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ABSTRACT
Ion exchange procedures have been developed for soda lime silicate and soda alumina
silicate glasses that produce a maximum compressive stress below the surface of the
material. These glasses can form stable surface cracks under applied tensile stress,
resulting in rising apparent R-curve behavior and reduced strength variability as a
function of flaw size in the material. Glass exhibiting this behavior has been termed
engineered stress profile (ESP) glass. In this work, eight ion exchange procedures and
three surface preparation methods were used to produce a range of ESP glasses. An
experimental stress measurement method utilizing iterated optical retardation and
progressive etching was developed to determine the stress profile in the glass surfaces.
Based on the measured stress profiles, a weight function approach was used to predict
stress intensity factors as a function of crack geometry, and thus determine crack
propagation paths as a function of initial flaw size, residual and applied stresses, and
material fracture toughness. These calculations were used to predict fracture strength
distribution, crack stability, and the potential for multiple surface cracking. Predicted
values were compared to experimental observations of crack growth and fracture
behavior, and with measured fracture strength distributions.
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CHAPTER 1
INTRODUCTION

1.1 Strengthening glass by compressive stress
Since glass normally fails from surface flaws under tension, residual surface compression
is commonly used to increase fracture strength. These residual surface stresses are
normally introduced by ion exchange or thermal tempering. Ion exchange can produce
higher compressive stresses resulting in increased strength, but typical exchange depths
are relatively shallow (<200 µm) [1-3].

Flaws similar in size to this compressive region limit the desired improvement in strength
and increase the strength dispersion. This effect was discussed in work by Green and
Maloney [4], using a concept of apparent fracture toughness, in which the strengthening
effect of compressive residual stress is added to the inherent fracture toughness of the
material. For a linearly decreasing compressive stress, the apparent fracture toughness
passes through a maximum at 52% of the compressive stress depth. For smaller cracks,
the compressive surface stress acts to reduce the dependence of strength on flaw size.
For larger cracks, the residual compressive stress tends to destabilize crack growth,
increasing strength dispersion. The concept was later considered in more detail by
Tandon et al. [5].
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1.2 Subsurface compressive stress and engineered stress profile glass
Tandon and Green extended these ideas and analyzed conditions for crack stabilization
for parabolic stress distributions [6,7]. The basic concept in these calculations was that a
maximum residual stress located at a distance beneath the glass surface could result in a
region of stable crack growth. If surface flaws were limited to this stable growth region
then strength variability would be significantly reduced. A review paper by Schaeffer [8]
suggests that placing the maximum compressive stress beneath the surface produces a
“stress barrier” which suppresses crack growth. Experimental work by Green and others
[9,10] has shown that glass can be produced which exhibits this stable crack growth
behavior, narrow strength distribution (~2% coefficient of variation), and crack arrest
using a two-step ion exchange process applied to a soda alumina silicate glass. Similar
behavior has been seen for soda lime silicate float glasses for two step [11,12] and
variable temperature [13] ion exchange processes. The resulting materials are termed
engineered stress profile (ESP) glasses.

In order to understand and predict this fracture behavior, an accurate method is needed to
measure the residual stress profiles that occur in these glasses. Most conventional stress
measurement methods rely on direct photoelastic measurements in the ion-exchanged
region. These techniques are hampered by composition-induced refractive index
gradients and sample geometry effects [14]. They are also limited by the depth resolution
of the optical system used, typically ~10 µm [15], which causes difficulty if the residual
stress changes rapidly with depth. Improved methods are therefore needed to accurately
measure the residual stress distribution in ESP glasses.
2

1.3 Modelling the mechanical behavior of ESP glass
Once the residual stress profile of a given glass has been measured, mathematical models
are available to transform it into a corresponding apparent fracture toughness curve [16]
and these have been used to identify the key features needed in the residual stress profile
for stable crack growth [17]. These prior studies focused on a through-thickness surface
crack as the initial flaw geometry. The onset of crack growth, stability of the growing
crack, and fracture stress are, however, strongly dependent on crack geometry, and initial
crack shapes in the material do not necessarily match the through-thickness model.
Specifically, near-equiaxial flaws are observed to grow into through-thickness surface
cracks, propagating preferentially across the surface without penetrating the compressive
stress layer [9]. Thus, an extended theory is needed to describe the evolution of lowaspect ratio cracks in these materials, and more fully explain their overall fracture
behavior.

Further, current analytical models focus on the behavior of a single crack. The stability
of individual surface cracks in ESP glass also gives rise to multiple cracking behavior in
these glasses similar to that seen in fiber composites. Moreover these cracks have been
observed to deflect and run parallel to the glass surface. Multiple cracking behavior may
affect the strength of the material through crack shielding and crack deflection effects,
since the stress field around each crack is affected by other cracks nearby. This effect
may be minor or highly significant, depending on the depth, lateral spacing and trajectory
of the cracks [12,18].

An example of this multiple cracking behavior is shown in Figure

1.1
3

Figure 1.1

Tensile surface of ESP glass bar after loading in
4-point bend. Note the presence of multiple
surface cracks crossing the specimen
perpendicular to the loading axis [12].

4

1.4 Thesis Objectives
In the last section, it was established that a more comprehensive theory is needed to
understand the fracture behavior of ESP glass. The theory will need to analyze the
interaction of flaw populations, residual stress profiles, applied stresses, and fracture
toughness from the onset of crack growth to final fracture and fragmentation. Such a
theory is the primary objective of this research. Each of the remaining chapters of this
work covers a specific subset of the following three objectives.
1:

Experimental study of the fracture behavior of ESP glass

Examine fracture behavior of ESP glass as a function of material, surface flaw
population, and ion exchange processing conditions. Measure strength distributions and
quantify the multiple cracking behavior for soda lime silicate and soda alumina silicate
ESP glasses. This topic will be covered in Chapter 2.

2:

Stress profile analysis by iterated birefringence and etching

Develop methods for measuring residual stress profiles in ion-exchanged glass. Improve
technique accuracy and precision to allow measurement of steep stress gradients across
micrometer length scales. In this research, stress measurement by optical retardation will
be combined with an iterative etching process to produce an effective stress measurement
technique. The results will also be compared to those derived from curvature
measurements and other related methods. Test specimen geometry considerations, error
correction, and curve-fitting methods for the resulting stress profile are also discussed.
This topic will be covered in Chapter 3.
5

3:

Predict crack growth and fracture behavior in ESP glass

Use measured stress profiles to predict crack propagation behavior in ESP glass.
Compare the effectiveness of stress intensity factor methods for variable and fixed flaw
geometries in apparent fracture toughness curve calculations. Use calculated crack
propagation criteria to predict the onset of multiple cracking, patterns of surface crack
growth, and fracture strength distributions as a function of flaw size in ESP glasses. The
theoretical development will be the subject of Chapter 4 and the comparison with the
experimental data will be covered in Chapter 5.

The conclusion of this thesis will summarize and evaluate the effectiveness of the
analysis methods used, and discuss possibilities for future work. It is anticipated that this
research will have applications beyond the current materials under study, and will aid in a
better understanding of crack growth and fracture behavior of brittle materials
strengthened using residual stress.
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CHAPTER 2
FRACTURE BEHAVIOR OF ESP GLASSES
AS A FUNCTION OF PROCESSING
2.1 Introduction
Chapter 1 suggested that the unusual fracture behavior of engineered stress profile glass
depends on the interaction of the flaw size distribution in the material and the shape and
depth of the residual stress profile. This chapter explains the use of ion exchange
processing to create that surface stress layer, and analyzes the effects of flaw size and
residual stress with two parallel experimental methods. The first method uses a set of
specimens with identical surface preparation and a range of ion exchange processes,
while the second set uses two ion exchange processes and a range of surface preparations.
The effects of these various processes on fracture strength and multiple cracking behavior
are experimentally observed and analyzed.

2.2 Theory of residual stress development by ion exchange
Role of ion size and concentration
Work by Kistler [1] in the 1960’s describes the use of potassium ions to induce
compressive stress in alkali borosilicate glass surfaces. Cooper and Krohn suggested an
equation derived from thermal stress theory could be used to calculate these residual
stresses as a function of ion concentration for an infinite plate exchanged from both
surfaces [2].
[2.1]
10

where (σyy)x and (σzz)x are stresses as a function of position x, B is the network dilatation
coefficient, reflecting the difference in size of the exchanging and native ions, Cx is the
concentration of the exchanging ion, E is the Young’s modulus of the material, ν is
Poisson’s ratio. The material is assumed to be linear elastic in behavior. The first term
on the right side of the equation represents the stresses generated by local ion
concentration, while the second term shows the compensating effect of exchanging ions
elsewhere in the material. Equation 2.1 can be simplified as below:

[2.2]

where CAvg is the average ion concentration. Note that in the central region of the glass,
where local ion concentration is constant and below the average concentration, stress is
also constant and is of the opposite sign of the surface stress. Thus, a compressive outer
surface induces a tensile internal stress, and vice versa.

Ion exchange kinetics
Ion concentrations and exchange depths depend upon the diffusion coefficients of the
exchanging ions, which follow an Arrhenius relationship.

D = D0 exp(-E/RT)

[2.3]

where D is the diffusion coefficient, D0 is a constant, R is the gas constant, T is absolute
temperature, and E is the activation energy for diffusion. Thus higher bath temperatures
11

increase diffusion rates and therefore induced residual stresses for a given exchange time.
Exchange depth also increases with the square root of exchange time, as expected for a
diffusion-controlled process following Fick’s first law [3].

Thermal relaxation
Although the concentration of exchanging ions continually increases towards a maximum
value, the resulting compressive stress rises and then decays with time when held at ion
exchange temperatures, which are typically 100-200°C below the glass transition
temperature of the material. This effect is due to thermal relaxation, and can be
significant if the exchange temperature is sufficiently high relative to the glass transition
temperature of the glass. Prolonging the ion exchange process at high temperatures will
eventually reduce the compressive stress to near zero. Work by Sane and Cooper [4]
describes the effect mathematically.

Recently, Shen [5] has used this approach, incorporating experimental measurements of
stress relaxation. Good agreement was obtained between theoretical and measured stress
profiles. An interesting conclusion of this work is that stress relaxation behavior is very
sensitive to the composition changes in the exchanged layer, with the addition of
exchanging potassium ions acting to reduce stress relaxation effects. The analysis was
also extended to include the effect of a second exchange step, commonly used in the
production of ESP glasses.
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Thermal expansion mismatch and other effects
The stresses caused by the exchange process are altered as the glass returns to room
temperature, since the thermal expansion coefficient of the exchanged surface layer is
different from that of the unexchanged interior. Work by Varshneya [6] suggests that the
thermal expansion coefficient of the exchanged glass can be 50% larger than that of an
as-melted glass with the same composition, and that this can result in a reduction of 2025% of the net magnitude of the stress profile for an alkali alumina silicate glass.

Role of glass composition
The effects of ion exchange vary significantly with glass composition. The percentage of
monovalent (usually alkali) cations in the glass determines the theoretical maximum
stress level. However, the higher the monovalent ion content, the greater the number of
non-bridging oxygen atoms in the glass structure, and thus the lower the glass transition
temperature of the material [3,7]. This limits the maximum feasible exchange
temperature, since the higher temperatures desirable for rapid diffusion will also increase
potential stress relaxation effects. One of the key factors in ion exchange of glass is the
presence of aluminum ions in the glass network. Aluminum, as Al3+ in association with
Na+, acts as a four-coordinated network former, substituting for silicon in soda alumina
silicate glasses [7]. This substitution increases network connectivity and glass transition
temperature, by decreasing the number of non-bridging oxygen atoms in the material for
a given sodium concentration. According to work by Burggraaf and others [8,9] this
effect is most pronounced when γ, the ratio of aluminum to sodium, equals unity.
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2.3 Ion exchange conditions and surface flaws
The challenge in producing ESP glass is to balance ion size considerations, diffusion
kinetics, and thermal relaxation to produce a low surface stress and a large compressive
stress below the surface. Since crack growth is most efficiently inhibited by stresses near
the crack tip, the depth of the stress layer in the glass must also be deep enough to
significantly affect all surface flaws in the material. Knowledge of the flaw size
distribution of the glass is therefore an important consideration. These criteria require
certain compromises in processing. A long duration, high temperature ion-exchange is
best for increasing the stress depth, but also increases relaxation, reducing the maximum
stress attainable. Alternately, the flaw size can be controlled using surface polishing,
annealing, or other surface modification techniques prior to the ion exchange process.

Use of multiple exchange steps is a common practice when fracture strength, fracture
behavior, and other properties must be optimized simultaneously [3], adjusting bath
composition, temperatures, and duration to produce a greater variety of stress profiles.
In order to produce the low surface stresses and high subsurface compressive stresses
needed for ESP glass behavior, a two step ion exchange process was chosen, based on
prior work by Sglavo, Green, and others [10-14]. An initial exchange in molten
potassium nitrate produces a high potassium concentration and a large compressive stress
in the glass surface. The second exchange step uses a mixed potassium-sodium nitrate
salt bath, exchanging potassium in the glass for the (smaller) sodium ions in the
surrounding liquid, and reducing the outer surface compression. Note that if the duration
of the second exchange is sufficiently long, a surface tensile stress can develop [15].
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This possibility is discussed by Shaisha and Cooper [15] as the effect of sodium ions
during the second exchange step on the relaxed high-potassium surface produced by the
first exchange step. Recent work by Shen [16] attempts to describe mathematically the
relations between salt bath conditions, the resulting potassium diffusion profile, and the
residual stress profile for these two step ion exchange processes.

