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ABSTRACT
The present research focuses on the modeling and simulation of shear-coaxial
cryogenic fluid injection and mixing processes under supercritical conditions.

The

objectives are as follows: 1) to establish a unified theoretical framework that
accommodates full conservation laws, turbulence closure, real-fluid thermodynamics, and
transport phenomena; 2) to implement a high-fidelity modeling technique to
systematically investigate underlying physiochemical mechanisms and essential physics
at supercritical conditions, and 3) to construct a parametric study identifying dominant
design parameters and flow variables that affect the injector dynamics.
Several computational and modeling challenges must be overcome in order to
perform numerical simulations on high-pressure cryogenic fluid dynamics. A
comprehensive theoretical framework capable of treating turbulence, high-pressure
property variations, and a general fluid model is developed. A modified Soave-RedlichKwong (SRK) equation of state is selected in the present study because of its reasonable
accuracy over the high-pressure and low-temperature regime and its ease of
implementation. Thermodynamic properties including enthalpy, internal energy and heat
capacity are directly calculated by means of fundamental thermodynamic theories.
Transport properties including viscosity and thermal conductivity are estimated by means
of the corresponding state principles along with the use of the 32-term Benedict-WebbRubin (BWR) equation of state, which are implemented using high-precision curve fits.
Large-eddy-simulation (LES) technique is employed for the present analysis, in which
large-scale turbulent motions are explicitly computed and small scales are modeled by
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using appropriate turbulence models. A static Smagorinsky model and dynamic subgrid
scale (SGS) model are used to treat small-scale motions. The theoretical formulation
outlined above was solved by means of a density-based, finite volume methodology.
Temporal discretization was obtained using a four-step fourth-order Runge-Kutta scheme
which has been commonly and successfully used in turbulence simulation. Further
numerical efficiency is achieved by utilizing a parallel computation scheme that involves
the message-passing interface (MPI) library and multi-block treatment.
Validation and verification have been performed against data from experiments
and direct numerical simulations on decaying isotropic turbulence, theoretical relations
regarding oblique shock wave and experimental shadowgraphs of rapid expansion of
supercritical solutions. Reasonably good agreement was obtained, and the effects of SGS
models and artificial dissipations were well investigated.
Efforts were also applied to examine the flow dynamics of a shear-coaxial
injector. As a specific case, the injection of liquid nitrogen through the inner tube at a
lower velocity and gaseous nitrogen through the outer annulus at a higher velocity was
explored. The near-field flow evolution is characterized by the three mixing layers
originating from the rims of the two concentric tubes.

Emphasis was placed on the

effects of chamber pressure, velocity ratio, momentum flux ratio, and external imposed
acoustic excitation on the near-field flow evolution. The characteristic frequency of the
recirculating wake flow downstream of the inner tube is smaller than the dominant vortex
shedding frequency in the shear layers. A larger velocity ratio of the outer-to-inner jets
enhances entrainment of the outer stream into the inner region and, consequently, results
in a shorter inner potential core and a larger spreading angle of the outer shear layer. A
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higher chamber pressure results in a shorter inner potential core and a smaller spreading
angle. The phenomena can be attributed to the momentum flux ratio and density ratio
effects. The effect of acoustic excitation on the jet flow evolution is apparent even at
small amplitude of acoustic pressure oscillation at 0.3% of the mean chamber pressure.
The jet exhibits sinuous-like structures in the slices perpendicular to the acoustic velocity
direction.
Finally, efforts were first applied to investigate the spatial and temporal
instabilities of real-fluid mixing layers with strong density stratification, to better
understand the nature of cryogenic fluid injection and mixing. A local inviscid instability
model based on a modified Soave-Redlich-Kwong equation of state was derived and
discussed in detail. The density and velocity distribution effects on mixing layer
instabilities have been investigated extensively. Results indicate that velocity variation
coupled with density stratification will influence the flow stability dramatically. Detailed
density distributions, especially large density dilation when mixing layers pass through
inflection point, have obvious effects on flow instability.
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Chapter 1
Introduction

1.1

Motivation and Objectives

Current combustor design and development have many targets: high reliability,
high affordability, high performance and extended life.

There are many technical

challenges involved, including injector dynamics, chamber cooling, wall compatibility,
combustion instability and acoustics.

In order to overcome these difficulties, high-

fidelity simulations are needed in order to reduce development costs and duration. In this
work, we consider more about injector dynamics and acoustics.
Most advanced booster engines operate at supercritical conditions, but because
the current understanding is not sufficient to support engine optimization, more research
in the area of supercritical combustion is needed. Table 1.1 offers the operating
conditions of the F-1 engine and the Space Shuttle Main Engine (SSME) and Table 1.2
provides the critical properties of propellants. Because of the necessity of developing a
high-pressure combustion device, such as liquid-propellant rocket, gas turbine, and diesel
engines, cryogenic propellants mixing and combustion in a supercritical environment
become matters of serious practical concern in combustion science and technology.
When a fluid is above its critical pressure and critical temperature, it is in
supercritical state. At supercritical conditions, fluids have liquid-like density, gas-like
diffusivity and pressure-dependent solubility. The sharp distinction between liquid and
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gas phases vanishes due to the diminishment of surface tension and enthalpy of
vaporization. The following shadowgraphs presented in Fig. 1.1 are adopted from
Table 1.1: Operating conditions for F-1 engine and Space Shuttle Main Engine.
Operating
Conditions
F-1 engine
(Saturn V)
SSME

Tf
(K)

To
(K)

Tchm
(K)

pf
(MPa)

po
(MPa)

pchm
(MPa)

Fuel

Oxidizer

294.3

89.5

3546

7.9

8.8

7.8

RP-1

LOX

879.0

126.0

3700

24.8

33.0

22.58

H2

LOX

Table 1.2: Critical pressure and temperature for three typical propellants.
Critical
Properties
Tcr (K)
Pcr (MPa)

Hydrogen

RP-1

Oxygen

33.3
1.3

685.95
2.344

154.4
5.04

Figure 1.1: Shadowgraphs of nitrogen jet injection at subcritical (left two: at 1 MPa) and
supercritical conditions (right two: at 4 MPa). TLN2 = 105 K, TGN2 = 300 K, uLN2 = 10
m/s, Dinj = 1.9 mm, Pcr = 3.4 MPa, Tcr = 126 K (Mayer et al., 1996).
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(Mayer et al., 1996). Liquid nitrogen initially at 105 K was injected into a gaseous
nitrogen environment at 300 K with an injection velocity of 10 m/s. At subcritical
conditions, ligaments and drops appear, and the jet boundary is a liquid-gas interface.
However, at supercritical conditions, no drop exists and the jet boundary becomes gasgas mixing layers. The mixing and combustion processes have many features distinct
from those in a low-pressure environment; conventional approaches developed for lowpressure applications are invalid, making it necessary for supercritical research.
Simulating phenomena in a supercritical environment inherently poses a variety
of challenges that involve all of the classical closure problems and a unique set of
problems imposed by thermodynamic non-idealities and transport anomalies.

First,

thermodynamic and transport anomalies may occur during the temperature transition
across the critical value, especially when the pressure approaches the critical point. This
phenomenon is commonly referred to as near-critical enhancement (Levelt 1991). As a
result, compressibility effects (i.e., volumetric changes induced by pressure variations)
and variable inertial effects (i.e., volumetric changes induced by heat addition and/or
variable composition) play an important role in dictating the flow evolution. Second, the
fluid properties and their spatial gradients vary continuously throughout the entire field.
The resultant coupling dynamics becomes transient between the injected and the
surrounding fluids and involves an array of physiochemical processes with widely
disparate time and length scales. Third, the flow Reynolds number increases dramatically
with pressure.

For example, for oxygen, an increase in pressure from 1 to 100

atmospheres (atm) results in a reduction of the corresponding kinematic viscosity by a
factor of two orders of magnitude (shown in Fig. 1.2).

Based on the Kolmogorov
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universal equilibrium theory, the Kolmogorov (η L ∼ Re −4 / 3 ) and Taylor microscales
( λ L ∼ Re −1/ 2 ) may decrease by 1.5 and 1.0 orders of magnitude, respectively. These
reductions of the characteristic scales of turbulent motions have a direct impact on the
flow evolution and the numerical grid density required resolving key processes.
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Figure 1.2: Kinetic viscosity of oxygen at different pressure and temperature.
Finally, exceedingly large density gradients emerge during high-pressure injection
and mixing. At 100 atmospheres, the density ratio associated with a 100 K oxygen jet
and a 300 K gaseous hydrogen stream (a typical operating condition in liquid rocket
engine) is approximately 144. In a shear-coaxial element, this change occurs over an
interval smaller than the thickness of the annular post, which is on the order of 0.1 mm.
Resolving a gradient of such size numerically requires the use of extremely dense grids.
Comprehensive reviews of what is currently known about supercritical mixing and
combustion were recently given by Yang (2000) and Bellan (2000).
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Combustion instability has long been one of the most complicated phenomena in
the development of liquid rocket engines.

Culick and Yang (1995) indicated that

combustion instability has plagued almost all liquid rocket engine programs since the late
1930’s.

The prevalence of instabilities is primarily attributed to two fundamental

phenomena: Combustion chambers are almost entirely closed and the internal processes
that tend to attenuate unsteady motions are weak; the energy required to drive unsteady
motions represents an exceedingly small fraction of the heat released by combustion.
Characterized by high amplitudes and high frequencies, acoustic instability is the most
destructive type of instability. It causes local burnout of combustion chamber walls and
injector plates and may significantly shorten the lifespan of a combustor (Harrje and
Reardon, 1972). In order to thoroughly understand the nature of interactions between
acoustic waves and liquid propellant combustion in rocket engines, it is important to
conduct theoretical and experimental studies on simplified configurations.
The complexity of the problem outlined above is numerically demanding, and a
variety of uncertainties exist with regard to the closure. This dissertation represents one
of the attempts to address key issues related to modeling and understanding unsteady
fluid dynamic and physicochemical processes at supercritical conditions. The objectives
are as follows: 1) to establish a unified theoretical framework that could accommodate
full conservation laws, turbulence closure, real-fluid thermodynamics, and transport
anomalies; 2) to systematically investigate the fundamental flow dynamics and
physiochemical processes at near-critical and supercritical conditions; 4) to assess the
effects of acoustic excitation on flow dynamics; 5) to find a quantitative basis for
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identifying and prioritizing the key design parameters and flow variables that exert strong
influence on the injector behavior in different environments.
In sections 1.2 to1.6 , a review of relevant literature is presented and the scope of
work and method of approaches are provided in 1.7 .

1.2

Survey on Linear Stability Analysis of Mixing Layers

The stabilities of mixing layers have been studied extensively because of their
broad applications in fluid mechanics. For example, results from spatial theory and
temporal theory are directly related to the development of turbulent jets and mixing
layers. Ho and Huerre (1984) conducted a thorough review focusing on incompressible
mixing layers in 1984. The dynamic processes in shear layers and the effects of various
operational parameters and artificial force on the flow development were examined.
Huerre and Monkewitz (1990) reviewed what was known up to 1990 concerning the
absolute/convective and local/global stability characteristics of spatially developing
flows. The behaviors of compressible jets, wakes, wall-bounded shear flows and plane
mixing layers were investigated.
In addition to those studies included in the above two reviews, much effort was
applied to study the local linear stability of mixing layers in the past 15 years, as listed in
Table 1.3. The influences of density and velocity ratios, fluid compressibility, and species
combination were investigated for ideal-gas mixing layers. Yu and Monkewitz (1990)
studied the boundary between absolute and convective instabilities of two-dimensional
inertial jets and wakes. The low density of high-speed fluid was found to promote
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Table 1.3: Survey of local linear stability analyses of mixing layers conducted since
1990.
References

Characteristic Parameters
Details

Compressible mixing layers

Incompressible mixing layers

Re Mac Λ S

 ideal gas sinh2N(y) for velocity and
density profiles
 temperature-dependent thermoconductivity and viscosity

Results
 jet stability and the resonance
phenomena in 2D hot jets with
different S and N
 boundary between AI/CI of 2D
jets and wakes as function of Re,
Λ, S, N
 effects of heat release and
variable transport properties on
reacting mixing layers with
different S

Yu
(1990)

~

0

1 ~

Yu &
Monkewitz
(1990)

~

0

~ ~

Shin and
Ferziger
(1991)

∞

0

 ideal gas
1 ~  tanh(y/2) and laminar solution for
velocity and temperature profiles

Soterious
&
Ghoniem
(1995)

∞

0

1
~  error-functions for velocity and
3

Knio and
Shi (1995)

∞

0

 ideal gas
~ ~  tanh(y/δ) for velocity profile
 exp(-y2/σ2) for density profile

Reed &
Balakumar
(1990)

~

~

-

∞

~

 ideal gas
 mean velocity profile is solved from
compressible boundary layer equation
~ ~  mean temperature is from CroccoBusemann relation
 constant density for high Mach
number results

∞

~

~ ~

 ideal gases of H2. He, Ne, N2, O2, Ar
 several models for mean flow

 spatial stability of a 2D binary
gas with different Ma, Λ, S and
composition of gas

∞

~

-

 ideal gases of O2, H2, N2, Air
 error-functioin for velocity profile

 temporal stability analysis of 3D
binary shear layers
 0≤ Mac ≤ 1.8; 1≤ S ≤ 32

Sandham
&
Reynolds
(1990)
Kozusko &
Lasseigne,
et al.
(1996)
Fedioun &
Lardjane
(2005)

 ideal gas

density profiles

-

~

 ideal gases of H2, He, Ne, N2. O2, Ar
 get the mean property profiles from
undisturbed laminar compressible
boundary layer equation

 spatial stability of 2D mixing
layer with or without external
force with different S
 spatial stability analysis of 2D
heterogeneous shear layers with
different Λ, S, N, δ, σ and wake
deficit
 spatial stability of adiabatic flat
plate flow to the first mode of
oblique disturbances
 independent calculation and
comparison with Wazzan,
Taghavi and Keltner’s work
(1984)
 spatial and temporal stability of
mixing layers with different Mac
and S
 0≤ Mac ≤ 2.0

 ideal gas of air
 temporal stability analysis for
 sech2() for velocity profile
different Ma and S
~ - ~
 mean flow given by self-similar
 0≤ Mac ≤1.0
compressible planar jet
Okong’o &
 real fluids of C7H16/N2 and O2/H2
 temporal inviscid stability
Bellan
~ - ~  similarity and error-function profiles
analysis on supercritical mixing
(2003)
for velocity, density and sound speed
layers
AI – Absolute instability
Mac – Convective Mach number
N – Shape factor
Λ – Velocity ratio
CI – Convective instability
Re – Reynolds number
S – Density ratio
~ – Variable quantity
- – Constant quantity
Kennedy &
Chen
(1998)
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absolute instability.

Shin and Ferziger (1991) demonstrated that the mean density

variation caused by chemical reaction has a much larger effect on flow instability
compared with chemical reaction itself.

Knio and Shi (1995) investigated heated

spatially developing layers. Imposed heating was shown to have strong effects on the
stability properties of tanh layer. Kozusko et al. (1996) performed spatial stability
analysis on binary combinations of ideal gases. The molecular weights were found to
have a significant effect on the phase speeds of unstable modes, the maximum growth
rates, and the unstable frequency range of the disturbances. Temporal stability analyses
were also investigated. The decrease in the normalized growth rate with the increase of
the convective Mach number exhibited an almost similarity-like behavior, which is
relatively insensitive (≈25%) to the changes in the composition of mixing layers.
Fedioun and Lardjane (2005) proposed an empirical model to predict the stability features
of compressible flows from incompressible results within 5% error. Kennedy and Chen
(1998) discovered that jet-to-ambient temperature ratio has a greater effect on instability
growth rate than compressibility for a high Reynolds number mean flows.
The compressible investigations listed above were all devoted to ideal-gas mixing
layers. However, our interest is on real-gas non-ideal mixing layers. Under transcritical
conditions, mixing layers exhibit many characteristics distinct from those under
subcritical conditions (Yang, 2000 and Bellan, 2000). Rapid property variations and
large density gradients are estimated to play an important role in dictating the flow
development. For real fluid, there exists an inflection point for each isobaric line. Across
the inflection point, the compressibility factor changes substantially and the density
variation is significant. The closer to the critical point, the more obvious the change
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becomes. When real-fluid mixing layers pass through the inflection point, the detailed
density distribution, especially the resultant large density variations are expected to affect
the flow instability dramatically. To date, little attention has been given to the influences
of density distribution and real-fluid behavior except for the work of Okong’O and Bellan
(2003). This work investigated the temporal stability of inviscid C7H16/N2 and O2/H2
mixing layers under supercritical conditions of 60 atm and 100 atm respectively,
employing two mean-flow profiles based on error-function and similarity solutions. The
2D inviscid results showed that the unstable growth rates for compressible flows are
smaller at all wave numbers than those from an incompressible analysis. In addition,
with increasing density stratification, the most unstable wavelengths increase. For given
free-stream conditions, the similarity profiles are more unstable and have shorter more
unstable wavelengths than the error-function profiles.
In order to get an improved understanding of real-fluid effects, local linear
stability analysis is utilized to study real-fluid mixing layers with strong density
stratification in this research. Special attention is given to the effects of detailed density
distributions on the spatial and temporal characteristics of real-fluid nitrogen mixing
layers with different density ratios, velocity ratios and mean flow velocities. The results
are described and discussed in Chapter 4.

1.3

Investigations on Variable-Density Jet Injection under Low-Pressure
Conditions

Turbulent jets with variable densities were first systematically treated by Thring
and Newby (1953) with an interest on turbulent diffusion flames. Turbulent free jets can
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be classified into three different categories according to two important parameters: the
initial

momentum

flux

M = QU inj

and

the

initial

specific

buoyancy

flux B = gQ ( ρ∞ − ρinj ) ρ∞ , where Q is the initial volume flux Q = πDinj 2U inj 4 .
With B ≤ M , the jet is a pure jet; with M ≤ B , it is a steady plume; with M ≈ B , it is a
buoyant jet. Fig. 1.3 shows the schematic diagram of a typical pure jet with or without
coflow. Pure jets are characterized by three different flow regimes: an initial region, a
transition region and a fully developed self-similar region. The initial region is sheardominated with a potential core containing only the injected fluid and reducing in size as
the jet mixes with the entrained ambient fluid. Downstream of the potential core, there
exists a transition region where turbulent mixing takes place. A fully developed selfsimilar region is reached further downstream. In this region, the profiles of normalized
flow properties collapse into single curves.
Initial region

Transition Region

Self-Similar Region

ua

uinj

D inj
Potential Core
α

Spreading Angle
Jet Boundary

Figure 1.3: Schematic diagram of three different regions of a pure jet (Zong, 2004).
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In a vertical turbulent buoyant jet, three distinct flow regimes can also be identified
downstream of the jet exit (Chen and Rodi, 1980) similar to what was shown in Fig. 1.3.
The near field of jet exit is an initial variable-density, non-buoyant region, where the
effect of B is not important. A transition region is followed, with an equal importance of
M and B. Far away from jet exit, a plume exists, where B becomes the only dominant

parameter.
When jets are injected into a chamber with limited diameter, the solid chamber
wall will confine the development of the jet injection. The pressure gradient caused by
confinement modifies the flow pattern and flow momentum is not conserved. Near the
jet exit of a confined jet, a slender shear layer is still observed at the margin of the jet, the
same as observed in a free jet. Because of convective instability, flow unsteadiness may
appear and result in large-scale coherent vortex structures in the initial region. The flow
configuration of a confined jet is shown in Fig. 1.4.

ua
uinj
ua

Figure 1.4: Flow configuration of a confined jet.
There are three techniques that can be used to investigate the injection of variabledensity jet, including analytical derivation, numerical simulation and experimental
measurement.

By using the analytical derivation, the decaying laws in these three

regions can be derived from dimensional similarity considerations. So and Aksoy (1993)
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derived the entrainment function for plane and round buoyant jets for the first time.
Turbulent mean flow was assumed to be self-preserved in each of the three regions and
Gaussian error distributions were used to describe the mean velocity and density. The
resulting analytical expressions were composed of the local Froude number and the decay
of centerline properties. To achieve more detailed and reliable information about jet
injection, several experiments and simulations were carried out.

1.3.1 Experimental Studies on Variable-Density Jet Injection

The most typical investigations were carried out by Amielh and his colleagues
(Gharbi et al., 1995; Amielh et al., 1996; Bouslimi et al., 2001). Three different jets
exited from a vertically rising axisymmetric tube and were injected into a low-speed
coflowing air stream at room conditions. The resultant initial density ratios were 0.14,
1.0 and 1.4 for helium, air and CO2 jets, respectively. Momentum flux remained constant
by altering the exit velocity for these three jets. Velocities were measured by using a
two-component laser Doppler velocimetry (LDV). Gharbi et al., (1995) studied the
effects of density variations in the interface region. Only in the very near-field region
were turbulent properties found strongly dependent of density ratio. The Phillips’
relation, which depicted the radial evolutions of the velocity variances for constantdensity jets, was demonstrated to be valid in the presence of large-density variations.
Amielh et al., (1996) provided more extensive reliable data sets, including the
distributions of mean velocities and turbulence properties such as Reynolds shear stress
and turbulent kinetic energy. From their study, density ratio was found to strongly affect
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the jet development. In contrast, the influences of the Reynolds number, the confinement
and the coflow were found to be limited. Mean axial velocity evolutions for three jets
were finely collapsed into a single pseudo-similarity profile. A lower density was found
to fasten the jet development and mix with the ambient fluid by checking the statistical
moments up to the fourth-order. Bouslimi et al., (2001) supplemented the experiment
data by providing the coupling between velocity and scalar field (such as temperature and
gas mass fraction) with utilizing a new measurement technique combining hot or cold
wire and LDV. A triple moment model was reported to numerically model the far field
of a helium jet.
Injection of H2 and N2 mixtures into coflowing air were explored by Sautet and
Stepowski (1995). Binary gas jets with density ratios of 0.07, 0.25, 0.53 and 1.0 were
studied. The jet exit velocity and coflowing velocity were constant for all experiments.
Efforts were mainly put in the near flow field (5<x/D0<20) in order to avoid the effects of
buoyancy and coflow.

LDV was utilized to measure velocity, and the laser Mie

scattering technique with conditional seeding (silicone oil droplets) was applied to gauge
density. The turbulent intensity at the centerline was found to be almost constant for all
jets. By including density variations in the local effective diameter and scaling based
momentum flux conservation, velocity data including mean and RMS at the centerline
collapsed to unique self-similar curves for all jets. Later, Stepowski and Sautet (2003)
measured the turbulent diffusivity by using conditional LDV and pulsed laser Mie
scattering. Experimental data in the near field of the turbulent jet confirmed the gradientdiffusion model. It was suggested that the ensemble conditional Favre average velocities
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be counted in the model with the intention of describing the inhomogeneity of the scalar
structure detected in the near field.
A mixture fraction field in a propane jet injected into coflowing air was provided
by Schefer and Dibble (2001). Laser Rayleigh scattering was applied to test the mixture
fraction field. Time- and space-resolved data were obtained, including mean/fluctuating
quantities, higher moments, probability density distributions, power spectra and
autocorrelation. The centerline decay and the jet-spreading rate were found to be higher,
which was interpreted as having been caused by the contribution of coflow. The power
spectra displayed the expected -5/3 power law region for the scalar. Probability density
distributions were well analyzed to interpret jet injection. Along the centerline, pure
propane was found to disappear at 10 diameters downstream of the nozzle exit. At the
centerline region where mixture was well mixed, broad Gaussian-like distributions were
found. At outer radial locations, an unmixed air spike was discovered.
Anderson and Bremhorst (2002) inspected the highly heated jet of air. Velocity
and temperature were measured with a Dantec triple wire probe. Increased heating led to
the reduction of advection and production of turbulent kinetic energy; it improved
advection but decreased the diffusion of temperature variance.
Gravitational effects on near-field flow structure of low-density gas jets were
investigated by Yep et al. (2003). Helium jets were injected into quiescent air under
earth and microgravity environments. The quantitative rainbow schlieren deflectometry
(RSD) was used to monitor jet structure by providing helium mole fraction fields. This
apparatus is based on the nonintrusive line-of-sight technique, which was proven reliable
under microgravity. Constrained by buoyant flow acceleration of the primary jet under
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earth gravity, the helium jet was found to be 70% more narrow than under microgravity.
The global flow oscillations, appearing under earth gravity and vanishing under
microgravity, were proved to have been induced by buoyancy.

1.3.2 Numerical Work on Variable-Density Jet Injection

Numerical simulation is another promising approach for investigating the
injection of a variable-density jet. Singh et al. (1999) simulated the injection of CO2 and
air mixtures into confined coflowing air by using a finite element method and applying a
modified Prandtl mixing length turbulent model.

The model was validated by

comparison with data of Steward and Guruz (19977), who studied the mixing of air and
CO2 in confined circular tube. The Reynolds number, changing from 4500 to 36000, was
found to have no obvious impact. The influence of aspect ratio ranging from 11 to 19,
density ratio varying from 0.5 to 2.0, and jet location were discussed in detail. The
influence of aspect ratio (11≤DT/D0≤19) was examined first. Jet mixing and entrainment
with lower aspect ratio was enhanced due to the appearance of recirculation vortices in
the tube. Lighter gas spread more rapidly because of both larger diffusivity and greater
level of mass entrainment. With the jet location increasing from 0 to around 6, jet
entrainment increased. However, when moved further away, the level of entrainment
decreased.
Gazzah and his colleagues carried out a series of numerical studies on a variable
density jet.

Gazzah et al (2002) examined free turbulent incompressible jets and

evaluated the effects of density ratio by using the k-ε model. The standard closure
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schemes in Favre-averaged variables were first introduced. The code was validated by
comparison with experimental data of Chassaing (1980), Panchapakesan and Lumley
(1993), Wygnanski and Fiedler (1969) and Harran (1994) or air-to-air cases; Chassaing
(1980), Birch et al. (1978) and Harran (1994) for mixtures of CO2 and air injected into
air; Chassaing (1980) and Birch et al. (1978) for CH4 to air. Three jets, including the
CO2-air mixture, CH4, and the He jets, were produced and injected into quiescent air.
Resultant density ratios were 1.43, 0.55 and 0.14, respectively. The mixing was found to
be more efficient with a lower density ratio and the gravity was observed to have global
perturbing effects. Gazzah (2004) simulated the scalar field in C3H8 jets with/without
coflowing air by using parabolic finite volume code and applying the first/second order
turbulent model. Both models were proven effective by comparison between numerically
simulated and recently published experimental results. The coflow was found to restrict
the jet spreading rate but promote the mixing efficiency. Imine (2005) modeled the
injection of variable-density jets into a controlled coflowing air. The coflowing air was
guided in the order such that the angle between the coflowing direction and the jet
injection varied from 0o to 20o . Jets investigated included CH4, CO2 and C3H8, resulting
in density ratios of 0.55, 1.5 and 1.52 respectively. Turbulent closure was achieved by
applying the first-order turbulent model and the model equation of the algebraic nonequal scales. The resultant governing equations were solved by using the finite volume
method. Results with non-directed coflow (α=0) were consistent with the experimental
study. Coflowing directed with positive angles was found enhance the mixing. Imine
(2006) numerically investigated the mixing process of variable density jets with an
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emphasis on the effects of inlet geometry. The nozzles considered were rectangular,
elliptic and circular. Jet mixing was obviously enhanced with an asymmetric geometry.
Satti (2006) numerically investigated free helium jets injected into quiescent air
under micro- and earth gravity. A staggered grid finite-volume method was used to solve
the governing equations.

The computations were validated by comparing scalar

measurements of a steady helium jet in air and flow oscillation frequencies over a range
of Richardson numbers with experimental results. For buoyant jets, flow oscillations
were again demonstrated to be induced by buoyancy because the oscillations disappeared
under microgravity.

For inertial jets, flow oscillations were confined to a more

constricted region compared to those under microgravity. The oscillations diminished in
amplitude but were conserved in frequency under microgravity. Because of the buoyant
acceleration of the jet core and its interaction with the toroidal vortex, the jet width in
earth gravity was found to increase with augmenting initial jet momentum. Jet width
increased with the reduction of gravity, representing an improved role of molecular
diffusion in microgravity.

1.4

Studies on High-Pressure Cryogenic Fluid Injection and Mixing

High-pressure cryogenic propellants combustion in liquid rocket engines poses
various technological and scientific difficulties, including injection optimization, ignition,
flame stabilization, and combustion instabilities. The whole process is so complex that
its mechanism cannot be thoroughly understood without extensive theoretical and
experimental work conducted on simplified configurations and under well-controlled
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conditions. In this subsection, the experimental and numerical work on high-pressure
fluid injection and mixing are reviewed.

