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ABSTRACT
A virtual design methodology is developed to minimize the noise in enclosures
with optimally designed, passive, acoustic absorbers (Helmholtz resonators). A series
expansion of eigen functions is used to represent the acoustic absorbers as external
volume velocities, eliminating the need for a solution of large matrix eigen value
problems.

A determination of this type (efficient model/reevaluation approach)

significantly increases the design possibilities when optimization techniques are
implemented. As a benchmarking exercise, this novel methodology was experimentally
validated for a narrowband acoustic assessment of two optimally designed Helmholtz
resonators coupled to a 2D enclosure. The resonators were tuned to the two lowest
resonance frequencies of a 30.5 by 40.6 by 2.5 cm (12 x 16 x 1 inch) cavity with the
resonator volume occupying only 2% of the enclosure volume. A maximum potential
energy reduction of 12.4 dB was obtained at the second resonance of the cavity.
As a full-scale demonstration of the efficacy of the proposed design method, the
acoustic response from 90-190 Hz of a John Deere 7000 Ten series tractor cabin was
investigated.

The lowest cabin mode, referred to as a “boom” mode, proposes a

significant challenge to a noise control engineer since its anti-node is located near the
head of the operator and often generates unacceptable sound pressure levels. Exploiting
the low frequency capability of Helmholtz resonators, lumped parameter models of these
resonators were coupled to the enclosure via an experimentally determined acoustic
model of the tractor cabin. The virtual design methodology uses gradient optimization
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techniques as a post processor for the modeling and analysis of the unmodified acoustic
interior to determine optimal resonator characteristics. Using two optimally designed
Helmholtz resonators; potential energy was experimentally reduced by 3.4 and 10.3 dB at
117 and 167 Hz, respectively.
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Chapter 1
INTRODUCTION

This thesis describes the development of a design methodology that minimizes
sound in an acoustic enclosure coupled with optimally tuned, passive acoustic absorbers
(Helmholtz resonators). As a practical demonstration of this optimization technique, a
tractor cabin noise problem is undertaken.
This chapter begins with an overview of Helmholtz resonators and interior
acoustic control followed by the motivation for this thesis. Chapter 1 concludes with the
advantages of this design methodology development.

1.1 Background
The control of acoustic fields within enclosed spaces has been the focus of
extensive research for both passive and active control methods. At high frequencies (> 1
kHz), damping treatments provide significant noise reductions and are a practical solution
for many noise problems. However, below this range, damping treatments are less
effective and alternate solutions are needed. Because noise is becoming more and more
important in a person’s choice in buying a product, today’s market is focusing on highly
engineered structural design methods (i.e. aerospace applications and common devices
such as vacuums and washing machines) to meet these noise criteria. Demands for a
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stricter use of resources: weight, space, and cost necessarily follow as well as faster
design cycles.
With the onset of solid state devices in the 1970s and dramatic performance
increases in computational power, ANC (active noise control) and ANVC (active noise
vibration control) opened the possibilities for providing low frequency sound reduction.
ANC and ANVC reduce discrete and broadband noise (best cases up to 30-40 dB),
depending on the application and implementation [1].

There are significant local

reductions using ANC, whereas global control is less successful (reported up to 23 dB in
enclosures) and sometimes produces more local sound because energy is added to the
system [1]. These solutions require significant hardware (sensors, power amplifier and
actuators), which involves expensive electronics and substantial resources (e.g. space,
cost, and appreciable weight). In this manner, ANVC can be a potent solution. Even so,
structural modifications for ANVC methods are sometimes too inhibitive and require
additional resources for design adaptability. The aforementioned factors contribute to the
need for improved (optimized) passive interior control for low frequency noise problems.

1.2 Methodology Development
Some powerful methodologies have been developed in virtual structural design by
the use of optimization.

Shape and topology optimization are frequently used to

minimize the weight in aerospace applications.

Specific design constraints (e.g.

geometry, maximum deflections, minimum stress concentrations, etc.) are met by using
optimization algorithms in conjunction with modeling, typically finite element modeling
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(FEM). Many authors note the use of optimization on beams [2,3], plates [4,5], cylinders
[6], and more complex geometries [7] within structural optimization. Structural acoustic
applications have been less prevalent due to complexity or the multidisciplinary
technological challenge.

Lamancusa [8] outlines objective function and constraint

development for the optimization of structural acoustic problems. For general use, ElBeltagy and Keane [9] give an overview of non-gradient techniques with a comparison of
different system models (viz. multilevel optimization).
Several authors have made notable advancements in the use of optimization
techniques for structural acoustic problems since the overview by Lamancusa [8] in 1993.
These developments lead directly to the motivation for this thesis. Salagame et. al. [10]
and Belegundu et. al. [11] used a sensitivity analysis (derivatives of the objective
function with respect to a design variable) to decrease computational time and increase
accuracy of structural acoustic problems. Cunefare and Koopmann [12] derive sound
power sensitivities for acoustic sources using a radiation resistance transfer matrix for the
effect of volume velocities on sound power. Koopmann and Fahnline’s Designing Quiet
Structures textbook [13] gives an expanded use of this procedure and other general
approaches such as material tailoring described in further detail in Section 2.1. Hambric
[14] investigates the sensitivity (robustness) and optimization efficiency of several design
variables of a submerged, ribbed cylindrical shell on broadband radiated noise. Constans
[15] applied optimization techniques to a computationally efficient structural model of a
shell with tuned absorbers in to minimize radiated sound.

It is this innovation in

structural design optimization, an amalgamation of a need for optimized passive interior
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control along with the use of acoustic objective functions and efficient modeling that is
the motivation for the methodology applied in this thesis. This thesis uses an acoustic
model with optimally tuned, acoustic absorbers represented as external volume velocity
sources for computationally efficient design optimization. The advantages of using this
methodology are discussed in Section 1.4.

1.3 History of Helmholtz Resonators
A common acoustic resonator is called a Helmholtz resonator, after H. von
Helmholtz (1821-1894), who used it to analyze musical sounds. The simplest example of
a Helmholtz resonator is a soda bottle. Resonance occurs when air is blown over the
opening of the bottle. A simplified design of a Helmholtz resonator consists of a plug of
air in an opening that serves as a piston to the air in a larger volume, contracting like a
spring. This model works as a single degree of freedom, mass-spring system with a
characteristic natural frequency. It serves many roles in wide applications in the field of
acoustics.
As early as the 5th century B.C., tuned brazen vases (Helmholtz resonators) were
imbedded in seating areas and amplified harmonic sounds in open Greek theaters [16].
Their placement and geometry were meticulously designed. Later, in Roman theaters,
tuned clay pots served the same purpose as their bronze predecessor [17].
Before the technological development of microphones, amplifiers, and frequency
analyzers, Helmholtz resonators were used as a means for studying complex sounds and
vibrating objects. In 1877, Helmholtz thoroughly investigated timbre of steady tones of
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musical instruments (including vocal chords) by use of electrically driven tuning forks
and these tuned resonators. He formulated the manner in which we determine timbre by
its harmonic components.

His investigations were so thorough that very little new

information appeared in the literature until 1950 [18].

Helmholtz developed the

theoretical formula for the resonance frequency of a cavity resonator.
Lord Rayleigh used these resonators to determine the modes of bells.

An

additional ear-piece port was fitted into the tuned resonator to scan the amplitude of each
mode. His scientific approach to acoustics won him credit for first putting acoustics on a
rigorous mathematical basis [19]. He further developed Helmholtz’s lumped parameter
model to include a length factor or an “end correction” to the mass element [20,21]. The
exterior opening model (piston radiating into a half sphere) is still accepted as the correct
end correction, although the interior end correction has since been empirically altered.
Additionally, the phenomenon of amplifying sound at a prescribed frequency by a
tuned cavity has been referred to as a Helmholtz resonance. A classical example is the fhole resonance on a violin. This is the air resonance that occurs around 260-300 Hz.
Another example is the excitation of the port in a bass reflex loudspeaker. The back of
the face of a speaker acts like a piston driving a Helmholtz resonator (reflex port), such
that the port and speaker face are in phase with each other. Thus, the reflex port
enhances the bass response of the speaker.
Contrary to the enhancement of sound, Helmholtz resonators can act as absorbers
of sound at their natural frequency. Some automobile mufflers use resonators as side
branches to absorb sound. Slits or holes backed by cavities in wall constructions absorb
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sound and are typically used in gymnasiums, natatoriums, or band rooms. To increase
transmission loss of discrete sounds traveling in ducts, Helmholtz resonators provide
significant absorption.
Modern use of these resonators has been well documented and researched since
the late 1800s. The relevance of these findings is discussed in Section 2.2.

1.4 Advantages of Design Methodology
A new virtual design method is proposed for minimizing sound in enclosures
when coupled with optimally designed acoustic absorbers.

It involves numerically

designing the optimal characteristics, i.e. the volume, damping, natural frequency, and
surface area of the mouth, of a system of acoustic absorbers. These acoustic absorbers
locally affect the acoustic space yielding global reductions that, at desired low
frequencies, produce a volume velocity to effectively absorb, cancel, or shift the modal
response of the enclosure.

This method is possible because the representation of

additional absorbers as external volume velocities mathematically decouples the inherent
(eigen) response of an acoustic space from the modifications added to that space.
Therefore, the result of a design modification is quickly computed and compared to
alternate solutions without the necessity of recomputing the system eigen solutions. On
the other hand, the drawback of this particular derivation is that the response is calculated
at discrete frequencies, thus requiring a frequency loop to calculate narrowband
responses.
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Significant acoustic performance and inexpensive solutions are possible with the
use of Helmholtz resonators but require optimal design and placement. An approach that
elevated a noise control engineer from conventional techniques (table references and a
priori impedance matching) to a more scientifically based design method expands the
applications and total performance of these acoustic absorbers. This methodology will
empower the noise control engineer in both case study evaluation and application of
passive acoustic absorbers.

1.5 Thesis Organization
The organization for this thesis begins with an overview of previous work related
to this research and progresses to research developments for two-dimensional and threedimensional acoustic problems.

In Section 2, a background and overview of noise

control in low frequencies and use of Helmholtz resonators are covered. Development of
the models for Helmholtz resonators and an acoustic enclosure are detailed in Sections 3
and 4, respectively. These models are used in the design methodology using optimization
techniques as described in Section 5.
Section 6 demonstrates the use of this methodology on a 2D enclosure without the
use of optimization for design verification purposes. It is followed by a two-resonator
optimization for the 2D enclosure in Section 7. The next two sections address the use of
this design methodology on a practical 3D test specimen: a John Deere tractor cabin.
Section 8 describes the necessary modeling considerations when applying the noise
control approach to the tractor cabin. The experimental results are compared to the
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predicted optimal design of Helmholtz resonators for the frequency range of 90-190 Hz
in Section 9. The conclusions of this research project are given in Section 10.

Chapter 2
REVIEW OF PREVIOUS WORK

The continuing improvements in theoretical and numerical modeling have paved
the way for the novel design method proposed in this thesis. This has been made possible
with the advent of optimization algorithms, inexpensive high powered computers, and
numerical and analytical developments that continue to improve and set in motion a
concurrent engineering approach, which in this thesis focuses on the design of quiet
products. This review aims to summarize current literature that combines noise control
and optimization in the design process which sets the basis for the design method used in
this thesis, i.e., controlling interior noise of enclosure with optimally-tuned resonators.
The focus of this thesis is optimal, passive, interior noise control. The difference
between active and passive control is that the mechanism of passive control is not
adaptive via sensing or actuation devices.

Excluding hybrid methods (active or

adaptive/passive), active control falls into two categories: active noise control (ANC)
which uses a secondary source to cancel unwanted sounds, and active vibration noise
control (AVNC) which is a structural modification via embedded actuators or material
design that adapts its properties to its changing environment [22]. The latter category
also includes a growing specialization referred to as smart structures, i.e., structures that
are able to sense, adapt, and react to their surroundings as a single entity. A final
comment on hybrid systems is that active control will naturally take advantage of some
passive techniques, e.g., damping. A true hybrid method uses adaptive or active means to
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adjust parameters over a range of operating conditions, the distinction being that active
systems input energy into the system.
Passive interior noise control can be accomplished by a variety of means, most
commonly by damping materials and retrofit design.

It has traditionally been the

approach to isolate noise sources (e.g. engines, machinery, power plants) and people by
installing an inexpensive enclosure. More acoustic enclosures are employed to solve
industrial noise problems than any other single measure [23].

These conventional

approaches yield a retrofit application to design in which the noise control engineer
receives a noisy product either designed or in prototype form and has the task of meeting
a noise standard.

As numerical techniques, optimization, and modeling techniques

continue to develop, more sophisticated means of applying controls and eventually
concurrent design will be available to noise control engineers and designers. It is this
need for practical design tools capable of solving structural-acoustic problems that
motivates the design method proposed in this thesis.
An aim of this thesis is to develop an acoustic methodology that parallels some
developments directly analogous to structural / vibration problems.

Beranek [24]

discusses in detail derivations and modeling techniques used in electroacoustic modeling
of mechanical, electrical, and acoustic systems. The focus of this thesis is enclosed
acoustic spaces coupled with passive acoustic absorbers. A wealth of structural acoustic
developments and pertinent structural dynamics references can be found in the published
literature, e.g, Sun et. al. [25] give a literature survey and overview for tuned vibration
absorbers, Everstine [26] for an extensive finite element representation of structural
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acoustic problems, notably including acoustic cavity analysis, and Constans et. al. [27]
for optimization of thin shell structures using masses.
This Chapter begins with a discussion of the use of damping materials and
suboptimal techniques for interior noise control. Next, the development of a design
methodology is outlined from the use of optimization in structural control to the
modeling techniques used in this thesis. Finally, the relevant uses and developments of
Helmholtz resonators in noise control are addressed.

