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Abstract

I study the effects of lump-sum money creation against the background of the
random-matching model of Trejos-Wright (1995) and Shi (1995). That model is in-
teresting for the study of money creation because, alongside with the usual harmful
internal margin effects, money creation has beneficial external margin effects. Pos-
itive money creation shifts the distribution of money towards the average holdings,
thus increasing the frequency of trades in meetings. Molico (1997) demonstrates
numerically that beneficial effects are possible in that model. However, Molico
assumes a particular bargaining rule, take-it-or-leave-it offers by consumers. That
bargaining rule is known to cause too much production in some meetings. Because
lump-sum money creation tends to reduce production in meetings with binding
producer participation constraints, the beneficial effects he finds may come from
offsetting the effects of that bargaining rule. Instead of working with any particular
bargaining rule, I consider optima over all implementable outcomes.

In order to keep the optimization problem manageable while enlarging the set
of outcomes in that way, I have to make some other compromises. I assume that
money is indivisible and that there is a bound on individual holdings - sometimes
a low bound but one that always exceeds unity. However, I do permit random-
ization, which enlarges the set of trades and, thereby, the possible distribution
effects. Given randomization, there are two main ways to define the set of imple-
mentable outcomes: either ex ante (allowing people to commit to randomization)
or ex post (requiring that people go along with each element in the support of the
randomization scheme).

Essay 1.“Another Example in which Lump-Sum Money Creation is Beneficial.”
(Joint with Neil Wallace.) We assume a two-unit upper bound on money holdings
and adopt ex post individual rationality as the notion of implementability. The
policy is a probabilistic version of the standard helicopter drops followed by pro-
portional reduction in individual holdings. For all discount factors greater than a
critical value, we show analytically that the ex ante optimum involves creation of
money. This is done by finding the best outcome subject to no money creation
and by showing that some creation can improve that outcome. Our results for
a two-unit bound on holdings are indicative for what can happen with all higher
bounds.

Essay 2. “Optimal Money Creation in a Random-Matching Model with Ex post
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Individual Rationality.” Although Essay 1 accomplishes the goal of showing that
money creation can be helpful, it does not describe the optima. I study the same
model (while letting the bound on money holdings be arbitrary) where I do two
things. First, I show that, under a mild restriction on the set of implementable
outcomes, conditional on the amount of money transferred in a meeting there
is no randomization over output, a property I call degeneracy. This degeneracy
result facilitates the exploration of the trade-off between harmful and beneficial
effects of money creation by way of examples. I compute optimal allocations for
examples with a two-unit bound on holdings. These examples are consistent with
the conjecture that the optima do not have take-it-or-leave-it offers by consumers
in all meetings — the bargaining rule imposed by Molico.

Essay 3. “Money Creation and Optimal Pairwise Core Allocations in a Match-
ing Model.” Here I adopt the ex ante pairwise core notion of implementability.
In contrast to what happens using the ex post IR notion, now the optimum, even
with no money creation, involves binding participation constraints. Therefore, the
proof technique of Essay 1 is not applicable. Moreover, it is difficult to get any
analytical results. Therefore, I compute numerical examples. In no examples is
money creation optimal.
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Chapter 1

Another Example in which
Lump-Sum Money Creation is
Beneficial

(Joint with Neil Wallace.)

A standard exercise to perform on monetary models is to subject them to
money creation at a rate, where the creation is accomplished through lump-sum
transfers, transfers that do not depend on behavior. Representative-agent models
with money in utility or production functions or with cash-in-advance constraints
generally give results roughly in line with what has come to be called the Friedman
rule: the optimum involves not creation, but destruction financed by lump-sum
taxes. Models in which money is convincingly essential can give a different answer.
We know of two models in which money is convincingly essential and in which
lump-sum transfers of money are studied: one is Levine [11] and the generalization
of it studied by Kehoe, Levine and Woodford [10]; the other is Molico [15]. Both
produce examples in which expansionary policy is beneficial. Here we present
another example. We do that because the existing examples are special in ways
that may raise doubts about the robustness of the results on beneficial effects.

Levine [11] and Kehoe, Levine and Woodford [10] use a one-good-per-date,
pure-exchange model with preference shocks and divisible money. To get money
to be essential, they assume that people are anonymous so that only quid pro quo
spot trades are possible. There are two possible preference realizations at each date
and they analyze only equilibria in which at the end of each period all money is held
in equal amounts by those who last realized the low preference-for-consumption
realization. As the authors make clear, in a model with preference shocks and
no risk-sharing arrangements, such degenerate distributions are equilibria only for
parameters for which those with high preference-for-consumption realizations want
to carry zero wealth from one date to the next. Thus, their analysis leaves open



whether beneficial effects of lump-sum money creation could also arise in the more
general situation in which precautionary motives for holding money give rise to
non-degenerate monetary distributions.

Molico [15] uses a random matching model with divisible money and unbounded
individual holdings. As a consequence, he is able to analyze the model only numer-
ically for particular examples. More importantly, he uses a particular bargaining
rule: take-it-or-leave-it offers by potential consumers. From the viewpoint of his
ex ante welfare criterion, that rule may be a non-optimal way to divide the gains
from trade in some meetings. Therefore, part of the role of money creation in his
examples may be to counteract a sub-optimal way of dividing the gains from trade
in meetings.

We use the same background environment as Molico, but we assume indivisible
money and individual holdings bounded at 2 units. That allows us to proceed
analytically. Also, because we divide the gains from trade optimally, we are able
to isolate the beneficial role of lump-sum money creation. In other words, we can
be sure that we are not getting beneficial effects of money creation because we
have imposed a sub-optimal trading rule. There is, though, a small price to pay
for working with bounded and indivisible money; we must study a probabilistic
version of the standard lump-sum money creation policy. We study a model in
which holdings are at most 2 units because that is the smallest bound that permits
money creation to affect the distribution of holdings in a way that facilitates trade.
A plausible conjecture is that the same can happen for all higher bounds.

1.1 Environment

The background environment is a simple random matching model of money due
to Shi [16] and Trejos and Wright [17]. Time is discrete and the horizon is infinite.
There are N > 3 perishable consumption goods at each date and a [0, 1] contin-
uum of each of NV types of agents. A type n person consumes only good n and
produces good n + 1 (modulo N). Each person maximizes expected discounted
utility with discount parameter 5 € (0, 1). As regards utility in a period, an agent
who produces y € R, units of the agent’s production good at a date experiences
the utility —y, while an agent who consumes y units of the agent’s consumption
good at a date receives the utility u(y). We assume that the function u is strictly
concave and increasing, satisfies u(0) = 0 and «/(0) = oo, and that there exists
g > 0 such that u(g) = y. At each date, each agent meets one other person at
random.

There is only one asset in this economy which can be stored across periods: fiat
money. This money is indivisible and no individual can have more than 2 units
of money at a time. We assume that an agent’s specialization type and individual
money holdings are observable. We also assume that agents cannot commit to
future actions—that there is sequential individual rationality—and that the agent’s



history, except as revealed by money holdings, is private.

The pairwise meetings, the inability to commit, the privacy of individual his-
tories, and the perishable nature of the goods imply that any production must be
accompanied by a transfer of money. Moreover, the random meetings imply that
with positive ex ante probability, there are single-coincidence meetings in which
the producer has experienced a long run of being a producer and the consumer has
experienced a long run of being a consumer. In such meetings, no matter whether
money is bounded or unbounded or indivisible or divisible, the potential consumer
will, in general, be unable to offer the producer enough money to induce much
production. That opens the way for a potentially beneficial role for redistribu-
tion produced through lump-sum creation of money. The redistribution tends to
compress the distribution of money holdings and, thereby, lowers the probability
of meetings in which producers have a great deal of money and consumers have
very little money. In our model with indivisible money and holdings bounded at
2 units, the role of the redistribution is to shift the distribution of money hold-
ings away from the end-points of the support. Of course, as explained below,
that potentially beneficial effect of lump-sum money creation may be offset by its
undesirable incentive effects.

When first formulated, the randomness of meetings in settings like that de-
scribed above was adopted because of its simplicity. Here, because the random-
ness of meetings plays an important role, it ought to be defended on other grounds.
The randomness amounts to assuming that people probabilistically encounter con-
sumption opportunities and earnings opportunities. This is a complete-economy
version of the kind of uncertainty regarding expenditures and receipts that has long
been part of well-known partial equilibrium models of money demand (see, for ex-
ample, Goldman [7] and Miller and Orr [14]). Moreover, money aside, some such
uncertainty has almost always been assumed in inventory theory and in models of
precautionary saving. Therefore, it should not be regarded as a strange ingredient
of a model of trade. Finally, our result depends on the presence of uncertainty
which produces distributions with unbounded support of runs of being a potential
consumer and runs of being a potential producer. In single-coincidence meetings
between people who have experienced long runs and in the absence of interven-
tion, the potential consumer will not have enough money to induce the potential
producer to produce much. While the existence of such runs is important, their
source does not seem important; it could be random meetings or something else—for
example, preference shocks as in Kehoe, Levine and Woodford [10].

1.2 Policies

We adopt the following timing of events and specification of policies. First there are
meetings. After meetings, each person receives one unit of money with probability
a. (Those who are at the upper bound and receive a unit must discard it.) Then
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each unit of money disintegrates with probability . Then the next date begins and
the sequence is repeated.’

This kind of policy is a random version of the standard lump-sum money cre-
ation policy. In a model with divisible money, the standard policy is creation of
money at a rate with the injections of money handed out lump-sum to people.
As is well-known, that policy is equivalent to the following policy: the same in-
jections followed by a reduction in each person’s holdings that is proportional to
the person’s holdings. The proportional reduction is nothing but a normalization
(see, for example, Lucas and Woodford [13])?>. Our policy resembles the second,
normalized, policy in two respects. First, the creation part of our policy, the «
part, is done on a per person basis, while the disintegration part, the 6 part, is
proportional to holdings. Second, in a model with divisible money and a nonde-
generate distribution of money holdings, the standard policy has two effects: it
tends to redistribute real money holdings from those with high nominal holdings
to those with low nominal holdings and it has incentive effects by making money
less valuable to acquire. Our policy also has these two effects. In particular, as
regards incentives, the policy makes producers less willing to acquire money be-
cause (a) they may be given money without working for it (the lump-sum transfer
part of the policy) and (b) they may lose money for which they have worked (the
disintegration part). And, for the same reasons, consumers are more willing to
part with money.?

Given that the potential beneficial effects of our policy come from redistribu-
tion, why not study policies that redistribute directly? The answer is related to
the sequential individual rationality that we impose. We interpret that assump-
tion, which in this model is important for the essentiality of monetary exchange,
as precluding direct taxes. In particular, it is not feasible to simply take money
from people or to force producers to produce. For that reason, we study only
non-negative (a, §) pairs and view any such pair as being accomplished as follows.
The creation part is not a problem because it involves giving people something; we
view it as accomplished by way of a randomized version of the proverbial helicopter
drops of money. The random proportional decline in holdings is accomplished by
society’s choice of the durability of the monetary object. In a model with divis-

! Policies much like ours have been studied, but only for the case in which the upper bound
on individual holdings is unity (see, in particular, Li [12]). As we will see, if the bound is unity
and if the gains from trade are split optimally, then the policy has no scope for beneficial effects.

2However, as Edward J. Green points out, the equivalence could fail in a model which posits
costs of changing prices.

3In some models, lump-sum transfers of money are equivalent to open-market operations.
They are not equivalent here. The equivalence requires Ricardian equivalence and, hence, perfect
credit markets. Essentiality of money requires imperfect knowledge of individual histories and,
hence, imperfect credit markets (see the discussion in Wallace [18]). Here, and in Levine [11],
Kehoe, Levine and Woodford [10], and Molico [15], credit markets are excluded completely by
way of the assumptions about privacy of individual histories.
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ible money, the proportional reduction could be achieved by using as money an
object which physically depreciates at the appropriate rate. Here, because of the
indivisibility, we assume that the physical depreciation occurs probabilistically (in
a “one-hoss-shay” fashion).*

1.3 Implementable allocations and the optimum
problem

Given our assumptions, we can restrict attention to what we call trade meetings.
A trade meeting is a single-coincidence meeting in which the producer does not
start with upper-bound money holdings and the consumer starts with positive
money holdings. An allocation describes what happens in all such meetings. We
restrict attention to allocations that are symmetric across specialization types and
are stationary in the following sense: what happens in a trade meeting depends
only on the money holdings of the producer and consumer and, in addition, it and
the policy, a pair (a, 6), are consistent with a constant and identical distribution of
money holdings for each specialization type—a steady state. In a sense to be made
precise, we say that such an allocation is implementable if it is also consistent with
ex post individual rationality. The optimum problem is to choose an implementable
allocation, a policy, and a consistent steady-state initial distribution of money that
maximizes ex ante expected utility, utility prior to initial assignments of money.
Given the symmetry and the ex ante nature of the criterion, the criterion is a
representative-agent criterion.’

Although we impose ex post individual rationality, we formulate allocations to
permit randomness—to permit different trades in the same kind of meeting. We
do this mainly because, with indivisible money, such randomness allows for a much
richer set of steady state distributions than would be the case if we required that
the same trade be made in all meetings of the same type. In a single-coincidence
meeting between a producer with ¢ units of money and a consumer with j units,
the set of possible transfers of money is K;; = {0,1,...min(j,2 — ¢)}. For trade
meetings in which the producer has ¢ units of money and consumer has j units,
we let j1;; on R, x Kj; denote a measure with the interpretation that if (y, k)
is randomly drawn from R, x Kj; in accordance with measure p,;, then (y,k) is
the suggested trade in that meeting in the sense that it is suggested that y be

4Some countries have conducted lotteries in which prizes are awarded to those with currency
with serial numbers that match some drawn at random. An alternative way to accomplish the
6 part of our policy is through the same kind of lottery except that currency with the matching
serial numbers is treated by everyone as being worthless.