2.4 Experimental Procedure
Two glasses were selected for study. The first, Corning 0317 soda alumina silicate (SAS)
glass (Corning, NY) was chosen for ion exchange processing due to its high alumina
content and the presence of significant background data on the material in the scientific
literature. This glass has a nominal composition of 62.3 wt% SiO2, 12.8% Na2O, 0.3%
CaO, 3.3% MgO, 3.5% K2O, 16.4% Al2O3, 0.8% TiO2, 0.3% Fe2O3, 0.3% other [13], and
a strain point of 576°C [17]. The as-received glass was cut into 50 mm x 10 mm x 2.6
mm specimens suitable for four-point-bend testing, using a diamond wafering blade. The
edges of these specimens were beveled with 180-grit silicon carbide abrasive to minimize
the effects of corner flaws. The specimens were examined using a polariscope to ensure
that no pre-existing residual stresses were present which might interfere with the ion
exchange processing. A range of exchange processes were chosen, with first exchange
time varying from 6 to 120 hours, and a constant second exchange time of 30 minutes.

In order to widen the applicability of the research, a second set of experiments was
performed using a commercial soda lime silicate (SLS) float glass. (Starphire, PPG
Industries, Pittsburgh, PA). The composition of the glass was 72 mol% SiO2, 13.9%
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Na2O, 11.0% CaO, 0.7% Al2O3, 0.1% SrO, 0.1% MgO, 2% other. Due to the low
alumina content, this glass has slower diffusion rates than Corning 0317. Stress relaxation
is more rapid, due to a lower strain point temperature of ~475°C [17], resulting in lower
compressive stresses despite a slightly higher sodium concentration. Because of this low
strain point, processing temperatures must be kept low to avoid excessive relaxation,
reducing exchange depths and limiting the range of effective ion exchange conditions
[18].

Given this limited flexibility in ion exchange conditions (and resulting residual stress
profiles) it was decided that controlling the surface flaw size in the material would
provide an alternate method for examining the limits of the stable crack growth and
narrow strength distribution effects that are the hallmarks of ESP glasses.

Three different surface polishing technique, denoted A, B, and C and described in Table
2.1 were therefore used to chamfer and smooth the tensile edges of the SLS glass
specimens. A single technique (method A) was used for the SAS glass. A sample of 20
specimens for each surface preparation were broken in 4-point bend configuration in air
prior to ion exchange processing. Fracture strengths were measured and then used to
calculate size distributions for the largest flaw present in the material, using the fracture
toughness equation

[2.4]
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where T is the known fracture toughness of the material, 0.7 MPa

m for both glasses

under study [19,20], σF is the measured fracture strength, Y is a geometric factor equal
to

2.24

π

, using a simplified assumption of semi- circular crack geometry, and c is the

crack depth. Crack growth is assumed to be exclusively Mode I. The resulting data are
shown in Table 2.1.

Table 2.1:

Strength of untreated glass after various surface preparations.

Surface
Finish

Polishing media used in
final step of surface
preparation

Average
Fracture
Strength
(MPa)

Standard
Deviation
(MPa)

Calculated
Average
Flaw Size
(µm)

SAS A

12.5-17 µm SiC*

85.6

9.9

43.7

SLS A

12.5-17 µm SiC *

98.4

7.5

32.2

SLS B

1.5-5 µm SiC *

113.7

11.7

24.6

SLS C

0.3 µm Al2O3

119.5

6.8

21.7

* particle diameter size range, according to manufacturer’s data [21]

As expected, the coarser surface preparations produced lower fracture strengths. Note
that the strength distributions for soda alumina silicate (SAS) and soda lime silicate
(SLS) glass with the same surface preparation (A) are not identical. The cause of the
lower average strength for the SAS glass is unknown, but may reflect variations in the
polishing procedure due to operator error. It is also possible that there is a slight
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difference in the fracture toughness or fatigue behavior of the two glasses, and this could
account for the difference in fracture strengths.

Six ion exchange conditions were selected for the SAS glass, in order to produce a range
of stress profile depths. A molten KNO3 salt bath at 500°C was chosen for the first
exchange medium. The second exchange step used a mixed KNO3/NaNO3 salt bath
(1.68:1 molar ratio) at a temperature of 400° C. In all cases, precautions were taken to
avoid premature fracture by thermal shock during processing. Specimens were heated in
air above the ion exchange furnace for 15 minutes before being lowered into the salt bath.
Similarly, specimens were allowed to cool in air for 15 minutes following each
processing step before being cleaned with distilled water and methanol. Table 2.2 lists
the ion exchange conditions used.

Table 2.2:

Ion exchange conditions for soda alumina silicate (SAS) glass

Process

1st Exchange Time

2nd Exchange Time

SAS 6

6 hours

None

SAS 6-30

6 hours

30 minutes

SAS 24

24 hours

None

SAS 24-30

24 hours

30 minutes

SAS 120

120 hours

None

SAS 120-30

120 hours

30 minutes
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Approximately 10% of the specimens in groups SAS 24 and SAS 120 spontaneously
fractured into small fragments during the first ion exchange bath, and one additional
specimen fractured within ten hours after processing. This effect is most likely due to the
presence of rare, abnormally large flaws in a few specimens interacting with the high
internal tensile stresses developed by prolonged ion exchange. It is assumed that these
flaws were distributed randomly on the unpolished edges of the specimens.

Two ion exchange conditions were used for the SLS glass, based on prior work by the
author [18]: A single step exchange in molten KNO3 at 450°C for 48 hours, and a two
step exchange which added a second mixed salt bath (1.68 KNO3:1 NaNO3 molar ratio)
at a temperature of 400° C for 30 minutes. All three surface preparation conditions (A,
B, and C) were used. After processing, specimens were fractured in 4-point bend
configuration with an outer span of 40 mm and an inner span of 20 mm, at a strain rate of
~3 x 10-3 / s. Tests were performed in ambient atmosphere, and samples were taped to
retain fragments.

Table 2.3:

Ion exchange processing conditions for soda lime silicate (SLS) glass

Process

First Exchange

Second Exchange

SLS A 48

48 hours

None

SLS A 48-30

48 hours

30 minutes

SLS B 48

48 hours

None

SLS B 48-30

48 hours

30 minutes

SLS C 48

48 hours

None

SLS C 48-30

48 hours

30 minutes
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2.5 Fracture strength of ESP glasses
Results for soda alumina silicate glass are shown in Figure 2.1 and Table 2.4. In each
case, increasing first exchange time correlates with decreasing strength. This is
reasonable, since longer exchange times allow more stress relaxation, and typically result
in smaller peak compressive stresses [22]. Prolonged exchange times also appear to
reduce strength variability for these treatments. The SAS 120 process shows a
particularly low standard deviation compared to the other processes

Fracture stresses are lower than those seen by Sglavo and Green for 24 and 120 hour
single step exchange processes [13]. This is most likely due to a difference in flaw sizes
in the material, since the reference also indicates higher untreated strengths. The
difference in test environments (ambient air vs. immersion in water and silicone oil) may
also play a role.

The effect of the second exchange step is more complex. For a 6 hour first exchange, the
second step significantly reduces the average strength and reduces strength variability as
measured by standard deviation. For a 24 hour first exchange, the second step causes a
negligible decline in strength and a slight increase in variation. For a 120 hour exchange,
the second step appears to increase fracture strength and standard deviation. These
results are in contrast to those by Sglavo and Green [13], which show a slight increase in
strength for the second exchange for both 24 hour and 120 hour exchange times.
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Figure 2.1:

Fracture strength of SAS ESP glasses as a function of
the duration of the first exchange step.

Table 2.4:

Fracture strength of SAS ESP glasses as a function of
the duration of the first exchange step.

Process

Fracture Strength

Standard Deviation

SAS 6
SAS 6-30
SAS 24
SAS 24-30
SAS 120
SAS 120-30

529.4
476.6
478.1
468.7
302.1
323.2

30.7
19.2
19.9
22.9
5.3
20.8
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Similar tests were performed on the soda lime silicate glass, for each surface finish and
ion exchange process. Results are given in Figure 2.5. For the SLS glass, the second
exchange step uniformly causes a reduction in strength, with a significant reduction in
strength variability for surface preparations B and C. Note that the strength of the single
step exchange glass varies significantly with surface finish, with much higher strength
and much wider standard deviation for the finest surface finish (C) while the strength of
the untreated glass shows a moderate dependence on surface finish and the strength of the
two step exchange glass remains virtually constant. This behavior is essentially that
expected for ESP glasses. The behavior of the SAS glasses is more complicated, and
suggests the need to obtain more detailed information on the stress profiles resulting from
the ion exchange process, and the effects of these profiles on fracture behavior.

2.6 Multiple cracking behavior
Specimens representing each ion exchange process were loaded in four point bending to a
range of stresses below the final fracture stress, then immediately unloaded. The tensile
surface of each specimen was examined using an optical microscope, and the average
spacing of through-thickness surface cracks was recorded in each case. Dye was used to
improve the contrast between the cracks and the material surface. A photograph is shown
in Figure 2.3. The number of surface cracks as a function of applied stress is plotted in
Figure 2.4. Each of the two step ion exchange processes produced multiple throughthickness surface cracks before fracture, while the single step processes did not. This
distinction is consistent with prior studies of ESP glass [12-15].
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Figure 2.2:

Fracture strength of SLS ESP glass as a function of surface preparation

Table 2.5:

Fracture strength of SLS ESP glass as a function of surface preparation

Surface Finish and
Process
SLS A 48
SLS A 48-30
SLS B 48
SLS B 48-30
SLS C 48
SLS C 48-30

Fracture Strength (MPa)

Standard Deviation

303.4
287.6
324.4
288.3
397.3
285.4

14.1
13.9
12.3
5.1
45.6
8.1
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Figure 2.3:

Stable through-thickness cracks visible in SAS 120-30 ESP glass
surface, after loading to 300 MPa applied stress.
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Figure 2.4:

Number of through-thickness surface cracks in ESP glasses as a
function of applied stress.
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In each case, the number of through-thickness cracks increases with applied stress. This
suggests that as the applied stress increases, a greater proportion of surface flaws within
the material are activated. The observed onset stresses for multiple cracking correlate
with fracture strength. The SLS 48-30 glass develops cracks at the lowest applied stress,
approximately 50% of the fracture stress for the material. The SAS 120-30 process
develops through-thickness surface cracks at ~230 MPa, while the 6-30 process only
begins to show through-thickness surface cracks above 400 MPa.

In the SAS glasses, surface cracks tend to deflect from an initially vertical orientation as
the applied stress increases, as shown in Figure 2.5. This phenomenon has been seen
before in prior work using similar ion exchange conditions [13]. Figure 2.6 shows a
cross-section view of these cracks. The deflection depth appears to be a uniform ~18 mm,
with some spalling of the surface layer.

Observations indicate that the spacing of the surface cracks is definitely nonuniform. In
the case of the SAS 120-30 glass, crack spacing at 300 MPa applied stress varied from
less than 20 mm to more than 100 mm. This variability seems to indicate an underlying
uneven distribution of initiating flaws in the material, which may exert a stronger effect
than crack shielding phenomena on the final surface flaw distribution.
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Crack deflects away
from nearest
neighboring crack to
the left.
Figure 2.5

Crack deflects away
from neighboring
cracks to the right.

Crack is shielded by
large neighboring cracks
nearby on both sides,
and does not propagate.

Deflection of surface cracks in SAS 120-30 ESP glass surface, at
an applied stress of 307 MPa. Deflecting cracks appear to turn
away from their nearest neighbors.
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Figure 2.6

Cross-section of surface cracks in SAS 120-30 ESP glass surface,
at an applied stress of 307 MPa.
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Figure 2.7 plots the number of stable non-through-thickness cracks in each material as a
function of applied stress. For purposes of this study, these flaws are assumed to be
approximately semi-elliptical, and are defined as cracks at least 50 µm in length which
extend less than half the width of the specimen. The data is exceedingly noisy, but
several trends are intriguing. In all cases, the onset stress for semi-elliptical crack growth
is less than for through-thickness cracks. For the SAS 24-30 and SAS 120-30 glasses, the
number of semi-elliptical cracks appears to increase to a maximum value and then
decrease. The most likely explanation is that the semi-elliptical cracks in these glasses
convert to through-thickness geometry as the applied stress increases. Figures 2.8 and
2.9 show photographs of these surface cracks. Table 2.6 summarizes onset stresses for
stable crack growth and fracture stresses for each of the two step ion exchange processes.

Table 2.6:

Onset stresses for semi-elliptical and through-thickness surface crack
growth in ESP glasses.

Process

Onset stress for
semi-elliptical
crack growth (MPa)

Onset stress for
through-thickness
crack growth (MPa)

Fracture strength
(MPa)

SAS 6-30

385.2

457.4

476.6

SAS 24-30

322.9

368.8

468.7

SAS 120-30

201.4

231.0

323.2

SLS A 48-30

153.4

177.8

287.6
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Figure 2.7:

Density of semi-elliptical surface cracks in ESP glasses as a
function of applied stress.
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Figure 2.8:

Stable semi-elliptical cracks extending from edge of specimen (top
of figure) in SAS 24-30 ESP glass surface, after loading to 368
MPa applied stress.
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5 mm

Figure 2.9

Semi-elliptical cracks on the tensile surface of a four-point bend
specimen. SAS 120-30 glass, 231 MPa applied stress. Note the
large number of cracks propagating from the specimen edges.
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2.7

Discussion

Fracture strength data for the SLS glass is straightforward: smoother surface finishes
increase strength and strength variability significantly for the untreated glass and the
single step ion-exchanged glass, but have little effect on the two step exchanged glass.
This insensitivity to surface flaw size is a classic characteristic of ESP glass. For the
SAS single step ion exchange treatments, it was found that strength decreased with
increasing duration of the ion exchange bath. Further, variation in strength decreased
significantly, both in absolute terms and as a coefficient of variation (standard deviation
divided by mean strength). The second exchange step strongly decreased the average
strength and standard deviation for the SAS 6-30 glass, slightly lowered the strength of
the SAS 24-30 glass, and appeared to increase the strength and standard deviation of the
SAS 120-30 glass. The effects on the SAS 6-30 glass, and to a lesser extent, the SAS 2430 glasses are as expected. However, the increased strength and standard deviation of the
SAS 120-30 glass are anomalous. The best explanations for these results are the
combined effects of crack deflection and shielding. As shown in Figure 2.5, the SAS
120-30 glass undergoes considerable multiple cracking prior to fracture. Moreover,
these cracks are seen to deflect significantly, over horizontal distances of up to 100 mm.
This deflection appears influenced by shielding effects in nearby cracks.

