The Pennsylvania State University
The Graduate School
Department of Mechanical and Nuclear Engineering

A VARIABLE TRANSVERSE STIFFNESS STRUCTURE
USING FLUIDIC FLEXIBLE MATRIX COMPOSITE (F2MC)

A Thesis in
Mechanical Engineering
by
Suyi Li

Submitted in Partial Fulfillment
of the Requirements
for the Degree of

Master of Science
December 2008

The thesis of Suyi Li was reviewed and approved* by the following:

Kon-Well Wang
Adjunct Professor in Mechanical Engineering
Thesis Adviser

Christopher D. Rahn
Professor in Mechanical Engineering

Karen A. Thole
Department Head of Mechanical and Nuclear Engineering
Professor of Mechanical Engineering

*Signatures are on file in the Graduate School

iii
ABSTRACT
Presented in this study is the development of a novel honeycomb sandwich panel
with variable transverse stiffness. In this structure, the traditional sandwich face sheets
are replaced by the fluidic flexible matrix composite (F2MC) tube layers developed in
recent studies1,2. The F2MC layers, combined with the anisotropic honeycomb core
material properties, provide a new sandwich structure with variable stiffness properties
for transverse loading.

In this research, an analytical model is derived based on

Lekhnitskii’s anisotropic pressurized tube solution and Timoshenko beam theory. Finite
elements simulations and experimental investigations are also conducted to verify the
analytical findings. A segmented multiple-F2MC-tube configuration is synthesized to
increase the variable stiffness range.

The analysis shows that the new honeycomb

sandwich structure using F2MC tubes of 10 segments can provide a high/low transverse
stiffness ratio of 110. Segmentation and stiffness control can be realized by an embedded
valve network, granting a fast response time.
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Chapter 1
Introduction
Various adaptive materials with tunable stiffness have been studied, among them
the most well known include shape memory alloys, magnetorheological fluids, and ionic
polymers3. These materials are usually operated in different physics domains, such as
thermal dynamics, electromagnetism, or electrical-chemistry.

Each material has its

distinct characteristics of stiffness range, response time, and energy consumption level,
therefore they could be implemented into a wide range of applications like morphing
vehicles, soft robotics, and semi-active isolation mounts4-7.
Inspired by the fibrillar network in plant cells, a novel variable stiffness material
named fluidic flexible matrix composite (F2MC) has been investigated1,2. Compared to
other adaptive materials, this new F2MC has its unique advantages of being highly
tailorable for different ranges of stiffness and stiffness variation ratio.
The F2MC is essentially a composite laminated tube consisting of four functional
components: a fiber composite tube wall, an inner liner for pressure sealing, a working
fluid in the tube, and control valves at the ends (See Figure 1-1). By taking advantage of
the anisotropic properties of fiber composite and the high bulk modulus of working fluid,
an F2MC tube can provide variable axial stiffness through simple valve control. When
the valves are open, the F2MC tube has low axial stiffness and high axial extensibility.
When the valves are closed, the tube becomes significantly stiffer because the confined
working fluid resists the volume change induced by the deformed fiber composite wall.
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One can tailor the structure’s upper and lower axial stiffness values by adjusting various
F2MC design parameters such as constituent material properties, fiber orientation and
tube geometry, and the measured results can be predicted by an analytical model1.
Previous experimental testing of prototypes successfully validated the analytical results
and demonstrated that F2MC tubes are capable of providing variable axial stiffness with a
high/low modulus ratio of at least an order of magnitude.

Figure 1-1: F2MC is a laminated cylindrical composite material and provides variable
axial stiffness.
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With such promising results, various concepts have been proposed to implement
F2MC tubes into composite structures to provide variable stiffness in different directions.
Among them, a variable transverse stiffness panel built with multiple F2MC tubes has
wide application potential. Philen et al. used Timoshenko beam theory to investigate a
simply supported adaptive sheet made of two layers of F2MC tubes2. By adjusting the
boundary conditions of the beam to simulate the effects of opening and closing the
control valves, it was concluded that this adaptive beam design provides a maximum
high/low transverse stiffness ratio of 5 (Figure 1-2). It was also suggested that additional
transverse shear resistant structural components could compensate for the weak
transverse shear stiffness of the slender F2MC tubes.

Figure 1-2: The Timoshenko Beam model is used on a composite panel made of F2MC
tube embedded in soft matrix (upper left corner). The effect of valve control is simulated
by changing beam boundary conditions (right).
As well as the multiple F2MC tubes, several variable transverse stiffness structure
designs with other adaptive materials are studied. These designs can by categorized into
at least three groups by their operating principles. The first group includes designs which
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achieve variable transverse stiffness by changing the intrinsic elastic properties of the
structural components. For example, McKnight et al proposed a composite panel by
embedding short-length, high stiffness steel strips into a soft matrix made of shape
memory polymer8, and the stiffness of this structure can be altered by changing the
temperature of the shape memory polymer matrix. Such design has both high load and
strain capacity; however, the temperature input required by the shape memory polymers
limits its performance of response time. The second group includes designs which
achieve variable transverse stiffness by changing the interaction between different
structural components. For example, Bergamini et al proposed a sandwich beam with
electro-statically tunable bending stiffness9.

Such design uses electrostatic force to

modify the transfer of shear stress at the interface between the sandwich cores and face
sheets, therefore changing its bending stiffness. This beam design gives quick response
time, but limited stiffness range.

The third group includes designs which achieve

variable transverse stiffness by changing its boundary conditions. For example, Tabata et
al. studied the bending of a micro fabricated soft balloon10. The balloon swells when
internal pneumatic pressure is applied, and it therefore becomes more difficult to bend.
Such devices can be miniaturized and assembled into large scale adaptive structure;
however the absolute bending stiffness is low.
Compared to other adaptive structure concepts, an adaptive structure utilizing
multiple F2MC tubes belongs to the first group of designs. A structure using multiple
F2MC tube have its own advantages. It transforms the variable axial stiffness of F2MC
tubes into the structural variable transverse stiffness. Therefore the composite structure
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inherits the advantages of being light weight, fast responsive and highly tailorable from
F2MC.
The study on the proposed composite structure also has its unique contribution to
the engineering community. To the best knowledge of the author, F2MC is the only
adaptive stiffness material that involves the principle of hydraulics, (the internal working
fluid pressure). It will be shown in the thesis that the internal pressure indeed changes
the apparent elastic behavior of the composite structure in a way that is not typical for
other adaptive structures. Therefore, this research could provide some insights of the
interactions between pressurized anisotropic materials with other composite components,
and guidelines for any future research related to similar topics.
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Chapter 2
Problem Statement, Research Objective, and Approach Overview
Build upon the previous research efforts, a variable transverse stiffness
honeycomb panel is proposed in this study, where the traditional aluminum or laminated
composite face sheets are replaced by layers of F2MC tubes embedded in a soft matrix
material (Figure 2-1). The F2MC tube, although capable of providing a large range of
longitudinal variable stiffness, is weak against shear load when it is subjected to a
transverse load. Aluminum honeycomb, with its light weight and high transverse shear
stiffness, is used to compensate for this low shear stiffness of the F2MC tubes.
Honeycomb has a low bending stiffness which should not interfere significantly with the
variable axial stiffness function of the F2MC face sheets. A honeycomb core is effective
in transferring the transverse load on the sandwich panel into axial loads on F2MC tubes,
so that the variable F2MC stiffness in its axial direction is transformed into variable panel
stiffness in its transverse direction.
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Figure 2-1: A sandwich panel using segmented F2MC is proposed to provide variable
transverse stiffness.
As briefly discussed in the introduction chapter, two analytical models have been
derived to study F2MC related topics. One is the F2MC axial stiffness analytical model1;
the other is the adaptive Timoshenko sheet model for the multi-F2MC tube adaptive
panel2. These two models work in different domains and have their own advantages and
disadvantages; however, neither of them is sufficient to deal with the complexity and
different loading scenarios introduced by the combined honeycomb-F2MC sandwich
structure.
First, the F2MC axial stiffness analytical model is capable of describing the
deformation of the fiber composite wall when it is subjected to the axial load and internal
pressure. It incorporates the analysis of the 3D constitutive parameters of thick fiber
laminate, and the analysis of the elastic behavior of a pressurized anisotropic cylindrical
shell. Therefore it is successful in predicting both the axial stiffness variability of the
F2MC tube, and the correlation between the internal fluid pressure and external load.
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This axial stiffness model, in the other hand, assumed a longitude-invariant deformation
field, and this assumption can no longer be applied to the transverse loading of a beam.
Second, the adaptive Timoshenko sheet model is capable of describing the
deformation field in the transverse loading scenarios; however, it did not look into the
fiber tube wall deformation in detail. Instead of modeling the internal fluid pressure, the
Timoshenko sheet model approximates the effects of valve control by adjusting the beam
boundary conditions.