1.4.1 Experimental Investigations on Cryogenic Jet Injection and Mixing

Experimental investigation into supercritical fluid jet dynamics dates back to
1971. Newman (1971) studied the injection of CO2 fluid with an inlet temperature of
295K into a chamber filled with CO2 and N2 mixtures at near-critical conditions. The
chamber temperature and pressure were preconditioned in the range of 295-330 K and
62-90 atm, respectively, and the CO2 mass fraction varied from 0 to 0.5.

The

shadowgraph visualization technique was employed to investigate the jet flow evolution
and its interaction with the surrounding fluid. Results indicated that over the pressure
range considered, the jet surface structure and spray formation were suppressed with
increasing temperature and CO2 concentration in the chamber, mainly due to the
diminished surface tension and enhanced CO2 evaporation at near and above the critical
temperature. Droplets were observed around the jet boundary, but their sizes decreased
with an increase in the ambient temperature. The jet could be globally treated as a
variable-density, single-phase turbulent submerged jet at both subcritical and supercritical
pressures when the ambient temperature remained supercritical.
Motivated by the development of high-pressure cryogenic-propellant rocket
engines, extensive experimental studies have been conducted to provide direct insight
into supercritical fluid injection and mixing. The work included injection of liquid
nitrogen and co-injection of liquid nitrogen and gaseous helium into gaseous nitrogen
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environments over a wide range of pressures by Chehroudi and his colleagues (Chehroudi
et al., 1999, 2000, 2002, 2003). They studied the injection of liquid nitrogen initially at a
subcritical temperature into an environment at a fixed supercritical temperature (300 K)
and various pressures ranging from sub- to supercritical values (7.8 to 93 atm).
Shadowgraph image, fractal analysis, and Raman scattering measurement were employed
to examine the structures of the jet and the shear layer between the injected and ambient
fluids. The results based on the flow visualization confirmed the findings by Newman
and Brzustowski. Drastic changes in jet surface phenomena took place across the critical
pressure. Ligaments and droplets formed at subcritical pressures, but disappeared at
supercritical conditions, because of the prevalence of turbulent motions and the
disappearance of surface tension, as shown in Fig. 1.5. Fractal analysis indicated that the
jet surface topology at supercritical pressure bears a strong resemblance to its gaseous
counterpart. The fractal dimension, however, dropped rapidly to a value close to that of
liquid spray as the pressure was reduced to below the critical point.

Pr=0.91

Pr=1.22

Pr=2.71

Figure 1.5: Transition of jet boundary from liquid-jet like to gas-jet-like appearance
(Chehroudi et al., 1999).
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To quantitatively characterize the high-pressure cryogenic jet, its initial growth
rate was measured and compared with the results of a large number of other flows,
including atomized liquid sprays, turbulent incompressible gaseous jets, supersonic jets,
and incompressible variable density jets/mixing layers covering over four order of
magnitude in the density ratio of injected jets to ambient flows Chehroudi, Talley and
Coy (2002). The growth rate of the supercritical jet matched well with that of the
incompressible, variable density, gaseous mixing layers at low pressures. This was the
first time that a quantitative parameter was defined and used to demonstrate the similarity
between these two flows beyond their physical appearance. Since the fluid jet exhibited
distinct features at sub- and supercritical pressures, a unified model for the initial growth
rate of the jet, which could consider both the droplet gasification at low pressure and the
interfacial bulge formation/separation at high-pressure, was proposed Chehroudi, Tally
and Coy (2002). Its prediction showed good consistence with the measured data.
Chehroudi and Tally (2002) studied the effects of acoustic waves on the single nitrogen
jet over a wide range of chamber pressures. The strength of the acoustic wave was up to
180 dB, and the resonant frequencies of the assembly were at 2700 and 4800 Hz. The
influence was substantial at subcritical conditions but became unnoticeable as pressure
increased and exceeded the critical point. The phenomenon may be attributed to the
formation of high-frequency vortices in the shear layer and the weaker characteristic
acoustic impedances of injected fluid under supercritical pressure.
Systematic cold flow experiments were conducted by Mayer and his colleagues at
DLR of Germany (Mayer et al., 1998 2000). The injections of liquid nitrogen into
gaseous nitrogen/helium environments with and without co-flow gas helium were
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performed. The chamber pressure varied from 10 to 60 atmospheres, and its temperature
was fixed at 300 K. The injection temperature of nitrogen reached as low as 90 K,
whereas that of the gaseous helium ranged from 100 to 370 K. Similar changes in the jet
surface structures were observed in shadowgraph images as pressure increased from subto supercritical values. Because of fading of surface tension, the atomization mechanism
changed to shear layer instability, and the mixing of the injected dense nitrogen fluid with
the helium co-flow or ambient gas behaved like a variable density, turbulent shear-layer
at near- and supercritical conditions. Since mixing was strongly related to the large-scale
vortices within the shear-layer, their length scales were quantitatively measured based on
the flashlight photography and high-speed cinematography (Branam, 2003). For pure
nitrogen injection at a near critical temperature (123 K), the length scales in the radial
direction were two to three times greater than the radial ones near the injector exit
because of the strong density gradient around the jet surface. This asymmetry decayed as
the fluid flowed downstream, and it also became unpronounced when the injection
temperature exceeded the critical value. It was also indicated that the resolved scales
were comparable in magnitude to the Taylor micro scale in turbulent flow.
The spontaneous Raman Scattering technique was first employed to qualitatively
measure the species distributions in high-pressure experiments (Anderson, et al., 1995).
Then, it was applied to investigate the density and temperature distributions of
supercritical nitrogen jets (Oschwald et al. 1999 and Branam 2003). In general, the
normalized density profiles in the downstream indicated a tendency toward the selfsimilarity solution observed for classical constant- and variable-density single-phase fluid
jets at low pressures. This, again, confirmed their similarities. The centerline density and
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temperature distributions of the cryogenic jet at a near-critical pressure (40 atm) were
acquired by Oschwald and Schick. They noted that the density decay became faster as
the fluid temperature increased from sub- to supercritical values.

The temperature,

however, remained a relatively flat profile even far downstream. This was attributed to
the anomalous thermophysical property variations near the critical point of nitrogen.
Those quantitative measurements conducted at high pressures provided an indispensable
basis for CFD model validation.

1.4.2 Numerical Studies on Cryogenic Jet Injection and Mixing

Parallel to experimental studies, attempts were made both theoretically and
numerically to explore the underlying mechanisms of high-pressure fluid injection and
combustion. The most comprehensive numerical models were established by Oefelein
and Yang (1998). They modeled two-dimensional mixing and combustion of oxygen and
hydrogen streams at supercritical conditions by means of a large-eddy-simulation
technique.

The formulation accommodated real-fluid thermodynamics and transport

phenomena. All the thermophysical properties were evaluated directly from fundamental
thermodynamics theories over the entire fluid states of concern. Furthermore, a unified
treatment of numerical algorithms based on general fluid thermodynamics was
established to improve computational accuracy and efficiency (Meng and Yang, 2003).
The results indicated that the density gradient dominated the evolution of the mixing
layer, and the mass diffusion rate greatly diminished near the critical point. Zong (2004,
2006) numerically investigated a cryogenic nitrogen jet initially at a subcritical
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temperature and injected into a supercritical environment.

Simulation conditions

included three chamber pressures 4.3, 6.9 and 9.3 MPa and a chamber temperature of
300K. The Cryogenic nitrogen jet injected at a velocity of 15m/s into chamber at 120 K,
resulting in three density ratios from 6.07 to 12.24 with the decreasing of chamber
pressure. Owing to the differences of fluid conditions between the jet and surroundings,
strong density-gradient regimes were generated around the jet surface. The surface layer
acted like a solid wall that transferred the turbulent kinetic energy from its axial to radial
component and exerted stabilizing effects on the flow development. The spatial growth
rate of the surface instability wave increased with increasing pressure, showing an
enhanced turbulent mixing.

Frequency of the most unstable mode exhibited weak

pressure dependence at high pressures; however, that decreases significantly in the nearcrucial regimes due to enhanced effect of density stratification and increased mixinglayer momentum thickness.

The jet dynamics was largely dictated by the local

thermodynamic state through its influence on the fluid thermophysical properties. When
the fluid temperature moved across the inflection point on an isobaric densitytemperature curve, the resultant rapid property variations qualitatively modified the jet
behavior compared with its counterpart at low pressures.

Zong and Yang (2006)

provided an overview of recent advances in the theoretical modeling and numerical
simulations of cryogenic fluid injection and mixing in transcritical and supercritical
environment and applied the analysis into the study of fluid jet dynamics, the swirl
injection of liquid oxygen and shear coaxial injection and the mixing of liquid oxygen
and methane. Various effects, including density stratification, shear-layer instability,
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volume dilatation, and property variations, dictating the evolution of cryogenic jet and
mixing layers were identified and analyzed in depth.
The dominance of the density gradient was observed in the direct numerical
simulation (DNS) conduced by Bellan and colleagues (Miller, 2000 and Okong’O 2002,
2003), where the temporal evolutions of heptane/nitrogen and oxygen/hydrogen mixing
layers at supercritical conditions were treated, and several important characteristics of
high-pressure transitional mixing processes were identified. Because emerging turbulent
eddies were damped by strong density stratification, the layer was considerably more
stable than a corresponding gaseous one at standard pressure. During the entire evolution
process, energy dissipation due to both the species-flux and heat-flux effects was
dominant, whereas the viscous effect appeared minimal. This suggested that turbulent
models for supercritical fluids should primarily focus on duplicating the species mass
flux rather than the typical momentum flux.

1.5

Studies on Shear-Coaxial Fluid Injection and Mixing
Injectors play an important role in defining the flow structure and flame

dynamics.

In modern liquid rocket engines, shear coaxial jet injectors have been

commonly used. Examples are the designs now employed in the SSME (Fig. 1.6) or the
Ariane 5 Vulcain engine (Vingert, 1995) and the RL-10 and J-2 engines from the late
1950’s (Hulka, 1995). Shear coaxial jet injectors, using gaseous fuel and liquid oxidizer,
have good wall compatibility, high performance and good stability characteristics with
liquid oxygen and hydrogen.
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Figure 1.6: NASA space shuttle, SSME, main combustion chamber and main injector
LOX post.
Fig. 1.7 shows the schematic diagram of a shear-coaxial jet injector.

The

characteristic dimensions include the diameter of the inner tube Do, diameter of the outer
tube Df, post thickness δ, annular gap (Df-Do-2δ)/2, and the length of post recess LR.
The dominant flow parameters involved include: Reynolds number (Re), momentum flux
ratio (M), area ratio, and Weber number (We).

injector faceplate

fuel
δ
oxygen

post

r

x

DO

DF

LR
fuel

Figure 1.7: Schematic diagram of a shear-coaxial jet injector.
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Flow fields of shear coaxial jets are characterized by three shear layers
(inner/middle/outer) originating from three tube rims Fig. 1.8. If the annular gap reduced
to zero, the middle shear layer will disappear, and the other flow regions will remain
almost the same. Coaxial atomization can be divided into five distinct physical regimes
(Mayer and Krülle, 1995): 1) turbulent liquid core; 2) liquid/gas interface where primary
atomization occurs; 3) dense spray where second atomization and droplet breakup occur;
4) dilute spray where droplets are dispersed; 5) gas flow region.

There are many

experimental and numerical investigations on shear-coaxial fluid injection and mixing.
In the following two parts, some typical and representative work is reviewed.

outer potential core

outer shear layer
middle shear layer

inner shear layer

entrainment

inner potential core

Figure 1.8: Schematic diagrams of three shear layers and two potential cores in the near
field.

1.5.1 Experimental Studies on Shear-Coaxial Fluid Injection and Mixing

Flow visualizations and measurements of injection, spray formation and
supercritical mixing phenomena have been investigated by Mayer and his colleagues in
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order to investigate and describe injection characteristics and liquid/gas interface flow
phenomena in rocket engine coaxial injectors.
Mayer and Krülle (1995) took H2O and air as simulation fluids under ambient
conditions (1 bar) and elevated chamber pressure (20 bar). Nanolight photography and
high-speed cinematography were used for measurement.

Detailed theoretical and

experimental investigate proved that the initial state of the disturbance and surface
deformation were mainly influenced by liquid turbulence.

In their experiment, the

atomization under higher chamber pressure was finer and faster, which was consistent
with theoretical assessments. The non-axisymmetric oscillation mode, m = 1, of the
liquid jet was found to superimpose onto small-scale jet disturbances, which lead to three
dimensional coaxial atomization and mixing processes. A procedure with a proposed
global spray atomization model was introduced to calculate droplet atomization quantities
and implemented in an example calculation.
Mayer and Tamura (1996) investigated injection of liquid oxygen (LOX) and
gaseous hydrogen under chamber pressure from 1 MPa to 10 MPa. A standard camera
and a flash-light in a shadowgraph and schlieren setup were employed for flow
visualization at low chamber pressures less than 2 MPa. At higher chamber pressures, a
special optical setup based upon the shadowgraph, including a high-speed rotating disc
shutter was used to observe the flow process under severe condition with high flow
velocity, high chamber pressure and high fluid temperatures. For cases with ignition, an
aperture was set between the combustion chamber and camera lenses in order to avoid
radiance of the flame. At chamber pressures much less then the critical pressure of
oxygen, atomization of the LOX jet was found which formed a spray comparable to the
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flow pattern of cold flow atomization. Ligaments were detached from the LOX jet
surface and then produced round droplets that finally evaporated.

At near-critical

pressure and exceeding supercritical pressures, no droplets appeared. From the LOX jet
core, the developed thread-like structures did not detach but rapidly dissolved and faded
away.
Mayer (2000) studied the cold-flow injection and mixing on liquid nitrogen and
hydrogen or helium and carried on LOX/GH2 hot-fire tests. The cold-flow experiment
highlighted the effect of pressure on atomization and mixing of cryogenic propellants.
The observed flame-hooding mechanism was discussed for hot-fire cases.

The

visualization under cold-flow and combustion conditions revealed a remarkable
difference between subcritical spray formation and evaporation and the supercritical
injection and mixing process.
Branam (2002) investigated injection characteristics on the surface of a coaxial jet
with inner jet ethanol and coaxial jet gaseous nitrogen injected into a chamber filled with
nitrogen at ambient temperature conditions. The work was performed at various chamber
pressures in order to explore a wide range of density ratios and various injection
velocities in order to achieve various Reynolds numbers.

A standard shadowgraph

technique was used to check the characteristic wavelength (length of the surface
structures along the jet injection) and amplitude (structure height in the radial direction).
Experiments suggested the primary influence of internal turbulence on jet breakup which
controlled the length of undisturbed jet and the dominating influence of aerodynamic
forces (relative velocity and chamber pressure) on jet surface disturbances and droplet
formation.
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Ivancic and Mayer (2002) studied the time- and length scales of combustion by
results from numerical simulation and experiments. The Kolmogorov length scale was
around 1 µm and the timescale around 1 µs at the injector exit plane, increasing
downstream and remaining constant downstream far enough from the injector exit.
Villermaux and his colleagues carried out a series of experiments on
incompressible shear coaxial jet injection (H2O to H2O). Rehab (1997) and Villermaux
and Rehab (2000) provided a detailed discussion on different flow regimes in the near
field. Inner potential core length decreased when Ru was increased with remaining a
constant annular fuel velocity. The two shear layers developed initially independently of
each other. Downstream of the nozzle exit, at a distance approximate the outer potential
core length (xp2), the outer shear layer penetrated rapidly toward the centre and interfered
with the inner one. The penetration, which was accompanied by a pinch-off of the inner
core, occurred periodically at a frequency corresponding to the fundamental mode of
Kelvin-Helmholtz instability. The geometry of the coaxial injectors and the initial flow
conditions were found to have no influence on the central potential cone variation law
xp1/DO =A/Ru. For cases with high velocity ratio, such as Ru = 15, flow field was
characterized by a recirculating flow cavity in which the reverse flow nearly reached the
jet nozzle and the dynamics were entirely governed by the outer stream. Villermaux
(1998) demonstrated the point of view that global entrainment rate and primary drop
formation can be understood on the basis of the primary shear instability between the
phases.
Rehab (1998) investigated the geometric effects (annular gap, retraction of inner
nozzle LR) and the effect of the exit velocity profile on the near-field flow structure of
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coaxial jets. By increasing the annular gap, the inner potential core was elongated and
the transition to a recirculating zone was postponed until at higher values of velocity ratio
Ru. It was attributed to the less important entrainment rate of the inner fluid by the fast
stream. With the increase of velocity ratio, the inner potential core was shortened and the
recirculating zone appeared closer to the nozzle exit. When the retraction of the inner
nozzle (LR) was increased, recirculation occurred at lower Ru and the inner potential core
became longer.
Chehroudi, Tally, and their colleagues carried a series of experiments on
cryogenic shear coaxial nitrogen jets with and without transverse acoustic excitation. In
their experiments, liquid nitrogen was injected from the inner tube and gaseous nitrogen
was injected from the coaxial gap into a gaseous nitrogen environment at room
temperature. A mass flowmeter and a precision micrometer valve were used to measure
and regulate the mass flow rate of the injectants. Diffuse light flashes were utilized for
back illumination. A model K2 infinity long-distance microscope was used with a highresolution CCD camera to produce images of the injected jets. The acoustic waves were
generated by a specially designed piezo-siren that was capable of producing sound
pressure levels (SPL) of up to 180 dB with resonant frequencies between 1000 and
8000Hz. The acoustic waves generated were introduced into a smaller inner chamber by
a circular-to-rectangular wave guide. A model 601B1 Kistler piezoelectric-type pressure
transducer was used to measure the acoustic pressure variations inside the chamber.
Chehroudi et al. (2002) carried out experiments at two frequencies, 2700 Hz and
4800 Hz respectively, because the highest amplitude of pressure oscillations can be
detected only at these two frequencies under the tine setup. At subcritical conditions, the
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jet was strongly affected by the acoustic waves, which was substantially weakened as the
inertial forces became larger with the increasing of flow rate. At supercritical chamber
pressure, effects of the acoustic field became unnoticeable, which was explained as the
low of the acoustic frequency. The spreading angle was found to be more narrow parallel
to the direction of acoustic velocity oscillations and wider in the perpendicular plane.
Chehroudi et al. (2002) provided some preliminary results from a newly designed coaxial
injector.

Sinusoidal shape on the jet was found by the influence of the acoustic

excitation.
More detailed results were provided by Davis and Chehroudi (2004). Back-lit
images were taken at four chamber pressures, three inner mass flow rates and five outer
flow rates with an external acoustic field at 2700 Hz turned on and off. Temperature
measurements at the injector exit plane were made. It showed that with higher chamber
pressure, there was higher center jet temperature. The effects of mass flow rate on
coaxial gaseous nitrogen were found to be stronger than those on inner liquid nitrogen.
Again, the effects of acoustic excitation were found to be dominant at low chamber
pressure but negligible at supercritical chamber pressure.
Davis (2005) and Davis and Chehroudi (2006, 2007) further supplied detailed
radial mean temperature data and dark core length with/without the influences of
acoustics with a frequency of 3000 Hz. For the temperature profiles, a top-hat behavior
under subcritical pressure and a gradual transition were found at nearcritical and
supercritical conditions. Mean and root mean square (RMS) of the dark-core length
fluctuations were measured for the first time from the obtained images via a computerautomated method. With the increase in chamber pressure, dark-core length decreased.
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At a given chamber pressure, it decreased with enhanced velocity ratio and
asymptotically approached a constant level. All of these phenomena were the same for
the trend of RMS. The decrease in the RMS values of the dark-core length fluctuations
was assumed to weaken a key feedback mechanism for the self-excitation process driving
the combustion instability in rocket engines.

1.5.2 Numerical Simulations on Shear-Coaxial Fluid Injection and Mixing

Silva (2003) carried DNS on incompressible shear coaxial jets (H2O to H2O) with
high velocity ratios (Ru = 3.3 and 23.5). The numerical method was based on finite
differences with employing both sixth order compact and pseudo-spectral schemes for
spatial discretization, three-step, 3rd Runge-Kutta scheme for temporal integration and
factional step method for pressure-velocity coupling. The diameter of fuel was two times
the inner diameter (Df = 2Do), and the annular gap was zero. From the result, two
potential cores were found in the inner and outer jets with Ru =3.3, but only the outer
potential core existed with Ru =23.5 because of the appearance of the recirculation region
at the jet centerline. Kelvin-Helmoholtz instability in the two shear layers resulted in
vortex rings and further downstream formed inner and outer helical structures. The most
dominant frequency with Ru =3.3 was consistent with that of turbulent single jet, but not
in the case of Ru =23.5 because of the backflow region which greatly complicated the
flow downstream.
Ma et al. (2006) simulated the interaction of acoustic waves and jets in shearcoaxial injector flowfields. The flow solver is a fully compressible Navier-Stokes solver
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with implementation of large eddy simulation. A six-order finite difference was used for
special discretization and explicit third-order Runge-Kutta method for time integration.
To model the acoustic excitation, a harmonic velocity oscillator was numerically realized
and placed at the same location as the acoustic driver. Acoustic waves generated by 1D
and 2D simulations and preliminary results for 3D simulation were compared to
experimental data and resulted in considerable consistency.

1.6

Subgrid-Scale Models

1.6.1 A Posteriori and A Priori

Assessment of SGS models includes two approaches, a posteriori and a priori
tests. In order to evaluate the performance of a SGS model, after getting the results from
large eddy simulation with applying the SGS model, researchers compare these results to
available

DNS/experimental

data,

including

the

distribution

velocity/property, Reynolds stress distributions, spectra, etc.

of

mean

flow

Piomelli et al. (1998)

invented the name “a posteriori tests” for such an approach to highlight that the model is
assessed only after it has been employed in a numerical simulation. A posteriori tests are
treated as the final tests of model performance. However, because the effects of the
numerical scheme, time integration, and averaging are coupled with SGS models, a
posteriori tests typically do not provide much evaluation regarding the detailed physics of
models and the reasons whether the SGS models either do or do not work.
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The corresponding and perhaps more essential approach is based on a direct
comparison between true SGS stresses and modeled sgs stresses. Such a procedure
requires data at high spatial resolution that are sufficient to resolve the subgrid-scale
inertial sub-range. The modeled sgs stresses are evaluated based on its definition and are
provided by filtering the actual flow-field data. For such an approach, Piomelli et al.
(1998) created the name “a-priori test” to emphasize that no actual LES is involved. The
data for such analysis can be generated by using DNS, which allows processing the full
three-dimensional velocity field, but is limited to low Reynolds numbers and simple
geometries. The data can be provided by experimental work as well, which enables the
study of high Reynolds number flows. However, experiment can only supply partial
information of flow field because only a subset of parameters can be measured.

1.6.2 Existing SGS Models

The SGS modeling of unresolved terms in the filtered conservation equations is
one of the key issues in large-eddy simulation (LES) and must be carefully treated. The
small eddies, which are less than the filter size and unresolved in LES, dissipate most
turbulent kinetic energy. SGS models are introduced to account for the energy transfer
between larger and smaller scales. Most of the SGS models are based on the eddyviscosity model in Eq. 1.1

τ ijSGS − δ ijτ kkSGS 3 = −2ν t ρ Sij

(Eq. 1.1)
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~
where ν t is the eddy viscosity, τ ijSGS is the unresolved term, and S ij is the resolved strainrate tensor, defined as
1 ⎛ ∂u ∂u ⎞
Sij = ⎜ i + j ⎟ τ ijSGS − δ ijτ kkSGS 3 = −2ν t ρ Sij
2 ⎜⎝ ∂x j ∂xi ⎟⎠

(Eq. 1.2)

1.6.2.1 Static Smagorinsky Model

In most cases, the equilibrium assumption is made to simplify the problem. The
equilibrium hypothesis assumes that small-scale motions, which have shorter time scales
than the large, energy-carrying eddies, can adjust more rapidly to perturbations and
recover equilibrium early instantaneously.

Under this assumption, a balance exists

between the SGS kinetic energy production term and the viscous dissipation term −τij Sij = ε v .
The Smagorinsky Model (Smagorinsky, 1963) for incompressible flow is based on the

equilibrium hypothesis and can be written as the following format,

ν t = ( Cs ∆ ) | S |,
2

| S |= 2Sij Sij

(Eq. 1.3)

where ∆ = 3 ∆1∆ 2 ∆ 3 is the filter width, and the coefficient was determined from a priori
test on decaying isotropic turbulence (Lily, 1967) with CS ≈ 0.16 .
Yoshizawa (1986) calculated important correlation functions in compressible
shear flows by utilizing a multiscale direct-interaction approximation method and derived
an eddy-viscosity model for weakly compressible turbulent flows.
coefficients were suggested theoretically as CS = 0.16 and CI = 0.09 .

The model
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ν t = ( Cs ∆ ) | S |,
2

τ kkSGS = 2 ρ k SGS = 2CI ∆ 2 ρ | S |2 ,

| S |= 2 Sij Sij

(Eq. 1.4)

Erlebacher et al. (1992) introduced a new model coefficient CR , redefined
| S |= Sij Sij and expressed the eddy viscosity asν t = CR ∆ 2 | S | . The model confidents were
suggested as CR = 0.012 and CI = 0.0066 by the theoretical approach from a priori

investigation on compressible decaying isotropic turbulence. Speziale et al. (1992) made
further investigation and confirmed the results a posteriori.
The Smagorinsky model predicts the overall dissipation rate well but suffers two
drawbacks, as pointed out by Moin et al. (1991). The optimal model constants must be
adjusted for different flows, and the model does not have the correct limiting behavior
near the wall. In addition, the SGS stress does not disappear in a laminar flow. The
model is found to be very dissipative in the laminar/transition region due to the lack of
backscatter of energy from small to large scales, which has been shown to be of
importance in the transition region.
There are many modifications of the Smagorinsky model that are different mainly
in how the eddy viscosity is described, including the kinetic energy model (Schumann,
1975), two-point closures (Kraichnan, 1976), “Chollet-Lesieur model,” “structure
function model” and “spectral-dynamics model.” A detailed summary and discussion of
these models are provided in work by Piomelli (1999) and Meneveau (2000).
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1.6.2.2 Dynamic Eddy Viscosity Model

Germano et al. (1991) proposed a dynamic eddy viscosity model for
incompressible flow, in which the model coefficient was not input a priori but computed
dynamically with the calculating process. The idea here is to sample information on the
large-scale level to evaluate the model coefficients by filtering the governing equations a
second time with a kernel of width ∆ t > ∆ . This model was extended by Moin et al.
(1991) to handle compressible flows and was modified by application of a least squares
technique (Lily, 1992) to minimize the error between the closure assumption and the
resolved stresses.
In order to calculate the model parameters CR and CI dynamically, the test filter
Ĝ whose width is generally larger than the grid filter width is introduced. Application of

the test filter Ĝ yields the subtest scale stresses T ij , defined as
Tij = ρˆ ui u j − ρˆ ui u j

(Eq. 1.5)

f = ρ f ρˆ

(Eq. 1.6)

where

Both the subgrid stresses, τ ijSGS , and the subtest-scale stresses, T ij , are modeled
using the aforementioned compressible Smagorinsky model, Eq. 1.7 - 1.8.

δ ij

⎛

δ ij

⎞
Skk ⎟ = CRα ij
3
3
⎝
⎠
δ ij
δ
⎛
⎞
Tij − Tkk = −2CR ∆ˆ 2 ρˆ | S | ⎜ Sij − ij Skk ⎟ = CR β ij
3
3
⎝
⎠

τ ijSGS −

τ kkSGS = −2CR ∆ 2 ρ | S | ⎜ Sij −

(Eq. 1.7)
(Eq. 1.8)
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where

δ
⎛
⎞
αij = −2∆ 2 ρ S ⎜ Sij − ij Skk ⎟ ,
3
⎝
⎠

δ
⎛
⎞
β ij = −2∆ˆ 2 ρˆ S ⎜ Sij − ij Skk ⎟
3
⎝
⎠

(Eq. 1.9)

The resolved turbulent stresses, representing the resolved components of the stress tensor
by the scales whose length is intermediate between the test filter width and the grid filter
width, is defined as
Lij = Tij − τˆijSGS

(Eq. 1.10)

Assuming that the flow behavior in the test filter region varies smoothly and the
coefficients are constant in the test filter, we have CR f = CR fˆ . Substitution of Eqs. 1.7 1.8 into Eq. 1.10 with the application of test filter yields
Lij −

δ ij
3

Lkk = (CR β ij − CRα ij ) = CR ( β ij − αˆij ) = CR M ij

(Eq. 1.11)

where
M ij = β ij − αˆij

(Eq. 1.12)

To obtain a single coefficient from a system of five independent equations, Lily (1992)
proposed that Eq. 1.11 be least-squared with respect to CR and CI, where
∂∆E 2
= 0,
∂CR

∂∆E 2
=0
∂C I

(Eq. 1.13)

The model coefficients become
CR =

where

< Lij M ij >
< M kl M kl >

−

1 < Lmm M nn >
,
3 < M kl M kl >

CI =

< Lkk >
< β − αˆ >

(Eq. 1.14)
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β = 2 ρˆ∆ˆ 2 | S |2

α = 2 ρ∆ 2 | S |2 ,

(Eq. 1.15)

and the brackets < ⋅ > denote an appropriate average to ensure the stability of numerical
calculations (Moin et al., 1991 and Germano et al., 1991). Without averaging, the
dynamic model has been found to produce a highly variable eddy viscosity field (Liu,
1995) including considerable portions with negative values, which is destabilizing in
numerical simulations. Germano et al. (1991) averaged the coefficients over the direction
of the statistical homogeneity and avoided instability successfully. Ghosal et al. (1995)
show that the procedure of averaging in the homogeneous region minimizes the total
error. Using this method, Piomelli (1993) achieved simulation results in channel flow by
averaging over section planes parallel to the walls. In the current research, the < ⋅ >
operator is locally smoothed using the same test filter employed by Fureby (1996) and
DesJardin et al. (1998).
The same procedure can be applied to the SGS energy flux to obtain the turbulent
Prandtl number. The SGS heat flux terms are given by

Q SGS
= ρ u j T − ρ u jT = −
j

ρν t ∂T
PrT ∂x j

= −C R

∆ 2 ρ | S | ∂T
PrT ∂x j

(Eq. 1.16)

The turbulent Prandtl number PrT can be fixed as PrT = 0.7 (Erlebacher et al. 1992), or
adjusted dynamically as
PrT = CR

< K jK j >

(Eq. 1.17)

< H k Kk >

where H j is the resolved heat flux

,
H j = Θ j − Qˆ SGS
j

with

(

Θ j = ρ u jT − ρˆ u jT

)

(Eq. 1.18)
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and

k
 ∂T
∂T
2

ˆ
ˆ
K j = −∆ ρ | S |
− ∆ ρ | S |
∂x j
∂x j
2

(Eq. 1.19)

The dynamic Smagorinsky model has been applied to many flows and generally
produces good results. Piomelli et al. (1988) discussed a priori the consistency between
numerical techniques, filter type, and SGS models.

