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ABSTRACT
Ratio and proportional reasoning are critical conckptstudents to understama be
successful in higher level mathematics1989, the National Council of Teachers of
Mathematics (NCTM) published ti@urriculum and Evaluation Standards for School
Mathematics t at i ng that the ability to taeatadbin pr opor
meritswhatevet i me and effort that must be expended t
(NCTM, 1989, p. 82)According to the Common Core State Standaritathematic{CCSS
M), development of these concepegirsin kindergarterand culmirmates in grades six and seven,
where they are separate domaifise participantsn this studytook PreAlgebra in thesixth
grade and Algebra | in the seventh gra@¢her than thdistrict CCSSM based matleurriculum
andare consideretb bedoubleaccelerated studenBecause of this acceleratitmey did not
receive instruction in the domain of Ratio and Proportional Reasasisgt forth in the CCSS
M. TheNCTM 2016Position Statement on Providing Opportunities for Students with
Exceptiora | Mat hemati cal Promi se states, AWhen cons
mathematics, care must be taken to ensure that opportunities are available to each and every
prepared student and that no c¢r iTheccdtital concept s
concept of Ratio and Proportional Reasoning may have been rushed or skipped for these
participants Therefore, his case study sought to charactetimeconceptuabndEssential
Understandings dRatio and Proportional Reasoningtibésedoubleaccelerategarticipants
Participants were a convenience sample of eighth grade stedeolied in a suburban middle
schoolin southcentral Pennsylvani®ata wagpredominantlycollected via written
documentatiomncluding pretestjnstructional respons@osttest, and limitegarticipant
journak. Researcher notes were transcribed to capture participant discaisdiorteraction with

the researchePretest and postata were then analyzed and coded using researcher credé=d



iV
based on NCTM6s Essential Under st @Gradeséhagds o f
relevant conceptual understandings based on the literdtwse doublaccelerated participants
demonstrated many of the same understandings as fopridrinesearcttonducted with on
grade level and lower performing studeiise implications of this studgre that more camust
be taken when acceleratingidents so thahey develop deep, conceptuaiderstandings in all
areaf mathematicsbut particularly in Ratio and Proportional Reasonirtge findings of this
study call for more research into acceleration practcesurriculum development for
accelerated students ensure those students with exceptional mathematics promise have the

understandings necessary to continue onto more advanced math topics.
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Chapter 1

Introduction

Proportional reasoning has been described as one of the most utilized mathematics
concepts in the real world (LanidsWilliams, 2020).Yet, it is estimated that more than half of
theadultpopulation are not proportional thinkers (Lamon, 20&2¥n thoup students spend
many educational years working extensiwslth ratios and proportional reasoning, from
learning the praequisite skills to applying the conceptsis well documented that an
understandin@f proportional reasoning is important for maagpects of dayo-day life such as:
taxes, investments, recipesyency, measuremeobnversions, discounts, best buys, scale
drawings, and maps (Dole et al., 2015).

Research over the last 50 years idastified the importance of ratio and proportibna
reasoning, documented learning progressions, and identified effective instructional stimtegies.
1989, the National Council of Teachers of Mathematics (NCTM) publishedufveulum and
Evaluation Standards for School Mathemastating that the abil to reason proportionally is
of Asuch great i whatevetime and effortthatntust betexpended o aissure
its careful d e 1089| po §2)iTken,in®2000Q, NCTM Muyblished ti&inciples
and Standards for School Matheneativhich stated:

Facility with proportionality involves much more than setting two ratipsal to each

otherand solving for a missing term. It involves recognizing quantities that are related

proportionally and using numbers, tables, graphs, and egaatdhink about the

guantities and their relationshiNCTM, 2000,p. 1)

Student difficulties with ratio and proportional reasoning are a challenge to identify, as

many students show an ability to solve routine missadge problems and are considered



proficient in proportional reasonir(@Glaser & Riegler, 2015)The issue arises with ngautine
problems and problem types that students have not seen before. Without a conceptual
understanding of ratios and proportions, students cannot transfer theleége to new
situations and novel problems.

