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Abstract
A project has been undertaken to develop a numerical toolkit to simulate longrange propagation of wind turbine noise problems with the CFD (Computational
Fluid Dynamics) and CAA (Computational Aeroacoustics) methods. This thesis,
which is focused on developing a parabolic equation (PE) method for long-range
noise propagation prediction in a complicated environment, is part of that project.
The basic idea is marching an initial acoustic solution from the near field to the far
field. This research has been performed in two steps: first, as a learning process a
traditional two dimensional parabolic equation code is developed; second, a novel
three dimensional parabolic equation model is developed, coded, and validated for
sound propagation in an inhomogeneous arbitrary moving atmosphere.
The 2D PE method is based on an axisymmetry assumption, where the homogeneous Helmholtz equation is split into an incoming wave and an outgoing wave.
The outgoing wave satisfies a parabolic equation. In the process of the splitting, a
square root operator is generated. Based on the order of the approximation scheme
to the square root operator, the PE method is categorized as a narrow angle PE,
a wide angle PE, or a higher-order PE. Because it is unconditionally stable in this
application, the Crank-Nicholson finite difference method is used to solve the wide
angle PE with second order accuracy. The discretization of the parabolic equation
iii

results in a linear system of equations, which is solved by an LU algorithm with
appropriate initial field and boundary conditions. The numerical results of several
example cases are compared to the analytical results, which validate the 2D CNPE
method for sound propagation in an inhomogeneous atmosphere without wind.
In order to handle sound propagating in an arbitrary moving inhomogeneous
medium, a new formulation of the Helmholtz equation is derived in three dimensional cylindrical coordinates. Based on this new formulation, a new parabolic
equation is constructed, which extends the homogeneous Parabolic Equation (PE)
method to arbitrary moving media. The new PE is discretized by the CrankNicholson finite difference method and solved by the Generalized Minimum RESidual (GMRES) method. Numerical results for zero-wind and uniform wind cases
above a rigid flat ground surface are presented and compared with benchmark
analytical solutions to validate the methodology. Results of sound propagation
problems in more realistic wind environments are compared to the 2D PE simulation with an effective speed of sound approximation. It is concluded that if the
vertical distance between the acoustic source and observer is small, the effective
sound speed approximation to the wind velocity component along the sound propagation direction is acceptable. However, as the vertical distance between them
increases, the effective sound speed model will introduce as much as 20 dB errors
at some long-range locations. Furthermore, the 2D PE cannot simulate the lateral
refraction, thus cannot obtain correct phase information of the acoustic pressure.
Therefore, in order to obtain accurate acoustic field in a complicated environment
with arbitrary wind, it is necessary to use this 3D PE method.
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Chapter 1
Introduction and Objectives
1.1

Wind turbine noise issues

Due to the widespread deployment of large wind turbines, potential adverse
effects on the environment are of increased importance. One primary issue is
the effect of wind turbine noise on residential areas. For example, offshore wind
turbines may generate low frequency noise that can be heard by the far-away
shoreline communities, even though the turbine might be below the visual horizon.
Such a case could occur as a result of there being a minimal amount of atmospheric
absorption for the low frequency noise. Thus the prediction of long-range, low
frequency, wind turbine noise propagation is an important problem to be addressed
for the wind turbine development.
The noise radiated by an operating wind turbine can be divided into mechanical
and aerodynamic noise. Mechanical noise originates from the relative motions
of the mechanical components and dynamic responses among these components.
Mechanical noise is considered to be less significant than aerodynamic noise [1], so
the focus of the present study is on aerodynamic noise. Due to the complex flow
field around the rotor blades of a turbine, various aerodynamic noise mechanisms,
also known as flow-induced noise, have been investigated in previous research [1, 2].
Aerodynamic noise is generally divided into three types: blade rotation-related
noise, inflow turbulence noise, and airfoil self-induced noise. Typically, important
rotor noise sources for helicopters, such as thickness and loading noise, do not play
the same role in large scale wind turbines because the blade passage frequency is
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Acoustic Data Surface

Figure 1.1. Schematic of wind turbine showing nominal location of an acoustic data
surface.

well below the audible range. The main components of both the inflow turbulence
noise and the airfoil self noise are broadband, which has been regarded as the
primary characteristic of wind turbine noise.
The objective of this research is to numerically predict the long-range propagation of wind turbine aerodynamic noise. Such a problem is illustrated in Fig. 1.1.
In order to fully simulate the long range noise effects, a general schematic of a computational approach has been proposed by Morris et al. [3] as shown in Figure 1.2.
First, CFD flow-field simulations are conducted to obtain the pressure distribution data on the wind turbine blade surfaces [4]. Then, the near-field noise is
predicted by PSU-WOPWOP, which is a numerical implementation of the Ffowcs
Williams-Hawkings (FW-H) equation [5]. The near-field acoustic data surface is
also shown in Fig. 1.1. Finally, the long-range sound propagation can be simulated
by a Parabolic Equation (PE) method.
The focus of this research is on the Parabolic Equation method, which is used
to simulate long-range acoustic propagation in an outdoor environment, assuming
that the near-field acoustic field is known. The problem is made more complex
because several environmental factors have important effects on the mechanism of
atmospheric sound propagation [6]. These factors include geometrical spreading,
atmospheric absorption, refraction, the effect of atmospheric turbulence, and the
effect of the ground. All these factors work together, which makes their simulation
a rather complicated problem. First, an attenuation of 6 dB per doubling of
distance happens for spherical expansion from an acoustic point source and 3 dB
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Figure 1.2. Schematic of the technical approach for wind turbine noise prediction.

attenuation happens for cylindrical expansion from an infinite line source. Such an
attenuation is known as geometrical spreading. Besides the spreading, atmospheric
absorption also attenuates the noise magnitude, and the absorption depends on
the relative humidity of the air and the sound frequency. ANSI [7] has made a
standard for the calculation of atmospheric absorption. It shows that atmosphere
absorbs more high frequency than low frequency noise. Moreover, the atmosphere
can also produce acoustic refraction due to wind and temperature (sound speed)
gradients, which alter the propagation direction. The difference between the effects
of temperature and wind is that the temperature is a scalar quantity, and thus the
refraction is isotropic. However, wind velocity is a non-uniform and vector quantity
and hence the wind refraction is a more complicated problem. A consequence of
the upward refraction in the upwind direction is a refractive shadow zone and the
downward refraction in the downwind direction could strengthen the acoustic field
close to the ground surface in long-range. In addition, atmospheric turbulence can
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produce fluctuations in the amplitude and phase of the sound during propagation.
It has been found that these fluctuations increase with distance, but that the
increase ends when the phase fluctuations have a standard deviation of about
90o [6]. The fluctuations of the amplitude are limited to a standard deviation of
about 6 dB. The effect of turbulence is often used to explain the “saturation effect”
in acoustic shadow zones [6]. Furthermore, outdoor sound propagation happens
above a ground surface, which introduces acoustic reflection. The interface between
the atmosphere and the ground has been treated in three ways, based on how to
define the ground properties: 1) the ground is defined as a locally reacting surface
where the waves within the ground are assumed to propagate only normal to the
surface; 2) the ground is set as an isotropic fluid media capable of transmitting
dilatational waves in any direction; 3) the ground is assumed to be an elastic, solid
medium capable of transmitting both dilatational and shear waves. The reflection
of a plane wave can be described by a reflection coefficient, which depends on the
incident angle and the characteristic impedance of the ground surface based on
the locally reacting surface assumption. Consequently, the pressure field can be
described as the summation of a direct wave and a reflected wave. The reflection of
a spherical wave is more complicated and a more advanced model is needed, since
the propagation is under the influence of the ground and surface waves besides the
direct and reflected waves. Furthermore, if the ground surface is irregular, such
as hill, valley or other obstructions, the reflected wave from the ground surface
will also be very irregular, and is identified as a topographic effect or an irregular
terrain problem. Currently, the experimental data for irregular terrains is much
less extensive than that for a flat ground, thus numerical simulations are used
widely. In summary, the environment has variant and intricate impacts for outdoor
sound propagation, and these impacts create numerous challenges for numerical
simulations for sound propagation [8–10].

1.2

Development of the PE method

The PE method has been used to simulate long range sound propagation for several decades. Leontovich and Fock [11] originally developed the Parabolic Equation
(PE) method to model electromagnetic wave propagation problems. Tappert [12]
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introduced this technique to the ocean acoustics community. In the late 1980’s, the
PE method began to be applied for outdoor sound propagation problems [13–16].
The application of the PE method for very long range propagation of infrasonic
signal has also been reported by Kulichkov [17].
The basic PE model was developed based on the 2D Helmholtz equation, where
the environmental conditions, medium (atmosphere/water) and ground surface,
were assumed to be independent of the azimuthal direction. That is, axisymmetric assumptions were used. Typically, to derive the parabolic equation the
Helmholtz equation is first split into an incoming wave and an outgoing wave
equation. For acoustic propagation, only the outgoing wave is considered, which
gives a parabolic equation. With a first order approximation to a square-root operator used in the derivation, the standard PE model was developed and it can be
solved by a marching method [12]. This standard PE method is referred to as the
narrow-angle PE method. As an enhancement, the wide-angle PE was introduced
using a second order approximation to the square-root operator [18, 19]. Several
algorithms have been used to solve the resulting parabolic equation, including the
split-step, implicit finite different scheme, and finite element methods. Among
them, the implicit finite different algorithm has often been used due to its stability
and efficiency. West et. al. [15] published a tutorial on the PE method for its usage
on outdoor sound propagation, where both the narrow and wide angle PE methods
were presented. In this tutorial the Crank-Nicholson finite difference method was
used for solving the PE, and thus was named as the Crank-Nicholson Parabolic
Equation (CNPE) method. White and Gilbert [13, 14] used the PE method with
the wide angle approximation and solved several outdoor sound propagation problems with a finite impedance flat ground and realistic atmospheric profiles. The
results exhibited good agreement with the measured data. Higher order discretization has also been used for the PE method. Knightly et al. [20] used a high order
Padé approximation for the finite difference operation in the height direction and
obtained higher-order accuracy with good stability. This method extended the
PE method to larger elevation angles and alternately it is capable of taking larger
range steps for the calculations with smaller elevation angle requested. Flouri et
al. [21] discretized the parabolic equation with high-order operators in both range
and height directions. Consequently, not only was higher-order accuracy obtained,
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but also no additional computing cost was incurred due to the usage of a compact
finite difference algorithm. Sturm et al. [22] used the high-order schemes in the
azimuthal direction for the three-dimensional(3D) PE equation, and it was found
that the new scheme reduced the number of points required in the azimuthal direction while maintaining acceptable accuracy. Gilbert and Di [16] used the Green’s
function method to solve the Parabolic Equation(GFPE), where a split-step-like
algorithm was adopted. The improved GFPE [23] was shown to be approximately
5 to 50 times faster than the CNPE method for several test cases, and also had
improved accuracy.
Furthermore, The PE method has been developed for acoustic backscattering
problems. McDaniel [24] wrote the 2D wave equation as a pair of coupled parabolic
equations, where the outgoing PE was first solved and the results were stored. Then
the incoming PE was solved for the reflected acoustic field with the initial condition
set at the maximum range of interest (the stored results from the outgoing PE).
This process could be iterated to obtain a better reflected field. A similar idea was
used by Collins et al. [25] In their single-scattering approximation, the transmitted
field was first computed by the outgoing PE and the resulting reflected acoustic
pressure fields were stored where the backscattering was expected to be important.
The results were then used in the incoming PE to obtain the whole reflected field.
Several example cases have been solved to demonstrate the accuracy and versatility
of this two-way PE model [26]. Another two-way PE model was developed by Zhu
et al. [27] to include azimuthal diffraction effects, and it is capable of predicting
3D acoustic backscattering.
Porter et al. [28] found that the standard stair-step representation of a sloping
surface in the one-way PE (and the coupled-mode model) may result in prediction errors for sound propagation. It was argued that the difference between their
results and the two-way coupled-mode method, which was thought to be accurate, was not due to the neglect of the backscatter in the one-way solutions; on
the contrary, the errors were produced by the inaccurate treatment of the vertical
interface. With an improved interface condition, the one-way coupled-mode PE
could correct most of the errors due to the energy non-conservation in the previous models. The results from this improved boundary conditions also satisfy the
reciprocity principle, which is a necessity to validate the PE model. Collins et
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al. [29] rotated the original standard PE and generated a new higher order energy
conservation PE from an asymptotic approximation. This model gave accurate
results for many problems involving large ocean bottom slopes, large range/depth
variations of sound speed, very wide propagation angles and piecewise-continuous
variations in density. An improved higher order energy conservation PE model
was recently developed by Mikhin [30].
The three dimensional (3D) PE model was applied originally in underwater
acoustics in order to model the irregular sea bottom. Lee et al. [31, 32] derived a
3D wide angle parabolic equation based on a 3D homogeneous Helmholtz equation.
The parabolic equation was solved by an efficient numerical scheme (implicit finite
difference method) with unconditional stability, where only two tridiagonal systems of equations needed to be solved for each range step. Based on this scheme,
a PE code with the acronym “FOR3D” was developed having the azimuthal coupling capability. An application, with realistic bottom topographic variations, was
solved by the 3D PE approach. The results were compared with that from the
N×2D PE. In the N×2D PE, the 3D problem is solved by 2DPE slice by slice in
the azimuthal θ direction, therefore these is no azimuthal coupling. Large difference are found between the FOR3D and N×2D PE solutions for the non-flat sea
bottom case, which illustrate the necessity of the 3D PE development. Chen et
al. [33] used FOR3D to investigate more underwater acoustic propagation cases
with irregular bottom topography. The 3D effect was again discovered in their
FOR3D results, which illustrated Transmission Loss (TL) differences of 10dB or
more from the N×2D PE approach. Other 3D PE approaches have also been developed. A 2D split-step parabolic equation model [34] was modified to include
narrow angle azimuthal coupling, and a similar numerical approach was used to
solve the resulting 3D PE model as in FOR3D. This method was validated by the
benchmark underwater 3D wedge and Gaussian Canyon cases [35]. The method
was claimed to be computationally efficient and accurate for low frequency acoustic
propagation problems. These previous 3D PE results showed that an azimuthally
coupled 3D PE has to be used, in order to model the 3D effects properly from an
irregular bottom surface, especially for the low frequency sound, and that N×2D
PE cannot give correct results for such cases.
However, the above standard PE approaches cannot directly handle the sound
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propagation in an arbitrary wind/current influence, since the homogeneous Helmholtz
equation, which the PE model is based on, does not explicitly include the medium’s
velocity. In order to model the arbitrary velocity an effective sound speed approximation is used in the former PE approaches. That is, the wind velocity parallel to
the sound propagation direction is added to the sound speed and then the medium
is assumed to be motionless with a nonuniform sound speed. Robertson et al. [36]
reviewed the influences of ocean currents on the acoustic field, such as tidal currents. An effective sound speed for these currents was used in his calculations
under certain conditions. The results showed that even small currents can introduce very substantial variations in relative acoustic intensity and the current might
account for certain experimentally measured fluctuations of the acoustic intensity
in several previous shallow and deep water studies. Godin [37] gave a theoretical
justification for substituting a moving fluid by a motionless one with an effective
sound speed for sound propagation in the atmosphere. It was concluded that only
when the following three conditions are satisfied, the effective motionless medium
approximation is applicable and accurate: 1) the flow velocity is small compared
to the sound speed; 2) various components of the acoustic field have similar propagation directions; and 3) variations in the environmental parameters are either
small or gradual in the predominant direction of wave propagation.
Some researchers have tried to study the medium motion directly. Elisseeff et
al. [38] studied the influence of a low Mach number stratified flow on the acoustic
propagation, where a wave equation with an explicit medium velocity was used
to derive an integrated wavenumber. Based on this new wavenumber, the normal
mode method was used to calculate the acoustic propagation. It was found that
using such an integrated wavenumber, instead of using the effective sound speed
approximation, can give accurate results. In order to directly include the arbitrary medium velocity in the parabolic equation, a wave equation having arbitrary
medium velocities explicitly was derived from a linearized system of fluid dynamic
equations [39–41]. In the derivation of this new wave equation, three assumptions
were used: internal gravity waves were ignored, terms of the order of v 2 /c2 were
→
neglected, and ∇ · −
v = 0. Based on this new wave equation, a new parabolic
equation including arbitrary medium velocity explicitly was derived in Cartesian
coordinates. Corresponding to the former standard PE or scaler PE, this new PE

9
model was called a vector PE. Dallois et al. [42] wrote the vector PE in two forms,
one simple form was for sound propagation in a homogeneous medium with a uniform velocity, and the other more complicated form was used in a medium with
multi-scale inhomogeneities. The two forms were applied to solve two example
cases. One case only had the uniform horizontal component of wind velocity and
the other had random spatial fluctuations. The numerical simulations showed that
the vector PE can give accurate results. In contrast, the results of the scaler PE
using an effective sound speed approximation are not accurate and it is not able
to describe the effects of the mean and turbulent velocity correctly on long range
sound propagation near the ground. The new PE has also been used to study the
forward scattering of a plane wave by a core vortex [43]. In this forward scattering research numerical results from three different PE models were compared:
standard wide angle PE, turbulent wind wide angle PE (TW-WAPE) and mean
wind wide angle PE (MW-WAPE). The comparisons showed that the three models
gave similar results for low Mach Number (M < 0.2) for the simple example case,
but for high Mach Number (M ' 0.5), only MW-WAPE can give appropriate
results. The research demonstrated the importance of the second order effects of
the velocity field on the scattered acoustic amplitude.
Another important factor to affect sound propagation in the atmosphere is the
lower boundary topography. For example, the effect of a hill can be considered
as a barrier for sound waves, which could form a shadow zone behind the hill.
Meanwhile, ground waves exist and they can penetrate the shadow zone at low
frequencies for the ground surface with a finite impedance. Furthermore, surface
waves also exist, provided that a certain relationship is satisfied between the real
and imaginary components of the impedance of the ground surface [44]. The geometrical theory of diffraction has been used to analytically solve sound propagation
problems above some simple irregular terrain [45], but it is hard to be applied to
complicated terrain cases. Salomons [46] summarized some numerical strategies,
which are able to handle sound propagation problems above complicated irregular terrain. The conformal mapping method [47] can handle a smoothly varying
terrain profile. It transforms a system with a curved ground surface to a system
with a flat ground surface and a modified sound speed profile. Consequently, an
equivalent Helmholtz Equation in the new system can be obtained from the trans-
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formation. For example, a convex curvature would be transformed to an upward
refracting contribution to the sound speed profile. The conformal mapping method
has been further developed and compared to other mapping methods [48, 49]. Another method is the Generalized Terrain PE method (GTPE) with an alternative
coordinate transformation [50]. The GTPE works well for arbitrary terrain profile,
provided that the local slope does not exceed 30◦ .
Chung [51] used the Impedance Mismatch Method (IMM) to study the scattering of sound field by a rigid body. The rigid body was represented by a region with
very high acoustic resistance, assuming that the sound speed was the same inside
and outside of the rigid body, but with different medium density. It was shown
that a stable, physical solution could be achieved in the fluid region by setting the
density in the body to a very low value relative to the fluid density. This nonphysical formulation minimized the errors associated with the discretization of the
differential equation across the large discontinuity in the density at the fluid/solid
interface. The advantage of the IMM method is that there is no need to create a
complicated computational domain for the irregular terrain and that the boundary
condition has no effect on the governing wave equation. However, this model has
not been applied and validated using the Parabolic Equation method.
It is already known that atmospheric turbulence causes random fluctuations
in temperature, wind velocity, pressure and air density. The acoustic waves can
be affected by these fluctuations. For example, sound pressure level can be increased by 10 dB near the ground at short distances, due to the partial loss of
coherence between the direct and the reflected wave. For long distance propagation, non-negligible sound-pressure levels can be measured in shadow zones due
to the scattering of sound wave by turbulence. Different approaches have been
used to include turbulence in the PE model. In general, two questions have to be
answered in order to simulate the turbulence appropriately: 1) how to describe
turbulence, and 2) how to introduce a turbulence model into the PE model. The
common approach is to describe turbulence as a set of independent realizations of
a random field, and for each realization deterministic equations are solved. The
relevant quantities are then computed to obtain the acoustic pressure field by averaging over an ensemble of realizations. To include turbulence in a PE simulation,
one could replace the time-averaged atmospheric properties by ensemble-averaged
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random spatial realizations. For example, Gilbert et al. [52] accounted for the
turbulence by first splitting the refraction index n into two components: a mean
part < n >= c0 /c, where c0 is the reference sound speed and c is the mean local
sound speed, and a random part µ relative to the fluctuations of the medium. It
is then assumed that the time scale of the turbulent structures was much greater
than the transit time of the acoustic wave. Therefore the turbulence was treated
as being frozen in the space. Based on this assumption, the index fluctuations µ
are represented as a set of independent realizations of a spatially random field.
These realizations can be calculated as the output of a filter excited by white
noise. Finally, including µ influence in the wavenumber, the acoustic wave propagation in turbulence was then modeled by the PE method. In the model of
McBride et al. [53], atmospheric turbulence was described as an ensemble of random spherically symmetric eddies with Gaussian index of refraction profiles. For
each realization, the total sound pressure was calculated by adding the individual
scattering contributions of each eddy or “turbule” coherently. The scattered field
of each turbule was obtained using a Born approximation or a Rytov method (for
higher frequencies). Following this approach, Blanc Benon et al. [54] assumed that
the hypothetical turbulent field consisted of a small number of randomly oriented
and discrete Fourier modes, with the amplitudes of these modes being chosen to
produce a distribution of temperature or velocity comparable to those found in experimental studies. Then the turbulence model can be applied in PE simulation.
Chevret et al. [55] simulated sound waves passing through turbulence in two steps:
1) the generation of a random field in terms of a superposition of discrete random Fourier modes and 2) the integration of a deterministic wave equation. The
sound field is characterized by “instantaneous” maps of sound pressure level and
by statistical properties obtained using an ensemble average. Turbulence is then
represented as a set of realizations of a two dimensional random field generated
by a limited number of these Fourier modes. The spectral characteristics of these
Fourier modes are chosen according to the statistics of the turbulence. Wilson [56]
recognized that large eddies, belonging to the energy-containing subrange rather
than to the inertial subrange, would play a significant role in acoustic scattering.
To reconcile the shortcomings in the Kolmogorov and Gaussian approaches, a von
Karman model was introduced, which was found to be more practical for acoustic
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propagation calculations and more capable of capturing the relevant turbulence
structure in a large range of atmospheric conditions. In Ostashev’s PE model [57],
the parabolic equation was solved by the Rytov method which yields expressions
for the complex phases of direct and ground-reflected waves. Using these expressions, a formula for the mean squared sound pressure < |p|2 > can be derived for
the anisotropic spectra of temperature and wind velocity fluctuations. The effects
of these velocity fluctuations and the different spectra of these fluctuations, are
then numerically studied by applying the Kolmogorov, Gaussian and von Karman
spectra models in the PE model. The results illustrate that the von Karman spectrum has a better agreement with the experimental data obtained in a laboratory
experiment, as found in Wilson’s research [56].
Lee et al. [58] reviewed the developments made on the PE method in the
twentieth century, which covered most developments based on the homogeneous
Helmholtz equation. Salomons [46] also presented a detailed summary of PE applications for atmospheric acoustics [46]. In order to verify those different developments, benchmark cases and results have been given in the underwater acoustics [59] as well as for outdoor sound propagation [60].

