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Abstract

Patrice Philippon and Yuri V. Nesterenko have proven results for measur-
ing the algebraic independence of certain numbers, which they achieved by using
properties of resultants of Chow forms. In this thesis we generalize the two results,
and use the research on Chow forms in positive characteristic undertaken by John

Zuehlke to extend the work to that setting.
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Chapter 1

Introduction

In 1949, A.O. Gelfond proved that for algebraic numbers o and 8 with a # 0,
log a # 0, and (8 a cubic irrational over Q, o and of ? are algebraically independent.
Soon after Gelfond and his student N.I. Feldman found a measure of algebraic
independence for these numbers. They showed that for all e > 0, there exists
a constant t = ¢(e) > 0 such that for all polynomials P € Z[X, X9] satisfying
deg(P) + h(P) > t (where h(P) is the logarithm of the maximum of the absolute

values of the coefficients of P) we have
2
log |P(a”,0"")| > — exp((deg(P) + h(P))1T°). (1.1)

This is considered the initial application of elimination theory to transcendence
theory. These results have been refined over the years by A.A. Smelev, G.V. Chud-
novsky, Michel Waldschmidt, W. Dale Brownawell, and Guy Diaz.

More recently, Yuri V. Nesterenko and Patrice Philippon have independently
developed more general (and more flexible) tools to find measures of algebraic inde-
pendence. Both men’s results take the numbers as coordinates of a given point and
then work with families of polynomials with bounds on their degrees, logarithmic
heights, and values when evaluated at that given point. The procedure to obtain

these families is sometimes called the “Transcendence Machine” in the literature.



Once this family of auxiliary polynomials is in hand, the two procedures assume
that certain technical constraints are satisfied and construct polynomials in new
variables known as Chow forms (see Chapter 2) to obtain a lower bound on the
evaluation of an algebraic cycle at the given point.

There are some significant differences between the two men’s work. Nesterenko
originally began this line of research in the realm of function fields, looking at orders
of zeros at a point when substituting a solution of a system of linear differential equa-
tions. Philippon started with number fields instead of function fields, though both
men have since worked in both settings. Nesterenko uses the standard valuations
exclusively in the calculation of his heights; Philippon sometimes substitutes Mahler
measures which require more delicate usage. Nesterenko uses hyperplanes defined
by linear forms, whereas Philippon uses the more general hypersurfaces defined by
more general forms. To account for this generality, Philippon uses a multidimen-
sional degree in his results, whereas Nesterenko does not. Nesterenko explicitly
introduces the concept of a resultant (see Section 2.3), whereas in Philippon it is
“hidden” as a specialization of a map obtained by substituting the coefficients of
the auxiliary polynomials in for the coefficients of the hypersurfaces.

Philippon’s student El Mostafa Jabbouri constructed a measure of algebraic
independence based on his adviser’s that slightly improves the technical hypothesis
and that assumes the auxiliary polynomials are without any common zero in a closed
ball around the given point. Jabbouri requires his degrees and heights to have a
fixed constant upper bound, whereas Nesterenko allows the bound to be in terms of

a chosen parameter. Brownawell and Rémond have further developed these tools.
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These results have been used to prove a variety of algebraic independence measures,

involving notably

e periods and quasi-periods of elliptic functions by Jabbouri in [5]

e values of Ramanujan functions by Nesterenko in [7], and

e improvements of the Gelfond-Feldman inequality in Equation (1.1) by Nesterenko

in [6] and by Diaz in [4].

The purpose of this thesis is to provide generalizations of the Jabbouri-
Philippon and Nesterenko results in the number field case, and create analogues
of their results in a form suitable for function field applications. In particular with
the results of John Zuehlke in [9], the results in this thesis can be used for t-modules,
the higher dimensional generalizations of Drinfeld modules. We present two appli-

cations in the number field setting and indicate further possibilities.



Chapter 2

Chow forms and auxiliary results

In this chapter we present the main tool used in our results: the Chow form
(also known as the Cayley-Chow form, the eliminant form, and the associated form).
For a more detailed look at Chow forms, [2] summarizes the Nesterenko point of

view. We provide an even more abbreviated introduction below.

2.1 Introduction

Let R be a unique factorization domain with fraction field K, and let V' be an
irreducible variety in P"*(K) of dimension d corresponding to a homogeneous prime
ideal B in K[z, ..., zn]. Define u; = (ujp,...,uj,) to be an (n + 1)-tuple of new

variables for j = 0,...,d. Denote by H; the hyperplane

Hj: ujporg + -+ ujpen =0.

Then the hyperplanes Hy, ..., H;_q intersect V' in deg ‘P points in P"(K); call them
o = (ot -+t apy) for k=1,...,degB. These points are considered “generic

zeros” of P, and their coordinates are algebraic over Ry, ..., ug_1].
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It can be shown (see [3]) that we can choose a € Ry, ..., u _1] so that the
polynomial
deg B
F(ug,...,uq) =a H (pougo +++ + pptgy)
k=1

has coefficients in R, but no (non-unit) factors in R. We call this a Chow form
of B. Any other choice of a Chow form of P will be a non-zero scalar multiple of
this one. Note that F'(ug,...,uy) = 0 if and only if H; passes through a point of
VNHyN---NHg_q,ie. that the H; intersect in at least one point of V.

