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ABSTRACT
Particle transport plays a critical role in many membrane systems both with
respect to the filtrate flux and the overall selectivity. A number of previous studies have
used particle trajectory analysis to obtain insights into the effects of particle transport on
the behavior of membrane systems; however, these studies have typically been based on
simplified models for the interactions often neglecting the effects of electrostatic,
interparticle, and Brownian forces. The objective of this thesis was to obtain a more
fundamental understanding of the behavior of membrane systems by performing detailed
numerical simulations of the flow and particle trajectories as a function of the device
operating conditions.
Numerical calculations were performed using the commercial software package
FLUENT. The fluid streamlines were evaluated by solution of the Navier-Stokes
equation, both in the presence and absence of counter-electroosmosis. Particle
trajectories were evaluated by numerical integration of the Langevin equations
accounting for the combined effects of electrostatic repulsion, enhanced hydrodynamic
drag, Brownian diffusion, and interparticle forces.
In the absence of Brownian forces, the particles are unable to enter the pore unless
the drag force on the particle associated with the filtration velocity can overcome the
electrostatic repulsion between the charged particle and the charged membrane.
Interparticle interactions can significantly alter the particle trajectories, allowing particles
to overcome the energy barrier and thus reducing the critical flux for particle
transmission. Brownian forces allow particles to enter the pore even when the magnitude
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of the electrostatic repulsion is greater than the hydrodynamic drag, with the particle
transmission increasing with increasing filtration velocity. Counter-electroosmosis has a
relatively small effect on the fluid streamlines and particle trajectories if simulations are
performed at a constant filtrate flux; simulations at constant pressure show a significant
difference due to the reduction in filtrate flux associated with the induced streaming
potential. Simulations were also performed to evaluate the possible effects of
transmembrane pressure pulsing, although un-realistically rapid pulsing was required to
have a significant effect on the critical flux.
These results provide important insights into the nature of particle motion in
membrane systems, and they provide a framework for future analyses of particle
trajectories, critical flux, and particle transmission in both microfiltration and
ultrafiltration.
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Chapter 1
INTRODUCTION
1.1

Membrane Processes
Membrane processes are used extensively in a variety of commercial applications,

including the pharmaceutical, biotechnology, and food industries. Membrane systems
have several advantages over alternative separation processes, e.g., low energy
consumption, isothermal operation with no temperature or phase changes, and the
absence of any chemical additives (Belfort et al., 1994). Membrane separations can be
driven by concentration, electrical potential, and/or pressure gradients. The different
commercial membrane processes are conveniently classified by their driving forces as
listed in Table 1-1. Pressure-driven separations of liquid systems are generally
categorized as either reverse osmosis, ultrafiltration, or microfiltration depending upon
the size of the solutes being separated (Figure 1.1).
Reverse osmosis membranes are permeable to water but retain ionic species (e.g.,
Na+, Cl-) and other microsolutes (e.g., glucose). These membranes are used extensively
for desalination, nanofiltration for water softening and other water purification
applications.
Ultrafiltration membranes have pores that retain most macromolecules but are
permeable to water, small ionic species, and microsolutes. These membranes are used to
concentrate dewater, and desalt macromolecular solutions. For example, ultrafiltration
membranes are used in the fractionation of cheese whey, the separation and concentration
of biologically active components (e.g., hormones, vitamins) from fermentation broths,
and the removal of waste solutes such as nitrogenous compounds from blood
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(hemofiltration). Jonsson and Tragardh (1990) have reviewed and discussed many of
these applications of ultrafiltration.

Table 1-1 Membrane separation processes classified by driving forces (Svarovsky
1990).
Description
Driving force
Operation
Electrically driven
Potential (voltage) gradient Electrodialysis
Chemically driven

Concentration (Chemical
potential)

Pressure driven

Pressure gradient

Dialysis
Liquid membrane
Pervaporation
Reverse osmosis
Ultrafiltration
Microfiltration

Figure 1.1: Filtration spectrum (adapted from (Schweitzer, 1988))

Microfiltration membranes retain cells and other particulates while allowing
microsolutes, macrosolutes, and water to pass freely. Microfiltration membranes
2

currently hold the largest market share of the membrane industry, with a very wide range
of commercial applications (Baker et al., 1991). Some typical examples are sterile
filtration of biological products to remove bacteria in the pharmaceutical industry,
clarification of beverages, and the production of ultrapure water in many semiconductor
fabrication applications. New applications have also developed in the pharmaceutical
and medical fields, including cell harvesting from bioreactors, clarification of bioreactor
effluents, and removal of immunotoxins (e.g., pathogenic immunoglobulins) from blood
(plasmapheresis).
Microfiltration (MF) processes are operated in two basic flow configurations:
dead-end (normal) and cross-flow. In dead-end filtration, the direction of the suspension
feed flow is perpendicular to the membrane surface. In contrast, cross-flow filtration has
the suspension feed flow tangential or parallel to the membrane surface, with the
filtration occurring perpendicular to the direction of the feed flow. Dead-end filtration is
usually used for small-scale filtration and for particle/cell removal from very dilute
suspensions. However, MF membrane can be fouled easily because the permeate flow
drags all solutes and suspended particles directly towards the membrane surface. This
leads to rapid particle intrusion into the microporous membrane, causing pore blockage
or particle cake formation. Cross-flow filtration is used in systems with high particle
concentrations to reduce the effects of fouling. Membrane fouling in cross-flow filtration
is generally less severe than that in dead-end filtration because the shear exerted by the
cross-flow carries particles along the membrane surface and towards the filter exit.
Cross-flow can reduce particle deposition by hydrodynamic lift forces acting
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perpendicular to the surface and/or shear-induced particle diffusion on the bulk
suspension (Belfort et al., 1994).

1.2

Membrane Fouling
One of the limitations of membrane systems is membrane fouling, that is, the

irreversible alteration in the membrane caused by specific physical and/or chemical
interactions between the membrane and various components present in the process
stream. Membrane fouling typically manifests itself as a decay in filtrate flux and an
alteration in membrane selectivity.
There is a wide range of both organic and inorganic species that can cause
significant fouling of membranes during membrane filtration. Many of the inorganic
compounds are naturally present in the feed and process waters used in industrial streams.
This includes calcium sulfate, calcium carbonate, calcium phosphate, silica, metal oxides
and hydroxides, colloidal sulfur, and other inorganic particulates. Fouling by salts and
metal compounds generally occur by precipitation or flocculation on or within the porous
structure of the membrane. This type of fouling has been studied most extensively in
reverse osmosis where the accumulation of retained salts at the membrane surface can
lead to precipitation of a variety of inorganic species. More detailed analysis of inorganic
fouling in reverse osmosis is available in the review of Rautenbach and Albrecht (1989).
Green and Belfort (1980) analyzed a variety of literature data for particle fouling
in both hyperfiltration and microfiltration. Particle fouling in these systems appeared to
occur only when the filtrate flux exceeded some critical value, which could be related to
the cross-flow velocity. Cohen and Probstein (1986) provided a quantitative analysis of
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inorganic fouling based on the cake filtration model. They showed that the critical
filtrate flux was independent of both the particle size and the cross-flow velocity. The
difference in the behavior seen by Green and Belfort (1980) and Cohen and Prostein
(1986) may be due to the different size and / or concentration of the particulate foulants
examined in the two studies.
Protein fouling is a critical issue on bioprocessing, food, and beverage
applications, with considerable disagreement over both the mechanism and rate of fouling
in these systems. Marshall et al. (1993) and Nilsson (1990) have provided extensive
reviews of the previous work in this area.
Protein fouling can occur by adsorption and/or deposition of proteins and protein
aggregates on or within the membrane. Internal fouling is typically due to protein
adsorption or flow-induced precipitation or aggregation occurring within the membrane
pores. This type of fouling results in a change in the membrane pore size, pore size
distribution, and pore density. External fouling involves the deposition of material on the
upper surface of the membrane often resulting in the formation of a gel layer or cake.
Both internal and external fouling increase the resistance to filtration flow, resulting in a
decline in permeate flux with time and possibly an increase in protein retention.
Several studies have demonstrated that protein fouling in microfiltration occurs by
two distinct mechanisms: the deposition of protein aggregates on the membrane surface
and the chemical attachment of native protein to the growing deposit (Kelly and Zydney,
1995). The protein aggregates may be present in the original protein solution or they can
be generated during the filtration process due to the high shear rate associated with the
fluid flow near membrane surface or into the membrane pores. Experimental studies
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clearly indicate that the rate of fouling during protein filtration can be influenced by the
membrane characteristics (surface chemistry, pore size, porosity, pore density, surface
roughness), the device operating conditions (temperature, transmembrane pressure, flow
velocity), and the feed characteristics (protein concentration, pH, ionic strength and
chemical additives) (Marshall et al., 1993).

1.3

Concentration Polarization
In addition to membrane fouling, the filtrate flux can also be strongly affected by

the reversible accumulation of retained species within the boundary layer that develops
adjacent to the membrane surface. A number of models have been developed to describe
this concentration polarization phenomenon, with most of these models providing
expressions for the final steady state flux obtained during cross-flow filtration. These
models can be classified as classical gel-polarization models (Porter, 1972), balance of
forces models (Altena and Belfort, 1984; Rautenbach and Schock, 1988), shear-induced
diffusion models (Zydney and Colton, 1986), and particle rolling or moving deposit
models (Leonard and Vassilieff, 1984; Romero and Davis, 1988).
The gel polarization model was originally developed to describe the filtrate flux
during macrosolute ultrafiltration (Porter, 1972). The key assumption is that at high
∆PTM the solute concentration at the membrane surface, CW, attains a constant
(maximum) value that is determined by the physical characteristics of the particular
macromolecule. It is generally assumed that this maximum concentration reflects the
point of gelation, precipitation, and/or aggregation of the macrosolute at the membrane
surface. At high pressures, the flux is determined by the balance between macrosolute
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convection towards the membrane (due to the filtrate flux) and back transport into the
bulk solution due to diffusion down the concentration gradient. The model provides no
information about the behavior in the pressure-independent regime unless data are
available for the cake (or gel layer) resistance as a function of ∆PTM, fluid flow, and bulk
concentration. In addition, the gel concentration appears to depend on the specific device
and membrane under consideration, making it very difficult to obtain quantitative a priori
predictions of the gel concentration (Cg). Cg is often estimated using available data for
the macrosolute solubility, but such data are generally unavailable for most macrosolutes.
Several investigators (Cheryan, 1986; Rautenbach and Albrecht, 1989) attempted
to apply the gel polarization model to particle microfiltration, with the “gel
concentration” evaluated as the maximum possible packing density of the particles.
However, the flux predicted using this approach is typically one to two orders of
magnitude smaller than the experimental observations, a phenomenon referred to in the
1970’s as the “flux paradox” for microfiltration. Belfort and coworkers (Green and
Belfort, 1980; Altena and Belfort, 1984; Belfort and Nagata, 1985) hypothesized that the
much higher flux observed in microfiltration arises from the lateral migration of particles
away from the membrane surface due to inertial lift. Inertial lift arises from nonlinear
interactions of a particle with the surrounding flow field under conditions where the
Reynolds number based on the particle size is not negligible and so the nonlinear inertial
terms in the Navier-Stokes equations become important. The filtrate flux predicted by
this model scales with the square of the wall shear rate and with the cube of the particle
radius, both of which tend to be greater than experimental observations.
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An alternative approach, proposed by Zydney and Colton (1986), is to modify the
classical concentration-polarization model by replacing the Brownian diffusivity with a
shear-induced hydrodynamic diffusivity (Eckstein et al., 1977). Shear-induced
hydrodynamic diffusion occurs when individual particles undergo random displacements
from the streamlines in a shear flow as they interact with and tumble over other particles.
The shear-induced hydrodynamic diffusivity is proportional to the square of the particle
size multiplied by the shear rate, whereas the Brownian diffusivity is independent of
shear rate and inversely proportional to particle size. As a result, Brownian diffusion is
important for sub-micron particles and low shear rates, while shear-induced
hydrodynamic diffusion dominates in typical cross MF applications involving micronsized and larger particles.
There have also been a number of models developed for particle microfiltration
that explicitly account for the complex motion of particles along the surface of the
membrane or particle cake. These models are generally developed by analyzing the
normal and tangential (axial) forces exerted on a single particle located on the surface of
the membrane or particle cake. The relative magnitude of these forces determines
whether the particle will attach to the cake or flow/roll along the cake/membrane surface
(Lu and Ju, 1989; Stamatakis and Tien, 1993). This type of force balance model suggests
that the particle cake will become preferentially enriched in the smallest particles in the
suspension, and there is some experimental evidence of this behavior (Mackley and
Sherman, 1992).
In addition to these purely hydrodynamic models, several investigators have tried
to account for the effects of electrostatic interactions on particle transport during
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microfiltration. Bowen and Sharif (1998) examined the hydrodynamic and electrostatic
interactions governing the motion of a charged particle approaching a single pore in a
charged surface. For highly charged particles, the repulsive electrostatic force was
greater than the hydrodynamic drag on the particle associated with the fluid flow. Under
these conditions, the particle was completely excluded from the membrane pore even
when the particle radius was considerably smaller than the pore radius. Although this
analysis provides considerable insight into the dynamic exclusion of charged particles
from the membrane pores, the calculations neglect the effects of Brownian diffusion
which would allow the particle to across the fluid streamline and enter the pore even in
the presence of these strong repulsive interactions.
Electrostatic interactions can also have a significant effect on protein partitioning
into the narrow pores of ultrafiltration membranes. For example, Pujar and Zydney
(1998) showed that lowering the salt concentration from 0.15 M to 0.001 M caused a 2
order of magnitude reduction in the transmission of bovine serum albumin through a
polyethersulfone membrane due to the strong electrostatic interactions under these
conditions. Model calculations based on the equilibrium partitioning of the charged
protein into a charged cylindrical pore have been shown to be in good agreement with
experimental data (Burns and Zydney, 2001). However, Zydney and Pujar (1998) have
pointed out that the equilibrium assumption may not be valid under conditions typical of
protein ultrafiltration.
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1.4

Objectives and Thesis Outline
The overall objective of this thesis was to develop a more fundamental

understanding of the factors governing the filtration flux and particle transport during
membrane filtration. This included: (1) a theoretical analyses of the effects of
hydrodynamic and electrostatic interactions on particle transport during normal flow
filtration, (2) evaluation of the effects of Brownian forces on particle transport and
particle transmission during normal flow filtration, (3) analysis of interparticle forces and
their effects on particle motion / transport, (4) theoretical simulations of cross-flow
filtration including hydrodynamic, electrostatic, and Brownian forces, and (5) evaluation
of transmembrane pressure pulsing as a means to reduce particle deposition and enhance
protein separations during membrane filtration.
Chapter 2 provides a brief review of previous theoretical approaches used to
describe particle and protein transport in membrane systems, including the effects of
electrostatic interactions. Chapter 3 describes the overall theoretical approach used to
evaluate particle trajectories in this thesis, accounting for the effects of hydrodynamic,
electrostatic, and Brownian forces. Chapter 4 presents simulation results for normal flow
filtration, with particle trajectories evaluated for a single charged spherical particle
approaching a single pore in a charged surface. Chapter 5 examines the behavior of cross
flow filtration, accounting for the effects of the flow parallel and perpendicular to the
membrane surface. Chapter 6 considers the effects of transmembrane pressure pulsing
(TPP) on particle transport, including a discussion of the possibility of using TPP to
provide high selectivity and high throughput protein separations using membrane
filtration. Chapter 7 presents simulations for particle transport accounting for the effects

10

of particle-particle interactions, both hydrodynamic and electrostatic, during normal flow
filtration. Chapter 8 analyzes electrokinetic effects in membrane systems, evaluating the
magnitude of counter-electroosmotic flow in membranes having pores with different
geometry and surface potential. Chapter 9 summarizes the major findings of this thesis
and makes recommendations for future work.
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Chapter 2
THEORETICAL BACKROUND

As discussed in Chapter 1, particle transport in membrane systems determines
both the rate of fouling as well as the rate of particle transmission through the membrane.
These phenomena are also critical in protein filtration, influencing both the filtrate flux
and the selectivity obtained in these processes. Previous theoretical analyses of transport
in membrane systems can typically be classified in one of three categories: (1)
concentration polarization models to describe the accumulation of retained material in the
boundary layer adjacent to the membrane, (2) hydrodynamic models of transport through
the membrane pores, and (3) trajectory models that track the motion of individual
particles to the membrane surface and through the membrane pores. This chapter
provides a review of the previous theoretical work on particle trajectory analysis in
membrane systems. Many studies of particle trajectories lead directly to an evaluation of
the critical flux, typically defined as the flux below which no particles will deposit on the
membrane surface. Thus, this chapter also presents some of the previous theoretical and
experimental work on the critical flux.

2.1 Particle Trajectory Analysis
The trajectory of a particle in a given flow system, including a membrane device,
is determined by the sum of the various forces acting on the particle. This includes the
hydrodynamic forces associated with the fluid flow as well as any inertial forces,
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electrostatic forces, interparticle forces, and Brownian forces, all of which can affect the
particle trajectories in membrane systems.
The method of trajectory analysis was first introduced in studies of particle
filtration by Sell (1931) and Albrecht (1931) in analysis of aerosol filtration. O’Melia
and Stumm (1967) suggested the use of particle trajectories to understand fouling in
water filtration. Trajectory analysis has probably been used most extensively by Tien and
coworkers (1989) for understanding particle motion and deposition within various porous
media. Spielman and FitzPatrick (1973) performed an early analysis of particle transport
and deposition in a rotating disk system.
Most theoretical studies on particle trajectories in membrane systems treat the
membrane as a homogeneous smooth permeable surface, completely neglecting the
presence of discrete pores. For example, Kleinstreuer and Chin (1984) studied the
growth of a particle fouling layer based on an analysis of particle trajectories in a tube
with uniform wall suction. Hung and Tien (1976) used a similar approach to study
particle fouling in reverse osmosis, and the extensive review by Belfort et al. (1994)
discusses the use of particle trajectory analysis to understand fouling in cross-flow
microfiltration. Song and Elimelech (1995) performed a theoretical investigation of
particle deposition by solving the classical convective diffusive equation in a parallelplate channel with wall suction accounting for the affects of different forces acting on the
individual particles.
Belfort and Nagata (1985) and Altena and Belfort (1984) evaluated the effects of
inertial migration and radial suction on the trajectory of a neutrally buoyant spherical
particle in a porous duct (slit and tube). Due to the convective flow into the membrane
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wall, particles are transported laterally towards the membrane. The particle concentration
near the membrane surface increases significantly over that in the bulk solution and may
result in the deposition of particles, a fouling layer, on the membrane. Evidently, this
fouling layer reduces the efficiency of the filtration process due to its resistance to mass
transfer. Thus, in cross-flow membrane filtration there appear to be two major causes for
lateral migration: a drag force exerted by the fluid on the particle due to the convective
flow into the membrane wall which carries particles towards the membrane and an
inertial force which carries particles near membrane away from the porous wall (Altena
and Belfort, 1984). Their results have been confirmed by direct measurements of particle
trajectories in a slit with one porous wall (Otis et al., 1986). The major conclusion from
these studies is that under typical laminar flow conditions, particles with a radius smaller
than 1 µm are readily deposited on the membrane surface, while larger particles are kept
away from the membrane by inertial forces. Kleinstreuer and Chin (1984) studied
particle deposition in porous conducts using a similar approach, accounting for
interactions between particles, fluid flow, and cake formation.
Frey and Schmitz (2000) evaluated particle transport and particle capture at the
membrane surface to better understand how the first layer of particles deposit on the
membrane surface. Particle trajectories in the near field region adjacent to the membrane
surface were evaluated, with the results used to calculate the capture probability density.
The membrane was modeled as a three-dimensional spatially bi-periodic porous surface
with circular holes. This allowed them to make use of periodic boundary conditions in
order to compute the fluid flow over a representative unit cell having a symmetrically
placed cylindrical pore (Schmitz and Prat, 1995). The resulting particle trajectories were
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determined using the appropriate correction factors to Stokes law obtained from an
original method (Frey 1998) in order to take into account the hydrodynamic interactions
(Elimelech et al., 1995). The corresponding particle trajectories were compared to ones
computed directly using a boundary element method (Power and Wrobel, 1995) which
simulates Stokes flow over the representative unit cell of the membrane.

2.2 Experimental Studies
In addition to these theoretical studies, there have also been a number of
experimental studies of particle deposition and fouling, including the effects of the
growing deposit on filtration performance. There have also been limited studies of
particle transport at the scale of a single pore (Maroudas and Eisenklam, 1964; Payatakes
et al., 1981; Houi et al., 1990; Goldenberg et al., 1993) that have provided insights into
the local rate of particle deposition and its dependence on the nature and size of the
particle and the flow rate of the fluid.
Dagan et al. (1983) developed approximate solutions for the particle trajectories,
with a particular emphasis on understanding the deviations between the particle motion
and the fluid streamlines. Simulations were compared with experimental measurements
of particle motion for low Reynolds number flow in a settling tank. The theoretical and
experimental results both showed that hydrodynamic interactions alter the particle
trajectories near the pore opening, leading to a non-uniform concentration profile and a
large increase in particle concentration near the walls of the pore opening.
Morsi (1975) investigated the motion of solid particles near an obstacle. A test
rig was designed, with the particle trajectories evaluated using a high speed camera in the
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vicinity of a cylinder and a flat plate. The results showed good agreement between the
theoretical calculations and the measured trajectories.
Schmitz et al. (1992) studied the transport and capture of non-Brownian particles
in porous media. Visualization experiments were performed using several models of
porous media consisting of transparent etched networks of interconnected channels.
Particle deposits were observed at the corners of the grains of the porous media, with the
shape and orientation of these deposits dependent on the flow rate and on the anisotropy
of the flow field.
Otis et al. (1986) measured the lateral migration of spherical, neutrally buoyant
particles in a slit with a porous membrane at one wall. Neutrally buoyant particles with
diameters of 226 µm were injected into 22% glycerol-water solution flowing vertically in
a slit channel (1.6 × 50 × 152 mm). The particles were illuminated with a strobe light at
25 flashes/sec and photographed with a 4 × 5 camera under dark field conditions.
Measured particle trajectories were in good agreement with theoretical predictions using
the model developed by Altena and Belfort's (1984).
2.3 Prior Studies on Critical Flux
Field et al. (1995) originally introduced the concept of critical flux for MF yeast
cells. The critical flux hypothesis for MF is that on start-up there exists a flux below
which a decline of flux with time does not occur; above it fouling is observed. This flux
is the critical flux and its value depends on the hydrodynamics and probably other
variables. Howell (1995) defined the critical flux as the flux below which there was
minimal deposition of colloids on the MF membrane. Bowen et al. (1999) evaluated the
critical flux from theoretical calculations of particle trajectories, with the critical flux
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defined as the flux at which the hydrodynamic force transporting the particle towards the
membrane pore was exactly balanced by the opposing back transport forces.
Several different methods have been used experimentally to evaluate the critical
flux. Chen (1998) detected the critical flux based on the onset of a measurable hysteresis
when the flux was successively increased and then decreased. Li et al. (2000) used direct
observation of the membrane with a microscope. Chan et al. (2002) and Huisman et al.
(1999) determined the critical flux by examining linearity in the plot of TMP versus the
permeate flux. Cho and Fane (2002) used data for the change in pressure at constant
filtration rates (the “dP/dt jump”) to find the critical flux. Espinasse et al. (2002) used
measurements of the total resistance, evaluated as the ratio of the transmembrane
pressure to the filtrate flux, to evaluate the critical flux. Kwon et al. (2000) evaluated the
critical flux from the increase in TMP with constant permeate flux. Much of the data on
critical flux has been obtained for water filtration, with a focus on the effects of both
natural organic matter (NOM) and inorganic particles. Generally, the critical flux
decreases with increasing concentration of dissolved organic materials (Chen, 1998; Li et
al., 2000; Mänttäri and Nyström, 2000; Metsämuuronen et al., 2002) and with increasing
concentration of particles (Huisman et al., 1999; Defrance and Jaffrin, 1999; Kwon et al.,
2000; Li et al., 2000; Gèsan-Guiziou et al., 2002).
Membrane surface characteristics can also affect the critical flux. The critical
flux is typically larger for hydrophilic than for hydrophobic membranes (Defrance and
Jaffrin, 1999). Mänttäri and Nyström (2000) reported significant irreversible fouling of
the most hydrophobic membrane due to adsorption of hydrophobic materials. The
critical flux also increases with increasing cross-flow velocity (Howell, 1995; Defrance
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and Jaffrin, 1999; Li et al., 2000; Mänttäri and Nyström, 2000; Espinasse et al., 2002;
Vyas et al., 2002). The critical flux can also be evaluated from studies in of particle
trajectories. For example, Hwang et al. (1997) studied the migration and deposition of
sub-micron particles in laminar cross-flow microfiltration. They derived an expression
for the transport of particles to the membrane surface, with the analysis used to estimate
the deposition of microbes on the membrane surface based on the simulated trajectories
(Hwang et al., 2001).
The critical diameter of deposited particles has also been estimated based on a
torque balance model (Lu and Ju, 1989) in which the forces are evaluated on a particle on
the membrane surface to determine if the particle will remain “attached” at the point of
deposition or whether it will be able to “roll” along the surface and thus exit the
membrane device. Lu and Hwang (1995) calculated the critical angle of friction between
micron-size particles deposited on the cake surface in a cross-flow filtration system, with
the results used to evaluate the probability of particle deposition.

2.4 Previous Works on Electroosmosis and Counter-electroosmosis
Compared with traditional membrane utilizing steric (size-based) interactions,
some experimental works have demonstrated that it is possible to improve dramatically
the selectivity of membrane systems by exploiting electrokinetic phenomena (Higuchi et
al., 1991; Nakatsuka and Michaels, 1992; Saksena and Zydney, 1994). Electrokinetic
phenomena is the term applied to four phenomena that arise when the mobile portion of
the diffuse double layer and an external electric field interaction in the viscous shear layer
near the charged surface (Probstein, 1989). With the reference to Fig. 2.1, if an electric
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field is applied tangentially along a charged surface then the electric field will exert a
force on the charge in the diffuse layer. This is part of the electrolyte solution, and the
migration of the mobile ions will carry the solvent with them and cause it to flow. On the
other hand, an electric field is created if the charged surface and diffuse part of the double
layer are made to move relative to each other. In the example of Fig. 2.1 the value of the
velocity U may be regarded as a “slip velocity” relative to the surface. As shown in Fig.
2.1, the true velocity of the fluid at the surface must be zero from the viscous flow
condition of no slip.

Figure 2.1 Flow produced by electric field acting on diffuse double layer (Probstein,
1989).
The four electrokinetic phenomena following the description of Shaw (1980) are
1.

Electrophoresis ─ the movement of charged surface plus attached material (i.e.,
dissolved or suspended material) relative to stationary liquid by an applied
electric field.

2.

Electroosmosis ─ the movement of liquid relative to a stationary charged
surface (e.g., a capillary or porous plug) by an applied electric field (i.e., the
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compliment of the electrophoresis). The pressure necessary to counterbalance
electroosmotic flow is termed the electroosmotic pressure.
3.

Streaming potential ─ the electric field created when liquid is made to flow
along a stationary charged surface (i.e., the opposite of electroosmosis or
counter-electroosmosis).

4.

Sedimentation potential ─ the electric field created when charged particles
move relative to stationary liquid (i.e., the opposite of electrophoresis).
In the membrane system, both electroosmosis and counter-electroosmosis are only

considered since they relate to the motion of electrolyte solutions. The previous works
on electroosmosis and counter-electroosmosis in membrane system are summarized as
follow:
The presence of a net electrical charge on a surface immersed in an electrolyte
solution causes an unequal distribution of the positive and negative ions in the vicinity of
the surface. When the electrolyte solution adjacent to the charged surface is made to flow
(e.g., by application of a pressure gradient), there is a net convective flow of charge (i.e.,
current) due to the different concentration of the positively and negatively charged ions in
the solution adjacent to the surface. The ‘charge separation’ generates an electrical
potential difference which induces an electrophoretic ion flux that exactly balances the
convective current. The induced potential difference is called the streaming potential,
and it is a function of the surface charge (or zeta potential) and the ionic strength of the
electrolyte (Matijevic, 1974; Hunter, 1981). Although a number of studies have been
performed using well defined track-etch membranes (Bowen and Clark, 1984;
Christoforou and Westermann, 1985; Keesom et al., 1988; Bowen and Cooke, 1991),
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there have been relatively few fundamental studies of these phenomena using the type of
asymmetric polyethersulfone membranes. Causserand et al. (1996) evaluated the zeta
potentials of both clean and BSA fouled asymmetric polyehersulfone membranes using
streaming potential measurements. The zeta potential is ranged from –2.5 mV to –7.5
mV at 1 mM KCl for the clean membrane. The surface charge for the fouled membrane
was found to be similar to that of the protein. Nystrom et al. (1989) have actually used
streaming potential measurements as a tool for studying the pore size and charge
characteristics of different polysulfone membranes. The apparent zeta potential increased
as the KCl concentration was increased, which was attributed to the change in the double
layer thickness as the ionic strength increased. Most studies of counter-electroosmosis
has been limited to reverse osmosis membrane due to the technological relevance of
pressure driven transport of salt solutions through these membranes. In addition, the
magnitude of this effect is much greater in these small pore membranes. However,
counter-electroosmosis does provide an easy method for charge characterization without
the need for any additional equipment. Freeman (1976) presented limited data on
counter-electroosmosis through ultrafiltration membranes made from polyvinyl chloride,
polyvinylidine chloride, and polyacrylonitrile.
Electroosmotic flow (EOF) is generated by interaction of an externally applied
electrical field with that part of the electrolyte solution that has become locally charged at
the interface to the stationary and oppositely charged solid surface of the confining
porous medium (Hunter, 1981; Probstein, 1989).
At the transport phenomena of fluids in porous media, driving forces for the fluid
flow through small pores include dynamic pressure differences between the two ends of a
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capillary pore (convection), concentration differences of an impermeable solute between
the two bulk solutions outside the pores (osmosis), and tangential electric fields that
interact with the electric double layer adjacent to a charged pore wall (electroosmosis).
The formulas for the electroosmotic (Matijevic, 1974) velocity of electrolyte
solutions parallel to a charged plane wall can be applied to the corresponding flow in
capillary tubes and slits when the thickness of the double layer adjacent to the capillary
wall is small compared with the capillary radius. However, in some practical
applications involving dilute electrolyte solutions in very fine capillaries, this condition is
no longer satisfied and the dependence of the fluid flow on the electrokinetic radius κR or
κh, where R is the radius of a capillary tube and h is the half thickness of a capillary slit,
must be taken into account. Analytical solutions for the steady electroosmotic velocity of
electrolyte solutions in fine capillaries with a constant surface potential at the walls were
obtained by Burgreen and Nakache (1964) for the case of a slit with arbitrary values of
κh and surface potential as well as by Rice and Whitehead (1965) for the case of a tube
with an arbitrary value of κR and a small surface potential.
The surface of the inside wall of a micropore is generally not hard and smooth as
assumed in many theoretical models. For instance, polymers are purposely attached to
microporous membranes to allow the possibility of manipulating the transport rate of
solvent and solutes and negating the adverse effects of pore-size distribution on
membrane separation (McKenzie et al., 1994). Even the surfaces of synthetic porous
membranes can be ‘hairy’ with a gel-like polymeric layer extending form the bulk
material inside the pore wall (Fleer et al., 1993). In particular, the biological surfaces are
not hard smooth walls, but rather are permeable rough surfaces with various appendages
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ranging from protein molecules on the order of nanometers to cilia on the order of
microns (Wunderlich, 1982). The electroosmotic flows in capillaries with thin porous
layers on the inside walls were theoretically examined for the cases of a slit (Donath and
Voigt, 1986; Ohshima and Kondo, 1990) and a tube (Starov and Solomentsev, 1993) with
thin double layer. On the other hand, a closed-form formula for the electroosmotic
velocity profile of a solution of general electrolytes on the cross section of a capillary
tube bearing a layer of adsorbed polyelectrolytes of arbitrary thickness on its wall was
obtained by solving the linearized Poisson–Boltzmann equation for the case of an
arbitrary value of κR (Keh and Liu, 1995).

2.5 Summary
Particle transport in membrane systems is critical in protein filtration since it has a
significant effect on both the filtrate flux and the selectivity obtained in these processes.
This chapter reviewed previous theoretical and experimental studies of particle
trajectories. The trajectory of a particle is determined by the sum of the various forces
acting on the particle. These forces include the hydrodynamic forces associated with the
fluid flow as well as any inertial forces, electrostatic forces, interparticle forces, and
Brownian forces.
Although these studies have provided important insights into particle motion in
membrane systems, the combined effects of electrostatic repulsion and enhanced
hydrodynamic drag on the particle trajectories have not yet been evaluated. More
significantly, none of these studies has considered the effects of Brownian (diffusive)
forces and interparticle forces on particle motion. This thesis dealt with the combination
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of various forces to evaluate particle trajectory, critical filtration velocity (Note, this is
interchangeable with critical flux in the thesis) and transmission of particle. The concept
of critical flux was used extensively in the thesis as a characteristic result to provide the
operation conditions for no decline of flux. Also, counter-electroosmosis was added to
the analysis of particle trajectory for more advanced membrane filtration system where
electrokinetic phenomena are exploited to increase the selectivity of membrane processes
such as dead-end (normal), cross flow and TPP (transmembrane pressure pulsing).
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Chapter 3
THEORETICAL FORMULATIONS
3.1 Introduction
As discussed in Chapter 2, particle trajectory analyses can provide important
insights into the rate of particle transport and fouling in membrane systems. This chapter
presents the basic theoretical framework that was used in this thesis to evaluate particle
trajectories in membrane systems. In order to simply the analysis, the problem was
broken into 2 parts. First, the fluid velocity was evaluated at each and every position in
the membrane system (in the absence of any particles) by solving the governing NavierStokes equations. The particle trajectories were then evaluated by numerical integration
of the Langevin equation accounting for the different forces acting on the particle.
Particular emphasis is placed in this chapter on the governing equations used to evaluate
the hydrodynamic, electrostatic, Brownian, and interparticle forces that determine the
particle trajectories.

