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Abstract

In this dissertation, we study two different aspects of dg manifolds.

The first part is devoted to the study of the relation between ‘formal exponential
maps,’ the Atiyah class, and Kapranov L..[1] algebras associated with dg manifolds
in the C* context. We prove that, for a dg manifold, a ‘formal exponential map’
exists if and only if the Atiyah class vanishes. Inspired by Kapranov’s construction
of a homotopy Lie algebra associated with the holomorphic tangent bundle of a
complex manifold, we prove that the space of vector fields on a dg manifold admits
an Ls[1] algebra structure, unique up to isomorphism, whose unary bracket is
the Lie derivative w.r.t. the homological vector field, whose binary bracket is
a 1-cocycle representative of the Atiyah class, and whose higher multibrackets
can be computed by a recursive formula. For the dg manifold (T%'[1],0) arising
from a complex manifold X, we prove that this L..[1] algebra structure is quasi-
isomorphic to the standard L..[1] algebra structure on the Dolbeault complex
QO*(T3").

The second part is devoted to the study of Hochschild cohomology of a dg
manifold arising from a Lie algebra in terms of Keller admissible triples. We prove
that a Keller admissible triple induces an isomorphism of Gerstenhaber algebras
between Hochschild cohomologies of the direct-sum type for dg algebras. As an
application, we show that the Hochschild cohomology of the dg algebra of smooth
functions on a dg manifold arising from a Lie algebra g is isomorphic to the
Hochschild cohomology of the universal enveloping algebra Ug. Furthermore, we
give a new concrete proof of the Kontsevich-Duflo theorem for finite-dimensional
Lie algebras.
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Chapter 1

Introduction

A differential graded manifold (dg manifold in short) is a geometric object which
intertwines various fields including complex geometry and Lie theory. The notion of
dg manifolds (a.k.a. @-manifolds |1, 40, 48]) started to appear in the mathematical
physics literature in the study of BRST operators used to understand gauge
symmetries, and also appeared in AKSZ formalism which studies topological field
theories and topological sigma models [1, 8]. It naturally arose in various fields
such as differential geometry, Lie theory, homotopy theory and derived geometry.
In particular, strong homotopy Lie algebras (or L, algebras) and Lie algebroids,
as well as ordinary smooth manifolds give rise to dg manifolds. A vector bundle
E equipped with a smooth section s gives rise to a dg manifold related to the
derived intersection of s with the zero section. Moreover, complex manifolds and
foliations induce associated dg manifolds.

In this dissertation, we study dg manifold in two different directions. For
one direction, we investigate the exponential maps on dg manifolds and obtain
higher structures, called Kapranov L. [1] algebras [49]. Our approach to this
problem is to use formal exponential maps on graded manifolds, the analogue of
the infinite jet of classical exponential maps, introduced in Liao—Stiénon [34]. Tt
turns out that a dg manifold M admits a formal exponential map compatible with
its homological vector field @) if and only if the Atiyah class of the dg manifold
(M, Q) vanishes. Moreover, we find that any formal exponential map on a dg
manifold (M, Q) give rise to an L.[1] algebra structure on the space of vector
fields X(M). In particular, when the dg manifold arises from a Kéhler manifold,
we show that our L [1] algebras coincide with the L..[1] algebras constructed by
Kapranov [23].

The other direction is the study of Hochschild cohomology of dg algebras [33].
Since dg algebras are “internally graded,” the usual construction of Hochschild
cochain complex becomes a double complex. There are two different types of



Hochschild cohomologies for dg algebras corresponding to the two possible choices
of totalization of the double complex: one is by taking direct products and the
other is by taking direct sums. The direct product Hochschild cohomology is
well-studied and natural as it can be described in terms of derived categories and
derived functors. However, the Kontsevich formality theorem for dg manifolds
[35] (also in [7]) pertains to the direct sum Hochschild cohomology. Following the
work of Keller [24] for direct product Hochschild cohomology, we defined a notion
of Keller admissible triple which could be understood as a ‘Morita equivalence’
of dg algebras in terms of direct sum Hochschild cohomologies . Furthermore,
combining this notion with the formality theorem for the dg manifold arising from
a Lie algebra g, we give an alternative proof of the Kontsevich-Duflo theorem [16]
[28].

In Chapter 2, we recall some basic definitions on dg manifolds and dg coalgebras,
and some necessary theorems regarding them. In Chapter 3, we investigate the
relation between the Atiyah class and the formal exponential map on dg manifolds.
Moreover, we introduce and investigate Kapranov L.,[1] algebras on dg manifolds
followed by examples when the dg manifolds arise from L., algebras, foliations,
and complex manifolds. In Chapter 4, we introduce Keller admissible triples for dg
algebras and prove that they induce an isomorphism of Gerstenhaber algebras on
direct sum Hochschild cohomologies. As an application, we use this isomorphism
to give a new proof of the Kontsevich-Duflo theorem. Note that, except for minor
changes, Chapter 2, 3 and 4 are taken from [49] and [33], verbatim.

1.1 Formal exponential map on dg manifolds

The exponential map appears in linearization problems in classical Lie theory and
differential geometry.

Let G be a Lie group and g be its Lie algebra. The classical Lie theoretic expo-
nential map is exp : g — G which is a local diffeomorphism from a neighborhood
of 0 € g to a neighborhood of 1 € G. The local diffeomorphism, in turn, induces
an isomorphism on their differential operators evaluated at the points 0 € g
and 1 € G. Recall that the space D{(g) of differential operators on g evaluated
at {0} can be identified with the symmetric tensor algebra Sg, while the space
D/ (G) of differential operators on G evaluated at {1} can be identified with the
universal enveloping algebra Ug. Thus, the exponential map exp : g — G induces
an isomorphism of vector spaces exp, : Sg — Ug. The induced map pbw := exp,
is the well-known symmetrization map and realizes the Poincaré-Birkhoff-Witt
isomorphism (PBW in short). In fact, both Sg and Ug carry canonical coalgebra
structures which pbw preserves. Hence pbw is an isomorphism of coalgebras.



Analogously, upon the choice of an affine connection V on a smooth manifold
M, the classical differential geometric exponential map is exp" : Thy — M x M
which is a local diffeomorphism of fiber bundles

expv
Ty —— M x M

Wl lprl (1.1)

M—— M

from a neighborhood of the zero section of T); to a neighborhood of the diagonal
A in M x M. Similarly to the Lie algebra case, the space of fiberwise differential
operators on the vector bundle 7 : Ty, — M evaluated at the zero section can
be identified, as a C*°(M)-coalgebra, to F(S (T M)), while the space of fiberwise
differential operators on the fiber bundle pr; : M x M — M evaluated at the
diagonal A can be identified, as a C'*(M)-coalgebra, to the space D(M) of
differential operators on M. Thus, one gets an isomorphism of C°° (M )-coalgebras
pbw" = expy : T'(S(Ty)) — D(M), also known as the PBW isomorphism [31].
The explicit formula of pbw" is:

_ 9
— dt

A
o diy

d

pbwv(XOQ X1 (f) d_tk

f(exp¥ (toXo+t1 X1+ - +1:Xy)),

’ (1.2)
for all X, X1, , X, € I'(Ty) and f € C®°(M). Observe that pbw" is the
fiberwise oo-order jet of the exponential map expV : Ty — M x M arising
from the connection V. Thus, pbw" can be understood, in a sense, as a ‘formal
exponential map’ associated with the affine connection V.

Recall that a Z-graded manifold M consists of a smooth manifold M (called the
base manifold or body) equipped with its structure sheaf Oy, and a sheaf A of Z-
graded commutative Oys-algebras over M such that there exists a Z-graded vector
space V over K and there exist algebra isomorphisms A(U) = C=(U; K)®@gS(VV)
for all sufficiently small open sets U C M. Here, K denotes the underlying field,
either R or C, and S(VY) = Hom*(S(V),K) denotes the graded K-algebra of
formal power series on V.

0

It turns out that, despite its geometric origin, the PBW map
pbw" : F(S (TM)) — D(M) can be characterized completely by algebraic re-
cursive formulas involving the connection V, without recourse to the associated
exponential map [31]. In fact, the algebraic characterization of pbw" is the key
to extending it to Z-graded manifolds. Using this recursive algebraic charac-
terization, Liao—Stiénon [34]| showed that, for a Z-graded manifold M and an
affine connection V on M, the PBW map pbw" : I'(S(Tw)) — D(M) is an
isomorphism of graded C'*°(M)-coalgebras.
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A dg manifold (M, Q) is a Z-graded manifold M endowed with a homological
vector field, i.e. a degree +1 derivation Q of C*°(M) satisfying Q* = 0. The homo-
logical vector field () induces a coderivation Lg on I’ (S (T M)) and a coderivation
Ly on D(M), which are both Lie derivatives. In other words, there are two dg
coalgebras (I'(S(Twm)), Lg) and (D(M), Lg) canonically arising from a dg mani-
fold (M, @). It is natural to ask whether pbw" : (I'(S(Twm)), Lg) — (D(M), Lg)
is an isomorphism of differential graded C'*°(M)-coalgebras. In other words, the
question is about the existence of ‘formal exponential map of dg manifolds’. The
answer to this question is captured by the Atiyah class of the dg manifold. Below,
we recall the definition of the Atiyah class in terms of affine connections [42].

Let (M, @) be a dg manifold. Consider the induced cochain complex F(M; T\®
End(T)) with the Lie derivative Lg in the direction of the homological vector
field as its coboundary operator. Given an affine connection V on M, consider
the (1,2)-tensor At('jw’Q) € I'(M;TY; ® End(T))) of degree +1 defined by the
relation

At (X.Y) = [Q, VxY] - VoY — (-D)*IVx[Q, Y],

for all homogeneous vector fields X,Y € X(M). Since LQ(At(vM,Q)) = 0, the

element AtX\A,Q) is a 1-cocycle called the Atiyah cocycle associated with the
affine connection V. The cohomology class

am) = [Atfug] € H' (T(M; T ® End(Twm))*, Lq)
does not depend on the choice of connection V, and therefore is an intrinsic
characteristic class called the Atiyah class of the dg manifold (M, Q) [42].
We prove that the Atiyah class captures the obstruction to the existence of

formal exponential map compatible with the homological vector field.

Theorem 1.1.1. Let (M, Q) be a dg manifold. The Atiyah class o,q) vanishes
if and only if there exists an affine connection V on M such that

pbw" : (T'(S(Tm)), Lo) — (D(M), Lg)
is an isomorphism of dg coalgebras over the dg ring (C*°(M), Q).

Following the pioneering work of Kapranov [23], it is known that the Atiyah
class of a holomorphic vector bundle gives rise to an L. [1] algebra, which plays
an important role in derived geometry and the construction of Rozansky—Witten
invariants. In a similar fashion, the Atiyah class of a dg manifold induces an
Loo[1] algebra. Our approach relies on the map pbw" .

We give a complete proof of the following theorem, which was announced in
[42] without a proof.



Theorem 1.1.2. Let (M, Q) be a dg manifold. Each choice of a torsion-free
affine connection V. on M determines an L.o[1] algebra structure on the space
of vector fields X(M). While the unary bracket \; : S*(X(M)) — X(M) is
the Lie derwative Lg along the homological vector field, the higher multibrackets
Ak 0 SE(X(M)) = X(M), with k > 2, arise as the composition

At SE(E(M)) = T(SH(Tw)) 25 2(M)

induced by a family of sections { Ry }r>2 of the vector bundles S*(TY,)@T starting
with Ry = — At&/LQ), the Atiyah cocycle corresponding to V.

Furthermore, the Loo[1] algebra structures on X(M) arising from different
choices of connections are all isomorphic.

The L.[1] algebras obtained in this way are called the Kapranov L.[1]
algebras of the dg manifold (M, Q). By construction, each Kapranov L.[1]
algebra is completely determined by the Atiyah 1-cocycle and the sections

Ry, € T(M; SM(TY,) ® Tai) =2 T'(M; Hom(S*(Tw), Tha))

for £ > 3. Thus, it is natural to ask if the R;’s can be described explicitly. The
following theorem gives a characterization of the higher multibrackets for the
Kapranov L..[1] algebras of a dg manifold. It is worth noting that it is similar to
the characterization of higher multibrackets of L [1] algebra on the Dolbeault
complex (Q%*(T4"),d) of a Kihler manifold X described in the original work of
Kapranov [23].

Theorem 1.1.3.

1. The sections R, € T'(S™(Tx,) ®Tn), withn > 3, are completely determined,
by way of a recursive formula, by the Atiyah cocycle At(VM’Q), the curvature
RY, and their higher covariant derivatives.

2. In pc;rtz’cular, if RY =0, then Ry = — At(VMQ) and R, = %EZ\V/Rn,l, for all
n > 3.

As examples, the Kapranov L. [1] algebras of two classes of dg manifolds are
considered: 1) the dg manifolds associated with finite dimensional L, [1] algebras,
and 2) the dg manifolds associated with regular integrable distributions, including
the case of the anti-holomorphic tangent bundle in the complexified tangent
bundle of a complex manifold. For the dg manifold (g[1], dcg) associated with
a finite dimensional L. [1] algebra g[1], we compute the Atiyah class and prove
that the Kapranov L. [1] algebra structure on X(g[1]) can be expressed in terms
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of the multibrackets of the L. [1] algebra g[1]. For the dg manifold (F[1],dF)
associated with an integrable distribution /' C Tx M on a smooth manifold M, we
prove that the Kapranov L..[1] algebra structure on X(F[1]) is quasi-isomorphic
to the Loo[1] algebra on Q%.(Tx M/ F) arising from the Lie pair (Tx M, F'), studied
in [31]. In particular, we prove that, for the dg manifold (T%'[1],9) associated
with a Kéhler manifold X, the Kapranov L.[1] algebra structure on X(T5y'[1])
is quasi-isomorphic to the L. [1] algebra structure on the Dolbeault complex
Q0*(T4°), studied in the original work of Kapranov [23].

1.2 Keller admissible triples and Duflo theorem

The Hochschild cochain complex of an associative algebra A is
0— A% Hom(A, A) 25 ... 24 Hom(A®", A) 2 ...

where dy : Hom(A®", A) — Hom(A®" 1 A) is the Hochschild differential induced
by the multiplication of A. Alternatively, in terms of derived categories, the
Hochschild cochain complex of A is the derived hom RHomy_4(A, A) in the
category of A-A-bimodules.

A similar construction is available for a dg algebra A = (A, d4). Observe that
the differential d4 on A induces an internal differential @ on Hom(A®", A), for
each non-negative integer n, defined by

8f(a1®~ . .®an) — dAOf(CL1®' . ~®an)—(—1)|f‘ Z(_1>|al\+"'+|ai—1\f(. - @dAa; R - - )

for f € Hom(A®", A) and a; € A. Together with the internal differential 0, one
obtains a double complex

d 9 ’

0 — AFL P4 Hombt(A4, A) —24s T, Hom*+!(A®n, A) —4y
a P 7

0 s A " Hom"(A,4) — Py Hom* (A%, 4) —
8 8/\ 8/\




where Hom"*(A®", A) consists of homogeneous elements of degree k in Hom(A®", A)
and we write A¥ = Hom"*(K, A).

Recall that given a double complex, there are two different total complexes:
one by taking direct product and the other one by taking direct sum. It turns out
that the Hochschild cohomology HH;(A) of a dg algebra A arising from direct
product (i.e. direct product Hochschild cohomology) is canonically described in
terms of derived category of dg algebras and dg modules. However, the Hochschild
cohomology HH(A) of a dg algebra A arising from direct sum (i.e. direct sum
Hochschild cohomology) does not behave well in terms of derived category of dg
algebras and dg modules. In particular, quasi-isomorphisms are not respected
in direct sum Hochschild cohomologies; it needs an additional condition such
as what we call the point-wise nilpotency condition. Despite the defect, direct
sum Hochschild cohomology serves an important role in the Kontsevich formality
theorem and the Kontsevich-Duflo-type theorem for dg manifolds [35] — see also
[7] for comparison.

Acknowledging the importance of direct sum Hochschild cohomology, and
inspired by a similar theorem for direct product Hochschild cohomology introduced
by Keller [24], we establish an isomorphism of Gerstenhaber algebras between
direct sum Hochschild cohomologies of dg algebras via Morita equivalence.

Theorem 1.2.1. Let A and B be dg algebras and let X be a dg A-B-bimodule.
We say that (A, X, B) is a Keller admissible triple if ‘partial’ Hochschild complezxes

A A
0 — Homa(X, X) < Hom(X, X) Z% ... 4 Hom(A%" @ X, X) 24 ...
LA

A
H ..
dB dB
0 — Homper (X, X) < Hom(X, X) -5 - Hom(X @ B®", X) % ...
are exact and the action maps

pa: (A dy) — (HOH]BOP(X,X),@X),
pp 1 (B, dg) — (Homu(X, X),dx)

are quasi-isomorphisms satisfying the weak cone-nilpotency condition defined in
Section 4.3.2, then there is an isomorphism of Gerstenhaber algebras

HH, (A) = HH, (B)
between the direct sum Hochschild cohomology of the dg algebras A and B.

An example of Keller admissible triple is (A,dsa) = (Ug,0),
(X,dx) = (Ug ® AN°g,dx), (B,dg) = (A®gY,dcg), where both dx and dcg are
referred as Chevalley-Eilenberg differentials on each graded vector space.
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The above theorem provides a way to construct an explicit isomorphism
between the Hochschild cohomologies of, in a sense, “Morita equivalent” dg
algebras. As an application, we obtain a new concrete proof of the Kontsevich—
Duflo theorem for Lie algebras.

Given a finite dimensional Lie algebra g, the PBW isomorphism pbw : Sg — Ug
induces an isomorphism pbw : (Sg)? — Z(Ug) from the g-invariant subspace of
Sg to the center of Ug. This isomorphism does not preserve the natural associative
algebra structures carried by (Sg)? and Z(Ug) but it can be modified by the
square root of the Duflo element so as to become an isomorphism of associative
algebras. The Duflo element J € S(g") is the formal power series on g, defined by

J(z) = det <%) for x € g. The Duflo element J acts on (Sg)? by a formal

differential operator and so does its square root J'/2. A remarkable theorem
due to Duflo [15] asserts that the composition pbwoJY2 : (Sg)? — Z(Ug) is an
isomorphism of associative algebras. Duflo’s theorem is a generalization of the
Harish—Chandra theorem, which is about the center of the universal enveloping
algebra of a semi-simple Lie algebra, to any finite dimensional Lie algebra.

Kontsevich [28]| proposed a new proof of the Duflo theorem as an application
of his formality theorem. More precisely, he considered the tangent map of the
formality morphism at the Lie-Poisson structure on g¥ which is regarded as a
Maurer—Cartan element in the differential graded Lie algebra of polyvector fields

oy (87) on gV, This approach led to the Kontsevich-Duflo theorem: the map

pbWOJ1/2 : Hp(g,Sg) — Heg(g,Ug) (1.3)

is an isomorphism of graded algebras. The classical Duflo theorem is an isomor-
phism of these cohomologies in degree 0.

Following a conjecture formulated by Shoikhet [50|, Liao—Stiénon—Xu |35,
Theorem 4.3] proved that a Kontsevich-Duflo-type theorem holds for all finite
dimensional dg manifolds (M, Q): the map

th‘ o sz'//\?(’Q) : H. (@%oly(M)a [Q7 ]) - H. (@DP01Y(M)7 dH + [[Q7 ]]) (14)

is an isomorphism of graded algebras. Here hkr is the Hochschild-Kostant—
Rosenberg map, and sz//fl Q) is the square root of the Todd class acting on

o Tpoly (M) by contraction.

Shoikhet also suggested that the Kontsevich-Duflo theorem (1.3) could be
recovered by applying (1.4) to the dg manifold (g[1], dy). Indeed, in doing so, we
obtain the isomorphism of graded algebras

hkr o Td;[/ﬁ] - H*® (@%oly(g{l]L [dm ]) — H* (@Dpoly<g[1])7 d7‘l + [[d97 ]])

8



from the cohomology of polyvector fields to the cohomology of polydifferential
operators on g[1]. The cohomology H* (@7;01},(9[1]), [dg, ]) is naturally identified
with the Chevalley-Eilenberg cohomology Hp(g,Sg), while the cohomology
H* (= Dpoty (8[1]), dz+[dg, ]) coincides with the direct sum Hochschild cohomology
HHé(AgV, dCE)

By applying Theorem 1.2.1 to the Keller admissible triple (Ug, UgRA®g, A®g"),
one gets the isomorphism of Gerstenhaber algebras HH? (AgY, dcg) = HHS (Ug).
Composing it with the standard Cartan—FEilenberg isomorphism [5]

HH, (Ug) 5 H¢p(g,Ug) yields the desired isomorphism of graded algebras
(I)D  H® (@Dpoly(g[1]>7 d’H + [[dga ]]) = HH;B(AQV’ dCE)

o

Also, one can easily see that the isomorphism [], I'(A*T"(g[1])) = S(g") identifies
JeS(aqY

the Todd class Tdyy € [T, I'(A*TVg[1]) with the Duflo element .J € S(g"). Hence,
we obtain the following theorem:

Theorem 1.2.2. Given a finite-dimensional Lie algebra g, the diagram

hkr o Td/?

H.(@%oly(gm)v [dm D — . me (@Dpoly(g[l])adﬂ + [[dw ]])

@Tl’% %l@ D

. bw oJ1/2 .
Hew(g, S9) = > Hey(g,Ug)

commutes.

As a consequence, we obtain an alternative proof of the Kontsevich—Duflo
theorem.

Notations and conventions. The symbol K denotes either of the fields R
or C. Unless otherwise stated, all grading in this paper are Z-gradings.

For a smooth manifolds M over K, the sheaf of germs of smooth K-valued
functions on M is denoted Oy = OX,. The algebra of globally defined smooth
functions on M is C*(M) = Oy (M).

We reserve the symbol M to denote dg manifold and ‘dg’ means ‘differential
graded.” All dg manifolds in this dissertation will be finite dimensional.

A (p,q)-shuffle is a permutation o of the set {1,2,---,p + ¢} such that
o(l)<---<o(p)and o(p+1) <--- < o(p+q). The set of (p, q)-shuffles will be
denoted by &.

We use Sweedler’s (sumless) notation for the comultiplication A in any coalge-
bra C:

A(C) = 26(1) @ c2) = c1) @ C(2), Ve e C.
(©)



Let A be a graded ring, and let V', W be two left (respectively, right) graded A-
modules. The space Hom(V, W) = Hom?® (V, W) (respectively, Hom gop (V, W) =
Hom%o, (V, W)) of morphisms of left (respectively, right) A-modules from V' to
W is naturally Z-graded: the symbol Hom', (V, W) (respectively, Hom"j., (V, W))
denotes the space of morphisms of left (respectively, right) A-modules of degree r
from V to W.

Given a graded vector space V, the suspension of V' is denoted by V[1]. Hence,
we have V[1]" = V"1, We denote by s : V[1] — V the degree-shifting map of
degree +1 and by s : V' — V1] the degree-shifting map of degree —1.

Given a homogeneous element x in a graded vector space V = &, , VE we
write |z| to denote the degree of z. Thus |z| = d means that z € V4.

