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ABSTRACT
The macroscopic properties of materials are predicted from the microstructure using the
topological measures. In this thesis, we measured various types of topological measures in both
the transient and steady state regimes. We evaluated the steady state distributions of grain size,
the number of faces, the number edges and the number vertices per grain from two different types
of phase-field grain growth models proposed by Kim et al. and Chen et al. The large-scale three
dimensional grain growth simulations were performed using parallel computing technique.
We invented the novel methods to measure the integrated mean curvature of the grain surface,
the triple line length and the dihedral angle between adjacent grain faces. These methods are
applicable for grain structure described by a voxel-based microstructure representation (VBMR),
such as those generated by phase-field simulations, Monte Carlo Potts models, or threedimensional reconstructions of experimentally measured grain structures. We measured those
characteristics and proposed analytic expressions that allow the prediction of mean width and
triple line length with respect to the normalized grain size from the normalized grain size.
Additionally, the MacPherson-Srolovitz relation was examined using the evaluated mean
curvature and triple line length values.
The grain boundary pinning force applied by a second-phase particle was precisely measured
from the grain boundary morphology in a three-dimensional system. The dragging forces exerted
by spherical and ellipsoidal second-phase particle were examined using the forces estimated from
the grain boundary geometry. The particle pinning forces applied by cuboidal particles were
evaluated and compared with the pinning forces that were estimated from the derived expression.
In addition, the effect of the second-phase particle morphology on two-dimensional grain growth
kinetics was examined.
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Chapter 1

Introduction

1.1. Research Motivation
Most materials have microscopic inhomogeneity. Polycrystalline materials consist of grains
and their boundaries, which differ in solute composition, crystallographic orientation and
structure. Macroscopic material properties, such as mechanical properties, are highly dependent
upon topological measures of their microstructure. Therefore, statistically reliable evaluations of
the topological measures are quite significant in predicting macroscopic properties. In general,
grain topology includes local characteristic of grain geometry obtained from differential and
global geometrical information which cannot measure from small part of grain. Topological
measures indicate all geometrical characteristics that can be obtained from grain topology.
The most basic topological measures that affect material properties are average grain size [1-5]
and grain size distribution [5-7]. Since they can be relatively easily obtained from experiments,
measurements of those characteristics are the most popular way to characterize the microstructure
[1-7]. However, most of experimental measurements have been performed using the twodimensional sectional data [1-7] and their statistical reliability was not high enough due to
insufficient number of grains within the experimental samples. Alternatively, computational
approaches were used to simulate the three-dimensional grain growth [8-10]. However, they were
limited in terms of scale due to lack of computing resources. Therefore, the evaluation of the
steady-state three-dimensional grain size distribution has been quite challenging. Recently, there
have been huge improvements in numerical algorithm [11-14] and computing resources [15], the
large-scale three-dimensional phase-field grain growth simulations became more feasible [13,
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15]. The grain size distributions from phase-field simulations will be compared to the Hillert
distribution [16]. Hillert derived the steady-state grain size distribution from the LSW theory of
coarsening [17, 18] with implementation of mean-field assumption [16]. The expression of their
distribution function is given as follows [16]:

P(u )  (2e) 

u
(2  u )

2 

exp(

 2
)
2u

(1.1)

  2 for two-dimensional distribution and   3 for three-dimensional distribution.
The characteristics of the Hillert distribution are their shape is asymmetric and the peak of the
distribution is located at R /  R  9 / 8 . In Fig. 1.1, the three-dimensional Hillert distribution is
plotted.
We evaluated the grain size distribution at steady-state and transient regime from the grain
structures obtained using two different phase-field models [8, 13]. Additionally, we evaluated the
distributions of number of faces, edges and vertices to verify the geometrical correlation among
neighboring grains.
In order to predict the microstructural evolution during the grain growth, the other types of
topological measures – the mean width (integrated mean curvature), dihedral angle and triple line
length – for grain structure are needed to be evaluated [19]. Very recently, experimental
measurement of the grain boundary curvature was reported from the microstructure reconstructed
by the serial sectioning technique [20]. However, reports of the direct grain boundary curvature
measurement are still rare. Moreover, direct measurements of the triple line length and dihedral
angles between grain faces have scarcely been reported. Therefore, the validation and
examination of the coarsening theories were extremely limited, so far. The phase-field method is
one of the convenient and efficient methodologies for examination of the coarsening theories. The
phase-field models for grain structure generation have been well established [8, 13]. However,
there have been limitations in precise measurements of topological measures from grain
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structures generated by phase-field simulations. In this thesis, we introduced the precise meshbased curvature and dihedral angle measurement methods which are applicable to the voxel based
microstructure representation (VBMR). The microstructures generated by the phase-field
simulations [8, 13, 15], Monte Carlo Potts models [21] or three-dimensional reconstructions of
experimentally characterized grain structure [20] adopted VBMR. Besides, the accurate and
efficient way to evaluate the triple line length is introduced.
According to Hall [1] and Petch [2], yield strength decreases with the average grain size
increase. In order to maintain high yield strength, second-phase particles are widely used to
suppress grain growth process. It is of high interest to find ways to apply effective particle
pinning [22-28]. Therefore, we investigated the role of the particle morphology in effectiveness
of grain growth inhibition. To this end, we proposed the method to evaluate the second-phase
particle pinning force from the grain boundary geometry. The evaluated pinning forces were
compared with the expressions of the second-phase particle pinning force applied by spherical
[22], ellipsoidal [27, 28] particles. Moreover, the pinning effect by cuboidal second-phase
particles were evaluated and compared to the spherical and ellipsoidal particles.
In measurement of pinning forces applied by various shapes of particles, we introduced some
assumptions that do not hold in real grain growth process. Therefore, it is insufficient to predict
the effect of particle morphology on grain growth kinetics. To examine a role of the particle
morphology on grain growth kinetics in more realistic situation, we performed two-dimensional
grain growth simulations in the presence of second-phase particles as a preliminary study of
three-dimensional study.

4
1.2. Overview of Thesis
Chapter 1: Introduction part of this thesis. The introduction section is mainly focused on the
research motivation.
Chapter 2: Brief history of diffuse-interface model and phase-field grain growth model
proposed by Chen et al. are explained.
Chapter 3: Steady-state grain size distribution from the three-dimensional phase-field
simulations using two different phase-field models (proposed by Chen et al. and Kim et al.) are
evaluated. Besides, the distributions of number of faces, vertices and edges are also characterized.
Chapter 4: The MacPherson-Srolovitz relation is examined using the phase-field grain growth
simulations. To this end, the mean width, triple line length and dihedral angles are measured from
the microstructure generated by the phase-field simulation.
Chapter 5: The pinning forces on grain boundaries are measured from the grain boundary
morphology. Those measured forces by spherical and ellipsoid particles are compared by the
analytic expressions. Additionally, the pinning forces applied by cuboidal particles are evaluated
by the derived analytic expression and grain boundary morphology.
Chapter 6: We analyzed the effects of the particle size and shape and directionality on twodimensional grain growth kinetics.
Chapter 7: The brief summary of this study and future work.
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Fig 1.1 Three-dimensional Hillert distribution. The distribution shape is asymmetric and peak of
the distribution is located at R /  R  9 / 8 .
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Chapter 2

Research Methodology

2.1. Development of Diffuse-Interface Model
In 1894, the diffuse-interface description was adopted to describe the solid-liquid interface
using the continuously changed variable by van der Waals [1]. Cahn and Hilliard derived the
thermodynamic formulation accounts for the gradient term to describe the interface using the
diffused-interface description [2]. The Allen-Cahn equation was used to model the dynamic
critical phenomena by Hohenberg in 1977 [3] and to simulate the dynamic evolution of random
interfaces by Gunton et al. in 1983 [4]. The derived expressions in references [3, 4] are quite
similar to the current equations used in current phase-field simulations.
The diffuse-interface description was introduced in the microstructure modeling
approximately 25 years ago. This microstructural modeling scheme is called as phase-field
method. In phase-field method, the temporal microstructure is described by a pair of famous
governing time-dependent partial different equations: Allen-Cahn (Ginzburg-Landau) equation
[5] and Cahn-Hilliard equation [6].

2.2. Two Types of Phase-Field Grain Growth Models

The phase-field method has emerged as a strong computational methodology to model and
simulate microstructure evolution in materials such as solidification [7-12], solid-state phase
transformation [13-16], coarsening [17-20], crack propagation [21, 22] and grain growth [23-29].
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In this thesis, we adopted the phase-field method to perform the grain growth simulations of
polycrystalline materials.
The first phase-field model for grain growth was proposed by Chen and Yang [23]. In their
model, a large set of order parameters represent the grain orientations [23]. The first reported
simulations of the three-dimensional grain growth simulation used Chen and Yang‘s model
(hereafter Chen‘s model) model was performed by Krill and Chen [24]. The large-scale threedimensional grain growth simulation using parallel computing which adopted Chen‘s model was
performed and reported by Suwa et al. [25]. Another phase-field grain growth model was
proposed by Steinbach et al. [26] and this model was succeeded by Garcke et al. [27] and Kim et
al. [28]. A large set of non-conserved order parameters is also used to represent the grain
orientations in their model. However, the summation of order parameters at each grid point is 1.0
in Steinbach et al. [26] Gracke et al. [27] and Kim et al.‘s [28] model (hereafter Kim‘s model)
[28]. On the other hand, there is no constraint regarding summation of the order parameters in
Chen‘s model [23, 24]. In Chapter 3, we will compare the steady-state distributions of various
topological measures obtained from the Chen‘s model [23, 24] and Kim‘s model [28]. More
details of Chen‘s model are explained in Chapter 2.3 which is mainly used in this thesis and more
details of Kim‘s model are described in Chapter 3.