Let Z be an unmixed cycle. That is,

r
Z=) ¢
1=1
is a formal linear combination of distinct prime ideals PB1,..., B of K[zq,...,xn]
with assigned multiplicities eq,...,er, respectively. Then the Chow form of Z is
defined to be
T
F=Fz=]]F“ (2.1)
=1

where F; is a Chow form of the corresponding prime ideal ;. Each F; can be

written as
degB;

Fi=a; [ (ako,itdo+ -+ Qi tdm)-
k=1
For everything that follows in this thesis, let M be a set, and let an absolute
value | - | be given on the field K for each v € M. Moreover, assume that the set of

these absolute values is such that for each a € K™, there exists only a finite number

of elements v € M with |ay # 1, and [[,c ¢ |alv = 1. In addition, assume that
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the subset Mnso C M consisting of all elements v € M for which the corresponding
absolute value | - | is archimedean and finite. Let v denote the number of elements
in the set Mo. Unless otherwise indicated, we will assume we have chosen w € M
and we let || = |- [. We will also let IC be the completion of the algebraic closure
of the completion of K with respect to |-|. Let | P| be the maximum of the absolute

values of the coefficients of the polynomial P.

2.2 Heights and absolute values

Let Z again be an unmixed cycle, and let F' be its Chow form. We define
the degree of Z to be degu0 F =>"e;deg,;.

For any nonzero polynomial P, we define the (logarithmic) height of P,

h(P):= Y log|Ply.
veM

Then we let the height of Z be defined as the height of F'. (Note that in [8],
Philippon allows a Mahler measure to replace the maximum of the coefficients for
his height in certain situations.)

For each non-zero point w = (wq, ..., wn) € K we set w| = maxp<j<p [wjl.

Throughout this thesis we will use the notation

\1 (_W)|
P = 2.2
H H_w ‘p| | ,|degP ( )

for a homogeneous polynomial P € K[z, ..., zn].
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Let S(i), 0 < ¢ < d be generic n X n skew-symmetric matrices so

352 + s/(j]) = 0 but no other algebraic relations exist among the entries. Then
we define the absolute value of a Chow form at w to be

oy, o V5@
W - |F| ‘g|(d+1)degF

Here we consider F'(S (O)Q, oS (d)g) to be the polynomial in the variables 35.2,
j < k, obtained as a result of the substitution of the vector S ()% for the variable

Uy

2.3 Resultants

The foundations for the resultant go back to Zariski. We will be using
Nesterenko’s formation of the resultant of a Chow form and a polynomial.
If we have a Chow form as in Equation (2.1) and take Q € R[zq, - ,zn] an

ordinary form, we can define the resultant of a Chow form F' and @ to be

T deg PB; €
d
Res(F,Q) == ] | a 8@ IT Qekos s apmi)
i=1 k=1

This resultant is a product of the resultants of () with each F;. Note that the
resultant is zero if and only if () € UB; since () is being evaluated at the generic zeros
of the PB;. When dim F' = 0, then Res(F, Q) € K is zero exactly when () vanishes at
one of the zeros of some ‘B;. In particular, Nesterenko showed the important fact

that if Res(F, Q) # 0 and the dimension of F' is greater than 0, then this resultant is
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itself a Chow form. Moreover, Nesterenko has shown that Res(F, Q) has dimension
one lower than F.

We can describe the degree, height, and absolute value of a resultant in terms
of the ideal and polynomial used to construct it. Nesterenko proved the following
inequalities in the number field case in [7]; John Zuehlke has shown the function

field version in [9].

PROPOSITION 2.1. Let R[X]| be a ring of polynomials in the variables xg, ..., xn
over R. Let B be a homogeneous prime ideal of R[X]|, dim*P > 0, with associated
Chow form F, and let QQ be a homogeneous polynomial from R[X]| with Q & ‘B.
Assume, in addition, that | -| = |- |w, w € M, is an absolute value on K.

If r =14 dim*B, then
1. degRes(F,Q) = deg F' deg @,

2. h(Res(F,Q)) < h(F) degQ + h(Q) deg F + vn(r + 1) deg F' deg @,

3. for any point w € and for p = min ||w— B||, where the minimum is taken

over all nontrivial zeros 3 of F in IC”+1, the following inequality holds:

log |[Res(F,Q)|w < logd + h(F) deg@ + h(Q) deg F + 11vn? deg F deg Q,

where
1Qlw, if p < |Qllw

[Flw, if p 2 [|Qllw-



Here we are using the notation

e — o =( max |soiwj—sojwi) e

0<i<j<n

for the projective distance between two mnon-zero points ¢ = (¢q,...,%n),
¥ = (10, ---,%n), both in K71, Note that in the function field setting, v = 0
so the terms which are factors of (deg F'deg @) are absent in inequalities 2 and 3.
This proposition also holds even when dim F' = 0; then |Res(F, Q)|w = 1.

In some applications we will apply the following alternate version of Propo-

sition 2.1:

COROLLARY 2.2. Under the same conditions as Proposition 2.1, assume that F and

Q satisfy

|Flw <exp(=S), 5>0, ||Q|lw < exp(—2nvdegQ).

