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Abstract
Noise from high-lift devices such as slats and flaps can contribute significantly
to the overall aircraft sound pressure levels, particularly during approach. The
acoustic spectrum of the noise radiated from slats exhibits two distinct features.
There is a high-frequency tonal noise component, and a high-energy broadband
component ranging from low to mid-frequencies. The objective of this thesis is
to predict both the tonal and the broadband slat noise. An aeroacoustic whistling
mechanism is proposed to predict the tonal noise generation. When the vortex
shedding frequency at the blunt trailing edge of the slat comes close to one of the
normal modes of the gap between the slat and the main element, an intense tonal
noise is produced. The normal modes are calculated based on the geometry of
the wing. The vortex shedding frequency is predicted based on a linear stability
analysis of the slat’s wake region. An efficient and robust scheme is developed
by which the stability calculation can be performed by a modular algorithm in a
relatively quick time. The broadband noise is predicted using a two-step process.
First the noise sources are modeled based on the local turbulence information.
Then, the sound from these sources is propagated by assuming that the flow
past the wing is uniform. A Boundary Element Method is developed to find the
Green’s function for wave propagation in a moving medium in the presence of
the wing. The noise in the far field is then predicted by forming a convolution of
the Green’s function with the modeled sources. Finally, a technique is presented
to account for nonuniform flow around the wing. This requires a solution of the
linearized Euler Equations. However, these equations support acoustic as well as
instability waves. The instability waves can completely overwhelm the acousticwave solution. Thus it is imperative for an accurate noise-prediction scheme to
suppress the unwanted instability waves. A detailed mathematical analysis is
presented that demonstrates that the instability wave solution is suppressed if
the governing equations are solved in the frequency domain. The main focus
of this thesis is in the development of numerical schemes and models, and then
their use to explore the physics of noise generation, and the prediction of noise
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radiation, from slats.
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Chapter 1
Introduction
Noise from high-lift devices can be predicted by first, identifying the sources and
then, propagating the sound waves from these sources into the far field. In this
thesis, theoretical models and numerical schemes are developed to model the
noise sources and to calculate the acoustic-wave propagation. The resulting noise
prediction schemes have a very short computation time and have a reasonable
accuracy so that they would be helpful in new design and control strategies for
noise reduction. The numerical schemes developed in this thesis are not restricted
to slat noise applications. The schemes can be applied to other areas of aeroacoustics and fluid dynamics, including jet noise prediction and the calculation of
the hydrodynamic stability characteristics of free-shear flows.

1.1 Overview
High-lift devices are deployed to enable aircraft to achieve slower flying speeds
that reduces the take-off and landing distances, and reduces the angle of attack
near minimum speed, which prevents the wing from stalling. For a typical wing
of a commercial aircraft these devices include slats ahead of the main-element
and flaps behind the main-element. It is well known that a multi-element wing is
better than a single-element wing in achieving the above mentioned goals. Smith
[1] showed that a two-element wing is capable of generating more lift than a
single-element wing for the same angle of attack. This result can be generalized
to a multi-element wing.
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Usually there exists a slot (gap) both between the slat and the main wing, and
between the main wing and the flap. The slots aid in inducing five different yet
interdependent phenomena that are responsible for the effectiveness of a multielement wing in achieving a higher lift. These phenomena, as described by Smith
[1] are:
The slat effect: the positive circulation on the slat induces a velocity which
counteracts the high velocity near the leading edge of the main element, thus
reducing the pressure peak on the suction surface of the main element. This
alleviates the pressure recovery demands and hence postpones separation of the
boundary layer. Although this reduces the lift on the main element, the total lift
due to the two elements is still increased.
The circulation effect: the circulation on the main element induces a cross-flow
near the trailing edge on the pressure side of the slat, thus increasing the slat’s
effective angle of attack. For the Kutta condition to be satisfied at the slat trailing
edge, this cross flow has to be balanced by an increased circulation on the slat.
Hence the lift due to the slat is enhanced due to the presence of the main element.
The dumping effect: the circulation of the main element also increases the tangential velocity near the slat trailing-edge. Hence, flow from the slat is discharged
at a higher velocity, this reduces the pressure recovery demands on the boundary
layer of the slat.
Off the surface pressure recovery: the boundary layer from a forward element
is dumped at a velocity much higher than that of the free stream. The final
deceleration takes place outside the boundary layer, in the wake of the slat. This
is a more efficient mechanism.
Fresh boundary layer effect: both the slat and the main element start with a
fresh boundary layer and can thus withstand stronger pressure gradients. Most
of the same effects apply to the performance of flaps or multiple flaps.
The deployment of high-lift devices is essential. However, such devices can
significantly increase the aircraft airframe noise. This is the noise generated by the
non-propulsive components of the vehicle. The major components of airframe
noise in an approach configuration are flap side-edge, slat, and landing gear noise.
Figure (1.1) shows the noise spectra for different wing components of an MD 11
aircraft. It can be seen that the noise from the slat and the flap dominates the noise
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spectrum. For newer aircraft such as the Boeing 777, slats generate even more
noise compared to the other wing components (Guo et al. [2]). Thus, the noise
contribution from the slat is an important component of the total radiated noise
during approach. In general, slat noise has two components, a high frequency
tonal noise signature and a broadband noise spectrum covering the lower and mid
frequencies. It has been observed in experiments that the tonal noise emanates
from a region in the vicinity of the slat trailing edge whereas the broadband noise
originates from the unsteady flow in the slat cove region.

GUO, YAMAMOTO, AND STOKER

Fig. 5 Comparison between free-eld
integrated spectra for 4.7% MD-11 aircr
Fig. 4 MD 11 airframe noise spectra example for different components, integrated from phased array measurements.

Figure 1.1. A comparison of the noise spectra from the various wing components of a
model MD 11 aircraft
(from Guo lobes
et al.when
[2]).
comparableside
viewed by the same array, the use of the
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of When
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Unprecedentedisincreases
in aircraft
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amplitudes
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become the dominant componentand o
the total, are plotted in full-scale frequencies. The procedure for
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to become more stringent in the next few years. This means that aircraft of the
future will have to be significantly quieter. This would require a significant noise
reduction from all the noise producing components. Thus, noise considerations
and predictions must become a part of the overall aircraft design process: not an
afterthought. But, for a noise prediction scheme to be a feasible tool in new design
and control strategies, it must not only be reasonably accurate but should also have
a short turnaround time. In order to predict noise accurately from fluctuations in
an unsteady flow, complete information of the flow turbulence is desirable. This
can be obtained by a Direct Numerical Solver (DNS). However DNS is restricted
by computational resources to low Reynolds number simulations and is not an
option for the extremely high Reynolds numbers encountered at aircraft operating conditions. Even a Large Eddy Simulation (LES) has a turnaround time of
several days for high Reynolds number flow noise predictions. The proposed
noise prediction schemes presented in this thesis may have some compromises in
accuracy but this is compensated for by improved performance. The schemes are
developed with the aim of assisting design and control technologies by providing
a reasonable noise estimate in a relatively short time.

1.2 Background and motivation
1.2.1 Tonal noise
Experiments have been conducted by researchers from the NASA Langley Research Center and the Boeing Commercial Airplane Company on the threeelement scaled model shown in Fig. (1.2). The experiments were conducted in the
NASA Langley Research Center’s Low Turbulence Pressure Tunnel (LTPT). For a
slat deflection of 30 deg., the measured acoustic spectrum, shown in Fig. (1.3), has
a significant hump in the 40 – 50 kHz range. The frequency of the tone varied only
slightly with changes in the gap height, overhang, or the flow Reynolds number
(see Fig. (1.2(b))). However, when the slat deflection was lowered to 20 deg., the
tone was not discernible.
Numerical experiments by Khorrami et al. [3], simulated the flow around
the three-element wing used in these experiments, with a fully turbulent, 2-D
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Figure 1.3. Acoustic spectrum based on 1/12th octave bins with array focused on slat
region: configuration angle of attack is 10 deg, Reynolds number is 7.2 million, and Mach
number is 0.2 (from Singer et al. [4]).

tone frequency in the far-field matched the vortex-shedding frequency obtained
by Khorrami et al. [3]. For a deflection of 20 deg., the tone was not present. This
provides further support to Khorrami et al.’s [3] conjecture relating the vortex
shedding at the slat trailing edge to the high frequency slat tone.
Storms et al. [5] have conducted experiments on a three-element high-lift wing
for both part- and full-span slats, in the (7 × 10 ft) wind tunnel at the NASA Ames

Research Center. Acoustic spectra for both full- and part-span slats revealed a high

frequency hump in the spectrum for a slat deflection angle of 26 deg. When the
slat deflection was reduced to 6 degrees, the high frequency hump disappeared.
This was similar to the observations of Khorrami et al. [3]. Storms et al. [5] also
reduced the slat gap to almost zero (almost a Kruger flap configuration), keeping
the deflection angle fixed at 26 deg. This shifted the frequency peak to a slightly
lower frequency, but it did not eliminate the hump altogether. However, when
the small gap between the slat and the main element was taped closed, to make
sure that no fluid flowed through the gap, the hump was eliminated completely.
This shows that the slat trailing edge and the gap between the slat and the main
element are key elements in the generation of the high frequency tone.
Even though these studies indicate that the high frequency tonal noise origi-
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nates from a region near the slat trailing edge, and that vortex shedding at the slat
trailing edge is at least partly responsible for the noise mechanism, the physics
of the noise generation mechanism is still not fully understood. Tam and Pastouchenko [6] proposed that the frequency of vortex shedding at the slat trailing
edge is set by a feedback loop. In their model, a vortex is first shed at the slat trailing edge, which acts as an acoustic source. The acoustic waves travel through the
slat gap while being convected with the flow. They are reflected from the main
element and strike the slat trailing edge. This results in another vortex being
shed. The process repeats, thus setting the vortex shedding frequency. However,
this acoustic resonance model cannot explain all the features of the experiments.
Especially, the cases where no tone occurs. The model proposed by Tam and
Pastouchenko [6] provides a viable mechanism for the selection of a particular
frequency. The shear layer in their simulation starts with nearly zero thickness,
as the Euler equations are solved upstream of the slat trailing edge. In addition,
the slat trailing edge is assumed to have zero thickness. Thus, in the vicinity of
the slat trailing edge, there are neither any incoming boundary layers, nor any
thickness to the slat. It could be argued that such a thin shear layer from an
infinitely thin splitter plate would be able to support any frequency associated
with the Tam and Pastouchenko [6] acoustic resonance model. Thus, there is no
obvious reason why resonance, and a tone at some frequency, would not occur in
the 20 deg. slat deflection case.
It is clear that the tonal noise is generated due to the interaction of the fluid flow
with the slat and the main element as it passes through the gap between them.
In the present investigation an aeroacoustic whistling mechanism is presented
that helps explain the loud tonal noise and its dependence on various parametric
settings. Vortex shedding at the slat trailing edge is an essential component of
the whistle. A numerical scheme based on the local stability characteristics of the
wake is developed to predict the global vortex shedding frequency.

1.2.2 Broadband noise
Another set of slat noise experiments were performed at NASA Langley Research
Center on the model in Fig. (1.2). A small aperture microphone array was used to
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measure high-frequency noise and a larger aperture microphone array measured
low to mid-frequency noise. The acoustic spectra measured by the microphone arrays are shown in Fig. (1.4). Besides the high-frequency tonal noise, the measured
spectrum shows high sound pressure levels for a broad range of the frequency
spectrum ranging from low to mid frequencies. The acoustic amplitudes in the
lower frequency range were found to increase considerably with decreasing angle
of attack. The same observation was made in the experimental investigations of
Dobrzynski and Pott-Pollenske [7]. Paschal et al. [8] used Particle Image Velocimetry (PIV) to map the flow-field on a McDonnell Douglas Aircraft high-lift
system in the NASA Langley LTPT. At low angles of attack (4 deg.) they observed that large span-wise vortex structures emerged from the slat cove and were
pumped through the gap between the slat and the main element. As the angle of
attack was increased the unsteadiness through the gap was reduced significantly.
Similar observations were made by Takeda et al. [9] using the PIV technique on a
UK National High Lift Programme model at the University of Southampton (2.1
× 1.7 m) wind tunnel. Unsteady RANS simulations performed by Khorrami et al.

[10] revealed a recirculation zone in the slat cove area. They observed an unsteady

flow exhibiting a complex motion of vortices of various length scales in the cove
region. Some of the vortex structures escaped through the slat gap whereas the
majority of the structures were trapped in a recirculation zone in the slat-cove
area. The unsteadiness in the cove area decreased significantly with increasing
slat deflection angle. This is in accord with the experimental observations.
Various slat noise models have been proposed in the recent past. For example,
Guo [11] and Khorrami et al. [10] have proposed models based on the instability
of the slat cove region. Molin and Roger [12] attributed the slat broadband noise
to the interaction of the turbulent structures from the slat cove region with the
leading edge of the main element. Dobrzynski and Pott-Pollenske [7] conjectured
that the slat noise is a result of the interaction of the vortex structures originating
from the unsteadiness from the slat cove area with the slat trailing edge. They
modeled this noise generation mechanism by a compact edge dipole. These
simplistic models attempt to explore the physics of the slat noise generation
process but cannot predict the slat noise itself to even within 10 dB of the observed
sound pressure levels.

b) Cross-sectional view
Fig. 1 Three-element EET high-lift system with Cstowed = 0.55 m.

and the deployed ap was part sp
and the main element, the present
performed at 8-deg angle of atta
span ap was replaced by a full-s
prole. The slat gap and overha
ap had little effect on relevant f
spectra. Therefore, current simula
the original ap prole, apply to b
The present9grid is identicalto th
The two-dimensionalgrid has 21 b
total nodes. More than 60% of th
surrounding the slat and leading e
Forcing Strategy

As discussed in the Introductio
lations, a decision was made to in
the oweld. Controlled forcing
mechanism(s) responsible for low
in the slat– cove region. The forci
two to three local boundary laye
thickness cusp (Fig. 3). The sma
forcing location and the cusp min
bances before the separation at t
to be distributed over a small reg
effects that might be caused by
The forced quantity is the vertic
Table 1

Geom

High-lift
parameter
Fig. 2

Measured acoustic spectrum for slat in 1/12th-octave bands;

Figure 1.4. Acoustic
spectrumarebased
on 1/12th
binselement
with array
test parameters
slat deection
angleoctave
30 deg, main
angle focused on slat
region: configuration
angle
is angle
9 deg,
Reynolds
number
is 7.2 million, and
of attack
9 deg,of
apattack
deection
30 deg,
Mach number
0.2, and
6
Reynolds
number
of
7:5
£
10
:
——,
low-frequency
microphone
array
Mach number is 0.2;– ——,
low frequency microphone array and – – –, high frequency
and – – , high-frequency microphone array.
microphone array (from Khorrami et al. [10]).

in

Slat angle ±s
Flap angle ± f
Slat gap gs
Flap gap g f
Slat overhang os
Flap overhang o f

are pumped through the gap. As the angle of attack is increased,
unsteadiness coming out of the cove is diminished, and the number
vortices in the wake
reduced signicantly.
Similarly,
Takeda
In the presentofinvestigation
theisbroadband
component
of slat
noise is estimated
et al.12 employed the PIV technique to map the oweld inside a
the far field after
modeling
the unsteady
pressure
fluctuations
slat– cove
area. Growth
of the shear layer
disturbances
and their in the slat cove
subsequent evolution into large-scale structures were captured.

region. The prediction scheme accounts for the complex geometries of the slat
Computational
and the main element. However
refractionApproach
effects due to the passage of acoustic
The computationalframework employed in the present study was

waves through the
shearinflow
the10.
high-lift
device
areisignored
by assuming
explained
detail around
in Refs. 9 and
Only a brief
overview
given
here.

a uniform mean flow
wing. solver
Since
the to
wavelength
of the acoustic waves
As in past
Ref. 9,the
the CFL3D
is used
perform time-accurate
oweld
simulations.
CFL3Dofis ainterest
nite volume
formulation-based
is large within the
frequency
range
compared
to the
dimensions of
–
code that solves time-dependent compressible thin-layer Navier

Stokes equations.CFL3D
offersthe
a wide
varietyof
turbulencemodels,
the shear flow around
the wing, and
mean
Mach
number is relatively low,
including zero-, one-, and two-equation models. Based on our past

refraction effectsexperience,
are not expected
to beShear
important.
the two-equation
Stress Transport (SST ) (k – ! )
Menter13 model is selected and preferred for the present problem.

Fig. 3

1.3 Approach
1.3.1 Tonal noise
In this study, a mechanism is proposed in the form of an aeroacoustic whistle
that explains the observed high frequency tones. The normal or natural modes
of the whistle are set by the transverse resonance frequencies of the gap. This

Location of forcing
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is similar to the process proposed by Tam and Pastouchenko [6]. If the modes
in this gap are excited by an external source at a frequency that matches one of
the gap’s normal modes, then high amplitude tonal noise would be produced. It
is proposed that the time harmonic source excitation is provided by the vortex
shedding process at the blunt slat trailing-edge. Thus, in this model, the bluntness
of the slat trailing edge and the finite thickness of the slat boundary layers, as well
as the gap between the slat and the main element together make an aeroacoustic
whistle.
In order to predict the vortex shedding frequency and the effects of other
parametric variations, the characteristics of the slat wake are analyzed with a
local stability analysis. Local stability analysis is a very powerful tool capable
of providing a link between the local characteristics and the global dynamics (cf.
Koch [13]; Chomaz et al. [14]). Therefore, the vortex shedding frequency can
be predicted based only on the local characteristics of the wake. This enables
the vortex shedding frequency to be predicted, based on the mean flow data of
Khorrami et al. [3]. A comparison of the prediction with the frequency observed
in their numerical simulations can also be made. Local stability analysis also
facilitates parametric studies to be performed on the effects of varying gap setting
and compressibility effects. Also, the effect of changing wake depth or width
is easily examined. It is shown that, based on the local stability analysis and
the proposed whistling mechanism, the predicted tone frequencies are in good
agreement with the experimental measurements. It is also shown that for a slat
deflection of 20 deg., the vortex shedding frequency does not match the transverse
resonance frequency of the gap, thus providing a plausible explanation for the
absence of the tone in the lower slat deflection case.

