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ABSTRACT
Latent class analysis (LCA; Goodman, 1974; Lazarsfeld & Henry, 1986) is frequently used
in the social and behavioral sciences to identify and model latent classes composed of similar cases
in multivariate categorical data. When samples are small in relation to the size of the contingency
table and model complexity two challenges arising are biased parameter estimates and
identification problems. Bayesian methods, an exciting perspective that is gradually beginning to
make its way into the social and behavioral sciences (Howard, Maxwell, & Fleming, 2000;
Raftery, 1995; Western, 1999) allow the incorporation of additional information gathered from
other sources into an analysis thereby providing flexibility with sample size requirements. This
prior information is based on what (we believe) we already know based on theory and prior
empirical evidence. This additional information may help establish identification and reduce
parameter bias in LCA, particularly when sample sizes are relatively small. LCA with informative
priors is a practical approach for assisting with parameter recovery and model identification
particularly with samples that are small relative to the size of the contingency table and model
complexity.
This dissertation is divided into two manuscripts with the purpose of describing LCA with
informative priors and demonstrating its usefulness using data on disordered eating and substance
use. The first manuscript is a methodological paper discussing the procedure, selected results from
the simulation study, and an empirical example which examines patterns of substance use among a
disordered eating sample. The second manuscript, a technical report, provides more extensive
simulation results not presented in the methodological paper.
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CHAPTER 1. INTRODUCTION

2
Introduction
Although the comorbidity between substance use and eating disorders is a serious public
health issue that has been on the rise (The National Center on Addiction and Substance Abuse at
Columbia University, 2003), research to date has not thoroughly investigated the patterns of
substance use behavior across disordered eating (DE) behaviors. Investigators wishing to study
this phenomenon are often faced with small samples, which create problems for some statistical
techniques that could be tremendously useful. For example, latent class analysis (LCA) has been
used to model latent classes of substance use (Agrawal et al., 2007; Collins, 2002; Dierker, Vesel,
Sledjeski, Costello, & Perrine, 2007; Graham et al., 1991, Guo et al., 2000; Hyatt & Collins, 2000;
Jackson et al., 2001; Lanza, Flaherty, & Collins, 2002; Martin, Velicer, & Fava, 1996; Monga et
al., 2007; Reboussin et al., 1998; Reboussin et al., 2006; Spoth et al., 1999) and eating disorders
(Bulik, Sullivan, & Kendler, 2000; Keel et al., 2005; Myers et al., 2006), but has not been used to
examine the latent class structure of substance use among those engaging in DE behaviors.
Conceptually, LCA provides a promising framework for testing models examining the comorbidity
of eating disorders and substance use onset. However, currently LCA is not suitable for samples
that are small in relation to the model being tested, as those typically found in eating disorder
research.
Although important methodological advancements in LCA have been developed in recent
years, complexities still surround problems related to sample size. Samples that are small in
relation to the model being tested and the size of the contingency table pose unique challenges for
estimating latent class models, including biased parameter estimates and underidentification. Bias
is defined as the difference between an estimator’s expected value and the true value of the
parameter being estimated. Bias is an important issue in statistical modeling because it can lead to
incorrect or misleading results and conclusions. Underidentification refers to situations in which
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there are too many parameters to estimate in a particular model given the information available in
the data, resulting in a multimodal likelihood function, making it unclear which set of parameters
maximizes the likelihood.
With Bayesian methods it is possible to incorporate additional information gathered from
other sources into an analysis. This prior information is based on what (we believe) we already
know based on theory and prior empirical evidence. This additional information may help establish
identification and reduce parameter bias in LCA, particularly when sample sizes are relatively
small. LCA with informative priors is a practical approach for assisting with parameter recovery
and model identification particularly with samples that are small relative to the size of the
contingency table and model complexity.
The purpose of this thesis is to expand the LCA procedure so that it can be applied to
samples that are small in relation to the (1) size of the contingency table and (2) complexity of the
model, and then to use the new version to investigate the comorbidity of substance use and eating
disorders. The two specific aims are as follows:
Aim 1: To develop and test LCA using informative priors. The current LCA framework is
expanded to include informative priors thereby allowing greater flexibility with sample size, which
ultimately broadens the scope of research questions that researchers with smaller samples can
address.
Aim 2: Using Aim #1, examine patterns of substance use among adolescent females with
disordered eating. LCA with informative priors is applied to a sample of female adolescents with
advanced DE symptoms. Specifically, patterns of substance use among those engaging in
compensatory behaviors compared to those with less severe DE symptoms is examined.
Compensatory behavior involves inappropriate behavior used to prevent weight gain such as
vomiting or excessive exercise (von Ranson et al, 2005).
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This thesis is divided into two manuscripts with the purpose of describing LCA with
informative priors and demonstrating its usefulness using data on disordered eating and substance
use. The first manuscript (Chapter 2) is a methodological paper discussing the procedure, selected
results from the simulation study, and an empirical example which examines patterns of substance
use among a disordered eating sample. The second manuscript (Chapter 3), a technical report,
provides more extensive simulation results not presented in the methodological paper.
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CHAPTER 2. LATENT CLASS ANALYSIS WITH INFORMATIVE PRIORS
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Abstract
Latent class analysis (LCA) is a technique used to identify subgroups in a population measured by
multiple categorical indicators. LCA is intended for large sample sizes. When samples are small in
relation to the size of the contingency table and model complexity two challenges arising are
biased parameter estimates and identification problems. With Bayesian methods it is possible to
incorporate additional information gathered from other sources into the analysis using an
informative prior allowing for greater flexibility in sample size requirements. The purpose of this
chapter is to describe and illustrate LCA using Bayesian informative priors. Results of simulations
that tested identification and recovery of parameter estimates under several conditions are
presented first followed by an empirical application using data on disordered eating and substance
use.
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Latent Class Analysis with Informative Priors
Introduction
Latent class analysis (LCA; Goodman, 1974; Lazarsfeld & Henry, 1986) is frequently used
in the social and behavioral sciences to identify and model latent classes composed of similar cases
in multivariate categorical data. For example, LCA has been used to model latent classes of
substance use (Agrawal et al., 2007; Collins, 2002; Dierker, Vesel, Sledjeski, Costello, & Perrine,
2007; Graham et al., 1991, Guo et al., 2000; Hyatt & Collins, 2000; Jackson et al., 2001; Lanza,
Flaherty, & Collins, 2002; Martin, Velicer, & Fava, 1996; Monga et al., 2007; Reboussin et al.,
1998; Reboussin et al., 2006; Spoth et al., 1999), eating disorders (Bulik, Sullivan, & Kendler,
2000; Keel et al., 2005; Myers et al., 2006), child temperament (Stern, Arcus, Kagan, Rubin, &
Snidman, 1995), depression (Hong, & Min, 2007; Kaptein, De Jonge, Van Den Brink, & Korf,
2006; Parker, Wilheim, Mitchell, Roy, & Hadzi-Pavlovic, 1999; Sullivan, Kessler, & Kendler,
1998), general psychosis (Murphy, Shevlin, & Adamson, 2007), cognitive development (Boom &
ter Laak, 2007; Quinlan, van der Maas, Jansen, Booij, & Rendell, 2007; Shultz & Takane, 2007),
attention-deficit-hyperactivity disorder (Althoff et al., 2006; de Nijs, Ferdinand, & Verhulst, 2007;
Frazier, Youngstrom, & Naugle, 2007), aggression (Lee, Baillargeon, Vermunt, Wu, & Tremblay,
2007), and autism spectrum disorder (Reiersen, Constantino, Volk, & Todd, 2007).
In spite of its popularity, there are several methodological challenges associated with latent
class models, including issues related to small samples, estimation problems when missing data are
present, standard error estimation, problems with label-switching, and challenges with model
selection. Some of these challenges have been successfully addressed using Bayesian procedures.
For example, data augmentation (DA; Tanner & Wong, 1987), which treats the latent class as
missing for each individual and then uses multiple imputation to generate multiple datasets, has
been used for obtaining standard errors and for conducting hypothesis testing (Lanza, Collins,
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Schafer, and Flaherty, 2005). Chung (2003) demonstrated that the use of an informative datadependent prior substantially reduced the incidence of label switching, a type of identification
problem occurring when MCMC is used for estimation in LCA. Galindo Garre and Vermunt
(2006) implemented a Bayesian procedure for avoiding estimation problems associated with
boundary estimates. They reported that the inclusion of noninformative prior distributions resulted
in more accurate parameter estimates compared to the standard maximum likelihood (ML)
estimates. Some work has also been conducted using the posterior predictive check distribution
(PPCD), a Bayesian procedure used for model selection (Van Onna, 2002; Maldonado-Molina,
2005). For example, Van Onna found that the PPCD performed well under conditions of
sparseness for assessing ordered latent class models.
Although there have been several methodological advances regarding complexities
surrounding latent class models, the estimation of latent class models with regard to sample size is
one area still in need of attention. To the best of our knowledge only one study to date has focused
on examining the effect of prior information in small samples on parameter estimation within the
latent class model framework. Chung, Lanza, and Loken (2007) examined the effect of including
an informative data-dependent prior on parameter estimation within latent transition analysis
(LTA; Collins & Wugalter, 1992) – the longitudinal equivalent of latent class analysis. The
authors demonstrated that erratic behavior associated with conventional ML and Bayesian
estimates may be alleviated with a small amount of prior information. The data-dependent prior, in
which subjects are pre-classified into a latent class, helped with identification issues, labelswitching, and problems associated with estimates on the boundary. Lacking in the literature are
studies examining the effect of informative priors in LCA. The current study extends the work
presented by Chung, Lanza, & Loken (2007) by including informative prior distributions in LCA
with smaller samples.
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Parameter Estimation and Identification Challenges with Latent Class Models
Biased parameter estimates and underidentification are common issues associated with the
estimation of latent class models. Bias is defined as the difference between an estimator’s expected
value and the true value of the parameter being estimated. Bias is an important issue in statistical
modeling because it can lead to incorrect or misleading results and conclusions.
Underidentification refers to situations in which there are too many parameters to estimate in a
particular model given the information available in the data. This results in a multimodal
likelihood function, making it unclear which set of parameters maximizes the likelihood.
Biased parameter estimates and underidentification frequently occur when estimating latent
class models when the size of the sample is small related to the (1) size of the contingency table
and (2) complexity of the model being fit. Although loose guidelines for sample size requirements
have been suggested for latent class models (e.g., N > 250; Collins & Wugalter, 1992), this is a
complex issue, with no straightforward answers. Sample size requirements for fitting any
particular model are predicated on many factors, including model complexity, number of latent
classes, number of items, size of the latent classes, and amount of error associated with the
measurement parameters. For example, estimation issues can be present with highly parameterized
models such as the latent transition model (Collins et al., 1997; Collins & Wugalter, 1992; Lanza,
Flaherty, & Collins, 2002), even with a relatively large sample. The larger the contingency table is
relative to overall N, the more likely it is that sparseness (i.e., small expected cell frequencies), will
become an issue. Additionally, sample size issues are related to the prevalence of the behavior
under study. Sample size requirements may differ if a researcher is interested in studying a
behavior that has a low prevalence of occurrence, compared to a high prevalence behavior. For
example, if a researcher were interested in modeling eating behaviors among teens, a community
sample of 500 high school students may be sufficient for a high prevalence behavior such as
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dieting (e.g., 60% endorsement) but not for a low prevalence behavior such as advanced
disordered eating (e.g., 10% endorsement). The latter potentially represents a small sample
challenge as there are only n = 50 participants endorsing this behavior, whereas for dieting, the
sample is much larger (i.e., n = 275). Thus, in addition to a small N overall, a “small sample” can
also refer to the N in relation to the complexity of the model being fit, as well as being related to
the prevalence and incidence of behavior under investigation.
Biased parameter estimation is one challenge associated with estimating latent class models
with samples that are small in relation to the size of the contingency table and model complexity
(Collins & Wugalter; 1992; Collins, Fidler, & Wugalter, 1996). Research has demonstrated that as
measurement parameters in latent class models approach 1/(number of response categories), bias
and MSE increase, particularly when sparseness in the data is present (Collins, Fidler, & Wugalter,
1996). Further, the authors report that when measurement parameters are strong (i.e., values closer
to 0 or 1 suggesting the latent classes and items are closely related), sparseness and overall N are
less of an issue in regard to bias and MSE, suggesting that, with all else being equal, strong
measurement may partly compensate for sparse data and small sample sizes. While a strong
relationship between an item and the latent class has been shown to help with parameter recovery,
it is only helpful to a certain point before model deficiencies, such as sparseness and small N’s,
override the benefits of the strong measurement parameters.
Identification problems associated with ML estimation are another challenge associated
with fitting latent class models with samples that are small in relation to the size of the
contingency table and model complexity. One necessary, but not sufficient, condition for model
identification is positive degrees of freedom (i.e. the number of parameters estimated does not
exceed the number of response patterns minus one), but latent class models are frequently
unidentified even with large degrees of freedom. One common symptom of underidentification is
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variability in ML solutions across multiple sets of start values. This occurs when different sets of
starting values result in the estimation procedure landing on different modes of a multimodal
likelihood function, providing different solutions and leaving it unclear which is associated with
the global maximum. Underidentification tends to occur when there are few subjects in relation to
the number of cells in the contingency table, when a complex model with many estimated
parameters is being fit, and when the latent classes and observed variables are not closely related
(Lanza, Flaherty, & Collins, 2002). When faced with multiple modes, one course of action is to
select the model with the largest loglikelihood; another is to select the model with the most
frequently occurring solution (Lanza, Flaherty, & Collins, 2002).
However, many investigators prefer to take measures to achieve identification, usually by
simplifying the model being fit. This can be accomplished by imposing parameter restrictions that
either fix a parameter to a prespecified value or constrain a set of parameters to be equal. Although
this is a viable option, it is associated with some disadvantages. First, although usually informed
by previous research, parameter restrictions are typically arrived at through a trial and error
process based on current data, rather than determined a priori. This can result in capitalizing on
chance, leading to a misspecified model and inaccurate conclusions. Second, with parameter
restrictions an ‘all or nothing’ approach is utilized, meaning that the restrictions are specified as
fixed with no indication of uncertainty. The problem however is that parameter restrictions often
involve a degree of uncertainty; yet, there is no mechanism for incorporating uncertainty into the
model. It seems logical that specifying uncertainty related to parameter restrictions should be
considered.
With Bayesian methods it is possible to incorporate additional information gathered from
other sources into an analysis. This prior information is based on what (we believe) we already
know based on theory and prior empirical evidence. This additional information may help establish
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identification and reduce parameter bias in LCA, particularly when sample sizes are relatively
small. LCA with informative priors is a practical approach for assisting with parameter recovery
and model identification particularly with samples that are small relative to the size of the
contingency table and model complexity.
The purpose of this chapter is to evaluate the usefulness of incorporating an informative
Bayesian prior into LCA. Usefulness is assessed in terms of reduction of parameter estimation bias
and improved identification. This chapter begins by providing a brief introduction to LCA
followed by a discussion of relevant Bayesian concepts. Incorporation of informative priors into
LCA is then discussed in detail. Next a simulation to examine the effect of informative priors on
parameter estimation and model identification is described. Finally, an empirical example of the
application of LCA with an informative prior is presented. The empirical example concerns the
comorbidity of substance use and disordered eating among adolescent females.
Brief Introduction to LCA
LCA is used to analyze categorical variables in a latent variable framework. Latent classes,
also categorical, are a classification system for groups of individuals on a latent construct. Two
parameters are estimated in a standard latent class model: (1) the proportion of individuals in each
latent class (i.e., gamma (γ)), and (2) the probability of a particular response to each item given
class membership (i.e., rho (ρ)). The estimated probability of observing a particular response
pattern (i.e. cell of a contingency table) is based on these two parameters. The γ parameters
represent the proportion of individuals in each latent class and ρ parameters represent the
conditional item response probabilities, i.e., the probability of a particular response conditional on
latent class membership. Suppose a contingency table is made up of three variables, which can
also be considered manifest indicators of the categorical latent variable. There are i,= 1, ..., I
response categories for item 1, j = 1, ..., J response categories for item 2; and k = 1, ..., K response
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categories for item 3. Let y = {i, j, k} represent a response pattern, or the vector of possible
responses to the three manifest indicators, and let Y represent the array of all possible y’s. There
are c = 1… C latent classes. With three items, the estimated proportion of a particular response
pattern can be expressed as follows:
C

P(Y = y) = ∑ γcρι|cρj|cρk|c
c=1

where γc represents the proportion of participants in latent class c; ρi|c represents the probability of
the response i to Item 1, conditional on membership in latent class c; ρj|c represents the probability
of the response j to Item 2, conditional on membership in latent class c; and ρk|c represents the
probability of the response k to Item 3, conditional on membership in latent class c.
Latent class probabilities follow a multinomial distribution (M; i.e., a discrete distribution
which is an extension of the binominal distribution involving joint probabilities). The probability
distribution is given by
P( x | θ ) =

n!
θ1x1θ 2x2 ...θ DxD
x1! x 2 !...x D !

(1)

where x represents a vector of cell counts (e.g., for a single discrete item it represents the counts
across each response category), θ is the parameter to be estimated, and n is the total sample size or
cell counts, for

∑

D

d =1

x d = n , and 0 otherwise if the cell is empty (e.g., if an item response count is

0). x1... x D represents the counts that fall into cell d, where d = 1,2,….D denotes the entire set of
cell counts, θ 1 θ 2 ...θ D represent the parameters (e.g., latent class probabilities), with

∑

D

θ d = 1.

d =1

Thus, each observed cell count is indexed by xd (Schafer, 1997). The likelihood function for the
multinomial parameter (e.g., latent class probability) is
D

L(θ | Y ) ∝ ∏ θ dxd I Θ (θ )
d =1

(2)
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where θ dxd is the parameter, and I Θ (θ ) is an indicator function equal to 1 if θ ∈ Θ and 0 otherwise
(Schafer, 1997). The expectation-maximization (EM) algorithm (Dempster, Laird, & Rubin, 1977;
Goodman, 1974) is typically used for ML estimation in latent class models. The ML estimates are
the mode of the likelihood function. EM alternately predicts missing data on latent class
membership and re-estimates based on the predicted missing data until convergence is met,
reaching a ML solution. During the E-step, posterior probabilities of latent class membership are
calculated for each individual using the parameter estimates from the previous iteration. During the
M-step, the expected value of the loglikelihood function is maximized, producing new and updated
estimates for the next iteration. During each step of this iterative procedure the estimates from the
previous run are compared to the current ones. When the difference between these estimates is
smaller than a pre-defined criterion, the program has converged on a ML solution (Schafer, 1997).
Brief Introduction to the Bayesian Perspective
There is a fundamental difference between the frequentist and Bayesian perspectives on the
use of the term “probability.” When frequentists talk about probability, they are referring to the
probability of a random event if it were to be repeated a large number of times independently and
under identical conditions. In other words, it is the long-run relative frequency. The method of
Bayesian inference, on the other hand, involves working “backward,” from effect to cause by
estimating the conditional probability of a cause, given that certain events (effects) have occurred.
Statistical parameters are interpreted probabilistically. Therefore, Bayesian inference involves new
information (posterior probability) to revise estimates of probability based on old information
(prior probability). Bayesian probability is a “model of scientific knowledge (Austin et al., 2002,
pg. 278).”
Bayesian methods involve a degree of subjectivity. This subjectivity is incorporated into
Bayesian methods by way of a priori beliefs, such as a researcher’s expert opinion about a study’s
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outcome, an expectation based on a review of extant literature, or previously collected data. Prior
distributions summarize information that is available to the researcher regarding the parameter (θ)
of interest and are specified before the data are observed. A Bayesian prior distribution may be
either noninformative or informative. Noninformative prior distributions are used to express vague
or general information about a parameter. Specifying this type of prior indicates that the researcher
does not have much a priori information about a parameter value. An informative prior is used to
specify explicit information about a parameter and is based on expert opinion and/or previous
research. Bayes’ Theorem, a simple mathematical formula used for calculating conditional
probabilities, is used to combine the new information (from the study conducted) with the prior
information, to obtain a posterior distribution:
P(θ|Y) = P(θ) P(Y|θ) / P(Y);
where (θ) is the parameter to be estimated; Y is the observed empirical data; P(θ), the
unconditional distribution of θ, is the prior distribution; P(Y|θ) is the distribution of the data
conditional on θ (i.e., sampling distribution); and P(Y) is the unconditional distribution of Y.
P(θ|Y) is referred to as the posterior distribution. Once the posterior distribution is determined,
probabilistic statements about the parameters can be made.
Incorporating Bayesian Priors using EM
Informative priors can be incorporated into LCA under the framework of Bayesian
methods. When an informative prior is added, EM can be used to identify the posterior mode,
where the posterior density achieves its maximum with respect to θ (Dempster, Laird, & Rubin,
1977; Schafer, 1997). Prior distributions are added at the M-step, but now rather than maximizing
the likelihood to obtain the ML estimate, the posterior density is maximized using Bayes’ Theorem
to obtain the posterior mode, which is proportional to the product of the likelihood and prior. (The
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E-step is dependent on a fixed value of θ and therefore does not involve the prior (Schafer, 1997,
pg. 46)).
The Dirichlet distribution is a convenient form in which to express prior distributions for
LCA because it is a conjugate prior meaning that the density is the same functional form as the
likelihood. The Dirichlet distribution can be expressed as,

θ α ~ Dir (α ) ,

(3)

where α = (α 1 − 1, α 2 − 1,...α D − 1) are user-specified hyperparameters reflecting the amount of
uncertainty about the parameter (Schafer, 1997).
The density for the Dirichlet distribution is specified as

P(θ | α ) =

Γ(α 0 )
θ1α1 −1θ 2α 2 −1 ...θ Dα D −1 .
Γ(α 1 )Γ(α 2 )...Γ(α D )

(4)

In a Bayesian context, θ 1 , θ 2 ,...θ D are viewed as random variables and α1 , α 2 ,...α D are the
hyperparameters.
The Dirichlet distribution is equivalent to the Beta distribution for D =2. In other words,
Dir (α 1 − 1, α 2 − 1) is equivalent to Beta ( α 1 , α 2 ). A hyperparameter is specified for each θ . The
hyperparameters reflect two pieces of information: (1) the point estimate, (i.e., modal value), and
(2) the uncertainty associated with the point estimate (i.e., variance). For example, assume the
following prior distribution: Dir (5.61, 2.90), or equivalently, Beta (4.61, 1.90). This distribution
equates to a point estimate equal to .8 and σ = .027. Figure 1 presents a pictorial representation of
Dir (5.61, 2.90). The hyperparameters can be manipulated to change of the location of the
distribution (i.e., most likely value) and the shape of the distribution (i.e., more or less peaked).
For example, Dir (2.34, 2.08) also has a point estimate of .8, but σ = .072 , whereas for Dir (49.27,
13.82), the point estimate is .8, but σ = .002 . From these examples it becomes clear that as the
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value of the hyperparameter increases, the amount of variability decreases, resulting in a more
peaked distribution.
The Dirichlet prior density is specified as,

π (θ ) ∝ θ1α −1 ,θ 2α −1 ,...,θ Dα
1

2

D −1

(5)

where π (θ ) refers to the prior distribution, θ is the parameter to be estimated, (e.g., number of
response categories for an item), and α D represent the hyperparameters for θ. Multiplying the
Dirichlet prior to the multinomial likelihood produces

P(θ | Y ) ∝ θ11α1 −1 ,θ 2α 2 −1 ,...,θ Dα D −1

(6)

where P (θ | Y ) is the posterior distribution. Equation 6 translates as follows: the posterior
distribution is proportional to the product of the likelihood and the prior. The posterior mode and
ML estimate converge to the same solution when the prior distribution is uniform
( α 1 = α 2 = α D = 1 ), meaning that parameters can take on any value with equal likelihood. In other
words, when the exponents in Equation 5 are zero, no prior information is being added. To see
this, assume we have three response categories for an item and a uniform prior is specified for each
response category. By substitution in Equation 5,

π (θ ) ∝ θ 11−1 * θ 21−1 * θ 31−1
= θ1 * θ 20 * θ 30
0

=1*1*1,
results in 1* likelihood function L(θ Y ) , which is the same as the ML estimate. In an informative
Dirichlet prior the exponential value, α − 1 is greater than one.
Incorporating Informative Priors for ρ Parameters into the EM Algorithm
Although it is possible to specify prior distributions for the γ or ρ parameters, in the present
study we applied the prior distribution to the ρ parameters only. Measurement of the latent class is
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based on categorical indicators and there is error associated with the measurement of the latent
classes. The ρ parameters form the basis for interpreting the latent classes. When measurement
error is low, that is ρ parameters are close to 0 or 1, the latent class more accurately predicts the
manifest variable (i.e., items). Thus, we hypothesized that applying priors to the ρ parameters
would improve estimation of both the ρ and γ estimates given that ρ parameters express the
relation between the items and the latent classes. Therefore, we discuss how to incorporate priors
into the EM algorithm for the ρ parameters only. A detailed description of ρ parameter calculation
can be found in Root et al. (2007).
Let Yi = (Yi1, …, Yim) be a vector of m discrete variables measuring the latent class for the
ith individual, where the response to the variable Yim can take values from 1 to rm. Ci, which ranges
from 1 to C, denotes the class membership of individual i. The likelihood function of Yi is given
by:
C

P (Yi = y i ) = ∑ P[C i = c, Yi = y i ]

(7)

c =1

Each individual has a vector of probability of membership in each class given their
response pattern. The E-step computes the conditional probabilities that the ith individual belongs
to class c given yi (i.e., posterior probabilities):

θic = P[Ci = c | yi ]

(8)

Here, θic is the same for individuals with the same observed response pattern.
The item-response probabilities, ρ mk|c , defined as the probability of response k to item m
conditional on membership in latent class c, can be interpreted as parameters in a multinomial
distribution when θ ic is known, so we have:
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n

ρ mk|c =

∑θ
i =1

ic

I ( yim = k )
n

∑ θ ic

(9)

i =1

where I ( yim = k ) is an indicator function for response k to the mth item for the ith individual. θ ic is
the posterior probability for a particular individual. The numerator sums the posterior probabilities
for class c across individuals with response k to item m. For example, to calculate the numerator
for class 3, item 2, response category 1, we sum all posterior probabilities for class 3 in which
individuals endorsed response category 1 to item 2. If data are aggregated into frequencies, we are
examining a number of individuals with an identical response pattern. Here, we simply add the
product of frequency and posterior probability for those with responded with response category 1
for item 2 for class 3. Thus, the results are the same whether you are using response pattern data at
the individual level or the aggregate level. The denominator simply sums the numerators across the
response categories for class c, across all individuals and must sum to 1. If every individual had
response k for item m, the numerator and denominator would be equal, resulting in an item
response probability of 1. Conversely, if no individual endorsed response k for item m, the
numerator would be zero resulting in an item response probability of zero.
Prior information is added once the posterior probabilities are summed across each
individual for each latent class for each item response. Posterior modes are modified in the M-step
by adding the hyperparameter into Equation 9 as follows:
n

ρ mk|c =

∑θ
i =1

ic

I ( yim = k ) + (α mk − 1)
rm

n

∑θ
i =1

ic

+ ∑ (α mj − 1)
j =1

(10)
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where (α mk − 1 ) represents the specified hyperparameter for response k to item m and

rm

∑ (α
j =1

mj

− 1)

represents the sum of the hyperparameter across the response categories for item m (Schafer,
1997).
Choice of Prior Distribution
The specification of an informative prior is predicated on how much is already known
regarding the parameter of interest and how much confidence the researcher has in that knowledge.
To determine the prior distribution, two questions must be addressed: (1) what prior information is
available on the parameters of interest? and (2) how should that information be quantified in terms
of the hyperparameter? The hyperparameters for the Dirichlet distribution can be thought of as
imaginary counts in the cells of the contingency table. In other words they can interpreted as, “the
number of observations in agreement with a certain model that is added to the data (Garre &
Vermunt, 2006).”
Specifying a prior at the item level requires the user to quantify the available information.
If, for example, all knowledge based on previous research and/or expert opinion suggests that a no
use latent class is measured by high probability of responding “no” to a series of substance use
items, there is likely to be a strong prior belief about these items and latent class membership. For
example, it might be concluded that the probability of answering “no” to these items conditional
on being in the no use latent class is .8. Using information like this it is possible to define a prior
distribution to reflect uncertainty. One way to do this is to construct a 95% CI around the modal
value. Assume a researcher’s prior beliefs can be represented by a 95% confidence interval about a
point estimate of .8 with a lower bound of .1. The point estimate represents the researcher’s prior
belief about the value of the parameter, and the upper and lower bounds of the confidence interval
reflect the degree of uncertainty, with a greater spread reflecting greater uncertainty. For a point
estimate of .8 with a lower bound of .1, the corresponding hyperparameters would be specified as
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Dir (2.34, 2.08). If, on the other hand, a researcher is 95% confident about the point estimate of .8
but with a lower bound of .5, the Dirichlet priors associated with this belief would be Dir (8.55,
3.64).
Deciding on the prior distribution – both the point estimate and the degree of uncertainty –
requires careful thought. Two general approaches for deciding on the prior distribution are (1)
eliciting expert opinion and (2) reviewing the extant literature. Perhaps the most widely used
method for determining prior distributions is the elicitation of expert opinion, and therefore much
literature exists on this. Eliciting expert opinion involves the process of acquiring knowledge on
the topic of interest from several experts. Although there is a degree of uncertainty associated with
eliciting expert opinion, it is nonetheless a useful and valid approach when it is done in a
principled and clear manner. There are several approaches available for eliciting expert opinion in
the most objective and structured manner possible (Cooke, 1991; Garthwaite, Kadane, & O’Hagan,
2005). It is important to keep in mind that the value of an expert opinion is only as good as (1) the
expert, thus careful selection of experts is critical, and (2) the procedure used for elicitation. It is
important to select experts who are knowledgeable about the topic and who have a background in
the topic of interest. Once this is accomplished, selecting a procedure for eliciting expert opinion
must be carefully chosen. A discussion of elicitation approaches can be found in Cooke (1991).
A second approach to determining prior distributions focuses on reviewing the extant
literature and developing prior distributions based on reported findings. Assuming there is
information available regarding the parameters of interest, the first step is to conduct a complete
search of the literature on the topic. Next, a summary table can be completed in which the
parameters of interest are documented (i.e., for LCA with informative priors this would be the ρ
parameters). Based on the available information a determination can be made for the point
estimate and its variability. This value would be based on a number of factors including the
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amount of relevant publications, the quality of the research, and the sample characteristics and how
they relate to the study at hand (e.g., gender, ethnicity, age). This approach was used for Study 2
which is discussed later.
Study 1 – Simulation Study
Overview of Study
The purpose of the simulation was to test the hypothesis that incorporating an informative
prior will improve estimation and model identification in LCA. This simulation study was
conducted with two main goals in mind. First, we sought to investigate the conditions under which
LCA with informative priors could successfully recover parameter estimates. Second, we were
interested in assessing improvement, if any, in model identification when informative priors were
specified. Several factors that might affect performance of the LCA were varied, including
distribution of the γ parameters, sample size, strength of the ρ parameters, and specification of the
prior distribution. The simulation addressed the following three general questions: (1) Does the use
of an informative prior help recover parameter estimates, and what effect does a misspecified prior
have on the results? (2) What differences are there in parameter recovery across strong and weak ρ
conditions? and (3) Does the use of an informative prior improve identification?
Methods
The independent variables in the simulation were: (1) distribution of the γ parameters, (2)
sample size, (3) strength of ρ parameters, and (4) specification of the prior distribution.
1. Distribution of the γ parameters. The simulation was based on two latent class models
with different distributions of the γ parameters. Two similar models having different latent class
membership probabilities were included in order to examine the effect of the prior on a low
prevalence latent class within an already small sample compared to a model where the latent
classes have a roughly equal prevalence across the small sample.
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Models were based on theory and previous research on eating disorders (Blinder, Cumella,
& Sanathara, 2006; CASA; 2003; von Ranson, Klump, Iacono, & McGue, 2005). The first model
is an unconstrained three-class (γ1 = .4; γ2 = .35; γ3 = .25) five-item model with somewhat balanced
latent class sizes (Model 1A). The second model (Model 1B) is an unconstrained three-class (γ1 =
.7; γ2 = .2; γ3 = .1), five-item model, with unbalanced class sizes - one large and two smaller class
sizes. We predicted that with Model 1B, where there was one large latent class and two smaller
latent classes, a more informative prior distribution would be needed to successfully recover the
parameter estimates as compared to Model 1A.
2. Sample size. Models with strong ρ were run with sample sizes, N = 50 and N = 25, and
models with weak ρ were run with N = 100, N = 50, and N = 25.
3. Strength of ρ parameters. As previously discussed, under certain conditions, strength of
measurement parameters can affect the recovery of parameter estimates (Collins, Fidler, &
Wugalter, 1996). All measurement items were dichotomous (i.e., yes/no response). Strong ρ, the
probability of a response conditional on latent class membership, was defined as .8 or .2, and weak
ρ, was defined .6 or .4. For example, in Model 1A, the probability of answering “yes” to Item 1
conditional on membership in latent class 3 is .8 for the strong condition and .6 for the weak
condition.
4. Specification of the prior. We applied the prior distribution to the ρ parameters only,
based on the idea that increasing information at the item level would assist with parameter
estimation and thus, priors on the γ parameters would not be necessary. Previous research suggests
that how well a latent class is measured depends on how well the items distinguish among the
classes (Collins, Fidler, & Wugalter, 1996). In other words, well-defined observed variables and
latent classes are closely related. Thus we hypothesized that adding information at the item level
by way of a prior distribution would improve parameter estimation for both γ and ρ parameters.
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In our simulation, all items were dichotomous,

ρ mα|c−1 (1 − ρ m|c ) α
1

2 −1

thus, as previously mentioned because D = 2 (meaning the number of response categories for an
item is equal to 2), the Dirichlet distribution is equivalent to the Beta distribution. The
hyperparameter is a reflection of the amount of prior information available regarding a parameter.
The amount of information added to the model through the prior distribution can be translated into
what are referred to as prior counts. Prior counts are added to each item (see Equation 10). The
hyperparameters reflect the amount of “imaginary counts” added to each item. For example, α 1 − 1
specifies the prior counts added to response category 1, and α 2 − 1 represent the prior counts
added to response category 2. Together, ( α 1 + α 2 − 2) represents the total prior count for one item,
termed the total effective prior sample size (total ESS), denoted by N*. For example, if the
informative prior distribution for an item is Dir (4, 3), N* = 5,

α1 + α 2 − 2 = 4 + 3 − 2 = 5 .
The proportion of N* allocated to response category 1 is calculated as follows:

(α 1 − 1)
(4 − 1)
=
= .6
(α 1 − 1) + (α 2 − 1)
(4 − 1) + (3 − 1)

(11)

and the proportion of N* allocated to response category 2 is

(α 2 − 1)
(3 − 1)
=
= .4
(α 1 − 1) + (α 2 − 1) (4 − 1) + (3 − 1)

(12)

Using the above example, the mean and mode of Dir (α 1 , α 2 ) can be calculated as follows:
Mean =

α1
4
=
= .57
α1 + α 2 4 + 3

(13)

Mode =

α1 − 1
4 −1
=
= .6
(α 1 − 1) + (α 2 − 1) (4 − 1) + (3 − 1)

