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Abstract

The topic of this dissertation is the study of the mechanical properties of solid
material systems at the nanoscale. At such length scales, materials can be viewed
as particle systems, and molecular dynamics (MD) simulations help one understand
their behavior as well as quantify their properties. However, mechanical concepts
such as strain, stress and moduli were originally developed in continuum models,
which are typically applied in space scales that range from the microscopic to the
macroscopic. For this reason, a careful translation of ideas from continuum scales
to the nanoscale is necessary.
In essence, this thesis reviews and refines the continuum notions of average
mechanical properties, such as stress and strain, and the meaning of such notions
when MD is used to compute them. A Lagrangian-based approach is utilized
for the purpose of determining the stress-deformation behavior of continua as
well as of particle systems. At the continuum level, the mentioned Lagrangianbased approach is applied within homogenization theory for developing a nonlinear
continuum homogenization model, which includes a novel constitutive relation
for the stress. At the nanoscale, an MD method is presented as the extension
of the continuum homogenization model. This MD method is able to simulate
the behavior of particle systems under a given type of deformation as well as to
generate stress-strain curves. In the process of developing the MD method, some
concepts and techniques commonly used in MD, such as the virial stress and the
Parrinello-Rahman method, are clarified.

iii

Table of Contents

List of Figures

vii

List of Tables

ix

List of Symbols

x

Acknowledgments
Chapter 1
Introduction
1.1 A Perspective on Modeling
1.2 Original Motivation . . . .
1.3 Problem Statement . . . .
1.4 Notation . . . . . . . . . .

xiv

Strategies
. . . . . .
. . . . . .
. . . . . .

.
.
.
.

.
.
.
.

. . . . . . . . . . . .
. . . . . . . . . . . .
. . . . . . . . . . . .
. . . . . . . . . . . .
. . . . . . . . . . . .
. . . . . . . . . . . .
. . . . . . . . . . . .
. . . . . . . . . . . .
Molecular Dynamics

.
.
.
.
.
.
.
.
.

.
.
.
.
.
.
.
.
.

15
15
20
24
24
25
27
30
32
34

for Materials
. . . . . . . .
. . . . . . . .
. . . . . . . .

Chapter 2
Theoretical Background
2.1 Continuum Mechanics Concepts . . . . . .
2.2 About Homogenization Theory . . . . . .
2.3 Concepts related to Particle Systems . . .
2.3.1 On Lagrangian Mechanics . . . . .
2.3.2 The Virial Theorem . . . . . . . . .
2.4 About Molecular Dynamics Methods . . .
2.4.1 The Virial Stress Tensor . . . . . .
2.4.2 The Parrinello-Rahman Method . .
2.5 Comments on Homogenization Theory and

iv

.
.
.
.

1
1
7
13
14

.
.
.
.

.
.
.
.

.
.
.
.

.
.
.
.

.
.
.
.

.
.
.
.

Chapter 3
Continuum Homogenization Model: Part I
36
3.1 Effective Kinematic Quantities . . . . . . . . . . . . . . . . . . . . . 36
3.2 Effective Kinetic Quantities . . . . . . . . . . . . . . . . . . . . . . 38
3.2.1 Static Case: Average Stress Tensors in Space . . . . . . . . . 38
3.2.1.1 Definition of the Effective Cauchy Stress Tensor . . 38
3.2.1.2 Definition of the Effective First Piola-Kirchhoff
Stress Tensor . . . . . . . . . . . . . . . . . . . . . 39
3.2.2 Dynamic Case: Average Stress Tensors in Space and Time . 41
3.2.2.1 Effective Cauchy Stress Tensor . . . . . . . . . . . 41
3.2.2.2 Effective First Piola-Kirchhoff Stress Tensor . . . . 43
3.3 On Meaningful Effective Quantities . . . . . . . . . . . . . . . . . . 44
3.4 The Three “Canonical” Sets of Boundary Conditions . . . . . . . . 46
3.4.1 Uniform Strain Boundary Condition . . . . . . . . . . . . . 46
3.4.2 Uniform Stress Boundary Condition . . . . . . . . . . . . . . 47
3.4.3 Periodic Boundary Condition . . . . . . . . . . . . . . . . . 48
3.5 On Meaningful Large Deformation Processes . . . . . . . . . . . . . 51
3.6 Macro-Homogeneity and the Virial Theorem . . . . . . . . . . . . . 58
3.7 Annotation . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 64
Chapter 4
Continuum Homogenization Model:
4.1 Lagrangian-Based Approach . . . .
4.2 An Effective Constitutive Relation
4.3 Annotation . . . . . . . . . . . . .

Part II
65
. . . . . . . . . . . . . . . . . . 65
. . . . . . . . . . . . . . . . . . 71
. . . . . . . . . . . . . . . . . . 75

Chapter 5
A Lagrangian-Based Molecular Dynamics Method
76
5.1 Continuum Homogenization Model Revisited . . . . . . . . . . . . . 76
5.2 Formulation of the Homogenization Procedure Applicable to Molecular Dynamics . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 79
5.2.1 Relation between the Effective Cauchy and the Virial Stress
Tensors . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 85
5.3 Comparison with the Parrinello-Rahman Method . . . . . . . . . . 86
5.4 Annotation . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 92
Chapter 6
Numerical Experiments and Discussion
93
6.1 Molecular Dynamics Simulations . . . . . . . . . . . . . . . . . . . 93
6.1.1 Microcanonical Ensemble . . . . . . . . . . . . . . . . . . . . 98
v

6.2

6.1.2 A Stretch Case . . . . . . . . . . . . . . . . . . . . . . . . . 103
6.1.3 A Shear Case . . . . . . . . . . . . . . . . . . . . . . . . . . 109
Discussion and Future Work . . . . . . . . . . . . . . . . . . . . . . 114

Appendix A
Nontechnical Abstract

119

Bibliography

121

vi

List of Figures

Partition of the reference volume V into identical subvolumes or
bins, along with a depiction of the group of particles that interact
with the particles in the Ωi bin (Andia et al., 2000a) . . . . . . . .
1.2 Density plots of a two-dimensional Ni columnar thin film deposited
at a 45◦ angle onto a Ni substrate . . . . . . . . . . . . . . . . . . .

1.1

3.1
6.1

6.2

6.3

6.4

6.5
6.6

Two-dimensional schematic of the decomposition formula given in
Eq. (3.40) . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .
Final particle configuration and radial distribution function of the
microcanonical ensemble simulation of a three-dimensional LennardJones material . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .
Time evolution of the non-dimensional effective Cauchy stress tensor
corresponding to the microcanonical ensemble simulation of a threedimensional Lennard-Jones material . . . . . . . . . . . . . . . . . .
Time evolution of the non-dimensional 11-components of the effective
Cauchy and virial stress tensors corresponding to the microcanonical
ensemble simulation of a three-dimensional Lennard-Jones material
Time evolution of the norm of the difference between the running
averages of the non-dimensional effective Cauchy and virial stress
tensors corresponding to the microcanonical ensemble simulation of
a three-dimensional Lennard-Jones material . . . . . . . . . . . . .
Deformation history of the stretch simulation of a three-dimensional
Lennard-Jones material . . . . . . . . . . . . . . . . . . . . . . . . .
Time evolution of the non-dimensional effective Cauchy stress tensor corresponding to the stretch simulation of a three-dimensional
Lennard-Jones material . . . . . . . . . . . . . . . . . . . . . . . . .

vii

10
11
54

99

101

102

102
104

105

6.7

6.8

6.9
6.10
6.11

6.12

6.13

6.14

Stress-strain curves (based on the non-dimensional 11-components of
the effective Cauchy and virial stress tensors versus the 11-component
of the deformation gradient tensor) corresponding to the stretch
simulation of a three-dimensional Lennard-Jones material . . . . . . 107
Stress-strain curves (based on the time average values in a 200
time steps “window” of the non-dimensional 11-components of the
effective Cauchy and virial stress tensors versus the time average
values in a 200 time steps “window” of the 11-component of the
deformation gradient tensor) corresponding to the stretch simulation
of a three-dimensional Lennard-Jones material . . . . . . . . . . . . 108
Time evolution of the non-dimensional temperature corresponding to
the stretch simulation of a three-dimensional Lennard-Jones material 109
Deformation history of the shear simulation of a three-dimensional
Lennard-Jones material . . . . . . . . . . . . . . . . . . . . . . . . . 110
Time evolution of the non-dimensional effective Cauchy stress tensor
corresponding to the shear simulation of a three-dimensional LennardJones material . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 111
Stress-strain curves (based on the non-dimensional 13-components of
the effective Cauchy and virial stress tensors versus the 13-component
of the deformation gradient tensor) corresponding to the shear simulation of a three-dimensional Lennard-Jones material . . . . . . . . 112
Stress-strain curves (based on the time average values in a 200
time steps “window” of the non-dimensional 13-components of the
effective Cauchy and virial stress tensors versus the time average
values in a 200 time steps “window” of the 13-component of the
deformation gradient tensor) corresponding to the shear simulation
of a three-dimensional Lennard-Jones material . . . . . . . . . . . . 113
Time evolution of the non-dimensional temperature corresponding
to the shear simulation of a three-dimensional Lennard-Jones material113

viii

List of Tables

6.1
6.2

6.3

Important parameters used in the MD simulations of a three-dimensional Lennard-Jones material . . . . . . . . . . . . . . . . . . . . . 98
Components of the time average effective Cauchy stress tensor corresponding to the microcanonical ensemble simulation of a threedimensional Lennard-Jones material . . . . . . . . . . . . . . . . . . 100
Components of the time average virial stress tensor corresponding
to the microcanonical ensemble simulation of a three-dimensional
Lennard-Jones material . . . . . . . . . . . . . . . . . . . . . . . . . 100

ix

List of Symbols

General
MD Molecular Dynamics
RVE Representative Volume Element
R Real numbers
E

three-dimensional Euclidean point space

V

translation vector space

Lin(V ) space of second order tensors
Lin+ (V ) space of second order tensors with positive determinant
a, A, α scalars
a, α vectors
A, B tensors
t time
I identity tensor
, definition
Operators
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To The Countless Meetings

You come back, all coffee-perfumed,
usually confused
and undistinguished.
Particles might exist in a cell,
you believe.
Wait! What is that smell?
Walking, you think beneath
your other life,
and sometimes you just stare and breathe.
Happy or not you exist.
Decided or not you run,
you run for more life, and you feel like a beast.
Back in business, they say, let them grow
and when it is ready,
you agree, let them go.
—Pedro C. Andia
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Chapter

1

Introduction
The development of mathematical and physical models to describe natural phenomena has always been a challenge and motivation for scientists and engineers.
Usually, any natural phenomenon involves multiple bodies that may possess different intrinsic characteristics, and their structure can be considered heterogeneous
at a certain length scale. In order to describe the phenomenon one would need
to understand the behavior of all the bodies involved in it. For this purpose, it
is conceptually possible to isolate a body and affirm that its behavior does not
only depend on what it is made of, which is characterized by its various properties,
but it also depends on the interaction it has with the other bodies. The present
thesis will embark upon the quest for understanding and quantifying some relevant
mechanical properties of solids at the continuum level as well as at the nanoscale,
taking into account the heterogeneous nature of the material system under study
together with the external conditions to which such a system is subjected.

1.1

A Perspective on Modeling Strategies for Materials

The work to be presented in this thesis falls into research categories such as multiscale materials modeling and computational materials design, with emphasis on the
mechanics of materials aspect of such categories. When studying the mechanical
response of materials, one can affirm that, in general, materials can be modeled
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as continuum structures or as discrete structures or as a combination of both. A
priori, each approach imposes a set of assumptions and conditions that build a
framework in which any obtained result is taken to be realistic. The choice of a
particular model depends on the careful selection of parameters one is interested in
studying, and on the space and time scales as well as the complexity one desires to
utilize for describing a material.
Multi-scale modeling of materials is a broad research field that involves physical
phenomena at multiple length and time scales. Within the mechanics of materials, it
takes advantage of the important contributions and advances in quantum mechanics,
molecular dynamics (MD), Monte Carlo method, dislocation dynamics, statistical
mechanics and continuum mechanics, with the intention of properly connecting
some of these modeling frameworks for solving computational solid mechanics
problems. Examples of such problems are the mechanics of dislocations and
interfaces, solid fracture and crack propagation, the analysis of nano- and microelectro-mechanical systems, the overall performance of industrial and engineered
materials, among others. It is important to remark that linking the atomistic scale,
nanoscale, microscale, mesoscale and/or macroscale is not trivial, and that seamless
multi-scale modeling has not yet been achieved (Ghoniem et al., 2003).
The ultimate goal of multi-scale materials modeling is to integrate the approaches
mentioned above to create a true understanding of the relation between the structure
of a material and its properties that will lead to establish materials by design, that
is, the design of materials in response to a set of desired properties. This concept,
which is not new, is of much interest and benefit for the nanotechnology industry.
Several research funding agencies around the world as well as the microelectronic,
photonics and medical industries are financing interdisciplinary research programs
in engineering (see, e.g., Chong, 2004). This recognizes the importance of theory
and modeling as guides for more refined experimental studies and as contributors
in reducing costs in the development and manufacturing of industrial products.
The approaches developed in multi-scale materials modeling perform a systematic reduction (or increase) of the degrees of freedom on the length scales that are
identified in the material system of interest (Curtin and Miller, 2003; Ghoniem et al.,
2003). Each of the modeling frameworks mentioned in the previous paragraph has
a defined natural length scale as well as a time scale where the application of their
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respective mathematical and physical formulations can be solved for quantifying
and qualifying phenomena that occur at those scales. Consequently, the interest is
to identify how phenomena that take place at different scales can be related for the
purpose of improving the description of the overall behavior of a material system.
The focus of this thesis is on solids and the study of its mechanical properties.
Researchers have studied and continue to study this topic across the various length
scales. Quantum mechanics, which considers the effects of the electrons and nuclei
in its calculations, has the ability to predict physical properties as well as the
atomic structure of materials at an atomic scale (i.e., the simulations consist of
a few hundred atoms at the most) through ab initio methods. MD methods
eliminate the degrees of freedom of the electrons and treat the atoms as particles.
MD studies the properties of materials, which are viewed as particle systems, at
the nanoscale and in the picosecond to nanosecond time range. The typical MD
problem is an initial value problem as well as a boundary value problem. Initial and
boundary conditions, and an interparticle potential energy function (or more than
one depending on the problem) for characterizing the interaction among particles
are needed. The key idea is the interaction and motion of the particles since they
help compute the time and space average properties of the material system of
interest. Additional background on MD is provided in Section 2.4. An example
of multi-scale modeling is the derivation of interparticle potentials for MD from
quantum mechanics principles such as the embedded-atom method (Daw and Baskes,
1983, 1984) and the force-matching method (Ercolessi and Adams, 1994). These
potential functions are said to be more realistic and accurate when compared to
simpler empirical potential functions such as the celebrated Lennard-Jones (Jones,
1924). However, they are usually applied to specific classes of materials since
they have been fitted to properties obtained from particular ab initio calculations.
Another example of multi-scale modeling is given by Bulatov et al. (1998), who
link dislocation dynamics (i.e., a simulation tool for the description of plastic
deformation and pattern formation on the microscale and mesoscale) and MD for
simulating plasticity phenomena in crystals.
Continuum mechanics methods are usually applied in space scales that range
from the microscopic to the macroscopic and in time scales that are familiar to
human beings. A very well known continuum mechanics method is the finite
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element method in which, in general, equilibrium and constitutive equations as
well as initial and boundary conditions are essential for numerically solving a
discretized boundary value problem. The purpose of such a method is to obtain the
spatial (and time) distribution of certain dependent variables, that is, the desired
properties. Multi-scale models that couple MD simulations with finite element
representations exist in the literature (see, e.g., Rafii-Tabar et al., 1998; Wagner
and Liu, 2003; Wagner et al., 2004). One can also find more complex models
such as the one proposed in Abraham et al. (1998); Broughton et al. (1999), in
which the finite element method, molecular dynamics and the tight-binding method
(i.e., quantum mechanics) are coupled. The intention of these formulations is to
apply quantum mechanics and/or MD to local regions where there is a need to
capture phenomena at the atomistic scale or nanoscale (e.g., fracture), and to apply
continuum approaches to the surroundings of these local regions. In addition to
these methods, a quasi-continuum model has been developed by Tadmor et al.
(1996) for studying the motion of dislocations. This method utilizes the theory
of crystal lattices at the atomistic length scale and the finite element method at
the continuum scale. One of the many obstacles these multi-scale models have to
overcome is the way the information between the different length scales is bridged,
that is, what types of conditions are enforced at the boundaries that separate the
mentioned regions. It is important to mention that most of these methods do not
address the coupling of the time scales, which restricts their applicability.
Nonlocal theories, such as the Cosserat theory, are inherent generalized continuum approaches that bridge mechanics of materials between the microscopic and
macroscopic scales and, therefore, belong to the category of multi-scale modeling.
They are based on deformation gradient concepts and, in general, assume that the
behavior of a material point depends on the local state as well as the deformation
of the surrounding regions. Bhattacharya and James (1999), for instance, have
developed a nonlocal theory applicable to single crystal thin films. Researchers
have even taken a step further and linked the Cosserat theory with lattice dynamics
in order to study properties of materials at the atomic level (see, e.g., Shibutani
et al., 1998).
Another multi-scale modeling strategy, which (in conjunction with MD methods)
plays a major role in the present thesis, is provided by homogenization theory
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together with its various modeling schemes. Homogenization theory (Bensoussan
et al., 1978; Mura, 1987; Maugin, 1992; Jikov et al., 1994) is an established field
in mechanics and applied mathematics dealing with the determination of average
properties of heterogeneous material systems. For example, it is concerned with
quantifying the macroscopic response of heterogeneous continuous material systems
(such as composites, polycrystals, and multi-phase materials that may contain
precipitates and/or voids) to incremental deformation under constant or varying
temperature. Homogenization theory is based on the assumption that the overall
mechanical behavior of a material originates from the physics and mechanics of
its individual constituents through either interaction laws or averaging procedures.
Consequently, it bridges information between length scales, that is, between the
microscopic and macroscopic scales.
Usually, a homogenization scheme involves the choice of a representative volume
element (RVE) of the heterogeneous material system under study, that is, a
microstructure that contains the relevant information concerning the distribution
and morphology of the heterogeneities of the material. In addition, homogenization
approaches may require not only constitutive laws and/or equilibrium equations, but
also an appropriate set of rules to perform the transition between scales. Some of
the simplest homogenization schemes are the Voigt-type (or Taylor) and Reuss-type
(or Sachs) models (see, e.g., Hill, 1952; Hashin, 1983). The former assumes that
the entire RVE undergoes a constant deformation (i.e., uniform strain) identical to
a given macroscopic one, while the later assumes a prescribed constant stress (i.e.,
uniform stress) is applied everywhere on the RVE. These are simplified procedures
that provide rough estimates of the macroscopic material properties (such as the
elastic moduli) and are not suitable in a regime of large deformations since in
the first model equilibrium equations cannot be satisfied, while in the second
model compatibility at the internal boundaries does not hold. Moreover, it is well
known that Voigt-type models overestimate the overall stiffness, while Reuss-type
models underestimate it (Hill, 1952). More advanced homogenization schemes
are the variational bounding methods (Hashin and Shtrikman, 1962, 1963) and
the self-consistent model (Hill, 1965). Even more sophisticated strategies are the
asymptotic homogenization theory (Bensoussan et al., 1978) and the global-local
method (Suquet, 1985). The last approach is the one this work will utilize. In the
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most general context, such an approach is based on the following four-step procedure
proposed by (Suquet, 1985, 1987): (1) identification of the RVE; (2) definition of the
macroscopic or effective quantities; (3) localization; and (4) homogenization. This
procedure, together with the assumptions and ideas that compose it, is described
in Section 2.2. However, it is important to remark that, strictly speaking, this
method obtains average properties by first solving (analytically or numerically)
an initial/boundary value problem at the microscopic scale (i.e., of the RVE) and
then defining a constitutive relation at the macroscopic scale that makes use of the
solved microscopic behavior.
In the spirit of complementing some traditional theoretical approaches in multiscale modeling that aim to understand and quantify important mechanical properties
of solids, the present thesis intends to carefully review, refine and expand upon
homogenization theory in a context of large deformations and to properly transfer
this approach to solving initial/boundary value problems of particle systems. The
mechanical concepts that the present work is interested in investigating are strain,
stress and moduli. It is important to mention that these concepts were originally
developed in continuum models. Nonetheless, one can find them within theories
that acknowledge a discrete nature of matter such as statistical mechanics or
more specifically the kinetic theory of gases, which is endowed with the same field
variables as continuum mechanics (Truesdell and Muncaster, 1980). In addition, as
described in the previous paragraphs, researchers have translated and used these
continuum notions in discrete models, since with the aid of numerical tools and
faster computers one can calculate them for very intricate material systems. The
above concepts are relatively easy to comprehend if one is studying a body at a
macroscopic scale. At smaller space scales, say at the microscale or nanoscale, such
concepts are more difficult to grasp and express. The reason for this is because of
the mathematical and/or physical theory one uses to visualize and describe the
behavior of a material at such a scale.
In the MD world, the concept of stress (see, e.g., the discussion about the
virial stress in Zhou, 2003) and how to properly apply it to a system of particles
(see, e.g., Parrinello and Rahman, 1980, 1981, 1982) without violating the “first
principles”∗ are somewhat unclear. The intention of this thesis is to clarify the
∗

The expression “first principles” is used in a context of classical analytical mechanics, as
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above continuum concepts at the nanoscale by constructing a robust nonlinear
homogenization framework applicable to both continua and particle systems alike.
A new analytical MD framework will be presented, which consists of a Lagrangianbased scheme that is rigorously derived from “first principles”. The reason for
developing the homogenization scheme in a context of finite deformations is that, at
the space scale in which MD is applicable, the deformation of a material will more
likely be of similar magnitude to the material’s dimensions and, therefore, can no
longer be taken to be infinitesimal. In addition, by means of a nonlinear scheme it
will be possible to study deformation histories that take a chosen material element
from its reference configuration all the way to failure.

1.2

Original Motivation

The purpose of this section is to state some crucial initial ideas and results that fueled
the beginnings of the development of the topic that this document discusses. It is
intended to give the reader a preface on the concepts and thoughts that the author
meditated and analyzed in the search for an accurate material model that respects
the original notions of mechanics of solid materials as well as possesses the best
intentions for collaborating with researchers interested in nanoscale applications.
One of the original motivations of the present thesis was to investigate the
distribution of mechanical properties in thin films, that is, in materials that can
be utilized in applications related to areas of nanotechnology. Thin films are
heterogeneous materials, which are widely used and studied in several areas of
science and technology. A thin film, practically speaking, is a material coating
that is typically less than 10 µm thick. The deposition technology and parameters
utilized for growing a thin film are the key in the manufacturing process because
they determine the film’s properties and, therefore, its possible applications (Ohring,
1992; Smith, 1995). Independent of the fabrication technique, the following four
fundamental processes (which occur simultaneously) govern thin film deposition:
temperature, bombardment, chemistry and geometry (Messier, 1986, 1992). In
the past 30 to 40 years much research has been done to qualify the morphology of
thin films (see, e.g., Movchan and Demchishin, 1969; Thornton, 1974, 1975, 1977;
opposed to quantum mechanics.
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Messier et al., 1984) as well as to quantify (both theoretically and experimentally)
their physical properties (see, e.g., Nix, 1989; Alexopoulos and O’Sullivan, 1990;
Nicholson and Field, 1994; Vinci and Vlassak, 1996). It is well known that the
physical properties are dependent on the overall structure of the substrate and film,
which in turn depend on the deposition conditions (e.g., substrate temperature,
pressure of sputtered gas, inert gas species, substrate orientation, substrate bias,
ion bombardment, etc.). An example of a common mechanical problem in thin films
is the adhesion of the film to the substrate. In general, an analysis that correlates
the residual stresses in the thin film to its deposition conditions can prevent such a
type of mechanical failure. Thin films have evolved in the last 10 years. Currently,
scientists can engineer its structure and create the so called sculptured thin films.
A sculptured thin film is a thin film whose microstructure has been engineered at
the nanoscale (Lakhtakia et al., 1996; Messier et al., 2000). The complexity of the
physical structure of the film is manifested by the ability to rotate the substrate
while deposition under low mobility conditions takes place. This results in the
capability of creating nanostructures with shapes such as slanted columns, chevrons,
C’s, S’s and helices.
One of the motivations for studying the behavior of thin films rests upon the fact
that it is desired to incorporate the information regarding the morphology of the
film into a model that intends to calculate its mechanical properties. The reason is
because it is well known that thin films, especially those that are deposited from a
vapor phase onto a solid substrate, cannot be modeled as bulk materials since their
structure and properties are very different (see, e.g., Thornton and Hoffman, 1989;
Windischmann, 1992). This fact together with the increasing number of mechanical,
electronic, magnetic, optical and biomedical applications that are related to the
nanotechnology industry have prompted the research interest of a wide variety of
investigators that span from experimentalists to theoreticians. Moreover, thin films
are great candidates for studies that perform multi-scale modeling.
The mechanical properties of thin films have been studied both experimentally
as well as theoretically. From a theoretical standpoint, one can find in the literature
that thin films have been modeled in the continuum scale as plate-like structures (see,
e.g., Röll, 1976; Hsueh and Evans, 1983; Townsend et al., 1987; Finot and Suresh,
1996; Krishnamurthy and Srolovitz, 2004). However, the need to predict their
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nanostructure for studying their physical properties has brought up the necessity to
model the actual thin film deposition process. For this purpose, numerical methods
have helped develop computer simulations as modeling tools. In other words, with
the aid of computer simulations one has the capability to model the creation and
growth of a thin film. Discrete models permit one to involve information such
as the shape and size of the thin film into the study of its mechanical properties,
which is difficult to do with continuum models. Ballistic aggregation, Monte Carlo,
and MD are three different computer simulation approaches that one can take (see,
e.g., Müller, 1987; Brett, 1988; Müller-Pfeiffer et al., 1992; Meakin and Krug, 1992;
Fang et al., 1993; Ozawa et al., 1996; Dong et al., 1996). The choice of a particular
approach usually depends on how much physics one desires to incorporate in the
problem.
Earlier work (Andia et al., 2000a; Andia, 2000; Andia et al., 2000b) in which the
author has been involved concerned the understanding and evaluation of the space
average as well as the space distribution of the residual stress tensor and elastic
moduli tensor for heterogeneous solid material systems at the nanoscale. This work
involved continuum mechanics concepts as well as a continuum to discrete transition
of the main theoretical results. The calculation of the mentioned properties was
approached with an isothermal elastic material constitutive theory. A quasi-static
deformation process and a homogeneous type of deformation for the entire material
system were also assumed in this work. The heterogeneous material was understood
to be a system of particles with no particular spatial arrangement (e.g., a columnar
thin film). To be able to correlate the calculation of the stresses and moduli to the
discrete system, in particular, to compute the distribution of such properties, a
continuum to discrete transition scheme was formulated. This scheme, which is
depicted in Fig. 1.1, consisted of partitioning the reference volume into identical
subvolumes or bins, and for each bin calculate the residual stress and elastic moduli
tensors from the particles that physically occupy such a bin. In this sense, one is
able to compute local properties as well as their distribution over the entire volume.
The application of the discussed method to a two-dimensional simulated columnar thin film is shown in Fig. 1.2. The columnar thin film is Ni and it was deposited
at a 45◦ angle onto a Ni substrate. The potential energy function used for simulating the particle interaction was the Lennard-Jones 12-6 and periodic boundary
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Reference Volume V