2.1 Design Methodology
Generally as a retrofit attempt to reduce noise in a housing or enclosure,
structural/acoustical damping material is placed either on the interior surfaces of an
enclosure or within its volume to some maximum allowable amount. The damping
parameters are determined intuitively by trial and error, weight, space, or cost restraints.
This methodology can be effective for high frequencies and less restrictive applications,
but it does not provide a efficient solution to the more sophisticated structural acoustic
noise problems (e.g. automobiles, aircraft cabins, and noise problems with low
frequencies or complex structures).

Nevertheless, a more refined approach imparts

significant savings in cost, weight, and/or design time if optimization is implemented.
Kruger et. al. [28] demonstrate that large damping treatments with intuitive placement
resulted in minimal sound reduction for a thin shell structure, such as a washing machine
housing. By measuring locations of high reactive structural intensity, optimal patches
comprising only 6.4% of the area on one cubical face reduced the sound power by 10.25
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dB. A similar study by Kruger et. al. [29] used optimization (gradient methods and
simulated annealing) with BEM prediction codes [12] to reduce sound power 8 dB using
constrained layer damping on only 0.93% of the surface area of a cube. Likewise,
optimization has been applied to FE models of fibrous and porous damping materials to
optimize absorption via material properties, installation configurations, and optimal layer
arrangements [30,31]. The savings in material costs, labor, and performance demonstrate
a need for optimal noise control approaches.
Some separate areas of research that use numerical techniques to design a
structure such that it meets a performance standard (i.e. minimal sound radiation,
minimal weight) are material tailoring and shape optimization. One research team, St.
Pierre et. al. [32], used a material tailoring approach by adding lumped masses to a plate
in order to force a weak radiator response from the structure.

Weak radiators are

inefficient radiators of sound due to altered mode shapes that have minimize volume
velocity over a surface. St. Pierre et. al. used a gradient optimization algorithm with the
objective of minimizing sound power to determine optimal mass size and placement to
achieve the weak radiator condition. The other area of research is shape optimization,
which changes the surface of a structure to optimize performance. In doing so, a desired
structural response or characteristic (e.g., weight) is met and thus “frees” the solution
profile from conventional design and a retrofit approach.

Lamancusa [8] gives a

comprehensive overview of design optimization strategies that use MP (mathematical
programming) to reach an acoustic objective.
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In all these numerical techniques, analytical and numerical models have been
developed to speed matrix inversions and other inhibitive computations. By combining
well-posed matrix inversions with a receptance/dynamic stiffness method of modeling, an
efficient optimization methodology is possible. It is this combination presented by Kitis
et. al. [33,34] that motivates the general optimization methodology of this thesis. The
receptance/dynamic stiffness method is a modeling approach where every input to a
system is represented as a point impedance, the ratio of force to velocity. This can be
understood as either the response of a system to velocity, or the necessary velocity for a
desired force output [35].

A thorough description of this technique is in Passive

Vibration Control [36]. Brennan et. al. [37] use this modeling method for ANVC for
vibration neutralizers. Constans [15] applied a variation of this methodology for shell
structures. His numerical predictions matched well with experiments and the software
POWER [13].
One approach to optimizing an acoustic model is using commercially available
modeling/analysis software in combination with optimization algorithms. This general
approach consists of three different general analyses. First, FE models are generated for
the entire enclosure (3D) and analyzed.

The coupling occurs at the fluid-structure

interface, and is included as constraints or forces in the model. Second, for cases of weak
coupling (weak fluid loading), FEA generates the structural response assuming negligible
fluid loading. BEM models are analyzed for sound radiation based on FEM structural
response. An advantage of BEM is that it reduces model complexity by one dimension,
i.e., a 3D domain is represented in 2D. Third, for cases of strong coupling (strong fluid-
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loading), FEA generates structural impedances at the fluid-structure interface. BEM
models are analyzed for fluid loading and used as applied forces for a repeat of the FE
analysis [38]. Each analysis procedure predicts system behavior and is used to perform
an acoustic optimization. Everstine et. al. [39,40] have detailed such approaches and
provide extensive references.
Improvements in optimization and numerical techniques have motivated more
accurate acoustic prediction codes.

Several are used with repeated success:

COMET/Acoustics, SYSnoise, and POWER [13]. These methods give a response of a
structural model in terms of its discretized boundary surfaces. With varying accuracy and
speed, these software packages predict the system response that is used in the
optimization. Both stages of this design process (system response and optimization) are
inhibited by the combined use of optimization post processors looped with system
response calculations. Specifically, the need to completely predict the system response
after each modification requires significant computing power.

2.2 Use of Helmholtz Resonators
Helmholtz resonators are used extensively for applications ranging from sound
amplification to sound absorption. Uno Ingard has performed a thorough examination of
resonator behavior and parameter related topics in several important publications [41-43].
Expanding on his investigations, many authors have analyzed some of the less traditional
Helmholtz resonator models where the lumped parameter approximation begins to fail.
At the accuracy limit for simple approximations, analytical methods (transcendental
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equations), FEM, empirical corrections, and modal expansion techniques provide
accurate models for specific cases This resonator category includes, and is not limited
to: deep cavity [44,45], pancake (short cavity) [46], long neck [44], long damping [47],
slits [48], perforations [41,49], crosses [48], parallel constructions [49], and no neck
resonators [47]. In many of these papers, a validity test for the lumped parameter
approximation is the product of the largest dimension of the resonator (volume or neck)
and wavenumber ( 2π λ ) must be much less than one. A guideline given in two papers
[48,50] is that the product should be less than 0.05 to 0.1 to be accurate within 3-5 %.
As a guide to the use of Helmholtz resonators as sound absorbers, several design
graphs and charts have been compiled. In 1949, Zwikker and Kosten [49] included a
design chart for multiple resonator use, in order to optimize the absorption at a single
frequency ωn. Other variations on this chart have been included over the next few
decades to include the coupling of the resonator with the acoustic enclosure. Fahy and
Schofield [51] proposed an alteration to complement the design chart and conclusions by
van Leeuwen [52], such that resonator performance is more thoroughly optimized. The
resonator performance for the coupled resonator-enclosure response in Figure 2:1 shows
the response at frequencies ω1 and ω2 in addition to its performance at resonance ωn.
Their notation is: room Q factor (inverse of damping factor η) QN, resonator Q factor QR,
and coupling parameter ε such that eigenvalues λ2 are approximately ωn2(1±ε).
Fahy and Schofield [51] demonstrate that the optimal resonator design at
resonance is not an optimal response for the coupled system near resonance. The optimal
resonance case, given as extremely light damping with high coupling, creates two nearby
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coupled modes at ω1 and ω2 with a response comparable to that of the original mode
(below line A in Figure 2:1). Maximum power absorption at resonance is not necessarily
optimal because the resonator can effectively “unload” the volume velocity of the source
near resonance such that the source injects less energy into the enclosure. Fahy and
Schofield recommend an optimal resonator design to be a large volume resonator with
damping and coupling that create a constant reduction condition at ωn, ω1, and ω2. This
design creates a flat, broadband absorption from ω1 to ω2 shown by line A in Figure 2:1.
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Figure 2:1: Theoretical differences between SPLs at ωn, ω1, and ω2 and SPL at ωn in
absence of resonator [51].
Motivated by the investigation by Fahy and Schofield [51], Cummings [53]
further analyzed coupling for a multimode response of resonators in enclosures. His
work supports the published results of Fahy and Schofield and demonstrates the effect of
position and modal density on the efficacy of interior control. Using a modal expansion
of Green functions, Cummings concludes that the number of eigenmodes included for
convergence is roughly the cube of the upper frequency limit. Also, in regards to double
peaks in coupled responses, the presence of nearby modes (multimode predictions) plays
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a significant part in upsetting symmetry of the response while damping plays a minor part
in creating unequal levels (single-mode predictions). Another observation by Cummings
is that reduction levels are very sensitive to room mode damping when the resonator is
lightly damped. In contrast, for a fixed room mode damping, reduction levels are fairly
insensitive to resonator damping except for the extremely lightly damped resonator.
Moreover, the multimode analysis demonstrated that a single resonator could reduce a
number of nearby eigenmodes, although well-spaced natural frequencies may require
more than one resonator.
Although resonator behavior is well-known, the optimal performance of an
absorber in industrial applications has not been extensive. Bernhard et. al. [22] note that
Helmholtz resonators have not been fully exploited in noise control to their optimal
performance or utilization.

Due to their ability to attenuate low frequency tones,

Helmholtz resonators are used extensively in vehicle exhaust and induction systems
[54,55]. They are used as mufflers in these applications and others (vacuums [56]) with
significant reductions on the order of 30 dB. Likewise, the transmission loss in double
paned windows [57] and HVAC systems [19] can be that as a silencer, effectively
eliminating propagating sound near resonator resonance. ANC methods have exploited
this phenomenon because the pressure drop at the resonator mouth in the duct (nearly a
null pressure) unloads the source with an out of phase reflection. On the other hand,
several authors have indicated difficulty (20-40% error) in precisely tuning Helmholtz
resonators, resulting in poor or unreliable performance [58]. In some other cases, recent
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use of self-tuning Helmholtz resonators [59] presents a particular demand on the
prediction models for variable geometries.

2.3 Conclusions
This Chapter has shown the coupled effect of the resonator off-resonance (ω1 and
ω2) and nearby resonance frequencies has not been fully optimized nor exploited. Given
the appreciable absorption of a Helmholtz resonator at low frequencies, the goal of the
optimization in this thesis is to design the optimal characteristics for a Helmholtz
resonator given a narrowband response of an acoustic space and its practical physical
constraints. Thus, the solution is open to a wider frequency band, including the coupled
effect of the resonator on the acoustic frequency response, producing the optimal solution
for an interior noise problem. The methodology implemented in this optimal design will
make use of computationally efficient modeling techniques in conjunction with efficient
reanalysis methods for determining system response, thus reducing computing time.
The next chapter develops the model of a Helmholtz resonator.

Chapter 3
RESONATOR MODELING

As described in Sections 1.2 and 2.2, the behavior of Helmholtz resonators is well
established and extensively documented.

This chapter reviews that behavior both

theoretically and experimentally and concludes with a parameter study.

3.1 Lumped Parameter Model
The control absorbers used in this thesis are passive Helmholtz resonators. These
consist of small, enclosed volumes of air attached to the boundary of an acoustic
enclosure by a flanged neck.

It is assumed that a characteristic dimension of the

resonator is much smaller than the acoustic wavelength for the frequencies of interest
(low frequency range) and allows the lumped parameter model to effectively act locally.
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Each absorber behaves
Mechanical
model

as a single degree of freedom

Acoustic
model

mass attached to a spring. The
mass of air (M) in the neck of
the absorber of length L is
excited by acoustic pressure at
its aperture of surface area S.
The

confined

air

in

the

resonator volume V, shown in
Figure 3:1, represents the
stiffness K.

Without the

Figure 3:1: Single DOF model of Helmholtz resonator
with damping

addition of damping material
in the neck, the absorber is generally a lightly damped (high Q) system. The absorber
resonates as a mass-stiffness system resulting in a large response at its natural frequency
and minimal response off resonance. To introduce damping which spreads the response
over frequencies near the natural frequency, viscous damping is included in the model as
Q (detailed damping model is in Section 3.2.3). The quality factor is defined by the
damping factor η and damping ratio ζ as

Q=

1
1
=
η 2ζ
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The dynamic behavior is derived by representing the displacement ξ in the neck
of the resonator as directed into the cavity. A lumped parameter excitation by an external
harmonic pressure pe with viscous damping losses R gives the differential equation in
Equation 3.1

Mξ&& + Rξ& + Kξ = pe S .

( 3.1 )

The stiffness K and mass M models are shown in Equation 3.2, which represent
the absorber volume as a parallelepiped of dimensions l × w × h attached to a cylindrical
neck of length L and radius a. For the resonators used in this thesis, the equivalent length
Leq includes an entrained mass due to a flanged and unflanged aperture of the cylindrical
neck [60].

M = ρ o π a 2 Leq ,

R = 2 M ζωn ,

K=

ρ o c 2 (π a 2 ) 2
,
l wh
( 3.2 )

Leq = L +

8a 
a
 2 − 1.24
Ro
3π 





The natural frequency fn is given by Equation 3.3

fn =

ωn
1
=
2π 2π

K
c
S
=
M 2 π V Leq

( 3.3 )
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where ωn2 is the eigenvalue for Equation 3.1.
A typical measure of the behavior of a tuned vibration absorber is its impedance.
The acoustic equivalent is acoustic admittance. The specific acoustic admittance Y is
defined as the point velocity divided by acoustic pressure in Equation 3.4. Hence,
specific acoustic admittance has the units of inverse Rayls SI ( N ⋅ s m 3 ) or the inverse of
acoustic characteristic impedance, ρc [60]. Note that this definition differs from the
definition of admittance in structural systems (displacement over force).

Z=

1 p
=
Y v

( 3.4 )

Rewriting Equation 3.1 in terms of pressure and velocity, the impedance is simply
Z = R + iω M + K iω .

Using S for the surface area of the mouth and referring to

Equation 3.2 for the definition of K, the frequency dependent acoustic admittance
( m 5 N ⋅ s ) is shown in Equation 3.5 [55].

iK
Z=
ωS


i ω  ω2  S
+
 − 1 −
=
Q ω n  ω 2n  Υ


( 3.5 )

It is difficult to discern the influence of Q and K on the acoustic admittance from
Equation 3.5. For a better understanding, the complex acoustic admittance is expanded
and separated into its real and imaginary parts, Y = G + jB , shown as
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ω 2 ⋅ ω 3n
S 2Q
⋅
G=
K Q 2 ω 2 − ω 2n 2 + ω 2n ω 2

(

B=

)

(

and
( 3. 6 )

)

ωω ω − ω
−S Q
.
2
K Q ω 2 − ω 2n 2 + ω 2n ω 2
2

2

(

2
n

2

)

2
n

To clarify the frequency dependency, Equation 3.6 is simplified using the ratio of ω ω n
as follows

G=

2

S Q
⋅
K

ω⋅

ω
ωn

2
2

   ω 2


ω
Q 2    − 1  +  
   ωn 
  ω n 
 


and

 ω  2 
ω ⋅   − 1
2 2
 ω n 

−S Q
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.
⋅
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2
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ω 
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Q 2    − 1  +  
   ωn 
  ω n 
 


( 3.7 )

At resonance, the imaginary part B goes to zero and the real part is

G (ω n ) =

ω VQ
S 2Q
ωn = n 2 ,
ρc
K

( 3.8 )
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such that the surface area term cancels out but is present in the resonance frequency ωn.