For x € V, ¢ € VY, we denote (& | 2) := &(z) and (x| £) := (D)8 | 2),

The pairing is extended to a pairing of tensor algebras (| ) : TV xTVY - K
by
S Y (&l .
(11® Ry | §1@-+-®F, ) = (=1)=to= (&) (2| &), ifp=gq,
0, if p# ¢;
and to a pairing of symmetric algebras ( | ) : SV x SVY — K by

<5U1®"'®93p|51®"'®§q>1:Z€'<$1®"'®$p150(1)®"'®§a(q)>,

0ESy

where ¢ = &1 is the number such that § © - ©&§ = ¢ &{1) © -+ © &o(g)
in SVV. Similarly, we also have the pairings (| ) : TVY x TV — K and
(] ):SVV xSV =K

Many equations throughout the paper have the following general shape:

AX1, X, X,) = (1) Zeoex | XeollX0l B(X,0), Xom, - Xow),  (15)

where X7, Xs,..., X, is a finite collection of Z-graded objects; o is a permutation
of the set of indices {1,2,...,n}; 2 is the set of couples (i,7) of elements of
{1,2...,n} such that i < j and o(i) > o(j); and A and B are n-ary operations
on the Z-graded objects X7, Xs,...,X,, whose output is an object of degree
| X3 |+ | Xa| + - - - +|X,|. The factor (—1)Z<i’f>€%‘X”<">"Xa(f)l appearing in the right
hand side of (1.5) is called the Koszul sign of the permutation ¢ of the graded
objects X1, X, ..., X,,. It will customarily be abbreviated as ¢ since its actual
value — either +1 or —1 — can be recovered from a careful inspection of both sides
of the equation. We will also use the more explicit abbreviation (X, Xa, -+, X,)
if the collection of Z-graded objects being permuted is not immediately clear. As

10



explained by Boardman in [3], this sign is mostly inconsequential and it is not
necessary to devote much attention or thought to it. In fact, the right hand side
of (1.5) can be a sum of several terms so it would be more correct to say that the
general shape of the equations is

A(Xy, Xy, X)) = Z(—l)z“’”e’“k"X”’“(“HX"’“”)lBk(Xaku),Xak(Q), oy Xowmn))-
!

11



Chapter 2

Preliminaries

This chapter is to provide basic definitions and facts related to differential graded
manifolds and differential graded coalgebras.

2.1 Graded manifolds

Let M be a smooth manifold over K, and O,; be the sheaf of K-valued smooth
functions over M. A graded manifold M with support M consists of a sheaf A
of graded commutative Oy-algebra on M such that there is a Z-graded vector
space V satisfying

AU) = Oy (U)&xS(VY) = HOM U)® SH(VY)

for sufficiently small open set U C M. Here, Oy (U )®K§ (VY) means the graded
algebra of formal power series on V' with coefficients in Oy (U). The global section
of the sheaf A will be denoted by C*(M) = A(M). We say a graded manifold M
is finite dimensional if dim M < oo and dim V' < oco. By default, graded manifold
M will always be finite dimensional.

Remark 2.1.1. Strictly speaking, the sheaf A is not a sheaf of graded algebra. The
algebra of formal power series S (V) over a graded vector space V' is decomposed
as S(VY) = [L.cz (§(VV))n where (§(VV))n consists of homogeneous formal
power series of degree n. That is, S (VV) is not a graded algebra but a projective
limit of graded algebras. However, we abuse the terminology “graded algebra” and
use it for S(VV) and consequently for the sheaf A.

Remark 2.1.2. In the literature, the definition of graded manifolds varies. One
variation is that the sheaf of functions A over a graded manifold is defined by

12



AU) =2 Oy(U) ® S(VV) for sufficiently small open subset U C M. However, we
allow for formal power series rather than polynomials. Another variation is that
the graded vector space V =@, ., V" in A(U) = Oy (U)&S(VY) is assumed to
satisfy V9 = {0}. By doing so, all coordinate functions in degree 0 are smooth
variables. However, we allow that coordinate functions in degree 0 can be formal
variables.

By Z4, we denote the sheaf of ideal of A consisting of functions vanishing at
the support M of M. That is, for sufficiently small U C M,

Ta(U) =2 Oy (U)&xSZH (V).

Given graded manifolds M = (M, A) and N' = (N, B), a morphism M — N
of graded manifolds consists of a pair (f, ), where f : M — N is a morphism
of smooth manifolds and ¢ : f*B — A is a morphism of sheaves of graded
commutative Oy-algebras such that ¢(f*Zg) C Z4. We often use the notation
¢ : M — N to denote such a morphism. Then ¢ = ¢*. Also, we write
¢* : C°(N) = C*(M) to denote the morphism on global sections. Note that
the condition ¢(f*Zg) C Z4 is equivalent to 1) being continuous w.r.t the Z-adic
topology.

Ezample 2.1.3. Let E = @, E; be a graded vector bundle over a smooth manifold
M. A typical example of a graded manifold is M = E where its graded algebra
of smooth functions is I'(M; S(EY)). Since we are interested in finite dimensional
graded manifolds, we assume that F; = 0 except for finitely many indices ¢ and
each Fj; is of finite rank. As a special case, when M is a point a graded vector
space V is an example of a graded manifold.

Vector bundles in the category of graded manifolds are called graded vector
bundles. More precisely, let £ = (E, B) and M = (M, A) be graded manifolds.
A graded vector bundle is a map ® = (7, ¥) : £ - M such that 7 : E — M is a
smooth vector bundle and ¥ : A — 7,B is an inclusion locally characterized by
the canonical inclusion

()

Ou(U)®xS(VY) = AU) == B(x}(U)) = Op(r(U))xS((V @ W)Y).

Note that & = (7,V) : £ — M is a morphism of graded manifolds under the
identification ¥ € Homop,, (A, 7.8) = Home,, (7" A, B).

Given a graded vector bundle ¢ : £ — M, a section s : M — & of £ over M
is a morphism of graded manifolds such that ® o s = id. In terms of smooth
functions, s induces a morphism of graded algebra s* : C*°(€) — C'°(M) such
that s* 0 ®* = idgee(aq). We write the C°°(M)-module of sections of £ over M by
the usual notation I'(€) = I'(M; ). It can be checked that a morphism of graded

13



manifolds £ — M forms a graded vector bundle over M = (M, A) is equivalent
to saying that the sheaf

LE): U~ T(M|y;Elv)

of A-modules is locally free.

For a graded manifold M with support M, its tangent bundle T} is a graded
manifold with support T); and is a graded vector bundle over M. Its sections are
called vector fields on M and the space of vector fields F(M; TM) = I‘(TM)
can be identified with that of graded derivations of C*°(M). We also write
['(M; Th) = X(M). Observe that X(M) admits a Lie algebra structure, whose
Lie bracket coincides with the graded commutator

(X, Y]=XoY — (-1)X¥y o X

for homogeneous elements X, Y € X(M) regarded as derivations of C*°(M).
Indeed Ty, is a graded Lie algebroid [41].

FExample 2.1.4. As a special case of Example 2.1.3, a Z-graded vector space V is
an example of a graded manifold M = V. Let W be a Z-graded vector space
and Wy be a (ungraded) vector space. Then as in Example 2.1.3, the Z-graded
vector bundle Wy x V- x W — W, forms a graded manifold £ := Wy x V x W.
Then & — V is a graded vector bundle over a graded manifold V. This can be
visualized by a diagram

WQXVXW—>W0

| !

V — {pt}
where each arrow is a projection. In particular, the tangent bundle & = T\, of
M =V is when Wy = {pt} and W = V.

FExample 2.1.5. More generally, let M = [E be a graded manifold associated with
a Z-graded vector bundle E over M, as in Example 2.1.3. A typical example of
graded vector bundle £ over M = E is a Z-graded vector bundle object over a
Z-graded vector bundle E. That is, it satisfies the diagram

E— F

|

E—— M

where F is a vector bundle over M, and by forgetting the Z-graded structure on
E, both £ - E and £ — E are Z-graded vector bundles over smooth manifolds.

14



2.2 Differential graded manifolds

A differential graded manifold (dg manifold in short) is a graded manifold M
together with a homological vector field, i.e. a vector field @ € X(M) of degree
+1 satisfying [Q,Q] = Qo Q+ Qo Q = 0.

A morphism @ : (M, Q) — (N, R) of dg manifolds is a morphism of graded
manifolds compatible with the homological vector fields.

Given two dg manifolds (£, Q) and (M, @), we say a morphism of dg manifolds
d:(€,Q9) — (M,Q)is adg vector bundle if & : £ — M is a graded vector bundle
such that the homological vector field Q : C*(€) — C*°(€) is stable in the space
of fiberwise linear functions C£2(€) 2 I'(M;EY) on € over M. Given a graded
vector bundle ® : £ — M, it can be checked that ¢ : (£, Q) — (M, Q) is a dg
vector bundle if and only if I'(M; £) is equipped with a dg (C*°(M), @)-module
structure.

For a dg manifold (M, @), its tangent bundle T\ is naturally a dg manifold,
with the homological vector field being the complete lift* of Q. In fact T is a dg
Lie algebroid over M [41, 42].

Ezample 2.2.1. Let g be a finite dimensional Lie algebra. Then (g[1], dcg) is a
dg manifold — its algebra of functions is C*°(g[1]) = A®g"¥ and its homological
vector field () is the Chevalley—Eilenberg differential dcg.

This construction admits an ‘up to homotopy’ version: Given a Z-graded finite
dimensional vector space g = €, 9;, the graded manifold g[1] is a dg manifold,
i.e. admits a homological vector field, if and only if g admits a structure of curved
L, algebra.

Example 2.2.2. Let M be a smooth manifold. Then (T[1], dar) is a dg manifold
— its algebra of functions is C*°(T[1]) = Q2°(M) and its homological vector field
Q@ is the de Rham differential dgr. Likewise, a complex manifold X gives rise to
a dg manifold (Ty'[1],d) whose algebra of functions C*°(T'[1]) is Q%*(X) and
whose homological vector field @ is the Dolbeault operator 0.

Ezample 2.2.3. Let s be a smooth section of a vector bundle £ — M. Then
(E[-1],ts) is a dg manifold — its algebra of functions is C**(E[—1]) 2 T'(A""EY)
and its homological vector field is () = ¢4, the interior product with s. This
dg manifold can be thought of as a smooth model for the (possibly singular)
intersection of s with the zero section of the vector bundle F, and is often called
a ‘derived intersection’; or a quasi-smooth derived manifold (2.

Both situations in Example 2.2.2 are special instances of Lie algebroids, while
Example 2.2.3 is a special case of derived manifolds [2].

Tt is also called tangent lift in the literature [42, 35].
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2.2.1 Atiyah class

Let M be a graded manifold and £ be a graded vector bundle over M. We say a
K-linear map

V:XM)ex () =T(E)

of degree 0 is a linear connection on £ over M if the following axioms are
satisfied:

1. C*°(M)-linearity w.r.t. the first argument: Vyxs = fVxs;
2. Vx is a derivative: Vx(fs) = X(f)s + (=D)/I1XI Vs,

where f € C®(M) and X € X(M) are homogeneous elements, and s € I'(£).

The covariant derivative associated with a linear connection V is the
K-linear map
dV T (NPTY, ®E) - DA T ®E)

of (internal) degree 0, defined by

(d¥w) (X1 A=+ A Xpy1)
p+1 R

_Z )il Vi, (w(Xy A AX A A X))

+Z ’L+]€ w XZ,X]/\Xl )?ZAA)?]AAXP+1),

1<j

for all homogeneous w € T'(APTY, ® £) and X1, -+, X,41 € X(M). The symbol
e =¢e(w, X1, -+, Xp41) denotes the Koszul signs arising from the reordering of
the homogeneous objects w, X1, -+, X,41 in each term of the right hand side.

We say V is an affine connection on M if it is a linear connection on T4 over
M. Given an affine connection V on M, the (1,2)-tensor TV € T'(T\,@TY®Tnm)
of degree 0, defined by

TV(X,Y)=VyxY — (-1, X — [X,Y]

for any homogeneous vector fields X, Y € X(M), is called the torsion of V. We
say an affine connection V is torsion-free if TV = 0. It is well known that affine
torsion-free connections always exist [34].

The curvature of an affine connection V is the degree 0 element of (1, 3)-tensor

RY € 02 (M,End(T\)), defined by

RY(X,Y)Z =VxVyZ — (-1)XIVy V7 — VixyZ
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for any homogeneous vector fields X, Y, Z € X(M). If the curvature RV vanishes
identically, the affine connection V is called flat.

Let (M, Q) be a dg manifold. We define an operator Q of degree +1 on the
graded C*°(M)-module I'(M; T, ® End(Tr)):

Q: T (M; Ty, @ End(Tpn))* — T(M; Ty @ End(T)) "™ (2.1)
by the Lie derivative along the homological vector field Q:
(QF)(X,Y) =[Q, F(X.Y)] - (-1)*F([Q. X].Y) — (=)™ F(X,[Q,Y])

for any section F' € F(./\/l; TV ® End(TM))k of degree k and homogeneous vector
fields X,Y € X(M). One can easily check that Q% = 0. Therefore

(T(M; Ty, ® End(Tm))", Q)

is a cochain complex.

Now given an affine connection V, consider the (1,2)-tensor
AtXW,Q) € P(M; Ty, ® End(T))) of degree +1, defined by

Atfum) (X, Y) = [Q. VY] = Vigx)Y — (-1)*Vx[Q, Y]
for any homogeneous vector fields X,Y € X(M).

Proposition 2.2.4 ([42]). In the above setting, the following statements hold.

1. If the affine connection V on M is torsion-free, then we have
AtZ\A,Q) € D(M; S*(TY,) ® Thi). In other words,

At (X, Y) = (=1)FIT A o) (Y, X).

2. The element At('j%@) eT(M;TY, ® End(TM))1 is a 1-cocycle.

3. The cohomology class [At&,Q)] does not depend on the choice of connection.

The element At(vaQ) is called the Atiyah cocycle associated with the affine
connection V. The cohomology class

ame = Aol € H' (T (M;TY, © End(Tw))", Q)

is called the Atiyah class of the dg manifold (M, @) [42]. See also [50] and [37,
Footnote 6].
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2.3 Fedosov construction on graded manifolds

This section is to give a brief description of Fedosov construction of graded
manifolds. We refer readers to [13, 17, 34] for more details.

Throughout this section, M is a finite dimensional graded manifold and V is
a torsion-free affine connection on M. There is an induced linear connection on

-~

S(TY,), which is denoted by the same symbol V by abuse of notation.
Consider the map V* : X(M) x T'(S(T)) — T'(S(Tm))

ViX = (pbw") (Y - pbw¥ (X))
for any Y € X(M) and X € I'(S(Tm)).
Lemma 2.3.1. The above map V*¢ defines a flat connection on S(Th).

Abusing notation, we write the same symbol V* to denote the induced flat
connection on S(Ty,). Then the associated covariant derivative dV' satisfies

(dV¥)? = 0.
In the following, we use the identification
O(S(T0)) = T(A(TY,) @ S(TYy)) = T (Hom(A”(The) © S(Taa), K))

~

and the total degree of w € QP(S(TY,)) is p + |w|, where p is the cohomological
degree and |w| is the internal degree.

Define two operators
5 P(S(TY)) — H(S(Ty)
and R R
b QP (S(T) — Q7 (S(TR))
by
(Ow) (Xy A AXp3 Y1 O+ © V)
p+1

:Z(_l)iﬂg.w(xl/\...A)?iA.../\XpH;Xi@yl@...@y;]_l)

i=1
and
(bw) (Xa A A Xy 13Y1 0+ O Yop)

q+1
1

R 5‘W(Y}/\X1/\"'/\Xp—1§Y1®"'®?j@"'®Yq+1),
p+ai
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~

for all w € QP(S(Ty,)) and all homogeneous Xy, -+, X411, Y7, -+, Y1 € X(M).
The symbol € denotes the Koszul signs: either e(Xy, -+, Xp11,Y7, -+, Y1) or
5<X17 to 7Xp717 lea e 7Y:]+1)a as appropriate.

Both ¢ and b are C*°(M)-linear, and ¢ is the Koszul operator. Observe that
0 has total degree +1 and h has total degree —1. However neither § nor w change

~

the internal degree: |dw| = |w| and |hw| = |w| for w € QP(S(TY,))-

Remark 2.3.2. In [13, 17, 34|, the operator b is written as §~'. We avoid this
notation because b is not an inverse map of ¢, and it is rather a homotopy operator.

Lemma 2.3.3. The operator § satisfies 6> = 0. That is,

0= QUS(T3y) = Q(S(TH) = L(S(TY) > -+

forms a cochain complex. Moreover, it satisfies
doh+hod=id—m
where Ty : Q'(g(TAVA)) — C*°(M) is the natural projection.

We have the following theorem

Theorem 2.3.4 ([34, Theorem 5.6]). Let M be a finite dimensional graded
manifold and V be a torsion-free affine connection on M. Then the covariant
derivative dV° decomposes as

A =d¥ -5+ A,
where the operator AV : Q° (§(TX4)) — Q°t! (g(TX,l)), is a (total) degree +1
derivation determined by AV € Q' (M, §22(TX4) ® Twn), satisfying

hoAY =0.

Remark 2.3.5. The operator AV increases the cohomological degree by +1 while
it preserves the internal degree. That is, although the total degree of AV is +1,

we have the internal degree ‘;1\6‘ = 0.

Write
AV =3 "AY, AV € Q'(M,SMTY) @ Tw).

n>2

Let RV € O*(M;End(T))) denote the curvature of V.
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Proposition 2.3.6. We have the following recursive formula for AY :
AY =hoRY,

AV . =ho (dVAV+Z AVAV>, Vn > 2.

ptq=n

Proof. By Theorem 2.3.4, the covariant derivative dV* = d¥ — 6+ AV and satisfies
(dV¥)? = 0.

By Lemma 2.3.3, we know 62 = 0 and doh+hod = id —my. Also, (dV)? = RV.
Since V is torsion-free, we have

[6,dV]=00d" +d¥ od=0.
As a result, (dV°)2 = 0 implies that
1
§0AV + AV o6 = RV+dVAV+§[AV,AV]

By applying the operator h, we get

V=hodoAV =ho (RV+dVAV+ %[AV,AV])
because ho AY = 0 and w90 AY = 0.

Since h(QQ(é\q(TXA)) C Ql(gq“(TX/l)), applying the canonical projections
QY M, S(TY) @ Tra) = Q1 (M, S™(TH) @ Tra)

(for each n > 2) to the equality
1 ~
V_ho <RV +dVAY + §[AV, AV]> € Q'(M,S(TY) ® Tam)

yields the relations

Ayzhoz-zv,

AV = (dVAV + Z AV AV> . Yn>2. (2.2)

pt+q=n

This completes the proof. n

Corollary 2.3.7. Under the same hypothesis as in Theorem 2.3.4, the element
AY € QY M, S™(TY)®Tnm), withn > 2, is completely determined by the curvature
RY and its higher covariant derivatives. In fact, AY satisfies the recursive formula
(2.2) involving AY , with k <n — 1.
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2.4 Differential graded coalgebras and comodules

In this section, we summarize the necessary facts about dg coalgebras and dg
comodules. We refer the reader to [14, 36] for a general introduction to coalgebras.

2.4.1 dg coalgebras

Let R be a graded commutative ring. A graded coalgebra C' over R is a graded
R-module equipped with an R-linear map A : C — C' ®gr C of degree 0 called
comultiplication satisfying the following conditions:

1. (Coassociativity)

(A®idg) o A= (ide®A)o A: C = C®r C®r C.

2. (Counit) There is an R-linear map € : C' — R of degree 0 such that

(e®id) o A = (id®e) 0o A = idc .

Let tw : C ®r C — C' ®% C be the map defined by
tw(c, ® ¢3) = (=1)lleley @ ¢
for homogeneous elements ¢;, co € C. A graded coalgebra C' is called cocommu-

tative if it satisfies A = tw oA.
An R-linear map ¢ : C' — C satisfying

Ao¢=(lde®p+ d®ide) o A

is called an R-coderivation of the graded R-coalgebra C'. We denote the
collection of all R-coderivations of C' by coDerg (C).
Let (R, dr) be a dg commutative ring, and (C,d¢) be a dg (R, dg)-module.
Then the map
deg2 : C Rr C — C®r C

defined by
dc®2(01 ® 02) = dc(01> ® Co —f- (—1)‘6”61 ® dc(Cg)

for homogeneous elements ¢y, co € C, is a well-defined degree +1 differential. Such
a differential is called the induced differential on C' ®% C'.
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Definition 2.4.1. Let (R,dr) be a dg commutative ring. A dg coalgebra
(C,d¢) over (R,dg) is a dg (R,dg)-module (C,d¢), equipped with a graded
coalgebra structure on C' over R where the comultiplication and the counit map
respect the differentials. That is,

AOdC:dc®2OA,
€OdC:d'RO€

where A : C' — C' ®x C' is the comultiplication and € : C' — R is the counit map.

2.4.2 Convolution algebras

Let (A,d4) be a dg algebra with unit 14, and (C,d¢) be a dg coalgebra with
counit €. The convolution product x : Hom(C, A) x Hom(C, A) — Hom(C, A)
is the multiplication on the space Hom(C, A) of K-linear maps defined by

frgi=po(f@g)oA, (2.3)
where f,g € Hom(C, A), p is the multiplication on A, and A is the comultiplication
on C. One can check that (Hom(C,A),*) is a graded algebra with the unit
Ltiom(c,a) € Hom(C, A), where

Ltiom(c,a) () = €(x) - 14.

Furthermore, one can show that the linear map dpom(c,a) : Hom*(C, A) —
Hom**!(C, A),

dtom(c.a)(f) ==dao f— (—=)Vfodc,
is a derivation of degree one, and thus the triple (Hom(C, A), %, dyom(c, A)) is a
dg algebra which is referred as the convolution dg algebra.

Definition 2.4.2. Let V' be a graded vector space. The symmetric coalgebra
over V is the graded vector space SV := @, , V" whose counit is the projection
€s : SV — SV =~ K, and whose coproduct Ag is determined by

As(l):1®1, As(v):1®v+v®1,
As(x©y) = Ag(x) © As(y),
forany v eV, x,y € SV.

More precisely, the coproduct Ag can be computed by the formula

AS(Ul ‘O Un Z Z Ua(l O] UU(i)) ® (va(i—i-l) ©-0O Ua(n))a

1=0 0€S;n_i

where € = +1 is determined by the Koszul sign convention. Also note that the
coalgebra (SV, Ag, €s) is cocommutative.
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Ezample 2.4.3. Let g be a Lie algebra. We have the graded coalgebra S(g[1]).
The Lie bracket [, ], induces a (graded) symmetric operation

sTol o, go(s®s): S%(gll]) = gll] s 2@y —sT sz, syl

of degree one, where s : g[l1] — g is the degree-shifting map. This operation
induces a degree-one coderivation d, : S(g[1]) — S(g[1]) defined by

By(z1 @ -+~ ® 1) :Z(—l)”js‘l[sxi,sxj]g@xl®-~-@---@---®xn,
i<j
for z1,--- ,x, € g[1], and one obtain the dg coalgebra (S(g[1]), ).

Let A =K be the trivial dg algebra with zero differential. The associated con-
volution dg algebra Hom(S(g[1]), K) = S(g[1])" is equipped with the differential

do(f) = —(=1)"1f 0 0;. (2.4)

It is straightforward to show that the convolution product * coincides with the
canonical multiplication on S(g[1])" in the sense that

(fxg)(x)={fOg]x)
for f,g € Hom(S(g[1]),K) = S(g[1])" and x € S(g[1]).