3.2 Membrane Geometry
All calculations were performed using the simplified two-dimensional pore
geometry shown in Figure 3.1 which is just a “slice” through the actual pore geometry
shown at Figure 3.2. The pore itself is a slit with half-width rp formed by two parallel
planes, with the entrance to the pore having rounded edges to eliminate the mathematical
discontinuities that can occur at a sharp boundary. The rounded edges of the pore form
quarter-cylinders, each with radius b. The long-range forces in this system are evaluated
by considering the behavior in three separate regions:
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Region I consists of a spherical particle interacting with a flat plate, Region II can
be described in terms of a spherical particle interacting with 2 cylinders, and Region III
consists of a spherical particle interacting with two flat plates.

Figure 3.1 Geometry showing a single slit pore in a 2-dimensional membrane.
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Figure 3.2 Geometry showing a single slit pore in a 3-dimensional membrane.
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3.3 Fluid Flow
The governing equation of momentum for steady-state laminar flow in the 2dimensional membrane system is given by the Navier-Stokes equation:

ρ
1 dP µ ∂ 2U ∂ 2U
− ( 2 + 2 ) − E Ex = 0
ρ dx ρ ∂x
ρ
∂y

(3.1)

ρ
1 dP µ ∂ 2V ∂ 2V
− ( 2 + 2 ) − E Ey = 0
ρ dy ρ ∂x
ρ
∂y

(3.2)

where U, V are the fluid velocities in x and y direction, r is fluid density, m is fluid
viscosity, rE is the local charge density of the solution and Ex, Ey are electric field in xand y-direction, respectively. These terms of rE and Ex, Ey are left out in this chapter, but
they will add into Navier-Stokes equation in Chapter 8 dealing on the effect of
electrokinetic phenomena.
The fluid velocity was evaluated by numerical solution of Eqs. (3.1) and (3.2)
using a finite volume method which was implemented in FLUENT 6.0 (Lebanon, NH).
The system was discretized using GAMBIT 2.1.6 (Fluent Inc.), with a typical
discretization shown in Figure 3.3.
No-slip boundary conditions were applied at all surfaces of the membrane, with
the feed velocity and pressure assumed to be uniform far from the membrane surface. In
order to calculate the Navier-stokes equation for fluid velocity, boundary conditions
should be defined at the system. Followings are the boundary conditions and how Fluent
defines them during the simulation in normal flow filtration.
For Region I, feed velocity boundary conditions are used to define the velocity
and vector properties of the flow at inlet boundaries; Ufx = 0, Ufy = -Ufy. For Region II,
the boundary conditions are used to model flow exits where the details of the flow
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velocity and pressure are not known prior to solution of the flow problem. They are
appropriate where the exit flow is close to a fully developed condition, as the boundary
condition assumes a zero normal gradient for all flow variables except pressure; dUfx/dx
= 0. For Region III, pressure outlet boundary conditions are used to define the static
pressure at flow; P = 0. Eqs. (3.1) and (3-2) were solved numerically using a Finite
Volume Method implemented in Fluent.
In a moving particle and a moving fluid, the net drag on the particle is zero in
case of neutrally buoyant sphere and no external applied force. At the zero drag
condition, the particle has the velocity of the fluid. Thus, the particle starts to move with
the same velocity of fluid at the initial conditions; Upy = -Upy. By the way, if there is a
wall like membrane, the particle moves at a different velocity than fluid because there is
an extra drag force on the particle associated with the presence of the pore wall. Because
of these “wall effect”, the equation for Drag force is modified and implanted into
FLUENT by UDF (user defined file). The particles do not really hit the boundary due to
either the electrostatic repulsion from the membrane wall or the modified drag force.
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I

II

III

Figure 3.3 Geometry of single-pore system showing typical finite element discretization.
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3.4 Particle Trajectories
Particle trajectories were evaluated by numerical integration of Newton’s
equations of motion (typically called the Langevin equation). The particles are assumed
to be spherical with the equation of motion written as:
mp

du p
dt

[

]

= 6πµa K p u f − K f u p + FE + FB + FVDW + FL

(3.3)

where up is the velocity vector for the particle, uf is the fluid velocity, a is the particle
radius, and mp is the particle mass. The first term on the right-hand side of Eq. (3.3)
represents the hydrodynamic drag on the particle, while the other terms account for the
electrostatic forces (FE), Brownian (FB) forces, the van der Waals attractive force (FVDW)
and lift force (FL) forces. It is also possible to account for the presence of interparticle
forces as described in Section 3.4.4. Detailed explanations for each of these forces will
be provided in the following sections. Kp and Kf are diagonal matrices describing the
additional hydrodynamic hindrance associated with interactions between the particle and
the pore boundary. These hindrance factors approach a value of one at large distance
from the membrane, with the drag force given by Stokes law under these conditions.

3.4.1 Brownian Forces
Brownian motion arises from random collisions with the solvent molecules
associated with the thermal energy of the fluid.
The Brownian force was modeled as a Gaussian white noise process following the
approach of Li and Ahmadi (1992) as:
FB = ς

12πaµk B T
∆t

(3.4)
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where kB is the Boltzmann constant, T is the absolute temperature, and ∆t is the
magnitude of the time step. The parameter ς is a Gaussian random number with zero
mean and unit variance. The random direction of the Brownian force was accounted for
by evaluating both the x and y components of FB at each time step using independent
values of ς in the two directions. Li and Ahmadi (1992) pointed out that the trajectory
statistics remained the same when the time step was less than certain values. A time step
of 10-5 s was found to give satisfactory results for their simulations.
Model simulations were also performed to verify the expression used to evaluate
the Brownian forces. In this case, calculations were performed for 100 particles, each
released at x = 0, with the root mean square displacement (RMS) compared with the
classical results for Brownian diffusion:
∞

x 2 = (4πDt ) −1 / 2 ∫ x 2 exp(−
−∞

x2
)dx
4 Dt

= 2Dt

(3.5)

Results from the Fluent simulations for 2 µm diameter particles after 10-3 s are
shown by a histogram (plot) of the particle locations in Figure 3.4. The numerical results
are in excellent agreement with the expected Gaussian distribution shown by the solid
curve.
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Figure 3.4 Histogram showing the distribution of particle locations.
3.4.2 Electrostatic Forces
A fundamental result from electrostatics gives the relationship between charge
density, ρ (Cm-3), and potential, ψ, at any point. This is the Poisson equation:

∇ 2ψ = −

ρ
ε

(3.5)

where ε is the permittivity of medium.
In an electrolyte solution the charge density depends on the local concentrations
of anions and cations and these depend on the local potential through the Boltzmann
expression:

 z eψ 
ni = ni 0 exp − i

 kT 

(3.6)

where ni is the number concentration of ion I at a point where the potential is ψ, ni0 is the
corresponding concentration in the bulk solution (where the potential is zero), e is the
electron charge and k is the Boltzmann constant.
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The exponential term represents the electrical energy of an ion with a charge zie,
relative to its thermal energy kT. If the ion has a charge opposite to the sign of the
potential, the local concentration will be higher than the bulk value and vice versa. Thus,
when the potential has a negative sign, there will be a local excess of cations and a deficit
of anions. It is convenient to restrict attention to symmetrical, z-z, electrolytes and in this
case the charge density is given simply by:

 zeψ 

 kT 

ρ = ze(n+ − n− ) = −2 zen0 sinh 

(3.7)

where n+ and n- are the local number concentrations of anions and cations and n0 is the
number concentration of each ion in the bulk solution. In this case z is the charge number
of the ions and does not include the sign of charge.
Considering a flat interface and the variation of potential normal to it, the onedimensional form of the Poisson equation can be used with Boltzmann equation, giving
the Poisson-Boltzmann expression:
d 2ψ 2 zen0
 zeψ 
=
sinh 

2
ε
dx
 kT 

(3.8)

It is convenient to introduce the dimensionless parameters:
y = zeψ/kT and X = κx
where κ is given, for z-z electrolytes, by:

κ2 =

2e 2 n0 z 2
εkT

(3.9)

Substituting y and X in Equation (3.8):
d2y
= sinh y
dX 2

(3.10)
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This form of the Poisson-Boltzmann expression can easily be solved, with the
following boundary conditions (since the potential takes the value of y0 at the surface and
zero in the bulk solution, far from the surface):
y = y0 (= xey0/RT) when X = 0; y = 0 and dy/dX = 0 when X = ¶
The solution of Eq. (3.10) is then:
1 + γ exp(− X ) 
y = 2 ln 

1 − γ exp(− X ) 

(3.11)

where g is a function of the dimensionless surface potential, y0:

γ =

exp( y 0 / 2) − 1
y 
= tanh 0 
exp( y 0 / 2) + 1
 4

(3.12)

There are two useful approximations to Equation (3.11). If the surface potential is
quite low (y0 < 1 or less than about 25 mV in 1-1 electrolytes), then a simple exponential
form is appropriate:
y = y0 exp(-X); or y = y0 exp(-kx)

(3.13)

This can be also obtained directly by solving the linear form of Equation (3.10),
i.e. assuming sinh y º y, and is often known as the Debye-Hückel approximation.
Actually, Equation (3.13) is an adequate approximation to Equation (3.11) for values of
y0 up to about 2.
The Debye-Hückel parameter, κ, has the dimensions of reciprocal length and
plays a very important part in electrical interaction between colloidal particles. The
approximate exponential fall of potential from a charged surface means that DebyeHückel parameter determines the extent of the counterion charge in solution (or the
diffuse layer). At a distance 1/κ from the surface the potential has fallen to a value of
1/e(1/2.72) of the surface potential. For this reason, the length of 1/κ is usually known as
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the “thickness” of the diffuse layer. For the general case of electrolyte solutions
containing a number of dissolved salts, κ is defined by:
 e 2 ∑ ni 0 z i2 



ε
kT



κ= 

(3.14)

where the sum is taken over all ions present in the solution.
Exact analytical expressions for the interactions between a spherical particle and
either a flat plate or a cylindrical surface are unavailable. A variety of approaches have
been used to develop reasonable approximate solutions, typically based on solutions for
the interactions between two flat plates. The most common approach is Derjaguin's
approximation, in which the principal radii of curvature of the interacting bodies are
assumed to be large compared with the radius of action of the surface forces. The total
interaction energy, U, is evaluated as the sum of all interaction energies between opposite
‘small segments' of surfaces S1 and S2 (Figure 3.5). If f(h) is the interaction energy per
unit area and h(x,y) is the local distance between surfaces then:

U = ∫∫ f (h( x, y ))dxdy

(3.15)

where (x,y) are local Cartesian coordinates in the vicinity of the closest distance of
approach between the particle and the surface. The integration limits in Eq. (3.15) can be
chosen to be infinite because of the rapid decay of f(h) at large h.

36

Figure 3.5 Scheme of interaction between second order surfaces according to

Derjaguin’s approximation

At small dimensionless surface potentials, eyi/kT<1, the electrostatic force (FE)
can be evaluated by solving the linearized form of the Poisson–Boltzmann equation to
give
2πκε 0 ε r
FE (h) =
g

 2ψ pψ m exp(κh) − (ψ p2 + ψ m2 ) 




κ
h
exp(
2
)
−
1



(3.16)

where k is the inverse Debye length, ε0 is the permittivity of the vacuum, εr is the relative
dielectric constant of the medium and g is the steric factor. For a sphere and a plate, g =
1/a and 2/a for a sphere and a sphere.
The corresponding expression between spheres is given by Sader et al. (1995) as;
2

 kT 
a1 a 2
F = 4πε   y 2
(a1 + a 2 + h) 2
 e0 


e −κh 
−κh
+
+
+
+
κ
ln(
1
e
)
(
a
a
h
)
1
2

 (3.17)
1 + e −κh 



 e ψ 
where y = 4e κh / 2 tanh −1 e −κh / 2 tanh 0 
 4kT 


(3.18)
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For a sphere and a plate, electrostatic force can be evaluated with a1 = infinite to give
2

 kT 

e −κh 
F = 4πε   y 2 κa 2

1 + e −κh 

 e0 

(3.19)

The comparison of electrostatic forces for two spheres and sphere-plate was shown at
Figure 3.6 and Figure 3.7.

Figure 3.6 The comparison of electrostatic force between two spheres where a = 10 nm,
κ = 1.39 × 109, ψm = ψp = 25.7 mV.
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Figure 3.7 The comparison of electrostatic force between a sphere and a plate
where a = 10 nm, κ = 1.39 × 109, ψm = ψp = 25.7 mV.

Eq. (3.16) can be used to evaluate the interaction energy between two curved
charged surfaces in terms of the closest approach, h0, giving (Sader et al., 1995),
U (h0 ) =

πε 0 ε r
g

[(ψ

+ ψ m ) ln(1 + exp(−κh0 ) + (ψ p − ψ m ) ln(1 − exp(−κh0 )
2

p

2

]

(3.20)

with the interaction force evaluated by differentiation of the energy:
F (h0 ) ≡ −

dU (h0 ) 2π
=
f (h0 )
dh0
g

(3.21)

The steric factor g, for the different regions in Figure 3.1 are given as follows:
- Region I ; A spherical particle interacting with a flat plate: gI = 1/a
- Region II ; A spherical particle interacting with a cylinder: g 2 =

1  1 1
 + .
a a b

- Region III ; A spherical particle interacting with two flat plates, with the total force
given by the sum of the forces from each plate
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Although this approach provides analytical expressions for the electrostatic force
throughout the single pore system, the results can lead to physical inconsistencies and
mathematical discontinuities between the regions. For example, the y-component of the
force is larger at just inside of Region II than it is at the same y-position in Region I since
the sum of the forces from the 2 cylinders is greater than the force from a single flat
plate. Even more troubling, when the particle is immediately above the left-hand
cylinder (at the interface between Regions I and II) it will experience a force in the
negative x-direction due to the x-component of the force from the second (more distant)
cylinder. In order to avoid these aphysical results, a "buffer zone" was created in which
the electrostatic force was evaluated by interpolation of the expressions for the forces in
the adjacent regions. This approach is analogous to the strategy used by Bowen et al.
(1999) to evaluate the electrostatic forces in their system. The force in the buffer zone
between Regions I and II was evaluated as:
F12 = F1

a + (r − b − r0 )
a − (r − b − r0 )
+ F2
2a
2a

(3.22)

while the force between Regions II and III is determined as:

F23 = F2

a + b + x[1]
a − b − x[1]
+ F3
2a
2a

(3.23)

where b is the radius of cylindrical edge, r0 is the half width of slit pore, and x[1] is the ycoordinate of particle center. The use of Eqs. (3.22) and (3.23) eliminates the
discontinuities in the force, but they do not ensure appropriate physical behavior over the
entire system geometry. Thus, in addition to using the buffer zones, the force was using a
matching strategy for the x- and y-components. For example, the force in the y-direction
was evaluated by continuing to use the expression for the force between a particle and a
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flat plate as one moves from Region I through the buffer zone and into Region II, with
the transition to the expression for the force between a sphere and the two cylinders made
at the point where the two force expressions (that for a flat plate and that for a cylinder)
are equal. This means that the location of the transition point is a function of the distance
from the membrane surface (the coordinate y). Thus, when the particle is far from the
membrane the transition occurs close to the pore axis (x = 0), while the transition occurs
fairly close to the "real" boundary between Regions I and II when the particle is close to
the membrane surface. A similar approach is used for Fx, with the transition occurring
when the x-component of the force evaluated in Region II is equal to the x-component
evaluated in Region I (which is Fx = 0 by definition). A typical result for the x- and ycomponents of the electrostatic force are shown in Figures 3.8 and 3.9 for a particle (a =
10 nm and ψ = -25.67 mV) interacting with a membrane with a surface potential of 25.67 mV, Figure 3.8 shows the electrostatic force at a fixed y = 20 nm while Figure 3.9
shows the profiles at x = -0.5 nm. The y-component of the force is constant in Region I
at y = 20 nm, and decreases as one moves over the pore. The x-component is zero in
Region I, passes through a minimum (greatest negative) around x = -23 nm and then
increases to zero at the pore axis before increasing at positive x.
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Figure 3.8 Electrostatic force profiles at y = 20 nm

42

Figure 3.9 Electrostatic force profiles at x = -0.5 nm

The y-component of the force at constant x (Figure 3.9) is zero inside the pore (at
y < -12.5 nm) and increases to a maximum at y = 20.0 nm before decreasing as the
particle moves further away from the membrane surface. The x-component of the force
is zero at y > 20 nm and increases before the particle gets into the pore.
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3.4.3 Van der Waals Attractive Forces

The fact that an attractive force always exists between colloidal particles of the
same material has long been recognized but a detailed understanding of these forces took
a long time to emerge (Israelachvili, 1992). This attraction between two closely
separated surfaces is generally called the London-van der Waals force. The force arises
from spontaneous electrical and magnetic polarizations, giving fluctuating
electromagnetic field within the media and in the gap between them. Two different
approaches have been used to evaluate the van der Waals attraction between surfaces. In
the first, due largely to Hamaker (1937), the interaction between macroscopic bodies is
evaluated from a pairwise summation of all the relevant intermolecular interactions. The
second, more rigorous, approach is based on Lifshitz theory (van Olphen and Mysels,
1975) and depends on directly the macroscopic electrodynamic properties of the
interacting media. The magnitude of the van der Waals attraction is described in terms of
the Hamaker constant, A, which is typically in the range of 10-20 to 10-19 J. In the
Hamaker method (Hamaker, 1937), A is treated as a constant related to the properties of
the interacting materials and the intervening medium as:

(

)(

1/ 2
1/ 2
A312 = A33
− A111 / 2 A22
− A111 / 2

)

(3.24)

where A33 and A22 are the Hamaker constant for material 3 and 2, and A11 is the Hamaker
constant for the medium. In contrast, the Lifshitz theory (van Olphen and Mysels, 1975)
treats A as a function of separation distance h, where A(h) is given as an infinite sum
over imaginary frequencies and requires knowledge about the frequency-dependent
dielectric permittivity of the colloidal particles and of the solvent medium (Hunter, 1981).
Excellent reviews of the microscopic and macroscopic theories available for the
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determination of the Hamaker constant and tabulated values of A for many metals and
organic or inorganic compounds are given elsewhere (Gregory, 1969; Visser, 1972).
For sphere-plate system, the expression is simply given by (Elimelech et al.,
1995):

FVDW = −

Aa
6h 2

(3.25)

Expressions for retarded interaction between spheres have been derived by
Vincent (1973), by performing separate integrations of two equations for unequal
spheres, to obtain “short range” and “long range” formulae. It was assumed that the
cross-over point where the two expressions gave the same result, represented the limit of
validity for each. This procedure is open to some doubt since, even for the short-range
case, the total interaction includes contributions from parts of the sphere interacting over
considerably greater distances than the closest approach of the surfaces. Thus, Vincent’s
short-range expression is unlikely to be reliable except at very small separation distances.
On the other hand, long range expressions are not very useful for the study of colloidal
particles.
The van der Waals force was evaluated as a function of position using the same
matching approach that was used to evaluate the electrostatic force. This ensured that
there were no numerical discontinuities or unrealistic behavior arising from the force
expressions.

3.4.4 Lift Forces

Inertial lift forces arise from the hydrodynamic interactions between a particle and
the surrounding flow field near a boundary under conditions where the Reynolds number
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based on the particle size is non-zero and thus the inertial terms in the Navier-Stokes
equations must be included in the analysis.
The inertial lift velocity of spherical particles under laminar flow conditions in
dilute suspensions, where particle-particle interactions are negligible, is of the form
(Belfort et al., 1994):
ul =

bρa 3γ 2
16 µ

(3.26)

where ρ: solvent density [kg/m3], γ: nominal shear rate at the membrane surface [1/s], µ:
viscosity of suspension [kg/m s], and b is a dimensionless function of the dimensionless
distance from the wall. In the region near the membrane, b is positive, indicating that the
inertial lift velocity carries the particle away from the membrane. Most cross-flow
filtration operations are carried out under fast laminar flow conditions, for which Drew et
al. (1991) have shown that the maximum value is given by b = 0.577. The lateral lift
force can be estimated by substituting lift velocity into the Stokes law;

FL = 6πµau l

(3.27)

where ul is the velocity of fluid.
In addition, Li and Ahmadi (1992) developed an expression of the lift force by
expanding Saffman’s approach (1965):

FL =

2 Kν 1 / 2 ρd ij

ρ p d p (d lk d kl )1 / 4

(v

f

− vp )

(3.28)

where K = 2.594 and d ij is the deformation tensor. This form of the lift force is intended
for small particle Reynolds numbers. Also, the particle Reynolds number based on the
particle-fluid velocity difference must be smaller than the square root of the particle
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Reynolds number based on the shear field. Since this restriction is valid for submicron
particles, it is recommended to use this force only for submicron particles.
In this thesis, Equations (3.26-27) is used to evaluated for lift force since (1) these
are more accurate than Equation (3.28) in membrane systems, (2) Equation (3.28) is not
able to provide the magnitude of lift force when vf = vp.

3.4.5 Additional Hydrodynamic Hindrance

The presence of a boundary causes an increase in the hydrodynamic drag on a
particle moving in the vicinity of the boundary. In order to rigorously evaluate this
additional drag one would need to solve the Navier-Stokes equations for the membrane
system with the particle in a specific position, accounting for the detailed distortion of the
flow streamlines around the particle due to the presence of the pore
boundaries. However, this approach is impractical for evaluating the particle trajectories
since it would require a solution of the entire flow problem at each and every position of
the particle. Instead, we evaluated the total drag force as the sum of: (1) the force acting
on a particle moving near a wall in a stagnant fluid and (2) the force on a stationary
particle in a flowing fluid moving in the vicinity of the solid boundary.
The hydrodynamic drag force in the single pore system was evaluated using
expressions for the 3 distinct regions:

Region I:

In Region I, the drag force is evaluated for expressions for flow parallel to (xdirection) or perpendicular to (y-direction) a single plane wall. The x-component is
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evaluated using the expression developed by Goldman et al. (1967) using a series
expansion in a/l where l is the distance between the particle center and the wall:
K 1x =

1
3

4

9 a 1a
45  a 
1 a
1−   +   −
  −  
16  l  8  l  256  l  16  l 

5

(3.29)

Goldman, Cox, and Brenner have derived an expression for K2x (Goldman et al.,
1967; Goldman et al., 1967) based on the linear flow past a stationary sphere located near
a plane wall:
K 2x = 1 +

9 a
 
16  l 

(3.30)

Wakiya derived the following expression for the drag on a particle moving
perpendicular to a plane wall (Wakiya, 1953):

K1y =

1
3
9  a 1  a
1−   +  
8 l  2 l 

(3.31)

where l is again the distance to the membrane surface.
There are currently no expressions for K2y, which is related to the force on a
stationary particle with fluid flowing perpendicular to the boundary. However,
Drummond and Deen (1995) used numerical results for the interaction between a particle
and a circular disk to derive an approximate expression for K2y/K1y:
K 2y
 a  3.8
= 1−  
 l
K1y

(3.32)

This ratio will be close to one except when the particle is very close to the surface. K2y
was evaluated using Eq. (3.32) with K1y given by Eq. (3.31).
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Region III:

The problem of flow between two parallel planes was treated by Faxen (1922).
The solution is fairly complex and involves a series of integrals for the various
coefficients as given in Happel and Brenner (1986). Faxen provided analytical
approximations for two cases: a particle located at the position b = 3l and a particle
located at the pore axis. We used the expression for a particle located at the pore axis for
all values of x since the particle will always move towards the axis as it moves through
the pore:
K1y =

1
3

4

a
a
a
a
1 − 1.004  + 0.418  + 0.21  − 0.169 
l
l
l
l

5

(3.33)

where l is the half-width of the pore. Model calculations performed using the areaaverage hindrance factor in a slit-pore (Pawar and Anderson, 1993) gave results that were
indistinguishable from those determined using Eq. (3.33).
Wakiya (1953) examined the problem of a sphere in a flow field between two
parallel planes assuming Poiseuille flow in the slit. Happel and Brenner (1986) give an
analytical solution for the force on a particle located at one-fourth the distance from one
of the walls:

K2y

 1  a 2 
1 −   
 9  l  
=
3
4
a
a
a
1 − 0.6526  + 0.3160  − 0.242 
l
l
l

(3.34)

where l is the distance between the particle center and the closest wall. Deen (1928) has
provided an expression for K2y for a particle at the centerline (given by Eq. 2 and Eq. 33
in reference Deen (1928))
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K2y =

1a
1−  
3 l 

2

3

4

a
a
a
a
1 − 1.004  + 0.418  + 0.21  − 0.169 
l
l
l
l

5

(3.35)

Eq. (3.35) was used to evaluate K2y at all positions within the pore, which is consistent
with the use of Eq. (3.33) for K1y.

Region II:

Drummond and Deen (1995) evaluated the force on a particle located between
two cylinders, an appropriate model for the geometry in Region II. Unfortunately, the
results were only shown graphically for a limited set of conditions. Three different
approaches were considered for evaluating the hindrance factors in Region II:
(1) A curve fit was developed from the graphical results presented by Drummond and
Deen (1995). (2) The hindrance factors were evaluated by the vector addition of the
contributions from the two cylinders, each modeled as a flat plate oriented at an angle
θ to the particle. (3) Region II could be treated as a "buffer zone" with the force
evaluated by appropriately splicing together the results from Regions I and III.
The best results were obtained using the third method, since this also eliminated
any discontinuities in the values for the force as one moved between the various regions.
Figure 3.10a through d show the calculated values for the hindrance factors in Region II,
with the results from Drummond and Deen (1995) shown for comparison. The
expressions used in this work are in good agreement with the numerical results presented
by Drummond and Deen over the entire system geometry, with the greatest deviations
seen when the particle is very close to the membrane surface.
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Figure 3.10a The plot of additional hindrance factor K1x.
Transition point from Region I to Region III : 10 nm.
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Figure 3.10b The plot of additional hindrance factor K2x.
Transition point from Region I to Region III : 10 nm.
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Figure 3.10c The plot of additional hindrance factor K2y.
Transition point from Region I to Region III : 50 nm.
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Figure 3.10d The plot of additional hindrance factor K1y.
Transition point from Region I to Region III : 20 nm.
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Limited calculations were performed to verify the expressions used for the
hindrance factors (Equation 3.32) and shown at Figure 3.11. In this case the particle was
fixed at the pore axis (x = 0) at a given distance above the membrane, with the fluid
velocity evaluated for the particle-membrane system using no-slip boundary conditions
on both the particle and membrane surfaces. The hydrodynamic force was then evaluated
as:
π

FH = 2πa 2 ∫ [τ rz sin θ + (− Ps + τ zz cosθ ]r = a sin θdθ

(3.36)

0

The fluid velocity, pressure, and stress integrals were all evaluated in the simulations
using the Finite Element Method.

Figure 3.11 The comparison of additional hindrance factor K2y.

As shown at Figure 3.11, there was a fairly good agreement in the value of K2y in analytic
solution and numerical calculations.
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3.4.6 Interparticle Forces

In addition to the interactions between membrane and particle, the transport of
particle can be influenced by interparticle forces. There are experimental evidences for
the importance of particle – particle interactions in membrane systems. For example,
Huisman et al. (1999) demonstrated that the critical flux, defined as the filtration velocity
at which the measured filtrate flux first begins to deviate from the pure buffer flux at the
same transmembrane pressure difference, decreased significantly with increasing
concentration of silica particles. Similar results were reported by Choksuchart et al.
(2002) for the ultrafiltration of clay particles, with the critical flux defined as the filtration
velocity at which the transmembrane pressure difference becomes unstable during
constant flux operation. In both cases, the reduction in critical flux was attributed to an
increase in particle deposition on the membrane due to some type of particle – particle
interaction. Particle-particle interactions can be even more significant in multicomponent
systems in which the components form thermodynamically non-ideal solutions. These
effects have been convincingly demonstrated in the study of van Oers (1993) on the
ultrafiltration of polyethylene glycol (PEG) and dextran mixtures with membranes that
were fully retentive to the high molecular weight dextrans. He demonstrated that the
presence of the dextrans caused a dramatic increase in the PEG sieving coefficient.
In the presence of hydrodynamic or electrostatic interaction between particles, the
magnitude of the interaction between particles is governed by the following variables
(Happel and Brenner, 1983): (a) their shapes and sizes; (b) the distances between them;
(c) their orientations with respect to each other; (d) their individual orientations relative
to the direction of the gravitational field; (e) their velocities and spins relative to the fluid.

56

For the steady-state creeping flow, the hydrodynamic interactions between two
spheres can be illustrated by a set of linear equations that can be analytically solved.
Solutions to the creeping flow around two approaching particles are available by applying
bispherical coordinates (Goldman et al., 1966; Kim and Karrila, 1991), method of
reflections (Happel and Brenner, 1983), lubrication theory (Dai et al., 1991), multipole
expansions (Jeffrey and Onishi, 1984). Zhang et al. (1999) investigated the dynamic
behavior of two spheres in a stagnant viscous fluid experimentally by high speed video
and theoretically by the lattice-Boltzmann simulation. The LB simulation and
experimental results lead to an empirical expression for the drag force on the particle
during the close-range particle-particle interaction.
In the applications of colloid and surface science, it is very important to have
accurate expressions for the electrical double-layer interaction between particles.
Derjaguin derived a method to calculate the interaction between two spheres based on the
interaction of two infinite large parallel plates (Derjaguin and Landau, 1941). When the
Derjaguin approximation is applied to the two-sphere problem in the linear DebyeHuckel theory, the result is referred to as the Hogg-Healy-Fuersteneau (HHF) formula
(Hogg et al., 1966). The HHF approximation is accurate only for large κa and small
separation distance. Thus, the original HHF formula should be modified and also its
region of validity should be extended to all separation distance. Sader et al. (1995)
modified the electrostatic interaction from HHF formula for equal spheres, which is valid
for all distance of closest approach between the spheres. Fu and Dempsey (1998)
suggested the force for two spheres in terms of separation distance and attractive or
repulsive energy using Derjaguin approximation computing the attractive or repulsive
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forces between two spheres. The Derjaguin approximation for the attractive force
calculation is most accurate for the particle larger than 1 micron in diameter, where the
interaction distance are small relative to the radii of curvature of the particle surfaces.
For repulsive forces, the relative error from using the Derjaguin approximation is smaller
than 10 percent for particle radius and separation distance both larger than two times of
Debye length. They developed a force balance to predict the effects of particle size,
particle size distribution and surface potential on the structure of the filter cake.

3.4.7 Verification of FLUENT Simulations

In order to verify the accuracy of the FLUENT simulations, the flow profiles were
evaluated in several model systems for comparison with available analytical solutions.
The simplest model system is laminar flow in a slit formed by two parallel plates
separated by a distance 2B, with the velocity profile given as:
( P − PL ) B 2
vz = 0
2 µL

  x 2 
1 −   
  B  

Figure 3.12 shows a comparison of the analytical and numerical results.
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(3.37)

Figure 3.12 Velocity profile inside slit pore.