Complicating matters is the practice of accelerating middle school students past an in
depth study of ratios and proportional reasoning. Students who do well in elementary
mathematics often skip sixth and/or erth graddevel curriculum to take PrAlgebra and
Algebra | courses earlier than their peé&ia. purposes of this study, double accelerated students
are defined as taking Algebra | in the seventh grade and Geometry in thegeagiglSince
2017,the @mmonwealth of Pennsylvarieas requirec proficient scoren theKeystone
Algebra IExamfor students to graduate from high sch@@¢nnsylvania Department of
Education, 2017)As is normal, double accelerated students take the exam at the end of the
couse. Therefore, the curriculum for this couirs¢he seventh gradecuses on the content
needed to be proficient on the Keystone Exam, not the ggadecurriculum as defined by the
Pennsylvania Core Curriculum Standards (PA Cofée Common Core S Standards for
Mathematics (CCS#), on which the PA Core are built, focuses heavily on ratios and
proportional reasoning in the seventh grade, content that these double accelerated students
skip. These wdents are not provided with the time and opputyuto grapple with the ratio and
proportion material that is critical to success in higkgel mathematicsStudents who have
been accelerateaften have a shallow understanding of math topics and believe speed and
memorizatiorare the keys to succeissmathematics (Sheffield, 201 Mlany come away with no
conceptual understanding of ratios and proportions, even though it appears they do because of
their ability to apply a basic algorithm to a routine situation.

Many studies have been done investigatime importance of ratios and proportional

reasoning for low ability/low achieving students and how to help them be more sucegsful
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Dougherty et al., 201@jtendra et al., 2013; Jitendra et al., 2046élson et al., 20205tudies on

acceleratedtadents who underachieve tend to focus on their affect toward school in general, not
on the impact of the missed curriculum. | found no studies investigating interventions with
accelerated students nor ahgt investigatetl he consequendecsticabf HAski ppir

curriculum of ratios and proportionadasoning.

Ratio, Proportion, and Schemabased Instruction

Ratios and proportional reasoning can be broken down by problemitygading:
comparison, missing valumtessuch as speedatios,mixtures linear and inverse relationships,
similarity, and percent increase or decreaSachtype hasts own way in which quantities are
representedUsingthis breakdown, schematic representations can be created that enable learners
to acquie and broaden their knowledge of each problem type (Jitendra et al., Zibdidira et al
(2009) showed that scherbased instruction (SBI3 a viable framework for studying middle
school math instructioand learning. Theiresearchocused specificallpnratios and
proportional reasoning, using the research on multiplication and division schemas identified
for elementary learners and broadening it for middle school content (2009).

The key to SBI is that new knowledge is assimilated into existing leoige. It is then
re-organized to form new schemas. Students must know how to retrieve and use these schemas to
construct new schen{®arshall, 2012)According to Marshall, takerrbadly, such schemas
have four characteristics: a) they are organizedagaathindividual can quicklentify new
instances that amilar tothose on which the schema was founded; b) they are general
templates but also have links to specific individual experiences that match the current template; c)
they guide an individudls ef forts to draw inferences, make

problems; and d) they connect with essential skills or procedures the individual already has.
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Schemabased instruction is the study of problem structure rather than just the ¢atculat
of the solution.Studies have shown SBI can be effective at reducing presbdving difficulties
in studentavho struggle (Fuchs et al., 2004; Jitendra et al., 2013, 2015; Powell, 2011; Xin et al.,
2008). Whenstudents studied examples looking fooldem structure rather than solution
procedure, their transfer of knowledge improved (Lee, 20&6é)easingschema acquisitioand
schema broadening has the potenti@dwance novice problem solvers along the continuum
toward becomingnore proficienproblem solvers.Research suggestB| may
be effectivebecause iteducesognitive loadwhich frees up resources to allow the learner

toincrease schematic acquisition (Sweller & Low, 1992).

Purpose

This study aimed to describe the Essential (Loba#b.€2010) and conceptual
understandings of ratio and proportional reasoning with deadselerated math studenits.
further sought to identify how those characterizations change afteradelotargeted
intervention grounded in scherbased instructio. The following research questions guided this
study:
1 What descriptors characterize the Essential and conceptual understandings of students
with limited exposure to ratio and proportional reasoning due to course acceleration?
1 How do those descriptors alige after shorterm targeted instruction on ratio and

proportional reasoning?

In Chapter 2, | review the literature surrounding ratio and proportional reasoning
beginning withdefining the terms ratio and proportion using dictionary definitions and deggri
how they are interpreted in literature. The learning progressions are outlined, and student

difficulties are identified, along with the meaning of a conceptual understanding of ratios and
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proportions. After that, academically accelerated studentiefireed along with issues that can
arise because of that acceleration. The current state of instruction in ratio and proportions along

with best instructional practices, including Schemn@adening is presented. Finally, gaps in

literature are identified.



Chapter 2

Literature Review

In this literature review, | first define ratio and proportional reasoning using non
mathematical, dictionargiefinitions and then describe how it is interpreted in research literature,
including the nuances that make it difficult to uniformly define these concepts. Then, | outline the
learning progressions of ratio and proportional reasoning, relying heavilythep&CSSv
(NGA, 2010) along with other relevant literature. Next, | identify student difficulties with ratio
and proportional reasoning, including a discussion of what it means to have a conceptual
understanding of ratios and proportions. Academicaltglecated students are then defined and
the issues that can arise because of their acceleration are identified. This leads to a review of the
literature on the current state of instruction in ratio and proportions along with what are currently
consideredd be the best instructional practices. Schémmadening as a framework is explained
and its relevance to ratio and proportional instruction is presented. This literature review
concludes by identifying the gaps in the research in this area.

