The Pennsylvania State University
The Graduate School
College of Engineering

FRACTURE PROPERTIES OF FIBER REINFORCED CONCRETE

A Thesis in
Civil Engineering
by
Krishna Chaitanya Amirineni

© 2009 Krishna Chaitanya Amirineni

Submitted in Partial Fulfillment
of the Requirements
for the Degree of

Master of Science
May 2009

The thesis of Krishna Chaitanya Amirineni was reviewed and approved* by the
following:

Maria Lopez de Murphy
Will Assistant Professor of Civil Engineering
Thesis Advisor

Andrew Scanlon
Professor of Civil Engineering

Charles Bakis
Distinguished Professor of Engineering Science and Mechanics

Peggy Johnson
Professor of Civil Engineering
Head of the Department of Civil and Environmental Engineering

*Signatures are on file in the Graduate School

ii

Abstract
Fracture properties of four different steel fiber reinforced concrete (SFRC) mixtures
are determined in the present study. Two types of hooked end steel fibers having
aspect ratios of 80 and 65 respectively were used employing volume fractions of 0.5%
and 1.0%. Three point bending tests have been performed conforming to RILEM
technical committee TC 162-TDF (RILEM, 2002a). The equivalent, feq, and residual,
fR, flexural tensile strength parameters, proposed by RILEM TC 162-TDF (RILEM,
2002a), to characterize and simulate the post-cracking behavior of SFRC have been
evaluated and compared for the various concrete mixtures. It is observed that the
equivalent flexural tensile strengths, feq, have less variance compared to the residual
flexural tensile strengths, fR.

A step wise optimization algorithm was developed to obtain the stress-crack opening
(σ-w) curve of fiber reinforced concrete (FRC) using inverse analysis procedures. The
optimization algorithm was developed as a three step process calculating the modulus
of elasticity, E, in Step 1 and the tensile strength, ft, and the slope of the first leg of the
bilinear σ-w curve, a1, in Step 2. Finally the parameters defining the second leg of the
bilinear σ-w curve, a2 and b2 are calculated in the third and the final step. It was
observed that ft and a1 can be accurately predicted by restricting the optimization
interval in Step 2 to [0, 0.05 mm]. It is concluded that the load- crack mouth opening
displacement (P-CMOD) data from three point bending tests should be recorded at
least until a CMOD of 5.0 mm is reached. The stress-crack opening curve of FRC can
be predicted accurately by following the three step procedure, restricting the end level
of CMOD to 0.05 mm in Step II and by performing the optimization in Step 3 at least
until an end CMOD of 5.0 mm
iii
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Chapter 1

Introduction

Concrete, as a result of its many desirable properties, can be used in a variety of
innovative designs. It not only possesses high compressive strength, stiffness, low
thermal and electrical conductivity and low combustibility and toxicity, but it can
also be cast in diverse shapes. But two material characteristics, which limit the use
of concrete are brittleness and low strength in tension. However, the addition of
fibers, to the otherwise brittle matrix, creates resistance to crack formation and
progression, which increases the ductility of the materials structural response (Lim
and Oh, 1999). Fibers have been used widely in non structural applications, like
slabs on grade, industrial floors, pavements and overlays. (Meda et al, 2005 and
ACI Committee 544, 2002). Fiber reinforced concrete has recently been added to
the ACI 318 code as a viable alternative of minimum shear reinforcement for
beam elements (ACI 318, 2008).

The concrete property most influenced by the addition of fibers to concrete is the
capacity of energy absorption. Due to the relevance of the energy absorption
capacity of fiber reinforced concrete (FRC), several entities have been proposed
for evaluating this property, namely, toughness indices, equivalent flexural
strength, and fracture energy. Fracture energy is the most widely used property in
constitutive models for characterizing the fracture toughness and the post crack
tensile capacity of concrete. In the case of FRC, the concept of critical crack
width, wc, is not relevant and therefore, fracture energy, GF, loses its significance.
So the stress-crack opening (σ-w) curve which influences the structural behavior
becomes more important compared to fracture energy. (RILEM, 2002b)

1

The structural behavior of concrete during cracking can be described by nonlinear
fracture mechanics models such as the fictitious crack model (FCM) proposed by
Hillerborg et al. (1976). The application of Hillerborg’s approach requires the
knowledge of the characteristic σ-w curve of the concrete. Under ideal conditions,
this relation should be obtained from uniaxial tension tests of the concrete. Such
tests are “expensive and time consuming and the problem of strain gradients in the
ligament due to non-uniform cracking causes additional problems. Therefore,
uniaxial tension tests are not an appropriate method for practical materials testing”
(Slowik 2006). A practical alternative is the use of the experimentally obtained
response of a notched beam to determine the σ-w curve of the corresponding
material through inverse analysis.

1.1

Objective and Research Significance

The objective of this research is to develop a methodology to accurately model the
stress-crack opening (σ-w) behavior of steel fiber reinforced concrete (SFRC)
from the load-crack mouth opening displacement (P-CMOD) response of the
material. Many techniques have already been proposed to model the stress-crack
opening behavior of concrete (Roelfstra and Wittman (1986), Kitsutaka (1997),
Ostergaard (2003) and Sousa and Gettu (2006)). These existing techniques either
require an initial approximation of the results, which are very close to the actual
results (Roelfstra and Wittman, 1986), or in some cases require the optimization to
be run several times to achieve convergence in the results (Ostergaard, 2003). In
some cases, they can only predict one portion of the curve accurately (Sousa and
Gettu, 2006).
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In this study, an optimization algorithm was developed to accurately model the
entire softening behavior which can overcome the above mentioned drawbacks of
the existing algorithms. A bilinear σ-w curve is used in the current algorithm,
since for many SFRC materials it has been proven that a bilinear relationship
provides a reasonable representation of the measured behavior (RILEM, 2002b)

1.2

Research Tasks

In order to achieve this objective the following research program was concluded:
1. Fabrication and testing of beam specimens under three point loading
conforming to the RILEM TC 162-TDF (RILEM, 2002a).
2. Recording displacement, load data and the crack mouth displacement
(CMOD) for obtaining the σ-w response of the beams.
3. Performing splitting-tensile strength and compressive strength tests on
cylindrical specimens of concrete.
4. Analysis and compilation of the load-deflection (P-δ) and load-crack
mouth opening displacement (P-CMOD) data for the beams to evaluate the
tensile behavior of the FRC in terms of: limit of proportionality (ffct,L),
equivalent flexural strengths (feq,i) and residual flexural strengths (fR,i).
5. Development of an optimization algorithm to back calculate the stresscrack (σ-w) relationship from the load-crack mouth opening displacement
(P-CMOD) response of the beams using inverse analysis.
6. Incorporation of the algorithm into a commercial software (Mathematica,
Matlab) capable of performing optimizations and calculations.
7. Obtain the σ-w response from the inverse analysis.

3

1.3

Layout of the Thesis

The thesis is structured around four main chapters. Chapter 2 gives an overview of
the cohesive crack model and fracture mechanics of fiber reinforced concrete
(FRC) and the importance of the σ-w curve in characterizing the fracture
properties of FRC. The direct (uniaxial tension test) and the indirect (using PCMOD curves and inverse analysis) methods of obtaining the σ-w curves are then
explained in detail. Properties like limit of proportionality, ffct,L, equivalent flexural
strengths, feq,i, and residual flexural strengths, fR,i, which are used to characterize
the energy absorption capacity of FRC, and the experimental procedure to obtain
them are also explained. The cracked hinge model, which forms the basis for
obtaining the σ-w curve using inverse analysis, is also explained in detail and a
brief overview of the process of inverse analysis is presented. Finally, an outline
of the previous research results pertaining to the calculation of σ-w curves and the
parameters used to characterize the energy absorption capacity of FRC is also
presented.

The experimental program is explained in Chapter 3. The concrete mixture design
and the specimen type used for different finding different properties are also
outlined in this chapter. The experimental setup and the data collection process is
also presented in detail. Chapter 3 also discusses the analysis of the test data
obtained from the three point bending tests (3PB test) and the splitting tensile and
compressive strength tests.

Chapter 4 explains the proposed algorithm to perform the inverse analysis process.
It explains in detail various steps in the optimization algorithm and also explains
the theoretical reason for each step performed. A comparison is made with the
4

existing methods and an outline of the advantages of the proposed algorithm over
the existing methods is also presented. A detailed analysis of the σ-w curves
obtained is presented and guidelines are proposed for obtaining the P-CMOD
curves from 3PB tests and for performing the inverse analysis.

Finally, Chapter 5 presents general and specific conclusions. This is followed by
an extensive list of references. Appendix A and B give the results of the tests
outlined in Chapter 3 and the Matlab code used for the inverse analysis in Chapter
4, respectively.
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Chapter 2
2.1

Literature Review

Background

The concept of using a cohesive zone to model stress behavior near the crack tip
was pioneered by Dugdale (1960) and Barenblatt (1962). Dugdale’s model
assumes that a stress, equal to the yield stress of the material, acts uniformly
across the cohesive zone, as seen in Figure 2.1. Barenblatt (1962) assumes a
varying stress across the cohesive zone as a function of the cohesive crack width,
as opposed to the constant stress in case of Dugdale’s model.

Figure 2.1: Dugdale’s plastic zone model.

Scanlon and Murray (1979) introduced the concept of tensile stress softening to
model the contribution of concrete to the stiffness of cracked reinforced concrete
zones for use in “smeared” cracking in finite element models. Hillerborg and his
co-workers were the first to explore the idea of application of cohesive zones to
study the fracture and crack propagation in concrete and proposed the “fictitious”
crack model (Hillerborg et al., 1976; Petersson, 1981). Due to the close similarity
with the cohesive crack model proposed by Barenblatt (1962), many researchers
use the former terminology of “cohesive crack model”. The cohesive crack model
6

can capture the behavior of a structure from crack initiation to failure, unlike
LEFM models which can be applied only to initially cracked structures.

Figure 2.2: Stress-deformation behavior of a quasi-brittle specimen in tension

The idea of the cohesive crack model is best explained by the study of the stressdeformation diagram obtained from a simple tension test, see Figure 2.2. The two
curves ABD and ABC represent stress-deformation behavior at two different
locations of the test specimen. ABC describes the behavior at location x1 where a
localized fracture zone develops. On the other hand, ABD is a representative
behavior of the material at a location outside the fracture process zone. Prior to the
attainment of the tensile strength, ft, the whole specimen is subjected to the same
stress and deformation. Therefore a stress-strain (σ-ε) law can be used to describe
the material behavior at this stage. After the tensile strength is reached a fracture
zone starts forming at some discrete position (at x1) on the test specimen. With a
further increase in the deformation, there would be a decrease in the stress due to
formation of microcracks in the fracture zone. As the stress decreases all parts
outside the fracture zone acquire a decreasing elongation, corresponding to the
7

unloading curve of the stress-strain diagram. As a result we obtain an increase in
deformation within the fracture zone and a decrease in deformation outside the
fracture zone at the same time as the stress decreases. The complete relation
between stress and deformation can be described by means of two curves, viz the
stress–strain (σ-ε) curve and the stress–crack opening (σ-w) curve. The σ-ε curve is
valid for the entire length of the specimen, outside the fracture zone. The σ-w
curve is valid for the fracture zone only, and it shows the displacement that has to
be added to the deformation according to the σ-ε curve in order to obtain the total
deformation.

The σ-w curve can be determined from a tension test if the conditions are stable
during the whole test and if the unloading branch from the maximum stress in the
stress-deformation curve is known, see Figure 2.2. The original length of the
fracture zone is assumed to be zero and the fracture zone is considered to open up
as a crack which opens up to width of w, although it still takes stress according to
the σ-w curve. This is the fictitious crack model, FCM. In this model it is assumed
that stresses within the fictitious crack are related to the displacement, w, but that
the stresses outside the fictitious crack are related to the strain ε. At the fictitious
crack tip, the stress is assumed to be equal to the tensile strength, ft. The
distribution of tensile stress varies nonlinearly along the length of the fracture
process zone, as seen in Figure 2.3.
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Figure 2.3: Definition of cohesive crack model.