2.3. Phase-Field Model of Single-Phase Grain Growth Proposed by Chen and Yang
As we mentioned in Chapter 3.2, Chen and Yang proposed multi-order parameter phase-field
grain growth model in 1994 [23]. In their model, a grain structure is described using a set of order
parameters {1,2,,Q}, with each order parameter corresponding to a different grain orientation.
We show a schemetic illustration of order parameter profiles of 1 and 4 along the red line
AB in Fig 2.1 in Fig 2.2
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The following time-dependent equations for each order parameter is solved [23, 24],

F 
i
 M i 
,
t
 i 

i  1,2,...,Q ,

(2.1)

where Mi denote grain boundary mobilities and F the total free energy of the system. For our
simulations, we assumed identical, constant values for all Mi. The free energy is a function of the
order parameters and their gradients [23, 24],


1 Q
2
F    f 0 1 ,2 ,...,Q     i  i   dV ,
2 i 1

V 

(2.2)

where f0 represents a local free energy density, and the  i are gradient energy coefficients. For a
system containing a finite number of grains, each having one of Q possible orientations, we are
free to choose the function f0 to have degenerate minima at (1,2,…,Q) = (1,0,…,0), (0,1,…,0),
…, (0,0,…,1). A simple function f0 satisfying this requirement is given by [23, 24]
Q
Q Q
1
 1

f 0 1 ,2 ,...,Q      i2  i4    i2 2j ,
2
4

i 1 
i 1 j i

(2.3)

where ,  and  are phenomenological constants [23, 24]. For     0 and    2 , f0 has
2Q minima when j = ±1 and i = 0 for all i ≠ j. Substitution of Eqs. (2.2) and (2.3) into Eq. (2.1)
yields the equation of motion [23, 24],
Q
i
  M i (i  i3  2i  2j   i  2i ) .
t
j i

(2.4)

Owing to the implementation of an active parameter tracking algorithm (APT) to improve the
computational efficiency and to avoid early-stage unphysical grain coalscence [29], Eq. (2.4) had
to be solved only at and near the grain boundaries, a task that was accomplished using a simple
forward-Euler integration scheme [23, 24]:

i t  t i t

di
t .
dt

(2.5)

11
Since we implemented the APT algorithm in Chen‘s model, a certain order parameter indicates
only one unique grain orientation in grain structure. In the previous studies which used Chen‘s
model [23-25], one order parameter indicates multiple grains. Therefore, the unphysical grain
coalescence takes place during the grain growth simulations, especially at early stage. This may
introduce the inaccuracy in grain structure generation. Another merit of the APT algorithm [29] is
computation efficiency improvement. Only non-zero order parameters (active order parameters)
are solved at each position, we can save huge amount of computation time and memory. Typical
maximum number of active order parameters in a three-dimensional grain growth simulation is
30~50. Therefore, we only solve 1~50 Ginzburg-Landau equations at each point instead of Q
(initially 100,000 in study described in Chapter 3) equations.

2.4. Parallel Computing Scheme
To extend the system size and reduce the computation time, I adopted the Message Passing
Interface (MPI) in Chen‘s model described in Chapter 2.3, and 8 processors were utilized for one
set of simulations. For example in the simulations performed at Chapter 3, the total cell of the
simulation (400×400×400) is divided into 8 part cells (400×400×80) and each processor simulate
only one part cell. One-hundred thousand spherical grains can be distributed to the total
simulation cell. Computation required approximately 90 hours to compute 9000Δt for
400×400×400 system size with 8-node parallel computing. Examples of the microstructures
obtained from our phase-field grain growth modeling are visualized in Figs. 2.3(a) and 2.3(b).
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Fig 2.1 Two-dimensional microstructure generated by the phase-field simulation using Chen‘s
model. The microstructure consists of number of grains (white region) and grain boundaries (grey
region) separating two adjacent grains. Each order parameter {1,2,,Q}, indicates a unique
grain orientation.
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Fig 2.2 Schematic drawing of  4 and 1 values along red line AB in Fig 2.1.  4 and 1 values
change continuously from 1.0 to 0.0 and 0.0 to 1.0 at the grain boundary, respectively.
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Fig 2.3 Three-dimensional grain structure obtained from a phase-field grain growth simulation
performed on a 4003 simple-cubic grid. The microstructure is visualized by mapping a summation
of the squared order parameter values to a gray scale. (a) At 500Δt, 95,357 grains are present in
the simulation cell; (b) by 9,000Δt, the number of grains has dropped to 3,330.
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Chapter 3

Three-Dimensional Grain Size Distributions from Phase-Field Simulations

3.1. Introduction
Grain growth is one of the most common processes currently in service in materials
processing. Hillert derived the asymptotic solution for the stationary, normalized grain size
distribution based on the mean-field assumption [1]. Krill and Chen performed a threedimensional grain growth phase-field simulation and found that the grain size distribution
deviated significantly from the Hillert distribution in the scaling regime [2]. The grain size
distributions obtained from the Monte Carlo Potts models for grain growth [3,4], the surface
evolver model [5] and the vertex model [6] also led to grain size distributions that are different
from the Hillert distribution. On the other hand, Kim et al. performed three-dimensional grain
growth simulations using their own phase-field model and obtained grain size distributions that
converged to the Hillert distribution [7]. Kim et al.[7] used the terminology ‗converge‘ when two
distributions are qualitatively similar. We also assume that two distributions converge when the
difference between the frequencies (y value) of two distributions are within the error bars for
most of x values. In the steady-state regime, even the average grain size still increases, the grain
size distribution will remain the same characteristic, so called the steady-state grain size
distribution. The number of grains in Krill and Chen‘s study is significantly smaller than in the
investigations by Kim et al., who employed a much larger simulation grid [7]. However, by
implementing an Active Tracking Parameter (APT) algorithm [8] and a parallel computing
scheme, it is possible to model system sizes using Chen‘s phase-field model [2] of grain growth
that are comparable to Kim‘s study. The main objective of this work is to resolve the discrepancy
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between the steady-state grain size distributions found in the phase-field studies performed [2,7].
We performed a number of large-scale and coalescence-free three-dimensional grain growth
simulations that followed the evolution of the system from a variety of initial grain size
distributions to the steady state. The system size of phase-field grain growth simulation in this
study is ten times larger than former work [2]. Therefore, we can expect much more rigorous
statistical analysis of distribution of various topological measures. In addition, the analytic
expressions for number of edges and number of vertices distributions were compared to the
distributions obtained from phase-field simulations.

3.2. Phase-Field Models of Grain Growth

3.2.1. Chen’s model
The details of Chen‘s model are described in Chapter 2. We performed three-dimensional
simulations with a system size of 400×400×400 grid points and a grid spacing of x  2.0 ,
while assuming periodic boundary conditions. The coefficients in Eq. (2.3) were chosen as
follows: i = i = i = 1, i = 2 and Li = 1 for all i. t in Eq.(2.5) is 0.1.

3.2.2. Kim’s model
In Kim‘s model, a grain structure is described using a set of order parameters {1, 2,, Q} as
in Chen‘s model [7]. In section 2.2, we follow the notation of reference [7] to avoid confusion.
The evolution equation of the order parameter is given as follows [7]:

2M 
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S

F

Q

 s s ( 
r q

r q
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F
)
r

(3.1)
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where M  is related to the grain boundary mobility and
Q
F
2
  (  2s  s ) .
q s  q 2

(3.2)

sq is 1 if q  0 and becomes 0 if q  0 . S (i, j, k ) is given by the summation of sq at the point
(i,j,k).
In Kim‘s model the sum of the order parameters at point (i,j,k) is always conserved [7]:
Q


q 1

q

1

(3.3)

To improve the computational efficiency, we sort all order parameters in descending order and
keep the six largest order parameters p1 , p2 ,..., p6 - at each (i,j,k) and neglect the others [7]. After
this step, we normalized the order parameter values to keep the sum constant [7].
6

pi*  pi /  pm

(3.4)

m 1

More details and the specific parameter values are in reference [7].

3.3. Grain Size Distributions from Phase-Field Modeling
We performed six sets of simulations with three different types of initial grain size
distributions (GSDs). The spherical grains were initially seeded at randomly chosen locations
within the simulation cell. If an order parameter was already allocated at any grid point inside the
sphere, the center of the spherical grain was re-chosen. Because we allocated only positive order
parameters with value of 1.0 inside the spherical grains, negative order parameters were not
detected during the simulation.
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In the uniform initial GSD, the initial grain radii were 1, 2, 3, 4 and 5 (grid points), and their
frequencies were set to the same value. The relative quantities corresponding to each initial grain
radius followed the Hillert distribution [1] for the Hillert initial GSD. The grain radius was 3 in
the Dirac-Delta initial GSD. We performed four sets of simulations for each initial condition to
obtain a more rigorous validation of the steady-state GSD from the different initial GSDs.
According to Fig. 3.2(d), the steady-state GSDs deviate from the Hillert distribution regardless
of the shape of the initial GSDs. In the transient regime, such as 4000Δt in Fig. 3.2(a), 1500Δt in
Fig. 3.2(b) and 1000Δt in Fig. 3.2(c), the GSDs showed excellent agreement with the Hillert
distribution, just like the GSD obtained by Kim et al. [7]. However, the GSDs in the steady-state
regime at 18000Δt were more symmetric and broader than the Hillert distribution, closely
matching the distribution shape reported by Krill and Chen [2]. For more rigorous comparison,
we introduce the Error function that quantifies error from the Hillert distribution.

Error_Hil(A) 

numbins

f
i 1

A

(i)  f Hillert (i)

(3.5).

where f A (i) and f Hillert (i) are distribution functions. The Error values are written in Table 3.1.
To compare our results with Chen‘s model and Kim‘s model, we also performed a phase-field
grain growth simulation using Kim‘s model. The initial GSD was identical to one of the DiracDelta initial GSDs used by our model. We also generated a 3D Voronoi diagram from 20,000
randomly distributed points. The Euler equation
F-E+V=2

(3.5)

was satisfied for all the cases in Table 1. In the steady state-regime, the mean values of V, E and
F from Kim‘s model and Chen‘s model are same. To maintain the topological stability of the
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polyhedron, three edges meet any vertex, and each edge connects two vertices [2, 9]. Thus, we
have
3V=2E

(3.6)

Combining Eqs. (3.5) and (3.6) we obtain [2,9]
E=3F - 6

(3.7a)

V=2F - 4

(3.7b)

and

Even though the mean values of F, E and V for the Voronoi diagram deviated slightly from the
phase-field modeling, Eqs. 3.5, 3.6, 3.7(a) and 3.7(b) are exactly satisfied for every single
domain.
According to Fig. 3.2(a), the GSD from the simulation using Kim‘s model at 1000Δt shows an
excellent agreement with the Hillert‘s distribution. The distributions of E and V at 1000Δt in Fig.
3.3(c) and 3.3(d) do not fully reach steady states. At 12000Δt, the distributions of E and V have
converged to the distributions obtained from the simulation using our model. The GSD at this
stage also became more symmetric and broader in shape compared to the Hillert distribution. The
distribution of F is smooth in Fig. 3.3(b). In contrast, the distribution of E peak at numbers that
are multiples of 3. According to Eq. 3.7(a), E is given by 3 times F-2. Thus, E becomes a multiple
of three. Similarly, V is given by 2 times F-2 in Eq. 3.7(b). As a result, the even numbers of V i
are dominant n Fig. 3.3(d).