This literatue review does not contain references to prior studies of thidggaise non
could be foundA search othe ERIC (ProQuest) databased Google Scholar returnad
matches for studiesf thiskind. Searchitemsincludedthe termgatio, proportion andratio and
proportionalreasoningalong withmiddle school matlr middle school math students. Added to
that were the termgifted studentaindbr accelerated studenfBo broaden the possibilities,
additional searches included: a) mathdetots and accelerating through content; b) accelerated
mathstudents and missedntent, and ¢) middle school math students and missed comtent

similar studies were foundtudies were found that looked at spedjfiestions or error patterns,
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but nonethat characterized the understanding of doableelerated middle school students in

terms of their Essential conceptual understanding of this topic.

Ratio and Proportional Reasoning Defined

Accordingtotheot i ne ver si on of WdamWebster,dhs.), dDi ct i onal
ratio is fAthe indicated quotient of two mat hem
guantity, amount , or size between two Oor mor e
synonyms for ratio, which are proportion and rateis indicates the haziness with which these
terms are defined. Mathematically, these terms are related but not interchangeable. Also,
according to Websterb6s Dictionary, a proportio
between two ratios in whide first of the four terms divided by the second equals the third
divided by the fourth.o This definition is als
being separated by addition and subtraction, not division. Webster goes on to debipertoor
as an fAamount that is part of a whole, o0 fAthe r
amount of two things,o06 and Athe correct or app
position of the diffdrieamntl |yartisn dfhed omditkhidesgd. @
Webster defines a proportion as fithe size, nunm
compared to that of another thing or group of
fla st ategmandti tgf of two ratioso.

In the literature, the definition of proportional reasoning is implied through the tasks that
are included in research and in textbooks (Modestou & Gagatsis, 2000). These researchers also

argue that proportional reasoning is nang&component process; it encompasses a wide and

complex range of cognitive abilities. It can be described using three aspects: solving routine
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problems; handling verbal and numerical analogies (a:b::c:d); and awareness of discerning
proportional and noproportional situations.

Lobato et al(2010) describe reasoning with ratios and proportions as a complex
mathematical process that requires concrete skills, conceptual understandings, abstract thinking,
metacognitive competence, and time. A ratio is @efias a comparison of two quantities. This is
an incomplete definition. Describing a ratio as a comparison of two numbers using division or is
ili ke a fractiond is more complete, but i s sti
division a fraction notation. Representing a ratio in only this way emphasizes the numeric
calculation between the numbers rather than the relationship created by the two numbers.
Ultimately, forminginroat iaosvriig i an ghi2@l@,priekR)t i(\Le btaad x
meaning when students write rattbey are simply inserting numbers intéstoto without
thinking aboutor understanding whihey are placing the numbergo the ratioDefining a ratio
as the relationship between two numbers joined asngpasged unit is necessary to develop a
conceptual understanding of ratios and rates (NCTM, 2015).

In the literature, proportional reasoning has been defined as the study of the relationship
between two relationships (Inhelder & Piaget, 1975). Lamon (d@6m@jified two interpretations
of proportional reasoning: basic and advanced. Basic proportional reasoning is defined as
understanding the structural relationship in comparison and missing value problems. The
advanced interpretation is characterized byathibty to reason(emphasis added) about the
relationships among the quantities simultaneously. This includes using the covariance of the
guantities, the invariance of the ratios, and the ability to explain the reasoning behind assertions
about the relatinships. Recognizing and reasoning about the constant ratio within and between

ratios is another critical aspect of proportional reasoning (Lamon, 2007).



Ratio and Proportional Reasoning Learning Progressions

The groundwork for the developmentpbportional reasoning begins in early
elementary school (Common Core State Standards for Mathematics-(@)C8&tional
Governors Association & Council of Chief State School Officers (NGA), 2@&tQjents
in kindergarterand the primary grad€k-2) compse and decomposbapegndnumbers,
iterate and partition lengths, and begin to understand equal shares. Students in the upper
elementary gradg8-5) extend their understanding of partitioning and iterating to labout
fractions and multiplicative e¢oparisonsMiddle schoolstudents (8) engage in a substantial
amount of worlwith ratios and proportions, including the conceptpartentunit rates, scale
drawings, and similar figures. The concepts learned during these formative years prepai® studen
for the mathematics they will encounter in high school and beyond (Nelson et al.,
2020).Proportional reasoning has been described as both the capstone of elementary arithmetic
and the cornerstone of all that is to follow (Lesh et al., 1988).

