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Abstract

With the aim of improving the efficiency of underwater launch simulation, a new directforcing based immersed boundary method has been developed for incompressible multiphase flow. Equations for six degree-of-freedom rigid body dynamics based on integration of the force distribution due to the immersed boundary are developed and verified.
Octree-based adaptive mesh refinement is incorporated to ensure adequate resolution
of flow features such as wakes and stagnation regions, as well as free surfaces and the
region occupied by the immersed body. The derived immersed boundary approach for
multiphase flow with six degree-of-freedom dynamics and adaptive mesh refinement is
verified and validated through a series of simulations and comparison with analytic solutions and experimental data for stagnation point flow, free-fall of spheres in viscous
flow, water impact of wedges, and water entry of steel spheres. The results are shown to
be in good agreement with available data. Limitations of the method are also identified,
along with proposed improvements.
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Chapter

1

Introduction
Efficient design of tube-launched underwater vehicles requires an accurate, cost-effective
means of analyzing the dynamics and transient loading associated with launch from an
air-filled tube and into the water. During this very short phase, the vehicle can experience
the highest forces of its operational life - often by several orders of magnitude. Short
time scales, high loading and restrictions on sensor placement make experimental analysis
relatively expensive, and limit the types of measurements that can be made. High density
ratio multiphase dynamics, the sharp air-water interface and the small clearance between
the vehicle and launch tube make numerical launch simulations significantly more difficult
than simulations typically used to aid other design processes.
The primary benefits of numerical simulations for analysis of water entry are knowledge of the entire flow field, and the ability to test a variety of configurations at the same
time with little additional effort on the part of the researcher. The ability to visualize
the entire flow allows design engineers to take advantage of flow features in designing
the placement of various vehicle components. An efficient combination of accurate experimental and numerical analysis for water entry would prove an effective tool in the
design of underwater vehicles. The goal of this study is advancement of computational
techniques for water entry simulation.
The high-fidelity computational fluid dynamics (CFD) codes used in research today
are certainly capable of producing accurate results in such a simulation, but compromises
must be made for computational techniques to be useful in design. Direct numerical
simulation of launch: resolving every scale of fluid motion, could provide a very accurate
simulation, but not in a reasonable amount of time. On the other hand, potential
flow methods provide a solution within a fraction of a second, but may fail to capture
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relevant physics. The focus of this work is the extension of immersed boundary methods
to multiphase flow simulations to enable more efficient simulation of water entry. In
particular, the use of an immersed boundary simulation approach should enable meshes
with fewer and larger cells; thus increasing the allowable time-step size and decreasing
computational time and overall cost.

1.1

Background

In fluid mechanics and particularly in CFD, a solution is often sought to the fluid flow
equations in a spatial region containing or surrounded by solid material. For a CFD
simulation, the region of interest is divided into computational cells. The boundaries of
the computational domain correspond to the boundary of the solid surface, as well as
locations for the application of farfield boundary conditions. This is known as body-fitted
simulation. A primary advantage of body-fitted simulation is the exact (to some order of
accuracy) satisfaction of the desired boundary conditions on the boundaries of the fluid
domain. The generation of body-fitted grids can become quite difficult for simulations
with increasingly complex bodies. Ensuring resolution of thin viscous layers in regions
where the body surface is convex or curved sharply, while retaining grid quality, is
particularly problematic.
Immersed boundary methods seek to lessen this difficulty by relaxing the constraint
that the mesh conform to the body surface. This is accomplished by solving the governing
equations for fluid flow over the entire spatial region, including throughout the solid.
The effect of the body is modeled with a body force distribution that is added to the
balance of linear momentum and vanishes outside the immersed solid region. This force
distribution forces the fluid flow to obey the appropriate no-slip condition on the surface
of the solid region.
As it was originally conceived, Peskin’s immersed boundary method [2] modeled the
heart structure as a string of massless spring elements. The force due to the immersed
boundary took the form of an approximate spatial Dirac delta distribution across the
surface. Since the structure of the heart is pliable, the time scale of structure response
was of the same order as the relevant time scales in the fluid motion. As a result, this
approach returned good results. Noting that such a spring element approach becomes
badly behaved with increasing rigidity, Goldstein et al. [3] developed a feedback control
based approach to the simulation of immersed rigid bodies. Their approach amounted
to a proportional–integral (PI) feedback loop. Unfortunately, there is no a priori way
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to predict optimal values for the gains in this method. Additionally, this method led to
prohibitive restrictions on the time step size, with maximum stable Courant numbers of
order 10−2 .
Mohd-Yusof introduced the direct-forcing immersed boundary method [4] for the
simulation of truly rigid bodies immersed in incompressible flow with a pseudo-spectral
approach to solution of the streamfunction-vorticity equations. Direct forcing methods
introduce a discrete momentum source that, integrated over a time-step, identically forces
the velocity to the prescribed value on the immersed body surface. The direct forcing
method alleviated the severe time-step restrictions observed in both the rigid limit of
the spring-element methods and the feedback forcing method. In 1998, Verzicco et al.
applied the direct-forcing method to a finite-difference code for large eddy simulation of
flow in an engine cylinder [5].
Immersed boundary methods introduce a source distribution in the balance of momentum, causing the flow to obey appropriate boundary conditions on the surface of an
immersed boundary. The form of this force distribution is determined by the type of
implemented immersed boundary method. Immersed boundary methods can be divided
into two major categories: surface forcing methods confine the forcing to the immersed
body surface, while volume forcing methods apply forcing throughout the volume of the
immersed body.
Notionally, the integral of this force distribution should be either analytically related
or equal to the force the immersed body exerts on the flow. With surface forcing methods,
this force distribution is integrated over a surface; with volume forcing methods, it is
integrated over a volume. With a point-wise rather than integral form of the governing
equations for a surface forcing approach, the force distribution is a generalized function
rather than an ordinary one: it is singular on the immersed body surface in a manner
analogous to Dirac’s delta distribution. Within a CFD code, these distributions are often
smeared over several grid points, resulting in regularized numerical delta distributions.
Volume forcing methods allow the representation of the force distribution in terms
of ordinary functions, and do not necessarily require regularization, which can be a key
advantage. Additionally, representation of the body could be simplified with the use
of level-set methods. Rather than simply enforcing the boundary conditions, methods
of this type may cause the entire immersed body to undergo rigid body motion. An
example of such an approach is developed by Cho et al. [6, 7]. A number of additional
consequences and caveats, which do not seem to be addressed in the literature, arise
from use of a volume forcing approach. These are discussed later in this work.
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Since immersed boundary methods apply viscous wall boundary conditions on the
immersed body surface, adequate mesh resolution of boundary layers is required to avoid
non-physically high diffusivity and maintain solution accuracy. Ensuring that resolution
remains sufficient—particularly when the immersed body moves relative to the grid—is
a primary challenge of immersed boundary methods. To address this potential disadvantage of an immersed boundary simulation approach, octree-based adaptive mesh
refinement is used to maintain resolution of flow features as the immersed body moves
and flow develops.

1.2

Outline of Thesis

In Chapter 2, the equations of motion for incompressible flow of an equilibrium mixture
of multiple Newtonian fluid species using the piezometric pressure are derived. Discussion then focuses on the differential forms of the various immersed boundary methods
that have been introduced in the literature. A modification to the form of the directforcing method [4] is proposed to arrive at a physically motivated equivalent formulation.
Chapter 3 is devoted to the computational approach. First, the finite volume method
for solving PDEs is introduced. The next topic is the implemented segregated solution
approach to the equations for incompressible multiphase flow with immersed boundaries.
A six degree-of-freedom dynamics model based on integration of the immersed boundary
source distribution is presented. To alleviate the difficulty of ensuring sufficient mesh
resolution of flow features such as shear layers on the immersed boundary surface and
fluid-fluid interfaces, an octree-based adaptive mesh refinement strategy is developed.
In Chapter 4, simulation results for single phase stagnation point flow and free-fall of a
sphere in viscous flow are compared to analytic solutions, body-fitted CFD results and
empirical models. Water impact of wedges is simulated to verify the performance of
the method during the initial impact with a free surface. Water entry simulations of
spheres and cylinders are then compared against experimental observations to validate
the simulated cavity dynamics.

Chapter

2

Equations of Motion
Before introducing the various forms of immersed boundary methods and discussing the
computational approach, it will be useful to derive the governing equations relevant to
this study and introduce the notation used. These include the governing equations for
incompressible, multiphase fluid flow, as well as those for the dynamics of a rigid body
in flow. Hopefully, discussing this here will avoid confusion later. The notation style of
Gurtin et al. in The Mechanics and Thermodynamics of Continua [8] is adopted.

2.1
2.1.1

Notation and governing equations
Reference and spatial configurations

Deformation of material is central to the discussion of continuum mechanics. Restrictions
are placed on the ways in which a material body can deform. First, distinct points of
the material must always remain distinct. This ensures that regions containing volume
do not shrink to zero volume. Additionally, the deformation of a material body must
preserve the orientation of material subregions. It is useful to introduce a reference
configuration, Bk ⊆ E for the material of constituent species k. This is simply a one-toone correspondence between material points and points in Euclidean space. The choice of
reference configuration is arbitrary and independent of time. At any time t, the current
configuration of material points is denoted Btk , and is called the spatial configuration.
Points in the reference configuration are denoted with capital boldface letters X, while
spatial configuration points are denoted with lowercase boldface x. The subscript R
specifies a quantity in the reference configuration.
Based upon the restrictions on the ways in which materials can deform, for any time
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t, there is an invertible function χkt : B → Bt defining the correspondence between material points of species k in the reference and spatial configurations x = χkt (X) ; X =
(χkt )−1 (x). A smooth mapping between configurations, such as χkt , is called a diffeomorphism. Subregions of material points convect with the body, so that Ptk = χkt (Pk ).
That is, at any time t, the material points in a region Ptk convecting with the body
always correspond to the same points in the reference configuration. Also of interest are
control volumes, which are regions in the spatial configuration that do not convect with
the body. Material can flow in and out of them. Control volumes are represented by
italicized capital letters, such as R. The boundary of any region R is denoted ∂R.

2.1.2

Differentiation, kinematics and conservation laws

An underlying assumption in developing differential models for fluid mechanics is that
quantities vary in a piecewise-smooth fashion, so that for any quantity φ of interest,
Z

t1

φ(x, t1 ) =
t0

Z

x1

φ(x1 , t) =
x0

∂
φ(x, t) dt + φ(x, t0 );
∂t
∂
φ(x, t) dx + φ(x0 , t),
∂x

with the partial derivative understood in the sense of distributions. Throughout this
study, the only discontinuities of interest are those across material surfaces (i.e. fluidfluid and fluid-solid interfaces), since the focus is on incompressible flow. ∇, Div, Curl
are adopted to denote referential operators, while the operators grad , div, curl denote
differentiation with respect to spatial coordinates.
For each material species, the deformation gradient Fk = ∇χkt is a tensor field
mapping tangent vectors in the reference configuration to their counterparts in the spatial
configuration. The transpose Fk

T

does the same for surface normals. The material

(referential) time derivative of the deformation yields the velocity vk (X, t) = χ̇k (X, t),
which has a spatial counterpart vk (x, t) = χ̇k [(χk )−1 (x, t), t]. The spatial gradient of
velocity is Lk = grad vk = Ḟk (Fk )−1 . The symmetric portion of the velocity gradient is
Dk = Sym(grad vk ) =

i
1h
T
grad vk + (grad vk ) .
2

(2.1)

Letting φ̇ denote the partial derivative of φ with respect to time holding X fixed, and
letting φ0 denote the partial derivative of φ for fixed x, we find the following relation
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between the two derivatives
φ̇(x, t) = [grad φ(x, t)] · vk + φ0 (x, t),

(2.2a)

u̇(x, t) = [grad u(x, t)]vk + u0 (x, t).