The length of the fictitious crack increases as the stresses in front of the crack tip
increases. At the same time the displacement, w, at the tip of the real crack
increases and when a critical crack width, wc, is reached the real crack starts
propagating. The stresses in the fracture zone can be analytically expressed as a
function of the crack width by using a softening law, as shown in Figure 2.3. An
important property of the softening law is the fracture energy, GF, which is a
measure of the energy absorbed to create and fully separate a unit surface area of
cohesive crack. It can be evaluated as the area under the softening curve, shown in
Figure 2.3, and given by the expression:

GF =

wc

∫ f (w).dw

Eq. 2.1

0

As the main advantage of fiber reinforced concrete compared to plain concrete lies
with the fracture properties, it is essential to be able to make a theoretical analysis
of the fracture of fiber concrete.
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2.2

Fracture Mechanics of Fiber Reinforced Concrete

Hillerborg (1980) introduced the cohesive crack approach for fiber reinforced
concrete, where the softening curve or the stress-cracking relationship describes
the stresses carried by fibers across a fictitious crack as a function of the crack
width. The fictitious crack in fiber reinforced concrete (FRC) materials represents
the process zone, aggregate interlock as well as fiber bridging. The fictitious crack
approach for crack initiation, propagation and opening in FRC differs significantly
from the fictitious approach to concrete fracture. The fiber bridging in case of
FRC is closely related to the fibers debonding and pulling out, and since the
length of fibers generally used is large compared to crack openings accepted in
real structures the critical crack width, wc is not relevant and the fracture energy,
GF, as shown in Figure 2.3, loses its significance (Stang, 2002). Further, the
stress-crack opening curve shape depends on the type and amount of fiber used
and the shape of the curve influences the structural behavior. Thus the actual
variation of the stress function with a changing crack opening (σ-w) curve is more
important than GF.
2.3

Stress-Crack opening (σ–w) Curve

The most direct way to obtain the softening curve is by means of a stable uniaxial
tensile test (Petersson, 1981). However, experimental results have shown that such
an approach is extremely difficult because of some major drawbacks (Bui, 2007),
specifically:
a. The location of the cohesive crack is not known a priori, and in most
occasions multiple cracking occurs due to the material heterogeneity (Guo and
Zhang, 1987: Philips and Binsheng, 1993; Planas and Elices, 1986).

10

b. For materials where the process zone is very small, uncracked specimens
undergo large amounts of yielding before the cohesive crack forms, which
increases the specimen compliance and instability. The strain energy stored in
the specimen makes the test unstable even under crack opening displacement
control (Gomez et al., 2000).
c. When a small crack is introduced to initiate fracture and a single cohesive
crack is produced, the specimen tends to asymmetric modes of fracture, and
the crack opening is not uniform across the specimen. Stiffer testing machines
do not solve the problem due to the elastic internal rotations in the specimen
itself. Moreover, when the rotations are avoided using very short specimens
and a very stiff machine, or by means of special servo-controlled systems, the
two cracks formed on each side of the specimen tend to move away from each
other when they approach, and hence never constitute a true single crack
(Carpinteri and Ferro, 1994: van Mier and Vervuurt, 1995).
2.3.1 Parameters Needed to Determine the σ–w Curve:

To evaluate the tensile behavior of fiber reinforced concrete, RILEM TC 162-TDF
(RILEM, 2002a) proposes the calculation of three parameters: the limit of
proportionality (ffct,L), the equivalent flexural tensile strengths (feq,2 and feq,3) and
the residual flexural tensile strengths (fR,1 and fR,2). RILEM TC 162-TDF (RILEM,
2002a) adopted these parameters from Deutschen Beton Vereins, DBV (1995). A
brief overview of the importance and the calculation of the above mentioned
parameters is presented here.

11

Limit of Proportionality

The load at the limit of proportionality, FL or Fu, is defined as the highest value of
load in the interval, δ or CMOD, of 0.05 mm. Once the value of FL is known, the
moment at the mid span of the test beam can be calculated as:
ML =

FL L
.
2 2

Eq. 2.2

where L is the span of the specimen (mm).

Figure 2.4: Test Specimen under three point load and assumed stress distribution.

Assuming a linear stress distribution over the cross section of the specimen, as
shown in Figure 2.4, the limit of proportionality ffct,L can be calculated using the
following expression:

f fct , L =

3FL L
(N/mm2)
2bhsp2

Eq. 2.3

where: b = width of the specimen
hsp = distance between the tip of the notch and the top of the cross section
(mm).
Equivalent Flexural Strengths (feq,2 and feq,3)

A brief overview of the parameters as proposed by DBV (1995), which is
explained by Tlemat et al., (2006), is presented here. The energy absorption

12

capacities DBZ,2 and DBZ,3 are equal to the areas ABCD and ABEF under the load
deflection curve up to deflections δ2 and δ3, respectively, as shown in Figure 2.5.
RILEM TC 162-TDF (RILEM, 2002a) suggests a span length of L = 500 mm, and
therefore the deflections translate to
δ2 = δu +

L
L
+
= δu + 0.54 mm.
4000 1200

Eq. 2.4

δ3 = δu +

L
L
= δu + 2.625 mm.
+
4000 200

Eq. 2.5

Similarly the mean forces F2 and F3, which are defined as the ratio of the energy
absorption capacities and the mean deflection, can be expressed as:
F2 =

D
DBZ,2
= BZ,2 (N)
L/ 1200 0.42

Eq. 2.6

F3 =

DBZ,3
D
= BZ,3 (N)
L/ 200
2.5

Eq. 2.7
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Figure 2.5: Determination of FL and equivalent flexural tensile strength. (Tlemat et al., 2006).

RILEM (2002a), which is adopted in the existing work, uses a slightly different
approach in calculating these parameters. Figure 2.6 shows the definitions of the
load at limit of proportionality FL, and energy absorption capacities DBZ,2 and
DBZ,3.
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Figure 2.6: Calculation of equivalent flexural strengths. (RILEM, 2002a)

With the energy absorption capacities as defined in Figure 2.6, the mean
deflections δ2 and δ3 can then be defined as given in Eq 2.8.
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δ 2 = δ L + 0.65 mm
δ 3 = δ L + 2.65 mm

(mm )
(mm )

Eq. 2.8

The mean forces F2 and F3 are defined as the ratio of the energy absorption
capacities and the mean deflections. The equivalent flexural tensile strengths, feq,2
and feq,3 can then be calculated as given in Eq. 2.4.

f eq , 2 =
f eq ,3

3F2 L
2bhsp2

3F L
= 32
2bhsp

Eq. 2.9

Residual Flexural Strengths (fR,1 – fR,4)
In addition to the equivalent flexural tensile strengths, residual flexural tensile
strengths fR,i are defined using the Load-CMOD curve at crack mouth opening
displacement, CMOD equal to 0.5 mm, 1.5 mm, 2.5 mm and 3.5 mm, as shown in
Figure 2.10.

Figure 2.7: Calculation of residual flexural tensile strengths. (RILEM, 2002a)

The residual flexural strength fR,i is defined as in Eq. 2.10
f R ,i =

3FR ,i L
2bhsp2

Eq. 2.10

where FR,i is the load corresponding to CMODi, as shown in Figure 2.7.
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feq,2, fR,1 are used in the verification of the serviceability limits and feq,3, fR,4 are
considered at the ultimate limit state.

2.4

Calculation of Residual Strengths per ASTM C1609

ASTM C1609 evaluates the flexural parameters of fiber reinforced concrete using
residual strengths derived from the load-deflection curve obtained by testing a
simply supported beam under third-point loading. ASTM C1609 uses the
following terminology:

2.4.1 Calculated Parameters
First-peak strength, f1:
The first-peak load, P1 is the load value at the first point on the load-deflection
curve where the slope is zero. The deflection at this point is the first-peak
deflection, δ1. First peak strength, f1, is the stress at the first-peak load obtained
using Eq. 2.11.
f1 =

P1L
bd 2

Eq. 2.11

where:
f1 = first-peak strength, MPa
P1 = first- peak load, N
b = the average width of the specimen at the fracture, as oriented for
testing, mm, and
d = the average depth of the specimen at the fracture, as oriented for
testing, mm.

Residual Strengths, f600 and f150
The residual loads, P600 and P150, are the load values corresponding to a net
deflection of L/600 and L/150 respectively. The flexural stresses at these loads are
17

called the residual stresses, f600 and f150 respectively and can be obtained using Eq.
2.12 and 2.13.
f 600 =

P600 L
bd 2

Eq. 2.12

f150 =

P150 L
bd 2

Eq. 2.13

Figure 2.8: Parameter calculations for first-peak load equal to peak Load. (ASTM C 1609 - 07)

Figure 2.9: Parameter calculations for first-peak load less than peak Load. (ASTM C 1069 – 07)
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2.5

Cracked Hinge model

The cracked hinge model was first proposed by Ulfkjaer et al. (1995) and then
further developed by Pedersen (1996), Stang and Olesen (1998, 2000) and Olesen
(2001). The advantage of the hinge model is that it presents closed-form analytical
solutions for the entire stress-crack opening (σ-w) curve.

The cracked hinge model describes the crack as a local discontinuity. The hinge
can be modeled as incremental horizontal strips of spring elements attached at
each end to a rigid boundary. The discontinuity (hinge) is confined to a certain
region of width s. Outside these rigid boundaries the uncracked element can be
modeled using classical beam theory or appropriate elastic theory. The hinge may
be used in modeling three point bending beams in which the springs can be
modeled using the fictitious crack method assuming the springs to be linear elastic
in the pre-crack state and by using a bilinear σ-w curve in the cracked state, as
seen in Figure 2.11 and Eq. 2.11.

Figure 2.10: Geometry of test specimen and cracked hinge.
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Eε
pre − crack state
⎧
σ =⎨
⎩σ w (w) = g (w) f t cracked state

Eq. 2.11

where E = elastic modulus; ε = elastic strain; σw(w) denotes the stress crack
opening relationship with w = crack opening; and ft = uniaxial tensile strength .
The function g(w) is defined as:
⎧ b − a1 w
g (w) = bi − ai w = ⎨ 1
⎩b2 − a 2 w

0 ≤ w < w1
w1 ≤ w ≤ w2

Eq. 2.12

where b1 = 1; and w1 and w2 are the limits given by the intersection of the two line
segments, and the intersection of the second line segment and the abscissa
respectively.
w1 =

b
1 − b2
; w2 = 2
a2
a1 − a 2

Eq. 2.13

Figure 2.11: Material model for precrack and cracked state of concrete.

As already mentioned, the boundaries of the hinge are rigid. It is assumed that
these rigid boundaries may rotate, as shown in Figure 2.12. The deformation of
the hinge can be expressed in terms of the angular deformation, φ and the depth to
the neutral axis, y0. Olesen (2001) proposed analytical solutions to obtain the
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external moment and the axial force, by the analyzing the hinge element, for any
angular deformation φ. The solution is presented in terms of normalized
properties, using the following the normalizations:

β1 =

f t a1 s
fa s
, β2 = t 2
E
E

Eq. 2.14 (a,b)

(1 − b2 )(1 − β1 )
(β 2 − β1 )

Eq. 2.15

c=

µ=

hE
d
6
1
M,ρ=
N ,θ =
ϕ and α =
2
sf t
h
f t ht
ft h t

Eq. 2.16 (a – d)

Figure 2.12: Geometry, loading and deformation of cracked hinge.

The solution is presented for four different phases of stress distribution. The first
phase or Phase 0 represents the elastic state and Phases I, II and III represent the
different phases of crack propagation, as shown in Figure 2.13.
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Figure 2.13: Four phases of stress distribution in elastic layer of hinge.

The analytical solutions express the normalized moment µ and the normalized
crack depth α as functions of the normalized hinge deformation θ and normalized
axial force ρ.
Phase 0 (Elastic Phase): 0 ≤ θ ≤ θ 0-I
α=0

Eq. 2.17a

µ=θ

Eq. 2.17b

Phase I: 1 - θ0-I ≤ θ ≤ θI-II:

α = 1 − β1 −

(1 − β1 )⎛⎜ 1 − ρ − β1 ⎞⎟
⎝ θ

Eq. 2.18a

⎠

⎛
α3 ⎞
⎟θ + (6α − 3)(1 − ρ )
µ = 4⎜⎜1 − 3α + 3α 2 −
1 − β 1 ⎟⎠
⎝

Eq. 2.18b

Phase II: θI-II ≤ θ ≤ θII-III:

1 − b2
−
α = 1− β2 −
2θ

⎛ (1 − b2 )2
b −ρ⎞
⎟
(1 − β 2 )⎜⎜ 2
− β2 + 2
⎟
θ
(
)
4
−
θ
β
β
1
2
⎝
⎠

⎛

⎛
α3 ⎞
⎟θ + (6α − 3)(1 − ρ ) −
µ = 4⎜⎜1 − 3α + 3α 2 −
1 − β 2 ⎟⎠
⎝

(1 − b2 )⎜⎜ 3α 2 − ⎛⎜
⎝

c ⎞
⎟
⎝ 2θ ⎠

1− β2

Eq. 2.19a

2

⎞
⎟
⎟
⎠ Eq. 2.19b
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Phase III: θII-III < θ:

α = 1−

1
2θ

⎛
⎜1 +
⎜
⎝

(1 − b2 )2
β1 − β 2

+

⎞
⎟
−
4
ρθ
⎟
β 22
⎠
b22

Eq. 2.20a

µ = 4(1 − 3α + 3α 2 − α 3 )θ + (6α − 3)(1 − ρ ) − 3α 2
⎞⎛
βc ⎞ ⎛ c ⎞
b ⎞⎛
b
1 ⎛
+ 2 ⎜⎜1 − 2 ⎟⎟⎜⎜1 − 2 + c ⎟⎟⎜⎜1 + 1 ⎟⎟ + ⎜ ⎟
4θ ⎝ β 2 ⎠⎝ β 2
⎠⎝ 1 − β 1 ⎠ ⎝ 2θ ⎠

2

Eq. 2.20b

The transition points θ0-I, θI-II, and θII-III are given by:

θ 0− I = 1 − ρ
⎛
2 ⎜⎝

1
θ I −II = ⎜1 − ρ − c +

θ II−III

Eq. 2.21a

(1 − ρ − c )2 +

c 2 ⎞⎟
β1 − 1 ⎟⎠

b
⎛
⎜ ρ (β 2 − 1) + 2
β2
1⎜
= ⎜
2⎜
(1 − b2 )2 + b2 2
b
2
+ ρ 2 (β 2 − 1) + 2 ρ (β 2 − 1) 2 +
⎜
β 2 β1 − β 2 β 2 2
⎝

Eq.2.21b

⎞
⎟
⎟
⎟ . Eq. 2.21c
⎟
⎟
⎠

The crack mouth opening displacement (CMOD) due to the opening of the crack
is given by:

CMOD COD =

sf t 1 − bi + 2θ
E 1 − βi

Eq. 2.22

where
⎧ (1, β 1 )
(bi , β i ) = ⎪⎨(b2 , β 2 )
⎪ (0, 0 )
⎩

in Phase I
in Phase II
in Phase III

Eq. 2.23

In the case of a notched beam, since the CMOD is measured at the bottom of the
notch, the elastic deformation of the beam also contributes to the CMOD. Tada et
al. (1985) proposed an analytical expression to calculate the CMOD due to elastic
deformation as a function of the beam and the notch dimensions, as seen in Eq.
2.23.
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CMOD e =

6 PLa 0
υ1 (x )
EtH 2

Eq. 2.24

where
υ1 ( x ) = 0.76 − 2.28 x + 3.87 x 2 − 2.04 x 3 +

a
0.66
, x= 0
2
H
(1 − x )

Eq. 2.25

and, P = load applied at the midspan of the beam; L = span of the beam; a0 =
notch depth; E = elastic modulus; t = thickness of the beam; H = full depth of the
beam.