3.4. Comparison with experimental data
We compared our steady-state grain size distribution from phase-field simulations with the
experimental data of β grains of Ti-21S alloy system [10]. In Ref. [10], three-dimensional
microstructure of Ti-21S alloy was reconstructed by the serial-sectioning technique. Rowenhost

22
et al. claimed that their grain size distribution shows good agreement with the grain size
distribution from phase-field simulations especially at the tail region. We verified that grain size
distribution of β grains of Ti-21S alloy system shows good agreement with our phase-field
simulation at tails and their distribution clearly deviates from Hillert distribution. The error
function for distribution of β grains of Ti-21S alloy is Error_Hil(  grains in Ti - 21C)  2.21
while the error function for phase-field simulation at steady-state regime from the Dirac-Delta
initial grain size distribution is Error_Hil(18000t)  1.04 .

3.5. Conclusion
We evaluated grain size distributions from phase-field grain growth simulations. We
performed the phase-field grain growth simulations using three different initial GSD shapes. In
the transient regime, the GSD passed through an intermediate stage that showed excellent
agreement with the Hillert distribution. However, the GSDs in the steady-state scaling regime
were more symmetric and broader than the Hillert distribution, regardless of the initial GSD.
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Initial grain size distribution

Time steps(Δt)

Error_Hil

Uniform

4000

0.54

Uniform

18000

1.08

Dirac Delta

1500

0.63

Dirac Delta

18000

1.04

Hillert

1000

0.67

Hillert

18000

1.02

Table 3.1: Error_Hil functions are evaluated six different distributions. For different types of
initial GSDs (Uniform, Dirac Delta, Hillert), Error_Hil functions are evaluated at transient
regimes that their GSDs are close to Hillert distribution (4000Δt for Uniform, 1500Δt for Dirac
Delta and 1000Δt for Hillert) and steady-state regimes. Error_Hil functions are above 1.0 at
steady-state regimes and below 0.7 at transient regimes.
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<F>

<E>

<V>

Kim‘s model, 1000Δt

12.8

31.3

20.5

Kim‘s model, 12000Δt

13.5

34.2

22.7

Chen‘s model, 18000Δt

13.5

34.2

22.7

Voronoi 3D diagram

15.3

39.9

26.6

Table 3.2: The mean value of F,E and V for the two different microstructures in Kim‘s model
(1000Δt, 12000Δt), Chen‘s model (18000Δt) and the Voronoi 3D diagram.
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Fig. 3.1: Three different initial grain size distributions (GSDs). (a) In the uniform initial GSD, the
frequencies corresponding to each initial grain radius are the same. (b) In the Hillert initial GSD,
the initial GSD follows the Hillert distribution [1]. (c) In the Dirac-Delta initial GSD, there is
only one initial grain radius.
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Fig. 3.2: GSDs from the three different types of initial GSDs described in Fig. 2, plotted against
the grain radius normalized by its average value R for the indicated time step. (a) Uniform
initial GSD, (b) Dirac-Delta initial GSD, (c) Hillert initial GSD.
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Fig. 3.3: (a) GSDs plotted against the grain radius normalized by its average value R for the
indicated model and time step. (b) Distribution of the number of faces per grain for Voronoi
diagram, Kim‘s model and Chen‘s model. The plots peak at multiples of 3. (c) Distribution of the
number of edges per grain for the Voronoi diagram, Kim‘s model and Chen‘s model at even
numbers. (d) Distribution of the number of vertices per grain for the Voronoi diagram, Kim‘s
model and Chen‘s model.
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Fig. 3.4: GSD obtained from phase-field simulations at steady state regime and GSD of β grains
in Ti-21S alloy system that extracted from ref. [10]. The error function for distribution of β grains
of Ti-21S alloy is Error_Hil(  grains in Ti - 21C)  2.21 while the error function phase-field
simulation at steady-state is Error_Hil(18000t)  1.04 .
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Chapter 4

Topological Measures of Three-Dimensional Grain Structures from PhaseField Simulations and MacPherson-Srolovitz Relation

4.1. Introduction
Grain growth is one of the most extensively studied processes in materials science, as
essentially most engineering materials in use are polycrystalline. Despite the microstructural
complexity of such materials, von Neumann and Mullins were able to derive a simple relation
between the growth rate of a given grain and its topology that holds for curvature-driven grain
growth in 2D:

dA k

(n  6) , where k is a kinetic constant, A the area of a grain and n its
dt
3

number of sides [1,2]. Phase-field simulations of two-dimensional grain growth find that the
average growth rate within each topological class (defined by n) follows the von NeumannMullins relation, although not on an individual grain basis [3,4].
There have been many attempts to extend the von Neumann-Mullins relation to three
dimensions [5–12]. Most notable among these is the recently derived MacPherson-Srolovitz
relation,

æ
ö
dV
1 n
= -2p Mg ç L ( D ) - å ei ( D )÷ ,
dt
6 i=1
è
ø

(4.1)

in which V represents the volume of domain D ; M and  denote uniform grain boundary
mobility and energy values, respectively; and D is bounded by n triple lines (edges) with lengths

 measure for the linear size of the domain
ei (D) . L(D) represents the mean width,
 atopological
[12].





In many cases, the application of Eq. (4.1) to microstructures generated by the computer
simulation of grain growth requires evaluating mean widths and triple line lengths for grain
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structures defined on a three-dimensional discrete grid of uniform spacing—i.e. a voxel-based
microstructure representation (VBMR). The determination of triple line lengths is also important
in its own right for certain practical applications. For example, the total amount of three-phase
boundary (TPB) in the cathode of a solid oxide fuel cell is known to play a critical role in its
performance, because TPBs are generally believed to be the active sites for the cathode half-cell
reactions [13].
For VBMR data, accurate evaluation of the mean width of a grain and its total triple line
length is a challenge. The simple example shown in Fig. 4.1 illustrates the overestimation of triple
line length that can result from the discrete nature of the grid. The MacPherson-Srolovitz relation,
Eq. (4.1), can hardly be expected to maintain its applicability if the topological parameters
appearing on its right-hand side are subject to such ambiguity.
Nevertheless, Eq. (4.1) has already been applied to polycrystalline microstructures generated
by the Monte Carlo Potts model for grain growth, which employs a VBMR of the simulation cell
[5]; however, when carrying out this analysis, Wang and Liu assumed the validity of the relation

E / L = (C2 / 6) f 1/2 (with C2 a constant, E denoting 1/6 of the total length of triple lines
bounding a grain, L the grain‘s mean width, and f its number of faces) instead of directly
measuring the triple line length and mean width [5]. On the other hand, the terms on the righthand side of Eq. (4.1) were explicitly evaluated for microstructures generated by 3D vertex
models of grain growth [14,15], a procedure that found good agreement between the
growth/shrinkage rate of individual grains calculated according to Eq. (4.1) and the instantaneous
rates observed during simulation. But, in this case, the topology of the polycrystalline
microstructure is represented by the locations of vertices that are free to take on any positions
within the simulation cell, rather than being confined to a discrete grid, as with voxel-based
approaches.
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In this thesis, we present methods for determining the mean width and triple line length of
grains in VBMRs, such as those underlying Monte Carlo Potts models, phase-field algorithms, or
3D reconstructions of microstructures measured by tomography. As the basis for assessing the
accuracy of the methods, we generate three-dimensional polycrystalline microstructures using a
multiorder phase-field algorithm for grain growth [16,17]. Recent progress in improving the
efficiency of phase-field models for grain growth includes the optimized algorithm proposed by
Gruber et al. for handling sparse data structures [18] as well as Vanherpe et al.‘s invention of a
―bounding box algorithm‖ to make larger-scale phase-field simulations feasible [19]. To that
same end, boundary-tracking methods were introduced by Kim et al. [20] and Vedantam and
Patnaik [21]; we adopted the latter authors‘ active parameter tracking algorithm (APT) to enhance
computational efficiency and eliminate early-stage unphysical grain coalescence [21-24]. More
details about the phase-field model proposed by Chen et al. [16,17] and APT algorithm are
written in Chapter 2.

4.2. Generation of Grain Structures
We adopted the multi order parameter phase-field grain growth model which described in
Chapter 2. We performed five sets of three-dimensional simulations with a system size of
240×240×240 grid points and a grid spacing of x  1.2 , assuming periodic boundary
conditions. The coefficients in Eq. (2.3) were chosen as follows: i = i = i = 1, i = 2 and Li = 1
for all i. The time step t in Eq. (2.5) was set to 0.1, and 320 grains were initially seeded at
randomly chosen locations in each simulation cell. Approximately 30 hours are required to
calculate 40,000 time steps on a personal computer equipped with a dual-core CPU and 2 GB of
RAM.
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4.3. Numerical Evaluation of Topological Parameters

4.3.1 Numerical evaluation of mean width
The average Gaussian curvature can be numerically evaluated using the volume tangent count
method [25]. However, the mean width that is the component of the right-hand side of the
MacPherson-Srolovitz relation contains information regarding the domain size as well as the
average Gaussian curvature. The mean width can be calculated analytically for many shapes, such
as spheres and flat-faced polyhedra [12]; however, for an arbitrary domain one must resort to
numerical methods, such as the approach proposed in the Supplementary Information to Ref.
[12]. The latter method involves determining the surface defined by the grain boundaries
enclosing a given grain, triangulating that surface, and measuring the shared edge length (  i ) and
exterior dihedral angle (  i ) between each pair of adjoining triangles in the triangulation. In terms
of these quantities, the mean width can be expressed as