This Timoshenko sheet model is used to study the simply

supported adaptive panel, and when the valve is closed, the equivalent boundary
conditions are assumed to become clamped-clamped (see Figure 1-2). This change in
boundary conditions is validated well by a 3D finite element analysis. However, the
Timoshenko sheet model could not give us the physical insight behind this change of
boundary conditions, nor can it give us any correlation between beam transverse
deformation and the F2MC internal fluid pressure. Therefore it is not representative of
various sheet designs under the current investigation.
The objective of this study is to develop an analytical model to better predict the
variable transverse stiffness of the honeycomb-F2MC panel. The new model needs to
satisfy the following requirements: 1) it takes into account the anisotropic material
properties of both the fiber composite tubes and the honeycomb; 2) it describes the
internal working fluid pressure as well as the effects of the inner liner of the tubes; 3) it
correlates the internal fluid pressure with the structural transverse deformation; and 4) it
gives us insights behind the variable transverse stiffness and the difference in elastic
behavior between the open and closed valve scenarios. Based on the model, parametric
analyses are conducted to provide guidelines for performance optimization.
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The concept of tube segmentation is introduced to further increase the variable
stiffness ratio (Figure 2-1). The segmentation can be realized by an embedded valve
network, enabling the panel to provide multiple transverse stiffness values. The new
analytical model will be used to describe the beam performance improvement by tube
segmentation. It would also give us insights of some crucial design parameters as well as
the potential and limitation of the tube segmentation design.
In the following sections of this thesis, an analytical model for a cantilevered
sandwich beam with a single F2MC tube segment is first presented in the first half of
Chapter 3, and in the second half that chapter, a finite element analysis and experimental
efforts are carried out. The accuracy and feasibility of the analytical model will be
discussed in detail by comparing its results to FEA and experimental results. Then with
the single segment model, the study is extended to sandwich beams with multi-segmented
F2MC tubes in Chapter 4.
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Chapter 3
Sandwich Beam with Single Segment F2MC Tube
The objective of this chapter is to derive and verify an analytical model for the
variable transverse stiffness of the investigated structure. This model needs to satisfy the
requirements listed at the end of last chapter. It will be compared to a 3 dimensional
finite element analysis and physical tests on a specimen so that the accuracy and
feasibility of the analytical model can be evaluated. Once verified, this model will be
used for a parametric study for design guide lines of the sandwich structure.
The content of this chapter will be layout as follows, in the first section of this
chapter, the analytical model will be formulated mathematically in detail (3.1); in the
second section, the procedure of constructing the 3D FEA model will be reviewed (3.2);
in the third section, the fabrication and test procedure of the physical specimen will be
reviewed (3.3); in the fourth section, the results from the previous three analysis will be
compared (3.4); and on the fifth section, a parametric study will be carried out (3.5).

3.1 Mathematical Formulation of the Analytical Model
Instead of modeling a complete sandwich panel with multiple F2MC tubes, we
will model a sandwich beam with only one F2MC tube applied at the top to simplify the
analysis and test (Figure 3-1). The beam is cantilever and subjected to a transverse end
load F and moment M at its free end. A thin center sheet made of spring steel (much
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stiffer than the F2MC tube) constitutes the neutral axis in both the open and closed valve
scenarios. This center sheet also guarantees high membrane stiffness in the x-y plane,
which is often required in practical applications. The soft casting matrix shown in
Figure Error! Not a valid link. is not included since it does not affect the beam elastic
behavior significantly.

Figure 3-1: Schematic diagram of the Timoshenko beam and the global coordinates.
Two classical analytical methods are employed in this formulation. The first
method employed is the Timoshenko beam theory. It is used to describe the deformation
of honeycomb core and to approximate the shear strain of F2MC tube. Timoshenko beam
theory allows us to take into account the fact that the F2MC tube is weak in shear, and it
also helps give us insights of the benefits of utilizing honeycomb. Timoshenko beam
theory, however, is not capable of describing the cylindrical anisotropic characteristics of
the F2MC tube. Therefore, the second analytical method employed is the Lekhnitskii’s
solution for homogeneous anisotropic structures. Previous studies have shown that we
could describe the elastic behavior of the fiber composite material well by treating them
as homogeneous anisotropic material11. Lekhnitskii’s solution will be used to describe
the normal stress and strain fields in the fiber composite tube wall and inner liner when
each is subject to axial load and internal pressure12. By incorporate these two methods
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together; it becomes possible to correlate internal fluid pressure to the transverse structure
deformations, this correlation is missing in the previous adaptive sheet model.
As these two analytical methods are employed in different domains, they will be
applied onto two different coordinates systems in the mathematical formulation. The
Timoshenko beam theory is applied on a global Cartesian deformation field attached to
the sandwich structure (Figure 3-1); while the Lekhnitskii’s solution is applied to a local
cylindrical deformation field attached only to the F2MC tube (Figure 3-3). Thus several
compatibility conditions will be applied to guarantee the compatibility between these two
analytical methods. Based on these formulations, one can derive the total elastic energy
of the beam in an explicit form and therefore obtain a closed-form solution for the beam
deformation by applying variational calculus. The equivalent transverse stiffness ratio is
then defined as the beam tip deflection ratio between the open and closed valve scenarios.

3.1.1 Displacement-strain relationship of Timoshenko Beam
Figure 3-2 illustrates the deformation field based on the Timoshenko beam theory
on a small segment of the sandwich structure, the displacement-strain relationships of the
honeycomb core and F2MC tube can be described in Eq. 1 and 213

ε x ( x) = − z

dψ ( x )
,
dx

1 dw( x)
−ψ ( x )] ,
2 dx

ε xz ( x) = [

1

2
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where w(x) is the vertical deflection of the beam neutral axis, and ψ(x) is the
angular rotation of the vertical cross section plane (See Figure 3-2), εx and εxz are the
longitudinal normal strain and tensor shear strain of the beam, respectively.

This

displacement-strain relationship assumes that any cross-section plane of the structure will
remain flat under external loads. Since we will only study the small scale deformation of
the sandwich beam, this assumption is reasonable. And consequently the non-linear
deformations, such as beam cross-section warping and tube ovalization14, are assumed to
be in-significant. Perfect bonding is also assumed at the honeycomb-F2MC tube interface
to exclude inter layer slip.

Figure 3-2: An illustration of the global Cartesian deformation field.

3.1.2 Stress and strain of the laminated F2MC tube
Figure 3-3 shows that the F2MC tube is modeled as a laminated cylindrical
structure made of two different materials: fiber composite tube wall and isotropic silicone
inner liner.

In reality, the fiber matrix composite is a complicated heterogeneous
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material, however, previous studies have shown that one can describe its infinitesimal
stress and strain field well by treating them as homogeneous material with anisotropic
material properties, therefore it is valid to employ thick laminate analysis to obtain the
equivalent 3 dimensional constitutive compliance tensor of the fiber composite, and input
the tensor into Lekhnitskii’s solution to obtain the normal stress field11,12.
The thick laminate analysis for the fiber matrix composite requires the knowledge
of the elastic properties of the fiber and the matrix, as well as the geometric pattern of the
fiber winding. Readers can look up the corresponding reference for the detailed analysis
procedure. In this thesis, the compliance tensor will be used directly in the Lekhnitskii’s
method.
The honeycomb core is much stiffer than the tube in transverse shear, so it is
appropriate to treat the F2MC tube as a membrane component subject to axial force and
internal working fluid pressure. Therefore, only normal stress and strain are modeled in
detail in the F2MC tube, while its shear strain is approximated by the Timoshenko strain
field (Eq. 2).