3.2 Empirical Adaptations
Uno Ingard [41-43] has derived many expressions for resonator behavior and
performed experiments to further adapt his equations empirically.

The empirical

adaptations that follow include modeling considerations given by Ingard and an
additional end correction for the damping treatments added to the resonators in this study.

3.2.1 Entrained mass
The mass model of the resonator takes into account the air near the resonator
mouth and is referred to as entrained mass. This mass is created by the plug of air
moving with the same velocity through the mouth of the resonator. The entrained mass
added to the neck length is modeled as an equivalent length and depends on the
immediate conditions inside and outside of the neck. This has been simply documented
as flanged or unflanged mouths. The exterior end correction ∆e in Equation 3.9 is
modeled as a flanged mouth and derived as a piston in an infinite baffle [20]. Similarly,
the interior mouth can be modeled as an unflanged mouth [61] when dimensions are
small compared to wavelength for end correction ∆i in Equation 3.9. Several authors [4547] demonstrate that geometry extremes, pancake and deep cavity resonators, require a
different model for accurate frequency prediction.
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∆e =

8a
,
3π

∆i =

8a 
a 
1 − 1.24 
3π 
Ro 

( 3.9 )

3.2.2 Viscosity and heat conduction contributions
Without the addition of damping, most of the dissipation is due to viscosity and
heat conduction losses on the surfaces of the resonator. In 20°C air, the viscosity loss is

L

Rv = 4 ⋅ RS 1 + 0.5  ,
a


where RS = 0.83 ⋅ 10 −3

f ,

which accounts for dissipation in and around a circular aperture. This derivation includes
an empirically obtained correction factor of two [41]. In practice, heat conduction losses
are negligible compared to viscosity losses.
Aperture resistance Rr supplies the greatest losses for an “undamped” resonator.
This contribution scatters incoming sound energy due to the impedance at the resonator
mouth. Shown in the equation that follows, the total radiation resistance R is the sum of
viscous losses and the aperture resistance. Changes in aperture shape are taken in to
account by the hole parameter hL/a [41].
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L

6
Rr = 4 RS 1 + 0.5  ⋅ C ⋅ (kRo ) ,
a


R = Rv + R r ,

2

−1

R 
C = 0.316 S  ⋅ hL / a ,
 ρc 

where hL / a

L

 0.9 + 0.59 ⋅ 
a
=
.
L
1 + 0.5
a

3.2.3 Damping treatment end correction
Damping treatments are added to the model as additional mass with the intention
that it lowers the resonance frequency and the response amplitude of acoustic admittance.
This behavior was observed experimentally for two different damping conditions. First, a
layer of speaker cloth was attached over the outer face of the resonator and second, a long
sample of steel wool was placed in the resonator mouth. An empirical “end correction”
was added to the equivalent length so that the result is Leq = L + ∆ e + ∆ i + ∆ d , with the
damping end correction ∆d in Equation 3.10. The experimental comparison for different
neck lengths and radii is given in Section 3.3.


 a
∆ d = 1.6 ⋅ 10 ⋅ 1 + 0.05 ⋅ 

 Ro
−3





−1





( 3.10 )
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3.3 Experimental Verification
For a comparison with theoretical predictions, an experiment was designed to
measure the frequency response of the Helmholtz resonators used in this study. When
the resonator is externally excited, the mass of air in the neck creates a volumetric change
within the cavity. This change can be represented by the bulk modulus of air such that
displacement ξ at the mouth and pressure in the cavity are directly related. For harmonic
functions, the displacement can be replaced by velocity as v = iω ξ . These relationships
are

p=

ρ c2S
V
ξ and v = 2 iω p .
V
ρc S

Further development leads to an expression of acoustic admittance by dividing velocity
by a drive pressure. This results in a pressure transfer function that is a ratio of the
pressure associated with the volumetric change pv and the externally driven pressure pe
given as

Y=

pv
V
⋅ 2 ⋅ iω .
pe ρ c S

( 3.11 )

Three different Helmholtz resonators at two resonance frequencies (430 and 583
Hz) were excited by a 400 Hz swept sine to determine the frequency response required to
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verify Equation 3.11. The Helmholtz resonators were fabricated from 60 cc syringes
consisting of centered, circular apertures with a cylindrical volume, and shown in Figure
3:2. The experimental setup is shown in Figure 3:3. The parameters for 3 different
Helmholtz resonators (excluding volume variations) are given in Table 3:1.

These

resonators are tuned for the two lowest resonance frequencies of a test enclosure in
Chapter 6.

Figure 3:2: Photograph of a Helmholtz resonator fabricated from a 60 cc syringe
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Figure 3:3: Experimental setup for acoustic admittance measurement

Table 3:1: Parameters for Helmholtz resonators in experimental investigation

st

1 resonance
430 Hz

2nd resonance
583 Hz

Volume, cm3

Length, cm (in.)

Diameter, cm (in.)

Reference

44.5

1.9 (0.75)

0.95 (0.375)

HR 1

43.5

1.3 (0.5)

0.79 (0.3125)

HR 2

38.2

0.89 (0.35)

0.64 (0.25)

HR 3

24.4

1.9 (0.75)

0.95 (0.375)

HR 1

24.0

1.3 (0.5)

0.79 (0.3125)

HR 2

20.7

0.89 (0.35)

0.64 (0.25)

HR 3
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Two damping conditions were considered: steel wool added to the neck and
speaker cloth stretched over the outer face of the resonator. Figure 3:4 shows a typical
real and imaginary acoustic admittance of HR 1 for the 430 Hz resonance. Table 3:2 lists
the Q values for the different damping conditions. Each resonator was tuned before the
addition of damping.
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Figure 3:4: Specific acoustic admittance ( m 3 N ⋅ s ) of HR 1 for first resonance at 430
Hz. , undamped; ⋅⋅⋅⋅, steel wool in mouth; ----, speaker cloth over face of resonator.
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Table 3:2: Q values for the Helmholtz resonators under different damping conditions
Damping
conditions
none
Steel wool in
neck
Speaker cloth
over mouth

Resonance

HR 1

HR 2

HR 3

1st

31.1

26.9

25.2

2nd

30.9

23.3

25.2

1st

8.7

6.1

4.0

2nd

9.7

6.6

4.6

1st

6.5

6.0

4.1

2nd

8.3

6.5

4.8

A comparison between experimentally measured acoustic admittance and the
predicted response is shown in Figures 3:5 to 3:7. There is close agreement between
theory and experiment for these Helmholtz resonators. It is also noted that appreciable
damping was possible with either speaker cloth or steel wool.
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Figure 3:5: Comparison of theoretical and experimental specific acoustic admittance
( m 3 N ⋅ s ) of HR 1 at first resonance. , theoretical cases (Q = 31.1, 8.7, and 6.1);
⋅⋅⋅⋅, experimental cases (undamped, steel wool, speaker cloth).
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Figure 3:6: Comparison of theoretical and experimental specific acoustic admittance
( m 3 N ⋅ s ) of HR 2 at first resonance. , theoretical cases (Q = 26.6, 6.1, and 6.0); ⋅⋅⋅⋅,
experimental cases (undamped, steel wool, speaker cloth).
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Figure 3:7: Comparison of theoretical and experimental specific acoustic admittance
( m 3 N ⋅ s ) of HR 3 at second resonance. , theoretical cases (Q = 25.2, 4.2, and 4.8);
⋅⋅⋅⋅, experimental cases (undamped, steel wool, speaker cloth).
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3.4 Parameter Study
In addition to analyzing the behavior of resonators, several authors have
performed detailed parameter studies to compare the significance of slight parameter
variations on natural frequency. The significance of dramatically varying the geometry
of a resonator is also quantified. Such discoveries from those investigations are given
here instead of Review of Previous Work in Chapter 2 because of the detailed nature of
the results.
A comparison of 6 different orifice geometries by Chanaud [48] revealed that
orifice shape is not very significant as long as each dimension is much less than
resonance wavelength. Shapes included squares, circles, slot-shapes, and different cross
variations. On the other hand, orifice size relative to the face of the resonator has a slight
effect on the accuracy of frequency prediction. This variable is not as sensitive to
variation as cavity geometry.
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Figure 3:8: Resonance frequency prediction by 3 methods for a constant volume resonator
with variable depth to width ratio. ⋅⋅⋅⋅, Rayleigh model; ----, transcendental equation;
, numerical model [48].

Cavity depth and width proved to be more significant in the extremes of
geometrical changes. These variations refer to pancake, deep cavity, and asymmetric
cavity resonators. Figure 3:8 shows the response for a deep cavity ( d a = 10 ) and
pancake resonator ( d a = 0.1 ) for a square-faced cavity of constant volume.

The

Rayleigh model does not predict a change in resonance frequency although agreement is
very good for nearly cubical cavities. Figure 3:9 shows the effect of an asymmetrical
face for a constant volume cavity of variable height to width aspect ratios (b/a), such that
a large aspect ratio represents a slot-like cavity.
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Of the parameters discussed, placement of the resonator mouth has the most
significant effect on the natural frequency. Chanaud [45,48] found that large frequency
reductions occur for asymmetric orifice positions. A contour graph in Figure 3:10 shows
the percentage reduction in calculated natural frequency for a square orifice on the face of

Figure 3:9: Resonance frequency predictions by 3 methods for a constant volume
resonator with variable height to width ratio. ⋅⋅⋅⋅, Rayleigh model; ----, transcendental
equation; , numerical model [48].
a cubical cavity (10 cm in length). A reduction in natural frequency of 30 % is possible
by simply placing the resonator mouth off-center.
The final recommendations for designing resonators are the use of Table 3:3 that
lists allowable geometric deviations to maintain a desired level of accuracy in frequency
predictions. This comparison is with the Rayleigh model that is the lumped parameter
model used in this thesis. Note that the variables in this parameter study differ from the
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rest of the thesis in that a is the width of the cavity, r is the orifice radius, and that e is the
eccentricity from center for orifice placement.

Figure 3:10: Resonance frequency predictions for cubical cavity with a square orifice
placed in variable eccentricities from center (5,5). ⋅⋅⋅⋅, Rayleigh model; ----,
transcendental equation; , numerical model. [48]
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Table 3:3: Design variable range necessary to predict within 1% or 5% accuracy when
using the Rayleigh model

Rayleigh model

1%

5%

Deep cavity

d a > 2.2

d a>3

Wide cavity

d a < 0.88

d a < 0.66

Asymmetric cavity

b / a > 1.5

b/a > 2

Orifice size

r Ro > 0.35

r Ro > 0.65

Orifice shape

not significant

not significant

Orifice position

e a > 0.08

e a > 0.25

Chapter 4
ACOUSTIC ENCLOSURE MODEL

As a result of modeling for ANC and AVNC acoustic enclosures, efficient modal
summation models have been developed for enclosed spaces. This chapter develops an
acoustic model from the Kirchhoff-Helmholtz integral equation using a modal expansion
of Green’s function. The last section of this chapter discusses the finite representation
used.

4.1 Governing Equations
The interior pressure field within a cavity enclosed by compliant walls is
determined by the response of the coupled structural/acoustic system. For the structures
of interest in this study, weak coupling with the fluid medium (air) is assumed. Thus, the
acoustic field does not excite the structure but the structure may excite the acoustic field.
For low modal density, the response in the cavity due to boundary vibrations can be
determined using a series expansion of rigid walled boundary acoustic modes. For
brevity, the harmonic time response e jω t is omitted in the analysis.
The interior pressure field p(r) at coordinate r can be described by solving the
Kirchhoff-Helmholtz integral equation,
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∂G r ro ∂p (ro )
p(r ) = ∫  p (ro )
G r ro  dS
+
∂n
∂n

S 

( 4.1 )

+ j ω ρ ∫ q (ro )G r ro dV ,
V

where G is a Green’s function of the second kind that satisfies the inhomogeneous
Helmholtz equation

(∇

2

)

+ k 2 p (r ) = − j ρ ω q (r ) ,

( 4.2 )

including both scattering and sound radiation (unlike the free-field Green’s function)
[66].
Equation 4.1 is simplified by choosing a Green’s function to satisfy
∇ o G r ro ⋅ n = 0 , i.e., Neumann boundary conditions on the boundary surface.

The

remaining Green function in Equation 4.1 is expanded in terms of modal eigenvectors for
the rigid enclosure. A normalization factor Λ is created from the product sum of the
normal modes ψ of an acoustic enclosure. Due to orthogonality, this produces a diagonal
matrix (zero cross-terms) as shown in Equation 4.3.

