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Abstract

In the present work, computational aeroacoustics and parallel computers are used
to conduct a study of flow-induced noise from different jet nozzle geometries. The
nozzle is included as part of the computational domain. This is important to predict jet noise from nozzles associated with military aircraft engines. The Detached
Eddy Simulation (DES) approach is used to simulate both the jet nozzle internal
and external flows as well as the jet plume. This methodology allows the turbulence model to transition from an unsteady Reynolds Averaged Navier-Stokes
(URANS) method for attached boundary layers to a Large Eddy Simulation (LES)
in separated regions. Thus, it is ideally suited to jet flow simulations where the
nozzle is included. Both cylindrical polar and Cartesian coordinate systems are
used. A spectral method is used to avoid the centerline singularity when using
the cylindrical coordinate system. The one equation Spalart-Allmaras turbulence
model, in DES mode, is used to describe the evolution of the turbulent eddy viscosity. An explicit 4th order Runge-Kutta time marching scheme is used. For spatial
discritization the Dispersion Relation Preserving scheme(DRP) is used. The farfield sound is evaluated using the Ffowcs Williams-Hawkings permeable surface
wave extrapolation method. This permits the noise to be predicted at large distances from the jet based on fluctuations in the jets near field. The present work
includes a study of the effect of different nozzle geometries such as axisymmetric
/non-axisymmetric and planar/non-planar exits on the far field noise predictions.
Also the effect of operating conditions such as a heated/unheated jet, the effect of
forward flight, a jet flow at an angle of attack, and the effect of a supersonic exit
Mach number, are included in the study.
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Chapter

1

Introduction
1.1

Background

Although new jet transport airplanes in today’s fleet are considerably quieter than
the first jet aircraft introduced about 40 years ago, airport community noise continues to be an important environmental issue. This is caused, not only by the
tremendous growth in passenger and cargo operations over the past five decades,
but also by a general increase in public interest and sensitivity to noise. Motivation
to reduce aircraft noise can also be found in the increasingly stringent certification
requirements for new aircraft. This issue, if not adequately addressed, will continue to limit capacity and constrain the natural growth of the air transportation
system.
Aircraft noise can be broadly classified into two parts, airframe noise and jet
engine noise. Airframe noise refers to the noise generated by the structure of the
aircraft during flight. An aircraft on approach is usually in an acoustically dirty
configuration, with its gear, flaps, and slats extended as shown in figure 1.1. These
contribute to its airframe noise signature. There are many sources of airframe
noise, such as the unsteady flow from wing and tail trailing edges, turbulent flow
through and around deflected wing trailing edge flaps and leading edge slats, flow
past landing gear struts and cavities such as uncovered wheel wells. Airframe
noise is a greater problem at approach, when propulsion related noise sources are
relatively low.
Jet engine noise refers to the noise generated by the propulsive system of the
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Figure 1.1. A Boeing 747 on approach showing different components that contribute
to airframe noise: landing gear, flaps and slats.(courtesy aircraft-photos.net)

aircraft, the jet engine. This can further be classified broadly into turbomachinery
noise, core noise and jet noise. Turbomachinery noise or fan noise is related to
flow inhomogeneities interacting with surfaces. This can be the inflow being cut
by rotating fan blades, blade wakes sweeping across outlet guide vanes, stators,
or turbulence passing near the blades or stators. Fans, compressors, and turbines
each can generate significant tonal and broadband noise. The dominant source
of fan tone noise is usually rotor-stator interaction, while broadband noise is due
to turbulence. The turbulence may be from the duct boundary layer, the blade
wakes, the blade tip vortices, or the blade boundary layers.
Core noise in a jet engine is produced by the combustion process and also by
the passing of the hot combustion products through the turbines and exhaust. It
is a function of the combustion temperature and pressure, the physical geometry
of the hot gas path through the engine, and the heat release distribution along this
path. It typically produces less sound power and its contribution is not significant
to the overall radiated noise. Core noise can often be noticed at lower throttle
settings when jet and fan noise levels are lower. Core noise can also be noticed
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during engine start-up or at idle. This is a potential problem for airport ground
operations.
Jet noise is the broadband noise generated by the interaction of the jet exhaust
with the surrounding air. The shape of the noise spectrum reflects the fact that the
eddies that comprise the turbulent mixing process vary considerably, increasing in
size progressively downstream of the exhaust nozzle and decaying in intensity as the
average exhaust velocity falls and the mixing becomes complete. Jet mixing noise
is a strong function of jet exhaust velocity. If the jet is operating supersonically at
an off-design condition, very high levels of broadband shock-associated noise and
screech tones can be generated. This can occur at cruise conditions, even if the
pressure ratio is sub-critical at low altitudes.
When normalized on total engine thrust, today’s new jet transport airplanes
are about 20 decibels (dB) quieter than those introduced in the 1950’s. This is
generally perceived by people as being about one-fourth as noisy. Figure 1.2 indicates sideline noise levels of aircraft as related to the year they were introduced into
service. The data have been normalized to 100,000 lb. thrust. The reductions over
time resulted primarily from major engine cycle changes, which greatly improved
fuel efficiency, as well as incremental noise reduction efforts, which required careful optimization to prevent degradation in thrust and efficiency. In early turbojet
engines, the high-velocity jet exhaust, mixing with the surrounding air, was the
major noise source. In the 1960’s, low-bypass-ratio turbofan engines were introduced that provided greater propulsive efficiency and less noise than the turbojets.
The engine core and fan exhausts were combined and internally mixed, thereby
lowering jet exhaust velocity with a significant reduction in jet exhaust noise. An
even greater reduction in jet exhaust noise was achieved with the introduction of
wide-bodied transports and second-generation turbofan engines with even higher
bypass-ratios. But still today, jet noise remains a significant source of overall engine noise. Of particular difficulty is the fact that the jet exhaust noise is actually
created downstream of the engine. This means that jet noise is very difficult to
reduce where it is created, but changes must be made before the exhaust leaves
the engine.
Most fan noise reduction has been achieved through the elimination of inlet
guide vanes, the reduction in the number and rotational speed of the fan blades in
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Figure 1.2. Sideline noise levels of aircraft as related to the year they were introduced
into service (courtesy Boeing)

relation to the number of exit guide vanes, and improved blade aerodynamic design.
A noise reduction breakthrough of particular importance was the fan blade passage
frequency (BPF) cut-off design concept in which, with the appropriate selection
of the number of fan and stator blades, the BPF tone does not propagate outside
of the engine nacelle. Advances were also made in liners within engine nacelles so
that the acoustic treatments could be designed or tuned for enhanced absorption
of the fan tones.

1.2

Jet Noise

Jet noise is one of the primary sources of noise generation in an aircraft. It remains
one of the most complicated and difficult problems in aeroacoustics, because the
details of the noise generation mechanisms caused by the complex turbulence in
a jet are still not well understood. Thus, there is a need for more research that
will lead to improved jet noise prediction methodologies and further understanding
of the jet noise generation mechanisms. Such advances will eventually aid in the
design process of aircraft engines with low jet noise emissions.
The birth of jet noise theoretical research is attributed to Sir James Lighthill [8],
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[9], who initiated the work in 1952, when he published his acoustic analogy theory of jet noise. Lilley [10] conducted some of the earliest experiments into noise
field from small jets. Lighthill’s work was supported by several experimental studies [11], [12], [13], that verified Lighthill’s eighth power law. Lighthill’s theory on
aerodynamic noise is based on the exact equations of fluid motion. It was shown
that the acoustic energy radiated outward from an unsteady fluid flow was a very
small part of the flow’s total kinetic energy. Thus, if inaccurate approximations
are made in solving for the fluctuating density, it would lead to incorrect results.
Lighthill avoided these difficulties by introducing an analogy by which the unsteady fluid flow is replaced by a volume distribution of equivalent sound sources.
All the actual fluid flow dynamics and the generation and propagation of noise
within the flow are included in the distribution and strength of these equivalent
sound sources. The drawback of this theory is its dependance on being able to
correctly approximate the equivalent sound source field.
Jet noise is the noise generated by the interaction of the jet exhaust with the
surrounding air. The noise generated by a high speed jet is closely related to the
turbulence characteristics of the jet. It is widely accepted that the turbulence in
free shear layers in not completely random but is orderly, and contains both small
scale and large scale turbulent structures. Early experiments by Crow and Champagne [14] on jets and Brown and Roshko [15] on mixing layers showed that the free
shear layers could support large orderly structures. Experimental measurements
of flow and acoustics in the near-field and far-field by Mclaughlin et al. [16], [17],
showed that the large-scale structures were responsible for the generation of noise
in high speed jets, especially in the peak noise radiation directions at small angles
to the jet downstream axis.
Noise is generated by both small-scale turbulence and large-scale turbulence.
The relative contributions of these two noise sources depend on the jet Mach
number, jet temperature and the observer angle. For subsonic jets at low and
moderate temperatures, the large scale structures propagate downstream at speeds
lower than the ambient speed of sound. In these jets, probably, the small-scale
structures are the dominant noise sources. For supersonic jets or subsonic jets
at high temperatures, the large scale structures propagate downstream at speeds
higher than the ambient speed of sound. These structures are the dominant noise
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sources, especially in the direction close to the downstream axis.
At about the same time as the discovery of large scale turbulent structures
in free shear flows, some investigators [18], [19], [20], suggested that instability
waves might play an important role in the generation of jet noise. In experiments
conducted on a supersonic jet at low Reynolds numbers [16], [17], it was seen that
the large coherent structures of these flows were in the form of instability waves.
Measurements in the near field and far field indicated that these instability waves
were directly contributing to the dominant part of the noise of these jets. But
for cold subsonic jets the phase velocity of the instability waves is subsonic. Tam
and Morris [21] found that the sound generated by instability waves in subsonic
flows was insignificant when compared to that generated in a supersonic flow.
However, the instability waves in the subsonic case determine the development of
the turbulent flow and thus can indirectly effect the noise generated.
Tam et al. [22], investigated the jet noise database acquired with circular nozzles
by NASA. They developed two empirical similarity spectrum functions and found
that the empirical spectra matched well with the measured spectra over the entire
range of Mach number and temperature ratio. The first shape was for the measured
noise spectrum at large inlet angles. This is the peak noise direction. It had a
sharp peak with a linear drop off from the peak. The second spectrum had a
broader peak with a more gradual drop off. This second spectrum shape matched
well with the measured spectrum shape in the forward quadrant and near normal
angles to the jet axis. These empirical shapes, though derived from a supersonic
jet noise database were found to also fit cold subsonic jet noise spectra. Also,
the noise spectrum from simple elliptic and rectangular nozzles [23], was found to
conform to the same empirical similarity spectrum. Tam and Auriault [24] noticed
that outside the dominant noise radiation direction there was no strong directivity
and the noise radiation was fairly uniform. This led them to the conclude that in
these directions the dominant noise source is the small-scale turbulence.
The jet noise spectrum for the most general case of a supersonic jet, operating
at an off-design condition, consists of discrete and broadband components as shown
in figure 1.3. The discrete tones are called the screech tones. In the case of an
imperfectly expanded supersonic jet with strong shock cells, the screech tone is
accompanied by its harmonics, but the screech tone component disappears if the
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jet is perfectly expanded. For such perfectly expanded jets, the noise spectrum is
broad with a smooth peak.

Figure 1.3. Narrowband power spectra for an imperfectly-expanded jet, Mj = 1.35,
Md = 1.0, Tt /T∞ = 2.5, at different distances from the jet exit. (courtesy Benoit
Petitjean)

The turbulence in the mixing layer of the jet generates this broadband component and hence its called the turbulent mixing noise. Experiments [25], [26] also
show that an additional broadband noise component is emitted if the nozzle is operating at off design conditions. This noise component is due to the presence of a
quasi-periodic shock cell structure inside the jet plume and is known as broadband
shock-associated noise.

1.3

Previous Numerical Investigations

Prediction methods for jet noise have mainly been semi empirical until about ten
years ago, and were based on the power laws established by Lighthill (1952) [8]
and others later. Over the last ten years, advances in computational fluid dynamics (CFD) have made it possible to improve predictions by replacing the flow
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parameters needed by these semi-empirical models by computed values. The most
encouraging feature of this period has been the rapid development of computational aeroacoustics (CAA).
Two main classes of methods have been developed in CAA. In the first one,
concepts that appeared early in aeroacoustics, namely acoustic analogies or hybrid approaches, are applied to time-dependent CFD data. In the second, the
aerodynamic field and the acoustic field are calculated simultaneously by solving
the compressible unsteady Navier-Stokes equations. This direct noise computation
(DNC) is ambitious, and allows for a more physical investigation of noise source
mechanisms, but serious numerical issues must then be addressed. A schematic of
the various procedures is shown in figure 1.4.

Figure 1.4. Various approaches used in computational aeroacoustics

It is worthwhile to review the different strategies available to connect the acoustic modeling methods with CFD. The CFD methods fall usually into one of the
three following categories: direct numerical simulation (DNS), large eddy simulation (LES) and Reynolds averaged Navier-Stokes (RANS) solutions. In DNS, the
Navier-Stokes equations are solved for all the scales of the flow, without any turbulence model. In LES, the governing equations are the Navier-Stokes equations
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filtered in space, and a turbulence model is used to represent the subgrid-scale
stress tensor and heat fluxes. Finally, the RANS equations are solved to obtain
the mean flow and some statistical quantities such as the turbulent kinetic energy
and the viscous dissipation rate. Moreover, an unsteady RANS simulation or semideterministic modeling can provide a weakly time dependent solution in the sense
that only the largest scales are calculated.
With improvements in the processing speed of computers, the application of
Direct Numerical Simulation (DNS) and Large Eddy Simulation (LES) to jet noise
prediction methodologies is becoming more feasible. Although there have been numerous experimental studies of jet noise to date, the experiments provide only a
limited amount of information and the ultimate understanding of jet noise generation mechanisms will most likely be possible through numerical simulations,
since the computations can literally provide any type of information needed for
the analysis of jet noise generation mechanisms.
In a DNS, all the relevant scales of turbulence are resolved directly and no turbulence modeling is used. One of the first DNS of a turbulent jet was performed
for a Reynolds number 2,000 jet at Mach 1.92 by Freund et al [27] . The computed
overall sound pressure levels were compared with experimental data and found to
be in good agreement with jets at similar convective Mach numbers. Freund [28]
also simulated a Reynolds number 3,600, Mach 0.9 turbulent jet, matching the parameters of the experimental jet studied by Stromberg et al [29]. Excellent agreement with the experimental data was obtained for both the mean flow field and
the radiated sound. Such results clearly show the attractiveness of DNS to the jet
noise problem. However, due to the wide range of length and time scales present in
turbulent flows, requiring very fine meshes, DNS is still restricted to low-Reynoldsnumber flows and relatively simple geometries. DNS of high-Reynolds-number jet
flows of practical interest would necessitate tremendous resolution requirements
that are far beyond the capability of even the fastest supercomputers available
today and for the foreseeable future.
Therefore, turbulence still has to be modeled in some way to perform simulations for problems of practical interest. LES, with a lower computational cost, is an
attractive alternative to DNS. In an LES computation, the large scales are resolved
directly and the effect of the small scales or the subgrid-scales on the large scales is
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modeled. The large scales are generally much more energetic than the small ones
and are directly affected by the boundary conditions. The small scales are usually
much weaker and they tend to have a more or less universal character. Hence,
it makes sense to simulate the more energetic large scales directly and model the
effect of the small scales. LES methods are capable of simulating flows at higher
Reynolds numbers and many successful LES computations for different types of
flows have been performed to date, for example, Bogey and Bailly [30], Bodony and
Lele [31], Gamet et al [32], and Uzun et al. [33]. An alternative implementation of
LES for noise calculations has been proposed by Morris et al. [34]. The resolved
variables are split into an estimated time-independent mean value and a perturbation. The assumed mean flow can be based on a steady RANS solution. An
increased accuracy is expected with the nonlinear disturbances equations (NLDE)
in working on perturbations about a mean flow.
Although the application of Reynolds Averaged Navier Stokes (RANS) methods to jet noise prediction is also a subject of ongoing research, RANS methods
rely heavily on turbulence models to model all the relevant scales of turbulence.
Moreover, such methods try to predict the noise using scales based on the mean
flow properties provided by a RANS solver. Since noise generation is a multi-scale
problem that involves a wide range of length and time scales, it appears that the
success of RANS-based prediction methods will remain limited to specific cases for
which semi-empirical noise models exist. This is unless very good turbulence and
aeroacoustic models capable of accurately modeling a wide range of turbulence
scales are developed. One specific case in which RANS-based methods have been
particularly successful is the prediction of axisymmetric subsonic jet noise.

