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ABSTRACT
The combustion instability problem in liquid-propellant rocket engines (LREs) has
remained a tremendous challenge since their discovery in the 1930s. Improvements are usually
made in solving the combustion instability problem primarily using computational fluid dynamics
(CFD) and also by testing demonstrator engines. Another approach is to use analytical models.
Analytical models can be used such that design, redesign, or improvement of an engine system is
feasible in a relatively short period of time. Improvements to the analytical models can greatly
aid in design efforts.
A thorough literature review is first conducted on liquid-propellant rocket engine (LRE)
throttling. Throttling is usually studied in terms of vehicle descent or ballistic missile control
however there are many other cases where throttling is important. It was found that combustion
instabilities are one of a few major issues that occur during deep throttling (other major issues are
heat transfer concerns, performance loss, and pump dynamics).

In the past and again recently,

gas injected into liquid propellants has shown to be a viable solution to throttle engines and to
eliminate some forms of combustion instability. This review uncovered a clever solution that was
used to eliminate a chug instability in the Common Extensible Cryogenic Engine (CECE), a
modified RL10 engine.
A separate review was also conducted on classic time lag combustion instability models.
Several new stability models are developed by incorporating important features to the classic and
contemporary models, which are commonly used in the aerospace rocket industry. The first two
models are extensions of the original Crocco and Cheng concentrated combustion model with
feed system contributions. A third new model is an extension to the Wenzel and Szuch doubletime lag model also with feed system contributions.

iv
The first new model incorporates the appropriate injector acoustic boundary condition
which is neglected in contemporary models. This new feature shows that the injector boundary
can play a significant role for combustion stability, especially for gaseous injection systems or a
system with an injector orifice on the order of the size of the chamber. The second new model
additionally accounts for resistive effects. Advanced signal analysis techniques are used to
extract frequency-dependent damping from a gas generator component data set. The damping
values are then used in the new stability model to more accurately represent the chamber response
of the component. The results show a more realistic representation of stability margin by
incorporating the appropriate damping effects into the chamber response from data. The original
Crocco model, a contemporary model, and the two new models are all compared and contrasted
to a marginally stable test case showing their applicability. The model that incorporates resistive
aspects shows the best comparison to the test data. Parametrics are also examined to show the
influence of the new features and their applicability. The new features allow a more accurate
representation of stability margin to be obtained.
The third new model is an extension to the Wenzel and Szuch double-time lag chug
model. The feed system chug model is extended to account for generic propellant flow rates.
This model is also extended to incorporate aspects due to oxygen boiling and helium injection in
the feed system. The solutions to the classic models, for the single-time lag and the double-time
lag models, are often plotted on a practical engine operating map, however the models have
presented some difficulties for numerical algorithms for several reasons. Closed-form solutions
for use on these practical operating maps are formulated and developed. These models are
incorporated in a graphical user interface tool and the new model is compared to an extensive
data set. It correctly predicts the stability behavior at various operating conditions incorporating
the influence of injected helium and boiling oxygen in the feed system.
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φ

axial pressure distribution ⎡⎣lb f in 2 ⎤⎦

ψ

axial location of combustion front [in ]

ω

angular frequency [ rad s ]

ωn

angular natural frequency [ rad s ]

Subscripts

b

burning

[s]
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c

chamber

c

critical

d

difference

e

chamber exit

eff

effective

f

fuel

f

feedline

g

gas

i

inlet

i , inj

injector

L

inertial portion

l

liquid

m

manifold

mix

mixture

n , nat

natural frequency

n

nozzle entrance – chamber exit (cylindrical section)

n

polytropic index

o

orifice

o

oxidizer

R

resistive portion

s

sensitive

T

total (as in total time lag duration)

t

throat
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tot

total (as in total pressure)

x

axial location

τ

shear stress related

1

chamber region upstream of combustion front

1

location 1 for impedance/admittance estimate

1

traveling wave 1

1L

first longitudinal mode

2

chamber region downstream of combustion front

2

location 2 for impedance/admittance estimate

2

traveling wave 2

3

location 3 for impedance estimate

Superscripts

a

mean part

a′

integration / dummy variable

a′

oscillatory part

a

normalized

â

complex variable

a

vector quantity
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Other Symbols

Δ

change in

∇

del operator

det

determinant

D D2
,
Dt Dt 2

material derivatives in 1-D,

H

Hilbert transform

ℑ

imaginary part

ℑf

imaginary part of the fuel-side injector impedance

ℑo

imaginary part of the oxidizer-side injector impedance

O

order

ℜ

real part

ℜf

real part of the fuel-side injector impedance

ℜo

real part of the oxidizer-side injector impedance

2
∂2
∂2
D2
D
∂
∂
2 ∂
=
+
+
2
u
u
= +u ,
∂t ∂x
∂x 2
Dt ∂t
∂x Dt 2 ∂t 2

f

real part of Z f not including the fuel injector resistance part of Z f

o

real part of Z o not including the oxidizer injector resistance part of Z o

*Units from the English Engineering (EE) System are shown in the nomenclature list because of
their common use in the aerospace rocket industry. However, both units from the International
System of Units (SI) and the English Engineering System are included in the tables within this
dissertation. The constant of proportionality, g c , in the EE System is equal to

(

)

386.087 lbm ⋅ in lb f ⋅ s 2 and in the SI system is unitless and equal to 1 .
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Chapter 1
Introduction

1.1 Motivation
The combustion instability problem in liquid-propellant rocket engines (LREs) has
remained a tremendous challenge since their discovery in the 1930s.1 Combustion instability,
which is a coupling between the combustion and the fluid dynamics of the system, has plagued
almost every rocket engine development program. Energy is supplied by the combustion and
sustains unwanted oscillations unless there are sufficient damping processes that dissipate the
oscillatory energy faster than they are supplied. Combustion instability is unwanted in rocket
engines because of the severe vibrations and largely increased heat transfer. The vibrations and
increased heat transfer can damage or destroy portions of the rocket engine system. Other
adverse effects may include decreased performance, variable impulse, thrust oscillations, and
oscillatory flow rates.2
In this day, improvements are usually made in solving the combustion instability problem
primarily using computational fluid dynamics (CFD) and also by testing demonstrator engines.
For example, a NASA sponsored university research project called the Constellation University
Institutes Project (CUIP) has tasks that aim to attack these problems with respect to the technical
challenges of the NASA Constellation Program. Also the Air Force sponsors a program to
develop a highly-instrumented, hydrocarbon-propellant demonstrator engine to better understand
combustion instability. These are worthwhile endeavors and valid approaches, however
combustion instability through CFD is currently limited to massive computational resources and
time; and much improvement and effort is needed to exercise the benefits. Testing is very
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expensive and the stability parameter space is difficult to design as is the instrumentation suite to
gain the most valuable insight into combustion instability.
Another approach is to use analytical models. Analytical models have at times been
abandoned because of their relative simplicity; however they have their place in science and
engineering as well. Analytical models can be used such that design, redesign, or improvement
of an engine system is feasible in a relatively short period of time. Examples of analytical
approaches include the Rocket Combustor Interactive Design and Analysis Software (ROCCID),3
direct time lag modeling, or lumped parameter models. Each of these approaches can be
presented in a particular way to best emphasize the stability characteristics. Bode plots and
Nyquist Diagrams are popular solutions, although plotting a stability map in terms of engine
parameters (such as fuel and oxidizer injector pressure drop ratio or chamber pressure and
mixture ratio) is particularly useful. Significant improvements are often not made to analytical
models because of an industry focus on brute force numerical techniques, i.e. CFD. However,
improvements to the analytical models can greatly aid in design efforts.
Liquid-propellant rocket engine throttling is a relatively unstudied discipline. Throttling
is usually studied in terms of vehicle descent or ballistic missile control however there are many
other times where throttling is important. It was found that combustion instabilities are one of a
few major issues that occur during deep throttling (others major issues are heat transfer concerns,
performance loss, and pump dynamics). There has been a renewed interest in throttle-capable
LREs brought on by the Vision for Space Exploration and the Constellation Program that require
lunar descent engines. In the past and again recently, gas injected into liquid propellants has been
shown to be a viable solution to throttle engines and to eliminate some forms of combustion
instability.
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1.2 Background
There are a few major areas that would significantly improve the analytical models.
First, appropriate injector boundary conditions that are neglected in all contemporary models
could be incorporated in the analytical framework. Second, damping could be incorporated into
an analytical stability model for LREs. Damping for some physical phenomena are often
considered in solid rocket motor stability modeling,1 but has been slow to migrate into LREs.
More specifically, the LRE models could account for the functional form of resistance in
development of the governing equations. This could give the flexibility to incorporate known or
predicted resistive effects into the stability model. It could also allow the possibility of a design
iteration once the damping parameters are extracted from data. Third, the effect of injecting gas
into the propellant could be incorporated into an analytical stability model. The effects of a
homogeneous gas mixture in a propellant line could help aid in understanding the stability
implications and also to validate stability design solutions.

1.2.1 Time-Lag-Based Combustion Instability Models
The first models that were developed to attack the combustion instability problem were
phenomenological, i.e., the models were concerned with the phenomenon and not the explicit
physical mechanisms and processes. So, in a sense, the detailed physics of all the individual
processes could be generalized so that only the resulting manifestations would be quantified. The
time-lag-based models came first likely because the instability resembled oscillations in a
feedback mechanism. The time lag concept was originally incorporated in models to account for
the time delay associated with the evolution of combustion gas from the time the propellant was
injected.4
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The foundations of time-lag-based combustion instability models are presented in Crocco
and Cheng’s Theory of Combustion Instability in Liquid Propellant Rocket Engines5and in the
document NASA SP-194.2 Several other works report on advances and independent models and
are discussed in the time lag model review in Chapter 3. A concise summary of the time lag
modeling approach is also discussed in reference [1].

1.2.2 Liquid-Propellant Rocket Engine Throttling
Most LREs are designed to perform at only a few operating points. It is very difficult to
design a stable engine at a single engine operating point and even more difficult to design a stable
engine for several operating points. Throttling LREs have an infinite range of possible operating
points to cover over the operational map, however normally the throttling trajectory typically
follows a single path on the chamber pressure and mixture ratio map. In any case, there are vastly
more operating points during throttling. This alone increases the chances significantly in
encountering an instability. Since almost all throttling engines encounter instabilities, the time
lag models must also account for this behavior.
Testing of the Common Extensible Cryogenic Engine (CECE) was recently conducted by
Pratt & Whitney Rocketdyne in West Palm Beach, Florida. This testing demonstrated that
combustion instability was a major concern during deep throttling when using a high-pressuredrop injector design. After a literature review on deep throttling, the gaseous injection design
method of throttling was considered and tested. The results showed that with gaseous injection
could eliminate a combustion instability. Deep throttling was successful over the full 10-to-1
throttling range with stable combustion by utilizing a simple gaseous injection design solution.
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1.3 Objective
First, a thorough literature review is conducted on LRE throttling in Chapter 2. This
unique survey details many programs and projects since the late 1930s that specifically
researched or examined the effect of throttling on the rocket engine system. The concerns and
issues are examined and the advantages and shortcomings are compared. There are nine methods
of LRE throttling discussed in the survey. These include high-pressure-drop systems using
propellant flow regulation, dual-manifold injectors, gaseous injection, multiple chambers, pulse
modulation, throat throttling, movable injector components, and hydrodynamically dissipative
injectors. This review uncovered a clever design solution that was used to eliminate an instability
in the Common Extensible Cryogenic Engine, a modified RL10.
A review of time-lag-based stability models is conducted in Chapter 3. The review is
primarily used to present the development of available models and to establish techniques that
would be used to create improved models. The research goal, strategy, and objectives are also
outlined in Chapter 3.
In Chapter 4, a new stability model is developed. It is an extension of the Crocco and
Cheng concentrated combustion model but additionally accounts for resistive effects, feedsystem
contributions, and injector acoustic boundary conditions. The concentrated combustion model
also already accounts for mean flow effects. Resistance plays an important role in combustion
instability problems and accounting for this will aid in providing a refined solution with more
accurate margin estimates. Effects such as damping are sometimes difficult to quantify, but
would improve the predictive tools. Phenomenological damping could be incorporated into the
analytical models to account for the resistive behavior from heat transfer, friction, and other
losses. Obtaining an estimate for damping can be done by using predictive methods,1, 6 7 by using
simple air flow-downs, or most accurately by hot firing. A new software tool is created in
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MATLAB® to perform the analysis and is called the Concentrated Combustion Stability Code
(CCSC). The code is detailed in Appendix D.
An example of chamber pressure data would appear similar to the cartoon shown in
Figure 1.1.

The resistive effects related only to the chamber response can be extracted from a

spectrum such as this. Chapter 5 describes this procedure. The process has been used in the past
to monitor stability margin of an engine, but here it is useful to extract damping as an input
variable to a model.8 From Figure 1.1, it is observed that damping can be determined as a
function of frequency because in general the damping is different for each acoustic mode. This
can be used in the model from Chapter 4 to better predict stability margin.

Figure 1.1: Cartoon of a Chamber Pressure Measurement Spectrum
In Chapter 6, four separate concentrated combustion models are compared to a
marginally stable test data case of a gas generator component. The four models are Crocco’s
model, the contemporary model, the modified Crocco model, and the damping model. These are
discussed in detail within this dissertation; however the modified Crocco model and the damping
model are newly developed models that incorporate additional features to the classic models.
Marginally stable test data serve as very good data sets for validating neutral stability models.
Model parametrics are performed to compare and contrast the aspects of each model.
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In Chapter 7, the original Wenzel and Szuch time lag models are revisited. These
models are one of the most commonly used models in the aerospace industry to help understand
and make predictions for chug combustion instability problems. The models are normally
numerically solved with difficulty due to the multiple solutions and a need for robust numerical
schemes. In this chapter, the models are recast in an analytical parametric space so that they can
provide the engineer with a very simple tool for stability analysis. CECE data, with a chug
combustion instability, is then presented with and without helium gas injection into the liquid
oxygen manifold and the models are validated to this data. A new software tool is created in
MATLAB to perform the analysis and is called the Chug Stability Code (CSC). The cartoon
shown in Figure 1.2 is an example that shows how an engine operating point might appear on a
chug stability plot.

Figure 1.2: Stability Plot showing a Stable Operating Point and Neutral Stability Curves
Finally in Chapter 8, a summary of the results and future work is presented.
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Chapter 2
Liquid-Propellant Rocket Engine Throttling

L

IQUID-Propellant Rocket Engines (LREs) with thrust that can be varied by command have

been researched and studied since the late 1930s. The Vision for Space Exploration,9 outlined in
the National Aeronautics and Space Administration Authorization Act of 2005,10 brought a
renewed interest in such throttle-capable LREs. The Act established a program to develop a
sustained human presence on the Moon as a stepping-stone to future exploration of Mars and
other remote destinations.10 Throttleable LREs will undoubtedly play a significant role in these
missions, so understanding the dynamics of throttling LREs as well as the physics and
engineering issues of the throttling process will be of critical importance for the success of these
missions. This review provides a detailed survey of LRE throttling focusing primarily on engines
from the United States.11, 12
The term ‘throttling’ is commonly used to describe a varying thrust profile or thrust
modulation in an LRE. This nomenclature is used primarily because one of the most common
methods of thrust control in an LRE is from regulation of propellant flow rates by control valves.
A throttleable LRE that continuously follows the most economical thrust curve provides optimum
vehicle performance, as compared to one that undergoes discrete throttling changes over some
portion of the rated power level. The continually changing thrust can reduce the amount of
propellants required for a mission, thus reducing the mass of the vehicle. While throttling an
LRE is a critical requirement during a lunar descent, there are many other applications for
throttleable LREs. The most common use of throttling is to limit the acceleration in upper stage
engines of launch vehicles toward the end of their burns via valve control. Throttleable LREs can
also be used for planetary entry and descent, space rendezvous, orbital maneuvering including
orientation and stabilization in space, and hovering and hazard avoidance during planetary
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landing.13-15 Other applications include control of aircraft rocket engines, limiting of vehicle
acceleration or velocity using retrograde rockets, and ballistic missile defense trajectory control.15,
16

An early attempt at estimating throttling requirements for several such missions reported

examples such as 10-to-1 throttling for lunar descent, 1.3-to-1 for Venus launch, and up to 100to-1 for ballistic missiles and orbital rendezvous, with generally higher throttling ratios for more
precise trajectory control.17, 18 LREs can be customized for particular flight applications,
including a wide range of thrust values, quick restarts, fast pulsing, and quick attitude changes
and minor velocity changes. References [13] and [19] describe other benefits of LREs, in
general, including on-command thrust modulation, which allows further tailoring of the flight
application. While tailoring thrust profiles of rocket engines with solid propellants has become
more flexible in recent years, it is still much simpler to develop randomly-commanded
controllable thrust profiles for LREs, since the combustion process is easier to control, stop, and
restart.
Throttleable LREs were originally developed in Germany in the late 1930s during rocket
aircraft experiments and research headed by Major-General Dr. Walter Dornberger (then Major)
and Hellmuth Walter. Prior to 1937, LREs had been used by the early pioneers for experimental
and meteorological research rockets; these LREs operated at essentially constant thrust.13 The
first aircraft to incorporate LREs for propulsion during a portion of the flight was the German
Heinkel He 112 fighter aircraft in early 1937 at Neuhardenberg airfield, powered by a version of
an A2 (Aggregate 2) rocket motor.20, 21 This rocket motor, designed by Dr. Wernher von Braun,
was fitted to the He 112 aircraft and fueled from nitrogen-pressurized alcohol and liquid oxygen
tanks.21 This probably took place, although there are reports and testimonies that describe
conflicting dates, places, and events during the mid-to-late 1930s.22-28 The aircraft, engine, and
date of the first rocket powered aircraft flight are, however, corroborated by testimony from
Heinkel, Dornberger, and von Braun.21 In November of 1937, another Heinkel He 112 aircraft
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was flown at Neuhardenberg. During a portion of its flight it used a TP-1 (Turbopump-1) rocket
engine, designed and built by Hellmuth Walter. An 80%-concentration solution of H2O2 (20%
concentration H2O) was forced into the combustion chamber and mixed with a spray catalyst
(water solution of sodium or calcium permanganate). A manual pilot-operated stop-cock
pneumatically regulated the flow of the H2O2 solution to the combustion chamber.21 The
maximum thrust was 220 lbs. The amount of throttling is unknown, but this was the first known
rocket engine to incorporate manual thrust throttling.27, 29 In April of 1938, the Heinkel He 112
became the first aircraft to be powered by rocket thrust alone through its entire takeoff and flight
at Peenemünde West airfield, using the throttleable Walter-designed TP-1 engine.21, 29 Robert
Goddard arguably implemented the first practical throttleable liquid bipropellant engines in the
US during the early 1940s.13, 29 The research on throttling engines, after this pioneering work,
focused on applicability to missile defense, weapons systems, and then space vehicles.17, 18, 30
Several methods have been identified to control thrust of an LRE. In 2006, Dressler
described nine methods that had been used in past configurations.29 Many of these methods were
described conceptually as early as 195031 and several others in 1963.17 A number of the methods
are also discussed in Russian texts, with attention to the details of injector element design. The
nine methods mentioned in [29] will be discussed in more detail in this paper.
There are only a few physical parameters that can be varied to change the thrust of a
single engine, including the propellant types or compositions, the propellant flow rates, the nozzle
exit area, and the nozzle throat area. The propellants and nozzle exit area are difficult to control
or vary due to physical restrictions, while the nozzle throat area is difficult to vary if the heat
fluxes are high. Consequently, varying the propellant flow rates is the simplest recourse for
varying thrust. The simple relationship between thrust and propellant flow rates comes from the
rocket thrust equation,
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FT =

m ⋅ ve
+ ( pe − pa ) ⋅ Ae
gc

(2.1)

This chapter discusses several LRE throttling methods, including high-pressure-drop
systems using propellant flow regulation, dual-manifold injectors, gaseous injection, multiple
chambers, pulse modulation, throat throttling, movable injector components, and
hydrodynamically dissipative injectors. Several significant projects and studies are discussed.
Critical issues such as combustion instability,1, 2 performance degradation, and excessive heat
transfer are examined for each method. Any further concerns and issues surrounding each
method are examined, and the advantages and shortcomings of the different methods are
compared.

2.1 Throttling Review
A top level summary of pertinent information from the reviewed projects, research tasks,
and investigations is presented in Table 2.1. The following sections review the throttling
methods.

2.1.1 High-Pressure-Drop Injectors
A typical LRE with a single, fixed-geometry injector can generally be throttled
approximately 2-to-1 or 3-to-1.16, 29 To accommodate deep throttling requirements – often 5-to-1
or more – with a fixed-geometry injector, higher-than-usual injector pressure drops or head losses
are necessary to maintain a minimum injector pressure drop at minimum thrust. A satisfactory
minimum injector pressure drop is required to ensure adequate flow resistance for system stability
and to ensure sufficient mixing and atomization for good performance. In general, experience
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and analysis have shown that the nominal hydraulic pressure drop ratio (Δpinj/pc), occasionally
referred to as ‘stiffness’ or ‘hardness ratio’, should be around 15% to 20% to avoid combustion
instability, but can range from 5% to 25% depending on injector type and thermodynamic
conditions.29, 32
The primary advantage of the fixed-geometry injector is simplicity. The flow of
propellants can be regulated by control valves in the propellant lines. Propellants can also be
regulated using variable area cavitating venturis.33, 34 Since injector hydraulic pressure drop ratio
varies linearly with flow rate for liquid propellants, however, a 5% minimum Δpinj/pc at 10%
thrust would require 50% Δpinj/pc at 100% thrust. Thus, the primary disadvantage of a highpressure-drop injector is the high supply pressure requirement imposed on the pressurization
system and tankage (for pressure-fed propellant supply systems) or turbomachinery (for pumpfed systems).29

2.1.1.1 Project Thumper (1948)
Project Thumper,35 a program in the United States to develop high-altitude antiaircraft
ballistic missile defense against the German V-2 rockets, investigated early rocket engine
throttling, including instabilities during throttling operation, throttling engine performance, and
the limits of rocket engine throttling.36 A low-pressure-drop injector and several iterations of
high-pressure-drop showerhead injectors were evaluated. Initial tests with the low-pressure-drop
injector showed externally observed oscillations between 10 Hz and 20 Hz, called motorboating,
at low thrust conditions. These oscillations were eliminated with a high-pressure-drop injector;
this injector was thought to have eliminated liquid oxygen boiling in the manifold, damping
pressure perturbations in the chamber by increasing the resistance of the injector, and/or
decreasing combustion transients at the injector face. Erratic irregular fluctuations, called
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chugging, were encountered during testing below 65 psia chamber pressure. The chugging was
described as resembling an engine operating intermittently, such as an explosion-cycle thrust
chamber, and was attributed to pressure oscillations causing intermittent oxygen vaporization in
the injection orifice. A transition from smooth combustion to motorboating and then chugging
was observed as chamber pressure continued to decrease. A high frequency instability between
1100 Hz and 1500 Hz, called whistling, was present in most of the tests with the high-pressuredrop injector.
The performance over the throttling range generally agreed with theoretical model trends.
The characteristic velocity efficiency is shown in Figure 2.1. A significant reduction in
performance, however, occurred at less than roughly 30% chamber pressure. Higher-thanexpected propellant flow was observed to be necessary at low thrust and was thought to be due to
poorer combustion at lower chamber pressures. Conditions 1 through 6 plotted in Figure 2.1
examined the effects of nozzle area expansion, chamber length, throat diameter, and injector
modifications on the performance. However the key finding was the significant drop in
performance at the lower power levels.
Heat transfer rates were found to remain constant over most of the throttling range down
to roughly 59% chamber pressure. Below this, the heat transfer rate dropped off and was
assumed to be due to separating flow in the nozzle. At 56% chamber pressure using the lowpressure-drop injector and at 87% chamber pressure using the high-pressure-drop injector, the
heat transfer rates increased 2.5x to 3x over normal, which was correlated to a 300 Hz oscillation
in the external environment, but it was not understood whether this was a cause or a symptom of
the high heat transfer. Below roughly 30% chamber pressure, fuel coolant was expected to
vaporize in the regeneratively cooled engines. To prevent vaporization of the coolant, the engine
was required to operate with a low mixture ratio. This helped prevent roughness, burnout, or
cessation of operation due to fuel vaporization in the coolant jacket.
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Table 2.1: Summary of Information from Reviewed Projects, Research Tasks, and Investigations
Throttling
Methodology

High-PressureDrop Injector

High-PressureDrop Injector

Program

Project
Thumper

Project MX794

Program
Period

Throttling

Propellant
Combinations/
Injector Type
• Ethanol (with
silicone) / LO2
• Malta Low-PressureDrop Injector
• High-Pressure-Drop
Showerhead
• 80% RFNA and 20%
aniline / furfuryl
alcohol
• JP-3 (AN-F-58a)
(with aniline leader) /
RFNA
• Doublet and OFO
triplet
• LH2 / LO2
• Swirl coax - 20% ox
pressure drop
• Shear coax - 33% ox
pressure drop
• Swirl coax - 60% ox
pressure drop

Throttling Related
Research Focus

• Pursue development of
high-altitude antiaircraft
defense

• Malta Engine

• 1000 lbs rated thrust,
315 psia rated pc

• 10% to 104%

1950

• Willow Run Research
Institute, University
of Michigan
• USAF

• Engine 0073
• Engine 0150
• Engine 0151

• 1000 lbs rated thrust,
300 psia rated pc, 2.75
MR
• 200 lbs rated thrust, 300
psia rated pc, 2.75 MR

• 10% to 167%
• 33% to 210%
• 2.25 < MR < 5.0

1964

• NASA Lewis
Research Center
• Pratt & Whitney
Aircraft

• Modified
RL10A-1

• 15000 lbs rated thrust,
300 psia rated pc, 5.0
MR

• 3.3% to 100%
• 2.0 < MR < 6.0

• ARES
Engine
Design*

• 25000 lbs, 100000 lbs,
or 500000 lbs rated
thrust, 2800 psia rated
p c*

• 10-to-1*
• 33-to-1*

• RL10A-5

• 13500 lbs rated thrust,
485 psia rated pc, 6.0
MR

• 3.3-to-1
• 5.0 < MR < 6.0

• LH2 / LO2
• Swirl coax

• Single-stage to orbit rocket
technology demonstrator

• RD-0120

• 441000 lbs rated thrust,
3170 psia rated pc, 6.0
MR

• 25% to 100%
• 3.7 < MR < 6.4

• LH2 / LO2
• Shear coax

• Potential use for the X-33
demonstrator vehicle
propulsion system

• 17% to 109%
• 5.0 < MR < 6.0

• LH2 / LO2
• Swirl coax

• 5.9% to 104%

• LH2 / LO2

High-PressureDrop Injector

ARES
ThrottlingScaling Design
Study
Program*

1967 –
1969

High-PressureDrop Injector

DC-X and DCXA

1991 –
1995

High-PressureDrop Injector

Joint
Cooperative
Study

1996

High-Pressure-

Operating Parameters

• General Electric
• US Army

NASA Study

Joint
Cooperative
Study
Common

Engine/
Rocket
Designations

1948 –
1949

High-PressureDrop Injector

High-PressureDrop Injector

Organizations

1997
2005 –

• Aerojet-General Corp.
• Air Force Rocket
Propulsion
Laboratory
• NASA Marshall
Space Flight Center
• Pratt & Whitney
• McDonnell Douglas
• NASA
• NASA Marshall
Space Flight Center
• Aerojet
• Chemical Automatics
Design Bureau
(CADB)
• Boeing Rocketdyne
• NASA Marshall
Space Flight Center
• Pratt & Whitney

• SSME
• Modified

• 470000 lbs rated thrust,
3006 psia rated pc, 6.0
MR
• 13700 lbs rated thrust,

• A-50 / N2O4*
• HIPERTHIN platelet*

• Obtain performance for
defense systems

• Obtain steady-state and
dynamic characteristics
during throttling

• Design a throttleable and
restartable engine

• Potential use for the X-33
demonstrator vehicle
propulsion system
• Technology development,
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Drop Injector

Extensible
Cryogenic
Engine

2010
(current)

Rocketdyne
• NASA

Dual-Manifold
Injector

Advanced
Throttling
Concepts
Studies

1963 –
1966

• Pratt & Whitney
Aircraft
• United Technology
Center
• US Air Force

Dual-Manifold
Injector

Chamber
Technology for
Space Storable
Propellants

1964 –
1969

Dual-Manifold
Injector

Reusable
Rocket Engine
Program

RL10

381 psia rated pc, 5.6
MR

• 2.9 < MR < 6.0

• Swirl coax

•
•
•
•
•
•

demonstration, risk
reduction, and maturation
of a deep throttling, highly
reliable, reusable cryogenic
engine

• Research
Engine

• 15000 lbs rated thrust,
300 psia rated pc, 1.7
MR
• 1000 lbs rated thrust
• 8500 lbs rated thrust

• 0.8% to 108%
• 12.8-to-1
• 29.4-to-1

• Rocketdyne
• NASA

• Research
Engine

• 1000 lbs rated thrust,
100 psia rated pc, 2.0
MR

• 15% to 150%

1967 –
1972

• Pratt & Whitney
Aircraft
• Air Force Rocket
Propulsion
Laboratory

• Advanced
Cryogenic
Engine
• XLR-129-P-1

• 250000 lbs rated thrust
• 2740 psia main chamber
rated pc
• 4793 psia preburner
rated pc

• 5-to-1
• 5 < MR < 7
main injector
• 0.72 < MR <
1.26 preburner

• LH2 / LO2
• Stacked tangential
inlet

• Demonstrate performance
and mechanical integrity of
rocket engine

Dual-Manifold
Injector

Throttleable
Primary
Injector for
Staged
Combustion
Engine
Program

1968 –
1970

• Aerojet-General Corp.
• Air Force Rocket
Propulsion
Laboratory

• MIST
derived

• 50000 lbs rated thrust

• 10%

• A-50 / N2O4
• HIPERTHIN platelet,
impinging oxidizer/
impinging fuel

• Develop design criteria for
selected space storable fuels

Dual-Manifold
Injector

Advanced
Expander Test
Bed Program

1990 –
1993
1996 –
1997

• Pratt & Whitney
• NASA

• Expander
cycle engine

• 20000 lbs rated thrust
• 25000 lbs rated thrust

• Proprietary

• H2 / LO2
• swirl coax

• Develop and demonstrate an
expander cycle oxygenhydrogen engine
technology applicable for
space engines

Gaseous Injection

NACA
Research

1956 –
1957

• NACA Lewis Flight
Propulsion
Laboratory

• Research
Engine

• 1000 lbs rated thrust
• Helium gas

• 34%-89%
• 1.3 < MR < 2.4

Gaseous Injection

Feasibility
Study and
Experimental
Program

1963

• United Technology
Center

• Research
Engine

• 500 lbs rated thrust, 300
psia pc
• 500 lbs rated thrust, 150
psia pc
• Helium gas

• 6% to 223%

Gaseous Injection

LMDE Concept

1963 –
1965

• Rocketdyne

• SE-10

• 10500 lbs rated thrust
• Helium gas

• 10-to-1

• A-50 / N2O4

• Competing Apollo lunar
descent engine

1964

• NASA Lewis
Research Center
• Pratt & Whitney
Aircraft

• RL10A-1

• 15000 lbs rated thrust,
300 psia rated pc, 5.0
MR
• Helium gas, oxygen gas

• 10-to-1

• LH2 / LO2
• Swirl coax - 20% ox
pressure drop
• Shear coax - 33% ox
pressure drop

• Obtain steady-state and
dynamic characteristics

Gaseous Injection

NASA Study

A-50 / N2O4
H2 / F2
BA1014 / F2*
Triplet element
Quadruplet element
MMH, butene-1, and
diborane / FLOX
• Oxygen difluoride
• Impinging

• NH3 (with lithium) /
WFNA
• Doublet
• MMH / MON-15
• A-50 / N2O4
• Triplet FOF, duodoublet FOOF,
showerhead, 25%
showerhead / 75%
duo-doublet

• Evaluate injector systems
that provide high
combustion performance
during deep throttling
• Develop design criteria for
selected space storable fuels

• Investigation into gaseous
injection throttling

• Investigation into gaseous
injection throttling using
various injection concepts
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• Swirl coax - 60% ox
pressure drop
• A-50 / N2O4

• Evaluate injector systems
that provide high
combustion performance
during deep throttling

• 35-to-1

• A-50 / N2O4

• Evaluate gaseous injection
technique

• 30000 lbs + 3000 lbs
rated thrust
• 2 chambers

• 9-to-1

• LH2 / LF2

• Investigate an advanced
space maneuvering
propulsion system

• RD-170 /
RD-171

• 1777000 lbs rated thrust
• 4 chambers

• 56% to 100%

• RP-1 / LO2

• Russian engine used on
Energia and Zenit vehicles

• Glushko

• RD-180

• 933400 lbs rated thrust
• 2 chambers

• 40% to 100%

• RP-1 / LO2

• Russian engine used on
Atlas III and Atlas V

1964

• Bell Aerospace
Company
• NASA Marshall
Space Flight Center

• Bell model
8414
Throttleable
Maneuvering
Engine

• 100 lbs rated thrust, 80
psia rated pc

• 1% to 12% to
100%

• A-50 / N2O4
• Triplet FOF

• Engine development for use
in Lunar Flying Vehicle
Application

1947

• Reaction Motors, Inc.
• Navy

• Research
Engine

• 2000 lbs rated thrust,
315 psia rated pc

• 6.25-to-1*
• 60%, 75%

• Aniline / acid

• Design and develop a
variable thrust LRE

1961

• MIT Naval
Supersonic
Laboratory
• Navy

• Research
Engine

• 1800 lbs rated thrust,
300 psia rated pc

• N/A

• Air

• Investigate throttling by
gaseous injection into the
nozzle throat

1950

• Reaction Motors, Inc.

• Research
Engine

• 5000 lbs rated thrust*

• 50-to-1*

• Hypergolic with
WFNA / WFNA*
• Pintle-type injectors*

• Rocket engine development
to meet the demand for
more flexibility by
continuously variable thrust

•
•
•
•

• 80% aniline and 20%
furfuryl / RFNA6.5% NO2
• NH3 / RFNA-20%
NO2
• J-P3 (lead with
furfuryl alcohol) /
WFNA (with max.
2% H2O)
• J-P4 (lead with

• Evaluate for missile use

• Research
Engine

Throttling
Concept Study

1965

• Bendix Corporation

• Research
Engine

Multiple
Chambers

Advanced
Thrust
Chamber for
Space
Maneuvering
Propulsion
Program

1965,
1967

• Rocketdyne
• Air Force Rocket
Propulsion
Laboratory

• Research
Engine

Multiple
Chambers

N/A

• Glushko

Multiple
Chambers

N/A

Gaseous Injection

Gaseous Injection

Pulse Modulation

Throat Throttling

Throat Throttling

Variable Area
Injector

Variable Area
Injector

Lunar Flying
Vehicle Study
Reaction
Motors, Inc.
Study
MIT Naval
Supersonic
Laboratory
Study
Variable Thrust
Engine
Development
Program*

Project MX794

• 15000 lbs rated thrust,
300 psia rated pc, 1.7
MR
• Cross-injection
combustion gas
• 14 lbs rated thrust, 105
psia rated pc
• Nitrogen gas

• 2% to 100%

1964

• Pratt & Whitney
Aircraft
• Air Force

Advanced
Throttling
Concepts Study

1976 –
1986,
1981 –
1993
1992 –
1999

1951

• Willow Run Research
Center University of
Michigan
• USAF

• Engine 0151

• 200 lbs rated thrust, 300
psia rated pc, 2.75 MR
• 600 lbs rated thrust, 300
psia rated pc
• 3000 lbs rated thrust,
300 psia rated pc

7.5% to 205%
35-to-1
18-to-1
6-to-1
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furfuryl alcohol) /
WFNA (with max.
2% H2O)
• Swirl, annular orifice,
multiport swirl
injectors
• Liquid NH3 (with
lithium) / liquid
MON-29
• Triplet impinging-jet
and swirl cup injector

Variable Area
Injector

NACA Study

1955

• NACA Lewis Flight
Propulsion
Laboratory

• Research
Engine

• 1000 lbs rated thrust,
300 psia rated pc

• 9.6% to 171%
• 8.6% to 159%

Variable Area
Injector

Lunar Module
Descent Engine
Program

1963 –
1967

• TRW Inc.
• NASA

• Apollo
LMDE

• 9850 lbs rated thrust,
106 psia rated pc

• 10% to 100%

• A-50 / N2O4
• Pintle injector

• Develop and man-rate a
LMDE

Variable Area
Injector

TRW Inc.
Study

1965,
1968

• TRW Inc.
• NASA

• MIRA 150A

• 150 lbs rated thrust, 108
psia rated pc, 1.59 MR

• 18% to 122%

• MMH / MON-10
• A-50 / N2O4
• Coaxial pintle injector

• Design for use as an attitude
control engine on the
Surveyor spacecraft

Variable Area
Injector

Gaseous
Propellant
Throttling
Rocket Engine
Study

1965 –
1968

• AFIT

• Research
Engine

• 100 lbs rated thrust, 350
psia rated pc, 2.0 MR
• 70 lbs rated thrust, 230
psia rated pc
• 75 lbs rated thrust, 2.0
MR
• 76 lbs rated thrust

• 4.1-to-1
• 7-to-1
• 5-to-1

• GH2 / GOX

• Research experiments using
gaseous propellants on
thrust variation

Variable Area
Injector

LSAM design

2005 –
2010
(current)

• NGST
• NASA

• TR202

• 8700 lbs rated thrust,
700 psia rated pc, 6.0
MR *

• 5.3-to-1*
• Injector and
chamber tested
10-to-1

• LH2 / LO2*
• GH2 / LO2 tested

• Engine design to meet
LSAM requirements

2001

• The Pennsylvania
State University
• NASA Marshall
Space Flight Center

• Research
Engine

• 1000 psia rated pc, 6.0
MR

• 10-to-1
• 4.83 < MR
<7.21

• GH2 / LO2
• Russian swirl injector

• Conduct hot-fire
experiments of a designed
swirl injector across the
throttleable range

Hydrodynamically Dissipative
Injector

Demonstration
of Throttleable
LOX/H2
Injection
Concepts
*Design Only

• Investigate variable thrust
methodology
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Figure 2.1: Characteristic Velocity Efficiency from Project Thumper35

2.1.1.2 Project MX-794 (1950)
Under contract to the United States Air Force, the Willow Run Research Center at the
University of Michigan measured rocket engine throttling performance to analyze and design
ballistic and airborne defense systems.31 Several instabilities were encountered during testing at
lower chamber pressures. These were described as whistling, howling, rough burning, and
chugging as the thrust was reduced. During whistling and howling, the noise intensity was high
enough to shatter glassware, and standing wave patterns were visible in water on the test cell
floor. Whistling was the acoustic response from a high frequency combustion instability.
Howling and rough burning were likely sounds generated from low frequency combustion
instability, or “chug” in current nomenclature. Chugging was described as an instability with
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pulsing combustion at the time, and was probably a low frequency hydraulic instability in the
injector. Heat transfer in the engine rose abruptly during the combustion instabilities.
Performance was observed to decrease during throttling. Hysteresis was observed during
attempts to move in and out of the regions of instability.
One conclusion of this program was that unstable combustion was a serious problem in
throttling and could result in erratic operation and destruction of the rocket engine. It was also
concluded that a variable area injector would probably be required to successfully throttle over a
range of 5-to-1, and that it would be feasible to use regenerative cooling over the full 10-to-1
throttling range.
Several throttling methodologies were also analyzed in these studies. A table comparing
these methods is shown in Figure 2.2. Variable area injectors, described in a later section of this
paper, were identified to be the most promising throttling method.

2.1.1.3 NASA Study – Modified RL10A-1 (1964)
A modified RL10A-1 engine was used to investigate steady state and dynamic
characteristics during throttling from 100% to 10% of thrust in an altitude facility at the NASA
Lewis Research Center.37 The modifications to the standard regeneratively cooled and pump-fed
RL10A-1 engine included the addition of a turbine bypass valve to vary the amount of flow
through the turbine, smaller oxygen injector orifice areas to increase injector pressure drop and
provide better atomization at low thrust, and a chlorotrifluoraethylene monomer insulation
between the oxygen and hydrogen injector manifolds to reduce heat transfer that caused oxygen
boiling at low thrust. Analysis indicated that rapid transients from high to low thrust could stall
the fuel pump. Emphasis was placed on determining the steady and dynamic characteristics as
well as the operational limitations due to interacting engine components.
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Three injector configurations were tested, including a shear coax element injector with
mid-level oxidizer pressure drop (33% chamber pressure), and two swirl coax element injectors
with low (20%) and high (60%) oxidizer pressure drops. All three injector configurations
included the injector manifold insulation as well as a transpiration cooled faceplate using
approximately 2% of the total fuel.

Figure 2.2: Chart of Throttling Techniques from Project MX-79431
Chug at about 170 Hz was evident at low thrust for all three injectors. The onset of chug,
however, occurred at the lowest chamber pressures with the higher pressure drop injectors, as
shown in Figure 2.3, although mixture ratio played a significant role. At a mixture ratio of 4.5,
for example, the onset of chug occurred at 32% thrust for the lowest pressure drop injector, and
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25% for the middle-pressure-drop injector, and never occurred for the highest pressure drop
injector.
Chug was defined for the purposes of Figure 2.3 to be any noticeable periodic oscillation
greater than the noise floor. The highest amplitude peak-to-peak oscillations of about 80% of
chamber pressure occurred at the lower thrust - lower mixture ratio region. Figure 2.3 also shows
that two of the injectors became stable again at chamber pressures less than about 40 psia or
around 10% thrust. This restabilization at very low throttling is due to gasification of the oxygen,
probably due to heat transfer from the warm hydrogen, at a rate sufficient to increase the oxygen
pressure drop.
Figure 2.4 compares oxygen flow rate and pressure drop for the shear coax injector. The
deviation from the linear pressure drop relation in the figure indicates a change in oxygen density,
and the beginning of two-phase flow through the oxidizer injector orifices.

(a)

(b)

(c)

Figure 2.3: Chug Stability Limits of Three Injector Configurations37 a) Low-Pressure-Drop Inj.
b) Middle-Pressure-Drop Inj. c) High-Pressure-Drop Inj.
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Figure 2.4: Hydraulic Characteristics with Throttling of a Liquid Oxygen Shear Coaxial
Injector37
The amount of deviation is shown in Figure 2.4 to be dependent on the temperature of the
hydrogen fuel. The added injector resistance (increase in pressure drop) was enough to
overcome the negative effects on stability of the increased compliance (more vapor) in the
manifold. Several other methods to increase the oxidizer injector pressure drop were also
proposed, including further reduction of the oxidizer injector area if pump head rise was
available, providing heat to increase the amount of vapor in the manifold, and injecting gas into
the liquid oxidizer manifold.
The engine was also operated in pressurized mode without the pump. Chamber pressures
of 10 to 15 psia (about 3% to 5% rated chamber pressure) were explored over mixture ratios from
2 to 6. The lower limit of 10 psia was due to the inability of the exhaust nozzle to flow full at the
available pressure ratio provided by the test facility. High temperatures were reached in the
jacket outlet temperature at mixture ratios of 5 and higher. A temperature of 700 °R at a mixture
ratio of 5 was determined to be the safe limit since discoloration, metal erosion, and tube burnouts
occurred at higher mixture ratios. These tests demonstrated the feasibility of reaching 3% thrust
using pressure-fed propellants and inoperative pumps.
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Reducing the chamber pressure from 100% to 33% reduced the specific impulse by about
3%, but the performance decay was faster below 33% chamber pressure. This influence was
expected, since for fixed-orifice-injectors the liquid oxygen pressure drop is reduced with the
square of the propellant flow rate, and probably worsened atomization and mixing. Performance
was also worsened with the onset of chug, which reduced performance by an additional 8%. The
high-pressure-drop swirl coax injector performed the best at low thrust compared to the other two
injectors. Both swirl injectors also performed better then the shear element injector.
At a mixture ratio of 5, the chamber coolant jacket outlet temperature increased 100 °R
over the throttling range from 100% to 25%. The increase in temperature was due to the
proportionate decrease in propellant flow rate (and coolant flow rate) with pressure. Overall,
cooling ability decreased at lower thrusts, although adequate cooling was available over the range
tested.
In addition to chug, a flow instability between 1 Hz and 5 Hz occurred in the fuel system
below chamber pressures of 33% thrust, or when the coolant jacket pressure reached the
hydrogen critical pressure. Regions of mild oscillations and severe oscillations were evident.
The mild oscillations were 10% to 20% of the fuel weight flow. The severe oscillations at high
mixture ratios required engine abort because of overheating of the coolant tubes. It was shown
that pump boundary conditions and effects were not a cause by demonstrating the phenomenon in
engine pressurized mode operating without the pump. The speculation was that an unstable
liquid-vapor interface was established in the chamber coolant channels. The theory was verified
when gas helium or hydrogen was injected upstream of the coolant jacket, which created a finely
distributed region of phase transition. Gas weight flows of 20% of the hydrogen weight flow
were needed for stabilization. Another method for avoiding the oscillation was to operate at
lower mixture ratios.
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Dynamic characteristics were investigated during thrust transients. At high deceleration
ramp transients, the pump was driven into a stall condition. This high deceleration ramp created a
fuel flow excursion from normal flow rates into the stall region. The flow excursion, as simulated
with an analytical system model, showed that the accumulator action of the chamber cooling
jacket and feed line maintained a high pump discharge pressure while the head-rise potential of
the pump decayed rapidly during the transient. No operational problems occurred with high
acceleration ramp transients.

2.1.1.4 ARES Throttling - Scaling Design Study Program (1967)
The Air Force Rocket Propulsion Laboratory at Edwards Air Force Base sponsored
development of a throttleable and restartable staged-combustion cycle engine called the
Advanced Rocket Engine Storable (ARES) engine at the Aerojet General Corporation. 38-41 The
design goal was 10-to-1 throttling using a HIPERTHIN (HIgh PERformance THrottling INjector)
injector42 and a transpiration cooled chamber. Although no testing was performed, details of the
design changes from a fixed thrust engine to a throttleable version are provided in the
documentation along with predictions of stability and performance.
Aerojet Liquid Rocket Company also studied a throttling injector concept applicable to
an advanced cryogenic engine and suitable for staged combustion engines. The engine system
was to be throttleable over a 33-to-1 thrust range. The unique injector design contained an
integral heat exchanger to extend throttling by gasifying the cryogenic propellants prior to
injection. The heat exchanger operated by tapping off combustion gases which were directed
through a HIPERTHIN injector in a counterflow manner. Predicting the pressure drop aspects of
this injection system was difficult because the propellant phase in the injector transitioned from
supercritical, to two-phase, to gas as the engine throttled down. With gaseous injection, the
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injector maintains a constant Δpinj/pc over a wide range of throttling, which is advantageous to an
engine system because adequate feed system impedance can be maintained without using
excessive injection pressure drops at full thrust. Testing of the heat exchanger showed
nonuniform heat exchange surface in the injector manifold area and insufficient surface area.

2.1.1.5 DC-X and DC-XA (1991)
The regeneratively cooled expander-cycle RL10A-5 engine, a sea-level throttleable
derivative of the RL10 engine family, was developed by Pratt & Whitney under contract to
McDonnell Douglas through a Ballistic Missile Defense Organization funded program, for use on
the DC-X (Delta Clipper – Experimental) vehicle, a single-stage to orbit rocket technology
demonstrator. 43 Four RL10A-5 engines were installed on the DC-X vehicle. The three major
differences of the RL10A-5 engine from the rest of the RL10 engine family were sea level
operation, throttle capability from 100% to 30% of rated thrust, and reusability. NASA later
sponsored a continuation of the program called DC-XA (Delta Clipper – Experimental
Advanced), which used the same engines.
Several successful flights of the DC-X and DC-XA included vertical launch, hovering,
translating, and vertical landing. One flight reached an altitude of 10,500 ft. On the third flight,
two of the engines started slower than the others and resulted in an uneven engine acceleration,
but the engines recovered and performed nominally thereafter. The problem was traced back to
helium gas unwillingly being ingested into the liquid oxygen feed lines, degrading combustion,
and lowering thrust. The RL10A-5 demonstrated a 3.3:1 throttling range.
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2.1.1.6 NASA-Aerojet Joint Cooperative Study – RD-0120 (1996)
Under a joint cooperative agreement with the NASA Marshall Space Flight Center
(MSFC), the Aerojet Liquid Rocket Company in 1996 demonstrated off-nominal power operation
of the staged combustion cycle RD-0120 engine for Reusable Launch Vehicle (RLV) evaluations
of the X-33 demonstrator vehicle propulsion system.44 Rated power levels between 25% and
100% were examined, including one test simulating an RLV abort scenario with continuous
operation at 25% power level of 480 seconds duration. No combustion instability was observed
at any power level. Following the long duration test at 25% power level, however, about 20% of
the nozzle brackets which held the stiffening rings to the nozzle were found to be damaged; this
was attributed to excessive nozzle vibration during separated nozzle flow at the sea level facility.
The nozzle was not designed for operation at 25% power level, and could easily be redesigned to
eliminate damage.

2.1.1.7 NASA-Boeing Rocketdyne Joint Cooperative Study – SSME (1997)
Under a joint cooperative agreement with the NASA MSFC in 1997, Boeing Rocketdyne
demonstrated off-nominal power operation of the staged combustion cycle Space Shuttle Main
Engine (SSME) for RLV evaluations of the X-33 demonstrator vehicle propulsion system.45, 46
The SSME does not have a higher-than-usual pressure drop; but it is classified in this section
because at low thrust it maintains a high enough pressure drop to operate. Rated power levels of
17%, 22%, 27%, 40%, 45% and 50% were examined. Normal operation of the SSME ranges
from 65% to 109% rated power level. Chamber pressure profiles from two tests are shown in
Figure 2.5. The SSME was recently throttled again in 2008 at the NASA Stennis Space Center.
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Figure 2.5: SSME Low Power Level Chamber Pressure45, 46
Thrust was predominantly controlled using the oxidizer preburner oxidizer valve, and
mixture ratio was controlled using the fuel preburner oxidizer valve. At low thrust, the chamber
coolant valve (CCV) was closed more than normal to help increase turbine inlet temperatures,
due to a concern about production of ice in the oxygen preburner. In fact, higher-than-expected
nozzle separation heat loads in combination with the CCV modification precluded icing concerns.
The mixture ratio was fixed between 3 and 4 to provide a safe margin from the high pressure fuel
turbopump boilout point (or stall), which also provided additional cooling of the main combustion
chamber at low thrust. The stall point was the most significant issue that drove the operating
point balance.
Reduction of the thrust to 17% (or about 6.4:1 throttling from maximum power level)
was achieved by further closing of the fuel preburner oxidizer valve, since the oxidizer preburner
oxidizer valve was already at a minimum area. High sample rate instrumentation did not include
a chamber pressure measurement, but there was no evidence of combustion instability in
accelerometer measurements. The oxidizer injector pressure drop was so small that the
measurements from the test data were not valid, but the pressure drops across the control valves
were high and possibly protected against chug. A pump flow test program was recommended to
establish safe operating regimes for the pumps at thrusts lower than 17%.
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There were many pump-related concerns prior to running the throttling tests, including
rotordynamic stability of the turbopumps, running the high pressure turbopumps at shaft critical
speeds, the ability of the high pressure fuel turbopump thrust bearing to lift off, the ability of the
hydrostatic bearing of the high pressure oxidizer turbopump to run in the stall region, the
possibility of the freezing in the high pressure turbopump turbines, the ability to sustain a
satisfactory axial thrust balance, the bi-stability of the high pressure oxidizer turbopump boost
pump, and the performance of the turbopumps at low flow-to-speed ratios. Of these concerns,
only a slight preburner boost pump bi-stability was observed at 50% rated power level.

2.1.1.8 Deep Throttling Common Extensible Cryogenic Engine (2005)
Pratt & Whitney Rocketdyne conducted tests of a modified RL10 engine, assembled from
a mixture of heritage development hardware and renamed the Common Extensible Cryogenic
Engine (CECE) Demonstrator.47, 48 The engine was designed for technology development and
risk reduction applicable to a deep throttling cryogenic lunar descent engine. Figure 2.6 shows
the engine at multiple power levels during a hot run.
Two major hardware modifications to the RL10 engine system were made for CECE.
First, features of the injector were altered to allow adequate operation over the full throttling
regime. This included a reduction in the area of the oxidizer flow path and a reduction of the
outer row mixture ratio. These changes allowed full operation over the throttling range and
improved thermal margin. The fuel-side flow area was similar to the base RL10 engine and
needed little modification. The second modification was the selection of a valve suite that
provided the necessary system control flexibility. The valve suite used in CECE is discussed in
more detail in [47] and [48]; two key additions were a fuel turbine bypass flow to supplement the
existing bypass flow route and the addition of a variable area cavitating venturi.
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Figure 2.6: CECE shown at Multiple Power Levels49
Over the Demo. 1.0, Demo. 1.5, Demo. 1.6 and Demo. 1.7 test series, CECE has
accumulated 7435 seconds of total run time while achieving a throttle range in excess of 17.6-to1. Figure 2.7 shows CECE at 30% power level with ice formation on the nozzle rim due to the
cooling and eventual freezing of the steam by the cryogenically cooled nozzle wall. Swirl injector
throttling, like that used by the RL10 and CECE throttling configuration, including effects of
reduced mass flow rate and elevated chamber backpressure was studied in [50].