1.3

Other methods for sound propagation

Other solution techniques can also be implemented for acoustic propagation
prediction, and these numerical methods include ray tracing algorithms, fast field
program (FFP), the Linearized Euler Equations (LEE) method, the Navier-Stokes
CFD method or a Ffowcs Williams and Hawkings (FW-H) equation approach. The
ray tracing method treats the acoustic wave as sound rays, and the acoustic pressure at certain observer locations can be determined by the summation of all the
sound rays arriving at the observer location. The key point of this method is to determine the paths of all sound rays between the source and the receiver/observer.
Three different approaches have been used for ray tracing: single bounce, multiple bounce and Gaussian beam summation [60]. The disadvantage of the ray
tracing method is that it may introduce caustics, which result in infinite spikes at
certain locations. These infinite spikes are not physically meaningful. Moreover,
without additional modeling, ray tracing is a high-frequency approximation and
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hence limited to high source frequency problems. The high frequency method is
not applicable to wind turbine noise propagation simulation because the frequency
content of large scale wind turbines is very low.
The Fast Field Program (FFP) technique is based on a Fourier transformation
of the wave equation from the spatial domain to the horizontal wavenumber domain. The transformed wave equation is solved first, and the spatial solution is
then determined by applying the inverse Fourier transformation. The FFP results
agree with analytical solutions very well for several benchmark cases [60]. However, the FFP method cannot be applied to model systems with range dependent
sound speed or ground impedance, since the derivation of the FFP is based on the
assumption that the atmosphere is vertically layered.
Acoustic propagation problems can also be solved by time domain methods,
such as the Linearized Euler Equations (LEE) method [61, 62]. A time domain
solution has the advantage that the source can be broadband and all frequencies
can be considered in a single calculation. However, the time domain problem is
hyperbolic and, as time increases, the entire computational domain is filled with
acoustic information. Thus the typical computation time for the time domain
solutions are much greater than those for a frequency domain solution, although
the frequency domain solution only considers one frequency for each calculation.
Similarly, the solution to the Navier-Stokes equations is also a feasible method for
the propagation simulation, but it is the most complicated numerically and would
require the most computational resources (memory and CPU time). Acoustic
propagation can also be modeled by the Ffowcs Williams and Hawking (FW-H)
equations [63, 64]. This approach, however, assumes homogeneous atmospheric
properties and neglects ground reflections. A time-domain PE method is also
applicable for sound propagation. Dacol [65] derived a path integral solution of
the time-domain progressive wave equation in random media. The progressive
wave equation (PWE) is a Schrödinger type of equation, and it could be solved by
PE method.

1.4

Objectives and scope of this work

The objective of the research is the development of a numerical tool for wind
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turbine long range sound propagation. The main focus is on the development of a
three dimensional parabolic equation method in cylindrical coordinates for sound
propagation in an arbitrary moving inhomogeneous atmosphere. The method
should be sufficiently computationally efficient to give accurate acoustic solutions
within a reasonable time frame.
To initialize this research, the standard two dimensional(2D) Parabolic equation(PE) is first investigated, including the narrow angle PE and the wide angle PE.
With higher order accuracy, the wide angle PE is solved by the Crank-Nicholson
finite difference method (CNPE). Different factors, which may affect the 2D PE
solutions, are then studied including the initial field, boundary condition, and
step sizes. Moreover, an adjoint method is developed in order to improve the PE
computational efficiency and the Impedance Mismatch Method (IMM) is studied
for irregular terrain problems. Besides the CNPE method, the Green’s Function
algorithm is also adopted to solve the Parabolic Equation (GFPE). Since these
2D developments are based on an axisymmetric assumption, they can only handle problems with variations of the sound speed and atmospheric density in the
height and range direction. Only the component of the wind velocity parallel to
the direction of sound propagation can be included using the effective sound speed
approximation. Although three dimensional problems can be solved by the N×2D
PE approach, the azimuthal coupling of medium properties cannot be considered.
To model sound propagation within an arbitrary moving atmosphere in a three
dimensional domain, a novel 3D PE method is developed. In this approach, the
Cartesian wave equation for an arbitrary moving medium developed by Ostashev [39] is first transformed into a wave equation in cylindrical coordinates. Based
on the resulting cylindrical wave equation, a new 3D parabolic equation is derived.
Since the 3D PE includes the medium (atmosphere/water) velocity explicitly, it is
a more general form of 3D PE. The method is able to handle both the inhomogeneity of the medium, and an arbitrary wind directly. The new PE is then discretized
by a finite difference algorithm, which results in a system of linear equations. To
guarantee the stability of this numerical approach, the implicit Crank-Nicholson
is applied. However, for a 3D domain, the resulting linear system forms a huge
matrix, which can not be solved by a direct method efficiently, such as the LU
method used for the 2D PE and the homogeneous PE (FOR3D). Therefore, an it-
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erative solver, the Generalized Minimum RESidual (GMRES) method is adopted.
Finally, the PE method is used to solve sound propagation example cases in an
inhomogeneous atmosphere within an arbitrary wind.

1.5

Originality and significant contributions of
this research

The present wind turbine noise prediction project is one of the first research
efforts to devise a fully numerical approach from the fluid field around the wind
turbine, to the near-range acoustic field then to the long-range acoustic field. As
one main part of this project, a novel 3D parabolic equation method is developed. Significant contributions and its potential applications are summarized as
following:
• A novel 3D PE Method: A novel 3D PE method is developed in this
research. It can be used to solve sound propagation in an inhomogeneous
arbitrary moving medium. A wave equation, including the medium velocity
explicitly in cylindrical coordinates, is obtained first. Based on it, a novel 3D
parabolic equation is then derived. The resulting PE includes the medium
velocity explicitly, which enables an arbitrary wind to be described. Since
the resulting linear system of equations from the 3D PE could be extremely
large, an iterative solver, the Generalized Minimum RESidual (GMRES),
is introduced. This solver has never been used previously for solving the
Parabolic Equations. The development, for the first time, makes it possible
to numerically predict the long range acoustic propagation with accurate
solutions in a complicated environments with arbitrary medium velocity.
• An Adjoint Method: An adjoint method is developed to improve the PE
computational efficiency. It is equivalent to place the source at the observer
location and determine the sound field at the true source location. This
solution can be used to determine how much sound from the true source
does propagate to the observer location. The adjoint method can reduce
the computational cost of a PE simulation if only a few observer locations

16
are of interest while a large number or distribution of acoustic sources exist,
which is often the situation in practice. This is the first time that the adjoint
method is employed within the PE method.
• The Impedance Mismatch method: The Impedance Mismatch Method
(IMM) is used for solving the irregular terrain problems. In the IMM, the interface between the atmosphere and ground is represented by a ground layer
defined by appropriate physical properties, instead of a reflecting ground
surface boundary condition as in regular PE methods. In this way, the computational grid geometry remains unchanged. Consequently, the PE method
is not only able to solve any range-dependent irregular terrain problem, but
also the coding and computing time of the PE is not increased for different
realistic cases. It is the first time that the IMM method is used in the PE
method. Currently, the IMM method has only been validated for the rigid
ground surface cases for the 2D PE approach. However, it identifies a new
way to handle an irregular terrain problem with high efficiency for coding
and computing.
In summary, a novel 3D Parabolic Equation method is developed for any general acoustic source. Thus the method is not limited to the wind turbine noise
propagation, and any noise sources can be numerically modeled to propagate to
the far field, such as helicopter and jet noise, if only an initial acoustic field can
be determined. Furthermore, the medium, in which the sound propagates, can
be the atmosphere or any other fluid. Thus the PE method can also be used for
underwater acoustic research to include the influence of ocean currents.

Chapter 2
The Two-Dimensional Parabolic
Equation Method
This chapter describes the two dimensional (2D) parabolic equation (PE) method,
which is based on the axisymmetric assumption or that the azimuthal variations of
the medium properties are sufficiently weak to be negligible. This chapter presents
the derivation of the 2D parabolic equation, the numerical scheme used for its solution and validations and applications of the 2D PE method. Moreover, an adjoint
approach to the sound propagation problem is presented, which may improve the
computational efficiency of the 2D PE method.

2.1
2.1.1

The governing equation
The parabolic equation

From the linearized Euler equations and the linearized continuity equation, the
wave equation can be obtained,
52 p −

1 ∂2p
=0
c2 ∂t2

(2.1)

Here p(x, y, z, t) is acoustic pressure and c is the sound speed. The wave equation
is derived based on the assumption of that the atmosphere is homogeneous. This
equation is used to describe wave propagation in homogeneous media, where no
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motion of the medium exists. If the sound wave is harmonic, the acoustic pressure
can be written as
p = Re(pc e−iωt )

(2.2)

where pc is complex amplitude of the acoustic pressure, Re(z) denotes the real
part of a complex number z, and ω = 2πf is the angular frequency of the wave
with the frequency f in Hz. Substituting Eqn. 2.2 into Eqn. 2.1 gives
52 pc + k 2 pc = 0

(2.3)

This is the wave equation in frequency domain, and it is called the Helmholtz
equation. In this equation k = ω/c is the free space wavenumber. A similar form
of Eqn. 2.3 can also be derived for a refracting moving atmosphere with an effective
sound speed approximation, where instead k is the effective wavenumber, which
varies with position (r, z, θ) [46]. Since the parabolic equation is usually solved in
the frequency domain, the time domain acoustic pressure is seldom used. Therefore, p is used for pc in this thesis, and it is the complex amplitude of the acoustic
pressure in the frequency domain, unless stated otherwise. As discussed above, an
axisymmetric approximation is used and azimuthal variations are neglected. Thus
the two-dimensional Helmholtz equation in cylindrical coordinates (r, z) can be
written as,



∂2
1 ∂
∂2
2
+
+
+ k (r, z) p (r, z) = 0
∂r2 r ∂r ∂z 2

(2.4)

Here r is called range and z the height. A separable solution of Eqn. 2.4 is sought
in the form,

with,

and

p (r, z) = u (r, z) v (r)

(2.5)

1
vrr + vr + ko2 v = 0
r

(2.6)

1 2
urr + ( + vr )ur + uzz + k02 (n2 (r, z) − 1)u = 0
r v

(2.7)

where k0 = ω/c0 is the reference wave number, k(r, z) = k0 n(r, z), n(r, z) =
c0 /c(r, z), is referred to the index of refraction, and c0 is the reference sound speed.
Eqn. 2.6 is a second-order ordinary differential equation in the range, r, direction.
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It has two general solutions; one indicates an outgoing wave given by the zeroth
(1)

order Hankel function of the first kind H0 (k0 r), and the other indicates an incom(2)

ing wave given by the zeroth-order Hankel function of the second kind H0 (k0 r).
Neglecting the incoming wave and if k0 r >> 1, v(r) can be written as
1
v(r) = c1 √ exp(ik0 r)
r
where c1 ≈

(2.8)

p
2/(πk0 ) is a constant coefficient. Substitution of Eqn. 2.8 into

Eqn. 2.7, gives
urr + 2ik0 ur + uzz + k02 (n2 (r, z) − 1)u = 0

(2.9)

If an operator X is defined by,
X=

k2
1 ∂2
−
1
+
ko2
ko2 ∂z 2

(2.10)

Eq. (2.9) can be factored into,


√
√
∂
∂
+ iko − iko 1 + X
+ iko + iko 1 + X u
∂r
∂r


√
∂√
∂
= −ik0
1+X − 1+X
u
∂r
∂r


(2.11)

If ∂/∂z and ∂/∂r commute, then the right-hand side of Eqn. 2.11 become zero.
Consequently, the variation of u(r, z) for the outgoing wave satisfies the parabolic
equation,


2.1.2


√
∂
+ iko − iko 1 + X u = 0
∂r

(2.12)

The narrow angle approximation

The square root operator has to be expressed explicitly, in order to discretize
√
the parabolic equation. If the first order approximation, 1 + X ≈ 1 + X/2, is
used, Eqn. 2.12 can be written as,


∂
ko
−i
∂r
2





k2
i ∂2
−1 −
u (r, z) = 0
ko2
2ko ∂z 2

(2.13)
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This is the narrow angle approximation of the 2D parabolic equation. It is the same
form as the original parabolic equation given by Tappert [12] for ocean acoustics
wave propagation. The narrow angle PE was thought to be accurate for elevation
angles less than 20◦ .

2.1.3

The wide angle approximation

A higher order approximation can be used for the square root operator, to allow
the 2D PE model to be applied for wider elevation angles. A rational form of a
higher order approximation was introduced by Claerbout[18].
√

1+X ≈

a0 + a1 X
b0 + b1 X

(2.14)

where a0 , a1 , b0 , and b1 are constants. If a0 = 1, a1 = 3/4, b0 = 1, and b1 = 1/4
are chosen, the form is called the Padé approximation, and it has second order
accuracy. With this approximation, the parabolic equation can be written as,
∂
3
1
(1 + X) u = X · u
4 ∂r
4

(2.15)

This is the wide angle PE, and it is accurate for elevation angles less than 40◦ .

2.2

Numerical schemes

A finite difference scheme can be used to discretize the resulting narrow angle
PE Eqn. 2.13 or wide angle PE Eqn. 2.15. For simplicity, the discretization begins
from the narrow angle PE. First, write the r−derivative term on the left hand side
of the equation and move the remaining terms to the right hand side,
∂u (r, z)
ko
=i
∂r
2



k 2 − ko2
1 ∂2
+
ko2
ko2 ∂z 2


u (r, z)

(2.16)

Discretizing the right hand side of the equation (z-derivatives) with a second order
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central finite difference algorithm (three-point stencil is used), gives


u1





−2




 u2 
1


∂ 
α
 .. 
 ..
=
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 .
 (∆z)2 
∂r 
u
0

 M −1 

uM
0

β1 0 0
...

 0 β2 0
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 ..
.. . .
..
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.
.

 0 ... 0 β
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0
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u
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  M −1 
... 0
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 .. 
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 (2.17)
.
.  .  +


 (∆z)2 
 0 
u

0 


  M −1 
uM +1
βM
uM

−2 1 . . .
.. . .
.
. ..
.

0
..
.

here,
α=

i
,
2ko

and βm =

2
i (km
− ko2 )
,
2ko

m = 1, . . . , M

km is the value of the k at the mth grid point in the z direction. The last term
of Eqn. 2.17 is due to the boundary conditions, which will be discussed later.
Combining the first and third terms on the right hand side of Eqn. 2.17, gives
∂
u (r, z) = (γT + D) u (r, z)
∂r

(2.18)

where γ = α/(∆z)2 , T is a tridiagonal matrix and D is a diagonal matrix. T is
given by,





T =




−2 + σ1 1 + σ2

0

...

0











1
..
.

−2
..
.

1
...

...
..
.

0
..
.

0

...

1

−2

1

0

...

0

1 + τ2 −2 + τ1

(2.19)
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and D is given by,


β1

0

0

...


0

.
D =  ..

0

0

β2
..
.

0
..
.

...
..
.

...

0

βM −1

...

0

0

0









0 

βM
0
..
.

(2.20)

In Eqn. 2.19, σ1 , σ2 , τ1 and τ2 are coefficients from the boundary conditions. If
an explicit differential numerical scheme is used for the r−derivative, the resulting
finite difference equation is unconditionally unstable. Thus the implicit CrankNicholson algorithm is used and it gives
u (r + ∆r, z) − u (r, z)
= (γT + D) u (r + ∆r/2, z)
∆r

(2.21)

Eqn. 2.21 can be further written as,




1
1
1 − ∆r (γT + D) u (r + ∆r, z) = 1 + ∆r (γT + D) u (r, z)
2
2

(2.22)

This is the finite difference form of the 2D narrow angle parabolic equation. Once
the initial acoustic field is determined, the whole acoustic field can be marched
forward step by step based on Eqn. 2.22. Since implicit derivative is used, the
algorithm is unconditionally stable. For a large computational domain, a linear
system of equations in the height z direction is obtained at each range step. The
linear system is in the form of a tri-diagonal matrix equation, which can be solved
by an LU method.
A similar discretization can be conducted on the wide angle PE, Eqn. 2.15. For
brevity, the derivation process is not shown here. The final finite difference form
of the 2D wide angle PE is given by,
M2 u(r + ∆r) = M1 u(r)

(2.23)

1
γT + D
M1 = 1 + (γT + D) +
2
2ik0

(2.24)

where,
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and,
1
γT + D
M2 = 1 − (γT + D) +
2
2ik0

2.2.1

(2.25)

Initial condition

An initial field must be determined, in order to march the acoustic field forward by the Parabolic Equation method. One consideration is that the analytical
solution is available for sound propagation from a point source in an unbounded
homogeneous atmosphere,
p (r, z) =
where R =

p

exp (ikR)
R

(2.26)

r2 + (z − zs )2 is the radial distance from the source (0, zs ) to the

observer (r, z). However, the above expression cannot be used as the starting field
for the PE simulation, because: 1) Eqn. 2.26 is undefined at the source point (R =
0); 2) the expression produces sound waves with large elevation angles (outside the
interval for which the PE method is valid), which generates numerical errors in a
PE computation [46].
A Gaussian starting field has been used for the initial condition in previous
numerical simulations, it is written as,


p
−ko 2 (z − zs )2
p (r, z) = iko exp
2

(2.27)

Eqn. 2.27 is for an sound propagation of a monopole source in free space. To add
the reflection influence from the ground surface, an image source approximation
can be used. That is, the reflection field can be thought of as a radiating acoustic
field from the image source under the ground surface. Thus, a final expression for
the initial field can be obtained,
p (r, z) =

p


iko exp

−ko 2 (z − zs )2
2


+ cr



p

iko exp

−ko 2 (z + zs )2
2


(2.28)

where cr is the reflection coefficient determined by the ground surface properties.
Usually, for a plane-wave having a normal incidence on the ground surface, the
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coefficient can be determined by
cr =

Z −1
Z +1

(2.29)

where Z is the normalized impedance of the ground surface, which is defined in
next section.