The normal stress field in the fiber composite tube wall under the

corresponding loads can be described in the following equations1,12, note that these stress
and strain variables are defined on the local cylindrical coordinate system,

a1k +1
a1k +1a22 k − k −1
k −1
r
r ] p2 + ...
−
a22 k − a12 k
a22 k − a12 k
h
a2k +1 − a1k +1 k −1 a2k −1 − a1k −1 k +1 k +1 − k −1 ( o )
... +
[1 − 2 k
r − 2k
a1 a2 r ]ε x ,
a33
a2 − a12 k
a2 − a12 k

σ r( o ) = [

3
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ka1k +1 k −1 ka1k +1a22 k − k −1
r + 2k
r ] p2 + ...
a22 k − a12 k
a2 − a12 k
h
a k +1 − a1k +1 k −1 a2k −1 − a1k −1 k +1 k +1 − k −1 ( o )
... +
[1 − 2 2 k
kr − 2 k
ka1 a2 r ]ε x ,
a33
a2 − a12 k
a2 − a12 k

σ θ( o ) = [

σ x( o ) =

ε z( o )
a33

−

1
( a13σ r( o ) + a 23σ θ( o ) ) ,
a33

4

5

where aij are the components of the constitutive compliance tensor of the fiber
composite, p2 is the pressure at the interface between fiber composite and inner liner, and
ak (k=0, 1, 2) are the radius of the corresponding laminates (Figure 3-3). The superscript
(o)

denotes the outer fiber composite layer. The constants h and k are based on material

properties and the fiber orientation of the composite tube,
h=

a23 − a13
,
β11 − β 22

6

β11
β 22

7

k=

where β11 = a11 −

,

a132
a2
and β 22 = a 22 − 23 .
a33
a33

The normal strains in the composite tube can be obtained from Hooke’s law,

⎧ε r( o ) ⎫ ⎡ a11
⎪ (o) ⎪ ⎢
⎨ε θ ⎬ = ⎢a12
⎪ε ( o ) ⎪ ⎢a
⎩ x ⎭ ⎣ 13

a12
a22
a23

a13 ⎤ ⎧σ r( o ) ⎫
⎪
⎪
a23 ⎥⎥ ⎨σ θ( o ) ⎬ .
a33 ⎥⎦ ⎪⎩σ x( o ) ⎪⎭
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Figure 3-3: Geometry and modeling of the F2MC laminated tube and the local cylindrical
coordinate system.
For the sake of simplicity, one can re-write the constitutive equations of the fiber
composite wall as follows,

σ i( o ) = Pi (r ) p2 + Qi (r )ε x( o ) ,

9

ε i(o ) = Ri (r ) p2 + Si (r )ε x( o) ,

10

where Pi, Qi, Ri, and Si, (i=r, θ, or x) are high order polynomials in terms of the
radial coordinate variable r. Pi and Ri describes the stress and strain distribution in the
fiber composite layer induced by internal pressures, while Ri and Si describes the stress
and strain distribution induced by longitudinal strain.

The detailed mathematical

formulation of these polynomials is listed in appendix Error! Not a valid link..
The same set of constitutive equations can also be applied to the isotropic inner
liner layer. Because of the isotropy, the constant k becomes 1 and h becomes 0 in
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equation Eq. 3 and 4, and the stress distribution under similar loads is shown in the
following equations12,

σ r(i ) =

p1a02 − p2 a12
a12 a02
−
( p1 − p2 ) ,
a12 − a02
r 2 ( a12 − a02 )

11

σ θ(i ) =

p1a02 − p 2 a12
a12 a02
+
( p1 − p 2 ) ,
a12 − a02
r 2 (a12 − a02 )

12

σ x( i ) = E ( i ) ε x( i ) + v (σ r( i ) + σ θ( i ) ) ,

13

where E is the Young’s modulus of the silicone inner liner, v is the Poisson’s ratio
of the liner, p1 is the internal fluid pressure, and the superscript

(i)

denotes inner liner.

The strains in the isotropic liner are also obtained by Hooke’s law,

⎧ε r(i ) ⎫
⎡1
⎪ (i ) ⎪ 1 ⎢
⎨ε θ ⎬ = ⎢−ν
⎪ε (i ) ⎪ E ⎢−ν
⎣
⎩ x ⎭

−ν
1
−ν

−ν ⎤ ⎧σ r(i ) ⎫
⎪
⎪
−ν ⎥⎥ ⎨σ θ(i ) ⎬ .
1 ⎥⎦ ⎪⎩σ x(i ) ⎪⎭
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During above formulations, it is assumed that the fiber laminate is free to deform
without any external restrictions. This assumption, however, might conflict against the
rigid bonding assumption mentioned earlier. In reality, the rigid bonding between F2MC
and honeycomb core will indeed impose some external restriction on part of the tube
wall. Later in this chapter, we will discuss by how much these assumptions will affect
the accuracy the analytical model.
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3.1.3 Compatibility conditions

As mentioned earlier, the derived constitutive equations are defined in different
domains. The strain-displacement relationship based on Timoshenko Beam is defined in
the global Cartesian coordinate system, while the stress-strain relationship of F2MC
laminates are defined in the local cylindrical coordinate system attached to the tube.
Therefore, several compatibility conditions are necessary to correlate the different
parameters.
The first compatibility condition is that the average axial strains of the inner and
outer tube layers from Lekhnitskii’s solution (Eq. 3 - Eq. 5 ) agree with the strain field of
the Timoshenko beam model (Eq. 1) at the axis of the tube,

ε x( o ) = ε x(i ) = −ho

dψ
.
dx
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where ho is the distance between the axis of the F2MC tube and the center sheet of
the beam. Note that the “x” directions in global and local coordinate systems are the
same, so there is not need to distinguish them.
The second compatibility condition is due to the perfect bonding assumption
between the fiber composite tube wall and silicone inner liner. That is, the hoop strains at
the interface between these two layers are the same,

ε θ(i )

r = a1

= ε θ( o )

r = a1

.
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The first two compatibility conditions apply for both open and closed valve
scenarios. While the valves are closed, in particular, a third compatibility condition of
pressure needs to be satisfied. Due to the honeycomb core, the transverse deflection of
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the sandwich panel is accommodated by axial deformation of the F2MC tube, which
changes the volume inside the tube. However, the bulk modulus of the fluid inside the
inner tube resists this volume change, resulting in a build-up of fluid pressure inside the
inner tube as long as the volume inside the tube is incrementally changed by incremental
deflection of the beam. Using the volume change, ΔV, volume, V, and bulk modulus of
the fluid, B, the relation between the F2MC tube deformation and fluid pressure is as
follows,
L

∫ [2ε θ

(i )

p1 = − B

ΔV
= −B
V

| r = ao +ε x( i ) | r = ao ]dx

0

L

,
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where L is the beam length.
By substituting the Lekhnitskii’s stress and strain (Eq. 3 -Eq. 14) into the
compatibility conditions (Eq. 15 -Eq. 17 ), one can find the relationships between the
pressures (p1, p2) and the Timoshenko deformation field as follows,

p1 = K 1ψ

p2 = K 2ψ

L
0

L
0

+ K3

,
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dψ
,
dx
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where Ki (i=1,2,3) are constants derived from the material properties and
geometries of the F2MC tubes. These constants are the keys to correlate the F2MC
working fluid pressure to the sandwich structure transverse deformation, and this is
missing in the previous adaptive Timoshenko sheet model. A detailed mathematical
formulation of the Ki is listed in Appendix A.2.
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By physical intuition, the working fluid hydrostatic pressure p1 should remain
constant through out the body of the fluid, and this is confirmed by Eq. 18, where p1
depends only on the relative angular deflection between the two opposite ends of the
beam, and not on the beam deformation within its span. The pressure, or normal stress,
on the interface between fiber tube wall and inner liner (p2) should be correlated not only
to the working fluid pressure, but also to the curvature of structural bending, and this is
also confirmed by Eq. 19, where p2 depends on both the relative angular deflection
between beam ends and the beam deformation within its span.

3.1.4 Elastic energy of the F2MC tubes from its normal stress

One can obtain the elastic energy of the F2MC tube from its normal stress and
strain for the assumed deformation field by integrating the inner product of the stress and
strain vectors over the defined volume,
L 2π a

Π F 2 MC ,normal

L 2π a

2
1
1
(o) T
(o)
= ∫ ∫ ∫ {ε } {σ }rdrdθdx + ∫ ∫ ∫ {ε ( i ) }T {σ ( i ) }rdrdθdx .
2 0 0 a1
0 0 a0
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This can be simplified to
1
1
dψ 2
L
= H p (ψ 0 ) 2 + H b ∫ (
) dx ,
2
2
dx
0
L

Π F 2 MC ,normal
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where {σ} and {ε} are stress and strain vectors defined in Eq. 3- 5, 8 for fiber
composite tube wall, and 11- 14 for inner liner. Hp and Hb are constants derived as
follows,
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a2

H p = 2πL{K 22 ∫ ∑ ( Pi Ri )rdr +
a1
a2

i

a1

∫ ∑ ( A C )rdr} + ...
i

i

a0 i

... + 2π { ∫ ∑ [ K 2 Pi ( K 3 Ri − ho Si ) + K 2 Ri ( K 3 Pi − hoQi )]rdr + ...
... +

a1
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a1 i

∫ ∑ ( A D + B C )rdr},
i

i

i

i

a0 i

a2

a1

a1 i

a0 i

H b = 2π { ∫ ∑[( K 3 Ri − ho S i )( K 3 Pi − ho Qi )]rdr + ∫ ∑[ Bi Di ]rdr} ,
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where Ai, Bi, Ci, and Di (i=r, θ, or x) are polynomials of radial coordinate variable
r. They describe the stress and strain distributions in the inner liner, while the correlation
between internal pressure and beam transverse deformation is incorporated. Similar to
the polynomials for fiber composite defined earlier, Ai and Ci describes the stress and
strain in the inner liner layer induced by internal pressures, while Bi and Di describes the
stress and strain induced by longitudinal strain. The mathematical formulation of these
polynomials is listed in Appendix A.3.
It is necessary to point out that the elastic energy from the shear of the F2MC will
be added later as explained next.