Figure 2.14: Geometry of a three point bending test specimen.

Karihaloo & Nallathambi (1991) proved that the contribution of the depth of the
knife edges d1, used to measure the CMOD, is significant in the measurement of
the CMOD and must be taken in to account, by simply assuming that beam
thickness is H+d1 and the initial notch length is a0+d1, thus modifying the variable
in Eq. 2.24 to:
x=

a0 + d1
H + d1

Eq. 2.26

However, Stang (2000), assuming that the crack sides are straight, proposed a
simple geometric correction of Eq. 2.26:
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υ1′ =

a0 + d1
υ1
a0

Eq. 2.27

In the present study the correction proposed by Stang (2000) is adopted.

Since the CMOD is measured at a distance from the notch tip, this contributes to
the geometrical opening, CMODg, which can be calculated as given by Stang
(2000):
CMOD g = 2a 0

sf t
(θ − 1)
hE

Eq. 2.28

Combining all the different contributions, the final CMOD can be calculated as:
CMOD = CMODe+ CMODCOD+ CMODg

Eq. 2.29

It can be seen from Eqs 2.17-2.20 and Eq. 2.29 that the normalized moment µ and
CMOD depend on the normalized hinge deformation θ. By increasing θ
incrementally, µ and CMOD can be obtained in all the four phases of crack
propagation. The load at midspan, P, can then be obtained using Eq. 2.30.
P=

4M 2 f t h 2 t
=
µ
L
3 L

Eq. 2.30

Therefore, the complete P-CMOD curve can be obtained, if the σ-w curve
(softening curve) and the elastic modulus of concrete, E, are known.
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2.6

Inverse Analysis

An inverse problem or inverse analysis can be defined as the task of obtaining the
model parameters from observed data. In the present case the inverse problem is
to obtain the parameters defining the σ-w curve (model) when the P-CMOD curve
is known (observed data).

Similarly if the P-CMOD curve is obtained experimentally then the σ-w curve can
be obtained by comparing the experimentally obtained P-CMOD curve and the PCMOD curve analytically obtained from an initially assumed σ-w curve. The
parameters defining the σ-w curve can then be changed such that the predicted PCMOD closely matches the experimental curve. The process of changing the
variables would be really tedious if done by hand and therefore optimization
algorithms are used (Ostergaard, 2003; Sousa and Gettu 2006; Kitsutaka 1997).
This process can be implemented by the use of computer programs such as
Matlab.

In these optimization algorithms, the main goal is to minimize the error between
the predicted and the experimental P-CMOD curve. An error function is
formulated, which can be defined as the normalized difference between the areas
of the predicted and experimental P-CMOD curve, Aexp and Apre over a given
CMOD range, as in Eq. 2.30, or the summation of squares of the difference of the
predicted and experimental loads, Pexp and Pnum respectively for a particular
CMOD over the whole range of CMOD, as in Eq. 2.31

Error =

Aexp − A pre
Aexp

Eq. 2.30
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Error =

wmax

∫ (P (w) − P (w)) dw
2

exp

num

Eq. 2.31

0

where Pexp is the experimental load and Pnum is the numerically predicted load.
The objective of the optimization algorithms is to minimize the error function by
changing the independent variables which in this particular case are the
parameters defining the σ-w curve, thereby obtaining the σ-w curve corresponding
to the experimental P-CMOD curve. This process of obtaining the model
parameters by back calculating the σ-w curve from the P-CMOD curve is referred
to as inverse analysis.

Roelfstra and Wittmann (1986) were the first to propose inverse analysis to
determine the tension softening diagram for concrete. The algorithm developed
could only be used for bilinear-type softening diagrams and required the first
guess of the input parameters to be close to the iteration results. In this method
finite element analysis is applied to calculate the predicted response for a given set
of parameters and optimization problem is setup for the entire curve. A possible
problem with such an approach is that the correlation between the modulus of
elasticity, E, tensile strength, ft and a1 and the error function for the entire curve
weak. This five dimensional problem is also more likely to find local minima
rather than the global minima.

Stang and Olesen (1998) developed the cracked hinge model, based on the work
done by Ulfkjaer (1995). Ostergaard (2003) developed an algorithm for inverse
analysis based on the cracked hinge model and incorporated it into a Matlab
program. In this program a step wise (multi-step) inverse analysis was performed
to obtain the complete σ-w curve. Although a step wise analysis was performed,
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the values obtained in this program require an initial guess and optimization
should be run more than once to obtain at the exact result.

2.6.1 Ostergaard (2003)
Ostergaard (2003) proposed an inverse analysis algorithm based on the hinge
model explained in Section 2.5. In this algorithm the optimization problem is
solved in steps corresponding to the different phases of crack propagation. This is
possible since the hinge model proposes an analytical solution which clearly
distinguishes between the different phases of crack propagation.

In the algorithm proposed by Ostergaard (2003), Step 1 is the determination of the
modulus of elasticity by conducting the optimization in the elastic phase. This is
done by considering the modulus of elasticity as the only variable and including
the data points belonging only to the elastic phase. So, the optimization problem
reads:

Step 1: Determination of Elastic Modulus:
min
E

1
0
N max

0
N max

∑ (P

exp

− Pcalc )

2

Eq. 2.32

0

0
subject to E > 0, where N max
represents the last observation made belonging to

Phase 0 and Pexp and Pcalc represent the experimentally and analytically obtained
load values respectively at a particular CMOD.

After determining the modulus of elasticity, the factors representing the bilinear
stress-crack opening curve – ft, a1, a2 and b2 are then determined in a two step
procedure. This procedure again takes advantage of the analytical solutions
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proposed for the different phases of crack propagation. Step 2 is the determination
of ft and a1, and in contrast to Step 1; all observations are included in the
optimization process. After determining ft and a1, Step 3 is the final step in which

a2 and b2 are then found to obtain the stress-crack opening curve. Step 2 and 3 can
be expressed as:

Step 2: Determination of ft and a1:
min

( f t , a1 )

N max

∑ (P

1

N max

− Pcalc )

2

exp

Eq. 2.33

0

subject to ft > 0.

Step 3: Determination of a2 and b2:
min

( a2 ,b2 )

1

N max

N max

∑ (P

− Pcalc )

2

exp

Eq. 2.34

0

where Nmax represents the total number of observations.
0
,
In this algorithm, to obtain the last observation made belonging to Phase 0, N max

Ostergaard uses a corresponding CMOD of:
2

CMOD 0 = 4a 0

ft ⎛ h ⎞
⎜ ⎟ υ1
E ⎝H⎠

Eq. 2.35

where ft represents the tensile strength of concrete, a0 represents the notch depth, h
and H represent the un notched and the full depth of the beam, as shown in Figure
2.10. From Eq.2.35 it can be seen that an initial guess of the tensile strength, ft,
should be made to determine the number of observations to be included in the
optimization process to calculate the modulus of elasticity. If the initial guess of
the tensile strength, ft, in Step 1 differs from the ft, determined in Step 2, the
optimization has be to rerun using the new ft in Eq. 2.35. Therefore, in this
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particular algorithm, several runs would be required by changing the initial guess
for ft to evaluate the modulus of elasticity.
To determine (ft, a1) and (a2, b2), in Steps 2 and 3 respectively, Ostergaard (2003)
includes all the observations in the test in the optimization process, as shown in
Eqs. 2.33 and 2.34.

2.6.2 Sousa and Gettu (2006)
Sousa and Gettu (2006) proposed another optimization algorithm, which was
implemented in a software program called FIT3PB, for the determination of the σ-

w relation using the load versus crack mouth opening displacement (P-CMOD)
curves obtained from notched beam tests. In this program the user can choose the
shape of the σ-w curve from:
1. The Hordjik’s model (Hordjik 1991) with two parameters, ft and Gf (see
Figure 2.15a)

σ (w )
ft

3
⎡ ⎛
w ⎞ ⎤ ( − c2 w
⎟⎟ ⎥ e
= ⎢1 + ⎜⎜ c1
⎢⎣ ⎝ wult ⎠ ⎥⎦

wult )

−

(

)

w
1 + c13 e −c2
wult

Eq. 2.36

where c1 = 3.0; c2 = 6.93; and wult = 5.136 Gf/ft.
2. A sloped-constant model with three parameters, ft, a1, and b2 (see Figure
2.15b)

σ (w )
ft

⎧1 − a1 w
=⎨
⎩ b2

if w < w1
if w ≥ w1

Eq. 2.37

3. A bilinear model, with four parameters ft, a1, a2 and b2 (see Figure 2.15c)

σ (w )
ft

⎧ 1 − a1 w if w < w1
=⎨
⎩b2 − a 2 w if w ≥ w1

Eq. 2.38

4. A trilinear model with six parameters, ft, a1, a2, b2, a3 and b3 ( see Figure
2.15d)
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σ (w )
ft

if w < w1
⎧ 1 − a1 w
⎪
= ⎨b2 − a 2 w if w1 ≤ w ≤ w2
⎪b − a w
if w ≥ w2
3
⎩ 3

Eq. 2.39

Figure 2.15: Softening models and corresponding parameters. (Sousa and Gettu, 2006).

The fitting error function used in this process is defined as
Error =

N max

∫ [P

exp

]

− Pnum ψdw
2

Eq. 2.40

0

where Nmax = total number of observations in the target experimental curve; ψ =
weighting function introduced to permit unequal importance of different portions
of the fitting interval, according to the desired application; Pexp and Pnum =
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respectively, the experimental and numerical values of the load corresponding to
the same abscissa.

In this algorithm the minimization of the objective function or the fitting error
function in Eq. 2.40 is performed through optimization techniques in ndimensional space, where n = number of parameters that are free to vary.
Therefore, all the parameters (E, ft, a1, a2 and b2) required to define the bilinear
softening curve (σ-w curve) in this particular algorithm (Sousa and Gettu, 2006),
can be obtained in a single step optimization. Sousa and Gettu (2006) also propose
the use of a weighing function ψ to assign unequal weights to different regimes of
the P-CMOD curve. It is stated that weighting becomes important in the case of
behavior that needs more complex models, as in inverse analysis of notched SFRC
beam with a trilinear model where the importance of weighting function is related
to the fitting interval of CMOD.

Sousa and Gettu (2006) suggest that, in case of a large fitting interval (the interval
in which the inverse analysis is performed), say [0.0–2.0 mm], the fits of PCMOD curve vary significantly, especially around the peak, when the predictions
are made with inverse analyses performed with and without weighting.
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Figure 2.16: Effect of a weighing function on the P-CMOD curve for SFRC. Inverse analysis was
performed in the interval [0.0 - 2.0 mm] (Sousa and Gettu, 2006)

Fig 2.16 shows the effect of the weighting interval in which there is a relatively
higher weight (i.e., 10) for the peak and a linear increase in the prepeak regime
and a symmetric decrease in the postpeak regime, followed by a constant value 1.
It is concluded by Sousa and Gettu (2006) that with a higher weight for the initial
part of the P-CMOD curve, a better fit of the peak load is obtained, while equal
weighing of all the regimes leads to a better fit of the later regimes. It is also
concluded that equal weighting tends to give higher tensile strength leading to an
overestimation of the peak load, as shown in Fig 2.17.
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Figure 2.17: Effect of weighing function on the σ-w curve for SFRC performing inverse analysis in
the interval [0.0; 2.0mm] (Sousa and Gettu, 2006)

2.6.3 Barros et al. (2005)
Barros et al. (2005) conducted more than two hundred flexural tests following
RILEM TC 162-TDF (RILEM, 2002a) recommendations and evaluated the
corresponding values of feq and fR. Two types of hooked end DRAMIX steel
fibers, RC 80/60 BN with a length (lf) of 60 mm, a diameter (df) of 0.75 mm and
an aspect ratio (lf/df) of 80 and RC 65/60 BN with lf = 60 mm, df = 0.92 mm and
lf/df = 65 were used in the study.