Introducbry lessons in fractions identify them as equal shares of a whole or unit,
commonly known as a parthole relationship. Students learn that fractions can also be
interpreted as numbers and quotients as they progress in their understanding. Students use
patitioning and iterating of fractions to understand unit fractions and develop the concept of
equivalent fractions. For example, the fraction 3/5 can be thought of as three copies of the unit
fraction, 1/5. Partitioning and iterating are essential undetisigs necessary to develop the
concepts of equivalent ratios and proportional reasoning. Recognizing the importance of defining
the whole in a fraction situation (Lobato et al., 2010; NGA, 2010) is crucial in the development of
understanding the unit intias.

By the end of fifth grade, students should begin to interpret fractions as division and

understand multiplication as scaling (Lamon, 2007). As students compose and decompose
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fractions, build fractions from unit fractions, and compare fractions loothaily and by

reasoning, they will naturally progress from additive comparisons to multiplicative comparisons.
Students build upon their understanding of fractions and expand it to include rational numbers.
Often, students confuse the two, using the temeschangeably (Lobato et al., 2010; Van de

Walle et al., 2019). It is challenging for students to distinguish between fractions and rational
numbers. However, they must learn to understand the similarities and differences and work
fluently with both tyms of numbers (Kilpatrick, 2001). Like fractions, making sense of the
multiple interpretations of rational numbers depends on identifying the unit or whole; without
this, rational numbers have no real meaning. To understand rational numbers, students must
identify the different meanings they have relative to the context in which they are used. Students
must recognize rational numbers as quotients, measures, ratieoghphatrelationships, pagart
relationships, and as operators (Lobato et al., 201@xifgmlly, interpreting a rational number

as a measure leads students beyond identifying just thevipale: or parpart relationship and

pushes them toward the idea that a fraction and a ratio can be quaatiigasredvith a whole.

For example, a diahce of 4.2 feet is 4t#fmesas much as one foot, which is defined as the unit.
When doing this, students make multiplicative comparisons; the mathematics that underlies ratio
and proportional reasoning. Students need to know when this newly learngdicatilie

reasoning is appropriate and when it is not.

Studies have shown that, at some point, students-cvessand apply multiplication
strategies to all missing value word problems, even when additive strategies are appropriate (Van
Dooren et al., 208 Van Dooren et al., 2010). Hilton et al. (2013) found that most students who
solved norproportional situations incorrectly used multiplicative strategies, indicating they may
have identified the problems as proportional. Conversely, in some propodiniadions, most

incorrect responses indicated an additive strategy when multiplication was required (Hilton et al.,
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2013). Therefore, the difference between additive and multiplicative comparison situations must
be made explicit to learners.

The middle shool years, typically grades& are packed with critical understandings
and skills involving ratios and proportional reasoning. The domain of ratio concepts first appears
in the CCSSM in Grade 6 (NGA, 2010). In Grade 7, students must analyze progrtion
relationships and use them to solve +wafld and mathematical problems. The standards are
structured so that students are prepared for the more difficult concepts in Grade 8 and high
school. Because an understanding of ratios, proportions, and wopbreasoning is assumed
knowledge as students complete middle school, they are not separate domains beginning in Grade
8 when students typically study padgebra. In high school, knowledge and conceptual
understandings of multiplicative comparisons @egeloped more deeply in Algebra, Geometry,
Physics, Trigonometry, and Statistics. It is a foundation for Calculus (Nelson et al., 2020) and is
the basis for topics in Physics and Economics (Lamon, 2007).

NCTM identified four shifts in student thinkingat must take place for students to
reason proportionally (Lobato et al., 2010). Before working with ratios, students typically focus
on a change in just one value, therefore, the
focusingononlyonewant ity to realizing that two quantit
p. 61). The second shift is to progress from using only additive comparisons to forming a
multiplicative relationship between two quantities (Lobato et al., 2010). Studentgdikshg
with missing value proportional word problems often apply additive strategies. This may be due
to cognitive development, experience, and the elementary curriculum (Hilton et al., 2013). For
example, an early learning tool for students in the eh¢ang grades is a buildingp strategy,
students establish a ratio and extend it to a second ratio using addition (Lamon, 1993). A typical
question of this type is: three notebooks cost $1.75 so it will cost another $1.75 for three more

notebooks.
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Once stidents understand forming a ratio, they develop compasiédtrategies such as
unitizing and norming and begin to use multipl
progression (Lobato et al., 2010). Shift three occurs during thel@mdentary yearg.hird-grade
students rarely construct composed units while fewnld fifth-grade students begin to develop
thinking strategies based on unitizing. Unitizing is forming a composed unit by chunking a
guantity into conveniently sized units (Lamon, 19938y. &xample, when comparing the price of
two boxes of cereal, a d@unce box costs $3.36 and adiihce box costs $4.64. To determine
which is the better buy, students could find the unit rate, which requiredigitalivision. It is
more convenient to copare the price of a common factor of four ounces of each cereal. This
requires division by a single digit, a much easier mental calculation. The ability to recognize and
use composed units, rather than single units, is a notable difference betweenqguaipbitikers
and nonproportional thinkers (Lamon, 2007).