L ( D) =

1
å e i bi ,
2p i

(4.2)

where  i is taken to be positive when the surface curvature in the direction perpendicular to the
shared edge is convex (with respect to the grain interior), and the summation extends over all
shared edges [12].
In a VBMR, the values of the order parameters are known only at the discrete grid points
spanning the simulation cell. In order to determine the location of a given grain‘s surface between
grid points, we determined the isosurface for i  0.5 using the linear interpolation option of the
isosurface subroutine in MATLAB7 2010a. Perhaps the most popular algorithm for isosurface
extraction is the Marching Cubes algorithm [26], which returns a surface that is tessellated with
triangular regions. The MATLAB subroutine isosurface yields tessellations of the same form, but
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the underlying calculation method—the details of which are absent from MATLAB
documentation [27]—was custom written to avoid patent issues with the Marching Cubes
algorithm [28]. The command [Tri vlist] = isosurface(V,isovalue=0.5) generates an output array
Tri listing the vertices comprising each triangle in the isosurface, with the array vlist containing
the coordinates of each of these vertices. For example, an entry reading 25 2 18 in the Tri array
indicates that a triangle located on the isosurface of the grain in question is defined by the straight
lines connecting vertices 2, 18 and 25 of the vlist array. V is a three-dimensional array constructed
by allocating a grain orientation to every grid point in a VBMR by selecting the order parameter
having the largest value at that voxel: i.e. if

h p is greatest among the order parameters at a certain

voxel, the grain orientation at that grid point is p.
To achieve a relatively homogeneous mesh size on the isosurface, we imposed a minimum
nearest-neighbor separation of 2x on vertices of the isosurface triangulation. Figures 4.2(a) and
4.2(b) show two examples of grain surfaces obtained in this manner. In both cases, we can clearly
discern the morphology of each grain, including the triple lines and the smoothly curved grain
surfaces.
From the contents of the Tri array, we can easily determine which triangles share any given
edge (Fig. 4.3). Moreover, since we know the coordinates of the vertices from the vlist array, it is
trivial to calculate the shared edge lengths  i . In order to evaluate the exterior dihedral angles  i
between adjacent triangles (for example, A and B in Fig. 4.3), we calculate normal vectors to the
triangles, choosing the positive direction to point in the outward direction from the enclosed
grain, and then define  i to be the angle between the normal vectors.
In order to assess the accuracy of the mean width calculated by inserting these  i and  i
values into Eq. (7), we examined the cases of tetrahedral, cubic, octahedral and spherical
domains, as shown in Figs. 4.4(a)–4.4(d). The ―true‖ radius of the sphere and the ―true‖ edge
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lengths of the polyhedral domains were determined analytically from the measured surface area
of each domain and used as the basis for analytic calculation of the mean width [12]. The small
relative errors of the numerically calculated mean widths relative to the analytic values—given in
the right-hand column of Table 1—validate the applicability of our mesh-based method not only
to smoothly bounded domains, like spheres, but also to domains having abrupt edges.

4.3.2 Numerical evaluation of triple line length
In order to determine which voxels belong to a triple line, we examine the grain orientations of
the six nearest-neighbor voxels to each grid point. If the grid point itself has the orientation p and
the set of neighboring orientations contains at least two numbers, q and r, differing from each
other and from p, then we consider the grid point in question to lie along a triple line. In order to
estimate the overall length of a triple line found in this manner, we perform a principal
component analysis (PCA) [29].
The PCA begins by constructing an N × 3 matrix X, consisting of N rows of the voxel
coordinates X i = (xi,yi,zi) associated with the given triple line. Then, we calculate the covariance
matrix C of matrix X and determine the eigenvalues and eigenvectors of C. The eigenvector
corresponding to the largest eigenvalue is the principal component (P), and each eigenvector is a
unit vector. To calculate the lengths  i in Fig. 4.5, we take the inner product between X i and P
.
After calculating each i  X i  P , we approximate the triple line length as the difference
between the maximum and minimum values of  i (for instance,  2 and 1 in Fig. 4.5). In Fig.
4.6, we plot the total length of triple lines surrounding individual grains as a function of the cube
root of their respective volumes (dividing the triple line length by 6 in accord with the right-hand
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side of Eq. (4.1)). As expected, the larger the grain volume, the longer is the overall triple line
length bounding that volume. In the same plot we show the mean width L of each grain calculated
according to Eq. (4.2). Least-squares fits to E 

e / 6
i

and L as a function of V

13

i

(normalized to the average of the cube root of grain volume) yield the following relations as a
function of x = V 1/3 / V 1/3 :

E  105.48x1.71  14.0

(4.3a)

L  97.57 x1.49  24.0 .

(4.3b)

In Fig. 4.6, the intersection between the E and L curves is located at approximately

V 1/3 / V 1/3  1.07 . Additionally, we note a strong correlation between V 1 3 and the number of
faces f of a grain, as revealed in Fig. 4.7; a least-squares fit to these data points yields

x = V 1/3 / V 1/3 = 15.34 f 0.058 -16.80.

(4.4)

Substituting the E/L-crossover value into Eq. (4.4) gives f = 13.9.

4.4. Evaluation of the MacPherson-Srolovitz relation
To test the extent to which the microstructural evolution generated by our phase-field model
satisfies Eq. (4.1), it is necessary to determine the value of M  for the simulated grain
boundaries. This can be performed by measuring the shrinkage rate of a single spherical grain
embedded in a uniform matrix and comparing the answer to the analytical solution for curvaturedriven grain growth. The assumption that the rate of boundary migration is proportional to the
local boundary curvature leads to the expression

dR
2M

,
dt
R



(4.5)
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which links the rate of shrinkage of a spherical grain of radius R to the product of grain boundary
mobility M and energy

 [30,31]. The rate of volume change follows immediately from Eq.

(4.5):

 

dV
dR
 4R 2
 4 6 2
dt
dt

13

MV 1 3 .

(4.6)

We determine the left-hand side of Eq. (4.6) by measuring the volume of the spherical grain at
the time steps t ¢ - Dt and t ¢ + Dt and approximating dV dt at t = t ¢ as

dV
dt


t t '

Vt ' t  Vt ' t
.
2t

(4.7)

The volume at each time step was calculated using the voxel-counting method. Substituting
values for the volume of the shrinking sphere into Eqs. (4.6) and (4.7) yields a numerical value
for the quantity M g .
Equation (4.7) was then applied to phase-field simulations of polycrystalline microstructural
evolution to obtain quantitative values for the rate of volume change of individual grains during
grain growth at 20,000 time steps of the grain growth simulation. The rate of grain volume
change can be calculated from the static microstructure at the same time t ¢ using the
MacPherson-Srolovitz relation. In Fig.4.8 we compare mean values of the two rates of volume
change as a function of the number of grain faces. There is good agreement between the mean
growth rates generated by the phase-field model and the predictions of Eq. (4.1) for grains with 9
or more faces, implying that the methods presented here for evaluating the mean width and the
length of triple lines are reasonably accurate.
It is evident in Fig. 4.9, however, that the simulation results tend to deviate significantly from
theory when the rate of volume change of an individual grain drops below about -10. Such
rapidly shrinking grains tend to have a low number of faces (Fig. 4.8) and be much smaller than
average in size (Fig. 4.7), suggesting that the source of the discrepancy between our mesh-based
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approach and the MacPherson-Srolovitz relation may be traced to inaccuracies in isosurface
triangulation and/or triple-junction length measurement when characteristic grain dimensions
become comparable to the size of the underlying voxels.

4.5. Examine the Fixed Dihedral Angle Assumption
MacPherson and Srolovitz assumed that the dihedral angle between faces meeting along a
triple line is always 2 / 3 [12]. On the other hand, Du and Le relaxed this fixed dihedral angle
assumption and they expressed the volume change rate using Eq. 4.8 [6].

dV
1

 2M  L( D) 
dt
2




n

 e ( D) ( D) 
i 1

i

i

(4.8)

where  i (D) is the exterior dihedral angle corresponding to each triple line. We devised a
method to measure the exterior dihedral angle between adjacent faces of a grain obtained in
phase-field simulations to test whether the fixed dihedral angle assumption is valid. We chose an
arbitrary single grain from the simulation cell and measured their four exterior angles as shown in
Fig. 4.10. To measure each angle, voxels on the isosurface with the distance of between 3x and

5x from the triple line were extracted (blue and green spots in Fig. 4.10). Since the triple line
has a certain width, we excluded voxels whose distance from the triple line is too small for
dihedral angle measurement. On the other hand, if we use the voxel that is located far from the
triple line, the dihedral angle evaluation becomes inaccurate owing to the grain surface curvature.
The isonormal subroutine in MATLAB was used to calculate the order parameter gradient
direction. To find the optimal range of the distance from the triple line (between 3x and 5x ),
we evaluated the normal vector at every voxel and found the region whose normal vectors are
relatively homogeneous.
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In order to perform more rigorous dihedral angle estimation, we averaged all normal vectors at
each face and measured the angle between the two averaged normal vectors. In Fig. 4.10, we
found that some exterior dihedral angles heavily deviate from 120°. For instance, angle between
face D and B in Fig. 4.10(d) is 98°. Since we observed the dihedral angle which is heavily
deviated from the fixed dihedral angle (120°) assumed by MacPherson and Srolovitz [12], the
fixed dihedral angle assumption is not strictly true in our phase-field grain growth simulations. As
a result, we expect that the extended M-S relation proposed by Du and Le [6] can improve the
accuracy of the volume change rate prediction.

4.6. Conclusion
We have developed methods for evaluating the mean width and the length of triple lines for
three-dimensional grains represented on a uniform, discrete grid. Linear interpolation was
adopted to triangulate smooth grain surfaces, and a principal component analysis was employed
to estimate the lengths of individual triple lines. According to our best knowledge, this is the first
numerical attempt to measure the integrated mean curvature and edge length in VBMR. For grain
growth of a space-filling ensemble of grains, we compared the rates of volume change of
individual grains calculated directly by phase-field simulation to the rates predicted by the
MacPherson-Srolovitz relation applied to a static microstructure. The mean growth rates obtained
by both methods agreed reasonably well for grains having nine or more sides.
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Domain D

Surface area

Edge length

Analytically

Numerically

(L2(D)-L1(D))/

or radius

calculated

calculated

L1(D) (%)

L1(D)

L2(D)

Tetrahedron

14854.19

92.61

168.54

179.02

6.2

Cube

8046.18

36.62

109.86

110.16

0.3

Octahedron

33117.33

97.78

229.77

222.99

-3.0

Sphere

31399.15

49.99

199.95

203.95

2.0

Table 4.1. Comparison of analytically calculated mean widths (L1) to values calculated
numerically (L2) for isosurface triangulations of voxel-based representations of selected domain
shapes.
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Fig. 4.1: Two ways to represent a triple line extending from A to B on a two-dimensional grid of
uniform spacing x . Following pixel edges (blue lines) leads to a significant overestimation—

