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Abstract

The ever increasing demand for accurate numerical methods has led to the devel-
opment of more and more sophisticated methods for simulating fluid flow. These
methods are often designed to handle a specific flow regime or be valid under spe-
cific circumstances. What is needed in the field is a method that is accurate and
robust over a wide range of conditions. Here, we propose a finite element method
designed to work over a broad range of flow regimes and remain consistent and ac-
curate in each regime. This is accomplished utilizing a mixed finite element method
whose properties are rigorously analyzed to demonstrate the method’s effective-
ness at handling these different flow regimes. We first use standard mathematical
techniques to prove that the method is stable and obtains optimal error estimates
for the non-isothermal incompressible Navier-Stokes equations. We then demon-
strate on a series of test cases that the method accurately captures the physics of
the non-isothermal incompressible Navier-Stokes equations. Next, we extend our
method to the compressible Navier-Stokes equations where again the order of ac-
curacy is demonstrated, this time using a series of numerical experiments. Finally,
we present a series of compressible flow test cases to prove that the method can

capture the physics of this regime.
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1 Introduction

The accurate simulation of fluid flows is a critical area of engineering. Often
times, before designs of parts are finalized they are run through a gauntlet of CFD
(computational fluid dynamics) to gauge performance. It is then critical that the
methods used in these simulations are as accurate and robust as possible. Finite
element methods (FEM) represent a class of methods that are capable of this
accuracy and robustness if one selects a FEM appropriate to their problem. This
highlights a pitfall for widespread adoption of these methods since one requires a
high degree of knowledge beforehand to select a FEM appropriate for their problem.
For some methods, like discontinuous Galerkin (DG) methods, this might come in
the form of knowing you may need a post-processing procedure to ensure that
mass is being conserved. For other methods, such as a continuous Galerkin (CG)
method, one may not realize that issues can arise for convection-dominated flows.
This class of flows is common at high Mach (Ma) numbers. What is lacking is
a method that is well-suited for a variety of flow regimes that can be applied
without extensive background knowledge on these different methods or, in other
words, a method that is versatile enough to handle a range of flows without special
consideration on the part of the user.

The goal of this thesis is the development and analysis of such a class of meth-

ods. What we propose is a method well-suited for both incompressible and com-



pressible flows. To this end, we rigorously analyze the behavior and properties of
the method for incompressible non-isothermal flows. This flow regime is modeled
via the Oberbeck-Boussinesq approximation which adds an additional term to the
incompressible Navier-Stokes equations. This new term couples the temperature
and momentum equations together. This means that the two equations cannot
be solved independently using an equation-splitting approach, as is often the case
for methods designed exclusively for the incompressible isothermal Navier-Stokes
equations. In addition, this means that any analysis done on the non-isothermal
incompressible equations has a much more natural extension to the compressible
Navier-Stokes equations. Our approach of analyzing the method’s characteristics
on a more complicated equation, and thereafter extending this method to com-
pressible flows runs contrary to other efforts in the field. In fact, the standard
practice is to analyze the method of interest on simple advection-diffusion style
equations and extrapolate to compressible flow. We believe that the procedure
that we propose is much more rigorous than previous efforts, as well as it high-
lights the usefulness of our method for non-isothermal flows.

The document is formatted as follows. In chapter 2, our analysis of the ver-
satile finite element methods for non-isothermal flows is presented. It begins with
an introduction on the non-isothermal flow problem and the previous work that
has been done to simulate this type of flow. Then the formulation of the meth-
ods and notation is introduced. The methods are then analyzed to demonstrate
their stability and provide error estimates. Thereafter, numerical experiments are

performed to demonstrate the methods’ ability to capture the physics of non-



isothermal, incompressible flows. In chapter 3, the versatile mixed methods are
extended to compressible flows. We use numerical experiments to demonstrate the
excellent performance of the methods on weakly- and fully-compressible flows. We
note that a detailed study of the methods, and their ability to handle supersonic,

and high-Reynolds number flows remains an open area of research.



2 Versatile Mixed Methods for Non-Isothermal Incompressible Flows

2.1. Motivation

The motion of a non-isothermal incompressible fluid is frequently induced by buoy-
ancy forces, viscous forces, and pressure fields. In accordance with standard prac-
tices, we refer to the motion that is induced solely by buoyancy forces as natural
or free convection, the motion that is induced solely by viscous forces and pressure
fields as forced convection, and the motion that is induced by all three factors
as mixed convection. In order to characterize the various types of convection,
one may solve the incompressible Navier-Stokes equations for mass and momen-
tum conservation, in conjunction with a temperature equation (usually obtained
from the internal energy or enthalpy equations). In addition, one may couple
the momentum and temperature equations via the approach of Oberbeck [4] and
Boussinesq [5] by adding a temperature-dependent buoyancy term to the right
hand side (RHS) of the momentum equation. The buoyancy term is assumed to
be directly proportional to changes in the temperature field, and these changes are
assumed to be small enough such that the density remains constant. This approx-
imation is frequently referred to as the Boussinesq model [6], or (less commonly)
the Oberbeck-Boussinesq model [7]. For practical applications, it is usually neces-
sary to solve the Boussinesq model in the vicinity of complicated geometries, using

unstructured meshes. As a result, our preference is to use finite element methods



for solving the model because of their ability to operate on both structured and un-
structured meshes, while simultaneously achieving high-order accuracy, stability,
and robustness.

In what follows, we briefly review some previous efforts to apply finite element
methods to the Boussinesq model. Some of the earliest work in this area was
performed by Laskaris [8] who used a high-order continuous Galerkin (CG) method
to simulate channel flows with heated walls. In addition, Young et al. [9] and
Tabarrok and Lin [10] used a similar approach to study natural convection in
heated cavities. Next, Gartling [11] used a CG method to simulate a thin-walled
tube with wall heat transfer; a rectangular heat exchanger, and a heated hexagonal
cylinder in a cooled cavity. Thereafter, Marshall et al. [12] used a high-order CG
method with a penalty function (for enforcement of the dilatational constraint) to
simulate a heated cavity. This was the first time that a finite element method was
successfully applied to natural convection problems for a wide range of Rayleigh
numbers (10* — 107). Based on this work, Reddy and Satake [13] formulated an
alternative CG method, and used it to simulate heated, non-convex, straight-sided
cavities.

It is important to note that all of the early work described above was limited
to two-dimensional geometries. Fortunately, with the advent of more powerful
computers and more advanced stabilization strategies, such as the Galerkin Least
Squares (GLS) approach [14-16], the solutions to three-dimensional problems be-
came possible. Some of the early work in this area was performed by Tang and

Tsang [17, 18], who used least-square finite element methods to simulate three-



dimensional heated cavities, and accurately reproduce the dynamics of Rayleigh-
Bénard convection cells. A detailed review of the latest efforts to apply finite
element methods to natural and mixed convection problems is beyond the scope
of the present work. However, the interested reader may consult [1,19] for an
extensive collection of references on this topic.

Despite the many applications of finite element methods to the Boussinesq
model, there have been a relatively small number of efforts to rigorously analyze
the existing methods, or to develop new mixed methods which maintain inf-sup
stability. Some pioneering efforts in this area were undertaken by Boland and
Layton [20,21], as they derived stability and error estimates for CG methods for
steady and unsteady natural convection problems. In addition, they analyzed
low-order, non-conforming discontinuous Galerkin (DG) methods. Most notably,
they were among the first researchers to recognize the importance of using a skew-
symmetrizing procedure to stabilize the convective operator in the temperature
equation. Subsequently, their work was expanded by Dorok et al. [22] and Bernardi
et al. [23], who developed stability and error estimates for mixed methods. More
recently, Codina et al. [24] and Lowe and Lube [25] developed variational mul-
tiscale (VMS) methods for problems with turbulent mixed convection. Within
the VMS framework, they constructed rigorous stability estimates and (in the
case of [25]) error estimates for the resulting schemes. In addition, DG methods
and mixed methods were rigorously analyzed for the steady, isothermal case by
Cockburn et al. [26,27], and subsequently extended to the steady, non-isothermal

case by Oyarzia et al. [28]. Thereafter, Dallmann and Arndt [1,7] developed a



mixed method which was stabilized using a combination of local projection sta-
bilization [29, 30], streamline-upwind stabilization [31-33], and grad-div stabiliza-
tion [34]. For this method, they rigorously derived stability and error estimates,
and produced accurate numerical results for a wide range of steady and unsteady
convection problems. Next, Rebollo et al. [35] developed a mixed method which
they stabilized using an interpolation-based operator that acts as a low-pass filter.
We note that, although the performance of this method is quite adequate from
an accuracy standpoint, it is only weakly consistent. Most recently, de Frutos et
al. [36] derived an optimal set of stability and error estimates for grad-div stabi-
lized, inf-sup stable mixed methods. These methods are effectively a subset of the
methods constructed by Dallmann and Arndt in [1,7]. Lastly, we note that there
are ongoing efforts to analyze mixed methods for Boussinesq models with non-
constant, temperature-dependent parameters (cf. [37-40] for several examples).
Due to the limited number of efforts to develop mixed methods (see above),
there are still opportunities to improve their robustness, accuracy, and flexibil-
ity. With this in mind, the goal of the present chapter is to extend the recently
developed versatile mixed methods (see [41]) to solve the Boussinesq model with
constant parameters. For the sake of completeness, let us briefly describe the
underlying philosophy of versatile mixed methods: i) we begin with the compress-
ible formulation of the governing equations and then enforce the assumption of
constant density, ii) we maintain the presence of dilatational terms that would
usually be neglected, and iii) we discretize the resulting formulation using stan-

dard, inf-sup stable, mixed methods. This approach has several advantages, as



most importantly, it can be almost immediately applied to weakly-compressible
flows, and furthermore, it ensures that the dilatational constraint is enforced in
a consistent fashion in each of the governing equations. In [41], this philosophy
was applied to the isothermal incompressible Navier-Stokes equations. There, we
used the full compressible stress tensor (with the dilatational component) in the
momentum conservation equation, and we rigorously proved the stability of the
discrete velocity field. The resulting methods were successfully applied to isother-
mal Taylor-Green and Gresho vortex problems. In the present work, we apply the
same methods to non-isothermal incompressible flows.

The format of this chapter is as follows. In section 2.2, we formally intro-
duce the Boussinesq model equations for non-isothermal incompressible flows and
we develop the notation and mathematical machinery for discretizing these equa-
tions. In sections 2.3 and 2.4, we introduce the versatile mixed methods, and
construct stability and error estimates. In section 2.5, we introduce an expanded
formulation of the versatile mixed methods which contains an additional viscous
dissipation term. In section 2.6, we apply the original methods and the expanded
formulation to a set of standard benchmark problems, and compare the results of
both approaches. Finally, in section 2.7, we conclude with a summary of our work

and a few final remarks.



2.2. Preliminaries

Let us start by introducing a domain ; = (tg,%,) x Q, where Q € R? is a spatial
domain and (%o,?,) € R is a temporal domain. In a natural fashion, we denote
the spatial and temporal coordinates by « and ¢, and we denote the spatial and
temporal derivatives by V (-) and 0, (-), respectively. We assume d = 2 or 3, and
that the domain boundary 052 is composed from straight line segments (for the
case of d = 2) and planar faces (for the case of d = 3). Inside the domain 2, we
are interested in simulating the motion of a homogeneous, non-isothermal, incom-
pressible fluid with a constant density py, and non-constant velocity, temperature,
and pressure fields u = u (t,z), T = T (t,x), and P = P (t,x). Since the den-
sity is constant, we find it convenient to divide the governing equations by pg,
and then introduce density-weighted quantities, such as the kinematic pressure,
p = P/po. Now, having established the necessary background, we present the

Boussinesq model for non-isothermal flows

Vou=0, (221
hu+V-(u@u+pl)—V-17=-38Tg+ fa, in Q, (2.22)

T +V - (Tu) = V- (ayVT)=—(v=1)T(V-u) + fr, inQ, (2.2.3)
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These equations are subject to the following boundary and initial conditions

u=0, T=0, on 0§, (2.2.4)

u(to, ) = uo(x), T(to,x)=To(x), in Q. (2.2.5)
Furthermore, in order to close the equations, we define 7 as the stress tensor
T 2
T=v|Vu+Vu —g(V~u)]I : (2.2.6)

g as the gravitational acceleration (where g; = —gd;q with g = const), f, as a
source term for the linear momentum, fr as a source term for the temperature,
v = C,/C, as the ratio of specific heats, C, as the specific heat at constant
volume, C), as the specific heat at constant pressure, o = k/ (C}, po) as the thermal
diffusivity coefficient, # as the thermal expansion coefficient, x as the thermal
conductivity coefficient, v = p/po as the kinematic viscosity coefficient, and p as
the dynamic viscosity coefficient.

Before proceeding further, it is important to note that our equations for the
temperature and the stress tensor (Egs. (2.2.3) and (2.2.6)) are unconventional.

In particular, it is common practice to neglect the temperature-scaled divergence

term on the RHS of Eq. (2.2.3), such that
KT +V - (Tu) =V - (ayVT) = fr. (2.2.7)

In addition, most researchers neglect the divergence and gradient transpose terms
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on the RHS of Eq. (2.2.6), as follows

T =vVu. (2.2.8)

However, we prefer to use Egs. (2.2.3) and (2.2.6) due to their superior physi-
cal accuracy, flexibility, and discrete consistency. We refer the interested reader
to [41] for a detailed discussion of our motivation for using the full stress tensor
(Eq. (2.2.6)). In what follows, we will only discuss our motivation for using the

augmented temperature equation (Eq. (2.2.3)).

1. The formulation in Eq. (2.2.3) follows immediately from a careful asymptotic
analysis of the compressible Navier-Stokes equations. In particular, one can
show that Eq. (2.2.3) can be derived from the compressible equation for
internal energy if one assumes that the Mach number approaches zero, and
the density approaches a constant value. Please see the analysis in section A

of the Appendix for more details.

2. In accordance with point 1, the formulation in Eq. (2.2.3) is more suitable
for adaptation to compressible flows, as it retains the temperature-scaled
divergence term which becomes increasingly important in these types of flows.
Retaining this term helps facilitate flexibility of the resulting methods, and

encourages code-reuse between incompressible and compressible CFD codes.

3. The formulation in Eq. (2.2.3) is more ‘consistent’, as it enables consistent

enforcement of the dilatational constraint. Evidently, the temperature-scaled



12

divergence term contains the divergence of the velocity field, which is guar-
anteed to vanish at the continuous level (by Eq. (2.2.1)), but may or may not
vanish at the discrete level. Of course, for pointwise divergence-free methods,
this term vanishes in both cases, but for more general methods, the dilatation
term typically only vanishes in the weak sense, and the temperature-scaled
divergence term is non-zero. Therefore, neglecting the temperature-scaled di-
vergence term a priori is inconsistent, as this effectively forces the dilatation
contribution to vanish pointwise in the temperature equation, even though
it may only vanish weakly in the mass conservation equation. Naturally, we

prefer to use Eq. (2.2.3), as it avoids this inconsistency.

In summary, we have introduced a ‘versatile’ approach in which we solve Egs. (2.2.1)—
(2.2.3) in conjunction with the stress tensor in Eq. (2.2.6). In what follows, we
will introduce the analytical machinery for discretizing these equations.

In accordance with standard practices, we tessellate the spatial domain §2 with
a mesh 7,. The mesh is composed from straight-sided, d-dimensional simplicial
elements K, with characteristic size h. The faces of elements on the perimeter
of the mesh are required to exactly conform to the domain boundaries, and the
union of all the elements is required to cover the domain. In addition, for the
sake of simplicity the elements are required to be non-overlapping, and the mesh
is required to be devoid of hanging nodes. The boundary of each element K is
denoted by 0K and the outward-pointing unit normal vector on this boundary
is denoted by n. Elements are considered to be ‘face neighbors’ if they share a

(d — 1)-dimensional face F. We denote the unit normal vector that points from
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the positive side to the negative side of the shared face as m,, and naturally
n_ = —n,. The total collection of faces in the mesh is denoted by F},, and the
faces of a single element K are denoted by Fx = {F € F, : F C 0K }. The set of
interior faces is denoted by Fj = {F € Fj, : F N9 = 0} and the set of boundary
faces by F? = {F € F}, : FNOQ # 0}. Finally, for a given face F, we can define a
normal vector np = n, which points from the positive to the negative side of the
face.

Next, one may define jump [-] and average {{-}} operators for an interior face

F € F} as follows

=6, ~6.,  [oml=6imi+om, o =56 +6.),
[l =v.—v..  [pen]=ven, tvon.  {o} = (v v,

where ¢ is a generic scalar function, and v is a generic vector function. Similarly,

for all boundary faces F' € F?, one may define

[0] =&, on] =on,  {o}} = ¢,

[v] = v, [ven]=v®n, {v}} =v.

In addition, it is convenient to introduce some standard notation for represent-
ing inner products. With this in mind, let us introduce a generic vector w and
generic tensors T' and U. Note: here, we assume that v, w, T', U, and ¢ are

sufficiently smooth, such that the associated integrations are possible. Based on
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this assumption, we can define

(v, W), = Z/K'v-wd\/, (T,U), = Z/T:Udv,

KeTy KeTy,

(v, W), = Z/ v-wdA, (T,U)y. = Z T :UdA,
oK

KeTy KeTy 9K

(v,w) 5 = Z /v-'wdA, (T,U)g, = Z T :UdA.
Fer, *F

Using this notation, we can introduce the well-known integration by parts formulas

<¢’U7n>8K = (¢a V- U)K + (’Uv v¢)K7

(v, Tn)y, = (V,V-T)p + (T, V) .

In what follows, we will conclude this section by defining the standard function
spaces for mixed finite element methods. We start by introducing the broken

Sobolev space
WmP(T,) == {w € LP(Q),w|x € W™P(K), YK € Tp},
where W™ (T;) := (W™ (T;))%. Next, we introduce the Hilbert spaces

Hy(div; Q) := {w:w € L*(Q), V-w € L*(Q), w-n|so =0},

H)(Q):={w:we H(Q), wpgo =0},
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where H' (Q) := (H! (Q))d. Having established these spaces, we can define scalar-

valued polynomial spaces QP¢ and Q¢ for the kinematic pressure, and RS for the

temperature
P =g an € L2(Q), |k € P (K),VK € T},
c._ ) 0 2
Qh ={an:0,€C*(),qnlx € Pu (K) VK € T,} N L2 (),

Ry = {ry, 1, € CO(Q), 1|k € Prsa (K),VK € T} N Hy (Q),

where Py, (K) is the space of polynomials of degree < k, and L2 (2) is the space

of L? functions with zero mean. Furthermore, we can define the vector-valued

Raviart-Thomas and Taylor-Hood spaces for the velocity
W = {wy, : wy, € Hy (div; Q) , wy|x € RTy (K),VK € Ty},
Wi = {wy  wy € C° () wilic € Py (K)' VK € To } 0 HY(Q),
where C° (Q) := (C° (Q))", and

RT; (K) = (P (K))" & Py (K) .

Lastly, we can introduce WBPM | the Brezzi-Douglas-Marini space (see [42] for an

explicit definition of this space).
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2.3. Versatile Mixed Methods for the Incompressible Non-Isothermal

Navier-Stokes Equations

In this section, we develop a general class of mixed methods for solving Eqs. (2.2.1)
— (2.2.3). The methods can be constructed using the following steps: i) choose
function spaces W), C Hy(div; Q), R, C H} (Q), and Q;, C L? (2), ii) identify test
functions (wp, 4, i) that span W, x Ry, X @y, and iii) find unknowns (wy, T, pr)

in W), x Ry, x Q,, that satisfy

(V- up, qn)7 =0, (2.3.1)

(Orun, wr)z — (un @ un, Vawy)z — (Pr: V- wi) 7 + (Ciny T W) o7

2 ~
+ I/|: (thh + thz — g (V . uh) ]I, Vhwh)T — <Uvis n, ’wh>87;1
h

~ 2 1
+ <(Pvis — Up, (Vhwh -+ Vhw,:f — g (V . wh) ]I) n> :| — 5 ((V . uh) Up, 'wh)Th

T

= — (BThg, wn) 7, + (fuswn)7, (2.3.2)
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(0T, i) g, — (Thtn, Varn) g, + <$inv -, Th>8T
h

+ay | (VaTh, Varn)r — <$vis "M, 7“h>

OTh

~ 1
+ </\vis — Th, Vi - n>87h] ~5 (V- up) Thrn) g,

=—(v-1) [((V un) Thyrn) g, + Ciod (IV - wn| VilTh, Vara) . | + (fr,70) 7. -

(2.3.3)

Here, we observe that C,,q > 0 is a stabilizing coefficient, and the quantities with
hats (for example &y,,) denote numerical fluxes. Some possible formulas for the

fluxes are given below

Ty = Hunty @ Hunty + o} 1+ Clun - np| fun @ 0],

~ 2
Ois .= Viyuy + thf — = (V . uh) I _ [[’U,h & ’I’L]] ,
3 hr

Gy = LT} wn + 6 |up - mp| [Ty 0],

buis = {VATH} — % [T,n].

Gus = Hunly, A= {0}

where (, 1, d, and e are parameters which control the amount of dissipation intro-

duced by the fluxes. By substituting these flux formulas into Eqs. (2.3.1) - (2.3.3),
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one may rewrite the equations in standard form as follows

b, (un, qn) =0, (2.3.4)
(Ot un, wr) 7. + ch (Un; wp, wi) + vay (wp, wy) — by, (W, ph)

= — (BThg, wn) 7, + (fu, wn)7, ; (2.3.5)
(OThsrn) g, + cp (wn; Thyrn) + @y @y (Thy Ta)

=—(y=1) | ((V-un) Th,rn)s, + Cmod (|V - wn| ViTh, Virn) - | + (fr,7n) 7, -

(2.3.6)

Next, we must define the operators ay, by, cp, a5, and ¢;,. In order to setup these
definitions, we introduce functions ¢, € @, r, and 6, € Ry, and v, w;, and
on € W),. Thereafter, we expand the operators in Egs. (2.3.4) and (2.3.5) as

follows

bu (vn, qn) == (V- vn, qu) 7, (2.3.7)

1
cn (@n; v, wi) == (@n - Vivn, wp)y + 3 (V- on) vn,wn) . (2.3.8)

— ((en - np) [on], {wn 1) 7 + Clen - np| [onl, [wa]) £
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2
ap, (’Uh, wh) = (V}ﬂ)h + th?; - g (V . ’Uh) I, Vhwh> (239)
Th

(o {frm st 2 i)

- <ﬂwh]] , {{Vh'vh + Vol — ; (V - o) 11}} np>fh 4 <% [vn], Hwhﬂ>ﬂ |

In addition, the operators in Eq. (2.3.6) can be expanded as follows

1
cp (@n3On,mh) == (@ - Vibn, 1)z + 3 (V- on)On,mh)7, (2.3.10)

— ((en - mp) [0n], {rnth) 7 +0(ln - mp[10A], [rn]) £

ay, (On;mn) = (Vabn, Varn) . — ([0n], {Vara}} - nr) £, (2.3.11)

([ Vs e, + (001 ]

Fh

We note that technically speaking, ), and r, are Hj({2)-conforming, and therefore
the jump terms vanish in Eqgs. (2.3.10) and (2.3.11), i.e. [0,] = 0 and [r] = 0.
Nevertheless, for the sake of completeness, we retain these terms in the subsequent
analysis of ¢, and a;,. This enables some of this analysis to be applied to more

general finite element methods, such as DG methods.
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2.4. Analysis of Versatile Mixed Methods

In this section, we rigorously analyze the stability and accuracy of the versatile
mixed methods which were introduced in section 2.3. In preparation for this analy-
sis, we first introduce some important definitions, lemmas, and assumptions. Next,
we use these results to establish the L2-stability of the discrete temperature, veloc-
ity, and kinematic pressure fields. Finally, we obtain error estimates for the discrete
temperature, velocity, and kinematic pressure fields. Broadly speaking, the results
in this section are most relevant for Hl-conforming, non-pointwise divergence-free
methods. The H(div)-conforming methods have been treated effectively elsewhere,

(see for example [43-45]).