(2.2b)

The material time derivative (2.2a), (2.2b) represents the time rate of change of a quantity at a fixed material point.
The volume fraction αk of material species k is defined as the ratio of the volume
X
occupied by species k to the total volume of a differential element, so that
αk =
k

1. Recognizing that the spatial volume measure must be translation and temporally
invariant, application of a generalized form of the Reynolds Transport Theorem to a
fixed spatial region R, with mass density ρk (x, t), volume fraction αk and any mass
intrinsic quantity φk (x, t) yields
d
dt

Z

k

k

Z

k

ρ (x, t)α (x, t)φ (x, t) dv(x) =
R

R

∂ k k k
(ρ α φ ) dv +
∂t

Z

ρk αk φk vk · n da,

∂R

which is a function of t only, so that the first time derivative is a total derivative as
opposed to a partial derivative. Applying Stokes’ theorem and suppressing the arguments
(x, t), we obtain
d
dt

Z

Z

k k k

ρ α φ dv =
R

R

∂ k k k
(ρ α φ ) + div(ρk αk φk vk ) dv =
∂t

Z

˙
ρk αk φk + ρk αk φk div vk dv,

R

(2.3)
with the notation
If

ρk αk φk

˙
ρk αk φk

ρk αk φk .

representing the material time derivative of

is any conserved quantity, the general integral form for a balance law on a

fixed spatial region R is
Z
R

∂ k k k
(ρ α φ ) dv +
∂t

Z

k k k k

Z

ρ α φ v · n da =
∂R

∂R

qkφ

Z
· n da +

skφ dv,

(2.4)

R

where qkφ is the diffusive flux on the boundary, and skφ is the local volumetric source.
Setting φ = 1, and assuming that there is no source or sink of mass gives the constituent
mass balance equation
Z
R

Z
Z
∂ρk αk
∂ρk αk
∂ρk αk
ρk αk vk ·n da =
dv+
+div(ρk αk vk ) dv = 0 ⇒
+div(ρk αk vk ) = 0
∂t
∂t
∂t
∂R
R
(2.5)

by the localization theorem, since R is arbitrary. A volume fraction transport equation
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is derived from balance of constituent mass 2.5 as
 k
 k


∂ρk αk
k k k
k ∂α
k k
k ∂ρ
k k
+ div(ρ α v ) = ρ
+ div(α v ) + α
+ div(ρ v ) = 0
∂t
∂t
∂t
⇒

(2.6)

∂αk
+ div(αk vk ) = 0
∂t

For a mixture of incompressible fluid species in dynamic equilibrium, the velocities of
X
all mixture components match, so that vk = v. The mixture density is ρ =
ρk αk , so
k

that the balance of mixture mass is
∂ρ
+ div(ρv) = 0.
∂t

(2.7)

The incompressibility of the constituent species, along with the state of dynamic equilibrium yields the divergence-free kinematic constraint on the velocity field: div(v) = 0.
Setting ρφ ≡ ρv, the same procedure yields the local balance of mixture linear
momentum
∂ρv
+ div(ρv ⊗ v) = div T + b,
∂t

(2.8)

with T the Cauchy stress tensor, b the local body force, and mixture properties ρ, µ
determined by transport of αk . For an incompressible Newtonian fluid, the Cauchy
stress tensor is
h
i
T = −pI + 2µ D = −pI + µ grad v + (grad v)T ,

(2.9)

with µ the molecular viscosity. If gravity is the only volumetric body force, then b = ρg.
Substituting these definitions into (2.8), we arrive at the conservative form of the NavierStokes equation
h
i
∂ρv
+ div(ρv ⊗ v) = −grad p + div µ grad v + µ(grad v)T + ρg.
∂t

2.1.3

(2.10)

Pressure and Gravity

In CFD, as well as other areas of fluid dynamics, it is common to remove the hydrostatic
portion of the pressure from the equations of motion, allowing simpler implementation
of boundary conditions. Picking some reference location x0 as a datum, set p = pD +
ρg · (x − x0 ), so that grad p = grad pD + grad [ρg · (x − x0 )]. pD is known as the
piezometric pressure. Substituting vector identities, recognizing that g is constant and
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that grad (x − x0 ) = I in Euclidean space, we obtain
grad p = grad pD + [g · (x − x0 )] grad ρ + ρg.

(2.11)

Defining pg ≡ g · (x − x0 ), substitution of 2.11 into the conservative form of the NavierStokes equation (2.10) yields
∂ρv
+ div(ρv ⊗ v) = −grad pD − pg grad ρ + div(2µD).
∂t

(2.12)

Henceforth, we use pD rather than p and drop the D subscript.

2.1.4

Summary of governing equations

Before proceeding to immersed boundary methods, a summary of the set of governing
equations for incompressible flow of multiple species in dynamic equilibrium employed
in the rest of this study is presented here. The balance of species mass becomes
∂αk
+ div(αk v) = 0.
∂t

(2.13)

Summing the conservative forms of species mass balance, the balance of mixture mass is
∂ρ
+ div(ρv) = 0.
∂t

(2.14)

The incompressibility constraint and dynamic equilibrium condition require that div v =
0. For the remainder of this study, one and two-phase flow is considered, so that we can
take αk = α and ρ = α ρl + (1 − α)ρg . The balance of mixture linear momentum using
the piezometric pressure rather than the full pressure can be written
∂ρv
+ div(ρv ⊗ v) = −grad p − pg grad ρ + div(2µD),
∂t

(2.15)

which is valid for multiphase flow, provided the dynamic equilibrium condition is valid
for separated flows. For incompressible flow, the dynamics and thermodynamics are
decoupled, so that energy and state equations do not need to be solved to obtain the flow
field, though balance of energy remains valid and can be used to obtain the temperature
distribution during post-processing.

10

2.2

Immersed boundary methods

Like fluids, the mechanics and dynamics of solids are also governed by the principles
of continuum mechanics introduced in the preceding section. The primary difference
between fluid and solid mechanics is the relation between the stress and the (rate of)
strain. Retaining the same reference configuration as before, we have P ⊂ B the subset of
the reference configuration occupied by an immersed solid body with surface ∂P. Letting
the subscript B denote association with the immersed body, we have a the deformation
χB,t (X) and velocity vB = χ̇t (X) fields. The no slip boundary condition on ∂P ensures
continuity of the deformation and velocity across the surface, so that there is no need
to distinguish between the fluid and solid deformation and velocity, but both can be
represented by χt and v, and the immersed body at any time t occupies the convecting
region Pt . Often, it can be beneficial to calculate the body dynamics separately from the
fluid ones, enforcing the no-slip condition on the surface. For this reason, the immersed
body velocity field vB is occasionally used in this work. In this study, the immersed
body is assumed effectively incompressible, but not necessarily rigid.
At any finite distance from the immersed body Pt , the governing system of equations,
complete with boundary conditions, initial conditions and the divergence-free velocity
constraint are
∂ρv
+ div(ρv ⊗ v) = −grad p + div(2µD) − pg grad ρ,
∂t

(2.16)

∂ρv
+ div(ρv) = 0,
∂t
div v = 0,
v(x, 0) = v0 (x), ρ(x, 0) = ρ0 (x),
v = vB , ∀ x ∈ ∂Pt .
Away from Pt , either asymptotic free-stream conditions or boundary conditions on ∂R
are applied.
A source distribution f is added to the balance of linear momentum so that
∂ρv
+ div(ρv ⊗ v) = −grad p + div(2µD) − pg grad ρ + f,
∂t

(2.17)

with f such that v̇ = v̇B , at least ∀ x ∈ ∂Pt , and possibly also ∀ x ∈ Pt , depending on
the method chosen. The momentum source distribution f must act to locally cancel the
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other terms in (2.17), leaving
v = vB ⇒ v̇ = v̇B , ∀ x ∈ ∂Pt
⇒

(2.18)

∂ρv
∂ρvB
+ div(ρv ⊗ v) =
+ div(ρvB ⊗ vB ), ∀ x ∈ ∂Pt
∂t
∂t

on the immersed body surface. Methods applying the forcing throughout all of Pt may
define f so that v = vB throughout all of Pt rather than only on the surface.
Recognizing that grad p only directly appears in the governing equations wherever
f ≡ 0, the uniqueness of p could be lost if the forcing is defined over a region containing
volume; any change in grad p is offset by an equal change in f. Since we are applying IB methods to six degree-of-freedom (6-DOF) simulations, we must ensure that the
integrated force and torque on the immersed body remain invariant to this trade-off
between grad p and f, which is demonstrated in 2.2.3. Provided the integrated force and
torque remain invariant and the discrete system can be made both invertible and sufficiently well-behaved, this potential for local ill-posedness will not invalidate an immersed
boundary method.

2.2.1

Surface forcing methods

Until recently, published variants of the immersed boundary method used surface forcing.
That is, the momentum source due to the immersed boundary was confined to and
enforced conditions only on the surface ∂Pt of the immersed body Pt . As grad p is only
potentially canceled on ∂Pt , p remains well-defined throughout the domain.
Surface forcing methods usually maintain a Lagrangian representation of the immersed boundary separate from the computational mesh, interpolating the force distribution from the body into the computational domain. Regularization is often applied
to the source distribution, either by smoothed approximations to δ(x) or with B-splines
as in Mohd-Yusof’s direct-forcing method [4], reducing the difficulties associated with
spatially singular sources (δ distributions).
2.2.1.1

Peskin’s immersed boundary method

Peskin’s immersed boundary method [2, 9] was originally formulated for two dimensional,
single phase, incompressible flow. The balance of linear momentum appeared
∂ρv
+ div(ρv ⊗ v) = −grad p + div(2µD) − pg grad ρ + f.
∂t

(2.19)
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Parameterizing the one dimensional immersed body surface ∂Pt by s, the no-slip condition on ∂Pt is v(x(s), t) = ẋ(s) and the source distribution due to the immersed
boundary is

Z
f (s) ds δ(x − x(s)),

f(x, t) =

(2.20)

x(s)∈∂Pt

with f (s) determined by the constitutive properties of the body surface. This method
proved well-suited for simulation of pliable immersed surfaces, since the length and time
scales associated with the structural and fluid responses were comparable. With increasing rigidity, the eigenvalues associated with the structural response and those associated
with the fluid response become increasingly disparate, leading to a stiff numerical system
of equations. The stress becomes indeterminate in the rigid limit, so that f (s) can no
longer be defined in this way by constitutive relations.
Use of distributions as in (2.20) requires care to ensure the resulting generalized
integrals and derivatives remain mathematically valid. Peskin’s implementation used
smoothed discrete approximations to δ(x) and the resulting method was unaffected by
these potential challenges. In 2002, Peskin [10] provided more rigorous derivation of
immersed boundary methods for deformable bodies. Boffi et al. [11] developed a set of
finite element immersed boundary methods, for which the resulting δ distributions were
integrated exactly, necessitating absolute validity of the distributional definition of the
immersed boundary source distribution.
2.2.1.2

The feedback-forcing method of Goldstein et al.