1.4

Farfield Noise Prediction

There are several methodologies for describing the sound propagation once the
source has been identified, including using the traditional acoustic analogy [8]
or the Linearized Euler Equations (LEE) [35], [36]. However, the most promising methods appear to be Kirchhoff’s method and the permeable surface Ffowcs
Williams - Hawkings method [37]. The non-porous, traditional version of the
Ffowcs Williams - Hawkings formulation assumes a non-porous integration surface
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coincident with a solid body surface, whereas the porous version allows surface integrals to be performed on a permeable integration surface that is not necessarily
coincident with a solid body surface. di Francescantonio [38] demonstrated the
use of the Ffowcs Williams - Hawkings approach on a fictitious surface that does
not correspond to a physical body for the case of rotorcraft flow. Both Kirchhoff’s
and the Ffowcs Williams - Hawkings methods are hybrid and consist of the numerical calculation of the nonlinear near field with the far field solutions computed
from an integral formulation with all quantities evaluated on a control surface.
The control surface is assumed to enclose all the nonlinear flow effects and noise
sources. These approaches have an advantage over the traditional acoustic analogy
approach, which requires volume integrals. Brentner and Farassat [39] as well as
Pilon and Lyrintzis [40] showed that the Ffowcs Williams - Hawkings formulation
is equivalent to the Kirchhoff formulation when the integration surface is located
in the linear wave propagation region. The FW-H equation is analytically superior
for aeroacoustics because it is based upon the conservation laws of fluid mechanics
rather than the wave equation. Hence, the FW-H equation is valid even if the
integration surface is in the nonlinear propagation region. The Kirchhoff approach
can lead to substantial errors if the integration surface is not positioned in the
linear propagation region.
There have been numerous studies on the application of LES with or without
integral acoustics methods to jet noise prediction. Reference [41] provides the
details of some of those studies. The recent jet noise computations of Bogey
and Bailly [42] are perhaps the most successful LES calculations performed for
reasonably high Reynolds number jets. Except for the studies of Choi et al [43]
and DeBonis [44] that are not well-resolved LES calculations, the highest Reynolds
numbers reached in the LES simulations so far are still below those of practical
interest. The cutoff frequency of the noise spectrum in the LES computations is
dictated by the grid resolution, hence only a portion of the noise spectrum has
been computed in the LES computations to date. Well-resolved LES calculations
of jets at higher Reynolds numbers close enough to practical values of interest
would be very helpful for evaluating the suitability of LES to such problems, as
well as for analyzing the broadband noise spectrum, and possibly looking into the
mechanisms of jet noise generation at such Reynolds numbers.
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1.5

Objectives of Present Work

The objective of the present work is to predict jet noise from nozzles and operating conditions associated with military aircraft engines. To do this it is important
to include the nozzle as part of the computational domain. Most DNS and LES
simulations in the past have not included the nozzle as part of the computational
domain. Instead they use an assumed mean velocity profile at the inlet and then
this is perturbed using a random forcing. Some exceptions are simulations conducted where a recycling /rescaling approach [45] is used to generate the exit
unsteadiness. The primary issue to be resolved is the realistic simulation of the
forcing of the jet plume by the fluctuations in the nozzle exit boundary layer itself
and hence the inclusion of the nozzle in the computational domain is important.
The Ffowcs-Williams and Hawkings method is used for far-field noise predictions. The FW-H permeable surface method is used as a post processor to predict
the far field noise using the near field fluctuations. This reduces the computational cost of the simulations and provides a good compromise between accuracy
and computational efficiency.
In addition the objectives include a study of the effect of different nozzle geometries such as axisymmetric/non axisymmetric and planar/nonplanar exits on the
far field noise predictions. Also the effect of operating conditions such as heated/
unheated jet, the effect of forward flight, the jet flow at an angle of attack, and
the effect of a supersonic exit Mach number, are included in the study.

1.6

Original Contributions

In the present work successful numerical simulations have been carried out for jet
flow from a nozzle. The present code has been built on a previous code developed in
Cartesian coordinates by Shieh [46], for cavity noise prediction. The code has been
adapted such that both cylindrical and Cartesian coordinate systems can be used.
A spectral method has been incorporated to avoid the centerline singularity in the
cylindrical coordinate system case. Buffer zone boundary conditions have been
implemented to better represent the farfield boundaries. The multiblock features
of the code have been modified from a simple pipeline mode to a more versatile
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mode with message passing available in all directions, and the ability to have more
than one message passing boundary on each side of the block.
The jet flow computations have been performed with the nozzle as part of the
computational domain. This has been attempted for the first time. It is shown
that with the inclusion of a nozzle of finite thickness, shear layer instabilities drive
the jet flow development and no artificial excitation needs to be added. This is a
significant improvement over the common practice in almost all previous numerical
simulations of jet noise that require artificial excitation. The noise predictions and
flow characteristics using this technique have been validated with experimental
results.
Using cylindrical and Cartesian coordinate systems simulations have been carried out for nozzles with circular, square, rectangular and beveled geometries. It
has been shown that the nozzle geometry does effect the azimuthal variation of the
far field noise even if it is only slight in some cases. The results have been validated
by comparisons with experiments. The effect of the choice of FW-H surface on the
farfield noise predictions has been studied.
It is shown that the sound field is also strongly dependant on the jet operating
condition, such as the forward flight velocity. Previous works that incorporate the
effect of flight on the farfield noise have mostly been experimental or have involved
correction factors added to static predictions. Numerical predictions of the forward
flight effect in the past have usually only captured the general trends on the farfield
noise. In the present work, for the first time, farfield noise predictions for forward
flight simulations have been validated with empirical values
Simulations of a beveled nozzle, and circular nozzles at an angle of attack are
also carried out. It is shown that modifying the jet flow development can modify
the far field sound directivity pattern. To the author’s knowledge, this is the first
attempt at simulating flight at an angle of attack. The results have been shown
to agree with the expected trend. Shock-free supersonic jet simulations have also
been carried out. Comparisons with experimental values show that the general
features of the farfield noise directivity are captured.
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1.7

Outline of the Thesis

The 3D Navier Stokes equations in cylindrical and Cartesian coordinates are solved
using the Detached Eddy Simulation technique, for different nozzle geometries
and jet operating conditions. In the next chapter, the numerical procedure is described. A short-time Reynolds and Favre averaging is applied to the governing
equations and the various closure models used are discussed. The turbulence model
to be used, the one-equation Spalart-Allmaras model, is discussed along with the
Boussinesq eddy viscosity approximation as well as the Detached Eddy Simulation
version of the turbulence model. The numerical algorithm used for the unsteady
calculations is also presented. Details about the parallel implementation are also
described. The problem of including the nozzle as part of the computational domain in studied. The effect of the choice of FW-H integration surface on the far
field noise predictions is studied.
In Chapter 3, results are presented for numerical simulations carried out for
nozzles of various geometries with planar exits. These include axisymmetric, square
and rectangular nozzles. Results of simulations carried out on a circular nozzle with
non-planar exit, a beveled nozzle, are presented in Chapter 4. In Chapter 5, the
effect of different operating conditions such as forward flight and flight at an angle
of attack are considered. Finally, in Chapter 6, some conclusions are drawn based
on the findings and observations and some recommendations are made for future
work.

Chapter

2

Governing Equations and Numerical
Procedure
2.1

Introduction

In this chapter, the governing equations that describe the jet flow are introduced.
A short-time averaging is applied to the governing equations and various closure
techniques are mentioned. The one-equation Spalart-Allmaras turbulence model
is discussed and the numerical procedure used to solve the governing equations is
presented along with details of parallel implementation of the code. In addition
the use of the permeable surface Ffowcs Williams-Hawkings is studied.

2.2

Governing Equations

In the present study, the three-dimensional compressible Navier-Stokes equations
are solved numerically. These equations are nondimensionalized using the following reference quantities: length, L∗R , velocity, a∗∞ , density, ρ∗∞ , pressure, ρ∗∞ a2∞ ,
∗
temperature, T∞
; viscosity, µ∗∞ ; stress, µ∗∞ a∗∞ /L∗R , where a∗∞ is the freestream
∗
speed of sound, ρ∗∞ is the freestream density, L∗R is the reference length scale, T∞

is the freestream temperature and µ∗∞ is the freestream viscosity. An asterisk denotes a dimensional quantity. The resulting nondimensional governing equations,
in tensor notation, can be written as,
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∂ρ
∂
+
(ρui ) = 0
∂t ∂xi
∂(ρui )
∂
∂p
∂
+
(ρuj ui ) = −
+
(τij )
∂t
∂xj
∂xi ∂xj
∂(ρEt )
∂
∂qj
∂
+
((ρEt + p)uj ) = −
+
(ui τij )
∂t
∂xj
∂xj ∂xj
Et =

(2.1)

T
1
+ (ui ui )
γ(γ − 1) 2

where ρ, ui , p and Et are the instantaneous density, velocity components, static
pressure, and total energy respectively. Also, γ = cp /cv is the ratio of the specific
heat constants at constant pressure and constant volume, and T is the static temperature. The ideal gas law is used to relate two of the thermodynamic variables
to the third.
p=

ρT
γ

(2.2)

The fluid is assumed to be Newtonian, hence the viscous stress tensor can be
written as,
τij =

M
∂ui ∂uj
∂uk
[µ(
+
) + µB
δij ]
Re ∂xj
∂xi
∂xk

(2.3)

where µ is the molecular viscosity, µB is the bulk viscosity, Re is the Reynolds
number and M is the Mach number. The Stokes hypothesis is used to relate the
bulk viscosity to the shear viscosity
2
µB = − µ
3

(2.4)

The heat transfer term, qj is modeled using Fourier’s law. The heat fluxes can
be written as
qj = −

1 M µ ∂T
(
)
γ − 1 Re P rL ∂xj

(2.5)

where P rL is the laminar Prandtl number. Sutherland’s formula is used to relate
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the coefficient of viscosity, µ, to the temperature. In dimensional form, Sutherland’s formula is given as,
µ∗ = C1∗

T ∗3/2
T ∗ + C2∗

(2.6)

where C1∗ and C2∗ are constants dependent on the gas. For air they are 1.456 ×
√
10−6 kg/(ms K) and 110.4 K respectively. In nondimensional form, Sutherland’s
formula reduces to
µ=

(1 + C2 )T 3/2
T + C2

(2.7)

where
∗
C2 = C2∗ T∞

Finally the non dimensional groups M , Re, and P rL are defined as
∗
U∞
a∗∞

M=

Re =

∗ ∗
LR
ρ∗∞ U∞
∗
µ∞

(2.8)

c∗p µ∗∞
P rL =
κ∗
Since the flow under consideration is turbulent and highly unsteady in nature, a
short-time, Reynolds averaging and Favre averaging are applied to the governing
equations. In the case of the short-time Reynolds averaging, the instantaneous
value of the flow variable, say density ρ, can be split into a time-dependent average,
ρ, and a small scale high frequency perturbation, ρ0 , as shown below
ρ(x, t) = ρ(x, t) + ρ0 (x, t)
where
1
ρ(x, t) =
4t

Z

t+4t

ρ(x, t)dt
t

(2.9)
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For unsteady simulations the averaging time is of the order of one computational
time step. It is implicitly assumed that 4t is greater than the turn-over time
of the small scale high frequency eddies that cannot be resolved by the numerical
simulation, and is less than the time scale associated with the large scale structures
in the flow, and that these two time scales differ by several orders of magnitude.
This would be the case at high jet Reynolds numbers.
Having defined the short-time Reynolds averaging, Favre averaging is used to
decompose the instantaneous velocity into a mass averaged flow variable, u
ei , and
a fluctuating part, u00i , such that
ui = u
ei + u00i
where
1
u
ei =
ρ4t

Z

(2.10)

t+4t

ρ(x, t)ui (x, t)dt

(2.11)

t

The flow variables in the present study have been decomposed as follows
ρ = ρ + ρ0
p = p + p0
qj = qLj + qj0
ui = uei + u00i

(2.12)

T = Te + T 00
e = ee + e00
τij = τeij + τij00
The short-time, Favre averaged governing equations are
∂
∂ρ
+
(ρuei ) = 0
∂t ∂xi

(2.13)

∂(ρuei )
∂
∂p
∂
+
(ρuej uei ) = −
+
(e
τij − ρu00j u00i )
∂t
∂xj
∂xi ∂xj

(2.14)
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ft )
∂q + ρu00j e00
∂
∂
∂(ρE
ft + p)uej ) = − Lj
+
((ρE
+
(uei (τij − ρu00j u00i ))
∂t
∂xj
∂xj
∂xj
(2.15)
∂
1 00 00 00
00
(u τf
+
ij − ρuj ui ui )
∂xj i
2
p=
where

ρTe
γ

1
1
ft = ρ(e
ρE
e + uei uei ) + (ρu00i u00i )
2
2

(2.16)

(2.17)

Additional terms are observed in the above Equations that are not present in the
corresponding laminar governing equations. Different closure schemes are used to
model these terms.
The Favre-averaged Reynolds stress tensor, (ρu00i u00j ), is modeled using the Boussinesq eddy viscosity approximation as
τij = −ρu00i u00j =

1 ∂ui ∂uj
M
1 ∂uk
2µt [ (
+
)−
δij ]
Re
2 ∂xj
∂xi
3 ∂xk

(2.18)

where µt is the turbulent eddy viscosity, which is modeled by the one-equation
Spalart -Allmaras turbulence model [47]. This is described below.
The autocorrelation of the fluctuating velocity, ρu00i u00i , present on the right
hand side of the energy Equation is included as a component of Ẽt . The gradient
hypothesis is used to model the cross-correlation between u00i and e00 , as a turbulent
heat flux
qT j = ρu00j e00 = −

1 M µt ∂T
(
)
γ − 1 Re P rT ∂xj

(2.19)

where P rT is the turbulent Prandtl number. Finally, the last two terms in Equation
(15), (u00i τ̃ij ) and ( 12 ρu00j u00i u00i ) , are neglected since these terms are found to be
significant only in the hypersonic regime [48]. With these closure approximations,
the governing equations are
∂ρ
∂
+
(ρuei ) = 0
∂t ∂xi
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∂
∂
∂(ρũi )
∂p
+
(ρu˜j ũi ) = −
+
(τ̃ij + τij )
∂t
∂xj
∂xi ∂xj

(2.20)

∂(ρẼt )
∂
∂(qLj + qT j )
∂
+
((ρẼt + p)u˜j ) = −
+
(uei (τij + ρτij ))
∂t
∂xj
∂xj
∂xj
p=

ρTe
γ

It is observed that these equations are similar to the laminar Navier-Stokes equations, except that the viscosity coefficient is replaced by (µ + µt ), and the heat
transfer coefficient term is replaced by ( Pµr +

2.3

µt
P rT

).

Numerical Algorithm for the Unsteady Calculation

The Navier-Stokes equations in cylindrical and Cartesian coordinate system are
considered. The cylindrical grid is more appropriate for circular jet flows, with
the centerline of the jet coinciding with the coordinate system’s polar axis. The
Cartesian coordinate system is used to simulate rectangular nozzles with sharp
corners. The following section describes the governing equations in a generalized
coordinate system. The generalized coordinate system is used in the numerical
procedure to facilitate the use of non-uniform girds. From this point the governing
equations are written in vector form, as it is easier for numerical implementation.
The three-dimensional equations in cylindrical coordinates are transformed into
generalized coordinates using
ξ = ξ(r, θ, z)
η = η(r, θ, z)

(2.21)

ζ = ζ(r, θ, z)
The Navier-Stokes equations are given by
∂Q ∂E ∂F
∂G H
∂Ev ∂Fv ∂Gv Hv
+
+
+
+
=
+
+
+
∂t
∂ξ
∂η
∂ζ
r
∂ξ
∂η
∂ζ
r
where,

(2.22)
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where
A = ur τrr + uθ τrθ + uz τrz + qr
B = ur τrθ + uθ τθθ + uz τθz + qθ

(2.26)

C = ur τrz + uθ τzθ + uz τzz + qz
The contravariant velocities are given as,
uθ ξθ
+ uz ξz
r
u θ ηθ
Uθ = ur ηr +
+ u z ηz
r
uθ ζθ
+ uz ζz
Uz = ur ζr +
r
Ur = ur ξr +

(2.27)

This system of differential equations is integrated in time using an explicit
four-stage Runge-Kutta method. For spatial discritization the Dispersion Relation
Preserving scheme(DRP) [49] is used. An artificial dissipation filter developed by
Lockard [50] and Shieh [46] is used. This uses a seven-point stencil as an optimized
smoother for background dissipation. The filter is applied and frozen at the first
stage of the Runge-Kutta integration scheme to damp out the high frequencies. A
detailed presentation of each of the terms in the above equations and also the set
of equations used for Cartesian coordinates are given in Appendix A. The present
code is built on an earlier code developed in Cartesian coordinates by Shieh [46]
for prediction of cavity noise.