Barros et al. (2005) reported a linear trend between feq,2 and feq,3. They also found
that feq,3 was slightly lower than feq,2 indicating that up to a deflection of δ3 (= δL +
2.65 mm, where δL is the deflection at the limit of proportionality), the energy
absorption capacity of the designed SFRC was maintained. A similar linear trend
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between fR,1 and fR,4 was also reported, with fR,4 being at about 93% of fR,1, as
shown in Figure 2.19.

feq,3 [MPa]

feq,3 = 0.9926 feq,2
R2 = 0.933

F80/60
F65/60

feq,2 [MPa]
Figure 2.18: Relationship between feq,2 and feq,3.(Barros et al., 2005)

fR,4 [MPa]

fR,4 = 0.926 fR,1
R2 = 0.8208

F80/60
F65/60

fR,1 [MPa]
Figure 2.19: Relationship between fR, 1 and fR, 4. (Barros et al., 2005)
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Chapter 3
3.1

Experimental Program:

Materials

The concrete specimens used in this study were prepared as part of a previous
study, in which a total of four different fiber reinforced concrete mixtures were
prepared (Hockenberry, 2007). The varied parameters being volume fraction of
fibers, Vf, and fiber geometry (see Table 3.1 for mixture compositions). Two types
of hooked-end Dramix® steel fibers; RC 80/60-BN and RC 65/35-BN, provided
by Baekert were used (see Table 3.2). For each type of the steel fibers used two
concrete mixtures with fiber volume fractions of 0.5% and 1.0% were prepared.
Table 3.1: Concrete mixture proportions. (3 cu yd = 2.3 m3 per batch)

Batch
1
2
3
4

Water
kg
417
389
394
400

Cement
kg
921
862
860
896

Coarse
kg
2223
2204
2232
2223

Fine
kg
1969
1978
1987
1923

Fiber
kg
90
181
90
181

Fiber
%
0.5
1.0
0.5
1.0

Desc.
80/60 - 0.5%
80/60 - 1.0%
65/35 - 0.5%
65/35 - 1.0%

Table 3.2: Properties of steel fibers

3.2

Properties

RC 65/35

RC 80/60

Length (mm)

35

60

Aspect ratio, (length/diameter)

65

80

Tensile strength, N/mm2

1100

1050

Test specimens and test matrix

As part of this study, beam specimens (dimensions 150 mm x 150 mm x 550 mm
conforming to the recommendation of RILEM TC 162-TDF (RILEM, 2002a)
were prepared and tested for three point bending tests to obtain load-deflection (Pδ) and load-crack mouth opening displacement (P-CMOD) data. The tested
specimens had a span length of 500 mm and a midspan notch depth of 25 mm, as
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shown in Figure 3.1. Cylinders (dimensions 100 mm x 200 mm) were also tested
in this study for split tensile strength, compressive strength and modulus of
elasticity. Table 3.2 shows the test matrix used in the experimental program.

Figure 3.1: Geometry of 3PB test specimen.

Table 3.2 Test matrix

Test

Specimen Type Specimen dimensions

Bending test

Beam

# of
specimens
150 mm x 150 mm x 550 mm 5

Split cylinder test

Cylinder

100 mm x 200 mm

3

Compression
strength test

Cylinder

100 mm x 200 mm

3

3.3

Test Setup and Procedure

3.3.1 Tensile strength
One of the unknown quantities during inverse analysis is the tensile strength of
concrete. The splitting tensile test is widely used for determining the tensile
strength of concrete and other cementitous materials (ASTM C496). The splitting
tensile strength fst, is calculated according to Eq 3.1, where D and L are the
diameter and the length of the specimen and Pu is the failure load, as shown in
Figure 3.2.
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Figure 3.2: Test setup for split cylinder test.

f st =

2 Pu
πLD

Eq. 3.1

Strain gages (CEA-06-125UN-120, gage length = 0.125 in/3.18 mm) were also
installed on the front face of the cylinder and the gages were installed
perpendicular to the line of application of force. This was done to capture any
crack initiation in this region or any change in phase from linear (elastic) to nonlinear stress-strain distribution. The strain gage data was measured using a data
acquisition system. The testing was done using a Tinius Olsen compression testing
machine which can run only under load control. This machine displays load at any
particular time, so load was measured at regular intervals and the strain gage data
observed at corresponding load levels. For the split tensile tests the narrower the
load-bearing strip the maximum tensile strength will approach the theoretical limit
for the tensile strength of concrete (Timoshenko and Goodier, 1970). In a recent
study Rocco et al., (1999) found that the results of this type of test are sensitive to
the ratio

b
(b =width of the strip), loading rate, geometry, and specimen size (D).
D

The same study also mentions that for a ratio

b
equal to 0.04, the splitting tensile
D

strength of plain concrete, fst, becomes independent of the specimen size. Another
study by Coronado (2006) shows that the tensile strength values become less
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sensitive to

b
ratio for values less than 0.08 and in such case the split tensile
D

strengths obtained are also equal to the strengths obtained from prisms. Therefore,
assuming the same would be true for fiber reinforced concrete, load bearing plate
of width of 0.6 mm (

b
=0.03 < 0.08) was used for all the split tensile tests.
D

3.3.2 Compression Tests and Elastic Modulus
Elastic modulus is one of the unknown quantities in the inverse analysis approach
and is also one of the most important properties used to model the behavior of
concrete. To obtain the elastic modulus, compression tests were done on concrete
cylinders using a Tinius Olsen machine. Strain gages (Type - FLA-30-11, gauge
length = 30 mm) were installed on the concrete cylinders, shown in Figure 3.3,
along the line of application of load to measure the longitudinal strain during the
test. Strain data was recorded using a data acquisition system and the load
displayed by the testing machine was recorded at regular intervals during the test.
The test was performed conforming to ASTM C 469.

Figure 3.3: Test setup for compressive strength test.

39

Table 3.3: Compressive strength and split tensile strengths for all the specimens tested.

Concrete
Type

Tensile
Compressive
Elastic
E
Modulus,
Strength, f t
Strength, f' c
(GPa)
(MPa)
(MPa)

65/35 - 0.5%

80/60 - 0.5%

65/35 - 1%
80/60 - 1%

28
27
28
31
29
27
36
36
34
30
27

20
21
24
24
30
30
18
19

3.0
3.2
2.4
3.2
2.8
3.7
3.7
5.1
4.0

3.3.3 Three Point Bending (3PB) Test
The bending tests were performed using a hydraulic actuator, with a capacity of
98 kN. The actuator is attached to a self contained load frame, which also houses
the reaction beam. Testing was accomplished using an MTS Flextest computer
controller, which controls the load and displacement actuator. Another computer
served as the data acquisition system, which is run by LabVIEW. The LabVIEW
software allows for multiple measurement systems to be monitored and recorded
simultaneously, at high speed.

Reference Frame
A reference frame, shown in Figure 3.4, was used to measure the load point
displacement. The load point displacement is determined relative to the point of
application of load and is measured directly below the loading points,on either
side of notch. This is done to avoid measuring the inelastic deformations at the
supports. Two LVDTs which are attached to the reference frame one on each side
of the specimen measure the deflection of two aluminum plates which are attached
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to the base of the specimen. These aluminum plates which are tightly screwed to
the base of the specimen on either side of the notch are also used to mount the
knife edges used for measuring the crack mouth opening displacement.

Test Setup
1. The loading head is cylindrical with a circular boundary of a radius of 50 mm
and a length greater than the thickness of the specimen. The loading block is
suspended to the machine head and is free to rotate in all the directions to
accommodate small specimen imperfections without introducing torsion.
2. As required by the RILEM TC 162-TDF (RILEM, 2002a) two hardened steel
rollers are used as supports for the beam.
3. Ground hardened steel plates having a width of 50 mm and depth 25 mm were
placed between the specimen and the rollers.
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(a)

(b)
Figure 3.4: Test setup for three point bending tests.

Test procedure and data collection
All the bending tests were performed as per the recommendations of RILEM TC
162-TDF (RILEM, 2002a). The bending tests were carried out using a three point
loading setup, applying the load at the midspan of the beam. For fiber reinforced
concrete the bending tests were executed by means of displacement control. To
accommodate for the settling of the beam and the loading head during the initial
part of the loading, the load at the midspan of the beam was applied at a constant
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rate of 2 kN/min until the applied load reached 2 kN. The test was then continued
using displacement control such that the deflection of the beam at the midspan
increases at a constant rate of 0.2 mm/min. During testing the value of load (P),
deflection at midspan (δ) and the CMOD were continuously recorded using a data
acquisition system at a frequency of 10 Hz or 10 observations per second, until the
end of the test.

A clip-on gage with a gage length of 15 mm was used to measure the CMOD. As
suggested by RILEM TC 162-TDF (RILEM, 2002a), the initial spacing between
the knife edges was kept less than 5 mm and therefore a maximum CMOD of 10
mm could be recorded by the clip-on gage. The tests were carried until the clip-on
gage reached its maximum limit of 15 mm or until a CMOD of 10 mm was
reached.

3.4

Analysis of test data

From the data recorded during the bending tests load-deflection (P-δ) and loadCMOD (P-CMOD) plots for the different concrete mixtures were prepared. The
typical load-CMOD and load-deflection plots for all the different mixtures can be
seen in Figures 3.5 and 3.6.
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Figure 3.5: Plot showing the typical experimental load-deflection curves.

Figure 3.6: Plot showing the typical load-CMOD curves.

3.4.1 Peak Loads
The peak loads for all the specimens tested are shown in Figure 3.7. It can be seen
that the peak loads for the 80/60-1.0% mixture are the highest and the peak load
increases with increase in volume fraction of fibers and also with increase in the
aspect ratio. In case of short fibers, with an increase in volume fraction of fibers
from 0.5% to 1.0% the peak load increases by as much as 60%. In case of long
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fibers, on an average a 15% increase in peak load can be observed with an
increase in the volume fraction of fibers from 0.5% to 1.0%. The peak loads for
65/35-1.0% and 80/60-1.0% mixtures seem to be really close, but it can be seen
from Figures 3.5 and 3.7 that the end load at a CMOD of 10mm is almost 75%100% higher in case of 80/60-1% mixture when compared to the 65/35-1.0%
mixture.

Figure 3.7: Peak loads for three point bending tests.

3.4.2 Parameters for the Determination of Stress-Crack Opening
Relationship
Limit of Proportionality, ffct,L
Figure 3.8, shows the trend for limit of proportionality, ffct,L for all the specimens
tested. It can be clearly seen that in case of short fibers, as the volume fraction of
fibers increases from 0.5% to 1.0%, ffct,L increases considerably. Also, there is an
increase in ffct,L if long fibers are used instead of short fibers, although this
increase in ffct,L, is not as comparable to the increase in case of volume fraction of
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fibers for short fibers. Another interesting observation would be that there is no
distinct change in ffct,L with the increase in volume fraction of fibers in case of
long fibers. So it can be concluded from this plot that long fibers with higher
percentages of volume fractions (beyond 0.5%) do not contribute to the peak load.

Equivalent flexural tensile strength, feq,2
[MPa]

6.5

6

5.5

5

4.5

4

3.5

3

65/35 - 0.5%

65/35 - 1.0%

80/60 - 0.5%

80/60 - 1.0%

Series Designation

Figure 3.8: Trend showing effect of fiber type and volume fraction of fibers on limit of
proportionality.
Table 3.5: Test results for all specimens tested.

Concrete
Type

65/35-0.5%

65/35-1.0%

80/60-0.5%

80/60-1.0%

fc
ft
F L P peak
[MPa] [MPa] [kN] [kN]
28.23
3.00 13.78 15.45
27.68
3.22 12.80 14.75
27.60
14.83 14.83
15.45 13.83
14.75 12.80
30.50
2.42 17.75 24.90
29.14
3.15 20.29 22.74
27.26
2.78 19.16 20.18
19.35 19.93
16.93 16.93
36.22
3.65 15.66 22.94
36.32
3.74 16.13 20.84
34.20
17.33 19.05
17.51 16.44
16.48 16.50
29.55
5.06 15.68 24.03
26.55
4.03 16.68 22.96
17.57 21.93
16.45 20.75
18.35 18.86

f fct,L
δL
f eq, 2
f eq, 3
f R, 1
f R, 4
[mm] [MPa] [MPa] [MPa] [MPa] [MPa]
0.06 4.27
3.45
3.64
3.59
3.32
0.06 3.97
3.02
2.85
3.18
2.42
0.06 4.60
3.21
3.06
3.52
2.57
0.07 4.79
4.33
3.93
4.42
3.18
0.05 4.57
3.42
3.32
0.04 5.50
6.11
5.70
6.11
4.79
0.10 6.29
7.27
6.27
6.97
4.76
0.09 5.94
5.94
5.69
5.95
4.77
0.10 6.00
7.85
7.30
7.34
6.17
0.06 5.25
4.77
4.45
4.83
3.58
0.07 4.86
4.41
4.86
4.55
4.76
0.09 5.00
6.95
6.43
6.42
5.64
0.05 5.37
5.49
6.16
5.70
5.83
0.06 5.43
5.70
5.65
5.31
5.33
0.06 5.11
4.07
4.28
4.31
3.98
0.07 4.86
5.81
5.46
5.65
5.02
0.09 5.17
7.10
6.63
6.57
6.17
0.10 5.45
7.05
7.25
6.95
6.75
0.09 5.10
5.49
5.95
6.00
5.65
0.12 5.69
7.80
7.06
7.07
6.14
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Relationship between feq,2 and feq,3
Figures 3.9 and 3.10 show the trend for feq,2 and feq,3 for all the specimens tested.