3x vs. 5x —of the straight-line length (red line).
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Fig. 4.2: Three-dimensional grains generated by the phase-field grain growth simulation and
visualized using the isosurface subroutine in MATLAB to locate isosurfaces of the order
parameters for which ηi=0.5. The grain in (a) has nine neighbors and the grain in (b) twenty.
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Fig. 4.3: Illustration of two adjacent triangles (P1P2Q and P1P2 Q ) in an isosurface triangulation
of a grain boundary. The two triangles share the edge P1P2 of length

i .
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Fig. 4.4: Isosurface triangulations of polyhedral and spherical grains on a uniform grid: (a)
tetrahedral, (b) cubic, (c) octahedral and (d) spherical grains.
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Fig. 4.5: Principle component analysis of a triple line: blue dots mark the locations of voxels at
the triple line, and blue arrows indicate the position vectors X i  ( xi , yi , zi ) , defined relative to
the arbitrarily chosen origin (red dot). The lengths  i denote the projections of Xi along the
direction of the principal component vector.
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Fig. 4.6: The numerically evaluated mean width L of 459 individual grains and one-sixth of their
total triple line lengths, E, both plotted as a function of the normalized cube root of grain volume.
This figure includes the results of five separate grain growth simulations, with grain
morphologies evaluated after 20,000 time steps.
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Fig. 4.7: Plot of the normalized cube root of grain volume against the number of faces ( f ) for the
grains of Fig. 4.6.
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Fig. 4.8: Mean rate of volume change plotted against the number of grain faces f. The
MacPherson-Srolovitz (―M-S‖) volume-change rates were calculated using Eq. (4.1), and the
―phase-field‖ data were obtained from Eq. (4.8) applied to grain-growth simulations. The vertical
bars superimposed on each data point represent the standard deviation of growth rates within the
given face number class. The absolute value of difference of two curves is 291.96.
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Fig. 4.9: Plot of the rate of volume change dV dt of individual grains (black squares)—
calculated from phase-field simulations of grain growth—as a function of the right-hand side of
Eq. (4.1). The red line indicates agreement with the MacPherson-Srolovitz relation.
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Fig. 4.10: Examples of measuring dihedral angles on single grains in the grain structure. To
measure the dihedral angle between two faces, the voxels on the isosurface with distance of
between 3x and 5x from the triple line are extracted. To perform more rigorous evaluation,
the normal vectors on each grain face are averaged and the angle between two average normal
vectors is evaluated. The dihedral angle between face B and face F is 123° (a), between face A
and face B is 130° (b), between face C and face B is 120° (c), between face D and face B is 98°.
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Chapter 5

Quantitative Evaluation of Particle Pinning Force on a Grain Boundary
Using Phase-Field Method

5.1. Introduction
Zener derived the pinning force of a grain boundary by a single second-phase particle [1]. In
his derivation, he assumed that the interface between a particle and matrix is always incoherent
and the shape of the second-phase particle is spherical [1]. However, the shape of the secondphase particle in reality can be rather complicated, varying from being spherical to needle-shaped
[2, 3], plate-like [3, 4] or cuboidal [3,5-9]. Ashby et al. incorporated the effect of coherent
interface on particle pinning force [10]. Nes et al. extended the Zener theory to an ellipsoidal
particle and considered the intersection of a grain boundary at a right angle with a second-phase
particle [11]. Easterling et al. proposed a numerical method to calculate the pinning force by an
ellipsoidal particle intersecting with a grain boundary along any arbitrary angle [12].
In this study, we employed the phase-field method to determine the pinning force of a grain
boundary by a second-phase particle. The main advantage of the phase-field approach is the
possibility to consider any arbitrary shapes of a particle, multi-particles, and any configuration of
a grain boundary. However, to quantify the pinning force, we will focus on the interaction
between a single particle and a single grain boundary. We evaluate the pinning force for several
simple particle shapes including sphere [1] as well as ellipsoid which meets a boundary under the
right angle [11]. This allows us to compare the results from the phase-field simulations to the
predictions of analytic theories proposed by Zener [1] and Nes et al. [11]. To the best of our
knowledge, the pinning force on a grain boundary by a cuboidal second-phase particle has not
been evaluated. Therefore, we quantitatively estimated the pinning force of a cuboidal particle on
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a grain boundary and compare the results with phase-field simulations. For simplicity, the degree
of interfacial coherency between matrix and a second-phase particle is not considered.
So far, it has been quite challenging to measure the pinning force on a grain boundary by a
single second-phase particle from experimental or computational approaches. In this chapter, we
introduced the mesh-based method to determine the sharp grain boundary location and measure
the pinning force from the sharp grain boundary geometry. According to our best knowledge, this
study is the first attempt to directly measure the pinning force by single second-phase particle
under the force balance. Armed with measured forces, we examined the Zener‘s theory and Nes
et al.‘s theory. In addition, the derived analytic expression for the pinning force applied by a
cuboidal second-phase particle is also examined.

5.2. Phase-Field Model of Particle/Grain Boundary Interaction
We designed a simple system made up of a grain boundary and a second-phase particle in Fig.
5.1. To describe a grain boundary in Fig5.1, we introduced two order parameters ( 1 , 2 ) to
indicate the different orientations of the two grains. A third order parameter (  3 ) is introduced to
represent a second-phase particle. While we assume  3 is static, representing an inert particle, we
move the grain boundary by solving the following time-dependent equations for 1 , 2 [13-16]

F 
i
 M i 
 , i  1,2 ,
t
 i 

(5.1)

where Mi denote grain boundary mobilities and F the total free energy of the system. In the
simulations, we assumed identical, constant values for all Mi. The free energy is a function of the
order parameters and their gradients, [13-16]
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1 2
F    f 0 (1 ,2 ,3 )   i (i ) 2 dV , (5.2)
2 i 1

V 
where f0 represents a local free energy density, and the  i are gradient energy coefficients. We
choose the function f0 to have degenerate minima. A simple function f0 satisfying this requirement
is given by
2
2
3
1
 1

f 0 (1 , 2 ,3 )     i2  i4    i2 2j   1 ,
2
4

i 1 
i 1 j 1

(5.3)

where  ,  and  are phenomenological constants [13-16]. Substitution of Eqs. (5.2) and (5.3)
into Eq. (1) yields the equation of motion,
3
i
  M i ( ii   ii3  2 ii  2j   i  2i   i ) . (5.4)
t
j i

where  is the driving force for grain boundary movement and 1  1 and 2  0 .
Eq. (5.4) is solved using a simple forward-Euler integration scheme [13-16]:

i t  t i t

di
t . (5.5)
dt

We assumed that the grain boundary mobility and energy are isotropic. All parameters used
in the phase-field model are given in non-dimensional units. The system size is 100×100×100,
and we choose x  1.0 . A periodic boundary condition is applied along x- and y- directions.
However, we assumed that

 ( z  0)   ( z  x) and  ( z  101x)   ( z  100x) as

boundary conditions. We examined the effect of this boundary condition along z-direction on the
grain boundary morphology and the pinning force, we found that all simulation output does not
depend on the boundary condition along z-direction. The coefficients in Eq. (5.4) were chosen as
follows: i  i   i  1 ,  i  2 and M i  1 for all i. The time step t in Eq. (5.5) was set to
0.05. This phase-field model for grain boundary movement is based on the phase-field grain
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growth model described ref. [13-16] and Chapter 2. However, the driving force term is added to
the free energy to migrate the flat grain boundary.

5.3. Methodology for Pinning Force Evaluation
When a grain boundary is entirely arrested by a second-phase particle, the driving force for
grain boundary migration is balanced by a capillarity force of a curved grain boundary [9]. To
determine the maximum driving force (  max ) which maintains the pinned state of the grain
boundary, we increase  in Eqs (5.3) and (5.4) in steps of   1e  5 . Since the grain boundary
in the phase-field modeling is diffuse [13-16], we needed to determine the grain boundary
location to accurately evaluate the driving force. We used the order parameter isosurface (

1  0.5 )in Matlab to extract the corresponding sharp interface position of the grain boundary,
and the obtained sharp grain boundary configuration is visualized in Fig. 5.1 as the red curved
surface). The output of the isosurface routine in Matlab is an array listing vertices comprising
each triangle and the other array containing the coordinates of each of these vertices. Aimed with
this list of triangles and their coordinates, we can easily calculate the face area ( dA ) and surface
normal unit vector ( n̂ ). In Eqs. (5.3) and (5.4), we apply the driving force to move the grain
boundary along the direction normal to the isosurface. Since the grain boundary is a solid of
revolution about the z-direction (x=50, y=50), the pinning forces along x- and y- directions are
canceled out. Therefore, the particle pinning force is given as follows:

Fp  max  nˆ zˆdA  max 

(5.6)
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5.4. Pinning Forces by Spherical and Ellipsoidal Particles
The analytic relations of the particle pinning force were derived by Zener [1] for a spherical
particle and by Nes et al. [11] for an ellipsoidal particle. Zener and Nes et al. assumed that the
interfacial energy between matrix and second-phase particle is isotropic [1, 11]. Also, Nes et al.
only considered the situation that a second-phase particle meets a grain boundary at the right
angle [11]. Zener derived the following relation [1]:

Fp  r gb

(5.7)

where  gb is the grain boundary energy and r is a spherical particle radius. In our simulation, the
non-dimensional grain boundary energy  gb is 0.536. We compared the pinning forces
calculated from Eq. (5.6) and Eq. (5.7) in Fig. 5.3. We found that our phase-field simulations
shows overall good agreement with the Zener‘s theory; the differences at a given particle radius (
r ) are less than 6%.

Fig. 5.4 is an illustration of two cases of interactions between a grain boundary and a secondphase particle considered by Nes et al. [11]. The pinning force for case I is derived analytically
[17] and given by [11]:

Fp  FpS

2
(1   ) 1 / 3

(5.8)

S

where Fp is the pinning force of a same-volume spherical particle and

  b / a is the

eccentricity of the ellipsoidal particle [11, 17]. We compared Eq. (5.6) and (5.8) for ellipsoidal
particles with different eccentricity in Fig. 5.5.
In case II, Nes et al. estimated the pinning force numerically [17]:

Fp   gb  cos dl
and cos  and dl are given as follows [17]:

(5.9)
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 x   x 



cos         1
y
z


   


1 / 2

(5.10)

1/ 2

2

  z  

dl  1    
y

   


dy

(5.11).

Nes et al. assumed that a second-phase particle makes a planar hole on the grain boundary
[17]. They fitted the curve from the numerical integration piecewise, and their results are given as
follows [17]:

Fp  FpS

(1  2.14 )

 1/ 2

when   1

Fp  FpS  0.47 when   1 (5.12).
Based on the comparison of phase-field simulation results and Eq.(5.12), we found that Eq.
(5.12) is not very accurate. Therefore, we propose a new fitting function (Eq. (5.13) below) for
the pinning force for case II,

Fp  FpS (5.04  4.38e / 11.58  0.40e / 0.35 ) when (0.30    4.63)

(5.13).