2.4.1 Definitions

Definition 2.4.1 (Gradient Norm). Consider the scalar-valued function r € Wb (T3).

Then,

Hngradp

1/p
193 ey + > e I ]

FeF,

L;/ <Z|ar|p> v+ > = /\ 1P dA

FerFy,

1/p
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is a norm on 2. In a similar fashion, for the vector-valued function w € W» (Ty,),

we have
1/p
||w||gradp [thwH Q)xLr(Q _'_ Z p Tp—1 H LP(F
FE]-—h

d 1/17

[Z/(mezlp)d\/—i-zhpl <Z| )dA

KeTy FeF, 7

(2.4.1)

Definition 2.4.2 (Full Symmetric Gradient Norm). Consider the vector-valued
function w € W (T;,). Then,

1wl gy, =

» 1/p
+thl’1|l ]

Lr(QxLP(Q)  per,
2 (& g
k
p

, (2.4.2)

[HVhw + Vyw?! (Vh cw) 1

1z <

+th1/(2|wz )dA

FeF,

is a norm on {).

Definition 2.4.3 (Error Decompositions). The total error can be decomposed as
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follows
Eup = U — Up, Erp =T — Ty, Eph =D — Dh,
Nunr =uU — juu7 Nrn = T — jTT7 Np,h == D — jpp7
€y = JuU — Up, ery = JrT — Ty, €p.h = JpP — Dh-

Here j,, jr, and j, are bounded linear interpolation operators from the infinite-

dimensional spaces W x R x () on to the finite-dimensional spaces W), x Ry, X Q},.

Definition 2.4.4 (Local Reynolds and Péclet Numbers). It is beneficial to intro-

duce the following local quantities

Up|| 7 oorn P U || ooy i
OS2 P Y 0 PPty 013
v o

where Rey and Peg are local Reynolds and Péclet numbers, respectively.

2.4.2 Preliminary Results and Assumptions

In this section, we review some important results that govern the bilinear and
trilinear forms and the associated norms which arise during the subsequent analysis

of versatile mixed methods.

Lemma 2.4.5 (Grad-Div Inequality). The following inequality holds for piecewise-
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H1 vector fields

Vi - wll 2 gy < C1 [Jw]] Vw e W (Ty,). (2.4.4)

grad,2

Proof. The proof appears in Lemma 3.34 of [45]. O

Lemma 2.4.6 (Generalized Korn’s Inequality). The following generalized Korn’s

inequality holds for piecewise-H2 vector fields

|wl| < O [Jw| Yw e W (7). (2.4.5)

grad,2 sym,2 ?

Proof. The proof for the Hj(2)-conforming case is relatively straightforward. We

begin by applying integration by parts to the following expression

— (v- (Vw+VwT—§(V-w)]I> ,'w)Q

== (V- (Vw),w)g = (V- (Vo' ) ,w) o+ 2 (V- (V- w)T) ,w)g

Q

1
2 2
= Hngrad,2 + g ”V ’ wHLQ(Q) : (246)
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In a similar fashion, we have that

2 2
- (V- (V'w—l—V'wT—g(V-w)H) ,w) = (V’w—l—V'wT— g(V-w)H,V'w)
0 Q

1 .2 ;2
=—|Vw+Vw —-(V-w)LVw+Vw — - (V- -w)l

2 3 3 0

2(3—d
+ (39 ) (V-w,V-w),

2(3 — d)
= 5 Wl + =5V - @iz - (2.4.7)
Upon combining Eqs. (2.4.6) and (2.4.7), we obtain
2 4(3-4d)
I A

Here, the quantity in parenthesis is always positive for d > 2, and therefore

1
||w||grad72 S E ||w||sym,2 :

We complete the proof for the H{(Q)-conforming case by setting Cy = 1//2.
The proof for the more general case of piecewise-H1 and piecewise-H2 vector fields

appears in Theorem 4.7 of [46] for d = 3. The d = 2 case remains to be shown. [

Lemma 2.4.7 (Inverse Generalized Korn’s Inequality). The following inequality

holds for piecewise-H1 vector fields

]|, 0 < Cs [|w]] Yw € W2 (Ty). (2.4.8)

grad,2
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Proof. The proof follows immediately from the fact that the trace of V,w is equiv-

alent to V - w. O

Lemma 2.4.8 (Coercivity of the Viscous Bilinear Form). The following inequality

holds for piecewise-H1 vector fields

ap (w,w) > C, HwHSymz, Yw € W2 (Tp,) . (2.4.9)
Proof. The proof appears in Lemma 6.2 of [41]. ]

Lemma 2.4.9 (Boundedness of the Viscous Bilinear Form). The following in-

equality holds for piecewise-H1 vector fields

ah (IU?ILU) S 05 HvHsym,Q ”stym,27 (2410)

Y (v, w) € WY (T,) x W2 ().

Proof. In order to prove the desired result, we will systematically analyze each

term in the definition of ay, (Eq. (2.3.9)):
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Term 1
1 r 2 r 2
5 Vv + Vv —g(Vh-v)]I,VhwnLVh'w —g(Vhw)]I (2.4.11)
Tn
23—d
+ (9 )(Vh-'v,Vh-w)Q

1 2
S 5 "th+vth — g (Vh-v)ﬂ

2
‘Vhw + Vth - g (Vh : w)]I

L2(Q)x L2(Q) L2(Q)x L2(Q)
2(3—4d)
+ 9 IV, - v”]ﬂ(ﬂ) IV - w||L2(Q)
1 2(3-4d)
< (5 + ( 9 (0102)2) ||v||sym,2 ||w||sym,2'
Term 2
2
<[[v]] ) {{Vhw +Viw' — 5 (Vi-w) H}} nF> (2.4.12)
Fh
) 1/2
< Cy | Viw + Vyw' — 3 (Vi -w)l ( Z h' H[[”]]”2L2(F)>
L2(Q)xL*(Q) \FeF,

< Ctr HUHsym,Z Hstym,Q :

Term 3: the same as Term 2 with v and w swapped.
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Term 4

<% [v], [['w]]> (2.4.13)

Fh

1/2 1/2
<n (Z hi' ||[[v]]||2Lz<F>) (Z hi' ||[[w]]||iz(p>)

FeFy FeFy

S n HvHsym,Q ||stym,2 .

In the equations above, we have used the Cauchy-Schwarz inequality, a standard
trace inequality, Lemmas 2.4.5 and 2.4.6, and the definition of the full symmetric
gradient norm (Definition 2.4.2). Next, upon combining all our results together,
we have

2 9

1 2(3 —d
an (v, ) < (2Ctr+?7+—+ ( ><0102>2) [l 0 ln - (24.14)

Now, we may set C5 = 2C;, +1n + % + @(0102)2 in order to obtain the desired

result in Eq. (2.4.10). O

Lemma 2.4.10 (Semi-Coercivity of the Convective Trilinear Form for Velocity).
Consider the functions @, w € WY2(Ty,). Then, the trilinear form c;, in Eq. (2.3.8)

is semi-coercive on W2 (Ty,), such that

o (gw w)=Clw,  V(e,w) e WY (T,) x W (Ty), (2.4.15)
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where

wl, = ({lo el [w] Tul)zy) (2.4.16

s a seminorm on €.
Proof. The proof appears in Lemma 6.4 of [41]. O

Lemma 2.4.11 (Boundedness of the Convective Trilinear Form for Velocity).
Consider functions g,v,w € W12 (T,). Then, the trilinear form c; in Eq. (2.3.8)

s bounded above as follows

Ch (lQ? v, 'lU) < 06 HQ||grad,2 Hngrad,Q Hngrad,Q ) (2417)
cn (030, w) < Or|ellgraq a 1] graa.a 1wl 2 - (2.4.18)

V(v w) € WH(T,) x WH (Ty) x WH(Th).

Proof. A proof of the upper bound in Eq. (2.4.17) appears in [47], on p. 272. It
remains for us to prove Eq. (2.4.18). In what follows, we construct the necessary

bounds for each term on the RHS of Eq. (2.3.8).
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Term 1

(0 Viv,w), Z/ (Zgj (8;v:) w )

KeTn
4, 4 4 /g 1/2
Z/( > (Z(ajvifl) (Z(wz)2> av
KeTy, w "
< & lel o) V2l ez 101l 2

Here, we used the discrete Cauchy-Schwarz inequality and Holder’s inequality.
Next, we utilize the Sobolev embedding inequality (Eq. (B.1.6)) from Lemma B.1.3

as follows

(@ Vv, 'w) < d* ||Q||L4 ||Vh"’||L4(Q)xL4(Q) ||’w||L2(Q)

< d3/40474 HQngadA HngradA HwHLQ(Q)

Term 2

%((V-g Jv, w) Z / ( an (ijj)) av

KeTh

P

KETh J J

d

§HV QHL4 )||U||L4 )||'w||L2
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Here, we used the discrete Cauchy-Schwarz inequality, Holder’s inequality, and
the root-mean square-arithmetic mean inequality. Next, we utilize the inequalities
(Egs. (B.1.2) and (B.1.6)) from Lemmas B.1.2 and B.1.3 as follows

7/4

((v ’ Q) v, w)’ﬁL < 70—4,4 ”QngadA HngradA ”wHLQ(Q) :

DO | —

Term 3

(He} - mr) o] f{whh) 5,
=2 / (Z {{@z}}anﬂvﬂl {{wj}}) dA

d /2 , 4 1/2
<y / (ZH@H) (ZM?) (Z{{wj}}z) 14
; 1/4 1/4
< (3 he [ 3" oy aa > i [ Z ol
1/2
< | Y hF/Z{{wJ}} dA

Here, we used the discrete Cauchy-Schwarz inequality, Holder’s inequality, and the
root-mean square-arithmetic mean inequality. Next, we use the discrete trace in-

equalities (Egs. (B.1.8) and (B.1.9)) in Lemma B.1.4, and the embedding inequality
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(Eq. (B.1.6)) in Lemma B.1.3

({e}} - np) [v], {wh) 5

1 4 i 1 2
< d1/2 (5]\730&’4 HQ||L4(Q)) HngradA §N6C1:2r,2 ||wHL2(Q)

1/2

s (N 3/4
<d 7 Ctr74ct1”720-4,4 ||Qngad,4 ||v||grad,4 ||w”L2(Q) :

Term 4

C({{elt-npl[v], [w]) =

h

1/4 1/4
d d
1
< (S [ Staptaa) [ [ Y lles
Fer, Ui FeF, FIE
1/2

x| > hF/Fi:[[wj]]ZdA

FeF]

Here, we followed the steps for bounding term 3. Next, we use the discrete trace

inequalities (Egs. (B.1.7) and (B.1.9)) in Lemma B.1.4, and the embedding in-
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equality (Eq. (B.1.6)) in Lemma B.1.3

¢({{e}t - nplfv], [wl) 5

h

12 1 4 4 VA 9 9 1/2
< a2 (NoCiallelioe ) 10llaas (2NoCE s 0]3ae))

3/4
< §d1/221/4N8/ Ctr»4ctra20-474 HQngadA HngradA HwHLQ(Q) :

Finally, we obtain the desired result (Eq. (2.4.18)) by combining the bounds for

terms 1-4, and setting

3/4 d7/4 1/2 Noy I 1/261/4 n13/4
Cr; = | d¥ +7+d/ (7) CiraCira + Cd?2Y NSO 4Cira | 04

]

Lemma 2.4.12 (Coercivity of the Temperature Bilinear Form). The following

inequality holds for piecewise-H1 scalar fields

ay, (r,r) > Cy ||7“||§md72 , Vr e W92 (). (2.4.19)
Proof. The proof appears in Lemma 4.12 of [47], . O

Lemma 2.4.13 (Boundedness of the Temperature Bilinear Form). The following
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wnequality holds for piecewise-H1 scalar fields

ay, (977«) S 09 ||0||grad,2 ||T||grad,2’ (2420)

Y (0,r) € W (Th) x W2 (T) .

Proof. The proof appears in Lemma 4.16 of [47]. ]

Lemma 2.4.14 (Semi-Coercivity of the Convective Trilinear Form for Tempera-
ture). Consider the functions @ € W2 (T,) and r € W2 (T,). Then, the trilinear

form ¢, in Eq. (2.3.10) is semi-coercive on W2 (Tp) x W2 (Ty,), such that
e, (oirr) =65, V(o,r) € WY (Th) x W2 (Th), (2.4.21)
where

rl,= (llo-mel 11, 1D)5) (2.4.22)

18 a seminorm on S).

Proof. One may begin by substituting g, = @ and 0, = r;, = r into Eq. (2.3.10)

as follows

1
an (@im,r) = (@ Var,r)y + 5 (V- @)rr)y, (2.4.23)

—((e-np)[r], {r) 7 + 6 {le-nel[r], [rD £ -
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Next, we note that the following identity holds

(0 Viar, g, + 5 (V- @)r. )7, = {(@ ) ] ), -

Upon substituting this identity into Eq. (2.4.23), one obtains

o (gsryr) =0(e-np|[r],[r])# - (2.4.24)

Finally, on substituting the definition of the seminorm into Eq. (2.4.24), we obtain
the desired result (Eq. (2.4.21)). O

Lemma 2.4.15 (Poincaré Inequality). The following Poincaré inequalities hold

for HI1 scalar and vector fields which vanish on the domain boundary OS2

17l 20y < Cro V7l 12y -

||QHL2(Q) < Cn ||VQ||L2(Q)><L2(Q) )

Y (r,0) C Hy(Q) x Hy(Q).

Proof. The proof appears in [48]. O

Assumption 2.4.16 (Weighted-Poincaré Inequality). The following weighted-Poincaré

inequality holds for H1 scalar fields which vanish on the domain boundary OS2

(IV-o|rr), <Cu(V-o|Vr,Vr),

VY (r,0) € Hy () x Hy (div; Q),
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where |V - g| is a non-negative weighting function. Note: a comprehensive review

of weighted-Poincaré inequalities appears in [49].

Assumption 2.4.17 (Generalized Inf-Sup Condition). Consider test functions
qn € Qn and wy € Wy, where Qy and Wy, form an inf-sup stable pair. Then, we
assume that the following inequality holds for the bilinear form by, in Eq. (2.3.7)

1 (qh ; V- wh)']’h

lgnll 0y < sup
C113 ) wpeWL\{0} ||wh||grad,p

: (2.4.25)

where 1 < p < 00, % + 1% =1, and Ci3 > 0 is a constant that is independent of h.

Furthermore, we assume that the following classical inf-sup condition also holds

, V-w
< inf sup (@ Wn | (2.4.26)

an€QR\{0} | w),eW,\{0} ”qh”LP’(Q) ||'wh||grad,p

1
Cis
Finally, these inf-sup conditions ensure that the space of weakly divergence-free

vector-valued functions is non-trivial

W= {wy, € Wy, | by, (wi, qn) = 0,Vq, € Qn} # {0}. (2.4.27)

Lemma 2.4.18 (Generalized Inf-Sup Condition, Taylor-Hood). Consider test func-
tions q, € QS and w, € W' where QY and W' form a Taylor-Hood inf-

sup stable pair. Then, the following inequality holds for the bilinear form by in
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Eq. (2.3.7)

1 (qn,V - wp)
C—Bllthlm(mﬁ sup  ———————

, (2.4.28)
wreEWL\{0} ||wh|lgrad,p

where 1 < p < o0, % + 1% =1, and Ci3 > 0 is a constant that is independent of h.

Furthermore, the following classical inf-sup condition also holds

7v :
< inf (an wh)Th

1
— sup (2.4.29)
Ci3 ~ an€Qi\O0} | w,ew;,\{0} ||qh||Lp’(Q) ||'wh||grad,p

Finally, the inf-sup condition ensures that the space of weakly divergence-free vector-

valued functions is non-trivial

W;liiv = {wh € Wh ’ bh (wh,qh) = O,th S Qh} % {0} . (2430)

Proof. We start with [50] Lemma 4.24 (p. 194) which contains the following inf-sup

condition

1 ,V-w
— < inf sup (4 h)Th .
C13 ™~ an€Qn\{0} | w,ew,\{0} thHLP'(Q) ”whHWLp(Q)

This expression can be rewritten as follows

1 )
— < inf
Ci3 — aneQn\{0}

sup (2.4.31)

(qh ) V- wh)Th ”whngad,p
wy, €W, \{0} HQhHLp'(Q) ||whl|grad,p H’whHWLp(Q)
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Finally, we note that

||wh||grad,p S ||wh||W17P(Q) )

which follows by the definition of ||-||W1,,,(Q), and by the fact that the jumps in wy,
vanish for Taylor-Hood elements. Upon substituting this result into Eq. (2.4.31),
we obtain the desired result (Eq. (2.4.29)). O

Assumption 2.4.19 (Interpolation Operators). Let us assume that for integers
ky, > 1, kr > 1, and k, > 1 there are bounded linear operators j, : W — W,
and j, : Q — Qy such that for all K € Ty, for all w € W N Ww2(Q) with

1<, <ky+1:
|w — juwHLz(K) + hie [V (w — juw)HLQ(K)xLQ(K) < Chlfé HwHWluz(K) )
and for all g € QNWw2(Q) with 1 <1, <k, + 1:
g = ol 2y + e [V (0 = 500 | 2 iey < CHE Ml i) -
We also assume that for K € Ty,
1w = juwll ey < Chic (W1 (ey, Y € WHE(Q).

In addition, there is a bounded linear interpolation operator jr : R — Ry such that
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for all K € Ty, and for allr € ROW!'T2(Q) with 1 <lp < kp + 1:
lr = o7l iy + P 1V (7 = Go) | iy < CHE M llyr ey -
We also assume that for K € Ty,

I = Jrrl e iy < Chrc [Pl wroerey,  Vr € Whe(Q),

IV (r = grr)ll ey < Clrllroesy» V1 € WH(Q).

2.4.3 Discrete Stability

In this section, we establish the discrete stability of the temperature, velocity, and
kinematic pressure fields for versatile mixed methods. It turns out that the dis-
crete stability of the methods depends on our choice of finite elements: namely,
H1-conforming, non-pointwise divergence-free elements versus H(div)-conforming,
pointwise divergence-free elements. In particular, in order to guarantee the sta-
bility of the discrete temperature field for the Hl-conforming methods, we must
choose an appropriate value of the stabilization constant Cy,,q4. In addition, there is
an indirect effect of the C\,,q stabilization on the momentum equation, as the tem-
perature field influences the momentum equation through the Boussinesq bouyancy
term. Conversely, the pointwise divergence-free, H(div)-conforming methods main-
tain stability of the discrete temperature, velocity, and kinematic pressure fields,
independent of the particular choice of C},,q. These ideas are summarized by the

following theorems.
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Theorem 2.4.20 (Stability of the Discrete Temperature). Consider the mized
finite element methods in Eqs. (2.3.1) —(2.3.3), equipped with a forcing function fr
where fr(t) € L' (to,tn; L? (), a discrete velocity field w;, € Wy, where uy, (t) €
L2 (tg, tn; Ho(div; Q2)), and an initial condition Ty, (ty) € Ry, C HE (). In addition,
let Assumption 2.4.16 hold. Subject to these assumptions, the discrete temperature

Ty, is governed by the following equation at time t, > tg

1 2 2 2
5 ||Th (tn)”Lz(Q) + Y |Th|L2(t0,tn;uh) + OKYCS ||Th||L2(to,tn;grad,2) + (7 - 1) v (Th)Ll(to,tn;uh)

2 3 2
< ||Th (t(])”L?(Q) + 5 HfTHLl(tO,tn;LQ(Q)) ) (2~4-32)

where

tn 1/2
|Th|L2(t0,tn;uh) - (/ |Th (S)|’ih ds) ) (2433)

to

tn 1/2
P [ ) (2.4.31)
tn
el eaocy = / 1 () o s, (2.4.35)
tn
\I/(Th)Ll(to,tn;uh) :/to U (up(s), Tr(s)) ds, (2.4.36)

are Bochner-type seminorms and norms on (to,t,) X Q. In addition, we define the

following function

U (up, Ty) = (V- un) Th, Th) . + Coa (|V - wn| VaTh, Vi'Th) 1.
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where we require Cpoq > Cha such that U (uy, T),) > 0.

Proof. We start by setting r;, = T}, in Eq. (2.3.6) as follows

(OTh, Th) 7, + cp (wns Th, Th) + oy ay (Th, Th)

— (v =D | (V-up) Th, Th) g, + Cuoa (IV - un| ViTh, ViTh) 7 | + (fr, Th) 7
or equivalently

1d
Sd IThl172 (0 + cn (wn; T, Th) + oy ay (Th, Th)

— (v =1 | (Vwn) Th, Th) g, + Crnoa (IV - un| VT, ViTh) 7, | + (fr, Th) 7, -

Next, we invoke the coercivity of g;, (Lemma 2.4.12) and the semi-coercivity of ¢,

(Lemma 2.4.14) as follows

1d

2 2 2
2 dt ||Th||L2(Q) +9 |Th|uh + OKVCS ||Thl|grad,2

<= (=1 [ (V- w) T, Th)g, + Cooa (V- wal VT, VT, | + (s T

(2.4.37)

or equivalently,

1d
5 1Ty + 8 IThl%, + 00Ci [ Tall 2 + (0 = 1) ¥ (wn, To) < (fr, i),

(2.4.38)
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In order for Eq. (2.4.38) to serve as a meaningful inequality, we require that
U (up, Typ) > 0. This property is guaranteed to hold if we choose Cyoqa > Cio,
in accordance with the weighted-Poincaré inequality in Assumption 2.4.16.