Subvolume Ωi

Figure 1.1. Partition of the reference volume V into identical subvolumes or bins, along
with a depiction of the group of particles that interact with the particles in the Ωi bin
(Andia et al., 2000a).

conditions were assumed only in the horizontal direction. The top plot in Fig. 1.2
shows the distribution of the 1111-component of the elastic moduli and the other
plot shows the distribution of the particles throughout the two-dimensional space
occupied by the simulated thin film. In order to generate these plots, the original
space was first divided in equal bins (10 500 bins in this particular case) and for
each bin an elastic moduli tensor was obtained. Note that the particles in a bin
might interact with particles in another bin that is not necessarily contiguous to
the first bin. Therefore, the above discussed method assigned an amount of the
calculated property (in this case the elastic moduli tensor) due to two particles to
all the bins containing a portion of the interaction line between those two particles.
The fraction of the calculated property assigned to each bin was proportional to the
fraction of interaction line inside each bin. A consequence of this way to distribute
the mentioned property is depicted in the lower plot of Fig. 1.2. Observe that there
are red dots over some bins. Those bins possess elastic moduli tensors with at least
one negative eigenvalue, which is not an admissible result. In other words, if the
elastic moduli tensor of a material system has one or more negative eigenvalues,
then such a system is not stable and, therefore, cannot exist. Now, observe that
the instabilities (i.e., the red dots) are distributed along the boundaries of the thin
film such as the column boundaries and internal voids. Consequently, the above
discussed method has the capability, which is dependent on the chosen bin size,
of determining the discontinuities in the material system. Moreover, the obtained
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Figure 1.2. Density plots of a two-dimensional Ni columnar thin film deposited at a
45◦ angle onto a Ni substrate.

instabilities are coherent with the entire material system since they appear in bins
that do not have mass and, therefore, those bins must not have an elastic moduli
tensor. The fact that they do have values for the moduli is only due to how the
above method computes local properties.
To the best of the author’s knowledge there is no established method for calculating local mechanical properties for the purpose of investigating their space
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distribution. However, it is common to find in the literature that a spatial tessellation different from the one mentioned above is created from the system of
particles and an atomic stress tensor (which is related to the virial stress tensor) is
calculated for each geometrical point that is occupied by a particle (Egami et al.,
1980; Chen et al., 1988). The spatial tessellation recommended is the Voronoi
polyhedron (Richards, 1974; Chen et al., 1988; Gil Montoro and Abascal, 1993),
which associates to each particle a convex region of the total volume that is the
closest to it than to any other particles. This geometrical construction is known
to material scientists as the Wigner-Seitz cell (Ashcroft and Mermin, 1976). The
construction of the Voronoi polyhedron and the calculation of its volume is not a
trivial problem from a computational point of view. Moreover, for crystal structures
or for particle configurations that resemble some kind of known arrangement, the
Voronoi polyhedron calculation can be skipped and an average local volume can be
assigned to all the particles. Other mechanical properties such as the local elastic
moduli tensor can also be computed for each Voronoi volume. Consequently, the
difference between this method and the one proposed earlier is the fact that the
latter could encounter subvolumes that have none to more than one particle in it,
while the former will always have one particle per subvolume.
In addition to the two methods discussed in the previous paragraph, there exist
other strategies in MD for calculating the point-wise distribution of a notion of a
local stress tensor. Tsai (1979); Hardy (1982); Lutsko (1988) have each proposed a
different method. Consequently, one can realize that there is no unique way to study
the space distribution of local mechanical properties for particle systems. This fact
has led the author to focus only on quantities that resemble space averages and space
and time averages of mechanical properties at the nanoscale. In comparison with the
local quantities, the global quantities can be defined uniquely as it will be shown in
the MD framework that will be derived from the continuum homogenization scheme.
The continuum homogenization scheme is inspired in homogenization theory and
intends to clarify some delicate issues concerning the mathematical assumptions
necessary to give a clear meaning to the definitions of effective kinematic and kinetic
quantities in a regime of large deformations, that is, how the global quantities are
related to the local ones. It is important to remark that homogenization theory
and MD share a common goal, which is the study of average mechanical properties.
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Therefore, these ideas suggest that a transition of concepts and results from the
continuum homogenization scheme to MD is possible. Such a transition can be
achieved by understanding that the effective properties of a system of particles at
a specific point in time can be taken to be equivalent to corresponding continuum
notions derived from space averages as understood in homogenization theory, under
similar boundary conditions.

1.3

Problem Statement

The problem that the author intends to address in this thesis consists of the
following key objectives:
(i) define the notions of macroscopic or effective kinematic and kinetic quantities
for heterogeneous materials with the aid of continuum mechanics concepts
and homogenization theory in both static and dynamic cases;
(ii) investigate in a context of large deformations the conditions under which the
above average mechanical properties are meaningful from both a mathematical
and a physical point of view;
(iii) develop the homogenization procedure in a Lagrangian-based fashion and
derive a novel effective constitutive relation for the effective stress tensor;
(iv) recast the Lagrangian-based continuum homogenization approach to a new
analytical MD framework and clarify the notion of stress for particle systems;
(v) compare the derived MD method with other methods that determine average
mechanical properties, specifically, with the Parrinello-Rahman method (cf.
Section 2.4.2); and
(vi) perform numerical experiments to demonstrate the correct notion of stress
and to generate stress-strain curves for molecular systems.
It is important to remark that this thesis does not deal with any specific homogenization problem. Therefore, within the continuum homogenization scheme this
work will assume that an appropriate RVE has been defined.
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1.4

Notation

The derivations presented in the continuum homogenization scheme will be carried
out using direct notation following common conventions (see, e.g., Gurtin, 1981;
Bowen, 1989). However, for completeness and clarity, this section will highlight
some of the important conventions.
The standard three-dimensional Euclidean point space will be denoted by E ,
while the corresponding translation vector space by V . Vectors, that is, elements of
V , will be denoted by lower-case bold italic Roman or Greek letters, for example,
a or α. The collection of all linear functions from V into V will be denoted by
Lin(V ), which is the space of second order tensors. Elements of Lin(V ) will be
denoted by upper-case sans serif letters such as A.
The material system under consideration in its deformed configuration will be
denoted by Ω and in its reference configuration will be denoted by Ωκ . Both Ω and
Ωκ are assumed to be regular subsets of E . The boundaries of Ω and Ωκ will be
denoted by ∂Ω and ∂Ωκ , respectively. The volumes of Ω and Ωκ will be denoted by
Vol(Ω) and Vol(Ωκ ), respectively. The boundaries ∂Ω and ∂Ωκ are oriented by the
outward unit normal vector fields n and nκ , respectively. The position of points in
the reference configuration will be denoted by χ and in the deformed configuration
by x.
The operators ‘Div’ and ‘div’ will indicate the divergence operators with respect
to χ and x, respectively. Similarly, the operators ‘Grad’ and ‘grad’ will indicate
the gradient operators with respect to χ and x, respectively. Finally, the symbol
, will indicate a definition.

Chapter

2

Theoretical Background
The present chapter will discuss various concepts, approaches and relations available
in the literature that directly affect the objectives of this thesis, which were stated
in Section 1.3. In particular, continuum mechanics concepts, homogenization theory,
concepts related to systems of particles and MD methods will be presented.

2.1

Continuum Mechanics Concepts

Continuum mechanics is a mathematical theory that describes diverse phenomena
by assuming that a physical body is continuous, that is, a body is understood
to be a topological and differentiable structure (Gurtin, 1981; Bowen, 1989). It
is a powerful theory in which it is possible, at least in principle, to analyze the
behavior of a body in a point-wise fashion. It has been traditionally maintained that
continuum mechanics cannot be applied to describe phenomena at the submicron
scale. However, in the past 15 years investigations have indicated that continuum
mechanics provides useful and accurate information at the nanoscale (see, e.g.,
Alber et al., 1992; Alber et al., 1996; Shibutani et al., 1998; Bhattacharya and
James, 1999). For this reason, continuum mechanics remains an extremely helpful
tool for researchers that investigate the behavior of materials at very fine length
scales.
The concepts of continuum mechanics are based on the idea that the physical
(or real) body of interest is mapped to the three-dimensional Euclidean point space
E through configurations (Gurtin, 1981; Bowen, 1989). Each configuration of the
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body occupies a region in E , which is assumed to be regular (Gurtin, 1981). A
regular region is understood to be a closed region with a piecewise smooth boundary.
This does not imply that a region is bounded. However, for the purpose of defining
the volume of a region one will require it to be bounded. Due to the existence of
the time dimension, a family of functions or configurations are needed to describe
a deformation process of the real body. Each of these configurations will map to
different regular regions in E . Furthermore, the collection of connected points
representing the physical body possess a family of functions and variables that
evolve with time and describe its different properties. A basic concept in continuum
mechanics is the use of two configurations to describe any deformation process.
These configurations are called the reference and deformed configurations, and will
be denoted by Ωκ and Ω, respectively. The reference configuration is fixed and
contains the original or initial characteristics and properties of the body, while
the deformed or current configuration will reflect the changes due to the body’s
motion, that is, after a deformation function has been applied to it. In general, a
deformation function is represented as
x = x(χ, t),

(2.1)

where x denotes the position of points in the deformed configuration, χ denotes
points in the reference configuration and t denotes time. The deformation function is
assumed to be “invertible”, that is, χ and x must have a one-to-one correspondence.
This implies that two or more points in the body cannot occupy the same physical
space at the same time. This property of the deformation function is instrumental
in giving a physical meaning to the continuum theory.
Physical properties such as velocity, stress, moduli and temperature, among
others, can be expressed in terms of two distinct sets of variables, namely χ and
t or x and t. For example, the temperature of a material could be given as a
function of χ and t, i.e., the position in the reference configuration and time, or as a
function of x and t, i.e., the position in the deformed configuration and time. When
properties are described with respect to the reference configuration, the underlying
formulation is said to be Lagrangian, whereas when properties are described with
respect to the deformed configuration, the theory is said to be Eulerian. In the
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former, the independent variables are the coordinates of the points in the reference
configuration. In the latter, the independent variables are the coordinates of the
points in the deformed configuration. The theory presented in this document follows
a Lagrangian formulation.
Tensor algebra and tensor analysis provide basic mathematical tools for deriving
helpful expressions in continuum mechanics. The continuum homogenization scheme
that this thesis will present makes use of many of these tools and, in particular, of
the divergence theorem. The divergence theorem can be expressed in multiple ways
(see, e.g., Gurtin, 1981). The following are four different forms of the divergence
theorem:
Z

Z
a · mκ dA =
∂Rκ

Div a dV,

(2.2)

Grad a dV,

(2.3)

[a · (Div A) + A · (Grad a)] dV,

(2.4)



(Div A) ⊗ a + A(Grad a)T dV.

(2.5)

Rκ

Z

Z
a ⊗ mκ dA =
∂Rκ

Z

Rκ

Z
a · Amκ dA =

∂Rκ

Z

Rκ

Z
(Amκ ) ⊗ a dA =

∂Rκ

Rκ

These identities hold for any vector a, smooth tensor A and bounded regular
region Rκ , and where mκ is the outward unit normal vector field on ∂Rκ (i.e., the
boundary of Rκ ).
A first definition in the discussion of the kinematics of deformation is the
deformation gradient tensor
F = Grad x,

(2.6)

where x is defined by the deformation function and det(F) > 0 for the deformation
to be physically admissible.∗ If F = I, then no physical deformation has occurred
since I is the identity second order tensor. In addition, if F is uniform (i.e., constant
throughout the regular region), then the deformation is said to be homogeneous. A
homogeneous deformation admits the following representation (Gurtin, 1981):
x = xa + F(χ − χa ),
∗

(2.7)

The det(F) represents, locally, the volume after deformation per unit of original volume.
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where χ is the position vector of a generic point in Ωκ , χa is the position of an
arbitrarily selected fixed point in Ωκ , and x and xa are the positions of those points
in Ω, respectively. In this study, the deformation gradient tensor is adopted because
it is defined in terms of the reference configuration and it is a nonlinear strain
measure.
In the discussion of kinetic quantities, the concept of stress in a body is central
since it relates to the mechanical interactions between the parts of a body or
between a body and its surroundings. These mechanical interactions occur during
the motion of the body and are described by forces. From a mechanical standpoint,
there exist two types of forces: surface and body forces. Cauchy’s theorem (see,
e.g., Gurtin, 1981; Bowen, 1989) proved the existence of the point-wise Cauchy
stress tensor and its connection to the mentioned types of forces. The Cauchy stress
tensor T is the stress in the deformed configuration and is symmetric. The stress
tensor in the reference configuration is known as the first Piola-Kirchhoff stress
tensor and is related to the Cauchy stress through the following general expression:
S = det(F)TF−T .

(2.8)

Note that the point-wise first Piola-Kirchhoff stress tensor is, in general, not
symmetric. It is important to mention that the first Piola-Kirchhoff and Cauchy
stress tensors only coincide when F = I or, in an approximate fashion, in a regime
of small deformations. In the case of the present work, these stress tensors will
not coincide and the use of both stress tensors will be necessary. The first PiolaKirchhoff stress tensor will be the measure of stress and the Cauchy stress tensor
will be taken as the “observable” stress.
The equilibrium equations that Cauchy’s theorem provides are the local statement of the balance of linear momentum, which can be written relative to the
reference and deformed configurations as
Div S + ρκ b = ρκ v̇

(2.9)
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and
div T + ρb = ρv̇,

(2.10)

respectively. In the above equations, ρκ and ρ denote the mass density distributions
in the reference and deformed configurations, respectively, b denotes the externally
applied force field per unit mass distributed in the interior of the body (i.e., the
body force field), v is the velocity field and the dot over a quantity denotes the
material time derivative of that quantity. In general, when studying mechanical
deformation processes it is safe to neglect the term representing the body force
field. Moreover, if the underlying deformation process is assumed to be quasi-static,
then Eqs. (2.9) and (2.10) simplify to
Div S = 0

(2.11)

div T = 0,

(2.12)

and

respectively.
The constitutive theory of an isothermal elastic material is very well established
(again see Gurtin, 1981; Bowen, 1989), and can be summarized as follows. When a
regular, bounded and simply connected body is subjected to an isothermal elastic
deformation process, its constitutive relations state that the first Piola-Kirchhoff
stress tensor is given by
S(F, χ) = ρκ (χ)

∂ψ(F, χ)
,
∂F

(2.13)

where ψ represents the Helmholtz free energy per unit mass, which, generally, is a
function of position and strain measure.
The last continuum mechanics concept to be presented in this section is that
of the elastic moduli. The elastic moduli, in general, are understood to be the
derivative of the chosen stress measure with respect to the chosen measure of
deformation. Therefore, the elastic moduli in the reference configuration are given
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by
C(F, χ) =

∂S(F, χ)
.
∂F

(2.14)

Observe that the elastic moduli in Eq. (2.14) is a fourth order tensor.

2.2

About Homogenization Theory

In the most general sense, the material properties of a heterogeneous medium may
vary point-wise in a continuous or discontinuous manner, in a periodic or nonperiodic fashion, deterministically or randomly (Maugin, 1992). Homogenization
theory deals with the determination of space average properties of material systems
that are considered heterogeneous at the microscopic scale. For an introduction
to the subject see, for example, the presentations by Mura (1987); Suquet (1987);
Maugin (1992). For discussions that are more technical from a mathematical
viewpoint, one can refer to the presentations by Bensoussan et al. (1978); Bakhvalov
and Panasenko (1989); Jikov et al. (1994). As mentioned in Section 1.1 there exist
a number of homogenization schemes. Regardless of the homogenization scheme
one would want to apply, evaluating average properties of materials makes sense
only when at least two length (and, possibly, time) scales can be defined. The
definition of these scales is not discussed herein. The focus of the present research
is to follow the works of Suquet (1985, 1987) for defining a constitutive equation
applicable to average mechanical quantities.
As presented by Suquet (1985), one should basically follow four steps to derive
the effective or macroscopic properties of a heterogeneous medium. The first step
consists on modeling the heterogeneous medium by means of an equivalent homogeneous medium. In order to construct the equivalent homogeneous medium, one
needs to define a representative volume element (RVE) from the original heterogeneous medium. The RVE should be small enough to distinguish heterogeneities in
it and large enough to capture the overall behavior of the original heterogeneous
medium (Suquet, 1985). The equivalent homogeneous medium is then constructed
as a distribution of the RVE over the entire space that the heterogeneous medium
would occupy. Consequently, two different length scales have been introduced in
the model: the microscopic scale, which is defined by the size of the RVE and it
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is assumed to be large enough to apply continuum mechanics theory; and, the
macroscopic scale, in which the equivalent homogeneous medium is studied. Notice
that each scale has its own family of variables. The present work will assume that
an RVE can be defined for any material system of interest and that the equivalent
homogeneous medium consists of a periodic distribution of such an RVE.∗
The second step consists on defining the macroscopic or effective variables
in the equivalent homogeneous medium from the microscopic or local variables
defined in the RVE. In general, a macroscopic variable is the space average of its
corresponding microscopic variable, which, in the context of infinitesimal strains,
is taken to be the volume average. This definition was initially proposed by Hill
(1963). Later, Hill (1972, 1984) (see also Nemat-Nasser, 1999) extended the volume
integral averaging definition to regimes of finite strains. Hill (1972) points out that
the macroscopic variables must be defined in terms of the information given on the
boundary of the RVE. However, the definitions he presents for effective deformation
and stress are given as volume averages, which he then relates to boundary averages.
The author has adopted Hill’s principle (not Hill’s definitions), which is embraced
by a good portion of the micromechanics community (see, e.g., Suquet, 1985; Stolz,
1986; Maugin, 1992), according to which a fundamental requirement to be met
by acceptable notions of effective kinematic and kinetic quantities is that they be
defined as boundary averages instead of volume averages. Note that in the following
chapter, this thesis will review, refine and expand upon the definitions of effective
kinematic and kinetic quantities in a regime of large deformations.
The third step is known as the localization procedure, which consists on determining the microscopic variables from the known macroscopic ones. In order to
carry on this step one will need the prescribed macroscopic quantities, the space
average definitions (from the previous step), the microscopic constitutive law, the
proper equilibrium equations and the conditions due to geometrical considerations
(Suquet, 1985, 1987; Maugin, 1992). The geometrical considerations will pose the
suitable boundary conditions to the governing partial differential equations (i.e.,
the equilibrium equations). It is important to mention that the chosen boundary
conditions must reproduce as closely as possible the true boundary conditions of
∗

For examples in methodologies that estimate the RVE of heterogeneous materials refer to

Drugan and Willis (1996); Shan and Gokhale (2002).
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the RVE in the heterogeneous medium. In addition, the solution, either analytically or numerically, of the microscopic initial/boundary value problem intends to
describe the behavior of the RVE given some information at the macroscopic scale.
However, this step is not a trivial one and is not always possible. This thesis will
utilize a Lagrangian-based approach for describing the behavior of the RVE at the
microscopic scale.
The last step is the homogenization procedure itself, in which, if possible, the
macroscopic variables are related through a constitutive relation that depends on
the obtained microscopic behavior. This will allow one to evaluate macroscopic
properties of the equivalent homogeneous medium. Note that the homogenization
procedure is understood to be the inverse of the localization procedure (Suquet,
1987; Maugin, 1992) and, strictly speaking, requires the solution of the above
mentioned boundary value problem. The present work will propose a novel effective
constitutive relation for heterogeneous materials that behave isothermally and
elastically.
The boundary value problem discussed in the third step needs to be posed so
as to guarantee that the corresponding solution is characterized by specific average
values of a chosen kinematic or kinetic variable. This can only be achieved by
enforcing an appropriate set of boundary conditions (since the governing partial
differential equations defining the system cannot be changed). In this context, the
properties sought are to relate the average values of some kinematic to some kinetic
quantities. For example, for an anisotropic linear elastic material one can compute
the average elastic moduli by posing a boundary value problem whose solution is
characterized by a certain prescribed average value of the strain (or stress) and then
solving for the corresponding average value of the stress (or strain). The average
moduli are then computed by relating the prescribed average strain (or stress) to
the corresponding computed average stress (or strain).
In order for the boundary value problem to be well posed,∗ homogenization
theory has provided in the context of infinitesimal strains three “canonical” sets of
boundary conditions that have a strong physical meaning and allow one to prescribe
the average value of a selected quantity (Suquet, 1985, 1987; Stolz, 1986; Maugin,
∗

A well posed boundary value problem guarantees that a solution exists and that such a

solution is unique and a continuous function of the boundary data.
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1992). These are the following:
1. uniform strain, guaranteeing a prescribed average strain;
2. uniform stress, guaranteeing a prescribed average stress; and
3. periodic, guaranteeing a prescribed average strain along with a periodic
displacement field as well as an anti-periodic traction field over the solution
domain.∗
Observe that in a regime of small deformations, the importance of the boundary
conditions is somewhat overshadowed by the enforcement of the principle of virtual
work (also known as the Hill-Mandel macro-homogeneity condition), that is, the
space or volume average of the micro-work should be equal to the macro-work
(Suquet, 1985, 1987; Stolz, 1986; Maugin, 1992). In other words, if a material
system ensures the principle of virtual work, then it is guaranteed that any of the
three boundary conditions stated above are mathematically possible to consider for
such a system.
The context in which the present document will develop its model is in a regime
of large deformations. In this context, the problems are nonlinear in nature and,
therefore, their well posedness cannot be guaranteed. Hill (1972, 1984) proposed two
types of boundary conditions for finite strain problems. He refers to them as “microuniform” boundary conditions and they were formulated so as to satisfy various
macro-homogeneity conditions. This thesis will generalize the three “canonical” sets
of boundary conditions to finite strain regimes and compare them with Hill’s “microuniform” boundary conditions. In addition, the generalized boundary conditions
will be accompanied by slightly more stringent requirements with respect to Hill’s
macro-homogeneity conditions.
The main goal of any homogenization scheme, as discussed in this section, is
to perform the homogenization procedure (i.e., the last step), which usually turns
out to be a difficult task to achieve. For this purpose, some fundamental issues
concerning the definitions of space average kinematic and kinetic quantities will be
revisited. This document will propose some definitions for effective deformation
∗

This boundary condition is to be considered the one to use whenever studying media with

periodic microstructure.
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and stress, and then explore their meaning. It will be shown that it is not possible
to define such quantities with no concern for the conditions at the boundary of the
system, and it will be explored which of the three generalized “canonical” sets of
boundary conditions give meaningful average quantities and which do not. Finally,
a Lagrangian-based approach will be taken for defining a novel effective constitutive
relation.

2.3

Concepts related to Particle Systems

A system of particles with an ordered spatial arrangement constitutes a crystalline
microstructure. Crystals have been the object of numerous theoretical studies (see,
e.g., Born and Huang, 1954; Wallace, 1972; Martin, 1975a,b,c; Kunin, 1982, 1983).
However, given that the interest herein is not on a specific type of material system,
this study does not make any assumptions concerning the spatial arrangement of
the system of particles, that is, the system could be crystalline, amorphous or have
any other microstructure.
In this section, two classical concepts related to the mechanics of particle systems
will be briefly reviewed since they are fundamental in the development of the ideas
and expressions of this dissertation. These are the Euler-Lagrange equations and
the virial theorem. The former belongs to the branch of mechanics called analytical
mechanics. The latter is usually presented in the field of statistical mechanics.

2.3.1

On Lagrangian Mechanics

Analytical mechanics bases the description of the behavior of a system of particles on
two fundamental scalar quantities named the kinetic energy and the work function
(Lanczos, 1970). The former was initially termed “vis viva” (i.e., living force in
Latin) as one can read in the early works on analytical mechanics from Leibniz,
Clausius, among other authors. The latter is usually replaced by the potential
energy and will be explained in more detail when used in Lagrangian functions. A
Lagrangian function is the difference of the two mentioned scalar quantities and,
therefore, contains a complete description of the dynamics of a particle system
(Lanczos, 1970). Furthermore, such a function is the input to the Euler-Lagrange
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equations for obtaining the (governing) equations of motion of a dynamical system.
In this work, the process of using a Lagrangian function to describe the local
behavior of a material system of interest (i.e., either continuum or discrete) and the
application of the Euler-Lagrange equations to obtain the equilibrium equations of
such a system will be termed Lagrangian-based approach.
It is important to keep in mind that a Lagrangian-based approach can be set
up in essentially two equivalent ways. One way is to define the Lagrangian function
as L1 = T − U , where T is the total kinetic energy and U = Ψ − Qi qi , Ψ being the
system’s energy stored in the internal interparticle bonds, qi being the i-th degree
of freedom of the system and Qi being the external generalized force conjugate to qi .
With such a definition, the contribution from an external force system is “built-in”
into the Lagrangian function and the Euler-Lagrange equations are obtained as
follows:



∂L1
d ∂L1
−
= 0,
dt ∂ q̇i
∂qi

(2.15)

for each degree of freedom of the system. A second approach (see, e.g., Meirovitch,
1988) is one in which the Lagrangian function is defined as L2 = T − Ψ. In this
case, the Lagrangian formalism must be carried out in the following manner:


d ∂L2
∂L2
−
= Qi ,
dt ∂ q̇i
∂qi

(2.16)

for each degree of freedom of the system. In Section 5.2, the second approach will
be followed for presenting the equations of motion of the MD method. The reason
for using Eq. (2.16) instead of Eq. (2.15) will be explained in such a section.