We assumed that the eccentricity of ellipsoidal particle ranges from 0.3 to 4.63. Results from
Eqs. (5.9), (5.12), and (5.13) are plotted In Fig. 5.6. The agreement between Eq. (5.9) and Eq.
(5.13) is much better than that between Eq. (5.9) and Eq.(5.12) especially when the eccentricity (
) is larger than 1.
To compare the accuracy of two fitting functions described in Eq. (5.12) and Eq. (5.13) more
quantitatively, we introduced the error of the curve defined as follows:

Error :




0.3  4.63

Fp
S
p

F

( ) from integratio n -

Fp
S
p

F

( ) from fitting function /(

The Errors of Eq. (5.12) and Eq. (5.13) are 6.28 and 0.32, respectively.

Fp
FpS

( ) from integrat ion)
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Therefore, we found that the newly-constructed fitting function in this work shows much
better agreement compared to the Nes et al.‘s fitting function (Eq. (5.12)).

5.5. Pinning Force by a Cuboidal Particle
Cuboidal precipitates are quite common for cubic precipitates in a cubic matrix, e.g., gammaprime precipitates in Ni-alloy matrix in Ni-based superalloys [3, 5-9]. For the sake of estimating
the pinning force of a cuboidal particle on a grain boundary, we introduced three assumptions:
1. The interface energy between matrix and particle is isotropic;
2. A grain boundary meets a second-phase particle at the right angle;
3. The particle makes sharp-cornered square hole on the grain boundary.
With the above three assumptions, we derived the cuboidal particle dragging force in Fig. 8 as
follows:

Fp   gb  (2c  2d )  cos 45  2 (c  d ) gb

(5.14).

We compared the pinning force by a cubic (edge length c  d  e ) to that of a sphere (radius r
) with the same volume in Eq. (5.15). Since V  c 3 

Fpc  2 2c gb  2 2 3

4
r gb
3

4 3
r ,
3
(5.15)

c

s

where Fp is the cubic particle Zener force. The pinning force by a spherical particle ( Fp ) is
given in Eq. (5.7). Therefore,

Fpc  2 2c gb  2 2 3

4
r gb  1.45FpS
3

(5.16).

Eqs (5.14), (5.15) and (5.16) are based on the three assumptions listed above.
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To examine the accuracy of Eq. (5.14), we introduced one cuboidal particle in the simulation.
The edge lengths are given as c  39 , d  39 and e  38 . The pinning forces from Eq. (5.14)
and (5.6) (which is based on configuration in the phase-field modeling) are 59.13 and 61.95,
respectively. The dragging force from Eq.(5.6) was approximately 4.8% higher than the force
from Eq. (5.14), and this discrepancy is higher than that of the spherical particle case; the
difference between the dragging forces from Eq. (5.6) and (5.14) is smaller than 0.6%. The
cuboidal particle and the captured grain boundary are visualized in Fig. 5.9(a) and 5.9(b). As
shown in Fig. 5.9(a) and 5.9(b), the hole on the grain boundary is round-cornered rather than
sharp-cornered right-angle rectangle. Therefore, the fourth assumption we made is not strictly
true in phase-field simulations. Therefore, it is understandable that the pinning forces from Eq.
(5.6) and Eq. (5.14) for the cuboidal particle are slightly different.
The thermodynamic driving force of particle pinning is the reduction of the grain boundary
area. Therefore, the particle pinning force increases with the increase in the area of the hole on
the grain boundary. Since square hole with the edge lengths a and b maximizes the hole area in
Fig. 5.8, we assume that the cuboidal particle makes a sharp-cornered square hole on the grain
boundary. However, we found that the hole develops rounded corners in our simulations.
According to Cahn and Hilliard [18], there is a contribution of the gradient energy to the
interfacial energy. If the hole is a square with sharp corners, the gradient energy goes to infinity at
the corners. Therefore, even though the square hole with sharp corners removes maximum area of
the grain boundary, the total free energy of the system becomes infinite. Consequently, the square
with rounded corners is more favorable than one with sharp corners for pinning the motion of
grain boundary.
According to Eq. (5.14), the dragging force does not depend on the length of edge ( c ) which
lies along the z direction (direction of grain boundary movement). To validate this result, we
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measured the dragging forces of three rectangular cuboids with c  d  39 and e  38, 25, 12 .
The pinning forces of three rectangular cuboids are described in Table 1. Indeed, the particle
pinning force does not depend on the edge length c according to Table 5.1. The result is
consistent with the analytic theory given by Eq. (5.14). Zener force increases as the hole area on
the grain boundary ( A  cd ) increases according to Table 5.2.

5.6. Conclusion
We performed phase-field simulations to quantitatively measure the interaction between a
second-phase particle and a grain boundary. We found that Zener‘s theory for the spherical
particle and Nes et al.‘s theory for an ellipsoidal particle when the particle meets a grain
boundary under the right angle predict pinning forces which are in good agreement with results
from phase-field simulations. We derived the expression for the pinning force of a grain boundary
by a cubic particle with an assumption that the particle makes the square hole on the grain
boundary. The pinning forces calculated from the expression are slightly different from the
pinning forces from the phase-field simulations. This difference can be attributed to the rounded
corners of the square hole arising from the phase-field simulations. In order to compare the
effectiveness of grain growth retardation by spherical, ellipsoidal and cuboidal particles, we
introduced four assumptions:
1. The volume of particle is same;
2. A grain boundary meets a particle under a right angle;
3. c=d in Fig. 5.8;
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4. The aspect ratio of the cuboidal particle ( ar 

c
) is introduced. The pinning force of
e

the cuboidal particle is compared to the force of the ellipsoidal particle when ar   (aspect ratio
of the cuboidal particle = eccentricity of the ellipsoidal particle).
The key factor in determining pinned average grain size is the maximum pinning force
[1, 11]. In Fig. 10, the maximum driving force by an ellipsoidal particle arise in case I when

  1 . If   1 , the maximum driving force is obtained from case II. We found that when the
aspect ratio or the eccentricity is larger than 0.35, the ellipsoidal particle is more efficient in terms
of pinning rather than the cuboidal particle. However, the aspect ratio or the eccentricity is below
0.35, the cuboidal particle is more effective in pinning.
We are presently employing phase-field simulations to evaluate the particle pinning force in
more realistic condition taking into account coherency in particle-matrix interface. Moreover, the
Zener force by an ellipsoidal second-phase particle intersecting with a grain boundary along any
arbitrary angle can also be measured using the phase-field method.
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c

d

E

Fp (from Eq. (5.14))

Fp (from Eq. (5.6))

39

39

38

59.13

61.95

39

39

25

59.13

61.95

39

39

12

59.13

61.95

Table 5.1: Particle dragging forces by three rectangular cuboids. The lengths of three edges c, d
and e in Fig. 5.8 are written in the table. According to Eq. 14, the pinning force only depends on
the lengths of edge c, d which are all identically 39 for three cuboids. The pinning forces dragged
by three cuboids from Eq. (5.14) are all 59.13 and the forces from Eq. (5.6) based on the
microstructures from the phase-field simulations are all 61.95. The pinning force does not depend
on the length e.
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c

d

e

Fp (Eq. (5.14))

Fp (Eq. (5.6))

33

33

38

50.03

51.91

39

39

38

59.13

61.95

45

45

38

68.22

70.91

Table 5.2: Particle dragging forces applied by three rectangular cuboids. The lengths of three
edges c, d and e in Fig. 5.8 are given in the table. The dragging forces from Eq.(5.14) and
Eq.(5.6) increased as the hole area on the grain boundary ( A  cd ) increased.
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Fig 5.1. This is a schematic drawing of a system set-up to study the interaction between a grain
boundary and a particle. We introduced two order parameters ( 1 , 2 ) to indicate the different
orientations of the two grains. The third order parameter ( 3 ) represents the second-phase

particle. To move the grain boundary, the driving force (  ) is added in the free energy in Eq.
(5.3).
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Fig 5.2. The grain boundary pinned by a second-phase particle. The applied driving force (  ) for
grain boundary movement is  max . The sharp grain boundary (red curved plane) is determined by
isosurface subroutine in Matlab with the linear interpolation flag. The gray ellipsoid is the
second-phase particle and its equation is

( x  50) 2 ( y  50) 2 ( z  45) 2


 1 . The grain
19.2 2
19.2 2
39.32

boundary is visualized by patch command in Matlab and the ellipsoid is visualized by ellipsoid
command. dA represents a small area comprising three vertices, and the normal unit vector ( n̂ )
is determined by vertices coordinates.
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Fig 5.3. The pinning forces calculated from the Zener‘s theory [1] (Eq. (5.7)) are plotted using
black squares, and the pinning forces calculated from the phase-field simulation (Eq. (5.6)) are
plotted using red circles. The difference between two pinning forces at given particle radius ( r ) is
at most 6%.
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Fig 5.4. Schematic illustration of two cases of particle – grain boundary interaction in Ref [11].
Nes et al. only considered the cases when a boundary meets a particle under the right angle. The
illustration is re-drawn by current authors.
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Fig 5.5. The pinning forces calculated from Nes et al.‘s expression [10] (Eq. (5.8)) are plotted
using black squares, and the pinning forces calculated from the phase-field simulation (Eq. (5.6))
by red circle. The volumes of all particles are identical but the eccentricities are different. The
difference between two pinning forces from Eq. (5.8) and Eq. (5.6) at a given eccentricity (  ) is
at most 5%.
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s

Fig. 5.6. Fp / Fp curves from the Eqs (5.9), (5.13) and (5.12). The black curve is obtained from
s

Eq. (5.9) numerically. Eq. (5.12) (blue curve) is the fitted function of Fp / Fp in ref [17]. Eq.
(5.13) (red curve) is the new fitted function of Fp / Fp for 0.30    4.63 . The agreement
s

between the red and black curves is significantly better than that between the blue and black
curves for   1 .
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s

Fig 5.7. Fp / Fp curves from the phase-field modeling and Eqs. (5.12) and (5.13) for case II in
s

Fig. 5.4. Eq. (5.13) (red triangles) is the new fitted function of Fp / Fp in this work, showing
significantly improved agreement compared to the Eq. (5.12) (blue circles) by Nes et al. in ref
[17].
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Fig. 5.8. The grain boundary (red line) pinned by a cuboidal particle (blue line). The edge lengths
of the cuboid are c , d and e . Since the interface energy between matrix and particle is isotropic,
the dihedral angle between grain boundary and the cuboid face is 45°.
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(a)

(b)
Fig 5.9. The grain boundary (red plane) pinned by the rectangular cuboids (grey cubic). (a) side
view (b) top view. The hole on the grain boundary is rounded-corner in (a) and (b).