(14)
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Notice that reversing the hyperparameters results in the opposite distribution with the same
variance but a different modal value. In other words, Dir (4, 3) specifies ρ mα1|c−1 with the modal value
= .6 and Dir (3, 4) specifies ρ mα1|c−1 with the modal value = .4.
Eight levels of prior beliefs were examined for the strong ρ conditions and five for the
weak ρ conditions. These are presented in Table 1. A wide range of prior distributions was
included for the purpose of examining bias and for assessing improvement with identification
across various levels of uncertainty. We decreased the variance of the prior distribution while
keeping ρ constant.
A two-step process was used to determine the prior distributions. First, the Betabuster (Ver.
1) software (Chung-Lung Su, 2006) was used as an aid in quantifying prior beliefs. Using this
program beta priors based on level of confidence were generated. For example, using the example
discussed above assume that a researcher is 95% confident of a point estimate equal to .8 with a
lower bound equal to .5. The corresponding beta priors associated with this belief are Beta (7.55,
2.64). The second step is to convert these values to the Dirichlet distribution. This is done by
adding a value of 1 to each hyperparameter resulting in Dir (8.55, 3.64). Remember, the Dirichlet
is defined by α − 1, and Dir (1, 1) was defined as a uniform prior, thus making it necessary to add
a value of 1 to the beta hyperparameters. The total ESS, N*, calculated as ( α 1 + α 2 − 2) , can be
interpreted as adding 10.19 prior counts to this item for each latent class. Less certainty is reflected
with hyperparameters that produce a wider CI. For instance, assume that a researcher is 95%
confident of a point estimate equal to .8 with a lower bound of.1. The corresponding Dirichlet
priors associated with this belief would become Dir (2.34, 2.08), with N* = 2.42 with a 95% CI =
(.059, .975). This latter choice of hyperparameter suggests a great deal of uncertainty regarding
prior beliefs. As the value of α increases, the prior distribution becomes narrower and more
concentrated around the mode, which is translated as less uncertainty. For example, with strong ρ,
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the prior specified as Dir (2.34, 2.08) represents the least amount of certainty with a point estimate
equal to .8 (i.e., we are 95% sure ρ is between .059 and .975), while the prior specified Dir (49.28,
13.82) represents a very strong belief about the parameter (i.e., expresses 95% confidence that ρ is
between .680 and .881). All models were also fit without a prior for comparison purposes.
An incorrectly specified prior was also included. Incorrect priors were examined across
distributions discussed above. The incorrect prior was based on realistic mistakes that a researcher
could make in relation to the content area from which the models were drawn (see Root, et al.,
2007 for a detailed description). Because we wanted to create a potentially realistic situation for
incorrectly specifying ρ priors, and because LCA with informative priors is designed for users who
already have a sufficient amount of evidence, only a portion of the ρ priors (i.e., point estimates)
were incorrect.
Data Generation
Data were generated for each combination of factors in order to obtain 1000 useable
datasets. A dataset was “useable” if across nine sets of pre-specified start values it converged (i.e.,
mean absolute deviation between successive sets of parameter estimates smaller than .00000001
within 50,000 iterations) and was identified (i.e., G2 across the nine start values equal to at least
two decimal places of each other). Results were summarized across the 1000 replicates.
Simulations were conducted using MATLAB 7.1.
Results
We sought to address (1) if the use of a informative prior helped to recover parameter
estimates, and what effect a misspecified prior had on the results (2) what differences emerged
across strong and weak ρ conditions, and (3) if the use of an informative prior improved
identification. Results are organized around these research questions. The results are summarized
separately for Model 1A and Model 1B. Table 2 presents a general summary whether bias
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improved, worsened, or produced mixed results across the prior distributions for each model when
compared to the no prior conditions. Results are examined across sample size and ρ strength (i.e.,
strong and weak).
(1) Recovery of Parameter Estimates –Model 1A – Strong ρ’s
γ Parameters – Correct priors
For Model 1A without a prior, the bias for γ ranged from .011 to -.024, suggesting that
parameters were estimated well even without a prior. However, estimation did improve as correct
informative priors were added. Across the eight prior distributions, 100% of γ1, γ2, and γ3 resulted
in an improvement in bias compared to the no prior condition across both sample sizes. In general,
improvements in bias were minimal as the prior distribution became more informative suggesting
that a mild prior distribution had the largest impact on bias and subsequent improvements
thereafter as strength of the prior distribution increased were negligible.
ρ Parameters – Correct priors
Across the eight prior distributions and both sample sizes, 100% of ρall and ρlargest_bias
resulted in an improvement in bias compared to the no prior condition. The mildest prior condition
(i.e., Dir (2.34, 2.08)) resulted in ρall < .01 across both sample sizes. ρlargest_bias decreased from
-.043 without a prior to -.018 with the least informative prior. Generally, as the prior distribution
became more informative, the improvement in bias improved monotonically.
γ Parameters – Incorrect priors
Misspecifying the prior distribution resulted in greater bias compared to not specifying a
prior for most of the γ estimates. For this model, in which one item was incorrectly specified for γ1
and two items were incorrectly specified for γ2 and γ3, the bias for γ1 was much lower than that for
γ2 or γ3. For γ1 all but 2 of the 8 prior distributions and all but one prior distribution resulted in
larger biases compare to the no prior condition. Estimates of bias were worse compared to the no
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prior condition across all eight prior distributions and across both sample sizes for γ2 and γ3. The
largest latent class bias was found for γ3. Generally, as the strength of the incorrect prior increased,
so too did the amount of bias. Large differences were found from the mildest incorrect prior to the
most informative incorrect prior. For example, with γ1 for N= 50, the bias using Dir (2.34, 2.08)
was .004 and for Dir (49.28, 13.82) it was .154.
ρ Parameters – Incorrect priors
Misspecifying the prior distribution resulted in greater bias compared to not specifying a
prior across both sample sizes and all eight prior distributions for ρall and ρlargest_bias. Across both
sample sizes ρall bias using an incorrect prior ranged from .099 to .199, compared to the no prior
conditions where ρall bias = .016 for N = 50 and ρall bias = .021 for N = 25. ρlargest_bias was quite
high for the incorrectly specified prior ranging from .385 to .596. Generally, as the prior
distribution became more informative, the amount of bias increased.
(2) Recovery of Parameter Estimates –Model 1A – Weak ρ’s
γ Parameters – Correct priors
Without a prior, the biases for γ ranged from .002 to -.041 across the three sample sizes.
Estimation did improve across several conditions as correct informative priors were added. Across
the five prior distributions, most of the biases for γ1 and γ3 resulted in an improvement in bias
compared to the no prior condition across both sample sizes. However, for γ2, only 2 of the 5 prior
distributions for each of the sample sizes resulted in improved bias compared to the no prior
condition. Across the conditions that resulted in improved estimation, improvement was not
strictly monotonic with respect to the strength of the prior distribution. In general, improvements
in bias were minimal as the prior distribution became more informative suggesting that a mild
prior distribution had the largest impact on bias and subsequent improvements thereafter as
strength of the prior distribution increased were negligible.
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ρ Parameters – Correct priors
Without a prior, the bias for ρall, across the three sample sizes (i.e., N = 100, N = 50, N =
25) was .051, .059, and .078, respectively. Across the five prior distributions and both sample
sizes, 100% of ρall and ρlargest_bias resulted in an improvement in bias compared to the no prior
condition. As the strength of the prior increased the amount of bias decreased. A moderately
informative prior (i.e., Dir (5.84, 4.56) for N = 100 and N = 50, and Dir (3.59, 3.06) for N =25)
resulted in ρall < .01 across the sample sizes. For ρlargest_bias substantial improvements were found
when an informative prior was used. For example, bias was reduced from .122 to -.056 with Dir
(5.84, 4.56) for N = 100. Similar findings were found for N= 50 and N = 25. Bias improved
monotonically as the amount of prior information increased.
γ Parameters – Incorrect priors
Misspecifying the prior distribution resulted in greater bias compared to not specifying a
prior for most of the γ estimates. The majority of γ estimates (i.e., 80% of the conditions) resulted
in increased bias compared to the no prior condition. Generally, as the strength of the incorrect
prior increased, so too did the amount of bias. Large differences were found from the mildest
incorrect prior to the most informative incorrect prior. For example, with γ1 for N= 50, the bias
with Dir (2.43, 2.29) was -.018 and for Dir (43.01, 29.34) it was .104.
ρ Parameters – Incorrect priors
Misspecifying the prior distribution resulted in greater bias compared to not specifying a
prior across the three sample sizes and all five prior distributions for ρall and ρlargest_bias for N =100
and N = 50. For N = 25, improvements, albeit small, were found for ρall. Across the sample sizes
and prior distributions ρall bias using an incorrect prior ranged from .058 to .077, compared to the
no prior conditions where ρall bias ranged from .051 to .078, suggesting that the incorrect prior did
not affect parameter estimates aversely. ρlargest_bias on the other hand was quite high for the
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incorrectly specified prior ranging from .150 to .201 across the sample sizes and prior distributions
compared to .122 to .164 for the no prior conditions. Generally, as the prior distribution became
more informative, the amount of bias increased.
(3) Recovery of Parameter Estimates –Model 1B – Strong ρ’s
γ Parameters – Correct priors
Without a prior, the biases for γ ranged from .068 to -.156 across the sample sizes. Bias
was reduced across all prior distributions for each of the γ estimates across sample sizes when
compared to the no prior conditions. Across the conditions that resulted in improved estimation,
improvement was nearly monotonic with respect to the strength of the prior distribution. In
general, improvements in bias were minimal as the prior distribution became more informative
suggesting that a mild prior distribution had the largest impact on bias and subsequent
improvements thereafter as strength of the prior distribution increased were negligible.
ρ Parameters – Correct priors
Without a prior, bias for ρall parameters across both sample sizes was .026 and -.059 for N
= 50 and N = 25, respectively. Across the eight prior distributions and both sample sizes, 100% of
ρall and ρlargest_bias resulted in an improvement in bias compared to the no prior condition. As the
strength of the prior increased the amount of bias decreased. Bias improved monotonically as the
amount of prior information increased.
γ Parameters – Incorrect priors
Misspecifying the prior distribution resulted in greater bias compared to not specifying a
prior across the prior distributions for most of the γ estimates for N = 50, and only a few of the
conditions for N = 25. Specifically, across the eight distributions 58% of γ estimates resulted in
worse bias for N =50, but only 17% of conditions resulted in worse bias for N = 25. In the
remaining conditions, unexpectedly, using an incorrect prior produced better γ estimates compared
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to the correct prior condition. For example, with N = 50, γ1 bias for no prior was -.134, for the
correct prior using Dir (2.34, 2.08) bias was -.079, but for the incorrect prior using (Dir (2.34,
2.08)), bias was .013. The incorrect prior did not produce bias in γ estimates that exceeded bias in
the no prior condition until a moderately strong incorrect prior was used. Generally, as the strength
of the incorrect prior increased, so too did the amount of bias. Large differences were found from
the mildest incorrect prior to the most informative incorrect prior.
ρ Parameters – Incorrect priors
Misspecifying the prior distribution resulted in greater bias compared to not specifying a
prior across both sample sizes and all eight prior distributions for ρall and ρlargest_bias. Across both
sample sizes ρall bias using an incorrect prior ranged from .062 to .211, compared to the no prior
conditions where ρall bias = .029 for N = 50 and ρall bias = .026 for N = 25. ρlargest_bias was quite
large for the incorrectly specified prior ranging from .341 to .590 for N = 50, and .448 to .597 for
N = 25 compared to the no prior conditions (i.e., -.049 for N = 50, and -.059 for N = 25).Generally,
as the prior distribution became more informative, the amount of bias increased.
(4) Recovery of Parameter Estimates – Model 1B – Weak ρ’s
γ Parameters – Correct priors
Biases without a prior for the weak condition across the sample sizes ranged from .074 to
-.249 for the γ parameters across the three sample sizes. Estimation did improve across several
conditions as correct informative priors were added. Across the five prior distributions, most of the
biases resulted in less bias especially for γ1 and γ3 compared to the no prior conditions. For γ2, as
the sample size became smaller the improvement in bias was more favorable. For example, only 2
of the 5 prior distributions for N = 100 resulted in improved bias compared to the no prior
condition, whereas for N = 25, 4 of the 5 prior distributions showed improvement. Across
conditions showing improvement, decreases in bias were monotonic with respect to the strength of
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the prior distribution. For this model, improvements in bias were noticeable across all the prior
distributions suggesting that a “leveling off” did not occur after only a minimal amount of
information was added as was the case for Model 1A.
ρ Parameters – Correct priors
Biases without a prior for the weak condition across the sample sizes were .050, .061, and
.079 for ρall across N = 100, N = 50, and N = 25, respectively. Across the five prior distributions
and both sample sizes, 100% of ρall and ρlargest_bias resulted in an improvement in bias compared to
the no prior condition. As the strength of the prior increased the amount of bias decreased. For
ρlargest_bias noticeable improvements were found when an informative prior was used. For example,
bias was reduced from .111 to -.061 with Dir (2.43, 2.29) for N = 100. Similar findings were found
for N= 50 and N = 25. Bias improved monotonically as the amount of prior information increased.
γ Parameters – Incorrect priors
Misspecifying the prior distribution resulted in greater bias compared to not specifying a
prior for most of the γ estimates. Several of the γ estimates (i.e., 46% of the conditions) resulted in
worse estimates of bias compared to the no prior condition. The most consistent results were found
for γ2 which produced worse estimates across all prior distributions and across the three sample
sizes. For several incorrect prior conditions, the bias was less than that for correctly specified prior
conditions. For γ1 and γ3 a less predictable, and unexpected, pattern was found with 80% of the
biases producing improved estimates. For example, with N = 50, the bias for γ1 without a prior was
-.247, however with Dir (2.43, 2.29) the bias was -.177. Generally, as the strength of the incorrect
prior increased, so too did the amount of bias. Large differences were found from the mildest
incorrect prior to the most informative incorrect prior. For example, with γ1 for N= 50, the bias
with Dir (2.43, 2.29) was -.177 and for Dir (43.01, 29.34) it was .488.
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ρ Parameters – Incorrect priors
Misspecifying the prior distribution resulted in mixed results. Biases associated with an
incorrectly specified prior were mixed for ρall. Bias did not become worse compared to the no prior
condition unless a moderately strong incorrect prior was used (i.e., Dir (11.90, 8.60)). Regardless,
across the sample sizes and prior distributions ρall bias using an incorrect prior ranged from .058 to
.077, compared to the no prior conditions where ρall bias ranged from .051 to .078, suggesting that
the incorrect prior did not affect parameter estimates aversely. When examining ρlargest_bias
however, there is a decrement in bias, as we expected, even with the mildest incorrect prior. For
example, ρlargest_bias for N = 100 without a prior is .111 and with the Dir (2.43, 2.29) incorrect prior,
the bias = .127. Bias improved monotonically as the amount of prior information increased.
(5) Improvement in Identification
Table 3 presents a summary of the number of replicates needed to obtain 1000 identified
data sets for Model 1A and Model 1B across the measurement and sample size conditions.
As discussed above, identification was assessed for every randomly generated data set. If
identification was not demonstrated the data set was discarded and replaced with a new replicate.
Improvement in identification was assessed by examining how many replicates had to be
generated to obtain 1000 useable data sets. Results are discussed in relation to the sample size and
specification of the prior distribution.
Strong ρ – Correct priors
For the strong ρ conditions, compared to the no prior conditions, improvements were found
across all prior distributions for both models. For example, with Model 1A (N = 50), the no prior
condition required 1514 replicates to achieve 1000 useable data sets, but including a mildly
informative prior reduced this to 1052 replicates. Results were monotonic, up to a certain prior
distribution, with regard to the prior distribution. In general, as the strength of the prior distribution
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increased, the number of replicates needed to reach 1000 identified datasets decreased. The effect
leveled off after a moderately informative prior was used across both models. For example,
minimal improvements in identification were found for distributions stronger than Dir (5.61, 2.90).
The largest improvement in identification was found for Model 1B, (N = 50) where the number of
replicates needed to reach 1000 useable datasets decreased from 2081 without a prior to 1099 with
the mildest correct prior ((Dir 2.43, 2.29)). Overall, improvements in identification were similar
across the sample sizes.
Strong ρ – Incorrect priors
Across the models, the incorrect prior conditions also resulted in improvement in
identification compared to the no prior conditions. However, unlike the monotonic results found
for the correct prior distributions, here, the number of replicates needed to achieve identification
did not result in as clear a pattern. The number of replicates needed to reach 1000 identified
datasets tended to bounce around rather than proceed in a more or less linear manner. For example,
for Model 1B with strong ρ (N = 50), identification improved for the weaker and mid-range
incorrect prior distributions and deteriorated for the stronger incorrect prior distributions. For N =
25, the pattern was even more unpredictable. Similar patterns were found for Model 1A. In some
cases, a curvilinear trend was found where the mildest and most informative incorrect prior
resulted in fewer numbers of replicates for identification compared to the priors in the mid-range.
With all else being equal, improvements in identification were better for the larger sample size.
Weak ρ – Correct priors
For the weak ρ conditions, compared to the no prior conditions, improvements were found
across all prior distributions for both models. Compared to the no prior conditions, across the
models, as the prior strength increased, the number of replicates needed to reach 1000 identified
datasets decreased. For example, for Model 1A (N = 100) the no prior condition required 1723

38
replicates to achieve 1000 useable datasets, but including a mildly informative prior reduced this to
1190 replicates. For Model 1B, across all N’s, inclusion of the mildest prior (i.e., Dir (2.43, 2.29))
also cut the number of replicates that needed to be generated by nearly half. For both models, as
the strength of the prior increased, so too did the improvement in identification. The effect of the
prior distribution did not level off for Model 1A and Model 1B; noticeable improvements were
found for each prior distribution that was more informative. Overall, improvements in
identification were similar across the sample sizes.
Weak ρ – Incorrect priors
Across the models, the incorrect prior conditions also resulted in improvements in
identification compared to the no prior conditions. For Model 1A improvements in identification
were monotonic with regard to the prior distribution. However, for Model 1B, the number of
replicates needed to achieve identification did not result in as clear a pattern. The number of
replicates needed to reach 1000 identified datasets tended to bounce around. For example, for
Model 1B (N = 100), although identification improved across all prior distributions, the number to
reach 1000 identified datasets was fewer for the weaker and mid-range incorrect prior distributions
compared to the strongest incorrect prior distributions. Across the sample sizes, improvements in
identification varied across sample size. For example, for Model 1B with Dir (3.59, 3.06), the
number of replicates needed to reach 1000 identified datasets for N = 100 was 1870, for N = 50, it
was 1892, and for N = 25, it was 1812. This finding is perplexing given that the impact of the prior
distribution, albeit incorrectly specified, is stronger in the smaller samples.
Summary
Regardless, in all conditions across both models, an informative prior, whether correct or
incorrect, improved identification compared to the no prior conditions. For the incorrectly
specified prior conditions, identification was achieved, however, the solution was landing on
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suboptimal likelihoods. This is not surprising given that incorrect priors were specified for only a
small percentage of ρ parameters for each model. In other words, the effect of the incorrect priors
was not enough to outweigh the correctly specified priors. It is important to note that as the amount
of incorrect prior information increased, so too did the amount of bias. Thus, although
identification improved in these conditions, across all models with strong ρ, and most of the weak
ρ conditions, the bias was greater, compared to the no prior conditions suggesting that the solution,
although identified, was suboptimal.
Both correct and incorrect priors produced an improvement compared to the no prior
condition, however, with all else being equal; the correct prior conditions produced better results.
As expected, the smaller the sample, the more data sets had to be generated to obtain identification
in 1000 data sets. More pronounced results were found for the weak ρ conditions given that
generating 1000 useable datasets without a prior was always higher compared to the strong ρ
conditions.
Discussion
The use of an informative prior under various conditions of sample size, distribution of the
γ parameters, strength of ρ parameters, and specification of the prior distribution were examined.
The simulation study reported here showed that recovery of parameter estimates and model
identification in latent class models with small samples was improved for ρ parameters when a
correct informative prior was introduced across both strong and weak measurement. Less
consistent results were found for γ estimates with half of the models showing improvement in
biases across all the γ parameters for a particular model and half producing mixed results
depending on the amount of information introduced with some γ biases improving and others not.
For the strong measurement conditions prior information resulted in less bias supporting previous
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research suggesting that the stronger the measurement parameters the better the estimation
(Collins, Fidler, Wugalter, 1997).
An unexpected finding from the simulation was the less consistent results concerning the γ
parameters when an informative prior was introduced. We expected γ biases to be reduced when
we incorporated a correct informative prior across all the conditions and increased when an
incorrect prior distribution was specified. However, unlike the generally consistent pattern found
for the ρ parameters, the γ parameters were not consistently in the direction we expected. Gamma
parameters were improved with the inclusion of an informative prior on the ρ parameters for strong
measurement conditions; however, the pattern was much less predictable for models with weak
measurement. Some γ’s had less bias while others did not. We did not include prior distributions
on the γ parameters – it is likely that priors are needed on both the measurement model as well as
the structural model in order to reduce bias and recover estimates to an acceptable level with
smaller samples. Because even modest amounts of prior information on the measurement
parameters greatly aided identification and parameter estimation, it is possible that a mildly
informative prior on the class prevalence parameters would be sufficient. More research is needed
to fully understand how prior distributions applied to ρ parameters affect latent class prevalence
estimation.
Results for the incorrectly specified prior distributions were less favorable. We attempted
to create a realistic incorrect prior, thus not all items across models were incorrectly specified.
Although only a small portion of items for each model were incorrectly specified, overall for most
of the simulations, this misspecification biased parameter estimates. Specifying an incorrect prior
generally produced greater biases for the strong measurement conditions. We expected that
misspecifying the structure of the ρ parameters would result in more bias across models, regardless
of measurement strength, compared to not specifying a prior. With strong measurement models,
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results were typically aligned with our a priori predictions. For example, with strong measurement,
ρ parameters resulted in biased estimates that were worse compared to not using a prior or using
correct prior conditions. However, we found it surprising that misspecifying the prior in cases of
weak measurement improved some biases within each model. It should be noted that only one
condition for Model 1B resulted in an improvement in all γ biases; this may have been due to
chance. This finding, and the others, where bias improved with misspecified priors, may actually
be a function of the model itself and not a function of the prior. For example, with Model 1B the
class prevalence for one of the classes is .10; this equates to a frequency of 10, 5, or 2.5 for N =
100, N = 50, and N = 25, respectively. This small latent class frequency coupled with weak
measurement makes it extremely challenging to accurately estimate the model. As the
measurement parameters approach .5, the likelihood becomes flatter. We used values close to .5
for the weak measurement conditions (i.e., .6, .4), which makes it more difficult to correctly
estimate the model. Overall, adding prior information appears to be most beneficial for decreasing
estimation bias when the ρ parameters are stronger and no latent class is extremely small.
In our simulation we examined only prior proportions that were either (.8, .2) or (.6, .4).
We also did not alter the prior proportion within the weak or strong conditions. It is possible that a
weaker or stronger prior proportion would have affected bias differently. For example, for the
weak measurement conditions, if we had also included (.65, .35) or (.7, .3), it is likely that the
measurement bias would be reduced. Related to this, we did not mix strong and weak ρ within a
model; all items were either strong or weak. It is unlikely that all items in a latent class model
would have all weak or all strong ρ parameters. Thus, additional research is needed to explore the
effect of prior information in models with both strong and weak measurement, while also varying
the definition of strong measurement and weak measurement. Overall, these results highlight the
importance of careful consideration of the prior distribution. Even when specifying a model based
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on a substantial body of literature, it is important to keep in mind that variations across populations
and datasets will affect determination of a “best” model. Thus, not only is it important to base the
prior on sound literature and/or expert opinion, but it is equally important to assess the sensitivity
of the prior.
This simulation demonstrated that inclusion of a mildly informative prior helps to achieve
identification, providing an additional approach for model selection when there are multiple
modes. Across all conditions and models, identification improved with the incorporation of prior
information. Results from the simulation showed that even the mildest prior produced substantial
improvement in identification, suggesting that what can be gained by including a small amount of
prior information probably outweighs the risk associated with uncertainty of prior beliefs,
assuming of course, a priori beliefs are grounded in sound theory, research, and/or expert opinion.
Next, the usefulness of including an informative prior for identification purposes in empirical data
is demonstrated.
Study 2 - Empirical Data Example
Introduction
Throughout the past decade, there has been consistent evidence indicating a positive
association between disordered eating (DE) and substance use. Recent statistics suggest that up to
50% of individuals with an eating disorder abuse drugs compared to approximately 9% in the
general population and up to 35% of alcohol or illicit drug abusers have eating disorders compared
to 1-3% in the general population (see The National Center on Addiction and Substance Abuse at
Columbia University, 2003). Disordered eating has been associated with tobacco use, alcohol use,
and marijuana use (CASA, 2003; Neumark-Stzainer, Story, & French, 1996; Streigel-Moore &
Huydic, 1993). For instance, tobacco use has long been linked to individuals engaging in DE
behaviors, with research suggesting that smoking occurs at higher rates among females engaging
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in compensatory behaviors (CB) for weight loss, such as vomiting (CASA, 2003). Compensatory
behaviors have also been linked to more excessive and advanced alcohol use (Franco et al., 2005).
For example, alcohol misuse occurs more often among females who binge and purge (CASA,
2003). The link between bingeing and purging and alcohol use has also been reported with nondisordered eating females. For example, girls who report weight concerns are twice as likely to
begin getting drunk compared to girls who are not (CASA, 2003). Because getting drunk,
smoking, and bulimic behaviors may be risk factors for one another (Field et al., 2002), it is
important to examine the relation among DE and substance use given that this comorbidity is
associated with several physical and mental health problems, which further complicate screening,
treatment, and prevention of both behaviors (Corstorphine, Waller, Lawson, & Ganis, 2007).
Although it has been well-established that the co-occurrence between eating disorders and
substance use exists, small samples often preclude sophisticated analyses that would elucidate the
relation between these two behaviors. For example, little is known on how this comorbidity
develops and if patterns of substance use behavior differ across disordered eating symptoms. One
reason for the paucity of research on substance use behavior among individuals with eating
disorders is that the sample sizes are typically very small. In fact, most samples including data on
disordered eating do not exceed 100 individuals (Stice, 2002). This number is further reduced for
clinical data on eating disorders (i.e., DSM criteria for diagnosis). This has forced researchers to
combine multiple types of eating disorders into a single heterogeneous group when analyzing these
data (Stice, 2002). Further, the small samples available within this area have generally severely
limited researchers from performing sophisticated analyses, as well as analyses examining the link
between type of eating disorder and different forms of substance use. With a Bayesian approach it
is possible to incorporate information gathered from other sources, such as the scientific literature,
into the analysis. Studies focusing on the more detailed aspects of substance use patterns among
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individuals with advanced DE symptoms (i.e., compensatory behaviors such as vomiting or taking
diet pills) compared to those without would provide much needed clarity on this important, yet,
poorly understood comorbid relationship. The confluence of latent class methodology with
Bayesian methodology allows us to address this area of need.
The first aim of this study is to compare substance use patterns between groups with and
without endorsement of CB. Based on research suggesting that advanced DE symptoms involving
CB are associated with more advanced substance use, we expect those in the CB group to be in the
more advanced substance use latent classes. The second aim of this study is to illustrate LCA with
informative priors using data on advanced DE and substance use.
Methods
Participants
Participants were 17-year-old females from the Minnesota Twin Family Study (MTFS;
Iacono & McGue, 2002; Iacono, Carlson, Taylor, Elkins, & McGue, 1999), an on-going
longitudinal study that, in general, focuses on the genetic and environmental determinants of
personality in a community-based sample. The MTFS sought inclusion of twins born in the state of
Minnesota, thus rendering it predominantly a Caucasian sample (98%). Mean years of education
for both mothers and fathers was 14 years. A complete description of the MTFS design and
measures is provided elsewhere (see Iacono & McGue, 2002; Iacono, Carlson, Taylor, Elkins, &
McGue, 1999).
For the present study, from a total sample of 674 twins, one twin was randomly selected to
minimize dependency in the data. Of the resulting sample of 337, 19 were missing data on the DE
variable relevant to this study resulting in a final sample size of N = 318. Thirty-one percent of the
sample had engaged in advanced DE behavior.
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Measures
DE was measured by the Minnesota Eating Behavior Survey1 (MEBS; von Ranson, Klump,
Iacono, & McGue, 2005). Group membership was based on responses to items measuring CB,
which assesses thoughts of or using the following to control weight: laxatives, diet pills, diuretics,
self-induced vomiting, or caloric restriction (i.e., restricting food intake for at least one full day).
Those endorsing any CB were coded 2 and all others were coded 1. Thus, the non-CB group
included those with less severe behaviors (i.e., weight preoccupation, body dissatisfaction, and
binge eating). We defined group membership DE in this way given that engaging in any CB is
generally considered more aberrant and pathological than any of the other individual symptoms
included on the MEBS (von Ranson et al., 2005).
Five substance use items measuring recent use were coded 1 for recent behavior and 2 for
no recent behavior. The items were: (1) alcohol use; (2) drunkenness; (3) tobacco use; (4) heavy
tobacco use, and (5) marijuana use. Alcohol use was coded 2 for any alcohol use in the past year;
having been drunk during the past year was coded 2; tobacco use was coded 2 for any tobacco use
in the past year; heavy tobacco use was coded 2 if tobacco was used daily for any month during
the past 12 months; and marijuana was coded 2 for any use in the past year.
Hypothesized Model
We were interested in examining adolescent substance use patterns among those engaging
in CB compared to those who are not. The model fit was based on an extensive body of research
suggesting common orderings and patterns of substance use behavior concerning alcohol, tobacco,
and marijuana (Botvin, Baker, Dusenbury, Tortu, & Botvin, 1990; Chung, Park, & Lanza, 2005;
Collins, 2002; Collins, Graham, Long, & Hansen, 1994; Collins, Graham, Rousculp, & Hansen,
1997; Collins, Hyatt, & Graham, 2000; Graham, Collins, Wugalter, Chung, & Hansen, 1991;
Hawkins, Hill, Guo, & Battin-Pearson, 2002; Hamburg, Kraemer, & Jahnke, 1975; Hyatt &
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Collins, 2000; Kandel, 2002; Kandel & Jessor, 2002; Lanza & Collins, 2002; Lanza, Collins,
Schafer, & Flaherty, 2005; Martin, 2003). Much of this research describes lifetime substance use
(ever having tried a substance), providing a general idea regarding latent class structure, but a few
of the aforementioned studies more directly relate to the proposed research in that they examine
the latent class structure of recent use substance behavior (Bray & Collins, 2005, Chung, Park, &
Lanza, 2005; Collins, Hyatt, & Graham, 2000; Lanza & Collins, 2002; Lanza et al., 2005;
Maldonado-Molina, 2005). We relied on these studies as the primary basis for determining the
hypothesized model. Across the selected studies, all had the following latent classes: (1) no use,
(2) alcohol only, (3) alcohol + tobacco, and (4) alcohol + tobacco+ drunkenness. All of the studies
with the exception of one include a tobacco only latent class as well as an alcohol + tobacco +
drunkenness + marijuana latent class. Collectively, based on the aforementioned research the
following latent classes were hypothesized: (1) no use, (2) alcohol, (3) tobacco, (4) alcohol +
drunkenness, (5) alcohol +drunkenness + tobacco, (6) alcohol + drunkenness + tobacco + heavy
tobacco, and (7) alcohol + drunkenness + tobacco + heavy tobacco + marijuana.
Choosing the Informative Prior
Prior distributions for the ρ parameters are based on two pieces of information: (1) the
point estimate, and (2) the strength of this belief (i.e., variance). Our prior distributions were based
on results from the substance use models reported by Chung, Park, and Lanza, (2005), Lanza and
Collins, (2002), Lanza et al., (2005), Bray and Collins (2005), and Maldonado-Molina (2005), as
well as from an extensive report published by The National Center on Addiction and Substance
Abuse at Columbia University (CASA; 2003) detailing the relation between substance use and
eating disorders. The report, titled, Food for Thought: Substance Abuse and Eating Disorders, is
based on CASA’s analyses of national datasets in addition to almost 500 articles, book chapters,
and reports from the scientific literature. This report details prevalence rates of substance use
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across DE and non-DE samples, including the items in the current analysis – tobacco, alcohol, and
marijuana. We chose these studies as a basis for the ρ prior distributions because representative
samples targeting adolescent substance use were used and because they provided detailed
information on the measurement parameters.
Although it is recognized that questions such as “Have you drunk alcohol during the past
year?” are not error-free, measurement for alcohol, tobacco, and marijuana items of this nature
tend to have moderate to strong measurement. For example, the probability of answering “yes” to
“Have you drunk alcohol during the past year?” conditional on membership in a no use latent class
is likely to be close to 0, whereas the probability of answering “no” to “Have you drunk alcohol
during the past year?” conditional on membership in the no use latent class is likely to be closer to
1. Specification of prior distributions was based on reported ρ estimates found in Bray and Collins
(2005), Chung, Park, and Lanza (2005), Collins, Hyatt, and Graham (2000), and MaldonadoMolina (2005). All four studies were based on latent class models of adolescent drug use behavior
using either the NLSY97 (U.S. Department of Labor, n.d.), Add Health (Udry, 2003), or the
Adolescent Alcohol Prevention Trials data (Graham, Rohrbach, Hansen, Flay, & Johnson, 1989).
Specifically, the pre-specified prior distribution for alcohol and tobacco use were based on all four
studies, the drunkenness prior was based on Collins, Hyatt, and Graham (2000), and MaldonadoMolina (2005), and the prior for marijuana was based on Bray and Collins, (2005), Collins, Hyatt,
and Graham (2000), and Maldonado-Molina (2005). Although we did not have information
specifically on the heavy tobacco use item as we defined it, we specified this prior based on our
belief that the measurement associated with this item would be similar to the other drug use items.
From the studies discussed above, we calculated an average ρ estimate for each item. In cases
where a range of ρ estimates was provided we averaged the ρ values. Based on this method, the
average ρ estimates from the extant literature were as follows: alcohol (.9), drunkenness (.84);
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tobacco (.87); and marijuana (.94), suggesting strong measurement. Erring on the side of caution,
we elected to use (.8, .2) as our prior proportions. Recall, we did not have previous data for our
heavy tobacco use item, however given the overall strong measurement of the other items, we
believe that it is not unreasonable to assign prior proportions of (.8, .2) to this item as well. The
second piece of information we need for defining the prior proportion is to quantify the strength of
our belief. Despite the strong ρ proportions based on previous research, we believe it is best to
begin conservatively in determining the strength of the prior distribution. Additionally, results
from the simulations with strong ρ parameters suggested that only a small amount of prior
information was necessary for improving both parameter estimation and identification. Based on
this, we propose the Dir (2.34, 2.08) prior distribution. Essentially this suggests that for each item
with a “yes” response, we are 95% confident the point estimate is .8 with a lower bound equal to .1
(CI: .059, .975). Conversely, for a “no” response, we are 95% sure of a point estimate equal to .2
with an upper bound of .9 (CI: .025, .940).
Model Specifications
Five dichotomous items were used to fit the 7-class model resulting in 32 possible response
patterns for each group for a total of 64 possible response patterns. The total number of γ
parameters is 14 (7 for each group). Six are estimated and the 7th is obtained by subtraction. There
is a ρ parameter for each latent class, item response category, and group. In our model, there are 7
latent classes, 5 items, 2 response categories, and 2 groups, resulting in a total of 70 ρ parameters
for each group. For each group, 35 ρ parameters are freely estimated and the remaining 35 are
obtained by subtraction. We constrained the ρ parameters equal across group because we have no
reason to believe there is a difference between the two groups in regard to the meaning of the ρ
parameters for latent class membership. In other words, we assume that the probability of a “no”
response for the tobacco item given membership in the no use latent class is the same whether
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someone is in the CB group or not. Therefore, in this latent class model, we are estimating 12 γ
parameters and 35 ρ parameters.
Analyses
LCA including the informative priors described above was used to fit the 7-class substance
use model. Analyses proceeded in a series of steps. First, we ran the model without a prior
distribution across nine sets of start values to assess identification and model fit. In spite of a good
fit (G2 values less than the df across the multiple starts), different loglikelihood values were found
across the start values ranging from -573.770 to -574.474, suggesting the solution had multiple
modes and was thus not identified. Next, we ran the model using our pre-specified ρ prior
distributions, Dir (2.34, 2.08) and retested identification. This amount of prior information resulted
in an identified model producing the same loglikelihood value across the start values. Because we
achieved a reasonably well-fitting model before the inclusion of a prior distribution and because
the specified prior resulted in an identified model, we were satisfied with this model. The
parameter estimates are presented in Table 4.
Sensitivity Analysis
After obtaining the identified solution, sensitivity was tested. There are several methods for
assessing sensitivity of the prior distribution. We elected to test sensitivity in two ways: (1) by
manipulating the prior proportion while keeping N* constant, and (2) by manipulating the variance
of the distribution while keeping the prior proportion constant. Results are presented in Tables 5
and 6.
We began by testing sensitivity using the following prior proportions: (.70, .30); (.75, .25);
(.85, .15); and (.90, .10) using the same N* (i.e., 2.42). Results suggest that estimates are fairly
stable across the four prior distributions for latent class 1, 2, 3, and 7. More discrepant results were
found for latent classes 4, 5, and 6 across the two strongest prior proportions. Using (.75, .25) and
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(.70, .30) as prior proportions, all estimates of latent class prevalence’s were roughly equal to that
produced from the original model using Dir (2.34, 2.08). The results are encouraging; however,
caution should nonetheless be exerted with interpretation of latent classes 4, 5, and 6.
Sensitivity was also tested by decreasing the variance of the prior distribution while
maintaining the same pre-specified prior proportion (.8, .2). We tested four prior distributions (see
Table 6. For latent classes 1, 2, 3, 4, 5, and 6, the estimates were nearly identical across the various
strengths providing further evidence that the final model with prior proportion (.8, .2) and Dir
(2.34, 2.08) is justified. With latent class 7 however, all prior distributions resulted in a class
prevalence of zero for both groups. This is not surprising for the non-DE group given that the class
prevalence was zero in the final model, and it is not overly concerning given the small class size
for the CB group in the final model (γ = .03), however, what is concerning is that the prior
proportion completely dominated the ρ estimates for this class. In other words, all ρ estimates
defaulted to exactly .8 or .2, resulting in a class prevalence of zero for both groups. However,
inspection of the response patterns for these data show that indeed, there is frequently occurring
response pattern characterized by endorsement of all five substance use items. Further research is
needed to understand why this anomaly occurred. Based on this sensitivity analysis, latent class 7
does not appear to be robust to changes in prior distributions. However, for latent classes 1 through
6 the results suggest that estimates are not sensitive to the choice of prior strength, at least up to
Dir (8.55, 3.64). Overall, results of the sensitivity analysis lend credibility to our selection of prior
distribution.
Results
Now that we have assessed sensitivity of the prior and determined that it is appropriate, we
can interpret the parameter estimates (see Table 4). The conditional probabilities of item response
given latent class membership are generally strong (i.e., close to 0 or 1). The meaning of the latent
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classes can be interpreted based on the pattern of the conditional ρ response probabilities.
Members in latent class 1 are expected to have a high probability of responding “no” to the drug
use items; therefore this class is defined as “no use.” Those in latent class 2 have a high probability
of responding “no” to all items except alcohol use, thus this class is defined as the “alcohol only”
latent class. Based on item response probabilities, we defined latent class 3 as “tobacco only”;
latent class 4 as “alcohol + drunk;” latent class 5 as “alcohol + drunk + tobacco;” latent class 6 as
“alcohol + drunk + tobacco + heavy tobacco;” and latent class 7 as, “alcohol + drunk + tobacco +
heavy tobacco + marijuana.” It should be noted that we chose not to remove any latent classes
based on the final γ estimates. Although a few classes were small across the two groups (e.g., the
most advanced latent class), we believe the inclusion of all specified classes are substantively
important, even those with a small prevalence.
The no use latent class resulted in the greatest prevalence for the non-CB group, with 49%
of the sample expected to be in this latent class compared to only 21% of the CB group. This
suggests that the CB group is engaging in more substance use. Differences also emerged for the
“alcohol + drunk + tobacco” latent class with 23% of those engaging in CB behaviors in this class
compared to no one in the non-CB group. There was also a greater prevalence of membership in
the “alcohol + tobacco” latent class for the non-CB group (31% vs. 24%). Latent class prevalences
for the “tobacco only” latent class were the same for both groups; however, 5% of the CB group
was expected to be in the “alcohol only” latent class compared to none of the non-CB group.
Finally, 3% of the CB group was predicted to be in the most advanced latent class compared to
none of the non-CB group. Those engaging in CB were also more likely to be in the most
advanced substance use classes. Prevalence rates of substance use were higher for those in the CB
group. Females in the CB group were nearly 3.7 times more likely to report recent tobacco use, 1.6
times more likely to report alcohol use, and 1.5 times more likely to report drunkenness.
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Overall, informed by our a priori belief of the latent class structure and based on the data at
hand, we can conclude that a 7-class model fit the data reasonably well in spite of some small class
prevalences. Patterns of substance use behavior show that females engaging in CB are less likely
to be in the no use substance use class, suggesting they are indeed engaging in more substance use.
Discussion
The current study investigated associations between disordered eating and substance use
using self-report data from a community sample of 17-year-old females. These findings elaborate
on the current literature by providing evidence indicating that individuals who report CB during
late adolescence are engaging in more current substance use. Results from this study suggest that
prevalence rates for alcohol use, drunkenness, tobacco use, and marijuana use are higher for those
engaging in CB behaviors supporting previous research linking tobacco, alcohol and DE in both
clinical and non-clinical populations (Bulik & Sullivan, 2001; CASA, 2003; Field et al., 2002;
Johnson, Cohen, Katzen, & Brook, 2002; Neumark-Stzainer & Hannan, 2000). This consistent
finding likely reflects misguided assumptions that smoking aides in weight loss (Tomeo et al.,
1999; Austin & Gortmaker, 2001); it has also been reported that some adolescents believe alcohol
contributes to weight loss or are unaware that it leads to weight gain (CASA, 2003). The two
defining differences between the groups were prevalences for the no use latent class and for the
alcohol + tobacco + drunk latent class suggesting that those with more severe pathological eating
behavior are engaging in more advanced substance use. What is unknown is whether severe
pathological eating sets females on a pathway of continued substance use, or the other way around
– that substance use sets females on a trajectory of DE. Unexpectedly, the heavy tobacco use latent
class was only slightly more prevalent in the CB group. One reason for this finding may be that
adolescents’ beliefs surrounding the appetite suppressing effect of tobacco are changing.
Finally, it should be mentioned that the observed relation between DE and substance use
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could be the result of a third variable. In other words, it is possible that some other factor,
particularly psychopathology, is causing both DE and substance use. For example, an elevated
prevalence of major depressive disorder and anxiety disorders have been reported among those
with eating disorders as well as those with substance use disorders (Hudson, Hudson, & Pope,
2005; Schuckit, 2006). Thus, psychopathology may be predicting both DE and substance use in the
current study. Given associations between eating disorders, substance use and other
psychopathology, it would be advantageous for future research to investigate possible third
variable explanations.
This study demonstrated that by including a mildly informative prior distribution we were
able to reach an identified solution, providing us with more confidence in selecting the “best”
solution. Without the prior, we would have used traditional model selection procedures and either
selected the model with the largest loglikelihood, or the model with the most frequently occurring
loglikelihood, or we may have imposed parameter restrictions. Although the overall big picture is
similar across both traditional approaches and the informative prior approach, there were
considerable differences for several of the latent class prevalences. For example, the prevalence
rates for the non-CB and CB groups for the alcohol + drunk + tobacco latent class were .03 and
.07, respectively, for the model with the largest loglikelihood. The class prevalences using the
model with the most frequently occurring loglikelihood value were .14 and .30, respectively. This
suggests that reported findings in regard to class prevalences and subsequent implications can be
quite different depending on which of the two traditional procedures we used for model selection.
These results are quite different from the results reported in our final model (.00 and .23 for nonCB and CB group, respectively). Interpreting across these approaches is somewhat difficult
because once an informative prior is included; essentially the data set has changed. Nonetheless,
based on results from the simulation we would expect less consistent estimates for models that did
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not use a prior especially given the small prevalence of the group and lower frequency of
substance use for the non-CB group. Although the results are different across the three methods,
confidence in the final model using the informative prior is enhanced given that (1) we obtained a
unimodal solution across nine start values using a mild prior, and (2) the sensitivity analysis
supports our choice of prior distribution.
Because we used a mildly informative prior, the impact of our prior distributions was
relatively weak. Thus when we assessed sensitivity we did not expect to find large differences. We
assessed sensitivity in our empirical example by altering the prior proportion and by altering the
variance associated with the prior proportion. Given that we included a mildly informative prior in
our model, we believe that this approach to sensitivity was appropriate given that the data were
less affected by the prior compared to using a highly informative prior. In other words, the final
parameter estimates were driven more by the data at hand and less by the prior, given the amount
of variability in the specified prior, compared to using a highly informative prior with little
variability, in which case, with all else being equal, the results would have been much more
sensitive to the prior. It would not make sense to assess sensitivity by manipulating the prior
proportions and variance if we had used a highly informative prior because we would expect that
changes to the prior, even small ones, would have a much larger impact on the results. Thus, we
would not be able to properly assess sensitivity in this case because the estimates across priors
would be expected to differ. An alternative approach for assessing sensitivity is to use a
bootstrapping technique. Bootstrapping (Efron, B. & Tibshirani, R., 1994) is a procedure that
resamples with replacement where a distribution of estimates is produced from the multiple
resamples. If the variance is large across the resamples, this would suggest that results are sensitive
to the prior distribution.
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Limitations
There are several limitations that must be considered when evaluating the results of the
present study. First, results from this study cannot be generalized to other minority and ethnic
groups or to males; future research would benefit from examining if similar patterns are present in
these populations. Additional factors not examined in the current study may have influenced
findings. Of particular relevance is emerging data indicating that depression and negative affect as
well as anxiety are associated with the onset of both disordered eating and drug use (Measelle et
al., 2006). Future studies examining disordered eating and drug use should consider the role of
depression and anxiety as it relates to disordered eating and drug use.
Data included in these analyses were self-report and may have been influenced by response
bias. Also, due to the nature of the data, as well as the study goals, causal conclusions pertaining to
the development of either DE or substance use behaviors cannot be discussed. Additionally, it is
possible that the informative prior, as we conceptualized it, may not be the most appropriate
representation of the existing literature. Follow-up studies using additional community samples, as
well as testing sensitivity using alternative methods such as a bootstrapping technique would lend
credibility to the reported findings.
Finally, it is important to address the assumption of local independence, which assumes
variables within a latent class are not related. There was a skip pattern in the measure for the
drunkenness and heavy tobacco items, meaning that if someone did not drink or smoke during the
past year, they were not asked the drunkenness or heavy tobacco use items. This implies that there
are structural zeros in some of the cells of the contingency table. That is, a Yes-Yes, Yes-No, or
No-No response is possible but not No-Yes. Knowing that someone said 'Yes' to the drunkenness
item implies a ‘Yes’ endorsement of the past year drinking item and similarly for the heavy
smoking item. Although the items are still measured with error, the issue of missing data presents
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potential problems. For example, if someone wishes to present themselves in the best manner
possible and thus endorses the socially desirable response of not having smoked or drank alcohol
during the past year, responses to the drunkenness and heavy tobacco use items are now predicated
on their response to the first items suggesting that the responses are related to something other than
latent class membership. Because violations to the local independence assumption can bias
parameter estimates, it is important to keep this in mind when interpreting the results. Future
research would benefit from including items that more carefully control for this problem such as
using a single three-level item for drinking behavior and smoking behavior.
Overall, results from this and other studies highlight the need to check for substance use
behavior when screening and treating DE behaviors, especially in light of research suggesting that
substance use and DE behaviors may reflect the intention of using drugs to reduce negative
feelings (i.e. shame and guilt) associated with compensatory behaviors (Stice et al., 2002). This
association may also reflect an underlying influence of heightened impulsivity as both bulimic
behaviors and substance use have been linked to measures of impulsivity (Wonderlich et al.,
2004). Additionally, results of this study demonstrated that the use of an informative prior aided
with model selection. Depending on the method used, traditional approaches for model selection
when multiple modes are present can lead to substantially different conclusions. The use of a
carefully chosen informative prior can assist with model identification thus limiting the need to
subjectively choose between two or more competing models.
General Discussion
The use of an informative prior under various conditions of sample size, distribution of the
γ parameters, strength of ρ parameters, and specification of the prior distribution were examined.
The results reported here demonstrate that estimation of ρ parameters and model identification in
latent class models were improved when a correct informative prior was introduced across both
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strong and weak measurement. In general, models with strong measurement produced the most
favorable results when prior information was incorporated. Results were less consistent for γ
estimates. For these parameters some biases improved and others worsened depending on the
amount of information introduced.
Across all models and all conditions, identification improved with the incorporation of any
amount of prior information. When faced with multiple modes, researchers can deal with this by
selecting the model with the largest loglikelihood, selecting the model with the most frequently
occurring likelihood value, or imposing parameter restrictions (Lanza, Flaherty, & Collins, 2002).
These approaches are useful; however it is possible to have conflicting conclusions based on the
traditional methods. When this occurs, model selection becomes more subjective with the decision
likely to be based on the conceptual appeal of the model. LCA with informative priors can help to
reduce some of this ambiguity when the inclusion of prior information results in an identified
solution. Results from the simulation showed that the mildest prior produced substantial
improvement in identification. Indeed, in our empirical example, although we had a well-fitting
model, we did not have an identified model until an informative prior was included. Thus,
compared to using traditional measures of model selection when multiple modes are present, the
benefit to including an informative prior that produces an identified solution is that an arbitrary
decision can be avoided. That being said, confidence with model selection is predicated on both
the validity of the data and the selection of the informative prior.
One benefit of using informative priors rather than parameter restrictions for solving
problems associated with multiple modes is that additional parameters can be estimated allowing
for a more flexible model, which will likely result in improved model fit as well as a more
comprehensive interpretation. Using an informative prior also allows users to examine sensitivity
by altering both the modal value of the ρ parameter as well as the variance; with parameter
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restrictions an ‘all or nothing’ approach is utilized and aside from comparing the restricted model
to the unrestricted model, no additional measures for assessing the “correctness” of the restrictions
is available, with the exception of assessing fit across a variety of parameter restrictions. The
problem with assessing fit across a variety of parameter restrictions is that using this ‘trial-anderror’ approach results in decisions being determined completely by the data at hand. Using
informative priors however assumes previous knowledge which is used to supplement the data at
hand; thus, if prior knowledge is available it would be less risky, and more theoretically justified,
to include a mild prior based on extensive knowledge rather than create parameter restrictions
based on a single dataset. Given that it is quite possible to impose incorrect restrictions, using an
informative prior and assessing sensitivity of the prior distribution would be advantageous.
There are many considerations when deciding which method of model selection is best.
Researchers need to weight several factors including the strength of the prior information, the
sample size, how large the differences in loglikelihood values are across different start values, and
finally, the amount of concordance across methods. Assuming the information from which an
informative prior is based is sound and valid, with all else being equal, the use of a mild
informative prior would be encouraged with smaller sample sizes because (1) it helps to alleviate
ambiguity in selecting the best model as demonstrated with the empirical example, and (2) it
decreases the risk of reporting findings that are incorrect. One approach for determining which
method is best for model selection - traditional approaches or applying an informative prior - is to
compare across approaches when possible. Similarities across the approaches would lend
credibility to model selection. Of course, it is possible that each approach leads to a different
conclusion. In this case, if the sample is somewhat large and the loglikelihood values do not differ
widely across multiple starts it may be safer to select the model produced from the largest
loglikelihood, rather than use a informative prior if prior information is weak. If, however, there is
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a choice between imposing parameter restrictions or including a prior, assuming adequate prior
information, it may be better to use an informative prior, especially if the restrictions are based on
the data at hand and not a priori theoretical assumptions. Decisions regarding which approach must
be carefully weighed against model characteristics such as sample size and the amount of prior
information.
Limitations
It is important to note that the results reported here are limited to the models and conditions
specified in this simulation design. Additional simulation work is needed to investigate the impact
of informative priors using a variety of closely related modal values (i.e., prior proportions) to the
data generated ρ values; in this simulation, the modal value of the prior proportion was always the
same as the data generated ρ values. Further, examination of the effect of including an informative
prior on latent class membership probabilities is also warranted given the inconsistencies in
recovery of γ estimates. In light of results presented by Chung, Lanza, and Loken (2007) where a
minimal data-dependent prior (i.e., one or two subjects pre-assigned to a latent class) resulted in
improved estimation, it is predicted that including prior information on the γ parameters would
help with estimation. Future research should examine a variety of approaches for including prior
information, including informative priors on both ρ and γ, informative priors on γ only, as well as
the effect of type of prior (e.g., data-dependent, prior distribution describing the point estimate and
variability). Doing so would provide important answers to questions still remaining about how to
best fit latent class models with sample sizes that are small in relation to the complexity of the
model when adequate prior information is available. Researchers would also benefit from studies
examining the effect of informative priors on estimation and identification among small samples
with missing data. Finally, we applied the same prior distribution across all items; however, it is
possible to specify different priors for individual items. It would be interesting to examine the
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influence of the prior when items with extensive a priori information include a highly informative
prior and items with less a priori information are specified with a mild or non-informative prior.
The holistic approach we used in this paper by making the items in a model with either all strong
or all weak measurement may not be realistic in real-world settings.
Final Remarks
No prior is without subjectivity; therefore, gathering as much information as possible from
reputable sources is vitally important. Prior information can come from a variety of sources
including scientific evidence and expert opinion. Informative priors can play a substantial role in
parameter estimation, particularly with smaller sample sizes and therefore must be chosen
cautiously. If there is a strong belief that a specified prior is correct, and the prior is in fact a
reasonable approximation of reality, results of this simulation suggest that the posterior mode
provides better estimation than the ML estimate. If prior knowledge is available and can be
translated into plausible prior distributions, researchers can then apply the techniques described in
this paper using informative priors. As demonstrated, specifying an incorrect prior can result in
substantially biased estimates which would inevitably lead to misinformed and inaccurate
conclusions. As tempting as it may be, with limited previous knowledge, LCA with informative
priors is not recommended. Simplifying the model by reducing the number of parameters
estimated (e.g., parameter restrictions), would be a less risky approach.
Additional information on LCA including, a technical report providing detailed simulation
results not presented in this paper (Root, Collins, Lemmon, Lanza, & Schafer, 2007), MATLAB
code which was used to incorporate prior information into LCA, and PROC LCA latent class
analysis software for SAS version 9.1 (see Lanza, Collins, Lemmon, & Schafer, (in press), are
available at http://methodology.psu.edu.
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Table 1.
Summary of the Prior Distributions used in the Simulation Study for Strong ρ and Weak ρ.
Strong ρ (.8, .2)
Dir (α 1 , α 2 )