1.3.2 Broadband noise
The broadband noise emanating from the slat’s cove region is predicted using a
two-step process. First the noise sources are modeled based on amplitude, length,
and time scales obtained from an unsteady Reynolds Averaged Navier Stokes
simulation. Then the sound emitted from these sources is propagated through
the mean flow into the far field, taking into account the scattering produced
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by the high-lift wing section. The noise-source model contains three empirical
constants. These constants are determined by obtaining the best fit of the far-field
noise prediction with the experimental data. The mean flow around the wing
is assumed to be uniform. Thus the refraction effects due to the interaction of
the acoustic waves with the non-uniform mean flow is ignored. The mean-flow
refraction effects are not expected to be important since the wavelengths of the
acoustic waves in the frequency spectrum of interest are large compared to the
region of non-uniformity. Furthermore, the experimental data is available at 270
deg. (directly below the slat). At this angle, the refraction effects are expected to
be negligible because the direction of sound propagation is nearly perpendicular
to the direction of the flow. Thus it is reasonable to ignore any refraction effects.
The effect of acoustic scattering in the presence of a uniform mean flow is
obtained by a Boundary Element Method (BEM). The present noise prediction
scheme has been developed with the objective of providing a viable prediction tool
for new design and control strategies to reduce noise from high-lift devices. This
requires a prediction tool that is fast and reliable over a range of input parameters.
The BEM is more efficient compared to traditional finite-difference (FD) or finitevolume (FV) schemes. This is because the BEM allows for selective point-wise
computation of the acoustic field as opposed to having to calculate the flow-field
in the entire domain of interest as is required by FD and FV methods. Also, since
the acoustic field in the BEM is obtained based only on the knowledge of the
boundary field, there is no need to generate grids for the entire domain, which
can be a tedious process for surfaces with complex geometries. Furthermore,
the Sommerfeld radiation boundary conditions for outgoing waves are satisfied
implicitly in the BEM formulation. Hence no absorbing boundary conditions are
required. For these reasons, the BEM is considered an appropriate prediction tool
for studying design and control strategies.
The BEM is formulated by first finding an expression for the Green’s function
for a point source in a uniform mean flow in the presence of scattering bodies. This
leads to a boundary-integral equation. This equation is discretized by dividing the
boundary of the scattering bodies into elements, which leads to a set of equations
for the unknown acoustic field at the boundary elements. These equations are
solved to determine the acoustic field at the boundary. Finally the contributions
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from all the boundary elements are added to find the acoustic field at a particular
observer location.

1.4 Road map to the rest of the thesis
The rest of the thesis is organized as follows. In Ch. 2, the prediction scheme for
the tonal noise generation by slats is described. This includes the aeroacoustic
whistling mechanism and the prediction of vortex-shedding frequency at the
blunt trailing edge of the slat. In Ch. 3, a Boundary Element Method is described
followed by a noise source modeling scheme to predict the broadband slat noise in
the far field. In Ch. 4, a general technique is presented to suppress the instabilitywave solution of the linearized Euler equations to filter out the acoustic-wave
solution. The linearized Euler equations are solved to calculate sound propagation
through nonuniform flows. However, it is important to suppress the instabilitywave solution, otherwise the instabilities can overwhelm and contaminate the
acoustic-field solution. Also, a buffer-domain boundary treatment is developed
to absorb outgoing waves in the frequency domain. In Ch. 5, some conclusions
are drawn based on the findings and observations and some recommendations
are made for future work. In Appendix A, an efficient technique to analyze the
stability characteristics of free-shear layers is presented. This scheme is used
in Ch. 2 for the tonal noise predictions. In Appendix B, the free-space Green’s
function for the convective wave equation is developed. In Appendices C and D,
analytical solutions to one and two-dimensional problems for examples used in
Ch. 4 are given.

Chapter 2
Tonal slat noise prediction
2.1 Introduction
This chapter describes an aeroacoustic whistling mechanism to explain and predict the high frequency tonal noise emanating from the slat trailing edge. It is
conjectured that an intense tonal noise is generated when the vortex shedding
frequency from the blunt slat trailing edge matches a resonance mode of the gap
between the slat and the main element. As explained later in this chapter, the
normal modes are easily obtained based on the slat gap setting and the mean
flow through the gap. In order to predict the vortex shedding frequency, the
characteristics of the slat wake are analyzed with a local hydrodynamic stability
analysis.
The field of hydrodynamic instability is concerned with the study of the evolution of perturbations to the equilibrium (mean/base) state of a fluid. It is perhaps
difficult to describe this field in words simpler than in Chandrasekhar’s classic
book [15]
“It is in the differentiation of the stable from the unstable patterns of
permissible flows that the problems of hydrodynamic stability originate.”
Landau and Lifshitz [16] appear to be the first to point out that two types of
instabilities can exist in a physical medium. If a localized, pulsed disturbance is
introduced in an unstable medium, then it can either: grow in space and time,
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engulfing more and more of space, so that eventually the disturbance grows with
time at every point in space [see Fig. (2.1(a))] or the pulse can grow and propagate
away from its point of introduction, so that at any fixed point in space, the
disturbance eventually decays [see Fig. (2.1(b))]. The former class of instability is
referred to as an absolute instability and the latter is called a convective instability.
If a medium is convectively unstable, and a reference frame is fixed with the
traveling pulse, then the instability would appear to be absolute in that reference
frame. If a medium is stable, the the disturbance eventually decays in every
reference frame [see Fig. (2.1(c))]. These ideas were first formalized by Sturrock
[17] and then developed further in many different ways by plasma physicists to
analyze the plasma instability problem ([18], [19]). Plasma physics is in many
ways similar to fluid mechanics, since the Maxwell equations that govern plasma
physics are analogous to the Navier-Stokes equations.
Local stability analysis is a very powerful tool capable of providing a link
between the local characteristics governed by the local absolute instability values
and the global dynamics (cf. Koch [13]; Chomaz et al. [14]). Therefore, the vortex
shedding frequency can be predicted based only on the local characteristics of the
wake. In order to calculate the local instability characteristics of the wake, the
mean flow values are required from the wake in the vicinity of the slat trailing
edge. The mean flow data for the present calculations are obtained from the
unsteady Reynolds-averaged Navier-Stokes (RANS) simulations of Khorrami et
al. [3]. Local stability analysis also facilitates parametric studies like an analysis
of the effects of varying gap setting and compressibility effects on the vortex
shedding frequency. Also, the effect of changing wake depth or width is easily
examined.
The remainder of this chapter is organized as follows. The basic equations
for the local stability analysis are discussed in Sec. 2.2. The slat-wake characteristics, based on the local stability analysis and the global frequency predictions
are presented in Sec. 2.4. In Sec. 2.5, the aeroacoustic whistling mechanism is
described, and comparisons are made between predicted and observed tones in
the experiments. The effects of variations in the slat gap, and in the Mach and
Reynolds numbers on the observed tonal frequency are described in Sec. 2.6.
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Figure 2.1. Space-time evolutions G(x, t) of a pulse introduced at the origin. The pulse
evolution is: absolutely unstable in (a), convectively unstable in (b), and stable in (c)
(From Bers [19]).

2.2 Basic equations
The local stability characteristics of the slat wake are analyzed using classical
linear stability analysis based on the assumption of a locally parallel mean flow. In
the present approach, the hydrodynamic stability characteristics of parallel shear
flows are examined in an incompressible and inviscid context. This framework
is adequate to describe the evolution of infinitesimal disturbances to study the
linear stability characteristics of free-shear flows like wakes. Also, for slat-noise
prediction a two-dimensional representation is adequate. With these choices, the
evolution of disturbances superimposed on the base (mean) state are described
by the incompressible, constant density Euler equations. These equations when
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non-dimensionalized with a length scale given by the trailing edge thickness of
the slat, and a velocity scale given by the free-stream speed of sound, can be
written as
∇·u=0
∂u
+ (u · ∇)u = −∇p
∂t

(2.1)

where
u = U(y)e + u0
p = P + p0 ,

(2.2)

U(y) is the unidirectional mean velocity profile, P is the constant mean state pressure, and u0 = u0 e + v0 e and p0 are disturbance quantities about the means.


Note that the mean state also satisfies Eqs. (2.1) for arbitrary velocity profiles
U(y). The space-time response of the disturbance velocity is obtained by substituting Eqs. (2.2) into Eqs. (2.1) and neglecting all nonlinear terms. The resulting
linearized equations can be written as

!

∇ · u0 = 0

dU(y) 0
∂
∂
+ U(y)
v e = −∇p0
u0 +
∂t
∂x
dy

(2.3)

Since the coefficients of Eqs. (2.3) are independent of time (t) and the streamwise
coordinate (x), the disturbances are assumed to be cyclic in x and t. Therefore, the
disturbance quantities can be represented as

u0 (x, t) = < û(y) exp [i(kx − ωt)]

p0 (x, t) = < p̂(y) exp [i(kx − ωt)]

(2.4)

where k and ω are the complex wavenumber and frequency respectively, and
the hat (ˆ) quantities are the eigenfunctions that describe the distribution of the
disturbances in the cross-stream (y) direction. The substitution of Eqs. (2.4) into
Eqs. (2.3) and the elimination of the disturbance streamfunctions in favor of v̂(y)
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leads to the Rayleigh equation
!
∂2 U(y)
∂2 v̂
2
− k v̂ −
v̂ = 0,
(U(y) − c)
∂y2
∂y2

(2.5)

where c = ω/k. The boundary conditions are chosen to be
v̂ = 0 at y = ME and ∞,

(2.6)

where ME is the location of the main element, which is treated as a solid wall.
Equations (2.5) and (2.6) constitute an eigenvalue problem that relates the wavenumber to the frequency:
D(k, ω) = 0.

(2.7)

Equation (2.7) is the dispersion relation and it is fundamental in the evaluation of
the instabilities of the medium.

2.3 Local stability analysis – Numerical procedure
As described in the preceding section, two types of instabilities can exist in a
physical medium: one is absolute, and the other is convective. An absolute
frequency (ωo ), which may be complex, has a zero group velocity based on the
local linear dispersion relation (dωo /dk = 0; see Sec. 4.2). A region with absolute
instability acts as an oscillator capable of supporting self-sustaining oscillations,
whereas a region of convective instability acts as an amplifier of disturbances that
are eventually convected downstream with the fluid flow.
Wakes with regions of reversed flow are known to have a region of absolute
instability followed by a zone of convective instability (cf. Triantafyllou et al.
[20], Hannemann and Oertel [21], Hammond and Redekopp [22]). Chomaz et
al. [14] demonstrated that flows with a sufficient pocket of absolute instability
can support global instabilities of the form displayed by vortex shedding. The
connection between local and global instability will be elaborated later in the
chapter. A robust and modular procedure for the calculation of absolute and
convective instabilities is presented in Appendix A.
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2.4 Wake characteristics – Local and global dynamics
The mean flow data in the present analysis has been provided by Khorrami et
al. [3]. They performed unsteady two-dimensional RANS calculations that were
designed to match the experiments conducted in the NASA Langley LTPT, on the
high lift wing sketched in Fig. (1.2). The simulations were performed for two slat
deflection angles with respect to the main element: one at 30 deg. and the other
at 20 deg.
The experimental model had a chord length, in stowed position, of 55 cm.,
whereas in the numerical simulations of Khorrami et al. [3], the stowed chord
length was normalized to 1 unit. Therefore, all space dimensions in the numerical
simulations were scaled by a factor of 1:0.55. The thickness of the trailing edge of
the slat used for the numerical simulations, for both the 30 and 20 deg. case, was
h = 7 × 10−4 units (0.39 mm. for the experimental model).

In order to determine the local and global stability characteristics of the slat

wake, mean flow profiles have been obtained along lines in the vicinity of the
slat trailing edge that are perpendicular to the mean slat chord line at the slat
trailing edge. It is expected that there would be a high probability of the existence
of absolute instability in a wake with a large velocity deficit. The length of the
region downstream of the slat trailing edge, where the wake would have this
property is expected to be of the order of the thickness of the slat trailing edge.
Therefore, the lines along which the mean velocity profiles are extracted, are
chosen to lie in this narrow region.
It is found that the velocities perpendicular to the lines of data extraction
(parallel to the slat trailing edge), are at least 90% greater than the velocities
parallel to the extraction lines. Therefore, the mean flow is nearly parallel and the
local dispersion characteristics of the medium may be obtained using a locally
parallel mean flow approximation.
The mean velocity profiles at different downstream locations from the slat
trailing edge, as a function of the cross-stream variable, y, are shown in Fig. (2.2)
for the 30 deg. case and in Fig. (2.3) for the 20 deg case. The y-axis is normalized
with the slat trailing edge thickness, h, and its origin is chosen to be at the midpoint of the slat trailing edge. The downstream distances are measured from the
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slat trailing edge, with a separation dx = 6.19 × 10−3 h. Therefore, h = 162dx. It can

be seen that compared to the 30 deg. case, the wake in the 20 deg. case changes
more slowly with downstream distance and is also shallower and thicker.
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Figure 2.2. Mean (u) velocity profiles at different downstream locations for the 30 deg.
slat deflection case: a) progressively more deep, b) progressively more shallow, wake.

Absolute frequencies at each downstream location in the wake are computed
using the absolute instability solver described in appendix A. The computed
results for the 30 and 20 deg. cases are shown in Figs. (2.4) and (2.5) respectively.
The real part of the frequency represents the local periodicity and the imaginary
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Figure 2.3. Mean (u) velocity profiles at different downstream locations for the 20 deg.
slat deflection case: a) progressively more deep, b) progressively more shallow, wake.

part describes the local growth rate in time. Positive values of =[ωo ] indicate
growth or instability whereas negative values represent decay or stability. The

wake is absolutely unstable in the range x ≤ 129dx for the 30 deg. case, and
x ≤ 296dx for the 20 deg. case. The frequencies are normalized with the free

stream speed of sound and the slat trailing edge thickness, h. It is observed that

the strongest determinant of the absolute frequency is the wake depth. Increasing
the depth decreases <[ωo ] and increases =[ωo ], and vice versa. There is a weaker
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dependence on the wake width with decreases in width increasing both <[ωo ]

and =[ωo ].
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Figure 2.4. The real and imaginary part of the absolute frequency for the slat wake at 30
deg. slat deflection.

The presence of a global frequency, which represents the onset of global oscillations, was first predicted and related to local stability characteristics by Koch
[13]. Koch proposed that the global frequency is given by the absolute frequency
at the last downstream location where the flow transitions from absolute to convective instability. Let xac be this streamwise location. Then, the global frequency
is given by
f ac = <[ωo (xac )]/2π

(2.8)

Based on the assumption of slow spatial variations (WKBJ approach), Chomaz
et al. [14] and later Le Dizès et al. [23] showed that a finite pocket of local absolute
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Figure 2.5. The real and imaginary part of the absolute frequency for the slat wake at 20
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instability in the wake region was a necessary condition for the onset of global
instability. Under these circumstances, they predicted that the linear global mode
is determined at the saddle point:
dωo
(xs ) = 0.
dx

(2.9)

The global frequency is given by the real part of the saddle-point frequency,
f s = 2π−1 <[ωo (xs )].

Pier and Huerre [24] showed that the existence of a finite region of local

absolute instability was a sufficient condition for the existence of nonlinear global
modes. They argued that the frequency of the nonlinear global wavemaker
is set by the absolute frequency of the first streamwise location with a non-
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negative absolute growth rate. In present simulations, this corresponds to the
first downstream location in the wake behind the slat trailing edge. That is, the
global frequency is given by,
f I = <[ωo (x = dx)]/2π

(2.10)

The vortex shedding frequency predictions based on criteria (2.8), (2.9), and
(2.10), together with the observed vortex shedding frequency for both the 30
and 20 deg. cases are listed in Table 2.1 ( f vs is the computationally observed
vortex shedding frequency). The frequencies have been scaled to their actual
dimensional values.
δs
30◦
20◦

f ac
fs
fI
46.7 42.1 46.1
43.7
35.9

f vs
45
-

Table 2.1. Comparison of global frequencies given by different criteria compared to the
computed vortex-shedding frequency. The dashes indicate that the criterion could not be
met or no vortex shedding was observed in the simulations. (All frequencies are in kHz.)

At present, no definitive criterion exists that relates the local instability characteristics to the global dynamics. Criterion (2.9) is derived more formally than (2.8),
but is based on a linear model. For flow past a flat plate with a blunt trailing edge
at a Reynolds number number slightly higher than the critical value, Hammond
and Redekopp [22] predicted a global frequency (non-dimensionalised with the
average velocity of the streams on the two sides of the plate and the base height)
of 0.1006, based on the saddle point criterion (2.9), whereas the numerically determined frequency was 0.1000. However, this closeness in the predicted and
observed values might have been fortuitous, since this criterion does not capture
some of the nonlinear effects.
Criterion (2.10) is based on a fully nonlinear model but is derived for a synthetic
wake, one in which the presence of the solid body is neglected. Moreover, all these
analyses assume a slowly varying mean flow. Nevertheless, it is clear that the
global frequency must lie in the range of absolutely unstable frequencies, since
convectively unstable regions cannot support self-sustained oscillations. For the
30 deg. case the predicted frequencies from all the models are in good agreement
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with that obtained by Khorrami et al. [3] in their numerical simulations. Indeed,
every streamwise location that is absolutely unstable predicts the vortex shedding
frequency fairly well.
At a slat deflection of 20 deg., Khorrami et al. [3] did not observe any vortex
shedding in their RANS simulations. However, it can be seen in Fig. (2.5) that there
is a finite pocket of absolute instability in the slat wake. Even though the absolute
instability growth rate is slightly lower than in the 30 deg. deflection case, the
region of absolute instability is nearly twice that for the 30 deg. case. Therefore,
in all probability, the slat wake for the 20 deg. deflection case should show some
global oscillations. Khorrami et al. [3] report that initially in their simulations
they observed some periodic flow, but the unsteady levels were weaker than
those in the 30 deg. case and were damped by the solver. This behavior may be
explained in part by the growth rate values for the 20 deg. case, which are lower
than those for the 30 deg. case (Figs. (2.4) and (2.5)). However, in the NASA
Langley experiments, the high frequency tone was present only in the 30 deg.
case. This anomaly may be explained by an aeroacoustic whistling mechanism.
The vortex shedding at the slat trailing edge acts as an acoustic source, and when
the frequency of this source comes close to one of the duct (gap between the slat
and the main element) modes, resonance occurs and, as a result, a high amplitude,
tonal sound field is produced.

2.5 Aeroacoustic whistle
The natural modes of the gap can be computed from a geometrical acoustics
approach. Figure (2.6) shows a simplified model of the gap between the slat and
the main element. It is assumed that the mean flow through the gap is of a constant
magnitude (u). For a source embedded in a uniform mean flow, the acoustic rays
are straight lines passing through the source (for example, ray PQ in Fig. (2.6); cf.
Whitham [25]). Note this is true only if the mean flow is uniform. The wavefront
at time t is a sphere of radius c t centered at a downstream distance u t, c being
the speed of sound. Upon hitting the main element, the ray (wave-front) will
be reflected. The reflections from the main element may be evaluated simply by
replacing the main element with a mirror image (P0 ) of the source (P) about the
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main element. Now both the sources, P and P0 , will contribute to any point within
the gap. It is clear that only the ray that is traveling towards the point directly
beneath the slat trailing edge (PQ), will be reflected back to the source location.
From the velocity vector diagram in Fig. (2.6), the velocity of the wave-front in the
√
direction of the ray is given by c = a2 − u2 . The reflected wave from the main
element (ray P0 Q) will again be reflected from the slat and the cycle will repeat
(image of P0 about the slat, and its image about the main element, and so on to
infinity, thus giving infinite sources). If all these round-trips of the wavefronts
are in phase, then resonance would occur. Therefore, the transverse resonance
frequencies of the gap are given by
√
f r = n c2 − u2 /2d, n = 1, 2, 3, . . . .