At least three potential mechanisms are possible. The shielding effects of multiple cracks
by themselves, even without deflection, may increase fracture strength, as is known to
occur in some composite systems [23]. For an infinite array of through-thickness cracks,
evenly spaced and of uniform depth, the strengthening effect reaches 10% for a crack
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spacing equal to approximately six times the crack depth [24], corresponding to a density
of 8 cracks/mm for cracks of 18 mm depth, easily attainable in the SAS 24-30 or SAS
120-30 glasses. Further, a longer first exchange time inducing a deeper stress layer
suggests that the 120-30 glass is capable of sustaining deeper cracks than the SAS 6 and
SAS 24 series while continuing stable crack growth, and shielding will be a greater factor
as cracks increase in depth, for the same crack spacing. Alternately, deflection of the
plane of crack growth (possibly due to asymmetric shielding effects) will tend to reduce
the mode I stress intensity factor at the crack front, and this may play a role in increasing
the fracture strength of the SAS 120-30 glass by requiring a greater applied stress to
reach the critical stress intensity for final fracture. As an additional possibility, crack
deflection effects, if sufficiently severe, may act to remove portions of the surface layer
by spalling, as shown in Figure 2.6. This may have a similar effect to glass strengthening
by acid etching, in which the flawed surface is removed chemically, revealing a relatively
pristine subsurface layer with no large flaws and thus inherently higher strength. Note
that the depth of the removed/deflected layer, at 18 µm, allows the retention of the bulk
of the strengthened ion-exchanged layer beneath.

Analysis of semi-elliptical cracks in these glasses is biased by the prevalence of cracks
propagating from the edges of the four-point-bend specimens. This is not surprising in
itself, since the edges of the specimen must be cut and polished, producing machining
flaws, while the tensile surface remains in relatively pristine condition. However, this
flaw distribution may complicate later crack propagation calculations. The stress state
along the edges of the specimen is different from that hypothesized for an infinite flat
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surface, due both to the presence of an additional free surface and the altered, threedimensional stress profile caused by ion-exchange from both surfaces simultaneously.
Thus cracks approaching or emanating from the edges of the specimen will behave
differently than those limited to the flat tensile surface. Crack density data for these
cracks is exceedingly noisy, and no firm conclusions can be drawn.

2.8

Conclusions

Based on prior work, eight ion exchange treatments were chosen for two types of glass
(SAS and SLS). Use of three surface processing methods produced fracture strengths of
85.6 to 119.5 MPa in untreated glass, corresponding to calculated semi-circular flaw sizes
of 21.7 to 43.7 mm. Four point bend testing was used to measure the fracture strength of
specimens representing each of the ion exchange processes, and in the case of the SLS
glasses, each of the surface preparation treatments. For the SAS glass, longer first
exchange times correlate to lower fracture strength for both single step and two step ion
exchange processes. The effects of the second exchange step on fracture strength and
strength variability are ambiguous, and seem to require a more detailed model.

Progressively finer surface polishing increases the strength and standard deviation of the
single exchange step process SLS 48, and has little effect on the strength of the two step
process, SLS 48-30, in accordance with the known characteristics of ESP glass [3,4].
The second exchange step in each case reduces the strength of the glass. The second step
also decreases the variation of the strength data, and this effect is most evident relative to
the large standard deviation of SLS C 48.
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Specimens representing each process were loaded in four point bend, then removed prior
to fracture and examined for signs of surface crack growth. All of the two step exchange
processes exhibited multiple surface cracks, which increased in number with increasing
applied stress. Onset stress for multiple cracking was seen to correlate with fracture
strength. Semi-elliptical surface cracks appeared first, with through-thickness surface
cracks following at slightly higher stress levels. Some evidence of crack deflection was
apparent in SAS 24-30 and SAS 120-30 glasses at applied stresses above 300 MPa.

In the next chapter, procedures will be discussed for measuring the residual stress profiles
produced by the one and two step ion exchange processes, in order to better understand
their effects on fracture behavior. Further chapters will correlate these ion exchange
stress profiles with the fracture behavior explored in this chapter to provide a basis for
comprehensive predictions of crack growth and fracture strength in these glasses.
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CHAPTER 3
STRESS PROFILE MEASUREMENT BY
ITERATED BIREFRINGENCE AND ETCHING

3.1 Introduction
In Chapter 2, ion exchange processes were described which produce residual stress
profiles in soda lime silicate and soda alumina silicate glass surfaces. A method is needed
to accurately measure these stress profiles. In the technique described below, the internal
tensile stresses resulting from various ion exchange processes are measured by
conventional optical retardation methods utilizing a Soleil-Babinet compensator.
Hydrofluoric acid is then used to progressively etch thin layers from the glass surface.
The compressive stress in the removed layer can then be determined from the change in
the compensating internal tensile stress, producing a stress profile as a function of depth.

Experimental concerns of specimen geometry, surface roughness, and operational
methodology are addressed. Error correction and mathematical curve-fitting methods are
examined in order to improve the accuracy of the technique. The effectiveness of this
progressive etching technique is determined for ion-exchanged soda lime silicate and
soda alumina silicate glasses. Stress profiles are obtained using the technique for each of
the ion exchange processes studied in Chapter 2. The work described was accomplished
with the help of Junwu Shen [1].
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3.2 Background
Several well known techniques utilize photoelasticity and optical retardation effects to
measure stresses in transparent materials [2-7]. Since the compressive stress layer near
the surface of ion-exchanged soda lime silicate glass is relatively shallow, on the order of
~ 30-100 µm. it is difficult to observe this region directly using photoelasticity.
Minimum feature size for conventional photoelasticity in glass is ~ 10 µm [7], and thus
alternate methods are needed in some cases. This is a particular problem for ESP glasses
that possess very steep surface stress gradients.

In the current work, the compensating internal tensile stress is measured, rather than the
thin outer compressive layer. Changes in the amount of internal tensile stress can be
observed as the outer compressive layers are progressively etched away, using techniques
developed by Bradshaw [8], Donald and Hill [9], and Beauchamp and Altherr [10]. After
each etching step, the sample is weighed and the internal stress is again measured. Given
the measured change in weight and the specimen surface area, the depth of each etch step
can be determined. The average compressive stress in the etched layer, σ(x), can then be
calculated from the change in internal stress and the ratio of etch depth to glass thickness.

3.3 Theory of stress measurement by optical retardation
Birefringence of Glass
Maxwell proposed that indices of refraction change linearly with applied load, and thus
applied stress, for an elastic material. The relation is given as
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n1 – n0 = c1σ1 + c2(σ2 + σ3)

[3.1]

n2 – n0 = c1σ2 + c2(σ1 + σ3)

where n0 is the normal refractive index of the material, n1 and n2 are the apparent
refractive indices for light linearly polarized in directions 1 and 2, c1 and c2 are optical
constants that depend on the material, and σ1, σ2, and σ3 are the principal stresses in
directions 1, 2, and 3, respectively [11]. The relative difference in refractive indices for
polarized light waves parallel to σ3 passing through an anisotropically stressed plate can
thus be determined using:

n2 – n1 = (c2 - c1)(σ1 - σ2) = C (σ1 - σ2)

[3.2]

where C = c2 – c1 is the relative stress optic coefficient, or Brewster’s coefficient, of the
material. The difference in refractive index (n2 – n1) induces a relative retardation for
light waves polarized in directions 1 and 2. The relative optical retardation for an
arbitrary difference in stresses can thus be computed for a given length of material by:

(σ1 - σ2) =

δ
CL

[3.3]

where σ1 - σ2 represents the difference between the vertical and horizontal stresses along
the light path as shown in Figure 3.1, δ is the measured optical retardation, and L is the
length of the specimen along the light path.
43

Compressive surface layer
t
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σ1
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H

Figure 3.1:

Cross-section of glass specimen and principal stress directions.
(A, B, C: specimen surfaces, H: height of specimen, t: thickness, L:
length)
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Use of Soleil-Babinet Compensator in Retardation Measurement
The optical retardation caused by these residual stresses in the glass can be measured
with a Soleil-Babinet compensator, which uses a set of quartz wedges with known
birefringence to apply a calibrated optical retardation δ, compensating for the retardation
caused by residual stress. The following equation is used:

 S ( x ) − S null
SF


δ = λ 





[3.4]

where λ is the wavelength of the light source (for the laser used in the current study,
λ=650 nm), Snull is the compensator reading at zero relative retardation, with no specimen
present; S(x) is the compensator reading at zero net relative retardation, with a specimen
present, as a function of cumulative etch depth x, and SF is the difference between
compensator readings corresponding to one full wavelength of optical retardation.

Calculation of Stress Profiles from Measured Retardation Data
By combining Eqs. 3.3 and 3.4, we get:

σ1 − σ 2 =

λ  S ( x) − S null 


CL 

SF




[3.5]

where σ1 is the central tensile stress balanced by the compressive stress at the original
glass surfaces (surfaces B in Fig. 3.1), and σ2 is the central tensile stress balanced by the
compressive stress at the side surfaces (surfaces C in Fig. 3.1). For specimens
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approximating an infinite plate (L>>t, H>>t), σ2 is negligible and Eqn. (5) can be
simplified to:

σ1 =

λ  S ( x) − S null 


CL 

SF




[3.6]

The average compressive stress in each etched layer can then be calculated from the
change in compensating tensile stress using a force balance.

 ∆ σ 1 (t − 2 x ) 
 − (σ 1 ( x ) − σ 1 (0) )
2 ∆x



σC =

[3.7]

where x is the cumulative etch depth, σc is the average stress in the etched layer from x to
x+∆x, t is the initial specimen thickness, σ1(x) is the measured internal tensile stress at
etch depth x, and ∆σ1 is σ1(x+∆x)- σ1(x). This equation assumes that the internal tensile
stress is uniform across the specimen, and that it decreases uniformly as the surface stress
is removed. Both assertions can be deduced from the nature of the residual stress profile.

Stresses generated in the glass by ion exchange are proportional to C(x) - CAvg where

C(x) is the local concentration of the ion introduced by exchange, and CAvg is the
integrated average concentration of this ion in the glass. During the ion exchange
process, C(x) increases in the surface regions, while CAvg increases much more slowly.
The final stress state in the glass after ion exchange is thus large near the surface, where

C(x) - CAvg is high, and small in the interior where C(x) - CAvg is small and negative.
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Assuming t >> the ion diffusion depth, C(x) is uniform in the interior of the glass , and
therefore the internal tensile stress is uniform as well. As the outer layers are etched
away, C(x) remains constant for each remaining layer of material, while CAvg decreases.
Thus, the residual stress should change uniformly through the specimen during the
etching process. This has the effect of increasing the observed compression in each
etched layer, by an amount equal to the cumulative decrease in central tensile stress.

Compensating for this effect requires the addition of a correction factor, shown as the
second term on the right hand side of Eqn. 3.7. A schematic diagram of the etching
process and resulting change in stress distribution is shown in Figure 3.2.

Eqn. 3.6 can be combined with Eqn. 3.7 to obtain:

σC = −

λ (t − 2 x )  S ( x + ∆x) − S ( x) 

2CL∆x 

SF

λ  S ( x ) − S ( 0) 
 −


SF
 CL 


[3.8]

Note that the equation makes no particular assumptions about the shape of the stress
profile. However, difficulties may occur if the value of S(x+∆x) - S(x) is small. Because
the calculation relies on measuring the differences between successive values of S(x),
relatively minor random errors in experimental S(x) values can then cause large errors in
σC. In order to avoid this problem, an alternative curve-fitting method can be used.
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Stress profile before etching
Etch away outer
compressive layer

Stress profile after etching

Observed change in
central tension
(exaggerated)

Figure 3.2:

Etching of the ion-exchanged glass removes part of the surface
compression and thus changes the magnitude of the compensating
central tension. Note that the change in stress caused by the etching
process is constant across the remaining portion of the specimen.
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In this alternate method, the measured retardation data as a function of cumulative etch
depth can be fitted by an nth-order polynomial function:

n

S ( x ) = ∑ ai x i

[3.9]

i =0

Then, in the limit for small etch depths, Eq. 3.8 becomes:

σC = −

λ (t − 2 x )  dS ( x) 

λ  S ( x ) − S ( 0) 


−

2CL∆x  dx  CL 
SF


[3.10]

A smooth residual stress profile will be generated by this method, with accuracy limited
by the polynomial fit of the retardation data. This loss of accuracy can become
significant in some cases, if the data points cannot be fit to a simple polynomial curve.

In such cases, a cubic spline fitting technique is used, in which cubic equations are fit to
successive pairs of stress profile data points, with the restriction that the curve must pass
through each data point, and the derivative of the spline function must be continuous.
This method can still produce errors, and may in some cases create spurious maxima and
minima in the data. However, it has fewer inherent limitations than the polynomial
method, particularly when steep stress gradients are present.
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3.4 Experimental Procedure

Glass Composition and Sample Preparation
A soda lime silicate (SLS) glass (StarphireTM, PPG, Pittsburgh, PA) and a soda alumina
silicate (SAS) glass (Corning 0317, Corning, NY) were used in the study, as described
previously in Chapter 2.

Glass specimens with dimensions 60 × 20 mm were cut from plate glass with a thickness
of 3.3 mm for the SLS glass and 2.6 mm for the SAS glass. A diamond wafering blade
(Type 11-4255, Buehler Ltd., Lake Bluff, IL) was used. The end surfaces (surfaces A in
Fig. 3.1) were ground with 400 grit SiC paper and polished with ~0.3 µm alumina
powder before ion exchange. When measurements were attempted using less polished
end surfaces, results were scattered due to loss of collimation of the laser light path.