2.4.3 Twisting cochains

Let (C,dc) be a dg coalgebra, and (A,d4) be a dg algebra. An element
7 € Hom'(C, A) of degree +1 is called a twisting cochain if it satisfies the
Maurer—Cartan equation

dHom(C,A)(T) +7x7=0

in the convolution algebra (Hom(C’, A), %, drom(c, A)). The twisted tensor prod-
uct A ®, C is a dg vector space whose underlying space is the tensor product
A ® C, and the differential d, is defined by

dy =dy ®ide +idy ®de — (u X ido)(idA XRXT R idc)(idA ®A).

Note that the twisted tensor product A ®, C is a left dg (A,d4)-module. Let
(M,dy) be a left dg (A, d4)-module. The space Homa(A ®, C, M) is equipped
with a canonical differential d, induced by the dg structures. This dg vector space
(Homa(A ®, C, M),d,) will be denoted by Hom" (C, M) and will be referred as
the twisted Hom space. See, for example, [53, 36, 32].
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Let g be a Lie algebra. We have the dg coalgebra (S(g[1]),d,) and the dg
algebra (Ug,0). One can show that the map 7 : S(g[l]) — Ug defined by the

composition
) S oll] —— g —— Ug

is a twisting cochain. Here, s : g[1] — g is the degree shifting map, and g < Ug is
the natural embedding. The twisted tensor product Ug ®, S(g[1]) coincides with
the Chevalley—Eilenberg chain complex (Ug® S(g[1]), dx) described in Section 4.4.

Let (B, dg) be a dg algebra. We say (B, dp) is a dg g-algebra if it is endowed
with an infinitesimal action of g (i.e. a Lie algebra morphism g — Der’(B)) such
that

dp(sx -b) =sx-da(b),
for st € g, b € B. Since a dg g-algebra (B,dp) is also a dg Ug-module, the

graded vector space Hom(S(g[1]), B) = Homy,(Ug ® S(g[1]), B) is endowed with
the differential d, and the convolution product x.

Proposition 2.4.4. Let (B,dg) be a dg g-algebra. The graded vector space
Hom(S(g[1]), B), equipped with the differential d, and the convolution product x,
s a dg algebra.

Proof. Since (Hom(S(g[1]), B), *, duom(s(p1)),5)) is a dg algebra, it suffices to show
the compatibility of the convolution product x and d; — dyom(s(g)),s)- This is a
consequence of the assumption g acts on B by derivations. O

In the setting of Proposition 2.4.4, the differential d” is also written as dZ,
called the Chevalley—Eilenberg differential. More explicitly,

A ()1 O © xy)

— (dpo a1 0 O, Nt s, fe @ @ 1y,
(dgo )z 0 - ® )+Z( 1) flz1® ® ) 2.5)

\flz l+]f Sx“sx]] Ty O Ty Ty O @y),
1<j
for f € Hom(S(g[1]), B) and xq,--- ,x, € g[1].
Remark 2.4.5. Let (B, dp) = (B,0) be a dg g-algebra with zero differential. In the
literature, there is a more common formulation of Chevalley-Eilenberg differential
deg : Hom(A®g, B) — Hom(A**'g, B) given by the formula

n

deg(f)(szy A - Asay) = Z(—l)”lsxi f(sTy A 8T -+ Asy)

+Z z+]f ([s2i,525]g A sT1 A - /x\---s/:lc\j“-/\sxn).

1<j
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The space Hom(A®g, B) is equipped the product * : Hom(A®g, B) xHom(A*g, B) —
Hom(A*g, B),

(f * g)(sTy A ASTpam)
= Z (_1)0 f(sxa(l) JAERIAN Sxa(n))g(sxa(rwrl) JARERIAN Sxa(ner)) .

UESn,m
The triple (Hom(A’g, B), * ,JCE) is a dg algebra.
Let n : Hom(A*g, B) — Hom(S*(g[1]), B) be the map

D)@ O @ 20) = (1) sz A Asay)
for f € Hom(A"g, B), x1,- -+ ,x, € g[1]. One can check that
n: (Hom(A®g, B), * ,dcg) — (Hom”(S*(g[1]), B), *)
is an isomorphism of dg algebras.

Remark 2.4.6. Since the reduced Chevalley—Eilenberg chain complex
Ug @, S(g[1])/K is acyclic, by a theorem [36, Theorem 2.3.1] of twisting cochains,
one has a quasi-isomorphism from the cobar complex of S(g[1]) to Ug. This quasi-
isomorphism induces a map Hoch? (S(g[1])¥,dy) — Hom*(S(g[1]),Ug) which
coincides with the map in the proof of [4, Theorem 4.10]. See also [26].

2.4.4 Differential graded comodules and cogenerators

Let (C,A,¢€) be a graded coalgebra. A (right) graded comodule (M, ¢,;) over
C' is a graded vector space M, equipped with a linear map ¢y, : M — M ® C of
degree zero such that

(i) (¢M X idc) ooy = (idM ®A) o G
(i) park o (idy ®€) o gar = ida,

where ppyx : M ® K — M is the scalar multiplication. Let (M, ¢p), (N, ¢n) be
comodules over C. A morphism of comodules is a linear map ¥ € Homg (M, N)
such that

(U ®ide) o ppr = oy o V. (2.6)
We denote by coHomg (M, N) the space of morphisms of comodules from (M, py;)
to (IV, pn)-
A (right) dg comodule (M, ¢y, dyr) over a dg coalgebra (C, A, ¢,dc) is a
(right) graded comodule over C, together with a linear map dy : M — M of
degree +1 such that dy; o dy; = 0 and

oy ody = (dy ®ide+idy ®de) o P
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Ezample 2.4.7. Let (C,A,d¢) be a dg coalgebra and (A, i1, d4) be a dg algebra.
If 7: C' — Ais a twisting cochain, the twisted tensor product A ®, C' equipped
with idy ®A: AR C - A® C® C is a right dg comodule over C. In particular,
the Chevalley—Eilenberg chain complex (Ug ® S(g[1]),dx) is a right dg S(g[1])-
comodule.

Lemma 2.4.8. Let (M, ¢p,dy), (N,én,dyn) be dg comodules. The space
coHome (M, N) is a dg vector subspace of Homg (M, N) whose differential O
is defined by

O(W) :=dy oW — (=)W o dy,.

Let (C,A,¢,dc) be a dg coalgebra, and let

<A7 ;s 1A7 dA) - ( Hom(CJ K)7 *, 1H0m(C,K)7 dHom(C,K))

be the convolution dg algebra. Let (M, ¢y, dyr) be a right dg comodule over C.
We define the action map py : AQ M — M,

pu(f ©@m) = parx © (idy ®F) 0 dar(m),
where m € M, f € A= Hom(C,K).

Proposition 2.4.9. Let (M, ¢p) be a right dg comodule over a dg coalgebra

C. The triple (M, pp,dy) is a left dg module over the convolution dg algebra
A = Hom(C, K).

Furthermore, let (N, ¢n,dn) be another right dg comodule over C', and (N, py, dy)
be the associated dg module over A. A linear map V : M — N is a morphism of
right comodules over C' if and only if ¥ is a morphism of left modules over A, i.e.
coHomg (M, N) = Homyu (M, N).

Proof. The first part of the proposition can be shown by a direct computation.
See [14, Proposition 2.2.1]. We only prove the second part here. Let (N, ¢y, dy)
be another right dg comodule over C', and ¥ : M — N be a K-linear map. If U is
a comodule morphism over C', then

Vopu(f®m)=Vouyxo (idy®f)odu(m)
= (-1 uyx o (idy ®f) o (¥ ®ide) o ¢ar(m)
= (=)W px g o (idy ®f) 0 dv 0 ¥ (m)
= (=)Vpn (f @ W(m)),

26



ie. U: (M, py)— (N,pn) is a module morphism over A. Conversely, if U is a
module morphism over A, then

o (idy @) o (6 0 W) (m) = p(f © W(m))
= (=)W (ppr (f @ m))
= (=DM o ppr o (idpr @F) 0 ar(mn)
= vz o (idy @) o (W @ide) o duy ) (m)
for any f € Hom(C,K), any m € M. Thus, we have
(W@idc)OgﬁM:gﬁNO\I},
i.e. U is a comodule morphism over C. O]

Example 2.4.10. Since M = Ug ®, S(g[l]) = (Ug ® S(g[l]),dx) is a right
dg comodule over (S(g[l]),0,), it is also a left dg module over
(S(g[1])Y,dy) by Proposition 2.4.9. More explicitly, the module structure
p:S(g[l])Y @ Ug @ S(g[l]) — Ug ® S(g[1]) is characterized by

PR UL O O 1y)) zuMKo(idM@@(fl )) o (idyg @A) (U@ 1 @ -+ © 2y,)

—Z DY r)u®a @ - NOF

for £ € SY(g[1])Y, v € Ug, 1, -+ ,x, € g[1]. Furthermore, since S(g[1])" is graded
commutative, the left action p induce a right action p on M:

((u@a 0 - Ox,) ©¢) =(— V'@ U@T ©- - O 1y))

—Z D" @i [£) u@@ @ T O,
which coincides with the contraction action L defined in Section 4.4.

Cogenerators of graded comodules

Let A be a K-algebra. A generator of a A-module (N, py) can be considered as a
vector space W, together with a linear map ¢y : W — N such that the map

AW 49w 4o N PV N

is surjective. Inspired by this point of view, we define cogenerator as follows.
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Definition 2.4.11. Let (C, A, €) be a graded coalgebra, and (M, pys) be a graded
comodule over C'. A cogenerator of M is a graded vector space V', together with
a degree-preserving linear map my : M — V, such that the composition

py = (7Tv®idc)O¢MiMMM®CM>V®O
is injective.
Since the diagram

pv

M= Me0— vao
d)]\/f 7Tv®ldc

¢Ml lid M QA lidv ®A
M®C¢Nf®id§7M®C®C 7TV®idC®idC V®C®C,

\_/

py ®id

commutes, the map py : M — V ® C' is a morphism of comodules. A cogenerator
my is said to be free if py is an isomorphism of comodules.

Proposition 2.4.12. Let (M, py) and (N, pn) be graded comodules over C, and
my : N =V be a cogenerator of N. Then the pushforward map

v, : coHome (M, N) — Hom(M, V)

1s an embedding of graded vector spaces. Moreover, if my is a free cogenerator,
then my, is an isomorphism of graded vector spaces.

Proof. Let Wy,¥y € coHomg(M,N) be comodule morphisms such that
v (V1) = my,(Va). Then, by (2.6), one can show that

py o Vi = py o Wy,

Since py is injective, we have U = W,.

Assume 7y is a free cogenerator. Since py is an isomorphism of comodules, it
suffices to verify the case

N:V®C, 7TV:,U,V7KO(idv®€)ZV®C—>V
For each f € Hom(M, V), it straightforward to show that the map
\Iff = (f®1d0)0¢MM—>V®C,

is a morphism of comodules such that 7 o Wy = f. Thus, the proof is completed.
O
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Ezample 2.4.13. Let V and W be a graded vector spaces. Then the pair
(Ve SW,idy ®A) is a graded comodule over SW. The projection pr: V& SW —
V ® SW 2~V is a free cogenerator, because the composition

Vo SW e v e s e SRR, g gy
is the identity map. Thus, by Proposition 2.4.12, the pushforward map
pr, : coHomgy (V @ SW,V @ SW) — Hom(V ® SW, V)

is an isomorphism of graded vector spaces. In fact, for f € Hom(V @ SW, V), the
composition

U Ve SW 2 v g s e s L2, g g1, (2.7)

is the comodule morphism such that pr, (V) = f.

2.5 Hochschild complexes and tensor coalgebras

We recall Getzler’s construction of Hochschild complexes in [19] and show an
isomorphism between the version here and our version in Section 4.1. For a dg
algebra A, we consider Getzler’s formulas as the natural formulas on A[1], and
ours are the formulas on A obtained by Getzler’s formulas composed with proper
degree-shifting maps.

2.5.1 Tensor coalgebras

Let V be a graded vector space. The tensor coalgebra (T'V,Ar, er) over V
is the graded vector space TV = @, V" together with the counit ey = pr :
TV — V% =K and the coproduct Ar: TV =TV @ TV,

Ar(1® Q) =10 (11 Qu,) + (1 ®--Qu,) ®1
+Y (@ Q)@ (Vi1 @ - B vy).
1

—_

7

Let pry, : TV — V be the canonical projection. By imitating the techniques
of cogenerators in Section 2.4.4, one can show that a coderivation D € coDer(7T'V)
is uniquely determined by pry, oD € Hom(T'V, V). In fact, for ¢, € Hom(V®* V),
the map ¢ = >, ¢ € Hom(T'V, V') determines a coderivation D, by the formulas

Dq‘v®n = Z jd®i Rqr ® id®j : V®n N V®”_k+1,
i+j+k=n
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Since the space of coderivations with the graded commutator is a graded Lie
algebra, the space Hom(7'V, V) is also equipped with a Lie bracket

[f,g] == pryyo(Dj o D, — (—1)V'D_ o D)

where f,g € Hom(T'V, V) are arbitrary homogeneous maps.

Tensor coalgebra over a shifted dg algebra

Let A be a dg algebra equipped with differential d4 and multiplication 4.
Following [19], we denote

my(say) = sda(ay), ma(say, saz) = (—1)1%s4(ay, as),

where aj,as € A, and s : A — A[l] is the degree-shifting map of degree —1.
Let D,, € coDer(T(A[1])) be the coderivation generated by m := m; + my €
Hom'(T(A[1]), A[1]). Since the dg algebra axioms

d2A:O, daops=pao(da®id+id®dy), pao(pa®id) = pao (id®pua)

are equivalent to

Prap ©[ D, DmHA[l] =0, prap;o[Dm, DmHAm@z =0, prap;o[Dm, DmHA[l]m =0,
respectively, one has the equation
Dy, Dy = 0.
Therefore, we have
Proposition 2.5.1. The triple (Hom(T(A[1]), A[1]),[m, ][, ]) is a dg Lie

algebra.

Let My = [m, ], and M, : Hom(T'(A[1]), A[1])®? — Hom(T'(A[1]), A[1]) be
the operation
MQ(Dl, Dg) =My O (Dl ® Dg) o AT

of degree one. One can show that

[Dr, D) =0, (2.8)
where M = M, + M, € Hom (T Hom(T'(A[1]), A[1]), T Hom(T'(A[1]), A[1])). See
[19, Proposition 1.7].
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Let dy, : Hom(T(A[1]), A) — Hom(T'(A[1]), A) and U : Hom(T'(A[1]), A)®? —
Hom(T'(A[1]), A) be the unique maps satisfying the equations

Mios=s0dy, Myo(s®s) =500,

where s : Hom(T'(A[1]), A) — Hom(7T'(A[1]), A[1]) is the degree-shifting map. By
(2.8), we have the following

Proposition 2.5.2. The triple (Hom(T(A[l]),A),cf;[, 0) is a dg algebra.
Remark 2.5.3. More generally, if A is an A, algebra, then so is Hom(T'(A[1]), A).
The construction is closely related to the braces operations on Hom(7'(A[1]), A[1]).
See [56, 20, 19].
2.5.2 Hochschild cochains and coderivations
Let (A,d4, pa) be a dg algebra. Let

déc : Hom"(A®?, A) — Hom?" (A[1]®F, A)
be the décalage map defined as

deéc(f)(sa1 @+ @ 5a,) = (~1)= " (o @ - @ ay)

for f € Hom"(A®*P,A) and ay,---,a, € A. In other words, the map
déc(f) € Hom?*"(A[1]®P, A) is the unique map such that the diagram

sor] /

A®P

A

commutes. Note that m; = s o déc(d4) and my = s o déc(ua).

Proposition 2.5.4. The map
sodécos™ 1 (Hochf (A)1],[ . ) = (Hom(T(A[L]), A[1]),[ , )
s an embedding of graded Lie algebras. In particular,

déco(dy + 04) = dy o déc.
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Proof. Let f € Hoch”"(A) and g € Hoch?*™(A). Since

(sdéc f) o (1d® ' ®(sdécg) @ id®" ") o g®PrHr2~!

= (=1)mDwtr = (g5 dac f) o (s¥' ' @ (s déc g 0 §772) ® 5571
(_1)(i—l)(P2+T2—1)+(p1—i)r2 (sdéc f) 0 s¥7 o (id®i71 ®9 ® id@plﬂ')
(_1)(i71)(p271)+(p1*1)r2 50 fo(id® ! @g®id® ),

it follows from (4.5) that
[s déc f,sdécg] o s®PHH =50 [f, g],
which implies the assertion. [
Proposition 2.5.5. The map
déc : (Hoch? (A),dy + 04,U) — (Hom(T(A[l]),A),c/Z;,G)
1s an embedding of dg algebras.
Proof. Let f € Hoch?"™(A) and g € Hoch?>"(A). Since

s(déc fUdécg) = My o (s ® 5)(déc f ® déc g)
=mgo (s ®s)o (déc f®décg)oAr
=50, o0 (déc f ®décg) o Ar,

we have

(déc f Udécg) o (s¥P1772) = 114 o (déc f ® décg) o Agap o (s¥P172)
= pa 0 (déc f ® décg) o (5®p1 ®5®p2) oAy
_ (_1)(1’24‘7'2)171/1/14 o (f Q g) o Apa,

where Apap is the coproduct on T'A[1], and Agy is the coproduct on T'A. Thus,
by comparing the above formula with (4.3), we conclude

(déc fUdécg) o (s¥P172) = fU g,

which implies the assertion. O]

32



Chapter 3

Formal exponential map of dg
manifolds

3.1 dg coalgebras associated with dg manifolds

Any dg manifold (M, Q) determines a pair of dg coalgebras over the dg ring
(C*(M),Q), namely D(M) and T'(S(T)). Below we will briefly describe these
dg coalgebra structures. In the sequel, unless specified otherwise, we will always
identify (R,dr) = (C*(M), Q).

First, let us consider the dg coalgebra structure on the left R-module D(M)
of differential operators on M.

The comultiplication
A:D(M) = D(M) @ D(M) (3.1)
is defined by
(AD)(f ®g) =D(f-g),

where f,g € C*°(M) and D € D(M).

The differential Ly : D(M) — D(M) is defined as the commutator with @,
which is also the Lie derivative along the homological vector field Q:

Lo(D)=[Q.D]=Q-D~(-1)"D-Q (32)

for any D € D(M), where [ , ] denotes the commutator on D(M).

The induced differential on D(M) @z D(M) is again the Lie derivative Lo,
which coincides with [@, ], with [, ] being the Gerstenhaber bracket on
polydifferential operators on M.
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The counit map

€: DM) = C®(M) (3.3)

is the canonical projection, which evaluates a differential operator D on the
constant function 1.

Note that D(M) admits a natural ascending filtration by the order of differen-
tial operators

C®(M)=DM)C---CcD"(M)C---
where D="(M) denotes the space of differential operators of order < n. The

following proposition can be easily verified.

Proposition 3.1.1. For any dg manifold (M, Q), the space of differential opera-
tors D(M) on M, equipped with the comultiplication A, the differential Ly and
the counit € as in (3.1), (3.2) and (3.3), is a filtered dg cocommutative coalgebra
over (C*(M), Q).

Next we describe the dg coalgebra structure on the left R-module F(S (TM)).

The comultiplication
AT (S(Twm)) = T(S(Tr)) @ T(S(Tm))
is given by

AXi00X,)=10(X10--0X,)+(X10---0X,)®1

-1
Z Z )@ @X k))@(Xa(k+l)®®Xa(n))y

k=1 I k

(3.4)

where X, ---, X, € F(TM). The symbol &7* denotes the set of all (k,n — k)-
shuffles and the symbol ¢ := (X, Xy, -+, X,,) denotes the Koszul signs arising
from the reordering of the homogeneous objects X, X5, -+, X, in each term of
the right hand side.

The differential

is the Lie derivative along the homological vector field ). The induced differential
on I'(S(Tw)) @ T(S(Thm)) = T(S(Thm) @ S(Trm)) is again the Lie derivative Lg.

The counit map

e:T(S(Tm)) — C=(M) (3.6)

is the canonical projection.
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Note that I'(S(T)) admits a canonical ascending filtration
C®(M) =T (S=%T)) C - CT(S(Tpm)) C -+~
The following proposition is easily verified.

Proposition 3.1.2. For any dg manifold (M,Q), the space F(S(TM)), equipped
with the comultiplication A, the differential Lg and the counit map € as in (3.4),
(3.5) and (3.6), is a filtered dg cocommutative coalgebra over (C*(M), Q).

3.2 Formal exponential map of a dg manifold

Let M be a finite dimensional graded manifold and V be an affine connection
on M. A purely algebraic description of the Poincaré-Birkhoff-Witt map has
been extended to the context of Z-graded manifolds by Liao—Stiénon [34]. As
pointed out in the introduction, for an ordinary smooth manifold, the PBW map
is a formal exponential map. In the same way, one can think of the PBW map
of a Z-graded manifold as an induced formal exponential map of ‘the virtual
exponential map’

exp” : Ty — M x M (3.7)
by taking fiberwise co-jets.
Recall that the Poincaré—Birkhoff-Witt map

pbw" : T'(S(Th)) — D(M) (3.8)
is defined by the inductive formula [34]:

pbw" (f) = f, Vf € C®(M);

pbwV(X) = X, VX € X(M); (39)

and

phw¥ (X, 0@ X,) = e (Xk phw" (X ) — pbwv(VXkX{k})) . (3.10)

k=1

S|

where X = X;0---0X,, € F(S”(TM)) for homogeneous vector fields X1, --- , X, €
X(M) and g, = (—1)Kel(Xal+-HXe-1]) i5 the Koszul sign.

Theorem 3.2.1 ([34]). The map pbw" is an isomorphism of graded coalgebras
from T (S(Th)) to D(M) over C*°(M).
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Now, we assume there exists a homological vector field @) on M so that (M, Q)
is a dg manifold. Then, both I'(S(T\()) and D(M) in (3.8) are dg coalgebras
over (C*(M),Q), according to Propositions 3.1.1 and 3.1.2. We think of the
elements of the dg coalgebra (I'(S(Twm)), Lg) as fiberwise dg distributions on the
dg vector bundle 7 : Ty — M with support the zero section — the homological
vector field on T, is the complete lift Q of the homological vector field ) on M
[42, 52|. Likewise, we think of the elements of the dg coalgebra (D(M), Lg) as
fiberwise dg distributions on the dg fiber bundle pr; : M x M — M with support
the diagonal A — the homological vector field on M x M is (@, Q). On the level
of fiberwise oco-jets, the fact that the virtual exponential map (3.7) is a map of
dg manifolds is equivalent to the map pbw" : (F (S(TM)), LQ) — (D(M), EQ)
being an isomorphism of dg coalgebras over (C*°(M), Q). This consideration
leads to the following

Theorem 3.2.2. Let (M, Q) be a dg manifold. The Atiyah class on,q) vanishes
if and only if there exists a torsion-free affine connection V on M such that

pbw" : (T(S(Tm)), Lg) = (D(M), Lq)
is an isomorphism of dg coalgebras over (C°(M), Q).

Remark 3.2.3. A similar theorem in the same spirit concerning the Atiyah class of
Lie pairs was obtained in [31, Theorem 5.10|. It would be interesting to establish
a result that encompasses both [31, Theorem 5.10] and Theorem 3.2.2 under a
unified framework.

In order to prove Theorem 3.2.2; we first introduce a linear map
CV :T(S(Thm)) — D(M)
by
CY .= Lo opbw" —pbw" oLg. (3.11)

One can easily check that CV is a C°°(M)-linear map of degree +1. Moreover,
for n > 0,
CY(L(5%"(Tm))) € D=""H(M).

