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Abstract
Under geophysical and geochemical forcing whole and fractured rock exhibit dynamic characteristics of
hydraulic transport and mechanical deformation. Changes to permeability, porosity, and compressibility
can be rapid and significant, with short- and long-term variability of intrinsic rock and fracture properties
linked intricately to the applied forces: temperature, fluid pressure, mechanical stress, and chemical
potential. The magnitude and interaction of these applied forces and controlling parameters govern fluid
circulation in geothermal reservoirs, transport and trapping mechanisms in the sequestration of carbon
dioxide, saturation state surrounding high temperature radioactive waste, fluid circulation and recovery in
petroleum reservoirs, pressure dissipation rate within active fault zones, and the failure potential of
volcanic domes, to name a few.
To a far greater extent than many anthropogenic materials, rocks are defined by anisotropic and
discontinuous material properties. And, as in any scientific analysis, complex mechanisms are often best
approximated by determining the rate-limiting step, or the variable that defines most strongly an
observable process. For fluid flow and deformation within earth materials, it is often the discontinuous
features that define behavior: fractures.
The following is a study of fluid flow and deformation in fractured rock, with particular emphasis on
environments under thermal and chemical stress. Because of their significance, fractures are treated in the
greatest detail, with constitutive modeling at pore and reservoir scale, and their impact explored with
reservoir scale numerical simulation. Part I of this thesis (Chapters I-IV) explores the behavior of
engineered systems pushed far from equilibrium and highlights feedbacks between stress and chemistry
on the evolution of the mechanical and transport properties of rocks; these observations and analyses are
focused on the behavior of geothermal reservoirs. Part II (Chapters V-VI) examines the response to
natural forcing and follows the complex interactions that shape processes in volcanic environments.
Chapter I introduces a method to couple the thermal (T), hydrologic (H), and chemical
precipitation/dissolution (C) capabilities of TOUGHREACT with the mechanical (M) framework of
FLAC3D to examine THMC processes in deformable, fractured porous media. The combined influence of
stress-driven asperity dissolution, thermal-hydro-mechanical asperity compaction/dilation, and mineral
precipitation/dissolution alter the permeability of fractures during thermal, hydraulic, and chemical
stimulation. Fracture and matrix are mechanically linked through linear, dual-porosity poroelasticity.
Stress-dissolution effects are driven by augmented effective stresses incrementally defined at steady state
with feedbacks to the transport system as a mass source, and to the mechanical system as an equivalent
chemical strain. Porosity, permeability, stiffness, and chemical composition may be spatially
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heterogeneous and evolve with local temperature, effective stress and chemical potential. Changes in total
stress generate undrained fluid pressure increments which are passed from the mechanical analysis to the
transport logic with a correction to enforce conservation of fluid mass. Analytical comparisons confirm
the capability of the model to represent the rapid, undrained response of the fluid-mechanical system to
mechanical loading. A full thermal loading/unloading cycle is explored in a constrained fractured mass to
follow irreversible alteration in in-situ stress and permeability resulting from both mechanical and
chemical effects.
Building upon the model presented in Chapter I, Chapter II examines some of the dominant behaviors and
permeability-altering mechanisms that may operate in naturally fractured media. A prototypical enhanced
geothermal system (EGS) is examined for the relative, temporal arrival of hydro-mechanical vs. thermomechanical vs. chemical changes in fluid transmission as cold (70°C) water is injected at geochemical
disequilibrium within a heated reservoir (275°C). For an injection-withdrawal doublet separated by
~670m, the results demonstrate the strong influence of mechanical effects in the short term (several days),
the influence of thermal effects in the intermediate term (<1 month at injection), and the prolonged and
long-term (>1 year) influence of chemical effects, especially close to injection. In most of the reservoir,
cooling enhances permeability and increases fluid circulation under pressure-drive. Thermo-mechanical
driven permeability enhancement is observed in front of the advancing thermal sweep, counteracted by
the re-precipitation of minerals previously dissolved into the cool injection water. The importance of the
coupling between reactive transport and geomechanics is illustrated. Mineral behaviors alter fluid flow
paths and, in so doing, change the characteristics of thermo-hydro-mechanical aperture changes, and vice
versa. Each incurs changes in the system that fundamentally alter the evolutionary paths of reaction and
chemical/mechanical deformation in a manner that mandates the accommodation of process couplings for
the full THMC suite of interactions.
Chapters III and IV evolve from a need to represent mechanical strain, chemical-mechanical creep, and
shear dilation as innately hysteretic and interlinked processes. To do so requires the reanalysis and
development of a micromechanical constitutive theory of pressure solution in quartz materials. This is the
purpose of Chapter III. A relationship is developed to examine dissolution precipitation creep in crustal
rocks with implicit coupling of the dissolution-diffusion-precipitation system without requiring the
iterative solution of a linear equation system. Implicit control is maintained over aqueous silica
concentrations within hydrated solid contacts and in open pore space. For arbitrary conditions of
temperature, pressure, and mechanical stress the simple equation system conforms to a polynomial
solution for aqueous concentrations set within a small iterative compaction scheme. Equilibrium (longterm) pressure solution compaction, previously ill-constrained, is explored with two alternate methods: 1)
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A modified form of critical stress and 2) Rate controlled growth of diffusion limiting cement at the
periphery of solid contacts. Predictions are compared to previous experimental results that allow
compaction equilibrium to be achieved. Only the modified critical stress is capable of reproducing these
results. In this case, the agreement is strong across a range of conditions (400-500°C, 20-150 MPa, and 360 μm mean particle diameter) and without parameter adjustment. Predictions are also compared to
concentration independent simplifications at general conditions of 350°C and 100 MPa. Compared to the
implicit coupling, these methods represent the mean behavior; slightly underestimating rates in
dissolution control, and slightly overestimating in diffusion control. Both regimes may be important at
upper crustal conditions. The solution is extended for open and closed systems and is applicable to
granular media and fractures, differing only in the method defining evolving contact geometry.
Chapter IV presents a model to represent mechanical strain, stress-enhanced dissolution, and shear
dilation as innately hysteretic and interlinked processes in rough contacting fractures. This model is
incorporated into the numerical simulator of Chapters I and II. A candidate engineered geothermal
reservoir system (EGS) is targeted. The new mechanistic model is capable of distinguishing differences
between the evolution of fluid transmission characteristics of 1) small scale, closely-spaced fractures and
2) large scale, more widely spaced fractures and their impact on permeability evolution and thermal
drawdown within the reservoir. The presence of longer and more widely-spaced fractures within a
reservoir is shown to be potentially significant and capable of causing both hydraulic and thermal short
circuiting. Such a process would result from the activation of long and pervasive relic fractures. Smaller
variations in fracture scale and frequency are not quite so dramatic, and an appropriate balance between
spacing and scale may be capable of optimizing the relationship between the efficiency of thermal
transfer and the rate of fluid circulation. Observed behavior indicates that stress-enhanced dissolution,
initially at equilibrium within the reservoir, may be reactivated as fractures are forced out of equilibrium
during hydraulic fracturing. At the conditions examined (250°C reservoir with 70°C injection), however,
shear dilation exerts dominant control over changes to permeability.
Chapter V begins Part II of this thesis. Volcanic dome collapse is an important feature in the life cycle of
silicic volcanoes, and can spawn hazardous and highly mobile pyroclastic flows. A number of
mechanisms may be responsible for structural failure of volcanic domes, such as dome over-steepening
and interior gas pressurization. The Soufrière Hills Volcano (SHV, Montserrat, WI), in common with
other volcanoes such as Mount St. Helens, Merapi (Indonesia), and Unzen (Japan), has experienced a
number of collapse events coinciding with intense rainfall. In several cases, these events have occurred
during periods of residual volcanic activity, or without precursory seismic signals: Common indicators of
failure by traditional mechanisms. Utilizing a several year history of rainfall, seismic, and magma effux
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records, a limit-equilibrium model for rainfall infiltration into a hot lava carapace is developed to evolve
stability of the dome at SHV. Dome rocks are cooled by episodic rain infiltration and climatic cooling.
Rainfall infiltrates fractures that develop in the hot dome carapace, occludes the void space, and staunches
effusive gas flow. Gas pressures build in cracks blocked-off by rain, and may destabilize the dome. The
effects of dome growth, heating by magma infusion, and cooling by rain infiltration and climatic
influences, are combined to follow the growth of the dome towards ultimate collapse. The model is able
to replicate, to reasonable accuracy, the collapse events that are observed, including the triggering of
collapse by rainfall events. The principal influence in driving the dome to failure is the evolving geometry
in bringing the dome to a condition of metastability. The extreme rainfall events are able to trigger failure,
but only when the dome flank is first primed for failure.
Chapter VI continues the application to volcanic environments. Continuous and highly resolved geodetic
and efflux records are available for only a few volcanoes. One of those is Soufrière Hills Volcano (SHV),
which has been erupting since 1995. Histories of magma efflux and surface deformation are utilized to
geodetically image magma transfer within the deep crustal plumbing system. Magma efflux is constrained
with wide-aperture geodetic data to supplement a well-documented extrusion record, and uses these to
explore the role of deeply sourced fluxes on short-term eruption periodicity. For a model of two stacked
magma reservoirs surface efflux and GPS station velocities are co-inverted to recover rates of crustal
magma transfer throughout the 12 year duration of the SHV eruption. For each of three eruptive episodes
over 12 years, co-inversion of the geodetic and efflux data show that the surface efflux responds to
volume/pressure changes at a deep level – rather than a result of simply deflation of a shallow reservoir,
as usually presumed. Over this period the lower chamber has deflated stepwise by ~320×106 m3, while the
upper reservoir inflated by 8×106 m3. This net deflation of the system of ~320×106 m3 is about one-third
of the total effusion of ~0.9 km3 recorded to date, requiring that the remainder of the magma (~570×106
m3) has been sourced from below the lower reservoir. These observations may be compared with models
that represent the efflux history from a deflating spherical chamber in an elastic medium. This matches
the average deflationary history and yields a predicted ultimate eruptive volume of 338×106 m3 from the
lower chamber with ~320×106 m3 (~95%) transferred as of March 2007.
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CHAPTER I
Numerical simulation of thermal-hydrologic-mechanical-chemical processes in
deformable, fractured porous media

Abstract
A method is introduced to couple the thermal (T), hydrologic (H), and chemical precipitation/dissolution
(C) capabilities of TOUGHREACT with the mechanical (M) framework of FLAC3D to examine THMC
processes in deformable, fractured porous media. The combined influence of stress-driven asperity
dissolution, thermal-hydro-mechanical asperity compaction/dilation, and mineral precipitation/dissolution
alter the permeability of fractures during thermal, hydraulic, and chemical stimulation. Fracture and
matrix are mechanically linked through linear, dual-porosity poroelasticity. Stress-dissolution effects are
driven by augmented effective stresses incrementally defined at steady state with feedbacks to the
transport system as a mass source, and to the mechanical system as an equivalent chemical strain.
Porosity, permeability, stiffness, and chemical composition may be spatially heterogeneous and evolve
with local temperature, effective stress and chemical potential. Changes in total stress generate undrained
fluid pressure increments which are passed from the mechanical analysis to the transport logic with a
correction to enforce conservation of fluid mass. Analytical comparisons confirm the capability of the
model to represent the rapid, undrained response of the fluid-mechanical system to mechanical loading.
We then focus on a full thermal loading/unloading cycle of a constrained fractured mass and follow
irreversible alteration in in-situ stress and permeability resulting from both mechanical and chemical
effects. Chapter II [Taron and Elsworth, 2009] follows the evolution of mechanical and transport
properties of an EGS reservoir, and outlines in greater detail the strength of coupling between THMC
mechanisms.
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1.1 INTRODUCTION
It is well known that fractured rocks exhibit changes in mechanical compliance and hydraulic
conductivity when subjected to thermal, hydraulic, mechanical, and chemical forces. In many engineering
applications it is important that we are able to predict the direction and magnitude of these changes.
However, the interplay between temperature, effective stress, chemical potential, and fracture response is
complex; not only influenced by anisotropic and spatially varying fracture properties, but also by fracture
properties that are dynamic, and evolve with the dynamic nature of the applied forces.
The gaping or sealing of natural fractures has clear implications in reservoirs for the sequestration of CO2
[Wawersik and Rudnicki, 1998] and radioactive waste repositories [Rutqvist et al., 2002], where the
release of CO2 or the redistribution of pore fluids around contained radioactive waste is a primary
concern. Volcanic environments are also impacted, as in the case of failing volcanic domes [Taron et al.,
2007], where elevated fluid pressures may destabilize an existing volcanic pile. In other cases, such as
petroleum or gas reservoirs, hot dry rock [Nemat-Nasser et al., 1977] or enhanced geothermal systems
[Hunsbedt et al., 1977] (HDR/EGS), engineered stimulations may beneficially improve fluid circulation;
a topic of significant interest since the majority of worldwide geothermal capacity is contained within low
permeability rock masses [Hunsbedt et al., 1977; Pruess, 2006].
Despite their importance, the competing influence of processes that degrade fluid conductivity in
dominant fractures, such as thin-film pressure solution [Paterson, 1973; Revil, 1999; Weyl, 1959] and
mineral precipitation, and those that enhance it, such as shear dilation [Barton et al., 1985; Elsworth and
Goodman, 1986], mineral dissolution[Nami et al., 2008; Rose et al., 2007; Xu et al., 2006], and strain
energy driven free-face dissolution [De Boer, 1977; Paterson, 1973] has yet to be addressed at geologic
scale. To examine these processes in unison, we require an uncommon link between chemical and
mechanical behaviors that maintains dependence on thermal and hydrologic changes. This is THMC
coupling. And while several THM [e.g. Bower and Zyvoloski, 1997; Gawin and Schrefler, 1996; Rutqvist
et al., 2002; Swenson et al., 2004; Taron et al., 2006] and THC [e.g. Xu et al., 2006] coupling
methodologies have been suggested, to the authors’ knowledge no single numerical simulator has been
introduced to examine THMC processes in a construct that is applicable to the broad variety of above
mentioned engineering applications.
Figure 1.1 illustrates the potential error in excluding the chemical-mechanical link from numerical
modeling. In the figure we follow a complete cycle of thermal/stress loading in a chemically active
fractured rock. During the loading/unloading cycle, reversible (elastic) and irreversible (chemicalmechanical: pressure solution or other) changes in aperture occur, with the ultimate result that after
unloading, once the system has been returned to its initial background state, we see an irreversible
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Figure 1.1 - Conceptual, behavioral trend of thermally loaded, fractured rock. A.) Follow light grey line as (1) increasing temperature builds stress (partially reduced by elastic fracture strain). (2) Irreversible fracture strains reduce stress,
which, for illustrative purpose, is applied at the end of loading (3). Thermal unloading follows the black line. B.)
Follow grey temperature (stress) loading line (4) elastic reduction in fracture aperture (idealized as linear). Loading
reaches maximum value (5). Aperture irreversibly closes (chemical strain) and causes corresponding drop in stress.
Black (6) unloading line returns the system to its resting state for an (7) irreversible aperture reduction and (8) corresponding irreversible stress loss.
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aperture reduction, and a corresponding irreversible loss in the state of stress. These two occurrences (7
and 8 in Figure 1.1) are the behaviors of primary interest, as they indicate a complete and potentially
significant alteration of the resting system that cannot be represented without the inclusion of THMC
processes.
1.2 MODEL CAPABILITIES
In the following we introduce and implement a method for coupling the multiphase, multi-component,
non-isothermal thermodynamics, reactive transport, and chemical precipitation/dissolution capabilities of
TOUGHREACT [Xu et al., 2006] with the mechanical framework of FLAC3D [Itasca Consulting Group
Inc, 1997] to generate a coupled THMC simulator. This “modular” approach, first proposed by Settari
[Settari, 1988] to couple geomechanics with reservoir flow simulation, has some advantages over the
development of a single coupled program. Modular approaches will typically be more rapid and less
expensive to develop, although working within the framework of an existing code can sometimes lack the
freedom that is inherent in “from scratch” code development. Additionally, as pointed out by Settari and
Mourits [1994], the modular construction allows for easier implementation of future advances in
constitutive relationships or modeling structures (rather than modifying an entire coding structure), and
the system can utilize highly sophisticated, rigorously validated existing codes developed at high cost. It
can take many years for a new modeling structure to be validated by the research community, but in the
case of TOUGHREACT and FLAC3D, each has been extensively scrutinized and each code is “qualified”
for regulated programs, such as the US radioactive waste program.
Furthermore, single codes often simplify behavior beyond the principal scope of the analysis. For
example, complex geomechanical codes may represent the flow system as only single phase, and complex
reactive transport codes often incorporate mechanical response as invariant total stresses. Appropriate
coupling enables the important subtleties of geomechanical response to be followed while maintaining
complex fluid thermodynamics and reactive processes. Although development time is shortened in this
modular approach, execution times are commonly extended, as neither code is optimized for the
couplings, and data transfer must occur between the concurrently or sequentially executing codes. As
suggested by Settari and Mourits [1994] and Minkoff et al. [2003], however, this may not always be the
case, because in systems where geomechanics may be loosely coupled (not changing at a rapid pace) the
geomechanics simulation may not need to be conducted very often, thus improving computational
efficiency over fully coupled codes where mechanics are equilibrated at every fluid flow time step.
The coupled analysis that we present incorporates features unique to engineered geosystems (particularly
those under elevated temperature and chemical potential), involving the undrained pressure response in a
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dual-porosity medium and stress-chemistry effects including the role of mechanically mediated chemical
dissolution of bridging fracture asperities. FLAC3D is exercised purely in mechanical mode, where
undrained fluid pressures may be evaluated (externally) from local total stresses. This undrained
methodology allows calculation of the short-term build-up in fluid pressures that result from an
instantaneous change in stress, provided we have knowledge of the compressibility of the pore fluids and
the solid matrix. In this way, the complex thermodynamics of phase equilibria of multiphase water
mixtures, and even multi-component mixtures (such as CO2 and water), can be tracked in the pre-existing
framework of TOUGHREACT. As TOUGHREACT has no use for compressibility, however, it is
necessary to code this capability into the program or, as we have done, to insert a thermodynamic
calculation into the external linking module (discussed later). For water mixtures, we utilize the 1997
International Association for the Properties of Water and Steam (IAPWS) steam table equations [IAPWS,
1997]. For CO2 mixtures, an appropriate equation of state would be required, and we have not yet added
this capability. If a system is unsaturated (such as in HDR/EGS), fluid compressibility is very large, and
the undrained poroelastic equations approach their drained counterparts. Therefore, while our construct is
tailored to saturated systems, drained systems are automatically accommodated.
FLAC3D is applied independent of time to accommodate the incremental equilibration of stresses for
various mechanical constitutive relationships. TOUGHREACT performs time-dependent transport
calculations, tracking thermodynamic relationships for temperature, phase equilibria, and pore pressure
dissipation together with aqueous chemical equilibrium and kinetic precipitation/dissolution in a dualporosity medium. Under large thermal stresses, shear failure may be expected, and FLAC3D is capable of
handling this with the constitutive theories of Mohr-Coulomb or Hoek-Brown. Plastic flow is also
possible, although this would require consideration of permeability changes that occur during fracture
shear and also fracture compression. This complexity is not addressed here, and will be the topic of a
future manuscript.
1.3 SIMULATION LOGIC
Simulation is executed within FLAC3D’s FISH programming language [Itasca Consulting Group Inc,
1997], where external operations by TOUGHREACT and the linking module are controlled.
TOUGHREACT, an integral finite difference code [Narasimhan and Witherspoon, 1976], calculates all
properties at the central coordinate of element volumes. In contrast, the first order finite difference
program FLAC3D, with explicit temporal derivatives and a mixed discretization method that overlays
constant strain-rate tetrahedral elements with the final zone elements (adding greater freedom in methods
of plastic flow), utilizes properties of state (p, T) at corner nodes and mechanical variables (σ, u) at central
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coordinates. Correspondingly, state properties from central TOUGHREACT nodes are interpolated to
connecting corner nodes of FLAC3D. Stress (not displacement) outputs from FLAC3D are used as the
independent variable in constitutive relationships. The parsing of stresses to TOUGHREACT is direct, as
they are calculated centrally within the node-centered blocks of FLAC3D (in spatial agreement with
TOUGHREACT).
In its current construction, the codes iterate upon the same numerical grid. This structure, however, is not
required. As pointed out by Minkoff et al. [2003], un-matched meshes are one benefit to a modular code.
For example [Minkoff et al., 2003], it may be desirable to conduct flow simulations upon a reservoir area
impacted by fluid injection and withdrawal only, while the mechanical grid may include the reservoir area
in addition to all overburden up to the ground surface. Neither must the overlapping simulation areas
utilize identical grid spacing, such that it may be desirable to refine the fluid flow mesh to capture some
complex physics in a specific area, without adapting the mechanical mesh to agree. It is only required that
interpolation of data accommodate the differences in mesh extent and geometry.
Sequential execution of the two programs is linked by a separate code capable of parsing data outputs
from each primary simulator as input to the companion. This separate code is referred to as the
“interpolation module”. The module is a Fortran 90 executable, and maintains access to data outputs from
TOUGHREACT and FLAC3D. In addition to data interpolation, this module executes constitutive
relationships including permeability evolution, dual-porosity poroelastic response to stress, and
thermodynamically controlled fluid compressibility.
All transient calculations take place within TOUGHREACT, and it is here that the time step is controlled
for conditions of fluid velocity, grid size, and reaction rates. Additionally, there is a secondary (explicit)
time step that controls how often stress is corrected to changes in fluid pressure (for what length of time
TOUGHREACT conducts a flow simulation before allowing stress equilibration in FLAC3D). This
frequency is controlled in the interpolation module. If the magnitude of stress change in the system over
one time step is beneath a pre-determined tolerance, the frequency is decreased (if stress is not changing,
mechanical re-equilibration is unnecessary), and vice versa for an upper tolerance. Coupling is explicit
and constitutive calculations are performed once per iteration (assuming constant constitutive values
throughout a fluid flow time step), requiring sufficiently small time steps relative to the rapidity of change
in the system. The validity of utilizing such a methodology is discussed in later sections to provide insight
into this explicit time step.
The coupling cycle is shown in Figure 1.2, and is comparable to the loose coupling, modular structure of
Minkoff et al. [2003] and Rutqvist et al. [2002]. Simulation begins with equilibration of temperature (T)
and pore fluid pressure (pf) in TOUGHREACT, where porosity (φ) change due to mineral
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precipitation/dissolution and liquid saturation (S) are also obtained. Constitutive relationships in the
interpolation module transform these outputs into fluid bulk modulus (Kf), as obtained from IAPWS
steam table equations, and permeability change due to mineral behavior (ΔkTC). The TOUGHREACT
central node data (pf, T) are then interpolated to corner node information as input to FLAC3D. After stress
equilibration in FLAC3D, the interpolation module uses stress outputs within a dual-porosity framework,
consisting of matrix (pf(1)) and fracture (pf(2)) pore fluid pressures, to obtain the pressure response to the
new stress field via domain (matrix, fracture) and state (p, T) specific Skempton coefficients. Effective
stress is then used to obtain the permeability change due to pressure solution type behavior (ΔkTMC) while
chemical strain (εC) is accommodated in the stress field (discussed later). Parameters then re-enter
TOUGHREACT for the next time step.
1.4 GOVERNING EQUATIONS
The physical system of interest is modeled herein as a multi-continuum, fully or partially saturated
fracture/matrix system with direct communication between the domains. Local thermal equilibrium is
assumed between the fluid and solid (at a single point in continuum space, the fluid and solid exhibit the
same temperature), but not between separate fracture and matrix domains. From this framework, a
differential of pressure and temperature may develop between the fracture and matrix, with properties of
pressure and temperature dissipation influencing the rapidity of transfer from local changes in the fracture
system into the surrounding matrix blocks, and vice versa. As such, the multi-continuum distinction is
fully maintained within the numerically represented THC system, while local continuity of stress requires
equilibrium of stresses between fracture and matrix, which is then represented within the single
continuum framework of FLAC3D. For this transition, physical characteristics are delegated based upon
dual-porosity poroelastic theory [Berryman and Wang, 1995; Cho et al., 1991; Elsworth and Bai, 1992;
Khaled et al., 1984; Wilson and Aifantis, 1982]. The governing balance equations and their constitutive
counterparts are discussed below.
1.4.1

Conservation of Momentum – Solid

Mechanical equilibrium of the solid phase is governed by the balance of linear momentum,

σ ij , j + bi = ρ vi

(1.1)

where bi are the body forces per unit volume, vi are the material time derivatives of velocities, and σij,j
represents the divergence of the Cauchy stress tensor transpose. In an iterative formulation, for static
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equilibrium of the medium, acceleration approaches null, and the momentum balance becomes the
common force equilibrium relation (Cauchy equation of equilibrium),

σ ij , j = −bi

(1.2)

The resulting unknowns can be accommodated through any of several elastic or plastic closure
relationships. In this work, we begin with the case of an isotropic, elastic solid, thus introducing the
stress/strain constitutive relationship for a medium with two distinct porosities (see dual-porosity
discussion below), including the effects of pore fluid pressure, p, and temperature, T (a combined
equation utilizing constitutive poroelasticity [e.g. Jaeger et al., 2007 eq. 7.42], with thermoelastic
response, and utilizing two distinct pore fluid pressures as in Wilson and Aifantis [Wilson and Aifantis,
1982]),

σ ij = 2Gε ij +

2Gν
ε kk δ ij − α p(1) p (1) + α p(2) p ( 2) δ ij − α T T δ ij
1 − 2ν

(

)

(1.3)

where G is shear modulus, v is Poisson ratio, α p( ) and α T are the coupling coefficients for fluid and
i

thermal effects for the

(1)

fracture and

(2)

matrix, δij is the Kronecker delta, and the linearized (“small”)

strains may be defined in relation to the gradients of displacement as the symmetric part of ui,j, or,

ε ij = 1 2 ( ui , j + u j ,i )

(1.4)

Inserting equation (1.4) into equation (1.3) and the result into the equilibrium equation, equation (1.2),
yields a Navier-equation defined in terms of incremental displacements (u),
G∇ui +

(

)

G
uk ,ki = α p(1) p,(i1) + α p(2) p,(i2) + αT T,i − bi ,
1 − 2ν

(1.5)

which is the so-called displacement formulation of force equilibrium for an isotropic, elastic solid with
distinct fracture and matrix pore fluid pressures.
1.4.2

Conservation of Momentum, Mass, and Energy – Fluid

Fluid, aqueous species, and energy are transported through the system as defined by their respective mass
and energy balances. The master equation for these processes is given in integral form as,

d
M κ dV = ∫ Fκ ⋅ n + ∫ qκ dV
dt V∫
Γ
V

(1.6)

where the left-hand side represents the rate of accumulation of the conserved quantity (Mκ is mass of
fluid, mineral mass, or energy density) resulting from the arrival of the fluxes Fκ, (of fluid, mass, or
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energy) across the boundary, Г, and complemented by volume sources, qκ, distributed over the nominal
element volume, V, for each component, κ (gas, liquid, advected species, or heat). In this discussion we
have adopted (for clarity of coefficients) standard tensor notation, where bold values represent first or
second order tensors. Equation (1.6) may be transformed into its common PDE counterpart through
application of the divergence theorem (where the integral vanishes due to the arbitrary nature of the
representative elementary volume),

∂M κ
= −∇ ⋅ Fκ + qκ
∂t

(1.7)

where the mass, flux, and source terms must then be independently determined for a given system.
Mass, or energy density, Mκ, in equation (1.7) is defined for each component, κ, as the summation of the
various contributions to the component across all phases (subscripted l, g, s for liquid, gas, or solid) as,
M κ = φ Sl ρ l X l + φ S g ρ g X g + (1 − φ ) ρ s X s

(1.8)

Fluxes, F, in equation (1.7) are given by the summation across phases (β = l, g) of the advective and
diffusive terms as,
F=

⎛
⎞
kk βr
X
ρ
−
∇pβ − ρ β g ) ⎟ − λβ ∇C
⎜⎜
(
∑
β β
⎟
μβ
β =l , g ⎝
⎠

(1.9)

where the first term represents the contribution of advection through consideration of the multiphase
extension of Darcy’s law for relative permeability, kr, intrinsic permeability vector, k, dynamic viscosity,

μ, and, as before, ρ is density of fluid (or concentration of species) and X is mass fraction for fluid
transport, specific enthalpy for heat flow, or unity for chemical calculations. The second term represents
diffusive transport as governed by the laws of Fick and Fourier, and introduces conductivity, λβ, and
gradient (of temperature or concentration), ∇C . This last diffusive term is only present when calculating
the flux of temperature or concentration, and therefore disappears when calculating pure liquid flux. For
heat flow calculations, λβ is thermal conductivity, while for chemical flux λβ = ρβτφSβDβ with tortuosity,
τ, and diffusion coefficient, Dβ. Importantly, a hydrodynamic dispersion concept is not utilized in the
classic Fickian sense. Instead, TOUGHREACT utilizes the interaction of regions with differing velocities
(fracture and matrix in a dual-porosity construct) to induce solute mixing [see Xu and Pruess, 2001]. In
the case of mineral mass, the flux term disappears (colloid transport is not considered).
The source term, qκ, in equation (1.7) may be comprised of an injection or withdrawal source or as an
increase in species concentration (or mineral mass) due to dissolution (or precipitation). A thermal source
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may also arise due to a release of energy during chemical reactions. This last case is not currently
considered. Sources of aqueous species and/or mineral mass are discussed in the following.
1.4.3

Chemical Precipitation/Dissolution

A generalized rate law for precipitation/dissolution of a mineral, m, is [Lasaga, 1984; Steefel and Lasaga,
1994],

(

rm = sgn log ( Qm / K

e
m

))

ϕ n

⎛Q ⎞
k Am f ( ai ) 1 − ⎜ me ⎟
⎝ Km ⎠
c
m

(1.10)

where kc is the rate constant, A is the specific mineral reactive surface area per kg of H2O, Ke is the
mineral/water equilibrium constant, and Q is the ion activity product.. The function f(ai) represents some
(inhibiting or catalyzing) dependence on the activities of individual ions in solution such as H+ and OH[cf. Lasaga et al., 1994], and sgn ( Qm K me ) provides a direction of reaction: positive for supersaturated

precipitation. The exponential parameters, φ and n, indicate an experimental order of reaction, commonly
assumed to be unity. An additional term (multiplied by equation (1.10)) may also be introduced to
represent the dependency of reactive surface area on liquid saturation [cf. Xu and Pruess, 2001].
Dependency of the rate constant may be handled, to a reasonable approximation [Lasaga, 1981], via the
Arrhenius expression,
⎛ E ⎛1
1 ⎞⎞
c
k c = k25
exp ⎜ − a ⎜ −
⎟⎟
⎝ Ru ⎝ T 298.15 ⎠ ⎠

(1.11)

for the rate constant at 25oC, k25, activation energy, Ea, and gas constant, Ru.
In the case of amorphous silica an alternate expression may be used following the work of Carroll et al.
[1998], where the precipitation rates reported in Rimstidt and Barnes [1980] were observed to
underestimate behavior in geothermal systems. This new rate law, based upon experimental data for more
complex geothermal fluids, becomes, in a form modified by Xu et al. [2004] to approach zero as Q/K
approaches one (system approaches equilibrium),

(

rm = sgn log ( Qm / K me )

)

μ

⎛ Q ⎞ ⎛ Ke ⎞
km Am f ( ai ) ⎜ me ⎟ − ⎜ m ⎟
⎝ K m ⎠ ⎝ Qm ⎠

2μ n

(1.12)

These are the formulations utilized in TOUGHREACT. Reactions between aqueous species
(homogeneous reactions) are assumed to be at local equilibrium, and therefore governed by the
relationship between the concentrations of basis (primary) species and their activities, partitioned by the
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stoichiometric coefficients. This relationship is termed the law of mass action [cf. Steefel and Lasaga,
1994]. The assumption of local equilibrium greatly reduces the number of chemical unknowns and ODE’s
(between primary and secondary species), and is accurate to the extent that the true reaction rates outpace
the rate of fluid transport in a given system. This is a correct assumption for most aqueous species [Steefel
and Lasaga, 1994] (and flow systems), but less so for slower redox reactions [Steefel and Lasaga, 1994;
Xu and Pruess, 2001]. In TOUGHREACT, species activities are obtained from an extended DebyeHückel equation with parameters from Helgeson et al. [1981].
1.5 DEFORMABLE DUAL-POROSITY MATERIAL

To represent the pressure loading of a fully or nearly liquid saturated system (particularly at high
temperature and pressure and with multi-component liquids) coupling of the above formulation requires
the undrained (instantaneous) response of pore fluid pressure to mechanical loading in both the fracture
and matrix domains. Hydrologic considerations allow a timed pressure-dissipation response throughout
the fracture dominated fluid system and between the fracture/matrix companionship following undrained
loading.
Classically, a dual-porosity material is represented as a porous matrix partitioned into blocks by a
mutually orthogonal fracture network [Barenblatt and Zheltov, 1960; Warren and Root, 1963]. In this
scenario, permeability is much higher within the fracture network, thus allowing global flow to occur
primarily through the fractures, while the vast majority of storage occurs within the higher porosity matrix
(due to its larger global fraction of the medium). Interchange of fluid and heat between fractures and
matrix, so-called “interporosity flow”, is driven by pressure or temperature gradients between the two
domains.
Expansion of this classic two-domain interaction into “multiple interacting continua” [Pruess and
Narasimhan, 1982; 1985] allows the gradual evolution of gradients between fracture and matrix through
the existence of one or more intermediate continua placed, mathematically, some linear distance from the
fracture domain. This development has allowed for numerical approximations to more accurately
represent the slow invasion of locally (to the fracture) altered pressures and temperatures deeply into the
matrix blocks, and introduced dispersive mixing that arises at the interface of zones with differing fluid
velocities. While this multi-continuum methodology may be adopted in TOUGHREACT to represent
dual-permeability fluid transport with uniformly constant stress fields in time, we do not seek such an
expansion with respect to a flow-deformation response [see Bai et al., 1993]. As such, a dual-porosity
framework with two interacting continua (fracture and matrix) is utilized in this study, while a compatible
poroelastic theory carries this behavior into the mechanical domain.
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1.5.1