(2.11)

This is the same condition derived by Tam and Pastouchenko [6] using a slightly
different argument. The duct will whistle when the vortex shedding (forcing)
frequency comes close to one of the transverse resonance frequencies of the gap.
Hence, high amplitude tones are expected when
f vs = f r ,

(2.12)

where f vs is the vortex shedding frequency.
This whistling mechanism is an extension of the feedback mechanism proposed by Tam and Pastouchenko [6]. In their formulation, Eq. (2.11) was viewed
only as providing a feedback loop which causes vortex shedding at the slat trailing
edge. Thus the number n in Eq. (2.11) had to be selected empirically. But, with the
whistling criterion of Eq. (2.12) the integer n is governed by the vortex shedding
frequency at the slat trailing edge, and Eq. (2.11) only provides the natural or
normal modes of the gap.
In the NASA Langley experiment, the observed tone for a slat deflection of
30 deg., was centered around 45 kHz. From formula (2.11), for u = 0.3c, c = 347
m/s, d = 1.35 cm, the value closest to the tonal frequency is 48.7 kHz for n = 4.
These values are a little different from those used by Tam and Pastouchenko [6].
Our values are taken from the numerical data provided by Khorrami et al. [3]
(see Fig. (2.2)). However, minor changes in u or c have no significant effect on
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Figure 2.6. Feedback process leading to resonance near the slat trailing edge.

f r . For this resonance frequency, the predicted vortex shedding frequencies from
Fig. (2.4) and Table 2.1, nearly satisfy the whisting condition of Eq. (2.12). Tam
and Pastouchenko [6] argue that f r should be slightly lower than that predicted by
Eq. (2.11), due to a time delay introduced by the boundary layer in the triggering
of the shear layer instability: but, in the present model, the frequency is set by
the slat near-wake, so it is not clear that a similar time delay is needed in our
model. Clearly, the whistling mechanism proposed here explains the observed
high frequency tone in the experiment, for the 30 deg. slat deflection case.
For the 20 deg. case, the mean velocity through the gap is slightly smaller
(u = 0.25; see Fig. (2.3)). In the experiments, the gap height was nearly the same.
From formula (2.11), f r = 49.76 kHz (with n = 4), which is slightly higher than
for the 30 deg. case. However, if there is vortex shedding at a slat deflection of 20
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deg., it is expected to be at a frequency lower than the 30 deg. case. This is evident
from Figs. (2.4) and (2.5), and Table 2.1. Also, at a 20 deg. deflection angle, the slat
is aerodynamically more loaded. Therefore, the boundary layer and hence the
wake thickness is expected to be greater for the 20 deg. case. This suggests that
the vortex shedding frequency reduces with the reduction in the slat deflection
angle. Hence, the whistling criterion of Eq. (2.12) would not be satisfied for the
20 deg. case. As a note of caution, it should be stressed that Fig. (2.5) should be
used only qualitatively. The mean flow profiles used for the 20 deg. deflection
case are based on a steady rather than an oscillatory flow, and the local stability
analysis may not be able to provide accurate results. The low frequency region
immediately behind the slat (Fig. (2.3(a))) is prone to most error. If there were
global oscillations, the mean flow in this region would be a little deeper and
thinner, instead of being almost of the thickness of the trailing edge with nearly
zero velocity (Fig. (2.3(a))). Thus, for a stability analysis based on the mean state
of an oscillatory flow, higher absolute frequencies may be expected. This also
explains the absence of a saddle point ( f s ) in Fig. (2.5) that is observed in almost
all wakes that exhibit global oscillations. Hence, the values in Fig. (2.5) may be
viewed as a lower bound for the absolute frequencies. The above argument also
helps to explain why n = 3 is not chosen to obtain the resonance frequency f r ,
which would be closer to the predicted vortex-shedding frequency f I than the
f r for n = 4. The vortex-shedding frequency is expected to change only slightly
between the 30 and 20 deg. deflection cases. The large difference between the f I
values for the two cases is because of the absence of global oscillations caused by
the excessively damped numerical solver and turbulence model used by Khorrami
et al.[3].
If Eq. (2.11) is thought of as a feedback process, which alone is responsible
for setting the vortex shedding frequency which in turn manifests itself as the
observed high-amplitude tone as proposed by Tam and Pastouchenko [6], then a
high-amplitude tone should also be observed for the 20 deg. case. This evidently
is not the case, lending further support for Eq. (2.12) to be the criterion for the
observed strong tone frequency.
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2.6 Parametric variations
So far only the effect of slat deflection angle on the observed frequency spectrum has been studied. To further test the hypothesis, the following parametric
variations are discussed:

2.6.1 Slat gap
A parametric study with varying slat gap setting has been performed. Almost
no change is observed in the absolute frequencies in the wake. This would
suggest that the vortex shedding frequency is almost independent of the slat
gap setting, depending purely on the characteristics of the wake. Also, since the
analysis has been based on the assumption of an incompressible flow, it is possible
that the insensitivity to the presence of the main element (slat gap setting) may
have been caused due to the neglect of compressibility effects. To this end,
the local stability analyses have been repeated using the compressible Rayleigh
equation. The absolute frequencies remained nearly unchanged compared with
the incompressible case. This confirms the insensitivity of the vortex shedding
frequency to changes in the gap height. The underlying assumption in the analysis
is that the mean flow through the gap remains unchanged with varying gap
settings. This assumption would be valid only if the variations in gap settings
were relatively small. This result is in agreement with the observations made
during the NASA Langley LTPT experiment. In the experiment, the gap and
overhang settings were changed over a limited range and no appreciable shift in
the high-frequency peak was observed.

2.6.2 Mach number
In the LTPT experiment, the free stream Mach number was increased from 0.2 to
0.3 while the slat deflection angle was kept at 30 deg. This resulted in an increase
in the frequency of the observed tone. As noted by Tam and Pastouchenko [6],
a higher Mach number would reduce the thickness of the boundary layer, and
reduce the time delay experienced by the acoustic waves within the boundary
layer. This would increase the transverse frequency of the gap ( f r ). In my opinion,
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a more important effect is a decreased boundary layer thickness that implies a
thinner wake, and following the arguments made for the slat gap settings, this
would result in a higher frequency of vortex shedding. Thus, from Eq. (2.12),
whistling would occur at a higher frequency, as observed in the experiment.

2.6.3 Reynolds number
Khorrami et al. [3] reported a slight decrease in the observed tonal frequency
with reduction in flow Reynolds number. A reduction in Reynolds number is
expected to thicken the boundary layer, and following the same arguments as in
the previous two sub-sections, this would result in a decrease in both the shedding
frequency and the transverse gap resonance frequency. This would explain the
downshift in the observed tone frequency.

2.7 Conclusions
The physical characteristics of the slat wake have been analyzed through a detailed local stability analysis. Based on a locally parallel mean flow assumption,
the dispersion relation given by the Rayleigh equation has been used to obtain
the absolute frequencies in the wake. It has been observed that the real part of the
absolute frequency is inversely proportional to both the wake depth and thickness. Based on this local stability analysis, the predicted global vortex shedding
frequency for a 30 deg. slat deflection, is close to that observed in the numerical
simulations of Khorrami et al. [3]. For a slat deflection of 20 deg., the vortex
shedding frequency is expected to be lower, since the slat wake is shallower and
thicker compared to the 30 deg. case. However, Khorrami et al. [3] did not
observe any vortex shedding for the 20 deg. case. Since the absolute growth
rates are lower for the 20 deg. case, the global instabilities are likely to have been
damped by Khorrami et al.’s [3] numerical scheme or turbulence model.
It is proposed that the observed high frequency tone in the experiments with
multi-element wings is due to a whistling mechanism. The normal modes of
the whistle are given by the transverse resonance frequencies of the gap between
the slat and the main element. When the vortex shedding frequency, acting as
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an external source, matches any one of these modes, resonance occurs and a
high amplitude, tone is generated. It is conjectured that it is this noise that is
observed as the high frequency hump in the experiments. For a slat deflection of
30 deg., it is shown that the whistling criterion is met. For the 20 deg. case, the
vortex shedding frequency is slightly lower than for the 30 deg. case, while the
transverse resonance frequency of the gap is slightly higher. Thus the whistling
criterion is not satisfied in the 20 deg. case. These observations are consistent
with the experimental measurements.

Chapter 3
Broadband slat noise
3.1 Introduction
Numerical and experimental studies have identified the unsteady flow in the slat’s
cove region to be the dominant noise source for the observed broadband noise. In
this chapter, a semi-empirical technique is presented to estimate the broadband
component of slat noise. The turbulent field in the vicinity of the slat and the main
element is obtained from the k − ω model-based unsteady RANS simulation of

Khorrami et al. [10]. Based on this data the noise-source statistics are modeled by
a function that has three empirical constants. This modeling procedure is similar
to that used for jet noise predictions (cf. Morris and Farassat [26]). In the present
scheme it is assumed that the acoustic waves from these sources propagate in
a uniform background (base) flow. However the complex geometry of the slat
and the main element are taken into account. In order to accomplish this, a
Boundary Element Method (BEM) is developed to compute a Green’s function
that describes the sound propagation from a time-harmonic point source in the
presence of a uniform background flow and scattering bodies. The uniform mean
flow does not describe the actual mean flow in the presence of the bodies. Rather,
it is assumed that the mean flow is unaffected by the presence of the bodies. So
this is only an approximate method of accounting for the mean flow away from
the body. The noise in the far field is predicted by forming a convolution of the
Green’s function with the modeled sources. The empirical constants are derived
by obtaining the best fit of the predicted noise with experimental noise data. Once
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these parameters are determined they can be used for other operating conditions
and wing configurations.
In section 3.2, an expression for the time-harmonic Green’s function in the
presence of a uniform mean flow and a scattering body is derived. This leads
to a boundary integral equation. A BEM is developed to solve this equation in
section 3.3. In Sec. 3.4 some simple examples of acoustic scattering are presented
to validate the BEM. The noise prediction scheme is described in section 3.5.
Numerical predictions and comparisons with experiments, where available, are
presented in section 3.6.

3.2 Green’s function for the convected wave equation
in the presence of a solid body
The time-harmonic Green’s function G(x; ω) for the convected wave equation in
the presence of a solid body satisfies the following differential equation


!2


∂
2
 −ik + M
− ∇  c2 G(x|x ) = δ(x − x )

∂x

(3.1)

along with the boundary condition

∂G
= 0 on S
∂η

(3.2)

where x and x represent observer and source locations, respectively, k = ω/c,
c is the free-stream speed of sound, M = ū/c, ū is the uniform mean velocity in
the streamwise x-direction, S defines the boundary, and ξ and η are curvilinear
orthogonal coordinates that represent the tangential and normal directions on S
respectively (see Fig. (3.1)).
In order to obtain this Green’s function, first a generalized Green’s theorem is
derived. The first step in this process involves the use of the free-space adjoint
Green’s function. The free-space adjoint Green’s function g∗ satisfies the following
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differential equation,


!2


∂
 −ik − M
− ∇2  c2 g∗ (x|x ) = δ(x − x )

∂x

(3.3)

Taking the difference between the product of Eq. (3.1) with g∗ and Eq. (3.3) with
G yields,
g∗ (x|x )δ(x − x ) − G(x|x )δ(x − x ) = ∇ · P (G, g∗ )

(3.4)

where
∗

P (G, g ) = c

2

"(

!
)
#
∂g∗
2
∗
∗
∗
−G
M − 2ikMGg e − g ∇G − G∇g
g
∂x
∂x
∗ ∂G

(3.5)

and e is the unit vector in the x-direction.
Equation (3.4) is a generalization of Green’s theorem that is used to satisfy the
boundary conditions in the presence of a solid body.
Integration of Eq. (3.4) over the region outside S and the application of the
divergence theorem yields
∗

G(x |x ) = g (x |x ) −

I

P (G(x |x ), g∗ (x |x )) · e dS


S

(3.6)

where e is the unit-normal vector at a point x on the surface S. Replacing the


dummy variable x with x and using the reciprocity relation g∗ (x |x) = g(x|x ),

where g(x|x ) is the free-space Green’s function derived in Appendix B, Eq. (3.6)

can be written as
G(x|x ) = g(x|x ) −

I

P (G(x |x ), g(x|x )) · e dS


S

(3.7)
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Thus,
!
∂g(x|x )
∂G(x |x )
− G(x |x )
M2
G(x|x ) = g(x|x ) − c
g(x|x )
s
s
∂x
∂x
S
)
− 2ikMg(x|x )G(x |x ) e · e
2

I "(



−

(

∂g(x|x )
∂G(x |x )
g(x|x )
− G(x |x )
∂η
∂η

)#

dS

(3.8)
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Figure 3.1. The coordinate systems: (x, y) – Cartesian; (ξ, η) – body-fitted orthogonal
curvilinear.

Note that
∂( )
∂( )
∂( )
=
ηx +
ηy
∂η
∂x
∂y
∂( )
∂( )
∂( )
=
ηy −
ηx
∂ξ
∂x
∂y

(3.9)
(3.10)
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Therefore,

∂G
∂G ∂G
=
ηx +
ηy
∂x
∂η
∂ξ

(3.11)

where ηx = e · e and η y = e · e . From the boundary condition, ∂G(x )/∂η = 0.






Thus, Eq. (3.8) can be written as

I "(

!
∂g(x|x )
∂G(x |x )
−g(x|x )
G(x|x ) = g(x|x ) + c
M2
η y + G(x |x )
s
∂ξ
∂x
S
)
#
∂g(x|x )
+ 2ikMg(x|x )G(x |x ) ηx − G(x |x )
dS (3.12)
∂η
2

This is the expression for the Green’s function in the presence of a solid body
and a uniform mean flow. This equation contains G(x ) on the right-hand side
which is an unknown. In the following section, this unknown boundary function
is calculated by the BEM.

3.3 Boundary element formulation
The boundary integral equation is given by
G(x |x )/2
G(x|x )

)

= g(x|x ) + c

2

I "(
S

− g(x|x )

∂G(x |x )
ηy
∂ξ

)
∂g(x|x )  2
M + 2ikMg(x|x )G(x |x ) ηx
+ G(x |x )
∂xs
#
∂g(x|x )
− G(x |x )
dS
(3.13)
∂η
Here G(x |x ) and G(x|x ) are the unknowns. The first of these equations is used
to calculate G(x |x ) on the surface, which is then used to evaluate the surface

integrals in the second equation to solve for G at an arbitrary observer location x
for a given source location x .
The reason that lim

→

G(x|x ) , G(x |x ) is that the surface integral on the

right-hand side of Eqs. (3.13) is discontinuous in the limit. The surface integral

can be evaluated in the limit x → x by selecting a point x on the surface but
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Figure 3.2. Surface deformation such that in the limit  → 0, x → x .

deforming the surface in a semicircle (C ) of radius  below x, as shown in Fig. (3.2).
Then, in the limit  → 0, x → x . Let
!
∂g(x|x )
∂G(x |x )
−g(x|x )
M2
s(x) = c
η y + G(x |x )
s
∂ξ
∂x
S
#
)
∂g(x|x )
+ 2ikMg(x|x )G(x |x ) ηx − G(x |x )
dS
∂η
I
=
Ψ(x|x )dS
2

I "(

(3.14)

S

With the surface S defined as in Fig. (3.2),
s(x) =

Z

Ψ(x|x )dS +
S−2

Z

Ψ(x|x )dS

(3.15)

C

It can be shown that in the limit  → 0, the g(x, x ) terms in Ψ(x|x ) do not
R
contribute to the C integral. Then, after some simple manipulations, the integral


over C can be written as
lim
→0

Z

Ψ(x|x )dS =
#
Z "
∂g(x|x
)
∂g(x|x
)
−c2 G(x |x )
ηx (1 − M2 ) +
η y dx
s
∂x
∂ys
C
C

(3.16)

On the curve C , x − x = − e , dx =  dθ. On substituting the expressions
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for the partial derivatives of the free-space Green’s function (see relations (3.25)
below), Eq. (3.16) can be simplified to
lim
→0

Z

Ψ(x|x )dS =
C

iγ2 k
−G(x |x )
4

Z

π

(x − x ) · e
H(1)
[kγρ(x, x )] dθ
1
ρ(x, x )


0

(3.17)

where ρ(x, x ) = (γ2 cos2 θ + sin2 θ)1/2 and H(1)
n ( ) represents a Hankel function of
the first kind. Note that in the asymptotic limit for small ρ, the integrals involving
the H(1)
( ) functions evaluate to zero and are hence ignored. Using the asymptotic
0
(ρ) ' −2i/(πρ) for small ρ, and after some more manipulations,
limit H(1)
1
γ
lim
Ψ(x|x )dS = G(x |x )
→0 C
2π

G(x |x )
=
2
Z

Z

π
0

1
γ2 cos2 θ + sin2 θ

dθ
(3.18)

Hence from Eqs. (3.14), (3.15), and (3.18),
lim s(x) = s(x ) + G(x )/2
→

(3.19)

Thus, in the limit x → x , the surface integral has a jump of magnitude G(x )/2.

This explains the factor of 1/2 on the left-hand side of Eq. (3.13) when the response
is evaluated at the boundary.

3.3.1 Numerical implementation
The integrals in Eq. (3.13) are discretized by representing the surface S by a set of
linear panels S j (Fig. (3.3)), such that
S=

n
X

Sj

(3.20)

j=1

On each panel S j , the unknown surface functions are approximated by constants,
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Figure 3.3. Surface discretization for the BEM.

G(x ) = G(x )
∂G(x ) G(x j+1 ) − G(x j−1 )
∂G(x )
=
=
∂ξ
∂ξ
|x j+1 − x j−1 |

(3.21)
(3.22)

where x is the mid-point of the panel S j . Hence, the first of Eq. (3.13) can be
written as
n "
X

G(x j+1 ) − G(x j−1 )
G(x )/2 = g(x |x ) + c
− M ηx j η y j
|x j+1 − x j−1 |
j=1
Z
∂g(x |x )
+ M2 ηx j G(x )
dS
∂xs
Sj
Z
g(x |x )dS
+ 2ikMηx j G(x )
2





2

Z

g(x |x )dS


Sj





Sj

− G(x )

Z

∂g(x |x )
dS
∂η


Sj

#

(3.23)

where ηx j = ηx (x ). Equation (3.23) can be cast in the following matrix form
Mi j G j = F i

(3.24)

39
where
Mi j

"
!
Ii j−1
Ii j+1
1
2
2
=
− ηx j+1 η y j+1
δi j − c − M ηx j−1 η y j−1
2
∆x j−1
∆x j+1
#
+M2 ηx j Ji j + 2ikMηx j Ii j − Ki j

Fi = g(xi |x )
G j = G(x )
Z
g(x |x )dS
Ii j =


Sj

Ji j =

Z

Ki j =

Z

Sj

g(x |x )
dS
∂xs

Sj

g(x |x )
dS
∂η





(

0 (i , j)
1 (i = j)
∆x = |x j+1 − x j−1 |
(
)
∂g(x |x )
iγ3 k
γ(xi − xs ) (1)
(1)
iMH0 [kγρ(x , x )] +
=
H [kγρ(x , x )]
∂xs
4c2
ρ(x , x ) 1
δi j =









× exp[−ikγ2 M(xi − xs )]
(
)
∂g(x |x )
iγ2 k yi − ys (1)
H [kγρ(x , x )] exp[−ikγ2 M(xi − xs )]
=
4c2 ρ(x , x ) 1
∂ys
q
ρ(x , x ) =
γ2 (xi − xs )2 + (yi − ys )2
(3.25)








The integrals in Eqs. (3.25) can be evaluated using a standard Gaussian quadrature when i , j. When i = j, x = (x j + ξη y j , y j − ξηx j ) on S j . Thus,


xi − xs = x j − xs = −ξη y j 

 (−|S j /2| ≤ ξ ≤ |S j /2|),
s
s

yi − y = y j − y = ξηx j 
Z

( )dS =
Sj

Z

|S j |/2

( )dξ

(3.26)

(3.27)

−|S j |/2

Using Eqs. (3.26) and (3.27), the integrals in Eqs. (3.25) can be written after
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some manipulation as
Ijj

iγ
=
4c2

Kjj

|S j |/2
−|S j |/2

(1)

H0 [kγµ j |ξ|] exp[ikγ2 Mη y j ξ]dξ

|S j |/2
iγ
Λ(ξ)dξ
2c2 0
(
)
Z
γη y j
iγ3 k |S j |/2
iMΛ(ξ) − i
Ω(ξ) dξ
=
2c2 0
µj


Z
γ2 η x j η y j − η x j η y j

ikγ2 |S j |/2 
iγMηx Λ(ξ) − i
Ω(ξ) dξ
=

2
2c
µj
0

Z

=

Jjj

Z

(1)

Λ(ξ) = H0 [kγµ j ξ] cos[kγ2 Mη y j ξ]
(1)

Ω(ξ) = H1 [kγµ j ξ] sin[kγ2 Mη y j ξ]
where µ j = (γ2 η2y j + η2x j )1/2 . Note that

R

0

(3.28)

Λ(ξ)dξ has a logarithmic end-point

singularity. This integral can be evaluated by a generalized Gaussian quadrature
for logarithmic functions (see Ma et al. [27] for details). On substituting the
expressions for J j j and K j j in M j j it can be seen that the terms involving Ω(ξ) are
eliminated. Hence, the Ω(ξ) integrals are not evaluated.
The sound pressure on the surface G(x ) can now be evaluated by inverting the
matrix in Eq. (3.24). Finally the sound pressure at an arbitrary observer location
G(x) is calculated using the lower equation in Eqs. (3.13) and the now known
surface values of G(x ). The numerical discretization of this equation leads to
the right-hand side of Eq. (3.23) with x replaced with x. Note that now all the


integrals are regular and can be evaluated using a standard Gaussian quadrature.