Figure 2.7: CECE at 30% Power Level Showing Ice Formation47, 48
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Chug oscillations, similar to that observed in [37] and [51], were encountered at low
throttle power levels. The presence of vapor in the oxidizer manifold and feed system was
deduced by extensive stability modeling to be responsible for the less-than-expected margin. An
injector revision that incorporated insulation in the liquid oxygen manifold, similar to the injector
revision described in [37] was tested in Demo. 1.6 and Demo 1.7. The insulation provided
additional chug margin by effectively decreasing the onset of chug to a lower power level. Using
gas helium injection, as in [37], was also considered. The gaseous injection was successful in
eliminating chug oscillations.

2.1.2 Dual-Manifold Injectors
A dual-manifold injector – also called two-stage, dual-element, dual-circuit, or dualorifice – is an injector designed to maintain satisfactory injector pressure drops at low thrust
levels while not requiring the often excessive pressure drops at full thrust seen in the highpressure-drop injectors described in Chapter 2.1.1 High-Pressure-Drop Injectors. The dualmanifold injector essentially combines two fixed-area injectors into a common structure, with
independent feed systems controlling flow to each injector manifold. Deep throttling is achieved
by proceeding from two-manifold (primary and secondary) operation at high thrust to singlemanifold (primary) operation at low thrust, thus changing the effective injection area. Changing
from two-manifold to single-manifold operation is usually as simple as closing a valve. Several
constraints must be optimized in the injector design from system requirements, including the
pressure drop at the minimum power point, the minimum pressure drop for the secondary
manifold, and the maximum injector pressure at full power (maximum thrust). This injection
method has been used for fuel injection in turbojet engines, and it was also used by German
engineers in the early days of throttling LRE development.29
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Higher pressure drop across the injector at low thrust is advantageous for both
performance and stability, as previously described. Finer atomization of the propellants usually
depends on higher injector pressure drop.52 The injector hydraulic pressure drop ratio required to
promote stable combustion is injector dependent, but generally should be at least 15% to 20% of
the chamber pressure.
As with the high-pressure-drop injectors previously described, continuous throttling is
provided by control valves in the propellant feed systems. At the operating point where the
pressure drop in the secondary manifold reaches its minimum, the control valve feeding the
secondary manifold closes, and all the flow transitions to the primary manifold. This abrupt
reduction in injection area causes an abrupt increase in injector pressure drop across the primary
manifold when flow rate is held constant. The transition historically has ranged between 20%
and 50% of full flow. Studies have been performed to examine methods for transitioning
smoothly by varying flow through both manifolds appropriately.

2.1.2.1 Advanced Throttling Concepts Study (1963)
An Advanced Throttling Concept Study (1963-1965) was conducted by Pratt & Whitney
Aircraft (P&WA) and United Technology Center and a parallel High Energy Advanced
Throttling Concept Study (1964-1966) was conducted by Pratt & Whitney Aircraft under two
separate Air Force contracts.53-55 Prior to these studies, P&WA sponsored tests of a dualmanifold subscale injector over a 23-to-1 flow range with the propellants that would be used in
the Advanced Throttling Concept Study. This study also examined gaseous injection and
combined methods of throttling and is discussed in other sections. The intent of the Advanced
Throttling Concept Study was to evaluate injector systems to provide high combustion
performance during deep throttling (specified down to 50-to-1). The engine was pressure-fed and
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used storable propellants. Two injector patterns were examined in this study; the triplet-element
injector is shown in Figure 2.8.

(a)

(b)

Figure 2.8: Triplet-Element Dual-Manifold Injector53-55 a) Hardware Photo b) Schematic
Diagram
Each propellant orifice consisted of a primary flow inner orifice and a secondary flow
concentric outer orifice, as illustrated in Figure 2.9. A flow divider valve controlled the flow split
between the primary and secondary flow paths. High average injection velocities were
maintained over a wide thrust range by the controllable flow split and by the momentum
exchange between the two concentric streams, which was high enough to obtain good interpropellant mixing. The primary flow was found to accelerate the low secondary flow (even as
low as 2% thrust), as was demonstrated in water flow experiments. Acoustic liners on the
chamber walls were used to damp high frequency chamber pressure oscillations.

33

Figure 2.9: Dual-Manifold Injection Flow System Schematic53-55
System analyses prior to test found that the pressure inside the secondary oxidizer
manifold would be below the propellant vapor pressure at low thrust. In the transition thrust
range (with two-phase propellant) and pure vapor thrust range at low power levels, there would
be significant change in the primary-to-secondary flow split, but only a small effect on total
propellant flow, so the presence of vapor in the oxidizer secondary manifold was expected to
have a negligible effect on mixture ratio and chamber pressure. A nonlinear dynamic system
model also showed no divergent oscillations in the chamber at any point in the thrust range and
was used to design optimum propellant supply line geometry. Performance and throttling
characteristics of both the triplet-element injector and the second injector developed under this
program (and not discussed here) are limited release data.
The intent of the High Energy Advanced Throttling Concept Study was to evaluate the
throttling capability and performance of the dual-orifice injectors using high energy F2/H2 pumpfed propulsion systems for use in maneuvering satellite applications. Tests were performed with
several subscale and full scale injectors with dual-manifold concentric injector orifices and
upstream flow control valves as in the Advanced Throttling Concept Study. The subscale
injectors were throttled over a 12:1 thrust range. The full scale injectors were throttled over a
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29:1 thrust range. Gas hydrogen was used as the fuel and thus only the oxidizer dual-manifold
was needed.

2.1.2.2 Chamber Technology for Space Storable Propellants (1964)
A five year analytical and experimental program called Chamber Technology for Space
Storable Propellants investigated dual-manifold injector throttling.56-59 The purpose of the
program was to develop design criteria for selected space storable fuels in combination with
oxygen difluoride. FLOX (70% fluorine, 30% oxygen) was experimentally verified as an
excellent simulant for oxygen difluoride in terms of performance and heat transfer and was
substituted as an oxidizer in most tests because of its lower cost. The injector contained dual
manifolds for both fuel and oxidizer. The transition to primary-only flow occurred at 49% thrust.
The engine repeatedly throttled over a 10-to-1 range in a variety of duty cycles including
demonstration of continuous throttling. The c* efficiency ranged from 92% to 98% over the
thrust range with peak values just below the transition point with the primary manifold operating
only and at the highest thrust level with both manifolds operating together.
Two valve flow control schemes, parallel and series as shown in Figure 2.10, were
investigated. The parallel valve scheme allowed control of the flow to both the primary and
secondary manifolds simultaneously. At the transition chamber pressure, the secondary flow was
cut off and the single throttle valve fully opened. The difficulty with this simple parallel system
was that four valves had to operate simultaneously to ensure a smooth thrust change at transition.
The series valve scheme provided independent flow control to each manifold propellant line.
Throttling began by reducing secondary flow with the primary valve still fully opened. Upon
closure of the secondary valve, the primary flow was reduced to continue throttling. The series
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scheme provided a performance advantage at the mid-thrust range prior to throttling down
through the predetermined chamber pressure.
One case of instability occurred with rough combustion at 90% thrust and 170 Hz and a
peak-to-peak chamber pressure oscillation of 13%. This oscillation was eliminated upon closure
of the secondary injector control valve. Release of trapped injector purge gases between the fuel
throttle valve and injector probably triggered the instability by passing two-phase flow through
the injection orifices. A change to the fuel injector purge pneumatic system was made for
subsequent tests and no further instabilities were encountered. Otherwise, all thrust levels
demonstrated excellent stability.
Peak performance occurred at secondary flow cut-off when there was a maximum
injector pressure drop, or high injection velocity. The performance curve using the series valve
configuration is shown in Figure 2.11. Ingebo60 relates volume mean droplet diameter, D30, to jet
diameter D and velocity V for impinging stream injectors. An empirical correlation was then
developed that related injector design parameters to the combustion efficiency. The relationship
is Equation 2.2.

⎛ Dj ⎞
η c∗ = 1 − A ⎜
⎟
⎜ Vj ⎟
⎝
⎠

B

(2.2)

where A and B are empirical constants whose values change for different propellant combinations
and chamber geometries. The primary and secondary systems can be combined into a mass
weighted average c* efficiency. No variation in the Rupe mixing efficiency, Em,61 was shown at
any point in the throttle range.
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(a)

(b)

Figure 2.10: Dual-Manifold Flow Control Schemes56-59 a) Parallel Scheme b) Series Scheme

Figure 2.11: Dual-Manifold Throttling Performance with Series Valve Configuration58
The system response in general was good, although there was a significant delay when
traversing from low thrust to high thrust because of the need to prime the secondary manifold.
This would have to be corrected for fast thrust response missions. Continuously flowing fluid
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through the secondary manifold – either by a bleed flow through the secondary valve or a bleed
flow from the primary fluid flow – was proposed to reduce the response during transition.
The throttling heat transfer results suggested that the boundary layer in the nozzle region
would transition from turbulent to transitional and/or laminar at some point during the throttling
range.

2.1.2.3 Reusable Rocket Engine Program (1967)
Pratt & Whitney contracted with the U. S. Air Force over several years in the late 1960s
and early 1970s to develop a reusable advanced cryogenic staged combustion engine.62-73 The
initial configuration of this engine was required to throttle 5-to-1 and deliver 96% theoretical
specific impulse at nominal thrust and 94% during throttling. Consequently the injectors included
dual-manifold systems in both oxidizer circuits of the preburner and main injectors, and a
variable area system in the fuel circuit of the preburner injector. Both injectors used oxidizer
tangential-entry swirl coaxial element designs with dual-inlets, with the main injector including
two tangential inlets (also called a “stacked” configuration) and the preburner injector including
one tangential inlet and one axial (not self-atomizing) inlet. Testing in component and staged
combustion configurations revealed stable operation over the 5-to-1 range as well as dynamic
stability demonstrated by combustion chamber pulse guns with up to 80 grains of explosive.
Unfortunately, the use of both dual-manifold oxidizer and variable-geometry fuel systems in the
preburner was found to be difficult to control, the variable area fuel circuit experienced
mechanical problems, and the hot gas temperature profile variability exceeded requirements. The
specific impulse efficiency of the main injector was about 93% at 100% power level, and about
90% at 20% power level, which also did not meet requirements. The c* efficiencies were about
98% and 96% at nominal and throttled conditions.
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A subsequent phase of this program, with an engine renamed the XLR-129, involved
modification of the preburner and the main injector in an attempt to satisfy these requirements,
including a modification for 99% c* efficiency at rated thrust and 97% efficiency during
throttling. The design for the main injector eliminated the dual-inlet (or “stacked”) oxidizer
circuit and used one major flow passage. The design for the preburner eliminated the variable
area fuel system in favor of a fixed fuel area, but modified the dual-manifold oxidizer circuit from
one tangential inlet and one axial inlet to two tangential inlets. This preburner configuration is
shown in Figure 2.12, and the dual-inlet oxidizer swirl coaxial injector element is shown in
Figure 2.13. Extensive cold flow testing of dozens of preburner element design configurations
was conducted to develop a hydrodynamically stable flow over the 5-to-1 operating range.

(a)

(b)

Figure 2.12: XLR-129 Dual-Manifold Preburner Config.62-73 a) Complete Injector b) Close-up of
Oxidizer Dual-Manifold Configuration

Figure 2.13: XLR-129 Dual-Inlet Swirl Coax Oxidizer Element62-73
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Initial testing of the preburner showed satisfactory hot gas temperature profile variability,
but chug was encountered at 20% power level with amplitudes of about 11% of chamber pressure
and frequencies between 75 Hz and 150 Hz. Development analysis and testing indicated that the
chug was caused by two factors – low secondary circuit liquid oxygen pressure drop and
excessive secondary liquid oxygen manifold volume. Oxygen flowed through both oxidizer
circuits over the entire throttling range, so that at low power levels, pressure drop in the
secondary manifold was reduced to a few percent of chamber pressure. The chug was never
eliminated, even by increasing the primary flow split to 90% and increasing the mass-weighted
percent pressure drop to nearly 60%. It was suggested that preburner pressure oscillations were
bypassing the high-pressure-drop primary flow and driving the system from the secondary flow.
This did not happen during the initial phase of the program with a different inlet configuration,
even with mass-weighted pressure drops to as low as 4% of chamber pressure. It was predicted
that a reduction of the secondary manifold volume by 20%-40% would stabilize the system, and
during component development a redesigned injector with reduced liquid oxygen manifold
volumes in both primary and secondary circuits operated without chug at the 20% power level,
although during many tests there was leakage between the primary and secondary circuits.

2.1.2.4 Throttleable Primary Injector for Staged Combustion Engine Program (1968)
Aerojet Liquid Rocket Company, under contract to the Air Force Rocket Propulsion
Laboratory,74 demonstrated a throttleable main injector for a staged-combustion cycle, space
engine using storable propellants and a platelet HIPERTHIN injector.42 The engine was designed
to operate over a 10-to-1 throttling range. Four injector configurations were tested, including
three single manifold injectors – showerhead oxidizer/showerhead fuel, showerhead
oxidizer/impinging fuel, and impinging oxidizer/impinging fuel – and one dual-manifold injector
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with impinging oxidizer/impinging fuel. The dual-manifold injector consisted of two fuel
manifolds and two oxidizer manifolds with independent platelet circuits for each manifold, as
illustrated in Figure 2.14.
To achieve the full 10-to-1 throttling range, the main injector included dual manifolds in
both fuel and oxidizer circuits, although only a single manifold would be used at low thrust for
fuel and oxidizer. The lowest throttling points were stable when single manifolds were used for
both fuel and oxidizer. Chug with peak-to-peak amplitudes of 44% of chamber pressure at 54 Hz
to 115 Hz occurred when the dual manifold was used with one propellant, although dual
manifolds at low thrust was not the normal configuration. Performance of the dual-manifold
injector was favorable, showing as good as or better than the single manifold designs at the tested
mixture ratios, due to the increased atomization of the higher velocity elements producing more
momentum exchange at the higher pressure drops.
Single Circuit Injector
Oxidizer
Inlet

Fuel
Inlet
Fuel
Platelet Set

Oxidizer
Platelet Set
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Figure 2.14: HIPERTHIN Platelet Dual-Manifold Injector Design74
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2.1.2.5 Advanced Expander Test Bed Program (1990)
Pratt & Whitney was contracted by NASA to develop and demonstrate the Advanced
Expander Test Bed (AETB), an expander cycle oxygen-hydrogen engine technology applicable
for space engines.75-81 Among many other features, the AETB was to have a high degree of
throttleability with a requirement of 5-to-1 and a goal of 20-to-1. Design of the dual-manifold
injector had been completed previously in an in-house Pratt & Whitney Space Engine Component
Technology Program. Only the oxygen circuit used a dual manifold; the fuel flowed through a
single manifold. The two oxygen streams mixed within the injector element. A lumped
parameter electrical circuit analogy analysis of the feed system predicted no chug at 5%, 10%,
and 20% thrust. Part of the AETB program evolved into a separate technology development
NASA Space Act Agreement. This program involved testing a 25 Klbf Thrust Chamber
Assembly designed for 20-to-1 throttling capability using the same AETB dual-manifold injector
design. Testing took place in 1996 at NASA Marshall Space Flight Center; the data are currently
Pratt & Whitney Rocketdyne proprietary.

2.1.3 Gaseous Injection
Gaseous injection into propellant, also referred to as foamed-flow or propellant aeration,
is a throttling methodology for LREs that reduces the bulk density of the propellants by
introducing a much lower density (sometimes inert) fluid into the propellant flow. The change in
flow rate is typically small. For liquid flows at constant flow rate, the pressure drop is inversely
proportional to the bulk density. Thus, with gaseous injection at a particular thrust level, the
liquid circuit injector pressure drop is increased. The higher pressure drop increases the chug
stability margin thrust range and may increase the performance for fixed-geometry injectors.
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Russian experience suggests, however, that gaseous injection can lead to the onset of high
frequency pressure fluctuations.14

2.1.3.1 NACA Research (1956)
A research memorandum published in 1957 by the NACA Lewis Flight Propulsion
Laboratory demonstrated rocket thrust variation with foamed storable propellants, using helium
as the foaming gas.82 Several qualitative tests of the gaseous injection device were made in
water. The final helium injector device consisted of a two inch long tube with eleven circles of
twenty small holes. Careful calibration of the device was necessary to obtain smooth
homogeneous injection and to prevent surges of gas into the liquid. For this system, helium
pressure no more than 100 psi greater than the liquid pressure was allowed to obtain smooth
helium injection.
A theoretical model was developed that calculated the reduction in liquid flow as a
function of gas-to-liquid ratio. The model considered isothermal gas flow under thermal
equilibrium and, separately, adiabatic flow assuming no energy exchange between the gas and
liquid. Less injected gas was needed at a particular thrust level with a denser liquid propellant
flow. Gaseous injection for thrust variation was shown to be a feasible technique that did not
impair combustion efficiency.
It was pointed out at the time of the program that there would be a weight penalty for the
additional propellant and its associated hardware; also the discharge coefficients and heat transfer
characteristics for a foamed fluid at various conditions would need to be characterized. The
pressure difference between the liquid and gas would need to be kept low to produce
homogenous, uniform, and stable foams. Water flow experiments showed that a large pressure
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difference created intermittent liquid flows, which could create low frequency combustion
instability.

2.1.3.2 NASA Study – Modified RL10A-1 (1964)
During throttling tests of a modified RL10A-1 at the NASA LeRC, described in Chapter
2.1.1.3 NASA Study – Modified RL10A-1 (1964), chug occurred at thrust levels higher than
expected due to oxygen boiling in the manifold.37, 51 The sources of the boiling were increased
fuel temperatures in the adjacent manifold, along with reduced oxygen saturation temperatures.
Videos were taken of the liquid oxygen manifold through a sapphire window. For a particular
chug oscillation cycle, oxygen vapor bubbles were observed to form inside the liquid oxygen
manifold and then collapse at the same frequency as the chamber oscillations. A sequence of
events postulated for this coupled dynamic system was as follows: 1) bubbles began to appear
and the liquid oxygen manifold pressure dropped; 2) as the size and number of bubbles increased,
the bulk density decreased and the injector pressure drop increased; 3) atomization improved and
the chamber pressure increased; 4) liquid oxygen flow was reduced and manifold pressure
increased; 5) bubbles condensed back into the liquid, which reduced the pressure drop and
worsened atomization and lowered chamber pressure; 6) manifold pressure decreased because of
an increased liquid oxygen flow, 7) bubbles began to appear again and the cycle is repeated.
To eliminate chug, oxygen or helium gas was injected into the liquid oxygen propellant
line at the manifold inlet flange to produce a foamed liquid of reduced density. The gas was
injected through a vacant instrument port and no attempt was made to distribute the gas or control
the bubble size. Video into the manifold showed that the bubbles were too fine to see and
appeared as a fog. Helium injection of approximately 0.4% of the liquid oxygen weight flow, or
oxygen injection of 4% of the liquid oxygen weight flow, eliminated chug over the entire 10-to-1
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throttling range. Differences in required flows were due to the difference in gas volumes as well
as condensation of some of the oxygen gas.
Gaseous injection restored the performance lost by the chug. In one case, a 7.5%
increase in Δpinj/pc to a value of 15% Δpinj/pc eliminated chug at 22% thrust. The increase in
pressure drop to stabilize the combustion with injected gas agreed with the increase in pressure
drop required without gas. Helium was also injected into the oxygen manifold at rated thrust
levels to see if that improved performance, but only a negligible increase was noted.

2.1.3.3 Advanced Throttling Concepts Study (1964)
Pratt & Whitney Aircraft also studied a gaseous injection technique called crossinjection, in which small amounts of storable fuel were injected into the storable oxidizer
propellant line and small amounts of oxidizer were injected into the fuel propellant line, which
produced combustion gas in the propellant lines.53, 83 The propellant line pressures were
increased, which improved throttling capability. This study also examined dual manifold
injectors and combined methods of throttling and is discussed in other sections.
Two operational modes were considered using a fixed-area injector. In the first mode, an
appropriate mixture ratio (for the secondary cross-injected flow) was determined for a particular
thrust to provide a temperature and pressure rise in the propellant line at that thrust level. A
significant pressure drop was established across the injector. Since the secondary line pressure
remained constant as the propellant flows increased, however, the pressure drop increase returned
to that of a fixed-injector case, so that this mode was only beneficial over a small thrust range.
The second mode requires control of the secondary propellant flow. The secondary
mixture ratio was held constant over a given thrust range (2% to ~20% in this case). The
disadvantage of this method was that it required a more complicated flow control, but it would
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maintain high injection pressures and velocities over the range of interest. Figure 2.15 and Figure
2.16 show the effect on injection pressure drop, considering a small amount of secondary oxidizer
flow into the primary fuel line.
The cross-injection technique was hot-fire tested with an injector in the secondary line
that provided a 90° hollow spray pattern in water flow giving fine atomization. Secondary
propellant flow mixture ratios were from 0.003 to 0.009 for the oxidizer-into-fuel case and 147 to
525 for the fuel-into-oxidizer case. Repeatable and stable results were demonstrated, with only
very small amplitude oscillations evident at 10 Hz and 170 Hz.

Figure 2.15: System Pressures vs. Fuel Flow Rate with a Constant Secondary Mixture Ratio83

Figure 2.16: System Pressures vs. Fuel Flow Rate with a Constant Secondary Oxidizer Pressure83
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2.1.3.4 Throttling Concept Study (1965)
The Bendix Corporation investigated the gaseous injection technique using nitrogen gas
with a storable propellant injector.84 A throttle range of 35-to-1 was demonstrated with nitrogen,
and a 50-to-1 throttle range was considered possible using helium gas instead of nitrogen.
Combustion was stable and efficiency was preserved over the entire throttle range. This concept
evolved into the Bimode Bipropellant Attitude Control System, which was capable of both
pulsing and continuous throttling. Attitude control motors normally use maximum thrust to
maneuver the vehicle, but stabilization, a much more complex mode, would be much easier with
a varying thrust capability. The Bimode concept keeps the advantage of short duration and
maximum amplitude thrust pulses that result in the maximum unaccelerated coasting time.

2.1.3.5 Other Engines
The Rocketdyne SE-10 engine, a competitor to the variable area injector design for the
Apollo lunar descent engine, used helium gas injected at low thrust to enable deep
throttling.13, 29, 85 A 200 Hz to 500 Hz chug at low thrust, however, as well as intermittent
popping, remained present with and without the helium injection. Additional problems with selfinduced first tangential modes occurred early in developmental tests, which were solved by
implementing a Y-shaped baffle arrangement.86
Attitude control thrusters and other very small thrusters (with thrusts of near 1 lb)87 use
the gaseous injection technique not necessarily to increase the injector resistance to enable deep
throttling, but to alter the total flow rate. This is possible because at low thrust, the flow change
due to the addition of gas is not negligible as it is at high thrust.
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2.1.4 Multiple Chambers
The principle of throttling with multiple chambers involves stopping flow through one or
more chambers or varying the thrust of each chamber independently. A deeper throttling can be
obtained by independently throttling multiple chambers by a small amount. This concept is
primarily used in aerospike engines, but has been used in other rocket engine systems as well.
Disadvantages include feed system complexity and additional weight, as well as the difficulty in
managing propellants and thrust transients during each engine startup or shutdown.29 Also,
stopping flow through individual thrusters on aerospike engines can result in significant thermal
issues.
Russian engines often use this feature for reasons other than for throttling.13, 88 It was
found that small diameter combustion chambers did not present the stability problems exhibited
in larger diameter chambers. With multiple chambers, each chamber diameter could be reduced.
Additionally, smaller parts were easier to manufacture, there was an improved capability to
provide thrust vectoring, and the overall engine length was reduced. The 'engine-out' reliability
was said to be increased because one or more thrust chambers could be shut off and the total
thrust could be maintained by increasing the thrust of the other chambers. Multiple chambers do
not, however, provide the optimum engine weight.

2.1.4.1 Advanced Thrust Chamber for Space Maneuvering Propulsion Program (1965)
The Air Force Rocket Propulsion Laboratory at Edwards Air Force Base sponsored a
Rocketdyne study in 1965 to investigate a space maneuvering propulsion system to be used for
satellite intercept or rendezvous.89-94 The engine design included multiple concentric
regeneratively cooled thrust chambers. Two multiple-chamber concepts were examined in one
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engine study. The first concept was the aerospike engine, which could be throttled and contained
many small chambers and nozzles. The second concept was a standard chamber with
converging-diverging bell nozzle inside of a separate aerospike engine. The outer primary thrust
chamber was a toroidal aerospike, divided into segments, producing 30 Klbf thrust, while the
secondary inner thrust chamber included a bell nozzle producing 3.3 Klbf thrust.
The development focused on the primary chamber because of the unique toroidal features
of the aerospike chamber. It included testing of a full size segment that was 1/47th of the toroid
circumference. Short duration tests were performed over a chamber pressure range from 300 to
600 psia, and combustion efficiency remained high.
Analysis and design for the follow-up Advanced Maneuvering Propulsion Technology
Advanced Development Program was initiated in 1967. The final engine configuration is shown
in Figure 2.17. Both the 3.3 Klbf chamber and the 30 Klbf chamber would throttle 9-to-1,
providing a total effective throttling ratio of approximately 81-to-1.

Combustion was stable

during hot-fire tests of the outer primary chamber segments over a chamber pressure range from
650 psia to 72 psia. Dynamically stable combustion was demonstrated with pulse gun testing.
Combustion efficiency ranged from 98% to 100% over the entire throttling range of the tested
segment.

Figure 2.17: Advanced Maneuvering Propulsion Technology Advanced Development Engine89-94
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2.1.4.2 Other engines
Many Russian engines have employed multiple chambers, although primarily for
combustion stability and ease of manufacturing.44 The relatively recent RD-170 and RD-171
engines with four thrust chambers and the RD-180 with two thrust chambers each include one
turbopump with each engine system. The RD-170 and RD171 provide 1,777 Klbf vacuum thrust
and can throttle to 56% of maximum thrust, while the RD-180 provides 933.4 Klbf vacuum thrust
and can throttle to 40% thrust.13

2.1.5 Pulse Modulation
Pulse modulation, short for Pulse-Width Modulation (PWM), is used predominantly in
monopropellant engines. PWM is on-off cycling that provides a quasi-steady state average thrust.
PWM in LREs has its roots in pulse jet engines. The German V-1 guided missile developed in
Peenemünde contained a pulse jet engine that was flown for military purposes in 1942 and is
most well known for the London bombing in 1944. It was also known as the ‘buzz bomb’
because of the low frequency sputtering sound caused by set frequency pulses at 100 Hz and a
resonant combustion response at roughly 50 Hz. The air intake shutters closed as the fuel ignited
and gas expanded for a short duration.95, 96
The more recent Pulse Detonation Engines (PDEs) make use of a similar technology,
except that PDEs detonate the fuel and oxidizer mixture while the flow is supersonic. While the
PDE combustion process is more efficient than PWM, there have been difficulties converting the
energy into efficient thrust.
The primary issues related to PWM are fast response valves and low performance. PWM
is advantageous, however, when small thrust corrections are needed, as in satellite rendezvous. In
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PWM, throttling is accomplished with tailoring of the thrust and duration of the pulses.
Disadvantages include shock loading on the vehicle, heat soak in the chamber head end,
inefficient use of propellant because of chamber cooling channel and injector dribble volume
losses between.29 Additionally, igniting each pulse can be difficult, especially for very short
pulse widths.

2.1.5.1 NASA Studies (1959)
A 1959 NASA report examines scenarios for rendezvous scenarios between two
satellites, assuming that one satellite is maneuverable with velocity increments tangential to the
orbit.97, 98 Pulsed thrust was considered for the several maneuvers required for various
rendezvous scenarios. The use of fixed-duration thrust pulses, in which pulses provide the
necessary total ΔV or total amount of thrust necessary to complete a maneuver, was slightly
different from the PWM methodology, which uses numerous pulses at a particular frequency and
pulse width to provide an average specific impulse and thrust profile. The single impulsive thrust
maneuver capability was developed initially for use in satellite maneuvering.
In 1961 NASA examined a PWM methodology to evaluate a linear system for applying
thrust to a maneuverable vehicle in the terminal phase of a rendezvous. The throttleability
limitations of an existing rocket engine are not necessarily a major obstacle to the system design
of a maneuverable satellite. Maneuverable satellites, however, such as for terminal phase
rendezvous systems, would need to employ systems that would provide the same average thrust
as a continually variable thrust engine, as illustrated in Figure 2.18. The average thrust needed to
complete a mission, for example, is shown in the first inset. The second inset gives an effective
throttling approach by using pulse modulation of a constant width but with variable thrust. The

51
third inset gives an effective throttling approach by using pulse modulation of variable width but
constant thrust. Both methods can be designed to provide the same thrust profile.

Figure 2.18: Pulse-Width Modulation Throttling Approaches97

2.1.5.2 Lunar Flying Vehicle Study (1964)
In 1964, Bell Aerospace Company began development of a 100-to-1 variable thrust
engine called the Bell model 8414 Throttleable Maneuvering Engine, for earth orbit, lunar, and
planetary spacecraft maneuvering propulsion systems.99 This engine system combined a
continually varying thrust engine and a pulse engine to provide continuous throttling and pulse
operation capabilities with maximum performance at highest thrust, where most of the propellant
would be consumed. Deep throttling and pulsing performance could be provided without
compromising the high thrust performance.
A single fixed-type injector was optimized over the entire thrust range to maintain
adequate injection velocities and injector pressure drops for efficient and stable combustion.
Gaseous injection methods were rejected because of the increased complexity and system weight
penalty. Dual-manifold and variable area injector methods were also rejected as too complex,
since most of the time the engine operated at high thrust.
A six-element triplet injector was optimized for performance and pulse response. Six
was found to be enough elements for high performance and few enough to minimize manifolding
volumes for maximum pulse response and pulse performance. Two independent valves were
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used – a throttling valve and a bipropellant variable area cavitating venturi with an actuation time
of 5 milliseconds attached directly to the manifold.
Continuous throttle, without pulsing, was achieved down to 12% of rated thrust.
Combustion was controllable, stable, and reproducible. Combustion performance was 94% at
rated thrust with maximum specific impulse at 87% thrust. Pulse performance was measured
from 100% to 20% rated thrust using pulse durations of 150 msec. Ignition spikes reached a
maximum 300% of the rated pressure.
Figure 2.19 compares the performance curve for pulsing at a set thrust with continuous
throttling of a set thrust, and illustrates one of the disadvantages of PWM. There was a major
degradation in performance at a specific thrust level due to the short duration time and transient
event of the pulse. The reduction in performance of the thrust of an averaged transient pulse as
compared to a steady state set point of equivalent average thrust was not clear, although it was
expected to be lower due to reduced performance during the transient. With even shorter pulses,
there is more degradation in performance.

(a)

(b)

(c)

Figure 2.19: Pulsing Performance Comparisons99 a) Comparison of Steady and Pulsing
Performance b) Steady Performance c) Pulsing Performance at 150 msec Pulse Width
The program demonstrated the feasibility of combining single injector throttling with
PWM to extend the thrust to deep throttling of 100-to-1. Figure 2.20 shows the performance over
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the range of thrust with continuous variable thrust down to 12% thrust and PWM down to 1%
thrust.

Figure 2.20: Dual-Mode Throttling Performance99

2.1.5.3 The Bendix Corporation Study (1965)
The Bendix Corporation reviewed the state-of-the-art techniques of pulsing and variable
area throttling in 1965.84 Problems encountered included low combustion efficiency, high
electrical power consumption, low response, materials problems, and unwieldy configurations.
Specific impulse was reduced when operating in a regime that required short pulse widths. The
repeatability and consistency of engine performance was dictated by the control and minimization
of fuel usage by the pulsing accuracy. At that time, varying pulse widths using a single thrust
level was not successful and pulsing accuracy was not achieved.
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2.1.6 Throat Throttling
The throat throttling method appears to have been one of the first methods to throttle
LREs. Two approaches were defined, including use of a cooled mechanical pintle inserted and
retracted through the nozzle throat, and injection of gas into the throat region. Both methods
effectively changed the throat area by providing some blockage into the flow field. Both modes
have a net effect on decreasing thrust, since at constant propellant pressures, a throat restriction
causes an increase in chamber pressure and hence lower injection pressure drops and reduced
propellant flow rates. Because of the high chamber pressures at low thrust, there is an associated
maximum theoretical performance at low thrust. The major concerns related to throat throttling
are excessive vibrations and heat transfer of the pintle. In addition, high injection pressure drops
are required at full flow conditions to maintain minimum pressure drops at low flow rates, and a
high pressure propellant feed system is necessary. Because of material limitations, an uncooled
throat pintle was historically not an option, but there are now higher temperature material and
thermal coatings available.

2.1.6.1 Reaction Motors, Inc. Study (1947)
Reaction Motors, Inc. (RMI) developed a small acid-aniline propellant variable thrust
LRE using a throat throttling device called a bulb or restrictor to vary the area of the throat, as
shown in Figure 2.21.100 The throat area was varied by inserting and retracting the restrictor,
which was internally cooled by flowing fuel through the center shaft and the restrictor bulb.
Materials that could withstand the engine temperature were not available to allow an uncooled
design. The cooling fuel was then fed into the injector elements. The nozzle and chamber walls
were cooled by the oxidizer, which was then also fed into the injector elements.

55

Figure 2.21: Reaction Motors, Inc. Restrictor Device100
With a varying throat area needed for a throttle range of 6.25-to-1, the L* also varied
from 43.5 in. to 272 in. A compromise L* design range was chosen for a single constant volume
chamber. Propellant flow rate was also controlled to maintain constant chamber pressure based
on the nozzle throat area using a closed-loop control system.
The nozzle throat area was originally varied with a restrictor bulb that gave poor
expansion ratio characteristics at low thrust, but this was later improved. In one test, large
vibrations that occurred were thought to be due to injector valve flutter. Stiffer propellant valve
springs were to be incorporated in future designs. Only a few tests were performed and only at
60% and 75% thrust, because of broken lines and severe vibrations. Limited performance
information was therefore obtained.

2.1.6.2 Massachusetts Institute of Technology Naval Supersonic Laboratory Study (1961)
The Office of Naval Research sponsored research in the Naval Supersonic Laboratory
(NSL) at Massachusetts Institute of Technology (MIT) for throttling by injecting gas into the
nozzle throat.101 The primary flow, injected into the chamber, was most susceptible to secondary
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gas injected at the nozzle-throat location. The influence of the symmetric secondary flow at this
location was strongest because it had a significant effect on the throat effective area. The total
flow ratio – or the ratio of primary flow injected into the chamber plus the secondary flow to the
primary flow with no secondary flow – was unity, which indicated that the exhaust velocity did
not change with injection rate and the flow behaved as though throttling was accomplished by
varying the throat area. Three separate models were developed to analyze this throttling method.
The models of Martin102 were the first analytical solutions to this flow throttling problem, but
disagreed with the NSL data. In [101] an improvement to these models was made. The two
models based off of Martin’s work were the secondary mixing model and the sheet flow model.
A newer model, the secondary expansion model, was also developed. Basic assumptions to these
models include one-dimensional flow, perfect gas, and isentropic flow. Two-dimensional and
three-dimensional airflow investigations validated aspects of all three models. Schlieren
photographs showed that all three types of flow occurred.
In addition to these three models, a flow analogy was developed and other pertinent
variables investigated. The analogy treated the secondary flow as a blunt body and then
combined the two flows with matching boundary conditions. Three variables investigated were
temperature, secondary injection gas type, and combustion. There was a significant effect as the
secondary fluid stagnation temperature was reduced to below the primary flow stagnation
temperature. Throttling was ineffective for a secondary stagnation temperature 5 times less than
the primary stagnation temperature. This effect was also evident in Rocketdyne testing on the F1
engine and additionally in United Aircraft Corporation (UAC) thrust vectoring experiments.103
Rocketdyne showed that a stagnation temperature ratio of 4 did not throttle the primary flow.
UAC showed that the effectiveness varied with the square root of the secondary-to-primary
stagnation temperature ratio. The high temperature of the secondary working fluid seems to limit
the practicality of throat throttling with gaseous injection.
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The type of injection gas also had an effect on throttling behavior. A low specific heat
ratio and low molecular rate were desirable properties of the secondary gas because of the low
molecular weight and low specific heat ratio of the combustion gas. Helium showed the most
potential as a throttling secondary gas because of its low molecular weight.
Other variables examined were injection angle, nozzle throat pressure gradient, and
secondary flow injection location. Throttling increased with decreasing injection angle, the angle
between the nozzle axis and the injection axis. A reduction in the nozzle throat pressure gradient
had a small effect on increasing flow throttling. The location of the secondary flow injection
needed to be at the throat because the influence is strongest there to create a choked primary flow.

2.1.6.3 Other Engines
A February 1946 Aerojet report (Report No. RTM-20) described the development of a
100 lb thrust nitromethane monopropellant variable thrust engine. A stainless steel pintle was
moved into the nozzle throat to vary the thrust 10-to-1. Performance was measured only at 65%
and 100 % thrust. A 1948 M.W. Kellogg report (Report No. SPD-156) described and presented a
highly complex injector design that showed the throat throttling methodology. The throat was
throttled by a pintle and the injector. The injector contained movable concentric injector rings. A
1950 University of Michigan report (Report UMN-71) discussed variable thrust engines with
throat throttling, and concluded that the method was not feasible because of low pressure drops at
low thrust. The report also stated that combustion instability would be likely with the RFNA and
aniline propellants in an engine with a 100 inch L*. The variable L* was not taken into account.
An analytical study of variable thrust LREs was performed by the Army Ballistic Missile Agency
on the Redstone Arsenal in Alabama in 1961.104 The analysis compared the relative efficiencies
between a variable throat area nozzle and a fixed nozzle geometry for storable propellants. The
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report concluded that there would be a 10% weight savings of propellant due to the performance
increase gained with the variable throat area nozzle, but that this was insignificant to the overall
vehicle weight. The underlying assumptions of the configurations and model were not provided.

2.1.7 Variable Area Injectors
The variable area injector is often referred to as a pintle injector because the majority of
variable area injectors contain a single central pintle feature that is moved to vary the injector
orifice area. The maximum thrust occurs when the injection orifices are fully open. As the
injection area is reduced using movable injector components, the chamber pressure and thrust are
reduced. Pressure drop increases as the engine throttles down because of the decreasing injection
area, which results in high injection velocities and good atomization and high combustion
efficiency over a wide throttle range. The most familiar variable area injector throttleable engine
is certainly the Apollo Lunar Module Descent Engine (LMDE).
The major advantage of this method is its design simplicity, although there is some
complexity to the actuating and guiding elements. Design requirements are sometimes
conflicting; different injector pressure drops are needed for throttling chug stability and maximum
combustion efficiency. An optimization based on mission requirements provides the tradeoff
between performance and throttling capability. Generally there is a need for flow control valves
in conjunction with variable area injection for complete mixture ratio and throttling control.
Performance efficiency may not be as high as it would be in a multi-element injector.

59
2.1.7.1 Variable Thrust Engine Development Program (1950)
Reaction Motors, Inc. examined variable thrust pressure-fed engine designs based on
injectors previously tested under the U. S. Navy’s Bureau of Aeronautics (BuAer) and the U. S.
Air Force.105 Four injector concepts, representing methods of controlling the relationships of
propellant flow rates, injector pressure drops, and chamber pressure, were examined. The first
injector concept used a single controllable valve that changed the injector annulus area of one
propellant. The second injector concept used a single controllable valve for both injector holes.
Atomization was promoted by having radially injected propellants impinge on a splash plate. The
third injector included valve control of the axial movement of a flow selector piston that covered
or uncovered small holes permitting selection of specified flow. The propellant streams impinged
on a splash plate prior to injection into the chamber. The fourth injector concept consisted of two
poppet valves. The variation of propellant inlet pressure gave a wide flow range for a
prespecified smaller range of injector pressure drop, which was accomplished by balancing the
pressure drop with poppet spring forces.

2.1.7.2 Project MX-794 (1951)
As follow-on to the propellant throttling study described in Chapter 2.1.1.2 Project MX794 (1950), two additional progress reports were published by the Willow Run Research Center
at the University of Michigan.106 The second and third progress reports evaluated the variable
area throttling methodology.
In the second progress report, an injector was converted into a throttling injector by using
a plunger whose movement simultaneously covered or uncovered both propellant ports, thus
keeping the mixture ratio constant and the propellant flow rates controlled from a constant supply
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pressure. Multiple swirl injectors with various size propellant orifices were tested to obtain
performance information for a particular injector design configuration. The best performing
injector was converted into a variable area injector. Continuous throttling was achieved over a
range of 27-to-1. With a constant supply pressure, the pressure drop increased as the engine
throttled down, which minimized rough burning at low chamber pressures. The throttleable
injector showed lower performance than single thrust injectors tested with various size injection
orifices, and the condition worsened as propellant flow decreased. This result was attributed to
the result of improper mixing due to the changing of the propellant entry angle. Covering of
orifices by the plunger altered the entry angle of the flow so that less mixing was obtained.
In the third progress report, different size injectors, different types of injectors, and
different propellants were tested. The same remotely controlled plunger was used to cover and
uncover the propellant orifices. Continuous throttling was achieved over a 35-to-1 range for the
lower thrust engines and 6-to-1 for the larger thrust engines. Triangular orifices maintained a
constant geometric shape, as the plunger covered or uncovered the holes, which provided better
flow control at low flow rates, although the holes were difficult to fabricate. The other injectors
had circular or rectangular orifices.
High frequency combustion instability was encountered at higher chamber pressures with
the low thrust WFNA and jet fuel propellant combination. The instability was eliminated by
increasing the chamber contraction ratio from 8-to-1 to 16-to-1. The chamber diameter was
increased and the chamber length was decreased with a net increase in L*.
For the mid-range thrust development tests, the propellant supply pressure was constant,
which allowed the pressure drop to increase with decreasing chamber pressure, and the mixing
and spray formation to improve at lower propellant rates. No combustion instabilities were
experienced even after reducing the pressure drop by lowering the propellant tank pressures. In
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one case the plunger seized, which was corrected with an o-ring seal between the plunger and the
injector body.

2.1.7.3 NACA Study (1955)
An investigation to examine the performance and operating characteristics of two
variable area injectors over a wide thrust range was conducted by Tomazic in 1955.107 The first
injector was a triplet impinging-jet injector with six groups of 10 triplet sets; each group was
controlled by a pneumatic valve actuator, which varied the number of triplet sets that were open.
The second injector was a swirl-cup injector in which two fuel-entry holes and two oxidizer-entry
holes injected the propellants in a swirl pattern into a cup. The orifices were arranged alternately
90 degrees apart. A movable piston formed the bottom of the cup and was moved by a pneumatic
valve actuator. The piston moved over the entry holes to change the area. Schematics of the two
injectors are shown in Figure 2.22 and Figure 2.23.

Figure 2.22: Triplet Impinging-Jet Variable Area107

62

Figure 2.23: Swirl-Cup Variable Area107
The triplet impinging-jet injector was tested over a thrust range of 12-to-1 and the swirl
cup injector was tested over a thrust range of 18.5-to-1. The triplet injector had 96% efficiency at
full thrust, but efficiency decreased steadily until 20% thrust, where it decreased sharply. The
swirl cup injector had 90% efficiency at full thrust, but its efficiency also decreased sharply
below 20%. Figure 2.24 compares combustion efficiency for the two injectors.

Figure 2.24: Theoretical Specific Impulse for Triplet Impinging-Jet Variable Area Injector107
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One difficulty in this setup was leakage around the pistons, which degraded the spray
pattern and altered the mixture ratio. The performance drop in the triplet injectors was attributed
to this leakage and poor mixture ratio control. The performance drop in the swirl-cup injector
was attributed to poor mixing at low thrusts, as was demonstrated in water flow tests.

2.1.7.4 Lunar Module Descent Engine Program (1963)
The best known throttleable engine in the United States is certainly the Lunar Module
Descent Engine (LMDE).29, 86, 108-111 Engine development began in 1963 and man-rated
qualification was completed in 1967. The engine was first used on Apollo 5 in an unmanned
configuration in January 1968, and then on Apollo 9 for a manned flight in March 1969. On
Apollo 11, the engine landed astronauts Neil Armstrong and Buzz Aldrin on the surface of the
moon. The engine was also used to return the astronauts of Apollo 13 to an earth orbit from a
lunar orbit after an oxygen tank failure damaged the service module.
The operating requirements of the LMDE included a 10-to-1 throttling capability. The
nominal LMDE duty cycle included a 33-second orbit injection burn, an hour on-orbit coast, and
a 784-second descent burn, as shown in Figure 2.25. Both engine burns started to 10% thrust
while the vehicle was stabilized. The descent firing included a full thrust braking phase and a
60% thrust braking phase, followed by a slow reduction to 40% thrust during vehicle flare-out,
and reduction to near 25% during the hovering phase.
The engine is illustrated schematically in Figure 2.26. Fuel cooled the injector faceplate
and flowed into the combustion chamber out of the annular orifice of the pintle injector element.
The annular orifice was created by an extension of the injector face and a moveable sleeve. A
small portion of the fuel was injected along the side of the chamber wall through thirty-six tubes.
The oxidizer flowed through the center of the pintle and was injected radially near the tip through
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thirty-six holes. Movement of the fuel sleeve varied the injection area of both the fuel and the
oxidizer.
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Figure 2.25: LMDE Nominal Duty Cycle29, 86, 108-111
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Three fundamental requirements for the descent engine system were 1) accurate mixture
ratio control over the entire thrust range, 2) controlled injection for performance and combustion
stability over the entire thrust range, and 3) simplicity of moving parts. Two solutions were
employed to meet these requirements. First, the propellant flow control was separated from the
propellant injection functions, which allowed optimization of each without one compromising the
other. Second, an injector with a centrally-located single-element pintle contained a single
moving part to vary both the oxidizer and fuel orifice areas. This solution provided the greatest
design simplicity.
One disadvantage with variable area injectors is the inability to control mixture ratio; as
the injector orifice area changes, the mixture ratio can change as well. The method used to
control the mixture ratio in LMDE was to incorporate variable area cavitating venturis in the
propellant lines in addition to the variable area injection orifices, which ensured that the
propellant flow rates would be insensitive to variations in downstream pressures that resulted
from injector orifice area changes. Provided the manifold pressure stayed below the pressure
required for cavitating flow, the flow rate would remain constant. The cavitation regime was
active only below 70% thrust; otherwise the propellant flow was controlled by the pressure drop
of the entire system, which eliminated the large pressure loss penalties associated with high
cavitating flows.
Combustion instability was addressed by positioning the single-element injector in a
region that minimized coupling with tangential acoustic modes of the chamber. A centrallylocated injector element would be most stable for a tangential acoustic mode, which has a
pressure node line through the center of the chamber and is most resistant to a driving combustion
forcing function at this location. On the other hand, a centralized element injector would be
susceptible to a radial acoustic mode, which has an antinode in the center of the chamber.
Neither radial nor tangential modes were detected from over 2800 tests including 31 bomb tests.
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The first radial mode may not have been excited because the reaction zone was annular rather
than concentrated exactly in the center of the chamber. Low frequency pressure oscillations were
present during throttling transition, with 20 psi peak-to-peak in the 10 to 100 psi chamber
pressure range.
Performance remained relatively high over the throttling range, as shown in Figure 2.27.
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Figure 2.27: LMDE Engine Specific Impulse Prior to Throat Erosion108

2.1.7.5 TRW Inc. Studies - MIRA 150A (1965)112-115
The MIRA 150A variable thrust rocket engine was designed for attitude control on the
Surveyor spacecraft. The engine was ablatively cooled because of the incompatibility of
available coolant flow over the entire 5-to-1 thrust range. The injector was a single-element
coaxial-tube pintle. A single moving sleeve provided variable area control to the annular
propellant orifices. Propellant flows were also controlled by variable area cavitating venturis
upstream of the injector orifices. The NASA MSFC later selected MIRA 150A as one of two
engines to be evaluated for a lunar exploration flying system. The injection velocities were reoptimized for a new propellant combination. A total of 84 starts with 4 engine configurations
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demonstrated deep throttling (6.8-to-1), chamber durability, ballistic performance, and dynamic
response.

2.1.7.6 Gaseous Propellant Throttling Rocket Engine Study (1965)
Several gaseous injection rocket engine experiments were performed at a rocket engine
test facility at the Air Force Institute of Technology (AFIT) located on Wright-Patterson Air
Force Base in Ohio.116-120 Although this study does not use LREs, the features of this mode of
throttling are very similar. The variable area injector throttling method was selected since it was
most suitable for the design requirements and was compatible with the test facility at AFIT. A
small engine was designed for 10-to-1 throttling based on a constant thrust engine design by
Ow.120 The modified throttleable engine incorporated a new injector plate and 3 movable pintles.
Movement of the central pintle regulated the oxidizer flow while movement of the other two
pintles regulated the fuel flow. Ethylene propylene rubber seals were used between the movable
pintles and the injector front cover plate. The engine assembly schematic is shown in Figure
2.28. Fuel was injected radially through the side walls of the entire chamber and acted also as
film coolant. The two variable area fuel orifices were located upstream of the film coolant
manifold. The self impinging oxidizer was injected through a central orifice that was controlled
by the central pintle.
The injector was later redesigned as a twin orifice showerhead injector, which solved
facility issues. There was one orifice in the chamber for fuel and one orifice for oxidizer on the
opposite side. Two plates slid over each propellant orifice to define the basic throttling
mechanism. The engine was throttled 4.1-to-1, and no combustion instabilities were observed.
Combustion efficiency increased at lower thrust levels.
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Another modified variable thrust rocket engine incorporated a variable area injector using
gaseous propellants. The propellant lines included separate orifices, one for each propellant, and
again plates slid over each propellant orifice. The impinging injector face contained one central
hole for the oxidizer and ten surrounding holes for the fuel, angled so that impingement occurred
roughly two inches from the injector face. Throttling over 7-to-1 was achieved. Steady state setpoint tests demonstrated that the overall performance remained nearly constant, with a very slight
drop-off of specific impulse. The c* performance was highest at the low throttle conditions and
was attributed to the longer gas molecule chamber residence time. There was no indication of
combustion instabilities.
A hydraulic control system was later implemented to actuate the throttling mechanism.
The engine response to transient throttling over a thrust range of 5-to-1 was examined. Impulse
throttling showed that it took longer for the decreasing percent throttle tests than for the
increasing percent throttle tests to return to steady state performance values. This was attributed
to flow pressures in the manifold and resulting friction forces. There were never any indications
of combustion instabilities for any of the tested configurations however it was not clear as to
whether this was due to the throttling technique or the gas propellant injection.
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2.1.7.7 Deep Throttling TR202 (2005)
Northrop Grumman Space Technology (NGST) is currently developing the TR202
engine, a closed expander cycle engine with independent turbopumps and a variable area pintle
injector, for technology development of a cryogenic propellant applicable to the lunar descent
engine.121-123 The independent turbomachinery and variable area pintle would enable full control
over mixture ratio and thrust. Injector tests have been performed at NASA Marshall Space Flight
Center. Stable combustion performance was demonstrated with a pintle injector at several
setpoints over a 10-to-1 throttling range with LO2 and GH2 propellants.
The pintle injector would control the core and wall mixture ratios and maintain
acceptable injection propellant pressure drops, which should provide high combustion efficiency
and combustion stability over the entire throttling range. An illustration of the pintle concept is
shown in Figure 2.29. NGST is addressing several technology challenges, most relating to
behavior during deep throttling, including acceptable injector performance, continuous and deep
throttling with cryogenic propellants, stable combustion, acceptable cooling, balancing injector
resistance with pump performance and pump exit pressures during throttling, maintaining mixture
ratio at desired levels, avoiding pump stall at low flow conditions, and developing deep throttling
turbopump technology. Most of these issues are general concerns for any deep throttling
technology.

