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ABSTRACT

Currently, the methods available for wind turbine noise prediction are either based
on empirical data or require unrealistic computational costs. Although these methods are very valuable, a computationally efficient tool that is based on first principles is needed. The present research proposes a hybrid computational aeroacoustics
approach for predicting turbulent-boundary-layer, trailing-edge (TBL-TE) noise.
TBL-TE is of interest because it is a dominant source in the total broadband
spectrum of wind turbine aerodynamic noise. The proposed method solves the
Non-Linear Disturbance Equations (NLDE) for the unsteady flow field in the vicinity of the airfoil trailing edge. Then the noise at a location in far-field location
is found by passing the NLDE solution to the aeroacoustics propagation code,
PSU-WOPWOP. In this thesis, recent progress made with the development of the
NLDE flow solver, TANDEM (Turbulence And Noise using the Disturbance Equation Method) is presented. Test cases are shown to validate the code. Finally, an
assessment of the NLDE performance in wall bounded and trailing edge flows is
discussed.
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CHAPTER

ONE
INTRODUCTION

T

he vast supply of energy available on our planet is manifested in many
ways. Harnessing the power contained in the wind is an excellent way

to take advantage of our Earth’s energy supply and diversify our energy options.
A horizontal-axis wind turbine (HAWT) is the most common approach used to
harvest wind energy today. A single, modern, HAWT can generate power on the
order of megawatts in favorable conditions, and competes in the energy market
with coal and natural gas as a clean and renewable energy resource. Although
there are many benefits surrounding the use of wind energy, the recent boom in
the wind industry has drawn the interest of the aeroacoustics community because
of a wind turbine’s potential to be noisy.
A recent study on the perception of wind turbines shows that the majority
of people living near a wind farm consider the noise from the rotor blades to be
the most annoying aspect of its presence[5]. This consequence of wind energy
production results in a negative effect on the public perception and acceptance of
wind turbines, and creates design constraints through noise regulations. New wind
turbine designs that mitigate major noise sources would remove this roadblock in
the path toward widespread use of this clean and renewable energy resource. A
cost effective way to develop quiet wind turbine technology is to incorporate in the
design process a computational tool that can quantify and predict the important
noise sources in a general manner. With a tool like this available, new designs
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can be evaluated acoustically prior to manufacture and iterative methods can be
employed to optimize the design.
The goal of the present research is to develop a methodology that can be used to
predict a critical source of noise propagating from wind turbines in operation. The
methodology is based on first principles so that the calculation does not rely on
empirical modeling and therefore the solution only depends on the blade geometry
and inflow conditions. This method is unique because it combines Computational
AeroAcoustics (CAA) approaches with an advanced computational fluid dynamics (CFD) solver called TANDEM: Turbulence And Noise using the Disturbance
Equation Method.

1.1

Background

Wind turbine noise is a unique problem for various reasons. Firstly, wind farms are
typically constructed in rural areas, where the ambient noise is low. The amplitude
of the noise generated by a modern, utility-scale, wind turbine is typically rated
to keep noise less than or equal to 45 dB at a distance of 350 m and 35-40 dB at
a distance of 1 km (residences in the US are commonly located at distances closer
than 1 km to the nearest wind turbine)[6]. Since it is typical for noise levels in rural
areas to be on the order of 30 dBA at night, the sound from a wind turbine is likely
be noticeable to nearby communities. Serious sleep deprivation is reported to be a
large complaint of people who are most sensitive to the noise. Furthermore, since
people living in rural settings are likely to expect minimal man-made disturbances,
the noise can take on a psycho-acoustic aspect. This will increasingly become a
concern as wind farms are constructed in more densely populated areas because
there is pressure to build as close to local residences as possible. Additionally, the
rated noise levels at certain distances have, in a few scenarios, been shown to be
very different in reality, due to deviations in actual atmospheric conditions from
the input parameters used in the prediction models. Van den Berg[7] showed that
in certain night-time conditions, noise levels can be 5-15 dB louder than predicted,
affecting residences as far as 1.9 km away from the source. Considering that the
sound level is perceived to be doubled if its amplitude increases 10 dB, this is a
significant difference.
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A second problem associated with wind turbine noise is that it has a dominantly
broadband nature, meaning energy is contained in a wide range of frequencies. Due
to low atmospheric attenuation, noise in the low range of frequencies can propagate
long distances before reducing in amplitude. However, this is generally not a large
concern because much of the noise in these lower frequencies is either below the
threshold of human hearing, or the sound level amplitude is near or below the
audible level. A third aspect of wind turbine noise is that it fluctuates in amplitude
over time at the rate of the blade passage frequency (BPF). An example of the
amplitude modulation of a typical modern wind turbine is shown in Figure 1.1.
This is because, relative to a stationary observer, the directivity of the noise sources
on the blades changes as they rotate. This creates a variation in sound amplitude
as the blades assume a different position in the rotor plane resulting in a periodic
“swishing” noise that can be hard to ignore, particularly when observed at the
typical BPF. This is one of the reasons why a wind turbine is considered to be
more annoying than an airplane or train in spite of its considerably lower noise
amplitude level[5]. Finally, as discussed in further detail in subsequent sections,
the radiated sound intensity from the most dominant aerodynamic noise source of
a wind turbine increases with the fifth power of the local velocity at the leading
edge of the turbine airfoil section[8]. Since the outer radial regions of the blade
experience a higher tip speed, noise regulations create a design constraint on either
the rotation speed or the size of the turbine. Such regulations conflict with the
current trend of increasing rotor diameters on modern designs in order to produce
improved wind turbines with higher output capacities. In fact, since 1998, the
average hub height and rotor diameter have increased by 69%[9].

1.1.1

Wind Turbine Noise Sources

There are several noise sources present on a wind turbine assembly, however each
source can be classified into one of two categories. Sound which is generated by
the interaction of the moving parts in the wind turbine nacelle is categorized as
mechanical noise and sound which is generated by the flow of air over the solid
surfaces is categorized as aerodynamic noise. Figure 1.2 illustrates the various
noise sources present in a wind turbine assembly and the sound power level of each
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Figure 1.1: A Time-Frequency Map of the Sound Pressure Level of a 1.5 MW
Wind Turbine Illustrating Amplitude Modulation[1]
.
source for each possible transmission path.
Mechanical Noise
In the mechanical noise source group, notable sources include the gearbox, the
generator, the cooling fans, the yaw drives and the auxiliary equipment (such as
the hydraulics). While the noise generated by each component can be emitted
directly into the air and proceed to propagate to an observer, it is also possible
for the noise to travel through the wind turbine’s solid components such as the
hub, nacelle encasements, rotor or tower before being emitted into the air. The
original sound vibrations can be amplified when they are emitted into the air from
the solid components, and the sound power level of the source increases.
A wind turbine’s gear box component is typically the main source of noise in
the mechanical noise category. The purpose of the gearbox is to convert the slow
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Figure 1.2: Wind turbine noise sources[2].
rotation of the wind turbine blades to a faster rotation speed, which is required
in the power generator. As the gear wheels mesh together, the tooth pattern
creates a tonal noise that is amplified when it radiates through the nacelle surfaces
and gearbox enclosures. Presently, manufacturers are working to alleviate this
noise source. Gearless or direct drive wind turbines are currently in development
to eliminate the gearbox noise altogether. Other options include retrofitting the
wind turbine with components to mitigate the gearbox noise as well as the other
sources of mechanical noise. This includes treated gear teeth, acoustically lined
nacelle casings, installing vibration insulators, and constructing the assembly to
prevent sounds from taking a transmission path through the structure components.

6
Aerodynamic Noise
Aerodynamic noise is not as easily treated and is considered to be the largest
source of noise on a modern wind turbine assembly[2]. It is caused by various
complex fluid dynamics phenomena occurring when incoming flow interacts with
the surface of the wind turbine blades. The sources associated with aerodynamic
noise can be classified into three categories: low frequency noise, inflow turbulence
noise and airfoil self-noise.
1. The low frequency noise is caused by steady loading and thickness noise, and
unsteady loading noise. Steady loading and thickness noise are a result of
the accelerating force distribution on the blade and the fluid displacement
around the blade respectively. These two sources are tonal and related to the
BPF, meaning the sound energy is contained in a small number of frequency
bands, creating a spike in the spectrum at the frequency of each blade passing
a single angular location. In comparison to rotor-craft, where the rotation
of the blades is much faster and the loading and thickness noise is a large
part of the audible noise spectrum, the BPF on an industrial sized wind
turbine is around 0.8 Hz, which is well below the frequency range that can
be detected by the human ear. Therefore, steady loading and thickness noise
on a wind turbine are generally not a concern. However a small handful of
advocates have blamed the controversial “wind turbine syndrome” on this
noise source. The other low frequency noise source, unsteady loading noise,
usually occurs when the rotor is located downwind of the tower supporting
it, such that, the wake from the tower interacts with the rotor blades at the
blade passing frequency. This flow condition was previously a major cause of
concern due to its resultant high sound levels and turbine fatigue. However,
these problems are avoided altogether by constructing new models with the
rotor plane upwind of the tower. Other causes of unsteady loading may
be interaction with upwind rotors in cases of relative positioning of other
turbines in a wind farm.
2. Inflow turbulence noise can be a concern when there is a high level of turbulence present in the atmosphere. These levels are dependent on changes
in weather patterns, time of day and season. Inflow turbulence noise con-
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tributes to the total broadband noise spectrum and is not yet fully quantified,
however is known to peak in the low frequency region of the spectrum.
3. Airfoil self-noise contains the highest sound levels in the audible frequencies
of all the aerodynamic noise categories for wind turbines in steady operating
conditions. Generally, airfoil self-noise is categorized into five noise mechanism groups as is famously described in the work of Brooks et al.[3] These
noise sources can be broadband or tonal, depending on the flow conditions
and airfoil geometry. Recent research has labeled one of these categories
as the dominant noise source of large, modern, wind turbines[10]. Because
of its importance, this dominant source, referred to hereafter as turbulentboundary-layer–trailing-edge (TBL-TE) noise, is the main focus of study in
the present thesis. The airfoil self-noise mechanisms and the important role
that airfoil self-noise takes in the overall spectrum of wind turbine noise are
discussed in detail in the following section.

1.1.2

Airfoil Self-Noise Mechanisms

In the technical report on airfoil self-noise and prediction by Brooks et al.[3],
the self-noise mechanisms produced by an airfoil in smooth, non-turbulent, subsonic inflow are categorized by five flow conditions. Each flow condition is examined through experimental measurements and, using these experiments, a semiempirical prediction method is developed. The self-noise flow conditions as described in the report are summarized in Figure 1.3.
1. TBL-TE noise occurs when the boundary layer is fully turbulent by the time
it reaches the trailing edge, no separation is present and the trailing edge
of the airfoil is sharp. Under these flow conditions, the turbulent eddies
present in the boundary layer pass the trailing edge of the airfoil and scatter,
producing noise. This flow condition is a main cause of the total broadband
noise on a wind turbine.
2. Laminar-boundary-layer vortex-shedding noise is prominent when the Reynolds number is relatively low, allowing a laminar boundary layer to extend
past the trailing-edge of at least one side of the airfoil. Tollmien-Schlichting
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Figure 1.3: The five airfoil self-noise mechanisms from Brooks et al.[3]
instability waves, which are present in a mature, laminar boundary layer, interact with the trailing-edge, causing vortex shedding in the wake that results
in quasi-tones, related to the vortex shedding frequencies. Due to the higher
Reynolds number present on large wind turbine blades, this flow mechanism
is of less concern for wind turbines in normal operating conditions.
3. Separation stall noise, includes both boundary layer separation and large
scale separation occurring in a deep stall airfoil configuration. At high angles of attack or in strong adverse pressure gradients, the boundary layer
separates from the airfoil surface prior to passing the trailing-edge. As a
result a turbulent vortex structure is shed from the suction side of the airfoil,
producing a type of trailing edge noise. At especially high angles of attack
the separation is on the order of the whole airfoil chord, causing bluff-body
vortex shedding and low-frequency noise radiation. This flow condition may
be a concern for wind turbines especially if the yawing is not sufficiently
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rapid.
4. The fourth flow condition is trailing-edge-bluntness, vortex-shedding noise.
The vortex shedding wake is produced by the area of separation, occurring
aft of the blunt trailing edge. This condition can cause high levels of noise
in cases where the trailing-edge of the wind turbine blades are blunt.
5. Tip vortex formation noise is another mechanism caused by vortex shedding,
however in this case the shedding is a result of the pressure difference between
the suction and pressure sides of the airfoil, creating highly turbulent tip
vortices.
In the current research, the first flow condition, which produces TBL-TE noise,
is of most interest due to its dominant presence in the overall sound pressure level
spectrum of wind turbine aerodynamic noise. However, it is interesting to note that
the noise prediction methodology proposed in this thesis could be used to predict
many of the airfoil self-noise mechanisms described in the previous paragraph due
to the generality of the approach.

1.2

Turbulent-Boundary-Layer Trailing-Edge Noise

TBL-TE noise is the result of unsteady flow interacting with the trailing edge of
an airfoil or other sharp edged surface, and is a type of aerodynamic self-noise.
This flow phenomena is present in many common examples, ranging from rotorcraft noise to fixed wing airframe noise. With so many real word occurrences of
TBL-TE noise, there has been a strong need for an understanding of this source
through theory and experiment, and as a consequence there exists an extensive
array of literature available on the topic.

1.2.1

Theory

In unbounded and uniform flow conditions, aeroacoustic theory predicts that the
sound intensity produced by free, turbulent eddies scales with the eighth power of
flow velocity for low Mach number flows. In contrast, as these eddies approach
the vicinity of a sharp trailing edge, they are scattered and the radiated sound
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intensity increases to scale with the fifth power of the flow velocity. Additionally, the directivity of the sound radiation has been shown to take on a cardioid
shape centered at the tip of the trailing-edge. These results specifically apply to
cases where the flow is low Mach number, turbulent, and the chord dimension is
substantially smaller than the acoustic wave length, i.e. the body is acoustically
compact. Such flow conditions exist in many common uses of a sharp trailing edge,
including airframes, propellers, helicopter rotors and wind turbine blades. These
critical findings have become the backbone of trailing-edge noise theory, and their
corresponding scaling laws have become the basis of many semi-empirical models
used to predict TBL-TE noise.
The classic formulation of Ffowcs Williams and Hall[8] was one of the first important contributions made towards the development of trailing-edge noise theory.
Using Lighthill’s acoustic analogy, they considered the potential field radiated by a
quadrupole distribution near a sharp-edged, semi-infinite plane where the ambient
fluid is at rest. They found that the radiated sound intensity is dependent on
a relation involving the distance between the center of a turbulent eddy and the
edge of the half plane r0 , and the acoustic wavenumber k. Specifically, eddies satisfying the inequality 2kr0  1 are close enough to the trailing-edge of the plate
to generate trailing-edge noise. Furthermore, they were able to develop a well
known relation for the sound intensity and directivity characteristics of trailing
edge noise, verifying that the sound radiated from eddies close enough to interact
with the edge of a half plane are much more powerful than eddies in the free field.
Later, Howe[11] reviewed Ffowcs Williams and Hall’s trailing-edge noise theory
along with other derivations based on different approaches. His review concluded
that all the sharp trailing edge noise theories considered in the paper are essentially
identical when recast in a common system of parameters, given they are applied
to low Mach number problems. He also presented a unified theory of trailing
edge noise, investigated the effect of the Kutta condition and extended the model
to include the effects of forward flight and source motion relative to the edge.
His relation to correct for the Doppler amplification that occurs in forward flight
provided a good step toward using the theory in practical applications.
In general, the intensity associated with trailing edge noise in the flyover plane
(the observer is in the same spanwise location as the source) can be cast in the

11
following way:
I∼

ρ2amb a4 M 5



Lδturb
R2


φ

(1.1)

where ρamb is the ambient density, M is the local Mach number, a is the speed of
sound, L is the length of the trailing edge whetted by the turbulent flow, δturb is the
characteristic turbulence correlation scale and R is the separation distance of the
source and the observer. φ is the directional dependence of the noise, which takes
the form: sin2 (θ/2), when the Doppler factors associated with the ambient mean
flow and source convection are discarded, and the turbulent eddies are assumed
to travel parallel to the plane as they pass the trailing edge. In these simplified
conditions, θ is the flyover angle.
These results have been validated by subsequent trailing edge noise experiments. In particular, the acoustic experiments of Brooks and Hodgson[12] on the
NACA 0012 sharp edged airfoil found the previous trailing edge noise theories to
be a true representation of the sound level intensity generated by turbulent eddies
scattered by a sharp trailing edge. Additionally, Brooks and Hodgson showed that
if the surface pressures convecting past the trailing-edge of an airfoil are known,
TBL-TE noise can be accurately predicted. However, at that point in time, modeling a fully developed boundary layer in order to obtain the pressure fluctuations
at the level of accuracy required was beyond the computational capabilities[3].