3.4 Examples of the application of BEM
In this section, some examples are presented to validate the BEM code for simply
and multiply connected domains. Also, the effect of a mean flow on the directivity
pattern is revealed. Comparisons are made with analytical solutions when they
are available.
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3.4.1 Simply connected domains
As an example of the application of the BEM to simply connected domains, the
canonical problem of the scattering of acoustic waves from a point source by
a cylinder is solved. A schematic of the problem considered here is shown in
Fig. (3.4). The radius of the cylinder is 1 m. and its center is at (0, 0). A line
y
Source
x
(0,0)

(20,0)

Figure 3.4. Schematic for acoustic scattering from a cylinder.

source of frequency 200 rad/s is placed at (20, 0). Figure (3.5) shows the predicted
directivity pattern at a radius of 100 m. The analytical solution for this problem
is readily available (see for example, Morse and Ingard [28]). The BEM solution
is obtained by discretizing the surface of the cylinder into 30 elements. It can be
seen from Fig. (3.5) that the BEM solution agrees well with the analytical solution.
The effect of a mean flow on the sound directivity patterns is shown in Fig. (3.6),
which compares the directivity patterns in the presence of a uniform mean-flow of
Mach numbers 0, and 0.2. It can be seen that the directivity is altered significantly
compared to the no-flow case. In general, the mean-flow effects on the directivity
depend on several factors such as observer distance, source frequency, and Mach
number; but, it is important to account for the mean-flow, as it is difficult to know
a priori if the mean-flow is going to impact the acoustic directivity significantly or
not.

3.4.2 Multiconnected domains
The application of the BEM to multiconnected domains is more relevant to the
problem of slat-noise prediction, since the exterior domain of a multi-element
high-lift wing is multiconnected. The BEM can be applied to multiconnected
domains by defining the surface S in the surface integral of Eqs. (3.13) to include
the boundaries of all surfaces, even though they may be disjoint, such that each
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Figure 3.5. Sound directivity patterns for the scattering of acoustic waves from a line
source at (20,0) by a cylinder centered at (0,0). The source frequency is 200 rad/s: ——–,
BEM solution; ^, analytical solution.

surface is traversed in a counter-clockwise direction. For example, consider the
two disjoint surfaces, S1 and S2 , shown in Fig. (3.7). The domains Ω1 and Ω2 can be
made simply connected by adding lines l1 and l2 , such that lim→0 l1 = −l2 , where

 is the separation between the two lines. Thus the surface integral in Eqs. (3.13)

can be written as

I

However, in the limit  → 0,

=
S

R

l1

Z

+
S1 −

=−
I

R

l2

+
S2 −

Z

l1

+

Z

(3.29)
l2

. Therefore,

=
S

Z

2 I
X
i=1

.

(3.30)

Si

As a test case, the problem of the scattering of acoustic waves from a line source by
two cylinders is solved. The two cylinders, A of radius 0.5 m and B of radius 0.25
m, are located at (-4,0) and (4,0), respectively, as shown in Fig. (3.8). A line source
of frequency 8720 rad/s is located at the origin. For the BEM solution, the surface
of each cylinder is discretized by 30 elements. This is a CAA benchmark problem
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Figure 3.6. Comparison of sound directivity patterns for the scattering of acoustic waves
from a line source by a cylinder. – – – –, M=0; ——–, M=0.2.

and its analytical solution has been provided by Visbal [29]. Figure (3.9) compares
the root-mean-square (rms) pressure values obtained by the BEM solver with the
analytical solution along the x-axis for −9 ≤ x ≤ 9. It shows good agreement
between the analytical and the numerical solutions.

l2
Ω1

l1

S1

Ω2

S2

Figure 3.7. Multiconnected domain Ω = Ω1 ∪ Ω2 .
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Figure 3.8. Schematic for acoustic scattering from two cylinders.
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Figure 3.9. Rms pressure for the scattering of acoustic waves from a line source by two
cylinders. ——, BEM solution; , analytical solution.

3.5 Noise prediction scheme
Once the Green’s function for wave propagation and the noise source terms are
known, the acoustic field can be obtained by a straightforward convolution of the
Green’s function with the sources. It is argued that the noise sources in the slat
cove region are generated by unsteady pressure fluctuations (qs )1 . Following the
arguments by Tam and Auriault [30] it is expected that the noise source is given
by the time derivative of the unsteady pressure fluctuations in a reference frame
moving with the mean velocity of the fluid flow. In other words, the source term
can be represented as Dqs /Dt, the material derivative of qs . The acoustic field p
1

Alternative descriptions are possible and may be used within the general framework described
here.
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can now be computed by the following convolution
p(x, t) =

Z

∞

Z

−∞

∞

G(x, t|x , ts )

−∞

Dps (x , ts )
dx dts
Dt

(3.31)

where x (xs , ys ) are source locations in the slat-cove area, x(x, y) is the observer
location in the far field, and ps = (c/L)qs , where c is the free-stream speed of sound
and L is a characteristic length scale that is chosen to be the chord length of the
wing in stowed position. In order to determine the spectral density of sound,
the space-time Green’s function (G(x, t|x , to )) can be related to the time-harmonic
Green’s function(G(x|x ; ω)) derived in the previous section by the following
Fourier inverse transform
Z

1
G(x, t|x , ts ) =
2π

∞
−∞

G(x|x ; ω) exp[−iω(t − ts )]dω

(3.32)

Equation (3.31) can now be written as
p(x, t) =

$
S

dx

Z

∞

dts

−∞

Z

∞
−∞

Dps (x )
dω
G(x|x ; ω) exp[−iω(t − ts )]
2π
Dt

(3.33)

The autocorrelation of pressure at a point in the far field is given by

p(x, t)p(x, t + τ) =

$

dx2

S

*

$
S

+

dx1

∞
(

G(x|x1 ; ω1 )G(x|x2 ; ω2 )

−∞

Dps (x1 , t1 ) Dps (x2 , t2 )
exp[−iω1 (t − t1 ) − iω2 (t − t2 ) − iω2 τ]
Dt1
Dt2
dω1 dω2
dt1 dt2
2π 2π

×

(3.34)

The spectral density (S(x, ω)) of the radiated sound is obtained by the application of the Fourier transform to the autocorrelation function. Thus,
S(x, ω) =

Z

∞
−∞

p(x, t)p(x, t + τ)
exp[iωτ]dτ
ρc

(3.35)
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where ρ is the ambient density. Using the identity
Z

∞
−∞

exp[i(ω − ω2 )τ]dτ = 2πδ(ω − ω2 )

(3.36)

the expression for the spectral density can be written as

S(x, ω) =

$
S

*

dx2

$

dx1

S

+

∞
(
−∞

G(x|x1 ; ω1 )G(x|x2 ; ω2 )
ρc

Dps (x1 , t1 ) Dps (x2 , t2 )
exp[−i(ω1 + ω2 )t + iω1 t1 + iω2 t2 ]δ(ω − ω2 )
Dt1
Dt2
dω1 dω2
dt1 dt2
(3.37)
2π 2π

×

The only unknown in Eq. (3.37) is the space-time correlation function for the
source terms. This correlation is assumed to have the following Gaussian form2 :
*

+
"
#
 ζ2 τ2
Dps (x1 , t1 ) Dps (x2 , t2 )
p̂2s
1 2
2
= 2 2 exp − 2 ξ + η ) − 2 − 2
Dt1
Dt2
cs τ s
ls
lz
τs

(3.38)

where ξ = x1 − x2 , η = y1 − y2 , ζ = z1 − z2 , τ = t1 − t2 ; and ls and lz , τs , and p̂2s are

the local turbulence length, time, and kinetic energy scales, respectively. These
are given by
√
ls = cl k/ω, τs = cτ (1/ω), pˆs 2 /c2s = A2 (2ρ̄k/3)2

(3.39)

where k and ω are the averaged turbulence kinetic energy and specific dissipation
rate that are obtained from the k − ω model; and cl , cτ , and A are the parameters

of the model. The correlation length scale in the z-direction (lz ) is chosen to be ls .
2

Again, other choices of correlation function are possible. The Gaussian form is chosen in the
absence of measurements to guide the modeling.
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Using this model, the noise spectrum given by Eq. (3.37) can be written as

S(x, ω) =

$

dx2

S

"

exp −

$

dx1

∞
(

S
2

2

 ζ
1 2
τ
2
−
ξ
+
η
−
l2s
l2z
τ2s

#

−∞

G(x|x1 ; ω1 )G(x|x2 ; ω2 ) p̂2s
ρc
c2s τ2s

exp[−i(ω1 + ω2 )t + iω1 t1 + iω2 t2 ]δ(ω − ω2 )dt1 dt2

dω1 dω2
2π 2π

(3.40)

After performing the t1 and t2 integrations,
√ $
Z ∞Z ∞
2π π
S(x, ω) =
dx1
G(x|x1 ; ω1 )G(x|x2 ; ω2 )
ρc
−∞ −∞
S
(
)
2
h
i (z1 − z2 )2
p̂s
1
2
2
exp − 2 (x1 − x2 ) + (y1 − y2 ) −
c2s τs
ls
l2z
"
#
ω2 τ2s
dω1 dω2
exp −i(ω1 + ω2 )t − 1
δ(ω − ω2 )δ(ω1 + ω2 )
4
2π 2π

(3.41)

The ω1 and ω2 integrations can be evaluated easily because of the Dirac-delta
functions in the integrand. Thus Eq. (3.41) reduces to
√ $
$
p̂2s
1 π
S(x, ω) =
dx2
dx1 G(x|x1 ; −ω)G(x|x2 ; ω) 2
2π ρc
cs τ s
S
S
!
(
)
i (z1 − z2 )2
ω2 τ2s
1h
2
2
exp −
exp − 2 (x1 − x2 ) + (y1 − y2 ) −
4
ls
l2z

(3.42)

The integrand in Eq. (3.42) is nearly zero unless x1 is close to x2 . Because at θ =
3π/2 (directly below the slat), the phase shift between G(x|x1 ; −ω) and G(x|x2 ; ω)

is expected to be negligible.

G(x|x1 ; −ω) ' G(x|x2 ; −ω)

(3.43)

Equation (3.42) can now be integrated with respect to x1 after making use of the
relation G(x|x1 ; −ω) = G∗ (x|x1 ; ω), where an asterisk denotes complex conjugate.
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The spectral density is then given by
π
S(x, ω) =
2

$
S

" 2 2#
−ω τs
|G(x|x2 ; ω)|2 p̂2s l2s lz
exp
dx2
2
ρc
4
cs τ s

(3.44)

3.6 Results
The prediction of the spectral density S(x, ω) as given by Eq. (3.44) requires a solution for the Green’s function G(x|x2 ) for the pressure field from a point source in
the cove region (x2 ) at an observer location x, and the values of the three parameters of the model given in Eq. (3.39). The Green’s function is obtained by using
the boundary element formulation described in Sec. 3.3. The geometry of the
three-element wing used for the present simulations is shown in Fig. (3.10). The
wing surface is discretized so as to have eight elements per acoustic wavelength.
This surface resolution is found to be adequate to yield a converged solution for
the Green’s function. Figure (3.11) shows the directivity pattern at a radius of 1.82
0.1
0
y

-0.1
-0.2
-0.2

0

0.2

0.4
x

0.6

0.8

1

1.2

Figure 3.10. Surface definition of the wing geometry for the BEM.

m from a point source placed in the slat-cove region. The frequency of the point
source is 2000 Hz. Figure (3.11) represents the Green’s function for a particular
source location. In general, the directivity pattern is a function of frequency and
can vary significantly from one source location to another. Thus, observations
based on a single directivity plot cannot be generalized to other frequencies or
source locations. It is the combined effect of all the source locations at various
frequencies that describes the noise spectrum as given by Eq. (3.44). In order
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Figure 3.11. The directivity pattern at a radius of 1.82 m from a point source of frequency
2000 Hz in the slat-cove region.

to obtain the integral in Eq. (3.44), Green’s functions are calculated for all source
locations in the slat-cove region. The turbulence kinetic energy values in the vicinity of the slat are shown in Fig. (3.12). It can be seen that most of the turbulent
fluctuations are confined to the slat-cove region.
The three empirical constants cl , cτ , and A are in general chosen to obtain
the best fit to the experimental data. The following values are selected for these
parameters:
cl = 0.256, cτ = 0.05, A = 7.0 × 104

(3.45)

In order to test the importance of scattering effects from the wing geometry,
the noise spectrum is first predicted by ignoring the presence of the wing. Again,
Eq. (3.44) is used to predict the spectral density in the absence of the wing but
with G(x|x2 ; ω) replaced with the free-space Green’s function g(x|x2 ; ω) given in
Appendix B. The same values for the empirical constants given in Eq. (3.45) are
chosen for this prediction model.
Figure (3.13) shows a comparison of the calculated noise spectra using the
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Figure 3.12. Contour plot of the turbulent kinetic energy in the vicinity of the slat.

present prediction schemes with the experimental measurement at 270 deg. (directly beneath the slat). As can be seen, the predicted noise spectrum in the
presence of the wing compares well with the measured spectrum. The predicted
noise is approximately within 5 dB of the measured noise levels over the entire
frequency spectrum. The prediction made in the absence of the wing captures the
spectral shape, but under-estimates the sound pressure levels. Thus, at 270 deg.,
acoustic scattering from the wing enhances the acoustic radiation significantly but
does not modify the spectral shape of the radiated acoustic intensity significantly.
Figure (3.14) shows a comparison of the predicted noise spectra both with and
without the wing for three different observer locations. It can be seen that for an
upstream location of 210 deg. the sound pressure levels are significantly lower
than at 270 deg. or 310 deg. This is because the noise sources in the slat-cove
region are not in a direct line of sight with the observer at the 210 deg. location.
Thus the slat serves as an acoustic shield, which creates a shadow zone in the
upstream direction. Not surprisingly, the predictions made in the absence of the
wing are unable to capture this variation of sound pressure level as a function of
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Figure 3.13. Comparison with experimental data of the predicted spectral density at 270
deg. to the downstream direction:——, experiment, Khorrami et al. [10]; , prediction
with the wing; – – –, prediction without the wing.

observer location. Thus the acoustic scattering effects by the wing are important
for the calculation of sound pressure levels at all frequencies.
Figure (3.15) compares the noise spectra at 270 deg. for predictions made with
and without the mean flow. The combined effect of the mean flow and the wing
is to increase the sound pressure levels slightly at all frequencies compared to the
no flow case. The predictions made without the presence of the wing are similar
because at 270 deg. the mean-flow Mach number of 0.2 has a negligible effect on
the free-space Green’s function.

3.7 Conclusions
A semi-empirical theory has been developed to predict the broadband noise from
slats. The broadband noise is predicted by a two-step process. First, the turbulent
sources in the slat-cove region are modeled. Then the sound from these sources
is propagated by the convected wave equation. The acoustic scattering produced
by the geometry of the wing is accounted for by a Boundary Element Method that
has been developed to calculate the Green’s function for the noise propagation
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Figure 3.14. Comparison of noise spectra at different observer locations. The points
represent predictions with the wing: +, θ = 310 deg.; , θ = 270 deg.; , θ = 210 deg.
The lines represent predictions without the wing: ——–, θ = 270 deg.; – – –, θ = 310 deg.,
· · · · · · , θ = 210 deg.

problem. The final noise prediction is obtained by forming a convolution of
the Green’s function with modeled noise sources. The noise-source model has
three empirical constants. These constants are chosen to obtain the best fit of
the predicted noise with the experimental data. The predicted noise spectrum
compares well with the available experimental measurements.
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Figure 3.15. The effect of mean flow on the noise spectra at 270 deg:+, M = 0.2 prediction
and , M = 0 prediction, with wing; · · · · · · , M = 0.2 prediction and – – –, M = 0 prediction,
without wing.