Total prior count
for each item
(N*)

2.5%
Quantile

97.5%
Quantile

Mean

Mode

Dir (2.34, 2.08)

2.42

.059

.975

.552

.8

Dir (3.07, 2.27)

3.34

.142

.972

.619

.8

Dir (4.05, 2.51)

4.56

.236

.966

.668

.8

Dir (5.61, 2.90)

6.51

.339

.958

.707

.8

Dir (8.55, 3.64)

10.19

.448

.945

.741

.8

Dir (11.24, 4.31)

13.55

.505

.935

.755

.8

Dir (15.84, 5.46)

19.30

.562

.922

.768

.8

Dir (49.28, 13.82)

61.10

.680

.881

.790

.8

Weak ρ (.6, .4)
Dir (α 1 , α 2 )

N*

2.5%
Quantile

97.5%
Quantile

Mean

Mode

Dir (2.43, 2.29)

2.72

.061

.958

.526

.6

Dir (3.59, 3.06)

4.67

.150

.918

.557

.6

Dir (5.84, 4.56)

8.40

.253

.865

.576

.6

Dir (11.90, 8.60)

18.50

.364

.795

.589

.6

Dir (43.01, 29.34)

70.35

.481

.708

.597

.6

Note. Results are summarized for ρ mα1|l−1 only, not (1 − ρ m|l )α 2 −1 .
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Table 2.
Summary of whether Bias Improved (+), Worsened (-), or was Mixed (+) for Models 1A and 1B
across Strong and Weak ρ and Sample Size for Correct and Incorrect Priors Compared to ρ and γ
Bias without using a Prior.
Model 1A

Correct Prior -Strong ρ

Model 1B

ρ

γ

ρ

γ

+

+

+

+

+

+

+

+

_

+

_

+

_

_

_

+

+

+

+

+

+

+

+

+

+

+

+

+

_

+

+

+

_

+

+

+

+

+

+

+

N=50
N=25

Incorrect Prior - Strong ρ

N=50
N=25

Correct Prior -Weak ρ

N=100
N=50
N=25

Incorrect Prior - Weak ρ

N=100
N=50
N=25

Note. Cases where some γ estimates resulted in less bias and others did not within the
same model are indicated by +. ρall was used for ρ parameters, which is a summary across all ρ
parameters. Cases where one informative prior resulted in less bias and another informative prior
resulted in more bias are denoted by the + symbol.
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Table 3.
Summary of the Number of Replicates Needed to Obtain 1000 Identified Datasets for Models 1A
and 1B across all Measurement and Sample Size Conditions.
No Prior

Correct†

Incorrect†

N=50

1514

1016

1060

N=25

2081

1017

1092

N=50

1826

1029

1195

N=25

2617

1044

1256

No Prior

Correct‡

Incorrect‡

N=100

1723

1094

1213

N=50

1997

1122

1206

N=25

2475

1119

1228

N=100

2316

1215

1626

N=50

2730

1229

1627

N=25

3243

1225

1573

Strong ρ
Model 1A

Model 1B

Weak ρ
Model 1A

Model 1B

Note. † Results are averaged across the eight prior distributions used for Strong ρ conditions (see
Table 1). ‡ Results are averaged across the five prior distributions used for Weak ρ conditions (see
Table 1).
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Table 4.
ρ Parameter Estimates of the 7-Class Model from the Empirical Example using a Dir (2.34, 2.08) Prior Distribution.
LC 1

LC 2

LC 3

LC 4

LC 5

LC 6

LC 7

Yes No

Yes

No

Yes

No

Yes

No

Yes

No

Yes

No

Yes

No

Alcohol

.01

.99

.86

.14

.16

.84

.99

.01

.95

.05

.99

.01

.75

.25

Drunk

.01

.99

.14

.86

.13

.87

.99

.01

.85

.15

.83

.17

.54

.46

Tobacco

.04

.96

.20

.80

.92

.08

.32

.68

.93

.07

.99

.01

.91

.09

Heavy
Tobacco

.01

.99

.08

.92

.24

.76

.01

.99

.12

.88

.73

.27

.87

.13

Marijuana

.01

.99

.06

.94

.05

.95

.03

.97

.10

.90

.33

.67

.82

.18

Class Size
LC 1
(No use)

LC 2
LC 3
LC 4
LC 5
LC 6
LC 7
(Alcohol) (Tobacco) (Alch+Drunk) (Alch+Drunk+ (Alch+Drunk (Alch+Drunk+
Tobacco)
+Tob+Heavy
Tob+Heavy
Tob)
Tob+Mar)

Non-CB

.49

.00

.03

.31

.00

.17

.00

CB

.21

.05

.03

.24

.23

.21

.03
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Table 5.
Sensitivity Analysis for the Final 7-Class Model from the Empirical Example using Different ρ Prior Proportions with the Same Total
Effective Sample Size (N*).
Latent Class

Group

Prior Distribution
.8, .2
N* = 2.42

.70, .30
N* = 2.42

.75, .25
N* = 2.42

.85, .15
N* = 2.42

.90, .10
N* = 2.42

Non-CB

.49

.50

.49

.49

.48

CB

.21

.23

.21

.20

.20

Non-CB

.00

.00

.00

.00

.00

CB

.05

.06

.05

.07

.06

Non-CB

.03

.02

.02

.03

.03

CB

.03

.00

.02

.04

.04

Non-CB

.31

.32

.31

.25

.23

CB

.24

.25

.24

.19

.18

LC 5
(Alch+Drunk+
Tobacco)

Non-CB

.00

.00

.00

.11

.13

CB

.23

.23

.23

.30

.30

LC 6
(Alch+Drunk+

Non-CB

.17

.17

.17

.13

.10

LC 1
(No use)
LC 2
(Alcohol)
LC 3
(Tobacco)
LC 4
(Alch+Drunk)
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Tobacco+
Heavy Tobacco)
LC 7
(Alch+Drunk+
Tobacco+
Heavy Tobacco+
Marijuana)

CB

.21

.21

.21

.18

.15

Non-CB

.00

.00

.00

.00

.04

CB

.03

.02

.02

.03

.06
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Table 6.
Sensitivity Analysis for the Final 7-Class Model from the Empirical Example using (.8, .2) ρ Prior Proportions with Different Total
Effective Sample Sizes (N*).
Latent Class

Group

Prior Distribution
.8, .2
N* = 4.42

.8, .2
N* = 5.34

.8, .2
N* = 6.56

.8, .2
N* = 8.51

.8, .2
N* = 12.19

Non-CB

.49

.49

.49

.50

.50

CB

.21

.21

.21

.22

.23

Non-CB

.00

.00

.00

.00

.00

CB

.05

.05

.04

.04

.02

Non-CB

.03

.02

.02

.01

.00

CB

.03

.04

.04

.03

.02

Non-CB

.31

.32

.32

.32

.33

CB

.24

.24

.25

.25

.27

LC 5
(Alch+Drunk+
Tobacco)

Non-CB

.00

.00

.00

.00

.00

CB

.23

.22

.23

.24

.25

LC 6
(Alch+Drunk+

Non-CB

.17

.17

.17

.17

.16

LC 1
(No use)
LC 2
(Alcohol)
LC 3
(Tobacco)
LC 4
(Alch+Drunk)
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Tobacco+
Heavy Tobacco)
LC 7
(Alch+Drunk+
Tobacco+
Heavy Tobacco+
Marijuana)

CB

.21

.24

.23

.22

.22

Non-CB

.00

.00

.00

.00

.00

CB

.03

.00

.00

.00

.00
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Figure 1. Dirichlet Distribution for (5.61, 2.90).
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1

The Minnesota Eating Behavior Survey (MEBS; previously known as the Minnesota Eating

Disorder Inventory (M-EDI)) was adapted and reproduced by special permission of Psychological
Assessment Resources, Inc., 16204 North Florida Avenue, Lutz, Florida 33549, from the Eating
Disorder Inventory (collectively, EDI and EDI-2) by Garner, Olmstead, Polivy, Copyright 1983 by
Psychological Assessment Resources, Inc. Further reproduction of the MEBS is prohibited without
prior permission from Psychological Assessment Resources, Inc.

81
CHAPTER 3. LATENT CLASS ANALYSIS WITH INFORMATIVE PRIORS:
DETAILED SIMULATION RESULTS
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Latent Class Analysis with Informative Priors
Introduction
Latent class analysis (LCA; Goodman, 1974; Lazarsfeld & Henry, 1986) identifies and
models latent classes composed of similar cases in multivariate categorical data. Biased parameter
estimates and identification challenges are common issues associated with the estimation of latent
class models. Bias refers to the difference between an estimator’s expected value and the true
value of the parameter being estimated. Underidentification refers to situations in which there are
too many parameters to estimate given the information available in the data, resulting in more than
one solution. Biased parameter estimates and identification challenges frequently occur when
estimating latent class models when the size of the sample is small related to the (1) size of the
contingency table, and (2) complexity of the model. With Bayesian methods it is possible to
incorporate additional information gathered from other sources into an analysis. This additional
information helps establish identification and reduce parameter bias in LCA, particularly when
sample sizes are relatively small.
Overview of Study
We sought to test the hypothesis that incorporating an informative prior will improve
estimation and model identification in LCA. The purpose of this chapter is to present simulation
results examining the effect of Bayesian informative priors in LCA on parameter estimation and
model identification. The following research questions regarding parameter estimation are
addressed: (1) Does the use of a correct informative prior improve bias in estimation of ρ
parameters (i.e., measurement parameters) and γ parameters (i.e., latent class membership
probabilities) as compared to not using a prior? Are biases statistically significantly different from
zero? (2) Does correct prior information reduce the RMSE of ρ and γ parameters? (3) Is the
improvement in bias and RMSE monotonic with strength of prior? and (4) What is the effect on
Questions 1-3 when an incorrect informative prior is specified? The following research questions
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regarding identification are addressed: (1) Does a correct informative prior help with
identification? (2) Does identification improve more as prior strength is increased? (3) Does an
incorrect prior affect identification and is a stronger incorrect prior more or less helpful? (4) Is
there evidence for or against the idea that an incorrect prior is helping to avoid underidentification,
but is landing on suboptimal likelihoods? Several factors that might affect performance of LCA
with informative priors were varied, including distribution of the γ parameters, sample size,
strength of the ρ parameters, and specification of the prior distribution.
Methods
The independent variables in the simulation were: (1) distribution of the γ parameters, (2)
strength of ρ parameters, (3) sample size, and (4) specification of the prior distribution.
1. Distribution of the γ parameters. Table 7 provides a summary of the model parameters
used for data generation. The simulation was based on three latent class models. All models were
based on theory and previous research on disordered eating (Blinder, Cumella, & Sanathara, 2006;
The National Center on Addiction and Substance Abuse (CASA) at Columbia University, 2003;
von Ranson, Klump, Iacono, & McGue, 2005). Model 1A is an unconstrained three-class, fiveitem model with somewhat balanced latent class sizes. Model 1B is an unconstrained three-class,
five-item model, with unbalanced class sizes - one large and two smaller class sizes. The reason
we included two similar models but with different latent class membership probabilities was to
examine the effect of the prior on a low prevalence latent class within an already small sample
compared to a model where the latent classes have a roughly equal prevalence across the small
sample. We predicted that Model 1B, with one large latent class and two small latent classes,
would require a stronger prior distribution to successfully recover the parameter estimates. Model
2 – a constrained 6-class, four-item model - is based on theory and research in latent class
modeling of substance use. This model was based on empirical data and thus the original form was
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retained for data generation (Root, Sinton, Collins, von Ranson, Marmorstein, & Iacono, 2006a,b).
In Model 2 constraints were imposed to form an equivalence set in which two or more parameters
were constrained to be equal. Table 7 displays the constraint pattern used for the estimation of the
ρ parameters in this study. In this model [a, b, c, d, e, f, g, and h] are equivalence sets. One degree
of freedom is calculated for each equivalence set, thus making the pattern more parsimonious than
estimating all the ρ parameters. For example, the probability of a “yes” response for Item 1
(tobacco use) was constrained to be equal for latent class 2, 4, 5, and, 6 because these classes were
all defined by tobacco use.
2. Strength of ρ parameters. All measurement items were dichotomous (i.e., yes/no
response). Strong ρ was defined as .8 or .2, and weak ρ was defined .6 or .4. For example, in
Model 1A, the probability of answering “yes” to Item 1 conditional on membership in latent class
3 is .8 for the strong condition and .6 for the weak condition.
3. Sample size. Models with strong ρ were run with sample sizes, N = 50 and N = 25, and
models with weak ρ were run with N = 100, N = 50, and N = 25.
4. Specification of the prior. The Dirichlet distribution is a convenient form in which to
express prior distributions for LCA because it is a conjugate prior, meaning that the density is the
same functional form as the likelihood (Schafer, 1997). We applied the prior distribution to the ρ
parameters only. The hyperparameter (denoted by α) is a reflection of the amount of prior
information available regarding a parameter. Hyperparameters are specified to reflect two pieces
of information: (1) the point estimate (i.e., modal value of ρ), and (2) the uncertainty associated
with the point estimate (i.e., variance). Because all items are dichotomous, the Dirichlet
distribution is equivalent to the Beta distribution. The amount of information added to the model
through the prior distribution can be translated into what are referred to as prior counts. Prior
counts are added to each item. The hyperparameters reflect the amount of “imaginary counts”
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added to each item. For example, α1 − 1 specifies the prior counts added to response category 1,
and α 2 − 1 represent the prior counts added to response category 2. Together,
( α 1 + α 2 − 2) represents the total prior count for one item, termed the total effective prior sample
size (total ESS; Schafer, 1997), denoted by N*. For example, if the informative prior distribution
for an item is Dir (4, 3), N* = 5,

α1 + α 2 − 2 = 4 + 3 − 2 = 5 .
The proportion of N* allocated to response category 1 is calculated as follows:

(α 1 − 1)
(4 − 1)
=
= .6
(4 − 1) + (3 − 1)
(α 1 − 1) + (α 2 − 1)

(1)

and the proportion of N* allocated to response category 2 is

(α 2 − 1)
(3 − 1)
=
= .4
(α 1 − 1) + (α 2 − 1) (4 − 1) + (3 − 1)

(2)

Using the above example, the mean and mode of Dir (α 1 , α 2 ) can be calculated as follows:
Mean =

Mode =

α1
4
=
= .57
α1 + α 2 4 + 3

α1 − 1
4 −1
=
= .6
(α 1 − 1) + (α 2 − 1) (4 − 1) + (3 − 1)

(3)

(4)

Notice that reversing the hyperparameters results in the opposite distribution with the same
variance but a different modal value. In other words, Dir (4, 3) specifies ρ mα1|c−1 with the modal value
= .6 and Dir (3, 4) specifies ρ mα1|c−1 with the modal value = .4.
Table 8 presents the prior distributions for all models. Figures 2 and 3 provide a pictorial
representation of the distributions. Eight prior beliefs were examined for the strong ρ conditions
and five for the weak ρ conditions. A wide range of prior distributions was included for the
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purpose of examining bias and for assessing improvement with identification across various levels
of uncertainty. We decreased the variance of the prior distribution while keeping ρ constant.
A two-step process was used to determine the prior distributions. First, because it is
difficult to know how to quantify prior beliefs, Betabuster (Ver. 1; Su, 2006) was used as a starting
point. Using this program beta priors based on level of confidence were generated. For instance,
using the example discussed above assume that a researcher is 95% confident of a point estimate
equal to .8 with a lower bound equal to .5. The corresponding beta priors associated with this
belief are Beta (7.55, 2.64). The second step is to convert these values to the Dirichlet distribution.
This is done by adding a value of 1 to each hyperparameter resulting in Dir (8.55, 3.64). The
Dirichlet distribution can be expressed as,