The following proposition indicates that C'V can be completely determined by

a recursive formula.

Proposition 3.2.4. Let (M,Q) be a dg manifold, and V a torsion-free affine
connection on M. Then the map CV satisfies

CY(f)=0; (3.12)
CV(X) =0; (3.13)
CY(XOY) =—Atly o)X, Y), (3.14)

36



for all f € C®(M), X,Y € X(M), and, for n > 3, it satisfies the recursive

formula

n

1
CV(X) = = D e [ ()X - OV (X ) — OV (T, X ]
k=1
2 e ij
- Y eigi (=Xl phw Y <At(VM,Q) (X, X;) © X1 ’J}> , (3.15)
1<j

where X = X;0---0X, € F(S"(TM)) denotes the symmetric tensor product of n
homogeneous vector fields X1, , X, € X(M); X™ = X0 0X,0---0 X,
foranyl <k <n; X =X,0- 0X,0--0X;0 0X, for any
1 <i<j<n;ande, = (—1)Xel0XalH+Xal) s the Koszul sign arising from the
reordering Xy, Xo, -+, Xp = X, X1, Xo, -+, X1, Xp1, -+, X,

We now prove Theorem 3.2.2 based on Proposition 3.2.4.

Proof of Theorem 3.2.2. Observe that, according to Proposition 2.2.4, a(,q)
vanishes if and only if there exists an affine connection V' for which At(vj\//w) =0.

It follows from Lo(V') = At(V/\I,LQ) = 0 that Lo(TV") = 0. Therefore, if the Atiyah
cocycle of the affine connection V'’ vanishes, then so does the Atiyah cocycle of
the torsion-free connection V = V' — 1TV";

! 1 ! ’ ]_ ,
Atiug) = £a(V) = Lao(V' = 5T7) = At(ug —5La(T) = 0.

Thus, it suffices to prove that CV = 0 if and only if At(ijQ) = 0.
Assume that CV = 0. By Proposition 3.2.4, we have

Aty (X, Y) =-CY(X0Y) =0

for all X,Y € X(M).

Conversely, assume that At&,@) = 0. Then we have CV(X ®Y) = 0 by

Proposition 3.2.4. Hence CV(Y) = 0 for all Y € I'(S<*(T))). Moreover,
Equation (3.15) can be written as

1 n
CV(X) ==Y e [(-1)|Xklxk OV (xR - CV(VXkX{’“})]
k=1
for all X € (I'(S=*(Tn))). Therefore, CV = 0 by the inductive argument. O
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3.2.1 Proof of Proposition 3.2.4

Now we turn to the proof of Proposition 3.2.4. We will divide the proof into
several lemmas.

Lemma 3.2.5. Under the same hypothesis as in Proposition 3.2.4, Equations (3.12),
(3.13) and (3.14) hold.

Proof. Equations (3.12) and (3.13) follow immediately from Equation (3.9).

To prove Equation (3.14), let X,Y € X(M) be homogeneous vector fields.
Since V is torsion-free, we have

VxY — (-)*YIYy X = [X,Y] = XY - YX.
It then follows from Equation (3.10) that
pbwV(X @Y) = XY — VyY.

From there, we obtain
Loopbw' (X ©Y) = [Q, X]Y + (-1)¥IX[Q,V] - [Q, VxV]
and
pbw" oLo(X ©Y) = pbw" ([Q XloY + ()X o[Q,Y])
= ([Q, X]Y = VioxY) + (-1)¥(X[Q, Y] - Vx[Q,Y]).
As a result, we have
CY(XOY) = (Lgopbw’ —pbw" oLg)(X OY)

—([Q, VxY] = VoxY — (-)*FIVx[Q.Y])
= — Aty (X, Y). O

In the sequel, we adopt the followmg notations. For any X = X; ©---0 X, €
F(S”(TM)), we write X = X1 ORERNO; Xk ® - O X,; for i # j, we write

X=X 0 0X,0---0X,0- @Xn,andforalll<z<n x i — .

Lemma 3.2.6. Under the same hypothesis as in Proposition 3.2.4, for all X =
X1 00X, €(8"(Tm)) withn > 3, we have

Loopbw (X) = %28 [Q, Xx] - pbw" (X 1)

n
k=1
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and
pbw" oLg(X)

- —Z( QX - phwT (X ) 4 ¢ X - pbw¥ (Lg(X ™))

— ¢ phw" (LQ(vXkX{k}))) + % S e pbw? (2 AT (X X)) @ X{”})

1<j

In the two equations above and in the proof of the Lemma as well, the symbol
e=¢e(Q, X1, -, X,) denotes the Koszul signs arising from the reordering of the
homogeneous objects Q, X1, --- , X, in each term of the right hand sides.

Proof. The formula for Lg o pbw" (X)) is immediate from Equation (3.10).
Next, we will compute pbw" oLg(X). Since Lo(X) = > r_ - ([Q, Xi] ©
X1 applying Equation (3.10), we have

phw” oLo(X) =~ (A~ A"+ B-C),

where

= e [Q,X;] - phw¥ (X ), (3.16)
= e-pbw" (Vigx X ™),
=1

Bi=) ) ¢ Xipbw'([Q X, o X 1),
k=1 i=1

C:= Z ZS - pbw¥ (Vx, ([Q, Xx] © X 04,
k=1 i=1
First, by changing the order of summation, we obtain
B= Z Z&‘ - X; - pbw" ([Q, Xk © X{i’k})

1=1 k=1

- Zn:g X, - pbw" (LQ(X{i})> . (3.17)
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We also can write

=Y D cpbw’ <(V[Q,xk1Xz‘) © X{’“’”)

k=1 =1

=> > & pbw’ ((V[Q,Xi]Xk) © X{i’k}) : (3.18)

k=1 i=1
Now we also have

> e pbw" ([Q. X © Vi, XTH)

k=1 i=1

=3 YD e pbw' ([Q. X4] © Vi, X; © X R

k=1 i=1 j=1

=> > > e pbw’ (Vi X; 0[Q X,] 0 X )

k=1 i=1 j=1

=3 e pbw" (Vx,X; © LoX 1)

i=1 j=1

=33 epbw" (Vx, X © LoX ).

i=1 k=1

Therefore, it follows that

DD e pbw ([Q VX © X ) + 3T Te e pbw” ([Q, X © Vi X )

k=1 =1 k=1 i=1
=33 e pbw ([Q, Vi X © X M) £33 e pbw” (Vi X © Lo X UH)
k=1 i=1 i=1 k=1

=Y > e-pbw" Lo(Vx, X © X )

i=1 k=1

= e pbw" (Lo(Vx, X)) (3.19)

i=1

Moreover,

€= 203 e (V@ KEX ) 43" cpbn™ (1@, X0V X4).

k=1 =1 k=1 i=1
(3.20)
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Then by combining Equations (3.18), (3.19) and (3.20) and using the definition
of Atiyah cocycles, we obtain

A pC=2 Yy e pbw’ (([Q V. Xi] = Atfy ) (X, X)) © X TH)

k=1 i=1

£33 e b ([Q. X © Vi X 1)

k=1 i=1
—ZE pbw" (Lg( VXX{} Zs pbw" <2At(MQ(Xi,Xj)®X{i’j}>.

=1 1<J

(3.21)

The conclusion thus follows from Equations (3.16), (3.17), and (3.21). O

Proof of Proposition 3.2.4. Equations (3.12), (3.13) and (3.14) have been proved
in Lemma 3.2.5. It remains to prove Equation (3.15). According to Lemma 3.2.6,
we have

Lo opbw" (X) — pbw" oLg(X)
1 n
= > en(=1)X, - (Lo o pbwY — pbwY oLg) (X )

1 n
- Z er(Lg o pbw" — pbw" oLQ)(VXkX{k})

k=1

1 -
T > e (D)X pbw? (2 Aty (X, X;5) © Xw}) '

i<j
This concludes the proof of Proposition 3.2.4. m

3.3 Atiyah class and homotopy Lie algebras

This section is devoted to the study of homotopy Lie algebras associated with the
Atiyah class of dg manifolds.

3.3.1 Kapranov L [1] algebras of dg manifolds

The Atiyah class of a holomorphic vector bundle is closely related to Ls[1]
algebras as shown by the pioneer work of Kapranov [23, 45, 46]. These Lu[1]
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algebras play an important role in derived geometry [12, 39, 45| and construction
of Rozansky—Witten invariants [23, 27, 46, 47, 55].

In this section, following Kapranov [23], we show that the Atiyah class of a
dg manifold is related to L.[1] algebras in a similar fashion. We refer to [11,
Sections 4 and 5| for the interpretation in terms of derived category.

Let (M, Q) be a dg manifold and let V be an affine connection on M. The
Lie derivative Ly along the homological vector field @) is a degree +1 coderivation
of the dg coalgebra D(M) over (C*°(M), Q) according to Proposition 3.1.1.

Transferring Lg from D(M) to T'(S(Tm)) by the graded coalgebra isomor-
phism pbw" (3.8), we obtain a degree +1 coderivation 6V of F(S(TM)):

6V := (pbw") 1o Ly o pbw" . (3.22)

Therefore
(T(S(Twm)),6Y) (3.23)
is a dg coalgebra over the dg ring (C*°(M), Q).
Finally, dualizing §V over (C*(M), @), we obtain a degree +1 derivation:

DY :T(S(TY,)) — T(S(TYy) (3.24)

Here we used the identification F(§(TX4)) = Homeeo () (T (S(Th) ), C*°(M)).

The following theorem was first announced in [42], but a proof was omitted.
We will present a complete proof below.

Theorem 3.3.1. Let (M, Q) be a dg manifold, and let V be a torsion-free affine
connection on M.

(i) The operator DV is a derivation of degree +1 of the graded algebra F(§<TX4))
satisfying (DV)?* = 0. Thus (F(§(TXA)),DV) is a dg algebra.

(it) There exists a sequence of degree +1 sections Ry, € T (S*(Ty,) ® Tnm), k = 2
whose first term Ry equals to — At(VM,Q), such that

DY = ﬁQ—i—ZE;,
k=2

where each Ry, : F(S\(TXA)) — F(S\(Tx,l)) denotes the R-linear degree +1
derivation corresponding to Ry.
(i1i) Different choices of torsion-free affine connections V induce isomorphic dg

algebras (T (§(TX4)) ,DV).
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Remark 3.3.2. The graded algebra F(§(TX/[)) can be thought of as the graded

algebra of functions on a graded manifold T with support M and DV as a
homological vector field on Ts. Note that T and Th are different graded
manifolds: the support of Ty is Ty while the support of T\ is M.

Before we prove this theorem, we need to recall some basic notations.

Recall that given a graded commutative algebra R and a graded R-module
V', the symmetric tensor algebra (Sg(V'), 1) over R admits a canonical graded
coalgebra structure A : Sg(V) = Sg(V) ®@r Sr(V') defined by [31]

A O 0uy) =10 WO - Qu)+ (1O - Ov,) ®1

n—1
Y D e (o) O O ) @ (Vo(a) @ -+ @ Uo(a)

k=1 UEGZ’_k
for homogeneous elements vy, -+, v, € V. Here the symbol € = e(vy, v, -+ ,v,)
denotes the Koszul signs arising from the reordering of the homogeneous objects
vy, Vs, -, U, in each term of the right hand side.

The following lemma is standard— see, for example, |38, 31].

Lemma 3.3.3. Let R be a graded commutative algebra and V' be an R-module.
There is a natural isomorphism

coDerg (Sg(V), Sr(V)) = ﬁ Homg (S5 (V), V)

as R-modules.

More explicitly, the correspondence between a sequence of maps {qy }x>0 with
qr € Homg (S (V),V) and a coderivation Q € coDerg(Sg(V), Sr(V)) is given
by

QO 0u)=¢0pl)0v0 - Qu,+ (1 ®- - Ov,) ©1

[y

n—

+ Z € qk(Vo1) @+ @ Vo (k)) © Va(ht1) @ -+ © V()

=1 O’EGZ_k

b

(3.25)

for homogeneous vectors vy,--- ,v, € V.

For a given graded R-coalgebra (C,A) and a graded R-algebra (A, i), the
convolution product x on the graded vector space Homg (C, A) is defined by

frxg=po(f®g)oA
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Vf,g € Homg(C, A). It is clear that (Homg(C, A), ) is a graded R-algebra. In
particular, since Sgx(V') is both a graded coalgebra and a graded algebra, the
space of R-linear maps Hompg (Sg(V'), Sg(V')) admits a convolution product:

(fxg)(v) =S (D)ol f(vi)) © g(ve), (3.26)
(v)

where v € Sg(V) and A(V) = > v(a) ® v(a).
)
Using the above notation (3.26), we may write Equation (3.25) as

Q=> (G *idser)) (3.27)
k=0

where the map g : Sgr(V) — Sr(V) is defined by the following commutative
diagram:
lprk ] (3.28)
Sr(V) == Sk(V).

Here pr), : Sgr(V) — SE(V) denotes the canonical projection. We write id for
idg, (v) below if there is no confusion. We are now ready to give a detailed proof
of Theorem 3.3.1.

Proof of Theorem 3.5.1. For (i), by construction, it is clear that the operator DV
in (3.24) is indeed a degree +1 derivation. Since () is a homological vector field,
from (3.22), it follows that (§V)? = 0. Therefore (DV)? = 0.

To prove (i), consider the case when R = C*(M) and V = I'(Ty) in
Lemma 3.3.3. Recall that CV in (3.11) is R-linear, and pbw" : ['(S(Tw)) —

D(M) is an isomorphism of graded coalgebras over R. Since we have
Lg € coDerg (I'(S(Tm))) and Lg € coDerg(D(M)), it thus follows that

(pbw") o CV = (pbw") ! 0 Lg o pbw" —Lg € coDerg (I'(S(Th)))-

Since both Ly and Ly are of degree +1 and pbw" is of degree 0, it follows
from Lemma 3.3.3 and Equation (3.27) that there exists a sequence of degree +1
sections Ry, € T'(S*(T%,) ® Tm), k = 0, such that

(e o]

(pbwV) ™! o LoopbwY —Lg = Y (R +id). (3.29)

k=0
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Here we think of Rj as an R-linear map Ry : F(Sk(TM)) — F(TM) and
Ry : T(S(Tm)) — T'(S(Twm)) defined as in Diagram (3.28).

From Equations (3.12), (3.13) and (3.14), it follows that
RO = 0, R1 = O, and RQ = — At(vjwa) . (330)
Thus the conclusion follows immediately from (3.29) by taking its R-dual.

Finally, assume that V' is another torsion-free affine connection. Let ¢ :=
(pbw" )lo pbw". Then from Proposition 3.1.1, Proposition 3.1.2 and Theo-
rem 3.2.1, it follows that

¢ (D(S(Ta)).87) = (F(S(Tm)),07) (3:31)
is an isomorphism of dg coalgebras over (C*°(M), Q). By dualizing it over the dg
algebra (C*(M), @), we have that

o7 - (T(S(TY)), DY) = (D(S(TY)), DY)
is an isomorphism of dg algebras over (C*°(M), Q). This concludes the proof of
the theorem. O

Indeed, following Kapranov [23], one may consider (I (§ (TX,)), DV) as the ‘dg
algebra of functions’ on the ‘formal neighborhood’ of the diagonal A of the product
dg manifold (/\/l x M, (Q, Q)) the PBW map pbw" is, by construction, a formal
exponential map identifying a ‘formal neighborhood’ of the zero section of T to
a ‘formal neighborhood’ of the diagonal of M x M as Z-graded manifolds and
Equation (3.22) asserts that DV is the homological vector field obtained on T
by pullback of the vector field (@, Q) on M x M through this formal exponential
map. The readers are invited to compare Theorem 3.3.1 with [23, Theorem 2.8.2].

As an immediate consequence, we are ready to prove the main result of this
section.

Theorem 3.3.4. Let (M, Q) be a dg manifold. Fach choice of an affine connection
V on M determines an Loo[1] algebra structure on the space of vector fields X(M).
While the unary bracket Ay : S*(X(M)) — X(M) is the Lie derivative Lg along
the homological vector field, the higher multibrackets Xy, : S¥(X(M)) — X(M),

with k > 2, arise as the composition
Akt SE(E(M)) = T(SH(Tw)) 25 2(M)

induced by a family of sections { Ry }r>2 of the vector bundles S*(TY,)@T starting
with Ry = — At q)-

Furthermore, the Loo[1] algebra structures on X(M) arising from different
choices of affine connections are all isomorphic.
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For clarity, we point out that S* (%(M)) denotes the symmetric tensor product
over the field K of k copies of X(M). While A; is merely a K-linear endomorphism
of X(M), we note that, for all & > 2, the multibracket )\ is C°°(M)-linear in
each of its k arguments.

Proof. The first part follows immediately from the fact that (F (S (TM)), 5V) as
in (3.23) is a dg coalgebra over (C*°(M), Q).

The uniqueness is a direct consequence of Theorem 3.3.1 as well. Indeed, it is
easier to derive it using the dg coalgebra (I'(S(Tx)),d") as in (3.23). If V' is
another torsion-free affine connection on M, we know that ¢ : (I'(S(Tm)),6") 5
(F(S(TM)),évl) as in (3.31) is an isomorphism of dg coalgebras over the dg ring
(C*(M),Q). Thus it follows that the sequence of maps { @ }r>1 defined by the

composition
O 2 5" (X(M)) = T(SH(Tw)) 5 T(S(Tw)) =5 T (Taa) = X(M)

is an isomorphism of L. [1] algebras. Indeed, it is simple to see from (3.9) that
the linear term ¢, is the identity map. m

Such an L [1] algebra on X(M) is called the Kapranov L.[1] algebra of
the dg manifold (M, Q).

3.3.2 Recursive formula for multibrackets

It is clear that the Kapranov L. [1] algebra of a dg manifold in Theorem 3.3.4 is
completely determined by the Atiyah 1-cocycle and

Ry € T(S¥(TY)) ® Tim) = T(Hom(S*(Tm), Ti))

for k > 3.

Recall that, for the L.[1] algebra on the Dolbeault complex Q0*(T4°) as-
sociated to the Atiyah class of the tangent bundle Tx of a Kéhler manifold X,
Kapranov showed that the multibrackets can be described explicitly by a very
simple formula [23]. For a general complex manifold, it was proved in [31] that
they can be computed recursively as well. It is thus natural to ask if one can
describe the multibrackets in Theorem 3.3.4 explicitly.

In what follows, we will give a characterization of these multibrackets, or
equivalently all terms Ry, k > 2, by showing that they are completely determined
by the Atiyah cocycle At(VM,Q), the curvature RV, and their higher covariant
derivatives, by a recursive formula.
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We need to introduce some notations first.

By v R, | € F(S”(T ) ® TM), we denote the symmetrized covariant deriva-
tive of R,,_1. That is, for any X € F(S”(TM)),

(ZﬁRn_O (X) = zn:ek(VXkRn_l)(X{k})

k=1
:55@(¢4y“WyAR%¢X“U)—3%JV&X“U>
. (3.32)
Here g; = (—1)Xel(Xal++X-1D) ig the Koszul sign.
Let BY : I'(Twm @ S(Th)) — L(S(Tm)) be the map defined by
BY(Y;X) = (pbw") " (Y - pbw" (X)) — Vv X, (3.33)

VY € ¥(M) and X € T'(S™(T'm)). The following can be verified directly.

Lemma 3.3.5. The map BY is well defined and R-linear. Hence BY is indeed a
bundle map
BY Ty @ S(Ta) — S(Th).

As we will see below, the map BY is completely determined by the curvature
RY and its higher covariant derivatives.

Let

T(S(TY) ®r T(S(Th)) 5 R

be the duality pairing defined by

(1O Oy X1 0 O X,)
>ooefan | Xoay) - (oo | Xo@)) (o | Xoy) ifp=gq

= UGSP
0 if p7#q
for all homogeneous elements ay, ..., o4 € F(T/\\//t) and Xy,..., X, € F(TM). The
symbol € = e(a, g, -+, ap, X1, Xo, -+, X,) denotes the Koszul signs arising
from the reordering of the homogeneous objects oy, ag, -+, o, X1, Xo,- -+, X, in

each term of the right hand side.

The following is an immediate consequence of the Fedosov construction of
graded manifolds [34, Theorem 5.6 and Proposition 5.2|. A short description on
this topic can be found in Section 2.3.
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Lemma 3.3.6.

(i) The bundle map BY : Toy @ S(Ta) — S(Tam) in Lemma 3.3.5 is completely
determined by the curvature RY and its higher covariant derivatives. More
precisely, given any Y € X(M), provided that BV (Y;Y') is known for all
Y € D(S=""YTm)), one can compute BY(Y; X)) for any X € T'(S™(Tnm)).

(ii) Moreover, if RV = 0, then BV(Y;X) =Y © X, for all Y € X(M) and
X eT(S(Twm)).
Proof. (i). Let
VEX = (pbw¥) (Y - pbw¥(X).
Then by Equation (3.33),
BY(Y;X)=ViLX - VyX.
For the rest of the proof, we follow the notation from Section 2.3, in particular,
Theorem 2.3.4. For all o € I'(S(T%,)), we have
(0| VEX —VyX) = (1) Vyo —Vie | X)
(=) (iy (@7 = d¥ ) ()| X )
= (=1)lll <Zy(5 AVY( )‘X>
= (0| YO X) = ()" (iy A¥(0) | X)
= (0 |YOX) (0] (iyA")TX).
Thus it follows that
BY(Y;X)=Y 0 X — (iyAV)" X
The conclusion thus follows from Corollary 2.3.7.
(ii) Moreover, if RV = 0, then AY = 0 by Equation (2.2), and hence we obtain
BYY;X)=Y 0o X. O
Theorem 3.3.7.

(i) The sections R, € T'(S™(T%,) ® T), with n > 3, are completely determined
by the Atiyah 1-cocycle At(vMyQ), the curvature RV, and their higher covariant
derivatives, through the recursive formula

1
1 — _ _
:—E:{dka*ld + (1= k)(Ry*id) — BY o (R, ®id) o A
n
k=2
2
+ = (Ryxid). (3.34)
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i) In particular, if RY = 0, then Ry = — AtY, and R, = lcfﬁRn_l for all
n > 3.

In terms of Sweedler’s notation AX = X (1) ® X (), one can rewrite Equa-
tion (3.34) as follows:

1

|: <J€Rk<X(1)) ® X(2)> + (1 - k) (Rk<X(1)) © X(z))

2

3
|

Ry (X) =

S|
i

2
— BY (R(X )i X ) | + 5 (X)) © X ).

Now we proceed to prove Theorem 3.3.7. For any X € F(S”(TM)), we can
write

CV(X) = pbw" o((pbwv)f1 o Ly opbw" —LQ) (X)

= pbw" (i(}%k * 1d)(X)) by Eq. (3.29)
— i pbw" o( Ry xid)(X) by Egs. (3.30). (3.35)

In order to simplify the notation, we introduce a sequence of maps
BY :T(S(Tm)) — T(S(Twm)), for k > 2, defined by

BY(X)=B"o(R,®id) o A(X), VX €I (S"(Tm)).
Explicitly, in terms of Sweedler’s notation AX = X (1) ® X (2), we write

BY(X) = BY(Ri(X 1)); X )
= (pbw") ™" (Re(X 1)) - pbWY (X ) = Vryx) X2 (3.36)

From Lemma 3.3.5, it follows that Bkv, with £ > 2, is R-linear. That is, Bkv, with
k > 2, is indeed a bundle map S(Th) — S(Tm).