Fluid Pressure Response

Extension of Biot’s poroelastic theory [1941; 1956a; b; 1962] to a dual-porosity framework has been
previously addressed [Bai et al., 1993; Berryman and Wang, 1995; Berryman and Pride, 2002; Cho et al.,
1991; Elsworth and Bai, 1992; Khaled et al., 1984; Wilson and Aifantis, 1982]. The methodologies
presented in these works provide an adequate framework for the phenomenological representation of
poroelastic coefficients capable of describing flow-deformation response in such a medium.
Continuity of fluid mass is represented in a compressible media as,
∂ζ
+ ∇⋅F = 0
∂t

(1.13)

where ζ is the increment of fluid content as in Biot and Willis [1957], and comprises the relative motion
between fluid and solid. Inserting Darcy’s law for the flux term yields,
∂ζ k 2
− ∇ p=q
∂t μ

(1.14)

Biot’s [1941] linear-poroelastic constitutive equivalence, for volumetric strain, e, is,
⎛e
⎜
⎝ζ

⎛1
⎞ ⎜K
⎟=⎜
⎠ ⎜1
⎜
⎝H

1
H
1
R

⎞
⎟ ⎛σ ⎞
⎟⎜ ⎟
⎟⎝ p ⎠
⎟
⎠

(1.15)

where the coefficients 1/K, 1/H, and 1/R hold their original meanings as bulk drained compressibility,
poroelastic expansion, and specific storage, respectively. Substituting,
B≡−

δp
R
=
δσ ζ =0 H

(1.16)

for the Skempton coefficient, α ≡ K H , for the Biot-Willis coefficient and,
1 δζ
α
≡
=
R δ p σ =0 KB

(1.17)

for the specific storage, condensing equation (1.15) to relate fluid content to strain, and substituting its
time derivative into equation (1.14) establishes the flow condition for a single-porosity medium with no
fluid sources,

α
BK u

p + α e =

13

k

μ

∇2 p

(1.18)

where we have utilized the relationship for undrained bulk modulus,
Ku ≡

δσ
δe

=
ζ =0

K
1−α B

(1.19)

Extending to a dual-porosity medium, we follow the same procedure leading to the dual-porosity form of
equation (1.5), where equation (1.18) is modified to exhibit two separate fluid pressures (for fracture and
matrix) with flow between them governed by, in its simplest form, an instantaneous pressure differential,

Δp = (p1 – p2) [Warren and Root, 1963] , to obtain two continuity relationships [Khaled et al., 1984],
k (i)

μ

∇2 p(i ) =

α (i )
(i ) (i )

Ku B

p ( i ) + α ( i ) e + ( −1) γΔp
i

(1.20)

where i is not a repetitive index, but represents the existence of two separate equations for the matrix (i =
1) and fracture (i = 2), and γ is the cross coupling coefficient for flow exchange between the two domains
[cf. Zimmerman et al., 1992]. Equation (1.20) merely states that the divergence of fluid flux for a given
control volume must equal the rate of accumulation within that volume, and is thus a statement of mass
conservation.
1.5.2

Dual-Porosity Load Response

The general linear relation between strain, increment of fluid content, total stress (σ), and pore fluid
pressure (p), simply extends equation (1.15) to allow, again, for two separate fluid pressures [Berryman
and Wang, 1995],
⎛ δ e ⎞ ⎛ c11c12 c13 ⎞ ⎛ −δσ ⎞
⎜
⎟⎜
(1) ⎟ ⎜
(1) ⎟
⎜ −δζ ⎟ = ⎜ c21c22 c23 ⎟ ⎜ −δ p ⎟
⎜
⎟⎜
( 2) ⎟ ⎜
( 2) ⎟
⎝ −δζ ⎠ ⎝ c31c32 c33 ⎠ ⎝ −δ p ⎠

(1.21)

where the superscripts refer to the (1) matrix and (2) fracture domains. The single porosity coefficients of
Biot are no longer applicable, and are replaced by the uknown coupling coefficients, cij, that may be
designated via a phenomenological deconstruction similar to that of Biot and Willis [1957]. The
coefficient matrix can be shown symmetric [cf. Berryman and Wang, 1995] by the Betti reciprocal
theorem. Performing manipulations of the above equation through isolation of independent components
(i.e. long-time versus short-time limits) allows determination of the central coefficients (see detailed
procedure in Berryman and Wang [1995] and Elsworth and Bai [1992]).
Herein we assume that c23 = c32 = 0 [see Berryman and Wang, 1995], which differs slightly from the
procedure of Elsworth and Bai [1992], Khaled et al. [1984], and Wilson and Aifantis [1982]. Examination
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of equation (1.21) shows that this assumption implies the following: an undrained application of stress
that influences a change in fluid content for the fracture domain does so through modification of fracture
fluid pressure, and does not influence that of the matrix. The reverse is also true, with the overall
implication being, see discussion in Berryman and Wang [1995], that in the undrained limit the matrix
and fracture domains are completely separate. This can be considered a justification for a dual-porosity
approach [Berryman and Wang, 1995].
In our analysis, the purpose of dual-porosity elasticity is to attain Skempton coefficients representing both
the fracture and matrix domains,

δ p (1) = B (1)δσ = −
δp

( 2)

c12
δσ
c22

c
= B δσ = − 13 δσ
c33
( 2)

(1.22)

which represent the undrained ( δζ = 0 ) build in pore fluid pressure in each domain for a given change in
stress as provided by FLAC3D. Relationships to calculate these two Skempton coefficients are provided in
Table 2 of Berryman and Wang [1995]. For this procedure, we choose as the known coefficients K(1), K,

Ks(1), and Kf, where Ks is the solid grain modulus (in a microhomogeneous medium [cf. Detournay and
Cheng, 1993]) and the fluid bulk modulus,
1
1 δV
≡
Kf V δ p

(1.23)
T

is calculated in the interpolation module as a function of position, temperature, and pressure utilizing the
IAPWS steam table equations [IAPWS, 1997]. For a complete reconstruction of the individual relations
required to represent the dual-porosity poroelastic response, refer to Berryman and Wang [1995] and
addendums in Berryman and Pride [2002].

1.5.3

Effect on the Global Mass Balance

Injection of fluid mass into TOUGHREACT in the form of fluid pressure violates conservation of mass
by an amount proportional to the compressibility of the local fluids. A change in pressure by this
procedure necessitates a change in local fluid volume, and therefore appearing or disappearing mass.
However, when the local element is fully saturated, a stiff fluid will not significantly respond
(volumetrically) to stress induced pressure changes, while for unsaturated media even a significant
volumetric response will not in general dictate a noticeable change in mass. Nonetheless, we err on the
side of safety and correct for this discrepancy with a recast of equation (1.23),

15

dV =

1
Vdp
Kf

(1.24)
T

which indicates the volume (or mass) error due to an increase in pressure, dp (at a given temperature). To
correct for potential mass loss, we alter elemental volumes (physically reduce the volume of the mesh
element) within TOUGHREACT by this amount (in an integral finite difference formulation, this does
not require the alteration of geometric coordinates). In our simulations, including both single and
multiphase flow with water/steam phase changes occurring, we have not detected total system mass losses
greater than ~0.01% of total system mass.

1.6 UNDRAINED FLUID/MECHANICAL RESPONSE
We now examine the error that our formulation introduces to the fluid-mechanical coupling. Excluding
constitutive approximations, error may be introduced into the coupling procedure as it has been described
up to this point in two primary ways: 1.) explicit time step size, and 2.) the equilibration step between a
stress change and its undrained pressure response (Figure 1.3).
The first is a direct byproduct of explicit coupling, insomuch as an increase in time step (length of the
TOUGHREACT fluid step between each mechanical equilibration), allows a greater amount of fluid
pressure to diffuse between each mechanical equilibration, introducing error proportional to the fluid
diffusivity and inversely proportional to the rate of mechanical change (not the amount of mechanical
change per timestep, dσ, which implies proportionality to error, but the rate of change per unit time
(dσ/dt), implying inverse proportionality).
The second form of error, shown in Figure 1.3, is due to the nature of the undrained pressure response,
which may not be fully accommodated by a single stress equilibrium step. In other words, at a given time
step a fixed pressure field enters FLAC3D and is accommodated by a calculated stress distribution. This
stress distribution induces a modification of the previously fixed pressure field, and this new pressure
field may, in turn, produce a redistribution of the stress field whether or not any fluid is allowed to diffuse
(within TOUGHREACT). A number of steps may be required to find the true equilibrium magnitude of
stress and pressure, which tends to asymptote at a value higher than is suggested by a single equilibration
step. This is not necessarily a Mandel-Cryer type effect [Abousleiman et al., 1996; Mandel, 1953], which
is a real occurrence and would require the action of a diffusing fluid pressure and redistribution of stresses
around the diffusing magnitudes (although the behavior is comparable). The case where FLAC3D is run
once per explicit time step (single equilibration step) is referred to herein as the “leapfrog method” (see
Figure 1.3).

Each of these possible error sources (1explicit time step and 2leapfrog versus p U σ
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be excluded in favor of a “leapfrog” method, where a single stress equilibration (run of FLAC 3D ) is conducted per
time step.
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iteration) requires further examination, which consequently leads to validation of the undrained fluidmechanical coupling.

1.6.1

Fluid-Mechanical Couple: Instantaneous Loading

In one dimension, we may examine the accuracy of the fluid mechanical coupling in comparison to the
classical fluid diffusion equation of hydrogeology [e.g. Rice and Cleary, 1976],

∂p
∂2 p
− cf 2 = 0
∂t
∂z

(1.25)

which is a specific poroelastic result of Eqs. (1.14) and (1.15) restricted to a one-dimensional column of
soil (or rock) under constant applied vertical stress [cf. Wang, 2000], and gives its form to the analytical
solution for heat flow [Carslaw and Jaeger, 1959, p. 96],
p ( z, t ) =

4 p0

π

∞

1

∑ 2m + 1 exp ( −ψ

m=0

2

c f t ) sin (ψ z )

(1.26)

where Ψ = ( 2m + 1) π 2 L , and p0 = B(v)σ0 is the initial undrained pressure response to the applied vertical
stress (σ0). The one-dimensional Skempton coefficient (loading efficiency in Wang [2000]) is given by,

B( v) = −

B (1 + vu )
3 (1 − vu )

(1.27)

for the Skempton coefficient, B, and undrained Poisson ratio, vu. This is the canonical consolidation
problem of a one-dimensional column of soil subjected to a constant vertical stress applied at t = 0+ to the
top of the column, with fluid pressure allowed to drain freely from the point of applied stress. A similar
solution is available for column displacement u [e.g. Biot, 1941; Wang, 2000],

∂ 2u
∂p
= cm
∂z 2
∂z

(1.28)

for Geertsma’s [1966] uniaxial expansion coefficient (consolidation coefficient), cm ≡ α K ( v ) , with
uniaxial bulk modulus, K(v) = K + 4/3G. Under the same boundary conditions as above, the analytical
solution is [Wang, 2000],
⎡
⎤
8L ∞
1
2
exp
cos
Δu ( z , t ) = cm p0 ⎢( L − z ) − 2 ∑
×
−Ψ
Ψ
c
t
z
⎥
(
)
(
)
f
π m = 0 ( 2m + 1)2
⎣⎢
⎦⎥

(1.29)

with definitions the same as for equation (1.26), and the instantaneous displacement at the time of stress
application u(z,0+) = σ0(L-z)/Ku(v), for the undrained unaxial bulk modulus,
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K u( v) =

K u (1 + vu )
3 (1 − vu )

(1.30)

All undrained parameters approach their drained counterparts as fluid compressibility becomes large, or
fluid saturation approaches zero.
Results of a TOUGHREACT-FLAC3D simulation mimicking these boundary conditions are presented
against these analytical solutions in Figure 1.4. A column of porous rock (E = 13GPa, v = 0.22) with
displacements constrained laterally and pore pressure initially zero, is subjected to an applied vertical
load, σ0 = 50MPa, at t = 0+, and pressure is allowed to drain freely from the top of the column only. Time
step was chosen large enough to illustrate the error incorporated in very early times (near the time of
undrained loading) due to the leapfrog method of simulation (see Figure 1.3).
Pressure builds (and elastic displacement decreases) in the early stages as the model cycles between stress
equilibration and undrained pressure response (leapfrog artifact). Following the instantaneous loading
period (50MPa applied over one time step) numerical results overlay nearly identically the analytical
solution as pressure diffuses and stress accommodates the pressure reduction. A slightly greater error
occurs at points nearest the free draining surface (left-most curve in Figure 1.4A) due to the explicit time
step size, where a greater rate of fluid diffusion allows the fluid to move greater distances before being
accommodated by a mechanical response.

1.6.2

Fluid-Mechanical Couple: Constant Loading Rate

In light of Figure 1.4, it is of interest to examine more precisely the error that arises while the sample is
being loaded. To do so, we wish to utilize the same geometry, but apply the load gradually over a finite
loading period at a given loading rate, dσ0/dt (rate of increase of applied load at the top of the column per
unit time). Here, we maintain the one-dimensional form, but alter the governing diffusion equation (1.25)
to accommodate a constant loading rate [cf. Wang, 2000],
1 ∂p ∂ 2 p cm μ dσ 0
−
=
c f ∂t ∂z 2
k dt

(1.31)

with the series solution adjusted so that, as above, the free draining boundary is at z = 0 [Carslaw and

Jaeger, 1959, p. 130],
p ( z, t ) =

2
m
⎤
cm dσ 0 L2 μ ⎡ ( L − z )
32 ∞ ( −1)
−
× exp ( −Ψ 2 c f t ) cos ( Ψ ( L − z ) ) ⎥
⎢1 −
3
2
3 ∑
dt 2k ⎢⎣
L
π m = 0 ( 2m + 1)
⎥⎦
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(1.32)
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Results of the gradual loading analysis are presented in Figure 1.5. Loading rate refers to the rate of
increase of applied load at the top of the column per unit time. The amount of load change per iteration
(dσ0) is a function of the time step (dt), so that a smaller load change is experienced per iteration as the
time step is decreased. Time steps were chosen for A and B such that dσ0 = dσ0/dt × dt is the same
magnitude in each case. From the figure, two primary conclusions are apparent: 1.) At the slowest loading
rate (Figure 1.5A) and smallest time step (and correspondingly smallest dσ0 = dσ0/dt × dt) there is no
difference between the leapfrog approach and a simulation with additional p U σ iteration (inter-

looping), proving the intuitive result that small explicit time steps absolve the need for inter-looping. In
this case, if the time step is too large to capture the fluid-mechanical coupling then inter-looping has little
effect because more error is introduced by the fluid mechanical couple than by the leapfrog method
(evidenced by the fact that the dashed lines do not improve in accuracy over their corresponding solid
lines). 2.) A faster loading rate (Figure 1.5B) results in greater error due to the leapfrog method, but
lesser error due to the explicit time step size (evidenced by the relative accuracy of all three dashed lines).
In other words, mechanical change (loading) is faster relative to fluid diffusion, and so the explicit time
step size may be larger and still accommodate the fluid-mechanical coupling because less frequent
mechanical equilibration is required to keep up with the relatively slower fluid diffusion. However,
precisely because the loading rate is faster, greater error will result due to the non-iterative equilibration
of stress and pressure. Therefore, a larger time step is viable, but only with inter-looping. In any case, the
system may be accurately represented with the proper selection of time step and iterative method for a
given rate of mechanical change, and at the slower loading rate (likely closer to those that might be seen
in natural systems) the leapfrog method is sufficient provided that the explicit time step is reasonably
small. For now, experimentation is required to guarantee an accurate coupling.

1.7 THMC MEDIATED APERTURE/PERMEABILITY CHANGE
Having now examined the fluid-mechanical mechanism, we proceed to introduce further complexities
that surround chemical behaviors. And, because constitutive behavior in a geological system is generally
non-linear, responses mediated by stress, fluid pressure, temperature, and chemical potential often require
empirical examination. Notably, permeability of the system may change by orders of magnitude in
response to changes in effective stress. In the following, we describe changes in permeability, resulting
from both stress and chemical effects, utilizing the empirical relationship of Min et al. [2008]. That
relationship is further developed herein to accommodate unloading of fracture asperities in a manner that
suggests fracture gaping may occur only through mechanical means (or by thermal contribution to the
stress field). Section 7.1 presents the governing loading equations as found in Min et al., while Section
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7.2 illustrates a similar unloading construct to Min et al., but unloading is allowed to occur only through
mechanical means.

1.7.1

Loading Behavior

Hydraulic aperture of a fracture under an applied effective stress, σ’, may be defined empirically as
[Rutqvist et al., 2002],

bm = bmr + ( b0 − bmr ) exp ( −ωσ ')

(1.33)

where bm is the hydraulic aperture (subscripted m indicating changes due solely to mechanical effects), b0
is the aperture under no mechanical stress, bmr is the residual aperture at maximum mechanical loading
and ω is a constant that defines the non-linear stiffness of the fracture.
The dissolution of bridging asperities may also reduce the effective aperture of the fracture. These
“chemical” effects may be accommodated in the relationship for fracture aperture in a form that includes
the mechanical compaction process of equation (1.33) and pressure solution –type dissolution of
contacting asperities, where we have substituted bmmax = b0 − bmr as the maximum possible mechanical
closure [Min et al., 2008],

bmc = bmr + ⎡⎣bmr − bcr + bmmax exp ( −ωσ ') ⎤⎦ exp ( −σ ' ( β − χ / T ) )

(1.34)

where T is temperature and the empirical constants β and χ define the chemical compaction process. The
subscripted c represents changes due to chemical effects and bcr is the residual aperture at maximum
chemical loading. Buried within these two constants [see Min et al., 2008] is the critical stress [Min et al.,
2008; modified from Stephenson et al., 1992; Yasuhara et al., 2003],

σc =

Em (1 − T / Tm )
4Vm

(1.35)

where Em is the heat of fusion, Tm is the temperature of fusion, and Vm is the molar volume of the mineral
comprising the fracture asperity. Dissolution of the contacting asperity will progress where the local
asperity stress exceeds this critical stress that represents both the chemical and mechanical potential of the
contact.
Permeability is evaluated for an orthogonal set of persistent fractures of spacing s, from the cubic law,
[Snow, 1969; Witherspoon et al., 1980] k = b3/12s. Importantly, equation (1.34) represents equilibrium
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behavior, where chemically mediated changes have run to completion (it is a thermodynamic, not kinetic
relationship).

1.7.2

Unloading Behavior

The above constitutive relationship governs aperture closure under conditions of thermal/mechanical
loading due to the effects of mechanical deformation (equation (1.33)) and chemical alteration including
mechanical deformation (equation (1.34)). If utilized in its entirety and without memory of any previous
mechanical/thermal state, this represents the case of complete reversibility. However, aperture closure
should not be viewed as completely reversible or irreversible, but as a mechanism that is dependent on the
initial stress state and subsequent loading, as well as one that maintains memory of some attained stress
magnitude and a subsequent unloading period.
For instance, subsurface storage of radioactive waste is characterized by a loading period, during which
temperature steadily increases and fracture apertures correspondingly decrease, followed by a period of
sustained cooling towards the background state, implying a reversal of this process (fracture gaping).
Alternatively, geothermal reservoirs are largely characterized by unloading behavior, where the maximum
stress/temperature condition is the in-situ state of the fractured mass, and the injection of cooler
circulation fluids causes unloading from this in-situ state. It is of some interest to determine the precise
behavior of such an unloading period and its beginning transition.
The mechanical component of fracture closure is not a completely reversible process, but exhibits
hysteresis as governed by both the elastic and plastic properties of the contacting asperities. Furthermore,
while chemical behaviors may contribute to permeability increase through the action of
thermodynamically governed dissolution, pressure solution type mechanisms as discussed above are
incapable of inducing gaping of the fracture during an unloading stage (barring the inclusion of “force of
crystallization” processes, pressure solution is irreversible). Therefore, it is apparent that an additional
term is needed to describe the reversible portion of mechanical closure, while excluding the possibility of
chemical reversibility. In this aim, we follow a procedure similar to that of Min et al. [2008] to develop an
unloading relationship, but maintain a reversibility that is due purely to mechanical effects.
In the simplest formulation, this need may be addressed through a mechanical recovery ratio, Rm, that
governs the degree of elastic reversibility, and is defined as the ratio of the potential unloading
max
mechanical aperture change, bmmax
( u ) , to the maximum potential loading mechanical aperture change, bm ,

as,
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Rm =

bmmax
(u )

(1.36)

bmmax

It is first necessary to examine the case of a mass unloaded from a state of infinite stress with the
unloading version of equation (1.33),

bm( u ) = bmr + bmmax
( u ) exp ( −ωσ ' )

(1.37)

or, from the definition of recovery ratio,

bm( u ) = bmr + Rmbmmax exp ( −ωσ ')

(1.38)

However, the unloading process is dependent on the maximum loading stress (initial unloading stress).
The difference in aperture between this maximum loading stress and some unloaded state is (utilizing
equation (1.38)),

(

)

Δbm(u ) = Rmbmmax exp −ωσ '(u ) − Rmbmmax exp ( −ωσ 'max )

(1.39)

with the maximum (prior to unloading) effective stress σ’max > σ’(u), for any subsequent unloading
effective stress, σ’(u). This inequality states that load cycling is not considered. The unloaded aperture is
then comprised of the difference between this change and the fully loaded aperture, bf,

bm( u ) = b f + Δbm( u )

(1.40)

In the case of mechanical loading and unloading, the aperture at maximum loading stress, bf, is equivalent
to the final loaded aperture, bm(σ’max), and so the unloading aperture is obtained by substituting equation
(1.33) into equation (1.40). However, we are seeking the relationship for a fracture that has been
chemically and mechanically loaded, and then unloaded along a path defined by the recoverable portion
of mechanical loading. Therefore, substituting bf = bmc(σ’max) and inserting equation (1.39) into equation
(1.40) and simplifying yields,

{ (

)

}

bm( u ) = bmc (σ 'max ) + Rm bmmax exp −ωσ '( u ) − exp ( −ωσ 'max )

(1.41)

Where bmc(σ’max) is equation (1.34) evaluated at σ’ = σ’max. This relationship defines the aperture at a
stress magnitude lower than and obtained a posteriori the fully loaded state. Equations (1.34) and (1.41)
then fully define the loading and unloading cycle, respectively, of a fractured mass. The required
empirical parameters are shown in Table 1.1. Parameters were obtained through a comparison with
experimental results introduced in the heated block test of Terra Tek [Hardin et al., 1982], where aperture
was monitored during a complete loading and unloading cycle in-situ, on a 2x2 m cube of granitic gneiss
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Parameter

Fitted Value
r
m

Residual mechanical aperture, b (μm)

6.0

r
c

Residual chemical aperture, b (μm)

3.0

Constant in aperture relationship, β

1.00

Constant in aperture relationship, χ

345

Stiffness coefficient, (1/MPa)

0.375

Mechanical recovery ratio, Rm

0.8

Table 1.1 - Parameters of the permeability constitutive relationship as utilized in Figure 1.6.
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subjected to stresses supplied by flatjacks with temperature alteration via borehole heaters. The original
experimental results of Hardin et al. [1982] are shown in Figure 1.6 alongside theoretical reproduction of
this behavior calculated with Eqs. (1.34) and (1.41). In the figure, loading begins at point 9 (and is
isothermal for the first 3 data points) and continues until point 16 (non-isothermally), before being
unloaded to the initial state at point 21. Hardin et al. also performed two intermediate load/unload cycles
at points 13 and 16. These two intermediate cycles are not considered here, and the analytical solution is
incapable of representing them. Agreement between the two data sets is satisfactory for the primary points
of interest (intermediate loading/unloading cycling is not considered), excluding point 19, where
unloading aperture cannot be reproduced with the given analytical model (which is purely mechanical and
does not undergo unloading with decreasing temperature unless the stress field is altered).

1.7.3

“Force of Crystallization”

Chemical precipitation is commonly assumed to cause a reduction in fracture aperture due to a buildup of
deposited species along the fracture face. Contrary to this assumption is the concept of “force of
crystallization”, dating back to 1896 with the work of Dunn [1896] and 1920 with Tabor [1920], with a
phenomenological model presented by Weyl [1959]. Force of crystallization operates analogously and
inversely to pressure solution where, instead of relieving fracture stress through dissolution at asperity
contacts, if the fluid is sufficiently super saturated mineral precipitation and crystal growth may exert
pressure at contact points and lead to physical gaping of the fracture. Further discussion of the mechanism
is available in the literature (e.g. [Dewers and Ortoleva, 1990; Maliva and Siever, 1988; Wiltschko and

Morse, 2001]). While we do not, in a fundamental sense, implicitly consider the impact of this process in
our model, the current logic is capable of accommodating this effect in a straightforward manner – should
solution concentrations be sufficiently super saturated. The phenomenological relationship for pressure
solution that we utilize is able to adequately match the laboratory studies on which it is based, all of
which involve significantly under saturated fluids only.

1.8 THC MEDIATED POROSITY/PERMEABILITY CHANGE
Thermo-chemical induced changes in permeability may be referenced to precipitation/dissolution
behaviors along the continuum fracture and matrix domains. Here, aperture changes are caused by the
addition or removal of mineral components from the walls of (at the scale of these investigations) an
assumed uniform fracture face, or an isotropic porous volume fraction. This is not precisely “free face
dissolution” (which implies contribution of strain energy to thermodynamic dissolution), but a purely
chemically driven process governed by the rates of reaction as previously discussed. In the following, we
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assume that processes of this type may act independently from pressure solution over a single time step,
thus enabling them to be additive over that time step. This does not indicate process independence, which
would allow chemical analyses to be conducted separately of TM or of TMC without loss of accuracy.
These processes are still strongly dependent on one another outside of a time step. For example, changes
in permeability from pressure solution (or chemical precipitation/dissolution) will alter the flow
characteristics and residence times of circulating fluids, thus modifying thermal transport. Changes in
local temperature in this manner alter the stress field and modify chemical reaction rates. Modified
reaction rates and residence times influence the characteristics of chemical reaction, while modified
temperature and stress influence pressure solution and thermal gaping.
Changes in fracture aperture due to THC behavior are accommodated via the chemical precipitation
behavior incorporated in TOUGHREACT. Addition or removal of mineral mass from the continuum
system results in a change in fracture or matrix porosity within a nominal element volume, as given by the
overall change in the volume of minerals present by [Lichtner, 1996; Xu et al., 2004],
N

φ = 1 − ∑ f mrx − f u

(1.42)

m =1

Where f rx is the volume fraction of mineral m in the surrounding rock vmineral/vmedium and f u is the volume
fraction of the non-reactive surrounding rock. Relations between fracture porosity and permeability are
provided in the literature. One such possibility is a simple cubic relationship [Steefel and Lasaga, 1994],

⎛φ ⎞
k = ki ⎜ ⎟
⎝ φi ⎠

3

(1.43)

where the subscript, i, refers to an initial property and k, and φ are permeability and porosity, respectively.
While several such relations may be implemented from within TOUGHREACT, it is necessary in our
case to calculate permeability changes externally in order to operate multiple mechanisms simultaneously.
Compatibility between the permeability change due to this behavior and that of pressure solution can be
indexed to the change in fracture aperture by, as before, b = 3 12ks . Aperture change via this mechanism
is then assumed additive to the THMC aperture reductions associated with pressure solution driven
compaction.
Several options also exist for the relationship between matrix porosity and permeability. One such
possibility is the Carman-Kozeny equation [Bear, 1972],

(1 − φi ) ⎛ φ ⎞
k = ki
⎟
2 ⎜
(1 − φ ) ⎝ φi ⎠
2
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3

(1.44)

where all parameters are as previously defined, although matrix permeability is likely an insignificant
contributor (in many cases) to overall system behavior.

1.9 CHEMICAL STRAIN AND STRESS
Modifications in fracture aperture necessarily lead to changes in the local stress field. However, because
FLAC3D uses grid point displacements to calculate strains, see equation (1.4), and does not store values of
strain, no provision is available to input strains due to aperture change and subsequently convert them into
gridpoint displacements. An alternative method is needed.
For equally spaced orthogonal fractures, the impact of a change in aperture on local linear strain
(unidirectional from a single fracture) is represented by,

ε CH =

Δb
s

(1.45)

where s is fracture spacing and the subscript CH refers to the “chemical strain” component of total strain
owing to aperture change. In the usual manner, total strain, ε, can be spectrally decomposed into
components due to mechanical, M, chemical, CH, and thermal, T, behaviors as, ε = ε M + ε T + ε CH .
Considering only thermal and chemical effects, the thermal/chemical strain is ε TC = ε T + A , where A is
some

constant

representing

the

chemical

portion.

At

incremental

equilibrium

we

have

ε TC = α T ΔT + A which, upon rearranging, becomes,
⎛
⎝

ε TC = ΔT ⎜ αT +

A ⎞
⎟
ΔT ⎠

(1.46)

where A = Δb/s This relationship provides a method to accommodate chemical strain by altering the
coefficient of thermal expansion, αT, in FLAC3D at all nominal element volumes for respective aperture
changes, and, as desired, maintains a non-linear dependence on temperature. However, because the
function is undefined for temperature changes approaching zero, care should be taken in its application. In
physical systems where aperture change, a strong function of the effective stress field, is dominated by
thermal stress, such as geothermal systems, such strains will be tracked appropriately, but in systems that
are nearly isothermal this method will be ineffective in transferring information to the mechanical system
(which may or may not be necessary, as isothermal systems are unlikely to experience chemical strain to
the same degree).
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1.9.1

Chemical Strain in Cyclic Loading

Chemical strain is defined here as thermo-chemo-mechanically irreversible reduction in fracture aperture
that results in a relaxation of stress in the surrounding rock. As illustrated in Figure 1.1, this process is
proposed to be of significant importance in fractured reservoirs and replicating it one of the primary goals
of THMC modeling. To examine this process, we consider the case of a liquid saturated, high temperature
and pressure fractured mass subjected to a complete cycle of thermal loading and unloading (Figure 1.7).
The model is a pseudo three-dimensional mass (unit width in z-direction, discretized in x and y) with zerodisplacement boundaries and initially at a uniform 80oC, σ’  20.8MPa. A high temperature (120oC) and
pressure (2MPa above in-situ) source is placed at one end of the geometry (x = 0, y = L/2) with a low
pressure source (2MPa below in-situ) at the opposing end (x = L, y = L/2), allowing the thermal source to
translate across the geometry with the fluid pressure gradient. After thermal breakthrough to the injection
temperature, the temperature source is reversed to 80oC, so that the mass then gradually declines to its
initial temperature state. Progress is monitored at the central coordinate (x = L/2, y = L/2), and the results
of temperature and aperture change versus stress at this location are displayed.
In the figure we present four cases incorporating different assumptions of response, which may be
compared to the conceptual representation of Figure 1.1. Figure 1.7A is the baseline case, with
completely reversible permeability change (equation (1.34) only), and no feedback of this chemical strain
on the stress field (equation (1.46) not used). Figure 1.7B represents the case of complete permeability
constitutive treatment (Eqs. (1.34) and (1.41)) and includes feedback on the stress field (equation (1.46)).
Figure 1.7C maintains full permeability constitutive treatment (as in 1.7B), but this time does not include
feedback on stress (equation (1.46) not used). Finally, Figure 1.7D considers complete reversibility (as in
1.8A), but this time includes feedback on the stress field.
The non-linear dependence of aperture on the temperature/stress field is evident, as is the non-linear
dependence of stress on temperature that results from the feedback of chemical strain on the stress field.
Two-dominant impacts on the system, hysteretic in nature, are visible by comparing the initial, ambient
system with the final, ambient system. Importantly, when the system returns to its initial state, there has
been an irreversible reduction in the stress field as well as an irreversible decrease in permeability.
Neither of these occurrences, intuitively operative and significant in natural systems, may be represented
without the inclusion of thermal, hydrologic, mechanical, and chemical processes.

1.10 CONCLUSIONS
A coupled THMC simulator has been developed with the capability to reproduce the undrained loading
behavior of a fractured rock mass. Reactive transport has been included in the model via the equilibrium
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behavior of aqueous species (homogeneous reactions) and through kinetic considerations of mineral
precipitation and dissolution. From multi-continuum hydrogeologic analysis, multi-phase fluid behavior
is coupled to the mechanical response in one continuum via dual-porosity poroelasticity and
thermodynamically controlled fluid compressibility. Permeability of the mass is followed with a new
constitutive relationship representing thermal loading and unloading behavior: closure of the fracture is
controlled by thermal-elastic compaction and the dissolution of stress-concentrated asperities, while
dilation occurs via thermal-hydraulic stress relaxation. Bulk permeability is also modified by the
precipitation/dissolution kinetics of mineral species. The explicit coupling between THC and M behaviors
is shown to reproduce the rapid response of a loaded mass.
Chemical strain is accommodated by the permeability constitutive relationship, and its impact on the
stress field of a geologic environment is illustrated. For the first time, we present geologic scale numerical
results illustrating the conceptual model that thermal loading may lead to an irreversible reduction in
aperture and stress, so that the in-situ system may be completely altered by a cycle of loading.

Acknowledgements: This work is the result of partial support from the US Department of Energy under
grant DOE-DE-FG36-04GO14289. This support is gratefully acknowledged.