2.3.2

The Virial Theorem

The virial theorem, originally stated and proved by Clausius (1870), is the basis
for the development of some classical mathematical expressions found in statistical
mechanics (see, e.g., Pathria, 1996). These expressions are often used in theory
of gases as well as in MD and Monte Carlo simulations. The virial theorem was
conceptually proposed for a system of identical particles in equilibrium. The
intention that Clausius (1870) had by presenting the virial theorem was to apply it
for obtaining a relation between pressure, volume and temperature in an imperfect
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gas encountered in a steady state (Jeans, 1925). Before stating the theorem,
Clausius (1870) defined the virial of a system of N particles in equilibrium to be
1
−
2

* N
X

+
fi · ri

,

(2.17)

i=1

where fi and ri denote the total force and position vectors of the i-th particle,
respectively, and the notation h·i indicates the time average of a quantity.∗ The
virial theorem states that the time average of the total kinetic energy of a system
of N particles in equilibrium is equal to its virial, that is,
* N
X1
i=1

2

+
mi ṙi · ṙi

1
=−
2

* N
X

+
fi · ri

,

(2.18)

i=1

where mi denotes the mass of the i-th particle. The virial theorem as it is stated
in Eq. (2.18) is only valid for the entire system of particles. However, the concept
behind the virial theorem is also applicable to each individual particle as well as to
each of the three components.
Clausius (1870) accompanies his proof of the virial theorem with an expression
that relates pressure, volume and kinetic energy of an enclosed system of particles
in equilibrium. To derive such an expression notice that the virial of the system
depends on the type of forces acting upon each particle. Moreover, these forces can
be classified into external and internal forces. The former exists by the fact that
one is enclosing the system in some “box” with fixed volume, and in the case of
a gas it is described by the pressure P one can measure at the boundary of the
enclosing volume Vol(Ω). The latter are the forces exerted by the particles upon one
another, and these can be assumed to be governed by some interparticle potential
energy function. Clausius (1870) assumed a pairwise function u(rij ), where rij is
the distance between two particles, i and j, and derived the following expression:
* N
X1
i=1
∗

2

+
mi ṙi · ṙi

3
1
= P Vol(Ω) +
2
2

* N N
+
X X ∂u
krij k ,
∂r
ij
i=1 j>i

The definition of the time average of a function is given in Eq. (3.15).

(2.19)
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where krij k =

√

rij · rij and rij = rj − ri . Equation (2.19) is a classical expression

used for obtaining the pressure of a system of particles in equilibrium in standard
MD and Monte Carlo simulations.
A final observation regarding the virial theorem is that of a generalized notion
of the virial of a system, which can be attributed to Finger (Truesdell and Toupin,
1960). In the generalized virial, the inner product between the force and position is
replaced by the corresponding tensor product. One can easily go from the tensor
product definition of virial to that in terms of the inner product by taking the
trace of the tensor product in question. This observation becomes important in the
discussion of the concept of stress for particle systems.

2.4

About Molecular Dynamics Methods

MD simulations are theoretical experiments (carried out in a computer) of material
systems modeled as discrete systems of particles. The governing equations of
an MD simulation are ordinary differential equations that have their source in
classical particle physics. Although an MD simulation tries to resemble a real
phenomenon, the conditions that define the theoretical experiment might or might
not be achievable through a real experiment. The reason being the space and time
scales in which MD is applicable. MD simulations are carried out at the nanoscale
and the period of time covered by an entire simulation is relatively short, that is,
in the picosecond to nanosecond time range. Despite these constraints, MD is an
extremely useful numerical tool for modeling the behavior of materials in different
states since one is able compute their structural and dynamical properties.
A typical MD simulation solves an initial value problem as well as a boundary
value problem. In essence, an MD simulation is composed of two interaction models.
The first model studies the interaction among the particles, which, depending on
the material system to be analyzed, such an interaction is described by one or
more interparticle potential energy functions. The potential functions are obtained
from empirical models or from quantum mechanics calculations, and, in general,
the choice of a particular function depends on the type of bonding of the material
system of interest, such as metallic, ionic or covalent. For example, a common
choice for metals is a pairwise potential or a many-body potential such as the
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Lennard-Jones (Jones, 1924) or the embedded-atom method (Daw and Baskes,
1983, 1984), respectively. This first model provides the physics to an MD simulation
and uses the given initial conditions to explicitly solve the equations of motion for
each individual particle. It is important to mention that any property calculated
once the system of particles is in equilibrium must be independent of the initial
conditions, and, usually, such a property is a time and space average quantity.
The second model studies the interaction between the system and its environment,
which is specified by the boundary conditions. In common texts on MD (Allen
and Tildesley, 1987; Haile, 1992; Frenkel and Smit, 1996; Raabe, 1998), the topic
of boundary conditions focuses on the idea that the ensemble simulated in MD
should be considered a cell within a lattice of identical cells. This periodicity
requirement is referred to as a periodic boundary condition and it is enforced by
allowing the particles within the MD cell to interact with particles outside the cell,
whose positions are determined by creating periodic images of the cell under study.
Furthermore, particles are allowed to move across the boundary of the cell and, as
one particle moves outside the cell, an identical particle is made to enter the cell
with identical velocity and at a location which is the periodic image of the exit
location. By imposing periodic boundary conditions one can simulate an infinite
system of particles and avoid surface effects. In this sense, one can compute bulk
properties of materials.
The conventional MD method determines the dynamical equilibrium configuration of a system of interacting particles, and elaborates an analysis of its structure
and its physical properties. Essentially, this method solves Newton’s equations of
motion for a system of N particles enclosed in a cell with fixed volume V . Because
the system is isolated, the total energy E of such a system is conserved∗ and, by
invoking the ergodic hypothesis (see, e.g., Weiner, 1983), the time average of a
global property in the conventional MD method resembles the average of such
a property over a microcanonical ensemble, where the thermodynamic state is
determined by the variables N , V and E. In this sense, statistical mechanics
∗

It is important to mention that the total linear momentum of the system is also conserved

and, usually, set to zero at the beginning of the MD simulation so as to prevent a net motion of
the system’s center of mass. However, the total angular momentum is not conserved during the
MD simulation.
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concepts are related to MD simulations.
Other MD methods study systems away from their dynamical equilibrium
configuration. In these methods, an external physical condition (e.g., pressure or
temperature) is enforced to the system to establish the nonequilibrium situation of
interest and its dynamical evolution is followed. During the early 1980s a number
of MD schemes that fall into this category were developed and tested (Andersen,
1980; Parrinello and Rahman, 1980, 1981; Nosé, 1984), and, currently, are widely
used in scientific MD codes (Rapaport, 1995; Frenkel and Smit, 1996; Field, 1999).
Among the schemes developed in the early 1980s one finds a method for simulating a fluid subjected to a constant pressure, which was proposed by Andersen (1980).
This method was later modified by Parrinello and Rahman (1980, 1981) to study
solids under an externally applied hydrostatic pressure and stress tensor. These
methods are said to resemble isoenthalpic-isobaric (Andersen, 1980; Parrinello and
Rahman, 1980) and isoenthalpic-isostress (Parrinello and Rahman, 1981) ensembles.
A fluid at a constant pressure will present fluctuations in its volume (Andersen,
1980). In the case of a solid not only the volume but the shape of the MD cell will
vary with time (Parrinello and Rahman, 1980, 1981). Another well established MD
method is the one proposed by Nosé (1984), which is a method for simulating a
material system at a constant temperature. Such a method is said to resemble a
canonical ensemble. Although these methods are widely accepted by the scientific
community, they start by defining an ad hoc Lagrangian (i.e., not derivable from
“first principles”) to describe the time evolution of their independent dynamical
variables.
In addition to the MD methods mentioned in the previous paragraph, one can
encounter in the literature refined versions of those MD methods that intend to
tweak them in order to force them to obey certain principle and/or theorem, which
initially those methods did not obey. Examples of these refined MD methods are the
works of Ray (1983); Cleveland (1988); Ribarsky and Landman (1988); Wentzcovitch
(1991). More recent examples are the publications of Lill and Broughton (2000);
Aoki et al. (2003, 2004). Cleri (2001) has proposed a constant-traction MD method
for non-periodic particle systems of finite size that reproduces the loading conditions
of an infinite continuum system. This MD method utilizes in its presentation topics
such as the concept of stress of particle systems and the Parrinello-Rahman method,
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which this thesis addresses them in Sections 2.4.1 and 2.4.2, respectively.
This dissertation will derive a strain controlled MD method for particle systems.
The author is aware of the existence of some strain controlled MD methods (see,
e.g., Ribarsky and Landman, 1988; Ikeda et al., 1999). However, the MD method
this thesis will develop differs from the ones pointed out in that all the relations to
be derived are consistent with continuum homogenization concepts.

2.4.1

The Virial Stress Tensor

The virial stress is the notion of effective stress typically used in MD simulations.
One can find in the literature that it has received other names such as the ‘microscopic stress tensor’, the ‘total internal stress tensor’ and ‘the pressure tensor’. This
dissertation will denote the virial stress tensor by P and will express it as follows:
N

1 X
P=
Vol(Ω) i=1




∂Ψ
⊗ ri − mi ṙi ⊗ ṙi ,
∂ri

(2.20)

where the notation used follows the one in Section 2.3. It is important to note that
the expression in Eq. (2.20) is a space average quantity, where the averaging is
done over the entire volume of the MD cell. Informally, one can derive the virial
stress in several ways. For example, Swenson (1983) derived it from the generalized
notion of the virial theorem, that is, from an expression similar to the one given in
Eq. (2.18) in which the inner product is replaced by the tensor product. Nielsen
and Martin (1983) derived it by introducing a uniform scaling of the position vector
by an infinitesimal strain tensor and then performing a Taylor series expansion of
the total energy of a system of particles. They affirmed that the virial stress tensor
is given by the coefficients of the first order expansion term. Other derivations of
the virial stress using quantum mechanics principles can be found in the works of
McLellan (1974); Nielsen and Martin (1985).
In addition to the expression of the virial stress tensor given in Eq. (2.20),
researchers in materials science and physics have developed and discussed various
notions of a point-wise stress tensor. This type of stress is also known as the ‘local
stress tensor’ and the ‘atomic-level stress tensor’. One can find in the literature at
least five different ways to define a point-wise stress tensor, which clearly indicates
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that there is no unique way to define a valid notion of such a stress tensor. The
most common notion of a point-wise stress tensor is that defined from the virial
stress. Chen et al. (1988) broke up the virial stress into local atomic-level stresses
such that the following volume average can be performed:
N

1 X
Vol(Ωi )Pi ,
P=
Vol(Ω) i=1

(2.21)

where Vol(Ωi ) is a conveniently defined region of space surrounding the i-th particle
(e.g., computed using a Voronoi tessellation), and Pi is the atomic-level stress at
the i-th particle, which is often defined as

Pi =

1
1

Vol(Ωi ) 2

N
X



(fij ⊗ rij ) − mi ṙi ⊗ ṙi  ,

(2.22)

j=1
j6=i

where fij is the force exerted on particle i due to the presence of particle j (i.e., it
has been assumed that the interaction between particles is governed by a pairwise
potential function). As mentioned above, to the best of the author’s knowledge,
there exist at least other four ways of defining a point-wise stress. One of these
ways is the stress formulation developed by Tsai (1979) and later revisited by
Cheung and Yip (1991). Another one was given by Lutsko (1988) and later refined
by Cormier et al. (2001). A third way was that proposed by Hardy (1982) and
later extended by Zimmerman et al. (2004). Finally, the last one is based on the
theory of crystal elasticity, and, more specifically, on the method of homogeneous
deformations (Born and Huang, 1954). Applications of this last method were given
by Srolovitz et al. (1983); Alber et al. (1992). The author has also developed a
notion of a local residual stress tensor based on a homogeneous type of deformation
(Andia et al., 2000a; Andia, 2000; Andia et al., 2000b) and, therefore, such a work
can be categorized in the last mentioned method for defining point-wise stress
tensors.
Despite the extensive use of the virial stress by the materials science, mechanics
and physics communities in the last 30 years, recently it has been proven by Zhou
(2003) that the expressions given in Eqs. (2.20) and (2.22) do not relate to the
continuum mechanics notion of stress, that is, to the Cauchy stress tensor, since one
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would incur a violation of the balance of linear momentum. It should be remarked
that Zhou (2003) has performed an extensive review of the concept of the virial
stress, in addition to comment and correct some of the works regarding the notion
of a point-wise stress tensor. Finally, to conclude the discussion of the virial stress
tensor, it is important to mention that this dissertation will clarify the concept
of the virial stress with the aid of the continuum homogenization model to be
presented in Chapters 3 and 4.

2.4.2

The Parrinello-Rahman Method

Parrinello and Rahman (1980, 1981, 1982) introduced their MD method for the
purpose of studying structural transformations in solids that are subjected to
a external hydrostatic pressure (formulation ‘A’) or a stress tensor at a finite
temperature (formulation ‘B’). In order to derive their method, they affirmed that
changes in the shape and volume of the MD cell must be allowed. Note that an MD
cell can be described by three linearly independent vectors, which represent the
edges of the cell. Parrinello and Rahman (1980, 1981) let these three vectors be time
dependent, which adds more degrees of freedom to the problem since the positions
of the particles are also time dependent. In fact, they write the position of a particle
i (i = 1, . . . , N ) as a linear combination of the three aforementioned vectors, that
is, ri = hsi , where h is a matrix in which each column is one of the three vectors
describing the MD cell and si is a vector whose components are the coefficients
of the mentioned linear combination and vary between 0 and 1 (Parrinello and
Rahman, 1980, 1981). The ad hoc Lagrangian proposed by Parrinello and Rahman
(1980) to study solids under an externally applied hydrostatic pressure is

Lp (. . . , si , ṡi , . . . , h, ḣ) =

N
X
1
i=1

2

mi ṡi · Gṡi −

N
−1 X
N
X

u(rij )

i=1 j>i

1
+ W tr(ḣT ḣ) − pV, (2.23)
2
where mi is the mass of the particle i, G = hT h, u is a pairwise potential energy
function, rij is the distance between particles i and j, W is a constant with
dimensions of mass, p is the externally applied hydrostatic pressure, and V = det(h)
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is the volume of the cell. For the case of an external applied stress tensor, Parrinello
and Rahman (1981) formulated the following Lagrangian:
LS (. . . , si , ṡi , . . . , h, ḣ) = Lp −

1
tr(ΣG),
2

(2.24)

−T
where Σ = V0 h−1
is a symmetric tensor in which V0 is the initial volume
0 (S − p I)h0

of the cell, h0 is the initial h matrix, S is the externally applied stress tensor and I
is the identity tensor.
Parrinello and Rahman (1981) admit that their proposed Lagrangians are not
derivable from “first principles”. For example, one can easily notice that kinetic
energy terms are missing in Eqs. (2.23) and (2.24) since ṙi = ḣsi + hṡi , and
instead the kinetic energy term 12 W tr(ḣT ḣ) is used to replace the omitted terms.
However, following Andersen’s (1980) work, they derive the equations of motion for
each Lagrangian and show that, with certain accuracy, isoenthalpic-isobaric and
isoenthalpic-isostress statistical ensembles are resembled (Parrinello and Rahman,
1980, 1981). What is important from both Lagrangians are the equations of motion
that result from them. From Eq. (2.23) Parrinello and Rahman (1980, 1981) obtain
the following set of coupled ordinary differential equations:
N
1 X 1 du
s̈i = −
(si − sj ) − G−1 Ġṡi
mi j6=i rij drij

ḧ =

i = 1, . . . , N,

V
(PPR − p I)h−T ,
W

(2.25)
(2.26)

where
PPR

N
N −1 N
1 X
1 X X 1 du
=
mi (hṡi ) ⊗ (hṡi ) −
(ri − rj ) ⊗ (ri − rj ).
V i=1
V i=1 j>i rij drij

(2.27)

Moreover, from Eq. (2.24) the equations of motion that Parrinello and Rahman
(1981) obtain are Eq. (2.25) as before, and
ḧ =
which are also coupled.

V
1
(PPR − p I)h−T − hΣ,
W
W

(2.28)
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There are two important remarks about these sets of coupled equations. The
first remark is regarding either Eq. (2.26) or Eq. (2.28), that is, the equations of
motion for the h matrix. Observe that both of them involve the term PPR defined in
Eq. (2.27). Parrinello and Rahman (1980, 1981) name PPR the “internally generated
stress tensor”, which, to the best of the author’s knowdledge, is very similar but
not equal to the virial stress tensor (cf. Eq. (2.20)) since the “kinetic” term of PPR
does not employ the true velocity of a particle. Instead it employs the velocity of a
particle as if the observer were moving with the MD cell. Regardless of the previous
comment, Parrinello and Rahman (1980, 1981) conclude that such equations allow
one to study the nonequilibrium phenomena driven by the imbalance between the
externally applied pressure or stress and the internally generated stress. The second
remark concerns the set of coupled ordinary differential equations for either case.
Notice that both equations in either set do not have terms with second or higher
order time derivatives of the other independent variables. This fact makes the set
of coupled equations relatively easy to solve and, therefore, a time history of the
structure can be obtained.

2.5

Comments on Homogenization Theory and
Molecular Dynamics

As mentioned on the previous section, one of the goals of MD simulations is to
determine different properties of the material system of interest. In this sense,
MD and homogenization theory have a similar objective, that is, obtaining global
properties from local behavior. However, in MD one is interested not only in
calculating the global properties of the entire system of particles at a specific
point in time, but, more importantly, one is interested in the time average of such
properties (Allen and Tildesley, 1987; Haile, 1992; Frenkel and Smit, 1996; Raabe,
1998). The properties of the discrete system of particles at a specific point in time
can be taken to be equivalent to corresponding continuum notions derived from
space averages as understood in homogenization theory, under specified boundary
contions.
In homogenization theory three types of boundary conditions were presented,
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while in MD only one was discussed since any other type of boundary condition
would be specifically designed for the simulation one would desire to run. A question
that the present document is interested in discussing concerns the way in which the
periodic boundary condition from homogenization theory compares to the periodic
boundary condition from MD. To the author’s knowledge, both conditions can
be taken to be equivalent in a loose sense since the latter requires motion on the
boundary to be periodic but there is no explicit requirement on the force field
applied to the boundary as it is required by the former. However, it is true that
the latter constrains the momentum flux through the boundary to be anti-periodic
and it is in this sense that the anti-periodicity of the boundary traction field is
enforced. In addition, observe that it would be impossible to strictly enforce in an
MD simulation the periodic and uniform stress boundary conditions as they are
understood in homogenization theory. However, it would be possible to enforce the
uniform strain boundary condition by identifying boundary particles and prescribing
their motion.
A final observation concerns MD methods such as those by Andersen (1980);
Parrinello and Rahman (1980, 1981, 1982), and how stress controlled processes
are understood in homogenization theory. For example, the Parrinello-Rahman
method, described in Section 2.4.2, is a method that allows one to derive properties
under pressure or stress control. Note that contrary to what one would normally
do in homogenization theory, the stress control is achieved while using periodic
boundary conditions instead of enforcing stress boundary conditions. In other
words, the pressure or stress control in such MD methods is not achieved by
applying a force field at the boundary of the MD cell so as to result in a given
boundary pressure or stress, as can be done in homogenization theory. Moreover, in
continuum homogenization the use of uniform stress boundary conditions guarantee
that the space average stress will be exactly what one wants it to be, and the
boundary motion is generally not periodic. However, as commented in the previous
paragraph an MD simulation considering the uniform stress boundary condition
would be impossible to formulate and, therefore, when comparing stress controlled
processes in continuum homogenization with the corresponding ones in MD, the
“right” boundary condition to use in continuum homogenization should be of periodic
type even when the underlying process is of stress controlled type.

Chapter

3

Continuum Homogenization Model:
Part I
The present chapter will begin the discussion of the continuum homogenization
model for deriving effective mechanical properties of heterogeneous media in a
context of finite deformations. With reference to the discussion of homogenization
theory presented in Section 2.2, this chapter will review and refine some definitions
of effective kinematic and kinetic quantities (i.e., the second step), and discuss
the consequences they impose for the derivation of the homogenization procedure.
Boundary conditions will be discussed and, in particular, generalized expressions
useful in a regime of large deformations of the three “canonical” sets of boundary
conditions will be presented. It will be showed that the specification of the boundary
conditions plays a very important role in the very definition of the average space
quantities. Note that this research will not discuss how to define a proper RVE (i.e.,
the first step)—it will be assumed that it has been already defined. In addition,
note that the work to be presented in this chapter is an extended edition of the
publications of Costanzo et al. (2004, 2005).

3.1

Effective Kinematic Quantities

This section discusses the definitions of average measures of deformation. In linear
elastic homogenization, this topic is essentially confined to the definition of the
effective small strain tensor. Here, the measure of effective deformation will be
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given in terms of the deformation gradient tensor since the working context is in
large deformations. Given a bounded RVE in its reference configuration subject
to a motion x = x(χ, t), then the effective deformation gradient tensor will be
denoted by JFK and defined as
1
JFK ,
Vol(Ωκ )

Z
x ⊗ nκ dA.

(3.1)

∂Ωκ

Note that this definition is motivated by a desire to characterize deformation using
information available on the boundary of the system under consideration. Assuming
that the deformation process in question is smooth and that the interior of Ωκ
is free from features such as cracks or holes, a straightforward application of the
divergence theorem (cf. Eq. (2.3)) yields the conclusion that
Z

1
JFK =
Vol(Ωκ )

F dV,

(3.2)

Ωκ

that is, the effective deformation gradient is, in fact, the volume average of the
deformation gradient. Clearly, should the domain Ωκ be multiply connected or
characterized by cracks or phase boundaries, Eq. (3.2) would no longer hold.
In addition, the definition of the effective inverse deformation gradient tensor
will be introduced since it will be needed in some of the discussions that follow.
Given a bounded RVE in its deformed configuration subject to a motion x = x(χ, t),
then the effective inverse deformation gradient tensor will be denoted by JF−1 K and
defined as

q −1 y
F
,

1
Vol(Ω)

Z
χ ⊗ n da,

(3.3)

∂Ω

where χ is to be understood as the inverse of the motion or deformation function
and, therefore, a function of x and t.∗ Again, under proper smoothness and
regularity assumptions, one can use the divergence theorem (cf. Eq. (2.3)) to obtain
q −1 y
F
=
∗

1
Vol(Ω)

Z

F−1 dv.

Ω

q
y
The author is not aware of any work presenting a definition of F−1 .

(3.4)
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3.2

Effective Kinetic Quantities

This section will be divided into two cases, the first will present definitions of
space average measures of stress and the second will explore the relations that the
previous quantities obey when averaged over time. Note that when the deformations
are large, the Cauchy stress and the first Piola-Kirchhoff stress do not coincide.
Therefore, each of the following subsections will also be divided into two cases, one
considering the Cauchy stress and the other one the first Piola-Kirchhoff stress.

3.2.1

Static Case: Average Stress Tensors in Space

3.2.1.1

Definition of the Effective Cauchy Stress Tensor

Given a bounded RVE in its deformed configuration subject to a motion x = x(χ, t)
and a traction field Tn acting on the boundary of said RVE, then the effective
Cauchy stress tensor will be denoted by JTK and defined as
1
JTK ,
Vol(Ω)

Z
(Tn) ⊗ x da.

(3.5)

∂Ω

Observe that this definition does not rely on a volume average operation, as it is
the case in a regime of small deformations (see, e.g., Hill, 1963), since the integral
is being performed over the boundary. In fact, notice that it is difficult or even
impossible to evaluate a true volume average when a body is not regular. Therefore,
the effective stress defined in Eq. (3.5) is a better measure of the overall stress
than is the volume average of the stress since it does not require information from
the interior of a body—it only requires knowledge of the traction field over the
boundary of a body. What follows is a review of the relationship between what has
been defined to be the effective stress and the true volume average of the stress.
Start by considering the tensor product of Eq. (2.12) with the position vector
x, that is,
(div T) ⊗ x = 0.

(3.6)

The volume integral of Eq. (3.6) is then given by
Z
(div T) ⊗ x dv = 0.
Ω

(3.7)
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Moreover, applying the divergence theorem (cf. Eq. (2.5)) one can write Eq. (3.7)
as
Z

Z
(Tn) ⊗ x da −

∂Ω

T(grad x)T dv = 0

Ω

or
Z

Z
(Tn) ⊗ x da −

∂Ω

T dv = 0.

(3.8)

Ω

Finally, a simple manipulation of Eq. (3.8) gives
1
Vol(Ω)

Z

1
T dv =
Vol(Ω)
Ω

Z
(Tn) ⊗ x da,

(3.9)

∂Ω

which is sometimes referred to as Signorini’s theorem (Gurtin, 1981). Equation (3.9)
demonstrates that under the stated assumptions, the true volume average of the
stress and the effective stress coincide. However, as will be discussed later, this is
not in general the case. To the author’s knowledge, the effective stress is a better
measure of the average stress (not the true volume average) in the context of large
deformations since it is what one observes through the boundary.
3.2.1.2

Definition of the Effective First Piola-Kirchhoff Stress Tensor

When the deformations are large, the Cauchy stress and the first Piola-Kirchhoff
stress do not coincide. Since the motivation of the present document lies in large
deformations from MD simulations, one must consider the effective first PiolaKirchhoff stress tensor. The definition to be introduced below is formally very
similar to that used for the effective Cauchy stress. The main difference is that the
averaging process for the first Piola-Kirchhoff stress is carried out in the reference
configuration instead of in the deformed configuration. Because of the fact that
the definition of the effective first Piola-Kirchhoff stress tensor is distinct from that
given for the effective Cauchy stress tensor, this document will later present an
analysis of the relationship between the two notions of effective stress and define
conditions under which this relationship is formally identical to the traditional
relation linking the two stresses point-wise.
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Given a bounded RVE in its reference configuration subject to a motion x =
x(χ, t) and a traction field Snκ acting on the boundary of said RVE, then the
effective first Piola-Kirchhoff stress tensor will be denoted by JSK and defined as
1
JSK ,
Vol(Ωκ )

Z
(Snκ ) ⊗ χ dA.