2.2.2

Boundary condition

The ground surface has an important influence on outdoor sound propagation,
since it can partly reflect sound waves and partly absorb the wave energy. Many
natural grounds can be described as porous media, and they are modeled as a
continuous propagation medium for sound waves. One important property related
to the acoustic wave propagating on the air-ground interface is that the sound
pressure and the fluid velocity component normal to the ground surface are continuous, while the fluid velocity component parallel to the ground surface may be
discontinuous. The ratio of the sound pressure to the normal velocity component
is independent of the amplitude of the incident sound field, and is referred to as
the impedance of the ground surface. The impedance of a surface is a measure
of the resistance of the surface against normal movement of the air. It depends
on the ground properties, such as the porosity, tortuosity and the frequency of
the acoustic wave. A similar property characterizes the atmosphere. The specific
acoustic impedance of the air is given by ζair = ρc [46]. Further, a normalized
acoustic impedance Z of the ground surface is defined by the ratio Z = ζ/ζair .
For normal reflection by a homogeneous ground surface, the complex pressure
amplitude p in the air above the ground surface is equal to the sum of the incident
wave and the reflected wave,
p(z) = p0 [exp(ikz) + cr exp(−ikz)]

(2.30)

where cr is the plane-wave reflection coefficient. Eqn. 2.30 can be combined with
the linearized, inviscid, momentum equation normal to the surface,
ρ

∂v
∂p
=−
∂t
∂z

(2.31)
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This gives the normal particle velocity as
v(z) =

p0
[exp(ikz) − cr exp(−ikz)]
ρc

(2.32)

Now, since p(z)/v(z)|z=0+ just above the ground surface is equal to p(z)/v(z)|z=0−
just below the ground surface and is equal to the characteristic ground surface
impedance ζ = Zρc, we have
Z=

1 + cr
1 − cr

(2.33)

From Eqn. 2.33, we can easily get Eqn. 2.29 for the reflection coefficient.
In general, the incident wave is partly reflected and partly transmitted into
the ground. If we assume the transmitted wave is perpendicular to the ground
surface, the ground surface is called a locally reacting surface. The impedance of
a locally reacting ground surface is equal to the characteristic impedance of the
ground medium, and the relation can be written as,


p
vn


= Zρc

(2.34)

z=0

Furthermore, with Eqn. 2.31 and with v = Re[vn exp(−iωt)], we can obtain,
vn = −

1 ∂p
iωρ ∂z

(2.35)

By combining Eqns. 2.34 and 2.35, and applying a second-order finite-difference
approximation, the discretized equation for the acoustic pressure at the ground
surface z = 0 is found to be,

p0 =

2iko ∆z
3−
Z

−1
(4p1 − p2 )

(2.36)

where p0 is the acoustic pressure at the ground surface, thus the boundary surface
is not included in the computational domain for the PE calculation. p1 is the
acoustic pressure at z = z|j=1 , and p2 is the acoustic pressure at z = z|j=2 . Here
index j is the height step of the computational domain. Eqn. 2.36 is the boundary
p
condition for the ground surface. The operation exp(ikr)/ (r), which has been
used to transform Eqn. 2.4, doesn’t affect Eqn. 2.36, thus the transformed acoustic
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pressure u still satisfies this relationship. The solution of Eqn. 2.36 determines
the coefficients σ1 and σ2 in equation (2.19). The other boundary is located at
the maximum height zM of the computational domain: called the upper boundary.
The upper boundary condition can be derived in a similar manner to the lower
boundary by defining the normalized impedance of the air to be equal to 1 at
z = zm . Then,
pM +1 = (3 + 2iko ∆z)−1 (4pM − pM −1 )

(2.37)

pM +1 , pM , and pM +1 have the similar meanings as in Eqn. 2.36, where M + 1
indicates one extra point above the computational domain with the maximum
height at j = M . Again, the transformed pressure u satisfies this relationship,
which gives the coefficients of τ1 and τ2 in Eqn. 2.19.
The unit impedance, Z = 1, guarantees that there are no wave reflections from
the upper boundary, if the incident wave is perpendicular to the surface. However,
other waves (not perpendicular to the upper boundary) could partially be reflected
back into the computational domain (z < zM ). One way to overcome this problem
is by introducing an absorbing zone or buffer zone just below the upper boundary.
The buffer zone starts from a certain height (zt ) to the upper boundary. An
imaginary term is added to the wavenumber k(z) in the buffer zone. One choice
of the imaginary term is iAt (z − zt )2 /(zM − zt )2 , where At is a constant. With this
imaginary term the waves are attenuated in the absorbing layer. Salomons [46]
has given some suggestions on how to choose zt and At . 1) The thickness of the
buffer zone, zM − zt , should be 50 times the wavelength; 2) At varies with the wave
frequency. For example At = 1, 0.5, 0.4, 0.2 at frequencies of 1000, 500, 125, 30 Hz,
respectively. For the intermediate frequencies, linear interpolation can be used. A
suggestion on how to choose the maximum height zM has also been given. The
rule of thumb is that the sound field should not be influenced by the absorbing
layer, and zM is usually set at lest equal to 1000 vertical grid cells.

2.2.3

Inhomogeneous parabolic equation

Very often the atmospheric density varies with height. For such a problem,
an inhomogeneous Helmholtz equation that account of the vertical density profile
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ρ = ρ(z) has to be used,


∂2
∂
1 ∂
+ρ
+
2
∂r
r ∂r
∂z


ρ

−1

∂
∂z




+ k (r, z) p (r, z) = 0
2

(2.38)

Eqn. 2.38 differs from Eqn. 2.4 by the replacement of the differential operator ∂z2
by the operator ρ∂z (ρ−1 ∂z ). The corresponding inhomogeneous parabolic equation
can be derived following the same strategy as before, and the resulting PE has
the same format as the homogeneous PE, except that a new differential operator
is used in the z direction. The finite difference form of the operator ρ∂z (ρ−1 ∂z ) is
given by
 

1
1
ρj
ρ∂z (ρ ∂z )uj =
1+
uj+1
(∆z)2 2
ρj+1





ρj
ρj
1
ρj
1
+2+
uj +
1+
uj−1
−
2 ρj+1
ρj−1
2
ρj−1
−1

(2.39)

where j is the index of the height step in the meshed computational domain.
Consequently, the linear system of equations is changed and a new coefficient
matrix T results.


−2γ0,1
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T = .
.
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.
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γ1,j

1
=
2



ρj
1+
ρj+1

(2.40)


(2.41)
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γ0,j

1
=
4

γ−1,j



ρj
ρj
+2+
ρj+1
ρj−1


1
ρj
=
1+
2
ρj−1


(2.42)
(2.43)

Substituting the new T into Eqn. 2.22 will give the narrow angle inhomogeneous
2D PE in the finite difference form. Substituting the new T into Eqns. 2.23, 2.24,
and 2.25 will give a wide angle inhomogeneous 2D PE in the finite difference form.

2.3

Adjoint Method

The above parabolic equation method follows the traditional approach to solve
the sound propagation problem, that is, the sound generated on a source line or
surface is propagated to a distant observer. In the case of a source line distribution
it is often assumed that the sound field is axisymmetric. This assumption allows for
range and height-dependent mean atmospheric density and sound speed variations.
But for the effects of a more realistic medium velocity profile with 3D variations,
as well as 3D variation of the medium density and sound speed, the problem is
unlikely to be axisymmetric and the azimuthal correlation cannot be neglected. In
such a situation a full three-dimensional solution must be adopted, which will be
discussed in Chapter 3. Another situation is that the starting acoustic field are nonaxisymmetric distributed on a given surface surrounding the noise sources. The
wind turbine noise propagation problem is such a problem, and it can be illustrated
in Fig 2.1. Here the starting field is a cylindrical data surface surrounding the wind
turbine. The near field acoustic field of the cylindrical surface can be resolved either
by direct calculation or from an acoustic analogy such as the Ffowcs Williams Hawkings formula [63]. Since the near field acoustic surface is unlikely to be
axisymmetric relative to the cylinder’s axis, the acoustic field has also to be solved
by a three-dimensional PE method. A 3D calculation, which will be demonstrated
later, is very expensive for the far field propagation, even if only a few frequencies
are of interest.
The cost of this problem can be reduced somewhat if only a few observer
locations are of interest. In the case of the wind turbine noise problem, this might
be associated with the location of particular buildings or noise-sensitive areas. In
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Acoustic Data Surface

Figure 2.1. Schematic of wind turbine showing nominal location of an acoustic data
surface.

this case an adjoint or reciprocal approach can be used. (A self adjoint problem is
a problem with the reciprocity, which means that if the locations of a small source
and a small receiver are interchanged in an unchanging environment, the received
signal will remain the same.) In such an approach, a point source would be located
at the original observer location and the sound would be propagated back to the
actual source location. The solution of this adjoint problem is related to the Green’s
function for any actual source location. Then, the convolution of the adjoint
solution with the actual source distribution will give the real acoustic field from
any source locations. Thus, for a given observer, it is only necessary to propagate
the sound once from the observer location back to the source surface, then the
acoustic field from any actual source locations can be determined. Although here
it is assumed that only a limited number of far-field observer locations are of
interest, such a situation is often found in practice.
It has to be pointed out that the general approach to be taken here is not to
demonstrate that the PE itself possesses an adjoint solution. That would not make
physical sense, since, by definition, the PE is a one-way wave equation. Instead,
we form the general adjoint problem and then show that the adjoint problem can
be solved using the PE method.

2.3.1

Adjoint method for a homogeneous atmosphere

As a simple example, consider the periodic Green’s function for a wave equation
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in a homogeneous atmosphere above an impedance ground surface. The Green’s
function in Cartesian coordinates satisfies the following wave equation,



∂2
2
+ k g (x; xs ) = δ (x − xs )
∂xj 2

(2.44)

In this equation, Cartesian tensor notation is used. xs means source location, k
is the wavenumber, and δ (x − xs ) is the Dirac delta function. If the impedance
boundary is locally reacting and is specified by a specific impedance, Z = ζ/ρo co ,
then the Green’s function satisfies the surface boundary condition,
∂g ik
+ g=0
∂n Z

(2.45)

where, n is the unit vector normal to the ground surface.
Suppose we switch the observer (an arbitrary observer location) and source
location, the acoustic pressure from the hypothetical source location (the previous
observer location) satisfies the following Green function,
∂ 2 ga
+ k 2 ga = δ (x − xo )
∂xj ∂xj

(2.46)

This defines an adjoint Green’s function. Similarly ga (x; xo ) satisfies the boundary
condition,
∂ga ik
+ ga = 0
∂n
Z

(2.47)

As we know, in free space (without above boundary conditions), the Green’s function is self-adjoint. Therefore, we have
g (xo ; xs ) = ga (xs ; xo )

(2.48)

To obtain the adjoint Green’s function with the boundary condition, first multiply Eqn. (2.44) by ga (x; xo ), and then integrate it over a volume bounded by a
hemisphere of radius R → ∞ and the interior ground surface.


Z
ga


∂2g
2
+ k g dV = ga (xs ; xo )
∂xj ∂xj

(2.49)

V

For the left hand side of equation, we use partial integration and divergence

31
theorem, which gives,
Z





Z  2
∂g
∂ga
∂ ga
2
ga
−g
nj dS + g
+ k ga dV = ga (xs ; xo )
∂xj
∂xj
∂xj ∂xj

(2.50)

V

S+S∞

where S is the interior ground surface, S∞ is the half-sphere surface with an infinite
radius above the ground, and nj is the unit vector perpendicular to the boundary
surface. Since it is assumed that the radius of the sphere is infinite, the radiating
boundary condition can be used on the S∞ . Consequently, this part of the integration vanishes as R → ∞. Furthermore, using the boundary conditions Eqns. 2.45
and 2.47, the integration on the surface S is also equal to zero. Therefore, we can
get,


Z
g


∂ 2 ga
2
+ k ga dV = ga (xs ; xo )
∂xj ∂xj

(2.51)

V

Similarly, multiply Eqn. 2.46 and then integrate it over the same volume
bounded by a hemisphere of radius R → ∞ and the interior ground surface. we
will get


Z
g


∂ 2 ga
2
+ k ga dV = g (xo ; xs )
∂xj ∂xj

(2.52)

V

Clearly, we will obtain,
ga (xs ; xo ) = g (xo ; xs )

(2.53)

That is, the problem of sound propagating in a homogeneous atmosphere at free
above an impedance ground surface is formally self-adjoint too. In order to obtain
g (xo ; xs ) at a given observer location xo from any source location xs , we need only
find the adjoint solution that satisfies Eqns. 2.46 and 2.47, then the real solution
can be given by Eqn. 2.53. The adjoint solution can be obtained, within the limits
of its applicability, by the PE method.

2.3.2

Adjoint method for an inhomogeneous atmosphere

The general problem is sound propagation in an inhomogeneous atmosphere.
The Green’s function under such a circumstance (varied density along the height
direction) and above an impedance ground surface satisfies the boundary condition
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Eqn. 2.47 and the following equation,




∂
1 ∂
2
ρ (x)
+ k g (x; xs ) = δ (x − xs )
∂xj ρ (x) ∂xj

(2.54)

To obtain the adjoint Green’s function, we multiply Eqn. 2.54 by ga (x; xs ) /ρ (x)
and then integrate it over the same volume as that used for the homogeneous
atmosphere case.
Z

1
ρ







Z 
g
∂g
∂ga
∂
1 ∂ga
ga (xs ; xo )
2
ga
−g
nj dS +
ρ
+ k ga dV =
∂xj
∂xj
ρ ∂xj ρ ∂xj
ρ (xs )

S+S∞

V

(2.55)
Again, the integration over the surfaces S∞ and S vanishes and only the volume
integration is left,
Z





g
∂
1 ∂ga
ga (xs ; xo )
2
ρ
+ k ga dV =
ρ ∂xj ρ ∂xj
ρ (xs )

(2.56)

V

Similarly, the adjoint Green’s function can be written as




∂
1 ∂
2
ρ (x)
+ k ga (x; xo ) = δ (x − xo )
∂xj ρ (x) ∂xj

(2.57)

Multiplying Eqn. 2.57 by g (x; xo ) /ρ (x) and integrating over the same volume
gives
Z





g
∂
1 ∂ga
g (xo ; xs )
2
ρ
+ k ga dV =
ρ ∂xj ρ ∂xj
ρ (xo )

(2.58)

V

Finally, comparing Eqns. 2.56 and 2.58 gives the adjoint Green’s function for sound
propagation in an inhomogeneous atmosphere above a finite impedance ground
surface,
ga (xs ; xo ) = ρ (xs )

g (xo ; xs )
ρ (xo )

(2.59)

In conclusion, the inhomogeneous Green’s function is not self-adjoint, but we can
obtain its adjoint Green’s function by switching the source and observe location.
Eqn. 2.59 can then be used to determine the acoustic field from the true source.
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2.4
2.4.1

Numerical results
Homogeneous atmosphere

This section uses the 2D wide angle PE to simulate sound propagation from a
monopole acoustic source and validates the 2D PE model by comparing numerical and analytical solutions. First, the analytical solution is presented for a point
source with frequency 500 Hz located at z = 3.4 m. The atmosphere is homogenous. Fig. 2.2 shows the sound pressure level (SPL) contours in free space. As
can be seen, the SPL contour are concentric circles, since the sound propagates
spherically. Fig. 2.3 shows the SPL contours for the same problem above a rigid
boundary at z = 0 m. Due to the total reflection by the rigid ground, the SPL is
increased in some areas, when the direct and reflected waves have the same phase,
while the SPL is decreased in some areas where the direct and reflected waves have
opposite phase. The strengthened and weakened regions alternate in space.
Fig. 2.4 shows the SPL contours for the rigid boundary case obtained using
the 2DPE numerical approach. The contour patterns are similar to the analytical
solution in the region close to the ground, but larger differences exist at greater
heights. This is due to the angle limitation of the PE method. In order to have
a more direct comparison between the analytical solution and numerical result,
comparisons of the acoustic pressure at a fixed height as a function of range are
presented. Fig. 2.5 shows the comparison of the real part of the acoustic pressure,
where the observer is located at z = 1.7 m. Fig. 2.6 shows the same comparison
for the imaginary part of the acoustic pressure. Fig. 2.7 shows the corresponding
SPL. The numerical results match the analytical solutions very well, especially as
the range r increases. The deviation of the numerical results from the analytical
solutions in the near field is due to both the angle limitation of the PE method
and the Gaussian approximation of the starting field.
Since the SPL is determined by the magnitude of the acoustic pressure, if both
the real and imaginary parts of the acoustic pressure match between the analytical
and numerical results, the SPL will also match. Therefore, in the following figures,
just the real part of the acoustic pressure, which contains the phase information,
and the SPL, which contains the magnitude information of the acoustic wave are
compared with the analytical results. As a further validation, Fig. 2.8 shows a
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comparison of the real part of the acoustic pressure for an observer location z = 6.8
m and Fig. 2.9 shows a comparison of the SPL with the corresponding analytical
solution. Again the values match each other well in the long range. However, since
the vertical distance between the observer line z = 6.8 m and the acoustic source
height zs = 3.4 m increases, a longer range is needed before the numerical and
analytical results match each other.
In the next case, the acoustic source is placed at the height zs = 17.0 m. Other
conditions are the same as the above case and the observer is located at z = 1.7 m.
Fig. 2.10 shows a comparison of the real part of the acoustic pressure and Fig. 2.11
shows a comparison of the SPL with the analytical solutions. As can be seen, due
to the larger height of the source location, the numerical results don’t match the
analytical results until a much larger range, r = 40 m. To improve the comparison,
another approach to the initial condition can be used. Cooper [66] used the exact
field at some starting range rs in lieu of the Gaussian starting field for the PE
calculation. With this new initial field, an improvement in the results is obtained
as in Fig. 2.12, where the acoustic source is located at zs = 17.0 m. As the new
starting fields of the analytical solutions are set at r = 6.8 m and r = 13.6 m, the
numerical results match the analytical solutions in the near field better than that
from the Gaussian starting field. It has to be stressed that at long ranges all the
numerical results match the analytical results very well.
To further validate the 2D PE model, a source with the frequency of 20 Hz is
adopted for the simulation. The acoustic source is again in a homogeneous atmosphere and located above a flat rigid ground surface. Fig. 2.13 shows a comparison
of the real part of the acoustic pressure at an observer height of z = 1.7 m and
Fig. 2.14 shows a comparison of the SPL with the corresponding analytical solutions. Both figures show that the numerical results match the analytical solution
very well. Here, due to the lower frequency, a longer wavelength is seen in the
real part of the acoustic pressure. Therefore, the low frequency (20 Hz) case can
be propagated much farther than the high frequency (500 Hz) case at the same
computational cost.
The above example cases all have a flat rigid ground surface, which means all the
acoustic wave is totally reflected back into the atmosphere. However, an impedance
ground surface is a more realistic case, which partially absorbs the incident wave.
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One case, with a normalized ground impedance Z=10+10i, is chosen to illustrate
the effect. Fig. 2.15 shows a the comparison of the SPL with the corresponding
analytical solutions. (Since the above results have shown enough about the matches
between numerical and analytical solution for the real part of acoustic pressure,
the comparison of the acoustic pressure is not shown). Here the acoustic source
frequency is 500 Hz and the source is located at 3.4 m above the ground surface.
The atmosphere is homogeneous. Once more, the numerical results match the
analytical results very well. As can been seen, due to the absorption of the ground
surface, the acoustic wave diminishes much faster with range compared to the rigid
ground surface case.