For specimens in which L >> t and H >> t, the stress state for the ion-exchanged
specimens should be equibiaxial, i.e. σ1 = σ3, σ2 ≅ 0. For finite-sized specimens,
however, the ion exchange that occurs on the C surfaces will give rise to a non-zero value
of σ2. In order to assume that σ2 approaches zero, as for an infinite plate, the top and
bottom surfaces (C surfaces in Fig. 3.1) were polished to a depth of 150 µm after ion
exchange, thereby removing the ion-exchanged layer. The remaining residual stresses
due to the exchanged layer at the original glass plate surfaces (surfaces B in Fig. 3.1) are
retained and form the basis for the stress measurement.
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Optical Stress Measurement Procedure
A diagram of the optical stress measurement system is given in Figure 3.3. As shown,
light is emitted from a 650 nm, 3.5 mW diode laser (MP-1350 Laser Pointer, Apollo
Products, Ronkonkoma, NY). An available commercial laser pointer was used in order to
provide an inexpensive test method that could be easily replicated with a minimum of
equipment. The light passes through a polarizing filter set at 45° to the sample
orientation, then through a Soleil-Babinet compensator (Model BSC100, Halbo Optics,
Essex, UK). The light beam then passes through a set of focusing lenses, reducing the
beam diameter to 1.0 mm, then through the length of the specimen, then a second
analyzing polarizer, oriented at 90° to the first. Transmitted light levels are detected
using a silicon photocell (13DSI009, Melles Griot, Irvine, CA).

After each measurement, specimens are etched by immersion in hydrofluoric acid at 5
molar concentration. Stress values are then calculated from successive compensator
readings after each etch step using Eqn. 3.8 or Eqn. 3.10. Etch times were varied from 10
to 360 seconds, depending on the desired spacing of data points. Errors due to
miscalculated etch depth and inaccurate central tensile stress measurement are both
inversely proportional to the etch depth ∆x, according to Equation 3.7. Thus, increasing
the spacing between data points tends to improve the smoothness of the resulting profile.
However, as the data point spacing increases, fine details of the profile may be lost.
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Diagram of optical stress retardation measurement system.
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Etch Depth Calculation
Etch depths were calculated by measuring the weight lost by the specimen during each
etch step, and dividing by the density of the material and the surface area of the
specimen. The density of an ion-exchanged glass may vary with depth, however.
Specifically, the compressive ion exchange layer is thought to be denser than the bulk
glass by a factor that depends nonlinearly on the local potassium ion concentration, as
described by Bradshaw [8] and Varshneya [12]. This factor may be as much as 5% for a
fully exchanged, high potassium content zone. Since the etch depth is determined by the
weight of glass removed, and the average stress in a zone is calculated according to etch
depth, this 5% error in density will erroneously increase measured etch depths by 5%,
and decrease calculated stresses in the etched zone by the same factor. In addition, any
errors in calculating the surface area of the specimen will likewise affect the etch depth
calculated from weight loss. Therefore the weight loss calculations were verified by
direct measurements of specimen thickness by micrometer.

Effects of etching on the specimen surface
The etched surface must be smooth and planar for the stress profile equations to be valid.
Specimens were therefore examined with an optical microscope before and after etching
for signs of pitting, spalling, or other nonuniform loss of material. It is also possible that
the etching process results in preferential leaching of alkali ions from the exposed
surface, but this effect is likely to be minor for short duration etching steps at room
temperature.
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Alignment and Calibration of Apparatus
The signal strength at the detector was first measured with the specimen, Soleil-Babinet
compensator, and second (analyzing) polarizer removed. The first polarizer was set at
+45º from vertical, and the laser was rotated within its mounting to give maximum signal
strength (maximum light transmission). The analyzing polarizer was then added, set at –
45º from vertical, and the signal strength was checked for a detected signal of zero ±1
mV. The compensator was then added, and set to its calibrated zero net retardation value
of 12.70 mm (Snull). The signal strength was then checked again. If signal strength was
above 1 mV, the compensator housing was carefully rotated about the vertical axis until
zero signal strength (±1 mV) was obtained. System alignment was then checked by
adjusting the compensator from 12.70 mm to 22.13 mm, corresponding to one full
wavelength of retardation for a 650 nm light source (SF). The signal strength was again
checked at zero ±1 mV. The sample was then placed in the sample holder, and the
compensator was adjusted through its full range. Minimum and maximum signal
strengths were recorded. A factor of 2 between minimum and maximum signal strength
was chosen as the minimum necessary resolution for accurate stress profile measurement.
Figure 3.4 shows a schematic graph of signal strength vs. compensator position. The
graph indicates a sin2(x) dependence of signal strength on compensator position. At
minimum and maximum signal strengths, the derivative of the curve is zero, and the
precision of the S(x) measurement is poor. In order to improve precision, S(x) values
corresponding to minimum signal strength were therefore determined by averaging
between two data readings where the derivative of the curve is largest. Figure 3.4 shows
a schematic diagram of the procedure.
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Figure 3.4:

Determination of exact compensator position S(x) from
detector readings. The position corresponding to
minimum optical transmittance is found by averaging
measured compensator position data for two points
with equal signal strength.
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Brewster’s Constant Measurement
In order to calculate accurately the stress state in the glass from the measured retardation
data, the Brewster’s stress-optical constant of the material must be known. The constant
for the SAS glass is given in work by Beauchamp [13] as 2.75 TPa-1. In order to
determine the stress-optical constant for the SLS glass, an untreated specimen measuring
13.72 mm in length by 80.0 mm height by 3.255 mm thickness was placed in the optical
stress analysis system. The apparatus was placed in a mechanical loading frame (Instron
Corporation, Model 4202, Canton, MA). A ~500 µm layer of low-modulus polymer tape
was used to reduce stress concentrations at the loading plates. The optical retardation of
the specimen was first measured at zero applied load, and then for applied uniaxial
compressive forces up to 600 N (σ = 0 to 13.4 MPa applied compressive stress). Applied
loads were chosen to approximate in magnitude the tensile stresses expected in the
interior of the ESP SLS glass. At each load, the retardation was again measured and
recorded. The stress-optical constant C can then be calculated using Eqn. 3.11.

C=

λ  S ( x) − S null

SF
σL 





[3.11]

Study of Specimen Geometry
It was postulated that if sample height (H) was sufficiently large, σ2 stresses from the C
surfaces would be small, and the infinite plate stress approximation would apply. In
order to test this assumption, optical retardation was measured before and after polishing
off these ion-exchanged surfaces, for various specimen geometries.
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3.5 Results

Effect of Optical System Alignment and Specimen Positioning
During the course of the stress profile measurement experiments, it was found that minor
errors in optical setup alignment and specimen positioning could introduce errors in the
compensator reading. A misalignment of 1° in polarizer or analyzer rotation causes a
consistent error of ~7 nm in measured retardation, while an error of 1° in compensator or
specimen rotation on the light path axis decreases all measured signal strengths by ~1%.
Note that neither of these types of errors will affect the calculated stress profile if the
error is consistent through an experimental run. The reliance of Eqns. 3.8 and 3.10 on
the derivative or discrete slope of the S(x) function, rather than the absolute value of that
function, serves to cancel out systematic errors of this type. Rotation of the specimen on
the vertical axis can cause more serious problems by increasing the length of the internal
light path, producing an error of Sin(1°) = 1.7% in measured retardation for a 1° error.

Brewster’s Constant Measurement
Figure 3.5 shows results for Brewster’s constant measurement of the SLS glass.
Brewster’s constant is equal to the slope of the relative optical retardation per unit of
specimen length, as a function of the applied stress. The data fits a linear trend, and the
fitted value of 2.75 TPa-1 for the SLS glass is similar to the values of 2.5 to 2.7 TPa-1
found in the literature for various soda lime silicate glasses [14]. The 1.58 nm/cm yintercept of the trendline is small with regard to the stress range under study, and may be
due to errors in the measurement of compensator position, or could reflect minor residual
stresses due to imperfect annealing of the glass sheet from which the specimen was cut.
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Figure 3.5:

Plot of optical retardation per unit length as a function of applied
stress for SLS glass under uniaxial compression. Slope of the plot is
equal to Brewster’s constant for the material.
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Effects of specimen geometry on optical retardation data
Optical retardation as a function of specimen geometry is tabulated in Table 3.1. The
effect of side surfaces on the internal stress state in the glass is minor for a specimen with
H/t aspect ratio of at least 6:1. It can therefore be concluded that the contribution to σ2
from the C surfaces is negligible in these cases and the infinite plate approximation can
be used.

The effect of removal of the C surface ion-exchanged layers increases for aspect ratios

≤ 3:1. Therefore, these smaller specimens must be considered as finite plates with a more
complex stress distribution. The precise mechanism governing the decrease in measured
optical retardation in these specimens is unknown. Additionally, the measured
retardation values appear more scattered as the specimens become more equiaxial,
particularly for aspect ratios ≤ 2:1. For best results, a glass specimen with H/t aspect
ratio ≥ 6:1 is thus preferred.

In a related test, it was found that the removal of end surfaces (surfaces A in Fig. 3.1)
after ion exchange changes the measured retardation by less than 0.5%, which is expected
given the high aspect ratio (L/t ≈ 20) for these surfaces. Preliminary experiments on
specimen length indicate that longer specimens linearly increase measured retardation
values as expected, and thus improve the resolution of the stress measurement.
Maximum practical specimen length depends on the optical quality of the end surfaces,
which must be flat and parallel to maintain alignment of the light path.
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Table 3.1

Specimen

The effect of side C surface ion exchange layers on the measured
optical retardation.

H/t Retardation per unit length before
Ratio C surface removal (nm/cm)

Retardation per unit length after
C surface removal (nm/cm)

Percent
Change(%)

1

6.00

38.08

37.82

-0.66

2

3.07

40.55

33.81

-16.60

3

1.96

42.59

32.97

-22.58

4

1.63

41.30

22.08

-46.55

5

1.43

45.00

11.26

-74.97

6

1.13

20.87

-7.40

-135.47
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Calibration of Etch Depth Measurements
Figure 3.6 shows a comparison of etch depths measured by weight loss and directly by
micrometer, for an SAS 24-30 glass specimen. Agreement is generally within 2-3%, with
one near-surface data point showing 6% variation. The data is not precise enough to
analyze density as a function of depth. The likely cause of the uncertainty in the data is
the limited resolution of the scale used in the research (0.1 mg). Typical weight losses of
10 mg per etch step imply an error of 1% in calculated etch depths.

Observation of Etched Surfaces
Figures 3.7 shows an SLS 48-30 glass specimen after a single, 30 second etch step,
corresponding to an etch depth of ~0.5 µm. Observations prior to etching showed a
smooth surface with few surface flaws. The etched surface, however, shows a network of
surface cracks, with an average spacing of 20-100 µm. These cracks could relieve tensile
surface stress, and would produce errors in stress profile measurements at these shallow
depths. As the etching process continues, these surface cracks are removed along with
the surrounding material. Figure 3.8 shows an SAS 24-30 specimen at 185 µm etch
depth. The surface is smooth, but the edge of the sample shows signs of chipping and
spalling, likely due to the interaction of the complex residual stress state at the specimen
corners and slow crack growth assisted by the acid etching process. A lost fragment of
the size seen in the figure could cause an error of 0.01 mg in weight loss measurements
for etch depth calculations, which assume an even, consistent etch process. Total weight
loss due to spalling processes on all surfaces would total approximately ~0.01% of the
weight loss due to etching, a relatively insignificant source of error.
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Figure 3.6:

Comparison of etch depth values derived by weight loss and
micrometer methods for a stress analysis specimen.
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Figure 3.7:

Appearance of surface cracks on ESP glass surface after a
single etch step.
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Figure 3.8:

Etched SAS ESP glass surface with chipped edge.
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Mathematical curve-fitting and specimen-to-specimen variation
As described earlier in this paper, the stress profile can be calculated from the measured
optical retardation using several different methods. It can be calculated by point-to-point
analysis according to Eqn. 3.8. Alternately, when the measured compensator readings are
scattered, one can use a polynomial or other function to fit the measured data, and the
stress profile can be calculated from the smooth function using Eq. 3.10. Figure 3.9
shows the measured compensator reading data for a single-step exchanged glass, and the
polynomial function fit to the data.

Figure 3.10 compares residual stress profiles fit to various polynomial functions, as well
as a cubic spline function. In this case, the fifth-order polynomial fit is more accurate
than the lower order functions, and the cubic spline method offers no particular benefit.
Note that in several cases the polynomial fit is most accurate in the central section of the
profile, and less accurate for the data points at each end.

Figure 3.11 shows measured stress profiles for three SLS 48 specimens, fit to third-order
polynomial curves. Some scatter is apparent in the data. Typical experimental error for
the stress value is estimated to be less than ±10%, although the uncertainty at the glass
surface can be up to ±15%.
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Figure 3.9:

Compensator readings for a single-step ion exchanged glass (SLS 48) as a
function of etch depth, with fitted fourth-order polynomial function.
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Figure 3.10:

Stress profiles in single-step ion exchanged glass (SLS 48) calculated using
various mathematical functions fitted to the compensator readings.
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Figure 3.11

Stress profiles for multiple specimens of a single step
ion-exchanged glass (SLS 48) as a function of etch
depth, with fitted third-order polynomial functions.
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Comparisons with alternate methods
The current technique is comparable to other methods using layer removal to measure
stress changes with high depth resolution. It requires more complex equipment than
scattered light methods [2,3,7], due to the need for an optical compensator, but can offer
better accuracy in situations where the internal residual stress is low or the specimen is
sufficiently small that the net optical path length difference is less than one wavelength.
In addition, aiming the light path through the center of the specimen avoids complications
with composition dependent refractive indices and stress-optical constants.

Depending on specimen geometry, the current technique can offer better depth resolution
for low residual stresses compared with methods employing curvature measurement by
profilometry [4] or strain gages [16,17], but is unsuitable for thin or asymmetrically
stressed samples with no central region of uniform stress.