74

s

Fig 5.10. Fp / Fp curves of ellipsoidal particle for case I (black curve) and case II (red curve).
The pinning force applied by the cuboidal particle is plotted using blue color. We assumed that
the grain boundary meets a particle under a right angle and edge lengths c and d of the cuboidal
particle in Fig. 5.8 are same. Aspect ratio (ar) of the cuboidal particle is given by
eccentricity (  ) of the ellipsoidal particle is given by
described in Fig. 5.4.

e
and the
c

b
. The definition of length a and b is
a
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Chapter 6

Effect of Second Phase Particle Morphology on Two-Dimensional Grain
Growth Kinetics

6.1. Introduction
We already examined the effect of the three-dimensional second-phase particle morphology
in grain boundary/particle interaction in Chapter 5. The study described in Chapter 5 can be a
preliminary step to predict a role of the second-phase particle morphology on grain growth
kinetics. However, since we made several assumptions to predict a pinning force by an ellipsoidal
particle, such as a grain boundary meets a second-phase particle under right angle, the effect of
the particle morphology in Chapter 5 may not strictly applicable in predicting a role of particle
morphology on grain growth kinetics. In principal, we can employ our phase-field method to
simulate the three-dimensional grain growth simulations in the presence of second-phase
particles. However, one should run very large-scale three-dimensional simulations which requires
a huge amount of computing resources to examine a role of the second-phase particle
morphology. The reason is that the effect of the particle morphology is relatively minor compared
to other factors, such as particle fraction. Therefore, we determined to perform the simulations in
two-dimensional system as a preliminary step of three-dimensional study. As we mentioned in
Chapter 5, incorporating second phase particles is one of the most effective ways to slow or
prohibit grain growth of polycrystalline materials [1-3]. Second phase particles act as obstacles
to the motion of grain boundaries and thus retarding grain growth. Due to their importance in the
processing and application of various engineering materials, grain growth in the presence of
second phase particles has been a subject of great interest for many decades [1-5]. Our current
understanding of grain growth with second-phase particles relies largely on the 60-year-old Zener
theory [6, 7] for predicting the effect of second-phase particles on grain growth kinetics. In his
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theory, Zener assumed that second phase particles were spherical, monosized, and randomly
distributed, and they did not coarsen. Most of these assumptions and approximations remain in
all subsequent attempts [2, 5] to improve upon the Zener‘s theory. Furthermore, as in the original
Zener theory, essentially all existing studies focus on the effects of the volume fraction and
average size of second phase particles on the final pinned size of the matrix grains. In reality, the
morphology of second-phase particles can be rather complicated ranging from spherical to platelike and needle-shaped [4, 8]. As pointed out by Nes et al [5], the morphology of second phase
particles significantly affects the magnitude of pinning forces acting on a moving grain boundary.
Therefore, the main objective of this work is to examine the effect of different morphologies of
second phase particles in slowing down the grain growth of matrix grains or in reducing the final
pinned grain size.
We employed the phase-field method to simulate grain growth kinetics in the presence of
second phase particles. Although there have been many attempts to model the Zener pinning
process using various computational approaches such as the Monte Carlo Potts model [9-11],
vertex method [12] and finite element [13], the role of the morphology or size distribution of the
second phase particles has not been extensively investigated. Similar to a number of existing
phase-field simulations [14-16]), we treat the second phase particles as inert particles, i.e. they do
not coarsen although modeling the grain growth in the presence of evolving second phase
particles is possible. In practice, the size of second phase particles is not uniform, and hence we
will also discuss the effect of particle size distribution.
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6.2. Simulation Details

6.2.1. Phase field model for grain growth with second phase particles
We adopted the multi-order parameter grain growth model described in Chapter 2. To
incorporate the second-phase particles, we modified the free energy function in Eq. (2.3) little bit.
With the assumption that the total number of the order parameter is P, to distinguish the two types
of grains in a two-phase microstructure, we simply evolve only Q (Q < P) number of order
parameters. These parameters represent the matrix grains while the remaining order parameters
(Q – P) describing the inert second-phase particles remain static. Therefore,
Q
P Q
1
 1

f 1 ,2 ,... P      i2  i4    i2 2j
2
4

i 1 
i 1 j i

(6.1)

6.2.2. Simulation Conditions
To investigate the effect of size distributions and morphology of second-phase particles on
the grain growth kinetics, we used a model system rather than a specific material. The values of
the parameters used in this study are given in non-dimensional units. We performed twodimensional simulations with a system size of 2048×2048 grid points and a grid size x  1 . We
chose i =  i = i = 1 for the coefficients in the free energy function. The gradient coefficient i =
2.0, and the kinetic constant Li = 1 for all order parameters. We chose the time step ( t ) as 0.1.
We employed a total of 32000 order parameters. We applied periodic boundary conditions to all
simulations. Performing simulations with 2048×2048 grid points and 32000 order parameters for
30000 time steps takes approximately 13 h and a maximum of 1.85GB memory on an average
PC.
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6.3. Simulation Results

6.3.1. Effect of second-phase size distribution
In general, the size of second phase particles in a system is not uniform. We first examine the
influence of particle size distributions on the grain growth kinetics. The system size is 2048×2048
grid points with 32000 order parameters which represent the grain orientation of every individual
grain. The area fraction of the circular second phase particles is 7%, and all particles are
randomly distributed. The fraction of the second phase particles in the simulations is given by

fraction =

Number of grids indicating second phase 100
(%) . In the monosize particle
Total grid points of the system(20482 )

case, the number of the particles is given as

area of total second phase
. We consider three
area per one particle

types of distributions – the monosized particles, the uniform size distribution and the normal size
distribution. The average area of the second phase particle is 197 for all three cases and the area
fraction of the second phase particles is 7% for all cases. The number of particle centers is given
as 1484 for all cases. The distributions of the particle areas are shown in Figure 6.1(a) and 6.1(b)
for the uniform and normal distributions. In reality, we can describe all particle size distributions
as normal distributions. If the standard deviation is infinite, it corresponds a uniform distribution.
On the other hand, the standard deviation of the second phase particle size distribution should be
zero in the monosized case. As shown in Figure 6.2, the effect of the particle size distribtuion is
not notable during single-phase grain growth with inert second phase particles. The pinned
diameter in the presence of monosized, uniformly distributed, and normally distributed second
phase particles are approximately the same as long as the number of particles and volume
fractions are the same. We performed three set of simulations and the differences in average grain
size between monosize and uniform distribution were 1.0%, -1.1% and 1.8%. The differences

80
between uniform distribution and Gaussian distribution were 1.1%,-1.8% and 1.5%. The
magnitudes of differences in average grain size were extremely small.

6.3.2. Effect of second-phase particle size
It was shown above that the pinned grain size is rather independent of particle size
distribution as long as the volume fraction, the average size, and the number of second phase
particles remain the same for the different distributions. In this section, we discuss the effect of
particle size.

In our simulations, second phase particles of uniform size were randomly

distributed, and all particles were separated from each other at least 12 grids apart. We fixed the
volume fraction for second phase monosize particles at 7%. The system size is 2048×2048, and
32000 grains are initially distributed. Examples of grain structures without second phase particles
and with 7% second phase particles are shown in Figure 6.3(a) and 6.3(b). At 70000 time steps,
the number of grains in the microstructure without particles was 262. With the 7% second phase
particles, the number of grains was 706. In the 7% particle case, most of the second phase
particles were at the grain boundaries. This results indicate that, in two dimensonal grain growth
with inert second phase particles, almost all inert particles are effective in pinning grain boundary
movement.
The average grain diameter is plotted as a function of time for several different sizes of
second phase particles in Figure 6.4. The grain size reached a stationary state for all particle sizes.
Furthermore, the limiting grain size decreased as the second-phase particle size decreased, i.e.
small second phase particles are more efficient than large particles, given the same volume
fraction and morphology. Figure 6.4 shows the limiting diameter as a function of second phase
particle size. These results are consistent with Zener‘s prediction [1], which shows a linear
relationship between the pinned grain diameter and a homogenous particle radius.
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The presence of second phase particles also affects the grain size distribution. For example,
the peak of the grain size distribution shifts to smaller values as a function of time (Figure 6.5).
For the pinned grain strutcture, the peak value of the grain size distribution is smaller than the
average grain diameter. This result means that second phase particles prevent the elimination of
small grains.

6.3.3. Effect of second-phase particle aspect ratio
We thus far look at the effect of second phase particle average size and size distributions on
pinned grain growth. We will now consider one of the less- studied morphological factors in this
system, the effect of second phase aspect ratio. The original Zener relation assumed a spherical
shape for all second phase particles. We plot the average grain size as a function of time for
several different aspect ratios of second phase particles in Figure 6.6. From this plot, we can see
that the pinning effect increases when the aspect ratio (  

b
, where a,b indicate two axes) of the
a

particle is deviated from 1. In Fig 6.7(a), we drew the second-phase particle as an example of
needle-shaped second-phase particle. Their aspect ratio is   2.56(0.39) . In Fig. 6.7(b), we
drew the circular-shaped second-phase particle   1.00 . Therefore, simply speaking, needleshaped particles are more effective in terms of pinning, as compared to circular particles of the
same size. There are more grains in a pinned grain structure with high aspect ratio second phase
particles than in a grain structure with more isotropic particles. In our simulations, the number of
grains was 706 for an aspect ratio 1.00 and 948 for an aspect ratio of 8.91 (0.11). This result is
consistent with our average particle size calculation.
We also examined the role of the alignment directions of the needle-shaped particles. In
particular, we considered the cases that the particles alinged along one, two, four and eight
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directions. In the multi directions cases, an equal number of particles were oriented along each
direction. We choose the particle directions as described in Fig. 6.8. The number of particle
directions in Fig. 6.9(a) is one, in Fig. 6.9(b) is two and in Fig. 6.9(c) is eight. The system size
was 2048×2048, and second phase particle fraction was 7% in all cases. The area per particle was
317 grid points. The half length of the long axis was 29.4, and the half length of the short axis
was 3.3. According to Figure 6.10, as a number of particle directions increases, the pinned grain
size increases. Therefore, we concluded that the pinning effect becomes more efficient with
decrease of the particle directions.

6.4. Discussion

6.4.1. Dragging force applied by two parallel particles
As we mentioned before, the maximum dragging force shows no size dependence in the case
of a single second phase particle. However, the case of many particles can be different. For
example, if two second phase particles are located close each other, then the grain boundary can
be pinned when  


2

. In order to explain why a needle-shaped particle pins grains more

effectively than a circular-shaped particle of the same size, we considered the case of a grain
boundary dragged by two second phase particles, as shown in Figure 6.11(b).
The equation of the ellipse in Figure 6.11(a) is

x2 y 2

 1 and it is easy to derive the
a 2 b2

relation between  and  ' .

a
tan  '   2 tan  (when   )
b

(6.2)
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In Figure 6.10(b), the forces applied on point A are a curvature-driven driving force and a
pinning force applied by the second phase particle. The curvature, 1/R, of the grain boundary in
Figure 6.10(b) is given as follows.