Based on equation (2.4.38), we observe that

2
5 1 ||Th||L2(Q) < (fT7Th)Th )

and equivalently, by the Cauchy-Schwarz inequality

d
||Th”L2(Q) % ||Th||L2(Q) < ||fT||L2(Q) ||Th||L2(Q)

d
i HTh||L2(Q) < ||fTHL2(Q)- (2.4.39)

Next, we integrate Eq. (2.4.39) from ¢ = ¢, to ¢t = ¢,, as follows

tn
1T () L2y < T (f0) Loy + / 1 ()2 5

to

- ||Th (t0>||L2(Q) + HfTHLl(to,tn;LQ(Q)) . (2440)

We will utilize this result shortly. For now, we turn our attention back to Eq. (2.4.38).

On integrating this equation from t = ¢y to t = t,,, we find that

1 tn
5 T (t) 20 + / (173 ()15, + @vCs 10 () s + (7 = 1) (un(s), Ta(s)) ) ds
to

< ST )+ [ (G (6) T () s (2.4.41)

to
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We can rewrite the last term on the RHS of Eq. (2.4.41) as follows

/ (e () T (). ds < / e (e 170 (5) g s

to to

tn
</ [nfT ()20 (I!Th (e + 1Frllss sz )] ds,
to

ln
S/ 1f7 ()1l 12y ds X (I!Th (o)l 20y + HfTHLl(tO,tn;L?(Q)))‘

to

Here, we have used the Cauchy-Schwarz inequality and Eq. (2.4.40). Next, we

bound the remaining term in the integral above, and obtain

tn
/ (fr (s), Th <5))Th ds < HfTHLl(tO,tn;H(Q)) (”Th (tO)HL2(Q) + ||fTHL1(tO,tn;L2(Q))>

to

1 2 3 2
< 10 (o) aiey + 5 Wl s sraiany - (2.4.42)

Finally, upon combining Eq. (2.4.42) with Eq. (2.4.41), and substituting in the
space-time norm definitions from Egs. (2.4.33)—(2.4.36), we obtain the desired re-
sult (see Eq. (2.4.32)). O

Corollary 2.4.21 (Pointwise Divergence-Free Case). Suppose that the mized finite
element methods in Eqs. (2.3.1) - (2.3.3) are pointwise divergence-free. In addition,
suppose we impose a forcing function fp where fr (t) € L (to, t,; L* (Q)), a discrete
velocity field u, € Wy, where uy, (t) € L? (to, tn; Ho(div;Q)), and a temperature

field Ty, (to) € Ry, C Hy (). Subject to these assumptions, the discrete temperature
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Ty, is governed by the following equation at time t, > tg

1 2 2 2
5 T (tn)HL?(Q) +0 |Th|L2(to,tn;uh) + ayCs ||Th||L2(to,tn;grad,2)

2 3 2
< T Go)llzaey + 5 1rllzs o 2 - (2.4.43)

Proof. The proof immediately follows from setting V - u;, = 0 pointwise in Theo-

rem 2.4.20. L]

Theorem 2.4.22 (Stability of the Discrete Velocity). Consider the mixed finite
element methods in FEgs. (2.3.1) - (2.3.3), in conjunction with a forcing func-
tion f, € L' (to,tn; L* (), a discrete temperature field Ty, € R;, where Ty,(t) €
L(to, t,; L? (), and an initial condition uy, (to) € Wy, C Hy(div; Q). Subject
to these assumptions, the discrete velocity field wy, is governed by the following

equation at time t, > g

1 2 2 2
5 ||U’h (tn) ||L2(Q) + C |uh|L2(t0,tn;uh) + 041/ ||uh||L2(t0,tn;sym,2)

2 2 2
< (3 ||uh (tO)HL?(Q) + 5ﬁ292 HThHLl(to,tn;LQ(Q)) +5 ”quLl(to,tn;L?(Q))) ) (2-4-44)

N | —

where

tn 1/2
2
||uh||L2(t07tmsym72):( / ||uh(s)||sym72ds) , (2.4.45)
to

is a Bochner-type norm on (tg,t,) x €.
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Proof. Let us begin by substituting ¢, = p, and w, = w, into Egs. (2.3.4) and

(2.3.5), in order to obtain

by, (wn, pr) =0,

(O wn, un) g + cn (wp; wn, up) + vay (wp, wn) — by (wn, pr) = — (811G, wn) 7, + (fu, Un)7, -

By adding these equations together, we obtain

(O wp, wp) g, + cn (wn; wn, un) + vap (wp, wp) = — (B1hg, un)7, + (fus wn)7,

or equivalently, in accordance with the chain rule

1d

37 ][220 + cn (wns wn, wn) + vay (wn, wn) = = (BThg, wn) g, + (Furun)y,

We can now leverage the coercivity of a; (Lemma 2.4.8) and the semi-coercivity

of ¢, (Lemma 2.4.10) in order to obtain

1d

23 ||uhHL2 @ + Clunly, + v Callunn, < = (BThg wn)r + (Furtn)r -

(2.4.46)

Following the approach of [51], we examine Eq. (2.4.46) and note that

1d

5%“1%”21:2( < — (BThg, un)g, + (fuun)g,
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and in accordance with the Cauchy-Schwarz inequality

d
at ||uh||L2(Q) < By ||Th||L2(Q) ||uh||L2(Q) + ||fu||L2(Q) ||uh||L2(Q)

d

||uh||L2(Q)

Next, we integrate Eq. (2.4.47) from ¢ = ¢, to t = t,, in order to obtain

tn tn
Jun (tn)”ﬂ(a) — [|un (t())”L?(Q) < 59/ 1T (5)”1;2(9) ds +/ | fu (S)||L2(Q) ds,

to to

and

lun ()l L2y < llwn (o)l o) + BINThll 1o 0 2200y + 1 Full 2o e 22(02)) -
(2.4.48)

Putting aside Eq. (2.4.48) for the moment, we return our focus to Eq. (2.4.46). By

integrating Eq. (2.4.46) from t = ¢y to t = t,, we obtain

3 ey + [ (€l (91, 0l () ) (2.4.49

—_

< < [l (t0) 720 ﬂ/ (Th (s) g, wn (s)) 7, ds+/ (fu(s),up ()7, ds.

[\]

We can rewrite the last two terms on the RHS of Eq. (2.4.49) by applying the
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Cauchy-Schwarz inequality, Eq. (2.4.48), and Young’s inequality as follows

5 [ (s g wn () s
<89 [ (I 5 1 (92

tn
<89 [ (1T (5) ey (e )l + 89 1 Tlos sy + Wl )|

to

tn
< 59/ 1T (S)HLQ(Q) ds (HUh (tO)HLQ(Q) + By HThHLl(to,tn,LQ(Q)) + ”quLl(tO,tn,p(Q)))

to

= By HTh“Ll(tO,tn,LQ(Q)) (”uh (tO)HL2(Q) + By HTh“Ll(tO,tn,LQ(Q)) + ”.quLl(tO,tn,LQ(Q)))

1

2 2 2
< < Mlun (o)l 20y + 26°* 1Tl L1 g 0 2202y + 5 1 Full T e 22000 - (2.4.50)

DO | —

and

j%mmm@h@

0

< /tn (12 (5) e leen ()] 2y | s

to

tn
< [ (10 ey (ol + 89 1Tl o) + 1 Falls o))

to

tn
S/ | fu ()l p2(q) ds <Huh (to)ll g2y + BINThll L1 sy b 22(0)) + HquLl(to,tn,m(Q)))

to
= [ full Lo 0 L2000 (H’Uh (to)llzz) + BINThll L1 grg b 22(0)) T+ ||fu||L1(t0,tn,L2(Q))>

1 2 1 2 2
<35 [ (to) |20 + 55292 IThl 2 kot r2 () T 2 1 ull T g 0 22002y - (2.4.51)
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Upon combining Eqs. (2.4.49), (2.4.50), and (2.4.51), we obtain the desired bound
on the discrete kinetic energy, (see Eq. (2.4.44)). O

Theorem 2.4.23 (Stability of the Discrete Kinematic Pressure). Consider the
mized finite element methods in FEgs. (2.3.1) — (2.3.3), in conjunction with a
forcing function f, € L?(tg,t,; L*(Q)), a discrete temperature field T;, € Ry,
where Ty,(t) € L?(tg,t,; L* (), and a discrete velocity field u, € Wj, where
up(t) € L* (to, t; Ho(div; Q) N Whl4(7ﬁ)) Subject to these assumptions, the dis-
crete kinematic pressure field p, is governed by the following equation at time

tn 2 to

2
thHLl(to,tn;LQ(Q)) < 013 (Cﬁ HuhHLQ(tO,tn;grad,Q) + Z/C3C5 HuhHLl(to,tn;sym,2)>

+ CyCi3099 [\/Vah (un(to), un(to)) + V3Cs ||uhl|i4(to,tn;grad,4)
+ B9 (14 V3) 1Tl ooz + (1+ V3) ||fu||L2(to,tn;L2(ﬂ>)] )
(2.4.52)

where Cy is a constant that depends on the length of the time interval [to,t,].

Proof. We begin by rewriting Eq. (2.3.5) as follows

br (W, pr) = (V - wp, pr) g, =ch (Un; wp, wp) + vay (un, wh)

+ (Ovun, wi) 7. + (BThg, wn) 7, — (fu, wn)g, -
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Next, we can apply the Cauchy-Schwarz inequality, the boundedness of the con-
vective trilinear form ¢, (Lemma 2.4.11), and the boundedness of the bilinear form

ap (Lemma 2.4.9) as follows

2
(V ’ whﬁph)’Th < 06 Huh“grad,Q ||wh”grad,2 + VC5 Huh||sym,2 ||wh”sym,2

+ HatuhHL2(Q) H’whHm(n) + By HThHLQ(Q) HwhHLQ(Q) + HquL2(Q) H’whHL‘Z(Q) :

Upon applying the inverse Korn’s inequality in Lemma 2.4.7, and the embedding

inequality in Lemma B.1.3, one obtains

2
(v : wh7ph)7;L S 06 ||u’h||grad,2 ”whngad,Z + VC3O5 ||uh||sym,2 Hwhngad,Q

+ 022 (”atuh“LZ(Q) + B9 | Thll 120y + Hfa”L?(Q)) [wn | graa.2 -

(2.4.53)

We can simplify Eq. (2.4.53) by dividing both sides by |wj|| taking the

grad,2’

supremum, and using the inf-sup condition (Lemma 2.4.17 or 2.4.18) with ¢, = pp,

and p = p’ = 2 as follows

1 (V- wp,pn) 7
o 1Pl 2 < sup "
13 wreWR\{0} ||wh||grad,2

2
S 06 Huhngad,Q + 1/0305 HuhHsym,Q

+ 022 (HatuhHm(Q) + B9 | Thll 120y + H.fu||L2(Q)> ;
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or equivalently

2
9] 2y < Cus (Co vz + ¥CoCs [0 g

+ 22 (I 0unll gz + 891 Thll gy + 1 full o) ). (24:54)

Eq. (2.4.54) can be integrated from ¢t = ty to t = t¢,,. Thereafter, Holder’s inequality

can be applied in order to obtain

tn
| 1)y ds

to

tn tn
< Cua (Cu [ o) 4005 [ )0 )

to to

tn 1/2 tn 1/2
+ctclgag,2[(/ Brtan() e ds) +ﬁg</ 1T e ds)

to to

tn 1/2
+ (/t Hfu(3)||2L2(Q) ds) ]7 (2.4.55)

where C; = +/t,, — to.

It remains for us to create an upper bound for the following term above

tn 1/2
( [ 10 e ds) -
to
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Towards this end, we can substitute w;, = Jyuy, into Eq. (2.3.5)

(Orun, Oyun) 7. = — cn (Un; un, dyun) — vay (un, dyun) + by (Oyun, pr)

— (BThg, 0un) . + (fu, Orun) . - (2.4.56)

We can introduce the following simplifications on the RHS of Eq. (2.4.56)

b (Orun,pr) = (V- (Oiun), pn). =0,

and

1d

Qap (Uh, 3tuh) = 5% (ah<uha Uh)) )

where these relations hold because dyu;, € WAV, and the operator a; possesses

bilinear and symmetrical properties. Thereafter, one obtains

vd
(Ovun, Oyun) g + =~ (an(un, un)) = — cx (up; up, dyuy)
he2dt

— (BThg, Oyun) g, + (fur Q) g . (2.4.57)

We can leverage the boundedness of the convective trilinear form (Lemma 2.4.11)
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and the Cauchy-Schwarz inequality to rewrite the RHS of Eq. (2.4.57) as follows
vd
(Ovun, Oyun) 7. + Sdt (an(un, up))

2
< (C7 Huh||grad,4 + By ”Th”L2(Q) + ||quL2(Q)> ”atuhHL?(Q) ’

or equivalently, upon applying Young’s inequality and the root-mean-square-arithmetic-

mean inequality

vd

2
10cn 2 + 5 7 (an(un, un))

3 4 1
< 2 <C$ ||uh||grad,4 + 5% ||Th||2L2(Q) + HquiQ(Q)) + 2 ||8tuh||2L2(Q) - (2.4.58)

Next, we can integrate Eq. (2.4.58) from t =ty to t = t,, as follows

t’VL
| 105y s+ van (). wn )

to

tn
< van (un(to), un(to)) + 3| C2 / () s s

to

tn tn
+5292/ I3 (3)1 720 d3+/ 1Fu(5) 220 dS]- (2.4.59)

to to
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On taking the square root of both sides of Eq. (2.4.59), one obtains

tn 1/2
( [ 100 e ds)
to

< Vvan (un(to) wn{to)) + V3

tn 1/2
G, ( [ 1 ds)
to

tn 1/2 . 1/2
w00 ([ IO as) ([ IR ) ] (2.4.60)

Here, we have used the fact that a, (wn(t,), un(t,)) > 0. Now, upon substituting

Eq. (2.4.60) into Eq. (2.4.55), we obtain the desired result

tn
| 1) s

to

tn tn
< (i3 (CG/ ||’u’h(8)||zrad,2 ds + ’/0305/ Huh(s)”syrm2 ds)

to to

grad,4

ot [¢ i)+ V3G ([ i)

Bl 4 3) </t” ||Th(3)||i2(ﬂ) ds) v +(1+v3) </t:“ ||fu(8)||f:2(§z) ds) 1/2],

to

(2.4.61)

]

Remark 2.4.1. Establishing the stability of the versatile mixed methods becomes
more complicated if we incorporate additional physics into the temperature equa-

tion. This can be done by simply adding a viscous dissipation term to the RHS of
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Eq. (2.2.3). In section 2.5, we briefly consider the formulation that arises when we
incorporate this term. In addition, in the subsequent section (section 2.6), we will
present the results of numerical experiments to establish the practical consequences
of including the viscous dissipation term for both non-pointwise divergence-free,

and pointwise divergence-free methods.

2.4.4 Error Estimates

In this section, we obtain error estimates for the discrete velocity, temperature,
and kinematic pressure fields, for Hl-conforming versatile mixed methods. We
limit our analysis to the Hl-conforming case, as the H(div)-conforming case has
already been rigorously analyzed in the work of Schroeder et al. [43,44], and it
requires a different set of analysis techniques. The analysis in this section is a
natural extension of Dallmann et al.’s work [1,7], which focused primarily on non-

versatile, Hl-conforming methods.

Theorem 2.4.24 (Error of the Discrete Velocity and Temperature). Consider the
class of H1-conforming mized methods that satisfy Egs. (2.3.1)—(2.3.3). Suppose
that the exact solution (w,T,p) : [to,t,] — W X R X Q and approximate solution

(wn, Th, pn) : [to, tn] —> Wi X Ry, X Qy, reside in the following spaces

u € L™ (to, ta; WH™(Q)) , dyu € L? (to, tn; L* (), p € L? (to, t,; QN CO(Q)) ,
T € L™ (to, ty; WH™(2)), T € L? (to, tn; L*(Q)) , wy, € L™ (to, t,; L(Q)),

V-, € L% (to, t: L¥(9)).
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In addition, suppose up(ty) = juto and Ty(te) = jrlo and Assumption 2.4.19
holds. Under these circumstances, the discrete errors e, = j,u — up and ey =

JrT — Ty are bounded as follows

tn
ez (ta) 22y + l€wn (ta) 120y + / (Cav lewn() s + Coot e n(s)]2s) ds

sym,2 grad,2
to
tn tn
g/ <exp/ Ca(9) d1§‘>
to s

X Z [h%u [ (2+vRef + 20+ 3v(y + (7 — 1)Crnoa)) |‘U(5)||124/ku+1,2(1<)

KeTh

2hep+2

2 2
10r(s) gy | + == (ot

(0%
e ch +2Pé 15 ||g|rLoo<K>) IT(3) I psrigry + |ratT<s>H§wT,2<K>] s,
(2.4.62)

where ky, = k+ 1, kr = k+ 1, and k, = k. Finally, Cy and Cp are generic
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constants, and Cq is the Gronwall constant

Ca(s) =1+ B gl oo o) + [w(s) 1o
1 2 2 1 2
(1 ) max (b () e} + 5 ()i~ o)
+|T(s)] + (14 1) max{B% IT(s) g} + ~ IT(s)]2
Chod (7 - 1) —9 2
(7 = DIV () o) + =2 max (i} T (5) s o

+ Cooa (7= 1) max (B2} IV - un(5) - (2.4.63)

Proof. We begin our proof by rewriting the discrete governing equations in terms

of the exact solution w, T, and p

by (w,q) =0, (2.4.64)
(Orw, w)y + cp (u;u, w) + va, (w, w) — by (w, p)

=—(BTg,w)y, + (fuw)y, , (2.4.65)
OT, 1)+ (wsT,r) + aya, (T,7)

=—(y=1D[((V-w)T,r)y. + Croa (IV - u| VT, Vr) | + (fr,7);. . (2.4.66)

We can likewise write out the equations for our H1-conforming finite element meth-
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ods

b (un, qn) = 0, (2.4.67)
(Or un, wr) 7, + ch (Wn; W, wi) + van (wp, wi) — by, (W, pr)

= — (BThg, wn) 7, + (fu, wn)7, (2.4.68)
(OcThy mn) 7, + cp (wn; Thyrn) + @y @y, (Thy a)

— — (7= 1) [ (V- ) T, 7). + Conoa (V- s VTh,Vrh)Th] + (frora)y -

(2.4.69)

We then set w, = e, and r, = ery, and subtract Eq. (2.4.68) from (2.4.65),
and Eq. (2.4.69) from (2.4.66) in order to obtain error equations for the linear

momentum and temperature, respectively

(0 (u — up) ’e“vh)Th +op (usu, e, n) — cp (Up;up, €yp) + vap (U —up, e,p)

— b (€wn,p —pn) = — (B(T —Th) g, €un)y - (2.4.70)
(O (T =Th) erp) g, + o (W T ern) — ¢, (wns Thy erp) + ayay (17— Th, erp)
=~ (1= [(V-w) Teern)y, = (V- un) Thern)y,

+ Cnoa (IV - 6| VT, Ver) . = Conoa (I - | VT3, Ver) | (2.4.71)

Focusing on Eq. (2.4.70), we can rewrite u—uy, as 1, 5+ €, using Definition 2.4.3.

Then, using the fact that by, (e, n, €4n) = 0 because e, € Ho(div;(2), we obtain
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the following expression

(Oreun, eu,h)Th +vay (€un, €upn) (2.4.72)

= — (OiMuh, €un)y. — cn (Ui w, €ypn) + cp (Wn; Un, €4p)

— vap (nu,h7 eu,h) + bh (eu,ha np,h) - (577T,hga eu,h)Th - (ﬁeT,hga e'u,h)771 .

We can bound the non-convective terms in Eq. (2.4.72) as follows

1
<8teu,h7 eu,h)Th - iat ”eU,h

2
L2(Q)

vap (eu,ha eu,h) Z VC4 ||euyh”§ym,2 )

1 2 2
(O, eu,h>7’h < Hatnu,hHm(Q) Heu,hHL2(Q) < 1 Hatnu,hHm(Q) + He%h”LZ(Q) ’

vap ('rlu,ha eu,h) < VCB ||77u,h sym,2 ||eu,h||sym’2 )

bn (€uns o) < CrC2 |[Mppll 120 1€,y 2 -
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(Bnr.ng, eu,h)’]’h + (Berng, eu,h)Th <pg ||gHL°°(Q) <||6T,h||L2(Q) + Inrn

H@M%Mmﬁ

1
2 2
< Bllgll ooy | Nernllze) + 1 lewnllT2 ()

2
»

2 2
= 819l ey (leralla) + lewn 2o

Blgll o q) 5
t—s 1770172 () -

1 9 3
+ g lInralliae) + 7 lewn

Here, we have used Lemmas 2.4.6-2.4.8, along with Young’s inequality. The pre-

vious equation (Eq. (2.4.72)) can now be rewritten as follows

1 2 2
5815 ||eu,hHL2(Q) + VC4 HeU:hHsym,Q
< ey + lewnlls
= wh|l12(Q) w11 L2(Q)

— o (Ui w, €y ) + cn (Wns Un, €4,n) + (€0, gy o (0102 72,1

sym,2>

L2(Q) + VC5 ||77u,h

2
+ 819wy (lerallzage + lews

5 >+5H9Hm<

D\ 7ral?
L2(Q) 3 nr.n L2(Q) *



29

Then, via Young’s inequality

at ||eu h||L2(Q +v (04 — 26)

sym2
<1 2
< 1 10munllza o) + llewnlia)
(C1C5)? 02
—cp (u;u, ey ) + ¢ (Up; wp, ey ) + =y I p,h||L2 Sym2
Blgll e
2 2 L>=(9) 2
+ HgHL‘X’(Q) (HeT,hHL2(Q) + Heu,hHL2(Q)> + 3 HUT,hHL?(Q) . (24713)

An upper bound for the convective terms in the equation above can be expressed

as follows

Ch (U; u, eu,h) — Ch (Uh; Up, eu,h)

< 1 1+ vRe%,

= 4e h2
< KeT;, K

2
10l 72 ey + (B(C1C2)* + C3) ev llewnl iy s

2 2 2 2 1,12
3(C1Ca) e Mupll gy, 2 + [1€unllz2(q) (|UIW1,<»(Q) e max{fic (vl }

C 1 2
+ -y [fglea%{hf( |U|W1 (k) ) T Rer ][00 0 ) - (2.4.74)

Details of the derivation of this expression can be found in Appendix C.1. Having

established the above result, we can now revisit Eq. (2.4.73). Upon substituting
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Eq. (2.4.74) into Eq. (2.4.73), and using Lemma 2.4.7, we obtain the following

1
5@ ||eu7h||ig(9) + v (04 — € (2 + 3(0102)2 + 022)) ||eu7h||§ym,2

1 Z 1+ VR@% (0102)2

2 2
S 4_5 h%( Hnu,h”L2(K) + ey ||77p7h”L2(Q)

2
”at'rlu,h ”L2(Q) +

>~ =

KeTh

C? 2 2
# (524 3(01CaPe ) €0 Il + Newn g (14 19l + s

C 1
2 2 2
+ e max{hic [l o} + = max{hic i} + 5 ||“”L<>°(Q>>

1
+ Blalmiey (erl + 3 Il ) (2.4.75)

This completes our analysis of the linear momentum equation for the time being.