1.3

Current Wind Turbine Noise Prediction Methods

A main contributor to the overall aerodynamic noise of wind turbines is TBL-TE
noise. For large, modern, wind turbines evidence in recent research shows that
this noise is the dominant source: if the mechanical noise is properly treated[10].
Therefore, in order to develop quiet wind turbine technology, it is important to
be able to efficiently and accurately predict this noise source and the correlated
radiated noise. Many TBL-TE noise prediction methods are semi-empirical, relying
on pre-existing data sets. This restriction can be problematic for wind turbine noise
problems because many of these models were originally developed for helicopter
rotor noise problems[3].
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1.3.1

Semi-Empirical Methods

The majority of current methods developed for the prediction of wind turbine noise
are based on a similar notion. Since the TBL-TE mechanism is the dominant source
of noise for large wind turbines, accurately predicting this source is essential for
the process of designing future generation wind turbine blade geometries with a
reduced noise footprint. Therefore, most, if not all models aim to include a TBLTE noise prediction method. Propagation effects of the TBL-TE noise source are
also important when calculating the spectra at observer locations. These usually
include directivity and convective amplification effects. However, other effects may
be taken into consideration by a more complete model. For instance, other selfnoise mechanisms such as inflow noise, tip noise and blunt trailing edge vortex
shedding noise are often included. Additionally, due to the environmental factors
present near wind turbine locations, some models include the sound propagation
effects of atmospheric attenuation, refraction and ground effects and/or tower wake
interaction.
A popular approach is to use two-dimensional semi-empirical source modeling
methods such as the airfoil self-noise prediction method developed by Brooks et
al.[3] or the TNO[13] trailing edge noise prediction method. These approaches
are applied for a complete rotating wind turbine blade system by discretizing
the wind turbine blade into several spanwise segments such that each element
represents a two-dimensional airfoil shape. The semi-empirical models require
input that is obtained using a variety of methods depending on the particular
model. This ranges from using an a priori database from experiments containing
the necessary input data[14] to the use of a panel integral boundary layer code[15],
to a full Reynolds averaged Navier-Stokes computation to obtain the turbulent
boundary layer parameters[16]. Once the source strength is found, a propagation
model is used to calculate the sound pressure level for each segment at a given
observer location and the element contributions are acoustically summed. The
inflow parameters for each segment such as angle of attack and local Reynolds
number can be determined by blade element momentum theory.
The method for wind turbine noise prediction, NAFNoise[17], was developed by
the US Department of Energy’s National Renewable Energy Laboratory (NREL),
and is an example of a semi-empirical model. NAFNoise has been improved over
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models based purely on Brooks et al.[3] by incorporating boundary layer prediction
routines such as XFOIL[18] into the solution algorithm to obtain more accurate
boundary layer properties which are used as inputs into the noise prediction empirical formulae[19]. In this way, the surface coordinates of the airfoil geometry can be
incorporated into the prediction algorithm in a semi-empirical manner. Turbulent
inflow modeling is also included in the model in order to predict turbulent inflow
noise in addition to the sound generated by the five airfoil self-noise mechanisms
outlined above.
The amplitude fluctuations present in the wind turbine broadband noise time
signature, referred to earlier as a periodic swishing sound, suggests that the noise
has a time varying aspect. In order to properly resolve the TBL-TE noise, most
up-to-date models include a way to account for this time dependency, as this
characteristic can be considered to be particularly annoying[20]. Recently, Oerlemans et al.[10] showed that these fluctuations are caused by the directivity of the
TBL-TE noise sources and the effects of moving sources with respect to stationary observers. Therefore, the time variation can be resolved by considering the
directivity and convective amplification for each element source and observer pair.

1.3.2

Computational Aeroacoustics Approaches

Hybrid CAA is another approach that could be applied to wind turbine noise
prediction. This method requires two computational tools. The first tool is a
time dependent, high fidelity CFD code capable of resolving both the small and
large scales of interest present in the problem at hand. Large Eddy Simulations
(LES) or Detached Eddy Simulations (DES) of the entire wind turbine blade could
be used for this purpose. However, as noted below, this would be computationally very expensive. The second tool required is an aeroacoustics solver based
on Lighthill’s acoustic analogy[21]. In most cases the aeroacoustics code solves
the Ffowcs Williams-Hawkings equation[22], which is a generalized integral formulation of Lighthill’s acoustic analogy. The idea behind this approach is to fully
resolve the flow variable fluctuations in the flow field surrounding the acoustic
sources with the CFD solver. Then, the time dependent flow data is saved to a
surface that surrounds the acoustic sources and passed to the aeroacoustics solver
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to determine the propagation of the resulting noise. Alternatively, a direct calculation of the noise at an observer location in the long range can be achieved
solely though a CFD simulation of the entire field of interest to obtain the acoustic
pressure fluctuations. However, this is computationally very expensive and beyond
present capabilities. By exporting the near field data from the CFD computation
into a Ffowcs Williams-Hawkings (FW-H) noise propagation code, it is possible to
greatly reduce the total computation time needed.

1.4

Research Objectives and Original Contributions

The research presented in this thesis is the continuation of an effort aimed to develop a computational aeroacoustics tool for accurately predicting wind turbine
noise. The current work is sponsored by the Wind and Water Power Technology
Division at Sandia National Laboratory. A majority of the test cases and computations were made possible thanks to the high performance computing cluster,
Red Sky, generously made available for this project by Sandia.
The goal of this project is to further the development of a first principles approach for the prediction of wind turbine turbulent-boundary-layer, trailing-edge
noise; a source which is considered to be one of the most important causes of aerodynamic noise on a modern, horizontal axis wind turbine. The far-field noise is to
be predicted by using a hybrid CAA approach, where an unsteady flow solver is
coupled with an acoustic analogy code. The key component in this research is the
high fidelity CFD solver, developed to resolve the noise-inducing turbulent structures present when a developed boundary layer interacts with the sharp trailing
edge of a wind turbine blade. The CFD solver, named TANDEM for Turbulence
And Noise using the non-linear Disturbance Equation Method, has been specially
developed to compute the flow field restricted to an area of interest.
The framework of the TANDEM code was developed in the original contributions made by Erwin in his master’s thesis work[23]. Improvements have presently
been made to TANDEM in this research, in order to move towards the full noise
prediction tool originally envisioned in the project’s conception. In the previous
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work the code was written for three-dimensions but only tested and functional
for two-dimensional cases. The current version of the code has been expanded
to work for three-dimensional cases as well. Convergence acceleration methods
such as dual-time stepping and implicit residual smoothing have been added to
speed up computation time. Various boundary conditions have also been added
and improved, most notably a turbulence injection method used to provide the
proper turbulent structures at the inflow boundary. Additionally, the code has
been modified to handle multi-block grids to enhance mesh control near sharp
edges. A three-dimensional polynomial interpolation preprocessor has been added
to the solution process in order to accommodate TANDEM’s requirement for an
accurate base flow solution, as described in the following sections.
In comparison with previous work, the present noise prediction method proposes to approach the problem through the so-called divide and conquer tactic.
The entire problem is broken into smaller, more manageable parts where each part
can be solved using different solution algorithms, best suited for the problem at
hand. In this way, an accurate and more efficient algorithm can be constructed. In
the case of trailing edge noise prediction, the problem can be broken down in such
a way that the size of the computational domain may be varied depending on the
part of the problem that is being solved. As described in subsequent sections, a
pivotal advantage of the approach has been to open up the possibility of restricting the calculations that are most computationally intense only to the region of
interest, dramatically reducing the required computational time by eliminating the
traditional need to fully resolve all the regions of flow.

1.5

Thesis Outline

In this thesis, the approach to the proposed method for predicting wind turbine
trailing edge noise is presented. The developments made to the TANDEM code
by this author are discussed and the implementation is demonstrated by relevant
test cases. Chapter 2 is a discussion of the problem approach. The challenges of
predicting trailing edge noise are outlined and the Non-Linear Disturbance Equations (NLDE) are introduced. The advantages of using the proposed method are
discussed. An overview of the history of the CAA flow solver, TANDEM, central
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to the noise prediction method is also outlined. In Chapter 3, the numerical methods of the TANDEM code are presented and the improvements that were added
to the TANDEM code for this research are detailed. Chapter 4 is a presentation
of code validation cases. Chapter 5 is a discussion of the TANDEM flow field
calculations in trailing edge flows and boundary layers. The current state of the
TANDEM code is also assessed. Finally, Chapter 6 is a summary of this research
and provides suggestions for future work.

CHAPTER

TWO
PROBLEM APPROACH

C

urrent trailing edge noise prediction methods leave room for an approach
that is a compromise between computational efficiency and solution ac-

curacy. The most commonly used methods are not computationally expensive;
however, they are based upon relations that have been derived from experimental
observations and databases thus, limiting the set of problem conditions for which
an accurate prediction can be made. In contrast, current state-of-the-art methods
based on first principles require extraordinary amounts of computational power
and time because traditional CFD practices are used to capture the fine scales
present in the flow field. Comparatively, the proposed method is designed to predict TBL-TE noise using advanced CFD methods and a multi-level CAA approach
to break the problem into smaller more manageable parts. In this way, the new
method will reduce the computational load traditionally required of a first principles solution process, while addressing the challenges associated with an accurate
TBL-TE noise prediction.

2.1

TBL-TE Noise Prediction Challenges

Noise is produced by unsteady disturbances in a medium where local fluctuations
in the acoustic variables create a traveling compression wave. This compression
infers a variation in density, which plays an important role in the propagation of
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sound[24]. In the case of typical, low Mach-number fluid-dynamics applications,
such density fluctuations would be assumed negligible. This demonstrates one very
fundamental example of the unique physical properties inherent in an aeroacoustic
problem. Keeping this in mind, it is apparent that certain challenges must be
addressed when developing a hybrid CAA approach as opposed to a standard
CFD solver. These challenges are discussed below.

2.1.1

Time Accuracy

Brooks and Hodgson showed that TBL-TE noise could be accurately predicted if
the surface pressures are known. However, to simulate the pressures to an acceptable level of accuracy, the turbulence history must be accounted for in addition
to the mean turbulent boundary layer characteristics[3]. Therefore, it is not sufficient to simply have a good estimate of the averaged statistics, but to choose
an approach that can also model the time dependent turbulence in the boundary
layer.
A time accurate calculation requires more computation time and thus more
computational resources than would be needed for a time independent calculation.
For a steady (time independent) solution, calculation iterations are repeated until
convergence is met. Then the solution given at the final iteration is taken as the
result. However, a time dependent calculation requires the solution process to
iterate to a statistically steady state and then must continue the computation,
generating the time history necessary for noise analysis.
The length of the time step must also be resolved on an order that captures the
flow features of interest in the problem. Aeroacoustic problems typically involve a
broad range of frequencies. Therefore, the time step size must be fine enough to
resolve the high frequency components of interest, however, the total time history
must be long enough so that several periods of the low frequencies are recorded.
These opposing constraints on the required time resolution can result in a long
computation time before all the time scales in the problem are represented in the
solution.
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2.1.2

Flow Scale Resolution

Aeroacoustic problems contain multiple spatial length scales. Specifically, the
length scale of the acoustic source located in the near field region of the problem
is usually much smaller than the scale of the acoustic wavelength of the traveling sound wave. Therefore, a CFD code used to predict noise must be able to
accurately resolve multiple length scales occurring in different regions of the computational domain[25].
To accurately predict the trailing-edge noise, the small-scale turbulence structures near the wall of the airfoil must be resolved. This requires the grid spacing
near the wall to be small enough to capture the wall normal velocity gradient in
the viscous sub-layer of the boundary layer. This resolution is typically measured
by the “y + ” value in the CFD community and is defined by,
y+ =

yuτ
ν

where uτ is known as the friction velocity and is equal to

(2.1)
q

τwall
ρ

and τwall is the

shear stress at the wall. Without the presence of a wall model, it is necessary to
resolve the grid such that the first point adjacent to the wall has a y + value on
the order of 1. The consequence is that as the grid is refined to achieve lower y +
values, the grid size increases and thus increasing computation time.

2.1.3

Stability Constraints

An issue related to time accuracy and grid size is the stability constraints of the
integration method. For explicit time marching using the Runge-Kutta method
for integration, the time step size is limited by the smallest grid dimension in the
computational domain. This limit ensures the numerical stability of the integration
scheme and can be generally defined by,
CF L =

a∆t
∆x

(2.2)

where CFL is called the Courant-Freidrichs-Lewy criterion and is usually set to
a value less than one. Therefore, for finely resolved meshes and explicit time
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marching schemes, the iteration time step can be so limited by the CFL number
that the computational time needed to collect a sufficient length of data (ie a few
period lengths) becomes impractical.

2.1.4

Numerical Accuracy

Numerical error in an aeroacoustics calculation must be avoided because acoustic
waves are small in amplitude. In fact, sound intensity is often times five to six
orders smaller than the mean flow[25]. If numerical noise is occurring on this order,
non-physical energy could be added to critical bands of the frequency spectrum,
resulting in misleading sound level amplitudes. High-order discretization schemes
are used in aeroacoustics problems to obtain high-fidelity results.
Acoustic waves are by nature non-dispersive and non-dissipative. However,
standard CFD discretization schemes are dissipative and disturbances tend to be
dampened as they travel through the computational domain. In an acoustic calculation it is of interest to know the solution at the location where the noise is to
be studied, which is often far from the location of the source. In the case of wind
turbine trailing edge noise, an observer on the ground can be up to 100 meters
or more away from a source if it is located at the top of the rotor plane. Therefore, the numerical algorithm used must be low in dispersion and dissipation in
order preserve the characteristics of the acoustic wave as it travels through the
computational domain to the location of interest. Tam compared the accuracies of
discretization schemes with differing orders when calculating the propagation of a
wave in 1D space. He showed that higher-order schemes with low dispersion and
low dissipation yielded more accurate results[26].

2.1.5

Boundary Conditions

In CFD calculations, boundary conditions are formulated specifically to impose the
known flow conditions on the solution at the edges of the computational domain.
However, conventional CFD boundary conditions were not developed to deal with
the small-amplitude non-dispersive and non-dissipative acoustic disturbances that
travel to the far-field boundaries. Without specially formulated conditions for
boundaries where outgoing disturbances should pass cleanly through (for example
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Figure 2.1: A flow chart outlining the computational steps in the proposed method
for predicting trailing edge noise.
inflow boundaries, outflow boundaries, or far-field boundaries), the acoustic waves
will reflect back into the computational domain and contaminate the solution.

2.2

A New Approach

This thesis describes a wind-turbine trailing-edge noise prediction method that
takes a multi-faceted approach in addressing the challenges discussed in the previous section. As such, the entire noise prediction problem is divided into smaller,
more manageable parts enabling the most efficient computational method available
to be used to solve each component problem. These components are essentially
a steady flow problem, an unsteady flow problem and an acoustic problem. One
key facet of the solution algorithm is the specialized CFD code named TANDEM
(Turbulence And Noise using the Disturbance Equation Method). This code was
developed specifically for the noise prediction method proposed in this thesis and
is used to solve the unsteady flow component of the problem. Other tools used
in the noise prediction method include the multi-functional FW-H solver, PSUWOPWOP[27, 28, 29], which is used in the aeroacoustic component of the problem
and the RANS solver Wind-US[30], which is used in the steady flow component of
the problem.
The wind turbine noise prediction steps taken when using the method proposed
in this thesis are outlined in Figure 2.1 and discussed in the following paragraphs.
First, a RANS solver is used to estimate the mean flow. By design, TANDEM requires a smaller computational domain with finer grid resolution than is needed for
a RANS solver. Therefore, in cases of differing grid resolutions, the RANS solution
is interpolated from the RANS domain onto the mesh generated for the TANDEM
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calculation. Next, the unsteady, flow solution is found using the TANDEM solver.
As this calculation commences, the instantaneous variables at each time step are
saved on an acoustic data surface surrounding the source region. The propagation
of the near-field noise sources to a far-field observer location is determined once
the acoustic data surface information is passed to the rotor noise prediction code
PSU-WOPWOP.
The development of the TANDEM flow solver took the bulk of the effort put
forth towards the overarching goal of compiling a noise prediction methodology.
TANDEM is a computational fluid dynamics code that solves the Non-Linear Disturbance Equations (NLDE) for an unsteady flow solution. The NLDE are a modified version of the Navier-Stokes equations, where the flow variables are resolved
into mean, q0 , and fluctuating, q 0 , components. Although the formulation is LESlike, it differs in that the mean component is assumed to be known and is treated
as a source term in the Navier-Stokes equations. Thus, the solution to the NLDE
system of equations is the deviation of the flow field from the estimated mean. As
stated above, the mean solution is obtained by using a steady Reynolds-Averaged
Navier-Stokes (RANS) flow solver prior to the NLDE calculation. There are many
highly optimized RANS solvers available and the mean solution can be obtained
accurately and efficiently. Additionally, for the RANS calculation, it is appropriate to use a relatively coarse grid due to the scales of interest for the steady flow
calculation and the readily available near-wall and turbulence models. Virtually
any validated RANS solver can be used, however Wind-US is the solver of choice
in this research.