When students reinterpret a situation in terms of a chosen unit, they are norming (Lamon,
2007) . For example, consider the comparison t a
Figurel) Students who are norming will explain th
always one pizza for three people, the first group would get more because they could have fed
t wo more people. o0 The student crofpirzzdd,andt es t he

recognizes a new quantity: pizzas per person (see Ridlre



13
Figure 2-1

Who Gets More Pizza, a Girl or a Boy?

QQOOO0O0  OO0O0
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(Lamon, 2007, p. 660)

Finally, students make the fourth shift in proportional reasoning from developing a few
feasyo equivalent ratios to creating a set of
This fourth shift takes place during the upper elementary to early middle school years, when
students are learning about equivalent fractions, percentagasurement conversions, ratios,
and rates. These concepts have been identified
reasoning (Lesh et al., 1988). Even though middle school students may demonstrate the ability to
find equivalent ratios using aigorithm or whole number reasoning, this does not mean they
comprehend that the ratios have the same meaning. For example, consider the speeds of two
people walking are 9 feet in 2 seconds and 18 feet in 4 seconds. Students may understand the
ratios sepaately, but do not recognize that the two people are walking at the same pace (Lobato et
al., 2010).

Progressing through the shifts in reasoning can be intellectually difficult for students. The
transitions take time and effort and cannot be completectietiéy until the student is ready.
Sometimes studentsdé solution techniques may se
development of a conceptual understanding of ratios and proportional reasoning. Proportional
reasonings acritical conceptin which many types of math knowledge come togetinéorm a

conceptual understanding of ratios and propostion
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Studentoos Difficulties When Learning about

Student difficulties with ratios and proportanreasoning can be broken down into three
principal areas: a) Misinterpreting a ratio as a number rather than a comparison; b) When to
reason additively and when to reason multiplicatively; and ¢) Misunderstanding or not identifying

the whole (Langrall &wafford, 2000; | et al., 2018).

Ratio as Comparison

It can bdifficult for students to understand fractions as numbers and ratios as
comparisons when they often look the same. Students confuse the two, using the terms fraction,
ratio, and rational numbénterchangeably (Lobato et al., 2010; Van de Walle et al., 2019). Not
understanding a ratio as a relationship between two quantities has been identified as the basis of
all misconceptions with ratios and proportional reasoning (I et al., 2018). Onerobsthe
difficult understandings involving ratios is the concept that the relationship between two
guantities stays the same (invariance) while the quantities themselves change (covariance)

(Langrall & Swafford, 2000).

Additive vs Multiplicative Reasoning

In determining whether a problem involves a proportion or not, students often reason that
if the ratios are integers, they will use a multiplicative approach. If the ratios afetagear, then
they will use an additive strategy (I et al., 2018; Modestdbagatsis, 2010; Van Dooren et al.,
2005). Given problems with the same structure, students used different strategies, depending on
the numbers used in the problems (Lamon, 1993). Students fail to distinguish between

proportional and nonproportional sitigats with similar superficial elemengsich as problem



15
context(Ayan & IsikalBostan, 2018; De Bock et al., 1998; Modestou & Gagatsis, 2009; van

Dooren et al., 2005). This also includes absolute versus relative growth situations similar to those
in figure 2-2
Figure 2-2
Relative Growth Problem Example
Tree A was 3m tall and grew to 5m. Tree B was 6m tall and grew to 9m. Which
tree grew more? Using additive thinking, Tree B grew more (3m vs 2m). Using relative
thinking, Tree A grew more as it grew one awd-thirds times its original height while

Tree B grew 1 % times its original height.

Defining the Whole

Much like fractions, making sense of ratios depends on identifying the unit or defining
the whole; without this, ratios have no real meaning (Lobaab,2010). Confusion about
defining the whole was the most prevalent area of misunderstanding for students solving

proportional problems (I et al., 2018).

Conceptual Issues

A lack of conceptual understanding is a significant problem in ratio and pro@irtio
reasoning. Ayan and Isik@lostan (2018) found that more than 50% of the students in their study
provided correct answers to ratio and proportion problems, but the only strategy they could use to
solve the problems was crasslltiply and divide. Studda could not demonstrate a conceptual
understanding of direct and inverse proportional relationships, even though they were giving

correct answers. Their reasoning lacked a clear argument and their solution method depended on
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the superficial elements ofdlgquestions rather than on the mathematical problem type. Students
appear capable of proportional reasoning because they are getting correct answers, but research
into student thinking has shown a lack of understanding and the rote use of an algorithonbase

superficial elements (Glaser & Riegler, 2014).