Figure 2.29: Pintle Injector Operation Illustration121-123
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The injector will be developed to a 10-to-1 throttling range and the data used to update
the engine design based on program throttling needs. As the engine throttles, the fuel hydraulic
pressure drop ratio will increase because the density is a strong function of temperature. The
oxidizer hydraulic pressure drop ratio will also increase because the variable area injector orifices
are sized for a specific pressure drop. The hydraulic pressure drop ratio will range from 20% at
full thrust to 106% at minimum thrust. This has no effect on the cycle balance, because there is
more power margin at lower throttle settings. The ability to control mixture ratio over the
throttling range provides the ability to maximize propellant utilization, and the ability to control
injector resistance eliminates the possibility of chug or high oxidizer pump exit pressures at high
thrust.

2.1.8 Hydrodynamically Dissipative Injectors
Hydrodynamically dissipative injectors use fluid dynamic methods to create adequate
impedance across the injector. Methods to do this include use of capillary tubes, which create a
high pressure drop by means of viscous losses, or long element features to create added fluid
mass or inertance as additional impedance. The most common method, widely used in Russia,124
is to use swirling vortex tubes to effectively alter the discharge coefficient over a throttling range,
in combination with propellant throttling.14, 125, 126 A dual-manifold approach is used in
combination with this technique. These methods ensure that the injector is free of moving parts,
although additional valving is necessary in some cases. Hydrodynamically dissipative injector
methods are usually subsets of other methodologies, such as high-pressure-drop injectors or dualmanifold injectors.
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2.1.8.1 Demonstration of Throttleable LOX/GH2 Injector Concepts (2001)
A swirl injector with a two-channel liquid oxidizer system was designed and successfully
tested at the Pennsylvania State University with expert advice from visiting professor Vladimir
Bazarov.127, 128 The tangential-entry dual-inlet swirl injector, a common Russian design, is
effectively a dual-manifold injector. Throttling is performed by independently controlling flow
through the two channels. Throttling behavior is quantified not only by mass flow variation, but
also by variations in injector discharge coefficient. A vortex tube is formed inside the injector
element by considering element design and managing pre-injection swirl flow. The theory shows
how controlling the hydraulics inside the injector element influences the discharge coefficient.
Single throttle point experiments were conducted over a 10-to-1 throttle range, and continuously
throttling experiments were conducted by continuously varying propellant flow rates over a wide
operating range during a single run.
Chug (45 Hz with harmonics) was observed at the lowest chamber pressure while the
dual-element injector was in single-channel operating mode. This instability, attributed to very
long (33 ft) feedlines and inadequate pressure drops, degraded performance at this operating
point. The chug oscillation appeared occasionally during transient runs and also occurred at the
transition between two-channel operation and single-channel operation, but that could have been
attributed to the closure of the liquid oxygen valve.
Performance efficiencies were reduced during chug instabilities but also at high throttling
conditions. The performance degradation at high throttling was shown to be possibly due to poor
mixing caused from a fuel-oxidizer momentum imbalance. Much better performance was
obtained when the straight shearing fuel injection plate was replaced with the swirling injector
plate, giving an adequately sized swirl jet.
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2.1.9 Combined Methods
Some throttling methods, such as variable area injectors or hydrodynamically dissipative
injectors, combine techniques to utilize advantages from each particular method and provide even
deeper throttling. Variable area injectors commonly use valves in the propellant lines for
additional flow control. Hydrodynamically dissipative injectors combine propellant throttling,
dual-manifold injectors, and variable discharge coefficients. Dual-manifold throttling requires
propellant throttling. The pulse modulation by Bell Aerospace, described in Chapter 2.1.5.2
Lunar Flying Vehicle Study (1964), combines high-pressure-drop injectors for 12-to-1 throttling
and pulsing methods to increase throttling to 100-to-1. Most methods require propellant
throttling to some extent. Other throttling technology combinations are also possible.

2.1.9.1 Advanced Throttling Concepts Study (1964)
A combination constant area injector and variable area injector, as contradictory as it
sounds, was investigated in the Advanced Throttling Concept Study by Pratt & Whitney Aircraft
in 1964.53, 83 This study also examined dual manifold injectors and gaseous injection and is
discussed in Chapter 2.1.2.1 Advanced Throttling Concepts Study (1963) and Chapter 2.1.3.3
Advanced Throttling Concepts Study (1964). The intent of this study was to evaluate injector
systems that provide high combustion performance during deep throttling (specified down to 50to-1). The injector, called the BIProportional Area Spring (BIPAS), was operated in two distinct
modes. At low thrust levels it acted as a variable area injector to maintain a constant pressure
drop, and at high thrust levels it had the characteristics of a constant area injector with variable
pressure drop. This allowed for a reasonable injector pressure drop over a wide thrust range
while providing enough resistance at high thrust to prevent low frequency instabilities. The
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spring rate of the poppet valves and the location of a physical stop restricting the poppet valves
could be changed based on the stability characteristics of the engine. This injector design was not
selected for demonstration testing, although it appeared to be superior to the variable area
injector.

2.2 Review Summary
LREs are generally designed for fixed thrust operation with small variations about the
design point for throttling. There are many applications where variable thrust is required,
however, including planetary entry and descent, space rendezvous, orbital maneuvering,
including orientation and stabilization in space, and hovering and hazard avoidance during
planetary landing. This paper reviewed the methods for throttling LREs beginning with the
pioneering work in the 1930s. The following paragraphs briefly summarize the important
characteristics of each method.

2.2.1 High-Pressure-Drop Injectors Summary
Project Thumper, one of the first extensive deep throttling investigations, touched on
many of the issues related to throttling with a fixed-geometry injector. Performance was reduced
at low power levels due to poor combustion at low chamber pressures, mainly because there was
insufficient injector pressure drop to sustain good atomization and mixing of the propellants.
Instabilities were discovered at lower chamber pressures, including whistling (high frequency
combustion instability), motorboating (chug), and hydraulic instability. The instabilities
increased the heat transfer rates to several times greater than expected without instability. Studies
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showed that the fuel in a regeneratively cooled chamber would vaporize at low pressures, and in
general, cooling ability was decreased at lower thrusts.
Similar characteristics were observed in other fixed-geometry injectors from other
programs, including the sequence of instabilities as chamber pressure was reduced and the
increase in heat transfer during instability. High-pressure-drop injectors have performed better
than low-pressure-drop injectors in terms of stability and performance during throttling. Several
other solutions were proposed to improve stability, including reducing the injector area if pump
head rise was available, providing heat transfer to increase the amount of vapor in the manifolds
and thus increase resistance, and injecting gas into the liquid manifolds, which also increases
resistance. Low frequency system instabilities occurred when coolant flow vaporized inside the
coolant jacket.
Rapid transients over the throttling range were also investigated. In a pump-fed system,
throttling from high thrust to low thrust could stall the fuel pump. Other pump-related concerns
during throttling included rotordynamic stability, running at shaft critical speeds, high pressure
fuel turbopump thrust bearing lift off, hydrostatic bearing of the high pressure oxidizer
turbopump running in the stall region, freezing turbine gas, sustaining a satisfactory axial thrust
balance, bi-stability of the high pressure oxidizer turbopump boost pump, and performance of the
turbopumps at low flow-to-speed ratios. Nozzle sideloads during the start and shutdown from
low thrust were also concerns.

2.2.2 Dual-Manifold Injectors Summary
There are several common themes that occur in dual-manifold injector systems. In
general, higher performance efficiency can be achieved at low thrust levels because the injector
can be designed with high injection velocities at low thrust, so performance is acceptable, and

75
high injector resistance, so stability is acceptable. Typically the oxidizer side or liquid side
contains the dual manifold, because that circuit is generally the driving mechanism for
combustion instability. Complexity is increased over high-pressure-drop injectors because of the
additional control valves.
There are combustion instability and operational concerns at the transition point.
Instability at the transition point has also occurred at low thrust, where only one manifold
operates. In one case, chug was attributed to liquid flowing into the secondary manifold and
compressing the trapped gas inside. The chug was eliminated by bleeding the secondary
manifold to remove the gas. In another case, instability was incited by two-phase flow entering
the secondary injector orifices and becoming trapped after the secondary injector control valve
was closed, and again was eliminated by releasing the trapped injector purge gases in the
secondary manifold. The selection of the transition point is a compromise to obtain adequate
injector velocity from the secondary injector for good propellant mixing and conformance to
limiting system pressures, as well as providing adequate stability margin. Complete closure of
the secondary manifold can cause overheating of the secondary manifold, depletion of propellant
from the secondary manifolds, and contamination of the unprimed secondary manifold with
combustion products. Low thrust over a long period of time can deplete the secondary manifold
propellant and cause a significant time delay and lower thrust for diversion of primary flow to reprime the secondary manifold.
Other design challenges include the transient system response during flow from low
thrust to high thrust, because of the necessity of priming the secondary manifold. The proposed
method to obtain a fast response during the transition is to continuously flow fluid through the
secondary manifold, either by a bleed flow through the secondary valve or a bleed flow from the
primary fluid flow. Injector volume is typically minimized to generally ensure adequate flow
response during throttling.
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Stability and performance can be optimized by optimizing the flow splits between the
primary and secondary manifold. In one example the secondary injector flow was not pumped
evenly from the injector, which caused an uneven mixture ratio distribution in the chamber.
The throttling heat transfer results indicate that a transitional and/or a laminar boundary
layer may be encountered in the nozzle region at some point over the throttling range. This
transition would likely occur if the ejector system could not replicate vacuum conditions
adequately. The total chamber heat load generally fits over the entire throttling range with the
classical heat transfer correlation of pc0.8.

2.2.3 Gaseous Injection Summary
The primary advantage of the gaseous injection method for large thrust engines is the
maintenance of a high injector pressure drop over a wide throttling range by a lowering of the
propellant bulk density. This method has been shown to eliminate instabilities by increasing
injector resistance, and is generally only necessary when operating at low thrust. For very small
thrust engines the additional flow can increase thrust. Additionally, performance is not reduced
during throttling, and in fact may increase, due to the increased pressure drop as well as increased
mixing from an aerated propellant. In most cases, however, the added weight and complexity of
gaseous injection hardware, including valving, piping and control systems, will reduce the
payload gain from any performance increase. As a minimum the gas should be tapped off
another system, such as the tank pressurant. The gas flow rate can be optimized for both
performance and stability, but the flow rates required are generally less than 1% of the propellant
flow.
The gaseous injection device must be designed so that smooth homogeneous gaseous
injection occurs. In one water flow test, feed system instability was created by the surging of gas
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into the injector manifold. Maldistribution or nonuniformity of the aerated propellant could cause
mixture ratio variations and local hot and cold regions in the combustion chamber. And lastly,
one interesting technique used combustion in the propellant lines to lower the density and
produced stable and repeatable results. This technique posed the obvious challenge of trying to
control reaction rates in the propellant lines.

2.2.4 Multiple Chambers Summary
The primary advantage of throttling with multiple chambers is that a deeper throttling can
be achieved by controlling the thrust of each chamber independently. Multiple chambers are
commonly used in Russia for reasons not specific to throttling, primarily for combustion stability
and manufacturing advantages. The obvious disadvantages include the feed system complexity
and less than optimum weight. Aerospike engines can take advantage of using multiple
chambers. Multiple small chambers make up banks that can be independently throttled in the
aerospike engine.

2.2.5 Pulse Modulation Summary
The objective of pulse modulation is to obtain a thrust profile by utilizing pulses of
various thrust levels and durations. Two typical modes of operation include obtaining a thrust
profile by using pulse modulation of a constant width but varying thrust level, and obtaining a
thrust profile by pulse modulation of a constant thrust for each pulse but with varying pulse
width. A fast response valve is essential to providing pulses of propellants into the combustion
chamber. A small manifold provides maximum pulse response and pulse performance.
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The performance from a pulsed thrust operating point is usually lower than that of an
unpulsed or continuous operating point, due to the effect of including the transient as a significant
portion of the duration in the overall impulse. The poorer mixing and atomization during the
transients lower the average performance of the pulse. Disadvantages also include shock loading
on the vehicle, heat soak in the chamber head end, inefficient use of propellant due to the
chamber cooling channel, and injector dribble volume losses between pulses. Ignition of each
pulse can be a concern, depending on the pulse rate.
Having the ability to pulse can provide extreme throttling capability. Combining pulsing
with continuous operation has provided throttling to 1% of maximum thrust, but due to
performance degradation while in pulse mode, most of the mission should be executed at high
thrust during continuous operation.

2.2.6 Throat Throttling Summary
The throat throttling method is unique, in that it provides the highest performance and
chamber pressure at low thrust. There are many disadvantages with this method, however,
including cooling the throat pintle and preventing excessive vibrations of the pintle. An uncooled
throat pintle was historically not an option, because of material limitations, but there are now
higher temperature material and thermal coatings available. The pintle could also be
regeneratively cooled.
Performance losses have been attributed to gas separation in the nozzle cone because of
the location of the pintle, which was verified visually with exhaust gas directed at steeper angles
during throttling. An optimized pintle device shape would be important to obtain maximum
performance. The effect of pintle design on nozzle coefficient should be investigated to obtain
the best performance during throttling. Additionally, for a constant-pressure propellant system, it
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would be impossible to obtain optimized atomization and mixing with this method because there
is not an adequate pressure drop across the injector over the full range. A compromise must be
made in chamber size because there are large variations in L* due to the varying throat area. At
low thrust, the L* is much higher and allows for more complete combustion, which improves
efficiency. Combustion instabilities are a concern at low thrust, even with the high chamber
pressure, because the injector pressure drop is small at low thrust. A high rate of thrust change
can be designed by incorporating a good hydraulic system for the pintle device.
Finally, throat throttling by means of gas injected into the nozzle throat does not
immediately seem practical. The major drawback is the required high temperature needed for the
injected gas. In the ideal configuration, the injected secondary gas would have a low specific heat
ratio, a low molecular weight, and a high temperature, and be injected at the throat.

2.2.7 Variable Area Injectors Summary
The variable area injector methodology is the most familiar throttling method, because of
the legacy of the LMDE. The major advantages of variable area injectors are their relative
simplicity and the few incidences of high frequency combustion instability. The resistance to
high frequency combustion instabilities probably occurs because the location of energy release
from the center-mounted pintle injector minimizes coupling with the tangential and first radial
acoustic modes.
Disadvantages include the requirement for a propellant control system and heat transfer
to a pintle injector element. Major concerns in early experiments included optimization of flow
control and injector design, integration of the variable area injector with the thrust control system,
leakage around the pintle injector, and maintaining a specific mixture ratio for a particular thrust.
Most of the problems were rectified by incorporating flow control valves in the propellant lines.
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In this way, both an appropriate injection pressure drop and a controlled mixture ratio were
possible. Performance efficiency may not be as high as with a multi-element injector.

2.2.8 Hydrodynamically Dissipative Injectors Summary
The hydrodynamically dissipative injector uses fluid dynamics to improve the impedance
across the injector. Swirling vortex tubes are the most common method and enable deep
throttling by altering the discharge coefficient. The major advantage of this method is that the
system remains simple because there are no moving parts in the injector. Although there is
limited work in this area, an analytical framework allows the design of a two-channel
hydrodynamically dissipative injector, and more specifically, a tangential-entry dual-inlet swirl
injector. Throttling behavior is quantified not only by mass flow variation, but also by variations
in injector discharge coefficient. A vortex tube is formed inside an injector element by
considering element design and managing pre-injection swirl flow. The theory shows how
controlling the hydraulics inside the injector element influences the discharge coefficient.
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Chapter 3
Time Lag Stability Models
Time-lag-based stability models have been used for rocket engine design, development,
and understanding since their origin in the 1940’s and 1950’s. Noted scientists and engineers,
including T. von Kármán, M. Summerfield,4 L. Crocco and S. Cheng,5, 129, 130 D. Gunder and D.
Friant,131-133 and M. Natanzon,134 originally contributed to these rocket engine stability models.
The time lag concepts were incorporated into the first stability models to help understand chug
instabilities observed in rocket engines and also were the first to be incorporated into rocket
engine design and development.
The time lag concept was originally incorporated in models to account for the delay
associated with the evolution of combustion gas from the time the propellant was injected. The
basis of the hypothesis was that a time lag existed between an arbitrary fluctuation in the
propellant flow and its subsequent manifestation in the combustion chamber pressure.4 This time
delay accounts for the kinetic rates of mixing, atomization, and chemical reactions before the
propellants are fully combusted.4 The earliest models were relatively simple as will be described;
however they did provide phenomenological insight and several crude conditions for stability.
The first models were limited to monopropellant and point combustion, but were quickly
extended to incorporate distributed combustion and bipropellant systems. The first models also
considered that the pressure oscillation period was long compared to the time that a pressure
wave can traverse the chamber. In other words, the fluctuating chamber pressure was axially
constant so the acoustics were not considered in the models. Crocco5, 130 soon extended this to
incorporate acoustic factors. He later described intermediate frequency instabilities2 where the
wave motion in the chamber was no longer neglected like in the chug models, though there was
not necessarily coupling with the acoustic modes.
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There are several key concepts in time-lag-based combustion instability models. Each
concept will be described in more detail as appropriate for the particular formulation in this
chapter. However a brief description is provided as introductory material. The concepts
described next are the time lag, interaction index, chamber response, burning response, and
injection response.
The time lag concept was probably introduced when it was observed that a combustion
instability required a feedback mechanism. Crocco admitted that their use far exceeded their
original purpose of gaining insight into the essential features of the phenomenon.2 The
mathematical development and the engineering application subsequently were extended far
beyond the original heuristic approach. It was realized, though, that the time lag described the
evolution of the combustion process and it was replaced with a discontinuous process for
simplicity. It is an approximation of the complex intermediate steps such as mixing, atomization,
and fluid coupling. In the time lag models, these details are not needed. However, these
intermediate steps are very important and understanding these can help build better models that
could be used practically in engineering. There are computational fluid dynamics models that
currently investigate these intermediate steps. Some estimates of time lag are made
computationally by using the peak heat release rise rate from a CFD analysis. The time lag
approximation provides a sudden transformation from propellant injection to the final products of
the reaction. The duration of the total time lag consists of the insensitive time lag and the
sensitive time lag. The insensitive time lag is unaffected by variation in physical factors usually
over a larger portion of the total time lag duration (such processes during this time are likely
atomization and mixing of the propellants since primarily these processes are injector
configuration dependent; these processes occur first and thus constitute a necessary prerequisite
for others). The sensitive time lag is affected by variation in physical factors (such processes
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during this time are related to the combustion burning, e.g. chemical reaction and kinetics,
heating and diffusion). The cartoon shown in Figure 3.1 describes time lag.

Figure 3.1: Cartoon Describing Time Lag
The concept of the interaction index is a slightly more difficult one. A detailed
formulation in this chapter provides much insight. The key aspect of the interaction index is that
it provides a quantitative measure of the amount of coupling between the rates of the chamber
physical factors and the chamber pressure. The interaction index is zero for the duration of the
insensitive time lag and is a value of order unity for the rest of the time lag duration. The
interaction index is only active for the duration of the sensitive time lag since the chamber
pressure oscillations have the opportunity to couple with other physical factors only during this
time. Prior to this, the other physical factors are insensitive to the chamber pressure oscillations.
Figure 3.2 shows a cartoon describing interaction index. Example order of magnitude values for
interaction index are derived using simple relationships in reference [5], such as from the
combustion kinetic reaction rate from the Arrhenius equation.
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Figure 3.2: Cartoon Describing Interaction Index
The chamber response (sometimes referred to as the burning response), injection
response (sometimes referred to as the injector response), and burning response, are all defined by
the ratio of pressure oscillations and mass flow rate oscillations either as an impedance or an
admittance at a specific location. The chamber response (usually in terms of impedance) for the
concentrated combustion model is the relationship between pressure oscillations and the
difference in mass flow rate oscillations at the combustion front (between an upstream and a
downstream region). This, in effect, is a simulated source because combustion is specified to
occur at that location and is accounted for by the appropriate change in oscillatory mass flow rate.
The appropriate change in oscillatory flow rate is due to the source of energy from combustion;
the effect of concentrated combustion is incorporated in the acoustic behavior of the chamber
because the concentrated combustion is incorporated in the wave equation solution for the
chamber. The injection response is the relationship between pressure and mass flow rate
oscillations at the exit of the injector after the duration of time represented by the time lag (that
represents the change of propellant to burnt gas). Contribution to this term can include
components in the feedsystem that would alter the phase and gain relationship of the oscillatory
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parameters at the interface between the injector and the chamber. The configuration of the
injector is usually the primary influence in this term. The burning response is a much simpler
term and accounts for the oscillatory pressure and mass flow rate relationship to the interaction
index and sensitive time lag at the combustion front. This is the well-known n, τ s relationship.
The term ‘response’ can be misleading; it is used because the admittance (or impedance)
of each term described above is often plotted as a sinusoidal transfer function, i.e. sinusoidal
excitation, as a function of frequency usually on a Bode plot. These plots show the frequency
response of the admittance (or impedance) treating the oscillatory parameters, mass flow rate and
pressure, as the input or output. It is described later that there is an appropriate combination of
the chamber response, injector response, and burning response that represents the open-loop
transfer function of a closed-loop feedback system. This transfer function can be used to identify
the injector admittance and the burning admittance as the inputs and the chamber admittance as
the output, however it is a misnomer to refer to each one individually as both transfer function
responses and also as inputs or outputs.134-137
In the following time lag review, the major missing steps from the literature for each
model development are included in this chapter. The development, with the missing steps,
provides a better understanding of the approach and allows ease of model extension, for those
who follow and study these topics. The nomenclature was also changed from the original
literature to provide contemporary and consistent symbols throughout. Equations shown with
gray-filled boxes indicate equations that require emphasis.

3.1 Research Goal, Strategy, and Objectives
Very thorough reviews in this dissertation have been performed in two areas – liquidpropellant rocket engine throttling and time-lag-based combustion instability modeling. The
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discussion of combustion instability follows in this chapter. These reviews serve two purposes.
The first purpose is to put in one place and in an organized fashion, the essential information and
references that one might need for further research on these topics. The second purpose is to lay
the groundwork, including areas that have always been neglected in the engineering community,
to help clarify any history (for throttling) or theoretical development (for stability models) and to
provide better understanding of historical concerns, modeling efforts, and/or results that are used
for rocket engine design and environment predictions.
There is a definite connection between deep throttling and combustion instabilities,
primarily for low frequency combustion instabilities. It was found in the throttling review that
instabilities were one of only a handful of major issues that almost always occur during deep
throttling. High frequency instabilities are also a concern because the operating conditions vary
over such a large operating range. The chances of encountering an instability is greatly increased
since instabilities are very sensitive to many parameters, including injector resistance, propellant
temperature, chamber pressure, and mixture ratio. These parameters can all change dramatically
over this operating range. In reviewing liquid-propellant rocket engine throttling, a unique
approach in eliminating a chug instability was uncovered. This approach required only a small
amount of injected gas into the liquid propellant to eliminate the instability. Subsequently,
helium was injected into the liquid oxidizer propellant just upstream of the manifold in the CECE
engine. CECE is a modified RL10 engine, assembled from a mixture of heritage development
hardware. The engine was designed for technology development and risk reduction applicable to
a deep throttling cryogenic lunar descent engine. Data was acquired for tests with and without
helium injection showing that with enough helium injection the chug instability would be
completely eliminated. Data was also acquired from a separate engine component gas generator
test; this data was used to help understand the effects of damping in a newly developed model.
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These data would be used to better understand the effects of gaseous injection and to help
understand the newly developed models.
The overarching research goal for this dissertation is simply to extend the classic timelag-based models to incorporate additional physics and new features so that a more sophisticated
approach can be used practically to assess rocket engine stability problems. The major physical
attributes that are incorporated in the extended models include damping effects due to viscous or
other losses, more representative injector boundary conditions, and propellants of a homogeneous
liquid-gas mixture.
The research strategy that will be taken to achieve the goal is to formulate and exercise
several separate models. The concentrated combustion models are the Crocco model, the
contemporary model, the new modified Crocco model, and the new damping model. The Wenzel
and Szuch double-time lag chug model is also examined. The details of each model will be
described in the text. But briefly the Crocco model is the original model developed by Crocco
from reference [5], the contemporary model incorporates perturbations from propellant injection,
the modified Crocco model, formulated in this dissertation considers the acoustic boundary
condition at the injector end and encompasses this into the chamber response, and the new
damping model is the most general form that additionally incorporates damping effects that
would be present in the chamber. These models are all based on Crocco’s high frequency
concentrated combustion formulation. The double-time lag chug model is based on the
formulations of Wenzel and Szuch and are extended to incorporate gaseous injection and oxidizer
manifold boiling considerations in the feed system as well as allowing for a generic form of
flowrate for correlations. The single-, double-, and modified Szuch time lag models are also
recast analytically in a practical functional form.
There are several objectives that act as measurable steps to realize this research strategy:
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To formulate and exercise the aforementioned models, detailed reviews are first performed:
•

Perform a thorough review on throttling LREs and detail the concerns, such as
combustion instability, since it is an area of deep interest to NASA and the aerospace
community and it has a limited knowledge base

•

Perform a detailed review on classic time-lag-based combustion instability models to
help lay the foundations for the new development and advancement of the models as well
as to summarize the knowledge base in one place

To show that the extended concentrated combustion models provide a better representation of
data and to also examine the effects of damping and the injector acoustic boundary condition, the
following objectives must be met:
•

Reformulate Crocco’s model using contemporary nomenclature (Crocco model)

•

Formulate the contemporary model by incorporating an injector response (contemporary
model)

•

Create a formulation that incorporates appropriate injector boundary conditions that are
neglected in contemporary models (modified Crocco model)

•

Develop a formulation that incorporates damping by using shear stress as a tool to
incorporate losses into the framework (damping model)

•

Build a tool to encompass the analytical formulations (CCSC)

•

Extract frequency-dependent damping from component gas generator test data

•

Exercise the CCSC tool to study the parametric effects of these extensions on stability by
comparing to the other concentrated combustion models and the Wenzel and Szuch chug
model
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•

Exercise the CCSC tool to compare the models to marginally stable gas generator
component test data to show the applicability of the new models

To show that the extended chug model provides a better representation of data, the following
objectives must be met:
•

Develop a tractable analytical formulation for the single-, double-, and modified Szuch
time lag chug models as functions of practical engine parameters

•

Build a GUI-based tool to encompass the analytical formulations (CSC)

•

Reduce the CECE data into a useful form for data analysis

•

Exercise the CSC tool to study the chug environment from CECE and to show the
applicability of the new models using data with helium gas injection and oxidizer
propellant boiling

There are several tactical approaches in quantifying the objectives to realize the strategy
and to finally meet the goal. These details will be discussed within the dissertation.

3.2 Gunder and Friant Time Lag Model
One of the first time lag models was developed by Gunder and Friant132, 133 to provide
design criterion for a rocket engine to operate without chug. Equation 3.1 below is their model
which is a conservation of energy with incompressible flow in a pressure-fed rocket system.
They assume that the chamber pressure at an instant of time is related to the velocity at a previous
instant in time. The time lag introduced is the time it takes a liquid particle to go through the
process of impingement, atomization, and final conversion to combustion gas.131 It is clear by not
considering the conservation of mass that the very important chamber storage effects are not
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included in their model – this will be detailed in subsequent sections. They proceed to attempt to
solve this delay differential equation (DDE), also called a hystero-differential equation, using
several different methods. It is not an ordinary differential equation (ODE) because the
derivative of the unknown function at a certain instant is given in terms of the function at a
previous instant.
2
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Today, there are numerical algorithms as well as simulation software that can easily solve these
types of equations,138, 139 however stability information would not be provided easily. Gunder and
Friant find that the easiest solution to this equation that also provides stability information is to
use the Nyquist method. By analyzing Nyquist plots for their test cases, they find a way to
represent a sufficient stability condition analytically. This is shown in Equation 3.2.
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They proceed to develop a similar model for a bipropellant system.
Gunder and Friant bring the Nyquist method, a classical control theory technique, into the
realm of combustion instability. It is always possible to plot the characteristic equation in the
complex plane.131 A discussion of characteristic equations follows in Chapter 3.9 Control
Engineering Background. Yachter later investigated the Gunder model and analysis and
realized that the time lag quantity can be obtained empirically by using the frequency of chug
oscillation.131 The time lag was determined to be approximately equal to twice the inverse of the
chug frequency:

τT ≈

2

ω

(3.3)
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He also pointed out that the model provides a sufficient condition for stability:

Δpinj >

pc
2

(3.4)

Yachter131 developed a model, referenced as being from a restricted report, which incorporated
both the chamber storage and energy considerations. He showed that there is only a small change
in frequency when the engine operating conditions continue into the unstable regime. This was
theoretically characterized and was used to estimate values for time lag. Additionally, an
analytical expression was obtained to estimate the amount of damping in the neighborhood of
instability. The geometry of an injector has a significant effect on the stability of the system; it
was found that a chamfer instead of a sharp corner at the injector entrance has a significant effect
on improving stability.

3.3 Summerfield Time Lag Model
In an effort to explain a damaging oscillation in a rocket engine test series, Summerfield
developed a time-lag-based theory.4 In its original unpublished form in 1941, the dominant
feature thought to be responsible for the self-excited oscillations was the chamber compliance and
neglected inertial characteristics of the propellant lines.4 Gunder and Friant subsequently
developed a theory of time lag in 1949132 and 1950133 described previously, independently of
Summerfield’s original model and did not consider chamber compliance; the dominant
responsible feature in their model was the feed line inertance. Both models showed that chug
oscillations could be achieved with either one of these considerations. Summerfield decided to
consider both physical features in his theory and proceeded to develop this model in 1951.4
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Summerfield linearized his model and plotted it in a domain with a damping parameter as a
function of frequency using a method by N. Minorsky.140 He also showed that the maximum
frequency occurs at near neutral conditions and is described as Equation 3.6.

f =

RTc g c
c* L*

(3.6)

From his model he developed a few conditions for stability. Equation 3.7 and Equation 3.8 give
sufficient conditions for stability, and were claimed to be useful as design criterion.
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There are several implications for improving stability from Equation 3.7 and Equation 3.8
including increasing the pressure difference between the tank and the combustion chamber,
increasing the volume of the combustion chamber (or increasing L∗ ), increasing the feedline
length, reducing the cross-sectional area of the feedline or injector orifices (or increase the mass
flow per unit area), and reducing the time lag. An interesting point that Summerfield makes is
that reducing the cross-sectional area or lengthening the feedline is an attractive remedy because
it takes a smaller increase in supply pressure to achieve the same degree of stability. These
implications, in general hold today, however care must be taken. For example, lengthening the
feedline may introduce a feed system acoustic response in the neighborhood of the chug
frequency that may exacerbate an instability.
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3.4 Crocco and Cheng Monopropellant Time Lag Chug Model
Crocco published journal articles in 1951129 and 1952130 that laid much of the foundation
for time-lag-based models today. He later made improvements and detailed his work with Cheng
in a book in 1956.5 He made many advances in the theory including extending it to high
frequency oscillations and accounting for a variable time lag that is correlated with the oscillatory
pressure, i.e. sensitive time lag. Using the time lag itself is sometimes considered a major
assumption because it does not account for the physical details of atomization, mixing, and
burning. There are major difficulties in describing these detailed processes. However these
models are useful in a practical sense because time lag can be validated to various engine
configurations and then applied in a fast and convenient manner to similar configurations. The
first models considered the time lag as a constant average value because engine data showed
instabilities at a single frequency. It was clear that this phenomenon could be related back to
constant time lag dynamical systems, but these processes were definitely far from constant. As
these processes can be fully described and as they are related back to a time lag distribution, they
would more likely give a complex time lag function. In other words, the time lag is in general not
a constant value, but would be some distribution through the combustion chamber and vary as a
function of space and time. Some efforts have also been made to characterize this time lag
distribution by analyzing the droplet velocity using CFD.
Crocco5, 129, 130 also introduced a parameter called the interaction index. He recognized
that there were many processes occurring through the duration of the time lag. And that the
details of the processes and the rates of the processes could be represented as a function of the
physical factors. He also recognized that the variations of the physical factors do affect one
another. The rates of these processes are difficult to obtain at every instant and every location.
So a simplifying assumption was made that all these rates correlate in some way to the local
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pressure. For example, the gas temperature and propellant injection relative velocity are in some
way coupled such that they affect one another, but each of their effects would also influence the
local pressure. This will be described mathematically as follows and the interaction index will
be introduced.
The rate of the relevant processes at a given location and time is a function of the
physical factors (pressure, temperature, etc.). A Taylor series expansion about the mean values of
the physical factors gives an expanded form of the rate in terms of all the physical factors.

f ( p, T , Z ,...) = f ( p, T , Z ,...) + p '

∂f
∂p

+T '
p ,T , Z

∂f
∂T

+Z'
p ,T , Z

∂f
∂Z

(

+ ... + O p '2 , T '2 , Z '2 ,...
p ,T , Z

(3.9)
The order term is subsequently removed for clarity in all other Taylor series expansions from here
on. In developing their model, Crocco5, 129, 130 often used Taylor series expansions to linearize the
mathematics. In general, real systems are nonlinear, though linearizing the models for stability
analysis is a valid approach. Lyapunov’s stability theorem states that the stability conditions for a
nonlinear system are the same for that of the same system linearized about a steady state.134, 141
This allows the solution to be solved in a tractable manner and the stability of a real system can
be examined. The other time lag based chug models follow suit and are also linearized in the
same fashion.
In the linearization process it is very important to consider that the physical factors are a
sum of a steady mean condition and a small sinusoidal perturbation. For example, the local
pressure and temperature can be written as follows:

p = p + p′

(3.10)

T = T +T′

(3.11)

By using his assumption that the physical factors are all correlated to pressure, they can be
linearized as a function of only pressure. For example, the temperature can be written as:

)
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T ( p) = T ( p ) + p '
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p

After substituting Equation 3.13 back into Equation 3.9 and also similarly for all other physical
factors, Equation 3.9 becomes:
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The parameter n can be defined as written in Equation 3.15 where f = f ( p, T , Z ,...)
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This can be substituted in Equation 3.14 which gives Equation 3.16

⎡
p '⎤
f ( p, T , Z ,...) = f ⋅ ⎢1 + n ⎥
p⎦
⎣

(3.16)

This solution is exactly the linearization of f ( p ) = p n using a Taylor series expansion, therefore

f ∼ p n . So by combining all the rates of the potentially unidentifiable processes into a single
interaction index, the explicit effects of all the physical factors can be disregarded except that of
the pressure (since it was assumed that they all correlate to pressure – any other physical factor
could have been chosen however pressure is the most observable physical parameter). So the rate
of all the processes can be related to only pressure and the interaction index.
Crocco5, 129, 130 continues by describing that the interaction index would also be a function
of time and space. Because certain processes may be more important and others may be
negligible over certain time frames and spatial coordinates. For example, the atomization and
mixing processes are prerequisites to other processes and would likely be unaffected by the
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physical conditions in the chamber and only dependent on the injector configuration. Thus the
value of interaction index is negligible in this region and gradually increases as the processes that
are sensitive to the physical conditions in the chamber become dominant (such as the burning
process).
In the foregoing theory, the authors assume that the interaction index can be defined
along the path of a propellant element. It is equal to a zero value for a certain duration of the time
lag. This duration is called the insensitive time lag, τ i . During this time it is assumed that the
physical processes in the chamber do not influence the time lag. The insensitive time lag does not
vary with time by definition so it is equal to a constant value. The interaction index is a value
equal to n , shown to be O (1) , for the remaining duration of the time lag. This duration is called
the sensitive time lag, τ s . During this time, the physical processes in the chamber do have an
influence on the time lag. The total time lag, τ T , is the sum of the insensitive time lag and the
sensitive time lag.
To develop a tractable chug model that does not consider all the complexities of the
combustion processes, several assumptions that are fundamental for a chug instability are laid
out. The first assumption is that the combustion gas pressure is uniform throughout the chamber
and it oscillates about the mean as a whole; this replaces the momentum equation such that it is
not considered. Secondly, the temperature is uniform regardless of the oscillating pressure state
in the chamber so the mixture ratio is exactly constant; this fact replaces the energy equation and
additionally the spatial distribution of combustion does not need to be known. Thirdly, there is
no distribution of time lag so that it has the same value for all propellant elements as applied to
the insensitive and sensitive time lag; the variation in combustion that would affect time lag is not
considered. The second and third assumptions are removed in Crocco’s5 more detailed models.
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With these assumptions the combustion chamber gas dynamics is governed by a mass
balance. The rate of burnt gas generation originating from injection must be equal to the sum of
the rate of ejection of gas out of the chamber and the mass accumulation rate in the chamber.

mb (t ) = me (t ) +

d
M g (t )
dt

(3.17)

It becomes useful to normalize Equation 3.17 by the steady state flowrate so that it can be written
as:

mb (t ) me (t ) d M g (t )
=
+
m
m
dt m

(3.18)

The goal hereafter is to replace Equation 3.18 with another equation where the dependent variable
is the oscillatory pressure instead of local flowrate. This will be the most useful form because
chamber pressure is the most readily observable parameter in combustion instability problems.
Each term will be examined independently.
The first parameter considered is the mass accumulation rate term,

d M g (t )
.
dt m

If the temperature is assumed to be constant, then the mass accumulation rate is proportional to
pressure.5, 129 This can be shown by treating the accumulated mass as an ideal gas and
normalizing to the mean value. The mass accumulation in the chamber can then be written as a
function of pressure.

M g (t )
Mg

=

p (t )
p

(3.19)

And then the mass accumulation rate can be written as follows:

d M g (t ) M g d
=
p (t )
dt m
m p dt

(3.20)
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The term θ g ≡

Mg
m

is the average time that a gas element resides in the chamber prior to reaching

the converging nozzle entrance, or simply the gas residence time. This characteristic time, due to
the mass accumulation, is an important feature that characterizes the dynamics of burnt gas in low
frequency combustion instability problems and was neglected in Gunder’s work.133 This term can
also be written in terms of rocket engine parameters as follows:

θg =

L* c*
g c RT

(3.21)

The mass accumulation rate term is written as Equation 3.22. The local pressure simplified to
only the pertubative part since the derivative of Equation 3.10 leaves only the pertubative part
with

dp
= 0.
dt

d M g (t ) θ g dp′
=
dt m
p dt
The second parameter to consider is the burnt gas rate term,

(3.22)

mb (t )
. Recalling that the
m

propellant elements injected at some instant of time, t , are not burned until an instant later after
the duration of the time lag at t + τ T ; then at another instant, t , where the gas is burned, the total
amount of propellant burned can be defined as Equation 3.23 since injection occurs before
burning at an instant in time prior to the duration of the time lag, t − τ T .
t −τ T ( t )

t

∫ m (t ′) dt ′ = ∫
b

0

mi (t ′) dt ′

0

Recalling the fundamental theorem of calculus, Equation 3.23 can be differentiated with the
following result:

(3.23)
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⎛ dτ ⎞
mb (t ) = mi (t − τ T ) ⋅ ⎜ 1 − T ⎟
dt ⎠
⎝

(3.24)

Also, since by definition the insensitive time lag is constant, the derivative of the total time lag is
simply the derivative of the sensitive time lag so that Equation 3.24 can be written as follows:

⎛ dτ ⎞
mb (t ) = mi (t − τ T ) ⋅ ⎜1 − s ⎟
dt ⎠
⎝

(3.25)

⎛
⎝

The next step in formulating the burning rate term is to represent the term ⎜ 1 −

dτ s ⎞
in a
dt ⎟⎠

useful form. The goal is to find the relationship between the sensitive time lag and the physical
factors. Equation 3.16 already gives the relationship between the rate of a process and the
physical factors (all correlated to pressure). The insensitive time lag is not affected by the
variation of physical factors so it is ignored, however the sensitive time lag is affected because
the rates of the processes that determine its duration do change with the physical factors. So an
integral can be defined such that the full burning process is completed when all the physical
processes accumulate to some determined level, Ea , at which time there is a transformation into
burnt gas.
t

∫

f (t ′) dt ′ = Ea

(3.26)

t −τ s

The integral is defined following the path of a propellant element from the instant when the rates
began to affect the physical factors, t ′ = t − τ s , to the instant of combustion, t ′ = t . The rate

f (t ′) must be computed at each instant t ′ at the spatial location of the element at that instant.
The rate can be written generally as Equation 3.27.

f (t ′) = f { p[ x(t ′), t ′], T [ x(t ′), t ′], Z [ x(t ′), t ′], ...}
Equation 3.26 can also be written in steady state.

(3.27)
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t

∫τ

t−

f (t ′) dt ′ = Ea

(3.28)

s

Where now the variation of f is due to only the spatial nonuniformity as described in Equation
3.29.

f (t ′) = f { p[ x (t ′), t ′], T [ x (t ′), t ′], Z [ x(t ′), t ′], ...}

(3.29)

Since the injection velocities and combustion gas velocities are much lower than the sound speed,
the physical factors (pressure, temperature, etc.) are relatively uniform in the chamber, therefore

p , T , and Z are all constant. And so, with no time dependence, Equation 3.28 can be
integrated to Equation 3.30.

f ⋅ τ s = Ea

(3.30)

With τ s = τ s + τ s′ , Equation 3.26 can be broken up over the appropriate intervals such that the
integrals include the steady time lag.
t −τ s

∫τ

t−

f (t ′) dt ′ +

t

∫τ

t−

s

f (t ′) dt ′ = Ea

(3.31)

s

The first term can be linearized by carefully considering the Taylor series. The steps are included
for this particular linearization for clarity. This should be linearized about the parameter τ s .
This term can be written as Equation 3.32.

g (τ s ) =

t −τ s

∫τ

t−

f (t ′) dt ′

(3.32)

s

And a Taylor series gives

g (τ s ) =

t −τ s

∫τ

t−

s

f (t ′) dt ′ +

d
dτ s

⎛ t −τ s
⎞
⎜ ∫ f (t ′) dt ′ ⎟ ⋅τ s′
⎜ t −τ
⎟
⎝ s
⎠

Using the fundamental theorem of calculus, this is then written as

(3.33)
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t −τ s

∫τ

t−

f (t ′) dt ′ = τ s′ ⋅ f (t − τ s )

(3.34)

s

For simplification later, an approximation is made at this time. It is true that the local process rate
is approximately equal to the process rate evaluated at mean values. This is finally written as
Equation 3.35.
t −τ s

∫τ

t−

f (t ′) dt ′ τ s′ ⋅ f (t − τ s )

(3.35)

s

Setting Equation 3.30 equal to Equation 3.31 and then substituting in Equation 3.35, gives the
following:
t

∫

f (t ′) dt ′ + τ s′ ⋅ f (t − τ s ) = f ⋅τ s

(3.36)

t −τ s

Substituting Equation 3.16 into Equation 3.36, solving for τ s′ , recalling that f (t − τ s ) = f , and
then carrying out the integration gives the following:
t

n
τ s′ = τ s − τ s = − ⋅ ∫ p′(t ′) dt ′
p t −τ s

(3.37)

Finally, after taking the derivative of Equation 3.37, recalling the fundamental theorem of
calculus, the derivative term in Equation 3.25 is found as:

dτ s
n
= − ⋅ ( p′(t ) − p′(t − τ s ) )
dt
p

(3.38)

So now that a quantitative relationship between the sensitive time lag and the physical factors is
found, the burning rate term can finally be described by substituting Equation 3.38 into Equation
3.25.

⎛
⎞
n
mb (t ) = mi (t − τ T ) ⋅ ⎜ 1 + ⋅ ( p′(t ) − p′(t − τ s ) ) ⎟
p
⎝
⎠

(3.39)
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Before it is used in Equation 3.18, though, Equation 3.39 is first normalizing by m and then
written in terms of the mean and pertubative part of flowrate.

⎞
mb (t ) ( mi′(t − τ T ) + m ) ⎛ n
=
⋅ ⎜1 + ⋅ ( p′(t ) − p′(t − τ s ) ) ⎟
m
m
p
⎝
⎠

(3.40)

After expanding this and neglecting the higher order terms, the normalized burning rate can be
written as Equation 3.41. The total time lag is replaced by the mean total time lag because the
linearization with the perturbation τ T′ = τ T − τ T only introduces higher order terms.5

mb (t ) mi′(t − τ T ) n
=
+ ⋅ ( p′(t ) − p′(t − τ s ) ) + 1
m
m
p

(3.41)

The last parameter to consider is the ejection rate out of the chamber, me (t ) . Assuming
a constant temperature distribution, the mass ejection rate at the nozzle entrance is proportional to
pressure. This can be shown by expanding a multi-dimensional Taylor series of the nozzle flow
rate. From compressible isentropic nozzle flow, the quasi-steady solution gives the exit flow rate
as Equation 3.42 where f is a function of the specific heat ratio, area, and Mach number. The
total temperature and pressure can be approximated with the chamber temperature and pressure.

p
g cγ
me = tot ⋅ A ⋅ M
R
Ttot

⎛ γ −1 2 ⎞
M ⎟
⎜1 +
2
⎝
⎠

−

γ +1
γ −1

≈

p
f ( γ , A, M )
T

(3.42)

After expanding me ( p, T ) in a Taylor series and normalizing to the mean flow rate, the quasisteady linearization is Equation 3.43.

me′ p′ 1 T ′
= −
m
p 2T

(3.43)

A constant temperature would imply that the mass ejection rate is proportional to pressure. And
the normalized local mass exit flow rate becomes Equation 3.44.
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me p′
= +1
m
p

(3.44)

The quasi-steady solution may not hold for long nozzles so Crocco5 gave a better estimate of
ejection rate by applying an unsteady 1-D analysis of the flow through the nozzle. His derivation
is included in [5] and is essentially a slight modification to Equation 3.44. However, Equation
3.43 becomes important again when Crocco5, 130 considers the bipropellant system and
incorporates entropy oscillations. But by incorporating his better estimate, the nozzle flow rate is
shown to be Equation 3.45.

me 1 ⎛
dp′ ⎞
= ⋅ ⎜ p′ + b ⋅ θ g
⎟ +1
m p ⎝
dt ⎠

(3.45)

The parameter b is a function of nozzle geometry and is described in Equation 3.46 and Equation
3.47.5

b2 + b =

k

γθ g

t
⎛ ct
ct
γ − 1 u ( x′) ⎞
−
⋅
⎟ dx′
2
2 ∫⎜
ct − ue xe ⎝ u ( x′)
2
ct ⎠

(3.46)

x

k=

(3.47)

The parameter k represents the effect of inertia of the combustion gas in the convergent nozzle
section. It introduces a small phase lead component between the oscillatory velocity and pressure
of the gas entering the nozzle. It will be seen in the final formulation that, in effect, the parameter

b is nothing more than a modification to the characteristic gas residence time due to the
additional mass in the convergent nozzle.
Finally, taking each term (Equation 3.22, Equation 3.41 and Equation 3.45) and
substituting into the mass balance, Equation 3.18, the following is obtained:

mi′(t − τ T ) n
1 ⎛
dp′ ⎞ θ g dp′
+ ⋅ ( p′(t ) − p′(t − τ s ) ) = ⋅ ⎜ p′ + b ⋅ θ g
⎟+
m
p
p ⎝
dt ⎠ p dt

(3.48)
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Equation 3.48 can be arranged into the final form.

θ g (1 + b) ⋅

dp′
p
+ p′ = mi′(t − τ T ) + n ⋅ ( p′(t ) − p′(t − τ s ) )
dt
m

(3.49)

Crocco5 assumes the total time lag is equivalent to the sensitive time lag because of the
uncertainty in the knowledge of these time lag parameters. It additionally would provide
difficulty in the solution and presentation of results. However, this assumption is no longer used
and estimates are made for both parameters. For bipropellants, the sensitive time lag is smaller
than the total time lag and often plays a significant role in high frequency instabilities. Often, the
burning response term, i.e. the n, τ s term, is neglected for low frequencies analysis.
Equation 3.49 is Crocco’s5 fundamental equation, in dimensional form, which governs
the low frequency dynamics in the combustion gas. All terms in Equation 3.49 are in terms of
pertubative pressure except for the oscillatory injection flow rate. The relationship between the
injection flow rate and the chamber pressure is determined from the dynamics of the feed system.
The case of n = 0 , when the sensitive time lag is zero, was examined by Gunder,133
Yachter,142 and Summerfield.4 Wenzel143 also neglects the interaction index term. Crocco5, 129, 130
introduced the sensitive time lag and showed that it was entirely possible to achieve unstable
combustion even with a constant injection flowrate. This was given the name ‘intrinsic
instability’. It is the simplest form of Equation 3.49 and occurs in the ideal limit where the feed
system injection rate is entirely independent of the chamber pressure oscillations. In this case,

mi′ = 0 and Equation 3.49 becomes:
d
⎡
⎤
⎢⎣θ g (1 + b) ⋅ dt + (1 − n) ⎥⎦ p′(t ) = − n ⋅ p′(t − τ s )
Because there is still a delay term, there is still an opportunity for a time-lag-type dynamic
response. The unstable case is called an intrinsic instability because there is no feedback
contribution from the feed system and the instability is intrinsic to the combustion chamber.

(3.50)
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3.5 Crocco and Cheng Bipropellant Time Lag Model
Crocco5, 130 also extended his model to the bipropellant case by incorporating injection
rates for both the oxidizer and the fuel side. He did not consider an independent time lag for
each, though; this was incorporated later by Wenzel.143 Since the dynamics of the fuel and the
oxidizer propellant lines are generally not the same, the response of the fuel flow and the oxidizer
flow from the chamber pressure oscillations will also be different – therefore the mixture ratio
will vary with the chamber pressure oscillations. Since the chamber temperature is correlated to
the mixture ratio, there will be an induced temperature oscillation.
Referring back to the mass balance of Equation 3.18, each term will be examined. The
first term examined is the burning rate. The oscillatory burning rate that can be obtained in the
monopropellant problem from Equation 3.41 will have to incorporate the effects of injection from
two feed systems. This should include the induced temperature variation. Breaking the injection
flow rate into the fuel flow rate and oxidizer flowrate gives Equation 3.51.

mi (t − τ T ) = mo′ (t − τ T ) + m′f (t − τ T ) + mo + m f

(3.51)

Normalizing Equation 3.51 to the mean total flowrate, m = mo + m f and using MR = mo m f
gives the following:

mi′(t − τ T )
m′ (t − τ T ) m′f (t − τ T ) ⎞
1 ⎛
=
+
⎜⎜ MR o
⎟⎟
m
mo
mf
MR + 1 ⎝
⎠

(3.52)

The burning rate is found after substituting Equation 3.52 back into Equation 3.41.

mb (t )
m′ (t − τ T ) m′f (t − τ T ) ⎞ n
1 ⎛
=
+
⎜⎜ MR o
⎟⎟ + ⋅ ( p′(t ) − p′(t − τ s ) ) + 1
m
mo
mf
MR + 1 ⎝
⎠ p

(3.53)

The next term that must be examined in the bipropellant case is the exit flow rate. For
the bipropellant case, the quasi-steady assumption provides a good estimate of exit flow rate that
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also accounts for temperature effects. The quasi-steady nozzle flow rate, Equation 3.42, is first
normalized by the mean flow.

me p T
=
m p Tn

(3.54)

The variable Tn is the chamber temperature at the converging nozzle entrance. The flow rate can
be linearized using a Taylor series for me = me ( p, Tn ) and Equation 3.54. This gives Equation
3.55.

me
p′ 1 T ′
= 1+ − n
m
p 2T

(3.55)

Next, a useful form for Tn′ can be found by expanding a Taylor series for Tn = Tn ( MR ) and

MR = MR ( mo , m f ) . These linearizations, Equation 3.56 and Equation 3.57, can be substituted
into Equation 3.55 to give Equation 3.58.

Tn′ MRn′ dTn
=
T
T dMR

(3.56)
MR

MR′ mo′ m′f
=
−
MR mo m f

me
p′ 1 MR dTn
= 1+ −
m
p 2 T dMR

⎛ m′ m′f ⎞
⋅⎜ o −
⎟
⎜
m f ⎟⎠
MR ⎝ mo
n

(3.57)

(3.58)

However, the exit flow rate, Equation 3.58, contains injection flow rate terms at the nozzle
entrance. The time delay needs to be adjusted to account for the exit location (there were no
oscillatory injection flow rate terms in the oscillatory exit flow rate for the monopropellant case).
The high temperature gas entering the nozzle entrance at some instant t was formed at the instant

t − θ g . Additionally, the part of the time lag that correlates to pressure that occurs before the
stagnation temperature is achieved, is also accounted for. This happens at the instant t − θ g − τ s .
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The insensitive part of the total time lag is not used because there is no influence on the pressure
from the temperature during this time. Thus Equation 3.58 can be written as the following

me
p′ 1 MR dTn
= 1+ −
m
p 2 T dMR

⎛ mo′ (t − θ g − τ s ) m′f (t − θ g − τ s ) ⎞
⋅⎜
−
⎟⎟
⎜
mo
mf
MR ⎝
⎠

(3.59)

The last term to examine is the mass accumulation rate term. The accumulation rate term
in Equation 3.18 can also be written as Equation 3.60.

d M g (t )
d M g (t )
= θg
dt m
dt M g

(3.60)

In this form it is possible to obtain a relationship for the mass that will vary over the entire
chamber due to the variations in pressure and temperature. Pressure is assumed to be uniform
across the chamber because of the low frequency. However temperature is non-uniform. The
mass in the chamber can be written as Equation 3.61 by using an assumption of ideal gas, and
normalizing the mass to the mean value. It could be used to integrate the temperature variation
over the entire chamber volume.