∫ψ

V

m

 0, m ≠ n
4π
(r )ψ n (r )dV = 
where Λ =
ρ
Λ n , m = n

( 4.3 )
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Thus, the Green’s function expansion is represented as

G r ro = ∑ an ψ n (r ), where an = −
n

ψ n (ro )
Λ n (k 2 − k n2 )

and Equation 4.1 simplifies to

p=

ik
c

∞

ψ

∑ k 2 −nk 2 ∫∫ψ n v ⋅ nˆ dS .
n

( 4.4 )

n S

4.2 Finite Representation
To make the analysis more tractable, the infinite sum of acoustic modes in
Equation 4.4 is truncated to m modes. A rule of thumb for convergence is m ≥ 2*n,
where n is the highest mode number in the frequency range of interest. Similarly, the
surface integral of the velocity v (m/s) normal to a surface S is approximated by
elemental volume velocity q. Representing the acoustic admittance Yij as the ratio of
volume velocity of element i due to the sound pressure at element j, we can write

N

q(ri ) = ∑ Υij p(r j )
j =1

( 4.5 )
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for a total of N elements. In this study, the volume velocity sources are known on the
surface (experimentally measured) and the absorbers are represented by acoustic
admittances in the form of Equation 4.5. Using a viscous damping model for light
acoustic damping, the damping ratio ζ represents the damping of air in enclosed spaces.
Further simplification of Equation 4.4 to volume velocity sources and absorbers results in

m

p (r ) = i ω ∑
n

ψ n (r )
(ω 2n − ω 2 ) + i 2 ω ω n ς n

⋅



∑ ψ n ( rα ) q( rα ) − ∑ ψ n ( rβ ) Υ ( rβ ) p( rβ ) 
 α

β

( 4.6 )

This expression describes the acoustic field in terms of modal quantities of the
unmodified system of α volume velocity sources and β control absorbers at the forcing
angular frequency ω (rad/sec) and modal frequency ωn (rad/sec) [65]. This expression is
derived using rigid walled eigenvectors and an assumption of light viscous damping. It is
an approximate solution, valid in the limit of small surface local impedance [1].
Analyzing Equation 4.6, the second term in the numerator’s summation represents
the local acoustic modification using rigid-walled eigenvectors, modified local pressure
(the only term requiring a calculation of the coupled system), and absorber admittance.
This equation is explicitly solved for β unknowns, which is the modified pressure at
absorber locations. The modal characteristics of the enclosure need not be recomputed
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and thus yields a significant savings in computational time. This representation gives the
modified pressure at location r.

Chapter 5
DESIGN METHODOLOGY

With the acoustic model of the interior space developed in the previous chapter,
calculation of the sound pressure or potential energy due to system modifications can be
done efficiently, i.e. in seconds. On the other hand, the second phase of the design
process, which is the optimization search routine, takes appreciable calculation time on
the order of minutes to hours. This chapter presents a matrix development that improves
the efficacy of optimization and system response calculations. As a result, a powerful
design strategy and optimization approach is developed. A design flowchart is included
in this chapter.

5.1 Optimization Strategy
Virtual design of an optimal quiet product is possible when using a receptance
modeling method for numerical efficiency in conjunction with optimization techniques.
This is a general methodology that has been validated for structural performance criteria
(i.e. kinetic energy of a beam) by several researchers [34,37,65,69].
Optimization is the process of determining the minimum (or conversely a
maximum) of a defined function when subject to constraints. The function f, called an
objective or cost function, describes a system and returns a number f(x) whose variables x
and/or output f(x) must meet a given range or criteria set by constraints g(x) [70]. For the
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type of acoustic problems described herein, the objective function to be minimized is the
potential energy in an enclosure, i.e., a global response indicator. Some typical design
variables are the absorber characteristics (fn, Q, Y) and placement. Constraints maintain a
feasible solution by placing physical limitations to the size, location, and number of
absorbers while also providing a means for improved efficiency of the optimization
algorithms.

5.2 Procedural Flowchart
The major steps for this design methodology are outlined in the flowchart shown
in Figure 5:1. The first step is a four-part definition of the system and its bounds for a
solution. (1) System geometry and (2) boundary excitation are defined in addition to
optimization initialization: defining (3) the constraints and (4) objective function. In the
second step, calculation of the modified system’s acoustic mode shapes is typically timeconsuming, i.e. requires use of Sysnoise or Nastran. More importantly, eliminating the
need to recalculate a modified modal response when using a reevaluation technique can
make the difference of whether or not a particular optimization approach is feasible for
large degree of freedom systems. This is shown by the exclusion of step 2 from the
optimization loop. The design methodology developed herein shows that, by completely
determining system characteristics in step 2 prior to the optimization search loop,
significant savings in computation time are provided.

This key derivation is made

possible, in Equation 4.6, by the use of mode shapes and natural frequencies of the
unmodified system to predict the response of the modified system (addition of absorbers).
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The final calculation necessary to determine the acoustic response, still inside the
optimization loop, is much less time consuming and designed to be efficient, as will be
described in Section 5.3.

step 2

Figure 5:1: Design flowchart

After completing step 2, an acoustic response is calculated for an initialization of
the optimization algorithm. Using Matlab’s fmincon function, a Sequential Quadratic
Programming (SQP) approach is utilized that is a robust, efficient, and reliable gradientbased optimization technique. In essence, SQP uses approximations to a gradient vector
∇f and Hessian vector ∇2f to solve a QP sub-problem for the search direction. Then a
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step size, dependent on the search direction, is chosen for each design variable so that the
current iteration (change in design variables) decreases the cost function [71].
Many options and computational safeguards are available with fmincon; hence, it
is a robust optimization program. The specific algorithms activated in its use for this
design methodology are briefly discussed. The SQP sub-problem consists of three major
stages: updating the Hessian matrix, a quadratic programming solution, and the line
search and merit function calculation. A positive definite quasi-Newton approximation is
performed on the Hessian matrix each time the optimization goes through a major
iteration k. Typically, a major iteration is several function evaluations, shown as many
cycles through the optimization loop in Figure 5:1. Specifically, Broyden, Fletcher,
Goldfarb, and Shanno (BFGS method) developed a formula for updating the Hessian
matrix and modifying it into positive definite form [72].
Next, a QP sub-problem is solved for each iteration k by linearizing the nonlinear
constraints and using them in a quadratic approximation of the Lagrangian function. In
this form, the QP problem is readily solved using any QP algorithm.

The search

direction, dk, is determined during the QP sub-problem solution. Subsequently, the line
search determines a step length parameter αk, taking into account active constraints in
order to sufficiently reduce the cost function. Each new iteration of a design variable,
xk+1, is updated as shown in Equation 5.1. To complete the optimization, a series of
feasible solutions are solved iteratively until a minimum is found or a stopping criterion
is met [8].
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x k +1 = x k + α k ⋅ d k

( 5.1 )

The only guarantee that a global minimum was found by the optimization is if the
problem is a convex programming problem, i.e. f(x) and g(x) are convex functions (no
local minima present in the solution). An analysis of the objective function used in this
thesis on a test sample demonstrates that the solution is continuous but has some local
minima over the range used for the design variables, that is, the characteristics of a
Helmholtz resonator.

This is shown in Figure 5:2 with a sample potential energy

distribution shown for volume variation of a single resonator at several locations within
an enclosure.

Potential energy, dB re. 1 J
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Figure 5:2: Contour of objective function when varying volume at several locations in an
enclosure

First, scaling both the objective function and the design variables to reasonable
values reduces the likelihood that the optimization will finish early. It provides better
step sizes and search directions for each design variable (alternate approaches include
changing the objective function and step size stopping criteria). To increase the likeliness
of a global minimum, several different starting points and/or an alternate method should
be used to compare solution possibilities. Another simple user guide is to use “good”
feasible starting points to improve efficiency and likelihood of convergence to a global
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solution. If a “good” starting point is not known, a reduced order of the problem could
converge to starting point useful for its higher order problem. As these recommendations
suggest, a practical solution is attainable if care and a decisive approach are used to
thoroughly test the problem definition and execution of fmincon.

5.3 Efficient Model Representation
The theoretical models for the Helmholtz resonator and acoustic cavity have been
developed in Chapters 3 and 4. The following derivation creates a numerical model and
approach that allow for efficient computation.
The infinite summations and integrals are reduced into m acoustic modes and N
elements, so that the modified response of the interior is

pmod = po - pabs,

( 5.2 )

where po, pabs, and pmod are complex N x 1 vectors of the unmodified (absence of
absorbers), absorbed, and modified pressures, respectively.

The right hand side of

Equation 5.2 is represented as

po = Cq

where C = i ω ψΛψ T

( 5.3 )
p abs = Z q abs

where Z = C(rabs )
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and the N x 1 complex volume velocity vectors q and qabs represent the volume velocity
that correspond to the unmodified and absorbed pressure, respectively. For the system of
interest, the modification in volume velocity at absorber locations rabs (on the boundary
surface) due to an absorber acoustic admittance Y is

q abs = Y p mod (rabs ) .

( 5.4 )

Substituting Equations 5.3 and 5.4 into Equation 5.2, the modified pressure is

p mod (rabs ) = C (q − Y p mod (rabs )) .

( 5.5 )

For a large degree of freedom system (N), describing the model in terms of its m modes,
ß absorbers, and α velocity sources is more compact than N. The expression in Equation
5.5 is compact in the sense that each variable is sized by either m, ß, or α, its most
condensed version. Rearranging Equation 5.5

( I + C Y ) p mod (rabs ) = p o

generates a similar result to Equation 4.6 as

p mod (rabs ) = ( I + C Y ) −1 p o .

( 5.6 )
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Expanding Equation 5.6 into its individual contributions results in the following
expression

(

p mod = I + iω ψ abs Λψ Tabs Yabs

)

−1

T
q source .
⋅ iω ψ abs Λψ source

( 5.7 )

The matrices in Equation 5.7 are condensed as shown in Equation 5.8. It is notable that
the eigenvectors are included in their unmodified (rigid-walled) form in Equation 5.7.
This is possible because the modifications are included in this expression in the second
term of the denominator.

ψ abs

 ψ1 
 ψ1 
 q1 
 


= M 
ψsource = M
q source =  M 
 
 
ψ β 
ψ


 qα α ×1
 α α × m
  β ×m

( 5.8 )

This computation is repeated for each frequency, subsequently ω is scalar, the
identity matrix I is ß by ß, and the m by m frequency-dependent, volume normalized
matrix Λ is,

Λ=

1
(ω − ω ) + i 2 ω ω n ζ n

[

2
n

2

]

56
A viscous damping assumption is made for a lightly-damped acoustic interior with
eigenvalues ωn2. The absorber admittance matrix Υabs was defined in Equation 3.5 and is
a diagonal ß by ß matrix.
From the previous derivation, the modified pressure at α absorber locations and
the unmodified pressure field are known. Next, the entire modified pressure field can be
computed from a modal expansion of the normal modes, as shown in summation form in
Equation 4.6 and in matrix form in Equation 5.9. Each matrix in Equation 5.9 is a full
matrix, zero-padded to align each contribution to its corresponding N elements. For
example, the volume velocity qsource is an α by 1 matrix that becomes N by 1 when zeropadded, such that each volume velocity value is assigned to its corresponding element in
the larger matrix. Note that creating a sparse Y, N by N matrix, is inefficient, requires
significant memory, and should be computed in an element by element calculation to
create the zero-padded Y·pabs vector.

p r = i ω ψΛψ T (q r source − Υ p abs )

( 5.9 )

All subsequent calculations make use of the pressure and volume velocity now
calculated at every element. The objective function used in this thesis is the potential
energy, a global measure of the sound level in the interior. As is necessary in practice, the
experimental potential energy is calculated as shown in Equation 5.10 with a more coarse
spatial sampling of Nexp elements than is available using N. This scalar value indicates
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frequency band performance by summing the potential energy about a resonance
frequency over a band Ω.

N exp

N exp

E pot = ∑ p (ri ) = ∑ pˆ * (ri ) ⋅ pˆ (ri )
i =1

2

i =1

( 5.10 )

Chapter 6
PERFORMANCE EVALUATION USING A 2D ENCLOSURE

The design method developed in this thesis is demonstrated on a simple acoustic
2D enclosure.

The following experimental analysis will show that small volume

Helmholtz resonators are capable of achieving significant low frequency sound
reductions.

6.1 Experimental Setup
The test specimen is a 30.5 by
40.6 by 2.5 cm (12 by 16 by 1 inch)
cavity

shown

in

Figure

6:1.

Sandwiching a cutout of this geometry
between two massive, clear acrylic
sheets, each 2.5 cm (one-inch) thick,
creates the 2D cavity.

The middle

structure is 2.5 cm (one-inch) thick
molded nylon set flush against the top
and bottom sheets. This particular setup

Figure 6:1: Schematic of 2D enclosure and
location of Helmholtz resonators
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Figure 6:2: Photograph of 2D enclosure and location of measurement points

reduces leakage from the enclosure to its surroundings.

A photograph of the test

specimen is shown in Figure 6:2.
Sound pressure measurements were performed at a number of locations through a
grid of small tubes inserted through the acrylic top sheet. A B&K condenser microphone
was moved to each location of interest.
The sound source is a custom-made
electromagnetic speaker that houses an
electret microphone in a sealed volume.
Figure 6:3 shows a drawing of the sound

Figure 6:3: Drawing of sound source
cross-section
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source. The following expression, valid for small cavities, relates the pressure read by
the microphone ps to the volume velocity q by

qˆ = −iω

Vs
⋅ pˆ s
ρc 2

where Vs is the volume of the speaker cavity [13].

6.2 Investigative Study: Fine-Tuning Helmholtz Resonators
The investigative study that follows was designed to fine-tune two Helmholtz
resonators at the enclosure resonance frequencies for a damped and lightly damped
resonator. Figure 6:4 shows the effect of increasing cavity volume (decreasing the
natural frequency of the resonator) near the first enclosure resonance. Figure 6:5 shows
the effect of increasing cavity volume near the second enclosure resonance using a
damped and lightly damped resonator. These figures represent the sound pressure level
(SPL) at the source location.
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Figure 6:5: The effect of increasing resonator volume (indicated in cc on figure) near the
first resonance for a lightly damped (a) and damped (b) resonator, Q = 30.9 and 9.7,
respectively, and compared to uncoupled case •••
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Figure 6:4: SPL for increasing resonator volume (indicated in cc on figure) near the
second resonance for a lightly damped (a) and damped (b) resonator, Q = 31.1 and 8.6,
respectively, and compared to uncoupled case •••
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Several observations can be made from this study. The effect of the resonator on
nearby modes was significant even though 150 Hz separated them. The adjacent mode
for each targeted resonance was reduced by the addition of an absorber. Dramatic
frequency shifts and peak splitting were possible for both damped and lightly damped
resonators. The most significant absorption occurred with a lightly damped resonator at
the penalty of increased peak amplitudes for the dominant split peak. Alternatively, the
damped resonator was best able to flatten the peak response. Notably the best response
of a resonator depends on the overall objective. As shown by fine-tuning the Helmholtz
resonators, this may or may not occur when the resonator is tuned at the resonance
frequency. In conclusion, the coupling behavior of the resonator is complex and requires
an assessment of nearby resonance peaks for resonators tuned at or near resonance.
Therefore, the complexity of the coupling behavior clearly demonstrates the need for an
optimization methodology to design quiet spaces using Helmholtz resonators.