2.2.1

The Non-Linear Disturbance Equations

The NLDE were originally developed by Morris et al. [31] and have successfully
been demonstrated in flow applications other than wind turbine noise calculations. In previous research the NLDE have been used in applications such as fluid
dynamics of bluff body flows,[32] supersonic jets,[33] and a low pressure turbine
blade[34].
The NLDE are derived in this research by starting with the standard, three-
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dimensional, compressible version of the Navier-Stokes equations,
∂Ev ∂Fv ∂Gv
∂q ∂E ∂F ∂G
+
+
+
=
+
+
∂t
∂x
∂y
∂z
∂x
∂y
∂z

(2.3)

For simplicity, the equations are shown here in the Cartesian coordinate system.
Chapter 3 discusses grid metrics and the NLDE as cast in curvilinear coordinate
form. Using the conservation form of the governing equations, the instantaneous
flow vector is defined as,
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where ρ is the fluid density, u is the x component of velocity, v is the y component
of velocity, w is the z component of velocity and e is the total energy per unit
volume, defined as,
e = ρet =


p
1
+ ρ u2 + v 2 + w2 .
γ−1 2

(2.5)

where et is the specific total energy. In the above energy equation, p is the instantaneous pressure, and γ is the ratio of specific heats.
The inviscid flux vectors (E, F, and G) and viscous flux vectors (Ev , Fv , and
Gv ) in equation (2.3) are defined as,
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(2.7a)
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(2.8a)
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where τ represents the viscous stresses and q represents the heat flux in the coordinate directions denoted by the subscripts. Assuming a Newtonian fluid and
applying the Stokes hypothesis for the bulk viscosity, the viscous stresses become:


τxx

∂u 2
= 2µ
− µ
∂x 3



τyy

∂v 2
− µ
= 2µ
∂y 3

τzz

∂w 2
− µ
= 2µ
∂z
3

∂u ∂v ∂w
+
+
∂x ∂y
∂z



∂u ∂v ∂w
+
+
∂x ∂y
∂z



∂u ∂v ∂w
+
+
∂x ∂y
∂z


∂u ∂v
τxy = τyx = µ
+
,
∂y ∂x


∂w ∂u
τxz = τzx = µ
+
,
∂w ∂z


∂v ∂w
τyz = τzy = µ
+
.
∂z
∂y





,

(2.9a)

,

(2.9b)

,

(2.9c)
(2.9d)
(2.9e)
(2.9f)

The definition for the heat flux, q, is based on Fourier’s law of heat conduction
and is proportional to the local temperature gradient:
qx = −κ

∂T
∂T
∂T
, qy = −κ , qz = −κ .
∂x
∂y
∂z

(2.10)
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The dynamic viscosity, µ and the thermal conductivity, κ, are assumed to be
dependent solely on temperature effects and are both found using Sutherland’s
law for air with constants as defined in Erwin’s thesis[23].
In order to solve equation (2.3) for all the variables introduced, one more equation is required to balance the number of equations to the number of unknowns.
This last equation is the ideal gas law and provides a relationship between temperature, pressure and density assuming a thermally perfect gas,
p = ρRT

(2.11)

Nm
where R = 287.0 kgK
is the gas constant for air.

The NLDE are derived by considering the mean and fluctuating components of
the instantaneous flow variables. For example the velocity u can be expressed as
the sum of its mean (u0 ) and fluctuating (u0 ) components: u = u0 + u0 . The same
principle can be applied to the remaining flow variables ρ, v, w, and e. By replacing
the instantaneous variables for the sum of their mean and fluctuating parts in the
instantaneous flow vector q from equation (2.3) the following definition is obtained,


ρ0






 ρ0 u0
0
q = q0 + q =
ρ 0 v0




ρ0 w0



 e
0













ρ0




0
0
0 0


 ρ u0 + ρ0 u + ρ u
+
ρ0 v0 + ρ0 v 0 + ρ0 v 0








ρ0 w0 + ρ0 w 0 + ρ0 w 0





 

e0











.

(2.12)










Substituting (2.12) into equation (2.3) gives the full system of the NLDE, rearranged so that the solution vector is on the left-hand-side,
∂q0
=
∂t



∂Ev ∂E ∂Fv ∂F ∂Gv ∂G
−
+
−
+
−
∂x
∂x
∂y
∂y
∂z
∂z


−

∂q0
∂t

(2.13)

The mean flow can be a steady state solution or an averaged flow field that has
a time dependent behavior. The former is considered to be true for the present
research because in the problem of wind turbine broadband noise prediction, the
rotational loading on the blade changes very slowly over the short physical time
period needed to resolve the turbulent fluctuations in the boundary layer. This
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assumption eliminates the time derivative of the mean flow vector q0 in equation
(2.13) leaving the time accurate solution of the fluctuating variable to depend
exclusively on the instantaneous inviscid and viscous flow vectors.
In the NLDE solution process, the perturbation flow variables are decomposed
from the fluctuating flow vector using the relation,
ρ0 = q 0 (1)
u0 = (q 0 (2) − ρ0 u0 ) /ρ
v 0 = (q 0 (3) − ρ0 v0 ) /ρ

(2.14)

w0 = (q 0 (4) − ρ0 w0 ) /ρ
e0 = q 0 (5)
where ρ is the instantaneous density. The fluctuating pressure, which is needed for
noise prediction, can be found from
p0 = (γ − 1) [e0 − ρ (u0 u0 + v 0 v0 + w0 w0 )
 1

1
− ρ u02 + v 02 + w02 − ρ0 u20 + v02 + w02
2
2


(2.15)

These decomposed, fluctuating variables are used to update the instantaneous
variables in the flux vectors and the solution of equation (2.13) is advanced to the
next time step.

2.2.2

Advantages of the proposed method

One of the challenges discussed in the problem approach is the large amount of
computational effort that is required to obtain an accurate noise prediction using a
CAA method. The flow field of a wind turbine blade near the trailing edge is complex and contains a wide range of length and time scales typical of a high Reynolds
number boundary layer. An accurate CAA prediction of wind turbine noise would
require this entire range of scales to be resolved. The computational resources
needed for a DNS or LES of this magnitude will remain unavailable for many
years. Two critical aspects of the method proposed in this thesis address this challenge: the NLDE flow solver and the FW-H noise propagation code. Labourasse
and Sagaut[34] have shown that because the NLDE reconstruct the fluctuations
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Figure 2.2: An example of an NLDE computational domain imposed over its
corresponding RANS domain. The NLDE domain in this example is shown in red
and contains four blocks. The RANS domain is in black with every fourth grid
point shown for clarity.
on a mean flow field, numerical errors are minimized and it is possible to use a
reduced computational region when compared to a conventional CFD domain size.
Since TBL-TE noise is of particular concern for wind turbines, the NLDE computation can be localized to the trailing edge area of the airfoil, provided the proper
turbulent scales are present at the inflow boundary. Figure 2.2 is an example of
what an NLDE domain would look like when it is imposed on its corresponding
RANS computational domain. The use of a minimal area computational domain
to construct the unsteady flow solution in a region of interest can greatly reduce
the number of grid points required over an LES domain with the same resolution
thus reducing the computational requirements.
With a compact computational domain, the far-field noise cannot be obtained
solely from a CFD computation. Instead, the noise source is surrounded by an
acoustic data surface and the flow variables on the surface are saved for a series
of time steps. Using PSU-WOPWOP, this acoustic data surface is treated as a
permeable surface as described by Farassat in formulation 1A[35] an integral representation of the Ffowcs Williams and Hawkings equation. Using this tool, the
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noise can be propagated to any location in the acoustic far-field. This hybrid CAA
approach allows the use of a smaller computational domain, and limits the problems associated with dispersion and dissipation when acoustic wave propagation is
calculated using CFD.
Another advantage to the method is the generality of the approach. The semiempirical models previously mentioned are typically based on two-dimensional
measurements for symmetric NACA airfoil sections that are not particularly representative of production style wind turbine blades. Although such models are useful
in some applications, they are not entirely successful and are unlikely to provide
reliable results in cases where the airfoil geometry or wind conditions differ significantly from the empirical database. The present approach is general because
it only requires the ambient flow conditions, the blade geometry and the desired
observer locations to be known. Therefore, provided that the CFD computation
is accurate, the model can correctly capture the resulting noise spectrum. In addition, the model can accommodate for rotational and three-dimensional effects
present on the whole wind turbine blade and a fully time dependent solution capable of yielding a time-pressure history of the acoustic fluctuations. Finally, CAA
boundary conditions can be applied, resulting in a more accurate acoustic field.

2.3

TANDEM Flow Solver History

The TANDEM code is a parallel CFD solver that integrates the NLDE as discussed
in the previous sections. Originally, the TANDEM flow solver was developed by
Erwin[23] to provide the first building blocks toward a complete wind turbine noise
prediction method. The code was tested and validated for two-dimensional cases
using a time accurate integration method. In these validation cases, the mean flow
component in the NLDE was taken to be uniform. The validation cases included a
Gaussian pulse in stationary and moving media, the scattering of a Gaussian pulse
by a circular cylinder, and uniform flow around a circular cylinder with turbulent
vortex shedding at a Reynolds number based on diameter (ReD ) of 90, 000. Additionally, two airfoil cross sections were tested: the NACA 0012 and the BSDS
flatback airfoils[36]. The BSDS flatback is a geometry developed specifically for
wind turbine blades by Sandia National Laboratory’s Wind and Water Technolo-
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gies Division. The time dependent solution from these test cases were saved to an
acoustic data surface and imported into the aeroacoustics code PSU-WOPWOP.
The sound pressure level and directivity predictions showed promising results.
Presently, the TANDEM flow solver has been improved by increasing the code’s
functionality. This is done by adding an interpolation preprocessor to impose
a RANS flow field solution onto a refined grid for the TANDEM calculation, a
steady state and dual-time stepping method for time integration, a multi-block
grid capability to enhance mesh control near sharp edges, a Thompson style[37]
non-reflecting boundary condition for boundaries with non-uniform background
flow, and a turbulent recycling and rescaling method for the generation of inflow
turbulence. Although these improvements represent significant progress toward the
end goal of the project, they are presently in the form of a simple implementation
to be built upon as the project progresses. These improvements are discussed in
the subsequent sections and the early steps towards the complete demonstration of
the TANDEM code and its current status is presented. For an in depth discussion
on the original code implementation, the reader is referred to Erwin[23, 38].

CHAPTER

THREE
NUMERICAL METHODS

T

ANDEM is a finite difference code written in the Fortran 90 language using
a modular file structure and derived data types for easy modifications and

controlled variable passing. It is parallelized for computation speed using Message Passing Interface (MPI) to facilitate communication between processors. The
numerical methods discussed in this chapter are implemented using this modular
structure and parallelization interface.
The basic framework of the code is discussed in the next section (3.1) where the
fundamental parts of the original implementation are reviewed and a few minor
modifications noted. In the next section (3.2) newly added solution convergence
acceleration methods are discussed. The following two sections describe additions
and modifications made to the boundary conditions (section 3.3) and the parallel
implementation (section 3.4) of the TANDEM code. Finally, the last section (3.5)
presents the method used to interpolate the mean flow solution onto the TANDEM
grid in addition to a discussion regarding considerations needed when interpolating
from course to fine meshes.

31

Figure 3.1: Left: An example of a curvilinear mesh applied to the two-dimensional
cylinder case shown in the physical domain. The mesh spacing grows in the direction away from the wall of the cylinder and is fitted to its curvature. Right: A
depiction of how the cylinder mesh on the left might look like once transformed
to the computational domain. The mesh is unwrapped and evenly spaced. The
relative locations of the corners in each domain are labeled with A, B, C and D.

3.1
3.1.1

Numerical Schemes
Grid Metrics

The system of equations (2.13) derived in the previous chapter are reformulated
from Cartesian form to a generalized curvilinear coordinate system. This formulation allows the mesh to be stretched in a given direction, reducing the overall
number of grid points in the mesh. Without the possibility of using grid stretching, the entire mesh would have to be restricted to the small cell sizes required for
regions with the largest flow gradients, such as near a viscous wall. This would
result in a mesh with an unmanageably large number of grid points. Additionally,
the curvilinear coordinate system allows the mesh to fit the contours of general geometry shapes. This functionality is especially useful for cases of airfoil or cylinder
shaped bodies (see Figure 3.1). This curvilinear formulation was implemented in
the original Erwin [23] version of the TANDEM code.
The grid transformation from Cartesian coordinates x, y and z to generalized
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coordinates ξ, η and ζ,
ξ = ξ (x, y, z)
(3.1)

η = η (x, y, z)
ζ = ζ (x, y, z)

is executed through the use of the Jacobian determinant of the grid transform
matrix. The Jacobian determinant, J, is defined as,

J=

∂ (ξ, η, ζ)
=
∂ (x, y, z)

∂ξ
∂x
∂η
∂x
∂ζ
∂x

∂ξ
∂y
∂η
∂y
∂ζ
∂y

∂ξ
∂z
∂η
∂z
∂ζ
∂z

=

∂x
∂ξ
∂y
∂ξ
∂z
∂ξ

∂x
∂η
∂y
∂η
∂z
∂η

∂x
∂ζ
∂y
∂ζ
∂z
∂ζ

−1

.

(3.2)

In the solution process, the derivatives of the grid metrics are found using the same
finite difference scheme that was used for the flow variables.
Applying the metric transformation to equation (2.13) gives the governing equations reformulated in generalized coordinates,
∂
∂t



q0
J


=

∂ Êv ∂ Ê ∂ F̂v ∂ F̂ ∂ Ĝv ∂ Ĝ
−
+
−
+
−
∂ξ
∂ξ
∂η
∂η
∂ζ
∂ζ

!
−

∂  q0 
,
∂t J

(3.3)

where a hat has been used to indicate regrouped terms arranged to maintain the
strong conservation form. The rewritten flux terms on the right hand side of equation (3.3) are

Ê =

ξx E + ξy F + ξz G
,
J

(3.4a)

Êv =

ξx Ev + ξy Fv + ξz Gv
,
J

(3.4b)

F̂ =

ηx E + ηy F + ηz G
,
J

(3.5a)

F̂v =

ηx Ev + ηy Fv + ηz Gv
,
J

(3.5b)

Ĝ =

ζx E + ζy F + ζz G
,
J

(3.6a)

Ĝv =

ζx Ev + ζy Fv + ζz Gv
,
J

(3.6b)

where the inviscid (E, F, G) and viscous (Ev , Fv , Gv ) flux vectors are defined
in the previous chapter. Variables with coordinate (Cartesian or curvilinear) subscripts denote a partial derivative with respect to the subscript variable. For
example, ξx =

∂ξ
.
∂x
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Since the viscous flux vectors are defined using Cartesian partial derivatives,
further definition is required to fully describe the transformation of the governing
equations to the curvilinear coordinate system. For the curvilinear formulation,
the viscous stress terms are redefined as,
2
τxx = µ{2 (ξx uξ + ηx uη + ζx uζ ) − (ξy vξ + ηy vη + ζy vζ ) − (ξz wξ + ηz wη + ζz wζ )}
3
(3.7a)
2
τyy = µ{2 (ξy vξ + ηy vη + ζy vζ ) − (ξx uξ + ηx uη + ζx uζ ) − (ξz wξ + ηz wη + ζz wζ )}
3
(3.7b)
2
τzz = µ{2 (ξz wξ + ηz wη + ζz wζ ) − (ξy vξ + ηy vη + ζy vζ ) − (ξx uξ + ηx uη + ζx uζ )}
3
(3.7c)
τxy = τyx = µ (ξy uξ + ηy uη + ζy uζ + ξx vξ + ηx vη + ζx vζ )

(3.7d)

τyz = τzy = µ (ξz vξ + ηz vη + ζz vζ + ξy wξ + ηy wη + ζy wζ )

(3.7e)

τxz = τzx = µ (ξz uξ + ηz uη + ζz uζ + ξx wξ + ηx wη + ζx wζ ) ,

(3.7f)

and the heat flux definition for the curvilinear coordinate formulation is,
qx = −κ (ξx Tξ + ηx Tη + ζx Tζ )

(3.8a)

qy = −κ (ξy Tξ + ηy Tη + ζy Tζ )

(3.8b)

qz = −κ (ξz Tξ + ηz Tη + ζz Tζ ) .