Proof of Theorem 3.3.7. (i) First, we will prove the recursive formula (3.34).

Pick any element X = X; ®---® X,, in F(S”(TM)). Again, for the sake of
simplicity, we use Sweedler’s notation AX = X 1) ® X (2) and the Koszul sign
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ep = (—1)Xel(Xal++1Xe1D) For each 1, by Equations (3.10) and (3.26), we have
(n — 14 1) pbw" o( R; xid)(X)
= (n =1+ 1) pbw" (R(X 1)) © X (2))
= R(X 1)) - pbw" (X (3)) — pbw" (VRZ(X(U)X(?))
+ 3 el - pb” (Ri(X () © X))
k k
— pbw" (vxk (Rl(Xg)}) o X| })> }
= Ri(X 1)) - pbw" (X z)) — pbw” <VRI(X(1))X(2)>

+Z£k ‘k‘[ pbwY o Ry % id) (X ¥

—pbw” (T, ((Rixia) (X)) |.
Combining it with Equation (3.36), we conclude that
(n — 1+ 1) pbw" o(R; xid)(X) — pbw" oBY (X)
- ng DI X - pbw™ o B+ id)(X ) — pbw” (T, (R +id) (X)) )]
Therefore,
(n — 14+ 1)(R;xid)(X) — BY(X)

- ng DR [ (pbw?) 1 (X - pbw¥ o Ry xid) (X 1))

~ VY, ((R, *id)(X{’“})> ]
(3.37)

Also, for each [, by Equation (3.32), we have

(d R, % id)(X)

_ ; e (@ R) (X X o X )|

= kzn:ag [( 1)1 ((VXle(X{k})) © X%}) - <Rl (VXngf)}) © Xg)})]
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n

=N g [( 1) <(VXkRz(X{k}>> @X{k}>
()X ’( Ri(X[)) @ (VX'@X{%})H
_ - gk[<Rl (VX,CX&{{C)}> © X%ﬁ)
k=1
b ] () o (v, x9))]

-3 & [(—1)'Xk|vxk <(Rl*id)(X{k})> (R, *id) (VXkX{’“}ﬂ .

k=1

bl

3

According to (3.30), we have Ry = — At&’Q). Hence

pbw¥ o( Ry xid)(X) = — Y £ig; (— 1)l phw (At(VM’Q)(Xi, X;) o X{M}) .

i<j
(3.38)
By Equations (3.15) and (3.38), we have
2 _
CY(X) - ~ pbw" o( Ry xid)(X)
_1 e [( DX, oV (X — V(v X{k})]
"=
n n—1
1 _ _
~n DD e [(—U'X’“'Xk - pbw" o( Ry +id)(X ) — pbw" o(R; % id)(vXkX{k})}
k=1 1=2
n n—1

LSS (X - pbw¥ oy id) (X )
— pbw" (vxk ((Rl " id)(X{’“})>) }
(=P pbw (T, (R xia)(X1)))
— pbw" o( R, % id) <VXkX{k}) } ,
where the second equality is obtained by applying Equation (3.35) to C'V(X *})

and OV (Vx, X ),
It thus follows that

(pbw¥) L0 OV (X)) — %(R2 id)(X) = a + B, (3.39)
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where

0= LSS 0 (o) (1 pb o+ (X))
= Vi, ((Rixia)(x ) |,
and
5= LSS [ (Vi (Reri) X)) - (i) (7,09
k=1 [=2
5 (0¥ Ry xid ) (X). (3.40)

0 =3 (Rixid)(X)
-y % ((n—1+1)(R*id)(X) — BY (X)) — i(Rz *id) (X)
- % y [(1—1) (R xid)(X)) — BY (X)] . (3.41)

Equation (3.35) can be rewritten as

Roy(X) = (pbw¥) 1o CV(X) — Y (Rp+id)(X).
2

Equations (3.39), (3.40) and (3.41) then yield Equation (3.34).

From (3.30), we know that Ry = — Atg\,,@). According to Lemma 3.3.6, the
bundle map BY is completely determined by the curvature RV and its higher
covariant derivatives. It thus follows from the recursive formula (3.34) that, for
any n > 3, R, is determined by Ry with & < n — 1, their covariant derivatives
and the curvature. Thus, by inductive argument, R,, is completely determined by
the Atiyah 1-cocycle, the curvature and their higher covariant derivatives.

(ii) Assume that RV = 0. By Lemma 3.3.6, the bundle map BY : Ty ® S(Tv) —
S(T) is given by BY(Y; X) =Y ® X. Thus the formula R,(X) = 1dVR,_1(X)

can be obtained by induction argument, again using the recursive formula (3.34).

3
—

B
[|

This concludes the proof of the theorem. O
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3.4 Examples of Kapranov L., algebras

This section is devoted to the study of examples of Kapranov L. [1] algebras
of some standard dg manifolds including those corresponding to L. [1] algebras,
foliations and complex manifolds as in Examples 2.2.1 and 2.2.2.

3.4.1 dg manifolds associated with L. [1] algebras

Let g be a finite dimensional L, algebra with d = dimg. Then g[1] is an Ly[1]
algebra: the (canonical) symmetric coalgebra (S(g[1]), A) is equipped with a
coderivation Q € coDer(S(g[1])) of degree +1 satisfying Q o Q = 0 and Q(1) = 0.
Indeed, Q is equivalent to a sequence of linear maps gy, : Sk(g[1]) — g[1], k>1,
of degree +1 satisfying the generalized Jacobi identities. The map ¢y is called the
k-th multibracket.

Given an L [1] algebra g[1], we say a vector space 9 is a g[1]-module if there
exists a sequence of maps py : S*(g[1]) @ MM — M of degree +1, Vk > 0, satisfying
the standard compatibility condition [29]. If we write

p:Zpk 2 S(g[l]) @ M — I, (3.42)

k>0

the compatibility condition is expressed explicitly as
po ((ids(g[l]) ®p) 0 (A @idm) + Q@ idm) —0.

As an obvious example, we have the trivial module 9t = K together with
the trivial action p; = 0 for all £ > 0. Another example is the adjoint module
9 = g[1] with the adjoint action py : S*(g[1]) ® g[1] — g[1] defined by

pe(X @ X) = g1 (X © X),

where X € S*(g[1]), X € g[1] and gz, : S (g[1]) — g[1] is the multibracket of
the L [1] algebra g[1]. That is, {px}x>0 is defined by the following commutative
diagram

S*(al1]) ® g[1] - > ol

sym %/

Sk (g[1])

where sym : S*(g[1]) ® g[1] — S***(g[1]) is the canonical symmetrization map.
By taking its dual, (g[1])¥ is also a g[1]-module, where the action is called the
coadjoint action.
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Throughout this section, we denote the degree of a homogeneous element
x € g[1] by |z|. In particular, if g is a Lie algebra concentrated in degree 0, then
for any z € g[1], its degree is |z| = —1.

The associated Chevalley—Eilenberg cochain complex of a g[1]-module 9t is
C(s[1];9m) = ( Hom (S(a[1]), M), d%).
where d¥%, is defined by
dZ(F) = po (id@F)o A — (-1)/F1F o Q,

for any homogeneous element ' € Hom (S(g[1]), 90).

Observe that when 91 is the trivial module K, the associated Chevalley—
Eilenberg cochain complex

C(s[1); K) = ( Hom (S(a[1]), K), di; = dox)
is a dg algebra, equipped with the multiplication
foOg=pxo(f®g)oA:5(gl]) » K (3.43)

for any f,g € Hom(S(g[1]),K). In other words, the dg algebra (C*(g[1]),Q)
coincides with the Chevalley—Eilenberg cochain complex (C(g[l]; K), dCE) of the
trivial g[1]-module K. That is, (C(g[1];K),dcg) is the dg algebra dual to the

dg coalgebra (S(g[l]),Q). Moreover, for any g[l]-module 9, the Chevalley—
Eilenberg cochain complex (C(g[1];9M), ddg) is a dg module over the dg algebra
(C>*(g[1]), @), where the action, under the identification py : K ® 0t = M, is
given by

f-F=pgo(f@F)oA:S(g[l]) =M (3.44)

for any f € Hom(S(g[1]),K) and F' € Hom(S(g[1]), ). In particular, this means
that it satisfies the compatibility condition

dg(f - F) = de(f) - F + (=1)Vf - dgg(F). (3.45)

Therefore, the Chevalley-Eilenberg differential dg is completely determined by
its image of elements in 9, which is essentially induced by the action (3.42).
More precisely, for any z € I,

dZ(x) = pe(,x) € Hom(S(g[1]), ).

k>0
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In particular, if 9t = g[1] is the adjoint module of the finite dimensional L.[1]

algebra g[1] described above, the Chevalley-Eilenberg differential d%%] (seen as an

operator on S(g[1])¥ @ g[1]) is determined by the relation

1 ) )
i (x) = Gt O B OO, 00), Vo€ gll), (340)
k=1 ’

o0

where {e;, -+ ,eq} is a basis for g[1] and {&!, -+, €9} is the dual basis for (g[1])V.
In Equation (3.46) and in the remainder of the present section, we use the Einstein
notation tacitly to avoid inserting summations over the indices 71, ..., 7;_1 in many
equations.

Remark 3.4.1. In terms of Sweedler’s notation, we may write (3.43) as

(fog9)X) =3 (~1)1"Xwl f(X1)g(X 2))

(X)

and (3.44) as

(f - F)(X) = (~)FXol (X 1) F(X o),

(X)

where f,¢g € Hom(S(g[1]),K), F' € Hom(S(g[1]),M), X € S(g[1]) are homoge-

neous elements and AX = > X (1) @ X (9).
(X)

We now proceed to describe the Kapranov L..[1] algebra of the dg manifold
(g[1],dcg). Recall that Q = dcg is defined by

Q(f) = den(f) = =(-D)Vf 0 Q (3.47)
for any homogeneous element f € Hom(S(g[1]),K) = C>(g[1]).

Let {e1, - ,eq} be a basis of g[1] and {z!,--- ,2¢} its induced coordinate
functions on g[1] satisfying

We also use the notation

i

= (-1 Y2 | e). (3.48)
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Lemma 3.4.2. Under the above notation, write the multibrackets as

@ (€irs -+ 5 €3) Z i €y VR 2> 1

Then the homological vector field @ € X(g[1]) can be written as

=1, W 0
_ZZHC‘A%“@“'@W@-
7 k=1

Here, we are making tacit use of the Einstein summation convention for the indices
11y 00y .

Proof. As a vector field, @) can be written as @ = > i Qj% for some
Q7 € C*(g[1]). Then, as a derivation of C*(g[1]), Q satisfies Q(27) = (—1)|Ij|Qj
according to (3.48). On the other hand, according to (3.47), we have
<@@0w%@~wa%>=—ewwkﬂ|@@m»~@@a>
~(nlle

for any k > 1.

Therefore, we may conclude that

kzk_A ce @z,

This completes the proof. O
Note that we have a canonical trivialization of the tangent bundle
Ty = gl1]  gl1]. (3.49)
Hence, we have the following identification
C=(g[1]) @ g[1] «-X(g[1]) — Hom (S(g[1]), g[1])

f ®e; f% = (X = (D)Xl p ) x) ¢, (3.50)

where f € Hom(S(g[1]), K) = C*(g[1]) is homogeneous and X € S(g[1]).

Lemma 3.4.3. Under the identification (3.50), the Lie derivative Lo = [Q, ] €

End(X(g[1])) corresponds to the Chevalley—FEilenberg differential dC[E], where g[1]
acts on g[1] by the adjoint action.
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Proof. Recall that the Chevalley-Eilenberg differential dCE on g[1] satisfies (3.45).
On the other hand, we have

Lo(f-F)=[Q.f-F)=Q(f)-F+(=DVf-[Q . F) = Q(f)- F+ (=) Lo(F),

for any homogeneous element f € C*(g[1]) = Hom(S(g[1]),K) and F' € X(g[1]) =
Hom(S(g[1]), g[1]). Since Q(f) = dCE(f) according to Equation (3.47), it suffices
to prove the claim for each 8 ,i=1,....d.

We keep the notation Q Z Q-2 Now, by Lemma 3.4.2, we have

Oxd *
0N _ S0 ony 0
ke <8wi>_ (=)t ;axi@)axa
_ &l syl dEke--eh) 9
(=1 Zj:; R O O

= 1 i o
Z mc’fl...ik_limk 1o---Ox 1@
J

0
Zk—l ce n__—
] 11 - 11 © OF ailﬁj‘

The conclusion thus follows immediately by comparing the equation above
with (3.46). O

The trivialization of the tangent bundle (3.49) induces an isomorphism

Ty ® End(Ty) = a[1] x ((s[1))” @ (g[1]) @ g[1])

of vector bundles. Lemma 3.4.3, comparing with (2.1), indicates that we have an
isomorphism of cochain complexes:

(T(a(1]; Ty ® End(Tyy))*, Q) — (Hom®(S(g[1]), M), di%;),

where M = (g[1])¥ ® (g[1])¥ ® g[1] is the tensor product of adjoint and coadjoint
modules.

Thus we have the following

Corollary 3.4.4. Let (M, Q) = (g[1],dcg) be the dg manifold corresponding to a
finite-dimensional Lso[1] algebra g[1]. There is a canonical isomorphism, for any

ke,
H*(T(Tyfy @ End(Ty))®, Q) = Heg(a[1], (8[1])” @ (a[1])” @ g[1])

where the right hand side stands for the Chevalley—Eilenberg cohomology of the
Loo[1] algebra g[1] with values in (g[1])¥ ® (g[1])" ® g[1].
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Remark 3.4.5. 1t is sometimes useful to use the Chevalley-FEilenberg cohomology
of L., algebra rather than L. [1] algebra. Then Corollary 3.4.4 can be rephrased
as follows.

For any finite-dimensional L., algebra g, there is a canonical isomorphism, for
any k € Z,

H* (T (T @ End(Tyy))*, Q) = Heg'(g, 8" © ¢ @ ),

where the right hand side stands for the Chevalley—Eilenberg cohomology of the
L, algebra g with values in g¥ ® g¥ ® g. Note that there is a degree shifting here.

We still keep the notation dep = Q = Y, Q' 2. Let V : X(g[1]) ® X(g[1]) —
X(g[1]) be the trivial (torsion-free) connection: V_» s = 0. The corresponding
ox?

Atiyah 1-cocycle At(vg[l],dCE) € I'(Hom (S?(Typ)), Typy) ) is completely determined
by the relations

o 0
At des (a— 87)

— (-

242 (35

2
x zJ 8
= Z( )’ ’4" ’_8xlax3 (QZ)% (351)
l

1 , i) 0

_Zl:(_l> axzax] < Zk_ i1 7‘k ..@QJ >@
[e'e) 1 i ) a
- Z Z (k — 2)!621"'%721']':6 SEICRRRIOX Ozl (3.52)
l

for all 4,5 € {1,...,d}.

Let At be the map defined by the following commutative diagram

(g(1],dcr)

C=(g[1)) ® S2(a[1]) 2 T(S(Tyy)) —2ex), (gi1)

J .

S2(g[1]) Siton) » Hom(S(g[1]), 8[1]).

R

Equation (3.52) implies that

—

At dem (€2€5) 1 €, O @ ey = —qria(ei O ej O e, @+ Oey,).
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Therefore, under the identification above, we have

/.\

At a[1], dCE)(aj’y) D X _Qn+2(x®y®X)a

for any z,y € g[1] and X € S™(g[1]). Thus, by abuse of notation, we may write

9[1 Jdep) = Z k-

k>2

Proposition 3.4.6. Let g[1] be an Loo[1] algebra with multibrackets qi = S*(g[1]) —
g[l], k> 1. Then the Atiyah class ogp)acs) of the dg manifold (g[1], dcg) is

(alihdes) = —[ Y @] € Hép(al1], (0[1])Y ® (a[1])” @ g[1])

k>2

= H'(D(Ty ® End Tyy)®, Q).

Remark 3.4.7. We can rephrase Proposition 3.4.6 in terms of multibrackets of L,
algebra g instead of L. [1] algebra g[1]. For a finite dimensional L, algebra g
equipped with multibrackets [;, : A¥g — g of degree 2 — k for k > 1, the Atiyah
class oyg1),dep) Of the dg manifold (g[1], dcg) is

Qg[1],dop) = Zlk € HCE (9 g'®g’® g) ' (F(Tg\fl] ® End Tg[l}).a Q),

k>2

where Hlp(g,9" ® g¥ ® g) denotes the 0-th Chevalley—Eilenberg cohomology
of the L., algebra g with values in the tensor product of adjoint and coadjoint
modules g¥ ® g¥ ® g.

Since the trivial connection V is flat, by the second part of Theorem 3.3.7, we
know that

1 P
R, = ngRn_l e I'(Hom(S™(Typ)), Tyy))

for n > 3. As the connection V is trivial, Equation (3.32) implies that

Froes (o 0 5o )

oxh Ox'in
_ - o] 0 0 0
; (=Y 5o B Ozt O Oxin
_ o] 9 9 5.9 .09
; (=) ox'r Fna ozxh o' Oxin



'k

Here, e, = (—1) (et |-+[="1) i the Koszul sign. Starting from

o) 2\ i1 | 4|2 2’ 0
1t <3xi1 © ax“) =~ - dx1dxt2 Oxd’

as in (3.51), we inductively obtain that

o8 (R

oz Oxin

Tl | 4| i

> s o
; Oz - -+ Oxin QI

According to Corollary 3.3.4, we obtain the following

Proposition 3.4.8. Let g[1] be a finite dimensional Loo[1] algebra with multi-
brackets qi, : S*(g[1]) — g[1], k > 1. Let (M, Q) = (g[1],dcg) be its corresponding
dg manifold. Choose the trivial connection. Then the multibrackets {\,}n>1 of the
Kapranov Leo[1] algebra structure on Hom (S(g[1]), a[1]) = S(g[1])" ® g[1], being
identified with X(g[1]) as in Equation (3.50), are given as follows.

1. The unary bracket \i coincides with the Chevalley—FEilenberg differential
with values in the Lo[1]-adjoint module g[1]:

A= dgy - S(gl1])” @ gll] = S(a[1))” @ g[1]
2. Foranyn >2, \, is §(g[1})v—lmear in each of its n argument, and therefore
can be considered as a linear map
A2 S"(g[1]) = S(a[1])” @ g[1]

which is completely determined by
M(X)=> w(X© ), n>2
k=n

where X € S™(g[1]), and each qp(X © ) : S*(g[1]) — g[1] is defined by
Y = (X 0Y) for allY € SF(g[1]).

Example 3.4.9. If g is a finite dimensional Lie algebra, then the Kapranov L,
algebra (i.e. (—1)-shifted Kapranov L. [1] algebra) of the dg manifold (g[1], dcg) is
the dgla Ag¥ ® g, where the differential is the Chevalley-Eilenberg differential d¢.
of the g-module g (for the adjoint action), and the Lie bracket is [ ® x,n ® y] =
§An® [x,y] for homogeneous &, € Ag” and =,y € g.

60



3.4.2 dg manifolds associated with complex manifolds and
integrable distributions

Every complex manifold X determines a dg manifold (T%y'[1],d)—see Exam-
ple 2.2.2. This section is devoted to the description of the corresponding Kapranov
L [1] algebra. Recall that for a Kéhler manifold X', Kapranov obtained an explicit
description of an L.[1] algebra structure on the Dolbeault complex Q%*(Ty°),
where the unary bracket is the Dolbeault operator 0 and the binary bracket is the
Dolbeault cocycle of the Atiyah class of Ty [23, Theorem 2.6]. Kapranov proved
the existence of an L.[1] algebra structure associated with the Atiyah class of the
holomorphic tangent bundle of any complex manifold using formal geometry and
PROP |23, Theorem 4.3]. See Theorem 3.4.11 below for the Dolbeault represen-
tations. Since Tgfl C Tc X is a complex integrable distribution, we will consider
general integrable distributions over K. Indeed such L..[1] algebra structures can
be obtained in a more general perspective in terms of Lie pairs [31]. We recall its
construction briefly below.

Let F' C Tk M be an integrable distribution. Then (F[1], dr) is a dg manifold,
whose algebra of smooth functions C*(F[1],K) is identified with Qp := I'(AFY)
and the homological vector field is the leafwise de Rham differential, i.e. the
Chevalley-Eilenberg differential dp: Q3 — Q}H of the Lie algebroid F'. It is well
known that the normal bundle B := Tx M /F is naturally an F-module, where
the F-action is known as the Bott connection 9], defined by

VaBOttb = q([av 5])a

foralla € I(F), b € T'(B) and b € T'(Tg M) such that ¢(b) = b. Here g : Ty M — B
denotes the canonical projection. Let D(M) be the space of K-linear differential
operators on M, and R = C*°(M;K) be the space of K-valued smooth functions
on M. Then D(M) is an R-coalgebra equipped with the standard coproduct

A:D(M)— D(M) @ D(M). (3.53)
Let D(M)T'(F) C D(M) be the left ideal of D(M) generated by I'(F'). Since
A(D(M)T(F)) € D(M) &5 DIMT(F) + D(MT(F) @5 D(M),
the coproduct (3.53) descends to a well-defined coproduct over R
A :D(B) - D(B) ®r D(B), (3.54)

on the quotient space D(B) := %. Hence D(B) is an R-coalgebra as well,
called the R-coalgebra of differential operators transverse to F [54].
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It is well known that D(B) is an F-module [31, 30|, where the F-action is
given by

a-u=aou, (3.55)

for any a € I'(F) and u € D(M) — the symbol T denotes the image of x under

the quotient map D(M) — D(B). Here o denotes the composition of differential

operators. Moreover, F' acts on D(B) by coderivations. Indeed, the associated
Chevalley-Eilenberg differential

di: Qp(D(B)) = Q3 (D(B))
is a coderivation of the Q)p-linear coproduct
A Qp(D(B)) = Qr(D(B)) ®ar r(D(B))
extending the coproduct (3.54) on D(B). Thus (Qp(D(B)),d%, A) is a dg coalge-

bra over (Qf,dr).

Let j: B — Tx M be a splitting of the short exact sequence of vector bundles
over M: ‘
0—F5TxgM % B—0. (3.56)

Choose a torsion-free linear connection V¥ of the vector bundle B, i.e. a Tx M-
connection on B satisfying the condition:

VE(a(Y)) = Vi (e(X)) —q([X,Y]) =0,

for any X,Y € I'(TxM). It is known [31, Lemma 5.2| that a torsion-free linear
connection VBiautomatically extends the Bott representation of /' on B, that is,
VEX = VEUX VaeT(F) and X € T(B).

According to [31, 30|, the pair (j,V?) determines an isomorphism of R-

coalgebras L
pbw: I'(S(B)) — D(B),

called the PBW isomorphism for the Lie pair (Tx M, F'), which is defined recursively
by the relations

pbw(f)=f, VfER
pbw(b) = j(b), ¥beT(B),

and



where we keep the notation from (3.55) and W =00 Obp 1 Obpp1 @ - O by,.
Extending this isomorphism of R-coalgebras (2g-linearly, we obtain an isomorphism
of Qp-coalgebras

pbw: Q4 (S(B)) = Qp(D(B)). (3.57)

Transferring the coderivation d of Qp(D(B)) to Qp(S(B)) via the isomor-
phism (3.57), we obtain a degree +1 coderivation ¢ of Qr(S(B)):

5= (pbw) ™" o d¥ o pbw : Q(S(B)) — Q3 (S(B)).

Thus B
(QF(S(B)),d,A)

is a dg coalgebra over (Qp, dr).