Chapter 4
The calculation of sound propagation
in nonuniform flows
4.1 Introduction
In Ch. 3 the mean background flow is assumed to be uniform. Thus the refraction
of acoustic waves by the background flow is ignored. The mean-flow refraction
effects on acoustic waves propagating through nonuniform flows can be described
by linearizing the fluid flow equations (Navier-Stokes) about the mean flow. This
is justified because the acoustic perturbations are so small compared to the mean
(base) state that their contribution to the flow itself is negligible. Moreover, since
viscosity has a negligible effect on sound propagation, the viscous terms can also
be neglected. This results in the selection of the Euler equations linearized about
the mean flow, which in one form or another have become the de facto standard
for noise propagation prediction schemes.
Unfortunately, in addition to acoustic waves, the linearized Euler equations
also support instability waves. The instability-wave solution can completely
overwhelm the acoustic-wave solution. Thus, it is imperative for an accurate
noise prediction scheme to filter out the instability wave. It should be noted that,
in the complete physical problem, the instabilities contribute to the turbulence
and are limited and modified by nonlinear and viscous effects. In that sense,
within the framework of the linearized Euler equations, the instabilities are nonphysical if the actual problem to be solved is for sound propagation in a turbulent
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sheared flow. It should be remembered that the inhomogeneous linearized Euler
equations only represent a mathematical model of a part of the physical problem.
One of the first theoretical studies of mean-flow refraction effects was performed by Gottlieb [31] who obtained far-field acoustic solutions from a line and
a point source placed near a vortex sheet. A vortex sheet exhibits the well known
Kelvin-Helmholtz instability. The solution was obtained by first integrating the
plane waves over the wavenumbers that make up the source. The resulting field
integrals for the solution were evaluated by the method of stationary phase to
obtain far-field approximations. The Kelvin-Helmholtz instability appears as a
pole in the complex wavenumber-plane that was neglected by Gottlieb to obtain
only the acoustic-wave solution. Mani [32] used the same technique to predict
refraction effects on acoustic waves produced by a point source embedded in a
jet that was modeled by a plug flow. The same procedure was used by Tester and
Burrin [33] to obtain the far-field acoustic radiation from a point source immersed
in an infinitely parallel jet. Following a more formal approach, Dowling et al. [34]
showed that such acoustic solutions that neglect the instability wave solution are
‘weakly causal’ in that they violate causality to maintain finiteness.
Unfortunately, realistic shear flows do not lend themselves to such analytical simplifications by which the instability waves can be ignored. Asymptotic
methods such as the geometrical acoustics approach can be used for this purpose
since they do not suffer from the instability problem. However, this approximate method is restricted to high-frequency waves. Ewert et al. [35] proposed
a set of acoustic perturbation equations to calculate sound propagation through
nonuniform flows. They state that the resulting perturbation solution is free of
instabilities. This is not surprising since the wave operator for the acoustic perturbation equations matches the approximate wave operator derived previously
by Pierce [36], which is valid only for flow fields that are slowly varying relative
to an acoustic wave-length (high-frequency limit). In fact, Pierce [36] shows that
the approximate wave operator can be reduced to the geometrical acoustics equations, thus restricting its application to relatively high frequencies. In another
effort to suppress the instability wave solution of the linearized Euler equations,
Bailly et al. [37] removed some of the mean shear terms from the linearized Euler
equations. Such a procedure is non-physical and its accuracy in capturing the
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mean flow refraction effects is uncertain. Hence, all these approximate methods
have a limited range of validity and can fail at low frequencies.
In this chapter, a global approach to suppress the unwanted instability waves
from the linearized Euler equations is presented. Through a detailed mathematical analysis, it is shown in Sec. 4.2 that if appropriate boundary conditions are
implemented, the instability waves can be suppressed from the solutions of the
linearized Euler equations simply by seeking a solution in the frequency domain.
In Sec. 4.3, an analytical solution for a one-dimensional model problem of the
coupling of two waves with different group velocities is given. It is shown that if
the problem is solved in the space-time domain for a time-harmonic source, after
posing it as an initial value problem, a convectively unstable response is obtained.
However, if the response is assumed to be time-harmonic at the source frequency,
and the problem is solved in the frequency domain, a stable response is obtained.
Finally, in Sec. 4.4, a more physically relevant example of sound propagation
from a time-harmonic source immersed in a two-dimensional jet is considered.
The jet is subject to a Kelvin-Helmholtz instability for the given source frequency.
It is shown that the instability is captured accurately by an explicit time-marching
solver. However, in the present approach it is desired to filter out this unwanted
instability wave and only examine the propagation of acoustic waves. Following
the theory developed in Sec. 4.2, it is shown that this is accomplished if the
response is assumed to be time-harmonic and if the ensuing time-independent
partial differential equations are solved in space.

4.2 General theory
Consider the following partial differential equation in one space dimension (x) :
!
∂ ∂
, , x g(x, t) = δ(x)e−iωo t ,
L
∂x ∂t

(4.1)

where L is a differential operator that is linear in time (t) and has no explicit
dependence on t, g(x, t) is the Green’s function for a time-harmonic source, and
δ( ) is the Dirac delta function.
Equation (4.1) can be posed as an initial-value problem, and then its response,
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g(x, t) can be obtained. Alternatively, the response can be assumed to be timeharmonic with the source frequency, since the L-operator is linear and independent of t. That is g(x, t) = ĝ(x) exp[−iωo t]. Thus, the time-dependent terms can
be factored out and the resulting time-independent equations can be posed as a
boundary-value problem. These two cases are treated separately in the following
two sub-sections.

4.2.1 Space-time response: Solution to the initial-value problem
The analysis in this sub-section is based on the theory of absolute and convective
instabilities that has been studied by several authors in the past (e.g. Briggs [18],
Bers [19], and Huerre and Monkewitz [38]). Some of the key ideas from the theory
are described here for completeness.
For simplicity, it is assumed that the medium is homogeneous and of infinite
extent. Application of the Fourier-Laplace transform pair defined by
U(k, ω) =

Z

∞

dx e

−∞

−ikx

Z

∞

dt eiωt u(x, t)

(4.2)

0

to Eq. (4.1) yields
D(k, ω)G(k, ω) =

i
.
ω − ωo

(4.3)

The space-time response is recovered by an application of the inverse FourierLaplace transform
g(x, t) =

Z

F

dk ikx
e
2π

Z

L

i
dω −iωt
e
,
2π
D(k, ω)(ω − ωo )

(4.4)

where D(k, ω) = 0 is the dispersion relation that either maps a wavenumber k
into the ω-plane [ω(k)] or vice-versa [k(ω)]. F is the inverse Fourier contour and
L is the inverse Laplace contour. Their choice is interdependent and is governed
by the requirements that the response be causal [g(x, t < 0) = 0], and bounded
at a finite time [g(|x| → ∞, t) = 0, ∀t]. The latter condition implies that g̃(k, t),

the Fourier transform of g(x, t), must be regular on the real k-axis and that there
cannot be a singularity between F and the real k-axis. Therefore, the F-contour
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(kF ) is placed on the real k-axis (kr ) [see Fig. (4.1(a)]. For a causal response, the
L-contour (ωL ) must be placed above all the singularities of the integrand in the
ω-plane [see Fig. (4.1(b))]. That is, the L-contour must be placed above the zeroes
of the dispersion relation, D(kF , ω) = 0 [⇒ ω = ω(kF )] in the ω-plane. Note that
the zeroes of the dispersion relation represent singularities in the integrand of
Eq. (4.4). Now the integration contour is closed at infinity in the upper-half ωplane for t < 0 and from Cauchy’s theorem this gives a zero result, thus satisfying
causality. The medium is unstable to perturbations if for any kF , =[ω(kF )] > 0. To
understand this, consider a value of k on F at which =[ω(kF )] > 0, such as the point

ω̃ in Fig. (4.1(b)). For t > 0, the L-contour can be closed by a contour at infinity in
the ω-plane lying below L. The residue evaluated at the point ω̃ is proportional

to exp[−iω̃t]. Clearly, this is an exponentially growing response for t > 0. Hence,
the medium is stable to perturbations only if the map ω(kF ) lies entirely below the
ωr -axis.
An analytical evaluation of the integrals in Eq. (4.4) for an unstable case is
presented next.

4.2.2 Unstable response
Because =[ω(kF )] > 0 for some kF , to maintain causality, the L-contour is placed

above the highest point of the map ω(kF ) in the upper-half ω-plane. The map
ω(k) is in general multiple-valued. The map of the L-contour in the k-plane
is also multiple valued and labeled by the branches k+ (ωL ) and k− (ωL ). The

subscripts + and − refer to the branches that lie in the upper- and lower-half

k-planes, respectively. These branches represent singularities in the k-plane. The
map k± (ωL ) does not cross the kr -axis since the L-contour does not intersect the

map ω(kF ). The integration in Eq. (4.4) can be made analytically tractable for a
large time-asymptotic response (t → ∞). If the L-contour can be deformed to
a location just below the ωr -axis, except near the pole at ωo [e.g., the contour L0

in Fig. (4.1(b))], then the time asymptotic response is dominated by the residue
evaluated at the pole at ωo because the residues evaluated at all the other poles
below L0 yield exponentially decaying solutions in time (this time-asymptotic
response represents a solution for which the transients have subsided). However,
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k+ (ωL )

k+ (ω0o )

k+ (ωL0 )

F
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F0
k+ (ωo )

(a) k-plane
ωi

ωo + iσ

L
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ωo
ωr
L

0

B

A

ω(kF )

ω(kF0 )

(b) ω-plane

Figure 4.1. Lowering of the inverse Fourier-contour from F → F 0 in conjunction with the
inverse Laplace contour from L → L0 . The inverse Laplace-contours lie above the respective ω(k) maps to maintain causality. The residue at ω o dominates the time-asymptotic
response.
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the L-contour will intersect the map ω(kF ) in the ω-plane if it is lowered towards
the ωr -axis like points A and B in Fig. (4.1(b)). This would violate causality. To
prevent this, the F-contour must be lowered in the k-plane in conjunction with
the deformation of the L-contour. To understand this consider lowering the Fcontour to F0 as shown in Fig. (4.1(a)). The map of F0 into the ω-plane [ω(kF0 )] is
shown in Fig. (4.1(b)). The L-contour in the ω-plane can now be lowered to L0 as
shown in Fig. (4.1(b)). L0 lies above ω(kF0 ) to maintain causality. Now that the
inverse-Laplace integration contour has been analytically continued to a position
below the ωr -axis to L0 , it can be closed at infinity in the lower-half ω-plane for
t > 0, and the time-asymptotic response is given by the residue at ω = ωo , which
from Eq. (4.4) is:
g(x, t → ∞) =

Z

∞
−∞

dk ei(kx−ωo t)
2π D(k, ωo )

(4.5)

Let ωo lie below the map ω(kF ) as shown in Fig. (4.1(b)). Then, starting from the
point ω0o on L directly above ωo and traversing the path ω0o → ωo , the corresponding

inverse map traces the path k+ (ω0o ) → k+ (ωo ) that starts in the upper-half k-plane,

crosses the kr -axis and ends in the lower-half k-plane. Now the F0 contour can
be closed in the upper-half (lower-half) k-plane for x > 0 (x < 0) and after the
application of the Method of Residues, the integral in Eq. (4.5) can be evaluated
as
g(x, t → ∞) = ±i

X
k±

ei(k± (ωo )x−ωo t)
H(±x)
∂D/∂k(k± (ωo ), ωo )

(4.6)

where H( ) is the Heaviside function. Since =[k+ (ωo )] < 0 it implies that the above

response is exponentially growing in the +x direction.

Note that if ωo does not lie below ω(kF ), then k+ (ωo ) will remain in the upperhalf k-plane, leading to a stable time-asymptotic response. Thus a convectively
unstable system is time-asymptotically unstable in space only for a limited range
of source frequencies.
In the above analysis it has been assumed that the instability is growing and
traveling in the +x direction, but the theory can be readily generalized to all
possible cases. It is possible that during the contour deformation process from
F → F0 , the inverse-Fourier contour gets pinched by the k+ and k− branches.

The pinch point (ω̂, k̂) represents a branch point and thus the F-contour cannot

be deformed into F0 . This inhibits the lowering of the L contour to a location Ĺ
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whose latitude is given by the imaginary part of ω̂. The time-asymptotic response
in now governed by the residue evaluated at ω̂. The pinch point is given by the
saddle point location dω̂/dk̂ = 0 and it represents an absolutely unstable response.
Irrespective of the source frequency ωo , the time-asymptotic response is governed
by the residue evaluated at ω̂, which is unstable (cf. Eq. (4.5)). In the above
analysis it has been assumed that there are no branch points in the upper-half
ω-plane that would give rise to absolute instabilities. Hence the instability is
implicitly assumed to be convective. However, the ideas in this chapter are valid
for absolutely unstable systems as well.

4.2.3 Assumed time-harmonic response
The assumed time-harmonic response can be represented as
g(x, t) = ĝ(x)e−iωo t

(4.7)

The time-dependence in Eq. (4.1) can be removed by replacing ∂/∂t → −iωo , and

factoring out the exp[−iωo t] term from both sides to give
L(

∂
, x; ωo ) ĝ(x) = δ(x).
∂x

(4.8)

Application of the Fourier-transform to this equation gives
˜ ωo ) = 1.
D(k; ωo ) ĝ(k;

(4.9)

Note that the dispersion relation D(k; ωo ) is the same as in Eq. (4.3) but with
ω → ωo . The spatial response is recovered by an application of the inverse
Fourier-transform

ĝ(x; ωo ) =

Z

∞
−∞

dk eikx
2π D(k; ωo )

(4.10)

To evaluate the integral in Eq. (4.10) the integration contour can be closed in the
upper- (lower-)half k-plane for x > 0 (x < 0) and after the application of the
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Method of Residues, the following expression is obtained
ĝ(x; ωo ) = ±i

X
k±

eik± (ωo )x
H(±x).
∂D/∂k(k± (ωo ); ωo )

(4.11)

The final assumed time-harmonic response is obtained from Eq. (4.7). This is the
same response as in Eq. (4.6), except that k+ (ωo ) cannot have a negative imaginary
part since in this case the inverse Fourier-contour is independent of the Laplacecontour and does not have to be lowered . The k+ (ωo ) root in Eq. (4.6) for which
=[k+ (ωo )] < 0 and was included for residue evaluation for x > 0 to yield a growing

response, now becomes a k− (ωo ) root that gives a decaying response for x < 0.
Assuming a time-harmonic response with a real frequency is equivalent to forcing
the L-contour to remain on the real ω-axis. Thus, if the space-time initial value

problem is unstable, then causality is violated by the assumed time-harmonic
response. Because causality is violated only for unstable solutions, it is still
satisfied for the acoustic-wave solution. This must be true since the two solutions
are independent.
In the following section, a simple model problem is used first to demonstrate
how an instability can be suppressed. This is followed by a more relevant physical
problem involving an acoustic source embedded in a plane, infinitely parallel jet
flow. It is shown how the Kelvin-Helmholtz instability in the jet can be suppressed
by the present solution method while the acoustic solution is preserved. The
present technique can also be used for non-parallel, three-dimensional mean
flows.

4.3 A one-dimensional example
Consider the following differential equation:
∂2 f
∂2 f
∂2 f
+
2
+
3
− γ2 f = 0,
∂t2
∂t∂x
∂x2

(4.12)

where γ2 is a positive real constant that couples together two waves of group velocities +2 and +1, respectively. This simple physical example exhibits convective
instability. The impulse response of this system was provided by Bers [19]. In
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this section, the space-time and assumed time-harmonic responses to a periodic
forcing of Eq. (4.12) are provided.

4.3.1 Space-time response
The space-time Green’s function to a time-harmonic source is given by the differential equation
(

)
∂2
∂2
∂2
+3
+ 2 2 − γ2 g(x, t) = δ(x)e−iωo t .
∂t2
∂t∂x
∂x

(4.13)

The solution is given by (see Appendix C.1)
g(x, t) =

o
−e−iωo (t−3x/4) n λx/4
e
− e−λx/4 H(x)
λ

(4.14)

p
8γ2 − ω2o . Equation (4.14) represents a growing response in x but
√
only when λ ∈ R (R denotes the real number space), that is, ωo < 8γ. This is in

where λ =

agreement with the earlier noted characteristic of a convectively unstable system
which is unstable for only a definite range of source frequencies.

4.3.2 Assumed time-harmonic response
The governing equation for this case is the same as Eq. (4.13), but it is assumed
that g(x, t) = ĝ(x; ωo )e−iωo t . The final solution is given by (see Appendix C.2)
g(x, t) =

where λ =

e

−iωo (t−3x/4)

λ



−λx/4

 e
×

 −eλx/4

: x>0
: x<0

(4.15)

p
8γ2 − ω2o . Hence, as expected, the assumed time-harmonic response

is stable for all source frequencies.

4.4 Sound propagation through a two-dimensional jet
In this example, a time-harmonic energy source is immersed in a 2-D jet that
generates an acoustic wave that is refracted as it moves through the jet shear layer.
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In addition, an instability wave is excited in the jet shear layer that propagates in
the direction downstream of the source.
For a parallel jet, the linearized continuity, momentum, energy and the equation of state for a perfect gas can be simplified and written in the following form:
!
∂ ∂
, , x U (x, t) = S(x) cos(ωo t),
L
∂x ∂t

(4.16)

where

dρ̄(y)
∂
∂

ρ̄(y) ∂x
+ ρ̄(y) ∂y
0
dy

dū(y)

1 ∂
 0
dy
ρ̄(y) ∂x
L = 
1 ∂
 0
0
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∂
0 γp̄ ∂x
γp̄ ∂y
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(4.17)

= ∂/∂t + ū(y)∂/∂x, Λ(x) = A exp[−(Bx x2 + B y y2 )]. The mean flow variables are
denoted by an overbar and are given by
2

ū(y) = u j e−(ln 2)(y/b) ,

1γ−1
1 ū(y)
1 u j − ū(y)
1
= −
(ū(y) − u j )ū(y) +
+
,
ρ̄(y)
2 γp̄
ρj uj
ρ∞
uj

(4.18)

(4.19)

p̄ = constant = 103330 m−1 kg s−2 . The parameters for the problem are selected to
be: M j = 0.756, T j = 600 K, T∞ = 300 K, R = 287.0 m2 s−2 K−1 , γ = 1.4, b = 1.3 m,

A = 0.001 kgm−1 s−3 , Bx = 0.04 ln(2) m−2 , B y = 0.32 ln(2) m−2 ; where M j = u j /a j ,
a j = (γRT j )1/2 . The source frequency, ωo = 76 rad/s.
Equation (4.16) can be solved in the space-time domain by using an explicit
time-marching scheme, or by assuming a time-harmonic response in the frequency
domain. Depending on the source frequency, these techniques can yield different
results as explained below.
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4.4.1 Space-time solution
First, the linearized Euler equations are solved in the space-time domain by an
explicit finite-difference scheme. A fourth-order Dispersion-Relation-Preserving
scheme is used for spatial discretization and a fourth-order Runge-Kutta scheme
is used for time integration (see Agarwal and Morris [39] for the numerical implementation details and boundary treatment). The given source frequency excites
an instability wave. This is accurately captured by the space-time solver as can
be seen in Fig. (4.2) that compares the numerical solution on the line y = 15 with
the analytical solution (given in Appendix D). The solution exhibits a growing
spatial instability. The numerical and analytical solutions agree well.
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-50
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Figure 4.2. Comparison of the analytical solution () along the sideline y = 15 with
numerical solution (——) obtained by a space-time solver.

4.4.2 Assumed time-harmonic response
Here, the response is assumed to be time-harmonic. That is,
U (x, t) = U (x; ω)e−iωo t ,

(4.20)

if the source term in Eq. (4.16) is made complex. Then the governing equation for
the response is given by
!
∂ ∂
, , x U (x, t) = S(x) exp[−iωo t],
L
∂x ∂t

(4.21)
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with the understanding that the physical response is given by the real part of
the solution. After the substitution of Eq. (4.20) into Eq. (4.21), replacing the
time derivative terms ∂/∂t → −iωo , and factoring out the exp[−iωo t] term from

both sides of the resulting equation, the resulting system of equations can be
manipulated to eliminate all the dependent variables in favor of the perturbation
pressure p. This results in the following partial differential equation
"
(
)#
dū(y) ∂2
1 dρ̄(y) ∂
3
2
2
D − c̄ (y) D∇ −
p = D2 Λ(x)
D
−2
ρ̄(y) dy
∂y
dy ∂x∂y

(4.22)

where D = (−iωo + ū∂/∂x), and ∇2 = ∂2 /∂x2 + ∂2 /∂y2 . The operator on p in

Eq. (4.22) is also known as Lilley’s wave operator [40]. This equation is solved
here in space by a direct frequency-domain solver. Note that the present technique
is also applicable to the linearized Euler equations in their component form. The
component equations have been reduced to a single equation only for simplicity.