A dust precipitator consists of a pair of oppositely charged plates between which
dust-laden gases flow. The flow between the plates is assumed to be laminar with the
velocity profile given by Eq. (3.37), and the electrostatic forces in the x-direction are
assumed to be directly proportional to the applied electric field. Under these conditions,
the particle trajectory is given as
 P − PL
z =  0
 2µLm


 1 1  eξ  2 
eξ 2
 Beξt 3  − 
t
t  , x = B −
2m
 3 20  mB  


(3.38)

where e is charge on the particle, x is the electric field strength, P0-PL is the axial pressure
difference, m is the particle mass m, and µ is the gas viscosity. Figure 3.13 compares the
analytical and numerical solutions for the particle trajectory for a particle with m = 8.12 ä
10-16 kg and e = -12.5 mV moving in an electric field strength of 2.0 ä 10-7 Newton/V
with a pressure difference of 14.7 Psi. The two solutions are indistinguishable, with a
maximum error of less than 0.12 %.
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Figure 3.13 Particle trajectory in the electric dust collector.
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Chapter 4
SIMULATION RESULTS AT NORMAL FLOW FILTRATION

4.1 Introduction
Particle transport towards and through membrane pores plays a critical role in
determining the performance of both microfiltration and ultrafiltration devices. The
accumulation of solutes or particles in the boundary layer near the membrane, often
referred to as concentration polarization, can limit the filtrate flux through the additional
hydraulic resistance provided by the particle cake (Zeman and Zydney, 1996). Bulk
transport can also control the rate of particle deposition (fouling) on the membrane
surface. Transport into the pores determines the membrane retention characteristics,
which are critical for the high levels of particle removal required for the production of
ultrapure water (Okazaki et al., 1991; Ikeda et al., 1994), sterile filtration (Wang, 1994;
Maa and Hsu, 1996), and virus removal (Iranpour, 1998; Otaki et al., 1998).
The motion of freely suspended particles at or near the entrance to pores has also
been of long-standing interest in aerosol and filter technology. The theoretical analyses
by Smith and Phillips (1975), Parker and Buzzard (1978), and Manton (1978) examined
the impact of aerosol particles in the neighborhood of an idealized circular hole. These
studies predict that particles will enter the pore only when their trajectories lie within a
critical trajectory along which the particle will just impact the edge of the orifice. The
location of this critical trajectory can be used to calculate the collection efficiency as a
function of particle size. However, these studies of aerosol filtration neglect the
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hydrodynamic interactions between the particle and surface, which are critically
important in liquid filtration.
Dagan et al. (1983) studied the motion of an individual particle towards a single
(isolated) pore on the membrane surface. The additional hydrodynamic drag on the
particle due to the presence of the pore boundaries was included in the analysis but no
other forces were considered. All particles were predicted to enter the pore due to the
absence of any attractive or repulsive interactions. Kao et al. (1988) extended this basic
approach to consider the effects of van der Waals attraction between the particles and the
membrane, and they also employed a more complete analysis of the hydrodynamic
interactions. A similar approach was used by Schmitz et al. (1992) to evaluate the effects
of vortex formation within the pore on the rate of particle deposition at high filtration
velocities.
Bowen and colleagues (Bowen and Sharif, 1998; Bowen et al., 1999; Bowen and
Sharif, 2002) extended these analyses to account for the effects of repulsive electrostatic
interactions between charged particles and the charged surface of most ultrafiltration and
microfiltration membranes. A finite element technique was used to solve the NavierStokes equations for a stationary particle placed at arbitrary positions in the flow. The
same finite element approach was used to solve the non-linear Poisson-Boltzmann
equation to evaluate the electrostatic forces. Particle trajectories were not determined,
but the equilibrium particle position was evaluated from an overall force balance. Bowen
and Sharif (2002) identified a critical filtration velocity below which the particles were
excluded from the pore, and kept from contacting the membrane, due to the electrostatic
repulsion.
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Although these studies have provided important insights into particle motion in
membrane systems, the combined effects of electrostatic repulsion and enhanced
hydrodynamic drag on the particle trajectories have not yet been evaluated. More
significantly, none of these studies has considered the effects of Brownian (diffusive)
forces on particle motion.
This chapter examines the effects of hydrodynamic, electrostatic, and Brownian
forces on particle motion in normal flow filtration using the theoretical framework
presented in Chapter 3. Particle trajectories were evaluated by numerical integration of
the Langevin equation. The hydrodynamic forces were calculated using the detailed fluid
velocity profiles, evaluated in a particle-free system, using the expressions for the
enhanced drag coefficients developed in Chapter 3. Simulations were performed to
evaluate the importance of the different force components on both particle motion and the
overall retention characteristics of the membrane.

4.2 Theoretical Development
In order to simplify the analysis, particle trajectories were evaluated for normal
flow (dead-end) filtration through a single slit-shaped pore with rounded (cylindrical)
edges as shown in Figure 4.1. This type of single-pore analysis can provide considerable
insights into particle motion in membrane systems, particularly for ultrafiltration and
microfiltration membranes with relatively low surface pore densities. The slit geometry
reduces the system to a 2-dimensional problem, dramatically reducing the complexity and
computational time. The use of a pore with rounded edges eliminates the mathematical
discontinuity at the pore entrance, allowing numerical convergence with a coarser grid.
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Figure 4.1 Geometry of single-pore system showing typical finite element discretization.

Particle trajectories were calculated by numerical integration of the Langevin
equation:
mp

du p
dt

[

]

= 6πµa K p u f − K f u p + FE + FB

(4.1)

where up is the velocity vector for the particle, uf is the unperturbed fluid velocity
(evaluated in the absence of the particle at the location of the particle center), a is the
particle radius, and mp is the particle mass. The first term on the right-hand side of Eq.
(4.1) represents the hydrodynamic drag on the particle, while the second and third terms
account for the electrostatic (FE) and Brownian (FB) forces. Expressions for each of
these forces are available in Chapter 3. The transition between Regions I and II was
defined so that the x- and y-components of the electrostatic force remain continuous
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throughout the computational domain. Kp and Kf are diagonal matrices describing the
additional hydrodynamic hindrance associated with interactions between the particle and
the system boundaries. These hindrance factors approach a value of one at large distance
from the membrane, with the drag force given by Stokes law under these conditions.
Expressions for the hindrance factors are also provided in Chapter 3.
Equation (4.1) was non-dimensionalized by scaling the particle and fluid
velocities using the filtration velocity (Vf) and by scaling time using the particle
relaxation time (tR):
2  ρa 2 
tR = 

9 µ 

(4.2)

The non-dimensional form of the Langevin equation becomes:
dup
dτ

= K p uF − K f uP + ωFE +

ς
Pe

2a 2
D∆t

(4.3)

where D is the Brownian diffusion coefficient given by the Stokes-Einstein equation:

D=

kB T
6πµa

(4.4)

Equation (4.3) is expressed in terms of two key dimensionless groups: the Peclet number
(Pe = Vfa/D) which describes the relative importance of hydrodynamic drag and
Brownian diffusion, and the electrostatic interaction parameter:

ω=

2κε r ε oψ pψ m

(4.5)

3µV f

which describes the relative importance of the electrostatic and hydrodynamic forces. FE
is the dimensionless electrostatic force, which is evaluated directly from the nondimensionalization using Eq. (4.2). The term involving the square root (in Eq. 4.3)
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depends on the magnitude of the integration time step, with typical values on the order of
101.
In order to solve Eq. (4.1), the fluid velocity was first evaluated in a particle-free
system by solving the steady-state Navier-Stokes equations for an incompressible fluid
without the inertial terms:

−∇p + µ∇ 2uf = 0

(4.7)

∇ ⋅ uf = 0

(4.8)

No-slip boundary conditions were applied at all surfaces of the membrane, with the feed
velocity and pressure assumed to be uniform far from the membrane surface. Eqs. (4.7)
and (4.8) were solved numerically using a Finite Volume Method implemented in Fluent
6.0 (Lebanon, NH) with a typical discretized grid shown in Figure 4.1. The particle
trajectory was then evaluated using a trapezoidal integration scheme for Eq. (4.1) that
was also implemented within Fluent.

4.3 Results and Analysis
Finite element calculations were repeated on successively finer grids to ensure
numerical convergence. Figure 4.2 represents the calculated values of the fluid velocity
at the pore centerline using different numbers of triangular finite elements. Numerical
convergence was obtained when the number of elements was greater than about 500.
Simulations were typically conducted with 549 triangular finite element cells.
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Figure 4.2 Effect of finite element discretization on the fluid velocity at the pore
centerline at several distances above the membrane surface.
Most of the simulations were performed for a model system in which the pore
half-width was 12.5 nm and the pore spacing was 200 nm, corresponding to a membrane
with a surface pore density of 12.5%. Typical fluid streamlines in the single pore system
are shown as the solid curves in Figure 4.3. The streamlines are plotted on dimensionless
coordinates, where both x and y have been scaled by the particle radius (a = 10 nm). The
streamlines in this system are completely independent of the particle properties and
position since the Navier-Stokes equations were solved in the absence of the particle and
without inertial terms or electrical stresses. The converging flow into the pore accelerates
the fluid, with Vy at x = 0 increasing from 0.001 m/s at y = 10 to 0.012 m/s at the pore
exit (y = -10). The x-component of the velocity attains its maximum absolute value (Vx =
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0.0019 m/s) at y = 0 and x = +/-1.25.

Figure 4.3 Fluid streamlines (solid curves) and electrostatic force contours (dashed
curves) for κa = 1 and ψp = ψm = -25.7 mV. The labels on the contour
lines show the dimensionless electrostatic force Fe/(4pκεoεr aψp2).

The dashed lines in Figure 4.3 represent contours with constant values of the total
electrostatic force evaluated from Eq. (3.6) for a 10 nm particle with ψp = ψm = -25.7
mV at an ionic strength of 0.94 mM, with the latter corresponding to a Debye length κ−1
= 10 nm. The electrostatic repulsion is greatest right near the membrane surface and
decays exponentially as h increases. The contour lines at large values of y are horizontal,
with the presence of the pore having minimal effect on the electrostatic interactions. The
contour lines near the membrane bend down and into the pore, with the repulsive force
having components in both the x- and y-directions. The x-component of the electrostatic
force vanishes at the pore centerline since the particle is repelled from both walls of the
pore.
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4.3.1 Particle Trajectories
Particle trajectories were evaluated by integration of Eq. (4.1) using FLUENT 6.0
(Fluent Inc., Lebanon, NH). Calculations were performed using successively smaller
time steps until a converged solution was achieved.

Figure 4.4 Particle trajectories using different length scales.

Simulations were performed in FLUENT using different time step sizes ∆t = L /
(up + uf) where L is the length scale, and up and uf are the velocity of particle and fluid,
respectively. Results for the particle trajectories for a particle initially located at x = -5, y
= 10 are shown in Figure 4.4 for simulations performed with different length scales. The
calculated trajectories become independent of the length scale when ∆t > 10-3 sec. All
subsequent simulations were conducted with ∆t = 10-4 sec.
Figure 4.5 shows the particle trajectories (in the absence of any Brownian forces)
for a particle initially located at a dimensionless position of x = -7 for three sets of
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conditions: (1) no electrostatic interactions and no additional hydrodynamic hindrance
(Kf = Kp = 1), (2) with the electrostatic repulsion given by Eq. (3.6) using ψp = ψm = 25.7 mV and κ-1 = 10 nm but with no additional hydrodynamic hindrance, and (3) in the
presence of electrostatic repulsion and with the hindrance factors evaluated using the
expressions in Chapter 3. Results are shown for Vf = 0.001 m/s where Vf is the uniform
feed velocity at y = 100 nm (y = 10), which corresponds to an electrostatic force
parameter of ω = 31. In the absence of any electrostatic or additional hydrodynamic
hindrance the particle follows the fluid streamlines, moving into and through the pore.
The situation is very different in the presence of electrostatic repulsion. In this
case the particle begins by following the fluid streamline, but the trajectory deviates from
the streamline as the particle approaches the membrane due to the electrostatic force.
Significant deviations are first seen at a dimensionless length of about 6, i.e. when the
particle is within six Debye lengths of the surface. The electrostatic force causes the
particle to move towards the pore centerline (x = 0), with the particle becoming trapped at
a dimensionless distance y = 3.17 above the pore due to the large value of the
electrostatic force as indicated by the large value of ω. This is the equilibrium position
for the particle, i.e., the location at which the hydrodynamic drag force is exactly
balanced by the electrostatic repulsion. In the absence of Brownian diffusion, all
particles in the feed suspension (with initial dimensionless position at y = 10) move to the
same final equilibrium position. The additional hindrance associated with the
hydrodynamic interactions between the particle and the surface causes only a small
change in the trajectory under the conditions examined in Figure 4.5, with the final
equilibrium position shifted to y = 2.80. The additional hydrodynamic hindrance allows
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the particle to move slightly closer to the membrane surface, which is a direct result of
the increase in the drag force.

Figure 4.5 Particle trajectories for (1) no drag modification or electrostatic forces, (2) no
drag modification and electrostatic forces, and (3) additional hydrodynamic
hindrance and electrostatic forces. Conditions: κa = 1, ψp = ψm = -25.7
mV, and Vf = 0.001 m/s.
The effects of the filtration velocity on the particle trajectories are examined in
Figure 4.6, with the simulations corresponding to values of the electrostatic force
parameter of ω = 31, 3.1, and 0.62. As the filtration velocity increases, the particle
trajectory follows the fluid streamline over a greater distance since the hydrodynamic
force remains much larger than the electrostatic force until the particle gets closer to the
membrane surface. However, a 10-fold increase in the filtration velocity (from 0.001 to
0.01 m/s) causes the dimensionless equilibrium particle position to shift only from 2.8 to
1.08 due to the exponential dependence of the electrostatic force on the separation
distance. At filtration velocities above 0.049 m/s, which corresponds to ω < 0.64, the
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particle is able to overcome the electrostatic repulsion and enter the pore. This “critical”
filtration velocity is similar to the critical flux concept discussed in Section 2.3; the
membrane surface remains completely particle-free for all filtration velocities below this
critical value. At small values of ω, corresponding to very high filtration velocities or
weakly charged particles/membranes, the electrostatic force becomes negligible and the
particles simply follow the fluid streamlines through the membrane.

Figure 4.6 Effect of filtration velocity on the particle trajectories for κa = 1 and ψp = ψm
= -25.7 mV for (1) Vf = 0.001 m/s, (2) Vf = 0.01 m/s, (3) Vf = 0.05 m/s.
Bowen and co-workers (Bowen and Sharif, 1998; Bowen et al., 1999; Bowen and
Sharif,2002) have defined the “critical filtration velocity” as the fluid velocity within the
membrane pore below which the particle will be able to reach the membrane. Bowen and
Sharif (1998) performed calculations for a spherical particle above a cylindrical pore,
with the fluid velocity and drag force evaluated by numerical solution of the NavierStokes equations for the particle – pore system.
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It is difficult to compare our results with those of Bowen and Sharif because of
the differences in the pore geometry (slit-shaped pore versus cylindrical pore) and the
differences in the calculation procedures (actual particle trajectories versus a full solution
for the hydrodynamic forces on a particle at a fixed location). However, Bowen and
Sharif (1998) do present results for a particle with ψp = ψm = -25.7 mV and κa = 3.
Under these conditions, a particle located 10 nm above the pore (i.e., at y = 1)
experienced no net force at a filtration velocity of 0.01 m/s. Corresponding calculations
performed as part of this thesis, with the feed velocity adjusted to give a maximum fluid
velocity at the pore exit of 0.01 m/s, yielded an equilibrium particle position of slightly
under y = 1.5. This value is somewhat larger than that determined by Bowen and Sharif
(1998), which is a direct result of the difference in pore geometries. The cylindrical pore
geometry causes a much greater reduction in the flow area, leading to a much larger
increase in the fluid velocity as one moves from the bulk solution into the pore. This
causes the drag force to increase very rapidly as the particle approaches the membrane,
leading to a smaller value of the equilibrium height.
The effect of particle size (a) on the particle trajectories is shown in Figure 4.7.
All the particles were allowed to enter the system at the same location (x = -70 nm, y =
100 nm) with results shown for particles having a surface potential of ψp = -25.7 mV
approaching a pore with 25 nm slit width and ψm = -25.7 mV. The equilibrium particle
location increases with increasing particle size, varying from y = 2.2 for a = 1 nm to y =
2.8 for the 10 nm particle. This increase in yc arises from the greater dependence of the
electrostatic force on the particle diameter than that of the drag force.
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Figure 4.7 Effect of particle size on the particle trajectories for ψp = ψm = -25.7 mV.
The solid line represents the trajectory of a particle with a = 1 nm without
any electrostatic force.
The magnitude of the electrostatic interactions between the membrane and the
charged particle will also be a strong function of the total salt concentration (or ionic
strength) of the particular solution due to the electrostatic shielding provided by the
dissolved electrolytes. The effect of Debye length, a measure of the salt concentration, on
the particle trajectories is shown at Figure 4.8. The equilibrium particle location moves
closer to the membrane as κa increases due to the shielding of the electrostatic repulsion
between the particle and membrane. When κa > 9.4 the particle is able to overcome the
electrostatic energy barrier and enter the pore. At even higher ionic strength the particle
begins to follow the streamline as shown by the simulation for κa = ¶.
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Figure 4.8 Effect of Debye length on the particle trajectories for a = 10 nm and ψp = ψm
= -25.7 mV.
In addition to the particle size and salt concentration, simulations were performed
to examine the effect of the system geometry on the particle trajectories. The pore
geometry is defined by three parameters: the half width of pore (r0), the radius of the
cylinders that define the pore entrance (b), and the distance between adjacent pores which
is directly related to the membrane porosity.
The effect of the membrane porosity on the particle trajectories is examined in
Figure 4.9 which shows simulations for different values of the pore-pore spacing (Lp).
The dashed curves show the fluid streamlines obtained by solution of the Navier-Stokes
equations. The location of the equilibrium position shifts up and away from the
membrane surface as the pore spacing increases. This is a direct result of the change in
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the fluid flow, with the larger value of Lf leading to a smaller fluid velocity near the pore.
There is a corresponding reduction in Vy, with at x = 0 and y = -10 decreasing from Vy =
–0.01 m/s for Lf = 100 nm to Vy = –0.0016 at Lf = 200 nm.

Figure 4.9 Effect of membrane spacing on the particle trajectories for a = 10 nm, ψp =
ψm = -25.7 mV, and a feed velocity of 0.001 m/s.
The effect of the pore size (r0) on the particle trajectories are shown in Figure 4.10
for simulations performed at a feed velocity of 0.001 m/s with ψp = ψm = -25.7 mV and
κa = 1. As the pore size increases, the fluid streamlines shift down and to the left as the
edge of the pore moves to more negative x-values. In addition, the electrostatic repulsive
force near the pore axis decreases as the cylinders that form the pore entrance move
further apart. The net result is that the particle moves closer to the membrane surface as
r0 increases, with the equilibrium position decreasing from y = 2.8 for ro = 12.5 nm to y =
2.3 for ro = 20 nm. There is also a corresponding reduction in the critical filtration
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velocity, with vc decreasing from Vy = –0.05 m/s to Vy = –0.04 m/s as the pore radius
increases from 12.5 to 20 nm.

Figure 4.10 Effect of pore size on the particle trajectories for a = 10 nm and ψp = ψm =
-25.7 mV. Solid lines represent the fluid streamlines beginning at x = -7,
y = 10.
The effect of radius at the cylinder (b) that defines the pore entrance is shown in
Figure 4.11. As the cylinder radius increases, the fluid streamlines move slightly down
and to the left as they follow the geometry of the pore boundary. In addition, the
electrostatic repulsive force on a particle located near the pore axis decreases since the
surface of the cylinder moves further away from the particle. The net result is that the
particle move closer to the membrane surface, becoming trapped at a smaller distance
from the pore entrance.
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Figure 4.11 Effect of the radius of the cylindrical pore edge on the particle trajectories
for a = 10 nm and ψp = ψm = -25.7 mV where solid lines represent the
particle trajectory without electrostatic force.
4.3.2 Critical Filtration Velocity
As mentioned in the previous section, the particle becomes suspended above the
membrane when the filtration occurs at low filtration velocities since the electrostatic
repulsive force is greater than the hydrodynamic drag. Again, the critical filtration
velocity is defined as the filtration velocity below which the particle is unable to enter the
pore. At velocities greater than vc the drag force is able to overcome the electrostatic
repulsion, allowing the particles to enter and pass through the membrane. Figure 4.12
shows model results for the critical filtration velocity as a function of the particle size for
simulations performed with three different surface potentials (ψp) keeping ψp = ψm for all
calculations. The critical filtration velocity is a relatively weak function of the particle
size, increasing by only 27.3 % as a goes from 1 to 10 nm for ψp = ψm = -25.7 mV. In
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contrast, the critical filtration velocity increases by a factor of 10 as ψp goes from –2.57
mV to –25.7 mV for a = 10 nm due to the very large increase in the electrostatic force.

Figure 4.12 Effect of particle size on the critical filtration velocity.
The calculations in Figure 4.12 were performed assuming that the particle surface
potential was independent of the particle radius, which implies that the particle surface
charge density (σp) decreases as the radius increases where:

σp =

ε 0 ε rψ p (1 + κa)

(4.10)

a

for an isolated spherical particle. Figure 4.13 shows results for the critical filtration
velocity as a function of particle radius assuming that the particle surface charge density
is a constant σp = -0.015 C/m2 (which is the value of BSA evaluated at pH = 7 and net
charge of –20) and a membrane charge density of σm = -0.0028 C/m2. Membrane surface
potential (ψm) for slit-shaped pore system (half slit width of xp) is calculated from the
expression obtained by solving Poisson equations with the wall boundary condition of ψ
= ψm as
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ψm =

σm
coth(κx p )
ε 0ε rκ

(4.11)

From constant surface charge model for (σm = -0.0028 C/m2 and σp = -0.015
C/m2), the critical filtration velocity increased by 27.3 % as a goes from 1 to 10 nm.
Compared with the case of constant potential model, there was no difference in the
increase of critical filtration velocity as particle size varies from 1 to 10 nm. This is the
direct result from large slit width, which causes less sensitivity of particle charge to
changes in the ionic environment.

Figure 4.13 The comparison of the effect of particle size on the critical filtration
velocity at constant potential and constant charge where ψm = ψp = -25.7
mV, and σp = -0.015 C/m2, σm = -0.0028 C/m2.
The effect of the Debye length on the critical filtration velocitiy is shown in
Figure 4.14. The critical filtration velocity decreases with decreasing Debye length (i.e.
increasing salt concentration ) due to the increased electrostatic shielding at high ionic
strength. This effect is quite pronounced with the critical filtration velocity decreasing by
46.4 % as κa increases from 1 to 5 at a surface potential of ψm = -25.7 mV.
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Figure 4.14 Effect of ionic strength on the critical filtration velocity.
The effect of the membrane porosity on the critical filtration velocity is examined
in Figure 4.15 where ε is membrane porosity. The critical filtration velocity increases
with increasing pore spacing due to the decrease of fluid flow towards the pore.

Figure 4.15 Effect of pore spacing on the critical filtration velocity.
The effect of the pore size (r0) on the critical filtration velocity is shown in Figure
4.16. The critical filtration velocity decreases with increasing pore size due to reduction
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in the electrostatic repulsive force near the pore centerline in combination with the
reduction in the fluid velocity associated with the increase in membrane pore size.

Figure 4.16 Effect of pore size on the critical filtration velocity.

Figure 4.17 Effect of the radius of the cylinder that defines the pore entrance
on the critical filtration velocity.

The effect of the radius of cylinder (b) that defines the pore entrance on the
critical filtration velocity is shown in Figure 4.17. The critical filtration velocity
decreases as the radius of the cylinder increases due to the reduction in the magnitude of
the repulsive electrostatic force as the surface of the cylinder moves away from the
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particle. This effect is relatively small, with the critical filtration velocity decreasing by
about 15.2 % as the cylinder radius increases from 0.8 to 1.25 nm for a particle with
surface potential of ψm = -25.7 mV.
4.3.3 Brownian Forces
Although previous studies of particle trajectories in membrane systems have
neglected the effects of Brownian motion, Brownian forces will become comparable to
the hydrodynamic and electrostatic forces as the particle size becomes significantly less
than a micron. In this case, the particle trajectories are no longer deterministic due to the
random nature of the Brownian forces. Figure 4.18 shows a series of particle trajectories
at Vf = 0.001 m/s, corresponding to ω = 31 and Pe = 0.46 for a 10 nm particle (with the
particle diffusion coefficient evaluated from Eq. 4.4). These simulations thus correspond
to a situation with very large electrostatic interactions and with the Brownian forces
being comparable to the hydrodynamic forces (Pe on the order of 1). In the absence of
Brownian diffusion, the particle attains an equilibrium position at y = 3.2 where there is
no net force on the particle.
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Figure 4.18 Effect of Brownian forces on the particle trajectories for κa = 1, Vf = 0.001
m/s, and ψp = ψm = -25.7 mV. Curve 1 shows results with no Brownian
forces.
The random nature of the Brownian force eliminates the possibility of an
equilibrium position. Instead, the Brownian force allowed particle 4 to pass over the
electrostatic force barrier, moving into the pore and through the membrane even though
the filtration velocity is below the “critical flux”. In contrast, particle 3 passed out of the
single pore system, moving back into the feed suspension, while particle 2 was
temporarily captured in the inlet region (but would eventually either pass into the pore or
leave the system after a sufficient number of time steps).
Figure 4.19 shows simulations at much larger values of the Peclet number. The
top panel shows results for a particle with a = 40 nm while the bottom panel shows
results with a = 10 nm, both with Debye length of 10 nm. Compared with the simulation
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results of a = 10 nm in Figure 4.18, the trajectories of particle entering the pore were not
added in Figure 4.19 for clear comparison with the results for a = 40 nm. The Peclet
numbers for these two conditions were Pe = 0.17 and Pe = 0.68, respectively.

Figure 4.19 Effect of Brownian motion on the trajectories for particles with a = 40 nm
(top panel) and 10 nm (bottom panel) corresponding to Pe = 0.17 and
0.68.
The particle trajectories show the random character associated with Brownian
diffusion, but the magnitude of the fluctuations decrease as the Peclet number increases.
The net result is that none of the particles (a = 40 nm) shown in Figure 4.19 are able to
pass through the pore. Particle transmission would only become significant at filtration
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velocities close to the critical velocity, where the Brownian force would be sufficient to
push the particle over the energy barrier.

4.3.4 Particle Transmission
The results in Figure 4.18 suggest that a certain fraction of the particles will enter
the pore under any given set of conditions, even under conditions in which the filtration
velocity is less than the critical value, due to the effects of Brownian diffusion on the
particle motion. This phenomenon was examined in more detail by evaluating the
number of particles that enter the pore from 100 identical simulations, with a random
number generator used to obtain a unique initialization of the Brownian forces for each
run.

Figure 4.20 Particle retention evaluated from multiple simulations as a function of the
filtration velocity for several values of the dimensionless membrane and
particle potential with κa = 1.
The particle transmission was evaluated for several values of the dimensionless
surface potential Ψm = Ψp, where Ψm = eψm/kT where e is the electronic charge and kT/e
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= -25.7 mV. In each case, the particle transmissions was defined as the fraction of the
particles that enter the pore at a given set of conditions.
As seen in Figure 4.20, the particle transmission increases from zero at low
filtration velocities to a value of one at high filtration velocities due to the increase in the
hydrodynamic drag force towards the membrane pore. The particle transmission first
becomes measurable (S > 0.01) when the electrostatic interaction parameter is ω = 4.7,
12.2, and 14.4 at Ψm = 0.1, 0.5, and 1.0, respectively. The value of ω is smallest for the
lowest surface potential because the Brownian forces, which are greater for simulations at
low Ψm due to the smaller values of the Peclet number at low Vf, are able to assist the
particles in overcoming the electrostatic repulsion barrier. The particle transmission
reaches 100% at high feed velocities corresponding to ω = 0.1, 0.4, and 0.8 at Ψm = 0.1,
0.5, and 1.0, respectively. These values of ω are approximately equal to the values
determined from the critical filtration velocity evaluated in the absence of Brownian
diffusion since the Brownian forces are relatively small due to the large Peclet number
for these simulations (Pe ranges from about 3 at Ψm = 0.1 and S = 1 to more than 20 at
Ψm = 1.0 and S = 1). The particle transmission decreases with increasing surface
potential due to the corresponding increase in the electrostatic repulsion. The breadth of
the sieving curve decreases with increasing Ψm since the higher feed velocities reduce the
effects of the Brownian forces.
The effect of particle size on particle transmission is shown in Figure 4.21. All
the particles were initially placed at the same location (x = -70 nm, y = 100 nm), with
simulations performed at constant surface potential (ψp = -25.7 mV) with r0 = 12.5 nm.
Particle transmission is substantially greater for the smaller particles, with S increasing
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from 0 at Vf = 0.003 m/s for the 10 nm particles to 0.8 for the 1 nm particles. This large
increase in transmission is due to two effects. First, the critical filtration velocity (in the
absence of Brownian forces) decreases with decreasing particle radius due to the large
reduction in the electrostatic repulsion (Figure 4.12). Second, Brownian forces are larger
for the smaller particles, making it easier for these particles to overcome the electrostatic
energy barrier and enter the pore.

Figure 4.21 Effect of particle radius on particle transmission evaluated from multiple
simulations in the presence of Brownian forces.

The effect of the Debye length on particle transmission is examined in Figure
4.22. The particle transmission is uniformly smaller at low values of the Debye length
(high values of ka) due to the increase in electrostatic repulsion at low salt
concentrations. This effect is most pronounced at low filtration velocities, with S
increasing from essentially zero (no particles in 100 simulations) at ka = 1 and Vf = 0.003
m/s to more than 0.5 at ka = 5 and the same feed velocity.
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Figure 4.22 Effect of salt concentration (Debye length) on particle transmission
evaluated from multiple simulations including Brownian diffusion.
The effect of pore size (r0) on particle transmission was evaluated with ψp = ψm =
-25.7 mV and κa = 1 with results shown in Figure 4.23. The particle transmission
increases slightly with increasing pore size due to the reduction in the critical filtration
velocity (Figure 4.16), although this effect is quite small over the range of pore radii
(12.5 to 20 nm) examined in Figure 4.21.

Figure 4.23 Effect of pore radius on particle transmission evaluated from multiple
simulations including Brownian forces.
As the extreme cases, particle transmissions were also evaluated where the pore
size is the size of the particle (r0 = 10.5 nm) and is much larger than the particle (r0 = 40
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nm). The value of filtration velocity for initial particle sieving was shifted down by the
factor of 10.1 with varying the pore size from r0 = 10.5 nm to r0 = 40.0 nm.
The effect of the membrane porosity on particle transmission is shown in Figure
4.24 for ψp = ψm = -25.7 mV and κa = 1. Simulations were performed with Lf/a = 10,
15, and 20 corresponding to a membrane porosity of 12.5, 8.3, and 6.3 %. With the
constant feed velocity, the particle transmission increases as the membrane porosity
decreases. This stems from the greater amount of converging flow with decreasing of
pore spacing, allowing particle to have a higher possibility to transport the membrane
pore.

Figure 4.24 Effect of membrane porosity on particle transmission evaluated from
multiple simulations including Brownian forces.
4.4 Conclusions
The simulations presented in this Chapter provide the first available results for the
effects of the additional hydrodynamic hindrance, electrostatic interactions, and
Brownian forces on the particle trajectories in normal flow filtration. In the absence of
Brownian forces, the membrane remains completely free of particles below a critical
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filtration velocity, analogous to the critical flux concept used to describe fouling in many
membrane systems. Below the critical filtration velocity, the particles attain an
equilibrium position above the membrane at a point where the hydrodynamic drag force
is exactly balanced by the electrostatic repulsion, which occurs when the electrostatic
interaction parameter ω is approximately equal to one. This equilibrium location is
determined primarily by the magnitude of the electrostatic force and the filtration
velocity, with the hydrodynamic hindrance factors causing only a small displacement in
the equilibrium position. The critical filtration velocity is a stronger function of the
particle size and salt concentration. For example, the critical filtration velocity increases
by more than 25 % as the particle radius increases from 1 nm to 10 nm at constant surface
potential, with an even greater effect (27.2 %) seen for simulations at constant surface
charge density.
The critical filtration velocity is also a function of the detailed pore geometry
including the pore size, the shape (cylinder radius) for the pore entrance, and the pore to
pore spacing (or membrane porosity). The critical filtration velocity increases with
decreasing pore spacing. The critical filtration velocity decreases with increasing pore
size due to the small reduction in the electrostatic repulsive force as the pore surface
moves further away from the particle. A similar effect is seen as the radius of cylinder
that forms the pore entrance increases.
Brownian forces have a large effect on the particle trajectories at small to
moderate values of the Peclet number, allowing particles to enter the pore even under
conditions in which the electrostatic repulsion is greater than the hydrodynamic drag
force. This effect has been largely unappreciated in previous studies of particle motion in
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membrane systems, even in applications where fouling is due to the deposition of
relatively small colloids for which the Brownian forces are substantial. The probability
of a particle entering the pore was evaluated from repeated particle trajectory calculations
accounting for the random nature of the Brownian force. The fraction of particles
entering the pore increased with increasing filtration velocity, with this dependence being
very similar to that observed in membrane systems due to the concentration polarization
phenomenon (Zeman and Zydney, 1996). However, in this case there is no direct
accumulation of particles at the membrane surface. Instead, the increase in transmission
arises because the hydrodynamic drag force is able to overcome the electrostatic
repulsion, pushing the particle closer to the membrane surface and making it easier for
the Brownian forces to overcome the energy barrier. Thus, considerable care must be
exercised in interpreting the flux dependence of the particle sieving coefficient for
systems in which electrostatic, hydrodynamic, and Brownian forces all have a significant
effect on particle transport.
The particle transmission is also a function of the particle size, membrane
properties, and solution conditions (i.e., salt concentration). The particle transmission
increases with increasing pore radius and with increasing radius of the pore entrance due
to the reduction in the critical filtration velocity as the pore surface moves further away
from the particle. On the other hand, the particle transmission increases with decreasing
of pore spacing due to the greater amount of converging flow with decreasing of pore
spacing, allowing particle to have a higher possibility to transport the membrane pore.
These results provide important insights into the factors that govern particle transmission
during normal flow filtration.
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Chapter 5
PARTICLE TRAJECTORIES IN CROSS-FLOW FILTRATION

5.1 Introduction
Pressure-driven membrane filtration is currently used for the separation of
particles and cells from liquid suspensions in many areas such as waste treatment (Misaki
and Matsui, 1996), food processing (Skelton, 2000), biotechnology (Bailey and Meagher,
1997), and water purification (Domany et al., 2002). Although normal flow filtration is
often used for very dilute suspensions, the treatment of more concentrated suspensions is
typically conducted using cross-flow filtration, which is also known as tangential flow
filtration. The cross-flow configuration, in which bulk flow is parallel to the filtering
membrane and perpendicular to the filtrate flow, minimizes accumulation of retained
species at the membrane surface. This provides much larger filtration rates than can be
attained in normal flow (dead-end) filtration. During cross-flow filtration, suspended
particles are transported to the membrane surface by the filtrate flux, with the particle
behavior in the region adjacent to the membrane surface playing a critical role in
understanding membrane fouling and particle deposition.
The fluid velocity profiles in cross-flow filtration systems have been studied by a
number of investigations, and an extensive review of the literature on flow in porous
ducts is provided by Belfort (Muralidhara, 1986). The majority of these studies have
been limited to low Reynolds number flows, with the velocity evaluated by the solution
of the steady-state Navier-Stokes equations typically using a perturbation method
assuming that the wall is uniformly permeable (i.e., neglecting the presence of discrete
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pores). Berman (1953) developed the first quantitative solution for laminar flow in a flat
channel with two porous walls. This approach was extended to higher Reynolds numbers
by Gupta and Levy (1976) using a power series expansion for the velocity in terms of
Rew. Singh and Laurence (1979) examined the effect of a slip velocity at the porous wall,
and Kleinstreuer and Paller (1983) investigated the behavior when the permeation rate
varies with axial distance.
Particle trajectories in cross-flow filtration are considerably more complex due to
the additional hydrodynamic and external forces exerted on the particle. Most studies of
membrane systems have focused on the effects of inertial lift forces arising from
hydrodynamic interactions on a particle moving near a solid boundary. These forces give
rise to the well-known tubular-pinch effect, which has been extensively studied both
experimentally and theoretically (Segre and Silberberg, 1962; Cox and Brenner,1968;
Vasseur and Cox, 1976; Cox and Hsu, 1977; Drew et al., 1991).
Belfort and colleagues (Altena and Belfort, 1984; Belfort and Nagata, 1985; Otis
et al., 1986) evaluated the trajectory of individual particles during cross-flow
microfiltration by solving the Navier-Stokes equations including the inertial terms. The
membrane was treated as a uniformly porous boundary, without distinct pores. Particular
emphasis was placed on calculating the effects of inertial lift and transmembrane flow
(suction) on particle motion at realistic particle Reynolds numbers. Results demonstrated
that large particles are transported away from the membrane surface due to lift forces,
allowing one to operate the membrane device at high filtration velocities without
significant fouling or polarization. Small particles tend to deposit on the membrane
surface since the drag force due to filtration is greater than the inertial lift.
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Schmitz et al. (1992) evaluated the importance of vortex formation within an
individual pore at high filtration velocities on the rate of particle deposition. The results
were used to evaluate the thickness of the fluid region in which all particles were
captured on the membrane surface or enter the pore. Calculations were also provided for
the impact location and capture efficiency for both two-dimensional (Frey et al., 1999)
and three-dimensional (Frey and Schmitz, 2000) systems. Kleinstreuer and Chin (1984)
studied particle deposition and fouling layer growth in cross-flow filtration using particle
trajectory analysis. Calculations were performed accounting for the interaction between
particles, the fluid flow rate, cake formation, and permeation flux decline. Sethi and
Wiesner (1997) proposed a unified transient model for cross-flow filtration based on the
formulation originally developed by Romero and Davis (1990) including the effects of
Brownian diffusion, inertial lift, and shear-induced diffusion.
Although these studies have provided important insights into particle motion in
cross-flow membrane filtration, none of these investigations have considered the
combined effects of electrostatic interactions, enhanced hydrodynamic drag, van der
Waals forces, Brownian diffusion, and inertial lift on particle motion in cross-flow
filtration. In order to obtain a more fundamental understanding of particle behavior in
cross-flow filtration, the theoretical framework in Chapter 3 was extended in this chapter
to consider the effects of cross-flow. FLUENT simulations were performed to evaluate
the importance of the different forces on particle transport, including the effects of
solution properties and particle size on the particle trajectories and retention
characteristics during cross-flow filtration.
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5.2 Theoretical Development
5.2.1 Fluid Flow
Model simulations were performed for a two-dimensional channel formed
between two porous membranes as shown schematically in Figure 5.1.