33

REFERENCES
Abousleiman, Y., A.H.-D. Cheng, L. Cui, E. Detournay, and J.-C. Roegiers (1996), Mandel's problem
revisited, Geotechnique, 46(2), 187-195.
Bai, M., D. Elsworth, and J.-C. Roegiers (1993), Modeling of naturally fractured reservoirs using
deformation dependent flow mechanism, Int J Rock Mech Min Sci, 30(7), 1185-1191.
Barenblatt, G.I., and I.P. Zheltov (1960), Basic concepts in the theory of seepage of homogeneous liquids
in fissured rocks, J Appl Math Mech, 24, 1286-1303.
Barton, N., S. Bandis, and K. Bakhtar (1985), Strength, deformation and conductivity coupling of rock
joints, Int J Rock Mech Min Sci, 22(3), 121-140.
Bear, J. (1972), Dynamics of fluids in porous media, 764 pp., Elsevier, New York.
Berryman, J.G., and H.F. Wang (1995), The elastic coefficients of double-porosity models for fluid
transport in jointed rock, J Geophys Res, 100(12), 24,611-624,627.
Berryman, J.G., and S.R. Pride (2002), Models for computing geomechanical constants of doubleporosity materials from the constituents' properties, J Geophys Res, 107(B3), 2052, doi:
2010.1029/2000JB000108.
Biot, M.A. (1941), General theory of three-dimensional consolidation, J Appl Phys, 12, 155-164.
Biot, M.A. (1956a), Theory of propagation of elastic waves in a fluid-saturated porous solid, I, Lowfrequency range, J Acoustic Soc Amer, 28(2), 168-178.
Biot, M.A. (1956b), Theory of propagation of elastic waves in a fluid-saturated porous solid, II, Higher
frequency range, J Acoustic Soc Amer, 28(2), 179-191.
Biot, M.A., and D.G. Willis (1957), The elastic coefficients of the theory of consolidation, J Appl Mech,
24, 594-601.
Biot, M.A. (1962), Mechanics of deformation and acoustic propagation in porous media, J Appl Phys,
33(4), 1482-1498.
Bower, K.M., and G. Zyvoloski (1997), A numerical model for thermo-hydro-mechanical coupling in
fractured rock, Int J Rock Mech Min Sci, 34(8), 1201-1211.
Carroll, S., E. Mroczek, M. Alai, and M. Ebert (1998), Amorphous silica precipitation (60 to 120oC):
Comparison of laboratory and field rates, Geo Cosmo Acta, 62, 1379-1396.
Carslaw, H.S., and J.C. Jaeger (1959), Conduction of heat in solids, 2nd Edition, 510 pp., Oxford
University Press.
Cho, T.F., M.E. Plesha, and B.C. Haimson (1991), Continuum modelling of jounted porous rock, Int J
Numer Anal Meth Geomech, 15, 333-353.
De Boer, R.B. (1977), On the thermodynamics of pressure solution - Interaction between chemical and
mechanical forces, Geo Cosmo Acta, 41, 249-256.
Detournay, E., and A.H.-D. Cheng (1993), Fundamentals of poroelasticity, in: Comprehensive Rock
Engineering, edited by J. A. Hudson, Pergamon, New York.
Dewers, T., and P. Ortoleva (1990), Force of crystallization during the growth of siliceous concretions,
Geology, 18, 204-207.
Dunn, E.J. (1896), Reports on the Bendigo Goldfield, Victoria (Australia) Department of Mines, Special
Reports Nos 1 and 2, 16p.

34

Elsworth, D., and R.E. Goodman (1986), Characterization of rock fissure hydraulic conductivity using
idealized wall roughness profiles, Int J Rock Mech Min Sci, 23(3), 233-243.
Elsworth, D., and M. Bai (1992), Flow-deformation response of dual-porosity media, J Geotech Eng,
118(1), 107-124.
Gawin, D., and B.A. Schrefler (1996), Thermo-hydro-mechanical analysis of partially saturated porous
materials, Eng Computation, 13(7), 113.
Geertsma, J. (1966), Problems of rock mechanics in petroleum production engineering, in: Proceedings of
the 1st Congress of the International Society of Rock Mechanics, Lisbon.
Hardin, E.L., N. Barton, R. Lingle, M.P. Board, and M.D. Voegele (1982), A heated flatjack test series to
measure the thermomechanical and transport properties of in situ rock masses, ONWI-260, Office of
Nuclear Waste Isolation: Columbus, Ohio.
Helgeson, H.C., D.H. Kirkham, and D.C. Flowers (1981), Theoretical prediction of the thermodynamic
behavior of aqueous electrolytes at high pressures and temperatures: IV. Calculation of activity
coefficients, osmotic coefficients, and apparent molal and standard and relative partial molal properties to
600 oC and 5 kb., Amer J Sci, 281, 1249-1516.
Hunsbedt, A., P. Kruger, and A.L. London (1977), Recovery of energy from fracture-stimulated
geothermal reservoirs, J Petrol Tech, 29, 940-946.
IAPWS (1997), Industrial Formulation 1997 for the thermodynamic properties of water and steam,
IAPWS Release, IAPWS Secretariat, International Association for the Properties of Water and Steam.
Itasca Consulting Group Inc (1997), FLAC3D Manual: Fast Lagrangian analysis of continua in 3
dimensions - Version 2.0, Itasca Consulting Group Inc, Minneapolis, MN.
Jaeger, J.C., G.W. Cook, and R.W. Zimmerman (2007), Fundamentals of Rock Mechanics, Fourth
Edition, 475 pp., Blackwell Publishing, Malden, MA.
Khaled, M.Y., D.E. Beskos, and E.C. Aifantis (1984), On the theory of consolidation with double
porosity, III, A finite element formulation, Int J Numer Anal Meth Geomech, 8(2), 101-123.
Lasaga, A.C. (1981), Rate laws of chemical reactions, in: Kinetics of Geochemical Processes, Reviews in
Mineralogy, Vol 8, edited by A. C. Lasaga and R. J. Kirkpatrick, Mineralogical Society of America,
Washington, D. C.
Lasaga, A.C. (1984), Chemical kinetics of water-rock interactions, J Geophys Res, 89(B6), 4009-4025.
Lasaga, A.C., J.M. Soler, J. Ganor, T.E. Burch, and K.L. Nagy (1994), Chemical weathering rate laws
and global geochemical cycles, Geo Cosmo Acta, 58(2361-2386).
Lichtner, P.C. (1996), Continuum formulation of multicomponent-multiphase reactive transport, in:
Reactive Transport in Porous Media, Reviews in Mineralogy, Vol 34, edited by P. C. Lichtner, et al.,
Mineralogical Society of America, Washington, D. C.
Maliva, R.G., and R. Siever (1988), Diagenetic replacement controlled by force of crytallization,
Geology, 16, 688-691.
Mandel, J. (1953), Consolidation des sols (etude mathematique), Geotechnique, 3, 287-299.
Min, K.-B., J. Rutqvist, and D. Elsworth (2008), Chemically and mechanically mediated influences on the
transport and mechanical characteristics of rock fractures, Int J Rock Mech Min Sci, 46(1), 80-89.
Minkoff, S.E., C.M. Stone, S. Bryant, M. Pesqynska, and M.F. Wheeler (2003), Coupled fluid flow and
geomechanical deformation modeling, J Pet Sci Eng, 38, 37-56.

35

Nami, P., R. Schellschmidt, M. Schindler, and T. Tischner (2008), Chemical stimulation operations for
reservoir development of the deep crystalline HDR/EGS system at Soultz-Souz-Forêts (France), in:
Proceedings of the 32nd Workshop on Geothermal Reservoir Engineering, Stanford, Ca.
Narasimhan, T.N., and P.A. Witherspoon (1976), An integrated finite difference method for analyzing
fluid flow in porous media, Water Resour Res, 12(1), 57-64.
Nemat-Nasser, S., L.M. Keer, and K.S. Parihar (1977), Unstable growth of thermally induced interacting
cracks in brittle solids, Int J Solids Struct, 14, 409-430.
Paterson, M.S. (1973), Nonhydrostatic thermodynamics and its geologic applications, Rev Geophys Space
Phys, 11, 355-389.
Pruess, K., and T.N. Narasimhan (1982), On fluid reserves and the production of superheated steam from
fractured, vapor-dominated geothermal reservoirs, J Geophys Res, 87(B11), 9329-9339.
Pruess, K., and T.N. Narasimhan (1985), A practical method for modeling fluid and heat flow in fractured
porous media, Soc Petrol Eng J, 25(1), 14-26.
Pruess, K. (2006), Enhanced geothermal systems (EGS) using CO2 as working fluid--A novel approach
for generating renewable energy with simultaneous sequestration of carbon, Geothermics, 35(4), 351-367.
Revil, A. (1999), Pervasive pressure-solution transfer: A poro-visco-plastic model, Geophys Res Lett,
26(2), 255-258.
Rice, J.R., and M.P. Cleary (1976), Some basic stress diffusion solutions for fluid-saturated elastic porous
media with compressible constituents, Rev Geophys Space Phys, 14(2), 227-240.
Rimstidt, J.D., and H.L. Barnes (1980), The kinetics of silica-water reactions, Geo Cosmo Acta, 44, 16831699.
Rose, P., T. Xu, K.M. Kovac, M. Mella, and K. Pruess (2007), Chemical stimulation in near-wellbore
geothermal formations: Silica dissolution in the presence of calcite at high temperature and high pH, in:
Proceedings of the 32nd Workshop on Geothermal Reservoir Engineering, Stanford, Ca.
Rutqvist, J., Y.-S. Wu, C.-F. Tsang, and G. Bodvarsson (2002), A modeling approach for analysis of
coupled multiphase fluid flow, heat transfer, and deformation in fractured porous rock, Int J Rock Mech
Min Sci, 39, 429-442.
Settari, A. (1988), Modeling of fracture and deformation processes in oil sands, Paper No. 43, in: 4th
UNITAR/UNDP Conference on Heavy Crude and Tar Sands, Edmonton.
Settari, A., and F.M. Mourits (1994), Coupling of geomechanics and reservoir simulation models, Comp
Meth Adv Geomech, 2151-2158.
Snow, D.T. (1969), Anisotropic permeability of fractured media, Water Resour Res, 5(6), 1273-1289.
Steefel, C.I., and A.C. Lasaga (1994), A coupled model for transport of multiple chemical species and
kinetic precipitation/dissolution reactions with applications to reactive flow in single phase hydrothermal
system, Amer J Sci, 294, 529-592.
Stephenson, L.P., W.J. Plumley, and V.V. Palciauskas (1992), A model for sandstone compaction by
grain interpenetration, J Sedim Petrol, 62, 11-22.
Swenson, D., S. Gosavi, and B. Hardeman (2004), Integration of poroelasticity into TOUGH2, in:
Proceedings of the 29th International Workshop on Geothermal Reservoir Engineering, Stanford, Ca.
Taber, S. (1920), The mechanics of vein formation (with discussion), Amer Inst Min Met Eng Trans, 61,
3-41.

36

Taron, J., K.-B. Min, H. Yasuhara, K. Trakoolngam, and D. Elsworth (2006), Numerical simulation of
coupled thermo-hydro-chemo-mechanical processes through the linking of hydrothermal and solid
mechanics codes, in: Proceedings 41st US Symposium on Rock Mechanics, Golden, CO, June 17-21.
Taron, J., D. Elsworth, G. Thompson, and B. Voight (2007), Mechanisms for rainfall-concurrent lava
dome collapses at Soufriere Hills Volcano, 2000-2002, J Volcan Geoth Res, 160, 195-209.
Taron, J., and D. Elsworth (2009), Thermal-hydrologic-mechanical-chemical processes in the evolution of
engineered geothermal reservoirs, Int J Rock Mech Min Sci, 46, 855-864.
Wang, H.F. (2000), Theory of linear poroelasticity, 287 pp., Princeton University Press, Princeton.
Warren, J.E., and P.J. Root (1963), The behavior of naturally fractured reservoirs, Soc Petrol Eng J, 3,
245-255.
Wawersik, W.R., and W. Rudnicki (1998), Terrestrial sequestration of CO2--an assessment of research
needs., in: Report from envited panelist workshop, May 1997, Department of Energy Geosciences
Research Program.
Weyl, P.K. (1959), Pressure solution and the force of crystallization - a phenomenological theory, J
Geophys Res, 64, 2001-2025.
Wilson, R.K., and E.C. Aifantis (1982), On the theory of consolidation with double porosity, Int J Eng
Sci, 20(9), 1009-1035.
Wiltschko, D.V., and J.W. Morse (2001), Crystallization pressure versus "crack seal" as the mechanism
for banded veins, Geology, 29(1), 79-82.
Witherspoon, P.A., J.S.Y. Wang, K. Iwai, and J.E. Gale (1980), Validity of cubic law for fluid flow in a
deformable rock fracture, Water Resour Res, 16(6), 1016-1024.
Xu, T., and K. Pruess (2001), Modeling multiphase non-isothermal fluid flow and reactive geochemical
transport in variably saturated fractured rocks: 1. Methodology, Amer J Sci, 301, 16-33.
Xu, T., E. Sonnenthal, N. Spycher, and K. Pruess (2004), TOUGHREACT User's Guide: A Simulation
Program for Non-isothermal Multiphase Reactive Geochemical Transport in Variably Saturated Geologic
Media, Lawrence Berkeley National Laboratory, Report LBNL-55460.
Xu, T., E. Sonnenthal, N. Spycher, and K. Pruess (2006), TOUGHREACT-A simulation program for
non-isothermal multiphase reactive geochemical transport in variably saturated geologic media:
Applications to geothermal injectivity and CO2 geological sequestration, Comp Geosc, 32, 145-165.
Yasuhara, H., D. Elsworth, and A. Polak (2003), A mechanistic model for compaction of granular
aggregates moderated by pressure solution, J Geophys Res, 108(B11).
Zimmerman, R.W., G. Chen, and G. Bodvarsson (1992), A dual-porosity reservoir model with an
improved coupling term, in: Proceedings of the 17th Workshop on Geothermal Reservoir Engineering,
Stanford, Ca.

37

CHAPTER II
Thermal-hydrologic-mechanical-chemical processes in the evolution of engineered
geothermal reservoirs

Abstract
Chapter I [Taron et al., 2009] introduced a new methodology and numerical simulator for the modeling of
thermal-hydrologic-mechanical-chemical processes in dual-porosity media. In this paper the model is
utilized to examine some of the dominant behaviors and permeability-altering mechanisms that may
operate in naturally fractured media. Permeability and porosity are modified as fracture apertures dilate or
contract under the influence of pressure solution, thermo-hydro-mechanical compaction/dilation, and
mineral precipitation/dissolution. A prototypical enhanced geothermal system (EGS) is examined for the
relative, temporal arrival of hydro-mechanical vs. thermo-mechanical vs. chemical changes in fluid
transmission as cold (70°C) water is injected at geochemical disequilibrium within a heated reservoir
(275°C). For an injection-withdrawal doublet separated by ~670m, the results demonstrate the strong
influence of mechanical effects in the short term (several days), the influence of thermal effects in the
intermediate term (<1 month at injection), and the prolonged and long-term (>1 year) influence of
chemical effects, especially close to injection. In most of the reservoir, cooling enhances permeability and
increases fluid circulation under pressure-drive. Thermo-mechanical driven permeability enhancement is
observed in front of the advancing thermal sweep, counteracted by the re-precipitation of minerals
previously dissolved into the cool injection water. Near injection, calcite dissolution is capable of
increasing permeability by nearly an order of magnitude, while precipitation of amorphous silica onsets
more slowly and can completely counteract this increase over the very long term (>10 years). For the
reinjection of highly-silica-saturated water, amorphous silica is capable of drastic reduction in
permeability close to the injection well. With combined action from all mechanisms, permeability change
varies by two orders of magnitude between injection and withdrawal. We illustrate the importance of the
coupling between reactive transport and geomechanics. Mineral behaviors alter fluid flow paths and, in so
doing, change the characteristics of thermo-hydro-mechanical aperture changes, and vice versa. We show
how each incurs changes in the system that fundamentally alter the evolutionary paths of reaction and
chemical/mechanical deformation in a manner that mandates the accommodation of process couplings for
the full THMC suite of interactions.
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2.1 INTRODUCTION
In enhanced geothermal systems (EGS), as in reservoirs for the sequestration of CO2, radioactive waste
repositories, petroleum reservoirs, and other subsurface engineered facilities, fluid circulation is
influenced in both the short- and long-term by chemical reaction and thermal-hydro-mechanical
deformation. These forces operate upon temporally dynamic and spatially variable fluid transport
properties, such as permeability, porosity, and fracture interconnectivity.
There are many considerations in the design of EGS, and most relate to the behavior of fractures. These
include the potential for short-circuiting, the evolution of heat transfer surface area and of fluid residence
time, working-fluid losses, and larger environmental concerns such as induced seismicity. Many
processes are active in this regard. Some inhibit fluid transmission in dominant fractures, such as thinfilm pressure solution [De Boer, 1977; Paterson, 1973; Revil, 1999; Weyl, 1959; Yasuhara et al., 2004],
mineral precipitation [Nami et al., 2008; Rose et al., 2007; Xu et al., 2006], and thermo-mechanical
aperture closure or creep. Others enhance transmission, such as shear dilation [Barton et al., 1985;
Elsworth and Goodman, 1986], mineral dissolution, force of crystallization [Dewers and Ortoleva, 1990;
Maliva and Siever, 1988; Wiltschko and Morse, 2001], and strain energy driven free-face dissolution [De
Boer, 1977; Paterson, 1973], while shear and dilation on existing and growing fractures is considered the
primary contributor to induced seismicity [Tester et al., 2006].
Simulating these behaviors currently requires a staged approach, with some of the behaviors encompassed
in thermal-hydraulic (TH) or thermal-hydraulic-mechanical (THM) simulations, and others by thermalhydraulic-chemical (THC) simulations. This may be adequate for many needs, but leaves out the rational
and desirable linkage between chemical and mechanical behaviors. Pressure solution is by definition a
chemical-mechanical process, as is free-face dissolution.
Other behaviors may, at first glance, seem adequately addressed through THM modeling, such as shear
dilation and thermo-mechanical aperture closure. It is unclear, however, how such processes will be
influenced by the action of chemical or chemo-mechanical mechanisms. For instance, aperture changes
due to pressure solution result in the growth of contact area between fracture planes, and this in turn
affects fracture shear strength and dilation angle. Alternatively, mineral precipitation/dissolution can alter
the apertures of fractures, causing shifts in fluid and thermal flow paths that upset the stress condition and
modify mechanical aperture. To examine these and other linkages, we introduce a modeling structure
[Taron et al., 2009] that couples chemical and mechanical behaviors in a manner that reflects their
interdependence on thermal and hydraulic effects (THMC). We apply this simulator to address some of
the important questions in a prototypical EGS and, indeed, to examine the importance of these couplings
and the strength of their interaction.
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We first provide a brief overview of the approach and a description of the geological domain. A
description of the chemical system and a simplified examination of injection water chemistry then follow
to set the stage for further analysis. This is followed by an assessment of the relative, temporal arrival of
hydro-mechanical vs. thermo-mechanical vs. chemical changes in fluid transmission and a recast of these
in terms of characteristic times. Next, and perhaps most importantly, we evaluate the necessity for the
explicit coupling of reactive transport to geomechanical processes and quantify the strength of coupling
between independent processes. Finally, we follow the evolution of deviatoric stress in the reservoir and
indicate locations most likely to undergo shearing failure.
2.2 SIMULATION MECHANISM
The simulations presented in the following utilize a newly developed THMC simulator [Taron et al.,
2009] that couples the multiphase, multi-component, non-isothermal thermodynamics, reactive transport,
and chemical precipitation/dissolution capabilities of TOUGHREACT [Xu et al., 2006] with the
stress/deformation analyses FLAC3D [Itasca Consulting Group Inc, 1997]. The coupled model
incorporates features unique to fractured reservoirs (particularly those under elevated temperature and
chemical potential), involving the undrained pressure response in a dual-porosity medium and with
chemo-mechanical effects on deformation and on transport.
This “modular” approach, first proposed by Settari [1988] to couple geomechanics with reservoir flow
simulation, has some advantages over the development of a single coupled program. Modular approaches
take advantage of the high state of development, sophistication, and validation available in purpose-build
codes. The appropriate linking of codes which represent different behaviors – in this case those of solid
mechanics and fluid transport – enables complex coupled processes to be represented and their interaction
explored. With the appropriate choice of linking parameters and with the use of flexibly defined mesh
overlays, the interaction of complex coupled processes may be explored with reasonable confidence and
with rapid development.
Additionally, the modular construction [Settari, 1988; Settari and Mourits, 1994] allows for easier
implementation of future advances in constitutive or modeling technology (rather than modifying an
entire coding structure), although typically the codes are not optimized to perform interactively, and may
execute slowly; in our experience lowering computational efficiency due to the time required for data
transfer between modules. As suggested by Settari and Mourits [1994] and Minkoff et al. [2003],
however, this may not always be the case, because in systems where geomechanics may be loosely
coupled (not changing at a rapid pace) the geomechanics simulation may not need to be conducted very
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often, thus improving computational efficiency over fully coupled codes where mechanics are
equilibrated at every fluid flow time step.
FLAC3D is exercised purely in mechanical mode, where undrained fluid pressures may be evaluated
(externally) from local total stresses. This undrained methodology allows calculation of the short-time
build-up in fluid pressures that results from an instantaneous change in stress, provided we have
knowledge of the compressibility of the pore fluids and the solid matrix. In this way, the complex
thermodynamics of phase equilibria of multiphase water mixtures, and even multi-component mixtures
(such as CO2 and water), can be tracked in the pre-existing framework of TOUGHREACT. For water
mixtures, we utilize the 1997 International Association for the Properties of Water and Steam (IAPWS)
steam table equations [IAPWS, 1997] to calculate fluid compressibility. If a system is unsaturated (such as
in HDR) fluid compressibility is large, and the undrained poroelastic equations approach their drained
counterparts. Therefore, while our construct is tailored to saturated systems, drained ones are
automatically accommodated.
Sequential execution of the two programs is linked by a separate code, referred to as the “interpolation
module”, capable of parsing data outputs from each primary simulator as input to the companion. This
module is a Fortran 90 executable, and maintains access to data outputs from TOUGHREACT and
FLAC3D. In addition to data interpolation, the module executes constitutive relationships including
permeability evolution, dual-porosity poroelastic response to stress, and thermodynamically controlled
fluid compressibility.
2.3 THMC PERMEABILITY CHANGES
The modeling structure calculates permeability change from the combined action of pressure solution,
thermo-mechanical dilation/contraction, hydro-mechanical dilation/compaction, and bulk volume
precipitation/dissolution of mineral species, with each depending intrinsically on temperature, effective
stress, and chemical potential. Several methodologies could be used to model these behaviors; in the
following we utilize laboratory results of fracture behavior under hydrothermal conditions to constrain in
a single constitutive relationship the first three mechanisms. Compaction of fracture asperities is governed
by [Min et al., 2008],

bmc = bmr + {bmr − bcr + bmmax exp ( −ωσ ')} ⋅ exp ( −σ ' ( β − χ / T ) )

(0.1)

where bmc is the fracture aperture at a given temperature, T, and effective stress, σ′. The residual
(minimum possible) aperture at extreme mechanical stress is given by bmr , and at extreme chemical stress
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by bcr . The maximum possible aperture change is bmmax (or the difference between initial and residual
aperture), and the empirical coefficients that must be fit to laboratory data are β, χ, and ω, and represent
the chemical, thermal, and mechanical dependence of the aperture, respectively (with ω representing nonlinear fracture stiffness). This relationship has been previously compared to laboratory data [Min et al.,
2008; Taron et al., 2009].
Unloading (gaping) of the fracture is controlled by (modified from [Min et al., 2008; Taron et al., 2009]),

{

}

bm( u ) = bmc (σ 'max ) + Rmbmmax exp ( −ωσ ') − exp ( −ωσ 'max )

(0.2)

where bmc(σ’max) is the aperture at maximum loading (equation (0.1) evaluated at the maximum stress
prior to unloading), and Rm is the recovery ratio (fraction of mechanical (not chemical) closure that is
recoverable through mechanical-thermal unloading). This relationship implies that gaping of the fracture
can only occur through mechanical-thermal elastic relaxation, and not through the chemical processes that
influence closure in equation (0.1). The values of these parameters as utilized in our simulations appear in
Table 2.1.
Chemical precipitation/dissolution is calculated within TOUGHREACT. The governing equations are
described in Taron et al. [2009], as presented in the works of Steefel and Lasaga [1994] and Xu and
Pruess [2001]. Reactions between aqueous species (homogeneous reactions) are assumed to be at local
equilibrium, and therefore governed by the relationship between the concentrations of basis (primary)
species and their activities, partitioned by the stoichiometric coefficients. This relationship is termed the
law of mass action [cf. Steefel and Lasaga, 1994]. The assumption of local equilibrium greatly reduces
the number of chemical unknowns and ODE’s (between primary and secondary species), and is accurate
to the extent that the true reaction rates outpace the rate of fluid transport in a given system. This is a
correct assumption for most aqueous species [Steefel and Lasaga, 1994] (and flow systems), but less so
for slower redox reactions [Steefel and Lasaga, 1994; Xu and Pruess, 2001]. In TOUGHREACT, species
activities are obtained from an extended Debye-Hückel equation with parameters from Helgeson et al.
[1981].
2.4 MODEL RESULTS

In the engineered stimulation of geothermal reservoirs hydraulic, chemical [Nami et al., 2008; Rose et al.,
2007; Rose, July 18, 2006; Xu and Pruess, 2004], and thermal [Elsworth and Xiang, 1989; Hunsbedt et
al., 1977; Nemat-Nasser et al., 1977; Pruess, 2006] means may be utilized to enhance permeability in a
purposeful manner. These stimulations may be used to increase circulation in low permeability systems,
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Parameter

Value

Parameter

Value

Bulk modulus of intact rock, K(1) (GPa)

17.0

Volume fraction of fractures (of total
reservoir), θ

0.01

Composite bulk modulus, K (GPa)

8.00

Porosity within fractures, φ

0.3

Poisson’s ratio, υ

0.22

Residual mechanical aperture, bmr (μm)

22.5

Bulk modulus of solid grains, K s(1) (GPa)

54.5

Residual chemical aperture, bcr (μm)

20.0

Coefficient thermal expansion, αT (1/oC)

1.2×10-5

Aperture change constant, β

1.11

Saturated thermal conductivity, λ
(W/m⋅K)

2.9

Aperture change constant, χ

345

Heat capacity, Cp (J/kg⋅K)

918

Aperture stiffness constant, ω(1/MPa)

0.20

Porosity of porous media, φ

0.02

Mechanical recovery ratio, Rm

0.60

Table 2.1. Solid medium properties as used in simulations.
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and also to counteract future changes that occur as cold water is injected into the reservoir at geochemical
disequilibrium. Ideally, injection and withdrawal wells will be connected by a fracture network that is
sufficiently permeable to allow rapid fluid interchange, but impermeable enough to allow for sufficiently
long thermal residence times in a medium with a large heat transfer area. In addition to achieving an
appropriate balance between circulation and residence time, a natural concern arises as to whether
unintended stimulations (resulting from critical thermo-hydro-chemical forces of injection) will generate
short-circuiting paths between the injection and withdrawal wells via the modification of flow pathways
through existing fractures.
Mineral scaling at the wellbore is a known problem, and recent work [e.g. Bächler, 2003; Xu and Pruess,
2004] indicates that mineral precipitation may also play a large role in reservoir evolution. Moderate
success (primarily for calcite) has been achieved in counteracting this through pH modification and the
addition of chelatants [Nami et al., 2008; Rose et al., 2007]. Chemical changes and the effectiveness of
chemical treatments, however, are coupled to hydro-mechanical fracture flow properties. At the Soulzsous-Forêts geothermal site, for instance, productivity enhancement was observed from chemical
treatment at two production wells, but had almost null impact at the injection well, presumably due to the
presence of high conductivity fractures that transmitted the treatments quickly away from the problem
area [Nami et al., 2008] and ameliorated their impact. The purpose of this work is to explore the
chemical-mechanical couplings responsible for such behaviors and to quantify how strongly they are
interlinked.
2.4.1

Characteristics of Simulated EGS

We examine behavior in a prototypical EGS represented by a pseudo 3-D doublet geometry of 1500m ×
2900m, with cold (70°C) fluid injected through a single well and extracted (670m away) through a single
withdrawal well (Figure 2.1). Initially, the reservoir is at 275°C. Horizontal stresses of 38.9MPa and a
vertical stress of 61.7MPa are applied at time t = 0- and allowed to equilibrate with an initial pore
pressure of 24MPa. These conditions are broadly representative of the east flank of Coso geothermal field
[Kovac et al., 2006; Sheridan and Hickman, 2004]. The lateral boundary that crosses both the injection
and withdrawal wells is a plane of symmetry, and as such is restricted to zero displacement in its
orthogonal direction (roller boundary). Constant normal stress is held at all other boundaries, and every
boundary is thermally insulated and impermeable. The fracture domain is given an initial (unstressed)
permeability of 3.0 × 10-11 m2, and the application of effective stress and temperature at t = 0- are allowed
to decrease this permeability to an in-situ, equilibrium value via mechanical closure and pressure solution
(assumed to have occurred slowly over geologic time prior to reservoir stimulation). This in-situ value is
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Figure 2.1 - Initial conditions and geometric layout of EGS reservoir as used in simulations.
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6.8 × 10-15 m2 at the given conditions. The granodiorite matrix is given a permeability of 2.0 × 10-18 m2.
Additional properties of the solid medium are shown in Table 2.1. The injection well operates as a
constant source of pressure and temperature equivalent to a well diameter of approximately 12 inches,
while the withdrawal source serves as a single withdrawal well maintaining a constant pressure at the
same diameter. The pressure differential is 3MPa above and below the in-situ value, respectively, and
both enter the geometry at the boundary of symmetry.
Reactive composition of the host reservoir rock is presented in Table 2.2. Calcite and amorphous silica
are expected to be the minerals primarily responsible for permeability change due to precipitation and
dissolution [cf. Kovac et al., 2006; Xu and Pruess, 2004]. Other likely minerals, such as potassium
feldspar and quartz, are also followed, as listed in Table 2.2. Rate constants for precipitation/dissolution
and mineral reactive surface areas of these common minerals are available in the literature, and were
utilized as in Xu and Pruess [2004]. Calcite and anhydrite are assumed to react at equilibrium (benefiting
simulation time by lowering the Damköhler number). This assumption is warranted by their very fast
relative rate of reaction.
2.4.2

Mineral Precipitation/Dissolution

Fluids that are injected into a geothermal reservoir are typically far from geochemical and thermal
equilibrium with minerals in the host rock. As minerals precipitate from the injected fluid and dissolve
from the rock, changes are incurred in the porosity and permeability of the fracture system. In currently
operating geothermal systems, calcite and amorphous silica precipitation have posed problems at recovery
and injection wells, respectively. Acidic injection has been shown to successfully inhibit calcite
precipitation [Rose et al., 2007; Tester et al., 2006]. Aggressive acid-base reactions, however, tend to
rapidly dissolve first-contacted minerals and lose effectiveness in the remainder of the wellbore [Rose et
al., 2007]. Other problems with acidification include the potential for corrosion of steel casings, although
corrosion inhibitors can often be used. Chelating agents, which reduce the activity of metal ions (through
binding), are another alternative for calcite dissolution [Mella et al., 2006; Nami et al., 2008] that are
suggested to have a less aggressive, more uniform effect [Mella et al., 2006; Rose et al., 2007].
Inhibiting the precipitation of amorphous silica has proven more difficult [Tester et al., 2006]. HF
treatment is currently the preferred method, but some have suggested that amorphous silica can be
dissolved at high pH with the use of chelating agents to prevent calcite deposition (which would be
favored at high pH) [Mella et al., 2006; Rose et al., 2007]. This research is, however, relatively recent,
and uncertainty remains as to the effects of these treatments on the host rock. Geothermal environments
are chemically complex, and field scale results are limited and mixed [Nami et al., 2008].
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Volume fraction of solid rock1
Mineral
Granodiorite

Fractured vein

Anhydrite

--

--

Anorthite

0.33

--

Calcite

0.02

0.31

Chlorite

--

0.23

K-Feldspar

0.17

--

Quartz

0.34

0.17

Amorphous Silica

--

--

1

From Kovac et al. [2006]

Table 2.2. Initial volume fraction of reactive minerals in host reservoir. Remaining volume fraction (up to 1) is non-reactive.
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In the simulations that follow we present three scenarios for injection fluid composition. Injection water
#1 is obtained by extracting the equilibrium, in-situ reservoir fluid at 275°C and allowing it to cool (not in
the presence of reactive minerals, as if utilized at the surface with no treatment other than settling) to
70°C while the aqueous components equilibrate and minerals precipitate. For this injection water, our
results show that the injection fluid is not sufficiently saturated with aqueous silica to incur significant
reservoir precipitation of amorphous silica, although other minerals are very active. This is a result of the
chosen chemistry. As a comparison, field measurements have shown that the precipitation of amorphous
silica occurs in fractures at some injection locations in the Coso geothermal field (well 68-20RD), but not
at others (wells 68-20, 68A-20, 68A-20RD) [McLin et al., 2006], depending on the precise injection and
in-situ chemistry at each well. Two alternative compositions are introduced to examine the behavior of
amorphous silica precipitation. Injection water #2 assumes some inefficiency in the surface equilibration
process (such as insufficient equilibration time or enhanced dissolution from turbulence) such that only
80% of potential silica precipitation occurs. Simulation #3 is further oversaturated in silica; it represents
the potential for rapid chemical change in the reservoir and so assumes that mineral precipitation has been
completely restricted during the cool down from 275°C to 70°C (only precipitation is restricted, as
primary species are allowed to form secondary species in solution). Injection compositions for each of
these cases and for the in-situ reservoir are shown in Table 2.3.
The mineral precipitation/dissolution results of our simulations utilizing these three injection waters are
shown in Figure 2.2. Figure 2.2A compares each injection water for a simulation time of 5 and 20 years
for the combined action of all minerals, while Figure 2.2B illustrates results for injection water #2 and for
each mineral individually. Units are cumulative change in mineral abundance (volume fraction) from
time, t = 0, such that negative values represent dissolution. Values in Figure 2.2B are normalized, such
that multiplication of each curve by its normalization magnitude returns the units to cumulative change in
mineral abundance. Importantly, water #1 exhibits net mineral dissolution near the injection well (where
the cold injection water makes calcite dissolution highly favorable), and net precipitation outside of the
thermal reach. This is desirable in the sense that the immediate injection area experiences an increase in
permeability, but undesirable in that these dissolved minerals are then re-precipitated as they are heated
again between the injection and withdrawal wells. Water #2 changes this behavior in a crucial manner; at
five years the injection area still experiences net dissolution, but this magnitude is decreased by the
precipitation of amorphous silica, and at 20 years the action of amorphous silica has completely erased
the positive influence of calcite dissolution. Water #3 shows a more dramatic result, where silica
precipitation completely dominates the injection area. This behavior is so pronounced that the simulation
was ceased after 7 years due to a complete shutdown of injection permeability (<10-18 m2), and so only the
five year value is plotted in the figure. One final point regards the magnitude of mineral precipitation
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Injection fluid
Reservoir fluid