One limitation common to the current method as well as other methods utilizing central
tension measurement and layer removal is an insensitivity to local variations in the stress
profile. Since the net birefringence over the entire optical path is measured, any local
deviations in the stress state due to composition variations, irregularities (e.g. bubbles) in
the ion-exchange bath, etc. are unnoticed. Similarly, a complex stress distribution is
expected along the edges of the specimen where free surfaces meet, and the current
technique is unable to explore in detail the local stresses in these regions.
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Experimental stress profiles
Figures 3.12 through 3.15 show measured stress profiles for each of the ion exchange
conditions introduced in Chapter 2. The first exchange step in each case produced a
compressive stress profile. Exchange depths increase and peak compressive stresses
decrease with increasing exchange time for the SAS glasses. For single step exchanges,
the location of the compressive stress peak moves deeper beneath the surface with
increasing exchange time, though the difference is relatively small in the data shown in
Figures 3.12 and 3.13. This effect has been documented before for similar glasses [18].

The second exchange produced a sharp decrease in compressive stress, to a depth of ~5

µm in the SLS 48-30 glass, and ~15 µm for the SAS glasses. The lower diffusion depth
for the second step in the SLS glass correlates with lower diffusion rates for this glass
overall.

The change in surface stress due to the second exchange step was ~350 MPa for the SLS
glass, and 450-500 MPa for each of the SAS glasses. For the SLS 48-30 and SAS 120-30
glasses, which had the least surface compression after the first exchange step, the second
step caused the glass surface stress to become tensile. This is reasonable, since prolonged
stress relaxation during the first step of the exchange in these glasses produces a relaxed,
low stress, potassium-rich surface, which is then driven into tension by the sodium in the
second exchange bath.
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Figure 3.12:

Stress profiles in ion exchanged soda alumina silicate glass
(SAS 6 and SAS 6-30), using point-to-point analysis.
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Figure 3.13:

Stress profiles in ion exchanged soda alumina silicate glass
(SAS 24 and SAS 24-30), using point-to-point analysis.
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Stress profiles in ion exchanged soda alumina silicate glass
(SAS 120 and SAS 120-30), using point-to-point analysis.
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Figure 3.15
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The profiles for SAS 24 and SAS 120 are consistent with curvature-based measurements
by Sglavo et al. on glasses with identical ion-exchange treatments [18]. The profile for
the SLS 48 glass is distinctly different, however, from the stress profile measured by
profilometry for a similar glass under identical ion exchange conditions [19]. Although
both profiles show nearly the same overall stress distribution, the near-surface region
shows differences. The current study indicates a surface stress of -200 MPa increasing to
a subsurface maximum compressive stress of -300 MPa, while in the cited work the
largest compressive stress was located at the surface.

3.6 Conclusions

A method utilizing iterated measurements of optical retardation combined with layer
removal by etching was utilized to measure steep stress profile gradients in single-step
and two-step ion-exchanged silicate glasses with the aim of optimizing the experimental
methodology. The etching process was studied in order to minimize experimental errors.
Specimen geometry was analyzed and a minimum H/t ratio of 6 was found effective for
the use of infinite plate stress approximations in stress calculations. Procedures were
developed for alignment of the optical system to improve accuracy. The resulting stress
profiles are consistent to within ±10% for single-step ion-exchange processes, with a
depth resolution capability of 1 µm or better. Stress profiles were measured for six SAS
and two SLS ion exchange conditions, and results were generally found to be consistent
with prior work on similar glasses. In the next chapter, these stress profiles are used to
calculate stress intensity factors and produce crack propagation maps, predicting regions
of stable and unstable crack growth in ESP glass.
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CHAPTER 4
PREDICTING CRACK PROPAGATION IN ESP GLASS

4.1 Introduction
In the previous chapter, methods were described for measuring residual stress profiles in
ESP glass. Work by Sglavo, Green, and others has related these stress profiles to
corresponding apparent fracture toughness curves. By moving the maximum
compressive stress below the surface, apparent R-curve behavior can be generated,
causing crack arrest, stable crack growth behavior, and low strength variability [1]. In
later work it was realized that the near surface stress gradient must also exceed a critical
value to ensure stable growth [2]. This line of research has focused on a throughthickness surface crack geometry. However, initial surface flaws present in glass do not
necessarily match the through-thickness model, and the onset of crack growth, stability of
the growing crack, and fracture stress appear strongly dependent on the interaction of
crack geometry with the residual stress state. This is affirmed in experimental work by
Tandon and Green [3,4] which indicates that residual stress fields can substantially affect
the shape of semi-elliptical surface cracks, and suggests that this can be explained by
differences in the stress intensity factor between the crack front at the surface and the
crack front at the deepest point of the crack. Additionally, experimental observations
have been made by Lube [5] on the geometry of stable semi-elliptical cracks in residual
stress fields in the study of Knoop indentation cracks. The propagation and geometry of
such cracks have been found to be dependent on the residual stress state of the glass
surface.
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More detailed analysis is therefore needed to accurately describe the evolution of
localized semi-elliptical cracks in these materials, and to more fully explain their overall
fracture behavior. A wide variety of mathematical methods are available in the literature
for the determination of stress intensity factors in cracked material under applied and
residual stresses [6-9].

Specifically, work by Glinka and Shen [6] provides a universal weight function that can
be used for many crack geometries and stress fields without requiring prior knowledge of
the crack opening displacement. This method was adapted by Wang and Lambert [7] to
produce a specific formula for calculating weight functions for semi-elliptical cracks with
aspect ratio from 0 to 1. This procedure allows the determination of the stress intensity
factor at the deepest point of the crack, and at the points where the crack intersects the
surface of the material.

The current work uses the Wang and Lambert system of weight functions to analyze the
stress intensity factors that occur when a cracked linear elastic material specimen is
placed under a parabolic residual stress field and an applied uniaxial tensile stress. By
comparing the stress intensity factor at the surface and at the deepest point of the crack,
the geometry of crack growth can be predicted. Further, by examining the change in the
stress intensity factor as a function of crack size, crack growth stability can be
determined. By comparing these results for a range of residual stress states, stable crack
growth can be predicted and modeled over a wide variety of conditions.
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4.2 Theoretical analysis
Determination of the stress intensity factor by weight functions requires the integration of
the product of the weight function m(y, a, α) and the stress distribution σ(y) over the
depth of the crack, as shown in the following expression [10]:

a

K = ∫ σ ( y )m( y, a, α )dy

[4.1]

0

where K is the stress intensity factor, y measures depth beneath the glass surface, a is the
depth of the crack, and α is the crack aspect ratio, a/c, as shown in Figure 4.1. The stress
distribution σ(y) is equal to the sum of the applied stress (assumed to be tensile and
approximately constant over the crack depth) and the residual stress profile. A variety of
forms have been developed for the weight function m(y, a, α). In this study, we use the
form of Glinka and Shen [6]:
n
1
3


 y 2 
 y 2
 y
 y 2

m( y , a , α ) =
1 + M 1 (α )1 −  + M 2 (α )1 −  + M 3 (α )1 −  + .... + M n (α )1 − 
[2π (a − y )] 
 a 
 a
 a
 a



2

[4.2]

For the current work, the first four terms of the polynomial were used. The values for
M1, M2, and M3 were determined for the deepest point of the crack and for the surface
point, as functions of crack depth and aspect ratio, using techniques proposed by Wang
and Lambert [7]. The procedure is simplified since the cracks under study are shallow
compared to the size of the specimen, rendering negligible the terms dependent on the
ratio of crack depth to plate thickness.
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Crack width: 2c

KS
x

Crack depth: a
Aspect Ratio α = a/c
KD
y
Figure 4.1:

Diagram of semi-elliptical crack geometry used in
analysis. (Semi-infinite medium)
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The weight functions used in the calculation are shown below using Mn(α) to describe
the coefficients. For KD calculations:

M1(α) =

− 24

+

π ( 4 (1.0929 + 0.2581α − 0.7703α 2 + 0.4394α 3 ) − 6 ( 0.4537 + 0.1231α − 0.7412α 2 + 0.46α 3 ))
2 1 + 1.464α 1.65

5

M2(α) = 3

[4.3]

[4.4]

(

)

 4 π 1.0929 + 0.2581α − 0.7703α 2 + 0.4394α 3
 +
−
1
.
65
5
2 1 + 1.464α
M3(α) = 2
 π 4 1.0929 + 0.2581α − 0.7703α 2 + 0.4394α 3 − 6 0.4537 + 0.1231α − 0.7412α 2 + 0.46α 3

2 1 + 1.464α 1.65


((

) (

))




 [4.5]




For KS calculations:

M1(α) =

M2(α) =

(

(

))

− 68.3296 ( −1.42917 + α ) α 0.473273 + − 0.606283 + α α − 16 1 + 1.464α 1.65
2 1 + 1.464α 1.65

(

(

))

204.989( −1.3651 + α ) α 0.408104 + − 0.672047 + α α + 30 1 + 1.464α 1.65

[4.6]

[4.7]

2 1 + 1.464α 1.65

M3(α) =

(

(

))

− 136.659( −1.32697 + α ) α 0.374885 + − 0.711029 + α α − 16 1 + 1.464α 1.65
2 1 + 1.464α 1.65

[4.8]
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In order to render the method generally applicable to a variety of residual stress profiles,
Equation 1 can be rewritten as:

K

σR d

=

1

σ (y)
m( y, a, α )dx
σ
R
0

a

∫
d

[4.9]

where σR is the peak residual stress and d is the depth of the peak stress. In order to
confirm the validity of this numerical approach, stress intensity values resulting from
these calculations were compared to analytical solutions for through-thickness and semicircular flaws, and to work by Pommier et al. [8] for semi-elliptical flaws. Note that
situations are only considered where the total K > 0, and therefore the crack surfaces are
open.

For the first phase of the work, the net stress state in the material was modeled by the
following parabolic stress distribution.



1− y / d 

 λ 

σ ( y ) = σ A + σ R 1 − 


2





σ(y) = 0 for y < 0 and y > 2d

[4.10]

[4.11]

where σA is the applied tensile stress, d is the depth of the parabolic peak stress, and
λ controls the width of the parabola and thus describes the surface residual stress
gradient. Examples of the resulting curves are shown in Figure 4.2 for various values of
σA/σR and λ.
85

1

λ=1, σA= 0 ss = 0
λ=1, σA= - 0.8σR .8
λ=1.5, σA= 0 = 0
λ=1.5, σA= - 0.8σR

0.8
0.6
0.4
0.2

−

σ ( y)
σR

0
-0.2
-0.4
-0.6
-0.8
-1
-1.2
0

0.2

0.4

0.6

0.8

1

1.2

1.4

1.6

1.8

2

Depth (y/d)
Figure 4.2:

Parabolic residual stress distributions as a function of σA/σR and λ.
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Stress intensity factor values derived from Equations 4.1-4.11 for the surface and deepest
points of the crack (KS, KD) were then used to establish growth criteria for crack
propagation:

•

If

KS
T
T
K
< 0 and D > 0 , the crack front is predicted to grow in the y
T* T*
T*
T*

direction into the depth of the material.
•

If

K
T
KS
T
> 0 and D < 0 , the crack front is predicted to grow in the x
T* T*
T*
T*

direction across the surface of the material.
•

If

KS
T
T
K
> 0 and D > 0 , the crack front is predicted to grow into the
T* T*
T*
T*

material with an undetermined geometry.
•

If

KS
T
T
K
< 0 and D < 0 , the crack front is predicted to remain stationary.
T* T*
T*
T*

where material toughness is characterized by the ratio T0/T*, in which T0 is the base
fracture toughness of the material, assumed to be independent of crack size, and T* =

σ R d . Note that this calculation differs from prior work in which T* includes a Ψ
factor for a specific crack geometry [2]. The crack growth criteria were then mapped for
a range of crack sizes, from a/d = 0 to a/d = 2, in order to encompass the full pattern of
stable growth behavior expected in ESP glasses. In each case, σR was assumed to be
compressive. Applied stresses ranged from -0.25 to -1.45 σR, with a step size of 0.01 σR,
and the residual stress gradient parameter λ was varied from 1 to 100, in order to
represent a wide range of stress profiles studied in earlier work.
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Following the work on hypothetical parabolic stress profiles, the Wang and Lambert
equations were used to calculate stress intensity factors for polynomial profiles fitted to
experimental stress profile data for the soda alumina silicate and soda lime silicate ESP
glasses studied in Chapter 2. Stress profile graphs are shown in Figures 4.3-4.6. A cubic
spline method was used to fit the two-step ion exchange processes, since polynomial
equations tend to be inaccurate in the near surface region where the stress changes
abruptly with depth. A natural cubic spline fitting technique was used, in which the data
points are fitted to a piecewise set of third degree polynomial equations, producing a
continuous curve which passes through each data point. The derivative of the curve must
be continuous, and the second derivative of the curve is zero at the starting point and
ending point of the data. Note that crack propagation criteria for the experimental stress
profile curves were simplified, with the T* normalization removed and the T0 parameter
replaced by the actual fracture toughness of the material:

•

If KS < 700 MPa µm and KD > 700 MPa µm , the crack front is predicted to
grow in the y direction into the depth of the material.

•

If KS > 700 MPa µm and KD < 700 MPa µm , the crack front is predicted to
grow in the x direction across the surface of the material.

•

If KS > 700 MPa µm and KD > 700 MPa µm , the crack front is predicted to
grow into the material with an undetermined geometry.

•

If KS < 700 MPa µm and KD < 700 MPa µm , the crack front is predicted to
remain stationary.
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Figure 4.3:

Stress profiles in ion exchanged soda alumina silicate glasses
SAS 6 and SAS 6-30 with fitted curves for stress intensity factor
calculations.
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Figure 4.4:

Stress profiles in ion exchanged soda alumina silicate glasses
SAS 24 and SAS 24-30 with fitted curves for stress intensity factor
calculations.
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Figure 4.5:

Stress profiles in ion exchanged soda alumina silicate glasses
SAS 120 and SAS 120-30 with fitted curves for stress intensity factor
calculations.
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Figure 4.6:

Stress profiles in ion exchanged soda lime silicate glasses SLS 48 and
SLS 48-30 with fitted curves for stress intensity factor calculations.
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4.3

Results

In order to verify the accuracy of the current method, test cases were compared to stress
intensity factors derived from other techniques. Figure 4.7 shows stress intensity factors
KD and KS for the current method as well as the empirical methods of Pommier et al. [8]
and Raju and Newman [9] as a function of aspect ratio α. The crack is considered to be
semi-elliptical, with uniform residual and applied stresses.