The numerical stiffness approaching the rigid limit with Peskin’s immersed boundary
method provided motivation for development of the feedback forcing method of Goldstein
et al. [3]. The force distribution due to the immersed body is treated as the action of a
tensor on the surface normal, so that
f(x, t) = B∂Pt n̂ δ(∂Pt ),

(2.21)

where δ(∂Pt ) is a generalization of the Dirac delta distribution about ∂Pt in the dimension of the simulation. For a stationary immersed body, the action of the tensor B∂Pt
on the oriented normal n̂ is given by the vector
Z

t

B∂Pt n̂ = f (xs , t) = a

v(xs , t) dt + b v(xs , t),
t0

∀ xs ∈ ∂Pt ,

(2.22)
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where a and b are problem-specific negative constants. This forcing can be seen as a
proportional and integral (PI) feedback control (damped harmonic oscillator) [3] on the
velocity at ∂Pt . Unfortunately, there is no a priori way to predict adequate, let alone
optimal, values of a and b for a given simulation. In addition, CFL restrictions on the
order of 10−2 and smaller often render this method unsuitable for practical application.
Nonetheless, Goldstein et al. brought new perspective to immersed boundary methods
and added rigor to their theoretical treatment. Brinkman penalization methods, discussed in 2.2.2.2, are closely related to this feedback-forcing approach.
2.2.1.3

The direct-forcing method of Mohd-Yusof

Mohd-Yusof introduced the direct-forcing method [4], adding a semi-discrete force distribution to the incompressible Navier-Stokes equations, causing the velocity on ∂Pt to
integrate to a prescribed value vB over a time step ∆t. With the direct-forcing distribution defined this way, the balance of linear momentum is
∂ρv
+ div(ρv ⊗ v) = −grad p + div(2µD) − pg grad ρ + f;
∂t

ρ (grad v)v + grad p − div(2µD) + pg grad ρ +
f(x, t) =
0 : otherwise.

ρ
∆t (vB

(2.23)

− v) : x ∈ ∂Pt

This yields v = vB , ∀ x ∈ ∂Pt at the end of each time-step, as desired. Additional
modifications were made to the discrete equations to enable higher order satisfaction
of wall boundary conditions. No continuous analog of the last term of f in (2.23) is
given, nor is an appropriate form immediately apparent. Terms were added to the force
distribution (2.23) so that the velocity profile would be reflected across ∂Pt , ensuring
differentiability of v on ∂Pt .
The direct-forcing method was initially implemented in a streamfunction-vorticity
pseudo-spectral code for incompressible flow. It is interesting to note that the pressure
does not appear in the governing equations for such a method. Mohd-Yusof’s approach
was able to reach substantially higher CFL values than the method of Goldstein et al. [3].
In fact, the direct-forcing method did not affect the stability limitations of the 3rd order
√
Runge-Kutta time-marching scheme, which was limited to CFL <≈ 3. Shortly after
Mohd-Yusof’s initial work, the direct-forcing method was implemented in finite-volume
and finite-difference Navier-Stokes codes [5, 12].
Yang and Stern [13] extended the direct-forcing method for two-phase large-eddy
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simulation of breaking waves generated by immersed bodies. A level-set method was used
for the free surface representation, and the immersed surface was handled as a separate
Lagrangian entity, with interpolation between the Lagrangian immersed body and the
Eulerian mesh. The interpolation and regularization, along with the level-set smearing
of fluid properties across the free surface, led to a surface-based direct forcing method
that produced reasonable results and was extended to free-surface ship hydrodynamics
simulation [14].

2.2.2

Volume forcing methods

The success of surface forcing immersed boundary methods in alleviating difficulties associated with grid generation and moving meshes led researchers to develop immersed
boundary methods for simulation of bodies containing volume. While surface forcing techniques were developed for simulation of very thin bodies such as heart valves,
volume-forcing methods are intended for simulation of bodies with appreciable volume.
A number of different volume forcing methods are available depending upon the level of
physical modeling desired. In the same manner as the various surface forcing methods,
volume forcing techniques developed for simulation of deformable immersed bodies and
fluid-structure interaction do not perform as well in the rigid limit as those developed
specifically for simulation of rigid immersed bodies. With some care, methods developed
for rigid body simulation can be applied to moderately deformable ones, though the fluid
and structure coupling might be loose.
Surface-forcing methods can be applied to simulation of large solid bodies if one
ignores the flow that is allowed to develop within the body. Extension of surface forcing methods to more complex simulations yields several difficulties. First, representation of the body surface in a three-dimensional simulation is not as simple as in the
two-dimensional case. Second, maintaining an approximate force distribution that is
simultaneously both smooth enough to avoid spurious oscillations and sharp enough to
accurately capture shear layers is a challenge on a non-uniform mesh. The difficulty is
further exacerbated with increasing Reynolds number, as the range of relevant scales in
the flow vary substantially with location.
Volume forcing methods can provide a non-singular force distribution, which is less
difficult to interpolate from the body to the computational domain. The force distribution can also be defined on computational nodes, eliminating the need for interpolation.
Level-set methods [15, 16] can be used for body representation and source distribution
with volume forcing methods.
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2.2.2.1

Deformable solid methods

As IB methods were extended for simulation of larger bodies containing appreciable
volume, fluid–structure interaction (FSI) remained an area of interest. Though much
work has occurred in this area, our discussion is brief as the present study is not concerned
with FSI. Boffi et al. [11] develop several deformable body immersed boundary methods
for finite element simulation from the basic principles of continuum mechanics.
Adopting an Eulerian framework and denoting fluid by a superscript f and solid by
s, we have
∂ρf v
+ div(ρf v ⊗ v) = −grad p + div(2µf D) − pg grad ρf ,
∂t

(2.24)

ρs v̇ = div Ts + ρs g,
vf (x, t) = vs (x, t) = v(x, t); div v = 0,
for incompressible fluid flow and isochoric solid deformation. The fluid species occupies
R\Pt , while the solid species occupies Pt . The immersed boundary method seeks solution
to the equations of fluid motion over all of R, with a force distribution applied so that
the dynamics within Pt obey the equations of motion for the solid. Boffi et al. provide
an example for simulation of ‘a flexible solid occupying a finite volume within the fluid
domain,’ for which the immersed body force distribution is
Z
f(x, t) =

f (x0 , t) δ(x − x0 ) dx0 ,

(2.25)

Pt

f = −(ρs − ρf )v̇ + div Ts + grad p − div(2µf D) + ρs g + pg grad ρf ,
with div Ts determined by the constitutive response of the solid material. Integration
of the immersed body force distribution yields f(x, t) = f (x, t), ∀ x ∈ Pt . The resulting
force distribution is an ordinary function of (x, t) rather than a singular distribution
similar to δ.
2.2.2.2

Penalization methods

Penalization methods were initially developed for simulation of flow through and around
porous media, with a penalization (friction) term added into the equations of motion to
account for the presence and porosity of obstacles in the fluid flow [17, 18]. This class
of methods is similar to the feedback forcing immersed boundary method of Goldstein
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et al. [3] except that now the forcing is applied over a volumetric region rather than a
surface. Brinkman penalization methods also do not have the integral feedback term,
but rather define the penalization (force) distribution
1
f(x, t) = (vB − v), c > 0,
c

(2.26)

so that 1/c is analogous to b in Goldstein’s method. As c → 0, the penalization becomes
increasingly large, and the forcing becomes more exact, but picking too small a value for
c can cause instability.
A Brinkman penalization approach is attractive for several reasons. First, implementation is straightforward. Second, the L∞ error can be shown to scale with Kc1/4 [17],
[18]. This a priori error estimate is known only to within a multiplicative scaling constant
K, which can be quite large in practice. Another advantage is that the pressure gradient
does not appear in the force distribution, so that the local ill-posedness associated with
exact volume-forcing methods is not realized. This is an attractive advantage for multiphase flow simulation, since this arbitrariness of f and grad p leads to poorly behaved
numerics when the immersed body surface must also support a fluid-fluid interface with
a high density ratio. Dommermuth et al. [19] implemented a Brinkman penalizationbased immersed boundary method for simulation of surface ship bow waves, obtaining
satisfactory results. Dommermuth went on to incorporate adaptive mesh refinement for
easier resolution of the physical features of the problem [20].
There are several disadvantages to penalization approaches. First, the limit c → 0
can never be realized, so that the forcing can never be exact. That is, a penalization
method is inherently incapable of exactly enforcing the no-slip condition. Additionally,
increasing the penalization eventually leads to instability. In our application of penalization methods to free-surface water entry, suitable values of c could not be found such
that the simulation ran stably and there was not substantial flux of liquid phase through
Pt . In 5.2, some possibilities that could make penalization approaches perform better
for water entry simulation are presented.
2.2.2.3

Direct-forcing methods

Cho et al. [6, 7] introduce a volume-based version of the direct forcing immersed boundary
method for compressible, single-phase flow by extending the direct-forcing distribution
from the surface ∂Pt to all of the body Pt , such that v = vB throughout the entire
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immersed body. The semi-discrete direct force distribution is

ρ(grad v)v + grad p − div S +
f(x, t) =
0 : otherwise,

ρ
∆t (vB

− v) : ∀ x ∈ Pt

(2.27)

with S the viscous stress tensor. This forcing distribution is defined on the points of the
computational domain, so that interpolation from the immersed body into the domain
is unnecessary.
Like the Brinkman penalization method, this volumetric direct forcing method is
attractive in its simplicity of implementation. An added benefit of direct forcing is
the exact satisfaction of the no-slip boundary condition on ∂Pt . Cho et al. extended
the Menter SST turbulence model and DES (detached eddy simulation) for use with
this immersed boundary method, obtaining reasonable results for both low-speed and
transonic flow over airfoils and cylinders.
The volumetric direct forcing approach suffers its own challenges, which may or may
not come into play, depending upon the nature of the simulation. Since f cancels grad p
over a region having finite volume, p and f are not completely determined within Pt ,
though f − grad p is. As demonstrated in 2.2.3, this is not an issue for the overall force
and moment acting on the body. For single-phase flow and even multiphase flow without
slamming loads, such as surface ship seakeeping, this method behaves suitably. When the
method is applied to free surface water entry simulation the degree of freedom between p
and f can be problematic, particularly at the moment of impact. Suggestions for future
efforts to ameliorate these effects are posed in 5.2.

2.2.3

Six degree-of-freedom and fluid-structure interaction simulation

As mentioned earlier, the use of immersed boundary methods in six degree of freedom
(6-DOF) simulations requires verification that the overall force and moment for the rigid
body dynamics can be obtained through integration of f. If fluid-structure interaction
(FSI) is desired, the local stress on the immersed body also must be calculated. For
surface forcing methods, p and f are uniquely determined throughout the domain, so that
the integral and local forces on the body give consistent results. The structural response
of the immersed body can be calculated separately from the surface stress boundary
conditions given by the local immersed boundary force distribution. Volumetric directforcing and deformable solid methods both suffer non-uniqueness of p and f, so we now
determine their applicability to 6-DOF and FSI.
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2.2.3.1

Force integration for six degree-of-freedom simulations

Intuitively, the integral force and moments acting on the immersed body should be equal
and opposite those acting on the fluid so that global linear and angular momentum are
balanced. The solution outside of Pt is determined uniquely, even with volume forcing
approaches. Thus, the pressure on ∂Pt remains fixed for a set x and t in spite of the
non-uniqueness within Pt . If we can prove that the integrated force and moment on
the immersed body are invariant to this non-uniqueness, it is safe to assume that these
integral quantities correspond to the actual force and moment by linear and angular
momentum balance.
Let p1 , p2 ∈ C 1 [R] be valid pressure fields at time t so that p1 = p2 , ∀ x 6∈ Pt , with
corresponding immersed boundary force distributions f1 , f2 , yielding
f1 − grad p1 = f2 − grad p2 , ∀ x ∈ R.