Figure 3.9: Trend showing effect of fiber type and volume fraction of fibers on equivalent flexural
tensile strength, feq,2.

Figure 3.10: Trend showing effect of fiber type and volume fraction of fibers on equivalent
flexural tensile strength, feq,3.
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From Figures 3.9 and 3.10 it can be clearly seen that there is a considerable
increase in the equivalent flexural tensile strength with an increase in the volume
fraction of fibers. The percentage of increase is higher in case of short fibers than
in the long fibers. In case of short fibers, feq,2 increases by as much as 95% when
the volume fraction of fibers is increased from 0.5% to 1.0%. There is also an
increase in as much as 100% in feq2 when long fibers are used instead of the short
fibers with a volume fraction of 0.5%. When the volume fraction of fibers in case
of long fibers is increased from 0.5% to 1.0%, the increase in feq2 is only 10-14%.
It can be seen that feq,3 follows the same trend as observed for feq,2.

Figure 3.11 shows the ratio of feq,3 and feq,2 for the different mixtures and it can
seen that this ratio almost remains the same for different mixtures and this
explains the same trend observed in both the cases.

Figure 3.11: Plot showing the relationship between feq,2 and feq,3.
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Figure 3.12: Plot showing the relationship between fR,1 and fR,4.

Figures 3.11 and 3.12, show the relationship between the equivalent flexural
strengths feq,2 and feq,3 and between the residual flexural strengths fR,1 and fR,4. The
slope of the lines 0.894 and 0.887 represent the ratio of the stresses at a
CMOD/deflection of 0.5 mm/0.7 mm and 3.5 mm/2.70 mm. The high ratios of
0.894 and 0.887 shows that at a CMOD/deflection of 3.5 mm/ 2.70 mm the
concrete still retains almost 90 % of the observed capacity at a CMOD/deflection
of 0.5 mm/0.7 mm. These relationships show the extent to which the energy
absorption capacity of the concrete is retained as the deflection/CMOD increases.
It can be seen from these two figures that although the ratio of the strengths is
almost the same (0.894 and 0.887), the scatter in the fR,1 – fR,4 relationship is
higher compared to the scatter in feq,2 - feq,3 relationship. This indicates that the fR
parameters are more susceptible to local irregularities of F-δ curve, as also
observed by some other researchers (Barros et al, 2005). This could be due to the
fact that the equivalent strengths are calculated by dividing the area under the
load-deflection curve until a particular deflection with the deflection at that point,
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to obtain the equivalent force at that deflection. Therefore, in the calculation of
equivalent strengths, even if any irregularities exist at the start of the post peak
region, the effect is averaged out due to the inherent procedure involved in
calculating these quantities. But in case of the residual strengths, fR,i, the load at
individual CMOD’s are observed and then used to calculate the strengths, which
could be the reason for higher variability in the data.

RILEM TC 162-TDF (RILEM, 2002b) proposes analytical formulae, described in
Figure 3.10, to model the uniaxial behavior of SFRC. The stresses at various
points on the σ-ε shown in Figure 3.13 are expressed as a function of the residual
flexural strengths fR,1 and fR,4. As shown earlier the fR parameters are more
susceptible to local irregularities of the P-δ curve, so it is better to express the
stresses as a function of the equivalent flexural tensile strengths, feq,2 and feq,3,
which have a less scatter in the calculated values.

Figure 3.13: σ-ε diagram for SFRC, according to RILEM TC 162-TDF
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3.4.3 Residual Strength per ASTM C1609
ACI 318 - 08 specifies that steel fiber reinforced concrete shall be acceptable to
withstand shear loads in beam elements if conditions (a), (b) and (c) are satisfied:
a) The weight of deformed steel fibers per cubic yard of concrete is greater
than or equal to 100 lb (45 kg).
b) The residual strength obtained from flexural testing in accordance with
ASTM C1609 at a midspan deflection of 1/300 of the span length (f300) is
greater than or equal to 90 % of the measured first peak strength (f1)
obtained from a flexural test; and
c) The residual strength obtained from flexural testing in accordance with
ASTM C1609 at a midspan deflection of 1/150 of the span length (f150) is
greater than or equal to 75 % of the measured first peak strength (f1)
obtained from a flexural test.
As per the above conditions, only mixtures 80/60 – 1.0% and 65/35 – 1.0% can be
considered for shear design, see Table 4.1. The residual strengths f300 and f150 are
calculated, for the above mentioned mixtures, as explained earlier in Section 2.5.
In case of the specimens with the P-δ curves containing no first peak loads, the
first peak load is considered as the load at a deflection of 0.05 mm. Table 3.6
shows the first peak strength and the residual strengths.

51

Table 3.6: First-peak and residual strengths per ASTM C1609.

Specimen
1
2
3
4
5
1
2
3
4
5

fp

f 300

0.9*f p

P 150

f 150 0.75*f p

kN MPa kN MPa
17.0 2.44 19.58 2.81
17.8 2.55 18.70 2.68
16.9 2.43 14.41 2.07
17.1 2.45 23.34 3.35
17.5 2.51 18.60 2.67
14.5 2.09 22.34 3.21
15.4 2.21 19.58 2.81
13.9 1.99 23.99 3.44
13.6 1.95 21.13 3.03
14.3 2.06 17.58 2.52

MPa
2.19
2.29
2.19
2.21
2.26
1.88
1.99
1.79
1.75
1.85

kN
16.10
13.94
10.57
18.61
13.78
20.36
17.17
21.30
18.63
14.60

MPa
2.31
2.00
1.52
2.67
1.98
2.92
2.46
3.06
2.67
2.10

Pp

P 300

4

MPa
1.83
1.91
1.82
1.84
1.88
1.57
1.65
1.50
1.46
1.54

3

65/35-1.0%

65/35-1.0%

f 300

f 150
0.75f p

0.9f p

f 150

f 300

3

2

2

1

1
0

1

2

3

4

0

5

1

2

3

4

5

Specimen number

Specimen number
4

4

80/60 - 1.0%

80/60 - 1.0%

f 300
0.9f p

f 150
0.75f p

3

f 300

f 150

3

2

2

1

1
0

1

2

3

4

5

Specimen number

0

1

2
3
Specimen number

4

5

Figure 3.14: Residual strengths per ASTM C1609.

Figure 3.14 shows the residual strengths calculated per ASTM C1609 and also a
comparison of these residual strengths with the 90% and 75% of the first-peak
strength. Since the residual strengths f300 and f150 are greater than 90% and 75% of
the first-peak strength respectively, the concrete mixtures 80/60 – 1.0% and 65/35
– 1.0% are considered acceptable for shear resistance according to ACI 318-08.
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Chapter 4

4.1

Inverse Analysis

Introduction

Roelfstra and Wittmann (1986) were the first to propose inverse analysis to
determine the tension softening diagram for concrete. The algorithm developed
could only be used for bilinear-type softening diagrams and required the first
guess of the input parameters to be close to the iteration results. Stang and Olesen
(1998) developed the cracked hinge model, based on the work done by Ulfkjaer
(1995). Ostergaard (2003) developed an algorithm for inverse analysis based on
the cracked hinge model and incorporated it into a Matlab program. In this
program a step wise (multi-step) inverse analysis was performed to obtain the
complete σ-w curve. Although a step wise analysis was performed, the values
obtained in this program require an initial guess and optimization should be run
more than once to obtain at the exact result.

Sousa and Gettu (2006) suggested the use of weighing factors in the optimization
process in case of long range of crack widths (0 – 2.0 mm). Even in this case the
predicted tensile strength had a lot of variability and was not accurate. The
minimum range of CMOD to be recorded in the experiments and the effect of this
range on the obtained σ-w curve in the inverse analysis is still unclear from the
literature.

As part of this study, an algorithm was developed to obtain the softening curve of
FRC, bilinear σ-w curve, which can accurately depict the entire range of the used
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P-CMOD curve. A study was also done on the effect of the range of CMOD used
in the inverse analysis on the obtained σ-w curves.

4.2

Algorithm for Inverse Analysis

Using the analytical expressions and the cracked hinge model explained in
Section 2.5, a step wise inverse analysis algorithm was developed to obtain the σw curve given the P-CMOD curve for concrete. In this algorithm the normalized
hinge deformation, θ, introduced earlier in Eq. 2-16c, was incremented in small
intervals to calculate the load, P, and crack mouth opening displacement, CMOD
using Eqs. 2.29 and 2.30 respectively. The predicted and the experimentally
obtained P-CMOD curves can be compared by comparing the load, P at different
CMOD levels. If (Pexp, CMODexp) and (Ppre, CMODpre) denote the set of all points
defining the experimental and the predicted curves respectively, Pexp and Ppre can
be compared only at points where CMODexp = CMODpre. The accuracy of the
comparison of the experimental and the predicted P-CMOD curves increases with
an increase in the number of points where CMODexp = CMODpre. The 3PB tests
were conducted under displacement control and the test data was collected at
regular intervals of time. The observed test data was recorded at equal intervals of
deflection and therefore the load, P, need not necessarily be recorded at regular
intervals of CMOD. As explained earlier, the accuracy of the comparison of the
experimental and predicted P-CMOD curves depends on the number of points of
comparison. Therefore, to increase the number of comparison points, the
experimentally obtained load, Pexp was linearly interpolated on the Pexp-CMODexp
curve at regular intervals of 0.001 mm of CMODexp and the predicted loadCMOD curve, Ppre-CMODpre, was obtained such that CMODpre is equally spaced
at 0.001 mm. By linearly interpolating the Pexp–CMODexp curve, the comparison
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is a lot simpler since the load, P, can be compared at all points on the interpolated
Pexp – CMODexp and the Ppre – CMODpre curve. The equal spacing of CMOD also
helps in the optimization process, since in this process the error between the
predicted and the experimentally obtained curves is found by finding the
difference in the load, P, values at all the CMOD values and by changing the σ–w
curve parameters such that the error is minimized.

From Eqs. 2.17 – 2.20, it can be observed that:
1. In the elastic phase (Phase 0) the P –CMOD curve is completely governed
by the physical member properties of the specimen and the modulus of
elasticity, E of the concrete., see Figure 4.1 and Eq. 2.17
2. The transition from the elastic phase to the fictitious crack phase or Phase
I is governed by the modulus of elasticity E and the tensile strength of
concrete ft. The shape of the P-CMOD curve in the next phase of crack
propagation, Phase I and the first peak of the P-CMOD curve, as shown
later in Section 4.2.2, is governed by E, ft and the slope of the initial part
of the softening curve (σ-w curve), a1, see Figure 4.1 and Eq. 2.18
3. The transition between the Phase I and the Phase II of the crack
propagation and the shape of the P-CMOD in the Phase II of the crack
propagation is governed by the second portion of the softening curve (a2,
b2), see Figure 4.1 and Eq. 2.19
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Load, P [kN]

Elastic
phase or
Phase 0

Phase I

Phase II

0

ft

I

II

CMOD [mm]

Figure 4.1: Typical load-CMOD curve showing the phases of crack propagation and the
corresponding stress distribution.

From the above observations it can be noted that different material properties
govern different portions of the P-CMOD curve. So as the CMOD increases, the
P-CMOD curve is first governed exclusively by modulus of elasticity E, then by
the properties ft and a1. As the CMOD further increases, the shape of the curve is
then dictated by the properties a2 and b2. Therefore, if a similar procedure is
followed by calculating for these properties exclusively in the region of their
influence then these properties can be determined accurately.

Therefore, the proposed optimization algorithm:
1. Calculates modulus of elasticity, E, by performing the optimization only
in the elastic portion of the P-CMOD curve.
2. Since the initial portion of the curve is governed by E, which is already
known, the tensile strength of concrete ft and a1 are calculated by
performing the optimization in the CMOD interval of 0 – 0.05 mm.
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3. The parameters a2 and b2 are then obtained by performing the
optimization process on the whole P-CMOD curve since the Phase 0 and
Phase I portions of the curve are already established by calculating E, ft
and a1.