The computational domain is the interval [xmin , xmax ]×[ymin , ymax ] = [−250, 225]×
[0, 100]. A symmetry boundary condition is applied along the line y = 0. The left
and top boundaries must absorb the outgoing acoustic wave. The right boundary must absorb the acoustic, vorticity and entropy waves that are generated by
the source. Also, the left boundary must accommodate an incoming wave (see
Appendix D for details). To allow for a clean passage of the outgoing waves
(no reflection), a buffer domain treatment has been developed in the frequency
domain. The basic step in the application of this boundary condition involves surrounding the physical domain of interest by a buffer domain in which the waves
are forced to decay exponentially away from the source, so that at the outer edge
of the buffer domain the waves have decayed to a negligible value.
The exponential decay in the buffer domain is achieved by replacing the assumed frequency of the response (ωo ) by a complex frequency of the form
β(x) = ωo + i σ(x)

(4.23)

where σ(x) is zero within the physical domain and takes on real positive values
for outgoing waves in the buffer domain. Numerical experiments performed on
different benchmark problems reveal that the length of the buffer domain must
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be at least two wavelengths of the outgoing wave.
The damping function, σ, must be chosen so that its slope is zero at the edge of
the physical domain and its value rises gradually to a maximum at the domain’s
outer edge. For the present calculations, the damping function is chosen to be
an exponential function. For a one-dimensional problem, the damping function
takes the form
σ(x) = µωo

1 − exp[κxb (x)2 ]
1 − exp[κ]

(4.24)

where xb is a buffer domain coordinate that is 0 at the beginning of the buffer
domain and 1 at the end and has a linear variation in between. µ and κ are
constants with values of 2 and 4 respectively. For a 2-D domain the damping
function is shaped like an inverted ‘table-cloth’.
The rationale behind the use of the frequency distribution of Eq. (4.23) may be
understood by assuming that the imaginary part of the frequency varies slowly
over a wavelength of the outgoing wave. This is easily accomplished by controlling the parameter κ, and the length of the buffer domain. Based on this assumption, local Fourier analysis can be carried out for the local (constant) frequency.
For outgoing waves, it is observed from the dispersion relation that increasing
the imaginary part of the initially real frequency changes the real wavenumber
into a complex number such that the outgoing waves are damped. Since the frequency is real in the physical domain the solution is unaffected in this region, but
is gradually damped in the buffer domain. For example, consider an outgoing
plane acoustic wave traveling in the +x-direction. Such a wave can be written as
p(x, t) = p(x; ωo ) exp[−iωo t] where the assumed time-harmonic response is given
by
p(x; ωo ) = exp[ikx].

(4.25)

The wavenumber (k) is given by the dispersion relation k = ωo /c. Now if ωo is
replaced by β(x) = ωo +iσ(x), where σ(x) is given by Eq. (4.24), then k is transformed
into a complex number with a positive imaginary part. From Eq. (4.25) this clearly
represents a decaying response in the +x-direction. The same argument holds
for a wave traveling in the −x-direction. Thus, the damping zones provide non-

reflecting (absorbing) boundaries for the outgoing waves by increasingly damping

them as they propagate through the buffer domain. Near the outer edge of the
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buffer zones, the waves decay to a negligible value. Hence a Dirichlet boundary
condition: p = 0 can be applied along the outer edge of the computational domain.
The damping zones are effective for outgoing waves. However, they amplify any
incoming waves. In order to accommodate an incoming wave, the left boundary
is placed at a sufficient distance from the origin and the grid is stretched away
from the source. Grid stretching damps out high wavenumber waves and thus
offsets the amplification produced by the buffer zones. This procedure ensures
outgoing acoustic waves from the left-hand boundary while accommodating an
incoming wave. Note that the amplitude of the incoming wave is governed by
the source strength at the origin and is exponentially decaying in the −x direction.

Thus the incoming wave has a negligible contribution to the overall solution.

However, the numerical solution is sensitive to the boundary conditions and it is
essential to account for the incoming wave in the boundary treatment.
The computational domain is discretized by a grid that is clustered around y =
0 to capture the sharp gradients within the shear layer. The grid is also clustered
around x = 0, so that it can be stretched out to a reasonable distance upstream
and downstream of the source location while providing a better resolution near
the source. The required grid layout is obtained by mapping the physical domain
into a computational domain by the coordinate transformations (from Hoffmann
and Chiang [41]):



x
1
−1
− 1 sinh(χA)
ξ = A + sinh
χ
D


log (µ + 2 − y/ymax )/(µ − 1 + y/ymax )
η = 1−
,
log[(µ + 1)/(µ − 1)]
where

#
"
1 + (exp[χ] − 1)(D/L)
1
A=
log
2χ
1 + (exp[−χ] − 1)(D/L)

(4.26)
(4.27)

(4.28)

The computational domain (ξ, η) consists of uniformly spaced grid points. Then
the pre-image of ξ and η describes the grid layout in the physical domain. The
parameters used for the present simulation are: χ = 5.0, µ = 1.01, D = −x min , and

L = xmax − xmin . A total of Nx × N y = 440 × 300 grid points are used. The buffer
domain is 70 units deep along the left, top, and right boundaries.

Equation (4.22) is solved using a finite difference method. The spatial deriva-
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tives are approximated by second-order, central-difference formulas. After application of the Dirichlet boundary conditions, the finite-difference equations can be
written in the following matrix form
S ·p=l

(4.29)

There are a total of Nx × N y grid points resulting in Nx × N y unknowns pi, j that

are approximations of the actual function p(x, y) at the grid points (i, j). These
unknowns can be put in a one-dimensional sequence to obtain a vector form

p = [p0 , p1 , . . . , pNx Ny −1 ]T , where pk = pi, j for k = i + jNx . S is a sparse matrix that
is banded with left and right bandwidths of Nx + 1, and l is the right-hand side
(known) or load vector. Further details of the matrix set-up can be found in Press
et al.[42]
The matrix S is inverted by using a direct matrix inversion method (for example LU decomposition). The resulting solution for pressure is found to be
free of instabilities, as expected. Figure (4.3) shows a comparison between the
numerical and the analytical solution for the acoustic waves along the line y = 15.
Calculations with a coarser grid, Nx × N y = 325 × 300 showed a small discrepancy

with the analytical solution in the vicinity of x = 0. This error has been eliminated

with the present, higher resolution grid.
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Figure 4.3. Comparison of the analytical solution () along the sideline y = 15 with
numerical solution (——) obtained by a direct, frequency-domain solver.

For reasons of efficiency an alternative solution technique that might be considered in the frequency domain is a time-stepping approach by adding a pseudo-
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time term. To illustrate this technique, consider the linearized Euler equations in
the following vector form:
∂U
∂U
∂U
+ A(y)
+ B(y)
= S(x, y)e−iωo t .
∂t
∂x
∂y

(4.30)

Let U = Û (x; ωo ) exp[−iωo t]. Then,
−iωo Û + A(y)

∂U
∂U
+ B(y)
= S(x, y).
∂x
∂y

(4.31)

Instead of solving this elliptic equation by a direct-solver, after posing it as a
boundary-value problem, it can be set up as an initial-value problem by the
addition of a pseudo-time term:
∂Û
∂U
∂U
− iωo Û + A(y)
+ B(y)
= S(x, y).
∂τ
∂x
∂y

(4.32)

Now this parabolic equation can be solved in the space-time domain by an explicit,
time-marching scheme. The response Û (x; ωo ) is recovered after the transients
have died out, that is when ∂Û /∂τ → 0.

However, this approach does not filter out the instability waves and in fact,

leads to the same time-asymptotic solution as that obtained in Sec. 4.4.1. This
result can be elucidated by the the application of the Fourier-Laplace transform
to Eq. (4.30),
−iωU + f (k, y)U = iS̃(k, y)/(ω − ωo ),

(4.33)

where f (k, y) is the Fourier transform of A(y)∂/∂x + B(y)∂/∂y. The dispersion
relation is given by equating the determinant of the homogeneous part of this
equation to zero, that is
ω = −i det[f (k, y)].

(4.34)

If the medium is unstable to perturbations, then for some real k, =[ω(kr )] > 0.
Now, consider Eq. (4.32). Following the same steps as above, the dispersion

relation for this equation is given by
ω = ωo − i det[f (k, y)].

(4.35)
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Note that ωo is real. Therefore, if Eq. (4.30) is unstable to perturbations, the same
must be true for Eq. (4.32). Thus, the addition of a pseudo-time term to a frequency
domain formulation and the subsequent space-time solution of the pseudo initialvalue problem maintains causality in pseudo-time and does not suppress the
instability waves. It should also be noted that iterative algorithms such as Jacobi
and Gauss-Siedel methods are equivalent to time-marching methods and would
also include the instability wave. Hence, a direct solver must be used to filter out
the instabilities.

4.5 Conclusions
In this chapter, a general technique to filter out instability-wave solutions from
any linear wave operator has been presented. With the present approach, sound
propagation through nonuniform flows can be calculated without having the instability waves overwhelm the acoustic-wave solution. Thus this technique can
be applied to any linear noise propagation scheme. Earlier procedures to tackle
this problem were only approximate, and their range of validity was limited.
The present approach is also very simple to implement numerically. It is only
necessary to solve the governing equations by a direct solver in the frequency
domain. To implement the boundary conditions, the physical domain is surrounded by an artificial buffer zone, in which the outgoing waves are absorbed
by adding positive imaginary values to the real frequency (ωo ) of the exp[−iωo t]
response. This method also has an advantage in terms of computational time. A
three-dimensional time domain calculation takes a very long time to converge to
a periodic steady-state solution for a given frequency. With the frequency domain
approach, the solution is obtained by a single matrix inversion that is computationally more efficient. This, however, is also the disadvantage of this technique,
since direct matrix solvers for a three-dimensional problem require large amounts
of memory, particularly at high frequencies. Fortunately, the memory problem
can be resolved by using parallel direct solvers. At high frequencies, asymptotic
methods like geometrical acoustics can be used.

Chapter 5
Conclusions and future work
Several schemes, tools and techniques have been developed to predict the broadband and tonal noise components from slats. An aeroacoustic whistling phenomenon has been proposed to predict the tonal noise from slats. The whistling
or normal modes of the slat are given by the transverse resonance frequencies
of the gap between the slat and the main wing. This whistle is excited by the
vortex shedding at the blunt trailing edge of the slat. When the vortex shedding
frequency comes close to one of the normal modes of the gap, a loud tonal noise
is produced. The normal modes of the gap are found based on the geometric configuration of the wing and the mean (aerodynamic) flow through the gap between
the slat and the main wing. The vortex shedding frequency is predicted based
on a linear stability analysis of the slat’s wake. A robust and efficient scheme has
been developed to analyze the linear stability characteristics of free shear flows.
Using this scheme the local absolute or convective instability characteristics of
the slat-wake are easily evaluated. The predicted results are in close agreement
with the experimental observations. However, the predicted vortex-shedding
frequency is sensitive to the quality of the mean-flow solution.
A semi-empirical prediction scheme has been developed to predict the broadband component of slat noise. The prediction scheme uses a two-step process.
First, the sources of sound are modeled based on the local length, time, and turbulent energy scales obtained from a separate Reynolds Averaged Navier Stokes
(RANS) solution. This modeling procedure is similar to those used for jet noise
predictions. Then, the sound emitted from these sources is propagated into the
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far field by formulating a Green’s function for the wave propagation problem.
To retain analytical tractability, the mean flow past the wing is assumed to be
uniform. This assumption is justified by the fact that the wavelengths of the
acoustic waves within the acoustic spectrum of interest are much larger than the
region of non-uniformity. Furthermore, in this analysis the observer location of
interest is at 270 deg. with respect to the downstream direction of the wing (directly below the wing), where the refraction effects are expected to be minimal.
A Boundary Element Method has been developed to obtain the Green’s function
for a point source in a uniform mean flow in the presence of a solid wing. Thus
the Green’s function accounts for the scattering of the acoustic waves by the wing
geometry. The final noise prediction is obtained by forming a simple convolution
of the Green’s function with the modeled sources. Because the RANS solution
uses a turbulence model that is semi-empirical, the current prediction scheme is
semi-empirical. The free parameters in the final prediction are determined by
obtaining the best fit of the predicted noise with the experimental measurements.
Once these parameters have been determined they can be used over a wide range
of operating conditions and wing geometries.
The assumption of a uniform mean flow around the wing can be relaxed by
obtaining a direct numerical solution of the linearized Euler equations (LEE).
However, the LEE support acoustic as well as instability waves. Through a
detailed mathematical analysis it has been shown that the instability waves are
suppressed if the LEE are solved in the frequency domain by a direct matrixinversion solver. The resulting instability-free solution captures the acoustic-wave
solution accurately. Since the frequency-domain solution is obtained by a single
matrix inversion, it is more efficient compared to time-domain solvers. However,
direct matrix inversions are very costly in that they require large amounts of
memory. The memory problem can be alleviated by the use of parallel matrixinversion solvers. The broadband slat noise problem can be solved by a frequencydomain solver by dividing the broadband signal into discrete frequencies. With a
parallel matrix-inversion solver, the solution for each frequency can be obtained
in a relatively quick time.
In the future, a frequency-domain solver could be used to obtain a direct solution of the LEE for the various frequencies of interest. Because at high frequencies
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the LEE would have to discretized by several grid points to resolve the acoustic
waves, the resulting system of equations would yield a very large matrix. In order
to invert the matrix efficiently to save both computational time and memory, a parallel matrix-inversion solver could be used. The resulting acoustic-field solution
could be extended into the far field by an integral method such as the FfowcsWilliam and Hawkings algorithm [43]. The far-field solutions would provide the
sound directivity pattern. Then comparisons could be made with the predictions
from the semi-empirical scheme. The difference between the two solutions would
represent the mean-flow refraction effects. This would test the earlier hypothesis
of the insignificance of the mean-flow refraction effects at observers located in
directions other than directly below the slat.
Also, both the frequency-domain solver and the Boundary Element Method
would benefit if the problem is solved after posing it in an adjoint form. There
are some computational benefits associated with the solution of adjoint problems.
Firstly, with an adjoint computation, the acoustic contribution from all the sources
to a particular observer is obtained in a single computation. Since most practical
aeroacoustics problems involve several source locations but only a few observer
locations, adjoint calculations are more suitable. With an adjoint formulation, the
Green’s function for different source locations in the Boundary Element Method
can be obtained with a single matrix inversion. With a direct formulation the
matrix of boundary elements needs to inverted for every source location. Another
advantage of the adjoint formulation is that the source singularity associated with
a point source within the computation domain of a direct formulation is removed
in the computational domain of the adjoint formulation. This is because in the
adjoint formulation, the source and observer positions are interchanged.
Finally, the three-dimensional effects on both the tonal and broadband component of slat noise could be analyzed. Although the flow-field in the slat and
main-wing region is primarily two-dimensional, for the broadband component
there would be some noise contribution due to flow unsteadiness near the sideedge of the wing. The side-edge noise component can be predicted by extending
the prediction scheme described in Ch. 3 to three dimensions. For the tonal
noise problem, the effect of the third dimension on the normal modes of the gap
between the slat and the main-wing could be analyzed.

Appendix A
Numerical computation of linear
stability of free-shear flows
A.1 Introduction
In this appendix, a numerical method has been developed to analyze the stability
characteristics of the wake a slat. This method can be applied to determine the
stability characteristics of arbitrary free-shear flows. The material in this appendix
is self-contained.
The linear stability characteristics of free-shear layers such as wakes, jets, and
mixing layers at sufficiently high Reynolds numbers can be described by the
Rayleigh equation. The Rayleigh equation provides the dispersion characteristics
of parallel shear flows in an inviscid context. The dispersion relation D(k, ω) = 0
relates the wavenumber k to the frequency ω of a wave. Complete information
about wave propagation of disturbances in a parallel shear flow can be obtained
from the dispersion relation. Thus, the dispersion relation describes the complete
stability characteristics of the medium.
The Rayleigh equation is a second-order ordinary differential equation. In
order to obtain the dispersion relation, the Rayleigh equation must be integrated
numerically for all but the simplest of velocity profiles. The integration process
can be complicated by the presence of a regular singular point in the domain of
integration. A local asymptotic analysis reveals that the Rayleigh equation has a
logarithmic branch-cut, that connects the branch-point to infinity in either the up-
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per or lower-half plane of the integration variable. The integration contour needs
to be deformed in the complex-plane to avoid the branch-cuts. For complicated
velocity profiles, there can be several branch-cuts intersecting the real domain of
integration. Methods based on finite-difference, Chebyshev, and shooting techniques to solve the Rayleigh equation exist and are available in literature (cf.
Drazin and Reid [44]). However the existing techniques are problem dependent
and do not allow for a general, robust or modular implementation of a dispersion
relation solver.
In the following sections, a general technique is presented to obtain the dispersion relation of free shear flows and the different types of instability that they
support, namely absolute and convective. The Rayleigh equation is integrated
by a simple technique that breaks up any integration contour in the complex
plane into piecewise-linear, continuous line segments. This enables a modular
and robust implementation. This technique is then applied to implement an efficient scheme for finding absolute and convective instabilities by using the lesser
known technique of mapping from k → ω plane. This mapping technique was

described by Kupfer et al. [45] and it can be implemented more easily for freeshear flows compared to the more popular technique of mapping from the ω → k

plane (cf. Bers [19]). For most practical applications, the mean velocity profile

is obtained from experiments or numerical simulations. In such situations an
analytical function for the velocity profile is not available and the contour deformation process becomes difficult since the mean velocity values are required
for complex coordinates. It is shown that for certain class of free-shear flows like
wakes, it is possible to obtain the absolute or convective instability values without
deforming the integration contour. However, this scheme sacrifices robustness
in favor of efficiency and accuracy. The discussion in the present analysis is restricted to shooting methods, although the present technique can be applied to
finite-difference and Chebyshev methods. The advantage of using the shooting
method is that it is more accurate and amenable to an efficient and modular implementation of an absolute and convective instability solver. Finite-difference
and Chebyshev methods are more appropriate when the global spectrum is of
interest.
In Sec. A.2, a simple technique to implement a general dispersion relation
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solver (DRS) for arbitrary wavenumbers and frequencies is presented. The DRS
is used to implement an efficient and modular absolute and convective instability
solver (ACIS) in Sec. A.3. Examples of a model wake and a jet are used to
demonstrate the implementation of the ACIS for velocity profiles that are obtained
from experiments or numerical simulations.

A.2 Dispersion relation solver
The dispersion relation of a free-shear layer, such as wakes, jets, and mixing layers
at sufficiently high Reynolds number is adequately described by the Rayleigh
equation, that can be written as
!
∂2 ψ
∂2 U(y)
2
−
k
ψ
−
k
ψ = 0,
(kU(y) − ω)
∂y2
∂y2

(A.1)

where ψ(y) is the perturbation stream function, and U(y) is the mean flow that are
functions of cross-stream direction (y) only based on a locally parallel mean flow
assumption, k is the wave-number, and ω is the frequency of the disturbance.
Equation (A.1) together with the appropriate boundary conditions, constitutes
a two-point boundary-eigenvalue problem which relates the wavenumber to the
frequency:
D(k, ω) = 0.

(A.2)

Equation (A.2) is the dispersion relation and it is fundamental in the evaluation
of the instabilities of the medium.
Equation (A.1) can be solved by a shooting method to solve for the frequency
for a given wavenumber, or vice versa. For example, for a given ω, an initial
value for k is guessed. Then the Rayleigh equation is integrated starting from one
boundary, where the boundary condition is prescribed, to the other boundary.
An iterative root-finding algorithm such as the Newton-Raphson technique is
used to vary k, till the solution satisfies the boundary condition at the other
boundary. However, there is a caveat against this direct integration technique.
The Rayleigh equation has a regular singular point at yc given by kU(yc ) − ω = 0.