6.3 Performance Evaluation
A second experiment was designed to serve as a performance evaluation. The HR
1 resonator was tuned to reduce the first two interior, nonzero modes at 432 and 587 Hz.
Its acoustic admittance was designed for an appreciable effect without making the
resonator impractical, i.e., too large. The resonator was fabricated from a 60 cc syringe
as shown in Figure 3:2 with characteristics listed in Table 6:1, thus creating an
impedance 7 % of the characteristic impedance ρ c S and 2% of the volume of the
enclosure.
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Table 6:1: Characteristics of Helmholtz resonators

HR 1

Lightly
damped
Steel wool in
mouth

Value

Units

a

0.48

cm

L

1.9

cm

V

26

cm3

Q

30.9

none

V

24

cm3

Q

9.7

none

A chirp signal from 300 to 700 Hz was used to excite the two lowest modes in the
enclosure. A grid of nine interior points was a sufficient measure of the potential energy
of the enclosure, using Equation 5.10. The experimental SPL and potential energy were
compared to numerical results in Section 6.4. The enclosure was modeled by 1400
elements (35 by 40 elements, 1 layer thick). This numerical setup represents the source
as 12 volume velocity elements and the Helmholtz resonator as a single element (shown
in Equation 4.6). The numerical modal expansion consisted of a 10-mode summation of
theoretical acoustic mode shapes with experimentally determined resonance frequencies
and modal damping. These values are in Table 6:2. Each experiment was performed
with and without the resonator to demonstrate the efficacy of the resonator.
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Table 6:2: Experimental resonance frequencies and modal damping

Mode

fn, Hz

η

1

432

0.042

2

587

0.028

3

740

0.027

A high level of discretization is necessary for convergence of the coupled
enclosure-Helmholtz resonator numerical model. This requirement is due to the
complexity in the spatial distribution of sound pressure once a resonator is coupled to the
enclosure. Figure 6:6 shows the simplicity of the pressure distribution at the second
resonance in the absence of a resonator compared to the complex distribution when a
single resonator was coupled to the enclosure. The resonator was added to the back, left
corner of the 2D enclosure as shown in Figure 6:6. .
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1.0

0.0

(a)

(b)
Figure 6:6: Surface plot of pressure, in Pascals, before (a) and after (b) the addition
of a Helmholtz resonator tuned to the 2nd resonance frequency
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6.4 Comparison with Numerical Results
The comparison of sound pressure levels at each measurement point agrees well
with numerical results for the uncoupled enclosure. A typical measurement point is
shown in Figure 6:7. There is a 1-2 dB difference up to the second resonance. There is a
shift of 4 dB above the second resonance. There is also close agreement in potential
energy between experimental measurements and numerical predictions. Potential energy
throughout this thesis is represented in dB referenced to 1 Joule.
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Figure 6:7: Uncoupled SPL in dB re 20 µPa at the source location (a) and potential
energy of enclosure summed from 9 locations in dB re 1 J (b) for numerical (----) and
experimental () results.

Likewise, there is close agreement between numerical and experimental results
for the resonator coupled to the 2D enclosure. The numerical trend predicted three
resonance peaks that were damped in amplitude and increased with frequency (due to the
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response of the source used in the experiment). The experimental results matched this
same trend, particularly the coupling described by the separation of the peaks ∆f1 and ∆f2.
These results are shown in Figure 6:8. Similar to the uncoupled case, the potential
energy agrees well except for a high frequency discrepancy between the numerical model
and experimental. Further experimentation proved this high frequency discrepancy to be
insignificant and thus resonators tuned in this frequency range were well predicted.
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Figure 6:8: Potential energy of coupled response for numerical (----) and experimental
() results in dB re 1 J
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A final comparison of the
performance of these resonators
(damped

and

consisted

of

lightly

damped)

calculating

Table 6:3: Experimental potential energy
reduction for the Helmholtz resonator tuned at 587
Hz.
in dB re 1 J 300-480 Hz 480-650 Hz 300-700 Hz

the Undamped

frequency sum of potential energy

Damped

6.0

6.4

4.3

-0.2

1.6

1.0

for the three bands listed in Table
6:3. A maximum potential energy reduction of 6.4 dB was achieved for the lightly
damped resonator.

As shown in Figure

6:9, there were significant reductions in

experimental SPL with the addition of a Helmholtz resonator, and similarly the
experimental potential energy is shown in Figure 6:10.

5

S P L, dB re 20e-6 P a

SPL, dB re 20e-6 Pa

5

0

-5

-10
400

500
600
frequency Hz

(a)

700

0
-5
-10
-15
-20
-25
400

500
600
frequency Hz

700

(b)

Figure 6:9: Experimental SPL at 2 interior locations with (----) and without () the
addition of the Helmholtz resonator when damped (a) and undamped (b)
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Figure 6:10: Experimental potential energy of the enclosure, re. 1 J, when coupled with
the damped resonator, ⋅⋅⋅⋅, undamped resonator; – – –, and ••• uncoupled.

6.5 Discussion of the Results
This performance evaluation demonstrates that use of a Helmholtz resonator can
achieve significant low frequency sound reductions. Only a 2 % volume resonator
attained considerable reductions (6.4 dB potential energy) and these results are not for an
optimally designed resonator.

The comparison between numerical predictions and

experimental measurements demonstrates that this modeling approach is able to predict
the response of the acoustic interior for a coupled enclosure and absorber. It also
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provided convincing evidence that a significant number of elements are necessary to
reach a converged solution.

Chapter 7
OPTIMIZATION OF A 2D ENCLOSURE USING TWO HELMHOLTZ
RESONATORS

In this chapter, the 2D enclosure is used to experimentally validate the numerical
optimization methodology for two Helmholtz resonators. An additional optimization
study using the 2D enclosure demonstrated that the optimization methodology best
designs a system of resonators from both a conservation of resources and performance
perspective.

7.1 Optimization Setup
The 2D enclosure was discretized into 1400 elements (35 by 40 by 1 elements)
and represented by a 10-mode modal expansion. This numerical model was verified and
described in detail in Section 6.3-4. The volume velocity source was modeled by 12
elements, and the Helmholtz resonator required a single element. Locations for the two
Helmholtz resonators are shown in Figure 7:1. Theoretical acoustic mode shapes were
used in conjunction with experimental resonance frequencies and damping, shown in
Table 6.2.
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(a)

(b)

Figure 7:1: Schematic (a) and photograph (b) of 2D enclosure coupled to two Helmholtz
resonators
The first step in the optimization was to set the objective function and variable
constraints. The objective function was a scalar quantity of potential energy summed
over the frequency range 300-700 Hz, thereby ensuring a global reduction in interior
sound. For two resonators coupled to the enclosure, a total of eight design variables (two
sets of four) were used to represent the physical characteristics of the Helmholtz
resonators: Q, V, L, and a, the design variables necessary to fabricate each Helmholtz
resonator. For the purpose of tracking the optimization trend similar in concept to an
unconstrained optimization, the design variables were given a wide range in which to
optimize. This optimization used the lower and upper bounds given in Equation 7.1.
Several runs proved that this approach was sensitive to starting values and slight changes
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in the bounds. To alleviate the problem, a nonlinear frequency constraint g was imposed
to enable a faster, more stable convergence to a solution. The full optimization setup is
shown in Equation 7.1

minimize f (Q, a, V , Leq ) = ∑ ∑ p 2 (ω j , xi )
j

i

subject to g (Q, a,V , Leq ) = f n =

c
2π

π a2
V ⋅ Leq

,

( 7.1 )

300 Hz ≤ g ≤ 700 Hz

and bounded by 3 ≤ Q ≤ 40, 0.5 cm ≤ Leq ≤ 25.4 cm
5 cm 3 ≤ V ≤ 80 cm 3 , 0.25 cm ≤ a ≤ 2.54 cm

Constrained optimization of two Helmholtz resonators with the bounds shown in
Equation 7.1 displayed a trend towards lightly damped (Q=21), small-mouthed
resonators. The optimization can be summarized into two basic cases. Optimization for
Case 1 used the setup in Equation 7.1 and produced solutions dependent on the frequency
band of summation: 300-700 Hz, 504-624 Hz, or 504-700 Hz. Fabrication restrictions
required enhanced constraints to experimentally verify the optimization.

Thus,

incorporating fabrication restrictions for the radius and maximum Q, the optimal
resonators were found by setting the radii to 0.32 cm, constraining the maximum Q to 19,
and optimizing the remaining design variables. This was the procedure used for Case 2
and was less dependent on objective function frequency band summation, such that it
converged to the same resonator characteristics for each frequency band. The optimal
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resonator systems are shown in Table 7:1 and the potential energy is shown in Figure
7:2.
Table 7:1: Resonator characteristics using Equation 7.1 for two optimization cases
Optimization Cases
(1) Eight variable
optimization, 504-624 Hz
(2) Experimental: 6
variable, enhanced
constraints, 300-700 Hz

Volume,
cm3

Length,
cm

Diameter,
cm

Q

fn, Hz

29.1

0.51

0.50

21.1

582

30.2

0.86

0.50

21.2

571

15.1

1.27

0.64

18.2

609

20.5

0.89

0.64

3.2

584

7.2 Experimental Results
For this 2D enclosure (lightly damped), some slight variations in the fabricated
Helmholtz resonators account for the differences seen between Figure 7:3 and Figure
7:4. The coupling represented by the peak separation and frequency shift of potential
energy was well predicted by the numerical model. Similarly, the general experimental
potential energy response matches closely to the predicted response, as is true for the
results shown in Table 7:2.

If a more lightly damped resonator could have been

fabricated (Q=21), more significant reductions such as 23.3 dB (shown in Figure 7:2)
would be possible.

As was mentioned in the previous chapter, potential energy is

represented in dB using a reference of 1 Joule.
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Table 7:2: Numerical and experimental potential energy reductions for the optimal
resonator systems
Case 1

Case 2

Numerical,
504-624 Hz

Numerical, 300700 Hz

Numerical

Experimental

PE reduction, dB
300-700 Hz

4.8

5.3

4.2

3.6

PE reduction, dB
504-624 Hz

12.0

11.6

6.2

4.9

Maximum, dB

23.3

16.6

12.6

12.4
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7.3 Conclusions
The performance evaluation in Chapter 6 demonstrated that use of a system of
Helmholtz resonators can achieve significant low frequency sound reductions and
verified the modeling used to predict the response of a coupled enclosure.

The

contribution of this Chapter was a validation that an optimal system of resonators coupled
to an enclosure could be numerically predicted. Experimental verification shown in this
study proved that an optimal system of resonators can be virtually designed and
accomplish significant reductions by using the methodology developed herein.

7.4 Multiple Resonator Numerical Study
A demonstration of the optimization methodology is shown in this numerical
study. Additional Helmholtz resonators were placed at the corners of the 2D enclosure
and the performance benefit of each resonator was compared. The frequency summation
band expanded to 504-700 Hz in order to avoid a third resonance peak at 660 Hz. The
pressure distribution at 584 Hz is shown in Figure 7:6. As shown in Tables 7:3 to 7:4
and Figure 7:5, the addition of a third resonator improved the performance significantly
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Table 7:3: Optimal resonator characteristics for a system of 3 and 4 resonators

3 resonators

Volume, cm3

Length, cm

Diameter, cm

Q

fn, Hz

21.3

0.51

0.5

21.1

525

19.2

0.51

0.5

6.0

611

72.9

0.72

1.8

3.0

700

25.6

2.54

2.82

11.0

515

21.1

0.51

0.5

7.7

529

19.4

0.51

0.5

23.3

610

52.0

1.04

1.58

3.0

700

4 resonators

from 4.2 to 7.0 dB potential energy reduction. The optimal resonator natural frequencies
were tuned to 525, 611, and 700 Hz from the previous solution of 584 and 609 Hz. In the
two-resonator optimization, one resonator was tuned for the resonance at 584 Hz and
supplemented with a higher frequency resonator to further reduce the response. For three
resonators, the combined effect on the enclosure response freed all of the resonators from
being tuned to the resonance at 584 Hz.
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Figure 7:6: Predicted spatial pressure distribution in Pascals at 584 Hz for three optimal
resonators using Case (1) 504-700 Hz optimization
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Table 7:4: Predicted potential energy reductions summed over several frequency bands
for a system of 3 and 4 resonators

in dB re 1 J

504-700 Hz

300-700 Hz

maximum

3 HRs

8.7

7.0

16.2

4 HRs

8.73

6.7

16.5

A conventional approach may be to place a resonator in each of the four corners
of the enclosure for a maximum sound reduction (best performance). Optimization of a
fourth resonator demonstrates that this is an inefficient use of resources. The addition of
a fourth resonator created a savings of 0.03 dB potential energy and a loss in the band
summed response of 0.3 dB potential energy. A comparison of the pressure distribution
due to the third and fourth resonators is found by comparing Figure 7:6 and Figure 7:8.
There were noticeable changes, but no significant global reductions by the addition of a
fourth resonator.
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7.5 Conclusions
Optimization imparts a savings in resources and best designs a system of coupled
resonators.

Physically, the addition of each resonator changed the local acoustic

admittance and spatial pressure distribution of the enclosure.

Thus each resonator

addition should be treated as a new system that requires an additional optimization. Case
in point, the natural frequencies of the optimal three-resonator system are not intuitive.
Conventional approaches would have tuned all three resonators close to the enclosure
resonance at 584 Hz and resulted in a suboptimal solution. The addition of the fourth
resonator clearly demonstrates that another resonator was unnecessary and provides little
energy absorption, thus a poor use of resources.

Chapter 8
APPLICATION OF THE DESIGN METHOD TO A JOHN DEERE
TRACTOR CABIN

This chapter describes a John Deere tractor cabin and the approach used to
measure and model this structural/acoustic system when coupled to Helmholtz
resonators. A repeatable experimental setup was established.