The effects of numerical

discretization coupling with dynamics models are discussed afterward. Good results
were obtained by Balaras et al. (1995) with implementation of finite-difference in
channel flow. Lund and Kaltenbach (1995) recommend pre-filtering of the velocity
before calculating model coefficients to avoid inclusion of those scales those most
contaminated by numerical errors. Najjar and Tafti (1996) indicate the ability of dynamic
sgs model to adjust accordingly to details of the numerical discretization by testing two
approximations to the convection terms based on second-order central difference and a
non-conservative fifth-order upwind biased scheme.

Recently, ensemble-averaged

version of the dynamic model was developed by Carati et al. (2002) with the important
advantage that it does not require any spatial averaging and can be used in fully
inhomogeneous flows.
The dynamic model does not require empirical constants but can be implemented
at the expense of computational time. The grid resolution of the dynamic model is
normally stricter than the Smagorinsky model because the scales of the test filter must
fall within the turbulence inertial subrange. The coefficients can be negative in some
regions and thus do not totally exclude backscatter.

The method provides proper

asymptotic behavior of stresses near the wall without the use of ad-hoc damping
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functions. A major drawback of this procedure is that additional averaging is necessary
to avoid excessive fluctuations in the resultant model coefficients.

1.6.2.3 Scale-Similar Model (Mixed Model)

Bardina et al. (1980) proposed a scale-similar model. This model is based on the
assumption that the most active SGSs are those closer to the cutoff. The coupling effects
are obvious with those scales immediately above the cutoff wave number but weak with
those scales farer from the cutoff. To implement scale-similar models, the smallest
resolved scales must be identified ( ui = ui − ui ) and the SGS stresses are then represented
by these smallest “resolved” stresses ( τijSGS = cui ui ) where the coefficient c must be 1
based on the Galilean invariance (Speziale, 1985). Although the local energy events are
considered, this model is found to undervalue the dissipation. Speziale et al. (1988)
pointed out that the sgs model developed by Yoshizawa (1986) is not suitable for
turbulent flows with large density fluctuations and performs a bit poorly when simulating
compressible isotropic turbulence at low Mach numbers. In order to get over these
limitations, they included the effects of Leonard and Cross stresses by adding a scalesimilar part to the eddy-viscosity model (Yoshizawa, 1986). The underestimation of
dissipation by purely scale-similar models is now eliminated by the contribution of the
eddy-viscosity part. This mixed model was also used and discussed by Erlebacher et al.
(1992) and is given by

τ ijSGS −

δ ij
3

τ kkSGS = Csα ij + Aij −

δ ij
3

Akk ,

τ kkSGS = C Iα + Akk

(Eq. 1.20)
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(

)

where Aij = ρ ui u j − ui u j .
A priori study was carried out by Martin et al. (2000) to test several mixed eddyviscosity models for momentum and energy equations on simulation of homogeneous
isotropic turbulence. Mixed models were found to give better prediction and the dynamic
adjustment of the model coefficient was beneficial.

1.6.3 Recent Development of Subgrid-Scale Models

Many new ideas have appeared in the past few years. They propose specific
forms for the subgrid velocity field instead of the stress tensor, including the “estimated
SGS velocity field” (Domaradzki and Saiki, 1997), the linear-eddy model (Kerstein,
1988), several fractal models (Juneja et al., 1994; Benzi et al., 1993), and “stretchedvortices models” (Misra and Pullin, 1997).
Piomelli (1999) discussed the present state of the large-eddy simulation technique
and the challenges faced. Large eddy simulation has demonstrated its capabilities in
calculations of relative complex flows at large Reynolds numbers that are unreachable by
DNS. Challenges still need to be faced to achieve significant advancements in the field
of compressible flows and in aeroacoustics. The approaches include the development of
near-wall models and the establishment of accurate non-equilibrium and compressible
SGS models.

Progress on higher-order, energy-conserving methods in curvilinear

coordinates and on unstructured meshes is also desired. Moin (2002) provided the recent
advances in the subgrid modeling with a focus on two numerical methods in a complex
geometry method and unstructured mesh scheme.
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Meneveau (2000) reviewed LES turbulence models by starting with the static
Smagorinsky model, concentrating on dynamic and similarity models, and ending with
summarizing recently used modeling approaches. In this review, literature regarding a
posteriori and a priori tests are surveyed to check the capability of reproducing the energy
transfer between the smaller scales on larger scales and assess the performance in
numerical simulations. Detailed and careful a posteriori studies of various models are
discussed in detail, including a study by Vreman et al. (1997) on temporally developing
mixing layers, an investigation by Sarghini et al. (1999) on fully developed planar
channel flow and a 3D non-equilibrium flow consisting of a plane channel flow with
impulsively started spanwise motion of the walls, a new version of the dynamic mixed
model by Horiuti (1997), which models Reynolds, cross, and Leonard stresses (Leonard,
1974) separately using the scale similarity concept, and finite-volume simulations by
Fureby et al. (1997) on isotropic turbulence and etc. LES results were found improved
after applying dynamic procedures and became more accurate by further introducing a
similarity term.
Shen and Yue (2001) simulated free-surface turbulence. The performance of the
dynamic sgs model was compared to two newly developed models, DFFM (dynamic
free-surface function model) and DASM (dynamic anisotropic selective model). DFFM
is better in representing the structure of the free-surface boundary layer, and DASM is
superior in attaining the statistics. By further addition of scale similarity, these eddyviscosity models can predict the mean flow properties well.
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1.7

Work Scope and Method of Approach

The present study investigates the high-pressure cryogenic fluid injection and
mixing dynamics by means of large-eddy-simulation.

The flow evolution under

consideration is extremely complicated, involving thermodynamic non-idealities,
transport anomaly, and high Reynolds number turbulent flow. A variety of uncertainties
exist with regard to the closure problem. To address these difficulties in a manner
consistent with current experimental efforts, this research focuses on detailed
representations of fluid dynamic and thermophysical processes in the simplified
configurations and well-controlled experimental conditions. The approach follows three
steps: 1) development of a generalized and self-consistent theoretical framework that can
model and simulate cryogenic fluid injection and an efficient and time-accurate
numerical model; 2) systematic study of cryogenic fluid injection and mixing; 3) stability
analyses of real-fluid mixing layers with strong density stratification. These steps are
carried out in chapters 2 through 6, with relevant conclusions and recommendations
presented in Chapter 7.
Chapter 2 presents a generalized theoretical framework that accommodates highpressure real fluid thermodynamics, transport anomalies, and turbulence. In Chapter 3,
the governing system is discretized using a density-based, finite-volume methodology.
Spatial discretization employs the fourth-order accurate flux difference methodologies
developed by Rai and Chakravarthy (1993). A fourth-order scalar dissipation with a
total-variation-diminish (TVD) switch developed by Swanson and Turkel (1992) and
Jorgenson and Turkel (1993) is implemented to ensure computational stability and to
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prevent numerical oscillations in regions with steep gradients. A multiblock domain
decomposition technique, along with static load balance, is used to facilitate the
application of efficient parallel computation with message passing interfaces at the
domain boundaries.
In Chapter 4, the verification and validation attempts are made to verify
programming and numerical methods and to validate physical modes used, including the
assessments of numerical schemes, the sgs models, and the artificial dissipation used.
Several applications have been investigated and results have been compared to existing
experimental data, simulation data, and theoretical formula.
The model is applied in Chapter 5 to examine key phenomena associated with
high-pressure injection and mixing of nitrogen in shear-coaxial injector.

Results

highlight the effect of the velocity ratio, chamber pressure, and acoustics on the shearlayer dynamics.
To better understand the nature of cryogenic fluid injection and mixing, efforts
were first applied to investigate the spatial and temporal instabilities of real-fluid mixing
layers with strong density stratification, which is studied and discussed in Chapter 6. A
local inviscid instability model based on a modified Soave-Redlich-Kwong equation of
state was derived and discussed in detail. The resultant eigenvalue problem was solved
by means of shooting iteration, in which the governing equations and associated
boundary conditions were solved by a fourth-order Runge-Kutta method. The effects of
real-fluid non-ideality on the instability characteristics of mixing layers have been
investigated over a wide range of thermodynamic states.
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Finally, the conclusions of the present research and recommendations for future
work are summarized in Chapter 7.

Chapter 2
Theoretical Formulation and Property Evaluation

2.1

Governing Equations

The theoretical formulation is based on the full conservation equations of mass,
momentum, energy, and species concentration in Cartesian coordinates
∂ρ ∂ρu i
+
=0
∂t
∂xi

(Eq. 2.1)

∂ρu i ∂ ( ρu i u j )
∂p ∂τ ij
+
=−
+
∂t
∂x j
∂xi ∂x j

(Eq. 2.2)

∂ρ et ∂ ⎡⎣( ρ et + p ) ui ⎤⎦
∂q ∂ ( uiτ ij )
+
=− i +
∂t
∂xi
∂xi
∂x j
∂ρYkU k , j
∂ρYk ∂ρYk u j
+
= ω k −
,
∂t
∂x j
∂x j

k = 1, ... , N −1

(Eq. 2.3)
(Eq. 2.4)

where i, j, and k are the spatial coordinate index, the dummy index to spatial coordinate,
and the species index, respectively. N is the total number of species. The variables

ρ , ui , p , et , qi , τ ij , Yk and Uk,j represent the density, velocity, pressure, specific total
energy, heat flux vector, viscous stress tensor, mass fraction and diffusion velocities of
species k respectively. Definitions of some variables are listed here:
τ ij = µ (

∂u i ∂u j 2
∂u
+
− δ ij l )
∂x j ∂xi 3
∂xl

(Eq. 2.5)

N
∂T
+ ρ ∑ hˆk YkU k , j
∂x j
k =1

(Eq. 2.6)

q j = −λ
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where µ and λ are the coefficients of viscosity and thermal conductivity, respectively. In
the present work, viscosity and thermal conductivity are estimated with an extendedcorresponding-state-principle with a 32-term Benedict-Webb-Rubin (BWR) equation of
state. The specific total energy et is given by
et = e +

u ju j
2

(Eq. 2.7)

The specific internal energy, e, is obtained as
e=h−

p

ρ

(Eq. 2.8)

The specific enthalpy of mixture, h, containing contributions from its constituent species,
can be written as
N

h = ∑ Yk hˆk

(Eq. 2.9)

k =1

where hˆk is partial mass enthalpy of species k , which will be defined in the following
sections. The formulation is closed by a modified Soave-Redlich-Kwong (SRK) equation
of state for real fluid mixture. Because no chemical reaction is considered in this work,
species mass production rate ωk is set as zero.

2.2

Turbulence Closure: Large-Eddy-Simulation

There are three useful methods to simulate turbulent motions, including Direct
Numerical Simulation (DNS), Reynolds-averaged Navier-Stokes Equations (RANS),
Large Eddy Simulation (LES) (Deardorff, 1970 and Pope, 2000).
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DNS method is the most straightforward method because it attempts to solve all
spatial and time scales explicitly. The solution from DNS method is a very accurate; it
requires high computation demands. The Reynolds-averaged Navier-Stokes equations
(RANS) have been used for most engineering applications. The computational cost for
RANS models is much less than that for DNS because of its lower grid resolution
requirement. However, owing to the distinctive behavior between large- and small-scale
turbulent motions, it is impossible to achieve a universal model that can cover all
turbulent flows (Piomelli, 1999).
The present analysis in based on large eddy simulation technique. LES method is
a hybrid between these two aforementioned methods. In large-eddy simulation, large
scales are computed explicitly and small scales are modeled. It need moderate computing
cost, which is accurate and best suited for applications in complex unsteady flows with
higher Reynolds number.

2.2.1 Filtering Operations

In a large eddy simulation, filtering operations are used to separate the large-scale
from the small-scale turbulent motions. A filtered (or resolved, or large-scale) variable is
defined as
f ( x) =

∫ f (x)G

∞

f

(x − x′)dx′

(Eq. 2.10)
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where G f is the filter function and ∫ G f (x)dx = 1 . Leonard (1974) indicated that if G f is
∞

only a function of x − x′ , differentiation and the filtering operation could commute with
each other. In a finite volume method, the cell-averaged variables are defined at each cell
as
f =

1
∆V

∫ f (x)dx

∆V

(Eq. 2.11)

This cell average in the finite volume method, which will be implemented in the current
study, belongs to the Top-hat filter. A detailed description of properties of various filters
can be found in textbook (Pope, 2000).

2.2.2 Filtered Governing Equations

Any instantaneous variable ( f ) can be defined as the sum of a Favre-averaged
~

filtered scale ( f ) and a sub-grid scale ( f ′′ )
~
f = f + f ′′

(Eq. 2.12)

~ ρf
f =

(Eq. 2.13)

where
ρ

The filtered Favre-averaged Navier-Stokes equations for mass, momentum,
energy and species concentration can be written as
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∂ρ ∂ρ u~i
+
=0
∂t
∂xi
sgs
~~
~
∂ρ u~i ∂ ( ρui u j + pδ ij ) ∂ τ ij − τ ij
+
=
∂t
∂x j
∂x j

(

(Eq. 2.14)

)

(Eq. 2.15)

sgs
sgs
sgs
∂ρ et ∂ ⎡⎣( ρ et + p ) u j ⎤⎦ ∂ ( − qi + u jτ ij − Qi + σ i − H i )
+
=
∂t
∂x j
∂xi

(

)

~
~ ~
__
∂
∂ρ Yk ∂ ρu jYk
~ ~
ρ U k , jYk − Φ ksgs, j − θ ksgs
=
+
, j + ωk
∂x j
∂x j
∂t

(

)

(Eq. 2.16)
(Eq. 2.17)

The subgrid-scale (sgs) terms are given below: Eq. 2.18

τ ijsgs = ( ρ ui u j − ρ ui u j )

(Eq. 2.18)

Dijsgs = (τ ij − τ ij )

(Eq. 2.19)

Qisgs = ( qi − qi )

(Eq. 2.20)

(

) (

H isgs = ρ et ui − ρ et ui + pui − pui

)

(Eq. 2.21)

σ isgs = ( u jτ ij − ρ u jτ ij )

(Eq. 2.22)

~
Φ ksgs, j = ( ρYk u j − ρ Yk u~ j )

(Eq. 2.23)

~ ~
Θ ksgs, j = ( ρYk U k , j − ρ Yk U k , j )

(Eq. 2.24)

The SGS stresses term τ ijsgs , SGS energy fluxes term H isgs and SGS species fluxes
Φ ksgs, j result from filtering these convective terms. The SGS viscous work term, σ ijsgs ,

comes from correlations of the velocity field with the viscous stress tensor, and the SGS
species diffusive fluxes term, Θksgs, j , comes from correlations of the velocity field with the
species mass fractions with the diffusion velocities. The modeling of these SGS terms is
discussed in detail in the following subsections.
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In addition to the conservation equations, the equation of state must be filtered. Filtering
the equation of state gives us
p = Ru ZρT + Ru ( Zρ ′′T ′′ + ρ Z ′′T ′′ + TZ ′′ρ ′′)

(Eq. 2.25)

where Z is the compressibility factor. For ideal gas without heat release, the high order
correlations in the filtered equation of state can be neglected (Calhoon and Menon, 1996).
This may be not true for high-pressure real-fluid mixture. However, due to the difficulty
and uncertainty in modeling those correlations, they are neglected without any
justification in the current study.
~
The filtered total energy E can be approximated as
E =h−

p

ρ

+

p ⎡1
uk2
T ⎛ ∂ρ ⎞ ⎤
p uk2
+ k sgs = ψ + ∫ ⎢ + 2 ⎜
−
+ + k sgs
dp
⎥
⎟
p0 ρ
∂
T
2
ρ
ρ
2
⎝
⎠
⎥
p⎦
⎣⎢

N

(Eq. 2.26)

1
2

where ψ = ∑ Yk hk0 and k sgs = τ kksgs / 2 ρ = ( ρu k u k / ρ − u~k2 ) .
1

2.2.3 Subgrid-Scale Models

The SGS modeling is the core of LES. Because small eddies dissipate most of the
energy and are unresolved, SGS models are introduced to allow for the transfer of energy
from larger to smaller scales and to mimic the drain of energy associated with the energy
cascade. Most of the SGS models are based on an eddy-viscosity type model. Several
sgs models have been introduced and reviewed in section 1.6.
The Smagorinsky model for compressible flows proposed by Erlebacher et al.
(1992) is used as the first tested sgs model because of its reasonable accuracy and
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simplicity in simulations of turbulent flows in complex geometries. The anisotropic part
of the sgs stresses, is treated using the Smagorinsky model, while the isotropic part, τ kksgs ,
is modeled with a formulation proposed by Yoshizawa (1986).

τ ijsgs −

δ ij
3

⎛

τ kksgs = −2ν t ρ ⎜ Sij −
⎝

δ ij

⎞
Skk ⎟
3
⎠

τ kksgs = 2 ρ k sgs = 2CI ρ∆ 2 S

(Eq. 2.27)

2

(Eq. 2.28)

where

ν t = CR ∆ 2 S

(Eq. 2.29)

1 ⎛ ∂ui ∂u j ⎞
+
⎜
⎟
2 ⎜⎝ ∂x j ∂xi ⎟⎠
1
= ui ui − ui ui
2

Sij =

k sgs

(

(Eq. 2.30)

)

(Eq. 2.31)

∆ is the filter width. The dimensionless quantities CR and CI are the compressible

Smagorinsky model constants. Yoshizawa (1986) proposed an eddy-viscosity model for
weakly

compressible

turbulent

flows,

using

a

multi-scale,

direct-interaction

approximation method, and suggested CR = 0.012 and CI = 0.0066 based on theoretical
arguments.
The subgrid energy flux term, H sgs
j , is modeled as

H

sgs
j

∂u i ∂k sgs ⎞
= −ρ
= −ρ
+ ui
+
⎜
⎟
∂x j ∂x j ⎟⎠
Prt ∂x j
Prt ⎜⎝ ∂x j

ν t ∂H

ν t ⎛ ∂h

(Eq. 2.32)
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where H represents the filtered specific total enthalpy. The turbulent Prandtl number,
Prt , assumes a conventional value of 0.7 (Zang et al., 1992). The convective species flux
term is usually approximated as
~

Φ ksgs,i = − ρ

ν t ∂Yk
Sct ∂xi

(Eq. 2.33)

where Sct is the turbulent Schmidt number. The sgs viscous diffusion term, σ isgs , is
neglected in the present study due to its small contribution in the energy equation. The
nonlinearity of the viscous stress term, Disgs , the heat flux term, Qisgs , and the sgs species
diffusive fluxes term, Θ ksgs, j , are invariably neglected (Piomelli, 1999)

2.3

Equation of State

In order to evaluate thermophysical properties for real-fluid mixture, an equation
of state capable of handling real fluid behavior at high-pressure and low-temperature
regime is required. The most common equations of state utilized for calculating highpressure fluid properties are the cubic equations of state, which include Redlich-Kwong,
Peng-Robinson, and the modified Soave-Redlich-Kwong (SRK) equations of state. The
modified SRK equation of state, which is capable of handling the quantum gas behavior
of hydrogen, is adopted here for the calculation of thermodynamic properties and
derivation of numerical relationships.

The consistent treatment of thermodynamic

properties using one equation of state produces an efficient numerical algorithm. A more
complicated Benedict-Webb-Rubin (BWR) equation of state, combined with the
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extended corresponding states theory, is utilized for estimating transport properties, as
suggested by Ely et al. (1981, 1983). Both the modified SRK and the BWR equations of
state are capable of representing liquid phase behavior. The BWR equation of state can
be applied over broader temperature and pressure ranges, but the SRK equation of state is
used in this work because of its easy implementation and reasonable accuracy over lowtemperature, high-pressure regimes that we are concerned with.
The modified SRK equation of state is considered to be both simple and fairly
accurate. It takes the following form Graboski and Daubert (1978 a, b)
p=

ρRuT
ρ2
aα
−
(W − bρ ) W (W + bρ )

(Eq. 2.34)

where Ru is the universal gas constant. The parameters ‘a’ and ‘b’ account for the effects
of the attractive and repulsive forces between molecules, respectively. ‘ α ’ is the third
parameter, which is a function of temperature and acentric factor. For mixtures, they are
calculated from the following mixing rules (Zong, 2004) based on constants for different
species. For example, ai , bi can be determined from the following universal relationships
R 2T 2
ai = 0.42747 u ci
pci
R T
bi = 0.08664 u ci
pci

(Eq. 2.35)
(Eq. 2.36)

The parameter α is a function of the reduced temperature and acentric factor.

α i = [1 + S i (1 − Tri )]2

(Eq. 2.37)

56
where Tci , pci , are the critical temperature and pressure for species i. Tri is the reduced
temperature for species i , and S i is another variable. These parameters are given by the
following formulas
T
Tci

Tri =

(Eq. 2.38)

S i = 0.48508 + 1.5517ω i − 0.15613ω i2

2.4

(Eq. 2.39)

Thermodynamic Properties

In order to solve the conservation equations, additional relationships relating
thermodynamic properties to temperature and, in high-pressure cases, pressure, are
required. The thermodynamic properties to be evaluated are density, internal energy,
enthalpy, entropy, partial molar enthalpy, and chemical potential of each species. These
properties can be derived directly from fundamental thermodynamic relationships
T ⎛ ∂p
ρ ⎡ p
−
⎢
ρ 0 ρ 2 ρ 2 ⎜⎝ ∂T
⎢

e(T , ρ ) = e0 (T ) + ∫
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⎟ ⎥ dρ
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⎢
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⎢
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(Eq. 2.41)
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(Eq. 2.43)
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where the e, h, s, C P,CV are internal energy, enthalpy, entropy, constant-pressure heat
capacity, and constant-volume heat capacity, respectively. The subscript 0 refers to an
ideal state at a low pressure and integral terms are the departure functions. All the partial
derivatives in these relations are calculated based on the modified Soave-Redlich-Kwong
equation of state.

2.5

Corresponding States Theories

The law of corresponding state, which was originally proposed by van der Waals
in 1873, expresses that the equilibrium properties of different fluids can be related to their
critical properties in a universal way. For example, if pressure, temperature, and volume
are related to their critical properties, the PVT function relating the reduced pressure,
temperature, and volume becomes identical for all substances. The reduced property is
defined as
pr = p / pc , Tr = T / Tc ,Vr = V / Vc

(Eq. 2.44)

The corresponding states theory also holds for other properties, including
viscosity, and thermal conductivity. Based on the corresponding states argument, a
property of any fluid can be estimated by relating to its counterpart of a reference
substance, whose property can be easily determined (Ely et al. 1981).

η x (T , ρ ) = η0 (T0 , ρ 0 ) Fη
where the subscript x refers to the fluid of interest, 0 to the reference fluid

(Eq. 2.45)
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1/ 2

⎛ Mw x ⎞
⎟⎟
Fη = ⎜⎜
Mw
0
⎝
⎠

f x1,/02 h x−,20 / 3

(Eq. 2.46)

Here, Mw is the molecular weight. T0 and ρ0 of the reference fluid are calculated by
Eq. 2.47.

T0 = T / f x ,0
ρ 0 = ρh x , 0

(Eq. 2.47)

In general corresponding states theory, the parameters f x,0 and h x ,0 are the ratio
of the critical temperature and volume. However, the range of its applicability can be
broadened considerably by introducing the extended corresponding states (EXCST)
model, where the equivalent parameters of f x,0 and h x ,0 become
f x ,0 = (Tc, x / Tc,0 )θ (Tr, x , Vr, x , ω x )

(Eq. 2.48)

h x ,0 = (Vc, x / Vc,0 )φ (Tr, x , Vr, x , ω x )

(Eq. 2.49)

In Eq. 2.48 and Eq. 2.49, θ and φ are the so-called shape factors, which are
functions of Pitzer’s acentric factor ω x and the reduced temperature and volume. These
functions can be calculated by the following correlations

θ (Tr , x , Vr , x , ω x ) = 1 + (ω x − ω 0 ) F (Tr , x ,Vr , x )

(Eq. 2.50)

φ (Tr , x , Vr , x , ω x ) = [1 + (ω x − ω 0 )G (Tr , x , Vr , x )]Z c,0 / Z c, x

(Eq. 2.51)

where Z is the compressibility factor.
F (Tr , x , Vr , x ) = a1 + b1 ln Tx+ + ( c1 + d1 / Tx+ )(V x+ − 0.5)

(Eq. 2.52)

G (Tr , x , Vr , x ) = a2 (V x+ + b2 ) + c2 (V x+ + d 2 ) ln Tx+

(Eq. 2.53)
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where Tx+ = min ⎡⎣ 2, max (Tr , x ,0.5)⎤⎦ ,Vx+ = min ⎡⎣ 2, max (Vr , x ,0.5)⎤⎦ and the coefficients in
Eq. 2.52 and Eq. 2.53 are listed in Table 2.1.
Table 2.1: Coefficients for shape factor correlations.
Coefficients in Eq. 2.52

Coefficients in Eq. 2.53

a1=0.090569

a1=0.394901

b1=-0.862762

b1=-1.023545

c1=0.316636

c1=-0.932813

d1=-0.465684

d1=-0.754639

The extended corresponding states theory will be utilized with appropriate mixing
rules to estimate the transport properties of mixtures, see Zong (2004) for detailed mixing
rules.