Water #1: Initial fracture
vein water cooled and
equilibrated at 70 oC

Water #2: Allowing only
80% completion of SiO2
precipitation during
equilibration to 70 oC

Water #3: Restricting all
mineral precipitation during
equilibration to 70 oC

Al

8.520 × 10-3

1.894 × 10-8

1.894 × 10-8

3.866 × 10-3

Ca

1.020 × 100

1.976 × 100

1.976 × 100

1.976 × 100

Cl

7.420 × 101

1.074 × 102

1.074 × 102

1.074 × 102

Fe

4.531 × 10-9

8.167 × 10-8

8.167 × 10-8

8.167 × 10-8

HCO3

2.972 × 10-2

2.010 × 10-1

2.009 × 10-1

2.010 × 10-1

K

6.136 × 100

8.413 × 100

8.413 × 100

8.435 × 100

Mg

1.213 × 10-3

3.938 × 10-3

3.938 × 10-3

3.938 × 10-3

Na

6.359 × 101

9.255 × 101

9.255 × 101

9.255 × 101

SiO2(aq)

6.210 × 100

4.549 × 100

4.881 × 100

7.856 × 100

SO4

2.766 × 10-2

7.193 × 10-2

7.193 × 10-2

7.193 × 10-2

pH

6.71

5.82

5.82

5.82

Chemical
component

Table 2.3. Fluid chemical compositions (mol/l) used in simulations. Reservoir composition is at time, t = 0. Injection fluid
composition remains constant throughout simulation.
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Figure 2.2 - A.) Change in mineral abundance (all minerals combined) at 5 and 20 years for each of the three injection
compositions. Negative values indicate dissolution (decrease in the solid volume fraction). B.) Behavior of each
mineral utilizing water #2. Each curve normalized to its own maximum value: Number beneath each mineral indicates
the normalizing value (multiply by this number to obtain the true value of each curve).
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outside of the injection area. The higher hydraulic gradient between injection and withdrawal partially
outpaces mineral precipitation, such that there is a higher buildup of deposited minerals on the opposite
side of injection due to a lower fluid velocity (higher Damköhler number).
Further parametric analyses of injection chemistry are not addressed here [cf. Kovac et al., 2006; McLin
et al., 2006; Rose et al., 2007; Xu et al., 2006]. The primary interest in what follows is to present an
analysis not of specific chemical changes, but of how these changes impact the mechanical system, and
how feedback from other permeability altering mechanisms may shift chemical behaviors. We begin by
examining the competing magnitudes of chemical vs. hydraulic vs. thermal effects.
2.4.3

Temporal Permeability Change

Our model so far attempts to interlink the most important mechanisms in the alteration of reservoir fluid
transport properties. This section reverses direction and attempts to extract from the coupled analysis the
magnitude of influence for each process. It is of interest, both for overall reservoir evolution and for
evaluation of potential hydraulic/chemical stimulations, to observe the temporal onset of the various
mechanistic causes: In what stages of the lifespan of a geothermal project is thermal (or chemical or
hydraulic) forcing the dominant mechanism for change? What measures could then be taken to counteract
this, and when should they be applied?
A conceptual model for the possible temporal relationships between THMC processes is shown in Figure
2.3A. In a geothermal reservoir subject to cold water injection, hydraulic stimulation should have an
immediate effect, tapering off with time to a steady long-term influence. Thermal effects would exhibit a
similar trend, but the thermal transfer rate would greatly slow the onset of changes, and there would
perhaps be slight reversibility following passage of the thermal front (as adjacent grid blocks contract).
Chemical effects should act even more slowly, and perhaps have a dominant influence in the extreme
long-term of reservoir life. Mechanical effects are directly active in the first two of these processes –
through effective stress and thermal stress.
Simulation results are presented in Figure 2.3B in a manner analogous to the conceptual model of Figure
2.3A. Aperture change is monitored at three locations in the reservoir (2m, 9m, and 49m outward from
injection), and each curve at each location represents the contribution of a different process. Total
aperture change refers to the contribution from all mechanisms and so reflects the observable change in
permeability. Also shown is the contribution to total permeability change due to mineral
precipitation/dissolution and thermal-hydraulic processes (asperity dissolution via pressure solution and
thermal gaping due to cooling). For asperity dissolution/thermal gaping, behavior is conditioned by the
combined influence of effective (not total) and thermal stress, and so in this analysis hydraulic and
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Figure 2.3 - A.) Conceptual model of permeability altering processes after Rose [2006]. B.) Contribution of each
mechanism to total permeability change in our simulations. Analogous to (A). Changes monitored at 2 m, 9 m, and 49
m from injection. Uses water #2.
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thermal effects cannot be separated (although we present some separation in terms of characteristic times
in the following section).
Some clarification is helpful in regard to the two processes implied by thermal-hydraulic. In our pressure
solution model (see Section 3 and Taron et al. [2009]), fracture gaping is not allowed via chemical means
(“force of crystallization” is not considered), but only occurs through thermo-mechanical-hydraulic
unloading. This behavior, however, is not simply calculated via thermal shrinkage of the matrix blocks,
but is handled constitutively as a function of stress reduction and temperature change at the fracture face,
and is therefore calculated from the empirical closure relationship (Eqs. 1 and 2). When the reservoir is
loaded, pressure solution is active and instantly (numerically) reduces the reservoir permeability to its
“initial” state at loaded conditions (assumed to have occurred slowly over geologic time before
stimulation of the reservoir). As the reservoir cools, the matrix contracts and most areas of the reservoir
experience thermo-mechanical gaping, while some areas experience an increase in stress and a
continuation of pressure solution creep. Both of these actions are controlled by the constitutive
relationship, and because thermal gaping is the dominant mechanism during cooling, we refer to both
with the thermal-hydraulic curves in Figure 2.3B.
Mineral precipitation/dissolution is represented by the dashed lines in Figure 2.3B. At points near
injection, permeability is increased significantly in early times as calcite dissolves into the cool injection
water; this behavior is not visible at 49m from injection. During this time, amorphous silica precipitation
counters the dissolution of calcite and decreases permeability, but this behavior is not visible in the plot
due to strong dominance from calcite dissolution. As time proceeds, silica is more successful at
decreasing permeability and after 5.2 years (2m from injection) and 17.5 years (9m from injection) nearly
all of the existing calcite within fractures has been dissolved and amorphous silica overrides as a net
decreasing trend in permeability. Note that in this simulation calcite dissolves at equilibrium, and that the
introduction of kinetic constraints could partially shift the behavior of calcite. At 49m from injection, only
precipitation is significant during the first 20 years of simulation. Note also that neither anhydrite or
anorthite is shown in the figure; their contribution is smaller by several orders of magnitude and is
focused on the edge of the thermal front ≥ 100m from injection.
Figure 2.4 shows contours of permeability and temperature for a reservoir plan-view after 20 years of
simulation. Note that the highest permeability is at the injection well, and this tapers off to either side and
is surrounded radially by a pocket of lower permeability, particularly to the opposite side of withdrawal.
Figure 2.5 shows permeability change at a cross section between wells. Note the nearly two order of
magnitude variability, and the development of a radial barrier of lower permeability approximately 50m
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Figure 2.4 - Plan-view distribution of logarithm of permeability (filled contours) and isotherms (empty dashed
contours) at 20 years using water #2. Isotherms increment by 30 oC from 70 oC to 250 o C.
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outward from injection. Figure 2.5B illustrates more clearly how this barrier corresponds to the reprecipitation of minerals that are dissolved at injection.
2.4.4

Characteristic Times

We can further elucidate the time dependency of competing mechanisms by plotting them versus their
respective characteristic times. We thus introduce the characteristic time, tD = ct/l2, at a time, t, over the
characteristic length scale, l. The diffusivity, c, refers to the ratio of conductivity to capacity/storage, and
for thermal conductance is represented by thermal conductivity of saturated rock, λ, density, ρ, and heat
capacity, Cp, as cT = λ/ρCp. When examining the characteristic thermo-elastic response of the reservoir,
we note that the timescale of thermal expansion due to a change in temperature will be nearly
instantaneous in comparison to the rate of thermal/hydraulic transfer that allows such a temperature
change. Hydraulic transport will also influence the thermal characteristic time, such that cooler fluid will
be transported via the fracture network to the characteristic location before being thermally conducted
into the rock matrix. We conceptualize this process as two conductors in series; thermal characteristic
time is recast as t D = t ⋅ cTH , where cTH is thermo-hydraulic diffusivity and includes hydraulic and thermal
effects as, 1 cTH = lT2 cT + lH2 cH , where the thermal characteristic length scale, lT, is fracture spacing and
the hydraulic length scale, lH, is the distance of the characteristic location from the injection well.
Hydraulic diffusivity, cH, is discussed below.
Hydraulic effects are characterized by the poroelastic fluid diffusivity, cH = k/μS, for permeability, k,
dynamic viscosity, μ, and 3-dimensional storage coefficient, S (see Wang [Wang, 2000] page 55 for a
discussion of storage coefficients), defined as,
S=

1
φ
+
Kv K f

(0.3)

for the effective porosity of the fractured medium, φ, fluid bulk modulus, Kf, and for the solid modulus, Kv
= K + 4/3G, where K and G refer to the bulk and shear modulus, respectively. Again, the solid response
to pressure change is much faster than the rate of fluid conductance, and so the hydraulic poroelastic
response is characterized by this hydraulic diffusivity.
For chemical effects, we introduce an analogous relationship. Whereas before we were interested in the
ratio of transport to storage, chemical effects depend on the relationship between the rate of chemical
reaction and the storage capacity of chemical species in the fracture system. This gives the chemical
characteristic time as the ratio of chemical reaction rate to volume capacity of the fractures,
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tD =

kR S A
⋅t
(θφ V VM )

(0.4)

for the reaction rate, kR (in mol/m/s)), total area of precipitation/dissolution (fracture surface area), SA,
volume fraction of fractures in the reservoir, θ, porosity of these fractures, φ, characteristic volume scale,
V, and molar volume of the mineral species, VM. We can also rearrange this relationship to produce a
“chemical diffusivity” analogous to the above relationships, cC = kRSA/(θφh/VM), for reservoir width in the
z-direction, h, so that the characteristic time retains its form as tD = cCt/A, for the characteristic reservoir
area, A = π lc2 , for the characteristic length, lc, which is the distance of the characteristic location from the
injection well. We thus obtain three characteristic times (and diffusivities) to represent the thermal,
hydraulic, and chemical aperture response.
In Figure 2.6, four characteristic areas are examined within the influence field of injection; one of 9m
characteristic length (encompassing the area closer than 9m from injection), one of 24m, one of 49m, and
one of 129m, and we take 70°C (corresponding to the water injection temperature) to be the dominant
temperature condition for the life of the project (within these characteristic areas). Water properties
correspond to this temperature, and reaction rate is adjusted to this temperature via the Arrhenius
expression,
⎛ E ⎛1
1 ⎞⎞
k R = k25 exp ⎜ − a ⎜ −
⎟⎟
⎝ Ru ⎝ T 298.15 ⎠ ⎠

(0.5)

for the gas constant, Ru, activation energy, Ea, and the rate constant at 25°C, k25.
As mentioned above, asperity dissolution/thermal gaping behavior is conditioned by effective (not total)
and thermal stress and so hydraulic and thermal effects are not directly separable. However, we can focus
on hydraulic effects by extracting from the simulation data any changes that occur prior to any noticeable
change in temperature; because hydraulic effects are deduced to occur well in advance of thermal arrival.
This pre-thermal onset time varies from approximately 10 minutes at 9m from injection to 4 days at 129m
from injection. Closer than 9m from injection we are unable to distinguish between mechanisms. Figure
2.6 separates hydraulic and thermal effects (both contributing to the empirical aperture change
relationship) via this observation, so that data points prior to this shift in behavior are assumed to relate to
hydraulic influence (and become the hydraulic curve in Figure 2.6). Because the thermal-mechanical
relationship includes the effect of hydraulic diffusivity (see above), no separation is required here and the
curve is plotted from time, t = 0 (this is the true thermal-hydraulic curve). To examine characteristic
chemical behavior, we adopt for simplicity the rate constant and activation energy of amorphous silica
precipitation.
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Figure 2.6 - Characteristic times of permeability change due to hydraulic, thermal-hydraulic, and chemical mechanisms. Changes monitored at 9 m, 24 m, 49 m, and 129 m from injection. Uses water #2.
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From Figure 2.6, we note that for the three plots (hydraulic, thermal-hydraulic, and chemical), most of the
changes fall characteristically within a timescale of tD  1.2. Ideally, a curve at any location would overlay
perfectly with any other location by characteristic scaling. Given the strong couplings expected between
each of the three mechanisms, however, it is perhaps surprising to observe any tendency to follow this
ideal, particularly for the thermal-hydraulic curves.
In addition to providing a general picture of characteristic reservoir changes, this analysis would seem to
have implications for the strength of coupling between each mechanism: a perfect overlay of all curves
could indicate a weak coupling. For instance, that thermal-hydraulic effects do not significantly influence
chemical trends, such that reactive transport simulations at invariant stress would not suffer a penalty in
accuracy for this assumption. The following section presents a more direct analysis of this coupling
strength.
2.4.5

Strength of Coupling

The primary justification for a THMC modeling strategy is that there exists a strong coupling between
chemical and mechanical effects that cannot be represented by parallel reactive transport and
geomechanics simulations. In this section we examine the truth of this assertion. We first note that
pressure solution can only be simulated with chemo-mechanical coupling, and this alone provides partial
justification. However, in the current equilibrium based pressure solution model, coupling to a reactive
transport framework is not required (such a linkage may be desirable, but its necessity is currently
unclear). Further justification of coupling strength is desirable.
By examination of Figures 2.3-2.5 it is clear that both reactive transport and geomechanical (THMC
asperity dissolution/dilation) analysis are required to reproduce the observed order of magnitude changes
in permeability; with each causing changes at least as large as one order of magnitude. Furthermore, our
pressure solution relationship reduces initial permeability from 3 × 10-11 m2 to 6.8 × 10-15 m2 at in-situ
reservoir conditions (this initial drop is not shown in the figures). Therefore, both of these methodologies
are important, and both are required to follow reservoir behavior under these prototypical EGS
conditions; but this conclusion does not necessarily imply that they must be interlinked.
Figure 2.7 examines this necessity. Figure 2.7A and 2.7B show permeability changes due only to mineral
precipitation/dissolution (from an initial value of 6.8 × 10-15 m2). Two different line styles represent two
different simulations; the first utilizes our coupled THMC scheme, and the second operates under
invariant stress (no mechanical equilibration and thus no pressure solution or thermal-mechanical
dilation).

Therefore,

differences

between

the

two

simulations

indicate

shifts

in

mineral

precipitation/dissolution behavior that are caused by changes in the mechanical system. In Figure 2.7A, at
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50m to the left of injection, a reactive transport simulation shows that mineral behaviors cause a reduction
in permeability from 6.8 × 10-15 m2 to 5.4 × 10-15 m2, while the coupled THMC simulation shows a drop
to 2.3 × 10-15 m2, or a 3-fold increase in the amount of permeability occlusion, while 10m to the left of
injection shows a 3-fold increase in permeability enhancement. At injection, there is further evidence of
this, where amorphous silica precipitates more rapidly in the THMC coupling, resulting in a lower final
permeability. Figure 2.7B plots these same simulations versus time, and again illustrates the strong
dependence of mineral reactions on mechanical changes.
Figure 2.7C and 2.7D invert the comparison to examine how changes in the chemical system may alter
the evolution of mechanics. Here we plot permeability change resulting only from pressure
solution/thermo-mechanical gaping, with the same initial value as before. The lines again represent two
simulations; one THMC coupled, and a second that does not allow chemical reaction. Therefore,
differences between the two simulations indicate shifts in the thermal- mechanical system caused by
changes in the chemical system. In Figure 2.7C we again see shifts in pressure solution/thermal dilation
that are caused by precipitation/dissolution, but the coupling is not as strong as for the inverse condition
in Figure 2.7A. To examine the potential for greater coupling, Figure 2.7D conducts the same simulation
but utilizes water #3 (more chemically rich). In this case, very large, order of magnitude differences in
thermal-mechanical dilation occur when chemical reaction is included.
2.4.6

Evolution of Stress

Deviatoric stress that arises around thermal input can alter fluid circulation and generate a microseismic
response. When the deviatoric stress exceeds the bulk strength of reservoir rock or existing fracture
planes, permeability may be increased through the dilation and/or extension of existing fractures. This
will alter fluid flow paths, and introduce the potential for microseismicity. Figure 2.8 follows the advance
of deviatoric stress

( (σ
1
2

1

− σ 3 ) ) with shaded contours. Included on the plot are white vectors to indicate

locations where shear stress currently exceeds the reservoir shear strength at that location, and they scale
with the excess stress to strength ratio. Their direction indicates the likely direction of failure were it to
occur (orthogonal to minimum principal stress). Shear strength is calculated based upon an internal angle
of friction of 25 degrees and zero cohesion.
2.5 CONCLUSIONS

A new simulator is utilized to examine dominant permeability altering mechanisms as they relate to
critical thermal, hydraulic, mechanical, and chemical behaviors in a prototypical geothermal reservoir.
Results demonstrate the strong influence of mechanical effects in the short term, the influence of thermal
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Figure 2.8 - Plan-view of reservoir with deviatoric stress contours (in MPa) at 5 and 20 years of simulation. White lines
are oriented as orthogonal to minimum principal stress direction, and are scaled to the magnitude that shear stress
exceeds shear strength.
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effects in the intermediate term, and the prolonged and long-term influence of chemical effects. THMC
changes are recast in terms of respective characteristic times, where changes in fracture aperture are
shown broadly represented by diffusive timescales representing the respective T, H, and C processes. The
potential is evident for permeability alteration of several orders of magnitude due to thermo-hydromechanical dilation and chemical precipitation/dissolution. These two processes compete to dominate
reservoir behavior; the former controlling the short-term response, and the long-term response
characterized by the latter. For the injection of silica saturated water, amorphous silica is capable of
drastically reducing permeability close to the injection well. This influence may be countered by the
evolution of mechanical shearing in the near-well region, which may exert a strong influence on reservoir
and characteristic behavior. Its inclusion into the modeling structure will be the focus of a future work. As
an entry point to such an analysis, we have illustrated potential locations for reservoir shear failure by
following the evolution of deviatoric stress and its relationship to thermally-derived shear stress.
We have also taken a first step towards the primary justification for a THMC modeling strategy; that there
exists a strong coupling between chemical and mechanical effects that cannot be represented by parallel
reactive transport and geomechanics simulations. We provide evidence in support of this assertion,
illustrating how mineral behaviors alter fluid flow paths and, in so doing, change the characteristics of
thermo-hydro-mechanical aperture changes, and vice versa. We show how each incurs changes in the
system that fundamentally alter the evolutionary paths of reaction and chemical/mechanical deformation
in a manner that decreases the accuracy of conducting the simulations separately.
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CHAPTER III
Constraints on compaction rate and equilibrium in the pressure solution creep of
quartz aggregates and fractures: Controls of aqueous concentration

Abstract
A relationship is developed to examine dissolution precipitation creep in crustal rocks with implicit
coupling of the dissolution-diffusion-precipitation system without requiring the iterative solution of a
linear equation system. Implicit control is maintained over aqueous silica concentrations within hydrated
solid contacts and in open pore space. For arbitrary conditions of temperature, pressure, and mechanical
stress the simple equation system conforms to a polynomial solution for aqueous concentrations set
within a small iterative compaction scheme. Equilibrium (long-term) pressure solution compaction,
previously ill-constrained, is explored with two alternate methods: 1) A modified form of critical stress
and 2) Rate controlled growth of diffusion limiting cement at the periphery of solid contacts. Predictions
are compared to previous experimental results that allow compaction equilibrium to be achieved. Only the
modified critical stress is capable of reproducing these results: In this case, the agreement is strong across
a range of conditions (400-500°C, 20-150 MPa, and 3-60 μm mean particle diameter) and without
parameter adjustment. Predictions are also compared to concentration independent simplifications at
general conditions of 350°C and 100 MPa. Compared to the implicit coupling, these methods represent
the mean behavior; slightly underestimating rates in dissolution control, and slightly overestimating in
diffusion control. Both regimes may be important at upper crustal conditions. The solution is extended for
open and closed systems and is applicable to granular media and fractures, differing only in the method
defining evolving contact geometry.
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3.1 INTRODUCTION
Intergranular pressure solution is an important chemo-mechanical creep process in crustal rocks. In rock
fractures and porous aggregates, mechanical load is concentrated at a finite number of contact points, and
if these locations are hydrated, by a thin water film [Revil, 2001; Rutter, 1976; 1983; Weyl, 1959] and/or
by a dynamic island-channel network [Lehner, 1995; Raj, 1982; Schutjens and Spiers, 1999], then the
activity of stressed minerals in contact with the fluid is elevated. Under these conditions enhanced
dissolution and supersaturation within the contact is thermodynamically favored [De Boer, 1977;
Paterson, 1973]. A chemical potential gradient may then evolve for the diffusive migration of aqueous
species across the grain boundary for eventual precipitation to hydrostatically stressed pore walls.
Combined, these serial processes lead to porosity and permeability reduction by compaction of the solid
and infilling of voids, providing a potentially important contribution to diagenesis and fault healing
[Sleep, 1995; Tada and Siever, 1989; Yasuhara et al., 2005] and the evolution of engineered, fractured
reservoirs [cf. Taron and Elsworth, 2009].
Despite many previous attempts to model the serial pressure solution mechanism, a fully predictive model
remains elusive. Several schemes have been proposed to extend predictive capability beyond a given
experiment [Dewers and Ortoleva, 1990b; Gunderson et al., 2002; He et al., 2002; Lehner, 1995; Renard
et al., 1997; Renard et al., 1999; Revil, 1999; 2001; Yasuhara et al., 2003]. In most cases it is necessary
to assume a priori whether diffusion or dissolution is the rate limiting step, or to allow a smooth transition
between these processes. Gunderson et al. [2002] presented a fully mechanistic model with implicit
coupling between dissolution, diffusion, and precipitation. Yasuhara et al. [2003] introduced an approach
for the implicit coupling that did not require an iterative solution of a larger linear equation system, but in
doing so some control was lost over the chemical potential gradient for diffusion, leading to
overestimation of interfacial concentrations.
In all cases, the mechanism leading to the cessation of pressure solution at some final, non-zero value of
porosity remains poorly constrained [Revil et al., 2006; van Noort et al., 2008b]. Other models of interest
include the cementation model of Walderhaug [1996], and the (“plastic”) total expended energy model of
Stephenson et al. [1992]. Each of these studies has provided valuable insights into pressure solution
theory that contribute strongly to the mechanism proposed herein.
Following the approach of Yasuhara et al [2003], a simple finite element equation system is proposed to
examine the three serial processes of pressure solution. It is shown that with a slightly fuller
thermodynamic treatment, complete control can be maintained on interfacial and pore fluid aqueous
concentrations without the iterative solution of a linear equation system. The solution is applicable to
open and closed systems and to granular aggregates or fractures. Final compaction magnitudes are
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examined utilizing the concept of “critical stress”, first proposed by Stephenson et al. [1992], and grain
periphery healing as discussed in, for example, van Noort et al. [2008b] by allowing rate dependent
deposition of supporting cement around grain boundaries. Results are compared to experimental
observations [Niemeijer et al., 2002; van Noort et al., 2008a] on granular quartz that allow compaction to
achieve a final equilibrium.
3.2 A NOTE ON STRESS-CORROSION
Both pressure solution and stress corrosion [Atkinson, 1984; Dove, 1995] (the chemical erosion of
microcrack tip strength) have been shown to exhibit behavior in agreement with the rate and activation
energy of chemical dissolution [Dewers and Hajash, 1995; Schutjens, 1991], and so it is often difficult to
distinguish the contribution of each process through macroscopic observations. At higher temperatures
and pressures (>400°C and >50MPa), pressure solution may generally dominate behavior [Niemeijer et
al., 2002; Tenthorey and Cox, 2006]. At lower temperatures (150-250°C and >30MPa), however, results
are mixed and conflicting (see detailed discussion in Chester et al. [2007]). A common consensus [e.g.
Schutjens, 1991] is that there exists a transitional period (~150-200oC) where pressure solution becomes
an active process. Below this value only subcritical crack growth is thermodynamically favored, and
above it pressure solution eventually dominates [Chester et al., 2007; Dewers and Hajash, 1995;
Schutjens, 1991]. This paper focuses on the detailed mechanism of pressure solution. See Yasuhara and
Elsworth [2008] for a recent attempt to combine both processes.
3.3 THERMODYNAMIC POTENTIAL AND THE RATE EQUATIONS
This section presents the fundamental thermodynamic, kinetic, and diffusive relationships for our
composite model. The form is presented as briefly as possible to avoid redundancy with the significant
literature devoted to this topic. The novelty of this section rests in the use of equation (3.8) rather than the
usual approximation of equation (3.9) to represent the rate of dissolution within stressed granular
contacts, thus maintaining dependence on aqueous chemical concentrations. Fick’s law for diffusion is
solved for boundaries of constant flux within intergranular contacts, although alternate boundary
conditions produce only slightly different results.
3.3.1

Contact Area

The response of both compacting fractures and granular aggregates may be accommodated through a
common consideration of evolving contact area. In bare fractures, two opposing fracture planes are held
apart by deformable asperities, where effective stress concentrates as a function of real contact area. The
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contact area ratio is the relationship between real area of contact (summed over all contacting asperities)
to total square area (over which a load is applied), Rc = Ac / AT . In granular aggregates, although typically
referred to as contiguity, φ, the meaning is transferrable, and refers to the fraction of total granular surface
area that is in contact ((1- φ) is wetness). By continuity of stress, the load supported at contacts is

σ a = σ ' Rc = σ ' ϕ , where σ’ is effective stress ( σ ' = σ − p ), with stress positive in compression.
Holding with previous terminology, σa is the disjoining stress, although here σa is defined as an effective
stress.
3.3.2

Chemical Potential

As derived by many previous authors, the driving force for pressure solution is represented as the
chemical potential difference between a stressed contact and a hydrostatically stressed open pore [De
Boer, 1977; Heidug, 1995; Kamb, 1959; Lehner, 1995; Paterson, 1973]
Δμ = σ aVm + Δf − U S ,

(3.1)

where the surface energy term U S = 2 H γ G [Heidug, 1995], Vm is the molar volume, Δf is the molar
Helmholtz free energy difference, and surface energy includes the local solid/fluid interface curvature, H,
and the Gibbs surface energy, γG (numerically equivalent to the surface tension [Heidug, 1991]). The
Helmholtz energy includes contribution from elastic strain energy and dislocation energy, Δf = U E + U D .
The molar elastic strain energy is given approximately by [De Boer, 1977; Paterson, 1973]
U E ≈ Vm

σ a2
2 Em

,

(3.2)

where (as discussed above) σa is the effective disjoining stress and Em is Young’s modulus. For reasonable
values of mineral compliance, the contribution from strain energy is strongly overshadowed by P-V work
(first term in equation (3.1)) [see also Paterson, 1973], and some numerical estimations of the
contribution from elastic strain, dislocation, and the surface energy term are discussed in, for example,
Renard et al. [1999].
3.3.3

Rate Equation Formalism

A general geometric idealization of the pressure solution process is provided in Figure 3.1.
Dissolution/precipitation of silica in the intergranular film and open pore space follows the simple
elementary reaction,
SiO2( s ) + 2 H 2 O ⇔ H 4 SiO4( aq )
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Figure 3.1 - Schematic of the chemical compaction process and conceptualization.
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A more accurate reaction mechanism would include the precipitation/dissolution of a quartz/amorphous
silica system. If the pore space is generally saturated with respect to aqueous silica, amorphous silica will
likely dominate precipitation behavior, while dissolution within the intergranular film will, in the simplest
analysis, be quartz dissolution controlled (excluding the re-dissolution/re-precipitation behavior of
healing within the grain boundary). This first analysis utilizes a composite reaction system, where
reaction rates represent the bulk behavior of all silica compounds. Dissolution rate constant and
hydrostatic solubility of silica are extracted directly from Rimstidt and Barnes [1980] and we have found
that reasonable variations in reaction rate do not significantly alter results.
At the temperature and pressure of the unstressed pore space, the activities of both water and unstressed
solid silica are assumed to equal 1, so that the equilibrium constant for this reaction is,
K eqh = γ h Ceqh ,

(3.4)

where superscript h refers to the hydrostatic state, γ is the activity coefficient, and Ceqh is the solubility of
aqueous silica. In equation (3.4) Ceqh is provided in molar. For the remainder of this paper Ceqh and all
other concentrations are assumed converted to mol ⋅ m −3 . Utilizing the definition of chemical potential,

μ = μ * + RT ln ( K ) , the relationship between hydrostatic solubility and the solubility under elevated
stress is [Paterson, 1973]
⎛ Δμ ⎞
⎟,
⎝ RT ⎠

γ σ Ceqσ = γ h Ceqh exp ⎜

(3.5)

where the superscript σ refers to a state of non-hydrostatic stress (h is hydrostatic), and the activity of
solid silica under stress is [Dewers and Ortoleva, 1990a; Shimizu, 1995]
⎛ Δμ ⎞
aSiO2 = exp ⎜
⎟.
⎝ RT ⎠

(3.6)

The general form for reaction rate is (positive for dissolution) [Dewers and Ortoleva, 1990a; Rimstidt and
Barnes, 1980; Shimizu, 1995]
⎛
aH SiO
m diss ⎣⎡ mol ⋅ s −1 ⎦⎤ = k + Arx aSiO2 ⎜ 1 − h 4 2
⎜ K eq aSiO
2
⎝

⎞
⎟
⎟
⎠

(3.7)

where k + ⎡⎣ mol ⋅ m −2 ⋅ s −1 ⎤⎦ = K eqh k − is the forward (dissolution) rate constant and Arx is the reaction area.
Substituting equation (3.6) into (3.5) and the result into equation (3.7) (second bracketed term), and
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assuming that activity coefficients can be neglected as unity, produces the rate equation for mass flux
within the intergranular (subscript i) contacts,

⎛
C
m idiss = k + Airx aSiO2 ⎜ 1 − σi
⎜ C
eq
⎝

⎞
⎟⎟ ,
⎠

(3.8)

where Ci is the mean current concentration of aqueous silica in the intergranular fluid film, Airx is the
total geometric surface area within intergranular contacts, from equations (3.5) and (3.6), Ceqσ = aSiO2 Ceqh ,
and activity is given by equation (3.6). In practice, it is difficult to produce an analytical relationship
capable of tracking time dependent aqueous concentrations, and so two approximations are enacted. The
first assumes exp ( Δμ RT ) ≈ Δμ RT + 1 . Secondly, although the thermodynamic derivations follow an
alternate approach (see, for example, Lehner [1995]), the dependence on Ci is relieved by the assumption

Ci Cehq = 1 . These substitutions produce,
m idiss ≈ k + Airx

Δμ
,
RT

(3.9)

which is the widely used rate equation for dissolution within a stressed contact. Substituting for

σ a = σ '⋅ ( AT Airx ) and approximating Δf by equation (3.2),
m idiss =

2
(σ ' AT ) U S ⎞⎟ ,
k +Vm ⎛
⎜ σ ' AT +
−
2 Airx Em Airx ⎠⎟
RT ⎜⎝

(3.10)

which shows that all contact area, Airx , dependence is contained within the strain energy and surface
energy terms. Therefore, if US is small relative to σ aVm + Δf , the dissolution rate at granular contacts will
not change as a function of continued interpenetration. This problem, which excludes the possibility of
compaction equilibrium for reasonable values of Δf and US, is discussed further in section 5. The
mechanism presented below utilizes equation (3.8) directly, rather than equation (3.9), retaining the
dependence on evolving concentrations.
Reaction rate in the hydrostatic pore space (subscript p) can be extracted from equation (3.8) by allowing
aSiO2 = 1,
⎛ C p
m pprec = k + Aprx ⎜1 − h
⎜ Ceq
⎝
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⎞
⎟,
⎟
⎠

(3.11)

where Aprx is total available surface area within the pore space and, as above, the result is negative for
precipitation. In the full iterative scheme, both Aprx and Airx evolve in time with the progression of
asperity or grain surface interpenetration.
3.3.4

Intergranular Diffusion

Molecular diffusion of a solute mass over a chemical potential gradient (represented here by
concentrations) is given by Fick’s Law,
m diff = − D

dC
,
dr

(3.12)

where D is effective diffusivity (including tortuosity correction) within a circular contact of radius r. The
solution for radial distribution of concentration within the contact (from r = 0 to r = a), under boundary
conditions of constant flux from the grain contact is [Carslaw and Jaeger, 1959 Eq. 7.17]
C ( r ) = Ca −

F 2 2
(a − r )
4D

(3.13)

with the source flux, F. Equation (3.13) admits a quadratic concentration profile from the center, r = 0, to
periphery, r = a, of the grain boundary. Integrating over the grain contact area, and averaging across the
surface of a single contact yields [Lehner, 1995; Rutter, 1976]
8D f ω 
F = m diff ⎡⎣ mol ⋅ s −1 ⎤⎦ =
Ci − C p .
τf

(

)

(3.14)

Equation (3.13) is modified further by Lehner [1995] in a manner that removes the direct dependence on
transient concentration (see also Rutter [1976]). As we will use this equation directly, no further
modification is required. Alternate boundary conditions (such as constant concentration at grain boundary
center) produce a slightly different geometric factor. The newly inserted constants are grain boundary
width, ω ( ≈ 2 − 10 nm), tortuosity factor (square of tortuosity), τf ( ≈ 10 ), and, as above, average
concentration within the granular interface , Ci , and concentration at the periphery of the grain (the pore
space), C p . The source of the tortuosity correction and of the behavior of intergranular molecular
diffusion is discussed in detail by, for example, Revil [2001]. Molecular diffusivity, Df, is given by the
Stokes-Einstein equation,
Df =

kT
6πηδ
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,

(3.15)

for the Boltzmann constant, k = 1.38 × 10−23 m3 ⋅ Pa ⋅ s −1 , water viscosity, η, at temperature, T, and with
the diameter of a molecule of hydrated silica, δ ≈ 0.5 nm [Renard et al., 1999]. Alternatively, a pretortuosity corrected exponential estimate of Df is provided by Revil [2001].
3.4 COMPOSITE MASS BALANCE

Utilizing equations (3.8), (3.11), and (3.14), and referencing Figure 3.1 (single element formulation),
mass balances on the intergranular space and the open pore, respectively, produce the relationships
⎛
C i
C iVi = k + Airx aSiO2 ⎜1 −
⎜ aSiO Ceqh
2
⎝
⎛
C p
C pV p = k + Aprx ⎜ 1 − h
⎜ Ceq
⎝

⎞
⎟ − D C i − C p
⎟
⎠

(

⎞
⎟ + D C i − C p
⎟
⎠

(

)

)

(3.16)

(3.17)

Here, Vi is total system volume within the grain contacts, Vp is total pore volume, and
D = 8 Airx D f ω (τ f ag ) . The over-dot refers, as usual, to the time rate of change of the given quantity. The
total volumes, Vi and Vp, and the areas derived from them are relative quantities. While they are
accommodated within the relationships to produce a more physically descriptive equation system, they
may be exchanged for other variables, and the total system (REV) volume from which they are derived is
arbitrary. In agreement with the diffusivity derivation, where D is averaged over a single grain contact
and Vi and Vp refer to total volumes within the REV, diffusion must be normalized to the same area over
which dissolution occurs. This gives rise to the Airx ag term in the definition of D, where ag is the current
mean contact radius (of each contact).
Combining equations (3.16) and (3.17) produces the linear system (by redistributing source terms),

⎧⎪k + Airx aSiO2 ⎫⎪ ⎡Vi
⎨ + rx
⎬=⎢
⎪⎩k Ap
⎪⎭ ⎣ 0

0 ⎤ ⎪⎧C i ⎪⎫
⎥⎨ ⎬
Vp ⎦ ⎪C p ⎪
⎩ ⎭

⎡⎛ k + Arx
⎤
⎞
i
.
-1 ⎥
+ 1⎟
⎢⎜⎜
h
⎟
C
⎢⎝ DCeq
⎥
⎧
⎫
⎠
⎪ i⎪
+ D⎢
⎥⎨ ⎬
+ rx
⎛ k Ap
⎞ ⎥ ⎪⎩C p ⎭⎪
⎢
1
1
−
+
⎜
⎟⎟ ⎥
⎢
⎜ DCeqh
⎝
⎠⎦
⎣
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(3.18)

 + KC , which admits the implicit
Equation (3.18) mimics the general finite element formalism, q = VC
−1

solution, Ct +Δt

1 ⎤ ⎡
1
⎡
⎤
= ⎢ K + V ⎥ ⎢q + VCt ⎥ . Performing the multiplication yields,
Δt ⎦ ⎣
Δt
⎦
⎣
−1

⎪⎧Ci ⎪⎫
⎨ ⎬
⎪⎩C p ⎪⎭t +Δt

⎡⎛ k + Arx
⎤
⎞ V
i
-1 ⎥
+ 1⎟ + i
⎢⎜⎜
h
⎟
⎢⎝ DCeq
⎥
⎠ Δt
= D⎢
⎥
+ rx
⎛ k Ap
⎞ Vp ⎥
⎢
−
+
1
1
⎜
⎟⎟ + ⎥
⎢
⎜ DC h
eq
⎝
⎠ Δt ⎦ t
⎣
Vi Ci ⎫
⎧ + rx
⎪⎪ k Ai aSiO2 + Δt ⎪⎪
× ⎨
⎬
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(3.19)

Because this solution is fully implicit in time, the mass of silica removed from intergranular contacts over
a single time step is not directly recovered from equation (3.19) (as would be the case in an explicit
solution). This quantity, which is necessary to obtain the rate of grain convergence over a time step, may
be obtained from equation (3.18) in a way that maintains the implicit accuracy. Rearranging the finite
element solution: q − KCt +Δt =

1
V [ht +Δt − ht ] . Performing the matrix multiplication and solving for the
Δt

complete source term, m i = k + Airx aSiO 2 (1 − Ci Ceσq ) , shows that, once obtaining the concentrations at time
t + Δt from equation (3.19), the mass removal resulting in grain convergence over that time step is (

[moles SiO2], positive for grain convergent dissolution),
ΔmiSiO2 = m i ⋅ Δt = Vi ( Cit +Δt − Cit ) + D ( Cit +Δt − C tp+Δt ) ⋅ Δt .