Figure 4.8 shows a comparison with the method of Pommier et al. for semi-circular
cracks (α=1), and parabolic residual stress distributions as a function of the residual
stress gradient parameter λ. Figure 4.9 gives a comparison with the apparent fracture
toughness (AFT) curve method used by Sglavo, Larentis and Green [1] for throughthickness cracks. In all cases, an applied stress of -1.1 σR was used. Results are
consistent for all conditions studied, with an average difference of <2% over the variable
ranges chosen. A maximum difference of 10% between predicted values is apparent in
Figure 4.9. The reason for this discrepancy may be the use of a constant surface
correction factor of 1.12 in work by Sglavo, Larentis and Green [1] while the current
approach more closely models a surface correction factor that varies with depth.

For the initial parabolic stress profile calculations, the material was assumed to have a
T0/T* ratio of 0.55, matching that found for soda lime silicate glass, with a maximum
residual stress of 300 MPa located at a depth of 18 µm, and a fracture toughness of 0.7
MPa m [11]. The residual stress gradient parameter λ was set at 1.0.
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Figure 4.7:

Stress intensity factors as a function of crack aspect ratio α for uniform
applied and residual stresses. Crack depth a/d = 1.
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Figure 4.8:

Stress intensity factors as a function of the residual stress gradient
parameter λ. Semi-circular crack geometry, crack depth a/d = 1.
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Figure 4.9:

Stress intensity factor KD as a function of the residual stress
gradient parameter λ, compared to work by Sglavo et al. [13].
(Aspect ratio = 0, approximating through-thickness
crack geometry, crack depth a/d = 1)
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Figure 4.10 shows the crack propagation map for an applied stress of -0.7 σR. For the
crack geometry indicated by each square on the map, the stress intensity factor at the
surface and deepest point of the crack were calculated. Conditions for which no crack
growth occurs are indicated <0>. Conditions for depthwise crack growth are indicated
<1>. Conditions for surface crack growth are indicated <2>. Conditions where both
types of crack growth may occur simultaneously are indicated <1,2>. At this relatively
small applied stress, crack growth occurs only at the surface. Crack growth paths are
shown for two semi-circular example flaws, designated by black diamonds. At this stress
level the larger flaw, with a depth of 1.5 d, propagates from an aspect ratio of 1 to an
aspect ratio of 0.6, then arrests as it reaches the left boundary of the growth region. By
looking at a succession of intermediate growth maps for a range of applied stresses, it can
be determined that this horizontal growth is stable, indicated by a continuous increase in
the extent of area <2> from right to left as σA is increased. The smaller semi-circular
example flaw, with a depth of 0.5 d, lies outside the growth region at this applied stress,
and therefore does not propagate.

Figure 4.11 shows results for an applied stress of -0.9 σR. The larger example crack
continues to grow across the surface of the material, arresting at an aspect ratio of 0.1.
The shallower crack also propagates across the surface in region <2>, then reaches region
<1> in the lower left at an aspect ratio of ~0.2 and undergoes a transition in growth
behavior. Due to the lowered aspect ratio, the KS value for the crack drops below the
material toughness, arresting further growth along the surface. However, the KD value
for the shallower crack now exceeds the toughness of the material, so the crack begins
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Figure 4.10: Crack stability map as a function of crack depth a/d and crack
aspect ratio a/c. (Applied stress = -0.7 σR)
Conditions for which no crack growth occurs are indicated <0>
Conditions for surface crack growth are indicated <2>
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Figure 4.11: Crack stability map as a function of crack depth a/d and crack
aspect ratio a/c. (Applied stress = -0.9 σR)
Conditions for which no crack growth occurs are indicated <0>
Conditions for depthwise crack growth are indicated <1>
Conditions for surface crack growth are indicated <2>
Conditions where both types of crack growth may occur
simultaneously are indicated <1,2>
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growing depthwise in the y-direction, with a low aspect ratio approaching throughthickness geometry. Note also the region indicated by regions <1> and <1,2> at the top
of the map, where the cracks are deep enough to have penetrated the compressive stress
layer. Flaws this large will immediately propagate to failure, fracturing the specimen.

As the applied stress increases, regions <1> and <1,2> at the top of the map increase in
size, with progressively shallower cracks growing unstably to fracture. At σA = -1.0 σR,
as shown in Figure 4.12, the larger example crack enters this region and propagates to
fracture. Meanwhile the smaller crack grows stably, with a combination of depthwise
and surface growth, to a depth of 0.9 d and an aspect ratio of ~0.1, reaching an extended
semi-elliptical shape. As the applied tensile stress increases further, all cracks fall into
one of two subgroups: deep cracks which grow across the surface and then arrest, until
finally failing unstably, and shallow cracks which transition to stable depthwise growth.
Eventually, the boundaries of these two subgroups merge. The result is shown in Figure
4.13. At σA = -1.1 σR, stable growth is eliminated. Both example cracks propagate
unstably into the depth of the material. All cracks from 0.2 d to 2.0 d in length will grow
unstably to fracture at this applied stress level. Note that the exact shape of these large,
propagating cracks is not known, since the calculation does not specify any particular
geometry for a crack growing unstably across the surface and into the depth
simultaneously (region <1,2>). For simplicity it is assumed in the figure that the aspect
ratio remains constant.
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Figure 4.12: Crack stability map as a function of crack depth a/d and crack
aspect ratio a/c. (Applied stress = -1.0 σR)
Conditions for which no crack growth occurs are indicated <0>
Conditions for depthwise crack growth are indicated <1>
Conditions for surface crack growth are indicated <2>
Conditions where both types of crack growth may occur
simultaneously are indicated <1,2>
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Figure 4.13: Crack stability map as a function of crack depth a/d and crack
aspect ratio a/c, showing final unstable growth to fracture.
(Applied stress = -1.1 σR)
Conditions for which no crack growth occurs are indicated <0>
Conditions for depthwise crack growth are indicated <1>
Conditions for surface crack growth are indicated <2>
Conditions where both types of crack growth may occur
simultaneously are indicated <1,2>
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Several caveats should be noted in the interpretation of the crack propagation maps in
Figures 4.10-4.13. The analysis method assumes an infinite specimen width. In an actual
specimen, edge effects would begin to play a role as the crack width grows to a
significant fraction of the specimen width. The method also does not account for
subcritical crack growth at K values below the material fracture toughness. Multiple
flaws are allowed to exist and propagate independently as the applied stress increases,
without consideration for possible crack shielding. It is assumed that cracks propagate
purely in Mode I, with semi-elliptical or through-thickness geometry. Further, the maps
allow for an arbitrary distribution of flaws sizes, and make no assumptions about the
actual flaw distribution in the material. In order to understand the actual growth
behavior, information on the flaw size distribution is needed.

A more detailed description of crack growth behavior can be obtained by limiting the
hypothetical flaw population to depths that lie within the lower stable growth region.
Specifically, four phases of crack growth behavior can then be observed as the applied
stress increases. When the applied stress is sufficiently low, no cracks will propagate
(Phase I). Phase II occurs as stress increases and high aspect ratio semi-elliptical flaws
begin to propagate across the surface of the material, increasing in surface length while
maintaining the same depth, as shown in Figure 4.10. As the applied stress increases,
some of the shallower flaws transition to depthwise growth, as shown in Figure 4.11 as
regions <1> and <2> begin to overlap. This transition marks the onset of phase III. As
the applied stress increases, the range of stable crack depths undergoing this transition
increases as well. Phase IV initiates when the maximum depth of these stably-growing
103

cracks penetrates enough of the residual stress layer that the stress intensity factor at the
crack front begins to increase with depth. Crack growth then becomes unstable for all
cracks, and flaws within the previous stable region propagate depthwise to fracture.

By observing the boundaries between phases on successive crack propagation maps, we
can plot these transitions and crack size limits as a function of parameters λ and T0/T*.
Figure 4.14 shows stable crack growth as a function of the residual stress gradient
parameter λ, from λ = 1.0 to λ = 1.5, for a T0/T* ratio of 0.55. For λ = 1, a relatively
steep surface stress gradient, we can see the material pass through phases I-IV in
sequence as the applied stress increases. As λ increases, stable crack growth in phase III
becomes restricted. At high values of λ, representing a nearly flat surface stress gradient,
phase III disappears entirely, and the material passes directly from phase II stable surface
crack growth to phase IV unstable crack growth to failure.

The pattern of crack growth also changes if the T0/T* ratio used in the calculation is
adjusted, corresponding to material with a different fracture toughness or residual stress
state. Figure 4.15 shows a graph of stable growth phases as a function of the T0/T* ratio,
for stress gradient parameter λ = 1.0. For low T0/T* values (brittle material, large
residual stresses), the residual stress profile controls the crack growth behavior of the
material. Phase II semi-elliptical cracks grow across the surface at very low stresses.
Phase III stable crack growth then occurs over nearly the entire range of applied stresses
below the final unstable fracture stress.
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Figure 4.14: Plot of stable growth region as a function of applied stress and stress gradient
parameter λ (T0/T* = 0.55)
Phase I: No crack growth
Phase II: Type 2 surface crack growth
Phase III: Type 1 depthwise growth combined with type 2 surface crack growth
Phase IV: Unstable crack growth leading to fracture
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As the T0/T* ratio increases, the effects of the residual stress distribution are increasingly
overwhelmed by the inherent fracture toughness of the material. The material begins
stable surface crack growth (phase II) at higher applied stresses, and phase III stable
depthwise crack growth is eliminated. The total stress range for stable crack growth
(phases II and III) appears to reach a constant level, though decreasing as a fraction of
fracture strength. In general, increases in λ and T0/T* appear to correlate to increases in
predicted fracture strength and also to smaller regions of stable growth, and particularly
to a reduction in phase III stable depthwise crack growth behavior.

These trends can be used to design stress profiles for specific applications. If the
maximum flaw size can be limited to regions that undergo phase III stable depthwise
growth, then the fracture strength of the material should be independent of flaw size, with
all specimens fracturing at the predicted phase IV onset stress. The progress of stable
crack growth may also be observed in the material surface, providing information on the
stress history of the specimen.

Conversely, if flaws larger than the stable region are present, they can propagate to
failure at relatively low stresses while the rest of the specimen is still going through the
first three phases. In these cases, the strength distribution of the material and the
potential for stable crack growth can be still be predicted for a given flaw size
distribution. Alternately, if all flaws are smaller than the minimum crack depth in the
stable region, no stable crack growth will occur. If no larger flaws are present, these
small flaws will grow unstably to failure at stresses above the phase IV transition stress.
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It is useful to compare the results of the current study to a prior analysis for through
thickness cracks and similar stress distributions [2]. Work by Green gives a specific
criterion for predicting the presence of a stable depthwise growth region for throughthickness cracks, shown in Equation 13, adjusted to the current definitions of T* and λ.
T0
(λ )2 ≤ 1.35
T*

[4.12]

In order to compare the results of the current analysis, the limits of stable throughthickness crack growth must be determined for a range of conditions. Crack stability for
through-thickness cracks as a function of λ and crack depth is shown in Figure 4.16. The
region of stable growth shrinks as λ increases. Note that in many cases the maximum
crack size for stable through-thickness growth is deeper than the maximum compressive
stress (a/d=1). Figure 4.17 shows stable growth regions for through-thickness cracks as
a function of T0/T* and crack depth. Increases in λ and T0/T* appear to reduce stable
growth behavior for through-thickness cracks, as seen for the semi-elliptical cracks
studied in Figures 4.14 and 4.15.

The absolute limits on stable through-thickness crack growth are shown in Figure 4.18 as
a function of T0/T* and λ. The trendline indicates

T0
(λ )2 = 1.22. . Note that stable (type
T*

<2>) surface growth of semi-elliptical cracks can still occur outside this limit. The
results of the current work are qualitatively consistent with prior data [2], but the exact
value differs by ~10%. This is most likely due to the difference in surface correction
factors for each method.
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Figure 4.16: Plot of stable growth of through-thickness cracks as a
function of crack depth and stress gradient
parameter λ. (T0/T* = 0.55)
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Stress propagation maps were determined based on stress profiles measured for each ion
exchange process. In the interests of brevity, three example maps are included in this
chapter: SLS 48 is a soda lime silicate glass after single step ion exchange in a potassium
nitrate salt bath. This material has a compressive surface stress of -175 MPa and a peak
stress σR of -252 MPa. If a parabolic curve fitting method is used, the calculated λ for
the material is approximately 1.81, and T0/T* = 0.70. The figure of merit for stable

T0
(λ )2 = 2.29, well above the indicated limits of stable
T*
growth. A crack propagation map for this glass, developed from the 4th order
through-thickness crack growth

polynomial stress profile equation in Figure 4.6 is shown in Figure 4.19. No throughthickness stable growth region is apparent, as expected. Note, however, the small area
of stable semi-elliptical crack growth in region <2> on the right side of the map.

SLS 48-30, the same soda lime silicate glass after a two step ion exchange process, has a
tensile surface stress of ~150 MPa and a peak compressive stress σR of -265 MPa. The
calculated λ for the material is approximately 0.72, and T0/T* = 0.76. Stable growth

T0
(λ )2 = 0.389, within the stable growth limit, and thus stable growth of
T*
through thickness cracks is expected. When the appropriate spline curve equation is used

parameter

to calculate the crack propagation map, shown in Figure 4.20, a significant area of stable
growth is indeed visible from 6 to 36 µm depth. Beyond 36 µm, cracks growing along
the surface in region <2> enter region <1,2> in the upper left hand corner, and grow
unstably to fracture.
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Figure 4.19: Crack stability map for glass SLS 48 as a function of crack depth
and crack aspect ratio a/c. (Applied stress = 315 MPa = -1.25 σR)
Conditions for which no crack growth occurs are indicated <0>
Conditions for depthwise crack growth are indicated <1>
Conditions for surface crack growth are indicated <2> Conditions
where both types of crack growth may occur simultaneously are
indicated <1,2>
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Figure 4.20: Crack stability map for glass SLS 48-30 as a function of crack
depth and crack aspect ratio a/c.
(Applied stress = 205 MPa = -0.77 σR)
Conditions for which no crack growth occurs are indicated <0>
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Results for Corning 0317 soda alumina silicate glass indicate a similar pattern. Figure
4.21 represents a single step ion exchanged glass (SAS 24) after a single step ion
exchange process. This material has a compressive surface stress of -278 MPa and a
peak stress σR of –380 MPa. The calculated λ for the material is 2.75, and T0/T* = 0.26.