2.4

Spectral Method for Centerline Singularity

The equations of motion in cylindrical coordinates are singular on the jet centerline. Initially an averaging method was used to overcome the centerline singularity
wherein the values of the variables at the centerline were obtained by averaging
the values at the next grid location in the radial direction. Another difficulty with
polar grids is the need for the use of extremely small time steps to maintain a
stable solution. The time-step used in the calculation is a function of the distance
between the grid points and as the jet centerline is approached the distance between the grid points in the azimuthal direction is very small. This leads to a
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very small time step to maintain a stable solution. The use of a spectral method
in the azimuthal direction alleviates the time-step problem, as there is no grid in
the azimuthal direction. In the present work the spectral method proposed by
Constantinescu and Lele [51] is used. This scheme is used for the first few grid
points in the radial direction.
The singularities at the centerline of a cylindrical coordinate system are due to
the presence of terms containing the factor 1/r, where r is the radial distance, in
the equations governing the flow. The flow field itself does not have any singularity
at the polar axis, but as the computational domain is defined as (0 × 2π) × (0, R),
one has to specify numerical boundary conditions at r = 0 even if physically there
is no boundary at the polar axis.
The main idea behind using spectral methods in cylindrical coordinates is to
seek an approximation using polynomial expansions in the radial direction that
satisfy some regularity conditions which insure a well-behaved solution near the
polar axis. The regularity conditions in spectral methods are formulated in terms
of having a certain behavior in r near the origin in the polynomial expansions
of the Fourier modes and are imposed as constraints on the coefficients of the
polynomials expansions.
Let’s suppose that the system of governing equations can be written as:
∂Q
= RHS(Q)
∂t

(2.28)

where, Q = (ρ, ρur , ρuθ , ρuz , ρe), and the right-hand side term (RHS) contains the
usual operators in cylindrical coordinates. The most general series expansion of a
single valued quantity, like pressure, at the polar axis is written as,

S(r, θ) =

∞
X
m=0

rm

∞
X
n=0

!
αmn r2n cos(mθ) +

∞
X
m=0

rm

∞
X
n=0

!
βmn r2n sin(mθ) (2.29)
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For multivalued quantities like ur we use the expansion,
M (r, θ) =

∞
X

A0n r2n−1 +

n=1

+

∞
X
m=1
∞
X

rm−1
rm−1

∞
X
n=0
∞
X

!
Amn r2n cos(mθ)
!

(2.30)

Bmn r2n sin(mθ)

n=0

m=1

any scalar or Cartesian velocity component is uniquely defined at the origin, so we
have,
∂S
|r=0 = 0
∂θ

(2.31)

This gives us a relation between the coefficients as follows
(θ)

(r)

(r)

(θ)

Ai0 = Bi0 , Ai0 = Bi0

(2.32)

Now a new set of governing equations is obtained at r = 0 by calculating all the
terms on the RHS using the series expansions. Its been shown that for a system
of PDEs with second order radial derivatives, like our governing equation, it is
sufficient to consider coefficients whose indices m and n vary between 0 and 2. A
detailed presentation of the spectral method is given in Appendix B
To check the implementation of the spectral method, a jet formed by a parabolic
inlet velocity profile for a laminar case has been simulated. The boundary condition
used for the curved surface of the grid is an outflow boundary condition. The
growth of the laminar jet profile as it moves downstream is examined. The velocity
contour in the x-r plane is shown in the figure 2.1. The results agree well with
those obtained using a centerline averaging technique. The computational time
required when using the spectral method is 4 times less than the time required
when using the averaging technique.
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Figure 2.1. Velocity contour in the x-r plane for a parabolic inlet velocity profile
problem, simulated using spectral method.

2.5

Spalart-Allmaras Turbulence Model

The one-equation Spalart-Allmaras model is used to describe the evolution of the
turbulent eddy viscosity, given by,
µt = ρν̂fν1

(2.33)

where,
Dν̂
= cb1 Ŝ ν̂ − cw1 fw
Dt

 2

ν̂
1
+
4 · ((ν + ν̂4ν̂) + cb2 (4ν̂)2
d
σ

(2.34)

The first term on the right hand side of Equation (34) is the production term, the
second term is the wall destruction term, and the last two terms are the turbulent
diffusion terms. The auxiliary closure functions are
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χ=

ν̂
ν

χ3
χ3 + c3ν1
χ
fν2 = 1 −
1 + χfν1
1/6

1 + c6w3
fw = g 6
g + c6w3

fν1 =

g = r + cw2 (r6 − r)
tanh( κ2ν̂d2 Ŝ)
tanh
 1.0 
√
1
Ŝ = S
+ fν1
χ
p
S = 2Ωij Ωij


1 ∂ ûi
∂ ûj
Ωij =
−
2 ∂xj
xi
r=

cb1 = 0.1355
cb2 = 0.622
cν1 = 7.1
σ = 2/3
κ = 0.41
cw2 = 0.3
cw3 = 2
cw1 =

cb1 (1 + cb2 )
+
κ2
σ

The distance to the closest surface, d, only needs to be calculated once since
there are no moving surfaces in the present analysis.This model was developed
completely using empiricism and arguments of dimensional analysis.This was developed for external aerodynamics problems.
The Spalart-Allmaras model can be too dissipative and it fails to predict separated flows accurately. This led to the development of the Detached Eddy Simulation (DES) proposed by Spalart et al. [52]. The DES is also called a hybrid
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RANS/LES method. The DES formulation reduces to RANS in the attached
boundary layers and at separation, and to a Smagorinsky-like Large Eddy Simulation (LES) outside the separation region. In our application, the nozzle internal
boundary layers are attached and the jet plume, and possibly the flow external to
the jet nozzle, are the separated regions. To implement the DES, the distance d
in the destruction term of the turbulence model is replaced by
d˜ = min(d, CDES 4)

(2.35)

where 4 is the largest of the grid spacings in any coordinate direction, and CDES =
1 in the present simulations. In absence of transport (equilibrium) the S-A model
reduces to a Smagoronsky like LES model as shown below.
ν̂ = Ad˜2 Ŝ = A(CDES )2 (4)2 Ŝ

2.6

(2.36)

Parallel Implementation

The present code uses the Message Passing Interface (MPI) for parallel implementation. A domain decomposition approach is used, in which the computational
domain is decomposed into blocks, and message passing is performed only along
the domain boundaries. The code also supports a multi-block implementation with
block message passing possible in multiple directions as shown in figure 2.2. For
jet flow simulations, it is advantageous to use a multiblock approach due to the
geometry. This helps to preserve the grid orthogonality, helping the accuracy and
the convergence of the solution.
In the parallel implementation, the block interface boundary is treated just like
another message passing boundary condition. This is especially useful in the presence of complex geometries. All the processors are divided into separate groups
and separate communication handlers are created for each group to communicate
among themselves: also known as intra-communication. For the purpose of communication between blocks, separate communication handlers are created between
the master processors of each group. The master of each group gathers information
from all the processors in the group, exchanges it with the master of the neigh-
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boring block and distributes the information back into all the processors of the
group. This communication between the master processors of each group is known
as inter-communication.

Figure 2.2. Schematic of multi-block message passing using MPI

The code supports block message passing in multiple directions as seen in figure 2.2, where Block-3 has a block boundary communication with two other blocks
in different directions. Also each side of a block can have multiple multi-block
boundaries as in case of Block-1 in the figure 2.2. This is achieved by creating
separate communication handlers for each set of multiblock boundaries.

2.7

Boundary Conditions

A schematic of the various boundary conditions used is shown in figure 2.3. A
buffer zone boundary condition(B2) developed by Wasistho et al. [53], is used at
outflow boundary in the axial direction and at the far field boundaries in the radial
direction. In this method, the disturbances in the solution are gradually reduced
to zero in the buffer zone by multiplying the disturbances with an appropriate
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damping function. The damping function varies gradually from a value of unity
to zero as the outer edge of the buffer zone is reached.

Figure 2.3. Schematic of various boundary conditions used.

A no-slip rigid wall boundary condition(B3, B5) is used on the nozzle surface.
To allow for the onset of boundary layer growth upstream of the nozzle exit, a slip
wall boundary condition(B6) is used for a small section of the inner upstream wall
of the nozzle at the entrance of the computational domain. Wall functions [46] are
used to reduce the computational requirements in the nozzle interior. A uniform
flow boundary condition(B1) is used at the nozzle inlet and a co-flow boundary
condition is used for the inlet boundary outside the nozzle. Finally, a message
passing boundary condition(B4) is used between block surfaces.
Initial simulations showed the flow outside the jet exit to remain steady. To
trigger unsteadiness in the flow, an artificial excitation is added at a distance of
approximately one jet diameter from the nozzle exit, for 10 grid points near the jet
lip line. A simple Gaussian distribution is used for the disturbance making sure
that the magnitude is significantly smaller than the local mean values. The need
for this artificial excitation has been the subject of an additional study and the
results are presented in section 2.9.
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2.8

Permeable Surface Ffowcs WilliamsHawkings Method

The Ffowcs Williams - Hawkings (FW-H) [37] permeable surface wave extrapolation method is used to evaluate the far field sound. This permits the noise to
be predicted at large distances from the jet based on fluctuations in the jet’s near
field. This reduces the computational cost of the simulations by not having to
extend the computational field all the way to the far field. The FW-H equation is
an extension of Lighthill’s acoustic analogy to moving surfaces and is given by,
¯ 2 p0 (~x, t) = ∂ [ρ0 vn + ρ(un − vn )]δ(f )

∂t
∂
−
[Pij n̂j + ρui (un − vn )]δ(f )
∂xj
∂¯2
[Tij H(f )]
+
∂xi ∂xj

(2.37)

The calculations performed here are performed using the code PSU-WOPWOP
developed by Bre‘s et al [54]. The right hand side of the FW-H equation contains
three terms that are known as the monopole, dipole and quadrupole terms. The
quadrupole term includes all nonlinear effects. In the present calculations, where
the FW-H integration surface is assumed to be placed outside the jet flow field,
the quadrupole term is neglected. This also reduces the solution of the FW-H
equation to a surface integral alone.
To solve the Ffowcs Williams-Hawkings equation, PSU-WOPWOP uses a timedomain integral formulation similar to that developed by Farassat and Succi [55].
The acoustic pressure p0 (~x, t) = p − po outside the source region is given by
p0 (~x, t) = p0T (~x, t) + p0L (~x, t)
Where p0T (~x, t) is the thickness noise contribution and is given by,

(2.38)
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and the loading contribution p0L (x̄, t) is given by,
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(2.40)
where,
ρ
(ui − vi ) + vi
ρo
= Pij n̂j + ρUi (Un − vn )

Ui =

(2.41)

Li

(2.42)

f = 0 is the integration surface, M is the local Mach number of the surface, and Mr
is the Mach number of the surface in the direction of the observer. ui and vi are the
fluid velocity and the surface velocity respectively. The dot over a variable implies
the source time derivative of the variable and the subscripts n, r, and M refer to the
dot product with the unit normal vector, the unit normal radiation vector, and the
surface velocity vector normalized by the local speed of sound, respectively. Further
details of this formulation are given in a review paper by Brentner and Farassat [39].
The Ffowcs Williams - Hawkings calculations performed in the present work have
been performed by Christopher Henes and Leonard Lopes, graduate students at
Pennstate.
In the present work a study has also been conducted to examine the effect of the
choice of Ffowcs Williams - Hawkings surface on the far field noise characteristics.
Comparisons are made between far-field spectra obtained from surfaces of different
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lengths and between open and closed surfaces. The results are presented in section
2.10.

2.9

Artificial Excitation

As a test case, the flow through a circular nozzle is considered. The computational
domain is divided into two parts with the nozzle being along part of the boundary
of the inner block. The nozzle thickness is assumed to be equal to one local grid
cell spacing. When simulations are conducted with these conditions it is seen that
the flow remains steady and does not become unsteady.
To trigger unsteadiness in the flow, an artificial excitation is added at a distance
of approximately one jet diameter from the nozzle exit, at 10 grid points near the
jet lip line. A schematic of the artificial excitation is shown in figure 2.4. A simple
Gaussian distribution is used for the disturbance making sure that the magnitude
is significantly smaller than the local mean values. Randomness is introduced into
the excitation by picking a random number between 0 and 1 for each grid point
after every ten time steps and comparing it with 0.5. If it is greater than this value,
the excitation is introduced, else it is not. With this excitation introduced, a test
case was run for a circular nozzle, and the flow was found to become unsteady.
As part of the test case, the flow simulation is continued for the circular nozzle
with the artificial excitation switched on. After the flow field has developed, the
excitation is switched off. It is observed that the flow field continues to remain
unsteady. This can be seen in figure 2.5, which shows the variation of the centerline
velocity with the excitation switched on and then switched off. The potential core
and decay rate remain almost the same.
This indicated that the artificial excitation introduced at the nozzle exit, in the
shear layer region, was not needed to sustain an unsteady flow, but, perhaps, to
trigger the unsteadiness. To further examine the use of artificial excitation, another
test simulation is carried out for a circular nozzle with a finer grid resolution in the
vicinity of the nozzle lip region. In the earlier simulations, the nozzle thickness was
assumed to be equal to one grid spacing at the nozzle lip as shown in figure 2.6,
which shows the grid in the vicinity of the nozzle exit. The red portion is the inner
block and the blue portion is the outer block, with the nozzle thickness being equal
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Figure 2.4. Schematic of the artificial excitation added to the computational domain.

to one local grid spacing In the second set of simulations, another block is added
to the flow field, near the nozzle exit, and the nozzle thickness is assumed to be
equal to five times the grid spacing at the nozzle lip as shown in figure 2.7.
Tests carried out on the modified grid, with the artificial excitation switched off
from the start, show that with a finer grid resolution in the nozzle lip region, the
flow does indeed become unsteady without excitation. This suggested that there is
a region of absolute instability in the nozzle lip wake and this region behaves like
a wake region behind a circular cylinder. This generates a self-excitation, which
is sufficient to trigger the unsteadiness in the flow, such that no further artificial
excitation is needed. It is seen that even for the same nozzle thickness, as in the
original grid, a finer grid resolution in the nozzle lip exit region generates self excitation. This was one of the goals of the present work: that is, to include the nozzle
as part of the computational domain and to realistically simulate any instability
in the nozzle exit lip region, instead of using artificial excitation. Figure 2.8 shows
the predicted SPL for an observor at 50 jet diameters from the nozzle exit at an
angle of 30o from the downstream axis. These predictions are made using an open
FW-H’s surface of axial extent 25D. Predictions were made using the two differ-
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Figure 2.5. Variation of maximum axial centerline velocity with downstream distance,
with and without excitation. Comparison with experiments by Lau et al. [1]

ent kind of grids. In the original grid artificial excitation was switched on. Also
shown is the experimental values obtained from Viswanathan [4]. It is seen that
the predicted spectra matches well with the experimental values, specifically for
the case of the modified grid (within approximately 3 dB).

2.10

The Effect of Closing the Acoustic Data
Surface

In this section, the effect of the choice of FW-H acoustic data surface on the
prediction of the far field noise characteristics is studied. In particular, the effect
of the length of the FW-H surface and the effect of closing the surface at the
downstream end are studied. The test case considered is a circular unheated jet
at Mj = 0.9 and Re = 2 × 105 . The acoustic data surface chosen is a cylindrical
surface at r = 6D.
The flow data are saved over a period of Tsample = 150, with a time step
4t = 0.05. This defines the range of the resolved frequencies, ideally, as, 0.0067 <
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Figure 2.6. Close-up of the two grid blocks in the vicinity of the nozzle exit.