°In principle, our policies could be analyzed taking as given an arbitrary initial distribution of
money holdings. However, then, we would have to study non-stationary policies and allocations
and would have no reason to use a representative-agent welfare criterion rather than the Pareto
criterion.



produced in exchange for & units of money. We let o be the collection of ;s for

(i,7) € {0,1} x {1,2}.
For each p;;, it is convenient to define the collection of k-supportsS:

Qf] = (Ry x {k})N Supp ke K.

These represent ”k-sections” of the original support of p,;. The k-supports are
disjoint and Ugex,, Qf] = supp p;;- It is also convenient to let )\fj = uij(ij), where
)\fj is the probability that k& units of money are transferred in a trade meeting in
which the producer starts with ¢ units of money and the consumer with j units.
Then we can express the transition matrix for money holdings implied by trades,
denoted T, in terms of the )\fj as T = %S, where

N — 519 — 513 p1>\(111 +p2)\(1]2 ]?2)\32
S = po)\(l)l +p1>\%1 N — S91 — S93 pl)\h —|—p2)\%2 . (11)
PoAo 1M +PoAg N — 531 — S32

Here p; denotes the fraction of each specialization type who start the date with
¢ units of money and the entry in the kth row and Ith column, sg;, is N times the
probability of a trade that results in transiting from having £ — 1 units of money
to having [ — 1 units of money.

According to our sequence of actions, trade is followed first by probabilistic
lump-sum creation and then by probabilistic proportional destruction. The tran-
sition matrix for the creation part is denoted A and that for the destruction part
is denoted D. They are given by

l-aa o 0 1 0 0
A= 0 1l—-a a| and D=| 6 1-96¢ 0 . (1.2)
0 0 1 6% 26(1—6) (1—6)?

Notice that an individual can be given at most one unit of money, but can lose
two units.

We can now express the requirement that (u, v, ¢) is consistent with a constant
distribution of money holdings. A symmetric distribution of money holdings p =
(po, p1, p2) is called stationary with respect to (p, a, 6) if it satisfies pT'AD = p.

It is convenient to express the ex post individual rationality restrictions in terms
of discounted expected utilities. For (p, p, a, 6) that is stationary, the discounted
expected utility of an agent who ends up with ¢ units money after the destruction
stage, denoted v;, is constant. We let v = (vg, v1,v5). Then v satisfies the following
3-equation system of Bellman equations:

v =08(d + TADV) (1.3)

6Recall that if y is a probability measure, the support of y, denoted supp p, is the smallest
closed set A such that u(A) = 1.




where q, the vector of (expected) one period returns from trade, is given by
-5 fg(l)l ydpo, — %[fg(lu ydpgy + ngz Ydiigs]
q = | B Jor, v)dpor + 5 Jor [u(y) = ylduy — B for vy (1.4)
Rlfop, uW)dhoy + Jor wy)dpos] + 5 Jor, uly)dp,

Because T, A, and D are transition matrices and 5 € (0,1), the mapping
G(x) = 6(q + TADx') is a contraction. Therefore, (1.3) has a unique solution
which can be expressed as

-1

v = (11 _ TAD) q. (1.5)
6

where [ is the 3 x 3 identity matrix.

We permit each individual to walk away from any realization of p. In other
words, we assume that people in a meeting cannot commit to the outcome of
randomization. Therefore, our individual rationality constraints or participation
constraints take the following form. If (y;;, k) is in the support of y;;, then

(er — ei>ADV, — Yij >0 (16)
and
(ej,k — ej)ADv’ + u(yw) = O, (17)

where e; is the 3-component coordinate vector with indices running from 0 to 2.
The first inequality pertains to the producer and the second to the consumer. We
can now summarize the requirements for implementability.”

Definition 1.1 (p, p, v, 6) is called implementable if (i) pT'AD = p and (ii)
(1.6) and (1.7) hold for all (y;;, k) in the support of ;-

Our optimum problem is to maximize ex ante utility. That is, the optimum
problem is to choose (p,p,a,d) from among those that are implementable to
maximize pv' = W.8

"We are claiming that the conditions in Definition 1.1 are necessary and sufficient for weak
implementability. For sufficiency, given an allocation that satisfies Definition 1.1, we need to
provide a game which has that allocation as an outcome. The game can be a very simple
coordination game. The strategy set for each agent in a meeting is {yes, no}. If both say yes
to a realization from p, then they carry it out. If either says no, then there is autarky in that
meeting. Obviously, if the participation constraints are satisfied, then saying yes is a subgame
perfect Nash equilibrium. Necessity, of course, can only hold in the class of stationary and
symmetric allocations we are considering. Then, given the privacy of individual histories and ex
post individual rationality, our participation constraints must hold.

8Because a maximum may not exist, we should really say that for any ¢ > 0 we seek an
implementable allocation that achieves at least sup W — e, where, of course, sup W is defined
over the set of implementable allocations. Our arguments below do not depend on whether a
maximum exists.



It is useful in what follows to express the objective W in terms of returns. If
we multiply (1.3) by p and use the fact that pT'’AD = p, then we have

p
_ I /
W =pv -5 pq’.
Then, by writing out the product pq’, we have
1—06)NW
w = % :popl/l 2(y)d oy ‘HUOIU2/1 2(y)dpos + (1.8)
Q Q

01 02

p0p2/ Z(Q)dﬂoz —I—p%/
02 ol

02 11

2(y)dpy, +p1p2/ 2(y)dpys,

1
Q12

where z(y) = u(y) — y. As one would expect, because there is a producer for
each consumer, from an ex ante view utility is a discounted expected value of the
function z.

1.4 The result

As noted above, expansionary policy gives rise to two effects. First, it tends to
tighten participation constraints for producers and to loosen those for consumers.
Second, expansionary policy can change the distribution of money holdings p to
increase the probability of trade meetings. We doubt that anything can be said
generally about which effect dominates. We show that the optimum has expan-
sionary policy provided the parameters are such that the participation constraints
are not binding at the optimum subject to a = 6 = 0. Roughly speaking, we do
this in two steps. We describe the optimum for such parameters and for « = 6 = 0.
Then we show that there are implementable (p, u, o, 8) with o > 0 that do better.
That, of course, implies that for such parameters the optimum is not a = 6 = 0.
We begin by describing an unconstrained optimum for o = ¢ = 0.

Lemma 1.1 If o = 6§ = 0, then the optimum subject only to condition (i)
in Definition 1.1 and condition (ii) for k = 0 is a degenerate p, denoted p*,
with support (y*,1), where u'(y*) = 1. Moreover, the associated optimal p is
P'=(333)

The proof of Lemma 1.1 and the other proofs are in the appendix. Lemma
1.1 says that if we ignore participation constraints and impose o = ¢ = 0, then
the optimum is a trade of the first-best level of production, that which maximizes
z(y), for one unit of money in every trade meeting. Moreover, the best steady-state
distribution is uniform, which implies an amount of money per specialization type
equal to unity.



The next lemma shows that there is a region of the parameter space, which
we describe in terms of the discount factor, for which (p, u, @, 6) = (p*, u*,0,0) is
implementable, and, therefore, by Lemma 1.1, is optimal subject to a = 6 = 0.

Lemma 1.2 Let (p, p, @, ) = (p*, *,0,0). There exists a value of the discount
factor, 3%, given by

B 3Ny*
BNy + /(B3y")? + 4z(y )™ — 3y*
such that if 5 > (%, then (1.6) and (1.7) are slack. If 3 = (%, then (1.6 ) and

(1.7) are slack except for (1.6) for i =1 (when the producer has 1 unit of money)
which holds at equality.

*

Notice that z(y*) > 0 implies that §* < 1. Also, 8" is decreasing in z(y*).

For § > (%, Lemmas 1.1 and 1.2 completely describe the best (p, p) subject
to a = ¢ = 0. The final step is to show that for 3 > 5", there exist (p, p, v, 0)
with a > 0 which are implementable and which imply a higher value of w than
the best that can be achieved with o = 0. This is done by showing that a relevant
derivative of w with respect to « is positive at (p, u,a,8) = (p*, u*,0,0). For
£ > (%, we can compute this derivative while keeping g constant at p*. Because
all the participation constraints are slack at § > §*, implementability is maintained
at g = p* as we vary «, and, consequently, p. For § = (%, in order to maintain
implementability as we vary a, we permit output when the producer starts with
one unit of money to adjust, but, as in pu*, one unit of money is transferred in
every trade meeting.

Proposition 1.1 If g > %, then the optimum is not oo = 6 = 0.

The proof shows that the distribution p can be varied from p* to one which
1

has more trade meetings, a distribution in which p; > 3. The measure of trade
meetings is increasing in p; because people with one unit of money can be either
producers or consumers.

Although our discussion of the resemblance between our policy and the stan-
dard policy is meant to convince readers that a positive (o, §) corresponds to an
inflationary policy, we can say a little more about this. A policy that resembles the
standard lump-sum creation policy ought to lower the benefits of acquiring money.
Those benefits are the differences, v; — vg and vy — vy. It is easily shown that they
are decreasing in «v at (p, p, v, 0) = (p*, %, 0,0). In this sense, our policy is lower-
ing those benefits. One may also wonder what is happening to real balances as we
increase a. If 3 > (%, then, for sufficiently small «, the price level does not change
because in every meeting y* is exchanged for one unit of money. It turns out that
the nominal amount of money, p; + 2p,, may either be increasing or decreasing; in

. d(p1+2 — . . ,
particular, P 1;; p2) — 1021N . Thus, real balances may be increasing or decreasing

9



in . When 8 = (3%, the price level is increasing in « because the producer with
one unit of money produces less as a increases.

Those, of course, are all local statements and do not describe an optimum
relative to the optimum constrained by a@ = ¢ = 0. It is obvious that for any
B > 3", the optimum is such that the participation constraint for producers with
one unit of money is binding. That does two things. It tends to make the price level
higher. In addition, binding constraints tend to make it better to have less money in
the system because less money tends to loosen producer participation constraints.
Thus, in the range 8 > 3, we strongly suspect that real balances at the optimum
are lower than real balances at the optimum constrained by o« = 6 = 0.

1.5 Concluding remarks

An obvious question is what happens if more general individual money holdings
are allowed. We have asserted that the main distinction occurs between an upper
bound of unity and anything higher. That money creation cannot help when the
bound is unity is, in effect, part of the proof of Lemma 1.1. With an upper bound
of unity, all possible distributions are implied by varying the constant amount
of money per type. With any higher bound, there is scope for affecting the dis-
tribution by a money creation scheme. We are confident that we could produce
a version of Proposition 1.1 for any finite bound on individual holdings, but we
are also confident that the region of the parameter space that is consistent with
production of the first-best level of output and trades of one unit of money in all
meetings shrinks as the bound gets large (see Camera and Corbae [3] for a closely
related result). That, of course, is not to say that the region of the parameter
space where expansionary policy helps shrinks as the bound gets large. It says
only that our proof technique becomes less applicable.

In this regard, our proof technique seems completely inapplicable if money
holdings are unbounded or if money is divisible with or without a bound, because,
in these cases, it would seem vacuous to assume that the optimum with a fixed stock
of money has no binding constraints. Therefore, for all parameters, we would then
be in the general situation of trading off more favorable money distributions against
the tightening of producer constraints for meetings with given money holdings.
That is, all situations would be like the two-unit bound case when 3 < §*. That,
in turn, suggests that results for unbounded money holdings or divisible money will
be achieved only by way of numerical examples. And, because the optimization is
over large spaces in such cases, the numerical analysis will be demanding.

Those remarks are pertinent to a comparison between what we do and what
Molico [15] does. As noted above, he works with the same environment, but
with divisible and unbounded money holdings. However, rather than dividing the
gains from trade optimally in each kind of meeting, he gives all the gains to the
consumer so that the producer’s participation constraint is always binding. Almost
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certainly, that way of dividing the gains from trade is not optimal. Therefore, his
findings represent some unknown combination of beneficial effects coming from
redistribution and other effects which may be offsetting the inefficient division of
the gains from trade. Short of carrying out the optimization problem described
above, we do not see how to disentangle those effects.’

In addition to studying more general individual money holdings, there are vari-
ants of our model that could be studied. These include permitting people to hide
money, allowing people to commit in a meeting to the outcome of randomization,
and permitting cooperative defection by the pair in a meeting. Although the de-
tails will differ, we surmise that the possibility of beneficial money creation exists
in all these variants'®.

9In the case of indivisible money and a unit upper bound, if the parameters are such that the
producer’s participation constraint is slack at the first-best level of production in the absence of
expansionary policy, then whether there exists a beneficial expansionary policy depends on the
bargaining rule. Under the bargaining rule used by Molico [15], there does exist an expansionary
policy which would reduce output to the first-best level and not affect the probability of trade.