If the integer n > 0 satisfies the inequality

1
nlog||Qlly > 2min{s, g 1 } (2.3)

then
1. degRes(F, Q) < ndeg F deg (@,
2. h(Res(F,Q)) <n(h(Q) deg F + h(F') deg Q + vn(r + 2) deg F' deg Q),

3. log |Res(F,Q)|w < =S +1n (h(F) deg Q + h(Q) deg F + 12vn? deg F' deg Q) )
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Just as in the previous proposition, the terms which are factors of (deg F'deg Q) are
not present in inequalities 2 and 3 in the function field case, and the corollary still

holds when dim F' = 0.

2.4 Additional inequalities

We will need the following results to proceed with our two main theorems.
All of the following except Proposition 2.4 were proven by Nesterenko in the number
field case in [7], and by John Zuehlke in the function field setting in [9]. Proposition
2.4 was proven for archimedean absolute values by Nesterenko in [6] and is proven

for non-archimedean situations in the appendix.

PROPOSITION 2.3. Let 3 C K[X] be a homogeneous unmized ideal, F its associated
Chow form, r =1+ dim3J > 1, and let | - | be an absolute value. For each mnonzero

point w € ICn+1, there exists a zero (3 € gt of F such that
1 1 3
deg I log ||w — S| < . log |F|w + ;h(F) + (v + 3)n” deg F.

If the absolute value |- | = |- |w, w € M, is non-archimedean, then the factor v + 3
on the right-hand side of this inequality can be replaced by v. (In the function field

setting, v = 0 so the final term disappears entirely.)

PROPOSITION 2.4. Suppose that w € K1 \ {0}, Z is an unmized cycle with as-
sociated Chow form F, @ is a homogeneous polynomial with @Q not in any of the

component prime ideals of Z. Suppose further that there exists p such that 0 < p <1
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and for all B a zero of Z,
o= BI > Q)] ~ 4%,
Then Res(F, Q) satisfies the inequality:
log |(Res(F, Q) (w)| < plog | Fw)| + deg Q h(F) + deg F h(Q) + 8n” deg F deg Q.

If | - | is non-archimedean, then the factor 8n? deg F' deg Q) can be omitted.

PROPOSITION 2.5. Assume F = H;.n:l F;% as in Equation 2.1, and let w € IC”+1,

w #0. Then

.
1. e;deg Fy =deg F,
=1

/s
2. Zeih(Fi) < h(F)+ vn? deg F,
1=1

r
3. Y eilog|Fily < log|Fly +n’ deg F.
1=1
If Moo = 0, then the equality holds in (2). If |-| is a non-archimedean absolute value,
then the equality also holds in (3); moreover, the term n’ deg F' on the right-hand

side must be omitted.

PROPOSITION 2.6. If V' is a homogeneous polynomial of the ring K[X] and w, & are

nonzero points, and moreover if V(£) = 0, then the following inequality holds:

WVl < [lw — €l exp((2n + 1) deg V).
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If the absolute value | -| is non-archimedean, then the factor exp((2n+1)deg V') can

be omitted.
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Chapter 3

Lower bounds based on Jabbouri-Philippon

In this chapter we will prove the first of our two results. This theorem
generalizes the Jabbouri-Philippon measure for algebraic independence in number

fields and creates a new analogue in function fields.

3.1 Hypotheses

Let w € K™ \ {0} for a field K. Suppose that Z is an unmixed cycle of
dimension d > 0. Let C' and ¢ be constants greater than 1 not depending on w or
Z. Let cg > 3¢y and let c3 be any constant greater than or equal to 11(v + 3)m3.

Let DQ e N, hQ > 1,

No =

D
3 Q
c1(3C)4+1 ((d+ NdegZ hQ)J and
Ny = EDQ‘Z (DQh(Z) + (d + 1)hg deg zﬂ .

Assume that for every N in the interval [Ny, N1] there exists a finite family of

polynomials Q; € K[X71, ..., Xm] such that
o max; [Qw)| < exp(—ca(3C) TN
e deg Qj < Dqg

e 1(Qj) < hg
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e The Q; lack a common zero in B(w, exp(—cl(BC)d+2N)).

3.2 Lower bound

THEOREM 1. Under the above conditions,
1 d+1 d
0g|Z|y > —c3(3C) DQ (DQ h(Z)+ (d—l—l)hQ deg Z).

3.3 Proof of result

We define F); to be the Chow form of Z, and then define Fj inductively by
letting F; = Res(F;41, Qj) for a sequence of @;’s defined later.

The proof involves linking a sequence of assertions .4;, one for each codimen-
sion d — ¢, 4 = 0,...,d. Assertion Aj.1 is equivalent to the negation of Theorem
1, and the major part of the proof consists of establishing that A; = A;_; for
it=d,d—1,...,1.

Assertion A;:
1. log | Filw < —c3(3C)" 1Dy’ (DQ h(F;) + (i + 1)h¢) deg FZ)
2. deg F; < (deg Z)D" ™"
3. h(EFy) < h(Z) D" + (d — i)hg(deg Z) Do~}

We will prove the induction step for all three parts. Examining the base case,

we will see that Ag.1 fails as we interpret |Fp|y to be 1 and deg Fyy to be 0.
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3.3.1 Inductive step for A;.1

Denote by p; the minimum projective distance from w to a zero of Fj.
Consider the interval [Ng, Nj]. Choose M; maximal in this interval such that
d+2
pi < exp(—c1(3C)T2M).