(2.28)

Defining φ = p2 − p1 , it follows that f2 = f1 + grad φ and that φ = 0 everywhere on ∂Pt
and outside Pt .
Proposition 1. ∀ f1 , f2 , p1 , p2 , φ as defined above:
Z

Z
f1 dv =

f2 dv

R

R

Proof. From our definitions above,
Z

Z
f2 dv =

R

Z
(f1 + grad φ) dv =

Z
f1 dv +

R

R

grad φ dv.
R

Z
All that remains is to prove that

grad φ dv = 0. Since φ(x, t) ≡ 0, ∀x 6∈ P̊t (t),
R

Z

Z
grad φ dv =

grad φ dv.
Pt

R

Applying Stokes’ theorem,
Z

Z
grad φ dv =

Pt

φ n da = 0
∂Pt

as desired, since φ = 0, ∀ x ∈ ∂Pt .
It comes as no surprise that the integrated force does not depend on the potential
for trade-off between f and grad p, but it seems less obvious that it will hold for the
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integrated torque.
Proposition 2. Additionally, for fixed o(t) ∈ R with ∀ f1 , f2 , p1 , p2 , φ as defined above:
Z

Z
(x − o) × f1 dv =

(x − o) × f2 dv
R

R

Proof. Following a procedure similar to the previous proof for the integrated force,
Z

Z

Z

(x − o) × f1 dv +

(x − o) × f2 dv =

(x − o) × grad φ dv.
Pt

Pt

R

Z
Now, we must prove that

(x − o) × grad φ dv = 0. Recalling that
Pt

curl(φv) = φ curl v + (grad φ) × v = φ curl v − v × (grad φ)
and recognizing curl(x − o) = 0, we see that (x − o) × (grad φ) = −curl[φ(x − o)], and
Z

Z
(x − o) × grad φ dv = −

Pt

Z
curl[φ(x − o)]dv =

Pt

φ(x − o) × n da = 0
∂Pt

through application of Stokes’ theorem and the fact that φ(x, t) ≡ 0, ∀ x ∈ ∂Pt .
With the exception of Brinkman penalization methods, we have shown that the
various immersed boundary methods mentioned so far are expected to yield integrated
forces and moments on the immersed body appropriate for use in 6-DOF rigid body
motion simulations. The same likely holds for penalization methods, except that the
error in the moment and force probably scales with c1/4 in a manner similar to the
velocity error. As penalization methods are not the focus of this study, we leave this
proof for another study.
2.2.3.2

Fluid-structure interaction

The applicability of an immersed boundary method to FSI depends upon whether the
stress in the solid body can be calculated consistently. Many immersed boundary methods, such as Peskin’s [2, 9] and the methods of Boffi et al. [11], were developed specifically
for FSI simulation. The force distribution f is calculated from the constitutive response
of the immersed body, and the stress is calculated throughout the body. It has already
been shown that the immersed boundary methods mentioned in this thesis are suitable
for 6-DOF simulation, as the integrated force and moment on the immersed body can be
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calculated; we now consider which could be applied to FSI. Clearly, methods that were
developed for deformable immersed bodies with fluid flow will work for FSI.
Other surface forcing immersed boundary methods such as the feedback forcing
method of Goldstein et al. [3] and the direct forcing method of Mohd-Yusof [4] readily allow calculation of the force on the immersed body surface ∂Pt , which could be used
as boundary conditions for a separate solid mechanics solver, allowing for FSI simulation. The volumetric direct-forcing [6, 7] and Brinkman penalization [17–19] approaches
are not readily adaptable for FSI simulation, as the force distribution f does not correspond to any physical quantity and there is not a way to calculate the local force on
the immersed body surface from this distribution. Of course, the viscous and pressure
force on the immersed surface could be approximately calculated with interpolation, but
since ∂Pt does not, in general, correspond to grid points, this approximation may not
be sufficiently accurate.

2.3

The implemented method

The long-term goal of this work is development of an immersed boundary method with
6-DOF capability, applicable to water entry and underwater launch simulation, during which the immersed body experiences high transient loads as it impacts the water.
The fluid dynamics are essentially incompressible at the speeds of interest. To increase
computational efficiency, a flow solution algorithm for incompressible flow is used, even
though incompressible multiphase algorithms can be unforgiving for simulations with
slamming loads. The immersed boundary methods introduced earlier have already been
successfully demonstrated in simulation, and we have shown that most of the methods
mentioned are capable of 6-DOF. Ultimately, our selection of a particular method for
use depends on several criteria.
Any chosen method must be capable of actually enforcing the boundary conditions
on the immersed body surface. Substantial flux of water through ∂Pt in a water entry
simulation would not be acceptable. The method must also perform stably, which is
not a trivially satisfied requirement for incompressible multiphase simulation. Another
consideration for this study is ease of implementation in OpenFOAM [21], which had
been previously chosen as the CFD software suite. A minimal number of problem specific
tuning coefficients is also a desirable attribute.
The difficulty with OpenFOAM [21] in handling a Lagrangian representation of the
body surface and that of implementing interpolation between the Lagrangian surface
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and the Eulerian mesh effectively ruled out surface forcing methods for this study. For
the Brinkman penalization, no suitable value of c was found to minimize flow across ∂Pt
at water impact while maintaining simulation stability in water entry. The volumetric
direct forcing approach proved most successful of the volume forcing immersed boundary
methods in water entry simulations, though additional work is necessary to improve its
behavior where the immersed body surface and fluid-fluid interface must coincide.

2.3.1

A physically-based volumetric direct forcing method

To successfully extend the volumetric direct forcing immersed boundary method to water
entry simulation, we must first gain a better understanding of direct forcing methods.
Of particular interest is the final term in the immersed boundary force distribution:
ρ
∆t (vB

− v). In this semi-discrete form, it appears to model a source term that is

singular in time. It seems that such a source term would not tend to produce temporally
smooth solutions, but the desired solution should be smooth. Let us now re-examine
direct forcing methods from a different perspective.
For kinematic admissibility, we require that v be continuous across ∂Pt . The no-slip
condition gives v = vB on the surface. Inside Pt , let v = vB as well. As discussed in
2.2, the equations of fluid dynamics with a rigid immersed body are

−grad p + div(2µD) − pg grad ρ : x 6∈ Pt
∂ρv
+ div(ρv ⊗ v) = ∂ρv
B

∂t
+ div(ρvB ⊗ vB ) : x ∈ Pt ,
∂t

(2.29)

∂ρ
+ div(ρv) = 0 ; div v = 0,
∂t
along with the initial and boundary conditions mentioned earlier. Setting

1 : x ∈ Pt
η(x, t) =
0 : otherwise,

(2.30)




∂ρvB
+ div(ρvB ⊗ vB ) ,
f = η grad p − div(2µD) + pg grad ρ +
∂t
we arrive at the usual form of the Navier-Stokes equation with an immersed boundary
∂ρv
+ div(ρv ⊗ v) = −grad p + div(2µD) − pg grad ρ + f,
∂t
with the understanding that p is arbitrary within Pt .
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2.3.2

Six degree-of-freedom implementation

The dynamics of a rigid immersed body Pt of mass mB with centroid o(t), angular
velocity ω and inertial tensor JB are governed by
Z

dȯ
mB
=
dt
d
(JB ω) =
dt

Z
Tn da + mB g =

div T dv + mB g

(2.31)

Pt

∂Pt

Z

Z
(x − o) × (Tn) da =

(x − o) × div T dv,

(2.32)

Pt

∂Pt

where T is the fluid Cauchy stress tensor. The last expression in the rotational dynamics
is a consequence of the symmetry of T. Temporarily restoring the D subscript for the
pressure (p = pg + ρ gh), recall that T = −pI + 2µD, leads to
div T = −grad p + div(2µD) = −grad pg − pg grad ρ + div(2µD) − ρg
=

∂ρvB
+ div(ρvB ⊗ vB ) − f − ρg.
∂t

Substituting this relation into the linear (2.31) and angular (2.32) dynamics for a rigid
immersed body yields
dȯ
=−
mB
dt
d
(JB ω) = −
dt

Z 
Pt


∂ρvB
+ div(ρvB ⊗ vB ) − f − ρg dv + mB g
∂t


∂ρvB
(x − o) ×
+ div(ρvB ⊗ vB ) − f − ρg dv,
∂t
Pt

Z

(2.33)



(2.34)

which are integrated in time to obtain the field vB = ȯ(t) + (x − o) × ω(t). In 2.2.3, it
was shown that the integrals in (2.33) and (2.34) are invariant to the remaining degree
of freedom between grad p and f.

2.3.3

Immersed body representation

Defining the immersed boundary force distribution on the computational nodes eliminates the difficulty of interpolation, but some technique is still required to determine
which computational nodes are occupied by the body. A level-set method based on the
signed (oriented) distance to the immersed body surface ∂Pt (t) is adopted for representation of the immersed body. The η field marking the body is calculated from the signed
distance φ as


 
  
1 φ(x, t)
η(x, t) = max min
+ 1 ,1 ,0 ,
2


(2.35)
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with φ ≤ 0, ∀ x ∈ Pt , and  a user-defined ‘interface thickness’ on the order of the mesh
spacing ∆x. The cell-centered value of  is calculated as the average of the face-centered
values, so that moving immersed bodies transition cells smoothly. Within this work, the
geometries used are sufficiently simple that the signed-distance fields can be generated
explicitly by tracking the position and orientation of the center of the immersed body.

Chapter

3

Computational Approach
The immersed boundary technique developed in 2.3.1 has been implemented in OpenFOAM [21], an open-source CFD package. This software uses a projection-based, collocated finite-volume approach to the solution of flow equations on unstructured grids.
The computational approach discussed in this chapter is directly extensible to alternative
segregated solution methods, and with some care to ensure invertibility of the numerical
system, to fully-coupled methods. A key feature of this segregated, projection-based
approach is that p and f are not calculated simultaneously. This ensures that p and f
can be uniquely calculated in terms of other fixed quantities.
The equations of fluid motion for incompressible flow with an immersed body appear
identically whether there is one fluid species with constant properties, or multiple fluid
species. For single phase flow, the balance of mass is redundant, since div v = 0 and ρ is
constant. For flow of multiple immiscible fluid species without slip at the interface, the
balance of mass is used to track fluid species, so that ρ and µ can be calculated. This
is accomplished with an advection equation for the volume fraction α, concentration,
mass fraction or analogous quantities. The approach developed in this chapter is equally
applicable to both incompressible single and multiple phase flow at dynamic equilibrium,
with the caveat that the immersed boundary approach developed in this study initially
enforces non-wetting boundary conditions on the immersed body surface until numerical
diffusivity causes the surface to become wetted.
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3.1

The finite volume method

The finite volume method is a strategy for obtaining an approximate solution to partial differential equations. Finite volume methods employ governing integro-differential
equations of the form
Z

∂φ
(x, t) dv +
R ∂t

Z

Z

b(x, t) dv,

F(φ, x, t)n da =

(3.1)

R

∂R

where F is the flux tensor and b is the local source of φ, a conserved quantity. The integrodifferential form and the governing PDEs are related to one another by the localization
and Stokes’ theorems. For linear momentum balance, we take
φ ≡ ρv,

F ≡ (ρv ⊗ v) − T,

with T the Cauchy stress tensor.
Before the implemented computational method is discussed, some notation will now
be introduced. The computational domain R is divided into N convex cells Rj