θ α ~ Dir (α ) ,
where α = (α 1 − 1, α 2 − 1,...α D − 1) are user-specified hyperparameters reflecting the amount of
uncertainty about the parameter (Schafer, 1997). The Dirichlet distribution is equivalent to the
Beta distribution for D =2. In other words, Dir (α 1 − 1, α 2 − 1) is equivalent to Beta ( α 1 , α 2 ). Dir (1,
1) was defined as a uniform prior in the current simulation, thus making it necessary to add a value
of 1 to the beta hyperparameters. The total ESS, N*, calculated as ( α 1 + α 2 − 2) , can be interpreted
as adding 10.19 prior counts to this item for each latent class. Less certainty is reflected with
hyperparameters that produce a wider CI. For example, suppose a researcher is 95% confident of a
point estimate equal to .8 with a lower bound of .1. The corresponding Dirichlet priors associated
with this belief would be Dir (2.34, 2.08), with N* = 2.42 with a 95% CI = (.059, .975). This latter
choice of hyperparameter (i.e., compared to Dir (8.55, 3.64)) suggests a great deal of uncertainty
regarding prior beliefs. As the value of α increases, the prior distribution becomes narrower and
more concentrated around the point estimate, which is translated as less uncertainty. For example,
with strong ρ, the prior specified as Dir (2.34, 2.08) represents the most uncertainty with a point
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estimate of .8 (i.e., we are 95% sure ρ is between .059 and .975), while the prior specified Dir
(49.28, 13.82) represents a very strong belief about the parameter (i.e., expresses 95% confidence
that ρ is between .680 and .881).
Incorrectly specified priors were also included. Incorrect priors were examined across
distributions discussed above and presented in Table 9. The incorrect prior was based on realistic
mistakes that a researcher could make in relation to the content area from which the models were
drawn. Because we wanted to create a potentially realistic situation for incorrectly specifying ρ
priors, and because LCA with informative priors is designed for users who already have at least
some a priori evidence, only a portion of the ρ priors are incorrect. All models were also fit
without a prior for comparison purposes.
Data Generation
Figure 4 presents a flowchart for the simulation procedure. Data were generated for each
combination of factors in order to obtain 1000 useable datasets. Nine sets of pre-specified start
values were used for each model (see Table 10). The following criteria were used to define a
“useable” generated dataset: (1) convergence across all nine sets of pre-specified start values
(convergence criterion: mean absolute deviation between successive sets of parameter estimates
smaller than .00000001 within 50,000 iterations), and (2) identified (G2 across the nine start values
within two decimal places of each other). Because choice of start value is irrelevant with the
identified datasets, we retained the data for the first specified start value. Finally, because the
numerical order that the estimation procedure assigns to the latent classes is arbitrary, the order
was realigned as necessary in order to be consistent across replications Simulations were
conducted using MATLAB 7.1.
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Independent Variables
Three variables were manipulated in the simulation – (1) distribution of γ parameters, (2)
sample size (strong ρ: N=50, N = 25; weak ρ: N=100, N = 50, N = 25), and (3) specification of the
prior distribution (8 prior distributions for strong ρ; 5 prior distributions for weak ρ; correct vs.
incorrect – see Tables 8 and 9).
Dependent Variables
Results for each condition across the 1000 generated datasets were summarized as follows:
(1) number of replications needed to reach 1000 useable datasets, (2) bias for each γ, (3) test of
significance for γ bias, (4) RMSE for each γ, (5) mean ρ bias across all ρ values (ρall), (6) test of
significance for ρall, (7) mean ρ bias across ρ value in each dataset with the largest bias (ρlargest bias),
(8) test of significance for ρlargest bias, and (9) RMSE for ρlargest bias. We elected to summarize ρ
parameters because for Model 1A and Model 1B there are 15 ρ parameters and for Model 2 there
are 24 ρ parameters making individual examination too cumbersome. ρall represents an average of
each mean ρbias. ρlargest bias is the mean ρbias for the ρ parameter with the largest bias. Precision of
parameter estimates is represented by the root mean squared error (RMSE) - the square root of the
mean of the squared distance between the estimator and the true value of the parameter. RMSE is
preferred to MSE because it retains the original units. Finally, a t-test was calculated to assess if
bias was significantly different from zero (critical value = 1.64 for df = 999, p < .05).
Results
We sought to address (1) if the use of a informative prior helped to recover parameter
estimates and what effect a misspecified prior had on the results (2) what differences emerged
across strong and weak ρ conditions, and (3) if the use of an informative prior improved
identification. Results are organized around these research questions. The results are summarized
separately for Model 1A, Model 1B, and Model 2.
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Parameter Estimation
(1) Recovery of Parameter Estimates –Model 1A – Strong ρ’s. Tables 11-14 present statistics for
Model 1A strong ρ across correct and incorrect prior conditions for N = 50 and N = 25.
γ Parameters – Correct priors
For Model 1A without a prior, the bias for γ ranged from .011 to -.024, suggesting that
parameters were estimated well even without a prior. However, estimation did improve as correct
informative priors were added. Across the eight prior distributions, 100% of γ1, γ2, and γ3 resulted
in an improvement in bias compared to the no prior conditions across both sample sizes (see
Tables 11 and 12). RMSE however was not improved across any of the eight prior distributions for
γ1, γ2, or γ3. Several of the t-tests that examined if bias was statistically significantly different from
zero were not significant. In general, improvements in bias were minimal as the prior distribution
became more informative suggesting that a mild prior distribution had the largest impact on bias
and RMSE and subsequent improvements thereafter as strength of the prior distribution increased
were negligible.
ρ Parameters – Correct priors
Across the eight prior distributions and both sample sizes, 100% of ρall and ρlargest_bias
resulted in an improvement in bias compared to the no prior condition (see Tables 11 and 12).
RMSE for ρlargest_bias improved across all prior distributions for N = 25, but only the most
informative prior distribution for N = 50 resulted in the RMSE being less than the no prior
condition. Here the mildest prior condition (i.e., Dir (2.34, 2.08)) resulted in ρall < .01 across both
sample sizes. ρlargest_bias decreased from -.043 without a prior to -.018 with the least informative
prior. Across both sample sizes only three t-tests were non-significant, which were with the most
informative prior distribution (i.e., Dir (49.28, 13.82)). Generally, as the prior distribution became
more informative, the improvement in bias and RMSE improved monotonically.
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γ Parameters – Incorrect priors
Misspecifying the prior distribution resulted in greater bias compared to not specifying a
prior for most of the γ estimates (see Tables 13 and 14). For this model, in which one item was
incorrectly specified for γ1 and two items were incorrectly specified for γ2 and γ3, the bias for γ1
was much lower than that for γ2 or γ3. For γ1 all but 2 of the 8 prior distributions and all but one
prior distribution resulted in larger biases compare to the no prior condition. Estimates of bias were
worse compared to the no prior condition across all eight prior distributions and across both
sample sizes for γ2 and γ3. All but one condition resulted in a statistically significant t-test. Across
all prior distributions and both sample sizes, RMSE was worse for every γ compared to the no
prior condition. The largest latent class bias was found for γ3. Generally, as the strength of the
incorrect prior increased, so too did the amount of bias. Large differences were found from the
mildest incorrect prior to the most informative incorrect prior. For example, with γ1 for N= 50, the
bias with Dir (2.34, 2.08) was .004 and for Dir (49.28, 13.82) it was .154.
ρ Parameters – Incorrect priors
Misspecifying the prior distribution resulted in greater bias compared to not specifying a
prior across both sample sizes and all eight prior distributions for ρall and ρlargest_bias. Across both
sample sizes ρall bias using an incorrect prior ranged from .099 to .199, compared to the no prior
conditions where ρall bias = .016 for N = 50 and ρall bias = .021 for N = 25. ρlargest_bias was quite
high for the incorrectly specified prior ranging from .385 to .596. RMSE was also worse for
ρlargest_bias across all prior distributions and sample sizes compared to the no prior conditions. All ttests were statistically significantly different from zero. Generally, as the prior distribution became
more informative, the amount of bias and the RMSE increased.
(2) Recovery of Parameter Estimates –Model 1A – Weak ρ’s. Tables 15-20 present statistics for
Model 1A weak ρ across correct and incorrect prior conditions for N = 100, N = 50 and N = 25.
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γ Parameters – Correct priors
Without a prior, the biases for γ ranged from .002 to -.041 across the three sample sizes.
Estimation did improve across several conditions as correct informative priors were added. Across
the five prior distributions, most of the biases for γ1 and γ3 resulted in an improvement in bias
compared to the no prior conditions across both sample sizes (see Tables 15-17). However, for γ2,
only 2 of the 5 prior distributions for each of the sample sizes resulted in improved bias compared
to the no prior condition. Of the 45 total t-tests (3 γ’s for 5 prior distributions across 3 sample sizes
= 45), 37% were not significant, suggesting that the majority of γ estimates were statistically
significantly different from zero. RMSE was only improved in a small number of conditions (i.e.,
12 of 45 conditions), with the most promising results found for γ1 in the N = 100 condition. Across
the conditions that resulted in improved estimation, improvement was not strictly monotonic with
respect to the strength of the prior distribution. In general, improvements in bias were minimal as
the prior distribution became more informative suggesting that a mild prior distribution had the
largest impact on bias and RMSE and subsequent improvements thereafter as strength of the prior
distribution increased were negligible.
ρ Parameters – Correct priors
Without a prior, the bias for ρall, across the three sample sizes (i.e., N = 100, N = 50, N =
25) was .051, .059, and .078, respectively. Across the five prior distributions and both sample
sizes, 100% of ρall and ρlargest_bias resulted in an improvement in bias compared to the no prior
condition (see Tables 15-17). RMSE for ρlargest_bias improved across all prior distributions for all
three sample sizes. As the strength of the prior increased the amount of bias decreased. Here a
moderately informative prior (i.e., Dir (5.84, 4.56) for N = 100 and N = 50, and Dir (3.59, 3.06) for
N =25) resulted in ρall < .01 across the sample sizes. For ρlargest_bias substantial improvements were
found when an informative prior was used. For example, bias was reduced from .122 to -.056 with
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Dir (5.84, 4.56) for N = 100. Similar findings were found for N= 50 and N = 25. Across all three
sample sizes ρlargest_bias was statistically significant different from zero. Overall, RMSE was
improved for ρlargest_bias across all three sample sizes. Both RMSE and bias improved
monotonically as the amount of prior information increased.
γ Parameters – Incorrect priors
Misspecifying the prior distribution resulted in greater bias compared to not specifying a
prior for most of the γ estimates (see Tables 18 and 20). The majority of γ estimates (i.e., 80% of
the conditions) resulted in increased bias compared to the no prior condition. Similarly, most of the
conditions resulted in a statistically significant t-test. Across the prior distributions and three
sample sizes, RMSE was worse in 82% of the conditions compared to the no prior condition.
Generally, as the strength of the incorrect prior increased, so too did the amount of bias. Large
differences were found from the mildest incorrect prior to the most informative incorrect prior. For
example, with γ1 for N= 50, the bias with Dir (2.43, 2.29) was -.018 and for Dir (43.01, 29.34) it
was .104.
ρ Parameters – Incorrect priors
Misspecifying the prior distribution resulted in greater bias compared to not specifying a
prior across the three sample sizes and all five prior distributions for ρall and ρlargest_bias for N =100
and N = 50. For N = 25, improvements, albeit small, were found for ρall. Across the sample sizes
and prior distributions ρall bias using an incorrect prior ranged from .058 to .077, compared to the
no prior conditions where ρall bias ranged from .051 to .078, suggesting that the incorrect prior did
not affect parameter estimates aversely. ρlargest_bias on the other hand was quite high for the
incorrectly specified prior ranging from .150 to .201 across the sample sizes and prior distributions
compared to .122 to .164 for the no prior conditions. RMSE was improved across all sample sizes
and prior distributions for ρlargest_bias. All t-tests were statistically significantly different from zero.
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Generally, as the prior distribution became more informative, the amount of bias increased
whereas RMSE generally improved.
(3) Recovery of Parameter Estimates –Model 1B – Strong ρ’s. Tables 21-24 present statistics for
Model 1B strong ρ across correct and incorrect prior conditions for N = 50 and N = 25.
γ Parameters – Correct priors
Without a prior, the biases for γ ranged from .068 to -.156 across the sample sizes (see
Tables 21-22). Bias was reduced across all prior distributions for each of the γ estimates across
sample sizes when compared to the no prior conditions. RMSE was also improved in 100% of the
conditions. Of the 48 total t-tests (3 γ’s for 8 prior distributions across 2 sample sizes = 48), 21
were not significantly different from zero. Across the conditions that resulted in improved
estimation, improvement was nearly monotonic with respect to the strength of the prior
distribution. In general, improvements in bias were minimal as the prior distribution became more
informative suggesting that a mild prior distribution had the largest impact on bias and RMSE and
subsequent improvements thereafter as strength of the prior distribution increased were negligible.
ρ Parameters – Correct priors
Without a prior, bias for ρall parameters across both sample sizes was .026 and -.059 for
N = 50 and N = 25, respectively. Across the eight prior distributions and both sample sizes, 100%
of ρall and ρlargest_bias resulted in an improvement in bias compared to the no prior condition (see
Tables 21-22). RMSE for ρlargest_bias improved across all prior distributions for both sample sizes.
As the strength of the prior increased the amount of bias decreased. Both RMSE and bias
improved monotonically as the amount of prior information increased. In spite of the
improvements, only one bias was non-significant.
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γ Parameters – Incorrect priors
Misspecifying the prior distribution resulted in greater bias compared to not specifying a
prior across the prior distributions for most of the γ estimates for N = 50, and only a few of the
conditions for N = 25 (see Tables 23 and 24). Specifically, across the eight distributions 58% of γ
estimates resulted in worse bias for N =50, but only 17% of conditions resulted in worse bias for
N = 25. In the remaining conditions, unexpectedly, using an incorrect prior produced better γ
estimates compared to the correct prior condition. For example, with N = 50, γ1 bias for the no
prior condition was equal to -.134, for the correct prior using Dir (2.34, 2.08), bias was -.079, yet,
for an incorrect prior using (Dir (2.34, 2.08)), bias was .013. The incorrect prior did not produce
bias in γ estimates that exceeded bias in the no prior condition until a moderately strong incorrect
prior was used. RMSE was worse for 16 of the 24 conditions for N = 50 and 18 of the 24
conditions for N = 25. Generally, as the strength of the incorrect prior increased, so too did the
amount of bias. Large differences were found from the mildest incorrect prior to the most
informative incorrect prior. For example, with γ1 for N= 50, the bias with Dir (2.34, 2.08) was .013
and for Dir (49.28, 13.82) it was -.407. All γ biases were statistically significantly different from
zero.
ρ Parameters – Incorrect priors
Misspecifying the prior distribution resulted in greater bias compared to not specifying a
prior across both sample sizes and all eight prior distributions for ρall and ρlargest_bias (see Tables 23
and 24). Across both sample sizes ρall bias using an incorrect prior ranged from .062 to .211,
compared to the no prior conditions where ρall bias was equal to .029 for N = 50 and ρall bias
equaled .026 for N = 25. ρlargest_bias was quite large for the incorrectly specified prior ranging from
.341 to .590 for N = 50, and .448 to .597 for N = 25 compared to the no prior conditions (i.e., -.049
for N = 50, and -.059 for N = 25). RMSE was also worse for ρlargest_bias across all prior distributions
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and sample sizes compared to the no prior conditions. All t-tests were statistically significantly
different from zero. Generally, as the prior distribution became more informative, the amount of
bias and the RMSE increased.
(4) Recovery of Parameter Estimates – Model 1B – Weak ρ’s. Tables 25-30 present statistics for
Model 1B weak ρ across correct and incorrect prior conditions for N = 100, N = 50 and N = 25.
γ Parameters – Correct priors
Biases without a prior for the weak condition across the sample sizes ranged from .074 to .249 for the γ parameters across the three sample sizes (see Tables 25-27). Estimation did improve
across several conditions as correct informative priors were added. Across the five prior
distributions, most of the biases resulted in less bias especially for γ1 and γ3 compared to the no
prior conditions. For γ2, as the sample size became smaller the improvement in bias was more
favorable. For example, only 2 of the 5 prior distributions for N = 100 resulted in improved bias
compared to the no prior condition, whereas for N = 25, 4 of the 5 prior distributions showed
improvement. Of the 45 total t-tests, only 3 were not significant. Results for RMSE were mixed.
RMSE was only improved in 24 of the 45 conditions, with the most promising results found for γ1
and γ3 for N = 100 and N = 50. Across conditions showing improvement, decreases in bias and
RMSE were monotonic with respect to the strength of the prior distribution. For this model,
improvements in bias were noticeable across all the prior distributions suggesting that a “leveling
off” did not occur after only a minimal amount of information was added as was the case for
Model 1A.
ρ Parameters – Correct priors
Biases without a prior for the weak condition across the sample sizes were .050, .061, and
.079 for ρall across N = 100, N = 50, and N = 25, respectively. Across the five prior distributions
and both sample sizes, 100% of ρall and ρlargest_bias resulted in an improvement in bias compared to
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the no prior condition (see Tables 25-27). RMSE for ρlargest_bias improved across all prior
distributions for all three sample sizes. As the strength of the prior increased the amount of bias
decreased. For ρlargest_bias and RMSE noticeable improvements were found when an informative
prior was used. For example, bias was reduced from .111 to -.061 with Dir (2.43, 2.29) for
N = 100 and RMSE was reduced from .267 to .142. Similar findings were found for N= 50 and
N = 25. Across all three sample sizes ρlargest_bias was statistically significant different from zero.
Both RMSE and bias improved monotonically as the amount of prior information increased.
γ Parameters – Incorrect priors
Misspecifying the prior distribution resulted in greater bias compared to not specifying a
prior for most of the γ estimates (see Tables 28-30). Several of the γ estimates (i.e., 46% of the
conditions) resulted in worse estimates of bias compared to the no prior condition. The most
consistent results were found for γ2 which produced worse estimates across all prior distributions
and across the three sample sizes. However, with the exception of one condition, RMSE for γ2 was
not improved across the prior distributions compared to the no prior condition. For several
incorrect prior conditions, the bias was less than that for correctly specified prior conditions. For γ1
and γ3 a less predictable, and unexpected, pattern was found with 80% of the biases producing
improved estimates. For example, with N = 50, the bias for γ1 without a prior was -.247, however
with Dir (2.43, 2.29) the bias was -.177. Results for RMSE were mixed as well with 60% of the
conditions resulting in improvement. Generally, as the strength of the incorrect prior increased, so
too did the amount of bias. Large differences were found from the mildest incorrect prior to the
most informative incorrect prior. For example, with γ1 for N= 50, the bias with Dir (2.43, 2.29)
was -.177 and for Dir (43.01, 29.34) it was .488.
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ρ Parameters – Incorrect priors
Misspecifying the prior distribution resulted in mixed results. Biases associated with an
incorrectly specified prior were mixed for ρall (see Tables 28-30). Bias did not become worse
compared to the no prior condition unless a moderately strong incorrect prior was used (i.e., Dir
(11.90, 8.60)). Regardless, across the sample sizes and prior distributions ρall bias using an
incorrect prior ranged from .058 to .077, compared to the no prior conditions where ρall bias ranged
from .051 to .078, suggesting that the incorrect prior did not affect parameter estimates aversely.
When examining ρlargest_bias however, there is a decrement in bias, as we expected, even with the
mildest incorrect prior. For example, ρlargest_bias for N = 100 without a prior is .111 and with the Dir
(2.43, 2.29) incorrect prior, the bias was equal to .127. A similar pattern was found across each
sample size. RMSE was improved for ρlargest_bias across all three sample sizes. Bias improved
monotonically as the amount of prior information increased, whereas RMSE tended to bounce
around a bit. All t-tests were statistically significantly different from zero.
(5) Recovery of Parameter Estimates – Model 2 – Strong ρ’s. Tables 31-34 present statistics for
Model 2 strong ρ across correct and incorrect prior conditions for N = 50 and N = 25.
γ Parameters – Correct priors
For Model 2 without a prior across the sample sizes, the bias for γ ranged from .001 to
-.039, suggesting that parameters were estimated well even without a prior. Results were mixed in
regard to improvement in estimation. For example, across the eight prior distributions, 100% of γ6
estimates across both sample sizes resulted in an improvement in bias compared to the no prior
condition (see Tables 31 and 32). However, in general, more favorable results were found for
N = 50, with 60% of the estimates across the prior distributions resulting in improved bias,
compared to only 31% for N = 25. RMSE improved in 93% of the conditions for N = 50 and only
14% for N = 25. Several of the t-tests examining if the bias was statistically significantly different
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from zero were not significant. For N = 50 and N = 25, 16 of 48, and 10 of 48, respectively were
nonsignificant. In general, improvements in bias were minimal as the prior distribution became
more informative suggesting that a mild prior distribution had the largest impact on bias and
RMSE and subsequent improvements thereafter as strength of the prior distribution increased were
negligible.
ρ Parameters – Correct priors
Across the eight prior distributions and both sample sizes, 100% of ρall and ρlargest_bias
resulted in an improvement in bias compared to the no prior condition (see Tables 31 and 32).
RMSE for ρlargest_bias was also improved across all prior distributions. Generally, as the prior
distribution became more informative, the improvement in bias and RMSE improved
monotonically. Across both sample sizes only one t-test produced a non-significant result, which
was for the most informative prior distribution (i.e., Dir (49.28, 13.82)) for N =50.
γ Parameters – Incorrect priors
Misspecifying the prior distribution resulted in greater bias compared to not specifying a
prior for most of the γ estimates (see Tables 33 and 34). With the exception of the bias estimates
for γ2, and one bias estimate for γ3, which resulted in improvements in bias, all other γ’s resulted in
bias estimates that were worse across the prior distributions and sample sizes compared to the no
prior condition. All but one RMSE was worse across the sample sizes and prior distributions
compared to the no prior conditions. Seven of the 48 conditions resulted in a non-statistically
significant t-test. As the strength of the prior increased, so too did the amount of bias and RMSE .
ρ Parameters – Incorrect priors
Misspecifying the prior distribution resulted in greater bias compared to not specifying a
prior across both sample sizes and all eight prior distributions for ρall and ρlargest_bias (see Tables 33
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and 34). Across both sample sizes ρall bias using an incorrect prior ranged from .102 to .194,
compared to the no prior conditions where ρall bias was .031 for N = 50 and ρall bias was .047 for
N = 25. ρlargest_bias was quite large for the incorrectly specified prior ranging from .151 to .281 for
N = 50, and .185 to .290 for N = 25 compared to the no prior conditions (i.e., -.046 for N = 50, and
-.066 for N = 25). RMSE was also worse for ρlargest_bias across all prior distributions and sample
sizes compared to the no prior conditions. All t-tests were statistically significantly different from
zero. The effect of the prior distribution on estimates of bias and RMSE were monotonic,
suggesting that as the incorrect prior distribution increased in strength so too did the bias and
RMSE.
(6) Recovery of Parameter Estimates – Model 2 – Weak ρ’s. Tables 35-40 present statistics for
Model 2 weak ρ across correct and incorrect prior conditions for N = 100, N = 50 and N = 25.
γ Parameters – Correct priors
Biases associated with γ parameters for the no prior condition ranged from .000 to -.139
across the sample sizes (see Tables 35-37). Across all γ estimates and prior distributions,
estimation improved in approximately half of the conditions. For N = 100, γ2, γ4, and γ6 showed
improvement across all prior distributions. For N = 50, γ1, γ4, and γ6 showed improvement across
all prior distributions, and N = 25, γ4, and γ6 showed improvement across all prior distributions. Of
the 45 total t-tests, only 3 were not statistically significant. RMSE improved in only 5 of the 90
total conditions compared to the no prior conditions. These improvements were found for γ6.
Across conditions showing improvement, decreases in bias and RMSE were not monotonic with
respect to the strength of the prior distribution. For this model, improvements in bias were
noticeable across all the prior distributions suggesting that a “leveling off” did not occur after a
minimal amount of information was added as was the case for Model 1A. For N = 100, N = 50, and
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N = 25, 7 of 30, 7 of 30, and 6 of 30 of γ biases, respectively produced non-statistically significant
differences from zero when a correct informative prior was included.
ρ Parameters – Correct priors
Biases without a prior for the weak condition across the sample sizes were .093, .107, and
.127 for ρall across N = 100, N = 50, and N = 25, respectively and -.143, -.170, and -.199 for
ρlargest_bias across the sample sizes. Across the five prior distributions and both sample sizes, 100%
of ρall and ρlargest_bias resulted in an improvement in bias compared to the no prior condition (see
Tables 35-37). RMSE for ρlargest_bias also improved across all prior distributions for all three sample
sizes compared to the no prior conditions. As the strength of the prior increased the amount of
bias decreased. For ρlargest_bias and RMSE noticeable improvements were found when an
informative prior was used. For example, bias was reduced from .143 to -.034 with Dir (2.43,
2.29) for N = 100 and RMSE was reduced from .255 to .053. Similar findings were found for N=
50 and N = 25. However, across all three sample sizes ρlargest_bias was statistically significant
different from zero. Both RMSE and bias improved monotonically as the amount of prior
information increased.
γ Parameters – Incorrect priors
Misspecifying the prior distribution resulted in greater bias compared to not specifying a
prior for most of the γ estimates (see Tables 38-40). Across the prior distributions for N =100, 73%
resulted in biases that were worse compared to the no prior conditions. For N = 50, 74% of the
conditions produced biases that were worse than no prior, and for N = 25, 66% of the conditions
produced larger biases compared to the no prior conditions. Across the sample sizes, 83% of the
RMSE estimates across the prior distributions were worse for N = 100 and 90% were worse for
both N = 50, and N = 25. In general as the strength of the incorrect prior increased, so too did the
amount of bias and the RMSE, although this finding was not strictly monotonic.
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ρ Parameters – Incorrect priors
Misspecifying the prior distribution resulted in unexpected findings. Bias associated with
an incorrectly specified prior was improved across the prior distributions and sample sizes for ρall
and ρlargest_bias compared to the no prior conditions (see Tables 38-40). However, all t-tests
produced statistically significant results. RMSE was improved for ρlargest_bias across all three
sample sizes. The effect for the prior distribution was monotonic for bias and RMSE, suggesting
that as the strength of the prior distribution increased the amount of bias and the RMSE also
increased, which is difficult to comprehend given that all prior distributions, although increasing in
bias and RMSE were still better compared to the no prior condition.
Overall Effects of Sample Size
In this simulation two sample sizes for strong ρ and three sample sizes for weak ρ were
examined. In general, for each of the models, for all parameter estimates, as the sample size
became smaller, the amount of bias and RMSE increased for the no prior conditions. When correct
prior distributions were added, the amount of the bias and RMSE tended to decrease. Comparing
the results across the prior distributions for N = 50 and N = 25 across the models, bias and RMSE
in parameter estimation are similar. It is important to keep in mind that the effect of the prior
distribution, although the same across sample sizes, is stronger in the smaller sample. Thus with all
else being equal, the prior has a larger impact on the results for the smaller sample making it
difficult to compare across sample sizes. As expected, the amount of bias and the RMSE, in
general, across the sample sizes was less in the smaller sample when a correct prior distribution
was added. Conversely, when incorrect prior information was added, the bias and RMSE in the
majority of the conditions increased as sample size decreased, suggesting the prior distribution was
more influential in the smaller sample. When the ρ parameters were weak, and when the latent
classes were small, bias and RMSE were highest in the smallest samples. In these conditions, with
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all else being equal, a stronger correct prior distribution was needed to reduce bias and RMSE to
meet or exceed that produced in what was found in the larger sample.
Overall Trends
Tables 41 through 43 present summaries of findings presented above. Table 41 presents a
general summary comparing amount of parameter estimation bias when an informative prior was
used – correct and incorrect – for Model 1A, Model 1B, and Model 2 compared to the amount of
bias produced when no prior was used. Table 42 presents a summary of RMSE across the models
for γ parameters as well as ρlargest_bias comparing the prior conditions to the no prior condition.
Table 43 presents a summary of results from t-tests assessing if bias was significantly different
from zero across the models.
Inspection of Table 41 shows that across both strong and weak ρ and both sample sizes,
including a correct informative prior improved the estimation of ρ across all of the prior
distributions. Results were mixed for γ estimates with only four conditions (i.e., strong ρ for Model
1A and Model 1B) resulting in improvements for all of the γ parameters within a model. For more
than half of the conditions when an incorrect prior was added estimation was worse for ρ across all
the prior distributions, compared to the no prior conditions. For γ, when an incorrect prior was
added, in all but two conditions (i.e., Model 1A strong ρ, N = 50; Model 1A strong ρ, N = 25),
estimation produced mixed results across the prior distributions.
Table 42 presents results for RMSE. Several of the conditions resulted in improved RMSE
compared to the no prior conditions for ρlargest_bias. RMSE did not improve for the incorrect prior
conditions for strong ρ. Mixed results were found strong ρ for Model 1A. In only two conditions
(i.e., Model 1B, strong ρ for both sample sizes) all of the γ estimates consistently improved
compared to the no prior conditions across the prior distributions. The remaining conditions
produced mixed or worse results for RMSE compared to the no prior conditions.
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Table 43 presents the results of the t-tests examining if bias was statistically different from
zero. Table 43 displays the number and percent in parentheses of the prior distribution conditions
resulting in a bias that were not significantly different from zero. In only two conditions were the
biases non-significant across more than half of the prior distributions (i.e., γ biases for Model 1A
N = 50; γ biases for Model 1A N = 25). The majority of ρlargest_bias and ρall biases were statistically
significant from zero in spite of the overall improvements in bias
(7) Improvement in Identification
As discussed above, identification was assessed for every randomly generated data set. If
identification was not demonstrated the data set was discarded and replaced with a new replicate.
Improvement in identification was assessed by examining how many replicates had to be
generated to obtain 1000 useable data sets. Tables 44 and 45 present results for the number of
replicates needed to obtain 1000 identified datasets for Model 1A, Model 1B, and Model 2.
Strong ρ –Correct Prior
Table 44 presents results for the strong ρ conditions. Compared to the no prior conditions,
improvements were found across all prior distributions for all three models. For example, with
Model 1A (N = 50), the no prior condition required 1514 replicates to achieve 1000 useable
datasets, but including a mildly informative prior reduced this to 1052 replicates. Results were
monotonic, up to a certain prior distribution, with regard to the prior distribution. In general, as the
strength of the prior distribution increased, the number of replicates needed to reach1000 identified
datasets decreased. The effect leveled off after a moderately informative prior was used across all
models. For example, minimal improvements in identification were found for distributions
stronger than Dir (5.61, 2.90). The largest improvement in identification was found for Model 1B,
(N = 50) where the number of replicates needed to reach 1000 useable datasets decreased from
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2081 without a prior to 1099 with the mildest correct prior (Dir 2.43, 2.29). Overall, improvements
in identification were similar across sample sizes.
Strong ρ –Incorrect Prior
Across the models, the incorrect prior conditions also resulted in improvement in
identification compared to the no prior conditions. However, unlike the monotonic results found
for the correct prior distributions, here, the number of replicates needed to achieve identification
did not result in as clear a pattern. The number of replicates needed to reach 1000 identified
datasets tended to bounce around rather than proceed in a more or less linear manner. For example,
for Model 1B with strong ρ (N = 50), identification improved for the weaker and mid-range
incorrect prior distributions and deteriorated for the stronger incorrect prior distributions. For
N = 25, the pattern was even more unpredictable. Similar patterns were found for Model 1A and
Model 2. In some cases, a curvilinear trend was found where the mildest and most informative
incorrect prior resulted in fewer numbers of replicates for identification compared to the priors in
the mid-range. With all else being equal, improvements in identification were better for the larger
sample size.
Weak ρ –Correct Prior
Table 45 present results for the weak ρ conditions. Compared to the no prior conditions,
improvements were found across all prior distributions for all three models. Compared to the no
prior conditions, across the models, as the prior strength increased, the number of replicates
needed to reach 1000 identified datasets decreased. For example, for Model 1A (N = 100) the no
prior condition required 1723 replicates to achieve 1000 useable datasets, but including a mildly
informative prior reduced this to 1190 replicates. More dramatic results were found for Model 2,
N = 100, where the number of replicates needed for 1000 identified datasets dropped from 2085 to
1114 with (Dir (2.43, 2.29)). For Model 1B, across all N’s, inclusion of the mildest prior (i.e., Dir

105
(2.43, 2.29)) also cut the number of replicates that needed to be generated by nearly half. For all
three models, as the strength of the prior increased, so too did the improvement in identification.
The effect of the prior distribution did not level off for Model 1A and Model 1B; noticeable
improvements were found for each prior distribution that was more informative. The effects for
Model 2 however tended to level off, with minimal improvements with the most informative prior
distributions. Overall, improvements in identification were similar across the sample sizes.
Weak ρ – Incorrect Prior
Across the three models, the incorrect prior conditions also resulted in improvement in
identification compared to the no prior conditions. For Model 1A improvements in identification
were monotonic with regard to the prior distribution. However, for Model 1B and Model 2, the
number of replicates needed to achieve identification did not result in as clear a pattern. The
number of replicates needed to reach 1000 identified datasets tended to bounce around rather than
proceed in a more or less linear manner. For example, for Model 1B (N = 100), although
identification improved across all prior distributions, the number needed to reach 1000 identified
datasets was less for the weaker and mid-range incorrect prior distributions compared to the
strongest incorrect prior distributions (see Table 45). A similar finding was found for Model 2.
Across the sample sizes, improvements in identification varied across sample size. For example,
for Model 1B with Dir (3.59, 3.06), the number of replicates needed to reach 1000 identified
datasets for N = 100 was 1870, for N = 50, it was 1892, and for N = 25, it was 1812. This finding is
perplexing given that the impact of the prior distribution, albeit incorrect specified, is stronger in
the smaller samples.
Summary
Regardless, in all conditions across the three models, an informative prior, whether correct
or incorrect, improved identification compared to the no prior conditions. For the incorrectly

106
specified prior conditions, identification was achieved; however, the solution was landing on
suboptimal likelihoods. This is not surprising given that incorrect priors were specified for only a
small percentage of ρ parameters for each model. In other words, the effect of the incorrect priors
was not enough to outweigh the correctly specified priors. It is important to note however that as
the amount of incorrect prior information increased, so too did the amount of bias. Thus, although
identification improved in these conditions, across all models with strong ρ, and most of the weak
ρ conditions, the bias was greater, compared to the no prior conditions suggesting that the solution,
although identified, was suboptimal.
Overall, improvement in identification was found across all conditions. Both correct and
incorrect priors produced an improvement compared to the no prior condition, however, with all
else being equal; the correct prior conditions produced better results. As expected, the smaller the
sample, the more data sets had to be generated to obtain identification in 1000 data sets. More
pronounced results were found for the weak ρ conditions given that generating 1000 useable
datasets without a prior was always higher compared to the strong ρ conditions.
General Discussion
The use of an informative prior under various conditions of sample size, distribution of γ,
strength of ρ parameters, and specification of prior distribution were examined. The results
reported here demonstrate that estimation of ρ parameters in latent class models were improved
when a correct informative prior was introduced for both strong and weak ρ. In general, models
with strong measurement produced the most favorable results when prior information was
incorporated. Results were less consistent for γ estimates.
This simulation demonstrated that inclusion of a mildly informative prior helps to achieve
identification. Across all conditions and models, identification improved with the incorporation of
prior information. Results from the simulation showed that even the mildest prior provided
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substantial improvement in identification, suggesting that what can be gained by including a small
amount of prior information probably outweighs the risk associated with uncertainty of prior
beliefs, assuming of course, a priori beliefs are grounded in sound theory, research, and expert
opinion. Thus, LCA with informative priors provides an additional tool in which to base model
selection. That being said, confidence with model selection is predicated on both the validity of the
data and the selection of the informative prior.
It is important to note that the results reported here are limited to the models and conditions
specified in this simulation design. Additional simulation work is needed to investigate the impact
of informative priors using a variety of closely related modal values (i.e., prior proportions) to the
data generated ρ values; in this simulation, the modal value of the prior proportion was always the
same as the data generated ρ values. Further examination of the effect of including an informative
prior on latent class membership probabilities is also warranted given the inconsistencies from the
current simulation. Researchers would also benefit from studies examining the effect of
informative priors on estimation and identification among small samples with missing data.
Finally, we applied the same prior distribution across all items; however, it is possible to specify
different priors for each item. It would be interesting to examine the influence of the prior when
items with extensive a priori information include a highly informative prior and items with less a
priori information are specified with a mild or non-informative prior. As demonstrated in this
chapter, specifying an incorrect prior can result is substantially biased estimates which would
inevitably lead to misinformed and inaccurate conclusions. As tempting as it may be, with limited
previous knowledge, LCA with informative priors is not recommended.
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Table 7.
Parameter Values used to Generate Data for the Simulation Study for Models 1A, 1B, and 2.
Model 1A

ρ1
γ

Item 1

Item 2

Item 3

Item 4

Item 5

LC 1

.4

.2 / .42

.8 / .6

.2 / .4

.2 / .4

.2 / .4

LC 2

.35

.2 / .4

.2 / .4

.8 / .6

.8 / .6

.2 / .4

LC 3

.25

.8 / .6

.2 / .4

.8 / .6

.8 / .6

.8 / .6

Model 1B

ρ1
γ

Item 1

Item 2

Item 3

Item 4

Item 5

LC 1

.1

.2 / .41

.2 / .4

.8 / .6

.8 / .6

.2 / .4

LC 2

.7

.8 / .6

.2 / .4

.8 / .6

.8 / .6

.8 / .6

LC 3

.2

.2 / .4

.8 / .6

.2 / .4

.2 / .4

.2 / .6

ρ1

Model 2

1

ρ
Restrictions3
Item 1 Item 2
Item 3
Item 4

γ

Item 1

Item 2

Item 3

Item 4

LC 1

.2

.2 / .42

.2 / .4

.2 / .4

.2 / .4

a

c

e

g

LC 2

.05

.8 / .6

.2 / .4

.2 / .4

.2 / .4

b

c

e

g

LC 3

.2

.2 / .4

.8 / .6

.2 / .4

.2 / .4

a

d

e

g

LC 4

.3

.8 / .6

.8 / .6

.2 / .4

.2 / .4

b

d

e

g

LC 5

.15

.8 / .6

.8 / .6

.8 / .6

.2 / .4

b

d

f

g

LC 6

.1

.8 / .6

.8 / .6

.8 / .6

.8 / .6

b

d

f

h

Probability of responding “yes” to the item. 2 Values of .8 and .2 correspond to strong

measurement parameters; values of .6 and .4 correspond to weak measurement
parameters. 3 Parameters denoted by same letter are constrained equal.
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Table 8.
Summary of the Prior Distributions used in the Simulation Study for Strong ρ and Weak ρ.
Strong ρ (.8, .2)
Dir (α 1 , α 2 )

Total prior
count for each
item (N*)

2.5%
Quantile

97.5%
Quantile

Mean

Mode

Dir (2.34, 2.08)

2.42

.059

.975

.552

.8

Dir (3.07, 2.27)

3.34

.142

.972

.619

.8

Dir (4.05, 2.51)

4.56

.236

.966

.668

.8

Dir (5.61, 2.90)

6.51

.339

.958

.707

.8

Dir (8.55, 3.64)

10.19

.448

.945

.741

.8

Dir (11.24, 4.31)

13.55

.505

.935

.755

.8

Dir (15.84, 5.46)

19.30

.562

.922

.768

.8

Dir (49.28, 13.82)

61.10

.680

.881

.790

.8

Weak ρ (.6, .4)
Dir (α 1 , α 2 )

N*

2.5%
Quantile

97.5%
Quantile

Mean

Mode

Dir (2.43, 2.29)

2.72

.061

.958

.526

.6

Dir (3.59, 3.06)

4.67

.150

.918

.557

.6

Dir (5.84, 4.56)

8.40

.253

.865

.576

.6

Dir (11.90, 8.60)

18.50

.364

.795

.589

.6

Dir (43.01, 29.34)

70.35

.481

.708

.597

.6

Note. Results are summarized for ρ mα1|l−1 only, not (1 − ρ m|l )α 2 −1 .
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Table 9.
Incorrect ρ Prior Proportion Values for Models 1A, 1B, and 2 used in the Simulation Study.
Model 1A

ρ1
γ

Item 1

Item 2

Item 3

Item 4

Item 5

LC 1

.4

.2 / .42

.8 / .6

.2 / .4

.8 / .6

.2 / .4

LC 2

.35

.8 /.6

.2 / .4

.8 / .6

.2 / .4

.2 / .4

LC 3

.25

.8 /.6

.8 / .6

.8 / .6

.2 / .4

.8 / .6

Model 1B

ρ1
γ

Item 1

Item 2

Item 3

Item 4

Item 5

LC 1

.1

.8 / .62

.8 / .6

.2 / .4

.8 / .6

.2 / .4

LC 2

.7

.8 / .6

.2 / .4

.8 / .6

.2 / .4

.8 / .6

LC 3

.2

.2 / .4

.8 / .6

.2 / .4

.8 / .6

.2 / .4

ρ1

Model 2

1

ρ
Restrictions3
Item 1 Item 2
Item 3
Item 4

γ

Item 1

Item 2

Item 3

Item 4

LC 1

.2

.8 / .6

.8 / .6

.2 / .4

.2 / .4

b

d

e

g

LC 2

.05

.8 / .6

.2 / .4

.8 / .6

.2 / .4

b

c

f

g

LC 3

.2

.2 / .4

.8 / .6

.2 / .4

.8 / .6

a

d

e

h

LC 4

.3

.8 / .6

.8 / .6

.8 / .6

.2 / .4

b

d

f

g

LC 5

.15

.8 / .6

.8 / .6

.8 / .6

.8 / .6

b

d

f

h

LC 6

.1

.2 / .4

.8 / .6

.2 / .4

.8 / .6

a

d

e

h

Probability of responding “yes” to the item. 2 Values of .8 and .2 correspond to strong

measurement parameters; values of .6 and .4 correspond to weak measurement
parameters. 3 Parameters denoted by same letter are constrained equal.
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Table 10.
Pre-specified Start Values for Model 1A, Model 1B, and Model 2 used in the Simulation Study.
γ
ρ (all models)

Model 1A

Model 1B

Model 2

.80, .20

.50, .40, .10

.80, .15, .05

.25, .05, .15, .40, .10, .05

.95, .05

.60, .25, .15

90, .05, .05

.20, .05, .10, .50, .10, .05

.90, .10

.55, .30, .15

.85, .10, .05

.15, .05, .15, .45, .10, .10

.85, .15

.65, .20, .15

.80, .10, .10

.15, .10, .15, .40, .10, .10

.75, .25

.45, .35, .20

.75, .20, .05

.20, .05, .20, .35, .15, .05

.70, .30

.40, .35, .25

.70, .20, .10

.25, .05, .20, .25, .15, .10

.65, .35

.40, .30, .30

.65, .20, .15

.20, .05, .20, .30, .20, .05

.60, .40

.35, .35, .30

.60, .30, .10

.25, .10, .20, .20, .15, .10

.55, .45

.35, .35, .30

.50, .30, .20

.20, .10, .20, .20, .15, .15
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Table 11.
Summary Statistics from the Simulation Study for Correct Priors for Model 1A: γ = .4, .35, .25; ρ = .8, .2; N = 50.
Prior Distribution

γ1

No prior

Avg. bias =-.024
RMSE =.111
t=-6.927**
Avg. bias =-.004
RMSE =.089
t=-1.596
Avg. bias =-.007
RMSE =.091
t=-2.344**
Avg. bias =-.008
RMSE =.083
t=-3.190**
Avg. bias =-.003
RMSE =.086
t=-.997

Avg. bias =.013
RMSE =.109
t=3.753**
Avg. bias =-.003
RMSE =.095
t=-1.022
Avg. bias =.003
RMSE =.098
t=.818
Avg. bias =.001
RMSE =.102
t=.396
Avg. bias =-.000
RMSE =.107
t=-.073

Avg. bias =.011
RMSE =.099
t=3.46**
Avg. bias =.008
RMSE =.082
t=2.920**
Avg. bias =.004
RMSE =.086
t=1.542
Avg. bias =.007
RMSE =.088
t=2.561**
Avg. bias =.003
RMSE =.091
t=1.024

Avg. bias =.002
RMSE =.084
t=.861
Avg. bias =-.000
RMSE =.086
t=-.027
Avg. bias =.001
RMSE =.087
t=.488
Avg. bias =.003
RMSE =.085
t=1.064

Avg. bias =.006
RMSE =.103
t=1.902**
Avg. bias =-.002
RMSE =.100
t=-.583
Avg. bias =-.005
RMSE =.106
t=-1.623
Avg. bias =-.001
RMSE =.099
t=-.372

Avg. bias =-.009
RMSE =.086
t=-3.136**
Avg. bias =.002
RMSE =.087
t=.701
Avg. bias =.004
RMSE =.089
t=1.463
Avg. bias =-.002
RMSE =.086
t=-.612

(.4)

Dir (2.34, 2.08)
Dir (3.07, 2.27)
Dir (4.05, 2.51)
Dir (5.61, 2.90)
Dir (8.55, 3.64)
Dir (11.24, 4.31)
Dir (15.84, 5.46)
Dir (49.28, 13.82)
Note. ** p < .05.

