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ABSTRACT

The purpose of this thesis is to investigate directional decoupling of
piezoceramic-based actuators for high precision shape and vibration control of twodimensional plate structures.
Significant research exists concerning shape control of two-dimensional adaptive
optical structures with attached piezoelectric ceramic sheet actuators. Researchers have
investigated the optimal placement, size, and electrode pattern of the piezoceramic
actuators to maximize the system performance. In many situations, the performance
could be further improved with tailoring of the actuator configuration. For example, it
was found that to avoid creating short wavelength deformation (higher order deformation
modes) in two-dimensional structures, the ideal actuator would be one that is
directionally decoupled, i.e., only actuates in one direction when controlling certain static
deformation modes of interests. In applications where high precision is a requirement, a
directional decoupled actuator can improve the shape control performance by decreasing
the actuation authority to the higher order undesired deformations while maintaining
sufficient authority for the controlled modes. In addition to shape control, vibration
control of large flexible space structures is continually challenging to engineers due to the
large number of actuators and sensors, and the large number of vibration modes within
the operational bandwidth. For these structures, due to the small amount of damping
available, spillover effects need to be addressed when active controls are utilized.
In this thesis, two directional decoupling methods are proposed for high-precision
shape and vibration control, namely the Active Stiffener (AS) and the MacroFiber
Composite (MFC).

The objectives of the investigation are to analyze the two

configurations, understand their characteristics, provide insights for better design and
control, and experimentally validate the theoretical findings.
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The Active Stiffener is a new stiffener-piezoceramic actuator pair concept that
consists of a passive insert (stiffener) placed between the host structure and the active
piezoelectric actuator. The basic premise is that the insert (stiffener) will reduce the
transmitted moment to the host structure in the direction desired for decoupling while
allowing an adequate moment to transmit in the actuation direction.

In this study, a

local analysis of the AS actuator is first developed to gain a proficient understanding of
the actuator and determine parameters that can best achieve the decoupling actions.
Using finite element analysis techniques, investigations of a single AS attached to rigid
and flexible host structures are presented. The effects of various material and system
parameters on the applied bending moments (active authority in both directions) to the
host structure are illustrated.

It is shown that, with proper design, the AS can

significantly reduce the active authority in a selected direction while maintaining
sufficient authority in the orthogonal direction.
To demonstrate the effectiveness of the new AS configuration for shape and
vibration control, analytical and experimental efforts are carried out to examine the
performance of the AS actuators in controlling 2-dimensional plate structures. Analysis
is performed on two large flexible circular plate structures, one having the Direct
Attached (DA) actuators and the other utilizing the AS actuators. For shape control,
more reductions in surface error can be achieved with the AS compared to equivalent
systems having DA actuators. The DA actuators generate more localized deformation
than the AS in the structure due to the coupled planar actuation of the DA actuator. The
analysis results performed for each deformation shape demonstrate that a stiffener height
greater than zero maximizes the shape control performance, i.e. the DA actuator is never
the ideal actuator. The experimental results verify the analytical predictions and clearly
demonstrate the performance improvement of the AS concept over the DA actuator.
For vibration control, analytical and experimental efforts are carried out to
examine the ability of the Active Stiffener actuators for reducing controller spillover
through the stiffeners’ decoupling properties. It is shown that significant reductions in
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controller spillover can be achieved in systems using the Active Stiffener actuators when
compared to systems having Direct Attached actuators, thus resulting in improved
vibration control performance.

Vibration analysis results confirm the shape control

results where a stiffener height greater than zero is always the ideal actuator. The
experimental results verify the analytical predictions where the AS has an increased
stability margin due to the reduced controller spillover effect.
Similar to the Active Stiffener, the MacroFiber Composite (MFC) actuator
possesses several advantages over the planar monolithic piezoceramic actuator, such as
increased toughness, flexibility, higher longitudinal strains, and higher specific work
output. Also, the anisotropy of the actuator can be modified or changed by the selection
of the parameters at the material, lamina, and laminate levels of fabrication. Many
applications have been explored using the composite actuators; however, they have not
been specifically studied and utilized for their directional decoupling characteristics.
Analytical and experimental efforts are performed to examine the feasibility of using the
MFC’s for high precision shape and vibration control. The analytical and experimental
results demonstrate that the MFC’s can dramatically reduce the surface error and
controller spillover for shape and vibration control.

When compared to equivalent

systems having DA and AS actuators, the MFC performs better than the DA for all
modes and is comparable in performance to the AS. While the MFC treatment requires
much larger voltages than the AS treatment, it’s power requirement is lower. Using a 3D composites model of the actuator based upon the Uniform Fields Model, it is observed
that the system performance can be maximized or the voltage requirements can be
reduced through tailoring the fiber volume fraction.
The research achievements of this thesis are summarized in the final chapter.
Recommendations are made for improving upon the work presented here, and some
possible future research directions on related topics are also presented.
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CHAPTER 1 - INTRODUCTION

1.1 BACKGROUND

With the advancement of actuator engineering, adaptive optic technology has
improved substantially over the past forty years where the concept of adaptive optics
dates back as early as 1966 when Robertson used actuators to correct for piston and tilt in
a 0.508 m diameter three-segment mirror (Robertson, 1966). With the advancements
achieved in actuator technology, optical manufacturing, and composite materials, images
obtained from ground-based adaptive optic systems have never been clearer. Current
ground-based adaptive optic systems possess hundreds and even thousands of discrete
force actuators to correct for aberrations due to atmospheric disturbances and
manufacturing defects.

While the precision and accuracy of these devices are

exceptional, the mass of these systems renders them inapplicable for space applications
due to the required number of actuators and heavy support structure. Space-based optical
systems are ever increasingly being challenged with lighter, stiffer, and larger diameter
optic requirements having greater dimensional stability, precision, vibration reduction,
and pointing accuracy. As a result, research into adaptive or smart space-based optical
systems is continuously growing due to the increased demands in performance.
Achieving the goals of lighter, stiffer, larger optic diameters with less surface
error is a difficult task, especially when confronted with gravity effects, manufacturing
defects, and thermal deformations. Gravity differences between orbit and land can result
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in significant error if not properly accounted for in the design and manufacture of the
optics. Polishing a large optical mirror to a high surface smoothness can take months to
years depending on the size and specifications, and thermal gradients due to radiation
effects can result in significant deformations even in Ultra-Low Expansion (ULE)
composites. Therefore, an adaptive system that can compensate for gravity effects,
manufacturing defects, and thermal deformations is highly prized.
As equally important as surface shape correction is vibration suppression.
Unwanted vibrations invariably plague the performance of large space structures and can
reduce the image quality and surface precision of the optics. Vibration control of large
space structures is inherently a difficult problem due to the large number of sensors,
actuators, and vibration modes.

For these structures, there exist many modes with

closely-spaced frequencies within the range of the disturbance and control bandwidth.
Any disturbed modes are likely to remain vibrating for an extended period of time due to
the small amount of damping available. As a result, it is especially important that the
uncontrolled or residual modes are not excited.

When the excitation of the residual

modes is a result of the active control system, it is known as controller spillover
(Meirovitch, 1990). In addition to controller spillover, observation spillover can degrade
the performance due the residual modes spilling over into the estimation of the controlled
modes.
Observation and controller spillover affects the stability of the system by
destabilizing some of the uncontrolled or unmodelled modes, especially at the higher
frequencies where modeling of the dynamics becomes less accurate. Extensive research
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effort has been focused on reducing the controller and observer spillover effects in large
space structures. Researchers have pursued numerous advanced controller designs for the
reduction of the destabilizing spillover effects ((Balas, 1980), (Chait and Radcliffe,
1989), (Czajkowski, et al., 1990), (Yang and Liu, 1994), (Choi and Park, 2002). While
these researchers have investigated advanced controller designs, other investigators have
proposed numerous algorithms for the determination of the optimal location of the
actuators and sensors for the reduction of controller and/or observer spillover ((Tang and
Huang, 1992) (Han and Lee, 1999) (Sun and Tong, 2001)).
Piezoelectric ceramic actuators have been aggressively pursued in the adaptive
optic community for shape and vibration control due to their unique material and
actuation properties. These materials have the ability to convert an electrical input to a
mechanical output, and vice versa. For example, an applied voltage can induce a strain in
the material, or an applied stress can induce a charge on the material (IEEE, 1987).
While the displacement capability of piezoelectrics are small relative to other types of
actuators (e.g. hydraulic and electromagnetic actuators), the piezoceramic has high force
and bandwidth capabilities and can be much more easily integrated with the host
structure than traditional actuators. These properties of the piezoceramics are ideal for
high precision shape and vibration control where the maximum expected surface errors
are considered small and within the range of piezoceramics, and the size, force, and
weight characteristics of the piezoelectric actuators are attractable for space applications.
Recently, there has been considerable attention in lightweight adaptive optics
where piezoelectric sheet actuators are directly attached on the back of optical mirrors to

4
achieve a high precision surface shape. Unlike using discrete force actuators, directly
attaching piezoelectric sheet actuators to the back of the mirror structure requires no
support structure and fewer actuators due to the distributed actuation.

Since the

piezoelectric strip actuators are relatively lightweight, a large number of such strips can
be used to control the surface distortions of the mirror without imposing a weight penalty.
Ground-based adaptive optics systems require many local discrete actuators to correct for
high order aberrations caused by atmospheric disturbances. With space-based systems,
these disturbances are nonexistent, and as a result, the distributed actuation of the
piezoceramic sheet actuator is ideal for the correction of the low order deformations, such
as the Power, Primary Astigmatism, Primary Trefoil Zernike polynomials.

Many

researchers have investigated the shape control performance of piezoelectric actuators
directly attached to a mirror. Kuo and Bruno (1990), Liu and Hagood (1993), and
Kapania, et al. (1998) are a few examples (see Literature Review for more detail).
Philen and Wang (2001) investigated the shape control performance of a large
flexible circular plate structure (radius of 1.27 m) having directly attached thin strip
piezoelectric sheet actuators placed in a plate’s radial and circumferential directions
(Figure 1-1). The actuators placed in radial lines are termed ‘radial actuators’ and the
actuators placed in circumferential lines are called ‘circumferential actuators’.
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Figure 1-1: Circular plate configuration with radial and circumferential actuators

When analyzing the structural coupling between the actuator and the host
structure for a single radial actuator, it was discovered that eliminating the
circumferential actuation of the radial actuator can dramatically reduce the coupling
between the host structure and actuator for the higher order circumferential modes.
Shown in Figure 1-2 is the coupling ratio as the circumferential mode number increases.
The coupling ratio is defined to be the structural coupling ratio between the decoupled
and coupled actuator.

Eliminating the circumferential action of the radial actuator

defines a decoupled radial actuator, and eliminating the radial action of the
circumferential actuator defines a decoupled circumferential actuator. As shown, there is
a significant decrease in the coupling for the decoupled actuator when compared to the
coupled actuator, especially as the circumferential mode number increases. Since the
width of the actuator is small in comparison to the plate radius, the circumferential action
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of the actuator yields negligible control authority in the lower order circumferential
modes, but can cause unwanted localized deformation in the circumferential direction.
Therefore, the circumferential expansion/contraction cannot provide the authority to
control the lower order circumferential modes (low order circumferential wave number in
Zernike polynomial), but eliminating this action can significantly reduce the possibility of
‘exciting’ the higher (uncontrolled) deformations in the circumferential direction
(likewise with the circumferential actuators and radial deformations). Even though the
actuator/plate coupling does change with actuator location, length, and width, it is
observed that this coupling ratio remains constant.

Figure 1-2: Coupling ratio versus circumferential mode for single radial actuator

To further illustrate the effect of the circumferential actuation on the shape of the
plate, Figures 1-3 and 1-4 reveal the shape along the edge of the plate when it is desired
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to recreate the Primary Tetrafoil and Secondary Astigmatism modes. The plate has 12
radial lines of 7.6 cm width actuators with 8 actuators per radial line, resulting in 96 total
surface bonded actuators. The solid vertical lines are the centerline locations of the
actuators. The goal of the analysis is to deform the shape of the host structure into the
shape shown on the right using the piezoceramic actuators. As demonstrated in the
figures, with directly attached actuators, the two-dimensional action increases the
difficulty in achieving an ultra-high precision performance.

On the other hand,

eliminating the circumferential action of the surface bonded radial piezoelectric actuators
results in improved performance and reduced surface error. The reader is referred to
Appendix A for derivations and additional properties used in this paper.

Figure 1-3: Displacement of edge of plate for the coupled and decoupled actuator for the
Primary Tetrafoil mode
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Figure 1-4: Displacement of edge of plate for the coupled and decoupled actuator for the
Secondary Astigmatism mode

For high precision shape control, it is crucial that the surface error be reduced as
much as possible. For vibration control, avoiding the excitation of the residual modes
while minimizing the vibration in the controlled modes is as equally important.

As

shown by Philen and Wang (2001), directionally decoupling the actuator improves the
shape control performance by minimizing the ‘excitation’ of the higher order static
deformations, and it is expected that directionally decoupling the actuator will reduce the
excitation of the residual vibration modes, thus minimizing the controller spillover effect.
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In the literature review that follows, the major research efforts on shape control of
optical mirrors using directly attached piezoelectric actuators are highlighted.

For

vibration control, a literature review on vibration control of large space structures with an
emphasis on controller spillover is provided afterwards.

1.2 LITERATURE REVIEW

1.2.1 Shape control of plate structures using piezoelectric sheet actuators

Current ground-based adaptive optics essentially employ a configuration of
evenly distributed discrete point force actuators.

As mentioned, these systems are

extremely large and heavy, and as a result, research into lighter and stiffer adaptive optics
has grown considerably over the past couple of decades.

For example, the Next

Generation Space Telescope (NGST) will have a primary mirror on the order of eight
meters in diameter, segmented, diffraction limited at a wave length of 2 microns, and
have an overall mass of 15 kg/m2 or less (Bilbro, 1999). For perspective, a solid sheet of
aluminum with these weight constraints would have a thickness of only 5.4 mm.
Directly attached piezoelectric sheet actuators provide a promising solution for
lightweight space based optics. While many papers have been published on the subject
of shape control of plate structures using piezoelectric actuators, only a few have
addressed realistic optical systems having many directly attached piezoelectric sheet
actuators. In the works by Kuo and Wada (1989), Kuo and Bruno (1990), and Kuo
(1993), the shape control performance of a lightweight one meter composite mirror
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having directly attached thin strip piezoelectric actuators is analytically and
experimentally investigated. In the paper by Kuo and Wada (1989), using a modified
simulated annealing technique, the final optimal actuator configuration consists of an
arrangement wherein the actuators are placed along six radial lines. Liu and Hagood,
(1993), performed a feasibility study to determine the optimal actuation field and
locations of directly attached piezoelectric actuators for lightweight mirror deflection
correction. It was observed that the optimal locations are at support points and along the
edge. Kapania, et al. (1998) investigated the shape correction of thermal deformations in
a thin hexagonal spherical mirror segment using both discrete force actuators and
distributed directly attached piezoelectric strip actuators. Performing an optimization
routine using the DeLorenzo’s algorithm, the piezoelectric strips are found to be
comparable in performance to force actuators when correcting for several types of
thermal deformations.

Although the optimization results yielded different actuator

configurations for each thermal deformation, actuators placed along the edge were
present for each result. Sheng and Kapania (2000) later investigated Genetic Algorithms
for the optimization of the actuator location using thirty actuators, and found that
modestly better results were achieved when compared to the results obtained with the
DeLorenzo algorithm with a reduced computational cost.
Common in the research noted above is in the actuator configuration, where
optimization results reveal a configuration of lines of radial actuators and lines of
circumferential actuators around the edge of the plate. In addition, these studies focused
primarily on optimizing the location of the piezoelectric sheet actuators on a plate
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structure and determining the maximum performance with the configurations. Actuator
size, actuator geometry, and actuator actuation properties were not considered in the
optimization process.

1.2.2 Vibration control of large space structures

Due to the high dimension-to-mass ratio requirement of future space based optical
systems, these structures will be extremely flexible and require a large number of
vibration modes (theoretically, infinite number of modes are needed) to accurately
describe its dynamic behavior. However, due to modeling and hardware limitations, only
a limited number of vibration modes are considered in active vibration control of these
large flexible structures. One common method is to control a set of important or critical
modes (controlled modes) while trying to minimize the excitation of the uncontrolled or
residual modes. When the excitation of the residual modes is a result of the control
system, it is known as controller spillover (Meirovitch, 1990). Controller spillover in the
presence of observation spillover can degrade the performance of the system and possibly
destabilize the system.

Reducing controller and observation spillover is especially

important for lightly damped large space structures since the system eigenvalues reside
close to the imaginary axis and small amounts of spillover can cause the eigenvalues to
cross the imaginary axis and shift into the instability region.
While a vast body of research exits in controller spillover minimization through
controller design methods, a literature review reveals a small amount studies concerning
the modification of the actuation properties of the actuator in an attempt to reduce
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controller spillover. Lee and Moon (1990), Saravanan, et al. (2000), and Kim, et al.
(2000) investigated shaping of the electrodes of piezoelectric materials attached to a plate
structures for reducing the controller and observation spillover effects.

1.3 PROBLEM STATEMENT AND RESEARCH GOAL

The focus of this research is on directional decoupling of piezoelectric sheet
actuators for high-precision shape and vibration control. As shown by Philen and Wang
(2001), decoupling the actuator can improve the shape control performance of the system
by minimizing the ‘excitation’ of the higher order uncontrolled static deformations.
The literature review reveals a significant amount of work has been performed in
the area of shape and vibration control of plate structures using piezoelectric sheet
actuators. However, none of these previous studies investigated directional decoupling
methods for increasing the performance of the system. Directional decoupling of the
piezoceramic actuator requires a mechanism to reduce the transmitted actuation in one of
the two directions. Therefore, the goal of this thesis research is to develop, analyze,
understand, and experimentally validate new directional decoupling concepts and
mechanisms for high-precision shape and vibration control of a circular plate structure.
Two types of actuators, having unique directional actuation behavior, examined in this
research are the 1) Active Stiffener and the 2) MacroFiber Composite. The following
sections detail the two actuators.
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1. Active Stiffener (AS)

The Active Stiffener is a stiffener-piezoceramic actuator pair that consists of an
insert (stiffener) placed between the host structure and the piezoelectric actuator as seen
in Figure 1-5. The basic premise is that the insert (stiffener) will reduce the applied
bending moment to the host structure in the y direction while allowing an adequate
moment to transmit in the x direction. Here, the insert located between the host structure
and piezoelectric actuator is identified as the stiffener, and the stiffener and piezoelectric
actuator assembly is referred to as the Active Stiffener.

Figure 1-5: Illustration of Active Stiffener on Circular Host Structure
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Other investigations have examined an alternate Active Stiffener configuration
applying piezoelectric patches on the sides of structural stiffeners ((Birman, et al., 1999),
(Birman, et al., 2000)). However, these investigations were not concerned with the
directional decoupling ability of the actuators and have disregarded the local
deformations of the host structure between the stiffeners. These local deflections are
crucial factors for high precision shape and vibration control.

2. MacroFiber Composite (MFC)

The MacroFiber Composite (MFC), like the AS, possesses unique orthotropic
actuation properties and has received a great deal of attention within the past 5 years.
MFCs are composite actuators that consist of continuously aligned rectangular
piezoceramic fibers in an epoxy-based matrix with an Interdigitated Electrode (IDE)
pattern that orients the applied electric field along the fiber lengths (Figure 1-6) (Wilkie,
et al., 2000). Sharing essentially the same configuration as the MacroFiber Composite
except for fiber shape (round vs. rectangular), the Active Fiber Composite (AFC) created
by Bent, et al. (1995) and Bent and Hagood (1997) was developed before the MFC.
However, the advantage of the MFC over the commonly used high cost, extruded, round
piezoelectric fibers in the AFC is that the rectangular fibers are machined from low-cost
piezoceramic wafers using a computer-controlled dicing saw (Wilkie, et al., 2000).
The IDE pattern of the MFC and AFC exploits the high d33 coupling of the
piezoelectric material, thus giving higher longitudinal strains than planar monolithic
piezoceramics (Bent and Pizzchero, 2000).

MFCs and AFCs possess several other
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advantages over commonly used monolithic ceramics.

With MFCs and AFCs, the

anisotropy of the actuator can be modified or changed by the selection of the parameters
at the material, lamina, and laminate levels of fabrication (Bent, et al., 1995). The fine
ceramic fibers provide increased specific strength and the passive materials (matrix) can
improve the toughness and conformability over monolithic materials (Bent and
Pizzchero, 2000). On the other hand, MFCs and AFCs have several disadvantages when
compared to the planar monolithic piezoceramics.