10Tn fact, our results are unaffected by allowing people to hide money because the allocations
used in our arguments are such that the trades offered people with ¢ units of money are at least
as good as those offered people with ¢ — 1 units.
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Chapter 2

Optimal Money Creation in a
Random-Matching Model with Ex

Post Individual Rationality

I study money creation in versions of the Trejos-Wright [17] and Shi [16] mod-
els with indivisible money and bounded individual holdings. This is a random
matching model of money with perishable and divisible produced goods and, in
the versions I study, no double coincidences in pairwise meetings. The model is
interesting for the study of money creation because it gives rise to a potential
trade-off. On the one hand, money creation is harmful for the usual reason that
shows up in representative-agent models: money creation makes the acquisition of
money less desirable. On the other hand, money creation is beneficial because it
can redistribute money toward average holdings so that people on average in meet-
ings are more willing to trade. This accounts for the beneficial effects of money
creation demonstrated in Molico [15], and in Deviatov and Wallace [5].

In his Ph.D. dissertation Molico [15] studied money creation with, he claimed,
divisible money and unbounded individual holdings. Although that claim is not
literally true because he proceeds numerically, he does find examples in which
money creation is beneficial. However, he studies only allocations in which the
trades are the result of take-it-or-leave-it offers by consumers. Because such trades
are known to cause too much production in some meetings, some of the beneficial
effects that he finds may come from offsetting the sub-optimal way of dividing the
gains from trade.

In Deviatov and Wallace [5] we wanted to determine whether money creation
would have a role even if we allowed trades in meetings — the division of the
gains from trade in meetings — to be determined optimally from the point of
view of ex ante welfare. To do that, we imposed only one restriction — ex post
individual rationality in meetings. We allowed randomization and established the
following result analytically: for indivisible money and individual holdings limited
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to the set {0,1,2} and for all discount factors higher than a critical value, some
money creation raises ex ante welfare relative to the best allocation without money
creation.! Our argument was local and we did not explore the trade-off described
above. Indeed, the critical value of the discount factor is such that locally there is
no harmful effect of money creation.

Here I do two things. First, I show that conditional on the amount of money
transferred in a meeting there is no randomization over output, a property I call
degeneracy. This result opens the way to exploration of the trade-off between
harmful and beneficial effects of money creation. Second, I undertake such explo-
ration by computing examples of optimal allocations. That is important because it
is evident that the optimum always has harmful effects — making it seem from the
point of view of someone who ignores distribution effects that there is too much
money creation.

One can obtain three different characterizations of the optima which are use-
ful in the computation of examples. First, because the meetings are pairwise, it
suffices to consider allocations which have two-point-support conditional measures
over output.? If B is the bound on money holdings, this leads to a 4M + B + 2
dimensional optimization problem, where M = ¢ B(B+1)(2B +1). Alternatively,
if free disposal of goods in meetings is allowed, then it is easily shown that random-
ization over output is not needed. In that case the dimensionality of the problem
is 3M + B + 2. My degeneracy result reduces it further to 2M + B + 2 dimen-
sions. The reduction is proportional to the cube of the bound and is, therefore,
significant.

One conceivable approach to establishing degeneracy is to replace any non-
degenerate distribution over output by its mean. While this would increase the
objective, because it is concave, it is not evident how to show that such a non-
local alternative also satisfies ex post individual rationality. Therefore, I develop
a local argument. First, I devise a way to perturb distributions in terms of a few
parameters. The perturbation adjusts the endpoints of the support and creates an
atom or adjusts any that exist. Second, in order to carry out the perturbations and
to invoke the Kuhn-Tucker theorem’s necessary conditions, the allocations under
consideration have to be internal. This requirement forces me to consider a subset
of allocations, those I call connected. Because this is a proper subset of all ex post
individually rational allocations, I also have to argue that it is plausible that the
optimum over the larger set is in fact connected.

I use my degeneracy result to compute examples of optimal allocations for
the Deviatov-Wallace model. These examples are consistent with their result that

!The policy was a probabilistic version of the standard helicopter drops followed by propor-
tional reduction in individual holdings.

2The proof is constructive. One simply shows that every implementable allocation can be
replaced with another allocation which is implementable, yields the same welfare and uses only
two-point-support conditional measures.
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money creation is beneficial if agents are patient enough. In addition, the beneficial
effects of money creation persist for a while when patience drops below the critical
value found in Deviatov and Wallace [5]. Only when agents are impatient enough
do the benefits of money creation disappear. Another conclusion is that in the
region where money creation is beneficial, the optima do not imply take-it-or-
leave-it offers by consumers — the bargaining rule imposed by Molico.

The rest of this chapter is organized as follows: the environment is set out in
the next section; the optimum problem is defined in section 2.2; the degeneracy
result is contained in section 2.3; examples of the optima are discussed in section
2.4; section 2.5 concludes.

2.1 Environments

Time is discrete and the horizon is infinite. There are N > 3 perishable consump-
tion goods at each date and a [0, 1] continuum of each of N types of agents. A type
n person consumes only good n and produces good n+1 (modulo N). Each person
maximizes expected discounted utility with discount parameter 5 € (0,1). Utility
in a period is given by u(y) — ¢(x), where y denotes consumption and x denotes
production of an individual (z,y € R, ). The function w is strictly concave, strictly
increasing and satisfies u(0) = 0, while the function ¢ is convex with ¢(0) = 0 and
is strictly increasing. Also, there exists § > 0 such that u(9) = ¢(¢). In addition,
u and c are twice continuously differentiable. At each date, each agent meets one
other person at random.

There is only one asset in this economy which can be stored across periods:
fiat money. This money is indivisible and no individual can have more than B
units of money at any given time, where 2 < B < co. Agents cannot commit
to future actions, including commitment to outcomes of randomized trades in
meetings. Finally, each agent’s specialization type and individual money holdings
are observable within each meeting, but the agent’s history, except as revealed by
money holdings, is private.

2.2 Implementable allocations and the optimum
problem

The pairwise meetings, the inability to commit, the privacy of individual histories,
and the perishable nature of the goods imply that any production must be accom-
panied by a transfer of money. In every meeting of a potential producer with ¢
units of money and a potential consumer with j units, there is a set, denoted C;;,
of feasible money transfers from the consumer to the producer, transfers which
are consistent with each person’s money holdings being in the set {0,1,..., B}:
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Kij = {0,1,..min(j, B —i)}. A trade meeting is one where /;; is at least as
rich as {0,1} set. For each trade meeting between a producer with ¢ and a con-
sumer with j units of money, trade is represented by a probability measure y;; on
R, x K;; with the interpretation that if (y, k) is randomly drawn in accordance
with p,;, then (y, k) is the suggested trade in that meeting.

For any measure j,;; it is convenient to consider the collection of conditional
measures (if;(A) = p;;(Alk), k € Ky, and their supports Q> Then p,; can
be expressed as p;;(A) = kg’; )\fjufj(A), where )\fj = uij(ij), is the probability
that k units of money are offejred in a meeting. Finally, let p; be the fraction of
agents in each specialization type who start a date with ¢ units of money and let
p = (po, .., pp). Then, in terms of p; and AFan arbitrary off-diagonal element of

75
the transition matrix T for p is given by:

B—m+n
~ > A tifm>n
T — 20 (2.1)
% > pid T ifm<n
j=n—m
where 7,,, is the probability of a trade that results in transition from having m
units of money to having n units. Note that since T is a transition matrix, its

diagonal elements are given by mm =1 — > Tps.
s#m
In addition to trades I introduce lump-sum money creation. I use the same

kind of policy that was studied by Deviatov and Wallace [5]. The policy is a
probabilistic version of the proverbial helicopter drops of money. The timing of
events in a period is the following. First there are meetings. After meetings, each
person receives one unit of money with probability «. (Those who are at the upper
bound and receive a unit must discard it.) Then each unit of money disintegrates
with probability 6.

This policy has a close resemblance with the standard policy (expansion at a
rate). This is shown in Deviatov and Wallace [5], who describe the relationship
between the («, 6)-policy above and the standard policy as follows:

”In a model with divisible money, the standard policy is creation
of money at a rate with the injections of money handed out lump-sum
to people. As is well-known, that policy is equivalent to the following
policy: the same injections followed by a reduction in each person’s
holdings that is proportional to the person’s holdings. The proportional
reduction is nothing but a normalization (see, for example, Lucas and
Woodford [13]). Our policy resembles the second, normalized, policy

3Recall that if y is a probability measure, the support of y, denoted supp p, is the smallest
closed set A such that u(A) = 1.
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in two respects. First, the creation part of the policy, the o part, is
done on a per person basis, while the disintegration part, the 6 part, is
proportional to holdings. Second, in a model with divisible money and
a nondegenerate distribution of money holdings, the standard policy
has two effects: it tends to redistribute real money holdings from those
with high nominal holdings to those with low nominal holdings and it
has incentive effects by making money less valuable to acquire. Our
policy also has these two effects. In particular, as regards incentives,
the policy makes producers less willing to acquire money because (a)
they may be given money without working for it (the lump-sum transfer
part of the policy) and (b) they may lose money for which they have
worked (the disintegration part). And, for the same reasons, consumers
are more willing to part with money.”

Similar to trades, creation and destruction parts of the policy yield a pair of
transition matrices for money holdings, denoted A and D respectively. According
to my description of the policy, A is a two-diagonal matrix where the probability
of getting a unit of money, «a, is next to and above the main diagonal, and the
probability of getting no transfer, 1 — «, is on the main diagonal. Matrix D is
lower-triangular where the first ¢ entries in the i-th line comprise the binomial
distribution of order i. Thus, the elements of A and D are:

l—a, ifj=i (567 =6y, ifj<i
aij: «, lfj:l+1 dij:
0, otherwise 0, otherwise

The stationarity requirement is pT AD = p.

It is convenient to express individual rationality constraints in terms of dis-
counted expected utilities. For an allocation (p, p, @, ), where p is a stationary
collection of measures j;;, (4,7) € {0,..., B — 1} x {1,..., B}, discounted expected
utility of an agent who ends up with 4 units of money by the end of the period,
denoted v;, is constant. Then vector v = (v, ..., vp) satisfies the following B + 1-
equation system of Bellman equations:

v =08(d + TADV'), (2.2)
where q, the vector of (expected) one period returns from trade, is given by:

Q= ZPZZ/\/ y)dul; — ZPJZ)\/ )dpy (2.3)

=0 keKu g J=1"" keky ot
and where [ € {0, ..., B}. Note that an individual with no money can only expect

to be a producer, an agent with B units can only be a consumer, and anyone else
can be either a consumer or a producer.
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Because T, A and D are transition matrices and 5 € (0,1), the mapping
G(x) = B(d + TADX') is a contraction. Therefore, (2.2) has a unique solution
which can be expressed as

v = <ﬁ1 TAD>_1 q (2.4)

where I is the (B 4 1) x (B + 1) identity matrix.
The ex post notion of individual rationality gives rise to the following definition:

Definition 2.1 An allocation (p, @, @, 6) is called implementable if (i) pT AD =
P, (i) v (given by 2.4) is non-decreasing, and (iii) p;p; > 0 and (y, k) € supp pi;;
imply:

(€11 —€)ADV —c(y) 20  and  (ej_r —e€;)ADV' +u(y) > 0.  (2.5)

Here €; is the B+ 1-component coordinate vector with indices running from 0 to B.
Definition 2.1 says that an allocation is implementable if it is stationary, satisfies
free disposal of money and if the ex post gains from trade implied by the allocation
are nonnegative.

Finally, our optimum problem is to maximize ex ante utility. That is, the
optimum problem, denoted P, is to choose (p, w, @, §) from among those that are
implementable to maximize pv' = W.

It is useful to express the objective W in terms of returns. If I multiply (2.2)
by p and use the fact that pT’AD = p, then I obtain:

W =pv' = %pq'

Then, by writing out the product pq’, I get:

BlB

T 1- mvzz > Pk / y)dus; (2.6)

1=0 j=1kek;; k.
ij

where z(y) = u(y) — ¢(y). As one would expect, because for every consumer there
is a producer, welfare is equal to the net expected discounted utility in all trade
meetings.

2.3 Degeneracy of the optima

The objective of this chapter is twofold. First, I want to show that degeneracy
of measures ,u holds for solutions to problem P. Second, I want to compute ex-
amples of the optlma. However, when it comes to degeneracy I cannot work with
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problem P directly. As I said, I use an argument which is based on perturbations
of candidates for the optima. To apply that method, I need the candidates to be
internal because otherwise they can not be perturbed and remain implementable.
To assure satisfaction of this condition, I consider a subset of implementable allo-
cations — those that satisfy a property I call connectedness. With this additional
restriction on the set of allocations, degeneracy holds for all feasible policies. How-
ever, to simplify the notation, I proceed with zero money creation in this section.
The policy reappears in section 2.4, where I discuss numerical examples.

The formal definition of connectedness is somewhat lengthy and may be diffi-
cult to follow at first. Roughly speaking, it requires that an allocation implies a
value function consistent with a willingness to trade one unit of money in a suf-
ficient number of meetings. Here willingness does not require that actual trades
involve transfers of one unit of money, but only that trades of one unit satisfy
the participation constraints implied by the allocation. A sufficient number of
meetings means that these meetings can be linked into a chain that covers the
entire set of money holdings. Here, by describing simple sufficient conditions for
connectedness, I suggest that adding the connectedness requirement is likely to be
innocuous for problem P.

Given the form of the objective (see (2.6)), one would expect that any solutions
to problem P would have trade in many meetings. But, requiring trade in all trade
meetings is too restrictive; it may be hard to get trades between poor consumers
and rich producers. Fortunately, that is not necessary for connectedness. Instead,
the following is sufficient: (i) (p, @) implies a concave value function v and p has
full support; and (ii) trade occurs in all meetings where the consumer is at least
as rich as the producer.* Tt is plausible that solutions to problem P satisfy (i) and
(ii) and, hence, are connected.’