(3.10)

∂Ωκ

As a remark, notice that the quantity Snκ is still a representation of the traction
field acting on the boundary of the deformed configuration since Snκ dA = Tn da.
What follows is a review of the relationship between the effective first Piola-Kirchhoff
stress and the true volume average of this stress.
The tensor product of Eq. (2.11) with the position vector χ of any point
belonging to the body in the reference configuration is
(Div S) ⊗ χ = 0.

(3.11)

Following the development presented above for the effective Cauchy stress tensor,
the volume integral of Eq. (3.11) is
Z
(Div S) ⊗ χ dV = 0
Ωκ

or again applying the divergence theorem (cf. Eq. (2.5)) and simplifying, one obtains
Z

Z

(Snκ ) ⊗ χ dA −
S(Grad χ)T dV = 0,
∂Ωκ
Ωκ
Z
Z
(Snκ ) ⊗ χ dA −
S dV = 0.
∂Ωκ

(3.12)

Ωκ

Manipulation of Eq. (3.12) gives
1
Vol(Ωκ )

Z

1
S dV =
Vol(Ωκ )
Ωκ

Z
(Snκ ) ⊗ χ dA.

(3.13)

∂Ωκ

Mutatis mutandis, that is, using integration and differential operators in the reference
configuration, the comments applied to the effective Cauchy stress also apply here.
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3.2.2

Dynamic Case: Average Stress Tensors in Space and
Time

3.2.2.1

Effective Cauchy Stress Tensor

The central result of this section is the derivation of the effective Cauchy stress
tensor for deformation processes with constant volume, which is given by

hJTKi =

1
Vol(Ω)



Z
T dv


−

Ω

1
Vol(Ω)



Z

ρv ⊗ v dv ,

(3.14)

Ω

where the notation h·i indicates the time average of a quantity and is defined for a
function of time f (t) as
1
hf i , lim
τ →∞ τ

Z

t0 +τ

f (t) dt,

(3.15)

t0

where t0 is the initial time. Without loss of generality one can assume t0 = 0.
As stated above, this work is interested in the use of MD for the determination
of stresses and other mechanical properties. Since one would expect to find high
frequency oscillations in the average values of these quantities, one can smooth them
out by introducing the time average of these quantities as defined in Eq. (3.15).
What follows is the proof of Eq. (3.14).
Consider the local form of the balance of linear momentum for the dynamic case
in the deformed configuration, that is, Eq. (2.10). In the absence of body forces,
this relation is
div T = ρv̇,

(3.16)

where ρ = ρ(x, t) is the mass density distribution of the body in the deformed
configuration and v = v(x, t) is the velocity vector of the point x in Ω at time t.
The volume integral of the tensor product of Eq. (3.16) with the position vector x
of any point belonging to the deformed configuration is
Z

Z
(div T) ⊗ x dv =

Ω

ρv̇ ⊗ x dv.

(3.17)

Ω

Rewriting the left side of Eq. (3.17) using Eq. (2.5), inserting Eq. (3.5), and then
expanding the right side of Eq. (3.17) using the Reynolds’ transport theorem (see,
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e.g., Gurtin, 1981), one obtains
Z

Z

d
Vol(Ω)JTK − T dv =
ρv̇ ⊗ x dv =
dt
Ω
Ω

Z

Z
ρv ⊗ x dv −
Ω

ρv ⊗ v dv
Ω

or
1
JTK =
Vol(Ω)

Z

1
d
T dv +
Vol(Ω) dt
Ω

Z

1
ρv ⊗ x dv −
Vol(Ω)
Ω

Z
ρv ⊗ v dv.

(3.18)

Ω

Now, use Eq. (3.15) to time average Eq. (3.18), that is,

hJTKi =

1
Vol(Ω)



Z
T dv
Ω


+

1
d
Vol(Ω) dt



Z
Ω

ρv ⊗ x dv


Z
1
ρv ⊗ v dv . (3.19)
−
Vol(Ω) Ω

Now one can show that the middle term on the right side of Eq. (3.19) vanishes
under a very reasonable assumption, namely that the norm of the tensor ρv ⊗ x is
uniformly bounded. In other words, one has to assume that ∀ x ∈ Ω and ∀ t ∈ R,
there exists 0 < M < ∞ such that kρv ⊗ xk < M/[2 Vol(Ω)]. Consequently,
following the definition in Eq. (3.15) and the stated assumption, one can write


d
dt



Z
ρv ⊗ x dv
Ω

1
= lim
τ →∞ τ

Z
ρv ⊗ x dv
Ω



Z
−
t=τ

ρv ⊗ x dv
Ω

t=0

and, therefore,


d
dt



Z
ρv ⊗ x dv
Ω

Z

Z
1
= lim
ρv ⊗ x dv
− ρv ⊗ x dv
τ →∞ τ
Ω
Ω
t=τ
t=0
Z

Z
1
≤ lim
kρv ⊗ xk dv
+ kρv ⊗ xk dv
τ →∞ τ
Ω
Ω
t=τ
t=0
M
< lim
= 0.
τ →∞ τ

Applying this result to Eq. (3.19) results in Eq. (3.14).
Equation (3.14) has a rather strong physical interpretation, namely that the
effective stress perceived by an external observer, in a dynamic context, is not only
the volume average of the stress, but it includes a contribution from the internal
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motion of the body. Moreover, Eq. (3.14) relates closely to the concept of the
virial stress (see Eq. (2.20)) since both relations are composed of two similar terms.
Specifically, the term of the virial stress tensor that is based upon a potential
function can be related to the volume average term of the Cauchy stress tensor
in Eq. (3.14), and the term of the virial stress dependent on the temperature
or velocity field, as it is used in MD calculations, can be related to the term in
Eq. (3.14) dependent on the velocity field. The present document will call the term


1
Vol(Ω)



Z
ρv ⊗ v dv

(3.20)

Ω

the kinetic component of the effective stress. Clearly, this is not the definition as is
usually given in statistical mechanics (Pathria, 1996), but it is the definition the
author finds to be appropriate in a continuum homogenization context.
As a remark to the proof of Eq. (3.14), notice that assuming Vol(Ω) constant is
not an unachievable condition. In fact, it can be enforced under certain boundary
conditions of homogenization problems in a regime of large deformations. The
topic of boundary conditions will be discussed later in this chapter. However,
for clarification purposes note that one can prove that under uniform strain and
periodic boundary conditions the Vol(Ω) can indeed be controlled and made to be
constant by controlling the prescribed deformation gradient tensor.
3.2.2.2

Effective First Piola-Kirchhoff Stress Tensor

The main result in this section is the derivation of the effective first Piola-Kirchhoff
stress tensor as


hJSKi =

1
Vol(Ωκ )



Z
S dV

.

(3.21)

Ωκ

In order to proof Eq. (3.21) consider the local form of the balance of linear momentum for the dynamic case in the reference configuration (cf. Eq. (2.9)), which, in
the absence of body forces, is
Div S = ρκ v̇,

(3.22)

where ρκ = ρκ (χ) is the mass density distribution of the body in the reference
configuration and v = v(χ, t) is the velocity vector of point χ in Ωκ at time t. The
volume integral of the tensor product of Eq. (3.22) with the position vector χ of
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any point belonging to the deformed configuration is
Z

Z
(Div S) ⊗ χ dV =

Ωκ

ρκ v̇ ⊗ χ dV.

(3.23)

Ωκ

Again, applying the divergence theorem as given by Eq. (2.5) and then using the
definition of JSK as given in Eq. (3.10), one can write Eq. (3.23) as
1
JSK =
Vol(Ωκ )

Z

1
S dV +
Vol(Ωκ )
Ωκ

Z
ρκ v̇ ⊗ χ dV.

(3.24)

Ωκ

Rewriting the last term on the right side of Eq. (3.24) and taking the time average,
one obtains

hJSKi =

1
Vol(Ωκ )



Z
S dV
Ωκ


+

1
d
Vol(Ωκ ) dt



Z
ρκ v ⊗ χ dV

.

(3.25)

Ωκ

The second term on the right side of Eq. (3.25) vanishes. Again, to show this,
assume that the norm of the tensor ρκ v ⊗ χ is uniformly bounded and then proceed
according to the development immediately following Eq. (3.19).
Equation (3.21) seems to indicate that as long as one measures the average
effective stress in the reference configuration, the kinetic component of the effective
stress is not defined and does not play a role. This result would be impossible
to discover in a regime of small deformations where the Cauchy and first PiolaKirchhoff stresses coincide.

3.3

On Meaningful Effective Quantities

In continuum mechanics, for a deformation process to be admissible one demands
that the local deformation gradient satisfy the following constraint: det(F) > 0,
∀ χ ∈ Ωκ and ∀ t ∈ R (see Gurtin, 1981). The definition given in Eq. (3.1) does not
guarantee that JFK will have positive determinant, and the same can be said for
the definition of JF−1 K given in Eq. (3.3). Clearly, if det(JFK) ≤ 0 one would not be

able to claim that JFK can represent a physically meaningful average deformation

process. In addition to this, it is important to notice that the definitions given in
Sections 3.1, 3.2.1.1 and 3.2.1.2 are independent of one another. In other words, a
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priori, Eqs. (3.1), (3.3), (3.5) and (3.10) do not imply that the effective quantities
in question satisfy relations similar to those satisfied by their corresponding local
quantities. Specifically, a priori, one cannot expect that JFK−1 = JF−1 K and that
JSK = det(JFK)JTKJFK−T as is to be expected of their local counterparts.

The above paragraph indicates that there is a need for the establishment of

conditions that guarantee the ability to attach physical meaning to the proposed
definitions. In fact, it can be argued that Hill’s macro-homogeneity conditions
(Hill, 1972, 1984), that is, those conditions under which certain products of global
quantities are equal to the volume average of the product of the corresponding
local quantities, play the role of defining the set of physically meaningful averaging
processes. With the intent of refining those conditions, this work proposes slightly
more stringent requirements (with respect to the macro-homogeneity conditions).
Definition 1. A large deformation process with meaningful space averages is a
deformation process enjoying the following properties:
q
y
1. JFK−1 = F−1 with det(JFK) > 0;
2. Vol(Ω) = det(JFK) Vol(Ωκ ); and
3. JSK = det(JFK)JTKJFK−T .
This definition is motivated by a desire to have effective quantities that formally behave just like their local counterparts. Consequently, it sets the essential
properties that the effective quantities must obey in order for them to represent a
physically meaningful large deformation process. This leads one to the following
question: what physical conditions on the RVE allow one to work with meaningful
effective kinematic and kinetic quantities? The answer to this question will be
presented in the remaining of this chapter. It concerns a detailed discussion of the
boundary conditions that one can assign to the RVE. In particular, it is focused on
the three “canonical” sets of boundary conditions that are widely accepted by the
homogenization community (cf. Section 2.2), i.e., uniform strain, uniform stress,
and periodic.

46

3.4

The Three “Canonical” Sets of Boundary Conditions

The boundary conditions to be stated here apply to large deformation processes
and are a generalization of those used in the linearized theory. Observe that in
a regime of large deformations one cannot claim that the mere adoption of a
particular set of boundary conditions yields a well posed localization boundary
value problem due to the nonlinear nature of the underlying problem. For linear
elastic homogenization problems, the proof that, under standard assumptions on
the elastic moduli, the boundary conditions defined below yield well posed problems
is available in the literature and a rigorous exposition can be found in, for example,
Suquet (1987). The present thesis does not deal with any specific homogenization
problem. Consequently, all of the derivations to be presented are developed under
the assumption that the problem at hand is well posed.

3.4.1

Uniform Strain Boundary Condition

The first boundary condition typically invoked in homogenization is usually called
the uniform strain boundary condition. In the present context, a bounded RVE
that behaves under the uniform strain boundary condition is one such that
x(χ, t) = F̂(t)χ for χ ∈ ∂Ωκ ,

(3.26)

where, for all t of interest, F̂(t) is a prescribed second order tensor with positive
determinant. Note that quantities with hats will always be considered to be
prescribed.
As a remark, observe that the definition given in Eq. (3.26) has been inspired
by the need to generalize the one used in linear elastic homogenization problems
and it matches the definition given by Hill (1972, 1984). However, from a strictly
mathematical point of view notice that it cannot always guarantee a homogeneous
(i.e., uniform) deformation of the boundary of the RVE. Equation (2.7) is the
most general representation of a homogeneous deformation, and by comparing both
expressions one can conclude that in order for Eq. (3.26) to represent a homogeneous
deformation an arbitrarily selected point in the RVE will have to remain fixed and
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at the origin of the coordinate system for the entire duration of the deformation
process. In particular, one will chose such a point to be the RVE’s center of mass
since one of the goals of this work is to apply this boundary condition to MD
simulations.

3.4.2

Uniform Stress Boundary Condition

The second boundary condition typically invoked in homogenization is usually
called the uniform stress boundary condition. In the present context, a bounded
RVE that behaves under the uniform stress boundary condition is one such that
T(x, t)n(x, t) = Σ̂(t)n(x, t) for x ∈ ∂Ω,

(3.27)

where, for all t of interest, Σ̂(t) is a prescribed symmetric second order tensor.
Contrary to the case of the uniform strain boundary condition, the uniform
stress boundary condition stated here does not match that discussed by Hill (1972,
1984). Hill (see discussion following Eq. (3.7) in Hill, 1972 and discussion following
Eqs. (2.14) and (2.15) in Hill, 1984) chooses to place a condition on the first
Piola-Kirchhoff stress instead of the Cauchy stress. Provided that this is clearly
understandable from the viewpoint of the result that Hill proves, namely the result
expressed by Eqs. (2.14), (2.15), and (2.19)–(2.22) in Hill (1984), the author believes
that a traction boundary condition should always be viewed as being defined on the
deformed configuration of a physical system. This is not to say that, once a traction
boundary condition is stated on the deformed configuration, it cannot be mapped
into an equivalent statement defined on the boundary of the reference configuration.
However, in a regime of large deformations, a uniform stress boundary condition
defined on the deformed configuration is not necessarily mapped into a uniform
condition defined on the reference configuration (as Hill clearly indicates in the
discussion following Eq. (3.7) in Hill, 1972). As it will be discussed later, this
fact has the effect that the uniform stress boundary condition is somewhat less
appealing than the other two conditions discussed in this thesis.
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3.4.3

Periodic Boundary Condition

The third boundary condition typically invoked in homogenization is usually called
the periodic boundary condition and its definition is somewhat more technical than
the previous two given above. In fact, this condition is not a boundary condition
in a strict sense in that it does not prescribe the boundary values of the position or
traction fields.
To describe the periodic boundary condition, start by observing that this
condition is not meaningful for every possible shape of the domain Ωκ . In fact, the
periodic boundary condition is applied only when Ωκ is a parallelepiped, which
this thesis will refer to as a periodic cell (cf. Bakhvalov and Panasenko, 1989;
Bensoussan et al., 1978; Jikov et al., 1994). Therefore, whenever one invokes
periodic boundary conditions, it will be understood that, in a three-dimensional
context, the underlying reference configuration has a “brick” shape defined by three
linearly independent vectors ri , i = 1, . . . , 3. In fact, without loss of generality, the
vectors ri (i = 1, . . . , 3) can be taken to be mutually orthogonal. Under the stated
conditions, the boundary of Ωκ consists of six faces such that for each face F one
can find a unique corresponding face Fh that can be viewed as the translation of
F by one of the six vectors ±ri , i = 1, . . . , 3. The pair (F , Fh ) will be referred to
as a pair of homologous faces. Now, consider each face as an open set and consider
a pair (F , Fh ) of homologous faces such that F is the translation of Fh by ±rj ,
then one has that for every point χ ∈ F there exists a unique point χh ∈ Fh such
that χ − χh = ±rj . A pair of points (χ, χh ) such that χ − χh = ±ri for one value
of i = 1, . . . , 3 will be referred to as a pair of homologous points.
Next, two important definitions will be presented.
Definition 2 (Ωκ -periodic fields). Let φ, q and G denote generic scalar, vector
and tensor fields, respectively, defined over (Ωκ ∪ ∂Ωκ ) × R. These fields are said
to be Ωκ -periodic if:
φ(χ, t) = φ(χh , t),

q(χ, t) = q(χh , t),

G(χ, t) = G(χh , t),

(3.28)

for all pairs of homologous (boundary) points (χ, χh ) and for all t ∈ R.
Definition 3 (Ωκ -anti-periodic fields). Let φ, q and G denote generic scalar, vector
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and tensor fields, respectively, defined over (Ωκ ∪ ∂Ωκ ) × R. These fields are said
to be Ωκ -anti-periodic if:
φ(χ, t) = −φ(χh , t),

q(χ, t) = −q(χh , t),

G(χ, t) = −G(χh , t),

(3.29)

for all pairs of homologous (boundary) points (χ, χh ) and for all t ∈ R.
In relation to these definitions, the following elementary lemma is presented
without proof:
Lemma 1 (Properties of anti-periodic fields). Any meaningful product (e.g., the
scalar product of a scalar field with a vector field or the tensor product of two
vector fields) of an Ωκ -periodic field with an Ωκ -anti-periodic field results in an
Ωκ -anti-periodic field. Furthermore, let φ, q and G denote generic anti-periodic
scalar, vector and tensor fields, respectively, defined over (Ωκ ∪ ∂Ωκ ) × R, then one
has that

Z

Z
φ dA = 0,

∂Ωκ

Z
q dA = 0,

∂Ωκ

G dA = 0.

(3.30)

∂Ωκ

Now, one is ready to formally introduce the definition of the periodic boundary
condition. A bounded RVE that behaves under the periodic boundary condition is
one that obeys the following two conditions:
1. the deformation function x(χ, t) can be given the form
x(χ, t) = F̂(t)χ + ũ(χ, t),

(3.31)

where, for all t of interest, F̂(t) is a prescribed second order tensor with positive
determinant and ũ(χ, t) is an Ωκ -periodic displacement vector field; and
2. the boundary traction field S(χ, t)nκ (χ) is Ωκ -anti-periodic.
In general, the fields ũ and Snκ are unknown. Therefore, as mentioned earlier
in this section, the periodic boundary condition is not a boundary condition in the
strict sense because it does not prescribe the boundary values of either the motion
or the traction field. Rather, it poses constraints on the class of functions to which
both the displacement and the traction fields can belong.
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Another important remark is that the definition of the periodic boundary
condition permits one to study the behavior of some periodic and anti-periodic
fields in the deformed configuration. Notice that, from a geometrical point of
view, the condition expressed by Eq. (3.31) guarantees that homologous faces
remain homologous through the deformation process, in the sense that any pair
of homologous faces is, at any time, separated by a pure translation. To see this,
consider a pair of homologous points (χ, χh ) separated by the vector rj . Then,
since χ − χh = ±rj , one has that
x(χ, t) = F̂(t)χ + ũ(χ, t)

(3.32)

and
x(χh , t) = F̂(t)(χ ∓ rj ) + ũ(χh , t).

(3.33)

Due to the periodicity of ũ, subtracting Eq. (3.33) from Eq. (3.32) gives
x(χ, t) − x(χh , t) = ±F̂(t)rj ,

(3.34)

where the vector F̂(t)rj is unique for the pair of homologous faces to which χ and
χh belong to, and defines the translation for the faces in question in the deformed
configuration.
The main consequence of this fact is that fields that are periodic and antiperiodic over the reference configuration can be said to preserve their character
throughout the deformation process even when viewed as fields defined over the
deformed configuration. For example, consider the outward unit normal vector
field nκ (χ) orienting ∂Ωκ . Clearly, nκ (χ) is an anti-periodic vector field. Due
to the fact that homologous faces are translations of one another even in the
deformed configuration, the outward unit normal vector field n(x, t) orienting ∂Ω,
viewed as the normalized image under deformation of the field nκ (χ), is such that
n(x, t) = −n(xh , t), where the pair (x, xh ) is the image under deformation of a
unique pair of homologous points (χ, χh ) in the reference configuration. In view of
this, the field n(x, t) will be said to be anti-periodic over Ω. Similarly, although
not as immediate to see, the traction vector field T(x, t)n(x, t) will also be said to
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be anti-periodic over Ω.
Finally, another consequence of this discussion is that one will be in a position
to invoke the properties of anti-periodic fields mentioned in Lemma 1 even when
dealing with integrals over domains in the deformed configuration.

3.5

On Meaningful Large Deformation Processes

The purpose of the discussion presented in Sections 3.1, 3.2 and 3.4 regarding
effective quantities and boundary conditions in a context of finite deformations is
twofold. First, it sets up a robust working framework for the nonlinear continuum
homogenization scheme being developed. Second, it will clarify the meaning of Definition 1 introduced in Section 3.3 and in doing so it will be showed that, in a regime
of large deformations, meaningful effective quantities and boundary conditions are
linked. This section will proof three propositions that are of crucial importance for
establishing the homogenization procedure. The first two propositions review very
well known results. The reason for presenting the proofs of these results is to point
out that they hold independently of whether or not the underlying deformation
process is quasi-static and to show that the chosen “canonical” boundary conditions
allow one to construct both thought and numerical experiments in which one
controls a certain history of the chosen effective kinematic or kinetic variable. The
third proposition answers the question posed at the end of Section 3.3, and its main
consequence is that it restricts one to use only two of the three “canonical” sets
of boundary conditions if one is to work with meaningful effective quantities in a
context of finite deformations.
Proposition 1. For any regular, bounded, and simply connected RVE, a smooth
deformation process complying with either uniform strain or periodic boundary
conditions is one such that
JFK = F̂,

(3.35)

that is, one can control the effective deformation gradient tensor via the prescribed
F̂.
Proof. Start by combining the definition of the effective deformation gradient tensor
given by Eq. (3.1) with the uniform strain boundary condition given by Eq. (3.26),
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that is,
1
JFK =
Vol(Ωκ )

Z

F̂
(F̂χ) ⊗ nκ dA =
Vol(Ωκ )
∂Ωκ

Z
χ ⊗ nκ dA,
∂Ωκ

where the identity (Aa)⊗b = A(a⊗b) has been used. Under the given assumptions,
a straightforward application of the divergence theorem (cf. Eq. (2.3)) yields
F̂
JFK =
Vol(Ωκ )

Z

F̂
Grad χ dV =
Vol(Ωκ )
Ωκ

Z
I dV = F̂.
Ωκ

The proof for the case of periodic boundary conditions follows. Substitute
Eq. (3.31) into Eq. (3.1), and write
1
JFK =
Vol(Ωκ )

Z

1
(F̂χ + ũ) ⊗ nκ dA = F̂ +
Vol(Ωκ )
∂Ωκ

Z
ũ ⊗ nκ dA,

(3.36)

∂Ωκ

where it has been made use of the fact that the integration process for the term
F̂χ yields the same result obtained for the uniform strain boundary condition case.
Therefore, one is left with showing that the right-most term in Eq. (3.36) vanishes
under periodic boundary conditions. To see this, recall Lemma 1 and notice that
the fields ũ and nκ are periodic and anti-periodic, respectively, thus making the
tensor field ũ ⊗ nκ anti-periodic.
Proposition 2. For any regular, bounded, and simply connected RVE, a smooth
deformation process under uniform stress boundary conditions is one such that
JTK = Σ̂,

(3.37)

that is, using the uniform stress boundary condition one can control the effective
Cauchy stress tensor via the prescribed Σ̂.
Proof. Start by substituting Eq. (3.27) into Eq. (3.5), that is,
1
JTK =
Vol(Ω)

Z

Σ̂
(Σ̂n) ⊗ x da =
Vol(Ω)
∂Ω

T

Z
x ⊗ n da

,

(3.38)

∂Ω

where the identities (Aa) ⊗ b = A(a ⊗ b) and (a ⊗ b)T = b ⊗ a have been used.
Under the stated assumptions, a straightforward application of the divergence
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theorem (cf. Eq. (2.3)) to the integral in parentheses on the right side of Eq. (3.38)
yields
Z

Z
x ⊗ n da =

∂Ω

Z
grad x dv =

Ω

I dv = Vol(Ω) I.

(3.39)

Ω

Substituting Eq. (3.39) into Eq. (3.38) yields Eq. (3.37).
Proposition 3. For any regular, bounded, and simply connected RVE, any smooth
deformation process under uniform strain or periodic boundary conditions enjoys
all three properties stated in Definition 1.
The proof of Proposition 3 will be organized into a number of small lemmas. In
proving these lemmas an ad hoc intermediate configuration of the RVE, denoted
by Ω∗ , will be utilized.∗ In particular, the following decomposition formula will be
used to relate the position fields in the Ω and Ω∗ configurations:
x(χ, t) = F̂(t)x∗ (χ, t).

(3.40)

Recalling that the tensor F̂ can always be chosen to belong to Lin+ (V ) and recalling
that F ∈ Lin+ (V ), one has that the deformation gradient F∗ of the motion x∗ ,
given by
F∗ (χ, t) = F̂−1 (t)F(χ, t),

(3.41)

is also a member of Lin+ (V ). Since F∗ ∈ Lin+ (V ), the motion x∗ , depicted in
Fig. 3.1, is admissible under the uniform strain and periodic boundary conditions.
The decomposition in Eq. (3.40) enjoys another important property, namely that
the motion x∗ satisfies the same type of boundary conditions satisfied by the motion
x. Specifically, for uniform strain boundary conditions one has that
x∗ = χ ∀ χ ∈ ∂Ωκ .

(3.42)

In other words, the motion x∗ is the identity map for points on the boundary of
Ωκ . For periodic boundary conditions, one has that
x∗ = χ + u∗
∗

∀ χ ∈ Ωκ ,

(3.43)

Note that this ad hoc configuration will also be crucial for performing the proof of the central

claim of the continuum homogenization model.
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2

nκ

2

n∗

Ωκ
x∗ (χ, t)

x∗

χ
1
x = x(χ, t)

Ω∗

1

n

2

x = F̂x∗

Ω

x
1
Figure 3.1. Two-dimensional schematic of the decomposition formula given in Eq. (3.40).

where u∗ = F̂−1 ũ is Ωκ -periodic. Therefore, on ∂Ωκ , x∗ behaves like the identity
map modulo a periodic displacement field. Under both uniform strain and periodic
boundary conditions one can readily show that the effective deformation gradient
tensor for the motion x∗ is the identity tensor, i.e., JF∗ K = I.
Lemma 2. For any regular, bounded, and simply connected RVE, and for any
deformation process under uniform strain or periodic boundary conditions, one has
that
Vol(Ω) = det(F̂) Vol(Ω∗ ),

(3.44)

where Ω∗ is the image of Ωκ under the deformation process x∗ defined in Eq. (3.40).
Proof. As argued earlier, under uniform strain and periodic boundary conditions,
the effective deformation gradient can be controlled and, therefore, can be chosen
so as to have positive determinant. Once this is done, one can take advantage of
the decomposition formula in Eq. (3.40) to compute the volume of Ω. In fact, one
can write
Z
Vol(Ω) =

Z
dv =

Ω

Z
det(F) dV =

Ωκ

Ωκ

det(F̂F∗ ) dV
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Z

dv ∗ = det(F̂) Vol(Ω∗ ),

= det(F̂)
Ω∗

where the identity det(AB) = det(A) det(B), for all invertible tensors A and B, has
been used.
Lemma 3 (Volume transformation law). For any regular, bounded, and simply
connected RVE, and for any smooth deformation process under uniform strain or
periodic boundary conditions, one has that
Vol(Ω∗ ) = Vol(Ωκ ).