γ2
(.35)

γ3

ρall

ρlargest bias

(.25)

|ρbias_all| avg. =.016
t=3.067**
|ρbias_all| avg. =.009
t=28.460**
|ρbias_all| avg. =.007
t=24.595**
|ρbias_all| avg. =.005
t=22.587**
|ρbias_all| avg. =.004
t=25.298**
|ρbias_all| avg. =.004
t=31.622**
|ρbias_all| avg. =.003
t=31.662**
|ρbias_all| avg. =.002
t=31.622**
|ρbias_all| avg. =.000
t=.000

Avg. bias =-.029
RMSE =.167
t=-5.489**
Avg. bias =-.018
RMSE =.102
t=-5.682**
Avg. bias =-.017
RMSE =.087
t=-6.381**
Avg. bias =-.012
RMSE =.081
t=-4.896**
Avg. bias =-.010
RMSE =.062
t=-5.012**
Avg. bias =-.006
RMSE =.057
t=-3.574**
Avg. bias =.006
RMSE =.032
t=5.572**
Avg. bias =-.004
RMSE =.033
t=-3.420**
Avg. bias =-.001
RMSE =.020
t=-1.602
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Table 12.
Summary Statistics from the Simulation Study for Correct Priors for Model 1A: γ = .4, .35, .25; ρ = .8, .2; N = 25.
Prior Distribution

No prior
Dir (2.34, 2.08)
Dir (3.07, 2.27)
Dir (4.05, 2.51)
Dir (5.61, 2.90)
Dir (8.55, 3.64)
Dir (11.24, 4.31)
Dir (15.84, 5.46)
Dir (49.28, 13.82)
Note. ** p < .05.

γ1

γ2

γ3

(.4)

(.35)

(.25)

Avg. bias =-.031
RMSE =.117
t=-8.602**
Avg. bias =-.009
RMSE =.119
t=-2.440**
Avg. bias =-.001
RMSE =.118
t=-.134
Avg. bias =-.001
RMSE =.122
t=-.375
Avg. bias =-.007
RMSE =.119
t=-1.810**

Avg. bias =.015
RMSE =.121
t=4.002**
Avg. bias =.005
RMSE =.129
t=1.321
Avg. bias =.001
RMSE =.140
t=.130
Avg. bias =-.001
RMSE =.144
t=-.243
Avg. bias =.004
RMSE =.151
t=.901

Avg. bias =.016
RMSE =.105
t=4.758**
Avg. bias =.004
RMSE =.114
t=1.045
Avg. bias =-.000
RMSE =.118
t=-.020
Avg. bias =.003
RMSE =.127
t=.637
Avg. bias =.003
RMSE =.131
t=.608

Avg. bias =.007
RMSE =.122
t=1.787**
Avg. bias =.007
RMSE =.124
t=1.659
Avg. bias =.001
RMSE =.117
t=.370
Avg. bias =.003
RMSE =.124
t=.688

Avg. bias =-.003
RMSE =.152
t=-.670
Avg. bias =-.009
RMSE =.148
t=-1.927**
Avg. bias =-.001
RMSE =.154
t=-.221
Avg. bias =.006
RMSE =.142
t=1.331

Avg. bias =-.004
RMSE =.127
t=-.916
Avg. bias =.003
RMSE =.127
t=.626
Avg. bias =-.000
RMSE =.125
t=-.075
Avg. bias =-.009
RMSE =.116
t=-2.378**

ρall
|ρbias_all| avg. =.021
t=26.563**
|ρbias_all| avg. =.010
t=26.352**
|ρbias_all| avg. =.008
t=25.298**
|ρbias_all| avg. =.007
t=27.669**
||ρbias_all| avg. =.005
t=26.352**
|ρbias_all| avg. =.003
t=23.717**
|ρbias_all| avg. =.002
t=21.081**
|ρbias_all| avg. =.002
t=31.622**
|ρbias_all| avg. =.000
t=.000

ρlargest bias
Avg. bias =-.043
RMSE =.170
t=-8.2608**
Avg. bias =-.018
RMSE =.107
t=-5.351**
Avg. bias =-.017
RMSE =.089
t=-6.109**
Avg. bias =-.012
RMSE =.076
t=-5.222**
Avg. bias =.009
RMSE =.050
t=5.863**
Avg. bias =.009
RMSE =.052
t=5.371**
Avg. bias =.005
RMSE =.043
t=3.435**
Avg. bias =.003
RMSE =.025
t=4.070**
Avg. bias =-.001
RMSE =.015
t=-1.726**
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Table 13.
Summary Statistics from the Simulation Study for Incorrect Priors for Model 1A: γ = .4, .35, .25; ρ = .8, .2; N = 50.
Prior Distribution

γ1

No prior

Avg. bias =-.024
RMSE =.012
t=-6.927**
Avg. bias =.004
RMSE =.096
t=1.182
Avg. bias =.018
RMSE =.100
t=5.666**
Avg. bias =.030
RMSE =.011
t=9.392**
Avg. bias =.038
RMSE =.113
t=11.282**

Avg. bias =.013
RMSE =.012
t=3.753**
Avg. bias =.093
RMSE =.168
t=21.065**
Avg. bias =.118
RMSE =.185
t=26.026**
Avg. bias =.134
RMSE =.041
t=28.219**
Avg. bias =.160
RMSE =.216
t=34.965**

Avg. bias =.011
RMSE =.010
t=3.462**
Avg. bias =-.096
RMSE =.157
t=-24.718**
Avg. bias =-.136
RMSE =.185
t=-34.108**
Avg. bias =-.163
RMSE =.041
t=43.315**
Avg. bias =-.198
RMSE =.219
t=-66.590**

Avg. bias =.054
RMSE =.130
t=14.354**
Avg. bias =.068
RMSE =.155
t=15.304**
Avg. bias =.085
RMSE =.186
t=16.214**
Avg. bias =.154
RMSE =.225
t=29.784**

Avg. bias =.162
RMSE =.219
t=34.829**
Avg. bias =.156
RMSE =.222
t=31.222**
Avg. bias =.139
RMSE =.229
t=24.234**
Avg. bias =.049
RMSE =.191
t=8.449**

Avg. bias =-.216
RMSE =.228
t=-90.730**
Avg. bias =-.223
RMSE =.232
t=-110.511**
Avg. bias =-.224
RMSE =.232
t=-119.069**
Avg. bias =-.203
RMSE =.215
t=-90.0872**

(.4)

Dir (2.34, 2.08)
Dir (3.07, 2.27)
Dir (4.05, 2.51)
Dir (5.61, 2.90)
Dir (8.55, 3.64)
Dir (11.24, 4.31)
Dir (15.84, 5.46)
Dir (49.28, 13.82)
Note. ** p < .05.

γ2
(.35)

γ3

ρall

ρlargest bias

(.25)

|ρbias_all| avg. =.016
t=3.067**
|ρbias_all| avg. =.099
t=19.940**
|ρbias_all| avg. =.119
t=19.317**
|ρbias_all| avg. =.135
t=19.282**
|ρbias_all| avg. =.150
t=19.331**
|ρbias_all| avg. =.162
t=19.331**
|ρbias_all| avg. =.169
t=19.433**
|ρbias_all| avg. =.177
t=19.434**
|ρbias_all| avg. =.196
t=19.129**

Avg. bias =-.029
RMSE =.028
t=-5.489**
Avg. bias =.385
RMSE =.454
t=50.482**
Avg. bias =.467
RMSE =.511
t=71.061**
Avg. bias =.527
RMSE =.305
t=100.392**
Avg. bias =.575
RMSE =.584
t=177.228**
Avg. bias =.592
RMSE =.594
t=318.255**
Avg. bias =.596
RMSE =.597
t=480.768**
Avg. bias =.596
RMSE =.597
t=705.121**
Avg. bias =.595
RMSE =.595
t=1441.924**
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Table 14.
Summary Statistics from the Simulation Study for Incorrect Priors for Model 1A: γ = .4, .35, .25; ρ = .8, .2; N = 25.
Prior Distribution

No prior
Dir (2.34, 2.08)
Dir (3.07, 2.27)
Dir (4.05, 2.51)
Dir (5.61, 2.90)
Dir (8.55, 3.64)
Dir (11.24, 4.31)
Dir (15.84, 5.46)
Dir (49.28, 13.82)

Note. ** p < .05.

γ1

γ2

γ3

(.4)

(.35)

(.25)

Avg. bias =-.031
RMSE =.117
t=-8.602**
Avg. bias =.015
RMSE =.134
t=3.588**
Avg. bias =.045
RMSE =.158
t=9.332**
Avg. bias =.051
RMSE =.168
t=10.047**
Avg. bias =.074
RMSE =.197
t=12.883**
Avg. bias =.102
RMSE =.231
t=15.513**
Avg. bias =.113
RMSE =.254
t=15.806**
Avg. bias =.136
RMSE =.266
t=18.869**
Avg. bias =.166
RMSE =.244
t=29.114**

Avg. bias =.015
RMSE =.121
t=4.002**
Avg. bias =.097
RMSE =.202
t=17.455**
Avg. bias =.100
RMSE =.223
t=15.872**
Avg. bias =.123
RMSE =.233
t=19.545**
Avg. bias =.105
RMSE =.245
t=15.005**
Avg. bias =.098
RMSE =.252
t=13.379**
Avg. bias =.086
RMSE =.265
t=10.804**
Avg. bias =.062
RMSE =.255
t=7.871**
Avg. bias =.017
RMSE =.197
t=2.669**

Avg. bias =.016
RMSE =.105
t=4.758**
Avg. bias =-.113
RMSE =.183
t=-24.565**
Avg. bias =-.145
RMSE =.205
t=-31.425**
Avg. bias =-.174
RMSE =.216
t=-42.637**
Avg. bias =-.179
RMSE =.221
t=-43.853**
Avg. bias =-.200
RMSE =.226
t=-60.475**
Avg. bias =-.199
RMSE =.223
t=-62.110**
Avg. bias =-.198
RMSE =.220
t=-65.571**
Avg. bias =-.182
RMSE =.209
t=-56.728**

ρall
|ρbias_all| avg. =.021
t=26.563**
|ρbias_all| avg. =.128
t=20.137**
|ρbias_all| avg. =.147
t=19.950**
|ρbias_all| avg. =.158
t=19.748**
|ρbias_all| avg. =.168
t=19.676**
|ρbias_all| avg. =.180
t=19.627**
|ρbias_all| avg. =.185
t=19.500**
|ρbias_all| avg. =.191
t=19.358**
|ρbias_all| avg. =.199
t=18.673**

ρlargest bias
Avg. bias =-.043
RMSE =.170
t=-8.260**
Avg. bias =.474
RMSE =.516
t=73.218**
Avg. bias =.531
RMSE =.554
t=105.353**
Avg. bias =.565
RMSE =.576
t=155.659**
Avg. bias =.573
RMSE =.580
t=200.408**
Avg. bias =.589
RMSE =.592
t=360.313**
Avg. bias =.592
RMSE =.593
t=524.756**
Avg. bias =.592
RMSE =.593
t=664.666**
Avg. bias =.596
RMSE =.596
t=1832.873**
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Table 15.
Summary Statistics from the Simulation Study for Correct Priors for Model 1A: γ = .4, .35, .25; ρ = .6, .4; N = 100.
Prior Distribution

No prior
Dir (2.43, 2.29)
Dir (3.59, 3.06)
Dir (5.84, 4.56)
Dir (11.90, 8.60)
Dir (43.01, 29.34)

Note. ** p < .05.

γ1

γ2

γ3

(.4)

(.35)

(.25)

Avg. bias =-.030
RMSE =.201
t=-4.731**
Avg. bias =-.045
RMSE =.106
t=-14.870**
Avg. bias =-.021
RMSE =.130
t=-5.094**
Avg. bias =.006
RMSE =.157
t=1.227
Avg. bias =.019
RMSE =.180
t=3.389**

Avg. bias =.004
RMSE =.195
t=.614
Avg. bias =.001
RMSE =.099
t=.226
Avg. bias =-.013
RMSE =.159
t=-2.553**
Avg. bias =-.013
RMSE =.219
t=-1.818**
Avg. bias =-.030
RMSE =.259
t=-3.745**

Avg. bias =.026
RMSE =.174
t=4.790 **
Avg. bias =.044
RMSE =.105
t=14.841**
Avg. bias =.033
RMSE =.149
t=7.290**
Avg. bias =.007
RMSE =.189
t=1.088
Avg. bias =.011
RMSE =.200
t=1.785**

Avg. bias =.008
RMSE =.164
t=1.490

Avg. bias =-.006
RMSE =.244
t=-.731

Avg. bias =-.002
RMSE =.183
t=-.358

ρall
|ρbias_all| avg. =.051
t=25.799**
|ρbias_all| avg. =.029
t=26.201**
|ρbias_all| avg. =.021
t=26.563**
|ρbias_all| avg. =.012
t=27.105**
|ρbias_all| avg. =.004
t=25.298**
|ρbias_all| avg. =.001
t=31.622**

ρlargest bias
Avg. bias =.122
RMSE =.268
t=16.174**
Avg. bias =-.056
RMSE =.144
t=-13.457**
Avg. bias =-.038
RMSE =.105
t=-12.189**
Avg. bias =.019
RMSE =.053
t=11.828**
Avg. bias =.007
RMSE =.038
t=5.685**
Avg. bias =-.002
RMSE =.020
t=-2.478**
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Table 16.
Summary Statistics from the Simulation Study for Correct Priors for Model 1A: γ = .4, .35, .25; ρ = .6, .4; N =50.
Prior Distribution

No prior
Dir (2.43, 2.29)
Dir (3.59, 3.06)
Dir (5.84, 4.56)
Dir (11.90, 8.60)
Dir (43.01, 29.34)

Note. ** p < .05.

γ1

γ2

γ3

(.4)

(.35)

(.25)

Avg. bias =-.041
RMSE =.162
t=-8.326**
Avg. bias =-.025
RMSE =.126
t=-6.524**
Avg. bias =.008
RMSE =.172
t=1.478
Avg. bias =.019
RMSE =.209
t=2.848 **
Avg. bias =.010
RMSE =.233
t=1.329

Avg. bias =.004
RMSE =.156
t=.838
Avg. bias =-.006
RMSE =.139
t=-1.310
Avg. bias =-.026
RMSE =.219
t=-3.844**
Avg. bias =-.039
RMSE =.277
t=-4.493**
Avg. bias =-.025
RMSE =.314
t=-2.547**

Avg. bias =.037
RMSE =.148
t=8.229 **
Avg. bias =.031
RMSE =.146
t=6.904**
Avg. bias =.018
RMSE =.196
t=2.999**
Avg. bias =.020
RMSE =.226
t=2.820**
Avg. bias =.015
RMSE =.243
t=2.007**

Avg. bias =-.006
RMSE =.224
t=-.887

Avg. bias =.006
RMSE =.290
t=.605

Avg. bias =.001
RMSE =.214
t=.111

ρall
|ρbias_all| avg. =.059
t=25.558**
|ρbias_all| avg. =.032
t=26.629**
|ρbias_all| avg. =.020
t=26.352**
|ρbias_all| avg. =.009
t=25.873**
|ρbias_all| avg. =.004
t=31.622 **
|ρbias_all| avg. =.001
t=31.622**

ρlargest bias
Avg. bias =.130
RMSE =.281
t=16.520 **
Avg. bias =.058
RMSE =.123
t=16.752**
Avg. bias =.036
RMSE =.082
t=15.362**
Avg. bias =-.015
RMSE =.061
t=-7.792**
Avg. bias =.007
RMSE =.041
t=5.261**
Avg. bias =.001
RMSE =.015
t=2.890**
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Table 17.
Summary Statistics from the Simulation Study for Correct Priors for Model 1A: γ = .4, .35, .25; ρ = .6, .4; N =25.
Prior Distribution

No prior
Dir (2.43, 2.29)
Dir (3.59, 3.06)
Dir (5.84, 4.56)
Dir (11.90, 8.60)
Dir (43.01, 29.34)

Note. ** p < .05.

γ1

γ2

γ3

(.4)

(.35)

(.25)

Avg. bias =-.040
RMSE =.142
t=-9.385**
Avg. bias =-.009
RMSE =.192
t=-1.473
Avg. bias =.016
RMSE =.236
t=2.098**
Avg. bias =.025
RMSE =.274
t=2.930**
Avg. bias =-.001
RMSE =.309
t=-.149

Avg. bias =.002
RMSE =.132
t=.598
Avg. bias =-.025
RMSE =.221
t=-3.599**
Avg. bias =-.023
RMSE =.281
t=-2.564**
Avg. bias =-.039
RMSE =.326
t=-3.786**
Avg. bias =.004
RMSE =.367
t=.350

Avg. bias =.038
RMSE =.129
t=9.682**
Avg. bias =.034
RMSE =.203
t=5.345**
Avg. bias =.007
RMSE =.240
t=.926
Avg. bias =.013
RMSE =.265
t=1.613
Avg. bias =-.003
RMSE =.277
t=-.298

Avg. bias =-.019
RMSE =.284
t=-2.110**

Avg. bias =.001
RMSE =.343
t=.075

Avg. bias =.018
RMSE =.265
t=2.165**

ρall
|ρbias_all| avg. =.078
t=26.240 **
|ρbias_all| avg. =.032
t=27.349**
|ρbias_all| avg. =.019
t=28.611**
|ρbias_all| avg. =.009
t=28.460**
|ρbias_all| avg. =.003
t=31.622**
|ρbias_all| avg. =.001
t=31.622**

ρlargest bias
Avg. bias =.164
RMSE =.305
t=20.082 **
Avg. bias =.058
RMSE =.115
t=18.445**
Avg. bias =.032
RMSE =.072
t=15.359**
Avg. bias =.015
RMSE =.046
t=10.693**
Avg. bias =.005
RMSE =.024
t=6.829**
Avg. bias =-.002
RMSE =.012
t=-3.856**
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Table 18.
Summary Statistics from the Simulation Study for Incorrect Priors for Model 1A: γ = .4, .35, .25; ρ = .6, .4; N = 100.
Prior Distribution

No prior
Dir (2.43, 2.29)
Dir (3.59, 3.06)
Dir (5.84, 4.56)
Dir (11.90, 8.60)
Dir (43.01, 29.34)

Note. ** p < .05.

γ1

γ2

γ3

(.4)

(.35)

(.25)

Avg. bias =-.030
RMSE =.201
t=-4.731**
Avg. bias =-.039
RMSE =.108
t=-12.164**
Avg. bias =.003
RMSE =.145
t=.639
Avg. bias =.064
RMSE =.188
t=11.470**
Avg. bias =.119
RMSE =.256
t=16.536**
Avg. bias =.120
RMSE =.225
t=20.052**

Avg. bias =.004
RMSE =.195
t=.614
Avg. bias =.020
RMSE =.118
t=5.517**
Avg. bias =.035
RMSE =.168
t=6.827**
Avg. bias =.035
RMSE =.210
t=5.312**
Avg. bias =.016
RMSE =.269
t=1.932**
Avg. bias =.030
RMSE =.224
t=4.218**

Avg. bias =.026
RMSE =.174
t=4.790 **
Avg. bias =.018
RMSE =.114
t=5.187**
Avg. bias =-.038
RMSE =.166
t=-7.519**
Avg. bias =-.099
RMSE =.206
t=-17.304**
Avg. bias =-.135
RMSE =.220
t=-24.637**
Avg. bias =-.150
RMSE =.208
t=-32.824**

ρall
|ρbias_all| avg. =.051
t=25.799**
|ρbias_all| avg. =.058
t=26.201**
|ρbias_all| avg. =.059
t=22.478**
|ρbias_all| avg. =.065
t=20.974**
|ρbias_all| avg. =.071
t=20.789**
|ρbias_all| avg. =.070
t=19.589**

ρlargest bias
Avg. bias =.122
RMSE =.268
t=16.174**
Avg. bias =.150
RMSE =.212
t=31.616**
Avg. bias =.176
RMSE =.206
t=51.573**
Avg. bias =.198
RMSE =.206
t=110.518**
Avg. bias =.197
RMSE =.198
t=242.873**
Avg. bias =-.198
RMSE =.198
t=-659.427**

121
Table 19.
Summary Statistics from the Simulation Study for Incorrect Priors for Model 1A: γ = .4, .35, .25; ρ = .6, .4; N =50.
Prior Distribution

No prior
Dir (2.43, 2.29)
Dir (3.59, 3.06)
Dir (5.84, 4.56)
Dir (11.90, 8.60)
Dir (43.01, 29.34)

Note. ** p < .05.

γ1

γ2

γ3

(.4)

(.35)

(.25)

Avg. bias =-.041
RMSE =.162
t=-8.326**
Avg. bias =-.018
RMSE =.141
t=-4.156**
Avg. bias =.045
RMSE =.189
t=7.693**
Avg. bias =.079
RMSE =.259
t=10.098**
Avg. bias =.118
RMSE =.307
t=13.138**
Avg. bias =.104
RMSE =.268
t=13.346**

Avg. bias =.004
RMSE =.156
t=.838
Avg. bias =.021
RMSE =.158
t=4.319**
Avg. bias =.023
RMSE =.217
t=3.390**
Avg. bias =.010
RMSE =.266
t=1.231
Avg. bias =.011
RMSE =.304
t=1.141
Avg. bias =.005
RMSE =.275
t=.537

Avg. bias =.037
RMSE =.148
t=8.229**
Avg. bias =-.003
RMSE =.152
t=-.629
Avg. bias =-.068
RMSE =.203
t=-11.229 **
Avg. bias =-.089
RMSE =.226
t=-13.586**
Avg. bias =-.129
RMSE =.231
t=-21.163**
Avg. bias =-.109
RMSE =.230
t=-16.965**

ρall
|ρbias_all| avg. =.059
t=25.558**
|ρbias_all| avg. =.069
t=25.670**
|ρbias_all| avg. =.068
t=21.720**
|ρbias_all| avg. =.069
t=20.584**
|ρbias_all| avg. =.071
t=20.046**
|ρbias_all| avg. =.069
t=18.973**

ρlargest bias
Avg. bias =.130
RMSE =.281
t=16.520**
Avg. bias =.169
RMSE =.230
t=34.370**
Avg. bias =.199
RMSE =.215
t=76.519**
Avg. bias =.200
RMSE =.206
t=130.084**
Avg. bias =.198
RMSE =.199
t=293.028**
Avg. bias =.200
RMSE =.201
t=323.817**
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Table 20.
Summary Statistics from the Simulation Study for Incorrect Priors for Model 1A: γ = .4, .35, .25; ρ = .6, .4; N =25.
Prior Distribution

No prior
Dir (2.43, 2.29)
Dir (3.59, 3.06)
Dir (5.84, 4.56)
Dir (11.90, 8.60)
Dir (43.01, 29.34)

Note. ** p < .05.

γ1

γ2

γ3

(.4)

(.35)

(.25)

Avg. bias =-.040
RMSE =.142
t=-9.385 **
Avg. bias =.023
RMSE =.197
t=3.745*8
Avg. bias =.057
RMSE =.257
t=7.195**
Avg. bias =.095
RMSE =.330
t=9.491**
Avg. bias =.102
RMSE =.354
t=9.527**
Avg. bias =.105
RMSE =.320
t=10.928**

Avg. bias =.002
RMSE =.132
t=.598
Avg. bias =.001
RMSE =.219
t=.106
Avg. bias =.015
RMSE =.269
t=1.789**
Avg. bias =.011
RMSE =.326
t=1.095
Avg. bias =-.002
RMSE =.347
t=-.158
Avg. bias =-.017
RMSE =.309
t=-1.727**

Avg. bias =.038
RMSE =.129
t=9.682**
Avg. bias =-.024
RMSE =.210
t=-3.6311**
Avg. bias =-.072
RMSE =.239
t=-10.030**
Avg. bias =-.106
RMSE =.253
t=-14.575**
Avg. bias =-.100
RMSE =.279
t=-12.169**
Avg. bias =-.088
RMSE =.260
t=-11.342 **

ρall
|ρbias_all| avg. =.078
t=26.240**
|ρbias_all| avg. =.077
t=25.364**
|ρbias_all| avg. =.073
t=21.777**
|ρbias_all| avg. =.071
t=19.869**
|ρbias_all| avg. =.070
t=19.417**
|ρbias_all| avg. =.068
t=18.537**

ρlargest bias
Avg. bias =.164
RMSE =.305
t=20.082 **
Avg. bias =.181
RMSE =.220
t=45.977**
Avg. bias =.200
RMSE =.211
t=94.037**
Avg. bias =.200
RMSE =.204
t=172.168**
Avg. bias =.200
RMSE =.204
t=151.901**
Avg. bias =.201
RMSE =.202
t=415.754**
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Table 21.
Summary Statistics from the Simulation Study for Correct Priors for Model 1B: γ = .7, .2, .1; ρ = .8, .2; N = 50.
Prior Distribution

γ1

No prior

Avg. bias =-.134
RMSE =.189
t=-31.539**
Avg. bias =-.079
RMSE =.132
t=-23.538**
Avg. bias =-.056
RMSE =.117
t=-17.039**
Avg. bias =-.045
RMSE =.117
t=-13.290**
Avg. bias =-.024
RMSE =.110
t=-7.121**

Avg. bias =.065
RMSE =.143
t=16.252**
Avg. bias =.050
RMSE =.109
t=16.348**
Avg. bias =.031
RMSE =.099
t=10.444**
Avg. bias =.026
RMSE =.100
t=8.474**
Avg. bias =.012
RMSE =.094
t=4.036**

Avg. bias =.068
RMSE =.118
t=22.389**
Avg. bias =.029
RMSE =.075
t=13.074**
Avg. bias =.025
RMSE =.073
t=11.347**
Avg. bias =.019
RMSE =.071
t=9.008**
Avg. bias =.012
RMSE =.068
t=5.732**

|ρbias_all| avg. =.029
t=29.582**

Avg. bias =-.006
RMSE =.109
t=-1.625
Avg. bias =-.003
RMSE =.103
t=-.871
Avg. bias =.000
RMSE =.101
t=.015
Avg. bias =-.001
RMSE =.101
t=-.432

Avg. bias =-.001
RMSE =.091
t=-.463
Avg. bias =-.001
RMSE =.086
t=-.390
Avg. bias =-.001
RMSE =.086
t=-.431
Avg. bias =-.001
RMSE =.085
t=-.398

Avg. bias =.007
RMSE =.067
t=3.295**
Avg. bias =.004
RMSE =.066
t=1.866**
Avg. bias =.001
RMSE =.061
t=.585
Avg. bias =.002
RMSE =.061
t=1.279

|ρbias_all| avg. =.003
t=31.622**

(.7)

Dir (2.34, 2.08)
Dir (3.07, 2.27)
Dir (4.05, 2.51)
Dir (5.61, 2.90)
Dir (8.55, 3.64)
Dir (11.24, 4.31)
Dir (15.84, 5.46)
Dir (49.28, 13.82)
Note. ** p < .05.

γ2
(.2)

γ3

ρall

ρlargest bias

(.1)

|ρbias_all| avg. =.016
t=26.629**
|ρbias_all| avg. =.012
t=25.298**
|ρbias_all| avg. =.008
t=25.298**
|ρbias_all| avg. =.005
t=22.587**

|ρbias_all| avg. =.002
t=21.081**
|ρbias_all| avg. =.002
t=31.622**
|ρbias_all| avg. =.001
t=31.622**

Avg. bias =-.049
RMSE =.261
t=-6.077**
Avg. bias =-.031
RMSE =.088
t=-12.102**
Avg. bias =-.027
RMSE =.079
t=-11.401**
Avg. bias =-.020
RMSE =.072
t=-9.056**
Avg. bias =-.014
RMSE =.066
t=-6.724**
Avg. bias =.006
RMSE =.056
t=3.590**
Avg. bias =-.007
RMSE =.053
t=-3.952**
Avg. bias =.004
RMSE =.044
t=3.035**
Avg. bias =.002
RMSE =.022
t=2.302**
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Table 22.
Summary Statistics from the Simulation Study for Correct Priors for Model 1B: γ = .7, .2, .1; ρ = .8, .2; N = 25.
Prior Distribution

γ1

No prior

Avg. bias =-.156
RMSE =.211
t=-34.472**
Avg. bias =-.068
RMSE =.152
t=-15.790**
Avg. bias =-.063
RMSE =.154
t=-14.335**
Avg. bias =-.034
RMSE =.145
t=-7.644**
Avg. bias =-.015
RMSE =.145
t=-3.277**

Avg. bias =.073
RMSE =.146
t=18.345 **
Avg. bias =.040
RMSE =.130
t=10.071**
Avg. bias =.039
RMSE =.134
t=9.533**
Avg. bias =.015
RMSE =.130
t=3.574**
Avg. bias =.001
RMSE =.126
t=.165

Avg. bias =.082
RMSE =.132
t=25.130 **
Avg. bias =.029
RMSE =.097
t=9.687**
Avg. bias =.025
RMSE =.095
t=8.534**
Avg. bias =.020
RMSE =.094
t=6.725**
Avg. bias =.014
RMSE =.092
t=4.967**

|ρbias_all| avg. =.026
t=25.693**

Avg. bias =-.002
RMSE =.141
t=-.457
Avg. bias =-.004
RMSE =.134
t=-.869
Avg. bias =.006
RMSE =.136
t=1.401
Avg. bias =.001
RMSE =.133
t=.317

Avg. bias =-.005
RMSE =.123
t=-1.223
Avg. bias =-.002
RMSE =.117
t=-.427
Avg. bias =-.005
RMSE =.112
t=-1.268
Avg. bias =.002
RMSE =.117
t=.589

Avg. bias =.007
RMSE =.085
t=2.537**
Avg. bias =.005
RMSE =.088
t=1.897**
Avg. bias =-.002
RMSE =.083
t=-.586
Avg. bias =-.004
RMSE =.079
t=-1.399

|ρbias_all| avg. =.003
t=23.717**

(.7)

Dir (2.34, 2.08)
Dir (3.07, 2.27)
Dir (4.05, 2.51)
Dir (5.61, 2.90)
Dir (8.55, 3.64)
Dir (11.24, 4.31)
Dir (15.84, 5.46)
Dir (49.28, 13.82)
Note. ** p < .05.

γ2
(.2)

γ3

ρall

ρlargest bias

(.1)

|ρbias_all| avg. =.011
t=21.740**
|ρbias_all| avg. =.008
t=21.081**
|ρbias_all| avg. =.007
t=24.595**
|ρbias_all| avg. =.004
t=25.298**

|ρbias_all| avg. =.002
t=31.622**
|ρbias_all| avg. =.001
t=15.811**
|ρbias_all| avg. =.000
t=.000

Avg. bias =-.059
RMSE =.314
t=-6.068**
Avg. bias =-.035
RMSE =.102
t=-11.381**
Avg. bias =-.025
RMSE =.088
t=-9.461**
Avg. bias =.018
RMSE =.086
t=6.759**
Avg. bias =-.011
RMSE =.074
t=-4.827**
Avg. bias =-.008
RMSE =.062
t=-3.885**
Avg. bias =.005
RMSE =.019
t=8.078**
Avg. bias =.003
RMSE =.014
t=7.763**
Avg. bias =-.001
RMSE =.017
t=-1.969**
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Table 23.
Summary Statistics from the Simulation Study for Incorrect Priors for Model 1B: γ = .7, .2, .1; ρ = .8, .2; N = 50.
Prior Distribution

γ1

No prior

Avg. bias =-.134
RMSE =.189
t=-31.539 **
Avg. bias =.013
RMSE =.135
t=2.996**
Avg. bias =.048
RMSE =.158
t=10.175**
Avg. bias =.086
RMSE =.179
t=17.362**
Avg. bias =.147
RMSE =.213
t=30.030**
Avg. bias =.189
RMSE =.244
t=38.766**
Avg. bias =.178
RMSE =.279
t=26.296**
Avg. bias =.182
RMSE =.284
t=26.428**
Avg. bias =-.407
RMSE =.545
t=-35.567**

(.7)

Dir (2.34, 2.08)
Dir (3.07, 2.27)
Dir (4.05, 2.51)
Dir (5.61, 2.90)
Dir (8.55, 3.64)
Dir (11.24, 4.31)
Dir (15.84, 5.46)
Dir (49.28, 13.82)

Note. ** p < .05.

γ2
(.2)

Avg. bias =.065
RMSE =.143
t=16.252 **
Avg. bias =-.026
RMSE =.126
t=-6.717**
Avg. bias =-.040
RMSE =.144
t=-9.065**
Avg. bias =-.061
RMSE =.155
t=-13.539**
Avg. bias =-.092
RMSE =.168
t=-20.816**
Avg. bias =-.111
RMSE =.174
t=-26.327**
Avg. bias =-.098
RMSE =.199
t=-17.986**
Avg. bias =-.096
RMSE =.200
t=-17.366**
Avg. bias =.222
RMSE =.308
t=32.873**

γ3

ρall

ρlargest bias

(.1)

Avg. bias =.068
RMSE =.118
t=22.389**
Avg. bias =.013
RMSE =.081
t=5.319**
Avg. bias =-.009
RMSE =.083
t=-3.341**
Avg. bias =-.025
RMSE =.085
t=-9.853**
Avg. bias =-.054
RMSE =.089
t=-24.472**
Avg. bias =-.078
RMSE =.095
t=-45.009**
Avg. bias =-.080
RMSE =.102
t=-40.560**
Avg. bias =-.086
RMSE =.104
t=-45.742**
Avg. bias =.186
RMSE =.339
t=20.641**

|ρbias_all| avg. =.029
t=29.582**
|ρbias_all| avg. =.062
t=15.684**
|ρbias_all| avg. =.076
t=15.811**
|ρbias_all| avg. =.088
t=16.085**
|ρbias_all| avg. =.103
t=16.367**
|ρbias_all| avg. =.117
t=16.666**
|ρbias_all| avg. =.126
t=17.248**
|ρbias_all| avg. =.135
t=17.640**
|ρbias_all| avg. =.199
t=20.700**

Avg. bias =-.049
RMSE =.261
t=-6.077**
Avg. bias =.341
RMSE =.386
t=59.400**
Avg. bias =.409
RMSE =.443
t=76.112**
Avg. bias =.460
RMSE =.484
t=96.336**
Avg. bias =.523
RMSE =.536
t=142.382**
Avg. bias =.575
RMSE =.578
t=292.850**
Avg. bias =.587
RMSE =.589
t=459.517**
Avg. bias =.595
RMSE =.596
t=868.593**
Avg. bias =.590
RMSE =.590
t=980.568**
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Table 24.
Summary Statistics from the Simulation Study for Incorrect Priors for Model 1B: γ = .7, .2, .1; ρ = .8, .2; N = 25.
Prior Distribution

γ1

No prior

Avg. bias =-.156
RMSE =.211
t=-34.472**
Avg. bias =.018
RMSE =.210
t=2.689**
Avg. bias =.068
RMSE =.221
t=10.305**
Avg. bias =.108
RMSE =.243
t=15.664**
Avg. bias =.099
RMSE =.289
t=11.568**
Avg. bias =.082
RMSE =.333
t=7.992**
Avg. bias =.030
RMSE =.378
t=2.550**
Avg. bias =-.091
RMSE =.433
t=-6.826**
Avg. bias =-.660
RMSE =.682
t=-121.485**

(.7)

Dir (2.34, 2.08)
Dir (3.07, 2.27)
Dir (4.05, 2.51)
Dir (5.61, 2.90)
Dir (8.55, 3.64)
Dir (11.24, 4.31)
Dir (15.84, 5.46)
Dir (49.28, 13.82)

Note. ** p < .05.