I now turn to the formal definition of connectedness. Let (p, i) be an arbitrary
allocation. Let Gp ) be the set of all pairs (4, j), ¢ being the producer’s holdings
and j the consumer’s holdings, such that agents are willing to trade one unit of
money. That is:

G = {(4,4) : 3y € Ry such that v;11 —v; > c(y) and u(y) > v; —vj_1}
(2.7)
Next, I use G(p, ) to define a correspondence Z, ) on the set of money holdings
of producers, Z ={0, ..., B — 1}, which gives the post-trade holdings of consumers

4The proof that these conditions are sufficient for connectedness is given in lemma B1 in the
Appendix.

% Another way to get reassurance about the connectedness restriction is by way of a description
of the set of allocations that are implementable, but not connected. They tend to be allocations
which do not make full use of the set of possible money holdings. For example, for B = 2, any
non-connected allocation can be achieved with B = 1 and two distinct monies (see Aiyagari,
Wallace and Wright [1] for examples of such allocations).
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implied by G ). That is:

Z (1) = 1 =11 (i,5) € Gp )}

Next, let a subset Z; of 7 be called a block if the restriction of = ) to Z; X T,

denoted El(p “),6 admits a selection, denoted al(p ) which is a permutation with a

unique orbit.” Finally, block Z;_ is said to be reachable from Z;  if it is possible to
find a sequence of blocks {Z;,}7 " such that 7, N Z,,,, # 0 for all s = n,...,m — 1.

I can now give the following definition:

Definition 2.2 An allocation (p,p) is said to be connected if there exists a

collection {Z;,}"" | of blocks such that every block in this collection is reachable

from any other and GILS =17
s=

Now I would like to introduce some additional notation which is used later.
If (p, i) is implementable and connected, then there are participation constraints
implied by both actual trades in meetings and by willingness to trade one unit of
money. In particular, implementability implies that if the probability of a transfer
of k units of money in a meeting of a producer with ¢ and a consumer with j units,
pipj)\fj, is positive, then the participation constraints (2.5) have to hold for every
y in the support of conditional measure uf] Connectedness implies that another
group of participation constraints holds for some gy in every meeting where agents
are willing to trade one unit of money. Therefore, it is convenient to define the
following objects:

Definition 2.3 Given an arbitrary implementable and connected allocation
(P, ), define

Z%p,u) = {(Zaja 1) : (273) € G(p,u)}, Z%p,p,) = {(2797 k) pzp])‘f] > 0}7

and Zp ) = 7}

2
(p,p) Uz

(Psp)

Next, observe that if some triplet (4,7,1) is in Z%n . but not in Z%E ,: then

pipj)\%j = 0 and the associated conditional measure, u}j, is empty. It is conve-
nient to replace this empty measure by one with a support whose lower endpoint
is positive. Moreover, this replacement is innocuous because pipj)\zlj = (0 which

6Note that El(p_u) is

=l _ E(p,”)(i) NZ if1 €1
~(p.) () otherwise

"Let 0 : A — A be a permutation and let R be an equivalence relation on A such that a,Ram
if and only if there exists an integer [ such that a,, = ¢'(a,). Then an orbit of o is an equivalence
class of relation R. Note that an arbitrary permutation can have more than one orbit. However,
if a permutation has a unique orbit, this orbit necessarily coincides with the set A.
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implies that the fictitious support does not affect v or W. Accordingly, for every
(i,4,1) € Ziy )\ Z, ,1y» et pj; be a Dirac measure with support y, where y is any
suitable output in the definition of G ).

Now, let gfj and @fj denote the endpoints of the support of measure ,ufj with

the above replacement of empty measures in Z%p,u)\Z%p,u)' Then, we have the

following. If (p, p) is implementable and connected, then

(@) — Wik —v;) <0 and (vj —vj k) —u(y®) <0 (2.8)

=y

hold for all (i, j, k) € Zp,p).-

I now concentrate on the optimum problem F,, which is to maximize welfare
W subject to (p, ) being implementable and connected. Most proofs are in the
appendix.

First I use connectedness to show that Py has solutions. This is done by en-
dowing the space of measures ufj with the weak™® topology and by showing that the
set of implementable and connected allocations is compact and that the objective
W is continuous.

Proposition 2.1 The optimum problem P, has solutions.

Then, I define two classes of perturbations of non-autarkic probability measures
in p, one class for nondegenerate measures and another for degenerate ones. A
measure 4 is called autarkic if it has zero support (i.e. supppf; = {0}). (An
allocation is autarkic if all the nonempty measures ufj are autarkic.) Note that
autarky is defined as no production rather than no trade. The perturbations adjust
measure ufj, but do not affect )\fj and, hence, the distribution p. Note that the
perturbations do not affect policy parameters a and 6 (which I set equal to zero
in this section) as well. This is important because it accounts for why degeneracy
holds for all feasible policies.

Let ¢ be a nondegenerate probability measure on R, with a bounded support
and let y and ¥ be the endpoints of that support. Let us take six nonnegative

numbers: a, b, ¢, d, x and € such that b > a + y—gg, d>c+ %, min(a,c) < x <
max(b,d) and 0 < e < 1. Also, let us observe that y can be tautologically written
as [ = iy + [y, where iy = iy = % (. Then the perturbation does two things. First,
it moves the endpoints y and 7 of p; and p, independently to the new positions, a
and b for p1; and ¢ and d for i, so that the "shapes” of i, and y, (which are those
of ) are preserved. Second, the perturbation creates a mass point x with mass ¢
within the union of the perturbed supports. That is, the perturbed measure z is

obtained from p via the formula:

F(A) = 6, (4) + 5 (1 - 9) [ (1 (4) + (15 (4))] (29)

where 0, is a Dirac measure with support x, and ¢; and ¢5 are two linear mappings
on the real line defined by my requirement that ¢; maps y and 7 into a and b and
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that ¢, maps y and 7 into ¢ and d.® Note that because I set b > a and d > ¢, the
mappings ¢ and ¢, are invertible.

For a measure p which is degenerate, the perturbation splits its single-point
support into two points which, however, are allowed to be the same. Each of
these points gets one-half of the mass of measure pu. That is, let g and h be two
nonnegative numbers. Then the perturbed measure p is given by

i(A) = 56, (4) + 564 (4). (2.10)

Now, given an arbitrary implementable and connected allocation (p, p), I define
a finite-dimensional optimization problem, denoted ﬁ(p,u), which is to maximize
W by the choice of the parameters (afj, bfj, k. dfj, xi?j, 5@-, gfj, hfj), one eight-tuple
for each nonempty non-autarkic measure p;; in p, subject to (p, ) being im-
plementable and connected. If (p, ) solves Py, then the null perturbation must
solve Ig(p,u). This is the basis for the proof by contradiction showing that every
nonempty non-autarkic measure uf’j in g must be degenerate.

Because this optimization problem is finite-dimensional, it can be analyzed
by means of the Kuhn-Tucker theorem. The central hypothesis of that theorem
is the constraint qualification: the rank of the Jacobian matrix should be equal
to the number of active constraints. The constraint qualification is sufficient to
ensure the existence of an open region U adjacent to the solution point in which
all the constraints are relaxed. Existence of such a region allows one to claim that
the solution point satisfies the first-order necessary conditions of the Kuhn-Tucker
theorem. My approach is to establish existence of U directly, without appeal to
the full rank requirement on the Jacobian matrix.

Lemma 2.1 Let (p,u) be a non-autarkic solution to problem P,. Let ]3(“;#)

be the associated perturbation problem Jg(p#) with the additional restriction that
5;3 = 0. Let E be the set of all active constraints of problem ﬁ(*p#) at (p, )
and assume that E is nonempty. Then there exists a nonempty subset E' of E
and multipliers £, > 0, one for each constraint in E', such that the gradient of
the objective W can be written as a linear combination of the gradients of the
constraints in E'.

The proof of the lemma has two major parts. First, connectedness is used to
show that any implementable and connected allocation is either autarky or satisfies
gfj > 0 for all (¢,7,k) € Zp ). Because I consider non-autarkic solutions to F,

8That is,
ay—by b-—a
ti(y;0,0) = —=+—y
y—-y y—-y

and analogously for 5.
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the latter implies that all the constraints in problem ]5(*;,#) pertaining to non-
negativity of endpoints are slack. Second, the participation constraints implied by
implementability and connectedness are used to show existence of a fixed vector
n in the space of perturbations such that the angle between this vector and the
gradient of any of the participation constraints is less than 7. These two facts
are sufficient to guarantee existence of &. That, in turn, implies that the gradient
of W is in the convex hull of the gradients of the active constraints whose edges
define £

The multipliers £, of Lemma 2.1 can be used to prove the main proposition.

Proposition 2.2 If (p, ) solves problem Py and the support of ufj 18 non-
empty, then ufj 1S degenerate.

Proof. Suppose that (p, p) is a solution to the optimum problem P and that it
has at least one nondegenerate measure ufj Consider the associated perturbation

problem JB(WL) and let E be the set of active participation constraints of that
problem. Let us first assume that F is nonempty.

By Lemma 2.1, (p, ) satisfies necessary first order conditions for the Kuhn-
Tucker theorem for that problem. The constraints are the participation constraints
in £’ and f; € [0,1] and zf; € [af;,b};]. At €f; = 0, the multipliers associated
with xfj are equal to zero. Therefore, the multiplier associated with the binding
constraint, 5?]- = 0, can be expressed as

g

=% R — &,
Oei; Oe;;

Ock

ij

oW [ 0 (Uj —Vj—k — u(af)) 9 (UiJrk — Ui — C<bf))
2 |6 : :
E‘/
where §, and &, are the multipliers from Lemma 2.1.
Note that optimality of afj = 0 requires that ¢ > 0 for all :Uf] € [gfj,yfj},

which, because 4f; is nondegenerate, is an interval. It follows from (2.9) that:

v
o= d(k) - / B(y) du,

k
Eij

where

(y) = 2(y) + ﬁ[ﬁsz (eirk —€i) — &, (e — e;p)|H (piuly) €) — p; cy) €))

—1
and where e; denotes i-th coordinate vector and H = %I — T> . Because the

multipliers &, and ¢, are well-defined, ®(y) is a continuous function. Moreover,
®(y) is non-constant because u(y) and ¢(y) are linearly independent and because
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§,, and &, can, without loss of generality, be independently scaled. Then, because
,ui.“j is a nondegenerate probability measure, straightforward application of the first
mean value theorem for the Lebesgue integral yields existence of some x € [gfj, @fj]
75
such that ®(z) < [ ®(y) duf;. This implies that o > 0 does not hold for all choices
vy
k k =k
of z7; from [gij, yij}.
If F is empty, then all the participation constraints are slack which implies that
the multipliers associated with these constraints are zeros. Then ®(y) = z(y) and
the above argument applies. B

Note that the proof of Proposition 2.2 applies to any non-autarkic solution to
problem F,. Recall that autarky is an allocation where all nonempty measures
,ui.“j have zero supports and, thus, is degenerate. This means that Proposition 2.2
holds for all possible solutions to problem F,. However, if Proposition 2.2 is to
be of interest, it better be that there is a wide class of environments where these
solutions are non-autarkic. It is easy to provide conditions for existence of non-

autarkic implementable allocations. These exist if ¢/(0) < mu’ (0).° Then
1=

if, as was argued above, connectedness is an innocuous restriction for problem
P, then this condition is also sufficient for existence of non-autarkic solutions to
problem F,.

2.4 Examples

In this section I compute optima for examples with a two-unit bound on individual
money holdings. Even for this small bound on holdings, closed-form solutions for
the optima are not feasible. I report examples for the case where the utility function
is the square root, the cost function is linear, and the number of specialization types
is three; that is, u(z) = v/z, ¢(z) = z, and N = 3. The optima are parameterized
by the degree of patience of individuals, r, where r = % — 1. I compute examples
for all r from 0.01 through 0.2 in increments of 0.01 and also for r € {0.25, 0.3,
0.4, 0.5, 1, 2}.

The algorithm is a version of the standard genetic algorithm,'® which I modified
in two ways. First, I made the standard algorithm capable of handling arbitrary
inequality and equality constraints. Second, I made the search more efficient by
directing mutation into a small region (cone) around the projection of the gradient

9This condition is sufficient for existence of non-autarkic implementable allocations in which
the support of p is {0, B}, trades are limited to transfers of B units of money in meetings of
producers with zero and consumers with B units, and in which consumers make take-it-or-leave-it
offers to producers.

10See Dawid [4] and Houck, Joines and Kay [8] for details.
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of the objective onto the subspace orthogonal to the one spanned by the gradients
of the active constraints. The algorithm was terminated when the length of that
projection became less than the tolerance value. This termination criterion ensures
that the first order necessary conditions for the Kuhn-Tucker theorem are (with
reasonable precision) satisfied at every terminal point. Because the probability of
selection of individuals in the population was set to be an increasing function of
the objective, this is sufficient to guarantee that every terminal point is a (local)
maximum.

The results for the different r’s are consistent with existence of four distinct
regions. I define (besides r* found in Deviatov and Wallace [5]) two other “critical”
values for the discount rate (denoted r! and r¥; with my choice of parameters
rr o= YB3~ 0.067, r' ~ 0.133, and r* &~ 0.161) which separate them. The
region r € (0,7*] is the region where Deviatov and Wallace showed that money
creation is beneficial. If r € (r*,rT), money creation is still beneficial, yet the
constrained optimum has binding producer constraints, and the proof technique
of Deviatov and Wallace is not applicable. If r € (rf,r}), money creation is not
helpful, however, the optima do not have take-it-or-leave-it offers in all meetings.
Finally, for all » > r! money creation is not helpful and the optima have take-
it-or-leave-it offers by consumers in all meetings. Note that I find no examples
where money creation is beneficial and the optimum has take-it-or-leave-it offers
by consumers in all meetings — the bargaining rule imposed by Molico [15]. In
examples where money creation is beneficial, the binding participation constraints
are those of producers who have one unit of money and of producers who have no
money but trade one unit with consumers who have two units of money.