(3.8c)

Equations (3.4a) - (3.6a) may also be written in terms the contravariant velocities U, V and W that represent the velocities in the direction of the general
curvilinear coordinates ξ, η and ζ respectively. For example, the ξ flux term is
written

Ê =



ρU






 ρU u + ξx p

1
ρU v + ξx p
J



ρU w + ξx p



 (e + p) U











,

(3.9)










where,
U = ξx u + ξy v + ξz w.

(3.10)
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3.1.2

Discretization Scheme

The governing equations are discretized using the Dispersion-Relation-Preserving
(DRP) scheme developed by Tam and Webb[39]. This scheme was derived with the
goal of providing an optimized high-order finite-difference scheme for aeroacoustic
computations.
The finite difference formulation for a partial derivative of the variable φ using
a 2N + 1 size stencil located about the grid point i can be written in the form,


∂φ
∂x


i

N
1 X
an φi+n .
'
∆x n=−N

(3.11)

Applying the Fourier Transform with respect to x to equation (3.11) gives,
1
ik φ̂ '
∆x

"

N
X

#
an eink∆x φ̂ = ik̄ φ̂,

(3.12)

n=−N

where k is the wave number, and a hat represents a transformed variable. The
effective wave number, k̄, is a modification to the wave number that is a consequence of the discretization scheme. Equation (3.12) can be rearranged to obtain
a formula for the effective wave number
N
2 X
k̄ =
an sin k∆x.
∆x n=−N

(3.13)

The coefficients of the DRP finite difference formulation are chosen such that
the Fourier transform of the derivative in equation (3.11) is preserved. This is
achieved by lowering the order of the scheme so that one coefficient is free to be
defined. The coefficient is chosen by minimizing the integrated error between α∆x
and ᾱ∆x over a desired range ±η
Z

η

E=

|k∆x − k̄∆x|2 d (k∆x) .

(3.14)

−η

A seven-point, fourth-order accurate, central-difference, DRP stencil is used
in the TANDEM code at the grid points away from the boundaries. The DRP
weighted coefficients are derived using seven points to resolve the sine wave in
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a−3
a−2
a−1
a0
a1
a2
a3

n = 3, m = 3
-0.019324515...
0.160631393...
-0.763289242...
0.0
−a−1
−a−2
−a−3

Table 3.1: A list of the central difference DRP coefficients used in the TANDEM
code
equation (3.13) and are listed to the ninth decimal place in Table 3.1. Near the
boundaries, where a seven point central difference stencil cannot be used, the
stencil size drops and a discretization scheme based on a Taylor series expansion is
chosen to replace the DRP scheme. Therefore, when the computation reaches the
location where it is three and two points away from the boundary, the stencil is
reduced to five points and three points respectively with a central difference scheme.
At the outer boundary point, a three point biased difference is used. This near
boundary modification of stencil size and finite difference scheme is a modification
from the original NLDE code and prevents boundary condition induced numerical
instabilities from spreading, resulting in a more stable solution process.

3.1.3

Low Pass Filter

The discretization of the governing equations with high-order central-difference
schemes results in spurious short waves that are unstable and can grow as the
calculation proceeds. Additionally, instabilities can arise from discontinuities in
body fitted or complex meshes and at the boundaries of the computational domain.
Therefore a method that damps these numerical instabilities must be included in
the numerical scheme. A low pass filter is chosen to be implemented for the current
applications instead of numerical dissipation because it provides minimal damping,
which is ideal for aeroacoustics problems.
Visbal et al.[40] developed a high-order, implicit, low-pass filter while keeping
high-order discretization schemes in consideration. This filter was selected to be
implemented in the TANDEM code to provide damping to the high frequency in-
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stabilities. The filtered values of each variable are obtained by solving a tridiagonal
system of equations,
αf φ̂i−1 + φ̂i + αf φ̂i+1 =

N
X
an
n=0

2

(φi+n + φi−n ) ,

(3.15)

where φ̂ represents the filtered value of φ, and an represents the coefficients of
the filter. The value of N can be adjusted for the desired order of the filter
where 2N + 1 is the filter order. The filter coefficients are derived in terms of
the adjustable parameter αf using Taylor and Fourier series analyses. The value
of αf is bounded by −0.5 < αf ≤ 0.5 where higher values correspond to a less
dissipative filter and low values correspond to a higher dissipative filter. For most
of the simulations presented in this thesis a value of 0.3 was found to be satisfactory,
however, exceptions are noted in some cases. A seven point stencil was chosen for
the filter to match the seven point discretization stencil in the TANDEM code.
The solutions at the outer boundary points φ1 and φN max are not filtered and
biased formulas are used at the near boundary points i = 2, 3, Nmax − 1 and
Nmax − 2:
αf φ̂i−1 + φ̂i + αf φ̂i+1 =

7
X

an,i φn

i  {2, 3}

(3.16)

n=1

αf φ̂i−1 + φ̂i + αf φ̂i+1 =

6
X

aNmax −n,i φNmax −n

i  {Nmax − 2, Nmax − 1} (3.17)

n=0

The filter is called after the final stage of each Runge-Kutta integration step.
That is, after each sub-iteration step for implicit methods or after each iteration
for explicit methods.

3.1.4

Runge-Kutta Integration

Time integration of the governing equations is accomplished using the RungeKutta method. The specific Runge-Kutta integration scheme is chosen according
to the time advancement requirements. For explicit, time accurate calculations
with a global time step, a five-stage Low Dispersion and Dissipation Runge-Kutta
(LDDRK)[41] method is used. The scheme is fourth-order accurate and mini-
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mizes the dissipation and dispersion errors of typical Runge-Kutta time marching
schemes. For steady state calculations, used in the sub-iteration process of the
dual-time stepping method, a low storage, explicit four-stage Runge-Kutta (RK4)
scheme is used with modified weighting coefficients to increase damping. Since
time accuracy is not a concern in a steady state calculation, the convergence of the
RK4 time marching scheme can be accelerated by ensuring the errors propagate
out of the computational domain as quickly as possible. This is implemented by
advancing the solution at each grid point based on a local time step as opposed to
a global time step.
The local time step is determined using the CFL criterion due to the inviscid
and viscous contributions and is based on Arnone’s[42] local time-stepping formulation,
∆t =

CF L
.
CI + CV

(3.18)

The inviscid contribution is,
C I = λξ + λη + λζ

(3.19)

and the viscous contribution is,
CV =

5.5µγ (|∇ξ|2 + |∇η|2 + |∇ζ|2 )
.
ρP r

(3.20)

where Pr is the Prandtl number. In the above equations, λ represents the eigenvalues of the curvilinear coordinate transform and are defined as,
λξ = |U | + a|∇ξ|,

(3.21)

λη = |V | + a|∇η|,

(3.22)

λζ = |W | + a|∇ζ|.

(3.23)

and U , V , and W are the contravariant velocities in each curvilinear coordinate
direction. In inviscid simulations the viscous contribution, CV , is set to 0.
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3.2

Convergence Acceleration Methods

When attempting to resolve the unsteady small scale disturbances in a CFD calculation, it is necessary to use a highly refined mesh and many physical time steps.
With an explicit time-marching scheme, the computation time required can be
excessive even with a parallelized code and abundant computational resources.
Therefore, the TANDEM code has been modified to minimize this computation
time in the form of two convergence acceleration methods, discussed in the following sections.

3.2.1

Dual-Time Stepping

Dual-time stepping has been implemented to speed up computation time by using
local time stepping. In this method, the solution is advanced through a global
physical time step by performing a sequence of steady state computations in fictitious time based on the local time step. The advantage is that the physical time
step is no longer constrained by numerical stability issues and can be chosen based
on the desired temporal resolution of the turbulent fluctuations. This is applied in
practice by modifying the governing equations. Equation (2.13) is recast as
∂q0
= Res (q0 )
∂t

(3.24)

and then the fictitious time variable, τf ict. , can be introduced. The fictitious time
step is found locally by applying the CFL condition (3.18) at each grid point. A
rearrangement of equation (3.24) gives
∂q0
∂q0
= Res (q0 ) −
= Res∗ (q0 )
∂τf ict.
∂t

(3.25)

As the solution approaches a steady state, the new residual, Res∗ (q0 ), should
approach zero recovering the original NLDE equations. In the present implementation, the derivative of the fluctuating flow variable with respect to physical time
is discretized using a three-point, backward difference. So the final form of equation
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(3.25) can be written as
∂q0
3q0m − 4q0m−1 + q0m−2
= Res (q0 ) −
= Res∗ (q0 )
∂τf ict
2∆t

(3.26)

where m represents the current physical time step iteration. This method can be
improved further by adding implicit smoothing to the residuals, which will drive
Res∗ (q0 ) to zero more quickly.

3.2.2

Implicit Residual Smoothing

In simulations that are meant to converge to a steady state solution, either subiterative or time independent, large time steps are preferred because they propagate
small scale disturbances out of the computational domain as quickly as possible.
However, the time step size is limited by the stability requirements of the scheme.
One approach for increasing the possible time step size is to increase the stability
of the integration procedure by smoothing the residuals in the governing equations.
With a larger stability footprint, the CFL number can be increased, allowing for
a larger time step. This method is called implicit residual smoothing (IRS) and
is executed by applying a weighted averaging scheme to the residuals across an
adjacent set of grid points.
Jameson and Baker[43] first demonstrated the advantages of the IRS method
when coupled with a second-order, central-difference, multi-stage scheme for inviscid flows. Subsequent authors Radespiel et al.[44] and Zhu et al.[45] have developed schemes to deal with high aspect ratio grids and biased differencing. The
IRS method used in the TANDEM code is implemented as described in the PhD
dissertation by Du[46].
Generally, the residual Resi of the flow variable φ at the grid location i can be
represented as follows:
∂φ
= Resi .
∂t

(3.27)

Smoothing is achieved by implicitly averaging the residuals using the relation:
Resi = Resi −  Resi−1 − 2Resi + Resi+1



(3.28)
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where Res and Res are the residuals before and after smoothing is performed,
respectively, and  is the residual smoothing parameter. Using the central difference
operator, δ, to simplify equation (3.28) the formula for residual smoothing in one
coordinate direction is obtained:

Resi = Resi 1 − δξ2 .

(3.29)

In his thesis, Du[46] showed that the amplification factor, G, of the original
d such that the new amscheme before smoothing is scaled by the parameter IRS
plification factor after smoothing, G∗ , is
d = G (ω)
G∗ (ω) = G (ω) IRS

1
.
1 + 4 sin2 (ωh/2)

(3.30)

Since this factor is always less than one if  is always positive, a larger time step
∆t can be used when the residuals are smoothed as in equation (3.29).
The stability constraint,
|G∗ (ω) | ≤ σ < 1

(3.31)

is imposed on the new amplification factor, where σ represents the CFL number.
This rule preserves the same stability region as the original equations and provides
a means to derive a relationship between the residual smoothing parameter and
the ratio of CFL numbers before and after application of the IRS. Du estimates
this relationship to be,


2
1
1
1 σ∗
>
+ 0.1
3 1.158 1.6227 σ

(3.32)

where σ ∗ represents the CFL number after smoothing.
In viscous meshes where aspect ratios are large, the damping characteristics of
the IRS scheme can become compromised in the directions that are not stretched.
This is because on the longer cell sides, the characteristic wave speeds are much
smaller than the stability limit set by the short side of the cell. Since damping is
optimal at the wave speeds near the stability limit, the IRS scheme can be improved
for stretched grids by introducing multiple coefficients given the characteristic wave
speeds of the grids in the three coordinate directions. Radespiel suggests the
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following modification to the CFL ratio in equation (3.32) for smoothing in the ξ
direction,

√
√ 
σ ∗ 1 + max rηξ , rζξ
σ∗
⇒
,
σ
σ 1 + max (rηξ , rζξ )

(3.33)

where rηξ = λη /λξ and rζξ = λζ /λξ . The term λ is the spectral radius of the
Jacobian of the inviscid flux terms and represents the maximum propagation speed
of the characteristic wave in each coordinate direction. The direction is denoted
by the subscript accompanying λ, either ξ, η or ζ. With equation (3.32) modified
as suggested, the residual smoothing parameter is calculated in each coordinate
direction as follows
2
ξ =
+ 0.1
2


√
√
1
1
1
σ ∗ 1+max( rξη , rζη )
η = 3 1.158 1.6227 σ 1+max r ,r
+ 0.1
( ξη ζη )


2
√
√
1
1
1
σ ∗ 1+max( rξζ , rηζ )
ζ = 3 1.158 1.6227 σ 1+max r ,r
+ 0.1
( ξζ ηζ )
1
3



1
1.158



√
√
1
σ ∗ 1+max( rηξ , rζξ )
1.6227 σ 1+max(rηξ ,rζξ )

(3.34)

Typical values for the CFL ratio range from σ ∗ /σ = 2 − 2.5 in three-dimensional
applications. With the variable residual smoothing coefficients defined as above,
the IRS can be applied sequentially in the three coordinate directions:
Resi = Resi 1 − ξ δξ2



1 − η δη2




1 − ζ δζ2 .

(3.35)

Problems with the IRS scheme arise in the application in the near boundary regions. This is especially important to note when IRS is implemented in a
multi-block code where the interfaces require biased differencing. Du’s approach to
dealing with near boundary points is also adapted in the TANDEM code. Simply
put, the residuals in the near boundary points, where biased differencing is required, are left unchanged by the IRS scheme. Numerical tests and results shown
in the subsequent sections show that this is an acceptable approach and does indeed yield significant speed up in the convergence rate. However, this is an area
which could be investigated in future studies.
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3.3

Boundary Conditions

The restriction of the computational domain to an area of interest requires that
special attention be paid to the flow data entering and leaving the boundaries.
When simulating trailing edge noise and turbulent boundary layers in combination
with a restricted computational domain, it is imperative that the incoming flow
contains all of the proper turbulent characteristics of a fully developed boundary
layer. Additionally, with a smaller domain, the boundaries are likely to be located
closer to the flow disturbances in the inner part of the computation. Therefore, a
boundary condition that allows outgoing waves to pass out of the computational
domain with minimal reflection is required. The boundary conditions implemented
to overcome these challenges are reviewed in the following section in addition to a
section discussing an improvement made to the viscous wall boundary condition.

3.3.1

Turbulent Recycling

On a wind turbine blade, the boundary layer develops from near the leading edge,
and in typical flow conditions contains fully turbulent flow by the time it nears
the trailing edge. Therefore, it is important to carefully construct the turbulent
fluctuations present in the developed boundary layer at the inflow boundary of
a truncated domain. In the present research, the method selected for generating
realistic turbulent inflow data is the turbulent rescaling and recycling method.
In addition to being an accurate way to provide inflow turbulence, this method
is advantageous for two reasons. First, it does not require the use of auxiliary
computations and can be used as a boundary condition in conjunction with the
solution of the interior flow field. That way, as the computation develops towards a
converged solution, the generated inflow turbulence approaches the desired scales.
The second advantage is that the method uses the same computational strategy
as the TANDEM flow solver by separating the flow into a mean and fluctuating
part and constructing the inflow data separately for each part. Assuming that a
good estimate of the mean flow is already provided, it only remains to construct
the fluctuating part, which is convenient in our present application.
The original formulation of the turbulent recycling method is that of Lund et
al.[47]. Urbin and Knight[48] extended this method for compressible flows. The

43

Figure 3.2: An illustration of turbulent recycling and rescaling in a boundary
layer. The fluctuating variables are sampled from the boundary layer at the recycle
location shown above, rescaled and written to the inflow plane.
idea is that the flow is sampled from a downstream location (referred to as the
recycle station), rescaled and reintroduced into the inflow boundary, see Figure 3.2.
Once the computation has been run to a statistically steady state, the recycling
should generate realistic turbulence independent of the initial flow field.
The recycling is accomplished by breaking the instantaneous flow variable into
a mean and fluctuating part and rescaling each part separately. As stated above,
this decomposition is very advantageous in its use with the TANDEM code, as
the instantaneous flow variables are already resolved and the mean part is already
known. Therefore, the mean solution does not need to be rescaled or modified in
any way.
Following Urbin et al.[48], the rescaled variables are: u0 , v 0 , w0 and T 0 , where
T 0 is the fluctuating static temperature. The inner layer and outer layer of the
boundary layer are scaled separately. This is accomplished with the use of boundary layer similarity relations based on the inner and outer coordinates y + and η.
For a full derivation of the similarity relations used in this method, the reader is
referred to Knight[49]. The similarity relation for the fluctuating velocity is,
u02 = u2τ Iinner (y + , uτ /U∞ )
u02 = u2τ Iouter (η, uτ /U∞ )

Inner Region
Outer Region

(3.36)
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Figure 3.3: The weighting function applied to the flow variables across the inner
and outer boundary layer regions for Turbulent Recycling
where Iinner and Iouter are dimensionless universal functions. The variable u02 is the
rms fluctuating stream-wise velocity and uτ is the local friction velocity. Assuming
the universal functions are periodic in the streamwise direction leads to a relation
for the velocity fluctuations at the inlet based on those at the recycle station,


u0i yi+ , z, t = βu0r yi+ , z, t
u0i

(ηi , z, t) =

βu0r

(ηi , z, t)

Inner Region
Outer Region

(3.37)

where the subscripts i and r denote the inlet and recycle stations, respectively,
and β = uτ i /uτ r . Urbin approximates the ratio between friction velocities to be
β = (δr /δi )1/10 , following boundary layer empirical correlations. The other velocity
components v 0 and w0 are found in the same fashion as u0 in equation (3.37). The
static temperature fluctuations are assumed to scale as


Ti0 yi+ , z, t = Tr0 yi+ , z, t
Ti0 (ηi , z, t) = Tr0 (ηi , z, t)

Inner Region
Outer Region.