First, we show that M; actually lies in this interval; that is, IV satisfies
d+2
pi < exp(—c1(3C)EN).

By Proposition 2.3, we have

_ log |Fj| + h(Fy) + (v +3)(i + 1)m® deg F;

log 0
08 p; deg F;(i+1) ’

where the factor v + 3 can be replaced by v in a non-archimedean case.
So it is sufficient to show that

log |F;| + h(F}) + (v + 3)(i + 1)m3 deg F

d+2
< —cq1(3C N,

which is equivalent to

log |F;| + h(Fy) + (v + 3)(i + 1)m® deg F

Np <
0 13C)H2(i 1 1)(deg Fy)



By our definition of N, we have:

Np < |[—33 ( Pq h >J
0= oy @t Ddegz 7@

j 1—d+i
CgDQz DQ .
‘ ; +h for 0 <i<d
¢1(3C)d-i+2 ((z+ Ddegz Q| ==

IN

Dl Doh(F;
3l ' QM Z_) +hq | since h(F}) > 1
1 (30)d—l+2 (’L + 1)DQd_Z degZ

c3Dg’ Doh(F;) o
1 (3C)d— 2 \ (i+1)degF; "€

IN

_ a3(30)' D (Dh(F;) + (i + 1)hq deg ;) by A;.2, justified shortly
c1(3C)4H2(i 4+ 1) deg F; o

c3(30) T Do (DQh(F;) + (i + 1)hg deg F;)
¢1(3C)4H2(i + 1) deg F;

IN

—h(F;) — (v+3)(i + 1)m> deg F}
¢1(3C)H2(i + 1) deg F;

by our bounds on cg

_ (lolFjl + h(E) + (v +3)(i + 1)m?> deg F}
- c1(3C)4H2(i + 1) deg F; '

So Ny < M;, as desired.

Case 1: M; < N7p. Then by the maximality of M;, we have

exp(—e1 (3C)TTH(M; + 1)) < p; < exp(—e1 (30) T2 0).

16



17
Then we choose le. and let F;_1 := Res(Fj, le.). Then from the bounds on le.

we have:

1
This yields |Q;, (w)| < |p]2C .

Applying Proposition 2.4, we get

1 2
5c log |Filw + deg F; hg + h(F;) Dg + 8m” deg F; D

€
2C

IN

log |F; 1w

IN

(—03(3C)i+1DQi(DQ h(EF}) + (i + 1)hg deg Fi))
+deg Fy hey + h(F;) Do +8m* deg F; D¢y

<

N W

(—63(3C)iDQi(DQ h(EF;) + (i + 1)hg deg F,.))
+deg Fy hey + h(F;) Doy +8m* deg F; D
< —¢3(30)' Dg" (D h(F;) + (i + 1)hg deg F;)

(—¢3(3C)' Do’ (Dg h(F;) + (i + 1)hg deg F;))

DO | —

_l’_
+deg Fy hey + h(F;) Do +8m* deg F; D¢y

< —03(30)iDQi(DQ h(F;) + (i + 1)hg deg F;) by our bounds on c3
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Note that from Proposition 2.1(1), we know that
deg F; 1 < degF; DQ or equivalently, ihQ deg F; 1 < ihQ deg FiDQ
and, similarly, from Proposition 2.1(2) we have
h(F;_q) < DQh(Fi) + h¢ deg Fj, or DQh(Fi,l) < DQ(DQh(Fi) + h deg F;).

Applying this to our above inequality for log |F;_1|w, we get

log |Fi_1|w < —¢3(3C)' D" (Dh(F;) + (i + 1)hgy deg Fy)
< —e3(30)' D' (D h(F;) + D (i + 1)hg deg F)
< —3(30)' D' (D h(F;) + Dghg deg F; + iDghg deg F)

< —e3(30)' D" (Doh(F;_1) + ihg deg Fy_y),
which proves A;(1) in this case.
Case 2: M; = Nj. Here, we can find a jS such that

Fi—l = Res(Fi, le) 75 0.

Otherwise, we would have that all of the Qj in our family have the zeroes of Fj in
common. But F; has zeroes within p; of w, whereas the ); do not have such zeros

in common by definition.



Examining ’Qh (w)], we find

d+1
l0g|Qj, (w)] < —e2(3C)" TNy

< —02(3C)d+12—;’DQd (DQh(Z) + (d + 1)hgy deg z)

X (DQh(Z)DQd_i + (d + 1)hgy deg ZDQCH) for1<i<d
< _62(3C)d+10_3(30)zedDQi

€2

T4 (- i)deg 2D )

X (DQ (h(Z)DQ
+ (i + 1)h deg ZDQCH)

< —eo(30)0F 12—2(30)“%5’ (DQh(Fi) + (i + Vg deg FZ)
as we will show in 3.3.3

= —¢3(30)" T D" (D h(E}) + (i + 1) deg Fy).