Figure 4.2: Flowchart of the proposed optimization algorithm.
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4.2.1 Calculation of the Elastic Modulus
The modulus of elasticity for concrete is found by considering the linear portion
of P-CMOD curve. For plain concrete, ACI 446 suggests to consider the load
range of 15% to 55% of the peak load. In concrete mixtures with high volume
fraction of fibers, deflection hardening is observed and the upper bound of 55% of
peak load might fall in the non-linear range of P-CMOD curve and therefore, the
load range suggested by ACI 446 cannot be used. To avoid this problem this study
suggests that the user should choose an appropriate linear range of P-CMOD
curve, by observation, for the determination of elastic modulus. As explained in
the algorithm, the modulus of elasticity is calculated by performing a least squares
curve fitting on the analytically calculated P-CMOD curve in the linear range. In
this particular case a range of 2 – 6 kN was found to be in the linear region. Figure
4.3 shows the analytically calculated and the experimentally recorded P-CMOD
curves for a randomly chosen specimen. Figure 4.3 shows a close match between
the analytical curve and the experimental data. Plots showing a comparison of the
experimental and the analytical P-CMOD curves in the linear range for all the
specimens are presented in Appendix B.
10
9
8

Load, P [kN]

7
6
5
4
3
2

Experimental

1
0
0.000

Predicted

0.002

0.004

0.006

0.008

CMOD [mm]

Figure 4.3: Comparison of experimental and analytical P-CMOD curves for elastic modulus.

58

In the developed algorithm, both the load, P, and the CMOD are linearly
dependant on the tensile strength ft in the elastic phase (Phase 0), as shown in Eqs
2.29 and 2.30 and so, the slope of the P-CMOD curve is independent of ft.
Therefore, the determination of modulus of elasticity, E, although requires an
initial guess of the tensile strength ft, does not depend on the initial estimate of the
tensile strength, ft. This avoids the need to run multiple optimizations to find the
modulus of elasticity, E.

4.2.2 Calculation of Tensile Strength (ft) and a1
The terms ft and a1 are calculated considering only the part which is most
influenced by these terms. Eqs 2.18 and 2.19 show that a1 contributes to the PCMOD only during Phase I and (a2, b2) govern Phase II and III. ft and a1 also
affect the point of transition from Phase I to Phase II, as shown in Eq. 2.21b.

Figures 4.4 – 4.6 show the plots of normalized moment, µ vs. normalized
curvature, θ. These plots are shown for a θ value of 0 – 10. θ, from Eq. 2.15, is the
normalized curvature of the concrete section and has a value of 1 when the
concrete section starts to crack. Therefore, a θ value of 10 would imply that the
concrete section is experiencing 10 times the curvature at the point of crack
initiation and by which point the crack propagation would already be in Phase II.
Normalized moment, µ, is defined in Eq. 2.16a and has a value of 1 when the
crack propagation starts and is equal to normalized curvature, θ, in the elastic
phase, see Eq. 2.17b. From Eq. 2.29, for a fixed value of E, ft and a1, CMOD is
directly proportional to θ and vice versa. Therefore, an increase in θ can be
interchangeably represented as an increase in CMOD and the following
conclusions are true for an increase in θ or CMOD. The following plots are drawn
by varying E, ft and a1 respectively. Some of the observations from these plots are:
59

•

µ(θ) increases with CMOD till a certain peak value is reached and then
starts to decrease and this decrease in µ(θ) continues as the CMOD further
increases.

•

The curve remains convex for the entire range of θ.
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Figure 4.4: Variation of normalized moment, µ, as a function of normalized curvature, θ, for
different E.
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Figure 4.5: Variation of normalized moment, µ, as a function of normalized curvature, θ, for
different ft
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Figure 4.6: Variation of normalized moment, µ, as a function of normalized curvature, θ, for
different a1

In contrast to these plots, the P-CMOD curves, shown in Fig 4.7, exhibit concave
behavior after reaching the first peak. After the first peak, depending on the
volume and the type of fibers, the P-CMOD curve either continues to decrease or
increases to form another peak. In either of the above situations the curve changes
its initial convex nature after the initial peak. Therefore it can be guessed that the
P-CMOD curve enters Phase II after the first peak.

Figure 4.7: Typical experimental P – CMOD curves.
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Figure 4.8: Plot showing the initial portion of the P-CMOD curves for some of tested specimens.

Figure 4.8 shows the P–CMOD curves for different fiber geometries and fiber
volumes. It is clear that the first peak occurs at a CMOD ≤ 0.05 mm except in
curves where the load, P, continues to increase with out any initial drop, which
occurs in concrete with high fiber concentrations. From preliminary optimization
runs it was observed that Phase I ends around a CMOD of 0.05 mm and this
observation is also later confirmed after obtaining the final σ-w curves. If the
optimization is performed on the whole range of CMOD, say 0 – 5 mm, then the
number of data points that lie outside the actual range of interest is far higher than
the number of data points in the Phase I region. Assuming a CMOD spacing of
0.001mm, there would be a mere 50 points lying in a CMOD range of 0 – 0.05
mm compared to the 4950 points lying in the CMOD range 0.05 – 5.0 mm range
which lie outside Phase I. This results in spurious results for the parameters ft and
a1.

Sousa and Gettu (2006) used a weighting factor, to give more importance to a
particular range of CMOD when compared to others, in the optimization process.
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It was also concluded by Sousa and Gettu (2006) that, when a higher weight is
used for the initial part (near the first peak) of the P – CMOD curve a better fit of
the peak load is obtained while equal weighting of all the regimes leads to a better
fit of the latter regimes.

To calculate ft and a1, the current study proposes an optimization interval of 0 –
0.05 mm. By restricting the optimization interval to 0 – 0.05 mm, the existing
algorithm is having the same effect as giving a higher weighting factor to initial
part of the P – CMOD curve as done by Sousa and Gettu (2006).

Therefore in the existing algorithm ft and a1 are obtained by performing the
optimization process in the interval 0 – 0.05 mm and the algorithm reads as:
2

min ∑ (Pexp − Ppre )
0.05

( f t , a1 )

subject to

Eq. 4.1

0

β1 < 1.

In the current step, the optimization is performed in a CMOD interval of [0, 0.05
mm], but since Phase I lies around the region of first peak a higher weight should
be given to these values of load. Therefore, the objective function shown in Eq.
4.1, which gives more weight to higher values of P is chosen for the optimization.

The proposed optimization procedure includes the step wise algorithm
(Ostergaard, 2003) and also the merits of weighting (Sousa and Gettu, 2006), by
performing the optimization for the σ – w curve parameters in their corresponding
phases. Due to this advantage the proposed algorithm obtains a good fit of the
curve for the whole range of CMOD. Figures 4.9 to 4.12 show the plots of the
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experimental and the predicted P-CMOD curves near the peak load region. The
thick lines represent the experimental data and thin lines represent the P-CMOD
predicted using the proposed algorithm.
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Figure 4.9: Plot showing experimental and predicted P – CMOD curve for 65/35 – 0.5% for a
CMOD range of [0, 0.05 mm].
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Figure 4.10: Plot showing experimental and predicted P-CMOD curve for 65/35 – 1.0% for a
CMOD range of [0, 0.05 mm]..
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Figure 4.11: Plot showing experimental and predicted P-CMOD for 80/60 – 0.5% for a CMOD
range of [0, 0.05 mm].
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Figure 4.12: Plot showing experimental and predicted P-CMOD for 80/60 – 1.0% for a CMOD
range of [0, 0.05 mm].

From the above discussion and also from the observed close fit in the
experimental and analytically obtained curves it can be concluded that to calculate
ft and a1 the optimization process should be restricted to a CMOD interval of 0 –
0.05 mm.
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4.2.3 Calculation of a2 and b2
In Steps 1 and 2 the modulus of elasticity E, tensile strength ft and a1 are
calculated. Step 3 involves calculation of a2 and b2 which characterizes the post
peak portion of the curve. As already explained in Section 4.2, (a2, b2) govern the
Phase II and Phase III part of the P-CMOD curve. But from preliminary
optimization runs it was observed that value of θI-II, the normalized moment at
which the P-CMOD curve changes from Phase II to Phase III is always greater
than 1000. Since θ = 1 at the initiation of cracking, a value of θ = 1000 would
imply that the specimen should experience 1000 times the curvature that
experienced at the point of crack initiation, which need not be considered for
practical purposes. Therefore, for all practical purposes, the crack propagation can
be assumed to remain in Phase II. To calculate a2 and b2 the assumed σ-w curve
can be optimized over the whole P-CMOD curve obtained experimentally. The
optimization can be run on the whole curve, instead of running it on the interval
which excludes the 0 - 0.05 range. This can be done since E, ft and a1 are already
known and therefore the linear phase (Phase 0) and Phase I are already fixed and
are not influenced by the assumed or the calculated values of a2 and b2.

As in case of Step 2 an end level of CMOD has to be defined to specify the
optimization interval. The end level for optimization interval can be taken as the
maximum CMOD recorded experimentally. It has also been a point of interest of
many researchers to identify an end level of CMOD until which the experiment
has to be conducted and the P-CMOD data collected so that the σ – w curve can
be obtained without any loss of accuracy. It can be seen from any P-CMOD plot
that the curve remains approximately a straight line at higher CMODs (> 2 mm).
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Therefore, to predict the straight portion of the P-CMOD curve it would be
enough to predict the exact slope of the end portion of the curve. To observe the
effect of the end level of optimization interval on the predicted

σ–w curve, the

optimization was run over a range of CMOD intervals for all the different types of
concrete mixtures and the variation in a2 and b2 studied.
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Figure 4.13: Effect of end level of CMOD on a2 and b2.
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Fig. 4.13 shows the effect of fitting interval on the calculated material properties
for the concrete mixtures used in this study. It can be seen that the calculated
material properties change rapidly with a change in the optimization interval until
the optimization interval is changed to 5 mm and then the material properties
remain almost constant. The effect of fitting interval is more seen in case of
higher fiber percentages. In these cases as the σ-w curve enters the second phase,
the P-CMOD curve first suddenly drops, then increases and finally starts
decreasing or in some cases as seen in case of 80/60 – 1.0% the P-CMOD curve
continues to increase as it enters the second phase in the σ-w curve and then starts
finally decreasing after reaching a peak load. The initial drop and then increase in
the load (in some cases) and the subsequent decrease in the load after reaching the
peak occurs in the CMOD range of 0.05 – 5 mm. Therefore if the optimization is
run with the peak CMOD in this range then the error function is minimized only
in this local region and the obtained material properties depict the local behavior
but fail to depict the overall behavior of the material. It can also be explained by
saying that when the end level of CMOD is less than 5 mm, the parameters are
obtained by finding the local minima and not the global minima of the error
function.

It can also be observed in Figure 4.13 that as the end level of CMOD changes the
variation in a2 is higher compared to the variation in b2. Parameter b2, which
determines the tensile stress at the beginning of the second phase, remains almost
unaffected as the end level of the CMOD changes. Parameter a2, which defines
the slope of Phase 2 of σ – w curve, varies with the end level of CMOD and
remains constant after an end level CMOD of 5 mm.
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As in case of plain concrete and also as done by Sousa and Gettu (2006), if the
CMOD is recorded only until 2 mm, from Figure. 4.13, the slope of Phase 2 of the
σ – w curve changes considerably.

Therefore, the range over which the optimization is run affects the material
properties calculated and therefore it is proposed that the P-CMOD data should be
experimentally captured at least until a CMOD of 5 mm. In the current
optimization algorithm, the value of b2, for the concrete mixture 80/60-1.0% is
close to 1.0 and in some cases was higher than 1, when a least squares fitting was
performed. A value of b2 would imply that the material has strength higher than
the tensile strength of the concrete. In the case of 80/60-1.0%, it could also be
seen from the P-CMOD curves, the concrete mixture exhibits deflection
hardening behavior and therefore there is no initial drop in the load. The initial
descending branch of the σ-w curve would therefore be negligible and the curve
would directly go into the second branch. Therefore, the value of b2 would be
really close to 1, but always less than 1. If a least square curve fitting is performed
without any constraint on the value of b2, the result would be a mathematically
true, but not physically true. Therefore a constrained optimization is performed to
obtain the values of a2 and b2 with a constraint of b2 ≤ 1.

Therefore in the existing algorithm a2 and b2 are obtained by performing the
optimization process in the interval 0 – 5 mm and the algorithm reads as:
2

min ∑ (Pexp − Ppre )
0.05

( a2 ,b2 )

subject to

Eq. 4.2

0

b2 ≤ 1.
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Table 4.1: Parameters defining σ-w curve.