A local analysis reveals that the solution has a logarithmic branch point at yc . For
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an unstable system, the Howard semicircle theorem (see Drazin and Reid [44])
reveals that the dispersion relation is such that the real part of the phase velocity
lies within the range of the mean velocity profile, that is, Umin < <[ω/kr ] < Umax ,

where <[ ] denotes the real part of a complex number. Thus <[yc ] lies within the

domain of integration. The location of the logarithmic branch-cut depends on the

sign of U0 (<[yc ]) (see Tam and Morris [46] and Lin [47]). If U0 (<[yc ]) > 0 then
the branch-cut lies in the upper-half y-plane, otherwise it lies in the lower-half
y-plane. Thus if =[yc ] < 0 (=[yc ] > 0), where =[ ] denotes the imaginary part

of a complex number, and U0 (<(yc )) > 0 (U0 (<(yc )) < 0), then the branch-cut
crosses the integration path along the real y-axis, as shown in Fig. (A.1). In this
case, the integration contour needs to be deformed in the complex-plane to pass
from below (above) the critical point yc . For complex velocity profiles, there can
be several such branches crossing the real y-axis. In the following sub-section,
a contour integration technique is presented with which the integration can be
carried out in a modular and robust fashion.

A.2.1 Contour integration technique
The Rayleigh equation can be written in the following form:
c2

d2 ψ
dψ
+
c
+ c0 ψ(y) = 0,
1
dy2
dy

(A.3)

where c2 , c1 , and c0 are coefficients that, in general, are functions of y.
The locations of the singular points (yc ) of Eq. (A.3) are obtained by the solution
of the equation U(yc ) − ω = 0. The location of the logarithmic branch-cuts asso-

ciated with each branch-point is given by the sign of dU(<[yc ])/dy as explained
above.
Figure (A.1) shows a sample location of branch points and the associated
branch-cuts (typical of a wake-profile). Suppose that starting from an initial
condition at ys , Eq. (A.3) needs to be integrated to obtain the value of ψ at
ye (ys , ye ∈ R). Let C be a curve in the complex y-plane, that avoids all the

singularities and over which Eq. (A.3) needs to be integrated. This curve can be
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Branch cut

C

ye

ys

yr

Branch cut

Figure A.1. An integration contour avoiding the singularities in the complex y-plane.

described in the complex plane via a parameterization
y = yr (t) + iyi (t) = f (t), a ≤ t ≤ b, f (a) = ys , f (b) = ye , t ∈ R

(A.4)

where f is a complex mapping function (See Boyd [48] for examples). This
mapping transforms Eq. (A.3) into
)
(
c1 ( f (t)) c2 ( f (t)) f 00 (t) dψ
c2 ( f (t)) d2 ψ
+
−
+ c0 ( f (t))ψ = 0.
f 0 (t)2 dt2
f 0 (t)
f 0 (t)3
dt

(A.5)

The advantage of casting the differential equation in this form is that the integration along contour C in the complex plane for Eq. (A.3) is equivalent to an
integration along the real t-axis for Eq. (A.5). Thus, the contour integration can be
carried out along the real axis. This procedure has been suggested previously by
Boyd [48]. However, there are several potential pitfalls associated with this procedure. First, it should be noted that the mapping function f should not introduce
any new singularity in Eq. (A.5). Therefore, f must be smooth and continuous.
However, it may not be possible to represent C by a single continuous and smooth
function that avoids all the singularities in the complex-plane. Moreover, when
higher-order ODEs are transformed through the use of the function f , they would
introduce higher-order derivatives of f (as may be seen by the introduction of the
second term in the bracketed coefficient in Eq. A.5), which must also be smooth
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and continuous. The transformation equation may also increase the stiffness of
the original differential equation. This makes it very difficult to develop a modular and robust integration routine. These issues are resolved if the integration
contour is broken-up into piece-wise continuous line-segments. If ψ is analytic in
a domain D, then the integration between the specified boundaries can be carried
out on any contour in D. Therefore, the exact geometry of the integration contour
is not important as long as it avoids the branch points and the branch cuts in the
complex plane. If ψ is analytic in D, then D must exclude the branch cuts, and
any continuous curve C in this domain may be chosen as the integration contour.
Hence, any integration contour lying entirely in D, no matter how complex, can
be broken up into piecewise-continuous line-segments.
yi

y3

y4
y6

y2

y1

y9

y5

y10
y7

yr

y8

Figure A.2. A contour integration path, consisting of piece-wise continuous linesegments, for Eq. (A.3).

The integration contour in Eq. (A.1) may be replaced by piece-wise continuous
line-segments, as shown in Fig. (A.2). A line segment in the complex plane is fully
described by its end points. For example, for a line integration from a point y1 to
another point y2 in the complex plane, the mapping f may be represented as
f (t) =

1
2



(y2 − y1 )t + y2 + y1

−1 ≤ t ≤ 1

(A.6)
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so that f (t) is a parameterization of the line passing through y1 and y2 , with
f (−1) = y1

(A.7)

f (1) = y2 .
The first derivative of the mapping function is given by
1
f 0 (t) = (y2 − y1 ),
2

(A.8)

and all the higher derivatives are zero. Therefore, just the end points of the line
segments define the mapping f and all its derivatives. Also, the line segments do
not introduce any artificial singularity. For integration along a line segment, Eq.
(A.5) reduces to
c2 ( f (t)) d2 ψ c1 ( f (t)) dψ
+ 0
+ c0 ( f (t))ψ = 0.
f 0 (t)2 dt2
f (t) dt

(A.9)

In fact, the coefficient ck (y) of an nth -order ODE is transformed simply into
ck ( f (t))/ f 0 (t)k .
Equation (A.9) can be written as a system two first-order ODEs as
dψ1
= ψ2
dt
#
"
dψ2
f 0 (t)2 c1 ( f (t))
= −
ψ2 + c0 ( f (t))ψ1
dt
c2 ( f (t)) f 0 (t)

(A.10)

Since the knowledge of just the end-points of the line-segments completely
specifies the mapping function and hence the transformed coefficients of the
ODE, the integration along the line-segment from y1 to y2 can be carried out
simply as
line integrate(c2 , c1 , c0 , y1 , y2 , ψ),

(A.11)

where the function line integrate takes as arguments, the coefficients of the differential equation, the end points for the line integration, and the dependent variable
vector ψ = ψ1 , ψ2 . With the arguments in the function call (A.11), the line integration is completely specified. All that is needed is a simple integration routine
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like the Runge-Kutta method that can integrate a system of two first-order ODEs
(or n or an nth -order ODE) between two points: −1 and 1, along the real-axis.

Before the line integrate function is called, the dependent variable has to be

initialized, that is, the initial condition, ψ(y1 ) must be specified. Once this is done,
the line integration of Eq. (A.3) can be carried out on any piece-wise continuous
line-segments in the complex plane by simply calling the line integrate function
for each of the line segments. To better understand this, consider the integration
contour shown in Fig. (A.2) which passes through the points y1 , y2 , . . . , y10 . With
the help of the line integrate function, the numerical integration of Eq. (A.3) on
this contour is achieved by the following succinct piece of C code
ψ(y1 ) = 0

(Initial condition)

for (i = 0; i <= 10; i++)
line integrate ( c2 , c1 , c0 , y(i), y(i + 1), ψ )
It should be noted that in order for the above scheme to work, ψ should be
overwritten with its new value at the end of the integration on every line segment.
That is, if one is integrating from yi to yi+1 , then before the integration, ψ should
equal ψ(y(i)), and after the integration it should be overwritten with ψ(y(i + 1)), so
that the end point of every line segment becomes the initial condition for starting
the integration on the next line segment.
The choice of the integration contour depends upon the branch cuts in the
complex y-plane. As mentioned earlier, the exact definition of the integration
contour is not important as long as it avoids the branch cuts. Therefore, the user
of the line integrate function must have knowledge of the branch cuts, so that the
piece-wise continuous line-segments defined by the points yi in Fig. (A.2) do not
cross any of the branch cuts.
Thus, the Rayleigh equation can be easily integrated using this line integration
technique and the dispersion relation can be obtained by a shooting method. In
the next section, a numerical procedure to find absolute or convective instability
is presented.
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A.3 Absolute and convective instability solver
The absolute frequency (ωo ) and wavenumber (ko ) correspond to a point of zero
group velocity, at which the following conditions are satisfied
D(ωo , ko ) = 0,
∂ωo
= 0.
∂k

(A.12)
(A.13)

The medium is absolutely unstable if =[ωo ] > 0, otherwise it is convectively
unstable.

Points of zero group velocity can be found by either mapping from the
wavenumber into the frequency domain or vice versa. Detailed mathematical
theories exist for either type of mapping procedure. See for example, Bers [19] for
ω → k mapping procedure and Kupfer et al. [45] for k → ω mapping procedure.
For free shear layers, the dispersion relation is quadratic in ω and transcendental

in k. Thus a given k maps into two images in the ω-plane, whereas a given ω maps
into several images in the k-plane. The absolute wavenumber ko corresponds to a
saddle point in the k-plane and the absolute frequency ωo corresponds to a cusp in
the ω-plane. This makes mapping from the ω → k plane extremely sensitive to the

initial guess for ω in the shooting method because changes in the starting value
can easily move the maps from one branch onto another branch of the saddle,
which makes it very difficult to converge on the saddle point. On the other hand,
mapping from the k → ω plane is fairly insensitive to initial conditions, and hence
a robust algorithm can be developed to uncover the cusp automatically without

a tedious search through graphs to unravel saddle points, as is required by the
ω → k mapping.

Using the contour integration technique described in the previous section and

the k → ω mapping procedure, the calculation of (ko , ωo ) becomes a straight-

forward procedure. Starting with an initial guess for k, an iterative root finding

algorithm is used to solve for dω(k)/dk = 0. In the evaluation of the function
dω(k)/dk, the frequency as a function of wavenumber [ω(k)] is obtained by the
solution of the dispersion relation using the technique described in the previous
section. Thus, the final solution satisfies both conditions (A.12) and (A.13).
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The above implementation assumes that an analytical expression is available
for the velocity profile U(y), since the contour deformation process in the integration of Rayleigh equation requires values of velocity at complex values of y.
However, velocity profiles obtained from experiments and numerical simulations
are available only along the real y-axis. It can be difficult to obtain an accurate
functional fit for the velocity profile. Fortunately, in some cases it is possible to
obtain the cusp point without deforming the integration contour in the y-plane.
This is illustrated by a model example of a free-shear layer.
Consider the following parallel mean-velocity profile as suggested by Huerre
and Rossi [49],
U(y) = (1 − R + 2Rsech2 y)

(A.14)

where R = (Uc − U∞ )/(Uc + U∞ ) is a velocity ratio that represents a wake profile

for R < 0 and a jet profile for R > 0. U∞ and Uc are the free-stream and centerline

velocities respectively. In the present analysis R is set equal to −1 corresponding
to a wake with zero centerline velocity.

The Rayleigh equation can be solved using the integration technique described
in the previous section to map the real k-axis (kr ) into the ω-plane [see Figs. (A.3(a))
and (A.3(b))]. This is the solution to the dispersion relation D(kr , ω) = 0 to obtain
the map ω(kr ) as shown in Fig. (A.3(b)). For the system to be unstable, it is
necessary that a part of the map ω(kr ) must lie in the upper-half ω-plane. Hence,
as seen from Fig. (A.3(b)), the present wake profile is unstable. Kupfer et al. [45]
show that the cusp in the ω plane is encountered by mapping lines parallel to the
real k-axis with progressively decreasing imaginary part in the ω-plane as shown
in Figs. (A.3(a)) and (A.3(b)). For an absolutely unstable system, the cusp is
encountered in the upper-half ω-plane. Throughout this mapping procedure, the
critical point yc must be tracked, so as to ascertain that no logarithmic branch-cut
in the y-plane is crossed during the integration of the Rayleigh equation. In order
to track the location of the branch point yc , consider the neutral point (ωn , kn )
as shown in Figs. (A.3(a))and (A.3(b)). Since ωn and kn are real, from Howard’s
semicircle theorem, there exists a branch point yc within the domain of integration
on the real y-axis. At yc ,
U(yc ) = ωn /kn

(A.15)
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Figure A.3. Lowering of the contours in the k-plane (a) and their respective maps in the
ω-plane (b) in order to uncover the cusp (k o , ωo ).

Hence,
dU(yc ) dyc
1
=
dy dk
kn

(

dω(kn ) ωn
−
dk
kn

)

(A.16)

In general, for wakes, the group velocity at the neutral point is less than the phase
velocity, that is, <[dωn /dk] < ωn /kn . For example, Fig. (A.4) shows the variation

of the ratio of group to phase velocity as a function of the velocity ratio R ranging

from wakes to jets. It can be seen that <[dωn /dk] is less than ωn /kn for wakes and
greater than ωn /kn for jets (note that the phase velocity is always positive). Also,
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from Figs. (A.3(a)) and (A.3(b)), =[dωn /dk] < 0. Therefore for R < 0 (wakes),
dU(yc ) dyc
= −χr − χi i
dy dk

(A.17)

where χr and χi are real positive numbers. Mapping lines parallel to the real kaxis with progressively lower imaginary part moves the respective images in the
ω-plane closer to the cusp. Hence, in order to track the critical point yc , consider
a line just below the real k-axis. In particular, consider a point just below kn , such
that the change in k, ∆k = −λi, where λ is a real positive number. Thus, from

Eq. (A.17),

=[∆yc ] ≈

1
χr λ
dU(yc )/dy

(A.18)

From Eq. (A.18) it can be seen that if dU(yc )/dy > 0 then =[∆yc ] > 0, otherwise
=[∆yc ] < 0. Since dU(yc )/dy > 0 (< 0) implies that the logarithmic branch cut lies

in the upper (lower)-half k-plane, Eq. (A.18) ensures that the branch point moves
away from the real k-axis in such a manner that the branch-cut does not cross it.
Since the cusp occurs for an imaginary value of k, ω/k never becomes real during
the mapping process once the mapping contour in the k-plane is lowered from the

real k-axis. Thus, by analytical continuation, the critical point yc never intersects
the real k-axis during the mapping process and hence the logarithmic branch-cut
never intersects the real y-axis (Note that during the mapping process, the <[k]
can be kept less than the neutral wavenumber kn ). This analysis is corroborated

by the loci of yc shown in Fig. (A.5) obtained during the mapping process from
the k → ω plane. For each k, there are two values of yc that satisfy U(yc ) = w/k.

The logarithmic branch cuts lie in the lower-half (upper-half) y-plane for yc ’s that
lie in the left-half (right-half) y-plane in Fig. (A.5). This is determined from the
sign of dU(<[yc ])/dy. It can be seen that once the mapping contour in the k-plane
is lowered from kr , yc never crosses the real y-axis. On kr , yc and the associated
branch-cut crosses the real y-axis only for k ≥ kn .

Thus, the absolute instability of wakes can be found by integrating the Rayleigh

equation along the real y-axis. This information greatly simplifies the numerical
integration process when the shear-layer profile (U(y)) is obtained either from
experiments or numerical simulations. This is because the velocity profiles in
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Figure A.4. The ratio of group to phase velocity as a function of the velocity ratio R.

such situations are available only along the real axis and it is generally very
difficult to obtain an accurate functional representation for the velocity profile.
An example of a practical application of this technique is the evaluation of
the global instability of wakes. The global frequency is computed based on a
local absolute instability analysis at several locations downstream of the body. At
each location, the local wake profile is assumed to be parallel. Using the absolute
instability solver, the absolute wavenumber and frequency can first be obtained
at any downstream location. Then these values are used as an initial guess
for the next downstream location to converge quickly to the absolute frequency
and wavenumber at that location. This process is repeated until the absolute
instability characteristics is obtained at all the locations. This process can be
completely automated. This algorithm has been used to generate the slat-wake
absolute instability results in Figs. (2.4) and (2.5).
The above analysis of tracking the branch points applies only to wakes and
not jets. But (cold) jets only exhibit convective instability and hence it is not
necessary to search for a cusp for jets. The problem of interest for jets is that
of a forced response, since for convectively unstable systems, the large time
asymptotic response is governed by the source frequency ωs of a time-harmonic
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source. (ωs ∈ R). Thus roots of the dispersion relation D(k, ωs ) = 0 are sought in
the k-plane. If =[k] < 0, the disturbance is called self-excited and the branch-cuts

do not cross the real y-axis (see Lin [47]). However, for a stable response, =[k] > 0

and the branch cuts cross the real y-axis and hence the integration contour for the

Rayleigh equation needs to be deformed. Whether the integration contour needs
to be deformed or not depends on the stability of the medium, hence the stability
must be known apriori. At the neutral point,
∆ωn dωn
dωn
dωn
≈
= <[
] + i=[
]
∆kn
dkn
dk
dk
If ∆ωn ∈ R,

=[∆kn ] ≈

−∆ωn
dωn
]
=[
2
|dωn /dk|
dk

(A.19)

(A.20)

Since =[dωn /dk] < 0, it can be easily inferred by analytical continuation that

ωs < ωn implies =[k] < 0 . Hence the dispersion relation D(k, ωs ) = 0 can be

solved by integrating the Rayleigh equation along the real y-axis if ωs < ωn .
However, in order to obtain the neutral point (kn , ωn ), the integration contour
must be deformed in the y-plane because, from Howard semicircle theorem (also
see Fig. (A.5)) yc lies on the real y axis. This can be readily accomplished by using
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the dispersion relation solver described in Sec. A.2.

A.4 Summary
A general technique to solve for the dispersion relation and the absolute or convective instability of a free-shear flow has been presented. In order to obtain the
dispersion relation, the Rayleigh equation needs to be integrated. This process
is complicated by the presence of singularities on the interval of integration. In
order to avoid these singularities, the integration contour must be deformed in the
complex-plane. It was shown by Boyd [48] that a change in coordinates simplifies
this integration such that the integration along a contour in the complex-plane
becomes equivalent to an integration along the real-axis. The technique presented
in this paper complements this complex-mapping strategy by providing a more
robust procedure amenable to a modular implementation. This is achieved by
breaking the contour of integration by piecewise-continuous line-segments in the
complex-plane. Since the exact path of the integration contour is not important
as long as it passes through the boundary or initial points and lies in a domain
that avoids all singularities in the complex-plane, this simplification can be made.
There are at least three advantages of using this technique: (i) any integration
contour, no matter how complex, may be represented by piecewise-continuous
line-segments, (ii) since the knowledge of the end-points of the line-segment completely specifies the transformation function and all its derivatives, this method
has been used to implement a modular integration technique, (iii) the technique
is robust since one does not have to worry about the analyticity of the mapping
function or its derivatives. The dispersion-relation solver can be used to solve for
the frequency, given any wavenumber (ω(k)) or vice versa (k(ω)).
The dispersion-relation solver can be used to evaluate the absolute or convective instability in a straight-forward manner. However, when a velocity profile
for the shear layer is obtained from experiments or numerical simulations, it is
available only along the real axis. It has been shown that for wakes, the absolute
instability can be calculated without having to deform the integration contour to
integrate the Rayleigh equation. For convectively unstable systems, like jets, the
integration can be carried out along the real axis, only for self-excited (unstable
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spatial response for a real forcing frequency) systems.