Mg
Mg

=

pT 1
dV ′
pV V∫ T

(3.61)

The pressure is uniform for low frequency and can be factored out of the integral. The pressure
can also be written in pertubative form. Expanding the pressure in terms of mean and pertubative
parts and also expanding the integral gives the following.

⎞
⎛
⎞
1 ⎛T
p′ ⎞ ⎛
= ⎜1 + ⎟ ⎜1 + ∫ ⎜ − 1⎟ dV ′ ⎟
Mg ⎝
p ⎠⎝ V V ⎝ T
⎠
⎠
Mg

(3.62)

Ignoring higher order terms and then taking the derivative gives the following equation for mass
accumulation.

⎞
⎞
1 dM g 1 dp′ d ⎛ 1 ⎛ T
=
+ ⎜ ∫ ⎜ − 1⎟ dV ′ ⎟
M g dt
p dt dt ⎝ V V ⎝ T
⎠
⎠

(3.63)
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To evaluate the integral term, Crocco5, 130 makes an assumption that all the propellant burns at the
injector end and the temperature is retained by gas particles as they travel out of the chamber
regardless of the pressure variation during the gas residence time. Since the temperature is
preserved for each differential gas element, the only effect of temperature on the integral in
Equation 3.63 is at the limits of integration. Additionally, all the gas particles cross the volume,

V , in a time, θ g . These assumptions result in a constant flow velocity because the volume
displacement at every point, dV ′ , is proportional to the time that the gas particles cross this
volume, dt ′ . The volume displacement can be written as

dV ′
dt ′
=−
over the entire chamber
V
θg

since the rate is constant. The relationship between the volume term and the time term is negative
because at an instant t , the volume would be integrated over the path of that element from when
it began at the instant t − θ g . The differential transformation can be written as Equation 3.64.

dV ′ = −

V

θg

dt ′

(3.64)

Substituting in the differential transformation and integrating through gives Equation 3.65.

⎞
⎞
d ⎛ 1 ⎛T
d⎛ 1
⎜
′
1
dV
−
=
−
⎜
⎟
⎜
⎟
⎜ θg
dt ⎝ V V∫ ⎝ T
dt
⎠
⎠
⎝

⎛ T
⎞ ⎞
T ⎛1 1⎞
1
−
⎜
⎟dt ′ ⎟⎟ = − ⎜ − ⎟
∫
T (t ) ⎠
θ g ⎝ Te Ti ⎠
t −θ g ⎝
⎠
t

(3.65)

The temperature at the instant t − θ g is equal to Ti and the temperature at the instant t is equal to

Te . Finally after substituting Equation 3.65 back into Equation 3.63, the mass accumulation term
becomes the following:

1 dM g 1 dp′ 1 ⎛ T T ⎞
=
− ⎜ − ⎟
M g dt
p dt θ g ⎝ Te Ti ⎠

(3.66)
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The temperature term in Equation 3.66 can be put in a useful form by expanding the Taylor series
of

T
at some axial location. This gives the following:
Tx ( MR)
T
T T dTx
= − 2
Tx ( MR ) Tx Tx dMR

⋅ MRx′

(3.67)

MR

Since the mean temperature at all locations including the chamber inlet and exit are constant for
low frequency, Equation 3.67 simplifies to Equation 3.68.

T
1 dT
= 1−
Tx ( MR )
T dMR

⋅ MRx′

(3.68)

MR

The mass accumulation term can be written by substituting Equation 3.66 and Equation 3.68 into
Equation 3.60.

θ dM g
θ dp′ 1 dT
d M g (t )
= g
= g
+
dt m
M g dt
p dt T dMR

⋅ ( MRe′ − MRi′ )

(3.69)

MR

Equation 3.57 can be used again in Equation 3.69 to replace the mixture ratio perturbations. The
appropriate time lag can be obtained based on the axial location similar to what was done for
Equation 3.59. The mass accumulation rate term becomes:

d M g (t )
dt m
=

θ g dp′
p dt

+

MR dT
T dMR

⎛ ⎛ mo′ (t − θ g − τ s ) m′f (t − θ g − τ s ) ⎞ ⎛ m′ (t − τ ) m′f (t − τ s ) ⎞ ⎞
s
⋅⎜⎜
−
−
⎟⎟ − ⎜⎜ o
⎟⎟ ⎟
⎜
⎜
⎟
mo
mf
m
m
MR ⎝ ⎝
f
o
⎠ ⎝
⎠⎠
(3.70)

Substituting Equation 3.53, Equation 3.59, and Equation 3.70 into Equation 3.18 gives the final
form of the bipropellant chug equation. And again, Crocco assumes the total time lag is
equivalent to the sensitive time lag because of the uncertainty in the knowledge of these time lag
parameters; but it is left in the correct generic form with both time lags since these parameters are
now considered independently. Equation 3.71 is the final form.
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θ g dp′
p dt

+ (1 − n)

p′(t ) n
+ ⋅ p′(t − τ s ) =
p
p

m′ (t − τ T ) m′f (t − τ T ) ⎞
1 ⎛
+
⎜⎜ MR o
⎟⎟
mo
mf
MR + 1 ⎝
⎠
1 MR dTn
−
2 T dMR
+

MR dT
T dMR

⎛ mo′ (t − θ g − τ s ) m′f (t − θ g − τ s ) ⎞
⋅⎜
−
⎟⎟
⎜
m
mf
MR ⎝
o
⎠

(3.71)

⎛ m′ (t − τ s ) m′f (t − τ s ) ⎞
⋅⎜ o
−
⎟⎟
⎜
mo
mf
MR ⎝
⎠

And again the injection flow rates need to be related to the chamber pressure via the injector
impedance.

3.6 Notes on Crocco and Cheng Chug Time Lag Models
In the previous Crocco models described, Crocco5 assumes that the given time lag applies
for all propellant elements.

The time lag is dependent on the conditions encountered along the

path of a propellant element. In general, the encountered conditions are different for different
propellant element paths. The time lag distribution likely depends highly on the injector
configuration, propellant combination, and other factors. Crocco5 found that a distribution of
time lag has a stabilizing effect. The critical neutral frequency is lower and the equivalent
effective time lag needed for instability is increased. In addition, the stabilizing effect appears as
an increase of the minimum value of interaction index needed for instability as well as a decrease
in the unstable range of the time lag.
Another assumption that was made in the previous derivations was that the temperature
of the burnt gas in the combustion chamber is not affected by pressure oscillations (except in the
burning rate parameter because interaction index considers the temperature effect). This effect
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has a very small destabilizing effect. The neutral frequency is increased slightly and the critical
time lag needed for instability is lowered.

3.7 Natanzon Monopropellant Chug Time Lag Model
In Russia, the first study of combustion instability was performed by Natanzon134 in
1949. The model was a phenomenological model that used a constant delay time. Natanzon134
used essentially the same approach that was used by Crocco,5, 129, 130 however a few simplifying
assumptions were made. He begins with the mass balance described in Equation 3.18. Equation
3.22 for the mass accumulation rate was also derived in the same manner. Natanzon did not
consider the effects of a long nozzle, as Crocco5 did, and used the quasi-steady nozzle flowrate as
described by Equation 3.42. And finally, Natanzon134 considered a constant time lag model so
the burning rate development only consisted of the injection flowrate and not the effects of
variable time lag as described by Crocco5, 129 in Equation 3.24. Natanzon’s134 model becomes the
following:

gγ
m dp
θg ⋅
= mi (t − τ T ) − p ⋅ A ⋅ M ⋅ c
p dt
RT

⎛ γ −1 2 ⎞
M ⎟
⎜1 +
2
⎝
⎠

−

γ +1
γ −1

(3.72)

Before he linearizes his model, he provides a relationship between injection flow rate and
chamber pressure. An incompressible orifice is the simplest approximation of the injection
system and is used here:

mi = Cd Ao ⋅ 2 gc ρ ⋅ ( pm − p )
He also assumes that there are no perturbations in the manifold. Equation 3.72 becomes

(3.73)
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gγ
m dp (t )
θg ⋅
= Cd Ao ⋅ 2 g c ρ ⋅ ( pm − p (t − τ T ) ) − p (t ) ⋅ A ⋅ M ⋅ c
p dt
RT

⎛ γ −1 2 ⎞
M ⎟
⎜1 +
2
⎝
⎠

−

γ +1
γ −1

(3.74)
The mean flowrate can be written as Equation 3.75 from the chamber exit flowrate Equation 3.42
and the injection flowrate Equation 3.73

gγ
m = Cd Ao ⋅ 2 g c ρ ⋅ ( pm − p ) = p ⋅ A ⋅ M ⋅ c
RT

⎛ γ −1 2 ⎞
M ⎟
⎜1 +
2
⎝
⎠

−

γ +1
γ −1

(3.75)

After expanding the pressure in Equation 3.74 into the mean and pertubative parts and
substituting in Equation 3.75 to help simplify, the following is obtained:

θg ⋅

p′(t − τ T )
m dp′(t )
m
= m ⋅ 1−
− m − p′(t )
p dt
p
Δp

(3.76)

where Δp = pm − p . Expanding the square root term in a Taylor series about the mean, which in
this case is zero since the variable is only the oscillatory part, and simplifying gives the final form
of the Natanzon134 model.

θ g dp′(t )
p

dt

+

p′(t − τ T ) p′(t )
+
=0
2 ⋅ Δp
p

(3.77)

Natanzon uses a solution approach called Naimark D-Separation. A similar procedure is often
used for the Wenzel143-145 solution and will be revisited later.

3.8 Crocco and Cheng Longitudinal High Frequency Time Lag Model
The low frequency models described previously are limiting cases where changes in the
axial physical factors can be disregarded.4, 5, 133, 134 The acoustic wavelength, which can be
thought of as the distance where the physical factors change substantially, is much higher than the
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characteristic dimension of the combustion chamber. Therefore the limiting approximations are
satisfactory for low frequency combustion instability models. Crocco5, 130 extended his time lag
model to longitudinal high frequency instabilities and the axial distribution of the physical factors
cannot be disregarded.
Pressure pulses travel at the speed of sound in the combustion gas media. In the case of
high frequency instabilities, the combustion gas natural frequency is high enough such that the
wavelength of standing oscillations is on the order of the length of the chamber. In this scenario,
the physical factors are not uniform and vary over the full length of the chamber. Determining
the contribution of each propellant element to the variation of the burning rate requires both the
time lag and now a space lag.5 The spatial range that a propellant element is sensitive to pressure
variations is determined by the total space lag and the velocity of unburnt propellant during the
sensitive time lag.
Crocco’s5 simplest longitudinal high frequency time lag model is called the concentrated
combustion model. In this model, the authors assume that the combustion occurs at a specified
location in the chamber ( x = ψ ) and all the propellant elements have the same sensitive time lag
and same total space lag. There is no gas formed from the propellant elements until they reach

x = ψ . In his ideal system, the entire chamber is filled with combustion gas, however upstream
of x = ψ there is no mean flow and downstream of x = ψ there is mean flow. The discontinuity
in flow is due to the sources of burnt gases concentrated at the combustion front, x = ψ . The
upstream region is filled with gases from turbulent mixing and recirculation. Since the burnt
gases are generated from the same propellants and conditions, the gas state is essentially the same
in both the upstream and downstream region; therefore there is only a discontinuity in mean flow.
The concentrated combustion front is not a flame front in that heat is not added that would cause
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a discontinuity in gas state. The mean state throughout the chamber is also assumed to be
constant.
The unsteady flow of burnt gas in the 1-D chamber (in both the upstream and
downstream region) is governed by Equation 3.78, Equation 3.79, and Equation 3.80.

ρ

d ρ′
du ′
d ρ′
+ρ
+u
=0
dt
dx
dx

(3.78)

du ′
du ′
d ρ′
+ ρu
+c2
=0
dt
dx
dx

(3.79)

p′
ρ′
=γ
p
ρ

(3.80)

These equations represent the acoustic wave equation in a uniform flow field. A modification of
this to account for damping will be addressed in Chapter 4. The linearized equation of state,
Equation 3.80, can be rewritten for any fluid by examining the general isentropic equation of
state. It is easily shown that the linearized form is given by Equation 3.81.146

p′ =

c2
ρ′
gc

(3.81)

This form will be used generally in Chapter 4. The linearized adiabatic gas law in Equation 3.80
can also be used. It might be preferable to replace the sound speed using Equation 3.82, however
this considers that the fluid is a perfect gas.

c2 =

γ pg c
ρ

(3.82)

In terms of pressure, these equations can be represented as Equation 3.83. This form will become
important later in Chapter 4.
2
d 2 p′ 1 ⎛ d 2 p′
d 2 p′
2 d p′ ⎞
−
+
2
⋅
u
+
u
⎜
⎟=0
dx 2 c 2 ⎝ dt 2
dt dx
dx 2 ⎠

In terms of the material derivative, this is written as the convected wave equation

(3.83)
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d 2 p′ 1 D 2 p′
−
=0
dx 2 c 2 Dt 2

(3.84)

Crocco5 uses the well-known general solutions from Equation 3.78 to Equation 3.80 and select
boundary conditions to obtain solutions in both the upstream and downstream region. The
solutions would be matched at the combustion front. This matching would also provide a burning
chamber response stability formulation which will be discussed in some detail here, but
rigorously through Chapter 4.
The first boundary condition at the injector end is a closed boundary; the velocity in the
upstream region must vanish to zero at the injector boundary. This is represented as ui′(0) = 0 .
The boundary condition at the chamber end, in the downstream region, is the nozzle specific
acoustic admittance ratio. This is represented as α n =

u ′( L) ρ
and is a unitless quantity.
ρ ′( L) u

Crocco used specific acoustic admittance (which at the time was defined as a normalized
oscillatory velocity-to-density ratio; today specific acoustic admittance is normalized oscillatory
velocity-to-pressure ratio), however today it is more common to use admittance in the form of
oscillatory mass flow rate-to-pressure ratio in combustion instability problems. The relationship
of contemporary admittance to the antiquated specific acoustic admittance is derived in
Chapter 4.
The concentrated combustion boundary condition at the combustion front is made up of
two parts. First, the pressure and density are constant across the boundary which provides
additional information needed to solve for all the unknown constants. Second, the discontinuity
in flow across the combustion front is equal to the burning rate. Equation 3.85 shows the
fractional increase of the difference of mass flow rate across the combustion front after
linearization, where the subscripts represent regions on either side of the combustion front with
region 1 and region 2 the upstream and downstream regions, respectively.
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md − m
ρ u − ρ1u1 − ρ u
= 2 2
ρu
m

⎡ u2′ − u1′ ρ ′ ⎤
⎢ u +ρ⎥
⎣
⎦ x =ψ

(3.85)

Crocco5 shows that the movement of the combustion plane ( x = ψ ) over the duration of the
sensitive time lag is small and can be neglected. Crocco did not want to introduce the
complexities of the feed system when developing his theory, so his original formulation ignores
injection coupling. The burning rate is taken from Equation 3.41 with no injection coupling.

mb − m
n
= ( p′(ψ , t ) − p′(ψ , t − τ s ) )
m
p

(3.86)

The matched boundary condition can be written as Equation 3.87 by equating Equation 3.85 and
Equation 3.86.

⎡ u2′ − u1′ ρ ′ ⎤
n
⎢ u + ρ ⎥ = p ( p′(ψ , t ) − p′(ψ , t − τ s ) )
⎣
⎦ x =ψ

(3.87)

After substituting in the appropriate functions for u′ , ρ ′ , and p ′ that would be found using the
boundary conditions and matched condition, this equation can be put into a complex variable
form for stability analysis. The details of the stability analysis are described in Chapter 3.9
Control Engineering Background and Chapter 3.10 Stability Diagrams, Gain Margin and
Phase Margin, while the development procedure is detailed in Chapter 4 with the new model.
The solution of the characteristic equation, or the stability boundary, can be found by
replacing the complex variable, s , with λ + iω and then letting λ = 0 . This will also be
discussed further in Chapter 3.9 Control Engineering Background and Chapter 3.10 Stability
Diagrams, Gain Margin and Phase Margin. Two equations are obtained after separating the
real and imaginary parts. Eliminating ω from the two subsequent equations gives the stability
boundary. The characteristic equation is given as
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2 s ⋅(ψ − L )
⎡
⎤ ⎡ 22s⋅ψ
⎤
( M 2 −1) c
⎢ B⋅e
+ 1 ⎥ ⎢ e ( M −1) c − 1 ⎥
− sτ s
⎢
⎥ − ⎢ 2 s⋅ψ
2 s ⋅(ψ − L )
⎥ + M 1 − γ n (1 − e ) = 0
⎢ B ⋅ e ( M 2 −1) c − 1 ⎥ ⎢ e ( M 2 −1) c + 1 ⎥
⎦
⎣
⎦ ⎣

(

)

(3.88)

The parameter, B , is given from the exit boundary condition as

B=

α M +1
α M −1

(3.89)

Equation 3.88 can be rewritten in a contemporary form by writing in terms of a normalized
admittance (normalized mass flow rate-to-pressure ratio) and also using the isentropic linearized
equation of state; this gives Equation 3.90 and is referred to hereafter as the ‘Crocco model’.
2 s ⋅(ψ − L )
⎛⎡
⎤ ⎡ 22s⋅ψ
⎤⎞
( M 2 −1) c
⎜
pg c ⎢ B ⋅ e
+ 1 ⎥ ⎢ e ( M −1) c − 1 ⎥ ⎟ ⎛ pgc
− sτ ⎞
⎜⎢
⎟ + ⎜ 2 − n (1 − e s ) ⎟ = 0
⎥ − ⎢ 2 s⋅ψ
2 s ⋅(ψ − L )
⎥
u ρc ⎜ ⎢
⎠
⎥ ⎢ e ( M 2 −1) c + 1 ⎥ ⎟ ⎝ ρ c
( M 2 −1) c
1
B
e
⋅
−
⎦⎠
⎦ ⎣
⎝⎣

(3.90)

Equation 3.90 can be rederived by rewriting Equation 3.86 using the full form of Equation 3.41
which includes injection coupling. This is the contemporary form of the concentrated combustion
model and is similar to that used in software codes such as ROCCID3 and is referred to as the
‘contemporary model’ hereafter; this gives Equation 3.91. The admittance, G , will be discussed
below and further in Chapter 4.
2 s ⋅(ψ − L )
⎛⎡
⎤ ⎡ 22s⋅ψ
⎤⎞
( M 2 −1) c
( M −1) c
⎜
pg c ⎢ B ⋅ e
+ 1⎥ ⎢ e
−1⎥ ⎟
−
⎜⎢
⎥
2 s ⋅(ψ − L )
⎢ 2 s⋅ψ
⎥⎟
u ρc ⎜ ⎢
2
⎟
(
−
1)
M
c
⎥
( M 2 −1) c
+ 1 ⎥⎦ ⎠
− 1 ⎦ ⎢⎣ e
⎝ ⎣ B⋅e

(3.91)

⎛ pg
⎞
p
− sτ
− sτ
+ ⎜ c2 − n (1 − e − sτ s ) −
Go e T ,o + G f e T , f ⎟ = 0
m
⎝ ρc
⎠

(

)

Crocco’s formulation can also be extended to consider an injector admittance boundary condition
for the chamber response and reformulated in terms of normalized admittance. The newly found
solution is Equation 3.92 and is hereafter referred to as the ‘modified Crocco model’. The details
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of this new formulation are not shown, however the much more general damping model in
Chapter 4 details the full procedure.
2 s ⋅(ψ − L )
2 s ⋅ψ
⎛⎡
⎤ ⎡
⎤⎞
2
2
(
M
−
1)
c
(
M
+ 1 ⎥ ⎢ λi ⋅ e −1) c + 1 ⎥ ⎟
pg c ⎜ ⎢ λe ⋅ e
⎜
⎥−⎢
2 s ⋅ψ
⎥⎟
2 s ⋅(ψ − L )
ρ u c ⎜ ⎢⎢
2
2
⎜ λ ⋅ e ( M −1) c − 1 ⎥ ⎢⎣ λi ⋅ e ( M −1) c − 1 ⎥⎦ ⎟⎟
⎦
⎝⎣ e
⎠

(3.92)

⎛ pg
⎞
p
− sτ
− sτ
+ ⎜ c2 − n (1 − e − sτ s ) −
Go e T ,o + G f e T , f ⎟ = 0
m
⎝ ρc
⎠

(

)

And the parameters are given to be

⎛ M o Ao ρ f M f Af ρo ρo ρ f Ac ⎞
+
−
⎜⎜
⎟ g − ρ f Go − ρoG f
co
cf
ρc cc ⎟⎠ c
⎝
λi =
⎛ M o Ao ρ f M f Af ρo ρo ρ f Ac ⎞
+
+
⎜⎜
⎟ g − ρ f Go − ρoG f
cf
ρc cc ⎟⎠ c
⎝ co

(3.93)

⎛ m
⎞
− Ge ⎟ cc − Ae g c
⎜
γp
⎠
λe = ⎝ c
⎛ m
⎞
− Ge ⎟ cc + Ae g c
⎜
⎝ γ pc
⎠

(3.94)

The nozzle exit admittance in Equation 3.94 uses the ideal isentropic gas relationships.
This is in line with the approximations used for a short nozzle and will be discussed in more
detail in Chapter 4.1.3 Nozzle Boundary Condition. To be consistent when formulating the
exit boundary condition, the same relationships are used as are used with the short nozzle
approximation. These approximations include the ideal isentropic gas relationships. Chapter 4
develops a new model that incorporates injector admittance similar to the new modified Crocco
model and also includes damping effects in the chamber. The formulation in Chapter 4 will be
the most general; Equation 3.90, Equation 3.91, and Equation 3.92 can be formulated similarly by
following the steps described in here and detailed rigorously in Chapter 4.
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The parameter G in some of the previous formulations is the admittance and will be
discussed further in Chapter 4. An important note about the injector boundary admittance, Go
and G f is needed for clarification. It is commonly assumed that the injector boundary condition
is neglected and considered a perfectly reflecting rigid wall. The reflection coefficient in this
case is equal to unity. This is a good assumption for liquid-propellant rocket engines because of
two considerations. First, the injector boundary interface represents three separate fluids, two
from the feed systems and one in the chamber. The propellant fluids often have significantly
different characteristic impedance than that in the chamber gas, especially when liquid
propellants are used. Waves are transmitted easily from the liquid to gas but transmitting waves
are discouraged when propagating from the gas to the liquid. This is called an impedance
mismatch. The reflection coefficient can be shown to be near unity as a wave propagates from
the gas into the liquid. Second, as a wave propagates into an interface when there is an abrupt
cross-sectional area change, reflections may occur. For example, a wave propagating from the
chamber to the smaller injector orifices is discouraged from transmitting into the orifices. It can
be shown that the area ratio plays a similar role as that of the fluid characteristic impedance
ratio.146
These effects provide very good rationale for the rigid wall assumption which is used in
all contemporary software tools; however the formulation within this dissertation generalizes this
and considers the details of the boundary condition. Scenarios where the correct boundary
condition could be important are for gaseous propellants or very small diameter chambers on the
order of the size of the effective injector orifice. This effect will be detailed in Chapter 6.
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3.9 Control Engineering Background
Many software routines, including ROCCID,3, 135, 136 prefer to map the stability solution in
terms of a ‘system gain’ and ‘system phase’. These terms are the gain and phase of the open-loop
system transfer function. A discussion will follow on this and also how these are used to assess
the stability of the combustion dynamic system.
Most control engineering textbooks describe the correlation between transfer functions
and state-space equations. It is known that the characteristic equation of a single-input–singleoutput system can be found by assessing the denominator of the transfer function (or in statespace by solving for the eigenvalues, det ( sI − A) = 0 ). For example, the characteristic equation
of a y (t ) + b y (t ) + c = x (t ) can be found by examining the system transfer function shown in
Equation 3.95.

Y (s)
1
= 2
X ( s) a s + b s + c

(3.95)

The characteristic equation is a s 2 + b s + c . And stability can be assessed by examining where
the poles of the transfer function are zero, i.e., the denominator is zero and the transfer function
provides an infinite output. For systems without a forced input, a slightly different approach can
be used to assess stability. This type of system is called a zero-input response system and
characterizes the system response resulting from internal system conditions only.147 This is also
called the natural response of the system. To examine the stability characteristics of a zero-input
response system, the characteristic equation is assessed in the same way, i.e., the characteristic
equation is set equal to zero. Some details will be described below.
There are often many misconceptions in combustion instability theory; in combustion
instability nomenclature, the injector response and burning response are often referred to as the
inputs to the system and the chamber response is referred to as the output of the system. This is
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only a slight misnomer to the author, because in the combustion dynamic system, mathematically
the input (e.g. injector flow rate) is dependent on the output ( which is coupled together with the
input), where in a typical forced response problem the input forcing is predefined and the output
does not influence the input. This is a standard description for a time-lag formulation with no
external inputs. Although the mathematical development is characterized in this form, the system
could also be thought of conceptually by considering an input-output closed-loop feedback
system.
In control theory, a zero-input response system is referred to as a closed system (not to be
confused with a closed-loop feedback system) because it is self-contained, i.e. there are no
external influences. A block diagram for a closed system shows the output is simultaneously the
input; the system is acting on itself. The dynamic combustion system can be thought of as a
response that does not have any inputs, and is an assessment of the internal system conditions
only. Examples of assessing closed systems can be found in the literature and text.134, 138, 148, 149
A closed system is a common representation for time delay problems where the time delay is
inherent to the system. This closed system conceptually describes the mathematical time lag
formulation.
However, it is possible to decompose the closed system into its separate components in
several ways – one way is to remap the closed system into a closed-loop feedback system. It
should be emphasized that the flow-to-pressure relationship of all of the dynamic components
that are in the closed-loop system block diagram – the injector, the combustion processes, and the
chamber – contain the same information as the complete system of equations that describe the
dynamics, therefore the standard control techniques used for closed-loop feedback systems are
valid approaches in assessing the stability of the system.134 Since the system block diagram can
be remapped to a closed-loop system, the stability criteria such as the modified Mikhaylov
criterion or the Nyquist criterion are valid criteria for assessments. The form of the characteristic
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equation resembles a closed-loop control system characteristic equation and standard stability
criteria will be applied. This is a significant clarification as to why the standard stability
techniques can be used with the system formulations discussed.
Studying the Laplace transform of the delay differential equation that defines the system
is the simplest approach for assessing stability and is described in literature;150 this is the
procedure used in generating the stability equations in SP-194 and other literature. So the system
response for these problems can be assessed by examining the characteristic equation of the zeroinput system. Using the example above with zero input, x (t ) = 0 , the formulation can be written

(

)

as Y ( s ) a s 2 + b s + c = 0 . By considering the complete term on the left-hand side of this
equation, the conditions for an infinite output response can be obtained. The output response,

Y ( s ) , in the SP-194 formulations and the formulations in this dissertation, incorporates gains that
relate the flow rate to the chamber pressure. There is no issue assessing stability of this full
equation, while incorporating the output response, because the sinusoidal output response for
pressure and flow are nonzero and do not contribute to the poles of the system. However,
important information regarding the gain relationship between pressure and flow are included, so
in fact, it is necessary to include the output response (or at the very least, the appropriate gain
relationship). A simple example where the injector impedance relationship is predefined and
incorporated into the system equation is given in reference [134]. This is a significant
clarification on the procedures used in SP-194, or those developed within this dissertation, on
why the developed formulation can be used as a characteristic equation.
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3.10 Stability Diagrams, Gain Margin and Phase Margin
A unity-closed-loop system transfer function can be shown to be given as Equation 3.96
where the open-loop transfer function is C ( s ) . The characteristic equation is given as

1 + C (s) = 0 .

T (s) =

C ( s)
1 + C (s)

(3.96)

To examine the stability of the system described in Equation 3.92, for example, it is first
written as a characteristic equation, H ( s ) = 1 + C ( s ) = 0 . In fact, Equation 3.92 can be arranged
to a form that is similar to the denominator of Equation 3.96 so that H ( s ) = 0 . Equation 3.92
can be written as Equation 3.97

1−

Gi + Gb
=0
Gc

(3.97)

where the normalized chamber admittance, burning admittance, and injector admittance can be
written as

Gc =

p mc′
m pc′

(3.98)

Gb =

p mb′
m pc′

(3.99)

Gi =

p mi′
m pc′

(3.100)

This is a key observation because it is clear from the form of Equation 3.97 that the open-loop
transfer function can be written as

C ( s) = −

Gi + Gb
Gc

(3.101)

This is the complex equation that is analyzed using a Bode plot as will be described later below.
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The sinusoidal transfer function response of Gc (or Z c ), Gb , and Gi are often referred to
as the chamber response, burning response, and injector response. Because the open-loop transfer
function is written as Equation 3.101 the injector response and burning response are often
referred to as inputs and the chamber response is referred to as the output. This can be
misleading as a response itself is made up of an input and output. Either set of nomenclature
could be used, but not both together. This depends on whether the oscillatory mass flow rate or
pressure is considered an input or output; or the admittance or impedance is referred to as the
input or output.
The terminology commonly used for Gc is the chamber response; however it is also
referred to as the burning response in literature, because in the case for concentrated combustion,
the response effectively results from solving the wave equation in the chamber with a burning
source at the concentrated combustion front. This is sometimes confused with the burning
response Gb which separately arises from intrinsic variations of the sensitive time lag. The
injector admittance Gi is also referred to as the injector injection response.
Essentially the goal in assessing stability is to examine where the characteristic equation,
or the denominator of the closed-loop feedback system transfer function is equal to zero,

1 + C ( s ) = 0 . The value of the open-loop transfer function, C ( s ) , should be -1, or identically it
should have a magnitude of 1 and a phase of -180 degrees. This is the Barkhausen stability
criteria and is only a necessary condition. Consequently, this would potentially give an infinite
output response to the system. Bode plots and Nyquist diagrams contain additional information
that would provide the necessary and sufficient condition. Bode plots attempt to plot the openloop transfer function, C ( s ) , to assess stability margin (directly in line with the Nyquist stability
criterion). However there are many restrictions and stipulations that are necessary when
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assessing the stability using a Bode diagram.151 Most textbooks describe a particular
interpretation of Bode stability criterion in a way that provides a sufficient, but not necessary,
condition for instability – time delay problems in particular may cause conditions that are not
usually described in standard textbooks.151 ROCCID is a powerful and useful design and analysis
tool that combines the analytical theory with heritage empirical data using Bode plots to display
the stability assessment.
To assess the gain and phase with a sinusoidal transfer function, the Laplace variable is
replaced as s = iω . So a Bode diagram can be constructed from C (iω ) . The ‘system gain’ and
‘system phase’ can be calculated with

Gain = C (iω )

(3.102)

Phase = ∠C (iω )

(3.103)

The phase should be calculated as a four-quadrant phase angle.
For Bode plots, gain margin and phase margin are quantitative parametrics that can be
used to assess the stability margin. Gain margin is the difference in gain between the value of 1
(where the open-loop gain, with any further increase in value, can no longer lead to the
conclusion that a system necessarily be stable) and the value of gain at the frequency where the
open-loop phase is -180°. The phase margin is the difference in phase between the value of -180°
(where the open-loop phase can no longer lead to the conclusion that a system necessarily be
stable) and the value of phase at the frequency where the open-loop gain is unity.
Nyquist diagrams can be used also to assess a feedback control system. A Nyquist
diagram can be represented by a polar plot of the closed-loop transfer function denominator,

1 + C (iω ) . The Nyquist theorem implies that (if the open-loop transfer function provides no
poles in the right-hand complex plane) the closed-loop system is stable if the Nyquist path of the
open-loop transfer function does not encircle the critical point ( −1, 0 ⋅ i ) in the clockwise
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direction. This can also be written as the following: the Nyquist theorem implies that (if the
characteristic equation provides no poles in the right-hand complex plane) the closed-loop
system is stable if the Nyquist path of the characteristic equation does not encircle the origin in
the clockwise direction.137, 152 Classic diagrams such as the Bode plot and Nyquist diagram
provide much insight into the stability problem, however it is felt by the author that other
techniques such as Lyapunov’s theory should be used to study these types of self-contained
stability problems. There has been active research on Lyapunov’s theory since the 1960’s and
may serve as a useful approach in studying the combustion instability problem.153, 154
For Crocco’s model, the open-loop transfer function can be written as Equation 3.104.

C (s) = −

n (1 − e − sτ s )
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(3.104)

For the contemporary model, the open-loop transfer function can be written as Equation 3.105.

(

)
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(3.105)

For the modified Crocco model, the newly developed open-loop transfer function can be written
as Equation 3.106.
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)
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(3.106)
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It will also be shown in Chapter 7.1 Parametric Formulation of the Wenzel and Szuch
Model, that the open-loop transfer function for a double-time lag chug formulation is given by
Equation 3.107 and can be assessed using the same approach.

C ( s) =

⎡⎛
⎞ − sτ T ,o ⎛
⎞ − sτ T , f
1
X
F
e
e
+⎜
⎢⎜
⎟
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⎝
⎠

⎤
⎥
⎥⎦

(3.107)

3.11 Wenzel and Szuch Time Lag Models
Wenzel and Szuch developed models and made several studies on combustion
instability.143-145, 155-157 The models developed by Wenzel143, 145 incorporate two new features.
They allow there to be separate time lags for each propellant and they also lay out the solution in
a very practical form for engineering design purposes. In their original model they ignore the
effects of the feed system and never consider the pressure sensitivity of the time lag for
simplicity; however these can be added to the model. The only injector contribution is due to the
injector orifice resistance.
Their original constant time lag derivation was more accurately presented in later
literature145 and finally recast in NASA SP-194.2 The SP-1942 derivation is more direct and is
described here instead of the one used originally by Wenzel and Szuch. They begin as usual with
Equation 3.18, however the burning rate term is now described as follows with a time lag
associated with each propellant:

mb (t ) ( mo′ (t − τ T ,o ) + m′f (t − τ T , f ) + m )
=
m
m

(3.108)

Equation 3.22 is used as the mass accumulation rate term. Equation 3.43 is used for the exit flow
rate. The form of the mass balance becomes
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θ g dp′(t )
p

dt

+

p′(t ) mo′ (t − τ T ,o ) m′f (t − τ T , f ) 1 T ′
=
+
+
2T
p
m
m

(3.109)

The temperature term needs to be put into a useful form; the c-star equation can be written as

c∗ =

g c pAt
me

(3.110)

By combining Equation 3.110 with Equation 3.42, the following is obtained, where the function

g is a constant defined by the specific heat ratio, area at the nozzle entrance, throat area, and
Mach number.

c∗ (T ) = T ⋅ g ( γ , M , A, At )

(3.111)

The following linear approximation is obtained from a Taylor series of c∗ (T ) and can be exactly
substituted into Equation 3.109.

c′∗ 1 T ′
=
c∗ 2 T

(3.112)

C-star is also a function of pressure and mixture ratio, c∗ = c∗ ( p, MR ) , and can be linearly
expanded to give:

c′∗ MR′ dc∗
= ∗
c∗
c dMR

+
p , MR

p′ dc∗
c ∗ dp

(3.113)
p , MR

However the second term on the right-hand side is small and can be neglected because pressure
has a very small effect on c-star. Next, the oscillating mixture ratio is examined. Mixture ratio is
a function of oxidizer flow rate and fuel flow rate, MR = MR ( mo , m f ) , so linearly expanding
mixture ratio would put the oscillating mixture ratio term in a useful form. The linearization is
shown in Equation 3.114.

m′f dMR
MR′ mo′ dMR
=
+
MR MR dmo m ,m MR dm f m ,m
o

f

o

(3.114)
f
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Mixture ratio can be written as Equation 3.115.

MR =

mo
mf

(3.115)

Using Equation 3.115 to simplify Equation 3.114 gives Equation 3.116 (written in a slightly
different form from Equation 3.57 with total flow rate).

m′f
MR′ ⎛ MR + 1 ⎞ mo′
=⎜
− MR + 1
⎟
m
MR ⎝ MR ⎠ m

(

)

(3.116)

Equation 3.112, Equation 3.113 and Equation 3.116, can be substituted into Equation 3.109 and
give the final form of their model.

⎡⎛ MR + 1 dc∗
⎤
⎞
⎢⎜ 1 +
⎥
⎟
′
−
τ
)
m
(
t
o
T ,o
c ∗ dMR p , MR ⎟
⎥
θ g dp′(t ) p′(t ) 1 ⎢⎜⎝
⎠
⎢
⎥
+
=
p dt
p
m⎢ ⎛
⎥
∗
⎞
+ 1) dc
⎢ + ⎜ 1 − MR ⋅ ( MR
⎥
⎟
′
m
t
τ
−
)
(
f
T, f
c∗
dMR p , MR ⎟
⎢ ⎜
⎥
⎠
⎣ ⎝
⎦
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Chapter 4
Stability Model for a Damped Wave Equation in a Mean Flow with
Concentrated Combustion
A generalization of the wave equation useful for engineering applications that accounts
for viscous effects and mean flow is characterized in the following chapter. The formulation can
be used for unsteady flow in a combustion chamber. The fundamental feature is to represent the
wave equation in a way that accounts for mean flow and resistive effects from shear stresses
formulated such that a stability analysis can be performed. Test data can then be used to obtain
an effective system damping that could apply directly in the model. Damping plays a critical role
in determining the stability of a system.1 The stability model presented in this chapter is an
extension of the Crocco5 concentrated combustion model with the aforementioned features that
also accounts for feedsystem contribution and correct injector boundary conditions.
Shear stress was chosen as a parameter in developing the model for several reasons.
Fluid transient pipe flow models use this formulation to develop an unsteady analytical
formulation for transient analysis. The shear stress can easily be put into a formulation that
incorporates linear resistance. This is useful since linear resistance can be obtained for various
effects other then frictional, such as absorption from thermal conduction, orifice and other
component resistances, and other forms of attenuation or losses such as nozzle damping. The
foundation of damping mechanisms, in terms of combustion instability, is laid out clearly in
reference [158]. Individual loss mechanisms can be combined into the linear resistance as a sum
of all the losses.6, 158 An effective system damping that could be obtained from data can then be
used in the model and would account for all losses.
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Transient flow analysis, including waterhammer and hydraulic system impedance
analysis make an upfront assumption to use constant density.2, 159 This simplifies the flow
equations where they are easily tractable. This is normally a valid assumption because the fluids
that are usually examined with these types of analysis are incompressible. In the case of a
combustion chamber, this is not necessarily the case. In the combustion chamber there is a gas,
though at a relatively low Mach, and the flow is turbulent. For the analysis described hereafter,
there are density variations and they follow the same exponential solution form as the velocity
and pressure in the wave equation.
There is another assumption that is made in unsteady flow analysis in pipes. For
unsteady pipe flow analysis with friction, the shear stress is considered to be the same as if the
velocity were steady.159 Therefore the shear stress can be written in terms of the Darcy-Weisbach
friction factor. Because of this assumption, there is sometimes correction factors used for
intermediate and higher frequencies.160-162 In unsteady flow calculations the velocity in the
Darcy-Weisbach equation is considered oscillatory, but the density is left constant. For turbulent
flow, the shear stress is a function of density.163 So in the following analysis the density
variations in the shear stress are also considered to be unsteady. The formulation of the
concentrated combustion model will use the Darcy-Weisbach equation in an unsteady form by
considering oscillatory variations in both velocity and density.
Linear resistance is a common parameter that is used in many engineering models. It is
common to use linear resistance because many engineering rocket engine system models are
reduced to linear systems. Models that use this approach include all lumped parameter models,
state space pogo models, feed system models, combustion instability models and full engine
system models. In terms of stability analysis of these models, the Lyapunov stability theorem
states that stability for a nonlinear system is the same for a linear system centered at the mean
conditions. So an analysis of a linearized system provides valid stability information.
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4.1 Model Development
As described in Chapter 3, each local variable is written as having a mean component
and oscillatory component. That is, the local velocity, pressure, and density can be written as

u = u + u′
p = p + p′
ρ = ρ + ρ′

(4.1)

The differential form of the continuity equation is

∂ρ
+ ∇ ⋅ ( ρu ) = 0
∂t

(4.2)

Written in one axial dimension this becomes

∂ρ ∂ ( ρ u )
+
=0
∂t
∂x

(4.3)

Introducing the perturbed parameters gives the following

(

∂ ρ + ρ′
∂t

) + ∂ ( ρ u + ρ u′ + ρ ′u + ρ ′u′ ) = 0
∂x

(4.4)

The continuity equation after eliminating higher order terms gives

∂ρ ′
∂u ′
∂ρ ′
+ρ
+u
=0
∂t
∂x
∂x

(4.5)

The final form of the continuity equation can be put in a useful form after substituting the
linearized state relationship for an isentropic process, Equation 3.81.

∂p′ ρ c 2 ∂u ′
∂p′
+
+u
=0
∂t
∂x
g c ∂x

(4.6)

To obtain the momentum equation, a differential ‘pipe’ section is analyzed. The
motivation in using a differential section of pipe is two-fold. An analytically tractable solution is
possible by using the unsteady simulation of the Darcy-Weisbach form of shear stress as a
representation of the viscous effects. And the shear stress can eventually be related to a linear
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resistance that is used in unsteady fluid dynamic system models. Summing the forces on a
differential element and equating them to the acceleration components leads to the following
equation of motion in the axial direction.159

(

)

⎛ ρu 2 A ∂ ρu 2 A ⎞ ∂ ( ρu ) A
⎛
∂ ( p) ⎞
ρu 2
pA − ⎜ pA + A
dx ⎟ − π τ Ddx = −
A +⎜
dx ⎟ +
dx
+
⎜
⎟
∂
x
g
x
g
t
g
∂
∂
g
c
c
c
c
⎝
⎠
⎝
⎠
(4.7)
This immediately simplifies to the following

∂p π τ D ρ Du
+
+
=0
∂x
A
g c Dt

(4.8)

Or expanding the material derivative

∂p π D τ ρ ∂u ρ u ∂u
+
+
+
=0
∂x
A
g c ∂t g c ∂x

(4.9)

In steady flow, the Darcy-Weisbach friction factor can be used in the shear stress relationship

τ=

ρfuu
gc 8

(4.10)

The shear stress that is used in steady flow calculations is also considered to be acceptable in
transient flow calculations.159 Thus, the momentum equation becomes

∂p ρ fu u ρ ∂u ρ u ∂u
+
+
+
=0
∂x g c 2 D g c ∂t g c ∂x

(4.11)

The goal now is to put the second term into a form with linearized resistance. However
care must be taken in linearizing this term because of the absolute value and to take account of
the density perturbation.
In unsteady 1-D flow problems, the pressure drop is a function of flowrate. For example,
the incompressible orifice flow equation is given by Equation 4.12.

m = Cd Ao 2 g c ρ Δpo

(4.12)
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This can also be written generally as

Δpo =

K

ρ

mn

(4.13)

where K and n are constants. A linearized resistance is typically defined from a Taylor series
expansion of Δp ( m) as follows for an unsteady flow assuming constant density (this assumption
will be removed later). Dropping the O ( m′2 ) and higher terms, the expansion is

Δp( m) = Δp( m) +

∂Δp
( m − m)
∂m m

(4.14)

This can be rewritten in pertubative form.

Δp( m)′ =

∂Δp
m′
∂m m

(4.15)

And linearized resistance is defined as follows:

RL ≡

∂Δp
∂m m

(4.16)

Looking back at a steady flow in the pipe, the force balance gives a relationship between
pressure drop and shear stress. Again the steady shear stress relationship is considered to be the
same pressure drop that would occur in unsteady flow problems. The steady flow force balance
is given by Equation 4.17.

Δpτ A = τ π DL

(4.17)

This can be substituted into the momentum Equation 4.9 and written as Equation 4.18.

∂p Δpτ ρ ∂u ρ u ∂u
+
+
+
=0
∂x
L
g c ∂t g c ∂x

(4.18)

The approach used to linearize and provide the variables in oscillatory form previously for the
continuity equation is again exercised for the momentum equation. Before the entire equation is
linearized, the second term of Equation 4.18 is examined independently.
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Equation 4.17 can also be written by using the shear stress relationship, Equation 4.10,
and substituting in flowrate.

⎛ fL
Δpτ = ⎜
2
⎝ 2 DA

⎞ m m
⎟⋅
⎠ ρ gc

(4.19)

It is apparent that the pressure drop is a function of flow rate and density. In the case of constant
density, as assumed in unsteady flow problems, the resistance Equation 4.16 can be calculated
from Equation 4.19 recognizing that in the derivative term, m + m 2 m = 2 m .

RL =

fLm

(4.20)

ρ g c DA2

To correctly account for the perturbations of each parameter, though, the pressure drop should be
linearized about the mean flowrate and the mean density. A Taylor series expansion of

Δpτ ( ρ , m) is given as Equation 4.21.

Δpτ ( ρ , m)′ =

∂Δpτ
∂ρ

ρ′ +
ρ ,m

∂Δpτ
∂m

m′

(4.21)

ρ ,m

Calculating the derivative terms in Equation 4.21, using Equation 4.19, and substituting back into
Equation 4.21 gives the following.

Δpτ ( ρ , m)′ = −

f Lm m
2 g c ρ DA
2

2

ρ′ +

fLm

ρ g c DA2

m′

(4.22)

This can be written as Equation 4.23 in terms of the previously defined form of linearized
resistance.

Δpτ ( ρ , m)′ = RL ,τ m′ −

m RL ,τ
2ρ

ρ′

(4.23)

It should be noticed that there is an oscillatory density term in addition to the usual oscillatory
flow rate term. Equation 4.23 is not yet in a useful form because the variables in the continuity
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and momentum equation are preferred to be density, velocity, and pressure for use in the
development of the concentrated combustion model. To put the oscillatory pressure drop into a
useful form, the flow rate perturbation is converted into perturbations of these variables.
A Taylor series expansion of m ( ρ , u ) is given as Equation 4.24.

m( ρ , u )′ =

∂m
∂m
ρ′ +
u′
∂ρ ρ ,u
∂u ρ ,u

(4.24)

With flow rate, m( ρ , u ) = ρ u A , the derivatives in Equation 4.24 and the Taylor series can easily
be found to be Equation 4.25.

m( ρ , u )′ = u A ρ ′ + ρ Au ′

(4.25)

This can be substituted into Equation 4.23 and gives the following relationship for the linearized
pressure drop.

u A RL ,τ
Δpτ ′ ρ A RL ,τ
u′ −
=
ρ′
L
L
2L

(4.26)

Finally, it is most useful in deriving a wave equation where the formulation is written in
terms of pressure and velocity instead of density and velocity. This can be done simply by using
the linearized state relationship for an isentropic process, Equation 3.81. Equation 4.26 becomes
the following final form.

g u A RL ,τ
Δpτ ′ ρ A RL ,τ
u′ − c
=
p′
L
L
2L c 2

(4.27)

This is an interesting result in that the damping has aspects that are further reaching then
previously considered.
Next, Equation 4.18 can be written in a linearized form as follows:

(

∂ p + p′
∂x

) + Δp ′ + ( ρ + ρ ′ ) ∂ ( u + u′) + ( ρ + ρ ′ )
τ

L

gc

∂t

gc

( u + u′ )

(

∂ u + u′
∂x

) =0

(4.28)
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After simplifying and substituting in Equation 4.27, the final form of the momentum equation is
Equation 4.29.

u g c A RL ,τ
ρ ∂u ′ ρ u ∂u ′
∂p′ ρ A RL ,τ
u′ −
p′ +
+
+
=0
2
L
g c ∂t
g c ∂x
2L c
∂x

(4.29)

The form of the wave equation can be found first by simply differentiating the continuity
Equation 4.6 by t and differentiating the momentum Equation 4.29 by x . Substituting the newly
found continuity equation into the newly found momentum equation and rearranging gives the
following wave equation.
2
λ ⎛ ∂p′
∂ 2 p′
∂ 2 p′
∂p′ ⎞
2
2 ∂ p′
2 ∂p′
=0
+
+
−
+ 1⎜
+u
2
u
u
c
⎟ + λ2 c
2
2
∂t
∂t ∂x
∂x
∂x ⎠
∂x
ρ ⎝ ∂t

(

)

(4.30)

The parameters λ1 and λ2 are defined as follows:

λ1 ≡
λ2 ≡

ρ gc A

RL ,τ

(4.31)

g c uA
RL ,τ
2c 2 L

(4.32)

L

But it is simplest to reduce this into a form with only λ1 .
2
λ ⎛ ∂p′ 3 u ∂p′ ⎞
∂ 2 p′
∂ 2 p′
2
2 ∂ p′
+
+
−
+ 1⎜
+
2
u
u
c
⎟=0
2
2
∂t
∂t ∂x
∂x
ρ ⎝ ∂t
2 ∂x ⎠

(

)

(4.33)

The wave equation described in Equation 4.33 can be written in a more concise form using the
material derivative.
2
D 2 p′ λ1 Dp′
u λ ∂p′
2 ∂ p′
+
−
+ 1
=0
c
2
2
ρ Dt
∂x
2 ρ ∂x
Dt

(4.34)

The second term is a damped convective form which would convey that the damping effects will
be asymmetric due to the mean flow velocity. Additionally there is the unusual last term, which
is not typically seen in the wave equation that accounts for additional aspects of damping. This
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term originates from the contribution of the oscillatory density. In unsteady fluid dynamic
problems using impedance models, the formulation normally uses head and flow or pressure and
flowrate as the independent variables instead of pressure and velocity. However, this last term
does not appear in typical unsteady fluid dynamic models because there is no oscillatory density.
Equation 4.6 and Equation 4.29 can be used to develop a stability formulation that
incorporates both mean flow and now shear-stress-related damping. Additionally, the model will
now account for oscillatory injection flow that will allow coupling to the feed system with
generic impedance and also have correct injector boundary conditions.
To show this, the formulation of Crocco’s5 concentrated combustion model is followed.
Deviations will be described in places where extensions are implemented. The mathematics is
much more complicated since the undamped wave equation is not used; the momentum equation
needs to be satisfied and the exponential forms of the pressure and density are not the same as
that of the velocity. Equation 4.34 is a hyperbolic partial differential equation and by definition
satisfies the standard wave equation solution. This will be shown in the following development.
The solution, Equation 4.35, satisfies the wave equation with K̂ as a complex quantity.
ˆ

p ( x, t ) = Cei ω t e − i K x = Ce s t e

−s

Kˆ

ω

x

(4.35)

Blackstock146 shows that, in this form, K̂ = β − i α . And β is related to the phase speed by

c ph = ω β while α is the spatial absorption coefficient, although the values are not
independent.

p( x, t ) = Ce

−α x i ( ω t − β x )

e

= Ce

−α x

e

⎛
x ⎞
iω ⎜ t −
⎟
⎝ ω/β ⎠

(4.36)

Substituting Equation 4.35 into Equation 4.34 gives the following characteristics equation where

k =ω c .
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(M

2

⎛ 3λ
⎞
⎛λ
⎞
− 1) Kˆ 2 − ( 2M k ) ⎜ 1 + 1 ⎟ Kˆ + k 2 ⎜ 1 + 1⎟ = 0
⎝ ρs ⎠
⎝ 4ρ s
⎠

(4.37)

After substituting in for the Laplace variable, the roots of the characteristic equation are the
following

Kˆ 1,2 =

2

⎛ 3λ M
− ⎜ 1 i − 2M k
⎝ 2ρ c

⎞
⎛ 3 λ1M
⎞
i − 2M k ⎟ − 4 M 2 − 1
⎟± ⎜
⎠
⎝ 2ρ c
⎠
2
2 M −1

(

(

)

) ⎛⎜ k
⎝

2

−

k λ1 ⎞
i
ρ c ⎟⎠

(4.38)

The solution is of the form

(

)

p ( x, t ) = C Ae −( β1 −i⋅α1 ) i x + CB e −( β 2 −i⋅α 2 ) i x eiωt

(4.39)

Where β1 , β 2 , α1 , and α 2 are the real and imaginary parts for the outward and inward moving
wave; these are derived in Appendix A. These coefficients can be found by taking the real and
imaginary parts of Equation 4.38. The coefficients are the following, where the real and
imaginary part of the square root term is described in Appendix A.