Figure 2.7. Close-up of the three grid blocks in the vicinity of the nozzle exit
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Figure 2.8. Spectral density predictions at 50D and θ = 30o using the two different
kinds of grid. (Uj /D = 15435 Hz)
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St < 10. For a length scale of 0.02m and a jet exit velocity of 308m/s this
corresponds to approximately 100 Hz < f < 154 kHz. However, the grid resolution
also places restrictions on the range of frequencies that can be resolved. If six grid
points per wavelength are assumed to be needed to resolve the acoustic waves,
then the maximum Strouhal number resolved is determined by the grid cell size
in the radial direction near the surface chosen for the FW-H calculation. For the
circular nozzle, this gives an upper Strouhal number constraint of St < 1.6 or f <
25 kHz.
All predictions are made for an observer at 50 jet diameters from the nozzle
exit. Three different surfaces are considered with axial extents of 15D, 20D and 25D
from the nozzle exit. Acoustic predictions are performed on these three surfaces
for both open and closed cases. In the closed cases, a closing disk is added to the
acoustic data surface at its downstream end. The surface is always left open at
the upstream end. A schematic of different surfaces chosen is shown in figure 2.9

Figure 2.9. Schematic of surfaces chosen to study the effect of choice of FW-H surface.

The spectral density plots at polar angles of 30o , from the jet exit axis, are
shown in figures 2.10 and 2.11. The lines are for surfaces of varying axial extent.
Figure 2.10 shows spectral density predictions made using an open FW-H surface
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and figure 2.11 is for predictions made using a closed FW-H surface. Also shown in
figure 2.8 is the spectral density obtained from an open surface of extent 25D and
experimental values obtained from Viswanathan [4]. The good agreement between
the experimental results and the spectral density obtained using an open surface
of extent 25D suggests that the noise sources that are outside this control surface,
which are not included, do not make a significant contribution to the far field noise
radiation.

Figure 2.10. Effect of acoustic data surface length: Spectral density predictions at 50D
and θ = 30o for open surfaces. (Uj /D = 15435 Hz)

It is observed that the radiated noise levels increase as the axial length of the
control surface is increased for both open and closed surfaces. This is expected, as
more and more of the noise sources are included in the FW-H integration surface
as the axial extent is increased. In detailed investigations carried out by Rahier et
al. [56], it is seen that the level of predicted radiated noise grows regularly with
the axial extent of the control surface and converges to a steady value for large
extents, indicating that the downstream part of the control surface is contributing
less and less to the radiated noise.
The effect of closing the surface at the downstream end is studied next,using

39

Figure 2.11. Effect of acoustic data surface length: Spectral density predictions at 50D
and θ = 30o for closed surfaces. (Uj /D = 15435 Hz)

a circular disk to close the surface at the downstream end. The spectral density
plots at polar angles of 30o , from the jet exit axis, are shown in figures 2.12 and
2.13. Figure 2.12 shows spectral density predictions made using an open and closed
FW-H surface of axial extent 15D and figure 2.13 is for predictions made using a
FW-H surface of extent 25D.
It is seen that closing the control surface leads to higher noise levels for control
surfaces of all extents. It is also observed that for shorter surfaces the difference in
the noise levels between the open and closed cases is more pronounced than that
for longer surfaces. As the extent of the control surface is increased it is observed
that the noise levels for open and closed surfaces converge. For example, the noise
levels for the control surface of length 25D are similar for the open and closed
cases.This observation agrees with the study conducted by Uzun et al. [33], for a
jet operating under similar conditions. They too noticed that the spectral energy
is shifted up at all frequencies when the control surface is closed.
The reason for this reducing influence of the closing disk with the axial extent
is due to the way the FW-H permeable surface is used in the present calculations.
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Figure 2.12. Effect of downstream closing disk: Spectral density predictions at 50D
and θ = 30o for surface of axial extent 15D. (Uj /D = 15435 Hz)

Figure 2.13. Effect of downstream closing disk: Spectral density predictions at 50D
and θ = 30o for surface of axial extent 25D. (Uj /D = 15435 Hz)
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As mentioned earlier, the volume integral is neglected and it is assumed that all
significant noise sources are included within the surface. But, in the case of the
control surface of smaller length, the closing disk cuts through a part of the flow
field that has significant noise sources, thus making the inclusion of the volume
integral important. As the closing disk is moved further downstream, by extending
the length of the control surface, these noise sources become less significant thus
allowing the neglect of the volume integral and the use of just the (closed) surface
integral to predict the far field noise characteristics.
The spectral density plots at a polar angle of 600 , from the jet inlet axis, are
shown in figure 2.14. It is observed that the radiated noise levels once again
increase as the axial length of the control surface is increased for both open and
closed surfaces. As expected, the effect of this increase in axial length is more
pronounced at smaller polar angles from the jet exit axis. Thus a surface with a
larger extent is necessary to predict the noise characteristics at angles closer to the
jet axis.

Figure 2.14. Effect of acoustic data surface length and downstream closing disk: Spectral density predictions at 50D and θ = 60o using open and closed surfaces of various
axial extent. (Uj /D = 15435 Hz)
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It is seen that even at large polar angles, closing the control surface leads to
higher noise levels for control surfaces of all extents. However, the increase in noise
levels with increasing axial extent of the data surface is higher at the smaller polar
angles, and as the extent of the control surface is increased, it is again observed
that the noise levels for open and closed surfaces converge.
In the next chapter, results are presented for simulations carried out for nozzles
of various geometries with planar exits. A planar jet exit means that the nozzle
exit plane is normal to the jet axis. The effect of nozzle geometry on the far field
noise predictions is studied.

Chapter

3

Simulation of Jets With Planar Exits
3.1

Introduction

In this chapter results are presented for simulations carried out on nozzles of axisymmetric and nonaxisymmetric geometries with planar exits. The numerical
approach used to simulate these jet flows has been described in Chapter 2. Comparisons are made to study the effect of nozzle geometry on the directivity and
spectra of the predicted far field noise. The nozzle shapes considered are circular,
square and a rectangular nozzle with an aspect ratio of 3. Table 3.1 below lists
the various nozzle geometries and different simulation parameters associated with
each case.
Nozzle

Mj

Tt /Tamb

Grid points

Run time

Axisymmetric

0.9

1.0

2.4 million

209 hrs

Square

0.9

1.0

3.3 million

250 hrs

Axisymmetric

0.9

3.2

2.4 million

209 hrs

Rectangular

0.9

1

4 million

310 hrs

Rectangular

0.9

3.2

4 million

310 hrs

Table 3.1: Table listing the various nozzle geometries and simulation parameters
associated with various simulated cases.
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3.2

Unheated Axisymmetric and Square Nozzle

As a test case for the numerical methodology, the first set of calculations have
been performed for two nozzle geometries: an axisymmetric and a nearly square
nozzle. The nozzles are not contoured for simplicity. The computational domain
is divided into two blocks, with the nozzle being along part of the boundary of
the inner block. A rigid cylindrical boundary is used to represent the jet exhaust
nozzle. The nozzle length is taken as 5L. A solid model of the square nozzle is
shown in figure 3.1.

Figure 3.1. Solid model of the square nozzle.

The nozzle exit Mach number Mj = 0.9 and the Reynolds number Re =
Uj D/νj = Uj h/νj = 2 × 105 . The jet is unheated. The flow field is calculated
up to X = 30L from the nozzle exit and r = 10L, where L is the reference length
scale. The reference length scales are taken to be the diameter D for the circular
nozzle, and the height h for the square nozzle. The grid dimensions for the circular
nozzle are: inner block (nr ×nθ ×nz ) = (51×27×351), outer block: (201×27×351).
The grid distribution is uniform in the azimuthal direction. The grid is clustered
in the radial direction near the lip line of the jet. For the square nozzle the grid
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dimensions are: inner block: (51 × 37 × 351), outer block: (201 × 37 × 351).

Figure 3.2. Schematic of the cross section of the inner block in the simulation for the
axisymmetric nozzle

A cross section of the inner and outer blocks for the circular nozzle are shown
in figures 3.2 and 3.3 respectively. The inner grid for the square nozzle is shown
in figure 3.4. The outer grid for the square nozzle is very similar to the circular
case. Also, the cross section of the computational grid in the r-z plane is shown in
figure 3.5. The code has been run on 24 2.4 GHz processors. For both the circular
and square nozzles, the total simulation time is 250 nondimensional time units.
The total execution time was approximately 205 hours for the circular nozzle and
290 hours for the square nozzle. This is the time taken by each processor or the
clock time.
This section is divided into two parts. In the first the predicted evolution of the
turbulent jet flows is described. In the second part, predictions of the associated
radiated noise are described.
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Figure 3.3. Schematic of the cross section of the outer block in the simulation for the
axisymmetric nozzle

Figure 3.4. Schematic of the cross section of the inner block in the simulation for the
square nozzle
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Figure 3.5. Schematic of the cross section of the grid in the axial direction
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3.2.1

Flow Features

The average properties of the two jets have been found be quite similar when
plotted against nondimensional axial and radial distances and viewed on either
axes of the square jet. Thus both sets of flow calculations are shown on the
same figures, except where noted. Figures 3.6 and 3.7 show the variation of
the mean axial velocity and the axial turbulence intensity along the jet centerline
respectively. Note that the reference velocity is the jet exit velocity in figure 3.6
and the centerline velocity in figure 3.7. The predictions for the two jets are very
similar and agree quite well with the experimental measurements by Lau et al [1] for
the mean velocity and those by Arakeri et al [2] for the axial turbulence intensity.

Figure 3.6. Centerline variation of the mean axial velocity, ——, Axisymmetric, − −
−−, square, , Lau et al. [1]

Figures 3.8 and 3.9 show the radial variation of the mean axial velocity and
the axial turbulence intensity at x/D or x/h = 15. Again the predictions for the
two jets are very similar. The mean axial velocity agrees with the measurements
by Hussein et al [3]. The radial turbulence intensity is slightly underpredicted.
The development of the square jet mean flow in the axial direction is qualitatively similar to the observations by Gutmark et al [57]. This is shown in figure 3.10.

49

Figure 3.7. Centerline variation of the axial turbulence intensity. ——, Axisymmetric,
− − −−, square, , Arakeri et al. [2]

However, there is no obvious axis switching that occurs in the experiment. This
is probably due to the smoothness of the corners in the present square nozzle. An
inspection of the streamwise vorticity at the exit of the nozzle did not show any
significant corner vortices. In subsequent investigations, sharper corners are used
for rectangular nozzles.
To account for entrainment a small coflow is added in the buffer domain near
the farfield boundary in the radial direction. Figure 3.11 shows the velocity vectors
in the r-z plane near the farfield(Rmax) boundary. It is seen that there is a definite
fluid entrainment into the computational domain and its magnitude reduces as we
move downstream. To check the computation, the sum of the mass flux from all
the boundaries was calculated and was found to be zero. Figure 3.12 shows the
instantaneous voticity magnitude contours for the circular nozzle in the r-z plane
near the nozzle exit at t = 150 nondimensional time units. The development of
the shear layer is fairly symmetric, which is expected.
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Figure 3.8. Radial variation of the mean axial velocity at x/D or x/h = 15. ——,
Axisymmetric, − − −, square, , Hussein et al. [3]

3.2.2

Noise Prediction

For the Ffowcs Williams-Hawkings calculation, the surface chosen was a cylindrical
surface at r = 6D and length x = 25D. This surface has 301 × 27 grid points for
the circular nozzle and 301 × 37 grid points for the square nozzle. A schematic of
the FW-H surface is shown in figure 3.13. The surfaces were not closed at either
the upstream or downstream ends. This could lead to some error in the far-field
noise computations at small observer angles to the downstream jet axis. The flow
data used in this computation was saved over a sample period of Tsample = 150,
with a time step 4t = 0.05. This defines the range of the resolved frequencies,
ideally, as, 0.0067 < St < 10. For a length scale of 0.02 m and a jet exit velocity
of 308 m/s this corresponds to approximately 100 Hz < f < 154 kHz. However, as
noted above the grid resolution also places restrictions on the range of frequencies
that can be resolved. If six grid points per wavelength are assumed to be needed to
resolve the acoustics, then the maximum Strouhal number resolved is determined
by the grid cell size in the radial direction near the surface chosen for the FW-H
calculation. For both the circular and square nozzles this gives an upper Strouhal
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Figure 3.9. Radial variation of the axial turbulence intensity at x/D or x/h = 15.
——, Axisymmetric, − −, square, , Hussein et al. [3]
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Figure 3.10. Axial mean velocity contours for the square jet at x/h = 1, x/h = 4, and
x/h = 8.
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Figure 3.11. Entrainment : Velocity vectors in the r-z plane, near the farfield boundary
in the radial direction for the unheated axisymmetric nozzle case.

Figure 3.12. Instantaneous vorticity magnitude contours for the circular nozzle in the
r-z plane near the nozzle exit at t = 150.
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number constraint of St < 1.6 or f < 25 kHz. In addition, it should be remembered
that it is not only the acoustic waves that need to be resolved. If the noise sources
themselves are to be truly captured, the grid resolution in the flow field itself
would have to be much greater than that used in the present simulations. This is
especially true in the thin shear layer regions near the jet exit.

Figure 3.13. A schematic of the Ffowcs Williams Hawkings surface chosen

All of the predictions have been made for an observer at 50 jet diameters from
the center of the nozzle exit. As in the case of the flow field development, little
difference has been found between the predicted noise for the circular and square
nozzles. Figure 3.14 shows the predicted overall sound pressure level directivity
for the circular and square jets. The square jet is predicted to be slightly noisier
than the circular jet. Also, shown are two sets of experimental data. The first set
by Viswanathan [4] is at the same operating conditions as the present calculations,
though at a higher Reynolds number. Also the data were provided at 100 jet
diameters, so 6 dB were added to the data to account for spherical spreading. The
second set of data from Tanna [5] were measured at 72 jet diameters so 3.2 dB
have been added. Also, the operating condition for the Tanna experiment was for
Mj = 0.86, unheated, so the exit velocity was slightly lower than in the simulations.
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The agreement in the peak noise direction is quite good, being within one or two
dB: but, at larger angles the simulations overpredict the measured levels. This can
be understood if the spectral density is considered.

Figure 3.14. Overall sound pressure level directivity. ——, Axisymmetric, − − − − −,
square, , Viswanathan [4], , Tanna et al. [5]

Figure 3.15 shows the predicted narrowband spectral density, with a bandwidth
of 42.3 Hz, at several observer angles relative to the downstream jet axis for the
circular jet. Also, shown is the measured spectral density at θ = 30o . The agreement between the predicted and measured spectral density is quite good. However,
as the observer angle increases, the predicted spectral densities retain some of the
character of the those at smaller angles. There is a pronounced peak that moves to
higher frequencies as the observer angle increases. Though this latter observation
holds true for the experiments, the spectrum shape is much broader and flatter.
This lack of agreement is almost certainly due to the lack of fine scale resolution
in the jet flow itself.
For completeness, figure 3.16 shows the same predictions for the square jet.
Other than a slight increase in levels, the general noise characteristics of the two
jet nozzles are very similar.
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Figure 3.15. Comparison of predicted and experimental spectral densities at 50D, for
different observer angles relative to the jet downstream axis. Circular jet. (Uj /D = 15435
Hz)

Finally, the azimuthal variation of the noise in the square jet case can be
examined. Figure 3.17 shows the azimuthal variation of the overall sound pressure
level for observers at θ = 30o and 90o . The variation of the levels is within the
averaging error. Again, this is not unexpected, given the rounded nature of the
corners of the square nozzle: but differences might be expected for sharp cornered
nozzles with a higher aspect ratio, particularly at small observer angles to the jet
downstream axis.

3.3

Heated Circular Nozzle

The next set of results presented are for simulations performed for a circular nozzle
with a heated jet. The computational domain is once again divided into multiple
blocks, with the nozzle being along part of the boundary of the inner block. The
nozzle exit Mach number Mj = 0.9, the Reynolds number Re = 2 × 105 and the
temperature ratio Tt /Ta = 3.2. The grid used was the same as the grid used for

57

Figure 3.16. Variation of predicted spectral densities at 50D, for different observer
angles relative to the jet downstream axis. Square jet. (Uj /D = 15435 Hz)

Figure 3.17. Variation of predicted overall sound pressure level with azimuthal angle.
Square jet. ——, q = 30o , − − −−, q = 90o .
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the simulation of the unheated case. The Ffowcs Williams-Hawkings calculations
are performed using a similar surface as in the case of an unheated axisymmetric
jet. The jet diameter is chosen as 0.02 m, which gives a resolved frequency range
of 100 Hz < f < 25 kHz.
Farfield noise predictions have been made for an observer at 50 jet diameters
from the center of the nozzle exit. Figure 3.18 shows the predicted 1/3-octave
sound pressure levels at polar angles of 300 and 600 relative to the downstream
jet axis. Narrowband data with a bandwidth of 42.3 Hz is used to produce the
1/3-octave spectrum. Also shown is empirical data obtained from Society of Automotive Engineers standard (SAE) [7] . It can be seen that the heated jet behaves
qualitatively similarly to the unheated jet and the sound pressure levels are higher
than that for the unheated case. This is as expected since the acoustic Mach
number is higher for the heated jet case.