3.1.5 Total elastic Energy of the structure and energy variation calculation

The honeycomb core is modeled as a homogeneous material with anisotropic
shear and bending modulus. Studies have suggested that, in a traditional aluminum
honeycomb panel, an shear warping may occur in honeycomb core near its interface to
the face sheet15,16. In this study, such warping is assumed to be small due to the fact that

22
the F2MC is not as stiff as aluminum. The shear modulus of the honeycomb is estimated
based on the manufacturer’s product specification and the analytical solution proposed by
Grediac et al.16,17. A honeycomb core sample with an embedded spring steel center-sheet
is used to measure the bending stiffness.
When the control valves are closed, the total potential energy of the honeycombF2MC sandwich beam for the assumed deformation field is obtained by Eq. 24
∏ total

L
V
dψ 2
1 2
1
L
=
[∑ ( EI ) n + H b ]∫ (
) dx + [ H p + o H p2 ](ψ 0 ) 2 + ...
dx
2 n =1
2
2B
0
L
4
1
dw
... + ∑ (kGA) m ∫ (
−ψ ) 2 dx,
2 m=1
dx
0
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where the subscript n and m denote the different beam components with 1 referring
to honeycomb, 2 to center sheet, 3 to inner liner and 4 to fiber composite wall. EI is the
bending stiffness of the corresponding component, G is the axial shear modulus including
the F2MC tube, A is the corresponding cross-section area, and k is the shear coefficient.
Vo is the initial working fluid volume and B is the fluid bulk modulus.
L

The first term on the right hand side of Eq. 24 (one related to

dψ

∫ ( dx )

2

dx )

0

represents the bending energy from material elasticity of the structural components. The
L

second term (one related to (ψ 0 ) 2 ) represents the pressure induced potential energy
stored in both F2MC tube wall and the compressed working fluid. And the third term
L

(one related to ∫ (
0

dw
−ψ ) 2 dx ) represents the shear energy stored in different structural
dx

components, including the F2MC tube wall.
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Based on the schematic diagram Figure 3-1, one could add the virtual work of
external transverse load (F) and moment (M) at the free end of the beam as follows,
V
dψ 2
1 2
1
L
[∑ ( EI ) n + H b ]∫ (
) dx + [ H p + o H p2 ](ψ 0 ) 2 + ...
dx
2 n=1
2
2B
0
L
4
1
dw
... + ∑ (kGA) m ∫ ( −ψ ) 2 dx − F w x = L − Mψ x = L .
2 m=1
dx
0
L

∏ total =
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Applying variational calculus, the differential equations describing the beam
deformation are
4
d 2ψ
dw
[∑ ( EI ) n + H b ] 2 + ∑ (kGA) m ( −ψ ) = 0 ,
dx
dx
n =1
m =1
2

4

∑ (kGA) m (
m =1

d 2 w dψ
−
) = 0,
dx
dx 2
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subjected to boundary conditions

w x =0 = ψ

4

∑ (kGA)
m =1

2

[∑ ( EI ) n + H b ]
n=1

dψ
dx

m

(

= 0,
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dw
−ψ )
=F,
dx
x=L
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x =0

+ [H p +
x= L

Vo 2
H p ]ψ
2B

x= L

=M,
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where the external moment M is nonzero in this investigation only when multiple
segments F2MC tubes comprise the tip-loaded beam. By solving above differential
equations, the deformation of the beam is written explicitly as
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(2DEI + DP ) Lx − ( DEI + DP ) x 2
F,
2( DEI + DP ) DEI

31

(6 DEI + 3D P ) Lx 2 − (2 DEI + 2 DP ) x 3
x
F+
F.
G
12( DEI + DP ) DEI

32

ψ(x)=

w( x) =

4

For simplicity, we denote G ( = ∑ (kGA) m ) as the net shear modulus from the
m =1

2

sandwich beam components; DEI ( = ∑ ( EI ) n + H b ) as the net bending stiffness from
n =1

material elasticity. DP ( = ( H p +

Vo H p2
2B

) L ) is the extra load resistance from closing the

valve, denoted the pressure-induced stiffness. Equations 32 indicates that the transverse
deflection w(x) is a linear superposition of shear deformation (first term on the right hand
side) and bending deformation (second term).

3.1.6 Definition of Transverse Stiffness Ratio

To define a performance index for the sandwich beam with respect to transverse
loading, the equivalent transverse stiffness of the beam is obtained by dividing the
magnitude of external load by the transverse beam deflection at the point of the applied
load. When the valve is closed, this stiffness (ẾC) is obtained from Eq. 33 as follows
Eˆ C =

F
1
.
=
4 DEI + DP
wC ( x = L) L +
3
L
G 12 DEI ( DEI + DP )

33
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ẾC is function of shear modulus, bending stiffness and pressure-induced stiffness.
When the valves are open, the beam transverse stiffness (ẾO) is obtained from Eq. 34 by
setting the pressure-induced stiffness to zero,
Eˆ O =

1
F
.
=
wO ( x = L) L + 1 L3
G 3DEI
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Finally, the transverse stiffness ratio between closed and open valve scenarios is
defined as follows,

1
L2
+
Eˆ
w ( x = L)
G 3DEI
=
R = C = O
(4 DEI + DP ) L2
EO wC ( x = L) 1
+
G 12 DEI ( DEI + DP )
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where wO and wC denotes the transverse deflection in open and closed valve
scenarios, respectively.

3.2 Finite element analysis of the honeycomb-F2MC sandwich structure

A three dimensional finite element analysis (FEA) is carried out to verify the
theoretical analysis results. As mentioned at the end of subsection 3.1.2, the derived
analytical model has two assumptions: 1) there is a rigid bonding between honeycomb
core and F2MC tube, and yet 2) there is no external deformation restriction on F2MC tube
wall, where these two assumptions might conflict each other. The FEA is able to study
the effects of the interaction between F2MC tube wall and the honeycomb core. The FEA
results can be used to evaluate the accuracy, feasibility, and limitation of the theoretical
model.
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Furthermore, the analytical and FEA results would be compared to the test results
from a physical specimen. By doing this, it is possible to understand aspects which could
affect the sandwich structure performance, but are missing in the theoretical and finite
element analysis. This will provide us with design guide lines for implementing the
sandwich structure into practical applications. The following sub-section of this thesis
will walk through the developing of this finite element model in detail.

3.2.1 Developing the finite element model

The finite element model is constructed in the ANSYS software, version 11.0. A
2 dimensional cross section plane of the sandwich beam was first modeled as shown in
Figure 3-4. The dimensions of all the components strictly follow the dimensions of the
physical prototype.

An intermediate layer is added between the F2MC tube and

honeycomb layer so that a refined mesh can be applied at this position, and that the
interactions can be analyzed accurately. Similar to the analytical model, the soft casting
rubber is not included in this finite element model.
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Figure 3-4: The modeling of beam cross section in FEA.
The 3D finite element model is extruded from the 2D cross section plane
(Figure 3-5). Similarly to the previous analytical model, the fiber composite tube wall
will be modeled as homogeneous material with cylindrical anisotropic elastic properties.
The honeycomb core, although being non-continuous in reality, is also modeled as
homogeneous material with orthotropic elastic properties.