Fig. 5.1 A schematic diagram of a two-parallel-plate filtration system.

The distance between the membranes is taken to be H and the channel length is Lf. The
membrane itself is composed of a periodic array of slit-shaped pores with the entry to
each pore defined by a cylinder of radius b. Each pore has a half width of ro and the
spacing between the pores is Lp.
The velocity profiles in this system are governed by the steady-state NavierStokes equations for incompressible flow:
- ∇p + µ∇ 2 u = 0

(5.1)

∇ ⋅u = 0

(5.2)
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where u is the velocity vector and p is the local hydrostatic pressure. The boundary
condition at the entrance to the porous region of the channel was taken as the fully
developed velocity profile,
 y   y  2 
u x = 6u s   −   
 H   H  

(5.3)

where us is the average cross-flow velocity at the channel inlet. The inlet pressure is also
assumed to be uniform at a value Po.
Symmetry conditions are imposed at the centerline, y = H/2. No-slip and no
normal flow conditions are imposed along the entire membrane surface, including the
walls of the pore. The pressure at the exit to each pore is assumed to be uniform at a
value of Pf. Note that Pf corresponds to the filtrate pressure only if the simulations are
performed over the entire pore length (typically 1 µm for the skin layer of an asymmetric
membrane and around 100 – 250 µm for a homogeneous membrane).

5.2.2 Particle Trajectories
Particle trajectories were calculated by numerical integration of the Langevin
equation as discussed in Chapter 3:
mp

du p
dt

[

]

= 6πµa K p u p − K f u f + FE + FB + FVDW + FL

(5.4)

where up is the velocity vector for the particle, uf is the fluid velocity, a is the particle
radius, and mp is the particle mass. The first term on the right-hand side of Eq. (5.4)
represents the hydrodynamic drag on the particle, while the other terms account for the
electrostatic (FE), Brownian (FB), van der Waals (FVDW), and lift (FL) forces.
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The inertial lift force for spherical particles moving in laminar shear flow near a
solid boundary is of the form (Belfort et al., 1994):
3πK L ρa 4γ 2
FL =
8

(5.5)

where ρ is the fluid density [kg/m3], γ is the nominal shear rate at the membrane surface
[1/s], and KL is a dimensionless function of the dimensionless distance from the wall. In
the region near the membrane, KL is positive indicating that the inertial lift velocity
carries the particle away from the membrane surface. Most cross-flow filtration
operations are carried out under fast laminar flow conditions, for which Drew et al.
(1991) have shown that the maximum value occurs right at the membrane surface with
KL = 0.577. Since there are no complete analytical expressions for the function KL(y), KL
was simply taken as a constant equal to its maximum value.
The Van der Waals force is evaluated using the expression for interactions
between a sphere and flat plate (Elimelech et al., 1995):

FVDW = −

Aa
6h 2

(5.6)

where h is the distance between the particle center and the surface and A is the Hamaker
constant which was taken as A ~ 10-21 J based on results for polymer pairs in different
solvents (van Oss et al., 1980). The van der Waals force in the region above the pore was
evaluated using the same matching procedure that was used to evaluate the electrostatic
force as described in Chapter 3. This ensures that there are no numerical discontinuities
or unrealistic behavior arising from the force expressions. The hindrance factors were
calculated using the expressions presented in Chapter 3. The particle trajectories were
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then evaluated using a trapezoidal integration scheme for Eq. (5.4) that was implemented
within FLUENT.

5.3 Simulation Results
5.3.1 Fluid Streamlines

Initial simulations were performed with an 11-pore system (r0 = 10 nm, b = 5 nm)
using H = 450 µm, Lf = 1350 nm, and Lp = 115 nm. Results are shown in Figure 5.2 for
the streamlines right near the membrane surface at inlet transmembrane pressure drops of
50 and 200 N/m2. Calculations were performed for a nominal wall shear rate, γw = 6us/H
= 1000 s-1. The fluid streamlines move towards the membrane surface due to the filtrate
flow, with a small fraction of the flow actually entering into the pores.

Figure 5.2 Fluid streamlines at γw = 1000 s-1 for (a) ∆P = 50 N/m2, (b) ∆P = 200 N/m2 .

For the system shown in Figure 5.2a (∆P = 50 N/m2), the total flow rate through
the membrane pores is only 0.08 % of the feed flow into the system. The streamlines at
∆P = 200 N/m2 move towards the membrane more rapidly due to the greater value of the
filtrate flow through the membrane. In this case, 0.34 % of the feed flow was transported
to the filtrate side of system. It is important to note that the streamlines over pores two
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through eleven were identical if they were overlaid on top of each other. This suggests
that the behavior of the different pores becomes “identical” along the length of the
membrane, after an initial inlet region that is influenced by the inlet boundary conditions,
allowing one to focus in on an individual pore to get insights into the particle trajectories.
Figure 5.3 provides an expanded view of the streamlines in the region above the 5th pore
of the 11-pore system. Again, a fraction of the streamlines were able to enter the pore
while the majority of the flow passes on to the region above the next pore, with the
streamline pattern repeating itself over each of the subsequent pores.

Figure 5.3 Fluid streamlines near the 5th pore where γw = 1000 s-1 and ∆P = 200 N/m2 .

The effect of the nominal wall shear rate on the fluid streamlines at a constant
transmembrane pressure of 50 N/m2 is shown in Figure 5.4. Increasing the wall shear
rate increases the axial flow rate, causing the streamlines to move further down the
membrane surface. The filtration flux was independent of the wall shear, equal to a value
of Jv = 4.1 × 10-5 m/s for these simulations, since the filtrate flow rate is determined by
the transmembrane pressure difference which does not vary to any significant extent
(approximately 1 %) over the length of the 11-pore system. The filtrate flux would begin
to decrease at very large axial positions due to the axial pressure drop associated with the
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flow along the channel length, with this effect being more pronounced at the higher
nominal wall shear rate.

Figure 5.4 Effect of the nominal wall shear rate on the fluid streamlines at ∆P = 50 N/m2;
(a) γw = 1000 s-1, (b) γw = 3000 s-1.

The effect of the pore half width on the fluid streamlines is shown in Figure 5.5.
As the pore half width increases, the net fluid flow through the pores increases due to the
reduction in the hydraulic resistance to flow provided by the membrane. In this case the
filtration velocity increases from V = 1.96 × 10-10 m3/s for r0 = 10 nm to V = 9.80 × 10-10
m3/s for r0 = 15 nm. The increased filtration velocity causes the streamlines to shift down
and towards the membrane surface.

Figure 5.5 Fluid streamlines at ∆P = 50 N/m2 and γw = 1000 s-1 ; (a) r0 = 10 nm, (b) ro =
15 nm.
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5.3.2 Particle Trajectories

Figure 5.6 shows the particle trajectories in cross-flow filtration including the
effects of both hydrodynamic and electrostatic interactions between the particle and the
membrane.

Figure 5.6 Particle trajectories both without (top panel) and with (bottom panel)
electrostatic forces with ∆P = 50 N/m2 and γw = 1000 s-1.

Results are shown for a particle having a diameter of 2 nm with a surface
potential of ψp = ψm = -12.85 mV. The trajectories are shown as a function of the
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dimensionless coordinates where x = x/Lf and y = y/H for six separate particles, each
beginning at a different height above the membrane. The results in the top panel
represent the trajectories in the absence of electrostatic interactions. Under these
conditions all particles that are initially within 100 nm (y = 22.2 × 10-5) of the membrane
surface are able to enter the pores over this stretch of the membrane; particles that enter
the system at a larger distance above the membrane would pass through the pores at some
greater axial distance. In contrast, none of the particles are able to enter the pores in the
presence of electrostatic interactions. Each particle initially approaches the membrane
but then begins to move along a trajectory that is nearly parallel to the membrane surface
at a height where the drag force due to filtration is exactly balanced by the electrostatic
repulsion and lift force. This “equilibrium” particle trajectory displays a wave-like
character, with the particle moving to smaller values of y in the region immediately over
each pore due to the local increase in the drag force exerted from the filtration in
combination with the slight reduction in the electrostatic repulsion in this region. Note
that all of the particles in the system would be predicted to attain the same equilibrium
trajectory, irrespective of their starting location, with the distance required to attain this
trajectory increasing with increasing initial height above the membrane.
The simulations in Figure 5.6 were performed in the absence of any van der
Waals attraction. The effect of the van der Waals force on the particle trajectories (in the
absence of any electrostatic interactions) is shown in Figure 5.7. In this case, all of the
particles move rapidly to the membrane surface due to the attractive van der Waals forces.
The particles then move along the smooth surface due to the axial drag force before
eventually entering the next pore. Note that it was impossible for particles to simply
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“stick” to the membrane surface in these simulations due to the assumptions that the
particles were perfect spheres and the membrane surface was perfectly smooth. It is
likely that the van der Waals attraction would lead to significant membrane fouling under
the conditions shown in Figure 5.7 due to the inherent roughness and asymmetries in any
real membrane system.

Figure 5.7 Particle trajectories in the presence of van der Waals force (A = 10-21 J)
where ∆P = 50 N/m2 (dotted lines represent particle trajectories without
van der Waals force).

Figure 5.8 examines more explicitly the effects of electrostatic and van der Waals
forces on the particle trajectories for a particle initially located at x = 0, y = 22.2 × 10-5.
The trajectories are initially dominated by the drag force, with the particles closely
following the fluid streamlines up until position “A” (x = 0.13, y = 7.4 × 10-5). In the
absence of any electrostatic forces (curve 1), the particle moves rapidly towards the
membrane due to the hydrodynamic drag and the van der Waals attraction, hitting the
membrane surface at x = 0.2 before entering the pore. The presence of an electrostatic
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repulsion keeps the particle from entering the pore, with the particle moving along a
trajectory that is nearly parallel to the membrane surface at a height where the sum of the
forces in the y-direction is equal to zero (curve 2). Thus, the particle that experiences
both van der Waals and electrostatic forces (curve 3) moves along the surface at a height
that is closer to the membrane than that for the particle that simply experiences an
electrostatic repulsion (curve 2).

Figure 5.8 Particle trajectories in the presence of van der Waals force (A = 10-21 J) and
electrostatic forces (ψp = ψm = -12.85 mV) where ∆P = 50 N/m2.

Figure 5.9 shows the effects of particle size on the trajectories. Simulations were
performed by placing particles of different size, but with the same surface potential, at the
same initial location (x = 0, y = 22.2 × 10-5) and evaluating the resulting trajectories.
Initially, all of the particles follow the same trajectory as determined by the fluid
streamline. Significant deviations in the trajectories are seen for y/H < 3.6 × 10-5, i.e.
when the particles get within about 17 nm from the membrane surface. The smaller
particles are able to approach the membrane surface more closely due to the smaller
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contribution from the electrostatic repulsion. The net result is that the region near the
membrane would become concentrated in the smaller particles, an effect that has been
observed experimentally by Belfort and co-workers using a camera under dark field
conditions where the particles were illuminated with a strobe light. (Altena and Belfort,
1984; Belfort and Nagata, 1985; Otis et al., 1986). Note that under the conditions
examined in Figure 5.9, none of the particles are actually able to pass through the
membrane pores due to the strong electrostatic repulsion.

Figure 5.9 Effect of particle size on the trajectories with γw = 1000 s-1, ∆P = 50 N/m2,
k-1 = 9.74 Å, Hamaker constant A = 10-21 J, and ψm = ψp = -12.85 mV.

The effects of the solution ionic strength on the particle trajectories are shown in
Figure 5.10. Decreasing the solution ionic strength, i.e., increasing the Debye length,
reduces the electrostatic shielding and causes the particles to move away from the
membrane surface.

Similar results were obtained with increasing particle surface

potential, with the more highly charged particles excluded from the region adjacent to the
membrane surface due to the greater electrostatic repulsion. In both cases, the particles
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attain an equilibrium position (with a small wave-like character) reflecting the balance
between the drag force due to filtration and the repulsive electrostatic interactions with
the charged membrane surface.

Figure 5.10 Particle trajectories at different Debye length with γw = 1000 s-1, ∆P = 50
N/m2, a = 1 nm, Hamaker constant (A = 10-21 J), and ψm = ψp = -12.85 mV.
5.3.3 Critical Flux in Cross-Flow filtration

As discussed previously in the Chapter 4, the critical flux can be defined as the
filtration rate at which the particle is first able to be transported to or through the
membrane pores. Figure 5.11 illustrates the effect of particle size on the value of the
critical flux for a charged particle being filtered through a charged membrane. The
critical flux increases with increasing particle radius due to the greater electrostatic
repulsion between the membrane and the larger particles. The critical flux is also a
strong function of the particle / membrane surface potential; for a 5 nm particle the
critical flux increases from Vc = 1.68 µ 10-4 m/s at ψm = ψp = -6.43 mV to Vc = 7.02 µ
10-4 at ψm = ψp = -12.85 mV, and Vc = 2.81 µ 10-3 at ψm = ψp = -25.8 mV.
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Figure 5.11 The effect of particle size on critical flux for various particle / membrane
surface potentials with γw = 1000 s-1, Hamaker constant (A = 10-21 J), and
κ-1 = 9.74 Å.

Figure 5.12 The effect of ionic strength on the critical flux for different size particles
with γw = 1000 s-1 , Hamaker constant (A = 10-21 J) and ψm = ψp = -12.85
mV.

The critical flux decreases with increasing solution ionic strength, as shown in
Figure 5.12, due to the increase in electrostatic shielding at higher salt concentrations.
The relative change in the critical flux is greatest for the smallest particle, with the critical
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flux decreasing by a factor of 3.5 as the ionic strength increases from 0.01 to 0.1 M for
the 1 nm particle compared to only a 2.5-fold reduction in the critical flux for the 5 nm
particle.
The calculated values of the critical filtration velocities in cross-flow filtration are
compared with the corresponding results for normal flow filtration in Figure 5.13. The
calculations in normal filtration were for a single pore system, but all other parameters
(beyond the wall shear rate) were kept the same for the two sets of simulations. As
shown in Figure 5.13, the critical flux at low values of the nominal wall shear rate are
identical for normal flow (dashed curves) and cross-flow filtration (solid curves), with the
value of the critical flux determined by the balance between the electrostatic repulsion
and the hydrodynamic drag associated with the filtrate flux. The critical flux for crossflow filtration increases with increasing shear rate, with a significant difference between
the values for cross-flow and normal flow filtration occurring above γw = 12000 s-1 for a
= 1 nm, γw = 4000 s-1 for a = 3 nm, and above γw = 1000 s-1 for a = 5 nm. The increase in
critical flux with increasing wall shear rate arises from the reduction in residence “time”
above each pore, with the particle being swept past the region above the pore before it is
able to get over the energy barrier. This effect becomes significant at a lower shear rate
for the larger particles because of the greater electrostatic interactions, and thus the
greater axial velocity (due to the greater distance between the particle and the membrane
surface) as the particle size increases. It is important to note that the lift force was
negligible for the small particles examined in Figure 5.13. The critical flux for larger
(micron-size) particles in cross-flow filtration would be much larger than the
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corresponding values in normal flow filtration due to the magnitude of the lift force in
combination with the "sweeping effect" of the axial flow.

Figure 5.13 Comparison of critical flux in normal flow and cross-flow filtration in the
absence of Brownian motion where r0 = 10 nm, ψm = ψp = -12.85 mV, A =
10-21 J, and κ-1 = 9.74 Å. The dashed lines represent the critical flux in
normal flow filtration.

5.3.4 Evaluation of Particle Transmission

The particle sieving coefficient can be defined as the ratio of the mass flux of
particles through the membrane pores divided by the average filtrate flux multiplied by
the bulk particle concentration. The sieving coefficient (S) can thus be evaluated as:
S=

1
Jv ⋅ Lf

∫

Td

0

u x ⋅ P( y )dy

(5.7)

where Jv is the average filtrate flux through the membrane and P(y) is the probability that
a particle initially at position y will enter the pore. The probability is a function of the
initial location of the particle (y), but it is also related to the magnitude of the electrostatic,
hydrodynamic, and Brownian forces as discussed in Chapter 4 of this thesis. The upper
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limit on the integration (Td) is set at the location of the particle that is initially furthest
from the membrane that is still able to enter the membrane pores.
Figure 5.14 shows the particle transmission through the first 11 pores in the
membrane for four different values of the filtrate flux in cross-flow filtration. In this case,
Td increases as the number of pores increases since a greater fraction of the inlet flow
(and particles) is able to reach the pores.

Figure 5.14 Particle transmission over the first 11 pores in cross-flow filtration in the
absence of Brownian motion for a = 1 nm, ψm = ψp = -12.85 mV, A = 1021
J, γw = 1000 s-1, ro = 10 nm, and κ-1 = 9.74 Å.

The particle transmission is greatest for the first pore since there are a number of
particles initially located very near the membrane surface that are able to enter this pore
because of the assumed uniform particle concentration at the channel inlet. This situation
disappears for the subsequent pores since there is now a particle-free region right near the
membrane arising from the electrostatic repulsion between the charged particles and the
charged membrane. This is discussed in more detail below. At the highest filtrate flux,
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the particle transmission reaches its asymptotic value after only 3 or 4 pores, while as
many as 7 to 9 pores are required at the lowest filtrate flux. All subsequent calculations
for the particle transmission were performed for the full 11-pore system to ensure that the
results are representative of the behavior of a real membrane system.
In order to understand the effects of cross-flow on particle transmission in more
detail, the particle trajectories and fluid streamlines right near the membrane surface are
examined for a two-pore system in Figure 5.15.

Figure 5.15 The effect of pore number on fluid streamlines (a) and particle trajectories
(b) in the absence of Brownian motion for a = 1 nm, ψm = ψp = -12.85 mV,
A = 10-21 J, γw = 1000 s-1, ro = 10 nm, Jv = 2.73 µ 10-4 m/s and κ-1 = 9.74 Å.

The streamlines in the region above the two pores are similar, reflecting the
periodic nature of the flow. A greater number of particles enter the first pore than the
second since there is a particle-free region right near the membrane at the entrance to the
region above the second pore due to the electrostatic repulsion from membrane surface.
The effect of the filtrate flux on particle transmission is examined explicitly in
Figure 5.16. The particle sieving coefficient increases with increasing filtration rate due
to the greater hydrodynamic drag towards the membrane. The particle transmission goes
to zero at a small but non-zero value of the filtrate flux since no particles are able to reach
the membrane, or pass through the membrane pores, below the critical flux.
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Figure 5.16 Particle transmission as a function of the filtrate flux in the absence of
Brownian motion for ψm = ψp = -12.85 mV, A = 10-21 J, γw = 1000 s-1, ro =
10 nm, and κ-1 = 9.74 Å. The numbers on the curves represent particle
size (nm). The results at low filtrate flux are enlarged to see the critical
flux.

The particle transmission eventually attains a value of 100 % at very high filtrate
flux, with the magnitude of this upper flux increasing from 40 × 10-4 m/s for a = 1 nm to
85.8 × 10-4 m/s for a = 5 nm. The sieving coefficient at a given flux decreases with
increasing particle size, varying from S = 0.060 for a = 1 nm to S = 0.016 for a = 5 nm at
a filtrate flux of 12 × 10-4 m/s. This reduction in particle transmission arises primarily
from the increase in the electrostatic repulsion with increasing particle size.
Figure 5.17 illustrates the effects of the solution ionic strength on particle
transmission. As expected, the particle transmission increases with an increase in the
ionic strength due to the reduction in the magnitude of the electrostatic repulsion. Similar
effects were seen with changes in the particle and / or membrane surface potential.
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Figure 5.17 Particle transmission as a function of solution ionic strength where a = 1 nm,
ψp = ψm = -12.85 mV, γw = 1000 s-1, ro = 10 nm, and A = 10-21 J.

Figure 5.18 Particle transmission with various pore radius in the absence of Brownian
motion where a = 1 nm, ψp = ψm = -12.85 mV, k-1 = 9.74 Å, γw = 1000 s-1
and A = 10-21 J. The numbers on the line represent ∆P as a unit of N/m2.

The effect of the pore half width on particle transmission is shown in Figure 5.18.
The particle sieving coefficient increases with increasing pore half width, an effect that is
due primarily to the increase in the filtrate flux since these runs were performed at
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constant values of the inlet transmembrane pressure drop. For example, at ∆P = 980
N/m2 the particle transmission increases by the factor of 2.5 as the pore half width
increases from r0 = 10 nm to r0 = 15 nm due to the increase in the filtrate flux from 2.73 ×
10-4 m/s to 13.7 × 10-4 m/s.

5.3.5 Effects of Brownian Motion

The presence of the Brownian force generates a random character to the particle
motion, and it can potentially allow a particle to pass over the electrostatic energy barrier
and enter the membrane pore even when the system is operated at a flux below the
critical flux. This effect was discussed in detail in Chapter 4 in the context of normal
flow filtration.
Figure 5.19 shows typical results for the particle trajectories including the effects
of Brownian motion in addition to the electrostatic (FE), hydrodynamic (FD), lift (FL), and
van der Waals (FVDW) forces. Results are shown for 3 separate particles, each released at
the same location (x = 0 and y = 22 µ 10-5) but with a different (random) initialization of
the Brownian force. The trajectory of the particle in the absence of any Brownian force
is shown by the ‘NB’ curve; this particle is unable to enter the pore due to the strong
electrostatic repulsion. The random initialization of the Brownian force leads to very
different trajectories for the 3 simulations. Particle 1 returns to the feed zone, while
Particle 2 enters the membrane pore and Particle 3 passes along the membrane surface
and eventually exits the 11-pore system. Thus, the random Brownian force enables at
least some of the particles to overcome the electrostatic energy barrier and enter the pore,
even under conditions where the filtration velocity is below the critical flux.

115

In order to evaluate the effect of Brownian forces on particle transmission, 100
identical simulations were performed for particles initially located at specific heights
above the membrane, with a random number generator used to obtain a unique
initialization of the Brownian force for each simulation.

Figure 5.19 Particle trajectories in the presence of Brownian motion where a = 1 nm, ψp
= ψm = -12.85 mV, A = 10-21 J, ro = 10 nm, and k-1 = 9.74 Å.

The probability of a particle entering the pore, P(y), was then evaluated as the
fraction of particles that passed through the membrane at each set of conditions, with
results shown in Figure 5.20. The probability of transmission decreases as the initial
height above the membrane increases, approaching a value of zero around y = 600 nm for
a nominal wall shear rate of 1000 s-1 and at y = 400 nm for γw = 3000 s-1. This reduction
in the probability is directly associated with the greater cross-flow velocity which reduces
the time each particle spends above a given pore.
The particle transmission in the presence of Brownian forces was evaluated from
Eq. (5.7) by integrating over the initial particle locations.
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Figure 5.20 The probability of transmission as a function of the initial height above the
membrane in the presence of Brownian motion where a = 1 nm, ψm = ψp =
-12.85 mV, Jv = 2.73 µ 10-4 m/s, A = 10-21 J and κ-1 = 9.74 Å.

The results for different particle sizes are shown in Figure 5.21, with the symbols
representing the results in the presence of Brownian forces while the solid curve
represents the transmission in the absence of Brownian forces at a shear rate of 1000 s-1.
The particle transmission decreases with increasing particle size, varying from S = 0.049
for a = 1 nm to S = 0.017 for a = 5 nm at γw = 1000 s-1. Brownian diffusion has the
greatest effect on transmission for the smallest particles, increasing the sieving coefficient
by a factor of 3.6 for the 1 nm particle compared to 3.3 for the 5 nm particle.
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Figure 5.21 The particle transmission with various particle sizes in the presence of
Brownian motion where k-1 = 9.74 Å, Jv = 2.73 µ 10-4 m/s. and ψp = ψm =
-12.85 mV. Solid curve are results with γw = 1000 s-1 in the absence of
Brownian diffusion.

Figure 5.22 Particle transmission as a function of the surface potential in the presence of
Brownian forces where a = 1 nm, Jv = 2.73 µ 10-4 m/s and k-1 = 9.74 Å.
Solid curve represents the particle transmission at γw = 1000 s-1 in the
absence of Brownian motion.

The effect of the surface potential of the membrane and particle on the particle
sieving coefficient in the presence of Brownian motion is shown in Figure 5.22. Particle
transmission decreases with increasing surface potential, varying from S = 0.33 for ψm=
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ψp = -6.43 mV to S = 0.006 for ψm= ψp = -25.85 mV at γw = 1000 s-1. Brownian motion
has the greatest effect at small surface potentials since the random Brownian force is able
to overcome the electrostatic energy barrier most easily under these conditions. The
particle transmission decreases to close to zero above a surface potential of about –25.85
mV, with the electrostatic repulsion keeping all of the particles from entering the pores
under these conditions.
The effect of solution ionic strength on the particle transmission in the presence of
Brownian motion is shown in Figure 5.23. The particle transmission increases with an
increase in the solution ionic strength due to the greater shielding of the electrostatic
interactions. The effects of Brownian motion are greater at high ionic strength since the
Brownian forces have a greater relative contribution to the total force on the particle
under these conditions.

Figure 5.23 Particle transmission as a function of the solution ionic strength in the
presence of Brownian motion where a = 1 nm, Jv = 2.73 µ 10-4 m/s, ψm =
ψp = -12.85 mV. Solid curve represents the particle transmission at γw =
1000 s-1 in the absence of Brownian forces.

119

The effect of filtration flux on the particle transmission in the presence of
Brownian motion is shown in Figure 5.24. The particle transmission increases from zero
at low filtration flux to a value of one at high filtration velocities due to the increase in
the hydrodynamic drag force toward the membrane pore. Particle transmission at low
values of the filtrate flux is greater in the presence of Brownian motion since the
Brownian forces assist the particles in overcoming the electrostatic repulsion.

Figure 5.24 Particle transmission as a function of filtration flux in the presence of
Brownian motion where a = 1 nm, k-1 = 9.74 Å, ψm = ψp = -12.85 mV and
γw = 1000 s-1. Solid curve represents the particle transmission in the
absence of Brownian forces.

In contrast, the particle transmission at flux values above Jv = 25 µ 10-4 m/s are
smaller in the presence of Brownian forces. Under these conditions, the greatest effect of
the Brownian forces is in moving some of the particles away from the membrane surface,
thereby reducing the probability of those particles entering the pore. Further increases in
the filtration flux result in 100 % particle transmission since the drag force towards the
membrane is able to overcome both the electrostatic repulsion and the Brownian forces.
Note that the actual particle transmission would remain less than 100 % since there is a
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very small probability (less than 1%) that the particle would be kept away from the pore
by the Brownian forces, but this effect could not be resolved in our system since the
probabilities were evaluated from only 100 repeating simulations.

5.4 Conclusions

The theoretical approach developed for particle trajectories in normal flow
filtration was extended to the analysis of cross-flow filtration, including the effects of
electrostatic, inertial lift, van der Waals, and Brownian forces. At small values of the
filtration velocity, the particles attain an equilibrium trajectory, with a small oscillation in
the height above the membrane as the particles move over the regions occupied by the
pores and the solid polymer. This is analogous to the equilibrium position observed in
normal flow filtration, which is defined as the location where there is no net force on the
particle. Increasing the filtration velocity allows the particles to move closer to the
membrane surface, with the particles eventually passing through the pores when the
filtration velocity exceeds the critical flux for the particular set of operating conditions.
The trajectories for larger particles are located further away from the membrane due to
the greater extent of electrostatic repulsion, leading to a region right near the membrane
surface that would become concentrated in the smaller particles. This prediction is in
good agreement with experimental observations conducted by Belfort’s group at
Rensselaer Polytechnic Institute for spherical particles moving near a planar membrane
(Otis et al., 1986).
The critical flux is shown to increase with increasing surface potential and
decreasing ionic strength due to the increase in electrostatic repulsion. The critical flux is
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also a function of the cross-flow velocity (or nominal wall shear rate), with the greater
axial velocity carrying the particle out of the space above the pore before it has an
opportunity to pass over the energy barrier and enter the pore. This effect first becomes
noticeable around a nominal shear rate of γw = 1000 s-1 for a 5 nm particle with a surface
potential of ψm = ψp = -12.85 mV and an ionic strength of 0.1 M, with the critical flux for
normal flow and cross-flow filtration being nearly identical below this shear rate. This
increase in critical flux with increasing shear rate is in good agreement with experimental
observations in the ultrafiltration of whey proteins (Rautenbach and Albrecht, 1989) and
in cross-flow microfiltration of microbial suspension (Hwang et al., 2001).
The critical flux also increases with increasing particle radius since larger
particles have a greater electrostatic repulsion from the membrane surface for simulations
at constant particle surface potential. Thus it should be possible to operate a cross-flow
device where all particles above a critical size are excluded from the pores while smaller
particles are able to reach the membrane and pass into the filtrate. Similar results were
shown in a series of experimental studies by Youravong et el. (2002). The critical flux
for a sodium caseinate solution with large particle size was greater than that for a whey
protein solution with smaller size species. Data obtained with a mixture of these two
solutions at a filtrate flux between the critical flux values for the two individual systems
yielded a permeate solution that was enriched in the smaller whey proteins, consistent
with our model calculations.
All of the simulations in this chapter were conducted with a model membrane
system containing a series of 11 pores. The fluid streamlines and particle trajectories in
this multiple pore system converged to “steady values” after the first several pores, with
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the behavior of al subsequent pores being identical. This allows one to predict the
behavior of a real membrane system from simulation results obtained over only a small
number of pores. The results for the first few pores gave higher values of the particle
transmission since the particle concentration at the device inlet was assumed to be
uniform, independent of the height above the membrane. Instead, a particle-free region
develops near the membrane surface for the subsequent pores due to the effects of
electrostatic repulsion on the particle trajectories. This behavior is similar to “fluid
skimming” first discussed by Yan et al. (1991) in which a particle is unable to enable to
enter the pore because it is excluded from the near surface region (y § a) due to the
spatial restriction exerted by particle size.
Brownian motion provides a random character to the particle trajectories in crossflow filtration, similar to the behavior seen in normal flow filtration. The probability of
particle transmission increases with increasing filtrate flux and ionic strength, and
decreases with increasing particle size, cross-flow velocity (or wall shear rate) and
electrostatic potential. Brownian forces allow some particles to enter the pore even when
filtration flux is lower than the critical flux evaluated in the absence of any Brownian
forces since the Brownian motion can assist the particles in overcoming the electrostatic
repulsion. However, Brownian forces actually reduce the rate of particle transmission at
high filtration flux (relative to that obtained in the absence of Brownian motion) since the
Brownian forces move some of the particles away from the membrane surface that would
normally pass through the membrane.
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Chapter 6

PARTICLE TRAJECTORIES IN THE PRESENCE OF TRANSMEMBRANE
PRESSURE PULSING

6.1 Introduction
The increased development of new pharmaceutical products from the
biotechnology industry, coupled with the growing pressures on healthcare costs, has
generated a critical need for improved separations technology for downstream
purification. In particular, there is a need for new separation techniques that can reduce
processing time and costs while providing the high throughput needed to process the
large batch size of next generation products.
Membrane separations are currently used in bioprocessing for the production of
water for injection (Okazaki et al., 1991; Ikeda et al., 1994), sterile filtration (Wang,
1994; Maa and Hsu, 1996), initial recovery of extracellular products, and protein
concentration and buffer exchange (van Eijndhoven et al., 1995; Chan and Chen, 2001).
Recent studies have demonstrated that it is also possible to design membrane systems for
actual protein separations using a process known as High Performance Tangential Flow
Filtration or HPTFF (van Reis et al., 1997; Burns and Zydney, 1999).
One of the challenges in developing these membrane processes is obtaining high
filtrate flux and selectivity, particularly with highly fouling process streams. Several
approaches have been employed to increase filtration flux, with most studies focused on
improving bulk mass transfer rates by using high cross-flow velocities (Culkin and
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Armando, 1992) or by generating secondary flows involving Dean (Deen, 1928) or
Taylor (Taylor, 1923) vortices. An alternative approach is to use transmembrane
pressure pulsing (TPP), the rapid cyclical reversal of the transmembrane pressure to clear
the membrane of deposited material and thus reduce the extent of membrane fouling
before the fouling layer becomes irreversibly attached to the membrane surface (Rodgers
and Sparks, 1991; Rodgers and Miller, 1993; Rodgers and Sparks, 1993).
This chapter examines the effects of transmembrane pressure pulsing on particle
trajectories in membrane systems, with the goal of providing fundamental insights into
the behavior of these systems and their application to high performance membrane
processes.