(3.20)

And likewise for dissolution/precipitation in the pore space (negative for moles precipitated in the pore),
2
Δm SiO
= m p ⋅ Δt = V p ( C tp+Δt − C tp ) − D ( Cit +Δt − C tp+Δt ) ⋅ Δt .
p

(3.21)

For this single element solution, these results may also be inferred by revisiting equations (3.16)-(3.17)
with Ct +Δt given by equation (3.19). For the two element solution presented later, it is necessary to
perform this matrix manipulation to obtain equivalent forms of equations (3.20) and (3.21). The complete
calculation sequence is shown in Figure 3.2.
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Initialize system
∆t

∆µ

(equation 3.1 or 3.29 or 3.34 or 3.35)

σ
C eq

(equation 3.5)

a SiO2

(equation 3.6)

C it+∆t and C pt+∆t

(equation 3.19)

∆mSiO2
and ∆mpSiO2
i

(equations 3.20 and 3.21)

Update geometry

Figure 3.2 - Calculation sequence for composite model (single element solution). Four options are available for calculation
of chemical potential. Equation (3.1) utilizes direct terms for surface and strain energy, equation (3.29) utilizes the critical
stress and equations (3.34) and (3.35) include surface roughness. If surface roughness is included in the solution, the composite mass balance (equation (3.18)) must be modified appropriately to include α as discussed in Section 3.8.
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3.4.1

Extension to Open Systems

While the above formulation is developed under the assumption of mass conservation within an REV,
extending this to a flowing (mass not conserved) system is straight-forward. Assuming a steady state
influx of boundary water, Qss, and revisiting the pore fluid mass balance yields an open-system form of
equation (3.17),
⎛ C p
C pV p = k + Aprx ⎜ 1 − h
⎜ Ceq
⎝

⎞
⎟ + D C i − C p − Qss C p .
⎟
⎠

(

)

(3.22)

Combining equations (3.16) and (3.22) yields the open system (analogous with equation (3.18)),
⎧⎪k + Airx aSiO2 ⎫⎪ ⎡Vi
⎨ + rx
⎬=⎢
0
⎩⎪k Ap
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⎥⎨ ⎬
Vp ⎦ ⎪C p ⎪
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⎥ ⎪⎧Ci ⎫⎪
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⎢ −1
⎟
DC
D
eq
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⎠⎦
⎣

(3.23)

The implicit solution to this system is obtained by following the same procedure as in the previous
section. There are many environments, such as open fracture systems, where boundary influx may deplete
pore fluid concentrations of dissolved silica and thereby speed the rate of pressure solution convergence.
Such environments would require the use of equation (3.23) rather than equation (3.18).
3.4.2

System Geometry

The change in mechanical aperture of the fracture over a time step is obtained from,
Δbm =

ΔmiSiO2 Vm
.
2 Arxi

(3.24)

For such fracture systems, Airx may be calculated from an appropriate contact theory [cf. Brown and
Scholz, 1986], or through direct comparison of fracture profile data [Yasuhara et al., 2004].
For granular systems, additional considerations are required. Because of the small time step iterative
solution (“infinitesimal” strain) the volume strain relates to the linear strain as ε V = 3ε l , giving
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Δε V =

3ΔmiSiO2 Vm
,
2 Airx ( ri − h )

(3.25)

where ri is initial mean radius of the granular particles, h is the current cumulative value of
interpenetration on each contact, and the factor 2 enters because all contact is shared by two grains.
Porosity reduction due to volume strain is given incrementally by volume balance on the system,
ΔV p = V p − ( Δε V VT − ΔmiSiO2 Vm ) , where V p = φVT . As mentioned above, the total system volume (VT) is
arbitrary, and is, initially, assigned a value of unity. In the iterative scheme, VT evolves with time due to
volume strain.
Contact area between two interpenetrating spherical particles is given by,
ag = π h ( d i − h ) ,

(3.26)

for the initial mean particle diameter, di, and the total interpenetration distance, h, which is given
incrementally by linear strain on each contact. We assume a granular material of loose random packing; a
more likely scenario than cubic or orthorhombic packing that exhibits approximately 6 contacts per grain
and an initial porosity near 40% [Stephenson et al., 1992]. The contact area ratio is therefore given by
Rc = 6ag S ag , where Sag is the initial surface area for each particle of mean diameter, di.
The porosity based form suggested by Rutter [1983] for contact area ratio is, Rc = (φi − φ ) φi . We have
found that in most cases this form produces similar results to equation (3.26) (and is simpler to
implement). Due to later attempts to accommodate the effects of cement deposition on contact area
however (see below), it is necessary to utilize equation (3.26), and this is done throughout for consistency.
3.5 EQUILIBRIUM COMPACTION

Constitutive models of pressure solution that utilize equation (3.9) are ill-equipped to handle long-term
(complete compaction) analyses. While equation (3.8) is better positioned for this purpose, significant
problems remain. The problem arises from a thermodynamic framework that predicts continued pressure
solution until the stress state in the solid matches that of the hydrostat. This, of course, is unlikely and
will almost certainly be usurped by the attainment of zero porosity: from observations an apparently
unlikely event. Examination of equation (3.1) shows that the only preventative barrier to this occurrence
is the surface energy, US. Reasonable values for surface energy, however, are unable to reproduce
observed compaction magnitudes [i.e. van Noort et al., 2008b]. Heidug [1991; 1995] showed that surface
energy is dependent on (evolving) tangential forces along the contact, so that hydrostatically determined
values for surface tension may be underestimating the retarding effect of surface energy. Alternatively,
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grain boundary healing and diffusive resistance from precipitated material at the periphery of grain
contacts may have significant retarding effects.
The approach of Stephenson et al. [1992], and subsequent applications [Revil, 1999; 2001; Yasuhara et
al., 2003], was to introduce a “critical stress” that represents some final energy barrier to interpenetration.
The phenomenological construction of Stephenson et al. [1992] represents the total energy expended
(which they referred to as “molar displacement work”) over the complete life-cycle of an interpenetration
event in comparison to the amount of material deposited as cement around an interpenetrating grain.
Equilibrium occurs at a predefined value of the burial constant, βc, representing the relationship between
total granular interpenetration, h, and the radial extent of deposited “supporting” cement, xc,

βc =

xc ri
1 − h ri

(3.27)

with both values referenced to the initial granular radius, ri. The equilibrium value of stress when this is
achieved is σ aeq = σ c βc2 , where σc is the “critical stress”. Here, we lump both values together, so that
equilibrium is obtained when,

σa = σc =

6 E A (1 − T TA )
4Vm

(1 − φi ) β c2

(3.28)

where TA is approximated as the melting temperature and EA is approximated by the molar heat of fusion,
for 6 contacts per grain, and the initial porosity, φi. This result differs from the adaptation of Revil [1999]
and Yasuhara et al. [2003] by maintaining the dependence on porosity, contacts per grain and,
importantly, βc. See Stephenson et al. [1992] for the derivation of these parameters and a discussion of the
terms TA and EA. Note that equation (3.28) is derived from a granular media geometry (see Stephenson et
al. [1992]), and that single contact predictions (as in rough fractures) will differ in geometric factor.
This approach (of Stephenson et al. [1992]) is novel in that it does not follow the form of equation (3.1),
Δμ = σ aVm + Δf − 2 H γ G , which is a statement of local, incremental equilibrium (see for example Lehner

[1995]), but is a statement of the total energy expended over a pressure solution life-cycle, indexed to a
final energy barrier, βc. Therefore, βc is a total energy formulation for healing at the grain periphery,
resulting in increased contact area (support) and, potentially, diffusive blockage. It may be of interest to
examine the brief discussion in Lehner [1995] regarding the “problem of Stefan” [Carslaw and Jaeger,
1959 chapter 12], which relates strongly to the pressure solution mechanism, and to the formulation
presented by Stephenson et al. [1992]. To represent this final equilibrium, Yasuhara et al. [2003] suggests
Δμ = (σ a − σ c )Vm
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(3.29)

as a modified form of equation (3.1), where σc includes the contribution from (positive) Helmholtz and
(negative) surface energy at final compaction. It is apparent from this discussion that σc should also
represent energy contribution from the supporting cement. Inserting equation (3.29) into equation (3.9),
m idiss = k + Airx

(σ a − σ c )Vm .
RT

(3.30)

This result (equation (3.30)), due to Revil [1999], allows dissolution to attain a final equilibrium provided
σc is significant relative to σa; the dependence on Arxi is upheld. Following this approach, we substitute
likewise for equation (3.6),
⎛ (σ − σ c )Vm ⎞
aSiO2 = exp ⎜ a
⎟
RT
⎝
⎠

(3.31)

which is the solid quartz activity to be utilized in equation (3.8) for the critical stress formulation.
3.6 CHARACTERISTICS OF THE MODEL

Figure 3.3 shows the results of the current model in comparison to alternative derivations. In all cases,

β c = 1.9 . Three alternative models (m1, m2, m3) are considered. The calculation sequence presented
above (Figure 3.2) is represented by model m1. Model m2 utilizes a simplified parallel dashpot model for
the transition from diffusion to dissolution limited regimes, and thus utilizes equation (3.30). The molar
viscous equations for dissolution and diffusion, respectively, are [cf. Raj, 1982; Revil, 2001; Rutter,
1976],
qdiss = k + Airx

qdiff = 32 D f ω

Vm
RT

Vm h
Ceq
RT

(3.32)

(3.33)

with total viscous behavior given by 1 qT = 1 qdiss + 1 qdiff , and ΔmiSiO2 = qT (σ a − σ c ) Δt . All variables are
as defined above. The factor 32 in the diffusion equation comes from additional thermodynamic
considerations on equation (3.14) [Rutter, 1976]. Model m3 uses equation (3.30) only (does not consider
diffusion).
Figure 3.3A (insert) shows that models m2 and m3 are identical when dissolution is dominant. By
increasing the diffusive tortuosity factor by one order of magnitude (Figure 3.3A-B) the difference
between m2 and m3 becomes noticeable. In all cases, it is clear that the system is never completely
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Figure 3.3 - Porosity (A), strain rate (B), and normalized (to hydrostatic solubility) concentration (C,D) for comparison
of alternate forms. All cases utilize T=350°C and σ’=100MPa. Model m1 is the calculation sequence presented above,
m2 is the viscous dashpot model, and m3 is equation (3.30) only.
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dissolution or diffusion limited, but at all times depends on the current concentration gradient. Because of
this, and due to assumptions made in the derivation of equation (3.9), m2 and m3 predict lower
compaction rates than m1 in dissolution-dominated conditions and represent a mean behavior in mixed
control systems. The concentration profiles of Figure 3.3C-D (m1) show clearly the competition between
diffusion and dissolution. All concentrations (including Ceqσ ) are normalized to Ceqh . In these cases, pore
fluid concentration is transiently super-saturated when precipitation rate is outpaced by diffusive flux and
only in Figure 3.3D does the interfacial concentration approach anything resembling a regime of complete
diffusive limitation.
3.7 PARAMETER SENSITIVITY

Parametric analyses of various important parameters are provided in Figures 3.4-3.5. Often overlooked,
due to difficulty in tracking it, is the effect of pore fluid concentration on compaction rates. Figure 3.4
introduces two separate silica dissolution rate constants, ki+ and k p+ , representing reaction rate in the pore
and intergranular contact, respectively. This is in line with the discussion in van Noort et al. [2008b],
where it was suggested that the rate constant within the intergranular contact may be, effectively,
somewhat lower than in the open pore space. We do not examine here the truth of this statement, but
allow the rate constant at each location (intergranular contact and open pore) to be varied independently
of the other, thereby examining the sensitivity of rate effects at each location. Figure 3.4A-B holds k p+
steady (k25 refers to the rate constant at 25°C in mol m-2 s-1) while varying ki+ . Figure 3.4C-D performs
the inverse manipulation, with ki+ invariant. Figure 3.5A-B changes the overall magnitude of the rate
constant, k25.
The importance of shifts in these parameters is not independent of direction, as decreases in any of these
rates holds a much stronger sway on compaction than does a corresponding increase. This is indicative of
a strongly coupled system, where increases in reaction rates are countered by a diffusive limitation, while
rate decreases shift the regime more strongly towards dissolution control. In fact, these figures can
largely be viewed as variations in the dissolution/diffusion/precipitation system, rather than as an
illustration of the importance of any one parameter. Figure 3.5C increases the tortuosity factor by one
order of magnitude (shifting towards diffusive control) and reexamines the behavior of Figure 3.5A. In
this case, changes to the rate constant have a smaller effect on compaction, as diffusion is now a stronger
player.
Increases to the pore reaction rate (Figure 3.4C-D) induce only minimal changes in behavior, as the
overall potential gradient between the highly supersaturated intergranular space and open pore is
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Figure 3.4 - Comparison of various parameter changes with T=350°C and σ’=100MPa.
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essentially unchanged. Decreasing this rate, however, eventually introduces a regime of precipitation
control. It is incorrect to say that behavior is ever precipitation-rate limited, as intergranular dissolution is
never influenced directly by pore concentration, but larger degrees of supersaturation within the pore
decrease the diffusive gradient, and introduce a greater degree of diffusion control. When the pore
becomes greatly supersaturated (Figure 3.4C, ~0.1 days), this occurrence is quite evident.
In this system, order of magnitude changes in diffusivity (via the tortuosity factor) are required to produce
strongly visible changes in compaction rate. With regard to the intergranular film width, ω; much of the
literature places this parameter in the range 2-10 nm, and changes of this magnitude have an insignificant
effect on compaction.
3.8 GRAIN BOUNDARY STRUCTURE

The geometric structure of evolving grain boundaries remains a subject of debate. Revil [2001] suggests
that repulsive steric forces are sufficient within grain boundaries to sustain a thin-film thickness of several
nanometers, and the recent quartz indenter experiments of Gratier et al. [2009] observed behavior
consistent with a thin-film thickness of 2-10 nm. Karcz et al. [2008] conducted halite indenter
experiments and visually observed dynamic changes to the grain boundary, where Rc at a single contact
may vary from 20 to 70% (for σ ' ≈ 7 − 30MPa ), and evolves throughout the course of a single
experiment. Karcz et al. [2008] suggests that this behavior can be explained by a combination of pressure
solution, plastic flow, and undercutting around the contact periphery. It is unclear how such plastic flow
behavior will translate to silica, exhibiting a much higher compressive strength, but it will most certainly
play some role in the compaction process. Additionally, there is some debate surrounding the
thermodynamic stability of so-called “island and channel” models [Lehner, 1995; Raj, 1982; Schutjens
and Spiers, 1999; van Noort et al., 2008b], although remnants of such a structure have been observed
visually in, for example, Cox and Paterson [1991]. It is reasonable to suspect that all of these behaviors
are real and may be present, and that the ability of a given pressure solution model to reproduce
laboratory data stems from its ability to represent mean behavior; in all cases signified by the reaction rate
of stressed silica.
In island and channel models, Schutjens and Spiers [1999] (and others) introduce the parameter α,
representing the fraction of the grain boundary occupied by solid contacting islands. A complete islandchannel model is not considered here, but some the effects of a non-uniform granular contact may be
taken into account by considering generally how such a structure modifies contact area and stress
concentration. If grain boundary width represents the mean grain structure and α is approximately steady
state (in magnitude) then equation (3.1) is modified to
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Δμ ≈

σ aVm
σ a2
+
−US ,
α
2 Emα 2

(3.34)

or, for the critical stress alternative, equation (3.29) becomes
⎛σ
⎞
Δμ = ⎜ a − σ c ⎟Vm .
⎝α
⎠

(3.35)

In addition to enhancing stress over the grain boundary, α must also be factored into the reactive surface
area, so that Airx becomes α Airx . Updating equation (3.8),
C i
⎛ Δμ ⎞ ⎛
m idiss = k + (α Airx ) exp ⎜
⎟ ⎜⎜1 − σ
⎝ RT ⎠ ⎝ Ceq

⎞
⎟⎟ ,
⎠

(3.36)

with Δμ given by equation (3.34) or (3.35). This modifies the composite balance solution by substituting

α Airx for all occurrences of Airx in equation (3.19). Performing the same insertion in equation (3.9) shows
that, as for contact area, the effect of α is transferred to the Helmholtz and surface energy terms, so that
grain convergence will be independent of α if these terms are small (see discussion in sections 3.3 and 5).
Because of the exponential dependence of α and Airx in equations (3.8) and (3.36), both variables will be
accommodated and their effect will be non-linear.
While α is poorly constrained and the processes leading to its evolution complex, the laboratory results of
Karcz et al. [2008] and Cox and Paterson [1991] indicate that the most unreasonable assumption is that
intergranular contacts ever exhibit α = 1 (even at very high stress and temperature [Cox and Paterson,
1991]). Our modeling suggests α in the range 0.30-0.45 for the variable conditions examined below,
which is in reasonable agreement with the discussion above. In all results presented here, α is assumed to
be a constant with a value of 0.40.
3.9 RESULTS UTILIZING THE CRITICAL STRESS

This section introduces predictions from the current model with the laboratory results of Niemeijer et al.
[2002] and van Noort et al.[2008a]. At this stage one significantly ill-constrained parameter remains: βc.
Performing a manual curve fit on several of the results from van Noort et al.[2008a] shows, interestingly,
that βc is a function of applied stress only, and that it exhibits a quadratic form,

β c ≈ -5.2855 × 10-5 (σ ') + 1.6151 × 10−2 σ '+ 1.0784
2
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(3.37)

with σ' in MPa (σ' is the effective applied stress, not the disjoining stress). Equation (3.37) is utilized in
the results of Figures 3.6-3.9. Figure 3.6 compares model results to the experiments of van Noort et al.
[2008a]. Eq. (3.37) gives the value of βc and no parameter adjustments are made between experiments.
Note that τ f = 100 in these results: Within a reasonable range of typical approximated values, but
towards the upper end, possibly suggesting some diffusive limitation from healing within the grain
boundary. If τf is adjusted slightly (~80-120) between these tests, the fit is stronger, but the results are
quite good without adjustment. The behavior of qc204 cannot be explained with the current model. While
qc204 exhibits behavior that seems concurrent with a diffusive blockage, adjustment of τf does not
accommodate it correctly.
Figure 3.7 takes a larger step and compares the same model to the experimental results of Niemeijer et al.
[2002] Again, parameters are not adjusted between experiments (although in all comparisons to the data
of Niemeijer et al. [2002] τ f = 10 is a better approximation of the data. Note that τf does not change the
value of final compaction, but only modifies slightly the rate of compaction). Figure 3.8A provides
additional comparisons with their data utilizing the same values. The results are reasonable, but there is
some deviation from cpf8. Because cpf8 utilizes a smaller grain size, this may be an important
observation, although the smaller grain size experiment in Figure 3.7 (qc07) matches appropriately.
Figure 3.8B performs the same comparison with a slightly modified tortuosity factor for cpf3 and an
adjustment to βc for cpf8.
Figures 3.7-3.8 show only the initial data of Niemeijer et al. [2002] for visualization purposes. Beyond
these times they noticed an abrupt cessation of compaction rates that they could not explain and appears
to be non-congruent with a natural process. They suggested that chemical interference from the testing
materials may have altered the dissolution process. This characteristic behavior shares very similar form
to several of the results from van Noort et al. [2008a] that resulted from precipitated silica blockage of the
output fluid lines. Figure 3.9 shows model data in comparison to the full time data of Niemeijer et al.
[2002]
3.10 DIFFUSION CONTROL THROUGH A CEMENT SHEATH

An alternate method to obtain equilibrium is to exclude the critical stress and rely solely on grain
periphery healing to rate control a final equilibrium. This rate controlled process progressively decreases
the disjoining stress by adding to granular contact area (affects the σaVm term) and increases diffusive
resistance around the grain. It is possible to examine this by extending the above mass balance system
with a second finite element. With reference to Figure 3.1 (two-element conceptualization), the new
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system comprises three nodes, the first representing the intergranular contact area, a second node in the
pore space immediately surrounding the grain periphery, and a third node in the open pore space.
Diffusion from the intergranular contact enters the grain periphery region through the first finite element,
and then bulk diffusion (represented by the bulk diffusivity, Dp) allows flux of this material in the open
pore. If Dp is small compared to the pore precipitation rate constant, material will deposit more rapidly
around the grain. Deposited cement increases the granular contact area and decreases the rates of
diffusion and dissolution. The mathematical development of this system is presented in Appendix A.
Discussed here are a few brief conclusions from this analysis.
Diffusion limitation from a growing neck is sufficient to significantly inhibit compaction, but the trend of
the data utilizing this method does not agree with experimental results. The experimental result of test
qc204, which was not accurately fit with the burial constant analysis above, does agree in some ways with
the trend of a diffusively limited equilibrium, but not in a way that is extensible to any other experiments.
The cement region is assumed to behave differently than discrete contacting grains, in that it does not
possess a thin film and so does not undergo dissolution precipitation creep (equation (A.9)). Rate
reductions from this simple approximation, however, do not appear to account fully for dissolution
restriction caused by a cement neck. Because the area of cement in contact is, in these analyses, actually
quite small (see also the figures of Niemeijer et al. [2002] and van Noort et al. [2008a]), very little rate
limitation occurs.
Because of its limiting dissolution rate, cement will “support” the granular contact as a function of its area
of contact and the mechanical constants of the grain and cement. This seems the more likely scenario that
could lead to equilibrium compaction, and is in line with the results above (stress dependent burial
constant). A more complex analysis incorporating stress effects into the achievement of cement driven
equilibrium would be required to examine this potential.
3.11 DISCUSSION

A fully implicit model was developed for the serial processes of dissolution/diffusion/precipitation during
the process of dissolution precipitation creep. Maintaining a concentration dependent dissolution flux
introduces important restrictions on rate behavior. Pore fluid supersaturation can occur and can impact
dissolution rates. Compared to an implicit model, concentration independent methods appear to
appropriately represent a mean compaction behavior, slightly underestimating rates in dissolution
dominated regimes, and slightly overestimating in diffusion limitation.
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The use of a modified critical stress is capable of reproducing final pressure solution equilibrium quite
accurately, without parameter adjustment. Diffusion within the intergranular contacts is best represented
by a slightly higher tortuosity than is generally suggested, which may indicate some contribution to this
process from healing within the grain boundary. While it seems unlikely that any single pressure solution
model will be applicable to all scenarios, the combined model presented here reproduces experimental
data with reasonable accuracy across a range of experimental conditions; suggesting that the concept
applied to the model may be progressing in the correct direction.
Reproducing equilibrium compaction with rate controlled cement deposition is not possible with the
simplified model presented here in all but rare cases. Therefore, it is not yet clear what precise mechanism
is being compensated for by the use of a burial constant. The argument presented in the previous section
regarding the development of a non-reactive (or at least not stress activated) mechanical support frame
developed from deposited silica seems reasonable given the derivation of the burial constant (derived with
exactly this purpose [Stephenson et al., 1992]); this is further supported by its dependence on effective
stress. However, other processes cannot be ruled out, such as the eventual decay in stress levels below the
compressive strength of non-uniform granular contacts. In either case, further mechanical considerations
may be capable of defining final compaction, whether or not this includes contribution from a growing
cement neck around the grain periphery.
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CHAPTER IV
Coupled mechanical and chemical processes during fracture compression and
shear: Application to heterogeneous engineered geothermal reservoirs

Abstract
A model is developed to represent mechanical strain, stress-enhanced dissolution, and shear dilation as
innately hysteretic and interlinked processes in rough contacting fractures. This model is incorporated into
a numerical simulator designed to examine permeability change and thermal exchange in chemically
active and deformable fractured reservoirs. A candidate engineered geothermal reservoir system (EGS) is
targeted. The new mechanistic model is capable of distinguishing differences between the evolution of
fluid transmission characteristics of 1) small scale, closely-spaced fractures and 2) large scale, more
widely spaced fractures and their impact on permeability evolution and thermal drawdown within the
reservoir. The presence of longer and more widely-spaced fractures within a reservoir is shown to be
potentially significant and capable of causing both hydraulic and thermal short circuiting. Such a process
would result from the activation of long and pervasive relic fractures. Smaller variations in fracture scale
and frequency are not quite so dramatic, and an appropriate balance between spacing and scale may be
capable of optimizing the relationship between the efficiency of thermal transfer and the rate of fluid
circulation. Observed behavior indicates that stress-enhanced dissolution, initially at equilibrium within
the reservoir, may be reactivated as fractures are forced out of equilibrium during hydraulic fracturing. At
the conditions examined (250°C reservoir with 70°C injection), however, shear dilation exerts dominant
control over changes to permeability. Heterogeneity in permeability, generated from a normal distribution
of fracture spacing, impacts thermal breakthrough times at the withdrawal well, as well as withdrawal
rates. For the given conditions, spatial variability over ~1 order of magnitude leads to a reduction of
~10% in withdrawal rates compared to a spatially uniform system.
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4.1 INTRODUCTION
The critical role of fractures in controlling the mechanical and hydraulic properties of discontinuous rock
masses is well known [Goodman, 1976; Walsh, 1965]. When subjected to external (engineered) stresses
much of the physical and chemical response is concentrated within these fractures that are, in general,
more hydraulically conductive and mechanically compliant than the surrounding rock.
In applications such as enhanced geothermal systems (EGS) and reservoirs for the sequestration of CO2
fluid transmission characteristics define the utility of the reservoirs for such purposes: understanding the
response of fractures, faults, and bedding planes to external stresses is vital to engineering design. EGS in
particular exhibits processes activated by thermal, hydraulic, mechanical, and chemical forces, so that
fracture behavior is non-linear and difficult to predict. Only recently have numerical models been
extended to allow contribution from all four conservation systems (THMC), and become capable of
examining in unison the most active processes in permeability change; thereby distinguishing those with
greatest influence.
This work presents a method to combine elastic deformation, chemical-mechanical creep (C-M creep),
mineral reaction, and shear in rough fractures. Fractures deform normally via contact theory and
Boussinesq half-space deformation. The contact-area-based mechanism allows for direct extension to
stress dissolution (C-M creep) and shear dilation, based on direct measurement of fracture surfaces
(profiles), while reservoir scale extension occurs via the THMC simulator of Taron et al. [2009].
Simulations utilize a spatial distribution of fracture properties and anisotropically evolving permeability:
aperture changes occur at different rates on orthogonal fractures. The contact area model allows the
examination not only of bulk permeability change, but also the contributing mechanisms – A given
magnitude of permeability due to widely spaced, highly conductive fractures exhibits strongly different
behavior than the same bulk permeability magnitude, derived from tightly spaced, lower conductivity
fractures [Elsworth, 1989; Elsworth and Xiang, 1989]. In this way, one conceptualization for the
development of a short-circuiting fracture network is examined.
4.2 FRACTURED ROCK AT DISEQUILIBRIUM
Because fractures have a dominant influence on bulk rock properties, a large volume of previous research
has focused on their hydromechanical properties, such as compressive strength [Barton et al., 1985;
Brown and Scholz, 1986; Goodman, 1976], the effect of normal displacements and fracture roughness on
permeability [Barton et al., 1985; Elsworth and Goodman, 1986; Gangi, 1978], shear displacement on
permeability [Olsson and Barton, 2001; Yeo et al., 1998], and direct relationships between mechanical
and hydraulic aperture [Piggott and Elsworth, 1993; Renshaw, 1995; Zimmerman and Bodvarsson, 1996].
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Mineral precipitation and dissolution has received attention from a different angle, with two notable
works relating to localized dissolution behaviors [Detwiler, 2008] and heterogeneity of mineral
assemblages (thus relating to the accuracy of mineral abundance derived reactive transport simulators)
[Peters, 2008].
Chemo-mechanical creep (C-M creep) processes such as pressure solution [cf. Paterson, 1973] have been
studied for a number of years in poromechanics. Pressure solution (PS) is known to contribute strongly as
a compaction mechanism in diagenesis and fault healing [Tada and Siever, 1989], and often behaves
similarly to creep from stress corrosion cracking [Atkinson and Meredith, 1987; Chester et al., 2007]. In
granular quartz, porosity reduction from PS can be as high as 60-70% [Niemeijer et al., 2002] (~100MPa,
500°C). In bare fractures, although relatively fewer attempts have been made to observe C-M creep
behavior [Beeler and Hickman, 2004; Polak et al., 2003], more significant deformation and more rapid
action has been observed. The study of Polak et al. [2003] showed that even at modest temperatures (100150°C) and stresses (~3.5 MPa), a hydrated (and mated) fracture can, in a single month, drop permeability
by a factor of 20 at invariant stress. PS is expected to dominate C-M creep behavior at temperatures
nearing 300°C in aggregated quartz [Schutjens, 1991], with stress corrosion the most likely contributor at
lower values [Chester et al., 2007]. In bare fractures, this dividing line remains untested.
In enhanced geothermal systems (EGS) large thermal stresses arising from the injection of cold (~70°C)
water into a hot (~250°C) reservoir introduce significant likelihood of shear failure, as indexed by
observed injection-induced seismicity [cf. Tester et al., 2006]. This thermal (and hydraulic) injection
rearranges the equilibrium stress field and also introduces strong disequilibrium in chemical activity. The
fracture (and thus reservoir) response to such intense forcing is extremely complex and difficult to
analyze. Combining mechanical shear with normal compression has been accomplished in the mechanical
sense [Olsson and Barton, 2001], but combining an exponential fracture closure model with (irreversible)
chemical-mechanical aperture change is, at least currently, generally unreasonable. Such coupling must
originate in micromechanics.
4.3 CONTRIBUTING MECHANISMS
Fracture closure under stress is most often addressed with 1) a laboratory derived stress-closure model, or
2) a contact model based on estimates of real contact area between rough surfaces; used to inform elastic
compliance. Both methods are empirical; the former relying on laboratory information of stress and
closure, and the latter relying on laboratory information of contact area and closure (fracture profiles).
The fundamental difference between these two methods lies in their choice of the variable defining
closure: stress in the first (1) and contact area in the second (2). In the following, we utilize existing
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fracture profiles to inform an empirical function for contact theory (profiles could also be generated
synthetically from a random surface distribution). Contact theory is chosen because of certain advantages
associated with the use of contact area, rather than stress. This contact area basis allows: 1) direct
coupling to other contact-area-driven processes that may be mechanical and/or chemical in nature, and 2)
time dependence, so that irreversible changes can be accommodated and observed as innately hysteretic
deformation.
4.3.1