⎛ 3 λ1M
⎞
+ℑ z ⎟
⎛ 2M k + ℜ z ⎞ ⎜ −
⎟ + ⎜ 2ρ c
⎟i
Kˆ 1 = ⎜
2
⎜ 2 M −1 ⎟ ⎜
2 M 2 −1
⎟
⎝
⎠ ⎜
⎟
⎝
⎠

(4.40)

⎛ 3 λ1M
⎞
−ℑ z ⎟
⎛ 2M k − ℜ z ⎞ ⎜ −
⎟ + ⎜ 2ρ c
⎟i
Kˆ 2 = ⎜
2
⎜ 2 M −1 ⎟ ⎜
2 M 2 −1
⎟
⎝
⎠ ⎜
⎟
⎝
⎠

(4.41)

(

(

( )
)

( )
)

( )

(

)

( )

(

)

However, most numerical software today, such as MATLAB®139 or MapleTM,164 will
automatically calculate Equation 4.38 without having to manually break up the real and
imaginary parts. Following with Crocco’s5 formulation from Chapter 3, a solution to the
undamped wave equation with mean flow can be represented in the following fashion.
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sx
sx
−
−
⎞ iω t
c2 ⎛
c (1+ M )
c (1− M )
− C2 e
p ( x, t ) =
⎜ C1 e
⎟e
⎟
g c ⎜⎝
⎠

⎛
⎜
⎝

ρ ( x, t ) = ⎜ C1 e

−

sx
c (1+ M )

⎞ iω t
⎟e
⎟
⎠
sx
−
⎞ iω t
c (1− M )
+ C2 e
⎟e
⎟
⎠

− C2 e

sx
−
c⎛
c (1+ M )
u ( x, t ) = ⎜ C1 e
ρ ⎜⎝

−

sx
c (1− M )

(4.42)

However, as mentioned earlier, in the case of the lossy wave equation with mean flow, this is not
correct; the continuity, momentum, and state equations have to be satisfied and they have
changed substantially from the undamped wave equation formulation. Keeping the solution form
in terms of velocity, density, and pressure is important in their formulation for use later, so these
forms for the lossy equation will also be constructed from the continuity, momentum, and state
equation. They also conveniently keep the form of the equation in the complex domain by using
the Laplace parameter, s = iω . The forward and backward running waves for the lossy problem
can be written as Equation 4.43 for pressure, velocity, and density.
⎛ Kˆ 2 ⎞
⎛ ⎛⎜⎜ − Kˆ1 s x ⎞⎟⎟
s x ⎟⎟ ⎞
⎜⎜ −
ω
ω
⎠
⎠ ⎟ st
+ C2 e ⎝
p ( x, t ) = ⎜ C1e⎝
e
⎜
⎟
⎝
⎠
⎛ Kˆ1 ⎞
⎛ Kˆ 2 ⎞
⎛
s x ⎟⎟ ⎞
⎜⎜ − s x ⎟⎟
⎜⎜ −
C
C
ω
ω
1
2
⎝
⎠
⎠ ⎟ st
+ 2 e⎝
ρ ( x, t ) = g c ⎜ 2 e
e
⎜c
⎟
c
⎝
⎠

(4.43)

⎛ Kˆ1 ⎞
⎛ Kˆ 2 ⎞
⎛
s x ⎟⎟ ⎞
⎜⎜ − s x ⎟⎟
⎜⎜ −
ω
⎝
⎠
⎝ ω
⎠ ⎟ st
ˆ
ˆ
⎜
+ C2 Be
u ( x, t ) = C1 Ae
e
⎜
⎟
⎝
⎠

Normally the pressure is found by substituting the functional form of the solution back into the
linear Euler equation (with unknown constants C3 and C4 in the velocity term and then finding
them as a function of C1 and C2 );6 however the correct substitution for the lossy problem to
obtain the correct form of pressure is into the momentum equation, Equation 4.29 (with Equation

141
4.31). The complex constants, Â and B̂ , in the velocity term can be recovered in this way and
are shown in Equation 4.44.

Kˆ 1
s
2
k
⋅
⎛
Kˆ ⎞
λ1 + ⎜1 − M 1 ⎟ ρ s
k ⎠
⎝
λ1M
Kˆ
+ρ 2 s
2
k
⋅
ˆ
⎛
K ⎞
λ1 + ⎜1 − M 2 ⎟ ρ s
k ⎠
⎝

λ1M

g
Aˆ = c
ρc

g
Bˆ = c
ρc

+ρ

(4.44)

The pressure, velocity, and density can also be conveniently written separated as a function of x
and a function of t .

p ( x, t ) = φ ( x ) e s t

ρ ( x, t ) = σ ( x ) e s t

(4.45)

u ( x, t ) = v ( x ) e s t
Where the functions of x are defined as:

φ ( x) = C1e

⎛ Kˆ1 ⎞
⎜⎜ − ω s x ⎟⎟
⎝
⎠

+ C2 e

⎛ Kˆ 2 ⎞
⎜⎜ − ω s x ⎟⎟
⎝
⎠

⎛ Kˆ1 ⎞
⎛ Kˆ 2 ⎞
⎛
s x ⎟⎟ ⎞
⎜⎜ − s x ⎟⎟
⎜⎜ −
C
C
ω
ω
⎠
⎠⎟
+ 22 e⎝
σ ( x) = g c ⎜ 21 e⎝
⎜c
⎟
c
⎝
⎠

ˆ
v( x) = C1 Ae

⎛ Kˆ1 ⎞
⎜⎜ − s x ⎟⎟
⎝ ω
⎠

ˆ
+ C2 Be

⎛ Kˆ 2 ⎞
s x ⎟⎟
⎜⎜ −
⎝ ω
⎠

(4.46)

(4.47)

(4.48)

4.1.1 Injector Boundary Condition
In the Crocco5 formulation, the boundary at the injector inlet is considered closed so the
velocity perturbation is zero. To keep the formulation general, perturbations from the injector are
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not necessarily zero in this formulation. So at the injector boundary ( x = 0 ), the terminal
impedance (or admittance) should be considered. Since the formulation is in terms of velocity,
density, and pressure perturbations, admittance can be represented as Equation 4.49 using
Equation 4.25.

G=

uAρ ′ + ρ Au ′
p′

(4.49)

To verify at a closed boundary, the injector admittance should be zero; Mach number and
pertubative velocity are both zero, so Equation 4.49 simplifies to zero. Most transient flow
textbooks2, 159 and impedance models typically define admittance as Equation 4.50 with constant
density.

G=

m′ ρ A u ′
=
p′
p′

(4.50)

This is typically a valid approach for incompressible flow. The first term in Equation 4.49 is very
small for incompressible fluids. Care must be taken when using admittance formulations from
texts. Although, the first term of Equation 4.49 can be approximated by using the linearized
equation of state, it is also reasonable to assume for incompressible fluids that the higher order
terms of the general equation of state become negligible (the first term in Equation 4.49 is already
very small). The admittance relationship becomes the following:

G=

MAg c
u′
+ρA
c
p′

(4.51)

The admittance at the injector has a complex distribution because of the two injected liquid
propellants; it is assumed that only planar waves propagate through the interface. There are two
conditions that must be satisfied at the interface. The pressure is the same on either side of the
injector boundary interface. Also the volume velocity, or the area multiplied by the velocity,
must be conserved across the interface (this follows directly from the conservation of mass at the
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boundary;6 the normal component of particle velocity must be continuous across the interface). It
can be shown that for two branches flowing into a single line, the total admittance is the sum of
the admittance in each branch.159 This will be discussed further below. This is equivalent to
calculating the impedance of two parallel circuits. Thus the boundary condition follows as the
sum of all the individual components, which in this case for a bipropellant system is the sum of
the fuel and oxidizer admittances.

Gi = Go + G f

(4.52)

Equation 4.52 can be written for a bipropellant system from Equation 4.49 as

Go + G f =

uo Ao ρo′ ρo Ao uo′ u f A f ρ ′f ρ f A f u ′f
+
+
+
po′
pc′
p′f
pc′

(4.53)

Since the pressures are all identical at the interface, an appropriate pressure is chosen to help
simplify. The goal is to put the oscillatory feed system velocity terms in terms of oscillatory
chamber pressure and velocity. This way, the terminal admittance can be related to the chamber
pressure formulation that will be derived, since the chamber pressure formulation is in terms of
oscillatory chamber pressure and velocity.
The conservation of volume velocity gives the following equation:

Aouo′ + A f u ′f = Ac uc′

(4.54)

This can be rearranged to obtain the oscillatory velocity for each feedline in terms of the
oscillatory chamber velocity.

uo′ =

u′f =

Ac uc′ − Af u ′f
Ao

Ac uc′ − Aouo′
Af

(4.55)

(4.56)

Substituting Equation 4.55 and Equation 4.56 into Equation 4.53 and also substituting in the
linearized isentropic equation of state, Equation 3.81, gives the following.
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Go + G f =

⎛ u′
u ′f ⎞ M f A f g c
⎛ u′
M o Ao g c
u′ ⎞
+ ρ o ⎜ Ac c − A f
+
+ ρ f ⎜ Ac c − Ao o ⎟
⎟
⎜
po′ ⎠
co
p′f ⎠⎟
cf
⎝ pc′
⎝ pc′

(4.57)

And Equation 4.58 is for a single propellant line system

Gi =

M i Ai g c
u′
+ ρi Ac c
ci
pc′

(4.58)

Equation 4.49 can be used to substitute into the fuel and oxidizer oscillatory terms. After
substitution, the equation can be solved for the oscillatory chamber velocity-to-chamber pressure
ratio. After some algebra, the following solution is obtained.

Gf
uc′
G
A ⎛ M g ⎞ Af ⎛ M f gc
= o +
− o ⎜ o c ⎟−
⎜
pc′ Ac ρo Ac ρ f Ac ⎝ ρ o co ⎠ Ac ⎜⎝ ρ f c f

⎞
⎟⎟
⎠

(4.59)

This is the terminal boundary condition that can be used in the wave equation formulation. And
for a single propellant line:

uc′
G
A ⎛M g ⎞
= i − i⎜ i c⎟
pc′ Ac ρi Ac ⎝ ρi ci ⎠

(4.60)

4.1.2 Injector Admittance
The injector admittance can be estimated by accounting for the effects of the individual
components in the feed system. Several texts2, 159, 165 detail the procedure, however the general
approach is to build a fluid circuit analogy and estimate the impedance/admittance just
downstream of the injector. Using the fluid analogy, the impedance of components in series
would be summed in series and the impedance of components in parallel would be summed in
parallel. For estimating admittance, it can be easily shown that the admittance of components in
series would be summed in parallel and the admittance of components in parallel would be
summed in series.
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An example in calculating the admittance of an accumulator or manifold is given first.
The manifold is assumed to take up no length and only undergoes bulk motion. This is drawn
schematically as in Figure 4.1 where there is no axial distance between location 1 and location 2 .

Figure 4.1: Schematic of a Manifold for Admittance Estimate
By specifying the flows such that there is an intersection, the manifold is defined as a shunt and it
would act as a separate branch. This is an appropriate way to define the manifold since it takes
up no length. The impedance just downstream of the manifold at location 2 can be estimated
from the upstream impedances at locations 1 and m . The impedance term at location 1 and the
impedance term at location m are added together because the flows are both exiting from these
locations shown by the direction of the flow arrow. This convention is used to stay consistent
with the formulations in NASA SP-194.2 They are added in parallel because it follows the fluid
analogy as described above. The flow direction and the 1-D pipe direction are important in
determining the sign of the impedance.

1
1
1
= +
Z 2 Z1 Z m

(4.61)

G2 = G1 + Gm

(4.62)
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Some texts write this in terms of the admittance at the last axial position so that admittance
transfer functions can be used easily to combine components. This is shown in Equation 4.63.

G
G2
= 1+ m
G1
G1

(4.63)

The admittance of the components such as the manifold are derived in many texts. The
manifold admittance is simply a function of the manifold compliance.2, 159 A simple lumped
volume of the manifold can be used to derive the compliance.166 Figure 4.2 shows a schematic of
the lumped volume of the manifold with a moving piston. The effect of a moving piston on the
fluid can be used to derive the compliance in the manifold. The same sign convention is used in
Figure 4.2 for consistency.

Figure 4.2: Elemental Volume for Compliance Estimate
The change in pressure due to an isothermal change in volume is defined by the adiabatic bulk
modulus with a negative sign denoting that an increase in pressure creates a reduction in volume.

K =−

V Δp
ΔV

(4.64)

The change in volume is ΔV = A ( x1 − x2 ) and is a positive value since the moving piston
increases volume from the first state to the second state. If the piston was moving into the
manifold, ΔV = A ( x2 − x1 ) , flow would move in, and the change in volume would be negative
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from the first state to the second state. The former equation is used to stay consistent with the
defined flow direction in Figure 4.1 and Figure 4.2. The rear wall of the manifold does not move
so x2 = 0 . Rearranging Equation 4.64 and taking the derivative of both sides gives the rate of
change of the uniform pressure in the elemental volume (or manifold) as it is related to the rate of
change of volume.

A( u2 − u1 ) =

V dp
K dt

(4.65)

The following expression results by putting this equation in terms of mass flow rate

ρV dp

m2 − m1 =

K dt

(4.66)

This equation relates the mass flow rate to the pressure at the manifold opening/entrance. In the
Laplace domain, this is written as

m1 = −

ρV
K

sp

(4.67)

The oscillatory form of pressure and flow can be written by subtracting off the steady parts.

m1′ = −

ρV
K

s p′

(4.68)

The parameter on the complex pressure term is defined as the compliance

C≡

ρV
K

(4.69)

So for the system in Figure 4.1, the terminal impedance (at the manifold opening/entrance) is
from Equation 4.68 and Equation 4.69, and written as

Zm = −

1
Cs

The manifold opening is the terminal impedance of the manifold and thus Z1 = Z m .

(4.70)
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As a side note, the compliance could also be derived with pistons at location 1 and 2 on
Figure 4.1 in a more intuitive fashion, but the sign on the second term of Equation 4.61, Equation
4.62, and subsequently Equation 4.63 would have to be changed since flow would be pushed into
the manifold with a positive moving piston. Also there is a sign change for the terminal
impedance due to the direction of piston movement. The final formulation is the same; however,
the former convention is chosen to stay consistent with the SP-194 formulation of Equation 4.63.
The next example is used in the models in this dissertation as an estimate of injector
impedance. It considers a manifold and the injector orifice as shown in Figure 4.3.

Figure 4.3: Schematic of a Manifold and Injector Orifice for Admittance Estimate
In determining the injector admittance, everything upstream of the manifold is defined as an
infinite impedance. At low frequencies, the impedance of the feed system, looking upstream
from the injector, approaches a pure resistance. At very high frequencies, the impedance
approaches a pure inertance. The manifold compliance is important in the intermediate frequency
range.2 To approximate the injector impedance, a simple schematic is created of the manifoldorifice system, Figure 4.3.

149
The assumption for the impedance at location 1 is an infinite resistance following the
previous statements. It acts as a rigid wall and is a good approximation, except for very low
frequencies where the contributions of the full feed system become important. The impedance of
the branches must be summed in parallel.

1
1
1
+
=
Z 2 Z1 Z m

(4.71)

With an infinite feed system impedance upstream of the manifold, location 2 is equal to the
manifold impedance. The manifold impedance was found in Equation 4.70.
Next, the impedance at the injector is examined. The resistive part of the impedance can
be found easily for incompressible flow using the incompressible thin orifice equation, and so the
density is also constant. The orifice equation can be rewritten as Equation 4.72 where a = 1 2
for incompressible flow.

m = k ⋅ ( p2 − p3 )

a

(4.72)

The pressures and flow rate are broken down into the mean and oscillatory components and the
equation is normalized by the mean flowrate

m + m′ k ⋅ ( Δp + p2′ − p3′ )
=
m
k ⋅ Δp a

a

(4.73)

where Δp = p2 − p3 . This can be expanded and simplified to

m′ ⎛ ( p2′ − p3′ ) ⎞
1+
= ⎜1 +
⎟
m ⎝
Δp ⎠

a

(4.74)

Defining the right-hand side as a function F ( p2′ , p3′ ) and expanding as a multi-dimensional
Taylor series about the mean of the variables, which in this case is zero since the variables are
only the oscillatory part, gives the following
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m′ a
=
( p2′ − p3′ )
m Δp

(4.75)

This can be rearranged as the oscillatory pressure drop associated with the orifice resistance.

p3′ − p2′ = −

Δp
m′
am

(4.76)

Δp
am

(4.77)

and then simplified using Z = p′ m′

Z 3, R = Z 2, R −
The orifice resistance is defined as

Ro ≡

Δp
am

(4.78)

Therefore, referring back to Figure 4.3, the resistive part of the impedance across an
infinitesimally thin orifice is given by Equation 4.79.

Z o , R = − Ro

(4.79)

So from Equation 4.77, the impedance just downstream of the orifice is the upstream impedance
plus the orifice impedance. The subscript R is used because this is only the contribution due to
resistive effects; which is the only part for an infinitesimally thin orifice. If the orifice had a
finite length; there are additional contributions to the oscillatory pressure drop through the orifice.
The mass of the fluid within the orifice constitutes an inertial component during variations in
flow.
An orifice with a finite length must also incorporate the inertial effects of the fluid within
the orifice. The inertance is found in a similar fashion as the thin plate orifice impedance. Figure
4.4 is a zoomed-in section of the orifice that is shown in Figure 4.3.
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Figure 4.4: Lumped Element for Inertance Estimate
Equation 4.80 and then Equation 4.81 result from a simple force balance on the lumped
section of line.

p2 − p3 =

lo dm
Ao g c dt

(4.80)

The oscillatory form of pressure and flow can be written by subtracting off the steady parts.

p2′ − p3′ =

lo dm′
Ao g c dt

(4.81)

Rearranging and remapping in the Laplace domain gives

p3′ − p2′ = − s

lo
m′
Ao g c

(4.82)

lo
Ao g c

(4.83)

and then simplified using Z = p′ m′ gives

Z 3, L = Z 2, L − s
The orifice inertance is defined by

Lo ≡

lo
Ao g c

(4.84)
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Therefore, referring back to Figure 4.3, the reactive part of the impedance across a finite-length
orifice due to inertia is given by Equation 4.85.

Z o , L = − Lo s

(4.85)

The total oscillatory pressure across the finite-length orifice has contributions due to both
the inertial effects and resistive effects. The total oscillatory pressure drop can be written by
combining Equation 4.76 and Equation 4.82 as well as substituting in the definitions for
resistance and inertance.

p3,′ T − p2,′ T = − ( Ro + s Lo ) m′

(4.86)

The total finite-length orifice impedance following the fluid analogy is given by the sum of
Equation 4.79 and Equation 4.85.

Z o = − ( Ro + s Lo )

(4.87)

Referring back to Figure 4.3 and Equation 4.86 the impedance can be written as

Z3 = Z 2 + Z o

(4.88)

From Equation 4.70, Equation 4.71, Equation 4.87, and Equation 4.88, the following
impedance relationship through the simple injector system (substituting in the fluid and geometric
parameters) is given by

⎛ Δp
l
Z3 = − ⎜ o + o
⎝ a mo Ao g c

⎞ K
s⎟−
⎠ ρ Vs

(4.89)

This is the total impedance at the injector exit. In terms of an RLC circuit with Z 3 ≡ Z i , this can
be written as

⎛
1 ⎞
Z i = − ⎜ Ro + Lo s +
⎟
Cm s ⎠
⎝

(4.90)
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The injector admittance is therefore written as

Gi = −

1
⎛
1 ⎞
⎜ Ro + Lo s +
⎟
Cm s ⎠
⎝

(4.91)

4.1.3 Nozzle Boundary Condition
Before the model formulation is discussed, a short description on nozzle exit boundary
conditions is discussed. The boundary condition at the converging nozzle entrance can be
derived in several ways. It was first examined by Tsien167 followed by Crocco.5, 168
Subsequently, there has been a significant amount studied in the area of nozzle admittance,
especially in terms of solid rocket motors.169-173 The short nozzle assumption is used in the
analysis of this dissertation to describe the acoustic boundary condition.
A small isentropic oscillation of the quasi-steady exit flow is given again as Equation
3.43. This applies for an ideal gas and the short nozzle assumption can easily be derived.

me′ p′ 1 T ′
= −
m
p 2T

(3.43)

To find the normalized admittance, this can be written as Equation 4.92.

me′ p
p T′
= 1−
2T p′
m p′

(4.92)

The oscillatory part on the right-hand side can be found from the isentropic flow relationship
defined in Equation 4.93 (1st and 3rd term). The total pressure, density, and temperature are
assumed to be equal to the mean chamber state conditions.
γ

γ

p ⎛ ρ ⎞ ⎛ T ⎞ γ −1
=⎜ ⎟ =⎜ ⎟
p ⎝ ρ ⎠ ⎝T ⎠

(4.93)
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Linearizing by expanding a Taylor series of p (T ) , after rearranging, gives the needed variable
relationship in Equation 4.92.

T ′ γ −1 T
=
p′
γ p

(4.94)

Substituting Equation 4.94 back into Equation 4.92 gives the nozzle admittance for an ideal gas.

Ge =

γ +1
2γ

(4.95)

The specific acoustic admittance that Crocco uses, α , can be derived in a similar way and can
also be related to the nozzle admittance. Equation 3.43 can be written as

uAρ ′ + ρ Au ′ p′ 1 T ′
= −
ρ Au
p 2T

(4.96)

Solving for normalized oscillatory velocity-to-density ratio gives

α=

ρ u ′ ρ p′ ρ T ′
=
−
u ρ ′ p ρ ′ 2T ρ ′

(4.97)

In a similar way using the appropriate isentropic relationships from Equation 4.93, the following
relationship for Crocco’s acoustic admittance is found.

α=

γ −1
2

(4.98)

This can be related to the normalized admittance using Equation 4.95.

Ge =

α +1
2α + 1

(4.99)

This relationship is shown only to compare to historic literature where specific nozzle admittance
is used, however in this dissertation Equation 4.95 is used directly. Although, an interesting note
at a rigid wall, α = 0 , which implies γ = 1 . A γ that is equal to 1 implies that the temperature is
constant regardless of the pressure oscillation. The relationships are still satisfied even for Ge
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since the normalizing parameter of mean flow forces the unnormalized admittance to be equal to

0 since the mean flow is also equal to 0 at the wall.

4.2 Model Formulation
The first step in the model formulation is to examine the boundary conditions in terms of
the wave equation solution. Substituting Equation 4.45, Equation 4.46, and Equation 4.48 into
the left-hand side of Equation 4.59, at the injector face ( x = 0 ), gives the following equation

⎛ C1,i Aˆ + C2,i Bˆ ⎞
Gf
G
A ⎛M g
− o⎜ o c
⎜
⎟= o +
⎜
⎟
⎝ C1,i + C2,i ⎠ Ac ρo Ac ρ f Ac ⎝ ρo co

⎞ Af ⎛ M f gc
⎜⎜
⎟−
⎠ Ac ⎝ ρ f c f

⎞
⎟⎟
⎠

(4.100)

The following relationship can be found from Equation 4.100 by solving for the constants.

C1,i
C2,i

⎛ M o Ao ρ f M f Af ρo ρo ρ f Ac Bˆ ⎞
+
+
⎜
⎟ g c − ρ f Go − ρo G f
⎜ co
⎟
c
g
c
f
⎠
=−⎝
≡ Hˆ i
ˆ
⎛ M o Ao ρ f M f Af ρo ρ o ρ f Ac A ⎞
+
+
⎜
⎟ g c − ρ f Go − ρ o G f
⎜ co
⎟
c
g
c
f
⎝
⎠

(4.101)

For a single propellant line:

C1,i
C2,i

M i Ai g c
+ ρi Ac Bˆ − Gi
ci
=−
≡ Hˆ i
M i Ai g c
ˆ
+ ρi Ac A − Gi
ci

(4.102)

At the chamber exit / nozzle entrance ( x = L ), Equation 4.49 can be written using
Equation 4.45, Equation 4.46, Equation 4.48 and Equation 3.80. The ideal gas law is used at the
exit admittance boundary condition to stay consistent with the defined form of Ge as in Equation
4.95.
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Kˆ
Kˆ
⎛
− sL 1
− sL 2
ω
ˆ
ˆ
+ C2,e Be ω
⎜ C Ae
m
Ge =
+ ρ Ae ⎜ 1,e
Kˆ1
Kˆ 2
γp
⎜ C e − sL ω + C e − sL ω
2,e
⎝ 1,e

⎞
⎟
⎟
⎟
⎠

(4.103)

And, after rearranging, the following relationship can be found from Equation 4.103.

C1,e
C2,e

⎛ m
⎞
ˆ
⎜ γ p + ρ Ae B − Ge ⎟ sL ( Kˆ1 − Kˆ 2 )
⎟eω
= −⎜
≡ Hˆ e
⎜ m
⎟
ˆ
⎜ γ p + ρ Ae A − Ge ⎟
⎝
⎠

(4.104)

Next the matched condition at the combustion front, ( x = ψ ), is examined. The density (and
pressure) perturbations from the upstream region are equivalent to the perturbations in the
downstream region at this location. Recalling from Chapter 3, the combustion front only has a
discontinuity in velocity, thus this matched condition can be represented using density as

C1,i
c2

e

−

sψ ˆ
K1

ω

+

C2,i
c2

e

−

sψ ˆ
K2

ω

=

C1,e
c2

e

−

sψ ˆ
K1

ω

+

C2,e
c2

e

−

sψ ˆ
K2

ω

(4.105)

This can be rewritten by substituting Equation 4.101 and Equation 4.104 into Equation 4.105 and
then rearranging; the unknown coefficients can be written as.
sψ

C2,e
C2,i

− ( K1 − K 2 )
+1
Hˆ i e ω
=
sψ ˆ ˆ
− ( K1 − K 2 )
+1
Hˆ e e ω
ˆ

ˆ

(4.106)

The next step is to consider the fractional flowrate between the two regions at the combustion
front. As in Chapter 3, the discontinuity in flow across the combustion front is equal to the
burning rate. This step change in flowrate is caused by the burning rate source so that the increase
in mass flow rate is equivalent to the burning rate source. The flowrate difference at the
combustion front is (using the same regions as defined in Chapter 3)

md = ( ρ Au )2 − ( ρ Au )1

(4.107)
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It is convenient to put this in fractional form. Similar to Equation 3.85, the fractional increase of
the difference of mass flow rate across the combustion front, after substituting in the local
variables (Equation 4.1) and linearization, can be put into the following form using
Equation 4.45, recalling also that the mean velocity in region 1 is zero.

⎡ v −v σ ⎤
md − m
= ⎢ 2 1 + ⎥ ⋅ e st
m
ρ ⎦ x =ψ
⎣ u

(4.108)

This is a representation of the chamber burning response or simply the chamber response, i.e. mc′
described in Chapter 3.10 Stability Diagrams, Gain Margin and Phase Margin, and md′ are
one and the same. In the Laplace domain this becomes

⎡ v2 ( s ) − v1 ( s) σ ( s ) ⎤
+
⋅ e st
⎥
u
ρ ⎦ x =ψ
⎣

μd ( s ) = ⎢

(4.109)

The burning rate is found previously from Crocco’s formulation, Equation 3.41, and can be
written using Equation 4.45 as

mb (t ) − m mi′(t − τ T ) n
=
+ ⋅ (φ (ψ , t ) − φ (ψ , t − τ s ) ) ⋅ eiωt
m
m
p

(4.110)

Before placing this in the Laplace domain, Equation 3.52 can be substituted in to incorporate the
dual-time lag formulation for a bipropellant system. One additional change is to provide separate
time lags for each propellant. This particular model improvement is discussed in Chapter 3.11
Wenzel and Szuch Time Lag Models, and further in Chapter 7.1 Parametric Formulation of
the Wenzel and Szuch Model. Equation 4.110 can be written as

mo′ (t − τ T ,o ) m′f (t − τ T , f ) ⎞ n
mb (t ) − m
1 ⎛
iω t
=
+
⎜⎜ MR
⎟⎟ + ⋅ (φ (ψ , t ) − φ (ψ , t − τ s ) ) ⋅ e
m
mo
mf
p
MR + 1 ⎝
⎠
(4.111)
Simplifying and writing in the Laplace domain, this becomes

158

⎛ m′ ( s ) e − sτ T ,o m′f ( s ) e − sτ T , f
+
μb ( s ) = ⎜ o
⎜
m
m
⎝

⎞ n
⎟ + ⋅ φ ( s ) ⋅ 1 − e − sτ s ⋅ e st
⎟ p
⎠

(

)

(4.112)

Crocco avoids using the injection flowrate terms because of the feeding system complications;
this could potentially present a significant amount of error in the original Crocco model as will be
shown in Chapter 6. Crocco’s original purpose though, with his analytical formulation, was only
to demonstrate the influence on stability with only a few parameters. In the model formulated
here, the injector response is not neglected. The formulation is written using injector admittance
to provide a way of representing the injector flow rate effects on the chamber pressure. With
Equation 4.45 and Gi ( s ) = mi′( s ) pc′ ( s ) , Equation 4.112 can be written as

μb ( s ) =

(

)

1
n
− sτ
− sτ
Go ⋅ φ ( s ) ⋅ e T ,o + G f ⋅ φ ( s ) ⋅ e T , f e st + ⋅ φ ( s ) ⋅ 1 − e − sτ s ⋅ e st
m
p

(

)

(4.113)

As an aside, Equation 4.110 can be examined in a similar way using a single time lag and a single
propellant feed system (i.e. single injector admittance) resulting in

Gi ⋅ φ ( s ) ⋅ e− sτ T e st n
+ ⋅ φ ( s) ⋅ 1 − e− sτ s ⋅ e st
μb ( s ) =
m
p

(

)

(4.114)

Substituting in the isentropic equation of state gives the final form of the burning rate in terms of
density for the single time lag, single feed line system.

μb ( s ) =

σ ( s)
gc

⎛ nc 2
⎞
Gc2
e st ⎜
⋅ 1 − e− sτ s + i ⋅ e − sτ T ⎟
m
⎝ p
⎠

(

)

(4.115)

Although Crocco prefers the density formulation, a more contemporary formulation would be in
terms of pressure so the characteristic equation can eventually be written in terms of normalized
admittance. Thus Equation 4.113 or Equation 4.114 would be used to formulate the final
characteristic equation.
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Proceeding with the more generic double time lag, two feed line system, Equation 4.109
is equated to Equation 4.113 and again using the isentropic equation of state, the following
characteristic equation is developed:

⎛n
⎞
⎡ v2 ( s) − v1 ( s ) gc φ ( s) ⎤
1
− sτ
− sτ
Go ⋅ e T ,o + G f ⋅ e T , f ⎟
+
= φ ( s ) ⎜ ⋅ 1 − e − sτ s +
⎢
2 ⎥
u
m
ρ c ⎦ x =ψ
⎣
⎝p
⎠

(

)

(

)

(4.116)
Crocco formulates his problem in terms of specific acoustic admittance, however here it is written
so that the formulation is in terms of normalized admittance:

⎡ v2 ( s ) − v1 ( s ) p ⎤
⎛g p
⎞
p
− sτ
− sτ
+ ⎜ c 2 − n ⋅ 1 − e − sτ s −
Go ⋅ e T ,o + G f ⋅ e T , f ⎟ = 0
⎢ φ ( s)
⎥
u ⎦ x =ψ ⎝ ρ c
m
⎠
⎣

(

)

(

)

(4.117)
Substituting in Equation 4.46 and Equation 4.48 and then using Equation 4.101, Equation 4.104,
and Equation 4.106, and after algebraic manipulation, the following final form of the
characteristic equation in terms of normalized admittance G = m′( s ) p′ ( s ) ⋅ p m is obtained.
sψ
sψ
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− ( Kˆ1 − Kˆ 2 )
− ( Kˆ1 − Kˆ 2 )
⎤ ⎡
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⎠
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)

For the single-time lag, single-feed line system, this can be derived in a similar fashion (using
Equation 4.102 for Hˆ i ).
sψ
⎛⎡
− ( Kˆ1 − Kˆ 2 )
⎤
ω
ˆ
ˆ
H
A
e
⋅
⋅
+ Bˆ ⎥
p ⎜⎢ e
−
⎥
u ⎜⎜ ⎢ ˆ − sωψ ( Kˆ1 − Kˆ 2 )
+ 1 ⎥⎦
⎝ ⎢⎣ H e ⋅ e

⎡ ˆ ˆ − sωψ ( Kˆ1 − Kˆ 2 ) ˆ ⎤ ⎞
+ B⎥⎟
⎢ Hi ⋅ A ⋅ e
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Equation 4.118 is the final form of the characteristic equation for a concentrated combustion
model with mean flow and damping with injection contributions and a more accurate injector
boundary condition. This equation would be difficult to solve analytically for injection pressure
drop ratio to plot on an operating condition map. A robust solver that finds the intersection of
two parametric surfaces might be needed to solve this equation in this manner because of the
difficulty that might ensue in isolating the parameters of interest analytically. The best analytical
approach is likely to use Nyquist or Bode plots for stability analysis. Estimates are needed for
typical flow conditions and fluid properties, injector and nozzle admittance, and chamber
damping. This can also be written in terms of system gain and phase similar to the procedure
described in Chapter 3, with Equation 3.102 and Equation 3.103, where C ( s ) is defined as

(

)

p
− sτ
− sτ
Go ⋅ e T ,o + G f ⋅ e T , f + n (1 − e − sτ s )
m
C ( s) = −
sψ
sψ
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− ( Kˆ1 − Kˆ 2 )
− ( Kˆ1 − Kˆ 2 )
⎤⎞
⎤ ⎡
+ Bˆ ⎥ ⎢ Hˆ i ⋅ Aˆ ⋅ e ω
+ Bˆ ⎥ ⎟ g c p
p ⎜ ⎢ Hˆ e ⋅ Aˆ ⋅ e ω
−
+
sψ
⎥ ⎟ ρc 2
⎥ ⎢
− ( Kˆ1 − Kˆ 2 )
u ⎜⎜ ⎢ ˆ − sωψ ( Kˆ1 − Kˆ 2 )
ω
⎟
ˆ
+ 1 ⎥⎦ ⎢⎣ H i ⋅ e
+ 1 ⎥⎦ ⎠
⎝ ⎢⎣ H e ⋅ e
The models will be examined in Chapter 6.

(4.120)
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Chapter 5
Damping from Typical Engine Data
Damping that can be used in the theoretical model from Chapter 4 can be obtained from
engine data by examining the acoustic responses at an axial location in the chamber.8, 174 The
primary consideration is that the engine must be operating in a stable regime to measure a valid
damping ratio for use in the new time lag stability model of Chapter 4. An airflow test may also
provide a valid damping ratio providing a measure of scaling to correct for the differences in
airflow fluid and combustion gas. Stability is a requirement for examining this as a linear system.
Stable acoustic pressure amplitudes are linear, however a combustion instability response can be
nonlinear. Additionally, to obtain damping parameters for use in the neutral stability predictions,
they must be the damping parameters of the chamber response, not that of the instability. This is
because in the stability models, the system should be characterized as it exists just prior to the
onset of an instability. These stability models cannot give the amplitudes of the instabilities and
they rely on the system operating characteristics at the onset of instability.
The random pressure data measured from the chamber must be stationary. That is, the
probability distribution of the time history at an instant does not change at any other instant.174, 175
In other words, the data are ergodic such that the average values of interests are constant for all
time. This assumption is usually approximated during a steady operating engine.
The final major assumption is that the engine pressure field, at a measurement location,
behaves as a single-degree-of-freedom (SDOF) system. An SDOF system with mass, spring, and
damper parameters is described in Equation 5.1. The damped acoustic wave equation does follow
the form of Equation 5.1, as described below, so that the SDOF approximation is satisfied.

m d 2 y (t )
dy (t )
+c
+ k y (t ) = F (t )
2
g c dt
dt

(5.1)
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The natural frequency and the critical damping constant are given by

ωn =

gc k
m

(5.2)

cc = 2

km
gc

(5.3)

From these, the damping ratio can be written as:

ζ =

gc c
c c gc
=
=
cc 2 k m 2 m ωn

(5.4)

Pressure oscillations in a chamber follow the form of Equation 5.1 because the chamber pressure
gives a time dependence similar to that of the displacement of a simple mechanical oscillator.1
However, for the pressure in the chamber described herein, the damped wave equation follows
the form of the SDOF Equation 5.1, directly from Equation 4.34 as:
2
D 2 p′ λ1 Dp′ ⎛ u λ1 ∂
2 ∂ ⎞
+
+⎜
−c
⎟ p′ = 0
Dt 2 ρ Dt ⎝ 2 ρ ∂x
∂x 2 ⎠

(5.5)

The effective damping ratio for this wave equation with mean flow can be written as

ζ =

Ag c RL ,τ
gcc
λ
= 1 =
2m ωn 2 ρωn
2 L ωn

(5.6)

This is the damping ratio parameter that can be estimated from measured data. The
resistance parameters can be obtained and placed in the model of Chapter 4. The process of
obtaining the damping ratio in combustion chambers is described in reference [8]. But now it can
be implemented directly into a combustion instability model. The process of obtaining damping
ratio is straight forward, but some background in signal analysis is useful. The two important
signal processes needed to obtain the damping ratio is the autocorrelation function and the Hilbert
transform.
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The autocorrelation function is a special case of the cross-correlation function, i.e., it is a
cross-correlation of a signal with itself. The autocorrelation gives a measure of how similar the
signal is at one instant to itself at another instant as a function of the time difference between
instances. The equation representing the autocorrelation is Equation 5.7.
T

1
Rxx (τ ) = lim ∫ x(t ) ⋅ x(t +τ ) dt
T →∞ T
0

(5.7)

Without detailing the entire development, the input-to-output autocorrelation relation is given
as175
∞∞

Ryy (τ ) = ∫ ∫ h(ξ ) ⋅ h(η ) ⋅ Rxx (τ + ξ − η ) dξ dη

(5.8)

0 0

This output autocorrelation function can be developed for a SDOF system in a stationary random
process. An approximation of the autocorrelation for a SDOF system response is Equation 5.9.8

Ryy (τ ) ≈

Gωn −ωnζ τ
e
⋅ cos(ωnτ )
8ζ k 2

ζ

1

(5.9)

The important features of Equation 5.9 are twofold. First, the measured quantity can be filtered
about the natural frequency since the autocorrelation function applies at the natural frequency for
a SDOF system. Second, the damping ratio of the natural frequency can be obtained by fitting an
exponentially decaying function to the envelope of the autocorrelation. An important application
of the Hilbert transform allows the envelope of a signal to be generated.
This application of the Hilbert transform is well known. Given a function described as
Equation 5.10,

R (t ) = A(t ) ⋅ cos(ωn t )

(5.10)

The amplitude envelope is calculated as described by Equation 5.11 using the Hilbert transform.

A(t ) = R (t ) + i H ( R (t ) )

(5.11)
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This process can be applied to Equation 5.9 such that the amplitude variation is given by
Equation 5.12

A(τ ) ≡

Gωn −ωnζτ
e
τ ≥0
8ζ k 2

(5.12)

There are not many analytical examples so a simple case giving the envelope of an analytical
function is described in Appendix B. Since the data will follow this form of Equation 5.12, the
damping ratio can be obtained by using a least squares exponential fit to the data. This gives the
following result for damping ratio.176
n
n
⎛ n
⎞
⎜ ∑τ i ∑ ln( Ai ) − n∑τ i ⋅ ln( Ai ) ⎟
1 ⎜ i =1 i =1
⎟
i =1
ζ ≈
2
⎟
⎜
n
ωnat
⎛ n ⎞
2
⎜
⎟
n∑τ i − ⎜ ∑τ i ⎟
⎜
⎟
i =1
⎝ i =1 ⎠
⎝
⎠

(5.13)

The n and τ described in Equation 5.13 and in this section are not to be confused with the n and

τ in the combustion instability models.
Equation 5.13 allows a system-wide damping to be used in the new damping model. This
parameter would account for all influences to damping in the system since it is extracted from a
data measurement in the chamber, including viscous losses, losses from heat conduction, and also
nozzle damping. This is the most effective way to use damping from data since it might be
difficult or impossible to extract specific components of damping from a data measurement. The
damping model also assumes that the system behaves as a single degree of freedom. The
damping can be represented in the model as an effective viscous loss for the entire system by
relating this to the model resistance parameter
Engine Chamber Damping Estimate.

λ1 . This will be shown below in Chapter 5.3
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5.1 Engine Data Analysis
PC-Signal®177 software is used for all signal analysis. A MATLAB139 script, or other
tool can also be created to perform the needed signal analysis operations. An example of typical
combustion device data is shown below in the autospectrum of Figure 5.1. An autospectral
density (ASD) or an autospectrum provides the spectral content of the stationary pressure signal.
It is useful in that it gives the result in an easy-to-interpret quantity rather than as a function of
bandwidth (i.e., frequency resolution) like the power spectral density (PSD). On another note, it
is also useful for comparing data of different block sizes or record lengths to one another, unlike
while using a PSD, because the amplitude in the ASD is not a function of bandwidth.
The example shown in Figure 5.1 is from a pressure measurement in the chamber of a gas
generator combustion device. The small ‘humps’ at approximately 500 Hz and harmonics are all
acoustic modes. This was verified by developing a NASTRAN178 acoustic model of the chamber.
The peak near 370 Hz is related to an injection coupled instability in this gas generator
component system. In fact, in clearly unstable operation, this frequency component dominates
the entire spectrum. The scenario shown is a marginal case, just before the onset of the
instability. This case provides a good set of data to validate stability models since it is marginal
and occurs just at the onset of an instability.
For injection coupled longitudinal instabilities and chug instabilities, generally the most
stable operating point occurs at the highest thrust level. This is not always the case; however the
higher injection pressure drop at the higher power level improves stability by contributing as a
higher injection resistance. This effect will be examined in Chapter 7. This tends to decouple
the injection system from the chamber. The decoupling occurs because with an increased
pressure drop across a boundary, there is a proportional increase in impedance. A closed
boundary has an infinite impedance and the chamber is entirely isolated. The high power points
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seem to be the best place to obtain damping data since it is the combustion chamber response that
is of interest for use in the theoretical models.

Figure 5.1: Autospectrum of the Component Gas Generator Chamber Pressure Measurement

5.2 NASTRAN Acoustic Model of Chamber
For an acoustic model, accurate fluid properties are needed for good predictions. The
sound speed and density vary over the length of a chamber. At the head end, the injected fluids
could be liquid before they vaporize and combust. And also heat is conducted away further from
the burning region. Figure 5.2 shows a plot of density and sound speed as a function of distance
along the gas generator chamber in a particular component test. This test was chosen because it
exhibited marginal stability where it was first stable and then later became unstable. Several
configurations were tested, but this example contained features that were important to capture in a
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finite element model and also for use in a stability model. This chamber contained a curved-duct,
acoustic cavities, and a single-nozzle configuration.
The chamber pressure, flow measurements, and temperature rakes provide pertinent data
needed for property distribution along the length of the chamber. Using a standard equilibrium
solver, sound speed and density were predicted based on the test state conditions at various
locations. These locations are circled in Figure 5.2. A power curve was fit to the points and is
used to interpolate and extrapolate in the region of interest.
The injected fuel is cold and dense near the injector face because it has not mixed or
burned. The properties in this vicinity are calculated again using chamber pressure
measurements, temperature measurements, and National Institute of Standards and Technology
(NIST) fluid tables. Again the circled values in Figure 5.3 are based on test data state conditions.
Curve fits are used to interpolate and extrapolate near the region of interest.

Figure 5.2: Engine Hot Gas Property Distribution

168

Figure 5.3: Engine Cold Gas Property Distribution
The sound speed and density distribution that are calculated from the test data, shown in
Figure 5.2 and Figure 5.3, are used in the finite element model (FEM) of the test chamber
configuration. This FEM property distribution is shown in Figure 5.4 and also described in Table
5.1. The colors in Figure 5.4 represent regions of constant properties with a higher density of
regions near the injector end where there is a more dramatic change in the properties. The curve
fits are integrated appropriately over each region to obtain average property values for each
section. For example the average sound speed and average density are given by Equation 5.14
and Equation 5.15.

ρ=

L

1
ρ ( x)dx
L ∫0

c=

L
dx
∫0 c( x)
L

(5.14)

(5.15)
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Equation 5.14 is the familiar average value form from calculus, but care must be taken when
averaging the sound speed. It is averaged in parallel over the entire length since the total
propagation time must be conserved over the entire length of the chamber.

Figure 5.4: Property Distribution in FEM

Figure 5.5: 1L Acoustic Mode (504 Hz)
Figure 5.5 shows the first longitudinal (1L) acoustic mode for the test configuration. The
frequency is 504 Hz. The figure shows a normalized eigensolution so that red represents the
maximum positive amplitude and is normalized to unity; the white represents the minimum
amplitude (in this case it is very close to -1). And green represents the node. In time, the colors
will fluctuate at 504 Hz. The injector and choked nozzle throat boundary conditions were defined
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to be rigid. This is a valid approximation for obtaining the natural frequency since the throat is
choked and the injector is rigid.2, 5
Table 5.1: Test Property Distribution
Description
Cold Fuel Distribution

Region
Cavities

Average Sound Speed

Density

3036.6 ft/s (925.6 m/s)

1.2448 lbm/ft (19.94 kg/m )

3

3

3

3

Cold Fuel Distribution

0‐1" (0‐2.54 cm)

3036.6 ft/s (925.6 m/s)

1.2448 lbm/ft (19.94 kg/m )

Cold Fuel Distribution

1‐3" (2.54‐7.62 cm)

3946.2 ft/s (1202.8 m/s)

0.4559 lbm/ft (7.30 kg/m )

Cold Fuel Distribution

3‐5" (7.62‐12.7 cm)

5214.5 ft/s (1589.4 m/s)

0.2741 lbm/ft (4.39 kg/m )

Combustion Gas Distribution 5‐9" (12.7‐22.86 cm)

5282.2 ft/s (1610.0 m/s)

0.2525 lbm/ft (4.04 kg/m )

Combustion Gas Distribution 9‐20" (22.86‐50.8 cm)

5202.9 ft/s (1585.8 m/s)

0.2604 lbm/ft (4.17 kg/m )

Combustion Gas Distribution 20‐35" (50.8‐88.9 cm)

5131.9 ft/s (1564.2 m/s)

0.2678 lbm/ft (4.29 kg/m )

Combustion Gas Distribution 35‐50" (50‐127 cm)

5084.2 ft/s (1549.7 m/s)

0.2730 lbm/ft (4.37 kg/m )
3
3
0.2762 lbm/ft (4.42 kg/m )

Combustion Gas Distribution 50‐61" (127‐154.94 cm) 5055.3 ft/s (1540.9 m/s)

3

3

3

3

3

3

3

3

3

3

3

3

Figure 5.1 shows an autospectrum of data from the dynamic chamber pressure
measurement at a location near the injector face. The acoustic modes are clear in this spectrum.
The center frequencies of the first three modes occur at approximately 500 Hz, 1000 Hz, and
1500 Hz. Based only on test data properties, the FEM predicts the 1L, 2L, and 3L modes to be
504 Hz, 1009 Hz, and 1515 Hz. This is a very accurate prediction of the acoustic modes in this
system when compared to the data.
There is a sharp peak on the sideband of the 1L mode at approximately 370 Hz. This is a
system response that is coupling between the combustion, injection, and chamber burning. In
other words, each of these phenomena contributes to a single system response. This response can
grow to unwanted levels and is then called a 1L combustion instability. It is called a 1L
combustion instability because the chamber acoustics plays a large role in the system response
and consequently the coupled response is in close proximity (in frequency) to the acoustic 1L
mode.
The mode shape of the system response at 370 Hz closely resembles a 1L acoustic mode
with the measurement phase at the nozzle approximately 150° out of phase from the measurement
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at the injector. For a rocket engine chamber, the mode shape of a 1L acoustic standing wave is
often approximated as a half cosine wave. Mean flow effects and impedance boundary
conditions would normally alter this shape slightly. This system response at 370 Hz engages a
mode shape very similar to the 1L acoustic mode in shape and phase because of its proximity to
the first longitudinal natural frequency of the chamber at approximately 500 Hz. The
superposition of traveling waves at a slightly off-natural frequency will create a shape that is
similar to that of the natural frequency. Because of its proximity, the 1L chamber mode is
activated by (although less efficiently because it does not fall at the 1L natural frequency) and is
further coupled with the complete system response. Furthermore, this system response is referred
to as the “1L coupled response.”
The pure acoustic modes are predicted very accurately with the NASTRAN FEM when
compared to test data. Because of excellent validation, a similar procedure can be used to make
predictions for a flight configuration chamber. Other geometric complexities in chambers could
include spinstart lines or turbine-inlet manifolds. These complex geometries can be analyzed
using this procedure.
Equation 5.16 can be used to calculate an effective acoustic-based L′ using the 1L
predicted frequency and average sound speed of the chamber.

L′ ≈

c
2f

(5.16)

The average sound speed over the length of the model is 5030.0 ft/s (1533.1 m/s). This is
estimated by integrating the sound speed distributions from Figure 5.2 and Figure 5.3 over the
length of the chamber using Equation 5.15. The L′ is calculated to be 59.9" (152.146 cm).
Effects in this model that would contribute to this slight difference from the actual length of 61"
(154.94 cm) are the acoustic cavities, nozzle contour, and curved duct. These have subtle effects;
however, more complicated geometries have greater influence on the effective L′ . This
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effective L′ influences the chamber response and can be used in the 1-D stability models as an
effective chamber length.
Because there is excellent agreement between the data and FEM, this validation provides
confidence that the humps are acoustic modes at the natural frequency. Therefore, they can be
used to extract damping as described in Chapter 5.1 Engine Data Analysis.

5.3 Engine Chamber Damping Estimate
The data shown in Figure 5.1 are filtered about the center frequency using a 500 Hz
band-pass filter. The finite impulse response (FIR) filter is of rectangular type and is order 513.
This filter covers the entire acoustic mode. The autocorrelation function defined in Equation 5.7
is estimated for each acoustic mode. An envelope of the autocorrelation is found and then the
damping ratio is calculated for each mode.
The autocorrelation, enveloped data, and exponential fit are shown in Figure 5.6 for the
second mode at 1009 Hz. For a good average, the autocorrelation was estimated over several
seconds of data just prior to the instability. Only the damping term is fit in Equation 5.12, so an
2nd Acoustic Mode (1009 Hz): Envelope and Exponential Fit
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Autocorrelation (psi2)
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Min Envelope Exponential Fit
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Figure 5.6: Autocorrelation, Envelope, and Exponential Fit of 2nd Acoustic Mode
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appropriate amplitude must be used to overlay the fit to the envelopes. The fit for the second
mode is not perfect. The data may represent slight deviations from a perfect SDOF. Also,
Equation 5.9 is only an approximation and follows a more complicated expression.175 For data
processing, the first cycle of the autocorrelation is ignored. The exponential fit for damping,
Equation 5.13, is applied from the beginning of the second cycle to 10% of the peak
autocorrelation value (which occurs at a time delay of zero). This allows consistency in
calculating the parameters as well as eliminating the end effects of the autocorrelation that might
have nonidealistic effects. The fifth acoustic mode provides a good fit, but is also not perfect.
This is shown in Figure 5.7.
5th Acoustic Mode (2492 Hz): Envelope and Exponential Fit
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Figure 5.7: Autocorrelation, Envelope, and Exponential Fit of 5th Acoustic Mode
A tabulation of the modes, including estimated damping ratio is provided in Table 5.2.
The first mode is starred because this is not a pure acoustic mode. The 1L coupled response is
included in the filter range and contaminates the estimate of damping ratio.
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Table 5.2: Frequency Dependent Damping

Angular Damping Damping
Frequency Frequency from Max from Min
(Hz)
(rad/sec) Envelope Envelope
504
3167
0.0017
0.0099
1009
6340
0.0798
0.0827
1515
9519
0.0425
0.0426
2005
12598
0.0334
0.0337
2492
15658
0.0275
0.0276

Mode
1*
2
3
4
5

Average
Damping
Ratio
0.0058
0.0813
0.0425
0.0336
0.0275

The data are plotted and a least squares power regression that best fits this curve is given
by the equation from Figure 5.8 as Equation 5.17. The first mode is ignored in the power fit. The
damping ratio appears large for pure acoustic systems, however the system damping additionally
accounts for injector and nozzle damping at the flow boundaries. Nozzle damping can play a
large role in system damping.179-181
Chamber Frequency Dependent Damping

Damping Ratio (‐)

0.1
0.09

Contaminated 1st Mode

0.08

Damping Ratio Curve

0.07

Power (Damping Ratio Curve)

0.06
0.05
0.04
0.03

y = 2554x‐1.19

0.02
0.01
0
0

5000

10000

15000

20000

Angular Frequency (rad/sec)

Figure 5.8: Frequency Dependent Damping
A formula that represents the damping ratio as a function of frequency is found using the
damping points at the natural frequencies and is given as Equation 5.17.