Turning our attention to Eq. (2.4.71), we can bound the individual terms as
we did with Eq. (2.4.70). We begin by replacing T — T}, with nrj + ez, and using
the fact that V - u = 0 as follows

b Y b — b b
(Orerp 6Th)7h + avyay, (ern, ern)

= — (O p, erp) . — avay, (Nrps erp) — ¢, (Wi T erpn) + ¢, (wn; Thy et )

F(y-1) [((v cup) Tnsern)y + Crmod (IV - wn| Vi, Very)y | (2.4.76)
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Next, we can bound terms on the first and second lines of Eq. (2.4.76)

1 2
(ateT,h; eT,h)Th = 5815 ||€T,h||L2(Q) )
ayay, (ern, ern) > ayCy HGT,thrad,g ;
1 2 2
(9enns eT,h)Th < ||8t77T,h||L2(Q) ||€T,h||L2(Q) < 4 HatnthHL?(Q) + “eT»hHL?(Q) ’

ayay, (nrns erp) < Cooy [INTpll yrag o 1€ | a2 - (2.4.77)

Here, we have used Lemmas 2.4.12 and 2.4.13, along with Young’s inequality.
It remains for us to bound the leftover terms on the second and third lines of
Eq. (2.4.76). We begin by analyzing the first term on the last line. This term can

be partitioned into three parts as follows

(V- up) Th, eT,h)Th = ((V-uy) (jrT — erp) 76T,h)7~h
= ((V-un) jrT,ern)y, — (V- un) e7,)

= ((V-up) Tyerp)y, — (V-wn) nrp ern)r, — ((V-un) eqy) -

7 >
~~ ~~

=1 Zo =3

Here, Z; can be treated in a similar fashion to Ay, (from Appendix C.1) by using
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the identity w, = —n, 5 — e, + u and utilizing the fact that V - u = 0 as follows

== (V) Trern)y, < |((V - (=mup = ewn+w) Toern)y,

< |V mu) Toera)y | +[(F - ) Toera)y |

< 3 (1T goeiaey 19 Tl el ooy + 1T oea 1V - €l gy el )
KeTy,

< 2(CLCy)? 2 2(C1Cy)? > L 2 o |17

= 1“2 ngnU,hHsym,Q + ( 1 2) gVHeU:hHsym,Q + dev H€T7h|’L2(Q) H HL‘X’(Q) .

(2.4.78)

Here, we have used Lemmas 2.4.5 and 2.4.6 on the last line. Next, =5 can be

handled in much the same way as A3, (from Appendix C.1)

E2 = —((V-up)nrp, erp) g < ‘((V (= Mun — €un + W) Ny ern)

= (V- mun) s exa) |+ |((V - ewn) s ern),

< Dl lerll gy (19 Munll ooy + 19 - €wnllagre )
KeTy,

C
2 2 2 2 2 2 2
< (C1G)°ev [Munllyume + (GO ev llewnllyums +  lernllie i) max{hic [Tl o)}

(2.4.79)
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Finally, Z3 can be bounded as follows

Zy= = (V- un)seha) <[ (V- un)ehy) |

2 2
< Z IV uhHLOO(K) ”eT,hHLQ(K) <|Vv- Uh||L<>o(Q) HeT,hHL?(Q)‘ (2.4.80)
KeTs,

In a similar fashion, the second term on the last line of Eq. (2.4.76) can be handled

by partitioning it into three new terms

Crnod (|V - up| VT, VeT,h)Th = Ciod (|V - up| V (jrT — erp) ,VeT,h)Th
= Cuod [ IV - un| VjrT,Very) . — (IV - un| Vern, Very) . |

= Cmod [ (|V . uh| VT, V6T7h)7— — (|V . Uh| vnT,h, veth)Th — (|V . ’U,h| VGT7h, Veth)Th ] .

h
Vi

-~ -~ -~

T1 To Ts

Next, we can rewrite Y by substituting u, = —n, 5 —e, +u into it, and applying
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Young’s inequality as follows

T = (V| VI, Vera)y, < |(IV - (=t = ewn +u)| VT, Very)y |

< )(yv M| VT, veT,h)Th’ + ‘(|V eun| VT, veT,h)Th’

<3 (19T Ui 19 Moy 1€l
KeTy,

VT ey 19 - €unll ey IVerall ey )

1
2 2 2 2

(2.4.81)

Here, we have used Lemmas 2.4.5 and 2.4.6 on the last line. We can perform
the same substitution on T,, in addition to using Assumption 2.4.19 and Young’s

inequality as follows

Ty =—(IV - upn| Virp, VGT,h)Th < ’(’V (=Nun — €un +u)| Vi, veT,h)Th
< ’(!V “Nun| V1,10, VeT,h)Th‘ + ‘(\V “€un| V1, VeT,h)Th‘

< Z HV'WT,hHLoo(K) HveT,hHm(K) <HV : nu,hHL2(K) +[IV- eu,hHL2(K))
KeTy

IN

sym,2

C
2 2 2 2
(CLCoe0 iy + (C1C2 60 llewn e + = IVerall ooy T ysoe(ey

(2.4.82)
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Finally, T3 can be bounded as follows

Ts = —(IV-up| Very, Very), < (IV-uy| Very, Very),

(2.4.83)

2 2
< Z IV UhHLoo(K) ”V€T,h||L2(K) <|[v- UhHLoo(Q) IVer L2(Q) -

KeTh

We can now return our attention to Eq. (2.4.76). Upon substituting Eqs. (2.4.77)—

(2.4.83) into (2.4.76), and using Young’s inequality, we obtain

1
SOl + (Cs = 22)a lerall

ayC§

2 2 2
< ||87577T,hHL2(Q)"‘HeT,h||1;2(QWL e ”77T,hngad,2

A~ =

— ¢, (w; T, erp) + ¢, (wn; Thy erp)

—+ (’}/ — 1) 3(0102)2(1 + Cmod)61/ H’I’]%h||§ym72 + 3(0102)2(1 + Cmod>5V Heu’thme

1 2 2 O 2 2 2
+ ey HeT,hHLQ(Q) HTHLoo(Q) + .y HeT,hHL‘Z(Q) }(nea%f{hk ’T’WLW(K)}

C,
2 mod 2 2
+[V- uh”LOO(Q) H€T7h||L2(Q) e HVBT,hHm(Q) |T|le°°(Q)

2

2 2
+ L2(Q) ||T||W1ﬁ°°(Q) + Crnod [|V - uhHLoo(Q) ||V6T7h||L2(Q) . (2.4.84)

CCo
- I Vern

An upper bound for the convective terms in the equation above can be expressed



66

as follows

¢, (w;T,erp) — ¢ (up; Th,erp)
1 1 ) 1 ) )
< = D 7o Il + 5 Tl llewnlz ) + 70 a2
< KeT, hic 2

1 «
+ — E T Pe% ||77T7h||i2(K) + 3(0102)281/ ||6u7h||§ m.2 + 3(0102)26V ||’I’]u’h||§ m2
28¢e =t hiy ym, ym,
h

1 C 1
2 2 2
+ ||€T,h||L2(Q) |:§ |T|W1,OQ(Q) + (5 + 5_1/) Irpea%{h% |T|le°°(K)} + 85_1/ ||T||L0°(Q)

(2.4.85)

Details of the derivation can be found in Appendix C.3. Now, upon substituting
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Eq. (2.4.85) into Eq. (2.4.84), and using Lemma 2.4.7, we obtain

1
SOl + (Cs = 92)a llexnlya

1 1 oryC’2 5

< 7 10zl —mem Ll L
KeTy,

1 2

+3(7+ (v = 1) Cinoa) (C1C2)°ev [l w5

+3(7+ (1 = 1) Cunoa) (CLC2C3) e [ Mun|2

1 Cy 27 —1.
1+ 3 T ly1.00 0y + <5 + 5_,/) max{h T3y, ) T e 1T 0 0

2
+ HeTJLHLQ(Q)

2 2
+ (V= DIV -unll g | + Cmoa (v = 1) [Vernllz2 e T 1000

C
+ o ||T||?,V1,00(Q) +V- uhHLOO(Q)] : (2.4.86)
Next, we combine Eqgs. (2.4.75) and (2.4.86), and introduce the constants Cy =
Cy—e(2+C2+3(C1C)*(y+ 1+ (v —1)Choq)) and Cp = Cg — 92. Here, we
require that C'y > 0 and Cg > 0. As a result, we must choose

Cy G
2+ C+3(C1C)* (v + 1+ (v — 1)Crioa) " 9

€ < min
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Upon choosing an appropriate value for €, we obtain the following expression

2
sym,2

2 2
L2(Q) + CBO[,Y ||6Tahl|grad,2

1 1
§8t ||€T,h||i2(g) + CAV ||eu,h|| + éat ||eu,h

2 2 2
S 10mrn 2 Tt o ||77T7h||grad72 +(2+3(v+ (v = 1)Choa)) v Hnu,hngad,z

2

2 + vRe2 1 )
— 7 M L) T o H77p,hHL2(Q)

2
+ 10munl 72 + D
KeTh, K

2
+ llewnllzz@ |1+ Blgll L) + [wlyio@) + Tl

1 2 2 1 2
+ (1 + ;) Irglea%{h[( |'UI|W17°<>(K)} + > ||UHL°°(Q)

2 «
+ ||77T,h||L2(Q) Z hz_Pei + 5 ||9||Loo(Q)
LkeT, K

2 v 2 v 2
+ llernllzz |1+ BlGll pe@) + [ TTnree ) + (1 + ;) %ea%{hﬁ( T 0oy > 1707 ()

Cinoa (v — 1) -2 2
+ (= DIV -l g (o) + -, glea%{hl( HIT w0 @)
-2
+ Cinoa (v — 1) ;{nea%f{hK HIV - uhHLoo(Q)] g (2.4.87)

where we have introduced < to denote that the RHS of Eq. (2.4.87) is multiplied
by a generic constant. In addition, we have used the following inverse inequality

to rewrite the [|[Ver[| s, terms on the last two lines of Eq. (2.4.87)

2 2 — 2 _
IVernllag = Y IVernlliagn < C D il llernllzage < Cmax {hi} [lern

2
KET, L2y
KeTy, KeTy
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We can now obtain an error estimate through application of Gronwall’s Lemma.

First, we integrate Eq. (2.4.87) from t = ¢, to t = t,, in order to obtain

tn
2 2 2 2
HeT,h(tn)HLz(Q) + Heu,h(tn)”Lz(Q) + / (CAV Heu’h<8)|lsym,2 —+ CBO/)/ ||6T’h(8)||grad72> ds

to

tn 1
2 2 2 2
< / [nam:nh(s)nm 10 () gy + 01 1) o+ () 22
to

2+ vRe?
+ Z h—gK ||nu,h(3)||iQ(K) + (2 + 3(7 + (’Y - 1)Cmod)) v ||nu,h(s)||§;rad,2
KETy, K

(6%
N (Z " 7Peé +p HgHLoo(m> !\HT,h(S)Hi%m] ds

KeT, K

1+ 5 HgHLOO(Q) + |u(s>ywl,oo(9)

tn
2 2
[ (lerato) sy + lean® i)

to

1 2 2 1 2
+ (1 + ;) max {hj [u(s) oo} + 3 Iw(s) T

g 2 2 g 2
T ey + (14 2) mac{he [T nm s} + L 1T(5) ey

C1mo Y 1 -
Cmoa (7 = 1) max{h*} HT(S)”%VMO(Q)

+ (v =DV unls) oo (o) + > hax

+ Ciod (7 — 1) [Igleé%il{hl_f} V- uh(8)||L°°(Q)] ds.
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Next, via Gronwall’s Lemma

tn
2 2
e ()2 + l€wn(ta) 122 + / (Cavllewn(®)]Eyms + Cpay lern(s) 2 ) ds

to
tn tn
§/ (exp/ Co() dﬁ)
to s

1 9 2 + vRe; 2
=l allza@) + D = I3z
KeT;, K

2 2 2
HatUT,h(S)HH(Q) + ”atnu,h(s)”LQ(Q) +ay HTIT,h(S)ngadg

+ (2 + 3("}/ + (")/ - 1)Cmod)) v Hnu,h(s)l‘zrad,Q

o
+ (Z hg—vPei +6||g||Loo(Q>) ||77T,h(8)lliz<m] ds. (2.4.88)

KeT, K

Here, C¢ is the Gronwall constant, in accordance with the definition in Eq. (2.4.63).
We can now precisely bound the RHS terms in Eq. (2.4.88). We introduce k as
the polynomial order and denote k, = k 4+ 1,kr = k + 1, and k, = k as the poly-

nomial orders for the velocity, temperature, and kinematic pressure respectively.
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Thereafter, using Assumption 2.4.19 we can show that
2+ yRe
24307+ (7 = DComot) ¥ [70n(8) s + 3 K iy ()]
KeTy,

1
+ = 1 () 12y + 07 [07(5) a2

o 2
+ <Z mPe% +8 HgllLoo(m> 77, (8) 1 2
K

KeTy

<C Y B (24 vRE + 20+ 30(v + (3 — 1)Crnod)) () ez,

KeTy
1
242 2
+C Z h" > HP(S)”Wka(K)
KeTy,
+C Z 3T (ory—l— —Pej + hif 191 1o 1 ) |’T(3)”?/I/kT+1v2(K)7
KeTy

and

10 (5) 72y < C Y hie* 100aa(s) [fyaaqre

KeTy,

10z a() 72y < C Y W NHT(8) [fyer2g) -

KeTy
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Finally, we obtain a total error estimate

tn

nmmm@@+mmmﬁmw/ (Cavllewn(®)]Eyms + Cpay lern(s) 2 ) ds
to

/ (eXp / Ce(v >

[h ku 2 + l/ReK + 2v + 3V(’7 + (’7 - 1)Cmod)) ||u(8)||{2/[/ku+172(K)
KeTy

2kp+2

2 2
o 10024(5) mwagaer | + = () iy

+ h%?T [ ((W + PeK + hif ||9||Loo(1< ) ||T(S>||%/V’€T+1»2(K) + ||atT(3)||12/va72(K) }] ds.
(2.4.89)
This is identical to the desired result (2.4.62). O

Theorem 2.4.25 (Error of the Discrete Kinematic Pressure). Consider the class
of H1-conforming mized methods that satisfy Egqs. (2.3.1)—<(2.3.3). Suppose that
the exact solution (u,T,p) : [to,t,] — W X R x Q and approximate solution

(wn, Th, pn) : [to, tn] —> Wi X Ry, X Qy, reside in the following spaces
u € L™ (to, ta; WH™(Q)) , wy, € L™ (to, t,; Lo(9)).

In addition, suppose pp(ty) = jppo and Assumption 2.4.19 holds. Under these
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circumstances, the discrete error e, = jpp — pn 15 bounded as follows

2 2 2 2
Henh”L?(tO,tn;L?(Q)) S Hateuvh||L2(t0,tn;L2(Q)) +v ||euvh||L2(t0,tn;grad,2)
2 2 2
+ <||IU’HL2(t0,tn;L°°(Q)) + ||uhHL2(to,tn;L°°(Q))> ||€u,hHLoo(t0,tn;L2(Q))

2
(to,tn;L?(92))

2
+ wnll 22 1022000 |

>

KeTy

2 2 2(ku+1 2
+ (I3) ey + ) e ) T () i

tn;grad,2

(kp+1) 2 u 2
[ s [[p( )”W’CPJFLQ(K)—’—h%? Hatu(S)HWkuﬂ(K)

+ 12 h%f“

2 2 ” 2
w(s) [z + 1w () o) R 1(8) pmnr.20)

+ B TV T () [fpnr.2 ) ] ds. (2.4.90)

Proof. We begin by rewriting Eq. (2.3.5) in terms of the exact solution fields p, u

and T as follows

(0w, wp) 7+ cn (w; w, wp) + vay, (w, wy) — by (wy, p)

— (8Tg, wn)7, + (fu, wn)y, - (2.4.91)

Next, upon subtracting Eq. (2.3.5) from Eq. (2.4.91) and rearranging the result,
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one obtains

b (wp, p — pr) = (Oe(w — un), wr) 7 + cp (U; w, wi) — cu (Up; wp, wh)

+ vap (w — wp, wy) + (BT = Th)g, w)7, -

We can now substitute p — p, = npp +€pp, U — Uy = Ny + €y p, and T' = Tj, =

Nt + ery, into the equation above

b (W, €pn) = —bn (Wr, Mpn) + (OsMups wi)y. + (r€up, wh)
+ o (u; w, wp) — o (wn; wp, wp)

+ vap (Mup, wr) + vap (€un, wn) + (Bnrn g, wn)y + (Bern g, wa) . -

By using the Cauchy-Schwarz inequality, Lemma 2.4.7, the boundedness of the
viscous bilinear form (Lemma 2.4.9), the inequality of broken Sobolev norms

(Lemma B.1.2), and the embedding inequality (Lemma B.1.3), one obtains

bn, (’wh» 6p,h) < [d1/2 ||77p,h”L2(Q) + 022 (Hat??u,hHL?(Q) + ||ateu,h||L2(Q)>
G503 (Imunlgage + l€wnllyaas)
+ 8902, <||77T,h||L2(Q) + ||6T,h||L2(Q)> ] ||'wh||grad,2

+ cp (’U,; u, ’U)h) — Cp, (’U,h; Up, 'UJh) . (2492)
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It remains for us to bound the convective terms on the RHS of Eq. (2.4.92). After

some careful consideration (see Appendix C.2), we obtain the following result

Ch (u; u, wh) — Cp, (uh; Up, wh)

s[mwm@+wwmmgmmmm@+wmmm)
+d"Po2 [ unl| o o (||nu,h||grad,2 + Heu,hngad,Z) ] 1w | a2 (2.4.93)

Upon substituting Eq. (2.4.93) into Eq. (2.4.92), one obtains

by, (wh, e, 1)

< d"? ||np
[|ws || P

L2(Q) + 02,2 (Hatnu,hHL2(Q) + H&geu,hHm(Q))
grad,2

+0C5C3 (1Ml gz + N€unllgaas) + 89723 (Inral oy + ezl oo )

(el gy + Il ey ) (Imunlzgey + lewnl ooy )

+ d1/202,2

[wnl oo (o (Il'nu,hllgmdﬁ2 + [lewn gmdz) : (2.4.94)

Equivalently, upon using the inf-sup condition (Lemma 2.4.18) with ¢, = e,



76

and p = 2 on the LHS of Eq. (2.4.94), one obtains

||€p,h||L2(Q) S 013 d1/2 ||77p,h||L2(Q) + 02,2 (“@Wu,h“p(g) + ||8t€u,h||L2(Q)>

+ 0053 (Il s + l€unlyaa) + 89722 (Il gy + llernl o)
(Il ey + anll ey ) (1l 20y + Nlewnla

+ d1/20-272 ||uh||L°°(Q) (Hnu,hngad,Q + ||euvh||grad,2> ] .

Next, we square both sides and apply the root-mean-square-arithmetic-mean in-

equality

2 2 2 2
Hep,hHLz(Q) <13C%|d HT]PJZHLQ(Q) + 03,2 (”atnu,h”p(n) + ||ateu,h||L2(Q)>

+12C2CE (I

2 2 2 2
a2+ 1€unllagz) + 525080 (Il e + leralae)

2 2 2 2
+ (ll ey + el ) (W) + el

2 2 2
+ d03,2 ”uhHLoo(Q) (Hnu,hngad,Q + ||e“’h||grad,2) ] )
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or equivalently,

2 2 2 2
||€p7h||L2(Q) S ||np7h||L2(Q) + 10,1 2@ T 0eun 12(Q)
2 2 2 2
0 (s + Iewtlla) +5%° (e + lezalla )
2 2 2 2
o (Ilell ey + Metnlle ey ) (10320 + el o)

2 2 2
+ l[unll 70 <||17u,hllgmd,2 + ||eu,h||gmd72) : (2.4.95)

Recall that the following interpolation estimates hold in accordance with Assump-

tion 2.4.19
2 2(kp+1 2
ooy < C > B Iplnie ) (2.4.96)
KeTy,
2 2(k 1 2
Inallagy < C D0 BRI NT Rkr oy (2.4.97)
KeTy
2(ky+1
17un 2y < C D Bl fn o) (2.4.98)
KeTy
2 . 2
Ml ian < C > B ulfprasnag) (2.4.99)
KeTy
1omunlfai) < C > B 1ol fn e i) - (2.4.100)

KeTy
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We can substitute Eqs. (2.4.96) — (2.4.100) into Eq. (2.4.95) in order to obtain

2 2 2 2
Hep,hHL?(Q) S ||8teu7h||L2(Q) +v° HeU,hngadg + 5% ||€T,h”L2(Q)

2 2 2 2 2
o (Il ey + Ny ) ey + el 2y et

2(kp+1 2 » 2 " 2
+ > [hfép HIply i) + R 10l a ey + V2R [l 2y

KeTy

2(kr+1 2 2 2 2(ky+1 2
+ G DN ey + (1l + lanle ) B el

2 y 2
e ) P ||u|rwkuﬂ,2(m]. (24.101)

Lastly, upon integrating both sides of Eq. (2.4.101) from ¢t = ¢, to t = t,,, we obtain
the final result (Eq. (2.4.90)). O

2.5. Expanded Formulation with Viscous Dissipation Term

In this section, we introduce an expanded formulation of the temperature equation
which contains a viscous dissipation term. We have waited until now to introduce
this term, as it would have significantly complicated the analysis of the schemes in
section 2.4, and a complete analytical treatment of this term is outside the scope
of the current work. However, it is included here, as we intend to examine its bulk
effects on the numerical experiments of the next section.