6.2 Background - Transmembrane Pressure Pulsing (TPP)

Figure 6.1 Schematic of rapid transmembrane pressure pulsing and associated flux.
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Backpulsing, the periodic application of a reverse (negative) transmembrane
pressure, has been used for many years to restore the properties of fouled membranes
(Rodgers and Sparks, 1991; Rodgers and Sparks, 1992; Miller et al., 1993; Wilharm and
Rodgers, 1996). In most systems, a short reverse pressure pulse is applied from once
every few hours to as much as once every 30 minutes to remove deposited material from
the membrane surface.
In contrast to backpulsing, transmembrane pressure pulsing uses very rapid
pressure cycles, with a period on the order of seconds or less, to avoid the formation of an
irreversible deposit on the membrane. A short period of forward filtration of duration tf is
followed by an even shorter period of TPP, or reverse filtration, of duration td (Rodgers
and Sparks, 1991; Rodgers and Sparks, 1992; Rodgers and Sparks, 1993), as shown
schematically in Fig. 6.1. TPP was originally developed by Rogers and Sparks (1991),
with experimental results showing an improvement in permeate flux by up to 174 %
during ultrafiltration (Rodgers and Sparks, 1992) and 85 % in microfiltration (Redkar and
Davis, 1995).
TPP has also been used commercially by several pharmaceutical companies in the
development of improved filtration systems. For example, DepoTech and Merck utilized
rapid backpulsing to improve the permeate flux and reduce the extent of polarization and
fouling in the diafiltration of multivesicular spherical particles (average size of 10 – 20
µm) using 0.2 µm polysulfone hollow fiber modules ( Meissner et al., 1997; Meissner et
al., 1997).
Redkar et al. (1996) have shown that TPP can be very effective in improving the
performance of microfiltration processes for the clarification of cell suspensions. In this
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case, the TPP effectively removed the cell cake that formed on the membrane surface.
They demonstrated that the optimal conditions for TPP are determined by the properties
of the cell layer and the magnitude of the backflow required to lift the cell cake off from
the membrane so that it can be swept away from the surface by the cross-flow.
Kuberkar et al. (1998) have shown that net fluxes under optimum TPP conditions
(0.1-1.0 s) for washed bacteria (Escherichia coli) are 10-fold higher than those obtained
during normal cross-flow microfiltration operation. They also provided an economic
analysis demonstrating that cross-flow microfiltration with TPP had lower costs than
centrifugation, rotary vacuum filtration, and cross-flow microfiltration without TPP.
Ramirez and Davis (1998) investigated cross-flow microfiltration with rapid TPP
for the removal of suspended solids and dispersed oil from an aqueous stream.
Laboratory experiments performed on clay suspensions demonstrated that rapid TPP can
maintain the permeate flux at a level which is more than 10-fold greater than the longterm flux in the absence of TPP, without any reduction in permeate quality. Experiments
with dilute oil-in-water dispersions showed that rapid TPP can increase the permeate flux
by up to 25 times; however, the enhanced performance in this case couldn’t be
maintained over the life of the membrane process. An economic analysis showed that
cross-flow microfiltration without TPP was not economically feasible when compared to
conventional treatment methods, but that operation with TPP would result in lower costs
for production of treated water for facilities with capacities up to 6000 m3/d.
Jones et al. (1999) examined the effect of TPP on the microfiltration of simulated
drinking water (hydrated aluminum silicate solution). Solutions of kaolin clay (0.1–
4.0 µm particles, at an approximate concentration of 500 mg/l and a turbidity of
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402±17 NTU, 0.5 mM CaCl, 2.0 mM NaHCO3, pH 7.5–7.8) were microfiltered through
polyethersulfone (PES) 0.16 µm pore size microfiltration membranes at a transmembrane
pressure of 30 kPa. Cross-flow shear rates were varied between 165 and 1490 s−1. TPP
frequency was varied between 0.3 × 10−2 and 2 Hz, and the TPP amplitude was varied
between −3 and −16.5 kPa. Optimum TPP amplitude of about 10 kPa provided the
maximum permeate flux. TPP frequencies less than 0.1 Hz were needed to reduce the
particle flux through the membrane. These results indicated that TPP could significantly
reduce membrane fouling by inorganic particles that are potentially important
constituents of natural waters without negatively impacting the rejection of sub-micron
particles.
Meacle et al. (1999) investigated the effects of TPP on an ultrafiltration process
designed to remove unreacted polysaccharide from a protein–polysaccharide conjugate.
The TPP duration, frequency, and pressure were optimized to minimize cycle time and
buffer usage and to maximize process capacity, while still achieving the required 50-fold
purification and greater than 90% step yield. It was determined that optimal performance
required frequent TPP (approximately 1 min-1) and short durations (less than 1 s). These
TPP conditions essentially eliminated the deterioration in membrane performance seen
without TPP, while providing acceptable polysaccharide transmission throughout the
diafiltration process. Depending on the polysaccharide stereotype, a 3.5–10-fold
reduction in buffer usage and a 3–8-fold reduction in cycle time were achieved.
Levesley and Hoare (1999) utilized periodic TPP to improve the performance of a
ceramic tubular membrane for the recovery of a soluble enzyme, yeast alcohol
dehydrogenase (ADH), from a suspension of homogenized bakers' yeast. Suspensions
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with concentrations of up to 280 g/l packed cell weight were used. Short (0.1 s) TPP
were applied at high frequency (1 Hz), increasing solute transmission up to 5.4 times with
a slight reduction in the permeate flux. The increase in ADH transmission was greater
than that for the protein impurities, providing some additional product purification.
Sondi et al. (2000) conducted cross-flow filtration experiments with a Cr(OH)3
suspension, which was used as a synthetic electroplating wastewater. Data were obtained
in the turbulent flow regime using a pilot plant filter equipped with a TPP device and
porous alumina ceramic membranes of various pore sizes (0.2–5.0 µm). TPP reduced the
extent of membrane fouling resulting in up to a five-fold increase in the steady state
permeate flux.

6.3 TPP and HPTFF
Although membrane systems are often viewed as purely size-based separations, a
number of experimental and theoretical studies have shown that electrostatic interactions
can have a dramatic effect on protein partitioning and selectivity (Pujar and Zydney,
1994; Saksena and Zydney, 1994; Ghosh and Cui, 1998). For example, Pujar and
Zydney (1994) demonstrated that reducing the salt concentration from 150 to 1.5 mM
caused more than a two order-of-magnitude reduction in the transmission of bovine
serum albumin (BSA) through ultrafiltration membranes due to the change in
electrostatic shielding. Saksena and Zydney (1994) showed that the selectivity for the
separation of BSA (69,000 Da) from immunoglobulin G (IgG, 155,000 Da) could be
increased from a factor of 2 at physiologic conditions to more than 30 at pH 4.8 and low
salt concentration. This dramatic enhancement in selectivity was a direct result of the
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strong electrostatic exclusion of the charged IgG from the membrane pores, with the
relatively uncharged BSA able to pass through the membrane with minimal hindrance. It
was even possible to obtain almost complete separation of albumin and hemoglobin, two
proteins with nearly identical molecular weight, by proper control of solution
environment (van Eijndhoven et al., 1995). These results have opened up exciting new
opportunities for using membrane systems in the downstream processing of biological
macromolecules.
Although electrostatic interactions can clearly enhance membrane selectivity, the
filtrate flux in some of these systems has been too low for large-scale commercial
processes. The use of low flux in these systems was needed to reduce the effects of
concentration polarization, the accumulation of retained protein at the membrane surface
during filtration. For example, van Eijndhoven et al. (1995) observed a 10-fold reduction
in the selectivity for the separation of bovine serum albumin and hemoglobin when the
filtrate flux was increased from 1 to 12 µm/s, with this behavior completely consistent
with the high degree of concentration polarization of the more strongly retained albumin
molecules at high filtrate flux.
Rodgers et al. (1991) performed some preliminary studies examining the
possibility of using transmembrane pressure pulsing to achieve high filtrate flux in the
separation of BSA and IgG at physiological solution conditions. The data appeared to
indicate that TPP did not significantly alter the selectivity, although the maximum
selectivity obtained in these experiments was 7.2, which is well below the selectivity
needed for commercial protein separations.
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There are several potential challenges in applying TPP in high performance
tangential flow filtration systems for protein purification. First, TPP imposes an inherent
transient on the system performance, which could reduce the benefits of electrostatic
interactions and thereby reduce the selectivity of the membrane process. Second, TPP
generates a reverse flow from the filtrate back into the retentate, thereby carrying the
purified product out of the product stream. The effects of this type of reverse flow on the
overall product yield and purification factor are currently not known.
The objective of the theoretical calculations performed in this Chapter was to
provide fundamental insights into the possible effects of transmembrane pressure pulsing
on the performance of membrane systems. This included simulations of particle
trajectories in normal flow filtration, focusing on the effects of TPP on the critical flux
and particle transmission in the presence of electrostatic interactions. Calculations were
also performed to examine the effects of TPP on protein retention in high performance
tangential flow filtration with the goal of providing a more fundamental understanding of
the potential of using TPP to perform high resolution protein separations at high filtration
flux.

6.4 Methodology
The effects of transmembrane pressure pulsing on particle motion were
examined using the basic theoretical framework presented in Chapter 3, but with the
boundary condition at the exit from the membrane pore modified to account for the timedependent back-pressure imposed on the system by the high frequency TPP.
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Calculations were performed for normal filtration using the single pore system
presented in Chapter 4 and for cross-flow filtration using a flat membrane with 11 distinct
pores based on the results presented in Chapter 5. Conservation of momentum in an
inertial (non-accelerating) reference frame is described by

∂
( ρu) + ρ (u ⋅ ∇u) = -∇p + µ∇ 2 u
∂t

(6.1)

Eq. (6.1) was discretized in both space and time to capture the inherent transients in the
pulsed system. The spatial discetization was identical to that used previously for the
steady-state problem, with the full solution obtained by numerically stepping through
time using a time step ∆t.
Particle trajectories were the evaluated by numerical integration of the Langevin
equation as described in Chapter 3. Calculations were performed including the effects of
electrostatic, hydrodynamic, and van der Waals forces. The inertial lift force was not
included, both because it is likely to be very small for the small particles examined in the
simulations performed in this Chapter and because of the lack of any quantitative
expressions for the inertial lift force in the presence of TPP. All previous expressions for
inertial lift forces were developed assuming steady flow near a solid boundary. The
presence of TPP is likely to sufficiently alter the velocity profiles in the vicinity of the
membrane that none of these previous analyses provide appropriate expressions for the
lift force for inclusion in these simulations.
The particle trajectories are evaluated within a very thin layer near the membrane
surface to focus on the effects of transmembrane pressure pulsing on particle
transmission. Simulations are performed both in the presence and absence of
transmembrane pressure pulsing over a range of pulsing conditions.

132

6.5 Effects of TPP in Normal Flow Filtration
6.5.1 Pressure and Velocity Profiles
Simulations for the velocity and pressure profiles in the presence of
transmembrane pressure pulsing were performed by increasing the pressure at the exit of
the membrane using a step function to initiate the TPP. Calculations were performed
using a time step of 10-11 s immediately after the pressure change, with the magnitude of
the time step gradually increased to 10-6 s by the end of TPP. Initial simulations were
performed using a membrane having a single slit-shaped pore with half-width of 12.5 nm.
The flow in the forward part of the cycle was evaluated with a positive transmembrane
pressure difference of 105 N/m2 obtained using an inlet (feed) pressure of 2.01 × 105
N/m2 and an outlet (permeate) pressure of 1.01 × 105 N/m2. The exit pressure was
increased to 3.01 × 105 N/m2 to initiate the back-pulse, resulting in a negative
transmembrane pressure drop of –105 N/m2 that was maintained throughout the 0.1 s
period of back-filtration. These conditions are typical of the experimental and theoretical
studies performed by Meacle et al. (1999).
Figure 6.2 presents a series of contour plots showing the time evolution of the
hydrostatic pressure and fluid velocity during TPP. Figure 6.2a shows the flow
streamlines and the pressure profiles in the system immediately before the initiation of
the back-pulse. The streamlines follow the contours of the cylindrical pore edge, with the
velocity having a maximum value of 7.88 × 10-3 m/s at the pore axis. The pressure is
nearly uniform in the solution above the pore, with the pressure decreasing as one moves
into and through the pore.

133

Figure 6.2b presents the streamlines and pressure profile at a time of 1 × 10-11 s
after initiation of TPP. This is one time step after changing the pressure where the
profiles at that time have converged to within the error range of 10-3. The pressure at the
exit of pore is 3.01 × 105 N/m2, corresponding to the magnitude of the back-pulse used in
this simulation. The TPP has only propagated a very small distance up the pore after this
very short time, with the pressure throughout the rest of the system being unaffected by
TPP. The TPP only affects the velocity right near the pore exit, with the maximum value
of the velocity at the pore axis decreasing to 7.55 × 10-3 m/s at the exit.
Figure 6.2c shows the streamlines and pressure profiles at a time of 2 × 10-11 s
after initiation of the TPP. The TPP pressure has now propagated up and through the
entire system, with the velocity at the pore axis decreasing to 6.91 × 10-3 m/s.
Figure 6.2d shows the pressure profile and streamlines at a time of 6 × 10-11 s
after the initiation of TPP. The fluid velocity at the pore exit displays a reversal in the
flow direction, with the fluid near the pore axis moving in the upward direction. The net
result is a very complex flow pattern within the pore. The pressure and velocity profiles
within the pore attain nearly constant values approximately 20 × 10-11 s after the initiation
of the TPP, with these “steady-state” profiles shown in Figures 6.2e (at 20 × 10-11 s after
the back-pulse) and Figure 6.2f (at 0.1 s after the back-pulse). The fluid flow is now fully
developed in the positive y-direction, with a maximum velocity of 7.95 × 10-3 m/s at the
pore axis. These simulations confirm that the pressure and velocity profiles attain their
“steady-state” values in a very short time period relative to the time of TPP, with the
same general behavior seen when TPP is removed. Thus, it is not necessary to include
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the transients in the fluid velocity and pressure in the evaluation of the particle
trajectories during transmembrane pressure pulsing.

Figure 6.2a Fluid streamlines (left panel) and pressure profiles (right panel) immediately
before TPP.

Figure 6.2b Fluid streamlines (left panel) and pressure profiles (right panel) at 1 × 10-11
s after initiation of TPP.
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Figure 6.2c Fluid streamlines (left panel) and pressure profiles (right panel) at 2 × 10-11
s after initiation of TPP.

Figure 6.2d Fluid streamlines (left panel) and pressure profiles (right panel) at 6 × 10-11
s after initiation of TPP.

Figure 6.2e Fluid streamlines (left panel) and pressure profiles (right panel) at 20 × 10-11
s after initiation of TPP.
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Figure 6.2f Fluid streamlines (left panel) and pressure profiles (right panel) at the end of
the back-pulse cycle (0.1 s after initiation of TPP).

6.5.2 Particle Trajectories in Normal Flow Filtration
The particle trajectories in normal flow filtration were evaluated by integration of
the Langevin equation following the approach described in Chapters 3 and 4.
Simulations were performed for negatively-charged particles (a = 10 nm, ψp = -12.85
mV) approaching a negatively-charged membrane (ψm = -12.85 mV) in the presence of a
van der Waals attractive force (A = 10-21 J). Figure 6.3 presents the particle trajectories
where Pfeed = 2.01 × 105 N/m2 and PB = 1.01 x 105 N/m2 during normal filtration and 3.01
×105 N/m2 during the back-pulse. Particle locations are non-dimensionalized using x =
x/a and y = y/a. In each case, the particle is initially released at x = -7 and y = 10.
Dashed curve 1 represents the trajectory of a particle entering the pore in the absence of
TPP. The particle moves towards and then through the membrane pore since the
filtration flux for these simulations (V = 5.95 µ 10-2 m/s) is slightly greater than the
critical flux (Vc = 5.89 µ 10-2 m/s) under these conditions.
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Figure 6.3 Particle trajectories at various TPP pressures with Pfeed = 2.01 × 105 N/m2, a
= 10 nm, Hamaker constant (A = 10-21 J), κa = 1, ψm = ψp = -12.85 mV, td
= 7 µ 10-6 s and tf = 12 µ 10-6 s where 1: no TPP, 2: PB = 3.01 × 105 N/m2.
Arrow represents the location for the initiation of TPP.

The back-pulse was initiated at the membrane exit at a time of tf = 12 µ 10-6 s
after the initial release of the back-pulse. The simulations were performed using a very
short backpulsing time of td = 7 µ 10-6 s. During the forward filtration, the particle moves
towards the membrane pore and reaches the position x = -3.4 and y = 3.3. At this point,
the back-pulse was applied causing the particle to move up and to the left. The backpulse is removed after 7 µ 10-6 s, with the particle trajectory rapidly reversing so that the
particle moves back towards the membrane and the pore axis. Under the conditions of
these simulations, the particle enters the pore during the 3rd forward filtration cycle since
the initial location at the start of this cycle is sufficiently close to the membrane that the
particle is able to overcome the electrostatic energy barrier and enter the pore before the
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initiation of the next backpulse. Thus, the presence of backpulsing keeps the particle
from entering the pore for an extended period of time, although the particle ultimately
passes through the membrane. Similar results were obtained for other back-pulsing
conditions, although the particles rapidly left the simulation box for calculations
performed with more realistic time intervals of the forward and back-pulsing cycles.
Figure 6.4 presents the particle trajectories with tf = 5 µ 10-6 s and td = 5 µ 10-6 s
for the same forward and back-pressure studied in Figure 6.3. In this case, the particle
approaches the pore axis following a "saw-tooth" pattern of up-and-down trajectories,
eventually has achieving a “stationary condition” in which the particle simply moves up
and down along the pore centerline. This behavior arises because the magnitude of the
forward and back-pulsing pressures and times are identical for these simulations. It is
worth noting that the particle remains above the pore under these conditions even though
the filtrate flux during the forward cycle is above the critical flux for this particle –
membrane. The rapid back-pulsing for these simulations provides insufficient time for
the particle to move over the energy barrier and enter the pore. However, the net flux in
Figure 6.4 is actually zero since the fluid flow through the membrane in the forward cycle
exactly balances the reverse flux in the back cycle. Simulations performed with more
realistic pulsing conditions, or with longer pulsing times, showed no significant change in
the critical flux in the presence / absence of the transmembrane pressure pulsing.
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Figure 6.4 Particle trajectory with Pfeed = 2.01 µ 105 N/m2, Pforward = 1.01 µ 105 N/m2,
Pback = 3.01 µ 105 N/m2, a = 10 nm, Hamaker constant (A = 10-21 J), κa =
1 and ψm = ψp = -12.85 mV where td = 5 µ 10-6 s and tf = 5 µ 10-6 s.

Figure 6.5 investigates the pairs of tf and td for the critical flux at ∆Pback = ∆Pforward.
Here, the critical flux is the filtration flux during forwarding filtration. In the absence of
backpulsing (or td = 0), the critical flux is 5.89 µ 10-2 m/s. With tf = 10 µ 10-6 s, the
critical flux approaches the value in the absence of back-pulsing when td ¥ 9 µs. This
arises from the fact that particle pushed back by backpulsing couldn’t reach the location
for particle transmission at the 2nd forward filtration. Similar results are shown at td ¥ 10
µs with tf = 8 µ 10-6 s, td ¥ 7 µs with tf = 8 µ 10-6 s, td ¥ 5 µs with tf = 6 µ 10-6 s, td ¥ 3 µs
with tf = 4 µ 10-6 s and td ¥ 2 µs with tf = 3 µ 10-6 s.
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Figure 6.5 The pairs of tf and td for the critical flux at ∆Pback = ∆Pforward with a = 10 nm,
Hamaker constant (A = 10-21 J), κa = 1, ψm = ψp = -12.85 mV and ∆Pback =
∆Pforward.
This result is extended into the different ratio of ∆Pback/∆Pforward to explore the
effect of the pulse magnitude and shown in Figure 6.6. As an increase in the ratio of
∆Pback = ∆Pforward, particle moves back further into feed zone. Thus, the duration time
should be decreased for particle transmission under the given forward filtration time.
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Figure 6.6 The pairs of tf and td for the critical flux at where ∆Pback = 1.2 ∆Pforward (top
panel) and ∆Pback = 1.4 ∆Pforward (top panel) with a = 10 nm, Hamaker
constant (A = 10-21 J), κa = 1, ψm = ψp = -12.85 mV.
6.6 Effects of TPP in Cross-flow filtration
6.6.1 Pressure and Velocity Profiles
Model simulations for the pressure profiles and fluid streamlines during crossflow filtration were performed with γw = 1000 s-1 and an inlet feed pressure of 1.025 ×105
N/m2. The inlet transmembrane pressure difference during forward filtration was ∆PTM =
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1500 N/m2; the filtrate pressure was increased to 1.03 ×105 N/m2 for the TPP cycle,
producing a back-pressure of 500 N/m2.
Figure 6.7a shows the steady-state velocity and pressure profiles right before the
application of TPP. The fluid moving nearest to the membrane surface enters the pores,
with 1.3 % of the feed stream transported into the filtrate over the 11-pore system under
the conditions of these simulations. The pressure is nearly uniform throughout the
retentate region, with the pressure decreasing as one moves into and through the pores.
Figure 6.7b presents the streamlines and pressure profiles after the first time step
of 1.0 × 10-11 s immediately following the start of TPP. The pressure in the bottom of
each pore is now greater than that in the feed, although the pressure wave has only
propagated a small distance into the system. Figure 6.7c shows the streamlines and
pressure profiles at a time of 11.0 × 10-11 s after the start of TPP. The fluid flow is now
from the permeate into the retentate, with the pressure change penetrating through the
entire pore. The magnitude of the reverse flow increases at larger times and approaches a
“steady-state” after about 36 × 10-11 s as shown in Figure 6.7e. These results are similar
to those seen in normal flow filtration, with the pressure and velocity profiles attaining
their “steady-state” values in an extremely short time period relative to the time of the
back-pulse cycle during transmembrane pressure pulsing.
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Figure 6.7a Fluid streamlines (left panel) and pressure profiles (right panel) immediately
before TPP.

Figure 6.7b Fluid streamlines (left panel) and pressure profiles (right panel) at 1 × 10-11
s after initiation of TPP.

Figure 6.7c Fluid streamlines (left panel) and pressure profiles (right panel) at 11 × 10-11
s after initiation of TPP.
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Figure 6.7d Fluid streamlines (left panel) and pressure profiles (right panel) at 36 × 10-11
s after initiation of TPP.

Figure 6.7e Fluid streamlines (left panel) and pressure profiles (right panel) at the end of
TPP.
6.6.2 Particle Trajectories in Cross-Flow Filtration
The particle trajectories were examined for a negatively-charged particle (a = 1
nm, ψp = -12.85 mV) and membrane, ψm = -12.85 mV using a Hamaker constant of A =
10-21 J and a Debye length of 9.74 Å. The particle size was fixed as a = 1 nm consistent
with most of the simulations in Chapter 5. Typical particle trajectories are shown in
Figure 6.8 for two particular conditions where Pfeed = 1.025µ105 N/m2, Pf (filtrate) =
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1.01µ105 N/m2 during the forward part of the cycle, and PB = 1.03 µ105 N/m2 during the
back-pulse. These conditions correspond to ∆Pback = 0.005 µ 105 N/m2 and ∆Pforward =
0.015 µ 105 N/m2. In the absence of TPP (curve 1), the particle starting from x = x/Lf = 0
and y = y/H = 22.2 µ 10-5 moves towards the membrane surface and enters the pore at
x/Lf = -0.16 where Lf and H are the length of the 11-pore membrane element (1350 nm)
and the channel spacing (450 µm), respectively. Note that the filtration flux for these
simulations (V = 2.19µ10-4 m/s) is greater than the calculated value of the critical flux
(Vc = 2.58 µ10-4 m/s) determined in the absence of pulsing.
For curve 2, the back-pressure pulse was applied at the pore exits at tf = 1.5 µ 10-3
s, causing the particle to move up and to the right as it travels down the membrane
channel. After a short duration of backpulsing (td = 0.7 µ 10-3 s), the back-pressure was
removed with the particle trajectory rapidly moving down and through the pore. Curve 3
represents the particle trajectory with a different combination of forward (tf = 0.5 µ 10-3
s) and back-pusling times (td = 0.3 µ 10-3 s). The reduction in the length of the forward
filtration time causes the particle to stay relatively far away from the membrane surface,
with the particle trajectory following a "saw-tooth" pattern moving closer to the
membrane during the forward filtration and then away from the membrane during
backpulsing. A stationary state is achieved since the product of the forward filtration
time and the forward filtration flux is exactly equal to the corresponding product during
the back-pulsing cycle.
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Figure 6.8 The particle trajectories where γw = 1000 s-1, Pfeed = 1.025µ105 N/m2, Pf =
1.01µ105 N/m2, PB = 1.03 µ105 N/m2 k-1 = 9.74 Å, Hamaker constant (A =
10-21 J) and ψm = ψp = -12.85 mV.
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6.6 Conclusions
In this Chapter, we extended the theoretical approach developed in Chapters 3, 4,
and 5 to examine the effects of transmembrane pressure pulsing in both normal flow
filtration and cross-flow filtration. Simulations were performed by altering the boundary
condition at the exit of membrane pores to provide a time-dependent filtrate pressure
using a step change in the pressure to simulate the back-pulsing.
The onset of the back-pulsing caused a significant change in the velocity and
pressure profiles with new “steady-state” values obtained in a very short time period
relative to the time of the forward and back-pulsing cycles. Back-pulsing during normal
flow filtration caused the particles to move up and away from the membrane surface,
significantly delaying the time at which the particle was able to finally enter the pore.
However, the particles still entered the pores in a very short period of time (on the order
of microseconds), demonstrating that existing back-pulsing systems are unlikely to have
any significant effect on the behavior of normal flow filtration systems with nanometer
size particles.
Similar results were obtained for simulations of cross-flow filtration. In this case,
the back-pulse causes the particles to move up and away from the membrane where they
are then swept downstream by the axial cross-flow. The time (or distance) required for
the particles to enter the pore is again significantly greater in the presence of backpulsing, although the total distance is still only a very small fraction of the length of the
membrane. The critical flux approaches the value in the absence of back-pulsing when
particle pushed back by backpulsing couldn’t reach the location for particle transmission
at the forward filtration.
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The results presented in this chapter show that very high frequency backpulsing
can potentially increase the critical flux, although the conditions required to obtain any
significant benefit are impractical for actual membrane operation due to the very short
pulse times (on the order of microseconds to milliseconds). The possible benefits of
backpulsing at re-suspending a particle cake / deposit were not examined in this study,
and this may prove to be a much more significant phenomenon in actual experimental
systems employing transmembrane pressure pulsing.
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Chapter 7
EFFECTS OF PARTICLE-PARTICLE INTERACTIONS DURING NORMAL
FLOW FILTRATION
7.1 Introduction
The particle trajectory calculations presented in Chapter 4 provide important
insights into particle motion during membrane filtration. However, these calculations
were performed assuming that there are absolutely no particle-particle interactions. This
assumption is clearly inappropriate for concentrated suspensions, but even with dilute
suspensions the results in Chapter 4 indicate that particles will tend to accumulate around
the equilibrium point, with significant particle-particle interactions occurring in this
region.
A number of studies have been performed to evaluate the effects of interparticle
interactions during suspension flow in well-defined systems. For example, Davis (1984),
Melik and Fogler (1984), and Han and Lawler (1991) evaluated the effects of
interparticle hydrodynamic interactions and van der Waals attraction on collision
efficiencies between two rigid spherical particles. Other investigators, e.g.,Wacholder
and Sather (1974), examined the effects of interparticle – hydrodynamic interactions on
the trajectories of two sedimenting rigid spheres.
The only published study of the effects of particle-particle interactions on particle
trajectories during membrane filtration were performed by Frey and Schmitz (2000).
They observed that one of the particles had “priority” in its motion, moving rapidly
towards the membrane in a manner that was relatively unaffected by the presence of the
other particle. However, these calculations only accounted for the effects of interparticle
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hydrodynamic interactions, without any consideration of long-range interparticle
electrostatic forces.
In addition to this one theoretical study, there is also some direct experimental
evidence for the importance of particle – particle interactions in membrane systems. For
example, Huisman et al. (1999) demonstrated that the critical flux, defined as the
filtration velocity at which the measured filtrate flux first begins to deviate from the pure
buffer flux at the same transmembrane pressure difference, decreased significantly with
increasing concentration of silica particles. Similar results were reported by Choksuchart
et al. (2002) for the ultrafiltration of clay particles, with the critical flux defined as the
filtration velocity at which the transmembrane pressure difference becomes unstable
during constant flux operation. In both cases, the reduction in critical flux was attributed
to an increase in particle deposition on the membrane due to some type of particle –
particle interaction. No detailed explanation of this phenomenon was provided.
The objective of the studies described in this Chapter was to extend the theoretical
framework developed in Chapter 3 to evaluate the effects of particle – particle
interactions on particle motion in normal flow filtration, including both hydrodynamic
and electrostatic interactions between the particles. Emphasis is placed on determining
the conditions required for the particles to enter the pore, both in the presence and
absence of Brownian forces.

7.2 Theoretical Development
In order to highlight the effects of particle – particle interactions, particle
trajectories were evaluated for normal flow filtration through a single slit-shaped pore
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with rounded (cylindrical) edges as discussed previously in Chapters 3 and 4. Particle
trajectories were calculated by numerical integration of the Langevin equation:
mp

dupi
= −6πµa[K p upi − K f ufi ]+ FE + FB + FP
dt

(7.1)

where upi is the velocity vector for particle i, ufi is the unperturbed velocity of the fluid at
the location of the center of particle i (evaluated in the absence of the particle), a is the
particle radius, and mp is the particle mass. The acceleration term was typically very
small compared to the forces on the right-hand side of Eq. (7.1) but was included in the
analysis for completeness. The net force on the particle is given by the vector sum of the
drag force (the first term on the right hand-side), the electrostatic force between the
particle and the membrane (FE), the random Brownian force (FB), and the force
associated with the interparticle interactions (Fp). Each of these forces was evaluated
independently of the other forces. Thus, the drag term was evaluated for an isolated
particle located in the detailed flow field but in the absence of any other particles.
Similarly, the electrostatic force between the particle and the membrane was assumed to
be unaffected by the presence of other particles.
The evaluation of the net force by summing the expressions for the individual
forces neglects any “multi-body” effects. Sader and Chan (1999) have examined the
effects of different confined geometries on the magnitude of the electrostatic interactions
between charged particles, and they demonstrated that there can be significant deviations
from simple pair-wise additivity, particularly when the particles are very close to the
boundary. However, these effects were fairly small for κa ≥ 1 (where κ is the inverse
Debye length), which is the regime examined in this study. Goldman et al. (1966)
discussed the effects of boundary interactions on the interparticle hydrodynamic force.
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The evaluation of the drag, electrostatic, and Brownian forces has been discussed
previously in the Chapter 3. Kp and Kf are diagonal matrices describing the additional
hydrodynamic hindrance associated with interactions between the particle and the system
boundaries, in this case the walls of the pore.
The interparticle force arises from both electrostatic and hydrodynamic
interactions. The electrostatic contribution was evaluated using the expression developed
by Sader et al. (1995).
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(7.2)
where L is the center-to-center distance between the particles and e is the electronic
charge (1.602 µ 10-19 C). Eq. (7.2) is an extension of the classical Hogg-HealyFuerensteneau result modified so that it is valid at all κ(L-2a) and for both low and high
surface potentials. Note that Eq. (7.2) differs from the form originally presented by Sader
et al. (1995) by a factor of 4π, which arises from the use of SI units for the electrical
charge (instead of the e.s.u.). Additional information on the origin of the factor 4π is
provided in the appendix A. The electrostatic force acts along the line connecting the
particle centers; the x- and y-components of this force were evaluated based on the angle
θij defining the line-of-centers between the particles (Figure 7.1).
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Figure 7.1 Geometry for evaluating particle–particle interactions in membrane system.