(3.45)

Proof. For the uniform strain boundary condition case the proof follows, almost
trivially, from Eq. (3.42). In fact, Eq. (3.42) states that the boundary of Ω∗
coincides with that of Ωκ . Therefore, being that Ω∗ and Ωκ are bounded by the
same surface, they must have equal volumes.
The proof for the case of periodic boundary conditions is a bit more involved.
Start by noticing the following observation:
d
d
Vol(Ω∗ ) =
dt
dt

Z

∗

Z

∗

Z

div v dv =

dv =
Ω∗

∗

Ω∗

v ∗ · n∗ da∗ ,

∂Ω∗

where v ∗ = du∗ /dt = u̇∗ due to Eq. (3.43), the term to the right of the second equal
sign was obtained by using the Reynolds’ transport theorem (see, e.g., Gurtin, 1981),
and the last term was obtained by using the divergence theorem (cf. Eq. (2.2)).
Note that n∗ denotes the outward unit normal vector field on ∂Ω∗ . Using the
arguments presented in Section 3.4.3 in the paragraphs containing and following
Eqs. (3.32)–(3.34) and in view of the fact that the material time derivative of a
periodic quantity is still a periodic quantity, one can conclude that the fields v ∗
and n∗ are periodic and anti-periodic over Ω∗ , respectively. Therefore, their inner
product is anti-periodic and the integral of this product over ∂Ω∗ must vanish.
Thus, one has that
Z

v ∗ · n∗ da∗ = 0

⇒

Vol(Ω∗ ) = constant.

(3.46)

∂Ω∗

This result implies that one can always guarantee that the volume of Ω∗ be the same
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as that of Ωκ by taking the reference configuration Ωκ as one of the configurations
achieved during the motion. In fact, it is sufficient to require that the reference
configuration be chosen to be the initial configuration, as it is often done in the
solution of initial/boundary value problems. Since this requirement is easily met by
a convenient (and arbitrary) choice of the reference configuration, it is not improper
to treat Eq. (3.46) as saying that Vol(Ω∗ ) = constant = Vol(Ωκ ).
Lemma 4 (Property 2 of Definition 1). For any regular, bounded, and simply
connected RVE, any smooth deformation process under uniform strain or periodic
boundary conditions enjoys Property 2 of Definition 1.
Proof. This lemma is a direct consequence of Proposition 1 in conjunction with
Lemmas 2 and 3.
Lemma 5 (Property 1 of Definition 1). For any regular, bounded, and simply
connected RVE, any smooth deformation process under uniform strain or periodic
boundary conditions enjoys Property 1 of Definition 1.
Proof. Again, as argued earlier, under uniform strain and periodic boundary conditions, the effective deformation gradient can be controlled and, therefore, can be
chosen so as to have positive determinant. In addition, for the sake of conciseness,
only the proof for the periodic boundary condition case will be presented since the
proof for the uniform strain case can be obtained from the one to be presented
by simply letting ũ → 0 (in boundary integrals only). Begin by combining the
definition of the effective inverse deformation gradient tensor given by Eq. (3.3)
with Eq. (3.31), which can be rewritten as χ = F̂−1 (x − ũ), and write
q −1 y
F
=

F̂−1
Vol(Ω)

Z
x ⊗ n da −
∂Ω



Z
ũ ⊗ n da

= F̂−1 ,

(3.47)

∂Ω

where the last equality was obtained by using Eq. (3.39) and the fact that the field
ũ ⊗ n is anti-periodic. The proof is concluded by realizing that, in this context,
F̂−1 = JFK−1 .
Lemma 6 (Property 3 of Definition 1). For any regular, bounded, and simply
connected RVE, any smooth deformation process under uniform strain or periodic
boundary conditions enjoys Property 3 of Definition 1.
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Proof. Again, for the sake of conciseness, only the proof for the periodic boundary
condition case will be presented since the proof for the uniform strain case can
be obtained from the one to be presented by simply letting ũ → 0 (in boundary
integrals only). Considering the definition of the effective Cauchy stress tensor
given by Eq. (3.5) and performing a change of variables of integration so as to
obtain an integral over ∂Ωκ , one obtains
1
JTK =
Vol(Ω)

Z
(Snκ ) ⊗ x dA,

(3.48)

∂Ωκ

where the local stress relation given by Eq. (2.8) has been used. Applying Lemma 4,
the periodic boundary condition given by Eq. (3.31), and the identity a ⊗ (Ab) =
(a ⊗ b)AT , one obtains

Z
1
(Snκ ) ⊗ χ dA F̂T
JTK =
det(JFK) Vol(Ωκ ) ∂Ωκ
Z
1
+
(Snκ ) ⊗ ũ dA
det(JFK) Vol(Ωκ ) ∂Ωκ

Z
1
=
(Snκ ) ⊗ χ dA F̂T ,
det(JFK) Vol(Ωκ ) ∂Ωκ

(3.49)

where the second integral on the right side of the first equal sign in Eq. (3.49)
vanishes since the traction field Snκ and the displacement field ũ are anti-periodic
and periodic over Ωκ , respectively. Now, recalling the definition of the effective
first Piola-Kirchhoff stress tensor given by Eq. (3.10) and using Proposition 1, one
obtains
JTK =

1
JSKJFKT
det(JFK)

⇒

JSK = det(JFK)JTKJFK−T .

(3.50)

Lemmas 4, 5, and 6 provide the proof of Proposition 3.
The author would like to conclude this section by pointing out that the requirements listed in Definition 1 cannot be proven under uniform stress boundary
conditions unless additional assumptions are made. Notice that as far as the relation
between the effective first Piola-Kirchhoff and the effective Cauchy stress tensors is
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concerned, one has that, without invoking any specific boundary condition,
1
JSK =
Vol(Ωκ )

Z

1
(Snκ ) ⊗ χ dA =
Vol(Ωκ )
∂Ωκ

Z
(Tn) ⊗ χ da.
∂Ω

Then, enforcing the boundary condition in Eq. (3.27) and in view of Eq. (3.3), one
has that
JSK =

q
yT
Vol(Ω) q −1 yT
Vol(Ω)
Σ̂ F
JTK F−1 ,
=
Vol(Ωκ )
Vol(Ωκ )

(3.51)

where the second equality is obtained by recalling that, under the given boundary
condition, Σ̂ = JTK (cf. Proposition 2). The above relationship is very similar
to Property 3 of Definition 1. However, contrary to the uniform strain and

periodic boundary conditions cases, from a rigorous viewpoint one does not have
guarantees that, even if one were to assume that JFK had positive determinant,
det(JFK) = Vol(Ω)/ Vol(Ωκ ) and that JFK−1 = JF−1 K. Therefore, unless these

properties are assumed, the uniform stress boundary condition does not guarantee
a large deformation process with meaningful space averages.
The relation in Eq. (3.51) is analogous to Eq. (4.7) in Hill (1972). However, it
should be remarked that Hill seemed to have relied on the assumption that the
balance of linear momentum is that for a quasi-static process in the absence of
body forces, this not being required in the case of Eq. (3.51).

3.6

Macro-Homogeneity and the Virial Theorem

In this section, the analysis of the relations between the aforementioned effective
quantities and the local behavior of the mechanical system at hand will be discussed.
In micromechanics, a central element of this analysis is the characterization of the
total energy of an RVE in terms of the inner products of the effective kinematic
and kinetic quantities. For the case of quasi-static deformation processes in a
regime of large deformations, the behavior of products of effective kinematic and
kinetic properties has been investigated in detail by Hill (1972, 1984), who derived
a number of relations that are often referred to as macro-homogeneity conditions.
In statistical mechanics, a role similar to that of the macro-homogeneity conditions
is played by the virial theorem (see Section 2.3.2).
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Here, the development in Truesdell and Toupin (1960) will be loosely followed,
in which the generalized notion of the virial of a continuum body is used. This
quantity is defined as the integral over the body of the term (Div S + ρκ b) ⊗ x.∗ For
the current discussion to be comparable to an MD analysis, the system of external
forces acting on the RVE will be assumed to be null, that is, with null resultant and
null overall moment. Furthermore, as the boundary conditions discussed earlier will
be invoked, the RVE center of mass will be chosen to be the origin of the reference
frame. Clearly, in view of the assumptions of the external force system, one has that
the RVE center of mass will be a fixed point modulo a constant velocity motion.
Next, let w be a smooth vector field over Ωκ and consider the tensor product
of every term in Eq. (2.9) with w, followed by the integration over the volume (in
the reference configuration), then one can write
Z

Z
(Div S) ⊗ w dV =

Ωκ

Z
ρκ v̇ ⊗ w dV −

Ωκ

ρκ b ⊗ w dV.
Ωκ

Straightforward application of the divergence theorem (cf. Eq. (2.5)) yields
Z

Z
(Snκ ) ⊗ w dA =



S(Grad w)T − ρκ b ⊗ w + ρκ v̇ ⊗ w dV.

(3.52)

Ωκ

∂Ωκ

Applying the Reynolds’ transport theorem (see, e.g., Gurtin, 1981), one can rewrite
the above equation as
Z

Z
(Snκ ) ⊗ w dA =

∂Ωκ



S(Grad w)T − ρκ b ⊗ w dV
Ωκ
Z
Z
d
−
ρκ v ⊗ ẇ dV +
ρκ v ⊗ w dV. (3.53)
dt Ωκ
Ωκ

The form of the generalized virial theorem in Truesdell and Toupin (1960) is easily
recovered by letting w = x and by expressing all of the integrals in Eq. (3.53) as
integrals over the deformed configuration. Before considering this case the following
∗

Note that in this section, the full form of the local statement of the balance of linear

momentum will be used because this work is interested in making some comparisons with the
derivations of properties as it is done in MD, in which not only does the particle velocity play a
crucial role, but also some ad hoc force fields are sometimes used as “thermostats”, that is, as a
way of controlling the kinetic energy of the system and, with it, the system’s temperature.
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remark is in order.
Remark 1 (Time average of the effective first Piola-Kirchhoff stress). Letting w = χ
in Eq. (3.53), recalling Eq. (3.10), and recalling that χ is independent of time, one
obtains
1
JSK =
Vol(Ωκ )

Z

1
d
(S − ρκ b ⊗ χ) dV +
Vol(Ωκ ) dt
Ωκ

Z
ρκ v ⊗ χ dV.

(3.54)

Ωκ

Clearly, when body forces are absent and when the deformation process is quasistatic, this expression reduces to Eq. (3.13). A more interesting result is obtained
by time averaging Eq. (3.54) so that one obtains
1
hJSKi =
Vol(Ωκ )



Z

(S − ρκ b ⊗ χ) dV

Z
1
1
lim
ρκ [v(χ, t) − v(χ, 0)] ⊗ χ dV , (3.55)
+
Vol(Ωκ ) t→∞ t
Ωκ
Ωκ

where, in the second term on the right side, the time average operation has been
indicated explicitly (as opposed to using the angle bracket notation) to facilitate
the discussion. If the system under study allows one to make the assumption, as is
customary in MD (see also the discussion by Clausius, 1870), that the norm of the
term ρκ v ⊗ χ is uniformly bounded in time, then one obtains
1
hJSKi =
Vol(Ωκ )



Z
(S − ρκ b ⊗ χ) dV

,

(3.56)

Ωκ

where it has been proceeded in a similar way as the development immediately
following Eq. (3.19), and, especially if b = 0, Eq. (3.56) represents Eq. (3.21).
What might be surprising about Eq. (3.56) is that the time average effective first
Piola-Kirchhoff stress tensor does not contain kinetic-energy-like terms as might be
expected in MD, where there exists the practice to measure stress using the so called
virial stress that contains terms explicitly dependent on ρκ v ⊗ v (cf. Eq. (2.20)).
Going back to Eqs. (3.52) and (3.53), if one replaces w with x as is normally
done when dealing with the virial theorem, one obtains
Z

Z
(Snκ ) ⊗ x dA =

∂Ωκ

Ωκ


SFT − ρκ b ⊗ x + ρκ v̇ ⊗ x dV,

(3.57)
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and
Z

Z
(Snκ ) ⊗ x dA =

∂Ωκ


SFT − ρκ b ⊗ x dV
Ωκ
Z
Z
d
−
ρκ v ⊗ v dV +
ρκ v ⊗ x dV.
dt Ωκ
Ωκ

(3.58)

Proceeding similarly to what was done earlier in this chapter, under both uniform
strain and periodic boundary conditions, but not under uniform stress boundary
conditions, the left side of Eqs. (3.57) and (3.58) can be rewritten as Vol(Ωκ )JSKJFKT .
Therefore, using Eq. (3.57), one can write
1
JSKJFK =
Vol(Ωκ )
T

Z


SFT − ρκ b ⊗ x + ρκ v̇ ⊗ x dV.

(3.59)

Ωκ

Similarly, under the assumption that the term ρκ v ⊗ x is uniformly bounded, both
in time and space, and proceeding in a manner similar to that followed for the
derivation of Eq. (3.56), Eq. (3.58) gives
1
hJSKJFK i =
Vol(Ωκ )
T

Z

T





SF − ρκ b ⊗ x dV
Ωκ

1
−
Vol(Ωκ )



Z
ρκ v ⊗ v dV

. (3.60)

Ωκ

By letting b = 0 and assuming that the deformation process is quasi-static,
Eq. (3.59) reduces to Eq. (2.14) in Hill (1984). This indicates that one can view
Eq. (3.59) and its time averaged counterpart, Eq. (3.60), as extensions of Hill’s
macro-homogeneity condition to the case in which the deformation process is fully
dynamic. The importance of this observation is twofold. First, it indicates that, at
least under uniform strain or periodic boundary conditions, the quantities JSK and

JFK are work conjugates of one another in the sense that the entire power expended

per unit volume in the reference configuration on the boundary by external forces
during a motion under the stated boundary conditions is given by JSK · (dJFK/dt).

Second, the equations in question show that there is an intimate connection between

the notion of effective stress as given in micromechanics and the notion of stress as
derived by the application of the virial theorem. The first of these claims, namely
that JSK and JFK are work conjugates can be proven by considering the theorem
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of power expended (cf. Gurtin, 1981), which, when written over the reference
configuration reads
Z

Z

Z

d
Snκ · v dA +
ρκ b · v dV =
S · Ḟ dV +
dt
∂Ωκ
Ωκ
Ωκ

Z
Ωκ

ρκ
v · v dV.
2

(3.61)

The first term on the left side of Eq. (3.61) represents the power expended on
∂Ωκ by external boundary forces. Under uniform strain and periodic boundary
conditions, the velocity field on the boundary is given by v = (dJFK/dt)χ and
v = (dJFK/dt)χ+ ṽ, respectively, where ṽ is an Ωκ -periodic velocity field. Therefore,
under uniform strain and periodic boundary conditions, one can write


Z

Z

(Snκ ) ⊗ χ dA ·

Snκ · v dA =
∂Ωκ

∂Ωκ

dJFK
dJFK
= Vol(Ωκ )JSK ·
.
dt
dt

(3.62)

Furthermore, by volume and time averaging Eq. (3.61) and by assuming that the
total kinetic energy of the system is a bounded function of time, one obtains


dJFK
JSK ·
dt



1
=
Vol(Ωκ )

Z







S · Ḟ − ρκ b · v dV

.

(3.63)

Ωκ

When b = 0, the above equation provides an extension of another form of Hill’s
macro-homogeneity condition (cf. the first of Eqs. (2.21) in Hill, 1984). Before
proceeding further, it should be remarked that the assumption on the boundedness
of the kinetic energy is motivated by the fact that, being interested in MD, the
kinetic energy is directly related to the temperature. In MD the temperature is a
controlled variable that is kept bounded (in fact, often constant).
The second claim, namely that there is a connection between Hill’s macrohomogeneity conditions and the virial theorem can be seen more directly by rewriting
the various integrals in Eq. (3.58) as integrals over the deformed configuration, that
is,
Z

Z
(Tn) ⊗ x da =

∂Ω

Z
T dv −

Ω

Ω

ρb ⊗ x dv
Z
Z
d
− ρv ⊗ v dv +
ρv ⊗ x dv, (3.64)
dt Ω
Ω

where ρ denotes the mass density in the deformed configuration and, as required by
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the local statement of the balance of mass, one has used the relation ρκ = ρ det(F).
Recalling the definition of the effective Cauchy stress in Eq. (3.5) and proceeding
as in the case for Eq. (3.60), one obtains

hJTKi =

1
Vol(Ω)



Z


−
Z



Z

1
Vol(Ω)

ρb ⊗ x dv

 

Z
d
1
1
−
ρv ⊗ v dv +
ρv ⊗ x dv . (3.65)
Vol(Ω) Ω
Vol(Ω) dt Ω
T dv

Ω

Ω

As it turns out, the term


d
1
Vol(Ω) dt



Z
ρv ⊗ x dv

(3.66)

Ω

cannot be said to vanish by simply assuming that the term ρv ⊗ x is uniformly
bounded (in time and space). This is because the term Vol(Ω), representing the
volume of the deformed configuration, is a function of time. However, if one is in a
position to hold the volume of the deformed configuration constant, as can be done
by enforcing uniform strain or periodic boundary conditions,∗ then the boundedness
assumption in question would be sufficient to yield the following result:

hJTKi =

1
Vol(Ω)



Z
T dv
Ω


−

1
Vol(Ω)

Z
Ω


ρb ⊗ x dv


Z
1
−
ρv ⊗ v dv . (3.67)
Vol(Ω) Ω

Clearly, the same result can be obtained from Eq. (3.65) by directly assuming that
the term in Eq. (3.66) vanishes. The reason why one would want to obtain the
result in Eq. (3.67) is that it allows one to easily recover Clausius’ measure of the
time average pressure exerted by the walls of a container on the system at hand (cf.
Eq. (2.19)). In fact, letting b = 0, computing the trace of Eq. (3.67), and recalling
that the nominal pressure P associated with hJTKi is given by P = − trhJTKi/3,
∗

Using a uniform stress boundary condition one might be able to argue that after a “steady

state” solution is obtained, in which the volume of the deformed configuration is essentially
constant, the same result would be obtained.
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one obtains


3P =

2T
Vol(Ω)




−

1
Vol(Ω)



Z

T · I dv ,

(3.68)

Ω

where the term T denotes the total kinetic energy of the system, that is,
Z
T =
Ω

1
ρ v · v dv.
2

Finally, these observations suggest that, if body forces are present, the definition
of the effective Cauchy stress in the continuum case (see Eq. (3.5)) should be
modified to include the body force field since the latter is an external force field,
that is,
1
JTK ,
Vol(Ω)

Z



Z
(Tn) ⊗ x da +

∂Ω

ρb ⊗ x dv .

(3.69)

Ω

Moreover, as discussed in Remark 1, the same can be said of the definition of the
effective first Piola-Kirchhoff stress (see Eq. (3.10)), which can be modified to be
1
JSK ,
Vol(Ωκ )

3.7

Z

ρκ b ⊗ χ dV .

(Snκ ) ⊗ χ dA +
∂Ωκ



Z

(3.70)

Ωκ

Annotation

Sections 3.1–3.5 have reviewed the notions of effective mechanical properties from a
continuum homogenization point of view in a nonlinear context. In addition, it has
been discussed the important role that the boundary conditions play upon giving
meaningful effective quantities. In linking the generalized three “canonical” sets of
boundary conditions to the definitions of effective kinematic and kinetic quantities,
this research has proven that the uniform stress boundary condition does not permit
one to proof the properties stated in Definition 1, since such a boundary condition
does not control the motion of the boundary. Consequently, when developing
the MD scheme as an extension of the homogenization approach (in Chapter 5),
the uniform stress boundary condition will be abandoned to focus on systems
of particles behaving under either the uniform strain or the periodic boundary
condition. Finally, in Section 3.6, the conceptual connection between concepts at
the continuum level (i.e., the macro-homogeneity conditions) and concepts related
to particle systems (i.e., the virial theorem) were presented.

Chapter

4

Continuum Homogenization Model:
Part II
The present chapter will continue the discussion of the continuum homogenization
model for deriving effective mechanical properties of heterogeneous media in a
context of finite deformations. With reference to the discussion of homogenization
theory presented in Section 2.2, this chapter will conclude the homogenization
procedure. To be more precise, a Lagrangian-based approach will be used for
describing the behavior of the RVE at the microscopic scale and for presenting the
equilibrium equations (i.e., the initial/boundary value problem). In addition, a
novel constitutive relation for the effective first Piola-Kirchhoff stress tensor will
be proposed and proved. This constitutive relation will be crucial for developing
an expression that is able to quantify stresses in an MD context with strong ties to
continuum mechanics concepts, as opposed to the virial stress (see Section 2.4.1).
The work to be presented in this chapter is an extended edition of part of the work
of Andia et al. (2005).

4.1

Lagrangian-Based Approach

As described in the works of Suquet (1985, 1987); Maugin (1992), a homogenization
procedure requires the knowledge of the relations between global and local quantities, the equilibrium equations of the RVE, the boundary conditions enforced on
the RVE, and the microscopic constitutive law characterizing the behavior of the
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RVE. In this section, the equilibrium equations and the microscopic constitutive
law will be discussed. The definitions of effective kinematic and kinetic quantities
presented in Sections 3.1 and 3.2.1, respectively, correlate the macroscopic and microscopic quantities. The three “canonical” sets of boundary conditions introduced
in Section 3.4 allow one to properly pose the boundary value problem underlying
the homogenization process. As far as the microscopic constitutive law is concerned,
it will be assumed that at the local level the RVE behaves as an isothermal elastic
material. The constitutive theory of an isothermal elastic material is very well
established and has been introduced in Section 2.1 (cf. Eq. (2.13)). Now, the last
item needed for carrying out the homogenization procedure is the statement of
the equilibrium equations of the RVE, which were briefly mentioned and used in
Section 3.2.2. The equilibrium equations of the RVE in the present context are given
by the local statement of the balance of linear momentum without considering body
forces. In the reference configuration, these equations were presented in Eq. (3.22).
The equations discussed so far are sufficient to carry out the homogenization
procedure in a continuum context. However, the interest of this work is to formulate
a homogenization scheme that can be applied to both continuum as well as discrete
systems, for example, using MD. For this reason, this work will now proceed
to reformulate the homogenization scheme in question using a Lagrangian-based
approach. One of the main contributions of this thesis is to show that a classical
Lagrangian function can be used to formulate a workable MD scheme for the
determination of the stress-deformation behavior, as opposed to formulating ad
hoc Lagrangians, as one can find in commonly used MD schemes such as those of
Parrinello-Rahman (cf. Section 2.4.2). This point will be better illustrated in the
following chapter when a formal comparison between the cited schemes and the
one to be derived herein is presented.
The Lagrangian of the RVE will be denoted by L and will be given the following
classical expression:
L (x, v) = T − U,

(4.1)

where T and U denote the RVE’s total kinetic and potential energy, respectively.
The total kinetic energy of the RVE is given by (Marsden and Hughes, 1983;
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Bedford, 1985)
Z

1
ρκ v · v dV.
2

T =
Ωκ

(4.2)

For the total potential energy, the standard definition given in continuum mechanics
(Gurtin, 1981; Germain, 1982; Marsden and Hughes, 1983) will be followed. Hence,
without considering body forces (although these can be easily included), one has
that

Z
U =Ψ−

ŝκ · (x − χ) dA,

(4.3)

∂Ωκ2

where ∂Ωκ2 denotes the portion of the boundary of Ωκ over which the traction field
ŝκ is prescribed, with ŝκ = Snκ by Cauchy’s theorem, and Ψ is the total Helmholtz
free energy, that is,
Z
ρκ ψ dV.

Ψ=

(4.4)

Ωκ

In the case of uniform stress boundary conditions, ∂Ωκ2 = ∂Ωκ . In the case of
uniform strain boundary conditions, it is the position field that is prescribed over
the entire ∂Ωκ and, therefore, ∂Ωκ2 is empty. For periodic boundary conditions
case, in a continuum context, one can argue that ∂Ωκ2 is empty since the boundary
traction field is not prescribed in the strict sense of the word. Therefore, the total
potential energy for both uniform strain and periodic boundary conditions reduces
to
U = Ψ.