Concrete
Type
65/35 - 0.5%
Average
65/35 - 1.0%
Average
80/60 - 0.5%
Average
80/60 - 1.0%
Average

E
GPa
23.95
22.43
19.18
21.85
28.36
28.47
24.69
27.17
24.43
27.14
23.06
24.88
24.29
25.78
23.6
24.56

ft
MPa
3.41
3.15
2.54
3.03
3.74
3.76
3.31
3.6
3.76
3.9
3.23
3.63
2.61
2.63
2.6
2.61

a1

a2

b2

29.69
21.31
16.06
22.35
16.87
16.3
22.96
18.71
26.65
27.77
17.79
24.07
6.51
8.12
6.55
7.06

0.064
0.068
0.076
0.07
0.141
0.102
0.098
0.11
0.047
0.058
0.053
0.05
0.102
0.126
0.105
0.11

0.4
0.39
0.46
0.42
0.69
0.61
0.51
0.6
0.44
0.6
0.58
0.54
0.98
1
0.92
0.97

w1
mm
0.0201
0.0286
0.0337
0.03
0.0183
0.024
0.0216
0.02
0.0209
0.0144
0.0237
0.02
0.0037
0
0.0122
0.01
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Figure 4.14: σ–w curves for concrete mixtures with 0.5% volume fraction of fibers.
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Figure 4.15: σ–w curves for concrete mixtures with 1.0% volume fraction of fibers.

4

Stress, σ [N/mm2]

2

Stress, σ [N/mm ]

4

3

2

1

3

2

1

65/35-0.5%

65/35-1.0%

0

0
0

0.04

0.08

0.12

0.16

0.2

0

0.04

Crack width, w [mm]

0.12

0.16

0.2

4

Stress, σ [N/mm2]

3

Stress, σ [N/mm2]

0.08

Crack width, w [mm]

2

3

2

1

80/60-1.0%
1

80/60-0.5%
0

0

0.04

0.08

0.12

Crack width, w [mm]

0.16

0.2

0

0.04

0.08

0.12

Crack width, w [mm]

0.16

0.2

Figure 4.16: Plots showing the σ-w curves for a crack width range, w, of [0, 0.02 mm].

Table 4.1 gives the parameters defining the σ–w curves for all the types of
concrete tested. This data can be compared to the σ-w curves currently presented
in the literature for similar type of concrete mixtures, but is not done as part of the
current study. It can be observed that the parameter a2 which is the slope of the
Phase 2 part of the σ–w curve is of the same order for both the 65/35 and 80/60
type of fibers at equal volume fractions. Figures 4.14 and 4.15 show the tensile
strength normalized σ–w curves for both the 65/35 and 80/60 fiber concretes at
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volume fractions of 0.5% and 1.0% respectively. It is clear that the Phase 2 curve
of both 65/35 and 80/60 fiber concretes at equal volume fractions are parallel to
each other. The slope of the Phase 2 curve is the parameter a2 and therefore it
concurs with the earlier observation about a2 for different types of concrete.

From Table 4.1, the maximum value of w1, which represents the end level of the
crack width opening, is 0.0337 mm with an average value of 0.018 mm which is
less than 1/100 of the final crack width opening calculated. Therefore, when the
P-CMOD or the σ-w curve is considered over a long range of CMOD/w, then the
σ-w curve can be simplified to a drop-linear curve as proposed by Olesen (2001)
and Sousa and Gettu (2006). This simplification would have a big impact on the
shape of the P-CMOD curve near the first peak, but can be neglected when the
user is interested in the post-peak behavior of the material. This is useful for
modeling purposes since fewer variables need to be input to model the softening
curve of concrete.

Table 4.2: Comparison of experimental and predicted material properties.

Concrete
Type

65/35 - 0.5%
Average

65/35 - 1.0%
Average

80/60 - 0.5%
Average

80/60 - 1.0%
Average

Predicted Experimental
E
E
ft
ft
GPa MPa GPa MPa
24 3.4
20
3
22 3.2
21
3.2
19 2.5
22
3
21
3.1
28 3.7
30
3.7
28 3.8
30
3.7
25 3.3
27 3.6
30
3.7
24 3.8
24
2.4
27 3.9
24
3.2
23 3.2
2.8
25 3.6
24
2.8
24 2.6
18
5.1
26 2.6
19
4
24 2.6
25 2.6
19
4.6
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Table 4.2 shows the experimentally obtained and analytically predicted modulus
of elasticity, E, and tensile strength, ft. The average values of the material
properties for each concrete mixture are also listed in Table 4.2. It can be seen
from this table that, the experimentally obtained and the analytically predicted
values are closely matching for the concrete mixtures 65/35-0.5% and 65/35-1.0%
but vary significantly in case of the concrete mixtures 80/60-0.5% and 80/601.0%. The diameter of the concrete cylinders used to experimentally obtain the
elastic modulus, E, and tensile strength, ft, is 4 in ( = 101.2 mm) which is less than
even twice the length of the long fibers (2 x 60 mm = 120 mm). A possible reason
for the significant difference in the experimental and the predicted results for the
80/60-0.5% and 80/60-1.0% concrete mixtures could be that the specimens used
are smaller than the specimens required to avoid the wall effects of the fibers.

Figures 4.17 – 4.20 show the experimentally obtained and analytically predicted
P-CMOD curves and also the average P-CMOD curve for a CMOD range of [0,
6.0 mm]. The average P-CMOD curves are obtained by predicting the P-CMOD
curve using the average σ-w curve parameters shown in Table 4.1.
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Figure 4.17: Plot showing experimental, predicted and average P-CMOD curves for 65/35-0.5% in
a CMOD range of [0, 6.0 mm]
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Figure 4.18: Plot showing experimental, predicted and average P-CMOD curves for 65/35-1.0% in
a CMOD range of [0, 6.0 mm]
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Figure 4.19: Plot showing experimental, predicted and average P-CMOD curves for 80/60-0.5% in
a CMOD range of [0, 6.0 mm].
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Figure 4.20: Plot showing experimental, predicted and average P-CMOD curves for 80/60-1.0% in
a CMOD range of [0, 6.0 mm].

Figures 4.17 – 4.20 show a close correlation between the experimental data and
the calculated P-CMOD curves. The calculated P-CMOD curves vary slightly
from the experimental data in the region immediately after the first peak. This
could be due to the assumption that the σ – w curve is a bilinear curve and not a
trilinear curve, as assumed by some other researchers (Sousa and Gettu, 2006).
However, the overall correlation between the calculated and the experimental data
shows that this simplification can be used without compromising the accuracy of
the overall behavior.
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Chapter 5

Conclusions

The present work focuses on obtaining the fracture properties, σ-w curve, of
fiber reinforced concrete, from experimentally obtained P-CMOD curves. An
experimental program was carried out to obtain the P-CMOD curves of
various types of concrete and a Matlab algorithm was developed to accurately
calculate the σ-w curves using inverse analysis procedures. The following
conclusions are drawn as part of the present work:
1. There is a high scatter in the residual strengths, fR,i, data compared to the
equivalent strength data, feq,i, which is due to the inherent definition of
these terms and the calculation procedure. Therefore, in the analytical
formulae proposed by RILEM TC 162-TDF (RILEM, 2001) to model the
uniaxial σ-ε behavior of SFRC, the stresses at different strain levels should
be expressed as a function of the equivalent strengths rather than the
residual strengths. This would lead to a more accurate prediction of the σ-ε
behavior .
2. To accurately predict the σ-w curve, the optimization algorithm used to
calculate the σ-w curve of concrete should be implemented in three
different phases or steps. In the first step (Phase 0), calculate the Modulus
of elasticity, E, and tensile strength, ft, and the slope of the initial phase of
the softening curve, a1, in the second step (Phase I) and the slope of the
second phase of the softening curve, a2, and the initial ordinate, b2, in the
last and third step (Phase II). This three step process leads to an accurate
prediction of all the parameters defining the σ-w curve.
3. To calculate the tensile strength, ft and a1 in the second step, the CMOD
interval should be restricted to 0 – 0.05 mm. Performing the optimization
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process on the whole observed CMOD interval would lead to spurious
results, since the first phase of the softening curve lies in the interval of 0 –
0.05 mm.
4. RILEM TC 162-TDF (RILEM, 2002a) does not propose any end level of
the CMOD for the Bending test of the fiber reinforced concrete specimens.
To obtain a σ – w curve which can truly depict the complete P – CMOD
curve, as proven in this study, the P – CMOD used for the inverse analysis
should be captured at least until a CMOD of 5 mm or L/100 is reached.
This helps in predicting the correct slope of the second phase of the
softening curve, a2. The calculated value of a2 varies significantly with the
end level of CMOD in the P-CMOD curve until 5 mm.
5. The proposed algorithm does not accurately predict the σ-w curve
immediately after the first peak load. However, the modulus of elasticity,
E, tensile strength, ft, are accurately predicted and a good correlation of the
experimentally obtained and the analytically predicted load-CMOD curve
is observed for a long range of CMOD. This limitation in the prediction of
the P-CMOD curve immediately after the first peak could be due to the
simplification of the stress-crack opening curve to a bilinear curve as
opposed to the more realistic trilinear curve. If the user is interested only
in the post peak behavior of the concrete and for a long range of CMOD
values, the σ-w curve can be modeled using a drop linear curve instead of
using a bilinear curve. This makes the modeling of the σ-w curve simpler
by using fewer variables.
6. An interesting observation from the obtained σ – w curves is that for
concrete mixtures with same volume fraction of fibers, the slopes of the
second phase of the softening curve are equal. It would be beneficial to
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find the correlation between the slope of the second phase of the softening
curve, a2 and the volume fraction and aspect ratio of fibers. If a2 can be
expressed as a function of the properties of the fibers used, then
considering the conclusion that the softening curve can be completely
modeled using a drop linear curve using the second phase of the curve, it
would be possible to model the softening curve of the concrete
analytically. This would avoid the need to perform bending tests on the
concrete specimens to capture the P-CMOD curves and perform an inverse
analysis to obtain the softening curves. Therefore, further research could
be done to find the dependency of the parameter a2 on the volume fraction
and aspect ratio of the fibers used.
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Appendix A – Experimental Data
Load – Deflection Curves.
16
14

Load, P [kN]

12
10
8
6
4
2
65/35-0.5% Experimental
0
0

1

2

3

4

5

6

Deflection [mm]
Figure A.1: Plot showing the P-δ curves for 65/35-0.5%.
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Figure A.2: Plot showing the P-δ curves for 65/35-1.0%.
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Figure A.3: Plot showing the P-δ curves for 80/60-0.5%.
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Figure A.4: Plot showing the P-δ curves for 80/60-1.0%

86

Load – CMOD Curves.
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Figure A.5: Plot showing the P-CMOD curves for 65/35-0.5%.
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Figure A.6: Plot showing the P-CMOD curves for 65/35-1.0%.
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Figure A.7: Plot showing the P-CMOD curves for 80/60-0.5%.
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Figure A.8: Plot showing the P-CMOD curves for 80/60-1.0%.
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CMOD - Deflection curves:
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Figure A.9: Plot showing CMOD-δ curves for 65/35-0.5%
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Figure A.10: Plot showing CMOD-δ curves for 65/35-1.0%
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Figure A.11: Plot showing CMOD-δ curves for 80/60-0.5%
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Figure A.12: Plot showing the CMOD-δ curves for 80/60-1.0%
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Appendix B – Proposed Matlab Algorithm
Matlab Code for Three Point Bending Test Inverse Analysis.

The following subfunctions are listed:
modulus.m

=

Object Function, Phase 0

getmodulus.m =

Estimation of Elastic Modulus, Phase 0

objtensile.m =

Object Function, Phase I

contensile.m =

Constraints Function, Phase I

gettensile.m

=

Estimation of ft and a1, Phase I

objtail.m

=

Object Function, Phase II

contail.m

=

Constraints Function, Phase II

gettail.m

=

Estimation of a2 and b2, Phase II

91

modulus.m

function P_anal=modulus(mod,A)
L=500; % Span of the Beam
t=152.4; %Thickness (c/s) of the beam
H=152.4; %Total Height of the beam
a0=25.4; %Notch depth of the beam
h=H-a0; %Unnothced depth or the Ligament depth of the beam
s=h/2; %Hinge width
d=5;

%Depth of the clipon gage mounts

x=a0/H;
v1=0.76-(2.28*x)+(3.87*x^2)-(2.04*x^3)+(0.66/(1-x)^2); %correction for CMOD
refer Tada(1985)
v2=(5.58-19.57*x+36.82*x^2-34.94*x^3+12.77*x^4)*((x/(1-x))^2);% correction
for Deflection in notched beams refer Tada(1985)
ft=10; %Tensile Strength obtained from Split Cylinder test
for i=1:1000
theta(i)=(1/999)*(i-1);
alpha(i)=0;
mu(i)=theta(i);
M(i)=mu(i)*ft*h*h*t/6;
P(i)=(2*ft*h*h*t*mu(i))/(3*L*1000);
time(i)=i;
w(i)=0;
CMODe(i)=6*P(i)*1000*L*a0*v1/(mod*t*H^2);
deltae(i)=P(i)*1000*(L/H)^2*(L/H+6*v2)/(4*mod*t);
CMOD(i)=CMODe(i);
delta(i)=deltae(i);
end
mov_end=1000;
A_avg=moving_average(A(1:mov_end,3),2);
A_new(1,:)=[A_avg;A(mov_end+1:end,3)];
A_new(2,:)=A(:,7);
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Pmax=max(A(:,7));
P_lb=min(find(A(:,7)>2));
P_ub=min(find(A(:,7)>6));
CMOD_int=(A_new(1,P_lb):0.001:A_new(1,P_ub))';
k=fix(((A_new(1,P_ub)-A_new(1,P_lb))/0.001));
CMOD_anal=CMOD_int;
P_anal=zeros(k+1,1);
P_anal(:,1)=interp1q(CMOD',P',CMOD_anal(1:end));
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getmodulus.m

clear
A=xlsread('11_23_l_1%.xls','Signal(raw)');
ft=10;
mov_end=200;
A_avg=moving_average(A(1:mov_end,3),2);
A_new(1,:)=[A_avg;A(mov_end+1:end,3)];
A_new(2,:)=A(:,7);
Pmax=max(A(:,7));
P_lb=min(find(A(:,7)>2));
P_ub=min(find(A(:,7)>6));
CMOD_int=(A_new(1,P_lb):0.001:A_new(1,P_ub))';
k=fix(((A_new(1,P_ub)-A_new(1,P_lb))/0.001));
P_int=zeros(k+1,1);
P_int(:,1)=interp1q((A_new(1,:))',(A_new(2,:))',CMOD_int(1:end));
%P_int(:,1)=P_int1(:,1)-P_int1(1,1);
mod0=25000;
[mod,resnorm]=lsqcurvefit(@modulus,mod0,A,P_int)
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objtensile.m

function obj_tensile = objtensile(tens)
L=500; % Span of the Beam
t=152.4; %Thickness (c/s) of the beam
H=152.4; %Total Height of the beam
a0=25.4; %Notch depth of the beam
h=H-a0; %Unnothced depth or the Ligament depth of the beam
s=h/2; %Hinge width
d=5;