Elastic Closure and Contact Area

As fractures dilate or compact (by any mechanism) contact area between opposing fracture surfaces is
altered, leading to changes in fracture apparent stiffness. This is accommodated directly in contact
models, and indirectly in stress-closure models. Stress-closure mechanical models have been addressed by
several authors [Barton et al., 1985; Goodman, 1976], often logarithmically [Goodman, 1976],
db = A + B ln σ ' ,

(4.1)

for aperture change, db, effective normal stress, σ’, and the constants A and B. Similar forms have been
used to model mechanical aperture closure in fractured reservoirs [Rutqvist et al., 2002] and extended to
include thermo-chemical behaviors [Min et al., 2008].
For aperture closure based on contact theory, deformation of each asperity is usually assumed to follow
either Hertz’s solution for the elastic contact of spherical bodies [cf. Jaeger et al., 2007], or a model for
the deformation of cylindrical columns [Lee and Harrison, 2001; McDermott and Kolditz, 2006; PyrakNolte and Morris, 2000]. Asperity deformation alone has been shown to underestimate closure at low
effective stress, and overestimate at higher stress [cf. Beeler and Hickman, 2001], with more accurate
solutions obtained by considering also deformation of the (approximate) half-space surrounding each
asperity [Hopkins, 1991; Pyrak-Nolte and Morris, 2000]. Additional information regarding fracture
closure models can be found in these cited works, and also in the review of Cook [1992].
Fracture closure is approximated here with a cylindrical model for asperity deformation and Boussinesq
solution for half-space deformation surrounding each asperity. Interaction between half-space
deformation at each contact [Pyrak-Nolte and Morris, 2000] is not considered: the additional complexity
of a linear system solution to the resulting simultaneous equations is beyond the scope of the current
simplified deformation model. Small changes to the style of deformation, such as adapting to a Hertzian
model, have only minimal effects on overall behavior at the conditions examined here.
In addition to equation (4.1), another important result of Goodman’s [1976] experiments is that “mated”
(zero shear offset) and “unmated” (finite shear offset) fractures exhibit the same closure behavior (can be
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represented by equation (4.1)) and merely differ proportionally with the constants, A and B (see also
[Brown and Scholz, 1985] ). This suggests that the contact area relationship for any fracture (plot of real
contact area versus mechanical closure) after any amount of shear will be a simple extension of the mated
solution. Figure 4.1 shows the contact area relationship (calculated from 3D profiles) for a natural fracture
in novaculite. These were obtained by numerically mating two rough fracture surface profiles and
calculating the growth of the interpenetrated area of overlap with the incremental decrease in mean
separation between fracture surfaces. The fracture surface profiles were then separated to zero overlap,
numerically sheared at small increments, and closed again to calculate a new area relationship at each
degree of offset. The closure curve at each degree of offset can be fit with the exponential function,

bv = a1 ( x ) + a2 ( x ) exp ( − Rc / a3 ( x ) )

(4.2)

for the void aperture bv, contact area ratio Rc (ratio of real contact area to total square area of the fracture),
and the constants ai. Void aperture refers to the mean separation between surfaces excluding points in
contact (the mean void separation) [Zimmerman and Bodvarsson, 1996]. The use of this aperture, rather
than the mean mechanical aperture (mean of all points) [Piggott and Elsworth, 1992], is important for
corrections to hydraulic aperture. Physically, a1 refers to the minimum possible aperture, a2 is the initial
aperture minus a1, and a3 determines the curvature of the relationship (similar in form to fracture
compliance). This relationship is identical in form to the mechanical closure relationship presented by
Rutqvist, et al. [2002], with effective stress substituted for Rc. Figure 4.2 plots the constants a1, a2, and a3
as a function of shear distance (x in equation (4.2)) from an initially mated fracture.
This process is akin to introducing an angle of dilation for fracture shear, but the correction is non-linear
and is applied at each end of the fracture closure curve. Introducing an angle of dilation, ψ, in the
standard way, would imply a linear variation of a1 and a2 with x, and a3 constant. From Figure 4.2, the
variation of a1 with shear is predominantly linear, while a2 admits a quadratic profile and dilates at a
much lower rate than a1. Because a3 is held constant in these results, the tangent to the curve

a1 ( x ) + a2 ( x ) represents the instantaneous angle of dilation (Figure 4.2). Values of these functions are
listed in Table 4.1 for the same fracture at three different scales of roughness.
Contact area ratio calculated from laser profiles does not adhere exactly to an exponential/logarithmic
relationship at all values of closure [Swan, 1983], but can be shown to follow more closely a Gaussian or
chi-square distribution [Brown and Scholz, 1985; Cook, 1992]. For the range of conditions examined in
this work ( Rc ≈ 15 − 45% ) equation (4.2) is quite accurate. For lower stress ( Rc ≈ 1 − 25% ), behavior
follows more closely the form of equation (4.1),
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Table 4.1 – Contact area relationships for several fractures. NV2 and NV3 are fractal expansions of NV1.
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bv = a1 + a2 ln ( Rc ) .
4.3.2

(4.3)

Stress-Enhanced Dissolution

Pressure solution (PS) is a C-M creep process that occurs when fluid saturated mineral surfaces come into
contact at stresses elevated above the hydrostat. Elevated stress at these contacts increases the activity of
mineral species, leading to an increased rate of chemical dissolution [Dewers and Ortoleva, 1990], and an
increased solubility within the contacting fluids [Paterson, 1973]. As aqueous concentrations increase, a
chemical potential gradient evolves for the diffusion of species away from the contact point and,
eventually, precipitation at unstressed sites in the fracture or porous media (Figure 4.3). Pressure solution
refers to the serial dissolution-diffusion-precipitation system.
By continuity of stress, each contact in a rough fracture experiences a stress σ a = σ ' Rc , where σ’ is the
effective normal stress applied across the fracture. As compaction progresses, contact area increases as
more asperities come into contact so that σa decreases. Eventually an equilibrium is obtained, where PS is
no longer thermodynamically favorable, and this equilibrium stress is approximately [Revil, 1999;
Stephenson et al., 1992],

σc =

Em (1 − T Tm )
4Vm

(4.4)

where Em = 8.57 × 10−3 J ⋅ mol −1 is the heat of fusion, Tm = 1883K is the temperature of fusion,

Vm = 2.27 × 10−5 m3 ⋅ mol −1 is molar volume (all given for cristobalite-quartz). A fully concentration
dependent form for PS rate controlled by the serial processes of dissolution, diffusion, and precipitation
can be found in [Gunderson et al., 2002; Taron and Elsworth, 2009a]. However, coupling of aqueous
chemical concentrations in the reactive transport simulator to those in a pressure solution model requires a
greater degree of complexity than is warranted in this first analysis, and so a typical approximation for
stress-enhanced dissolution is [Rutter, 1976],
m diss ( mol s ) = k + Arx

Δμ
RT

(4.5)

where k+ is the dissolution rate constant, Arx is the reactive area, R is the gas constant, T is temperature,
and the chemical potential difference between stressed contacts and unstressed open voids is [Revil, 2001;
Yasuhara et al., 2003] Δμ = Vm (σ a − σ c ) , for the molar volume, Vm. It can be shown [Taron and
Elsworth, 2009a] that equation (4.5) tends to represent a mean approximation of pressure solution,

slightly underestimating rates in dissolution dominated regimes, and slightly overestimating in diffusion
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Figure 4.3 - Compaction processes: pressure solution and elastic deformation.
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control. In addition, when timescales of interest are much larger than those over which pressure solution
reaches equilibrium, equation (4.5) becomes unimportant, and only equation (4.4) will control behavior.
Equation (4.5) is manipulated geometrically to produce,
dbPS
Δμ
= k +Vm
dt
RT

(4.6)

for the change of aperture due to pressure solution (subscript PS) with time. The increase in contact area
with further compaction will eventually encourage equilibrium through modification of Δμ.
4.3.3

Mineral precipitation/dissolution

Hydrostatic precipitation and dissolution of minerals within a cumulative fracture volume is calculated
internally in TOUGHREACT, referenced to changes in the mineral volume fraction, Δfm. Because this
does not alter asperity length (or, generally speaking, affect contact area), it need not be implicitly
coupled to the above aperture change processes. Effects on fracture aperture and permeability from this
process are accommodated from the deposited or removed volume of minerals. The governing equations
are described in [Taron et al., 2009].
4.4 COUPLED APERTURE CHANGE MODEL

The Boussinesq solution for the deformation length (aperture change) of a half-space from a circular
contact of radius, r, is [adapted from Poulos and Davis, 1974],
dbB =

2
σ ' ⎡16r (1 − υ ) ⎤
⎢
⎥
ERc ⎢
3π
⎥

⎣

(4.7)

⎦

while the deformation of a cylindrical column (asperity) is,
dbA =

σ'
ERc

bvi

(4.8)

Where bvi is the initial void aperture (an approximation of the potential deformation length). Combining
these relationships, the total elastic aperture change is,
dbE =

σ'
ERc

(D + b )
i
v

(4.9)

where D refers to the bracketed term in equation (4.7). Elastic aperture closure and chemo-mechanical
dissolution are interdependent processes; elastic closure increases contact area, thus lowering the
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activation energy and increasing the rate of PS, while PS decreases the length of asperity subject to strain
and increases contact area, thus lowering σa. In equation (4.9) bvi is a function of previous irreversible
(PS) aperture change. Rc depends also on previous irreversible change, and because it is not a constant
during the process of mechanical deformation, mechanical closure requires a simple Newton iteration
between Eqs. (4.9) and (4.2), with the full aperture change sequence illustrated in Figure 4.4. For clarity,
the function to be minimized is,
f ( dbE ) =

σ'
ERck −1

( D + b ) − db
i
v

k −1
E

(4.10)

over iteration, k, and with Rc given by equation (4.2),
⎛ bi − dbEk −1 − a1 ( x ) ⎞
Rck −1 = − a3 ( x ) ln ⎜⎜ v
⎟⎟
a2 ( x )
⎝
⎠

(4.11)

Permeability calculation follows the cubic law, k = b3 12s , for fracture spacing, s, and with the hydraulic
aperture correction [Zimmerman and Bodvarsson, 1996],

⎛ 1 − Rc
bh = bv ⎜
⎝ 1 + Rc

⎞
⎟.
⎠

(4.12)

The character of the combined model is illustrated in Figure 4.5 at a temperature of 250°C and utilizing
the contact area relationship for NV1. Dashed lines show the result of equation (4.6) only, and solid lines
utilize the coupled elastic and PS model. As compaction from PS progresses, contact area is increased
while the potential length of deformation, bvi , is decreased. Eventually pressure solution slows to
equilibrium, and the final elastic deformation is small (small σa and small bvi ). In other words, the process
produces a stiff fracture.
4.4.1

Upscaling

At the conditions examined in this work, the roughness scale of laboratory fractures is too small to permit
their use directly in reservoir scale simulations, where unreasonably small fracture spacing is required to
achieve observed permeability magnitudes. Assuming that a given fracture is representative of the whole,
two methods are available to reproduce reservoir conditions: 1) Increase the roughness scale or 2) assume
that in-situ fractures exhibit different degrees of initial offset.
Several studies have illustrated the self-affine nature of rock fracture [Borodich, 1999; Borri-Brunetto et
al., 1999] at small [Zhou and Xie, 2003] and large [Schmittbuhl et al., 1993] scale. In this work, fracture
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Figure 4.4 - Aperture change scheme. ∆b c is aperture change due to mineral precipitation/dissolution, calculated from
changes to mineral volume fraction exiting from TOUGHREACT.
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Figure 4.5 – Combined fracture closure from pressure solution and elastic deformation. Refer to scheme in Figure 4.4.
Dashed lines allow pressure solution compaction and exclude any mechanical equilibration.
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profiles are used directly to generate the required contact area relationships and, as an approximation of
the true system, a simple fractal expansion is used to expand the profiles to a larger roughness scale and
new area relationships then generated. Fractal dimension is obtained from a log-log plot of fracture
surface area versus sampling interval [Schmittbuhl et al., 1993; Zhou and Xie, 2003], and this is used to
expand the fracture samples until field scale permeability is obtained for reasonable fracture spacing.
Samples NV2 and NV3 in Table 4.1 are expansions of NV1.
4.5 SIMULATION LOGIC

Simulations utilize the THMC simulator presented in Taron et al., [2009]. This modular code couples the
multiphase, multi-component, non-isothermal, reactive transport, and chemical precipitation/dissolution
capabilities of TOUGHREACT [Xu et al., 2006] with the stress/deformation analyses of FLAC3D [Itasca
Consulting Group Inc, 1997]. The flow system follows a dual-porosity, two continuum structure, while
the pressure-mechanical coupling is treated as an undrained system, with dual-porosity poroelastic theory
adapted from [Berryman and Wang, 1995; Elsworth and Bai, 1992]. In a single iteration, fluid pressure
builds separately in the two domains, fracture and matrix, in response to a given mechanical strain, and
this pressure is dissipated through the next iteration with the dual-porosity flow response of
TOUGHREACT. Poroelastic calculations occur in a separate FORTRAN executable that also conducts
linear interpolation between grid points of the two codes, modifies the explicit time step based on a
history of stress tolerance, calculates pressure and temperature dependent thermodynamic compressibility
of reservoir fluids, evolves fracture aperture due to mechanical and chemical processes, and applies
aperture changes to the bulk permeability field. The iteration sequence is illustrated in Figure 4.6.
4.6 RESERVOIR SIMULATION

Behavior of the fracture change model and full coupled system is examined with conditions prototypical
to an enhanced geothermal system (EGS) (Figure 4.7). Boundary stresses are 35 MPa in the horizontal
and 55 MPa vertical, with an initial pore pressure of 18.8 MPa and temperature of 250°C, roughly
corresponding to a depth of 2500m in the east flank of Coso geothermal field [Sheridan and Hickman,
2004]. Chemical composition is adopted for a typical granodiorite assemblage [Kovac et al., 2006], and
aqueous chemical compositions are obtained by equilibrating this assemblage at initial temperature and
pressure with dilute water. The most active minerals under these conditions are quartz, amorphous silica,
calcite, and k-feldspar [Taron and Elsworth, 2009b], and these are adopted to comprise the reactive
system.
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Figure 4.6 - Schematic of composite simulator.
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Figure 4.7 – Plan-view conceptualization of geothermal reservoir.
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A single injection well 0.2m in diameter injects water at 70°C and acts as a constant pressure source of
23.8 MPa. A companion withdrawal well is separated by 500m, and serves as a Dirichlet sink of 13.8
MPa. Chemical composition of the injection water is obtained by extracting the initial reservoir water
(previous paragraph) and allowing equilibration at 70°C without the presence of reactive minerals for one
hour (allowing precipitation and concentration change). The wells are located on a boundary of symmetry
(zero flux, roller stress), while other xy-plane boundaries assume an infinite reservoir (maintaining initial
temperature and pressure), and the top and bottom boundaries are zero flux. Several test runs were
conducted to guarantee the lack of boundary interference, and the full geometric size accommodated
appropriately. Plan-view contour plots examined below are zoomed in to highlight behavior, and
represent only a portion of the total model domain.
Fracture characteristics listed in Table 4.1 represent composite fracture system, with reference to Table
4.2 listing variations in test conditions. The fracture sample is a natural calcite-infilled fracture of
Arkansas novaculite, and is only assumed an analogue to the real fracture system. It was deemed that a
natural fracture would be more representative of reality than an artificial fracture. This is equivalent to
approximating fracture stiffness, but in this case the stiffness is provided by a representative contact area
function. Future tests will seek to constrain the importance of this fracture selection, and examine the use
of alternates. Fractures are allowed to achieve equilibrium closure (mechanically and chemically) prior to
beginning the simulation (i.e. Figure 4.5).
Following equilibration, permeability in the reservoir is far lower than necessary for reasonable
withdrawal rates. The existing fracture set was hydraulically stimulated (fracture propagation is not
considered) by increasing the injection pressure above in-situ stresses for several cycles of ~6 minutes.
The result is an initial profile of unmated fractures of higher permeability. For all comparative
simulations, the same initial (post-hydraulic fracture) permeability is applied to injection and withdrawal
to allow comparison of reservoir behavior from the same initial value. Therefore, the characteristics of the
hydraulic fracture itself are not important to the comparative results presented below. We note that the
current model is not optimally designed for rapid hydraulic fracturing, where very rapid mechanical
changes extend simulation times significantly (the mechanical to hydraulic time step is controlled by the
stress loading rate [Taron et al., 2009]).
4.6.1

Shear failure

Failure calculations are handled with FLAC3D utilizing a Mohr-Coulomb failure criterion and nonassociated flow rule. Fracture propagation is not considered; an existing fracture set is assumed to absorb
the energy of failure through plastic flow. Friction angle is assumed constant (35o), while the angle of
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Test

k style

sd [mm]

s [m]

kx-y [m2]b,c,d

T0

isotropic

1.538

1.060

8.24 × 10-15

UT1

anisotropic

0.513

1.000

8.24 × 10-15

UT2a

anisotropic

1.538

1.445

8.24 × 10-15

UT3

anisotropic

2.563

7.720

8.24 × 10-15

SS

anisotropic

1.538

1.451 ± 1.40

4.19 × 10-15 to 2.35 × 10-13

a

Moderate fracture spacing case, for comparison to T0 and SS.
Initial x-y permeability, minimum and maximum if spatially variable.
c
In all cases, the mean permeability (over all elements) is 8.24 × 10-15 ± 0.01 × 10-15.
d
Permeability refers to the post equilibration (pressure solution equilibrium obtained) permeability.
b

Table 4.2 – Variations in test conditions utilized in simulations.
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dilation utilized in mechanical failure calculations is extracted from an incremental forward projection of
equation (4.2), and then input to FLAC3D. In the flow system, a dilation angle is not required because
fracture aperture is implicitly dilated in equation (4.2).
4.6.2

Anisotropy and spatial variability

Anisotropic permeability as conceptualized here is illustrated in Figure 4.8. Use of this term implies that
fracture compression and dilation occurs differently on three, mutually orthogonal fracture planes, as a
function of the normal stress on that plane and current isotropic conditions of temperature and pressure.
Therefore, contact area evolves at different rates on each plane, affecting both the rate of pressure solution
and the state of elastic compression. Shear dilation is addressed via the plastic flow vector, segmented
into its Cartesian components and these components applied to their corresponding fracture plane.
Permeability follows the cubic law, with hydraulic aperture correction. See [Bear, 1993] for a discussion
of cubic law averaging applied to fracture sets of variable aperture.
Comparisons of test T0 with its anisotropic companion, UT2, (Figure 4.9) do not indicate the isotropic
solution to be of significantly lower quality than a fully anisotropic one. As a potential caveat to this
result, these simulations are conducted in pseudo 3D plan-view, so that the maximum principal stress is
nearly always oriented in the vertical (out of the plane of Figure 4.10). A fully 3D analysis may exhibit
greater anisotropic variability. As the anisotropic extension does not contribute significantly to
computational load, it is utilized exclusively in all remaining simulations.
4.6.3

Spatial heterogeneity

Permeability is highly variable in fractured geologies. With the large influx of cold water associated with
EGS systems, pre-existing pockets of low or high permeability could have significant consequences for
the evolution of shear stresses and plastic failure. High permeability zones will allow the rapid influx of
cold water via flow-conductive fractures, and subsequent stress disequilibrium with neighboring regions.
Areas of low permeability will serve, in a dual–porosity system, as significant storage sites for hot
reservoir fluids, thus exhibiting similar stress disequilibrium with surroundings that are infiltrated more
quickly by cooler water.
The permeability model introduced above does not allow the direct insertion of variable permeability,
because the permeability depends intrinsically on fracture contact area and the factors contributing to its
current state. Mechanistically, this mirrors behavior in a natural reservoir, where bulk permeability will be
spatially variable by the contribution of three factors: fracture scale, fracture offset, and fracture spacing.
Any of these may be adapted spatially in the above model. The most straight forward and easily definable
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of these is fracture spacing. To introduce heterogeneous permeability, fracture spacing is sampled from a
normal distribution over the range outlined in Table 4.2. We note that this is only an approximation of
true field scale variability that, in reality, will depend on all three contributing, and correlated properties.
The effect of heterogeneity on the advancement of the thermal front is shown in Figure 4.9, which
compares the uniform permeability result of test UT2 with SS. Test SS exhibits the same mean
permeability, over the spatial domain, as UT2. A complete picture of how permeability and temperature
evolve from the initially heterogeneous state is provided by Figure 4.10. Note the strong hydraulic
gradient between injection and withdrawal, causing a more rapid advance of cold water along this
gradient. Note also that the permeability field is not smoothed out by the thermal advance but is, in fact,
exacerbated by it. White vectors in the figure mark locations undergoing shear failure.
4.7 PERMEABILITY MECHANISMS AND SHORT CIRCUITING

This section discusses methods by which two reservoir conceptualizations, exhibiting the same uniform
permeability can exhibit largely different behavior as a result of fracture characteristics. This is an
important analysis in EGS reservoirs, where the fracture network must be sufficiently permeable to allow
rapid fluid exchange, but sufficiently impermeable to allow high thermal residence time.
Tests UT1, UT2, and UT3 each exhibit a uniform permeability of 8.24×10-5 m2 in the x and y directions.
UT1 utilizes a fracture with a surface roughness displaying a standard deviation of 0.513mm. UT2-3 are
expanded versions of UT1, with a surface standard deviation of 1.538mm and 2.563mm, respectively. In a
traditional continuum modeling formulation, these tests would differ in a few ways, but would not exhibit
dramatically different circulation characteristics. Dual porosity flow, accommodated in TOUGHREACT,
allows for the mean diffusive length and volume between the fracture and matrix domains to differ as a
function of fracture spacing. Therefore, thermal and hydraulic transfer between fracture and matrix will
differ for different fracture spacing. However, for flow within the fracture domain alone Darcy’s law will
predict the same flow behavior for each case.

Dual porosity poroelasticity, accommodated in the

interpolation module, is derived based upon relative volume fractions between the fracture and matrix.
This will also partially accommodate differences by more correctly addressing the transfer of pressure
between domains. The fracture closure model, however, allows much more significant differences
between these two cases to be highlighted.
Because UT1 and UT2 exhibit different spatial roughness scales, their shear dilation behavior will differ,
as will the rate of contact area change for a given amount of compression or dilation (and thus differences
in specific stiffness). For a given amount of shear, a larger scale fracture will dilate more severely. A
smaller scale fracture will dilate by a lesser amount, but because a smaller fracture spacing is required to
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achieve an identical permeability, this dilation will occur over a larger number of fractures; thus
amplifying the effect. As permeability scales with the cube of fracture aperture, a small amount of shear
in a significantly rough fracture can lead to extremely large permeability changes.
Figures 4.11-4.12 examine advancement of the thermal front and changes to withdrawal rate as a function
of the different fracture characteristic of UT1 and UT2. The slower thermal advance (Figure 4.11) of UT1
represents a more desirable situation for higher fluid residence times, while the higher withdrawal rate
(Figure 4.12) of UT2 is beneficial for energy recovery in the near term. While UT2 exhibits a quicker
thermal advance, it nonetheless takes ~15 years to achieve any thermal breakthrough at the withdrawal
well located 500m away. However, if the often quoted feasibility guideline of 80kg/s [Tester et al., 2006]
withdrawal rate is achieved, obvious consequences will settle in on this breakthrough time. Furthermore,
the thermal stresses that arise in these simulations at near 15kg/s lead to increases in permeability greater
than two orders of magnitude at the injection well and within the advancing permeability field (Figure
4.10). If the fractures are smaller scale, higher spatial frequency (UT1) then this increase is not
undesirable. If they are larger scale, lower frequency (UT3), the result may be closer to what is shown in
Figure 4.13.
The introduction of UT3 in Figure 4.13 shows potential short circuiting behavior. UT3 was ceased after
2.5 years of simulation due to permeability increases of such a magnitude (and at a significant distance
from the well, ~150m at 2.5 years) that the rate of thermal advance and resulting thermal stress decreased
the simulation time step to nearly infeasible, without showing signs of slowing. This is a significant
increase in permeability enhancement behavior beyond the trend shown by UT1 and UT2, and suggests a
possible mechanism for short circuiting; not via fracture propagation, but through the reactivation of large
scale relic fractures.
4.8 A FINAL NOTE ON CONTRIBUTING MECHANISMS

Two additional observations deserve mention regarding the relationship between permeability-change
mechanisms.
1) Following hydraulic fracturing of the injection and withdrawal wells (during which significant fracture
shearing occurs) PS is reactivated and compacts the withdrawal region by an additional ~20μm. This
indicates that the reactivation of PS along sheared relic fractures may have consequences for
permeability.
2) Pressure solution is important in the equilibration process (see Figure 4.5) so that the equilibrium
(infinite time, in-situ) final contact area ratio within these fractures nears 50%. Because of this,
fracture specific stiffness is extremely large and changes to the fracture system do not result in
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significant reversal from either elastic deformation or the reactivation of PS. Following the PS-active
period (see observation (1)), both PS and elastic deformation are very small compared to shear
dilation. It is possible that the PS relationship is overestimating final closure, in which case real
fractures would be more compliant at these conditions. This cannot be known for certain without
additional experimental data beyond those meager observations currently available.
4.9 DISCUSSION

A model for the combined action of elastic deformation, stress-enhanced dissolution, and shear dilation
has been developed. This model was successfully implemented within a reservoir scale THMC simulator
to follow the evolution of an EGS reservoir. Simulations conducted in pseudo-3D do not show a strong
impact of truly anisotropic permeability evolution; a conclusion that may differ in a fully 3D system.
Heterogeneity in permeability, generated from a normal distribution of fracture spacing, does have
consequences for thermal breakthrough times at the withdrawal well, as well as for withdrawal rates. For
the given conditions, spatial variability over ~1 order of magnitude leads to a reduction of ~10% in
withdrawal rates compared to a spatially uniform system, although this result will likely differ depending
on characteristics of the heterogeneity.
The new permeability mechanism is capable of distinguishing differences between 1) small scale,
frequent fractures and 2) large scale, more widely spaced fractures. The impact of larger features on a
given reservoir is shown to be potentially significant and capable of causing short circuiting of the
thermal system. Such a process would result from the activation of large scale, relic fractures. Smaller
differences in scale and frequency are not quite so dramatic, and an appropriate balance between spacing
and scale appears capable of optimizing the relationship between the efficiency of thermal transfer and
the rate of fluid circulation.
Fracture shear and dilation is the most significant contributor to permeability change at the conditions
examined here. Pressure solution contributes to system behavior following a large shift from equilibrium,
such as after a hydraulic stimulation, but has less impact on the evolution of the reservoir beyond this
limited zone. Elastic deformation and chemical behaviors have a similar impact in the long term. Previous
results showing the eventual shutdown of injection due to mineral precipitation at long timescales [Taron
and Elsworth, 2009b] may be counteracted by shear dilation, but this is a conclusion that is highly
dependent on reinjected aqueous concentrations: a parameter that was not varied in the above analysis.
Laboratory studies are needed beyond those currently reported to resolve questions of the importance of
pressure solution in rough fractures and at geothermal conditions to further constrain their influence. The
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potential of such a model in examining the behavior of enhanced geothermal systems, however, is
promising.
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CHAPTER V
Mechanisms for rainfall-concurrent lava dome collapses at Soufrière Hills
Volcano, 2000-2002

Abstract
The evolution of rainfall-concurrent dome collapses at Soufrière Hills Volcano is followed using a limit
equilibrium model for rain infiltration into a hot lava carapace. Magma infusing into the dome both
supplies heat and builds the slopes. The dome rocks are cooled by episodic rain infiltration and climatic
cooling. Rainfall infiltrates fractures that develop in the hot dome carapace, occludes the void space, and
staunches effusive gas flow. Gases may originate from juvenile de-gassing of the dome interior, or result
from the vaporization of infiltrating water. Gas pressures build in cracks blocked-off by rain, and may
destabilize the dome. The effects of dome growth, heating by magma infusion, and cooling by rain
infiltration and climatic influences, are combined to follow the growth of the dome towards ultimate
collapse. For a fixed suite of strength and transport parameters, and for measured magma influx rates, the
evolution of instability may be followed. The evolving factor of safety tracks the observed March 2000
and July 2001 rainfall-concurrent collapse events which evolve over months. However, the resolution of
the hindcast is unable to discriminate between the effects of closely-timed rainfall events (order of hours).
The heightening of the dome is shown to exert the principal influence on average slopes and in the
evolution of instability. Collapse removes the over-heightened dome, and restores stability.
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5.1 BACKGROUND
Lava dome collapse represents an important and potentially hazardous feature in the life cycle of silicic
volcanoes [Miller, 1994]. Collapse of the highly gas-charged dome materials may spawn hazardous and
highly mobile pyroclastic flows [Nakada and Fujii, 1993; Abdurachman et al., 2000], which can
potentially remove greater than 90% of the dome structure, and involve tens of millions of cubic meters of
hot tephra.
Recent dome-building activity observed at Soufrière Hills Volcano (SHV), Montserrat has significantly
illuminated the mechanisms of dome growth and collapse [Sparks et al., 1998; Watts et al., 2002; Calder
et al., 2002; Norton et al., 2002; Carn et al., 2004]. Collapses have resulted from the complementary and
potentially additive effects of dome oversteepening [Fink and Griffiths, 1998; Sparks et al., 2000] and
interior gas-pressurization [Voight and Elsworth, 2000; Elsworth and Voight, 2001]. Such collapse modes
adequately match observed near-dome tilt [Watson et al., 2000; Widiwijayanti et al., 2005], RSAM
[Miller et al., 1998], and gas discharge histories that span major dome collapse events.
However, collapses that occurred during periods of “residual volcanic activity”, 3 July 1998, and those
that lacked short-term precursory seismic signals, 20 March 2000 and 29-30 July 2001 [Carn et al.,
2004], cannot be explained by slope oversteepening or traditional mechanisms of gas overpressurization.
While largely characterized by a deficiency in traditional pre-collapse triggers, these events have directly
coincided with periods of intense precipitation [Matthews et al., 2002; Norton et al., 2002; Herd et al.,
2003; Matthews and Barclay, 2004; Elsworth et al., 2004; Carn et al., 2004]. In the following, we utilize
well documented rainfall, seismic, and morphological data for SHV to quantify the role of rainfall as a
potential collapse trigger and directly apply a thermal-hydrologic model to the evolution of SHV over the
period of January 2000 to October 2002.
5.2 RAINFALL RELATED COLLAPSES OF THE SOUFRIÈRE HILLS VOLCANO DOME
In common with other volcanoes, including Mount St. Helens [Mastin, 1994], Merapi [Voight et al.,
2000], and Unzen [Yamasato et al., 1998], a number of large dome collapses at SHV were associated with
heavy rainfalls [Matthews et al., 2002; Matthews and Barclay, 2004; Elsworth et al., 2004]. This study
will focus on the 20 March 2000 and 29-30 July 2001 events, each of which interrupted a period of active
dome growth, exhibited an absence of elevated precursory seismic activity, and proceeded concurrently
with an intense rainfall event, with retrogressive collapses initiated in the latter stages of heavy rainfall.
By mid March 2000, andesitic growth within the July 1998 collapse scar had reached ~29 × 106 m3 of
which ~28 × 106 m3 (~95%) was removed through numerous pyroclastic flows over a period of ~5 hours
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on 20 March 2000 [Carn et al., 2004]. The July 2001 collapse was similar in form, but accumulated a
total collapse volume of ~45 × 106 m3 [Carn et al., 2004], or approximately 50% of active dome volume
(utilizing unpublished data from the Montserrat Volcano Observatory (MVO) to interpolate extrusion
rates from measured active dome volumes on 8 December 2000 and 23 September 2001). Real time
rainfall and seismic data for the July collapse indicate a corresponding and drastic increase in rockfalltype seismic activity (used as a proxy for the evolving instability of the dome) as rainfall approached its
maximum intensity of 50 mm in 2 hours (e.g. Figure 2 of Elsworth et al., 2004).
5.3 RAINFALL-RELATED COLLAPSE MECHANISMS
Mechanisms of rainfall induced dome failure, including rainfall-induced erosion of the toe and piping
failure in granular materials, may contribute to collapse, but neither mechanism can explain why smaller
domes may fail catastrophically, while a larger dome may fail quietly without transecting the dome core.
For the smaller, and intrinsically more stable, dome to fail along a deeply transecting surface, some
environmental agent such as gas overpressure must act to reduce the strength within the dome core
[Elsworth et al., 2004]. Alternatively, the presence of an underlying weak seam of overridden rock talus
may induce failure, with larger failure resulting if oversteepened slopes cannot be supported, but again,
such a collapse is unlikely to reach the core of the dome, barring the contribution of interior fluid pressure
[Voight and Elsworth, 2000]. Also of interest is the propensity for surface fractures to extend into the
dome core by cooling propagation, thereby suddenly releasing trapped overpressures that may destabilize
the dome [Mastin, 1994], or contribute to gravitational failure via degradation in strength of the fractured
mass [e.g. Elsworth et al., 2004; Mastin, 1994]. However, the scale of failures observed on SHV will
likely require some additional contribution in the elevation of interior gas pressures [Elsworth et al.,
2004]. Additionally, cooling of the outer carapace and its effect on deep fracture network structure and
propagation remains uncertain and has yet to be quantified. Nonetheless, such a predictor should not be
excluded from consideration.
Importantly, contributions from various rainfall induced mechanisms will likely influence a collapse
event, and our method is intended to target the most influential. For instance, low-energy lahar-type
seismic signals were detected prior to a marked increase in pyroclastic flows for the July 2001 collapse
[Carn et al., 2004], indicating possible toe erosion. Again, however, we contend that sustained interior
pressures are required to explain transection of the dome core observed in the 1998, 2000, and 2001
events, and propose that rainfall staunching of interior pressures is a principal agent that causatively links
these collapses with the high intensity precipitation event.
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To explore this causative link, we will quantify the gas pressure-augmenting forces that result from
thermal-hydrologic controlled water infiltration into the fractured SHV carapace. Development of a
saturated rind staunches gas escape, elevates core pressures, and simultaneously increases destabilizing
forces and reduces basal shear strength acting on a failing dome block. This mechanism has been
previously explored for exogenous dome growth [Simmons, et al., 2003], such as those on Merapi and
Unzen, and for the endogenous dominated SHV [Elsworth et al., 2004] to establish feasibility as a failure
mechanism. In the following we examine the role of rainfall-triggering of collapse over an extended
period of dome growth and collapse (i.e. the phase II dome - November 1999 to present), including the
anticipated evolution in dome volume and temperature, whilst considering all contributing factors, over
the same extended period. Constraining the model are periodic photogrammetric measurements of dome
volume and daily records of rainfall; and the results are compared to monitored RSAM activity and
observed collapses.
5.3.1