FA 

 gb
R

1
2sin  '

R d  2r cos 
  gb sin  '   gb sin  '(

2
 1)
d  2r cos 

When d  r , we assumed that d  2r cos   d (1  2cos 

FA   gb sin  '(
when  


2

(6.3)
(6.4)

r
)  d . Thus, have
d

2d
) . From Equation (6.2), we can obtain the relation that sin  '   2 sin 
d

. Finally, we have

FA 

 gb 2 sin  (2  d )
d

(when  


2

and d  r)

(6.5)

Consequently, the driving force for moving a grain boundary at the middle of the particle
decreases as the aspect ratio (  ) decreases. As shown in Figure 6.9(a), 6.9(b) and 6.9(c), many
straight grain boundaries can be captured by two needle-shaped particles. This phenomenon is the
main reason why needle-shaped particles are more efficient in terms of pinning force. The
probability that two parallel particles are located close enough to capture a grain boundary
decreases as the number of particle directions increase. Thus, a small number of particle
directions mean more efficient pinning, as illustrated in Figure 6.10.

6.4.2. Interface between a particle and matrix
Finally, in the above simulations, we assumed that the interface between second phase
particles and the matrix grains are sharp, i.e., of only one grid point in thickness. To validate this
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assumption, we examined the effect of the diffusness of the interface on the pinning effect. The
sharp interface is described by 0.5  tanh(r  R)  0.5 , where r and R indicate the distance
from the particle center( r  ( x  x p )2  ( y  y p )2 ) where xp , yp is the position of the particle
center) and the particle radius, respectively. The order parameter profile in the diffuse interface
and sharp interface are shown in Figure 6.12. According to Figure 6.13, the interface between a
particle and matrix does not play a significant role in determining the kinetics of grain growth. If
there is no anisotropy in interfacial energy between a particle and the matrix, the pinning force is
not affected by the interfacial energy.

6.5. Conclusion
We studied the effect of the average size and size distributions and morphology of second
phase particles on grain growth kinetics in two dimensions. We showed that for the same second
phase volume fraction, smaller particle sizes are more effective at pinning grain boundary motion.
In contrast, the size distribution of the second phase particles does not play a significant role in
pinning. We also showed that needle-shaped second phase particles are more effective for
retarding grain growth. In the case of needle-shaped particles, the pinning efficiency decreases as
the number of particle directions increases.
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Fig 6.1(a) The uniform size distribution of the second phase particle area placed on the matrix
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Fig 6.1(b) The normal size distribution of the second phase particle area placed on the matrix
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Fig 6.2 Average grain size evolution for the mono-size particle case, the normal distribution case
and the uniform distribution case. The system size is 2048×2048 and initially 32000 grains are
randomly distributed. The fraction of the second phase is 7% and the number of particle centers is
1490 for all cases.
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Figure 6.3(a) Morphology pattern at 70000 time steps with no second phase particles. The system
size is 2048×2048 and, initially, 32000 grains are randomly distributed.
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Figure 6.3(b) Morphology pattern at 70000 time steps with 7% circular second phase particles.
The system size is 2048×2048 and, initially, 32000 grains are randomly distributed.
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Fig 6.4 Time evolution of the average grain diameter with the mono-sized, circular, randomly
distributed particles. The system size is 2048×2048 grid points with 32000 order parameters.
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Fig 6.5 Grain diameter distribution generated by a phase-field simuation. The system size is
2048×2048 with 32000 order parameters. Second phase circular, monosized particles (r=5)
corresponding to 7% of the total area are randomly distributed. Distributions are plotted for three
time steps.
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Fig 6.6 Average grain radius versus time for different particle aspect ratios. For all cases, the area
fraction of the second phase particles was 7%, and is the particles were randomly-distributed,
mono-sized, and aligned along one direction. The system size is 2048×2048 grid points with
32000 order parameters.
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Fig 6.7 Two schematic drawings of second-phase particles. (a) Circular-shaped particle (   1.0 )
(b) Needle-shaped particle (   2.56 or   0.39 ).
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Fig 6.8 The schematic drawings of needle-shaped particles (   8.91 ) of one-direction, two
directions, four directions and eight directions aligned particles. The red ellipses represent the
needle-shaped second-phase particles.
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Fig 6.9(a) All second phase particles are aligned along one direction. The system size is
2048×2048 with 32000 order parameters. It takes 150000 time steps to obtain the described
microstructure.
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Fig 6.9(b) Second phase particles are aligned along two directions. The system size is 2048×2048
with 32000 order parameters. It takes 150000 time steps to obtain the described microstructure.
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Fig 6.9(c) Second phase particles are aligned along eight directions. The system size is
2048×2048 with 32000 order parameters. It takes 150000 time steps to obtain the described
microstructure.
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Fig 6.10 Second phase particles corresponding to 7% of the total area are placed on the
2048×2048 system. The particle location is randomly chosen. In the single orientation case, all
particles are aligned along one direction. In the multi direction case, an equal number of particles
were oriented along each direction. The pinning effect the least efficient in circular particle case
(black square), and the pinning effect becomes effcient with decrease number of particle
directions for needle-shaped particle case (   8.91 ).
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Fig 6.11(a) Dragging of the grain boundary migration by an elliptical second phase particle in the
two dimensional system.
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Fig 6.11(b) Dragging of the grain boundary migration by two elliptical second phase particles in
the two dimensional system.
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Figure 6.12 The order parameter values for sharp and diffuse interfaces between second phase
particles and the matrix grains.
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Figure 6.13 Average diameter of grains as a function of time for of a sharp or diffuse interface
between the matrix grains and the second phase particles. Both results are calculated using a
phase field method. According to our simulation, the difference between these two cases is not
significant.
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Chapter 7

Summary and Future Work

7.1 Summary
In this thesis, we introduced numerical methods to evaluate the quantitative measures from the
microstructure generated from three-dimensional phase-field simulations.
1. We adopted the APT algorithm and parallel computing technique to improve the
computation efficiency and to increase the simulation cell size of phase-field grain growth
simulations.
2. The distributions of topological measures from two versions of phase-field models were
compared. We found that the steady-state distributions of various topological measures evaluated
from the microstructures generated by Chen‘s model and Kim‘s model are quite similar at steadystate regime. Particularly, the grain size distributions from two phase-field models show excellent
agreements with the Hillert‘s prediction in short duration within transient regime. However, the
steady-state grain size distributions obtained from Chen‘s model and Kim‘s model are broader
and symmetric compared to the Hillert‘s prediction.
3. We developed the mesh-based methods to measure the mean width (integrated mean
curvature), triple line length and dihedral angles between adjacent faces in voxel based
microstructure representation (VMBR) which adopted in phase-field modeling, Monte Carlo
Potts model and the three-dimensional microstructure reconstruction of the experimentally
measured grain structure. Moreover, the accurate line length measurement using the principal
component analysis (PCA) was performed. We utilized the evaluated mean width and triple line
length values to examine the MacPherson-Srolovitz relation. From the examination, we found
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that the phase-field simulations show a good agreement with MacPherson-Srolovitz relation when
the number of faces of grain is larger than 9.
4. The pinning force by second-phase particles on grain boundary is evaluated from the grain
boundary geometry. A curved grain boundary pinned by the second-phase particle is generated
from the phase-field simulation and the mesh-based method is used to calculate the pinning force
from the grain boundary morphology. The pinning forces of spherical, ellipsoid particles from our
mesh-based method show good agreements with the analytic theories. Moreover, the pinning
force by cuboidal particles are derived analytically and compared to the pinning force from the
mesh-based method we introduced. Since the corner shape of the hole on the grain boundary is
deviated from the assumption we used in the analytic derivation of the dragging force by a
cuboidal particle, agreement was not as good as spherical and ellipsoidal particle cases.
5. A role of second-particle morphology on two-dimensional grain growth kinetics is
investigated. Since the number of particle centers increases, the pinning effect increases as the
particle size decreases at the given particle area fraction. Needle-shaped particles are more
efficient in grain growth inhibition compared to circular-shaped particles and the pinning effect
decreases as a number of particle directions increases.

7.2 Future work

7.2.1. Mean curvature measurement without post processing of the microstructure
We introduced the mesh-based curvature measurement method in Chapter 4. The mesh-based
method is accurate and this method is applicable to an arbitrary-shaped grain. However, time
consuming post processing of the microstructure is needed to measure the mean curvature using
the mesh-based method. The curvature is given by the second derivative of the field variables [1].
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If we can directly calculate the mean curvature from the second derivative of the order
parameters, the curvature measurement will be more convenient. Kim et al. proposed a numerical
method to calculate the curvature using the second derivative of order parameters [1]. We
implemented Kim et al.‘s method to measure the curvature of the grain boundary from our phasefield simulations. To validate the accuracy of this implementation, we measured the integrated
mean curvature of the spherical domain using Kim et al.‘s method. However, the accuracy was
not as good as we expected. A more robust way to measure the curvature of the grain boundary
from second derivatives of phase-filed variables is warranted to circumvent the post processing of
the microstructure.

7.2.2. Nonlinear principal component analysis
We adopted the triple line measurement method based on the linear principal component
analysis (PCA) [2]. Therefore, we cannot expect high accuracy for the curved triple line length
measurement. To measure the curved triple line length more accurately, high-order PCA is
needed to be implemented.

7.2.3. Grain boundary inclination angle measurement
The grain boundary energy is determined by the misorientation between two sets of Euler
angles and two inclination angles [3, 4], which can be calculated from the grain boundary
geometry [3, 4]. In order to incorporate the anisotropic grain boundary energy in the threedimensional grain growth modeling, a way to determine the inclination from the sharp grain
boundary needs to be developed.
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7.2.4. Role of the particle morphology in three-dimensional system
We investigated the second-phase particle morphology effect on grain growth kinetics in twodimensional system as a preliminary step of three-dimensional study. The phase-field studies
have been performed to examine a role of the particle volume fraction in three-dimensional
system [5, 6]. However, since the effect of the particle morphology is much challenging to verify
compared to the particle fraction effect, the role of particle morphology on grain growth kinetics
in three-dimensional system was scarcely quantitatively examined. To verify a role of the particle
morphology on grain growth kinetics in more realistic situation, the extension of the two dimensional study to three-dimensional system is expected.
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