R=

N
[

Rj ,

j=1

∂Rj =

Mj
[

σj,k ,

k=1

with Mj the number of faces on cell j. Each face σj,k is flat with oriented unit normal
nj,k and surface area Sj,k . Throughout this chapter, single subscripts such as j refer to
quantities of cell j, while double subscripts as j, k refer to face k of cell j.
Finite volume methods treat volume and surface integrals as a multiplication of the
average value φ of the quantity of interest with the appropriate volume Vj or area Sj,k :
Z

Z

φj V j =

φ(x, t) dv;
Rj

φj,k Sj,k =

φ(x, t) d(σj,k ).
σj,k

Because each face is flat,
Z
F(φ, x, t) d(σj,k ) = Fj,k nj,k Sj,k

(3.2)

σj,k

The average values φj , Fj,k are approximated through interpolation and numerical
quadrature. With the collocated finite volume approach employed in this study, all flow
quantities are stored on cell centers. Values at the quadrature points are approximated
by interpolation via truncated Taylor series. An explicit non-orthogonal correction is
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applied to face flux terms. When necessary, nonlinear flux limiting is applied to ensure a monotone solution. The interpolation, quadrature and flux limiting employed are
present in OpenFOAM [21], and were not written by the author of this work. For this
study, second order differencing in space and first order implicit differencing for time
were used, with van Leer limiting [22] applied to the convective fluxes and midpoint
quadrature applied to integrals.
Restricting the integro-differential form (3.1) of a generic governing equation to the
cell Rj and substituting the previous definitions for average quantities, the following are
equivalent:

Z

∂φ
(x, t) dv +
Rj ∂t

Z

Z
F(φ, x, t)n da =

∂Rj

b(x, t) dv,
Rj

M

j
X
dφj
Vj +
Fj,k nj,k Sj,k = bj Vj .
dt

(3.3)

k=1

Application of interpolation, quadrature and numerical time differentiation leads to the
following algebraic equation for the cell-centered value φj :
aj φj = −

X

anb φnb + qj +bj = Hj (φ) + bj ,

(3.4)

nb

|

{z

Hj (φ)

}

with qj the numerical source term due to the time derivative and boundary conditions,
and the subscript nb referring to all other cells (i.e. ‘neighbors’) appearing in the computational stencil of cell j. The influence coefficients aj , anb and numerical source term
qj are dependent upon the discretization and quadrature schemes used.

3.2

Projection method and operator splitting

The choice of the discretization method (finite volume, finite difference, finite element)
does not, in itself, provide a means of solution for coupled PDEs; some way of accounting
for the coupling is necessary. Projection-based segregated solution methods provide a
strategy for iteratively coupling PDEs through solution of single-component equations,
rather than of the entire coupled system at once. These methods were initially developed
for the solution of the incompressible flow equations, though extension was later made to
compressible flow. The projection method employed in this study is based on the SIMPLER algorithm [23]. A linearized approximation to the momentum balance equation,
called the momentum predictor is solved. Then the pressure Poisson equation (PPE) is
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used to enforce balance of mass. From the momentum predictor and new pressure field,
a momentum corrector is formulated to correct the velocities from the new pressure,
thus enforcing continuity. Under-relaxation is applied and the process is repeated until
convergence is reached for each time step. For multiphase simulation, a volume fraction
transport equation can be solved either within the correction loop or after convergence is
reached for the time step, depending on the desired CFL number and level of interaction
between the phases.

3.2.1

Momentum predictor

For each outer iteration within a time step, the momentum predictor is solved for the
predicted velocity v∗ . The convective acceleration is linearized with the frozen coefficient
method, so that the momentum predictor for outer iteration n + 1 is
Mj

i
d( ρn v∗ )j X h ∗
n
n
+
vj,k ⊗ (ρv)nj,k − µnj,k (grad v∗ ) + pnj,k nj,k Sj,k = bj + fj .
j,k
dt

(3.5)

k=1

n

bj = (grad vn )j (grad µn )j − pg (grad ρn )j + (σκnα )j ,
where (σκnα ) is Brackbill’s continuum surface tension force [24]. Calculation of fn will
be discussed shortly. Substitution of the quadrature and interpolation weights, and
dropping the overbar notation on the pressure gradient and source terms yields the
linear system for v∗
aj vj∗ = −

X

∗
+ qnj − (grad pn )j + bnj + fnj
anb vnb

(3.6)

nb

= Hj (v∗ ) − (grad pn )j + bnj + fnj ,
where qnj is the source due to the time derivative and boundary conditions. The overbar
notation is now dropped without ambiguity, since midpoint quadrature is used. Underrelaxation is applied, so that the momentum predictor becomes


aj vj∗ = (1 − kv ) Hj (v∗ ) − (grad pn )j + bnj + fnj + kv aj vjn ,

(3.7)

with kv the under-relaxation coefficient for the velocity.
For the first outer iteration of a time step, the values of the lagged terms are taken
as those from the previous time step. The predicted velocity v∗ satisfies linearized
balance of momentum, but not necessarily balance of mass, while the lagged face mass
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flux field (ρv)nj,k · nj,k Sj,k satisfies mass balance. As the iteration procedure converges,
these two become consistent with one another and cease to change. In single phase flow
simulation, ρ is known, and for multiphase flow, the values of ρ are calculated with a
separate transport equation, discussed in 3.2.4. The conservative face mass flux field is
assembled from the transport equation for volume fraction, which is the species mass
balance equation.
The immersed boundary force distribution is initialized to


t
∂ρn vB
ρn vc
n
n
n
n t
t
f = η (grad p ) − div(µ grad v ) − b +
,
+ div(ρ vB ⊗ vB ) +
∂t
∆t
t

(3.8)

t−∆t
− vt−∆t ) the initial condition correction. Every outer iteration,
with vc = η t−∆t (vB

prior to assembly of the momentum predictor (3.7), the immersed boundary force distribution is corrected as
fn = fn−1 + kf

ηt t
(v − vn ),
∆t B

(3.9)

where kf is the under-relaxation coefficient for the immersed boundary force. This definition of the corrector can result in slow iterative convergence if there are cells for which
0 < η < 1 (i.e. cells containing the surface ∂β). Improving accuracy and convergence
would require either a cut cell approach or significant modification to the basis functions,
which is not straightforward for a finite volume approach. The immersed body position
and velocity fields η, vB and v̇B do not vary with outer iteration for the loosely-coupled
6-DOF implemented in this study.

3.2.2

Momentum corrector

The SIMPLER-based algorithm of this study employs the pseudo-velocity, defined
ṽj =


1
1 
Hj (v∗ ) + bnj + fnj = vj∗ + (grad pn )j .
aj
aj

(3.10)

The predicted velocity v∗ was calculated using the old value pn . Supposing we calculate
the updated pressure p∗ from the balance of mass, so that the updated velocity is
vjn+1 =


1 
Hj (vn+1 ) − (grad p∗ )j + bnj + fnj .
aj

(3.11)
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0

Defining the velocity correction vj = vjn+1 − vj∗ and recognizing that Hj is a linear
operator, we arrive at
vjn+1

i
1 h
0
∗
Hj (v ) − (grad p )j .
= ṽj +
aj

(3.12)
0

Evaluation of (3.12) requires inversion of another linear system. Recognizing that v → 0
0

as the iterative procedure converges, the SIMPLER algorithm drops the term Hj (v )
from the velocity correction, eliminating the need for another matrix solution, so that
1
(grad p∗ )j
aj

vjn+1 = ṽj −

(3.13)

is the final form of the momentum corrector for the cell-centered velocity.
Correction must also be applied to the face velocity field, as it is the face mass
and volume fluxes that are used in transport equations. The pressure Poisson equation
is derived to force these face fluxes to satisfy mass balance. For face k of cell j, the
pseudo-velocity is calculated

ṽj,k =

1
Hj (v∗ )
aj




+

k

1
aj



bnj,k .

(3.14)

k

The body force bnj,k term involves gradients of density ρ and volume fraction α, which
are calculated on the face using centered differences. The face momentum corrector is
now
n+1
vj,k


= ṽj,k −

1
aj



(grad p∗ )j,k ,

(3.15)

k

as is the standard procedure in OpenFOAM [21]. There does not seem to be a consensus
among the finite-volume methods research community as to whether this approach adds
the necessary numerical dissipation to avoid the odd-even decoupling observed by Rhie
and Chow [25].
The correction approach implemented in OpenFOAM [21] closely resembles the approach noted by Rhie and Chow to produce oscillatory pressure and velocity fields. In
practice, OpenFOAM [21] simulations do not often yield oscillatory solutions, though
this could be a consequence of boundary conditions and non-constant grid spacing,
which causes the local cell to appear in the cell-centered second-order gradient stencil. Sotiropoulos and Abdallah [26] suggest that additional dissipation might be added
by not converging the pressure equation to machine zero, while Karrholm [27] suggests
the lack of oscillatory solution is a result of the interpolation of ṽ and 1/a. Merkle and
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Venkateswaren [28] demonstrate that projection methods on a collocated grid arrangement do not have any damping for odd-even oscillations unless artificial dissipation is
added. In certain cases, particularly with application of discontinuous body forces, the
momentum correction approach used in OpenFOAM [21] has been observed to produce
the oscillatory solution generally associated with collocated grid projection methods that
do not incorporate some form of artificial dissipation. Ultimately, the answer to whether
this approach damps the odd-even mode requires stability analysis.

3.2.3

Pressure Poisson equation

Balance of mass is coupled to balance of momentum through the pressure Poisson equation, which is used to find the updated pressure field p∗ that will cause the new velocity
vn+1 face fluxes to satisfy the incompressiblity constraint, so that for cell j,
Mj
X

n+1
· nj,k Sj,k = 0.
vj,k

(3.16)

k=1

Applying the above to the momentum corrector equation and taking (1/a)j,k as the
interpolated value of the local influence coefficients, we obtain the discrete form of the
pressure Poisson equation for cell j

Mj 
Mj
X
X
1
∗
(grad p )j,k · nj,k Sj,k =
ṽj,k · nj,k Sj,k ,
aj k
k=1

(3.17)

k=1

which is in terms of only known quantities and p∗ , and corresponds to

div

1
grad p∗
a


= div ṽ.

(3.18)

The calculated pressure gradient grad p∗ is the projection of the pseudo-velocity
ṽ into the space of irrotational vector fields, while the corrected velocity vn+1 is the
projection of ṽ into the space of divergence-free vector fields. This procedure is known
as Helmholtz-Hodge decomposition. It for this orthogonal projection step that projection
methods are named. The value of pressure at the next iteration is calculated with underrelaxation as pn+1 = (1 − kp ) p∗ + kp pn .
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3.2.4

Multiphase simulation

An additional transport equation for the volume fraction of liquid
∂α
+ div(αv) = 0
∂t

(3.19)

is solved to satisfy species mass conservation with incompressible flow and homogeneous
mixing. The volume fraction is used to calculate ρ and µ. Density ρ is calculated as
ρ = α ρl + (1 − α)ρg , with ρl the liquid density and ρg the gas density. Viscosity is
calculated µ = α µl + (1 − α)µg . With first order implicit time differeincing, the discrete
volume fraction transport equation for cell j is
Mj

Vj n+1 X n+1
αj,k (vj,k · nj,k )Sj,k = qj ,
α
+
∆t j

(3.20)

k=1

with qj the source due to the time derivative and boundary conditions. The face fluxes
n+1
(vj,k · nj,k )Sj,k are calculated by interpolation with van Leer limiting [22]. In this
αj,k

study, the velocity scale is that of immersed body motion relative to the mesh, which
has been found to result in an effective CFL limit of approximately 0.5 for the sake
of reasonable transient solutions. Since the time steps are small, the volume fraction
transport is solved once per time-step, prior to the pressure-velocity correction loop
using the previous time step value of v.