19
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Now

log |F;_1]w < max{log |F}|w,|Qj, (W)} + h(F;)Dg) + hqy deg F;
+ 11vm? deg F; D)
< ~330) 7' D" (D h(Fy) + (i + Dhgy deg Fy)

+ h(F}) Dg + hg deg F; + 1lum® deg F; Dy

IA

—03(3C)iDQi(DQ h(F;) + (i + 1)hgy deg F;) by our bounds on c3.

In either case, we have constructed an F;_1, and we proceed to prove the

remainder of the inductive hypothesis.

3.3.2 Inductive step for A;.2

We start at ¢ = d. By Proposition 2.1(1) we get

deg Fd—l < deg Fd DQ

= degZDQ.
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Now assume deg F; < deg Z D%_i. Then as above, we get

deg Fi 1 < deg E; DQ
d—i
S (deg Z DQ ) DQ

< degZ DQd_(i_l).

3.3.3 Inductive step for A4;.3

We again start at ¢ = d. By Proposition 2.1(2), we have

h(Fd—l) S h(Fd)DQ + hQ deg Fd

= h(Z)DQ + hQ deg Z.

Now assume h(F;) < h(Z)DQdii + (d —i)hg degZDQdﬂ;l. Then by

Proposition 2.1,
h(F;_q1) < h(FZ')DQ + hQ deg Fj
g (d —i)hq) deg ZDQd_i_1> Dg +hgdegZ DQd_i

d—(i— —(i—1)—
0 (i-1) (i—1)-1

+(d — (i — 1))hgy deg D"

3.3.4 Base case

This completes the inductive step in the proof of our assertion. Now consider

Ag.1. Here, Fj is the product of the polynomials Qj evaluated at the generic zeroes
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of the ideal underlying Fj. In other words, Fpy is simply a constant, which by
definition has degree 0. Thus F{y must satisfy Ay.2 and Ag.3. However, if we try to
apply Ag.1, we get

log [Fplw < —¢3(3C)Dg h(Fp).

But by definition,

log | Folw = log [Fo($Ww, ..., SDw)| — (d + 1) deg Fy(log |w])

= h(Ep).

This means h(Fy) < —c3(3C)Dg h(Fp), which is false as h(Fp), C, c3, and D) are
all greater than zero. Thus our inductive hypothesis cannot hold for any value of

i=0,...,d. So we must have
_ A+l d
log |Fylw = log |Z|w > —c3(3C)" "D " (Dgh(2) + (d + 1)hg deg Z),

as desired.
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Chapter 4

Lower bounds based on Nesterenko

4.1 Hypotheses

Let w € K™ \ {0} for a field K. Let a and b be two rational numbers with
a > 1. Let cq, g, c3, and ¢4 be positive real constants with cg > c4. Let d € Z>,

d# a,and s € Q. Deﬁnead:ﬁandﬂd;: ;Tbccll'

Assume that there exists an integer N(j such that for all integers N > N

there is a (finite) family of polynomials Fpr = {Q} such that
e deg@Q <N
o 1(Q) < caN(log N)”

o —3N%log N)? < log|Q(w)| < —c4N%(log N)?

4.2 Lower bound

THEOREM 2. Under the above conditions, there exists a constant g > 0 depending
on c3, ¢4, and Nq such that for any unmized cycle Z of dimension d, the following
inequality holds:

log |Z|u > —udDad(log D)ﬁd,
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where D is an arbitrarily large number satisfying

D > (max{1,exp(bd/a)}) (h(Z) + deg Z(log(h(Z) + deg Z))”) .

4.3 Proof of result

We shall prove the theorem by descending induction in d, extending the proof
given by Nesterenko in [7] in the archimedean case where 0 < d <3,a =4, b= -3,
and s = 1. Let d be the least number for which the assertion of Theorem 2 is no
longer true. Since d is the dimension of a cycle, d > 0.

Note that we will use the notation //,. to indicate an inequality where we are
assuming the constant s is sufficiently large.

4.3.1 Existence of unbounded D

Let c5 be an arbitrarily large constant. We claim that the set of numbers D

for which there exists a Chow form F' of dimension d,

(max{1,exp(bd/a)}) (h(F) + deg F (log(h(F) + deg F'))?) < D, (4.1)

log |F |y < —2c5D%(log D)%, (4.2)

is unbounded. Assume not. Define

@(F) := (max{1,exp(bd/a)}) (M(F) + deg F (log(h(F) + deg F))?) .
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Then there must exist a positive constant C such that
log |l > —C (F)"d (log p(F))"d (4.3)

would hold for all Chow forms F' with dimension d. Let G be such a Chow form of
dimension d. Write G' = []'_, F;“i as in Equation 2.1.

Then by Proposition 2.5(1) and (2),

t t
eip(Fy) =) e; (max{1, exp(bd/a)}) (A(F;) + deg F; (log(h(F;) + deg F;))")
i=1 i=1

< 71¢(QG) for some constant ;.