One disadvantage is the high

operating voltage requirement, which is affected by the pitch of the interdigitated
electrode fingers and the attenuation of the driving electric field by unwanted
accumulations of low dielectric matrix material between the electrodes and the
piezoceramic elements (Wilkie, et al., 2000). For example, the typical high field level for
the 45 mil pitch electrodes is 3000-4000 Volts peak-to-peak with 600 DC Volts (Bent and
Pizzchero, 2000). With the higher voltage requirements, the issues concerning corona,
dielectric breakdown, and drive electronics requirements become important concerns
(Bent and Pizzchero, 2000). Due to the alignment of the poling axis along the load path
axis, MFCs and AFCs are more vulnerable to compressive stress induced polarization
(Morris, et al., 1996), and the processing and handing of the piezoelectric fibers during
manufacturing increases the difficulty in production of the actuator (Wilkie, et al., 2000).
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Figure 1-6: Illustration of MacroFiber Composite

1.4 THESIS OUTLINE

This thesis consists of six chapters, which are organized as follows.
The first chapter introduces the background information and motivation for the
current research. A comprehensive review of the state of the art approaches is presented
and the research objectives are stated.
The second chapter provides a fundamental understanding of the Active Stiffener
through a comprehensive local analysis of the decoupling mechanism. In this chapter, a
well-integrated single actuator-stiffener-structure model is developed for investigation of
the stiffener’s decoupling ability. The correlation between the interfacial shear and
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peeling stresses at the actuator-structure interface and the transmitted moments to the host
structure is investigated. Stiffener parameters, such as stiffener dimensions and material
properties, that best achieve actuator decoupling is explored.
The third chapter focuses on the shape control performance of a circular host
structure having the Active Stiffener actuators. A shape control law is derived for
determining the optimal electrical fields for each actuator. The performance of the AS is
compared to an equivalent system having DA actuators. A parameter study of the AS in
combination with the understanding gained from the single AS analysis provides further
insight into the AS decoupling mechanisms and shape control improvement.
Experimental validation of the analytical predictions entails system identification, shape
control law development, and evaluation of the performance of both the DA and AS
actuators.
The fourth chapter investigates the vibration control performance of the AS and
DA actuators. Using modern control theory, the controller spillover of the AS and DA
actuators are evaluated and compared. The effects of the stiffener parameters on the
controller spillover are examined.

Validation of the analytical results through

experimentation is performed using two circular plates, one having AS actuators and the
other having DA actuators.
The fifth chapter explores the performance of the MacroFiber Composite (MFC)
for shape and vibration control. In this chapter, a MFC actuator attached to a circular
host structure is analytically investigated for shape and vibration control and is compared
with the AS and DA actuators. In addition to the analytical investigation, a commercially
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available MFC actuator is experimentally examined for shape control and is compared
with the AS and DA systems. The second purpose of this chapter is to gain further
design insight into the MFC actuator through development of a comprehensive
composites model of the actuator. As stated in the previous section, the anisotropy of the
actuator can be modified or changed by the selection of the parameters at the material,
lamina, and laminate levels of fabrication. The influence of these parameters, such as the
volume fraction of the piezoceramic fibers, on the shape and vibration control
performance is examined.
Finally, the research efforts and achievements in this thesis are summarized in
Chapter 6. Suggestions for improving the current work, as well as possible future
research directions are also given.

CHAPTER 2 – SINGLE ACTIVE STIFFENER ANALYSIS

2.1 INTRODUCTION

As shown by Philen and Wang (2001), the two-dimensional action of the
piezoelectric actuator increases the difficulty in high-precision shape control, thereby
requiring a mechanism to reduce the action transmitted in one direction while allowing
adequate action to be transmitted in the orthogonal direction.

In other words, the

performance of the system could be further improved if the piezoelectric actuator was
directionally decoupled, meaning that the circumferential (radial) action of the radial
(circumferential) actuators is eliminated while the radial (circumferential) action is
maintained. This is because due to their thin width, the circumferential action of the
radial actuators will not provide the necessary bending moment authority to control the
lower order deformations in the circumferential direction (low order circumferential wave
number in Zernike polynomial), but will ‘excite’ the higher order deformations in the
circumferential direction (likewise with the circumferential actuators and radial
deformations). One decoupling mechanism proposed in this thesis is the Active Stiffener
and is illustrated in Figure 2-1. The basic premise is that the insert (stiffener) will reduce
the applied bending moment to the host structure in the y direction while allowing an
adequate moment to transmit in the x direction. Here, the insert located between the host
structure and piezoelectric actuator is identified as the stiffener, and the stiffener and
piezoelectric actuator assembly is referred to as the Active Stiffener.
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Figure 2-1: Illustration of Active Stiffener concept

From the above review and argument, it is clear that the Active Stiffener
configuration shown in Figure 2-1 could be a promising concept for achieving high
precision shape control. However, despite its importance, a comprehensive analysis of
the Active Stiffener configuration has yet to be performed. Such an analysis will provide
understanding of the decoupling mechanism, which will be crucial for the design of AS
devices.

Therefore, the objective of this investigation is to address this issue by
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developing a local analysis of the AS actuator to gain insight of its characteristics and
determine parameters that can best achieve the decoupling actions.

2.2 FINITE ELEMENT FORMULATION

The finite element method is used for modeling the single Active Stiffener and
host structure configuration.

The method of total potential energy is used for the

formulation, and for a linearly elastic body without an initial strain field, initial stresses,
body forces, and surface tractions, the potential energy can be represented by Eq. 2.1.

⎛1
⎞
Π = ∫ ⎜ ε T Cε ⎟dV − DT P
V 2
⎝
⎠

2.1

For the host structure and stiffeners with no nodal loads, the potential energies are

⎛1
⎞
Π host = ∫ ⎜ ε T Chost ε ⎟dV
V 2
⎝
⎠

2.2

⎛1
⎞
Π stiff = ∫ ⎜ ε T Cstiff ε ⎟dV
V 2
⎝
⎠

2.3

For each piezoelectric actuator, the potential energy can be written as
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⎛1
⎞
E
ε − ε T ePZT E3i ⎟dV
Π PZT = ∫ ⎜ ε T C PZT
V 2
⎝
⎠

2.4

Shown in Figure 2-2 is the model of the Active Stiffener with the finite element
mesh. Due to symmetry, ¼ of the Active Stiffener is modeled where symmetry boundary
conditions are imposed as shown. The finite element model uses the 20 noded quadratic
“serendipity” solid isoparametric elements. A three-point Gauss quadrature is used for
integration. A nonuniform mesh size is used to increase the accuracy of the calculations
of the high stresses on the edges of the stiffener. There are 320 elements representing the
host structure, 120 elements for the stiffener, and 110 elements for the piezoelectric
actuator, totaling 550 elements and 3668 nodes. For details regarding the derivations of
the element and integration procedure, the reader is referred to Cook, et al. (1989). The
parameters in Figure 2-2 are identified where lstiff is the length of the stiffener and
piezoelectric actuator, hstr is the height (thickness) of the structure, hstiff is the height of
the stiffener, hPZT is the height (thickness) of the piezoelectric actuator, wstiff is the width
of the stiffener, and wPZT is the width of the piezoelectric actuator.

23

Figure 2-2: Finite element model of Active Stiffener

2.3 RIGID HOST STRUCTURE ANALYSIS AND DISCUSSION

The first analysis involves the Active Stiffener attached to a rigid host structure.
With the finite element model, a rigid host structure has nodes at the stiffener-host
structure interface (defined to be the top of the stiffener) being fully constrained in the x,
y, and z directions. For the analysis, unless otherwise specified, hPZT = 1 mm, lstiff = 10
cm, lPZT=10 cm, and wPZT=10 cm. The material properties can be found in Appendix B.
To understand the Active Stiffener behavior and determine geometrical
parameters of the AS for decoupling, the average moments ( M x , M y ) about the middle
plane (z=0 in Figure 2-2) of the host structure in the x and y directions are used as

24
performance indices for evaluation. The average moments, as previously defined by Ryu
and Wang (2002), are determined using both the interfacial shear (Fky ,Fkx) and peeling
(Fkz) forces between the host structure and stiffener for the quarter structure as labeled in
Figure 2-3.

For example, Eqs. 2.5 - 2.7 determine the moments M xshear ( x, y ) and

M xpeel ( x, y ) and the average moment M x due to the shear (Fky) and peeling (Fkz) forces

along the x-y plane as represented by Figure 2-3 where H is the Heavyside function and N
is the total number of nodes for the quarter structure. In Figure 2-3, Mx(x,y) results in a
deformation in the z direction of the host structure along the y axis. In this case and
through out this chapter, directional decoupling requires that My(x,y) be reduced as much
as possible while maintaining a sufficient Mx(x,y).

M xshear ( x, y ) =

hstr
2

N

∑F
k =1

y
k

H [ y − yk ]H [ x − xk ]

2.5

N

M xpeel ( x, y ) = ∑ Fkz ( y − yk ) H [ y − yk ]H [ x − xk ]

2.6

k =1

M x = M xshear + M xpeel =

1
M xshear ( x, y ) + M xpeel ( x , y ) ) dA
(
∫∫
A A

2.7
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Figure 2-3: Shear and peeling force and moment diagram for y-z plane

Shown in Figure 2-4 are the average moments M shear
and M xpeel for various
x
stiffener widths as the stiffener height increases. M shear
is the contribution to the average
x
moment M x due to the shearing forces, and M xpeel is the contribution to the average
moment M x due to the peeling forces. The total average moment ( M x ) is equal to the
sum of the two moments M shear
and M xpeel , and is shown in Figure 2-5. For this analysis,
x
a unity electrical field of 1 V/m is applied to the 10 cm x 10 cm x 1 mm piezoelectric
sheet actuator. As seen in the figure, M shear
decreases as the stiffener height increases,
x
which is a direct result of the reduction of the stiffener shear stiffness. This means that
the stiffener shears more easily and as a result, less force and moment is transmitted to
the host structure through shear. On the other hand, the average moment M xpeel increases
as the stiffener height increases, and approaches a maximum value. For both M shear
and
x

26
M xpeel , the average moments increase as the stiffener width increases due to the

increasing of contact area between the piezoelectric actuator and stiffener. This simply
means that more of the actuator is being utilized. As seen in Figure 2-5, M x (sum of
M shear
and M xpeel ) increases as the stiffener height increases and reaches a maximum
x

between 15 and 20 mm.

Figure 2-4: Average moments M shear
and M xpeel vs. hstiff for various wstiff (hstr = 1 cm)
x
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Figure 2-5: Average moment M x vs. hstiff for various wstiff (hstr=1 cm)

For further insight into the stiffener height effect on the transmitted shear and
peeling forces, shown in Figures 2-6 and 2-9 are the shear stress (τyz) and peeling (σzz)
stresses, respectively, on the top surface along the center of the stiffener in the y direction
(wstiff=22.5 mm). The centerline on the top surface corresponds to the line B-B’ in
Figure 2-7 for the ¼ stiffener model, where B is at y=0 mm and B’ is at y=50 mm.
As illustrated for the short stiffener in Figure 2-6, the largest shear stress is at the
end, and therefore the shear forces transmitted to the host structure are most effective
along the edge of the stiffener. As expected, since the shear stiffness of the stiffener
decreases, the transmitted shear forces at the end quickly decreases with increasing
stiffener height, thus reducing the average moment M shear
. Also as can be seen with the
x
2.3 mm and 7.5 mm stiffener heights, there are local minimums and maximums present
in the shear stress between y=35 mm and y=50 mm.

These local minimums and
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maximums are due to a localized bending or rotation of the piezoelectric actuator and
stiffener at the end as shown in Figure 2-8.

Figure 2-6: Interfacial shear stress (τyz) along B-B’ (wstiff=22.5 mm)

Figure 2-7: A-A’ and B-B’ diagram on top of stiffener (1/4 model)
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Figure 2-8: Deformation of stiffener for hstiff=7.5 mm and wstiff=22.5 mm

Similar to the shear stress, the largest peeling stresses occur at the end of the
stiffener as seen in Figure 2-9. With the short stiffener (0.2 mm), very large peeling
stresses are observed at the end of the stiffener and occur over a small surface area. This
force resulting from the peeling stress acting over the small surface area at the end is
balanced by a smaller peeling stress opposite in direction acting over a larger surface
area. This can be seen in Figure 2-9 where there is a local maximum absolute value of
negative stress (most negative) occurring at 49 mm and a maximum positive value at 50
mm for the 0.2 mm stiffener height. This force balance agrees with the equilibrium
equations where integration of the peeling stress over the surface area results in a zero net
force. As the height of the stiffener increases, the peeling stresses at the end decrease but
act over larger surface areas. In addition, the maximum absolute values of the negative
stress decrease in magnitude and occur over larger surface areas. As result of the larger
surface areas, the average moment M xpeel increases with increasing stiffener height even
though the maximum absolute values of the positive and negative peeling stress decrease
in magnitude.
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Figure 2-9: Interfacial peeling stress (τzz) along B-B’ (wstiff=22.5 mm)

For achieving a decoupled actuator, it is desired that My(x,y) is eliminated across
the x-y plane. This essentially means that the moment due to the shear forces in the x
direction and the moment due to the peeling forces result in a zero net moment.
Therefore shown in Figure 2-10 are the average moments M shear
and M ypeel for various
y
stiffener widths as the stiffener height increases. As defined previously, the average
moment ( M y ) is equal to the sum of the two moments M shear
and M ypeel and is shown in
y
Figure 2-13. As with M shear
and M xpeel , a similar trend is seen where M shear
initially
x
y
decreases and M ypeel initially increases from a zero stiffener height as the stiffener height
increases. On the other hand, closer examination reveals several key differences between
the average moments for the two directions.
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First, when comparing the average moments in the two directions, the average
moment M shear
for the short stiffener (hstiff =0.2 mm) is larger than M shear
for the same
x
y
stiffener height. As similar to the shear stress in the y-direction, most of the shear stress
is along the edge for the short stiffener as seen in Figure 2-11 (wstiff=22.5 mm). The
larger value of τxz than τyz at the edges, the longer edge length, and therefore greater
surface area effectively results in a larger average moment M shear
than M shear
.
x
y

and M ypeel vs. hstiff for various wstiff (hstr = 1 cm)
Figure 2-10: Average moments M shear
y

The second key difference between the average moments in the two directions is
in the rate at which M shear
and M ypeel decrease/increase when compared to M shear
and
y
x
M xpeel , as the height of the stiffener increases. As seen in the figure, the gradient (slope)
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of the average moment M shear
is greater in magnitude than M shear
from the 0.2 mm
x
y
stiffener height. Due to the width of the stiffener having a dimensional value less than
the length, the localized rotation of the piezoelectric and stiffener at the edge has a more
pronounced effect on the average moment. This can be seen in Figure 2-11 for stiffener
heights of 2.3 mm and 7.5 mm where the local minimums and maximums resulting from
the bending or rotation at the end consumes a larger percentage of the width in the x
direction than the length in the y direction. As one increases the stiffener width, the
average moment M shear
becomes less sensitive to the localized bending or rotation at the
y
end since the local effects at the end act over less surface area. The larger initial slope of
the average moment M ypeel than M xpeel is also due to the increased sensitivity of the
average moment M ypeel to changes in the local effects at the end of the stiffener as
demonstrated in Figure 2-12.
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Figure 2-11: Interfacial shear stress (τxz) along A-A’(wstiff=22.5 mm)

Figure 2-12: Interfacial peeling stress (τzz) along A-A’(wstiff=22.5 mm)
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The third key difference and most important is the average moment M y in
Figure 2-13 crossing the zero axis as the stiffener height increases while M x in Figure 25 does not. That is, we could have an average moment applied to the host structure in
the direction opposite of the actuator’s applied moment if the piezoceramic actuator were
directly attached. This is a result of the bending at the edge as previously discussed
which results in M shear
crossing the zero axis. Since the bending of the stiffener is more
y
pronounced over the short width (as compared to that in the length direction), the induced
stress from the bending results in an average moment M shear
that changes direction as the
y
stiffener height increases. With M shear
crossing the zero axis and M ypeel decreasing in
y
this region, the sum of the two average moments results in the average net moment M y
crossing the zero axis, thus creating a decoupled actuator.

Figure 2-13: Average moment M y vs. hstiff for various wstiff (hstr=1 cm)
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From the above discussion, it is clear that there exists a height for each stiffener
width where the average moment M y is zero, which is defined to be the “decoupling
height” in this paper. Although the average moment applied to the host structure is not
uniformly zero across the surface, an average moment of zero means we can essentially
obtain a decoupled actuator. As seen in Figure 2-14 for structure heights of 1 cm and 5
cm, the numerical results reveal a nonlinear relationship between the height and width at
which the actuator becomes decoupled ( M y =0). On the other hand, there is an optimal
height and width value for the stiffener where the average moment M x is maximum
while M y is zero. As seen in Figure 2-14, increasing the height of the structure increases
the average moment M x . Further illustrated in Figure 2-15 is the decoupled stiffener
height ( M y =0) decreasing and asymptotically approaching the stiffener height at which
M shear
equals zero for each stiffener width, as the structure height increases. As a result,
y

the shear forces have a greater influence than the peeling forces on the total average
moment M y and the decoupling stiffener height as the structure height increases.
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dec
Figure 2-14: Decoupled stiffener height ( hstiff
) and M x vs. wstiff for hstr={1 cm, 5 cm}

dec
Figure 2-15: Decoupled stiffener height ( hstiff
) vs. hstr for various wstiff
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Increasing the width of the piezoelectric actuator has a negligible effect on the
average moment M y . On the other hand, increasing the piezoelectric actuator width can
dramatically increase the moment M x . Figure 2-16 illustrates that the average moment
M x as the piezoelectric patch width increases from 22.5 mm to 100 mm, which is from a

piezoelectric actuator having the same width as the stiffener to a square piezoelectric
patch having a width equal to the length. As seen, the rate of increasing moment (the
slope) decreases as the actuator width increases, which demonstrates that marginal gains
are achieved with a wide piezoelectric actuator.

Figure 2-16: Average moment M x versus PZT width (wstiff=22.5 mm)

Obviously the material properties of the stiffener can have a dramatic effect on
the performance of the Active Stiffener. As expected, choosing a material with a larger
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modulus of elasticity results in larger average moments due to the increase in the stiffness
of the stiffener. On the other hand, choosing a material with a smaller Poisson’s ratio
increases the average moment M x . This also increases the average moment M y for
cases with the stiffener height less than the decoupling height ( M y ≥0), as seen in
Figure 2-17 since less piezoelectric actuation force is employed for straining the stiffener
in the orthogonal directions. Conversely, a larger Poisson’s ratio increases the average
moment M y for an AS height greater than the decoupling height ( M y ≤0) due to the same
effect. As a result, material selection can be used as a design variable for obtaining the
desired performance.

Figure 2-17: M x and M y versus stiffener height for ν={0.125,0.375} (wstiff=22.5 mm)
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2.4 FLEXIBLE HOST STRUCTURE ANALYSIS AND DISCUSSION

For the analysis with the flexible host structure, the same parameters from the
rigid host structure analysis are used for the Active Stiffener. The flexible host structure
is a square plate with a length and width of 1 m and the sides are constrained in the x, y,
and z directions. Recall that the length of the stiffener and piezoelectric actuator is 10
cm, and as a result, the length and width dimensions of the host structure are an order of
magnitude larger than the Active Stiffener dimensions.
Figure 2-18 shows the average moments M shear
and M xpeel as the stiffener height
x
increases for wstiff=22.5 mm. Each dashed line for both M shear
and M xpeel represents a
x
different structure height, and the solid lines are for the rigid host structure. As seen,
increasing the structure height increases both M shear
and M xpeel due to the increase in the
x
rigidity of the host structure, and the structure height also increases M shear
due to the
x
increase in the moment arm length (hstr/2 in Eq. 2.5). Also with the thin structure (hstr= 1
crosses the zero axis within the range of given stiffener
cm), the average moment M shear
x
heights. This is due to the neutral axis of the moment of inertia of the combined
structure, stiffener, and actuator shifting downward with increasing stiffener height. As a
result, when the neutral axis is below the structure-stiffener interface, the average
transmitted shear force to the host structure is in the direction opposite of the actuator’s
applied average shear force. Similar to the rigid host structure, the average moment
M shear
has an increasingly greater influence than the average moment M xpeel on the
x

average moment M x as the structure height increases.
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Figure 2-18: Average moments M shear
and M xpeel vs. hstiff for various hstr (wstiff =22.5 mm)
x

Similar phenomena are observed for the y direction where the average moments
M shear
and M ypeel decreases with decreasing structure height (Figure 2-19). As seen, the
y

flexibility of the host structure reduces the height of the stiffener at which the average
moment M shear
crosses zero. As a result, this reduction of the average moment M shear
y
y
and the reduction of the stiffener height at the zero axis for M shear
reduces the stiffener
y
height at which the average moment M y crosses zero (decoupled actuator).
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Figure 2-19: Average moments M shear
and M ypeel vs. hstiff for various hstr (wstiff =22.5 mm)
y

The remaining discussion is with the host structure having a height of 1 cm.
Figure 2-20 shows the height and width effects of the stiffener on the average moment
M x . Unlike the rigid host structure, the results indicate that the effect of the stiffener

width on the average moment is dependent on the height of the stiffener. For example,
increasing the width of the short stiffener (small hstiff) increases the average moment M x ,
whereas increasing the width of the stiffener decreases the average moment M x for a
stiffener height greater than 10 mm.

This reduction of the average moment M x with

increasing stiffener width having a stiffener height greater than 10 mm is primarily due to
the shifting of the neutral axis of the moment of inertia.
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Figure 2-20: Average moment M x vs. hstiff for various wstiff (hstr=1 cm)

As discussed previously, the flexibility of the host structure reduces the height of
the stiffener at which the average moment M y crosses zero. The average moment M y
crossing the zero axis is primarily due to the stiffness of the Active Stiffener resisting the
deformation of the host structure. The height and width effects of the stiffener on the
average moment M y is illustrated in Figure 2-21. Since the transmitted forces to the host
structure occur largely along the edges and the length of the stiffener having a
dimensional value greater than the width, the structure flexes more easily along the length
than along the width of the stiffener as a result of the reduced flexural rigidity and M x .
This results in large strains in the x direction at the host structure/stiffener interface.
Simply put, with a short stiffener, the piezoelectric actuator is transferring a sufficient
moment M y to the host structure. As the height increases, the average moment M y
rapidly decreases, and the deformation of the host structure is resisted by the stiffness of
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the stiffener and piezoelectric actuator. This is similar to attaching a stiffener without a
piezoelectric actuator where the deformation of the host structure is resisted by the
stiffness of the stiffener.