(3.38)
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All the rescaled variables (u0 , v 0 , w0 and T 0 ) are weighted to smooth the solution
across the inner and outer regions,
inner

φ0i = φ0 i

[1 − W (ηi )] + φ0i

outer

W (ηi )

(3.39)

with the weighting function W ,
1
W (η) =
2



1 + tanh



A (η − B)
/ tanh (A)
(1 − 2B) η + B

(3.40)

where A = 4 provides a smooth transition at y/δ = B = 0.2, see Figure 3.3. The
instantaneous density, ρ, is found using the ideal gas law and the static pressure,
p, is assumed to be constant.
In addition to Urbin et al.,[48] other formulations exist that do not assume a
zero pressure gradient boundary layer. Among these are Stolz et al.[50] and Sagaut
et al.[51]. These alternative methods can be applied as necessary, depending on the
problem specifications. For example, a zero pressure gradient flat plate boundary
layer case would be an acceptable problem in which to apply the Urbin et al.
formulation. Knight[49] provides a general review of these formulations and their
results.

3.3.2

Method Of Characteristics - Non-Reflecting Boundary Condition

A boundary condition that minimizes the reflection of outgoing waves back into the
computational domain is necessary in an aeroacoustic calculation. The TANDEM
code originally included the Tam and Webb “radiation” boundary condition with
the purpose of allowing waves to pass through farfield boundaries. However, this
boundary condition is limited because the sources of disturbances must be far
from the boundary and the flow across the boundary must be uniform. Therefore,
another non-reflecting boundary condition is needed.
The Method Of Characteristics (MOC) formulation for the Euler equations
was developed by Thompson[37] as a way to implement well-posed conditions using
the characteristic wave information buried in the governing equations. Poinsot and
Lele[52] adapted Thompson’s formulation for the Navier-Stokes equations and con-
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tinued the discussion on well-posed boundary conditions. The TANDEM code has
been improved to include two MOC non-reflecting boundary condition varieties, an
implementation of Thompson’s “perfectly non-reflecting” condition (which is only
actually perfect for 1D calculations) and Poinsot’s constant pressure non-reflecting
condition.
Previously, Labourasse and Sagaut[53] derived a set of characteristic variables
for the NLDE and demonstrated it on an inlet boundary of a low pressure turbine
blade example. Although this formulation was shown to be successful, a simpler
approach was implemented in the TANDEM code. The simplification comes from
considering that the Navier-Stokes equations can be recovered from the NLDE
if the time derivative of the mean flow is retained in the equation (2.13) and
recombined with the time derivative of the fluctuating term. Therefore the full
instantaneous characteristic variables are used to enforce the boundary condition.
Following Lockard’s [54] adaption for curvilinear coordinate form, the MOC
boundary condition in the ξ direction is derived starting with the following rearrangement of the governing equation (3.3) in conservative form,
1 ∂ (q0 + q0 ) ∂ Ê
+
+ C = 0,
J
∂t
∂ξ

(3.41)

where C represents all other terms in equation (3.3), such as the remaining inviscid
flux terms and all the viscous flux terms. Use of the chain rule and multiplication
through by J yields,


∂ (q0 + q0 ) ∂ (q0 + q0 )
∂E
∂F
∂G
+
ξx
+ ξy
+ ξz
∂t
∂ξ
∂ (q0 + q0 )
∂ (q0 + q0 )
∂ (q0 + q0 )

 
 
 
(3.42)
∂ ξx
∂ ξy
∂ ξz
+J E
+F
+G
+ JC = 0.
∂ξ J
∂ξ J
∂ξ J
After collecting terms, the relation simplifies to
∂q
∂q
+A
+ Ĉ = 0,
∂t
∂ξ

(3.43)
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where q0 + q0 has been simplified to q. The collected terms are defined as
A = ξx
and



∂
Ĉ = J E
∂ξ



ξx
J



∂E
∂F
∂G
+ ξy
+ ξz
,
∂q
∂q
∂q

∂
+F
∂ξ



ξy
J



∂
+G
∂ξ

(3.44)



ξz
J




+C .

(3.45)

By decomposing the matrix A into its diagonalized form SΛS −1 , the equation
(3.43) can be arranged into a first-order partial differential form,
S −1

∂q
+ L + S −1 Ĉ = 0,
∂t

(3.46)

where L is ΛS −1 ∂q
. From this form, the characteristic wave information of the
∂ξ
general curvilinear system can be discerned. The eigenvalues of the matrix A represent the speeds of the characteristic waves and are given by λ1 = U − a |∇ξ| , λ2 =
λ3 = λ4 = U, λ1 = U + a |∇ξ|, where a capital U represents the contravariant
velocity. In this formulation, the waves are traveling normal to the ξ boundary
either into or out of the directional domain depending on the direction of the flow
and whether the flow is supersonic or subsonic. With this information known, all
incoming waves can be eliminated at the boundary.
Du derived the term SL in a non-singular form for curvilinear coordinates. The
details of the derivation can be found in his PhD Thesis[46]. The result below can
be combined with equation (3.43) to update the residuals at the boundary,
∂q
SL = A
∂ξ





=




(L1 + L5 ) + (L2,3,4 · lξ )
ρ
ρ
(L1 + L5 ) u − 2 (L1 − L5 ) ξ˜x + (L2,3,4 · lξ ) u − ρ (L2,3,4, × lξ )x
2a
ρ
(L1 + L5 ) v − ρ2 (L1 − L5 ) ξ˜y + (L2,3,4 · lξ ) v − ρ (L2,3,4 × lξ )y
2a
ρ
(L1 + L5 ) w − ρ (L1 − L5 ) ξ˜z + (L2,3,4 · lξ ) w − ρ (L2,3,4 × lξ )

2a
ρ
2a



ρ
2a

2

ρ
2

(L1 + L5 ) H − (L1 − L5 ) Ũ + (L2,3,4 · lξ )

|v|2
2

z

− ρ (L2,3,4 × lξ ) · v










(3.47)
where L2,3,4 is an array of the three amplitudes L2 , L3 , L4 and H =

|v|2
2

+

a2
γ−1

is
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the entropy. The vector lξ = ξ˜x , ξ˜y , ξ˜z is the unit normal on the boundary and
ξ˜x = ξx / |∇ξ|. The velocity vector v represents the three velocity components
√
(u, v, w) and its magnitude is |v| = u2 + v 2 + w2 . Finally, the L vector is defined
as,


λ1

h

1 ∂p
ρa ∂ξ

−

∂v
∂ξ

· lξ


i


 i
h


∂ρ
1 ∂p ˜
∂v
−
ξ
+
×
l
λ
 2 ∂ξ a2 ∂ξ x
ξ
∂ξ




x 

∂ρ
∂p
−1 ∂q
× lξ
L = ΛS
=  λ3 ∂ξ − a12 ∂ξ ξ˜y + ∂v
∂ξ
∂x 

h


y i

∂ρ
1 ∂p ˜
∂v
 λ4 ∂ξ − a2 ∂ξ ξz + ∂ξ × lξ

z
h
i
1 ∂p
∂v
λ5 ρa
+
·
l
ξ
∂ξ
∂ξ







.






(3.48)

With the wave amplitudes L defined, boundary conditions can be imposed.
Thompson’s non-reflecting boundary condition assigns all incoming waves to be
zero and extrapolates the outgoing waves from the computational domain with the
use of equation (3.48). For example, in the case of a subsonic outflow boundary
there are four outgoing waves corresponding to λ2 − λ5 and one incoming wave
corresponding to λ1 . The amplitude of the incoming wave L1 is set to 0 and the
remainder are calculated from (3.48).
Poinsot and Lele [52] take this boundary condition one step further by allowing
the farfield pressure information to propagate back into the computational domain,
thus allowing a mean back pressure to stay fixed. This is achieved by modifying
the incoming wave amplitude to allow reflected waves back into the computational
domain if the back pressure is not close to the desired pressure p∞ ,
L1 = K (p − p∞ ) .

(3.49)

2
The constant K is defined as K = (aC/L) |1 − Mmax
| where Mmax is the maximum

Mach number in the flow and a is the speed of sound. C is a constant which can be
varied and L is a characteristic length of the domain. In the TANDEM code aC/L
is taken to be 0.25. This value controls the strength of the reflected waves, where
a lower value corresponds to a weaker amplitude. For example if C is set to zero
then the “perfectly non-reflecting” boundary condition of Thompson is recovered.
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3.3.3

Higher-Order No-Slip Wall

The viscous wall boundary condition that was originally implemented in the TANDEM code was improved by increasing its order of accuracy. With a higher-order
scheme, a more accurate solution can be obtained in near wall regions. The standard no-slip conditions are assigned to the flow at the wall location, denoted here
as j = 1. These are
u=v=w=0
for the velocities and

∂T
∂n

=0

(3.50)

(3.51)

wall

for an adiabatic wall. The change in implementation lies in the finite difference
method used to calculate the temperature at the wall. This is a second order
forward-differencing scheme defined as,
Tj=1 =

4Tj=2 − Tj=3
3

(3.52)

in the case where the no-slip wall is located at the jmin boundary. The density is
found at the wall point using a first-order extrapolation
ρj=1 = 2ρj=1 − ρj=3 .

(3.53)

With the temperature and density known, the pressure can be assigned via the
ideal gas law. Since these equations are derived for instantaneous variables and the
TANDEM code assumes the mean flow already satisfies the boundary conditions,
the fluctuating boundary condition at the wall is found by subtracting the mean
value from the value calculated for the instantaneous condition.

3.3.4

Buffer Region

With the addition of the MOC non-reflecting boundary condition to the TANDEM code, additional improvements to these boundary treatments can be made
by damping the fluctuations as they approach the non-reflecting boundaries. Wasistho, Geurts and Kuerten[55] argue that time dependent simulations that use
characteristic or non-reflecting boundary conditions for outflow and free-stream
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Figure 3.4: An example of the Wasistho buffer applied to the outflow boundary
of a flat plate NLDE simulation. The contours show a damping of the density
fluctuations early in the calculation.
boundaries can benefit especially. The buffer developed by Wasistho is implemented in the TANDEM code to damp the outgoing fluctuations for flat plate
boundary layer cases.
The buffer is implemented based on a direct approach. A damping function is
imposed on the fluctuating flow variables in a specified coordinate direction. In the
case of the TANDEM code the buffer zone is implemented in the ξ direction only
and the damping function is calculated once, during the initialization process. A
damping coordinate is specified, xb , which assigns the starting and ending points
of the buffer zone,
xb =

x − x1
x2 − x1

(3.54)

where x1 and x2 are the beginning and ending coordinates of the buffer domain.
Thus the damping function is defined by
"

2

fdamp = 1 − C1 xb

2

1 − eC2 xb
1−
1 − eC2

#
(3.55)

where 0 ≤ C1 < 1 and C2 > 0. In the TANDEM code, the value of the constants
C1 and C2 , are chosen to be 0.005 and 20 respectively, which are values based on
the numerical tests of Wasistho et al. Figure 3.4 illustrates the buffer zone applied
in the case of a flat plate boundary layer simulation.
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Figure 3.5: A multi-block domain applied to the sharp trailing edge of an airfoil.
The figure is zoomed to the trailing edge and the outlet boundary is not shown.

3.4
3.4.1

Parallel Implementation
Multi-Block

In order to accommodate certain geometries and the NLDE localized domain, it
is necessary to add a multi-block capability to the TANDEM code. With this
addition, the blocks can be fitted around the upper and lower walls of a sharp
trailing edge of an airfoil with an inlet that starts downstream of the leading edge.
This is illustrated in Figure 3.5.
A simple, yet effective approach was taken in the multi-block scheme implemented in TANDEM. For parallelization, a single tier communication scheme was
devised where each block is assigned only one processor, implying that there must
be exactly the same number of processors as blocks (unless the serial version of
the code is used). This implementation avoids the complications of two tier communications where each block is split into sub-domains and assigned local masters
to control communication between the sub-domains within a block and a global
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master to control the communication between the blocks.
The capability to compute on a multi-block grid structure adds complexity to
the boundary condition assignment and communication between the processors in
a parallel calculation. Therefore, a separate boundary condition input file was
introduced to the TANDEM code. The format for the input file is a version of
Gridgen’s generic flow solver BC file. The input file is in ASCII format and contains
information such as the number of blocks, the number of grid points per block, the
number of boundary conditions per block and the boundary conditions for each
block face.
The geometrical layout of the block and listing of the blocks in the boundary
condition file must be arranged in a strict format because of the implementation
of the communications between blocks in the TANDEM code. Specifically, in the
computational domain, the blocks must be ordered from left to right and then
bottom to top. Thus the block in the bottom-left must be block 1, the block to its
right is block 2, and the top right block is last in the ordering. Consequently this
order also applies to the listing of the blocks in the boundary condition input file.
Each block must contain matching grids and at each block interface so that
the derivatives are continuous across the block boundaries. This allows for ghost
points to be used at each interface, preserving the central finite differences across
boundaries so that no errors are introduced due to block transitions. This is shown
schematically in Figure 3.6.
This multi-block implementation has introduced one source of uncertainty. If
at the intersection of four blocks there are two boundaries where a wall is enforced
and two adjacent boundaries where an interface condition is enforced (i.e. the
trailing edge airfoil case), the correct value to be assigned to shared point is ambiguous. This point is referred to here as the singularity point. The question of the
singularity point has been addressed by averaging the values of the top and bottom wall boundary calculations and assigning the averaged value to the singularity
point.
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Figure 3.6: A multi-block domain shown with the ghost points created at the
interface boundaries.

3.5

Mean Solution Interpolation

The NLDE require an estimated mean solution to be known prior to the calculation.
If the mean solution is calculated using a different computational domain than the
time-dependent solution, an interpolation scheme is required to impose the mean
solution onto the NLDE grid.
In the method presented in this thesis, a RANS solver is used to calculate the
mean flow. In order to obtain a simple and quick mean flow solution, a relatively
coarse mesh is often times used for the RANS calculation. As such, many adjacent
grid points in the NLDE domain can be interpolated from the same RANS grid
points. For example, a span-wise slice of an NLDE flat plate boundary layer case
contains 3 times more grid points, but is 200 times smaller in area than the RANS
domain used to calculate the mean flow. Thus, care must be taken to ensure that
the derivatives of the interpolated flow variables are smooth across the finer NLDE
grids.
A polynomial interpolation approach was chosen to impose the mean flow
RANS solution onto the NLDE grid. The interpolation method involves the construction of Lagrange polynomials using a stencil with dimensions specified by
the user. In order to accommodate non-uniform grids and avoid errors in highly
stretched meshes, the coordinates of the stencil are first converted to the computational domain (x, y, z) → (ξ, η, ζ) and then the interpolation is performed.
Generally, a 64 point stencil, which forms a 3x3x3 cube, is used; however an exception is discussed at the end of this section.
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The formula for interpolation with Lagrange polynomials can be expressed in
the general form
f (ξ, η, ζ) =

4 X
4 X
4
X

aijk f (ξi , ηj , ζk )

(3.56)

i=1 j=1 k=1

where f (ξi , ηj , ζk ) equals the polynomial function value f at the stencil location
(ξi , ηj , ζk ) and the coefficient aijk is the product of the Lagrange polynomials
aijk =

4
4
4
Y
(ξ − ξl ) Y (η − ηm ) Y (ζ − ζk )
.
(ξ
i − ξl ) m=1 (ηj − ηm ) n=1 (ζk − ζn )
l=1
l6=i

m6=j

(3.57)

n6=k

If a variable is to be interpolated at a location on the generalized coordinate stencil,
the coordinate location of the NLDE grid point (ξo , ηo , ζo ) must be found first.
Then, equation (3.56) can be used to interpolate any variable from the RANS
solution.
The generalized coordinate location (ξo , ηo , ζo ) of the NLDE grid point is found
by collecting all extra terms into the constant coefficient and then solving for the
new coefficient using the known Cartesian values at the grid nodes. With the
coefficient given, the generalized coordinates can be found iteratively. Thus the
equation (3.56) is rearranged to the form

f (ξ, η, ζ) =

4 X
4 X
4
X

aijk ξ i−1 η j−1 ζ k−1

(3.58)

i=1 j=1 k=1

where aijk represents the polynomial coefficients. Then the mapping from generalized to Cartesian coordinates can be achieved by substitution of the function f
for x, y and z in equation (3.58) giving the system of equations

x (ξ, η, ζ) =

4 X
4
4 X
X

αijk ξ i−1 η j−1 ζ k−1

i=1 j=1 k=1

y (ξ, η, ζ) =

4 X
4 X
4
X

βijk ξ i−1 η j−1 ζ k−1

i=1 j=1 k=1

z (ξ, η, ζ) =

4 X
4 X
4
X
i=1 j=1 k=1

γijk ξ i−1 η j−1 ζ k−1 .