2.4.2

Inhomogeneous atmosphere

So far only a homogeneous atmosphere has been considered. However, it is
known that an inhomogeneous atmosphere will introduce refraction effects. Here,
a layered atmosphere is chosen to show the influence of an inhomogeneous atmosphere with the PE applications. In the first case, it is assumed that the sound
speed changes with height and it is range independent. The following logarithmic
profile is a reasonable approximation for the sound speed close the ground surface.

c(z) = c0 + b ln


z
+1
z0

(2.60)

where c0 = 340 m/s is the sound speed at the ground surface, z0 = 0.1 m is
referred to as the roughness length of the ground surface, and b = ±1 m/s gives
an increasing or decreasing sound speed, respectively, as shown in Fig. 2.16. The
resulting SPL from the PE simulation is shown in Fig. 2.17. Here, the source is
located at z = 3.4 m above a rigid ground surface, the frequency is 500 Hz, and
the observer is located at z = 1.7 m. The acoustic refraction due to the sound
speed gradient satisfies the Snell’s law,
sin(θ1 )
sin(θ2 )
=
c1
c2

(2.61)

Where θ1 and θ2 are the incident angle and refracted angle corresponding to the
sound speed c1 and c2 . As the sound speed increases with height, the refracted
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angle is smaller than the incident angle and the sound rays tend to be bent down.
Consequently the sound pressure is strengthened close to the ground as the range
increases. This is the downward refraction as the red solid line in Fig. 2.17. Vice
versa, as the sound speed decreases with height, the refracted angle is larger than
the incident angle and the sound rays tend to be bent up. Consequently, the sound
pressure is weakened close to the ground as the range increases. This is the upward
refraction as the blue dash line in Fig. 2.17.
Generally, the 2D PE uses the effective sound speed approximation to model
the wind velocity. That is, the wind velocity component along the sound propagation direction will be added into the sound speed as the effective sound speed for
PE calculation. For the boundary layer of the atmosphere, the wind speed typically increases with height. Therefore, if the observer is located in the downwind
direction with respect to the acoustic source, the problem is similar to the sound
speed increasing with height or the downward refraction with the effective sound
speed approximation. On the other hand, if the observer is located in the upwind
direction, the problem is similar to the upward refraction. However, this approach
can not handle the cross wind case, that is the component of wind velocity perpendicular to the sound propagation direction. Also even for the parallel wind, the
effective sound speed is just an approximation. As can be seen, the wind influence
is a very complicated problem, which will be discussed more detail in the 3DPE
chapter.
The atmospheric density can also vary with height. A typical density profile
can be expressed as,

ρ(z) = ρ0 + bρ ln


z
+1
zρ

(2.62)

where, ρ0 = 1.5 kg/m3 , zρ = 0.5λ, λ is wavelength, bρ = ±0.1 defines an increasing
density and an decreasing density with height, respectively, as shown in Fig. 2.18.
Fig. 2.19 compares the SPL of this case, here the sound speed is constant in
the computational domain. The figure shows that the density gradient has less
influence on the acoustic wave than the sound speed gradient.

2.4.3

Numerical results from adjoint method

Several example cases have been simulated by the adjoint method and the
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results are shown in this section. Here, acoustic source frequency is 500 Hz, and it
is located 3.4 m above the ground surface. The height of the observer is 1.7 m. The
first case is that the atmosphere is homogeneous and the ground surface is rigid.
Fig. 2.20 shows the real part of the acoustic pressure comparison, and Fig. 2.21
shows the SPL comparison. Clearly, the results from direct and adjoint PE match
each other exactly in both two figures. The second case is that the ground surface
is a locally reacting ground surface with a finite complex specific impedance Z =
10 + i10. The same comparisons of the real part of the acoustic pressure and the
SPL are shown in Figs. 2.22 and 2.23, respectively. Again the agreements are very
good in both figures. As discussed previous, if the atmosphere is homogeneous,
the problem is formally self adjoint. Therefore, the Green’s function for the source
location is the same as the adjoint solution. It is important to note that both the
direct and adjoint solutions are axisymmetric: one about the source location and
the other about the observer location. The comparisons show that the reciprocal
relationship is preserved, independent of the coordinate system used to describe
the problem.
In the third case the atmosphere is inhomogeneous. The sound speed is assumed
to vary with the height and the variation is shown in Fig. 2.16. Again, there are
two examples: one is that the sound speed increases with height, and the other is
that the sound speed decreases with height. Fig. 2.24 compares the SPL profiles of
the two cases together by the direct and adjoint method, respectively. As can be
seen, the two comparisons are in good agreement too. The real part of the acoustic
pressure (phase information) for the two cases are also in good agreement, but for
brevity, it is not shown here. This case shows that although the atmosphere is
inhomogeneous, the problem is still self adjoint since neither the sound speed nor
the wavenumber affect the adjoint property of the wave equation.
The last case is that atmospheric density varies with height as in Fig. 2.18. As
we know, this problem is not self adjoint and the relationship between the direct
and adjoint solutions satisfies Eqn. 2.59. Fig. 2.25 compares the SPL profiles for
the density decreasing case and Fig. 2.26 compares the SPL profiles for the density
increasing case. Both figures show that the adjoint solutions match the direct
solutions very well. In all, these examples demonstrate that the sound propagation
problems can be solved by the adjoint method with the hypothetical source being
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located at the observer location of interest.
At last, it is worth to note that the direct and adjoint problems are both solved
using the PE approximation and we are not trying to find the adjoint solution
to the PE itself. We are just relying on the full wave propagation problem to
possess/construct a reciprocal property and then we can solve both the adjoint
and direct problems using the PE method.

2.5

Summary

In this Chapter, the traditional two-dimensional Crank-Nicholson Parabolic
Equation (CNPE) method is developed based on the homogeneous Helmholtz equation with the axisymmetric assumption. The CNPE is solved by LU method with
a marching algorithm along the range r direction. In the calculations, both step
sizes in the range and height directions are one tenth of the wavelength. The
numerical results have been validated by comparing to the analytical solution for
different source frequencies, different impedance of the ground surface, different
source/observer height. The PE method successfully captures the upward and
downward refraction due to the sound speed gradient and density gradient. The
2D PE is the basis for the development of other more complicated PE models.
However, the 2D PE method is based on the homogeneous Helmholtz equation
and cannot describe the wind velocity directly. To overcome this disadvantage, a
3D PE method is developed in the next chapter, which is the main contribution of
the research. Furthermore, the adjoint method is developed and validated by sound
propagation problems in the homogenous atmosphere and inhomogeneous atmosphere with sound speed gradient and density gradient above flat finite impedance
ground surface. It supplies a way to improve the computational efficiency of the
PE method.
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Figure 2.2. Analytical solution of the Sound Pressure Level (SPL) contours for a
monopole source (500Hz) located at 3.4m in a homogeneous atmosphere and free space.
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Figure 2.3. Analytical solution of the Sound Pressure Level (SPL) contours for a
monopole source (500Hz) in a homogeneous atmosphere, located at 3.4m above a rigid
ground surface.
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Figure 2.4. Numerical solution of the SPL contours for a monopole source (500Hz) in
a homogeneous atmosphere, located at 3.4m above a rigid ground surface.
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Figure 2.5. Comparison of the real part of the acoustic pressure between analytical and
numerical results for a 500Hz point source propagation in a homogeneous atmosphere,
located at 3.4m above a rigid ground surface. The observer is located at 1.7m above the
ground surface.
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Figure 2.6. Comparison of the imaginary part of the acoustic pressure between analytical and numerical results for a 500Hz point source propagation in a homogeneous
atmosphere, located at 3.4m above a rigid ground surface. The observer is located at
1.7m above the ground surface.
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Figure 2.7. Comparison of the SPL between analytical and numerical results for a
500Hz point source propagation in a homogeneous atmosphere, located at 3.4m above a
rigid ground surface. The observer is located at 1.7m above the ground surface.
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Figure 2.8. Comparison of the real part of the acoustic pressure between analytical and
numerical results for a 500Hz point source propagation in a homogeneous atmosphere,
located at 3.4m above a rigid ground surface. The observer is located at 6.8m above the
ground surface.
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Figure 2.9. Comparison of the SPL between analytical and numerical results for a
500Hz point source propagation in a homogeneous atmosphere, located at 3.4m above a
rigid ground surface. The observer is located at 6.8m above the ground surface.
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Figure 2.10. Comparison of the real part of the acoustic pressure between analytical and
numerical results for a 500Hz point source propagation in a homogeneous atmosphere,
located at 17m above a rigid ground surface. The observer is located at 1.7m above the
ground surface.
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Figure 2.11. Comparison of the SPL between analytical and numerical results for a
500Hz point source propagation in a homogeneous atmosphere, located at 17m above a
rigid ground surface. The observer is located at 1.7m above the ground surface.
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Figure 2.12. Comparison of the SPL between analytical and numerical results with
different initial fields for a 500Hz point source propagation in a homogeneous atmosphere,
located at 17m above a rigid ground surface. The observer is located at 1.7m above the
ground surface.
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Figure 2.13. Comparison of the real part of the acoustic pressure between analytical
and numerical results for a 20Hz point source propagation in a homogeneous atmosphere,
located at 3.4m above a rigid ground surface. The observer is located at 1.7m above the
ground surface.
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Figure 2.14. Comparison of the SPL between analytical and numerical results for a
20Hz point source propagation in a homogeneous atmosphere, located at 3.4m above a
rigid ground surface. The observer is located at 1.7m above the ground surface.
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Figure 2.15. Comparison of SPL between analytical and numerical results for a 500Hz
point source propagation in a homogeneous atmosphere, located at 3.4m above a ground
surface with a normalized impedance of 10+10i. The observer is located at 1.7m above
the ground surface.
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Figure 2.16. The sound speed profiles for the layered atmospheric.
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Figure 2.17. Comparison of SPL between numerical results within an atmosphere
having two different sound speed profiles as in Fig. 2.16, for a 500Hz point source,
located at 3.4m above a rigid ground surface. The observer is located at 1.7m above the
ground surface.
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Figure 2.18. The density profiles for the layered atmospheric.
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Figure 2.19. Comparison of SPL between numerical results within an atmosphere
having two different density profiles as in Fig. 2.18, for a 500Hz point source, located at
3.4m above a rigid ground surface. The observer is located at 1.7m above the ground
surface.
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Figure 2.20. Comparison of real part of the acoustic pressure from direct PE method
and adjoint PE method, for the sound propagation of an acoustic source (500Hz) located
3.4m above a rigid ground plane in a homogeneous atmosphere, and the observer is
located at 1.7m above the ground surface.
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Figure 2.21. Comparison of SPL from direct PE method and adjoint PE method, for
the sound propagation of an acoustic source (500Hz) located 3.4m above a rigid ground
plane in a homogeneous atmosphere, and the observer is located at 1.7m above the
ground surface.
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Figure 2.22. Comparison of real part of the acoustic pressure from direct PE method
and adjoint PE method, for the sound propagation of an acoustic source (500Hz) located 3.4m above a impedance ground plane (impedance=10+10i) in a homogeneous
atmosphere, and the observer is located at 1.7m above the ground surface.
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Figure 2.23. Comparison of SPL from direct PE method and adjoint PE method, for
the sound propagation of an acoustic source (500Hz) located 3.4m above a impedance
ground plane (impedance=10+10i) in a homogeneous atmosphere, and the observer is
located at 1.7m above the ground surface..
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Figure 2.24. Comparison of SPL from direct PE method and adjoint PE method, for
the sound propagation of an acoustic source (500Hz) located 3.4m above a rigid ground
plane in an atmosphere with sound speed varied with height, and the observer is located
at 1.7m above the ground surface.
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Figure 2.25. Comparison of SPL from direct PE method and adjoint PE method, for
the sound propagation of an acoustic source (500Hz) located 3.4m above a rigid ground
plane in an atmosphere with the density decreasing with height, and the observer is
located at 1.7m above the ground surface.
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Figure 2.26. Comparison of SPL from direct PE method and adjoint PE method, for
the sound propagation of an acoustic source (500Hz) located 3.4m above a rigid ground
plane in an atmosphere with the density increasing with height, and the observer is
located at 1.7m above the ground surface.

Chapter 3
The Three-Dimensional PE in an
Inhomogeneous Atmosphere
In the last chapter, the 2D PE model uses the effective sound speed approximation to model wind velocity. However, this is only an approximation to the wind
component parallel to the sound propagation direction, and in this way the vector
variable, wind velocity, is represented through a modification of the scalar variable sound speed. The wind component perpendicular to the sound propagation
direction is omitted in this approach, and thus the 2D PE model can not handle
the lateral refraction. Even as wind is only in the sound propagation direction,
the effective sound speed is just an approximation. Pierce [67] gives an equation
to describe the curvature of a refracted sound ray due to the wind gradient in the
vertical direction on the sound propagation surface, without considering the lateral
refraction caused by crosswinds,
rc =

c
(dc/dz) sin θ + dvx /dz

(3.1)

Where vx is the wind component in the sound propagation direction, and θ is
the incident angle, between the sound ray and the vertical direction (height). If a
sound ray propagates in a nearly horizontal direction, sin θ approximates unity, the
effective sound speed is an appropriate approximation to wind velocity. However,
it is argued that if the incident angle θ is less than about 30◦ , the influence of a
wind-speed gradient is substantially greater than that of a sound-speed gradient of
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the same magnitude. Furthermore, the effective sound speed approximation can
not model the lateral refraction due to crosswinds. Therefore, caution must be
used when the effective sound speed is used to model the wind velocity. On the
other hand, a real 3D model of wind velocity is expected to provide better results.
In this chapter, a novel 3D PE model is derived based on a reduced wave equation (Helmholtz equation) for an acoustic wave propagating in an inhomogeneous
arbitrary moving medium. The 3D PE model includes the wind velocity explicitly. Therefore, it can be used to study the influence of both vertical and lateral
refractions due to wind velocity gradient. Furthermore, the 3D PE model can be
used to identify the potential errors of the 2D PE model with the effective sound
speed approximation for a complicated real wind. No such comparisons have ever
been published before.

3.1

Wave equation for a moving inhomogeneous
medium in cylindrical coordinates

The reduced wave equation (Helmholtz equation) for the acoustic field p(x)
of a monopole source propagating in an inhomogeneous moving medium can be
written in Cartesian coordinates as [39],


2i ∂vi ∂ 2
2ik
2
2
∇ + k (1 + ) − [∇ ln(ρ/ρ0 )] · ∇ −
+
v · ∇ p(x) = 0
ω ∂xj ∂xi ∂xj
c0

(3.2)

In this equation, Cartesian tensor notation is used, where x = (x, y, z). x
is generally taken to be the direction of wave propagation and z is the vertical
or height direction.  = c20 /c2 − 1 is the deviation from unity of square of the
refraction index in a motionless medium. Eqn. 3.2 is derived from a full set of
linearized fluid dynamic equations with three assumptions [39]: 1) internal gravity
waves are neglected; 2) the mean flow is incompressible, that is, ∇ · v = 0; and 3)
terms of order µ2 =Max(v 2 /c20 , |vc/c20 |, |vρ/c0 ρ0 |) are ignored, where c = c − c0 and
ρ = ρ − ρ0 , are the deviations of sound speed and density from their mean values.
Eqn. 3.2 can be transformed from Cartesian coordinates into cylindrical coordinates. In cylindrical coordinates (r, θ, z), r and θ define the horizontal surface.
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r is the range of wave propagation, θ is the azimuthal direction, and z is the
height direction. The wave equation in cylindrical coordinates from Eqn. 3.2 can
be written as,

∂2
∂
∂2
∂
∂2
c1 2 + k 2 (1 + )+c2
+ c3
+ c4 2 + c5 2 +
∂r
∂r
∂θ
∂θ
∂z

2
2
2
∂
∂
∂
∂
c6
+ c7
+ c8
+ c9
p(r, θ, z) = 0
∂r∂z
∂θ∂z
∂r∂θ
∂z

(3.3)

where, c1 , c2 , ..., c9 are the coefficients coming from the coordinate transformation.
They take the form:


2i
sin 2θ ∂vy ∂vx
2 ∂vx
2 ∂vy
c1 = 1 −
(cos θ)
+ (sin θ)
+
(
+
)
ω
∂x
∂y
2
∂x
∂y

(3.4)

1 1 ∂ρ 2ik
c2 = −
+
(vx cos θ + vy sin θ)−
r ρ ∂r
c0


2i (sin θ)2 ∂vx (cos θ)2 ∂vy sin 2θ ∂vy ∂vx
+
−
(
+
)
ω
r
∂x
r
∂y
2r ∂x
∂y

(3.5)



1 ∂ρ 2i sin 2θ ∂vx sin 2θ ∂vy cos 2θ ∂vy ∂vx
−
−
−
(
+
)
c3 = − 2
ρr ∂θ
ω
r2 ∂x
r2 ∂y
r2
∂x
∂y

(3.6)



1
2i (sin θ)2 ∂vx (cos θ)2 ∂vy sin 2θ ∂vy ∂vx
c4 = 2 −
+
−
(
+
)
r
ω
r2 ∂x
r2
∂y
2r2 ∂x
∂y
c5 = 1 −

2i ∂vz
ω ∂z

(3.7)

(3.8)



2i
∂vz ∂vx
∂vy ∂vz
c6 = −
cos θ(
+
) + sin θ(
+
)
ω
∂x
∂z
∂z
∂y

(3.9)



sin θ ∂vz ∂vx
2i
cos θ ∂vy ∂vz
c7 = −
−
(
+
)+
(
+
)
ω
r ∂x
∂z
r
∂z
∂y

(3.10)



2i
sin 2θ ∂vx sin 2θ ∂vy cos 2θ ∂vy ∂vx
c8 = −
−
+
+
(
+
)
ω
r ∂x
r ∂y
r
∂x
∂y

(3.11)
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c9 = −

1 ∂ρ 2ik
+
vz
ρ ∂z
co

(3.12)

As can be seen, these coefficients depend on the mean medium velocity vi and
its derivatives. Here, the velocities and their derivatives are expressed in Cartesian coordinates since the mean velocity of the wind is often better represented
in Cartesian coordinates. Also these coefficients are at different locations of the
computational domain and can be calculated beforehand. Therefore, there is no
need to write them in cylindrical coordinates. If Eqn. 3.3 is divided by c1 , we
obtain,


∂2
c2 ∂
c3 ∂
c4 ∂ 2
c5 ∂ 2
2
+
k
(1
+
η)+
+
+
+
+
∂r2
c1 ∂r c1 ∂θ c1 ∂θ2 c1 ∂z 2

c6 ∂ 2
c7 ∂ 2
c8 ∂ 2
c9 ∂
+
+
+
p(r, θ, z) = 0
c1 ∂r∂z c1 ∂θ∂z c1 ∂r∂θ c1 ∂z

(3.13)

where, k 2 (1 + η) = k 2 (1 + )/c1 and η = (1 +  − c1 )/c1 . This is the 3D Helmholtz
equation in cylindrical coordinates for sound propagation in an arbitrary moving
inhomogeneous medium. The only difference between Eqn. 3.2 and Eqn. 3.13 is the
coordinate systems transformation. Therefore, they are both based on the same
three assumptions.
If there is no wind or density gradient in the medium, the expressions for the
coefficients c1 , c2 , ..., c9 can be easily reduced to the following forms,
1
1
c1 = 1, c2 = , c3 = 0, c4 = 2 , c5 = 1, c6 = 0, c7 = 0, c8 = 0, c9 = 0
r
r

(3.14)

Substituting these coefficients into Eqn. 3.13 gives the 3D Helmholtz equation for
a uniform medium at rest,



∂2
1 ∂
1 ∂2
∂2
2
+k +
+
+
p(r, θ, z) = 0
∂r2
r ∂r r2 ∂θ2 ∂z 2

(3.15)

Eqn. 3.15 has been used in a previous three-dimensional propagation model (FOR3D)
to describe the effects of azimuthal variations in ocean acoustics by Lee et al. [31],
which was focused on the 3D irregular bottom boundary influences. Moreover,
comparing Eqns. 3.15 and 3.13 shows that wind not only changes the coefficients

56
of the derivative terms that exist in the 3D homogeneous Helmholtz equation, but
also introduces some new cross derivative terms.