2.6

Transport Properties

2.6.1 Viscosity Evaluation

The extended corresponding states one-fluid model (Ely et al., 1983) is applied
here for estimating the viscosity of a mixture. The basic idea is straightforward. First, it
is assumed that the viscosity of a single-phase mixture is equated to that of a hypothetical
pure fluid

µ mix (T , ρ ) = µ x (T , ρ )

(Eq. 2.54)
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where the subscripts, mix and x refer to the mixture and the hypothetical pure fluid,
respectively.
The corresponding states theory for transport properties is then used to evaluate
the viscosity of the hypothetical pure fluid with respect to a given reference fluid

µ x (T , ρ ) = µ0 (T0 , ρ 0 ) Fµ

(Eq. 2.55)

where the subscript, 0, refers to the reference fluid
1/ 2

⎛ Mw x ⎞
⎟⎟
Fµ = ⎜⎜
⎝ Mw0 ⎠

f x1,/02 h x−,20 / 3

(Eq. 2.56)

The variables, f x,0 , hx,0 , and Mw x are then evaluated by the extended corresponding
states (EXCST) theory and the mixing rules.
Methane is chosen as the reference fluid, because of the existence of its PVT and
viscosity data over the entire range of fluid states. The data fitted methane viscosity
correlation is

µ 0 ( ρ 0 , T0 ) = µ 0(1) (T0 ) + µ 0( 2) (T0 ) ρ 0 + ∆µ0 ( ρ 0 , T0 ) X µ

(Eq. 2.57)

where the first two terms represent the dilute gas and first density correction,
respectively, while the last term is a remainder which dominates in high-density region.
The factor, X µ , is a correction of the possible non-correspondence of viscosity. The
details about this correlation can be found in the paper of Ely et al. (1983).
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2.6.2 Thermal Conductivity

Estimating the thermal conductivity of a mixture is more complicated, since it is
affected by two factors, one arising from the transfer of energy from pure collision or
translation effect, λ ′ , and another from the transfer of energy via the internal degrees of
freedom, λ ′′ (Ely, et al. 1983). The latter term is, in general, independent of density.
Therefore, only the collision or translation part is evaluated using the extended
corresponding states one fluid model, which takes the same procedure as that for
estimating the viscosity of a mixture. First, the thermal conductivity of a mixture is
equated to that of a hypothetical pure fluid as
′ ( ρ , T ) = λ x′ ( ρ , T )
λmix

(Eq. 2.58)

The corresponding states theory is then applied to calculate the thermal
conductivity of the hypothetical pure fluid via

λ x′ (T , ρ ) = λ0′ (T0 , ρ 0 ) Fλ X λ

(Eq. 2.59)

where Fλ takes the same form as in Eq. 2.56, whose calculation requires the extended
corresponding states theory and the mixing rules, and X λ is the correction term for noncorrespondence.
Finally, the thermal conductivity of a mixture can be expressed as
′′ (T )
λmix ( ρ , T ) = λ0′ ( ρ 0 , T0 ) Fλ X λ + λmix

(Eq. 2.60)

In Eq. 2.60 the thermal conductivity of the reference fluid, methane, is evaluated
via an empirical correlation. The second term, which is related to internal degrees of
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freedom, can be calculated via the modified Eucken correlation with mixing rules (Ely et
al., 1993), which are

λi′′Mwi
µig

= 1.32(C pg,i −

5Ru
)
2

(Eq. 2.61)

−1
−1
−1
′′ ( T ) = ∑∑ xi x j λij′′ , ( λij′′) = 2 ⎡( λi′′) + ( λ ′′j ) ⎤ .
and λmix
⎣⎢
⎦⎥
i
j

where the indexes, i and j, refer to the components in the mixture, µig is the dilute gas
viscosity of component i, C pg,i is the ideal gas heat capacity of component i, and Ru is
the universal gas constant.

2.6.3 Binary Mass Diffusivity

The evaluation of binary mass diffusivity presents more challenge than viscosity
and thermal conductivity because of the following two reasons. 1. There are only limited
experimental data existent for binary mass diffusivity at high pressures, which results in
few estimation methods. 2. There is no satisfactory liquid state theory available for
calculating binary mass diffusivity in the liquid phase.
In this work, the binary mass diffusivity in gaseous phase at low pressure is
evaluated using the empirical correlation of Fuller et al., which is recommended by Reid
et al. (1986). It takes the following form

Dij =

0.00143T 1.75
pMwij1 / 2 [(Σ v )1i / 3 + (Σ v )1j/ 3 ]2

(Eq. 2.62)
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where Dij is binary mass diffusivity, cm2/s; T is temperature, K; p is pressure, bar; Mwij
is the combined molecular weight and Σ v is found for each component by summing
atomic diffusion volumes, which is tabulated in (Reid et al., 1986: Table 11-1).
High-pressure effect on binary mass diffusivity is evaluated by the method
proposed by Takahashi (1974), which is based on a simple corresponding state method
Dij p
( Dij p ) +

= f (Tr , pr )

(Eq. 2.63)

where the superscript + indicates the low-pressure values given by Eq. 2.62.

The

function f (Tr , Pr ) represents a scaling factor of pressure based on the reduced
temperature and pressure, which is tabulated by Takahashi and also shown in (Reid et al.,
1986: Fig. 11-3). In order to calculate the reduced parameters, the following combining
rules for pseudocritical properties of a mixture are used
Tc = xi Tc,i + x j Tc, j

(Eq. 2.64)

p c = xi p c , i + x j p c , j

(Eq. 2.65)

The binary mass diffusivities in liquids are evaluated by the method of Tyn and
Calus, as recommended by Reid et al. (1986). For a binary mixture of solute i in solvent
j, it is
1/ 6

Dij = 8.93 × 10

⎛V ⎞
i ⎟
⎜V 2 ⎟
⎝ j ⎠

−8 ⎜

⎛ Pj ⎞
⎜ ⎟
⎜P ⎟
⎝ i⎠

0.6

T

µj

(Eq. 2.66)

where V is the molar volume at the normal boiling temperature, cm3/mol; T is
temperature, K; µ j is the viscosity of solvent, cP; Pi and P j are parachors for the solute
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and solvent, and the calculation methods are given in Reid et al. (1986). There is no
correlation currently available for estimating the pressure effect on binary mass
diffusivity in liquid phase.

2.7

Curve Fitting for EOS and Transport Properties

One of the primary objectives of the present study was to develop a
comprehensive and efficient numerical model capable of treating fluid behavior over a
broad range of thermodynamic states. The real fluid equation of state, however, could not
be solved in a complete coupled manner. Extensive iterations at each grid point and time
step were required to calculate thermophysical properties. The procedure represented an
over taxing, especially for three dimensional simulation, and prohibited the analysis from
engineering applications. In order to overcome this difficulty, a fully explicit solution
technique resolving the real-fluid equation of state and transport properties is employed
for single-species flow fields.
To explicitly resolve the equation of state, the temperature in the region
120K ≤ T ≤ 260K is determined based on the primary variables: internal energy and
density. Eq. 2.67 and Eq. 2.68 show the curve-fitting functions for temperature in two
different pressure regions [4MPa, 6MPa] and [8.5MPa, 11MPa], respectively, with
temperature ( T ) in Kelvin, density ( ρ ) in kg/m3 and internal energy ( e ) in J/kg. All of
the coefficients for curve fitting of equation of state are listed in Table 2.2.
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a + a e + a3ρ + a4 ρ 2 + a5ρ 3
T = 1 2
1 + a6e + a7 ρ + a8 ρ 2 + a9 ρ 3

( 4MPa ≤ P ≤ 6MPa )

a + a e + a5 ρ + a7e 2 + a9 ρ 2 + a11e ρ
T = 1 3
1 + a2 e + a4 ρ + a6e 2 + a8 ρ 2 + a10e ρ

(8.5MPa ≤ P ≤ 11MPa )

(Eq. 2.67)
(Eq. 2.68)

Table 2.2: Coefficients for curve fitting of equation of state.

a1
a2
a3
a4
a5
a6
a7
a8
a9
a10
a11

Eq. 2.67
4.1808832E+2
1.3548129E-3

Eq. 2.68
4.1875458E+2
4.6077803E-7

1.8126955E-1
-3.4245432E-4
4.9381629E-7
3.5024926E-8
-1.3059582E-4
-2.5145003E-6
2.352456E-9
-----

1.5799736E-3
1.0789829E-3
-1,4622251E-1
-6.9827342E-13
6.867366E-10
1.4925074E-8
-8.5164988E-5
-2.5882096E-10
-8.5193889E-7

The transport properties, including thermal conductivity and dynamic viscosity,
were determined based on the functions of resolved temperature and pressure, with
dynamic viscosity ( µ ) in µPa-s, thermal conductivity ( λ ) in W/m-K, temperature (T ) in
Kelvin and pressure ( p ) in MPa. Eq. 2.69 - Eq. 2.72 show the curve-fitting functions
eligible in different temperature regions with the coefficients listed in Table 2.3. For
simplicity, functions are provided only for 4MPa ≤ P ≤ 6MPa and those eligible for

8.5MPa ≤ P ≤ 11MPa are not listed here.
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a1 + a2 p + a3 p 2 + a4 p 3 + a5T + a6T 2
1 + a7 p + a8T + a9T 2 + a10T 3
a + a p + a3 p 2 + a4T + a5T 2 + a6T 3
λ = 1 2
1 + a p + a T + a T 2 + a T 3

µ =

7

8

9

(Eq. 2.69)

10

(80K ≤ T ≤ 120K,4MPa ≤ P ≤ 6MPa )
µ =

λ =

a1 + a2 p + a3 p 2 + a4 p 3 + a5T + a6T 2
1 + a7 p + a8T + a9T 2 + a10T 3
2
a1 + a3 p + a5 ln T + a7 p 2 + a9 ( ln T ) + a11 p ln T

1 + a2 p + a4 ln T + a6 p + a8 ( ln T ) + a10 p ln T
2

(Eq. 2.70)

2

(150K ≤ T ≤ 400K,4MPa ≤ P ≤ 6MPa )
µ = λ = a1 + a2 p + a3T + a4 p 2 + a5T 2 + a6 T p
+ a7 p 3 + a8T 3 + a9 T 2 p + a10 T p 2
(120K ≤ T ≤ 130K,4MPa ≤ P ≤ 6MPa )
a1 + a2 p + a3 p 2 + a4 p 3 + a5T + a6T 2
1 + a7 p + a8 p 2 + a9T + a10T 2
(130K ≤ T ≤ 150K,4MPa ≤ P ≤ 6MPa )

(Eq. 2.71)

µ = λ =

(Eq. 2.72)
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Table 2.3: Coefficients for curve fitting of viscosity and thermal conductivity

µ
a1
a2
a3
a4
a5
a6
a7
a8
a9
a10
a11

a1
a2
a3
a4
a5
a6
a7
a8
a9
a10

Eq. 2.69

λ

-8.1678116E-2
-1.1148785E+2
-5.2845528E-4
-1.5677093E-1
1.1075131E-5
01.294668E-2
-1.1965019E-3
-4.1517074E-4
3.144521E-5
1.6598645E+0
-1.3567755E-7
-6.1974485E+3
-4.2812875E-5
1.4862792E-3
-5.1308843E-2
-3.524579E-2
6.0008588E-4
3.4840765E-4
-2.0894507E-6
-1.0648714E-6
----Eq. 2.71

µ

Eq. 2.70

λ

-9.0142936E-1
4.0477757 E-1
-4.5598052E-2
2.5413303E-3
9.5133136E-2
-8.014795E-4
3.9636229E-2
-8.1681419E-3
-8.3994587E-6
-8.594863E-9
---

-0.00069366548
0.0096557567
0.00021396526
-0.33453338
0.0016349791
1.8928496E-5
5.3425863E-7
0.02639795
-0.00030563062
-0.0017757614
-4.6993484E-5
Eq. 2.72

µ

λ

µ

-1.8737644E+4
-2.75341419E+4
4.861932168E+2
1.992032877E+4
-4.12172268
3.860027618E+2
-6.28787528E+3
1.1504027E-2
-1.37687893
-1.30151071E+2

2.97994789
-21.272222
-0.02623087
9.512290598
-0.00010181
0.310494025
-3.32474628
1.02393e-06
-0.00115666
-0.05886409

1.408621978E+1
-1.435431E-2
-1.333749 E-2
2.946618 E-3
-2.1479124 E-1
8.25197 E-4
-7.07237E-3
8.9108E-4
-1.525278E-2
5.90775E-05

λ
2.2527705E-2
-5.549 E-4
9.60202E-05
-1.1971E-06
-3.4251E-4
1.34787E-06
-5.77528E-3
1.110684 E-3
-1.549867E-2
6.03909E-05
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Chapter 3
Numerical Method

An accurate numerical scheme is essential for resolving turbulent flows with a
variety of time and length scales. This chapter will address the numerical method for
solving the theoretical model described in the previous chapter. In Section 3.1 the
governing equations are rewritten in a vector form for the convenience of discretization.
Spatial derivatives are discretized using a fourth-order finite-volume method in Section
3.2. A sixth-order artificial dissipation is employed in the discretized formulation in

order to prevent numerical oscillation and subsequently to improve numerical
convergence. In Section 3.3 both a four-step Runge-Kutta and a two-step predictorcorrector Adam-Bashforth scheme are employed for temporal discretization.

The

numerical stability and accuracy of the scheme are briefly discussed in Section 3.4. The
concepts of parallel processing and its implementation in the present study are described
in Section 3.5. Finally, a methodology for data processing and analysis is presented in
Section 3.6.

3.1

Governing Equations

The Favre-filtered mass, momentum, and energy conservation equations (without
body forces) in the Cartesian coordinates can be expressed in a general vector form as
follows:
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∂Q ∂ ( E − Ev ) ∂ ( F − Fv ) ∂ (G − Gν )
+
+
+
=H
∂t
∂x
∂y
∂z

(Eq. 3.1)

The vector Q contains dependent variables and is defined as

Q = ( ρ , ρ u, ρ v , ρ w, ρ E , ρ Y1 ,

, ρ YN −1 )

T

(Eq. 3.2)

where the superscript T stands for the transpose of a vector. The convective flux vectors

E, F, and G in the x-, y-, and z-directions, respectively, take the form
⎡ρu
⎤
⎢ 2
⎥
⎢ρ u + p ⎥
⎢ ρ uv
⎥
⎢
⎥
⎢ ρ uw
⎥
E=⎢
,
( ρ E + p )u ⎥
⎢
⎥
⎢ ρ uY1
⎥
⎢
⎥
⎢
⎥
⎢ ρ uYN −1 ⎥
⎣
⎦

⎡ρ v
⎤
⎢ ρ uv
⎥
⎢
⎥
⎢ρ v2 + p ⎥
⎢
⎥
⎢ ρ vw
⎥
F =⎢
,
( ρ E + p )v ⎥
⎢
⎥
⎢ ρ vY1
⎥
⎢
⎥
⎢
⎥
⎢ ρ vYN −1 ⎥
⎣
⎦

⎤
⎡ρ w
⎥
⎢ ρ uw
⎥
⎢
⎥
⎢ ρ vw
⎥
⎢ 2
⎢ρ w + p ⎥
G=⎢
( ρ E + p ) w⎥
⎥
⎢
⎥
⎢ ρ wY1
⎥
⎢
⎢
⎥
⎣⎢ ρ wYN −1 ⎥⎦

(Eq. 3.3)

The diffusion-flux vectors Ev, Fv, and Gv in the x-, y- and z-directions, respectively, are
⎡0
⎤
⎢
⎥
sgs
⎢τ xx − τ xx ⎥
⎢τ − τ sgs ⎥
xy
⎢ xy
⎥
⎢τ xz − τ xzsgs ⎥
Ev = ⎢
⎥,
Ω
⎢ x
⎥
⎢0
⎥
⎢
⎥
⎢
⎥
⎢0
⎥
⎣
⎦
where

⎡0
⎤
⎢
sgs ⎥
⎢τ yx − τ yx ⎥
⎢τ − τ sgs ⎥
yy
⎢ yy
⎥
sgs
⎢τ yz − τ yz ⎥
Fv = ⎢
⎥,
⎢Ω y
⎥
⎢
⎥
⎢0
⎥
⎢
⎥
⎢
⎥
⎣0
⎦

⎡0
⎤
⎢
sgs ⎥
⎢τ zx − τ zx ⎥
⎢τ − τ sgs ⎥
zy
⎢ zy
⎥
⎢τ zz − τ zzsgs ⎥
Gv = ⎢
⎥
⎥
⎢Ω z
⎥
⎢0
⎥
⎢
⎥
⎢
⎥
⎢0
⎣
⎦

(Eq. 3.4)
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Ω x = uτ xx + vτ xy + wτ xz − qx − H xSGS + σ xsgs
Ω y = uτ yx + vτ yy + wτ yz − q y − H ySGS + σ ysgs

(Eq. 3.5)

Ω z = uτ zx + vτ zy + wτ zz − qz − H zSGS + σ zsgs
The source term H takes the following form, which reduces to zero when no chemical
reaction occurs.

H = ( 0, 0, 0, 0, 0, ω1 ,

3.2

, ω N −1 )

T

(Eq. 3.6)

Spatial Discretization

3.2.1 Finite-Volume Approach

The governing equations are solved numerically by means of a finite-volume
approach.

This method allows for the treatment of arbitrary geometry, and avoids

problems with metric singularities usually associated with finite-difference methods. To
initiate the finite-volume approach, we first integrate the conservation equations over a
small control volume V enclosed by the surface S. The volume integral for the flux
vector is then converted to a surface integral by means of the Gauss divergence theorem.
The resultant integral conservation equation takes the following form

∂Q
dV +
V ∂t

∫

∫

S

W ⋅ ndS = ∫ HdV
V

(Eq. 3.7)

where the flux tensor, W, is

W = ( E − Ev ) i + ( F − Fv ) j + ( G − Gv ) k

(Eq. 3.8)
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and n is the outward unit vector normal to each surface.

For a three-dimensional

hexahedral cell as shown in Fig. 3.1 , the governing equations can be written as follows:

∫

V

∂Q
dV + ∫ W ⋅ nξ dSξ + ∫ W ⋅ nη dSη + ∫ W ⋅ nζ dSζ = ∫ HdV
V
ξ
η
ζ
∂t

(Eq. 3.9)

y

x

6

Sη

z

i+1/2,j+1/2,k

5

i+1/2,j,k-1/2

7

i+1/2,j,k

8
i,j,k

i+1,j,k

2
i+1/2,j,k+1/2
i+1/2,j-1/2,k

Sζ

1

Sξ

3
4

Figure 3.1: Three-dimensional cells in finite-volume discretization.
The subscripts ξ, η, and ζ represent quantities aligned with the axial, radial, and
azimuthal directions, respectively. The unit vectors normal to the surfaces in the ξ-, η-,
and ζ- directions are respectively defined as

(
= (S
= (S

) S
j +S k) S
j +S k) S

nξ = Sξ x i + Sξ y j + Sξ z k
nη
nζ

ηx

i + Sη y

ζx

i + Sζ y

The cell surface areas are defined as

ηz

ζz

ξ

η
ζ

(Eq. 3.10)
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i
1
1
Sξ = r72 × r36 = x2 − x7
2
2
x6 − x3

j
y 2 − y7
y6 − y3

k
z2 − z7 = Sξ x i + Sξ y j + Sξ z k
z6 − z3

(Eq. 3.11)

i
1
1
Sη = r86 × r75 = x6 − x8
2
2
x5 − x7

j
y6 − y8
y5 − y7

k
z6 − z8 = Sη x i + Sη y j + Sη z k
z5 − z7

(Eq. 3.12)

i
1
1
Sζ = r74 × r83 = x4 − x7
2
2
x3 − x8

j
y4 − y7
y3 − y8

k
z4 − z7 = Sζ x i + Sζ y j + Sζ z k
z3 − z8

(Eq. 3.13)

The magnitude of each surface vector represents the cell interface area and can be
obtained with the following formulas.
Sξ = Sξ2x + Sξ2y + Sξ2z
Sη = Sη2x + Sη2y + Sη2z

(Eq. 3.14)

Sζ = Sζ2x + Sζ2 y + Sζ2z

The cell volume ∆V associated with each cell can be evaluated using Kordulla
and Vinokur's (1983) formula
1
∆V = r17 ⋅ (Sξ + Sη + Sζ
3

)

We also define cell surface areas per cell volume as:
Sξ = Sξ / ∆V , Sη = Sη / ∆V , Sζ = Sζ / ∆V

Substitution of Eq. 3.8 and Eq. 3.10 in Eq. 3.9 yields

(Eq. 3.15)
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∂Q
dV + ∫ ⎡⎣ Sξ x ( E − Ev ) + Sξ y ( F − Fv ) + Sξ z (G − Gv ) ⎤⎦ | Sξ | dSξ
Sξ
∂t
+ ∫ ⎡⎣ Sη x ( E − Ev ) + Sη y ( F − Fv ) + Sη z (G − Gv ) ⎤⎦ | Sη | dSη

∫

V

Sη

+ ∫ ⎡⎣ Sζ x ( E − Ev ) + Sζ y ( F − Fv ) + Sζ z (G − Gv ) ⎤⎦ | Sζ | dSζ
Sζ

(Eq. 3.16)

- ∫ HdV = 0
V

Rewrite Eq. 3.16 as

∫

V

∂Q
dV + ∫∫ ⎡⎣ Sξ x ( E − Ev ) + Sξ y ( F − Fv ) + Sξ z (G − Gv ) ⎤⎦ dη d ζ
Ωξ
∂t
+ ∫∫ ⎡⎣ Sη x ( E − Ev ) + Sη y ( F − Fv ) + Sη z (G − Gv ) ⎤⎦ d ζ d ξ
Ωη

+ ∫∫ ⎡⎣ Sζ x ( E − Ev ) + Sζ y ( F − Fv ) + Sζ z (G − Gv ) ⎤⎦d ξ dη
Ωζ

(Eq. 3.17)

- ∫ HdV 0
V

Assuming that the increments in the general coordinate system are unity, i.e.,
∆ξ = ∆η = ∆ζ = 1

(Eq. 3.18)

and substituting Eq. 3.18 into Eq. 3.17 yields the following governing equation at the cell
(i, j, k) in the general coordinates:
∂Q
i +1/ 2, j ,k
i , j +1/ 2,k
i , j ,k +1/ 2
+ ( E − Ev ) i −1/ 2, j ,k + ( F − Fv ) i , j −1/ 2,k + (G − Gv ) i , j ,k −1/ 2 = H
∂t

(Eq. 3.19)

where the vectors Q , E , F , G , Ev , Fv , and Gv are defined as:
∆Q = Q n +1 -Q n
E = Sξ x E + Sξ y F + Sξ zG

Ev = Sξ x Ev + Sξ y Fv + Sξ zGv

F = Sη x E + Sη y F + Sη zG

Fv = Sη x Ev + Sη y Fv + Sη zGv

G = Sζ x E + Sζ y F + Sζ zG Gv = Sζ x Ev + Sζ y Fv + Sζ zGv

The indices i ± 1/2, j ± 1/2 or k ± 1/2 represent the cell interfaces.
The maximum time increment ∆t of each cell can be evaluated by:

(Eq. 3.20)
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∆t =

∆tξ ∆tη ∆tζ

(Eq. 3.21)

∆tξ ∆tη + ∆tη ∆tζ + ∆tζ ∆tξ

where
∆ti =

CFL ⋅∆V
uSix + vSiy + wSiz / Si + c Si

i = ξ ,η , ζ

and c is the local speed of sound.

3.2.2 Evaluation of Inviscid Fluxes
Different approaches used in evaluating the numerical fluxes lead to different
schemes with disparate numerical characteristics. For the central difference scheme, the
convective flux at any cell face in the ξ-direction can be written as:

[

1
ˆ
E
E ξ (Q L ) + E ξ (Q R )
ξ ,i +1 / 2 , j =
2

]

(Eq. 3.22)

where the left and right stencils are used to give the desired accuracy. The above
equation corresponds to the stencil illustrated in Fig. 3.2. The superscripts L and R
represent the left and right cells. Depending on the manner in which these terms are
evaluated, a wide variety of central and upwind schemes can be obtained. In the present
work, the methodology proposed by Rai and Chakravarthy, (1993) is used. Accordingly
Eq. 3.19 the numerical flux in is computed as Eq. 3.23.
ˆ
ˆ
⎛ Eˆ ξ ,i +3 / 2, j ,k − 2E
ˆˆ
ξ ,i +1 / 2 , j , k + E ξ ,i +1 / 2 , j , k
( 4)
⎜
ˆ
E
E
φ
=
−
ξ ,i +1 / 2 , j , k
ξ ,i +1 / 2 , j , k
i +1 / 2 , j , k
⎜
24
⎝

⎞
⎟
⎟
⎠

(Eq. 3.23)
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where φ ( 4) is the flux limiter. This term switches the truncation error associated with the
flux-difference from fourth-order accuracy when φ ( 4) = 1 , to second-order accuracy when
φ ( 4) = 0 . To evaluate Eq. 3.22 regarding the desired accuracy, the left and right state

terms in Eq. 3.23 must be computed using the same or higher order accuracy. These
terms are written as follows to facilitate easy switching and make the scheme TVD (total
variation diminishing).

i + 12 , j + 12

y

L

R

i, j

i+1,j

i + 12 , j − 12

x

Figure 3.2: Schematic diagram of the stencil used in evaluating inviscid flux terms in the
x − y plane.
⎛ 3∇Qi +1, j ,k + ∇Qi , j ,k ⎞
QiL+1/ 2, j ,k = Qi , j ,k + φi(2)
+1/ 2, j ,k ⎜
⎟
8
⎝
⎠
⎛ −5∇Qi + 2, j ,k + 7∇Qi +1, j ,k + ∇Qi , j ,k − 3∇Qi −1, j ,k ⎞
+ φi(4)
+1/ 2, j ,k ⎜
⎟
128
⎝
⎠
⎛ ∇Q i + 2, j , k + 3∇Q i +1, j ,k ⎞
⎟
Q iR+1 / 2, j ,k = Q i , j ,k − φ i(+21)/, j , k ⎜⎜
⎟
8
⎝
⎠
⎛ 3∇Q i +3, j ,k − ∇Q i + 2, j ,k − 7∇Q i +1, j ,k + 5∇Q i , j ,k
+ φ i(+41)/ 2, j ,k ⎜⎜
128
⎝
∇Q i , j = Q i , j − Q i −1, j

⎞
⎟
⎟
⎠

(Eq. 3.24)

(Eq. 3.25)

(Eq. 3.26)
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These stencils can be used to get fifth-order accuracy ( φ ( 4) = 1, φ ( 2) = 1 ), thirdorder

accuracy

respectively.

( φ ( 4) = 0, φ ( 2) = 1 ),

and

first-order

accuracy

( φ ( 4) = 0, φ ( 2) = 0 ),

The present work utilizes second-order overall accuracy for spatial

discretization with the exception of close to the physical boundaries. The third-order
accurate evaluation of the left and right states is thus employed. The fluxes in η-, and ζdirections can be computed in a similar fashion as above.

3.2.3 Evaluation of Viscous Fluxes
A central difference scheme is employed to evaluate the viscous terms. This
procedure requires calculations of the gradients of u, v, w, and T at the interfaces. To be
consistent with the finite-volume formulation, auxiliary cells, as shown schematically by
the dash-dotted lines in Fig. 3.1, are constructed with their centers located at the
midpoints of the cell interfaces under consideration. These cells with solid lines are
called the primary cells. Now apply the Gauss divergence theorem to transform the
following volume integral of vector f to a surface integral:

∫ ∇ ⋅ fdV = ∫
V

S

f ⋅ ndS

(Eq. 3.27)

For a small control volume, ∆V, this equation can be approximated as
∇⋅ f =

1
∆V

∫

S

f ⋅ ndS

Application of Eq. 3.28 to the auxiliary cell gives

(Eq. 3.28)
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(∇ ⋅ f )i +1/ 2, j , k =

1
Vi +1/ 2, j , k

⎡ ( f ⋅ Sξ )i +1, j ,k
⎢
⎢ +( f ⋅ Sη )i +1/ 2, j +1/ 2,k
⎢ +( f ⋅ Sζ )i +1/ 2, j , k +1/ 2
⎣

⎤
⎥
−( f ⋅ Sη )i +1/ 2, j −1/ 2, k ⎥
−( f ⋅ Sζ )i +1/ 2, j , k −1/ 2 ⎥⎦
−( f ⋅ Sξ )i , j ,k

(Eq. 3.29)

If we take f = f ⋅ e i , then
⎡ fSξx
− fS ξx
+ fSηx
− fSηx
1
i +1, j , k
i , j ,k
i +1 / 2 , j +1 / 2 , k
⎛ ∂f ⎞
⎢
=
⎜ ⎟
⎝ ∂x ⎠ i + 1 , j ,k Vi +1 / 2, j ,k ⎢+ fSζx
− fS ζx
i +1 / 2 , j , k +1 / 2
i +1 / 2 , j , k −1 / 2
2
⎣

i +1 / 2 , j −1 / 2 , k

⎤
⎥
⎥ (Eq. 3.30)
⎦

Similarly, let f = f ⋅ e j or f = f ⋅ e k to obtain
⎡ fS ξy
− fS ξy
+ fSηy
− fSηy
⎛ ∂f ⎞
i +1, j , k
i , j ,k
i +1 / 2 , j +1 / 2 , k
1
⎢
⎜⎜ ⎟⎟
=
⎝ ∂y ⎠ i + 1 , j ,k Vi +1 / 2, j ,k ⎢+ fS ζy i +1 / 2, j ,k +1 / 2 − fS ζy i +1 / 2, j ,k −1 / 2
2
⎣

⎡ fS ξz
− fS ξz
+ fSηz
− fSηz
1
i +1, j , k
i , j ,k
i +1 / 2 , j +1 / 2 , k
⎛ ∂f ⎞
⎢
=
⎜ ⎟
⎝ ∂z ⎠ i + 1 , j ,k Vi +1 / 2, j ,k ⎢+ fS ζz
− fS ζz
i +1 / 2 , j , k +1 / 2
i +1 / 2 , j , k −1 / 2
2
⎣

i +1 / 2 , j −1 / 2 , k

i +1 / 2 , j −1 / 2 , k

⎤
⎥
⎥
⎦

⎤
⎥
⎥ (Eq. 3.31)
⎦

(Eq. 3.32)

Note that f could be u, v, w or T in this case.
Within the finite-volume approach, physical variables with integer indices are
well defined at the cell center, but those having one-half indices need to be interpolated
from the quantities at the neighboring cell centers. If a simple average is used, then
1
( f i , j ,k + f i +1, j ,k + f i , j ±1,k + f i +1, j ±1,k )
4
1
= ( f i , j ,k + f i +1, j ,k + f i , j ,k ±1 + f i +1, j ,k ±1 )
4

f i +1 / 2, j ±1 / 2,k =
f i +1 / 2, j ,k ±1 / 2

(Eq. 3.33)
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The surface vectors associated with the auxiliary cell can also be approximated by
averaging the neighboring surface vectors associated with the primary cells.