There are two things that are common to every example. First, one unit of
money is transferred with probability 1 in all trade meetings. Second, there are no
binding consumer participation constraints. I take advantage of these features to
simplify the presentation of examples (see Table 2.1'1). T omit the probabilities of
transfer of money in meetings (the lamdas), suppress superscripts in the notation
for outputs, and attach stars (*) to outputs which are part of binding producer
constraints. For each value of r in the first row of Table 2.1 I report two optima
(I only show the optima for those r where money creation is beneficial). The first
column shows the optimum subject to @« = 6 = 0; the second column shows the
unconstrained optimum. Rows 2-3 in Table 2.1 show the optimal policies; rows
4-6 show the distributions of money holdings; rows 7-10 give the outputs; and
row 11 gives the welfare gain from adoption of the optimal policies relative to the
constrained optima.

In addition, numerical examples suggest the following about optimal alloca-
tions. First, in every optimum where money creation is beneficial, the proportion
of individuals who hold one unit of money is larger than in the optimum subject

'The best quantity of output, the unconstrained maximizer of z(y), is 0.25.

24



r 0.03 0.06 0.07 0.10 0.13
0787 - | .0855 - 0480 - 0258 - .0045
0523 - | 0374 - 10325 - 0177 - .0031
Po | 1/3 | 3342 | 1/3 | 3377 || 3337 | .3389 || .3373 | .3426 || .3448 | .3465
P1 || 1/3| 3572 || 1/3 | 3506 || .3333 | .3484 || .3333 | .3416 || .3332 | .3346
P2 || 1/3 | 3086 | 1/3 | .3117 || 3330 | .3127 || .3204 | .3158 || .3220 | .3189
Yor || 25 | 2573 || .25 | .2576 || .2497 | .2577 || 2458 | .2580 || .2541 | .2583
Yio || 25 | 1945™ || .25 | .1930% || .2477% | .1924™ || .2243% | .1902" | .1946™ | .1875"
Y11 || 25 | 1945™ || .25 | .1930% || .2477% | .1924™ || .2243% | .1902" | .1946™ | .1875"
o || 25 | .3009% || .25 | .2963% || .2530 | .2049™ || .2833 | .2007" || .2894™ | .2866™
0
AW 2.62% 1.62% 1.27% 0.49% 0.04%

Se)

Table 2.1: Optima

to a = 6 = 0. That is, the optimal («, 6)-policy shifts the distribution towards the
mean.

Second, the («, §)-policy has incentive effects similar to those of the standard
lump-sum policy. The policy tightens producer participation constraints which
explains why production is less than the best quantity in meetings where producers
have one unit of money. Outputs in meetings where producers have nothing are
larger than the best quantity'? because that helps to relax participation constraints
in meetings where producers have one unit. In particular, high ¥y, tends to increase
v, which, in turn, helps to relax these constraints. The incentive effects of the
policy explain why in all examples the set of binding participation constraints is
(weakly) larger than the set of binding constraints in examples with o = § =
0. Note that the policy decreases the total production (GNP). This, however, is
welfare improving.

Third, the optimal inflation rate, a;, and the welfare gain from adoption of the
optimal policy are increasing functions of patience. More patient individuals can
tolerate higher inflation without serious incentive effects. This gives rise to distri-
butions which are more concentrated around the mean. These, in turn, increase
the number of trades and, hence, welfare. When patience drops below 7T, the
harmful intensive margin effects outweigh the beneficial extensive margin effects
of the policy and no money creation is optimal.

Finally, as I already said, all optima have transfers of one unit of money with
probability one in all trade meetings. This is consistent (see Definition 2.2) with
my conjecture that all optima are connected. I should make it clear that the
transfers of one unit are optimal here because of the two-unit bound on holdings.
In environments with larger bounds one should not expect that the optima will

12This refers to outputs shown in Table 2.1. If r is big enough, production in all meetings is
less than the best quantity.
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have transfers of one unit, but, as was argued above, it is plausible that they will
be connected.

2.5 Concluding remarks

This chapter extends the work of Deviatov and Wallace [5] in two ways. First, I
show that the optimum chosen from among allocations which are implementable
and connected does not involve randomization over output conditional on the trans-
fer of money in a meeting. Because my proof technique is compatible with the
money creation scheme studied in [5], the result can be used to study optimal
money creation. Second, I compute numerical examples which provide additional
information about the optima. These examples are consistent with what was con-
jectured in [5]. An important finding is that all optima in examples are connected
(in fact, they satisfy sufficient conditions for connectedness in section 2.3). This
supports my conjecture that connectedness is an innocuous restriction and that
the optima chosen from among implementable allocations satisfy degeneracy.
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Chapter 3

Money Creation and Optimal
Pairwise Core Allocations in a

Matching Model

A minimum test for the usefulness of a monetary model seems to be its ability to
study lump-sum money creation. Among such models there seems to be a sharp
contrast in results depending on whether there is heterogeneity in asset holdings.
Representative agent models tend to yield results which are in line with what
has become known as the Friedman rule: the optimal monetary policy is not cre-
ation, but destruction financed by lump-sum taxes. Models which make use of
heterogeneity do not give a general answer: in some of these models the optimal
monetary policy is contractionary, in some other models it is expansionary. Exam-
ples of models where it is expansionary include Levine [11] and its generalization
by Kehoe, Levine and Woodford [10], Molico [15] and Deviatov and Wallace [5].

Levine [11] and Kehoe, Levine and Woodford [10] use a preference shock model
with two realizations for the shock. In that model they produce examples where
money creation is beneficial. However, they restrict attention to distributions
of money holdings whose supports consist of just two points. To sustain these
distributions in equilibrium they make quite special assumptions about parameters.

Deviatov and Wallace [5] and Molico [15] work with the random matching
model of Trejos-Wright [17] and Shi [16]. Molico [15] uses a version with divisible
money and unbounded holdings. However, he restricts himself to a particular
bargaining rule — take-it-or-leave-it offers by consumers. As is well known, this
rule can cause too much production in some meetings. Because the policy tightens
producer participation constraints, the beneficial effect that he finds may result
from offsetting the inefficient division of the gains from trade.

To address that concern, Deviatov and Wallace [5] do not adopt any particu-
lar bargaining rule. Instead they work with optima over the entire set of imple-
mentable allocations. They define implementable allocations as ones that satisfy
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ex post individual rationality in meetings. In a model with indivisible money and a
two-unit bound on holdings, Deviatov and Wallace [5] show that if individuals are
patient enough, then some money creation is better than no money creation. The
role of money creation is to shift the distribution of money towards the average
holdings to permit more trade to occur. Although Deviatov and Wallace [5] do
not give a detailed description of the optima, that is sufficient to demonstrate that
the optima have money creation.

Here I study the same environment as in Deviatov and Wallace [5], but I work
with a different notion of implementability — the ex ante pairwise core. Because
closed-form solutions for the optima cannot be obtained, I proceed numerically.
My main finding is that in all examples there are no benefits of money creation.
This is in sharp contrast with what is shown in Deviatov and Wallace [5].

The rest of the chapter is organized as follows. In the next section I describe
the environment; in section 3.2 I define implementable allocations; in section 3.3
I discuss some general properties of implementable allocations; in section 3.4 I
describe the algorithm; in section 3.5 I discuss examples; section 3.6 concludes.

3.1 Environments

The background environment is a simple random matching model of money due
to Shi [16] and Trejos and Wright [17]. Time is discrete and the horizon is infinite.
There are N > 3 perishable consumption goods at each date and a [0, 1] continuum
of each of N types of agents. A type n person consumes only good n and produces
good n + 1 (modulo N). Each person maximizes expected discounted utility with
discount parameter 3 € (0,1). Utility in a period is given by u(y) — c¢(z), where y
denotes consumption and z denotes production of an individual (z,y € R, ). The
function w is strictly concave, strictly increasing and satisfies u(0) = 0, while the
function c is convex with ¢(0) = 0 and is strictly increasing. Also, there exists g > 0
such that u(g) = ¢(¢). In addition, u and ¢ are twice continuously differentiable.
At each date, each agent meets one other person at random.

There is only one asset in this economy which can be stored across periods:
fiat money. This money is indivisible and no individual can have more than B
units of money at any given time, where 2 < B < oo. Agents cannot commit to
future actions except commitment to outcomes of randomized trades in meetings.
Finally, each agent’s specialization type and individual money holdings are ob-
servable within each meeting, but the agent’s history, except as revealed by money
holdings, is private.
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3.2 Implementable allocations and the optimum
problem

The pairwise meetings, the inability to commit, the privacy of individual histo-
ries, and the perishable nature of the goods imply that any production must be
accompanied by a positive probability of receiving money. In every meeting of a
potential producer with ¢ units of money and a potential consumer with j units,
there is a set, denoted KC;;, of feasible money transfers from the consumer to the
producer, transfers which are consistent with each person’s money holdings being
in the set {0,1,..., B}: K;; ={0,1,...min(j, B—1)}. A trade meeting is one where
K = Ki;\{0} is nonempty. For each trade meeting between a producer with i
and a consumer with 7 units of money, trade is represented by a probability mea-
sure p1;; on Ry x KCy; with the interpretation that if (y, k) is randomly drawn in
accordance with p,;, then (y, k) is the suggested trade in that meeting. Let p be
the collection of measures f1,;; corresponding to trade meetings.

For any measure fi;; it is convenient to consider the collection of conditional
measures fif;(A) = p;;(A|k), k € Ky, and their supports Q;." Then p,; can
be expressed as ;;(A) = kez’C: )\Z-/L%(A), where )\fj = Mij(ij), is the probability
that k£ units of money are Offejred in a meeting. Finally, let p; be the fraction of
agents in each specialization type who start a date with ¢ units of money and let
p = (po, ---,pB)- Then, in terms of p; and /\fj, an arbitrary off-diagonal element of
the transition matrix T for p is given by:

1 B—m+n o
N O Pidg, ifm>n
Tomm = 5 (3.1)
¥ > P ifm<n
j=n—-m

where 7,,, is the probability of a trade that results in transition from having m
units of money to having n units. Note that since T is a transition matrix, its
diagonal elements are given by mpm =1 — > Mys.
s#m

In addition to trades there is lump-sum money creation. I use the same kind of
policy that was studied by Deviatov and Wallace [5]. The policy is a probabilistic
version of the proverbial helicopter drops of money. The timing of events in a
period is the following. First there are meetings and trades. Next, each person
receives one unit of money with probability . (Those who are at the upper bound
and receive a unit must discard it.) Then each unit of money disintegrates with
probability 6.

'Recall that if y is a probability measure, the support of x, denoted supp i, is the smallest
closed set A such that u(A) = 1.
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This policy has a close resemblance with the standard policy (expansion at a
rate) which is followed by proportional reduction (normalization, see e.g. Lucas and
Woodford [13]) in individual holdings. The standard policy shifts the distribution
of money holdings towards the mean and makes money less desirable to acquire
because poor producers are less willing to produce for money (because they get
a transfer without production) and rich consumers are more willing to part with
money (because they lose some of its value). The (a, 6)-policy of Deviatov and
Wallace [5] has these effects as well.

Similar to trades, creation and destruction parts of the policy yield a pair of
transition matrices for money holdings, denoted A and D respectively. According
to my description of the policy, A is a two-diagonal matrix where the probability
of getting a unit of money, «a, is next to and above the main diagonal, and the
probability of getting no transfer, 1 — «, is on the main diagonal. Matrix D is
lower-triangular where the first ¢ entries in the i-th line comprise the binomial
distribution of order i. Thus, the elements of A and D are:

1—aq, ifj=i (567 =6y, ifj<i
Qi = a, 1fj=2+]. dij:
0, otherwise 0, otherwise

The stationarity requirement is pT AD = p.

It is convenient to express individual rationality constraints in terms of dis-
counted expected utilities. For an allocation (p, p, v, ), that is stationary, dis-
counted expected utility of an agent who ends up with 4 units of money at the end
of the period, denoted v;, is constant. Then vector v = (v, ..., vp) satisfies the
following B + 1-equation system of Bellman equations:

v =08(d + TADV'), (3.2)
where q, the vector of (expected) one period returns from trade, is given by:

G = ZP’ZA/ y)dpk — ZPJZA/ Yk, (3.3)

=0 ke k 7j=1 kE’ClJ k
Qk k.

and where [ € {0, ..., B}. Note that an individual with no money can only expect
to be a producer, an agent with B units can only be a consumer, and anyone else
can be either a consumer or a producer.

Because T, A, and D are transition matrices and § € (0,1), the mapping
G(x) = B(d' + TADX') is a contraction. Therefore, (3.2) has a unique solution
which can be expressed as

1 —1
v = A ! )
(ﬁl T D) q (3.4)
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where I is the (B 4 1) x (B + 1) identity matrix.
Let

I, = Z )\fj (€1 x —e€;) ADV' — /c(y)dufj (3.5)

kel

S & Q?j

be the expected gain from trade for the producer with ¢ units of money in a meeting
with a consumer with j units and let

c — k

IT; = Z Aij | (ej—r —e;) ADV' + /u(y)dufj (3.6)
kEKs
eRij ij
be the expected gain from trade for the consumer in that meeting (where €; is the

B + 1-component coordinate vector with indices running from 0 to B).
The ex ante pairwise core notion of implementability gives rise to the following

definition:

Definition 3.1 An allocation (p, p, v, 6) is called implementable if (i) pT AD =
p, (it) v (given by 3.4) is non-decreasing, (iii) the participation constraints

;>0 and 1I5; >0 (3.7)

hold, and (iv) there exists a vector 8 € 0,115 such that for all pairs (i, j) corre-
sponding to trade meetings, measure i; solves

max (Hfj)k% (Hfj)oij . (3.8)

Mg
where the value function, v, is taken as given.