This simplification is

reasonable based on the fact that honeycomb is a periodic structure and the sandwich
beam length is a magnitude higher than the honeycomb characteristic length (honeycomb
cell length)18. A rigid end plug is added to one end of the F2MC-honeycomb structure, on
which the external transverse load is applied. This rigid plug could transfer the end load
more uniformly to the sandwich beam to avoid any excessive load-related stress
concentration on the honeycomb core or F2MC tube.
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Figure 3-5: A schematic overview of the 3D finite element model.
Two types of elements with different elastic property settings are used in this
finite element analysis to incorporate the different materials used in this structure. For
the fiber composite tube wall, SOLID45 with cylindrical element coordinates is used.
This element is an 8-node linear brick structural element by which the cylindrical
anisotropic elastic properties could be defined. For the honeycomb core, SOLID 45 with
Cartesian coordinates is used so that the orthotropic elastic properties could be defined.
For the working fluid, FLUID80 is used; this element is a revised version of SOLID45 so
that the bulk modulus and the static pressure of the working fluid can be described. By
using this element, the working fluid is essentially treated as a solid without any static
shear load resistance or any dynamic fluid properties. This simplification is acceptable
since we are only focusing on the static response of the sandwich structure. For the inner
liner, center sheet, and end rigid plug, SOLID45 with corresponding isotropic elastic
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properties are used. The finite element mesh is generated by volume sweeping method
(“VSWEEP” command in ANSYS) (Figure 3-6 and 3-7). Based on the constitutive
equations listed in the previous subsection (Eq. 3-5, 11-13), the stress distribution in the
fiber matrix layer and inner liner is highly non-uniform; therefore multiple layers of
elements are necessary in the radial direction. Within the control volume corresponding
to the fiber composite tube wall and inner liner, 8 layers of elements are generated each.
Three layers of elements are generated in the volume of center sheet and intermediate
layer also to ensure the analysis accuracy (Figure 3-6).

Figure 3-6: the finite element mesh on the structure cross section, multiple layers of
elements are generated in the thin control volume corresponding to the fiber composite
(green), inner liner (blue), intermediate layer (dark red), and center sheet
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Figure 3-7: 3D finite element mesh of the sandwich structure.
Table 3-3 summarizes the material properties employed in the finite element
analysis as required by the corresponding element types.

The anisotropic elastic

properties of the fiber composite come from the 3 dimensional thick laminar analysis for
its equivalent constitutive tensor11. The orthotropic material properties of the honeycomb
core comes from the referred study21, and they were confirmed by a measurement on a
honeycomb-centersheet sample strip.
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3.2.2 Solving the finite element model

Different boundary conditions are applied to the end surfaces of the beam tip
opposite to the rigid plug to simulate the valve control (Figure 3-8, right). In the closed
valve scenario, all of the end surfaces corresponding to different components of the
sandwich structure are clamped (displacement in all directions are set to zero). While in
open valve scenario, the end surface corresponding to the fluid is set free,.and all of the
other end surfaces remain clamped. The transverse load is applied as two point loads on
the rigid plug (Figure 3-8). Due to the rigidity of the plug, the stress concentration due to
the point loads would not affect the sandwich structure itself. The ANSYS linear solver
is used to solve the finite element problem. Similar to the analytical model, the nonlinear beam deformation such as F2MC tube ovalization will not be included. There are a
total of 435624 degrees of freedom in this simulation. The vertical desplacement at the
center of the rigid plug is recorded as the primary output of the finite element simulation.
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Figure 3-8: Two points loads are applied to the rigid plug, while on the opposite beam
end, all surfaces (grey and yellow) are clamped to simulate the closed valve scenario.
When the valve is open, the working fluid surface (yellow) is set free.

3.3 Prototype Fabrication and Test Procedures

A beam prototype with one single-segment F2MC tube was fabricated and tested
to verify the analytical results as well as the finite element simulations. The honeycomb
layer was fabricated by attaching two aluminum honeycomb strips onto a spring steel
strip using all-purpose epoxy.

The FMC tubes were wet filament wound using a

McClean-Anderson filament winding machine. To avoid any interlayer slip between the
F2MC tube and aluminum honeycomb, a cylindrical shaped groove was machined on the
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honeycomb to cradle the F2MC tube. The tube was bonded to this groove with epoxy
(Figure 3-9).

Figure 3-9: a semi-circular groove is machined on the honeycomb core (left) that
cradles the F2MC tube (right); epoxy is brushed onto the semi-circular groove to bond
F2MC tube onto the honeycomb core.
Custom fittings were made to connect the tube, the miniature ball valves and the
pressure gauge (PX309-050A5V, Omegadyne Inc. Sunbury, OH). The test specimen was
cast in urethane rubber (Reo-flex 20, Smooth-On Inc.). Two aluminum plates were
rigidly attached to both ends of the honeycomb-F2MC beam so that the cantilever
boundary conditions could be easily applied. A rectangular grid pattern was applied to
the rubber surface to assist in measuring the beam deformation (Figure 3-11)
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Figure 3-10: Honeycomb sandwich test specimen before being cast in rubber.

Figure 3-11: Experiment setup, showing grid pattern.
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Load-deflection tests were conducted to determine the equivalent stiffness of the
composite beam. Before the test, air bubbles inside the system were removed as much as
possible to guarantee the maximum bulk modulus of the working fluid (water in this
case). Vertical load was applied at the end by weights (125g each weight, 6 weights are
applied one by one), and the tube deflection was recorded by a digital camera placed in
front of the tube (Figure 3-11 is one of the images). The images were then processed by
image processing tool box in MATLAB (“ginput” command) to extract the relative
coordinate change of each grid point so that the beam deformation and neutral axis
position could be measured.

3.4 Analysis and experimental results of a beam with single segment tube

The honeycomb sandwich beam provides good versatility as a wide range of
design parameter combinations can be selected.

However, in order to guarantee a

reasonable comparison between the analytical model prediction, finite element analysis,
and the specimen test results, it is necessary to synchronize the base-line sandwich beam
specifications used in these three methods.
Table 3-1 summarizes elements of the 3 dimensional equivalent constitutive
compliance tensor of the fiber composite. This tensor is calculated based on the actual
fiber composite used in the test specimen. The elastic modulus of the carbon fiber is
230GPa (Toray T700, Toray Carbon Fibers America, Decatur, AL). The modulus of the
silicon is 0.9MPa (Dragon Skin, Smooth-On Inc., Eason PA). The fiber angle is +35
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degree, and the fiber volume faction is estimated to be 50%. The readers can use the
reference for detailed procedures to calculate this compliance tensor11.
Table 3-1: Components of the compliance matrix of the fiber composite used for
baseline study.
a11
a22

0.145 MPa-1
0.311 MPa-1

a12
a23

-0.148 MPa-1
-0.153 MPa-1

a13
a33

0.072 MPa-1
0.075 MPa-1

Table 3-2: Properties and design parameters used for analytical model.

F2MC
(±35o)

Honeycomb
Fluid
Center
Sheet

Geometry
Design

Property
Fiber composite shear modulus (G)
Fiber composite shear coef. (k)
Inner liner modulus (E)
Inner liner Poisson's ratio (v)
Inner liner shear modulus (G)
Inner liner shear coef. (k)
Shear modulus (G)
Shear coef. (k)
Bending stiffness (EI)
Bulk modulus (B)
Shear modulus (G)
Shear coef. (k)
Bending stiffness (EI)
Fiber composite outer radius (a2)
Fiber composite inner radius (a1)
Inner liner inner radius (a0)
Honeycomb cross-section (A)
Center sheet cross-section (A)
Fiber composite cross-section (A)
Inner liner cross-section (A)
Beam length (L)

Value
0.84 MPa
0.62
8.2 MPa
0.495
2.74 MPa
0.62
640 MPa
0.43
0.84 Nm2
2 GPa
27 GPa
0.86
9.5x10-4 Nm2
6.5 mm
6 mm
5 mm
5.1 cm2
3.2 mm2
43.96 mm2
37.68 mm2
22.8 cm

Table 3-1 and Table 3-2 together summarize the selection of design parameters
required for the analytical model. The bending stiffness of the honeycomb-center sheet
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core comes from the measurements on a test sample (honeycomb: 37 kg/m3, 0.64 cm cell
size, 1 cm thick, Hexcel Composite, Inc. center sheet: 1095 steel, 0.13 mm thickness).
Table 3-3 summarized the parameters required for the different element types in
the ANSYS software. The parameters for fiber composite elements also come from the
3D thick laminate analysis.
Table 3-3: Material parameters input of the ANSYS FEA, since a ±35o degree fiber
matrix is used, its elastic properties of fiber matrix is indeed orthotropic.
Material and
Element Type

Parameter
Name

Values

7.0934MPa
3.4093MPa
14.181MPa
0.9863
0.4903
-0.4834
0.6030MPa
25.387GPa
0.8674MPa

Honeycomb
Core
SOLID45

Ex
Ey
Ez
Prxy
Pryz
PRxz
Gxy
Gyz
Gxz

1.488MPa
1.989GPa
1.491MPa
0.000247
0.33
0.994
328.44MPa
637.1MPa
0.5MPa

E
v

220GPa
0.33

Inner Liner
SOLID45

E
v

8.2MPa
0.495

E
v

72GPa
0.33

Working Fluid
FLUID80

B

2GPa

Material and
Element Type

Parameter
Name

Values

Fiber
Composite
SOLID45

Ex
Ey
Ez
Prxy
Pryz
PRxz
Gxy
Gyz
Gxz

Center Sheet
SOLID45
Rigid Plug
SOLID45

As implied by Eq. 31 and 32 , these design parameters can be formulated into
three factors: net shear modulus (G), net bending stiffness (DEI), and pressure-induced
stiffness (DP). The magnitude and characteristics of the beam transverse deflection are
dominated by these three factors.
In the following part of this section, physical principles of the variable transverse
beam stiffness and benefits of honeycomb will be presented first based on the analytical
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results. Then the analytical test results, FEA simulation, and physical test results will be
presented and compared.