Conceptual Understanding

Conceptual Understanding of Mathematics

A conceptual understanding of any mat hemat.
functional gr as p (Kipatricky2a0h e i)t Itiisorepre than ust knewing
facts, formulas, and algorithms. Students with a conceptual understanding of a topic understand
how that topic integrates with their prior knowledge. They then build upon that knowledge.
Connectiongre made between prior learning and new information (Wynn, 1992). Learners with
a conceptual understanding of a topic have a web of interconnected ideas to assimilate new
information with old. Because learners build upon their prior understanding, caglceptu
understanding supports retention. A conceptual understanding in mathematics allows students to
successfully tackle unfamiliar problems as they have a repertoire of accessible, suitable strategies
from which to choose. They understand why a mathematiealis important and the kinds of
contexts in which it is suitabl®&lew reasoning strategies are developed based upon prior
conceptual understandings. Research with older learners, having experience in traditional math
instruction,found that rules and gbrithms tend to replace the previously developed reasoning
strategies (Karplus et al., 1983fudents also demonstrate their conceptual understanding when
they can represent mathematics in different ways and understand how one strategy may be more

efficient than another, depending on the context of the problem (Kilpatrick, 2001).
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Conceptual Understanding of Ratio and Proportional Reasoning

Students who have a conceptual understanding of proportional reasoning often use
strategies based on reasoning, @athan applying the same algorithm to every situation. They
see how different strategies such as unitizing, norming, iterating, partitioning, equivalent ratios,
and crossnultiplication connect with each other. They understand how they are similar and how
they are different (Lamon, 2007). Building a conceptual understanding of ratios, proportions, and
proportional reasoning happens slowly and develops over time (Lobato et al., 2010). Students
begin to develop this conceptual understanding in the elemegrtatgsPiagetfound that
students can buildseful and relevantnderstandingef ratios and proportionsased on informal
reasoning strategies before ttag conventionally tauglie content in school (Lamon, 2007;
Jacobson et al, 2018).solid concetual understanding of elementary material provides learners
with a solid foundation on which to build as they progress through their education.

Proportional reasoning is a milestone in
t i me i n learniagtrajec®ry in which many types of math knowledge come together. It

is comprised of a network of understandings and relationships. That network incorporates

fifdetecting, expressing, analyzing, explaining,

proportional relationships (Lamon, 2007, p. 647). The importance of developing a conceptual
understanding of ratios, proportions, and proportional reasoning should not be underestimated. A
strong foundational understanding of ratios is closely tied with ssiacdsgherevel

mathematics and science courses such as algebra, physics, geometry, calculus, and statistics
(Lamon, 2007; Van de Walle et al, 2019). If a conceptual schema of proportional reasoning
involving the various math domains is not formed inlthe ar ner 6 s mi nd, their
higherlevel math and sciences will be hampered. This is of particular concern for students who

have been accelerated past adépth study of ratios and proportions.

p
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Academically Accelerated Adolescents

The NCTM 2016Position Statement on Providing Opportunities for Students with
Exceptional Mat hemat i cal Promi se states, i Wh en
mathematics, care must be taken to ensure that opportunities are available to each and every
prepa ed student and that no criti célDangesonsc ept s ar
Myt hs about AGiI ft e dSheffidlda 20h7gMyth #5istates thalitgu d € retds
students should accelerate the(p.Rl)Thseishemati cs ¢
popular myth that, in my experience, is pervasive in our culture. There is a certain status afforded
to students, and their parents when learners are accelerated. Sometimes acceleration is appropriate
and sometimes itis nofhe answed e pends on t he st ude ndegihsof ide mon
understanding f al | t he ¢ ont e n(ltarsdnh@l)Thig acadledhtiobean s ki pped
lead to gaps in student knowledgreated by missing critical contegda, 2005). Accelerated
studens often have a shallow understanding of math topics and believe speed and
memorizatiorare the keys to success in mathematics (Sheffield, 28bW) does an
educationabystem assure that students develop the skills and thinking required ofleigter
mahematicavhen they miss the opportunity fordepth study of a topic as critical as
proportional reasoningFormer NCTM President, Dr. Cathy Seelagtedthat many schools
have students explore a firich armnay ofamanhemga
(Seeley, 2005p7).