We begin by noting that the viscous dissipation term contains the Frobenius

inner product of the viscous stress tensor with the velocity gradient tensor as
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follows

Civ‘r : Vu. (2.5.1)

This term is usually considered negligible in incompressible flows (as its magni-
tude usually scales with Ma?), but can become important if velocity gradients are
sufficiently large, or if the fluid is compressible, and the dilatational term becomes
large. In accordance with standard physical arguments (see [52]), we can add the

viscous dissipation term to the RHS of Eq. (2.2.3) as follows

T +V - (Tu) =V - (ayVT) = CLT Vu—(y—1)T(V-u)+ fr, (2.5.2)

in order to obtain an expanded version of the temperature equation. Upon dis-
cretizing this equation using well-known finite element techniques, one may obtain

the following semi-discrete equation

~

1
(0T, )7, — (Thwun, Virn) g + <¢inv ‘mn, Th>aT 3 (V- up) Th, ),
h

+ay | (VaTh, Viry) s — <$Vis ‘m, Th>8T + </):Vis — Ty, Vi, - n>87’ ]
h h
v r 2
= | = thh -+ thh - = (V : uh) I: thh, Th
Chy 3 T

-(v—=1) [((V wp) Ty i) 75, + Cinod (|V - w VhThyvhrh)Th} + (fromn)7, -

(2.5.3)
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In a natural fashion, one may modify the versatile methods in section 2.3 by

replacing Eq. (2.3.3) with (2.5.3).

2.6. Numerical Experiments

In this section, the results of several numerical simulations are presented to demon-
strate the performance of the proposed methods. The following simulations were
performed using both Taylor-Hood and Brezzi-Douglas-Marini elements with poly-
nomials of degree k, k+ 1, and k + 1 for the kinematic pressure, temperature, and
velocity spaces respectively: i.e. for cases with k = 1 the polynomials for each space
were degree 1, 2, and 2 respectively. In addition, we imposed a zero integral mean
condition for the kinematic pressure via a Lagrange multiplier. The convective nu-
merical fluxes were computed using upwind biased fluxes with ( = § = 0.5, and the
viscous numerical fluxes were computed using n = ¢ = 3(k+1)(k+2). The stability
constant was Cl,oq = 0 unless otherwise stated. In each case, either a high-order
BDF3 or BDF5 scheme was used for the time discretization. The meshes were de-
veloped using rectangular grids where the quadrilateral elements were split along
the diagonals to create triangles. Throughout this section, mesh dimensions are
reported as N x M, where N and M refer to the number of quadrilaterals in the
x and y directions, respectively. The total number of elements for each case was
2N x 2M due to the splitting mentioned previously. Finally, each simulation was
performed in the open-source finite element software package FEniCS [53].

The remainder of this section consists of several canonical test cases involving



81

natural and mixed convection. More specifically, in section 2.6.1 we evaluate the
order of accuracy of the formulation presented in section 2.3. In sections 2.6.2 and
2.6.3 we perform a comparison between the two formulations presented in sections
2.3 and 2.5. In addition, in subsection 2.6.3 we evaluate the effects of the stability
term (the Cyoq term). In the final section, 2.6.4, we demonstrate the methods’

ability to simulate 3-dimensional natural convection-driven flows.

2.6.1 Non-Isothermal Taylor-Green Test

For the first test case, we compared solutions from our methods to an exact solution
of a non-isothermal Taylor-Green vortex array in order to check the convergence
rates of the discrete velocity, temperature, and kinematic pressure fields. Here, we

prescribed the initial condition at ¢ = 0 as follows

u = (sinz cosyexp (—2vt), — coszsinyexp (—2vt)),
1
p=7 (cos 2x + cos 2y) exp (—4vt) ,

1
T = 5 (sinzsiny) exp (—2vyat) ,
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on the domain = [—1, 1]*. The vortex array was simulated for ¢ € [0, 0.5]. During

this time, we defined the gravitational and forcing functions as follows

g=(0,-1), Jr =0,

1
fu= (O, §B sin x sin y exp (—2fyat)) )

We considered a dimensionless formulation with « = f =v =p=1and v = 1.4.
Note: in subsequent test cases, a dimensional formulation was considered.

The Taylor-Green test cases were run on a uniform periodic domain tessellated
with N x N elements, where N ranged from 4 to 32. The time marching scheme
used was BDF5 with a time step At = 0.01 for all k. For this case, we considered
polynomial degrees of k = 1, 2, and 3. We expected a convergence rate of k + 2
for the discrete velocity and temperature fields since the associated polynomial
spaces were degree k + 1, and a rate of k + 1 for the kinematic pressure field
since the associated polynomial space was degree k. One can see from tables 2.1
and 2.2 that we recover the predicted convergence rates for the Taylor-Hood and

Brezzi-Douglas-Marini elements, respectively.

2.6.2 Heated Cavity Test

The second test case was a heated cavity as described by [1]. This case consisted
of a square cavity Q = [0, 1]2 with stationary walls. The flow was driven by a

temperature difference between the left and right walls, and thus consisted of purely
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kL dofs Velocity Pressure Temperature
L? error | order | L? error | order L? error | order
2.221441 | 209 0.07310 - 0.008789 | - 0.01342 | -

1 1.11072 | 833 0.007436 | 3.2972 | 0.003517 | 1.3214 | 0.001320 | 3.3460
0.5536 3329 | 7.508e-4 | 3.3080 | 7,121e-4 | 2.3042 | 1.258e-4 | 3.3910
0.27768 | 13313 | 8.5806e-5 | 3.1294 | 1,684e-4 | 2.0801 | 1.386e-5 | 3.1817
2.221441 | 197 0.007439 | - 0.004243 | - 0.001213 | -

9 1.11072 | 785 4.009e-4 | 4.2136 | 5.552e-4 | 2.9341 | 6.287¢e-5 | 4.2704
0.5536 3137 | 2.351e-5 | 4.0920 | 7.584e-5 | 2.8722 | 3.702e-6 | 4.0858
0.27768 | 12545 | 1.443e-6 | 4.0262 | 9.860e-6 | 2.9432 | 2.278e-7 | 4.0226
1.11072 | 913 8.750e-4 | - 6.380e-4 | - 1.369e-4 | -

3 0.5536 3649 | 2.953e-5 | 4.8887 | 4.374e-5 | 3.8664 | 4.573e-6 | 4.9044
0.35543 | 14593 | 9.586e-7 | 4.9455 | 2.268e-6 | 4.26946 | 1.476e-7 | 4.9532
0.27768 | 58369 | 3.029e-8 | 4.9838 | 1.336e-7 | 4.0857 | 4.721e-9 | 4.9668

Table 2.1: Velocity, kinematic pressure, and temperature L? errors for various
polynomial degrees £ and maximum element diameters h with Taylor-Hood ele-

ments.
k1 dofs Velocity Pressure Temperature
L? error | order | L? error | order | L? error | order
2.221441 | 401 0.09432 - 0.1373 - 0.01348 | -

1 1.11072 | 1601 | 0.009503 | 3.3111 | 0.05571 | 1.3022 | 0.001318 | 3.3544
0.5536 6401 | 8.153e-4 | 3.5429 | 0.01544 | 1.8507 | 1.260e-4 | 3.3874
0.27768 | 25601 | 8.0678e-5 | 3.3372 | 0.003971 | 1.9597 | 1.387e-5 | 3.1827
2.221441 | 785 0.008689 | - 0.04225 | - 0.001214 | -

9 1.11072 | 12545 | 4.384e-4 | 4.3088 | 0.006343 | 2.7360 | 6.285e-5 | 4.2722
0.5536 3137 | 2.566e-5 | 4.0944 | 8.597e-4 | 2.8833 | 3.702e-6 | 4.0855
0.27768 | 50177 | 1.574e-6 | 4.0274 | 1.108e-5 | 2.9547 | 2.278e-7 | 4.0225
1.11072 | 1297 | 0.001170 | - 0.008204 | - 1.369e-4 | -

3 0.5536 5185 | 3.571e-5 | 5.0348 | 5245e-4 | 3.9672 | 4.573e-6 | 4.9041
0.35543 | 20737 | 1.116e-6 | 4.9992 | 3.209¢e-5 | 4.0309 | 1.476e-7 | 4.9532
0.27768 | 82945 | 3.498e-8 | 4.9965 | 1.992¢-6 | 4.0094 | 4.721e-9 | 4.9668

Table 2.2: Velocity, kinematic pressure, and temperature L? errors for various
polynomial degrees k£ and maximum element diameters h with Brezzi-Douglas-
Marini elements.
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natural convection. Gravity g = (0, —1)T 7 in conjunction with buoyancy effects

influenced the fluid motion. For all heated cavity simulations, a fixed Prandtl

number Pr = 0.71 defined as

m2

was used. Fluid properties for all cases were a = 2.208 x 107°> ==  (C, = 717.8

s Y

kg%K, p=1 %, and v = 1.568 x 107° mTQ which denote an air-like fluid. In order

to facilitate comparison to [1], our first set of simulations were generated using
~v = 1. All walls were equipped with no-slip boundary conditions, where the left
and right walls had fixed Dirichlet temperature boundary conditions Tj.s = 0.5 K
and T} = —0.5 K, and where the top and bottom walls were adiabatic. For this
set of simulations, the Rayleigh number Ra was varied throughout. Specifically,
we decided to vary the Rayleigh number by varying the parameter (5, using the

following formulas

_ gBATL?

2

Ra : AT = (Tiept — Tright)

where L is the width of the cavity. We were interested in computing the average

steady state Nusselt number Nu based on the horizontal heat flux as follows

— ['HL (¢z)
Nu= | =24 H = \ly
Y Q s AAT’

0
1

oT

(Qu)y = / ¢:dy, ¢ = u,T — a—,
0
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where A is the domain area, and u, is the velocity in the z-direction. The Nusselt
number was calculated at Rayleigh numbers of Ra = 10*,10°, 10°, and 10" which
enabled the flow to remain laminar. At each Rayleigh number, four different grids
of size N x N were considered with N = 8, 16, 32, and 64. The only exception
was for Rayleigh number Ra = 107, as the 8 x 8 grid could not be converged for
this condition. The mesh used for each simulation was biased towards the walls
using the mapping proposed by [54]

1 .
Lrefined = (13 — %(1 — a) SID(QT('J})),

1 :
Yrefined = (y — %(1 —b) sm(27ry)),

a=(Nu)"t, b= (Nu)"

Note: in order to generate our meshes, we used the average Nusselt numbers
reported in [1]. On each mesh, a BDF3 scheme was used for the time discretization.
We also note that, both Taylor-Hood and Brezzi-Douglas-Marini elements of degree
k = 2 and 3 were used. In addition to using different function spaces (TH and
BDM), we tested two different formulations. The first formulation employed the
versatile methods outlined in section 2.3. This formulation is referred to as the
non-dissipative formulation since we are neglecting the viscous dissipation term
from the temperature equation. The other formulation of versatile mixed methods
appears in section 2.5, which includes the viscous dissipation term. This version

of the methods will henceforth be referred to as the dissipative formulation.
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At the lowest Rayleigh number, the flow was dominated by a large central
vortex seen in figure 2.1. As the Rayleigh number was increased, this vortex
disappeared and thin boundary layers developed on the left and right walls as
seen in figures 2.2 and 2.3. This is the same behavior observed by [1] during their
simulations performed without a viscous dissipation term. We note that each of
our figures was generated using Taylor Hood elements; however, all function spaces
and formulations produced nearly identical figures. Here, we have simply elected

to omit the remaining figures for the sake of brevity.

000035
L 00003
— 0.00025
L 00002
L 000015

0.0001

Figure 2.1: Temperature (left) and velocity magnitude (right) for Rayleigh number
Ra = 10*. The non-dissipative formulation with a 64 x 64 mesh and k = 2 Taylor
Hood elements was used to generate these results.

We also saw very similar values of the average Nusselt numbers for all mesh
resolutions, method formulations, function spaces, and polynomial degrees as seen
in tables 2.3 and 2.4.

Finally, we ran a separate set of tests using v = 1.4, Ra = 10*, and k = 2

Taylor-Hood elements. The purpose of these tests was to assess the performance



87

49e-03

0.0045
0.004
= 0.0035
—0.003
— 0.0025
— 0.002
0.0015
0.001

0.0005

-5.0e-01 0.0e+00

Figure 2.2: Temperature (left) and velocity magnitude (right) for Rayleigh number
Ra = 10%. The non-dissipative formulation with a 64 x 64 mesh and k& = 2 Taylor
Hood elements was used to generate these results.
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Figure 2.3: Temperature (left) and velocity magnitude (right) for Rayleigh number
Ra = 107. The non-dissipative formulation with a 64 x 64 mesh and k = 2 Taylor
Hood elements was used to generate these results.

of our mixed methods with and without the temperature-scaled divergence term,

—(y—=1)T(V-u). In order to isolate the effects of this term, the viscous dissipation
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Nu ref.

NUTH

Nuppnm

k=2

k=3

k=2

k=3

10

8

2.24480

2.24481

2.24478

2.24481

16

2.24478

2.24481

2.24481

2.24481

2.24481

32

2.24481

2.24481

2.24481

2.24481

2.24481

64

2.24482

2.24481

2.24481

2.24481

2.24481

10°

8

4.52206

4.52162

4.52198

4.52161

16

4.52124

4.52163

4.52163

4.52163

4.52163

32

4.52162

4.52163

4.52163

4.52163

4.52163

64

4.52163

4.52163

4.52163

4.52163

4.52163

10°

8

8.81679

8.82497

8.64593

8.75790

16

8.81573

8.82514

8.82519

8.82519

8.82519

32

8.82502

8.82520

8.82520

8.82520

8.82520

64

8.82519

8.82520

8.82520

8.82520

8.82520

107

16

15.3718

16.5190

16.5227

16.5224

16.5230

32

16.5156

16.5229

16.5230

16.5230

16.5230

64

16.5230

16.5230

16.5230

16.5230

16.5230

Table 2.3:
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Average Nusselt numbers for various Rayleigh numbers, mesh resolu-
tions, function spaces, and polynomial degrees. All results were generated using
the formulation of the versatile mixed methods with the viscous dissipation term.
Reference values are taken from [1].

term was omitted. Table 2.5 summarizes the results of our tests. Here, it is clear

that the simulations with and without the temperature-scaled divergence term

yielded similar results, indicating that the inclusion of the term has minimal effects.
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- Nurg Nuppwm

Ra | N | Nu ref. - =3 — =3
8 | - 2.24480 | 2.24481 | 2.24482 | 2.24481
16 | 2.24478 | 2.24481 | 2.24481 | 2.24481 | 2.24482
32 | 2.24481 | 2.24481 | 2.24481 | 2.24481 | 2.24481
064 | 2.24482 | 2.24481 | 2.24481 | 2.24481 | 2.24481
8 | - 4.52201 | 4.52160 | 4.52164 | 4.52162
16 | 4.52124 | 4.52163 | 4.52163 | 4.52163 | 4.52163
32 | 4.52162 | 4.52163 | 4.52163 | 4.52163 | 4.52163
64 | 4.52163 | 4.52163 | 4.52163 | 4.52163 | 4.52163
8 |- 8.81900 | 8.82493 | 8.99810 | 8.70510
16 | 8.81573 | 8.82514 | 8.82519 | 8.82519 | 8.82520
32 | 8.82502 | 8.82520 | 8.82520 | 8.82520 | 8.82520
64 | 8.82519 | 8.82520 | 8.82520 | 8.82520 | 8.82520
16 | 15.3718 | 16.5190 | 16.5227 | 16.5224 | 16.5230
107 | 32 | 16.5156 | 16.5229 | 16.5230 | 16.5230 | 16.5230
64 | 16.5230 | 16.5230 | 16.5230 | 16.5230 | 16.5230

10

10°

10°

Table 2.4: Average Nusselt numbers for various Rayleigh numbers, mesh resolu-
tions, function spaces, and polynomial degrees. All results were generated using
the formulation of the versatile mixed methods without the viscous dissipation
term. Reference values are taken from [1].

Ra | N | Nu Without divergence term | Nu With divergence term
8 | 2.40656 2.40661

10t 16 | 2.40656 2.40656
32 | 2.40656 2.40656
64 | 2.40656 2.40656

Table 2.5: Average Nusselt numbers for the mixed methods with and without the
temperature-scaled divergence term, for v = 1.4 and k£ = 2 Taylor-Hood elements.
All results were generated using the versatile mixed methods without the viscous
dissipation term.

2.6.2.1 Heated Cavity Stability Test

Having confirmed that the versatile mixed methods can capture the behavior of

buoyancy-driven flows, we sought to test the effects of the auxiliary stability term

— (v = 1) Crnoa (|V - un| VT3, Virs) -
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To this end, we chose to run the same heated cavity case presented in section 2.6.2
using Ra = 5 x 107 and k¥ = 1 Taylor-Hood elements. We again used an N x N
mesh with N = 64. The same fluid properties prescribed in section 2.6.2 with
v = 1.4 are used again here. For this experiment, we used the non-dissipative
formulation only. We ran two cases to affirm that the proposed stability term
would work to diffuse (and help stabilize) the velocity and temperature fields. For
this purpose, we ran a baseline case without the stability term, and a case with a
relatively large value of the stability constant: Cioq = 2.0 x h%. Here h refers to
the maximum diameter of an element in the mesh.

We can see from figures 2.4 and 2.5 the effects of the stability term. Figure 2.4
shows the case without the stability term, and here we can see the formation of
a large diagonal vortex in the velocity field. In the temperature field, we can
see relatively horizontal temperature contours. Figure 2.5 shows the case with
the stability term, and here we can see that the vortex is diffused and is in the
process of splitting into two smaller vortices. In the temperature field, we can see
much more blending and less uniform contour lines. Based on these results, we
can conclude that the stability term is working to smooth out and stabilize our

solution.

2.6.3 Heated Cavity with Moving Wall Test

The next test case was a heated cavity with one moving wall, i.e. a mixed convection

case. Here, the top wall moved at constant velocity V};; and was heated, while the
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Figure 2.4: Temperature contours (left) and velocity magnitude contours with
streamlines (right) for Ra = 5 x 107 and v = 1.4. The formulation without the
stability term was used to obtain these results.
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Figure 2.5: Temperature contours (left) and velocity magnitude contours with
streamlines (right) for Ra = 5 x 10" and v = 1.4. The formulation with the
stability term and Cioq = 2.0 x h? was used to obtain these results.

bottom stationary wall was cooled as proposed by [2]. This case was run at a fixed
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Grashof number Gr = 10* along with varied Richardson numbers Ri, where

LAT . Gr ViiaL
= gﬁ—a AT = (T;fop - Tbottom)7 Ri = @7 Re = lyd .

Gr

V2

We used the same fluid properties prescribed in the previous heated cavity case.
In this case, we considered Richardson numbers R: = 0.01,0.06 and 1.0. The
domain was a box Q = [0,1]* with a uniform mesh that consisted of 64 x 64,
k = 2 elements. As with the previous experiments, two different types of function
spaces were used (TH and BDM) in conjunction with two different formulations of
the methods (dissipative and non-dissipative) along with v = 1. A BDF3 scheme
was used for the time discretization. The heated top wall was held at a constant
temperature T;,, = 1 K, while the bottom cold wall was held at Tyoom = 0 K,
with the remaining walls having adiabatic boundary conditions. Gravity was again
present in this case with g = (0, —1)7 77. The quantity of interest for this case
was again the average steady state Nusselt number Nu; however for this case we
were only interested in the Nusselt number along the top heated wall, referred to

henceforth as Nugg;. We define the vertical heat flux qy and Ny as

— HL =
Nuyay = 7, H = 1<4q2>T’

oT 1
Qy = _a_y7 <Qy>m = /0 [qy]yzldl'.

The results for both formulations are similar and are shown in tables 2.6 and 2.7,

alongside reference data from [2]. We note that the reference data was generated
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using a formulation without the viscous dissipation term. In each case, the best
agreement with the reference data occurs for the largest Richardson number Ri =
1. The other two cases with Richardson numbers R: = 0.06 and 0.01 show more

deviation from the reference. = We believe that the discrepancy comes from the

Ri | Nuyay ref | Nuwar TH | Nuya BDM
1.0 |1.34 1.39 1.39
0.06 | 3.62 3.87 3.90
0.01 | 6.29 6.52 6.59

Table 2.6: Nuyqy at various Richardson numbers, for our versatile mixed methods
with k£ = 2 and two different function spaces, alongside reference data. The data
here was generated using the formulation with the viscous dissipation term. We
use [2] for the reference values.

Ri | Nugay ref | Nuwar TH | Nuya BDM
1.0 |1.34 1.46 1.40
0.06 | 3.62 3.91 3.91
0.01 | 6.29 6.62 6.62

Table 2.7: Nuyqy at various Richardson numbers, for our versatile mixed methods
with k£ = 2 and two different function spaces, alongside reference data. The data
here was generated using the formulation without the viscous dissipation term. We
use [2] for the reference values.

mesh resolution used. In the reference, a grid of N = 128 was used as opposed
to the present study where N = 64. As seen in figures 2.6, 2.7, and 2.8, as the
Richardson number increases, so too does the velocity at the wall. This explains
why as Richardson number increases, we deviate from the reference as with the
present mesh we are not completely resolving the velocity gradient at the wall which

is needed to calculate the Nusselt number. Regardless, the trends observed in the
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Ri | Nuya Without divergence term | Nuye; With divergence term
1.0 | 1.30 1.30
0.06 | 3.48 3.48
0.01 | 5.92 5.86

Table 2.8: Nugyq at various Richardson numbers for mixed methods with and
without the temperature-scaled divergence term, for v = 1.4 and k = 2 Taylor-
Hood elements. The data here was generated using the formulation without the
viscous dissipation term.
tables show that the predicted Nusselt numbers are still reasonable (relative to the
reference), and that the two formulations do not produce dramatically different
results on the same grid.

Finally, we re-ran the cases with v = 1.4. We considered a formulation with
the temperature-scaled divergence term, and a formulation without this term. For
both methods, the viscous dissipation term was omitted. In table 2.8, we can see

that the methods produced similar values of Nuygy for the various Ri numbers

tested.

2.6.4 Rayleigh-Bénard Convection Test

The final test case was Rayleigh-Bénard convection inside a cylindrical domain

with dimensions

1 1\?* 1 1
Q:{<l’,y72)€ (—5,5) ’\/x2+y2§§,|z|§§}. (261)
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Figure 2.6: Temperature contours (left) and velocity magnitude contours with
streamlines (right) for Richardson number Ri = 1. The non-dissipative formulation
with a 64 x 64 mesh and k = 2 Taylor Hood elements was used to generate these

results.
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Figure 2.7: Temperature contours (left) and velocity magnitude contours with
streamlines (right) for Richardson number Ri = 0.06. The non-dissipative formu-
lation with a 64 x 64 mesh and k = 2 Taylor Hood elements was used to generate
these results.