Figure 3.18. Variation of predicted spectral densities at 50D for different observer
angles relative to the jet downstream axis. Heated circular jet. (Uj /D = 27611 Hz)

Figure 3.19 shows the predicted overall sound pressure level directivity for
the heated circular jet. Also shown are the experimental OASPL obtained from
SAE [7] and the predicted OASPL for the unheated case. Once again, the peak
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noise direction is approximately 35o from the jet exit axis.

Figure 3.19. Overall sound pressure level directivity : Heated circular jet

3.4

Unheated Rectangular Nozzle

Since the early days of jet noise reduction it was understood that in order to reduce the noise radiated by the jet the flow structure of the jet had to be modified.
For high-speed jets, the mixing process is influenced only by upstream events.
Since the early work of Westley and Lilley [10], many attempts have been made
to modify the shape of the nozzle exit to achieve this goal. It was soon realized
that non-axisymmetric jet configurations have advantages over their axisymmetric counterparts in certain respects. In particular, they can increase the mixing
with surrounding fluid.This research was led by Sforza et al. [58] who conducted
measurements for a variety of jet-nozzle shapes. Ho and Gutmark [59] carried
out experiments for a small aspect ratio elliptic jet. Detailed reviews and data
for different nozzle shapes are available from Gutmark et al. [60], Gutmark and
Grinstein [61], and Zaman [62]. They also include a discussion of additional means
to increase mixing in the form of vortex generators such as tabs (small protrusions
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placed at the nozzle exit).
To study the effect of having a nonsymmetric nozzle on the far field noise
characteristics a rectangular nozzle with an aspect ratio of 3 was selected. This
particular simulation is performed in a Cartesian coordinate system to facilitate
modelling the sharp nozzle corners. A schematic of the multiblock structure of the
computational domain is shown in figure 3.20.

Figure 3.20. Schematic of the multiblock structure for the rectangular nozzle simulation. The Z axis is along the axial direction

The grid used for computation is clustered near the nozzle lip region. The nozzle
exit Mach number Mj = 0.9 and the Reynolds number Re = Uj D/νj = Uj h/νj =
2 × 105 . The jet is unheated. The flow field is calculated up to z = 30L from the
nozzle exit and up to 10L in the nozzle exit plane. The characteristic length L is
the hydraulic diameter, also called the jet diameter, is given as 2L1 L2 /(L1 + L2 ),
where L1 and L2 are the sides of the rectangular nozzle. Figure 3.21 shows the
variation of the mean axial velocity along the jet centerline. Also shown is the
experimental data obtained from Morrison et al. [63] for a rectangular nozzles of
aspect ratio 2 and 4. Dh is the hydraulic diameter. The spread rate is slightly
under predicted at the end of the potential core but overall the predictions agree
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quite well with the experimental values.

Figure 3.21. Variation of the mean axial velocity along the jet centerline

Figure 3.22 shows the instantaneous vorticity magnitude contours for the rectangular nozzle in the major axis and minor axis plane nozzle exit at t = 150
nondimensional time units. The vorticity magnitude is seen to be higher in the
minor axis plane.
The Ffowcs Williams - Hawkings calculations are performed using an open
cylindrical surface similar to the one used in case of the axisymmetric nozzle. The
jet diameter is chosen as 0.02 m, which gives a resolved frequency range of 100
Hz < f < 25 kHz. Far field noise predictions have been made for an observer
at 50 jet diameters from the center of the nozzle exit. Figure 3.23 and 3.24
show the predicted narrowband spectral density, with a bandwidth of 42.3 Hz, at
polar angles of 30o and 60o to the jet exit axis along the major and minor axes.
Unlike the case of the axisymmetric nozzle there is an azimuthal variation in the
sound pressure levels. It is seen that at lower frequencies the major axis is slightly
quieter in both the cases, while at higher frequencies they behave similarly. A noise
reduction of about 2 dB is observed at the spectral peak. It is expected that the
azimuthal variation will increase as the jet temperature, and hence the jet velocity,
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Figure 3.22. Instantaneous vorticity contours along the minor and major axis planes
for the rectangular nozzle at t = 150

is increased.
Figure 3.25 shows the variation of the overall sound pressure level at various
polar angles along the major and minor axis.It is seen that the minor axis is louder
than the major axis for smaller polar angles from the jet exit axis and that the
values converge towards the forward quadrant.

3.5

Heated Rectangular Nozzle

Simulations have also been conducted for a heated rectangular jet with a temperature ratio of 3.2. The nozzle exit Mach number Mj = 0.9 and the Reynolds
number Re = Uj D/νj = Uj h/νj = 2 × 105 . Figures 3.26 and 3.27 show the
predicted narrowband spectral density at polar angles of 30o and 60o to the jet
exit axis along the major and minor axes. Once again we notice that the major
axis is quieter than the minor axis and there is a higher azimuthal variation for
the heated jet. At the polar angle of 30o the major axis is quieter by as much as
4 dB at the spectral peak. At a higher polar angle of 60o also we notice a more
significant reduction of noise in the major axis plane as compared to the unheated
rectangular nozzle case.
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Figure 3.23. Variation of predicted spectral densities at 50D and θ = 30o along the
major and minor axes for the unheated rectangular jet. (Uj /D = 15435 Hz)

Figure 3.24. Variation of predicted spectral densities at 50D and θ = 60o along the
major and minor axes for the unheated rectangular jet. (Uj /D = 15435 Hz)
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Figure 3.25. Variation of the OASPL with polar angle along the major and minor axes
plane for the unheated rectangular jet.

Figure 3.26. Variation of predicted spectral densities at 50D and θ = 30o along the
major and minor axes for the heated rectangular jet. (Uj /D = 27611 Hz)
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Figure 3.27. Variation of predicted spectral densities at 50D and θ = 60o along the
major and minor axes for the heated rectangular jet. (Uj /D = 27611 Hz)
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This difference in the noise levels between the major and minor axis planes
for both the unheated and heated jets can be understood when one looks at the
radial velocity distribution in the two planes. Figure 3.28 shows the variation of
the jet half width along the major and minor axis for the heated rectangular jet
case. Also shown is the experimental data obtained from Morrison et al. [63] for
rectangular nozzles of aspect ratio 2 and 4. It is seen that the spreading rate is
higher in the minor axis plane compared to the major axis plane. This is expected
as the minor axis must expand faster than the major axis for the jet to become
symmetric. This means higher levels of turbulent kinetic energy in the minor axis
plane, which leads to higher levels of noise in this plane. It could also likely be due
to the preferred flapping motion of the jet driven by large scale structures. But,
this is more prominent in low speed jets.

Figure 3.28. Variation of the jet half widths in the major and minor axes planes

Figure 3.29 shows the variation of the overall sound pressure level directivity
along the major and minor axes. It is observed that the directivity of the jet peaks
near θ = 35o . At this angle, the OASPL in the major jet-plane is about 5 dB
lower than that in the minor jet-plane. This is no longer the case at higher polar
angle to the jet exit. This trend is consistent with experiments by Kinzie and
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McLaughlin [64], of non-axisymmetric jets which typically show that noise is more
directive in the minor plane, but it should be noted that those observations were
for supersonic jets.

Figure 3.29. Variation of the OASPL with polar angle along the major and minor axes
plane for the heated rectangular jet.

3.6

Conclusions

In this chapter results are presented for calculations demonstrating the use of the
Detached Eddy Simulation (DES) turbulence model for jet noise simulations. In
these calculations, the jet nozzle has been included in the simulations. The initial
results from simulations of the axisymmetric nozzle are very encouraging. The
predicted overall sound pressure levels in the peak noise direction are within 1 or 2
dB of measured values. In addition, the spectral density is predicted very well. The
agreement at larger observer angles to the jet downstream axis is less satisfactory.
This is almost certainly due to inadequate resolution of the fine scale structure of
the jet flow. Simulations were also carried out for a rectangular jet to study the
effect of nonsymmetry of the nozzle geometry on the far field noise predictions. It
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is seen that the major axis plane is quieter in comparison the the minor axis plane
especially at angles closer to the jet exit axis. Simulations were carried out for
the axisymmetric and rectangular nozzles for both unheated and heated operating
conditions. It is seen that at higher temperature ratios the absolute levels of
noise are higher and the azimuthal variation seen in the rectangular nozzle is more
pronounced.
In the next chapter, as part of a continuation of the study of nozzle geometry
on far field noise predictions, results of simulations carried out for a circular nozzle
with non-planar exit, i.e, a beveled nozzle, are presented.

Chapter

4

Simulations for a Non-Planar Exit
Nozzle
4.1

Introduction

In this chapter results are presented for simulations that have been carried out
for a beveled circular nozzle. This nozzle was chosen to study the effect of a
non-planar exit on the far field noise characteristics. The results are compared
with experiments conducted by Viswanathan [6], who observed that significant
noise reduction is achieved in certain directions below the longer lip of the beveled
nozzle, principally in the polar angular range of 110o to 140o to the jet inlet axis.
Jet noise reduction has been achieved, in the past, through modifications to the
nozzle shape. Some of the approaches studied and used widely were multi-tubes
and corrugated nozzles. The magnitude of noise reductions achievable with these
devices usually correlates directly with the level of complexity. As these nozzle
shapes become more complex the disadvantages such as loss in thrust efficiency,
increased weight start to outweigh the gains made in noise reduction.
It is widely believed that the turbulent mixing noise from high speed jets consists of two components. These two components are generated by mechanisms
associated with the fine-scale turbulence and the large-scale structures in the jet
plume. The noise generated by the large-scale structures radiates mostly in the
downstream direction and usually the peak values are at angles close to the jet axis.
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On the other hand, the main source for the noise generated at near normal angles
and smaller angles from the jet inlet axis is the fine scale turbulence present in the
flow. Seiner and Krejsa [65], Tam and Chen [66], among others, have proposed this
view of the sources of jet noise, especially for supersonic jets. The experiments of
Seiner et al. [67] established the angular ranges where these two components are
clearly dominant.
A study of subsonic unheated and heated jets by Viswanathan [68] indicated
that the noise characteristics of these jets are also similar to those of the supersonic jets. The spectral shapes at lower angles to the jet inlet axis were found to
match with the fine scale similarity spectrum proposed by Tam [22]. The large
scale structure component was still the dominant component in the downstream
direction,but the angular range for this was smaller than that for the supersonic
case and was confined to a sector closer to the jet exit axis.
Reduction in jet noise, or at least a modification in the directivity of jet noise
can be achieved by modifying the basic radiation process of a jet. To this end,
Viswanathan [6] proposed the concept of a beveled nozzle. A beveled nozzle is
basically a circular nozzle with the exit cut at an angle as shown in figure 4.1. The
beveled nozzle introduces significant azimuthal variations in the noise spectra,
which result in differences in the polar directivity pattern of the sound radiated at
different azimuthal angles; these differences were found to become more significant
when the jet velocity was increased.
Viswanathan [6] also found that compared to a round nozzle of equivalent
diameter the mass flow rates for the beveled nozzle are lower than that for the
round nozzle by 8% for a nozzle with bevel angle of 24o (bevel24), and by 13%
for a nozzle with bevel angle of 45o (bevel45), for all nozzle pressure ratios. At
subsonic jet Mach numbers, the thrust loss relative to a round nozzle is < 1% for
bevel24 and < 1.8% for bevel45. The loss of propulsive efficiency due to the change
in exit geometry is deemed to be low. The measurement convention of the polar
and azimuthal angles is also shown in figure 4.1. χ is the polar angle measured
from the jet inlet axis. φ is the azimuthal angle and φ = 0o corresponds to the
lower lip or the longer lip and φ = 180o corresponds to the upper or the shorter
lip. The nozzle used in the computation does not have a converging contour as
shown in figure 4.1, but is cylindrical with a constant radius. The experimental
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Figure 4.1. Conceptual model of the beveled nozzle. From Viswanathan [6]

nozzle exit plane is elliptical in shape, with an aspect ratio close to one, while the
exit plane in case of the computation is circular.

4.2

Results

Simulations have been performed for a circular beveled nozzle with a bevel angle
of 45o . The computational domain is divided into multiple blocks, with the nozzle
being along part of the boundary of the inner block. A rigid cylindrical boundary
is used to represent the jet exhaust nozzle. The nozzle length is taken as 5L. A
conceptual model of the beveled nozzle is shown in figure 4.1. The nozzle exit
Mach number Mj = 0.9 and the Reynolds number Re = 2 × 105 . Simulations have
been carried out for both an unheated jet and a heated jet. For the heated jet
simulation the temperature ratio Tt /Ta = 3.2. The flow field is calculated up to
x = 30L from the nozzle exit and r = 10L. L is the reference length scale, which is
taken to be the diameter D of the circular nozzle. The grid dimensions are: inner
block (nr × nθ × nz ) = (51 × 31 × 351), outer block: (201 × 31 × 351). The grid
distribution is uniform in the azimuthal directions. The grid is clustered in the
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radial direction near the lip line of the jet. To incorporate the beveled shape for
the wall boundary condition, that simulates the nozzle, a simple modification was
made where the extent of the wall boundary condition is made a function of the
azimuthal angle. A cross-section of the grid for the inner block is shown in Fig. 2.
The code has been run on 24 2.4 GHz processors. For both cases, the total
simulation time is 250 nondimensional time units. The total execution time was
approximately 240 hours of clock time per processor.

4.3

The Unheated Jet

It is observed that the thrust axis deviates from the geometric centerline at an
angle of 8 degrees. This is shown in figure 4.2, which shows the variation of the
radial location of maximum mean axial velocity with downstream distance. This
is in reasonable agreement with the experimental observation of 10 degrees by
Viswanathan [6]. It should also be noted that the present simulations use a simple
cylinder to represent the jet nozzle, whereas the actual nozzle has a conical interior
contour.
Figure 4.3 shows a comparison of the variation of axial mean velocity along the
thrust axis for the circular nozzle with the bevel (non-planar exit) and a circular
nozzle without the bevel (planar exit). No correction is made here for the difference
in distance along the thrust axis and the coordinate axis in the beveled nozzle case.
But this would be very small.
Figure 4.4 shows the instantaneous voticity magnitude contours for the beveled
nozzle in the r-z plane near the nozzle exit at t = 150 nondimensional time units.
The development of the shear layer is not symmetric, as expected, and the deviation
of the plume is evident.
The Ffowcs Williams - Hawkings calculations are performed using the code
PSU-WOPWOP developed at Penn State. For these calculations, the acoustic
data surface chosen for the beveled nozzle case is an open conical surface at r = 6D
and length x = 25D, with a cone angle equal to the deflection angle of the thrust
axis as shown in figure 4.5. The flow data used in this computation is saved over
a sample period of Tsample = 150, with a time step 4t = 0.05. This defines the
range of the resolved strouhal number, ideally as, 0.0067 < St < 10. However,
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Figure 4.2. Radial location of the maximum axial velocity as a function of axial distance
for beveled nozzle. Unheated jet.

such high frequencies have wavelengths that cannot be resolved on the grid used
for the present calculations. If an estimate of the maximum resolved wavelength
is based on 6 grid points per wavelength, then the upper Strouhal number limit
reduces to 4.0. For a length scale of 0.06 m and a jet exit velocity of 308 m/s this
corresponds to approximately 100 Hz < f < 23 kHz.
All of the predictions have been made for an observer at 100 jet diameters from
the center of the nozzle exit. An averaging technique is used to get the predicted
spectra. The total sample time was divided into 5 equal parts and the spectra
were evaluated using the same 4t for each part. These spectra were then averaged
to get the final prediction. This method was used to get a smooth curve for the
spectra. Figures 4.6 and 4.7 show the experimental and predicted spectral density
(1/3rd octave) at a polar angle of 110o to the jet inlet axis, respectively. Figure 4.8
shows a comparison between the predicted and experimental [6] spectral density
(1/3rd octave) at a polar angle of 145o to the jet inlet axis. The agreement between
the predicted and experimental data is quite good.
For simulations carried out on a circular nozzle with no bevel under similar op-
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Figure 4.3. Variation of maximum axial velocity with downstream distance for circular
and circular beveled nozzles. Unheated jet.