3.4.1 The physical principles behind the variable transverse stiffness

Equation 24 can be used to explain physical principles behind the variable
transverse stiffness phenomenon. When the control valves are open (the working fluid
pressure p1 is zero, and consequently the DP becomes zero), the elastic energy from the
normal stress of the F2MC tube is similar to other conventional honeycomb sandwiches
(Eq. 24, first term on right hand side). When the control valves are closed (both DEI and
DP are non-zero), the deformed fiber composite tube wall will try to reduce the volume of
the confined working fluid, as a result, the internal pressure will rise according to Eq. 18
and 19. This pressure would induce extra stress in the F2MC tube wall. As a result, some
extra elastic energy is generated (Eq. 24, second term on the right hand side). This extra
pressure induced energy is equivalent to extra spring stiffness in parallel to the
conventional bending stiffness.

This is the physical principle behind the variable

transverse stiffness.
The nature of this extra spring stiffness is another point of interest, because it
explains the differences in elastic behavior between the F2MC-sandwhich structure and
other conventional sandwich structures. From Eq. 24 the extra pressure induced energy
depends on the incremental volume change of the working fluid, and based on the
assumed deformation field, the volume change depends on the relative angular rotation of
the beam ends (ψ

L
x =0

, and ψ

x =0

= 0 for cantilever beam) Therefore, the extra spring
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stiffness is kinematically equivalent to an angular spring attached to the free end of the
cantilever beam (see Figure 3-12). The angular spring will not directly reduce the beam
transverse deformation, but rather reduce the rotation of the beam tip. The magnitude of
this angular spring, DP, depends on the internal pressure; while the magnitude of the
conventional bending stiffness, DEI, is independent of the internal pressure.

Figure 3-12: the added angular spring stiffness in closed valve scenario restricts the
rotation at the free end of the cantilever beam.

3.4.2 Benefits from honeycomb core

The net transverse beam deflection w(x) of the sandwich beam is a linear
superposition of shear and bending. However, the valve control on F2MC tubes can only
affect the flexural stiffness of the beam. Therefore, in order to maximize the variable
stiffness ability of the beam under closed versus open valve conditions, having high shear
stiffness in the baseline structure is important. Table 3-4 summarizes the performance
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difference between the sandwich beam with and without the honeycomb core in the
baseline study. Without honeycomb (F2MC bonded directly to the top of the center
sheet), the shear deflection at the beam free end counts for 31% of total transverse
deflection in the open valve case, or 63% in the closed valve case. In this case, reducing
bending deflection by closing valves is not effective for significantly reducing the total
transverse deflection. Furthermore, since the F2MC is closer to the neutral axis without
honeycomb, the magnitude of bending deflection is also larger. With honeycomb, on the
other hand, the shear deflection becomes negligible compared to bending deflection so
that valve control becomes more effective for reducing transverse deflection.
Table 3-4: Tip deflection and transverse stiffness ratio for 10 N force applied transversely
at end of beam (x = L).
Deflection Type
Shear
Bending
Total Transverse
Transverse
Stiffness Ratio R

Without Honeycomb

With Honeycomb, 2 cm thick

Open Valve Closed Valve
15.4 mm
33.5 mm
8.8 mm
48.9 mm
24.2 mm

Open Valve Closed Valve
<0.1 mm
19.5 mm
5.2 mm
19.5 mm
5.2 mm

2.0

3.7

3.4.3 Comparison of results from different methods

The analytical model predicts that, with the help of the honeycomb core, the total
transverse deflection of the beam becomes dominated by bending, which is then
determined by the original bending stiffness and the pressure-induced stiffness. When
the valves are open, the transverse beam deflection equals that of a classical Timoshenko
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beam. When the valves are closed, the extra pressure-induced stiffness, which behaves
like an angular spring at the free beam tip, causes the beam to deform into an “S” shape.
Both transverse deflection w and cross-section angular rotation ψ at the free end are
reduced (the solid line in Figure 3-13). The beam transverse stiffness ratio turns out to be
3.7 from the base-line specifications.

Figure 3-13: Transverse beam deflection in closed valve scenario of baseline study and
its best possible performance. Beam made of ±35o F2MC tube, 2 cm honeycomb core.
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Figure 3-14: Transverse beam deflection in closed valve scenario of baseline study and
its best possible performance. Beam made of ±35o F2MC tube, 2 cm honeycomb core.
The FEA simulation result confirms the “S” shape (Figure 3-15), and the variable
stiffness ratio turn out to be 3.2 based on the load deflection curve (Figure 3-17). The
discrepancy between the analytical prediction and finite element results might come from
the bonding between the honeycomb core and F2MC tube. One can observe from the
color code of the FEA plots that, the bonding has caused some shear deformation on the
F2MC tube, especially in the closed valve scenarios, while in the analytical formulation
no such interactions are included. This shear deformation causes some extra transverse
deformation for given loads, and cause the transverse stiffness ratio to be lower than
analytically predicted.
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Figure 3-15: The finite element analysis confirms the S shape. The external load is 10N,
and the color code represents the transverse deformation. the output shaped is
automatically scaled by ANSYS.
Experimental studies were performed on a test specimen with a ±35o F2MC tube
and 1 mm thick rubber inner liner (QSil 270, Quantum Silicones Inc., 8.2 MPa Young’s
modulus).

Figure 3-16 shows that the measured internal pressure values match the

analytical model predictions well.

The load-deflection plots obtained through the

experiments are quite linear and also match the analytical predictions well (Figure 3-17 ).
The measured equivalent transverse beam stiffness ratio is 3.1, as compared to 3.7 from
the analytical prediction, and 3.2 from the finite element model. The angular rotation at
the free end of the beam, however, shows some discrepancy (Figure 3-18). When the
valves are open, the measured angular rotation matches that of the analytical model well,
when the valves are closed, however, the measured rotation is larger than the predicted
values. Although in absolute magnitude the discrepancy of the angular rotation is only in
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the order of 2 degrees. This discrepancy might come from the bonding induced shear
deformation on F2MC as discussed earlier.
The measurement of the grid pattern confirms the analytical assumption that the
beam neutral axis remains inside the center sheet in the open and closed valve scenarios.

Internal Pressure (psi)

45
Test Result
Theory Prediction

35
25
15
5
-5
0

4

8

End Load (N)

12

Figure 3-16: The internal fluid pressure in terms of the end load.
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Figure 3-17: Beam deflection with respect to end load.