The computational domain was an unstructured tetrahedral mesh comprised of

50,000 elements. Here, the lower wall was heated while the top was cooled in
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Figure 2.8: Temperature contours (left) and velocity magnitude contours with
streamlines (right) for Richardson number Ri = 0.01. The non-dissipative formu-
lation with a 64 x 64 mesh and k = 2 Taylor Hood elements was used to generate
these results..

order to force mixing in the domain. Rayleigh numbers of Ra = 10° and Ra = 10°
were used for this case. Fluid properties were defined as follows: a = 2.208 x 107°

2

0, =T7178 kg+K, p=1 %, and v = 1.7354 x 107° m{ The temperatures
of the top and bottom walls were T},, = —0.5 K and Tyoom = 0.5 K, respectively.
This case was run using k = 1, Taylor-Hood elements and the non-dissipative
formulation. For this case, BDF5 was used with a time-step size of At = 0.25
seconds. The Ra = 10° case was run to a steady state whereas the Ra = 10° case

was unsteady, and was run to a final time of ¢ = 1000 seconds. The quantity of

interest for this case is the Nug,, over the whole domain which is defined as

1 tn
(2, y, 2, t) de dy dz dt.
a|Q|(tn—t0)AT/tO /QQ( Y, 2,1) dvdy

Nugyg =
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We compare our N, values with [1] in table 2.9. For the case of Ra = 10°, we
have reported a Nu,,, value at the final steady state. For the case of Ra = 10°, we
have reported a Nug,, value which was averaged over the interval ¢ = [150, 1000]

seconds. The calculated Nu,,, values are in good agreement with the reference.

Figure 2.9: Temperature isocontours for the Rayleigh-Bénard convection cell for
Ra = 10° (left) and Ra = 10° (right). The Ra = 10° case was run to steady state
while the Ra = 10° case was run to ¢ = 1000 seconds. The results were obtained
with the non-dissipative formulation on a grid with 50,000 tetrahedra, and k = 1
Taylor-Hood elements.

Ra | Ngyg | Nugyg ref.
10° | 3.81 3.83
10% | 8.57 8.64

Table 2.9: Nug,, at Ra=10° and Ra=10° as compared to the reference [1]. The
results were obtained with the non-dissipative formulation on a grid with 50,000
tetrahedra, and k£ = 1 Taylor-Hood elements.

In addition, we can see from figure 2.9, the primary characteristics of the Rayleigh-
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Bénard convection cell. The hot fluid at the bottom of the cavity rises to the top
and this drives a mixing action in the cavity. The observed behavior matches the

behavior seen by other authors (for example [1]) at these Rayleigh numbers.

2.7. Conclusion

In the present study, the mixed methods first put forward by Chen and Williams [41]
are extended to non-isothermal incompressible flows. The primary advantages that
these new methods possess are their generality and flexibility, as they utilize the
full compressible formulation of the stress tensor and the expanded formulation of
the temperature equation (which retains the dilatational term). In this chapter,
the new versatile methods are constructed for weakly divergence-free Taylor-Hood
elements, and pointwise divergence-free BDM and RT elements. Next, we estab-
lish the L2-stability of the discrete temperature, velocity, and kinematic pressure
fields for these methods. In addition, we prove rigorous error estimates for the
temperature, velocity, and kinematic pressure fields. Thereafter, we introduce an
augmented formulation of the methods which includes an additional viscous dissi-
pation term. Finally, the accuracy of the resulting Taylor-Hood and BDM methods
is tested using four cases; these tests are used to confirm the formal order of accu-
racy of the methods, and demonstrate their performance on problems with natural
and mixed convection. The two formulations of the methods (with and without the
viscous dissipation term) are shown to produce similar results, and to provide good

agreement with established reference data. It is our hope that the analysis and
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numerical experiments in this work will serve as a useful stepping stone towards
the application of these methods to weakly-compressible and fully-compressible

flows.
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3  Versatile Mixed Methods for Compressible Flows

3.1. Motivation

In this chapter, we discuss the discretization of the compressible Navier-Stokes
equations using ‘versatile mixed finite element methods’. This paper introduces
an important extension to previous mixed methods for solving the isothermal in-
compressible Navier-Stokes equations [41], and the non-isothermal incompressible
Navier-Stokes equations [55]. While mixed finite element methods have seen signif-
icant interest for applications to incompressible flows, there has been very limited
interest in applying them to compressible flows. This is primarily due to the greater
complexity and non-linearity of compressible flows relative to incompressible flows.
There are many numerical methods which have the potential to address this chal-
lenge. However, in this work we will focus on finite element methods due to their
compact stencil, ability to operate on unstructured grids, high-order accuracy, and
strong mathematical foundations.

Broadly speaking, we can classify finite element methods for simulating flu-
ids into different categories based on their stabilization strategies. There are at
least five stabilization strategies of immediate interest to us: i) residual-based sta-
bilization, ii) numerical-flux-based stabilization, iii) entropy-based stabilization,
iv) kinetic-energy-based stabilization, and v) inf-sup stabilization. Often, combi-

nations of these stabilization strategies are used within the same finite element
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method. In what follows, we will describe each stabilization strategy, its strengths
and weaknesses, and then provide some examples of finite element methods which
use the strategy. Based on this broad discussion, we will identify the particular
stabilization strategies which we deem most effective. Then, we will explain how
versatile mixed methods achieve stability using these particular strategies, and how
our methods fit into the general landscape of finite element methods for weakly-
and fully-compressible flows.

Note: for those readers who are familiar with finite element stabilization strate-

gies, they may skip section 3.1.1, and proceed directly to section 3.1.2.

3.1.1 Background

Let us begin by considering a residual-based stabilization strategy. For example,
the standard continuous Galerkin (CG) finite element formulation is frequently
augmented with a stabilization term which contains the product of the residual
operator applied to the solution, a symmetric positive definite matrix, and a resid-
ual operator applied to the test functions. Streamline Upwind Petrov-Galerkin
(SUPG) methods [32,56,57] use this strategy for stabilization, as they leverage
a convection-based residual operator for the test functions. The SUPG methods
are known for their excellent performance in convection-dominated flows, although
they are not guaranteed to remain stable in the diffusive limit. Galerkin-Least-
Squares (GLS) methods [57] are closely related to SUPG methods, with the caveat

that they apply the full residual operator (both its advective and diffusive parts)
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to the test functions. See [15,58,59] for a general discussion of least-squares fi-
nite element methods. These methods often perform well in both convection- and
diffusion-dominated flows, as they are mathematically guaranteed to maintain sta-
bility in both settings. Lastly, the Variational Multiscale (VMS) methods [60-63]
are closely related to GLS methods, with the caveat that they apply the adjoint
of the full residual operator to the test functions. In contrast to SUPG and GLS
methods, these methods achieve adjoint consistency, although they are not guar-
anteed to maintain stability. A clear downside of residual-based stabilization is the
substantial difficulty in constructing a well-behaved, positive-definite stabilization
matrix. This user-specified matrix must be universal, as it must maintain stabil-
ity and recover the correct order of accuracy in smooth parts of the flow, for all
applications of interest.

Next, we consider a numerical-flux-based stabilization strategy. For example,
the standard discontinuous Galerkin (DG) finite element formulation is frequently
equipped with numerical fluxes which add artificial dissipation to the solution
that is proportional to jumps in the solution and/or its gradient. The local DG
(LDG) [64-68], Bassi-Rebay DG [69-71], and compact DG (CDG) [72-74] methods
use this stabilization strategy. These DG methods have been effectively applied to
many convection-dominated flows. Although they are not mathematically guaran-
teed to maintain stability, the numerical dissipation can be increased as necessary
to achieve stabilization. More precisely, the numerical flux contains user-specified
constants which can be increased in order to amplify the amount of dissipation. Of

course, this strategy is not without risk, as it can result in significant convergence
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issues within Newton’s method due to excessive numerical stiffness. In order to
address this issue and to reduce cost, many variants of the classical DG meth-
ods have emerged, including hybridized discontinuous Galerkin (HDG) [75-77],
embedded discontinuous Galerkin (EDG) [78,79], discontinuous Petrov Galerkin
(DPG) [80-83], and variational multiscale discontinuous (VMSD) [84-86] methods.

In addition, we can consider an entropy-based stabilization strategy. For this
approach, the compressible Navier-Stokes equations are rewritten in terms of ‘en-
tropy variables’ using a specialized entropy functional [87]. The development of
this functional is based on symmetrizing techniques for conservation laws [88,89).
Many researchers have applied CG and DG discretization methods to the entropy-
symmetrized version of the governing equations, (see the reviews in [90-93] for
details). The resulting schemes are provably stable for compressible flows. Fur-
thermore, they discretely satisfying the Second Law of Thermodynamics, and can
retain stability in the presence of shockwaves at low supersonic speeds without
shock-capturing operators. Despite these advantages, there are two significant
shortcomings of the entropy-based stabilization approach: a) the entropy variables
are highly non-linear functions of the conservative variables, and as a result, they
can impede the convergence of Newton’s method; b) the entropy is not a useful
quantity for controlling the solution as flow conditions approach the incompressible
limit. Regarding the last point: the entropy is implicitly related to the compress-
ibility of the flow. For an isothermal, incompressible flow, the entropy remains
constant.

Next, we consider a kinetic-energy-based stabilization strategy. The key idea
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behind this approach is that kinetic energy is conserved within an unsteady, invis-
cid, incompressible flow. It turns out that, with the appropriate choice of numerical
fluxes and function spaces, this kinetic energy conservation property can be repro-
duced at the discrete level. An elegant proof of this property for H(div)-conforming
mixed methods and specialized DG methods appears in [94]. It is important to
note that these methods are similar (but not identical) in nature to the kinetic
energy preserving (KEP) DG methods [95-99]. These latter methods use a skew-
symmetric formulation of the momentum equation in order to create a discrete
formulation of the compressible kinetic energy equation which mimics the contin-
uous equation. The KEP finite element methods are very similar to KEP finite
volume methods which were developed earlier in [100, 101}, and the DG method
of [102]. There are potential advantages for using kinetic-energy-based stabiliza-
tion instead of entropy-based stabilization, as some KEP schemes possess superior
robustness, (see [101] for details). Furthermore, kinetic energy is a quantity that
remains important in both compressible and incompressible flows, unlike entropy.
Lastly, kinetic-energy-based methods avoid the use of highly-non-linear entropy
variables. In particular, it is still possible to construct such a method while using
conservative or primitive variables.

Finally, we consider an inf-sup stabilization strategy. For this strategy, the pres-
sure and velocity spaces are required to satisfy an inf-sup compatibility condition.
As a result of this condition, the pressure field remains unique and bounded for in-
compressible flows, (see [42,45] for details). There are many mixed methods which

satisfy the inf-sup condition. For example, H(div)- and Hl-conforming mixed
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methods have been developed for isothermal incompressible flows [41,43,103,104],
and H1-conforming mixed methods have been developed for non-isothermal incom-
pressible flows [51,55]. A more complete review of inf-sup-stable mixed methods ap-
pears in [41,55]. There has been very limited application of these mixed methods to
compressible flows. An interesting step in this direction appears in [105,106]. Here,
a hybrid mixed finite element method is developed for compressible flows which
uses a DG method to discretize the convective terms, and an H(div)-conforming
method to discretize the diffusive terms. While this approach is quite innovative,
it does not utilize the correct pressure and velocity spaces, and thus inf-sup stabil-
ity is not obtained. In addition, [107] developed an inf-sup stable mixed method
for the stationary, barotropic, linearized, compressible Navier-Stokes equations.
Unfortunately, these equations fail to maintain the non-linearity or complexity of
the full compressible (or even incompressible) Navier-Stokes equations. A similar

argument holds for the mixed methods of [108-110].

3.1.2 Current Work

Our primary goal is to create a mixed finite element method for compressible
flows which uses the most effective and flexible stabilization strategies discussed in
the previous section. Towards this end, we have developed versatile mixed meth-
ods. These methods utilize three of the five stabilization strategies mentioned
above: numerical-flux-based stabilization, kinetic-energy-based stabilization, and

inf-sup-based stabilization. We have chosen numerical-flux-based stabilization for
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our methods instead of residual-based stabilization, due to the inherent simplicity
of constructing the numerical fluxes. Next, we have chosen kinetic-energy-based
stabilization instead of entropy-based stabilization, due to the overall physical rel-
evance of kinetic energy in both incompressible and compressible environments.
Finally, we have chosen inf-sup stabilization due to our interest in developing
methods which perform well in nearly-incompressible flows. A direct consequence
of the stabilization choices (above), is that versatile mixed methods have very
favorable properties. In particular, these methods are provably stable for non-
isothermal incompressible flows, as we can rigorously prove L2-stability of the
discrete temperature, velocity, and kinematic pressure fields. In addition, these
methods are accurate, as we can obtain error estimates for all of the discrete
fields. The mathematical properties of these methods have been rigorously estab-
lished in [41,55]. Furthermore, these properties are maintained in the presence of
non-zero divergence of the velocity field. In particular, versatile mixed methods
contain divergence terms in the mass, momentum, and temperature equations.
The divergence terms in the latter two equations are usually neglected in the con-
struction of conventional mixed methods for incompressible flows. However, these
terms are retained in versatile mixed methods. This makes versatile mixed meth-
ods particularly suitable for extension to more complex flows which violate the
incompressibility constraint.

It is still necessary for us to actually extend the versatile methods to simulate
compressible flows. This task is the main focus of the present chapter.

The most straightforward application of our new methods is in the area of
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weakly-compressible flows. With this in mind, it is important for us to briefly
discuss other methods which have been developed for weakly-compressible flows.
In these flows, numerical methods often encounter problems that stem from dis-
crepancies between wave speeds. This leads to poor conditioning of the matrix
system and incorrect predictions of the flow. A way to remedy this issue is the
so-called low-Mach-number preconditioners that introduce a preconditioner to the
matrix system to bring the wave speeds closer together [111-115]. This approach
has seen much success for steady state problems, but by design these methods have
a very negative impact on temporal accuracy. A more sophisticated approach has
been taken by flux preconditioners, where only the terms in the equation that are
naturally dissipative are modified [116-119]. This allows the preservation of the
temporal accuracy. In addition, we note that similar preconditioning methods have
been developed specifically for finite element methods, (see the work in [120-123]).
A recent article (c.f. [124]) offers an excellent review of research on this topic.
While our approach is designed to work for low-Mach-number flows, we do not
employ any of the preconditioner approaches outlined above. Instead, our method
relies on the usage of function spaces which are normally leveraged to solve the

incompressible Navier-Stokes equations.

3.1.3 Overview of the Rest of the Chapter

In section 3.2, we introduce the governing equations for compressible flow, and the

associated mathematical machinery. In section 3.3, we outline the versatile mixed
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methods for compressible flows. In section 3.4, we demonstrate that our versatile
methods for compressible flows retain their stability under incompressible condi-
tions. In section 3.5, we present a series of numerical experiments to demonstrate
the methods’ ability to handle the flows of interest. Lastly, in section 3.6, we

provide a brief summary of our work.

3.2. Preliminaries

Consider the flow of a compressible fluid in a d-dimensional domain €2, where
d = 2 or 3. Suppose that the fluid has a density field p = p (¢, ), a momentum
field pu = pu (t,x), and an internal energy field pe = pe (t,x), where u is the
velocity and e is the specific internal energy. We assume that e = C,T" where T is
the temperature, and C,, is the coefficient of specific heat at constant volume.
We seek a solution to the motion of the fluid on the time interval (¢y,t,) that

satisfies the compressible Navier-Stokes equations

Op+V-(pu)=35,, (3.2.1)
O (pu) + V- (pu@u+ PI) =V - (p1) = 8,, (3.2.2)

O (pT)+V - (pTu) —V - (CEVT) :—(7—1)pT(V-u)—|—i(pT:V'u,)—i—ST,

N

(3.2.3)
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subject to boundary and initial conditions

B(p,T,u) =0, on [to.t,] x 0%, (3.2.4)
p(0,)=po(xz), in Q (3.2.5)
T,z)=Ty(x), in € (3.2.6)
w(0,z) =ug(x), in (3.2.7)

where 9 (+) is the temporal derivative operator, V (-) is the spatial gradient opera-
tor, S, is a source term for the mass, S, is a source term for the linear momentum,
St is a source term for the internal energy, P is the pressure, x is the coefficient
of heat conductivity, 7 is the ratio of specific heats, and B (-, -, ) is a Robin-type

boundary condition operator. In addition, 7 is the viscous stress tensor
T 2
T=v|Vu+Vu —g(V-u)]I . (3.2.8)

Here, v = u/p is the kinematic viscosity coefficient, and p is the dynamic viscosity

coefficient. An explicit formula for = pu (T") is given by Sutherland’s law

C’ref T3/2

== 3.2.9
T + Sref’ ( )

I

where Clef and Syer are empirically determined constants. The heat conductivity
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coefficient x is related to u via the following formula

(3.2.10)

where C), is the coefficient of specific heat at constant pressure and Pr is the Prandtl
number.
In what follows, we will assume that the pressure, temperature, and density

are related through an equation of state

P = pRT, (3.2.11)

where R is the specific gas constant. With this assumption in mind, we can view
Egs. (3.2.1) — (3.2.7) as a system of equations for unknowns p, T', and w, which is
supplemented by the relations in Egs. (3.2.8) — (3.2.11).

We now seek a discrete solution to the continuous equations (3.2.1) — (3.2.7).
Therefore, we introduce a mesh 7, of straight-sided, simplex elements, each of
which is denoted by K. We assume that the domain € is polygonal, and further-
more, that the straight-sided edges of the mesh conform to the geometry of the
domain. We choose a mesh in which the individual elements are non-overlapping,
and we denote the boundary of each element by K. The total collection of faces
in the mesh is denoted by F, and each face is denoted by F'. The faces associated
with a particular element are denoted by Fx = {F € F, : ' C 0K}. The set of
all interior faces is denoted by F; = {F € F, : FN9dQ = (0}, and the set of
all boundary faces by F? = {F € F, : FN9Q # 0}. We associate each face F
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with a normal vector np which points from the negative (-) side of the face to
the positive (+) side. In a similar fashion, the locally defined, outward pointing
normal vector for each face of an element is denoted by np, or, when the context
is clear, simply n.

Next, it is necessary to introduce notation for computing integrals over the
elements and faces of the mesh. Suppose that ¢ is a scalar function, v and w are
vector functions, and T and U are tensor functions which are defined on the mesh,
and are assumed to be sufficiently smooth. Then, the integrated products of these

functions on the mesh are defined as follows

(pv,w), = Z/gbv wdV,  (¢T,U), Z/ng Udv,

KeTy, KeTy,

<¢v,w>87h::2 m-wdA, (0T, U)yy = Z ngT:UdA,

KeTy, KeTy,
(pv,w)r = Y /¢U wdA,  ($TU)y = Y /¢T U dA.
Fery, Fery,

On a related note, we would like to remind the reader of the following integration

by parts formulas

<(]§’U,TL>3K = (‘b? Y v)K + (Ua v¢)K

(v, Tn) g = (v,V-T), + (T, Vv),

Generally speaking, the generic vector function v, and the scalar function ¢ are
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not required to be continuous across element boundaries. As a result, it is useful

to introduce jump [-] and average {{-}} operators for the interior faces F' € F;

=60 6., [onl=dimitom, {6} =5 (04 +0),

1
[v] = vy — v, [ven]=v,®n, +v_@n_, {{U}}:Q(QM‘F’U*)-
In a similar fashion, for the boundary faces F' € F?, we define

[0] =&, on] =on,  {o}} = ¢,

[vl=v, [veon]=ven  {vf=w
Next, we introduce convenient function spaces for approximating the density

Q5 ={an:qn € C°(Q), |k € Pr(K),VK € T},

QY ={an:an € L*(Q),qulx € Pi(K),VK € Th},

where Py, (K) is the space of polynomials of degree < k. One may also approximate

the temperature using the function space
Ry = Qf = {Qh L q € C° (Q),qnlx € Pr (K),VK € 77L}.

Finally, one may approximate the velocity field using the Taylor-Hood, Raviart-
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Thomas, or Brezzi-Douglas-Marini spaces

Wit .= {wh cwp, € C°(Q), wilx € (Posr (K))? VK € 7;} ,
WET = {wy, - wy, € H (div; Q) ,wy|x € RT, (K),VK € Tp},

WEPM .— Lapy, - wy, € H (div; Q) ,wy|x € BDM,,, (K),VK € T},

where C°(Q) := (C°())? is the vector-valued space of continuous functions,

RT, (K) is the Raviart-Thomas space of degree k
RT, (K) == (Px (K))! & Py (K)

and BD M., (K) is the Brezzi-Douglas-Marini space of degree k + 1, whose def-

inition appears in [42].

3.3. Extension of Versatile Mixed Methods

In this section, we define a new class of mixed methods for discretizing Eqgs. (3.2.1)
—(3.2.3). The full derivation of these methods appears in Appendix D. The formal
statement of the methods is as follows: 1) consider function spaces Q;, C L? (),
R, C H'(Q), and W), C H (div; Q); 2) choose a set of test functions (g, 7, wy,)

that span Qh X Rh X Wh; and 3) find (ph,Th, uh) in Qh X Rh X Wh that satisfy:
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Discrete Mass Equation

(Ot s an) 7, + (Vi (pnwn) s an) 7, = (Sps an) 7. (3.3.1)

Discrete Momentum Equation

(0 (pnun) , wr) 7, — ((onwn) @ un, Vawn) . — R(pnTh, V - wi) 7 + (Tiny 1, W) o7
+ (PnThs Viwn) . — (Ovis 1, Wh) o7

R 2
+ <90vis — UpUp, (Vh’wh + Vh’wg ~3 (V- wy) H) ">
Ty,

- % ((&t pn+ Vi - (prup) — Sp> Up, wh) = (Su, W) , (3.3.2)

Th



Discrete Temperature Equation

(e (pnTh) 1) 7. — (pnThwn, Vars) . + <$inv "M, 7’h>a

_I_

Cy

2

(ﬁthm VhTh)

Th

1 ((&t pn+ Vi - (prun) — Sp> Th, Th>T

Kp
is — —Th,Vhrh-n

- <$Vis 'ln’arh> +
T}

115

>87'h

—(v—1) [(phTh (V) ,mn) 7 + Cmod (|pn(V - un)| ViTh, Vhrh)Thi|

1

+ . (pnTn = Viun, mn) 7 + (S7,78) 72

v

(3.3.3)

where the quantities with hats (e.g. &,,) denote user-defined numerical fluxes. In

addition, we note that u, = w(7h), 7 = T (pn, pn, un), and s, = K (1}). For

compressible flows, we recommend that the numerical fluxes are defined as follows

Ty = {onunlt @ {unl} + R{onTh T+ ¢ fpnl} [un - mp| [un @ n],

~
O yis

Diny = Lon T}y wn + 6 Lo} |wn - mp| [Th ],

~
¢Vis

~
Pvis

= {onmn}} — % )} [un @],

1
=

= {pnunl}

(€a¥aTid) = = Gl (i)

~ 1
Avis 1= c {rnThl}}

(3.3.4)

(3.3.5)

(3.3.6)

(3.3.7)

(3.3.8)
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where (, 7, §, and ¢ are adjustable parameters that control the amount of dissipa-
tion that is added to the scheme.