When the acceleration of a student happens in the sixth to eighth grade band, not only are
some critical mathematics concepts skipped but the time to develop the necessary cognitive skills
for in-depth understanding is minimized. Students are placed lirehégpility groups because of
their success with the more concrete mathematics concepts of elementary school. Difficulties

arise with the more abstract concepts covered in middle school math classes. Along with physical
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and emotional changes, significangaitive development takes place during adolescence.
Neurological changes in the brain allow middle schoolers to begin to think hypothetically and
selfreflectively. They develop a tendency to want to internalize their knowledge and make
meaning of theirdarning(Keating, 2012; Matthgs, 2018) They also want to connect to their
learning environment by having a sense of belonging and an ability to make important
contributions to classroom learnif@ttard, 2013) They want to feel capable and appear
competent in their learning experience by being given the opportunity to develop and express
their own ideagTian et al., 2014)They begin to reason about and use abstoaxtepts and
think multidimensionallyKeating, 2012; Matthews, 2018)
Parents and students identified grades as indicating the level of student learning; the
more the student has | earned, the higher the s
researchers also describethpar ent sé perception that students
grades reflected st ud eachiewng stutlents wareealsd identifieeasr n. Th
inherently competitive, and, to them, grades were just another manifestation of that
competitiveness. The actual learning and understanding of mathematics were not motivators, but
rather, doing what needed to be done to achieve a high grade, i.e., playing the game of school,
getting the right answers, and doing what the teacher wanted.
Boder et al (2000) reported students in high ability groups felt their math class was too
fast paced and procedural. Further, they perceived they were not given time to think or
opportunities to process and assimilate the information. They believed mistieesot allowed.
Most high ability students described their math lessons as monotonous relying on memorization
and reproduction of algorithms. The students relayed that there was little variety, social
interaction, or meaning in math classes. The idabgfades are the primary motivator and
students want to engage with the material seems contradictory; however, with carefully designed

instruction, both grades and understanding can be achieved.
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Effective Instruction in Proportional Reasoning

Van de Wallg2019) describes effective instruction in proportional reasoaéng
comprised of using complgx¢oblems that requirgtudentgo read and make sense of the
problem, choose a solution patimd monitor their progress. He argued that teachers
shouldprovidetasks that have multiple entry points and can be solved in different ways, and once
completed, have students consider different solution strategies. Further, students must be free
from prescribed rules and methods and understand there is more tharrectesotution
method.Van de Walle argued that when teachers present a wide array of problem types to
studentsthey provide opportunities to practice their problem recognition sKiliere are many
ways that mathematically similar problems can be setngpstudents must be explicitly taught
how to discern the superficial elements from the critical components.

Olson et al. (2015) found when students are problem solving, educators must make sure
to provide problems that are sufficiently complex, so thatents are required to read and make
sense of the problem, choose a solution path, and monitor their progress. Educators must allow
students to encounter and solve problems with no constraints on their creativity. Students should
be provided with experieas that guide them to reflect on their work. This reflection allows
students to create pathways to prior learning experiences and build on them to create new
understandings. Students need adequate time to grapple with content before being provided with
the rules and algorithms so they can develop a sense of the concept and become comfortable and
flexible in their thinking (Lamon, 2007).

Hilton et al. (2015) found the typical mathematics textbook, separated into chapters and
units, includes questions andeggises relating directly to the specific content in that chapter.

Quite often, instruction with proportion problems focuses on the fluent execution of an algorithm

without any regard for informal reasoning or conceptual understanding. The most prevalent
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guestions contain three known quantities and one unknown quantity. The only difference between

guestions is the position of the unknown quantity within the proportion, based on the algorithm
taught. These missing value problems lend themselves to thenoutéigdication, algorithmic
approach. These questions are not thought provoking and are little more than a pretext for
practicing the algorithm (Van Dooren, 2010). Providing very few problem types with numbers
that are easily identifiable as having a nplitiative relationship makes itis easy to overestimate
studentsd proportional reasoning abilities

Jitendra et al. (2016) found students need instruction in how to recognize underlying
problem structures. They need practice in siftimgugh information to recognize relevant
information. Students need guidance in how to select and use appropriate gobviem
methods. Teachers must provide opportunities for students to reflect and grow in their
knowledge. According to Woodward dt,42012) there are many ways that mathematically
similar problems can be set up and students must be explicitly taught how to discern the
superficial elements from the critical components. By presenting students with a wide array of
problem types, teacheprovide students with opportunities to practice their problem recognition
skills. Interventions provided for students who struggle were beneficial when they provided
students with opportunities to recognize the underlying problem structure, use models t
represent the relationships within the problem, develop problem solving and metacognitive
strategies and skills, and promote procedural fluency.