Definition 3.1 says that an allocation is implementable if (i) it is stationary, (ii)
satisfies free disposal of money, (iii) the ex ante gains from trade implied by the
allocation are nonnegative, and (iv) there is no incentive for defections by pairs in
meetings.

Finally, our optimum problem is to maximize ex ante utility. That is, the
optimum problem, denoted P, is to choose (p, u, @, §) from among those that are
implementable to maximize pv' = W.

It is useful to express the objective W in terms of returns. If I multiply (3.2)
by p and use the fact that pT’AD = p, then I obtain:

_ I ﬁ /
W =pv =1 5Pd
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Then, by writing out the product pq’, I get:

BlB

T 1-p NZZ > ipiX; / y)du; (3.9)

1=0 j=1kek;; QF.
ij

where z(y) = u(y) — ¢(y). As one would expect, because for every consumer there
is a producer, welfare is equal to the net expected discounted utility in all trade
meetings.

3.3 General results

In their paper on lotteries, Berentsen, Molico and Wright [2] give a complete char-
acterization of the ex ante pairwise core for the case of one-unit bound on holdings.
Here I use their results to show that every implementable allocation has no ran-
domization over output; each conditional measure ufj is degenerate and does not
depend on k. The proof is the same as that of Proposition 3 in Berentsen, Molico
and Wright [2], so I do not reproduce it here. Degeneracy follows immediately
from concavity of u(z) and —c(x). Independence on k follows from concavity of
the Nash product (3.8) in Definition 3.1.

These results imply that the expressions for the gains from trade (3.5) and (3.6)
and for welfare (3.9) can be simplified. Welfare is

BlB

=15 szpzpy Vi) (3.10)

=0 j=1

where y;; denotes output in a meeting of producer with ¢ and consumer with j
units of money.

Degeneracy of conditional measures implies that the optimum problem P is
finite dimensional. This allows me to characterize the pairwise core in terms of the
necessary first order conditions for maximization of the Nash product. Because of
concavity of the latter these necessary conditions are also sufficient. If an allocation
(p, , @, 8) has y;; > 0 in all trade meetings,? then the first order conditions can
be conveniently written as

> 0if A = >\
o ul<yij> ) AD k 11
(ej-k —€j) + ) (eirn —€:)| ADV/ = 0 if 0 < AL < X, (3.11)
Y <0if A = o

2A sufficient condition for this is that ADv’, where v is the value function implied by an
implementable allocation (p, , @, 8), is strictly increasing and that «’(0) = co and ¢/(0) = 0.
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for all pairs (i, j) corresponding to trade meetings and transfers of positive amounts
of money k, where X?j =1- > A5
sek\{k}

The first order conditions (3.11) yield a set of constraints which an imple-
mentable allocation must satisfy in addition to the participation constraints in
Definition 3.1. If the value function ADv’ implied by an implementable allocation
(p, &, v, 0) is strictly concave, then (3.11) has implications for the level of output
in some meetings. In particular, if )\fj >0 and k > j — ¢ for some k € IC;;, then
vi; < y*, the unconstrained maximizer of z(y). (Notice that if j > i — 1, that is if
the producer’s holdings are one unit less than the consumer’s or larger, then trade
implies )\fj > 0 for some k& > j —i.) In the examples below, B = 2, so the only
meetings in which output can exceed y* are those between a producer with zero
and a consumer with two units of money.

3.4 The algorithm

With the ex ante pairwise core notion of implementability the optima always have
some binding participation constraints. If individuals are patient enough, the
optima also have randomization over how much money is transferred in meetings.
This implies that some of the constraints in (3.11) are also binding. Because these
constraints are complicated functions of an allocation, closed-form solutions for the
optima are out of reach even for the case of a two-unit bound on holdings. That
is why I compute a set of examples.

The optimization problem P falls within the class of problems generally re-
ferred to as “nonlinear programming problems”, for which many standard routines
are available. However, as one can see, the constraints in (3.11) are discontinu-
ous.> Another difficulty is that the mapping F(p) = pTAD — p is ill-behaved at
a = 8§ = 0.* This precludes application of routines which require continuous differ-
entiability of objective and constraints, such as sequential quadratic programming,.
I overcome this difficulty by designing a hybrid algorithm which combines genetic
and conventional smooth optimization techniques.

There are three main steps in this algorithm.

e Step 1. Create an initial population of allocations.

3Each constraint in (3.11) is equivalent to

/(yij)
! (yiz)

IS

(€11 — ;)| ADV' + (sign(/\fj) - sign(ij —

(ej—k — ;) + )05 =0

and ﬁfj < 0, where sign(zx) is the sign function, and 19;3 is a slack variable.
4See Deviatov and Wallace [5], who study the properties of that mapping for B = 2.
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e Step 2. Amend the population by replacing the worst allocations by better
ones.

e Step 3. Check if the termination criterion is satisfied for the best allocation
in the population. If yes, terminate. If no, return to step 2.

In step 1 I create a matrix where each row is an allocation. Allocations in the
initial population are picked randomly among those which satisfy ex ante individual
rationality. The size of the population is a parameter of the algorithm.

To amend the population in step 2 I use several genetic operators. These
operators are called selection, crossover and mutation. I use standard selection
and crossover operators, a subset of those described in Houck, Joines and Kay [8].
However, I modify the standard mutation operator. The standard operator alters
a single allocation (called “the parent”) to produce another allocation (called “the
child”). The operator I use is a composition of two independent operators.

The first one is applied only if the parent has at least one of the transfer
probabilities )\fj at its upper or lower bound or if it has & = é = 0. The operator
pushes a random subset of these variables into the interior. If a better allocation
is produced, it replaces the parent in the population. This simple mutation deals
with discontinuity of the constraints in (3.11) and with ill behavior of the mapping
F(p) at zero.

The second operator alters only those of the transfer probabilities and policy
pairs which are already in the interior. There, because all constraints are twice
continuously differentiable, application of smooth methods is possible. This leaves
a range of possibilities for what this second operator can be. In particular, one can
run a few iterations of a sequential quadratic routine or of the BFGS algorithm?®
(as long as these iterations remain in the interior). The operator I adopt makes
use of the gradients in the following way.

First, I compute (reduced) gradients of the objective and of all active con-
straints. Then I compute an orthogonal projection of the gradient of the objective
onto the subspace orthogonal to the one spanned by the gradients of the active
constraints. After that I randomly pick a search direction in the neighborhood
(small cone) of that projection. Going in that search direction is likely to improve
the objective and does not violate (at least by much) the active constraints. The
child is obtained from the parent by moving along the search direction. However,
this procedure often leads to violation of some constraints even if the parent sat-
isfies all the constraints. In this case the objective implied by the child is reduced
by some value which is proportional to the amount by which the constraints are
violated. If the penalty parameter is large, even a small violation is costly, and
the child dies out of the population quickly. If the parent itself violates constraints

5See Judd [9] for further details.

34



by large amounts, then the search direction is chosen to move the child closer to
the feasible region regardless of what happens to the objective. Because the initial
population is chosen randomly, this is important in the beginning of search. In
other words, the second operator first pushes allocations towards satisfaction of
the pairwise core conditions; then it drives the population to the optimum.

The termination criterion in step 3 is based on the first order conditions for
the Kuhn-Tucker theorem. If the length of the projection of the gradient of the
objective onto the subspace orthogonal to that spanned by the gradients of the
active constraints is less than the tolerance value, the necessary conditions for
the theorem are (approximately) satisfied. Because the probability of selection of
parents in the population is an increasing function of the objective, this is sufficient
to guarantee that every terminal point is a (local) maximum.

3.5 Examples

I use the above algorithm to compute optima for examples with a two-unit bound
on individual money holdings. I compute two sets of examples. In all the examples,
the utility function, u(z), is z"; the cost function, ¢(z), is x; and the number of
specialization types, N, is 3. The examples are computed for various x and various
degrees of patience, r, where r = % — 1.

Several things are common to every example. First, there are no binding con-
sumer participation constraints and there are no examples where money creation
is beneficial. The latter may not be merely coincidental.

Consider an implementable allocation (p, @, @, ) = x with (o, 6) > 0. Next,
consider another allocation (p/, ', ’,8') = 2/ with the same outputs and with
o < aand § < 6 such that TAD and hence p are unchanged. (One can show
that it is sufficient to adjust A}, alone and that there exists a unique direction in the
(c, 6) plane such that 2’ remains in the core.) By (3.10) it follows that x and 2’ yield
the same welfare. In addition, the replacement of x by 2’ tends to relax producer
participation constraints and to tighten consumer participation constraints. But
since the optima tend not to have binding consumer participation constraints, the
replacement tends to slacken the relevant constraints. Then, if the replacement
makes all of the producer participation constraints be slack, continuity implies
that it is possible to find an implementable allocation which is better than z. A
formal argument along these lines is difficult because it is difficult to show that the
optima do not have binding consumer participation constraints. (This, however,
is not surprising because, as demonstrated in Berentsen, Molico and Wright [2],
money has no value if the gain from trade for consumers is zero.)

The second thing common to all the examples is that in a meeting of a pro-
ducer with no money and a consumer with two units, one unit of money changes
hands with probability one. I take advantage of these common features to simplify
presentation of examples in the tables below. I omit the policy variables o and
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r 0.01 | 0.07 | 0.11 | 0.12 | 0.15 | 0.19 | 0.20 | 0.30 | 0.40 | 0.50
Po | 2181 | .2704 | 2938 | .3023 | .3286 | .3570 | .3645 | .4242 | .4635 | .4830
P1 5884 | 4974 | 4566 | .4466 | 4226 | .3998 | .3951 | .3573 | .3303 | .3135
Do 1935 | 2322 | 2496 | 2511 | 2488 | .2432 | .2404 | 2185 | .2062 | .2035
Aot | 20237 | a143" | 5774t | 62017 | 78207 | Lossal 1 1 1 1

Ao | 33577 | 67637 | 9478’ 1 1 1 1 1 1 1

Mg | 1218t | 2s37T | 35167 | 380aT | 4577l | sazel | se1sT | 72sel | s7erf 1

Yo1 | 25" 25 25 25" 25" 25% 2408 | .1585™ | .1136™ | .0844*
Y2 | 25" 25" 25" 2401™ | 1870 | .1390" | .1301™ | .0730" | .0452" | .0293*
Y11 | 0908 | .0938™ | .0927% | .0913" | .0855™ | .0755" | .0730™ | .0529% | .0395" | .0293"
Yoz | 6876 | .5306 | .4331% | 3974 | .3196™ | .2529" | .2408™ | .1585% | .1136" | .0844"

Table 3.1: Optima with u(z) = \/z

0 and the probabilities of transfer of money in meetings of producers with noth-
ing and consumers with two units ()\(1)2 and )\32). I also suppress superscripts in
the notation for the other transfer probabilities (A, A, and Aj,). I attach stars
(*) to outputs which correspond to binding producer participation constraints and
daggers (7) to the transfer probabilities which correspond to binding first order
constraints in (3.11).

The first set of examples shows how optima change with patience. Here I fix
K= % and vary r. This choice implies that the best quantity of output, y*, is 0.25.
I compute examples for all r from 0.01 through 0.25 in increments of 0.01 and for
r € {0.3, 0.35, 0.4, 0.5}. T report a subset of these examples in Table 3.1. The
examples are consistent with the existence of four different regions with respect to
the degree of patience r. If r is low enough, then the optima have randomization
over the transfers of money in all three trade meetings where transfers of only one
unit are feasible. If r belongs to the second region, the optima have randomization
over the transfers of money only in meetings where the consumers have one unit.
In meetings of producers with one and consumers with two units, money changes
hands with probability one. In the next region the optima have randomization
over the transfers of money in meetings where both producers and consumers
have one unit. Finally, if r is big enough, one unit of money changes hands with
probability one in all trade meetings. The examples are consistent with the transfer
probabilities A1, Ag1, and Aq; being decreasing functions of patience.

In addition, the examples are consistent with the optima having at most one
nonbinding producer participation constraint, the one in meetings of producers
with nothing and consumers with two units of money. In a meeting of a producer
with one unit and a consumer with two, lowering the probability of handing over
money raises vo. That is helpful because it loosens producer constraint in (7, j) =
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K 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9
Po | 1357 | 1845 | 2148 | 2357 | 2510 | 2623 | .2727 | .3243 | .4796
Pr | 7593 | 6703 | 6114 | 5682 | 5343 | 5067 | 4812 | 4268 | .3572
Po | 1050 | 1452 | 1738 | 1961 | 2147 | 2310 | .2461 | .2489 | .1632
o1 | 03007 | oso3T | 14577 | 22327 | 31087 | 058" | 51807 | 8005T | 1
Mz | 1622t | 2618t | 3514 | 4331t | 51087 | ss21t | eedof 1 1
A1 | 02477 | L0596" | .0008T | 1432 | .1888T | 23507 | .2808T | 4430 | 6134
Yo1 | 0744 | 1337% | .1791* | 2172 | 2500% | 2789 | .3046™ | .3277% | .1624"
Yio | 0744 | 13377 | 1791% | 2172 | .2500% | 2789 | .3046™ | .3051% | .1411"
Y11 | 0118 | .0305™ | .0509% | 0717 | .0925™ | .1130" | .1330™ | .1352% | .0866"
Yoo | 4792 | 5326 | 5549 | 5726 | 5859 | 5969 | 58817 | .3645™ | .1624™

Table 3.2: Optima with u(z) = x*

(1,1) meeting, which, in turn, allows a decrease in A\;; and, thus, an increase in
p1 (and, thereby, in the frequency of trade). Because \i; is low, the participation
constraint in (4, j) = (1, 1) meeting is binding and the output is low.