By dualizing 0 over the dg algebra (Qp, dr), we obtain a degree +1 derivation
D Q%(S(BY)) — Q3 (S(BY)). (3.58)

According to [31, Theorem 5.7], D in (3.58) can be expressed as
D—af™ i3 Ry
k=2

where

1. d;BOtt is the Chevalley—Eilenberg differential corresponding to the Bott
connection of F' on S(BV);

2. for any k > 2, Ry : Q%(S(BY)) — Q}H(S\(BV)) is the Q%-linear degree +1
derivation acting by contraction induced from a section R;, € QL(S*(BY) ®
B);

3. Ry € QL(S%*(BY) ® B) is the Atiyah 1-cocycle At;ﬂfﬁt/F associated with the
connection V? defined by

RZ(aaX) = VEVJB; - vgvf - vﬁ,X}a

for all a € I'(F) and X € I'(Tg M), where X € I'(B) denotes the image of
X under the quotient map TxM — TxM/F.

A priori, Ry € Q}(BY ® End(B)), but the torsion-free assumption guarantees

that it is indeed an element in Q3 (S?(BY) ® B). Its cohomology class arp v r €
Hig(F, BY @ End(B)) is independent of the choice of VZ and is called the Atiyah
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class of the Lie pair (Tx M, F') [9]. Note that Qp(S(B"Y)) is the algebra of functions
on F[1] @ B. Thus (F[1] @ B, D) is a dg manifold with support M, called a
Kapranov dg manifold associated with the Lie pair (TxM, F') [31]. One can
prove that the various Kapranov dg manifold structures on F[1] & B resulting
from all possible choices of splitting and connection are all isomorphic.

Theorem 3.4.10 ([31, Theorem 5.7|). Let F' C Tx M be an integrable distribution.
The choice of a splitting j: B — TgM of the short exact sequence (3.56) and a
torsion-free linear connection VP of the vector bundle B determines an Lu[1]
algebra structure on the graded vector space Q%.(B) defined by a sequence (Ag)ken
of multibrackets such that each A\, with k > 2, is Qp-multilinear, and

o the unary bracket Ay is the Chevalley—FEilenberg differential d;BOtt associated
with the Bott connection VB of F' on B;

e the binary bracket \y is the map
At Q(B) ® QE(B) — QA Y(B)
induced by the Atiyah 1-cocycle Ry € QL(S?*(BY) ® B);

o for every k > 3, the k-th multibracket N, is the composition of the wedge
product

QR(B) ® - @ QP (B) — QTR (B
with the map
Qs (BERY _y ittt ()
induced by an element Ry, € Q}(S*(BY) @ B) C Q},((Bv)@)k ® B)).

Moreover, the Lo [1] algebra structure on Q%(B) is unique up to isomorphisms in
the sense that those resulting from all possible choices of splitting and connection
are all 1somorphic.

Any such L, [1] algebra structure on Q% (B) is called a Kapranov L.[1]
algebra of the integrable distribution F'.

As a special case, consider a complex manifold X. The subbundle F' = T?(’l -
TcX is an integrable distribution, and the normal bundle B := T X/T' )0(’1 is
naturally identified with T)lgo. Moreover, the Chevalley—Eilenberg differential
associated with the Bott F-connection on T)l(’0 becomes the Dolbeault operator

§: O (TLY) = Q0 (TLY).

The following is an immediate consequence of Theorem 3.4.10, which extends
Kapranov’s construction for Kéhler manifolds [23, Theorem 2.6| to all complex
manifolds.
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Theorem 3.4.11 (|31, Theorem 5.24|). For a given complex manifold X, any
torsion-free Ty -connection V' on Ty" determines an Loo[1] algebra structure
on the Dolbeault complex Q**(Ty") such that

e the unary bracket \i is the Dolbeault operator

GE Qo’j(T)l(’O) — QU (T)l(’o);

e the binary bracket \y is the map
)\2 : QO,j1 (T)l(’o) ® QO,jz (T)l(,O) N QO,j1+j2+1(T)1(,0)
induced by the vDolbeault representative of the Atiyah 1-cocycle
Ry € QOY(SH(T") @ Ty");

o for every k > 3, the k-th multibracket A\ is the composition of the wedge
product

001 (T)l(,()) ® - @ QOIk (T)I(’O) _y QO ((T)l(vo)(@k)
with the map
Q07j1+“‘+jk ((T)%O)@k) N QO,j1+~~~+jk+l (T)l(,ﬂ)

induced by an element Ry of the subspace Qo’l(Sk((T}(’O)V) ® T)l(’o) of
Qo’l(((T)l(’O)v)m ® T)l(’o), completely determined by the Atiyah 1-cocycle
Ry, the curvature of VO, and their higher covariant derivatives.

Moreover, the Loo[1] algebra structure on QO’(T)I(’O) is unique up to isomorphisms.

Now we are ready to consider the Kapranov L.[1] algebra of the dg manifold

&: D(F[1)) = Qp(D(B))
be the map defined by ®(D) = 7,(D), where 7,: D(F[1]) = Qr @z D(M) is the
pushforward map

m.(D)(f) = D(7*f), VD e D(F[1]),Vf e R

and 7. (D) € Qp(D(B)) denotes the class of 7, (D) in QF®R% ~ Qr(D(B)).

Theorem 3.4.12 (|54, 10]). There ezists a contraction of dg Qr-modules

)
7 C (D(FIL): Lo) = (U(D(B)). df), (3.59)
where the projection ® is a morphism of Qp-coalgebras.
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Choose a torsion-free affine connection V on F[1]. We write
pbw : I'(S(Tpp))) — D(F[1])

for the corresponding Poincaré-Birkhoff-Witt map as in (3.8).

By conjugating the PBW maps pbw and pbw, respectively, on the left hand
side and on the right hand side of (3.59), we obtain

Corollary 3.4.13. There exists a contraction of dg Qp-modules
1 @ —1 g
HC (T(S(Tep))), pbw ' oLy o pbw) ¢ . > (Qr(S(B)),pbw o d% o pbw),

where the projection ® := pbW_1 o ® o pbw is a morphism of Qp-coalgebras.

The projection ® determines a sequence of maps {¢y }r>1 making the diagrams

SE(X(F[1]) —%— Qp(B)

l T (3.60)

L(S(Trp)) —— Qr(S(B))
commutative. Note that ¢, : X(F[1]) — Qp(B) is the composition
X(F[1]) = Qp(TkM) % Qp(B).

Theorem 3.4.14. Let F' C Tx M be an integrable distribution. Then the sequence
of Qp-multilinear maps {¢x }r>1 defined by the commutative diagrams (3.60) con-
stitutes a quasi-isomorphism from the Kapranov Ly [1] algebra X(F[1]) arising
from the dg manifold (F[1],dr) to the Kapranov Loo[1] algebra Q%.(B) arising (as
in Theorem 3.4.10) from the integrable distribution F'.

As an immediate consequence, we have

Corollary 3.4.15. For any complex manifold X, consider its corresponding dg
manifold (T%'[1],0) as in Example 2.2.2. The Kapranov Leo[1] algebra X(Ty'[1])
is quasi-isomorphic to the L[1] algebra QO"(T;(’O)—see Theorem 3.4.11. The
quasi-isomorphism {¢y }x>1, in which each map ¢y, is Qg&'-multilinean 1S grven
by (3.60) (with F = T)O(’1 and B = T)l(’O), and in particular, the linear part
o1 X(TY1]) — QO (T") is given by the composition

(TP = 00(TE) 2 00 (1),
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Chapter 4

Keller admissible triples and Duflo
theorem

4.1 Hochschild complexes of differential graded
algebras

In this section, we recall the explicit formulas of the Gerstenhaber bracket and the
cup product on the Hochschild cochain complex of a differential graded algebra.
These structures were first introduced by Gerstenhaber [18] for an ungraded ring,
and were generalized to dg algebras by various authors in slightly different ways.
The formulas in this section are obtained by composing the formulas in [19] with
proper degree-shifting maps. More details can be found in Section 2.5.

Let (A, da) and (B, dp) be dg algebras. Recall that a dg A-B-bimodule (X, dx)
is a graded A-B-bimodule X together with a differential dx such that

dx (axb) = ds(a)zb 4+ (—1)ady (2)b + (=1 azd(b),

forae A, re X, be B.

Let (M,dyr) be a dg A-A-bimodule. A Hochschild cochain of degree (p, )
of A with values in M is an element in

Hoch”"(A, M) := Hom" (A®p, M)
The Hochschild cochain complex of A with values in M is the space
Hoch? (A, M) := €D Hoch”"(A, M)

ptr=e
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together with the differential dy + 0 : Hoch® (A, M) — Hoch®™ (A, M), where

dy(f)(ag, -+ ,a,) == (— 1)ptr= D+rlaol , of (a1, ap)
p—1
+Z P+r+1f RN P TR ’ap) (41)

+(= 1) flao, - s ap-1)ay

and
3(f)(a1’ e >ap>

= oo ) = (1) (NP g ). (42

i=1

for f € Hoch?”" (A, M), ag, - - ,a, € A. The cohomology of (Hoch;;(A, M), dy+8)
is called the Hochschild cohomology of (A, d,) with values in (M, dyy), denoted
by HHS (A, M). In the case (M, dy) = (A, da), we denote 04 = 0, Hoch? (A, da) =
Hoch? (A, A) and HH (A, d4) = HH? (A, A). We will omit d4 in the notations if

the differential is clear from the context.

Remark 4.1.1. In the literature, the Hochschild cohomology of a dg algebra (A, d4)

is defined by derived functors which can be computed by the product-total complex
of the double complex (Hoch(A), dy, 8,4),

Hochy,(A) = H Hoch?”"(A)

p+r=e
whose cohomology HH},(A) is different from HHE (A) in general.

The sum Hochschild cohomology HH? (A) is sometimes referred as the com-
pactly supported Hochschild cohomology [44].

Example 4.1.2. Let (A,d4) be the dg algebra (S(K[1])",0) = (K[z]/(x?),0) =
(K & Kz, 0), where z is a formal variable of degree one. It is straightforward to
show that

HH? (A) = éK + ﬁ K = HHY,(A)
n=0 n=0

Let f € Hoch”™(A) and g € Hoch?>"™(A). The cup product fUg €
HochP'tP271%72( A) is defined by the formula

(f U g)<a1’ e 7ap1+p2)

= (_1)p1p2+r2(‘a1|+m+|%1|+p1)f(a17 e ’a’p1) : g(ap1+17 e ’ap1+P2>’ (43)
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for ay, -, ap,+p, € A.
Let f o; g € Hoch?* ™72~ 171472 (A) be the i-th composition

foig:=fo(id* ' ®g®id® ). (4.4)

The Gerstenhaber bracket [f, g] € Hoch?' tP2~1"1%72(A) of f and g is

p1

[f,g] == Z(_1)(p1—1)r2+(i—1)(p2—1) foig
1=1
P2
_ (_1)(P1+T1—1)(p2+r2—1) Z<_1)(p2—1)7‘1+(j—1)(171—1) go, f.
j=1

(4.5)
One can show that
d'H - [[NAa ]]7 aA - [[dAa ]]7

where the multiplication pys : a ® b+ a-b in A is considered as a Hochschild
cochain in Hoch*?(A).

The following proposition can be shown by a direct computation as in [18].

Proposition 4.1.3. Let (A,d4) be a dg algebra.

(i) The shifted Hochschild cochain complex (Hoch$ (A)[1],dy + 0a, [, ]) to-
gether with the Gerstenhaber bracket [, ] is a differential graded Lie
algebra.

(it) The Hochschild cochain complex (Hoch$ (A),dy + 0a,U) together with the
cup product U is a differential graded algebra.

Furthermore, the Hochschild cohomology HHS (A) is a Gerstenhaber algebra.

4.2 Hochschild complexes of differential graded
bimodules

Let (A,da) and (B,dp) be dg algebras, and (X, dx) be a dg A-B-bimodule. In
[24], Keller constructed a dg category of two objects from (X, dx) and studied
its Hochschild cohomology which can be computed by a product-total complex
Hoch;(X). In this section, we consider the dg algebra A x X x B and introduce
the (sum) Hochschild complex Hoch? (X)) of X as a subcomplex of the Hochschild
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complex Hoch? (A x X x B). This is a sum analogue of the Keller’s complex
Hochy, (X).

Let A x X x B be the dg algebra whose underlying graded vector space is
the direct sum A @& X & B, and whose multiplication and differential are defined,
respectively, by the formulas

(Cll +x1 + bl) . ((12 + 29 + bg) = aia9 + (alxg + SL’lbg) + blbg,
d(al + T + bl) = dA(al) + dx(xl) -+ dB(bl),

for a1, a9 € A, 21,19 € X, by, by € B. It is straightforward to show that Ax X x B
is a dg algebra.

We will use the notations

Hoch”?"(A, X, B) := Hom" (A®? @ X @ B¥!, X),
Hoch? (4, X,B):= P Hoch"*"(A, X, B),

ptqt+r+l=e

Hoch? (X) := Hoch? (A) @ Hoch}, (A, X, B) @ Hoch?, (B).
The space Hoch? (X) can be embedded into Hoch? (A x X x B) as follows:

Hoch? (A) < Hoch? (A x X x B) : farsiso faopry,
Hoch? (B) = Hoch? (A x X x B) : fg +>igo fpopry’,

and forn=p+q+r+1,
Hoch”?"(A, X, B) < Hoch® (A x X x B) : fx +ix o fx o (pry’ @ pry @ prp),

where i4,ip,7x are the inclusions from A, B, X into A x X x B, respectively, and
pru, prg, pry are the projections from A x X x B onto A, B, X, respectively. We
will omit ¢ and pr by abuse of notation. With this embedding, one can show that
the subspace Hoch$ (X) is closed under the differential, Gerstenhaber bracket and
cup product in Hoch? (A x X x B).

Proposition 4.2.1. Let X be a dg A-B-bimodule. The subspace Hoch? (X) is
closed under the differential dy + 0, Gerstenhaber bracket [, ] and cup product
U in Hoch? (A x X x B).

In the rest of this section, we describe the differential, Gerstenhaber bracket
and cup product on Hoch? (X).

Let dy + O be the restriction of the differential of Hoch? (A x X x B) to
Hoch? (X). Here, dy denotes the Hochschild differential, and 0 denotes the
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differential induced by the dg structure of A, B and X. The Hochschild differential
dy can be decomposed as

dy = dyy + dy" + iy + dyy g+ gy " +
which acts on Hoch? (X) as in the following diagram:

X _ X X
dyy=day T3 g

¢

Hoch? (A, X, B)

dQLC Hoch? (A) Hoch? (B) Dd%

where d4} and d¥ are the Hochschild differentials of A and B, respectively, and
the other components diiX, d} ,, d3} . d5? are described as follows.

Let fa € Hoch”"(A), fp € Hoch®"(B), fx € Hoch”*"(A, X, B), a; € A, z €
X, and b; € B. We have

d3 X (fa) € Hoch”*" (A, X, B), d3”(f5) € Hoch™*"(A, X, B),
dzy, (fx) € Hoch?™H97 (A, X, B), dy; p(fx) € Hoch”?™H" (A, X, B)

which are defined by

dﬁX(fA)(ah s ,ap;:c) = (—1)TfA(a1,... ,ap) -z,
diB(fB)(JC;bl,"' qu) = (—1)Trrtrlel g L fp by,  by),

diL(fX)(a()a"' ap;x.blu"' 7bq)

( 1)p+(I+T+T|a0|a0 . fX(a17' .. 7ap;m;b1’. - 7bq)
p—1
+Z p+q+7‘+i+1 fX(a07"' y Qg 1,0 aap;x;bh”' abq)
=0
+( )+T+lf <a07"'7ap*1;ap'l.;b17""b<1)>
diR(fX)(alv'” ap; T 5 by, - >bq)
= (=D fy(ar, - yap;a-boibi, e, by)

q—1
q+r+] P
+§ f (11,"',&p,.flﬁ,bo,"',bjbj+1,“',bq>
Jj=0

+

( 1) fX(a’h"' ap;x;b07"'7bq—1)'bq-

71



For the component 0, we have
0 =04+ 0p + 0Ox,

where 04 and Op are the differentials defined by (4.2) on A and B, respectively,
and the Hochschild cochain Ox(fx) € Hoch”?" (A, X, B) is defined by

ax(fx) =dx o fx

p—1 q
—(=1)" fxo ( > id¥ @d@id T +id® @dx@id® + Y id* @dp@id®t ) _
i=0 e

The cochain complex (Hoch? (X),dy + ) will be referred as the Hochschild
cochain complex of the dg A-B-bimodule X.

Let o; be the i-th composition in Hoch? (A x X x B), which is defined as in
(4.4). We have

faoifx =faoi fe=fpoifa=feoifx=0,
for any 4, and
fxoj fa=0, fxopfy=0, fxofs=0,

if j > p, k # p+1,1 < p+2. Here, fY is a Hochschild cochain in Hoch? (A, X, B) C
Hoch? (X).

Furthermore, it can be shown by (4.3) that
faUufe=0, fxUfa=0, fxUfx=0, fpUfa=0, fpUfx=0,

and
fAUfX7 fX UfB € HOCh;;(A7X7 B)

As a consequence, we have the following

Proposition 4.2.2. Let m4 : Hoch?(X) — Hoch?(A4), mp : Hochl(X) —
Hoch? (B) be the natural projections, and let 14 : Hoch?(A) — Hoch? (X),
vp : Hoch? (B) < Hoch? (X)) be the natural inclusions.

(i) The projections w4 and g are cochain maps.

(ii) The projections wa, mp and the inclusions va,Lp respect the compositions o;
and thus preserve the Gerstenhaber brackets.

(i1i) The projections wa, wp and the inclusions v, tp preserve the cup products.

Note that the inclusions ¢4 and tg are not cochain maps.
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4.3 Keller admissible triples

Let A and B be dg algebras, and X be a dg A-B-bimodule. Let p4 and pg be
the maps

pa:A— Hompe (X, X), pala)(x):
pp : B® — Homu (X, X), pp(b)(z):=(

a-x,
1)y,

The spaces Hompgos (X, X) and Hom 4 (X, X) are equipped with the differential
Ox = [dx, ], where dx is the given differential on X, and [ , ] is the bracket
induced by graded commutators. Note that the maps p4 and pp are morphisms
of dg algebras.

Since sum Hochschild cohomologies are not well-behaved under
quasi-isomorphisms, we will require the action maps p4 and pp satisfy a tech-
nical condition, called weak cone-nilpotency in this paper, so that they induce
quasi-isomorphisms between Hochschild cohomologies. In order to define weak
cone-nilpotency, we first introduce a condition that a sum Hochschild cohomology
vanishes.

4.3.1 A vanishing condition of Hochschild cohomology

Unlike the product Hochschild cohomology HHp (A, M) of A with values in M,
which vanishes for an acyclic A-A-bimodule M, the sum Hochschild cohomology
HH, (A, M) does not necessarily vanish for an acyclic A-A-bimodule M. In the

following, we describe a condition on an acyclic dg A-A-bimodule M that the
sum Hochschild cohomology HH (A, M) vanishes.

Let (A,da) be a dg algebra and (M, dys) be an acyclic dg A-A-bimodule.
Observe that, since the underlying space of M is an acyclic dg vector space over
K, there is a homotopy operator h : M — M of degree —1 such that

dMOh+hOdM:idM.

We will refer such a homotopy operator h: M — M as a contracting homotopy
for (M, dy).

For each fixed n, we have the induced map
H := h, : Hom*(A®" M) — Hom* ' (A®" M)

of degree —1, defined by H(f) = ho f.
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Lemma 4.3.1. For each n, the induced operator H satisfies the homotopy equation
OoH+Ho0= idHom(A®n7M)
on (Hom'(A®”, M), 8), where O is the differential induced by the dg structures.

Proof. Let f € Hom"(A®", M).

doH(f)(a1 @---®an) =dyoH(f)a @ - ©ay)

n

. (_1)r—1 Z(_1)|a1|+...+|a¢71|h o f( R A ® dA((li) ® g1 @ - )

i=1

Hod(f)(a1® -+ ®an) =hody(f)(a1®- - ®ay)

n

— (=17 (=petttenlho f(o @ 0 @ dala) @ aga @ )

i=1
Thus we have (Do H+ Ho0)(f) = (dyoh+hody)o (f)=/f. O

As a result, we have an operator H : Hoch? (A, M) — Hoch® '(A, M) of
degree —1 on the Hochschild cochain complex (Hoch;(A, M), dy + 8). However,
it is not a contracting homotopy. Indeed, we have

HO(8—|—d7.,5)+(a+dH)OH—idHOCh@(A,M):HOdH—i-dHOH

which does not vanish in general.

For each n, we define a sequence of maps
by : Hom®*(A®", M) — Hom®* *~1(A®"** M) k>0, (4.6)

by
e == (Hody)* o H=Ho (dyoH)"

In particular, ho = H = h,. Furthermore, we have

b — Z(_l)khk : Hom'(A®", M) N HHom._k_l(A®n+k, M),
k=0 k=0

which defines a map b : Hoch? (A, M) — Hoch? (A, M) of degree —1. Note that
this map b depends on a choice of contracting homotopy h for M.
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Lemma 4.3.2. The map b : Hoch? (A, M) — Hochl'_[_l(A, M) satisfies the equa-
tion

ho(0+du)(f)+(0+du)ob(f)=f
for f € Hoch? (A, M).

Proof. 1t suffices to show that 0b; + hr0 = dybr_1 + hr_1dy. Recall that we have

OH + HO =id
ddy + dyd = 0
d3, = 0.

We prove the assertion by induction on k. For k = 1, we consider hy = H and
by = HdyH. Since

O(HdyH) = (id —HO)dyH = dyH + HdyoH = dyH + Hdyy(id —HO),

we have

b1 + 510 = dybo + hody.

Suppose that the equation db, + 6,0 = dyb,_1 + h,_1dy holds for n = k.
Then we have

OBy = OHdyby = (id —HO)dy by, = dy by + HdyOby, =
= dyby + Hdy (dpbr—1 + br_1dy — bx0) = dyby + brdy — bri10.

This proves the lemma. O

As a result, the map b : Hoch? (A, M) — Hoch'n_l(A, M) defines a contracting
homotopy for the sum Hochschild complex (Hoch;(A, M), dy + 8) if and only if
for each f € Hoch? (A, M), there exists an integer N = N(f) such that b (f) =0
it k> N.

Definition 4.3.3. We say an acyclic dg A-A-bimodule M is pointwisely nilpo-
tent if there exists a contracting operator h for (M,dy) such that the in-
duced sequence {h;}32, of maps defined in (4.6) satisfies the following: for
each f € Hoch (A, M), there exists an integer N = N(f) such that b;(f) = 0 for
all kK > N.

Proposition 4.3.4. Let A be a dg algebra, and M be an acyclic dg A-A-bimodule.
Then HHS (A, M) = 0 if M is pointwisely nilpotent.

If the dg algebra A is finite dimensional, the pointwise nilpotency of an acyclic
dg A-A-bimodule M is obtained by an ascending filtration of M compatible with
a contracting homotopy for M.
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Lemma 4.3.5. Let A be a finite dimensional dg algebra. An acyclic dg A-A-
bimodule M is pointwisely nilpotent if there exists an ascending filtration

of A-A-subbimodules of M (not necessarily closed under the dg structure) and a
contracting homotopy h for M such that quo My, =M and

h(MqH) C M,
for all ¢ > 0.