Figure 2-21: Average moment M y vs. hstiff for various wstiff (hstr=10 mm)

As with the rigid host structure, a stiffener height and width exists such that the
average transmitted moment M y is zero, but due to the flexibility of the host structure,
the decoupling height is reduced. Similar to the rigid host structure, there is a nonlinear
relationship between the stiffener height and width where the actuator is decoupled as
seen in Figure 2-22 for the structure heights of 1 cm and 5 cm. As also seen in the figure,
there is an optimal height and width where the average moment M x reaches a maximum
value, and the optimal heights and widths for M x increase from a structure height of 1
cm to 5 cm.
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dec
Figure 2-22: Decoupled stiffener height ( hstiff
) and M x vs. wstiff for hstr={1 cm, 5 cm}

2.5 SUMMARY

Comprehensive parameter studies of a single Active Stiffener attached to rigid
and flexible host structures are presented. The results demonstrate that with proper
design, the Active Stiffener can significantly reduce the transmitted moment in the
decoupled direction while maintaining adequate moment in the orthogonal actuation
direction. In fact, it is shown that there exists a height and width of the stiffener such that
the average moment in the decoupled direction is reduced to zero.

The single Active

Stiffener investigation provides good understanding and qualitative guidelines to the
design of Active Stiffeners for directional decoupling actions.

CHAPTER 3 – ACTIVE STIFFENER SHAPE CONTROL
PERFORMANCE

3.1 INTRODUCTION

From Chapter 2, it is shown that the properties of the Active Stiffener can be
tailored such that the desired active authority in both the actuation and decoupled
directions is achieved. Consequently, the purpose of this chapter is to investigate the
Active Stiffener for high-precision shape control of a circular host structure having many
actuators. More specifically, the technical objectives are to (a) develop a well integrated
actuator-stiffener-structure model and investigate the stiffeners’ decoupling effect, (b)
examine the performance of the Active Stiffener (AS) for shape control of a circular plate
structure and compare with an equivalent structure having the Direct Attached (DA)
actuators, and (c) experimentally validate the analytical prediction through evaluating the
performance of both the Direct Attached actuators and the Active Stiffener actuators
bonded to a flexible plate.

Presented in this chapter are results from two 3-D solid finite element models of a
circular plate mirror structure, one model having the Direct Attached actuators and the
other model with the Active Stiffener actuators. The diameter of each structure is 2.54 m
and the surface mass for each system is 10 kg/m2.

These analytical models are

designated as Large-Scale Analytical Models in this chapter for shape control and in
Chapter 4 for vibration control. The surface error is assumed to be in the form of the
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lower Zernike polynomials and its primary contribution is from manufacturing errors,
thermal loadings, and self-weight.

Based on results from previous studies and

preliminary investigations, the configuration of Active Stiffeners placed in both the
plate’s radial and circumferential line directions are chosen to satisfy the strict weight
restrictions and the properties of the Zernike polynomials. For shape control, a least
squares method is derived which determines the optimal electrical fields for each
actuator. The performance of the Active Stiffener for reduction of the surface error is
then presented. Experimental results from two circular plates, one utilizing the Direct
Attached actuators and the other using the Active Stiffener actuators, are presented
afterwards. The analytical models of the two experimental plates are derived using the
same finite element formulation as the Large-Scale Analytical Models and are referred to
as the Small-Scale Analytical Models. Lastly, the experimental results are compared to
the analytical results obtained from the Small-Scale Analytical Models.
Shown in Figure 3-1 are the Large-Scale Analytical Models (finite element
models) of the plate structures with the Active Stiffener (left) and Direct Attached (right)
actuators. The finite element models are formulated using the method presented in
Chapter 2 using the 20 noded quadratic solid isoparametric elements and a three-point
Gauss quadrature for integration. The system parameters can be found in Appendix B.
By taking advantage of the symmetry of the circular plate and the actuator configuration,
one-fourth of the plate is modeled. The boundary conditions are such that the center is
fixed, and the symmetry condition forces the displacements along the sides to be equal to
zero in the direction orthogonal to the free face (Figure 3-1).

While the boundary

conditions prevent non-symmetric responses along the x and y axes, the ¼ plate model is
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sufficient for capturing the higher order deformations between the actuators and
comparing the shape control performance of the two actuation methods (DA and AS) .

Figure 3-1: Large-Scale Analytical Models of AS and DA systems with prescribed
boundary conditions

For both systems, there are 42 total actuators with 6 actuators per radial line and 9
per circumferential line. For a complete circular plate, the total number actuators would
be 144 using the same configuration. Each piezoelectric actuator has a thickness of 0.5
mm and a width of 76.2 mm, and the stiffeners are 13.8 mm in width with a height of 3.0
mm (see Figure 3-2 for dimension definitions).
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Figure 3-2: Dimension definitions for Active Stiffener

3.2 MATHEMATICAL FORMULATION

3.2.1 Optimal Electrical Fields for Shape Control

To determine the optimal electrical fields for each piezoelectric ceramic actuator
for controlling the static shape of the mirror, a quadratic function Ja is defined to be the
sum of the nodal errors squared as shown in Eq. 3.1.

Ja =

(

1 T
1
Es Es = Y − Yˆ
2
2

) (Y − Yˆ )
T

3.1
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The vector of nodal errors (Es) is the error of each surface node between the actual
(Ŷ) and desired (Y) surface shape. Ŷ is defined in Eq. 3.2. The Boolean weighting matrix
Ts weights only those degrees of freedom corresponding to the vertical displacements on
the surface of the host structure.

Yˆ = Ts K −1 BPZT E3

3.2

The principal idea is to find a vector of electrical fields that minimize Ja.
Therefore the minimum of the quadratic function Ja is found where the gradient is equal
to zero as shown in Eq. 3.3, and the resulting vector of optimal electrical fields is derived
and shown in Eq. 3.4. Since the matrix ( B pzt T K −T TsT Ts K −1 B pzt ) is always nonnegative
definite, the function Ja has a minimum, and if the matrix is nonsingular, the minimum of
the function is unique (Error! Not a valid link.).

dV
= ( B pzt T K −T TsT Ts K −1 B pzt ) E3 − B pzt T K −T TsT Y = 0
dE3

3.3

E3opt = ( B pzt T K −T TsT Ts K −1 B pzt ) B pzt T K −T TsT Y

3.4

−1
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3.2.2 RMS Surface Error Calculation

For shape control, RMS surface error is a commonly used performance
index. To calculate the RMS surface error for a continuous system, the error squared is
spatially integrated over the surface of the plate as shown in Eq. 3.5.

ERMS =

1
2
( Eloc ) dA
∫
AA

3.5

For the finite element model having many discrete elements, the following
form of Eq. 3.5 is utilized where i is the element index number (Eq. 3.6). A three-point
Gauss quadrature is used for integrating the error squared over the surface of each
individual element i.
nel

ERMS =

∑ ∫ (E )

2
i
loc

i =1 Ai

nel

∑A
i =1

i

dAi
3.6
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3.2.3 Maximum and RMS Surface Error Percent Reduction

The maximum error percent reduction and RMS surface error percent reduction is
calculated using the general form expressed in Eq. 3.7. The maximum error is defined to
be the maximum absolute error on the surface of the plate.

E initial − E final
% reduction =
*100
E initial

3.7

3.3 STATIC SHAPE CONTROL ANALYSIS AND DISCUSSION

In this chapter involving shape control, the term ‘mode’ is used to represent a type
of static surface aberration, such as the Power mode described by the Zernike
polynomial. Since the Zernike polynomial function is a product of both a purely radial
function and a purely angular function, the circumferential modes are defined where the
radial

function

is

monotonically

increasing

or

decreasing

and

the

angular

(circumferential) wave number is greater than 1.
As mentioned, the surface error is to be represented by the Zernike polynomials,
which is valid for a complete circular plate pinned at the center. To prevent numerical
problems due to large element aspect ratios using the brick elements, the finite element
models (Large-Scale Analytical Model) have an inner radius of 15.2 cm and an outer
radius of 127.0 cm (Figure 3-1) which results in only a 1.4 % reduction in the surface
area compared to a complete circular plate. As a result of the prescribed boundary
conditions at the inner radius, the eigenvectors for the host structure only (no actuators or
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stiffeners) are used to represent the surface deformations. The eigenvectors for the host
structure model correlate very well to the lower Zernike polynomials (see Figure 3-3
below), where the only significant difference in surface error representation arises due to
the boundary conditions at the inner radius. Therefore the nomenclature for the Zernike
polynomials (Power, Primary Astigmatism, etc.) is applied to the host structure
eigenvectors for establishing a physical understanding of the deformation type (Power
mode, Primary Astigmatism mode, etc).

Figure 3-3: Zernike polynomial and eigenvector comparison

By using a configuration of stiffeners sandwiched between the host structure and
the actuator, it is possible to reduce the unwanted actuation and localized deformation.
To demonstrate this, Figures 3-4 and 3-5 reveal the surface error for the systems with the
Active Stiffener and Direct Attached actuators when correcting for the Primary Spherical
and Secondary Tetrafoil modes.

Shown in the figures is the surface error of the two
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systems after applying the optimal electrical fields when correcting for the two
deformations having an initial maximum error of 10 waves (The wave length is defined
to be the vacuum wavelength of a HeNe laser; 1 wave length = 633 nm). The optimal
electrical fields are determined as calculated in Eq. 3.4. Basically, the structures are
initially in the shape of the deformation mode only, and the objective is to activate the
piezoelectric actuators such that the surface of the plate is as flat as possible. From the
figures it is apparent that the Direct Attached actuators generate more localized
deformation in the structure between the stiffeners than that with the Active Stiffeners.
These unwanted deformations are the higher order modes that are being “excited” by the
Direct Attached actuators, and this type of behavior is also seen when controlling the
remaining modes of interest.
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Figure 3-4: Surface error for DA and AS when correcting for Primary Spherical mode
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Figure 3-5: Surface error for DA and AS when correcting for Secondary Tetrafoil mode

As demonstrated in Chapter 2 for a single Active Stiffener attached to a flexible
host structure, the height and width of the insert can dramatically affect the authority
transmitted to the host structure in both the decoupled and actuation directions.
Therefore, the height and width of the stiffeners can greatly affect the performance of the
plate having multiple actuators. Shown below in Figures 3-6 and 3-7 are the effects of
the height and width of the stiffeners on the RMS surface error percent reduction when
correcting for the Power and Secondary Tetrafoil modes. As seen in the plots, there is an
optimal stiffener height for each stiffener width. With the Power mode (Figure 3-6),
increasing the width of the stiffener slightly increases the performance with the optimal
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stiffener height, but it is the only deformation mode of interest that displays this behavior.
All of the other deformation modes of interest demonstrate that the performance increases
with decreasing stiffener width, similar to the plot for the Secondary Tetrafoil mode
(Figure 3-7).

For the study, the stiffener parameters are limited within the range of

values shown to prevent any numerical problems due to large aspect ratios. For the
remaining modes not shown, the 13.8 mm stiffener width (the smallest width studied)
outperformed the larger stiffener widths investigated and the optimal stiffener height
occurs between 2 and 4 mm, which illustrates that a thin stiffener with a finite stiffener
height can control the shape of the structure better than the Direct Attached actuators
since none of the results suggest a zero stiffener height as optimal. Recall that the width
of the piezoceramic sheets is 76.2 mm.
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Figure 3-6: Stiffener height and width effect on the RMS surface error percent reduction
for Power mode

The designed actuator configuration has the greatest controllability over the
Power deformation mode (the lowest order non-rigid body deformation mode) and the
effect of changing stiffener parameters is not as dramatic as with the higher order modes.
As the mode number increases, the effect becomes more dramatic. For example, the
minimum and maximum percent reduction is 89% and 95%, respectively, for the Tertiary
Astigmatism mode within the range of stiffener heights and widths.

58

Figure 3-7: Stiffener height and width effect on the RMS surface error percent reduction
for Secondary Tetrafoil mode

For the circumferential modes (Primary Astigmatism, Primary Tetrafoil, etc.)
investigated, the radial and circumferential strain throughout the structure is in directions
opposite to one another. Therefore the ideal actuator for controlling these deformation
modes would be one that expands in one direction while contracting in the orthogonal
direction. While the planar monolithic piezoceramic sheet actuator does not possess
these properties, the Active Stiffener is able to increase the performance due to the
decoupling effect of the insert (stiffener).

On the other hand, the radial and

circumferential strain throughout the structure for the Power mode is in the same
direction but not equal in magnitude.

As a result, the ideal actuator is one where the

radial and circumferential actuation is in the same direction to one another, but not
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necessarily equal in magnitude. Chapter 2 demonstrated that decreasing the height and
increasing the width of the stiffener increases the average transmitted moment in the
decoupled direction when analyzing a single Active Stiffener attached to a flexible host
structure. Therefore, as shown in Figure 3-6, with a short stiffener (height = 0.25 mm),
decreasing the width of the stiffener increases the performance by reducing the authority
in the decoupled direction. As one increases the height of the stiffener for a given width,
the performance of the system reaches a maximum value. For a wider stiffener, then the
optimal stiffener height increases. This increase in the optimal stiffener height with
increasing width ensures that an optimal level of actuation authority is maintained. The
remaining deformation modes of interest (Secondary Astigmatism, Secondary Tetrafoil,
etc. – see Table 3-1 for list of deformation modes) have regions where the direction and
magnitude of the circumferential and radial strains change throughout the structure, and
as a result, the Active Stiffener is able to give better overall performance than the Direct
Attached actuator. For the remaining discussion, a stiffener width of 13.8 mm and height
of 3 mm is used for the analysis.
For further insight into the decoupling ability of the Active Stiffener, Figures 3-8
and 3-9 reveal the contribution of the uncontrolled modes in the surface error of the
systems when correcting for the Primary Spherical and Secondary Astigmatism modes.
The vertical axis is the magnitude of the modal contribution, or how much of the mode
exists in the surface error. This surface error is the error in the surface after the optimal
electrical fields have been applied. The horizontal axis is the mode numbers. The gray
bars are for the Direct Attached actuators and the black bars are for the Active Stiffener
actuators. For the analysis, the eigenvectors for the thin circular plate model without the
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stiffeners and actuators are used as trial functions to reconstruct the surface error of the
mirrors in order to compare the two systems having Direct Attached and Active Stiffener
actuators. These trial functions are thus designated as the mode shapes (horizontal axis),
and the vector containing the magnitudes for each trial function is defined as the modal
magnitude vector (vertical axis).

Mathematically, the nodal displacement vector

describing the reconstructed surface (Ỹ) is defined to be equal to the matrix of trial
functions (Φo) multiplied by the modal magnitude vector (ηo) as shown in Eq. 3.8. The
vector of nodal displacements describing the deformed surface is designated as Ŷ in
Eq. 3.2.

To determine the vector of magnitudes for the trial functions that best

reconstruct the surface error, a least squares problem is formulated where Jt in Eq. 3.9 is
minimized with respect to ηo after Eq. 3.8 is substituted into Eq. 3.9. The modal
magnitude vector can be solved for as shown in Eq. 3.10, and this is the value used in the
figure for both systems.

Y = Φ oη o

3.8

(

) (Yˆ − Y )

3.9

ηo OPT = ( ΦTo Φ o ) ΦTo Yˆ

3.10

Jt =

1 ˆ 
Y −Y
2

T

−1
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For the analysis, the initial maximum deformation of the plate has been
normalized to a value of 1, and the maximum value for each of the 100 trial functions has
been normalized to a value of 1. For example, when using Figure 3-8, if the plate for the
system with Direct Attached actuators has an initial deformation in the form of the
Primary Spherical mode with a maximum value of 10 waves, then mode number 41
exists in the surface error with a maximum value of 0.018*10 waves.
As seen in the two figures, the Direct Attached actuators consistently “excite”
these higher modes (initially all at zero initial condition) more so than the Active
Stiffener actuators when correcting for the two deformations. Although the normalized
modal magnitudes of the higher order modes are smaller than 1, reducing the magnitude
as much as possible is crucial when trying to achieve a high-precision surface shape.
This behavior is also seen when controlling the remaining modes.
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Figure 3-8: Higher modal excitation for DA and AS when correcting for Primary
Spherical mode
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Figure 3-9: Higher modal excitation for DA and AS when correcting for Secondary
Astigmatism mode

Table 3-1 illustrates the performance of both the Direct Attached and the Active
Stiffener actuators when correcting for the lower order modes. Shown on the table for
each mode shape is a picture, text label, the radial and circumferential wave number
corresponding to the Zernike polynomial representations, and the RMS surface error and
maximum error percent reduction for both the Direct Attached and Active Stiffener
actuators. As seen in the table, it is evident that significant reductions in the surface error
can be achieved, and more importantly, the Active Stiffener actuators are able to correct
for more error than the Direct Attached actuators for all the mode shapes shown. Also as
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seen in the table, the performance improvement of the Active Stiffener over the Direct
Attached actuator increases as the mode order increases.
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Table 3-1: RMS and Maximum error percent reduction for DA and AS

Shown in Table 3-2 are the maximum electrical field values for the two systems
when correcting for each mode having an initial maximum error of 10 waves. As seen,
the Active Stiffener actuators require less control voltage than the Direct Attached
actuators for 6 of the 18 modes and require more voltage for the remaining modes.
Recall that the study compares the maximum performance of each system, and no limits
are placed upon the voltages since we are interested in achieving the maximum possible
performance for high precision shape control.

Also the maximum electrical fields are

below 200 V/mm, and therefore are far from the operating limit of 500 V/mm.

Table 3-2: Maximum electrical fields for DA and AS (Maximum initial error: 10 waves )

Pri Astig
Power
Pri Tetra
Pri Spher
Pri Hexa
Sec Astig
Pri Octa
Sec Tetra
Ter Astig
Pri Deca
Sec Spher
Sec Octa
Sec Hexa
Ter Tetra
Quad Astig
Ter Spher
Quad Tetra
Ter Hexa

DA
(V/mm)
6.2
2.8
13.0
15.8
18.4
17.0
31.1
36.4
61.7
34.5
40.3
45.6
29.5
65.5
90.4
68.5
109.8
56.8

AS
(V/mm)
1.6
2.6
6.9
14.0
11.0
18.6
35.1
41.7
44.3
56.9
46.2
109.6
46.6
95.7
111.8
89.0
195.0
126.0
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3.4 SHAPE CONTROL EXPERIMENT

To experimentally evaluate the Active Stiffener concept, two adaptive flexible
plates are manufactured. The first plate has piezoelectric ceramic actuators directly
attached to the back of the plate, and the second plate utilizes the Active Stiffeners. The
host structure for both systems is half of a circular 12” diameter plate having a thickness
of 1/16” and is machined from Aluminum 5052 having a reflective finish on the front.
The plates are cantilevered along the edge as illustrated in Figure 3-10 using a 2.5” X 2”
Aluminum 6061 bar.
Both of the adaptive mirrors have 6 piezoelectric actuators (American Piezo
Ceramics, Inc. APC-850) where each actuator has a length of 2.5”, width of 0.5”, and a
thickness of 0.04”. For the first plate, the piezoceramic patches are directly bonded to the
back of the mirror using high strength epoxy. As seen in Figure 3-10, the 6 actuators are
placed in 3 radial lines with 2 actuators per radial line. The stiffeners (inserts) used for
the Active Stiffeners for the second plate are machined from Aluminum 6061 having a
length of 5”, width of 0.2”, and a height of 1/8” (Figure 3-10). There are 3 radial
stiffeners, each having 2 piezoceramic patches bonded to the surface using high strength
epoxy. The Active Stiffeners are bonded to the back of the mirror using high strength
epoxy in the same configuration as the first plate. To verify the analytical modeling
technique and procedure presented in the previous sections, finite element models of
these test plates (defined to be the “Small-Scale Analytical Models”) are developed and
analyzed using the same approach described in previous sections on the Large-Scale
Analytical Model (shown Figure 3-10 to the right of the experimental plates).
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Figure 3-10: Experimental plate specimens and corresponding analytical models with
Direct Attached and Active Stiffener actuators

For performing the experiment, the adaptive plates are attached to a Newport
RS3000 tuned isolation table (Figure 3-11). The surface displacements of the plates are
measured using a Philtec D20 fiber optic sensor mounted to two Newport IMS-500 highperformance linear stages giving both horizontal and vertical motion. The motorized
stages are controlled using a two-channel motion controller (Newport ESP-6000) through
LabView instrumentation software. A dSpace acquisition system is used to record the
surface displacements from the fiber optic sensor and to actuate the piezoelectric
actuators in conjunction with PCB Piezotronic amplifiers. Communication between the
dSpace system and linear stage controller system is accomplished through digital I/O
lines, thereby automating the testing process.
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Figure 3-11: Configuration of shape control experiment
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For the experiment, the plates are assumed to be flat and the goal is to deform the
plates in the shape of predetermined shapes. By assuming that the plates are initially flat,
a fair comparison between the performances of the two systems can be performed. In the
experiment, only the displacements on the surface of the plates are measured, which is
accomplished by subtracting the baseline (controller off) measured plate shape from the
actuated (controller on) measured plate shape.

The surface error is determined by

subtracting the actual profile from the desired surface profile. The desired profiles are
determined to emulate the lower Zernike polynomials (mathematically are the
eigenvectors obtained from the Small-Scale Analytical Models of the 12” diameter
cantilevered mirror without any stiffeners and actuators).