ζ (ω ) ≈ 2554 ⋅ ω −1.19

(5.17)
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This gives a frequency dependent damping ratio function that can be input directly into Equation
4.120 via the resistance parameter

λ1 and Equation 5.6.
λ1 = 5108 ⋅ ρ ⋅ ω −0.19

(5.18)
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Chapter 6
Concentrated Combustion Model Study
Four separate concentrated combustion models are compared with various conditions
demonstrating the differences between the models and providing verification. The open-loop
transfer functions for each model are used to characterize the models on Bode plots; this
procedure is detailed in Chapter 3.10 Stability Diagrams, Gain Margin and Phase Margin.
The models are the Crocco model: Equation 3.104, the contemporary model: Equation 3.105, a
new modified Crocco model: Equation 3.106, and a new damping model: Equation 4.120. They
are also all compared to the Wenzel and Szuch double-time lag chug model: Equation 3.107. An
example gas generator combustion device test case is studied in the comparisons.
As a reminder, Figure 6.1 provides a schematic of the models and characterizes the key
differences between the chug model and the concentrated combustion models. The chug model
examines a mass balance of the gas phase in the combustion chamber. The burnt gas that is
generated is equal to the mass exiting and the mass accumulated. It should be clarified that the
burnt gas generated is not a boundary condition for wave propagation, but a contribution to the
mass of the system. The use of only Equation 3.22 implies that the accumulated mass occurs in a
rigid isenthalpic closed volume. In the concentrated combustion formulations, a mass balance is
examined at the combustion front while also accounting for wave propagation effects through the
gas phase in the chamber. The burnt gas generation is equal to a simulated source at the
combustion front. The simulated source is characterized by the mass flow rate difference across
the combustion front which is affected by the wave equation solution with appropriate boundary
conditions at the injector and at the exit. At first glance it may appear that the injector boundary
condition is redundant in the modified formulation with an injection admittance for gas
generation in the burning term and an injection admittance as a boundary condition for the wave
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equation, however, there are independent reasons to have the admittance term contribute in this
way – the details of the boundary conditions are developed in Chapter 4.

Figure 6.1: Chug and Concentrated Combustion Model Schematics
The Crocco model is the original model developed by Crocco from reference [5],
however here it was recast in a nondimensional form with contemporary nomenclature. In this
concentrated combustion model, Crocco does not consider the complexities of the feed system
and only develops an intrinsic formulation. The contemporary model additionally incorporates
perturbations from propellant injection that contribute to the simulated mass source at the
combustion front. This can have a significant effect on the behavior of the system. The modified
Crocco model, formulated in this dissertation, takes the contemporary model one step further by
considering the acoustic boundary condition at the injector end and encompassing this into the
chamber response term. Finally the most general form is the new damping model detailed in
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Chapter 4.1 Model Development. This model additionally incorporates damping effects that
would be present in the chamber response.
All of the concentrated combustion models collapse onto each other after reduction. This
is shown in Figure 6.2 for these four models using a Bode plot of the open-loop transfer function.
The four independently formulated models are compared by making appropriate assumptions on
the more general formulations. For example the intrinsic Crocco model does not consider
injection boundary conditions or injection coupling, therefore the injector admittance terms are
set equal to zero in the other models. Also the Crocco model, contemporary model, and the
modified Crocco model do not consider damping so the damping term in the new model is also
set equal to zero. This is an intrinsic solution since it does not consider injection coupling.
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Figure 6.2: Models Collapsed for Verification
This example acts as an excellent verification since the mathematics for all the models
are shown to be equivalent for the reduced cases. All four models collapse to one another
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providing a measure of verification for the models. A table showing the key parameters used in
this example is given in Table 6.1. A consistent set of input parameters through the rest of this
chapter were chosen (except where noted) to eliminate unnecessary confusion but also to
compare to a test case in this discussion.
Table 6.1: Input Parameters for Examples in this Chapter Except where Noted
Crocco Model and Contemporary Model
Input Parameters
Oxidizer Manifold Volume
Oxidizer Manifold Pressure
Oxidizer Manifold Density
Oxidizer Manifold Sound Speed
Oxidizer Orifice Length / Area

Value
3

3

7.4 in (121.3 cm )
1264 psia (8.715 MPa)
3

3

68.2 lbm/ft (1092.5 kg/m )
2754 ft/sec (839.4 m/s)
‐1

‐1

3

3

9.09 in (3.58 cm )

Fuel Manifold Volume
Fuel Manifold Pressure

50.9 in (834.1 cm )
1566 psia (10.797 MPa)

Fuel Manifold Density
Fuel Manifold Sound Speed

3.6 lbm/ft (57.7 kg/m )
3559 ft/s (1084.8 m/s)

Fuel Orifice Length / Area
Chamber Pressure
Chamber Length
Chamber Diameter
ChamberSound Speed
Gas Velocity
Gas Density
Gas Specific Heat Ratio
Oxidizer Flow Rate
Fuel Flow Rate
Nozzle Admittance
Total Time Lag (for Fuel and Oxidizer)
Sensitive Time Lag
Interaction Index
Concentrated Combustion

3

3

‐1

‐1

1.25 in (0.49 cm )
1120 psia (7.722 MPa)
60 in (152.4 cm)
3.5 in (8.89 cm)
5030 ft/s (1533.1 m/s)
872 ft/s (265.8 m/s)
3

3

0.289 lbm/ft (4.6 kg/m )
1.3778
6.64 lbm/s (3.01 kg/s)
9.06 (4.11 kg/s)
2

0.0121 lbm‐in /lbf‐s (7.96E‐7 m‐s)
0.002 s
0.0013 s
2
3 in (7.62 cm)

The verification example in Figure 6.2 additionally uses the following parameters listed in Table
6.2 to collapse all of the models.
Table 6.2: Additional Parameters for Verification Example
Additional Modified Crocco Model Input
Parameters

Value
2

Injector Admittance
Inlet Mach Number (for Fuel and Oxidizer)
Additional Damping Model Input
Parameters

0 lbm‐in /lbf‐s (0 m‐s)
0

Damping Parameter

0 lbm/in ‐s (0 kg/m ‐s)

Value
3

3
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This particular solution, which is oversimplified for verification and does not represent a
real scenario, gives a prediction that shows the system is not necessarily stable at 477 Hz since
there is a -180° to 180° crossing where the magnitude is greater than unity. A Nyquist plot of this
system would show an encirclement about the value, negative 1. The combustion instability
community calls this point “potentially unstable,” however it is clear from control theory that this
point should be referred to as “not necessarily stable.”

Equation 6.1 can be used to calculate the

resonant frequency for a closed chamber with mean flow.182 This equation predicts the ‘1L’
resonant frequency to be 489 Hz – 1L is in quotes because a system with mean throughflow
cannot sustain a true standing wave. The magnitude Bode plot in Figure 6.2 shows the resonant
frequency is 487 Hz (not the expected 489 Hz); however nozzle impedance also has a subtle
effect. It was then verified that the model predicts a resonant peak at 489 Hz when the end
condition is forced closed. This provides verification also to the closed-form analytical solution.

f1L =

(

c
1− M 2
2L

)

(6.1)

Additionally, parametrics were performed showing that an open boundary at the injector end and
a closed boundary at the nozzle end give the predicted quarter wave resonant frequency.
Next, a few parametrics are performed to show the influence of important parameters in
the following examples. The parameters of interest are especially the injector admittance and
damping parameter since these are the major modifications to the original model. Other
parametrics could be easily performed to investigate the effects of various parameters such as
Mach number, chamber geometry, fluid properties, and concentrated combustion parameters
(interaction index, time lag, and combustion location).
The following example is a little more realistic now that there is a defined injector
impedance as described in Chapter 4.1.2 Injector Admittance with an injector resistance and
inertance as well as a manifold compliance. In this example, the injector acts as a correct
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boundary condition and also a contribution to the system response. Table 6.3 shows the
additional parameters for this example.
Table 6.3: Additional Parameters for Parametric Example
Additional Contemporary Model and
Modified Crocco Model Input Parameters
Oxidizer Manifold Compliance

Value
2

2

1.08E‐5 lbm‐in /lbf (7.11E‐10 m‐s )
2

Oxidizer Injector Resistance

"Varied" lbf‐s/lbm‐in (1/m‐s)

Oxidizer Injector Inertance

0.02354 lbf‐s /lbm‐in (357.8 m )

Fuel Manifold Compliance
Fuel Injector Resistance
Fuel Injector Inertance

2

2

2

‐1

2

2.61E‐6 lbm‐in /lbf (1.72E‐10 m‐s )
2

98.5 lbf‐s/lbm‐in (1.497E6 1/m‐s)
2
2
‐1
0.00324 lbf‐s /lbm‐in (49.2 m )

It examines the effect of changing the oxidizer pressure drop. The fuel pressure drop is held
constant and the oxidizer pressure drop is varied over a range from 1% to 200% of the chamber
pressure. Figure 6.3 through Figure 6.7 characterize this example. The legend for the following
plots is shown in Figure 6.3 and describes the variation of the oxidizer resistance in terms of
pressure drop.

Figure 6.3: Legend for Figure 6.4 to Figure 6.7
Figure 6.4 shows the chamber response for all the cases. There is only a very small effect from
the terminal impedance boundary condition at the injector end. The injector is effectively a rigid
boundary. This is the assumption that is commonly made for combustion chamber systems. The
injector boundary condition will be studied more carefully later.

Normalized Chamber Admittance [-]
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Chamber Response Plot
10

5

0

0

100

200

300

400
500
600
Frequency [Hz]

700

800

900

1000

0

100

200

300

400
500
600
Frequency [Hz]

700

800

900

1000

Chamber Phase [deg]

100
50
0
-50
-100

Figure 6.4: Chamber Response (Oxidizer Pressure Drop Variation)
The injector response is shown in Figure 6.5. The dashed blue and black curves are typical
injector pressure drops; the other curves represent far extremes from realistic cases. A very low
oxidizer pressure drop increases the response from the injector significantly. This demonstrates
the typical cause for combustion instabilities with low pressure drops; the injector response can
be very high. Crocco’s model does not include an injector response and shows a value of zero
over the full frequency range. The burning response in Figure 6.6 is identical for all cases since
the injector admittance that is being parametrically changed has no influence on the burning.
Figure 6.7 is the open-loop transfer function for the full system, combining the chamber, injector,
and burning response. The full open-loop transfer function shows that for very small oxidizer
pressure drops, the contribution of the injector perturbations to the system can be significant.
This is shown with the additional peak at 642 Hz (due to the injector response) separate from the
peak at 485 Hz (due to the chamber resonance).

Normalized Injector Admittance [-]
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Injector Response Plot
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Normalized Burning Admittance [-]

Figure 6.5: Injector Response (Oxidizer Pressure Drop Variation)
Burning Response Plot
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Figure 6.6: Burning Response (Oxidizer Pressure Drop Variation)
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System Bode Plot
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Figure 6.7: Open-Loop Transfer Function (Oxidizer Pressure Drop Variation)
The next example shows the open-loop transfer function response comparing the
modified Crocco model to the contemporary model. This could be used to show the effect that
the injector boundary has on the resulting system response since the modified Crocco model has
this additional injector boundary condition feature. A rigid boundary condition is a very good
approximation for most scenarios, however if the injected fluid is gas or the area of the chamber
is close to that of the injector, the boundary condition influence becomes more important. Crocco
reiterates in SP1942 that the boundary condition at the solid surface is the vanishing of the normal
component of velocity. This is only true as an approximation since the impedance of the
boundary can be defined over a full frequency range. The additional parameters in Table 6.3 are
also used for this example except for a few changes. This example uses ambient propellant
temperatures to represent propellants closer to the gas state and now the resistance is no longer
varied. These parameters are shown in Table 6.4.
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Table 6.4: Additional Parameters in Modified Crocco Model Comparison Example
Additional Contemporary Model and
Modified Crocco Model Input Parameters
Oxidizer Manifold Compliance
Oxidizer Injector Resistance
Fuel Manifold Compliance

Value
2

2

1.65e‐5 lbm‐in /lbf (1.09E‐9 m‐s )
2

43.5 lbf‐s/lbm‐in (6.612E5 1/m‐s)
2
2
6.57E‐6 lbm‐in /lbf (4.32E‐10 m‐s )

In this example, propellants at 70 F (21.1 C) are injected at the same pressure as before
thus the oxidizer density and sound speed are now 7.47 lbm ft 3 (119.7 kg m3 ) and

1094 ft s (333.5 m s) , respectively and the fuel density and sound speed are
0.52 lbm ft 3 (8.3 kg m3 ) and 4556 ft s (1388.7 m s) , respectively. The oxidizer is not
quite gas at this state however it serves as a realistic case using an ambient temperature
propellant. Additionally the diameter of the chamber is varied. These changes will show the
effect of the new modified Crocco model. The legend for Figure 6.9 is shown in Figure 6.8.

Figure 6.8: Legend for Figure 6.9
It is shown in Figure 6.9 that with gaseous propellants and a chamber area on the order of
the size of the injector orifice area, the boundary condition at the injector plays a significant role
on the system response. It is likely that time lag parameters would change from liquid-propellant
injection to gaseous-propellant injection, but all parameters are held constant to show that there is
definitely an effect strictly due to the injector boundary condition. This effect is exacerbated
when the diameter of the chamber is close to the diameter of the injector orifice.
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System Bode Plot
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Figure 6.9: Open-Loop Transfer Function (Injector Boundary Condition Variation)
The next example compares the concentrated combustion models to the double-time lag
Wenzel and Szuch model. This is shown in Figure 6.10. The additional parameters that are
needed in the chug model for this comparison are shown in Table 6.5. Most of these parameters
are needed in order to incorporate the temperature variations that are introduced from the quasisteady isentropic flow equation for the exit flowrate. In the concentrated combustion models, this
effect is incorporated into the exit impedance boundary condition.
Table 6.5: Double-Time Lag Model Input Parameters
Additional Double Time Lag Model Input
Parameters
C‐star
Rate of Change of C‐star with Respect to MR
Chamber Volume
Chamber Throat Area
Chamber Temperature
Gas Molecular Weight

Value
6457 ft/s (1968.1 m/s)
1980 ft/s‐MR (603.5 m/s‐MR)
3

3

592.1 in (9702.8 cm )
2

2

2.84 in (18.3 cm )
1365°R (758.3°K)
3.49 lbm/lbmol (3.49 kg/kmol)
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System Bode Plot
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Figure 6.10: Comparison to Double-Time Lag Model
This is an excellent comparison showing that the concentrated combustion models in the
limit of low frequency approach the chug formulations. The concentrated combustion models are
simplified to approximate the chug model. The damping parameter is zero, the sensitive time lag
is zero, and the concentrated combustion is placed at the location of the injector. The injector
admittance consists of only the resistance associated with the injector orifices. The manifold and
injector inertance are not considered. These are the necessary simplifications needed for the
concentrated combustion models to approximates the double-time lag model.
There are, however, a few differences that cannot be accounted for in the concentrated
combustion models to match the chug model exactly. This is observed by the slight differences
in Figure 6.10 at very low frequencies less than 15 Hz. Also, Crocco’s model is not shown since
his model does not consider the injector admittance; therefore the injector resistance cannot be
introduced into his solution and a comparison cannot be made. And the modified Crocco model
and the damping model are identical with no damping parameter.
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First in comparing the concentrated combustion models to each other, there are slight
differences. The damping model and the modified Crocco model consider the injector boundary
acoustically correct. This introduces a small difference between these models and the
contemporary model since the contemporary model uses a rigid injector boundary condition.
There are also small differences introduced since the contemporary model considers velocity
perturbations at the nozzle exit, while the modified Crocco model and damping model consider
the more accurate mass flow rate perturbations. Next in comparing the concentrated combustion
models to the chug model, there is also a small difference. The concentrated combustion models
consider acoustic reflections in the chamber and are not considered in the chug model. The chug
model does not consider the momentum equation at all.
The frequency estimate is accurate using any model and the amplitude responses are very
comparable. The concentrated combustion models are applicable for extracting chug information
at low frequencies and serves as a more general formulation. The disadvantage is that it is
difficult to build an operating map formulation for the concentrated combustion models as in
Chapter 7 and a stability assessment is best preformed using a Nyquist diagram or Bode plot.
The last example given here is that taken from the test data described in Chapter 5. The
effect of chamber damping is shown in Figure 6.11 where the damping parameter is taken from
Equation 5.18 and the additional parameters are taken from Table 6.3 (except the oxidizer
resistance is constant as in Table 6.4). Other parameters are listed in Table 6.6.
Table 6.6: Additional Test Case Example Parameters
Additional Test Case Example Parameters
Fuel Inlet Velocity
Oxidizer Inlet Velocity

Value
897 ft/s (273.4 m/s)
52 ft/s (15.8 m/s)

Differences between the new model and the modified model include a lower system gain in some
locations and a different phase response. A lower system gain is intuitive since damping would
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provide more stability margin. These differences are improvements and are critical in
determining the stability margin of the system.
System Bode Plot
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Figure 6.11: Bode Plot for Comparison to Marginal Test Data
Figure 6.11 provides a comparison of all the models using the conditions in the test data
for the marginal component gas generator test. It is not possible to obtain a potential instability
using the original models at approximately 380 Hz, without using realistic time lags or by
nonphysically altering the injector system impedance. Normal practice has been to alter the
impedance via changing resistance or compliance in order to fit the data. The normal approach is
not perfect; however it does provide an anchored model for use when making predictions of a
similar design, e.g. making a prediction of a flight configuration based on component testing.
This must be done with care because feed system changes may influence the effect of the altered
impedance. The new model provides a much better way to consistently examine similar
configurations as well as providing a more representative solution.
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A single time lag is used for simplicity in the example, but a similar result can be
obtained by using appropriate double time lags. Using a double-time lag model still does not
provide an adequate solution for the models without damping. Introducing the additional physics
in the model allows time lags to be more representative for future tabulation of similar
configurations.
Figure 5.1 shows the marginal data from the test examined in Figure 6.11. It shows that a
marginal case can be predicted using the new damping model. The model shows a marginal
condition at 380 Hz since there is a phase crossing from -180° to 180° and a gain of unity. The
terminology ‘marginal’ in reference to the Bode diagram is used since at a gain of unity (and
appropriate phase crossing), with any further increase in value, the assessment can no longer lead
to the conclusion that the system necessarily be stable. Appendix C lists the MATLAB code
used to output Figure 6.11.
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Chapter 7
Effects of Helium Introduced in an Injector on a Throttled Engine
In this chapter, classic chug-based time lag models are rigorously developed. The
formulation is recast into a new analytical, parametric form. This form allows an analyst to easily
script the solution and plot the neutral stability on useful engine maps. Three formulations are
presented, the double-time lag model, the single-time lag model, and a modified-double-time lag
model that accounts for generic feed system influences. Next these formulations are modified to
incorporate a simulated effect of injecting helium into the liquid propellant lines as well as a
simulated effect of propellant boiling. Finally, data is presented and is compared to the models.
In the literature review of Chapter 2, several methods of throttling are discussed. One
approach is particularly interesting in that it is relatively simple and allows an engine to throttle
very deeply with little concern of low frequency combustion instability. Gaseous injection into
the propellants, is a throttling methodology for LREs that reduces the bulk density of the
propellants by introducing a much lower density fluid (usually inert) into the propellant flow.
The pressure drop across an orifice or injector is inversely proportional to the decrease in density
for a constant flowrate. So with gaseous injection, the chug stability margin is greatly improved
since an increase in pressure drop also increases the resistance across the injector. CECE testing
recently included injection of helium gas into the liquid oxidizer propellant line. Data was
acquired with and without helium injection and the data is compared and analyzed in this chapter.
Helium injection has also incited instabilities as described in Chapter 2, although the
flow distribution of the injected gas was usually thought to be the cause. There were cases in the
CECE testing at certain operating conditions (usually very low off-nominal mixture ratios) where
the injected helium incited an instability. This effect is also examined using the formulation in
this chapter.
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First, the double-time lag solution is found in terms of useful engine parameters, i.e. the
fuel and oxidizer pressure drop ratios. These parameters are effectively proportional to the
amount of throttling. As the engine throttles down, it will eventually reach a point on the map
where a theoretical solution predicts an onset of chug instability. This occurs as the operating
point meets the curves that delineate the stable and unstable operating regions. Second, the
single-time lag solution is found using the same engine parameters. In the same way, a map can
be created providing a neutral stability curve.
The neutral stability curve is defined such that it is the characteristic equation solution
along the imaginary axis in the complex plane. This is the boundary between stable and unstable
operation since roots with a positive real part grow with time and roots with a negative real part
decay with time. As a reminder, stability can also be assessed graphically using the Nyquist
diagram and the characteristic equation as described previously (without defining the real part
equal to zero), however the Nyquist stability method requires encirclements around the origin or
negative 1 (depending on how the solution is mapped) following from Cauchy’s argument
principle. The number of encirclements correspond to the difference in poles and zeros.2, 137
Next, the double-time lag model is revisited and a generic admittance formulation is
used to incorporate feed system effects. This model is recast into an analytical form such that the
engine parameter map can be easily created. A modification is made so that both propellant feed
systems can incorporate a generic form of flow rate such that data can be correlated if needed.
Finally, an analysis of CECE data is performed using the parametric form of the double-time lag
model that incorporates feed system influences.
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7.1 Parametric Formulation of the Wenzel and Szuch Model
The Wenzel and Szuch model (recast as the double-time lag model in NASA SP-194) is
probably the most common chug model that is used in the aerospace industry today for chug
stability analysis because of its simplicity and ease of use. ROCCID3 is also a very commonly
used and robust stability tool; it models chug as an extension of its concentrated combustion
model. It was shown in Chapter 6 that the models approximate one another at low frequencies.
Wenzel and Szuch were able to put the stability solution in a form that was very useful for design
and development of rocket engines. That is, they were able to plot the neutral stability curve on a
figure with the oxidizer and fuel injector pressure drop as the coordinate axes. This provides very
useful information to the engineer. Another useful figure would be to plot the neutral stability
curve with chamber pressure and mixture ratio as the coordinate axes. The missing steps of their
model development are included in this chapter. This provides better understanding of the
approach and allows the steps to be extended if it is preferred. Their model shown as Equation
3.117 again is solved by first converting it into the complex domain.

⎡⎛ MR + 1 dc ∗
⎤
⎞
⎢⎜ 1 +
⎥
⎟
′
m
(
t
τ
)
−
o
T ,o
∗
⎜
⎟
c
dMR
⎢
⎥
θ g dp′(t ) p ′(t ) 1 ⎝
p , MR ⎠
⎥
+
= ⎢
p dt
p
m⎢ ⎛
⎥
∗
⎞
+ 1) dc
⎢ + ⎜ 1 − MR ⋅ ( MR
⎥
⎟
′
m
(
t
τ
)
−
f
T,f
c∗
dMR p , MR ⎟
⎢ ⎜
⎥
⎠
⎣ ⎝
⎦

(3.117)

Taking the Laplace transform of Equation 3.117 and considering that all initial conditions are
equal to zero,137 the remapping becomes the following equation.
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194
As a reminder, the injector admittance is simply the pertubative flow-to-pressure ratio

Go =

mo′
pc′

(7.2)

Gf =

m′f
pc′

(7.3)

Equation 7.1 can be written as the following characteristic equation
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And then written simply as

−

1
⎡ X ⋅ Go e − sτ T ,o + F ⋅ G f e − sτ T , f ⎤ = −1
⎦
(θ g s + 1) ⎣

(7.5)

where the constants can be defined as
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(7.7)

Characteristic equations are commonly put in a form where they are equal to a value of negative
one for analysis. This allows the formulation to be represented as the open-loop transfer function
for a closed-loop feedback system described in Chapter 3.10 Stability Diagrams, Gain Margin
and Phase Margin.
The injector admittances can be found by examining the injector flowrate equations.
Wenzel and Szuch143 considered that the fuel and oxidizer flow are related to pressure drop in the
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following way. The pressure drop in the following equations refers to the pressure drop across
the injector; the subscript, inj , is removed for clarity.

mo = ko ( Δpo )

m f = k f ( Δp f

a

)

(7.8)

b

(7.9)

This is also a very useful form since least-squares fits can be performed from data to give the
parameters and coefficients in Equation 7.8 and Equation 7.9. These can be put in oscillatory
form by substituting in the local flow rate as Equation 4.1 and then expanding as a Taylor series.
For the oxidizer flow equation, the first step gives Equation 7.10. This linearization approach is
also summarized in Chapter 4.1.2 Injector Admittance.

mo + mo′ ko ( po , m − pc + po′ , m − pc′ )
=
a
mo
ko ( po ,m − pc )

a

(7.10)

This can be simplified to the following:
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Defining the right-hand side as a function F ( po′ , m , pc′ ) and expanding as a multi-dimensional
Taylor series about the mean of the variables, which in this case is zero since it is only the
pertubative part, gives the following
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And the admittance can be written as
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(7.13)
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Szuch145 uses a slightly more accurate and general approach in developing the characteristic
equation than from Wenzel’s143 original approach. The original approach also assumes, in effect,
that the oxidizer manifold perturbation is equal to the tank perturbation (which is zero) and the
first term in Equation 7.13 reduces to zero. So the injector admittance of Equation 7.13 is only a
function of the injector resistance, and results in Equation 7.14. This is the same assumption
made by Natanzon.134 The later Szuch approach145 generalizes this by considering the effects of
the entire injection system. This will be examined in Chapter 7.2 Parametric Formulation of a
Modified Szuch Model.
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The same applies to the fuel admittance where
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Equation 7.5 becomes the following
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⎥ = −1
⎥⎦

(7.16)

Wenzel and Szuch expand this into a useful form by first writing as:

⎛ m ⎞ ⎡ ⎛ a ⎞ ⎛ mo
1
⎢X ⋅
(θ g s + 1) ⎜⎝ p ⎟⎠ ⎢⎣ ⎜⎝ Δpo p ⎟⎠ ⎜⎝ m

⎛
⎞ − sτ T ,o
b ⎞⎛ mf
+
⋅
e
F
⎜
⎟
⎜ Δp f p ⎟⎟ ⎜⎜ m
⎠
⎝
⎠⎝

⎞ − sτ T , f
⎟⎟ e
⎠

⎤
⎥ = −1 (7.17)
⎥⎦

And next by using

mo
MR
=
m MR + 1

(7.18)

1
MR + 1

(7.19)

mf
m

=
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Equation 7.17 can also be written as

⎛
⎛ m ⎞ ⎡ ⎛ a ⎞ ⎛ MR ⎞ − sτ T ,o
1
b ⎞ ⎛ 1 ⎞ − sτ T , f
+ F ⋅⎜
e
⎟e
⎟⎜
⎜ ⎟ ⎢X ⋅⎜
⎜ Δp f p ⎟⎟ ⎝⎜ MR + 1 ⎠⎟
(θ g s + 1) ⎝ p ⎠ ⎣⎢ ⎝ Δpo p ⎠ ⎝ MR + 1 ⎠
⎝
⎠

⎤
⎥ = −1
⎦⎥
(7.20)

Expanded, this gives the final form described originally by Wenzel and Szuch.

⎡⎛ MR
⎞ ⎛ a ⎞ − sτ
MR dc∗
T ,o
⎢⎜
⎟⎜
+ ∗
⎟e
⎜
⎟
⎢ MR + 1 c dMR p , MR ⎝ Δpo p ⎠
1
⎠
⎢⎝
(θ g s + 1) ⎢ ⎛ 1 MR dc∗ ⎞ ⎛ b ⎞ − sτT , f
⎢+ ⎜
⎟⎜
−
⎟e
⎢ ⎜ MR + 1 c ∗ dMR p , MR ⎟ ⎜⎝ Δp f p ⎟⎠
⎠
⎣ ⎝

⎤
⎥
⎥
⎥ = −1
⎥
⎥
⎥
⎦

(7.21)

This can be manipulated in an easier fashion if a substitution is made. The constants can be
defined as

⎛ MR ⎞ ⎛ m ⎞
⎛ mo
X ≡ X⎜
⎟⎜ ⎟ a = X ⎜
⎝ p
⎝ MR + 1 ⎠ ⎝ p ⎠

⎛ MR
⎞
MR dc∗
⎜
=
+
a
⎟
⎜ MR + 1 c ∗ dMR
⎠
⎝

⎞
⎟a
⎟
p , MR ⎠

⎛ 1
⎛ mf ⎞
MR dc∗
⎛ 1 ⎞⎛ m ⎞
⎜
F ≡ F ⋅⎜
b
F
b
=
⋅
=
−
⎜
⎟
⎟⎜ ⎟
⎜ p ⎟
⎜ MR + 1 c ∗ dMR
⎝ MR + 1 ⎠ ⎝ p ⎠
⎝
⎠
⎝

⎞
⎟b
⎟
p , MR ⎠
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(7.23)

And Equation 7.21 can be written in a more concise form for the double-time lag model.

⎡⎛ X ⎞ − sτ
⎛ F ⎞ − sτ T , f
1
T ,o
e
+⎜
⎢⎜
⎟e
⎜ Δp f p ⎟⎟
(θ g s + 1) ⎢⎣⎝ Δpo p ⎠
⎝
⎠

⎤
⎥ = −1
⎥⎦

(7.24)

The single time lag form of the characteristic equation can be written when the two time lags are
simply equal to the total time lag which gives Equation 7.25.

e − sτ T ⎡⎛ X ⎞ ⎛ F ⎞ ⎤
+⎜
⎢
⎟ ⎥ = −1
(θ g s + 1) ⎢⎣⎜⎝ Δpo p ⎟⎠ ⎜⎝ Δp f p ⎟⎠ ⎥⎦

(7.25)
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To investigate the stability of the double-time lag characteristic equation, Equation 7.24,
the first step is to take the real and imaginary part. Again the neutral stable condition would be
the loci of points that lie on the imaginary axis in the complex plane for the characteristic
equation, thus s = iω . The real and imaginary part of the characteristic equation can then be
examined separately.134, 143, 145 This is similar to the approach described in Chapter 3. The
characteristic equation can be rewritten as Equation 7.26 where H ( s ) = 0 (refer to Chapter 3.10
Stability Diagrams, Gain Margin and Phase Margin for details). The system of equations that
results will give the functional dependence of the parameters of interest. In this case, the pressure
drop ratios are solved for as the parameters of interest. This method of Naimark D-separation134
(also called D-partitions)138 gives a family of curves in the plane of the parameters of interest and
the curves divide the plane into regions. To isolate the stable and unstable regions of operation,
the Jacobian determinate (with respect to the parameters of interest) is calculated for the
characteristic equation, Equation 7.26. Moving along the boundary in the direction of increasing

ω , the right side is stable if the Jacobian determinate is greater than zero and the left side is
stable if the Jacobian determinate is less than zero.134

H ( s) =

⎡⎛ X ⎞ − sτ
⎛ F ⎞ − sτ T , f
1
T ,o
+⎜
e
⎢⎜
⎟e
⎜ Δp f p ⎟⎟
(θ g s + 1) ⎢⎣⎝ Δpo p ⎠
⎝
⎠

⎤
⎥ +1
⎥⎦

(7.26)

By examining this closely with the aid of Maple,164 an analytical solution to the singletime lag and double-time lag stability model can be developed. The solution will be cast in the
form of a parametric space curve. This is a clear improvement from previous solution techniques.
Iterative codes that compute the neutral stability curve, which are effectively surface intersection
curve solution algorithms, are not nearly as robust.
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The real part of Equation 7.26 can be simplified to

⎛ X ( cos(ωτ T ,o ) − θ g ω sin(ωτ T ,o ) ) ⎞ ⎛ F ( cos(ωτ T , f ) − θ g ω sin(ωτ T , f ) ) ⎞
⎟
⎟+⎜
ℜ ( H (iω ) ) = 1 + ⎜
2
2
⎟
⎜
⎟
⎜
1
(
θ
ω
)
p
p
1
(
θ
ω
)
p
p
+
Δ
+
Δ
g
o
g
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⎝
⎠ ⎝

(

)

(

)
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The imaginary part of Equation 7.26 can be simplified to

⎡⎛ X ( sin(ωτ ) + θ ω cos(ωτ ) ) ⎞ ⎛ F ( sin(ωτ ) + θ ω cos(ωτ ) ) ⎞ ⎤
T ,o
g
T ,o
T, f
g
T, f
⎢
⎟+⎜
⎟⎥
ℑ ( H (iω ) ) = − ⎜
2
2
⎟
⎜
⎟⎥
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+
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+
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(
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ω
)
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(
θ
ω
)
p
p
g
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g
f
⎠ ⎝
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⎣⎝

(

)

(

)
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Setting Equation 7.27 and Equation 7.28 equal to zero ( H ( s ) = 0 ) and solving for fuel pressure
drop ratio gives the following equations, respectively.

Δp f
p

=−

Δpo
F ( cos(ωτ T , f ) − θ g ω sin(ωτ T , f ) )
p
Δpo
1 + (θ g ω ) 2 + X ( cos(ωτ T ,o ) − θ g ω sin(ωτ T ,o ) )
p

(

)

Δpo
F ( sin(ωτ T , f ) + θ g ω cos(ωτ T , f ) )
p
=−
p
X ( sin(ωτ T ,o ) + θ g ω cos(ωτ T ,o ) )

Δp f

(7.29)

(7.30)

Finally, Equation 7.29 and Equation 7.30 can be set equal and the oxidizer pressure drop ratio can
be solved in terms of frequency. This can be simplified to:

X sin (ω (τ T ,o − τ T , f ) )
Δpo
=
p
sin(ωτ T , f ) + θ g ω cos(ωτ T , f )
Equation 7.29 through Equation 7.31 are very important equations because they represent a
parametric form for the neutral stability curve. For example the parametric relation can be

(7.31)
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formed as Equation 7.32 using Equation 7.30 and Equation 7.31 (Equation 7.29 is not needed if
Equation 7.30 is chosen)

x(ω ) =

X sin (ω (τ T ,o − τ T , f ) )
sin(ωτ T , f ) + θ g ω cos(ωτ T , f )

y (ω ) = ω
z (ω ) =

(7.32)

F sin (ω (τ T , f − τ T ,o ) )
sin(ωτ T ,o ) + θ g ω cos(ωτ T ,o )

This is a new simple analytical form that can be used to easily plot neutral stability curves.
Previously, only iterative solutions to this double-time lag problem were available. This is one of
the most commonly used formulations in the aerospace industry and is a clear improvement.
In Equation 7.32, x is the oxidizer pressure drop ratio and z is the fuel pressure drop
ratio. The solution is put in this order so the vertical axis is the fuel pressure drop ratio and the
horizontal axis is the oxidizer pressure ratio. This will be shown in the plots at the end of the
chapter.
The single-time lag solution is found in a similar way. Natanzon134 also gives an
analytical formulation for his single-time lag model. Equation 7.25 is examined and put in the
correct form for stability analysis.

H (s) =

e − sτ T ⎡⎛ X ⎞ ⎛ F ⎞ ⎤
+⎜
⎢
⎟ ⎥ +1
(θ g s + 1) ⎢⎣⎜⎝ Δpo p ⎟⎠ ⎜⎝ Δp f p ⎟⎠ ⎥⎦

(7.33)

The real part of Equation 7.33 can be simplified to

⎛ X
F ⎞
ℜ ( H (iω ) ) = 1 + ⎜
+
cos(ωτ T )
⎜ Δpo p Δp f p ⎟⎟
⎝
⎠

(7.34)

The imaginary part of Equation 7.33 can be simplified to

⎡ X
F ⎤
ℑ ( H (iω ) ) = ωθ g − ⎢
+
⎥ sin(ωτ T )
⎢⎣ Δpo p Δp f p ⎥⎦

(7.35)
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Setting Equation 7.34 and Equation 7.35 equal to zero and solving for fuel pressure drop ratio
simplifies to the following two equations, respectively.

Δpo
F cos(ωτ T )
Δp f
p
=−
Δpo
p
+ X cos(ωτ T )
p

(7.36)

Δpo
F sin(ωτ T )
Δp f
p
=−
Δp
p
−ωθ g o + X sin(ωτ T )
p

(7.37)

Equation 7.36 and Equation 7.37 can be set equal to each other; however there is only one nontrivial solution. It is the following relationship

ωτ T = π n − tan −1 (ωθ g )

(7.38)

where n is an integer. Choosing Equation 7.36, it can be written by substituting in Equation 7.38
and simplifying (for only positive values of fuel pressure drop ratio):

Δp f
p

=

Δpo
F
p
Δpo
1 + (ωθ g ) 2 − X
p

(7.39)

A new functional relationship is given by Equation 7.38 and Equation 7.39 and there is no need to
put this into parametric form. The frequency must be solved at a given time lag and gas residence
time from Equation 7.38. Previously, only iterative solutions were available for this problem. A
limit can be calculated by exercising l’Hôpital’s rule. The asymptotes occur at the following

Δp f
p

=

F
1 + (ωθ g ) 2

Δpo
X
=
p
1 + (ωθ g ) 2

(7.40)

(7.41)
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7.2 Parametric Formulation of a Modified Szuch Model
Szuch improved their model in several areas with his 1970 model.145 The theoretical
formulation was more accurate. Additionally, they incorporated actual performance instead of
theoretical performance, considered static pressure ratio (injector to nozzle inlet) effects,
considered impedance formulations for the feed system, and incorporated empirical methods of
calculating performance and time lag.
The admittance in Equation 7.5 is replaced by the impedance and then written in terms of
the real and imaginary parts where the impedance is Z i = pc′ mi′ .

−

⎡ X − sτ T ,o F − sτ T , f
1
+
⋅e
⎢ ⋅e
Zf
(θ g s + 1) ⎢⎣ Zo

⎡
X
F
− sτ
− sτ
−⎢
⋅ e T ,o +
⋅e T,f
⎢⎣ ( ℜo + iℑo )
( ℜ f + iℑ f )

⎤
⎥ = −1
⎥⎦

(7.42)

⎤
⎥ = − (θ g s + 1)
⎥⎦

(7.43)

Breaking the impedance into real and imaginary parts will eventually be very useful
because it generally carries the feed systems’ influences and also the pressure drop ratios can be
written in terms of just the real parts of the impedances. So instead of solving for the pressure
drop ratios (as done previously to find the parametric solution), the real parts of the impedance
are found.145 The mathematical formulation below is slightly different then that described by
Szuch145 because the definition of impedance is not the same as what is defined in Szuch’s report.
Szuch’s definition of impedance is the negative of that which is defined here. Additionally a
modification is made to his model. His model solves a specific isothermal and compressible flow
for the fuel feed system. The flow here is left in a general form so that correlations could be used
if needed.
Rearranging Equation 7.42 in the following form
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− ⎡⎣ X ⋅ Z f ⋅ e

− sτ T ,o

+ F ⋅ Zo ⋅ e

− ⎡⎣ X ⋅ ( ℜ f + iℑ f ) ⋅ e

− s τ T ,o

= − ( ℜo + iℑo ) ( ℜ f + iℑ f

− sτ T , f

⎤ = − Z o ⋅ Z f (θ g s + 1)
⎦

+ F ⋅ ( ℜo + iℑo ) ⋅ e

− sτ T , f

)(θ s + 1)

(7.44)

⎤
⎦

(7.45)

g

allows a simple solution to be found for the real part of the fuel impedance. Substituting in

s = iω into Equation 7.45 , taking the real and imaginary part, respectively, and then solving for
the real part of the fuel impedance gives:

ℜf =

ℜf =

X ℑ f sin(τ T ,oω ) + F ℑo sin(τ T , f ω ) + F ℜo cos(τ T , f ω ) + θ g ωℑ f ℜo + ℑo ℑ f
ℜo − X cos(τ T ,oω ) − ℑoθ g ω
X ℑ f cos(τ T ,oω ) + F ℑo cos(τ T , f ω ) − F ℜo sin(τ T , f ω ) + θ g ωℑo ℑ f − ℜo ℑ f
ℑo + X sin(τ T ,oω ) + ℜoθ g ω

(7.46)

(7.47)

Solving for the real part of the fuel impedance is analogous to solving for the fuel pressure drop
ratio in Equation 7.29 and Equation 7.30 since a relationship of real part of the fuel impedance to
the pressure drop ratio will be described instead. Equating Equation 7.46 to Equation 7.47 and
collecting the real part of the oxidizer impedance gives a quadratic equation in ℜ o :

A ℜo 2 + B ℜo + C = 0

(7.48)

The constants are defined as

A ≡ θ g ω cos(τ T , f ω ) + sin(τ T , f ω ) +
B≡2

(θ ω ) + 1)
F (

ℑf

2

(7.49)

g

X
ℑF (θ g ω sin(τ T ,oω ) − cos(τ T ,oω ) ) + X sin(ω (τ T ,o − τ T , f ))
F

⎛ ℑo 2 (θ g ω cos(τ T , f ω ) + sin(τ T , f ω ) ) + ℑo X cos(ω (τ T ,o − τ T , f ))
⎜
C ≡⎜
ℑo 2 ℑ f
X 2ℑ f
2
X
⎜ +2 ℑ f ℑo (θ g ω cos(τ T ,oω ) + sin(τ T ,oω ) ) +
(θ gω ) + 1 + F
F
⎝ F

(

)

(7.50)

⎞
⎟
⎟ (7.51)
⎟
⎠
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The real and imaginary parts may or may not be a function of frequency; however this does not
cause a problem in converting into parametric form since the pressure drop ratio only affects the
real part of the impedance.
From Equation 7.15, the real part of the fuel injector impedance can be written as

ℜf =
where

F

f

−

Δp f
b ⋅ mf

=

f

−

Δp f ⎛ p
⎜
b ⋅ p ⎜⎝ m f

⎞
⎟⎟
⎠

(7.52)

is the real part of the fuel impedance not including the injector fuel resistance part of

the fuel system impedance. The injector fuel resistance is separated from the rest of the
impedance since the solution is preferred to be in the form of pressure drop ratio. Choosing
Equation 7.47, the pressure drop ratio becomes

Δp f
p

=

b mf ⎛
⎜
p ⎜⎝

f

−

X ℑ f cos(τ T ,oω ) + F ℑo cos(τ T , f ω ) − F ℜo sin(τ T , f ω ) + θ g ωℑo ℑ f − ℜo ℑ f ⎞
⎟⎟
X sin(τ T ,oω ) + ℑo + ℜoθ g ω
⎠
(7.53)

Similarly the oxidizer pressure drop ratio is given by Equation 7.54 where

o is

the real part of

the oxidizer impedance not including the injector oxidizer resistance part of the injector

ˆ is the solution to Equation 7.48.
impedance and ℜ
o

Δpo a mo
=
p
p

(

o

ˆ
−ℜ
o

)

(7.54)

The parametric form can be written as

x(ω ) =

a mo
p

(

o

ˆ
−ℜ
o

f

−

)

y (ω ) = ω
z (ω ) =

b mf ⎛
⎜
p ⎜⎝

ˆ sin(τ ω ) + θ ωℑ ℑ − ℜ
ˆ ℑ ⎞
X ℑ f cos(τ T ,oω ) + F ℑo cos(τ T , f ω ) − F ℜ
o
T,f
g
o f
o f
⎟
ˆ
⎟
X sin(τ T ,oω ) + ℑo + ℜoθ g ω
⎠
(7.55)
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The real part of the oxidizer impedance expanded from Equation 7.48 is a very complicated
equation and substitution into z (ω ) would only complicate the form of the equation (unlike for
Equation 7.32 where it simplifies nicely) therefore it is left in this form. This form is fine as long
as the evaluation of ℜ o is performed for use in ℜ f at a given ω . Additionally, since Equation
7.48 is a quadratic equation, there are two solutions that must be considered.
It can also be shown by substituting in ℑo = 0 , ℑ f = 0 ,

o

= 0 , and

f

= 0 to

Equation 7.48 and Equation 7.53, and also with Equation 7.54, that the double-time lag solution,
Equation 7.32, can be reproduced, i.e. the more complex Equation 7.55 that accounts for the
complex feed system impedance reduces to Equation 7.32 with only a real part equal to the
injector resistances. This provides verification of the model.
An assumption during calculation is that

F

and

O

do not change over the throttling

operating range, however this may not be the case in reality. An iterative solution would be
needed to account for feedline variations over the throttling range since feed system resistances
may change while throttling (such as feed line orifices). The correct procedure to find the onset
of instability would be to discover where the operating point and neutral stability curve converge
while accounting for resistance changes in the feed lines during throttling.

7.3 Chug Stability Code
Two mathematics software products are used extensively in developing a chug stability
code. MATLAB139 is a numerical computing environment software and Maple164 is a general
purpose math software (also called a computer algebra system). A Chug Stability Code (CSC)
was created in MATLAB based on the approaches by Wenzel and Szuch with some
modifications. MATLAB was chosen for several reasons. It is a contemporary software with

206
exceptional plotting capabilities, it has the ability to easily create graphical user interfaces
(GUIs), there is an ability to run a compiled MATLAB executable once a free runtime
environment is installed on any computer (not requiring MATLAB), and the solvers and
algorithms are very robust with excellent handling of infinities and not-a-number’s (NaNs).
Additionally, Maple is used to develop closed form solutions and provide aid in simplification
and verification where applicable so that numerical coding is minimized and speed is optimized.
Two examples will be given to demonstrate the developed code, CSC, and to describe the
resulting solutions. First is an example giving the solution to the single-time lag model and
second is an example giving the solution to the double-time lag model.

7.3.1 Wenzel and Szuch Single-Time Lag Model Solution
An example generic combustion device is chosen to demonstrate the single-time lag
model. Four plots are generated from the graphical user interface (GUI) display. The GUI
display is shown in Figure 7.1. The pertinent equations for the following plots are given by
Equation 7.33, Equation 7.38, and Equation 7.39. In the GUI, the single-time lag flag is
switched on when the fuel time lag and oxidizer time lag are identical. In this example case, the
time lags are both 0.93 milliseconds.
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Figure 7.1: GUI Display for Single-Time Lag Model Example
The first output plot from this code is a Nyquist diagram of the characteristic equation in
the H ( s ) − 1 plane. This is shown in Figure 7.2. For an unstable system on a Nyquist diagram,
the complex point ( −1, 0) in the H ( s ) − 1 plane is encircled by the curve. In this example the
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operating point of the system is stable. To find the unstable operating point, this procedure is
iterated (i.e., the operating point is throttled down) until the complex point ( −1, 0) is just
encircled by the plot of the characteristic equation in the complex plane.
Nyquist Diagram, H(s) - 1 plane
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Figure 7.2: Nyquist Diagram for Single-Time Lag Example
In Figure 7.3, the classic chug stability plot most commonly seen in the rocket engine industry is
shown. This figure shows the operating point on the right side of the neutral stability curve. This
indicates a stable rocket engine system. The frequency displayed on the plot is the frequency at
which chug will occur if the operating point intersected the neutral stability curve.
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Figure 7.3: Pressure Drop Stability Plot for Single-Time Lag Example
Figure 7.4 shows the curve in parametric space. This is a three-dimensional space curve for the
single-time lag system. In this figure, the effects of all parameters can be investigated. This is a
new way of looking at the stability solution in three-space which is possible since the equations
are represented as a 3-D parametric space curve. For the single-time lag solution, there is only
one frequency solution, so there are no variations along the frequency axis.
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Figure 7.4: Parametric Space Curve for Single-Time Lag Example
Another novel way to look at the solution is as a frequency curve in Figure 7.5. However in the
single-time lag case, there is no frequency variation. It is plotted against the oxidizer pressure
drop ratio because this is often the primary contributor to an instability.

Figure 7.5: Frequency Variation for Single-Time Lag Example
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7.3.2 Wenzel and Szuch Double-Time Lag Model Solution
The same example generic combustion device is chosen to demonstrate the double-time
lag model. The only difference is that the oxidizer time lag is changed to 2 milliseconds and the
fuel time lag is changed to 0.3 milliseconds. This will give an example demonstrating the effect
of considering both a time lag for the fuel and a time lag for the oxidizer. The pertinent equations
for the following plots are given by Equation 7.26 and Equation 7.32. Again the Nyquist plot is
shown first in Figure 7.6. The system is stable for the same reason previously described for the
single-time lag case.

Figure 7.6: Nyquist Diagram for Double-Time Lag Example
In Figure 7.7, the classic stability plot is again shown. This figure shows the operating point on
the right side of the neutral stability curve indicating a stable system. The frequency is not
displayed on the plot in the double-time lag model because the frequency varies and depends on
the location along the neutral stability curve. The multiple curves shown in the figure are a result
of the more complicated solution to the double-time lag model. With both the fuel and oxidizer
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contributing to the system, the potential for instability is altered in the way described by the
figure. If for example the oxidizer pressure drop decreased, it would first reach one curve and
result in an unstable engine at a particular frequency associated with the intersection of the
operating point and this first curve. Continuing deeper into the unstable region, the operating
point reaches a second curve. At this point another unstable frequency associated with this point
would potentially result. Additionally as the point moves, the operating conditions do as well, so
the neutral stability curve may also move. The solution shown in Figure 7.7 is difficult to obtain
numerically without the analytical solution because of the multiple curves shown.

Figure 7.7: Pressure Drop Stability Plot for Double-Time Lag Example
Figure 7.8 shows the curve in 3-D parametric space. This gives a better perspective of what
frequencies occur along each curve. Unlike the single-time lag solution, this solution does have
variations in frequency.
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Figure 7.8: Parametric Space Curve for Double-Time Lag Example
Rotation of Figure 7.8 provides insight in three dimensions; however the variations in frequency
can clearly be seen when plotted as a function of oxidizer pressure drop ratio. This is shown in
Figure 7.9.

Figure 7.9: Frequency Variation for Double-Time Lag Example
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7.4 Fluid Boiling
Boiling seems to be a peculiar topic to introduce in this chapter; however it plays an
important role in the chug instability that was present during CECE testing. Boiling also adds
complexity to the system in terms of modeling. Normally an engine system would exhibit chug
without a boiling instability. CECE is different in that the chug instability is closely coupled with
a boiling instability in the oxidizer dome. In fact, it will be shown in the analysis that, without
boiling, the engine has a very good chug stability margin.
The 1964 RL10 injector is shown in Figure 7.10 and Figure 7.11.183 This injector is
similar to the CECE injector. A small window, shown in the figures, was placed on the dome to
visually examine the fluid in the oxidizer manifold during chug and other operating points.

Figure 7.10: 1964 RL10 Injector with Window into Oxidizer Dome183
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Figure 7.11: Close-up of Window into Oxidizer Dome183
A brief summary of events leading to chug is described here and is also discussed in
Chapter 2.1.3.2 NASA Study – Modified RL10A-1 (1964). The oxidizer and fuel manifolds are
adjacent – with the oxidizer manifold on top of the fuel manifold. As CECE is throttled down,
the fuel temperature in the manifold is increased. The fuel is flowing slower through the cooling
passages at lower thrust and thus picks up more heat, i.e. more heat is transferred to the same
amount of fluid at low thrust. At the same time, the pressure in the oxidizer manifold is
decreasing while throttling down. This decreases the liquid oxidizer saturation temperature. Heat
is transferred through the manifold interface from the warm fuel into the cold oxidizer. At the
onset of an instability, although the bulk oxidizer temperature may be maintained above the
saturation temperature, the heat transfer through the interface causes local areas in the manifold to
exceed the oxidizer saturation temperature. Nucleate boiling in the oxidizer dome results and
contributes to a significant change in the manifold compliance. This effectively alters the system
such that the entire stability margin is eliminated; this will be discussed in the analysis below.
Additionally, the high amplitude pressure oscillations that are engaged reinforce the boiling
oscillations, i.e. the size of the vapor bubbles follow along with the chug oscillation. The vapor
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bubble size oscillation is likely due to the proximity (in pressure) of the sinusoidal instantaneous
pressure oscillation to the oxygen saturation pressure. The boiling at one operating point just
after the onset of chug is shown in Figure 7.12.

Figure 7.12: Boiling shown through the Window in the Oxidizer Dome during Chug183
Since the nucleate boiling bubbles are far more rarefied and are much larger than the
finely distributed helium fog (to be discussed next), there is a large increase in oxidizer
compliance without an associated increase in oxidizer resistance. The saturated vapor does not
flow through the injector orifices. The compliance increases since vapor was added to the liquid,
but the nucleate boiling is not finely mixed like the helium fog; thus the saturated vapor does not
flow with the liquid propellant through the orifices and consequently does not affect the total
pressure drop. So, in the case of nucleate boiling, the increased resistance effect discussed in
Chapter 2.1.3 Gaseous Injection does not apply since the fluid is not a fine fluid mixture like
the helium fog. This is evident in the data by examining the pressure drops at the particular
operating point. In the extreme case of film boiling, gas does flow through the orifice and
increase the pressure drop. This was studied in reference [37] with the result of eventually
coming out of chug by continuing to throttle (see Figure 2.4), but this would require very deep
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throttling with the CECE engine system. This was achieved by CECE in the last test of Demo.
1.7.
One model to consider for the injector manifold compliance during boiling might be an
‘air chamber’.159 An air chamber is similar to an accumulator discussed in Chapter 4.1.2
Injector Admittance, but contains a trapped volume of gas. The impedance of an air chamber is
given as Equation 4.70, however the compliance is given by Equation 7.56 where n is the
polytropic index.159, 184 For an ideal gas through an adiabatic process, the polytropic index is
equal to the specific heat ratio, i.e., n = γ .