8.1 Description of Tractor Cabin
The cabin studied in this thesis is designed for a John Deere 7000 Ten series
tractor shown in Figures 8:1 and 8:2.

The 7000 Ten series tractors are made for

agricultural use and have a standard 95 hp (at 2100 rpm) engine for a two-drive unit as
shown in Figure 8:2. The rigid cabin frame is made of high-strength steel to provide
roll-over protection. There are solid glass windows on all four sides of the driver and the
floor is made of eighth inch thick steel. This particular cabin has a standard model chair
and console with a shipping weight of 1662 lbs. The cabin consists of light interior
damping provided by the upholstery lining the lower back panels and the driver’s chair.
For ease in resonator installation, the cabin was altered by removing the suspended
ceiling and replacing it with a three quarter inch thick plywood board.
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source

1.52 m
1.45 m

1.57 m
Figure 8:1: Photograph of John Deere tractor cabin

Figure 8:2: Photograph of John Deere tractor

85
8.2 Experimental Setup

8.2.1 Acoustic mode determination
On first appearances, the cabin has a nearly cubical shape with the exception of
the chair and console wrapping around the driver. The dimensions for this representation
of the cabin are 1.57 by 1.52 by 1.45 m3 (using its shorter dimensions). A calculation of
the volume (excluding the chair and console) gives 3.46 m3 and would create resonance
frequencies at 109, 113, 118, 157, 161, and 163 Hz if the cabin were considered nearly
cubical. These frequencies were used as an initial guide in the experimental measure of
the cabin modal frequencies. Each glass window had a significant curvature of either
four inches for the side and back windows or six inches for the front window.
A two-step process was used to map out the interior modes. First, the glass panels
were stiffened with poles pressing the center of each panel out. This implement limited
the degree to which the walls locally reacted with the interior acoustic modes. Second,
the Lissajous figure method was used to ensure the acoustic mode was correctly
determined. Two microphones were moved throughout the cabin while positioning the
excitation speaker along the nodal line of an adjacent mode. Both swept sine and
sinusoidal frequency excitation were used to search for acoustic modes. This method
allowed for the determination of the largest amplitude response and 180° phase lag
between two microphones. With this information, the nodal lines for each mode were
mapped and the magnitude for the mode shapes was determined. This method, albeit
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tedious, enabled a confirmation of which modes were acoustic as opposed to those
structurally induced.

The first six rigid walled mode shapes were experimentally

determined and are shown in Table 8:1.
Table 8:1: First six experimental modal frequencies of tractor cabin

fn, Hz

1

2

3

4

5

6

114.5

122.5

166.5

237

249

256

The sound pressure levels for the ceiling and four glass panels were measured at
30-55 points per panel and interpolated for the final numerical model described in
Section 8.2. Figures 8:3 to 8:5 show a schematic expanded view of the first six cabin
mode shapes. The schematic is a view of the cabin from the perspective of looking down
on the cabin, where the ceiling is in the center and the four panels expanded out. These
figures include phase information by displaying the negative amplitude in blue and the
positive amplitude in red. The first mode has a diagonal nodal line that begins from the
top of the front panel and continues down to the bottom of the back panel. The second
mode is a side-to-side mode with a nodal line splitting the two halves of the cabin. The
third mode is a combination of these two modes with the largest amplitude sound
pressure level occurring in the upper back and lower front corners of the cabin. The
frequency range of interest is from 90-190 Hz, including the modal response of the first
three acoustic modes.
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Figure 8:3: Expanded view of normalized cabin interior mode shapes 1 and 2, red = 1
and blue = -1
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8.2.2 Boundary velocity measurement
A Polytec scanning laser vibrometer was used to measure the surface velocity of
the cabin’s four glass panels. An electromagnetic inertial shaker was attached to the front
panel of the cabin as shown in Figures 8:1 and 8:6 and was the cabin excitation. A chirp
signal input to the shaker was setup as shown in Figure 8:6. The level was set to transfer
a sufficient level to all four panels.

Through the Polytec software on a personal

computer, a laser sensitivity of 125 mm/s was set to measure in 0.625 Hz (1.6 sec.)
increments from 90-220 Hz using a Hanning window. The velocity scan measured at 1145 measurement points on each window to measure the forced response of the cabin
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walls. Each velocity measurement was a transfer function of the surface velocity relative
to the signal input into the shaker. This pattern was used to create the final numerical
model described in Section 8.3.

Figure 8:6: Schematic of experimental setup for tractor cabin velocity and sound pressure
measurements

Although there is no direct physical significance, the spatial summed velocity
squared from the four glass panels is shown in Figure 8:7 and presents the frequencies
where there is a large response from the forced excitation of the tractor cabin panels.
Using NM1 (described later in Section 8.3), an acoustic response was created from a unit
volume velocity (q=1 m3/s) input for the elements on the four panels (8072) and is shown
in Figure 8:8. This structural response was measured using the laser vibrometer with a
different source signal than that shown in Figure 8:7. From Figure 8:8, it is clear that the
first and third acoustic modes couple well with the structure. The coupling at the second
acoustic mode is less significant, but note there are only 8 Hz separating the first two
modes. Thus, some interaction between the first two modes could occur when coupled
with a Helmholtz resonator. Likewise, the third acoustic mode interacts with a closely
located structural mode at 176 Hz.
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Figure 8:8: (a) Numerical potential energy from unit volume velocity and volume
velocity measured by the laser vibrometer (different signal input than Figure 8:7) (b)
numerical potential energy, dB re 1 J, using the experimental volume velocity from (a)
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The velocity pattern measured by the laser vibrometer is a coarser grid than is
needed for the numerical model.

The velocity pattern was interpolated between

measurement points for the finer grid of elements used by the numerical models
described in Section 8.3.

8.2.3 Sound pressure measurements
To measure the energy in the cabin interior, 18 high amplitude sound pressure
locations were used for a sum of the potential energy. Each microphone was positioned
at least 10 cm (~4 inches) from a vibrating surface to reduce the effect of the reactive
field in sound pressure measurements. An experiment consisted of suspending three
electret microphones from the ceiling and rotating their positions to each of the 18
locations in the cabin interior.

To preserve phase information, each measurement

included a transfer function of the sound pressure relative to the signal input to the
shaker. The approach in this thesis assumes all of the locations of interest exist on the
boundary of the acoustic enclosure.

Additional calculation or measurements were

necessary to extrapolate the difference in amplitude due to the distance from the vibrating
surface to the measurement location. For a numerical prediction of the sound pressure,
these locations were modeled using scaled modal coefficients (factor of 0.8-0.95 of the
respective coefficients) to project the location on nearby panels. This simplified the
calculation of potential energy and also accounted for the distance between the
microphone and the panel surface.

The experimental potential energy of the cabin

without resonator coupling using these 18 measurement locations is shown in Figure 8:9
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Figure 8:9: Experimental potential energy summed from 18 locations in the cabin interior
in dB re 1 J

8.3 Numerical Model Verification
The cabin enclosure was discretized into 10093 elements and represented by a 6mode modal expansion over the frequency range of 90-190 Hz. The numerical model
was designed for roughly 2.5 cm (1-inch) square elements on each panel. Model surface
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area and panel discretization are listed in Table 8:2. For model convergence, the criterion
established for the 2D enclosure discretization was used. For half-wavelength acoustic
modes (first two modes), the 2D enclosure used a 35 by 40 element model, which was
70-80 elements per wavelength. Using a 2.54 cm (one-inch) square element size for the
tractor cabin met this criterion ensured that there were 81 elements per wavelength at 167
Hz.

Table 8:2: Element surface area and panel discretization for a 10093 element model

Panels
Number of
elements
Surface area of
each element, cm2

Ceiling

Side

Door

Back

Front

2021

1621

1611

1705

3135

6.0334

6.4516

6.4516

6.4705

6.6862

The cabin acoustic modal coefficients and damping resulted in a model very
sensitive to variations in these parameters.

Experimental variations between sound

pressure level measurements and potential energy measurements made the model
determination difficult. A chronological approach will be presented as a case study of
three numerical models. The best numerical model of the tractor cabin, as will be seen,
required a comparison of the potential energy reduction measured experimentally to that
predicted numerically when coupled to resonators.
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8.3.1 Numerical model NM1
The acoustic modal coefficients were calculated using Equation 8.1, incorporating
a normalization factor Cn for axial, oblique, or rectangular mode shapes.

The

experimental damping measured from the potential energy (global measure) is listed in
Table 8:3.

ρ c2
bn =
, C1,4 = 0.25, C 2,5 = 0.5, C3,6 = 0.125
V Cn

( 8.1 )

Table 8:3: NM1 modal coefficients and damping

Mode

1

2

3

Damping ratio

0.042

0.111

0.011

396.9

280.0

561.4

1.08

1.80

0.67

428.7

505.2

376.1

Calculated modal
coefficient, bo
Amplification
factor, an
NM1 modal
coefficient, bn

NM1 is shown in Figure 8:10 compared to the experimental potential energy.
This model was deemed inaccurate after discovering the potential energy reduction at the
third mode was highly underestimated. Using NM1, little to no coupling was predicted
when experimentally this was not the case.
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input than Figure 8:7) in dB re 1 J

8.3.2 Numerical model NM2
To better predict the experimental response and improve the coupling predicted at
the third mode, the NM1 model of the cabin was modified to fit experimental data. For
the two frequency bands shown in Figure 8:11, a least squares method was used to
minimize the difference between the numerical and experimental potential energy. This
approach used Matlab’s function lsqnonlin and six design variables to represent the
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modal damping and modal coefficients at the first three interior modes. For an objective
function inclusive of two frequency bands, the modal coefficients were scaled by use of
an amplification factor an defined in Equation 8.2. The bounds for each design variable
are given in Equation 8.3. The calculated modal coefficients bo are shown in Table 8:3.
Lsqnonlin uses a least squares method to minimize the sum of the square of potential
energy difference over a band of interest Ω (101-130 Hz and skips to 155-180 Hz).
Figure 8:11 shows that the numerical and experimental models correlate well at the
acoustic modes but have some discrepancies off resonance.

bn = a n ⋅ bon ,

for n = 1, 2, or 3

( 8.2 )

2
− p 2 (ωi , a n , ζ n )
f (ωi , a n , ζ n ) = p exp
i
Ω

lsqnonlin : min ∑ f (ωi , a n , ζ n ) 2 , i = 101 − 130,155 − 180
i

0.01 ≤ ζ 1, 2 ≤ 0.08, 0.02 ≤ ζ 3 ≤ 0.06
0.25 ≤ a n ≤ 4

( 8.3 )
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Figure 8:11: Experimental, •••••, and numerical NM2, ––––, potential energy summed
from 18 locations in the cabin (no resonator coupling) in dB re 1 J
The convergence for each design variable is shown in Figure 8:12. Each variable
converged within 350 function evaluations bounding only the third modal damping term.
This variable quickly converged to the minimum on each trial and thus was constrained
to an experimentally measured value of 0.02 as shown in Equation 8.3. Model NM2 is
shown in Table 8:4.
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Figure 8:12: Convergence of NM2 design variables: (a) modal coefficient amplification
(b) and modal damping

101

Table 8:4: NM2 modal coefficients and damping
Mode

1

2

3

Damping ratio

0.031

0.073

0.02

0.94

1.78

0.83

373.1

498.4

466.0

Amplification
factor, an
Modal
coefficient, bn

NM2 was used to predict the performance of a series of Helmholtz resonators
coupled to the cabin at location A, shown in Figure 8:13.

After comparing the

experimental and numerical performance of these resonators, NM2 was also deemed
inaccurate. Although this model appears to predict the cabin’s response, the effect of a
resonator tuned at the third mode was underestimated (a difference of nearly 3 dB
potential energy) and the first mode was overestimated.

It was this discrepancy,

significant during the optimization process, which prompted a completely new modeling
approach for NM3. Next, the measured potential energy reduction for a numerical model
coupled to a series of resonators, as will be shown, were used as the criteria for matching
experimental and numerical models.
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Figure 8:13: Schematic of resonator placement in ceiling

8.3.3 Numerical model NM3
A third matching scheme was designed in response to NM2 underestimating the
effect of resonators tuned for the third mode and overestimating the effect of resonators
tuned for the first mode. Using performance indicators as the motivation for this match,
three resonators and their effect on the cabin interior were compared to the numerical
model at 166.9 Hz. These resonators, shown in Table 8:5 and acoustic admittance in
Figure 8:14, were fabricated (except HR 2) and coupled to the cabin at location A. The
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experimental potential energy is shown in Figure 8:18. At 166.9 Hz, both the third mode
modal damping and modal coefficient amplification factor were varied over a narrow
range. This allowed for a determination of the sensitivity of the numerical potential
energy response to its corresponding numerical model. Figures 8:15 and 8:16 show the
potential energy reduction for a model of ζ = 0.02 and a3 = 0.8284 using three resonators
in this comparison. A value of a3 = 0.95 and ζ = 0.016 was determined as the best model.
The potential energy of the NM2 model is shown in Figure 8:17 compared to the cabin
without a resonator.

x 10

-4

12

HR 1

10

real Y

8
HR 2
6

4
HR 3

2

0
135

140

145

150

155
160
frequency, Hz

165

170

175

180

Figure 8:14: The real part of the acoustic admittance of HR 1-3 in m 5 N ⋅ s

104

5.5
5
4.5

P E difference, dB

4
3.5
3
HR 2

2.5

HR 1

2
HR 3

1.5
1
0.5
0.5

0.55

0.6

0.65

0.7

0.75

m odal coefficient, n= 3

0.8

NM2

0.85

0.9

Figure 8:15: Potential energy reduction due to the variation of the amplification factor
for the third modal coefficient at 166.9 Hz, ζ = 0.02

105

8
NM2

7

P E difference, dB

6

5

4
HR 2

3

2

HR 1
HR 3

1

0
0.005

0.01

0.015

0.02
dam ping,eta

0.025

0.03

0.035

Figure 8:16: Potential energy reduction due to the variation of the modal damping at
166.9 Hz, a3 = 0.8284

106

5
no HRs
HR 1
HR 2
HR 3

P E , dB

0

-5

-10

-15
90

100

110

120

130
140
150
frequenc y, Hz

160

170

180

190

Figure 8:17: NM3 potential energy coupled with three resonator models, HR 1-3, in dB
re 1 J

107

2
0
-2

P E , dB

-4
-6
-8
-10
-12
-14
-16
90

100

110

120

130
140
150
frequenc y, Hz

160

170

180

190
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Table 8:5: Characteristics of the three resonators tuned for 167 Hz

Reference

Volume,
cm3

Radius, cm

Length, cm

Q

G(167 Hz),
m5 N ⋅ s

HR 1

3600

2.54

2.54

44

4.510e-4

HR 2

3600

2.54

2.54

25

6.790e-4

HR 3

3700

2.54

2.54

7.8

2.049e-4

The same procedure was repeated for the first mode at 116.9 Hz by varying the
first and second mode damping and modal coefficient amplification factors.