Figure 4.4. Instantaneous vorticity magnitude contours for the beveled nozzle in the
r-z plane near the nozzle exit at t=150

erating conditions, not surprisingly, no azimuthal variation was observed. But in
the case of the beveled nozzle it is clearly seen that there is some azimuthal variation. It is observed that at smaller polar angles (relative to the inlet direction) the
SPL values are lower at all frequencies at an azimuthal angle of φ = 0o compared
to that at φ = 180o . There is a noise reduction of about 3 dB near the spectral
peak. This reduction decreases with increasing frequency. This is expected due

75

Figure 4.5. Schematic of the conical surface chosen for the Ffowcs Williams Hawking
integration surface.

to the shielding effect of the longer lip at 0o . Note that the azimuthal variation
observed in case of the experimental nozzle cannot be due to the elliptical shape
of the exit plane of the nozzle, since both the azimuthal points considered are in
the same plane.
At a higher polar angle of 145o , this is no longer the case. There is still a noise
reduction at 0o , below the longer lip of about 6 dB near the spectral peak. But,
at higher frequencies, the noise levels are lower in the 180o direction compared
to that at 0o . In general, the agreement between the predicted and experimental
measurements is good.

4.4

Heated Jet

A numerical simulation for a heated beveled nozzle with a temperature ratio
Tj /Ta = 3.2 has also been carried out. Once again it is observed that the thrust
axis deviates from the geometric centerline by approximately eight degrees. The
Ffowcs Williams - Hawkings calculations are again performed using a similar sur-
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Figure 4.6. Experimental 1/3rd octave spectra at 110o to the jet inlet. Unheated jet.

face as chosen for the unheated beveled nozzle case. Comparisons of the far field
SPL have been made with the experimental data obtained by Viswanathan [6].
Figures 4.9 and 4.10 show the predicted and experimental spectral density at a
polar angle of 110o respectively.
At the lower polar angle of 110o it is again observed that the SPL values are
lower at all frequencies at the azimuthal angle of 0o compared to those at 180o . A
noise reduction of about 5 dB near the spectral peak is observed and this reduction
decreases as the frequency increases. The shielding effect of the longer lip at 0o
is captured for the heated jet case. But, the peak noise levels at this lower polar
angle are slightly under-predicted. This is most likely due to insufficient resolution
of the small-scale structures. Since, at lower polar angles the fine scale structures
are more important for noise generation and radiation.
Figure 4.11 shows a comparison between the predicted and experimental spectral density at a polar angle of 145o to the inlet axis. At the higher polar angle of
145o it is observed that the noise reduction is about 2 dB at the spectral peak and
is not as significant as in the unheated jet case. The predictions capture the peak
noise levels above and below the bevel. It should be observed that in the heated
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Figure 4.7. Predicted 1/3rd octave spectra at 110o to the jet inlet. Unheated jet.
(Uj /D = 5134 Hz)

jet case there is no crossover at either polar angle at high frequencies. The noise
levels are lower at φ = 0o compared to 180o at all frequencies. This is in agreement
with the experimental measurements.
One possible explanation for this reduction of noise on the shielded side for the
beveled nozzle is as follows. First, the noise generated by large scale structures,
which is beamed preferentially to higher polar angles, in the downstream direction,
is now radiated to slightly lower polar angles due to the change of the jet flow
direction. Of more importance is the fact that this component is radiated more
towards the azimuthal direction with the shorter side of the beveled nozzle. And
because of the the significant part of the radiation from large scale structures go to
lower polar angles, at the shorter side of the beveled nozzle, there is less acoustic
energy perhaps for radiation in the aft direction. Thus we see a reduction at all
frequencies at lower polar angles. So with proper orientation of the nozzle we can
choose which direction we would want the maximum noise radiation to be in.
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Figure 4.8. Predicted and experimental 1/3rd octave spectra at 145o to the jet inlet.
Unheated jet. (Uj /D = 5134 Hz)

Figure 4.9. Experimental 1/3rd octave spectra at 110o to the jet inlet. Jet temperature
ratio, Tt /T1 = 3.2
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Figure 4.10. Predicted 1/3rd octave spectra at 110o to the jet inlet. Jet temperature
ratio, Tt /T1 = 3.2, (Uj /D = 9184 Hz)

Figure 4.11. Predicted and experimental 1/3rd octave spectra at 145o to the jet inlet.
Jet temperature ratio, Tt /T1 = 3.2, (Uj /D = 9184 Hz)
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4.5

Conclusions

The results presented in this chapter have demonstrated that a noise prediction
methodology based on an unsteady jet flow simulation, including the jet nozzle, can
be used to predict the noise radiated by the jet. In particular, a methodology based
on a hybrid RANS/LES turbulence model is able to capture the non-symmetric
flow development from a beveled nozzle jet. Using the permeable surface Ffowcs
Williams - Hawkings acoustic acoustic analogy, the near field flow information can
be extrapolated to the far field. The resulting agreement between predictions and
measurements in the peak noise directions is good.
The effect of a nozzle with a nonplanar exit is that it induces an azimuthal
variation in the far field predictions by deviating the jet flow and thus altering the
flow structure. The noise below the longer lip end of the nozzle is found to be
quieter in comparison to that on the shorter lip side.
In the next chapter, results are presented of simulations carried out to study
the effect of different operating conditions such as forward flight and flight at an
angle of attack.

Chapter

5

Effect of Forward Flight and Angle
of Attack
5.1

Introduction

In this chapter results are presented for simulations carried out for axisymmetric
nozzles at different operating conditions. The numerical approach used to simulate
these jet flows has been outlined in Chapter 2 and validated in the previous two
chapters. Comparisons are made to study the effect of forward flight and flight at
an angle of attack on the directivity of the predicted far field noise. Also considered
is a rectangular nozzle operating at supersonic exit Mach number conditions.

5.2

Effect of Forward Flight

The characteristics of jet noise from jet engines have been well-documented under
static conditions by use of scale model and full-scale engine measurements, analytical and numerical methods. However, aircraft certification limits for noise must
be satisfied under actual aircraft flyover conditions during takeoff and approach
operation with the aircraft reaching relatively high forward speeds. Thus, to correctly assess the sound generated by a jet engine during flight, one is required to
assess the changes that the aircraft speed has on the jet noise.
The effect of a moving freestream on a jet flow is of considerable importance.
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To properly predict the noise from a jet in flight, it is necessary to know how
the turbulent structure changes under forward flight conditions. Experimental investigations by Morris [69] and Antonia and Bilger [70] and others have looked
into the flow characteristics for this case. They found that as the forward flight
velocity increases the jet spread rate decreases and the potential core length increases. There have been many experimental studies including those by Larson
et al. [71] and Packman et al. [72] into the effect of forward flight on the far field
noise. Ahuja [73], in his experiments, found that the jet mixing noise component
reduces with forward velocity at all angles and frequencies. When jet mixing noise
is contaminated with internal noise, forward motion provides a noise reduction in
the rear arc and a noise increase in the forward arc, with little change at 900 . The
results are similar for shock-containing jets. Tam et al. [74] investigated the effects
of forward flight on the fine-scale turbulence noise of jets. Numerical simulations
of forward flight effect have also been studied by Shur et al. [75]
To study the effect of forward flight on the the flow characteristics and the
sound radiation, simulations have been conducted for a circular nozzle with a
coflow boundary condition. This is easier than actually moving the nozzle forward
at the forward flight velocity. A schematic of the general configuration is shown
in figure 5.1. Table 5.1 lists the various nozzle geometries and different simulation parameters associated with the different forward flight cases that have been
simulated.
Case

Mj

Mf

Tt /Tamb

Grid points

Run time

A

0.9

0.1

1.0

3.2 million

250 hrs

B

0.9

0.3

1.0

3.8 million

310 hrs

C

0.9

0.5

2.5

4.2 million

340 hrs

Table 5.1: Table listing the various cases of forward flight simulations performed
and parameters associated with each case.
For each of the simulations, the computational domain is once again divided
into two blocks, with the nozzle being along part of the boundary of the inner
block. A rigid cylindrical boundary is used to represent the jet exhaust nozzle.
The nozzle length is taken as 5L. The nozzle exit Mach number Mj = 0.9 and the
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Figure 5.1. A schematic of the computational domain for forward flight simulation

Reynolds number Re = Uj D/νj = Uj h/νj = 2 × 105 . Cases A and B are unheated
jets, while case C is a heated jet. The flow field is calculated up to r = 10L in the
radial direction. In the axial direction the computational domain extends up to
X = 30L, 35L and 40L for cases A, B and C respectively. L is the reference length
scale and is taken to be the diameter D for the circular nozzle.The grid distribution
is uniform in the azimuthal direction. The grid is clustered in the radial direction
near the lip line of the jet.
This results in this section are divided into two parts. In the first, the predicted
evolution of the turbulent jet flow is described. In the second part, predictions of
the associated radiated noise are given.

5.2.1

Flow Features

To study the effect of increasing forward flight velocity, the results of flow calculations for three cases are shown on the same figures. Figure 5.2 shows the
variation of the mean axial velocity along the jet centerline for increasing forward
flight velocities. In all cases the centerline velocity is non-dimensionalised with
respect to the jet exit velocity. Also shown are experimental results obtained from
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Morris [69] for the case of forward flight velocity Mj = 0.1. The predictions for
this case agree quite well with the experimental measurements. It is seen that as
the forward flight velocity increases the rate of decay of the jet centerline velocity
decreases and hence the length of the potential core increases.

Figure 5.2. Variation of the mean axial velocity along the jet centerline for increasing
forward flight velocities.

Increase in the potential length of the jet is expected since the relative velocity
difference between the jet and its surrounding fluid reduces with increasing forward
flight velocity. This gives a lower mean shear and reduced mixing. Figure 5.3 shows
the variation of the axial turbulence intensity along the jet centerline for increasing
forward flight velocities. The reference velocity is the jet exit velocity. Once again
the predictions for case A agree quite well with the experimental data obtained
by Morris [69]. As the forward flight velocity increases, the peak axial turbulence
intensity decreases and the location of the peak moves further downstream.

5.2.2

Noise Predictions

For the Ffowcs Williams-Hawkings calculation, the surface chosen is an open cylindrical surface at r = 6D and length x = 25D, 30D and 35D for cases A, B and
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Figure 5.3. Variation of the axial turbulence intensity along the jet centerline for
increasing forward flight velocities.

C respectively. The flow data used in this computation are saved over a sample
period of Tsample = 150, with a time step 4t = 0.05. Combined with the grid size
restrictions this gives a resolved frequency range of 100 Hz < f < 25 kHz, for a
nozzle diameter of 0.02m. All of the predictions have been made for an observer
at 50 jet diameters from the center of the nozzle exit. Narrowband data with a
bandwidth of 42.3 Hz is used to produce the 1/3-octave spectrum for each of the
cases.
Figures 5.4 and 5.5 show the 1/3 octave spectrum levels at polar angles of
30o and 60o to the jet exit axis for case A (Mf = 0.1) and static flight conditions.
Also shown is empirical prediction obtained from Society of Automotive Engineers
standard (SAE) [7]. It can be seen that the with the low value of forward flight
the jet behaves qualitatively similar to the static jet. But quantitatively there is a
reduction in the noise levels at both the polar angles. This is as expected since the
effect of forward flight has been shown to reduce the relative exit velocity. Since
the far field noise is a function of this relative exit velocity we observe a reduction
of the noise levels at all frequencies.
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Figure 5.4. Predicted and empirical - SAE [7], 1/3rd octave spectra at 50D and 30o to
the jet exit axis for case A. (Uj /D = 15435 Hz)

Figures 5.6 and 5.7 show the predicted 1/3 octave spectrum levels at polar
angles of 30o and 60o to the jet exit axis for case B (Mf = 0.3). Also shown is the
empirical prediction obtained from SAE [7] . Once again it is seen that there is a
reduction in the noise levels at both the polar angles. The effect of forward flight is
enhanced as the flight velocity increases. There is a reduction of about 20 dB near
the spectral peak at a polar angle of 30o . It should be noted that the simulations
have predicted a decrease in level equivalent to two orders of magnitude. This is
in agreement with the SAE data correlation.
The reduction in the noise levels is not so significant at the higher polar angles.
At the polar angle of 60o , noise levels are lower by about 8 dB at the spectral
peak. But still the noise levels reduce at all frequencies as the forward flight
velocity increases. However, it should be recalled that the frequency resolution
provided by the simulations are not sufficient to make accurate predictions at the
large polar angles where the smaller scales of turbulence are more important in
noise generation.
The next set of results are for a heated jet flow with a temperature ratio of 2.5
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Figure 5.5. Predicted and empirical - SAE [7], 1/3rd octave spectra at 50D and 60o to
the jet exit axis for case A. (Uj /D = 15435 Hz)

Figure 5.6. Predicted and empirical - SAE [7], 1/3rd octave spectra at 50D and 30o to
the jet exit axis for case B. (Uj /D = 15435 Hz)
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Figure 5.7. Predicted and empirical - SAE [7], 1/3rd octave spectra at 50D and 60o to
the jet exit axis for case B. (Uj /D = 15435 Hz)
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and a forward velocity Mj = 0.5. The predicted SPL at a polar angles of 30o and
60o from the jet exit are shown in figures 5.8 and 5.9 respectively. Also shown
are the empirical correlation obtained from SAE [7] for the static flight condition
and the forward flight condition. It is once again seen that there is a significant
noise reduction in the SPL for the case of forward flight at both the polar angles.
It should be noted that the predictions capture the general trend but the absolute
values are slightly higher than the SAE empirical predictions. However, the SAE
correlation is not reliable for the higher forward flight velocity operating conditions
as the maximum forward flight Mach number in the database is 0.3.

Figure 5.8. Predicted and empirical - SAE [7], 1/3rd octave spectra at 50D and 30o to
the jet exit axis for case C. (Uj /D = 24405 Hz)

It is also noticed that at static operating conditions the sound pressure levels
are higher at a lower polar angle from the exit, i.e, 300 , and reduces as we move
to lower polar angles, 600 . As we incorporate forward flight, it is observed that
the noise reduction is more significant at lower polar angles compared to higher
polar angles from the jet exit. In fact, at a forward flight velocity of Mf = 0.5, the
sound pressure levels at the higher polar angles from the jet exit seem to become
higher than those at the lower polar angles. It should be noted that case C is
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Figure 5.9. Predicted and empirical - SAE [7], 1/3rd octave spectra at 50D and 60o to
the jet exit axis for case C. (Uj /D = 24405 Hz)

a heated jet case and hence the exit Mach number is much higher. This can be
seen in figure 5.10, and 5.11 which shows the variation of OASPL, normalized
to the values at 900 polar angle, with the polar angle for increasing forward flight
velocity for SAE [7] and predicted data. A possible explanation for this is that
as the forward flight velocity increases, it reduces the large-scale structures in the
flow thus reducing the sound pressure levels more significantly in the lower polar
angle direction.

5.3

Flight at an Angle of Attack

Modern military aircraft are equipped with thrust vectoring nozzles to improve
their performance. Also, during various points in the flight path of an aircraft, the
jet exhaust direction is not coincident with the direction of aircraft flight. In this
section we study the effect of angle of attack on the far field noise characteristics
and see how the deviation of the jet exit axis from the forward motion axis affects
the predictions. In chapter 4 we looked into the effect of using a nozzle with a non
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Figure 5.10. Empirical-SAE [7] overall sound pressure level directivity, normalized to
the values at 900 polar angle, for increasing forward flight velocity

Figure 5.11. Predicted overall sound pressure level directivity, normalized to the values
at 900 polar angle, for increasing forward flight velocity
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planar exit. The results for that case agree very well with experimental results
obtained by Viswanathan [6]. That gives confidence that the present code can
tackle flow situations where the thrust axis does not coincide with the jet exit
axis.
The case considered is flow from a circular nozzle with a nozzle exit Mach
number Mj = 0.9 and Reynolds number Re = Uj D/νj = Uj h/νj = 2 × 105 . The
jet considered is heated with a temperature ratio of 3.2 and forward flight velocity
Mj = 0.1. The nozzle is at an angle of 300 from the direction of motion of the
free stream. In the simulation the grid used is the same as the one used for earlier
forward flight simulation. The angle of attack effect is introduced by modifying
the coflow boundary condition to Mf = 0.1 at an angle equal to the angle of attack
as seen in figure 5.12.