(4.5)

For periodic boundary conditions, another argument can be offered to justify the
conclusion in Eq. (4.5), namely that the vector fields ŝκ and x − χ are anti-periodic
and periodic, respectively, thus making the scalar field ŝκ · (x − χ) anti-periodic.
Consequently, the second term on the right side of Eq. (4.3) vanishes identically,
because the boundary integral of any anti-periodic field is null (cf. Lemma 1).
In continuum mechanics, the derivation of the field equations using the Lagrangian formalism is a well established result under “standard” boundary conditions, that is, under pure displacement, pure traction, or mixed (again see Gurtin,
1981; Germain, 1982; Marsden and Hughes, 1983). However, to the author’s knowledge, a similar result has not been shown in the case of periodic boundary conditions.
Therefore, it is necessary to verify that, under periodic boundary conditions, the
choice in Eq. (4.5) does indeed allow one to derive the correct field equations
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using the standard Lagrangian formalism. This verification is important because
of the unusual nature of the periodic boundary conditions. In fact, the expression
“periodic boundary conditions” is a bit of a misnomer in the sense that, in enforcing
periodic boundary conditions, one is prescribing neither a boundary displacement
field nor a boundary traction field. Rather, to impose periodic boundary conditions
simply means to simultaneously constrain the class of functions to which the
admissible boundary displacement as well as boundary traction fields belong.
Now, it will be verified that by using the Lagrangian of Eq. (4.1) one recovers
the equilibrium equations for the proposed material system via the Euler-Lagrange
equations (see, e.g., Marsden and Hughes, 1983), which are


d ∂L
∂L
= 0,
−
dt ∂v
∂x

(4.6)

where ∂L /∂v and ∂L /∂x denote the two vector fields (i.e., vector-valued functions
of position and time) defined via the following relations:
δv L =

Z
Ωκ

∂L
· δv dV,
∂v

(4.7)

∂L
· δx dV,
∂x

(4.8)

and
δx L =

Z
Ωκ

for all variations δv and δx, respectively, and where δv L and δx L denote the
variation of the functional L due to variations in the fields v and x, respectively.
Proposition 4. For any regular, bounded, and simply connected RVE behaving as
an isothermal elastic material, a smooth deformation process governed by Eq. (3.22)
under uniform strain, uniform stress, or periodic boundary conditions admits the
Lagrangian proposed in Eq. (4.1).
Proof. The proof of this proposition will be given by deriving the equilibrium
equations of the RVE from the proposed Lagrangian and using the Euler-Lagrange
equations. The proof of the entire proposition will be carried out by identifying
each term in the Euler-Lagrange equations for each of the boundary conditions and
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then assembling them for each case. In addition, observe that in order to obtain
the terms on the left side of Eq. (4.6) one will have to resort to variational theory.
Hence, begin by taking the variation of Eq. (4.1) with respect to the velocity field,
which is
Z

1
δv L = δv
ρκ v · v dV
Ωκ 2
Z
=
ρκ v · δv dV.

(4.9)

Ωκ

Comparing Eq. (4.9) with Eq. (4.7), one can conclude that
∂L
= ρκ v.
∂v

(4.10)

Now, taking the time derivative of Eq. (4.10) one obtains the first term on the left
side of Eq. (4.6), that is,


d ∂L
= ρκ v̇.
dt ∂v

(4.11)

Notice that in obtaining the first term on the left side of Eq. (4.6) there was no need
to specify the boundary condition acting upon the RVE. Consequently, Eq. (4.11)
is valid for all three “canonical” sets of boundary conditions. Next, to obtain the
second term on the left side of Eq. (4.6) take the variation of Eq. (4.1) with respect
to the position field, that is,
Z

Z

δx L = −δx
ρκ ψ dV + δx
ŝκ · (x − χ) dA
Ωκ
∂Ωκ2
Z
Z
∂ψ
· δx F dV +
ŝκ · δx dA
=−
ρκ
∂F
∂Ωκ2
Ωκ
Z
Z
=−
S · (Grad δx) dV +
ŝκ · δx dA,
Ωκ

(4.12)

∂Ωκ2

where Eq. (2.13) and the definition of the deformation gradient tensor have been
applied. Recalling the divergence theorem (cf. Eq. (2.4)), one can rewrite Eq. (4.12)
as
δx L = −

Z

Z
δx · Snκ dA +

∂Ωκ

Z
δx · (Div S) dV +

Ωκ

ŝκ · δx dA.
∂Ωκ2

(4.13)
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Now, in order to continue with the development of the variation of the Lagrangian
with respect to the position field it will be necessary to invoke the boundary
conditions. In the case of the uniform stress boundary condition, Eq. (4.13) reduces
to
δx L =

Z
(Div S) · δx dV,

(4.14)

Ωκ

since ∂Ωκ2 = ∂Ωκ . Comparing Eq. (4.14) with Eq. (4.8), one concludes that the
second term on the left side of Eq. (4.6) under uniform stress boundary conditions
is

∂L
= Div S.
∂x

(4.15)

In the cases of the uniform strain and periodic boundary conditions, Eq. (4.13)
reduces to
δx L = −

Z

Z
δx · Snκ dA +

∂Ωκ

δx · (Div S) dV,

(4.16)

Ωκ

since ∂Ωκ2 is empty. Now, for the case of the uniform strain boundary condition,
Eq. (3.26) tells us that the motion of the boundary is prescribed at all times.
Consequently, the variation of the position field on the boundary of the RVE is
zero, that is, δx = 0 on ∂Ωκ , and Eq. (4.16) reduces to Eq. (4.14). Moreover, one
can conclude that Eq. (4.15) gives the second term on the left side of Eq. (4.6)
under uniform strain boundary conditions. In the case of periodic boundary
conditions, recall the two requirements they must satisfy (cf. Section 3.4.3). The
first requirement, given by Eq. (3.31), implies that the variation of the position field
δx must have a periodic nature. The second requirement enforces the traction field
Snκ acting upon the boundary of the reference configuration to be anti-periodic.
Hence, the scalar field δx · Snκ is anti-periodic and its boundary integral vanishes
(cf. Lemma 1). Consequently, under periodic boundary conditions the first integral
on the right side of Eq. (4.16) vanishes and, therefore, the development of Eq. (4.16)
for this case is similar to the uniform strain case. More importantly, the second
term on the left side of Eq. (4.6) under periodic boundary conditions is given by
Eq. (4.15).
Finally, by assembling the Euler-Lagrange equations for each of the boundary
conditions (i.e., using Eqs. (4.11) and (4.15)) one obtains the local statement of
the balance of linear momentum, that is, Eq. (3.22). Therefore, the Lagrangian
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proposed in Eq. (4.1) is valid for an isothermal elastic material behaving under
this particular boundary value problem for any of the three “canonical” sets of
boundary conditions.

4.2

An Effective Constitutive Relation

The continuum homogenization model this thesis is presenting is based on the
homogenization procedure as outlined by Suquet (1985, 1987); Maugin (1992),
and it aims to obtain an effective constitutive relation that is consistent with the
behavior of the RVE at the microscopic scale as well as with the properties enforced
at the macroscopic scale, all in a context of large deformations. In other words,
what is missing in the present model is an expression that is able to relate the
effective kinematic and kinetic quantities with the local behavior of the RVE. This
is no easy task and is sometimes not possible, especially in nonlinear problems such
as the one that this work is studying. In fact, one of the reasons for introducing
a Lagrangian-based approach earlier in this chapter is to aid the development
of the homogenization procedure for obtaining such an expression. Given this
premise, recall that the specification of a type of boundary condition prescribes
some effective quantities and, therefore, controls some of the overall behavior of the
RVE. Moreover, from Proposition 3 one infers that one can only prescribe effective
kinematic quantities, that is, the effective deformation gradient tensor. Therefore,
one can conjecture that the constitutive relation that must come out of the model
should be capable of expressing the effective first Piola-Kirchhoff stress tensor in
terms of the prescribed deformation gradient (i.e., F̂) and the microscopic behavior
of the RVE, behavior that is embedded in the RVE’s Lagrangian as written in
Eq. (4.1). In summary, this thesis will present the following claim:
Proposition 5. For any regular, bounded, and simply connected RVE behaving as
an isothermal elastic material, a smooth deformation process governed by Eq. (3.22)
under uniform strain or periodic boundary conditions obeys the following effective
constitutive relation:
 


1
d ∂L
∂L
JSK =
−
.
Vol(Ωκ ) dt ∂ F̂˙
∂ F̂

(4.17)

72
Proof. For the sake of conciseness, this work will present only the proof under
periodic boundary conditions since the proof for the uniform strain case can be
obtained from the one to be presented by simply letting ũ → 0 (in boundary
integrals only). The strategy this work will implement to prove Eq. (4.17) is to
patiently construct the expression on its right side under the specified conditions.
Hence, begin by noting that under the stated assumptions, and due to Proposition 4, the Lagrangian of the RVE is that given in Eq. (4.1). However, note
that the Lagrangian is not directly dependent on the deformation gradient tensor
prescribed by either boundary condition. To express the Lagrangian in terms of the
prescribed deformation gradient, one will need to use the decomposition scheme
of the deformation process of the RVE discussed immediately after Proposition 3,
illustrated in Fig. 3.1, and admissible under both boundary conditions. Therefore,
recall Eq. (3.40) and take its material time derivative so as to obtain the velocity
field, that is,
˙
v = F̂v ∗ + F̂x∗ .

(4.18)

Inserting Eq. (4.18) into the Lagrangian of the RVE, one can write
L =

Z
Ωκ

1
ρκ (F̂v ∗ ) · (F̂v ∗ ) dV +
2

Z

˙
ρκ (F̂v ∗ ) · (F̂x∗ ) dV

Ωκ

Z
+
Ωκ

1
˙
˙
ρκ (F̂x∗ ) · (F̂x∗ ) dV −
2

Z
ρκ ψ dV. (4.19)
Ωκ

Equation (4.19) shows in an explicit manner the dependence of the Lagrangian
on the prescribed deformation gradient and its material time derivative. It is
important to mention that the Helmholtz free energy per unit mass function is also
dependent on the prescribed deformation gradient due to Eq. (3.41). Now, begin
˙
the development of the right side of Eq. (4.17) by obtaining the term ∂L /∂ F̂, that
is,
∂L
= F̂
˙
∂ F̂

Z
Ωκ

˙
ρκ v ⊗ x dV + F̂
∗

∗

Z

ρκ x∗ ⊗ x∗ dV,

(4.20)

Ωκ

where the identity (Aa)⊗b = A(a⊗b) has been used. Next, take the time derivative
of Eq. (4.20) to obtain
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Z


Z
d ∂L
∗
∗
∗
∗
= F̂
ρκ v̇ ⊗ x dV +
ρκ v ⊗ v dV
dt ∂ F̂˙
Ωκ
Ωκ
 Z

Z
˙
∗
∗
∗
∗
+ F̂ 2
ρκ v ⊗ x dV +
ρκ x ⊗ v dV
Ωκ
Ωκ
Z
¨
+ F̂
ρκ x∗ ⊗ x∗ dV. (4.21)
Ωκ

Notice that, in obtaining Eq. (4.21), there was no need to specify the boundary
condition acting upon the RVE. Consequently, Eq. (4.21) is valid for both boundary
conditions. Continuing with the development of the right side of Eq. (4.17), this
proof will now focus on obtaining the term ∂L /∂ F̂. For this purpose, take the
corresponding partial derivative of Eq. (4.19) and write
∂L
∂ F̂

Z

˙
ρκ v ⊗ v dV + F̂
∗

= F̂

∗

Z

∗

Z

∗

ρκ x ⊗ v dV −
Ωκ

Ωκ

Ωκ

ρκ

∂ψ
∂ F̂

dV,

(4.22)

where, again, the identity (Aa) ⊗ b = A(a ⊗ b) has been used. Observe that the
last term on the right side of Eq. (4.22) can be further developed. In particular,
using the chain rule along with Eqs. (2.13) and (3.41), one can write
Z
ρκ
Ωκ

∂ψ
∂ F̂

Z

S(F∗ )T dV

dV =
ZΩκ
=

SFT F̂−T dV

Ωκ
Z

=



S(Grad x) dV F̂−T ,
T

(4.23)

Ωκ

where the identity (AB)T = BT AT and the definition of the deformation gradient
tensor have been applied. Recalling the divergence theorem (cf. Eq. (2.5)), one can
rewrite Eq. (4.23) as
Z
ρκ
Ωκ

∂ψ
∂ F̂

Z

Z
(Snκ ) ⊗ x dA −

dV =
∂Ωκ



(Div S) ⊗ x dV F̂−T .

(4.24)

Ωκ

Furthermore, notice that one can apply Eq. (3.31) (from the periodic boundary
condition) to the boundary integral on the right side of Eq. (4.24), while for the
volume integral (on the right side of Eq. (4.24)) one can apply the equilibrium equations and the decomposition formula given by Eqs. (3.22) and (3.40), respectively.
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Therefore, one obtains
Z
ρκ
Ωκ

∂ψ
∂ F̂

Z

Z
(Snκ ) ⊗ (F̂χ) dA +

dV =
∂Ωκ

(Snκ ) ⊗ ũ dA

Z
∗
−
ρκ v̇ ⊗ (F̂x ) dV F̂−T . (4.25)

∂Ωκ

Ωκ

The second integral on the right side of Eq. (4.25) vanishes. In order to view this,
first recall that the traction field Snκ and the displacement field ũ are anti-periodic
and periodic fields over Ωκ , respectively, thus making the tensor field (Snκ ) ⊗ ũ
anti-periodic. In turn, since the boundary integral of any anti-periodic tensor field
vanishes (cf. Lemma 1), this implies that Eq. (4.25) reduces to
Z
ρκ
Ωκ

∂ψ
∂ F̂

Z

Z
(Snκ ) ⊗ χ dA −

dV =
∂Ωκ

ρκ v̇ ⊗ x∗ dV,

(4.26)

Ωκ

where the identity a ⊗ (Ab) = (a ⊗ b)AT has been used. Now, observe that the
material time derivative of v can be obtained from Eq. (4.18), that is,
¨
˙
v̇ = F̂v̇ ∗ + 2F̂v ∗ + F̂x∗ .

(4.27)

Hence, inserting Eq. (4.27) into Eq. (4.26), one can write
Z
ρκ
Ωκ

∂ψ
∂ F̂

Z

ρκ v̇ ∗ ⊗ x∗ dV

dV = Vol(Ωκ )JSK − F̂
˙
− 2F̂

ZΩκ

¨
ρκ v ⊗ x dV − F̂
∗

∗

Ωκ

Z

ρκ x∗ ⊗ x∗ dV, (4.28)

Ωκ

where this proof has made use of the definition of the effective first Piola-Kirchhoff
stress tensor and the identity (Aa) ⊗ b = A(a ⊗ b). Referring back to Eq. (4.22),
one can now write
∂L
∂ F̂

Z
= F̂
Ωκ

∗

∗

Z

∗

∗



ρκ v̇ ⊗ x dV +
ρκ v ⊗ v dV
Ωκ
 Z

Z
˙
∗
∗
∗
∗
+ F̂ 2
ρκ v ⊗ x dV +
ρκ x ⊗ v dV
Ωκ
Ωκ
Z
¨
+ F̂
ρκ x∗ ⊗ x∗ dV − Vol(Ωκ )JSK. (4.29)
Ωκ
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Finally, subtracting Eq. (4.29) from Eq. (4.21) yields the effective constitutive
relation given by Eq. (4.17).

4.3

Annotation

This chapter concludes the development of the continuum homogenization model
presented in a context of finite deformations for solid materials. In essence, the model
has contributed to clarify the definitions of effective kinematic and kinetic quantities
as well as defined the conditions that such quantities must obey for describing
meaningful deformation processes. It has been proved that these conditions are
satisfied only when uniform strain or periodic boundary conditions govern the
deformation process of a material system of interest. No particular assumptions
have been made about the structure of the material, which entails that this
model is applicable to heterogeneous solids. However, at the microscopic scale,
the heterogeneous media must follow the constitutive theory of isothermal elastic
materials and deform obeying the local statement of the balance of linear momentum.
Under these conditions and formulating the homogenization procedure with the
aid of a Lagrangian-based approach, a novel effective constitutive relation has been
defined and proved. This constitutive relation links the effective first Piola-Kirchhoff
stress tensor to the microscopic behavior of the material as well as to the prescribed
deformation gradient tensor. Furthermore, this relation can be written for the
effective Cauchy stress tensor by recalling the properties in Definition 1 (which
have been proven to hold under the working assumptions by Proposition 3) and
Proposition 1, that is,

 

1
∂L
d ∂L
JTK =
−
F̂T .
Vol(Ω) dt ∂ F̂˙
∂ F̂

(4.30)

Finally, it is important to highlight that the Lagrangian-based approach introduced
in this chapter will be crucial for developing a corresponding homogenization scheme
applicable to MD. This as well as some numerical simulations will be discussed in
the remaining chapters of the present thesis.

Chapter

5

A Lagrangian-Based Molecular
Dynamics Method
In this chapter, a Lagrangian-based MD scheme for the determination of the
stress-deformation response of particle systems will be presented. This MD scheme
is viewed as the discrete version of the homogenization scheme outlined in the
preceding chapters. In order to better illustrate how the continuum and discrete
schemes relate to one another, this chapter will first revisit the continuum scheme
to make explicit what variables one must view as prescribed and what variables
one must choose as primary unknowns. Once it has been made clear how the
homogenization procedure will be formulated in an MD context, the equations of
motion for the system of particles and the corresponding expression for the effective
Cauchy stress tensor will be derived for both uniform strain and periodic boundary
conditions. Finally, a formal comparison between the formulated MD method and
the Parrinello-Rahman method (cf. Section 2.4.2) will be presented.

5.1

Continuum Homogenization Model Revisited

In order to offer a meaningful extension of the homogenization approach outlined
in Chapters 3 and 4 to an MD context, the following three choices will be made.
(i) The homogenization procedure will be viewed as being Lagrangian-based. This
means that the field equations to be solved in the homogenization problem are
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the Euler-Lagrange equations obtained from the Lagrangian function given in
Eq. (4.1).
(ii) Since periodic boundary conditions are used in the vast majority of MD
schemes, the discussion to be presented will be limited to this type of boundary
conditions (although the results presented in Section 5.1 also hold under
uniform strain boundary conditions).
(iii) It will be chosen to make F̂ appear explicitly in the Lagrangian (see, for
example, Eq. (4.19)) due to the adoption of the decomposition strategy of the
system’s motion given by Eq. (3.40).
These choices are not necessary in a continuum homogenization context. However,
they turn out to be useful for “porting” the scheme to a discrete context.
As observed in the discussion immediately after Proposition 3, the adoption
of the decomposition formula in Eq. (3.40) is always admissible within the stated
assumptions and does not add any new constraints on the system’s overall motion.
In particular, Eq. (3.40) does not limit x(χ, t) to be a homogeneous deformation.
The primary consequence of adopting the decomposition formula in Eq. (3.40), in
which the tensor F̂(t) is treated as a given function of time, is that the primary
unknown of the homogenization scheme is no longer the motion x(χ, t), but is
the motion x∗ (χ, t). Hence, in view of the stated choices, the time evolution of
the primary unknown x∗ (χ, t) is determined by solving the initial/boundary value
problem defined by
1. the following field equations (defined over Ωκ ):

Div S(A)


A=F̂F∗

˙
¨
= ρκ F̂ẍ∗ + 2ρκ F̂ẋ∗ + ρκ F̂x∗ ,

F∗ = Grad x∗ ,
S(A) = ρκ

∂ψ(A, χ)
∂A

(5.1)
(5.2)

∀ A ∈ Lin+ (V ),

(5.3)

where, as discussed in relation to Eq. (2.13), the function ψ defines the local
constitutive equations;
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2. the following initial conditions:
x∗ (χ, 0) = p∗ (χ) and ẋ∗ (χ, 0) = w∗ (χ) ∀ χ ∈ Ωκ ,

(5.4)

where the functions p∗ and w∗ are the prescribed initial position and velocity
fields, respectively, and are related to the true initial position and velocity
fields through Eq. (3.40); and
3. the following boundary conditions:
x∗ (χ, t) = χ + u∗ (χ, t) ∀ χ ∈ ∂Ωκ ∪ Ωκ ,
S(F̂F∗ , χ)nκ (χ) = sκ (χ, t) ∀ χ ∈ ∂Ωκ ,

(5.5)
(5.6)

with u∗ (χ, t) and sκ (χ, t) being unknown functions that are constrained to
be periodic and anti-periodic over Ωκ , respectively.
Now, if a solution x∗ (χ, t) corresponding to the prescribed deformation history F̂(t)
can be found, then one can substitute this solution into Eq. (4.17) to determine
the corresponding response of the material system in terms of the effective first
Piola-Kirchhoff stress tensor. Moreover, one can make use of Eq. (4.30) to obtain
the corresponding effective Cauchy stress tensor.
The continuum homogenization model presented in Chapters 3 and 4 has been
derived starting from the definitions of effective quantities given in Eqs. (3.1), (3.3),
(3.5) and (3.10). However, it is possible to “turn the scheme on its head” and
state that, for any given function F̂(t) ∈ Lin+ (V ) and ∀ t ∈ R, Eq. (4.17) defines
the effective first Piola-Kirchhoff stress tensor corresponding to F̂, as long as the
right side of Eq. (4.17) is evaluated using the solution to the initial/boundary value
problem stated above. That is, rather than letting the definitions of effective strain
and effective stress determine the initial/boundary value problem, one can let the
initial/boundary value problem determine the definitions of effective strain and
effective stress. This is a rather abstract view of what has been presented herein,
but it is a view that can be adapted to other mechanical systems and, in particular,
to the particle systems studied in MD.
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5.2

Formulation of the Homogenization Procedure Applicable to Molecular Dynamics

The construction a homogenization procedure for a discrete system starting from
the definitions in Eqs. (3.1), (3.3), (3.5) and (3.10) does not seem a viable option
because one would have to come up with some precise notion of boundary of
a particle system. Therefore, this work will extend the homogenization scheme
outlined in Chapters 3 and 4 to MD following the abstract approach described in
Section 5.1.
Consider a system of particles in an MD simulation cell. This cell replaces the
notion of the RVE in the continuum case. Initial and boundary conditions, as
well as an interparticle potential energy function (or more than one depending on
the problem), need to be prescribed in the same way that initial and boundary
conditions, as well as the local constitutive law, must be prescribed in the continuum
case. Next, define the Lagrangian of the particle system. Hence, considering an
MD cell containing N particles, this work will denote the Lagrangian of the system
of particles by LMD and write
LMD (r1 , . . . , rN , ṙ1 , . . . , ṙN ) =

N
X
1
i=1

2

mi ṙi · ṙi − Ψ(r1 , . . . , rN ),

(5.7)

where mi , ri , and ṙi denote the mass, position, and velocity of the i-th particle,
respectively, and Ψ denotes the system’s energy stored in the internal interparticle
bonds or interactions. In other words, at a time instant t, the value of the function
Ψ(r1 (t), . . . , rN (t)), corresponding to a given configuration {r1 (t), . . . , rN (t)}, must
be computed as if the particle system were removed from its surroundings, thus
removing the interaction with any agency external to the system. As in the
continuum case, the interaction between the system and its surroundings must be
accounted for via the enforcement of a chosen set of boundary conditions.
In view of Eq. (5.7) and for consistency with the continuum analysis presented
earlier, Eq. (2.16) will represent the Euler-Lagrange equations to be used for deriving
the corresponding equations of motion of the particle system. In particular, notice
that the Lagrangian function used for the analysis of uniform strain and periodic
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boundary conditions in the continuum homogenization model ended up being of
the type ‘T − Ψ’, that is, it accounted for only internal interactions.
Having defined the system’s Lagrangian, the lay out of the MD scheme continues
by deriving the system’s Euler-Lagrange equations. However, before carrying out
this derivation, the discrete version of Eq. (3.40) will be adopted in order to
explicitly represent the effective deformation of the system, that is,
ri (t) = F̂(t)ri∗ (t)

i = 1, . . . , N,

(5.8)

where, by analogy with Eq. (3.40), ri∗ defines the position of the i-th particle in
the (discrete) Ω∗ configuration and F̂(t) ∈ Lin+ (V ) ∀ t ∈ R is viewed as being
prescribed.∗ Again, this strategy is implemented so as to avoid having to deal with
an explicit definition for the system’s boundary.
Substituting Eq. (5.8) into the Lagrangian given in Eq. (5.7), the Euler-Lagrange
equations (according to the Lagrangian formalism sketched in Eq. (2.16)) renders
the following equations of motion:†
∂Ψ
˙
¨
mi F̂r̈i∗ + 2mi F̂ṙi∗ + mi F̂ri∗ = −F̂−T ∗ + fiext
∂ri

i = 1, . . . , N,

(5.9)

where the motion ri∗ (i = 1, . . . , N ) represents the primary variables and where
fiext denotes the total force on particle i due to the interaction of the system with
external agencies. Specifically, when imposing periodic boundary conditions, the
external agencies interacting with particle i are the particles belonging to a periodic
lattice of identical systems. Therefore, the forces fiext are determined by accounting
for all interactions between the particles in the system of interest and the particles
in the surrounding systems. For future reference, observe that a straightforward
application of the chain rule allows one to rewrite the first term on the right side of
Eq. (5.9) as
−F̂−T
∗

∂Ψ
∂Ψ
=−
.
∗
∂ri
∂ri

(5.10)

As it will be discussed in the next chapter, the proposed MD scheme is not limited to strain

controlled simulations.
†
It is important to note that Eq. (5.9), if rewritten in terms of ri , would take on the form
mi r¨i = fi , with fi being the total (i.e., external and internal) force acting on the i-th particle.
Hence, Eq. (5.9) is precisely Newton’s 2nd law of motion.
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In addition, note that this term denotes the total force acting on particle i due to
internal interparticle interactions.
Remark 2 (On Eq. (5.8)). Following up on the discussion concerning choice (iii) in
Section 5.1, it is important to reaffirm that Eq. (5.8) does not represent a constraint
on the possible motion of the system’s particles. The reason why it is important
to restate this idea here is that, from a formal viewpoint, Eq. (5.8) resembles
the celebrated Cauchy-Born (or, sometimes, Born) rule typically employed in
the study of crystal elasticity (see, e.g., the very careful discussions by Ericksen,
1984; Zanzotto, 1992). To see that Eq. (5.8) is different from the Cauchy-Born
rule one needs to observe that Eq. (5.8) does not map positions in the reference
configuration (even when understood as the initial configuration) to positions in the
deformed configuration. Indeed, the motion ri∗ (t) (i = 1, . . . , N ) is influenced by
the prescribed F̂(t) only through the equations of motion in Eq.(5.9) and therefore
is not subject to the more severe kinematic restrictions that are imposed by the
Cauchy-Born rule in crystal elasticity. In fact, in the proposed MD scheme, one is
not in a position to restrict a priori the possibility that a particle might change its
neighbors with time. This means that, in practice, one is not in a position to prevent
the particle ensemble from experiencing diffusion. With this in mind, the author
wishes to make it clear that, for the discrete scheme to be fully consistent with the
continuum formalism, its application should be limited to the study of diffusionless
deformations of a solid system. The reason for imposing such a restriction is that
this work has implicitly excluded phenomena such as diffusion in the continuum
model. At the same time, Eq. (5.8) does not impose any intrinsic restriction on the
deformation extent, which is therefore not limited to being infinitesimal.
Since the Lagrangian functions for the uniform strain and periodic boundary
conditions are formally identical, one would conclude that the equations of motion
in Eq. (5.9) are applicable to both types of boundary conditions. In principle, this
statement is true. However, there are some important differences which are worth
discussing to gain a better insight into the distinction between external and internal
forces. This discussion only affects the equations of motion in the uniform strain
boundary condition case. Hence, suppose that uniform strain boundary conditions
are indeed applied. This means that, somehow, one has to define what particles
are the “boundary particles” and then prescribe their motion. Specifically, for
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simplicity, let the particles numbered from 1 to M (with M < N ) be the boundary
particles in question. Then, as required by Eqs. (3.26) and (5.8), one has that
ri∗ (t) = ri∗ (0)

i = 1, . . . , M

∀ t ≥ 0,

(5.11)

where it is understood that ṙi∗ for the boundary particles are equal to zero. As
the motion of particles 1 through M is prescribed, the system’s only equations of
motion are as follows:
∂Ψ
˙
¨
mi F̂r̈i∗ + 2mi F̂ṙi∗ + mi F̂ri∗ = −F̂−T ∗
∂ri

i = M + 1, . . . , N.