Although the plate is

cantilevered, the eigenvectors resemble those of the Zernike polynomials as seen in
Figure 3-12 where the shown desired shape is similar to the Primary Tetrafoil.
For determining the optimal shape control law, a series of preliminary tests are
performed to determine each actuator’s influence on the surface shape. Although there
are six piezoelectric actuators on each plate, the actuators arranged along the radial lines
are actuated with equivalent voltages, thereby essentially treating the two actuators along
radial lines as one actuator. For the experiment, there are a total of 1013 measurement
locations on the surface, which correspond to the surface nodal locations in the SmallScale Analytical Models. For every measurement point, the voltage from the fiber optic
sensor is recorded as each actuator is turned on and off individually using a voltage of
140 V. After recording the sensor signals for all the measurement locations, the relative
surface displacements (Ŷ1140V, Ŷ2140V, Ŷ3140V) can be determined for each of the three
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actuators. Subsequently three nodal-voltage influence vectors (φPZT1, φPZT2, φPZT3) can be
calculated which determines how the surface of the plate displaces by a voltage applied to
each actuator as seen in Eq. 3.11.

{ϕ PZT 1} =

{Yˆ }
140V
1

140 Volts

,

{ϕ PZT 2 } =

{Yˆ }
140V
2

140 Volts

,

{ϕ PZT 3} =

{Yˆ }
140V
3

140 Volts

3.11

Using the three nodal-voltage influence vectors, a nodal-voltage influence matrix
(ΦPZT ) can be assembled, which relates the displacement of the surface nodes (Ŷ) to the
voltage applied across the piezoelectric actuators (VPZT ) as shown in Eq. 3.12.

{Yˆ} = ⎡⎣{ϕ

PZT 1

} {ϕ PZT 2 }

⎧VPZT 1 ⎫
{ϕ PZT 3}⎤⎦ ⎪⎨VPZT 2 ⎪⎬ = Φ PZTVPZT
⎪V
⎪
⎩ PZT 3 ⎭

3.12

After determining the matrix ΦPZT, the optimal voltages for shape control can be
determined using a least squares approach similar to the method illustrated in the
mathematical formulation section by minimizing the objective function shown in
Eq. 3.13. The vector of optimal voltages is shown in Eq. 3.14 where VPZTOPT is the vector
of optimal voltages and Y is the vector of desired displacements on the surface of the
plate.
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Je =

1 T
1
T
Es Es = (Y − Φ PZT VPZT ) (Y − Φ PZT VPZT )
2
2

OPT
VPZT
= ( ΦTPZT Φ PZT ) ΦTPZT Y

−1

3.13

3.14

After determining the optimal voltages, the experiment is repeated where the
actuators are simultaneously actuated using the optimal voltages, and the surface
displacements are measured for each location before and after actuation. The method in
Eqs. 3.12-3.14 assumes that the physical system is linear and the method of superposition
can be applied, thus suggesting that simultaneously actuating multiple actuators is
equivalent to individually actuating each actuator with the calculated voltage and
summing the displacements.

This process of determining the optimal voltages is

considered valid since there is less than a 2% difference in the RMS surface area
displacement when using Eq. 3.12 with the calculated optimal voltages and when
repeating the experiment using the calculated optimal voltages (simultaneous actuation).
Shown in Table 3-3 are the RMS surface error and maximum error values for the
first three low order modes. The column labeled Analytical Results are the results
acquired from evaluation of the Small-Scale Analytical Models using the optimal
voltages determined from Eq. 3.4, and the column labeled Experimental Results are the
results obtained by performing the experiment using the optimal voltages determined by
Eq. 3.14. In Table 3-3, a figure of each desired shape is shown along the left column
with the corresponding initial RMS and initial maximum error values, and to the right of
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the figures are the final RMS surface error and maximum error values for the Direct
Attached and Active Stiffener actuators.
As seen in the table, there is good agreement between the analytical and the
experimental results (RMS surface error and maximum error) for the Active Stiffener and
Direct Attached actuators for all three mode shapes.

The only more noticeable

discrepancy is on the maximum surface error value in the third mode shape for the Direct
Attached actuator. This is most likely due to yielding of the bonding layer between the
actuator and the host structure. Since the bonding layer is not considered in the analytical
model, the Direct Attached actuator performs better in the experiment than analytically
predicted due to the reduction of coupling between the host structure and actuator in the
circumferential direction caused by the bonding layer.

This phenomenon is more

significant for higher order modes since as the circumferential mode number increases,
the circumferential strain in the host structure increases for the same specified maximum
displacement; and thus the system performance is more sensitive to the actuator-structure
coupling in the circumferential direction. Nevertheless, the analytical results possess the
same overall trend as observed in the experiment, where the performances of the two
actuation systems are close for the first mode and the performance of the Active Stiffener
actuator over the Direct Attached actuator increases as the mode number increases. This
agreement between the analysis and the experiment further enhances the validity of the
findings obtained from the Large-Scale Analytical Models since the model formulation
and control methodology for the Small-Scale and Large-Scale Analytical Models are
identical.
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Table 3-3: Experimental and analytical RMS and Max Error results for AS and DA
(units: μm)

Closer examination of the third shape (Figure 3-12) further illustrates the
advantage of the Active Stiffener over the Direct Attached actuator. For the shape shown
at the top of the figure, the experimental results for the test system demonstrate that the
Active Stiffeners can control the shape of the mirror better than the Direct Attached
actuators. The surface error plot for the system with the Active Stiffeners reveals a
reduction in the excitation of the higher order deformation modes than the system with
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the Direct Attached actuators due to the decoupling ability of the stiffener.

Such

observations verify the trend predicted by the analysis results obtained from the LargeScale and Small-Scale Analytical Models.

Figure 3-12: Experimental results for third mode

3.5 SUMMARY

The purpose of this chapter is to investigate the feasibility of the Active Stiffener
for attaining a high-precision surface through utilizing the stiffeners’ decoupling
mechanism. The analytical results demonstrate that the Active Stiffener can achieve
great reductions in surface error for all the deformation modes of interest and
outperforms the Direct Attached actuator. The experimental results also illustrate the
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performance improvement of the Active Stiffener concept over the Direct Attached
actuator, and verify the trend observed in the analytical results.

CHAPTER 4 – ACTIVE STIFFENER VIBRATION CONTROL
PERFORMANCE

4.1 INTRODUCTION

As demonstrated in Chapter 3, the Active Stiffener actuators can achieve a
smoother surface than the Direct Attached actuators by reducing the higher order local
deformations in active shape control. Consequently, it is anticipated that the Active
Stiffeners will reduce the level of controller spillover (control energy being spilled over
into the residual modes) when they are utilized for active vibration control.
The purpose of this chapter is to investigate the effect of the Active Stiffener
treatment on controller spillover and vibration suppression.

More specifically, the

performance of the Active Stiffener for vibration control of a circular plate structure will
be examined and compared with an equivalent structure with Direct Attached actuators,
and the analytical predictions will be experimentally validated.
For the analytical study, results are obtained through analysis on two 3-D solid
finite element models of a circular plate structure (designated as Large-Scale Analytical
Models), where the first plate has the Active Stiffener treatment and the second plate is
applied with Direct Attached actuators. Based on results from previous studies and
preliminary investigations, the configuration of thin actuators placed in both the plate’s
radial and circumferential line directions is chosen. Analytical results quantifying and
comparing the level of controller spillover are presented for the systems having Direct
Attached and Active Stiffener actuators. In the experiment, modal analysis techniques
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are first employed to identify two models in the modal coordinates of a small-scale mirror
structure, one with the AS treatment and the other with the DA actuators. These models
of the experimental mirror structures are referred to as Small-Scale Models.
Experimental studies are performed to verify the trends observed in the analytical results.

4.2 MATHEMATICAL FORMULATIONS

4.2.1 Finite Element Model of Circular Plate with Active Stiffeners

The Large-Scale Analytical Model of the circular plate system with the Active
Stiffeners used for the vibration analysis in this chapter are derived using the same
element formulation, shape (basis) functions, and integration procedures as with the static
analysis in Chapters 2 and 3, with the exception that the extended Hamilton’s principle is
utilized for extracting the new mass matrices (Eq. 4.1).

t2

∫ (δ T

Host

+ δ TStiff + δ TPZT − δ U Host − δ U Stiff − δ U PZT + δ WPZT )dt = 0

4.1

t1

The potential energy (U), kinetic energy (T) and virtual work (δW) terms for the
circular host structure, stiffener (insert), and the piezoceramic actuators are shown in Eqs.
4.2-4.5.

U Host =

1
ε T CHost ε ) dV
(
∫
2V

THost =

1
ρ Host ud T ud ) dV
(
∫
2V

4.2
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U Stiff =

1
ε T CStiff ε ) dV
(
∫
2V

TStiff =

1
ρ Stiff ud T ud ) dV
(
∫
2V

4.3

U PZT =

1
E
ε T CPZT
ε ) dV
(
∫
2V

TPZT =

1
ρ PZT ud T ud ) dV
(
∫
2V

4.4

δ WPZT = ∫ (δε T ePZT E3i ) dV
V

4.5

4.2.2 Modal State Space Equations of Motion for System

After assembly of the finite element model, the resulting equation of motion for
the system can be expressed in matrix form as shown in Eq. 4.6.

Mq(t ) + Cq (t ) + Kq (t ) = BPZT u (t )

4.6

Using a reduced set of mass normalized eigenvectors (Фr), the equations of
motion in Eq. 4.6 are reduced to a set linearly independent ordinary differential equations
as shown in Eq. 4.8 using Eq. 4.7.

q(t ) = Φ rη (t )

4.7
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2

ηi (t ) + 2ξiωη
i i (t ) + ωi ηi (t ) = Ν i u (t ), i = 1, 2,..., m

4.8

The state space realization of Eq. 4.8 in modal coordinates is represented by Eqs.
4.9-4.11. In the equations, the subscript c represents the controlled modes and the
subscript r represents the residual (uncontrolled) modes.

xc (t ) = Ac xc (t ) + Bc u (t )

4.9

xr (t ) = Ar xr (t ) + Br u (t )

4.10

y (t ) = Cc xc (t ) + Cr xr (t )

4.11

4.2.3 Equations of Motion for System with Full-State Feedback of Controlled
Modes

With full-state feedback of the controlled modes (xc), Cc reduces to the identity
matrix and Cr becomes a null matrix, thus reducing Eq. 4.11 to Eq. 4.12. The applied
electrical fields (u) for vibration suppression are determined by the regulator feedback
gain matrix (Kc) and the system states (xc) as shown in Eq. 4.13.
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y (t ) = xc (t )

4.12

u (t ) = − K c y (t ) = − K c xc (t )

4.13

With rearrangement and substitution of Eq. 4.13 into Eqs. 4.9- 4.10 results in the
following augmented state space equation (Eq. 4.14).

⎧ xc (t ) ⎫ ⎡ Ac - Bc K c
⎨
⎬=⎢
⎩ xr (t ) ⎭ ⎣ - Br K c

0 ⎤ ⎧ xc (t ) ⎫
⎨
⎬
Ar ⎥⎦ ⎩ xr (t ) ⎭

4.14

4.2.4 Equations of Motion for System with Combined Controller-Observer
Compensators

To estimate the full controlled modal state vector xc from the output y, a
Luenberger closed-loop observer is designed through the pole allocation method
(Meirovitch, 1990). The modal observer is written in the form Eq. 4.15 and the error in the
estimation of the modal state vector is shown in Eq. 4.16.

xˆc (t ) = Ac xˆc (t ) + Bcu (t ) + Lc [ y (t ) − Cc xˆc (t )]

4.15

ec (t ) = xˆc (t ) − xc (t )

4.16
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The controller input is shown in Eq. 4.17 where the state vector is the estimated
modal state vector ( xˆc ).

u (t ) = − K c xˆc (t )

4.17

Combining Eqs. 4.9 , 4.10, 4.11, 4.15, 4.16, and 4.17 results in the modal state
space equations for the system with a combined controller-observer compensator (Eq.
4.18).

⎧ xc (t ) ⎫ ⎡ Ac − Bc K c
⎪
⎪ ⎢
0
⎨ ec (t ) ⎬ = ⎢
⎪ x (t ) ⎪ ⎢ − B K
r c
⎩ r ⎭ ⎣

− Bc K c
Ac − Lc Cc
− Br K c

0 ⎤ ⎧ xc (t ) ⎫
⎪
⎪
Lc Cr ⎥⎥ ⎨ ec (t ) ⎬
Ar ⎦⎥ ⎩⎪ xr (t ) ⎭⎪

4.18

4.2.5 Regulator Feedback Gain Matrix

For determining the regulator feedback gain matrix (Kc) the Linear Quadratic
Regulator (LQR) optimal control design process is utilized. The regulator feedback gain
matrix (Kc) is chosen to minimize the quadratic performance index shown in Eq. 4.19
where Q and R are the performance and control weighting matrices, respectively (Lewis
and Syrmos, 1995).
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∞

J LQR = ∫ ( xcT (t )Qxc (t ) + u (t )T Ru (t ) ) dt

4.19

0

4.3 ANALYTICAL VIBRATION CONTROL STUDY

In Eq. 4.14, it is assumed that full-state feedback of the controlled modes is
achievable, and the residual modes are uncontrolled. The BrKc shown is the controller
spillover term. From observation, it is clear that controller spillover alone does not affect
the system eigenvalues, however it does affect the response of the system. From Eq.
4.14, it is evident that any response of the controlled modes multiplied by the spillover
term is added into the response of the residual modes. The intent of this analysis is to
quantify and compare the residual mode excitations due to controller spillover for the
Direct Attached and Active Stiffener actuators using the Large-Scale Analytical Models.
If the two systems had the same dynamic characteristics (Ac, Ar), comparing the
spillover effect could easily be accomplished through the analysis of the BrKc term.
Since it is not the case for this analysis, the energy in the residual modes of the structure
excited by the controller spillover is used to compare the performance of the two systems.
Mathematically, the energy in the structure used for comparison is simply the sum of the
potential and kinetic energies. The first 70 eigenvalues and corresponding eigenvectors
are used, and the passive damping in each mode for the two systems is set to 0.5%. The
feedback gain matrix (Kc) is designed to give 5% overall damping in the controlled mode
using the LQR regulator design process.
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For the analysis, the structures are initially deformed in each of the first ten modes
with a potential energy of 0.1 J, and then released. The mode under consideration is the
controlled mode, and all other modes are uncontrolled. For example, when the two
systems are deformed in the sixth mode with equivalent potential energies, the controller
is designed such that the sixth mode has 5% damping while modes 1 through 5 and 7
through 70 are the residual modes not under active control. Achieving the desired active
damping in the controlled mode is accomplished by weighting the scalar term in the Q
matrix (Eq. 4.19) related to the velocity for the controlled mode, while setting all other
elements in the matrix to zero. Weighting only the velocity scalar term related to the
controlled mode in the Q performance matrix results in 1) an easily solvable closed-form
solution to the Algebraic Riccati Equation (ARE), and 2) a purely derivative controller,
thereby giving only active damping in the controlled mode.

These details of this

derivation can be found in Appendix 3. At time = 0 second, the energy in the structure is
maximum, and after release, the energy in the structure decreases as time increases due to
dissipation from both the passive and active damping in the system.
Figure 4-1 is the maximum energy in the residual modes after time = 0 seconds.
In the figure, the black bars stacked on top of the lighter shaded bars are the contribution
to the maximum spillover energy from the modes lower in order than the controlled
mode, while the lighter shaded bars are the contribution to the maximum spillover energy
from the modes higher in order than the controlled mode. Because the spillover into the
lower order residual modes is significantly less than the spillover into the higher order
residual modes, the black bars are difficult to see (most visible in the 8th and 9th modes).
Since the initial condition is only in the controlled mode, the residual modes can only be
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excited by the spillover of the controller’s energy. As demonstrated in the figure, the
maximum energy in the residual modes for the AS is smaller than that for the DA for all
10 modes, meaning less controller spillover. For reference, 0.1 J in modes 1 and 10 for
the DA system results in maximum surface displacements of 7.81 mm and 0.59 mm,
respectively.

Figure 4-1: Maximum spillover energy into residual modes for DA and AS (Usysinitial =
0.1 J)

Figure 4-2 demonstrates that the maximum voltage for the AS is significantly less
than that for the DA when controlling each of the first 10 modes. That is, not only is
controller spillover reduced, the required control voltage also reduces with the
introduction of the stiffener. Therefore by using the AS actuators, one can achieve better
vibration suppression (less controller spillover) with significantly less control voltage
than the DA actuators.
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Figure 4-2: Maximum control voltage for DA and AS (Usysinitial = 0.1 J)

The closed-form solution to the ARE and feedback regulator matrix exists when
controlling one mode and these solutions can be easily applied to systems for controlling
multiple modes when the forcing input vectors for each mode are orthogonal. As shown
in Appendix 3, when the forcing input vectors for each mode are orthogonal to each
other, the solution to the sum of the individual Q’s for each mode is equal to the sum of
the solutions to the ARE for each mode. When simultaneously controlling ten modes of
the Large Scale Analytical Models, less than a 0.01% error in the actual and desired
modal damping values is observed when summing the individually determined Q and Kc
matrices for each of the ten modes. In other words, excellent agreement in the desired
closed-loop results is obtained by using the closed-form solutions for each mode and
summing to determine the Kc matrix for simultaneously controlling multiple modes.
Even though the method assumes that the forcing input vectors are orthogonal (damped
modes remain decoupled in closed-loop system), the actual coupling due to the non-
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orthogonality of forcing input vectors slightly perturbs the values of the eigenvalues. The
advantages of the method is that (1) it avoids having to solve the computationally
expensive ARE, (2) a closed-form solution is obtained to the ARE when assuming modal
decoupling, and (3) it avoids having to numerically iterate the elements in the
performance matrix (Q) to achieve the desired performance.

In Appendix 3, an

eigenvalue estimation method is proposed which is able to predict the perturbation to the
eigenvalues as a result of the non-orthogonality of the forcing input vectors.
Shown in Figure 4-3 is the maximum energy in the residual modes after time = 0
seconds when actively controlling the first ten modes using the simplified LQR design
method to calculate the regulator feedback gain matrix. As performed with the single
mode control analysis, the structures are initially deformed in each of the first ten modes
with a potential energy of 0.1 J, and then released. The results demonstrate that the
maximum energy in the residual modes for the AS is less than for the DA for all 10
modes. Thus, whether adding active damping to one or multiple modes, the AS system
has less controller spillover than the DA system.
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Figure 4-3: Maximum spillover energy into residual modes for DA and AS (Usysinitial =
0.1 J) – 10 modes controlled

As demonstrated in Chapter 2 for a single AS attached to a flexible host structure,
the height and width of the insert can significantly affect the amount of actuation
authority in the decoupled and actuation directions. Likewise, the height and width of the
stiffeners can greatly affect the vibration control performance of the large plate having
many actuators. Shown in Figures 4-4 and 4-5 is the maximum energy in the residual
modes for various stiffener heights and widths. The same initial conditions and analysis
methods are used as in Figure 4-1. For every stiffener height and width, the first 70
eigenvalues and eigenvectors are calculated with the residual modes having 0.5% passive
damping and the controlled mode having 5% overall damping.

For Figure 4-4, the

controller is adding active damping to the first mode and has an initial condition in the
first mode with a potential energy of 0.1 J. For Figure 4-5, the controller is adding active
damping to the eighth mode, and the initial condition is in the eighth mode. In both

89
figures, the maximum energy in the residual modes for the DA system is labeled at the
zero stiffener height (same initial conditions as AS system).

Figure 4-4: Controller spillover energy - 1st Mode Controlled (Usysinitial = 0.1 J)

Recall that the objective is to minimize the energy in the residual modes, and
therefore the optimal stiffener height is the one that has minimum spillover energy value
in Figures 4-4-4-5. From Figure 4-4, increasing the width of the stiffener increases the
performance at each optimal stiffener height, but it is the only vibration mode of interest
that displays this behavior. All of the other vibration modes of interest demonstrate that
the performance increases with decreasing stiffener width similar to the plot seen in
Figure 4-5. For the study, the stiffener parameters are limited within the range of values
shown to prevent any numerical problems due to large aspect ratios.
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Figure 4-5: Controller spillover energy– 8th Mode Controlled (Usysinitial = 0.1 J)

When analyzing the first vibration mode of the host structure, it is observed that
the radial and circumferential strains throughout the structure have the same sign but
different magnitudes. Therefore the ideal actuator that maximizes the authority is one
that is not fully directionally decoupled, but one with a reduced actuation in one of the
two directions.

In Chapter 2, it was demonstrated that decreasing the height and

increasing the width of the stiffener increases the average transmitted moment to the host
structure in the decoupled direction when analyzing a single AS attached to a flexible
host structure. Therefore for the first mode, the wider 30 mm stiffener with an optimal
(2.5 mm) stiffener height is preferred for ensuring that an optimal level of control is
maintained in both the actuation and decouple directions. Maximizing the authority for
the first mode reduces the controller spillover into the residual modes by reducing the
required control effort to achieve equivalent performance (5% damping). As seen in the
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top figure, the wider stiffener (wstiff=30 mm) with the short stiffener height (hstiff=0.25
mm) is undesirable since the maximum spillover energy in the residual modes approaches
the DA actuator.
With the remaining nine vibration modes analyzed, the energy in the residual
modes decreases with decreasing stiffener width as demonstrated in Figure 4-5. As a
result, by using the thinner stiffener, the spillover of the controller’s energy into the
residual modes is reduced due to the unique decoupling properties of the stiffener (insert).
For some of the modes, such as the eighth mode shown in Figure 4-5, an optimal
stiffener height exists for each stiffener width. On the other hand, the majority of the
modes (2,3,5,6 and 7) reveal no minimum within the range of stiffener heights and
suggest that increasing the height of the stiffener will always decrease the spillover of the
controller’s energy. This is a direct result of the stiffness of the system (host structure,
stiffeners, and actuators) increasing with an increase in the stiffener height.