Two

experimental resonators shown in Figure 8:19 were used in this comparison, having the
characteristics shown in Table 8:6. Figures 8:20 to 8:21 show the sensitivity of the
potential energy reduction due to a variation in the first mode’s modal coefficient and
damping using a model of a1 = 0.94, a2 = 1.77, ζ1 = 0.06, and ζ2 = 0.072. Some trial and
error was necessary when adjusting four design variables independently. There is less
sensitivity of the numerical model at 116.9 Hz than at 166.9 Hz.
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Table 8:6: Characteristics of two resonators tuned for 117 Hz resonance

Reference

Volume,
cm3

Radius, cm

Length, cm

Q

G(117 Hz),
m5 N ⋅ s

HR 4

2500

1.27

2.54

14

2.45e-4

HR 5

2450

1.27

2.54

24

1.80e-4
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For the 116.9 Hz comparison, a value of a1 = 0.90 and ζ = 0.04 for the first mode
and a2 = 1.20 and ζ = 0.072 for the second mode best matches the experimental potential
energy, shown in Figure 8:22. The potential energy for NM3 model coupled to HR 4-5
is shown in Figure 8:23 while the experimental potential energy for HR4 is shown in
Figure 8:24.
NM3 proved to be an accurate prediction model and as a result was used as the
final numerical model, listed in Table 8:7. This model will be used for the optimization
presented in the next chapter.
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Table 8:7: Final numerical model of tractor cabin

Mode
Damping
ratio, ζ
Modal
coefficient, bn

0

1

2

3

4

5

6

—

0.040

0.072

0.016

0.02

0.02

0.02

198.5

267.2

336

533.3

396.9

280.0

561.4

Chapter 9
OPTIMIZATION OF A TRACTOR CABIN USING HELMHOLTZ
RESONATORS

In this chapter, an optimal system of two Helmholtz resonators was coupled to the
tractor cabin and achieved significant experimental sound reductions.

This chapter

begins by examining numerical optimization for single resonators coupled to the tractor
cabin at the first and third modal frequencies. Next, a two Helmholtz resonator system is
optimized and experimentally verified. The virtual design methodology can predict and
reduce the sound by 7.5 dB potential energy at peak response.

9.1 Optimization Approach
The basic approach for the optimization was to place a system of 2-3 optimal
Helmholtz resonators in the available space of the tractor cabin. There is considerable
space available in the suspended ceiling, particularly in its corners. For the first three
acoustic modes, the top-back corners of the cabin were the targeted area and have a highpressure amplitude modal response. The nodal line for both the second and third modes
was along the cabin vertical centerline that divides the cabin into two halves. Thus the
centerline location could be used to limit coupling of the first mode to the higher modes.
Optimal resonator placement will be addressed by comparing the performance of optimal
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resonators at multiple ceiling locations using gradient optimization algorithms to
determine optimal resonator characteristics.
The optimization can be summarized into two basic cases: one that used the
physical characteristics of a resonator (Q, V, L, and a) as design variables and one that
used K, fn, Q, and S. Each case used an objective function that sums the spatially
distributed potential energy over a narrow frequency band, but these cases differ in
frequency summation and constraint bounds.

The organization for the separate

optimization trials is shown in Tables 9:1 to 9:3. A reference, for example Case 2aII,
will be used to describe the specific details of that optimization trial. This example used
K, fn, Q, and S design variables, constraint set “a”, and summed the potential energy from
152.5-180 Hz.

Table 9:1: Basic organization of optimization cases

3

4, may be a
variable or
constant

constraint g

L

Q

r

fn

fn

Q

S

V,L

Design variables
and constraints

1

2

Case 1

V

Case 2

K
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Table 9:2: Bounds for constrained optimization sets a, b, and c

Constraint
set

Case

1

2

3

4

g

min

1e-6

0.001

2

0.003

50 or 80

max

1

0.4572

50

0.254

250

min

1e-4

80 / 90

2

2.8e-5

1e-6

max

1000

220

50

0.2027

1

min

6e-4

0.002

3

0.005

90

max

6e-3

0.4572

50

0.254

190

min

1e-4

3

7.854e-5

6e-4

max

1000

50

0.2027

6e-3

min

1

100

5

3.142e-4

6e-4

max

500

180

50

0.2027

6e-3

1
a, relaxed
constraints
2

1
b, tighter
constraints
on S and V
2
c, reasonable
constraints
for
fabrication

100 /
150
130 /
180

2
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Table 9:3: Frequency bands for potential energy summation

Objective function
summation

I

II

III

IV

frequency band, Hz

101-130

152.5-180

106-124

160-174.4

The numerical model NM3 developed in Section 8.3.3 will be used for all of the
optimization trials presented, with the exception of Section 9.2.1. NM3 consists of 10093
elements and a 6-mode modal summation over the frequency range of 90-190 Hz. The
excitation source was an electromagnetic shaker attached to the front panel. The tractor
cabin’s four glass panels were measured using a scanning laser vibrometer to determine
the volume velocity of each panel. A typical response is shown in Figure 9:1 for the
velocity of the back panel at 170 Hz. This volume velocity is frequency dependent and
consists of 8072 elements, requiring an 8072 by 161 matrix for 0.625 Hz increment
between 90-190 Hz. For numerical efficiency, this matrix was stored in 13 separate files
that were referenced and initialized from the main optimization program.
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Figure 9:1: Normalized velocity scan of back panel at 170 Hz, red = 1 and green = -1

9.2 Single Helmholtz Resonator Gradient Optimization Trials
For a single resonator coupled to ceiling position A, shown in Figure 9:2, Case
1aI and Case 1aII optimization displayed a trend towards very small-mouthed resonators
tuned off-resonance. Given a wide range in which to design, this optimization proved to
be cumbersome. This approach was sensitive to bounds and frequency band length,
unlike the 2D enclosure optimization, when using the nonlinear frequency constraint g.
In an effort to create a reasonably sized resonator using Case 1 optimization, several trials
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were repeated with increasingly strict constraints, from “a” to “b”.

These trials

demonstrated that as the minimum allowable resonator mouth increased, the volume of
the resonator increased as well. It was found that the optimization would step along the
feasibility boundary of the minimum surface area / maximum volume to an optimal
solution. At this time the optimization was reorganized in search of a more robust
convergence to a solution.

Figure 9:2: Schematic of resonator placement in ceiling

123
9.2.1 Acoustic Admittance Matching
This Section demonstrates the concept of acoustic admittance matching that
occurs in the optimization using the NM2 model of the tractor cabin, found in Section
8.3.2. For Case 2 optimization, it was thought that smaller steps in resonator natural
frequency would provide a better design variable than volume, such that the volume
could be assigned as a constraint g. Similar to the Case 1 optimization trials, Case 2
converged to maximum volume and minimum surface area for each resonator. For Case
2bI, an optimal resonator was found after 127 function evaluations as shown in Figure
9:3. It can be seen that the solution minimizes mass M, tunes the resonator for its best
performance via the other design variables (K, Q, and S), while restraining the volume
and surface area to their constrained extremes. This optimization was repeated for Case
2bII, shown in Figure 9:3. When Case 2aII optimization was repeated by setting the
optimal resonator mouth from Case 2bI and Case 2bII as a constant, the optimal resonator
was tuned off-resonance for an impractically sized resonator in Figure 9:5. Its acoustic
admittance matches that of the two smaller resonators at the interior acoustic frequencies.
The potential energy responses for Case 2bI and Case 2bII at position C are shown in
Figure 9:4 compared to the no resonator case. At the first and third resonances, potential
energy reductions of 5.4 and 5.1 dB were predicted, respectively.
Two main observations can be made. First, the larger optimal resonator was
designed with only frequency band II included in the summation band. Yet, the optimal
characteristics provided a solution that best matches the resonator for other frequency
bands of interest, for example 101-130 Hz. Repeating the optimization for frequency
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band I produced a very similar resonator. Therefore, an optimal resonator best couples
with an enclosure over a band of frequencies near those of interest. In addition, this
optimization shows that it can tend towards a global solution even though the objective
function summation is local.
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Figure 9:3: Convergence of design variables for optimal Case2bI and Case2bII using
NM2
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Figure 9:4: Numerical potential energy of Case 2bI at position C, – - – -, Case 2bII at
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9.2.2 Case 2 optimization of NM3
A reduced order optimization was established that set the surface area to a
constant (minimum) and used a constraint g to bind the maximum volume. A maximum
volume also prevented the resonator neck length from becoming too small. A setup of
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this sort permitted the use of only three design variables (K, fn, Q) and hence a faster and
simpler optimization was possible. For example, the 4-variable Case 2bI optimization on
a 700 MHz, 128 MB RAM personal computer took 5.3 hours for 511 function
evaluations, shown in Figure 9:6. Using three design variables required 3.4 hours and
331 function evaluations on the same computer to converge to a similar solution.
Increasing the constraints from “a” to “b” for model NM3 displayed a coupled resonatorenclosure system that was capable of very significant reductions using a more reasonably
sized resonator. There were potential energy reductions of 7.2 dB and 15.4 dB for Case
2bI and Case 2bII, respectively. The characteristics for these resonators are given in
Table 9:4
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Table 9:4: Optimal resonator characteristics for Case 2 single resonator optimization

Numerical

Volume, cm3

L, cm

radius, cm

Q

fn, Hz

Case 2bI at C

6000

––

1.2

16.2

117.5

Case 2bI at B

6000

––

1.0

9.1

117.5

Case 2bII at B

6000

––

0.5

8.3

150.0

Case 2cI at C

6000

4.0

2.54

50

117.0

Case 2cII at A

6000

1.0

2.96

44

168.1

Case 2cI at C

4800

6.3

2.54

40

115.5

Case 2cII at A

5050

0.6

2.96

60

169

Experimental
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Figure 9:6: Numerical potential energy of Case 2bI,-----, and Case 2bII, – - – -, at
position A compared to the no resonator case, ––––, in dB re 1 J.

Further incorporating fabrication restrictions, the numerical potential energy for
Case 2cI and II optimization is in Figure 9:7 and can be compared with the experimental
results in Figure 9:8. Significant potential energy reductions were possible in both
frequency bands. These resonators, in practice, were fabricated with slight compromises
on the numerical predictions, and account for some of the discrepancies between
experimental and numerical results. The fabrication approach would be to adjust each
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resonator neck length to an appropriate discrete value, and then adjust the volume to tune
properly. Acoustic admittances for the Case 2cI and II resonators are in Figure 9:9.
Predicted numerical potential energy reductions at the first and third resonances were 5.6
and 7.5 dB, respectively. The experimental potential energy reductions differ some from
those predicted, shown in Table 9:5. Some discrepancy is due to the damping mismatch
between the predicted and experimental, but also the prediction differences at 107 and
179 Hz. These differences would affect the coupling predicted between the acoustic
modes adjacent to the 107 and 167 Hz disturbances.
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Figure 9:7: Numerical potential energy for Case 2cI at position B,-----, and Case 2cII at
position A, ••••, compared to the no resonator case, ––––, in dB re 1 J.
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Figure 9:8: Experimental potential energy for Case 2cI at position B, – – – , and Case
2cII at position A, ••••, compared to the no resonator case, ––––, in dB re 1 J.
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Table 9:5: Predicted and experimental potential energy reductions for Case 2cI at
position B and Case 2cII at position A

Experimental

Numerical

in dB
Max

sum, 101130 Hz

sum, 152.5180 Hz

Max

sum, 101130 Hz

sum, 152.5180 Hz

Location B

2.7

0.9



5.6

1.2



Location A

10.3



3.8

7.5



2.6

9.2.3 Fabrication concerns
Experimental work with Helmholtz resonators designed for use with the tractor
cabin demonstrated some notable behavior that a designer would need to incorporate into
the bounds and constraints of the optimization. Viscous effects of the smaller mouthed
resonators, even for a 1.3 cm (half-inch) diameter mouth, were significant. Q values of
20 or higher were difficult to achieve. On the other hand, larger mouthed resonators, for
instance a 2.54 cm (1-inch) diameter mouth, were more predictable and could achieve
very lightly damped responses, up to a Q value of 80.

For this reason, when the

optimization would predict small mouthed, lightly damped resonators, the bounds
required an adjustment, otherwise the resonator could not be fabricated.
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In practice, another difficulty was tuning high-Q resonators. Their narrowband
response proved to be too dependent on tolerancing, such that a tap or quarter turns of a
bolt to adjust resonator volume would detune the resonator.

Cases such as those

appeared to have no effect on the cabin unless they were meticulously tuned. For this
reason, to reiterate, larger volume and mouthed resonators were more reasonable and
enforced in the optimization.