γ2
(.2)

Avg. bias =.073
RMSE =.146
t=18.345**
Avg. bias =-.011
RMSE =.186
t=-1.830**
Avg. bias =-.043
RMSE =.189
t=-7.313**
Avg. bias =-.054
RMSE =.201
t=-8.868**
Avg. bias =-.040
RMSE =.229
t=-5.612**
Avg. bias =-.022
RMSE =.259
t=-2.726**
Avg. bias =.010
RMSE =.289
t=1.115
Avg. bias =.099
RMSE =.336
t=9.809**
Avg. bias =.171
RMSE =.269
t=26.057**

γ3

ρall

ρlargest bias

(.1)

Avg. bias =.082
RMSE =.132
t=25.130**
Avg. bias =-.007
RMSE =.103
t=-2.172**
Avg. bias =-.026
RMSE =.103
t=-8.204**
Avg. bias =-.054
RMSE =.102
t=-19.602**
Avg. bias =-.059
RMSE =.117
t=-18.473**
Avg. bias =-.059
RMSE =.129
t=-16.491**
Avg. bias =-.041
RMSE =.155
t=-8.574**
Avg. bias =-.008
RMSE =.182
t=-1.390
Avg. bias =.489
RMSE =.543
t=65.250**

|ρbias_all| avg. =.026
t=25.693**
|ρbias_all| avg. =.086
t=16.284**
|ρbias_all| avg. =.099
t=16.390**
|ρbias_all| avg. =.110
t=16.643**
|ρbias_all| avg. =.125
t=17.490**
|ρbias_all| avg. =.141
t=18.273**
|ρbias_all| avg. =.152
t=18.776**
|ρbias_all| avg. =.169
t=19.576**
|ρbias_all| avg. =.211
t=19.453**

Avg. bias =-.059
RMSE =.314
t=-6.068**
Avg. bias =.448
RMSE =.479
t=83.531**
Avg. bias =.496
RMSE =.515
t=111.273**
Avg. bias =.544
RMSE =.554
t=162.675**
Avg. bias =.572
RMSE =.576
t=261.144**
Avg. bias =.587
RMSE =.588
t=473.821**
Avg. bias =.589
RMSE =.590
t=556.767**
Avg. bias =.591
RMSE =.591
t=682.808**
Avg. bias =.597
RMSE =.597
t=1042.145**
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Table 25.
Summary Statistics from the Simulation Study for Correct Priors for Model 1B: γ = .7, .2, .1; ρ = .6, .4; N = 100.
Prior Distribution

No prior
Dir (2.43, 2.29)
Dir (3.59, 3.06)
Dir (5.84, 4.56)
Dir (11.90, 8.60)
Dir (43.01, 29.34)

Note. ** p < .05.

γ1

γ2

γ3

(.7)

(.2)

(.1)

Avg. bias =-.227
RMSE =.305
t=-35.512**
Avg. bias =-.264
RMSE =.283
t=-82.181**
Avg. bias =-.208
RMSE =.242
t=-53.578**
Avg. bias =-.139
RMSE =.219
t=-25.918**
Avg. bias =-.058
RMSE =.234
t=-8.080**
Avg. bias =-.004
RMSE =.218
t=-.521

Avg. bias =.074
RMSE =.187
t=13.694**
Avg. bias =.118
RMSE =.156
t=36.477**
Avg. bias =.111
RMSE =.175
t=25.950**
Avg. bias =.076
RMSE =.194
t=13.406**
Avg. bias =.027
RMSE =.195
t=4.373**
Avg. bias =-.007
RMSE =.171
t=-1.389

Avg. bias =.153
RMSE =.228
t=28.663**
Avg. bias =.146
RMSE =.179
t=44.426**
Avg. bias =.097
RMSE =.166
t=22.822**
Avg. bias =.063
RMSE =.168
t=12.746**
Avg. bias =.031
RMSE =.150
t=6.733**
Avg. bias =.011
RMSE =.124
t=2.846**

ρall
|ρbias_all| avg. =.050
t=26.352**
|ρbias_all| avg. =.031
t=26.494**
|ρbias_all| avg. =.024
t=25.298**
|ρbias_all| avg. =.015
t=24.965**
|ρbias_all| avg. =.005
t=22.587**
|ρbias_all| avg. =.001
t=31.622**

ρlargest bias
Avg. bias =.111
RMSE =.267
t=14.409**
Avg. bias =-.061
RMSE =.142
t=-15.016**
Avg. bias =-.055
RMSE =.114
t=-17.387**
Avg. bias =-.039
RMSE =.084
t=-16.258**
Avg. bias =-.013
RMSE =.045
t=-9.465**
Avg. bias =.002
RMSE =.025
t=2.287**
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Table 26.
Summary Statistics from the Simulation Study for Correct Priors for Model 1B: γ = .7, .2, .1; ρ = .6, .4; N = 50.
Prior Distribution

γ1

No prior

Avg. bias =-.247
RMSE =.303
t=-44.324 **
Avg. bias =-.229
RMSE =.264
t=-55.733**
Avg. bias =-.168
RMSE =.238
t=-31.570**
Avg. bias =-.090
RMSE =.254
t=-12.024**
Avg. bias =-.039
RMSE =.292
t=-4.274**

Avg. bias =.088
RMSE =.171
t=19.096**
Avg. bias =.115
RMSE =.180
t=26.210**
Avg. bias =.095
RMSE =.210
t=15.987**
Avg. bias =.041
RMSE =.223
t=5.933**
Avg. bias =.008
RMSE =.240
t=1.087

Avg. bias =.158
RMSE =.207
t=37.283**
Avg. bias =.115
RMSE =.177
t=26.943**
Avg. bias =.073
RMSE =.184
t=13.768**
Avg. bias =.049
RMSE =.184
t=8.801**
Avg. bias =.031
RMSE =.171
t=5.801**

Avg. bias =-.035
RMSE =.290
t=-3.852**

Avg. bias =.016
RMSE =.228
t=2.288**

Avg. bias =.019
RMSE =.156
t=3.797**

(.7)

Dir (2.43, 2.29)
Dir (3.59, 3.06)
Dir (5.84, 4.56)
Dir (11.90, 8.60)
Dir (43.01, 29.34)

Note. ** p < .05.

γ2
(.2)

γ3

ρall

ρlargest bias

(.1)

|ρbias_all| avg. =.061
t=27.168**
|ρbias_all| avg. =.037
t=27.210**
|ρbias_all| avg. =.022
t=24.846**
|ρbias_all| avg. =.012
t=25.298**
|ρbias_all| avg. =.004
t=25.298**
|ρbias_all| avg. =.001
t=31.622**

Avg. bias =.129
RMSE =.275
t=16.808**
Avg. bias =-.070
RMSE =.147
t=-16.960**
Avg. bias =-.049
RMSE =.113
t=-15.318**
Avg. bias =-.025
RMSE =.078
t=-10.610**
Avg. bias =.008
RMSE =.049
t=5.039**
Avg. bias =.003
RMSE =.022
t=4.150**
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Table 27.
Summary Statistics from the Simulation Study for Correct Priors for Model 1B: γ = .7, .2, .1; ρ = .6, .4; N = 25.
Prior Distribution

No prior
Dir (2.43, 2.29)
Dir (3.59, 3.06)
Dir (5.84, 4.56)
Dir (11.90, 8.60)
Dir (43.01, 29.34)

Note. ** p < .05.

γ1

γ2

γ3

(.7)

(.2)

(.1)

ρall

Avg. bias =-.249
RMSE =.286
t=-55.970 **
Avg. bias =-.191
RMSE =.269
t=-32.053**
Avg. bias =-.118
RMSE =.276
t=-15.026**
Avg. bias =-.111
RMSE =.349
t=-10.602**
Avg. bias =-.085
RMSE =.383
t=-7.218**

Avg. bias =.095
RMSE =.157
t=24.019**
Avg. bias =.095
RMSE =.223
t=14.480**
Avg. bias =.053
RMSE =.241
t=7.138**
Avg. bias =.054
RMSE =.278
t=6.265**
Avg. bias =.028
RMSE =.301
t=2.957**

Avg. bias =.154
RMSE =.192
t=42.353**
Avg. bias =.096
RMSE =.206
t=16.766**
Avg. bias =.065
RMSE =.213
t=10.212**
Avg. bias =.057
RMSE =.218
t=8.552**
Avg. bias =.057
RMSE =.235
t=7.910**

|ρbias_all| avg. =.079
t=27.154**

Avg. bias =-.103
RMSE =.370
t=-9.134**

Avg. bias =.056
RMSE =.308
t=5.873**

Avg. bias =.046
RMSE =.210
t=7.153**

|ρbias_all| avg. =.001
t=31.622**

|ρbias_all| avg. =.034
t=26.879**
|ρbias_all| avg. =.020
t=26.352**
|ρbias_all| avg. =.010
t=26.352**
|ρbias_all| avg. =.003
t=23.717**

ρlargest bias
Avg. bias =.174
RMSE =.302
t=22.206 **
Avg. bias =.062
RMSE =.151
t=-14.144**
Avg. bias =-.040
RMSE =.111
t=-12.402**
Avg. bias =.018
RMSE =.074
t=7.980**
Avg. bias =.007
RMSE =.045
t=4.798**
Avg. bias =.003
RMSE =.017
t=4.691**
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Table 28.
Summary Statistics from the Simulation Study for Incorrect Priors for Model 1B: γ = .7, .2, .1; ρ = .6, .4; N = 100.
Prior Distribution

No prior
Dir (2.43, 2.29)
Dir (3.59, 3.06)
Dir (5.84, 4.56)
Dir (11.90, 8.60)
Dir (43.01, 29.34)

Note. ** p < .05.

γ1

γ2

γ3

(.7)

(.2)

(.1)

Avg. bias =-.227
RMSE =.305
t=-35.512**
Avg. bias =-.237
RMSE =.270
t=-57.814**
Avg. bias =-.154
RMSE =.231
t=-28.077**
Avg. bias =-.071
RMSE =.258
t=-9.130**
Avg. bias =-.109
RMSE =.397
t=-9.008**
Avg. bias =-.362
RMSE =.506
t=-32.249**

Avg. bias =.074
RMSE =.187
t=13.694**
Avg. bias =.108
RMSE =.164
t=27.652**
Avg. bias =.117
RMSE =.203
t=22.274**
Avg. bias =.114
RMSE =.259
t=15.506**
Avg. bias =.140
RMSE =.335
t=14.491**
Avg. bias =.258
RMSE =.340
t=36.807**

Avg. bias =.153
RMSE =.228
t=28.663**
Avg. bias =.129
RMSE =.176
t=34.141**
Avg. bias =.036
RMSE =.157
t=7.519**
Avg. bias =-.043
RMSE =.138
t=-10.0275**
Avg. bias =-.031
RMSE =.156
t=-6.400**
Avg. bias =.103
RMSE =.264
t=13.454**

ρall
|ρbias_all| avg. =.050
t=26.352**
|ρbias_all| avg. =.042
t=22.899**
|ρbias_all| avg. =.043
t=20.602**
|ρbias_all| avg. =.047
t=20.084**
|ρbias_all| avg. =.056
t=21.081**
|ρbias_all| avg. =.069
t=21.819**

ρlargest bias
Avg. bias =.111
RMSE =.267
t=14.409**
Avg. bias =.127
RMSE =.195
t=27.205**
Avg. bias =.166
RMSE =.192
t=55.152**
Avg. bias =.190
RMSE =.194
t=156.889**
Avg. bias =.200
RMSE =.201
t=356.670**
Avg. bias =.204
RMSE =.204
t=531.152**
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Table 29.
Summary Statistics from the Simulation Study for Incorrect Priors for Model 1B: γ = .7, .2, .1; ρ = .6, .4; N = 50.
Prior Distribution

γ1

No prior

Avg. bias =-.247
RMSE =.303
t=-44.324 **
Avg. bias =-.177
RMSE =.243
t=-33.748**
Avg. bias =-.120
RMSE =.241
t=-18.099**
Avg. bias =-.102
RMSE =.338
t=-10.064**
Avg. bias =-.236
RMSE =.480
t=-17.853**
Avg. bias =-.488
RMSE =.598
t=-44.566**

(.7)

Dir (2.43, 2.29)
Dir (3.59, 3.06)
Dir (5.84, 4.56)
Dir (11.90, 8.60)
Dir (43.01, 29.34)

Note. ** p < .05.

γ2
(.2)

Avg. bias =.088
RMSE =.171
t=19.096**
Avg. bias =.116
RMSE =.199
t=22.706**
Avg. bias =.139
RMSE =.256
t=20.519**
Avg. bias =.145
RMSE =.318
t=16.713**
Avg. bias =.212
RMSE =.400
t=19.810**
Avg. bias =.248
RMSE =.354
t=30.968**

γ3

ρall

ρlargest bias

(.1)

Avg. bias =.158
RMSE =.207
t=37.283 **
Avg. bias =.061
RMSE =.163
t=12.744**
Avg. bias =-.020
RMSE =.147
t=-4.288**
Avg. bias =-.042
RMSE =.148
t=-9.443**
Avg. bias =.024
RMSE =.213
t=3.539**
Avg. bias =.240
RMSE =.374
t=26.514**

|ρbias_all| avg. =.061
t=27.168**
|ρbias_all| avg. =.048
t=22.322**
|ρbias_all| avg. =.051
t=21.503**
|ρbias_all| avg. =.055
t=20.954**
|ρbias_all| avg. =.063
t=21.194**
|ρbias_all| avg. =.070
t=20.308**

Avg. bias =.129
RMSE =.275
t=16.808**
Avg. bias =-.158
RMSE =.221
t=-32.563**
Avg. bias =.182
RMSE =.192
t=91.678**
Avg. bias =.195
RMSE =.197
t=232.184**
Avg. bias =.201
RMSE =.202
t=320.450**
Avg. bias =.205
RMSE =.206
t=444.026**
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Table 30.
Summary Statistics from the Simulation Study for Incorrect Priors for Model 1B: γ = .7, .2, .1; ρ = .6, .4; N = 25.
Prior Distribution

No prior
Dir (2.43, 2.29)
Dir (3.59, 3.06)
Dir (5.84, 4.56)
Dir (11.90, 8.60)
Dir (43.01, 29.34)

Note. ** p < .05.

γ1

γ2

γ3

(.7)

(.2)

(.1)

Avg. bias =-.249
RMSE =.286
t=-55.970**
Avg. bias =-.129
RMSE =.231
t=-21.271**
Avg. bias =-.081
RMSE =.284
t=-9.423**
Avg. bias =-.142
RMSE =.411
t=-11.605**
Avg. bias =-.312
RMSE =.531
t=-22.973**
Avg. bias =-.563
RMSE =.632
t=61.964**

Avg. bias =.095
RMSE =.157
t=24.019**
Avg. bias =.144
RMSE =.248
t=22.495**
Avg. bias =.128
RMSE =.294
t=15.304**
Avg. bias =.177
RMSE =.385
t=16.375**
Avg. bias =.243
RMSE =.438
t=21.063**
Avg. bias =.237
RMSE =.384
t=24.827**

Avg. bias =.154
RMSE =.192
t=42.353**
Avg. bias =-.015
RMSE =.148
t=-3.220**
Avg. bias =-.047
RMSE =.144
t=-10.907**
Avg. bias =-.036
RMSE =.165
t=-6.962**
Avg. bias =.069
RMSE =.278
t=8.105**
Avg. bias =.325
RMSE =.464
t=31.077**

ρall
|ρbias_all| avg. =.079
t=27.154 **
|ρbias_all| avg. =.056
t=22.998**
|ρbias_all| avg. =.057
t=21.958**
|ρbias_all| avg. =.061
t=20.967**
|ρbias_all| avg. =.066
t=20.461**
|ρbias_all| avg. =.070
t=19.248**

ρlargest bias
Avg. bias =.174
RMSE =.302
t=22.206**
Avg. bias =.177
RMSE =.196
t=66.453**
Avg. bias =.191
RMSE =.195
t=144.866**
Avg. bias =.198
RMSE =.199
t=322.514**
Avg. bias =.200
RMSE =.201
t=307.995**
Avg. bias =.204
RMSE =.204
t=494.840**
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Table 31.
Summary Statistics from the Simulation Study for Correct Prior for Model 2: γ = [.2,.05,.2,.3,.15,.1]; ρ = .8,.2; N=50.
Prior Distribution

No prior

Dir (2.34, 2.08)

Dir (3.07, 2.27)

Dir (4.05, 2.51)

γ

γ

γ

ρall

γ1 (.2)

γ2 (.05)

γ3 (.2)

Avg. bias = -.015
RMSE =.106
t=-4.647**

Avg. bias = .024
RMSE =.088
t=9.082**

Avg. bias =-.001
RMSE =.135
t=-.173

γ4 (.3)

γ5 (.15)

γ6 (.1)

Avg. bias =-.019
RMSE =.140
t=-4.370**

Avg. bias =.000
RMSE =.113
t=.054

Avg. bias =.011
RMSE =.084
t=4.038**

γ1 (.2)

γ2 (.05)

γ3 (.2)

Avg. bias =-.012
RMSE =.104
t=-3.781**

Avg. bias =.023
RMSE =.085
t=8.834**

Avg. bias =.014
RMSE =.126
t=3.496**

γ4 (.3)

γ5 (.15)

γ6 (.1)

Avg. bias =-.027
RMSE =.141
t=-6.220**

Avg. bias =.002
RMSE =.110
t=.601

Avg. bias =.001
RMSE =.079
t=.314

γ1 (.2)

γ2 (.05)

γ3 (.2)

Avg. bias =-.007
RMSE =.100
t=-2.227**

Avg. bias =.019
RMSE =.081
t=7.783**

Avg. bias =.010
RMSE =.123
t=2.455**

γ4 (.3)

γ5 (.15)

γ6 (.1)

Avg. bias =-.023
RMSE =.138
t=-5.327**

Avg. bias =-.003
RMSE =.108
t=-.877

Avg. bias =.004
RMSE =.075
t=1.707**

γ1 (.2)

γ2 (.05)

γ3 (.2)

Avg. bias =-.010
RMSE =.104
t=-2.919**

Avg. bias =.020
RMSE =.080
t=7.986**

Avg. bias =.005
RMSE =.121
t=1.300

ρlargest bias

|ρbias_all| avg. =.031
t=29.706**

Avg. bias =-.046
RMSE =.132
t=-11.847**

|ρbias_all| avg. =.006
t=27.105**

Avg. bias =-.011
RMSE =.042
t=-8.250**

|ρbias_all| avg. =.005
t=26.352**

Avg. bias =-.008
RMSE =.034
t=-7.347**

|ρbias_all| avg. =.005
t=26.352**

Avg. bias =-.009
RMSE =.028
t=-10.370**
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Dir (5.61, 2.90)

Dir (8.55, 3.64)

Dir (11.24, 4.31)

Dir (15.84, 5.46)

γ4 (.3)

γ5 (.15)

γ6 (.1)

Avg. bias =-.012
RMSE =.137
t=-2.813**

Avg. bias =-.004
RMSE =.106
t=-1.301

Avg. bias =.001
RMSE =.078
t=.579

γ1 (.2)

γ2 (.05)

γ3 (.2)

Avg. bias =-.011
RMSE =.101
t=-3.595**

Avg. bias =.018
RMSE =.081
t=7.130**

Avg. bias =.005
RMSE =.123
t=1.326

γ4 (.3)

γ5 (.15)

γ6 (.1)

Avg. bias =-.013
RMSE =.139
t=-2.947**

Avg. bias =.001
RMSE =.104
t=.371

Avg. bias =.000
RMSE =.074
t=.010

γ1 (.2)

γ2 (.05)

γ3 (.2)

Avg. bias =-.015
RMSE =.102
t=-4.824**

Avg. bias =.023
RMSE =.083
t=9.100**

Avg. bias =.018
RMSE =.128
t=4.467**

γ4 (.3)

γ5 (.15)

γ6 (.1)

Avg. bias =-.027
RMSE =.144
t=-6.019**

Avg. bias =.001
RMSE =.108
t=.345

Avg. bias =.000
RMSE =.075
t=.072

γ1 (.2)

γ2 (.05)

γ3 (.2)

Avg. bias =-.009
RMSE =.102
t=-2.872**

Avg. bias =.019
RMSE =.081
t=7.703**

Avg. bias =.010
RMSE =.123
t=2.524**

γ4 (.3)

γ5 (.15)

γ6 (.1)

Avg. bias =-.017
RMSE =.146
t=-3.795**

Avg. bias =-.006
RMSE =.105
t=-1.872**

Avg. bias =.004
RMSE =.077
t=1.635

γ1 (.2)

γ2 (.05)

γ3 (.2)

Avg. bias =-.012
RMSE =.104
t=-3.647**

Avg. bias =.025
RMSE =.085
t=9.689**

Avg. bias =.010
RMSE =.120
t=2.770**

|ρbias_all| avg. =.003
t=23.717**

Avg. bias =-.005
RMSE =.021
t=-8.276**

|ρbias_all| avg. =.002
t=31.622**

Avg. bias =-.004
RMSE =.015
t=-9.223**

|ρbias_all| avg. =.002
t=31.622**

Avg. bias =-.003
RMSE =.011
t=-10.130**

|ρbias_all| avg. =.001
t=15.811**

Avg. bias =-.002
RMSE =.008
t=-9.433**
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Dir (49.28, 13.82)

Note. ** p < .05.

γ4 (.3)

γ5 (.15)

γ6 (.1)

Avg. bias =-.026
RMSE =.138
t=-6.081**

Avg. bias =.004
RMSE =.106
t=1.085

Avg. bias =-.001
RMSE =.075
t=-.440

γ1 (.2)

γ2 (.05)

γ3 (.2)

Avg. bias =-.010
RMSE =.099
t=-3.149**

Avg. bias =.020
RMSE =.084
t=7.822**

Avg. bias =.008
RMSE =.121
t=2.128**

γ4 (.3)

γ5 (.15)

γ6 (.1)

Avg. bias =-.018
RMSE =.139
t=-4.196**

Avg. bias =.001
RMSE =.106
t=.197

Avg. bias =-.001
RMSE =.074
t=-.395

|ρbias_all| avg. =.000
t=.000

Avg. bias =-.001
RMSE =.003
t=-8.595**
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Table 32.
Summary Statistics from the Simulation Study for Correct Priors for Model 2: γ = [.2,.05,.2,.3,.15,.1]; ρ = .8,.2; N=25.
N* (Total ESS)

No prior

Dir (2.34, 2.08)

Dir (3.07, 2.27)

Dir (4.05, 2.51)

γ

γ

γ

ρall

γ1 (.2)

γ2 (.05)

γ3 (.2)

Avg. bias =-.013
RMSE =.128
t=-3.300**

Avg. bias =.031
RMSE =.103
t=10.097**

Avg. bias =.001
RMSE =.150
t=.317

γ4 (.3)

γ5 (.15)

γ6 (.1)

Avg. bias =-.039
RMSE =.159
t=-8.081**

Avg. bias =.001
RMSE =.127
t=.257

Avg. bias =.019
RMSE =.103
t=5.914**

γ1 (.2)

γ2 (.05)

γ3 (.2)

Avg. bias =-.014
RMSE =.129
t=-3.372**

Avg. bias =.033
RMSE =.112
t=9.667**

Avg. bias =.002
RMSE =.152
t=.497

γ4 (.3)

γ5 (.15)

γ6 (.1)

Avg. bias =-.025
RMSE =.177
t=-4.433**

Avg. bias =-.005
RMSE =.134
t=-1.106

Avg. bias =.008
RMSE =.094
t=2.704**

γ1 (.2)

γ2 (.05)

γ3 (.2)

Avg. bias =-.017
RMSE =.132
t=-4.056**

Avg. bias =.034
RMSE =.107
t=10.690**

Avg. bias =.016
RMSE =.154
t=3.246**

γ4 (.3)

γ5 (.15)

γ6 (.1)

Avg. bias =-.045
RMSE =.181
t=-8.161**

Avg. bias =.005
RMSE =.138
t=1.119

Avg. bias =.007
RMSE =.099
t=2.213**

γ1 (.2)

γ2 (.05)

γ3 (.2)

Avg. bias =-.018
RMSE =.128
t=-4.453**

Avg. bias =.036
RMSE =.111
t=10.964**

Avg. bias =.012
RMSE =.152
t=2.461**

ρlargest bias

|ρbias_all| avg. =.047
t=29.142**

Avg. bias =-.066
RMSE =.158
t=-14.597**

|ρbias_all| avg. =.009
t=28.460**

Avg. bias =-.015
RMSE =.038
t=-13.421**

|ρbias_all| avg. =.007
t=31.622**

Avg. bias =-.010
RMSE =.029
t=-12.310**

|ρbias_all| avg. =.006
t=31.622**

Avg. bias =-.009
RMSE =.025
t=-12.115**
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Dir (5.61, 2.90)

Dir (8.55, 3.64)

Dir (11.24, 4.31)

Dir (15.84, 5.46)

γ4 (.3)

γ5 (.15)

γ6 (.1)

Avg. bias =-.038
RMSE =.181
t=-6.738**

Avg. bias =-.001
RMSE =.136
t=-.294

Avg. bias =.009
RMSE =.100
t=2.738**

γ1 (.2)

γ2 (.05)

γ3 (.2)

Avg. bias =-.023
RMSE =.130
t=-5.703**

Avg. bias =.035
RMSE =.109
t=10.743**

Avg. bias =.011
RMSE =.159
t=2.113**

γ4 (.3)

γ5 (.15)

γ6 (.1)

Avg. bias =-.035
RMSE =.176
t=-6.363**

Avg. bias =.006
RMSE =.137
t=1.339

Avg. bias =.006
RMSE =.103
t=1.857**

γ1 (.2)

γ2 (.05)

γ3 (.2)

Avg. bias =-.013
RMSE =.132
t=-3.3083**

Avg. bias =.034
RMSE =.106
t=10.785**

Avg. bias =.016
RMSE =.155
t=3.281**

γ4 (.3)

γ5 (.15)

γ6 (.1)

Avg. bias =-.036
RMSE =.177
t=-6.644**

Avg. bias =-.008
RMSE =.136
t=-1.931**

Avg. bias =.007
RMSE =.096
t=2.363**

γ1 (.2)

γ2 (.05)

γ3 (.2)

Avg. bias =-.021
RMSE =.131
t=-5.004**

Avg. bias =.040
RMSE =.114
t=11.817**

Avg. bias =.015
RMSE =.157
t=3.3130**

γ4 (.3)

γ5 (.15)

γ6 (.1)

Avg. bias =-.040
RMSE =.176
t=-7.315**

Avg. bias =.002
RMSE =.131
t=.363

Avg. bias =.003
RMSE =.095
t=1.147

γ1 (.2)

γ2 (.05)

γ3 (.2)

Avg. bias =-.021
RMSE =.132
t=-4.990**

Avg. bias =.030
RMSE =.106
t=9.298**

Avg. bias =.019
RMSE =.164
t=3.761**

|ρbias_all| avg. =.004
t=31.622**

Avg. bias =-.006
RMSE =.018
t=-10.884**

|ρbias_all| avg. =.003
t=31.622**

Avg. bias =-.004
RMSE =.012
t=-12.436**

|ρbias_all| avg. =.002
t=31.622**

Avg. bias =-.003
RMSE =.009
t=-10.989**

|ρbias_all| avg. =.002
t=31.622**

Avg. bias =-.002
RMSE =.007
t=-12.195**
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Dir (49.28, 13.82)

Note. ** p < .05.

γ4 (.3)

γ5 (.15)

γ6 (.1)

Avg. bias =-.034
RMSE =.177
t=-6.186**

Avg. bias =-.005
RMSE =.129
t=-1.128

Avg. bias =.010
RMSE =.099
t=3.137**

γ1 (.2)

γ2 (.05)

γ3 (.2)

Avg. bias =-.021
RMSE =.133
t=-5.054**

Avg. bias =.026
RMSE =.103
t=8.360**

Avg. bias =.018
RMSE =.157
t=3.738**

γ4 (.3)

γ5 (.15)

γ6 (.1)

Avg. bias =-.038
RMSE =.183
t=-6.773**

Avg. bias =.012
RMSE =.139
t=2.718**

Avg. bias =.003
RMSE =.097
t=.848

|ρbias_all| avg. =.001
t=31.622**

Avg. bias =-.001
RMSE =.002
t=-14.788**
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Table 33.
Summary Statistics from the Simulation Study for Incorrect Priors for Model 2: γ = [.2,.05,.2,.3,.15,.1]; ρ = .8,.2; N=50.
Prior Distribution

No prior

Dir ( 2.34, 2.08)

Dir (3.07, 2.27)

Dir (4.05, 2.51)

γ

γ

γ

ρall

γ1 (.2)

γ2 (.05)

γ3 (.2)

Avg. bias = -.015
RMSE =.106
t=-4.647**

Avg. bias = .024
RMSE =.088
t=9.082**

Avg. bias =-.001
RMSE =.135
t=-.173

γ4 (.3)

γ5 (.15)

γ6 (.1)

Avg. bias =-.019
RMSE =.140
t=-4.370**

Avg. bias =.000
RMSE =.113
t=.054

Avg. bias =.011
RMSE =.084
t=4.038**

γ1 (.2)

γ2 (.05)

γ3 (.2)

Avg. bias =-.024
RMSE =.130
t=-5.866**

Avg. bias =-.004
RMSE =.094
t=-1.188

Avg. bias =-.047
RMSE =.195
t=-7.836**

γ4 (.3)

γ5 (.15)

γ6 (.1)

Avg. bias =.214
RMSE =.348
t=24.789**

Avg. bias =-.090
RMSE =.159
t=-21.768**

Avg. bias =-.050
RMSE =.088
t=-21.596**

γ1 (.2)

γ2 (.05)

γ3 (.2)

Avg. bias =-.032
RMSE =.139
t=-7.412**

Avg. bias =-.010
RMSE =.087
t=-3.731**

Avg. bias =-.045
RMSE =.208
t=-7.043**

γ4 (.3)

γ5 (.15)

γ6 (.1)

Avg. bias =.257
RMSE =.377
t=29.504**

Avg. bias =-.097
RMSE =.165
t=-23.090**

Avg. bias =-.072
RMSE =.092
t=-40.270**

γ1 (.2)

γ2 (.05)

γ3 (.2)

Avg. bias =-.042
RMSE =.137
t=-10.050**

Avg. bias =-.007
RMSE =.093
t=-2.537**

Avg. bias =-.060
RMSE =.214
t=-9.181**

ρlargest bias

|ρbias_all| avg. =.031
t=29.706**

Avg. bias =.046
RMSE =.132
t=-11.847**

|ρbias_all| avg. =.102
t=28.799**

Avg. bias =.151
RMSE =.160
t=90.070**

|ρbias_all| avg. =.120
t=29.190**

Avg. bias =.174
RMSE =.180
t=119.523**

|ρbias_all| avg. =.133
t=29.411**

Avg. bias =.194
RMSE =.199
t=150.182**
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Dir (5.61, 2.90)

Dir (8.55, 3.64)

Dir ( 11.24, 4.31)

Dir (15.84, 5.46)

γ4 (.3)

γ5 (.15)

γ6 (.1)

Avg. bias =3.05
RMSE =.406
t=36.043**

Avg. bias =-.114
RMSE =.162
t=-31.505**

Avg. bias =-.082
RMSE =.096
t=-52.163**

γ1 (.2)

γ2 (.05)

γ3 (.2)

Avg. bias =-.045
RMSE =.133
t=-11.461**

Avg. bias =-.007
RMSE =.096
t=-2.214**

Avg. bias =-.057
RMSE =.214
t=-8.725**

γ4 (.3)

γ5 (.15)

γ6 (.1)

Avg. bias =.323
RMSE =.413
t=39.695**

Avg. bias =-.121
RMSE =.165
t=-33.737**

Avg. bias =-.093
RMSE =.098
t=-100.623**

γ1 (.2)

γ2 (.05)

γ3 (.2)

Avg. bias =-.060
RMSE =.145
t=-14.303**

Avg. bias =-.008
RMSE =.091
t=-2.800**

Avg. bias =-.069
RMSE =.213
t=-10.845**

γ4 (.3)

γ5 (.15)

γ6 (.1)

Avg. bias =.364
RMSE =.438
t=47.038**

Avg. bias =-.131
RMSE =.163
t=-42.968**

Avg. bias =-.096
RMSE =.100
t=-103.637**

γ1 (.2)

γ2 (.05)

γ3 (.2)

Avg. bias =-.065
RMSE =.142
t=-16.349**

Avg. bias =-.005
RMSE =.095
t=-1.816**

Avg. bias =-.063
RMSE =.215
t=-9.617**

γ4 (.3)

γ5 (.15)

γ6 (.1)

Avg. bias =.363
RMSE =.437
t=47.037**

Avg. bias =-.132
RMSE =.169
t=-39.590**

Avg. bias =-.098
RMSE =.100
t=-145.384**

γ1 (.2)

γ2 (.05)

γ3 (.2)

Avg. bias =-.063
RMSE =.144
t=-15.454**

Avg. bias =-.009
RMSE =.091
t=-3.120**

Avg. bias =-.071
RMSE =.211
t=-11.244**

γ4 (.3)

γ5 (.15)

γ6 (.1)

|ρbias_all| avg. =.146
t=29.595**

Avg. bias =.212
RMSE =.214
t=191.049**

|ρbias_all| avg. =.160
t=29.762**

Avg. bias =.230
RMSE =.232
t=266.541**

|ρbias_all| avg. =.166
t=29.826**

Avg. bias =.240
RMSE =.242
t=308.503**

|ρbias_all| avg. =.174
t=29.742 **

Avg. bias =.255
RMSE =.256
t=417.817**
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Dir (49.28, 13.82)

Note. ** p < .05.