3.2

Parabolic equation for a moving inhomogeneous medium in cylindrical coordinates

Eqn. 3.13 is the staring point for the derivation of a parabolic equation for
sound propagation in a moving inhomogeneous medium in cylindrical coordinates.
The approach combines the strategies used for the derivation of a homogeneous
parabolic equation by Lee et al.[31] and Ostashev et al.’s[41] approach for the
derivation of a 3D parabolic equation in Cartesian coordinates. First, we assume
that the zeroth-order Hankel function of the second kind, H02 (kr), is still a part
of the solution of the new 3D Helmholtz equation as in the 2D PE approach, and
√
√
that it can be approximated by exp(ikr)/ r. Setting p = q/ r gives,


c2 1 ∂
c3
c4 ∂ 2
∂2
1 c8 ∂
2
+k
(1
+
η0)
+
(
)
+
(
+
+
−
−
)
∂r2
c1 r ∂r
c1 2r c1 ∂θ c1 ∂θ2

c5 ∂ 2
c6 ∂ 2
c7 ∂ 2
c8 ∂ 2
c9
1 c6 ∂
+
+
+
+( −
)
q=0
c1 ∂z 2 c1 ∂r∂z c1 ∂θ∂z c1 ∂r∂θ
c1 2r c1 ∂z

(3.16)

where, η0 = η + k −2 [3/(4r2 ) − c2 /(2rc1 )]. To simplify the above expression, we can
write
c2 1
c3
1 c8
c4
c5
− , d2 =
−
, d3 = , d4 = ,
c1 r
c1 2r c1
c1
c1
c6
c7
c8
c9
1 c6
d5 = , d6 = , d7 = , d8 =
−
c1
c1
c1
c1 2r c1
d1 =

(3.17)

Furthermore, Eqn. (3.16) can be expressed in the following operator notation,



∂2
2 2
+k Q q =0
∂r2

(3.18)

Here, Q is an operator including the derivatives in θ and z directions, and it can
be written as
Q = (1 + L)1/2 ,

L=F +G

∂
∂r

(3.19)
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where,
F = η0 +

d3 ∂ 2
d8 ∂
d2 ∂
d4 ∂ 2
d6 ∂ 2
+
+ 2
+
+
2
2
2
2
2
2
k ∂θ k ∂θ
k ∂z
k ∂θ∂z k ∂z

(3.20)

and,
G=

d1 d5 ∂
d7 ∂
+ 2
+ 2
2
k
k ∂z k ∂θ

(3.21)

The operator Q can be represented by a Padé (1,1) approximation, which has been
commonly used in previous derivation of the homogeneous parabolic equation.
That is,
p1 + p2 L
Q = (1 + L)1/2 ∼
=
q1 + q 2 L

(3.22)

p1 = 1, p2 = 3/4, q1 = 1, q2 = 1/4

(3.23)

here,

Eqn. 3.18 can now be split into an incoming and an outgoing wave, and here only
the outgoing wave is considered. Then substituting Eqn. 3.22 into the outgoing
wave component yields,
∂q
p1 + p2 (F + G∂/∂r)
= ik
q
∂r
q1 + q2 (F + G∂/∂r)

(3.24)

or,
[q1 + q2 F − ikp2 G)]

∂q
∂2q
= ik(p1 + p2 F )q − q2 G 2
∂r
∂r

(3.25)

The right hand side of this equation contains a term involving ∂ 2 q/∂r2 . To obtain
a parabolic equation, this term has to be eliminated. In order to do that, Eqn. 3.13
is written as,



∂2
1 ∂
1 ∂2
∂2
2
+
+
+
+ k + O (|v/c0 |, |c/c0 |, |ρ/ρ0 |) p = 0
∂r2 r ∂r r2 ∂θ2 ∂z 2

(3.26)

Here, the assumption is used that the wind velocity and sound speed fluctuation
are small compared to the sound speed, and the density fluctuation is small compared to the ambient density. This assumption is reasonable for most atmospheric
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propagation situations. Introducing p = q/ r into Eqn. 3.26 gives,


∂2q
1
1 ∂2
∂2
2
=− k + 2 + 2 2 + 2 q
∂r2
4r
r ∂θ
∂z

(3.27)

Then, the substitution of Eqn. 3.27 into Eqn. 3.25 yields
[q1 + q2 F − ikp2 G]

∂q
=ik(p1 + p2 F )q+
∂r


1
1 ∂2
∂2
2
q2 G k + 2 + 2 2 + 2 q
4r
r ∂θ
∂z

(3.28)

Furthermore, with q = ψ exp(ikr), we obtain,
[q1 + q2 F − ikp2 G]

∂ψ
=ik(p1 + p2 F − q1 − q2 F + ikp2 G)ψ+
∂r


1 ∂2
∂2
1
2
q2 G k + 2 + 2 2 + 2 ψ
4r
r ∂θ
∂z

(3.29)

Eqn. 3.29 together with Eqns. 3.20 and 3.21 represent a 3D parabolic equation
in cylindrical coordinates for sound propagation in an arbitrary moving inhomogeneous medium. It is one of the main results of this chapter.

3.3
3.3.1

Numerical approach
The Crank-Nicholson finite difference approach

To solve the resulting parabolic equation numerically, a Crank-Nicholson PE (CNPE)
method is used in the present study for the same stability reason as in the 2D PE
approach. In order to facilitate the discretization of the differential terms, Eqn. 3.29
is first written in an operator form,
A

∂ψ
= Bψ
∂r

(3.30)

Here, A and B are operators in z and θ directions. Applying the Crank-Nicholson
finite difference algorithm in r direction yields,





∆r
∆r
A−
B ψ(r + ∆r) = A +
B ψ(r)
2
2

(3.31)
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To obtain the operators A and B, second order accurary central difference schemes
are used:

∂ψ
ψ(z + ∆z, θ) − ψ(z − ∆z, θ)
=
∂z
2∆z

(3.32)

∂2ψ
ψ(z + ∆z, θ) − 2ψ(z, θ) + ψ(z − ∆z, θ)
=
2
∂z
∆z 2

(3.33)

∂3ψ
ψ(z + 2∆z, θ) − 2ψ(z + ∆z, θ) + 2ψ(z − ∆z, θ) − ψ(z − 2∆z, θ)
=
3
∂z
2∆z 3

(3.34)

Similar operations are applied in the θ direction and for mixed differential terms.
After a lengthy but straightforward process, a linear system of equations can be
obtained, which is a finite difference form of Eqn. 3.31. Since third order derivatives
are included in the operators A and B, five-point finite difference stencil are used
in both z and θ directions. In addition, the mix derivative occurs. Therefore, in
all there are 13 unknown variables in each of the linear system of equations as
shown in Fig. 3.2. These unknown variables are ψ(z, θ − 2∆θ), ψ(z − ∆z, θ − ∆θ),
ψ(z, θ − ∆θ), ψ(z + ∆z, θ − ∆θ), ψ(z − 2∆z, θ), ψ(z − ∆z, θ), ψ(z, θ), ψ(z + ∆z, θ),
ψ(z +2∆z, θ), ψ(z −∆z, θ+∆θ), ψ(z, θ+∆θ), ψ(z +∆z, θ+∆θ), and ψ(z, θ+2∆θ).
The coefficients of these variables depend on the sound speed, the density of the
air, the wind speed, the wavenumber and their gradients.
One issue has to be stressed in solving the resulting linear system. To march in
range direction, we need to solve a linear system of N equations with N unknown
variables at each range r step. Here, the N unknown variables correspond to the
acoustic pressure at each mesh point of the (z, θ) plane. It is well known that
solving this system of equations requires N 3 calculations if a direct method, such
as the LU algorithm, is adopted. For example, if a 3D case with 2000 steps in the
height direction and 181 steps in the azimuthal direction is considered, there will
be 2000 × 181 = 362, 000 points in one cylindrical surface of the computational
domain. That is, 362, 000 equations corresponding to 362, 000 unknown variables
has to be solved. Theoretically, to solve a linear system of 362, 000 equations, it requires (362, 000)3 times of calculations if the LU algorithm is used. For a 3.06GHz
Intel Xeon CPU with the type of Pentium 4, (362, 000)3 /(3.06 × 109 ) ∼
= 1.58 × 107
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second, that is, about 183 days are required for one step of range marching on
such a CPU. This is definitely not practical for a long range propagation problem. Obviously, a more efficient solver is needed. Here, an iterative solver, the
Generalized Minimum RESidual (GMRES) method is adopted in the present calculations [68, 69]. The GMRES is developed for solving a large nonsymmetric
linear system (I + S)X = b, with b ∈ cn and S ∈ cn×n being readily invertible.
(I + S) is a sparse, large and non-singular matrix. Krylov subspaces are generated by applying S and S −1 cyclically [68]. The cost of the iterations grows, thus
the method is restarted after a number of iterations. In this research the GMRES
is downloaded form http : //www.cerf acs.f r/algor/Sof ts/GM RES/index.html.
Generally, an iterative algorithm requires N 2 calculations for a linear system with
N equations. For the above computational domain setup, only 43.7 second is
needed for one step of calculation on the 3.0 GHz CPU. Since the GMRES method
reduces the computational effort significantly, marching to far field by PE method
can now be performed in a reasonable time frame.

3.3.2

Initial field

As discussed before, a Gaussian starting field was used for 2D PE approaches.
However, in the 3D PE model the coefficient of ∂ψ/∂θ in Eqn. 3.28 has a 1/r
term, which could generate a potential problem for the linear system of equations
as r → 0, since a second order central difference scheme is used. The problem is
that the coefficients of ψ(z, θ − ∆θ) and ψ(z, θ + ∆θ) could be much larger than
the coefficient of ψ(z, θ), which is the diagonal term of the coefficient matrix. If so,
the resulting matrix is a stiff system of equations with numerical convergence and
accuracy issues. Fortunately, this problem can be avoided if the initial field is set
at a finite distance away from the acoustic source, where the 1/r and 1/r2 terms
are no longer large and the resulting coefficient matrix is diagonally dominant.
Furthermore, there is no singularity in this r > 0 approach, and thus the analytical
solution can be used to set an initial field, which has been validated by the 2D PE
example cases in Chapter 2.
An analytical solution of a point source in a homogeneous atmosphere with no
wind has been given before. The simplest sound propagation problem with wind is
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when the wind velocity is uniform. If the wind velocity is only in the x direction,
the problem can be described by,
(−ik + M

∂ 2
) g(x|xs ) − ∇2 g(x|xs ) = 2πδ(x − xs )
∂x

(3.35)

where M is the Mach number in the x-direction, k is the wavenumber, x = (x, y, z)
is the observer location, xs = (xs , ys , zs ) is the source location, and g(x|xs ) is the
Green’s function. The solution of Eqn. 3.35 is given by,


γ2
(3.36)
exp ik(R − M γ 2 (x − xs ))
R
p
√
Here, γ = 1/ 1 − M 2 , and R = γ γ 2 (x − xs )2 + (y − ys )2 + (z − zs )2 . Eqn. 3.36
g(x|xs ) =

gives the acoustic field of a point source in a uniform wind in the x direction.
Similar to the homogeneous atmosphere case, the analytical solution for a point
source in a uniform wind above a flat reflecting ground surface can be obtained by
adding an image source at (0, 0, −zs ). This solution will be used as an initial field
for 3D PE calculations later and as a validation case in next section.
It should be pointed out that the uniform wind is just used for validation of
the 3D PE model, since the uniform wind cannot exist in the real world due to the
friction of the ground surface. Furthermore, the initial acoustic field for a wind
turbine noise propagation problem is expected to be obtained using the Ffowcs
Williams–Hawkings approach in the near field for the wind turbine project [70].
Thus setting up an initial field would not be a problem for the 3D PE wind turbine
noise prediction applications.

3.3.3

Boundary conditions

Besides the initial field, two kinds of boundary conditions need to be considered
for a 3D PE model: one is in the azimuthal direction and the other is in the vertical
direction. If a full circle or 360◦ in the azimuthal direction is considered for the
computational domain, periodicity can be used for the azimuthal boundary. For
example, the pressure field at 0◦ is equal to the pressure field at 360◦ . On the other
hand, if the problem is symmetrical along the y-direction ( the −90◦ to 90◦ line in
cylindrical coordinates) the 360◦ computational domain can be reduced to a 180◦
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domain, which will consequently reduce the computational demands.
In setting the vertical boundary, there is a problem due to the second order finite
difference used for the third order differential terms in Eqn. 3.29. Consequently,
the discretized PE involves ψ(z − 2∆z, θ) and ψ(z + 2∆z, θ) terms at the lower
and upper boundaries, respectively. That is, two more mesh points are located
outside of the vertical boundaries of the computational domain. This problem can
be avoided if a biased second order finite difference stencils are adopted for the
third order derivative terms. They can be written as,
∂3ψ
|lower boundary =
∂z 3
2ψ(z + 2∆z, θ) − 6ψ(z + ∆z, θ) + 6ψ(z, θ) − 2ψ(z − ∆z, θ)
3∆z 3

(3.37)

∂3ψ
|upper boundary =
∂z 3
(3.38)
2ψ(z + ∆z, θ) − 6ψ(z, θ) + 6ψ(z − ∆z, θ) − 2ψ(z − 2∆z, θ)
3∆z 3
Now, only one point beyond the upper and lower boundaries is needed for the discretization, which can be handled by using a “locally reacting” boundary condition
as in previous 2D PE simulations.

3.4

Numerical results and discussion

The resulting 3D parabolic equation, Eqn. 3.29 together with Eqns. 3.20 and
3.21, are used to simulate several example cases in this section. Validation of the
3D PE model is conducted by comparing the numerical and analytical results for a
no wind and a uniform wind case. Then a logarithmic wind profile case is modeled
to investigate the 3D wind influences. At the same time, the 3D PE results are
compared to the 2D PE results with effective sound speed approximation, which
is used to identify the range of the validity of 2D PE method. The last case
has a dramatic rotation in the wind profile, which is used to exaggerate the wind
direction influence.
All these examples use a unit monopole source above a rigid ground surface and
the observer is located at 1.7 m above the ground. The frequency of the acoustic
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source is 20 Hz, the sound speed is 340 m/s, and there are no medium density and
sound speed variations throughout the computational domain.

3.4.1

Homogeneous atmosphere with no wind

In order to validate the 3D PE model, the first example case conducted is sound
propagation in a homogeneous atmosphere with no wind. The acoustic source is
located 3.4 m above the ground surface. This problem has an analytical solution,
Eqn. 2.28, given in Chapter 2. Since a homogeneous atmosphere is assumed, the
problem is strictly axisymmetric and there is no θ dependence. For numerical simulation, a half cylinder computational domain is constructed as shown in Fig. 3.1,
where symmetry boundary conditions are adopted. In both range and height directions, the step size are chosen to be one tenth of the wavelength based on the
2D PE research. Although the problem is azimuthally independent, the azimuthal
correlation calculation is still conducted, since the main objective of this example
is to validate the new 3D PE model. The azimuthal range is set from −90◦ to 90◦
and the azimuthal step size is 15◦ for the calculation (since there is no azimuthal
influence, the azimuthal step size doesn’t actually matter in this case). In general,
90◦ is set as the downwind direction, and −90◦ is the upwind direction. At 0◦ , wind
velocity is perpendicular to the sound propagation direction, which is identified as
the cross wind direction. In this example there is no wind.
Figs. 3.3(a) and 3.3(b) compare the resulting real and imaginary parts of the
acoustic pressure given by the 3D PE simulation and the analytical solutions, respectively. It can be seen that the 3D PE results match the analytical solutions
very well. The resulting Sound Pressure Level (SPL) also matches the analytical
solution very well as shown in Fig. 3.3(c). Again, since there is no azimuthal dependence, the 3D PE results should be independent on the azimuthal direction. This
point is illustrated in Fig. 3.4, where the five curves at the different azimuthal
locations are all in agreement. Since there is no wind, the same results can be
obtained by 2D PE simulation as shown in Figs. 2.12 and 2.13. Furthermore,
like the 2D PE results, real part of the acoustic pressure line profile indicates the
phase information of the acoustic field and SPL indicates the amplitude information. Therefore, the imaginary part of the acoustic pressure won’t be shown in
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subsequent cases for brevity.

3.4.2

Homogeneous atmosphere with an uniform wind

The second validation case is sound propagating in a homogeneous atmosphere
with a uniform wind, where the wind velocity is from −90◦ to 90◦ with an magnitude of M = 0.2 as shown in Fig. 3.1. (For the thesis, M = 0.2 is chosen to
exaggerate wind influence. The simulations with a wind of M = 0.05 are also
conducted for the uniform wind and following logarithmic wind and rotating wind.
However, their results are not shown here to be brevity. Those results have the
similar properties as the M = 0.2 cases, and the only difference is that where wind
has smaller quantitative influence on the acoustic pressure.) Again, the acoustic
source is located at 3.4 m above the ground surface. Although such a wind velocity
is unrealistic, an analytical solution is available and can be described by Eqn. 3.36.
Thus the numerical results can be compared with the analytical solutions to provide a validation. Moreover, with this equation, the initial acoustic field for the 3D
PE simulation is calculated on a cylinder surface with a radius of 17 m (r is constant) and centered at the acoustic source. Since the problem is symmetrical, the
half cylinder computation domain is used with the azimuthal symmetry boundary
condition.
Figs. 3.5(a) compares the numerical and analytical results for the real part of
the acoustic pressure in the cross wind direction, θ = 0◦ . Fig. 3.5(b) shows a
comparison of the Sound Pressure Levels (SPL). In both of these figures the numerical results are in good agreement with the analytical results. Fig. 3.6 compares
the real part of the acoustic pressure for the analytical and numerical results in
the upwind and downwind directions. The numerical and analytical results are
very close to each other for both comparisons. The figures also show that the
wavelength of the acoustic pressure is elongated in the downwind direction (about
four wavelengths for the shown distance) and is shortened in the upwind direction
(about seven wavelengths) due to the wind influence, while the cross wind has
about five wavelengths. The comparison of imaginary part of the acoustic pressure
has a similar agreement, and for brevity it is not shown here. Figs. 3.7 and 3.8
compare the sound pressure level (SPL) profiles at the upwind and downwind lo-
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cations, respectively. Again the numerical results match the analytical solution
very closely. Figs. 3.7 and 3.8 look similar, which is because the uniform wind
has little influence on the magnitude of the acoustic pressure as in Fig. 3.9, which
compares the SPL at different azimuthal angles for the uniform wind case. Note in
Fig. 3.9(b) the scale has been expanded to see the details. The figure shows very
little SPL difference at these locations (the same results can be obtained from the
analytical solutions). Therefore, it can be concluded that the uniform wind has a
significant influence on the wavelength of the acoustic pressure propagation, but
not on the magnitude. In summary, this case shows that the 3D PE results agree
well with the analytical solutions at different observer locations.
Furthermore, for the previous 3D PE results, the range and height step sizes
are chosen to be one tenth of the wavelength. In the azimuthal direction, a very
small step size, 0.5◦ , is used. This means there are 361 azimuthal steps for the
180◦ half cylindrical computational domain; that is, mθ = 361, where mθ is the
total number of steps in the azimuthal direction. Notice that in this case the wind
velocity varies with azimuthal angle, and thus the azimuthal step could affect the
accuracy of the numerical simulation. Fig. 3.10 shows the influence of mθ on the
numerical errors of the real part of the acoustic pressure. The figure shows that
the finer meshes give better accuracy for the numerical simulations (the similar
conclusion can be drawn from the imaginary part of the acoustic pressure). As
can be seen, the mθ = 91 results are very close to the mθ = 361 results. Thus,
mθ = 91 results can be treated as the convergent results independent on the mesh
size, and it will be used for subsequent simulations.
In order to identify the difference between the 3D PE simulation and 2D PE
simulation with the effective sound speed approach, Fig. 3.11 shows the comparison
of the real part of the acoustic pressure at the upwind location between the 3DPE
result and 2D PE result. In the 2D PE calculation, the initial field is also calculated
by the analytical solution, which is located 17 m away from the acoustic source. It
can be seen that although the difference is very small, it increases with range. The
downwind comparison is similar, but is not shown for brevity. Fig. 3.12 shows comparison of the real part of the acoustic pressure at crosswind location. Obviously
the magnitude difference cannot be identified, but phase difference increases with
range. Fig. 3.13 shows the SPL comparisons at three different locations. A small
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difference between SPL at upwind (θ = −90◦ ) and downwind locations can be
observed between the 3D and 2D PE results. No difference at cross wind location
can be identified, where the 2D PE calculation is the same as the no wind case.
It can be concluded that the 2DPE errors vary with the observer locations, and
both amplitude and phase errors increase with range. For cross wind locations,
only phase errors can be identified. Under the range of r = 1000 m, the 2DPE has
an accuracy range within ±1 dB of the SPL, which is acceptable.