T0
(λ )2 = 1.97, above the calculated limit. No throughT*
thickness stable growth region is visible on the map, as expected. The area of stable
The stable growth parameter

semi-elliptical crack growth in region <2> on the right side of the map is somewhat larger
than for SLS 48.

4.4 Conclusions

The Wang-Lambert weight function method was used to derive stress intensity factor
values for semi-elliptical cracks in residually stressed material with polynomial stress
profiles similar to those obtained in ESP glass. Through-thickness stress intensity factor
results were found to be somewhat consistent with calculations used in prior work [1],
with a discrepancy of up to 10%. Stress intensity factors for semi-elliptical cracks were
found to be consistent with calculations by Pommier et al. [8] and Raju and Newman [9].
The derived stress intensity factors were used to create crack propagation maps,
indicating regions of surface and depthwise crack growth. The resulting maps indicate
the possibility of two distinct populations of stable surface cracks in these glasses, and
offer a means of predicting the stresses at which stable and unstable crack growth occur.
Overall, the crack stability regions for arbitrary semi-elliptical flaws are more extensive
and can occur at lower stresses than those predicted for through-thickness flaws. Crack
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Figure 4.21: Crack stability map for glass SAS 24 as a function of crack depth
and crack aspect ratio a/c. (Applied stress = 410 MPa = -1.08 σR)
Conditions for which no crack growth occurs are indicated <0>
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simultaneously are indicated <1,2>
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propagation maps for experimentally measured stress profiles appear consistent with
predictions from parabolic models. In the next chapter, these calculations will be used to
predict fracture strength distributions and multiple cracking behavior, and will be
compared to the experimental crack growth observations and fracture strengths recorded
in Chapter 2.
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CHAPTER 5: FRACTURE BEHAVIOR PREDICTION FROM STRESS
PROFILES AND CRACK PROPAGATION MAPS

5.1

Introduction

The crack propagation maps developed in the previous chapter describe crack growth
over a wide range of conditions. Specific data can be extracted from these maps in order
to predict the onset and development of surface cracks in ESP glasses and calculate the
final fracture stress for each glass as a function of flaw size. These calculations are
shown in this chapter, with comparisons to experimental data.

5.2

Prediction of surface crack growth

One of the most striking characteristics of ESP glass is the ability to form multiple
surface cracks upon tensile loading. These cracks are observed in Chapter 2, and their
onset patterns are described qualitatively in Chapter 4. The crack propagation maps
explained in Chapter 4 can also be used to quantitatively predict the growth of surface
cracks in any given glass as a function of flaw size and residual and applied stresses.

The method is illustrated in Figures 5.1a to 5.1d, which show crack propagation maps for
SLS 48-30 as applied stress increases from 100 to 280 MPa. The propagation path is
shown for an initially semi-circular crack of 5 µm depth, with the growth of the crack
plotted as a black arrow as the applied stress increases
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Figure 5.1a: SLS 48-30, 100 MPa applied stress. Figure 5.1b: SLS 48-30, 160 MPa applied stress.
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Figure 5.1c: SLS 48-30, 240 MPa applied stress.

Figure 5.1d: SLS 48-30, 280 MPa applied stress.

Example crack grows to 10 µm depth, approaches
through-thickness geometry.

Example crack grows to failure with
unpredictable geometry.
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The plotted paths of crack propagation can be combined for a range of flaw sizes, for
stress profiles corresponding to the ion exchange processes under study. Figure 5.2
shows such a combined graph for SLS 48-30. Each black line represents the growth path
of a crack with a given initial depth and semi-circular geometry. Flaw sizes are plotted
up to 70 µm, encompassing the largest known flaws, as calculated from the fracture stress
distribution in the untreated material. As stress increases from left to right, cracks of 250 µm depth enter gray regions, which indicate stable crack growth at an aspect ratio of
less than 0.1. Using this criterion, rather than the absolute initiation stress for stable
surface growth, limits the dependence on the precise initial flaw shape and local
environment, making the plot less sensitive to specimen variation. Note that the choice
of the particular aspect ratio is somewhat arbitrary, and was chosen to reflect the
geometry at which a crack in a finite specimen could approach through-thickness
configuration, given an increased stress intensity factor due to the proximity of free edge
surfaces. Cracks between 2 and 14 µm grow to a near through-thickness crack geometry
at 14 µm depth. The onset stress for stable through-thickness crack growth appears to
decrease with increasing flaw depth in this region. Cracks between 16 and 20 µm grow
stably across the surface, but show no stable depthwise growth. Onset stress for stable
crack growth reaches a minimum value of ~135 MPa. Note that the predicted fracture
stress for all flaws between 2 and 20 µm is constant. This insensitivity to flaw size is
characteristic of ESP glass. As flaw size increases above 20 µm, fracture strength begins
to decrease, but limited stable growth of near through-thickness cracks continues for
flaws up to 50 µm in depth. Larger flaws are predicted to prematurely fracture the
specimen at relatively low stresses, potentially before the onset of surface crack growth.
122

80
70

Crack Depth (µm)

60
50
40
30
20
10
0
0

50

100

150

200

250

300

Applied Stress (MPa)

Figure 5.2:

Crack propagation plot for SLS 48-30 glass, indicating critical
stresses for crack growth for a range of initial flaw sizes.
Stable growth at an aspect ratio of <0.1 is indicated by gray lines.
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Figure 5.3 shows the crack propagation plot for SAS 6-30 glass. The general pattern
follows that seen for SLS 48-30. Shallow cracks grow stably both depthwise and across
the surface, while larger cracks only display stable surface growth. The predicted onset
stresses for stable surface cracking are higher for SAS 6-30, as are the fracture stresses.
This is expected, since the stress profile for SAS 6-30 shows the largest compressive
stress of any of the two step exchange processes. The plot shows the same two-part
predicted fracture stress distribution as the SLS 48-30 glass, indicating a constant fracture
stress for flaw sizes up to 30 µm, and a decreasing fracture stress for larger flaws. For
very small flaws (2-8 µm), depthwise growth is apparent before the crack propagates
significantly across the surface and reaches 0.1 aspect ratio, while larger flaws appear to
grow initially across the surface, transitioning to depthwise growth only at higher applied
stresses. The stress range for stable growth is wider in absolute terms (170 MPa vs. 135
MPa), but narrower as a fraction of fracture strength compared to SAS 48-30. The range
of flaw depths undergoing stable growth is greater, ranging from initial flaw depths of 2
µm to 66 µm. As with SLS 48-30, stable surface crack growth to low aspect ratios is
indicated for cracks well beyond the depth of the maximum compressive stress, an
unexpected result not predicted by prior studies.

Note that the precision of the crack propagation plot is limited by the number of crack
paths plotted and the detail of the crack propagation maps as a function of crack
geometry and applied stress. Finer detail requires considerably greater computation time,
but allows more exact prediction.
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Figure 5.3:

Crack propagation plot for SAS 6-30 glass, indicating critical
stresses for crack growth for a range of initial flaw sizes.
Stable growth at an aspect ratio of <0.1 is indicated by gray lines.
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Figure 5.4 shows a similar combined crack propagation plot for SAS 24-30 glass. Onset
stress for multiple cracking at 270 MPa is significantly lower than for the SAS 6-30 glass,
and the stress range over which multiple cracking exists is considerably wider. Fracture
stresses are lower, and extremely uniform, insensitive to crack depths between 2 and 42
µm. Depthwise growth of through-thickness cracks is also more prevalent, with all
cracks up to 42 µm showing signs of such growth. Stable growth occurs for cracks up to
at least 66 mm in depth, over the entire range of crack sizes present in the material.

Figure 5.5 shows the crack propagation plot for SAS 120-30 glass. The area of stable
multiple cracking increases to a wider range of stresses, and the predicted fracture stress
becomes constant for all flaw sizes under study. Thus this glass is expected to have an
extremely narrow strength distribution, and a correspondingly high Weibull modulus.

For the range of glasses studied, several common characteristics are apparent. In all
cases, stable growth is predicted for cracks well beyond the depth of the compressive
stress maximum. Two distinct types of fracture behavior are seen: stable growth of small
flaws resulting in fracture at a fixed stress independent of flaw size, and limited stable
growth of large flaws ending in fracture at a range of lower stresses.

Note that extremely large or extremely small flaws are expected to bypass the stable
growth phase entirely. These flaws do not propagate until they reach the critical stress
for unstable fracture, and are affected relatively little by the shape of the residual stress
profile.
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Figure 5.4:

Crack propagation plot for SAS 24-30 glass, indicating critical
stresses for crack growth for a range of initial flaw sizes.
Stable growth at an aspect ratio of <0.1 is indicated by gray lines.
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Figure 5.5:

Crack propagation plot for SAS 120-30 glass, indicating critical
stresses for crack growth for a range of initial flaw sizes.
Stable growth at an aspect ratio of <0.1 is indicated by gray lines.
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The crack propagation plots can be used to predict the onset stress for surface cracks to
grow to approximate through-thickness geometry, by observing the minimum stress at
which such stable growth appears. These predicted onset stresses can be compared to
experimental data from Chapter 2. A summary is shown below in Table 5.1

Table 5.1:
Process
SLS 48-30
SAS 6-30
SAS 24-30
SAS 120-30

Onset stresses for stable through-thickness surface crack growth in
ESP glasses
Predicted onset of throughthickness stable crack growth
(MPa)
140
325
270
105

Experimental onset of throughthickness stable crack growth
(MPa)
177.8
457.4
368.8
231.0

The method significantly underestimates these onset stresses in the SAS glasses. One
possible reason for the error is the limited number of cracks present in the material. The
crack propagation plots assume that cracks of every possible aspect ratio and size are
present, and therefore multiple cracking will initiate at the applied stress at which the
most favorable flaw is predicted to grow stably. In an actual specimen, such a flaw may
not be present, and thus higher stresses are needed to activate flaws which may have
slightly non-optimal shape or orientation. It is also possible that the relatively high
temperature and aggressive environment of the ion exchange process itself may alter the
shape of pre-existing flaws.
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Not only the onset stress, but the full progress of multiple cracking as a function of
applied stress can be predicted, for a given flaw size distribution. The crack propagation
plots indicate the applied stress needed for crack growth for any given flaw depth. For
example, in Figure 5.5, a flaw of 30 µm depth will begin stable growth at an applied
stress of 120 MPa, while a flaw of 50 µm depth will not begin stable growth until an
applied stress of 140 MPa is reached.

For a given flaw size distribution, the depth range of flaws undergoing stable crack
growth at any given applied stress can be determined. This range can be compared with
the normalized number of multiple cracks seen experimentally in the material for that
same applied stress and used to calculate a theoretical flaw depth distribution in the
material. The method is illustrated in Figure 5.6. The diagonal line is a linear fit to the
through-thickness surface crack density using data from Chapter 2 for the SLS 48-30
glass. The normalized crack density is shown on the vertical axis to the right of the
graph. Using this figure, the range of flaw depths active as a function of applied stress
can be compared to the observed density of through-thickness surface flaws at the same
applied stress, as indicated in Table 5.2. From this data, a given flaw density can be
matched to a given range of flaw depths, producing a hypothetical flaw depth distribution
in the material, as shown in Figure 5.7. The distribution appears somewhat bimodal,
with most of the flaws present at depths of 2 and 8-10 mm. This effect may be due to the
combination of 8-10 mm machining flaws, and the background flaw distribution of the asreceived glass. Note that the method is unable to survey flaws significantly smaller than
2 mm, since such flaws are not predicted to cause surface cracking.
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Figure 5.6:

Crack propagation plot for SLS 48-30 glass, with superimposed linear
fit of experimental crack density data as a function of stress.

Table 5.2:

Observed surface crack density and predicted range of surface crack
depths as a function of applied stress.

Applied
stress (MPa)
135
140
145
150
160
180
200
220
240
260
270

Observed through-thickness
surface crack density
(normalized, linear fit)
0
0.01
0.05
0.09
0.16
0.32
0.47
0.62
0.78
0.93
1.00

Range of flaw depths predicted
to grow to 0.1 aspect ratio (mm)
26
20-34
16-50
14-50
12-50
10-50
8-50
4-50
2-50
2-50
2-50
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Figure 5.7:

Calculated flaw population in SLS 48-30 glass, derived from observed
surface crack density and predicted crack propagation path data.
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. In order to test the validity of this calculation, the derived flaw size distribution is then
combined with crack propagation plots for each of the other two-step ion-exchange
processes, and used to predict multiple cracking behavior. Results for the SAS 6-30 glass
are shown in Figure 5.8. The experimental crack density data is compared to predictions
assuming a uniform flaw size distribution and the bimodal distribution calculated for the
SLS 48-30 glass. Using the bimodal distribution improves the fit of the prediction,
although the onset stress is still underestimated. Figure 5.9 shows a similar graph for the
SAS 24-30 glass. The calculated bimodal distribution shows a slight improvement over
a uniform flaw size distribution. The calculation again correctly predicts that crack
density will rise as the applied stress increases, but moderately underestimates the
amount of applied stress needed. Figure 5.10 shows the comparison for the SAS 120-30
glass. Again, there is a slight improvement using the bimodal flaw size distribution from
the SLS 48-30 glass, and the applied stresses for a given surface crack density are
underestimated.