Proof. Let f € Hom"(A®P, M). Observe that if f(A®P) C M,, then (dy o H)(f) €
Hom" ' (A®P+1 M) and

(dy o H)(f)(A®PHY) € A~ h(M,) + h(M,) - A C M,_,. (4.7)

Since A is finite dimensional, there is k > 0 such that f(A®P) C M;. By applying
(4.7) repeatedly, we have

b(f)(AZ) = H o (dy o H)*(f)(A®) € (M) = {0}

which proves the lemma. O

4.3.2 Weak cone-nilpotency and Keller admissible triples

Definition 4.3.6. Let A be a dg algebra, and M and N be dg A-A-bimodules.
A quasi-isomorphism ¢ : M — N of A-A-bimodules is said to be weakly cone-
nilpotent if one of the following conditions is satisfied:

(i) The mapping cone of ¢ is pointwisely nilpotent.
(ii) The map ¢ has a right inverse whose mapping cone is pointwisely nilpotent.

(iii) The map ¢ has a left inverse whose mapping cone is pointwisely nilpotent.

Let ¢ : C* — D* be a map of cochain complexes (C®,d¢) and (D*,dp). In the
present paper, among various conventions, the mapping cone of ¢ is a cochain
complex Cone®(¢) = (C**! @ D*, dcone(s)) Where the differential is defined by

dCone(¢)<C7 d) = ( - dC(C)7 ¢<C) + dD(d))

for ¢ € C and d € D. Note that if (C,dc) and (D, dp) are dg A-A-bimodules, then
Cone(¢) also carries the dg A-A-bimodule structures.
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Lemma 4.3.7. Let ¢ : M — N be a quasi-isomorphism of A-A-bimodules. If ¢
1s weakly cone-nilpotent, then the induced map

¢. : Hochg (A, M) — Hochg (A, N)
1S a quasi-isomorphism.
Proof. 1f the mapping cone Cone(¢) of ¢ is pointwisely nilpotent, then the lemma
follows from Proposition 4.3.4 and the fact that
Cone(¢,) = Hochg (A, Cone(¢))

where Cone(¢,) is the mapping cone of the pushforward map ¢, : Hochg (A, M) —
Hochg (A, N).

Let 7 be a right/left inverse of ¢. By the same reason, if the mapping cone
of 7 is pointwisely nilpotent, then the pushforward map 7, : Hochy(A, N) —
Hochg (A, M) is a quasi-isomorphism. Since 7 is a right/left inverse of ¢., the
map ¢, is also a quasi-isomorphism. O

Definition 4.3.8. A triple (A, X, B) is called a Keller admissible triple if (i)
the action maps

pa: (A dy) — (HomBoP(X,X),aX),
pp 1 (B, dg) — (Homu(X, X),dx)

are weakly cone-nilpotent quasi-isomorphisms, and (ii) the sequences

A

A A
0 — Homa(X, X) = Hom(X, X) % ... 4 Hom(A%" @ X, X) D4 ... (4.8)

B B B
0 — Homper (X, X) — Hom(X, X) d_”> d_”> Hom(X ® B®", X) %
(4.9)

are exact.

The main theorem of this paper is the following

Theorem 4.3.9. Let (A, X, B) be a Keller admissible triple. The two projections
Hoch? (X)
Hoch? (A) Hoch? (B)
induce isomorphisms of Gerstenhaber algebras on cohomologies.

The rest of the section is devoted to proving Theorem 4.3.9.
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4.3.3 Hochschild complexes with values in Hompge» (X, X) and
Hom (X, X)

Since Hompger (X, X) is equipped with the A-A-bimodule structure

(- f)z):=a-f(x), (f-a)x):=fla-z),

we have the Hochschild complex Hoch?, (A, Hompor (X, X )) of A with values in
Hompor (X, X). Similarly, with the B-B-bimodule structure

(b- (@) = (~)HDf(z0), (b)) = (1) f (@) b,

on Homy (X, X), we have the Hochschild complex Hoch? (B, Hom 4 (X, X)) with
values in Hom 4 (X, X).

Suppose X is a dg A-B-bimodule such that the sequence (4.8) is exact. For
each p,r, since the functor Homg (AP, —) is exact, we have an exact sequence of
vector spaces:

0 — Hom" (A*”, Homper (X, X)) < Hom" (A*”, Hom(X, X)) —
— Hom" (A®p,Hom(X ® B,X)) — Hom" (A®p, Hom (X ® B®2,X)) —

(4.10)
Under the isomorphism

Hom" (A®? @ X ® B®?, X) = Hom" (A®, Hom(X @ B®, X)),
the sequence (4.10) can be rephrased as the exact sequence
P, d
0 — Hom" (A%, Hom oo (X, X)) <3 Hoch?*" (A, X, B) 45

B g 1 3 n 2 Bip
—= Hoch”""(A, X, B) —= Hoch”*"(A, X, B) — - --
for each p, r.
We define ® =3 (—1)" ®7". Then we have a double complex

dy+0 4, +0x 4 +0x (4.11)
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where

cln = @ Hom" (A®?, Homper (X, X)),

p+r=n—1

"= @ Hoch”*"(A4,X,B), ¢>0.

p+r+l=n

Here, the complex (C Lot dy + 8) is the Hochschild cochain complex of A with
values in Hompgen (X, X), and the total complex (@ 40, C?", da;; + Ox + dji )

is a subcomplex of (Hoch$ (X), d + 9x). e
Similarly, one has the map ¥ : Hoch? (B, Homy (X, X)) — Hochgl(A, X, B),
W) (@3 b, sbg) = (=) (D)l (b @ - @ by) (a),
for f € Hom"(B®?, Hom4 (X, X)) and has a double complex analogous to (4.11).
We need the following lemma in Homological algebra [57, Lemma 2.7.3]:

Lemma 4.3.10 (Acyclic Assembly Lemma). Let BP9 be a double complez, equipped
with differentials

dy, : BP — Bra
dy : BP? — BPatt,
Suppose that the 2nd quadrant of B vanishes (i.e. BP1 =0 if p <0 and ¢ > 0). If
every row of B is exact, then the direct sum total complex tot®(B) is acyclic.
Applying Lemma 4.3.10 to (4.11), we get
Lemma 4.3.11. Let A and B be dg algebras, and X be a dg A-B-bimodule. If

the sequence (4.8) is exact, then the map
® : (Hoch? (A, Hompen (X, X))[—1], —(dy + 9)) — (Hochl (A, X, B), dy; + Ox),
1S a quasi-isomorphism.

Similarly, if the sequence (4.9) is exact, then the map
U : (Hoch? (B, Homu(X, X))[—1], —(dy +9)) — (Hoch? (A, X, B), dz; + 0x),
18 a quasi-isomorphism.
Proof. We show the assertion for the first part, and the second part follows from

a similar argument.

It is clear that the map ® is a cochain map. Observe that the mapping cone
Cone(®) of  is the direct sum total complex tot®(C) of (4.11). By Lemma 4.3.10,
the total complex tot®(C) = Cone(®) is acyclic, and therefore, we conclude that
® is a quasi-isomorphism. 0
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4.3.4 Proof Theorem 4.3.9

Let (A, X,B) be a Keller admissible triple. Observe that the action map
pa : (A,ds) — (Hompew(X,X),0y) is a dg A-A-bimodule map, and
pp : (B°® dg) — (HomA(X,X),(?X) is a dg B-B-bimodule map. Thus, by
Lemma 4.3.7, the induced maps

oA, (Hoch;(A), (4 4 aA)) = (Hochze (A, Homper (X, X)), —(dy + a)),
p. + (Hoch’ (B), —(df + 9p)) — (Hochs, (B, Homa(X, X)), —(dx +0))

are quasi-isomorphisms.
To prove Theorem 4.3.9, we need the following
Lemma 4.3.12. If the map
®opa, : (Hoch? (A)[—1], —(dj; + 0a) ) — (Hoch? (A, X, B), diy + Ox )

s a quasi-isomorphism of cochain complexes, then so is the projection
np : Hoch? (X)) — Hoch? (B). Similarly, if

Vo pp, : (Hoch! (B)[—1], —(dy, + 9p)) — (Hoch? (A, X, B), dz; + Ox)
is a quasi-isomorphism, then so is the projection w4 : Hoch? (X)) — Hoch? (A).

Proof. We only prove the first statement. The second one follows from a similar
argument.

Since the projection 7p : (Hoch? (X),dy + 0) — (Hoch?(B),ds + ) is
surjective, it is a quasi-isomorphism if and only if the kernel

ker(mp) = (Hoch? (A) & Hoch? (4, X, B), dif* +djy, +dpy + Ox + 04 )
is acyclic. Since

@ OpA*<f)(CL1,"‘ ) Aps l’) = _1)Tf(a17"' Jap) Y

dftx(fxa’l’ T Qp; x)?
for f € Hoch™"(A), the mapping cone
Cone(® o ps,) = (Hoch? (A) & Hoch? (A, X, B), ® o pa, +djy + djy + Ox + 4 )

of ® o py, coincides with the kernel ker(mpg). Since ® o p4, is a quasi-isomorphism,
the mapping cone Cone(®P o py,) = ker(mp) is acyclic. Therefore, 75 is a quasi-
isomorphism. O
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Proof of Theorem 4.3.9. Let (A, X, B) be a Keller admissible triple. By
Lemma 4.3.11, the embedding maps ¢ and ¥ are quasi-isomorphisms. Since
the pushforward maps pa, and pp, are also quasi-isomorphisms, it follows from
Lemma 4.3.12 that 74 and 7 are quasi-isomorphisms. 0

Remark 4.3.13. Theorem 4.3.9 is a sum analogue of Keller’s theorem in [24] which
respects the product Hochschild cohomology. In fact, in [24, 51, 21|, analogous
theorems were proved for bigraded algebras where a Hochschild complex is endowed
with three types of degrees — one from Hochschild construction, two from the
given bigrading. Although a direct sum is taken for bigraded components in [51],
the total complex is still different from our sum Hochschild complexes. Thus,
there is no clear relation between these theorems and Theorem 4.3.9.

4.4 Keller admissible triples associated with Lie
algebras

Let g be a finite-dimensional Lie algebra. In this section, we prove the triple

(Aa dA) = (ug70)7
(B,dp) = (Hom(S(g[1]), K), dg) = (S(g[1])", dy),
(X, dx) = (Ug @ S(g[1]), dx)

is a Keller admissible triple, where d; : S*(g[1])¥ — S**!(g[1])" is the Chevalley—
Eilenberg differential defined as in (2.4), Ug is the universal enveloping algebra of
g, and dx : Ug @ S(g[l]) — Ug ® S(g[1]) is defined by

dx(u@)Il@"'@ZL‘n) Z:Z(—l)i'Hu-sxi®x1@...@...®xn
=1
+Z(_1)z+] U®Sil[sxi,sx]’]g®xl"'*@"'@"'an'
1<J

Here, Ug is considered as a dg algebra concentrated at degree zero, s : g[1] — g is
the degree-shifting map of degree +1, and u € Ug, 1, -+ ,z, € g[1]. This triple
is adapted from |25, Example 6.5].

It is well known that the complex (Ug ® S(g[1]),dx) is a free resolution of K
in the category of U/ g-modules.

Remark 4.4.1. In our grading setting, the degrees are chosen to be compatible
with the Koszul sign convention, and a few classical formulations need to be
modified correspondingly. In fact, in the literature, the expressions (A®g”,d,)
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and (Ug ® A*g, dx) are more common than the expressions of graded symmetric
tensors in this paper. The two types of expressions are isomorphic as complexes.
Nevertheless, in the category of graded vector spaces, an element in A®g should be
considered to be of degree zero which is not the expected degree. Thus, in order
to avoid confusion and to keep the consistency of degree counting, we choose the
expressions S(g[1])" and Ug ® S(g[1]). See Section 2.4.2 for more details.

We describe the right S(g[1])Y-action L on S(g[1]) induced by (graded) con-
traction: For any z, z; € g[1], £ € (g[1])Y, we define

11L& =0,

n

(010 Oz = S (1) i | )@ @G- O ),

=1

and extend it by the module axiom. Similarly, we also have the right S(g[1])-action
2 on S(g[1])V. Note that, in this way, we have

e é=(x]&) =—¢Ex),
§ar = (& x)=¢(@)

The space X =Ug ® S(g[1]) carries the left Ug-action induced by the multi-
plication in Ug and the right S(g[1])¥-action induced by L .

Lemma 4.4.2. The dg vector space (Ug @ S(g[1]), dx) is a dg Ug-S(g[1])"-
bimodule.

Proof. This lemma follows from Example 2.4.10. ]

4.4.1 The action maps

We first prove the action maps are weakly cone-nilpotent quasi-isomorphisms.
Lemma 4.4.3. The action map
pa: (Ug,0) — (Homsv (Ug ® S(g[l]),Us @ S(a(l])), 0x).
pa(v)(u®x) = (vu) ® x,

15 a weakly cone-nilpotent quasi-isomorphism.

Proof. Since B = S(g[1])¥ is a graded commutative algebra, a right S(g[1])"-
module structure is equivalent to a left S(g[1])¥-module structure. Thus, by
Proposition 2.4.9 and Example 2.4.10, we have

Hom{ggpijyvyor (X, X) = coHomig g (X, X),
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where X = Ug ® S(g[1]). Furthermore, since the natural projection
pr: Ug ® S(g[1]) — Us ® S°(g[1]) = Ug

is a free cogenerator of the graded comodule X = Ug ® S(g[1]), it follows from
Proposition 2.4.12 that the induced map

pr, : Hom%., (X, X) — Hom} (Ug®S(g[1]), Ug) = Homy, (S(g[1]), Homk (Ug, Ug))
is an isomorphism of graded vector spaces. See Section 2.4 for details.

Let Oy be the differential on Hom (S(g[1]), Hom(Ug,Ug)) induced by Oy under
the isomorphism pr,. By (2.7), one can show that

Ox(f)(x0® -+ © ) (u)
= Z(_l)n—i(f(m @ Ty O ) (W) T — f(o @ Ty @ xp) (usTy))
— (=1

)Y (1) f(s T 5w ]y @ o Fy e By © @) (u)

i<j
for f € Hom (S"(g[1]),Hom(Ug,Ug)), =; € g[l] and u € Ug. Let
o 1 g Xx Hom(Ug,Ug) — Hom(Ug,Ug) be the Lie algebra action

(ye9)(u) = gluy) — g(u)y

for g € Hom(Ug,Ug) and y € g. Then the differential dx coincides with the
Chevalley-Eilenberg differential d®; associated with the action .

Recall that one has the isomorphism (see, for example, |57, Exercise 7.3.5|)
Hy (9, Hom(Ug, Ug)) = Extyyer (Us,Ug) = Ug.
Since the action map p4 induces a right inverse of the isomorphism pr, :

H(Hom}.o, (X, X),0x) — Ug, the lemma follows.

For weak cone-nilpotency, we observe that the dg algebra g is concentrated
in degree 0 and the mapping cone M := Cone(p,) of pa is bounded below. Thus,
there exists N > 0 such that Hom"(A®", M) = 0 if r < —N. Therefore, for any
choice of homotopy operator on M and for any f € Hoch (A, M), the induced
maps {hx} satisfy hx(f) =0 for £ > s+ N. This implies that the mapping cone
M = Cone(p,) is pointwisely nilpotent. H

The quasi-isomorphism property for the other action pg follows from the proof
of [25, Lemma 6.5 (a)]. In fact, the augmentation map ¢ : Ug® S(g[1]) - Ug - K
induces a quasi-isomorphism

e, « (Homy,(Ug ® S(g[1]),Ug ® S(g[1])), 0x) — (Homy, (Ug @ S(g1]), K), dx k)
=~ (S(a[1]), dy)
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which defines a left inverse for pg.

Lemma 4.4.4. The mapping cone of
e+ (Homyg(Ug ® S(g1]), Ug @ S(g[1])), 0x) — ((S(a[1])*)*, dy)
s pointwisely nilpotent. Therefore, the action map

pr = ((S(6[1])")™, dy) — (Homy, (Ug ® S(g[1]),Us © S(g(1])), Ox),
pe(b)(u®x) = (—1)"‘“b|u ® (xLb),

18 a weakly cone-nilpotent quasi-isomorphism.

Proof. The mapping cone of ¢, is
Cone(e,) = Homyy, <Ug ® S(g[l]), (Ug @ S(g1]))[1] ® K)

equipped with the differential 0 : Cone(e,) — Cone(e,),
Of):=doof = (~1)I fodx

where d. is the differential on the mapping cone Cone(e) of € : Ug ® S(g[1]) — K.

Let {e1,--- ,eq} be a basis for g[1], s : g[1] — g be the degree-shifting map of
degree +1, and s : Ug ® S(g[1]) — (Ug ® S(g[1]))[1] be the degree-shifting map
of degree —1. Note that the mapping cone Cone(e) is a filtered complex with
respect to the filtration

F?P.= (éu;ﬁp’f ® Sk(g[l])> 1o K

k=0

whose basis is the set
{(0, 1) FU{(s(s€;, - - -s€;,®€5,®- - -®e;,),0) | i1 < -+ <iiy, j1 < -+ < Ji, k+1 < p}

forp >0, and F~? = 0if p < 0. It is known [22, Lemma VII.4.1| that the quotient
complex F~P/F~Pt! is exact. As a result, the inclusion map F 7" — F?isa

quasi-isomorphism, and thus F~? is exact for each p. See |22, Section VIIL.4] or [5,
Section XIIL.7| for details.

We will inductively construct a sequence of homotopy operators h, : 7P —
F~P of degree —1 such that (i) hp|p-r+1 = h,—1, and (ii) the equation d. o h, +
h, o d. = idp-» holds in F~?. Since U,F? = Cone(e), such a sequence defines
a contracting homotopy h : Cone(e) — Cone(e) for Cone(e) with the property
h(F~P) C FP.

84



In the case p = 0, one can choose hy to be the isomorphism K = U=’ ®
S%(g[1]). Assume we have a homotopy operator h, : F~? — F~P with properties
(i) and (ii). Then since F~P~! is an exact sequence of vector spaces, one can assign
the value of h,y; at

(g(seil...seil®ej1@...erk)’o)’ Zlggll, j1<"'<jk‘7 k+l:p+1’

inductively on k so that the equation d. o hyi1 + hyq 0d. = idp-p-1 holds. In this
way, one can obtain a homotopy operators h, with properties (i) and (ii) for each
p=0.

Recall that, by the Poincaré-Birkhoff-Witt theorem,

{0, 1)} U{(slser, 50 ® 5 @ - ©),0) [ < -+ gy o <+ < e}

is a basis of (Ug ® S(g[1]))[1] ® K. By the construction, h((O 1)) =(s(1®1),0).
Also, each basis vector of the form v = (s(se;, - - -se;, @ ej, © -+ @ e;,),0) belongs
to F~(++0) and thus

h(v) € F"0 0 (Ug @ S (g[1) [1] @ {0} = (Ue="" @ S**(g[1])[1] @ {0}
Therefore, we have
h((UgSq ® S(g[1))[1] @ K) C (Ug="" @ S(g[1]))[1] & {0}. (4.12)
Now, we define S(g[1])¥-S(g[1])"-subbimodules of Cone(e,) by

My = Homyg (Ug @ S(al1]), (Ue™ © S(al1])) 1] & {0})

and

M, = Homyq (Ug @ S(g[1]), (Ue™ @ S(g[1]))[1] & K)

for each ¢ > 0. Then {M,},>o forms an ascending filtration of Cone(e,) satis-
fying J, M, = Cone(e.). Moreover, (4.12) implies that the induced contracting

homotopy h = h, for Cone(e,) satisfies h(M,) C M,_;. Thus, by Lemma 4.3.5,
the mapping cone Cone(g,) is pointwisely nilpotent, and thus pp is weakly cone-
nilpotent. O

4.4.2 Exactness of the sequences

Now we show the sequences (4.8) and (4.9) are exact for the triple (A, X, B) =
(Ug, Ug © S(g[1]), S(g[1])").
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Let V be a vector space concentrated at degree zero, {ey,--- ,eq} be a basis
for V[1], and {e!,--- ,e?} be the dual basis for (V[1])V such that (€ | e;) = 7.
We denote

wi=e O -0e €SNV, Ti=€e0--0 eSSV
To prove the exactness of (4.8), we need the following technical lemma.

Lemma 4.4.5. For x € S(V[1]), b € S(VI1])V, we have
(i) we(Tax) = (—1)d_|x| X,
(i1) T712(xLb) = (—1)|b| (Tu%x)®b.

Proof. In the following computation, we use multi-index notations and Einstein
summation convention. Let F; be the d-tuple with 1 at the i-th component
and 0 elsewhere. We denote e; =¢;, ©---©e¢;, and e/ =t ©---® €, where
I=E,+ -+E,, 1< --<iy,and J=E;, +---+E;, j1 <---<j. Wesay
I is smaller than J, denoted I < J, if {iy, -+ ,ixg} C {j1, -, 5} U1 < J, we
denote J — I to be the tuple associated with {j1,---, 71} \ {1, -~ iz}

Let T'=FEy+---+Eg,and T —I =E;, +-- -+ E;, ,, 11 <+ <14k We have

k(k+1) g

Taer= (et M aey, ey, = (—1)AT R TE (I

where €£21 = €4+ © ... ® €. Thus,

rev

wi (Toer) = (=) +i= 52 (0 6 @ eg)L kel

_ (_1)i1+~~-+ik—@ (—1)(d=n—d+k)+ o (d—ias=1)

= (—1)dik €r.

€r

Since {es}; is a basis for S(V[1]), the first equation follows.

For the second equation, it suffices to verify it for any x = e; and b = ¢’. If
J £ I, it is clear that

(taer)©e’ =0=r71a(ee’).

Thus, we can assume J < I. Let j, =1, and [ — J = Eih + .-+ F;, . Then

Yk—1
we have

ere! = (=1)Y(=1)Fwtetlh-ne,

. . 2 2
T4 (6]|_ E‘]) = (_1)’51"'"""11_1@_1 (_1)J1+~~'+J1+W 63;;I+J.
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Furthermore,

Tier = (_1)(i1—1)+-~~+(ik—k)63;_[7
(7‘4 61) ® P (_1)(i1—1)+-~~+(ik—k)(_1)(1‘]1 —) iy = =1) T—1+J

= (—1)l 71 (es 6‘]).
Thus the proof is complete. O]

Lemma 4.4.6. For (A, X, B) = (Ug, Ug® S(g[1]), S(g[1])Y), the sequence (4.8)
18 exact.

Proof. Define an operator
hr : Hom" (X ® B®* X) — Hom" (X ® B®?, X),
for each ¢ > 0, by

hR(f)((u®x) by, - ,bq) — (_1>r+1(_1)d—\xl f((u®w) (Tax%), by, ,bq),

where u € Ug, x € S(g[1]), b1,--- ,b, € S(g[1])". By Lemma 4.4.5, one can show
that

(hRdin)((u ® X) ;bla o 7bq)
= (=DM f(u@w) (1a%) b1, ,by)
+ (—1)d’|x‘+1f((u ®w);((Tax) ©by),--- ,bq)

—+ (—l)d_|x|+j+1f((u ® CL)) ) (TJ X), s ,bjbj+1, sy, bq>

1

+ —1)d_|x‘+q+1f((u Rw); (Tax),- - ,bq_l)\_ by,

<

and

(daphrf)((w@x) 101, by)
= (=) f((u @ w); (Tax) © by, by, ,by)

q—

[y

(_1)j+df|x|f((u @w); (Tax), b1, bibjyq - ,bq)

+
(]

1

—1)q+d*|x|f((u Qw); (Tax), by, - ;bqfl)'— by

.