(

)

(

)

1
1
Sξi +1/ 2, j ,k + Sξi −1/ 2, j ,k ;
Sξi +1, j ,k = Sξi + 3/ 2, j ,k + Sξi +1/ 2, j ,k
2
2
1
1
Sξi +1/ 2, j ±1/ 2,k = Sξ+ i , j ±1/ 2,k + Sξi +1, j ±1/ 2,k ; Sξi +1/ 2, j ,k ±1/ 2 = Sξ+ i , j ,k ±1/ 2 + Sξi +1, j ,k ±1/ 2
2
2
Sξi , j ,k =

(

)

(

)

(Eq. 3.34)

The viscous fluxes normal to the surfaces in the η- and ζ-directions can be
evaluated by following the same procedure as is used for those in the ξ-direction, except
that the center of the auxiliary cell is located at the midpoint of the surfaces and the
accuracy decreases by one order of magnitude at this point.

3.2.4 Artificial Dissipation
Numerical dissipation is required in central difference schemes to avoid artificial
oscillations in regions with discontinuity and to improve numerical stability and
convergence. The numerical dissipation model used in this work is of a non-metric type:
d = −(−1) q / 2

ξq
8

( Dξq + Dηq + Dζq )Q

(Eq. 3.35)

and
Dξ4 = ∇ξ ∆ξ ∇ξ ∆ ξ Q; Dξ6 = ∇ξ ∆ ξ ∇ξ ∆ ξ ∇ξ ∆ ξ Q

(Eq. 3.36)

The superscript q represents the order of artificial damping, e.g., q = 4 and q = 6
for the fourth- and sixth-order artificial dissipation terms, respectively. The fourth-order
artificial dissipation term is associated with the second-order convection term, while the
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sixth-order artificial dissipation term is allied with the fourth-order convection term. The
coefficients used in the present study are ξ 2 ~ 0.1 , ξ 4 ~ 0.01 , and ξ 6 ~ 0.001 .
Even though the standard dissipation model has been proven to be reasonably
effective in many cases, there are strong motivations for reducing the numerical
dissipation being produced. Also, the standard model has difficulties in hypersonic flow
and reactive flow with steep discontinuities near the flame front as in the present case. A
matrix dissipation model was constructed by Swanson and Turkel, [1992] and by
Jorgenson and Turkel, (1993) to overcome the above difficulties. In their model,
ˆ
d i +1 / 2, j ,k = ε i(+21)/ 2, j ,k A

i +1 / 2 , j , k

∂Q
∂ξ

ˆ
− ε i(+41)/ 2, j ,k A
i +1 / 2 , j , k

i +1 / 2 , j , k

∂ 3Q
∂ξ 3

(Eq. 3.37)
i +1 / 2 , j , k

with
ˆ =M Λ
ˆ M −1
A
ξ
ξ
ξ

(Eq. 3.38)

ε i(+21)/ 2, j , k = κ ( 2) max(ν i −1, j ,k ,ν i , j ,k ,ν i +1, j , k ,ν i + 2, j ,k )

(Eq. 3.39)

ν i, j, k =

pi −1, j , k − 2 pi , j , k + pi + 2, j , k
pi −1, j , k + 2 pi , j , k + pi +1, j , k

(

ε i(+41)/ 2, j , k = max 0, (κ ( 4) − ε i(+21)/ 2, j , k
κ ( 2) =

1 1
1
1
~ , κ ( 4) =
~
4 2
64 32

(Eq. 3.40)

)

(Eq. 3.41)
(Eq. 3.42)

The matrix dissipation model causes the central-difference scheme to closely resemble an
upwind scheme near flow discontinuities and have the total variation diminishing (TVD)
property, which prevents the occurrence of spurious oscillations. The terms M ξ and M ξ-1
are the right and left eigenvectors matrices, which diagonalize A , where A = ∂E ξ / ∂Q .
The eigenvalues of the flux Jacobin matrix A are:
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λ1 = λ 2 = λ3 = λ 6 = U ; λ 4,5 = U ± C
~

~

~

~

where U = Sξxu + Sξy v + Sξz w and C = c Sξ .

(Eq. 3.43)

The term Λ̂ ξ in Eq. 3.38 represents the

~ ~ ~ ~ ~ ~
modified diagonal matrix of eigenvalues Λˆ ξ = diag (λ1 , λ 2 , λ3 , λ 4 , λ5 , λ6 ) to avoid zero

eigenvalues. The modified eigenvalues are:
~

~

~

~

~

λ1 = λ2 = λ3 = λ6 = max( λ1 ,Vlσ ) ; λ4,5 = max( λ4,5 ,Vnσ )

(Eq. 3.44)

where σ is the spectral radius of the flux Jacobian matrix A . We use Vl =0.025 and
ˆ =M Λ
ˆ M −1 , Roe
Vn =0.25 (Zingg et al., 2000) for the present study. In evaluating A
ξ
ξ
ξ

Average is used since a large density-gradient exists.
The scalar dissipation model first introduced by Jameson et al. (1981) is a simpler
version of the matrix dissipation model. In the scalar dissipation model, the modified
eigenvalues are given as:
~

~

~

~

~

~

λ1 = λ 2 = λ3 = λ 4 = λ5 = λ6 = σ

(Eq. 3.45)

Then Eq. 3.37 can be written as:
d i +1 / 2, j ,k = ε i(+21)/ 2, j ,k σ i +1 / 2, j ,k

∂Q
∂ξ

− ε i(+41)/ 2, j , k σ i +1 / 2, j ,k
i +1 / 2 , j , k

∂ 3Q
∂ξ 3

(Eq. 3.46)
i +1 / 2 , j , k

The matrix dissipation model is more generalized and accurate, although the computation
of these matrices at every grid-cell requires more computational time and memory.
The second-difference dissipation term given in Eq. 3.37 and Eq. 3.46
nonlinear.

is

Its purpose is to introduce an entropy-like condition and to suppress

oscillations in the neighborhood of shock discontinuities. This term is small in the
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smooth portion of the flow field. The switch ν i , j , k is important near discontinuities, since
there are large pressure-gradients across them.

For resolving flames, however, this

switch is changed to include temperature- or density-gradients, as pressure may still be
uniform across the flame. The fourth-order term is basically linear and is included to
damp high-frequency modes and allow the scheme to approach a steady state. Only this
term affects the linear stability of the scheme. Near discontinuities it is reduced to zero.

3.3

Temporal Integration: Runge-Kutta Scheme
The integral conservation equation, Eq. 3.7 , is repeated here for convenience.

∫

V

∂Q
dV +
∂t

∫

S

W ⋅ ndS = ∫ HdV
V

Assuming the cell volume is ∆V , we have
∂Q
1
+
∂t ∆V

∫

S

W ⋅ ndS = H

(Eq. 3.47)

We rewrite the previous equation as
∂Q
= R( Q )
∂t

(Eq. 3.48)

with
R(Q ) = −

1
W ⋅ ndS
∆V ∫S

(Eq. 3.49)

Four-step Runge-Kutta method is implemented in the current study to solve
Eq. 3.48. The four-step Runge-Kutta (RK4) scheme proceeds in the following four steps:
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∆t n
R ;
4
∆t
Q 3 = Q n + R2 ;
2
Q1 = Q n +

Q2 = Qn +
Q

n +1

∆t 1
R
3

= Q + ∆tR
n

(Eq. 3.50)

3

This scheme has been widely used in the simulation of turbulent flows (e.g.,
Hsieh and Yang, 1997), owing to its low memory requirement, low dissipation, and highorder time accuracy.

3.4

Numerical Stability and Error Analysis
Estimation of computational errors in turbulence simulations has recently been

addressed by Ghosal (1996), Fabignon et al. (1997), Apte (2000), and Apte and Yang,
(2001). The importance of the errors associated with the convection terms have been
assessed by using von Neumann stability analysis (Fabignon et al., 1997). The truncation
errors of the various terms in finite-difference equations have been analyzed and
compared in respect with the contributions of the errors at a given time with the exact
terms for incompressible flow equations by Ghosal (1996). The validity of the present
numerical scheme is studied by means of the von Neumann analysis and post-calculation
data analysis (Wang, 2002) and Fourier analysis following Lele (1992).
Numerical analysis were conducted by Apte and Yang (2001), extending the
approach proposed by Fabignon et al. (1997). The error arising from the convection,
artificial viscosity, and sgs terms were evaluated by investigating the evolution of the
energy spectrum of homogeneous turbulence in one eddy lifetime. Results indicate that
the present numerical method offers a reasonable predictive capability for turbulent flows
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because of its relatively low dissipation and high accuracy. Further verification will be
performed in Chapter 4.

3.4.1 von Neumann Analysis and Post-Calculation Data Analysis
von Neumann Analysis and Post-Calculation Data Analysis have been performed
by Wang (2002).

Fig. 3.3 show the amplification factors with sixth order artificial

dissipation. The stability domain of the RK4-4CD scheme is larger than that of the AB4CD scheme. With RK4-4CD, the best CFL number should be unity for time-accurate
calculations. The frequency spectrum of turbulent kinetic energy was also obtained,
giving rise to the Kolmogorov-Obukhov spectrum (-5/3 law) in the high wavenumber
region with the grid size locating in the inertial subrange. The spatial resolution in the
present calculations is sufficient to capture the flow property variation in the inertial
subrange.

3.4.2 Fourier Analysis of Errors
Discrete approximation of derivatives in simulations will result in truncation
errors. The modified wavenumber of a numerical scheme has been widely used to
evaluate truncation errors. This section presents a Fourier analysis of the errors.
For the purpose of Fourier analysis, the dependent variables are assumed to be
periodic over the domain [0, L] of the independent variable, i.e.,
f ( x) =

k =+ N 2

∑

k =− N 2

fk =

k =+ N 2

∑

k =− N 2

⎛ 2π ikx ⎞
fˆk exp ⎜
⎟
⎝ L ⎠

(Eq. 3.51)
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Figure 3.3: Variation of amplification factors for RK4-CD4 and AB-CD4 schemes with
sixth-order artificial dissipation, ε 6 = 0.05, adopted from (Wang, 2002).
By introducing a scaled wavenumber ω = 2π k N and a scaled coordinate s = xN L ,

f ( s) =

k =+ N 2

∑

k =− N 2

fk =

k =+ N 2

∑

k =− N 2

fˆk exp ( iω s )

(Eq. 3.52)

Thus, the first derivative generates a function with Fourier coefficients
fˆk′ = iω fˆk

(Eq. 3.53)

The differencing error of the first derivative scheme may be assessed by comparing the
Fourier coefficients of the derivative obtained from the differencing scheme with a

( )

modified wave number ω′ : fˆk′

fd

= iω ′ fˆk .

To achieve the modified wave number, we begin from Eq. 3.24 and Eq. 3.25 with
applying backward difference
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QiL+1 2

⎧ −5φ ( 4 )Qi +1 2 + ⎡12φ ( 4 ) + 48φ ( 2 ) ⎤ Qi +1 ⎫
⎣
⎦
⎪
⎪
1 ⎪ ⎡ (4)
⎪
(2)
=
⎨ + ⎣-6φ - 32φ + 128⎦⎤ Qi
⎬
128 ⎪
⎪
⎪ + ⎡⎣-4φ ( 4 ) − 16φ ( 2 ) ⎤⎦ Qi-1 + 3φ ( 4 )Qi-2 ⎪
⎩
⎭

(Eq. 3.54)

⎧3φ ( 4 )Qi +3 + ⎡-4φ ( 4 ) − 16φ ( 2 ) ⎤ Qi +2 ⎫
⎣
⎦
⎪
⎪
1 ⎪ ⎡ (4)
⎪
2
( )
=
⎨ + ⎣ -6φ - 32φ + 128⎤⎦ Qi+1
⎬
128 ⎪
⎪
⎪ + ⎡⎣12φ ( 4 ) − 48φ ( 2 ) ⎤⎦ Qi − 5φ ( 4 )Qi-1 ⎪
⎩
⎭

(Eq. 3.55)

QiR+1 2

After applying Eq. 3.54 and Eq. 3.55 into Eq. 3.22 and Eq. 3.23, we get the expression
for (4th order or 2nd order) central difference:

ˆ
ˆ
Eˆ i +1 2 − Eˆ i −1 2

⎧ −3φ ( 4 )Qi + 4
⎫
⎪
⎪
⎪ + ⎡⎣ 90φ ( 4 ) + 16φ ( 2 )φ ( 4 ) ⎤⎦ Qi +3
⎪
⎪
⎪
⎪ + ⎡ −458φ ( 4 ) − 64φ ( 2 )φ ( 4 ) − 384φ ( 2 ) ⎤ Qi + 2
⎪
⎦
⎪ ⎣
⎪
⎪ + ⎡ 658φ ( 4 ) + 80φ ( 2 )φ ( 4 ) + 768φ ( 2 ) + 3072 ⎤ Q ⎪
A ⎪ ⎣
⎦ i +1 ⎪
=
⎨
⎬
6144 ⎪ + ⎡ −658φ ( 4 ) − 80φ ( 2 )φ ( 4 ) − 768φ ( 2 ) − 3072 ⎤ Q ⎪
⎣
⎦ i −1
⎪
⎪
⎪ + ⎡ 458φ ( 4 ) + 64φ ( 2 )φ ( 4 ) + 384φ ( 2 ) ⎤ Qi −2
⎪
⎦
⎪ ⎣
⎪
⎪ + ⎡ −90φ ( 4 ) − 16φ ( 2 )φ ( 4 ) ⎤ Q
⎪
⎦ i −3
⎪ ⎣
⎪
⎪ +3φ ( 4 )Q
⎪
i −4
⎩
⎭

(Eq. 3.56)

4
2
For fourth order accuracy, φ ( ) = φ ( ) = 1 . Eq. 3.56 becomes

ˆ
ˆ
Eˆ i +1 2 − Eˆ i −1 2 =

A ⎧ −3Qi + 4 + 106Qi +3 − 906Qi +2 + 4578Qi +1 ⎫
⎨
⎬
6144 ⎩ −4578Qi −1 + 906Qi −2 − 106Qi −3 + 3Qi −4 ⎭

(Eq. 3.57)

For second order accuracy, φ ( 4 ) = 0, φ ( 2 ) = 1 . Eq. 3.56 becomes

A
ˆ
ˆ
Eˆ i +1 2 − Eˆ i −1 2 = {−Qi +2 + 10Qi +1 − 10Qi −1 + Qi −2 }
16

(Eq. 3.58)
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Thus, the first derivatives with fourth order accuracy and second order accuracy are
shown in Eq. 3.59 and Eq. 3.60 respectively, with h = L N .

( f ′)
j

fd

=

1 ⎧⎪ −3 f j + 4 + 106 f j +3 − 906 f j +2 + 4578 f j +1 ⎫⎪ th
⎨
⎬ (4 )
6144h ⎪⎩ −4578 f j −1 + 906 f j −2 − 106 f j −3 + 3 f j −4 ⎪⎭

( f ′)
j

fd

=

1
− f j + 2 + 10 f j +1 − 10 f j −1 + f j −2 } (2nd)
{
16h

(Eq. 3.59)

(Eq. 3.60)

Institute Eq. 3.52 and Eq. 3.53 into above two first derivatives, we have modified wave
number ω′ .

ω′ = ⎡⎣ −3sin ( 4ω ) + 106sin ( 3ω ) − 906sin ( 4ω ) + 4578sin (ω ) ⎤⎦ 3072 (4th)

ω′ = ⎡⎣ − sin ( 2ω ) + 10sin (ω ) ⎤⎦ 8 (2nd)

(Eq. 3.61)

Fig. 3.4 shows the modified wavenumber vs wavenumber for the first derivative
approximations. Comparisons are made with the standard finite difference schemes to
judge the improvement in the error characteristics, including 4th, 2nd, 1st order accuracy of
spatial discretization used in this work (Rai and Chakravarthy, 1993), 6th order tridiagonal scheme, standard Padé scheme, and standard 4th order central differences. The
4th order spatial discretization method implemented in this code performs better than
standard 4th order central difference scheme and give an exact representation of the first
derivative up to a grid resolution. With finer grid resolution, a low-order difference
scheme can approach the same accuracy as a high-order difference scheme used with
coarser grid resolution. Due to limitation of computer facility and computational time
available, the balance between grid resolution and scheme used should be well tuned.
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Figure 3.4: Plot of modified wavenumber vs wavenumber for first derivative
approximations.

3.5

Implementation of Parallel Computation

3.5.1 Message Passing
The message passing among processors, such as sending or receiving a message,
is explicitly implemented by programmers in the code. The message-passing operations
are executed by calling a message-passing library. Typical message-passing libraries
include public-domain packages that do not target any specific machine (e.g., PICL,
PVM, PARMACS, P4, MPI, etc.), and machine-dependent vendor implementations (e.g.,
MPL, NX, CMMD, etc.). NX is the Intel/Paragon native message-passing library.
Parallel Virtual Machine (PVM) is a public domain package available from the Oak
Ridge National Laboratory. Message Passing Interface (MPI) has the strongest
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capabilities in terms of portability, performance, functionality, vendor support, dynamic
control, and parallel input/output. In view of these advantages, MPI is selected for this
study.

3.5.2 Beowulf System
A Beowulf system is a sort of high-performance massively parallel, distributed
memory MIMD computer built primarily out of commodity hardware components such
as PC, running a free-software operating system such as Linux or FreeBSD,
interconnected by a private high-speed network. The primary advantage of a Beowulf
system is its high performance/price ratio in comparison with other dedicated MPP
systems.
The Beowulf project was started by Donald Becker in early 1994 (Beowulf, 2002)
and was built by and for researchers with parallel programming experience.

An

important characteristic of Beowulf clusters is compatibility. The changes of node and
network system, including software and hardware, will not affect the programming
model. Another key component to forward compatibility is the system software used on
Beowulf. With the maturity and robustness of Linux, GNU (GNU's Not Unix) software
and the standardization of message passing via PVM or MPI, programmers now have a
guarantee that the programs they write will run on future Beowulf clusters.
The Beowulf system operated at Dr. Vigor Yang’s group consists of three Intelbased and one AMD-based Linux clusters. The parallel computing system presently
includes 510 Pentium II/III/IV and 160 AMD Opteron processors. These computers are
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connected with nine 100M Fast Ethernet switches and four gigabit switches in a tree
topology to facilitate parallel processing. The cumulative internal memory is 210 GB, and
the total disc storage is 5 TB. This system can sustain 1200 gigaflops total peak
performance, providing substantial number-crunching capabilities for large-scale
computations.
Parallel operation is accomplished by implementing the MPI (Message Passing
Interface) library.

Representative parallel performance of CFD algorithms on 120

Pentium processors with Fast Ethernet interconnection is about 80-85% efficient. In
addition to those high-performance computing systems, two Pentium workstations with
high-speed graphics cards are used to provide 3D visualization capabilities. This allows
researchers to explore 3D flow structures obtained from numerical calculations in real
time.

3.5.3 Domain Decomposition Method
Because the time-marching scheme applied in the current work is explicit, i.e.,
only the neighboring data instead of the data from the whole computational domain is
required during computation, the data dependence is weak. This application is best suited
for domain decomposition, which is also a common implementation for distributedmemory computers. In the field of computational fluid dynamics (CFD), it is generally
referred to as multi-block technique or mesh partitioning based on the geometric
substructure of the computational domain.
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In the domain-decomposition technique, the physical domain is divided into several
subdomains. Variables are updated only for each computing cell. In order to calculate
the spatial derivatives near the subdomain boundaries, ghost cells or halo data around the
computing cells are introduced. Fig. 3.5 shows a two dimensional example with a fourthorder spatial accuracy. Because the ghost cell of a subdomain is also located in another
subdomain, message passing of the ghost cell is required to synchronize the data between
different subdomains. Fig. 3.6 shows an example of the inter-processor communication.
Overlapped regions, where information must be obtained from neighboring processors,
exist on each side of the local domain. Likewise, these processors would also need to
send some data to their neighbors. It is noted that data at the eight corners of the
overlapped regions are exchanged with that at the diagonally opposite corner to evaluate
viscous fluxes at that corner. The communication overhead is directly proportional to the
volume-to-surface ratio of that subdomain. An increase in the computation-tocommunication ratio, i.e., increasing the grain size of each node, leads to a higher parallel
execution efficiency.
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Figure 3.5: Schematic of ghost cells in a two-dimensional domain (fourth-order spatial
accuracy).

Outside cells of this box
are ghost cells

corner
communication

side
communication

communication between face neighbors
communication between diagonally opposite corners

Figure 3.6: An example of the data communication with an east surface in threedimensional simulation (second-order spatial accuracy).
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3.6

Data Analysis and Data Mining for Complex Flowfield
In a three-dimensional numerical simulation of complex flow evolution, a

common problem is how to handle and analyze the huge database produced from the
large-scale computation. The limitation of computer storage prevents us from storing
every piece of information calculated by the program. On the other hand, after obtaining
a huge data set describing the evolution information of the flowfield, we may be buried in
an avalanche of data. Thus, how to extract useful information from the huge database is
the objective of data mining. The concept of data mining originates from a selection of
methods for machine learning and statistics that provide models of various kinds of data
sets. In order to achieve a physics-based understanding of flow evolution, a kind of data
mining should be implemented and a good methodology/procedure for the data analysis
should be established in light of the huge computational expenses.
Several data analysis techniques employed in the current study are presented in
the following.
Probes
The time histories of the instantaneous flow properties at each probe are stored
and analyzed. This method is commonly used in both experiments and simulations, and
is helpful for analyzing the dynamic flow evolution of the flowfield.

The spectral

information obtained can be used to identify the dynamics of the system.
Resolved turbulence statistic properties
The Reynolds averaging method can be used to obtain resolved turbulence
properties. For example, the resolved axial velocity component can be decomposed as
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u = u +u'

(Eq. 3.62)

where u and u ' denote the time-mean Reynolds averaged and resolved fluctuating
velocity, respectively. Because a time-mean instead of a spatial-averaged quantity is
used, we have

u = u and u ' = 0
Therefore, both

∫

t

t0

u 2 dt and

∫

t

t0

(Eq. 3.63)

udt can be computed during the calculation and the final

resolved turbulence intensity can be determined through the well known Reynolds
averaging relationship

u '2 = u 2 − u 2

(Eq. 3.64)

Snapshot of flowfield
Snapshots are used to aid understanding complex flow structures and evolution.
For three-dimensional flowfield visualization, powerful graphics hardware and software
is definitely indispensable. It can greatly improve the data processing efficiency. The
animation achieved from the sequential snapshots can impressively demonstrate the
dynamic evolution of flow structures.
Spatial averaging
To obtain insight into the complex three-dimensional flowfield, a spatial
averaging in the azimuthal direction is widely used to identify the flow pattern in the
present study. The resultant two-dimensional flow structures can be further averaged into
a one-dimensional field to provide useful information about the wave motions along a
given axis. The flow patterns can sometimes be easily visualized in a one-dimensional
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domain. It is useful to establish a spatial averaging procedure to deduce data from 3D →
2D →1D.
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Chapter 4
Verification and Validation

4.1

Introduction
Computational fluid dynamics (CFD) has full-grown over the past three or four

decades and has become a useful tool in scientific research and in analysis and design of
engineering systems. Achieving levels of reliability of the CFD simulations within limits
of acceptance is required for the successful use and acceptance of CFD simulations.
Credibility can be achieved by showing adequate levels of error and uncertainty. Errors
and uncertainty will be evaluated through verification and validation. Here, verification
and validation represent different meanings. Verification determines the validity of the
programming and computational implementations and the purpose is to solve the
equations correctly. Validation evaluates how the computational simulation agrees with
physical reality, and its objective is to solve the right equations. The formal definitions
of terminology “Verification” and “Validation” are presented by AIAA (1998):
“Verification - the process of determining that a model implementation

accurately represents the developer’s conceptual description of the model and the
solution to the model.
Validation - the process of determining the degree to which a model is an

accurate representation of the real world from the perspective of the intended uses of the
model.”
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Due to greater and greater accuracy requirements, the importance of verification
and validation is asserted by the policy statements given by the American Society of
Mechanical Engineers (ASME) (Roache et al, 1986; Freitas, 1993; Editorial Borad, 1994)
and American Institute of Aeronautics and Astronautics (AIAA, 1994). Many researchers
have paid attention to issues regarding verification and validation from then (Benek et al.,
1998; Roache, 1998, 2003; Slater et al., 2000).
Though this work does not follow the exact procedure recommended by the
policy statement mentioned above, attempts have been made to verify programming and
numerical method and to validate the physical models used, including the assessments of
numerical schemes, the sgs models, and the artificial dissipation used. Several
applications have been investigated, and the results have been compared with existing
experimental data, simulation data, or theoretical formula. Investigations involve
decaying isotropic turbulence in Section 4.2, oblique shock in Section 4.3 and rapid
expansion of supercritical solutions in Section 4.4.

4.2

Decaying Isotropic Turbulence
Isotropic decaying turbulence serves as an important benchmark for studying the

energy transfer capability of the SGS model. In general, it is numerically simulated in a
periodic box of a width which is larger compared to the turbulence integral scales.
The velocity and pressure fluctuations can be expanded by using a threedimensional infinite Fourier series.

Generally, due to the finite memory and time
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available on computer facilities, the infinite Fourier series is truncated to κmax ≤ N/2 in
three dimensions and the resultant velocity fluctuations can be expressed as

u ( x , t ) = ∑ exp [iκ ⋅ x ] u (κ , t ) =
κ

N 2

N 2

N 2

∑ ∑ ∑

κ1 =− N 2 κ 2 =− N 2 κ 3 =− N 2

exp [iκ ⋅ x ] u (κ , t )

(Eq. 4.1)

The Fourier transform of the velocity field u in our cases is generated following
the approach of Rogallo (1981) and Collis (2002). It must guarantee at least three
conditions: 1) it has to be divergence free, 2) it must be a real function of space and time,
and 3) it should have a realistic prescribed energy spectrum. The first two criteria are
necessary to attain stable numerical solutions and the third is required to reduce the time
of initial transient stage as the velocity field evolves to develop realistic turbulence. In
reality, not only the energy spectrum, but also the phases of the modes need to be
specified. In practice, however, the information of phases is not regularly accessible so
that velocity fields are usually constructed with random phases.

4.2.1 Setup of Initial Conditions
Substitution of Eq. 4.1 into the requirement of free divergence ∇ ⋅ u = 0 , we get
N 2

N 2

N 2

∑ ∑ ∑

κ1 =− N 2 κ 2 =− N 2 κ 3 =− N 2

(

)

iκ ⋅ exp [iκ ⋅ x ] u (κ , t ) = 0

(Eq. 4.2)

It will be guaranteed only if κ ⋅ u = 0 is satisfied. By taking

u = ui ei = α (κ ) e1′ + β (κ ) e2′

(Eq. 4.3)
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where ei is the original computation vector basis and ei′ is any vector basis having e3
parallel to κ . Generally, the complex components α and β are random in amplitude
and phase, but satisfy the following constraint
Φ ii ≡ u ⋅ u * = α ⋅ α * + β ⋅ β * =

E (κ )
2πκ 2

(Eq. 4.4)

By introducing three random phase angles θ1 (κ ) , θ 2 (κ ) , φ (κ ) and defining

κ12 = κ12 + κ 22 , we can construct two random velocity quantities following Collis (2002)
⎛ E (κ ) ⎞
α (κ ) = ⎜
exp ⎡⎣i 2πθ1 (κ ) ⎤⎦ cos ⎡⎣ 2πφ (κ ) ⎤⎦
2 ⎟
⎝ 2πκ ⎠
12

⎛ E (κ ) ⎞
exp ⎡⎣i 2πθ 2 (κ ) ⎤⎦ sin ⎡⎣ 2πφ (κ ) ⎤⎦
β (κ ) = ⎜
2 ⎟
⎝ 2πκ ⎠
12

(Eq. 4.5)

The initial velocity components is finally given by
⎧α
u1 (κ ) = ⎨
⎩(ακκ 2 + βκ 1κ 3 ) κκ12
⎧β
u2 (κ ) = ⎨
⎩( βκ 2κ 3 − ακκ1 ) κκ 12
⎧0
⎪
u3 (κ ) = ⎨ − βκ12 κ
⎪− κ u + κ u κ
2 2)
3
⎩ ( 1 1

if κ12 = 0
otherwise
if κ12 = 0
otherwise

(Eq. 4.6)

if κ12 = 0 and κ 3 = 0
if κ12 ≠ 0 and κ 3 = 0
otherwise

These relations are needed only for half of the Fourier modes.