For a

constant potential energy of 0.1 J, this results in a reduced initial deformation in the host
structure. Therefore as the stiffener height increases, the initial deformation in the host
structure reduces, the control voltage reduces, and as a result, the controller spillover in
the residual modes decreases.
When comparing the systems only having equivalent initial potential energies in
the host structure, an optimal height for each stiffener width exists for all of the modes
similar to the second mode shown in Figure 4-6. Even though the initial potential energy
in the system (host structure, stiffeners, and actuators) increases with increasing stiffener
height, the spillover energy in the residual modes initially decreases and reaches a
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minimum. In addition, as observed with the previous figures, a stiffener with the smaller
width reduces the controller spillover.

Figure 4-6: Controller spillover energy – 2nd Mode Controlled (Uhostinitial = 0.1 J )

When the initial total potential energy in the system (host structure, stiffeners, and
actuators) are equivalent, increasing the stiffener height results in a decrease in the
control voltage for all of the modes due to the reduced initial deformation in the host
structure. When the initial potential energy in the host structures are equivalent (total
system energy increases as stiffener height increases), a minimum in the maximum
required control voltage is observed for all the modes similarly as seen in Figure 4-7
when controlling the second mode. Even though the initial potential energy in the system
is increasing as the stiffener height increases, the maximum required voltage initially
decreases and reaches a minimum.
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Figure 4-7 Maximum voltage– 2nd Mode Controlled (Uhostinitial = 0.1 J)

For the given scenarios (either the initial total potential energy in the systems are
equivalent or the initial potential energy in the host structures are equivalent), a thin
stiffener with a finite stiffener height always outperforms the Direct Attached actuator.
In other words, by properly tailoring the height and width of the stiffener, the controller
voltage and controller spillover can be reduced significantly less than the DA case.

4.4 VIBRATION CONTROL EXPERIMENT

To experimentally evaluate the vibration control performance of the AS, the two
adaptive flexible plates from the shape control experiment are used in a different
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experiment configuration. For performing the vibration control experiment, the adaptive
plates are attached to the isolation table and the surface velocities of the plates are
measured using a Polytec OFV-3001 laser vibrometer mounted to the linear stages as
shown Figure 4-8.

The dSpace™ acquisition system is used to record the surface

velocities from the laser vibrometer and to provide vibration suppression using the
piezoelectric actuators through a PCB Piezotronic 790 Series amplifier. Impact testing is
achieved using a PCB 086C03 impact hammer.

Figure 4-8: Configuration of Experimental Setup
When designing feedback regulators and modal observers, the performance of the
system hinges on the accuracy of the model representing the system plant. Finite element
models can yield accurate results for the system’s lower natural frequencies, but the
accuracy of these models diminishes in higher frequency ranges. Therefore, to obtain
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accurate models of the two systems, experimental modal analysis techniques are
employed to identify the Small-Scale Models using 47 distributed points as shown in
Figure 4-9 where the line indicates the numbering order of the measurement points. For
each plate, frequency response information is collected for each of the 47 points using the
piezoceramic actuators as exciters and an impact hammer input at point 47. Although
there are six piezoceramic actuators, the actuators along the radial lines are actuated with
equivalent voltages, thereby treating the two radial actuators as a single actuator.
Therefore for each point, four sets of frequency response data is collected (3 actuators, 1
impact point) using the dSpace™ acquisition system.

Figure 4-9: Modal analysis points for both adaptive plates
After the collection of frequency response data, the STAR™ system software is
used to extract the first 15 eigenvectors and eigenvalues using the polynomial curve
fitting method. With the eigenvalues and eigenvectors from each test, the corresponding
{Aexp, Bexp, Cexp} state space matrices for the Small-Scale Model shown in Eq. 4.20 are
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determined, where Aexp is dimension 30 X 30, Bexp is dimension 30 X 4, and Cexp is
dimension 47 X 30.

x ( t ) = Aexp x ( t ) + Bexp u ( t )
y ( t ) = C exp x ( t )

4.20

With this identified model, one can predict structural responses (open-loop
analytical results) and compare them with the results produced by directly exciting the
test structure experimentally. As seen in Figure 4-10, there is very good agreement
between the analytical (Small-Scale Models) and experimental open-loop results. The
identified natural frequencies and damping ratios for the AS and DA systems can be
found in Table 4-1.
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Figure 4-10: Frequency response for AS and DA (Measurement Point 3, Actuator PZT
1)

98
Table 4-1: Identified experimental parameters (ωn and ξ) of AS and DA system
DA
Freq
(Hz)
65
132
238
418
434
613
648
829
912
1080
1360
1460
1540
1650
1760

AS
Damping
Ratio (%)
0.61
0.47
0.46
0.89
0.21
0.40
0.66
0.44
0.62
0.34
0.28
0.30
0.44
0.25
0.44

Freq
(Hz)
65
148
268
461
625
631
787
925
1010
1170
1400
1480
1550
1690
1780

Damping
Ratio (%)
0.41
0.64
0.53
0.45
0.29
0.35
0.35
0.71
0.38
0.73
0.37
0.39
0.69
0.45
0.50

In the analytical work reported for the Large-Scale Analytical Models (see last
section), full-state feedback is assumed so that one can focus solely on the controller
spillover phenomenon. However, full-state feedback is not feasible in experimental
studies. Therefore, the modal states are estimated using a modal state observer with the
form expressed in Eq. 4.15. With the introduction of the observer into the system,
observation spillover will be induced. The terms ec and LcCr in Eq. 4.18 are the errors in
the estimation of the states and the observer spillover terms, respectively. As seen from
Eq. 4.18, any response of the residual modes (xr) multiplied by the observer spillover
(LcCr) term gets added into the error of our estimated states (ec), and any response of the
controlled modes (xc) or error estimation of controlled modes (ec) multiplied by the
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controller spillover (BrKc) terms gets added into the response of the residuals modes.
With observer and controller spillovers present, the separation principle is no longer
valid. That is, if both the controller spillover (BrKc) and the observer spillover (LcCc)
terms are nonzero, the eigenvalues of the system can shift from their original values.
With large enough spillover effects, the real part of the eigenvalues can become positive,
resulting in instability.
With the observer and the corresponding observation spillover present, the
controller spillover effects cannot be separated and evaluated as performed in analyzing
the Large-Scale Analytical Models (see last section). Therefore, for the experiment, the
goal is to first validate the Small-Scale Models in both the open-loop and closed-loop
scenarios. After validation of the Small-Scale Models, the controller spillover effects and
stability regions are investigated using the model while assuming full-state feedback.
As seen in Figure 4-10, the open-loop results agree well between the analytical
and experimental results for both the AS and DA systems. Similar results are seen for the
remaining 46 measurement points using the 2 other piezoceramic actuators and the
impact hammer input. For the closed-loop case, two types of tests are performed. For
the first test, the analytically and experimentally determined system eigenvalues are
compared as the regulator feedback gain matrix and observer pole locations are varied.
Experimentally, the frequency response plots are obtained using the impulse response of
the structure at measurement point 3 and excitation at point 47 using the impact hammer.
The system eigenvalues are determined using the polynomial curve fitting method in the
STAR™ System software. Shown in Figures 4-11, 4-12, and 4-13 are the analytical
(results obtained through applying feedback control on Eq. 4.20) and experimental
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system eigenvalues for both the DA and AS systems when controlling the first, second,
and third modes, respectively. The vertical axis is the modal damping and the horizontal
axis is the undamped natural frequency. For example, in Figure 4-11 the first mode is
under active control where the active damping is increased as indicated by the arrow. As
the active damping is increased, the residual system eigenvalues shift, as also indicated
by the arrows. The observer pole locations for each figure are shown in the caption. For
each mode under active control, 6 observer pole locations are investigated (2 ωnobs values,
3 ξobs values). Here, ωnobs is the observer undamped natural frequency and ξobs is the
observer damping ratio. As seen in the figures, there is very good agreement in the
behavior of the eigenvalues as the regulator feedback gain matrix is varied for the AS and
DA systems when actively controlling each of the first three modes.
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Figure 4-11: Eigenvalue shifting for AS and DA–Controlling 1st Mode (ωnobs =70 Hz,
ξobs=0.5)
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Figure 4-12: Eigenvalue shifting for AS and DA–Controlling 2nd Mode (ωnobs =150 Hz,
ξobs=0.35)
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Figure 4-13: Eigenvalue shifting for AS and DA–Controlling 3rd Mode (ωnobs =300 Hz,
ξobs=0.5)
For the second closed-loop test, the stability regions are investigated for various
observer pole locations. With the previous closed-loop validation test, the shifting of the
eigenvalues towards zero damping, or instability, is seen as the active damping is
increased. With a large enough feedback gain, the system will become unstable. It is at
this point where the system is marginally stable/unstable that defines the stability region.
In Figures 4-14 and 4-15, the vertical axis is the critical mode damping, or the largest
damping in the controlled mode before instability. This damping value for the analysis is
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determined from the regulator equation (Ac-BcKc). The two horizontal axes are the
observer undamped natural frequency (ωnobs) and damping (ξobs) which determine the
observer pole locations. To experimentally determine the critical modal damping, the
automated testing algorithm written in dSpace™ slowly increases the active damping in
the controlled mode. After each step of increase in active damping, the system pauses for
approximately 1 minute. If a velocity of 5 mm/s is exceeded within that period, the
system is considered unstable. The previous damping value is considered to be the
critical modal damping value and used in the plots. It was consistently seen with each
test that once the velocity of the point reached 5 mm/s, the structural response quickly
increases in magnitude and the system becomes clearly unstable.
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Figure 4-14: Stability Region for AS and DA – Controlling 1st Mode
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Figure 4-15: Stability Region for AS and DA – Controlling 3rd Mode

As shown in the figures for the second closed-loop test, the analytical and
experimental critical mode damping values for the AS and DA systems agree well for the
range of observer parameters. These results reinforce the validity of the Small-Scale
Models. In Figure 4-15, it is clear that the AS actuator has a larger stability region than
the DA actuator when controlling the third vibration mode. This is also true when
controlling the second vibration mode (not shown). On the other hand, Figure 4-14
shows that the DA actuator has a larger stability region than the AS when controlling the
first vibration mode. However, the analytical results obtained from the Small-Scale
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Models without an observer present (to be presented in the next few paragraphs) reveal
that the controller spillover effect is larger for the DA than the AS for all three modes.
This suggests that the influence of the observer on the system eigenvalues resulted in the
AS having a reduced stability region for the first mode than the DA.
With the Small-Scale Models validated in the open-loop and closed-loop
scenarios with the experimental results, the controller spillover effects are investigated
using the Small-Scale Models while assuming full-state feedback (Eq. 4.14). Since the
structure stiffness and mass matrices are not known, the potential and kinetic energies
cannot be directly determined and used for comparison as in the analysis with the LargeScale Analytical Models. Since the input-output relationship of the Small-Scale Models
has been verified for both the open-loop and closed-loop systems, the average power
spectrum of the system response at each measurement point is used for comparison
purposes.
In Figures 4-16 - 4-18 are the average power spectrums for the controlled mode
and uncontrolled modes at each measurement point when controlling the first, second and
third vibration modes, respectively.

The controller is designed to give 5% overall

damping in the controlled mode, and the residual modes are uncontrolled. The structures
are initially deformed in the shape of the mode under control and then released. As a
result, the residual modes can only be excited by the controller spillover. The top bar
graphs in each figure represent the average power spectrum for the controlled mode at
each measurement point, and the bottom bar graphs represent the average power
spectrum for the residual modes. The values in both graphs have been scaled such that
the maximum of the controlled mode power spectrums of the DA system is equal to one
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and the sum of the controlled mode average power spectrums for the DA and AS systems
are equal.
As illustrated in the bottom bar graphs of the three figures, the average power
spectrums of the residual modes at each measurement location is greater for the DA than
the AS, which illustrate that the DA actuators excite the residual modes more so than the
AS. The method chosen for scaling the average spectrums reveals that the values in the
top bar graphs of the two figures for each measurement point are not equal due to the
structural differences between the two systems as a result of the insert (stiffener).
However, the performance improvement of the AS over the DA for reducing the
controller spillover (reduced power spectrums for AS for uncontrolled modes) is clearly
larger than the differences in the average power spectrums for the controlled mode.
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Figure 4-16: Average power spectrum for controlled and uncontrolled modes – 1st mode
controlled
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Figure 4-17: Average power spectrum for controlled and uncontrolled modes – 2nd mode
controlled
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Figure 4-18: Average power spectrum for controlled and uncontrolled modes – 3rd mode
controlled

With an observer present, the plate with the DA actuators has a larger stability
region than the plate with the AS actuators for the first vibration mode. However, the
analytical results obtained from the Small-Scale Models without an observer present
reveal that the controller spillover effect is larger for the DA than the AS for all three
modes. This suggests that the influence of the observer on the system eigenvalues
resulted in the AS having a reduced stability region for the first mode than the DA.
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4.5 SUMMARY

The focus of this chapter is to investigate the feasibility of using the Active
Stiffeners for reducing the controller spillover effects and improving the vibration control
performance. The analytical results demonstrate that the Active Stiffener can reduce
controller spillover and outperforms the Direct Attached actuator for vibration control.
The experimental results also illustrate the performance improvement of the Active
Stiffener approach over the Direct Attached actuator approach, which verify the trend
observed in the analytical findings.

CHAPTER 5 – MACROFIBER COMPOSITE

5.1 INTRODUCTION
Similar to the Active Stiffener, the MacroFiber Composite (MFC) actuator
possesses several advantages over the planar monolithic piezoceramic actuator. Recall
from Chapter 1 that the MFC has increased toughness, flexibility, and higher specific
work output. The Interdigitated Electrode (IDE) pattern exploits the high d33 coupling of
the piezoelectric material, thus giving higher longitudinal strains than planar monolithic
piezoceramics. In addition, the anisotropy of the actuator can be modified or changed by
the selection of the parameters at the material, lamina, and laminate levels of fabrication.
As a result of the unique properties of the MFC’s, many applications have been
explored using the composite actuators; however, they have not been specifically studied
and utilized for their directional decoupling characteristics. Therefore the overall goal of
this chapter is to explore the potential of achieving directional decoupling actuation for
structural control through utilizing the MFC actuator. The first technical objective of this
chapter is to analytically investigate the shape and vibration control performance of the
MFC actuators acting on a circular host structure and to compare with the AS and DA
actuators. As a subset of this objective, a commercially available MFC actuator is
experimentally investigated for shape control and is compared with the AS and DA
systems. The second objective of this chapter is to understand the influence of the
selection of composite parameters (e.g. fiber volume fraction) on the performance of the
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system. This involves developing a composites model of the MFC and integrating it with
the model of a thin circular plate.

5.2 MACROFIBER COMPOSITE (MFC) STUDY – SHAPE AND VIBRATION
CONTROL

The Finite Element Model of the circular host structure with the DA actuators is
used for the shape and vibration control analysis where the engineering properties of the
DA actuator are replaced with the properties of the MFC actuator. The host structure
dimensions, actuator dimensions, system mass, and number of actuators remain
consistent with the AS and DA system.

Shown in Table 5-1 are the engineering

properties of the MFC actuator as provided by Smart Material, Inc.

Table 5-1: MFC Engineering Properties (Smart Material, Inc.)
Linear Elastic Properties
*

E1 (GPa)
E2** (GPa)
ν12
ν21
G12 (GPa)

30.34
15.86
0.31
0.16
5.52
Electrical Properties

*

d33 (pC/N)
d32** (pC/N)
Cpol (nF/cm2)
IDE Pitch (mm)
* : Fiber Direction
**: Electrode Direction

460
-210
0.42
0.5
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5.2.1 Analytical Shape Control Results
The RMS surface area percent reduction for the MFC, DA, and AS actuators are
indicated in Table 5-2 when correcting for the surface deformations having an initial
maximum error of 10 waves. The optimal voltages are determined using Eq. 3.4 and are
shown in Table 5-3.

Similar to the AS, the MFC actuators correct for more error than

the DA actuator for all deformation modes of interest.

This is due to the weaker

electromechanical coupling of the MFC in the direction orthogonal to the piezoceramic
fibers. A performance comparison between the AS and MFC actuators reveals the two
systems having similar performance where the AS outperforms the MFC for 12 of the 18
modes. The largest distinction between the two actuation systems is seen in the required
voltages as indicated in Table 5-3. As expected, the voltages for the MFC actuators are
significantly higher than the DA and AS, where some of the voltages are more than 5
times higher.
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Table 5-2: RMS Surface Error Percent Reduction for DA, MFC, AS

Table 5-3: Maximum voltages for DA, AS, MFC for 10 waves error (units: Volts)
DA

AS

MFC

Power

1.1

1.3

3.1

Pri Astig

2.8

0.8

3.1

Pri Spher

7.5

7.2

33.0

Sec Astig

12.8

9.4

49.6

Pri Tetra

8.0

3.4

11.3

Sec Spher

23.8

23.7

87.2

Ter Astig

40.3

22.2

148.7

Sec Tetra

27.2

20.9

100.8

Pri Hexa

11.4

5.5

16.9

Ter Spher

41.2

45.6

87.6

Quat Astig

62.0

56.7

290.6

Ter Tetra

36.6

47.8

337.8

Sec Hexa

20.2

23.3

90.0

Pri Octa

20.9

17.5

41.2

Quad Tetra

61.4

106.6

415.5

Ter Hexa

39.4

63.1

308.6

Sec Octa

46.9

54.8

148.3

Pri Deca

28.8

28.4

65.7

5.2.2 Experimental Shape Control Results
For validation of the results and trends observed in the previous section,
experimental efforts were performed using the MFC M 2814 P1 actuators from the Smart
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Material, Inc. The actuators have an active region of 1.1” x 0.55” and the plate contains
12 actuators placed in three radial lines as shown in Figure 5-1. The actuators are bonded
using a high strength epoxy.

Figure 5-1: Experimental plate specimens and corresponding analytical model with MFC
actuators

The configuration, equipment, and procedure outlined in Chapter 3 (see Figure 311 for configuration) are used for the MFC adaptive plate. The system characterization
and optimal shape control law are described by Eqs. 3-11 to 3-14.
In Table 5-4 are the analytical and experimental results for the MFC actuator
along with the AS and DA actuators. As seen, there is good agreement between the
analytical and experimental results for the MFC actuators. This agreement reinforces the
results and the trends observed in the analysis with the large plate. Comparing the RMS
surface error (analytical and experimental) of the MFC to the AS and DA, the MFC
corrects for more error than the DA for all three modes and the AS for the first two
modes. The maximum error, on the other hand, reveals the AS reduces more error than
the MFC for the first and third mode experimental results and for all three modes in the
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analytical results. As similar to the results in the analysis for the large plate, neither the
AS nor MFC actuator reduces more error than the other actuator for all modes.

Table 5-4: Experimental and Analytical shape control results for DA, AS, and MFC
(units: μm)

Shown in Table 5-5 are the determined voltages for the experiment and analysis,
and the actuator locations are identified in Figure 5-2. As expected, the voltages for the
commercially available MFC actuators are larger than the DA and AS systems.
Experimentally, the voltage requirements for the MFC actuators were twice as large as
the AS and DA systems for the second and third modes, while the analytical results
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reveal a smaller increase in voltage requirements.

This disagreement in voltage

magnitudes between the experimental and the analytical results for the MFC actuators is
primarily due to poor bonding between the actuators and host structure, thus reducing the
authority. This is especially true for the first actuator (ACT 1) where the magnitude of
experimentally determined voltages is consistently much higher than the third actuator
(ACT 3) for all three shapes. Theoretically the magnitude of the voltage should be equal
for all three modes for both ACT 1 and ACT 3.

Table 5-5: DA, AS, MFC Determined Voltages
Experimentally Determined Voltages
Shape

Analytically Determined Voltages

ACT 1

ACT 2

ACT 3

ACT 1

ACT 2

ACT 3

DA

17.9

55.4

18.1

61.6

-2.4

61.5

AS

20.9

112.6

18.9

33.0

117.3

34.3

MFC

22.3

214.0

13.6

36.4

121.0

36.4

DA

69.0

-4.8

-74.8

104.0

-0.1

-103.8

AS

91.0

3.8

-90.3

103.1

-1.4

-104.2

MFC

180.4

20.9

-115.8

112.1

0.0

-112.1

DA

97.4

-123.8

95.1

59.3

-96.8

59.2

AS

117.5

-46.4

113.2

125.4

-62.1

124.6

MFC

235.3

-62.9

166.8

142.4

-38.7

142.4

1

2

3

The poor bonding between the actuators and the structure can be explained by the
following figures. In Figure 5-2, the three actuators with three measurements points are
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labeled for discussion.

Indicated in Figure 5-3 are the time responses of the three

actuators using the fiber optic sensor at measurement points 8, 17, and 26, respectively.
In the figure, the voltage applied to each individual actuator is increased from 0 volts to
200 volts over a time of 0.5 seconds beginning at time equals 1 second and held for 2
seconds. Ideally, the response of Act 1 at Point 8 should be equal to the time response of
Act 3 at Point 26, but as seen in the figure, the displacement for Act 3 is nearly three
times larger than Act 1. Also it is consistently seen that the displacement of the plate at
each measurement point for Act 2 slowly decreases during the 2 seconds of static voltage
of 200 volts, which also indicates poor bonding between the host structure and the MFC
actuator.