3.4.3

Homogeneous atmosphere with a logarithmic wind

Due to the friction of the ground surface, the wind profile is generally considered
to be logarithmic in the boundary layer of the atmosphere, which can be described
by
v = A ln(z + 1.0)

(3.39)

Here A is a constant, and z is the height. If the wind direction is set from −90◦
and 90◦ and varies only with height, the problem is still symmetrical. Thus the
half cylindrical computational domain is used. Again there are no sound speed or
density gradients. For a logarithmic wind, the parameter A = 9.424 is used, which
gives M ∼
= 0.2 and v = 68 m/s at the largest height (1360 m) of the computational
domain as shown in Fig. 3.14.
There is no analytical solution for this problem. However, the analytical solution for the uniform wind case is still adopted to set the initial field for the 3D
PE calculation. The initial cylindrical surface is still located 17 m away from the
acoustic source. The problem can be thought as such an initial acoustic field propagating in an atmosphere with a logarithmic wind profile. Here, two initial fields
are used and are calculated by Eqn. 3.36 with two different source locations. One
is at zs = 3.4 m called the zs = 3.4 m case, and the other is at zs = 68 m called
the zs = 68 m case.
Fig. 3.15(a) shows the resulting SPL of the zs = 3.4 m case as a function of range
at the observer height of z = 1.7 m for five different azimuthal locations. Again,
θ = −90◦ is the upwind direction, θ = 0◦ is the cross wind direction, and θ = 90◦ is
the downwind direction. Clearly, the SPL profiles are much different from that of
the uniform wind case at the corresponding azimuthal locations in Fig. 3.9. This
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is because the velocity gradient in the z-direction is included for the logarithmic
wind. At the downwind location, θ = 90◦ , the SPL has the largest values due
to downward refraction. Peaks and valleys alternate in the SPL profile, which
is because of the multiple ground-reflection effects. At the cross wind location,
there is no acoustic refraction in the vertical direction, and the SPL is affected by
the cross wind very little. The multiple ground reflections do not exist, thus the
SPL profile is smooth and it is comparable to the no wind case. At the upwind
location, θ = −90◦ , the SPL decreases with range due to upward refraction, and a
shadow zone is formed as range arrives at about 600 m. (In an upward refracting
atmosphere, a region exists where no sound rays arrive, this region is called the
shadow region or shadow zone. In this thesis, the shadow zone is used to indicate
the place where the SPL is less than zero.) At θ = −30◦ , weaker upward refraction
occurs and a shadow zone forms at longer range. Fig. 3.15(b) shows the same
comparison as in Fig. 3.15(a) only with r-axis plotted with a log scale. It clearly
shows that SPL decreases with range. The SPL at θ = 0◦ decreases almost linearly,
which demonstrates the geometrical spreading effect. It should be stressed that
the atmospheric absorption influence is not considered in these simulations, but
can be added into the PE model by adding an imaginary term in the wave number.
Fig. 3.16 shows the resulting SPL profiles of zs = 68 m case, which is more
representative of a real wind turbine (although the wind turbine is not a point
source). Due to the larger vertical distance between the acoustic source and observer, a shadow zone begins at a longer range, about r = 800 m, in the upwind
direction. A similar influence can be found for observer location θ = −30◦ . Meanwhile, at the downwind location, the SPLs are less than the zs = 3.4 m case. This
is not only because that the distance between source and observer increases, but
also because fewer reflections occur. Consequently, fewer peaks and valleys alternate at the θ = 90◦ for the zs = 68 m case than for the zs = 3.4 m case. A similar
influence can be also found for the observer location θ = 30◦ . Furthermore, at the
beginning range (r < 100 m), the SPL for the zs = 68 m case is less than the
zs = 3.4 m case at the observer location θ = 0◦ because here the vertical distance
between acoustic source and observer is larger. Yet with an increase in range, the
vertical distance between source and observer has less influence, and thus the SPL
of the two cases are similar for long ranges.
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To identify the effectiveness of the 2D PE model, Fig. 3.17 shows the contour
of the SPL difference between 2D and 3D PE results at z = 1.7 m for the zs = 3.4
m case. In downwind locations, noticeable difference can be found, where the
maximum difference is about 3.8 dB. In upwind locations, much larger difference
can be found. However, since where the SPL is less than 0 dB, these differences
are accounted for by the numerical oscillation. For a clearer comparison, Fig. 3.18
shows the SPL line profiles at different azimuthal locations of the 3D PE results
and the 2D PE results. Fig. 3.18(a) shows the upwind and downwind comparison.
As can be seen, the difference are not more than 3 dB at either of the locations.
There is no lateral refraction in these locations, since the component of the wind
velocity perpendicular to the sound propagation direction is zero. Therefore, the
difference can all be accounted for by the effective sound speed model. Since the
height difference between the source and observer is small, thus the incident angle
is close to 90◦ , and the accumulated error of the 2D PE is very small. Therefore,
it can be demonstrated that the effective sound speed is a good approximation
as the distance between the source and observer heights is small, which has been
discussed in ray theory. On the other hand, the SPL is compared at the cross wind
location (θ = 0◦ ) in Fig. 3.18(b), which can be thought as the case where only
lateral refraction occurs. As can be seen, the difference can be as much as 5 dB.
At (θ = −30◦ ) and (θ = 30◦ ), the error of the 2D model, which is very small, can
come from both the effective sound speed approximation and the lateral refraction.
Fig. 3.19 shows the contour of the SPL difference between 2D and 3D PE results
at z = 1.7 m for the zs = 68 m case. Again, the SPL differences in the upwind
locations can be accounted for by the numerical oscillation. In the downwind
locations, many places have larger than 15 dB difference (the maximum difference
is about 32.8 dB), which is due to the effective sound speed approximation used by
2D PE. Fig. 3.20 compares the SPL line profiles at different azimuthal locations
form the 3D PE and 2D PE results. A significant difference can be found at the
downwind location (θ = 90◦ ) in Fig. 3.20(a). The maximum difference is more
than 20 dB. As discussed at the beginning of this Chapter, Pierce [67] pointed out
that “if the incident angle, θ, is less than about 30◦ , the influence of the wind speed
gradient is substantially greater than that of a sound speed gradient of the same
magnitude”. Here due to the vertical distance between the source and the observer
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increases, thus at the near range, the incident angle is smaller that 30◦ . Thus, here
the effective sound speed approximation cannot model the wind velocity in the near
range and large SPL difference can be found between 2D and 3D results. At the
observer location, θ = 30◦ , insignificant SPL difference can be identified between
2D and 3D PE results. It is because here the wind velocity component along the
sound propagation direction is much less than the downwind locations (θ = 90◦ ).
Therefore, the difference between 2D PE and 3D PE results is less obvious. For the
upwind location θ = −90◦ and θ = −30◦ , since the upwind influence is dominant
and a shadow zone forms in a very short range, there is not enough range to show
the 2D PE error. At the cross wind location, there is no wind velocity component
in the sound propagation direction. The only wind influence is coming from the
lateral refraction. Although the SPL difference is not significant between the 2D
and 3D results, the wind velocity is only about 8.3 m/s (M = 0.02) at the observer
height 1.7 m and a very small horizontal wind velocity gradient exists here. Larger
lateral refraction could be expected for larger wind wind velocity gradient in the
horizontal direction.

3.4.4

Homogeneous atmosphere with a rotating wind

In the above cases, the wind velocity has a simple profile and the horizontal
wind velocity gradient is very small. Although a 20 dB error (the logarithmic wind
case) can be found from 2DPE with the effective sound speed approximation, and a
5 dB error (the uniform wind z = 68 m case) can be found due to lateral refraction,
the 2DPE results are comparable to the 3D PE results. However, it is unknown how
important a 3D effect wind will be when a complicated wind profile is considered.
Therefore, a rotating wind profile case is introduced. Here, not only the magnitude
of the wind velocity increases with height as in Fig. 3.14, but also the direction
of the wind changes with the height as shown in Fig. 3.21. Consequently, the
resulting velocity components, vx (along 0◦ and 180◦ axis) and vy (along −90◦ and
90◦ axis), are shown in Fig. 3.22. For this case, significant wind shear influence is
considered by the wind velocity derivative in the height direction. Notice that, the
problem is not symmetrical anymore, thus a full cylindrical computational domain
has to be adopted with a periodic boundary condition. Again the initial field is
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calculated at a cylinder surface at 17 m away from the acoustic source, and two
cases are simulated: one has the source height of 3.4 m and the other has the
source height of 68 m.
Fig. 3.23 shows the contour of the SPL difference between 2D and 3D PE results
at z = 1.7 m for the zs = 3.4 m case. Large SPL differences can be found in the
long range, and the maximum difference is found to be about 37.8 dB. Fig. 3.24
shows the real part of the acoustic pressure comparison between the 3DPE and
2DPE for the zs = 3.4 m case. Fig. 3.24(a) shows the beginning range from 17
m to 67 m. As can be seen, the resulting acoustic pressure profiles of the 3D PE
and 2D PE results at three different observer locations all match very well, where
the same color is for same observer location and the solid lines are for the 3D
PE results and the dash lines are for the 2D PE results. The difference is due to
the different resolution in range is used, where 3D PE results have less resolution.
Fig. 3.24(b) shows the range from 4000 m to 4050 m. The big difference between
the 3D PE and 2D PE results is illustrated clearly and an obvious phase difference
is shown too. In order to identify the magnitude difference, Fig. 3.25 compares
the SPL line profiles. Here, since the acoustic pressure comparison show that the
difference only becomes large in the long range, the SPL is not shown in the near
field. Fig. 3.25(a) shows the range from 3000 m to 6000 m and Fig. 3.25(b) shows
the enlarged figure for the range from 4000 m to 5000 m. There are noticeable
differences between the 3D and 2D results, and the maximum difference is found
to be more than 20 dB. Since the distance between the source and observer is
very close in this case, the difference can mainly account for the lateral refraction.
The SPL profiles of the 3D and 2D PE results have a lot of peaks and valleys at
different range location for the same observer locations, but it seems that these
peaks and valleys of the SPL alternate following a similar sequence. Therefore, one
may conclude that the negligence of the lateral refraction in the 2D PE can result
in significant errors in the SPL calculation, since the vertical distance between
source and observer is small for this case.
Fig. 3.23 shows the contour of the SPL difference between 2D and 3D PE results
at z = 1.7 m for the zs = 68 m case. More significant SPL differences can be found
than the zs = 3.4 m case, and the maximum difference is found to be about 43
dB. The same acoustic pressure and SPL comparisons are conducted in Figs. 3.27
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and 3.28, respectively. Again, the acoustic pressure in the beginning range of the
3D and 2DPE results agrees very well as in Fig. 3.27(a). However, at long range
Fig. 3.27(b) shows significant difference not only in phase but also in magnitude.
Similar conclusions can be drawn from the SPL comparison in Fig. 3.28. For this
case, not only the peaks and valleys of the 2D, 3D SPL profiles occurs at different
range locations, but also they are in a totally different pattern. That is, similar
peaks or valleys in the 3D SPL profile can not be found in the 2D profile, especially
in long ranges as in Fig. 3.28(b). In this case, a noticeable difference between 2D
and 3D PE results can come from two resources, one is from the approximation
of the effective sound speed due to the relatively large vertical distance between
source and observer, the second is the negligence of the lateral refraction in 2D
PE.
One question on 3D PE accuracy is whether the 3D computational mesh has
enough resolution. For the step sizes in range and height direction, 2D PE calculations conclude that one-tenth of wavelength is fine enough to predict the wave
propagation accurately. For the 3D PE, the same conclusion can be drawn in range
and height direction, (and for brevity, the comparisons with different resolution is
r and z are not shown here). However, the step size in the azimuthal direction has
not be conducted, and such a resolution study is shown in the following. Fig. 3.29
compares the 3D PE results for the zs = 3.4 m case with different azimuthal step
size. As can be seen, both acoustic pressure and SPL match very well for mθ = 60
and mθ = 120 at different observer locations, although small difference can be observed. Therefore, mθ = 120 is thought to provide enough resolution to investigate
the difference between 2D and 3D PE result. Furthermore, the same resolution
study is conducted for the zs = 68 m case in Fig. 3.30, where the similar conclusion
as for the zs = 3.4 m case can be drawn.

3.5

Summary

In this chapter, a 3D Helmholtz equation in cylindrical coordinates is derived for an arbitrary moving inhomogeneous medium. Based on this equation,
a novel 3D parabolic equation (PE) in cylindrical coordinates is developed. The
parabolic equation is then discretized by the implicit Crank-Nicholson finite dif-
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ference method, and the resulting system of linear equations is solved using the
GMRES method with an appropriate initial field and boundary conditions.
To validate the 3DPE model, several example cases have been calculated. The
results are compared to the analytical solutions for the no wind and a uniform
wind case, where the numerical and analytical results match very well. Then the
3DPE model is applied for the investigation of the arbitrary wind effects. First, a
logarithmic wind profile is adopted, and the sound refraction is illustrated by the
numerical method. The 3DPE results are then treated as accurate solutions to
identify the effectiveness of the 2DPE results with effective sound speed approximation. As the acoustic source is close to the observer location, the 2DPE error is
small. The maximum SPL difference between 2D and 3D PE results is less than
5dB, which can be found at the cross wind location due to the lateral refraction.
At upwind and downwind location, the error is not more than 3 dB. However, as
the vertical distance between the source and observer increases (the zs = 68 m
case), significant difference can be found, where the maximum SPL difference is
more than 20 dB at some downwind locations, which might be because the effective
sound speed approximation is used to model the real wind velocity in the 2D PE
method.
To further identify the SPL difference between 2D and 3D PE, a dramatic, but
unrealistic rotating wind profile is applied. As the acoustic source is close to the
observer, where the effective sound speed approximation is assumed to be accurate,
thus the SPL difference is concluded as coming from the negligence of the lateral
refraction. The comparisons show large phase (wavelength) mismatch between the
2D and 3D results in long range, consequently the SPL difference can be more
than 20 dB. As the vertical distance between source and observer increases, the
error due to the effective sound speed approximation increases. It is concluded
that two resources, the effective sound approximation and the negligence of the
lateral refraction in 2D PE model, are mainly responsible for the SPL difference
between the 2D and 3D PE results for this case.
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Figure 3.1. The computational domain for the 3D PE calculation.

Figure 3.2. The 13-point finite difference scheme.
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Figure 3.3. Comparison of the acoustic pressure from the analytical solution and the 3D
PE numerical solution for the no wind case (20 Hz source). The observers are located at
z = 1.7 m and θ = 90◦ . (a) Real part of acoustic pressure, (b) imaginary part of acoustic
pressure, and (c) Sound Pressure Level (SPL).
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Figure 3.4. Comparison of SPL line profiles at different azimuthal angles for the no
wind case from 3D PE calculation.
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Figure 3.5. Comparison of line profiles of the analytical solution and the 3D PE
numerical solution for the uniform wind case. The observer is located at z = 1.7 m and
θ = 0◦ . (a) Real part of the acoustic pressure, and (b) Sound Pressure Level (SPL).
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Figure 3.6. Comparison of the real part of the acoustic pressure from the analytical
solution and the 3D PE numerical solution for the uniform wind case, at upwind locations
(θ = −90◦ ) and downwind (θ = 90◦ ).
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Figure 3.7. Comparison of SPL at the upwind (θ = −90◦ ) location between the analytical solution and the 3D PE numerical solution.
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Figure 3.8. Comparison of SPL at the downwind (θ = 90◦ ) location between the
analytical solution and the 3D PE numerical solution.
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Figure 3.9. Comparison of SPL profiles at different azimuthal angles for the uniform
wind case from 3D PE calculation.(a) Regular scale, and (b) enlarged scale in SPL.
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Figure 3.10. Comparison of numerical errors of the acoustic pressure in real part with
different azimuthal steps (mθ ) for the uniform wind case.
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Figure 3.11. Comparison of real part of the acoustic pressure at the up wind location
(θ = 90◦ ) among the analytical results, 3DPE results and 2DPE with effective sound
speed approximation for uniform wind case. (a) range 0-100m and, (b) range 100-200
m.
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Figure 3.12. Comparison of real part of the acoustic pressure at the cross wind location
(θ = 0◦ ) among the analytical results, 3DPE results and 2DPE with effective sound speed
approximation for uniform wind case. (a) range 0-100 m and, (b) range 100-200 m.
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Figure 3.13. SPL comparison of numerical results between the calculations of 3DPE
and the 2DPE with effective sound speed at different azimuthal locations for the uniform
wind case. (a) upwind and down wind locations, (b) cross wind location.
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Figure 3.14. The velocity profile of the logarithmic wind
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Figure 3.15. Comparison of SPL line profiles at different azimuthal angles for the
logarithmic wind case from 3D PE calculation. Acoustic source is located at 3.4 m. (a)
Range axis is in normal scale, and (b) range axis is in log scale.
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Figure 3.16. Comparison of SPL line profiles at different azimuthal angles for the
logarithmic wind case from 3D PE calculation. Acoustic source is located at 68 m. (a)
Range axis is in normal scale, and (b) range axis is in log scale.
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Figure 3.17. The contour of SPL difference between 2D and 3D PE results at observer
location z = 1.7 m for a monopole source located at zs = 3.4 m for the logarithmic wind
case.
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Figure 3.18. The SPL comparison of numerical results at z = 1.7 m with a monopole
source located at zs = 3.4 m between the calculations of 3DPE and the 2DPE with
effective sound speed at different azimuthal locations for the logarithmic wind case.
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Figure 3.19. The contour of SPL difference between 2D and 3D PE results at observer
location z = 1.7 m for a monopole source located at z = 68 m for the logarithmic wind
case.
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Figure 3.20. The SPL comparison of numerical results at z = 1.7 m with a monopole
source located at zs = 68 m between the calculations of 3DPE and the 2DPE with
effective sound speed at different azimuthal locations for the logarithmic wind case.
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Figure 3.21. Wind velocity direction of the rotating wind.
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Figure 3.22. Wind velocity amplitude of the rotating wind.
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Figure 3.23. The contour of SPL difference between 2D and 3D PE results at observer
location z = 1.7 m for a monopole source located at zs = 3.4 m for the rotating wind
case.
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Figure 3.24. The real part of the acoustic pressure comparison of numerical results
with a monopole source located at zs = 3.4 m between the calculations of 3DPE and the
2DPE with effective sound speed at different azimuthal locations for the rotating wind
case. (a) range 17-67 m and, (b) range 4000-4500m.
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Figure 3.25. The SPL comparison of numerical results with a monopole source located
at zs = 3.4 m between the calculations of 3DPE and the 2DPE with effective sound
speed at different azimuthal locations for the rotating wind case. (a) range 3000-6000 m
and, (b) range 4000-5000 m.
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Figure 3.26. The contour of SPL difference between 2D and 3D PE results at observer
location z = 1.7 m for a monopole source located at zs = 68 m for the rotating wind
case.
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Figure 3.27. The real part of the acoustic pressure comparison of numerical results
with a monopole source located at zs = 68 m between the calculations of 3DPE and the
2DPE with effective sound speed at different azimuthal locations for the rotating wind
case. (a) range 17-67 m and, (b) range 4000-4500 m.
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Figure 3.28. The real part of the acoustic pressure comparison of numerical results
with a monopole source located at zs = 68 m between the calculations of 3DPE and the
2DPE with effective sound speed at different azimuthal locations for the rotating wind
case. (a) range 3000-6000 m and, (b) range 4000-5000 m.
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Figure 3.29. Resolution study for the rotating wind case with a monopole source
located at z = 3.4 m for the rotating wind case. (a) Acoustic pressure comparison and,
(b) SPL comparison.
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Figure 3.30. Resolution study for the rotating wind case with a monopole source
located at zs = 68 m for the rotating wind case. (a) Acoustic pressure comparison and,
(b) SPL comparison.