Avg. bias =.371
RMSE =.445
t=47.756**

Avg. bias =-.130
RMSE =.172
t=-36.719**

Avg. bias =-.098
RMSE =.100
t=-182.838**

γ1 (.2)

γ2 (.05)

γ3 (.2)

Avg. bias =-.080
RMSE =.149
t=-19.976**

Avg. bias =-.003
RMSE =.098
t=-1.067

Avg. bias =-.051
RMSE =.223
t=-7.445**

γ4 (.3)

γ5 (.15)

γ6 (.1)

Avg. bias =-.051
RMSE =.223
t=-7.445**

Avg. bias =-.142
RMSE =.160
t=-60.392**

Avg. bias =-.097
RMSE =.101
t=-118.108**

|ρbias_all| avg. =.190
t=29.597**

Avg. bias =.281
RMSE =.281
t=1185.605**
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Table 34.
Summary Statistics from the Simulation Study for Incorrect Priors for Model 2: γ = [.2,.05,.2,.3,.15,.1]; ρ = .8,.2; N=25.
Prior Distribution

No prior

Dir ( 2.34, 2.08)

Dir (3.07, 2.27)

Dir (4.05, 2.51)

γ

γ

γ

ρall

γ1 (.2)

γ2 (.05)

γ3 (.2)

Avg. bias =-.013
RMSE =.128
t=-3.300**

Avg. bias =.031
RMSE =.103
t=10.097**

Avg. bias =.001
RMSE =.150
t=.317

γ4 (.3)

γ5 (.15)

γ6 (.1)

Avg. bias =-.039
RMSE =.159
t=-8.081**

Avg. bias =.001
RMSE =.127
t=.257

Avg. bias =.019
RMSE =.103
t=5.914**

γ1 (.2)

γ2 (.05)

γ3 (.2)

Avg. bias =-.039
RMSE =.163
t=-7.744**

Avg. bias =.013
RMSE =.124
t=3.300**

Avg. bias =-.007
RMSE =.258
t=-.799

γ4 (.3)

γ5 (.15)

γ6 (.1)

Avg. bias =.180
RMSE =.377
t=17.241**

Avg. bias =-.084
RMSE =.377
t=17.241**

Avg. bias =-.064
RMSE =.107
t=-23.481**

γ1 (.2)

γ2 (.05)

γ3 (.2)

Avg. bias =-.058
RMSE =.165
t=-11.759**

Avg. bias =.019
RMSE =.135
t=4.601**

Avg. bias =-.018
RMSE =.250
t=-2.261**

γ4 (.3)

γ5 (.15)

γ6 (.1)

Avg. bias =.230
RMSE =.401
t=22.063**

Avg. bias =-.093
RMSE =.190
t=-17.762**

Avg. bias =-.081
RMSE =.104
t=-38.499**

γ1 (.2)

γ2 (.05)

γ3 (.2)

Avg. bias =-.060
RMSE =.171
t=-11.797**

Avg. bias =.014
RMSE =.126
t=3.442**

Avg. bias =-.011
RMSE =.265
t=-1.318

ρlargest bias

|ρbias_all| avg. =.047
t=29.142 **

Avg. bias =-.066
RMSE =.158
t=-14.597**

|ρbias_all| avg. =.125
t=29.280**

Avg. bias =.185
RMSE =.193
t=106.867**

|ρbias_all| avg. =.140
t=29.514**

Avg. bias =.206
RMSE =.212
t=134.745**

|ρbias_all| avg. =.151
t=29.658**

Avg. bias =.221
RMSE =.225
t=164.998**

143

Dir (5.61, 2.90)

Dir (8.55, 3.64)

Dir ( 11.24, 4.31)

Dir (15.84, 5.46)

γ4 (.3)

γ5 (.15)

γ6 (.1)

Avg. bias =.237
RMSE =.408
t=22.644**

Avg. bias =-.101
RMSE =.190
t=-19.914**

Avg. bias =-.079
RMSE =.110
t=-32.930**

γ1 (.2)

γ2 (.05)

γ3 (.2)

Avg. bias =-.071
RMSE =.167
t=-14.872**

Avg. bias =.013
RMSE =.127
t=3.341**

Avg. bias =-.011
RMSE =.274
t=-1.302

γ4 (.3)

γ5 (.15)

γ6 (.1)

Avg. bias =.247
RMSE =.418
t=23.156**

Avg. bias =-.090
RMSE =.216
t=-14.550**

Avg. bias =-.088
RMSE =.106
t=-47.596**

γ1 (.2)

γ2 (.05)

γ3 (.2)

Avg. bias =-.063
RMSE =.174
t=-12.203**

Avg. bias =.012
RMSE =.124
t=3.112**

Avg. bias =-.010
RMSE =.268
t=-1.161

γ4 (.3)

γ5 (.15)

γ6 (.1)

Avg. bias =.249
RMSE =.417
t=23.639**

Avg. bias =-.102
RMSE =.199
t=-18.840**

Avg. bias =-.087
RMSE =.108
t=-42.454**

γ1 (.2)

γ2 (.05)

γ3 (.2)

Avg. bias =-.072
RMSE =.172
t=-14.485**

Avg. bias =.020
RMSE =.137
t=4.644**

Avg. bias =-.015
RMSE =.271
t=-1.762**

γ4 (.3)

γ5 (.15)

γ6 (.1)

Avg. bias =.266
RMSE =.423
t=25.662**

Avg. bias =-.111
RMSE =.195
t=-21.743**

Avg. bias =-.089
RMSE =.107
t=-46.704**

γ1 (.2)

γ2 (.05)

γ3 (.2)

Avg. bias =-.080
RMSE =.178
t=-15.891**

Avg. bias =.020
RMSE =.138
t=4.574**

Avg. bias =-.004
RMSE =.276
t=-.461

γ4 (.3)

γ5 (.15)

γ6 (.1)

|ρbias_all| avg. =.161
t=29.600**

Avg. bias =.238
RMSE =.241
t=216.971**

|ρbias_all| avg. =.172
t=29.560**

Avg. bias =.254
RMSE =.256
t=316.378**

|ρbias_all| avg. =.177
t=29.615**

Avg. bias =.262
RMSE =.263
t=392.957**

|ρbias_all| avg. =.183
t=29.525**

Avg. bias =.272
RMSE =.272
t=535.860**

144

Dir (49.28, 13.82)

Note. ** p < .05.

Avg. bias =.255
RMSE =.419
t=24.282**

Avg. bias =-.104
RMSE =.206
t=-18.589**

Avg. bias =-.087
RMSE =.105
t=-45.942**

γ1 (.2)

γ2 (.05)

γ3 (.2)

Avg. bias =-.076
RMSE =.176
t=-15.099**

Avg. bias =.020
RMSE =.128
t=4.883**

Avg. bias =.000
RMSE =.278
t=.039

γ4 (.3)

γ5 (.15)

γ6 (.1)

Avg. bias =.262
RMSE =.418
t=25.400**

Avg. bias =-.125
RMSE =.178
t=-31.127**

Avg. bias =-.082
RMSE =.120
t=-29.299**

|ρbias_all| avg. =.194
t=29.494**

Avg. bias =.290
RMSE =.290
t=1661.529**
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Table 35.
Summary Statistics from the Simulation Study for Correct Priors for Model 2: γ = [.2,.05,.2,.3,.15,.1]; ρ = .6, .4; N =100.
Prior Distribution

No prior

Dir (2.43, 2.29)

Dir (3.59, 3.06)

Dir (5.84, 4.56)

γ

γ

γ

ρall

γ1 (.2)

γ2 (.05)

γ3 (.2)

Avg. bias =-.016
RMSE =.134
t=-3.866**

Avg. bias =.076
RMSE =.147
t=19.255**

Avg. bias =.006
RMSE =.149
t=1.167

γ4 (.3)

γ5 (.15)

γ6 (.1)

Avg. bias =-.115
RMSE =.199
t=-22.446**

Avg. bias =.002
RMSE =.148
t=.375

Avg. bias =.048
RMSE =.143
t=11.159**

γ1 (.2)

γ2 (.05)

γ3 (.2)

Avg. bias =-.030
RMSE =.176
t=-5.434**

Avg. bias =.068
RMSE =.163
t=14.552**

Avg. bias =.038
RMSE =.217
t=5.679**

γ4 (.3)

γ5 (.15)

γ6 (.1)

Avg. bias =-.088
RMSE =.237
t=-12.623**

Avg. bias =-.007
RMSE =.170
t=-1.238

Avg. bias =.018
RMSE =.138
t=4.149**

γ1 (.2)

γ2 (.05)

γ3 (.2)

Avg. bias =-.032
RMSE =.173
t=-6.007**

Avg. bias =.071
RMSE =.171
t=14.456**

Avg. bias =.039
RMSE =.223
t=5.574**

γ4 (.3)

γ5 (.15)

γ6 (.1)

Avg. bias =-.091
RMSE =.245
t=-12.704**

Avg. bias =-.005
RMSE =.175
t=-.992

Avg. bias =.019
RMSE =.145
t=4.274**

γ1 (.2)

γ2 (.05)

γ3 (.2)

Avg. bias =-.045
RMSE =.171
t=-8.728**

Avg. bias =.069
RMSE =.173
t=13.794**

Avg. bias =.039
RMSE =.222
t=5.710**

ρlargest bias

|ρbias_all| avg. =.093
t=28.552**

Avg. bias =-.143
RMSE =.255
t=-21.340**

|ρbias_all| avg. =.027
t=30.493**

Avg. bias =-.034
RMSE =.053
t=-26.060**

|ρbias_all| avg. =.015
t=29.646**

Avg. bias =-.021
RMSE =.036
t=-22.333**

|ρbias_all| avg. =.009
t=31.622**

Avg. bias =-.012
RMSE =.021
t=-21.815**
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Dir (11.90, 8.60)

Dir (43.01, 29.34)

Note. ** p < .05.

γ4 (.3)

γ5 (.15)

γ6 (.1)

Avg. bias =-.081
RMSE =.255
t=-10.521**

Avg. bias =.008
RMSE =.178
t=1.456

Avg. bias =.009
RMSE =.136
t=2.090**

γ1 (.2)

γ2 (.05)

γ3 (.2)

Avg. bias =-.037
RMSE =.178
t=-6.820**

Avg. bias =.074
RMSE =.180
t=14.244**

Avg. bias =.033
RMSE =.217
t=4.814**

γ4 (.3)

γ5 (.15)

γ6 (.1)

Avg. bias =-.082
RMSE =.248
t=-11.012**

Avg. bias =-.002
RMSE =.174
t=-.283

Avg. bias =.014
RMSE =.132
t=3.369**

γ1 (.2)

γ2 (.05)

γ3 (.2)

Avg. bias =-.045
RMSE =.180
t=-8.076**

Avg. bias =.073
RMSE =.186
t=13.591**

Avg. bias =.040
RMSE =.225
t=5.774**

γ4 (.3)

γ5 (.15)

γ6 (.1)

Avg. bias =-.082
RMSE =.253
t=-10.829**

Avg. bias =-.007
RMSE =.170
t=-1.276

Avg. bias =.020
RMSE =.140
t=4.497**

|ρbias_all| avg. =.004
t=31.622**

Avg. bias =-.006
RMSE =.011
t=-19.861**

|ρbias_all| avg. =.001
t=31.622**

Avg. bias =-.002
RMSE =.003
t=-18.006**
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Table 36.
Summary Statistics from the Simulation Study for Correct Priors for Model 2: γ = [.2,.05,.2,.3,.15,.1]; ρ = .6, .4; N =50.
Prior Distribution

No prior

Dir (2.43, 2.29)

Dir (3.59, 3.06)

Dir (5.84, 4.56)

γ

γ

γ

ρall

γ1 (.2)

γ2 (.05)

γ3 (.2)

Avg. bias =-.001
RMSE =.145
t=1.306

Avg. bias =.074
RMSE =.147
t=18.334**

Avg. bias =-.013
RMSE =.152
t=-2.658**

γ4 (.3)

γ5 (.15)

γ6 (.1)

Avg. bias =-.125
RMSE =.202
t=-24.872**

Avg. bias =-.002
RMSE =.154
t=-.315

Avg. bias =.067
RMSE =.164
t=13.988**

γ1 (.2)

γ2 (.05)

γ3 (.2)

Avg. bias =-.026
RMSE =.200
t=-4.129**

Avg. bias =.066
RMSE =.180
t=12.531**

Avg. bias =.036
RMSE =.252
t=4.543**

γ4 (.3)

γ5 (.15)

γ6 (.1)

Avg. bias =-.089
RMSE =.263
t=-11.345**

Avg. bias =-.005
RMSE =.199
t=-.800

Avg. bias =.018
RMSE =.161
t=3.481**

γ1 (.2)

γ2 (.05)

γ3 (.2)

Avg. bias =-.039
RMSE =.203
t=-6.228**

Avg. bias =.091
RMSE =.216
t=14.779**

Avg. bias =.041
RMSE =.258
t=5.056**

γ4 (.3)

γ5 (.15)

γ6 (.1)

Avg. bias =-.108
RMSE =.271
t=-13.735**

Avg. bias =-.010
RMSE =.203
t=-1.517

Avg. bias =.025
RMSE =.166
t=4.712**

γ1 (.2)

γ2 (.05)

γ3 (.2)

Avg. bias =-.026
RMSE =.198
t=-4.128**

Avg. bias =.069
RMSE =.197
t=11.754**

Avg. bias =.030
RMSE =.259
t=3.653**

ρlargest bias

|ρbias_all| avg. =.107
t=28.433**

Avg. bias =-.170
RMSE =.269
t=-25.751**

|ρbias_all| avg. =.024
t=29.190**

Avg. bias =-.032
RMSE =.051
t=-25.672**

|ρbias_all| avg. =.014
t=29.514**

Avg. bias =-.019
RMSE =.032
t=-22.367**

|ρbias_all| avg. =.008
t=28.109**

Avg. bias =-.012
RMSE =.021
t=-21.735**
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Dir (11.90, 8.60)

Dir (43.01, 29.34)

Note. ** p < .05.

γ4 (.3)

γ5 (.15)

γ6 (.1)

Avg. bias =-.096
RMSE =.278
t=-11.693**

Avg. bias =-.002
RMSE =.208
t=-.297

Avg. bias =.026
RMSE =.178
t=4.594**

γ1 (.2)

γ2 (.05)

γ3 (.2)

Avg. bias =-.040
RMSE =.206
t=-6.223**

Avg. bias =.077
RMSE =.209
t=12.636**

Avg. bias =.033
RMSE =.247
t=4.201**

γ4 (.3)

γ5 (.15)

γ6 (.1)

Avg. bias =-.098
RMSE =.274
t=12.119**

Avg. bias =.002
RMSE =.212
t=.329

Avg. bias =.026
RMSE =.170
t=4.839**

γ1 (.2)

γ2 (.05)

γ3 (.2)

Avg. bias =-.037
RMSE =.205
t=-5.778**

Avg. bias =.068
RMSE =.196
t=11.625**

Avg. bias =.024
RMSE =.248
t=3.018**

γ4 (.3)

γ5 (.15)

γ6 (.1)

Avg. bias =-.086
RMSE =.280
t=-10.214**

Avg. bias =.001
RMSE =.217
t=.181

Avg. bias =.030
RMSE =.179
t=5.463**

|ρbias_all| avg. =.004
t=31.622**

Avg. bias =-.005
RMSE =.010
t=-19.808**

|ρbias_all| avg. =.001
t=31.622**

Avg. bias =-.002
RMSE =.003
t=-18.002**
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Table 37.
Summary Statistics from the Simulation Study for Correct Priors for Model 2: γ = [.2,.05,.2,.3,.15,.1]; ρ = .6, .4; N =25.
Prior Distribution

No prior

Dir (2.43, 2.29)

Dir (3.59, 3.06)

Dir (5.84, 4.56)

γ

γ

γ

ρall

γ1 (.2)

γ2 (.05)

γ3 (.2)

Avg. bias =-.004
RMSE =.145
t=-.865

Avg. bias =.073
RMSE =.146
t=18.171**

Avg. bias =-.014
RMSE =.149
t=-3.064**

γ4 (.3)

γ5 (.15)

γ6 (.1)

Avg. bias =-.139
RMSE =.215
t=-26.852**

Avg. bias =-.000
RMSE =.152
t=-.088

Avg. bias =.085
RMSE =.176
t=17.573**

γ1 (.2)

γ2 (.05)

γ3 (.2)

Avg. bias =-.030
RMSE =.231
t=-4.106**

Avg. bias =.092
RMSE =.234
t=13.490**

Avg. bias =.023
RMSE =.275
t=2.642**

γ4 (.3)

γ5 (.15)

γ6 (.1)

Avg. bias =-.099
RMSE =.298
t=-11.093**

Avg. bias =-.007
RMSE =.240
t=-.901

Avg. bias =.021
RMSE =.188
t=3.504**

γ1 (.2)

γ2 (.05)

γ3 (.2)

Avg. bias =-.039
RMSE =.235
t=-5.385**

Avg. bias =.087
RMSE =.242
t=12.220**

Avg. bias =.031
RMSE =.286
t=3.416**

γ4 (.3)

γ5 (.15)

γ6 (.1)

Avg. bias =-.117
RMSE =.295
t=-13.643**

Avg. bias =.000
RMSE =.245
t=.065

Avg. bias =.038
RMSE =.217
t=5.574**

γ1 (.2)

γ2 (.05)

γ3 (.2)

Avg. bias =-.046
RMSE =.230
t=-6.428**

Avg. bias =.086
RMSE =.238
t=12.168**

Avg. bias =.034
RMSE =.296
t=3.707**

ρlargest bias

|ρbias_all| avg. =.127
t=28.686**

Avg. bias =-.199
RMSE =.289
t=-29.998**

|ρbias_all| avg. =.022
t=28.987**

Avg. bias =-.029
RMSE =.047
t=-24.721**

|ρbias_all| avg. =.014
t=31.622**

Avg. bias =-.017
RMSE =.030
t=-21.616**

||ρbias_all| avg. =.008
t=31.622**

Avg. bias =-.010
RMSE =.020
t=-19.046**
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Dir (11.90, 8.60)

Dir (43.01, 29.34)

Note. ** p < .05.

γ4 (.3)

γ5 (.15)

γ6 (.1)

Avg. bias =-.115
RMSE =.296
t=-13.299**

Avg. bias =-.005
RMSE =.236
t=-.710

Avg. bias =.046
RMSE =.223
t=6.636**

γ1 (.2)

γ2 (.05)

γ3 (.2)

Avg. bias =-.032
RMSE =.241
t=-4.230**

Avg. bias =.087
RMSE =.242
t=12.220**

Avg. bias =.019
RMSE =.269
t=2.284**

γ4 (.3)

γ5 (.15)

γ6 (.1)

Avg. bias =-.121
RMSE =.289
t=-14.494**

Avg. bias =.004
RMSE =.240
t=.566

Avg. bias =.042
RMSE =.213
t=6.293**

γ1 (.2)

γ2 (.05)

γ3 (.2)

Avg. bias =-.038
RMSE =.236
t=-5.181**

Avg. bias =.093
RMSE =.251
t=12.619**

Avg. bias =.012
RMSE =.276
t=1.329

γ4 (.3)

γ5 (.15)

γ6 (.1)

Avg. bias =-.106
RMSE =.298
t=-12.061**

Avg. bias =.003
RMSE =.232
t=.356

Avg. bias =.037
RMSE =.202
t=5.886**

|ρbias_all| avg. =.004
t=31.622**

Avg. bias =-.005
RMSE =.009
t=-19.677**

|ρbias_all| avg. =.001
t=31.622**

Avg. bias =-.002
RMSE =.003
t=-19.552**
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Table 38.
Summary Statistics from the Simulation Study for Incorrect Priors for Model 2: γ = [.2,.05,.2,.3,.15,.1]; ρ = .6, .4; N =100.
Prior Distribution

No prior

Dir (2.43, 2.29)

Dir (3.59, 3.06)

Dir (5.84, 4.56)

γ

γ

γ

ρall

γ1 (.2)

γ2 (.05)

γ3 (.2)

Avg. bias =-.016
RMSE =.134
t=-3.866**

Avg. bias =.076
RMSE =.147
t=19.255**

Avg. bias =.006
RMSE =.149
t=1.167

γ4 (.3)

γ5 (.15)

γ6 (.1)

Avg. bias =-.115
RMSE =.199
t=-22.446**

Avg. bias =.002
RMSE =.148
t=.375

Avg. bias =.048
RMSE =.143
t=11.159**

γ1 (.2)

γ2 (.05)

γ3 (.2)

Avg. bias =-.047
RMSE =.197
t=-7.714**

Avg. bias =.054
RMSE =.169
t=10.716**

Avg. bias =.017
RMSE =.269
t=2.017**

γ4 (.3)

γ5 (.15)

γ6 (.1)

Avg. bias =.96
RMSE =.363
t=8.706**

Avg. bias =-.072
RMSE =.195
t=-12.615**

Avg. bias =-.049
RMSE =.123
t=-13.740**

γ1 (.2)

γ2 (.05)

γ3 (.2)

Avg. bias =-.085
RMSE =.196
t=-15.271**

Avg. bias =.072
RMSE =.202
t=12.066**

Avg. bias =.038
RMSE =.314
t=3.900**

γ4 (.3)

γ5 (.15)

γ6 (.1)

Avg. bias =.145
RMSE =.389
t=12.675**

Avg. bias =-.092
RMSE =.199
t=-16.341**

Avg. bias =-.079
RMSE =.114
t=-29.848**

γ1 (.2)

γ2 (.05)

γ3 (.2)

Avg. bias =-.106
RMSE =.208
t=-18.748**

Avg. bias =.086
RMSE =.223
t=13.203**

Avg. bias =.065
RMSE =.337
t=6.238**

ρlargest bias

|ρbias_all| avg. =.093
t=28.552**

Avg. bias =-.143
RMSE =.255
t=-21.340**

|ρbias_all| avg. =.018
t=25.873**

Avg. bias =.037
RMSE =.068
t=20.470**

|ρbias_all| avg. =.032
t=28.109**

Avg. bias =.054
RMSE =.067
t=41.743**

|ρbias_all| avg. =.043
t=29.560**

Avg. bias =.065
RMSE =.073
t=62.957**
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Dir (11.90, 8.60)

Dir (43.01, 29.34)

Note. ** p < .05.

γ4 (.3)

γ5 (.15)

γ6 (.1)

Avg. bias =.125
RMSE =.396
t=10.552**

Avg. bias =-.078
RMSE =.230
t=-11.443**

Avg. bias =-.092
RMSE =.105
t=-59.767**

γ1 (.2)

γ2 (.05)

γ3 (.2)

Avg. bias =-.122
RMSE =.204
t=-23.464**

Avg. bias =.076
RMSE =.221
t=11.642**

Avg. bias =.055
RMSE =.336
t=5.258**

γ4 (.3)

γ5 (.15)

γ6 (.1)

Avg. bias =.157
RMSE =.420
t=12.751**

Avg. bias =-.078
RMSE =.239
t=-10.955**

Avg. bias =-.089
RMSE =.116
t=-38.109**

γ1 (.2)

γ2 (.05)

γ3 (.2)

Avg. bias =-.112
RMSE =.210
t=-20.070**

Avg. bias =.075
RMSE =.219
t=11.546**

Avg. bias =.079
RMSE =.349
t=7.313**

γ4 (.3)

γ5 (.15)

γ6 (.1)

Avg. bias =.128
RMSE =.402
t=10.658**

Avg. bias = -.097
RMSE =.218
t=-15.763**

Avg. bias =-.073
RMSE =.142
t=-18.821**

|ρbias_all| avg. =.049
t=29.236**

Avg. bias =.075
RMSE =.079
t=96.417**

|ρbias_all| avg. =.060
t=29.646**

Avg. bias =.089
RMSE =.090
t=285.911**
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Table 39.
Summary Statistics from the Simulation Study for Incorrect Priors for Model 2: γ = [.2,.05,.2,.3,.15,.1]; ρ = .6, .4; N =50.
Prior Distribution

No prior

Dir (2.43, 2.29)

Dir (3.59, 3.06)

Dir (5.84, 4.56)

γ

γ

γ

ρall

γ1 (.2)

γ2 (.05)

γ3 (.2)

Avg. bias =-.001
RMSE =.145
t=1.306

Avg. bias =.074
RMSE =.147
t=18.334**

Avg. bias =-.013
RMSE =.152
t=-2.658**

γ4 (.3)

γ5 (.15)

γ6 (.1)

Avg. bias =-.125
RMSE =.202
t=-24.872**

Avg. bias =-.002
RMSE =.154
t=-.315

Avg. bias =.067
RMSE =.164
t=13.988**

γ1 (.2)

γ2 (.05)

γ3 (.2)

Avg. bias =-.072
RMSE =.229
T=-10.408**

Avg. bias =.073
RMSE =.217
t=11.379**

Avg. bias =.053
RMSE =.339
t=5.002**

γ4 (.3)

γ5 (.15)

γ6 (.1)

Avg. bias =.104
RMSE =.398
t=8.547**

Avg. bias =-.080
RMSE =.223
t=-12.226**

Avg. bias =-.078
RMSE =.112
t=-31.102**

γ1 (.2)

γ2 (.05)

γ3 (.2)

Avg. bias =-.076
RMSE =.242
t=-10.421**

Avg. bias =.085
RMSE =.246
t=11.721**

Avg. bias =.101
RMSE =.389
t=8.461**

γ4 (.3)

γ5 (.15)

γ6 (.1)

Avg. bias =.054
RMSE =.389
t=4.441**

Avg. bias =-.077
RMSE =.228
t=-11.412**

Avg. bias =-.087
RMSE =.110
t=-41.141**

γ1 (.2)

γ2 (.05)

γ3 (.2)

Avg. bias =-.079
RMSE =.245
t=-10.765**

Avg. bias =.089
RMSE =.260
t=11.494**

Avg. bias =.091
RMSE =.381
t=7.816**

ρlargest bias

|ρbias_all| avg. =.107
t=28.433**

Avg. bias =-.170
RMSE =.269
t=-25.751**

|ρbias_all| avg. =.026
t=27.406**

Avg. bias =.048
RMSE =.075
t=26.676**

|ρbias_all| avg. =.038
t=28.611**

Avg. bias =.065
RMSE =.080
t=44.428**

|ρbias_all| avg. =.045
t=29.041**

Avg. bias =.074
RMSE =.082
t=67.058**
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Dir (11.90, 8.60)

Dir (43.01, 29.34)

Note. ** p < .05.

γ4 (.3)

γ5 (.15)

γ6 (.1)

Avg. bias =.045
RMSE =.390
t=3.702**

Avg. bias =-.065
RMSE =.245
t=-8.661**

Avg. bias =-.082
RMSE =.127
t=-26.561**

γ1 (.2)

γ2 (.05)

γ3 (.2)

Avg. bias =-.088
RMSE =.251
t=-11.836**

Avg. bias =.110
RMSE =.292
t=12.888**

Avg. bias =.063
RMSE =.361
t=5.567**

γ4 (.3)

γ5 (.15)

γ6 (.1)

Avg. bias =.040
RMSE =.393
t=3.202**

Avg. bias =-.063
RMSE =.249
t=-8.313**

Avg. bias =-.061
RMSE =.177
t=-11.656**

γ1 (.2)

γ2 (.05)

γ3 (.2)

Avg. bias =-.088
RMSE =.252
t=-11.795**

Avg. bias =.087
RMSE =.268
t=10.773**

Avg. bias =.071
RMSE =.373
t=6.176**

γ4 (.3)

γ5 (.15)

γ6 (.1)

Avg. bias =.007
RMSE =.379
t=.605

Avg. bias = -.069
RMSE =.244
t=-9.366**

Avg. bias =-.008
RMSE =.248
t=-.999

|ρbias_all| avg. =.053
t=29.403**

Avg. bias =.083
RMSE =.086
t=118.472**

|ρbias_all| avg. =.062
t=29.262**

Avg. bias =.095
RMSE =.095
t=385.181**
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Table 40.
Summary Statistics from the Simulation Study for Incorrect Priors for Model 2: γ = [.2,.05,.2,.3,.15,.1]; ρ = .6, .4; N =25.
Prior Distribution

No prior

Dir (2.43, 2.29)

Dir (3.59, 3.06)

Dir (5.84, 4.56)

γ

γ

γ

ρall

γ1 (.2)

γ2 (.05)

γ3 (.2)

Avg. bias =-.004
RMSE =.145
t=-.865

Avg. bias =.073
RMSE =.146
t=18.171**

Avg. bias =-.014
RMSE =.149
t=-3.064**

γ4 (.3)

γ5 (.15)

γ6 (.1)

Avg. bias =-.139
RMSE =.215
t=-26.852**

Avg. bias =-.000
RMSE =.152
t=-.088

Avg. bias =.085
RMSE =.176
t=17.573**

γ1 (.2)

γ2 (.05)

γ3 (.2)

Avg. bias =.027
RMSE =.295
t=-2.950**

Avg. bias =.091
RMSE =.267
t=11.423**

Avg. bias =.058
RMSE =.362
t=5.099**

γ4 (.3)

γ5 (.15)

γ6 (.1)

Avg. bias =.042
RMSE =.403
t=3.330**

Avg. bias =-.082
RMSE =.237
t=-11.661**

Avg. bias =-.081
RMSE =.122
t=-28.527**

γ1 (.2)

γ2 (.05)

γ3 (.2)

Avg. bias =.050
RMSE =.297
t=-5.447**

Avg. bias =.119
RMSE =.321
t=12.559**

Avg. bias =.075
RMSE =.382
t=6.339**

γ4 (.3)

γ5 (.15)

γ6 (.1)

Avg. bias =.018
RMSE =.401
t=1.441

Avg. bias =-.082
RMSE =.238
t=-11.656**

Avg. bias =-.079
RMSE =.135
t=-22.864**

γ1 (.2)

γ2 (.05)

γ3 (.2)

Avg. bias =-061
RMSE =.284
t=-6.961**

Avg. bias =.133
RMSE =.336
t=13.609**

Avg. bias =.102
RMSE =.405
t=8.269**

ρlargest bias

|ρbias_all| avg. =.127
t=28.686**

Avg. bias =-.199
RMSE =.289
t=-29.998**

|ρbias_all| avg. =.031
t=26.494**

Avg. bias =.061
RMSE =.085
t=32.548**

|ρbias_all| avg. =.041
t=28.185**

Avg. bias =.073
RMSE =.086
t=50.716**

|ρbias_all| avg. =.049
t=29.236**

Avg. bias =.081
RMSE =.087
t=79.161**
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Dir (11.90, 8.60)

Dir (43.01, 29.34)

Note. ** p < .05.

γ4 (.3)

γ5 (.15)

γ6 (.1)

Avg. bias =.029
RMSE =.383
t=-2.424**

Avg. bias =-.082
RMSE =.234
t=-11.862**

Avg. bias =-.063
RMSE =.170
t=-12.652**

γ1 (.2)

γ2 (.05)

γ3 (.2)

Avg. bias =.064
RMSE =.278
t=-7.452**

Avg. bias =.125
RMSE =.331
t=12.937**

Avg. bias =.078
RMSE =.391
t=6.444**

γ4 (.3)

γ5 (.15)

γ6 (.1)

Avg. bias =.074
RMSE =.372
t=-6.444**

Avg. bias =-.056
RMSE =.264
t=-6.935**

Avg. bias =-.009
RMSE =.260
t=-1.095

γ1 (.2)

γ2 (.05)

γ3 (.2)

Avg. bias =-.053
RMSE =.276
t=-6.156**

Avg. bias =.148
RMSE =.358
t=14.387**

Avg. bias =.095
RMSE =.403
t=7.677**

γ4 (.3)

γ5 (.15)

γ6 (.1)

Avg. bias =-.114
RMSE =.351
t=-10.818**

Avg. bias =-.099
RMSE =.210
t=-16.801**

Avg. bias =.022
RMSE =.286
t=2.416**

|ρbias_all| avg. =.057
t=29.072**

Avg. bias =.091
RMSE =.093
t=160.456**

|ρbias_all| avg. =.064
t=29.762**

Avg. bias =.097
RMSE =.098
t=530.747**
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Table 41.
Summary of whether Bias Improved (+), Worsened (-), or was Mixed (+) Compared to ρ and γ Bias
without using a Prior for Models 1A, 1B, and 2 across Strong and Weak ρ and Sample Size for
Correct and Incorrect Priors.
Model 1A
Correct Prior
Strong ρ

Model 1B

Model 2

ρ

γ

ρ

γ

ρ

γ

+

+

+

+

+

+

+

+

+

+

+

+

+

+

+

+

+

+

+

+

+

+

+

+

+

+

+

+

+

+

ρ

γ

ρ

γ

ρ

γ

_

+

_

+

_

+

_

_

_

+

_

+

_

+

+

+

+

+

_

+

+

+

+

+

+

+

+

+

+

+

N=50
N=25

Weak ρ

N=100
N=50
N=25

Incorrect Prior
Strong ρ

N=50
N=25

Weak ρ

N=100
N=50
N=25

Note. Cases where some γ estimates resulted in less bias and other did not within the
same model are indicated by +. ρall was used for ρ parameters, which is a summary across all ρ
parameters, thus cases where one prior strength resulted in less bias and another prior strength
resulted in increased bias, the + symbol was used.
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Table 42.
Summary of whether RMSE Improved (+), Worsened (-), or was Mixed (+) Compared to ρ and γ
RMSE without using a Prior in the Simulation Study for Models 1A, 1B, and 2 across Strong and
Weak ρ and Sample Size for Correct and Incorrect Priors
Model 1A
γ

ρlargest

Model 1B
γ

bias

ρlargest

Model 2
γ

bias

ρlargest
bias

Correct Prior
N=50

_

+

+

+

+

+

+

+

+

+

+

Strong ρ
_
N=25
Incorrect Prior
N=50

+

_

+

_

+

_

N=25

_

_

+

_

+

_

N=100

+

+

+

+

+

+

N=50

+

+

+

+

+

+

N=25

_

+

+

+

_

+

N=100

+

+

+

+

+

+

N=50

+

+

+

+

+

+

Strong ρ

Correct Prior
Weak ρ

Incorrect Prior
Weak ρ

_
N=25

_

+

+

+

+

Note. Cases where some γ estimates resulted in a reduction of RMSE and others did not within the
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same model are indicated by +. ρlargest bias was used for ρ parameters, thus cases where one prior
strength resulted in a reduction in RMSE and another prior strength resulted in an increased
RMSE, are indicated by the + symbol.
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Table 43.
Number (%) of Prior Distributions across Model, Correct vs. Incorrect Prior, and Sample Size Resulting in a Non-Significant t-test of
Bias for the γ Biases, ρall, and ρlargest bias.
Model 1A
γ (%)

ρall

Model 1B
ρlargest

γ (%)

ρall

bias

Model 2
ρlargest

γ (%)

ρall

bias

ρlargest
bias

Correct
Prior
N=50

18 (75%)

1 (12%)

1 (12%)

10 (41%)

0

0

16 (33%)

1 (12%)

0

N=25

19 (79%)

1 (12%)

0

11 (45%)

1 (12%)

0

10 (20%)

0

0

N=50

1 (4%)

0

0

0

0

0

3 (6%)

0

0

N=25

0

0

0

0

0

0

8 (16%)

0

0

N=100

6 (40%)

0

0

2 (13%)

0

0

7 (23%)

0

0

N=50

6 (40%)

0

0

1 (6%)

0

0

7 (23%)

0

0

N=25

7 (46%)

0

0

0

0

0

6 (20%)

0

0

Strong ρ

Incorrect
Prior
Strong ρ

Correct
Prior
Weak ρ
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Incorrect
Prior
N=100

1 (6%)

0

0

0

0

0

0

0

0

N=50

4 (26%)

0

0

0

0

0

0

0

0

N=25

3 (20%)

0

0

0

0

0

2 (6%)

0

0

Weak ρ

Note. γ percentages are calculated by dividing the number of nonsignificant biases by the total number of γ parameters for the model. For
Models 1A and 1B, there are a total of 24 γ’s for strong ρ and 15 γ’s for weak ρ. For Model 2, there are 48 and 30 γ’s for strong and weak
ρ, respectively.
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Table 44.
Number of Replicates Needed to Reach 1000 Identified Datasets for Strong ρ Conditions.
Model 1A

Model 1B

Model 2

N=50

N=25

N=50

N=25

N=50

N=25

No prior
Correct

1514

1826

2081

2617

1102

1219

Dir (2.34, 2.08)

1052

1067

1099

1161

1002

1002

Dir (3.07, 2.27)

1040

1033

1066

1103

1000

1000

Dir (4.05, 2.51)

1024

1024

1049

1052

1000

1000

Dir (5.61, 2.90)

1007

1006

1018

1024

1000

1000

Dir (8.55, 3.64)

1001

1003

1002

1007

1000

1000

Dir (11.24, 4.31)

1000

1001

1000

1005

1000

1000

Dir (15.84, 5.46)

1000

1001

1000

1001

1000

1000

Dir (49.28, 13.82)

1000

1000

1000

1000

1000

1000

Dir (2.34, 2.08)

1092

1145

1150

1249

1010

1033

Dir (3.07, 2.27)

1077

1111

1121

1197

1010

1025

Dir (4.05, 2.51)

1083

1126

1110

1202

1021

1031

Dir (5.61, 2.90)

1063

1099

1097

1233

1011

1030

Dir (8.55, 3.64)

1060

1111

1090

1269

1008

1033

Dir (11.24, 4.31)

1051

1079

1125

1308

1009

1028

Dir (15.84, 5.46)

1037

1057

1151

1527

1019

1043

Dir (49.28, 13.82)

1013

1007

1713

1065

1020

1092

Incorrect
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Table 45.
Number of Replicates Needed to Reach 1000 Identified Datasets for Weak ρ Conditions.
Model 1A

Model 1B

N=100 N=50 N=25 N=100 N=50

Model 2
N=25 N=100 N=50

N=25

No prior

1723

1997

2475

2316

2730

3243

1924

2085

2480

Correct
Dir (2.43, 2.29)

1190

1266

1276

1440

1602

1591

1115

1114

1119

Dir (3.59, 3.06)

1139

1185

1191

1438

1367

1360

1043

1028

1040

Dir (5.84, 4.56)

1109

1114

1099

1177

1146

1143

1025

1016

1018

Dir (11.90, 8.60)

1030

1042

1030

1021

1027

1030

1006

1010

1018

Dir (43.01, 29.34)

1001

1002

1000

1000

1001

1001

1006

1010

1009

Incorrect
Dir (2.43, 2.29)

1405

1460

1563

1833

2146

2206

1381

1256

1213

Dir (3.59, 3.06)

1332

1340

1362

1870

1892

1812

1212

1136

1084

Dir (5.84, 4.56)

1260

1181

1180

1703

1583

1482

1109

1130

1076

Dir (11.90, 8.60)

1067

1045

1034

1476

1426

1344

1112

1097

1078

Dir (43.01, 29.34)

1002

1003

1002

1247

1089

1020

1160

1119

1158

Dir (2.34, 2.08)

0

0.1

0.2

0.3

Dir (3.07, 2.27)

0.4

0.5

0.6

0.7

0.8

0.9

1

0

Dir (4.05, 2.51)

0

0.1

0.2

0.3

0.1

0.2

0.3

0.4

0.5

0.6

0.7

0.8

0.9

1

0

0.1

0.2
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0.3
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0.7
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1
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0.7

0.8

0.9

1

0.4

0.5

0.6

0.7

0.8

0.9

1

0.4

0.5

0.6

0.7

0.8

0.9

1

Dir (11.24, 4.31)
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Dir (15.84, 5.46)
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Figure 2. Prior Distributions for Strong ρ Parameters (.8,.2).