A smaller probability of giving up money in (i,5) = (0, 1) meeting lowers vy
which helps to relax the producer constraint in (4, j) = (0, 2) meeting. This allows
a higher yg2 which, again, pushes up v,. This accounts for why g5 is so high. The
same kind of effect on v, could be achieved with a positive \J,, but that would
reduce )\(1)2 and, hence, the inflow into p;.

The second set of examples shows how optima change with risk aversion. Here
I fix » = 0.04 and vary k. I compute examples for all x from 0.1 through 0.9
in the increments of 0.1. These examples are reported in Table 3.2.° A general
finding here is that the optima change with x in a similar way as they change with
patience. In particular, the transfer probabilities Aj2, Ag1, and A\;; are decreasing
functions of risk aversion.

In Table 3.37 I present some comparison of the two notions of implementability:
the ex ante pairwise core and ex post IR notions. Note that, even though every
allocation which satisfies ex post IR satisfies ex ante IR, there is no subset result
for the allocations with these two notions of implementability.® Nevertheless, the
ex ante notion is in some sense weaker because it allows for randomization over the

6The best quantity of output varies with . In the Table 3.2 the best quantity is equal to yo;
for all k except K = 0.9 for which this quantity equals 0.3487.

"For each value of 7 the first column shows the optimum with ex post IR and the second
column shows the optimum with ex ante pairwise core notions of implementability. The last row
shows welfare improvement relative to optima with ex post IR notion of implementability.

8Examples of ex post individually rational allocations which fail to satisfy the first order
conditions for ex ante pairwise core include the best allocations under no policy described in
Deviatov and Wallace [5] for r < r*.
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r 0.02 0.06 0.10 0.15 0.25

« .0866 0 0555 0 0258 0 0 0 0 0
) 0573 0 0374 0 0177 0 0 0 0 0

Do 3330 | 2310 | 3377 | 2649 | 3424 | 2857 | .3525 | .3286 | .4094 | .3979
P1 3595 | 5678 | .3506 | .5084 | 3416 | .4680 | .3330 | .4226 | .3279 | .3744
Do 3075 | 2012 | 3117 | 2267 | 3158 | 2463 | 3145 | 2488 | .2627 | .2277
Aot 1 23851 1 38027 1 52447 1 78207 1 1

A2 1 3048 1 62171 1 8572 1 1 1 1

A1 1 1441t 1 2323 1 3211 1 4577t 1 6262
Yo1r | 2572 | .25° 2576 | .25™ 2580 | .25™ 2667 | 25" 1853 | .1927F
Y12 | 1950 | 257 1930 | 25" 1902% | .25* 715" | 1870% | .0919% | .0959*
Y11 | 1950 | .0913% | 1930 | .0934™ | .1902% | .0937% | .1715™ | 0855 | .0919% | .0619"
Yoz | .3025° | 6473 | 2963" | 5459 | .2007% | .4763" | .2783% | 3196 | .1853% | .1927"

AW 19.5% 14.2% 11.2% 7.62% 3.22%

Table 3.3: Optima with ex ante pairwise core versus optima with ex post IR notions
of implementability

amount of money transferred in meetings. This, to some extent, mimics divisibility
of money. With the ex post IR notion individuals agree to every realization in the
support of randomized trades which makes randomization costly. Deviatov [6],
who computes examples of optima with the ex post IR notion, finds that in all
the examples one unit of money changes hands with probability one in all trade
meetings.

Given that pattern of trade, the only way to enlarge the set of feasible distrib-
utions is by means of the policy which accounts for the beneficial effects found in
Deviatov and Wallace [5]. However, money creation never allows to achieve distri-
butions which are concentrated around the average holdings to such an extent as
those that are feasible with the ex ante pairwise core notion. That is why optima
with ex ante pairwise core notion yield a considerably higher welfare (the difference
is shown in the last row of Table 3.3).

3.6 Concluding remarks

The results in this chapter stand in sharp contrast to these in Deviatov and Wallace
[5] and in Deviatov [6]. There money creation can be beneficial, whereas here there
are no examples where money creation is optimal. The disparity is due entirely
to the distinction between committing or not committing to randomization. (The
imposition of ex post pairwise core restrictions which allow for the trading pair
to defect to any deterministic trade does not change the results in [5] and [6].)
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This disparity is interesting because as the bound on individual money holdings
gets large, randomization plays a smaller and smaller role and, in the limit, no
role. Then, the two notions of implementability coincide. The uniformity of the
numerical finding of no beneficial money creation using the ex ante notion leads
me to surmise that it is the general result that will survive in the limit. Of course,
surmising such a result and proving it are very different.
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Appendix A

Appendix to Chapter 1

Lemma 1.1 If a = 6 = 0, then the optimum subject only to condition (i) in
Definition 1.1 and condition (ii) for k = 0 is a degenerate p, denoted p*, with
support (y*,1), where u/'(y*) = 1. Moreover, the associated optimal p is p* =

(3:5:3):

Proof.

The steady-state condition, which becomes pT" = p under o = § = 0, does not
involve the outputs. Therefore, for given )‘w’ a necessary condition for maximizing
W is y = y* for all y in the support of p. Then W which satisfies that necessary
condition can be written as

w = z(y”* )[Popl)\m + Pop2 (/\02 + )‘02) +]91)‘11 +P1P2/\12] (A1)

Whenever k = j — 4, the constraint p7' = p does not depend on )\fj because
money holdings are being exchanged. And since the )\gj_i appear in (A.1) with
non-negative coefficients, we set them at their maxima; namely, A5, = A}, = 1 and
A2y = 1— Mgy It follows that w which satisfies necessary conditions for a maximum
can be written

w = 2(y*)[pop1 + popa + Pi Ay + pipal.

Thus, the problem is to maximize F(p, A1, Ajp) = pop1+pop2+piAl; +pip2 subject
to pT' = p.

Now p either has full support or not. If not, then either p; = 0 or A}, = 0. (If
p1 > 0and A{; > 0, then p has full support because there is an inflow into holdings
of both 0 and 2 as a result of trade between producers and consumers with one
unit.) If p; = 0 or A\}; = 0 and p does not have full support, then the objective F
has the form p;p; for i # j, the maximum of which is i.

We now find the maximum over full support p’s. Consider the Lagrangian

L = pop1 + popa + piAy + pip2 — Y(ALP; — Ajabops) (Z Di — 1) (A.2)
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where 1) and v are non-negative multipliers and where we have inserted the explicit
form of the constraint, p7" = p. This constraint reduces to the single equation,
A2 = AgpPope, which says that the outflow from holdings of 1 unit is equal to
inflow. Because p has full support, the first order conditions with respect to the
p; hold at equality. They are

Po: p1+ P2+ Apgps — v =0, (A.3)
pripo+p2+ 205 (1—¢)p —v =0, (A.4)
P2 po + P14 App¥po — v = 0. (A.5)

Again because p has full support, either \j; = A\j, = 0 or A;; > 0 and \j, > 0.
In the first case, it follows from (A.3)-(A.5) that the maximum of F(p, A1}, Agy) is
attained at p* = (%, %, %) . Inserting this and A}, = 0 into F' implies that the value
of F'is %

For the second case (A;; > 0 and \j, > 0), we substitute from \},p? = A\j,pop2
directly into the objective. Then, because the remaining constraint does not involve
Ag; and because the resulting objective is increasing in \j,, we conclude that the
optimum in this case has A}, = 1. Then the sum of (A.3) and (A.5) minus twice

(A.4) gives

2p1 — (po + p2 + 4AA;p1) + Y (po + p2 + 4A1,p1) = 0,

which can be written as

2
1 -1 = ) (A.6)
po + p2 +4A ;1P
From (A.2), we have
oL 5
=pi(l—1)>0
a)\h pl( ¢)

where the inequality follows from (A.6). Therefore, A\, = 1. Also, if we subtract
(A.3) from (A.5), we get py = po. This and p? = papy, the explicit form of pT = p
with A}, = )\62 =1, imply p = (%, %, %) Therefore, the maximum of F' in this case
is attained at p* and is equal to g.

Direct comparison of the three values of maximized objective completes the

proof. W

Lemma 1.2 Let (p, p, o, 6) = (p*, u*,0,0). There exists a value of the discount
factor, 3%, given by

B 3Ny*
3Ny* +/(3y*)% + 42(y*)y* — 3y*
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such that if 5 > (%, then (1.6) and (1.7) are slack. If 5 = (3%, then (1.6 ) and
(1.7) are slack except for (1.6) for i =1 (when the producer has 1 unit of money)
which holds at equality.

Proof.
The proof proceeds by explicit computation of the v; at (p, pu, o, §) = (p*, 1*, 0,0).
In particular, we have

26[3N(1 — B)ul(y”) + 4Buly”) + 26y"]

3N 5) 1 2ABN - B v g W

V1 — Yy =

d
" 2N By + 48y +28u()] _
3IN(L=B) + 20BN - p) +26] — 7
It follows that hy() and hy(() are defined and continuous on [0, 1], are strictly
increasing, satisfy hi(3) > hao(3), h1(0) = ha(0) =0,

Vo — U1 =

m(1) = 21 ¢y ugy)
and o i}
(1) = 2L € gy,

where all the inequalities follow from y* < u(y*). It follows that consumer par-
ticipation constraints are slack at all § € (0,1). It also follows that there exists
a unique § € (0,1) such that he(3) = y*. Denote this 8*. Then, aside from the
explicit claim about the expression for 4%, all the remaining claims follow from the
assertions about hq() and ho(3). The explicit expression for 3* is obtained by
solving the equation, hy(5*) = y*.1

Proposition 1.1 If g > (%, then the optimum is not o = 6 = 0.

Proof.

We compute a derivative of W with respect to « and evaluate it at (p, &, @, ) =
(p*, *,0,0). The only requirement is that implementability is maintained as we
vary «. In computing the derivative, we keep all money transfers in meetings as
they are under p*. That is, one unit of money is transferred in every trade meeting
in. It follows that the trade matrix 7" has the form

1— p1tp2 p1tp2 0
N N
T = po+p1 1— Po+2p1+p2 p1+p2
N N N
0 Po+p1 1 — Po+p1
N N

The mapping from (a, 6) to p that satisfies pT*AD = p is not well-behaved at
a=0=0.At a =6 =0, there is a one dimensional set of p’s that are distributions
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and that satisfy pT*AD = p. They can be thought as being generated by the set
of alternative amounts of money per type, the interval [0,2]. For (a,6) > 0 and
in a neighborhood of @« = 6 = 0, we can show that there is a unique p that
satisfies pT*AD = p so that the mapping from («, ) to p is a function in that
neighborhood, and, moreover, is a differentiable function. After doing that, we
will find the unique direction in the («, §) plane along which that unique solution
approaches p* as («, §) — 0. Finally, we will compute the derivative of p along that
direction and evaluate it at p*. That, in turn, will allow us to show that welfare is
increasing along that direction.

The conditions Y p; = 1 and pT*AD = p can be written as the following
system of three equations in three unknowns:

p1+p2+po =1, (A.7)
—&1p1 + &ap2 — E3po = 0, (A.8)
(1= 20)(1= 6715 — popa] + 01— 8p1 — 62— ) =0, (A9)

where

& = 1=8)(a—86)1—a)—a?]=a—6+o(a,d)
& Olad +2(1 — a)(1 = 6)] = 26 + o(a, §)
& = a(l—2a)(1—6)>2=a+o(a,é)

and where o(«, §) denotes terms of order higher than («, 6).
Because (A.7) and (A.8) are linear, they can be solved uniquely for p; and p
(in terms of py) if

1 1
det( e 6 ) =&+ & £0.

From the expressions for the &;, it follows that & + &, = 6 + a + o(a,8) > 0.
Therefore, we have,

£ — (&3 + &9)po &+ (& &)
T

If we substitute these into (A.9), the result is a quadratic equation in py or, more
simply, z, which we write as f(z) = ax?® + bz + ¢ = 0, where

p1 =

0 =~ (1= 20)(1 = P[(64 + E)(6 — &) — (€ + )"
b=~ (1~ 20)(1 — P26 (6 + &) + 265(6 + &)~
a(l - 5)2<§1 +&5)(§ +&3) —6(2—0)(& +&)(63 — &)
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- %(1 —2a)(1 = 8)2(£,) + a1 — 6)6,(€, + £,)—

We can rewrite these coeflicients as:

1
a = N(oﬂ + 3ad + 36%) + o(a?, aé, 6%)

b = —%(cf +4ad + 76%) + o(a®, b, 6%)
c = %452 + o(a?, ad, 6%)

Then f(0) = £46°+0(a?,aé,6%) > 0 and f(1) = —%ad+o(a? ad,§?) < 0. There-
fore, there exists a unique solution for py consistent with p being a distribution.
That is, for (o, 6) > 0 and in a neighborhood of 0, there exists a unique solution
for p. Moreover that solution is differentiable because the coefficients of f are
differentiable functions of the parameters.