Chapter 4
Conclusions and Future Work
4.1

Conclusions

This thesis research is part of a broader project which has the objective to
develop a numerical toolkit to simulate the wind turbine noise long-range propagation with the CFD (Computational Fluid Dynamics) and CAA (Computational
Aeroacoustics) methods. The research presented here is focused on developing a
parabolic equation method for long-range noise propagation prediction in a complicated environment. The basic idea is marching from an initial acoustic data surface
in the near field to an observer in the far field. The development went through two
steps: first, as a learning process a traditional two dimensional parabolic equation model is realized; second, a novel three dimensional parabolic equation model
in cylindrical coordinates is developed and validated for sound propagation in an
inhomogeneous moving atmosphere. In the following, the achievements in this
research are summarized.

4.1.1

2D PE model

The 2D PE method is developed starting from the 2D homogeneous Helmholtz
equation, which is split into a z independent slow-fluctuating term and a (r, z)
dependent fast-fluctuating term. The fast-fluctuating term is further split into an
incoming wave and an outgoing wave. The outgoing wave, which is the only wave
of interest, is modeled by a parabolic equation. To solve the parabolic equation
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numerically, an approximation is required to model the square root operator. Based
on the order of accuracy of the adopted numerical scheme, the PE is categorized
as narrow angle PE, wide angle PE and higher order PE. In this research a CrankNicholson finite difference method is used to solve the wide angle PE, which has
second order accuracy, because it is unconditionally stable. The discretization of
the parabolic equation results in a linear system of equations, and each equation
only has three neighboring unknown terms. Therefore, the PE can be solved by
an LU algorithm easily with an appropriate initial field and boundary conditions.
To validate the 2D PE, several example cases were simulated with different
boundary conditions, different source and observer locations, different sound speed
and density gradients, and different source frequencies. The numerical results were
compared to the analytical results, and they matched each other very well. Based
on these comparisons, it was concluded that the 2D PE was implemented successfully. In order to improve the computational efficiency of the PE method, the
adjoint method was developed. In the adjoint approach, a point source would be
located at the original observer location and the sound would be propagated back
to the actual source location. The solution of this adjoint problem is related to
the Green’s function for any actual source location. The convolution of the adjoint solution with the actual source distribution will give the real acoustic field
from any source locations. To clarify, it is not to demonstrate that the PE itself
possesses an adjoint solution. Instead, a general adjoint problem is formed and
the adjoint problem can then be solved using the PE method. In another effort
to improve the computational efficiency, a 2D Green’s function parabolic equation
method (2D GFPE) was developed (with the details given in Appendix A). The 2D
GFPE method has significantly improved computational efficiency as compared to
the 2D CNPE due to the usage of a Fast Fourier Transform (FFT). Furthermore,
the Impedance Mismatch Method (IMM) was applied to the 2D PE in order to
handle the irregular terrain problem in a relatively simple manner. This technique is described in Appendix B. The IMM has been successfully applied for flat
rigid boundary surface problems. However, for an absorbing boundary, the IMM
method showed discrepancies when compared to analytical solutions. Thus, further development is needed in order to apply the IMM method to more complicated
cases.
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However, the 2D PE method cannot handle wind velocity influences directly
because the Helmholtz equation upon which it is based is homogeneous and the
axisymmetric assumption is used. In order to handle wind velocity, the effective
sound speed approximation was used (as has been done in previous PE research).
In such an approximation only the component of wind in the propagation direction
is considered, and the wind velocity is treated only through a change in the sound
speed. The effectiveness of this approximation prior to this research was not fully
explored. To assess the potential error of the effective sound speed approximation,
a 3D PE method was developed to explicitly include the wind velocity.

4.1.2

3D PE model

The main contribution of this research is the development of a novel 3D Parabolic
Equation method in cylindrical coordinates, where the wind velocity can be explicitly included. The derivation of the 3D parabolic equation follows a similar process
as 2D PE, but with a more complicated process as described in Chapter 3. The
resulting parabolic equation can also be discretized by the Crank-Nicholson finite
difference algorithm. However, in the 2D PE the z direction discretization of 2nd
order involves five points, and the corresponding unknown variables are continuous in the discretized equation. For example, the central discretization to ∂ 2 X/∂z 2
at m = 3 (X is an arbitrary variable) involves X1 , X2 , X3 , X4 , X5 . The resulting
linear system of equations consists of a sparse banded matrix, and the bandwidth
is 5, which can be easily solved by an LU method. However, in the 3D PE the
discretization is conducted in two directions, z and θ, and there are 13 unknown
variables in the discretized equation. The bandwidth of the resulting linear system
of equations is not 13 but 4m or 4mθ , depending on how to number the variables,
where m and mθ are the total height and azimuthal steps of the computational
domain, respectively. Although the resulting matrix is a sparse matrix, with this
substantial bandwidth it can not be solved by the LU method effectively. To overcome this obstacle, the Generalized Minimum RESidual (GMRES) method was
used to gain sufficient computational efficiency to make the method viable.
The 3D PE model has been validated by comparing the numerical results to
the analytical solutions of a no wind and a uniform wind case. The 3D PE was
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also used to model the atmospheric refraction effects in the case with a logarithmic
wind profile. Moreover, the 3D PE was used to identify the potential error of the
effective sound speed approximation in the 2D PE. By comparing the 2D and 3D
PE results, it was concluded that if the vertical distance between the acoustic
source and observer is small, the effective sound speed approximation to the wind
velocity component along the sound propagation direction is acceptable. However,
as the vertical distance between them increases, the effective sound speed model
can introduce more than 20 dB errors at some positions distant to the source.
Furthermore, the 2D PE cannot simulate the lateral refraction, thus does not
obtain correct phase information of the acoustic pressure. For the logarithmic
wind with acoustic source at zs = 3.4 m, the effective sound speed approximation
introduces noticeable SPL difference between 2D and 3D PE results, even though
the lateral wind velocity is very small at the observer height 1.7 m. For the rotating
wind with acoustic source at zs = 3.4 m, much larger SPL difference is found at
the observer height 1.7 m. It can be concluded that the lateral refraction can
be substantial. For the rotating wind case with larger vertical distance between
source and observer (zs = 68 m), there are two resources the 2D PE is responsible
for a non-negligible SPL difference between the 2D and 3D PE results. One is
the effective sound speed, and the other is the negligence to the lateral refraction
due to the cross wind. Since the new 3D PE model does not have these problems,
it can be concluded the 3D PE is a more appropriate method to simulate sound
propagation in an environment with an arbitrary moving medium.

4.1.3

CPU time

An important factor to be considered is the computational cost of a numerical
method, which may influence its applicability. In this research, for one example
case with a 20 Hz acoustic source, the 3D PE simulation with 4000 range steps, 2000
height steps, and 121 azimuthal steps required approximately 72 hours on a 3.06
GHz Intel Xeon CPU. For this frequency, the maximum range is 6817 m when using
10 range steps per wavelength. The 2D PE calculation for such a problem with
the same range and height resolution, and with just one azimuthal step, requires
approximately 2 minutes on the same CPU. In addition, difference between 2D
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and 3D PE results would be much less for lower wind speeds. Therefore, for a case
having a short vertical distance between source and observer with a simple wind
profile, the 2D PE can be used to quickly obtain a qualitative measurement to
the acoustic field with only a small impact on accuracy. However, for the problem
having large vertical separation between source and observer or a complicated wind
profile, the 3D PE may be required. Therefore, several plausible strategies for
improving the computational efficiency of the 3D PE calculation will be discussed
in next section on future work.

4.2

Future work

This research has extended the ability of the PE method to handle sound
propagation in an inhomogeneous atmosphere with arbitrary wind. Some future
work is suggested to further improve its capability and effectiveness.

4.2.1

Extend the capability of the PE model

Two factors of sound propagation in atmosphere have not be modeled successfully by current 3D PE. One is turbulence, and the other is irregular terrain
reflection.
• Turbulence scattering
It is known that atmospheric turbulence causes random fluctuations in temperature, wind velocity, pressure and density. Consequently, these fluctuations affect the acoustic wave propagation in the atmosphere. For example,
sound pressure level can increase about 10dB near the ground at short distance, due to partial loss of the coherence between the direct and the reflected
wave caused by turbulence. For long distance propagation, non-negligible
sound pressure levels can be measured in a shadow zone due to the turbulence scattering. One basic idea to model turbulence has been presented by
Chevrel et al. [55], where turbulence is described as a set of independent
realizations of a random field; each realization is resolved by solving the deterministic equations. Then the acoustic pressure field are computed by averaging over an ensemble average of those realizations. For the present model
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the wind velocity can be included explicitly in the 3D parabolic equation and
can be set at each node of the computational domain, as well as temperature,
sound speed and density. Therefore, the problem is not how to include the
turbulence model into the PE equation, but rather what turbulence model
is appropriate for low frequencies applications with wind influence. Ostashev [57] has pointed out the effectiveness of the von Karman spectra model,
which can be applied in the 3D PE model for future research.
• Ground surface boundary condition
Besides the medium effects, the boundary condition also has important influences on sound propagation. The present 3D PE can only model the
flat boundary problem, where the boundary surface can be rigid or finite
impedance. Although the Impedance Mismatch Method (see Appendix B)
has been successfully applied for the flat rigid ground surface problem, it
failed on the finite impedance boundary surface. Two approaches can be
used to improve the IMM model. First, a better initial field could be used.
Although it is safe to set the initial field to be zero under the a rigid ground
surface, for a finite impedance ground surface, the acoustic pressure is not
zero under the ground surface. However, in the current IMM approach, the
initial field is set to be zero for the different ground surfaces. Second, a better under ground layer may needs to be set up. Different from the regular
boundary condition of the PE method, there is a underground layer involved
in the IMM method. Currently, the sound speed under the ground is set to
be the same as that in the atmosphere and only the density is set to be a
different value. This approach cannot model the absorption and the diffraction properties of the ground layer correctly. Therefore, a better ground
layer representation needs to be considered. Other than the IMM model, the
conformal mapping transform and Generalized Terrain PE method (GTPE)
can also be considered for the boundary condition, which have already been
used in previous PE method research. Both of the models use some form of
the coordinate transformation and the results have been validated by several
benchmark problems.
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4.2.2

Enhance 3D PE computational efficiency

As discussed before, computational efficiency is always a concern for numerical modeling problems. The application of the GMRES has already enhanced the
computational efficiency of the 3D PE significantly, which made the long range
3D propagation problems viable. Nevertheless, the present application is only for
a single frequency noise, and that take about 3 days of computation time. If a
broad-band noise source, like wind turbine noise, is considered, multiple 3D PE
calculations need to be conducted, which means a substantial amount of computational resources will be required. Therefore, further improvement to the 3D PE
computational efficiency is necessary. Here several strategies are proposed for the
possible enhancement.
• Parallelize the 3D PE.
The high performance computing strategy can be adopted to enhance the
3D PE computational efficiency. That is, the 3D PE calculation can be
parallelized, and more CPUs can be involved in the simulation for one case
at the same time. Two tactics can be used in the parallelism. First, if a
broadband noise source is considered, the Single Instruction, Multiple Data
(SIMD) method can be used. With this tactic each computational node
(slave node) carries out one frequency calculation at one time, and the same
calculation for different frequency can be conducted simultaneously at all
the other allocated slave nodes. Here, the allocated slave nodes must be
less than the total frequency number of the broadband noise source. One
potential problem of this approach is that each slave node could finish the
calculation with different time, since different step size is required for different
frequencies. Higher frequencies demand a smaller step size, which means
longer computational time for a certain maximum range. Therefore, in the
MPI application, the slave node should start a new calculation once it finishes
the allocated one. After all the frequencies are calculated, their results will
be integrated together to obtain the final acoustic results. In this approach,
the 3D PE code will be kept unchanged, except that the computational node
allocation MPI instructions have to be added.
Second, for a single frequency noise source, parallelism can be also applied. In
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the 3D PE calculation, as we know, the acoustic cylindrical surface marches
forward step by step. At each range step the coefficients of the linear system
of equations corresponding to every point of the computational domain have
to be calculated since the atmosphere is inhomogeneous with arbitrary wind
velocities. These calculations can be done by splitting the computational
domain into small pieces and each slave node only handles one piece of domain surface. After the linear system of equations is constructed, the 3D PE
can then be solved by the parallel version of the GMRES Algorithm. If this
strategy is applied for a broadband noise source, one new calculation is only
started for a new frequency after the calculation for the previous frequency
is finished on all the computational nodes. In this approach, the numerical implementation of the PE must itself be parallelized, thus it is a more
complicated approach.
• Series expression of azimuthal variation.
As discussed before the 3D PE can not be solved by the LU algorithm due to
the azimuthal direction discretization. If the variation of acoustic pressure in
the azimuthal direction can be written as the following cosine series, (where
sine series or Fourier series are also applicable.)

p(r, z, θ) =

∞
X

am cos(mθ)Pm (r, z)

(4.1)

m=0

where Pm is the acoustic pressure corresponding to each m. Eqn. 4.1 can be
then substituted into the original 3D parabolic equation for the azimuthal dependent terms, consequently several new 2D parabolic equations corresponding to each m will result. These new equations will be independent of the azimuthal direction. Each of these equations can be solved by a simple LU-like
algorithm, without need for larger memory and computational requirements.
This should result in substantial computational savings. The approach is
similar to a normal mode approach for sound propagations, except that here
it is used in the azimuthal direction. Each of these new parabolic equation
could also have some physical meaning, for example, m = 0 corresponds
to the parabolic equation for the no wind problem. There is one question
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left for the application of this strategy, that is how many such 2D PEs are
needed in practice. Further investigation is required for such an algorithm
to be applied in the 3D PE model.
• Higher order discretization.
For the current model the second order discretization is used for the partial
derivative terms of the 3D parabolic equation in all the three directions, r, θ,
and z. Previous 2D PE researches have shown that higher order discretization can result in higher accuracy, and larger range and height step sizes can
then be used in the computational domain, with the effect of reducing the
total computational cost. Such an approach can also be adopted in the 3D
PE numerical approach. With this scheme, higher computational efficiency
will be expected by using larger steps in r, θ, and z directions of the 3D computational domain. A potential side-effect of the higher order discretization
is that more unknown variables are required. Such a problem can be avoided
with the usage of compact finite difference schemes, where high-order formal
accuracy is obtained by using a narrower stencil. [21]
There are other areas that can benefit from further development of the 3D PE
method. For example, more realistic wind profiles can be used, which may give the
quantitative conclusions on how the wind velocities affect the sound propagation.
The numerical results of a point source in the boundary layer of atmosphere can be
compared to the experimental results as a further validation to the 3D PE model.
The 3D PE has no limitation to be used for the infrasonic long range propagation
simulation. The 3D PE can also be used in the underwater acoustics research.
Although, where the current speed is much less than the sound speed in water, the
irregular sea bottom combining with the current could have significant azimuthal
influence on sound propagation.
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Appendix A
The Green’s Function Parabolic
Equation Method
The PE method is a frequency domain method and it only considers one frequency
of the acoustic source in one calculation. For broadband noise sources the PE
calculation will require a considerable computational effort. In order to improve
its computational efficiency, a Green’s function method has been introduced to
solve the Parabolic Equation.

A.1

The GFPE method without boundary condition

The 2D Green’s function Parabolic Equation method (GFPE) was initially
developed by Gilbert and Di [16]. It reduces to the well-known Fourier splitstep algorithm if there is no boundary for sound propagation. That is, the wave
propagates in free space. A much larger range step can be taken in the GFPE
calculation, which improves the computational efficiency significantly.
The starting point for the GFPE method is the 2D Helmholtz equation in
cylindrical coordinates,
∂ 2 p 1 ∂p ∂ 2 p
+
+
+ k2p = 0
∂r2 r ∂r ∂z 2

(A.1)
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√
where k is the local wavenumber. Substitution of p = q/ r into this equation
gives,



∂2
1
∂2
2
+
+
+k q =0
∂r2 4r2 ∂z 2

(A.2)

The 1/4r2 term can be neglected for long range propagation. A Fourier transformation z→kz is applied to Eqn. A.2. This gives

∂2Q
+ k 2 − kz 2 Q = 0
2
∂r
where,
Z

(A.3)

∞

Q (r, kz ) =

q(r, z) exp (−ikz z) dz

(A.4)

−∞

Now Eqn. A.3 can be split into incoming and outgoing waves,


p
∂
− i k 2 − kz 2
∂r




p
∂
2
2
+ i k − kz Q = 0
∂r

(A.5)

The first part is recognized as the outgoing wave in r direction, and its solution is,

 p
Q (r, kz ) = Q (0, kz ) exp ir k 2 − kz 2 dkz

(A.6)

In order to use the marching method, the solution can be further written as,


p
Q (r + ∆r, kz ) = Q (r, kz ) exp i∆r k 2 − kz 2 dkz

(A.7)

Finally the acoustic pressure at r + ∆r can be solved by an inverse Fourier transformation,
1
q (r + ∆r, kz ) =
2π

Z

∞



p
exp (ikz z) Q(r, kz ) exp i∆r k 2 − kz 2 dkz

(A.8)

−∞

Eqn. A.8 is valid for sound propagation in free space with a homogeneous atmosphere. This is the well-known Fourier split-step algorithm.
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A.2

The GFPE method with boundary condition

To derive a parabolic equation for sound propagation in an inhomogeneous
atmosphere and above a finite-impedance ground, we start from Eqn. A.2. It is
directly split into an outgoing wave and an incoming wave,


√
∂
−i T
∂r



√
∂
+i T
∂r


p=0

(A.9)

where the operator T is defined as ∂ 2 /∂z 2 + k 2 . Consequently, the solution of the
outgoing wave equation can be written as,

√ 
q (r + ∆r) = q (r) exp i∆r T

(A.10)

To obtain an explicit form for the exponential operator in this equation, the spectral representation for a general function of the operator T is used,
1
F (T ) =
2πi

Z
C

F (η)
dη
ηI − T

(A.11)

where I is the unit operator and C is an integration region, which must enclose the
whole spectrum of T including both discrete and continuous components. s are the
eigenvalues in the equation T us = sus , where us are the associated eigenfunctions
which satisfy approximate boundary conditions. Applying Eqn. A.11 to A.10 gives,
Z

1
q (r + ∆r) =
2πi

C

√ 
exp i∆r η
q (r) dη
η−T

(A.12)

Let η = kr2 where kr is the horizontal wavenumber, then it can be obtained,
1
q (r + ∆r) =
πi

Z
C

exp (i∆rkr )
q (r) kr dkr
kr2 − T

(A.13)

Furthermore, the relation between the Green’s operator G(kr ) and (kr2 −T ) satisfies,
(kr2 − T )G(kr ) = I