The other half is

determined by the symmetry condition u (κ ) = u * ( −κ ) in order that the resultant
divergence-free initial velocity field is a real function. In Appendix C, the division of
Fourier space is discussed. Because the initial phases are random and not those found in
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isotropic turbulence, the phases will adjust themselves to appropriate values in an early
transient period of the simulation.

4.2.2 Simulation Conditions
One of the most widely used experimental data on decaying grid turbulence is
carried by Comet-Bellot and Corrsin (1971) [hereafter called (CBC)]. Fig. 4.1 shows the
sketch of the experiment setup. In their work, the isotropic turbulence was generated by
passing the flow through arrays of square rods in a wind tunnel.
The mean inlet speed was uniform U0 = 10.0 m/s. The measurement section was
allocated following the contraction zone. The grid mesh size was M = 5.08 cm, and the
corresponding initial Reynolds number based on initial velocity and mesh size was
34000. Following Collis (2002), we take our computational box to be L = 10 M , define
our characteristic length as L* = L 2π in order that normalized computational box is

[0, 2π]3 ,

and choose the characteristic time and velocity scale as t * = 64 M / U 0 and

U * = L* t * , respectively. As a result, the initial Reynolds number based on L* and U *
yields Re ≈ 1346 .

The normalized initial energy spectrum E (κ ) at t = 0.6562 ,

corresponding to the original experimental energy spectrum at U 0t M = 42 , is provided
in Collis’s work. It is reproduced by using a high-precision curve fit in this work, which
is shown in Fig. 4.2.
E (κ ) =

( -0.00924463 + 0.014469851 κ - 0.00099122κ )
(1- 0.92857054 κ + 0.257691419κ )

(Eq. 4.7)

102
Simulations have been performed on grids of 323.

The Taylor microscale

Reynolds number at the first station is 72, the same as what was mentioned by Moin et al.
(1991). Numerical results are compared with the normalized filtered CBC experimental
data filtered and LES results on 323, which are obtained from three references. The
normalized filtered CBC experimental data are listed in the following Table 4.1, where
“total” represents the total turbulent kinetic energy and “resolved” represents the resolved
turbulent kinetic energy with applying the filtering in LES on a grid 323.
Table 4.1: Normalized turbulent kinetic energy per unit mass from CBC experiment filtered
to 323 grids.
time

total

resolved

0.66

1.205

0.703

0.735

0.749

1.5

0.398

0.258

0.279

0.282

2.7

0.195

0.138

0.145

0.146

Collis

Collis

Bhushan

Moin

(2002)

(2002)

(2005)

(1991)

4.2.3 Results and Discussion
Fig. 4.3 shows the evolution of the resolved scale kinetic energy. In this case,
sixth-order artificial viscosity with ε6 = 0.001 as well as fourth-order spatial differencing
is used. With the same Smagorinsky model coefficients C = 0.03 and Prt=0.7 (Collis,
2002), the LES result agrees well with data from reference. The relative error calculated
based on the data from Collis (2002) offers the maximum value of 7%. Pope (2004)
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recently reviewed the role of numerical dissipation in LES and classified three kinds of
dissipations, i.e., physical dissipation, numerical dissipation and dissipation from sgs
model.

It is difficult to discuss the numerical dissipation without addressing sgs

modeling and grid.

Simulations with turning-on/off the SGS model and artificial

dissipation are also performed to evaluate the contribution of SGS stress terms and assess
the effect of numerical dissipation. From the results plotted in Fig. 4.4, the dissipation
arising from the sgs model is found to overshadow that of numerical scheme. While
when fourth-order artificial viscosity with ε4 = 0.01 as well as second-order spatial
differencing is used, results shown in Fig. 4.5 indicate that the artificial dissipation is too
dissipative.

This can be enhanced by using a finer mesh (Fig. 4.6) or by reducing the

artificial viscosity coefficient ε4 (Fig. 4.7).
Dynamic sgs model are also tested by applying fourth-order spatial differencing
and setting ε6 = 0.001. The resultant decaying of the resolved energy (Fig. 4.8) fits the
experimental data better than when using static sgs model. The computed dynamic sgs
model coefficients and turbulent Prandtl are shown in Fig. 4.9 and Fig. 4.10 respectively.
Three different symbols represent resultant coefficients when code is swiping in three
directions (x, y, z) while doing a right-hand-side calculation of viscous flux. Averaged
value C is around 0.046, and Prt increases from initial 0.67 to 0.7. C is lager than 0.03 in
our static sgs model because S = Sij Sij is used here, and S = 2 Sij Sij is used in the
static sgs model.
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Grid
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Figure 4.1: Sketch of the experiment setup of CBC.
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Figure 4.2: Energy spectrum E(κ). Solid line: fitted data; symbols: from Collis (2002).
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Figure 4.3: Decay of the resolved energy (4th-order spatial differencing and 6th-order
artificial viscosity with ε6 = 0.001). Ref. 1(Bhushan and Warsi, 2005); Ref. 2 (Moin et
al., 1991); Ref. 3 (Collis, 2002).
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Figure 4.4: Assessment of effects of artificial dissipation and sgs model on the decay of
the resolved energy.(4th-order spatial differencing and 6th-order artificial viscosity with ε6
= 0.001)
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Figure 4.5: Decay of the resolved energy with 2nd-order spatial differencing and 4th-order
artificial viscosity with ε4 = 0.01.
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Figure 4.6: Decay of the resolved energy with second-order spatial differencing and
fourth-order artificial viscosity: ε4 = 0.01 on 643 grids.
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Figure 4.7: Decay of the resolved energy with second-order spatial differencing and
fourth-order artificial viscosity: ε4 = 0.001 on 323 grids.
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Figure 4.8: Decay of the resolved energy by applying dynamic sgs model on 323 grids.
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Figure 4.9: Time development of dynamic sgs stress coefficient.
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Figure 4.10: Time development of turbulent Prandtl number.
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4.3

Oblique Shock
An oblique shock wave (Fig. 4.11) has been investigated for ideal gas with a

supersonic inflow Mach number 2.016. The ratio of heat capacity γ equals to 1.4 and
turn angle is 10o. Simulations were carried on a simple 2D mesh with applying TVD
artificial dissipation. The results calculated based on theoretical oblique shock relation
and the numerical simulation are listed in Table 4.2. The snapshots of temperature and
pressure fields are shown in Fig. 4.12. Results consist well with those predicted from
oblique shock relation, with the relative error less than 1%.

Table 4.2: Results from theoretical and numerical simulation on oblique shock wave.

theoretical
numerical

M1
2.0

turn angle
10o

M1>1

M2
1.6405
1.6357

shock angle
39.3139o
-

p2/p1
T2/T1
1.7066 1.1702
1.7089 1.1720

M2

Figure 4.11: Schematic diagram of oblique shock wave.
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Figure 4.12: Snapshots of temperature and pressure flow fields of 2D oblique shock.

4.4

Rapid Expansion of Supercritical Solutions (RESS)

4.4.1 Problem Description
The code has been used to simulate the rapid expansion of supercritical solutions.
The RESS method has been widely used for nucleation and nano-particle generation. By
developing and optimizing shock precipitation and supercritical processing technique,
nanosized energetic oxidizers for use in explosives and propellants will be efficiently
produced with a reduction of sensitivity and an increase of combustion rates.
The RESS process takes advantages of the pressure-dependent solubility of
supercritical fluids. By decreasing pressure suddenly, the solubility of carrier fluids will
decrease dramatically, and the resolved substance will become small particles. The
RESS process follows three basis steps, which are described in Fig. 4.13:
1) Material dissolves in a supercritical carrier fluid which has a liquid-like solvent
power,
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2) Supercritical solution is then rapidly expanded at a subcritical condition,
3) An abrupt decrease in the dissolving capacity of the solvent results in a sudden
precipitation of the solute.

carrier
fluid

carrier
fluid
Figure 4.13: Schematic diagram of rapid expansion of supercritical solutions (RESS).
This simulation is concerned more with the flow dynamics with ideal-gas (air)
assumption. Results are compared with experimental shadowgraph images by Lin &
Jackson at Air Force Research Lab (Lin et al., 2003 and Edwards et al., 2003). A
supercritical CH4/C2H4 jet in a high-pressure tank (with total pressure p0 ) with methane
mole fraction of 0.9 was injected into a low-pressure chamber (with back pressure
specified as pb ) filled with nitrogen. Fig. 4.14 shows the schematic diagram of the
experimental facility used for the experiment at AFRL. The characteristic length scales
include the following: the diameter of high-pressure tank D0 = 6.4mm ; the diameter of
nozzle DN = 1mm ; the diameter of the low-pressure chamber Dc = 28mm ; the radius of
the radial entry linking high-pressure tank and nozzle R0 = 1.6mm ; the length of nozzle
LN = 4mm ; the length of the initial expansion chamber H t = 20mm . In this simulation,
the length of low-pressure chamber is chosen as H c = 24mm , and the length of the high-
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pressure tank is chosen to satisfy H 0 = 8mm in order to save computational time and the
computer facility used.

Ro
D0

Dc

DN
LN

H0

Ht

Hc

Figure 4.14: Schematic diagram of geometrical configuration of the experiment at AFRL.

4.4.2 Boundary Conditions and Computational Domain
Fig. 4.15 shows the schematic grid system used for two-dimensional simulation.
Total grid numbers are around 1.5E8, which is divided into 17 blocks and calculated by
17 processors. Large numbers of grids are allocated at the initial expansion regimes near
the nozzle exit in order to capture the flow structures at the near field region.
At the inlet boundary, the total pressure p0 and total temperature T0 are
specified. The x- competent of velocity is extrapolated from internal cell and other
components at y- and z- directions are set at zero. The pressure and temperature are
calculated based on the isentropic flow equation
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Figure 4.15: Schematic of grid system, total grid points, 51(x)*51(y)*4(z)*17(blocks)
=1.8E5.

p ⎛ γ −1 2 ⎞
= ⎜1 +
M ⎟
pt ⎝
2
⎠

−

γ
γ −1

;

T ⎛ γ −1 2 ⎞
= ⎜1 +
M ⎟
Tt ⎝
2
⎠

−1

(Eq. 4.8)

At the outlet boundary, the back pressure pb is specified based on chosen
pressure ratio p0 pb . All other variables including temperature and velocity components
are extrapolated from the internal computational domain. Along the nozzle axis, slipwall boundary conditions are used to guarantee the symmetrical characteristics of
flowfields with respect to y=0 plane. At z direction, periodic boundary conditions are
used for two-dimensional analysis. All other wall boundaries are assumed adiabatic nonslip wall.
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4.4.3 Results and Discussion
The total pressure p0 considered in this simulation is 5.14 MPa, and the total
temperature T0 is 293 Kelvin.

The back pressures pb chosen are 1MPa, 0.5MPa,

0.14MPa, resulting in pressure ratios p0 pb as 5, 10, 37, respectively. Fig. 4.16 shows
simulation results. For small pressure ratios p0 pb = 5 and p0 pb = 10 , a series of
expansion/oblique-shock waves appear; for a larger pressure ratio p0 pb = 37 , a domeshaped jet and a Mach disk appear. All these simulated flow patterns agree well with
what have been shown in the experimental shadowgraph (Fig. 4.17). Contours of liquidphase volume fraction adopted from Edwards et al. (2003) are shown in Fig. 4.18.
Liquid-phase volume fraction increases with the increase in chamber pressure, indicating
an insufficient nucleation. With an extra large pressure ratio of

p0 pchm , the liquid

content in the core of the jet is greatly reduced downstream of the Mach disk, indicating a
abundant nucleation and nano-fabrication.
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Figure 4.16: Effect of low-chamber back pressure on pressure gradient flowfield, shown
in contours of pressure gradient flowfields.

p0 pchm = 10

p0 pchm = 34

Figure 4.17: Shadowgraphs adopted from Lin and Jackson at AFRL.

Figure 4.18: Liquid-phase volume fraction adopted from Edwards et al. (2003).
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Chapter 5
Numerical Simulations on Shear Coaxial Cryogenic Nitrogen Jets under
Supercritical Conditions With and Without Acoustic Excitation

5.1

Introduction
Combustion instability has long been one of the most complicated phenomena in

the development of liquid rocket engines. The prevalence of instabilities is primarily
attributed to two fundamental phenomena (Culic and Yang, 1995): 1) Combustion
chambers are almost entirely closed and the internal processes tending to attenuate
unsteady motions are weak and 2) the energy required to drive unsteady motions
represents an exceedingly small fraction of the heat released by combustion.
Characterized by high amplitudes and high frequencies, acoustic instability is the most
destructive. It will cause local burnout of combustion chamber walls and injector plates
and may significantly shorten the lifetimes of a combustor (Harrje and Reardon, 1972). In
order to thoroughly understand the nature of interactions between acoustic waves and
liquid propellant combustion in rocket engines, it is important to conduct theoretical and
experimental studies on simplified configurations.
Injectors play an important role in defining the flow structure and flame
dynamics. In modern liquid rocket engines, shear coaxial jet injectors have been
commonly used. Coaxial atomization can be divided into five distinctive physical
regimes (Mayer and Krülle, 1995): 1) turbulent liquid core; 2) liquid/gas interface where
primary atomization occurs; 3) dense spray where secondary atomization and droplet
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breakup occur; 4) dilute spray where droplets are dispersed; 5) gas flow region. The
dominant flow parameters involved include: Reynolds number (Re), momentum flux
ratio (M), area ratio, and Weber number (We). The primary advantage of a shear coaxial
jet injector lies in the fact that, with a large outer-to-inner (fuel-to-oxidizer) momentum
flux ratio, it is efficient to fragment and mix the reactants to a satisfactory level of
uniformity for evaporation and combustion within a preferred distance.
This work deals with shear-coaxial jet injection and mixing under supercritical
conditions with and without acoustic excitation. The study aims at investigating detailed
flow dynamics of shear-coaxial injectors. The purpose is to establish and implement
high-fidelity modeling techniques to explore the detailed flow evolution in full-scale
injectors and to extract the essential physics dictating the flow characteristics in
cryogenic-propellant rocket engines.

5.2

Computational Domain and Boundary Conditions
Fig. 5.1 shows the schematic diagram of a shear-coaxial jet injector considered

herein in a systematic LES study of shear-coaxial injector flow mixing and dynamics.
The photos are a real shear coaxial injector considered in the experiment by Chehroudi,
Davis and their coworkers. Liquid nitrogen was delivered through the inner tube, acting
as oxidizer and gaseous nitrogen flows through the concentric tube at a higher velocity,
acting as fuel. The characteristic dimensions include the diameter of the inner tube DLN2,
diameter of the outer tube DGN2, post thickness δ, annular height (DGN2 - DLN2 - 2δ)/2, and
the length of post recess Rp. Here, the diameters of the inner and outer tubes are 0.508
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mm and 2.42 mm, respectively. The height of the annulus post and the outer annular gap
are 0.514 mm and 0.415 mm, respectively and the post recess is zero.
Simulations were made 60DLN2 downstream of the injector, as shown
schematically in Fig. 5.1. A multi-block domain decomposition technique, along with
static load balance, is employed. Message passing interface is used for parallel
computation. A cuboid computational domain shown in Fig. 5.2 is employed. The main
body grid system besides the inlet and buffer parts has 301×141×81 (3.44 million) points
along the axial, radial and azimuthal direction, respectively, of which 31 radial points are
used to cover the LN2 and GN2 inlet section, respectively. Square grids are used in the
center part to avoid the numerical singularity in the center region. The grid resolution is
chosen based on the inlet Reynolds number such that the largest grid size falls in the
inertial sub-range of the turbulent energy spectrum. The computation domain is divided
into 114 blocks and calculated on 114 processors in in-house distributed-memory parallel
computers.
At the inlet boundary, the three velocity components and temperature are
specified. The pressure is obtained from a simplified one-dimensional axial-momentum
equation. No artificial turbulence intensity is provided because the strong shear layers
and high intensity turbulence generated in the flowfield will overshadow the influence of
the incoming turbulence. At the outflow exit, the ambient pressure is specified and the
three velocity components and temperature are extrapolated from the interior. The nonslip, adiabatic wall conditions are applied to all solid walls.
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5.3

Results and Discussions
The theoretical model and numerical scheme established in the preceding section

were implemented to study the injection and mixing of shear-coaxial cryogenic fluid
under supercritical conditions. Four different flow conditions summarized in Table 5.1
are first treated to investigate the effects of ambient pressure, velocity ratio, and
momentum flux ratio on the injector flow evolution. The temperature selected here
matches the supercritical cases of the experiments mentioned above. The temperatures of
inner jets, outer jets, and ambient fluids are specified as 132 K, 191 K, and 233 K,
respectively. Case 1 corresponds to one of their experimental conditions with a chamber
pressure of 4.94 MPa. The velocities of the inner and out jets are increased proportionally
to shorten the computational time while keeping the same momentum-flux and velocity
ratios as those in the experiments. The chamber pressure of case 2 is increased to 10 MPa
with all the others conditions remaining fixed in order to examine the effect of chamber
pressure. Cases 3 and 4 have the same conditions as cases 1 and 2, respectively, except
that different annular flow velocities are selected in order to obtain different momentum
flux ratios. Finally, cases 1 and 4 have momentum-flux ratios about 3.45, the same as that
of the SSME preburner injector. Case 2 has a momentum flux ratio 1.0, which is close to
that of the SSME main chamber injector.
Fig. 5.3 shows the variations of nitrogen density and constant-pressure specific
heat with temperature along three different isobars.

For real fluid, there exists an

inflection point for each isobaric line. Across the inflection point, the compressibility
factor changes substantially, and the density variation is significant.

The density
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decreases sharply as the temperature increases and specific heat increases rapidly near the
inflection point. The closer to the critical pressure, the change becomes more obvious.
The stronger density stratification between jet and ambient and rapidly increasing
specific heat near the critical point are predicted to influence flow dynamics a lot.
For each case, the calculation is performed over an extended time period to ensure
the establishment of a stationary flowfield. Data is then collected for about 6 flowthrough times to obtain statistically meaningful turbulence properties.

5.3.1 Parametric Study

5.3.1.1 Instantaneous Flowfield
Snapshots are used to aid understanding complex flow structures and evolution.
The animation achieved from the sequential snapshots can impressively demonstrate the
dynamic evolution of flow structures.
Fig. 5.4 shows the snapshots of temperature, density, temperature gradient,
density gradient, compressibility factor, and vorticity fields for case 3 with Pchm = 4.94
MPa, uGN2 = 65 m/s, uLN2 = 32 m/s. Flow fields of shear coaxial jets are characterized
with three shear layers and two potential cores, as schematically illustrated in Fig. 5.5.
The three shear layers are observed at the periphery of jets close to the nozzle, originating
from three tube rims (inner/middle/outer). The inner mixing layer forms around the
liquid nitrogen jet and the middle and outer two emerge from the inner and outer
boundaries of the annular gaseous nitrogen stream. If the annular gap is reduced to zero,
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only the middle shear layer will disappear with other phenomena remaining almost the
same. Evidently, a series of large density-and temperature-gradient regions are formed
around the jet surface due to the intensive fluid property variation. The existence of those
large density-gradient regions is predicted to significantly influence the injector flow
dynamics by amplifying the axial flow oscillations, but damping the radial ones (Zone et
al., 2004). As a result of the rapid variation of the compressibility factor, the density
undergoes a fast variation downstream from the inner potential cores compared with
changes of temperature, which can be demonstrated by the more concentrated distribution
of high-magnitude density gradients (in blue) in the adjacent area downstream of inner
potential core. Unsteadiness occurs due to convective instability in shear layers, resulting
in the evolution of large-scale coherent vortex structures. The evolution and interaction
of large coherent structures speed up the mixing and entrainment of ambient warmer
gaseous nitrogen into the inner cold flow, along with a series of thread-like entities
emerging from the jet surface. Similar to experimental observations, the evolution of the
outer shear layers then prevails over the inner one because of the greater velocity
difference between the high-speed outer stream and the surroundings. The inner shear
layer is characterized by the largest density gradient and the smallest shear force
compared with the middle and outer shear layers. The more dominant influence of shear
force compared with density gradient result in the largest vorticity magnitude in the
middle shear layer and the smallest in the inner shear layer as exposed in the
instantaneous vorticity magnitude field. The middle and outer shear layers separated by
the port merge together after large-scale vortices grow up and become a single outer
shear layer. With further growth up, the large-scale vortices will get to the centerline,
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mix with the inner jet, and result in the inner jet potential core. These phenomena are
easily captured by studying the iso-surfaces of instantaneous temperature as shown in
Fig. 5.6. The inner code dense fluid, in blue, fades away after a short flow path because
the large-scale vortices from the outer shear layers pinch the centerline. The annular
warmer nitrogen jet, in yellow, fades after a long flow path after is has fully mixed with
ambient fluids.
Fig. 5.7 shows instantaneous temperature, density gradient, compressibility factor,
and vorticity field under four simulation conditions. At the same chamber pressure, for
example cases 1 and 3 with chamber pressure as 4.94 MPa, the inner cold dense fluid
fades away after a short flow path for the case with a faster annular stream (case 1). The
phenomenon may be attributed to the enhanced turbulent mixing at a higher velocity
ratio. From a simple linear stability analysis on real gas mixing layers (Liu et al., 2007),
the amplification rates of mixing layers rise with a larger shear magnitude. Because of
the fast growth in the length scales of vortex structure in space, the large-scale vortices
pinch the centerline earlier, and the potential cores of the inner streams are reduced. The
influence of density stratification and volume dilatation can be clearly investigated.
Fig. 5.8 shows snapshots of the iso-surfaces of positive Q with/without showing
parts outside the inner tube. The definition of Q is
Q=

(Ω Ω
ij

ji

− Sij S ji )
2

(Eq. 5.1)

where
Ωij =

1 ⎛ ∂ui

∂u j ⎞
1 ⎛ ∂ui ∂u j ⎞
−
+
⎜
⎟ and Sij = ⎜
⎟
2 ⎝ ∂x j ∂xi ⎠
2 ⎝ ∂x j ∂xi ⎠

(Eq. 5.2)
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It isolates areas where the strength of rotation overcomes the strength of strain, thus
making those surfaces eligible as vortex envelopes (Dubief, 1996). Large-scale helical
structures and discrete vortex rings form intermittently in the near field of the outer shear
layer. These rings seem to have the same wavelength until they begin to disappear in the
downstream region. The same structures develop behind the annular gap between the
outer and the inner shear layers, representing the locations of recirculation bubbles. In
the inner shear layer region, such structures are inconspicuous, indicating the fast
entrainment of outer jet that destroys the large structures originating from the inner
nozzle edge.
Fig. 5.9 shows the power spectral densities (PSD) of the pressure oscillation at nine
different locations, with probes 1 to 3 located along the centerline of the annular post, 4
to 6 along the outer-jet centerline and 7 to 9 along the inner-jet centerline, respectively.
There are two dominant frequencies, 18.6 kHz and 29.2 kHz are found at probes 1, 4 and
7.

The probes 2, 5 and 8 represent the nearest location where only the dominant

frequency 29.2 exists along those three centerlines. The probes 3, 6 and 9 represent the
nearest location where the dominant frequency becomes inconspicuous. From the result,
the frequency 18.6 kHz suggests the oscillation frequency of recirculation region, which
influence the flow fields only in near-field regions. The frequency 29.2 kHz is generated
by the shear-layer instability and represents the vortex shedding frequency. The same
phenomena have been found for all other cases, with case 2 has a larger and case 3 has a
smaller vortex shedding frequency compared to that of case 2. This trend is consistent
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with what was found by using linear stability analysis on real fluid nitrogen jets, with the
most unstable frequency increasing with velocity ratio and chamber pressure.

5.3.1.2 Mean flow properties
The flow patterns can sometimes be easily visualized in a 2D domain or 1D
diagram. It is useful to establish a spatial averaging procedure to transform data from
three dimensions to two dimensions or to one dimension. For all the simulated cases, the
mean flowfields are very similar and all the following snapshots of mean flowfields are
based on data from case 3, where Pchm = 4.94 MPa, uGN2 = 65 m/s and uLN2 = 32 m/s.
Fig. 5.10 shows the isosurface of mean pressure field and shows the streamlines
based on the mean axial and radial velocities on a single section plane crossing jet
centerlines.

Flow recirculation is obviously observed just behind the annular gap

between the inner and annular jets. The recirculation zone is enveloped by a relatively
low pressure region colored in light blue and the lowest pressure ring occurs at the center
of the recirculation bubble. For incompressible shear coaxial jets with zero annular gap,
Rehab et al. (1997) discussed the mechanism responsible for the occurrence of the
recirculating regime on the jet axis. When the jet velocity ratio is large enough, the
dynamic pressure ρ ux2 2 is not sufficiently strong to accelerate the flow in the positive
direction, and a reverse flow thus occurs. A model was also proposed to calculate the
critical velocity ratio. Though the velocity ratios in this work are much less than their
predictions because of real-fluid effects and geometrical difference, recirculation zone
still occurs. In their study, the inner tube is ultimately thin and the recirculation bubble
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appears on the jet axis. In the present analysis, because of the infinitesimal thickness of
the inner tube, the resultant wake can easily generate flow reversal behind inner tube. The
same phenomena were found by Davis (2005), who described a recirculation zone
attached to the lip of the inner tube from the experiment. If we further increase the
momentum-flux ratio to a sufficiently large value, recirculation zone may extend to the
jet axis line.
Fig. 5.11 provides the mean axial velocity and temperature fields for all cases.
The existence of an inner and an outer potential core are clearly demonstrated. The
existence of a wake/recirculation flow region immediately behind the post is manifested
by the negative velocity contour. From the mean flow fields, effects of pressure and
velocity ratio are provided qualitatively. An increase of chamber pressure gives rise to a
shorter potential core and a smaller jet spreading angle, due to the decreased density ratio.
At a higher outer-to-inner velocity ratio, large-scale vortices pinch the centerline earlier,
and the inner potential core is shortened. To get quantitative evidence, normalized axial
velocities along the inner- and outer jet- centerlines for all simulated four cases are shown
in Fig. 5.12, where U ∞ represents the axial velocity at far field, U inj represents the axial
velocity at the center of inner jet exit U inj = U ( r = 0, x = 0 ) and U inj 2 represents the axial
velocity at the center of outer jet exit. The axial coordinate is normalized by the diameter
of the inner jet nozzle Dinj = DLN 2 . Similar to what was found by Balarac et al. (2007).
for incompressible shear coaxial jet, the mean axial velocity along the inner jet centerline
remains constant in a region extending to until 2Dinj in our simulation, representing parts
of the inner potential core region. However, due to the appearance of the recirculation
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zone and the low pressure region between the inner and annular jet, the outer potential
core bends in the centripetal direction, the radius of the coaxial jet is compressed, and
ambient fluid replaced the vacancy. As a result, the mean axial velocity along the outer
jet centerline does not remain constant as what they expected but decreases fast. The
constriction of the outer jet can also be demonstrated by looking into the iso-surfaces of
instantaneous temperature at 192 K shown in Fig. 5.6 and the streamlines shown in
Fig. 5.10. Along the inner centerline, the mean axial velocity begins to decrease behind
the constant-value region until the inner cold jet is well mixed with annular warmer jet
and the velocity begins to increase due to the traction from entrained fluid with higher
velocity. Further downstream, the velocity will decrease again after the whole shearcoaxial jets become one single jet and approach its fully developed region. Another
phenomenon worthy to mention is that, the length of inner potential, represented by the
points with lowest mean axial velocity along the inner jet centerline, increases with a
smaller outer-to-inner velocity ratio (i.e., case 3 compared with case 1 or case 4
compared with case 2) and a reduction of chamber pressure (i.e., case 1 compared with
case 2). This echoes what has been mentioned regarding the inner potential core when
we discuss Fig. 5.7.
Fig. 5.13 presents the effects of pressure and velocity ratios on axial distributions
of normalized temperature, density, and compressibility factor along the inner- and outerjet centerlines for the simulated four cases. The temperature, density and compressibility
factor remain almost constant along both the inner- and outer centerline extending to a
certain distance, again showing the existence of potential cores (or dark cores mentioned
in Davis (2005). Further downstream, evidently, the temperature decreases relatively
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slowly with a lower chamber pressure in the axial direction. These phenomena can be
contributed to the real-fluid critical divergence and lower thermal conductivity (Zong et
al. 2004). A faster decrease of density is found along the inner jet centerline with a lower
chamber pressure, due to a monotonic decrease of compressibility factor on the lowtemperature regime and a rapid increase of compressibility factor across the inflection
point with decreasing pressure. All these phenomena are similar to those found for single
nitrogen jets (Zong et al. 2004). With a higher annular velocity, uGN2, the normalized
temperature and density decrease relatively fast due to an earlier entrainment of warmer
fluids into the inner jet region.
The radial distribution of normalized mean density and velocity component in
axial direction at various axial locations are presented in Fig. 5.14, providing a
straightforward illustration how the mean flow properties change when passing the initial
potential core, the transition zone, and the final fully developed self-similar region. Just
for reference, dashed lines in light pink represent locations of the inner and outer- nozzle
edges. In the initial potential core region, both the inner jet and annular jet behave like a
single jet independently at first and then interact more and more. After passing through
the transition zone, flow properties become self-similar. The normalized density is
defined as ρ * = ( ρ − ρ ∞ ) ( ρ c − ρ ∞ ) with ρ c representing the density at the inner
centerline. The full width of the radial profile measured where the flow property (i.e.
density in the present figure) of concern is one half of its maximum value, r1/ 2 . It can be
immediately achieved by the intersection points of double-dotted dash lines (representing
the axial locations) and the solid lines (representing the normalized density). The red
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dotted dash lines that pass through all these r1/ 2 represent the spreading angle of a
turbulent shear-coaxial jet. For case 3, the spreading angle is determined as 10.88o .
Following the same approach for all cases, a wider spreading angle is found with a higher
outer-to-inner velocity ratio when the chamber pressure remains the same.