The most likely explanation for this consistent error is the assumption that a model semielliptical crack with an aspect ratio of 0.1 approximates a through-thickness crack in the
material. Requiring a crack of lower aspect ratio (e.g. 0.01) would increase the predicted
stresses and could give a better fit. Crack shielding may also play a role in the prediction
of multiple cracking behavior in these glasses, in addition to the factors considered in the
prediction of onset stress. Shielding would tend to reduce the number of surface cracks
present for a given applied stress, but would tend to have little or no effect when few
cracks are present, and greatest effect as crack density approaches its maximum.
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Comparison of predicted and experimental surface cracking for
SAS 6-30 glass.
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Comparison of predicted and experimental surface cracking for
SAS 120-30 glass.
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5.3 Fracture strength prediction and comparison to experimental data
The crack propagation path plots shown in the previous section can also be used to
calculate the strength of a material as a function of initial flaw size by observing the
stress at which a given flaw size is predicted to propagate unstably to fracture. This can
be combined with the maximum flaw size data calculated in Chapter 2 from the
experimentally measured strengths of the untreated glass. The result is a predicted
fracture strength distribution for a glass with a given initial flaw distribution and residual
stress profile.

A comparison between this predicted strength distribution and experimental data is
shown as a Weibull plot in Figure 5.11 for process SLS A 48. The predicted and
experimental characteristic strengths are nearly identical, but the prediction significantly
underestimates the Weibull modulus, calculating a larger strength variation between
specimens than is actually the case.

Figure 5.12 shows a similar plot for SLS B 48. In this case, the method accurately
predicts both the characteristic strength and the Weibull modulus, within the limits of
accuracy for the number of specimens used [1]. Figure 5.13 shows the same plot for SLS
C 48, which had the smoothest surface preparation and the highest untreated strength. In
this case, the calculation significantly overestimates the Weibull modulus, and predicts a
characteristic strength of 330 MPa, significantly beneath the 405 MPa characteristic
strength of the experimental data.
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Figure 5.11

Weibull plot comparing predicted and experimental fracture
stresses for SLS A 48 glass.
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Figure 5.12

Weibull plot comparing predicted and experimental fracture
stresses for SLS B 48 glass.
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Figure 5.13

Weibull plot comparing predicted and experimental fracture
stresses for SLS C 48 glass.
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Figure 5.14 compares predicted and experimental fracture strength values for SLS A 4830 glass. The prediction method underestimates the fracture strength by 3%. However, it
appears to overestimate the effect of the wide range of maximum flaw sizes calculated for
the coarse surface treatment, predicting a larger variation in strength than occurs
experimentally. Figure 5.15 compares experimental and predicted values for SLS B 4830 glass. In this case, the calculations predict two distinct types of fracture behavior,
matching the two avenues of crack growth described in the crack propagation plot for the
material (Figure 5.2), depending on maximum flaw size. The upper portion fits the
experimental data well, underestimating fracture strengths by a consistent ~3%. The
lower portion, however, predicts a rapid loss in strength which is not matched by the
experimental data.

Figure 5.16 compares experimental and predicted fracture strengths for the SLS C 48-30
glass. The slopes of the data match almost exactly, and the prediction again
underestimates the fracture strength by ~3%. Taken together, Figures 5.14-5.16 imply
that the predictive method is accurate for SLS 48-30 glass as long as surface flaws are
relatively small, but underestimates the strength significantly when flaws are large. The
transition point can be found by examining the individual data points in Figure 5.6, and
appears to occur for flaws of ~22 µm depth or greater. Note that all flaw depths
calculated for Figure 5.14 exceed this size, and nearly all flaws in Figure 5.16 are below
it. The trend is opposite to that seen for the SLS 48 glass, in which the method appears
accurate for coarse surface treatments (large flaws) but inaccurate for fine surface
treatment SLS C 48. The cause of this anomaly is unknown.
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Figure 5.14

Weibull plot comparing predicted and experimental fracture
stresses for SLS A 48-30 glass.
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Weibull plot comparing predicted and experimental fracture
stresses for SLS B 48-30 glass.
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Figure 5.16: Weibull plot comparing predicted and experimental fracture
stresses for SLS C 48-30 glass.
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Figures 5.17 and 5.18 compare predicted and experimentally measured four-point-bend
fracture stresses for SAS 6 and SAS 6-30 glasses. In both cases, the prediction accurately
matches the experimental mean strength to within 2%, and underestimates the Weibull
modulus.

Figures 5.19 and 5.20 show predicted and experimental strength values for SAS 24 and
SAS 24-30. The prediction for SAS 24 overestimates characteristic fracture strength by
16%, with no significant difference between predicted and observed Weibull modulus.
The prediction for SAS 24-30 overestimates strength by 6%, and overestimates the
observed Weibull modulus.

Figure 5.21 and 5.22 shows predicted and experimental fracture stresses for SAS 120 and
SAS 120-30 glasses. The calculation overestimates fracture strength by 41% for the
single step glass and 11% for the two step process. The Weibull modulus of the SAS
120-30 glass is theoretically predicted to be infinite, since all known flaws are within the
stable growth region. The experimental data does not show this consistency.

Note that for the relatively small sample sizes used in these experiments (10-20
specimens per data set), calculated 90% confidence bounds for the Weibull modulus are
up to 80% above and 30% below measured values, limiting the precision of the
calculation [1]. A more precise test of the strength variability would require larger
sample group sizes.
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Figure 5.17: Weibull plot comparing predicted and experimental fracture
stresses for SAS 6 glass.
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Figure 5.18: Weibull plot comparing predicted and experimental fracture
stresses for SAS 6-30 glass.
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Figure 5.19: Weibull plot comparing predicted and experimental fracture
strengths for SAS 24 glass.
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Figure 5.20: Weibull plot comparing predicted and experimental fracture
stresses for SAS 24-30 glass.

149

2

1

(Ln(Ln(1/1-F))

0
5.5

5.7

5.9

6.1

6.3

6.5

-1

-2
Experimental SAS 120
-3
Predicted SAS 120
-4
Ln(Fracture Stress/MPa)

Figure 5.21: Weibull plot comparing predicted and experimental fracture
stresses for SAS 120 glass.
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Figure 5.22: Weibull plot comparing predicted and experimental fracture
stresses for SAS 120-30 glass.
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A summary of the fracture strength data is shown in Table 5.3. Overall, the method
appears to predict fracture strengths accurately within 5% in many, but not all cases. The
discrepancies are likely due to several causes. Crack shielding would tend to increase the
experimental strengths of all of the two step glasses, and indeed the errors are more
negative for the two step processes than for the single step processes in every case. For
the SAS glasses, errors tend to be smallest for short first exchange times, and increase as
exchange time increases. This is reasonable, since crack deflection and interaction
effects not covered by the model tend to increase with increasing first exchange time, as
discussed in Chapter 2. It is also possible that crack growth or healing may be occurring
within the ion exchange bath itself, changing the effective crack geometry. It is more
problematic to explain why the strengths of the SLS glasses are underestimated, and the
strengths of the SAS glasses are overestimated in most cases. This difference in the sign
of the error makes it difficult to identify a single cause. The largest discrepancy is seen
for the SAS 120 glass. The cause here may be some experimental error in the sample
preparation for the material. The presence of unusually large flaws would lower the
observed experimental strength. The anomalously low standard deviation seen in the
strength data for this glass also points to some irregularity in preparation. This
explanation is supported by the higher strength shown by the SAS 120-30 glass.
Normally the second exchange step decreases the strength of the material, and thus one
would expect the SAS 120 fracture strength to be higher. Alternately there may have
been some error in the stress profile measurement and calculation, or some unknown
aspect of the fracture behavior for this particular glass may render the crack propagation
theory ineffective.
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Table 5.3

Predicted and experimental fracture strength of ESP glasses

Process
SLS A 48
SLS B 48
SLS C 48
SLS A 48-30
SLS B 48-30
SLS C 48-30
SAS 6
SAS 6-30
SAS 24
SAS 24-30
SAS 120
SAS 120-30

Predicted Fracture
Strength (MPa)
295.5
320.5
328.2
237.9
266.3
275.6
531.6
468.3
555.4
495.4
425.5
360

Experimental Fracture
Strength (MPa)
303.4
324.4
397.3
287.6
288.3
285.4
529.4
476.6
478.1
468.7
302.1
323.2

Percent
Error (%)
-2.6%
-1.2%
-17.4%
-17.3%
-7.6%
-3.4%
+0.4%
-1.7%
+16%
+5.7%
+40.8%
+11.4%
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5.4 Conclusions
The crack propagation maps introduced in Chapter 4 can be used to predict multiple
cracking behavior and fracture strength in ESP glasses. Predictions of the onset stress for
multiple cracking appear to underestimate the required applied stresses by approximately
100 MPa for the SAS glasses. The error may be due to the limited number and variety of
flaws in the test specimens, the effect of crack shielding, or the difficulty of visually
observing shallow, closed cracks in the glass surface. Fracture strength predictions have
an error of 17% or less in most cases, with the exception of SAS 120. Strength
variability predictions are inaccurate in many cases, though this may be due to the
inherent lack of precision in measuring Weibull moduli with small sample sets [1].
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CHAPTER 6
CONCLUSIONS

6.1 Summary of research
Objective 1: Experimental study of the fracture behavior of ESP glass
Soda lime silicate and soda alumina silicate glass specimens were prepared using a range
of surface finishes, and treated using single step and two step ion-exchange processes to
produce engineered stress profile (ESP) glass. Strength distributions were measured, and
the effects of surface finish, first exchange time, and the presence of a second exchange
step were determined. It was found that coarser surface finishes substantially decreased
the strength of untreated and single step exchanged SLS glass, but had no significant
effect on the strength of the two step SLS 48-30 glass.

Overall strength data were comparable to prior work, with longer exchange times in the
SAS glass correlating to lower measured fracture strengths. The second exchange
reduced the observed fracture strength in all cases except SAS 120-30. Multiple surface
cracking was observed as a function of applied stress for each of the two step processes.
It was found that the onset stress for surface cracking correlated with fracture stress. For
each glass, through-thickness surface cracks increased in number with applied stress in a
controlled, repeatable manner. Semi-elliptical cracks were found to initiate at lower
applied stresses, but the lack of consistent data on these cracks hindered detailed study.
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Objective 2: Stress profile analysis by iterated birefringence and etching
As described in Chapter 3, a technique based on optical retardation measurement and
progressive etching was developed to measure residual stresses in glass with a depth
resolution of ~ 1 mm.

Procedural concerns of etch uniformity, specimen geometry, and

equipment calibration were analyzed. Data analysis for the technique and appropriate
mathematical curve fitting methods were addressed. The technique was then used to
measure stress profiles for each of the glasses under study. Results were compared to
stress profiles derived by other methods, and were found to be consistent in most cases.

Objective 3: Predict crack growth and fracture behavior in ESP glass
In Chapters 4 and 5, the stress profiles measured in Chapter 3 were used to calculate
stress intensity factors using a weight function approach. A parabolic stress profile
model was used to calculate the limits of stable crack growth for a range of flaw shapes
and sizes, and applied and residual stresses. These calculations were adapted to the
experimental stress profiles and used to create crack propagation maps. Data derived
from these maps was then used to predict fracture strength and multiple cracking
behavior.

The method was successful at predicting the presence or absence of through-thickness
multiple cracking. The calculations accurately predicted that the SLS 48-30 glass would
begin to form surface cracks at the lowest applied stress, followed in sequence by SAS
120-30, SAS 24-30, and SAS 6-30 as the applied stress increased. The applied stress
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required for each given crack density was accurately predicted for the SLS 48-30 glass,
but underestimated by approximately 100 MPa for each of the SAS glasses. Fracture
strength prediction using the current method is accurate to within 5% in many cases, but
significant errors are present for SLS C 48, SLS A 48-30, SAS 24, and SAS 120 and 12030 ion exchange processes.

As currently constituted, the calculations and crack growth mapping methods described
in the current work provide an imperfect model for predicting the fracture behavior of
ESP glass. Although the approach gives useful estimates, errors of ±15% on strength and
up to -25% on multiple cracking stresses are common. More work is needed to make the
model a more effective predictor of ESP glass behavior.

6.2 Future Work
Considerable potential exists for extending the research presented in this thesis. Many
questions remain regarding the experimental fracture behavior of ESP glasses. One
property of particular interest is the fragmentation behavior of these materials. ESP
glass seems to offer a method of tailoring fracture strength and fragmentation pattern
simultaneously, with far more flexibility than is available with conventional chemically
or thermally tempered glass.

The geometry of the deflecting cracks seen in the SAS ESP glasses is complex, with
some regions deflecting earlier than others, and strong apparent interactions with
neighboring cracks. Further study of these phenomena could be intriguing. The increase
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in strength seen for the SAS 120-30 glass over the single step SAS 120 process is highly
unusual for ESP glasses, and, if confirmed by further experiment, may indicate an area
worthy of more study.

The effects of changing the second step of the ion exchange would seem a natural
counterpart to the variation in first exchange times studied in the current work.. Bath
composition, exchange temperature, and glass composition could each be varied as well.

Improvements can also be made to the residual stress measurement technique described
in Chapter Three. The possible leaching effects of the acid bath are not taken into
account, and, if significant, could alter the composition of the glass surface and thus the
surface stress state. From an engineering viewpoint, improved detector hardware using a
rotating analyzer could obviate the need for the Soleil-Babinet compensator, reducing the
equipment cost.

Substantial work is needed to perfect the crack growth prediction model. The effects of
slow subcritical crack growth could be added to the calculations. Crack interaction and
deflection would be more difficult to incorporate, but would aid considerably in defining
an accurate model.

Further, prediction of multiple cracking behavior is hindered by the assumption of a fixed
flaw population density. Fitting equations could be used to determine the flaw size
distribution for a given material, based on experimentally measured multiple cracking
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behavior under several ion exchange conditions and detailed knowledge of the residual
and applied stresses. No comparable method for measuring the full flaw distribution in a
material is in wide use, and thus this avenue of research could produce a valuable and
genuinely new technique. Further study is needed to determine the causes of errors in the
fracture strength and multiple cracking onset stress predictions. Looking forward, future
work could involve the application of the methods described in this thesis to predict
failure and improve reliability in other situations involving complex applied and residual
stress fields, such as ceramic grinding tools, internal combustion engine parts, etc.
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