(3.59)
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Figure 3.7: An example of the difference between the NLDE (red) and RANS
(black) grids for a flat plate boundary layer case. The entire NLDE domain in the
x-direction can be fit inside only five RANS grid points
Since the Cartesian values are known at all 64 stencil points, equations (3.59) can
be solved for the unknown coefficients αijk , βijk and γijk .
Finally, with the polynomial coefficients known, the mapping function can be
used to solve implicitly for the general coordinates of the NLDE grid point with
respect to the RANS stencil. The Newton-Raphson root finding method is used to
iterate toward the final NLDE generalized coordinate value using equation (3.59)
as the function. Then, the flow variables can be found on the NLDE grid point by
substitution (ξo , ηo , ζo ) for (ξ, η, ζ) and the flow variable for f in equation (3.56).
When the NLDE grid is much finer in one direction than the RANS grid, for example as shown in Figure 3.7, errors can occur in the derivatives of the interpolated
values. Early interpolation attempts resulted in “stair-stepped” derivatives on the
NLDE mesh in the x-direction, for the flat plate boundary layer test case. The
stepping occurred at the RANS grid x-coordinate locations, shown in Figure 3.8.
A higher-order interpolation scheme in combination with a smaller interpolation
stencil in the x-direction was used to overcome this issue.
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Figure 3.8: The results of interpolating the solution from a RANS grid onto a
much finer NLDE grid. The derivative of the flow variable in the x-direction is
not continuous even if the order of the interpolation polynomial is increased. The
smooth result can be obtained by taking a single stencil in the direction of the
mesh that is discontinuous.

3.6

Chapter Summary

The numerical methods described in this chapter were implemented in the TANDEM code to realize the problem approach outlined in Chapter 2. An overview
of the numerical schemes that made up the back bone of the original Erwin[23]
version of the code was reviewed, followed by a presentation of the modifications
that were implemented as a part of this thesis research. In the next chapter, test
cases are presented to demonstrate and validate these modifications.

CHAPTER

FOUR
CODE VALIDATION

T

wo and three dimensional test cases have been used to asses the newly implemented features of the TANDEM code. First, a demonstration of the

scheme used to interpolate the RANS mean flow onto the NLDE grid is presented.
Next, a two-dimensional Gaussian pulse case is used to validate the addition of
the MOC boundary condition to the TANDEM code. Last, a low Reynolds number circular cylinder vortex shedding case is used to demonstrate the dual-time
stepping method and the multi-block functionality.

4.1

Solution Interpolation

A simple test case was conducted to verify the interpolation procedure that is a
part of the noise prediction methodology proposed in this thesis. This interpolation
calculation is used in simulations that require a RANS flow solution as the mean
flow in the governing equations. However, it must be noted that care must be
taken in some cases. As discussed in the previous chapter, when the NLDE grid
is much finer than the RANS grid, a single stencil using a linear interpolation in
that direction may be preferable to a higher-order polynomial fit.
To test the basic functionality of the interpolation calculation, a cube shaped
domain was created with 51 grids points and 20 units in length in each of the
coordinate directions. The cube was centered at (10, 10, 10). A three-dimensional
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sine wave function with amplitude 1.2 was assigned as a solution on the RANS
grid. The wave was centered at the x, y, z coordinate (0, 0, 0) which coincides
with one of the corners of the cube. A smaller cube shaped grid was constructed
to simulate a smaller and more refined NLDE domain. It was 10 units in length
and had 60 grid points in each direction. The cube was centered at (6, 6, 6).
It was entirely enclosed by the larger domain which was a requirement for the
interpolation scheme. The meshes are illustrated in Figure 4.1a where the large
RANS grid is shown in black and the smaller NLDE grid is shown in red.
The results from the interpolation test are shown in Figure 4.1b. The figure
shows that the sine wave constructed on the larger domain is smoothly interpolated
onto the smaller domain. Figure 4.1c shows the relative error in the interpolation
of the solution onto the smaller domain. The relative error is formally is defined
as,
100 × (Qactual − Qinterpolated ) /Qactual .

(4.1)

As shown in the figure, the maximum interpolation error is 2.56 per cent of the
maximum amplitude of the sine wave. A more rigorous test could have been
performed by constructing a non-uniform RANS grid to test the coordinate transformation of the interpolation algorithm and a more refined NLDE grid to better
simulate the application of the algorithm. However, although it is most favorable
to have as accurate a mean flow as possible, the NLDE code can correct errors in
the mean flow assigned to the NLDE grid. In future studies, the extent to which
an error in the mean flow affects the NLDE solution should be investigated to
determine the sensitivities of the method.

4.2

Gaussian Pressure Pulse Propagation

The implementation of the MOC non-reflecting boundary condition and block interface boundaries are tested using a Gaussian pulse. Ideally the wave front should
pass through the MOC boundary and the block interfaces with no disturbances.
However, in the case of the MOC non-reflecting boundary conditions, the formulation is not perfect for multi-dimensional problems and some reflections will be
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(a) The two grids used in the interpolation
test where the RANS domain is the larger
black mesh and the NLDE domain is the
smaller red mesh

(b) A slice in the YZ plane of the original
RANS solution through the interpolated solution shown on the smaller cube

(c) The relative error of the interpolation
scheme on the smaller NLDE domain

Figure 4.1: The results of sine wave interpolation from a larger RANS domain onto
a smaller and more refined NLDE domain.
present. The initial Gaussian pulse is assigned using the following equation:



Q0 = AQ0 exp − ln (2) x2 + y 2 + z 2 /s2

(4.2)

where A controls the amplitude of the pulse, s is defined as the half width of the
Gaussian pulse and Q represents the primitive flow variable, for example ρ, u, v,
w, or p. A pulse with an amplitude of 1% the ambient pressure and density and a
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Figure 4.2: The initial location of the Gaussian pulse for the two dimensional
multi-block demonstration case
half width of 3 is imposed as an initial condition in both of the Gaussian pressure
pulse test cases. In both cases, the pulse is imposed at time t = 0s on a medium
at rest with an ambient density of ρ0 = 1.2kg/m2 , pressure of p0 = 101.0kP a, and
speed of sound a0 = 343.27m/s2 .

4.2.1

Two Dimensional Pulse Across a Block Interface Boundary

The multi-block capability of the code is demonstrated in a two dimensional domain split in half vertically, where block one is on the bottom half of the domain.
The x-direction bounds are −100 ≤ x ≤ 100 for block one and two, and the ydirection bounds are −100 ≤ y ≤ 0 for block one and 0 ≤ y ≤ 100 for block 2.
Each block contains 201 X 100 grid points, and 7 grid points in the third direction
to accommodate for the requirements of the TANDEM two dimensional solver.
The pulse is initiated in block one at the x, y coordinate location (0.0, −50.0)
and the wave front of the acoustic pulse expands radially. A CFL number of 0.5 is
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used. The radiation boundary condition of Tam and Webb[39] is used on all outer
boundaries, and a 3-layer block interface boundary condition was used at the block
boundaries to preserve the finite difference scheme across the boundary. Figure 4.3
is a plot of the pulse along the x = 0 slice of the domain, shown at multiple time
steps as the wave front crosses the block interface. Some small discrepancies are
visible in comparison to the exact solution, but the solution remains smooth as it
crosses the boundary. This demonstrates the block interface boundary condition
is functioning as expected in the TANDEM code.

(a) t = 0.015 seconds

(b) t = 0.059 seconds

(c) t = 0.198 seconds

(d) t = 0.403 seconds

Figure 4.3: Validation of a 2-D Gaussian pulse propagating across a block interface.
The TANDEM calculation is compared with the exact analytical solution.
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4.2.2

Three Dimensional Pulse Across a Non-Reflecting
Boundary

A three dimensional Gaussian pulse propagation case was used to test the implementation of the MOC non-reflecting boundary condition. The ambient flow
conditions were as described at the beginning of this section. The solution domain
was 120 units in length in all directions and centered at (50, 50, 50). The grid
size was 121 x 121 x 121. The calculation was initialized with a Gaussian pulse
located at the center of the domain. The pulse is expected to expand radially from
the location of the initial disturbance and have minimal but noticeable reflections
as the wave front crosses the outer boundaries. These reflections are expected
because the MOC non-reflecting formulation was derived using one dimensional
wave assumptions and will not be perfect for multi-dimensional problems.
Figure 4.4 shows the Gaussian pulse propagating through the computational
domain on a plane slice through the center of the domain. At the beginning of
the calculation. the pulse is concentrated at the center of the domain. At time
t = 0.146 seconds, the pulse approaches the edge of the domain. By time t = 0.218
seconds, most of the pulse has traveled through the domain boundaries and small
amplitude waves have reflected back into the domain. At the leading edge of the
reflected pulse, the small amplitude disturbance has a maximum value of 0.27 Pa
below the ambient pressure.

4.3

A 2D Circular Cylinder in Laminar Crossflow

The dual-time stepping implementation was tested using a two-dimensional circular cylinder in cross flow where the Reynolds number was within the laminar vortex
shedding regime. To demonstrate the importance of the dual-time stepping subiterations, the number of sub-iterations per physical time step was varied from 20 80. In addition, the flow prediction was improved by supplementing the dual-time
stepping method with Implicit Residual Smoothing (IRS). The dual-time stepping
and IRS improvements were demonstrated using a single block grid, however one
case was also run on an 8 block grid to further validate the multi-block version of
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(a) t = 0.005 seconds

(b) t = 0.073 seconds

(c) t = 0.146 seconds

(d) t = 0.218 seconds

Figure 4.4: Pressure contours of a Gaussian pulse propagating through a 3D domain at increasing computational times.
the code.
The circular cylinder vortex shedding validation case was chosen because of
its unsteady nature and well studied periodic behavior. With a time step choice
mindful of folding (or Nyquist) frequencies, the TANDEM code will correct the
mean solution and the unsteady results can be verified using vortex shedding relations. An acceptable physical time step size is estimated by ensuring that there are
enough time steps to capture the expected shedding cycle. In the present case, the
physical time step was chosen such that one cycle of vortex shedding is captured
with 125 time steps.
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The dimensions and flow conditions were chosen such that the cylinder operated in the laminar vortex shedding flow regime where the cylinder diameter
was 1mm, the free field Mach number was M = 0.12 and the Reynolds number
based on cylinder diameter was ReD ≈ 90. In order to achieve a low Reynolds
number without relying on computationally unsteady, near zero, free stream velocities, the density and pressure were assigned below atmospheric values. The
far field density was ρ = 0.0428kg/m2 , pressure was p = 3683P a and temperature was T = 300K. Using empirical data relating the Reynolds number to the
non-dimensional frequency called the Strouhal number, the expected shedding frequency can be found. Given a Reynolds number of 90, the expected Strouhal
number is expected to be St(Re = 90) = f rD/U∞ = 0.16[56], where f r is the
vortex shedding frequency, D is the cylinder diameter and U∞ is the free field velocity. Given this definition, a Strouhal number of 0.16 corresponds to a shedding
frequency of f rshedding = 6600Hz. In order to obtain ≈ 125 samples per cycle, a
physical time step of 1.2 × 10−6 s was chosen.

(a) Entire domain

(b) Near the wall

Figure 4.5: The circular cylinder grid used to validate dual-time stepping.
The meshes used for this case were O-type grids that extend twenty cylinder
diameters into the far field. The grid dimensions for the single block case were
250 × 100 × 7, in the circumferential, radial and transverse directions. The 7 grid
points were required to satisfy the TANDEM 2D solver structure and therefore
the transverse (z-coordinate) flow equations were not used. The height of the first
cell off of the wall was 0.1% of the cylinder diameter. Hyperbolic tangent grid
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stretching was used in the radial and circumferential directions to best resolve the
flow in the wake and near the cylinder wall. The 8 block grid was identical to the
single block grid and was built by dividing the single block grid into 8 sections.
The structure of the multi-block code was implemented such that each block was
assigned one compute processor and an even distribution of points was assigned to
each block to ensure a balanced computation load. Block 1 was 64 × 50 × 7, blocks
2 - 4 were 63 × 50 × 7, block 5 was 64 × 51 × 7 and blocks 6 - 8 were 63 × 51 × 7
grid points. The blocks were arranged in two rings, where blocks 1 - 4 comprised
the inner ring which bordered the cylinder wall and blocks 5 - 8 comprised the
outer ring which bordered the far-field boundary. Figure 4.5 shows the grid for the
entire computational domain and near the wall for the 8 block mesh.
The cylinder calculation was run until steady vortex shedding was observed.
Figure 4.6 is a collection of contour plots from the multi-block simulation calculated using 40 sub-iterations per time step. The contours are of the instantaneous
velocity magnitude at four different times of a vortex shedding cycle. It is evident
in the wake of the cylinder that laminar vortex shedding has been achieved.
The vortex shedding was monitored by tracking the pressure at a single point on
the grid in the wake of the cylinder as time marches forward. The pressure-versustime wake data was used to find the shedding frequency and Strouhal number of
each CFD calculation. Figure 4.7 shows the relative error in percent of each dualtime stepping case relative to the expected Strouhal number 0.16. The accuracy
of the Strouhal number increases with increasing sub-iterations. Additionally, if
Implicit Residual Smoothing is used with dual-time stepping, a 15% increase in
the accuracy of the prediction is realized for the same number of sub-iterations.
In the case of 80 sub-iterations with IRS turned on, the TANDEM code predicted
the shedding frequency within 5% of the expected Strouhal number. Figure 4.7
also shows that the multi-block grid produced the same results as the single block
grid.

4.4

Chapter Summary

In this chapter, test cases were presented to demonstrate and validate the new
additions made to the TANDEM code. The test cases included a three dimensional
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(a) t = 1.032 × 10−2 seconds

(b) t = 1.038 × 10−2 seconds

(c) t = 1.044 × 10−2 seconds

(d) t = 1.05 × 10−2 seconds

Figure 4.6: Contours of constant velocity magnitude in meters per second for four
time steps in one shedding cycle for the circular cylinder laminar vortex shedding
case.
sine wave interpolation case, Gaussian pulse test cases, and a two dimensional
circular cylinder case with vortex shedding. In the next chapter, the TANDEM flow
solver prediction capability is assessed in the context of restricted computational
domains in wall bounded flows.
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Figure 4.7: The improvement in the Strouhal number prediction of a cylinder in
cross flow case with dual-time stepping and implicit residual smoothing algorithms
implemented in the NLDE code.

CHAPTER

FIVE
NLDE IMPLEMENTATION FOR TRAILING-EDGE
FLOWS

I

n the preceding chapters, the TANDEM code has been validated for a variety of
general fluid dynamics test cases. The improvements that have been made to

the code were implemented towards the goal of predicting the unsteady pressure
fluctuations near the sharp trailing edge of an airfoil. However, validation of the
TANDEM code in near wall boundary layer applications uncovered an unexpected
behavior.
In this chapter, results from the TANDEM code simulations for two wall
bounded flows are presented followed by a discussion of the results. The test case
geometries presented are a NACA airfoil and flat plate. The purpose of this chapter is to demonstrate the current status of the TANDEM code, including shortfalls
in the prediction of the inner boundary layer regime and to communicate a recommended solution approach for the TANDEM code in trailing edge flows. The
author aims to relay insight in this chapter to help overcome the present challenges
with the prediction of trailing edge flows.