Figure 5-2: Measurement and Actuator Locations for Shape Control Experiments

As expected, the bonding between the host structure and actuator improved with
increasing experience in bonding since ACT 3 was bonded last and created the largest
displacement for equivalent voltage. It is expected that ACT 1 and ACT 2 would have

122
performed equally as well as ACT 3 with prior experience, thus increasing the agreement
in the voltages between the experiment and analysis.
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Figure 5-3: Time response of Actuators 1, 2, and 3 at Measurement Points 8, 17, and 26
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5.2.3 Analytical Vibration Control Results
The intent of this analysis is to quantify the residual mode excitations due to
controller spillover for the MFC actuator and to compare with the DA and AS actuators
using the Large-Scale Analytical Models. The analysis procedure used here follows the
same procedure as outlined in Chapter 4 where the energy in the residual modes of the
structure excited by the controller spillover is used to compare the performance of the
three systems. As stated in Chapter 4, the structures are initially deformed in each of the
first ten modes with a potential energy of 0.1 J, and then released. The first ten modes
are under active control with 5% damping, and all other modes are uncontrolled. At time
= 0 seconds, the energy in the structure is maximum, and after release, the energy in the
structure decreases as time increases due to dissipation from both the passive and active
damping in the system.
Figure 5-4 is the maximum energy in the residual modes after time equals 0
seconds. The maximum energy in the residual modes for the MFC is less than that for
the DA for all 10 modes and less than that of the AS for 3 of the 10 modes. Similar to the
shape control results, the maximum required voltage for the MFC is significantly higher
than the other two actuation methods. On the other hand, the maximum total power
requirement for the MFC is less than both the AS and DA as observed in Figure 5-5.
Since the dielectric constant ε 33S of the MFC can be 10 times lower than planar
monolithic piezoceramics, the total current is significantly less than that of the AS and
DA systems which reduces the total power requirements.

Although the voltage

requirements for the MFC’s are significantly higher than that of the AS and DA systems,
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the lower power requirement of the MFC actuator is a important advantage, especially for
space-based applications.

Figure 5-4: Max Spillover Energy (left) and Max Voltage (right) for DA, MFC, and AS
actuators (Usysinitial = 0.1 J)

Figure 5-5: Max Total Power for DA, MFC, and AS actuators (Usysinitial = 0.1 J)
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5.3 PARAMETER OPTIMIZATION OF MFC ACTUATOR
The commercially available MFC actuator from Smart Material, Inc. has the
potential for achieving high precision shape and vibration control due to the reduced
authority in the decoupled direction. As stated previously, the anisotropy of the actuator
can be modified or changed by the selection of the parameters at the material, lamina, and
laminate levels of fabrication. Therefore, proper selection of the composite parameters
could further increase the direction decoupling and increase the performance. One such
variable that could increase the performance is the piezoceramic fiber volume fraction,
which is the ratio of the volume of fibers to the total volume. Therefore the objective of
this section is to provide an understanding of the influence of the fiber volume fraction of
the MFC actuator on the shape and vibration control performance of the system. This
involves developing a composites model of the MFC and integrating it with a model of a
thin circular plate for analysis.

5.3.1 Composite Model of MFC
With the AS actuator, the active authority in the actuation and decoupled
directions relies on a structural mechanism, i.e. the stiffener. On the other hand, the
actuation behavior of the MFC can be modified through the design of the composite
actuator. The design parameters involve the material selection for the matrix, volume
percentage of the fibers and matrix material, and spacing of the electrodes (pitch).
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Bent and Hagood, (1997), used a Uniform Fields Model to predict the behavior of
the Active Fiber Composite (AFC) and experimentally compared with several etched
electrode PZT fiber composites. The results presented reveal good agreement between
the experimental and analytical predictions. Therefore the UFM method can provide a
reliable closed form solution for approximating the effective stiffness and
electromechanical coupling values of the MFC actuator.
The UFM relies on simple combining rules to determine the macroscopic field
levels of the actuator. For the three dimensional case, Bent and Hagood present a method
that involves the combination of several Uniform Fields Cases to obtain the approximate
actuator properties. The general idea of the UFM, as proposed by Bent and Hagood, is
shown below in Figure 5-6. As seen in the figure, the representative volume element is
divided into three separate cases (A,B,C).

These three cases capture the major

contributions to the effective properties of the actuator. Cases A and B capture the
response of the part of the actuator away from the electrode. This is the area between the
electrodes, and Case C captures the response of the part of the actuator under the
electrode. Cases A and B assume a uniform polarization in the 3 direction, and the local
electrical behavior around the electrode area, including the field concentration in the low
dielectric matrix, is captured in Case C. The matrix material in Case C simply represents
the part of the matrix that separates the electrode from the piezoelectric fiber.
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Figure 5-6: Uniform Fields Model (UFM) geometery: Cases A, B, and C, and
combination model. P represents the polarization vector.

For determining the effective actuator properties, each case is analyzed separately,
and then the effective properties for that case are substituted into the next case. The
preferred order of substitution for obtaining the most accurate set of effective properties
is dependent on the fiber arrangement and configuration. After analyzing the last case,
the resulting effective properties are a combination of all three cases. Shown in Eq. 5.1
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are the linear constitutive relations for a linear orthotropic active material, where the
shear mode problem is uncoupled from the normal mode of operation. For each case, the
first step is to identity the field variables in Eq. 5.1 that are equal in the two phases as
independent variables and reorganize the constitutive equations as functions of those
variables. For example, in Case A the independent fields are S1, T2, S3, and E3. For this
case, the average values of the independent fields are defined in Eq. 5.2 where the
superscript m represents the matrix material and the p represents the piezoelectric phase.

⎧ T1 ⎫ ⎡ c11E c12E
⎪T ⎪ ⎢ E
E
⎪ 2 ⎪ ⎢c12 c22
=
⎨ ⎬ ⎢ E
E
⎪ T3 ⎪ ⎢c31 c32
⎪⎩ D3 ⎪⎭ ⎢⎣e31 e32

c13E
E
c23

c33E
e33

−e31 ⎤ ⎧ S1 ⎫
⎥⎪ ⎪
−e32 ⎥ ⎪ S2 ⎪
⎨ ⎬
−e33 ⎥ ⎪ S3 ⎪
⎥
ε 33s ⎥⎦ ⎪⎩ E3 ⎪⎭

5.1

S3 = S3m = S3p
S1 = S1m = S1p
T2 = T2m = T2p

5.2

E3 = E3m = E3p

Rewriting Eq. 5.1 as a function of the independent variables for Case A results in
Eqs. 5.3 - 5.6.
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T1 =

E
E2
E
E
E
c33E c22
− c23
c23
c13E c22E − c23E c12E
c23
e32 − c22
e33
+
+
+
S
T
S
E3
1
2
3
E
E
E
E
c22
c22
c22
c22

E
−c23
e
c12E
1
S2 = E S1 + E T2 − E S3 + 32E E3
c22
c22
c22
c22

T3 =

E
E E
E
E
c13E c22
− c23
c12
c12E e32 − c22
e31
− c12E 2
c12E
c11E c22
+
+
+
S
T
S
E3
1
2
3
E
E
E
E
c22
c22
c22
c22

E
c22
e33 − c23E e32
e32
c22E e31 − c12E e32
e32 2 − c22E ε 33S
D3 =
S1 + E T2 +
S3 +
E3
E
E
E
c22
c22
c22
c22

5.3

5.4

5.5

5.6

The above equations represent the piezoelectric phase and can be easily written
for the matrix phase by setting all eij terms to zero. The average dependent field variables

T1 , S2 , T3 , D3 for Case A can be related to the dependent field variables for the
piezoelectric and matrix phase materials through the volume fraction in the “2” direction
as shown in Eq. 5.7.

⎧ T1 ⎫
⎧ T1 ⎫
⎧ T1 ⎫
⎪ ⎪
⎪S ⎪
⎪S ⎪
⎪ S2 ⎪
p ⎪ 2⎪
m ⎪ 2⎪
⎨ ⎬ = ν 2 ⎨ ⎬ +ν 2 ⎨ ⎬
⎪ T3 ⎪
⎪ T3 ⎪
⎪ T3 ⎪
⎪⎩ D3 ⎭⎪
⎩⎪ D3 ⎪⎭m
⎩⎪ D3 ⎭⎪
p

5.7
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Substituting Eqs. 5.3 - 5.6 into Eq. 5.7 for each material phase and rewriting into
the original form results in Eq. 5.8.

⎧ T1 ⎫ ⎡c11eff
⎪ ⎪ ⎢ eff
⎪ T2 ⎪ ⎢c12
⎨ ⎬ = ⎢ eff
⎪ T3 ⎪ ⎢c31
eff
⎪⎩ D3 ⎪⎭ ⎣⎢e31

c12eff

c13eff

eff
c22

eff
c23

eff
c32

eff
c33

eff
e32

eff
e33

eff
⎤ ⎧ S1 ⎫
−e31
⎪
eff ⎥ ⎪
−e32 ⎥ ⎪ S2 ⎪
⎬
eff ⎥ ⎨
S3 ⎪
−e33
⎪
⎥
ε 33eff ⎦⎥ ⎪⎩ E3 ⎪⎭

5.8

The above procedure can be repeated for Case B and Case C after identifying the
appropriate independent and dependent field variables. For Case B the independent field
variables are T1 , S2 , S3 , E3 and for Case C the independent field variables are

S1 , S2 , T3 , D3 . As noted by Bent and Hagood, the most appropriate combining order for a
rectangular packing composite is C to A to B, where the effective material properties in
Eq. 5.8 are substituted for the piezoelectric phase in the subsequent case.
Shown in Table 5-6 are the material properties used for the piezoelectric and
matrix material of the MFC composite actuator. The properties of the piezoceramic are
provided by Smart Material, Inc. 3M DP-460 epoxy is the matrix material used for
bonding the fibers together.
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Table 5-6: Engineering properties for materials in MFC actuator
C11 (GPa)
C12 (GPa)
C13 (GPa)
C33 (GPa)
ε33 / εo
e31 (C/m2)
e33 (C/m2)

PZT Navy Type II
156
112
77
167
1850
-5.81
24.3

Matrix
9.7
4.2
4.2
9.7
53
0
0

Shown below in Figures 5-7 are the planar effective actuator properties as a
function of the fiber volume fraction in the ‘1’ and ‘3’ directions. The UFM model in the
left plot estimates the stiffness of the actuator higher in the actuation direction (‘3’) than
the reported values by Smart Material, Inc., but lower in the decoupled direction (‘1’).
The same trend is observed for the electromechanical values (right plot). Interestingly,
the stiffness and electromechanical values in the ‘3’ direction increase almost linearly
with increasing fiber volume fraction whereas the increase in the ‘1’ direction is
nonlinear. This behavior can be beneficial for optimizing the performance of the actuator
and system.
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Figure 5-7: UFM (-) and published (·) values for the planar stiffness values (left) and
electromechanical coupling values (right) for the MFC actuator

5.3.2 Shape Control Parameter Study
Using the composites model of the MFC, a shape control parameter study is
performed. For this analysis, the effect of the fiber volume fraction on the shape control
performance of the large circular host structure is investigated. Figure 5-8 is the RMS
surface error percent reductions for the Power and Primary Astigmatism modes as the
fiber volume fraction is varied from 0.1 to 0.99. Table 5-7 lists the minimum and
maximum surface error percent reductions along with the corresponding volume fraction
values and maximum required voltages for the eighteen modes under consideration.
For the Power (Figure 5-8 left), Pri Spherical, Sec Astigmatism, and Ter Hexafoil
modes in Table 5-7, the maximum performance is achieved with a fiber volume fraction
of 0.1. On the other hand, the results demonstrate that a MFC with a fiber volume
fraction of 0.99 is best when controlling five of the 18 modes, which is essentially a solid
piezoceramic sheet poled along the ‘3’ direction. For the remaining nine modes, there is
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an optimal fiber volume fraction that maximizes the shape control performance of the
system, similar to the Primary Astigmatism mode shown in the right plot of Figure 5-8.
As expected, the required voltage increases significantly with decreasing fiber volume
ratio, and this is seen where the difference in voltage requirements between the worst and
best case scenarios in the table can be an order of magnitude. In addition to the fiber
volume fraction, there are other design variables available that could potentially increase
the performance, such as the selection of the epoxy material and piezoceramic fibers.
Therefore, analyzing the MFC composites model can provide valuable insight into the
behavior of the actuator.

It is shown that the system performance can be further

improved by changing various properties of the composite, such as the volume fraction of
the piezoceramic fibers.

Figure 5-8: RMS surface error percent reduction for Power and Primary Astigmatism
modes
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Table 5-7: Min and Max Shape Control Performance Specs for Fiber Volume Fractions
(0.1 to 0.99)
Minimum Performance Specs

Maximum Performance Specs

%
Reduction

Fiber
Volume

Max Voltage
(V)

%
Reduction

Fiber
Volume

Max Voltage
(V)

Power

99.9

0.99

2

99.9

0.10

18

Pri Astig

99.8

0.99

3

99.9

0.87

3

Pri Tetra

99.4

0.10

77

99.5

0.93

8

Pri Spher

98.6

0.65

29

99.0

0.10

258

Sec Astig

96.6

0.78

34

97.7

0.10

517

Pri Hex

98.1

0.10

114

98.5

0.99

10

Sec Tetra

94.4

0.99

84

96.1

0.78

84

Sec Spher

95.1

0.10

670

95.5

0.93

54

Pri Octa

92.7

0.10

209

94.7

0.99

26

Ter Astig

90.3

0.10

883

94.1

0.90

105

Sec Hex

95.9

0.99

68

96.8

0.68

98

Pri Deca
Ter Tetra

87.5

0.10

423

89.0

0.99

29

76.5

0.10

272

82.0

0.99

127

Ter Spher

83.6

0.74

135

88.4

0.16

1482

Quad Astig

80.9

0.99

99

83.2

0.56

407

Sec Octa

77.2

0.10

970

80.8

0.99

102

Ter Hex

82.8

0.99

178

88.6

0.10

1977

Quad Tetra

57.7

0.31

1296

61.3

0.93

300

Comparing the best case for each mode shape in Table 5-7 with the RMS surface
error percent reductions in Table 5-3 reveals that while the performance of the MFC can
improve with proper selection of the fiber volume fraction, the AS system continues to
outperform the MFC for 12 of the 18 modes.
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5.3.3 Vibration Control Parameter Study
Similar to the shape control parameter study, the fiber volume fraction can be
designed to enhance the system vibration control performance. Shown in Figure 5-9 is
the maximum energy in the residual modes for fiber volume fractions between 0.1 and
0.99.

The same initial conditions and analysis methods are used as the Analytical

Vibration Control Results (5.2.3). For every fiber volume fraction, the first 70
eigenvalues and eigenvectors are calculated with the residual modes having 0.5% passive
damping and the controlled mode having 5% overall damping. For Figure 5-9 (left), the
controller is adding active damping to the first mode and has an initial condition in the
first mode with a potential energy of 0.1 J. For Figure 5-9 (right), the controller is adding
active damping to the third mode, and the initial condition is in the third mode.

Figure 5-9: Controller spillover energy - 1st Mode (left) and 3rd Mode (right) Controlled
(Usysinitial = 0.1 J)

As indicated in the plots, the best performances when actively controlling the first
and third modes are achieved with fiber volume fractions of 0.5 and 0.87, respectively.
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These values along with the results for the remaining vibration modes are listed in
Table 5-8.

In the table, the minimum spillover energies (best performance) and

maximum spillover energies (worst performance) are listed with the corresponding
required voltages. Similar to the shape control parameter study above, many of the best
fiber volume fractions occur at the minimum and maximum fiber volume fractions (0.1
and 0.99). Due to low active region with the smaller fiber volume fractions, the voltage
requirements substantially increase with decreasing volume fraction.

By properly

tailoring the fiber volume fraction, the controller spillover effect can be reduced or the
maximum required voltage can be reduced.

Table 5-8: Minimum and maximum performance specs for first 10 vibration modes
Minimum Performance Specs
Fiber
Max Voltage
Energy (J)
Volume
(V)

Maximum Performance Specs
Energy (J)

Fiber
Volume

Max Voltage
(V)

1

3.36E-05

0.50

481

5.43E-05

0.99

235

2

6.82E-05

0.96

194

9.45E-05

0.10

1972

3

1.83E-05

0.87

225

2.34E-05

0.10

1985

4

2.87E-04

0.10

2124

3.07E-04

0.99

203

5

2.57E-04

0.10

2363

5.21E-04

0.99

295

6

3.21E-05

0.10

1638

3.33E-05

0.90

179

7

4.65E-04

0.10

3712

1.03E-03

0.99

394

8

2.85E-04

0.99

238

3.32E-04

0.10

2468

9

1.89E-04

0.99

178

2.44E-04

0.10

1854

10

3.27E-04

0.10

2346

4.59E-04

0.99

242
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5.4 SUMMARY
The focus of this chapter is to investigate the feasibility of using the MacroFiber
Composites for high precision shape and vibration control.

The analytical and

experimental results demonstrate that the MFCs can dramatically reduce the surface error
for shape control and controller spillover for vibration control.

Utilizing the large

circular plate example, it is shown that the MFC actuators are able to outperform the
equivalent system using Direct Attached actuators for both shape and vibration controls.
Using the Uniform Fields Model, it is observed that the system performance can be
maximized or the voltage requirements can be reduced through tailoring the fiber volume
fraction.

CHAPTER 6– CONCLUSIONS AND RECOMMENDATIONS

6.1 SUMMARY OF RESEARCH EFFORT AND ACHIEVEMENTS
In this thesis research, the Active Stiffener (AS) and MacroFiber Composite
(MFC) are introduced for decoupling the two dimensional action of the piezoceramic
sheet actuator for high precision shape and vibration control. A comprehensive model of
the AS attached to a rigid and flexible host structure is developed, and an extensive
analysis of the actuator-structure interaction has been performed.

The results

demonstrate that with proper design, the AS can significantly reduce the transmitted
moment in the decoupled direction while maintaining adequate moment in the actuation
direction. In fact, by correctly designing the height and width of the stiffener, one can
achieve a zero average moment in the decoupled direction.

The investigation into the

single AS provides a fundamental understanding of the decoupling mechanism and
qualitative design guidelines of Active Stiffeners for directional decoupling actions.
The AS is then investigated for high-precision shape control of a circular host
structure with multiple actuators. A well integrated actuator-stiffener-structure model is
developed and the performance of the AS for shape control of a circular plate structure is
compared with an equivalent structure having the Direct Attached (DA) actuators. The
purpose is to investigate the feasibility of the AS for attaining a high-precision surface
through utilization of the stiffeners’ decoupling mechanism.

The analytical results
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demonstrate that the AS can achieve great reductions in surface error for all the
deformation modes of interest and outperforms the DA actuator. The experimental
results also illustrate the performance improvement of the AS concept over the DA
actuator, and verify the trend observed in the analytical results.
The AS is also investigated for vibration control of a circular host structure. The
purpose here is to investigate the effect of the AS treatment on controller spillover and
vibration suppression. More specifically, the performance of the AS for vibration control
of a circular plate structure is examined and compared with an equivalent structure
having DA actuators. The analytical results demonstrate that the AS reduces controller
spillover and outperforms the DA actuator for vibration control. The experimental results
also illustrate the performance improvement of the AS approach over the DA actuator
approach by reducing the controlling spillover and increasing the stability region with the
combined regulator-observer controller.
As a result of the unique properties of the MacroFiber Composite (MFC) actuator,
such as reduced authority in decoupled direction, increased toughness, flexibility, and
higher specific work output than the monolithic piezoceramic, the actuator is investigated
in this thesis research for shape and vibration control and compared with the DA and AS
systems. Similar to the AS, the analytical results demonstrate that the MFC outperforms
the DA actuator for both shape and vibration controls. The results also demonstrate that
the MFC actuator can decrease the surface error and controller spillover more than the
AS for some of the modes. Higher voltage is in general needed for MFC than AS but
with lower power requirements. Analyzing the Uniform Fields Model of the composite
actuator is able to give practical insight into the design and behavior of the actuator. By
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exercising the model, it is observed that the shape and vibration control performance can
be maximized or the voltage requirements can be reduced through tailoring of the fiber
volume fraction.

6.2 RECOMMENDATIONS FOR FUTURE STUDY

Thermal effects

The first recommendation for future study is to investigate the shape control
performance of piezoceramic-based actuators, such as the AS, AFC, and DA actuators,
for the correction of thermal deformations.

There are many issues associated with

changes in temperature that can present major obstacles for successful design of spacebased optics.
First, a change in temperature will result in a change in the quality or smoothness
of the surface of the system. The amount of deformation is determined by the coefficient
of thermal expansion (CTE) of the material and the magnitude of temperature change.
Therefore the actuation system must have the authority to correct for any temperature
changes. For the host structure, there exist many Ultra-Low Expansion (ULE) materials
which are ideal for space applications. On the other hand, the CTE for piezoceramics can
be two orders of magnitude larger than many ULE glasses. Therefore, not only is the
actuation system required to correct for any deformations in the host structure due to
temperature change, the actuators are required to correct for any shape changes in the
actuators themselves due to thermal variations.
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Secondly, as mentioned previously, the CTE for piezoceramics is considerably
larger than the host structure. This mismatch in coefficients can create localized stress
gradients, which can result in undesired surface deformations. As a result, future work
should concentrate on minimizing error due to CTE mismatch or minimizing the
magnitude in the mismatch through material tailoring.
Lastly, low temperatures can reduce the electromechanical coupling of
piezoceramics. The electromechanical coupling of PZTs can decrease substantially with
a reduction in temperature (Hooker, 1998).