Failure Mechanism

The first step is to define the magnitude of gas pressures that may develop within the dome. If the dome
and its rubble substrate are either sufficiently cool (<100°C), or a deluge event is of sufficient volume to
quench the contacting rock, infiltrating rainwater may saturate the rind and occlude fracture porosity. The
infiltration of rainwater, and its vaporization by dome rocks heated by the infusion of magma, may then
pressurize fluid within the fracture. If this volume expansion is constrained, the resulting pressures may
readily exceed the local strength of the dome rocks [Mathews and Barclay, 2004]. However, for noninstantaneous expansion, this induced pressure will be of lower magnitude and be limited to a maximum
defined by the thickness of the fluid-saturated rind (the rind hydrostat (Figure 5.1b)), and the excess gas
overpressure required to inject gas into the rind of water. In comparison with the other pressures involved,
this fluid displacement pressure is likely to be small, and is neglected in the analysis. Its inclusion would
further elevate the maximum gas overpressure which could be sustained beneath this saturated rind.
Overpressurization of the interior may deepen the failure surface under transient [Voight and Elsworth,
2000], or harmonic gas-pressurization [Elsworth and Voight, 2001] (Figure 5.1c).
5.3.2

Determinants of Infiltration

To determine whether the proposed mechanism may significantly contribute to instability, we examine
the anticipated magnitudes of the pressure-augmenting effects that may result using appropriate physical
models and parameters representative of the Soufrière Hills Volcano. Maximum overpressures beneath
the saturated rind are largely conditioned by whether the thermal and hydraulic state of the dome carapace
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will allow significant rain infiltration, to what depth this infiltration may penetrate, and whether it is
sufficiently rapid to produce destabilization concurrent with the rainfall event.
5.3.2.1

Hydraulic Controls

Hydraulic behavior is controlled by the transport, fluid storage, and immiscible displacement properties of
the dome rocks, and may be conveniently indexed relative to permeability defined at the scale of the
dome. Although unmeasured, dome-scale permeabilities may be reckoned from tiltmeter-derived
estimates of interior gas-pressurization [Widiwijayanti et al., 2005], and COSPEC recorded SO2 fluxes.
An average measured SO2 flux of 400 tonnes/day [Norton et al., 2004] and 25,000 tonnes/day of steam
[Hammouya et al., 1998], driven from the 200m high July 1998 Soufrière Hills dome by interior conduit
overpressures in the range of 0.1 to 5 MPa, results in permeability estimates of the order 10-12 to 10-9 m2.
Hydraulic constraints developed from this basis [Elsworth et al., 2004] permit depth penetrations
concurrent with the rainfall event of 100 m, absent any counteracting thermal restrictions.
The ability of infiltrating rainwater to staunch gas escape will be limited by the hydrostatic pressure of the
connected water column and the gas entry (fluid displacement) pressure, pb , for a total pressure
limitation of p = ρW gh + pb , for penetration depth, h, water density, ρW , and the gravity vector, g. Where
this gas pressure is exceeded, interior overpressures will be partially released through venting. The gas
entry pressure may be reasonably approximated through permeability, k, fracture porosity, n, and
interfacial tension between air and water, σ , as pb = 0.3σ n k [Leverett, 1941]. An idealized, uniform
fracture aperture, b, may be linked to permeability as k =

b2 b
[e.g. Ouyang and Elsworth, 1993] and
6 s

porosity as n = 3b s . At the lower bound permeability of 10-12 m2, a small fracture spacing of 1m, and
interfacial tension at the base of the water column (approximating 100°C) of 58.9 ×10-3 N/m [Weast and
Astle, 1982], the gas entry pressure, represented as an equivalent static water column head, may thus
approach a maximum limitation of 0.1m. This value is small in comparison to the expected dome
infiltration depths, on the order of 60m, and so may be neglected. Consequently, we select the hydrostatic
pressure, representative of a static column of water, as the most conservative evaluation of the maximum
excess gas pressure at the base of the saturated rind. Excess gas pressures may indeed exceed this
magnitude by a small amount, although this excess is insignificant.
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5.3.2.2

Thermal Controls

While little empirical data exist to define transport characteristics within hot dome lavas, appropriate
values may be estimated within a narrow range (Table 5.1) and provide the basis for any discussion on
thermal infiltration constraints. Fractures 10-200m long and over 50m deep have been observed at 50100m spacing in the dome lavas at SHV following collapse events [Sparks, et al., 2000]. These are a
result of cooling as well as the presence of shears within the dome interior, allowing the loss of volatiles
from the core. These fractures are regularly spaced at small scale (order of 20m) and irregularly spaced at
larger scale (order of 50m) [Watts et al., 2002], and provide potential pathways for gas exfiltration and
water infiltration. For an idealized dome segment with fracture spacing, s, (Figure 5.1b) liquid depth
penetration may be estimated by equating the quenching potential (thermal flux) of rainfall, discharged
from a tributary catchment area into a fracture, with the thermal flux conducted across the fracture wall as
the penetrating water chills the margin to below boiling. In this first order analysis, we consider lateral
heat flow to the fracture, which is cooled by rainfall entering the fracture. The anticipated effects of this
infiltrating rainfall on the reduction of volume and pressure of interior gasses is ignored, as the effect is
likely small due to the large volume of gas present, and the large outward gas flux (SO2 flux of 400
tonnes/day [Norton et al., 2004], and 25,000 tonnes/day of steam [Hammouya et al., 1998]). It is assumed
that previous deluges and continuous contact with the atmosphere have sufficiently cooled the dome
surface so that rainfall of intensity, i, reaches the fracture without evaporation. The thermal energy
supplied by this fluid is applied as a constant thermal flux (FR) at one end of a one-dimensional
conductive heat-flow system, with an insulated boundary applied at the other end, representing the midpoint between adjacent fractures (Figure 5.1b). We evaluate the drop in temperature at the fracture surface
(ΔTR) which results from the uniform heat flux (FR), applied over the fracture surface over the duration of
the deluge of dimensionless time, tD. This defines the average required heat flux, FR, at the fracture
surface in a thermally conductive system [Carslaw and Jaeger, 1959 (equation 3.8.3), p112] as
FR =

1 λR ΔTR
,
l tD + f (tD )

(5.1)

where λR is the thermal conductivity of the rock and tD is a non-dimensional time, defined by the thermal
diffusivity of the rock, κ R , length of the transfer segment, l = s / 2 , for fracture spacing, s, and the
duration of the rainfall event, t, as t D = κ R t / l 2 . The conductive function may be represented for cooling
at the fracture surface and for the same boundary conditions as above [Carslaw and Jaeger, 1959
(equation 3.8.3), p112] as
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Parameter

Description

Value

Solid Dome

κR

Thermal diffusivity

1.14 × 10

cR

Heat capacity

918 J

ρR

Density

2600

C

Cohesive strength

0.1 − 0.5 MPa

α

Slope inclination

35 − 40 degrees

φ

Friction angle

25 degrees

s

Fracture spacing

1 − 100 m

T

Lobe temperature

400 − 800 C

−6

2

m

s

kg ⋅ K

kg
m

3

o

Magma

ρM

Density

1300

cM

Heat capacity

1100 J

LW

Latent heat of vaporization

2.5 × 10

cW

Heat capacity

4187 J

ρW

Density

1000

kg
m

3

kg ⋅ K

Water
J

6

kg
kg ⋅ K

kg
m

3

Table 5.1 - Summarized properties of the Soufrière Hills volcano dome rocks and associated fluids.
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2 2
1 2 ∞ 1
f (t D ) = − 2 ∑ 2 e −tD n π .
3 π n =1 n

(5.2)

Energy transfer within the system is represented by the balance between the thermal energy necessary to
cool the fracture surface by an amount, ∆TR (i.e. initial temperature minus 100°C) and the thermal energy
required to raise water temperature to vaporization, ∆TW (i.e. 100°C minus ~20°C). The heat flux
supplied by the penetrating water, FW, may be similarly defined as
FW = i ρW ( cW ΔTW + LW ) ,

(5.3)

for rainfall intensity, i, and constants of density, ρ, heat capacity, c, and latent heat, L. For a plane section
of unit width, w , the energy balance between the heat flux supplied by the rainfall ( FW ) falling over
tributary area, l , is balanced by the heat flux from the fracture surface ( FR ) distributed over the unknown
water penetration depth, d. This is simply described as w d FR = w l FW , and we may solve for the
unknown depth of penetration, d , by substituting from equation (5.1), and equation (5.3) as,
4

κRd
is

2

=

ρ w (cw ΔTw + LW )
[t D + f (t D )] ,
ρ R cR ΔTR

(5.4)

where the subscripts represent rock and water. We use this first-order approximation of behavior to
represent the net thermal drawdown of temperatures at the fracture surface, for the prescribed quenching
effect of the total rainfall amount. The model does not track spatial changes in temperature with depth
along the fracture, nor the effects of time varying rainfall intensity or infiltration during the duration of
the storm. Rather it represents the effect of a constant rainfall flux applied throughout the deluge event,
and for the duration of that event.
Equation (5.4) represents two limiting behaviors (Figure 5.2). For (very) closely fractured media, thermal
equilibrium is reached in the saturated surface concurrent with the rainfall (no horizontal thermal gradient
is sustained). This occurs for t D ≥ 100 , representing either events of significant duration (~ 1year for a
fracture spacing of 10m) or closely spaced fractures (~3 days for a fracture spacing of 1m), where the
summation term of f (t D ) in equation (5.4) is null, and depth penetration is defined as
d=

ρ w (cw ΔTW + LW )
(t × i ) .
ρ R cR ΔTR

(5.5)

This evolves naturally since the term in equation (5.4), [t D + f (tD )] → [t D ] , and the depth of quenching is
linearly dependent on rainfall duration, and independent of fracture spacing. This is because fractures are
sufficiently closely spaced, such that at the depth of water penetration, everywhere the water and rock
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Figure 5.2 - Rainfall infiltration depths as a function of initial dome temperature. Note the development of two behaviors characteristic of short time (t D) and long time. Cases of practical interest for Soufrière Hills relate to Zone II, for
a typical fracture spacing of 50-100 meters and storm duration of 3 hours with intensity of 25mm/hr.
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temperature are quenched to the same magnitude. For quenching from 800°C, this represents a minimal
depth of water penetration of about 1.5 × the total rainfall amount, and for quenching from 200°C, the
penetration approximates 10 × the rainfall amount (or 0.8m for 75mm in 3 hours). This penetration will
result in insignificant overpressures, only of the order of 10 kPa. This behavior is neither sufficient to
promote failure, nor is it representative of SHV.
The second limiting behavior is for rainfall duration of tD ≤ 10−2 , which represents either shorter duration
events (relative to thermal diffusivity) or more widely spaced fractures. This behavior is dominant for
fracture spacing typical of Montserrat which, as discussed above, approximates 50-100m. This again
develops naturally from equation (5.4) where [t D + f (t D )] → [t D + 1/ 3] but small t D cannot merely be
cancelled from equation (5.4) since t D implicitly incorporates the effect of fracture spacing, s = 2 l , also
present within the relation. Depth penetration thus increases in direct proportion with spacing, and
represents the case where the rainfall event chills the fracture margin, but does not significantly cool the
interior. In this case, depth penetration can be approximated from equation (5.4) as
d≅

is 2 ρW (cW ΔTW + LW )
[1.13 t D ] .
4κ R
ρ R cR ΔTR

(5.6)

This is the behavior of interest in promoting a collapse that may develop concurrently with the rainfall
event. If the collapse is significantly delayed, remnant heat will remove the penetrating water.
From Figure 5.2, possible depth penetrations are on the order of 3 to 60m for the hottest case of an 800°C
dome, subject to 25 mm/hr intensity for 3 hours, for fracture separations of 5m to 100m. If the dome has
been cooled by multiple prior events, depth penetration to 84m is feasible at 600°C and 140m at 400°C,
each for the most widely spaced fractures (100m). Occluding the most widely spaced and most deeply
penetrating fractures will result in the greatest buildup in gas pressures –as these fractures will be the
principal conduits for escaping gas.
Dominant fractures will develop as a natural consequence of the repeated quenching by storms [NematNasser et al., 1978] – more open fractures capture more water, propagate deeper then their neighbors,
subsequently rob their neighbors of more water, and consequently further extend. This feedback favors
the development of a few dominant fractures, rather than a field of multiple small fractures, enhancing
water transport into the dome core.
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5.4 THERMAL EVOLUTION OF THE DOME

With dome instability linked to the propensity for rainfall to infiltrate to thermally controlled depths,
reasonable values for dome temperature must be established. Each successive deluge will progressively
cool the existing dome and allow deeper infiltration from a subsequent storm. The rate of cooling within
the dome rocks from a single precipitation event can be determined by equating the quenching thermal
flux delivered by the infiltrating rainfall with the thermal mass of the dome. Recasting equation (5.5) for
an effective height, h, of the active dome yields
ΔTR =

ρ w (cw ΔTW + LW )
(t × i ) ,
ρ R cR h

(5.7)

which represents the attainment of thermal equilibrium between the dome mass and contacting rainwater
( tD = κ R t / h 2 ≥ 1 ). This defines average temperature change within the dome mass, and complements the
local temperature change driven by fluid infiltration along fractures. These are not applied additively.
Rainfall infiltration depth is first evaluated from local infiltration (Figure 5.1b) by using equation (5.4),
then the average dome temperature is updated from equation (5.7), using the same rainfall event.
5.4.1

Climatic Air Cooling

For any extended period of observation, air cooling of the dome should also be considered, and can
generally be assumed additive to other cooling effects. We assume transfer to again be conductive-only
and one-dimensional through a homogeneous solid dome. The upper boundary is constrained with a
constant temperature boundary condition set to the ambient air temperature, with an insulated base, and
with initial temperature within the solid set to To . This allows the average final temperature within the
dome, Tav , [Carslaw and Jaeger, 1959, p97] to be evaluated as
Tav =

8To

π

2

∞

1

∑ (2n + 1)
n=0

2

e − tD (2 n +1)

2

π2 4

,

(5.8)

for the diffusive time tD = κ t / h2 , where κ is the thermal diffusivity of the cooling rock, h is the thickness
of the cooling dome, and t is the time since the initial temperature was established. The diffusive time
required for average cooling by 50% ( t50 ) is 0.2, as obtained from plotting the diffusive series, equation
(5.8), versus its characteristic time, tD. Linearizing this as an average cooling rate for an 800oC dome of
150 m radius (translatable to dome height, h, through hemispherical geometry) yields an average cooling
rate of ~12 °C/year, excluding the effects of heat input, discussed below. This average rate reflects the
cooling over the depth of the failing block comprising the edifice (~100m), and yields a cooling rate
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considerably lower than that due to convective cooling of the near surface rocks. The convective nearsurface heat flux evaluated for Soufriere Hills Volcano is of the order of 4000 W/m2 [Matthews and
Barclay, 2004], compared to about 40 W/m2 by conduction. This latter magnitude is controlled by the
diffusive length for heat flow, which, for the block-interior, is large (~100m).
5.4.2

Magma Extrusion and Heat Influx

Heat loss due to local and global quenching, and as a result of air cooling, is countered by heat supply by
magma infusion into, and gas loss from, the volcanic pile. The gain in thermal energy may be equated
with the magmatic heat supply, assuming full thermal mixing within the dome rocks. Thus temperature
increase within the dome may be defined as ρ M cM (ε ⋅ t ) ΔTM = ρ R cRVR ΔTR where the subscripts R and M
represent the dome and magma, respectively, ε is extrusion rate, and all other parameters are as
previously defined. The effect of gas loss is ignored. The mass of gas lost, at a peak near ~25,000
tonnes/day, is about two orders of magnitude lower than the mass gain from magma injection to the dome
– at 5 m3/s, this is about 106 m3/day.
5.5 STABILITY MODEL

With the rainfall-related controls on thermal evolution of the dome established, the influence of trapped
gas overpressures on stability may be directly evaluated. The limit equilibrium stability of the phase II
dome (November 1999 to present) is examined for anticipated magnitudes of gas overpressures. The
resulting composite model focuses on the second eruptive phase, which includes two collapses of primary
interest for rainfall induced failure: March 2000 and July 2001.
5.5.1

Morphology of the Soufriére Hills Volcano

Following an extended hiatus of residual activity, characterized by almost no fresh lava extrusion,
subsequent to the 26 December 1997 eruption [Norton et al., 2002], new dome growth, termed the N99
Dome (Figure 5.3), was observed in mid to late November 1999 [Carn et al., 2004]. The growth occurred
among the remnants of a large scar left by the explosions and collapses of the residual period [Norton et
al., 2002], and was characterized as the second eruptive phase of the SHV since activity began in 1995.
While the andesitic extrusion had switched intermittently between the NW, SW, and E sectors of the SHV
(see Figure 1 of Carn et al. [2004]), most of the growth had occurred in the eastern lobe [Carn et al.,
2004], directed towards the Tar River Valley, and it was this growth that provided the basis for the 20
March 2000 and 29 July 2001 collapses.
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(a)

To the Tar River Valley

(b)

Figure 5.3 - [Carn et al., 2004] (a) Image of the young N99 dome on 16 December 1999, growing in an easterly direction towards the Tar River Valley. Remaining lobes from eruptive phase I are provided for reference (Chances Peak
(CP), Galway’s Peak (GP), Gages Lobe (GL), Northern Lobe (NL), Northeast buttress (NB)). (b) Advanced dome
evolution on 17 March 2000. Rain triggered collapse of this dome on 20 March 2000; dome was replaced by another
lava dome that collapsed on 29-30 July 2001. Crater spans ~1 km at rim.
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Period

Ending Measured Active
Volumea, Mm3

Interpolated
Extrusion Rate, m3/s

Phase I

1 Nov 99 – 14 Jan 00

15

2.4

Phase II

15 Jan 00 – 3 Mar 00

29

3.8

Phase III

4 Mar 00 – 8 Dec 00

64

2.9

Phase IV

9 Dec 00 – 2 Mar 01

--

2.6

Phase V

3 Mar 01 – 18 May 01

--

0b

Phase VI

19 May 01 – 23 Sept 01

12

2.6

Phase VII

24 Sept 01 – 27 Feb 02

38

2.7

Phase VIII

28 Feb 02 – 4 May 03

40-45

0.9

Extrusion Phase

a
b

Volume data compiled from Carn et al., 2004 and MVO (unpublished data, 2002)
No dome growth observed over this period [MVO (unpublished data, 2002)]

Table 5.2 - Interpolated extrusion rates for the second eruptive phase of the N99 Soufrière Hills Volcano Dome.
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Observed major collapses in 2000 and 2001 (~28 and ~45 × 106 m3) [Carn et al., 2004], several smaller
events in June 2001, December 2001, July 2002, September 2002, and October 2002, all with volumes
less than 5 × 106 m3 [MVO (unpublished data, 2002)], and intermittent dome volume measurements using
photogrammetric techniques [Carn et al., 2004], provide the basis for interpolation of extrusion rates
presented in Table 5.2. Volumes reported in Table 5.2 describe the active portion of dome growth,
exclude any residual mass previous to November 1999, and accommodate volumes lost by collapse in the
events of March 2000 and July 2001 (Figure 5.4).
5.5.2

Evolving Dome Geometry

Extrusion rates and dome volumes may be used to define the evolution of the dome. For an assumed
hemispherical geometry, a time dependent radial footprint for the N99 dome (Figure 5.5) may be defined.
From the evolving dome volume, the idealized radial footprint is defined as r = ( 6V / 4π )

1/ 3

. From this

hemisphere, a failing prismatic block is prescribed, with a cross-sectional area equal to that of the
downslope quadrant of the hemisphere above the failure plane, as shown in Figure 5.6. For a slope
inclination, α, and dome radius, r, this equivalent height, h, is evaluated by equating the area of the two
geometries – one prismatic and one the failing portion of a quarter circle of radius, r. In this, the areas of
the spherical, AS, and equivalent prismatic, AB, blocks (see Figure 5.6 and Figure 5.1c) are defined as
AS = ∫

π /2

α

∫

r

0

rdrdθ − 1 2 sin(α )cos (α ) =

r2 π
⎡( 2 − α ) − sin(α )cos (α ) ⎦⎤
2 ⎣

(5.9)

and AB = hr cos(α ) . Where AS = AB we obtain
h=

r (π 2 − α )
2cos (α )

−

rsin(α )
,
2

(5.10)

where α is in radians, h represents the average height of the equivalent block (averaged between xi and
x f in Figure 5.6), and θ represents the area integrand from slope angle, α, to the opposing vertical at

π / 2 . Unpublished data from MVO places the talus slope angle, α, at 33 degrees in late 2002, setting an
appropriate guideline for our model. Utilizing this talus slope angle and the extrusion rates presented in
Table 5.1, the average height fluctuates between 0 and 114m from November 1999 to October 2002.
Importantly, block weights used in the above progression are not intended to be applied as weights in the
stability calculation, as the failure block to be utilized (Figure 5.7) will be partitioned by fracture spacing,
s, not the full length of the hemispherical segment.
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Pre Nov 1999:
Scar remaining from previous
eruption.

Tar River Valley
Pre March 2000 collapse:
N99 dome at full size

Active Dome

Post March 2000 collapse:
95% of dome removed.
New scar.

Pre July 2001 collapse:
N99 dome recommences growth.
Reaches full size within
previous scar.

Active Dome

~50% of dome
removed

Post July 2001 collapse:
~50% of dome removed.

Residual dome
structure
(no longer active)

Post July 2001 collapse:
New dome growth within
July collapse scar.

Active Dome
Residual dome
structure.
(no longer active)

Figure 5.4 - Sequence of N99 dome activity through much of the current eruptive phase. Only the active dome portion
(indicated in the figure) is included in the morphology of the stability model.
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r4
r3
r2
r1
Uniform
Radial
Growth

Magma Extrusion

Figure 5.5 - Idealized time dependent radial dome footprint as a function of lava extrusion rate, for an idealized hemisphere.

xi
AS

xf
Ab

h1

h2
a

a
r1

a

r2

Magma Extrusion

Figure 5.6 - Idealized representation of growth of the failing block, transitioning with increasing radial footprint. From
r1 to r 2 , the block height, h, increases by a geometrically determined amount dependent on slope inclination, α, of the
underlying talus and the radial increase. The new block height is averaged from x i to x f to produce an equivalent area
(A b ) of the portion of the hemisphere (A S ) raised at the same angle and for the same length, x i to x f .

144

s

FW
s

d

FV

h-d

W

a

S
FU

Figure 5.7 - Force balance on isolated dome block, separated by fracture spacing, s, and block height, h. From the
block portion isolated by fracture spacing: Down-slope destabilizing forces of block weight, W, liquid water force,
Fw,
W and vapor force, FV, from vaporized water and/or interior pressures cumulatively capped by infiltration depth at
ρρgd,
are augmented by the vapor uplift force, FU , and opposed by shear resistance, S, and the weight component
W
normal to the failure plane raised at talus slope inclination, α.
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5.5.3

Destabilizing Forces

For both effusive and non-effusive dome environments, the maximum gas overpressures resulting from
staunched gas flow are set by the infiltration depth, d, at ρWgd (Figure 5.7), as the gas-entry or fluiddisplacement pressure contribution was previously shown to be insignificant. This defines the
destabilizing forces that may evolve on the unstable segment of an idealized dome flank. The isolated
block may fail when the pressure-augmented destabilizing forces exceed the pressure-sensitive reduction
in strength of the underlying inclined detachment. Instability is indexed by the “factor of safety”,
representing the ratio of stabilizing to destabilizing forces. A factor of safety of unity implies that the
selected collapse geometry is at incipient failure.
The geometry of Figure 5.7 examines the lowermost portion of the disjointed dome portion of thickness,
h, and inclination, α, isolated by fracture spacing, s, which cuts the full depth of the segment. Infiltrating
rainwater, as controlled by the thermal and hydraulic mechanisms discussed above, creates a hydrostatic
liquid pressure that sets the maximum value for capped, underlying vapor overpressures. This pressure
can be represented as, γwdcos(α), where γw is the unit weight of water (ρwg), and d is liquid depth
penetration. Equilibrium is established for this geometry as the ratio of the stabilizing forces modulated
by cohesive strength, c, block weight, W, and friction angle, φ, to the destabilizing influence of the backscarp water, FW, and vapor, FV, forces and by the vapor uplift force, FU, applied to the basal plane. The
factor of safety, Fs, can therefore be defined for a unit thickness of slope as,
FS =

cs + (W cos(α ) − FU ) tan(ϕ )
W sin(α ) + FW + FV

(5.11)

where block weight W = s × h × γ R , uplift force FU = 1 2 d cos(α ) × γ W × s , vaporized water force
FV = d cos(α ) × γ W × ( h − d ) , liquid water force FW = 1 2 d 2 × cos(α ) × γ W , where γ R is the unit weight of

the rock, and all other components are identified in the geometry of Figure 5.7. Values of FS ≤ 1 imply
failure.
5.5.4

Parametric Constraints

Critical controlling parameters are the strength properties of the dome edifice that act along evolving
plane of detachment, and the environmental factors of interior gas pressures. The strength properties of
hot dome lava (~800°C) have not been measured. However, expulsion of dome spines to 100m height by
interior pressures reckoned at 5 MPa, together with inverse calculations of stable hot edifices, yield
combined cohesive strengths on the order 0.5 MPa and frictional strengths of 25°, but these are poorly
constrained. The importance of these values is discussed elsewhere [Voight and Elsworth, 2000].
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5.6 MODEL RESULTS

Considering the composite effects of all constraints discussed above, a unified model considers the daily
evolution of the dome. Defined magma extrusion rates and rainfall records (total amount in one day) are
used to track the evolving average temperature in the near-surface dome rocks. This average temperature
constrains hydraulic depth penetration for a given deluge intensity. Infiltration dependent overpressures
were then applied to the unstable segment of an idealized hemispherical dome (Figure 5.7), and
incremented for volume gain by infusion into the dome pile, or decremented for collapse (Figure 5.6).
Additional parameters incorporated into the model are presented in Table 5.3. Factor of safety, Fs, is then
evaluated.
Applying parameters from Table 5.3 yields the evolution of factor of safety defined for the period 1
January, 2000 to 31 October, 2002, as evident in Figure 5.8. Figure 5.8a shows the response where
changes in geometry with dome growth and then collapse are accommodated, and Figure 5.8b where the
geometry is retained constant. Using consistent parameters, the rainfall deluges of March 2000 and July
2001 are shown to bring the edifice close to failure for both events, but only where the dome geometry is
incremented for magma influx (Figure 5.8a). This is an important outcome, as without this morphological
consideration, it is not possible to match observed behavior. While the heaviest rainfall episodes produced
the deepest spikes in depth penetration and, subsequently, Fs, these occurrences did not necessarily reach
below the required value of unity that implies incipient failure when the dome was experiencing a stage of
renewal. However, relative to the large Fs immediately post failure (~3), the Fs approaches within a few
percent of instability (Fs~1) around the time of failure. This discrepancy can clearly be accommodated by
variability in strength and environmental parameters.
It is clear from the progression towards failure illustrated in Figure 5.8 that random high intensity rainfall
events are insufficient to trigger failure, if the thermal and mechanical conditions are insufficiently
primed to allow failure. Where geometry is invariant, quenching by rainfall is insufficient alone to bring
the dome to failure by a sufficiently deep penetration of rainfall. Rather, the dome must be primed for
imminent failure by the evolving and steepening slope geometry. The destabilizing influence of rainfall is
relatively minor, requiring that the slope is first primed for failure by oversteepening.
Next we consider seismic amplitude as a measure of dome activity. MVO seismic measurements have
traditionally used real-time seismic amplitude measurement (RSAM), as described by Endo and Murray
(1991), to yield a simple quantitative measure of overall seismicity. RSAM measures the average absolute
amplitude of seismic signals, in units of “counts”, by using a sampling rate of about 60 samples per
second. It does not discriminate between various event types, apart from spikes that can reflect pyroclastic
flows, and the strength of signal depends on seismometer location. The primary drawback to this RSAM
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Parameter

Description

Value

C

Cohesive strength

0.5 Mpa

α

Slope inclination

33 degrees

φ

Friction angle

25 degrees

s

Fracture spacing

75 m

T

Lobe temperature

800 oC on 1 November, 1999

Table 5.3 - Specific dome parameters utilized in the applied stability model.
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2.8
2.6
2.2
1.8

3.0
3.5
4.0

1.4
1.0

Factor of safety utilizing an evolving dome volume
and failure block height

(a)

J F M A M J J A S O N D J F M A M J J A S O N D J F M A M J J A S O N

2000

2001

Factor of Safety

Rainfall Intensity (in/day)

0
0.5
1.0
1.5
2.0
2.5

0.6

2002

1.3
Factor of Safety

1.2
1.1
1.0
0.9
0.8

Factor of safety assuming a constant, 50m thick failure block

(b)

J F M A M J J A S O N D J F M A M J J A S O N D J F M A M J J A S O N

2000

2001

2002

Figure 5.8 - Factor of safety (Fs) determination for the period January 1, 2000 to November 1, 2002. (a) Rainfall intensity (read top left axis) and Fs (read right axis), where Fs is a function of evolving lobe thickness. (b) Fs as a function
of constant lobe thickness. Rainfall intensity recorded by University of East Anglia rain gauges at Hope (5 km northwest of dome).
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system is the lack of an appropriate calibration basis and the necessity of manually correcting the
timestamp that is attached to the data.
The analog RSAM system was updated to a digital network, BSAM, on 20 March 2000 to improve
accuracy. The new BSAM system again presents readouts in “counts”, but can be calibrated into
meaningful seismic units which are transferable from one seismic event to another. Additionally, BSAM
measurements are time stamped with a GPS system. Utilizing the BSAM system, seismic data can be
converted into “reduced displacement”, a widely used metric for continuous volcano-seismic signals.
Reduced displacement is expressed in units of cm2 and can be compared from one volcano to another.
The resulting values can, then, be corrected for distance from the seismic source and for attenuation.
When this transferable amplitude is achieved, the signal can then be averaged across all digital stations
near the source. The evolution of factor of safety with reduced displacement, averaged over one day and
across all MVO digital stations, is shown in Figure 5.9.
Notably, high amplitude seismic events do not always accompany collapse. Only relatively low
amplitudes are present for the March 2000 collapse, although high rainfalls of September, October and
December 2001 do elicit strong seismic signals. In all cases, these strong signals were triggered by total
rainfall magnitudes of more than 3 in/day (75 mm/day). This suggests that BSAM may be a crude
predictor of the effect of local rainfall intensities on stability, but the pre-existing state of dome pile
(thermal and physical state and principally geometry) may exert the main control on impending failure.
An event of only ~2 in/day was required to trigger the July 29 2001 collapse, by bringing a metastable
dome to failure, whereas a more stable dome in March 2000 required a larger impetus (~3 in/day).
The short timescale triggers in developing failure may be examined for the near continuous rainfall
history record available throughout the July 29-30 2001 collapse. When the same model is applied to this
magnified window, the resulting histories of precipitation, reduced displacement, averaged over one
minute, and factor of safety are shown in Figure 5.10. The model maintains a general correlation between
the reduction in Fs and the occurrence of clusters of seismic events, although the switch from one day
averaged to near continuous time rainfall measurements alters the sensitivity of the analysis. At this
scale, where tracking morphological changes becomes impossible, there is a difficulty in resolving the
influence of individual rainfall events. At the time of the July 2001 high rainfall events, the dome was
metastable, and a variety of rainfall events of varying intensities and durations could conceivably trigger
failure. This ability appears beyond the resolution of the current model with a difficulty in resolving
between various degrees of instability.
From Figure 5.10, Fs falls below unity ~12 hours prior to the 29 July 2001 collapse, with no impact on
the seismic signal, while a more sustained drop in Fs, lasting several hours, precedes the collapse event by
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Factor of Safety

3.5
3.0

Collapse, 29 and
30 July 01:
1.78 and 2.07 inches of
rainfall, respectively

2.5
2.0

Collapse, 20 March 00
3.03 inches of rainfall

1.5
1.0

8
7
6
5
4
3
2

Reduced Displacement
(Seismic Amplitude), cm2

9

1
J F M A M J J A S O N D J F M A M J J A S O N D J F M A M J J A S

2000

2001

2002

Figure 5.9 - Correlation of Fs to reduced displacement seismic amplitude for the period of 1 Jan 2000 to 1 Sept. 2002.
Rainfall intensity recorded by University of East Anglia rain gauges at Hope (5 km northwest of dome). Reduced
displacement is averaged over one day, corrected for station distance from the seismic source and attenuation, and is
an average of BSAM data collected from Garibaldi Hill, St. Georges Hill, Long Ground, Roches Yard, South Soufrière
Hills, and Windy Hill. Light gray seismic signal is a replication of the lowermost black signal, moved upward for
closer comparison to factor of safety.
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1.0
0.8
Factor of Safety

450
350
250
150
50

0.6

Collapse
Phase II

Seismic
Collapse
Phase I

Precipitation Intensity, mm/min

05:00

00:00

18:00

Factor of Safety

Reduced Displacement, cm2
(Seismic Amplitude)

12:00

0.8
0.6
0.4

Precipitation

0.2
0.0

12:00
29 July 01

18:00

05:00
00:00
30 July 01

Figure 5.10 - Chronology of 29 July 2001 collapse. Rainfall (black dashed line, read on lower left axis) recorded at
Hope. Reduced displacement (solid black line, read on top left axis) is averaged over all digital stations (see Figure
10) with the signal averaged over one minute. Factor of safety (top solid line, read on right axis) falls below unity, and
for several hours through the first eruptive phase, and dips only briefly below unity during the second phase. This brief
dip correlates with the strongest seismic signal. Antecedent rainfall began at 08:00 with the heaviest occurring from
21:00 to midnight (07/30).
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approximately 1 hour and continues throughout the first collapse phase. The second collapse phase is
marked by a shorter duration drop in Fs below unity, although inclusion of volume loss throughout the
collapse event would negate this occurrence. In general, collapse timing does not coincide directly with
the evaluated Fs, but instead is slightly delayed.
Beyond problems associated with the fine resolution of factors of safety in time, the relative sensitivity of
the model to changes in individual parameters may be examined. Arbitrarily choosing a single time step
from Figure 5.10, a parameter sensitivity analysis illustrates how the model would have appeared at the
chosen time should the values of Table 5.3 have been chosen differently (Figure 5.11). The point of
intersection between the 0.5 MPa curves represents the Fs value at 23:30:00 in Figure 10. Consequently,
further refinement of the model parameters may yield significant changes in failure prediction.
5.7 CONCLUSIONS

A thermal-hydrologic mechanism is proposed to control the rainfall-triggering of dome collapse. The
model incorporates the influence of local quenching in fractures within the dome carapace that staunches
gas flow and allows interior gas pressures to build. This model is linked with the evolution of mean
dome-flank temperatures which are reduced both by the rainfall flux, and by climatic cooling. These
mechanisms of cooling are countered by the supply of heat into the dome, delivered by the infusing
magma. This both increases temperatures and overloads the slope, countering the restoring influence of
cohesion. This model is applied to examine rainfall-concurrent collapses observed in the period January
2000 to December 2002, for which rainfall, reduced displacement seismic output, dome volume, and
collapse timing records are available. The model is able to replicate, to reasonable accuracy, the collapse
events that are observed, including the triggering of collapse by rainfall events. When the geometric
evolution of the dome is neglected, the occurrence of collapses cannot be followed. Only when dome
growth is accommodated can the timing of failures be correlated with rainfall events. The principal
influence in driving the dome to failure is the evolving geometry in bringing the dome to a condition of
metastability. This effect is more significant than the influence of the extreme rainfall events, which are
similar in magnitude (~2-3 in/day) and more frequent than the major collapse events. The extreme rainfall
events are able to trigger failure, but only when the dome flank is first primed for failure.
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Figure 5.11 - Sensitivity analysis for factor of safety at an arbitrary time. Changes in Fs for varied friction angle with
failure plane held constant, and for constant friction with varied inclination of the failure plane.
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CHAPTER VI
Implications of magma transfer between multiple reservoirs on eruption cycling

Abstract
Volcanic eruptions are episodic despite being supplied by melt at near constant rate. Here we use histories
of magma efflux and surface deformation to geodetically image magma transfer within the deep crustal
plumbing of the Soufriére Hills Volcano. For three cycles of effusion followed by discrete pauses, supply
of the system from the deep crust/mantle was continuous. During periods of reinitiated high surface efflux
magma rose quickly and synchronously from a deflating mid-crustal reservoir (~12 km) augmented from
depth. During repose the lower reservoir refilled from the deep supply with only minor discharge
transiting the upper chamber to surface. These observations are consistent with a model involving the
continuous supply of magma from the deep crust/mantle into a voluminous and compliant mid-crustal
reservoir, episodically-valved below a shallow reservoir (~6 km).