5.1

2D NACA 0012 Airfoil Trailing Edge

The final goal of this project is to predict the noise caused by the interaction between the sharp trailing-edge of a wind turbine blade and its turbulent boundary
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layer using the Non-Linear Disturbance Equations as the solution approach. Towards this end, an unsteady calculation of the flow field surrounding the trailing
edge of the NACA 0012 airfoil at zero angle of attack has been run using the TANDEM code. A RANS calculation was performed using Wind-US and was used
as the mean flow component of the TANDEM calculation. The RANS solution
was interpolated onto the NLDE computational domain which was limited to the
trailing-edge region of the airfoil. Many of the code improvements discussed in the
previous chapters were used in this test case including: a multi-block NLDE domain to accommodate the sharp edge of the airfoil and truncated inflow boundary,
turbulent recycling for inflow turbulence, MOC boundary conditions, and convergence acceleration methods.
In the early stages of the NACA 0012 test case, the intent was to cycle through
the calculation for many recycling periods to assess the inflow turbulence created
near the recycling boundary condition and study the pressure fluctuations created
by the sharp trailing edge. However, a more pressing issue was brought to light
during the course of the calculation. Particularly, it was found that the NLDE was
modifying the mean boundary layer characteristics. This unexpected behavior is
studied in the flat plate boundary layer section below. The NACA 0012 case will be
used instead to demonstrate the use of a multi-block structured grid and recycling
inflow boundary condition together in a domain located in the near trailing-edge
region of an airfoil.

5.1.1

RANS Airfoil Solution

A grid provided by the NASA Langley Turbulence Modeling Resource[4] is used
for the RANS solution of the flow around the NACA 0012 airfoil. In the standard definition of the NACA 0012 airfoil geometry, the trailing edge has a slight
thickness to it. However, the end goal to predict sharp trailing edge noise requires
the standard airfoil geometry to be modified such that the trailing edge closes to
a sharp point. The Turbulence Modeling Resource defines an altered NACA 0012
geometry which closes to a sharp trailing edge at a chord length of one. The geometry was modified by scaling down the exact formula for the NACA 0012 contour
such that the coefficients of all terms sum to zero. The scaled formula provided by
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the modeling resource is written as:
√
y = ± 0.594689181 0.298222773 x − 0.127125232x−

0.357907906x2 + 0.291984971x3 − 0.105174696x4

(5.1)

where x represents the position along the cord of the airfoil. The grid used for the
RANS solution is shown in Figure 5.1. The grid dimensions were 897 × 257 and
the first grid point off the wall was placed such that y + < 1. The grid was C-type
and extended 500 airfoil chords into the far field.

(a) Entire domain

(b) Near the wall

Figure 5.1: The farfield and nearfield view of the mesh used to calculate the RANS,
mean flow solution of the NACA 0012 test case. This grid was provided by the
Turbulence Modeling Resource[4].
The RANS solution was calculated using the Wind-US flow solver. The flow
conditions were run such that the Reynolds number based on chord length was
Rec ≈ 4.5 million and the free stream Mach number was M = 0.2. The airfoil
angle of attack was α = 0o . The Spalart-Allmaras turbulence model was used to
close the RANS equations. A Riemann boundary condition was applied to the
far-field boundaries, an adiabatic, no-slip wall was assigned to the airfoil surface
and the branch-cut boundary was a Wind-US, self-closing condition. Convergence
was reached after 500 iterations.
Figure 5.2 is a plot of the contours of constant pressure in the near field of the
airfoil and a comparison of the calculated and experimental data for the pressure
coefficient, Cp along the airfoil surface. The experiments used for comparison are
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(a) Contours of constant pressure in Pascals

(b) A comparison of the RANS calculated pressure coefficient as compared to the experimental results of Gregory et
al.[57]

Figure 5.2: The RANS solution of the NACA 0012 airfoil to be used as the assumed
mean flow in the TANDEM solver.
from Gregory et al.[57] The pressure coefficient is defined as,
Cp =

p − p∞
2
1/2ρU∞

(5.2)
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Very good agreement can be seen between the numerical and experimental data.
The next step was to interpolate the RANS solution onto a refined grid surrounding the trailing edge and use it as the base component of the NLDE in the
TANDEM code.

5.1.2

NLDE Airfoil Results

The RANS solution obtained in the previous section was interpolated directly onto
the NLDE grid and copied to the 6 remaining spanwise planes to accommodate
the 7 point DRP stencil in the TANDEM code for two-dimensional flows. This
interpolated result was saved to a Plot3D solution file and read into the mean
component of the NLDE during the initialization process.

(a) Farfield

(b) Nearfield

Figure 5.3: The grid and boundary conditions used for the NACA 0012 case shown
in the (a) farfield and (b) nearfield of the NLDE domain
Figure 5.3a is a plot of the entire NLDE mesh and 5.3b is a close-up of the mesh
in the region near the trailing edge of the airfoil. The NLDE mesh was split into
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four blocks in order to position the grid points in the sharp trailing edge region
of the airfoil as well as locate the inlet of the NLDE domain well downstream of
the leading edge of the airfoil. The mesh dimensions were 100 × 100 × 7 on all
four blocks. The inlet of the NLDE domain began at x/chord = 0.57. The RANS
boundary layer thickness at the inlet was δ = 0.006m and the y + value of the
NLDE grid based on the RANS flow values was 2.2. The upper boundary was
≈ 44δ away from the airfoil surface and the outflow boundary was ≈ 2.5 airfoil
chords downstream of the trailing edge.
Figure 5.3a also details the boundary conditions used in the NACA 0012 NLDE
case. The inflow boundary on the suction side of the airfoil was the recycling and
rescaling boundary condition where the recycling station was located 18δ downstream of the inlet. On the pressure side of the airfoil, a subsonic inflow boundary
was assigned. Poinsot and Lele[52]’s fixed pressure MOC boundary condition was
used on the outflow boundaries and the upper and lower boundaries of the domain were the Tam and Webb[39] radiation boundary condition. A viscous wall
boundary condition was used as the airfoil surface.
Each flow variable in the NLDE domain was initialized with small perturbations
that were added to RANS mean flow to encourage the development of turbulent
structures in the unsteady calculation. The density and pressure variables were
initialized with a fluctuation amplitude ±1% of the free stream value. The velocity in the streamwise direction (x-coordinate direction) and the velocity in the
vertical direction (y-coordinate direction) were initialized with a fluctuation am√
plitude of ±1% U∞ 2 2, where U∞ is the free stream velocity in the x-direction.
Due to the two-dimensional nature of the problem, the velocity in the transverse
direction remained zero with no fluctuations. All of the fluctuations were weighted
with hyperbolic tangent functions so that they diminish as they approached the
upper and outflow boundaries with the purpose of avoiding unwanted interactions
between the fluctuations and boundaries. In addition, the wall boundary condition in the TANDEM code was written to correct the instantaneous solution to
the appropriate no-slip wall boundary values. Figure 5.4 shows contours of the
fluctuations used to initialize the density in the entire NLDE domain.
The solution was run to 350 iterations with a time step of 1×10−5 per iteration.
This length of time was not long enough to allow the flow to travel from the inlet to
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Figure 5.4: The initial density fluctuations imposed on the NLDE domain.
the recycle station, so a full assessment of the inflow turbulence generated by the
recycling boundary condition was not performed. Figure 5.5 is a plot of the mean
and instantaneous pressure contours in the NLDE domain. The instantaneous
solution shows the presence of unsteady fluctuations. As a result of the short
calculation time of this case, realistic fluctuation results were not produced and
the observed fluctuations are likely lingering remnants from the fluctuations that
were imposed on the flow at the beginning of the calculation.
During the course of the NLDE NACA 0012 airfoil calculation, the boundary
layer variables were monitored and the recycling boundary condition results were
assessed. Within the first few hundred iterations, it became clear that the NLDE
calculation was altering the instantaneous solution such that the mean boundary
layer characteristics were deviating from those calculated by the RANS solver. Figure 5.6 is a plot of the fluctuating x-velocity on the inlet and recycling boundaries
at a single point in time. Figure 5.6a shows the results of the calculation procedure
during the recycling boundary condition calculations for the inner wall variable,
y + , and demonstrates that the recycling boundary condition is behaving as expected. The fluctuating solution at the recycling location is found with respect
to the inner wall variable, interpolated onto the inlet boundary and rescaled by
a factor that is based on the RANS calculated boundary layer thicknesses at the
inlet and recycle stations as described in Section 3.3.1 of Chapter 3. In the case
of the NACA 0012 airfoil, the boundary layer thicknesses at the inlet and recycle
station were relatively similar resulting in a small rescaling factor of 1.003. This is
evident in the figure. The interpolated solution on the inlet matches the recycling
fluctuating variable based on the inner wall variable and the rescaled solution is

75

(a) RANS mean solution on the NLDE domain - Pressure

(b) NLDE instantaneous solution - Pressure at t = 3.5 × 10−3 seconds

Figure 5.5: Pressure contours in the NLDE domain for the NACA 0012 test case.
very similar in amplitude. The next step of the recycling boundary condition is to
perform the same interpolation and rescaling procedure to the outer wall variable,
and to apply the smoothing function to blend the inner and outer wall solution.
Figure 5.6b is a plot of the fluctuating x-velocity at the inlet and recycle stations
after the calculation was carried through an entire NLDE iteration. It is evident
in the figure that the NLDE solution is slowing down the velocity in the boundary
layer by observing the grouping of negative fluctuating velocity in the inner wall
variable region in the range y + = 7 − 100. This grouping of negative perturbation
velocities is referred to in this thesis as a wall jet and is investigated in the following
chapter. The wall jet velocity magnitude was smaller than the mean velocity in
the same location in the boundary layer so that the instantaneous velocity remains
positive, but substantially slower than the mean profile. The secondary effect of
the wall jet, is a thickening of the boundary layer. Due to these observations, the
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(a) Profiles of the fluctuating streamwise velocity at the recycle and inlet stations calculated with respect to the inner
wall variable y + sampled during the application of the recycling boundary condition.

(b) Profiles of fluctuating streamwise velocity at the recycle
and inlet stations at the end of an NLDE iteration.

Figure 5.6: A demonstration of the recycling and rescaling boundary condition in
the NACA 0012 test case. Fluctuating streamwise velocity profiles are sampled
during (a) intermediate and (b) full iteration steps where y + = y uντ .
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NACA 0012 calculation was put aside and more in depth studies of the boundary
layer behavior were performed with a 3D flat plate boundary layer calculation.

5.2

Analysis of the NLDE in the Boundary Layer

The original purpose of the flat plate test case was to validate the NLDE calculation for wall bounded flows with the recycling and rescaling boundary condition
generating the inflow turbulence. However, challenges discovered during the solution process have become an obstacle to obtaining conclusive validation of the
TANDEM code. Instead, the case became a valuable testing ground for analyzing
those parameters that are of most importance in leading to the optimal solution
process. In this section, a description of the challenges faced in the solution of wall
bounded flows with the NLDE in a restricted computational domain is presented.
Corrections that have been made to the solution procedure to improve the NLDE
solution in the boundary layer are also discussed.

5.2.1

RANS Boundary Layer Solution

Before the NLDE can be solved on a restricted domain, the mean flow component
must be selected. In this flat plate boundary layer case, a RANS solution was
used for the mean flow. This mean flow solution was obtained using a steady,
two-dimensional RANS calculation using Wind-US. A two-dimensional simulation
for the mean flow was considered to be acceptable because the mean variation of
the flow in the spanwise (z-coordinate) direction is assumed to be negligible. The
RANS domain was made sufficiently large to model the development of a turbulent
boundary layer on a flat plate, including the leading edge of the plate. The free
stream Mach number was 0.2, pressure was 101.3kP a and density was 1.2kg/m2 .
Hyperbolic tangent grid stretching was used in the wall normal direction.
The RANS solution was run until the flow was statistically steady. The solution was validated using experimental results for the inner wall variables and
the skin friction coefficient. Figure 5.7 shows the RANS solution in comparison to Wieghardt’s[58] measurements. The inner variable, u+ = u/uτ , is a nondimensionalized, streamwise velocity.
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(a) Skin friction coefficient versus Reynolds number based on
distance ‘x’ from the leading edge of the plate

(b) Non-dimensionalized velocity profile, u+ =
y uντ at Rex = 5 × 106

u
uτ

and y + =

Figure 5.7: A comparison of the computed RANS solution to experimental data
for a two-dimensional, zero-pressure-gradient, flat plate case. This solution is used
as the assumed mean flow in the TANDEM boundary layer calculation.
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After the RANS calculation had converged, the solution was interpolated onto a
much smaller and more refined TANDEM computational domain and copied across
all spanwise locations. Additionally, the wall shear stress τwall and boundary layer
thickness δ data was written to a text file with the corresponding x coordinate
locations to be read in and interpolated by the TANDEM code and used by the
recycling and rescaling subroutines. Therefore, it should be emphasized that an
accurate RANS mean flow solution is crucial for cases where recycling and rescaling
is used.

5.2.2

NLDE Preliminary Results

The inlet of the TANDEM computational domain was placed at a streamwise
location where the Reynolds number based on distance from the leading edge
was Rex ≈ 4.4 × 106 . At this location, the numerical contamination from the
leading edge and developing boundary layer was minimized and a good mean flow
estimation was realized as shown in Figure 5.7b. The high Reynolds number also
assured that the boundary layer was in a fully developed, turbulent flow regime.

(a) XY (Spanwise) Plane

(b) YZ (Streamwise)
Plane

Figure 5.8: The NLDE grid and boundary conditions used for the zero pressure
gradient boundary layer test case.
The NLDE grid is shown in Figure 5.8 and annotated with the domain limits
and boundary conditions. The size of the TANDEM domain mesh was 280 × 100 ×
120 and the domain limits in terms of the boundary layer thickness at the inlet were
14δinlet × 4δinlet × 2δinlet . The first grid point off the wall satisfied the constraint
y + < 0.17. The grid spacing in the two remaining coordinate directions were
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∆x+ = 120 and ∆z + = 45. The inlet boundary was the recycling and rescaling
boundary condition where the location of the recycling station was located at
9δinlet downstream of the inlet or in terms of Reynolds number Rex ≈ 5.1 × 106 .
Periodic boundary conditions were assigned at the spanwise boundaries. The upper
boundary used the Tam and Webb [39] radiation boundary condition and the
outflow boundary was a buffer zone spanning 30 points in the streamwise direction.
The solution was run to 3550 iterations with a physical time step of ∆t =
5 × 10−7 . This is equivalent to a total physical time of 0.001775 seconds. This was
long enough for the free stream flow to move through approximately one recycle
period. Dual-time stepping with 30 sub-iterations per time step was used to speed
up the solution process. During the calculation, boundary layer statistics were
monitored.

Figure 5.9: Contours of instantaneous streamwise velocity in meters per second
plotted on a spanwise plane bisecting the NLDE domain. The data was sampled
at time t = 0.001775 seconds from the flat plate run prior to the implementation
of source term damping.
Figure 5.9 shows contours of the instantaneous streamwise velocity on a spanwise slice through the center of the NLDE domain. The recycling station is indicated in the figure by a black line. The contours show that there is minimal
streamwise velocity fluctuations and that there is slight growth of the boundary
layer thickness within the short NLDE domain. A qualitative assessment of the
results shows that the NLDE is simulating wall bounded flow with the expected
general trends. However, as is detailed in the remainder of this section, a closer
look into the boundary layer statistics and inner wall variables shows that the TAN-
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DEM predicted boundary layer characteristics do not match those of a turbulent
boundary layer in the Reynolds number regime of 5 million.

Figure 5.10: Streamwise velocity contours plotted for the mean flow, instantaneous
flow and instantaneous flow averaged from time t = 0 for the flat plate calculation
prior to the implementation of source term damping. The data was collected at a
streamwise location Rex = 5 × 106 and halfway across the domain in the spanwise
direction at a physical time of t = 1.49 × 10−3 .
The behavior of the TANDEM code in the inner region of the boundary layer
is shown in Figure 5.10. The mean flow streamwise velocity is compared to the
instantaneous streamwise velocity and the instantaneous streamwise velocity averaged over the entire calculation period. The variables are plotted against the
distance from the wall normalized by the boundary layer thickness at the inlet of
the domain. The data was sampled at a physical time t = 1.49 × 10−3 seconds at
the streamwise location where Rex = 5 × 106 and halfway across the domain in
the spanwise direction. The results show that the TANDEM solution is slowing
the boundary layer in the inner and buffer regions compared to the RANS (mean)
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solution. This has the effect of creating a TANDEM boundary layer with lower
shear stress at the wall.