This

phenomenon can be attributed to the decrease of density ratio between ambient fluids and
the whole jet. With a smaller obstacle, the jet will go straighter, resulting in a narrower
spreading angle. To demonstrate this explanation, we will go back to the normalized
density distributions ρ * = ( ρ − ρ ∞ ) ( ρ inj − ρ ∞ ) along the inner- and outer- jet centerlines
shown in Fig. 5.13. Obviously, the density at far stream ρ ∞ represents the lowest density
in the entire flow field and ρ ∞ ρ cannot exceed unity. A larger normalized density ρ *
indicate a large difference between ρ and ρ ∞ and a smaller ρ ∞ ρ . From Fig. 5.13, the
normalized density ρ * always remains greater for case 2 compared with case 1. Thus case
1, with a higher chamber pressure, remains minor ρ ∞ ρ and offers a narrower spreading
angle. The identical mechanisms are found by investigating the relationship between the
spreading angle and outer-to-inner velocity ratio with the density distributions following
the same procedure. Jet spreading angle is an important parameter to measure the mixing
and entrainment between the injected flow and the ambience. From the discussion above,
again, higher chamber pressure and greater outer-to-inner velocity ratio are demonstrated
to enhance turbulent mixing.

A new normalized velocity is introduced based on

U * ( r, x ) = U ( r, x ) U x ,max ( x ) following the formula recommended by Silva et al. (2003)

in order to allocate the shear layer thickness δ , measured by U * (δ , x ) = 0.5 . In the
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formula, U x ,max denotes the maximum mean axial velocity along the radial profile at
specific axial locations x Dinj . The resulted shear-coaxial thickness slightly decreases
for a certain distance, then begins to slightly increase in the transition region, and finally
follows a linear increase. This trend is the same as what has been found for by Silva et al.
(2003) with a large outer-to-inner velocity ratio Ru = 23.5 , in which recirculation bubble
exists too. Fig. 5.15 shows the radial distribution of normalized axial velocity for four
different cases. The evolutions of radial profiles are quite similar with case 2 reaching
the fully developed the earliest at a minimal axial location and case 4 the latest at a
maximum axial location, demonstrating the strongest turbulent mixing for case 2 and the
least turbulent mixing for case 4.

5.3.2 Dynamic SGS Model
Fig. 5.16 compares the normalized temperature, axial velocity and resolved
turbulent kinetic energy by using static and dynamic SGS models.

The difference

appears only at the near-field region with x/Dinj less than 7, with an emphasis along the
inner-jet centerline. Along the outer-jet centerline, the difference is relatively small.
Two sets of profiles with two sgs models agree well at further downstream with x/Dinj
larger than 7. This result is further demonstrated by the radial distributions of normalized
velocity, temperature and resolved turbulent kinetic energy at various axial locations,
shown in Fig. 5.17. Far from the nozzle exit, solid lines representing results with the
static SGS model and symbols representing those with dynamic SGS model are well
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consistent with small distinction. From the half width evolution shown in red lines in the
figure of normalized velocity, the spreading angle resulted from the dynamic SGS model
is found a bit of smaller than that resulted from the static SGS model. The comparison is
further investigated and summarized by the self-similarity profiles of normalized axial
velocity shown in Fig. 5.18. The characteristics of the flow fields, including the PSD of
pressure oscillations, remain almost the same. Because the dynamic SGS model are more
time consuming compared with the static SGS model, but offer almost the same results,
the static SGS model is the better choice for this work.

5.3.3 Acoustic Excitation Effects
In the case with acoustic excitations, periodic pressure oscillations are imposed at
the side wall in order to generate transverse standing acoustic waves in the chamber. A
simple 2D computational domain (as shown in Fig. 5.19) along with periodic boundary
conditions in the z direction was first employed to test the specification of acoustic
boundary conditions. The chamber pressure is set as 4.94 MPa and temperature as 233 K.
Sinusoidal pressure oscillations with a frequency 3000Hz are imposed at one of the side
wall. Fig. 5.20 shows the generated acoustic velocity probed at different locations along
line 2 at different times. Fig. 5.21 shows the acoustic velocity and pressure along the y
direction. It can be concluded from both figures that the acoustic waves generated are
nearly perfect standing waves. The deviation may arise from the real-fluid effects, which
leads to a more complex relationship between fluid density and temperature. Selected
frequency of 3000 Hz is exactly not exactly natural frequency of the chamber in the y
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direction because of the presence of real fluid density in the inner jet region. The largest
velocity oscillation occurs at the acoustic antinodal line in the inner jet regions.
To study the effects of acoustic waves, external pressure oscillation with an
amplitude 15 kPa and a frequency 3000 Hz was imposed at one sidewall after the
flowfield becomes stationary. The power spectral densities of the pressure and velocity
oscillation near the opposite sidewall were conducted. The resultant dominant frequency
of 3000Hz is identical to the frequency of externally imposed pressure oscillations,
confirming the success of acoustic generation. Fig. 5.22 shows the evolution of the
temperature field within one cycle of oscillation (T ~ 0.33 ms) in the slices perpendicular
to the acoustic velocity direction. Even an acoustic excitation with very low amplitude
could substantially modify the injector flow dynamics. Some sinuous wave-like
structures are clearly observed on the jet surface. Fig. 5.23 shows the evolution of the
temperature field in the slices parallel to the acoustic velocity direction. No obvious
sinuous structure exists; suggesting that oscillatory motion of the jet is primarily in the
direction perpendicular the acoustic velocity and is two-dimensional. The jet spreads
wide and the inner potential core is reduced under the acoustic excitation. The same
observation is obtained in the experiments conducted by Davis and Chehroudi (2007). By
comparing the flow fields with and without acoustic excitation shown in Fig. 5.24, the
round jet seems to be pressed into elliptical shape.
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5.4

Conclusion
Large eddy simulations have been conducted to investigate the shear-coaxial jet

injection and mixing under supercritical pressures, with nitrogen selected as the specific
fluid. The numerical model accommodates full conservation laws, real-fluid
thermodynamics and transport phenomena over the entire fluid state of concern. The
influences of ambient pressure, outer-to-inner velocity ratio, and momentum flux ratio on
the injector flow dynamics are systematically investigated. The performances of static
and dynamic sgs models are evaluated. Major results are summarized below.


The near-field injector flow dynamics could be characterized by the development
of three shear layers originating from the three tube rims and the evolution of two
potential cores. The outer shear layers prevail over the inner one and impact the
growth of the whole jet, due to the greater shear effects between the high-speed
outer stream and the surroundings.



A wake/recirculation region is observed immediately behind the annular post. It
oscillates at a frequency less than that of the dominant vortex shedding frequency
of the outer shear layers, indicating the interaction between the wake region and
the annular jet.



Owing to the intensive fluid property variations in the flow field, a series of large
density-gradient regions are formed around the jet surface, which significantly
influences the injector flow dynamics.



The dominant effects of the outer-to-inner momentum flux ratio/velocity ratio on
the flow evolution are demonstrated. As the injection velocity of the annular
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stream increases, turbulent mixing is greatly enhanced. As a result, the inner and
outer potential cores are reduced, and the jet spreading angle becomes wider.


The influence of ambient pressure on the jet mixing and entrainment is also
examined. An increase of chamber pressure gives rise to a shorter inner potential
core and a smaller jet spreading angle. The trend is consistent with the
experimental observations.



The external acoustic excitation has substantial influence on the injector flow
dynamics. Even an acoustic wave at very low amplitude could lead to noticeable
sinuous wave-like structures on the jet surface. The two-dimensional
characteristics of those wavy structures are confirmed.



The differences between the two SGS models are small and the static SGS model
is a better choice due to few computation time and facility required.
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Figure 5.1: Schematic of the shear-coaxial injector employed for the high-pressure
LN2/GN2 mixing simulation (DLN2 = 0.508 mm, DGN2 = 2.42 mm, δ = 0.541 mm, Rp= 0
mm) and photos of the real shear-coaxial injector employed in the experiment at AFORL.
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Figure 5.2: Schematic of grid system, total grid points, 141*81*301 = 3.4 million for
main body and 141*81*101 = 1.2 million for buffer zone. (The presented grid has fewer
points than these used in the calculations, but the distributions of grid points are similar)
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Figure 5.3: Density and constant-pressure specific heat of nitrogen as functions of
temperature along three isobars.
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Figure 5.4: Snapshots of temperature, density, temperature gradient, density gradient,
compressibility factor, and vorticity fields of shear coaxial nitrogen jet injection at
supercritical conditions ( case 3: Pchm = 4.94 MPa, uGN2 = 65 m/s, uLN2 = 32 m/s).
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Figure 5.5: Schematic diagrams of three shear layers and two potential cores in the near
field.

Figure 5.6: Iso-surfaces of instantaneous temperature: 134 K in blue, 152 K in cyan,
192 K in yellow, 215 K in red (case 1).
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Figure 5.7: Effect of pressure and velocity ratios on temperature, density gradient,
compressibility factor and vorticity fields.
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Figure 5.8: Large coherent structures visualized by iso-surface of instantaneous Q
contoured by instantaneous temperature (case 3).
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Figure 5.9: Power spectral densities of pressure oscillations.
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Figure 5.10: Iso-surfaces of mean pressure field and mean temperature field (case 3).
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Figure 5.11: Effect of chamber pressure and velocity ratio on flow evolution, illustrated
by contours of mean axial velocity and temperature for different cases.
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Figure 5.12: Distributions of normalized axial velocity along inner- and outer- jet
centerlines (inner: solid line; outer: solid line with symbols).
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Figure 5.19: Schematic diagram of acoustic generation.
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Figure 5.21: Instantaneous acoustic velocity and pressure along probe line 2.
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acoustic velocity direction

Figure 5.22: Consecutive snapshots of temperature field in the slices perpendicular to the
acoustic velocity direction. Time increases with an interval of 57.6 µs between frames.
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Figure 5.23: Consecutive snapshots of temperature field in the slices parallel to the
acoustic velocity direction. Time increases with an interval of 57.6 µs between frames.
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Figure 5.24: Snapshots of temperature fields with/without acoustic excitations.
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Table 5.1: Flow parameters and simulation conditions.
case 1 case 2 case 3
4.94
10
4.94
233
233
233
191
191
191
132
132
132
98.8
217.2
98.8
404.0
555.4
404.0
120
120
65
32
32
32
3.75
3.75
2.03
0.92
1.47
0.50
3.44
5.50
1.01
m m
11.9
19.0
6.4
279.6
302.2
279.6
af (m/s)
ao (m/s)
230.9
441.2
230.9
Mf
0.43
0.40
0.23
0.14
0.08
0.14
Mo
Ref
3.3E5
5.8E5
1.8E5
Reo
1.3E5
1.0E5
1.3E5
Re based on Rf (RGN2) and Ro (R LN2)

Pchm (MPa)
Tchm (K)
Tf (K)
To (K)
ρf (kg/m3)
ρo (kg/m3)
uf (m/s)
uo (m/s)
uf / uo
(ρu)f /(ρu)o
(ρu2)f /(ρu2)o
f

o

case 4
10
233
191
132
217.2
555.4
95
32
2.97
1.16
3.45
15.0
302.2
441.2
0.31
0.08
4.6E5
1.0E5

Chapter 6
Spatial and Temporal Stability Analysis of Real-Gas Mixing Layers
with Density Stratification

6.1

Stability Analysis
For the real-gas mixing layers of concern, the Reynolds numbers are greater than

O(102), and hence the viscous effects on the fluctuating flow field can be ignored
(Okong’O et al., 2003). If we further ignore the heat conduction and body forces, the
general flow formulation can be written in the following compressible primitive form of
the continuity, momentum, and energy equations:
∂u
∂ρ
∂ρ
+ ρ j + uj
=0
∂t
∂x j
∂x j

(Eq. 6.1)

∂ui
∂u 1 ∂p
+ uj i +
=0
∂t
∂x j ρ ∂xi

(Eq. 6.2)

⎛ ∂T
⎛ ∂p
∂T ⎞
∂p ⎞
+ uj
= βT ⎜ + u j
⎟
⎟
⎜ ∂t
⎜ ∂t
∂x j ⎟⎠
∂x j ⎟⎠
⎝
⎝

ρCp ⎜

(Eq. 6.3)

where ρ is the density, ui the velocity component in i direction, p the pressure, T the
temperature, and C p the specific heat. The volume thermal expansion coefficient β is a
thermodynamic property, depending on the temperature and compressibility for a given
pressure:

β≡

1 ⎛ ∂V ⎞
1 1 ⎛ ∂Z ⎞
⎜
⎟ = + ⎜
⎟
V ⎝ ∂T ⎠ p T Z ⎝ ∂T ⎠ p

(Eq. 6.4)
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where V and Z are the molar volume and compressibility factor, respectively.
The equation of state for a real gas is required to close the formulation, such as
p = Z ρ RT

(Eq. 6.5)

where R is the universal gas constant. In the present work, real gas effects are included
through the modified Soave-Redlich-Kwong equation of state:
p=

RT
aα
−
V − b V (V + b )

(Eq. 6.6)

where a and b are model constants and are determined respectively from the following
universal relations in terms of the critical temperature Tc and pressure pc :
a = 0.42747 R 2Tc2 pc ; b = 0.08664 RTc pc

(Eq. 6.7)

The parameter α is a function of the reduced temperature Tr and acentric factor ω :

(

)

α = 1 + ( 0.48508 + 1.55171ω − 0.15613ω 2 )(1 − Tr0.5 ) ,
2

Tr = T Tc

(Eq. 6.8)

This form was chosen due to its ease of implementation and reasonable accuracy in
predicting the fluid P-V-T properties over a broad range of fluid thermodynamic states,
from compressed liquid to dilute gases, except for the region in the vicinity of the critical
point (Soave, 1972 and Yang, 2000). The combination of Eqs. Eq. 6.5 - Eq. 6.6 and the
rearrangement of the results leads to an explicit expression of the compressibility factor
in terms of other thermodynamic properties:
Z=

1
aαρ
−
1 − bρ (1 + bρ ) RT

(Eq. 6.9)
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6.1.1 Mean Flow
As is standard in linear stability theory, the flow field q is decomposed into a
mean and fluctuating component as
q ( x , y , z , t ) = q ( x , y , z ) + q′ ( x , y , z , t )

(Eq. 6.10)

The mean flow field is assumed to be uniform in the streamwise direction and
varies only in the spanwise direction, q = q ( y ) . The fluctuating quantity is assumed to
take the form of propagating wave:
q′ ( x, y , z, t ) = qˆ ( y ) exp ⎡⎣iκ ( x cos φ + z sin φ − ct ) ⎤⎦

(Eq. 6.11)

where q̂ denotes the perturbation wave amplitude, κ and c the wave number and phase
speed, and φ the angle between the wave propagating direction and the streamwise
direction of the mean flow. When the disturbance wave propagates in the axial direction,

φ equals zero, and the resultant system is a 2D problem.
Fig. 6.1 shows the flow configuration of concern, a spatially developing mixing
layer with its far-stream conditions denoted by the subscripts ∞ and −∞ , respectively.
There are two global parameters governing the structure of the mean flow: the velocity
ratio, defined as Λ = (U ∞ − U −∞ ) (U ∞ + U −∞ ) and the temperature ratio, defined as
ST = T∞ T−∞ . The velocity ratio measures the shear force imparted to the mixing layer,
and the temperature ratio measures the extent of thermophysical property variations. In
this work, Λ > 0 is assumed so that the fluid in the stream at +∞ always moves faster
than fluid at −∞ . The ambient temperature and pressure cover a broad range such that
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the fluid behavior in variance regimes of thermodynamic states can be studied
systematically.
y

UU∞∞, ,ρρ∞∞,,TT∞∞
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Figure 6.1: Schematic of spatially developing mixing layer.
Following common practice, we may take the momentum thickness θ and
average mean velocity U = (U ∞ + U −∞ ) 2 as the characteristic length and velocity scale,
respectively. Therefore, the flow properties can be normalized in the following manner:
u* =

u * y *
p
ωθ * T *
ρ
, y = , κ = κ ⋅θ , ω * =
,T = , ρ =
, p* =
U
U
T∞
θ
ρ −∞
ρ −∞U 2

(Eq. 6.12)

where the normalized frequency ω * is related to the Strouhal number St = f θ U
as ω * = 2π St . The mean velocity profile suggested by Monkewitz and Huerre (1982) is
used in the present analysis,
1 − tanh 2 ( y* 2 )
⎛ y* ⎞
du *
=
Λ
and.
=
+
Λ
1
tanh
u
⎜ ⎟
2
dy *
⎝ 2⎠
*

(Eq. 6.13)

Fig. 6.2 shows the profiles of the mean velocity and its derivation for several
different velocity ratios. The normalized mean temperature distribution Eq. 6.14 follows
the same hyperbolic tangent function. The corresponding density distribution can be
obtained based on the selected equation of state.
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T* =

⎛ y* ⎞
ST + 1 ST − 1
+
tanh ⎜ ⎟
2
2
⎝ 2 ⎠

(Eq. 6.14)
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Figure 6.2: Distributions of mean velocity and its gradient, Λ=0.0, ±0.5, ±1.0.

6.1.2 Perturbation Equations
Substituting the decomposed quantities in Eq. 6.10 and Eq. 6.11 into Eq. 6.1 Eq. 6.5 and collecting terms to first-order approximation, we obtain the following set of
differential equations for the perturbations:
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iκ ( u cos φ − c )
1 dρ
dvˆ
vˆ − iκ sin φ wˆ
=−
ρˆ − iκ cos φuˆ −
dy
ρ
ρ dy
du
iκρ ( u cos φ − c ) uˆ + ρ
vˆ = −iκ cos φ pˆ
dy
dp
= −iκρ ( u cos φ − c ) v
dy

(Eq. 6.16)

ρ ( u cos φ − c ) w = − sin φ p

(Eq. 6.18)

T+

Ty

iκ ( u cos φ − c )

v = ξ1 p

(Eq. 6.15)

(Eq. 6.17)

(Eq. 6.19)

and the relationship about the general equation of state:
T = ξ 2 p + ξ3 ρ

(Eq. 6.20)

Eq. 6.20 is obtained by replacing the fluctuation of compressibility factor by the
fluctuating pressure and temperature:
⎛ ∂Z ⎞
p ⎛ ∂V ⎞ ⎤
⎛ ∂Z ⎞ ′ ⎡ V
+
Z′ = ⎜
p′ + ⎜
⎟ T =⎢
⎟
⎜
⎟ ⎥ p′
⎝ ∂T ⎠ p
⎝ ∂p ⎠T
⎣ RT RT ⎝ ∂p ⎠T ⎦
⎡ pV
p
+ ⎢−
+
2
RT
⎣ RT

⎛ ∂V ⎞ ⎤ ′
⎜
⎟ ⎥T
⎝ ∂T ⎠ p ⎦

(Eq. 6.21)

The parameters ξ1 in Eq. 6.19 and ξ 2 , ξ3 in Eq. 6.20 can be determined by the fluid
thermodynamics properties as follows:

ξ1 =
⎡

⎛ ∂Z ⎞ ⎤
⎟ ⎥
⎝ ∂p ⎠T ⎦

ξ2 = ⎢1 − ρ RT ⎜
⎣

βT
ρCp

(Eq. 6.22)

⎡
⎛ ∂Z ⎞ ⎤
⎢ Z ρ R + ρ RT ⎜
⎟ ⎥
⎝ ∂T ⎠ p ⎦
⎣

⎡

∂Z ⎞ ⎤
⎟ ⎥
⎝ ∂T ⎠ p ⎦

ξ3 = − ZRT ⎢ Z ρ R + ρ RT ⎛⎜
⎣

For ideal gases, Eq. 6.22 - Eq. 6.24 reduce to

(Eq. 6.23)
(Eq. 6.24)
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ξ1 =

1
; ξ = ρ R ; ξ3 = − T ρ
ρCp 2

(Eq. 6.25)

Since all the flow variables û , v̂ , ŵ , T̂ , and ρ̂ in Eq. 6.15 - Eq. 6.20 can be
expressed as linearized combinations of p̂ and its derivative, we may rearrange these
equations to obtain a second-order ordinary differential equation for the pressure
perturbation amplitude,
T ⎤ dpˆ
⎡
d 2 pˆ ⎡ 2u y cos φ
2 ξ −ξ ⎤
−⎢
+ y ⎥
− κ 2 ⎢1 − ( u cos φ − c ) 1 2 ⎥ pˆ = 0
2
dy
ξ3 ⎦
⎣
⎣ u cos φ − c ξ3ρ ⎦ dy

(Eq. 6.26)

Here, for simplicity of notation, the subscript y stands for the spatial derivative with
respect to the y coordinate, e.g., u y ≡ du dy and Ty ≡ dT dy .
Eq. 6.26 indicates that the fluctuating field depends strongly on the fluid
volumetric properties in terms of the compressibility factor through its influences on the
coefficients ξ1 , ξ 2 , and ξ3 . These quantities vary intimately with the pressure and
temperature as shown in the generalized compressibility factor chart (Supertrapp) in
Fig. 6.3, where the reduced pressure and temperature, Pr and Tr are normalized with
respect to their critical quantities. For each isobaric line, there exists a temperature
corresponding to the inflection point, across which the compressibility factor changes
substantially. The fluid behaves like an ideal gas in the limit of low pressure and high
temperature.
As shown in Appendix A
1

ξ3

= − ρβ and

ξ1 − ξ2 1
= 2.
ξ3
a

(Eq. 6.27)
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Substitution into Eq. 6.26 leads to

10

1

10

0

10.0

Pr=20.0

3.0
1.5

10

2.0

1.0

-1

0.6
0.4
0.2

10

0.1

-2

0.005

0.001

10-3
0.5

1.0

1.5

2.0

Reduced Temperature, Tr

Figure 6.3: Compressibility factor of Nitrogen under different pressure and temperature
by Supertrapp.
⎡ ( u cos φ − c ) 2 ⎤
⎤ dpˆ
d 2 pˆ ⎡ 2u y cos φ
2
−
− β Ty ⎥ − κ ⎢1 −
⎥ pˆ = 0
dy 2 ⎢⎣ u cos φ − c
a2
⎦ dy
⎢⎣
⎥⎦

(Eq. 6.28)

In the present study, the mean pressure distribution is uniform. The relationship between
the mean temperature gradient and mean density gradient can be expressed as the
following equation:

β Ty = −

ρy
ρ

(Eq. 6.29)

Substituting Eq. 6.29 into Eq. 6.28, with the introduction of M ≡ ( u cos φ − c ) a for
simplicity, the dimensionless form of the disturbance equation becomes
*
ρ y* ⎤ dpˆ *
d 2 pˆ * ⎡ 2u y cos φ
−
+
− κ *2 ⎡⎣1 − M 2 ⎤⎦ pˆ * = 0
⎢ *
*2
*
*⎥
*
dy
⎣ u cos φ − c ρ ⎦ dy

(Eq. 6.30)
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The equation is valid for any general-fluid mixing layer over the entire range of
thermodynamic states, except that it neglects the diffusion and surface-tension effects.
Care must be exercised when applying this equation to problems involving different
thermodynamic phases.
Equation Eq. 6.30 appears identical to that for ideal gas with mean density
variations5, and consistent with the previous theoretical results for real gas14,12. Because
of the thermodynamic nonideality, the stability characteristics of a real-gas mixing layer
may exhibit features distinct from their counterparts of an ideal gas. Two further points
should be emphasized. First, the speed of sound in a real gas depends on both the
temperature and pressure. Fig. 6.4 shows the sound speed of nitrogen as a function of
temperature along various isobars.

At the subcritical pressures, the sound speed

decreases with increasing temperature in the liquid phase, reaches its minimum at the
boiling point, and then increases in the gas phase in accordance with the formula,
a ∼ T . The sudden decrease at the boiling point corresponds to the phase transition

from the liquid to the gas. The situation at a supercritical pressure follows qualitatively
the same trend, except for the lack of the discontinuity caused by the phase transition.
Second, the magnitude of relative density gradient ρ y* ρ * of general fluid may be
dramatically different from that of ideal gas under the same temperature and pressure
conditions. The relationship of density gradient and temperature gradient along isobar
expressed in Eq. 6.29 can be rewritten as ρ y ρ = − ( µ J C p ρ + 1) Ty T , where µ J is the
isothermal Joule-Thomson coefficient. Fig. 6.5 shows the magnitude of the correction
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term ( µ J C p ρ + 1) of nitrogen along various isobars. At the ideal-gas limit, ( µ J C p ρ + 1)
equals to 1, and the disturbance equation for ideal-gas mixing layers reduces to
*
Ty* ⎤ dpˆ *
d 2 pˆ * ⎡ 2u y cos φ
−
−
− κ *2 ⎡⎣1 − M 2 ⎤⎦ pˆ * = 0
⎢ *
*2
*
*⎥
*
dy
⎣ u cos φ − c T ⎦ dy
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(Eq. 6.31)
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Figure 6.4: Sound Speed of Nitrogen as function of temperature at various pressures.
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Figure 6.5: Magnitude of correction term of nitrogen, simulated by Supertrapp.
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For the incompressible mixing layer, the disturbance equation takes the following
form with the correction term decreasing to zero,
*
d 2 pˆ * ⎡ 2u y cos φ ⎤ dpˆ *
−
− κ *2 ⎡⎣1 − M 2 ⎤⎦ pˆ * = 0
⎢ *
*2
*⎥
*
dy
⎣ u cos φ − c ⎦ dy

(Eq. 6.32)

For the real-gas mixing layer, the magnitude of correction term is far from one especially
near the critical point of the substance. The suitable real-gas equation of state is needed
to provide detailed density distribution with known mean temperature distribution and
specific constant mean pressure. In this work, 2D linear stability analysis is conducted,
and the disturbance governing equation is given by setting φ = 0 .

6.1.3 Boundary Conditions
At far stream, all the gradients of the mean flow vanish. Therefore, Eq. 6.32 for
the pressure amplitude is reduced to the following form
d 2 pˆ *
− κ *2κ M2 pˆ * = 0
dy *2

(Eq. 6.33)

where, κ M is the complex square root of 1 − M 2 with a non-negative real part.

It

represents the Mach number effects and reduces to one with zero Mach number. The
general solution of Eq. 6.33 is
pˆ * = A1 exp ⎡⎣κ *κ M y * ⎤⎦ + A2 exp ⎡⎣ −κ *κ M y * ⎤⎦

(Eq. 6.34)
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Let us assume the real part of κ *κ M larger than zero, which will be guaranteed during the
root searching procedure. To assure solution convergence, A1 must vanish at y * = +∞
and A2 must vanish at y * = −∞ . Finally, the corresponding boundary conditions become
pˆ *

y* =+∞

dpˆ *
dy

= A2 exp ⎡⎣ −κ *κ M y * ⎤⎦

y* =+∞

= − A2κ *κ M exp ⎡⎣ −κ *κ M y * ⎤⎦

pˆ *

y * =−∞

, dpˆ *
dy

= A1 exp ⎡⎣ −κ *κ M y * ⎤⎦

y* =−∞

= A1κ *κ M exp ⎡⎣κ *κ M y * ⎤⎦

.

(Eq. 6.35)

6.1.4 Numerical Techniques and Validation
The resultant linear stability analysis is an eigenvalue problem with two
parameters κ * , ω * in the disturbance governing equation. The shooting technique is used
to solve this problem. The fourth order Runge-Kutta method is employed to integrate the
ordinary differential equation, and the Newton-Raphson method is utilized to search the
eigenvalue.
The results of the spatial stability analysis with respect to spatial amplification
rate and phase velocity on the incompressible mixing layer obtained by Monkewitz and
Huerre (1982) provide a benchmark check for our numerical algorithms. Results shown
in Fig. 6.6 ensure the validity of this work.