Now consider the function f(z) = 2 (log x)6 for some constants A and §. By

examining its derivative, we see that it monotonically increases when

> max{1, exp (%) 1. (4.4)

Letting A = o, 6 = [, we note that ¢(F;) is greater than or equal to the

quantity on the right hand side of Equation (4.4), so we get

t
S eip(F) (log o(F3)) M < (v10(G))% (log (10(G))) .
=1



26

Now Proposition 2.5(3) gives us

t
log|Gly > Y ¢;log |Filw — vm” deg G
i=1

t
> -C Z e;0(F;) " (log cp(Fi))ﬂd — vm? deg G by Equation (4.3)
1=1

> =C ((116(G)) " (10g (119(G))) ™)
=: 79 (¢(G))™d (log (@(G)))ﬁd for some constant 9.
But this contradicts our assumption that d is the smallest number not satis-

fying the assertion of Theorem 2. Thus we can choose an arbitrarily large D and a

Chow form F' that satisfies conditions (4.1) and (4.2).
4.3.2 Choice of and bounds on N
Choose N such that

1
2c3N%(log N)b = min{2c5 D" (log D)ﬂd, log —}. (4.5)
p

Proposition 2.3 tells us that N increases to infinity as D does.
From Equation (4.4), we know that the function f(z) = 2%(log m)b increases

for x sufficiently large. Choose 73 such that

1
v3log D > — (log 3 5 +aglogD + (6 —b) loglogD) ,
a €573
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and notice that

a ag Bq—b
f <C5 ) D (logD) & | =—2-D%(log D)’

€3 ’YSb €373

1 c « B,—0b b
X <—log 2 ;T —dlogD + loglogD>
a €373 a a

Y

—5 D%(log D)’4™" (73108 D)’
€373

= 5 p%d(log D).
3

Thus

b

1
a oy Bg—b
F(N) = Nog N)* < Bp%(logD)d < f | -2 | D (logD) @
€3 €373

Since we can choose D large enough so that N > max{1, exp (—2)}, we get

1

cs a _ag Bg—b

N < 2 D a (logD) a . /D (4.6)
€373

Now the above also gives us

a b a

1 —b
logN§—10g< % )—i-%logD—i—ﬂd loglog D
€373 a

< ~3log D (4.7)
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4.3.3 Induction step

We wish to apply Corollary 2.2 to Res(F, Q). First, we claim that @ is not
contained in the ideal associated with the Chow form F. For if it were, then by

Proposition 2.6 and Definition 2.2,

log |Q(w)| <logp + h(Q) + Nlog |w| + exp ((2m + 1) deg Q)
< —2c3N%(log N)b + N(log N)® + Nlog |w| + exp ((2m + 1) deg Q)
< —e3N(0gN)',

which contradicts the lower bound on |Q(®)|.

Next, set n =1+ [4c3/cy]. Since

—nlog ||Q||z > —nlog |Q(@)|
> ney N (log N)
> 4e3N%(log N)®
= 2min{2c5 D% (log D) 4, log %}

from (4.5), we get the inequality needed to apply Corollary 2.2 (with

S = 2¢c5D%(log D)ﬁd). Note that by our construction of D, h(F) < D and
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deg F < 2D(log D)™ ®. Thus through Corollary 2.2, we see that

deg Res(F, Q) < ndeg F'deg Q

<2D(log D) °ciN

—s 5 \¢ % Bg—b
<2D(log D) "¢y ;| D¢ (logD) a by (4.6)
€373
agta Bg—b—sa
—uD @ (logD) @ (4.8)

h(Res(F,Q)) < n(h(F)degQ + h(Q) deg F' 4+ vm(d + 3) deg F deg Q)

< D¢y N + coN(log N)® 2D(log D)™ °

log N
log D

—S
< DN <cl+202< ) >+Vm(d+3)dengegQ

< DN (c1 + 233~ + wm(d + 3) deg F deg @ by (4.7)

s c5 agta Pa=b
(01—1—20273 ) ;| D7 (logD) @
€373

IN

+vm(d + 3) deg F deg Q by (4.6)

ogqta ﬂd—b

=t75D @ (logD) @ 5 //p (4.9)
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and

log [Res(F, Q)|w < =S + 1 (h(F) deg @ + h(Q) deg F')

< —2c5 DY (log D)ﬁd

ad+a ﬁd—b

+7v5D @ (logD) @ by (4.9)

< —csD™(log D). /], (4.10)

Put together, equations 4.8 and 4.9 mean that



¢(Res(F, Q) = (max{1, exp(bd/a)}) (h(Res(F,Q))

+ deg Res(F, Q)(log(h(Res(F, Q)) + deg Res(F, Q)))S)

ogqta ﬂd—b

< (max{1, exp(bd/a)}) (751? @ (logD)

agta Bg—b—sa
+ (D a (logD) a

agta Bg—b agta Bg—b—sa

x log (%D @ (logD) @ +yD o (logD) @

ogqta ﬂd—b

< (max{1,exp(bd/a)}) (7517 @ (logD) a

agta Bg—b—sa
+ (D o (logD) a

Bg—0b
a

X (logfyg,—l—ad—’—alogD—i— loglog D + log v4
a

b s
+Mlogmulogbgp) )
a a

ogqta ﬂd—b

< (max{1, exp(bd/a)}) (75D a (logD) @

agta Bg—b—sa S
+yD ¢ (logD) @ (2 SRy D> /D
a

adJra ﬁdfb

=:96D @ (logD) @,

))
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which leads to

—b
s g+ g B

So now

loglog D

agta

((Res(F. )11 (log p(Res(F, Q)1 < i1y p )1

x (log D) <(ﬁd“_b> O‘dl> +64-1

::78[)( a

ad+a>a

d—1

Examining the coefficient of D, we see that

ag+a B
< a >ad—1—

x (log D) <(ﬂdab> ad—l) +ﬁd_1.
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Doing the same for the coefficient of log D:

—bd _

Bg—0b | a—d a —b(d—1)
< o) a1t Pa1= a a—d+1) T a—d+1
[ —bd—ba+bd 1 L bd
o a—d a—d+1 a—d-+1
—ba —abd + bd% + ba — bd

@—da—d+D)  (a—da—d+1)

—bd

Thus

(¢(Res(F, @)))*~1 (log p(Res(F, Q)))"d~1 < 13 D% (log D).

