous, anisotropic elasticity. Numerical implementations and test examples in both two
and three dimensions are considered with a particular illustration using the well-studied example
of mis-fitting particles in a solid as they approach to their equilibrium shapes. It is shown that
significant savings in memory and computational time is achieved while accurate solutions are
preserved.
(4) The AFSIM model for the simulation of dislocation dynamics has been successfully
developed. The accuracy and efficiency of the method were studied by comparing the simulation
results to the analytical solution and simulation results of UFSIM. Through numerical
experiments, the new AFSIM implementation could bring the dislocation stress field much closer
to the real situation and is about 16 times more efficient than the UFSIM. This also serves to
demonstrate the great potential of the new AFSIM approach in the simulation of microstructure
evolutions.

6.2 Future Directions
The models and algorithms developed in this dissertation can be further extended to solve
other problems.
(1) Although the simulations performed in this dissertation are only in cubic system, the
phase-field model for anisotropic mobility can be used in a general crystal system, like hexagonal,
tetragonal or monoclinic. The microstructure evolution under anisotropic mobility in such a
general system would be interesting. Parallel computing could be used in large scale three
dimensional simulations to reduce the amount of simulation time.
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(2) The AFSIM could be extended to study many problems like precipitation, and
solidification in a general crystal system. The equilibrium shape of mis-fitting particles in
hexagonal, tetragonal or monoclinic system could be further studied.
(3) The application of AFSIM to dislocation dynamic was limited by the definition of
dislocations. Sharp interface exists in such a dislocation system, which leads to incorrect first
derivative of field parameter calculated by Fourier transform. Other numerical algorithms could
be implemented to calculate the derivative instead of using Fourier Spectral method.
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