Figure 3-18: The angular deflection of the free beam tip with respect to load.
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As the FEA simulation results and physical test results implies that the interaction
between F2MC tube wall and honeycomb core reduce the variable transverse stiffness
ratio, however, based on the small magnitude of the difference, it is concluded that the
analytical model is verified for the sandwich structure with a single segment F2MC tube

3.5 Parametric study

As the analytical model is verified by the base line study, the next step is to use
the model to find out the best possible performance from the investigated structure.
Assume we have no shear deformation, and the water bulk modulus is infinite, we will
have the largest possible transverse stiffness ratio. One can calculate this largest ratio by
setting the shear modulus (G) and pressure-induced modulus (DP) to infinity as follows,

L2
L2
1
+
G 3DEI
3DEI
lim ( R) = lim [
]=
= 4.
2
DP → ∞
DP →∞ 1
L2
(4 DEI + DP ) L
G →∞
G →∞
+
G 12 DEI ( DEI + DP )
12 DEI
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And the corresponding beam deformation is plotted in Figure 3-13, and Figure 314 (dashed line). The beam behaves as if its free end angular rotation is completely
restricted. This phenomenon agrees with the solution presented by Philen et al.2, in
which the simply supported beam boundary conditions becomes clamped-clamped when
the valve are closed (Figure 1-2). Therefore we can conclude that Philen’s solution is a
good approximation of the best possible performance of the sandwich beam.
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This maximum ratio is 4 regardless of the magnitude of bending stiffness (DEI).
In the Philen’s study of a simply supported beam, the maximum ratio was 5 due to the
different beam boundary conditions2.
In reality, however, one can not achieve infinite shear modulus and pressureinduced stiffness. Therefore, a parametric study is carried out to derive guidelines for the
design of F2MC tubes for a high degree of influence on beam bending stiffness. The
three studied design parameters of F2MC tube are its carbon fiber orientation, inner liner
stiffness, and inner liner thickness. While the honeycomb specifications are kept the
same as in Table 3-2. Figure 3-19 and 3-20 summarize the study results. The F2MC
tubes give better transverse stiffness ratio at different fiber angles, depending on the
properties of inner liner. The inner liner, although necessary for sealing the tube, has a
negative effect on providing variable stiffness ratio. For a given inner liner modulus, the
thicker the liner, the smaller the beam transverse stiffness ratio becomes. The modulus of
the inner liner, on the other hand, can limit the fiber angle range where the stiffness ratio
is maximized. For the study presented in Figure 3-19 , 1 to 10 MPa is the optimal range
of inner liner modulus to achieve a high stiffness ratio. These parameter study results
qualitatively reflect the previous study on the axial variable stiffness of single F2MC
tubes1.
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Figure 3-19: Parametric study of liner properties and fiber angle in F2MC tubes.

Figure 3-20: Parametric study of liner properties and fiber angle in F2MC tubes.
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Chapter 4
DESIGN IMPROVEMENT: TUBE SEGMENTATION

A sandwich beam with one single-segment F2MC tube on a honeycomb core
provides a transverse stiffness ratio of no more than 4, so the concept of tube
segmentation is introduced to further improve the beam performance.

The tube

segmentation can be achieved by dividing the single F2MC tube with an embedded valve
network (Figure 4-1). Controlling the valve network can not only increase the variable
transverse stiffness ratio, but also provide us with multiple transverse stiffness values.
The valve candidates include actuated ball valve, magnetorheological fluid valve, or
solenoid valve. Although a proper choice of valve network is important for the structure
performance, the focus of our research is rather on extending the previous single segment
model into multi-segment. Therefore, in the following work of this chapter, all valves
will be assumed ideal. This implies that the valves are compact in size, fast in response,
and light in weight so that the advantages of the F2MC tubes would not be sacrificed.
The valve should also be capable of holding the hydraulic back pressure from working
fluid. Given the magnitude of the back pressures observed in previous tests, we believe
that the desired valve performance is feasible based on current technology.
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Figure 4-1: A schematic diagram of the modeled sandwich structure with multi-segment
tube. A 4 segment F2MC tube is shown in this structure.
In the following chapter, the analytical model derived for the sandwich beam with
single segment F2MC tube is first extended for multi-segment F2MC tube. The extended
model is then used to explain the physical principles behind the performance
improvement. A parametric study is carried out to explore the potential and feasibility of
the segmentation design.

4.1 Analytical model of the structure with multi-segment F2MC

Once we have a verified the analytical model of the structure with single segment
F2MC tube, the formulation for the multi-segment tube structure becomes straight
forward. When the valves are closed, the working fluid in each individual segment is
independent to others. Each segment can therefore be treated as an independent F2MChoneycomb sandwich structure upon which the single-segment analytical model can be
applied. One can find out the equivalent transverse loading and moments applied at the
end of each F2MC segment based on free-body diagrams, and then apply differential
equations 26 - 32

to individual segments.

Here we can assume without loss of
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generalization that each tube segment has the same length l, and then the incremental
deformation of each individual segment can be obtained as

(2 DEI + DP )l ξ − ( DEI + DP )ξ 2  k
ξ

Δψ k (ξ ) =
F +
Mk,
2( DEI + DP ) DEI
( DEI + DP )


1 
(6 DEI + 3DP )l ξ 2 − (2 DEI + 2 DP )ξ 3  k
ξ2

Mk +
Δwk (ξ ) = F k +
F ,
G
2( DEI + DP )
12( DEI + DP ) DEI
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where the superscript k denotes the kth segment from the clamped end of this


structure. F k and M k are the internal transverse load and moment at the end of the

corresponding segment, respectively. ξ is the position within each segment with respect
to its own frame of reference ( 0 ≤ ξ ≤ l ). DEI , DP and, G are the bending stiffness,
pressure induced stiffness, and shear modulus.



Δψ k and Δw k are the incremental deformations of each individual segment with
respect to its own reference of origin (Figure 4-2), and the deformation of the whole
beam is the summation of all individual segments. A good analogy to this summation is
that we “assemble” the deformation of each segment, one by one, from the beam clamped
end to the free end. Therefore the net deformation, with respect to the clamped end of the
whole structure, can be obtained as follows,







ψ k (ξ ) = ψ k −1 (l ) + Δψ k (ξ ) ,
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wk (ζ ) = wk −1 (l ) + ξ tan[ψ k −1 (l )] + Δwk (ξ ) .
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Figure 4-2: Illustration of the frame of reference of the individual segment and the whole
structure. Note that the deformation shape of the beam does not represent the real
scenarios.

4.2 The principles of transverse stiffness of structure with multi-segment F2MC

As explained in last chapter, the extra pressure induced stiffness (DP) is
equivalent kinematically to an angular spring attached to the beam end (3.4.1). In a
multi-segment structure, each segment can be modeled as a complete F2MC-honeycomb
sandwich, so embedding an extra valve is equivalent to adding an extra angular spring.
When the valves are closed, the cross section rotation at the end of each segment is
reduced, while the shear modulus and bending stiffness remains unaffected.
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Figure 4-3: Adding embedded valve is equivalent to adding angular stiffness so that the
elastic behavior of the structure changed.
The Figure 4-4 compares the closed valve transverse deformation of the base line
structure with the F2MC tube having 1, 2 and 4 segments. Comparing the deformation
curve of 1 segment structure and 2 segments, one can clearly observe that the rotation at
the mid-point of the beam (where the valve locates) is greatly reduced. The 2 segment
deformation curve is similar to an assembly of two scaled down “S” curve.
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Figure 4-4: The reduction of closed valve deformation by tube segmentation
Also mentioned in the previous chapter, the transverse deformation of the
sandwich structure is a combination of shear deformation and bending deformation, while
the valve control only affects the bending deformation (3.4.2). This principle also applies
to the multi-segment F2MC structure. Comparing the deformation curve of 2 segments
and 4 segments in Figure 4-4 , one can observe that the 4 segment deformation curve is
closer to a straight line rather than an assembly of 4 small “S” curves. And the increase
of transverse stiffness from 2 to 4 segments is less significant compared to that from 1 to
2 segments. The more the segments, the more dominate the shear deformation becomes.
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4.3 Parametric Study

As was done in the previous section, the case of a segmented tube bonded to one
side of a honeycomb core is investigated parametrically in this section. The aim is to
investigate the effects of different F2MC designs on the beam stiffness ratio.

The

variable transverse stiffness accumulates from each segment so that the more segments in
the tube, the higher the stiffness ratio. However, once the segment number is close to 10,
the performance improvement becomes marginal because the shear deformation starts to
dominate (Figure 4-5).

Figure 4-5: The transverse stiffness ratio increases as the number of segments increases,
but the improvement becomes marginal when the segment number is close to ten.
Figure 4-6 and 4-7 studies the effects of fiber angle of F2MC tube, as well as the
effects of the thickness of the inner liner. The two figures illustrate the simulation results
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on the 4 and 10 segments tube beam, respectively. Compared to the similar simulation
on a single segment tube beam (Figure 3-19), the optimal range of fiber angles for
stiffness ratio is smaller. The effects of the inner liner thickness become more significant
as compared to the beam with single-segment tube. Similarly, the effects of the inner
liner thickness on a 10-segment tube beam are more significant as compared to the 4segment tube beam.