(a) t = 5.0 × 10−7 seconds

(b) t = 5.0 × 10−4 seconds

(c) t = 1.0 × 10−3 seconds

(d) t = 1.5 × 10−3 seconds

Figure 5.11: Plots of fluctuating streamwise velocity where u0 is data sampled at the
time step indicated, and u0 is averaged from the beginning of the calculation to the
indicated time step. The data was sampled at a streamwise location Rex = 5 × 106
and at a spanwise location bisecting the domain. The results are from initial flat
plate runs prior to the implementation of source term damping.
The alteration of the boundary layer is achieved by a “wall jet” manufactured
by the TANDEM code and manifested in the streamwise fluctuating velocity near
the wall. Figure 5.11 shows the growth of the wall jet over time sampled on a line
that is normal to the wall and located at a streamwise location where Rex = 5×106
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and in the center of the domain in the spanwise direction. The average value shown
in the plot is an average of the variable from the beginning of the computation,
at time t = 0s to the indicated time step. At the beginning of the simulation
the fluctuations are symmetrically positive and negative. However as the solution
progresses, the streamwise velocity takes on a negative attribute peaking at the
wall normal location y = δinlet × 5 × 10−3 . The jet continues to grow in magnitude
throughout the entire simulation.

(a) Fluctuating pressure

(b) Fluctuating streamwise velocity

(c) Fluctuating wall normal velocity

(d) Fluctuating spanwise velocity

Figure 5.12: Plots of fluctuating pressure and velocity vs time sampled at the first
grid point off the wall and two streamwise locations, 4.3 × δinlet and 11.1 × δinlet .
The results are from the flat plate run prior to the implementation of source term
damping.

84
Figure 5.12 is a plot of the fluctuating variables over time at the first point
off the wall at two streamwise locations and halfway across the domain in the
spanwise direction. As shown in the figure, the fluctuating pressure, wall normal
and spanwise velocities had higher amplitude fluctuations at the beginning of the
simulation and settled to steady fluctuations around a mean value by the end of the
calculation. Conversely, the fluctuating streamwise velocity shows that the variable
dips to a negative value near the beginning of the simulation and continues to grow
in the negative direction. By the end of the simulation, the nominal value of the
fluctuating streamwise velocity is ≈ −0.285m/s and the rate at which the velocity
grows in the negative direction has slowed, indicating that the solution may be
approaching the final boundary layer characteristic driven by the TANDEM code.

5.2.3

NLDE Solution Procedure Considerations

Steps were taken in an attempt to correct the unexpected boundary layer prediction
of the TANDEM code that was highlighted in the preceding section. These steps
are described in the following section and the effect of the changes is presented in
Section 5.2.4.
5.2.3.1

Low Pass Filter

A low pass filter was implemented in the TANDEM code to prevent high frequency
fluctuations from growing and becoming unstable[23]. Unfortunately, this characteristic may be interfering with the solution. In order to determine the if the low
pass filter was causing real turbulent fluctuations to dampen, the parameters of
the low pass filter were varied and the results were assessed.
Two modifications were made to the filter:
1. The filter adjustable parameter was increased from αf = 0.3 to 0.49 where
the maximum bound on the parameter is 0.5. Increasing this parameter
results is a less dissipative filter.
2. The order of the TANDEM calculation procedure was modified such that for
dual-time stepping, the filter was applied at the end of the physical time step
as opposed to at the end of each sub-iteration.
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The first modification was used to produce the results shown in the following
section. Initial calculations were performed using the second modification, however
conclusive results were not obtained. It is recommended that the effects of applying
the filter after the end of each physical time step be investigated in future studies.
5.2.3.2

Initial conditions

Random fluctuations are used to initialize the perturbation variables to encourage
the development of turbulence in the boundary layer. Various amplitudes, widths
and spatial weighting functions were tested. Initial flat plate boundary layer test
case runs were initialized using random fluctuations with max amplitudes matching the max rms value of the turbulent intensity for each velocity component taken
from previous experiments[56]. However, these amplitudes were found to be too
small. For the final case presented below, the fluctuation amplitudes were considerably increased over previous values. Specifically, each flow variable was assigned
random initial fluctuations bounded by the following values:
• Density: ±10% of the free stream value
p
√
• Streamwise velocity: ±2 2 max( u02 )
p
√
• Wall normal velocity: ± 2 max( u02 )
p
√
• Spanwise velocity: ± 2 max( u02 )
• Pressure: ±10% of the free stream value
The fluctuations assigned to the wall normal velocity component were perfectly
anti-correlated with the fluctuations assigned to the streamwise velocity component
in anticipation of the expected behavior of the fluctuations in real boundary layer
flows.
In addition to increasing the amplitude of the fluctuations, the widths were also
increased. The spatial frequency of the fluctuations was modified to span across
five grid points as opposed to previous tests where the fluctuations were initialized by randomly assigning values on each grid point separately. This decrease in
frequency was aimed to mitigate the effects of the low pass filter and other spatial damping effects that are implicit to the calculation procedure. A triangular
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Figure 5.13: Contour plots of the streamwise velocity fluctuations used as the
TANDEM initial conditions plotted on streamwise and spanwise planes bisecting
the NLDE domain.
weighting function was used to damp the fluctuations near the wall and in the
free stream, emulating the expected behavior of the fluctuations near the wall.
Figure 5.13 shows the initial conditions of the fluctuating streamwise velocity on
streamwise and spanwise planes bisecting the NLDE domain.
Finally, as also noted in Chapter 3, the discontinuities in the RANS interpolation onto the NLDE grid were corrected, assuring smooth NLDE derivatives across
the domain.
5.2.3.3

NLDE Source Term Damping

One of the most important and most influential steps taken to restrict TANDEM’s
modification of the characteristics in the inner boundary layer and improve the zero
pressure gradient boundary layer results was to damp the source terms present in
the NLDE. Source term damping was thought to improve the solution because the
sudden presence of the source terms at the beginning of the calculation may cause
unpredictable behavior in the direction of the NLDE solution.
Damping is achieved by subtracting the mean flux vectors from the standard
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form of the NLDE shown in equation (2.13):


∂Ev ∂E ∂Fv ∂F ∂Gv ∂G
∂q0
=
−
+
−
+
−
∂t
∂x
∂x
∂y
∂y
∂z
∂z


∂q0 ∂E0v ∂E0 ∂F0v ∂F0 ∂G0v ∂G0
−
+
−
+
−
+
−
(1 − Tramp t) (5.3)
∂t
∂x
∂x
∂y
∂y
∂z
∂z
where the “0” subscript denotes the mean flux vector and the variable t is the
physical time. The factor, (1 − Tramp t), that multiplies the mean quantities in
(5.3) is a weight that ramps up the source terms over a ramping period Tramp
during the solution process where t is the physical time at the current iteration.
In the flat plate boundary layer case below, the source term ramping period was
equal to the length of time it takes the mean flow to travel from the inlet to the
recycle station. Once the physical time step is equal to or greater than the ramping
period, the source term damping is turned off.

5.2.4

Discussion of Results

After implementing the changes discussed in the previous three sections, the zero
pressure gradient boundary layer case was run again. The same boundary conditions and mesh were used as in the previous case, shown in Figure 5.8. The same
time step and number of sub-iterations were also used. The solution was run to
2900 iterations which is equivalent to a physical time t = 1.45 × 10−3 seconds.
Contour plots of the new solution are shown in Figure 5.14. The contours
are plotted on a spanwise slice bisecting the domain at time t = 1.45 × 10−3
seconds. When comparing the instantaneous streamwise velocity with the previous
solution, it is immediately evident that the fluctuations have larger amplitudes and
more defined, spatially larger structures. As expected, the velocity fluctuations in
the wall normal and spanwise directions are of comparable magnitude. It is also
observed that the periodicity of the recycling boundary condition is clearly present
in the density and velocity contours. Finally, the presence of the buffer zone at
the domain outlet is clearly visible and the mean values of each variable near the
exit is recovered.
The mean, instantaneous and time averaged instantaneous boundary layer profiles at Rex = 5 × 106 and computational time t = 1.45 × 10−3 seconds are shown in

(d) Instantaneous Spanwise Velocity (m/s)

(c) Instantaneous Wall Normal Velocity (m/s)

Figure 5.14: Contours of the instantaneous flow variables plotted on a spanwise plane bisecting the NLDE domain at
time t = 1.45−3 seconds. The red line is the recycling location and the black line delineates the start of the buffer zone.
The results are from the flat plate run after the implementation of source term damping.

(e) Instantaneous Pressure (Pa)

(b) Instantaneous Streamwise Velocity (m/s)

(a) Instantaneous Density (kg/m3 )
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Figure 5.15. A definite improvement over the previous results can be observed when
comparing to Figure 5.10, where in the new results, the instantaneous streamwise
velocity averaged over the entire solution time nearly matches the mean profile.
The viscous sub layer shows a small deviation from the mean trace, slightly under predicting the skin friction. The instantaneous trace deviates largely from the
mean and time average instantaneous values showing the unsteady nature of the
boundary layer particularly in the log-law inner region.

Figure 5.15: Streamwise velocity contours plotted for the mean flow, instantaneous
flow and instantaneous flow averaged from time t = 0 for the flat plate calculation
after the implementation of source term damping. The data was collected at a
streamwise location Rex = 5 × 106 and halfway across the domain in the spanwise
direction at a physical time of t = 1.49 × 10−3 .
Despite the promising boundary layer profile results, over time the fluctuating
streamwise velocity does tend to drift toward negative values. Figure 5.16 is a plot
of the fluctuating streamwise velocity and its average from the beginning of the
calculation at the first point off the wall. Initially, it appears that the velocity
begins at a negative amplitude and works its way towards zero. However at about
t = 5 × 10−4 seconds, the velocity fluctuates about ever decreasing values. This
transient behavior may be related to the ramping up of the source terms. Despite
the negative trend, these results show an improvement over the original boundary
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layer data shown in Figure 5.12b.

Figure 5.16: Fluctuating streamwise velocity sampled over time at the first point
off the wall where the Reynolds number is 5 million. The solid red line is the
variable sampled at each time step and the dashed black line is the time average
over the calculation from the start of the simulation to the current time step.
The results are from the flat plate run after the implementation of source term
damping.
The cause of the observed negative drift can be seen more clearly in Figure
5.17 where the fluctuating velocity is plotted on a line that is normal to the wall
and in the center of the domain in the spanwise direction. Again, this line is located at streamwise location where the Re = 5 million. The average is taken from
the beginning of the calculation at time t = 0 seconds to the time indicated in
each sub figure. The figure shows that over time the time average of the fluctuating streamwise velocity approaches zero, however, the ”wall jet” that was clearly
present in the previous boundary layer test case and NACA 0012 case appears to
be slowly growing. However, an improvement over the original results shown in
Figure 5.11 is clearly evident indicating that the implementation changes discussed
in the previous section are a step in the right direction.
Finally, Figure 5.18 is a plot of the streamwise turbulent intensity and the
turbulent xy shear stress on a line normal to the wall at the same boundary layer

91

(a) Time t = 5.0 × 10−7 seconds.

(b) Time t = 5.0 × 10−4 seconds.

(c) Time t = 1.0 × 10−3 seconds.

(d) Time t = 1.45 × 10−3 seconds.

Figure 5.17: Plots of fluctuating streamwise velocity where u0 is data sampled at the
time step indicated, and u0 is averaged from the beginning of the calculation to the
indicated time step. The data was sampled at a streamwise location Rex = 5 × 106
and at a spanwise location bisecting the domain. The results are from the flat
plate run after the implementation of source term damping.
location as the previous plot. These results are promising as the magnitudes are
approximately the levels documented in Schlichting [56]. However, the levels in
the near wall region are grossly under predicted; although it must be noted that
due to time constraints the solution has not had a chance to run long enough to
converge.
Overall, the zero pressure gradient boundary layer case has shown promising
results with notable improvements in the boundary layer profile and predictions of
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(a) Plots of the streamwise intensity and turbulent shear stress in the boundary layer
at the streamwise location Rex = 5 × 106 and at time t = 1.45 × 10−3 seconds.

(b) Schlichting[56] turbulent intensity data.

Figure 5.18: A comparison of the TANDEM predicted (solution not converged)
turbulent velocity components in the boundary layer with experimental measurements.
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the flow statistics over the original boundary layer case that was presented at the
beginning of this section. The presence of the wall jet has been reduced and the
unsteady fluctuations have been shown to have characteristically higher amplitudes
that are comparatively similar to historical boundary layer data. However, the
alteration of the boundary layer bulk velocity in the sublayer and buffer regions
by the TANDEM code is still present and further investigation into the cause of
this is required. In summary, it is thought that the developing turbulent stresses
in the boundary layer are presently unequally balanced with the source terms
in the governing equations. Further, a longer computational time must be run
to determine the end result of the TANDEM predictions and assess how much
change over the mean flow is imposed. Finally once these challenges have been
fully addressed, a 3D airfoil case can be run and the unsteady pressures can be
extracted to assess the trailing edge noise prediction capabilities of the NLDE and
TANDEM code.

CHAPTER

SIX
SUMMARY AND FUTURE WORK

T

railing edge noise is considered to be a dominant source of aerodynamic
noise in the broadband spectrum of large modern wind turbines. In this

thesis, a new method based on first principles is presented with the purpose of
predicting wind turbine TBL-TE noise. This wind turbine noise prediction method
is unique because the currently available methods are either semi-empirical and
may not provide reliable results for new airfoil geometries or are computationally
expensive. The proposed method will resolve the fine turbulent scales around the
trailing edge region using the TANDEM CFD code that was discussed in this
thesis. Once this code has been fully validated, the farfield noise can be calculated
by importing the fluctuating flow field into the FW-H solver, PSU-WOPWOP, and
performing aeroacoustic propagation calculations.
In the previous chapters of this thesis, improvements made to the TANDEM
code have been discussed and their implementation has been demonstrated. One
of the key additions to the method is a turbulent recycling and rescaling boundary
condition. This addition is important because its purpose is to provide the proper
turbulent scales at the inflow boundary allowing the computational domain to be
smaller and restricted to the trailing edge of the airfoil thus allowing for a more
computationally efficient method. The three-dimensional zero pressure gradient
boundary layer test case discussed in Chapter 5 described the additions made to
the TANDEM code including the recycling inlet boundary condition and assessed
the accuracy of the turbulent boundary layer predictions of statistics and profiles.
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In summary, the predictions were promising, but further improvements are required
before the TANDEM code can be used to predict trailing edge noise.
The most critical problem to address is the “wall jet” modification of the turbulent boundary layer profile by the TANDEM code. Three suggestions for improving
this behavior are offered by the author:
1. Set the source term weighting to turn off or ramp down as the turbulent
fluctuations reach the expected values. This may require longer ramping
times than used in the cases presented in this thesis.
2. Turbulence may not be fully generated in the boundary layer by the TANDEM code. A subgrid scale model may help to ensure that the turbulent
fluctuations maintain high enough amplitudes. In addition Chyczewski’s wall
model for the NLDE[59] may help to discourage the development of the “wall
jet”.
3. During the calculation, it is helpful to monitor the anti-correlation characteristic between the u0 and v 0 variables. The fluctuation amplitudes and
statistics of all flow variables should also be monitored with time, ensuring
that they maintain the correct amplitudes based on turbulent boundary layer
statistics.
In addition to addressing the “wall jet” problem, other improvements to the
TANDEM code are suggested. The multi-block implementation of the NLDE
requires further improvement for a smoother calculation process. The recycling
boundary condition should be tested with multiple blocks across its boundary. Additionally, the communication algorithm between the multiple blocks that touch
the point at the tip of a sharp trailing edge of the airfoil in a sharp trailing edge
case should be generalized. The current implementation has hard coded this communication into the solution algorithm. Furthermore, due the fact that the wall
boundary condition is adjacent to an interface boundary condition at this point, the
calculations need to be more robust in that the wall boundary condition should be
averaged and communicated across the blocks in the streamwise direction. Currently the averaging and communication only happens in the vertical direction.
The multi-block implementation could also be improved by allowing multiple levels
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of parallelization where the blocks can be divided into subdomains so an arbitrary
number of processors could be used. As it is currently implemented, the multiblock code can only accept the same number of processors as blocks. Finally, the
acoustic data surfaces must be updated to collect data from multiple blocks.
Lastly, the recycling and rescaling boundary condition should also be improved
to account for boundary layers with pressure gradients. This will be especially
important in airfoil calculations.
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