By our assumption on d, the inequality

log [Res(F, Q)lw > —pg_1¢0(Res(F, Q)41 (log p(Res(F, Q))) -1

> —pig_173 D% (log D) d
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must hold for Res(F, Q). But if we choose c5 > p14_178, this contradicts Equation

(4.10). This contradiction completes the proof of Theorem 2.
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Chapter 5

Applications

In this chapter we present two applications of our results and suggest areas

for future research.

5.1 Application of first result to Gelfond-Feldman situation

We apply our result from Chapter 3 to the Gelfond-Feldman measure, Equa-
tion (1.1), extending Diaz’s result to the non-archimedean number field case.

Let K be a number field, a € K\ {0, 1}, and (3 be algebraic over K of degree
3. Fix an unmixed cycle Z of dimension 1 and let F' be its chow form.

We use the same auxiliary polynomials as in [4]. Thus we obtain a family
of polynomials P(x,y) for every N in the interval [Ny, N1] with each polynomial
being sufficiently small at the point w = (aﬂ , o 2), lacking a common zero in a ball

B 52
around (o, " ), and satisfying
deg P <N, h(P)<N (logN)*.

We choose N such that logN < ~pdegF h(F), and s such that

(log N)® < v9h(F)/deg F. This puts us where we need to be to apply Theorem 1,
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obtaining

log [F (o, )| > —e3(3C)2 D (D h(F) + 2hy deg F)
> —c3(3C)2N (NA(F) + 2N (log N)* deg F)
> —c3(3C)” exp (71 deg F h(F)) <exp (71 deg F h(F)) h(F)
+2exp (71 deg F h(F) (y9h(F)/ deg F) deg F) )

> —c373(3C) h(F) exp (271 deg F h(F)).

This produces a much sharper lower bound than in Equation (1.1), and it is

comparable to Diaz’s result.

5.2 Application of second result to Nesterenko situation

Let op.(n) = djn d*. Consider the Ramanujan functions

P(z)=1-24 Z o1(n)2",
n=1

Q(z) =1+ 240 Z o3(n)z",

n=1

R(z) =1-504 ) o5(n)z".
n=1

Let g € C, 0 < |g| < 1, and let wi,w9,w3 € C be such that ¢, P(q), Q(¢), and R(q)

are all algebraic over Q(wy,w,ws). Then there exists a constant
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71 = 71(¢q, w1, w9, ws) such that for any non-zero polynomial A € Z[zy,x9, x3],

4 9
|A(wy,ws,w3)| > exp (—’YlD (log D) ) ,

where

D > max{h(A) + deg A x log(deg A + h(A)),e}.

In other words, we have the Chow form of an unmixed ideal (of dimension 2) gen-

erated by the polynomials A and T', where T is a minimal polynomial vanishing at

the point (g, P(q),Q(q), R(q)).

This implies, for example, that {m, e, T'(1/4)} are algebraically independent

when ¢ = e 27,

To apply the second result, let d =3, a =4, b = —3, and s = 1. Nesterenko

constructs a family of polynomials {A} such that
degA <N

h(A) < 2yN log N

4 -3 4 -3
exp (s H (log N) 78 < |A(wy, wn,wg)] < exp (=5 N (log N) %)

where v = 190(log|%])_1, | = Zlilog%, n9 = 3clog %, 7 = min{ 1——’—2m,2|q|}, and
c=10%7.

Thus by application of our result, we get that

4 9
|A(wr,wy,w3)| > exp (—1D*(10g D))
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—(—3)(3
asozdzaf—3:4andﬁd:—4—( _23():9.

5.3 Possibilities for future applications

Our two theorems are suitable for application in the realm of number fields,
just as the results they were based on are. However, combined with the power of John
Zuehlke’s work in [9], these results are among the first such measures of algebraic
independence applicable to the function field case. For example in [1], Becker,
Brownawell, and Tubbs proved a qualitative version of Gelfond’s original theorem
from Chapter 1 using the Drinfeld module equivalent of the exponential function.
With the construction of appropriate polynomial families and zero estimates, these
results should provide an analogue of the quantitative Gelfond-Feldman inequality.

Other results from what is known as the Gelfond-Schneider family of tran-
scendence results can now be carried over to the function field setting using our
methodology for measures of algebraic independence. It is also entirely possible
that transcendence results unique to t-modules (i.e., with no known characteristic
zero equivalent) may be uncovered as has happened in other branches of transcen-

dence in positive characteristic.
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Appendix

Proof of Proposition 2.4

This proof is almost identical to that for the Archimedean case in [6]; we
include it here merely for completeness.