For that reason, future study should

concentrate on the effects of temperature changes in the electromechanical coupling of
the piezoceramics on the system performance.

Actuator number and placement

The present analysis is focused on directional decoupling of piezoceramic
actuators.

The arrangement of actuators placed in the circumferential and radial

directions is chosen for an example. While previous studies have shown this to be an
ideal configuration, the optimal number of actuators and the number radial and
circumferential lines have not been chosen for this system. As a result, more study can
be performed on optimizing the actuator number and placement for a given set of
performance requirements. An intelligent optimization routine that can determine the
optimal number and placement such as the genetic or simulated annealing algorithm
could reveal significant improvements in performance with the AS or AFC actuators with
far fewer actuators than a similar system using the DA actuators.
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Thin flexible membrane optics/reflectors

In this present analysis, the host structure is a continuous (nonsegmented)
structure incapable of being folded for high packaging efficiency. The low packaging
efficiency limits the maximum diameter of the structure due to payload restrictions
associated with space transportation. Recently, there has been a renewed interest in thin
flexible membranes for space optic applications with consideration of smart materials for
active shape and vibration control. Since many of these systems, such as the inflatable
Gossamer structures, share many of the problems and concerns as addressed in this
thesis, directional decoupling has the potential to provide improved performance with
fewer problems.

Future work can focus on investigating the performance of directional

decoupling of circumferential and radial actuators for high precision shape and vibration
control of thin flexible membranes. As a result of the thin membrane and actuator
configuration, the future work will need to address both geometric and material
nonlinearities in the system.
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APPENDIX A - TWO-DIMENSIONAL ACTUATION OF DIRECT
ATTACHED ACTUATORS – MODEL DEVELOPMENT

A.1 DERIVATION

The model of the combined plate and actuator system referenced in Chapter 1 is
derived using the extended Hamilton’s principle as shown in Eq. A1.

t2

∫ (δ T

plate

+ δ TPZT − δ U plate − δ U PZT + δ W )dt = 0

A1

t1

The potential energy (U), kinetic energy (T) and virtual work (δW) terms for the
plate and piezoelectric ceramics are shown in Eq. A2.

U plate =
U PZT =
R 2π

1
∫ (τε ) plate dV
2 Volume

Tplate =

1
∫ (τε + D3 E3 )PZT dV
2 Volume

(

1
2
ρ ( ∂w / ∂t )
∫
2 Volume

TPZT =

(

)

plate

1
2
∫ ρ ( ∂w / ∂t )
2 Volume

dV

)

PZT

dV

A2

⎡ E3 ˆ
⎤
H [θ1 ( r ) − θ 2 ( r )] Hˆ [ R1 − R2 ]δ Q3 + Fδ ⎡⎣θ − θ f ⎤⎦ δ ⎡⎣ r − R f ⎤⎦ δ w ⎥rdθ dr
⎣ APZT
⎦

δW = ∫ ∫ ⎢
0 0

where τ is the stress, ε is the strain, ρ is the density, D3 is the electrical displacement, E3 is
the electrical field across the thickness, and w is the transverse displacement. In the
virtual work term, r and θ are polar coordinates with origin at the center, Apzt is the
surface area of the piezoelectric, Q3 is the electrical charge, F is an externally applied
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point force, δ[x-xf] is the Dirac Delta function, and H[X-X1] is the Heaviside function as
defined in Eq. A3. The Heaviside function is required in the potential, kinetic, and
virtual work terms of the piezoelectric patch to define the geometry of the actuator as
discussed below.

θ2 ( r )

R2

∫ ∫θ
R1
a

∫∫
0

1 (r)

2*π

0

dθ dr = ∫

a

0

∫

2*π

0

Hˆ [θ 1 ( r ) − θ 2 ( r )] Hˆ [ R1 − R2 ] * dθ dr =

⎡⎣ H [θ − θ1 ( r )] − H [θ − θ 2 ( r )]⎤⎦ * ⎡⎣ H [ r − R1 ] − H [ r − R2 ]⎤⎦ * dθ dr

A3

The shape of the piezoelectric sheet actuators used for controlling the circular
plate is defined in Figure A1. For this analysis, rectangular piezoelectric actuators are
desired due to cost and availability of rectangular piezoelectric ceramics, but modeling
difficulties prevented the piezoelectrics to be modeled as purely rectangular. In the
figure, the sides of the actuator with length lPZT are modeled as straight edges while the
edges with length wPZT have radius R1 and R2. Since the width (wPZT) of the piezoelectric
is small in comparison to the radius and size of plate, the actuator shape is considered to
be a reasonable approximation of a rectangular patch.
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Figure A1: Geometry of piezoelectric sheet actuator

As shown, attaching the piezoelectric patches on a circular plate require that the θ
coordinate of the length lPZT are functions of the radial position as expressed in Eq. A.4.

⎛ − wPZT ⎞
⎟
⎝ 2r ⎠

θ1 (r ) = θ o + Sin −1 ⎜

⎛ wPZT ⎞
⎟
⎝ 2r ⎠

θ 2 (r ) = θ o + Sin −1 ⎜

The constitutive equations for the actuators are shown in Eq. A.5 (IEEE, 1987).

A.4
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⎧τ rr ⎫
Ep
⎪ ⎪
⎨τ θθ ⎬ =
2
⎪τ ⎪ 1 − υ
⎩ rθ ⎭
E3 = − [ h311

0 ⎤ ⎧ ε rr ⎫
⎡1 υ
⎡ h311 ⎤
⎪ ⎪
⎢ν 1
⎥
0 ⎨εθθ ⎬ − [ψ ( r,θ )] ⎢ h322 ⎥ D3
⎢
⎥
⎢
⎥
⎢⎣0 0 1 − υ ⎥⎦ ⎪⎩ε rθ ⎪⎭
⎢⎣ h312 ⎥⎦

h322

⎧ ε rr ⎫
−1 ⎪
⎪
h312 ][ψ ( r,θ )] ⎨εθθ ⎬ + β s 33 D3
⎪ε ⎪
⎩ rθ ⎭

A.5

where h3ij is the electromechanical coupling values (h311= h322, h312=0), β33 is the
impermittivity constant, Ep is the modulus of elasticity, υ is the Poissons constant, and
ψ(r, θ) is the stress transformation matrix from cartesian to polar coordinates as shown in
Eq. A.6.
⎡
⎤
cos 2 (r , x)
cos 2 (r , y )
2 cos(r , x) cos(r , y )
⎢
⎥
2
2
2
cos (θ , y )
2 cos (θ , x) cos(θ , y )
ψ (r ,θ ) = ⎢ cos (θ , x)
⎥
⎢cos(θ , x) cos(r , x) cos(r , y ) cos(θ , y ) cos(r , y ) cos(θ , x) + cos(r , x) cos(θ , y ) ⎥
⎣
⎦
⎡ψ 11 ψ 12 ψ 13 ⎤
= ⎢⎢ψ 21 ψ 22 ψ 23 ⎥⎥
⎢⎣ψ 31 ψ 32 ψ 33 ⎦⎥

A.6

The strain-displacement relation for a thin circular plate in polar coordinates is shown
below

ε rr = − zw,rr
1
1
w,θθ − z w,r
r2
r
1
1
= − z w,rθ + z 2 w,θ
r
r

εθθ = − z
ε rθ

A.7

where z is the position through the thickness with origin at center of plate and w is the
transverse displacement. Substituting Eqs. A.5, A.6, and A.7 into Eq. A2, the resulting
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energy expressions are functions of the transverse displacement (w) and the electrical
displacement (D3). In Eq. A.7 , the comma (,) implies a derivative with respect to the
variables to the right of the comma (e.g. w,r = ∂w / ∂r ).
The partial differential equations are obtained by taking the variation with respect
to the transverse displacement (w) and the electrical displacement (D3) in the potential
and kinetic energy terms in Eq. A2. Due to the higher order derivatives of the transverse
displacement, integration by parts is required which ultimately require taking derivatives
with respect to r and θ. Since θ in the integral limit for the piezoelectric is a function of
the radius r, Leibnitz’s equation is utilized (Kaplan, 1991), which is shown below in
Eq. A.8.

b ( t ) ∂f
d b( t )
f ( x, t )dx = f [b(t ), t ] b′(t ) − f [ a (t ), t ] a ′(t ) + ∫
( x, t )dx
∫
a
(
t
)
a
( t ) ∂t
dt

A.8

Below are the static elements of the partial differential equations. Since this
analysis only addresses shape control, the kinetic (dynamic) aspects of the analytical
model are currently ignored. Notice that the structural equation (Eq. A.9) is coupled to
the electrical equation (Eq. A.10) through the electrical displacement in Eq. A.9 and the
transverse displacement in Eq. A.10.
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⎡( 2ψ rr + ψ rr ,θ −ψ θθ ) Hˆ [θ1 ( r ) − θ 2 ( r ) ] Hˆ ,r [ R1 − R2 ]
⎤
⎢
⎥
⎢ + rψ rr Hˆ [θ1 ( r ) − θ 2 ( r ) ] Hˆ ,rr [ R1 − R2 ] + ψ rθ Hˆ ,θ [θ 1 ( r ) − θ 2 ( r ) ] Hˆ ,r [ R1 − R2 ] ⎥
⎢
⎥
⎢ +( 1ψ θθ ,θθ + 1ψ rθ ,θ ) Hˆ [θ1 ( r ) − θ 2 ( r )] Hˆ [ R1 − R2 ]
⎥
⎢ r
⎥
r
⎢
⎥
1
1
ˆ
ˆ
⎢ +( 2 ψ θθ ,θ + ψ rθ ) H ,θ [θ1 ( r ) − θ 2 ( r ) ] H [ R1 − R2 ]
⎥ Q3 − Frδ ⎣⎡θ − θ f ⎦⎤ δ ⎣⎡ r − R f ⎦⎤ δ w = 0
r
r
⎢
⎥
⎢ 1
⎥
ˆ
ˆ
ˆ
ˆ
⎢ + ψ θθ H ,θθ [θ1 ( r ) − θ 2 ( r )] H [ R1 − R2 ] + 2rψ rr H ,r [θ 1 ( r ) − θ 2 ( r )] H ,r [ R1 − R2 ]⎥
⎢ r
⎥
⎢ +( 2ψ rr − ψ θθ + ψ rθ ,θ ) Hˆ ,r [θ1 ( r ) − θ 2 ( r )] Hˆ [ R1 − R2 ]
⎥
⎢
⎥
⎢⎣ +2ψ rθ Hˆ ,rθ [θ1 ( r ) − θ 2 ( r )] Hˆ [ R1 − R2 ] + rψ rr Hˆ ,rr [θ1 ( r ) − θ 2 ( r )] Hˆ [ R1 − R2 ] ⎥⎦

J PZT
APZT
+

A.9

1
1
⎡
⎤
ˆ
ˆ
⎢⎣ ( rψ rr w,rr + r ψ θθ w,θθ +ψ θθ w,r +ψ rθ w,rθ − r ψ rθ w,θ ) H [θ 1 ( r ) − θ 2 ( r ) ] H [ R1 − R2 ]⎥⎦

tp
Apzt

2

β s 33Q3 rHˆ [θ 1 ( r ) − θ 2 ( r )] Hˆ [ R1 − R2 ] −

E3 ˆ
rH [θ 1 ( r ) − θ 2 ( r ) ] Hˆ [ R1 − R2 ] = 0
Apzt

A.10

In the above equations, Dplate (DPZT) is the flexural rigidity (Dplate=Eh3/12(1-υ2)),
∇ is the biharmonic operator, tp is the thickness of the piezoelectric, and Jpzt is a cross-

sectional moment term (Jpzt=1/2*tp*(hplate+tp)). The newly defined coupling terms
ψ rr ,ψ rθ ,ψ θθ are defined below.

ψ rr = ψ 11h311 + ψ 12 h322 + 3 2ψ 32 h312
ψ θθ = ψ 11h322 + ψ 12 h311 − 3 2ψ 32 h312
ψ rθ = (ψ 11 − ψ 12 ) h312 − 3 2 (ψ 32 h322 − h311 )

A.11
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Lastly, the resulting partial differential equations are discretized using Galerkin’s
method shown below
a 2π

∫
0

⎛ n
⎞
φ j , p ( r,θ ) L( r,θ , t ) ⎟dθ dr = 0
∫0 ⎜⎝ j∑
, p =1
⎠

A.12

where L(r,θ,t) is the partial differential equation, φ j , p ( r,θ ) is the independent comparison
function, and the transverse displacement in L(r,θ,t) is approximated by Eq. A.13.

w( r, θ , t ) =

n

∑φ

j, p

( r , θ ) ∗ q(t )

j , p =1

A.13

The comparison function φ j , p ( r,θ ) satisfies the boundary conditions for a thin,
circular, free-free plate of radius a plate where the Kirchhoff’s shearing force and radial
bending moment along the edge are equal to zero (Kobayashi, et al., 1986). The resulting
solution for the natural transverse bending modes of the free-free plate has the form

⎧ Aj , p ⎡ J p ( λ j , p r / a ) + C j , p I p ( λ j , p r / a )⎤ sin( pθ )
⎫
⎣
⎦
p < 0⎪
⎪
⎪
⎪
φ j , p ( r ,θ ) = ⎨
Aj ,0 ⎣⎡ J 0 ( λ j ,0 r / a ) + C j ,0 I p ( λ j ,0 r / a )⎦⎤
p = 0⎬
⎪
p > 0⎪
⎪⎩ Aj , p ⎡⎣ J p ( λ j , p r / a ) + C j , p I p ( λ j , p r / a ) ⎤⎦ cos( pθ )
⎪⎭

1.14

where j (j ≥ 0) and p (- ∞ <p< ∞ ). The Jp(λ) are Bessel functions of the first kind and the
Ip(λ) are modified Bessel functions. The frequency parameter λj,p and the mode shape
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parameter Cj,p are found by solving the eigenvalue problem for a free-free plate. Aj,p is
the amplitude parameter which is determined by the mass normalization technique.
Symbolically integrating over θ and numerically integrating over r, the resulting
discretized coupled equations are determined and expressed in Eq. A.15.

Kq + k wqQ3 = Fˆ

A.15

k qw q + k qqQ3 = E3

where K is the stiffness matrix, kwq and kqw are the electrical-mechanical coupling vectors,
F̂ is the matrix of discretized externally applied forces, and kqq is an electrical constant

which is a function of the impermittivity constant β33. Eliminating the electrical charge
in both equations results in the single equation shown below.

(K −

k wq * kqw
kqq

)q = Fˆ −

k wq
kqq

E3

A.16

The coupling between the actuator and structure is defined as the kwq/kqq term in
Eq. A.16. The coupling ratio used in Figure 1-2 is defined as shown below.
Mode = i

⎛ kwq ⎞
⎜⎜
⎟⎟
⎝ kqq ⎠h322 =0

Mode = i

⎛ kwq ⎞
⎜⎜
⎟⎟
⎝ kqq ⎠h322 = h311

A.17

APPENDIX B – MATERIAL PROPERTIES

Table B-1: Material Properties for Analytical Studies
Circular Plate
Material
Modulus (N/m2)
Poisson

Al
7.1E+10
0.33

Stiffener
Modulus (N/m2)
7.10E+10
Poisson
0.33

Piezoelectric Actuator
Type PZT-4
Electromechanical Coupling (N/m/V)
3
Density (kg/m ) 7.50E+03
e311
-3.19155
2
Stiffness Parameters (N/m ) Orthotropic
e322
-3.19155
D1111 1.05E+11
e333
23.367
D1122 5.53E+10
e312
0
D1133 5.73E+10
e323
0
D2222 1.05E+11
e313
0
D2233 5.73E+10
D3333 9.65E+10
D1212 1.91E+10
D1313 1.91E+10
D2323 2.50E+10
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Table B-2: Material Properties for Experiment
Circular Plate
Material
Modulus (N/m2)
Poisson

Al 5052
7.0E+10
0.33

Stiffener
Material
Al 6061
2
Modulus (N/m )
7.10E+10
Poisson
0.33

Piezoelectric Actuator
Manufacturer APC-850
Electromechanical Coupling (N/m/V)
3
Density (kg/m ) 7.70E+03
e311
-5.99
2
Stiffness Parameters (N/m ) PZT-5H
e322
-5.99
E
Y 11 6.3E+10
e333
21.246
E
Y 33 5.4E+10

APPENDIX C – LQR STUDY

C.1 BACKGROUND AND MOTIVATION
As seen for the vibration control studies of the large circular plate having many
actuators, it is observed that when simultaneously controlling ten modes, less than a
0.01% error in the actual and desired modal damping values is observed when summing
the individually determined Q and K matrices for each of the ten modes. By using a
closed-form solution to the ARE when controlling only one mode and summing the
solutions for multiples modes, excellent agreement in the desired and actual closed-loop
results can be obtained depending on the orthogonality of the forcing input vectors. For
systems having many degrees of freedom and many actuators, such as adaptive optic
systems, solving the nonlinear Algebraic Riccati Equation (ARE) can be computationally
expensive and determining the elements in the performance ( Q ) weighting matrix can be
a trial and error process. Therefore, a simplified approximate method for determining the
feedback gain matrix is proposed based upon orthogonality of the actuator forcing input
vectors. This appendix involves investigating the accuracy of the proposed method for a
given system and providing essential guidelines and limitations necessary for controller
design.
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C.2 MATHEMATICAL FORMULATION

C.2.1 Single Mode Closed-Form Solution to ARE and Closed-Loop System
The regulator feedback gain matrix determined through the Linear Quadratic
Regulator problem is found by minimizing the quadratic performance index shown in
Eq. C.1, where Q and R are the performance and control weighting matrices,
respectively. The solution to the nonlinear Algebraic Riccati Equation (ARE) in Eq. C.2
minimizes the objective function in Eq. C.1. As seen in Eq. C.2, the ARE is quadratic in

S thus preventing easily solvable closed-form solutions for most problems.

For the

derivation in this Appendix, a variable without an under-bar represents a scalar, a single
under-bar designates a vector, and a double under-bar represents a matrix.

∞

(

)

J = ∫ xT Qx + uT Ru dt

C.1

AT S + SA − SBR −1 BT S + Q = 0

C.2

0

In this research, a new approach for designing the regulator feedback matrix is
proposed. The proposed method assumes that the actuator forcing input vectors for each
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mode are orthogonal during the design process. By assuming orthogonality, a closed
form solution to the ARE can be easily determined, thereby allowing for an exact
solution.
When choosing the performance ( Q ) and control ( R ) weighting matrices, the
weighting is usually a trial and error process. For most problems, the individual elements
within the weighting matrices weights are varied until the desired closed-loop
performance is achieved. This can be time consuming and provides little insight into the
design process. The proposed method allows for a direct relationship between the Q
matrix and the closed-loop eigenvalues.
The general state space equation representing a system is shown in Eq. C.3. In
the modal state space realization, the A and B matrices can be arranged as shown in
Eqs. C.4-C.5, respectively. The variable n is the number of modes and m is the number
of actuators.

x = Ax + Bu

⎡ 0
⎢ #
⎢
⎢ 0
A=⎢
2
⎢ −ω1
⎢ #
⎢
⎢⎣ 0

C.3

"

0

1

"

0

#

#

1

"
"

0
0

0
−2ζ 1ω1

"
"

−ω i 2

#

#

−2ζ iω i

"

−ω n

0

"

2

⎤
# ⎥⎥
1 ⎥
⎥
0 ⎥
# ⎥
⎥
−2ζ nω n ⎥⎦
0

C.4
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⎡0
⎢ #
⎢
⎢0
B=⎢
⎢ b11
⎢ #
⎢
⎣⎢bn1

"
0
"
"
%
"

0 ⎤
# ⎥⎥
0 ⎥
⎥
b1m ⎥
# ⎥
⎥
bnm ⎦⎥

C.5

The basic idea of the proposed method is to first weight the elements in the Q
matrix related to the position and velocity of the first mode as seen in Eq. C.6 while
setting an equal weighting of 1 for each actuator in the R matrix. In the remaining
equations in this Appendix, if the index i or j appears on the outside of the brackets [ ],
then the index gives element location within matrix or vector. On the other, if the index
is beside variable on the inside of the brackets [ ], then the index refers to variable name.

⎡ ⎡Q ⎤
⎢ ⎣ 1 ⎦11
⎢ 0
⎢
⎢ #
⎢ 0
Q1 = ⎢
⎢ 0
⎢
⎢
⎢ #
⎢ #
⎢
⎣⎢ 0

" 0

0

#
% #
" " 0

#
#
0

0
0

" " 0 ⎡Q1 ⎤
⎣ ⎦ (1+ n )(1+ n )
%

#
% #
" " 0

0
#
0

" " 0⎤
⎥
%
#⎥
⎥
% #⎥
⎡1 0 " 0 ⎤
⎥
⎢0 %
" " 0⎥
# ⎥⎥
⎢
R=
⎢#
% 0⎥
0 " 0 ⎥⎥
⎢
⎥
⎣0 " 0 1 ⎦
⎥
0
#⎥
% #⎥
⎥
" " 0 ⎦⎥

C.6
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As a result, the solution to the ARE has the form expressed in Eq. C.7. The
solution has been simplified considerably, where only three unknowns exist.