Now that we have established properties of the mapping from («, §) to p in the
neighborhood of («,6) = 0, we can proceed by differentiating p7*AD = p and
evaluating the result at « = 6 = 0 and p* = (%, %, %) . This gives the following
system of equations:

—1 2 —17 [/ dp 1 -1

1

w12 42 dp, | =1 0 -1 (fg) (A.10)
—1 2 —1| \ dp ~1 2

Because the first and third components of the left-hand side vector are identical,
this system has solutions if and only if d6 = %da. In other words, the direction

6 = 2a is the unique direction such that p — p* when (o, §) — 0. (Existence of

this path can be confirmed from the quadratic equation f(z) = 0. In particular, if

we set 6 = 2a and let @ — 0, then f(z) — 392% — 61z 4 16 = 0, whose roots are

2 and 1.) Using > dp; = 0, it follows from (A.10) that

dp, = gda (A.11)

along the direction ¢ = %a. As we now show, this is enough to conclude that it is
possible to raise welfare with some («,¢) > 0. The argument is slightly different
for 8 > (% and 8 = (.

(B > [3*. Here, the participation constraints are slack at (p, i, «, §) = (p*, u*,0,0)
(see Lemma 1.2). Therefore, we can vary (a,é) from 0 with § = 2o while fixing
pn = p* without violating those constraints. It follows that the derivative of w

with p = p*along the § = 2 path and evaluated at (p, p, o, 8) = (p*, pu*,0,0), is
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given by

dw _ . |dPo dpy , dpz

o) [ B+ B2
dp: dp1  dps
da(pl+p2)+pl(da + doz)

At p = p*, this becomes

dw Z<y>[2@+@+@+2%+@+@}

do 3 do do do do do do
_ 2z(y)dp
3 do

where the last equality uses ) % = 0. This and (A.11) give the result.

B = (*. Here to maintain implementability as we vary («, ), we adjust the
supports of the p;; and p,, components of p, while keeping all other components
at their p* values. We let the support of uy; and py5 be degenerate at (y;,1),
where 3, is determined by the binding producer participation constraint

-1
(5 — e1)AD (%1 _ T*AD> q -y =0 (A.12)
with
1 —(p1+p2)y*
N pou(y*) + p1 [u(yr) — v1] — P2
pou(y*) + pru(yr)

With (po, p1, p2) = p(e, 2a) given by the unique differentiable solution established
above, we can write (A.12) as g(a, y1) = 0, where ¢g(0,y*) = 0 and where

26" [+ (1= F")N] L
457 (6" +2(1 = B7)N] + 3(1 — 57)*N? 2"

It follows from the implicit function theorem that for o in a neighborhood of 0,
the y; that satisfies (A.12) is a differentiable function of a.

Since the g we are now using continues to have degenerate supports, the ob-
jective function (1.8) can be written as:

/

q:

99(0,y*)/Oy1 = —le (-1,

w = po(p1 + p2)2(y") + p1(p1 + p2)2(1h)

Then the derivative of welfare with respect to a evaluated at a = 6 = 0 and
p=p"is
dw  2z(y*)dpy 4, .. dp
doe 3 da+9z<y)do¢'
This differs from the corresponding expression for § > §* by the presence of an
additional term. However, because the derivative 24 exists and because 2/(y*) = 0,

da
this additional term is zero. Therefore, the result again follows from (A.11 ).l
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Appendix B

Appendix to Chapter 2

Lemma B1. If (p,p) is implementable and is such that (i) p has full support
and the associated value function v is concave and (ii) )\fj > 0 for some k > 1
i all meetings in which j > i, where j is money holdings of the consumer and i
those of the producer, then (p, ) is connected.

Proof. First, I show that concavity of the value function implies that trade in
a meeting implies willingness to trade one unit in that meeting. Because (p, p) is
implementable and p has full support, /\fj > ( implies that there exists y > 0 such
that

kc (%) < c(y) < vigr — v < k(vig1 — ;)

and
ku (%) > uly) = v — v = k(v; —vj-1)

where in each display the second inequality follows from implementability. The
outer inequalities imply willingness to trade ¥ for one unit of money.

Therefore, by hypothesis (ii) of the lemma, G, ,) contains all pairs of money
holdings (7,7) with j > i. Now for each i € {1,..., B — 1} consider the set Z; =
{i—1,4}. This is a block because j =i+ 1 and j = i satisfy j > i and because the
i—1 i

o) = i i1 ) has a unique orbit. Finally,

associated permutation, aé
these blocks are mutually reachable and jointly cover the set {0, ..., B—1} of money
holdings of producers. B

Proposition 2.1 The optimum problem P, has solutions.

Proof. I need to show that the set of implementable and connected allocations,
I', is nonempty and compact and that the objective W is continuous.

To see that I' is nonempty, observe that autarky is always in I'. The fact that
supp ,ufj = {0} for all nonempty measures ui?“]- in g implies that the associated
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value function, v, is zero and money has no value. Then, because y = 0 satisfies
participation constraints for all 7, j, k, autarky is implementable and connected.

To demonstrate compact valuedness of I', it suffices to show that I' is closed
valued and that all of the supports of measures pfj are bounded!. Consider a
converging net of implementable and connected allocations, (p, ut),, and let (p, )
be its limit. The choice of the topology implies that p, — p and ()‘fj)r — )\fj
for all 4, j, k. This and continuity of the function g(p,A\) = pT — p imply that
p1 = p and the limiting distribution p is stationary.

To show that the limit (p, ) is implementable and connected, let us first
consider all converging nets (p, ), such that starting from some r, Zy ), is a

constant set, denoted Z. Then, because supp ij C lim (supp (ufj)r> and because

v, — v, all participation constraints in (2.8) hold in the limit, and (p,p) is
implementable and connected. To see that the constancy of Z, ), is without loss
of generality, consider an arbitrary converging net (p, p).. Because for every r,
Zp,p), is a subset of {0, ..., B — 1} x {1, ..., B}?, which is finite, there exists some
set Z and a subnet (p, p),, with the property that Zy ), = Z. Then, because a
net converges if and only if every subnet converges to the same limit, (p, i), the
constancy of Z, ), is without loss of generality.

To demonstrate boundedness of supports, let us consider an arbitrary block Z;
and write down incentive compatibility constraints (2.8), which pertain to selection

U(PM from = Elp,u)-

@) Svin—vi,  and v —vi1 Suly;)

all © € 7;. Because al(p ) is a permutation and selection from Z ), for each j,

which shows up in the above collection of the participation constraints, it is possible
to find a unique 7 such that j — 1 = a(p “)( i). Adding up separately producer and
consumer constraints and taking the latter into account, one obtains:

> ¢ (y@(gz(z +1) )< > (i —w)

i€ im €L
(B.1)
Z (Ual(’i)+ ) < Z ( ’L(O’l ))
1€1; i€l

Because O’l(p’ . is a permutation, the two sums of gains from trades in (B.1) are

equal, which yields:

1 —1
Z [“ (gi(al(i)Jrl)) - (yi<ol(i>+1>)} > 0.

1€

'Recall that if topology on the space of probability measures P(X) is the weak* topology,
then P(X) is compact if and only if X is compact.
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Note that by definition, gfj < @fj, which, together with the properties of utility
and cost functions, yields:

e (@) —u () < (Tl = D luly") - ()],

all i € Z;, where y* is a unique solution to v'(y) = ¢(y) and |Z;|, |Z;| < B, is the size
of block Z;. Then properties of u(y) and c(y) guarantee that 7;; is finite for all i € Z,
and, because Z; is arbitrary, all supports that correspond to transfer of one unit and
are a part of some O'l(p, L) are bounded. Boundedness of all other supports follows
immediately from consumer constraints in (2.8), from v, — v, = > (Vn—i41—Vpy)
=1
and LZJIZ = 7, and from free disposal of money.
Finally, recall that u(y) and ¢(y) are continuous. Because the supports, Qf;, ar

bounded and because each of the spaces of probability measures p,; on Ry X ICZJ

is endowed with the weak™* topology, continuity of the objective W is immediate.
|

Lemma 2.1 Let (p,u) be a non-autarkic solution to problem P,. Let P(p )

be the associated perturbation problem P (p,u) With the additional restriction that

= 0. Let E be the set of all active constraints of problem P ) at (p, )
cmd assume that E is nonempty. Then there exists a nonempty subset E’ of £
and multipliers £, > 0, one for each constraint in E', such that the gradient of
the objective W can be written as a linear combination of the gradients of the
constraints in E'.

Proof. By assumption, (p, ) is non-autarkic, implementable and connected.

I first show that QZ, > 0forall (4,7, k) € Zp, “ Suppose to the contrary, that there

exists a triplet (i, j, k) € Zp ) such that gij = 0. By (2.8), it follows that in this

case v; — vj_g = 0, which implies that v; —v;_; = 0. Because (p, pt) is connected,

there exists a block, Z;, such that j —1 € Z;. Then v; — v;_; = 0 implies that

i, = 0, where iy = j — 1 and j; = o(,, ,\(i1) + 1. From 7} ; = 0 it follows that
1

Y = 0, which implies that v;, —v;_; = 0. Continuing this process recursively,

one obtains
(o))" G-11 = V(o))" -1 = O

for m = 1,2, .... Because O’ has a unique orbit, which spans the block Z;, the
process will cycle at m = |Il| § B, and then v;;; —v; = 0 for all ¢« € Z;. Note
that this implies that no production takes place in return for one unit of money in
meetings which pertain to permutation O’l(p’ )

If two blocks Z;, and Z;, overlap and one of the two has QZ’ =0, thenv; ;—v; =0
for all ¢ € Z;, UZ,. Finally, because connectedness requires that every block
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is reachable from any other and because these blocks jointly cover Z, the value
function v is zero. That, in turn, implies that (p, p) is autarkic, a contradiction.

I now construct a vector n whose inner product with the gradients of the
constraints in problem F(, , is positive. The vector n is obtained by stacking
vectors lfj, one for each (7, j,k) € Zp,u). The construction of lfj differs depending
on whether /dfj is or is not degenerate.

Let us first consider a nondegenerate measure ufj Without loss of generality, I
can assume that afj < cfj < bfj < df’] Then the 4 x 2 block of the Jacobian matrix
which corresponds to the perturbation of ij can be written as

- aq’ oq’ 7
— (€isr — €) Hﬁ%a (ej —€j-r) HW(ZCJ. - u’(afj)
oq’ Oq’
g | e el Hak, (€= i) ok . (B2

oq Oq'
— (ei+k — ei) Ha;}j, (e] - ej—k) Hac’}j
d(df) — (eir —€;) Hg;‘;,, (ej —ej-r) Hg:z{.

L ij ©j -

Now let us take some vector 1 = (—l4, Iy, I, l3) € R%. The scalar products of 1
and the columns of J are given by

/ oq' oq' oq' oq'
lyc (d@) + (ei+k — ei) H (la Dok — 1 8bfj — lc@c"“ — ldadfj

i ij

and
aq/ aq/ aq/ aq/
lau/(afj) — (ej — ej*k) H (la aaf:] — lb(‘)bfj — lcack - ldadf} .

ij

Note that these products are positive if I can find [, > 0 and [; > 0 such that

od’ oq’ od’ oq
la l — 1. —1 =0. B.
daf; "obk,  cock,  ‘odk, (B.3)

To show that such a choice of 1 is possible, let us first write out the derivatives
of the vector q (evaluated at aj; = ¢f; = gfj and bf; = df; = 7F;). These are

k
8q’ _ oq N I R
dajy — ey 2N Pill;;® = Pid;®5)
aq _ oq _ M k k (B4)
a _ 909 _ Ay el — A% al
bk~ Bdk T 2N [P — pivel]
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where

Yij y”
E , yz —y & k yz -y k

1” = {'U, (y) yUJ y d ’L]’ ﬂzy - fC zJJ E d J

Zij _”
(B.5)

@ij Yig Yy—

7= [wste ad, W= [ i,
y* Y y¥ b

=ij =ij

Observe that because ,ufj is nondegenerate, all four integrals in (B.5) are strictly
positive. Then, because the expected cost of production for producer and the
expected utility of consumption for consumer show up only in the i-th and j-th
entries of q, (B.3) gives rise to the following linear 2-equation system:

k —k k —k
)\?‘ p]ﬂi;j pjﬁg l l, } _ /\f- pjﬂ}-cj _pjﬁij [ l, }
oy PG| L e e
Notice that [. = [, and [, = —I[; is a solution, which implies that [, > 0 and [; > 0

is possible.
If measure pf; is degenerate, then the analogue of (B.3) is

lg k lh—k =0 (B.7)
8gw ahij
where the derivatives of q are
aq/ )‘f j k aq/ )‘f j —k —k
9 SN |[PITE — P and o = oo [P — P
v i

with ij =7;; = u/(7};) and ﬂfj =7 = (75;). Therefore, (B.7) reduces to

zk]pjf)/’&j( lh) =0 )
NgpiTig(lg = In) = 0

Obviously, [, = [, = 1 satisfies this equation.

Thus, we have the vector n whose inner product with the gradients of the
constraints in problem P(*p ) 1S positive. Because the objective and constraints
are continuously differentiable, existence of n is equivalent to existence of an open
region U in the space of perturbations where all the constraints in (2.8) are relaxed.
Because (p, p) solves Py, it follows that the gradient of the objective is in the
convex hull of the gradients of the active constraints. Finally, because the number
of constraints in (2.8) does not exceed the number of degrees of freedom provided

by perturbations, the edges of that convex hull are linearly independent. B
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