3.3

Adaptive mesh refinement

Adaptive mesh refinement (AMR) provides a way of ensuring continued adequate resolution of the immersed body and flow field as the body moves through the computational
domain and as flow features develop. There are three main categories of refinement:
h, r, and p-refinement. The first two: h and r-refinement are more applicable to finite
volume methods than p-refinement, which increases the polynomial order of certain grid
elements. h-refinement is the splitting of grid cells into smaller ones in a region requiring
additional resolution. With h-refinement, the number of cells in the grid changes, while
r-refinement moves grid elements so that they cluster in regions requiring higher resolution, keeping the overall number of elements constant. In this study, only h-refinement
is used.
OpenFOAM [21] comes with the capability of octree h-refinement, which splits hexahedral cells into 8 smaller hexahedral cells in a three-dimensional analogue to the
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quadtree refinement shown in figure 3.1. Octree refinement is isotropic; the mesh is

Figure 3.1: Quadtree refinement
refined equally in all directions. This makes it fairly unsuitable for resolution of flow
features such as boundary layers in which resolution is only needed in certain directions.
Octree refinement requires only selection of which cells to refine, rather than which cells
and which direction. Anisotropic refinement is certainly of interest, but is more difficult
to implement.
The octree mesh refinement class present in OpenFOAM [21] was developed to adaptively resolve free surfaces in multiphase flows based on volume fraction. The mesh
refinement refines cells for which the volume fraction is within a user-specified range
centered around 1/2. This refines cells on the free surface, while leaving those away from
it unrefined. Cells that have been refined are unrefined when the volume fraction falls
outside of this range. To some disadvantage, no sorting of cells is performed to determine
refinement priority. Cells that are candidates for refinement continue to be refined to
maximum refinement, provided the neighboring cells are at most one level of refinement
different. Rather than writing a new dynamic mesh class and incorporating sorting and
a number of other useful features, which would have taken much time and effort, it was
decided to create a new scalar variable to determine which cells ought to be refined.
An evolution equation (3.21) for the scalar ξ was developed to determine regions
requiring mesh refinement based on the location of the immersed body and of the free
surface, as well as the disparity between the local velocity and the free-stream velocity.
Evolution of ξ is governed by
|v − v∞ |
∂ξ
+ v · (grad ξ) = div(νξ grad ξ) + c
,
∂t
kvk∞

(3.21)
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where kvk∞ is the supremum norm over R, νξ is a user-defined diffusivity and c is a userdefined scaling parameter. Two constants a, b are chosen with a ≈ 0, but slightly greater
and b ≈ 1, but also slightly greater. Cells with ξ ∈ (a, b) are refined until a set level of
refinement is reached. Appropriate boundary conditions for (3.21) are ξ = 1 throughout
the immersed body and on the free surface, with Neumann boundary conditions on the
computational domain boundaries. To enfore the boundary conditions on the immersed
body and free surface, ξ is set to 1 within Pt and on the free surface every time-step. ξ
is then clipped so that ξ ≤ 1 throughout the domain at every time-step. With proper
choice of νξ and c, this method proved successful for simulation of falling steel spheres
at Re ≈ 100, as well as for water entry of steel spheres.

Chapter

4

Verification, Validation and Results
4.1

Single phase simulations

Before advancing to water entry simulation, single-phase tests were performed to validate
the immersed boundary, six degree-of-freedom and adaptive mesh refinement techniques
separately from the multiphase treatment. Test cases were chosen to maintain laminar
flow, thus avoiding the complications and uncertainties associated with turbulence modeling. Simulation results from the current immersed boundary method are compared
to the analytic solution for incompressible laminar flow at a plane stagnation point in
4.1.1. The adaptive mesh refinement and six degree of freedom techniques are tested in
the simulation of a steel sphere free-falling at low Reynolds number (Re ≈ 100) through
glycerin 4.1.2. In section, 4.2, multiphase results are presented. Little quantitative comparison is possible for water entry simulation due to the sensitivity of cavity behavior to
factors like material surface condition, which results in some spread of the experimental
data.

4.1.1

Stagnation point flow

The steady incompressible flow of viscous fluid near a plane stagnation point, as depicted
in Figure 4.1, has an analytic solution. This is known as Hiemenz flow, after K. Hiemenz
who investigated it. Hiemenz arrived at the solution by modifying the potential flow solution for stagnation point flow so that it could satisfy the Navier-Stokes equations along
with the appropriate boundary conditions [29]. As expected, this solution is identical to
the Falkner-Skan boundary layer solution for a wedge with half-angle of π/2.
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Figure 4.1: Flow near a plane stagnation point
4.1.1.1

Analytic Solution

Heimenz considered an asymptotic solution for which the outer flow is potential, so that
u = 2U x
v = −2 U y,
where U is a velocity scaling parameter, but not a free-stream velocity in the usual sense,
since the potential flow velocity becomes arbitrarily large with increasing distance from
the stagnation point.
Enabling satisfaction of both viscous wall and free-stream asymptotic boundary conditions, f (y) is introduced with
u = 2U xf 0 (y),
∂u
∂v
=−
⇒ v = −2U f (y).
∂y
∂x
Matching the outer flow requires that f (y) → y, f 0 (y) → 1 as y → ∞, while the no-slip
condition requires that f (0) = f 0 (0) = 0. For this problem, the steady, two-dimensional,
incompressible Navier-Stokes equations are
∂u
∂u
∂p
u
+v
=−
+ν
∂x
∂y
∂x



∂v
∂v
∂p
+v
=−
+ν
u
∂x
∂y
∂y



∂2u ∂2u
+ 2
∂x2
∂y



∂2v
∂2v
+
∂x2 ∂y 2



,

.
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Substitution of the forms for u and v into these equations reduces the problem to
ν 000
f + f f 0 − f 0 f 0 + 1 = 0.
2U
To arrive at a similarity solution, introduce
r

2U
y,
ν

r

2U
f (y),
ν

η=

φ(η) =
which yields the nonlinear ODE

φ000 + φφ00 − φ0 φ0 + 1 = 0

(4.1)

subject to φ(0) = φ0 (0) = 0, φ0 (η) → 1 as η → ∞. Solutions to (4.1) can be obtained
numerically. Using a 4th and 5th order explicit Runge-Kutta technique, one finds that
φ00 (0) ≈ 1.2325876 yields the proper solution, and that the flow is approximately potential
flow (φ0 ≈ 1) by η = 2.4. The velocity and pressure fields are
u(x, y) = 2U xφ0 ,
√
v(x, y) = − 2U ν φ,
p
p0
(x, y) =
− U νφ2 + 2U ν(1 − φ0 ) − 2U 2 x2
ρ
ρ
4.1.1.2

Comparison of Results

For comparison with the analytical solution to stagnation point flow, a two-dimensional
immersed boundary simulation was performed of flow over a 1 m wide, 10 m thick stationary plate oriented perpendicular to the incoming flow as depicted in Figure 4.2. First
order implicit differencing was used for the time derivative, while second order linear interpolation with a modified minmod limiter was used for the convective term. The flux
limiter function is φ = max[min(2 r, 1), 0]. Second order centered differences were used
for the viscous diffusion. The incoming flow velocity is 1 m/s and kinematic viscosity is
ν = 0.001m2 /s, so that Re = 1000 and the flow is treated as laminar.
Three data samples were taken along the direction normal to the plate surface, one
along the centerline and the others displaced by 0.005 and 0.01 meters respectively. A
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Figure 4.2: Streamlines for stagnation point flow simulation, plate colored red
rough estimate of the velocity scaling parameter U was determined as

U ≈ max

−v
2y


.

This underestimates U , since the simulated plate is not infinite in the x-direction and
v approaches its free-stream value of −1 rather than decreasing in y without bound as
−2U y. The estimate for U was increased until U = 0.83, when simulation results and
analytic solution were closest for small values of η (< 5), corresponding to the region close
to the plate. Three additional data samples were taken parallel to the line from (0, 0)
to (0.2, 0.2), translated in x by 0, 0.005, and 0.01 meters respectively. These additional
data sets served to verify that u = 2U xφ0 , as well as to provide additional data for the
√
−v = − 2U ν φ comparison. Near the stagnation point, the variation of vertical and
horizontal velocity with distance from the plate, for both the simulation and analytic
solution, are plotted in terms of the similarity variables η, φ, φ0 in Figure 4.3.
For small distances from the stagnation point (η < 4), there is close agreement
between the simulation and the analytic solution in both φ and φ0 , and consequently v
and u. The deviation of the simulation from the analytic solution for higher distances
from the wall is expected, since the wall in the simulation is finite. The discrepancy in
φ0 for values of η > 3 is from the same effect, since the diagonal samples cover sufficient
horizontal distance from the stagnation point that the flow changes measurably.
While the mesh resolution used to simulate this problem was quite fine, it was necessary to fully resolve the boundary layer. This test has shown that, with sufficient
grid resolution, the immersed boundary method implemented in this study converges to
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(b) φ0 vs. η

(a) φ vs. η

Figure 4.3: Comparison of normal and tangential velocity to similarity solution
the correct velocity field. As the resolution of the immersed body decreases, the exact
location of boundary condition enforcement within the cells becomes a factor, and some
flux into the immersed body may be observed.

4.1.2

Six degree-of-freedom falling sphere with adaptive mesh

To verify that the six degree-of-freedom, adaptive mesh refinement and immersed body
motion techniques implemented in this study function properly, simulation of a falling
sphere at low Reynolds number (∼ 100) was performed and compared with both bodyfitted simulation and empirical models. This choice of Reynolds number is low enough to
ensure laminar flow, eliminating the need to model turbulence and to resolve thin shear
layers, for which octree-based refinement is ill-suited. Inertial effects are not negligible
for this flow, and a non-shedding laminar wake forms behind the sphere.
Rigid-body dynamics are governed by (2.33),(2.34), which reduce to
Z
mB ö = mB g +

Z
Tn da = mB g −

Z
JB ω̇ =

(f − ρv̇B + ρg) dv

(4.2)

Pt

∂Pt

Z
(x − o) × (Tn) da = −

∂Pt

(x − o) × (f − ρv̇B ) dv

(4.3)

Pt

since the inertial tensor of a spherically symmetric body is a scalar multiple of I. Equations (4.2) and (4.3) are integrated in time using 1st order Euler differencing, though
extension to higher-order Runge-Kutta techniques could be used for simulations with
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richer dynamics. The body velocity field is calculated as vB = ȯ(t) + (x − o) × ω(t),
which is used in the fluid-flow equations. Octree-based adaptive mesh refinement is
performed as outlined in 3.3
In the limit of creeping flow (Re << 1), the drag coefficient on a spherical body is
cD = 24/Re, with the Reynolds number Re = ud/ν, u the speed and d the diameter. A
number of empirical and semi-empirical models have been developed to extend this drag
coefficient prediction to higher Reynolds numbers. White [30] suggests using
cD =

24
6
√ + 0.4
+
Re 1 + Re

(4.4)

for Re < 2 × 105 . In 2003, Brown and Lawler [31] analyzed much of the experimental
data on sphere settling velocities in viscous flow and added a correction for the wall
effects in the experiments. They arrived at
cD =


24
0.407
1 + 0.15Re0.681 +
Re
1 + 8710/Re

(4.5)

to model the drag coefficient of spheres at terminal velocity through a Reynolds number
of approximately 2 × 105 .
The translational dynamics of a vertically free-falling sphere with negligible rotation
and side velocity can be written
1
dv
= mB,ef f g − v 2 πd2 cD ,
(4.6)
dt
8
R
with v the downward velocity and mB,ef f = Pt (ρs −ρf ) dv the effective mass. Here, ρs is
mB

the density of the solid sphere, and ρf is the density of the surrounding fluid. Correction
can be made for the inviscid added mass brought about by accelerating the surrounding
fluid. It can be shown that the added mass for a sphere is equal to (1/3)ρf πr3 . Some
manipulation of (4.6) leads to
4(ρs − ρf )g
dv
3 ρf cD v 2
=
−
,
dt
2 r(4ρs + ρf )
(4ρs + ρf )

(4.7)

with cD determined by either of (4.4), (4.5). The drag coefficients in this model are
based on steady state drag, and do not account for the added drag associated with
forming a larger wake as the sphere accelerates to its terminal velocity. This model
for the dynamics is expected to somewhat overestimate the acceleration of the falling
sphere, but should predict the terminal velocities well. The physical properties of the
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steel sphere and the glycerin can be found in table 4.1.
Property
ρf
ρs
µ
d
JB
g

Value
1264 kg/m3
7850 kg/m3
1.519 kg/(m · s)
0.06 m
0.0003196 kg · m2
9.807 m/s2

Table 4.1: Material and physical properties for free-fall of a steel sphere

A six degree-of-freedom simulation of a falling sphere in viscous flow was performed
using the immersed boundary method and adaptive mesh refinement technique outlined
in this paper, and the result was compared to the body-fitted simulation performed by
Poremba [32] as well as the empirical ODE method (4.7) with both the White (4.4) and
Brown and Lawler (4.5) models for cD . Figure 4.4 compares the four methods’ time
histories of vertical velocity for a free-falling steel sphere starting from rest.