0.3

165

Dir (2.43, 2.29)

0

0.1

0.2

0.3

Dir (3.59, 3.06)

0.4

0.5

0.6

0.7

0.8

0.9

1

0

Dir (5.84, 4.56)

0

0.1

0.2

0.3

0.1

0.1

0.2

0.3

0.3

0.4

0.5

0.6

0.7

0.8

0.9

1

0.4

0.5

0.6

0.7

0.8

0.9

1

Dir (11.90, 8.60)

0.4

0.5

0.6

0.7

0.8

0.9

1

0.4

0.5

0.6

0.7

0.8

0.9

1

0

0.1

Dir (43.01, 29.34)

0

0.2

Figure 3. Prior Distributions for Weak ρ Parameters (.6, .4).
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Model – True Parameters
Matlab - lca.gen.m
LCA Model

Prior Condition

9 Start Values:
Did it converge?
0=no (drop)
1=yes (keep)
Identified?
1=yes (use first set of start values)
0=no (drop)

Class-order switching?
1=yes (realign)
0=no

Stop when have N=1000 useable datasets
Accumulation of parameter estimates

Number of replications needed to achieve
1000 useable datasets
γ (all), ρ (largest bias), ρ (2nd largest bias)
Avg. bias
RMSE
t-test
ρ (all)
Avg. bias
t-test

Figure 4. Flowchart of simulation procedure for small sample LCA.
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1

The Minnesota Eating Behavior Survey (MEBS; previously known as the Minnesota

Eating Disorder Inventory (M-EDI)) was adapted and reproduced by special permission
of Psychological Assessment Resources, Inc., 16204 North Florida Avenue, Lutz, Florida
33549, from the Eating Disorder Inventory (collectively, EDI and EDI-2) by Garner,
Olmstead, Polivy, Copyright 1983 by Psychological Assessment Resources, Inc. Further
reproduction of the MEBS is prohibited without prior permission from Psychological
Assessment Resources, Inc.
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Conclusions and Future Directions
Latent class analysis with informative priors is a method that allows flexibility
with sample size requirements. This thesis was motivated by the challenges that abound
when estimating latent class models that have samples which are small in relation to the
size of the contingency table and the model complexity, as well as the need for research
examining the comorbid relation between substance use and disordered eating.
The unique contributions of this research were: (1) the latent class model was
extended to include informative priors on ρ parameters (i.e., measurement parameters),
(2) a simulation study examined the recovery of ρ and γ parameter estimates under a
variety of conditions, (3) a simulation study examined improvements in identification
(i.e., multiple modes) when informative priors were included, and (4) the latent class
structure of substance use among an adolescent disordered eating sample was examined.
Biased parameter estimates and identification problems are two issues associated
with the estimation of latent class models when samples are small. With Bayesian
methods, it was possible to incorporate additional information gathered from other
sources into the analysis using an informative prior allowing for greater flexibility in
sample size requirements. This dissertation expanded the LCA procedure by
incorporating informative priors so that it can be applied to samples that are small in
relation to the (1) size of the contingency table and (2) complexity of the model.
The use of an informative prior under various conditions of sample size,
distribution of the γ parameters, strength of ρ parameters, and specification of the prior
distribution were examined. The simulation study reported here showed that recovery of
parameter estimates and model identification in latent class models with small samples
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was improved for ρ parameters when a correct informative prior was introduced across
both strong and weak measurement. Less consistent results were found for γ estimates
with half of the models showing improvement in biases across all the γ parameters for a
particular model and half producing mixed results depending on the amount of
information introduced. For the strong measurement conditions prior information resulted
in less bias. An unexpected finding from the simulation was the less consistent results
concerning the γ parameters when an informative prior was introduced. We expected γ
biases to be reduced when we incorporated a correct informative prior across all the
conditions and increased when an incorrect prior distribution was specified. However,
unlike the generally consistent pattern found for the ρ parameters, the γ parameters were
not consistently in the direction we expected.
We did not include prior distributions on the γ parameters – it is likely that priors
are needed on both the measurement model as well as the structural model in order to
reduce bias and recover estimates to an acceptable level with smaller samples. Because
even modest amounts of prior information on the measurement parameters greatly aided
identification and parameter estimation, it is possible that a mildly informative prior on
the class prevalence parameters would be sufficient. More research is needed to fully
understand how prior distributions applied to ρ parameters affect latent class prevalence
estimation.
Specifying an incorrect prior generally produced greater biases for the strong
measurement conditions. We expected that misspecifying the structure of the ρ
parameters would result in more bias across models, regardless of measurement strength,
compared to not specifying a prior. However, we found it surprising that misspecifying
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the prior in cases of weak measurement improved some biases within each model. It
should be noted that only one condition for Model 1B resulted in an improvement in all γ
biases; this may have been due to chance. This finding, and the others, where bias
improved with misspecified priors, may actually be a function of the model itself and not
a function of the prior. For example, with Model 1B the class prevalence for one of the
classes is .10; this equates to a frequency of 10, 5, or 2.5 for N = 100, N = 50, and N = 25,
respectively. This small latent class frequency coupled with weak measurement makes it
extremely challenging to accurately estimate the model. As the measurement parameters
approach .5, the likelihood becomes flatter. We used values close to .5 for the weak
measurement conditions (i.e., .6, .4), which makes it more difficult to correctly estimate
the model. Overall, adding prior information appears to be most beneficial for decreasing
estimation bias when ρ parameters are stronger and no latent class is extremely small.
In our simulation we examined only prior proportions that were either (.8, .2) or
(.6, .4). We also did not alter the prior proportion within the weak or strong conditions. It
is possible that a weaker or stronger prior proportion would have affected bias differently.
For example, for the weak measurement conditions, if we had also included (.65, .35) or
(.7, .3), it is likely that the measurement bias would be reduced. Related to this, we did
not mix strong and weak ρ within a model; all items were either strong or weak. It is
unlikely that all items in a latent class model would have weak measurement. Thus,
additional research is needed to explore the effect of prior information in models with
both strong and weak measurement, while also varying the definition of strong
measurement and weak measurement. Overall, these results highlight the importance of
careful consideration of the prior distribution. Even when specifying a model based on a
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substantial body of literature, it is important to keep in mind that variations across
populations and datasets will affect determination of a “best” model. Thus, not only is it
important to base the prior on sound literature and/or expert opinion, but it is equally
important to assess the sensitivity of the prior.
The simulation demonstrated that inclusion of a mildly informative prior helps to
achieve identification, providing an additional approach for model selection when there
are multiple modes. Across all conditions and models, identification improved with the
incorporation of prior information. Results from the simulation showed that even the
mildest prior produced substantial improvement in identification, suggesting that what
can be gained by including a small amount of prior information probably outweighs the
risk associated with uncertainty of prior beliefs, assuming of course, a priori beliefs are
grounded in sound theory, research, and/or expert opinion.
This dissertation also examined patterns of substance use among a community
sample of adolescent females engaging in disordered eating using LCA with informative
priors. These findings elaborate on the current literature by providing evidence indicating
that individuals who report endorsement of compensatory behavior during late
adolescence are engaging in more current substance use. The two defining differences
between the groups were prevalences for the no use latent class and for the alcohol +
tobacco + drunk latent class suggesting that those with more severe pathological eating
behavior are engaging in more advanced substance use. What is unknown is whether
severe pathological eating sets females on a pathway of continued substance use, or the
other way around – that substance use sets females on a trajectory of disordered eating.
Unexpectedly, the latent class heavy tobacco use was only slightly more prevalent in the
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compensatory behavior group. One reason for this finding may be that adolescents’
beliefs surrounding the appetite suppressing effect of tobacco are changing.
This study demonstrated that by including a mildly informative prior distribution
we were able to reach an identified solution, providing us with more confidence in
selecting the “best” solution. Without the prior, we would have used traditional model
selection procedures and either selected the model with the largest loglikelihood, or the
model with the most frequently occurring loglikelihood, or we may have imposed
parameter restrictions.
We assessed sensitivity in our empirical example by altering the prior proportion
and by altering the variance associated with the prior proportion. However, future
research would benefit from examining alternative approaches. An alternative approach
for assessing sensitivity is to use a bootstrapping technique, which is a procedure that
resamples with replacement where a distribution of estimates is produced from the
multiple resamples. If the variance is large across the resamples, this would suggest that
results are sensitive to the prior distribution.
Additional simulation work is needed to investigate the impact of informative
priors using a variety of closely related modal values (i.e., point estimates, prior
proportions) to the data generated ρ values; in this simulation, the point estimate of the
prior proportion was always the same as the data generated ρ values. Further examination
of the effect of including an informative prior on latent class membership probabilities is
also warranted given the inconsistencies from the current simulation. Researchers would
also benefit from studies examining the effect of informative priors on estimation and
identification among small samples with missing data. Finally, we applied the same prior
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distribution across all items; however, it is possible to specify different priors for the
items. It would be interesting to examine the influence of the prior when items with
extensive a priori information include a highly informative prior and items with less a
priori information are specified with a mild or noninformative prior. The holistic
approach we used in this paper by making items in the model with either all strong or all
weak measurement may not be realistic in real-world settings.
In conclusion this dissertation demonstrated the usefulness of including an
informative prior for (1) improving the estimation of ρ parameters, and (2) for helping
with identification issues. It is important to emphasize that no prior is without
subjectivity. Informative priors can play a substantial role in parameter estimation,
particularly with smaller sample sizes and therefore must be chosen cautiously. If there is
a strong belief that a specified prior is correct, and the prior is in fact a reasonable
approximation of reality, results of this simulation suggest that the posterior mode
provides better estimation than the ML estimate. If prior knowledge is available and can
be translated into plausible prior distributions, researchers can then apply the techniques
described in this dissertation using informative priors. Finally, as demonstrated,
specifying an incorrect prior can result in substantially biased estimates which would
inevitably lead to misinformed and inaccurate conclusions. Thus, with limited previous
knowledge, LCA with informative priors is not recommended. Simplifying the model by
reducing the number of parameters estimated (e.g., parameter restrictions), would be a
less risky approach.
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Appendix. MATLAB code for simulation study using Model 2 as an example.
% Simulation Code for Model 2
clear all;
% define "useable"
definition = 2; % identified and converged
outfile = 'cell1.txt';
tic;
nrep_good = 1000;
nrep = 15 * nrep_good; % a sufficiently high number
break_rep = 50000;
nstarts = 9;
nsubj = 25;
seed = 123456;
rand('state', seed);
%rand('state');
maxits = 50000;
eps = 1.0e-8;
%==========================
% Part I.
% Define the dataset
%==========================
% ds.nci -- the number of class items
ds.nci = 4;
% ds.nrc -- the array of response categories per item
ds.nrc = [2; 2; 2; 2];
ds.nrcmax = max( ds.nrc );
% ds.ncov -- the number of covariates in the data file
ds.ncov = 0;
% ds.nstr -- strata - The number of groups; if none leave ds.nstr=1
ds.nstr = 1;
% ds.datafile -- the name of the data file
% ds.datafile = 'sima.dat';
ds.bAgg = true;
% call lca_pre -- a function that reads the data file
%[ds, errmsg] = lca_pre( ds );
%if( errmsg ~= '' )
%
fprintf( 'Error: %s\n', rs.errmsg );
%
return;
%end
% ds.desc -- description
ds.desc = {...
'Simulation' ...
};
%==========================
% Part II.
% Define the model
%==========================
% md.nc -- the number of latent classes
md.nc = 6;
%==========================
% Part III.
% Define parameters for
%
data generation
%==========================
% gamma parameters for data generation
gamma_gen = [.2; .05; .2; .3; .15; .1];
% rho parameters for data generation
rho_gen = ones( ds.nci, md.nc, ds.nrcmax, ds.nstr);
% "yes" response
rho_gen(:,:,1,1) = [
.2 .8 .2 .8 .8 .8;
.2 .2 .8 .8 .8 .8;
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.2 .2 .2 .2 .8 .8;
.2 .2 .2 .2 .2 .8;
];
% "no" response
rho_gen(:,:,2,1) = [
.8 .2 .8 .2 .2 .2;
.8 .8 .2 .2 .2 .2;
.8 .8 .8 .8 .2 .2;
.8 .8 .8 .8 .8 .2;
];
%==========================
% Part IV.
% Define starting values
%
and restrictions (9 sets)
%==========================
% gamma starting values
gamma_starts = zeros (md.nc,nstarts);
gamma_starts(:,1)= [
.25 .05 .15 .4 .1 .05
];
% rho starting values
rho_starts = zeros(ds.nci,md.nc,ds.nrcmax,ds.nstr,nstarts);
rho_starts(:,:,1,1,1) = [
.2 .8 .2 .8 .8 .8;
.2 .2 .8 .8 .8 .8;
.2 .2 .2 .2 .8 .8;
.2 .2 .2 .2 .2 .8;
];
rho_starts(:,:,2,1,1) = [
.8 .2 .8 .2 .2 .2;
.8 .8 .2 .2 .2 .2;
.8 .8 .8 .8 .2 .2;
.8 .8 .8 .8 .8 .2;
];
% do not comment the next line
pr.baseline_class = 1;
%~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~
gamma_starts(:,2)= [
.2 .05 .1 .5 .1 .05;
];
% rho starting values
rho_starts(:,:,1,1,2) = [
.05 .95 .05 .95 .95 .95;
.05 .05 .95 .95 .95 .95;
.05 .05 .05 .05 .95 .95;
.05 .05 .05 .05 .05 .95;
];
rho_starts(:,:,2,1,2) = [
.95 .05 .95 .05 .05 .05;
.95 .95 .05 .05 .05 .05;
.95 .95 .95 .95 .05 .05;
.95 .95 .95 .95 .95 .05;
];
%~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~
gamma_starts(:,3)= [
.15 .05 .15 .45 .1 .1;
];
% rho starting values
rho_starts(:,:,1,1,3) = [
.1 .9 .1 .9 .9 .9;
.1 .1 .9 .9 .9 .9;
.1 .1 .1 .1 .9 .9;
.1 .1 .1 .1 .1 .9;
];
rho_starts(:,:,2,1,3) = [
.9 .1 .9 .1 .1 .1;
.9 .9 .1 .1 .1 .1;
.9 .9 .9 .9 .1 .1;
.9 .9 .9 .9 .9 .1;
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];
%~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~
gamma_starts(:,4)= [
.15 .1 .15 .4 .1 .1;
];
% rho starting values
rho_starts(:,:,1,1,4) = [
.15 .85 .15 .85 .85 .85;
.15 .15 .85 .85 .85 .85;
.15 .15 .15 .15 .85 .85;
.15 .15 .15 .15 .15 .85;
];
rho_starts(:,:,2,1,4) = [
.85 .15 .85 .15 .15 .15;
.85 .85 .15 .15 .15 .15;
.85 .85 .85 .85 .15 .15;
.85 .85 .85 .85 .85 .15;
];
%~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~
gamma_starts(:,5)= [
.2 .05 .2 .35 .15 .05;
];
% rho starting values
rho_starts(:,:,1,1,5) = [
.25 .75 .25 .75 .75 .75;
.25 .25 .75 .75 .75 .75;
.25 .25 .25 .25 .75 .75;
.25 .25 .25 .25 .25 .75;
];
rho_starts(:,:,2,1,5) = [
.75 .25 .75 .25 .25 .25;
.75 .75 .25 .25 .25 .25;
.75 .75 .75 .75 .25 .25;
.75 .75 .75 .75 .75 .25;
];
%~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~
gamma_starts(:,6)= [
.25 .05 .2 .25 .15 .1;
];
% rho starting values
rho_starts(:,:,1,1,6) = [
.3 .7 .3 .7 .7 .7;
.3 .3 .7 .7 .7 .7;
.3 .3 .3 .3 .7 .7;
.3 .3 .3 .3 .3 .7;
];
rho_starts(:,:,2,1,6) = [
.7 .3 .7 .3 .3 .3;
.7 .7 .3 .3 .3 .3;
.7 .7 .7 .7 .3 .3;
.7 .7 .7 .7 .7 .3;
];
%~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~
gamma_starts(:,7)= [
.2 .05 .2 .3 .2 .05;
];
% rho starting values
rho_starts(:,:,1,1,7) = [
.35 .65 .35 .65 .65 .65;
.35 .35 .65 .65 .65 .65;
.35 .35 .35 .35 .65 .65;
.35 .35 .35 .35 .35 .65;
];
rho_starts(:,:,2,1,7) = [
.65 .35 .65 .35 .35 .35;
.65 .65 .35 .35 .35 .35;
.65 .65 .65 .65 .35 .35;
.65 .65 .65 .65 .65 .35;
];
%~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~
gamma_starts(:,8)= [
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.25 .1 .2 .20 .15 .1;
];
% rho starting values
rho_starts(:,:,1,1,8) = [
.4 .6 .4 .6 .6 .6;
.4 .4 .6 .6 .6 .6;
.4 .4 .4 .4 .6 .6;
.4 .4 .4 .4 .4 .6;
];
rho_starts(:,:,2,1,8) = [
.6 .4 .6 .4 .4 .4;
.6 .6 .4 .4 .4 .4;
.6 .6 .6 .6 .4 .4;
.6 .6 .6 .6 .6 .4;
];
%~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~
gamma_starts(:,9)= [
.2 .1 .2 .2 .15 .15;
];
% rho starting values
rho_starts(:,:,1,1,9) = [
.45 .55 .45 .55 .55 .55;
.45 .45 .55 .55 .55 .55;
.45 .45 .45 .45 .55 .55;
.45 .45 .45 .45 .45 .55;
];
rho_starts(:,:,2,1,9) = [
.55 .45 .55 .45 .45 .45;
.55 .55 .45 .45 .45 .45;
.55 .55 .55 .55 .45 .45;
.55 .55 .55 .55 .55 .45;
];
%~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~
% rho restrictions
pr.rho_restr = ones( ds.nci, md.nc, ds.nrcmax, ds.nstr );
pr.rho_restr(:,:,1,1) = [
2 3 2 3 3 3;
4 4 5 5 5 5;
6 6 6 6 7 7;
8 8 8 8 8 9;
];
pr.rho_restr(:,:,2,1) = [
3 2 3 2 2 2;
5 5 4 4 4 4;
7 7 7 7 6 6;
9 9 9 9 9 8;
];
%==========================
% Part V.
% Define the informative
%
prior
%==========================
%correct - strong
pr.rho_prior = ones( ds.nci, md.nc, ds.nrcmax, ds.nstr );
pr.rho_prior(:,:,1,1) = [
.2 .8 .2 .8 .8 .8;
.2 .2 .8 .8 .8 .8;
.2 .2 .2 .2 .8 .8;
.2 .2 .2 .2 .2 .8;
];
pr.rho_prior(:,:,2,1) = [
.8 .2 .8 .2 .2 .2;
.8 .8 .2 .2 .2 .2;
.8 .8 .8 .8 .2 .2;
.8 .8 .8 .8 .8 .2;
];
%strength of the prior -- effective prior sample size
pr.rho_prior_ess = ones( ds.nci, md.nc, ds.nstr ) * 2.34;
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%==========================
% Part VI.
% Iteratively generate data
%
and estimate the model
%==========================
% set up arrays
identified = zeros(nrep,1);
useable = zeros(nrep,1);
niters = zeros(nrep,1);
converged = zeros(nrep,nstarts);
all_converged = zeros(nrep,1);
gamma_bias = zeros( md.nc, nrep);
rho_bias = zeros( ds.nci, md.nc, ds.nrcmax, nrep);
gamma_all = zeros( md.nc, nrep);
rho_all = zeros( ds.nci, md.nc, ds.nrcmax, nrep);
g2_all = zeros( nrep, nstarts );
which_start = zeros( nrep,1);
class_order = zeros( md.nc, nrep );
distinct_class_order = ones( nrep, 1 );
gamma_tmp = zeros( md.nc, nstarts);
rho_tmp = zeros( ds.nci, md.nc, ds.nrcmax, nstarts );
niters_tmp = zeros(nstarts,1);
for rep = 1:nrep
g2s = zeros(nstarts,1);
% generate dataset
ds = lca_gen( ds, md, gamma_gen, rho_gen, nsubj );
min_g2=1.0e2000;
for start = 1:nstarts
pr.gamma = gamma_starts(:,start);
pr.rho = rho_starts(:,:,:,:,start);
% call function lca
[pr, rs] = lca(ds, md, pr, maxits, eps);
if( rs.bErrMsg )
break;
end
% Step 1: Did it converge?
fprintf( 'Rep: %i; Start: %i; iters: %i, loglikelihood: %f\n', ...
rep, start, rs.iter, rs.loglik);
if (rs.bConverged)
converged(rep,start) = 1;
end
% Step 2: Identification
% store g-squared for this rep;
g2_all(rep,start) = rs.G2;
g2s(start) = floor(rs.G2*100); % for later use
% store estimates for this start
gamma_tmp(:,start) = pr.new_gamma;
rho_tmp (:,:,:, start) = pr.new_rho;
niters_tmp(start) = rs.iter;
% store estimates from startval that produced
% the minimum g-squared
if(rs.G2 < min_g2)
which_start(rep) = start;
min_g2 = rs.G2;
end
end
% if we broke out of the last loop
% due to an error, we should break out
% of the outer loop too.
if( rs.bErrMsg )
break;
end
if( all(converged(rep,:)== 1) )
all_converged(rep) = 1;
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end
if( rep == break_rep )
break;
end
% Identification Check - Check to see if it's a valid dataset:
%G-squared's within 3 decimal places of one another
if (all ( g2s == g2s(1) ) ) % they're all equal to each other to 3 decimal places
identified(rep) = 1; % identified!
which_start(rep) = 1; % store estimates from the first start
end
% store number of iterations
niters(rep) = niters_tmp(which_start(rep));
% check class order
% First, loop through each class in the current rho estimates.
for c = 1:md.nc
% Then loop through each class in the true rho parameters.
% Sum the squared error of rho estimates for the first response
% category.
se = zeros( md.nc, 1 );
for c1 = 1:md.nc
for i = 1:ds.nci
se(c1) = se(c1) + ...
(rho_tmp(i,c,1,which_start(rep)) - rho_gen(i,c1,1))^2;
end
end
% Save the class number of the true rho parameters
% corresponding to the minimum squared error.
[junk, j] = min( se );
class_order(c,rep) = j;
end
% make sure values in class_order are unique, that is,
% that there aren't any repeated values.
for c = 1:md.nc-1
if( sum( class_order(c,rep ) == class_order((c+1):md.nc,rep) ) > 0 )
distinct_class_order( rep ) = 0;
end
end
% store appropriate estimates with corrected class order,
% unless there is unclear class ordering.
if( (identified(rep) == 1) && (all_converged(rep) == 1) && (distinct_class_order(rep)
== 1) )
for c = 1:md.nc
gamma_all(c,rep) = gamma_tmp(class_order(c,rep), ...
which_start(rep));
rho_all(:,c,:, rep) = rho_tmp(:,class_order(c,rep),:, ...
which_start(rep));
end
gamma_bias(:, rep) = gamma_all(:,rep) - gamma_gen;
rho_bias(:,:,:, rep) = rho_all(:,:,:,rep) - rho_gen;
else
gamma_all(:,rep) = gamma_tmp(:,which_start(rep));
rho_all(:,:,:, rep) = rho_tmp(:,:,:,which_start(rep));
gamma_bias(:, rep) = gamma_all(:,rep) - gamma_gen;
rho_bias(:,:,:, rep) = rho_all(:,:,:,rep) - rho_gen;
end
% "useable"
if( definition == 2 ) % identified and converged
useable(rep) = identified(rep) == 1 ...
& all_converged(rep) == 1 ;
end
if( sum( useable(1:rep)==1 ) >= nrep_good )
nrep = rep;
% truncate all these up to the curent rep
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identified = identified(1:rep);
useable = useable(1:rep);
all_converged = all_converged(1:rep);
distinct_class_order = distinct_class_order(1:rep);
niters = niters(1:rep);
converged = converged(1:rep,:);
gamma_bias = gamma_bias( :, 1:rep);
rho_bias = rho_bias( :, :, :, 1:rep);
gamma_all = gamma_all( :, 1:rep);
rho_all = rho_all( :, :, :, 1:rep);
g2_all = g2_all( 1:rep, : );
which_start = which_start( 1:rep);
class_order = class_order( :, 1:rep);
break;
end
end
if( rep == break_rep )
fprintf( 'Break requested at rep %i\n', break_rep );
% output
elseif( rs.bErrMsg )
% report errors
fprintf( 'Error from LCA: %s\n', rs.errmsg );
else
%==========================
% Part VII.
% compute final results
%==========================
% useable
mean_gamma = zeros( 1, md.nc );
std_gamma = zeros( 1, md.nc );
var_gamma = zeros( 1, md.nc );
mean_gamma_bias = zeros( 1, md.nc );
std_gamma_bias = zeros( 1, md.nc );
mse_gamma = zeros( 1, md.nc );
for c=1:md.nc
% useable
if( sum( useable==1 ) > 0 )
mean_gamma(c) = mean( gamma_all(c,(useable==1)));
std_gamma(c) = std( gamma_all(c,(useable==1)));
var_gamma(c) = var( gamma_all(c,(useable==1)));
mean_gamma_bias(c) = mean( gamma_bias(c,(useable==1)));
std_gamma_bias(c) = std( gamma_bias(c,(useable==1)));
mse_gamma(c) = std_gamma(c)*std_gamma(c) +
mean_gamma_bias(c)*mean_gamma_bias(c);
end
end
% useable
mean_rho = zeros( ds.nci, md.nc, ds.nrcmax);
std_rho = zeros( ds.nci, md.nc, ds.nrcmax);
var_rho = zeros( ds.nci, md.nc, ds.nrcmax);
mean_rho_bias = zeros( ds.nci, md.nc, ds.nrcmax);
std_rho_bias = zeros( ds.nci, md.nc, ds.nrcmax);
mse_rho = zeros( ds.nci, md.nc, ds.nrcmax );
for i=1:ds.nci
for c=1:md.nc
for rc=1:ds.nrcmax
% useable
if( sum( useable==1 ) > 0 )
mean_rho(i,c,rc) = ...
mean( rho_all(i,c,rc,(useable==1)) );
std_rho(i,c,rc) = ...
std( rho_all(i,c,rc,(useable==1)) );
var_rho(i,c,rc) = ...
var( rho_all(i,c,rc,(useable==1)) );
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mean_rho_bias(i,c,rc) = ...
mean( rho_bias(i,c,rc,(useable==1)) );
std_rho_bias(i,c,rc) = ...
std( rho_bias(i,c,rc,(useable==1)) );
mse_rho(i,c,rc) = ...
mean( rho_bias(i,c,rc,(useable==1)) ...
.* rho_bias(i,c,rc,(useable==1)) );
end
end
end
end
mean_niters = mean (niters(useable==1));
n_converged = sum(converged ==1);
n_id = sum(identified ==1);
mad_rho = abs(mean_rho_bias)/(md.nc*ds.nci);
mad_gamma = abs(mean_gamma_bias)/(md.nc);
fprintf( 'No errors.\n' );
% call sim_output
sim_output
toc;
fprintf( '\nThat was easy!\n
end

:-)\n\n' );
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Appendix B. Code for calculating ρ parameters.
5.8.4 M-step
Generally, the M-step is the \second half" of an iteration in the E M algorithm.
It is the step in which parameters that `Maximize' the loglikelihood function are
computed. For LTA, the M-step consists of evaluating new parameter estimates
based on the data (item responses) and posterior probabilities (and to some
extent the previous parameter estimates). The exact approach for each of the
LTA parameters is described in the following paragraphs.
M-step for rho Updated rho parameters are computed in the procedure
lta mstep rho.
<< lta estimation M step rho >>=
if( lta_mstep_rho( work, err ) == RETURN_FAIL ) then
call err_handle(err, 1000, &
called_from = subname//" in MOD "//modname, &
custom_1 = "M-step for RHO failed at iteration " &
//trim(ichar)//".")
answer = RETURN_FAIL
return
end if
<< lta estimation private routines >>=
!----------------------------------------------------------integer(our_int) function lta_mstep_rho( work, err ) &
result(answer)
implicit none
<< lta M step rho required arguments >>
character(len=*), parameter :: subname = "lta_mstep_rho"
<< lta M step rho local variables >>
<< compute rho numerators >>
<< compute rho parameters with restrictions >>
! normal exit
answer = RETURN_SUCCESS
return
end function lta_mstep_rho
!----------------------------------------------------------<< lta M step rho required arguments >>=
type(lta_mlworkspace_type), intent(inout) :: work
type(error_type), intent(inout) :: err
<< lta M step rho local variables >>=
integer(kind=our_int) :: str, ci, rc, c, &
kase, kase_str, row, fr_rho, eq, itmp
real(kind=our_dble) :: rtmp, rtmp_1, rtmp_num, &
rtmp_denom, scale, rho
This procedure uses arrays that we declare in the [[lta_mlworkspace_type]] so that they may be re-used
across iterations. They contain numerator and denominator values corresponding to each [[rho]] parameter.
<< LTA mlworkspace type components >>=
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real(kind=our_dble), pointer :: &
rho_numerator(:,:,:,:) => null(), &
rho_denominator(:,:,:) => null()
These arrays are allocated in the function [[load_mlworkspace_param]].
<< allocate param arrays >>=
if( work%nci > 0 ) then
if( dyn_alloc( work%rho_numerator, work%nci, work%nc, &
work%nrcmax, work%nstr, err ) == RETURN_FAIL ) then
call err_handle(err, 1000, &
called_from = subname//" in MOD "//modname, &
custom_1 = "Failed to allocate rho_numerator.")
answer = RETURN_FAIL
return
end if
work%rho_numerator = 0.d0
if( dyn_alloc( work%rho_denominator, work%nci, work%nc, &
work%nstr, err ) == RETURN_FAIL ) then
call err_handle(err, 1000, &
called_from = subname//" in MOD "//modname, &
custom_1 = "Failed to allocate rho_denominator.")
answer = RETURN_FAIL
return
end if
work%rho_denominator = 0.d0
end if
They are deallocated when the workspace is reset or nullified.
<< dealloc mlworkspace pointers >>=
if( dyn_dealloc(work%rho_numerator, err) == RETURN_FAIL ) then
call err_handle(err, 1000, &
called_from = subname//" in MOD "//modname, &
custom_1 = "Could not deallocate rho_numerator.")
answer = RETURN_FAIL
return
end if
if( dyn_dealloc(work%rho_denominator, err) == RETURN_FAIL ) then
call err_handle(err, 1000, &
called_from = subname//" in MOD "//modname, &
custom_1 = "Could not deallocate rho_denominator.")
answer = RETURN_FAIL
return
end if
In the M step we must compute numerators by summation, and then divide these numerators
by the sums of the numerators across the response categories for each item,
such that the rho parameters for a given item sum to 1.
Here is the nested loop that computes all of the numerators for rho.
<< compute rho numerators >>=
do str = 1, work%nstr
do ci = 1, work%nci
do c = 1, work%nc
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do rc = 1, work%nrc(ci)
<< calculate num for rho >>
end do
end do
end do
end do
In the following section we calculate the numerator for a given rho parameter,
corresponding to [[rc]] (response category), [[ci]] (item), [[c]] (latent class)
and [[str]] (`stratum' or group).
This value will later be divided by a ``normalizing'' denominator, so that the
rho parameter estimates for a given item sum to 1.0.
The value of the numerator is first initialized to zero (here we use
a temporary variable [[rtmp]]. Then an informative prior,
if provided, is added. Finally, posterior probabilities are summed for all
individuals with item responses that correspond to the Rho parameter
currently being calculated. For multiple-group analysis, this sum is
performed across members of the group of interest only (that is, the
group number of the current Rho parameter). However, when measurement is
specified to be equal across groups, this sum is performed across
all individuals regardless of group membership.
<< calculate num for rho >>=
rtmp = 0.d0
<< add rho prior >>
if( work%rho_equal_across_strata ) then
do kase_str = 1, work%nkase
<< sum for rho numerator >>
end do
else
do kase = 1, work%nkase_by_str(str)
kase_str = work%kase_by_str(kase,str)
<< sum for rho numerator >>
end do
end if
work%rho_numerator(ci,c,rc,str) = rtmp
When summing rho numerators across individuals, the value that is added
is simply the posterior probability of that individual ( a value between
zero and one). This value is only added if the individual responded according
to the Rho parameter of interest. For example, let's say we are trying to
calculate the rho parameter for class 3, item 2, response category 1, and
the individual's posterior probability for class 3 is 0.125. Then we
add 0.125 to the current sum only if that individual responded `1' to
item 2, according to the indicator function in [[work%indic_ci]].
If the data are aggregated into frequencies, then we are looking at a whole
set of individuals with an identical response pattern. In this case we add
the product of frequency and posterior probability.
If the indicator for that item is missing for the individual, then instead
of using the indicator function, we simply multiply the posterior probability
by the previous iteration's value for rho; thus the individual's contribution
to rho is based on the overall item response probability.

186
<< sum for rho numerator >>=
if( work%aggregated ) then
! aggregated data -- multiply by frequency
if( int(work%indic_ci(kase_str,ci,1)) .ne. 99 ) then
! observed value
if( work%indic_ci(kase_str,ci,rc) == 1 ) then
rtmp = rtmp + work%post_cls(kase_str,c) * &
work%freq(kase_str)
end if
else
! missing value
rtmp = rtmp + work%post_cls(kase_str,c) * &
work%old_rho(ci,c,rc,str) * work%freq(kase_str)
end if
else
if( int(work%indic_ci(kase_str,ci,1)) .ne. 99 ) then
! observed value
if( work%indic_ci(kase_str,ci,rc) == 1 ) then
rtmp = rtmp + work%post_cls(kase_str,c)
end if
else
! missing value
rtmp = rtmp + work%post_cls(kase_str,c) * &
work%old_rho(ci,c,rc,str)
end if
end if
The following code adds the informative prior information that will be contributed
to calculating the current rho parameter. This contribution is simply the product
of the prior proportion and the prior effective sample size, which are provided by
the user.
<< add rho prior >>=
if( work%informative_rho_prior ) then
rtmp = rtmp + work%rho_prior(ci,c,rc,str)*work%rho_prior_ess(ci,c,str)
end if
<< compute rho denominators >>=
do str = 1, work%nstr
do ci = 1, work%nci
do c = 1, work%nc
work%rho_denominator(ci,c,str) = &
sum( work%rho_numerator(ci,c,1:work%nrc(ci),str), &
mask=(work%rho_restrictions(ci,c,1:work%nrc(ci),str) /= 0 ))
end do
end do
end do
<< compute rho denominators 2 >>=
do str = 1, work%nstr
do ci = 1, work%nci
do c = 1, work%nc
work%rho_denominator(ci,c,str) = &
sum( work%rho_numerator(ci,c,1:work%nrc(ci),str), &
mask=(work%scale_loc_rho(ci,c,1:work%nrc(ci),str) /= 1 ))
end do
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end do
end do
<< compute rho parameters with restrictions >>=
<< compute rho denominators >>
do row = 1, work%n_no_eq_rho
if( work%rho_rest_loc(row,6) .le. 1 ) then
<< rho restr type 0 or 1 >>
end if
end do
row = work%n_no_eq_rho
do fr_rho = work%no_eq_rho+1, work%n_fr_rho
row = row + work%rho_rest_loc(row+1,7)
if( work%rho_rest_loc(row,6) .eq. 2 ) then
<< rho restr type 2 >>
else if( work%rho_rest_loc(row,6) .eq. 3 ) then
<< rho restr type 3 >>
end if
end do
<< compute rho denominators 2 >>
do row = 1, work%n_no_eq_rho
if( work%rho_rest_loc(row,6) .eq. 4 ) then
<< rho restr type 4 >>
end if
end do
row = work%n_no_eq_rho
do fr_rho = work%no_eq_rho+1, work%n_fr_rho
row = row + work%rho_rest_loc(row+1,7)
if( work%rho_rest_loc(row,6) .eq. 5 ) then
<< rho restr type 5 >>
end if
end do
! equal across strata
if( work%rho_equal_across_strata ) then do str = 2,work%nstr
work%new_rho(:,:,:,str) = work%new_rho(:,:,:,1)
end do
end if
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