Figure 5.12. A schematic of the computational domain used for simulating flight at an
angle of attack

The code has been run on 24 2.4 GHz processors. For both the cases, the total
simulation time is 250 nondimensional time units. The total execution time was
approximately 300 hours clock time for each processor. It is observed that the
thrust axis deviates from the geometric centerline. This is shown in figure 5.13,
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which shows the variation of the radial location of maximum mean axial velocity
with downstream distance. Unlike the case of the beveled nozzle the deviation of
the thrust axis is not at a constant angle, but increases as we move downstream.
At a distance of 15D, the location of maximum axial velocity is varying at 3.20 to
the jet axis, and as we move further downstream this increases to 7.20 at a distance
of 25D from the nozzle exit. Figure 5.14 shows a comparison of the variation of
axial mean velocity along the thrust axis for the circular nozzle at 00 and 300 angle
of attack (AOA). The length of the potential core is seen to be almost the same
while the decay rate is slightly lower further downstream for the case where the
nozzle is at an angle of attack to the free stream.

Figure 5.13. Variation of the radial location of maximum mean axial velocity with
downstream distance

Figure 5.17 shows the instantaneous vorticity magnitude contours in the r-z
plane near the nozzle exit at t = 150 nondimensional time units. The development
of the shear layer is not quite symmetric as expected and the deviation of the plume
is once again evident. Figure 5.15 shows the velocity contours of the average axial
velocity in the nozzle exit plane. Figure 5.16 shows the velocity contours of the
average radial velocity, around the nozzle, in the axial plane.
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Figure 5.14. comparison of the variation of axial mean velocity along the thrust axis
for the circular nozzle at 00 and 300 angle of attack.

The Ffowcs Williams-Hawkings calculations are performed using the same grid
and parameters as in case A of forward flight. A polar angle of 00 coincides with
the normal to the nozzle exit. All predictions have been made for an observer at
50D from the jet exit. Figure 5.18 shows the predicted 1/3-octave spectrum levels
at a polar angle of 30o for azimuthal angles of φ = 00 and 1800 . Also shown is
the empirical correlation from SAE [7] for the the circular nozzle at zero angle of
attack. It is observed that just like in the beveled nozzle case there is an azimuthal
directivity introduced and the φ = 00 azimuthal side is slightly noisier than the
side corresponding to φ = 1800 . There is a difference of about 2-3 dB at lower
frequencies and as we move to higher frequencies the spectral difference reduces.
Figure 5.19 shows the predicted spectral density at polar angles of 60o for
azimuthal angles of φ = 00 and 1800 . Also shown is empirical prediction using the
SAE method, for the the circular nozzle at zero angle of attack. It is observed that
unlike in the beveled nozzle case there is not a significant azimuthal directivity
introduced.
Figure 5.20 shows the variation of the overall sound pressure level at various
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Figure 5.15. Axial velocity contours,
around the axisymmetric nozzle, in
the nozzle exit plane for flight at an
angle of attack.

Figure 5.16. Radial velocity contours, around the axisymmetric nozzle, in the axial plane for flight at an
angle of attack.

Figure 5.17. Instantaneous vorticity magnitude contours for the flight at an angle of
attack case in the r-z plane near the nozzle exit at t = 150

polar angles relative to the nozzle exit. Once again we notice that the there is a
slight azimuthal variation at lower polar angles, but it disappears as we move to
higher polar angles. The shielding effect captured in the case of the beveled nozzle
is not observed here. The reason for this could be the difference in the ways the
thrust axis deviates from the nozzle exit axis.

5.4

Supersonic Jet Flow

Jet flow development in supersonic non-circular jets is often complicated due to the
presence of shock cells. This is because of the difficulty in designing a shock-free
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Figure 5.18. Predicted and empirical - SAE [7], 1/3rd octave spectra at 50D and 30o
to the jet exit axis for flight at an angle of attack. (Uj /D = 27611 Hz)

Figure 5.19. Predicted and empirical - SAE [7], 1/3rd octave spectra at 50D and 60o
to the jet exit axis for flight at an angle of attack. (Uj /D = 27611 Hz)
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Figure 5.20. Predicted and empirical - SAE [7] overall sound pressure level directivity
for flight at an angle of attack
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non-circular nozzle. Noise from supersonic jets comprise of three components. The
turbulent mixing noise, which radiates predominantly in the downstream direction,
is generated by the turbulent fluctuations in the jet shear layer. When the jet is
operating at off design conditions it contains a nearly periodic shock cell structure,
and the interaction between the shear layer turbulence and the shock cells generates broadband shock-associated noise. Also, the shock-associated noise radiated
towards the jet nozzle can further trigger the shedding of turbulent structures in
a phase-locked manner. This causes an intense tonal radiation known as screech.
As a preliminary test case for supersonic jets a shock free case is considered.
Flow from a rectangular nozzle with a nozzle exit and design Mach number Mj =
MD = 1.5 is chosen. This nozzle was designed by Lee and McLaughlin [76]. The
jet considered is heated with a temperature ratio of 2.5. The nozzle aspect ratio is
1.75. The code has been run on 24 2.4 GHz processors for a total simulation time
of 250 nondimensional time units. The total execution time was approximately
300 hours clock time for each processor. The flow field is calculated up to z = 40L
from the nozzle exit and up to 10L in the nozzle exit plane. Figure 5.21 shows
the variation of the mean axial velocity along the jet centerline. Also shown is
the predicted data obtained for a circular nozzle. It is seen that the decay rate is
higher for the rectangular nozzle case. Also, no axis switching was observed as the
jet flow developed. This could be due to the high exit velocity chosen.
The Ffowcs Williams - Hawkings calculations are performed using a open cylindrical surface similar to the one used in case of the axisymmetric nozzle. Far field
noise predictions have been made for an observer at 50 jet diameters from the
center of the nozzle exit. Figure 5.22 and 5.23 shows the predicted 1/3-octave
spectral density at polar angles of 30o and 60o to the jet exit axis along the major
and minor axes. Narrowband data with a bandwidth of 42.3 Hz is used to produce
the 1/3-octave spectrum. Also shown is experimental data obtained from Lee and
McLaughlin [76], where narrowband data with a bandwidth of 291 Hz is used to
produce the 1/3-octave spectrum. It is observed that just like in the subsonic
jet with rectangular nozzle case there is an azimuthal directivity introduced and
the minor axis plane is slightly noisier than the major axis plane. The azimuthal
variation is higher at the lower polar angle of 300 . It is seen that at the lower polar
angle the general trend is captured but the absolute values are over predicted. As
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Figure 5.21. comparison of the variation of axial mean velocity

we move to a higher polar angle the predicted noise levels are similar for both the
major and minor axes. It should be noted that the predicted data is lossless, while
the experimental data takes atmospheric attenuation into account.
Figure 5.24 shows the variation of the overall sound pressure level at various
polar angles relative to the nozzle exit for the major and minor axis planes. Once
again we notice that there is an azimuthal variation at lower polar angles, but it
reduces as we move to higher polar angles.
Military aircrafts engines are seldom operating at design conditions. Predictions of broadband shock-associated noise and screech are important to get the
complete picture of noise from a jet engine operating at supersonic off design conditions. The present code has not been tested for these operating conditions. This
code should be able to capture the shock-cell structure near the nozzle exit. Due
to the implicit dissipation in the numerical scheme and the artificial dissipation
added to filter out spurious waves, the shock-cell structure captured might not be
sharp. Screech is a result of a resonant feedback condition involving downstream
travelling shear-layer disturbances and upstream travelling acoustic waves. Disturbances originate at the nozzle exit which convect through the shock cell system
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Figure 5.22. Predicted and experimental, 1/3rd octave spectra at 50D and 30o to the
jet exit axis. (Uj /D = 40674 Hz)

of the supersonic plume. When these disturbances reach a sufficient size they interact with the shock cells to produce acoustic waves which propagate upstream.
Shear-layer disturbances are again generated at the nozzle lip due to these acoustic waves, thus closing the feedback loop. At the present time, the capability of
the code to correctly model this interaction between the acoustic waves travelling
upstream and the instability wave travelling downstream is not known. This needs
to be further studied to allow for prediction of screech tones.

5.5

Conclusions

The results presented in this chapter have built on the ability to predict jet noise
from nozzles of simple geometries presented in earlier chapters. Different operating
conditions have been examined. The effect of forward flight is studied on the flow
characteristics and the far field noise prediction. It is seen that as the forward
flight velocity increases the decay rate of the centerline velocity reduces and there
is an increase in the length of the potential core. There is a significant reduction in
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Figure 5.23. Predicted and experimental, 1/3rd octave spectra at 50D and 60o to the
jet exit axis. (Uj /D = 40674 Hz)

Figure 5.24. Predicted and experimental overall sound pressure level directivity
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the noise levels at lower polar angles to the jet exit as the relative velocity of the
jet is reduced, thus affecting the development of the large scale structures in the
flow field that are the dominant source of noise in this direction. As we move to
higher polar angles there is noise reduction with increasing forward flight velocity,
but is not as significant as that at the lower polar angles.
The effect of flight at an angle of attack has also been studied. It is observed
that, as in the beveled nozzle case, the thrust axis deviates form the nozzle exit
normal direction. But, unlike the beveled nozzle case, this deviation is not at a
constant angle, but rather increases as we move downstream. Small azimuthal
variations are observed at lower polar angles to the jet downstream. It is also seen
that there is no shielding effect at higher polar angles as observed in the case of
the beveled nozzle. The effect of supersonic exit Mach number is studied using a
rectangular nozzle for a shock free case. It is seen that unlike the subsonic case
an azimuthal variation is observed only at lower polar angles to the jet exit axis,
where the major axis is quieter than the minor axis. The general trend is captured
when compared to experiments, but the absolute values are overpredicted.
In the next chapter, the work presented in the current and previous chapters
is summarized and some conclusions are drawn. Also, recommendations are made
for future work.

Chapter

6

Conclusions and Future Work
6.1

Summary and Conclusions

Since the early 1950’s jet-engine noise has been an important research topic, and
the noise of turbulent jets became a branch of aeroacoustics. With recent advances in computational power, jet mixing noise has become an important part of
computational aeroacoustics.
The objective of the present work has been to predict jet noise from nozzles
and operating conditions associated with military aircraft engines. Most DNS and
LES simulations in the past have not included the nozzle as part of the computational domain. The 3D Navier Stokes equations in cylindrical and Cartesian
coordinates are solved using the Detached Eddy Simulation technique. The equations of motion in cylindrical coordinates are singular on the jet centerline. These
numerical singularities for the finite-difference method is treated by reinterpreting
the regularity conditions developed in the context of pseudospectral methods. The
turbulence model to be used is the one-equation Spalart-Allmaras model. The
present code uses a multi-block scheme and the Message Passing Interface (MPI)
is used for parallel implementation. The Ffowcs Williams and Hawkings method
is used for far-field noise predictions.
In addition, the objectives included a study of the effect of different nozzle
geometries such as axisymmetric/non axisymmetric and planar/nonplanar exits
on the far field noise predictions. Also the effect of operating conditions such as
heated/unheated jet, the effect of forward flight, a jet at an angle of attack, and
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the effect of a supersonic exit Mach number, are included in the study.
The first test case simulations were conducted for a circular and square nozzle.
The results from these simulations were very encouraging. The predicted overall
sound pressure levels in the peak noise direction were within 1 or 2 dB of measured
values. In addition, the spectral density was predicted well. The absolute values
agreed well at smaller polar angles to the jet downstream axis. The agreement
at larger observer angles was less satisfactory. This is almost certainly due to
inadequate resolution of the fine scale structure of the jet flow.
Tests were conducted to include the nozzle as part of the computational domain.
It was shown that by using a nozzle of finite thickness and fine grid resolution
behind the nozzle lip, an instability in the shear layer region downstream of the
nozzle lip was induced thus avoiding the need for artificial excitation. The effect
of the choice of FW-H acoustic data surface on the prediction of the far field noise
characteristics has also been studied. It was observed that the radiated noise levels
increase as the axial length of the control surface is increased for both open and
closed surfaces. It was also seen that closing the control surface leads to higher
noise levels for control surfaces of all extents. For shorter surfaces the difference
in the noise levels between the open and closed cases was more pronounced than
that for longer surfaces.
Simulations were carried out for a rectangular jet to study the effect of nonsymmetry of the nozzle geometry on the far field noise predictions. It was seen
that the major axis plane is quieter in comparison to the the minor axis plane
especially at angles close to the jet exit axis. Also, it was seen that at lower frequencies the major axis is slightly quieter than the minor axis, while at higher
frequencies they behave similarly. Simulations were carried out for axisymmetric
and rectangular nozzles for heated operating conditions. It was also seen that at
higher temperature ratios the absolute levels of noise are higher and the azimuthal
variation seen in the rectangular nozzle is more pronounced. This is as expected
since the acoustic Mach number is higher for the heated jet case.
To study the effect of changing noise directivity by modifying the flow direction,
simulations were conducted for a circular nozzle with a non planar exit, a beveled
nozzle. It was observed that the thrust axis deviates from the geometric centerline
at an angle of 8 degrees. The beveled nozzle induced an azimuthal variation
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in the far field predictions by deviating the jet flow and thus altering the flow
structure. The noise below the longer lip end of the nozzle was found to be quieter
in comparison to that on the shorter lip side. Especially at larger angles to the jet
exit the shielding effect of the longer lip was more pronounced and was present at
all frequencies. At smaller polar angles, a shielding effect was observed at smaller
frequencies. Similar observations were made for both an unheated and heated jet.
To study the effect of forward flight, simulations were conducted on a circular
nozzle with coflow boundary conditions. It was seen that as the forward flight
velocity increased the length of the potential core increased. The turbulence intensity levels in the shear layers also reduced with increasing flight velocity. There
was a significant reduction in the noise levels at lower polar angles to the jet exit
as the relative velocity of the jet was reduced, thus affecting the development of
the large scale structures in the flow field that are the dominant source of noise
in this direction. At higher polar angles there was noise reduction with increasing
forward flight velocity, but it was not as significant as that at lower polar angles.
To be able to better predict noise from modern jet engine nozzles that allow for
thrust vectoring, simulations were conducted on a circular nozzle for flight at an
angle of attack. It was observed that, like in the beveled nozzle case, the thrust axis
deviated form the nozzle exit normal direction. But unlike the beveled nozzle case
this deviation was not at a constant angle, but rather increased with downstream
distance. Once again azimuthal variation was observed at lower polar angles to
the jet exit axis, but it was absent at higher polar angles.
The effect of supersonic exit Mach number is studied using a rectangular nozzle
for a shock free case. It is seen that unlike the subsonic case an azimuthal variation
is observed only at lower polar angles to the jet exit axis, where the major axis
is quieter than the minor axis. The general trend is captured when compared to
experiments, but the absolute values are overpredicted.

6.2

Recommendations for Future Work

As part of future work, the effect of the nozzle geometry on the far field noise
characteristics can be further studied by looking into jet flows from nozzles with
more complex geometries, such as an elliptic nozzle. With increasing computa-
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tional efficiency, it will be possible to use better grid resolution to further resolve
the small scale eddies and hence improve predictions at larger polar angles to the
jet downstream axis. Also, since most realistic jets operate under supersonic conditions, further investigation is needed to see if the present study can be extended
to capture shocks and noise associated with shock cells.
Another interesting operating condition that can be considered is jet noise
from engines with dual flow. With modifications to the multiblock structure it
would be possible to simulate this operating condition. Such an extension is of less
importance for military aircraft, but is of immense importance for the high bypass
ratio turbofans used in civil aircraft.

Appendix

A

Governing Equations in Generalized
Coordinate System
A.1

Introduction

In this appendix, the governing equations in a generalized coordinate system are
presented. The generalized coordinate system is used in the numerical procedure
to facilitate the use of non uniform grids.