9.3 Multiple Helmholtz Resonator Optimization
To design a system of two resonators to reduce the sound in the tractor cabin, a
series of optimizations were necessary. A chronological approach will be given. This
multi-objective optimization, minimization of potential energy over two frequency bands,
was organized into a single scalar objective function by summing the two frequency
bands III+IV (106-124 Hz + 160-174 Hz). The solution to this optimization designed an
optimal resonator tuned within each frequency band of interest.
To design a system of two optimally tuned resonators, the optimization was
expanded to 6 or 8 design variables (2 sets of 3 or 4). This optimization took longer to
converge than a single resonator due to the larger frequency sum of the objective function
and additional complexity. For the less constrained Case 2b trials, the optimization was
more robust in that the solutions converged quickly and reliably, although some
adjustments were needed to guide the optimization towards the best solution.
First, frequency summation I, was limited to the span of 106-124 Hz and
referenced as band III. This was necessary because the wider the summation band, the
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higher in frequency the optimal resonator was tuned. For the I frequency band, for
example, the tuning was at 124 Hz. Even though a 124 Hz resonator reduces more
potential energy summed within the I frequency band, it was primarily reducing the low
response at 122 Hz while ignoring the larger peak at 117 Hz. Similarly, in the higher
frequency band II, the new band IV was narrowed to 160-176 Hz. As seen with the
lower frequency band, optimal resonators would tune for the lower bound of the
frequency range, effectively reducing potential energy off-resonance and missing the 167
Hz peak.
A two-resonator optimization for Case 2bIII+IV took 422 functions evaluations to
converge to a system that effectively reduced the peak responses within the band 100-190
Hz. The characteristics for these resonators are given in Table 9:6. The numerical
potential energy, shown in Figure 9:10, displays reductions up to 13.8 and 13.0 dB in the
III and IV summation bands, respectively.

The resonators for this design were so

significantly minimized in mass that they could not be fabricated, i.e. no appreciable neck
length.
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Figure 9:10: Numerical potential energy for Case 2bIII+IV at positions A and C,-----,
compared to the uncoupled case, ––––, in dB re 1 J.
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Table 9:6: Characteristics of Case 2 optimization for two resonators at locations A and C
summed over the III+IV frequency bands

Numerical

Volume, cm3

L, cm

radius, cm

Q

fn, Hz

Case 2bIII+IV
at A

4867

––

0.7

33.6

156.7

at C

6000

––

0.5

15.3

115.5

Case 2cIII+IV
at A

6000

1.04

2.96

33.8

167.4

at C

6000

3.83

2.54

21

117.2

Case 2cIII+IV
at C

4700

6.3

2.54

18

117

at A

5500

1.0

2.96

55

168

Experimental

The sizes of the resonators were adjusted so that the lumped parameter models
could accurately predict their behavior. Using a reduced order optimization for Case
2cIII+IV by setting the resonator mouth size and optimizing the six remaining design
variables, a result very similar to Case 2cI and II was found. These resonators were
fabricated to an acoustic admittance and geometry as close as possible to the numerical
predictions. The numerical potential energy for the optimal 2 resonator system is shown
in Figure 9:11, which correlates well with the experimental potential energy in Figure
9:12. These results are in Table 9:7. A comparison of the single resonator optimization
to that of the two-resonator system demonstrates that the two optimally sized resonators
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are nearly the same as those individually designed for each band. There is little coupling
between the two resonators with the location of one resonator on the nodal line of an
acoustic mode. A slightly more damped resonator at location C tuned 1.5 Hz higher
created an improved response, most notably at 117 Hz, for the multiple resonator system.

Table 9:7: Numerical and experimental potential energy reductions for Case 2cIII+IV at
positions A and B

Experimental

Numerical

in dB
Max

sum, 106124 Hz

sum, 160176 Hz

Max

sum, 106124 Hz

sum, 160176 Hz

Case 2bIII+IV
at A&C







13.8 /
13.0

6.9

9.9

Case 2cIII+IV
at A&C

3.4 /
10.3

1.06

3.4

3.3 /
8.5

1.3

3.8
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Figure 9:11: Numerical potential energy for an optimal 2-resonator system located at
positions A and C,••••, compared to the case without resonators, ––––, in dB re 1 J.
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Figure 9:12: Experimental potential energy for an optimal 2-resonator system located at
positions A and C,••••, compared to the uncoupled case, ––––, in dB re 1 J.

Specific limitations in fabricating standard sizes in resonator mouth, i.e. pipe
inner diameter, were approached in the same manner as the 2D enclosure optimization.
The most significant limitation was the resonator mouth and neck length, thus these
values were set to the nearest discrete value (as a constant), and the reduced order model
was solved for volume and damping. The constrained optimal system was significantly
affected by these limitations, and for this reason, any alternate approaches to relieve
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fabrication or design restrictions would enable improved noise reductions. It should be
noted that a 7 dB potential energy drop in peak response at 167 Hz to the response at 163
Hz is a considerable reduction.

9.4 Conclusions
Significant losses in performance were acquired as a result of constraining
resonator characteristics to fit in a limited ceiling space. Although large resonators tuned
off-resonance would enable substantial potential energy reductions, application of the
optimization demonstrated that was not feasible when practical constraints were
incorporated.
Two important discrepancies between the experimental and numerical model are
the magnitude of the 107 Hz and 179 Hz response in the cabin. The 107 Hz disturbance
is experimentally higher in magnitude than predicted, therefore the coupling predicted did
not trigger the optimization to properly tackle this disturbance.

Although the

optimization can be guided to reduce this response from a trial and error approach, it was
found that the reductions were minimal in comparison to the size of the necessary
resonator. For this reason alone, the design method was useful for a noise control
engineer but demonstrates that this approach cannot sufficiently reduce structural
resonances using minimal resonators.

This concept is similar to those required of

secondary sources in active noise control, that the cancellation best reduces the source by
closely locating the secondary source nearest the primary source. This basic concept was
also seen for the 179 Hz disturbance due to a structural coupling with the floor. The
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interaction between the 179 Hz disturbance and the acoustic 167 Hz response is
significant, but the overall magnitude is much less than other frequencies within the
cabin. Its effect is more one of affecting the prediction of coupled resonator-enclosure
systems tuned for the 167 Hz acoustic resonance.
It is seen that the degree and type of discrepancy between numerical and
experimental results should be evaluated. The 107 and 179 Hz discrepancies proved to
be difficult problems. With the joined peaks in the numerical program at 170 Hz, it was
predicted that the resonator’s response was broad enough in frequency to partially reduce
the amplitude of this structural/acoustic response, when experimentally this was not the
case. The difficulty in this case is that the numerical model does not adequately predict
frequency and magnitude of the response, and for that reason cannot design an
appropriate resonator using a trial and error approach. The 107 Hz response was difficult
in that it required significant absorption from a resonator located in the ceiling before its
response could be reduced, a behavior predicted by the numerical optimization.
Additional use of a system of small resonators can prove to open many solutions
not previously considered, much like the design possibilities available if the tractor
cabin’s design was less constrained. This is a very important point, in that a general
approach has been significantly limited by the allowable set of designs when using
conventional approaches.

From a typical design perspective, the final constrained

optimization trials produced results similar to those obtained from other tools available to
noise control engineers. A maximum volume allowable was “tuned” for an acoustic
disturbance and designed to couple well with the cabin.

With that specific set of
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constraints, the solution is considered optimal; however, not from a case study or best
possible design perspective. Using this design methodology, a noise control engineer
could quickly compare slight design alterations that could perform sufficiently, while
providing significant savings in space and other resources. When a fuller range of
solution possibilities is considered, as is available in the design methodology developed
in this thesis, a proper case study and comparison of performance versus loss in resources
is available to the noise control engineer. Perhaps a slight variation in resonator mouth
proves to be significant in performance, and thus, the noise control engineer could
concentrate their efforts on a physical design problem as opposed to a search of alternate
technologies.
An acoustic admittance match was observed in Figure 9:5, such that two smaller
resonators aligned with the general response of a larger, optimal resonator. In this sense,
a broadband acoustic resonator system could be designed if many more resonators were
used. An example of this concept is the design of perforated panels for noise control.
These panels can provide the benefit of distributed, high sound absorption without the use
of fibrous materials, but require significant efforts in modeling [74].

Chapter 10
CONCLUSIONS

10.1 Basic Conclusions of the Research
A new virtual design method for minimizing sound in enclosures when coupled
with optimally designed Helmholtz resonators has been presented in this thesis.

It

involves numerically designing the optimal characteristics, i.e. the volume, damping,
natural frequency, and surface area of the mouth, of a system of Helmholtz resonators.
These acoustic resonators locally affect the enclosure yielding global reductions that, at
desired low frequencies, produce a volume velocity to effectively absorb, cancel, or shift
the modal response of the enclosure.
This research is unique in that it is the first attempt to virtually design an optimal
system of acoustic absorbers concurrently using optimization techniques and a receptance
method of modeling. In essence, this approach models the addition of resonators to an
enclosure as external volume velocity sources, similar in concept to secondary sources in
active noise control. The use of passive acoustic absorbers for volume velocity sources
enables a simple, inexpensive, low frequency approach to noise control.

Many

applications involving low frequency noise problems with highly constrained vibration
modifications require an improved noise control technique, i.e. tractor cabins and
elevators.
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The conventional use of Helmholtz resonators has not been optimized in the sense
that the only consideration in the design is a single acoustic mode coupled at a single
frequency.

Considerations without the coupling of nearby modes and performance

response over a frequency band will not be optimal design solutions.
An experimental study on the performance of a Helmholtz resonator tuned about a
2D enclosure’s first two acoustic resonances showed that, for a lightly damped resonator,
significant sound reductions were possible at its resonance. This performance is at the
expense of creating large sideband responses and, in some cases; the sidebands were
larger in magnitude than the original disturbance. On the other hand, a damped resonator
reduced less sound at its resonance with the benefit of creating a flatter, broadband
response in the enclosure. Notably, there was significant coupling between adjacent
acoustic resonances even though they were 150 Hz apart.
Numerical optimization studies were able to predict an optimal system of two
resonators coupled to a 2D enclosure. Significant reductions of 12.4 dB potential energy
were measured experimentally (predicted as 12.6 dB) with the use of only a 2 % volume
Helmholtz resonator. The design methodology was experimentally validated for two
optimal resonators constructed from 60 cc syringes, each fitted with custom endcaps.
The use of two resonators predicted and experimentally validated with both the
2D enclosure and tractor cabin demonstrates the applicability of a virtual design
methodology to basic noise problems. Small resonators were capable of drastically
changing the interior pressure response and thus required high numerical discretization to
achieve a converged model / solution. A guideline established in this research was 70-80
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elements per acoustic wavelength. It was also found that optimization was necessary to
properly predict, tune, and best reduce the noise in an enclosure. With the interaction of
adjacent modes, it was found that multiple resonators required non-intuitive solutions in
regards to tuning and damping. Simply tuning a resonator for an acoustic resonance does
not best use resources nor reduce the sound in an enclosure.
This design methodology has been applied to a “real” system to test the
practicality of the solution.

An accurate numerical model of the tractor cabin was

experimentally determined and identified the two largest acoustic disturbances at 117 and
167 Hz. An optimally designed system of two resonators located in the cabin’s ceiling
experimentally reduced potential energy by 3.4 and 10.3 dB at 117 and 167 Hz,
respectively. Substantial reductions were possible using a well-constrained, gradient
optimization technique and produced practical resonators in both size and placement.
This virtual methodology created a solution practical in its compromise between
resonator size and performance. Two acoustic disturbances in the cabin at 107 and 179
Hz created some problems with predicting the coupling at 167 Hz and reducing the
overall response. These problems can be resolved in a trial and error approach to the
design, altering the objective function used in the optimization (i.e. add a weighting
factor), or concentrating one’s efforts into designing a better performance or model of
acoustic absorbers, as will be described in the next section
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10.2 Future Research and Practical Implementations
Additional research needs to be conducted before this design methodology is
ready for use in real-world problems. These issues arose in the implementation of this
design method. Many of these limitations are tractable problems regarding the use of this
method when addressing complex systems.

The issues are in the experimental

accessibility to measure the volume velocity excitation of an enclosure, the need for a
position search when using multiple resonators, and the inability of the resonators to track
slight changes in resonance. Each issue is addressed in separate paragraphs.
Currently, the resonators in this thesis are not adaptable and would degrade in
performance if the acoustic natural frequencies were to shift. This frequency shift is seen
in practice and would require the use of a feedback controller to adjust the resonator’s
response. Although this is simple to implement, creating a robust optimal system to
address a variant of driver sizes, and thus a changing interior volume of the cabin, could
be a significant research obstacle. The performance of a resonator system would vary
through a range of driver sizes.
A simple enclosure shape such as a tractor cabin allows for a straightforward
measure of the volume velocity excitation of the cabin. Numerical modeling and modal
analysis, in low frequencies, could provide the necessary velocity profile of a more
complex structure, but the largest obstacle is the conditional variation of the volume
velocity excitation. This is seen to some degree with the change in source signal used in
this research. Some disturbances will shift and alter their structural-acoustic coupling
over time or for varying conditions for which the enclosure is designed. An assessment
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of the ability to accurately measure or identify the most significant noise disturbances in
an enclosure should be used with this methodology.
Multiple resonator systems significantly alter the general response of an enclosure
and for that reason, could create less intuitive resonator placement possibilities. An
optimal system of resonators would improve if they were coupled with the enclosure at
the best candidate location. This was evident in the numerical study of four resonators in
the 2D enclosure, in which a fourth resonator with intuitive placement did not couple
well with the enclosure. A recommended search criterion would be to search for low
acoustic admittance elements as opposed to a random location search.

Those are

locations where a large pressure response is possible for a given volume velocity, thus
making it a good candidate location.
These implementation issues aside, the virtual design methodology developed in
this thesis demonstrated both the practicality and efficacy of use this methodology
provides for a system of Helmholtz resonators coupled to an enclosure. Applications
such as those used in this thesis could benefit greatly from a design tool that virtually
predicts the performance of multiple resonators coupled to a noisy enclosure. This
methodology development was for the problematic low frequencies that are difficult to
suppress by use of damping materials or some conventional passive design approaches.
Although active noise control can significantly reduce these low frequency disturbances,
their application and cost can be too inhibitive for many noise problems such as those in
elevators or tractor cabins. The use of this design tool empowers noise control engineers
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to make better-informed assessments of the application of passive acoustic absorbers
when comparing different technologies in a case study for a particular noise problem.
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