We cite two results needed for this proof. Again, both were proven in the
number field case in [7], and in the function field case in [9]. We let s(FE) be
the polynomial in the symmetric variables sjk,(i), j < k, from Chapter 2 with
i = 1,...,r, with coefficients in the field K which is obtained as a result of the

substitution of the vector S (i)g for the variables u; in E.

LEMMA A.1. Let V and W be homogeneous polynomials from the ring K[X]| of de-

gree d. Then, for any mnonzero vectors w = (wg,...,wn) € lCnJrl,

§=(%,---,én) € /Cn+1, the following inequality holds:

V(@)W (€) = VOW (@) < llw— & x [V] x W] x ])g]4d+ 1)L,

2m+1

If the absolute value | - | is non-Archimedean, then the factor (d + 1) on the

right-hand side of the last inequality can be omitted.

LEMMA A.2. Suppose that Z C K[X] is an unmized cycle, F its Chow form, r =
1+dim Z > 1, xq is not in any prime component of Z, w € /CnJrl, lw| =1, and let

x(a) # 0. Suppose, in addition, that |- | = |- |w, w € M, is an absolute value on
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the field IC. Then there exists a homomorphism

(1)

7 Kluy,...,up_1, 0 ,'”?am(degF)] — K

which is identical on K and such that for ﬂZ(J) =T (ai(j)> € K, the vectors

gj = (1,ﬁ1(j),...,ﬁm(j)>, 1< j<degkF, are zeros of ', and, moreover,

deg I 5
o (1) (@] IT 18, < |Flexp(2n” deg F),
j=1

deg F
o« ) Ir@)] T (llw =811 x18,]) < |Flu x |Flexp(2n” deg F).
j=1

If | -| is a non-Archimedean absolute value, then the factors exp(2n2 deg F') can be
omitted in these inequalities.

In addition, for each polynomial H € Kluy,...,u,_1], the homomorphism T

can be chosen such that
o (3a) |x(H)| = |r(H)| if | - | is non-Archimedean, or

o (3b) |x(H)| < (1 + ¢€)|r(H)| for any given € > 0 if | - | is an Archimedean

absolute value.

We now prove Proposition 2.4:

Proof. We can suppose that |w| = 1. By assumption, |jw — ngM > |Q(w)]

for j =1,...deg F. Applying Lemma A.1 to the polynomials @ and R = xkdegQ,
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where the index k is chosen so that |wy| = |w| = 1, we find that

QB - (B %) < llw - 5,111QI e *F P 1w 8@ |5 B

(8, — Q) 18;1"? < llw — 81| exp(h(@)) 118,[** 1

Q(3))1 < 1Q)!18,1F? + llw — 81118, exp(h(@).
Hence,

log|Q(8,)] < deg Qlog 8| +log (1Q(w)| +|lw — 5, 1| exp (h(Q))
< degQlog |8, +1og (|lw = B, 1I" + lw = 8, 1| exp (h(Q)))

< degQlog |f,| + 1(Q) + logmax{|lw — 5. |l, IIQ—QJ-IIM}

Now from Lemma A.2, letting Res(F, Q) be written as

d deg I
Res(F,Q) =a**? ] Q(3))

J=1

(where, due to possible inseparability, the @j are not necessarily distinct) we use

the homomorphism 7 defined in Lemma A.2 to get



deg F

r(Res(F,Q)) = 7(a) " T] @)
j=1
deg I
log 7(Res(F, Q)) = deg Qlog 7(a) + Z Q(ﬁj)
j=1

< degQlogT(a)

deg I
+ ) <degQ10g 8,1+ h(Q)
j=1

+togmax(lle — 51 e ~ 5,11 )

deg F'

< degQ <log7(a) + Z log ﬂj) + deg F h(Q)
=1

tu Y loglle=gll+ Y logllw— g

-5 .]|<1 —0.||>1
eI lo—g,]1>

Since HQ—QJ.H <1,

— 0. = — D
> logllw—Bllzn > logllw—gl

—3.|I>1 -3 .||>1
=gl lo—]12
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So our inequality becomes

deg F’
log 7(Res(F,Q)) < deg @ (10g7‘ Z log|ﬂ ) + deg F h(Q)
j=1
deg F’
) logllw— B
j=1

deg F
< (deg @ — p) <logT Z log | )

deg
(logT Z log\ﬁ )

deg I
+deg Fh(Q) + p Z Hg—ﬁjH

deg I

< (deg@ — ) (logr Z log ]5 ) + deg F'h(Q)

j=1

deg I
+u (1og7<a> + > (log|lw — 8, +log @))

j=1
< (deg @ — p)(h(F)) + deg F h(Q) + u( log |(a)|

deg F
1 - 3. , ) .
+ z:I(OgHQ ﬁ]||+10g|ﬁ]|) by Lemma A.2
J:

< (deg @ — p)(h(F)) + deg F h(Q) + p(log | F(w)[ + h(F))

by Lemma A.2(2)

< deg Qh(F) + deg F'h(Q) + plog |[F(w)]-

42

Finally, by Lemma A.2, |7(Res(F,Q))|w = |Res(F,Q)|w, which yields our desired

result. OJ
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