Jeffrey and Onishi (1984) developed expressions for the additional hydrodynamic
drag on particle i associated with the presence of a second (identical) particle j moving
along the line connecting the particle centers as:
parallel
ij

F
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5
6
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parallel
parallel  a 
parallel  a 

= −6πµa (u pi − u fi )
∑ An  L  − (u pj − u fj ) ∑ Bn  L   (7.3)


n=1
n=1

with the corresponding expression for a particle moving in the direction perpendicular to
the line-of-centers given as:
2n
2 n −1
5
6

a
a 
perp
perp
Fijperp = −6πµa (u pi − u fi ) ∑ Anperp   − (u pj − u fj ) ∑ Bnperp   
 L
 L  
n =1
n =1


(7.4)

where u piparallel , u pjparallel and u piperp , u pjperp are the velocity components for particles i and j in
the directions parallel to and perpendicular to the line-of-centers, respectively. The
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coefficients An and Bn were evaluated by Jeffrey and Onishi using twin multipole
expansions, with the numerical values given in Table 7.1. The velocity components in
Eqs. (7.3) and (7.4) were calculated based on the geometry shown in Figure 7.1 as:
u piparallel = ui , x cos θ ij + ui , y sin θ ij

(7.5)

u piperp = −ui , x sin θ ij + ui , y cos θ ij

(7.6)

where ui,x and ui,y are the x- and y-components of the particle velocity, and θij is the angle
from the horizontal connecting the line-of-centers of particles i and j:
y −y 
i
j

 xi − x j 

θij = tan−1

(7.7)

Table 7.1 Coefficients An and Bn used to evaluate interparticle force
n
1
2
3
4
5
6

Anparallel
2.25
5.81
18.70
77.43
312.67

Bnparallel
1.50
2.38
12.09
41.65
148.66
575.42

Anperp
0.56
1.82
3.60
8.70
32.12

Bnperp
0.75
0.92
2.21
5.47
16.98
63.63

The fluid velocities in Eqs. (7.3) and (7.4) were evaluated in an analogous
fashion. The x- and y-components of the interparticle drag force were then determined
by vector decomposition of Fijparallel and Fijperp as follows:
Fx ,i = Fijparallel cosθ ij − Fijperp sin θ ij

(7.8)

Fy ,i = Fijparallel sin θ ij + Fijperp cosθ ij

(7.9)

with corresponding expressions for particle j.
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The fluid velocity in the single pore system, in the absence of any particles, was
evaluated by solving the steady-state Navier-Stokes equation for an incompressible fluid
neglecting the inertial terms:

−∇p + µ∇ 2uf = 0

(7.10)

∇ ⋅ uf = 0

(7.11)

No-slip boundary conditions were applied at all surfaces of the membrane, with the feed
velocity and pressure assumed to be uniform far from the membrane surface. Eqs. (7.10)
and (7.11) were solved numerically using a Finite Volume Method implemented in
Fluent 6.0 (Lebanon, NH). The trajectory of each particle was then evaluated by
numerical integration of Eq. (7.1) using a trapezoidal integration scheme that was also
implemented within Fluent. The forces at each time step were calculated based on the
current locations and velocities of all of the particles in the system.
Finite element calculations were repeated on successively finer grids to ensure
numerical convergence. Most of the simulations were performed for a model system in
which the pore half-width was 12.5 nm and the pore spacing was 200 nm, corresponding
to a membrane with a surface pore density of 12.5 %. Trajectories were typically
evaluated over a period of 400 µs, requiring approximately 500 time steps.

7.3 Results and Discussions
7.3.1 Particle Trajectories
Figure 7.2 shows typical results for the trajectories of two particles with a = 10
nm and ψp = -12.9 mV approaching a charged membrane (ψm = -25.7 mV) at a filtration
velocity of Vf = 0.8 µ 10-3 m/s.
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Figure 7.2 Particle trajectories at Vf = 0.8 µ 10-3 m/s for particles with κa = 3.25 and
ψp = -25.7 mV with ψm = -12.9 mV. Solid curves are results for the twoparticle system; dashed curves are results for isolated particles.
The solution ionic strength was fixed at 0.01 M, corresponding to κa = 3.25. Particle 1 is
launched from an initial position directly above the pore (i.e., at x = 0, y = 10 where both
coordinates have been non-dimensionalized using the particle radius a) while Particle 2
begins at a location 70 nm to the left of the pore axis (x = -7, y = 10). In the absence of
any other particles (trajectories shown by the dashed curves), each particle initially
moves along the fluid streamlines, with Particle 1 moving directly along the pore axis
while Particle 2 moves down and to the right. As the particles approach the membrane,
they begin to experience electrostatic repulsion, which ultimately causes the particles to
become trapped at an equilibrium position corresponding to x = 0 and y = 1.54. At this
location, the hydrodynamic drag force associated with the filtration velocity is exactly
balanced by the electrostatic repulsion between the particle and the membrane. Both
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particles achieve exactly the same final equilibrium position, irrespective of their initial
locations. This behavior was discussed previously in Chapter 4.
The results for the two-particle system, shown by the solid curves in Figure 7.2,
are significantly different. In this case, the hydrodynamic and electrostatic interactions
between the particles cause a displacement of Particle 1 away from the pore axis in the
positive x-direction, while the motion of Particle 2 is slowed and displaced to the left by
the presence of Particle 1. The interparticle electrostatic force becomes significant when
the particles approach to within a separation distance of about 14 nm, corresponding to
κ(L-2a) ≈ 4.5. The interparticle hydrodynamic interactions have relatively little effect on
the trajectories since the interparticle hydrodynamic force only becomes significant when
the particles approach to within a dimensionless separation of about h/a ≈ 0.6,
corresponding to a distance of about 6 nm. The two particles ultimately achieve
equilibrium positions where there is no longer any net force on the particles, but in this
case the particles are located at x = +/- 1.6 and y = 1.82. The interparticle electrostatic
repulsion in the x-direction is exactly balanced by the hydrodynamic drag on the particles
towards the pore axis associated with the converging fluid flow into the pore, while the
particle – membrane repulsion is balanced by the drag force in the y-direction. The final
equilibrium height in the two-particle system is about 18% larger than that for an isolated
particle (y = 1.54) due to the reduction in the magnitude of the hydrodynamic drag
towards the membrane (i.e., in the negative y-direction) arising from the lateral
displacement of the particles away from the pore axis.
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Figure 7.3 shows the particle trajectories at a slightly higher filtration velocity, Vf
= 0.88 µ 10-3 m/s, for two particles initially located at x = +5 (Particle 1) and x = -7
(Particle 2).

Figure 7.3 Particle trajectories at Vf = 0.88 µ 10-3 m/s for κa = 3.25, ψp = -25.7 mV, and
ψm = -12.9 mV. Solid curves are results for the two-particle system; dashed
curves are results for isolated particles. Labels represent particle locations
at equivalent time points in the two-particle system.
The trajectories for the isolated particles (dashed curves) move all the way in
towards the pore axis, attaining a final equilibrium position at y = 1.36, which is slightly
closer to the membrane surface than was seen in Figure 7.2 due to the greater
hydrodynamic drag associated with the higher filtration velocity. The results for the twoparticle system (solid curves in Figure 7.3) are markedly different. The numbered circles
on the two curves show the locations of the two particles at the same time points. In this
case Particle 1 is able to overcome the electrostatic repulsion from the membrane and
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actually passes right through the membrane pore. The presence of Particle 2 generates an
additional force on Particle 1 directed towards the membrane due to the strong
electrostatic repulsion between the two particles. This extra force accelerates the motion
of Particle 1 in the negative y-direction and is sufficient to “push” Particle 1 over the
energy barrier and through the pore. The trajectory for Particle 2 is displaced slightly
towards the left (to more negative x-values) in the two-particle system, and its motion
towards the membrane is decelerated, due to the electrostatic interactions between the
two particles. Particle 2 ultimately moves all the way to the pore axis, achieving an
equilibrium location that is identical to that for an isolated particle since Particle 1 leaves
the system after time point 10. It is important to note that Particle 2 would eventually be
pushed through the pore if a third particle were to enter the system due to the additional
interparticle force.
Figure 7.4 shows the calculated values of the particle equilibrium position as a
function of the filtration velocity for three different scenarios: (1) for an isolated particle,
(2) for two particles that initially enter the system directly above the pore (i.e, at x = 0,
with Particle 1 at y = 5 and Particle 2 at y = 10), and (3) for two particles that initially
enter the system at x = +5 (Particle 1) and x = -7 (Particle 2), respectively, both at y = 10.
In each case, the particles move closer to the membrane surface as the filtration velocity
increases due to the greater hydrodynamic drag associated with the fluid flow, with
Particle 1 eventually passing over the energy barrier and through the pore at sufficiently
high values of Vf. For an isolated particle, this “critical” filtration velocity is
approximately 1.36 µ 10-3 m/s, with all particles passing through the membrane
(irrespective of their initial positions) above this velocity. This “critical” filtration
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velocity is similar to the critical flux concept discussed by Field et al. (1995); the
membrane surface remains completely particle-free for all filtration velocities below this
critical value due to the electrostatic repulsion between the particle and the membrane.

Figure 7.4 Effect of filtration velocity on the equilibrium particle location for (a) an
isolated particle, (b) two particles initially entering the system at x = -7 and
x = +5, (c) two particles that enter along the pore axis. Conditions: κa =
3.25, ψm = -12.9 mV and ψp = -25.7 mV.
The magnitude of this critical velocity is significantly reduced in the presence of a
second particle. When both particles enter along the pore axis, the interparticle forces
cause Particle 1 to move much closer to the membrane allowing that particle to pass
through the pore at a much lower filtration velocity. Thus, the critical velocity in Case 2
is only 0.38 µ 10-3 m/s, which is more than 3 times smaller than the critical velocity for
an isolated particle. The situation is more complex in Case 3, with the detailed
trajectories depending upon the initial locations (and initial starting times) of the two
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particles. For two particles beginning at the same time at x = -7 and x = +5 (both at y =
10), the particles attain equilibrium positions at low filtration velocities (Vf < 0.82 µ 10-3
m/s) that are slightly further away from the membrane, but displaced symmetrically away
from the pore centerline, compared to that for an isolated particle (see Figure 7.2).
Particle 1 passes through the pore at filtration velocities above 0.88 µ 10-3 m/s, with
Particle 2 then moving to a position directly above the pore with its final equilibrium
position given by the results for an isolated particle. This particle would eventually pass
through the pore due to interactions with other particles that subsequently enter the
system.

7.3.2 Critical Filtration Velocity
Figure 7.5 examines the effect of the particle surface potential on the calculated
values of the critical filtration velocity, the velocity at which the particles or in the case of
a 2 particle system, the velocity at which the “first” particle, is just able to enter the pore.
Results are again shown for the three scenarios examined previously in Figure 7.4. In all
three cases, the critical filtration velocity increases with increasing particle charge due to
the greater electrostatic repulsion between the particles and the membrane. The effect of
the interparticle electrostatic interactions are most pronounced at high particle surface
potentials with the critical filtration velocity varying from 7.4 µ 10-3 m/s for an isolated
particle at ψp = -51.4 mV to 2.1 µ 10-3 m/s for two particles initially located at x = -7 and
x = +5 to 1.2 µ 10-3 m/s for two particles initially located at the pore centerline. This is a
direct result of the additional force towards the membrane associated with the particle-
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particle repulsion, which allows the particle to pass over the energy barrier and through
the membrane pore at a much lower value of the filtration velocity.

Figure 7.5 Effect of particle surface potential on the critical filtration velocity for (a) an
isolated particle, (b) two particles that enter at x = -7 and x = +5, (c) two
particles that enter along the pore axis. Conditions: κa = 3.25 and ψm = 12.9 mV.
The magnitude of the electrostatic interactions will also be a strong function of
the total salt concentration (or ionic strength) of the solution, an effect that is examined in
Figure 7.6. The results are plotted as a function of the inverse Debye length (κ)
multiplied by the particle radius (a), with the range of κa values in Figure 7.6
corresponding to ionic strengths from 0.01 M to 2.37 M for a = 10 nm.
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Figure 7.6 The critical velocity as a function of the inverse Debye length multiplied by
the particle radius for (a) an isolated particle, (b) two particles that enter at
x = -7 and x = +5, (c) two particles that enter along the pore axis.
Conditions: ψm = -12.9 mV and ψp = -25.7 mV.
The critical filtration velocity decreases with increasing κa due to the electrostatic
shielding provided by the bulk electrolyte. The critical filtration velocity in the twoparticle system is again significantly smaller than that for an isolated particle due to the
effects of particle-particle interactions. At κa = 50, the critical filtration velocity
decreases from 0.85 µ 10-3 m/s for an isolated particle to less than 0.05 µ 10-3 m/s for the
system with two-particles located on-axis, a difference of more than a factor of 17. This
dramatic reduction in the critical filtration velocity is due to the combination of the
interparticle hydrodynamic and electrostatic interactions, both of which tend to push the
first particle towards the membrane (and through the pore), with the hydrodynamic
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contribution becoming more important in the high ionic strength (large κa) solutions due
to the shielding of the electrostatic effects.

7.3.3 Brownian Forces and Particle Transmission
In the Chapter 4, it was demonstrated that random Brownian forces can also have
a significant effect on the motion of isolated particles in membrane systems. This
phenomenon is even more complex in the two-particle system since the motion of both
particles will have a random component in addition to the hydrodynamic, electrostatic,
and interparticle forces examined previously. Figure 7.7 shows typical trajectories for
two particles with initial locations of x = -7 (shown by the solid curve) and x = +5
(shown by the dashed curve). In this case, the particle trajectories are no longer
deterministic due to the random nature of the Brownian forces. For the simulations in
Figure 7.7a, the Brownian force allowed both particles to pass over the electrostatic force
barrier, moving into the pore and through the membrane, even though the filtration
velocity was below the “critical flux” for the two-particle system (as evaluated in the
absence of Brownian forces). Figure 7.7b shows another set of trajectories under
identical conditions, but with a different initialization of the random number generator
used to evaluate the Brownian forces. In this case, one of the particles moves rapidly
through the pore, while the second particle becomes transiently trapped in the vicinity of
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(a)

(b)
Figure 7.7 Effect of Brownian forces on particle trajectories for two different
initializations of the random Brownian force. Conditions: κa = 3.25, Vf =
0.5 µ 10-3 m/s, ψm = -12.9 mV and ψp = -25.7 mV.
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the “equilibrium position”, i.e. near the location at which the sum of the non-Brownian
forces is equal to zero (at y = 2.1 for the conditions examined in Figure 7.7). Other
trajectories with the same operating conditions (not shown in Figure 7.7) resulted in
particles leaving the system entirely, either through the side barriers (at x = ±10) or
through the upper boundary (at y = 10).
This random particle motion also has a significant effect on the rate of particle
transmission through the membrane. This phenomenon was examined in more detail by
performing a series of 100 replicate simulations, each with the particles initially located
at x = -7 and x = +5 (both beginning at y = 10) but with a random number generator used
to obtain a unique initialization for the Brownian forces for each simulation. The particle
transmission was evaluated as the fraction of particles that enter the pore for a given set
of conditions. Figure 7.8 shows results for particles with ψp = -25.7 mV and ψm = -12.9
mV as a function of the filtration velocity, with the solid line representing simulations in
the two-particle system (initially located at x = -7 and x = +5) and the dashed line
representing simulations for a single (isolated) particle with initial location at x = -7 and y
= 10. In the absence of Brownian forces, the particle is not able to enter the membrane
pore until the filtration velocity exceeds the critical velocity, Vc = 0.88 µ 10-3 m/s in the
two-particle system and Vc = 1.36 µ 10-3 m/s in the single particle system. In the
presence of Brownian forces, the particles are able to enter the pore at relatively low
filtration velocities due to the random Brownian force, which is able to overcome the
energy barrier associated with electrostatic repulsion between the particle and the
membrane. Particle tranmission increases to a value of one with increasing filtration
velocity due to the increase in the hydrodynamic drag force towards the membrane pore.
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Figure 7.8 Particle transmission as a function of the filtration velocity at κa = 3.25,
ψm = -12.9 mV, and ψp = -25.7 mV. Solid curve is for two-particle
system; dashed curve is for isolated particles.
The particle transmission reaches 100% when the feed velocity is slightly larger
than the critical velocity since the large hydrodynamic drag is able to transport all of the
particles through the pore under these conditions. Particle transmission in the twoparticle system is uniformly larger than that evaluated for an isolated particle (at the same
filtration velocity) since the inter-particle forces tend to push one of the particles towards
the membrane. This effect can be quite dramatic; the fractional transmission for isolated
particles is less than 1% at a filtration velocity of 0.5 µ 10-3 m/s (dashed curve) while the
fractional transmission evaluated for the two-particle system (solid curve) is 20% under
identical conditions.
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The effect of the particle surface potential on particle transmission is examined in
Figure 7.9, with all of the simulations performed for the two-particle system (with the
particles initially located at x = -7 and x = +5) in the presence of Brownian forces.

Figure 7.9 Particle transmission versus filtration velocity for several values of the
particle surface potential for the two-particle system with κa = 3.25 and
ψm = -12.9 mV.
The particle transmission decreases with increasing surface potential due to the
corresponding increase in the electrostatic repulsion between the particle and the
membrane. The Brownian forces tend to dominate for the least charged particle (ψp = 12.9 mV), allowing some particles to enter the pore at a filtration velocity as small as
0.06 µ 10-3 m/s which is 8 times smaller than the critical filtration velocity determined in
the absence of Brownian forces (Vc = 0.48 µ 10-3 m/s). The particle transmission for the
case with ψp = -12.9 mV increases from zero to one over a 10-fold range in the filtration
velocity, corresponding to particle Peclet numbers (Pe = aVf/D) ranging from 0.027 to
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0.30. In contrast, the particle transmission curve is much sharper for the more highly
charged particles. The behavior under these conditions is determined primarily by the
electrostatic and hydrodynamic forces since the particle Peclet numbers for the
simulations with ψp = -51.4 mV are greater than 0.77 over the entire domain in which
particle transmission varies from 0 to 1. The filtration velocity corresponding to 50%
particle transmission (V50%) is always somewhat smaller than the critical flux (evaluated
in the absence of Brownian forces), with V50%/Vc varying from 0.38 for the particles with
ψp = -12.9 mV to 0.87 for particles with ψp = -51.4 mV.

7.4 Conclusions
Although a number of previous investigators have used particle trajectory
analyses to obtain insights into the behavior of membrane systems, these results have all
been limited to the motion of a single isolated particle (except for the study by Frey and
Schmitz). The simulations presented in this chapter provide the first results for the
effects of interparticle hydrodynamic and electrostatic interactions on particle motion in
the vicinity of a membrane pore. The calculations clearly demonstrate that the presence
of a second particle can significantly alter the particle trajectory, shifting the equilibrium
position away from the pore axis and allowing particles to enter the pore even under
conditions where an isolated particle would be excluded from the pore due to the energy
barrier associated with the electrostatic repulsion between the charged particle and the
charged membrane.
In the absence of Brownian forces, the membrane remains completely free of
particles below a critical filtration velocity, analogous to the critical flux concept used to
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describe fouling in many membrane systems. However, the magnitude of the critical
filtration velocity in the two-particle system is significantly smaller than that for an
isolated particle due to the interparticle electrostatic forces which enable the particle to
overcome the electrostatic repulsion from the membrane at a much lower drag force.
This behavior is in good agreement with experimental studies by Huisman et al. (1999)
and Choksuchart et al. (2002), both of which show a reduction in the critical filtration
velocity with increasing particle concentration.
Brownian forces also have a large effect on the particle trajectories, with some
fraction of particles entering the membrane pore even at low filtration velocities due to
the random nature of the Brownian force. The interparticle forces still have a large effect
on particle motion in the presence of Brownian forces, with the particle transmission
increasing from less than 1 % for isolated particles (i.e., in the absence of any
interparticle forces) to more than 20 % for the charged particles examined in Figure 7.8 at
a filtration velocity of 0.5 µ 10-3 m/s.
Although results were presented for the effects of interparticle forces and
Brownian motion on particle transmission, it is important to note that the overall particle
transmission in this system would need to be evaluated by integration over all possible
starting positions, accounting for the random nature of the Brownian forces for each set
of initial conditions. In addition, it would be necessary to account for the presence of
three- and four-body interactions as retained particles accumulate near the equilibrium
point above the pore. Although no calculations of this nature were performed, the results
presented for the particle trajectories and particle transmission clearly demonstrate the
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importance of including both interparticle forces and random Brownian forces in the
analysis of the trajectories of sub-micron particles in membrane systems.
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Chapter 8
ELECTROKINETIC EFFECTS ON FLUID FLOW AND PARTICLE
TRANSPORT
8.1 Introduction
Most theoretical analyses of electrical phenomena in membrane systems have
focused on electrostatic interactions between charged particles (or solutes / proteins) and
the membrane. However, the fluid flow profiles can also be strongly affected by
electrokinetic phenomena. Electrokinetic phenomena are directly associated with the
motion of the fluid; e.g. the solvent flow that is generated by applying an external electric
field (electroosmosis) or the induced electric field (or streaming potential) caused by the
pressure-driven flow of an electrolyte solution through a charged membrane. The
streaming potential also reduces the net rate of solvent flow through the membrane due to
the effects of the electrical forces on the charged ions, a phenomenon known as counterelectroosmosis, since the solvent flow generated by the streaming potential is in the
opposite direction of the pressure-driven flow. Electrokinetically driven solvent transport
is of particular interest in microfluidic devices as a means to control the bulk flow of
reactants and analytes (Ajdari, 1996; Herr et al., 2000; Ghosal, 2002; Yao et al., 2003;
Yao and Santiago, 2003; Brotherton and Davis, 2004; Hlushkou et al., 2004).
Theoretical analyses of counter-electroosmosis were initially developed for flow
through charged circular cylinders with small surface potentials, i.e. under conditions
where the classical Debye-Hückel approximation is valid (Rice and Whitehead, 1965).
Anderson and Koh (1977) extended these results to various non-circular cross-sections by
numerically solving the non-linear Poisson-Boltzmann equation. The magnitude of the
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counter-electroosmotic flow was then evaluated by solving the Navier-Stokes equation
including the electrical force terms.
Saksena and Zydney (1995) examined the effects of different pore size
distributions on counter-electroosmosis through membranes consisting of a parallel array
of cylindrical pores. In particular, calculations were performed to determine the effects
of the pore size distribution on (1) the pressure-driven and electrically-driven solvent
flow across the membrane, (2) the development of a streaming potential and its effect on
the overall flux of the electrolyte solution, and (3) the evaluation of the membrane
surface charge from experimental measurements of these electrokinetic phenomena.
Bowen and Cao (1998) examined the feasibility of using measurements of counterelectroosmosis to characterize the surface charge or surface potential of ultrafiltration /
microfiltration membranes. Although this approach was potentially attractive, more
detailed analysis of the electrokinetic effects was needed to obtain any quantitative
estimates of the membrane surface charge or potential.
The objective of the studies performed in this chapter was to evaluate the effects
of counter-electroosmosis on the fluid flow profiles and particle trajectories in normal
flow filtration. The first section of this chapter focuses on evaluating the velocity profiles
in a slit pore with a curved (converging) entrance and a diverging exit in response to an
applied pressure (counter-electroosmosis). These velocity profiles are then used to
evaluate the particle trajectories, with particular emphasis placed on determining the
effects of counter-electroosmosis on the particle motion and transmission.

8.2 Analytical Expressions for Electrokinetic Effects in a Slit
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In order to verify the numerical formulation used to evaluate the electrokinetic
flow, simulations were initially performed for a slit pore formed by two parallel plates, a
simple geometry for which rigorous analytical solutions are available under conditions of
low surface potential. The steady-state one-dimensional Navier–Stokes equations in a slit
pore including the electrical stress term can be written as (Newman, 1991):

η

d 2vy
dx

2

+ ρE Ey −

dP
=0
dy

(8.1)

where vy is the fluid velocity, η is the fluid viscosity, ρE is the local charge density, and
dP/dy is the pressure gradient. The electric field (Ey) is equal to the gradient of the
electrical potential, -∑ψ/∑y, where the electrical potential (ψ) satisfies Poisson’s equation:

ρ
F
∂ 2ψ
=− E =−
2
ε 0ε r
ε 0ε r
∂x

∑z C
i

(8.2)

i

i

where x is the distance from the centerline of the pore, F is Faraday’s constant, ε0 is the
permittivity of free space, εr is the dielectric constant of the medium, and zi and Ci are the
ion valance and concentration, respectively.
The velocity profile in a charged slit pore is evaluated by integrating Eq. (8.1)
over the x-coordinate with ρE given by Eq. (8.2). A no slip boundary condition (vy = 0) is
applied at x = xp (the slit half-width) and symmetry conditions on the velocity and
potential are applied at the pore centerline (x = 0) yielding (Newman, 1991):
2
2
ε oε r
dP x p − x
(ψ − ψ x = x ) −
vy = Ey
η
dy 2η
p

The dependence of the electrical potential on the transverse (x) coordinate is
determined by solving Eq. (8.2). The concentration of ion i is first evaluated by
recognizing that there is no net ion flux in the x-direction:
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(8.3)

N i = Di

∂C i
+ u i z i FE x = 0
∂x

(8.4)

where Ex = -∑ψ/∑x and ui is the mobility (=Di/RT). Equation (8.4) is integrated over the
x-coordinate giving the ion (Boltzmann) distribution:
 zF

 zF

C i = C i0 exp − i (ψ − ψ x =0 ) = C i0 1 − i (ψ − ψ x =0 )
 RT

 RT


(8.5)

where the second expression is valid for low potentials (the Debye-Hückel
approximation).
The electrical potential field is evaluated from Eq. (8.2) assuming a constant
surface charge density on the pore boundary (Newman, 1991) :

ψ −ψ x= x =
p

q p  cosh(κx) − cosh(κx p ) 


ε 0ε rκ 
sinh(κx p )


(8.6)

where qp is the surface charge density of the pore and κ-1 is the Debye length. Equation
(8.6) is substituted into Eq. (8.3) giving the following expression for the average velocity
in the pore:
x 2p ∆P E y q p κx p cosh(κx p ) − sinh(κx p ) 
< V >=
−


κη 
κx p sinh(κx p )
3η δ m


(8.7)

where δm is the membrane thickness. Equation (8.7) can be used to directly evaluate the
electroosmotic flow in a slit-shaped pore by setting ∆P = 0 and with Ey equal to the
applied voltage divided by the membrane thickness.
In the absence of an externally applied electric field, the streaming potential (Ey)
is evaluated using the constraint that there is no net electric current flow through the pore.
The net current flow is equal to the sum of the convective and conductive contributions
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(the diffusive contribution is zero since the concentration gradients in the y-direction are
assumed to be negligible):
xp

xp

0

0

I = ∫ v y ρ E dx + E y ∫ cdx

(8.8)

where c is the local conductivity:
c = F 2 ∑ z i2 u i C i

(8.9)

i

The induced electric field (Ey) associated with the streaming potential is obtained by
setting I equal to zero. Equations (8.2), (8.3), and (8.5) are substituted into Eq. (8.8)
yielding (See Appendix B for a more detailed derivation):
Ey =

∆P q p κx p cosh(κx p ) − sinh(κx p ) 


ceff δ m κη 
κx p sinh(κx p )


(8.10)

with the effective conductivity (ceff) in the pore given by
ceff = c avg

q 2p  sinh( 2κx p ) − 2κx p 
+


4η  κx p sinh 2 (κx p ) 

(8.11)

The average velocity <V> can then be evaluated as
x 2p ∆P  ∆P
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3η δ m  δ m ceff

2

 q p  κx p cosh(κx p ) − sinh(κx p ) 
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2

(8.12)

The second term in Eq. (8.12) is the flow due to counter-electroosmosis and is
proportional to the square of the surface charge density on the pore (under the conditions
of low surface potentials where the Debye-Hückel approximation is valid).

8.3 Theoretical Development
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Although it is possible to develop analytical expressions for the ion
concentrations, electrical potential, and fluid velocity in a slit-shaped pore, the situation is
much more complex in the region of converging flow near the entrance of the pore
geometry examined previously in Chapters 3 through 7. In particular, the system
becomes truly two-dimensional, with the ion concentrations and electrical potential now a
complex function of both the x- and y-coordinates. In addition, the ion concentrations
now depend directly on the convective flow, thereby coupling the solution of the ion
transport equation (the Nernst-Planck equation) with that of the momentum balance (the
Navier-Stokes equation) and the electrostatic potential (Poisson's equation).
The two-dimensional Navier–Stokes equation including the electrical stress terms
can be written as:
 ∂v

+ (v ⋅ ∇ )v  = −∇p + η f ∇ 2v + f
 ∂t


ρf

(8.13a)

∇⋅v = 0

(8.13b)

The left-hand side of Equation (8.13a) is zero at steady-state and for low Reynolds
number, conditions which are appropriate for all of the calculations performed in this
chapter. The body force f is related to the volumetric charge density and the local
gradient of the electrical potential
N

f = −e∇ψ ∑ z i n i

(8.14)

i=1

where e is the electron charge and ni is the number concentration of ionic species i. The
local electrostatic potential is governed by Poisson’s equation
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The ion concentrations in the pore are evaluated from the species conservation
equation:
∂ni
+ ∇ ⋅ ji = 0
∂t

(8.16)

where the ion flux ji is related to the local fluid velocity, the gradient in the ion
concentration, and the electrical potential by the Nernst–Planck equation

ez D ∇ψ
ji =  v − i i
k BT



ni − Di ∇ni


(8.17)

where Di is the ion diffusion coefficient and kB is the Boltzmann constant. Equations
(8.13) - (8.17), along with the appropriate boundary conditions, completely describe the
fluid flow, ion transport, and electrical potential in the two-dimensional membrane
system.

8.3.1 System Geometry

The geometry of the system of interest is shown in Figure 8.1. This represents a
single slit pore in a membrane, with the inlet and outlet regions formed by cylindrical
(curved) surfaces to eliminate the mathematical discontinuity associated with a sharp
boundary. The system is discretized with finite elements for numerical solution of the
coupled equations. The width of the slit pore (2xp) and the size of cylindrical edge that
defines the pore entrance (b) can be adjusted to examine the effects of different pore
geometries on the fluid flow and particle trajectories.
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Figure 8.1 Discretized system geometry
8.3.2 Boundary Conditions

Most analyses of electrokinetic phenomena assume either constant surface charge
density or constant surface potential boundary conditions. These are really just two
limiting cases describing the complex variation of the electrical charge / potential on the
surface. If the pore has fixed charged groups, like the quaternary amine groups that are
typically added to make membranes positively charged, then it is probably appropriate to
assume that the charge on the membrane surface remains constant as one varies either the
ion concentrations or the fluid flow. However, the charge on many polymeric
membranes is determined at least in part by preferential ion adsorption or by the
association / dissociation of various weak acidic or basic groups. In this case, it is likely
that the surface charge will change as one varies the solution conditions, with the
constant surface potential boundary condition potentially providing a more appropriate
description of the underlying phenomenon.

180

In order to simplify the numerical analysis, model calculations were performed
assuming a constant surface charge density:

∇ψ = −

σ
ε oε r

(8.18)

which corresponds to a Neumann-type boundary condition. Constant surface charge
conditions were applied at all solid surfaces (both inside and outside the pore).
No-slip boundary conditions were applied for the fluid velocity, and no-flux
boundary conditions were applied for the ion flux at all solid boundaries:
n ⋅ ji = 0

(8.19)

where n is the unit normal to the membrane surface. Symmetry conditions for the fluid
velocity, ion concentration, and electrical potential were applied at the pore centerline:

∂v y
=0
∂x

∂c
=0
∂x

∂ψ
=0
∂x

(8.20)

Inlet and outlet conditions correspond to uniform pressure, velocity, and ion
concentrations.
In the case of counter-electroosmosis, the electrical potential was fixed (typically
at zero) on the free surface at the inlet to the system. The condition of no net current flow
was then applied at the exit (lower) surface. The local electrical current density is
evaluated as
n

iy = v y Σz ien i − ∑ Di z ie
i=1

∂n i
∂ψ
+λ
∂y
∂y

(8.21)

where λ, the electric conductivity of the fluid, is related to the local ionic concentrations
as:

λ = λ+n+ + λ−n−

(8.22)
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where λ+ and λ− are the electric conductivity of the cations and anions, respectively. In
this chapter, it is assumed that λ+ = 5.01 × 10-3 (Sm2/mol) and λ− = 7.63 × 10-3 (Sm2/mol)
based on the values for Na+ and Cl- ions at 298 K (Probstein, 1989).
The total current is evaluated by integrating Eq. (8.21) over the cross-sectional
area:
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x= 0 
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(8.23)

In order to apply the no net current condition, simulations were performed with a guessed
value of the electrical potential at the system exit (y = y2), with the current evaluated
from Equation (8.23). New values of the exit potential were then selected, with the
iteration continued until the total current was equal to zero (i.e., I = 0). Equation (8.23)
was then used to evaluate the streaming potential (Es) as:
x = x1
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8.4 Results and Discussions
8.4.1 The Effect of Counter-Electroosmosis

Typical velocity profiles accounting for the effects of counter-electroosmosis are
shown in Figure 8.2 at an applied pressure of ∆P = 105 N/m2 for a membrane with a
surface charge density of qp = –0.005 C/m2 (which is typical of a polyethersulfone
membrane (Pujar and Zydney, 1994)), a pore length of 100 nm, a half-width of 12.5 nm,
and b = 12.5 nm. Calculations were performed at a solution ionic strength of 0.1 mol/l
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corresponding to a Debye length of 9.7 Å. The total volumetric flow rate through the
pore was Q = 1.02 µ 10-9 m3/s, compared to a value of Q = 1.28 µ 10-9 m3/s for a neutral
membrane under identical conditions, i.e., in the absence of counter-electroosmosis. The
reduction in the flow-rate arises from the voltage driven flow associated with the induced
streaming potential required to satisfy the electroneutrality (no current flow) condition
across the membrane. The analytical results for Q and Q0 were evaluated from Eq. (8.7)
based on the total length of the pore giving Q = <V>A = 8.61 µ 10-10 m3/s and Q0 =
<V0>A = 1.04 µ 10-9 m3/s, corresponding to a ratio of Q/Q0 = 0.83 compared to Q/Qo =
0.80 for the numerical solution. The small discrepancy between the numerical and
analytical results arises from the converging/diverging entrance to the slit-shaped pores
which reduces the effective length of the pore. This was confirmed by performing
calculations for longer pores with smaller entrance radius (smaller values of b). For
example, simulations for b = 8 nm and L = 300 nm (a ratio of b/L = 0.027 compared to

b/L = 0.125 for the simulations in Figure 8.2) showed less than a 1 % difference between
the numerical and analytical results.