The

resulting solution S results in the feedback gain matrix K , where the only terms present
are for the modal position and velocity (Eq. C.8). This process is then repeated for each
mode independently. For example, the next step involves weighting the elements in the

Q matrix related to the position and velocity of the second mode, while all other
elements are equal to zero.

⎡ ⎡ S1 ⎤
⎡⎣ S1 ⎤⎦
0 " 0
0 " 0⎤
1(1+ n )
⎢ ⎣ ⎦11
⎥
⎢
0
0
0
0
#
#⎥
⎢
⎥
#
% #
#
% #⎥
⎢
⎢
0
0
" " 0
" " 0⎥
⎥
S1 = ⎢
⎢ ⎡⎣ S1 ⎤⎦
0 " 0 ⎡⎣ S1 ⎤⎦
0 " 0⎥
1(1+ n )
(1+ n )(1+ n )
⎢
⎥
⎢
0
0
0
0
#
#⎥
⎢
⎥
#
% #
#
% #⎥
⎢
⎢⎣
" " 0
" " 0 ⎥⎦
0
0

⎡ ⎡⎣ K1 ⎤⎦
0 " 0 ⎡⎣ K1 ⎤⎦1(1+ n )
11
⎢
# 0 #
#
K1 = ⎢ #
⎢
⎢ ⎡⎣ K1 ⎤⎦ m1 0 " 0 ⎡⎣ K1 ⎤⎦ m (1+ n )
⎣

0 " 0⎤
⎥
# 0 #⎥
⎥
0 " 0⎥
⎦

C.7

C.8

The general solution to the ARE when weighting only the position and velocity of
one mode can be determined and is shown below in Eqs. C.9 - C.11 where i is any mode
number between 1 and n.
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⎛
⎜
⎜
−2ζ iω i3 + ⎜
⎜
⎜
⎜
⎝
⎡⎣ Si ⎤⎦ =
ii

⎞
m
⎛⎡ ⎤ m 2
4 ⎞⎛ ⎡
2
2
2 2⎞
⎤
⎟
Q
b
ω
Q
b
2
ω
4
ζ
ω
+
−
+
⎜ ⎣ i ⎦ ∑ ij
∑ ij i
i ⎟⎜
i
i
i ⎟
ii j =1
⎝
⎠ ⎝ ⎣ ⎦ ( i + n )( i + n ) j =1
⎠⎟
⎟
3
⎟
m
2
⎛
⎞
⎟
+2 ⎜ ⎡Qi ⎤ ∑ bij2 + ω i4 ⎟
⎣
⎦
ii j =1
⎟
⎝
⎠
⎠
m

C.9

∑b

2
ij

j =1

m

⎡⎣ Si ⎤⎦
=
i ( i + n)

−ω i2 + ⎡Qi ⎤ ∑ bij2 + ω i4
⎣ ⎦ ii j =1
m

∑b
j =1

⎡⎣ Si ⎤⎦
( i + n )( i + n )

⎛
⎜
⎜
−2ζ iω i + ⎜
⎜
⎜
⎜
⎝
=

C.10

2
ij

⎞
m
⎛⎡ ⎤
2
2
2 2⎞
⎜ ⎣Qi ⎦
∑ bij − 2ωi + 4ζ i ωi ⎟ + ⎟⎟
i + n )( i + n ) j =1
(
⎝
⎠
⎟
⎟
⎛⎡ ⎤ m 2
⎞
2 ⎜ Qi ∑ bij + ω i4 ⎟
⎟
⎟
⎝ ⎣ ⎦ ii j =1
⎠
⎠
m

C.11

∑b
j =1

2
ij

In Eqs. C.12 - C.13 are the relations between the elements in the Q weighting
matrix and the desired ( ω ides , ζ ides ) closed-loop eigenvalues.

Instead of numerically

varying the elements in the Q matrix until the desired performance is obtained, the
equations below give a direct relationship between the desired performance and the
performance weighting matrix.
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⎡Qi ⎤
⎣ ⎦ ii

(ω ) − ( ω )
=
∑b
des 4
i
m

C.12

2
ij

j =1

⎡Qi ⎤
⎣ ⎦ ( i + n )( i + n )

4

i

2
2
2
2
4 ⎡(ω idesζ ides ) − (ω iζ i ) ⎤ + 2 ⎡(ω i ) − (ω ides ) ⎤
⎢
⎢⎣
⎦⎥
⎦⎥
= ⎣
m
∑ bij2

C.13

j =1

The solutions to the ARE result in the feedback gain matrix as shown below in
Eqs. C.14 - C.15. Recall that this solution is valid when weighting only the position and
velocity of one mode and does not apply when weighting more than one mode.

⎡⎣ K i ⎤⎦ =
ji

(

bij (ω ides ) − (ω i )
2

2

)

m

∑ bij2

C.14

j =1

⎡⎣ K i ⎤⎦
=
j ( i + n)

2bij (ω idesζ ides − ω iζ i )
m

∑b
j =1

2
ij

C.15

When the forcing input vectors for each mode are orthogonal to each other, then
the solution to the sum of the individual Q ’s for each mode is equal to the sum of the
solutions of the individual S ’s for each mode.

Therefore depending upon the
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orthogonality of the forcing input vectors, the proposed method can provide very accurate
closed-loop desired results. Mathematically, when the following conditions of Eq. C.16
are satisfied, then Eq. C.17 is satisfied.

(

⎛ m
⎞
0 = ⎜ ∑ bij bkj ⎟ ⎡⎣ Si ⎤⎦
ii
⎝ j =1
⎠

)( ⎡⎣ S ⎤⎦ )
k

kk

) ( ⎡⎣ S ⎤⎦ )
(
i≠k
⎛
⎞
0 = ⎜ ∑ b b ⎟ ( ⎡⎣ S ⎤⎦
) ( ⎡⎣ S ⎤⎦ )
⎝
⎠
⎛
⎞
0 = ⎜ ∑ b b ⎟ ( ⎡⎣ S ⎤⎦
) ( ⎡⎣ S ⎤⎦ )
⎝
⎠
⎛ m
⎞
0 = ⎜ ∑ bij bkj ⎟ ⎡⎣ Si ⎤⎦
i ( i + n)
⎝ j =1
⎠

k

( k + n )( k + n )

m

j =1

ij kj

i

i ( i + n)

k

ij kj

i

( i + n )( i + n )

C.16

k ( k + n)

m

j =1

Q

sum

k

( k + n )( k + n )

n

= ∑ Qi
i =1
n

S sum = ∑ Si

C.17

i =1
n

K sum = ∑ K i
i =1

When using K sum , Eq. C.18 is the resulting closed-loop expression for Acl= ABKsum. As seen, the desired closed loop eigenvalues are affected by the orthogonality of

the forcing input vectors for each mode. The greater the cross coupling between modes,
the farther the closed loop eigenvalues will shift from the desired values.
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⎡⎣ Acl ⎤⎦
ii

=0

⎡⎣ Acl ⎤⎦
i ( i + n)

=1

⎡⎣ Acl ⎤⎦
(i +n)i

= − (ω ides )

2

⎡⎣ Acl ⎤⎦
= −2ς idesω ides
( i + n )( i + n )

⎡⎣ A ⎤⎦
( i + n )k
cl

(

⎛ m
⎞
2
des 2
⎜ ∑ bij bkj ⎟ (ω k ) − (ω k )
j =1
⎠
=⎝
m

)

i≠k

C.18

∑b
j =1

2
kj

⎛
⎞
des des
⎜ ∑ bij bkj ⎟ ( 2ς kω k − 2ς k ω k )
j =1
⎠
=⎝
m

⎡⎣ Acl ⎤⎦
( i + n )( k + n )

m

∑b
j =1

2
kj

C.2.2 Non-orthogonal Eigenvalue Shifting Prediction
Now that the closed-loop system expression is determined, the intent of this
section is to investigate the shifting of the eigenvalues due to the non-orthogonality of the
forcing input vectors and determine the accuracy of the proposed method. The method
described below for predicting the shifting of the eigenvalues is through a linearization
method which avoids solving the eigenvalue problem.
Consider the eigenvalue problem (Eq. C.19), where Acl represents the state
matrix for the closed-loop system shown in Eq. C.18, x cl is the state vector
(eigenvector), and λ cl is the eigenvalue.
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Acl x cl = λ cl x cl

C.19

The state matrix, eigenvector, and eigenvalue can be expressed as nominal values
( Ao , x o , λ o ) having small perturbations ( ΔA, Δx, Δλ ):

λ cl = λ o + Δλ
x cl = x o + Δx

C.20

A = A + ΔA
cl

o

Sustituting Eq. C.20 into Eq. C.19 results:

(A

o

+ ΔA )( x o + Δx ) = ( λ o + Δλ )( x o + Δx )

C.21

The nominal state matrix Ao , eigenvector x o , and eigenvalue λ o satisfy the
nominal eigenvalue problem expressed in Eq. C.22.

Ao x o = λ o x o

C.22

It is assumed that the product of the eigenvector perturbation Δx and the
eigenvalue perturbation Δλ is negligible as expressed below.

168

ΔλΔx  0

C.23

Using Eq. C.22 and Eq. C.23, Eq. C.21 reduces to Eq. C.24.

This is the

fundamental expression used for predicting the shifting of the eigenvalues due to the nonorthogonality of the forcing input vectors.

(A

o

+ ΔA − λ o I ) Δx − x o Δλ = −ΔAx o

C.24

In Eq. C.24 , the nominal state matrix Ao is the closed-loop system without the
cross-coupling terms due to the non-orthogonality of the forcing input vectors (expressed
again in Eq. C.25).

⎡⎣ Ao ⎤⎦ = 0
ii
⎡⎣ Ao ⎤⎦
=1
i ( i + n)
⎡⎣ Ao ⎤⎦
= − (ω ides )
( i + n)i

2

C.25

⎡⎣ Ao ⎤⎦
= −2ζ idesω ides
( i + n )( i + n )

The perturbation to the closed-loop system ΔA is a function of the orthogonality
of the forcing input vectors and is expressed again in Eq. C.26. All variables in Eq. C.24
are now determined except for Δλ and Δx .
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⎡⎣ ΔA⎤⎦
( i + n)k

(

⎛ m
⎞
2
des 2
⎜ ∑ bij bkj ⎟ (ω k ) − (ω k )
j =1
⎠
=⎝
m

∑b

2
kj

j =1

⎡⎣ ΔA⎤⎦
( i + n )( k + n )

)
C.26

⎛ m
⎞
des des
⎜ ∑ bij bkj ⎟ ( 2ς k ω k − 2ς k ω k )
j =1
⎠
=⎝
m

∑b
j =1

2
kj

The expressions for the nominal eigenvalues and eigenvectors are shown in
Eqs. C.27 - C.28, where the ‘*’ represents the conjugate value.

λio = −ζ idesω ides − iω ides 1 − (ζ ides )
λ = −ζ ω
o*
i

⎡⎣ xio ⎤⎦ = λi
i

des
i

des
i

o*

(ω )

des 2
i

+ iω

des
i

1 − (ζ

2

C.27

)

des 2
i

o
⎡⎣ xio* ⎤⎦ = λi
i

(ω )

des 2
i

C.28

⎡⎣ xio ⎤⎦ = 1
i +n

⎡⎣ xio* ⎤⎦ = 1
i +n

⎡⎣ xio ⎤⎦ = 0, j = 1...2n, j ≠ {i , i + n}
j

o*
⎣⎡ xi ⎦⎤ j = 0, j = 1...2n, j ≠ {i , i + n}

The eigenvector perturbation Δx is shown in Eq. C.29.

In this expression, the

perturbation to the i'th eigenvector is a linear combination of the remaining eigenvectors.
The unknown variables ξ ijk to be determined indicate the contribution from the
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remaining nominal eigenvalues to the i'th eigenvector as a result of the non-orthogonality
of the forcing input vectors.

n

∑

Δxi = ξ ii 2 xio* +

j =1, i ≠ j
n

Δx = ξ x +
*
i

*
ii 2

o
i

∑

j =1, i ≠ j

ξ ij1 x oj +

ξ x +
*
ij 2

o
j

n

∑

j =1, i ≠ j
n

∑

j =1, i ≠ j

ξ ij 2 x oj *
C.29

ξ x
*
ij1

o*
j

Substituting Eq. C.29 into Eq. C.24 results in Eqs. C.30 - C.31 (conjugate)

( x Δλ ) − ( A
o
i

i

o

+ ΔA − λio I ) ×

n
n
⎛
⎞
o*
o
+
+
ξ
x
ξ
x
ξ ij 2 x oj * ⎟ = ΔAxio
⎜ ii 2 i
∑
∑
ij1 j
j =1, j ≠ i
j =1, j ≠ i
⎝
⎠

(x

o*
i

C.30

Δλi* ) − ( Ao + ΔA − λio* I ) ×
n
n
⎛ * o
⎞
*
o
+
+
ξ
x
ξ
x
ξ ij*1 x oj * ⎟ = ΔAxio*
⎜ ii 2 i
∑
∑
ij 2 j
j =1, j ≠ i
j =1, j ≠ i
⎝
⎠

C.31

Equation C.30 can be rearranged into a set of solvable linear equations as shown
below for the unknown variables Δλ1 , ξ112 , ξ121 , ξ122 ," , ξ1n 2 . A similar result can be
determined for Eq. C.31 (not shown).

171

⎧Δλ1 ⎫
⎪
⎪
⎪ ξ112 ⎪
⎪ξ ⎪
⎡{ x1o } { Ex1o* } { Ex2o } " { Exno* }⎤ ⎪⎨ 121 ⎪⎬ = ΔAx1o
⎣
⎦ ξ
⎪ 122 ⎪
⎪ # ⎪
⎪
⎪
⎪⎩ ξ1n 2 ⎪⎭
where E = Ao + ΔA − λ1o I
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C.3 ANALYTICAL SOLUTION FOR 4 DEGREE OF FREEDOM SYSTEM (2
DAMPED MODES)

For demonstration of the proposed method outlined above, the nominal system
shown in Eq. C.33 is used as an example.

0
⎡
⎢
0
⎢
o
2
A =⎢
− ω des
⎢ ( 1 )
⎢
0
⎢⎣

0

1

0

0

0

−2ς 1desω1des

− (ω 2des )

2

0

⎤
⎥
1
⎥
⎥
0
⎥
⎥
−2ς 2desω 2des ⎥⎦
0

C.33

The perturbation to the state matrix A due to the non-orthogonal forcing input
vectors can be represented as:
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⎡ 0
⎢ 0
ΔA = ⎢
⎢ 0
⎢ p
⎢⎣ Δ 21

0

0

0
Δ12p

0
0

0

Δ d21

0 ⎤
0 ⎥⎥
d
⎥
Δ12
⎥
0 ⎥⎦
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d
, Δ d21 represent the modal cross coupling terms described in
where Δ12p , Δ 21p , Δ12

Eq. C.26.

The nominal eigenvalues and eigenvectors for the system are shown in

Eqs. C.35 - C.36:

λ1o = −ζ 1desω1des − iω1des 1 − (ζ 1des )

2

λ1o* = −ζ 1desω1des + iω1des 1 − (ζ 1des )
λ2o = −ζ 2desω 2des − iω 2des 1 − (ζ 2des )

2

2

λ2o* = −ζ 2desω 2des + iω 2des 1 − (ζ 2des )
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2

⎧λ1o*
⎫
⎧ λ1o
⎫
2
⎪
⎪
⎪
des
des 2 ⎪
⎪ (ω1 ) ⎪
⎪ (ω1 ) ⎪
⎪
⎪
⎪
⎪
o*
x1o = ⎨
0
0
⎬ , x1 = ⎨
⎬
⎪
⎪
⎪
⎪
1
1
⎪
⎪
⎪
⎪
⎪⎩
⎪
⎪
⎪⎭
0
0
⎭
⎩
0
0
⎧
⎫
⎧
⎫
⎪ o*
⎪
⎪ o
⎪
λ2
⎪λ 2
⎪
⎪
⎪
⎪
⎪
des 2 ⎪
des 2 ⎪
x2o = ⎨ (ω 2 ) ⎬ , x2o* = ⎨ (ω 2 ) ⎬
⎪
⎪
⎪
⎪
0
0
⎪
⎪
⎪
⎪
⎪⎩
⎪⎭
⎪⎩
⎪⎭
1
1
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The eigenvector perturbations are:
Δx1 = ξ112 x1o* + ξ121 x2o + ξ122 x2o*
*
*
*
Δx1* = ξ112
x1o + ξ122
x2o + ξ121
x2o*

Δx2 = ξ 211 x1o + ξ 212 x1o* + ξ 222 x2o*

C.37

*
*
*
Δx2* = ξ 212
x1o + ξ 211
x1o* + ξ 222
x2o

The resulting set of four linear equations for estimating the perturbation to the
first eigenvalue and eigenvector are:

⎡{− x1o }
⎣

{ Ex } { Ex }
o*
1

o
2

E = ( Ao + ΔA − λ1o I )

⎧Δλ1 ⎫
⎪ξ ⎪
o*
⎤
Ex
{ 2 }⎦ ⎪⎨ξ112 ⎪⎬ = {−ΔAx1o }
⎪ 121 ⎪
⎪⎩ξ122 ⎪⎭
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C.4 NUMERICAL DEMONSTRATION FOR 6 DEGREE OF FREEDOM
SYSTEM (3 DAMPED MODES)

For the numerical demonstration, a 6 degree of freedom system is chosen with the
following parameters listed in Table C-1. For the following figures, the values for the
cross coupling terms in the state perturbation matrix ΔA vary linearly between the points
listed in the table (10 linearly spaced points).
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Table C-1: System parameters for 6 dof example

ω1 (rad/s)

Table C-1 Linear Elastic Properties
ω1des (rad/s)
10

20

ω 2 (rad/s)

50

ω 2des (rad/s)

70

ω3 (rad/s)

150

ω3des (rad/s)

250

0.05

ζ

des
1

0.3

0.04

ζ

des
2

0.2

0.03

ζ

des
3

0.1

ζ1
ζ2
ζ3
⎛ m
⎞
⎜ ∑ b1 j b2 j ⎟
⎝ j =1
⎠
m

∑b
j =1

⎛ m
⎞
⎜ ∑ b1 j b3 j ⎟
⎝ j =1
⎠
m

∑b
j =1

∑b
j =1

2
2j

m

∑b
j =1

0.0 … 0.4

2
1j

⎛ m
⎞
⎜ ∑ b2 j b3 j ⎟
⎝ j =1
⎠
m

0.0 … 0.8

2
1j

⎛ m
⎞
⎜ ∑ b1 j b2 j ⎟
⎝ j =1
⎠

⎛ m
⎞
⎜ ∑ b1 j b3 j ⎟
⎝ j =1
⎠
m

∑b
j =1

0.0 … 0.3

∑b
j =1

0.0 … 0.4

2
3j

⎛ m
⎞
⎜ ∑ b2 j b3 j ⎟
⎝ j =1
⎠
m

0.0 … 0.8

2
2j

0.0 … 0.3

2
3j

Figure C-1 shows the shifting of the eigenvalues from the desired values as the
cross coupling terms in the state perturbation matrix ΔA increase from 0.0 to the
maximum values listed in Table C-1. The arrows in the figure indicate the direction of
the shifting eigenvalues. As observed in the figures, the eigenvalue estimation method
described in Eq. C.32 accurately predicts the shifting of the eigenvalues.
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Figure C-1: Eigenvalue shifting due to non-orthogonality of forcing input vectors – state
perturbation matrix ΔA linearly increasing

Figures C-2 (real part) - C-3 (imaginary part) shows the error in the eigenvalue
estimation in relation to the error in the eigenvalue shifting. The error in the eigenvalue
estimation is the error between the exact value and the estimated value calculated using
Eq. C.32. The error in eigenvalue shifting is error between the actual and desired
eigenvalues. From the figures, one can see that the error in the eigenvalue estimation is
significantly less than the error in the eigenvalue shifting.

For example, if Eq. C.32

suggests that the eigenvalue will shift by 1% due to the non-orthogonal forcing input
vectors, then the error in the estimation of the eigenvalue shift should be significantly less
than 1%.

176

Figure C-2: Error in the eigenvalue estimation vs. error in the eigenvalue shifting (real
part) - state perturbation matrix ΔA linearly increasing

Figure C-3: Error in the eigenvalue estimation vs. error in the eigenvalue shifting
(imaginary part) - state perturbation matrix ΔA linearly increasing
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Recall that the eigenvector perturbation Δx shown in Eq. C.29 indicates the
contribution from the remaining nominal eigenvalues to the i'th eigenvector as a result of
the non-orthogonality of the forcing input vectors. In Figure C-4 are the perturbation
factors for calculation of the estimated first eigenvector. As seen, the largest contribution
to the first eigenvector perturbation Δx1 is from the eigenvector x2o .

Figure C-4: Perturbation factors for first eigenvector- state perturbation matrix ΔA
linearly increasing
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C.5 SUMMARY

A simplified approximate method for determining the LQR feedback gain matrix
is proposed based upon the orthogonality of the actuator forcing input vectors. An
eigenvalue estimation method is proposed which is able to predict the perturbation to the
eigenvalue as a result of the non-orthogonality of the forcing input vectors. If the forcing
input vectors are orthogonal with one another, the results above show that the error
between the exact and estimated values is zero, which confirms the decoupling of the
damped modes with orthogonal vectors. As the dot product of the forcing input vectors
increase in magnitude, the error in the eigenvalue estimation increases but should be
significantly less than the error in the eigenvalue shift.
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