+

Thus, we have
A3 phr + hrday p = id,
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and the cohomologies vanish except the zeroth cohomology. Since the zeroth
cohomology is

dX
ker (Homr(X, X) 25 Hom (X @ B, X)) — Hom'yen (X, X),
the proof is completed. O

Finally, we prove the exactness of the sequence (4.9).

Lemma 4.4.7. For (A, X, B) = (Ug, Ug® S(g[1]), S(g[1])Y), the sequence (4.9)

18 ezact.
Proof. In order to prove this assertion, we define an operator
hr, : Hom" (A®"*' @ X, X) — Hom"(A®" ® X, X),
for each p > 0, by
hi(f)(ar, -+ ap; (u@x)) = (=1)"f(ay, -+, ap, u; (1 ® %)),
where ay,- - ,a,,u € Ug and x € S(g[1]). It is straightforward to show that
dy  hr + hpdsy, =id.

Thus,
H"(Hom"(A** ® X, X),dy,) =0,

for any n > 0 and any r € Z. Furthermore, since the zeroth cohomology is
dX
ker (Hom’“(X, X) L Hom' (A ® X, X)) = Hom', (X, X),
the proof is completed. m

Therefore, we have the following

Theorem 4.4.8. Let g be a finite-dimensional Lie algebra.  The triple
(Ug, Ug® S(g[1]), S(a[1])Y) is a Keller admissible triple. Therefore, the projec-
tions

Hoch (Ug @ S(g[1]))
Hoch* (o) Hoch? (S(a[1])")

induce 1somorphisms of Gerstenhaber algebras on cohomologies.
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Example 4.4.9. For the 1-dimensional Lie algebra g = K, it follows that
Ug = Sg = @7 K and (S(g[1])¥,0) = (K[z]/(2?),0) as in Example 4.1.2.
We have

HH? (Ug) = EBK >~ HH? (S(g[1])",0).

However, the 0-th product Hochschild cohomology of S(g[1])" is
HH) (5(g[1).0) = [[ K
n=0

which is not isomorphic to HHY,(/g) = HHY (Ug).

4.5 Application to Duflo theorem

A dg manifold (M, @) is a graded manifold M together with a homological vector
field ). Such a structure plays an important role in various fields of mathematics.
See, for example, |1, 6, 40, 2|. In the present paper, we consider the dg manifold
(g[1], dy) associated with a finite-dimensional Lie algebra g whose function algebra
is the Chevalley-Eilenberg dg algebra (S(g[1])Y, dy).

On the dg manifold (g[1], dy), one has the dg algebra (7%, (a[1]),[dg, ]) of
polyvector fields and the dg algebra (D5, (a[1]), dy + [dy, ) of polydifferential

operators on (g[1],dy). According to [35, Theorem 4.3], one has the Kontsevich-
Duflo-type map

hkr ot ¢ (o Ty (0[1)), dr) = (s Doy (a[1)), d),

g[1 ® /poly poly

which induces a graded algebra isomorphism on their cohomologies. Here,

dT = [dg, ],
dD = dH ‘l‘ [[dg, ]],

and tdgn) € [0 (F(AkTgv[l]))k denotes the Todd cocycle associated with the
trivial connection on g[1]. We refer the reader to [35] for an introduction to
Kontsevich-Duflo-type theorem for dg manifolds.

Let J € S (g") be the Duflo element which is the formal power series associated

with J(z) = det (1’;13(11), x € g. Its square root J'/? acts on Sg as a formal

differential operator, and this map induces an operator on the Chevalley-Eilenberg
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cohomology H¢y(g,S5g). In this section, we construct isomorphisms of graded
algebras

Dy H.(@%oly<g[1])7 dT)
Dp - H.(@Dpoly(g[lb’ dD)

HéE(Q, 59)7
HéE(QJUQ)u

I AL

and prove the following

Theorem 4.5.1. The diagram

1/2

H* (e Toory (0[1]), dr) b H* (s Toory (8[1]), dr) — H* (s Dyary (g[1]). dp)

|er |er . |#

commutes.

In this way, we obtain a precise relation between the Kontsevich-Duflo-type iso-
morphism [35] for the dg manifold (g[1], dy) and the Kontsevich-Duflo isomorphism
[15, 28, 43| for the Lie algebra g. In particular, we recover the Kontsevich-Duflo
theorem:

Corollary 4.5.2 (Kontsevich). The map
pbwoJ'/? Hig(g, Sg) = Heg(e, Ug)
1 an isomorphism of graded algebras.

The diagram (4.13) consists of two parts: left half and right half. The
commutativity of the left half diagram is established in Section 4.5.3, and the
commutativity of the right half diagram is proved in Proposition 4.5.5.

4.5.1 Polyvector fields on g[1]

The dg algebra 7, (8[1]) of polyvector fields on (g[1], dy) consists of the graded
vector space

s Toory (0[1]) = T (a[1]: S(Tyy [-1])) = S(g[1])” © Sg
equipped with the differential d = [dy, ] and the natural multiplication

(fr®x1) - (2 ®@%2) = (1 ©F2) ® (X1 © X2),
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where [, ] is the Schouten bracket, f;,f, € S(g[1])" and X1, %, € Sg.
Let &7 : oly (8[1]) — Hom(S*(g[1]), Sg) be the map

éT(f®Sx1®"'®qu):Y'—><f‘y>-sx1@--~@smq

where §f € S(g[1])Y, z; € g[1], y € S(g[1]) are homogeneous, and s : g[1] — g is
the degree-shifting map of degree +1. Here, the dg algebra Hom(S*(g[1]), Sg) is
equipped with the convolution product x and the Chevalley—Eilenberg differential
induced by the adjoint action. See Section 2.4 for the precise definitions. The
following lemma follows from a direct computation.

Lemma 4.5.3. The map 7 : iy (8[1]) — Hom(S*(g[1]), Sg) is an isomor-
phism of dg algebras. In particular, the induced map

O H* (o Tpory (8[1]), dr) — Heg(g, S9)

s an isomorphism of graded algebra.

4.5.2 Polydifferential operators on g[l]

The dg algebra D5, (g[1]) of polydifferential operators on (g[1], dy) is the graded
vector space

Dy (all) = D (S’ @ (S@l))™)

p+r:.

~ D Hom" ((S(g[1))")™, S(g[1])"),

pt+r=e

equipped with the differential dp = dy + [dy, ] and the cup product. In other
words, the dg algebra D5, (g[1]) is isomorphic to the dg algebra Hochg, (S(g[1])", d,)
of Hochschild cochains of the dg algebra (S(g[1])¥,dy), and thus,

H* (¢ Dpoty (9(1]), dp) = HHé(S(g[l])v, dy).

We will omit d; in the Hochschild cohomology/complex for simplicity.

By Theorem 4.4.8, there is an isomorphism ®; : HH? (S(g[1])") — HH? (Ug)
of graded algebras. Furthermore, it is well known that HH? (U/g) is isomorphic

to Hegp(g,Ug). In fact, this isomorphism is represented by the cochain map
®, : Hom(Ug®*,Ug) — Hom(S*(g[1]),Ug),

Oy(f) i1 @ Omp > Y (1) f(8T00) @ -+ D 8To(y), (4.14)

oSy
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for z1,--- , 2z, € g[1] and f € Hom(Ug®?,Ug). The dg algebra Hom(S*(g[1]),Ug)
is equipped with the convolution product x and the Chevalley-Eilenberg differential
dZ% of adjoint action. See (2.3) and (2.5) for the precise definitions of x and d*%.
The following lemma is standard [5].

Lemma 4.5.4 (Cartan—Eilenberg). The map d, is a quasi-isomorphism of dg
algebras. In particular, the induced map

®, : HHE (Ug) — Heg(g,Ug)
s an isomorphism of graded algebras.

Therefore, the map
Cp = 030 @y H* (o Dpory(g[1]), dp) = HH, (S(g[1])") — Heg(a, Ug),

is an isomorphism of graded algebras.

4.5.3 Todd class and Duflo element

The Todd class of a dg manifold (M, Q) can be defined via the Atiyah class
which measures the obstruction to the existence of ()-invariant connections. In
the following, we present an Atiyah cocycle and a Todd cocycle of the dg manifold
(g[1], dy), and we compare this Todd cocycle with the Duflo element of g. We refer
the reader to [42] for a general introduction to the Atiyah and Todd classes of a
dg manifold.

Let VY be the trivial connection on g[1]. The Atiyah cocycle
aty € S(g[1])” @ (g[1])” ® End(g[1]) = Hom(g[1] ® g[1], S(g[1])" © g[1])

associated with VY is characterized by

&tg([E, y) - S_I[SZ‘, Sy]g

for z,y € g[1]. Since aty(x, ) : g[1] — g[1] maps the odd component to the odd
component, the Todd cocycle tdgn) € ;50 (T (AkTgV[1 ))k ~ SgV associated with
V0 is

t%mszm<j&@7L0:daG;£ji):ﬂm)

1 — e~ atelz, adg,

In other words, the Todd cocycle tdy;) is identified with the Duflo element J € S gv
under the isomorphism

[T (carzy) =TT (Stal))Y @ A*(a[))¥)" = ] S*a" = Sg¥.  (4.15)

k>0 £>0 k>0
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A Todd cocycle is closed under the coboundary operator Lg,. In our case, this
means the Todd cocycle tdgp is g-invariant. Thus, the square root td;[/f] is also
g-invariant and acts on H&g (g, Sg) by contraction.

With the isomorphism (4.15), one can show that the left half of the diagram
(4.13) commutes.

4.5.4 Hochschild—Kostant—Rosenberg map and Poincaré—
Birkhoff-Witt isomorphism

The last step of proving Theorem 4.5.1 is to show that the two well-known isomor-
phisms — Hochschild-Kostant—Rosenberg isomorphism and Poincaré—Birkhoff-
Witt isomorphism — are isomorphic via ®7 and . We first recall the definitions
of these two isomorphisms.

Recall that for x € S*(g[1]), the interior product ¢, : S(g[1])V — S(g[1])" is
characterized by

t(f) = ()M (xo ) - 5" (g[1]) = K, V€ Hom(S"(g[1]), K) = 5" (g[1])",

if n >k, and 1x(f) = 0 if n < k. The Hochschild-Kostant—Rosenberg map |35,
Section 4] on the graded manifold g[1] is the map

hkr : T (8[1]) = = Diay (g[1]) = Hoch (S(g[1])"),

poly poly

1
hkr (f® (s21 © - - Os1,)) = q ZfQL%u) - @ b,

T o€Sy

for f @ (sz1 © -+ ©szy) € S(g[1])” ® S C T, (8[1]). Here, the Hochschild
cochain f ® ¢z, ® -+ ® 15, : (S(g[1])¥)®? — S(g[1])" is defined by
FOly ® @y, (1@ ®by) <_1)Z;‘1:1(Q*i)|bi| f© tpbi @ @ ty,by

for by,---,b, € S(g[1])¥. This map induces an isomorphism of vector spaces
hkr : H* (5 Tpoy (9[1]), dr) — HHZ (S(g[1])") on their cohomologies.

The Poincaré—Birkhoff-Witt isomorphism is an isomorphism pbw : Sg — Ug,
1
pbw(sz; © -+ @ sz,) = Z Esxg(l) ©ST(g)s (4.16)

O'ESn ’

of g-modules which induces an isomorphism of the Chevalley-Eilenberg complexes

pbw : (Hom(S(g[1]), Sg), def;) — (Hom(S(a[1]),Ug), dif,).
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Proposition 4.5.5. The diagram

H* (o Tpoly (8[1]), dr) —= HH3(S(g[1])")

@Tl l@D :@20@1

Heg(g, 59) —— 5 Henle,Us)
commutes, where pbw : Hag(g, 5¢) — Heg(9,Ug) is the map induced by (4.16).

The rest of the section is devoted to proving Proposition 4.5.5 which is the
last step of proving Theorem 4.5.1.

The isomorphism ®; = 74, o (7p,) " : HH2(S(g[1])") = HH? (Ug), according
to Theorem 4.3.9, is induced by the surjective quasi-isomorphisms

Hoch? (Ug) «~— Hoch® (Ug @ S(g[1])) —2+ Hoch? (S(g[1])").

Note that the inclusion ¢p : Hoch? (S(g[1])") — Hoch? (Ug ® S(g[1])) is not a
cochain map, and there is no obvious representation of (75,)~! on the cochain
level. Thus, it is difficult to verify pbw o®p = ®p o hkr = &y 07y, o (7p, )t o hkr
directly. We solve this issue by lifting 75 and hkr to a pullback complex.
Pullback complex

Let hkr* Hoch?, (Ug ® S(g[1])) be the pullback complex

|
ﬁ'B: lﬂ'B
3

& Toory (8[1]) o Hochg (S(g[1])").

More precisely,
hkr* Hoch?, (Ug ® S(g[1]))
= Hoch?, (Ug) © Hoch, (Ug, Ug @ S(g[1]), S(a[1])") © o Ty (0[1])
together with the differential
D = diy + dif* + djy + Ox + (dy® o hkr) + [dg, .
Since 7 : Hoch? (Ug ® S(g[1])) — Hoch? (S(g[1])¥) is a surjective quasi-

isomorphism, the kernel ker(7g) is acyclic. Also note that ker(mwg) = ker(7g) by
construction. Thus, the projection

7ip : hkr* Hoch? (Ug @ S(g[1])) — o Tooy (9[1])

poly
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is also a surjective quasi-isomorphism. Therefore, to prove Proposition 4.5.5, it
suffices to show that the diagram

hkr* Hoch® (Ug @ S(a[1])) 2+ Hoch® (Ug ® S(g[1])) —2— Hoch® (Ug)

&)TOﬁ'BJ/ l(i’g

Hom(S(g[1]), Sg) » Hom(S(g[1]), Ug)

pbw

commutes up to homotopy. We prove it by constructing an explicit homotopy
operator.

Homotopy operator

Let

(0 :&)2O7TAOHE1"7
iy = pbw odq 0 Fp.

Now, our task is to construct a homotopy operator h : hkr* Hoch? (Ug® S(g[1])) —
Hom(S(g[1]),Ug) satisfying the equation

U1 —hy =hoD+deoh. (4.17)

Notations In the rest of this section, we denote A = Ug, B = S(g[1])¥ and
X =Ug® S(g[l]). A basis of g[1] is denoted by {ey, - ,eq}, and its dual basis is
denoted by {e!,--- ,€?}. The symbol z; is an element of g[1] for each i, s : g[l] — g
is the degree-shifting map, and « denotes the adjoint action. We need the technical
maps

(i) sym: SP(g[l]) — Ug™”,

FM(21 O O 3p) = Y (—1)78T501) @+ @ STy,

oE€Sp
(i) Jgr : ST (g[1]) — Ug @ ST (g[1]) @ (g[1]")*? @ g[1]*7,

Jr(x)=10x® Z (("@ @)@ (6, ® - R ey)),
for x € ST (g[1]),
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(i) ¢ - g[1]** — Ug,
P(r1 @ -+ @ Tq) = ST -+ - 8T,

(iv) the projection pry, : Ug ® S(g[1]) — Ug ® S°(g[1]) = Ug.

For x = 71 ® -~ ® 1, € S"(g[1]), we denote x" := z; ® - - ® Ty
Following Sweedler notation, we write the formula of the comultlphcatlon

A 5(gll]) — S(g1]) © S(g[1]) as

= Zx(l),k @ X(2)n—k = X(1),k @ X(2)n—k>
k

where x(1), € S*(g[1]) and x(2),—x € S"*(g[1]).
For f € Hom"(A®*? @ X ® B®1, X), we define

hpqr s Hom" (A®? @ X @ B®4, X)) — Hom(SP*7""(g[1]),Ug)
hp.qr(f) = sgn(p, ¢, 1) pug © (prug ®p) o (f@1)o (sym® Jy,) o Apgrr

where sgn(p, q,r) = (—1)7++2@+1)/2 Using Sweedler notation, one can write

(
hp.q.r(F)(%)

= sgn(p, q,r Z DTy of(sym(x(l) P>®(1®X(2),q+7~)®(6“ Q- - .®€iq)) (se;, -~ seq,)

11,0 ,lq

for x € SPT9*7(g[1]). Now, we define the homotopy operator
h : hkr* Hoch? (Ug ® S(g[1])) — Hom(S(g[1]),Ug)

to be the operator extending > h, ., by zero, i.e. the operator h is equal to the
composition

hkr* Hoch® (Ug ® S(g[1])) = Hoch, (Ug,Ug ® S(g[1]), S(g[1])")
Zhear, gom(S(all]), Us).

A-side Since A = Ug is concentrated at degree zero, we have
(A )@ @ ®a,@ 1) = falm @ @ apy) - @

for fa € Hom(Ug®",Ug) C Hochl(X), x € X and a; € Ug. Thus, for
Xx=x10- -0z, € Sg[l]),

h(dy ™ fa)(x) = Sgn(pﬂ 0) prygo(dy™ fa)(sym(x) @ (1®1))
= Z )7 fa( STq(1) ®"'®S$U(p)).

o€Sy
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Furthermore, since 19(f4) = pbw oZIVDT omp(fa) =0 and
Y1(f4)(x) = (Do ma o hkr) (fa)(%) = Y (—1)7 fa(8T00) @ -+ @ STo(p)),
oESy

we have

(ho D+ dég o h)(fa) = h(ds* fa) = (V1 — ¥2)(fa).

B-side For fp =f®se; ©--- ©sej, € ST (g[1])¥ @ S%9 C o Tpoly(g[1]) and
x € S7%7(g[1]), we have
sgn(0, ¢, 7)h(dy” o hkr(f5))(x)

= Z pry g o(dy” o hkr(fp)) <(1 RX)R("® @ eiq)> - (se;, - - -s€;,)

i1, :iq

— (_1)Q+r—1+T(Q+T) Z Pry, ((1 ® X)I_ hkr(fB)(eil R ® Eiq)> . (Seiq ... Sez‘l)

i1, g

1
= (—1)atr-rlatntalet)/2 (i §) = Z S€io S0,
T oS,

= () 1)) - phw(se, © @ 56,
= —sgn(0, ¢,7)f(x) - pbw(se;, © --- O se ;).
Since ¥ (fp) = Pyomy o }ﬁ;r(fB) =0 and
Va(f5) = pbw o®p(f @561 @ - @ sey) : X = §(X) - pbw(se; © - @ sey),

we conclude that

(hoD+déoh)(fp) =hody® ohke(fp) = (11 — 12)(f5).

X-side Let f € Hom"(A*? @ X ® B®, X) and X = 21 @ -+ © Tpigtri1 €
Spratrl(g[1]). To verify the homotopy equation, we need to compute the following
4 terms.

Term I:
p+g+r+1 ' '
A (hf)(x) =< Z (—D“”*“"(sxi)o(hf)(x{”)> — (=1)PTIT (R f) (%)

p+g+r+1 ' ' '
( > (—1)””+q+’"sgn(p,q,r)(©i—%))

=1

- (_1)p+q+r sen(p, ¢,7)(F1 + F2),
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D = Z ST; - (prug of <§§ﬁ1(xﬁip) ®(1® xg;ﬁ_r) ®E'® - ® 6z‘q)>>

i1, ig
- (sei, - -s€iy ),
@g = Z (prug of <s/}7r/n(xg;p) ®(1® Xg%,qﬂ") ® (€i1 R ® 6iq)>)
i1, ig

- (seq, - - -seqy ) - sy,

§1= Z Pryg Of (%(%Xu),pﬂ) ® (1 ®X(9) g4r) ® ("®-® eiq)) - (sei, - - s€iy ),

i1, ,0q
S2 = (71);) Z PIyg Of(S/}?ﬁl(X(l)J,) &® (1 &® agx(Q),quH_l) X (gil R ® Eiq)>
i1, g
- (sei, -+ -s€iy ).
Term II:

h(d3, f)(x) = sgn(p+1,¢,7) (1P

p+q+1 ptg+r+l
{( 2 (—U”%) + RArnia + ((—Dp“ > (—U””’%) } :

i=1 i=1

lel = Z ST; - (prug of (S&}ﬁ(xﬁip) ®(1® Xgiw—» ® (Eil R R 6iq)))

11, ,lq
. (Seiq [ Seil)a

Ay = Z Pryg o f (sfy\ﬁl(x‘({gp) ® (sz; ® XE;])L,q-I—’/‘) R ® eiq)) - (seq, - -seq),

11,7 ,lq

P
Ania = Z Z(—l)j'
i1 g g=1
PTyq Of( (1j 0 sym(x(1) p41)) @ (1 @ X(2) g47) @ (€1 @ - @ fiq)) - (seiy - seqy ),
and the map p; : Ug®P*t — UG®P, j = 1,--- ,p, is defined by
,Uj(ul®"'®up+1) =U Q- @UU L @ -+ D Upy1.
Term III:

h(dinxX) = Sgn(p, q+ 17 r)(_l)p+q+r(%l + %2 + %3)7
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where

ptg+r+1
D D DI o
i1, g =1

prug Of (Sf\yIJn(Xk{i}):p) X (1 &® Xééi,q-H") X (Eil R ® Eiq)> . (Seiq . Seilsﬂfi)

q
S S e
11, ,ig4+1 k=1
Pryg of (s?fn(x(l)p) ® (1@ X(2) g4r41) ® (€1 @ - O FH . @ eiq+1)>

) (sequ T s€,)

By = Z (—1)Pta.

il:"' 77:117j

Plutg {f<sfyﬁ(x(1),p) ® (1@ X(2)g1r41) ® (€1 ® - ® qu))L Ej} - (sejse, - sei,)

Term IV:
h(0x f)(x) = sgu(p, ¢, r + 1)(T1 — (=1)" (T2 + T3)),
where
J1 = Z Pryq odx © f(%(x(l),p) ® (1 ® X(2) g4r+1) ® (1®--® €iq)> - (sei, - - seqy)
i1, iq
Jy = Z Pl 0 f (gyf/n(x(l),p) ®dx(1®X@)grr41) @ (€1 @+ ® 6iq>> - (sei, - -seiy)
i1, iq
q
T3 = Z(_l)q+r+k_
i1, yig k=1

Diygg o (SF(x(1) ) & (10 X(2) g 171) @ (€ @+ @ gt @+ @ ') )

. (Seiq B 'Seil).
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Note that we have the following equations

o =
Z(_DQ—HH—!—I@% =B,
§1 = Anmia
p+q+r+1 ‘ ‘
B= (1t ) ()T
i=1

%2 — (_1)p+q+r33
By = (—1)Ptetly,

for any x € SPTt+1(g[1]). Here, the last second equation is obtained by

(dge") @ se; = Z " © e @ [seq, sey] = Z (e“ O @ segsep + €€ O ® sebsea)

a<b a<b
which is induced by
[Sea,s€s] = Chysei,  dge' = clpe O €,
and the last equation is obtained by
dy(u® e;) = u(se;) @1 = —(u(se;) @ e;)L €.
Since (11 — 19)(f) = 0, the homotopy equation (4.17) is equivalent to the system

sgn(p+1,q,7) =sgn(p,q,7),
sgn(p, g+ 1,7) = (—1)""*'sgn(p, q,7),
sgn(p,q,r +1) = (—1)" " sgn(p,q,7),

and the sign function

sgn(p, q,r) = (—1)artrralar)/2

is a solution of this system. Therefore, we conclude that
(ho D +dég o h)(f) = 0= (1 — ¥a)(f)-

This completes the proof of Proposition 4.5.5, and thus the proof of Theorem 4.5.1
is also complete.
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