A.1.1

Cylindrical Coordinates

The three-dimensional equations in cylindrical coordinates are transformed into
generalized coordinates using
ξ = ξ(r, θ, z)
(A.1)

η = η(r, θ, z)
ζ = ζ(r, θ, z)
The Jacobian of the transformation is given by
−1

ξr ξθ ξz
J=

ηr ηθ ηz
ζr ζθ ζz

xξ xη xζ
=

θξ

θη θζ

zξ

zη

zζ

(A.2)
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The transformation matrix can be written as
ξr = J(θη zζ − θζ zη ) ηr = J(zξ θζ − zζ θξ ) ζr = J(θξ zη − θη zξ )
ξθ = J(zη rζ − zζ rη )

ηθ = J(rξ zζ − rζ zξ ) ζθ = J(zξ rη − zη rξ )

ξz = J(θζ rη − θη rζ )

ηz = J(θξ rζ − θζ rξ )ζz = J(rξ θη − θξ rη )

(A.3)

The Navier-Stokes equations in the transformed coordinate system are are given
by
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+
+
+
∂t
∂ξ
∂η
∂ζ
r
∂ξ
∂η
∂ζ
r

(A.4)

where,


ρ







 ρur 

1


Q =  ρuθ 

J
 ρu 
z 

ρEt

ρUr


 ρUr ur + ξr p
1

E =  ρUr uθ + ξθrp
J
 ρU u + ξ p
r z
z

(ρEt + p)Ur










(A.5)



ρUθ

 ρUθ ur + ηr p
1

F =  ρUθ uθ + ηθrp
J
 ρU u + η p
θ z
z

(ρEt + p)Uθ














1

H= 
J





ρUz

 ρUz ur + ζr p
1

G =  ρUz uθ + ζθrp
J
 ρU u + ζ p
z z
z

(ρEt + p)Uz

ρur



ρur ur










ρur uθ
ρur uz
(ρEt + p)ur











(A.6)
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0

 τrr ξr + τrθ ξθ + τrz ξz
r
1

τθθ ξθ
Ev =  τrθ ξr + r + τθz ξz
J
 τ ξ + τzθ ξθ + τ ξ
zz z
 rz r
r
Bξθ
Aξr + r + Cξz













0

 τrr ηr + τrθ ηθ + τrz ηz
r
1

τθθ ηθ
Fv =  τrθ ηr + r + τθz ηz
J
 τ η + τzθ ηθ + τ η
zz z
 rz r
r
Bηθ
Aηr + r + Cηz










(A.7)



0

 τrr ζr + τrθ ζθ + τrz ζz
r
1

τθθ ζθ
Gv =  τrθ ζr + r + τθz ζz
J
 τ ζ + τzθ ζθ + τ ζ
zz z
 rz r
r
Bζθ
Aζr + r + Cζz













0

 τrr
1

Hv =  τrθ
J
 τ
 rz
A






,




where
A = ur τrr + uθ τrθ + uz τrz + qr
B = ur τrθ + uθ τθθ + uz τθz + qθ

(A.8)

C = ur τrz + uθ τzθ + uz τzz + qz
The variables ρ, p, Et are the density, pressure and total energy respectively.The
contravariant velocities are given as,
uθ ξθ
+ uz ξz
r
u θ ηθ
Uθ = ur ηr +
+ u z ηz
r
uθ ζθ
Uz = ur ζr +
+ uz ζz
r
Ur = ur ξr +

With the use of Stokes hypothesis, the viscous terms are given as,

(A.9)
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τrr =
τθθ =
τzz =
τrθ =
τzθ =
τzr =



M
4
2ur 2
2
µ L1 u r −
− L2 u θ − L3 u z
Re 3
3r
3
3


M
2
4ur 4
2
µ − L1 u r +
+ L2 u θ − L3 u z
Re
3
3r
3
3


2
2ur 2
4
M
µ − L1 u r −
− L2 u θ + L3 u z
Re
3
3r
3
3
h
i
M
uθ
µ L1 u θ −
+ L2 ur
Re
r
M
µ [L2 uz + L3 uθ ]
Re
M
µ [L1 uz + L3 ur ]
Re

(A.10)

the heat transfer terms are,
1 M µ
L1 T
γ − 1 Re P r
1 M µ
qθ =
L2 T
γ − 1 Re P r
1 M µ
qz =
L3 T
γ − 1 Re P r

(A.11)

∂
∂
∂
+ ηr
+ ζr
∂ξ
∂η
∂ζ


∂
∂
1
∂
L2 =
ξθ
+ ηθ
+ ζθ
r
∂ξ
∂η
∂ζ
∂
∂
∂
L3 = ξz
+ ηz
+ ζz
∂ξ
∂η
∂ζ

(A.12)

qr =

where,
L1 = ξr

A.1.2

Cartesian Coordinates

A Cartesian coordinate system is used to solve the rectangular nozzle problem.
This section gives the three dimensional equations in the generalized coordinate
system for this case. The equations are transformed into generalized coordinates
using,

111

ξ = ξ(x, y, z)
(A.13)

η = η(x, y, z)
ζ = ζ(x, y, z)
The Jacobian of the transformation is given by
−1

ξx ξy ξz
J=

ηx ηy ηz
ζx ζy ζz

xξ xη xζ
=

(A.14)

yξ yη yζ
zξ

zη

zζ

The transformation matrix can be written as
ξx = J(yη zζ − yζ zη )

ηx = J(zξ yζ − zζ yξ )ζx = J(yξ zη − yη zξ )

ξy = J(zη xζ − zζ xη ) ηy = J(xξ zζ − xζ zξ )ζy = J(zξ xη − zη xξ )

(A.15)

ξz = J(yζ xη − yη xζ ) ηz = J(yξ xζ − yζ xξ )ζz = J(xξ yη − yξ xη )
The Navier-Stokes equations in the transformed coordinate system are are given
by
∂G
∂Ev ∂Fv ∂Gv
∂Q ∂E ∂F
+
+
+
=
+
+
∂t
∂ξ
∂η
∂ζ
∂ξ
∂η
∂ζ

(A.16)

where,


ρ







 ρu 

1


Q =  ρv 

J
 ρw 


ρEt

ρU


 ρU u + ξx p
1

E =  ρU v + ξy p
J
 ρU w + ξ p
z

(ρEt + p)U










(A.17)



ρV

 ρV u + ηx p
1

F =  ρV v + ηy p
J
 ρV w + η p
z

(ρEt + p)V













ρW

 ρW u + ζx p
1

G =  ρW v + ζy p
J
 ρW w + ζ p
z

(ρEt + p)W
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0

 τxx ξx + τxy ξy + τxz ξz
1

Ev =  τxy ξx + τyy ξy + τyz ξz
J
 τ ξ +τ ξ +τ ξ
zy y
zz z
 xz x
Aξx + Bξy + Cξz













0

 τxx ηx + τxy ηy + τxz ηz
1

Fv =  τxy ηx + τyy ηy + τyz ηz
J
 τ η +τ η +τ η
zy y
zz z
 xz x
Aηx + Bηy + Cηz










(A.18)



0

 τxx ζx + τxy ζy + τxz ζz
1

Gv =  τxy ζx + τyy ζy + τyz ζz
J
 τ ζ +τ ζ +τ ζ
zy y
zz z
 xz x
Aζx + Bζy + Cζz











where
A = uτxx + vτxy + wτxz + qx
B = uτxy + vτyy + wτyz + qy

(A.19)

C = uτxz + vτzy + wτzz + qz
The variables ρ, p, Et are the density, pressure and total energy respectively.The
contravariant velocities are given as,
U = uξx + vξy + wξz
V = uηx + vηy + wηz
W = uζx + vζy + wζz
With the use of Stokes hypothesis, the viscous terms are given by,

(A.20)
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2M
µ [2L1 u − L2 v − L3 w]
3 Re
2M
=
µ [−L1 u + 2L2 v − L3 w]
3 Re
2M
=
µ [−L1 u − L2 v + 2L3 w]
3 Re
= µ [L2 u + L1 v]

τxx =
τyy
τzz
τxy

(A.21)

τzy = µ [L3 v + L2 w]
τzx = µ [L1 w + L3 u]
the heat transfer terms are,
1 M µ
L1 T
γ − 1 Re P r
1 M µ
qy =
L2 T
γ − 1 Re P r
1 M µ
qz =
L3 T
γ − 1 Re P r

(A.22)

∂
∂
∂
+ ηx
+ ζx
∂ξ
∂η
∂ζ
∂
∂
∂
L2 = ξy
+ ηy
+ ζy
∂ξ
∂η
∂ζ
∂
∂
∂
L3 = ξz
+ ηz
+ ζz
∂ξ
∂η
∂ζ

(A.23)

qx =

where,
L1 = ξx

Appendix

B

Spectral Method
B.1

Introduction

The equations of motion in cylindrical coordinates are singular on the jet centerline. These numerical singularities for finite-difference method are treated by
reinterpreting the regularity conditions developed in the context of pseudospectral
methods. In the present work the spectral method proposed by Constantinescu
and Lele [51] is used. This scheme is only used for the first few grid points in the
radial direction.
The singularities at the centerline of a cylindrical coordinate system are due to
the presence of terms containing the factor 1/r, where r is the radial distance, in
the equations governing the flow. The flow field itself does not have any singularity
at the polar axis, but as the computational domain is defined as (0 × 2π) × (0, R),
one has to specify numerical boundary conditions at r = 0 even if physically there
is no boundary at the polar axis.
The main idea behind using spectral methods in cylindrical coordinates is to
seek an approximation using polynomial expansions in the radial direction that
satisfy some regularity conditions which insure a well-behaved solution near the
polar axis. The regularity conditions in spectral methods are formulated in terms
of having a certain behavior in r near the origin in the polynomial expansions of the
Fourier modes and are imposed as constraints on the coefficients of the polynomial
expansions.
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Let’s suppose that the system of governing equations can be written as:
∂Q
= RHS(Q)
∂t

(B.1)

where, Q = (ρ, ρur , ρuθ , ρuz , ρe), and the right-hand side term (RHS) contains the
usual operators in cylindrical coordinates. The most general series expansion of a
single valued quantity, like pressure, at the polar axis can be written as,

S(r, θ) =

∞
X
m=0

rm

∞
X

!
αmn r2n cos(mθ) +

n=0

∞
X

∞
X

rm

m=0

!
βmn r2n sin(mθ)

(B.2)

n=0

For multivalued quantities like ur we use the expansion,
M (r, θ) =

∞
X

A0n r2n−1 +

n=1

+

∞
X
m=1
∞
X

rm−1

∞
X

!
Amn r2n cos(mθ)

n=0

rm−1

m=1

∞
X

!

(B.3)

Bmn r2n sin(mθ)

n=0

The form of the series expansions for multivalued quantities (e.g., for ur ) can be
deduced by observing that ur can be written in terms of the Cartesian velocity
components uy and uz as,
ur = uy cos(θ) + uz sin(θ)

(B.4)

where the form of uy and uz expansions is given by equation (A.2). By regrouping
the terms and using algebraic identities one can easily recover equation (A.3).
Any scalar or Cartesian velocity component is uniquely defined at the origin, so
we have,
∂S
|r=0 = 0
∂θ

(B.5)
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This gives us a relation between the coefficients as follows
(θ)

(r)

(r)

(θ)

Ai0 = Bi0 , Ai0 = Bi0

(B.6)

Now a new set of governing equations is obtained at r = 0 by calculating all the
terms on the RHS using the series expansions. Its been shown [51] that for a
system of PDEs with second order radial derivatives, like our governing equation,
it is sufficient to consider coefficients whose indices m and n vary between 0 and
2. A detailed presentation of the derivation of the final equations for the spectral
method is given in Constantinescu and Lele [51]. The final equations are presented
here.
∂ρ
=−
∂t
∂ρux
=−
∂t
−

(ρx)

(x)

∂α00 α00
(r) (ρ)
(r) (ρ)
(r) (ρ)
+ A10 α10 + B10 β10 + 2A01 α00
∂x
(ρx)

(x)

!

∂α00 α00
(r) (ρx)
(r) (ρx)
(r) (ρx)
+ A10 α10 + B10 β10 + 2A01 α00
∂x
!
(p)
∂α00
+ Vx
∂x

(B.7)
!
(B.8)

(ρ) (x) (r)
(ρ) (x) (r)


∂α00 α00 A10
∂α00 α00 B10
∂ρur
(r)
(r)
=−{
cos(θ) +
sin(θ) + A10 cos(θ) + B10 sin(θ)
∂t
∂x
∂x 



(ρ)
(r)
(r)
(r)
(ρ) (r)
(ρ) (r)
∗ α10 A10 + β10 B10 + α00 [3A01 ∗ A10 cos(θ) + B10 sin(θ)




(r)
(r)
(r) (r)
(r) (r)
− A01 (θ) ∗ B10 cos(θ) − A10 sin(θ) + cos(θ) ∗ A10 A20 + B10 B20




(r) (r)
(r) (r)
(p)
(p)
+ sin(θ) ∗ A10 B20 − B10 A20 ]} − α10 cos(θ) + β10 sin(θ) + Vr
(B.9)
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(x)

∂ρEt
=−
∂t

!

(e+p)

∂α00 α00
∂x

(r)

(e+p)

+ A10 α10
(r)

(r) ∂
+ A10
∂x

∂A10
(x)
+ α10
∂x

µ

(r) (e+p)

+ B10 β10

!!

(e+p)

(x)

+ Ve + α00 Vx

(r)

(r) ∂
+ B10
∂x

∂B10
(x)
+ β10
∂x
!

µ

(x)

!!

(x)

∂α10 (r) ∂β10 (r)
A +
B
∂x 10
∂x 10



(T ) (r)
(T ) (r)
+ η α10 A10 + β10 B10 + µ
(θ)

(r)

+ 2A01 α00

(r)

(r)

(r)

(θ)

(r)

(θ)

(r)

(r)

(θ)

(r)

+ µ[(B11 + 3A11 )A10 + (3B11 − A11 )B10 ]
(r)

(r)

(T )

(r)

(r)

(r)

(T )

(r)

+ µ[(5A11 − B11 )A10 + (5B11 + A11 )B10 ] + 2ηA01 (α10 A10 + β10 B10 )
(T )

(r)

(T )

(r)

(r)

(T )

(r)

(T )

+ 2η[(α10 A20 + β10 B20 )A10 + (α10 B20 − β10 A20 )B10 ]
(B.10)
where,
!
!!
(x)
(r)
∂α00
∂A01
(x)
µ 2
+Θ
+µ 2
+ 4α01
∂x
∂x

∂
Vx =
∂x

(r)
(T ) ∂A10
α10

+η

+ ηΘ

+

(r)

∂
Vr = cos(θ)
∂x


∂x

∂x
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(x)
+ α10
∂x

µ

(T )
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(r)
(T ) ∂B10
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cos(θ) +

(θ)

(T )
β10

!!

(r)

+

∂
+ sin(θ)
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sin(θ) + µ
(r)

(B.11)

!
(x) (T )
β10 β10

+

(x) (T )
α10 α10

(r)

µ

∂B10
(x)
+ β10
∂x

!!

!
(x)
(x)
∂β10
∂α10
cos(θ) +
sin(θ)
∂x
∂x
(θ)

(r)

(θ)

+ µ[(B11 + 3A11 ) cos(θ) + (3B11 − A11 ) sin(θ)] + µ[(5A11 − B11 ) cos(θ)
(θ)

(r)

(T )

(T )

(r)

+ (A11 + 5B11 ) sin(θ)] + 2η[(α10 cos(θ) + β10 sin(θ))A01 ]
(T )

(r)

(T )

(r)

(T )

(r)

(T )

(r)

+ 2η[(α10 A20 + β10 B20 ) cos(θ) + (α10 B20 − β10 A20 ) sin(θ)]
(B.12)

∂
Ve =
∂x

(T )

µ ∂A00
P r ∂x

!
+4


µ (T )
η  (T ) (T )
(T ) (T )
α01 +
α10 α10 + β10 β10
Pr
Pr

(B.13)
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and

(x)

∂α00
(r)
+ 2A01
Θ=
∂x

(B.14)

The last step needed to complete the presentation of the present method is to
compute the asymptotic series coefficients that are needed to evaluate the RHS in
Equation (A.1). It is shown that all that is required to calculate these coefficients
accurately is to be able to estimate numerically the first and second-order radial
derivatives of the variables in RHS. The problem reduces to transforming the
computational domain from (r, θ) to (r̂, θ̂) such that r̂ = r for 0 < θ < π and
r̂ = −r for π < θ < 2π. The radial derivatives are now taken from −R to
R, with r = 0 being a regular interior point instead of a numerical boundary
point. Then, based on the conditions developed earlier, a system of equations are
solved to determine the coefficients. The details of this method are presented in
Constantinescu and Lele [51].
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