6.2

Results and Discussions
In most of following simulations, zero Mach number is assumed. For spatial

instability problem, angular frequency ω = 2π f is real, while wavelength κ and wave
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speed c are complex. The objective is to find the most amplified frequency ω0 that
corresponds to the maximum spatial amplification rate −κ i .
d (−κ i )
=0
dω ω0

(Eq. 6.36)

In the temporal instability problem, κ is real, ω and c are complex. The most
unstable wavelength λ0 = 1 κ 0 with the corresponding maximum growth rate ωi will be
achieved.
d (ωi )
=0
dκ κ0

(Eq. 6.37)

6.2.1 Spatial Instability of Ideal-Gas Mixing Layer
In order to investigate the effects of density distribution on the flow instability,
ideal-gas mixing layers are studied with two different density profiles ρ1* and ρ 2* , which
are given by
⎡S +1

⎛ y* ⎞⎤
ST − 1
tanh ⎜ ⎟ ⎥
2
⎝ 2 ⎠⎦
⎛ y* ⎞
1 S + 1 1 ST − 1
+
ρ 2* = T
tanh ⎜ ⎟
2
2
⎝ 2 ⎠

ρ1* = 1 ⎢ T
⎣ 2

+

(Eq. 6.38)
(Eq. 6.39)

The density profile ρ1* is achieved by employing the ideal-gas equation of state on the
mixing layer with the temperature distribution defined in Eq. 6.14 . Far-stream densities
*
∗
∗
∗
are ρ +∞
ρ +∞
equals to the
= 1 ST and ρ −∞
= 1 , respectively. The density ratio S ρ = ρ −∞
∗
∗
temperature ratio ST = T+∞
T−∞
for the ideal-gas mixing layers. These two density
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profiles offer the same density ratios with slightly different density gradients. The
absolute magnitudes of the relative density variation, ρ y∗ ρ ∗ , of these two density
profiles are plotted in Fig. 6.7, where the curves are symmetric about the x-axis.
Fig. 6.8 and Fig. 6.9 show the stability diagrams with the different parameters of
the velocity ratio and temperature ratio. The structure of the mean flow has a significant
effect on the stability properties. The growth rates at low frequencies are insensitive to
the mean profiles, whereas those at high frequencies change significantly. In Fig. 6.8, the
growth rate and phase speed with respect to the normalized frequency are plotted where
the temperature ratio is specified to ST = 2.5 and the velocity ratio varies from 0.25 to
1.0. The most unstable frequency and the corresponding phase speed decrease with the
increase of velocity ratio, while the maximum amplification rate increases, which
indicates an enhanced downstream evolution of a constant amplitude disturbance. In
Fig. 6.9 , the normalized spatial growth rates are plotted where the velocity ratio is
specified and the temperature ratio is alterable.

The most unstable frequency

monotonously decreases, and the largest spatial growth rate increases with the density
ratio increasing. A lighter fluid stream at higher velocity has an effect of increasing the
spatial amplification rate.

The results show that the most unstable mode depends

strongly on the mean flow profile for the cases with large density stratification.
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6.2.2 Spatial Instability of Real-Gas Mixing Layer
For the real-gas mixing layer, the density variation of the mean flow ρ *y ρ *
exhibits strong asymmetry especially when the pressure is closer to the critical point,
which results in the different stability properties in comparison with the ideal-gas mixing
layer.
The linear spatial stability analyses on nitrogen mixing layers are considered in
this study to take account of the real-gas effect under supercritical conditions. For
reference, the critical point of Nitrogen is at 126K, 3.4MPa. The pressure conditions for
the nitrogen mixing layers are within 4 MPa ≤ P ≤ 10 MPa. For the real-gas mixing
layers, density distributions are obtained by solving SRK-EOS with the specified
temperature distributions Eq. 6.14 under constant pressures. The resultant density ratios
are then employed for the ideal-gas mixing layers with density distributions ρ1* and ρ 2* .
This approach escapes the density ratio and emphasizes the density distribution effects.
Fig. 6.10 shows the result for real nitrogen mixing layers with three different
density distributions at 4MPa and 10MPa.

The nitrogen mixing layers have the

temperature ratio 2.5 and velocity ratio 0.5. Three curves of nitrogen at 4 MPa with the
density ratio 11.6 are very different. Relatively, under 10MPa, the ideal-gas mixing layer
with density distribution ρ1* provides a sound estimation for the nitrogen mixing layer
with density ratio 5.6. By comparing the structures of mean flow properties for three
density distributions, ideal gas with ρ1* is shown closer to nitrogen than ρ 2* . The results
show that the equation of state has a crucial effect on the stability properties near the
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critical conditions. The density variation ρ *y ρ * exhibits strong asymmetry when the
pressure is closer to the critical point (for example, at 4 MPa). This is the reason why
ideal-gas mixing layer with density distribution ρ1* offers good results for the real
nitrogen mixing layer, especially at 10 MPa. In the following simulation, only ρ1* is used
for ideal-gas mixing layers.
In order to investigate more intensively on the density ratio and distribution
effects, spatial analyses of nitrogen mixing layers in different temperature regions under
4 MPa are studied, which is plotted in Fig. 6.11.

Nitrogen mixing layers with

T+∞ = 500, ST = 4.0 result in a density ratio as 16.7, T+∞ = 300, ST = 2.5 as 11.6 and
T+∞ = 180, ST = 1.5 as 6.1. For nitrogen mixing layers, the sequence of the most unstable
frequency is Sρ11.6 < 6.1 < 16.7 , the most amplification rate is Sρ11.6 < 16.7 < 6.1 , and
the absolute magnitude of relative density gradient is S ρ 16.7 < 6.1 < 11.6 . For ideal-gas
mixing layers, the most unstable frequency and the most amplification rate decrease, and
the absolute magnitude of relative density gradient increases with the increase of density
ratio. The results with the ideal-gas model are more well-regulated than those with realgas model. Fig. 6.12 shows the phase diagram of nitrogen at 4MPa. There exists an
infection point at 129K. Density ratios leap when the mixing layers pass through the
inflection point.

The detailed relative density Eq. 6.40 determined by coupling

temperature distribution and phase diagram will be quite distinct for different temperature
range and detailed path that temperature distributes. The place where the inflection point
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is exactly located at in the mixing layer will determine how important the real gas effects
are.

ρ ⎣⎡T ( y ) ⎦⎤ ⇒

∂ρ ∂ρ ∂T
=
⋅
∂y ∂T ∂y

(Eq. 6.40)

To better visualize the effects of the inflection point, plots in Fig. 6.13 show
results of nitrogen mixing layers in five temperature regions: [333-500], [200-500],
[131,500], [125-500], and [120,500], within which, only two cases passed the inflection
point T =129K. Just as we have expected, case 500K-120K has the least maximum
unstable frequency and amplification rate because of the largest relative density gradient.
Farther from the inflection point, the results of the ideal-gas mixing layers agree better
with those of the real-gas mixing layers.
The results above are all under zero Mach number assumption. When Mach
number is small enough (< 0.3), Mach number effects are neglectable. However, with the
mean flow velocity increasing, Mach number effects enhance. Results regarding high
Mach number effects are shown in Fig. 6.14. Flows studied are nitrogen mixing layers at
4Mpa with different flow velocities. From the result, high flow velocity was found to
stabilize mixing layers. With the increase of flow velocity, the resultant most unstable
frequency and most amplification rate decrease.

6.2.3 Spatial Instability of 2D Jet
In this part, 2D jets are studied. The mean velocity and temperature are chosen
the same form as what Yu (1990) and Yu and Monkewitz (1990) have defined,
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u * ( y * ) = 1 − Λ + 2 ΛF ( y * )

{
( y ) = 1+ (S

(Eq. 6.41)

}

F ( y ) = 1 + sinh 2 N ⎡⎣ y arcsin h (1) ⎤⎦

T*

*

−1

−1

− 1) F ( y* )

(Eq. 6.42)
(Eq. 6.43)

where N is shape factor, Λ is the velocity ratio defined as Λ ≡ (U c − U ∞ ) (U c + U ∞ ) , and
S is the temperature ratio S ≡ T∞ T c . U c and U ∞ are the velocities at the centerline and

free steam, respectively. Fig. 6.15 demonstrates the velocity profile and momentum
thickness with respect to the shape factor

N . The characteristic velocity is

U = (U ∞ + U c ) 2 , and the characteristic length is the radius of jet R . The shape factor
N controls the momentum thickness θ which is defined as
∞

u −U∞ ⎛
u −U∞
⎜1 −
Uc −U∞ ⎝ Uc −U∞
0

θ =∫

⎞
⎟ dy
⎠

(Eq. 6.44)

Similar to the analyses for the 2D mixing layers, two density distributions are introduced
as follows:

ρ1* =

1
1 + ( S − 1) F ( y* )
−1

(Eq. 6.45)

ρ 2* = 1 + ( S − 1) F ( y * )

(Eq. 6.46)

The governing equation and the boundary conditions at positive infinity for jet
remain the same as the mixing layer, see Eq. 6.35. Centerline boundary conditions are
given from the symmetric characteristic of this problem
p*
dp
dy

y* = 0

=1

*

=0
y* = 0

(Eq. 6.47)
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For ideal gas, spatial instability was performed for two different density profiles

ρ1* and ρ 2* . Fig. 6.16 shows the spatial growth rate with different velocity ratios, the
same shape factor and density ratio. The most unstable frequency and the maximum
growth rate become larger with the increase of velocity ratio.

The most unstable

frequency and growth rate of ρ 2* are larger than those of ρ1* with same parameters.
Again, the results demonstrate the effects of density and momentum flux distribution on
jet instability and indicate the importance of real gas effects.
Fig. 6.17 shows the spatial growth rate versus the frequency for real nitrogen jet
under different mean pressures. The momentum thickness is chosen the same as single
turbulent jet at nozzle exit (Zong, 2004). Under different pressures, the different density
distributions and density ratios are different with the same temperature distribution. The
most unstable dimensionless frequencies St = fDinj uinj are 0.49, 0.46, 0.41 for 9.3Mpa,
6.9Mpa, 4.3Mpa, respectively. The results show that both the spatial amplification rate
and the most amplified frequency increase with pressure. Zong (2004) in his thesis
provided the dominant frequency of power spectral density of radial velocity fluctuations
by numerical simulation of cryogenic nitrogen injection and mixing. The dominant
frequency agrees well with the most amplified frequency of the shear layer instability.
These phenomena demonstrate the dominant effects on turbulent jet injection at the initial
stage. A higher ambient pressure can enhance the turbulent mixing.
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6.2.4 Temporal Instability of Mixing Layer
For temporal stability analyses of the mixing layers, the wave number is real, and
the frequency is complex. First, the effects of velocity ratio are studied and shown in
Fig. 6.18. The curves of the normalized growth rate ωi* Λ versus wave number are
collapsed into three distinct groups for three density distributions. The growth rates are
in direct proportion to velocity ratio with the same density distribution, which can be
proved directly by mathematic derivation.
The governing equation is rewritten with a real wave number κ * .
tanh′ ( y* 2 )
ρ *y ⎤ dp*
d 2 p* ⎡⎢
⎥
−
+
− κ *2 p* = 0
dy*2 ⎢ 1 + Λtanh ( y* 2 ) − ωr * κ * Λ − ωi* κ *Λ ρ * ⎥ dy*
⎣
⎦

(

)

(Eq. 6.48)

For a given κ * , take ω1* = ω1*r + ω1*i as the eigenvalue for Λ1 . Given another velocity ratio
Λ 2 and ω2* = ω2*r + ω2*i , relationships as follows guarantee that ω2* is the eigenvalue for Λ 2

⎧⎪ω1i* Λ1 = ω2i* Λ 2
⎨
*
*
*
*
⎪⎩(1 − ω1r κ ) Λ1 = (1 − ω2 r κ ) Λ 2

(Eq. 6.49)

Density ratio effects for ideal-gas mixing layers are depicted in Fig. 6.19. There
are two phenomena in common: 1) results with reciprocal temperature ratios are the
same; 2) at large wave number, the growth rate shifts a lot for different temperature ratio;
while at very small wave number, the growth rate consistently goes to zero. There are
two phenomena which differ: 1) with ρ1* , the non-density variation case gives the
minimum most unstable wavelength; while with ρ 2* , results the maximum most unstable
wavelength; 2) the maximum growth rate decreases a lot with increased density variation
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with ρ1* , while remains almost the same with ρ 2* . Fig. 6.20 shows temporal instability
results for mixing layers under 4MPa with S ρ = 16.7 , S ρ = 11.6 and S ρ = 6.1 , all the
parameters kept the same with those of Fig. 6.11. For real gas N2 mixing layers, the most
unstable wavelength is S ρ 16.7 < 6.1 < 11.6 , and the normalized growth rate is
S ρ 11.6 < 16.7 < 6.1 . While for ideal gas mixing layers, both the normalized growth rate

and the most unstable wavenumber decrease with the increase of density ratios. Fig. 6.21
shows results of nitrogen and ideal-gas mixing layers with the same density ratio. The
most unstable wavelength of nitrogen is much larger than that of ideal gas.

The

normalized growth rate for nitrogen is smaller than that of ideal gas at any wave number.
Results shown in Fig. 6.18 - Fig. 6.21 indicate that, at the very small wave
numbers, the normalized growth rate is independent of density distribution; at relatively
larger wave number, density distribution effects become stronger. With ρ1* , the unstable
growth rates for the compressible flow are smaller at all wave numbers than the
equivalent growth rate founded from the incompressible analysis. In addition, with the
increase of density stratification, the most unstable wavelengths occur at smaller wave
numbers. All these results are consistent with what (Okong’O and Bellan, 2003) has
predicted. However, with ρ 2* , it is different. Detailed density distribution effects of ideal
gas indicate density dilation effects too. If we study temporal stabilities of mixing layers
passing through the inflection point, the real gas effects should be as dramatic as those
expected in spatial stability analyses of mixing layers.
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6.3

Summary
The perturbation equation for real-gas mixing layers was derived in detail

followed by spatial and temporal stability analyses. One of the peculiarities is that this
perturbation equation is suitable for real gas mixing layers in an extensive range of fluid
thermodynamic states except that it cannot handle the dense liquid-gaseous gas system.
Based on the perturbation equation, the fluid volumetric properties in terms of the
compressibility factor Z is expected to have dominant effects on the characteristics of the
fluctuation field.
Both spatial and temporal stability analysis on ideal-gas and real-gas mixing
layers are conducted using tanh profiles as the mean flow profiles.

The density

distribution effects are found very important for ideal-gas mixing layers and become
more influential on real-gas mixing layers. When real-gas mixing layers pass through the
inflection point under supercritical, a region with large density dilatation occurs and
affects the flow instability dramatically. In addition, with different velocity ratio, the
density distribution effects present different trends.

Results demonstrated that the

coupling of velocity and density distributions has a significant effect on the
characteristics of mixing layer instability.

Therefore, in order to get the stability

characteristics of mixing layers, the factual mean flow properties instead of assumed and
simplified profiles should be used in the simulations.
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Chapter 7
Summary and Future Work

7.1

Summary and Conclusions
The present research addresses a wide variety of basic and practical issues related

to the modeling and simulation of supercritical fluid mixing and dynamics. The approach
accounts for fundamental physics, and takes advantage of advances in parallel computing
architecture. A unique aspect of this work is its comprehensive investigation into the
flow dynamics and acoustic response of shear-coaxial injectors on which very little
numerical simulation has been studied to date.
The theoretical formulation includes complete conservation equations of mass,
momentum, and energy in three dimensions with large eddy simulation technique for
turbulence closure.

The model accommodates full conservation laws, real-fluid

thermodynamics and transport phenomena. A density-based, finite-volume approach with
low-dissipation explicit time marching is employed in this numerical simulation. The
program is further parallelized using a domain decomposition method in conjunction with
the message-passing interface (MPI) library.
One of the primary tasks of the present study was to develop a comprehensive and
efficient numerical model capable of treating fluid behavior over a broad range of
thermodynamic states. The real fluid equation of state, however, could not be solved in a
complete coupled manner. Extensive iterations at each grid point and time step were
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required to calculate thermophysical properties. The procedure represented an over
taxing, especially for three dimensional simulation, and prohibited the analysis from
engineering applications. In order to overcome this difficulty, a fully explicit solution
technique is implemented by using an accurate curve-fit methodology in the state space
which could determine the temperature explicitly as a function of the density and internal
energy.
The theoretical and numerical framework established has been validated and
verified against decaying isotropic turbulence, oblique shock relation and rapid expansion
of supercritical solutions in order to establish its creditability and accuracy.

After

validation, the analysis was first applied to study the dynamics of a shear-coaxial
cryogenic nitrogen jet over two different chamber pressures with different velocity ratios.
Three-dimensional simulations were conducted, simulating the experiments conducted by
Davis and Chehroudi (2004).

Good agreement was obtained between influence of

pressure and velocity ratio on the flow dynamics, in terms of their effects on the size of
jet spreading angle, the length of inner potential core and the appearance of the
recirculation zone. Because different inner and outer jet velocity considered in the
simulation, only qualitative comparison but not quantitative comparison the quantitative
comparison was performed.
The near-field flow evolution of the shear-coaxial jet injection is characterized by
the three shear layers originating from the rims of the two concentric tubes and the two
potential cores. Then the shear-coaxial jet enters the transition region where the inner
and outer jets mix and interact and finally becomes a whole jet. After the whole jet is
fully developed, it reaches the self-similar region.

Recirculation bubble appears
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immediately behind the annular post, with the characteristic frequency less then that of
the dominant vertex shedding frequency in the shear layers. A larger outer-to-inner
velocity ratio, a higher chamber pressure and an external acoustic excitation were found
to enhance the turbulent jet mixing dynamics.
Several data analysis techniques are developed and implemented for processing
the numerical results of the complex flowfields.

For example, the data reduction

procedure based on the spatial-averaging technique helps extract information about the
flow development and dominant flow mechanisms and the spectral analysis for point data
gives rise to a structure-based physical understanding. Various important flow patterns
are clearly revealed through the above methods, further verifying the effectiveness of
these data analysis methods in analyzing complex flow evolution.
To better understand the nature of cryogenic fluid injection and mixing, efforts
were first applied to investigate the spatial and temporal instabilities of real-fluid mixing
layers with strong density stratification. The perturbation equation for real-gas mixing
layers based on a modified Soave-Redlich-Kwong equation of state was derived in detail
followed by spatial and temporal stability analyses. One of the peculiarities is that this
perturbation equation is suitable for real gas mixing layers in an extensive range of fluid
thermodynamic states except that it cannot handle the dense liquid-gaseous gas system.
The resultant eigenvalue problem was solved by means of shooting iteration, in which the
governing equations and associated boundary conditions were solved by a fourth-order
Runge-Kutta method. The effects of real-fluid non-ideality on the instability
characteristics of mixing layers have been investigated over a wide range of
thermodynamic states. Results demonstrated that the coupling of velocity and density
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distributions has a significant effect on the characteristics of mixing layer instability.
Higher chamber pressure and larger velocity ratio were found to result in a larger
amplification rate. The phenomena are consistent with the finding from LES of shearcoaxial jet injection.

7.2

Recommendation for Future work
All of the commonly used sgs models were developed for flows with uniform

property distributions. Verification and validation based on isotropic turbulence have
been performed with applying both static and dynamic sgs models.

For problems

involving steep property variation and density stratification as encountered in this
research, these sgs models may not be applicable due to the neglect of the effects of
property gradients on the turbulent energy transfer. However, no sgs model is assessed
compared to data either from experiments or from direct numerical simulations till now.
LES study of co-flowing variable-density jets mixing and spreading of existing
experiments with available complete result for benchmark is recommended.
The explicit solution technique resolving the real-fluid equation of state currently
used is only for single-species flow fields. For turbulent injection with multiple species,
the requirement of computer facility and computational time needed will be more severe.
Further exploration of curve fit or table-lookup method with high fidelity for multiple
species will be the most effective approach.
Based on the simulation, external acoustic excitation effects have been proven
significantly. Comprehensive study of the influence of combustion instability on shear-
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coaxial jet injection is recommended to determine whether any of the dynamic behavior
could be potential triggers for combustion instability.
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Appendix A
Derivative of Parameters in Eq. 6.26
The reciprocal of ξ3 in Eq. 6.26 can be expressed by mean density and volume
expansivity.
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Z ρ R + ρ RT ⎜
⎟
⎡ 1 1 ⎛ ∂Z ⎞ ⎤
1
⎝ ∂T ⎠ p
=−
= −ρ ⎢ + ⎜
⎟ ⎥ = − ρβ
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ZRT
⎣⎢ T Z ⎝ ∂T ⎠ p ⎦⎥

(Eq. A.1)

The ratio of ξ1 to ξ3 in Eq. 6.26 can be simplified by combining Eq. 6.22 and Eq. 6.24
⎛ 1 ⎞
ξ1 ⎛ β T ⎞
=⎜
⋅ ( − βρ ) = −T β 2 ⎜ ⎟
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(Eq. A.2)

Similarly, the ratio of ξ 2 to ξ3 becomes
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1 − ρ RT ⎜
∂p ⎟⎠T
ξ2
1
⎝
=−
=−
ZRT
ZRT
ξ3

⎧⎪
⎨1 − ρ RT
⎩⎪

⎡V
p ⎛ ∂V ⎞ ⎤ ⎫⎪ 1 ⎛ ∂V ⎞ (Eq. A.3)
+
⎢
⎜
⎟ ⎥⎬ = 2 ⎜
⎟
⎣ RT RT ⎝ ∂p ⎠T ⎦ ⎪⎭ V ⎝ ∂p ⎠T

The difference between the specific heats of a substance at constant pressure and constant
volume is known as
⎛ ∂V ⎞ ⎛ ∂p ⎞
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C p − Cv = −T ⎜
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(Eq. A.4)

Substitute Eq. A.4 into Eq. A.3 to obtain
⎛ 1 ⎞
ξ2
= −T β 2 ⎜
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ξ3
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⎠

(Eq. A.5)
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Subtraction of Eq. A.4 from Eq. A.2 leads to
⎛ 1
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(Eq. A.6)

Definition of speed sound is
a2 ≡

∂p
∂ρ

=
s
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(Eq. A.7)

Divide Eq. A.8 by Eq. A.4 and rearrange the result
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which is the reciprocal of (ξ1 − ξ2 ) ξ3 .

(Eq. A.8)

Appendix B
Description of Program for Linear Stability Analysis
This section describes the details of the Fortran90 code for the linear stability
analysis. This code is designed to solve an eigenvalue problem with two-point boundary
conditions, as shown in Fig. B.1. The governing equations with two unknown variables
(frequency and wavenumber) are effective along the whole computation domain [X1,
X2]. Generally, one of the unknown variables will be provided by user based on the
characteristics of the physical problem and another unknown variable is the eigenvalue
that will be calculated by numerical program. For example, in the spatial stability
analysis, the frequency is provided and the eigenvalue represents wavenumber. In the
temporal stability analysis, the wavenumber is provided and the eigenvalue represents
frequency. With known boundary conditions B.C.1 and B.C.2 and an assumed
eigenvalue, the governing equations can be integrated from X1 to XOUT and X2 to
XOUT, resulting two results Y1 and Y2 at the location XOUT. If these two results are
consistent with each other, the assumed eigenvalue is the real eigenvalue we need.
Y1
B.C. 1
X1

=

Y2 ?

XOUT

B.C. 2
X2

Governing equations are effective in the whole computational domain

Figure B.1: Schematic diagram of the eigenvalue problem with two-point boundary
conditions.
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The overall program structure with is shown in Fig. B.2 with considering spatial
stability analysis as an example, with wavenumber treated as eigenvalue.

In the

following subsections, the factions of all subroutines are explained. Then a dictionary of
variables is provided.

B.1 Function of subroutines
Main Program
This is the control routine and also contains the main solver for the entire
program, utilizing Newton Raphson method to search eigenvalue iteratively. The
subroutine SETDATA is first called to obtain the parameters of simulation condition and
MEANPROPERTY is called to store the velocity and density distributions based on the
selected simulation condition. Iteration then is started to solve for complex eigenvalues
corresponding to a series of frequencies considered. Once an eigenvalue is gained, the
frequency and resultant wavenumber will be output into a file.

This iteration will

continue until all eigenvalues are achieved for all interested frequencies.
Subroutine SETDATA
This subroutine initialzes the flow fields and provides simulation consitions.
Subroutine MEANPROPERTY
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This subroutine stores the distribution of flow properties along computation
domain, including density/density-gradient, temperature/temeprture gradient, and
velocity/velocity-gradient.
Subroutine GETPARAMETER
This subroutine provides the flow properties at a specific location
Subroutine SRKEOS
This subroutine solves the SRK equation of state. Because the pressure remains
constant. It takes temperauter and temperture gradient as inputs and provides density and
density gradient as outputs at a specific location.
Subroutine DERIVS
This subroutine calculates the first derivative of unknown variables at a specific
location.
Subroutine RK4
This subroutine uses Four-step-Runge-Kutta method for integration.
SUBROUTINE CALCULATE
This subroutine calculates the results Y1 and Y2 at the location XOUT by calling
subroutine RK4 to integreate governing equations from X1 to Xout and X2 to XOUT.
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B.2 Description of Variables
Name

Description
Global Variables in Module Data1

P00

Pressure

T00

Temperature at far stream T+∞

T0

Temperature at far stream T−∞

S

Temperature ratio, S = T+∞ T−∞

V

Velocity ratio, Λ = (U ∞ − U −∞ ) (U ∞ + U −∞ )

RHO
RHODOT

Density
Density gradient

U

Velocity

T

Temperature

TDOT

Temperature gradient

UDOT

Velocity gradient

X1

The lowest boundary of the computation domain

X2

The highest boundary of the computation domain

XOUT

The selected location where results are evaluated

TOTALGRIDNUM

Number of grids along the computational domain

H

Integration mesh size:

DYDX

First-order derivative of unknown variables

YOUT

Integrated results at XOUT

PI

π = 3.1415926d0

C

Complex wave speed

K

Complex wavenumber

W

Complex frequency

IMAG

i = −1

NMAX

Number of grids in computational domain

N

Number of governing equations

X

X coordinate
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DX

Mesh size: DX=(X2-X1)/TOTALGRIDNUM
Variables In Subroutine SRKEOS

TTEMP

Temperature at the specific x location (input)

TDOTTEMP

Temperature gradient at the specific x location (input)

RHOTEMP

Density at the specific x location (output)

RHODOTTEM

Density gradient at the specific x location (output)

EOS_A
EOS_B

Model constant in SRK equation of state
a = 0.42747 R 2Tc2 pc ; b = 0.08664 RTc pc

EOS_W

Acentric factor, ω

EOS_R

Universal gas constant

EOS_M

EOS _ M = 0.48508 + 1.5517ω − 0.15613ω 2

EOS_RAFA
EOS_RAFADOT
EOS_AT

(

2

EOS_A* EOS_ RAFA, aα
Critical temperature

PC

Critical pressure

VC

Critical volume

RHOC

Critical density

COEA,COEB,
COEC,COED

))

dα dT

TC

MW

(

α = 1 + EOS _ M × 1 − T Tc

Molecular weight
Coefficients of the cubic function, when solving the
equation of state, ax 3 + bx 2 + cx + d = 0
Variables In Program Main

IERR
MATCH
DK

Criterion for convergence
Error
Discretization step for Newton Raphson method
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Start

Program Main

SETDATA

MEANPROPERTY

Iteration loop
from the initial frequency and
wavenumber
Solve
Using Newton Raphson method to
calculate the determinant (MATCH) of the system

MATCH <=IERR
yes
Output
Store frequency and wavenumber

Update wavenumber
Update frequency

NI=NI+1
no

NI>NMAX
yes
End

Figure B.2: Flow chart of main program

no

Appendix C
The Procedure for Choosing Half Fourier Space
In order to generate the realistic initial velocity flow field for isotropic turbulence,
the Fourier Space has to be divided into two parts to guarantee u (κ ) = u * ( −κ ) . The
division can be performed based on the following procedure in Table C.1, where CN
represents the maximum Fourier mode CN = k max , ⊕ represents modes with positive
- represents modes with negative value k1 / k2 / k3 < 0 and 0
value k1 / k2 / k3 > 0 , ○
represents k1 / k2 / k3 = 0 . The mode k1 = k2 = k3 = 0 represents the mean flow.
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Table C.1: The Half Fourier space

Half

Another Half

Numbers of
Modes
Included

k1

k2

k3

k1

k2

k3

⊕

⊕

⊕

○

○
-

⊕
⊕

⊕
○

○
○

⊕

⊕
○

○
○
⊕

CN3

⊕

○

⊕

⊕

⊕
○

○
○

⊕
○

○
○

CN3

0

⊕

⊕

0

○

⊕
○

⊕
+
○

0

⊕

0

○

CN2

+
○

0

○
○

○

0

CN2

0

0

⊕

0

0

○

CN

0

⊕

0

0

○

0

CN

⊕

0

0

○

0

0

CN

0

○

⊕

0

⊕

CN2

○
○

0

⊕

⊕

0

○
○

⊕
0

0

⊕

○

0

CN2

0

0
Total= 8CN3+12 CN2+6 CN+1=(2CN+1)3

CN3
CN3
CN3
CN2

CN2
1
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