(5.12)

Notice that in Eq. (5.12) one has used the fact that the external forces fiext = 0
for i = M + 1, . . . , N . The reason why there are no external forces acting on
the interior particles, is because enforcing uniform strain boundary conditions is
physically identical to “glueing” the system’s boundary particles to the walls of
a container and then prescribing the motion of these walls (i.e., by prescribing
F̂(t)). Clearly, this does not mean that the system is isolated. Rather, it means
that the interaction between the interior particles and the system’s exterior (i.e.,
the walls) is mediated by the interaction between the interior particles and the
boundary particles. This interaction being expressed by the right side of Eq. (5.12).
As far as the boundary particles are concerned, these are being subjected to a
system of external (reaction) forces translating the action of the “glue” that keeps
the boundary particles from leaving the walls. Following standard Lagrangian
mechanics, it turns out that one can rely again on the Euler-Lagrange equations
for the boundary particles, this time to measure the external forces, that is,
∂Ψ
¨
fiext = mi F̂ri∗ + F̂−T ∗
∂ri

i = 1, . . . , M.

(5.13)

Remark 3 (Implementing periodic boundary conditions in MD). As discussed earlier
in this section, the enforcement of periodic boundary conditions in MD is done
by explicitly computing the interaction forces between the system’s particles and
the external particles that are placed around the system in such a way that the
system of interest appears as a unit cell within a lattice of identical cells. This
strategy automatically enforces the periodicity of the particle displacements as
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well as the anti-periodicity of the force system acting through some convenient
notion of boundary surface. It should be noted that the description of periodic
boundary conditions just given follows a Lagrangian kinematic description of a
system’s motion. For completeness, note that periodic boundary conditions usually
employed in MD (see, e.g., Allen and Tildesley, 1987; Frenkel and Smit, 1996)
are often enforced according to an Eulerian viewpoint instead of a Lagrangian∗
viewpoint, as used in this dissertation. In other words, many MD computational
schemes place a particle ensemble within a control volume. This control volume is
a fixed geometrical entity and, similarly to what is typically done in fluid dynamics
calculations, the system’s particles are allowed to flow in and out of the control
volume in question. In such a context (i.e., in an Eulerian context), the application
of periodic boundary conditions requires that, when a particle exits the control
volume, a companion particle with identical mass and velocity be introduced at
a location homologous (according to periodicity) to the exit point of the original
particle. The message the author wishes to convey with this comment is that
the description of periodic boundary conditions for particle systems that will be
numerically implemented by this work will not mention particles flowing in or out
of an MD cell because a Lagrangian (kinematic) viewpoint is being adopted.
Going back to the formulation of the proposed discrete homogenization scheme,
one can now conclude the description with the determination of the effective first
Piola-Kirchhoff stress tensor. For this purpose, develop the right side of Eq. (4.17)
by using the expression in Eq. (5.7) for the system’s Lagrangian together with
Eq. (5.8) (i.e., in a similar fashion as done in the proof of Proposition 5). This
operation yields the following result:

JSK =

1
Vol(Ωκ )

F̂

N
X
i=1

N

˙X
mi r̈i∗ ⊗ ri∗ + 2F̂
mi ṙi∗ ⊗ ri∗
i=1
N
∂Ψ
¨X
+ F̂
mi ri∗ ⊗ ri∗ +
∂ F̂
i=1

∗

!
. (5.14)

In the present discussion, the adjectives ‘Eulerian’ and ‘Lagrangian’ are used as qualifiers of

the kinematic description (see the paragraph following Eq. (2.1) in Section 2.1), as opposed to
the formalisms used to derive the equations of motion. The Eulerian and Lagrangian kinematic
descriptions are typically used in fluid and solid mechanics, respectively.
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Substituting Eq. (5.9) into Eq. (5.14), the expression for the effective first PiolaKirchhoff stress tensor takes on the following form:
1
JSK =
Vol(Ωκ )

∂Ψ
∂ F̂

−

N
X

N

F̂

−T

i=1

X
∂Ψ
∗
+
⊗
r
fiext ⊗ ri∗
i
∗
∂ri
i=1

!
.

(5.15)

Next, by applying the chain rule of calculus on the term ∂Ψ/∂ F̂, one can rewrite
such a term as
∂Ψ
∂ F̂

=

N
X
∂Ψ
i=1

∂ri

⊗

ri∗

=

N
X
i=1

F̂−T

∂Ψ
⊗ ri∗ ,
∗
∂ri

(5.16)

where Eq. (5.10) has been applied to obtain the last equality. Hence, in view
of Eq. (5.16) and Lemma 3, one can see that the measure of the effective first
Piola-Kirchhoff stress takes on the following simple expression:
N

JSK =

X
1
f ext ⊗ ri∗ .
Vol(Ω∗ ) i=1 i

(5.17)

Finally, using the properties in Definition 1 (whose validity under the current
assumptions has been rigorously proven in Section 3.5) and Proposition 1, one can
develop the expression for the effective Cauchy stress tensor as
JTK =

1

N
X

det(F̂) Vol(Ω∗ )

i=1

!
fiext

⊗

ri∗

N

1 X ext
f ⊗ ri .
F̂ =
Vol(Ω) i=1 i
T

(5.18)

What is remarkable about this equation is that there is no explicit dependence of
the effective Cauchy stress tensor on velocity terms, as there is in the expression
of the virial stress (cf. Eq. (2.20)). Even more remarkable is the fact that, in
the absence of body forces, Eq. (5.18) can be viewed as a direct translation to a
discrete context of the very definition of the effective Cauchy stress tensor given
in Eq. (3.5). To close this section, a final comment regarding the uniform strain
boundary condition is in order. Equations (5.17) and (5.18) are valid under the
two cases of boundary conditions. However, with regard to the discussion in the
paragraph following Remark 2, Eqs. (5.17) and (5.18) can be rewritten for the
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uniform strain boundary condition case as
M

X
1
f ext ⊗ ri∗
JSK =
Vol(Ω∗ ) i=1 i

M

1 X ext
and JTK =
f ⊗ ri ,
Vol(Ω) i=1 i

respectively, where the particles numbered from 1 to M are the boundary particles.

5.2.1

Relation between the Effective Cauchy and the Virial
Stress Tensors

The effective Cauchy stress tensor, that is, the measure of stress that this dissertation
proposes to implement in simulations of particle systems at an instant by instant
basis (and with a clear continuum mechanical interpretation, as demonstrated
throughout this document), does not coincide with the virial stress. This statement
can be corroborated by comparing Eq. (5.18) with Eq. (2.20). However, in this
section it will be demonstrated that for most physically acceptable conditions and
for deformation processes that preserve the volume of the material system under
study, JTK and P coincide only in a time average sense, that is,
hJTKi = hPi.

(5.19)

To proof Eq. (5.19), the virial stress given in Eq. (2.20) will have to be rewritten
and manipulated as follows:

N 
1 X ∂Ψ
d
P=
⊗ ri − (mi ṙi ⊗ ri ) + mi r̈i ⊗ ri
Vol(Ω) i=1 ∂ri
dt


N 
1 X
∂Ψ
d
=
+ mi r̈i ⊗ ri − (mi ṙi ⊗ ri )
Vol(Ω) i=1
∂ri
dt

N 
d
1 X ext
=
f ⊗ ri − (mi ṙi ⊗ ri ) ,
Vol(Ω) i=1 i
dt

(5.20)

where Newton’s 2nd law of motion has been applied. Now, taking the time average
(cf. Eq. (3.15)) of Eq. (5.20) and assuming that the volume remains constant during
the entire MD simulation and the terms of the type mi ṙi ⊗ ri are bounded at all
times, one arrives (in a similar fashion as the development following Eq. (3.19)) at
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the conclusion stated in Eq. (5.19).
The author is aware that Eq. (5.19) is not an entirely novel result (see, e.g.,
Eq. (14) in McLellan, 1974). However, it is an important result to highlight,
since it clarifies the calculation of stresses at the nanoscale between what this
dissertation proposes and what is commonly used by the MD community (see
discussion presented in Section 2.4.1).

5.3

Comparison with the Parrinello-Rahman Method

In this section, a formal comparison between the developed MD formulation and
the widely-used Parrinello-Rahman scheme (Parrinello and Rahman, 1980, 1981,
1982) is presented. The comparison is relevant because the Parrinello-Rahman
scheme, which is a Lagrangian-based MD scheme intended for the study of the
effective stress-strain behavior of particle systems, has been, and still is, extensively
used either in both its original and modified formulations. For the sake of simplicity,
the author will limit the comparison to the formulation ‘A’ offered by Parrinello
and Rahman (1981), that is, a formulation requiring the effective state of stress to
be hydrostatic. However, the comparison in question can be extended to the more
complex formulation ‘B’ (in the same paper), which is meant to be applicable to
more general states of stress. Finally, to facilitate this comparison, one can write all
relevant equations in the notation adopted in this dissertation, as opposed to the
notation originally used by Parrinello and Rahman (1981) (which was presented in
Section 2.4.2).
Before proceeding with the formal comparison, the key relationships that allow
one to rewrite the formulation presented in Parrinello and Rahman (1981) using
the notation adopted in this thesis are discussed.
As mentioned in Section 2.4.2, the starting point of the formulation given by
Parrinello and Rahman (1981) is the definition of the MD simulation cell. This cell
is taken to be a parallelepiped whose sides, as functions of time, are described by
three non-parallel vectors a(t), b(t), and c(t), which in the present discussion will
be denoted by αi (t) (i = 1, . . . , 3). Specifically, one can write
α1 (t) = a(t),

α2 (t) = b(t),

α3 (t) = c(t).

(5.21)
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These vectors are then used to construct a second order tensor, which they call h,
whose ij-component is defined as follows:
(h(t))ij = (αj (t))i ,

(5.22)

where, for convenience, one has defined the components of h using the notation
adopted in this document. Now, the author will define the tensor H0 as
H0 = h(t)|t=0 .

(5.23)

Furthermore, the author believes that the relation connecting H0 to h(t) defines
the effective deformation gradient, that is,
h(t) = F̂(t)H0 .

(5.24)

In Parrinello and Rahman (1981), the position ri (t) of the i-th particle is identified
via a non-dimensional vector si (t), so that
ri (t) = a(t)(si (t))1 + b(t)(si (t))2 + c(t)(si (t))3 .

(5.25)

ri (t) = h(t)si (t).

(5.26)

This implies that

Finally, by comparing Eq. (5.26) and Eq. (5.8) one has that
ri (t) = h(t)si (t) = F̂(t)ri∗ (t).

(5.27)

The starting point of the Parrinello-Rahman method is the definition of the
MD simulation cell. As discussed in the previous paragraph, the sides of this cell
are described by the three non-parallel vectors αi (t) (i = 1, . . . , 3). These vectors
can then be used to construct the above defined second order tensor H0 , whose
ij-component can be written as follows:
(H0 )ij = (αj (0))i .

(5.28)
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Due to its definition, H0 ∈ Lin+ (V ) and is such that
Vol(Ωκ ) = det(H0 )

(5.29)

if one takes the reference configuration to coincide with the initial configuration of
the MD cell.
In Parrinello and Rahman (1981), formulation ‘A’, the ad hoc Lagrangian
function is postulated to be
N

1X
1
˙
˙
∗
Lp =
mi ṙi∗ · F̂T F̂ṙi∗ − U (F̂r1∗ , . . . , FrN
) + W (F̂H0 · F̂H0 ) − p Vol(Ω), (5.30)
2 i=1
2
where W has dimensions of mass and is given ad hoc values depending on the
system at hand,∗ and
JTK = −pI.

(5.31)

It should be kept in mind that the Parrinello-Rahman scheme is meant to provide
the capability to perform numerical experiments in stress control. Hence, the value
of the pressure p is viewed as being prescribed. However, this fact does not cause
any problems in the present comparison as it is possible, at least in principle,
to view both the MD scheme derived in this thesis and the Parrinello-Rahman
scheme as allowing for both stress and strain controlled numerical experiments.
Before proceeding further it is important to remark that, concerning the Lagrangian
function in Eq. (5.30) (which is the translated version of Eq. (2.23) to the notation
used in this thesis), Parrinello and Rahman (1981) freely admit that
“Whether such a Lagrangian is derivable from first principles is a
question for further study;”
and they base the validity of their formulation on the resulting equations of motion.
∗

Parrinello and Rahman (1981) indicate that W “determines the relaxation time for recovery

from an imbalance between the external pressure and the internal stress”. Furthermore, based on
a suggestion by Andersen (1980), Parrinello and Rahman (1981) indicate that they choose W so
as to make said recovery time to be of the order of L/c, L being the MD cell size and c being the
speed of sound (presumably in the bulk material).
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In the Parrinello-Rahman scheme, these equations are given the following form:
∂U
˙
˙
mi F̂r̈i∗ + mi F̂ṙi∗ = −F̂−T ∗ − mi F̂−T F̂T F̂ṙi∗ ,
∂ri
and
−pI = PPR +

1 ¨ −1
F̂F̂ JPR ,
Vol(Ω)

(5.32)

(5.33)

where PPR is a pseudo virial stress, which Parrinello and Rahman call the “internally
generated stress tensor”, and that is related to the true virial stress (see Eq. (2.20))
as follows:
N

PPR

1 X h ˙ ∗
˙
=P+
mi (F̂ri ) ⊗ (F̂ri∗ )
Vol(Ω) i=1
i
˙
˙
+ (F̂ri∗ ) ⊗ (F̂r˙∗ i ) + (F̂ṙi∗ ) ⊗ (F̂ri∗ ) ; (5.34)

and where JPR has the dimensions of an inertia tensor and is given by
JPR = W (F̂H0 )(F̂H0 )T .

(5.35)

Remark 4 (On boundary conditions and Newton’s 2nd law). Parrinello and Rahman
(1981) seem to have followed the Lagrangian formalism sketched in Eq. (2.15).
However, the author finds it surprising that Eq. (5.32) does not contain any term
suggesting the interactions of the system’s particles with the exterior. In fact,
Parrinello and Rahman do not explicitly discuss the boundary conditions they
apply nor the means with which they apply them. Also, there is no indication that
the equations of motion can be related in an exact way to Newton’s 2nd law of
motion. This should come as no surprise given the previously-quoted statement
made by Parrinello and Rahman. In fact, it would be very surprising if an ad hoc
Lagrangian, such as that used by Parrinello and Rahman, did provide equations of
motion satisfying Newton’s 2nd law. Finally, notice that, since p is considered a
prescribed quantity, Eq. (5.33) is to be considered an equation of motion for F̂.
Although the Parrinello-Rahman equations of motion in Eq. (5.32) are quite
different from those in Eq. (5.9), it turns out that these equations can be made
equivalent with one another under a suitable set of assumptions. In particular,
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¨
1. assume that the term mi F̂ri∗ can be neglected with respect to the other terms
in Eq. (5.9);
2. recalling that the polar decomposition theorem (see, e.g., Gurtin, 1981)
guarantees the existence of a unique rotation R̂ and a unique symmetric Û
with positive determinant so that F̂ = R̂Û, assume that R̂ = I, so that any
deviations of F̂ from I are symmetric; and
3. finally, assume that the overall deformation of the system is small, that is,
F̂ ≈ I;
˙
then, one has that the term F̂−T F̂T F̂ on the right side of Eq. (5.32) can be approximated as follows:
˙
˙
˙
F̂−T F̂T F̂ ≈ F̂T ≈ F̂.

(5.36)

Hence, under the approximation in Eq. (5.36), one can see that Eq. (5.9) and
Eq. (5.32) are equivalent as long as fiext = 0, that is, as long as the system is
isolated. Clearly, this conclusion is very troubling in that if a particle system is
isolated then the system should be in a stress-free configuration. This is one of the
reasons why the author has speculated that in the Parrinello-Rahman scheme one
may need to enforce some boundary conditions that are not explicitly accounted
for in Lp . However, all things considered, it seems that the Parrinello-Rahman
scheme would require an assumption of small deformation to be comparable to the
one presented herein.
The author now attempts to reconcile Eq. (5.18) with Eq. (5.33). Start by using
¨
the simplified form of the equations of motion, that is, neglect the term mi F̂ri∗ in
Eq. (5.9),∗ and one can substitute these simplified relations into Eq. (5.14), which
can then be rewritten as
1
JSK =
Vol(Ω∗ )

∂Ψ
∂ F̂

−

N
X
i=1

F̂−T

∂Ψ
⊗ ri∗
∂ri∗
+

N
X
i=1

∗

N
¨X
fiext ⊗ ri∗ + F̂
mi ri∗ ⊗ ri∗

!
, (5.37)

i=1

The comparison of the derived stress relation with Parrinello-Rahman’s only requires the

first of the three assumptions needed to compare the derived equations of motion with ParrinelloRahman’s.
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which, using Eq. (5.16), can be further simplified to
1
JSK =
Vol(Ω∗ )

N
X

N
¨X
ext
∗
fi ⊗ ri + F̂
mi ri∗ ⊗ ri∗

i=1

!
.

(5.38)

i=1

Now, implementing the transformation that takes the first Piola-Kirchhoff stress
tensor into the corresponding Cauchy stress tensor, one has that the above expression
takes on the form
1
T̂ =
Vol(Ω)

N
X

!
¨
fiext ⊗ ri + F̂F̂−1 J ,

(5.39)

i=1

where, adopting a Parrinello-Rahman viewpoint, T̂ is the desired value of the
effective Cauchy stress and J is the system’s inertia tensor, that is,
J=

N
X

mi ri ⊗ ri .

(5.40)

i=1

Note that, due to the approximation being used in the current derivation, T̂ cannot
be expected to satisfy Eq. (5.18) pointwise in time. Now, comparing Eqs. (5.39)
and (5.33), one has that T̂ plays the same role played by −pI since, in the present
context, they must be interpreted as prescribed stress states. Furthermore, one
can see that the pseudo virial stress PPR plays the role of the first term on the
right side of Eq. (5.39). However, notice that in order for PPR to be equal to P one
˙
must have F̂ = 0. In addition, even if one could claim that PPR represents P in
some sense, there still remains the fact that, as discussed earlier, P is a meaningful
measure of mechanical stress only in a time average sense at constant volume.
These observations lead to the conclusion that the Parrinello-Rahman scheme is
intrinsically limited to a regime of small deformations. Finally, by comparing the
two inertia tensors JPR and J, one has a rigorous way of attributing a meaning to
the quantity W . In fact, this work has shown that there is no need to make any
ad hoc assumptions concerning W since one can rigorously show that the correct
inertia tensor to use is the inertia tensor!
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5.4

Annotation

The work presented in this chapter is an extended version of part of the work of
Andia et al. (2005). In particular, a new analytical MD framework has been derived
from the continuum homogenization model, which is applicable under both uniform
strain and periodic boundary conditions. This new method has clarified some
concepts typically used in MD, such as the enforcement of boundary conditions in
MD systems (see Remark 3). In addition, the novel effective constitutive relation
derived in the continuum homogenization model has been instrumental for obtaining
expressions for the effective first Piola-Kirchhoff and Cauchy stress tensors that
are applicable to particle systems. The latter will be the one to be implemented
in MD simulations since it is a symmetric stress tensor. Finally, the last chapter
of this thesis will discuss the numerical implementation of the new MD method
together with the results from three MD simulations.

Chapter

6

Numerical Experiments and
Discussion
This chapter concludes the present dissertation with a discussion of the numerical
implementation of the Lagrangian-based MD method developed from the continuum
homogenization model as well as with the results of three simulations based on
the mentioned MD method. Computer programs have been written (using Fortran
90 as the programming language) to implement the MD method. The numerical
results of the three MD simulations will corroborate the various concepts and ideas
related to the calculation of stresses at the nanoscale that have been discussed
throughout this document. Finally, a summary of the work and results of this
thesis together with a list of ideas regarding possible future work will be presented.

6.1

Molecular Dynamics Simulations

As discussed in Section 2.4, to perform physically meaningful MD simulations one
needs to carefully define the following points.
(a) The type of material system one desires to simulate, that is, the description of
the interaction among the particles that conform the material system of interest.
This is determined solely by prescribing the interparticle potential function or
functions. In this work, a three-dimensional Lennard-Jones material will be
studied by implementing the celebrated Lennard-Jones 12-6 potential (see, e.g.,

94
Allen and Tildesley, 1987; Haile, 1992), which is a pairwise potential. Notice
that the choice of a potential function defines the physics of a simulation, that
is, it defines the right side of the equations of motion (i.e., Eq. (5.9)) and the
equation for the calculation of the effective stress (i.e., either Eq. (5.17) or
Eq. (5.18)).∗
(b) The numerical integration scheme for solving the equations of motion of the
system of particles (i.e., Eq. (5.9)), which should be both numerically stable and
computationally efficient. This work will use the well known predictor-corrector
algorithm for solving second order differential equations. In particular, the
fifth-order predictor-corrector algorithm developed by Gear (see Chapter 9,
1971) and later refined by Haile (1992) will be implemented.
(c) The boundary conditions acting upon the MD cell. Since periodic boundary
conditions are used in the vast majority of MD schemes, the simulations
described herein will be limited to this type of boundary conditions. Notice that
the implementation of the periodic boundary conditions will be done following
a Lagrangian kinematic description as opposed to an Eulerian description (see
Remark 3 in Chapter 5).
(d) The proper control of some thermodynamic and/or mechanical variables, which
can be the total energy, temperature, stress, strain, among other variables. The
Lagrangian-based MD method will be implemented in a strain controlled fashion.
In other words, in the MD simulations to be carried out, the deformation
gradient tensor will be explicitly controlled since such a quantity together with
its time derivatives need to be prescribed at all times.
The choices taken in the above four points give a general notion of the types of MD
simulations that will be discussed in this chapter. Furthermore, point (a) will be
expanded with the intention of presenting the equations of motion and the equation
for the effective Cauchy stress tensor for material systems that are modeled with
pairwise potential functions.
∗

Strictly speaking, pairwise potential functions, such as the Lennard-Jones, are applicable for

simulating the behavior of noble gases. However, they can also be used for studying some simple
metals.
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A Lennard-Jones material will be understood to be a particle system in which the
particles behave under the celebrated Lennard-Jones 12-6 potential function. Such
a potential possesses weak attractive long-range interactions, which are proportional
to the inverse sixth power of the distance between two particles. In addition, it
has a strong repulsive behavior for short-range interactions, which are proportional
to the inverse twelfth power of the distance between two particles. Hence, given
two particles, i and j, separated by a distance rij , the pairwise Lennard-Jones 12-6
bond potential function is given by (see, e.g., Haile, 1992)
"
u(rij ) = 4ε

σ
rij

12



σ
−
rij

6 #
,

(6.1)

where ε represents the depth of the potential energy well and σ represents the
interparticle distance at which the potential function is equal to zero.∗ The
interaction range of the interparticle potential function is usually truncated at
some cutoff distance. In the simulations to be discussed, such a distance has been
chosen to be 2.5σ, which is a common choice for the Lennard-Jones 12-6 potential
because for rij > 2.5σ, the contribution of the potential function is small, that is,
0 > u(rij ) > −0.0163ε.
The Lennard-Jones potential given in Eq. (6.1) can be easily written in a
non-dimensional fashion since it only depends on the quantities σ and ε.† These
two quantities completely define a specific material from the entire family of
materials that the mentioned potential can accurately study. The advantage of
non-dimensionalizing all the relations needed in an MD simulation is that one
is able to model the behavior of the entire family of materials under one set of
simulation parameters by performing only one simulation. The MD programs have
been written having this idea in mind. This means that the input and output
variables will be non-dimensional values. Clearly, to obtain the dimensional values
of a certain quantity (e.g., stress or temperature) for a specific material, one will
need to multiply the non-dimensional values by a corresponding combination of the
∗

In the Lennard-Jones 12-6 potential, the equilibrium distance between two particles, that is,
√
the distance at which the interparticle force is equal to zero, is 6 2σ.
†
Most pairwise potential functions can be written in a non-dimensional style since they have
very few dimensional parameters.
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fundamental quantities. For the case of simulations of Lennard-Jones materials, the
fundamental quantities are m, σ and ε. The following is a list of non-dimensional
forms of some quantities that have been used in the MD simulations to be presented:
• l? = l/σ, where l denotes the lattice of a crystal structure;
• rc? = rc /σ, where rc denotes the cutoff distance of the prescribed potential;
• ∆t? = ∆t/(σ

p

m/ε), where ∆t denotes the integration time step;

• θ? = θ/(ε/kB ), where θ denotes the absolute temperature and kB denotes the
Boltzmann constant;
• JTK? = JTK/(ε/σ 3 ); and
p
• ˙? = /(1/σ
˙
ε/m), where ˙ denotes the deformation rate.
Note that quantities having the symbol ? as a superscript represent the nondimensional form of the quantities in question. Table 6.1 presents some important
non-dimensional parameters that define the MD simulations to be discussed.
Now, the equations of motion for a particle system and the expression for the
effective Cauchy stress tensor given in Eqs. (5.9) and (5.18), respectively, will be
rewritten for the case when the behavior of the particles is described by a pairwise
potential function. Hence, the total internal energy of an MD cell containing N
particles can be written as
N
−1 X
N
N
N
X
1 XX
u(rij ) =
u(rij ),
Ψ=
2 i=1 j=1
i=1 j>i

(6.2)

j6=i

where rij = krij k =

√

rij · rij and rij = rj − ri ; or, using Eq. (5.8), the distance

separating particles i and j can be expressed as
rij =

kF̂rij∗ k

=
=

q

(F̂rij∗ ) · (F̂rij∗ )

q

(F̂T F̂) · (rij∗ ⊗ rij∗ ),

(6.3)
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where rij∗ = rj∗ − ri∗ . Having defined the total internal energy, one can now obtain
the total internal force acting on a particle i, that is,
−F̂

−T

N

N

j6=i

j6=i

X ∂u ∂rij
X ∂u 1
∂Ψ
−T
−T
(−F̂T F̂rij∗ − F̂T F̂rij∗ )
=
−
F̂
=
−
F̂
∗
∗
∂ri
∂rij ∂ri
∂rij 2rij
j=1
j=1
=

N
X
∂u 1 ∗
F̂rij ,
∂r
r
ij
ij
j=1

(6.4)

j6=i

where Eq. (6.3) has been used. Now, the expression for the total external force
acting on the i-th particle can be derived in a similar fashion as done for the total
internal force. Therefore, one can write such a quantity as
Niext

fiext =

X ∂u 1
F̂rij∗ ,
∂r
r
ij ij
j=1

(6.5)

where Niext is the number of particles outside the MD cell that interact with the
i-th particle due to the application of periodic boundary conditions in a Lagrangian
kinematic description (see Remark 3 in Chapter 5). Finally, combining Eqs. (5.9),
(6.4) and (6.5), one can write the equations of motion as
N

X ∂u 1
¨
˙
F̂rij∗
mi F̂r̈i∗ + 2mi F̂ṙi∗ + mi F̂ri∗ =
∂rij rij
j=1
j6=i

Niext

+

X ∂u 1
F̂rij∗
∂r
r
ij
ij
j=1

i = 1, . . . , N. (6.6)

In addition, combining Eqs. (5.18) and (6.5), one can write the effective Cauchy
stress tensor as

JTK =

1

N
X

det(F̂) Vol(Ω∗ )

i=1




X ∂u 1

F̂rij∗  ⊗ (F̂ri∗ ).
∂r
r
ij ij
j=1
Niext

(6.7)

The reason for writing Eqs. (6.6) and (6.7) explicitly in terms of the prescribed
deformation gradient tensor and the position of the particles in the discrete Ω∗
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Table 6.1. Important parameters used in the MD simulations of a three-dimensional
Lennard-Jones material. The values reported are in non-dimensional form.

rc?