Appendix B
Free space Green’s function:
time-harmonic point source in a
uniform mean flow
The Green’s function for a point source placed in a uniform mean flow is described
by
∂
∂
+ ū
∂t
∂x

!2

g(x|x ) − c2 ∇2 g(x|x ) = δ(x − xs )δ(y − ys ) exp[−iωt]

(B.1)

In the limit t → ∞, the response is governed by
∂
−iω + ū
∂x

!2

g(x|x ) − c2 ∇2 g(x|x ) = δ(x − xs )δ(y − ys ),

(B.2)

This equation can be rearranged to give
∂
−ik + M
∂x

!2

g(x|x ) − ∇2 g(x|x ) =

1
δ(x − xs )δ(y − ys )
c2

(B.3)

√
where k = ω/c. Let ḡ = g/ exp[−ikγ2 Mx], where γ = 1/ 1 − M2 . This transforms
Eq. (B.3) into

−

1 ∂2 ḡ exp[ikγ2 Mx]
1 ∂2 ḡ
2
−
k
ḡ
−
=
δ(x − xs )δ(y − ys )
γ2 ∂y2
c 2 γ2
γ4 ∂x2

(B.4)
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Using the coordinate transformations: x̄ = γ2 x, ȳ = γy, Eq. (B.4) can be written
as,
¯ 2 ḡ =
−k2 ḡ − ∇

exp[ikMx̄] x̄
ȳ
δ( 2 − xs )δ( − ys )
2
2
cγ
γ
γ

(B.5)

¯ 2 = ∂2 /∂x̄2 + ∂2 /∂ ȳ2 . Using the following properties of the Delta function
where ∇
δ(x − a)φ(x) = δ(x − a)φ(a)

(B.6)

δ(x/a) = aδ(x),

(B.7)

γ
¯ 2 ) ḡ(x̄|x¯ ) = exp[ikMx¯s ] δ(x̄ − x̄s )δ( ȳ − ȳs )
(−k2 − ∇
c2

(B.8)

Eq. (B.5) can be written as

The operator on the left-hand side is the familiar Helmholtz operator, the Green’s
function for which is known. Thus,

 q
iγ
(1)
2
2
ḡ(x̄|x¯ ) = 2 exp[ikMx¯s ]H0 k (x̄ − x̄s ) + ( ȳ − ȳs )
4c

(B.9)

Transforming back to the original variables, the free-space Green’s function is
given by
g(x, y|xs , ys ) =


iγ (1)  q 2
2 + (y − y )2 exp[−ikγ2 M(x − x )]
H
γ
(x
−
x
)
kγ
s
s
s
4c2 0

(B.10)

Appendix C
Coupling of two waves – Analytical
solution
C.1 Space-time Green’s function
The space-time Green’s function for the problem of the coupling of two waves
forced by a time-harmonic source is obtained by first finding the impulse response
of the system, the governing equation for which is given by
(

)
∂2
∂2
∂2
2
+3
+ 2 2 − γ g(x, t) = δ(x − ζ)δ(t − τ).
∂t2
∂t∂x
∂x

(C.1)

Since this is a linear equation with constant coefficients, the differential equation
may be solved with the source location at the origin and the Green’s function
for the general source location is obtained simply by replacing x → (x − ζ) and
t → (t − τ). For convenience, whenever the source is at the origin, its location in

the argument of the Green’s function will be omitted. That is, g(x, t) ⇔ g(x, t|0, 0).

This reduces Eq. (C.1) to
(

)
∂2
∂2
∂2
2
+ 2 2 − γ g(x, t) = δ(x)δ(t)
+3
∂t2
∂t∂x
∂x

(C.2)

Application of the Fourier-Laplace transform defined in Eq. (4.2) to the above
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equation yields
{D(k, ω)} G(k, ω) = 1

(C.3)

D(k, ω) = −(ω − 2k)(ω − k) − γ2

(C.4)

where D(k, ω) is given by

The space-time Green’s function is recovered by the application of the inverse
Fourier-Laplace transform to Eq. (C.3):
g(x, t) =

Z

L

dω −iωt
e
2π

Z

F

dk ikx 1
e
2π
D(k, ω)

(C.5)

where F is the inverse Fourier contour that is taken to be the kr -axis. To maintain
causality, the inverse Laplace contour (L) is placed above the largest positive
imaginary value of the roots of the dispersion relation D(kr , ω) = 0 that are given
by
3kr ±

ω(kr ) =

p
k2r − 4γ2
2

(C.6)

It is clear that in the range |kr | < 2γ, there is a branch of ω for which ωi > 0. This
implies that the system is unstable.

Using Eq. (C.6), Eq. (C.5) for the Green’s function can be written as
g(x, t) = −
where
I(k, t) =

Z

L

Z

∞

−∞

dk ikx
e I(k, t)
2π

1
dω −iωt
e
p
2π
ω − (3k ± k2 − 4γ2 )/2

(C.7)

(C.8)

This integral is evaluated using the Method of Residues to give
2

I(k, t) = p
k2 − 4γ2


p
 k2 − 4γ2  −i 3 kt
t e 2 H(t)
sin 
2

(C.9)

Using Eq. (C.9), the integral in Eq. (C.7) can be evaluated exactly as (see Grad-
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shteyn and Ryzhjk [50])
g(x, t) = Io

"

√

8γ

#
x√
t−
x − t × H[(x − t)(2t − x)]
2

r

(C.10)

where Io is the modified Bessel function of the first kind. This solution represents
a traveling pulse. For an observer moving with a speed V = x/t, such that
1 < V < 2, Eq. (C.10) can be simplified to

g(x, t = x/V) = Io [Γx] = 1 +

∞
X
n=1

where Γ =



1
(Γx)2
4

(n!)2

n

(C.11)

√
8γ{(1 − V/2)(V − 1)/V}1/2 is a real positive quantity. Clearly this

represents a convectively unstable response.

The Green’s function for a time-harmonic source is given by the differential
equation
(

)
∂2
∂2
∂2
+3
+ 2 2 − γ2 ḡ(x, t; ωo ) = δ(x)e−iωo t
∂t2
∂t∂x
∂x

(C.12)

This Green’s function is easily obtained by the following convolution in terms
of the impulse-response Green’s function
ḡ(x, t) =

Z

∞

g(x, t|0, to )e−iωo to dto

0

(t − to ) < x < 2(t − to )

(C.13)

Substituting Eq. (C.10) into Eq. (C.13) yields
ḡ(x, t) =

Z

∞
0

Io

"

√

8γ

r

#
xp
(t − to ) −
x − (t − to ) e−iωo to dto × H(t − to )
2

(C.14)

Let z = 3x/4 − (t − to ). This simplifies the above integral to
ḡ(x, t) = e

−iωo (t−3 x4 )

×

Z

x/4
−x/4

h √ p
i
Jo − 8γ z2 − x2 /16 e−iωo z dz

(C.15)

The integral in Eq. (C.15) can be evaluated (see Gradshteyn and Ryzhjk [50]),

96
giving,
x

ḡ(x, t) = 2e−iωo (t−3 4 )
Letting λ =

sin

 p

x
2
2
ω
−
8γ
o
4
p
ω2o − 8γ2

(C.16)

p
8γ2 − ω2o (λ ∈ R for instability),

o
−e−iωo (t−3x/4) n λx/4
e
− e−λx/4 H(x)
ḡ(x, t) =
λ

(C.17)

C.2 Assumed time-harmonic, constant-frequency response
Since the differential equation (C.12) is linear and the coefficients are time-independent,
ḡ(x, t) can be assumed to be periodic in time with the frequency given by that of
the source. That is,
ḡ(x, t) = ĝ(x; ωo )e−iωo t

(C.18)

This simplifies Eq. (C.12) to
(

−ω2o

)
∂
∂2
2
− 3iωo
+ 2 2 − γ ĝ(x; ωo ) = δ(x)
∂x
∂x

(C.19)

Application of the Fourier transform to Eq. (C.19) gives
{D(k, ωo )} ĝ(k; ωo ) = 1,

(C.20)

where D(k, ω) is given by Eq. (C.4). The assumed time-harmonic Green’s function
is obtained by the application of the inverse Fourier transform to Eq. (C.20):
ĝ(x; ωo ) =

Z

∞
−∞

1
dk ikx
e
2π
D(k, ωo )

(C.21)

The upper- and lower-half k-plane roots of D(k, ωo ) are given by
k± =

3ωo ± λi
.
4

(C.22)

For x > 0 (x < 0), the integration contour is closed in the upper- (lower-) half
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k-plane, and after the application of the Method of Residues, the following expression for the assumed time-harmonic response is obtained
ḡ(x, t) = ĝ(x; ωo )e−iωo t

−λx/4

e−iωo (t−3x/4) 
 e
=


 −eλx/4
λ

: x>0
: x<0
(C.23)

Appendix D
Analytical solution to Lilley’s
equation
For a time-harmonic source, Lilley’s equation in the frequency domain can be
written as
"
(
)#
dū(y) ∂2
1 dρ̄(y) ∂
3
2
2
D − c̄ (y) D∇ −
p = D2 S
D
−2
ρ̄(y) dy
∂y
dy ∂x∂y

(D.1)

where D = (−iω + ū∂/∂x), ∇2 = ∂2 /∂x2 + ∂2 /∂y2 , S = A exp[−B(x2 + y2 )], ω is the

source frequency, x is the streamwise coordinate, y is the crossstream coordinate.
The mean-flow variables are functions of y only and are represented by an overbar.

The mean pressure, p̄ is constant and the mean speed of sound is given by c̄(y) =
{γp̄/ρ̄(y)}1/2 .

Application of the Fourier transform defined by
p̃(k, y) =

Z

∞

p(x, y)e−ikx dx

(D.2)

−∞

to Eq. (D.1) and some rearrangement, yields
"
"
#
#
(ω − kū(y))2
d2 p̃
dū(y)
2k
1 dρ̄ dp̃
2
−
+
+
− k p̃ =
dy2
ω − kū(y) dy
ρ̄(y) dy dy
c̄(y)2
iS̃

c̄2 (y)

(ω − kū(y))

(D.3)
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The operator on the left-hand-side of Eq. (D.3) is the compressible Rayleigh operator, also known as the Pridmore-Brown operator, S̃ = A(π/B)1/2 exp[−k2 /(4B)−By2 ]
is the Fourier transform of the source, S. Equation. (D.3) can be rearranged in the
following self-adjoint form
!
d
d
p̃ + q(k, y)p̃ = S̄(k, y)
−
b(k, y)
dy
dy

(D.4)

where b(k, y) = −1/(D̃2 ρ̄(y)), S̄(k, y) = −S̃/(D̃ρ̄(y)c̄2 (y)), q(k, y) = −k2 /(D̃2 ρ̄)−1/(ρ̄c̄2 ),
and D̃ = (−iω + ikū). The Green’s function for Eq. (D.4) satisfies the following

equation
!
d
d
−
b(k, y)
G(k, y|yo ) + q(k, y)G(k, y|yo ) = δ(y − yo )
dy
dy

(D.5)

together with the boundary conditions
dG(k, 0)
= 0,
dy

G(k, y → ∞) = exp[−νy]

(D.6)

where ν = [k2 − k2∞ ]1/2 and k∞ = ω/c∞ . c∞ is the sound speed in the ambi-

ent medium. The locations of the branch cuts in the k-plane associated with ν
are shown in Fig. (D.1) and the branch of the square root is chosen such that

ν(0) = −ik∞ . Let φ1 and φ2 be two linearly independent solutions for the homoge-

neous form of Eq. (D.5) such that φ1 satisfies the first boundary condition and φ2

satisfies the other. The Green’s function is a combination of these functions that
is continuous at y = yo and has a jump in its derivative of −1/b(k, y) at yo . Hence,
G(k, y|yo ) =

n
o
1
φ1 (y)φ2 (yo )H(yo − y)+ φ2 (y)φ1 (yo )H(y − yo )
J(φ1 , φ2 )

(D.7)

where H( ) is the Heaviside function, and J(φ1 , φ2 ) is the conjunct of the two
solutions given by


J(φ1 , φ2 ) = b(k, yo ) φ01 (yo )φ2 (yo )− φ1 (yo )φ02 (yo ) .
Note that J is independent of yo (cf. theorem 7.1, Roach [51]).

(D.8)
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The solution to Eq. (D.1) is obtained by the application of the inverse Fourier
transform to the convolution of the Green’s function with the source. Thus,
Z ∞
dk ikx
e
p(x, y) =
G(k, y|yo )S̄(k, yo )dyo
F 2π
0
r
−iA
π
[I1 + I2 ] ;
=
2πγP̄ B
Z

I1
I2

Z

y


−By2o


φ
(k,
y
)e
1
1
o
 ikx
−k2 /4B
=
φ2 (k, y)e
× 
dy
e dk,

o



J  0 (ω − kū(yo ))
F

Z
Z
∞

−By2o



φ
(k,
y
)e
1
2
2
o
 ikx

e dk,
dy
=
φ1 (k, y)e−k /4B × 
o



J  y (ω − kū(yo ))
F

(D.9)

Z

(D.10)

where F is the Fourier contour and its location in the k-plane is shown in Fig. (D.1).
Note that for this choice of F, only the acoustic-wave solution is obtained. For
a causal response that captures the instability wave as well, the F-contour must
pass below the Kelvin-Helmholtz instability pole, k2 .
ki

S3

C1
F

k1
kr
F

k2
k∞ cos(θi )
S1

C2
S2

Figure D.1. Location of the inverse-Fourier contour (F) and the steepest-descent paths
(Si ’s) in the k-plane. Also shown are the locations of the branch-points () and branch-cuts
(hatched lines) of ν, and the eigenvalues of Eq. (D.3) (marked +).

The integrals in Eq. (D.9) will be evaluated along the sideline y = 15. On this
line, I2 ≈ 0 since exp[−By2o ] ≈ 0 in the interval 15 ≤ yo ≤ ∞. Therefore, only I1

needs to be evaluated. Also, at y = 15 ū ≈ 0, hence φ2 = exp[−νy] (φ1 needs to be
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evaluated numerically). Therefore,
r Z
1
−iA
π
2
p(x, y) =
e−k /4B ×
J
2πγP̄ B F
Z

2
y
−Byo




φ
(k,
y
)e
1
o

 ikx−νy
e
dk
dy

o




(ω − kū(yo ))

(D.11)

0

Numerical evaluation of the above integrals in its present form is extremely
difficult. This is because on the F-contour, exp[ikx] becomes increasingly oscillatory with increasing modulus of k. This poses a convergence issue for any
integration scheme. To overcome this oscillatory behavior, the F-contour is deformed onto the path of steepest descent. The following is an extension of the
procedure given by Noble [52].
Let x = r cos θ, y = r sin θ, 0 < θ < π. Then using the following coordinate
transformation
k = k∞ cos β , β ∈ C

(D.12)

ikx − νy = ik∞ r cos[β − θ].

(D.13)

yields

On the steepest descent path
ik∞ cos[β − θ] = −u2 + ik∞ , u ∈ R

(D.14)

This implies that
"

u2
k(u) = k∞ cos θ ± arccos i
+1
k∞

!#

(D.15)

where the positive (negative) sign is used for negative (positive) values of u.
Therefore, Eq. (D.11) is transformed into
r
Z
1
π irk∞
A
2
e−k(u) /4B
p(x, y) =
e k∞
×
J(k(u))
πγP̄ B
Si

Z
y
−By2o




φ
(k(u),
y
)e
sin(λ(u)) −ru2
1
o


× √
dy
e du,


o



 0
(ω − kū(yo ))
u2 − 2ik∞

(D.16)

with λ(u) = θ + arccos(iu2 /k∞ + 1). From Eq. (D.15) it is clear that the steepest

102
descent paths are a function of θ (observer locations). Figure (D.1) shows the
steepest descent paths (Si ) for three different observer locations: S1 for θ1 > π/2, S2
for θ2 = π/2, and S3 for θ3 < π/2. Every Si path crosses the real k-axis at k∞ cos(θi )

and at k∞ / cos(θi ). Since the branch points of ν (±k∞ ) always lie between these
two points, the associated branch-cuts of ν are chosen in the direction shown

in Fig. (D.1). This ensures that the Si paths do not cross the branch-cuts. To
understand how the F-contour can be transformed into an Si path, consider the
steepest descent path S2 . Since the original F-contour is being deformed into S2 ,
the two contours can be connected by arcs at infinity (C1 and C2 ). It can be shown
that the integrals on the arcs at infinity are zero, so that
Z

=
F

Z

S2

±2πi

n
X

Res(ki )

(D.17)

i=1

where the last term represents a summation over all the residues evaluated at
the poles that are crossed over while deforming the F-contour into the steepestdescent contour. The poles in the integrand of Eq. (D.11) (or Eq. (D.16)) satisfy
the condition
J(k) = 0

(D.18)

From Eq. (D.8) this means that φ1 = φ2 . In other words, φ1 (or φ2 ) is a solution
of the compressible Rayleigh equation (homogeneous form of Eq. (D.3)) that
satisfies both the boundary conditions (Eq. (D.6)). Therefore such solutions must
be the eigenfunctions and the wavenumbers (k) that satisfy Eq. (D.18) must be the
eigenvalues of the compressible Rayleigh equation. For this problem there are
two eigenvalues for the compressible Rayleigh equation, one lies in the upper-half
k-plane (k1 ) and other in the lower-half plane(k2 ) (see Fig. (D.1)). The residue at
either of the poles ki is given by
Res(ki ) =

−iA
2πγP̄

r


Z
y
−By2o




φ
(k
,
y
)e
π −k2 /4B
1
1 i
o
 iki x−νy

i
e
dy
e


o




B
dJ(ki )/dk
(ω − ki ū(yo ))
0

(D.19)

Note that the term within the braces is independent of x, and needs to be evaluated
only once along the line y = 15. For a causal response, Res(k2 ) contributes to the
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solution for x > 0, thus yielding an exponentially growing solution. However, for
a non-causal assumed time-harmonic response, Res(k2 ) contributes to the solution
for x < 0. This is an incoming wave (traveling towards the source) that decays
exponentially away from the source.
Caution must be exercised while evaluating the yo integrals in Eqs. (D.16) and
(D.19) since Eq. (D.3) has a regular singular point at yc given by ω − kū(yc ) = 0.

For the velocity profile in the present problem,

n
o1/2
yc = b ln(kU j /ω)/ ln(2.0)
.

(D.20)

Application of the method of Frobenius reveals that Eq. (D.3) has a logarithmic
singularity at yc . Following the mathematical analysis by Lin [47] it can be shown
that for the present case the logarithmic branch cut must connect yc and infinity
in the lower half yo plane. The integration path in the yo -plane may have to be
deformed from the real yo axis to avoid this branch cut (see Fig. (D.2)). Another
issue is the branch-cut in the k-plane associated with the square-root function in
Eq. (D.20). To resolve this, note that for θ < π/2, on the steepest-descent path, yc
is always real and positive at the point k∞ / cos(θ). Once the branch of the square
root in Eq. (D.20) has been determined at this point, the same branch can be used
for all other points on the steepest-descent contour. Thus, given the steepestdescent path, the branch-cut for the square root function must be selected in such
a manner that it is not crossed by the steepest-descent path. For θ > π/2, yc lies
in the lower-half yo -plane and hence the integration can be carried out on the real
yo axis.
Now the perturbation pressure on the sideline of the jet given by Eq. (D.11) is
well defined and can be evaluated with the help of Eqs. (D.16), (D.17), and (D.19).
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y oi
yc

O
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Figure D.2. Location of the critical point (yc ) and the branch-cut for the logarithmic
singularity in Eq. (D.3).
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