157

6.1 IMPLICATIONS OF MAGMA TRANSFER BETWEEN MULTIPLE RESERVOIRS ON
ERUPTION CYCLING
Continuous and highly resolved geodetic and efflux records are available for only a few volcanoes. One
of those is Soufrière Hills (SHV) volcano on Montserrat, WI [Druitt and Kokelaar, 2002; Mattioli et al.,
1998; Mattioli and Herd, 2003] which has been erupting since 1995. These data provide a window into
deep processes contributing to stratovolcano behavior. Here we constrain magma efflux with wideaperture geodetic data to supplement a well-documented extrusion record, and use these to explore the
role of deeply sourced fluxes on short-term eruption periodicity. The GPS array is capable of capturing
magmatic exchange to a depth comparable to the distance across geodetic stations (~11 km).
Soufrière Hills volcano has followed a pattern of seismic crises separated by about 30 years [Young et al.,
1998]. The most recent volcanoseismic crises, in the 1890s, 1930s and 1960s are interpreted as aborted
eruptions and the seismic crisis in the 1990s developed into the ongoing eruption. Phreatic activity began
in July 1995 following several years of seismic unrest. The most recent eruption comprises a series of 23-year eruptive episodes and interspersed pauses lasting 1.5-2-years [Druitt and Kokelaar, 2002]. An
andesite dome grew continuously in episode 1 from November 1995 until ~10 March 1998, followed by a
pause with passive dome collapse ending in November 1999 [Norton et al., 2002]. This cycle of growth
of an active lava dome followed by a pause, was repeated between December 1999 to mid-July 2003,
followed by a pause lasting until October 2005 [M.V.O., 1995-2008]. Episode 3 commenced in October
2005 and ended March 2007. A pause followed, which appears to have ended in August 2008 with
continuing slow extrusion of lava on the western flank of the dome.
Inversion of ~1995-97 GPS data suggest that the early magmas reside in a chamber at a depth of about 5
km [Aspinall et al., 1998; Barclay et al., 1998; Mattioli et al., 1998; Voight et al., 1999]. Crystal phases in
erupted magmas also imply that they were stable at pressures of ~130 MPa. The presence of small
amounts of basalt mixed in the erupted andesite however implies that there is a deeper supply of hot mafic
magma [Annen et al., 2006; Murphy et al., 2000]; some crystal phases also suggest that the upper
chamber is connected to a deep reservoir at depths of >10 km [Devine et al., 2003], and post-1997
geodetic data also support a source possibly as deep as 12 km [Mattioli and Herd, 2003]. The significant
cumulative volume of the eruption (~0.9 km3) and its decade-long continuity and chemical consistency,
coupled with observations of co-eruptive displacements suggests that the upper magma source is
voluminous ~4 km3 [Voight et al., 2006]. Together, these observations constrain a model of two stacked
magma reservoirs, at depths of ~6 km and ~12 km, connected from surface to deep crust and mantle by
vertical conduits. Although some evidence suggests that the shallow conduits may be planar [Costa et al.,
2007; Mattioli et al., 1998], the observed surface deformation is radial around the volcano throughout
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most of the 1997-2007 period (Figure 6.1). Correspondingly, the volumetric response of the reservoirs to
inflation and deflation appear to dominate the far-field geodetic response, and only these are considered
here.
For this model of two stacked magma reservoirs (Figure B.1) we co-invert surface efflux and GPS station
velocities to recover rates of crustal magma transfer throughout the 12 year duration of the eruption. The
three eruptive episodes had sustained surface fluxes of 2-8 m3/s punctuated by periods of repose with flux
<<1 m3/s (Figures 6.2 and 6.3A). Over this period, radial and vertical ground surface velocities are
continuously available for at least 4 GPS stations (Figure 6.2). Stations typically show net outward- and
upward-deformation during repose and inward- and downward-deformation during renewed surface
efflux. Displacement histories are converted to mean surface velocities within each effusive episode or
pause (Table B.1). Mean surface velocities for each of two independent stations (Table B.1) are then coinverted with surface efflux [Appendix B] to calculate magma migration rates through the intermediate
and deep crust [Appendix B]. The mean velocity of the most distal station (MVO1 at ~11km) (Figure 6.1)
is combined sequentially with each of the three proximal stations to recover three independent
measurements of inflation rates and fluxes, shown in Figure 6.3 for each of three cycles of eruption
followed by pause [Appendix B]. These results for an incompressible magma (Figure 6.3) are
representative of calculations for compressible magma for the chamber depths examined here (Figures
B.2 and B.3).
For each of the three eruptive episodes the co-inversion of the geodetic and efflux data show that (Figure
6.3) the surface efflux responds to volume/pressure changes at a deep level – rather than a result of simply
deflation of a shallow reservoir, as usually presumed. This is apparent in Figure 6.3A as an increased
magma supply from the basement into the lower chamber, coupled with an active deflation of the lower
chamber. For our two-chamber model, the additive flux from these two deeper sources issues into, and
causes outflow from the shallower chamber and upper magmatic system with little volume loss,
comprising almost the entire surface efflux in all three active episodes. The only apparent volumetric loss
between the deep magmatic system and the surface is manifested as calculated minor inflations (episode
1) or deflations (episodes 2 & 3) of the upper reservoir. Although the upper reservoir is not actively
involved as a dynamic storage element, the deeper-sourced material is unlikely to directly transit the
upper chamber during a single eruptive episode. Volume change of a spherical reservoir ( dV ) is
proportional to both the pressure change in the magma ( dp ) and chamber volume ( V ), and inversely
proportional to rock shear modulus ( GR ) as dV ∼ (V / GR )dp (Appendix B equation (B.3)). For a shear
modulus of 1 GPa (Appendix B), co-eruptive inflationary/deflationary volumes of the upper reservoir of
the order of 10×106 m3 imply pressure changes of <3 MPa for chamber volumes >4 km3. For similar
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Figure 6.1 - Map of Soufriere Hills volcano showing the location of the eruptive vent (black cross labeled SHV),
continuous GPS sites (red triangles) and campaign GPS sites (blue diamonds) used in the flux analysis, and the
Caribbean-fixed GPS velocity vectors for the period July 13, 2003 through November 1, 2005 along with their errors
for the cGPS sites. Note the strong radial deformation pattern corresponding to inflation during this residual period
(no surface magma flux). The proximal reference cGPS site HERM is shown in red.
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Figure 6.2 - Efflux of dense rock equivalent (DRE) with time for Soufrière Hills volcano. Eruptive activity indicates
three distinct active-repose cycles. Also shown is the evolution of station velocities within these prescribed cycles of
activity. Resulting mean velocities are reported in Table S1. Flux data from 1995 through early 1998 from Sparks et
al., 1998 and post-1998 from electronically published MVO reports (MVO, 1995-2008).
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moduli and chamber volumes in the lower reservoir, co-eruptive volume changes are an order of
magnitude larger (~150×106 m3) and imply co-eruptive pressure drops an order of magnitude greater.
Correspondingly, the small deformational signal from the upper reservoir implies that either pressure
changes are small and the upper system is largely open, or the upper reservoir is smaller and more
geometrically rigid in comparison to a more voluminous lower chamber. Independent geodetic and
petrologic evidence identifying the significant volume of the upper chamber (>4 km3) favor the presence
of an open system.
For the most vigorous of the active phases (episodes 1 and 3, with fluxes for some periods exceeding 7
m3/s; Figure 6.3), the basement flux was larger than the contribution supplied by deflation of the lower
reservoir. If the antecedent eruption was particularly vigorous, and therefore significantly depleted the
lower reservoir, then this trend was reversed, and the relatively weaker episode 2 was primarily sustained
by draining the lower chamber to force out shallower magma. Indeed, for the weak episode 2 (with
surface flux steady at 2.2 m3/s) (Figure 6.3), the basal supply was indistinguishable from either the
previous or subsequent periods of repose, both of which have fluxes of roughly 1 m3/s.
During the eruptive pauses the co-inverted data imply that supply of magma into the basal crust continued
at ~1 m3/s and the lower reservoir reinflated. Although the lower system appears to have been recharging
itself for the next eruptive episode, the upper and lower magmatic systems remained connected, and
surface efflux continued at about the same rate of combined supply between the lower and upper
reservoirs – inter-reservoir transfer approximately mirrored the surface efflux (~0.1-1.0 m3/s). Again, the
absence of a significant inflationary/deflationary signal in a voluminous upper reservoir as the lower
chamber either fills (inflates) or discharges (deflates) suggests that the upper system is open and cannot
sustain significant overpressures transmitted from below. Valving of the flow system between the upper
and lower reservoirs is consistent with this observation that the lower reservoir can refill while the upper
system remains open. This valving must prevent significant influx of magma from the lower to the upper
chamber during periods of pause, and its charge of either heat or gas, in driving the invigorated system.
With the change from pause to eruptive phases magma supply to the deep reservoir continued at a
minimum rate of ~1 m3/s, augmented to rates of ~5 m3/s. The co-inverted data indicate that the eruptive
episodes deplete the lower reservoir only, and not the upper reservoir, which may even inflate slightly as
inflow slightly outpaces outflow. During subsequent periods of pause, the deep reservoir reinflates (see
above), but typically at half the rate of its previous depletion. Because periods of repose were typically
shorter than the periods of active depletion (i.e. eruption), the deep reservoir is being depleted (deflated)
throughout this decade-long episode. The cumulative volume change for the deep reservoir is illustrated
in Figure 6.4, indicating that over 12 years the lower chamber has deflated stepwise by ~320×106 m3,
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Figure 6.3 - (A) Average inter-chamber, basement supply, and chamber inflation rates recovered from co-inversion of
surface efflux and geodetic data for dual chamber geometry (B). Flux rates are in m3/s of dense rock equivalent (DRE)
with surface efflux measured and all others calculated. Error bars denote spread from using the longest aperture station
(MVO1) with each of SOUF, HARR, WYTD. Chamber volume change rates (red lower; dark blue upper) are positive
for deflation. Surface (dark blue), inter-chamber (red/blue), and basement (light blue) fluxes are each positive for
upwards flow. Note that inter-chamber flux is equivalent to the sum of lower chamber deflation and basement supply
(which passes through the lower chamber). Surface efflux is the sum of upper chamber deflation and inter-chamber
transfer (pass-through). (C) Inflation (negative - red) and deflation (positive - blue) rates for each of the upper and
lower chambers throughout the three sequences of eruption followed by pause.
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while the upper reservoir inflated by 8×106 m3 (comprising an inflation of 14×106 m3 to 1998 followed by
deflation by 6×106 m3 over the remaining decade). This net deflation of the system of ~320×106 m3 is
about one-third of the total effusion of ~0.9 km3 recorded to date, requiring that the remainder of the
magma (~570×106 m3) has been sourced from below the lower reservoir. These observations may be
compared with models that represent the efflux history from a deflating spherical chamber in an elastic
medium [Appendix B], as illustrated in Figure 6.4. This matches the average deflationary history, as
shown, and yields a predicted ultimate eruptive volume of 338×106 m3 from the lower chamber with
~320×106 m3 (~95%) transferred to March 2007 (Figure 6.4). Although the upper reservoir has been
interpreted to be voluminous, of the order of a few cubic kilometers, it is apparent that the major changes
in magma storage that have supplied the eruption are from depth (>12 km), with the lower reservoir
contributing only a third of the erupted volume.
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APPENDIX A
Three node finite element solution with bulk diffusive flux
Supplement to Chapter III: Constraints on compaction rate and equilibrium in the pressure solution creep
of quartz aggregates and fractures: Controls of aqueous concentration

A.1 COMPOSITE MASS BALANCE
To better capture behavior in the neck growth area, a reasonable extension is to include a second element
in the finite element system. With reference to Figure 1 (two-element conceptualization), the new system
comprises three nodes, the first representing the intergranular contact area, a second node in the pore
space immediately surrounding the grain periphery, and a third node in the open pore space. Diffusion
from the intergranular contact enters this region through the first finite element, and then bulk diffusion
(represented by the bulk diffusivity, Dp) allows flux of this material in the open pore. If Dp is small
compared to the pore precipitation rate constant, material will deposit more rapidly around the grain. For
two elements, we require four mass balance equations, the first two representing the relationship between
the contact area and grain periphery (subscripted c for cement),

⎛
C i
C iVi = k + Airx aSiO2 ⎜1 −
⎜ aSiO Ceqh
⎝
2
V
Arx ⎛
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C c c = k + c ⎜ 1 − hc
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⎟ − Di C i − C c
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)
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where the volume of the cement region, Vc, is divided equally between each element (divide by 2), Di is
diffusivity in the intergranular space (as above), and Acrx is reactive area within the cement region. The
second mass balance system represents precipitation and bulk diffusion from the cement region to open
pore,
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In this system, Dp is bulk diffusivity in the open pore. Distributing these four relationships into local
matrices, as in equation (3.18), and adding the system leads to the global linear system,
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with the global implicit solution,
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Vi Ci ⎫
⎧ + rx
⎪k Ai aSiO2 + Δt ⎪
⎪
⎪
⎪ + rx Vc Cc ⎪
× ⎨ k Ac +
⎬
Δt ⎪
⎪
⎪ + rx V p C p ⎪
⎪ k Ap +
⎪
Δt ⎭t
⎩
A.2 CEMENT CHARACTERISTICS

As a cement neck grows from the grain contact the total (grain + cement) contact area of a single contact
is calculated from (assuming uniform deposition around the grain contact),
ac = π ( h + cd )( di + cd − h )

(A.7)

for the depth (orthogonal to grain surface) of deposited cement, cd, and the granular interpenetration, h.
Contact are due only to the granular contact (excluding cement) is given by equation (3.26). The
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disjoining stress is now a function of the total contact area calculated from ac, rather than ag as above.
While molecular diffusion should not differ significantly within the cement neck, the tortuosity of such a
layer is potentially large. Uniform deposition around the grain periphery could lead to significant
diffusive resistance, while a non-uniform deposition would have little impact. A number of complicating
factors arise in the description of neck growth and only a simple probing analysis is conducted here to
examine the potential for diffusion or rate limitation from such a neck to encourage equilibrium. It is
assumed that the neck is uniform and exhibits a large tortuosity. Diffusive flux through the cement region
is then [Carslaw and Jaeger, 1959 section 7.2.I],
m diff =

2π D f ω

τ ln ( rc rg )
c
f

( C − C )
i

c

(A.8)

where rc is total (grain + cement) contact radius, rg is grain only contact radius, C c is concentration in the
cement region, and τ cf is the diffusive tortuosity factor for the neck region. Total intergranular diffusion is
then given by the limiting behavior of either equation (A.8) or of granular diffusion given by equation
(3.14). Equation (A.8) will grow larger with the ratio of cement radius to grain radius.
Cement will have at least two other effects, both originating in the rate of dissolution from cement
contacts. While dissolution would occur at cement edges, there is no experimental or conceptual support
for thin-film type diffusion within the cement layer. The first effect then, is that the fraction of contact due
to cement will not undergo stress activated dissolution in any significant magnitude. Secondly, because of
its limiting dissolution rate, cement will “support” the granular contact as a function of its area of contact
and the mechanical constants of the grain and cement. This is the more likely scenario that could lead to
equilibrium compaction, and is in line with the results above (stress dependent burial constant), but its
inclusion requires mechanical analyses beyond the scope of this work. To examine the first effect, we
introduce the simple approximation,
1
aSiO2 ki+

=

f ac
f ag
+
ki+ aSiO2 ki+

(A.9)

for the fraction of total contact area due to cement, f ac , and grain, f ag . This simply states that reaction
rate within the cement is not stress activated, and treats the dissolution compaction of each region as a
resistor in series. Preferential deposition to the cement periphery (prior to bulk diffusion into the open
pore) may be accommodated by decreasing bulk diffusivity accordingly.
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APPENDIX B
Supplementary Analyses for Chapter VI:
Implications of magma transfer between multiple reservoirs on eruption cycling

B.1 INTRODUCTION
The history of magma exchange within the deep subsurface plumbing of volcanic systems may be
recovered if both the surface efflux of magma and measured deformation of the surface are available over
the same epochs. The response of the fluid-transport and mechanical systems must be represented in a
coherent manner to enable co-inversion of the efflux and geodetic data. As shown in Figure B.1, we
consider an idealized magmatic system for SHV, which is arguably typical of many other andesitic
volcanoes worldwide. The system contains separate deep and shallow magmatic chambers, arrayed
vertically, and connected by intervening conduits.
B.2 FLUID-TRANSPORT SYSTEM
Vertical conduits connect the two reservoirs, and link the system to both the mantle and the surface. The
magma charges the upper ( I ) and lower ( II ) reservoirs at mass rates

d
d
( ρV ) I and ( ρV ) II ,
dt
dt

respectively, via the adjoining conduits where ρ is average magma density and V i is the volume of
chamber i . The conduits have little capacity for magma storage, relative to the reservoirs, and storage
within the conduits is neglected. The linking conduits are of small diameter (~30 m); at this dimension the
surface geodetic response is insensitive to their effect at the wide aperture (>3 km) considered here. Mass
is conserved within the flowing system where the mass rate of change of chamber i may be linked to the
i
magma mass influx ( ρ qini ) and efflux ( ρ qout
), where qini is the volume rate, as

d
i
( ρV )i = ρ qini − ρ qout
.
dt

The independent effect of magma expansion by decompression ( ρ ), and the volume change of the
chamber (V ), apparent in the geodetic signal may be separated as,
d
i
( ρV )i = V i ρ + ρV i = ρ qini − ρ qout
dt
The rate of change in magma density ( ρ ) is related to the bulk modulus of the magma ( K M ) as,
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Figure B.1 - Schematic of the magmatic plumbing system considered here. Adjacent reservoirs I and II are linked by
conduits with little magma volume or storage. Inflating reservoir I at volumetric rate V I results in surface displaceI
ment rates in the radial r1 and vertical z1I measured at location ( riI ; RiI ).
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ρ=

ρ
KM

p

(B.2)

through the rate of change in pressure ( p ) and may be related to the volume change of a spherical
chamber of radius a embedded in an elastic medium of shear modulus GR as
Vi =

π a3
GR

p=

3 Vi
p
4 GR

(B.3)

Substituting the magma-pressure to chamber-volume relation of (B.3) to be congruent with the density
change in the magma of equation (B.2), and the result into equation (B.1) yields

ρ(

4 GR
i
+ 1)V i = ρ qini − ρ qout
3 KM

(B.4)

Further defining outputs from the system in terms of volume rates, q , defined at mean chamber density
yields
(

4 GR
i
+ 1)V i = C iV i = qini − qout
3 KM

(B.5)

Ci

with the influence of magma compressibility represented in the multiplier, C i and with volume fluxes
defined in terms of dense rock equivalents (DRE). When the geodetically observed volume change of the
chamber is equivalent to the volume change in the magma, when C i → 1 , and the magma can be
considered incompressible. Conversely, when C i > 1 , the volume change of the magma is greater than the
volume change in the chamber alone, due to the finite compressibility of the magma. Therefore, the
influence of magma compressibility on the resulting efflux is indexed relative to the ratios of the relative
stiffnesses of the rock and magma ( GR / K M ) as embodied in the parameter C i .
Assuming that there is no storage in the linking conduits, then for the twin chamber system considered
II
, enabling the relations
here, qinI = qout
I
C IV I = qinI − qout
II
C IIV II = qinII − qout

(B.6)

to be combined as
I
C I V I + C II V II = qinII − qout
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(B.7)

I
where qout
is the observable surface efflux from the system recorded in DRE.

B.3 MECHANICAL SYSTEM

Deformations result at the surface from the superposed inflation, or deflation, of both reservoirs. For an
elastic system, with an inflating source at I , the radial ( ri ) and vertical ( zi ) surface velocities measured
at some location ( ri I ; RiI : Figure B.1) are proportional to the reservoir inflation rate as ri = aiI V I
or zi = biI V I . The terms aiI and biI are coefficients relating to the disposition of the measuring point
( riI ; RiI ) relative to the source. The effect of multiple reservoirs may be accommodated by superposition of
velocities. For the two-reservoir system considered here, the resulting radial velocities measured at
locations i =1, 2 are,
r1 = a1I V I + a1II V II
r2 = a2I V I + a2II V II .

(B.8)

where the coefficients linking the surface velocities to inflation rates are recovered from the Mogi
solutions for a strain nucleus as aiI = (3/ 4π )(ri I /( RiI )3 ) [McTigue, 1987; Mogi, 1958]. This represents the
effect of an inflating chamber collapsed to a point within a homogeneous elastic half-space bounded by a
horizontal surface, and for a Poisson ratio of υ = 0.25 . These assumptions have proved adequate for more
restrictive analyses on the same system [Widiwijayanti et al., 2005], and are used directly here.
The resulting surface radial velocities may be determined for a second reservoir ( aiII ) by permuting the
coordinates ( ri II ; RiII ). Alternately, if vertical displacement rates are available then the equivalent of
equation (B.8) may be constructed with zi = biIV I and biI = −(3/ 4π )( ziI /( RiI )3 ) .
B.4 CO-INVERSION

Velocities measured at two different radial distances (say radial velocities r1 and r2 ) together with the
I
surface efflux ( qout
) enable equations (B.7) and (B.8) to be solved simultaneously for the two reservoir

inflation rates V I and V II , and the supply to the deep crust/mantle flux qinII . From these, the full suite of
flux terms defining exchange between the various reservoirs may be determined. Importantly, measured
velocities must be available at two different radial locations – radial and vertical velocities measured at a
single location are not independent – although, vertical and radial velocities from different locations may
be mixed. In this discussion, the depths and locations of the reservoirs are assumed known, but are based
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Figure B.2 - Average inter-chamber, basement supply, and chamber inflation rates recovered from co-inversion of
surface efflux and geodetic data for dual chamber geometry as in Figure 6.3. Results are for shear modulus of wall rock
of (A) GR = 0 GPa (incompressible as shown in Figure 6.3(A), (B) GR = 1 GPa and (C) GR = 5 GPa. Flux rates are in
m3 / s dense rock equivalent (DRE) with surface efflux measured and all others calculated.
...........of
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on inversions of the entire surface deformation field at specific epochs [Mattioli et al., 1998; Mattioli and
Herd, 2003]. If additional reservoirs are present, the number of displacement measurements required

increments for each additional reservoir.
B.5 ANALYSIS OF CGPS DATA

The idealized geometry of the magmatic plumbing system is shown in Figure B.1. Magma efflux rate and
episodic removal by dome failure has been recorded continuously since the inception of the eruption in
1995 [Devine et al., 1998; M.V.O., 1995-2008; Sparks et al., 1998]. Similarly, long-term surface
displacements have been recorded since 1995 by cGPS stations 3-8 km from the conduit and at a full
range of azimuths, as shown in Figure 6.1 [Mattioli et al., 1998; Mattioli and Herd, 2003]. All GPS data
were processed as absolute point positions using procedures similar to those reported elsewhere [Jansma
and Mattioli, 2005]. Of these stations, only four have continuous records of displacements throughout the

entire period of the eruption, and are thus suitable in this analysis to determine long-term trends in magma
supply and exchange within storage volumes the crust. In order of increasing distance from the conduit,
these stations are WYTD (2.8 km), SOUF (3.2 km), HARR (3.4 km), MVO1 (7.4 km) (Figure B.1) with
histories of magma efflux (DRE) and station velocities reported in Table B.1 and plotted in Figure 6.2.
Data are divided into three separate cycles, each containing an eruptive episode followed by a pause.
These eruptive episodes and pauses are later used to categorize characteristic features of the magma
transport history.
To maximize the sensitivity of the analysis to processes at depth, the Caribbean-fixed velocity [DeMets et
al., 2007] (radial) and vertical velocity relative to the Earth’s barycenter of the widest aperture station

(MVO1) is combined with the velocity of each of the closer stations in three paired combinations. The
average of these three independent evaluations of magma transfer rate is shown in Figure 6.3, together
with error bars, where the magma is assumed incompressible ( C I = C II = 1 ). Apparent from these are: (1)
the relatively small variation in calculated magnitudes of magma supply between the geodetic data from
the three paired stations; and (2) the relative consistency between inflation-deflation and magma
exchange in each eruptive episode, and pause. These observations allow us to infer that the three separate
episodes are products of a nearly invariant plumbing system.
B.6 INFLUENCE OF MAGMA COMPRESSIBILITY

Where the magma is slightly compressible ( C i > 1 ), the volume change of magma within the chamber
will be larger than the geodetically recorded volume-change signal. This severity of this effect is indexed
relative to the ratios of wall-rock to magma stiffness (reciprocal compressibility) ( GR / K M ).
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Period

MVO1

HARR
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7.38 km

3.38 km

3.22 km

2.85 km

r

Dates

z

r

z

r

z

r

z

Efflux
(m3/s)

Episode 1

15 Nov 1995 – 10 Mar 1998

N/A*

N/A

-6.51

-57.00

N/A

N/A

8.30

-68.50

4.1

Pause 1

10 Mar 1998 – 28 Nov 1999

12.06

10.10

6.33

30.90

7.06

-7.20

11.85

27.80

0.06

Episode 2

28 Nov 1999 – 31 July 2003

-19.92

-32.10

-14.71

-27.30

-10.59

-29.50

3.05

-45.30

2.25

Pause 2

31 July 2003 – 1 Aug 2005

16.33

23.00

11.01

28.80

8.98

17.70

6.39

29.60

0.02

Episode 3

1 Aug 2005 – 4 April 2007

-41.60

-47.70

-33.04

-89.00

-23.35

-31.50

-28.91

-81.10

6.0

Pause 3

4 April 2007 – Dec 2008

19.15

6.40

0.922

46.00

10.06

16.00

-8.71

53.20

0.0

Period
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LKYN
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STGH

REID

ROCH

8.81 km

3.91 km

3.52 km

3.46 km

2.81 km

r

z

r

z

r

z

r

z

r

z

Efflux
(m3/s)

Episode
1

15 Nov 1995 –
10 Mar 1998

-30.5

-33.4

-15.9

-55.2

-19.4

-43.1

-8.3

-44.4

-3.8

-71.8

4.1

Table B.1 - Dense rock equivalent (DRE) efflux rates and average radial and vertical station velocities measured
over the three episodes of activity-followed-by-repose for the four stations used in the analysis. Velocities in mm/y.
Calculations are for chambers centered at depths of 6 km and 12 km.
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The shear modulus of the wall rock may be indexed relative to p-wave magnitudes which vary between
~3 km/s at sea level beneath the volcano to ~6 km/s at 6-12 km. The small strain shear moduli estimated
from these (Poisson ratio of 0.25) range between 5 and 10 GPa. Large strain moduli may be an order of
magnitude lower in representing the larger displacements accommodated in the long-term inflationary and
deflationary response [Voight et al., 2006; Widiwijayanti et al., 2005]. Shallow to intermediate depth
shear moduli are estimated in the range 1-5 GPa from surface tilt data [Widiwijayanti et al., 2005]. The
lower end of this range is congruent with stress drops anticipated during deflation, expected to be of the
order of 1-10 MPa. From dV ∼ (V / GR ) dp (equation (B.3)) the pressure drop for the evacuation of ~150
Mm3 from the lower chamber (Figure 6.4) is in the range 250-25 MPa for chamber volumes in the range
1-10 km3 for a shear modulus of GR = 5 MPa . A shear modulus of 5 GPa is considered the upper limit of
the applicable range for SHV.
The compressibility of the magma, and its reciprocal bulk modulus ( K M ) varies significantly with
exsolved gas fraction [Huppert and Woods, 2002]. For water contents of the primitive magmas of the
order of 6 wt% [Carmichael, 2004; Pichavant and Macdonald, 2007] and for an upper limit of crystals
above the percolation threshold [Petford, 2003] of the order of 40%, this results in bulk moduli of the
order of 1.9 GPa at 6 km and 42.6 GPa at 12 km ( 800°C and bulk modulus of the melt and crystals of 10
GPa). Thus, for wall rock shear moduli in the range GR = 1 − 5 GPa , the compressibility factors, C i are in
the ranges 1.7-4.5 at 6 km and 1.03-1.16 at 12 km. The influence of these magnitudes on the resulting
distribution of magma transfer is shown in Figure B.1 for incompressible through compressible magmas
with GR = 0,1, 5 GPa . The corresponding influence of magma compressibility on the volumetric inflation
rates in the upper and the lower chamber are shown in Figure B.3. Apparent from the response is that for
the depths selected here, the magma may be considered incompressible relative to the surrounding host
rock.
B.7 TEMPORAL VOLUME CHANGE FOR A DEFLATING SPHERICAL RESERVOIR

Cumulative volume change with time dV (t ) , for a spherical reservoir discharging through a constant
diameter conduit may be defined in terms of the total volume change dVT , the compliance of the
combined magma and chamber system, C , and the Poisseiulle resistance of discharge along the conduit
B as
dV (t ) = (C dPT )exp(

− Bt
− Bt
) = (dVT )exp(
)
C
C
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(B.9)
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Figure B.3 - Volumetric deflation (positive) and inflation (negative) rates of the deep (lower) and shallow (upper)
chambers for shear moduli GR of the host rock of 1 (solid) and 5 GPa (transparent).
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a

Parameter

Symbol

Assigned Value

Chamber Radius

a

1000 m

Conduit Radius

R

15 m

Chamber Depth

h

12,000 m

Shear Modulus of Host Rock

GR

3 GPa

Bulk Modulus of Magma

KM

1.1 GPa

Magma Viscosity

μM

5.5 × 107 Pa ⋅ s

Total Chamber Volume Changea

dVT

338 Mm3

Total chamber volume change is for the completing eruptive cycle, until pressure drive stalls.

Table B.2 - Parameters used to represent cavity deflation for chambers at 6 km and 12 km. Three values of final
volume change are used to generate the range (shadow) of exponential curves in Figure 6.4, 308, 338, and 368 Mm3.

180

⎛ 1 4 1 ⎞ π a3 i
C where behavior is
The compliance of the chamber is given as C i = π a 3 ⎜
+
⎟=
⎝ GR 3 K M ⎠ GR
modulated by the shear modulus of the rock surrounding the chamber GR , the bulk modulus of the
magma K M and the radius of the chamber a . Magma of viscosity μ M discharges through a conduit of
radius b (15m) , length h (12km) as B =

πd4
. Parameter magnitudes are applied as given in Table B.2,
8h μ M

enabling the change in chamber volume to be followed with time, as shown in Figure 6.4.
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