Figure 4.4: Comparison simulation and empirical time variation of vertical velocity
Since the empirical models do not account for the additional drag due to transient
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wake formation, both simulations accelerate more slowly than the empirical models. The
two empirical models do not predict exactly the same value for settling velocity, but the
terminal velocities for both simulations fall between the two empirically predicted values.
Most notably, the velocities of both the immersed boundary and body-fitted simulations
remain within 5% of each other for the entire time. A snapshot of the solution from
the immersed boundary simulation is shown in figure 4.5. On the left is a plot colored
by y- velocity showing the mesh. At this Reynolds number ∼ 100, the effect of the
wake is clearly present. On the right, pressure contours are shown. In both pictures,
the interior of the immersed sphere is shaded gray. As it should for a wake, pressure
becomes approximately constant in the transverse direction downstream.

(a) Colored by y-velocity

(b) Pressure contours

Figure 4.5: Immersed boundary simulation of free-fall of a steel sphere in glycerin
The rate of convergence of the SIMPLER-based iterative scheme was found to depend strongly upon choice of relaxation coefficients kv , kf , kp . Fastest convergence was
observed with kv = kf = 1, kp = 0.9. Any reduction in kv = kf could increase the
number of correctors required for convergence from ≈ 5 per time step to more than
100. To maintain stability, temporal resolution and convergence rate, a CFL of 0.25
was maintained. Simulation time for this validation case was nearly two weeks on 16
processors; far too slow for practical application. These observed long run times are primarily a consequence of the lack of dynamic load balancing, as well as the large meshes
generated by the adaptive mesh refinement implementation and the sensitivity of the
iterative procedure’s convergence rate.
This test case was intended to verify that the combination of immersed boundary
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method with six degree-of-freedom motion and adaptive mesh refinement returns reasonable answers. Results agreed with both transient body-fitted simulation and empirical
models for terminal velocity. Improvement to the adaptive mesh refinement, addition of
dynamic load balancing, and investigation of the convergence properties of the iterative
procedure could yield an efficient simulation tool.

4.2

Multiphase simulations

As mentioned in the introduction, the time scales associated with water entry and underwater launch are often rather small. A number of factors make quantitative experimental
measurement of the flow field and transient loads difficult or impractical for substantial
incorporation into vehicle design. A validated numerical tool accomplishing this could
lead to significant improvement of the design process for underwater vehicles. Experimental data and analytic solutions for free surface water entry are more prevalent than
for underwater launch. Since the flow physics of free surface entry and underwater launch
are similar, we expect that acceptable performance for free surface entry simulation would
translate to underwater launch as well.

4.2.1

Water entry physics

Interest in the physics of water entry can be broadly divided into two categories: the
behavior at initial impact, and the subsequent motion and development of the cavity that
forms around and behind the missile. From a brief survey of open literature on water
entry, it appears that works involving impact physics are primarily theoretical, using
methods such as potential flow, while more experimental data is available for cavity
physics. Presumably, the relative scarcity of experimental data on water impact stems
from the challenge associated with the short time scales and high transient loads. The
ability of the present simulation tool to efficiently predict both impact behavior and
cavity physics could constitute a significant step forward for the design process.
In 1975, May published Water Entry and the Cavity-Running Behavior of Missiles
[33], a compilation of experimental results and empirical models for water entry and
cavity development. Phenomenologically, water entry is divided into six phases. Immediately upon impact, a blunt body breaching the water surface generates a shock wave
and experiences large, potentially damaging forces. This phase, known as the shock
wave phase is extremely short and was not believed to have a significant effect on the
flow development. Following impact, the initially stationary water establishes a flow
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pattern around the missile, forming the splash and spray, during what is known as the
flow forming phase. After flow is established, the water separates off the missile at some
point and a cavity, initially open to the atmosphere, forms behind during the open cavity
phase. Eventually the cavity closes near the water surface and begins to descend during
the closed cavity phase. As the missile and cavity descend, the rear of the cavity successively pinches off and is shed, so that the size of the cavity decreases. The time from the
onset of shedding until the cavity is no longer present is known as the collapsing cavity
phase, and is followed by the fully wetted phase.
At any speed of practical interest, the missile speed and orientation, nose shape and
water density are the key physical factors as a missile impacts the water and flow begins
to form. As water is effectively incompressible, the water impact problem is primarily a
combination of the acceleration of the water ‘getting out of the way’ and of the associated
reaction force. Viscosity, gravity and surface tension play, if anything, only minor roles
during initial impact. Thus, water impact is not overly sensitive to parameters such
as air density and missile surface roughness. Due to the rapid outward acceleration of
water near the contact line, this region, rather than the stagnation point, experiences
the highest pressure during water impact. In 1932, Wagner [34] proposed an indicial
model for water impact of blunt shapes by assuming the response for a blunt body can
by modeled as the response to a series of flat discs impacting the surface. Logvinovich
[35] introduced a correction to the Wagner approach’s calculation of pressure near the
contact line. Korobkin [36] applied asymptotic analysis to the problem of water entry
to ensure all terms of similar order were maintained. In the process, he derived the
Wagner and Logvinovich models, showing which terms must be neglected to arrive at
each formulation, and providing comparison of the methods’ performance for varying
deadrise angle γ, depicted in figure 4.6.
Following the impact and the establishment of flow, depending on the surface condition of the missile and speed of entry, a cavity may form. The majority of the discussion
in May’s compilation [33] focuses on the open cavity through collapsing cavity phases,
though there is some discussion of the flow forming phase. The quantitative data available includes the time from water impact until cavity closure for a variety of body shapes.
Thickness profiles for the cavities at different times in the water entry process are also
available. Cavity dynamics are highly sensitive to changes in the density ratio between
the air and water as noted by May and studied extensively by Gilbarg and Anderson
[37]. In addition to the density ratio sensitivity, the cavity dynamics depend strongly
on the nature of the surface of the body entering the water, as studied by Aristoff and
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Bush [1]. If the surface is hydrophilic, it is possible that no cavity will form at all, while
hydrophobic surfaces lead to much larger cavities.
The study of water entry of hydrophobic spheres performed by Aristoff and Bush [1]
focused on slower entry speeds and smaller spheres than May’s compilation [33]. Aristoff
and Bush [1] divide cavities generated by water entry into four categories based upon the
type of closure that occurs. At the slowest speeds of entry, the inertial effects become
negligible, and the cavity shape resembles that of the meniscus that would be generated
by a submerged body at the same depth. Cavities of this type are called quasi-static.
With increasing speed, inertial effects become predominant and a larger cavity forms
behind the body. At speeds just above the quasi-static regime, the cavity pinches off
just below the location of the free surface in a process known as shallow seal. As entry
speed increases further, the pinch off location moves downward until deep seal closure
occurs. At still higher entry speeds, the splash sheath at the free surface closes first,
called surface seal. Defining t0 the time since water impact, h∗ = U/t0 the dimensionless
depth of submergence and the Weber number Wb = ρU 2 r/σ, Aristoff and Bush observed
no dependence of h∗ on Wb for quasi-static cavities, an increasing trend of h∗ with Wb
for shallow and deep seal closure, and a decreasing trend for surface seal.
With increasing speed of entry, surface tension ceases to play a significant role in
cavity dynamics. The time of cavity closure becomes dominated by both the initial
outward velocity imparted upon the water by the entering missile and the time it takes
gravity to pull the surface back together. The decreased pressure caused by air rushing
in to fill the cavity also plays a part in surface closure. Since the dominant physical
√
mechanisms vary with entry speed, both Froude and Weber numbers (Fr = U/ g · d,
Wb = ρU 2 r/σ) are used to characterize water entry. The focus of [33] was higher entry
√
speed and scales applicable to missiles, so that the Froude number Fr = U/ g · d was
relevant, while [1] investigated smaller scales at slower speeds and used Weber number
Wb . The present focus is relatively slow speeds and small scales to avoid the need to
temporally and spatially resolve cavities many times the size of the simulated missiles.
Here, entry velocities were varied to span all four regimes of cavity closure: quasi-static,
shallow closure, deep closure and surface closure. Since primary comparison for cavity
development is made with the results of Aristoff and Bush, Weber number rather than
Froude number is used.
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4.2.2

Water impact of wedges

Korobkin [36] gives theoretical results for water impact of two dimensional wedges of
varying deadrise angle, comparing a generalization of the Wagner [34] model and a modified Logvinovich model with the original Logvinovich [35] model. Figure 4.6 provides a
graphical depiction of water impact of a wedge with deadrise angle γ. The free surface
is marked with a dashed line. The downward velocity of the wedge is assumed constant
and equal to V . With c as depicted in Figure 4.6, Korobkin shows that, for a wedge, the
Wagner condition [36] yields
dc
πV
=
.
dt
2 tan γ

(4.8)

Figure 4.6: Water impact of a wedge
As mentioned earlier, the maximum pressure during water impact is achieved at the
contact line, as a result of the rapid outward acceleration of the fluid. Korobkin [36]
provides the following expressions for the maximum contact region pressure predicted
by the original Logvinovich model, a modified Logvinovich model and the generalized
Wagner model respectively:
1
pmax = ρċ2 (t)
2

1
pmax = ρċ2 (t) cos−2 γ −
2

1 2
pmax = ρċ (t) cos−2 γ −
2

(4.9a)
V2
sin2 γ
ċ2


V2
2
sin γ + π − 2 .
ċ2


(4.9b)
(4.9c)

Immersed boundary simulations of water impact of wedges with varying deadrise angle
γ were performed, and the maximum pressure in the contact region was compared to
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the theoretical estimates (4.9a)-(4.9c). Table 4.2 lists relevant physical properties for the
wedge entry simulations, with water properties denoted by a subscript l, and air with a
subscript g. Figure 4.7 provides comparison of maximum contact region pressure versus
deadrise angle for the original and modified Logvinovich models, generalized Wagner
model and immersed boundary simulation.
Property
ρl
ρg
µl
µg
σ
g
V

In the region containing the wedges, the

Value
1000 kg/m3
1 kg/m3
1 × 10−3 kg/(m · s)
1.48 × 10−5 kg/(m · s)
0 N/m
0 m/s2
1 m/s

Table 4.2: Physical properties for water impact of wedges

Figure 4.7: Variation of maximum pressure p∗ = pmax / 12 ρV 2 with deadrise angle γ
coarse simulations had square cells with ∆x = 0.001 m, while the fine simulations had
square cells with ∆x = 0.00025 m. Grid resolution for the coarse simulations was not
sufficient to accurately capture the variation of maximum pressure with deadrise angle γ,
particularly for small values of γ. The fine grid captured this dependence substantially
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better. Additional grid refinement would be expected to further improve results.
Simulation of water entry of wedges brought to light a potential shortcoming of
representing the immersed bodies with a scalar field η. Along surfaces of the body
that are not grid-aligned, aliasing can cause some oscillation in the pressure field. This
effect is exacerbated when the body surface must also support a fluid-fluid interface.
Figure 4.8 is colored by pressure and provides an example of this aliasing for a wedge
with 40o deadrise angle. The region occupied by the immersed wedge is shaded, and
the free surface, corresponding to α = 0.5 is colored green. The pressure coloring in
figure 4.8 is scaled to accentuate these oscillations, which have magnitude of ≈ 100 P a,
approximately 10% of the free-stream dynamic pressure, and do not seem to have much
effect on the solution.