CA =

ρV
np

(7.56)

This model of compliance is not used and should be considered for film boiling, since film
boiling is not a homogeneous mixture. The model used during nucleate boiling is discussed in
Chapter 7.5 Homogeneous Two-Phase Flow.

7.5 Homogeneous Two-Phase Flow
The helium injection concept has been a published solution in eliminating chug
instabilities for many years. As detailed in Chapter 2.1.3.2 NASA Study – Modified RL10A-1
(1964), an RL10 in 1964 exhibited a chug instability. The instability was eliminated by injecting
helium into the oxidizer manifold. Although the compliance is affected by the introduction of a
gas into a liquid propellant, as will be discussed below, the helium gas - liquid oxygen mixture
increases the injector resistance dramatically. This will be shown in the analysis below. The
small amount of finely distributed helium gas that is mixed with the liquid oxidizer provides
stabilization by improving the injector resistance. Figure 7.13 shows the helium-oxygen mixture
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in the same 1964 experiment – it eliminated the chug oscillations and appears as a fog with
bubbles too small to distinguish.

Figure 7.13: Helium Gas - Liquid Oxygen Mixture in Window of Oxidizer Manifold183
Before detailing the solutions and comparing to data, the properties for a homogeneous two-phase
fluid flow must be examined. Fluid transient and water hammer problems often need to consider
a homogeneous two-phase flow. Also referred to as a bubbly flow, this problem has been
examined in detail159 and discussed in reference [185, 186] among many others. A rigorous
approach would consider the mass, momentum, and energy of both the gas phase and liquid phase
making a set of six equations and six unknowns. However several assumptions can be made to
help simplify this. The two phase mixture can be treated as a continuum for the transmission of
sound of long wavelengths. If the wavelengths are short enough, then the interaction with the
bubble must be considered. Typically the bubble frequencies are very high frequency and can be
ignored.2 The liquid acts as a heat reservoir and pressure changes are approximately isothermal.
Thus the system of equations can be simplified to only continuity for the liquid phase, continuity
for the gas phase, and momentum for the homogenous mixture. Also the effects of the
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surrounding structure are ignored for this problem. In reality, a finite structural Young’s Modulus
has the effect of reducing the effective speed of sound from that of a pure fluid.
By introducing an inert fluid into the oxidizer stream, such as when helium was used in
CECE, several considerations must be made. The sound speed for a fluid can be calculated using
the adiabatic bulk modulus.146

c=

gc K

ρ

(7.57)

For a mixture it can be shown that the mixture sound speed, Equation 7.58,can be calculated
using the mixture density, Equation 7.59, and gross bulk modulus of elasticity, Equation 7.60.159

cmix =

g c K mix

ρ mix

ρ mix = (1 − α ) ρl + αρ g
K mix =

Kl K g

K g (1 − α ) + K lα

(7.58)

(7.59)

(7.60)

The mixture sound speed can be simplified to Equation 7.61 and is sometimes referred to as
Wood’s formula.187 This model is applicable to single-component two-phase fluids, such as at
liquid-vapor saturation conditions, and two-component two-phase fluids such as helium gas
injection into liquid oxygen. The primary assumption to this model is that the wave propagation
is one-dimensional and the mixture is homogeneous and uniformly distributed.159

cmix =

1
⎛
⎞
( (1 − α ) ρl + αρ g ) ⋅ ⎜⎜ Kα + 1 K− α ⎟⎟ ⋅ g1
l ⎠
c
⎝ g

(7.61)

The void fraction, α , which is the ratio of gas volume - to - total volume plays an important role.
It is found that several factors play a role in the sound speed for a homogeneous mixture. The
sound speed is dispersive and is a function of bubble size and void fraction, however for
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relatively low frequencies, the predominant contribution to the sound speed is due to the gas
volume fraction.188 For example, the sound speed as a function of void fraction for a mixture of
liquid oxygen and helium gas at a temperature of 174 °R is shown in Figure 7.14.
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Figure 7.14: Liquid Oxygen - Helium Gas Mixture Sound Speed
The gross bulk modulus or the mixture sound speed will have a direct influence on the
compliance of the manifold. This must be accounted for when modeling the stability of a mixture
flow. The mixture density will also affect the operating point by increasing the pressure drop.
This can be observed through the incompressible orifice equation and was discussed in the
Chapter 2.1.3 Gaseous Injection. The analysis below examines the effects on stability due to
the introduction of a homogeneous gas-liquid mixture.
In engines with helium injection, typical void fractions can range between 40% and 70%
yet there is no effect on thrust or performance. This is a significant portion of the volume that is
occupied by gas. Although the void fraction occupies a large portion of the volume, it makes up
only a very small percentage of the total mass. The quality, which is the mass of the gas relative
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to the total mass is extremely small. It ranges from approximately 0.15% to 0.35% of the total
propellant mass. The amount of propellant mass that is converted to combustion gas is much
more important to the engine system in terms of total thrust and performance then the volume of
inert gas. This small mass has a negligible effect on thrust and performance and, in fact, has been
shown to improve performance very slightly – most likely due to atomization improvement
during injection with an increased pressure drop.37, 51

7.6 CECE Data and Analysis
Several examples from data are compared to an analysis. The modified Szuch model
from Chapter 7.2 Parametric Formulation of a Modified Szuch Model is used as a
framework. However the considerations from Chapter 7.4 Fluid Boiling and Chapter 7.5
Homogeneous Two-Phase Flow are also implemented.
An immense amount of data was collected during the CECE program, and it is in the
authors opinion after reviewing LRE throttling, probably the broadest set of data for studying
aspects of throttling for an engine system. Often only components or parts of the full system are
tested; this normally has extraordinary value for various reasons depending on the goals and
requirements. However for CECE, data was collected over a large set of operating points for an
entire engine system in mission-like conditions, e.g. vacuum environment. This provides
valuable information about the system characteristics during throttling. Many parametric studies
were performed on the throttling map (chamber pressure and mixture ratio) under many
circumstances including several different oxidizer propellant temperatures, with and without
helium injection, far off-nominal mixture ratio conditions, and with and without insulating
material in the oxidizer manifold. These were only a few of the many studies performed during
the CECE program.189-191
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Since LRE throttling has been studied, the majority of raw data have been lost or were
not preserved over the years except for what was documented in reports. In recent times though,
large efforts are made to archive these data sets digitally and is often required by the customer.
Several aerospace companies continue to study LRE deep throttling under the Constellation
Program. These include the Pratt & Whitney Rocketdyne (PWR) CECE program, the Aerojet
Deep Throttling Injector Project, the Northrop Grumman TR202 Program, and the NASA Lunar
Surface Access Module (LSAM) Studies.
Four separate CECE operating points will be examined using the modified Szuch model.
This model considers the feed system influence on the stability of the system as described above
in Chapter 7.2 Parametric Formulation of a Modified Szuch Model, and also a homogenous
gas-liquid mixture is considered by accounting for the properties of these mixtures. In this way,
boiling and injected helium can be incorporated into the stability model. The first example is a
stable point of operation just prior to the onset of the chug instability. The second operating point
is deep into the chug regime. The third operating point under the influence of helium injection at
a medium flow rate exhibited a marginal instability, where in the near vicinity on the operating
map there were spurts of unstable operation. The final operating point under the influence of
helium injection at a high flow rate showed stable behavior in a previously unstable regime
(while no helium was injected). These operating points were selected because they help
demonstrate the physics involved in the chug instability including that of helium injection. Table
7.1 shows the basic model inputs for each of the four cases described below.
Figure 7.15 shows the reduced chug data on the operating parameter map with the stable
test point. Chamber pressure is normalized to the maximum pressure (nominal rated chamber
pressure for CECE which is a 15,000 lb thrust-class engine). A contour plot of the chug data
shows the onset of instability near 12%-14% of rated thrust for this configuration in the range of
mixture ratio from 4.5 to 5.7. The color contours give the chug normalized amplitude.
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Table 7.1: Model Inputs for Test Cases
Parameter
Chamber Diameter
Cylinder Length
Throat Diameter
Convergent Section Length
Oxidizer Pressure Drop
Oxidizer Flow Rate
Oxidizer Exponent, a
Fuel Pressure Drop
Fuel Flow Rate
Fuel Exponent, b
Oxidizer Time Lag
Fuel Time Lag
Chamber Pressure
Chamber Temperature
c*
Slope of c*(MR)
Gas Molecular Weight

Stable Test Point
Unstable Test Point
Marginal with Helium Test Point
Stable with Helium Test Point
10 in (25.4 cm)
10 in (25.4 cm)
10 in (25.4 cm)
10 in (25.4 cm)
5 in (12.7 cm)
5 in (12.7 cm)
5 in (12.7 cm)
5 in (12.7 cm)
4.95 in (12.573 cm)
4.95 in (12.573 cm)
4.95 in (12.573 cm)
4.95 in (12.573 cm)
7.1 in (18.034 cm)
7.1 in (18.034 cm)
7.1 in (18.034 cm)
7.1 in (18.034 cm)
7.5 psi (51.7 kPa)
6 psi (41.4 kPa)
11.7 psi (80.7 kPa)
11.8 psi (81.4 kPa)
3.40 lbm/s (1.54 kg/s)
2.49 lbm/s (1.13 kg/s)
3.48 lbm/s (1.58 kg/s)
2.86 lbm/s (1.30 kg/s)
0.5
0.5
0.5
0.5
5.1 psi (35.2 kPa)
4.9 psi (33.8 kPa)
7.1 (49.0 kPa)
5.4 psi (37.2 kPa)
0.71 lbm/s (0.32 kg/s)
0.49 lbm/s (0.22 kg/s)
0.78 lbm/s (0.35 kg/s)
0.65 lbm/s (0.29 kg/s)
1
1
1
1
3.7
3.7
3.7
3.7
0.1
0.1
0.1
0.1
52.4 psia (361.3 kPa)
36.4 psia (251.0 kPa)
52.0 psia (358.5 kPa)
44.0 psia (303.4 kPa)
5518°R (3066°K)
5532°R (3073°K)
5407°R (3004°K)
5073°R (2818°K)
7821 ft/s (2384 m/s)
7702 ft/s (2348 m/s)
7923 ft/s (2415 m/s)
7950 ft/s (2423 m/s)
‐310 ft/s‐MR (‐94 m/s‐MR)
‐330 ft/s‐MR (‐101 m/s‐MR)
‐300 ft/s‐MR (‐91 m/s‐MR)
‐310 ft/s‐MR (‐94 m/s‐MR)
11.106 lbm/lbmol (11.106 kg/kmol) 11.540 lbm/lbmol (11.540 kg/kmol) 10.552 lbm/lbmol (10.552 kg/kmol) 10.412 lbm/lbmol (10.412 kg/kmol)
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Figure 7.15: Contour Plot of Chug Data showing the Stable Test Point Analyzed
All contour plots and scatter plots presented hereafter have the same color legend. The scatter
plots show exact data points and the contour plots represent an interpolated regional plot
encompassing the set of data. The colors represent chug amplitude with units of percent psi peakto-peak (relative to chamber pressure). The neutral stability line can typically be drawn between
the dark blue contour and light blue contour. The contour plots were created using a MATLAB
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triangular-based linear-interpolating surface-fitting scheme.139 An instantaneous amplitude
estimate using a general hypercoherence routine and a synchronized receiver algorithm is
implemented using the PC Signal177 software tool. Nuances and subtle variations in chug
amplitude that may have been influenced by system parameters can be more readily captured.
Figure 7.16 shows a Nyquist Diagram for the characteristic equation using the operating
conditions for the stable test point. The Nyquist diagram shows that the operating points are far
from encircling the complex point at (−1, 0 ⋅ i) . This shows a large stability margin at the
operating point. Figure 7.17 also shows that there are no neutral stability curves on the pressure
drop map for the conditions at the stable operating point. This was the prediction prior to CECE
testing because it was not immediately evident that boiling would occur in the manifold or
influence the chug operation without knowledge of the references described and the analysis
performed herein to understand the phenomenon.
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Figure 7.16: Nyquist Diagram for the Stable Test Point
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Pressure Drop - Stability Plot
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Figure 7.17: Pressure Drop Stability Plot for Stable Test Point
In the real system, however, this stable operating point is very close to the onset of an
instability. The model does not show this; the explanation is that a change in fluid regime that is
not immediately considered in the stability model occurs at this point. The model solution
indicates that as long as the engine contains a liquid oxidizer propellant in the manifold (or the
manifold compliance is not substantially changed), the engine will never enter a chug regime. A
new model might consider the heat transfer into the propellants during throttling. This would be
a very specific model since every engine system is different, but would be an improvement to the
current model. However, the boiling influence is captured by examining this operating state
separately. An example test point during the chug regime is examined next that considers the
influence of boiling.
Indications from the oxidizer manifold from reference [51, 183] show that nucleate
boiling begins at the onset of the instability. One design solution, though, in ref [37] and during
the CECE program was to use insulation to help improve stability margin. The oxidizer manifold
insulation was successful in that it allowed the engine to throttle deeper without entering chug as
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compared to without using insulation, but it did not entirely eliminate the chug oscillations; this is
beyond the scope of this dissertation although it should be emphasized that heat transfer to the
oxidizer is a significant contributor to the boiling in the manifold and the chug oscillations seen in
CECE.
To examine the effect of boiling in the oxidizer manifold, a second operating point is
examined. As soon as vapor bubbles appear, the compliance changes and a new neutral stability
curve comes into existence. The a priori predictions did not consider this because it was not
immediately evident that boiling would take place in the manifold or affect the instability. Figure
7.18 shows the reduced chug data (zoomed-out from Figure 7.15) on the operating parameter map
with the unstable test point.
To examine chug during boiling, a 5% vapor void fraction was used at the unstable test
point. The amount of vapor that was present in the manifold is difficult to determine, but 5% was
within the range of vapor as determined by an independent computational fluid dynamics
analysis.191 A prediction will also be made within this analysis on the amount of vapor needed to
engage the instability.
The pressure drop stability plot shown in Figure 7.19 shows that with 5% oxidizer vapor,
the operating point should be unstable. The model is validated by the data for this scenario.
However, it will be described below how a wide range of oxidizer vapor could engage the
instability. The appropriate time lag can also be obtained by comparing the frequency produced
by the model to the frequency of chug in the data at this operating point; the oxidizer time lag is
3.7 milliseconds. The frequency in the data at this operating point was approximately 90 to 100
Hz. The time lag can also significantly alter the neutral stability curve. Confidence in the model
is also gained by predicting an accurate stability condition by additionally estimating the correct
time lag.
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Figure 7.18: Contour Plot of Chug Data showing the Unstable Test Point Analyzed

Figure 7.19: Pressure Drop Stability Plot for Unstable Test Point
Figure 7.20 shows the model frequency prediction to be approximately 90 to 100 Hz. As
stated previously, using the appropriate oxidizer time lag also provided a neutral stability curve
that satisfied the chug state of the system providing further validation of the model. The fuel time
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lag is very small, close to zero at 0.1 milliseconds, because the propellant enters the chamber as a
gas.2, 5, 135, 136 The fuel time lag was shown to have a negligible effect on the results at values
close to zero.
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Figure 7.20: Frequency Plot for Unstable Test Point
Figure 7.21 gives a prediction of neutral stability for this operating point. If enough insulation
was provided or the heat transfer was reduced such that less than 0.44% (by volume) of the
oxidizer was in the gas phase, then operation would be stable. This is a very small amount of
vapor in the manifold and is likely the approximate amount at the onset of boiling. Thus the chug
instability would likely occur as soon as any boiling occurs in the manifold. The small amount of
oxidizer vapor needed to engage the chug instability is corroborated by the video evidence from
[183].
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Figure 7.21: Neutral Stability Condition with Vapor Oxidizer at 0.44%
To examine the effect of helium injection into the oxidizer manifold, two more operating
points are examined. The first of these two test points is shown in Figure 7.22. This scatter plot
gives the data for chug amplitude with the influence of a medium helium flow rate. The medium
helium flow rate was not as effective as the high helium flow rate. It can be seen that the data
collected in the operating map show spurts of chug oscillations over various points.
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Figure 7.22: Scatter Plot of Data showing the Marginally Unstable Test Point during Helium
Injection
The Nyquist diagram, Figure 7.23, and pressure drop plot, Figure 7.24, show that the
operating point is near the neutral stability curve. This explains the marginally unstable operation
in this regime. Part of the difficulty in obtaining the exact result over the small operating range as
was tested would be to define the state inside the manifold. Spurts of chug during this time
probably occur because of slight variations in the amount of vapor oxidizer during helium
injection as well as hinging on the neutral stability regime. The pressure drop increase due to the
lower bulk density may not provide an adequate increase in resistance to compensate for the large
amount of fluid compliance. The correct prediction of this operating point for stability and for
frequency (approximately 100 Hz from the data and from the analysis) also leads to the
conclusion that the helium does not affect the time lag significantly. This is probably due to the
small mixture quality where the time lag is primarily dependent on the mass of the oxidizer
propellant and its transformation into combustion gas. The medium helium flowrate appears to
be a borderline amount that would be necessary in eliminating chug for this engine system.
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Nyquist Diagram, H(s) - 1 plane
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Figure 7.23: Nyquist Diagram for the Marginally Unstable Test Point during Helium Injection

Figure 7.24: Pressure Drop Stability Plot for the Marginally Unstable Test Point during Helium
Injection
The final test point examined is shown in Figure 7.25. This scatter plot gives the data for
chug amplitude with a high helium flow rate. The amount of helium affects the resistance and
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compliance in the system and in this case the system is stable. The resistance due to a decreased
bulk density flowing through the injector orifice overcomes the significant increase in compliance
due to helium vapor in the manifold. The high helium flow rate was very effective in eliminating

Figure 7.25: Scatter Plot of Data showing the Stable Test Point during Helium Injection

Figure 7.26: Pressure Drop Stability Plot for the Stable Test Point during Helium Injection
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chug. Figure 7.26 is the pressure drop plot for this test point showing stable operation.
In fact there is not much difference in the location of the neutral stability curve between
Figure 7.24, from the medium helium flow rate, and Figure 7.26, from the high helium flow rate.
The major difference is the location of the operating point. The operating point with the high
helium flow rate has a much lower bulk density because there is a larger void fraction. This
increases the pressure drop for the high helium flow rate case much more than for the medium
flow rate case, as seen from the orifice flow equation (Equation 4.12). The compliance for each
of these cases is fairly similar, though. Equation 4.69 can be rewritten in terms of fluid properties
from Equation 7.58. The resulting form of compliance is

C=

Vg c
2
cmix

(7.62)

Referring to Figure 7.14 it can be seen that after a small amount of helium introduction (or any
gas component for that matter), the sound speed remains fairly constant over the entire void
fraction range. And from Equation 7.62, it can be seen that with a constant manifold volume the
only property affecting the compliance is the mixture sound speed.
This is an important result. The models show that the introduction of helium improves
stability margin by increasing the pressure drop of the operating point. But the introduction of
helium gas also changes the system such that an instability can be engaged. The system with
helium injection provides its own added potential for instability as does the system with oxidizer
boiling. This consequence was not previously considered and instability related to gaseous
injection was thought to be related to the homogeneity of the gas injected. This consideration of
homogeneity has not been addressed here; however it has no influence in the models described
herein.
Another interesting aspect is that the system is primarily oxidizer driven where changes
in the fuel-side pressure drop have negligible influence on stability. This is observed from Figure
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7.19, Figure 7.21, Figure 7.24, and Figure 7.26. The neutral stability curve is nearly vertical.
This is a consequence of incorporating the feed systems in the models, but primarily due to the
gaseous fuel injection. Figure 7.27 helps describe this by showing the differences in model
solution between that with feed system effects and that without feed system effects. It is seen that
an incorrect prediction is made without incorporating the feed system influence. But comparison
to the figures in Chapter 7.3.2 Wenzel and Szuch Double-Time Lag Model Solution also help
reinforce this point since liquid fuel injection corresponds to a larger fuel time lag which
subsequently complicates the stability plot.

Figure 7.27: Stability Map for Unstable Test Point with and without Feed System Effects
As a final note regarding the pressure drop plots, the neutral stability curves are not
always straight forward and easy to read like in the cases above. As seen in Chapter 7.3.2
Wenzel and Szuch Double-Time Lag Model Solution, the systems can be quite complicated.
Other examples of the pressure drop stability plots using the above characteristic equations may
give paths that contain loops or discontinuities. Determining if the operating point lies in the
stable or unstable region is not always obvious without calculating the Jacobian determinate as
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described in Chapter 7.1 Parametric Formulation of the Wenzel and Szuch Model. It is
advised that a Nyquist diagram is plotted along with every analysis. There would be no question
on whether the Nyquist diagram gives a path that encircles the complex point at (−1, 0 ⋅ i) .
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Chapter 8
Summary and Future Work
In the work detailed in the previous chapters, extensions to classic time lag models were
successfully created that can be used for practical application to rocket engine stability design.
Comparison to real engine system and component test data reinforce their applicability and
establish validation for the improvements. The objectives set forth in Chapter 3.1 Research
Goal, Strategy, and Objectives are reviewed to summarize the work herein.

8.1 Summary
A thorough review on liquid rocket engine throttling was first performed. This unique
survey provides a significant source for the aerospace community especially due to the very
limited knowledge base in this subject. The review detailed the concerns and issues as well as the
advantages and shortcomings of nine liquid-propellant rocket engine throttling methods. These
are the high-pressure-drop systems using propellant flow regulation, dual-manifold injectors,
gaseous injection, multiple chambers, pulse modulation, throat throttling, movable injector
components, and hydrodynamically dissipative injectors. Case studies and examples are provided
for each of the throttling methods. The survey also unveiled a clever and simple technique that
was used to eliminate a chug instability at low power levels in tests of the Common Extensible
Cryogenic Engine. This technique consisted simply of injecting a small amount of helium gas
into the liquid oxidizer propellant feed line.
A second review was performed on classic-time-lag based combustion instability models.
In this survey the classic theories were formulated in much more detail and written in
contemporary nomenclature, which was consistent throughout. This review also put the
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knowledge base of this subject in one easily accessible place. It laid the foundations and
provided the framework for the new model extensions. Both of these reviews laid the
groundwork that helped formulate the new models.
Four separate concentrated combustion models were formulated and studied. The models
are the Crocco model, the contemporary model, a new modified Crocco model, and a new
damping model. Two major extensions were made to the contemporary concentrated combustion
model. This resulted in the new modified Crocco model and the new damping model.
The first extension was to incorporate an injector acoustic boundary condition. Typically
the injector boundary condition is considered a rigid wall acoustically. For most applications this
is an appropriate assumption since the majority of the injector surface is solid and the normal
component of velocity vanishes. It was found that for low density and gas propellants, the
boundary condition is an important feature and affects the stability behavior of the system.
Additionally, the relative injector orifice area as compared to the total injector area also plays an
important role. As the chamber diameter becomes smaller and approaches the size of the injector
orifice, the acoustic wave is less reflective as a larger portion is transmitted back into the feed
system. The stability characteristics are shown to be significantly affected by these two
considerations due to the introduction of a non-rigid acoustic boundary condition.
The second extension was to incorporate damping into the framework. Shear-stressrelated damping was chosen to provide an effective damping formulation because it presented a
tractable procedure to incorporate the resistive effects in terms of linear resistance or damping
ratio. A marginally stable component gas generator test case provided a scenario to exercise the
new damping concentrated combustion model. With the non-damping models, it was not
possible to obtain a neutral stable condition from the models without using unrealistic time lags
or by nonphysically altering the injector system impedance. The new model provides a much
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better way to examine a configuration that contains a significant amount of damping as well as
providing a more representative solution.
Several parametrics using the concentrated combustion models were performed for
verification and for studying the stability behavior of a system. The first parametric study
examined the limiting case of all the concentrated combustion models showing that they reduce to
the same result. This provided verification of the mathematics for each of the independently
developed models. Another parametric study examined the effect of oxidizer pressure drop on
the stability behavior of the system. This showed, in line with typical engine data, that the
contribution of the injector perturbations to the system stability characteristics can be significant
for small oxidizer pressure drops. Another parametric study examined the low frequency
behavior of the concentrated combustion models. This showed excellent agreement when
compared to the chug models.
Frequency-dependent damping is extracted from data for use in the damping model using
a technique that has been previously used to monitor stability margin of an engine. An acoustic
finite element model is created for a component combustion device system using fluid parameters
from test data. The finite element model provided a very accurate prediction, providing
corroborating evidence of the acoustic modes in the data. This provided affirmation in using the
procedure to extract damping by implementing advanced signal analysis techniques.
Three separate chug models were formulated and studied: a single-time lag, a doubletime lag, and a modified Szuch double-time lag model. Two extensions were made in the new
modified double-time lag model. A minor modification was made to incorporate generic flow
rates for correlation which was not included in the Szuch double-time lag formulation. Also the
feed system was modified to incorporate helium injection and oxidizer boiling as contributions to
the system. The solutions to the classic models, for the single-time lag and the double-time lag
models, are often plotted on a practical engine operating map, however the models are often

239
difficult to solve using numerical algorithms due to multiple solution curves, infinities, and
complex numbers. Concise closed-form solutions for use on these practical operating maps are
formulated for each model.
Four test cases are examined using the modified double-time lag model. The cases
examined are a stable operating point with no oxygen boiling and no gas helium injected, an
unstable operating point with oxygen boiling, a marginally stable operating point with helium
injection, and a stable operating point with helium injection. The model predicts the correct
behavior of the engine system for each scenario providing excellent validation of the model.
There were two physical mechanisms that occur with the introduction of helium gas into
the liquid oxidizer feed system that were verified with the analysis. An increase in injector
resistance due to a decrease in bulk density was the primary stabilizing influence by injecting gas
helium. Additionally, the introduction of helium gas into the feed system has a potentially
destabilizing feature because of the increased compliance. The added injector resistance
(increase in pressure drop) was usually enough to overcome the negative effects on stability of
the increased compliance (more vapor) in the manifold; this was not the case for the marginally
stable scenario.
A simple parametric study was also performed to show the difference in model solutions
by considering the feed system using the modified Szuch model and without considering the feed
system using the standard double-time lag model. It showed that the correct unstable prediction
with the modified Szuch model was predicted to be stable using the standard double-time lag
model. This provided supporting evidence for the significant improvements to the modified
Szuch model.
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8.2 Future Work
There are several areas that are recommended for future work. The review in Chapter 3
and the new model development in Chapter 4 are a remarkable resource for model extensions
because of the detail in developing and formulating the models.
The new damping model allows the input of an effective system damping. When data is
available, a single effective damping can be used in the model since it would likely be impossible
to extract various components of damping contributions from data. However for making
predictions, an improvement to the model would be to incorporate various aspects of damping
independently, e.g., the damping inputs could be broken up into separate components that might
include those related to viscosity, heat conduction, or nozzle damping, etc. Nozzle damping has
been seen to play a large role in system damping.180
An engine operating map for the concentrated combustion models, similar to that used in
the chug analysis, would be a significant model improvement. A pressure drop ratio map that is
commonly used for engine operation, for example, would give very practical insight into the
stability characteristics for the concentrated combustion solutions. A tractable solution might be
possible, although this could be difficult as the concentrated combustion models are quite
complicated and the injector impedance presents itself in various parts of the system response.
However, even numerical solutions would be a positive step in presenting this result.
The most common engine operate map for testing is the chamber pressure versus mixture
ratio map. Developing solutions in this form for either the chug models or concentrated
combustion models would be a significant improvement to the presentation of stability
characteristics.
Another improvement to the chug model would be to consider the heat transfer into the
propellants during throttling. This would be a very specific model since every engine system is
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different, but would be a significant improvement. As the new model is throttled, the stability
map would progress from one regime to the other regime.
The effects of helium injection on acoustic instabilities are unknown. There is a
significant amount of risk when studying this in an entire engine system because the instability
may worsen and cause damage. One theory might be that the helium will change the atomization
and mixing which might alter the operating point enough so that it is moved away from the
regime where the instability is engaged. It is unknown whether the helium injection would
improve the instability or worsen the instability. This test should be considered for a small scale
combustion device component to minimize the cost of potential damage.
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Appendix A
Exponential Coefficients from Equation 4.38
The roots of the characteristic equation are the following as described in Equation 4.38
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And the solution is of the form of Equation 4.39

(

)

p ( x, t ) = C Ae −( β1 −i⋅α1 ) i x + CB e −( β 2 −i⋅α 2 ) i x eiωt

(4.39)

The goal is to take the real and imaginary part of Equation 4.38 to obtain the α ’s and β ’s. The
square root of a complex number can be written as Equation A.1 with a and b real coefficients.

z = a + ib

(A.1)

The real and imaginary part of the radicand of Equation 4.38 can be written using the complex
identities.
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From Equation 4.38, the real and imaginary part of the radicand is
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Applying this to Equation A.2 and Equation A.3 gives the following for the real and imaginary
part of the square root term.
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The α ’s and β ’s are described below
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Appendix B
Example Hilbert Transform Problem
The signal function is given as Equation B.1.

R (t ) =

cos(100 t )
5t

(B.1)

The amplitude distribution is given by Equation B.2.

A(t ) = R (t ) + i H ( R (t ) ) =

cos(100 t ) sin(100 t )
−i
5t
5t

(B.2)

The modulus in Equation B.2 simplifies to the following Equation B.3.

A(t ) =

1
t >0
5t

(B.3)

A plot showing the envelope and the initial signal is shown in Figure B.1.

Figure B.1: Example Showing a Signal and its Envelope
It seems obvious that the amplitude distribution of the carrier signal is reproduced and is given by
the function that is multiplied by the cosine function in Equation B.1. However this procedure
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becomes very handy for numerical applications where the amplitude distribution is an unknown
function. And is especially handy for this application where the form of the amplitude
distribution is known and a fit can be estimated.
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Appendix C
MATLAB Concentrated Combustion Stability Code
The Concentrated Combustion Stability Code (CCSC) version 1.3 was written to examine
the data in this dissertation. Previous versions are obsolete and were only used for improvements
of the current code. The source code is listed below.
%
% Concentrated Combustion Stability Code v1.3
%
% This program solves Crocco's concentrated combustion model in dimensional
% form. The solution was derived from chapter 3 of Crocco's "Theory of
% Combustion Instability in Liquid Propellant Rocket Motors" book. The
% program also solves a concentrated combustion model commonly used in
% software tools today. The program also solves a concentrated combustion
% model that incorporates injector admittance boundary conditions.
% The program also solves a new concentrated combustion model that
% incorporates damping aspects.
%
%%%% Model Descriptions %%%%
% Crocco Model: Derived from Chapter 3 of Crocco's 'Rocket Instability'
% Book, 1956
%
% Contemporary Model: Crocco Model with injection response and double
% time lag
%
% Modified Crocco Model: Contemporary Model with injector boundary
% conditions in chamber response -ref Casiano PhD dissertation
%
% Damping Model: Contemporary Model with injector boundary conditions in
% chamber response and chamber damping -ref Casiano PhD dissertation
%%%%%%%%%%%%%%%%%%%%%%%%%%%%%
clear
format('long')

% Clear all variables from workspace

%%%%%%%%%%%%%%%%%%%%% INPUTS %%%%%%%%%%%%%%%%%%
%%% Constants
gc=386.0874;

% Grav. Constant of Proportionality [lbm*in/lbf-s^2]

%%% Define Variable value ranges
df=1.005;
% Frequency Resolution [Hz]
fmin=0;
% Minimum Frequency [Hz]
fmax=1000;
% Maximum Frequency [Hz]
f=fmin:df:fmax; % Frequency Range [Hz]
omega=2*pi*f;
% Circular Frequency [rad/sec]
s=i*omega;
% Laplace Variable (s=a+i*omega, a=0)[rad/sec]
% Inputs for Concentrated Combustion Models
Lc=59.9;
% Length of Chamber Cylindrical Section [in]
Dc=3.5;
% Chamber Diameter [in]
Ac=pi*Dc^2/4;
% Chamber x-sec. area [in2]
pc=1119.7;
% Chamber Pressure [psia]
mO=6.638;
% Fuel Flow Rate [lbm/sec]
mF=9.064;
% Oxidizer Flow Rate [lbm/sec]
m=mO+mF;
% Total Flow Rate [lbm/sec]
% Additional Parameters for Crocco Concentrated Combustion
c=5030*12;
% Speed of Sound [in/s]
u=872.2*12;
% Gas Velocity [in/s]
rho=0.00016729; % Gas Density [lbm/in^3]
rhog=rho/gc;
% Gas Density [lbf-s^2/in^4]
gam=1.3778;
% Specific heat ratio []
Me=u/c;
% Mach number []
% Additional Parameters for Damping Model
k=omega/c;
% Wave number [rad/in]
lambda=2*rho*2554*omega.*omega.^(-1.19); % Damping Parameter [lbm/in3-s]
% Time lag Model Inputs
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tauO=0.002;
tauF=0.002;
taus=0.0013;
n=2;
psi=0.05*Lc;

%
%
%
%
%

Total Time lag - oxidizer [sec]
Total Time lag - fuel [sec]
Sensitive time lag [sec]
Interaction index []
Concentrated combustion axial location [in]

%%%%%%%%%%%%%%%%%%%%% INECTOR ADMITTANCE %%%%%%%%%%%%%%%%%%
% Manifold
rhoMO=68.233/1728;
aMO=2753.5*12;
VMO=7.37;
KMO=aMO^2*rhoMO/gc;
CmO=rhoMO*VMO/KMO;
Mo=52.1*12/aMO;
rhoMF=3.5812/1728;
aMF=3558.6*12;
VMF=50.85;
KMF=aMF^2*rhoMF/gc;
CmF=rhoMF*VMF/KMF;
Mf=897*12/aMF;
% Injector
pox=1264;
DpO=pox-pc;
loO=1.253;
AoO=0.137892;
RoO=2*DpO/mO;
LoO=loO/AoO/gc;
pf=1566.1;
DpF=pf-pc;
loF=0.593;
AoF=0.47416;
RoF=2*DpF/mF;
LoF=loF/AoF/gc;

%
%
%
%
%
%
%
%
%
%
%
%

%
%
%
%
%
%
%
%
%
%
%
%

Ox Manifold Fluid Density [lbm/in^3]
Ox Manifold Fluid Soundspeed [in/sec]
Ox Manifold Volume [in^3]
Ox Manifold Fluid Bulk Modulus [lbf/in^2]
Ox Manifold Compliance [lbm*in^2/lbf]
Ox Injector Fluid Mach # []
Fuel Manifold Fluid Density [lbm/in^3]
Fuel Manifold Fluid Soundspeed [in/sec]
Fuel Manifold Volume [in^3]
Fuel Manifold Fluid Bulk Modulus [lbf/in^2]
Fuel Manifold Compliance [lbm*in^2/lbf]
Fuel Injector Fluid Mach # []

Ox Manifold Pressure [psia]
Ox Injector Pressure Drop [lbf/in^2]
Ox Injector Length [in]
Ox Injector Total Open Area [in^2]
Ox Injector Resistance [lbf*s/lbm-in^2]
Ox Injector Inertance [lbf*s^2/lbm-in^2]
Fuel Manifold Pressure [psia]
Fuel Injector Pressure Drop [lbf/in^2]
Fuel Injector Length [in]
Fuel Injector Total Open Area [in^2]
Fuel Injector Resitance [lbf*s/lbm-in^2]
Fuel Injector Inertance [lbf*s^2/lbm-in^2]

GO=-1./(RoO+LoO*s+1./(CmO*s));
GF=-1./(RoF+LoF*s+1./(CmF*s));

% Ox Inj. Admittance (no rho') [lbm*in^2/lbf-s]
% Fuel Inj. Admittance (no rho') [lbm*in^2/lbf-s]

%%%%%%%%%%%%%%%%%%%%% NOZZLE ADMITTANCE %%%%%%%%%%%%%%%%%%
Ae=Ac;
% Cham. Area at Converging Entrance [in^2]
Ge=(gam+1)/(2*gam)*m/pc;
% Nozzle Adm. (m'/p') [lbm*in^2/lbf-s]
alpha_e=-(Ge*pc-m)/(2*Ge*pc-m); % Rearrange equation for Crocco model

%%%%%%%%%%%%%%%%%%%%% MODELS %%%%%%%%%%%%%%%%%%
%%% Characteristic Equation for Crocco Model
B=(alpha_e*Me+1)/(alpha_e*Me-1);
% F0=((B*exp(2*s*(psi-Lc)/c/(Me^2-1))+1)./(B*exp(2*s*(psi-Lc)/c/(Me^2-1))-1)...
%
+(-exp(2*s*psi/c/(Me^2-1))+1)./(exp(2*s*psi/c/(Me^2-1))+1)...
%
+Me*(1-c^2*rhog/pc*n*(1-exp(-s*taus))))*pc/u/rhog/c;
%%% Characteristic Equation for Contemporary Model
B=(alpha_e*Me+1)/(alpha_e*Me-1);
% F1=((B*exp(2*s*(psi-Lc)/c/(Me^2-1))+1)./(B*exp(2*s*(psi-Lc)/c/(Me^2-1))-1)...
%
+(-exp(2*s*psi/c/(Me^2-1))+1)./(exp(2*s*psi/c/(Me^2-1))+1)...
%
+Me*(1-c^2*rhog/pc*n*(1-exp(-s*taus))-u*rhog*c*pc/m*(GO.*exp(-s*tauO)...
%
+GF.*exp(-s*tauF))))*pc/u/rhog/c;
%%% Characteristic Equation for Modified Crocco Model
Bi=((Mo/aMO*AoO*rhoMF+Mf/aMF*AoF*rhoMO-rhoMO*rhoMF/c/rho*Ac)*gc-rhoMF*GO-rhoMO*GF)...
./((Mo/aMO*AoO*rhoMF+Mf/aMF*AoF*rhoMO+rhoMO*rhoMF/c/rho*Ac)*gc-rhoMF*GO-rhoMO*GF);
Be=(m*c/gam/pc-Ae*gc-Ge*c)./(m*c/gam/pc+Ae*gc-Ge*c);
% F2=((Be.*exp(2*s*(psi-Lc)/c/(Me^2-1))+1)./(Be.*exp(2*s*(psi-Lc)/c/(Me^2-1))-1)...
%
-(Bi.*exp(2*s*psi/c/(Me^2-1))+1)./(Bi.*exp(2*s*psi/c/(Me^2-1))-1))*pc/u/rhog/c...
%
+(pc/rhog/c^2-n*(1-exp(-s*taus))-pc/m*(GO.*exp(-s*tauO)+GF.*exp(-s*tauF)));
%%% Characteristic Equation for Damping Model
aK=Me^2-1;
bK=-(3/2*Me*lambda.*k/rho./s+2*Me*k);
cK=k.^2+k.^2.*lambda./s/rho;
K1=(-bK+sqrt(bK.^2-4*aK*cK))/2/aK;
K2=(-bK-sqrt(bK.^2-4*aK*cK))/2/aK;
A2=1/rhog/c*(lambda*Me/2+rho*K1.*s./k)./(lambda+rho*(1-Me*K1./k).*s);
B2=1/rhog/c*(lambda*Me/2+rho*K2.*s./k)./(lambda+rho*(1-Me*K2./k).*s);
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Hi=-((Mo/aMO*AoO*rhoMF+Mf/aMF*AoF*rhoMO+rhoMO*rhoMF/gc*Ac*B2)*gc-rhoMF*GO-rhoMO*GF)...
./((Mo/aMO*AoO*rhoMF+Mf/aMF*AoF*rhoMO+rhoMO*rhoMF/gc*Ac*A2)*gc-rhoMF*GO-rhoMO*GF);
He=-(m/gam/pc+rho*Ae*B2-Ge)./(m/gam/pc+rho*Ae*A2-Ge).*exp(Lc./omega.*s.*(K1-K2));
% F3=(((He.*A2.*exp(-psi./omega.*s.*(K1-K2))+B2)./(He.*exp(-psi./omega.*s.*(K1-K2))+1)...
%
-(Hi.*A2.*exp(-psi./omega.*s.*(K1-K2))+B2)./(Hi.*exp(-psi./omega.*s.*(K1-K2))+1)...
%
+(Me/rhog/c-u*n/pc*(1-exp(-s*taus))-u/m*(GO.*exp(-s*tauO)+GF.*exp(-s*tauF))))*rhog*c)*pc/u/rhog/c;

%%%%%%%%%%%%%%%%%%% SYSTEM ADMITTANCES %%%%%%%%%%%%%%%%%%
%Crocco Model
Gc0=((B*exp(2*s*(psi-Lc)/c/(Me^2-1))+1)./(B*exp(2*s*(psi-Lc)/c/(Me^2-1))-1)...
+(-exp(2*s*psi/c/(Me^2-1))+1)./(exp(2*s*psi/c/(Me^2-1))+1))*pc/u/rhog/c+Me*pc/u/rhog/c;
Gj0=0;
Gb0=n*(1-exp(-s*taus));
%Contemporary Model
Gc1=((B*exp(2*s*(psi-Lc)/c/(Me^2-1))+1)./(B*exp(2*s*(psi-Lc)/c/(Me^2-1))-1)...
+(-exp(2*s*psi/c/(Me^2-1))+1)./(exp(2*s*psi/c/(Me^2-1))+1))*pc/u/rhog/c+Me*pc/u/rhog/c;
Gj1=pc/m*(GO.*exp(-s*tauO)+GF.*exp(-s*tauF));
Gb1=n*(1-exp(-s*taus));
%Modified Crocco Model
Gc2=((Be.*exp(2*s*(psi-Lc)/c/(Me^2-1))+1)./(Be.*exp(2*s*(psi-Lc)/c/(Me^2-1))-1)...
-(Bi.*exp(2*s*psi/c/(Me^2-1))+1)./(Bi.*exp(2*s*psi/c/(Me^2-1))-1))*pc/u/rhog/c+pc/rhog/c^2;
Gj2=pc/m*(GO.*exp(-s*tauO)+GF.*exp(-s*tauF));
Gb2=n*(1-exp(-s*taus));
%Damping Model
Gc3=((He.*A2.*exp(-psi./omega.*s.*(K1-K2))+B2)./(He.*exp(-psi./omega.*s.*(K1-K2))+1)...
-(Hi.*A2.*exp(-psi./omega.*s.*(K1-K2))+B2)./(Hi.*exp(-psi./omega.*s.*(K1-K2))+1))*pc/u+pc/rhog/c^2;
Gj3=pc/m*(GO.*exp(-s*tauO)+GF.*exp(-s*tauF));
Gb3=n*(1-exp(-s*taus));

%%%%%%%%%%%%%%%%%%% SYSTEM GAIN AND PHASE %%%%%%%%%%%%%%%%%%
Gain0=abs(-(Gj0+Gb0)./Gc0);
Phase0=angle(-(Gj0+Gb0)./Gc0)*180/pi;
Gain1=abs(-(Gj1+Gb1)./Gc1);
Phase1=angle(-(Gj1+Gb1)./Gc1)*180/pi;
Gain2=abs(-(Gj2+Gb2)./Gc2);
Phase2=angle(-(Gj2+Gb2)./Gc2)*180/pi;
Gain3=abs(-(Gj3+Gb3)./Gc3);
Phase3=angle(-(Gj3+Gb3)./Gc3)*180/pi;

%%%%%%%%%%%%%%%%%%% BODE PLOTS %%%%%%%%%%%%%%%%%%
figure
subplot(2,1,1);
h1=plot(f,Gain0,'k-',f,Gain1,'b--',f,Gain2,'r:',f,Gain3,'g:','LineWidth',3);
axis([0 fmax 0 5])
grid on
title('System Bode Plot')
xlabel('Frequency [Hz]')
ylabel('Open-Loop Gain [-]')
legend('Crocco Model','Contemporary Model','Modified Crocco Model','Damping Model','Location','NorthWest')
subplot(2,1,2);
h2=plot(f,Phase0,'k-',f,Phase1,'b--',f,Phase2,'r:',f,Phase3,'g:','LineWidth',3);
xlabel('Frequency [Hz]')
ylabel('Open-Loop Phase [deg]')
grid on
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Appendix D
MATLAB Chug Stability Code
The Chug Stability Code (CSC) version 1.7 was written to examine the data in this
dissertation. Previous versions are obsolete and were only used for improvements of the current
code. The MATLAB code is broken into seven files. The names of the files and their source
code are listed below. Once executed, using the first filename listed below, the code presents the
user with a graphical user interface (GUI) for inputs. Additionally, a button can be pressed to use
an input file from Microsoft Excel. The input file in excel should appear similar to Table D.1 and
should be on ‘Sheet1’. Additionally the filename should be named ‘CSCinput.xls’.
Table D.1: Excel Input File Format
Variable
Dc
Lc
Dt
Lt

Description
Chamber Diameter
Chamber Length
Throat Diameter
Convergent Section Length

Units
in
in
in
in

Value

pod
mo
a
pfd
mf
b

Ox. Pressure Drop
Ox. Flow Rate
Ox. Exponent
Fuel Pressure Drop
Fuel Flow Rate
Fuel Exponent

psia
lbm/sec
‐‐
psia
lbm/sec
‐‐

tau_o
pc
cstar
MWg
tau_f
Tc
dcdMR

Ox. Time Lag
Chamber Pressure
c*
Gas MW
Fuel Time Lag
Chamber Temperature
Slope of c*(MR)

msec
psia
ft/sec
lbm/lbmol
msec
deg R
ft/sec‐MR

LoO
CmO
LoF
CmF

Ox. Injector Inertance
Ox. Injector Compliance
Fuel Injector Inertance
Fuel Injector Compliance

lbf*s^2/lbm‐in^2 0.00658
lbm*in^2/lbf
0.0015
lbf*s^2/lbm‐in^2 8.47E‐05
lbm*in^2/lbf
1.49E‐05

fmax
xmax
df
zmax

Max Frequency
Dpo/Pc Axis Max
Frequency Resolution
Dpf/Pc Axis Max

Hz
‐‐
Hz
‐‐

10
5
4.95
7.1
6
2.49
0.5
4.9
0.49
1
3.7
36.4
7702
11.54
0.1
5532
‐330

300
0.5
0.1
0.5
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Filename: CSCv17.m
%
%
%
%
%
%
%
%
%
%
%
%
%
%
%
%
%
%
%
%
%
%
%
%
%
%
%
%
%
%
%
%
%
%
%
%
%
%

Chug Stability Code v1.7
This program solves the characteristic equation in NASA TN D-3080 (1965)
and NASA TN D-7026 (1970). The code extends the 1965 formulation by
considering the complex impedance of the feedsystems (as in the 1970
formulation), but it also considers the fuel and oxidizer flow
correlations used in the 1965 formulation. The final solution is a plot
with the pressure drop ratios on the axes and a curve that defines the
neutral stability curve.
The characteristic equation from NASA TN D-3080 uses the linearized
orifice impedance only as the injector impedance. The
characteristic equation from NASA TN D-7026 and SP-194 are more general
cases with the injector impedance defined as a complex feedsytem
impedance. In this model, the exponential coefficients from the 1965
formulation used in correlating the data are kept in the final solution,
but the solution still generally considers the complex feedsystem.
For certain cases the general formulation is trivial (e.g. for equal
time lags, infinite manifold compliance, and zero inertance). This
limiting solution should be examined with the feed system off, or for
near limiting cases using a very small frequency resolution. Newton
Rhapson is used for the frequency solution in the single time lag
formulations, otherwise the results are parametrically obtained. All
analytical solutions were derived using Maple.
See Matthew Casiano PhD Dissertation for details.
The General Form of the Characteristic Equation
X = 1+(1+MR)*dcdMR/cstar
Y = 1-MR*(1+MR)*dcdMR/cstar;
H(s)=1-1/(1+theta*s)*(pc/m)*(X/Zo*exp(-s*tau_o)+Y/Zf*exp(-s*tau_f));
Script v1.7 Update 3/25/10, M. Casiano
To
1)
2)
3)

do list:
Build a GUI for the single time lag methodologies as a separate tab
Allow user input save file name, also include units in text files
Other long term things- variable time lag, pc vs MR plot, incorporate
CEA to minimize inputs and allow throttling automatically.

function CSCv17
clear
% Clear all variables from workspace
global fileinp
fileinp=0; % Initialize flag indicating inputs not taken from input file.
% Redisplay above help text so it can be read in compiled version
disp(' ')
disp('Chug Stability Code v1.7')
disp('This program solves the characteristic equation in NASA TN D-3080 (1965)')
disp('and NASA TN D-7026 (1970). The code extends the 1965 formulation by')
disp('considering the complex impedance of the feedsystems (as in the 1970')
disp('formulation), but it also considers the fuel and oxidizer flow')
disp('correlations used in the 1965 formulation. The final solution is a plot')
disp('with the pressure drop ratios on the axes and a curve that defines the')
disp('neutral stability curve.')
disp(' ')
disp('The characteristic equation from NASA TN D-3080 uses the linearized')
disp('orifice impedance only as the injector impedance. The')
disp('characteristic equation from NASA TN D-7026 and SP-194 are a more general')
disp('case with the injector impedance defined as a complex feedsytem')
disp('impedance. In this model, the exponential coefficients from the 1965')
disp('formulation used in correlating the data are kept in the final solution,')
disp('but the solution still generally considers the complex feedsystem.')
disp(' ')
disp('For certain cases the general formulation is trivial (e.g. for equal')
disp('time lags, infinite manifold compliance, and zero inertance). This')
disp('limiting solution should be examined with the feed system off, or for')
disp('near limiting cases using a very small frequency resolution. Newton')
disp('Rhapson is used for the frequency solution in the single time lag')
disp('formulations, otherwise the results are parametrically obtained. All')
disp('analytical solutions were derived using Maple.')
disp('See Matthew Casiano PhD Dissertation for details.')
disp(' ')
disp('The General Form of the Characteristic Equation')
disp('X = 1+(1+MR)*dcdMR/cstar')
disp('Y = 1-MR*(1+MR)*dcdMR/cstar')
disp('H(s)=1-1/(1+theta*s)*(pc/m)*(X/Zo*exp(-s*tau_o)+Y/Zf*exp(-s*tau_f))')
disp(' ')
disp('Script v1.7 Update 3/25/10, M. Casiano')
disp(' ')
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disp(' ')
disp('To do list:')
disp('1) Build a GUI for the single time lag methodologies as a separate tab')
disp('2) Allow user input save file name, also include units in text files')
disp('3) Other long term things- variable time lag, pc vs MR plot, incorporate')
disp('
CEA to minimize inputs and allow throttling automatically.')
disp(' ')
ChugGUI

% Call GUI

Filename: ChugGUI.m
% This function defines the GUI and initial default inputs
function ChugGUI
global h2