(a) qp = 0
(b) qp = -0.005 C/m2
Figure 8.2 Velocity profiles in the presence and absence of counter-electroosmosis for a
pore with length = 100 nm, xp = 12.5 nm, and b = 12.5 nm.

183

The numerical results for the velocity profile within the pore (evaluated at the
mid-point within the depth of the membrane) are compared with the analytical solution
(Eq. 8.3) in Figure 8.3. Results are shown over a range of solution ionic strength. In
each case, the numerical results are in excellent agreement with the analytical expression
for the velocity profile, providing further validation of the numerical solution and the
iterative approach used to evaluate the streaming potential and in turn the extent of
counter-electroosmosis. The extent of counter-electroosmosis increases with decreasing
ionic strength due to the increase in the double layer thickness and the corresponding
increase in the magnitude of the streaming potential.

Figure 8.3 Comparison between numerical results (symbols) and analytical solution
(solid curves) for velocity profile accounting for counter-electroosmosis
where the numbers on the curves represent ionic strength in units of mol/l.

Contour plots showing the ion concentration profiles in the solution both inside
and outside the pore are presented in Figure 8.4. Results are shown for both the anions
and cations at a bulk salt concentration of 0.1 M. There is steep change in the ion
concentration near the entrance to the slit pore due to the electrostatic attraction of the
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positive cations and the electrostatic repulsion of the negative anions. The maximum
anion concentration occurs deep within the pore and right at the surface of the membrane.

(a)
(b)
Figure 8.4 Cation (a) and anion (b) concentration profiles.

Figure 8.5 Comparison of numerical (open symbols) and analytical (curves) results for
the ion concentration profiles inside a slit pore at different axial positions
during counter-electroosmosis.

Figure 8.5 presents a comparison of the numerical results with the analytical
solution for the transverse ion concentration profiles within the pore, with the ion profiles
evaluated analytically using Eq. (8.5) where Ci0 is the ion concentration at the pore axis
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(x = 0). For the simulations with a 0.1 mol/l salt concentration, Ci0 is equal to the bulk
ion concentration since the electric double layer thickness (Debye length, κ-1 = 9.74 Å) is
much smaller than the pore size (r0 = 12.5 nm). The numerical results for the cation and
anion concentrations are in excellent agreement with the analytical values. The
concentration of the cation near the pore wall is greater than that of the anion due to the
electrostatic interactions, with the maximum cation concentration occurring at the surface
of the negatively-charged pore wall.
Counter-electroosmosis refers to the “back flow” that is generated by the induced
voltage (streaming potential) that arises during pressure-driven flow across a charged
pore. The extent of counter-electroosmosis was evaluated iteratively, applying the
constraint of electro-neutrality to converge on the value of the streaming potential that
gives no net current flow through the membrane. A typical contour plot of the electrical
potential is shown in Figure 8.6. In this case, the condition of zero current flux is
obtained with an electrical potential of Voutlet = -0.218 mV at the lower boundary of the
system. The electrical potential is negative at the surface of the membrane due to the
boundary condition of a constant negative surface charge density at the pore boundaries.

Figure 8.6 Electrical potential profile for zero net current flow.
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The reduction in the apparent hydraulic permeability of the membrane associated
with the counter-electroosmotic flow is shown in Figure 8.7 for several values of κxp
where κ-1 is the Debye length. Results are shown as the scaled permeability, Lp/Lp0,
where Lpo is the hydraulic permeability evaluated in the absence of counterelectroosmosis, i.e. for a neutral membrane. The scaled permeability decreases with
decreasing κxp, varying from Lp/Lp0 = 0.82 at κxp = 12.8 to Lp/Lp0 = 0.63 at κxp = 9.1,
and Lp/Lp0 = 0.14 at κxp = 4.1. This reduction in the scaled permeability is a direct result
of the increase in counter-electroosmotic flow associated with the greater streaming
potential in the low ionic strength solutions. The numerical results are in very good
agreement with the analytical expressions at moderate and high ionic strength, with a
somewhat greater discrepancy seen at κxp = 4.06. This discrepancy at low ionic strength
is likely due at least in part due to the non-linear terms in the Poisson-Boltzmann
equation, which are properly accounted for in the numerical solution but which are
ignored in the analytical solution since Eq. 8.12 is developed using the Debye-Huckel
approximation.

Figure 8.7 The effect of counter-electroosmosis on the scaled permeability.
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The effect of the pore size on the induced streaming potential gradient (Es) is
shown in Figure 8.8, with the results plotted as the dimensionless streaming potential Ês =
EsL/(kBΤ/e) where L is the total membrane thickness including the curved entrance and
exit regions, e is the electronic charge, kB is the Boltzmann constant, and T is the absolute
temperature. The dimensionless streaming potential increases with increasing pore size,
with the numerical results in good agreement with the analytical solution over the entire
range of conditions. This increase in streaming potential with increasing pore size
reflects the increase in the excess convective flux of the counter-ions which must be
compensated for by an increase in electrokinetic flux associated with the streaming
potential.

Figure 8.8 Dimensionless streaming potential as a function of the dimensionless pore
size at an ionic strength of 0.01 mol/l , b = 12.5 nm, and ∆P = 105 N/m2.
The labels represent the membrane surface charge density in C/m2.
Curves and symbols are the analytical solution and numerical results,
respectively.

The effect of the size of the cylindrical pore opening (b) on the dimensionless
streaming potential (Ês) is shown in Figure 8.9. Ês increases with increasing cylinder
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radius, but this effect is quite small with Ês varying from 14.6 at κb = 4.9 to 15.1 at κb =
2.6. The small increase in Εs with increasing values of b arises from the different effects
of the detailed pore geometry on the flow profiles and electrical potential.

Figure 8.9 The effect of the size of cylindrical edge (b) on Ês at various charge densities
at an ionic strength of 0.01 mol/l and ∆P = 105 N/m2. The labels represent
the membrane surface charge density in C/m2. Curves and symbols are
the analytical solution and numerical results, respectively.

8.4.2 Particle Trajectory in the Presence of Counter-Electroosmosis

In order to evaluate the effects of counter-electroosmosis on the particle
trajectories, the results for the fluid velocity profiles accounting for counterelectroosmosis must be incorporated into the evaluation of the particle trajectories by
integration of the Langevin equation as described in Chapter 3. However, the expression
for the electrostatic force between the particle and the surface given by Equation 3.6 is
strictly valid for interactions at constant surface potential, while the results for counterelectroosmotic flow were developed assuming that the membrane has a constant surface
charge density.
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The surface potential of the particle was thus expressed in terms of the surface
charge density (q) using Equation 4.10

ψ =

aq

(4.10)

ε 0 ε r (1 + κa)

The surface potential of the membrane was obtained directly from the numerical solution
of the Poisson-Boltzmann equation as performed in Fluent. As shown in Figure 8.6, the
membrane surface potential varies with position, with the maximum value of ζ = -6.25
mV obtained on the flat portion of the upper surface and in the space between the pore
walls. This maximum value of the surface potential was used to evaluate the electrostatic
interactions between the particle and the membrane following the approach described in
chapter 3.
In the presence of counter-electroosmosis, the streaming potential will generate an
electrophoretic transport of the particle associated with the induced electric field (Pujar
and Zydney, 1994). This electrophoretic transport acts in the opposite direction of the
convective flow. Previous work by Pujar and Zydney (1994) showed that this
electrophoretic transport was significantly smaller that the convective transport over a
broad range of experimental conditions. Thus, no attempt was made to account for this
electrophoretic particle flux in the evaluation of the particle trajectories.
Figure 8.10 shows the effects of counter-electroosmosis on the particle
trajectories for simulations with ∆P = 105 N/m2, a = 10 nm, and a particle charge of σ = 0.015 C/m2 (corresponding to a particle surface potential of -6.25 mV). At an ionic
strength of 0.1 M (corresponding to κxp = 12.8), the particle trajectory in the absence of
counter-electroosmosis (discussed previously in Chapter 4) moves directly towards the
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pore axis, obtaining an equilibrium position at y = 1.76, which corresponds to the
location where there is no net force on the particle. The inclusion of counterelectroosmosis causes the particle trajectory to be shifted slightly upwards, with the
particle becoming trapped at y = 1.92. This increase in the height of the equilibrium
location is a direct result of the reduction in the net fluid flow rate caused by the counterelectroosmotic backflow generated by the induced streaming potential, with the filtrate
flux in the presence of counter-electroosmosis being 20 % smaller than that through the
neutral membrane.

Figure 8.10 Particle trajectories (curves with symbols) and fluid streamlines (curves
without symbols) where filled and unfilled symbols represent particle
trajectories with and without counter-electroosmosis. The numbers on the
curves represent ionic strength in mol/l.

The effect of counter-electroosmosis on the particle trajectories is much more
pronounced at lower ionic strength (curves labeled 0.01 in Figure 8.10) due to the greater
electrical interactions at low salt concentrations. In this case, the equilibrium location
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shifts to y = 7.19 in the 0.01 mol/l solution in the presence of counter-electroosmosis
compared to y = 3.58 in the absence of counter-electroosmosis.
The simulations in Figure 8.10 were performed at a constant applied pressure,
which magnifies the effects of counter-electroosmosis. A corresponding set of
simulations was conducted at a constant filtration velocity, with the calculations
accounting for counter-electroosmosis performed by adjusting the applied pressure to
keep the filtrate flux constant. Figure 8.11 examines the equilibrium locations at both
constant applied pressure (∆P = 105 N/m2) and constant filtrate flux (J = 6.46 µ 10-3 m/s),
with the results normalized by yco, the equilibrium location in the absence of counterelectroosmosis. At high ionic strength (larger κxp) there is relatively little effect of
counter-electroosmosis, with similar results at both constant pressure and constant flux.
The effects of counter-electroosmosis become much more pronounced at low ionic
strength, with the equilibrium position for simulations at constant pressure being a factor
of 2 larger than those in the absence of counter-electroosmosis. The results at constant
filtrate flux yield equilibrium positions in the presence of counter-electroosmosis that are
within 5 % of those determined in the absence of counter-electroosmsosis, with the very
small discrepancy arising from the distortion of the velocity profiles in the region above
the membrane pore associated with the counter-electroosmotic flow.
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Figure 8.11 Comparison of equilibrium locations at constant applied pressure and
constant filtrate flux where xp = 12.5 nm and qp = -0.005 C/m2. yco is the
equilibrium location in the absence of counter-electroosmosis.

The effect of counter-electroosmosis on the critical flux at different solution ionic
strength is shown in Figure 8.12. The critical flux decreases with increasing ionic
strength (i.e., increasing κxp) due to the increase in electrostatic shielding, a phenomenon
that was discussed in much greater detail in Chapter 4. The effect of counterelectroosmosis becomes less pronounced at higher ionic strength (larger values of κxp)
due to the greater electrostatic shielding under these conditions.
The effect of the size of the slit pore on the magnitude of the critical flux at an
ionic strength of 0.01 mol/l, ∆P = 105 N/m2, and qp = -0.005 C/m2 are shown in Figure
8.13. The critical flux decreases with increasing pore size due to the reduction in the
electrostatic repulsive force near the pore centerline for the larger pores. A similar effect
is seen in the presence of counter-electroosmotic flow, with the critical flux being smaller
due to the effects of counter-electroosmosis. This phenomenon is somewhat more
pronounced in the smallest pores since the electrical double layer occupies a greater
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fraction of the pore under these conditions, although the magnitude of the effect remains
less than 5 % over the conditions examined in Figure 8.13.

Figure 8.12 Effect of ionic strength on the critical flux where xp = 12.5 nm and qp = 0.005 C/m2 both in the presence of counter-electroosmosis (dashed curve)
and in the absence of counter-electroosmosis (solid curve).

Figure 8.13 The effect of the size of slit pore on the critical flux at an ionic strength of
0.01 mol/l, ∆P = 105 N/m2, b = 12.5 nm, and qp = -0.005 C/m2 in the
presence of counter-electroosmosis (dashed curve) and in the absence of
counter-electroosmosis (solid curve).
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8.5 Conclusions

Although there have been a number of theoretical studies of counterelectroosmosis in a variety of system geometries, the possible effects of this counterelectroosmotic flow on the particle trajectories in membrane filtration have not been
evaluated previously. The results in this Chapter provide the first quantitative analysis of
the role of counter-electroosmosis on the particle trajectories, the particle equilibrium
position, and the critical flux in normal flow filtration. This was accomplished by first
developing a framework to evaluate the fluid velocity profiles and electrostatic potential
in a single pore system by numerical solution of the two-dimensional coupled NavierStokes, Nernst-Plank, and Poisson equations for a slit pore having a converging entrance.
The numerical results for the velocity profiles, ion concentrations, and induced streaming
potential were in good agreement with analytical expressions obtained for a simple slitshaped pore under conditions where entrance and exit effects were negligible. The
presence of the cylindrical pore entrance only had a significant effect on the results for
very short pores in which the entrance and exit regions occupy a significant fraction of
the total pore length.
Simulation performed at constant pressure show a significant shift in the particle
trajectory and final equilibrium location due to the reduction in the filtrate flux associated
with the counter-electroosmotic flow arising from the induced streaming potential. In
contrast, simulations conducted at a constant filtration velocity show only a very small
effect of counter-electroosmosis, with the equilibrium position varying by less than 5 %
for calculations performed in the presence / absence of counter-electroosmosis. The
small difference between the results at constant filtrate flux arises from a very small
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distortion in the velocity profile in the region above the pore due to the greater
contribution from counter-electroosmosis in the region immediately adjacent to the pore
wall. Calculated values of the critical flux were nearly unaffected by the inclusion of
counter-electroosmosis, demonstrating that the results reported elsewhere in this thesis
and in the literature (all of which have ignored the counter-electroosmotic flow) should
provide an excellent description of the behavior of real membrane systems as long as the
behavior is analyzed at a constant value of the filtrate flux (and not at the same applied
pressure).
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Chapter 9
CONCLUSIONS AND FUTURE RECOMMENDATIONS
9.1 Introduction
Particle transport plays a critical role in many membrane systems both with
respect to the filtrate flux and the overall selectivity obtained in these processes. A
number of previous studies have used particle trajectory analysis to obtain insights into
the effects of particle transport on the behavior of membrane systems; however, these
studies have typically been based on simplified models for the interactions and the
calculations have often neglected the effects of electrostatic, interparticle, and Brownian
forces. The objective of this thesis was to obtain a more fundamental understanding of
the behavior of membrane systems by performing detailed numerical simulations of the
fluid flow and particle trajectories in both normal flow and cross-flow filtration.
Numerical calculations were performed using the commercial software package
FLUENT. The fluid streamlines were evaluated by solution of the Navier-Stokes
equation, both in the presence and absence of counter-electroosmosis. The latter
calculations were done by simultaneously solving the coupled Navier-Stokes, NernstPlank, and Poisson equations for the fluid velocity, ion concentrations, and electrostatic
potential. Particle trajectories were evaluated by numerical integration of the Langevin
equations accounting for the combined effects of electrostatic repulsion, enhanced
hydrodynamic drag, Brownian diffusion, and interparticle forces.
The following subsections summarize the key results for the different parts of this
thesis, including a brief discussion of the implications of these results for the design of
improved membrane systems.
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9.2 Conclusions
9.2.1 Normal Flow Filtration
Normal flow filtration is used extensively for sterile filtration, virus filtration, and
particle removal in the preparation of high purity water. Simulations of particle
trajectories were performed accounting for the enhanced hydrodynamic drag due to the
presence of the pore walls as well as the electrostatic and van der Waals interactions
between the charged particle and charged membrane.
In the absence of Brownian forces, the membrane remains completely free of
particles below a critical filtration velocity, analogous to the critical flux concept used to
describe fouling in many membrane systems. Under these conditions, the particles attain
an equilibrium position above the membrane at a point where the hydrodynamic drag
force is exactly balanced by the electrostatic repulsion. This equilibrium location is
determined primarily by the magnitude of the electrostatic force and the filtration
velocity, with the hydrodynamic hindrance factors causing only a small displacement in
the equilibrium position. The critical filtration velocity is a strong function of the particle
size and salt concentration. For example, the critical filtration velocity increases by more
than 25 % as the particle radius increases from 1 nm to 10 nm at constant surface
potential, with an even greater effect seen for simulations at constant surface charge
density. The critical filtration velocity is also a function of the detailed pore geometry
including the pore size, the pore shape (radius of curvature for the pore entrance), and the
pore to pore spacing (or membrane porosity).
Brownian forces have a large effect on the particle trajectories at small to
moderate values of the Peclet number, creating a random character to the particle motion.
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The Brownian forces allow particles to enter the pore even under conditions in which the
electrostatic repulsion is greater than the hydrodynamic drag force. This effect has been
largely unappreciated in previous studies of particle motion in membrane systems, even
in applications where fouling is due to the deposition of relatively small colloids for
which the Brownian forces are substantial. The probability of a particle entering the pore
was evaluated from repeated particle trajectory calculations accounting for the random
nature of the Brownian force. The fraction of particles entering the pore increased with
increasing filtration velocity, with this dependence being very similar to that observed in
membrane systems due to the concentration polarization phenomenon. However, in this
case there is no direct accumulation of particles at the membrane surface. Instead, the
increase in transmission arises because the hydrodynamic drag force is able to overcome
the electrostatic repulsion, pushing the particle closer to the membrane surface and
making it easier for the Brownian forces to overcome the energy barrier. Thus,
considerable care must be exercised in interpreting the flux dependence of the particle
transmission for systems in which electrostatic, hydrodynamic, and Brownian forces all
have a significant effect on particle transport.
The particle transmission is also a function of the particle size, membrane
properties, solution conditions (i.e., salt concentration), pore radius, and pore spacing.
These results provide important insights into the factors that govern particle transmission
during normal flow filtration.

9.2.2 Cross-Flow Filtration
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The theoretical approach developed for particle trajectories in normal flow
filtration was extended to the analysis of cross-flow filtration, including the effects of
electrostatic, inertial lift, van der Waals, and Brownian forces. At small values of the
filtration velocity, the particles attain an equilibrium trajectory, with a small oscillation in
the height above the membrane as the particles move over the regions occupied by the
pores and the solid polymer. This is analogous to the equilibrium position observed in
normal flow filtration, although in cross-flow filtration the particle continues to move
along the length of the channel due to the cross-flow. Increasing the filtration velocity
allows the particles to move closer to the membrane surface, with the particles eventually
passing through the pores when the filtration velocity exceeds the critical flux for the
particular set of operating conditions. The trajectories for larger particles are located
further away from the membrane due to the greater extent of electrostatic repulsion,
leading to a region right near the membrane surface that would become concentrated in
the smaller particles.

This theoretical prediction is in good agreement with direct

experimental measurements of particle distributions in cross-flow filtration.
The critical flux in cross-flow filtration increases with increasing surface potential
and decreasing ionic strength due to the increase in electrostatic repulsion. The critical
flux is also a function of the cross-flow velocity (or nominal wall shear rate), with the
greater axial velocity carrying the particles out of the space above the pore before they
have an opportunity to pass over the energy barrier and enter the pore. This effect first
becomes noticeable around a nominal wall shear rate of γw = 1000 s-1 for a 5 nm particle
with a surface potential of ψm = ψp = -12.85 mV and an ionic strength of 0.1 M, with the
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critical flux for normal flow and cross-flow filtration being nearly identical below this
shear rate.
The critical flux also increases with increasing particle radius since larger
particles have a greater electrostatic repulsion from the membrane surface for simulations
at constant particle surface potential. Thus it should be possible to operate a cross-flow
device where all particles above a critical size are excluded from the pores while smaller
particles are able to reach the membrane and pass into the filtrate.
All of the simulations were conducted with a model membrane system containing
a series of 11 pores. The fluid streamlines and particle trajectories in this multiple pore
system converged to “steady values” after the first several pores, with the behavior of all
subsequent pores being identical. This allows one to predict the behavior of a real
membrane system from simulation results obtained over only a small number of pores.
The results for the first few pores gave higher values of the particle transmission since the
particle concentration at the device inlet was assumed to be uniform, independent of the
height above the membrane. Instead, a particle-free region develops near the membrane
surface for the subsequent pores due to the effects of electrostatic repulsion on the
particle trajectories. This behavior is similar to “fluid skimming” first discussed by Yan
et al. in which a particle is unable to enable to enter the pore because it is excluded from
the near surface region (y § a) due to the spatial restriction exerted by particle size.
Due to the random Brownian motion, the probability of particle transmission
increases with increasing filtrate flux and ionic strength, and decreases with increasing
particle size, cross-flow velocity (or wall shear rate) and electrostatic potential.
Brownian forces allow some particles to enter the pore even when filtration flux is lower
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than the critical flux evaluated in the absence of any Brownian forces since the Brownian
motion can assist the particles in overcoming the electrostatic repulsion. However,
Brownian forces actually reduce the rate of particle transmission at high filtration flux
(relative to that obtained in the absence of Brownian motion) since the Brownian forces
move some of the particles away from the membrane surface that would normally pass
through the membrane.

9.2.3 Transmembrane Pressure Pulsing (TPP)
Rapid transmembrane pressure pulsing has been used experimentally to increase
the filtrate flux and improve the performance of membrane systems, particularly for
applications involving biological macromolecules and cells. However, there have been
no detailed calculations of the effects of transmembrane pressure pulsing on the particle
trajectories in membrane systems. Simulations of TPP were performed in FLUENT by
changing the boundary condition at the exit of membrane pores to provide a timedependent back-pressure.
The critical flux approaches the value in the absence of back-pulsing when
particle pushed back by backpulsing couldn’t reach the location for particle transmission
at the forward filtration. As an increase in the ratio of ∆Pback = ∆Pforward, particle moves
back further into feed zone. Thus, the duration time should be decreased for particle
transmission under the given forward filtration time.
The results presented in Chapter 6 show that very high frequency backpulsing can
potentially increase the critical flux, although the conditions required to obtain any
significant benefit are impractical for actual membrane operation due to the very short
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pulse times (on the order of microseconds to milliseconds). The possible benefits of
backpulsing at re-suspending a particle cake / deposit were not examined in this study,
and this may prove to be a much more significant phenomenon in actual experimental
systems employing transmembrane pressure pulsing.

9.2.4 Particle-Particle Interactions
Previous studies of particle trajectories in membrane systems have focused on the
behavior of a single isolated particle, completely neglecting the possible effects of
interparticle hydrodynamic and electrostatic interactions. The calculations presented in
Chapter 7 clearly demonstrate that the presence of a second particle can significantly alter
the particle trajectory, shifting the equilibrium position away from the pore axis and
allowing particles to enter the pore even under conditions where an isolated particle
would be excluded from the pore due to the energy barrier associated with the
electrostatic repulsion between the charged particle and the charged membrane.
In the absence of Brownian forces, the membrane remains completely free of
particles below a critical filtration velocity, analogous to the critical flux concept used to
describe fouling in many membrane systems. However, the magnitude of the critical
filtration velocity in the two-particle system is significantly smaller than that for an
isolated particle due to the interparticle electrostatic forces which enable the particle to
overcome the electrostatic repulsion from the membrane at a much lower drag force.
Brownian forces also have a large effect on the particle trajectories, with some
fraction of particles entering the membrane pore even at low filtration velocities due to
the random nature of the Brownian force. The interparticle forces still have a large effect
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on particle motion in the presence of Brownian forces, with the particle transmission
increasing from less than 1 % for isolated particles to more than 20 % for the charged
particles.

9.2.5 Electrokinetic Phenomena
Although there have been a number of theoretical investigations of counterelectroosmosis in different membrane geometries, the possible effects of this counterelectroosmotic flow on the particle trajectories in membrane systems have not been
evaluated previously. A theoretical framework was first developed to evaluate the fluid
velocity profiles and electrostatic potential in a single pore system by numerical solution
of the two-dimensional coupled Navier-Stokes, Nernst-Plank, and Poisson equations for a
slit pore having a converging entrance. The numerical results for the velocity profiles,
ion concentrations, and induced streaming potential were in good agreement with
analytical expressions obtained for a simple slit-shaped pore. The presence of the
converging pore entrance only had a significant effect on the results for very short pores
in which the entrance and exit regions occupied a significant fraction of the total pore
length.
Simulations performed at constant pressure show a significant shift in the
particle’s equilibrium location, which was due primarily to the reduction in the filtrate
flux associated with the counter-electroosmotic flow arising from the induced streaming
potential. In contrast, simulations conducted at a constant filtration velocity show
relatively little effect of counter-electroosmosis on either the particle trajectories or the
equilibrium particle location. Thus, previous results for the critical flux, which have
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ignored the effects of counter-electroosmosis, should provide a fairly good description of
the behavior of real membrane systems as long as the calculations are compared with
experimental data at the same filtrate flux (and not the same applied pressure).

9.3 Recommendations
The theoretical framework developed in this thesis was able to evaluate the fluid
streamlines and particle trajectories in membrane systems, including the behavior of
normal flow and cross-flow filtration systems. The model results were in good
qualitative agreement with experimental observations, but it was not possible to obtain
any quantitative comparisons between the model and experimental data due to
differences in the systems (and lack of data on the particle and membrane properties). It
would be highly desirable to perform a much more quantitative comparison of the model,
both for normal flow and cross-flow filtration systems. This would require detailed
characterization of both the particle and membrane properties, including the surface
charge characteristics. Experiments should be performed to evaluate the actual particle
trajectories using the direct observation system developed by Fane and colleagues and
Davis et al. Data should also be obtained for the critical flux over a range of
experimental conditions.
Although it is not possible to explicitly perform experiments in the presence and
absence of Brownian diffusion, it should be possible to obtain more quantitative insights
into the effects of Brownian diffusion on the particle trajectories and critical flux by
performing simulations for particles of different size and different surface charge to vary
the relative contributions of Brownian and electrostatic forces. These experimental

205

results could be compared with model calculations for the critical flux and particle
transmission, with simulations performed in the presence and absence of the Brownian
forces to obtain more quantitative insights into the role of Brownian diffusion on the
performance of these membrane systems.
Similarly, it would be highly desirable to obtain more quantitative experimental
results for the effects of interparticle forces on the particle trajectories and critical flux for
comparison with the model. This could be done by performing filtration experiments
over a very wide range of particle concentrations and with particles having different sizes
and surface charges to vary the relative contributions of the interparticle forces.
In terms of the model itself, it would be useful to perform actual calculations of
the particle trajectories and streamlines accounting for the effects of the particle on the
fluid flow. This would require the solution of the Navier-Stokes equations in the
presence of particle for the particular pore geometry at each and every particle location,
in sharp contrast to the approach used in this thesis in which the Navier-Stokes equations
were solved only once in the absence of the particle with the resulting velocity profiles
used to calculate the particle trajectories. The full solution of the Navier-Stokes
equations at each time step accounting for the particle will dramatically increase the
computational time required for the trajectory analysis, but such results are needed to
quantify the magnitude of the error associated with the approach used in this thesis.
It would also be very interesting to extend the analysis in Chapter 7 to evaluate
the effects of multi-particle interactions on the particle trajectories and critical flux. This
would be much more challenging since it would require tracking the location and velocity
for all of the particles in the system, which the interparticle forces evaluated by
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summation of the two-body interactions between every combination of two particles.
Such simulations would provide additional insights into the effects of interparticle
interactions on the behavior of real membrane systems, including the impact on the
critical flux and the particle transmission.
All of the simulations in this thesis were conducted using a 2-dimentional system
composed of slit-shaped pores. Conventional microfiltration membranes have pores that
are more irregular in shape, while track-etch membranes have pores that are almost
perfectly cylindrical. It should be possible to extend the theoretical framework used in
FLUENT to evaluate the particle trajectories in such 3-dimensional systems, accounting
for the effects of the pore geometry and spacing on the critical flux and particle
transmission. These simulations would not only provide additional insights into the
effects of the membrane pore geometry on the overall system performance, but they
would also provide a more quantitative comparison with experimental results.
One of the critical issues governing the behavior of real membrane systems is the
effect of particle fouling on the membrane performance. This includes adsorption of
particles within the interior of the membrane pores, physical blockage of the pores by
large particles, and the formation of a particle cake or deposit on the membrane surface.
Future theoretical work should be designed to examine the effects of these phenomena on
particle filtration. This would require a coupling between the fluid flow problem and the
behavior of the particles, with particle fouling altering the fluid velocity profiles both by
increasing the resistance to filtration and by altering the 3-dimensional geometry in the
vicinity of the adsorbed particle. This type of coupling would significantly complicate
the numerical analysis, but the results would provide much greater insights into the
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behavior of real membrane systems. This could also include the possible role of
transmembrane pressure pulsing in removing particle deposits and thereby increasing the
performance of the filtration process.
In addition, all of the simulations for cross-flow filtration in Chapter 5 were
performed in the absence of any particle-particle interactions. The results in Chapter 7
clearly indicate that such interactions can have a large effect on the particle trajectories
and critical flux in normal flow filtration. Thus, it would be highly desirable to extend
the analyses in Chapters 5 and 7 to examine the effects of interparticle interactions on the
behavior of cross-flow filtration systems.
The calculations in Chapter 8 showed that it is possible to evaluate the effects of
electrokinetic phenomena on the fluid velocity profiles in single pores by the
simultaneous solution of the coupled Navier-Stokes, Nernst-Planck, and Poisson
equations. This theoretical framework could be extended to evaluate the magnitude of
electroosmotic flow generated in more complex pore geometries, accounting for spatial
variations in the pore dimensions and / or surface charge characteristics. Such results
could provide significant insights into the use of electro-osmosis to drive fluid flow in
microfluidic systems (lab-on-a-chip applications) or in newly designed electro-osmotic
pumps.
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APPENDIX A
A FACTOR OF 4π, WHICH ARISES FROM THE USE OF SI UNITS FOR THE
ELECTRICAL CHARGE (INSTEAD OF THE E.S.U.)