Returning our attention to the momentum and temperature equations above,
one may observe that we have augmented the schemes by adding ‘strong residual’

terms to the left hand sides of Egs. (3.3.2) and (3.3.3)

_ <(at pn 4 Vi - (prug) — Sp)uh,’wh> )

Th

DO | — N | —

<(0t ph+ Vi - (prun) — Sp) Th, 7"h>

Th

These are skew-symmetrizing terms which maintain consistency, while helping to
stabilize the schemes. In particular, they ensure that the convective operators in
the momentum and temperature equations become semi-coercive in the incom-
pressible limit.

Lastly, we have added the following term to the right hand side of Eq. (3.3.3)

_Omod (7 - 1) (lph(v ' ’U,h>| VhTh7 vhrh)Th P

where Cp0q is a stabilization constant. This term allows us to control the tem-
perature field in flows which are dominated by temperature-dependent buoyancy

effects. It is set to zero in most cases.
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3.4. Incompressible Stability

In this section, we introduce a new type of non-linear stability for finite element
methods. A finite element method for solving the compressible Navier-Stokes equa-
tions is said to possess incompressible stability or equivalently is said to be incom-
pressibly stable if, upon setting p, = const, p;, = const, k, = const, and S, = 0,
we recover an inf-sup stable method for the non-isothermal, incompressible Navier-
Stokes equations. Broadly speaking, enforcing incompressible stability is a way of
enforcing compatibility between the finite element discretizations for compressible
and incompressible flows. We contend that, a method for compressible flows which
possesses incompressible stability is more likely to maintain robust behavior in the
incompressible limit.

In what follows, we will establish that the finite element methods in Egs. (3.3.1)—
(3.3.3) are incompressibly stable. Towards this end, we initially set p, = pg = const

in Eq. (3.2.11)

Py, = poRTj,

or equivalently

ph = RT, (3.4.1)

where we have defined p, = P, /po as the kinematic pressure. We can immediately

observe that p, and T}, now reside in the same function space, i.e. (pn,T)) €
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Ry, x Ry,. Furthermore, if we choose Q) = Ry, = Q, then p, € Q.

Next, we observe that the viscous dissipation term

Po
—Th : Viyup,
th hUp,

in the temperature equation (Eq. (3.2.3)) can be neglected in the incompressible
limit. This property follows immediately from the arguments in Appendix A.1
of [55], and in Appendix A of this work.

We can use the observations above to rewrite Eqgs. (3.3.1)—(3.3.3). Upon per-
forming this operation, and setting p, = py = const, up = po = const, Kk, =
ko = const, and S, = 0 in Egs. (3.3.1)(3.3.3), we obtain the following simplified

equations:

Discrete Mass Equation

(Vh * Up, qh)Th = 07 (342)



Discrete Momentum FEquation

a\-vis
+ (T, Vawp) . — < n,wh>
T

Avis 2
+ <<,0p — vy, (Vhwh + Vhwg —3 (V- wp) ]I) n>
0

OTh

1
) (Vi - un) up, wh)frh = (fuvwh)']’h )

Discrete Temperature Equation

(OTh, )7, — (Thwn, Virs) g + Pinw "M, T
Po T

Avis }\\vis
+ Yo (VhTh, Vhrh)Th — <¢ ‘N, Th> + < — ’)/OéTh, vh’l“h . n>
9T

Po Lo

1
—-3 (Va - un) Th, )7,

T
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(3.4.3)

=-(r-1) [((V “up) Ty )7, + Cinoa (IV - ua] Vthmvhrh)Th} + (frira) 7,

(3.4.4)

where we have set a := ko/Cppo, fu := Su/po, and fr := Sp/po. Next, upon

substituting p, = pg = const, up = py = const, and Kk, = Ky = const into the

numerical fluxes (Egs. (3.3.4)—(3.3.8)) and dividing through the result by poy, we



120

have that

Fine 1= 2 =}t © {fwnd} + U T+ Clun - np| [wn @ n],  (3.45)

~ Oyis v
Uy = 0 = - Z—F [uy, @ 1], (3.4.6)

Biny : = {TW Y wp + 6wy - np| [Thn], (3.4.7)

vadai= 22 = o (V) - 1 ) (3.48)

-~ @Vis X :\\Vis
VPyis 1= . =v{{u,}}, Yayis i= o =~vya{{TnL}} . (3.4.9)

We may then substitute Egs. (3.4.5)—(3.4.9) into Egs. (3.4.2)—(3.4.4) in order to

obtain

(V- up, qn)r, =0, (3.4.10)

(Orun, wr) 7, — (U @ un, Vawy) . — (pr, V- wi) 7 + (Giny T Wh) o7

+ (Th, Viwn) 7. — v (Guis T, Wh) o7,

- 2
+v <<Pvis — Uup, (Vhwh + Vyw) — 3 (V- wy) ]1) 'fl>
ITh

- % (V- up) up, 'wh)Th = (fu, wh)Th ) (3.4.11)
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(0T, i) g, — (Thtn, Varn) g, + <$inv -, Th>8T
h

+ya (ViTh, Viry) g, — o <$vis ‘n, 7“h>aT + o <>/\vis —Th, Virn - n>

h ITh

1
=5 (V- un) Ty )7,

==y =D [ ((V-un) Th,rn)g, + Crmoa (IV - wy] VhTth?“h)Th} + (fr.mh) 7, -

(3.4.12)

The resulting class of methods is identical to the class which was originally intro-
duced in [55], with the caveat that the temperature space Ry, is one degree lower
than in the original work. The original methods were proven to be inf-sup stable
for the incompressible, non-isothermal, Navier-Stokes equations; and furthermore
this fact is unaffected by the change in the degree of the temperature space. There-
fore, based on the analysis above, we can conclude that the finite element methods
in Egs. (3.3.1)-(3.3.3) are incompressibly stable.

We also note that rigorous error estimates for the original versatile mixed meth-
ods were derived in [55]. This analysis (again) holds for the present methods, with
the caveat that the temperature converges at a rate of k 4 1, instead of k + 2, as
was shown in [55].

Lastly, we note that our versatile methods maintain stability of the discrete
kinetic energy field (for incompressible flows). In particular, if we construct a ver-
satile method with BDM elements, we recover the kinetic-energy-stabilized H(div)-

conforming method of Guzman et al. [94].
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3.5. Numerical Experiments

In this section, the results from several numerical simulations are presented. These
simulations were performed using Taylor-Hood elements with polynomials of de-
gree k, k, and k + 1 for the density, temperature and velocity respectively, unless
otherwise stated. In the following simulations, the convective numerical fluxes were
computed using upwind biased parameters ( = § = 0.5, and the viscous numeri-
cal fluxes were computed with n = ¢ = 3(k 4+ 1)(k + 2). The modeling constant
Choda = 0 was used. In addition, a high-order BDF5 scheme was used for the time
discretization. The meshes for each simulation were generated with quadrilateral
elements split along the diagonal to make triangular elements. In the following
sections, mesh dimensions will be reported as N x M, where N and M refer to
the number of quadrilaterals in the x and y directions. The actual total number
of triangular elements is then 2(N x M). Finally, all computations were carried
out using the open-source finite element software package FEniCS [53].

The rest of this section contains four test cases for assessing the proposed ver-
satile finite element methods. In section 3.5.1, we evaluate their order of accuracy
using the method of manufactured solutions. In section 3.5.2, we examine the com-
pressible solution behavior at low Mach numbers, and prove that it converges to
the correct incompressible solution. In section 3.5.3, we perform a Mach number
sweep on a two-dimensional cylinder in cross flow. Finally, in section 3.5.4, we

examine the drag forces on a Joukowski airfoil.
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3.5.1 Method of Manufactured Solutions

For the first test case, we compared the results of our versatile method equipped
with Taylor-Hood elements to an exact manufactured solution. We defined the

exact solution for ¢ > 0 as follows

p = sin(x) sin(y) exp(—2vt),

1. . K
T = 3 sin(z) sin(y) exp (—ZFt) ,

v

u = sin(z) cos(y) exp(—2vt),

v = —sin(y) cos(x) exp(—2vt),

where uw = (u,v). Here, we used Q = [0,1.25]*> as the spatial domain for our

solution. In addition, we note that the exact solution (above) was “manufactured”
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by using the following forcing functions

_ 2wsin(z)sin(y)

S, =

)

exp(2vt)

Sp = < — 4v cos®(z) cos(y) + K exp (2 (V - Ci) t) sin(z) sin(y) exp(2ut)

— (k4 Cyv)sin(z) sin(y)) / exp(4vt),

Sy = <sin(m)<cos(x) cos? () sin(z) sin(y)

+ 2p exp(2vt) cos(y) exp(2vt) — 2sin(z) sin(y)

+ cos(x) sin?(y) (exp (—ént

v

+ 41/t) R + sin(x) sin(y))>> / exp(6vt),

Sy, = (sin(y)(cos(y) cos®(z) sin(x) sin(y)

— 2uexp(2vt) cos(x) exp(2vt) — 2sin(z) sin(y)

+ cos(y) sin® () (exp <_(/2ﬁt

v

+ 41/15) R + sin(x) sin(y))>> / exp(6vt),

where S, = (S,,S,). We ran the simulation for ¢ € [0,0.25], with parameters
C, =1, R =1 v = 3, and k = 0.47. The simulations were performed on a
uniform grid with the exact solution specified as a Dirichlet boundary condition
on all boundaries. Time stepping was performed with a step-size of At = 5 x 1074,
In addition, we utilized polynomials of degrees k = 1 and 2. We therefore expected

to see convergence rates of k + 2 for the velocity and k + 1 for the temperature
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and density, as the latter quantities are represented with a polynomial one-degree
lower than the velocity. From table 3.1, we can see that the expected rates of

convergence are achieved.

© dofs Velocity Density Temperature

L? error | order || L? error | order || L? error | order
0.44194 | 212 8.292e-5 | - 0.001756 | - 0.001954 | -
0.22097 | 740 1.047e-5 | 2.984 || 4.470e-4 | 1.974 || 4.974e-4 | 1.974

L 0.11048 | 2756 1.312e-6 | 2.996 || 1.122e-4 | 1.993 || 1.249e-4 | 1.993
0.05524 | 10628 || 1.641e-7 | 2.999 || 2.809e-5 | 1.998 || 3.126e-5 | 1.998
0.44194 | 500 3.830e-6 | - 9.1878e-5 | - 1.022e-4 | -

9 0.22097 | 1828 || 2.392e-7 | 4.001 || 1.148e-5 | 2.999 || 1.278e-5 | 2.999

0.11048 | 6980 || 1.494e-8 | 4.000 || 1.435-6 2.999 || 1.597e-6 | 2.999
0.05524 | 27268 || 9.341e-10 | 4.000 || 1.794e-7 | 2.999 | 1.997e-7 | 2.999

Table 3.1: Velocity, density, and temperature L? errors for various polynomial
degrees k and maximum element diameters h, for the versatile mixed method with
Taylor-Hood elements.

3.5.2 Asymptotic Preservation

The second test case involved an isothermal vortex in a box with isothermal no-
slip boundary conditions on each wall. The domain was 2 € [0, 1] x [0, 1], and
we tessellated it with a 64 x 64 triangular mesh. The case was run over the time
interval t € [0,0.2]. The fluid properties were set to u = 0.01, C, = 717.8, R = 287,
and v = 1.4.

The goal of the test case was to show that compressible simulation solutions
converge to the incompressible solution in the presence of decreasing Mach number.

In order to facilitate this comparison, we prescribed an initial, divergence-free,
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velocity field for both cases. The compressible case had the density and velocity
specified, while the incompressible case had the velocity and kinematic pressure

specified. The initial condition for the compressible case was specified as

Ma?
P=Pref = —5 tanh(y — 0.5),

u = sin®(7x) sin(2my),

v = —sin®(my) sin(27 ).

The initial condition for the incompressible case used the same velocity, but the

kinematic pressure was specified as

b= (pref)v‘

The incompressible case was simulated with constant density p,.y = 1, and the
compressible case was simulated with Ma = 0.1, 0.05, 0.01, 0.005, 0.001, 0.0005,
and 0.0001. The incompressible simulation was performed with Taylor-Hood el-
ements of degree kK = 2, and the compressible simulations were performed with
three different methods: i) a versatile mixed method with Taylor-Hood elements
of degree k = 2, ii) a versatile mixed method with BDM elements of degree k = 2,
and iii) a standard DG method with k£ = 3 elements. We included the standard
DG method in our analysis in order to highlight the difficulty that conventional
methods have in the low-Mach-number regime.

The time-steps for each compressible simulation are summarized in table 3.2,
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and the time-step for the incompressible simulation was 5 x 107%. The At’s were

chosen carefully in order to maintain the stability of each finite element method,

and to control the amount of temporal error that was generated.

Ma TH, At || BDM, At || DG, At
0.1 2.0e-6 || 2.0e-6 2.00-6
0.05 | 2.006 | 2.0e-6 2.00-6
001 | 2.0e6 | 2.00-6 2.00-6
0.005 || 2.0e-6 | 2.0e-6 2.06-6
0.001 | 1.0e6 | 5.0e-7 5.0e-7
0.0005 || 5.0e-7 || 1.0e-7 5.0e-7
0.0001 || 1.0e-7 || 5.0¢-8 1.0e-7

Table 3.2: Time-steps At for three different finite element methods: a) the versatile
mixed method with Taylor-Hood elements of degree k = 2, b) the versatile mixed
method with BDM elements of degree k = 2, and ¢) the standard DG method with

k= 3.

At each Mach number, we calculated the differences between the incompress-

ible and compressible approximations for the kinematic pressure and density. In

particular, we calculated

Hpcomp - p*HLz(Q) 5

“pcomp - p*HL2(Q) )

where peomp is the density extracted from the compressible simulations at different

Mach numbers,

Pcomp =

(pcomp)va



and p, and p, are computed as follows

Px = 1+ Ma2pincompa

Px = (1 + Mazpincomp) 1/7 .
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The quantity pincomp is the kinematic pressure which was extracted from the in-

compressible simulation. Evidently, as Ma — 0, we expect

||pcomp - p*”Lz(Q) — 0,

||pcomp - p*HL?(Q) — 0.

Ma TH, L*-differences || BDM, L2-differences || DG, L*-differences

Pressure | Density || Pressure | Density Pressure | Density
0.1 4.269e-3 | 3.052e-3 || 4.075e-3 | 2.913e-3 3.036e-3 | 2.169e-3
0.05 1.232e-3 | 8.799e-4 || 7.938e-4 | 5.671e-4 7.990e-4 | 5.708e-4
0.01 3.888e-b | 2.777e-5 || 4.057e-5 | 2.898e-5 8.965e-2 | 6.324e-2
0.005 || 9.471e-6 | 6.765e-6 || 8.380e-6 | 5.986e-6 2.164e-1 | 1.502e-1
0.001 || 4.525e-7 | 3.232e-7 || 4.017e-7 | 2.870e-7 1.927e-7 | 1.376e-7
0.0005 || 7.900e-8 | 5.643e-8 || 8.350e-8 | 5.965e-8 4.817e-8 | 3.441e-8
0.0001 || 5.155e-9 | 3.682e-9 || 5.360e-9 | 3.828e-9 1.927e-9 | 1.376e-9

Table 3.3: L? norms of differences between compressible and incompressible field
variables (kinematic pressure and density), for different Mach numbers, and three
different finite element methods: a) the versatile mixed method with Taylor-Hood
elements of degree k = 2, b) the versatile mixed method with BDM elements of

degree k = 2, and c) the standard DG method with k = 3.

We can see in table 3.3 that our mixed methods follow the expected trend,

and significantly outperform the standard DG approach at low Mach numbers. In

particular, we can see that around Ma = 0.01, the DG method experiences a large

spike in error, as the solution stops converging towards the incompressible results.

In addition, we can see from figure 3.1 that while our BDM method maintains
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Figure 3.1: Velocity magnitude contours for the versatile mixed method with BDM
elements of degree k = 2 (left) and the standard DG method with & = 3 (right) at
Ma = 0.005 and ¢ = 0.18.

the initial decaying vortex, the DG solution has become completely unphysical.
We note that the DG method does not always produce unphysical results, as it
generates accurate results at some lower and higher Mach numbers, (Ma > 0.05
and Ma < 0.0005). However, generally speaking, the accuracy of the DG method
in the low-Mach-number regime is unreliable. Here, we have demonstrated that
it is possible for the DG method to converge to a non-physical solution in this
regime. In our experience, this phenomenon was not observed for the versatile
mixed methods with Taylor-Hood or BDM elements. We believe that this high-
lights a clear advantage of our approach: namely, since we are using function
spaces traditionally associated with incompressible flows, we are successfully able

to capture near-incompressible flow, even when solving the compressible equations.

Velocity Magnitude
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3.5.3 2-D Cylinder in Cross Flow

For the third test case, we simulated a two-dimensional cylinder in cross flow over
a range of Mach numbers, at a fixed Reynolds number Re = 100. The simulations
were run with a uniform inlet flow, where the Mach number was adjusted over the
following range of values: Ma = 0.1, 0.2, 0.3, and 0.4. For these experiments, we
utilized an initial density of p = 1.0 kg/m?. The viscosity inside of the domain
was allowed to change in accordance with Sutherland’s law. The fixed Reynolds
number at the inlet was maintained by adjusting the inlet viscosity in accordance
with the inlet Mach number. In addition, a fixed Prandtl number Pr = 0.72 was
used. The following fluid properties were assumed: C, = 717.8 J/kg-K and ~
= 1.4. The boundary condition for the left-most boundary was a subsonic inlet
condition, and for the right-most boundary it was an extrapolation condition. The
top and bottom boundaries utilized symmetry boundary conditions. The cylinder
itself was equipped with adiabatic no-slip walls.

The computational domain was 2 = [—20,40] x[—20,20]. The cylinder had
a diameter of 0.1247 m and was centered at the point (0,0). We used a mesh
with 70,000 unstructured triangular elements. The polynomial order was k = 2,
and the simulations were run for ¢ € [0,200] with a time-step of At = 1.5 x 107°.
Data for post-processing purposes was sampled over ¢ € [150, 200].

For this study, the primary quantity of interest was the time-averaged drag
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coefficient of the cylinder, Cy, defined as

Fy

—-
3Poct2 d

Cy = (3.5.1)

Here, Fy is the time-averaged drag force acting on the cylinder, ps is the free-
stream density, u, is the free-stream flow speed, and d is the diameter of the
cylinder.

In what follows, we compare our results against an earlier study performed
by [3] on an identical geometry. At the given Reynolds number (100), the reference
predicts that the flow will be unsteady with an oscillatory wake structure. This
behavior is independent of the Mach number, as long as Ma < 0.6. As such,
the flow fields for the various Mach numbers all exhibit similar behavior, which
is correctly predicted for the Ma = 0.4 case by our method, (see figure 3.2). In
particular, we can see from the figure the previously mentioned oscillatory wake
behavior with the sinusoidal streamlines leaving the cylinder. This behavior is
consistent across all Mach numbers, and implies that at least qualitatively we are
in agreement with the reference solution.

In figure 3.3, we compare our predictions for the drag coefficients with those
of the reference solution [3]. The predicted drag coefficient is in good agreement

with the reference across the full range of Mach numbers considered.
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Figure 3.2: A snapshot of Mach number contours for the 2-D cylinder in cross
flow at Ma = 0.4. Results were obtained using the versatile mixed method with
Taylor-Hood elements of degree k = 2.

3.5.4 Joukowski Airfoil

The final test case involved flow over a Joukowski airfoil. This case was introduced
at the 4th International Workshop on High-order CFD Methods, (see [125]). Here,
an airfoil is simulated at an angle of attack of 0 degrees. The flow has Reynolds
and Mach numbers of Re = 1000 and Ma = 0.5. The Prandtl number is again
fixed at Pr = 0.72. Fluid properties for all simulations were C, = 717.8 J/kg-K,
p=1.716 x 107° kg/m-s, and v = 1.4. The viscosity was varied via Sutherland’s
Law. The initial density was prescribed as p = 1 kg/m?. The boundary conditions
were specified as a subsonic inlet condition on the left-most boundary, and an

extrapolation condition on the right-most boundary. The airfoil itself was equipped
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Figure 3.3: A plot of the time-averaged drag coefficient vs. the Mach number.
Results were obtained using the versatile mixed method with Taylor-Hood elements
of degree k = 2, and the reference [3].

with an adiabatic, no-slip condition.

The domain was € = [—100, 100] x[—100, 100] with the airfoil starting at (0, 0).
The length of the airfoil from nose to trailing edge was 1 m. Unstructured meshes
with 16,384, 65,536, and 262,144 triangular elements were used to tessellate the do-
main. These meshes were provided by organizers of the 5th International Workshop
on High-order CFD Methods, and are numbered as meshes 2, 3, and 4, (see [126]).
The simulations were run with polynomial order £ = 2 on these meshes until the

drag converged to a steady-state value.
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Figure 3.4: Mach number contours for the Joukowski airfoil at Re = 1000 and Ma
= 0.5. Results were obtained using the versatile mixed method with Taylor-Hood
elements of degree k = 2 on the finest mesh.

Mesh No. || DoF Count | Cy

2 16,704 0.1320
3 66,176 0.1273
4 263,424 0.1221

Table 3.4: A table of drag coefficients on the given meshes. Results were obtained
using the versatile mixed method with Taylor-Hood elements of degree k = 2. The
reference value for this case is Cy = 0.1219

Our results on mesh 4 are shown in figure 3.4. Here, the flow around the airfoil
appears to be laminar, and the wake coming off the trailing edge has reached a
steady state.

The primary challenge for this case is to converge to the reference drag coef-

ficient using the meshes provided. In table 3.4, we see that, as we increase the
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degrees of freedom in the simulation, we move closer to the reference steady-state
value of Cy = 0.1219. On the final grid, there is reasonable agreement between our

predicted value and the reference.

3.6. Conclusion

In this work, we introduce a new class of ‘versatile mixed finite element methods’
for solving the compressible Navier-Stokes equations. These methods appear to be
unique, as they simultaneously leverage multiple stabilization strategies for solv-
ing problems in the incompressible and compressible flow regimes. More precisely,
our methods leverage numerical-flux-based stabilization, kinetic-energy-based sta-
bilization, and inf-sup-based stabilization strategies.