˙?

∆t?

θ?

Microcanonical Ensemble 500

2.5

-

0.0025

0.035

A Stretch Case

500

2.5 0.01

0.00125

-

A Shear Case

500

2.5 0.01

0.00125

-

N

MD Simulation

configuration is because the MD simulations will be carried out in such a configuration and, therefore, the position vector ri∗ (i = 1, . . . , N ) represents the primary
unknowns. Furthermore, note that when evaluating the term (∂u/∂rij ) · (1/rij )
in Eqs. (6.6) and (6.7), one will need to refer to the prescribed pairwise potential
function and to Eq. (6.3). An important final reminder is that at the end of each
integration time step Eq. (5.8) will help translate the calculated solutions from
Eq. (6.6) to the discrete deformed configuration.

6.1.1

Microcanonical Ensemble

A microcanonical ensemble can be simulated via the numerical integration of
Eq. (6.6) by prescribing the following deformation gradient tensor:
F̂(t) = I

∀ t ≥ 0.

The basic parameters of the simulation are given in Table 6.1. The given initial
conditions (cf. Eq. (5.4)) consisted of a particle configuration in a face-centered
cubic (FCC) structure with lattice l? = 1.56, and with random initial velocities.
The reason for choosing a crystal structure is because this research applies to
solid materials. The total linear momentum was set to zero so as to prevent a net
translational rigid body motion. In addition, the velocities were scaled to the value
of θ? by means of the equipartition theorem (see, e.g., Weiner, 1983; Pathria, 1996),
which states that the time average of the total kinetic energy of a particle system
is directly proportional to the temperature of said system. The center of mass of
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Figure 6.1. Final particle configuration and RDF of the microcanonical ensemble
simulation of a three-dimensional Lennard-Jones material.

the particle system was positioned at the origin of the coordinate system.∗
The present MD simulation consists of two stages. In the first stage, all the
variables are initialized, and then the particle system is “equilibrated” or “relaxed”,
while maintaining the temperature close to the desired value of θ? (again, this is
done by applying the equipartition theorem). In particular, the equations of motion
in this stage were solved for 10 000 time steps, and at the same time some selected
properties were monitored. However, the properties calculated in this stage have
not been used for obtaining the final time average values of the desired properties,
since the goal of this stage is to ensure that such values are not affected by the
conditions given to start the simulation.
The second stage is very similar to the first one. The main difference is that
in the second stage the velocities of the particles are not scaled to the value of
θ? —they are left to evolve “freely” through the solution of the equations of motion.
This stage was run for 1 000 000 time steps. The final configuration of the system of
particles together with its radial distribution function† (RDF) is shown in Fig. 6.1.
∗

More details on how an MD simulation is set up, such as how the velocities are scaled to

a certain temperature by applying the equipartition theorem, can be found in practical MD
books (Haile, 1992; Frenkel and Smit, 1996; Field, 1999). However, this thesis presents all the
information and data necessary to replicate all the MD simulations.
†
In statistical mechanics, the radial distribution function (RDF) is often referred to as the
‘pair correlation function’ or the ‘pair distribution function’. The RDF describes the local spatial
organization of particles about a central particle. In other words, it is a measure of the probability
of finding in a particle system a pair of particles separated by a distance r. Basically, when the
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Table 6.2. Components of the time average effective Cauchy stress tensor corresponding
to the microcanonical ensemble simulation of a three-dimensional Lennard-Jones material.
The values reported are in non-dimensional form.

hJTK? iMD
1
2
3

1

2

0.234791E+00 −0.453009E-03
−0.456692E-03

3
0.107728E-03

0.234791E+00 −0.482473E-03

0.904177E-04 −0.480632E-03

0.234791E+00

Table 6.3. Components of the time average virial stress tensor corresponding to the
microcanonical ensemble simulation of a three-dimensional Lennard-Jones material. The
values reported are in non-dimensional form.

hP? iMD
1
2
3

1

2

0.234791E+00 −0.450247E-03
−0.450247E-03

3
0.842487E-04

0.234791E+00

−0.474187E-03

0.842487E-04 −0.474187E-03

0.234791E+00

It can be concluded from the RDF that at the end of the simulation the system of
particles is a solid and resembles the initial FCC structure. The temperature was
monitored throughout the second stage (by applying the equipartition theorem)
and it remained very close to the value of θ? . The effective Cauchy and virial stress
tensors were also monitored during the second stage. The former was calculated via
Eq. (6.7), while the expression used to compute the latter can be easily obtained
by combining Eqs. (2.20), (5.10) and (6.4). Figure 6.2 shows the time evolution of
the nine components of the non-dimensional effective Cauchy stress tensor, and in
Fig. 6.3 one can compare the time evolution of the non-dimensional 11-components
of the effective Cauchy and virial stresses. Now, if one were to time average each of
the nine plots shown in Fig. 6.2 over the entire time range of this second stage of
the simulation, then one would obtain the values given in Table 6.2. Notice that a
quantity enclosed in h·iMD represents the numerical time average of such a quantity,
which is calculated over a finite time range.
structure of a particle system resembles a solid the RDF consists of peaks (see, e.g., Fig. 6.1).
When one is simulating a material in a liquid phase, the RDF is a smooth oscillating function;
and in the case of a gas the RDF is, in general, a smooth function with no oscillations.
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Finally, Fig. 6.4 shows that as the MD simulation evolves, the time average of
the effective Cauchy stress tensor and the time average of the virial stress tensor
tend to converge to the same values. This corroborates what one can conclude
by comparing Tables 6.2 and 6.3, that is, it confirms that in a time average sense
the effective Cauchy and the virial stress tensors coincide, as it was proposed and
demonstrated in Section 5.2.1.

6.1.2

A Stretch Case

The simulation to be described in this section starts where the microcanonical
ensemble simulation concluded. The initial conditions, that is, the initial positions
and velocities for the system of particles are the last set of positions and velocities
from the previous simulation.∗ To start the MD simulation the deformation gradient
tensor needs to be prescribed. In this case, such a tensor was specified to be


F̂(t) = 


1 + t
˙ 0 0
0
0




1 0 

0 1

∀ t ≥ 0.

Note that in an MD simulation t can be written in terms of the prescribed time
step ∆t, that is, t = n∆t, where n is a positive integer number that represents the
step at which the MD simulation is integrating the equations of motion; and its
p
corresponding non-dimensional quantity is defined by t? = t/(σ m/ε). In addition,
note that the prescribed deformation will be carried out at a constant rate, which is
specified by the value of .
˙ The phenomena that this type of simulation can model
is a stretch type of deformation at very large rates,† that is, if one provides units
to the value of ˙? given in Table 6.1, then the values will roughly be in the order of
the inverse of a picosecond. This fact is consistent with the time scale in which
MD simulations are applicable and with phenomena that could happen at those
scales (see, e.g., Ikeda et al., 1999).
∗

All the integration variables used by the numerical integration scheme (see point (b) at the

beginning of Section 6.1) are also initialized with the last set of data from the microcanonical
ensemble simulation.
†
Notice that, if the value of ˙ is negative, then the system of particles would be subjected to
a compression type of deformation.
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Figure 6.5. Deformation history of the stretch simulation of a three-dimensional LennardJones material. Four stages of the deformation history are shown. Each stage consists
of the particle configuration, its RDF and the stress-strain curve (based on the time
average values in a 200 time steps “window” of the non-dimensional 11-components of
the effective Cauchy stress and deformation gradient). In addition, the non-dimensional
time of each stage is provided.
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The basic parameters of the present simulation are given in non-dimensional
form in Table 6.1. This simulation consisted of solving the equations of motion
until the specimen failed. At the same time some desired properties, such as the
temperature, the effective Cauchy stress and the virial stress, were monitored. The
evolution of this simulation can be seen in Fig. 6.5. In particular, Fig. 6.5 shows
four stages of the deformation history of the system of particles. Each stage consists
of the particle configuration together with its RDF and the stress-strain curve up
to that stage. The stress-strain curves were obtained by plotting the “window”
time average values of the 11-component of the non-dimensional effective Cauchy
stress tensor versus the “window” time average values of the 11-component of the
deformation gradient tensor. To be more precise, every certain number of time
steps (200 steps in these plots) the non-dimensional 11-components of the effective
Cauchy stress and deformation gradient tensors were numerically time averaged
to obtain a point in the graph. Moreover, the stress-strain curve is obtained by
joining all the calculated points. In Fig. 6.5, it is interesting to see that the RDF
plots show a change in the state of the material as it starts to fail. An important
result to remark is that this type of MD simulation can provide stress-strain curves
at the nanoscale for a stretch case of deformation process.
Figure 6.6 shows the time evolution of the nine components of the nondimensional effective Cauchy stress tensor. In particular, notice that stresses,
in a tensile manner, appear only in the diagonal terms of the effective Cauchy
stress. The shear components oscillate around zero. In this type of MD simulation,
one cannot time average these plots, as it was performed in the microcanonical
ensemble simulation. The reason is because one is applying a deformation gradient
that is not constant in time. However, one can make use of the notion of a “window” time average to obtain local time average values, as it was mentioned in the
previous paragraph. In Fig. 6.7, one can compare the stress-strain curves based
on the non-dimensional 11-components of the effective Cauchy and virial stresses
versus the 11-component of the deformation gradient tensor (that is, without time
averaging the data). Figure 6.8 is the “window” time averaged version of Fig. 6.7,
which was obtained using a 200 time steps “window”. Three comments follow
from these two figures. The first comment is that for the specified value of ˙?
(see Table 6.1) the three-dimensional Lennard-Jones material starts to gradually
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Figure 6.7. Stress-strain curves (based on the non-dimensional 11-components of the
effective Cauchy and virial stress tensors versus the 11-component of the deformation
gradient tensor) corresponding to the stretch simulation of a three-dimensional LennardJones material.

fail at an approximate strain of 14 %. The second comment is that from Fig. 6.7
one can see that the effective Cauchy follows the behavior of the virial stress by
oscillating around it. This behavior was also noticed in the microcanonical ensemble
simulation (cf. Fig. 6.3). The third comment is that from Fig. 6.8 one can infer
that the local time average of the effective Cauchy coincides with the local time
average of the virial stress, which corroborates the result presented in Section 5.2.1.
However, notice that by stretching the system of particles in the MD simulation,
one is increasing its volume. Despite of this fact, it can be assumed that in the
time “window” in which one performs the time average operation the change in
volume can be neglected. This statement leads the author to conclude that the
largest time “window” that one may use is directly related to the largest change in
volume that one may assume to be negligible.
Finally, it is important to mention that the temperature of the system of
particles has not been controlled during the simulation—it has only been monitored.
Figure 6.9 shows that the non-dimensional temperature of the particle system
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decreases as the deformation process is carried out. In other words, it is observed
that a decrease in the total kinetic energy of the system (reflected by a decrease in
the temperature) is compensated by an increase in the volume of the MD cell (due
to the prescribed deformation gradient tensor). This observation is in accordance
with common results in continuum mechanics. For example, by considering the
energy equation of an isotropic linear thermoelastic solid with heat conduction (see,
e.g., Eq. (4.12.46) in Bowen, 1989), one can verify that, as long as the temperature
field is maintained uniform, an increase in volume is accompanied by a decrease in
temperature. Now, one could argue that this change of temperature and volume
would, in principle, prohibit one to affirm that this simulation is true to the MD
method derived from the continuum homogenization model (due to the isothermal
assumption) and also that in this simulation the equivalence between the time
average effective Cauchy and virial stresses hold (due to the constant volume
assumption). However, as discussed in the previous paragraph, when calculating
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Figure 6.9. Time evolution of the non-dimensional temperature corresponding to the
stretch simulation of a three-dimensional Lennard-Jones material.

time averages, one is analyzing the system over a short period of time and, therefore,
one could assume that in that period of time the changes in temperature and volume
are negligible.

6.1.3

A Shear Case

This simulation starts where the microcanonical ensemble simulation ended. In
essence, it is very similar to the simulation explained in Section 6.1.2. The main
difference is the prescribed deformation gradient tensor, which in this case it was
specified to be


1 0 t
˙






F̂(t) = 
0
1
0


0 0 1

∀ t ≥ 0.

As one can see, the applied deformation will be carried out at a constant rate of .
˙
The basic parameters of the present simulation are given in non-dimensional
form in Table 6.1. This simulation consisted of solving the equations of motion
until the specimen failed, while at the same time some desired properties were
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Figure 6.12. Stress-strain curves (based on the non-dimensional 13-components of the
effective Cauchy and virial stress tensors versus the 13-component of the deformation
gradient tensor) corresponding to the shear simulation of a three-dimensional LennardJones material.

computed. The response of the system of particles to the prescribed deformation
can be seen through the four stages of the deformation history shown in Fig. 6.10.
In this case, the stress-strain curve is obtained by plotting the local time average
values (in a 200 time steps “window”) of the 13-component of the non-dimensional
effective Cauchy stress tensor versus the local time average values (in a 200 time
steps “window”) of the 13-component of the deformation gradient tensor, in a
similar way to the ones obtained in the previous simulation. It is interesting to
notice that the RDF plots capture a change in the state of the material as it starts
to fail. An important result to highlight is that this type of MD simulation can
provide stress-strain curves at the nanoscale for a shear case of deformation process.
Figure 6.11 shows the time evolution of the nine components of the nondimensional effective Cauchy stress tensor. In particular, notice that it shows a
symmetric behavior of the effective Cauchy stress tensor as it is expected to occur,
but not implied by either Eq. (5.18) or Eq. (6.7). Also, notice that compressive
stresses appear in some diagonal terms of the effective Cauchy stress, that is, in
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Figure 6.14. Time evolution of the non-dimensional temperature corresponding to the
shear simulation of a three-dimensional Lennard-Jones material.
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the terms that are related to the components of the applied shear deformation. In
Fig. 6.12, one can compare the stress-strain curves based on the non-dimensional
13-components of the effective Cauchy and virial stresses versus the 13-component
of the deformation gradient tensor (that is, without time averaging the data).
Figure 6.13 is the “window” time averaged version of Fig. 6.12, which was obtained
using a 200 time steps “window”. Three comments can be made from such figures.
The first is that for the specified value of ˙? (see Table 6.1) the three-dimensional
Lennard-Jones material fails abruptly at an approximate strain of 18 %. The second
comment is that from Fig. 6.12 one can see that the effective Cauchy follows the
behavior of the virial stress by oscillating around it. This behavior was also noticed
in the two previous simulations. The third comment is that from Fig. 6.13 one
can infer that the local time average of the effective Cauchy coincides with the
local time average of the virial stress, which corroborates the result presented in
Section 5.2.1.
Finally, the author would like to remark that the temperature of the system of
particles has not been controlled during this simulation—it has only been monitored.
Figure 6.14 shows that the non-dimensional temperature of the particle system
remains constant during the deformation process. Notice that in this simulation
the volume of the MD cell does not change. Consequently, these observations are
in accordance with common results in continuum mechanics, as it was mentioned
in the last paragraph of Section 6.1.2.

6.2

Discussion and Future Work

This dissertation has conducted a very careful analysis of the notions of time and
space averages of mechanical properties governing the behavior of solid material
systems at the continuum level as well as at the nanoscale. The intention being that
of presenting a theoretical study that contributes to the fundamental understanding
of mechanical concepts, such as strain and stress, at the nanoscale. To reach this
goal a list of objectives that needed to be carefully addressed were presented in
Section 1.3. In this section, such a list will serve as a guide for evaluating the
results, both theoretical and numerical, of this thesis.
Objective (i) was covered in Sections 3.1 and 3.2. The contribution of the
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definitions of effective kinematic and kinetic quantities presented in those sections
is that the notions of space averages should be performed via surface integrals
and not via volume integrals, since it is through the boundary of a body that one
is able to measure mechanical properties. In the dynamic case, that is, when a
time average operation is performed after the space average, an expression for the
effective Cauchy stress similar to the one of the virial stress (i.e., the expression
ordinarily used to evaluate stresses at the nanoscale) was obtained. This result
would aid in clarifying the notion of stresses for particle systems later in this thesis.
The next point, that is, objective (ii), contributed in formalizing the conditions
under which the above mentioned definitions have a true continuum mechanical
meaning in addition to starting the set up of the homogenization model. Sections 3.3–
3.6 address objective (ii). Basically, the intention was to answer the following
question: what physical conditions give meaningful deformation processes in a
nonlinear context? The answer to this question was given through an exposition of
the three “canonical” sets of boundary conditions in the mentioned context. To the
best of the author’s knowledge, the answer to the formulated question, that is, only
uniform strain and periodic boundary conditions provide meaningful deformation
processes described under the definitions covered in objective (i), has a degree of
novelty, since the literature usually discusses the topic of boundary conditions after
the boundary value problem has been presented. Finally, the conceptual connection
between the macro-homogeneity conditions (in the continuum level) and the virial
theorem (for particle systems) was discussed.
Objective (iii) was addressed in Chapter 4. In this chapter, a Lagrangianbased approach was adopted to present the equations of motion of the nonlinear
continuum homogenization model as well as to derive a novel constitutive relation
for the effective first Piola-Kirchhoff stress tensor. The reason behind adopting a
Lagrangian-based approach is that the local behavior of MD systems is typically
described via Lagrangian functions and, therefore, the results of the continuum
model could be “ported” relatively easy to the nanoscale. The novel effective
constitutive relation derived will prove to be essential for calculating stresses at
the nanoscale as well as for clarifying the concept of the virial stress together with
other MD concepts and methods, as it has been discussed later in this thesis.
Objectives (iv) and (v) were covered in Chapter 5. In particular, the equations
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of motion of a system of particles under uniform strain and periodic boundary
conditions were developed. Also, an expression to calculate the effective Cauchy
stress tensor for particle systems was presented. It is important to remark that
the proposed scheme is novel both in its derivation and in its measure of the
stress. Moreover, when comparing the effective Cauchy stress with the virial
stress, it was proved that they only match if both space average quantities are
time averaged. This result is not completely novel (see, e.g., McLellan, 1974).
However, the formulation presented to obtain this result is novel, in the sense that
the initial and boundary value problem that dictates the behavior of a particle
system has been carefully addressed from a continuum homogenization viewpoint.
In addition, the author feels that with a renewed interest in nanotechnology and
nanoscience on the part of many researchers in engineering, it is important to
highlight this somewhat forgotten result (see discussion presented in Section 2.4.1),
since it clarifies the issues concerning the calculation of stresses at the nanoscale.
Now, with regard to objective (v), the formulated MD method (composed by the
equations of motion and the relation for the effective Cauchy stress) was compared
to the Parrinello-Rahman method in Section 5.3. In such a section, it has been
shown that the applicability of the Parrinello-Rahman method is limited to regimes
of small deformations and (approximately) constant volume calculations.
The final objective of this thesis was addressed in Chapter 6. Three MD
simulations of a three-dimensional Lennard-Jones material with periodic boundary
conditions were presented and the numerical results provided a strong support
to the theoretical results discussed throughout this thesis. In particular, it was
corroborated that the time average of the effective Cauchy and the time average of
the virial coincide, despite the fact that the expression for the effective Cauchy stress
is very different from the virial stress. These simulations were computationally
implemented in a strain controlled fashion, and stress-strain curves of deformation
processes that occur at the nanoscale and in the order of picoseconds were obtained.
A final conclusion that can be draw from the numerical results, and that has not
been mentioned throughout Section 6.1, is that in order to obtain the time average
of the effective Cauchy stress tensor in an MD simulation, it would be rather quicker
(in actual computation time) to compute the time average of the virial stress tensor
instead of the actual effective Cauchy stress. The reason behind this statement
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is that the amplitude of oscillation of the components of the effective Cauchy are
much higher than the ones of the virial (see Figs. 6.3, 6.7 and 6.12), and, therefore,
by computing the time average of the virial stress one would require a much shorter
MD simulation.
Now that a summary of the work and results has been discussed, the author
will list some ideas concerning possible future work.
1. After having modeled a Lennard-Jones material in a strain controlled fashion
with periodic boundary conditions, a first step forward in research is to
perform more MD simulations with more realistic potentials (such as the
embedded atom method or the Stillinger-Weber potentials). Also, at this
stage different strain rates should be performed to see how they correlate to
the final structure of the material as well as to the shapes of the stress-strain
curves. It is important to notice that the generation of stress-strain curves
can aid in the development of materials by design.
2. Another idea for future work is to perform MD simulations under the uniform
strain boundary condition, and compare the results to their corresponding
MD simulations with periodic boundary conditions.
3. The MD method presented in Chapter 5 is not limited to strain controlled
simulations. While such an approach lends itself to strain controlled MD
simulations, stress controlled simulations are possible. In fact, to do a stress
controlled simulation one would begin by prescribing JTK in the form of

Eq. (5.18), which explicitly contains F̂, and then simultaneously solve the

resulting algebraic equation along with the N equations of motion given
by Eq. (5.9) (which are second order differential equations). This results
in a differential-algebraic system for F̂ and ri∗ (i = 1, . . . , N ). This is the
price one pays for deriving the governing equations from “first principles”
rather than using an ad hoc scheme, as it is done in the Parrinello-Rahman
method. On the other hand, this fact emphasizes the attractiveness of the
Parrinello-Rahman scheme, since the numerical solution to their governing
system of equations (under stress control) is much more straightforward than
the above mentioned differential-algebraic system.
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It should be remarked that some work has been done for implementing stress
controlled MD simulations. However, up to now the author has not been able
to succeed, that is, the numerical implementations that the author has tried
for solving the differential-algebraic system have not been able to solve such
a system. The author wishes to point out that one of the factors that hinders
one from implementing the stress controlled simulation is that the algebraic
equation (i.e., the expression for the effective Cauchy stress) presents big
oscillations (as shown in Figs. 6.2, 6.3, 6.6 and 6.11), and the numerical
solvers instead of converging to a solution, easily diverge.
4. A final suggestion for future work is to implement the Parrinello-Rahman
method in a strain controlled fashion, as opposed to the way it was originally
conceived. In principle, this is possible and somewhat straightforward since
it would boil down to modify the equations of motion and then compute the
time average of their stress relation. One would then compare the results
with the ones done with the MD method proposed in this thesis.

Appendix

A

Nontechnical Abstract
In the last ten years the nanotechnology industry has developed promising devices
that, in a near future, will have an impact in our everyday life. Nanotechnology
relies on phenomena that occur at the nanoscale, that is, in length scales in which
atoms and molecules are studied. The goal of nanotechnology is to use such
phenomena to create systems with applications at human scales. The assessment
of the mechanical behavior of nano-devices is crucial for estimating their reliability
as well as for enhancing their designs. This mechanical behavior includes issues
such as how stiff or flexible a structure is and/or how much force is required to
break it. However, the conceptual understanding of these mechanical properties
was originally developed in theories that apply at length scales that are at least
tens of thousands of times larger than that of atoms. For this reason, a careful
translation of ideas from human scales to the nanoscale is necessary.
Systems at the nanoscale are generally studied using discrete models, that is,
models that are based on an atomic description of the material. At larger scales,
systems are usually modeled as continua, that is, the atomic or particle nature of
the system is not considered. This dissertation presents an approach for reconciling
the mechanical properties of solid material systems at the nanoscale with those
same properties at larger scales. Thus, this reconciliation bridges the discrete
and continuum description of material systems. In particular, the mechanical
properties studied in this work are stress-strain curves, which are an indication
of how much the material deforms when subjected to a given set of forces. The
behavior of materials at the nanoscale can be described by studying the interactions
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of individual atoms and molecules. Studying nanoscale systems in this manner
is called molecular dynamics (MD) and MD can only be done using very large
computer simulations. In order to obtain a description at a larger scale, this work
determines appropriate averages of properties such as stress and deformation. As
such, one important objective of this work is to properly link the understanding
of the mechanical behavior of a material at human scales to the understanding of
these same properties at atomic scales. In this way, a fundamental contribution
to the understanding of mechanical behavior at the nanoscale is provided, since
a reconciliation is made between the notions of stress as found in the MD and
physics communities and the notion of stress as is found in the classical mechanics
community. Finally, important stress-strain curves as determined from deformation
experiments performed on computers are presented.
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