Figure 4.8: Pressure oscillations caused by aliasing of the immersed body surface

4.2.3

Two dimensional water entry of cylinders and spheres

The rudimentary adaptive mesh refinement used in this work can lead to large meshes
and long run times. For efficient testing of water entry simulation performance, a series
of planar and axisymmetric two-dimensional simulations was compared with the experimental results of Aristoff and Bush [1] for water entry of hydrophobic spheres. To avoid
the potential degradation of stability from an axisymmetric simulation, initial tests were
performed on planar cylinders, followed by axisymmetric simulations of spheres, and
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finally, three-dimensional simulation with adaptive mesh refinement and six degree-offreedom motion. As no significant change in velocity was observed experimentally for
small steel spheres following impact [1], the two-dimensional planar and axisymmetric
tests held velocity fixed for simplicity.

Figure 4.9: Simulated cavity profiles at closure for water entry of r = 19.05 mm 2-D
cylinders with Wb = 102, 2543, 10172, 40687, 91545 from left to right
The steel spheres used in [1] ranged in size from 0.6 mm to 9 mm radius, while the steel
spheres used in May’s compilation [33] were primarily of radius 19.05 mm (0.75”). Twodimensional planar and axisymmetric simulations of 19.05 mm radius circular cylinders
and spheres with radius 19.05 mm and 0.79 mm were performed with varying speed of
entry. The Weber number range for the 19.05 mm radius cylinders and spheres was 100
to 100000, while the range for the 0.79 mm spheres was 1 to 1000. This range of Weber
numbers spans the four cavity closure regimes from shallow seal through surface seal.
For any type of closure other than quasi-static and the slower end of the shallow seal
regime, surface tension ceases to contribute significantly to the cavity dynamics, so that
entry speed, rather than Wb becomes the relevant physical parameter. For consistency
with Aristoff and Bush, we retain Wb .
A key difference between the water entry of effectively planar bodies, such as the
cylinders in this study, and that of projectile-shaped ones, such as spheres and missiles,
is the effect of surface tension, which tends to damp high frequency oscillations on the
cavity surface. For axial cavities, as created by water entry of spheres and missiles,
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Figure 4.10: Simulated cavity profiles at closure for water entry of r = 19.05 mm
spheres with Wb = 102, 2543, 10172, 40687, 91545 from left to right
an inward disturbance of the cavity surface results in decreased local circumference.
This results in decreased mass per span of cavity surface that must be forced back
for stability compared to the planar case. The change in elastic energy per span of
cavity surface is also higher for axial cavities. The effect of surface tension, along with
the added numerical dissipation resulting from the combination of homogeneous mixing
assumptions and under-resolution of the gas inside the cavity results in the prominent
Kelvin-Helmholtz interface waves visible in Figure 4.9. These waves do not seem to
have substantial effect on cavity dynamics for the entry speeds studied, since the flow is
dominated by the inertia of the liquid phase.
Figure 4.9 shows cavity shapes at the time of closure for water entry of 19.05 mm
radius circular cylinders at various entry speeds. On the left, the cavity formed at
Wb ≈ 100 undergoes shallow closure, close to the quasi-static limit. The second cavity
shape shown at Wb ≈ 2550 is an example of deep closure, while the remaining three show
surface closure and illustrate the decreasing variation of h∗ with Wb . For comparison,
figure 4.10 shows cavity shape from an axisymmetric simulation at the time of cavity
closure for spheres of the same radius and entry speeds as the cylinders in figure 4.9.
As discussed in the preceding paragraph, surface tension tends to damp the KelvinHelmholtz waves on the cavities generated by spheres. Submergence depth at the time
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of cavity closure is notably less for a sphere than a cylinder of the same radius, since
the planar geometry of the cylinder requires the water move further out of the way, thus
delaying closure. The size, shape and closure mode of cavities generated by cylinders
and spheres exhibit the same trends with variation of entry speed.
For comparison with the data of [1], axisymmetric water entry simulations were also
run for r = 0.79 mm spheres at a range of entry speeds for Weber numbers from 1
through 1000. Figure 4.11 provides comparison of the simulated and experimentally observed [1] variation of nondimensional depth of submergence with Weber number (entry
speed) at the time of cavity closure. The agreement between the experimentally observed
cavity closure times and those predicted with axisymmetric simulations is reasonable,
particularly considering the sensitivity of cavity size and shape to surface treatment and
air density.

Figure 4.11: Dimensionless depth of submergence at time cavity closure vs. Weber
number for water entry of 0.79 mm radius spheres
Figure 4.12 is a sequence of images from Aristoff and Bush’s [1] high speed photography of water entry for a 0.79 mm radius steel sphere with hydrophobic surface treatment
traveling at 3.1 m/s. At this speed, the cavity that is formed undergoes deep seal closure.
Figure 4.13 shows the cavity shape for a simulation of the same sphere traveling at similar speed 2.686 m/s, corresponding to Wb = 100. The cavity shape and characteristics of
the deep seal predicted by the immersed boundary axisymmetric simulation appears in
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Figure 4.12: High speed photography of Aristoff and Bush [1] showing water entry
of a 0.79 mm radius hydrophobic steel sphere at speed V = 3.1 m/s

Figure 4.13: Evolution of cavity shape for simulation of water entry of a 0.79 mm
radius hydrophobic steel sphere at speed V = 2.686 m/s corresponding to Wb = 100
agreement with what is actually observed. The Kelvin-Helmholtz waves that developed
for the 19.05 mm radius cylinders and were occasionally seen in the simulated cavities
from spheres of the same radius are completely absent for the 0.79 mm simulations, as
they should be, since surface tension completely damps these for such small scale cavities.

4.2.4

Water entry with six degrees-of-freedom and adaptive mesh

To verify that the cavity dynamics of water entry simulation using the full method
developed in this work agree with what is observed experimentally, a three dimensional
simulation with six degrees of freedom was performed and results were compared to
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the corresponding axisymmetric simulation from 4.2.3. Because the run times of these
adaptive mesh simulations is several weeks, since there is no implemented dynamic load
balancing and the current mesh refinement strategy results in high cell counts, only
one simulation was performed for comparison. Figure 4.14 compares the cavity shapes
at t = 0.0035 s predicted by the 3-D adaptive mesh simulation with 6-DOF and the
axisymmetric simulation from the previous section, with the location of the immersed
sphere shaded red and the free surface marked with bright green. The pressure at the
stagnation point is 8% higher for the adaptive mesh simulation, most likely due to a
combination of grid resolution and the adaptive mesh’s negative impact on stability and
convergence.
The current implementation of adaptive mesh refinement occasionally leads to rapid
change in the distribution of cells and local level of resolution, which has a noticeably
negative effect on the stability and convergence properties of the immersed boundary flow
simulation approach. This simulation provides a proof of concept for the coupling of an
immersed boundary approach with 6-DOF and adaptive mesh refinement for application
to water entry. To be practically applicable, additional work will be required to improve
performance of the adaptive mesh and to fully examine the convergence properties of
the segregated solution algorithm developed in this study.

(a) adaptive mesh simulation

(b) fixed mesh simulation

Figure 4.14: Comparison of cavity shapes from 3-D adaptive and axisymmetric fixed
mesh simulations of 19.05 mm radius sphere entering water

Chapter

5

Summary, Conclusions and
Recommendations
5.1

Summary and conclusions

In the interest of simplifying CFD simulation of projectiles launched underwater from
an air-filled tube, a physically-based direct-forcing immersed boundary method was developed for multiphase incompressible flow simulation. It was demonstrated mathematically that integration of the force distribution resulting from an immersed boundary approach yields consistent overall forces and moments for use with a six degree-of-freedom
simulation. A scalar transport equation was developed to control the resolution with
octree-based adaptive mesh refinement.
Single-phase simulation of stagnation point flow over an immersed boundary plate
was compared to the analytic solution for verification of the immersed boundary forcing
method. Application of the present immersed boundary method to a six degree-offreedom simulation with adaptive mesh refinement was validated with simulation of a
falling sphere at low Reynolds number (≈ 100). Results compared well with bodyfitted simulation and empirical models for terminal velocity of falling spheres in viscous
flow. Two-dimensional simulations of water impact for immersed wedges of varying
deadrise angle were performed, and the observed maximum pressure in the region near
the contact line was compared to predictions by indicial methods based on potential flow.
Initially, there was relatively poor agreement for the coarse grid simulations, but grid
refinement resulted in good agreement between simulations and theoretical models. The
representation of the immersed body with a grid-based scalar field was found to result
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in aliasing of the surface, causing some oscillation in the solution field, which decreases
in magnitude with improved mesh resolution. Two-dimensional water entry simulations
were performed on fixed meshes for plane cylinders and axisymmetric simulation of
spheres. The resulting cavity shapes and closure modes compared well with experiments,
considering the sensitivity of cavity dynamics to the surface treatment of the missile and
to the atmospheric density. Three dimensional simulation of water entry of a sphere with
six degrees of freedom and adaptive mesh refinement was performed and compared to
the equivalent axisymmetric result. The predicted cavity profiles were quite similar, and
the stagnation pressure differed by about 8%, likely due to differing mesh resolution.
The immersed boundary and six degree-of-freedom dynamics simulation method developed in this study has been successfully coupled with adaptive mesh refinement for
water entry simulation, but is not yet ready for practical application. Improvements to
the adaptive mesh refinement, implementation of dynamic load balancing and reformulation of the immersed boundary force correction in cells containing the interface could
greatly decrease computational cost and speed convergence, bringing about the efficiency
gains generally associated with immersed boundary approaches.

5.2

Recommendations

The primary obstacles to practical use of the method developed here are the rudimentary adaptive mesh refinement and the non-generalized immersed body representation
capability. Implementation of both would allow use of this immersed boundary/6-DOF
approach for a wide class of multiphase problems. Other useful contributions could be
made through examination of the convergence properties of the method to determine
optimal values for relaxation parameters. Improved definition of the force correction in
the cells containing the immersed body surface could speed convergence of the iterative
procedure. Investigation of the discrete forms of the equations could demonstrate what
terms are left over from canceling the cell centered pressure gradient with a cell centered vector force and how these contribute to consistent solution behavior within the
immersed body, where the continuous differential form of the governing equations fails
to be well-posed.
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