We note that our philosophy for designing these methods is somewhat unusual.
In particular, many numerical methods are only designed to be stable for linear
advection and diffusion problems. In contrast, we have created finite element meth-
ods which are provably stable for the non-linear, non-isothermal, incompressible
Navier-Stokes equations. Therefore, the starting point for our methods is signifi-
cantly more complex than most, which facilitates their robustness and flexibility,
in terms of successful application to increasingly complex problems. This claim has
been demonstrated within the present paper, where we have successfully extended
our methods to solve weakly- and fully-compressible flows.

The proposed methods are primarily designed to maintain their performance

in the incompressible limit. In fact, we have ensured that the methods are ‘incom-
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pressibly stable’, which means they are mathematically guaranteed to maintain
stability when the density, dynamic viscosity coefficient, and heat conductivity co-
efficient assume constant values. We have shown through numerical experiments,
that the resulting methods maintain good convergence properties and stability as
the Mach number approaches zero. Based on this evidence, we argue that most
(if not all) methods designed for weakly-compressible flows should satisfy the ‘in-
compressible stability’ property.

Lastly, we note that the new methods perform well, even far away from the
incompressible limit, for flows in which the local Mach number exceeds 0.5. Of
course, our numerical experiments in this regard are not exhaustive. Therefore,
subsequent work will be needed to investigate the properties of these methods
at higher Mach numbers (and Reynolds numbers), in an effort to establish their

validity in these more challenging contexts.
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A Derivation of the Incompressible Navier-Stokes Equations

In order to obtain the non-isothermal, incompressible Navier-Stokes equations, we

start by introducing the fully compressible Navier-Stokes equations

Oy (pu) + V- (pu @ u+ PI) = V- (p7) = —BpTg + S,

K

Cy

VT) :—(7—1)pT(V~u)+Civ(pT:Vu)—l—ST,

6’t(pT)+V-(pTu)—V~(

where S, = pf, and Sy = pfr are density-scaled forcing functions. Note: the
buoyancy term in the linear momentum equation above has been modeled using
the Boussinesq approximation. Next, we can non-dimensionalize these governing

equations by using the following normalizations

* T * t * u * P ﬁ* B * g
T = ) = u = y P= ) = y 9 = )
Lref tref Uref Pref /Bref Oref
S, S T P K T Pret Live
S:;: ) S;": T7 T" = ’ P* = ) K = ) T = Pret f7
Suref STref Tref Pref Rref ,urerref

where Lie, trot, Uret, Prets Brefy Grefs Supeps OTiers Lrefy Pret, and ke are reference

quantities. In a natural fashion, these reference quantities can be used to form the
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following dimensionless numbers

Lre Ure re Ure Lre Ure
St = ! 9 Ma/ - ! 9 Re = p ! d f? FT = 4 )
trerref \/ ’)/Pref/pref Href V grefLref
C Mref Su Lref ST Lref
Te = BreiTres, Pr=-2"2 Cu=-"2L2 (Ot= "1
! ! Rref Pref UrQBf prefTref Uref

where St is the Strouhal number, Ma is the Mach number, Re is the Reynolds
number, F'r is the Froude number, T'e is the thermal expansion number, Pr is the
Prandtl number, and C'u and Ct are non-dimensional numbers associated with the
forcing terms.

Next, upon non-dimensionalizing the governing equations using the reference

quantities and the non-dimensional numbers above, we obtain

St (p) + V* - (pu?) = 0,

1
V*P* _ _v* . (p*T*)

Sto(pu") + V' (p'u' @ w') + s Re

Te * _k * ok *
= —mﬁ P17 g" + Cu Sy,
* 1k * Kk Kk 7 * * * ik
A(p*T (P ut) — — v T
St O (p™T™) + V™ - (p"T"u™) PrReV (K*V*T™)

=—(y=1)pT(V"-u)+v(y—-1)

Ma?

Re

p* (77 V*u*) 4+ Ct S

We will now consider the case where the density is constant (p* = const), the

Mach number approaches zero (Ma — 0), and the pressure gradient becomes
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small (V*P* < 1). In this case, we obtain

V*-u* =0,

Stopu* +V*- (v @u*)+ L V*p* 1V* *
*U (U u PR -T
‘ vMa? P Re
Te * Pk k *

= 520179 +Cufy,

StOpT* + V" - (T"u") — #Rev* . (%V*T*)

= — (= 1) T (V*-u*) + Ct f}.

Our governing equations for non-isothermal incompressible flows (Eqs. (2.2.1)—
(2.2.3)) immediately follow from these equations by reversing the non-dimensionalization

performed above.
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B  Useful Norm Inequalities for Incompressible Flows

B.1. Supporting Results

In this section, we introduce some technical results which are used in the proofs of

the theorems in the main text.

Lemma B.1.1 (Comparison of Gradient Norms). Suppose that w € WP (Ty).

Then, for1 < g<p < o0

Hngradﬂ < Opg ”'w”grad,pa (B.1.1)

where op,, depends on p, q, d, the size of the domain, and the mesh topology.

Proof. One may consult [47], p. 189 for a proof of the scalar case. The proof of
the vector case follows from applying the scalar result component-wise and using

the power-mean inequality. ]

Lemma B.1.2 (Inequalities of Broken Sobolev Norms). Suppose that w € W' ()

and 2 < p < co. Then, the following inequalities hold

IVh - wl| oy < dP D7 (B.1.2)

grad,p

— 2
||vhw : vhw|lLP/2(Q) S d2(p 2/ Hngrad,p’ (B]'S)

where Chorm %S a constant that depends on d and p.
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Proof. Let us begin by noting that

Vi - wl[ o

(K;/ () o) < (5 f (S )
<K;/Z awﬂdv) < d- Wp(Z/Z 8w1pdv> p.

KeTy
Here, we have used the power-mean inequality. Upon combining this result with

the definition for the norm ||-|| we obtain the first result (Eq. (B.1.2)).

grad,p’

Next, we expand the Lp/2-norm

d p/2 2/p
IViw : Vw2 ) = Z(ijif = Z/( 8w@ ) dV
i Lo/2(Q KeT,
(B.1.4)
Then, by the power-mean inequality, we have
p/2
Z/( > (05w) ) dV<dp2<Z/Z\8wl|pdV>
KeTh KeTh
d p/2 2/p /P
2/ (Z (9yws) ) av | < dPe (Z/Zlampdv) .
KeTy, 1,J KeTy,
(B.1.5)

Upon combining this result with Eq. (B.1.4), and the definition for the norm
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[ graq,p» We obtain the inequality in Eq. (B.1.3).

]

Lemma B.1.3 (Comparison of Lebesgue and Gradient Norms). Suppose that w;, €
W, C Py (Tn) for polynomial degree k > 0. Then, for 1 < ¢ < oo andd < p < o0,

we have

HwhHLq(Q) < Opg Hwhngadpy (B.1.6)

where 0,4 15 a constant which depends on p, q, d, k, the size of the domain, and

the mesh regularity.

Proof. One may consult [47], p. 190 for a proof of the scalar case. The proof of
the vector case follows immediately by applying the scalar result component-wise

and using the power-mean inequality. O

Lemma B.1.4 (Discrete Trace Inequalities). Suppose that w, € Wy, C Py (Th)
for polynomial degree k > 0, and Ty, is part of a shape- and contact-regular mesh

sequence. Then, for interior faces F

> b llwnll ey < 2NoCors lwall 7o) » (B.1.7)
FeFi

1
> b I ey < 5NoCls l1willzeqe) (B.1.8)
FeF]

1
> e {{wn B ey < 5NoCrra llwnl ooy (B.1.9)

FeF}
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where Ny, Cir 2, and Cy.4, are parameters that depend on the mesh topology, and

the degree k.

Proof. One may consult [47], p. 273 for a proof of Eq. (B.1.9). The proofs of

Egs. (B.1.7) and (B.1.8) follow similar arguments. O
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C Convective Error Derivations for Incompressible Flows

C.1. Convective Terms in the Momentum Equation, Part I

First, we introduce a modified version of the convective operator ¢, neglecting the

surface terms because we have assumed that our elements are Hl-conforming

cn (On; Vh, wp) = [((Qh : V)Uh7wh>7'h — ((on - V)wh,vh)Th] ) (C.1.1)

N —

Using the modified convective operator along with the definitions of 1, and e,

from Definition 2.4.3, and integrating by parts, we obtain

1
Cn (Uns Un, €up) = 5 (Un - Vi, €un) g — 5 (U Veun, un)y
1 1 1 .
= 5 (uh ' vuha eu7h)7—h + 5 (uh . Veu,ha eu7h)7'h - 5 (uh : veu,h;]uu)Th

. 1 ,
- (uh : VJU’U/, eu,h)ﬁl + 5 ((V ' uh) JuW, eu,h)Th .

Now, we begin the treatment of the convective terms in Eq. (2.4.73)

Ch (U; u, eu,h) — Cp (uh; Up, eu,h)

. 1 .
= \((u - uh) ' vu7 eu,h)Th/_F\(uh -V (’U, - ]uu) aeu,h)Th/_ 5 ((v : uh) Ju U, eu,h)Th .

At Ay AY




146

Each term can be treated independently. First, we use Young’s inequality as follows

U 2
A < Z ||vu||L°°(K) <||eu,h||L2(K) + ||"7u,h||L2(K) Heu,hHL?(K))

KeTy,
= |u’W1»°°(Q) ||eu,hHL2 + Z ’u‘wloo K) ||"7u,hHL2(K) hi ||eu,hHL2(K)
KETh
1 2 2
< 3 i Il + (b + < itk lufin} ) lewsli
KeTy,
(C.1.2)

Next, we expand AY via integration by parts

Ag - (uh . vnu’h’ eu’h)Th == (uh ' Veu,ha T]u,h)Th o ((v : uh) €u,hs [r’u7h)7'h = Ag,l + Ag,Q

Now, focusing on Aj;, we introduce the local Reynolds number from Defini-

tion 2.4.4, and apply Young’s inequality in order to obtain

Ay =—(un-Veun Mun)y

< Z Huh”Lw(K) ||V€u,h||L2(K) ||"7u,h||L2(K)

KeTy,
9\ 1/2
hKI/
< IVeunll ro@yxrz@ < hxv  lnl o i (K)>
KeTy,
< Cevllewnll’ s + 4 Z T ) (C.1.3)

KeT
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Note that, on the last line we have used Lemma 2.4.6. Next, focusing on Aj,, we

use the fact that V - u = 0 along with Assumption 2.4.19 and Young’s inequality

A;z = - ((v : uh) Nu,h, eu,h)Th = (v : (nu,h + ey n — u) Nu,h, eu,h)Th

= Z ||nuah||L°0(K) Heu,h”LQ(K) (Hv . eu,hHL?(K) + ||V . 77%h||L2(K))
KeTy,

< 3 Chic ulyseeiy lewlaey (IV - eunllizgy + 1V Bz )
KeTy,

S Z [ 2 (”V €, h||L2 + HV . nu,hHLQ(K)) + 5_yh§( |u‘W1,oo(K) ||eu7h||L2(K)}
KeTy

C
< (CiCo)ev lewnllym + (CLO) eV Ml + -, max{hj [l lewnll 2

(C.1.4)

Here, we have used Lemmas 2.4.5 and 2.4.6 on the last line. Thereafter, we can

split A} into two terms as we did previously for the case of A%

L1 , 1 1
Ay = 5 (V-up) juw, ey pn) . = 3 (V- un) Quns €un)y — 3 (V-up)u, eun)s
= Az, £+ Ag,
We can immediately see that A4, = —1A%,, and therefore, it can be bounded as

follows

u C
Az, < (C1Cy)%ev Heu,huiymg + (C1Cs)%ev Hnu,thymz +— .y }(nax{h ‘u‘wl oo ( )} e, hHL2

(C.1.5)
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Next, we can use the fact that V- u = 0 and Young’s inequality to bound Ay, as

follows
w 1 1
A372 S 5 ’(v *Up, U - eu,h)Th’ = 5 ‘(v : <_7’u,h - eu,h + ’LL) u - eu,h>7’h
< 1 1
> 5 ’(V *Muh, U eu,h)n‘ + 5 ‘(V *€yh, W eu,h)frh’

<3 S (ol 19 sy el
K€77L

1l ey 1V €wnllagey lewnl oy )

1
= 9 Z (HUHLOO(K) lewnll p2 ) (HV Ml g2y T IV - euthm(K)))
KeTy,
1 9 1 , ,
< B K;— EV (HV . "7u,hHL2(K) + ||V - €u,hHL2(K)> + 1 ”uHLOO(K) He“vh“LQ(K)
h

1 2
< (C1C)*ev Ml z + (C10)ev [lewnlliym s + vy 12170 0y €0l 720y -
(C.1.6)
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C.2. Convective Terms in the Momentum Equation, Part 11

Using the modified convective operator (Eq. (C.1.1)), and integrating by parts, we

obtain

cn(w; w, wy) — cp(up; up, wy) = [((U : V)u,'wh)Th — ((u- V)whau)ﬁj

[((wn - V)un, wn) g, — ((un - V)wn, up); ]

N L ORI

We can bound the first term with a substitution of w — uw;, = M, + €, and

Cauchy-Schwarz inequality

0} < |0 Veon wi)y | + [ Tywn, ),

< H"?u,hHL? o T ||eu,h||L2 Q Huh”Loo Q Hwhngad,Q'
() (@) )

We can also bound the second term with a substitution of u — u;, = 1, + €yn

and Cauchy-Schwarz inequality

03 < |((w- V)wn mun) | + (- Vywn enn)y,

< (17l 20y + ewnll ey ) Natllmqen I0nlgraz-
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Lastly, we can bound the third term with a substitution of w — w, = 1,1, + €y,
Cauchy-Schwarz inequality, a Sobolev norm inequality (Lemma B.1.2), and an

embedding inequality (Lemma B.1.3)

(I)g < ‘(V My, Up, - wh)Th‘ + ’(V * €yh, Up - wh)Th
< IV Duslzzie) + IV - evnlliae) ) om0l
< d? <||”7u,h||grad,2 + ||eu’h||grad72> HuhHLm(Q) HwhHLQ(Q)

< @203 (1l gz + lewilgaaz) 11tnl ey 10 raa

C.3. Convective Terms in the Temperature Equation

We can treat the convective terms in Eq. (2.4.84) in an analogous way to the

convective terms in Eq. (2.4.73)

Gy, (U; T, €T,h) — G, (Uh§ T, €T7h)

. 1 .
= ((w—wup) - VTerp), +(up - V(T —jrT) ern); — 3 (V) jrT, erp) . -

N

~~ ~~ ~~ -
T T
Ay Ay AT

(C.3.1)
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Next, we can bound the first term with a substitution of w —u;, = 1, + e, and

Young’s inequality

AT < 3 IV T Ny (ewnlagaey + Il oo ) lemall g
KeTy,

1
= Tliyroey llerall ooy llewnll o) + D i | Tlwee oy [Munll 2oy P llern

L2(K)
KeTy,
<N e + & max B T} ezl
= 4e Ly Meblliace € U 1w ) J TR L2 (@)
KeTy,
1 ) 1 ,
+ 5 |T|W1’°0(Q) HeT,hHm(Q) + 5 |T|W1,oo(g) ||eu,hHL2(Q) . (C.3.2)

We can split the second term in Eq. (C.3.1) into two new terms via integration by

parts

A§ = (Uh : V77T,ha eT,h)Th = - (Uh : VGT,m 77T,h)Th - ((V : Uh) €T h;s 77T,h)7~h = A§,1 + Ag,g-

(C.3.3)

In accordance with our analysis of Aj;, we use Young’s inequality and defini-

tion 2.4.4 to obtain

A2T,1 = — (un - Very, 77T,h)7’h < ’(’U:h -Vern, nT,h)Th

2 1 « 2
< Ty flernlaan + 552 D %Pei 1770 ll72 1) (C.3.4)
KeTy,
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Next, we proceed in accordance with our analysis of A}, in order to obtain

Ay = = (V- w) ern )y < |((V - (un + €wn)) er i)y,

Z [n7.n

KeTy

IN

vty (19 €l ey + 1V - Ml o) ezl o

C
2 2 2 2 2 12 2
< (C1G)%ev llewnllyme + (CrC2) ev [Munllyme + o max{hic [Tl )} lerallzz ) -

Sym7

(C.3.5)

The third term in Eq. (C.3.1) can be partitioned using jrT =T — nr,

1
((V : Uh) nNrh, €T,h)7—h - 5 ((V : Uh) T, €T,h)7—h

DN —

1 .
Ay = =5 (V- wi) rT exn)y, =

AT T
— A371 —|'_ A372.
Note that AT, = —1AZ,, and therefore

C
T 2 2 2 2 2 2 2
Mgy < (C1G2)%ev lleunll gz + (Cr02) v Ml s + ) max{hie 1T hyoe sy lernllzzg -

(C.3.6)
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In addition, using V - v = 0 and Young’s inequality, we have that

1 1
A§2 S 5 ‘((V . Uh) T; 6Th>7—h = 5 ‘(V . (—')’]wh — eu,h + ’u,) T’ 6T,h>7’h
1 1
< 5 ‘(V : nu,haTeT,h)Th‘ + 5 ’(V ~eyn Tern)
1
< 5 Z <HTHL00(K) Hv : nu,hHL2(K) H6T7h|\L2(K)

T a0 IV - €l Nlemnll o )

1
2 2 2 2
< (C1Co)?ev [N plliyma + (C1C2)%ev [lewnllyma + = T2 o) llernllia g -

sym.2 8ev
(C.3.7)
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D Derivation of the Finite Element Methods for Compressible Flows

D.1. Mass Equation Derivation

One may substitute pj, and u;, into Eq. (3.2.1), multiply by a test function g, and

integrate over the entire domain in order to yield

(O prsan) 7, + (Vi (pnttn) s an) g, = (Sps an), - (D.1.1)

This is identical to Eq. (3.3.1).

D.2. Linear Momentum Equation Derivation

One may substitute py, up, and T}, into Eq. (3.2.2), compute the dot product with

a test function wy,, and integrate over the entire domain in order to yield

(Or (pnun) s wn) 7, + (Vi - ((pnwen) @ un + Bul) ,wn) 7 — (Vi (pnh) , wn) 7, = (Su, wn) 7 -
(D.2.1)
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Upon integrating the second and third terms on the LHS by parts and inserting

numerical fluxes &,, and &, one obtains

(Vi - ((prwn) @ up + Pul) ,wn) 7, (D.2.2)
= — ((prun) @ up + B Viws) 2 + (((prun) @ wp + Pul) nywp) 57

= — ((prun) ® up + B, Vawy) . + (Giny 1, W) o7,

— ((prun) @ wp, Vaws) . — (P, V- wi) 1 + (Tiny 1, W) o7 -

= (Vi (pnh) s wn) g, = (paTh, Viwn) 7, — (pnTh T, Wh) o7, (D.2.3)

= (pnTh, Viwn) g — (Fvis 1, Wh) oy, -

Consider substituting the definition of 7, (Eq. (3.2.8)) into the first term on the
RHS of Eq. (D.2.3)

2
(phTha vhwh)'rh - (Nh (Vh’lth + thz: — g (V . ’U,h) ]I) ,Vh'wh) . (D24)
Th
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One may expand each term in Eq. (D.2.4) by integrating by parts, inserting a
numerical flux @i, and integrating by parts again as follows
(,uthuh, Vhwh)Th = (thh, ,uthwh)Th (D25)
= — (un, Vi - (i Vwn)) 7. + (paten, (Viwn) m)or
= — (un, Vi - (1 Vrwn)) 7 + (Puis, (Viwn) n)yr

= (uhvhuh, Vhwh)Th + <Q/5vis — HrUp, (vhwh) n>87'h :

(1 Viuy, Vawy) - = (Vyup, 1, Viwy, ) (D.2.6)

Th Th

= — (uh, Vi - (thhwf))n + <uhuh, (Vh'w,f) 'n,>87_h
= - (Um Vi - (uhvhwf))n + <85vis, (Vhw;:f) n>87h

= (1 Viuy, Vh’wh)ﬁ + (@yis — tnun, (Viwy) n>aTh -

(_gﬂh (V-up) L Vh'wh>T - _g ((Vwn), iV - wi) g, (D-2.7)
- _g (= (wn, Vi (1 Vi, - wh)) 7. + (aten, (V - wy) n>87'h)
= —; (— (uh, Vh (,uth . wh))n + <¢\Vi57 (V : wh) n)@Th)

2 2,
(—guh (Va1 Vhwh) —3 (Puis — tntn, (V- wp) n) o
Ti
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Upon combining Eqs. (D.2.5) — (D.2.7) along with the definition of 7, (Eq. (3.2.8)),

one obtains

. 2
(PnTh, Viwn) . = (pnTh, Viwn) . + <Qovis — HpUn, <Vhwh + Viwy, — 3 (V- wy) ]I> n> :
o7

(D.2.8)

Finally, one may substitute Egs. (D.2.2), (D.2.3), and (D.2.8), into Eq. (D.2.1), in

order to obtain Eq. (3.3.2).

D.3. Internal Energy Equation Derivation

One may substitute py, up,, and Tj, into Eq. (3.2.3), multiply by a test function 7,

and integrate over the entire domain in order to yield

(O (pnTh) ;1) 7 + (Vi (pnThun) ,ma) 7 — (Vh . (%VhTh) ﬂ’h)
v Th

1
= — (’y — 1) (PhTh (V . uh) ,Th)Th + a (phTh : thh, Th)n + (ST,T’h)Th . (D31)

Upon integrating the second and third terms on the LHS by parts and inserting
numerical fluxes gginv and $Vis, one obtains
(Vi - (pnThun) ;) g, = — (ppThwn, Vara) . + ((onThun) -, rh)pr  (D.3.2)

= - (PhThUm Vhrh)Th + <$inv ‘M, Th>a

h
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Rp Rp Kh
— | V- (—VhTh) ,Th> = <—VhTh, V}ﬂ"h) - <(_thh) -n,?"h>
( Cv T Cv Th C'U oTh

(D.3.3)

(ﬁthh, Vlﬂ"h) - <$vis ' n, 7°h>

c, T e

One may further expand Eq. (D.3.3). Consider integrating by parts, inserting the

numerical flux Xvis, and integrating by parts again as follows

K, Kh Kh
V1, _Vhrh) = - (Th,vh . (_vhrh)) + <—Th, Vipry - n>
( CU 'Th Cv Th Cv 8Th

(D.3.4)

K ~
= - (Th, \E (Ehvhrh>) + <>\vis> Virn - n>a’r
v 771 h

= (ﬁthha Viﬂ”h) + </):vis — @Tha Vpry - n> .
Co Ti Co o7

Finally, one may combine Eqgs. (D.3.1)-(D.3.4) in order to obtain Eq. (3.3.3).
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