Figure 4-6: Effects of fiber angle and liner thickness on a 4 segment tube beam
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Figure 4-7: Effects of fiber angle and liner thickness on a 10 segment tube beam
Figure 4-8 and 4-9 studies the effects of the fiber angle and the effects of inner
liner elastic modulus. Similar to the previous two simulations, the two figures illustrate
the simulation results on the 4 and 10 segments tube beam, respectively. Compared to
the similar simulation on the single segment tube beam Figure 3-20, the fiber angle range
for stiffness ratio is also smaller on the multi-segment tube. And this optimized fiber
angle range varies as the inner liner modulus changes. The higher the liner modulus, the
higher the optimized fiber angle becomes. The sandwich structure with 1MPa inner liner
outperforms other inner liners and this phenomenon is more significant in the 10-segment
tube beam comparing to 4-segment tube beam.
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Figure 4-8: Effects of fiber angle and liner modulus on a 4 segment tube beam

Figure 4-9: Effects of fiber angle and liner modulus on a 10 segment tube beam
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With the same honeycomb specifications as in Table 3-1, a cantilever sandwich beam
structure made of a 10-segment, ±25o fiber angle F2MC tube without an inner liner is
capable of providing a variable transverse stiffness ratio of nearly 110.

A similar

sandwich beam made of a tube with a 1 mm thick inner liner (10 MPa Young’s modulus)
can provide a ratio of about 20.
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Chapter 5
Conclusion and Discussions

A variable transverse stiffness honeycomb sandwich panel with F2MC-based face
sheets is proposed and investigated. An analytical model is developed, taking into
account the material anisotropy of the F2MC tubes and honeycomb, and the variable
stiffness capability of the F2MC tubes. Experimental efforts and finite element analysis
(FEA) are carried out to verify the analytical model for the case of one face sheet of
F2MC tube bonded to an aluminum honeycomb core. The FEA and test results of such a
panel with a single F2MC tube agree well with the analytical predictions. The analysis is
then expanded to investigate sandwich panels with face sheets consisting of multisegmented F2MC tubes.

For the case of one F2MC face sheet and an aluminum

honeycomb core, it is predicted that the stiffness ratio can be significantly increased by
increasing the number of segments in the F2MC tubes. Such improvement in transverse
stiffness ratio is based on the analytical prediction that the bending part of the segment
transverse deflection is proportional to the third order of the segment length.
The work presented in this thesis is the first stage of studying this composite
structure.

It proves that the concept of F2MC-honeycomb sandwich is effective in

providing variable transverse stiffness.

The model and analysis effort successfully

predicts the elastic behavior of the structure in open and closed valve scenarios. On the
other hand, such success relies on the assumptions that the actual deformation field of the
structure is close to the analytical simplification. This requires the beam cross section
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remaining close to a plane and the F2MC tube wall deforming without much external
restriction. For the tested beam structure with +35o F2MC tube, these assumptions seem
to work well; however, it is not guaranteed for other F2MC tube designs. The anisotropic
material properties change quickly as the fiber angle changes. It is a concern that for low
fiber angle F2MC tubes, the relatively low longitudinal shear modulus of the tube wall
might allow large shear deformation so that the beam performance would be
compromised.
In future work, it is necessary to further evaluate the elasticity theories used in the
study, this could be done by comparing the analytical prediction with FEA and physical
test results in a wide range of sandwich design specifications. If the evaluation suggests
improvement in theoretical modeling, there are two interesting areas to look into. One is
using more sophisticated elastic theories that can better capture the complicated structural
deformation. Lekhnitskii’s solution is originally designed for anisotropic tube under
tension, so its ability to model shear is limited. The other area for improvement is the
bonding between F2MC tube and honeycomb. As stated in this thesis, the modeling of
the bonding is idealized (rigid bonding), while in reality, the interaction at the bonding
might be weaker and more complicated.
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Appendix A
Reference for mathematical formulation

A.1 Mathematical formulations of the polynomials Pi, Qi, Ri, and Si, (i=r, θ, x)

The polynoimials used to describe the stress and strain in the fiber composite
layers can be obtained as follows,
a1k +1
a1k +1 a 22 k − k −1
k −1
Pr (r ) = 2 k
,
r − 2k
r
a 2 − a12 k
a 2 − a12 k
a k +1 − a1k +1 k −1 a 2k −1 − a1k −1 k +1 k +1 − k −1
h
r − 2k
[1 − 22 k
a1 a 2 r
],
a33
a 2 − a12 k
a 2 − a12 k

42

ka1k +1
ka1k +1 a 22 k − k −1
k −1
r
r
,
+
a 22 k − a12 k
a 22 k − a12 k

43

a k +1 − a1k +1 k −1 a 2k −1 − a1k −1 k +1 k +1 − k −1
h
[1 − 22 k
kr + 2 k
ka1 a 2 r
],
a33
a 2 − a12 k
a 2 − a12 k

44

1
(a13 Pr + a23 Pθ ) ,
a33

45

1
1
−
(a13Qr + a23Qθ ) ,
a33 a33

46

Qr ( r ) =

Pθ (r ) =

Qθ (r ) =

41

Px (r ) = −

Qx (r ) =

Rr (r ) = a11 Pr + a12 Pθ + a13 Px ,
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S r (r ) = a11Qr + a12 Qθ + a13Qx ,

48

Rθ (r ) = a 21 Pr + a 22 Pθ + a 23 Px ,

49

Sθ (r ) = a 21Qr + a22 Qθ + a 23Qx .

50

Rx = 0 ,

51

Sx = 1,
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where aij is the components of the fiber composite constitutive compliant matrix,
which is obtained from the analysis of 3D constitutive parameters of the thick laminates.
ak is the radius of the F2MC laminates shown in Figure 3-3, and h and k are constants
defined in Eq. 6 and Eq. 7.

A.2 Mathematical formulation of the constants Ki (i = 1, 2 and 3)

The constants Ki that correlate the the internal pressure the F2MC tube to the
sandwich structure deformation can be formulated as follows,
K1 =

K2 = −

β1γ 2 − β 2γ 1
β 2α1 − β1α 2 L

α 2 β1γ 2 − β 2γ 1
,
β 2 β 2α1 − β1α 2 L

53

54

66
K3 = −

γ2
β2

,
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where αi, βi, and γi (i = 1, 2) can be obtained by,

α1 = − L[

β2 =

2(a02 + a12 ) + 2v ( a12 − a02 ) − 4v 2 a02 1
+ ],
E (a12 − a02 )
B
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α2 =

2a02 (1 − v 2 )
,
E ( a12 − a02 )

57

β1 =

4a12 (v 2 − 1)
,
E ( a12 − a02 )

58

− 2( a02 + a12 ) + 2v ( a12 − a02 ) + 4v 2 a12
− Rθ ( a1 ) ,
E ( a12 − a02 )

59

γ 1 = −ho (1 − 2v) ,

60

γ 2 = ho [v + Sθ (a1 )] ,
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where ho is the distance between the axis of F2MC tube and the sandwich beam
neutral axis.

A.3 Mathematical formulations of the polynomials Ai, Bi, Ci, and Di, (i=r, θ, x)

The polynoimials used to describe the stress and strain in the inner liner layer can
be obtained as follows,
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Ar (r ) =

( K 1 a 02 − K 2 a12 )
a12 a 02
−
( K1 − K 2 )
(a12 − a 02 )
r 2 (a12 − a 02 )
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Aθ (r ) =

( K 1 a02 − K 2 a12 )
a12 a 02
+
( K1 − K 2 ) ,
(a12 − a 02 )
r 2 (a12 − a 02 )

63

2v( K1a02 − K 2 a12 )
,
(a12 − a02 )
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Ax (r ) =

Br (r ) = −[

a12
a12 a02
]K 3 ,
−
(a12 − a02 ) (a12 − a02 )
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Bθ (r ) = −[

a12
a12 a02
+
]K 3 ,
(a12 − a02 ) (a12 − a02 )
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2vK 3 a12
+ Eho ] ,
(a12 − a02 )
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B x (r ) = −[

1 (1 − v − 2v 2 )( K1 a 02 − K 2 a12 ) (1 + v)a12 a 02
− 2 2
( K1 − K 2 )] ,
C r (r ) = [
E
(a12 − a02 )
r (a1 − a02 )
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1 (1 − v − 2v 2 )( K 1 a 02 − K 2 a12 ) (1 + v)a12 a02
Cθ (r ) = [
+ 2 2
( K1 − K 2 )] ,
E
(a12 − a02 )
r (a1 − a02 )
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Cx =0,
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Dr ( r ) =

K 3 − (1 − v − 2v 2 )a12 (1 + v)a12 a 02
[
+ 2 2
] + ho v ,
E
(a12 − a 02 )
r (a1 − a02 )

71

68
K 3 − (1 − v − 2v 2 )a12 (1 + v)a12 a 02
Dθ (r ) =
[
− 2 2
] + ho v ,
E
(a12 − a02 )
r (a1 − a 02 )
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Dx = −ho .
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