The classical HHF formula for the interparticle energy (V) is given as:
2

V =

2

ε  kT  a 2

e 
 
4ψ 2  0  ln(1 + e −κh )
4  e0  2 a
 kT 

(A1)

which is valid for interactions between two identical spheres. The interparticle force can
be calculated by differentiating the energy giving:
F =−

∂V εka 2 e −κh
ψ
=
∂h
2
1 + e −κh

(A2)

This equation is only valid when kh << 1, and under these conditions Eq. (A2) can be
simplified using Taylor series expansions for the exponentials:

F=

εka
4




ψ 2 1 −

kh 

2

(A3)

For comparison, the expression for the interparticle force given by Bowen et al.
(Bowen et al. 1999) is
F = εkaψ 2 2π

e κh − 1
e 2κh − 1

(A4)

(Eq A4 is taken from Eqs. 4 and 7 in Bowen et al. in the limit of two identical spheres).
In the limit of small kh, Eq. (A4) becomes
 kh 
F = kaεψ 2π 1 − 
2


(A5)

224

Eqs. (A3) and (A5) are identical, differing only by the factor 1/4π. This factor arises
from the different systems of units used to evaluate the electrostatic force dating
beginning with Coulomb’s law:
F=

q1 q 2
in CGS units
r2

F=

q1 q 2
in SI units
4πε 0 r 2
1

Thus, it is necessary to multiply the expressions for the force presented in the paper by
Sader et al. (J. E. Sader, S. L. Carnie et al. 1995) by a factor of 4π to obtain an
appropriate expression for the force in SI units.
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APPENDIX B

VELOCITY PROFILE IN A SLIT PORE IN THE PRESENCE OF COUNTERELECTROOSMOSIS

The total current flow through the membrane can be expressed as
xp

xp

0

0

I = ∫ v y ρ E dx + E y ∫ cdx

(B1)

The integrals in Eq. (A1) can be evaluated by substituting equation 8.3 for vy and
equation 8.2 for ρE giving:
I =−

E y (ε 0 ε r )

d ψ
∫ (ψ − ψ ) dx dx + ε ε

2 xp

2

x= x p

η

0

2

0

r

dP
dx

xp
 x 2p − x 2  d 2ψ


dx
+
E
y ∫ cdx
∫0  2η  dx 2
0



xp

(B2)

The first integral in equation (A2) can be expressed as:

∫ (ψ − ψ

xp

x= x p

0

)

(

)

d 2ψ
dψ
dx = ψ − ψ x = x p
2
dx
dx

x= x p

xp

2

xp

 dψ 
 dψ 
− ∫

 dx = − ∫ 
dx 
dx 
0
0

x =0

2

(B3)

The resulting integrals are evaluated using the following expression for the electrostatic
potential:

ψ =

cosh(κx)
ε 0 ε r κ sinh(κx p )
qp

(B4)

giving
2

2


  x p sinh( 2κx p ) 
qp
 dψ 
− ∫
 =
  −

4κ
dx 
 ε 0 ε r sinh(κx p )   2

0
xp

 x 2p − x 2  d 2ψ
x 2p − x 2 dψ


dx
=
∫0  2η  dx 2
2η
dx



xp

x= x p

xp

− ∫−
x =0
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0

x dψ
dx
η dx

(B5)

1
x dψ
=
dx
 xψ
∫0 η dx
η 

xp

=

x= x p
x =0

xp
 1  q p x p cosh(κx p )
qp 
− ∫ψ dx  = 
−
2
0
 η  ε 0ε rκ sinh(κx p ) ε 0ε rκ 

(B6)

xp

E y ∫ cdx = E y x p c avg

(B7)

0

Substituting equations A3, A4, A6 and A7 into equation A2 gives:
2
  x p sinh( 2κx p ) 
E y (ε 0 ε r ) 
qp
I =−
−

 

η
4κ
 ε 0 ε r sinh( κx p )   2

2

+ ε 0ε r

qp 
dP 1  q p x p cosh(κx p )
−

 + E y x p cavg
dx η  ε 0ε rκ sinh(κx p ) ε 0ε rκ 2 

(B8)

The induced electrical field is then evaluated from the constraint of no net ion flux (I =
0), yielding
Ey =

∆P q p κx p cosh(κx p ) − sinh(κx p ) 


ceff δ m κη 
κx p sinh(κx p )


(B9)

where
ceff = c avg

q 2p  sinh( 2κx p ) − 2κx p 
+


4η  κx p sinh 2 (κx p ) 
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(B10)

APPENDIX C

PROGRAM CODES IN FLUENT
C.1 ELECTROSTATIC FORCES
#include "udf.h"
#include "mem.h"
#include "dpm.h"
#include "surf.h"
#include "math.h"
#define r0 12.5e-9
/* pore radius (m)*/
#define b 12.5e-9
/* the radius of round edge (m)*/
#define a 10.0e-9
/* particle radius (m)*/
#define k 3.25e8
/* inverse debye length (1/m)*/
#define Er 80.0
/* dielectric constant for aqueous solutions */
#define E0 8.854e-12
/* permittivity of the vacuum (C^2/Jm) */
#define phiP -49.9e-3 /* electrical potential of particle *****/
#define phiM -14.85e-3 /* electrical potential of membrane*****/
#define P_CELL(p) RP_CELL(&(p->cCell))
#define P_CELL_THREAD(p) RP_THREAD(&(p->cCell))
DEFINE_DPM_BODY_FORCE(DragEv, p, i) /*electrostatic interactions****/
{
real drE;
Thread *t;
cell_t c;
real h0,h1,h2,h3,h4,h5;
/*separation distance*/
real x[ND_ND];
x[0]=p->state.pos[0];
/* x component of particle location */
x[1]=p->state.pos[1];
/* y component of particle location */
t = RP_THREAD(&(p->cCell));
c = RP_CELL(&(p->cCell));
if(x[0]>= -15.0e-9)
{
if (x[0]<= 15.0e-9)
{
if (x[1]<= -22.5e-9)
{
h1=r0 - a + x[0];
h2=r0 - a - x[0];
{
if(i==0) drE=2*3.1415*a*k*Er*E0*((2*phiP*phiM*exp(k*h1)phiP*phiP-phiM*phiM)/(exp(2*k*h1)-1))-
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2*3.1415*a*k*Er*E0*((2*phiP*phiM*exp(k*h2)-phiP*phiPphiM*phiM)/(exp(2*k*h2)-1));
else if(i==1) drE=0;
}
return (drE/P_MASS(p));
}
else if ( x[1] > -22.5e-9)
if (x[1] <= -12.5e-9)
{
h1=r0 - a + x[0];
h2=r0 - a - x[0];
h4=-b-a + sqrt((r0+b+x[0])*(r0+b+x[0])+ (b + x[1])*(b + x[1]));
h5=-b-a + sqrt((-r0-b+x[0])*(-r0-b+x[0])+ (b + x[1])*(b + x[1]));
{
if(i==0) drE= ((-2.5e-9-x[1])/(20e9))*4*3.1415*E0*a*Er*k*phiM*phiM/(sqrt((1+a/b))*(
((phiP/phiM*exp(k*h4)-0.5*(1+phiP*phiP/(phiM*phiM)))/(exp(2*k*h4)1))*((r0+b+x[0])/sqrt((b+x[1])*(b+x[1])+(r0+b+x[0])
*(r0+b+x[0])))+((phiP/phiM*exp(k*h5)0.5*(1+phiP*phiP/(phiM*phiM)))/(exp(2*k*h5)-1))*((-r0-b+x[0])/(sqrt((b+x[1])*(b+
x[1])+(-r0-b+x[0])*(-r0-b+x[0]))))))+(1-(-2.5e-9-x[1])/(20e9))*(2*3.1415*a*k*Er*E0*((2*phiP*phiM*exp(k*h1)-phiP*phiP
-phiM*phiM)/(exp(2*k*h1)-1))-2*3.1415*a*k*Er*E0*((2*phiP*phiM*exp(k*h2)phiP*phiP-phiM*phiM)/(exp(2*k*h2)-1)));
else if(i==1) drE=0;
}
return (drE/P_MASS(p));
}
else if ( x[1] > -12.5e-9)
if (x[1] <= -2.5e-9)
{
h1=r0 - a + x[0];
h2=r0 - a - x[0];
h4=-b-a + sqrt((r0+b+x[0])*(r0+b+x[0])+ (b + x[1])*(b + x[1]));
h5=-b-a + sqrt((-r0-b+x[0])*(-r0-b+x[0])+ (b + x[1])*(b + x[1]));
{
if(i==0) drE= ((-2.5e-9-x[1])/(20e9))*4*3.1415*E0*a*Er*k*phiM*phiM/(sqrt((1+a/b))*(
((phiP/phiM*exp(k*h4)-0.5*(1+phiP*phiP/(phiM*phiM)))/(exp(2*k*h4)1))*((r0+b+x[0])/sqrt((b+x[1])*(b+x[1])+(r0+b+
x[0])*(r0+b+x[0])))+((phiP/phiM*exp(k*h5)0.5*(1+phiP*phiP/(phiM*phiM)))/(exp(2*k*h5)-1))*((-r0-b+x[0])/(sqrt((b+
x[1])*(b+x[1])+(-r0-b+x[0])*(-r0-b+x[0]))))))+(1-(-2.5e-9-x[1])/(20e9))*(2*3.1415*a*k*Er*E0*((2*phiP*phiM*exp(k*h1)
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-phiP*phiP-phiM*phiM)/(exp(2*k*h1)-1))2*3.1415*a*k*Er*E0*((2*phiP*phiM*exp(k*h2)-phiP*phiPphiM*phiM)/(exp(2*k*h2)-1)));
else if(i==1) drE=((-2.5e-9-x[1])/(20e9))*4*3.1415*E0*a*Er*k*phiM*phiM/(sqrt((1+a/b))*(
((phiP/phiM*exp(k*h4)-0.5*(1+phiP*phiP/(phiM*phiM)))/(exp(2*k*h4)1))*((b+x[1])/sqrt((b+x[1])*(b+x[1])+(r0+b-x[0])*(r0+b
-x[0])))+((phiP/phiM*exp(k*h5)-0.5*(1+phiP*phiP/(phiM*phiM)))/(exp(2*k*h5)1))*((b+x[1])/(sqrt((b+x[1])*(b+x[1])+(-r0-b
+x[0])*(-r0-b+x[0]))))));
}
return (drE/P_MASS(p));
}
else if ( x[1] > -2.5e-9)
if (x[1] <= 6.8e-9)
{
h4=-b-a + sqrt((r0+b+x[0])*(r0+b+x[0])+ (b + x[1])*(b + x[1]));
h5=-b-a + sqrt((-r0-b+x[0])*(-r0-b+x[0])+ (b + x[1])*(b + x[1]));
{
if(i==0) drE=
4*3.1415*E0*a*Er*k*phiM*phiM/(sqrt((1+a/b))*(((phiP/phiM*exp(k*h4)-0.5*
(1+phiP*phiP/(phiM*phiM)))/(exp(2*k*h4)1))*((r0+b+x[0])/sqrt((b+x[1])*(b+x[1])+(r0+b+x[0])*(r0+b+x[0])))+((phiP/phiM*
exp(k*h5)-0.5*(1+phiP*phiP/(phiM*phiM)))/(exp(2*k*h5)-1))*((-r0b+x[0])/(sqrt((b+x[1])*(b+x[1])+(-r0-b+x[0])*
(-r0-b+x[0]))))));
else if(i==1) drE=
4*3.1415*E0*a*Er*k*phiM*phiM/(sqrt((1+a/b))*(((phiP/phiM*exp(k*h4)-0.5*
(1+phiP*phiP/(phiM*phiM)))/(exp(2*k*h4)-1))*((b+x[1])/sqrt((b+x[1])*(b+x[1])+(r0+bx[0])*(r0+b-x[0])))+((phiP/phiM*
exp(k*h5)-0.5*(1+phiP*phiP/(phiM*phiM)))/(exp(2*k*h5)1))*((b+x[1])/(sqrt((b+x[1])*(b+x[1])+(-r0-b+x[0])*(-r0-b+x[0]))))));
}
return (drE/P_MASS(p));
}
/*****For the Centerline***/
else if(x[0]= 0)
{
if (x[1]>= 0)
h4=-b-a + sqrt((r0+b-x[0])*(r0+b-x[0])+ (b + x[1])*(b + x[1]));
{
if(i==0) drE = 0;
else if(i==1) drE
=8*3.1415*E0*Er*k*a*phiM*phiM/(sqrt((1+b/a)))*((phiP/phiM*exp(k*h4)-0.5*
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(1+phiP*phiP/(phiM*phiM)))/(exp(2*k*h4)1))*((b+x[1])/sqrt((b+x[1])*(b+x[1])+(r0+b)*(r0+b)));
}
return (drE/P_MASS(p));
}
else if(x[0]= 0)
{
if (x[1]>=-12.5e-9)
{
if (x[1]< 0)
h4=-b-a + sqrt((r0+b)*(r0+b)+ (b + x[1])*(b + x[1]));
{
if(i==0) drE = 0;
else if(i==1) drE
=8*3.1415*E0*Er*k*a*phiM*phiM/(sqrt((1+b/a)))*((phiP/phiM*exp(k*h4)0.5*(1+phiP*phiP/(phiM*phiM)))/(exp(2*k*h4)1))*((b+x[1])/sqrt((b+x[1])*(b+x[1])+(r0+b)*(r0+b)));
}
return (drE/P_MASS(p));
}
}
else if(x[0]= 0)
{
if (x[1]< -12.5e-9)
{
if(i==0) drE = 0;
else if(i==1) drE =0 ;
}
return (drE/P_MASS(p));
}
/*****End of Centerline***/
else if ( x[1] > 6.8e-9)
if (x[1] <= 20e-9)
{
h4=-b-a + sqrt((r0+b+x[0])*(r0+b+x[0])+ (b + x[1])*(b + x[1]));
h5=-b-a + sqrt((-r0-b+x[0])*(-r0-b+x[0])+ (b + x[1])*(b + x[1]));
{
if(i==0) drE= 0;
else if(i==1) drE=
4*3.1415*E0*a*Er*k*phiM*phiM/(sqrt((1+a/b))*(((phiP/phiM*exp(k*h4)0.5*(1+phiP*phiP/(phiM*phiM)))/(exp(2*k*h4)1))*((b+x[1])/sqrt((b+x[1])*(b+x[1])+(r0+b-x[0])*(r0+b-x[0])))+
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((phiP/phiM*exp(k*h5)-0.5*(1+phiP*phiP/(phiM*phiM)))/(exp(2*k*h5)1))*((b+x[1])/(sqrt((b+x[1])*(b+x[1])+
(-r0-b+x[0])*(-r0-b+x[0]))))));
}
return (drE/P_MASS(p));
}
else if ( x[1] > 20e-9)
{
h1 = x[1]-a;
{
if(i==0) drE= 0;
else if(i==1) drE=2*3.1415*a*k*Er*E0*((2*phiP*phiM*exp(k*h1)phiP*phiP-phiM*phiM)/(exp(2*k*h1)-1));
}
return (drE/P_MASS(p));
}
}
}
else if(x[0]<=-35.0e-9)
{
if(x[1]>= 0)
h0 = x[1]-a;
{
if(i==0) drE = 0;
else if(i==1) drE =2*3.1415*a*k*Er*E0*((2*phiP*phiM*exp(k*h0)phiP*phiP-phiM*phiM)/(exp(2*k*h0)-1));
}
return (drE/P_MASS(p));
}
else if(x[0]> -35.0e-9)
{
if(x[0]< -15e-9)
{
if(x[1]< 20e-9)
{
if(x[1]>= 0)
h1 = x[1]-a;
h4=-b-a + sqrt((r0+b+x[0])*(r0+b+x[0])+ (b + x[1])*(b + x[1]));
h5=-b-a + sqrt((-r0-b+x[0])*(-r0-b+x[0])+ (b + x[1])*(b + x[1]));
{
if(i==0) drE = ((35e-9+x[0])/(20e9))*4*3.1415*E0*a*Er*k*phiM*phiM/(sqrt((1+a/b))*
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(((phiP/phiM*exp(k*h4)-0.5*(1+phiP*phiP/(phiM*phiM)))/(exp(2*k*h4)1))*((r0+b+x[0])/sqrt((b+x[1])*(b+x[1])
+(r0+b+x[0])*(r0+b+x[0])))+((phiP/phiM*exp(k*h5)0.5*(1+phiP*phiP/(phiM*phiM)))/(exp(2*k*h5)-1))*
((-r0-b+x[0])/(sqrt((b+x[1])*(b+x[1])+(-r0-b+x[0])*(-r0-b+x[0]))))));
else if(i==1) drE =((35e-9+x[0])/(20e9))*4*3.1415*E0*a*Er*k*phiM*phiM/(sqrt((1+a/b))*(
((phiP/phiM*exp(k*h4)-0.5*(1+phiP*phiP/(phiM*phiM)))/(exp(2*k*h4)1))*((r0+b+x[0])/sqrt((b+x[1])*(b+x[1])+
(r0+b+x[0])*(r0+b+x[0])))+((phiP/phiM*exp(k*h5)0.5*(1+phiP*phiP/(phiM*phiM)))/(exp(2*k*h5)-1))*
((-r0-b+x[0])/(sqrt((b+x[1])*(b+x[1])+(-r0-b+x[0])*(-r0-b+x[0]))))))+(1-(35e9+x[0])/(20e-9))*
(2*3.1415*a*k*Er*E0*((2*phiP*phiM*exp(k*h1)-phiP*phiPphiM*phiM)/(exp(2*k*h1)-1)));
}
return (drE/P_MASS(p));
}
else if (x[1]>= 20e-9)
h1 = x[1]-a;
{
if(i==0) drE = 0;
else if(i==1) drE =2*3.1415*a*k*Er*E0*((2*phiP*phiM*exp(k*h1)phiP*phiP-phiM*phiM)/(exp(2*k*h1)-1));
}
return (drE/P_MASS(p));
}
}
else if(x[0]> 35.0e-9)
{
if(x[0]< 15e-9)
{
if(x[1]< 20e-9)
{
if(x[1]>= 0)
h1 = x[1]-a;
h4=-b-a + sqrt((r0+b+x[0])*(r0+b+x[0])+ (b + x[1])*(b + x[1]));
h5=-b-a + sqrt((-r0-b+x[0])*(-r0-b+x[0])+ (b + x[1])*(b + x[1]));
{
if(i==0) drE = ((35e-9-x[0])/(20e9))*4*3.1415*E0*a*Er*k*phiM*phiM/(sqrt((1+a/b))*(
((phiP/phiM*exp(k*h4)-0.5*(1+phiP*phiP/(phiM*phiM)))/(exp(2*k*h4)-1))*
((r0+b+x[0])/sqrt((b+x[1])*(b+x[1])+(r0+b+x[0])*(r0+b+x[0])))+((phiP/phiM*exp(k*h5)
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-0.5*(1+phiP*phiP/(phiM*phiM)))/(exp(2*k*h5)-1))*((-r0b+x[0])/(sqrt((b+x[1])*(b+x[1])+(-r0-b+x[0])*(-r0-b+x[0]))))));
else if(i==1) drE =((35e-9-x[0])/(20e9))*4*3.1415*E0*a*Er*k*phiM*phiM/(sqrt((1+a/b))*
(((phiP/phiM*exp(k*h4)-0.5*(1+phiP*phiP/(phiM*phiM)))/(exp(2*k*h4)-1))*
((r0+b+x[0])/sqrt((b+x[1])*(b+x[1])+(r0+b+x[0])*(r0+b+x[0])))+((phiP/phiM*exp(k*h5)
0.5*(1+phiP*phiP/(phiM*phiM)))/(exp(2*k*h5)-1))*((-r0b+x[0])/(sqrt((b+x[1])*(b+x[1])+(-r0-b+x[0])*(-r0-b+x[0]))))))+
(1-(35e-9-x[0])/(20e-9))*(2*3.1415*a*k*Er*E0*((2*phiP*phiM*exp(k*h1)-phiP*phiPphiM*phiM)/(exp(2*k*h1)-1)));
}
return (drE/P_MASS(p));
}
else if (x[1]>= 20e-9)
h1 = x[1]-a;
{
if(i==0) drE = 0;
else if(i==1) drE =2*3.1415*a*k*Er*E0*((2*phiP*phiM*exp(k*h1)phiP*phiP-phiM*phiM)/(exp(2*k*h1)-1));
}
return (drE/P_MASS(p));
}
}
else
{
h4=-b-a + sqrt((r0+b+x[0])*(r0+b+x[0])+ (b + x[1])*(b + x[1]));
h5=-b-a + sqrt((-r0-b+x[0])*(-r0-b+x[0])+ (b + x[1])*(b + x[1]));
if(i==0) drE= 4*3.1415*E0*a*Er*k*phiM*phiM/(sqrt((1+a/b))*(
((phiP/phiM*exp(k*h4)-0.5*(1+phiP*phiP/(phiM*phiM)))/(exp(2*k*h4)1))*((r0+b+x[0])/sqrt((b+x[1])*(b+x[1])+(r0+b+x[0])*(r0+b+x[0])))+
((phiP/phiM*exp(k*h5)-0.5*(1+phiP*phiP/(phiM*phiM)))/(exp(2*k*h5)-1))*((-r0b+x[0])/(sqrt((b+x[1])*(b+x[1])+(-r0-b+x[0])*(-r0-b+x[0]))))));
else if(i==1) drE=
4*3.1415*E0*a*Er*k*phiM*phiM/(sqrt((1+a/b))*(((phiP/phiM*exp(k*h4)0.5*(1+phiP*phiP/(phiM*phiM)))/(exp(2*k*h4)-1))*
((b+x[1])/sqrt((b+x[1])*(b+x[1])+(r0+b-x[0])*(r0+b-x[0])))+((phiP/phiM*exp(k*h5)0.5*(1+phiP*phiP/(phiM*phiM)))/(exp(2*k*h5)-1))*
((b+x[1])/(sqrt((b+x[1])*(b+x[1])+(-r0-b+x[0])*(-r0-b+x[0]))))));
}
return (drE/P_MASS(p));
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}
C.2 ADDITIONAL HYDRODYNAMIC HINDRANCE FACTOR
/*additional hydrodynamic hindrance factor*/
DEFINE_DPM_SCALAR_UPDATE(velocity, cell, thread, initialize, p)
{
Thread *t;
cell_t c;
real c1,c2;
real x[ND_ND];
x[0]=p->state.pos[0];
/* x component of particle location */
x[1]=p->state.pos[1];
/* y component of particle location */
c = RP_CELL(&(p->cCell));
t = RP_THREAD(&(p->cCell));
if (initialize)
{
p->user[0] = C_U(c,t);
p->user[1] = C_V(c,t);
p->user[2] = P_VEL(p)[0];
p->user[3] = P_VEL(p)[1];
}
else
{
if(x[1]>= 50.0e-9)
{
c1 = a/x[1];
p->user[0] = C_U(c,t)*(1+0.563*c1);
p->user[1] = C_V(c,t)*(1-1*pow(c1,3.8))/(1-1.125*c1+0.5*pow(c1,3));
p->user[2] = P_VEL(p)[0]/(1-0.563*c1+0.125*pow(c1,3)-0.176*pow(c1,4)0.0063*pow(c1,5));
p->user[3] = P_VEL(p)[1]/(1-1.125*c1+0.5*pow(c1,3));
}
else if (x[1]< 50.0e-9)
{
if (x[1]>= 20.0e-9)
c1 = a/x[1];
c2 = a/r0;
{
p->user[0] = C_U(c,t)*(1+0.563*c1);
p->user[1] = C_V(c,t)*(1-0.333*c2)/(11.004*c2+0.418*pow(c2,3)+0.21*pow(c2,4)-0.169*pow(c2,5));
p->user[2] = P_VEL(p)[0]/(1-0.563*c1+0.125*pow(c1,3)-0.176*pow(c1,4)0.0063*pow(c1,5));
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p->user[3] = P_VEL(p)[1]/(1-1.125*c1+0.5*pow(c1,3));
}
}
else if (x[1]< 20.0e-9)
{
if (x[1]>= 10.0e-9)
c1 = a/x[1];
c2 = a/r0;
{
p->user[0] = C_U(c,t)*(1+0.563*c1);
p->user[1] = C_V(c,t)*(1-0.333*c2)/(11.004*c2+0.418*pow(c2,3)+0.21*pow(c2,4)-0.169*pow(c2,5));
p->user[2] = P_VEL(p)[0]/(1-0.563*c1+0.125*pow(c1,3)-0.176*pow(c1,4)0.0063*pow(c1,5));
p->user[3] = P_VEL(p)[1]/(1-1.004*c2+0.418*pow(c2,3)+0.21*pow(c2,4)0.169*pow(c2,5));
}
}
else if(x[1]< 10.0e-9)
{
c1 = a/x[1];
c2 = a/r0;
p->user[0] = C_U(c,t)*(1-1*pow(c1,3.8))/(1-1.125*c1+0.5*pow(c1,3));
p->user[1] = C_V(c,t)*(1-0.333*c2)/(11.004*c2+0.418*pow(c2,3)+0.21*pow(c2,4)-0.169*pow(c2,5));
p->user[2] = P_VEL(p)[0]/(1-1.125*c2+0.5*pow(c2,3));;
p->user[3] = P_VEL(p)[1]/(1-1.004*c2+0.418*pow(c2,3)+0.21*pow(c2,4)0.169*pow(c2,5));
}
}
}
C.3 TRANSMEMBRANE PRESSURE PULSE
DEFINE_PROFILE(pressureFeed, thread, position)
{
real t;
face_t f;
begin_f_loop(f, thread)
{
t=RP_Get_Real("flow-time");
if (t < 10.00e-6)
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F_PROFILE(f,thread,position) = 1.0e5;
else
F_PROFILE(f,thread,position) = 1.0e5;
}
end_f_loop(f, thread)
}
DEFINE_PROFILE(pressureBack, thread, position)
{
real t;
face_t f;
begin_f_loop(f, thread)
{
t=RP_Get_Real("flow-time");
if (t < 8.00e-6)
F_PROFILE(f,thread,position) = 0;
else
F_PROFILE(f,thread,position) = 8e4;
}
end_f_loop(f, thread)
}
C.4 COUNTER-ELECTROOSMOSIS
void check_uds_udm(void);
enum {N_REQUIRED_UDS};
/**** Boundary condition for membrane wall ***/
DEFINE_PROFILE(scalar_der_x1, t, i)
{
cell_t c0;
Thread *t0=THREAD_T0(t);
face_t f;
real xf[ND_ND],xc[ND_ND],dx;
begin_f_loop(f,t)
{
F_CENTROID(xf,f,t);
c0=F_C0(f,t);
C_CENTROID(xc,c0,t0);
dx=xf[0]-xc[0];
F_PROFILE(f,t,i)=C_UDSI(c0,t0,2)-((constant/(E0*Er))*dx);
}
end_f_loop(f,t)
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}
DEFINE_PROFILE(scalar_der_x2, t, i)
{
cell_t c0;
Thread *t0=THREAD_T0(t);
face_t f;
real xf[ND_ND],xc[ND_ND],dx;
begin_f_loop(f,t)
{
F_CENTROID(xf,f,t);
c0=F_C0(f,t);
C_CENTROID(xc,c0,t0);
dx=xf[0]-xc[0];
F_PROFILE(f,t,i)=C_UDSI(c0,t0,2)+((constant/(E0*Er))*dx);
}
end_f_loop(f,t)
}
DEFINE_PROFILE(scalar_der_y1, t, i)
{
cell_t c0;
Thread *t0=THREAD_T0(t);
face_t f;
real xf[ND_ND],xc[ND_ND],dy;
begin_f_loop(f,t)
{
F_CENTROID(xf,f,t);
c0=F_C0(f,t);
C_CENTROID(xc,c0,t0);
dy=xf[1]-xc[1];
F_PROFILE(f,t,i)=C_UDSI(c0,t0,2)-((constant/(E0*Er))*dy);
}
end_f_loop(f,t)
}
DEFINE_PROFILE(scalar_der_y2, t, i)
{
cell_t c0;
Thread *t0=THREAD_T0(t);
face_t f;
real xf[ND_ND],xc[ND_ND],dy;
begin_f_loop(f,t)
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{
F_CENTROID(xf,f,t);
c0=F_C0(f,t);
C_CENTROID(xc,c0,t0);
dy=xf[1]-xc[1];
F_PROFILE(f,t,i)=C_UDSI(c0,t0,2)+((constant/(E0*Er))*dy);
}
end_f_loop(f,t)
}
DEFINE_PROFILE(scalar_der_r1, t, i)
{
cell_t c0;
Thread *t0=THREAD_T0(t);
face_t f;
real xf[ND_ND],xc[ND_ND],dx,dy,dr;
begin_f_loop(f,t)
{
F_CENTROID(xf,f,t);
c0=F_C0(f,t);
C_CENTROID(xc,c0,t0);
dx=xf[0]-xc[0];
dy=xf[1]-xc[1];
dr=cos(atan(xf[1]/xf[0]))*dx+sin(atan(xf[1]/xf[0]))*dy;
F_PROFILE(f,t,i)=C_UDSI(c0,t0,2)-((constant/(E0*Er))*dr);
}
end_f_loop(f,t)
}
DEFINE_PROFILE(scalar_der_r2, t, i)
{
cell_t c0;
Thread *t0=THREAD_T0(t);
face_t f;
real xf[ND_ND],xc[ND_ND],dx,dy,dr;
begin_f_loop(f,t)
{
F_CENTROID(xf,f,t);
c0=F_C0(f,t);
C_CENTROID(xc,c0,t0);
dx=xf[0]-xc[0];
dy=xf[1]-xc[1];
dr=-cos(atan(xf[1]/xf[0]))*dx+sin(atan(xf[1]/xf[0]))*dy;
F_PROFILE(f,t,i)=C_UDSI(c0,t0,2)-((constant/(E0*Er))*dr);
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}
end_f_loop(f,t)
}
DEFINE_PROFILE(scalar_der_r3, t, i)
{
cell_t c0;
Thread *t0=THREAD_T0(t);
face_t f;
real xf[ND_ND],xc[ND_ND],dx,dy,dr;
begin_f_loop(f,t)
{
F_CENTROID(xf,f,t);
c0=F_C0(f,t);
C_CENTROID(xc,c0,t0);
dx=xf[0]-xc[0];
dy=xf[1]-xc[1];
dr=cos(atan(xf[1]/xf[0]))*dx-sin(atan(xf[1]/xf[0]))*dy;
F_PROFILE(f,t,i)=C_UDSI(c0,t0,2)-((constant/(E0*Er))*dr);
}
end_f_loop(f,t)
}
DEFINE_PROFILE(scalar_der_r4, t, i)
{
cell_t c0;
Thread *t0=THREAD_T0(t);
face_t f;
real xf[ND_ND],xc[ND_ND],dx,dy,dr;
begin_f_loop(f,t)
{
F_CENTROID(xf,f,t);
c0=F_C0(f,t);
C_CENTROID(xc,c0,t0);
dx=xf[0]-xc[0];
dy=xf[1]-xc[1];
dr=-cos(atan(xf[1]/xf[0]))*dx-sin(atan(xf[1]/xf[0]))*dy;
F_PROFILE(f,t,i)=C_UDSI(c0,t0,2)-((constant/(E0*Er))*dr);
}
end_f_loop(f,t)
}
DEFINE_PROFILE(scalar_wall_n1, t, i)
{
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cell_t c0;
Thread *t0=THREAD_T0(t);
face_t f;
real xf[ND_ND],xc[ND_ND];
begin_f_loop(f,t)
{
F_CENTROID(xf,f,t);
c0=F_C0(f,t);
C_CENTROID(xc,c0,t0);
F_PROFILE(f,t,i)= 0.1 *exp(-C_UDSI(c0,t,2)/25.85e-3);
}
end_f_loop(f,t)
}
DEFINE_PROFILE(scalar_wall_n2, t, i)
{
cell_t c0;
Thread *t0=THREAD_T0(t);
face_t f;
real xf[ND_ND],xc[ND_ND];
begin_f_loop(f,t)
{
F_CENTROID(xf,f,t);
c0=F_C0(f,t);
C_CENTROID(xc,c0,t0);
F_PROFILE(f,t,i)= 0.1 *exp(C_UDSI(c0,t,2)/25.85e-3);
}
end_f_loop(f,t)
}
/***diffusivity for Nerst-Plank equation****/
DEFINE_DIFFUSIVITY(n1_diffusivity,c,t,i)
{
return 1.683e-9;
}
/* Solving Boltzmann eqation ***/
DEFINE_SOURCE(Boltzmann,c,t,dS,eqn)
{
real x[ND_ND];
real source;
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C_CENTROID(x, c, t);
source = -(C_UDSI(c,t,0)-C_UDSI(c,t,1))* ee /(Er * E0);
dS[eqn] = 0.0;
return source;
}
/**advective term flux term for Nernst-Plank equation***/
DEFINE_UDS_FLUX(my_uds_flux, f, t, i)
{
Thread *t0, *t1 = NULL;
cell_t c0, c1 = -1;
real NV_VEC(psi_vec), NV_VEC(A);
/* neighboring cells of face f, and their (corresponding) threads */
t0 = F_C0_THREAD(f,t);
c0 = F_C0(f,t);
if (NULL != F_C1_THREAD(f,t))
/* Alternative: if (! BOUNDARY_FACE_THREAD_P(t)) */
{
t1 = F_C1_THREAD(f,t);
c1 = F_C1(f,t);
}
else
{
t1 = NULL;
c1 = -1;
}
/* If Face lies at domain boundary, use face values; */
/* If Face lies IN the domain, use average of adjacent cells. */
if (NULL == t1)
/* Alternative: if (BOUNDARY_FACE_THREAD_P(t)) */
{
NV_D(psi_vec, =, F_U(f,t), F_V(f,t), F_W(f,t));
if(NULL==T_STORAGE_R(t,SV_DENSITY))
NV_S(psi_vec,*=,0.0);
else
NV_S(psi_vec, *=, F_R(f,t));
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}
/* Now psi_vec contains our "psi" from above. */
/* Next, get the face normal vector: */
F_AREA(A, f, t);
/* Finally, return the dot product of both. */
/* Fluent will multiply the returned value */
/* by phi_f (the scalar's value at the face) */
/* to get the "complete" advective term... */
return NV_DOT(psi_vec, A);
}
/***Source term for Navier-Stokes equation****/
DEFINE_SOURCE(x_momentum_source,c,t,dS,eqn)
{
real x[ND_ND];
real source;
C_CENTROID(x, c, t);
source = -ee*(C_UDSI(c,t,0)-C_UDSI(c,t,1))* C_UDSI_G(c,t,2)[0];
dS[eqn] = 0.0;
return source;
}
DEFINE_SOURCE(y_momentum_source,c,t,dS,eqn)
{
real x[ND_ND];
real source;
C_CENTROID(x, c, t);
source = -ee*(C_UDSI(c,t,0)-C_UDSI(c,t,1))* C_UDSI_G(c,t,2)[1];
dS[eqn] = 0.0;
return source;
}
DEFINE_ADJUST(adjust,d)
{
Thread *t;
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cell_t c;
{
thread_loop_c(t,d)
{
begin_c_loop(c,t)
{
C_UDSI(c,t,3)=C_UDSI(c,t,0)*C_UDSI_G(c,t,2)[0];
C_UDSI(c,t,4)=C_UDSI(c,t,0)*C_UDSI_G(c,t,2)[1];
C_UDSI(c,t,5)=C_UDSI(c,t,1)*C_UDSI_G(c,t,2)[0];
C_UDSI(c,t,6)=C_UDSI(c,t,1)*C_UDSI_G(c,t,2)[1];
C_UDSI(c,t,7)=0.1 *exp(-C_UDSI(c,t,2)/25.85e-3);
C_UDSI(c,t,8)=0.1 *exp(C_UDSI(c,t,2)/25.85e-3);
}
end_c_loop(c,t)
}
}
}
DEFINE_SOURCE(n1NP_source,c,t,dS,eqn)
{
real source= D1*ee /(kb * T)*(C_UDSI_G(c,t,3)[0]+C_UDSI_G(c,t,4)[1]);
return source;
}
DEFINE_SOURCE(n2NP_source,c,t,dS,eqn)
{
real source= -D2*ee /(kb * T)*(C_UDSI_G(c,t,5)[0]+C_UDSI_G(c,t,6)[1]);
return source;
}
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