% make h2 sharable for radio button query later

%%% GUI Pixel Size Position Parameters
wall=10;
% spacing from the walls of the figure
txh=125;
% horizontal length of a text window
txv=30;
% vertical length of a text window
edh=75;
% horizontal length of an edit window
edv=txv;
% vertical length of an edit window
sph=10;
% general horizontal spacing
spv=10;
% general vertical spacing
figx=2*wall+2*txh+4*sph+2*edh; % figure horizontal length
figy=770;
% figure vertical length
%%% Structure s1 contains all the GUI handles (figure, edit windows, text
%%% windows, and buttons).
% % Create figure that contains all the GUIs
s1.fig = figure('position', [450 50 figx figy],...
'name','Chug Stability Code v1.7','MenuBar','none','NumberTitle','off');
% % Create editable text areas (with default input strings) and
% % description text areas on the figure
% Gas MW (lbm/lbmol)
s1.edit1 = uicontrol ('style', 'edit',...
'position', [wall+txh+sph wall+7*edv+7*spv edh edv],...
'string', '11.54');
s1.text1 = uicontrol ('style', 'text', ...
'position', [wall wall+7*txv+7*spv txh txv],...
'string', 'Gas MW
(lbm / lbmol)');
% c* (ft/sec)
s1.edit2 = uicontrol ('style', 'edit',...
'position', [wall+txh+sph wall+8*edv+8*spv edh edv],...
'string', '7702');
s1.text2 = uicontrol ('style', 'text',...
'position', [wall wall+8*txv+8*spv txh txv],...
'string', 'c* (ft/sec)');
% Chamber Pressure (psia)
s1.edit3 = uicontrol ('style', 'edit',...
'position', [wall+txh+sph wall+9*edv+9*spv edh edv],...
'string', '36.4');
s1.text3 = uicontrol ('style', 'text',...
'position', [wall wall+9*txv+9*spv txh txv],...
'string', '
Chamber Pressure
(psia)');
% Oxidizer Time Lag (msec)
s1.edit4 = uicontrol ('style', 'edit',...
'position', [wall+txh+sph wall+10*edv+10*spv edh edv],...
'string', '3.7');
s1.text4 = uicontrol ('style', 'text',...
'position', [wall wall+10*txv+10*spv txh txv],...
'string', '
Oxidizer Time Lag
(msec)');
% Slope of c*(MR) (ft/sec-MR)
s1.edit5 = uicontrol ('style', 'edit',...
'position', [wall+2*txh+4*sph+edh wall+8*edv+8*spv edh edv],...
'string', '-330');
s1.text5 = uicontrol ('style', 'text',...
'position', [wall+txh+3*sph+edh wall+8*txv+8*spv txh txv],...
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'string', 'Slope of c*(MR) (ft/sec-MR)');
% Chamber Temperature (deg R)
s1.edit6 = uicontrol ('style', 'edit',...
'position', [wall+2*txh+edh+4*sph wall+9*edv+9*spv edh edv],...
'string', '5532');
s1.text6 = uicontrol ('style', 'text',...
'position', [wall+txh+edh+3*sph wall+9*txv+9*spv txh txv],...
'string', 'Chamber Temperature (deg R)');
% Fuel Time Lag (msec)
s1.edit7 = uicontrol ('style', 'edit',...
'position', [wall+2*txh+edh+4*sph wall+10*edv+10*spv edh edv],...
'string', '0.1');
s1.text7 = uicontrol ('style', 'text',...
'position', [wall+txh+edh+3*sph wall+10*txv+10*spv txh txv],...
'string', '
Fuel Time Lag
(msec)');
% Label for Combustion Parameters
s1.textA = uicontrol ('style', 'text' , 'fontweight', 'bold',...
'fontsize', 9, 'HorizontalAlignment', 'left',...
'position', [wall wall+11*txv+10*spv 2*txh txv],...
'string', 'Combustion Parameters');
% Oxidizer Exponent, a
(mo=Cd*Dpo^a)
s1.edit8 = uicontrol ('style', 'edit',...
'position', [wall+txh+sph wall+12*edv+12*spv edh edv],...
'string', '0.5');
s1.text8 = uicontrol ('style', 'text',...
'position', [wall wall+12*txv+12*spv txh txv],...
'string', ' Oxidizer Exponent, a (mo=Cd*Dpo^a)');
% Oxidizer Flow Rate (lbm/sec)
s1.edit9 = uicontrol ('style', 'edit',...
'position', [wall+txh+sph wall+13*edv+13*spv edh edv],...
'string', '2.49');
s1.text9 = uicontrol ('style', 'text',...
'position', [wall wall+13*txv+13*spv txh txv],...
'string', 'Oxidizer Flow Rate (lbm/sec)');
% Oxidizer Pressure Drop (psi)
s1.edit10 = uicontrol ('style', 'edit',...
'position', [wall+txh+sph wall+14*edv+14*spv edh edv],...
'string', '6');
s1.text10 = uicontrol ('style', 'text',...
'position', [wall wall+14*txv+14*spv txh txv],...
'string', 'Oxidizer Pressure Drop (psi)');
% Fuel Exponent, b
(mf=Cd*Dpf^b)
s1.edit11 = uicontrol ('style', 'edit',...
'position', [wall+2*txh+edh+4*sph wall+12*edv+12*spv edh edv],...
'string', '1.0');
s1.text11 = uicontrol ('style', 'text',...
'position', [wall+txh+edh+3*sph wall+12*txv+12*spv txh txv],...
'string', ' Fuel Exponent, b (mf=Cd*Dpf^b)');
% Fuel Flow Rate (lbm/sec)
s1.edit12 = uicontrol ('style', 'edit',...
'position', [wall+2*txh+edh+4*sph wall+13*edv+13*spv edh edv],...
'string', '0.49');
s1.text12 = uicontrol ('style', 'text',...
'position', [wall+txh+edh+3*sph wall+13*txv+13*spv txh txv],...
'string', '
Fuel Flow Rate
(lbm/sec)');
% Fuel Pressure Drop (psi)
s1.edit13 = uicontrol ('style', 'edit',...
'position', [wall+2*txh+edh+4*sph wall+14*edv+14*spv edh edv],...
'string', '4.9');
s1.text13 = uicontrol ('style', 'text',...
'position', [wall+txh+edh+3*sph wall+14*txv+14*spv txh txv],...
'string', '
Fuel Pressure Drop
(psi)');
% Label for Hydraulics
s1.textB = uicontrol ('style', 'text',...
'fontweight', 'bold', 'fontsize', 9, 'HorizontalAlignment', 'left',...
'position', [wall wall+15*txv+14*spv 2*txh txv],...
'string', 'Hydraulics');
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% Cylinder Length (in)
s1.edit14 = uicontrol ('style', 'edit',...
'position', [wall+txh+sph wall+16*edv+16*spv edh edv],...
'string', '5.0');
s1.text14 = uicontrol ('style', 'text',...
'position', [wall wall+16*txv+16*spv txh txv],...
'string', '
Cylinder Length
(in)');
% Chamber Diameter (in)
s1.edit15 = uicontrol ('style', 'edit',...
'position', [wall+txh+sph wall+17*edv+17*spv edh edv],...
'string', '10.0');
s1.text15 = uicontrol ('style', 'text',...
'position', [wall wall+17*txv+17*spv txh txv],...
'string', '
Chamber Diameter
(in)');
% Convergent Section Length (in)
s1.edit16 = uicontrol ('style', 'edit',...
'position', [wall+2*txh+edh+4*sph wall+16*edv+16*spv edh edv],...
'string', '7.1');
s1.text16 = uicontrol ('style', 'text',...
'position', [wall+txh+edh+3*sph wall+16*txv+16*spv txh txv],...
'string', 'Convergent Section Length (in)');
% Throat Diameter (in)
s1.edit17 = uicontrol ('style', 'edit',...
'position', [wall+2*txh+edh+4*sph wall+17*edv+17*spv edh edv],...
'string', '4.95');
s1.text17 = uicontrol ('style', 'text',...
'position', [wall+txh+edh+3*sph wall+17*txv+17*spv txh txv],...
'string', '
Throat Diameter
(in)');
% Label for Geometry
s1.textC = uicontrol ('style', 'text',...
'fontweight', 'bold', 'fontsize', 9, 'HorizontalAlignment', 'left',...
'position', [wall wall+18*txv+17*spv 2*txh txv],...
'string', 'Geometry');
% Dpo/Pc Axis Max
s1.edit18 = uicontrol ('style', 'edit',...
'position', [wall+txh+sph wall+edv+spv edh edv],...
'string', '0.5');
s1.text18 = uicontrol ('style', 'text',...
'position', [wall wall+txv+spv txh txv],...
'string', 'Dpo/Pc Axis Max');
% Maximum Frequency (Hz)
s1.edit19 = uicontrol ('style', 'edit',...
'position', [wall+txh+sph wall+2*edv+2*spv edh edv],...
'string', '300');
s1.text19 = uicontrol ('style', 'text',...
'position', [wall wall+2*txv+2*spv txh txv],...
'string', '
Max Frequency
(Hz)');
% Dpf/Pc Axis Max
s1.edit20 = uicontrol ('style', 'edit',...
'position', [wall+2*txh+edh+4*sph wall+edv+spv edh edv],...
'string', '0.5');
s1.text20 = uicontrol ('style', 'text',...
'position', [wall+txh+edh+3*sph wall+txv+spv txh txv],...
'string', 'Dpf/Pc Axis Max');
% Frequency Resolution (Hz)
s1.edit21 = uicontrol ('style', 'edit',...
'position', [wall+2*txh+edh+4*sph wall+2*edv+2*spv edh edv],...
'string', '0.1');
s1.text21 = uicontrol ('style', 'text',...
'position', [wall+txh+edh+3*sph wall+2*txv+2*spv txh txv],...
'string', 'Frequency Resolution
(Hz)');
% Label for Ranging Information
s1.textD = uicontrol ('style', 'text',...
'fontweight', 'bold', 'fontsize', 9, 'HorizontalAlignment', 'left',...
'position', [wall wall+3*txv+2*spv 2*txh txv],...
'string', 'Ranging Information');
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% Oxidizer Injector Inertance
s1.edit22 = uicontrol ('style', 'edit',...
'position', [wall+txh+sph wall+5*edv+5*spv edh edv],...
'string', '0.00658');
s1.text22 = uicontrol ('style', 'text',...
'position', [wall wall+5*txv+5*spv txh txv],...
'string', 'Ox. Injector Inertance (lbf*s^2/lbm-in^2)');
% Oxidizer Injector Compliance
s1.edit23 = uicontrol ('style', 'edit',...
'position', [wall+txh+sph wall+4*edv+4*spv edh edv],...
'string', '0.0015');
s1.text23 = uicontrol ('style', 'text',...
'position', [wall wall+4*txv+4*spv txh txv],...
'string', 'Ox. Injector Compliance (lbm*in^2/lbf)');
% Fuel Injector Inertance
s1.edit24 = uicontrol ('style', 'edit',...
'position', [wall+2*txh+4*sph+edh wall+5*edv+5*spv edh edv],...
'string', '8.47e-5');
s1.text24 = uicontrol ('style', 'text',...
'position', [wall+txh+3*sph+edh wall+5*txv+5*spv txh txv],...
'string', 'Fuel Injector Inertance (lbf*s^2/lbm-in^2)');
% Fuel Injector Compliance
s1.edit25 = uicontrol ('style', 'edit',...
'position', [wall+2*txh+4*sph+edh wall+4*edv+4*spv edh edv],...
'string', '1.49e-5');
s1.text25 = uicontrol ('style', 'text',...
'position', [wall+txh+3*sph+edh wall+4*txv+4*spv txh txv],...
'string', 'Fuel Injector Compliance (lbm*in^2/lbf)');
% Label for Feed System Parameters
s1.textE = uicontrol ('style', 'text',...
'fontweight', 'bold', 'fontsize', 9, 'HorizontalAlignment', 'left',...
'position', [wall wall+6*txv+5*spv 1.5*txh txv],...
'string', 'Feed System Parameters');
%%% This sets the GUI colors
% Set Background of text windows to be the figure color (Factory Default)
set(s1.text1,'BackgroundColor',get(0,'defaultFigureColor'))
set(s1.text2,'BackgroundColor',get(0,'defaultFigureColor'))
set(s1.text3,'BackgroundColor',get(0,'defaultFigureColor'))
set(s1.text4,'BackgroundColor',get(0,'defaultFigureColor'))
set(s1.text5,'BackgroundColor',get(0,'defaultFigureColor'))
set(s1.text6,'BackgroundColor',get(0,'defaultFigureColor'))
set(s1.text7,'BackgroundColor',get(0,'defaultFigureColor'))
set(s1.text8,'BackgroundColor',get(0,'defaultFigureColor'))
set(s1.text9,'BackgroundColor',get(0,'defaultFigureColor'))
set(s1.text10,'BackgroundColor',get(0,'defaultFigureColor'))
set(s1.text11,'BackgroundColor',get(0,'defaultFigureColor'))
set(s1.text12,'BackgroundColor',get(0,'defaultFigureColor'))
set(s1.text13,'BackgroundColor',get(0,'defaultFigureColor'))
set(s1.text14,'BackgroundColor',get(0,'defaultFigureColor'))
set(s1.text15,'BackgroundColor',get(0,'defaultFigureColor'))
set(s1.text16,'BackgroundColor',get(0,'defaultFigureColor'))
set(s1.text17,'BackgroundColor',get(0,'defaultFigureColor'))
set(s1.text18,'BackgroundColor',get(0,'defaultFigureColor'))
set(s1.text19,'BackgroundColor',get(0,'defaultFigureColor'))
set(s1.text20,'BackgroundColor',get(0,'defaultFigureColor'))
set(s1.text21,'BackgroundColor',get(0,'defaultFigureColor'))
set(s1.text22,'BackgroundColor',get(0,'defaultFigureColor'))
set(s1.text23,'BackgroundColor',get(0,'defaultFigureColor'))
set(s1.text24,'BackgroundColor',get(0,'defaultFigureColor'))
set(s1.text25,'BackgroundColor',get(0,'defaultFigureColor'))
set(s1.textA,'BackgroundColor',get(0,'defaultFigureColor'))
set(s1.textB,'BackgroundColor',get(0,'defaultFigureColor'))
set(s1.textC,'BackgroundColor',get(0,'defaultFigureColor'))
set(s1.textD,'BackgroundColor',get(0,'defaultFigureColor'))
set(s1.textE,'BackgroundColor',get(0,'defaultFigureColor'))
% % Set background of edit windows to white
set(s1.edit1 ,'BackgroundColor','white');
set(s1.edit2 ,'BackgroundColor','white');
set(s1.edit3 ,'BackgroundColor','white');
set(s1.edit4 ,'BackgroundColor','white');
set(s1.edit5 ,'BackgroundColor','white');
set(s1.edit6 ,'BackgroundColor','white');
set(s1.edit7 ,'BackgroundColor','white');
set(s1.edit8 ,'BackgroundColor','white');
set(s1.edit9 ,'BackgroundColor','white');
set(s1.edit10 ,'BackgroundColor','white');
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set(s1.edit11
set(s1.edit12
set(s1.edit13
set(s1.edit14
set(s1.edit15
set(s1.edit16
set(s1.edit17
set(s1.edit18
set(s1.edit19
set(s1.edit20
set(s1.edit21
set(s1.edit22
set(s1.edit23
set(s1.edit24
set(s1.edit25

,'BackgroundColor','white');
,'BackgroundColor','white');
,'BackgroundColor','white');
,'BackgroundColor','white');
,'BackgroundColor','white');
,'BackgroundColor','white');
,'BackgroundColor','white');
,'BackgroundColor','white');
,'BackgroundColor','white');
,'BackgroundColor','white');
,'BackgroundColor','white');
,'BackgroundColor','white');
,'BackgroundColor','white');
,'BackgroundColor','white');
,'BackgroundColor','white');

%%% Create a button group Container Object containing the Radio Buttons
s1.cont = uibuttongroup('visible','off',...
'pos', [(4*sph+edh+txh)/figx (6.5*spv+6*txv)/figy ...
((figx-wall)-(4*sph+edh+txh))/figx txv/figy]);
% Create two radio buttons in button group (these are children of s1.cont)
h1 = uicontrol('Style','Radio',...
'String','Feed Sys. Off',...
'pos',[5 1 90 25],...
'parent',s1.cont,'Tag','1');
h2 = uicontrol('Style','Radio',...
'String','Feed Sys. On',...
'pos',[110 1 90 25],...
'parent',s1.cont,'Tag', '2');
% Initialize some button group properties.
set(s1.cont,'SelectionChangeFcn',{@selcbk,s1});
set(s1.cont,'SelectedObject',h2); % Initial Selection is Feed Sys. On
set(s1.cont,'Visible','on');
% Turns on Button Group Visibility
set(s1.cont,'BackgroundColor',get(0,'defaultFigureColor')); % default color
set(h1,'BackgroundColor',get(0,'defaultFigureColor'));
% default color
set(h2,'BackgroundColor',get(0,'defaultFigureColor'));
% default color
%%% Create 'Use Input File' button
s1.button1 = uicontrol ('style', 'pushbutton',...
'position', [figx/4-1.5*edh/2 wall 1.5*edh edv],...
'string', 'Use Input File');
% % 'Use Input File' button points to function 'inparams1'
set(s1.button1, 'callback', {@inparams1, s1});
%%% Create 'Execute' button, this has to be last so that all of s1 is passed
s1.button2 = uicontrol ('style', 'pushbutton',...
'position', [3*figx/4-1.5*edh/2 wall 1.5*edh edv],...
'string', 'Execute');
% % 'Go' Push Button points to the function 'inparams2'
set(s1.button2, 'callback', {@inparams2, s1});

Filename: inparams1.m
% This function is accessed only if the 'Use Input File' button is pressed.
% It reads the text file, converts the strings to numbers, and write the
% values into the edit windows in the GUI.
function inparams1(hObject, eventdata, s1)
global fileinp
fileinp=1;

% Flag indicating inputs are taken from input file.

%%% read floating point value from Excel
Dc=xlsread('CSCinput.xls','Sheet1','D2');
Lc=xlsread('CSCinput.xls','Sheet1','D3');
Dt=xlsread('CSCinput.xls','Sheet1','D4');
Lt=xlsread('CSCinput.xls','Sheet1','D5');
pod=xlsread('CSCinput.xls','Sheet1','D7');
mo=xlsread('CSCinput.xls','Sheet1','D8');
a=xlsread('CSCinput.xls','Sheet1','D9');
pfd=xlsread('CSCinput.xls','Sheet1','D10');
mf=xlsread('CSCinput.xls','Sheet1','D11');
b=xlsread('CSCinput.xls','Sheet1','D12');
tau_o=xlsread('CSCinput.xls','Sheet1','D14');
pc=xlsread('CSCinput.xls','Sheet1','D15');
cstar=xlsread('CSCinput.xls','Sheet1','D16');
MWg=xlsread('CSCinput.xls','Sheet1','D17');
tau_f=xlsread('CSCinput.xls','Sheet1','D18');
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Tc=xlsread('CSCinput.xls','Sheet1','D19');
dcdMR=xlsread('CSCinput.xls','Sheet1','D20');
LoO=xlsread('CSCinput.xls','Sheet1','D22');
CmO=xlsread('CSCinput.xls','Sheet1','D23');
LoF=xlsread('CSCinput.xls','Sheet1','D24');
CmF=xlsread('CSCinput.xls','Sheet1','D25');
fmax=xlsread('CSCinput.xls','Sheet1','D27');
xmax=xlsread('CSCinput.xls','Sheet1','D28');
df=xlsread('CSCinput.xls','Sheet1','D29');
zmax=xlsread('CSCinput.xls','Sheet1','D30');
%%% Convert number to string so it can be displayed in GUI
Dc_str=num2str(Dc);
Lc_str=num2str(Lc);
Dt_str=num2str(Dt);
Lt_str=num2str(Lt);
pod_str=num2str(pod);
mo_str=num2str(mo);
a_str=num2str(a);
pfd_str=num2str(pfd);
mf_str=num2str(mf);
b_str=num2str(b);
tau_o_str=num2str(tau_o);
pc_str=num2str(pc);
cstar_str=num2str(cstar);
MWg_str=num2str(MWg);
tau_f_str=num2str(tau_f);
Tc_str=num2str(Tc);
dcdMR_str=num2str(dcdMR);
LoO_str=num2str(LoO);
CmO_str=num2str(CmO);
LoF_str=num2str(LoF);
CmF_str=num2str(CmF);
fmax_str=num2str(fmax);
xmax_str=num2str(xmax);
df_str=num2str(df);
zmax_str=num2str(zmax);
%%% Rename Editable Text Areas on the GUI
% % Inputs taken from input file; disable edit value capability
% Gas MW (lbm/lbmol)
set(s1.edit1, 'string', MWg_str,'Enable', 'off');
% c* (ft/sec)
set(s1.edit2, 'string', cstar_str,'Enable', 'off');
% Chamber Pressure (psia)
set(s1.edit3, 'string', pc_str,'Enable', 'off');
% Oxidizer Time Lag (msec)
set(s1.edit4, 'string', tau_o_str,'Enable', 'off');
% Slope of c*(MR) (ft/sec-MR)
set(s1.edit5, 'string', dcdMR_str,'Enable', 'off');
% Chamber Temperature (deg R)
set(s1.edit6, 'string', Tc_str,'Enable', 'off');
% Fuel Time Lag (msec)
set(s1.edit7, 'string', tau_f_str,'Enable', 'off');
% Oxidizer Exponent, a
(mo=Cd*Dpo^a)
set(s1.edit8, 'string', a_str,'Enable', 'off');
% Oxidizer Flow Rate (lbm/sec)
set(s1.edit9, 'string', mo_str,'Enable', 'off');
% Oxidizer Pressure Drop (psia)
set(s1.edit10, 'string', pod_str,'Enable', 'off');
% Fuel Exponent, b
(mf=Cd*Dpf^b)
set(s1.edit11, 'string', b_str,'Enable', 'off');
% Fuel Flow Rate (lbm/sec)
set(s1.edit12, 'string', mf_str,'Enable', 'off');
% Fuel Pressure Drop (psia)
set(s1.edit13, 'string', pfd_str,'Enable', 'off');
% Cylinder Length (in)
set(s1.edit14, 'string', Lc_str,'Enable', 'off');
% Chamber Diameter (in)
set(s1.edit15, 'string', Dc_str,'Enable', 'off');
% Convergent Section Length (in)
set(s1.edit16, 'string', Lt_str,'Enable', 'off');
% Throat Diameter (in)
set(s1.edit17, 'string', Dt_str,'Enable', 'off');
% Dpo/Pc Axis Max
set(s1.edit18, 'string', xmax_str,'Enable', 'off');
% Maximum Frequency (Hz)
set(s1.edit19, 'string', fmax_str,'Enable', 'off');
% Dpf/Pc Axis Max
set(s1.edit20, 'string', zmax_str,'Enable', 'off');
% Frequency Resolution (Hz)
set(s1.edit21, 'string', df_str,'Enable', 'off');
% Ox. Injector Inertance
set(s1.edit22, 'string', LoO_str,'Enable', 'off');
% Ox. Injector Compliance
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set(s1.edit23, 'string', CmO_str,'Enable', 'off');
% Fuel Injector Inertance
set(s1.edit24, 'string', LoF_str,'Enable', 'off');
% Fuel Injector Compliance
set(s1.edit25, 'string', CmF_str,'Enable', 'off');

Filename: inparams2.m
% This function takes the string information from the GUI and converts
% to a real number. It also performs basic calculations.
function inparams2(hObject, eventdata, s1)
global a b cstar dcdMR m mf mo MR f fmax pc pod pfd
global tau_f tau_o theta_g xmax zmax gc df
global LoO CmO LoF CmF
%%% Define variables from GUI inputs
in_str1 = get(s1.edit1, 'string');
MWg = str2num(in_str1);
in_str2 = get(s1.edit2, 'string');
cstar = str2num(in_str2)*12;

% put in in/sec

in_str3 = get(s1.edit3, 'string');
pc = str2num(in_str3);
in_str4 = get(s1.edit4, 'string');
tau_o = str2num(in_str4)/1000;

% put in seconds

in_str5 = get(s1.edit5, 'string');
dcdMR = str2num(in_str5)*12;

% put in in/sec-MR

in_str6 = get(s1.edit6, 'string');
Tc = str2num(in_str6);
in_str7 = get(s1.edit7, 'string');
tau_f = str2num(in_str7)/1000;
in_str8 = get(s1.edit8, 'string');
a = str2num(in_str8);
in_str9 = get(s1.edit9, 'string');
mo = str2num(in_str9);
in_str10 = get(s1.edit10, 'string');
pod = str2num(in_str10);
in_str11 = get(s1.edit11, 'string');
b = str2num(in_str11);
in_str12 = get(s1.edit12, 'string');
mf = str2num(in_str12);
in_str13 = get(s1.edit13, 'string');
pfd = str2num(in_str13);
in_str14 = get(s1.edit14, 'string');
Lc = str2num(in_str14);
in_str15 = get(s1.edit15, 'string');
Dc = str2num(in_str15);
in_str16 = get(s1.edit16, 'string');
Lt = str2num(in_str16);
in_str17 = get(s1.edit17, 'string');
Dt = str2num(in_str17);
in_str18 = get(s1.edit18, 'string');
xmax = str2num(in_str18);
in_str19 = get(s1.edit19, 'string');
fmax = str2num(in_str19);
in_str20 = get(s1.edit20, 'string');
zmax = str2num(in_str20);
in_str21 = get(s1.edit21, 'string');
df = str2num(in_str21);

% put in seconds
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in_str22 = get(s1.edit22, 'string');
LoO = str2num(in_str22);
in_str23 = get(s1.edit23, 'string');
CmO = str2num(in_str23);
in_str24 = get(s1.edit24, 'string');
LoF = str2num(in_str24);
in_str25 = get(s1.edit25, 'string');
CmF = str2num(in_str25);
%%% Constants
gc=386.0874;
Ru=18544.8;

% Grav. Constant of Proportionality [lbm*in/lbf-s^2]
% Universal Gas Constant [in*lbf/lbmol-degR]

%%% Basic Calculations
m=mo+mf;
% Total Flow Rate [lbm/sec]
MR=mo/mf;
% Mixture Ratio [-]
At=pi*Dt^2/4;
% Throat Area [in^2]
Vc=pi*Dc^2*Lc/4+pi*Lt*(Dt^2+Dc^2+Dc*Dt)/12; % Chamber Volume [in^3]
Rg=Ru/MWg;
% Gas Constant for Combustion Gas
theta_g=Vc*cstar/(At*gc*Rg*Tc); % Gas Residence Time [sec]
%%% Define Variable value ranges
f=-fmax:df:fmax;
% Frequency Range
%%% Define Input File Layout and save into excel
inpLayout={'Variable' 'Description' 'Units' 'Value';
'Dc' 'Chamber Diameter' 'in' Dc;
'Lc' 'Chamber Length' 'in' Lc;
'Dt' 'Throat Diameter' 'in' Dt;
'Lt' 'Convergent Section Length' 'in' Lt;
' ' ' ' ' ' ' ';
'pod' 'Ox. Pressure Drop' 'psia' pod;
'mo' 'Ox. Flow Rate' 'lbm/sec' mo;
'a' 'Ox. Exponent' '--' a;
'pfd' 'Fuel Pressure Drop' 'psia' pfd;
'mf' 'Fuel Flow Rate' 'lbm/sec' mf;
'b' 'Fuel Exponent' '--' b;
' ' ' ' ' ' ' ';
'tau_o' 'Ox. Time Lag' 'msec' tau_o*1000;
'pc' 'Chamber Pressure' 'psia' pc;
'cstar' 'c*' 'ft/sec' cstar/12;
'MWg' 'Gas MW' 'lbm/lbmol' MWg;
'tau_f' 'Fuel Time Lag' 'msec' tau_f*1000;
'Tc' 'Chamber Temperature' 'deg R' Tc;
'dcdMR' 'Slope of c*(MR)' 'ft/sec-MR' dcdMR/12;
' ' ' ' ' ' ' ';
'LoO' 'Ox. Injector Inertance' 'lbf*s^2/lbm-in^2' LoO;
'CmO' 'Ox. Injector Compliance' 'lbm*in^2/lbf' CmO;
'LoF' 'Fuel Injector Inertance' 'lbf*s^2/lbm-in^2' LoF;
'CmF' 'Fuel Injector Compliance' 'lbm*in^2/lbf' CmF;
' ' ' ' ' ' ' ';
'fmax' 'Max Frequency' 'Hz' fmax;
'xmax' 'Dpo/Pc Axis Max' '--' xmax;
'df' 'Frequency Resolution' 'Hz' df;
'zmax' 'Dpf/Pc Axis Max' '--' zmax;
};
xlswrite('CSCinput.xls',inpLayout,'Sheet1','A1');
mainfunc(hObject, eventdata, s1)

% Call mainfunc

Filename: mainfunc.m
% This function contains the core characteristic equation calculations and
% plotting code.
function mainfunc(hObject, eventdata, s1)
global
global
global
global

a b cstar dcdMR m mf mo MR f fmax pc pod pfd
tau_f tau_o theta_g xmax zmax Zf Zo df
LoO CmO LoF CmF
h2

format('long')
% Initialize variables (These must be initialized mainly to carry values
% through to the save function, since the save function can use either 2 of
% these parameters or 4 of these parameters)
dpf_pc=0;
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dpo_pc=0;
dpf_pc1=0;
dpf_pc2=0;
dpo_pc1=0;
dpo_pc2=0;
% get screensize and define
scrsz=get(0,'ScreenSize');
figvert=420;
bordwidth=10;
titlebar=77;
spw=20;

figure layout to better layout figures
% get screen size
% vertical figure dimension
% figure border width
% title bar width
% space width

%%% Numbers to Strings for putting text on plots later
str1=num2str(pfd/pc);
str2=num2str(pod/pc);
str3=num2str(tau_o);
str4=num2str(tau_f);
str6=num2str(fmax); %str5 is defined below
%%% General Characteristic Equation
omega=2*pi*f;
% Circular Frequency
s=i*omega;
% Stab. space curve is when Re. part of s=a+i*omega is 0
% Impedance for plotting Nyquist
if get(h2,'Value')==1
% If Feed System On
% Real and imaginary parts from manifold impedance formulation
RRo=real(-LoO*s-1./(CmO*s));
RRf=real(-LoF*s-1./(CmF*s));
Io=imag(-LoO*s-1./(CmO*s));
Ifu=imag(-LoF*s-1./(CmF*s));
% impedance formulation
Zo=-pod/mo/a+RRo+i*Io;
Zf=-pfd/mf/b+RRf+i*Ifu;
else
Zo=-pod/mo/a;
Zf=-pfd/mf/b;
end
X=(1+(1+MR)*dcdMR/cstar)*(pc/m);
Y=(1-MR*(1+MR)*dcdMR/cstar)*(pc/m);
H=1-1./(1+theta_g*s).*( X./Zo.*exp(-s*tau_o) + Y./Zf.*exp(-s*tau_f) );
C=H-1;

%%%-----------------------------------------------------------------------%%% This Section Plots the Nyquist Diagram
%%%-----------------------------------------------------------------------%%% Nyquist Stability Diagram for H(s)-1 plane
% % Nyquist Plot
xm=2; % x-axis maximum range
% figure border width is 10 and title bar, etc is 77
figure('Name','Nyquist Diagram','NumberTitle','off','Position',...
[bordwidth+spw scrsz(4)-figvert-titlebar 4*figvert/3 figvert])
% Plot in H(s)-1 plane
plot(real(C),imag(C),'LineWidth',2)
title('Nyquist Diagram, H(s) - 1 plane')
xlabel('Real Axis')
ylabel('Imaginary Axis')
axis equal
axis([-xm xm -xm xm])
% Hold so Nyquist Diagram is plotted with Polar Grid
hold on
% % Include Stability Origin Point
plot([-1],[0],'bo','MarkerFaceColor','b')
% % Include Specified DP/Pc Information written on plot
text(-5/6*xm,5/6*xm, ['\DeltaP_f/P_c= ',str1], 'HorizontalAlignment', 'left')
text(-5/6*xm,2.1/3*xm, ['\DeltaP_o/P_c= ',str2], 'HorizontalAlignment', 'left')
text(-5/6*xm+xm,5/6*xm, ['\tau_o (sec) = ',str3], 'HorizontalAlignment', 'left')
text(-5/6*xm+xm,2.1/3*xm, ['\tau_f (sec) = ',str4], 'HorizontalAlignment', 'left')
text(-5/6*xm,-5/6*xm, ['Freq. Range (Hz) = -',str6, ' to ', str6], 'HorizontalAlignment', 'left')
% % Polar Grid Defined with Next Series of Plots
xr=(-xm:xm/100:xm); % Full x range
% % Polar Grid Defined with Next Series of Plots
xr=(-xm:xm/100:xm); % Full x range
% Radial Circles
plot(xr,real(sqrt((xm*1/3)^2-xr.^2)),':','Color',[.6 .6 .6])
plot(xr,real(-sqrt((xm*1/3)^2-xr.^2)),':','Color',[.6 .6 .6])
plot(xr,real(sqrt((xm*2/3)^2-xr.^2)),':','Color',[.6 .6 .6])
plot(xr,real(-sqrt((xm*2/3)^2-xr.^2)),':','Color',[.6 .6 .6])
plot(xr,real(sqrt(xm^2-xr.^2)),':','Color',[.6 .6 .6])
plot(xr,real(-sqrt(xm^2-xr.^2)),':','Color',[.6 .6 .6])
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% Spokes
plot(sqrt(3)/2*xr,sqrt(3)/2*xr*sqrt(3)/3,':','Color',[.6 .6 .6])
plot(0.5*xr,0.5*xr*sqrt(3),':','Color',[.6 .6 .6])
plot(sqrt(3)/2*xr,-sqrt(3)/2*xr*sqrt(3)/3,':','Color',[.6 .6 .6])
plot(0.5*xr,-0.5*xr*sqrt(3),':','Color',[.6 .6 .6])
line([0,0],[-xm,xm],'LineStyle',':','Color',[.6 .6 .6])
line([-xm,xm],[0,0],'LineStyle',':','Color',[.6 .6 .6])
% Unit Circle
plot(xr/xm,sqrt(1-(xr/xm).^2),'k','LineWidth',2)
plot(xr/xm,-sqrt(1-(xr/xm).^2),'k','LineWidth',2)
hold off
% Redefine Frequency to only the positive range for the rest of the analysis
f=0:df:fmax;
omega=2*pi*f;
% Circular Frequency
s=i*omega;
% Stab. space curve is when Re. part of s=a+i*omega is 0
%%%-------------------------------------------------------------------%%% This Section is the Main Calcaultioon
%%%-------------------------------------------------------------------%%% Decide which analysis method to use
if get(h2,'Value')==1
% Feed System On
% Redefine real and imag parts for only the positive range of
% frequencies for the rest of the analysis
RRo=real(-LoO*s-1./(CmO*s));
RRf=real(-LoF*s-1./(CmF*s));
Io=imag(-LoO*s-1./(CmO*s));
Ifu=imag(-LoF*s-1./(CmF*s));
% Obtain DPf/Pc as a function of DPo/Pc and Frequency
% Real parts of Zo and Zf are solved from the characteristic equation
% The real parts can be related back to Dpf/Pc and Dpo/Pc
A=(2*pi*theta_g*f.*cos(2*pi*f*tau_f)+sin(2*pi*f*tau_f))...
+Ifu.*(1+(2*pi*f*theta_g).^2)/Y;
B=X*sin(2*pi*f*(tau_o-tau_f))...
+2*X/Y*Ifu.*(2*pi*theta_g*f.*sin(2*pi*f*tau_o)-cos(2*pi*f*tau_o));
C=Io.^2.*(2*pi*theta_g*f.*cos(2*pi*f*tau_f)+sin(2*pi*f*tau_f))...
+X*Io.*cos(2*pi*f*(tau_o-tau_f))...
+2*X/Y*Io.*Ifu.*(2*pi*theta_g*f.*cos(2*pi*f*tau_o)+sin(2*pi*f*tau_o))...
+Ifu.*Io.^2.*(1+(2*pi*f*theta_g).^2)/Y+X^2/Y*Ifu;
% Real part of Zo
Ro1=(-B+sqrt(B.^2-4*A.*C))./(2*A);
Ro2=(-B-sqrt(B.^2-4*A.*C))./(2*A);
% Real part of Zf
Rf1=(-Y*Ro1.*sin(2*pi*f*tau_f)+Y*Io.*cos(2*pi*f*tau_f)...
+X*Ifu.*cos(2*pi*f*tau_o)+2*pi*theta_g*f.*Io.*Ifu-Ifu.*Ro1)...
./(Ro1.*f*2*pi*theta_g+Io+X*sin(2*pi*f*tau_o));
Rf2=(-Y*Ro2.*sin(2*pi*f*tau_f)+Y*Io.*cos(2*pi*f*tau_f)...
+X*Ifu.*cos(2*pi*f*tau_o)+2*pi*theta_g*f.*Io.*Ifu-Ifu.*Ro2)...
./(Ro2.*f*2*pi*theta_g+Io+X*sin(2*pi*f*tau_o));
% Relate Ro to Dpo/Pc
dpo_pc1=(RRo*mo*a/pc-Ro1*mo*a/pc);
dpo_pc2=(RRo*mo*a/pc-Ro2*mo*a/pc);
dpf_pc1=(RRf*mf*b/pc-Rf1*mf*b/pc);
dpf_pc2=(RRf*mf*b/pc-Rf2*mf*b/pc);
% Elliminate Values that are less than 0 since Matlab still Plots
% Negative Values when a Positive Range is Defined. This clutters the
% plot. Convert Negatives to NaN.
[row,col]=find(dpf_pc1<0);
%negs=[ ];
negs=zeros(size(row));
for k=1:length(row)
negs(k)=[dpf_pc1(row(k),col(k))];
dpf_pc1(row(k),col(k))=NaN;
end
[row,col]=find(dpo_pc1<0);
negs=zeros(size(row));
for k=1:length(row)
negs(k)=[dpo_pc1(row(k),col(k))];
dpo_pc1(row(k),col(k))=NaN;
end
[row,col]=find(dpf_pc2<0);
negs=zeros(size(row));
for k=1:length(row)

261
negs(k)=[dpf_pc2(row(k),col(k))];
dpf_pc2(row(k),col(k))=NaN;
end
[row,col]=find(dpo_pc2<0);
negs=zeros(size(row));
for k=1:length(row)
negs(k)=[dpo_pc2(row(k),col(k))];
dpo_pc2(row(k),col(k))=NaN;
end
% Eliminate Values that are complex since Matlab still Plots
% Real Part. Convert complex numbers to NaN.
[row,col]=find(imag(dpf_pc1)~=0);
comp=zeros(size(row));
for k=1:length(row)
comp(k)=[dpf_pc1(row(k),col(k))];
dpf_pc1(row(k),col(k))=NaN;
end
[row,col]=find(imag(dpo_pc1)~=0);
comp=zeros(size(row));
for k=1:length(row)
comp(k)=[dpo_pc1(row(k),col(k))];
dpo_pc1(row(k),col(k))=NaN;
end
[row,col]=find(imag(dpf_pc2)~=0);
comp=zeros(size(row));
for k=1:length(row)
comp(k)=[dpf_pc2(row(k),col(k))];
dpf_pc2(row(k),col(k))=NaN;
end
[row,col]=find(imag(dpo_pc2)~=0);
comp=zeros(size(row));
for k=1:length(row)
comp(k)=[dpo_pc2(row(k),col(k))];
dpo_pc2(row(k),col(k))=NaN;
end

%%%-------------------------------------------------------------------%%% This Section Plots the Stability SpaceCurve for Feed System On
%%%-------------------------------------------------------------------% % Plot the spaceCurve Dpf/Pc(Dpo/pc,f)
figure('Name','Space Curve','NumberTitle','off','Position',...
[scrsz(3)-4*figvert/3-spw scrsz(4)-figvert-titlebar 4*figvert/3 figvert])
F1=plot3(dpo_pc1,f,dpf_pc1,'b-',dpo_pc2,f,dpf_pc2,'b-');
set(F1,'LineWidth',2)
axis([0 xmax 0 fmax 0 zmax]);
view([15,30]);
title('Space Curve')
xlabel('\DeltaP_o / P_c')
zlabel('\DeltaP_f / P_c')
ylabel('Frequency (Hz)')
grid on
% Show Time lags on Plot
text(0.6*xmax,fmax,0.8*zmax,...
['\tau_o = ',str3,' sec'], 'HorizontalAlignment', 'left',...
'FontSize', 16)
text(0.6*xmax,fmax,0.65*zmax,...
['\tau_f = ',str4,' sec'], 'HorizontalAlignment', 'left',...
'FontSize', 16)

%%%-------------------------------------------------------------------%%% This Section Plots the Wenzel and Szuch Figures for Feed System On
%%%-------------------------------------------------------------------% % Plot the curve Dpf/Pc vs Dpo/pc
figure('Name','Pressure Drop - Stability Plot','NumberTitle','off','Position',...
[bordwidth+spw bordwidth+spw 4*figvert/3 figvert])
hold on
F2a=plot3(dpo_pc1,f,dpf_pc1,'b-',dpo_pc2,f,dpf_pc2,'b-');
F2b=plot3(pod/pc,0,pfd/pc,'bo','MarkerFaceColor','b');
hold off
set(F2a,'LineWidth',2)
axis([0 xmax 0 fmax 0 zmax]);
view([0,0]);
title('Pressure Drop - Stability Plot')
xlabel('\DeltaP_o / P_c')
zlabel('\DeltaP_f / P_c')
ylabel('Frequency (Hz)')
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grid on
% Show Time lags on Plot
text(0.6*xmax,0,0.85*zmax,...
['\tau_o = ',str3,' sec'], 'HorizontalAlignment', 'left',...
'FontSize', 16)
text(0.6*xmax,0,0.75*zmax,...
['\tau_f = ',str4,' sec'], 'HorizontalAlignment', 'left',...
'FontSize', 16)
% % Plot the curve Dpf/Pc vs f
figure('Name','Frequency at Neutral Stability','NumberTitle','off','Position',...
[scrsz(3)-4*figvert/3-spw bordwidth+spw 4*figvert/3 figvert])
F3=plot3(dpo_pc1,f,dpf_pc1,'b-',dpo_pc2,f,dpf_pc2,'b-');
set(F3,'LineWidth',2)
axis([0 xmax 0 fmax 0 zmax]);
view([0,90]);
title('Frequency at Neutral Stability')
xlabel('\DeltaP_o / P_c')
zlabel('\DeltaP_f / P_c')
ylabel('Frequency (Hz)')
grid on
% Show Time lags on Plot
text(0.6*xmax,0.85*fmax,0,...
['\tau_o = ',str3,' sec'], 'HorizontalAlignment', 'left',...
'FontSize', 16)
text(0.6*xmax,0.75*fmax,0,...
['\tau_f = ',str4,' sec'], 'HorizontalAlignment', 'left',...
'FontSize', 16)
savefile(dpf_pc,dpo_pc,dpf_pc1,dpf_pc2,dpo_pc1,dpo_pc2,f,h2)
else
% % Obtain DPf/Pc as a function of DPo/Pc and Frequency
% % Need to put constants (X and Y) in correct form
% % Equation in TN D-3080 is in a slightly different form
% (MR/(MR+1)+MR/cstar*dcdMR)*(pc/mo) = (1+(1+MR)/cstar*dcdMR)*(pc/m)
% (1/(MR+1)-MR/cstar*dcdMR)*(pc/mf) = (1-MR*(1+MR)/cstar*dcdMR)*(pc/m)
X=X*a*mo/pc;
% Include oxidizer exponent also in X
Y=Y*b*mf/pc;
% Include fuel exponent also in Y
%
%
%
%

% Obtain DPf/Pc as a function of DPo/Pc and Frequency
Also consider case when tau_f = tau_o; general solution becomes
trivial so the single time lag model is used in the conditional
statement. Single time lag model uses a solver to obtain frequency.

if tau_o==tau_f
% single time lag model (Equations derived in Maple)
tau=tau_o;
dpo_pc=0:xmax/100:xmax;
% Newton Rhapson for frequency calc
f_new=1/(4*tau);% initial guess shown as a bound from Maple
eps=1;
% initialize
count=1;
% initialize
while (eps>=0.00000001) && (count<100000)
f_old=f_new;
g_old=2*theta_g*pi*f_old*cos(2*pi*f_old*tau)...
+sin(2*pi*f_old*tau);
gp_old=(2*theta_g*pi+2*pi*tau)*cos(2*pi*f_old*tau)...
-4*theta_g*pi^2*f_old*sin(2*pi*f_old*tau);
f_new=f_old-g_old/gp_old;
eps=abs((f_new-f_old)/f_old);
count=count+1;
end
if count==100000
disp('check convergence')
end
% Solved 2*theta_g*pi*f*cos(2*pi*f*tau)+sin(2*pi*f*tau)=0
freqsolve=f_new;
str5=num2str(freqsolve,4);
f=freqsolve*ones(size(dpo_pc));
dpf_pc=Y.*dpo_pc./(dpo_pc.*sqrt(1+(2*pi*f*theta_g).^2)-X);
else
% use the double time lag model
dpo_pc=(sin(2*pi*f*(tau_o-tau_f))*X)./...
(sin(2*pi*tau_f*f)+theta_g*2*pi*f.*cos(2*pi*tau_f*f));
dpf_pc=Y*sin(2*pi*f*(tau_f-tau_o))./...
(sin(2*pi*tau_o*f)+theta_g*2*pi*f.*cos(2*pi*f*tau_o));
end
% Remove Values that are Less than 0 since Matlab still Plots
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% Negative Values when a Positive Range is Defined.
% plot. Convert Negatives to NaN.
[row,col]=find(dpf_pc<0);
negs=zeros(size(row));
for k=1:length(row)
negs(k)=[dpf_pc(row(k),col(k))];
dpf_pc(row(k),col(k))=NaN;
end

This clutters the

[row,col]=find(dpo_pc<0);
negs=zeros(size(row));
for k=1:length(row)
negs(k)=[dpo_pc(row(k),col(k))];
dpo_pc(row(k),col(k))=NaN;
end

%%%-------------------------------------------------------------------%%% This Section Plots the Stability SpaceCurve for Feed System Off
%%%-------------------------------------------------------------------% % Plot the spaceCurve Dpf/Pc(Dpo/pc,f)
figure('Name','Space Curve','NumberTitle','off','Position',...
[scrsz(3)-4*figvert/3-spw scrsz(4)-figvert-titlebar 4*figvert/3 figvert])
plot3(dpo_pc,f,dpf_pc,'LineWidth',2)
axis([0 xmax 0 fmax 0 zmax]);
view([15,30]);
title('Space Curve')
xlabel('\DeltaP_o / P_c')
zlabel('\DeltaP_f / P_c')
ylabel('Frequency (Hz)')
grid on
% Show Time lags on Plot
text(0.6*xmax,fmax,0.8*zmax,...
['\tau_o = ',str3,' sec'], 'HorizontalAlignment', 'left',...
'FontSize', 16)
text(0.6*xmax,fmax,0.65*zmax,...
['\tau_f = ',str4,' sec'], 'HorizontalAlignment', 'left',...
'FontSize', 16)
%%%-------------------------------------------------------------------%%% This Section Plots the Wenzel and Szuch Figures for Feed System Off
%%%-------------------------------------------------------------------% % Plot the curve Dpf/Pc vs Dpo/pc
figure('Name','Pressure Drop - Stability Plot','NumberTitle','off','Position',...
[bordwidth+spw bordwidth+spw 4*figvert/3 figvert])
hold on
plot3(dpo_pc,f,dpf_pc,'LineWidth',2)
plot3(pod/pc,0,pfd/pc,'bo','MarkerFaceColor','b')
hold off
axis([0 xmax 0 fmax 0 zmax]);
view([0,0]);
title('Pressure Drop - Stability Plot')
xlabel('\DeltaP_o / P_c')
zlabel('\DeltaP_f / P_c')
ylabel('Frequency (Hz)')
grid on
% Show Time lags on Plot
text(0.6*xmax,0,0.85*zmax,...
['\tau_o = ',str3,' sec'], 'HorizontalAlignment', 'left',...
'FontSize', 16)
text(0.6*xmax,0,0.75*zmax,...
['\tau_f = ',str4,' sec'], 'HorizontalAlignment', 'left',...
'FontSize', 16)
% Show frequency on plot if single time lag model is used
if (tau_o==tau_f)
text(0.6*xmax,0,0.65*zmax,...
['freq= ',str5,' Hz'], 'HorizontalAlignment', 'left',...
'FontSize', 16)
end

% % Plot the curve Dpf/Pc vs f
figure('Name','Frequency at Neutral Stability','NumberTitle','off','Position',...
[scrsz(3)-4*figvert/3-spw bordwidth+spw 4*figvert/3 figvert])
plot3(dpo_pc,f,dpf_pc,'LineWidth',2)
axis([0 xmax 0 fmax 0 zmax]);
view([0,90]);
title('Frequency at Neutral Stability')
xlabel('\DeltaP_o / P_c')
zlabel('\DeltaP_f / P_c')
ylabel('Frequency (Hz)')
grid on
% Show Time lags on Plot
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text(0.6*xmax,0.85*fmax,0,...
['\tau_o = ',str3,' sec'], 'HorizontalAlignment', 'left',...
'FontSize', 16)
text(0.6*xmax,0.75*fmax,0,...
['\tau_f = ',str4,' sec'], 'HorizontalAlignment', 'left',...
'FontSize', 16)
savefile(dpf_pc,dpo_pc,dpf_pc1,dpf_pc2,dpo_pc1,dpo_pc2,f,h2)
end

Filename: selcbk.m
% This function performs actions when the radiobuttons are selected
function selcbk(source,eventdata,s1)
global fileinp a1 a2 a3 a4
% Each radio button is tagged. This greys out the edit box that is not
% used for that particular radio button.
% disp(get(get(source,'SelectedObject'),'String'));
if str2num(get(eventdata.OldValue,'Tag'))==1
if fileinp==0
set(s1.edit22, 'BackgroundColor', 'white', 'Enable', 'on','string', a1);
set(s1.edit23, 'BackgroundColor', 'white', 'Enable', 'on','string', a2);
set(s1.edit24, 'BackgroundColor', 'white', 'Enable', 'on','string', a3);
set(s1.edit25, 'BackgroundColor', 'white', 'Enable', 'on','string', a4);
else
set(s1.edit22, 'BackgroundColor', 'white', 'Enable', 'off','string', a1);
set(s1.edit23, 'BackgroundColor', 'white', 'Enable', 'off','string', a2);
set(s1.edit24, 'BackgroundColor', 'white', 'Enable', 'off','string', a3);
set(s1.edit25, 'BackgroundColor', 'white', 'Enable', 'off','string', a4);
end
else
a1=get(s1.edit22, 'string');
a2=get(s1.edit23, 'string');
a3=get(s1.edit24, 'string');
a4=get(s1.edit25, 'string');
set(s1.edit22, 'BackgroundColor', 'white', 'Enable', 'off','string', '0');
set(s1.edit23, 'BackgroundColor', 'white', 'Enable', 'off','string', 'inf.');
set(s1.edit24, 'BackgroundColor', 'white', 'Enable', 'off','string', '0');
set(s1.edit25, 'BackgroundColor', 'white', 'Enable', 'off','string', 'inf.');
end

Filename: savefile.m
function savefile(dpf_pc,dpo_pc,dpf_pc1,dpf_pc2,dpo_pc1,dpo_pc2,f,h2)
%
%
%
%
%
%

j starts on 1 so that the first row is zeros. This is because the header
has to write on row 1 and there is no easy way to append the data or
start the data on row 2. Row 1 is all zeros but the header writes over
this. The same process is used for Excel format (but not necessary) to
keep the code from rebuilding the Result matrix starting from a different
row.

if get(h2,'Value')==1

% A value of 1 is Feed System On

j=1;
for k=1:length(dpf_pc1)
if (dpf_pc1(k)>0 && isnan(dpf_pc1(k))==0 && isnan(dpo_pc1(k))==0)
j=j+1;
Result(j,1)=dpo_pc1(k);
Result(j,2)=dpf_pc1(k);
Result(j,3)=f(k);
end
end
for k=length(dpf_pc2)+1:2*length(dpf_pc2)
if (dpf_pc2(k-length(dpf_pc1))>0 && isnan(dpf_pc2(k-length(dpf_pc1)))==0 && isnan(dpo_pc2(klength(dpf_pc1)))==0)
j=j+1;
Result(j,1)=dpo_pc2(k-length(dpf_pc1));
Result(j,2)=dpf_pc2(k-length(dpf_pc1));
Result(j,3)=f(k-length(dpf_pc1));
end
end
if j<=65535 % then write in excel
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header={'DPo/Pc' 'DPf/Pc' 'freq (Hz)'};
xlswrite('FeedSystemOn.xls',Result,'Sheet1','A1');
xlswrite('FeedSystemOn.xls',header,'Sheet1','A1');
else

% otherwise write into a text file
%
%
%
%

Save logic for script below: NO easy way to save both string and
number data to a file. So save number data first starting on row 2.
Then open file without discarding contents and write the text
header on the first row.

% Save data in column ascii format. Ignore NaN and 0 values.
save FeedSystemOn.out Result -ascii
% This opens file for reading and writing without discarding contents and
% then saves a header to the file.
fid=fopen('FeedSystemOn.out','r+');
fprintf(fid,'%s %s %s',[' DPo/Pc
',' DPf/Pc
',' Freq(Hz)
fclose(fid);

']);

end
else % A value of 0 is Feed System Off
% Save data in column ascii format. Ignore NaN and 0 values.
j=1;
for k=1:length(dpf_pc)
if (dpf_pc(k)>0 && isnan(dpf_pc(k))==0 && isnan(dpo_pc(k))==0)
j=j+1;
Result(j,1)=dpo_pc(k);
Result(j,2)=dpf_pc(k);
Result(j,3)=f(k);
end
end
if j<=65535 % then write in excel
header={'DPo/Pc' 'DPf/Pc' 'freq (Hz)'};
xlswrite('FeedSystemOff.xls',Result,'Sheet1','A1');
xlswrite('FeedSystemOff.xls',header,'Sheet1','A1');

else

% first row is all zeros

% otherwise write into a text file
save FeedSystemOff.out Result -ascii

% save number data

% This opens file for reading and writing without discarding contents and
% then saves a header to the file.
fid=fopen('FeedSystemOff.out','r+');
fprintf(fid,'%s %s %s',[' DPo/Pc
',' DPf/Pc
',' Freq(Hz)
fclose(fid);
end
end

']);
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