(A.14)
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Thus the acoustic field at r + ∆r can be obtained by a marching method,

q (r + ∆r) =

1
πi



Z

exp (ikr ∆r) G (kr ) kr dkr q (r)

(A.15)

C

Explicitly adding z-direction dependence [16] finally gives,

1
q (r + ∆r, z) =
πi

A.2.1

Z

Z
exp (ikr ∆r) kr dkr

C

∞

G (kr , z, z 0 ) q (r, z 0 ) dz 0

(A.16)

0

Constant sound-speed profile

This section reviews the strategy to solve Eqn. A.16 by numerical method for
sound propagation in a non-refracting atmosphere and above a finite-impedance
ground, which has been given by Gilbert [16]. Although Eqn. A.16 is an integral
form of Eqn. A.10, the Green’s function in Eqn. A.16 is in an implicit format,
which has to be determined by a numerical method. The Green’s function for a
plane wave satisfies the equation,



∂2
2
2
+ k (z) − kr G (kr , z, z 0 ) = −δ (z − z 0 )
∂z 2

(A.17)

Introducing a vertical wavenumber kv 2 = k 2 (z) − kr2 and assuming that the sound
speed is constant with c = c0 , the Green’s function can then be written as,
0

G (kr , z, z ) =



i
2kv



0
0
exp (ikv |z − z |) + R (kv ) exp (ikv |z − z |)

(A.18)

where R(kv ) = (kv Z − k0 )/(kv Z + k0 ) and Z is the normalized impedance of the
ground surface. Substituting Eqn. A.18 into Eqn. A.16 gives,
Z
1
q (r + ∆r, z) =
exp (ikr ∆r) kr dkr
πi C


Z ∞
i
0
0
×
exp (ikv |z − z |) + R (kv ) exp (ikv |z + z |) q (r, z 0 ) dz 0
2k
v
0

(A.19)

In order to obtain a Fourier transform representation using the vertical wave num-
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ber instead of the horizontal wave number, two identities are introduced:
q
i
exp (ikv |z − z 0 |) ≡
2kv
2π

Z

∞

−∞

exp (ikv (z − z 0 )) 0
 dk
k 0 2 − kv 2

∞

exp (ikv (z + z 0 )) 0
 dk
R (k )
k 0 2 − kv 2
−∞
exp (iβ (z + z 0 ))

+ 2iβ
β 2 − kv 2

q
i
R (kv ) exp (ikv |z + z 0 |) ≡
2kv
2π

Z

(A.20)

0

(A.21)

where β = k0 /Zg is the surface-wave pole in the reflection coefficient. Substituting
Eqns. A.20 and A.21 into Eqn. A.16 and rearranging the integration order, the
acoustic pressure q is found to be given by,
q (r + ∆r, z) =
Z
Z ∞
Z
e(ikr ∆r)
1
(ik0 z)
0
(−ikv z 0 )
0
0 1
e
dk
e
q (r, z ) dz
kr dkr +
2π C
iπ C k 0 2 − kv 2
0
Z
Z
Z ∞
1
e(ikr ∆r)
0
(ik0 z)
0
(ikv z 0 )
0
0 1
R (k ) e
dk
e
q (r, z ) dz
kr dkr +
2π C
iπ C k 0 2 − kv 2
0
Z
Z ∞
e(ikr ∆r)
(−iβz)
(−iβz 0 )
0
0 1
2iβe
e
q (r + ∆r, z ) dz
kr dkr
iπ C β 2 − kv 2
0

(A.22)

Since kv 2 = k0 2 − k 0 2 and using the Residue theorem,
1
iπ

Z
C



p
exp (ikr ∆r)
2
02
k
−
k
k
dk
=
exp
i∆r
0
r
r
k 0 2 − kv 2

(A.23)

Finally a solution for the acoustic pressure in an atmosphere with a constant sound
profile speed is obtained.

q (r + ∆r, z) =
Z  √
Z ∞

1
0
i∆r k0 2 −k0 2 (ik0 z)
0
e(−ikv z ) q (r, z 0 ) dz 0 +
e
e
dk
2π C
0
Z ∞
Z
 √

2
02
1
0
0
i∆r
k
−k
0
(ik z)
0
0
e
dk
e(−ikv z ) q (r, z 0 ) dz 0
R (k ) e
2π C
0
 √
Z ∞
i∆r k0 2 −β 2
(−iβz 0 )
+ 2iβe(−iβz)e
e
q (r, z 0 ) dz 0
0

(A.24)
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Eqn. A.24 can be solved by a numerical method, and such an algorithm for the
acoustic pressure is called as the Green’s function Parabolic Equation (GFPE)
method. The three terms on the right hand side of this equation have the following
physical meanings: the first term is recognized as the direct wave, the second term
represents the specularly reflected wave, and the third term describes the surface
wave.

A.2.2

Non-constant sound-speed profile

Sound propagation in an atmosphere with an variable sound-speed profile is a
more general case. The dependence on sound speed can be described by a rangedependent wave number k(r, z). First, assume that the variation of k(r, z) with
respect to r is slow enough that k(r, z) can be take as a z-dependent function on
a given range step. Second, assume that the overall variation of the sound speed
profile is small compared to a reference sound speed. The reference sound speed
may use the average sound speed or the actual sound speed at certain height near
the ground. Therefore, for a given range step, the square of the total wavenumber
can be represented in terms of a reference wavenumber and a small variation,
k 2 (z) = kr2 + δk 2 (z)

(A.25)

where kr = ω/cr and cr is the reference sound speed. Here, the variation δk 2 can be
either positive or negative but is always small compared to k 2 (z). With Eqn. A.25,
the operator T in Eqn. A.9 takes a new form,
T =
Thus, the square root operator
r

√
T =

√

∂2
+ kr2 + δk 2 (z)
∂z 2

(A.26)

T is now given by,

∂2
+ kr2 + δk 2 (z) ≈
∂z 2

r

∂2
δk 2 (z)
2+
+
k
r
∂z 2
2kr

(A.27)
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Consequently, the former Eqn. A.10 can be written as,

√ 
q (r + ∆r) = q (r) exp i∆r T
"
r
= q (r) exp i∆r

Assuming that

∂2
δk 2 (z)
2+
+
k
r
∂z 2
2kr

!#

(A.28)

p

∂ 2 /∂z 2 + kr2 commutes with δk 2 (z)/2kr , gives,


q (r + ∆r) ≈ q(r) exp

δk 2 (z)
2kr




p 
exp i∆r Tr

(A.29)

where Tr = (∂ 2 /∂z 2 ) + kr2 . Eqn. A.29 has the same format as Eqn. A.10 except
for the presence of a factor exp(δk 2 (z)/2kr ) and the replacement of the constant
physical wavenumber k0 with the constant reference wavenumber kr . Therefore,
the GFPE algorithm can be obtained for sound propagation in an atmosphere with
a non-constant sound speed profile if a similar derivation is used as for the constant
sound speed case. The result can be written as,


i∆rδk2
2kr



q (r + ∆r, z) = e
×
 Z  √
Z ∞

1
0
i∆r k0 2 −k0 2 (ik0 z)
0
e
e
dk
e(−ikv z ) q (r, z 0 ) dz 0 +
2π C
0
Z
Z ∞
 √

2
02
1
0
0
i∆r
k
−k
0
0
(ik z)
0
R (k ) e
e
dk
e(−ikv z ) q (r, z 0 ) dz 0 +
2π C
0

Z ∞
 √
2
2
0
k
i∆r
−β
0
(−iβz)
(−iβz )
0
0
e
q (r, z ) dz
2iβe
e

(A.30)

0

Where the three terms on the right hand side of the equation have the similar
physical representations as in Eqn. A.24. This equation can also be solved by
numerical method and it was first developed by Gilbert and Di [16].

A.3

Numerical results

In this section the resulting GFPE method is applied to an example case for
a sound wave propagating in a homogeneous atmosphere above a rigid ground
surface. The frequency of the monopole acoustic source is 500 Hz and it is lo-
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cated at 3.4 m above the ground surface. The simulation is conducted in a 2D
axisymmetric space. For the integration operation in Eqn. A.30, a Fast Fourier
Transform (FFT) algorithm is used, in order to increase the speed of the calculation. Consequently, the total steps in the height direction are chosen to be power of
2. Fig. A.1 shows the calculated SPL contour. As see be seen, this figure is similar
to the figure for the same case in Chapter 2 by the CNPE method. Moreover, the
numerical result of the SPL at z = 1.7 m is compared to the analytical result in
Fig. A.2. Clearly, the two curves are almost identical, which demonstrates that the
GFPE can give accurate solutions. For the GFPE calculation, the step size in the
range direction is equal to the wavelength instead of one-tenth of the wavelength,
which was used in the CNPE calculation. Here, the calculation only costs about
20 seconds, whereas the CNPE calculation takes about 2.5 minutes for the same
case using the same computer (1.57 GHZ AMD CPU). Thus we can conclude that
the GFPE method could be significantly faster than the CNPE method since it
permits the use of a larger range step. However, the 3D PE development in this
research is focused on the finite difference strategy. Therefore, additional research
on the GFPE has not been conducted. On the other hand, the GFPE method
was developed to investigate the horizontal coherence for a 3D sound propagation
problem by Di and Gilbert [71]. However, such an approach is based on the homogeneous Helmholtz equation and wind velocity has to be approximated by effective
sound speed. To be able to used the GFPE method for 3D propagation problem
with arbitrary wind effects, an inhomogeneous Helmholtz equation has to be used
for the parabolic equation derivation. It could be another option for the 3D PE
method development.
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Figure A.1. The sound pressure level (SPL) contour of a monopole source (500 Hz)
in a homogeneous atmosphere, located at 3.4 m above a rigid ground surface by GFPE
method.
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Figure A.2. Line profiles comparison (SPL) between analytical result and numerical
result (GFPE) for a point source 500 Hz propagation in homogeneous atmosphere, located at 3.4 m above a rigid ground surface, the observer line is located at 1.7 m above
the ground surface.

Appendix B
The Impedance Mismatch
Method
An irregular terrain with varying ground surface impedance has an important
influence on long range sound propagation problems. In the present research,
a numerical model based on the Impedance Mismatch Method (IMM) has been
adopted and applied to the PE method in order to study reflections from an irregular terrain.

B.1

IMM model

The IMM method was initially applied to calculate the scattering of an acoustic
field by rigid bodies in time domain [72, 73]. In particular, the effect of a helicopter
fuselage on the noise radiated by the main rotor was studied. In these applications
the rigid body was represented by a region with very high acoustic resistance.
This can be achieved by assuming that the speed of sound is the same inside and
outside the rigid body, but that the density is very different. Furthermore, Chung
and Morris [51] argued that a stable, physical solution could be achieved in the
region external to the rigid body by setting the density in the body to a relatively
very low value. This non-physical formulation minimized the errors associated
with the discretization of the differential equation across the large discontinuity
of the medium density at the fluid-solid interface. They called this an auxiliary
approach of the IMM method.
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For the present application the speed of sound in the ground is chosen to be
the same as the sound speed in the atmosphere. The density in the ground was a
complex value, which was determined by (ρc)ground /(ρc)atmosphere = Z, where Z is
the specific impedance of the ground surface. Note that this approach is similar
to the original IMM, not the auxiliary approach. A similar scheme has been used
in underwater acoustics applications for the boundary problem.
If a traditional boundary condition is used for an irregular boundary problem,
the computational mesh has to be constructed fitting the real geometry of the
interface between the ground and atmosphere. This was the approach used by
McDaniel and Lee [74] for underwater acoustics. The disadvantages of this approach are that for different terrain geometry, a new mesh has to be constructed
and that special operation has to be conducted for the boundary condition. Using
the IMM, the computational mesh is still kept as a rectangular domain with a
regular Cartesian grid including an extra region under the ground surface. The
extra region should be large enough to cover the deepest valley in the computational domain, and it should be defined with appropriate properties to model the
ground/atmosphere interface correctly. Another advantage of the IMM method is
that no special operations are required to implement the boundary condition.

B.2

Preliminary numerical results

The IMM model has been applied into the 2D PE method in several example
cases. The initial application of the IMM is for sound propagation in a homogeneous atmosphere above a flat rigid ground surface. The source frequency is 500
Hz and it is located at 3.4 m above the ground surface. An extra wall region with
the thickness 34.0 m (200 steps in z direction) is introduced under the ground
surface (z = 0), where the density is set to be Z/ρatmosphere , since the sound speed
in the two media were assumed to be identical. The density profile for the computational domain can be drawn and it is shown in Fig. B.1. Note that the new
bottom boundary is set as a radiating boundary, which is the same as the upper
boundary. Fig. B.2 shows the resulting sound pressure level contours. As can
be seen, the contour patterns above the ground surface (z ≥ 0) are the same as
the 2D PE result with regular boundary condition as Fig. 2.4 in Chapter 2. To
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conduct a clearer comparison, the real part of the acoustic pressure from the IMM
Boundary PE method and the regular PE method are drawn together in Fig. B.3
at the observer location z = 1.7 m as a function of range. The SPL is compared
in Fig. B.4. Clearly the IMM PE results match the regular PE results very well in
both figures. The IMM has also been used to simulate the atmospheric refraction
problem above a flat rigid wall. The same extra wall region is set as in the homogeneous atmosphere case. The sound speed profile is the same as the refraction case
in Chapter 2 as in Fig. 2.16. Figure B.5 shows a comparison of the SPL profiles
for both the sound speed increase and decrease cases. Again the agreement is very
good. In summary, these comparisons show that the IMM method works well for
sound propagating above a flat rigid ground surface.

B.3

Development of the IMM PE

The IMM has also been applied to a flat finite impedance ground surface case.
However, IMM results were found not to match those with the regular PE method
results. This is shown in Fig. B.6. Therefore, the IMM method research has not
been completed and further development is needed. Two possible approaches are
discussed in the following sections to improve the capability of the IMM model;
one is a revision of the initial condition, and the other is about the properties of
the extra ground layer.

B.3.1

The initial field

Due to the introduction of the extra layer under the ground for the PE computational domain, it is not only necessary to specify the initial condition above,
but also below, the ground surface when using the IMM boundary condition. In
the case of a flat rigid wall it is effective to set the acoustic pressure to be zero,
since there is no wave transmitted into a rigid ground surface. However, for a
finite impedance ground surface, the acoustic pressure is actually not zero. This is
a possible reason why the PE calculation with the IMM cannot give correct result
for a finite impedance boundary case.
Therefore, an appropriate initial field is under consideration, especially below
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the ground surface. For a point sound, an analytical solution could be used. Di [75]
has derived a set of Helmholtz equations for wave propagation above and under the
ground surface with an appropriate impedance boundary condition. A wavenumber
Fourier transform is then applied to these equations. Consequently, the resulting
transformed equations can be easily solved. This gives the Fourier-transformed
solutions. Finally, with an approximation to the reflection coefficient, having the
form of a Laplace transform, the analytical solution above the ground surface is
obtained by an inverse Laplace transform and an inverse Fourier transform.
The same strategy could be used to calculated the analytical solution under
the ground surface. The solution of the Fourier transformed equation for wave
propagation under the ground surface can be written as,
Pe = A [1 + R (k1z )] exp (ik1z h) exp (ik2z z)

(B.1)

where A = 2πi/k1z , h is the height of the acoustic source, z is the vertical direction,
and k1z and k2z are the vertical wavenumbers above and below the ground surface.
They can be expressed as,
k1z

q
= k1 2 − kx 2 − ky 2

(B.2)

and
k2z =

q

k2 2 − kx 2 − ky 2

(B.3)

R(k1z ) is the reflection coefficient, which can be represented by a Laplace transformation,
Z
R (k1z ) =

∞

s (q) e−q(εk1z ) dq

(B.4)

0

where s(q) is an image source distribution. The definition of s(q) depends on the
approximation to the ground property, which could be set as an extended reacting
surface or as a locally reacting surface. In the latter case Eqn. B.1 can be written
as the sum of the following two terms,
f1 = A exp (ik1z h) exp (ik2z z)
P

(B.5)
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and
f2 = AR (k1z ) exp (ik1z h) exp (ik2z z)
P

(B.6)

Taking an inverse wavenumber Fourier transform of Equation (B.5) gives,
Z ∞
exp (ik1z h)
2πi
exp (−ik2z z) exp [i (kx x + ky y)] dkx dky
p1 =
(2π)2 −∞
k1z

  q

Z ∞
q
exp iγh − iz k22 − k12 + γ 2 J0 iχ γ 2 − k12 dγ
= −i

(B.7)

0

Here, the integral in the Cartesian coordinate system is converted to the integral
p
p
in a cylindrical coordinate system with χ = x2 + y 2 and γ = k12 − k 2 . J0 is the
zeroth order Bessel Function of the first kind, which can be calculated numerically.
It is hard to obtain the analytical expression for the integral in Eqn. B.7 due to
the square root term. But the integral can be obtained by numerical method. Performing an inverse Laplace transform to R(k1z ) and an inverse Fourier transform
on Eqn. B.6 gives
∞

∞



q
2
2
2
p2 =i
s(q) exp iγ(h + iq) − iz k2 − k1 + γ
0
0

 q
2
× J0 iχ γ 2 − k1 dγdq
Z

Z

(B.8)

Adding Eqns. B.7 and B.8 together gives an analytical solution of the acoustic
field under a finite impedance ground surface for a point source. This could be
used to set up the initial field under the ground surface for IMM PE calculation.
However, for a complicated distributed acoustic source, further investigations need
to be conducted. In that case the initial field could be obtained by a convolution
of the actual source with Green’s function or a point source solution.

B.3.2

Ground properties

In the current IMM method, only the density of the extra ground layer is set
to be a different value from atmosphere. However, the effects of other ground
properties remain untouched. For example, the sound speed of the ground layer is
set to be the same as that in the air. Obviously, this is not the case in practise.
Furthermore, the wavenumber of the ground layer is also implicitly set to be the
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same as the atmospheric wavenumber due to the identical sound speed in both
media. It is assumed to be a real number given by 2π/λ. Yet the wavenumber in
a finite impedance ground is generally a complex number. It depends on the flow
resistivity, porosity, and structure properties of the ground layer [46]. It can be
determined from

ωp
qc Ω
c
p
Z = qc Ω

k=

qc =

σ
cs
+i
Ω
ρω

(B.9)
(B.10)
(B.11)

where Ω is the volume fraction of air in the ground material, cs is the structure
constant, and σ is the flow resistivity.
In addition, the ground surface is assumed to be a locally reacting surface
for application of the traditional boundary condition. This indicates that the
underground acoustic wave travels in a direction normal to the surface. However,
the IMM method assumes that the sound speed in the ground layer equals to the
sound speed in the air. This means that the underground acoustic wave follows the
same direction as in the air, which is not necessarily perpendicular to the ground
surface. This difference is another possible way to obtain inaccurate results with
the current IMM PE calculation.
In summary, the current Impedance Mismatch Method is just a starting point
for its application to model the irregular terrain problem, and further investigation
is needed.
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Figure B.1. Density profile for the IMM PE calculation.

Figure B.2. Sound pressure level contour for a unit monopole source 500Hz located
at (x, z) = (3.4, 0) m above a rigid wall, in a homogeneous atmosphere, and with IMM
boundary condition PE method.
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Figure B.3. Comparison of real part of the acoustic pressure between PE methods with
regular boundary condition and IMM boundary condition, for the sound propagation of
an acoustic source (500 Hz) located 3.4 m above a rigid ground surface in a homogeneous
atmosphere, and the observer is located at 1.7 m above the ground surface.
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Figure B.4. Comparison of SPL between PE methods with regular boundary condition
and IMM boundary condition, for the sound propagation of an acoustic source (500
Hz) located 3.4 m above a rigid ground surface in a homogeneous atmosphere, and the
observer is located at 1.7 m above the ground surface.
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Figure B.5. Comparison of SPL between PE methods with regular boundary condition and IMM boundary condition for a source above a flat rigid ground surface in an
inhomogeneous atmosphere.
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Figure B.6. Comparison of SPL between PE methods with regular boundary condition
and IMM boundary condition for a source above a flat impedance (Z=10+10i) ground
surface in a homogeneous atmosphere.
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