%Depth of the clipon gage mounts

x=a0/H;
v1=0.76-(2.28*x)+(3.87*x^2)-(2.04*x^3)+(0.66/(1-x)^2); %correction for CMOD
refer Tada(1985)
v2=(5.58-19.57*x+36.82*x^2-34.94*x^3+12.77*x^4)*((x/(1-x))^2);% correction
for Deflection in notched beams refer Tada(1985) %Tensile Strength obtained
from Split Cylinder test
E=20392; %Modulus of Elasticity obtained using compliance methods
a1=tens(1);ft=tens(2);
b1=1;
beta1=(ft*a1*s)/E;
zeta1=(ft*b1*s)/E;
theta01=1;
for i=1:2500
if ((i>=1) && (i<=100))
theta(i)=(1/99)*(i-1);
alpha(i)=0;
mu(i)=theta(i);
M(i)=mu(i)*ft*h*h*t/6;
P(i)=(2*ft*h*h*t*mu(i))/(3*L*1000);
time(i)=i;
w(i)=0;
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CMODe(i)=6*P(i)*1000*L*a0*v1/(E*t*H^2);
deltae(i)=P(i)*1000*(L/H)^2*(L/H+6*v2)/(4*E*t);
CMOD(i)=CMODe(i);
delta(i)=deltae(i);
elseif ((i>100) && (i<=2500))
theta(i)=1+((10-1)/2400)*(i-101);
alpha(i)=1-beta1-sqrt((1-beta1)*((1/theta(i))-beta1));
mu(i)=(4*(1-(3*alpha(i))+(3*alpha(i)^2)-((alpha(i)^3)/(1-…
….beta1)))*theta(i))+((6*alpha(i))-3);
w(i)= (s*ft/E)*((1-b1+(2*alpha(i)*theta(i)))/(1-beta1));
M(i)=mu(i)*ft*h*h*t/6;
P(i)=(2*ft*h*h*t*mu(i))/(3*L*1000);
time(i)=i;
delta(i)=(theta(i)+(((L/(3*s))*((h/H)^3)+(2*(h/s)*((H/h)^2)*v2)-..
…..1)*mu(i)))*(L*s*ft/(2*h*E));
CMODe(i)=6*P(i)*1000*L*a0*v1/(E*t*H^2);
CMODg(i)=2*(a0+d)*s*ft*(theta(i)-1)/(h*E);
CMODcod(i)=w(i);
CMOD(i)=CMODe(i)+CMODg(i)+CMODcod(i);
end
end
A=xlsread('12_05_l_1%.xls','Signal(raw)');
mov_end=1000;
A_avg=moving_average(A(1:mov_end,3),2);
A_new(1,:)=[A_avg;A(mov_end+1:end,3)];
A_new(2,:)=A(:,7);
A_newmax=max(A_new(1,:));
CMOD_exp1=(0:0.001:A_newmax)';
k=fix(A_newmax/0.001);
P_exp1=zeros(k+1,1);
P_exp1(:,1)=interp1q((A_new(1,:))',(A_new(2,:))',CMOD_exp1(1:end));
P1_exp=zeros(k+1,1);
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P1_exp(1:k,1)=P_exp1(2:end,1);
P2_exp=floor(P_exp1-P1_exp);
P1_exp_maxindex=min(find(P2_exp==0));
CMOD_localmax=0.05;
k2=fix(CMOD_localmax/0.001);
CMOD_exp=(0:0.001:CMOD_localmax)';
P_exp=zeros(k2+1,1);
P_exp(:,1)=interp1q((A_new(1,:))',(A_new(2,:))',CMOD_exp(1:end));
CMOD_anal=(0:0.001:CMOD_localmax)';
k1=fix(CMOD_localmax/0.001);
P_anal=zeros(k1+1,1);
P_anal(:,1)=interp1q(CMOD',P',CMOD_anal(1:end));
P_error=P_exp-P_anal;
obj_tensile=norm(P_error);
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contensile.m

function [c,ceq]=contensile(tens)
%Non linear inequality constraints
c=[(tens(1)*tens(2)*63.5/20848)-1]; % 20848 is the Elastic Modulus for a
%particular specimen. Replace it with the Elastic Modulus found in Phase 0
%Non linear equality constraints
ceq=[];
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gettensile.m

clear
A=xlsread('12_05_l_1%.xls','Signal(raw)');
tens0=[10,3]; %starting guess
lb=[0.1,2.0];
ub=[];

%Set lower bounds

%No upper bounds

options=optimset('MaxFunEvals',1000);
tens=fmincon(@objtensile,tens0,[],[],[],[],lb,ub,@contensile,options)
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objtail.m

function obj_tail = objtail(tail)
L=500; % Span of the Beam
t=152.4; %Thickness (c/s) of the beam
H=152.4; %Total Height of the beam
a0=25.4; %Notch depth of the beam
h=H-a0; %Unnothced depth or the Ligament depth of the beam
s=h/2; %Hinge width
d=5;

%Depth of the clipon gage mounts

x=a0/H;
v1=0.76-(2.28*x)+(3.87*x^2)-(2.04*x^3)+(0.66/(1-x)^2); %correction for CMOD
refer Tada(1985)
v2=(5.58-19.57*x+36.82*x^2-34.94*x^3+12.77*x^4)*((x/(1-x))^2);% correction
for Deflection in notched beams refer Tada(1985)
ft=2.6473; %Tensile Strength obtained from Split Cylinder test
E=20429; %Modulus of Elasticity obtained using compliance methods
a1=7.3923;a2=tail(1);b2=tail(2);
b1=1;
beta1=(ft*a1*s)/E;
beta2=(ft*a2*s)/E;
zeta1=(ft*b1*s)/E;
zeta2=(ft*b2*s)/E;
c=(1-b2)*(1-beta1)/(beta2-beta1);
theta01=1;
theta12=(round((0.5*(1-c+sqrt(((1-c)^2)+(c^2/(beta1-1)))))*10))/10;
theta23=round(0.5*((b2/beta2)+sqrt((((1-b2)^2)/(beta1-beta2))+(b2/beta2)^2)));
for i=1:1600
if ((i>=1) && (i<=100))
theta(i)=(1/99)*(i-1);
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alpha(i)=0;
mu(i)=theta(i);
M(i)=mu(i)*ft*h*h*t/6;
P(i)=(2*ft*h*h*t*mu(i))/(3*L*1000);
time(i)=i;
w(i)=0;
CMODe(i)=6*P(i)*1000*L*a0*v1/(E*t*H^2);
deltae(i)=P(i)*1000*(L/H)^2*(L/H+6*v2)/(4*E*t);
CMOD(i)=CMODe(i);
delta(i)=deltae(i);
elseif ((i>100) && (i<=600))
theta(i)=1+((theta12-1)/600)*(i-101);
alpha(i)=1-beta1-sqrt((1-beta1)*((1/theta(i))-beta1));
mu(i)=(4*(1-(3*alpha(i))+(3*alpha(i)^2)-((alpha(i)^3)/(1beta1)))*theta(i))+((6*alpha(i))-3);
w(i)= (s*ft/E)*((1-b1+(2*alpha(i)*theta(i)))/(1-beta1));
M(i)=mu(i)*ft*h*h*t/6;
P(i)=(2*ft*h*h*t*mu(i))/(3*L*1000);
time(i)=i;
delta(i)=(theta(i)+(((L/(3*s))*((h/H)^3)+(2*(h/s)*((H/h)^2)*v2)1)*mu(i)))*(L*s*ft/(2*h*E));
CMODe(i)=6*P(i)*1000*L*a0*v1/(E*t*H^2);
CMODg(i)=2*(a0+d)*s*ft*(theta(i)-1)/(h*E);
CMODcod(i)=w(i);
CMOD(i)=CMODe(i)+CMODg(i)+CMODcod(i);
elseif ((i>600) && (i<=1600))
theta(i)=((theta23-theta12)/(1600-600))*(i-600)+theta12;
alpha(i)=1-beta2-((1-b2)/(2*theta(i)))-sqrt((1-beta2)*((((1b2)^2)/(4*(theta(i)^2)*(beta1-beta2)))-beta2+(b2/theta(i))));
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mu(i)=(4*(1-(3*alpha(i))+(3*(alpha(i)^2))-((alpha(i)^3)/(1beta2)))*theta(i))+((6*alpha(i))-3)-(((1-b2)*((3*(alpha(i)^2))((c/(2*theta(i)))^2)))/(1-beta2));
w(i)= (s*ft/E)*((1-b2+(2*alpha(i)*theta(i)))/(1-beta2));
M(i)=mu(i)*ft*h*h*t/6;
P(i)=(2*ft*h*h*t*mu(i))/(3*L*1000);
time(i)=i;
delta(i)=(theta(i)+(((L/(3*s))*((h/H)^3)+(2*(h/s)*((H/h)^2)*v2)1)*mu(i)))*(L*s*ft/(2*h*E));
CMODe(i)=6*P(i)*1000*L*a0*v1/(E*t*H^2);
CMODg(i)=2*(a0+d)*s*ft*(theta(i)-1)/(h*E);
CMODcod(i)=w(i);
CMOD(i)=CMODe(i)+CMODg(i)+CMODcod(i);
% elseif i>1600
%
%

theta(i)=;

%

alpha(i)=1-((1+sqrt((((1-b2)^2)/(beta1-

beta2))+((b2^2)/beta2)))/(2*theta(i)));
%

mu(i)=(4*(1-(3*alpha(i))+(3*(alpha(i)^2))-

(alpha(i)^3))*theta(i))+((6*alpha(i))-3)-(3*(alpha(i)^2))+(((1-(b2/beta2))*(1(b2/beta2)+c)*(1+(beta1*c/(1-beta1))))/(4*(theta(i)^2)))+((c/(2*theta(i)))^2);
% w(i)= (s*ft/E)*(1+(2*alpha(i)*theta(i)));
% M(i)=mu(i)*ft*h*h*t/6;
%time(i)=i;
%delta(i)=(theta(i)+(((L/(3*s))-1)*mu(i)))*(L*s*ft/(2*h*E));
end
end
A=xlsread('12_05_l_1%.xls','Signal(raw)');
mov_end=200;
A_avg=moving_average(A(1:mov_end,3),2);
A_new(1,:)=[A_avg;A(mov_end+1:end,3)];
A_new(2,:)=A(:,7);
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A_newmax=max(A_new(1,:));
CMOD_exp=(0:0.001:A_newmax)';
k=fix(A_newmax/0.001);
P_exp=zeros(k+1,1);
P_exp(:,1)=interp1q((A_new(1,:))',(A_new(2,:))',CMOD_exp(1:end));
CMOD_anal=(0:0.001:A_newmax)';
P_anal=zeros(k+1,1);
P_anal(:,1)=interp1q(CMOD',P',CMOD_anal(1:end));
P_error=(P_exp-P_anal)^2;
obj_tail=norm(P_error);
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contail.m

function [t,teq]=contail(tail)
%Non linear inequality constraints
ft=2.6473;
a1=7.3923;
E=20429;
s=63.5;
a2=tail(1);
b2=tail(2);
beta1=ft*a1*s/E;
beta2=ft*a2*s/E;
c=(1-b2)*(1-beta1)/(beta2-beta1);
t=1+c-sqrt((1-c)^2+c^2/(beta1-1));
%Non linear equality constraints
teq=[];
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gettail.m

A=xlsread('12_12_l_0.5%_2.xls','Signal(raw)');
tail0=[0.05,0.5]; %starting guess
lb=[0,0];

%Set lower bounds

ub=[];

%No upper bounds

options=optimset('MaxFunEvals',1000);
tail=fmincon(@objtail,tail0,[],[],[],[],lb,ub,@contail,options)
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