It is recommended that teachers provide students with guided questions, giving them
multiple opportunities texplain their thinking, in writing and verbally. Using scaffolds, such as
graphic organizers, cognitive strategies, teacher prompts, think alouds, small groups, and
opportunities to respond with explicit frequent feedback, enhances the learning oppsertanit

students (Dougherty et al., 2016; Jitendra et al., 2013). Research suggests that teachers

incorporate multiple representations of rat.i

( Ol
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students and facilitate retrieval of previous learningid@orently integrating the use of
manipulatives, written and oral language, tables, diagrams, and symbols allows students to make
sense of ratio and proportion problem types. Providing these demonstrates how the elements
combine to represent actions (Doedly et al., 2016).

Typical instruction in ratios and proportions includes three steps: a) Show the students
different ways to write ratios; b) Instruct that proportions are two equivalent ratios; and c) Use the
crossmultiplication algorithm to solve fahe unknown quantity (Olson et al., 2015). Early
reliance on any strategy or algorithm can allow students to avoid the necessary and challenging
work required in developing proportional reasao
debased to a pipand-chug algorithm with no opportunity for students to grapple with the

material to develop a deep understanding of what forming a ratio means.

Schema Broadening

Within each mathematics domain, there exists a set of common features and structural
elemens that allow for problem recognition (Richey & NokKdsa | ach, 2014). These
work shows that expert problem solvers use the underlying mathematical structure to categorize
problems by type and use those structures to assist in solving problemsserof mathematical
structure enables problem solvers to make useful connections between problem types. These
connections create familiarity with problem types and provide pathways to successfully solve
them. Even though the student may not have enecechthe exact problem before their schema
gives them the ability to begin work on the problem (Jitendra et al., 2013; Powell, 2011). Schema
allows for identification of a problem as belonging to a specific category based on problem type
(Tarmizi & Sweller,1988) Thi s broadens the | earnerdés schem

knowledge, there is no context for computation and calculé1@88)
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Extending into middle school, additive and multiplicative schemas can be used to solve
problems from kindergarten through eiglgrade(Powell & Fuchs, 2018)Much of the research
base for SBI has focused on arithmetic problems and less on more complex problems, such as
those involving proportions and percent calculati@itendra et al., 20097 he more advanced
and abstract the concept, the more likely it involves multiple knowledge components and learning
processes. It is not unusulthis level to require problems be broken down into smaller,
workable chunks, needing accomplished before obtaining a final so{M&on& Fazio, 209).

During schemdased learning, students recognize problems based on their schema
knowledge. They understand the underlying mathematical structure of the situation, choose the
appropriate schema from their repertoire, and build on it to solve nmldéms. Individuals
with a strong ability to use their schema can identify problem types without developing a plan to
solve the problem or writing an equation to represent the problem. They then use this problem
identification to formulate a plan to soltlee problem, sometimes building on the schema to
create a new schema (Marshall, 2012).

Two instructional strategies for schema acquisition and schema broadening include
goalfree problems and studying worked examples. These areas do not addressifibe spe
underlying mathematical domains in the problem, but rather, describe a way for learners to gather
and synthesize information based on their prior learning. With proper guidance and instruction
learners can create accurate methods for identifyinggmrotypes and broaden their knowledge
base. In goafree problems, the learner is not provided a specific, stated goal or problem to solve;
rather, the learner is to identify as many knowledge points as possible. For example, in a typical
geometry problenthe learner may need to find measurement of a specific angle. The learner
then needs to use multiple sptbcesses to accomplish this goal, such as angle relationships or
trig functions. This can exhaust working memory and increase cognitive load. Bgrisonp a

goalfree problem provides the same information, but the objective is to find as many angle
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measures as possilflarmizi & Sweller, 1988)The goalfree problem reduces cognitive load by
allowing the problensolver to use information as it is pulled from working memory, rather than
searching for the fAcorrecto formul a, theor em,
abilities for schemacquisition(1988).

Goalfree problems encourage the use of forward working strategies, rather than means
end strategiesVhen using a forward working strategy, the problem solver develops a plan
beginning with the given information of a problem and works toward a solution. The problem
solver recognizes the schema of the problem and bases the solution strategy on ghespoinci
mathematics. Deep knowledge is gained, and schema is broadened as the problem solver uses
knowledge in new ways. When using a meands strategy, the problem solver works backward
from the goal, searching for any mathematical reason to justéysmer to the question at hand.
This method increases cognitive load and may overload working memory, reducing available
resources for schema acquisition. Meand strategies do not place an emphasis on learning to
recognize and categorize problem typeserefore, having students work with géade problems
using forwardworking strategies can facilitate schema acquisifi@rmizi & Sweller, 1988)

The second identified practice, worked examples, is definegtassivestudying of
examplesandnonexampledy novice learners. In current classroom practice, worked examples
are usually limited to a few examples which demonstrate the correct procedure, and are done
exclusively by the teacher. They are then followed by students practicing the procedure
(Verschdfel et al., 2017). Students who examined solved problems minimized the burden of
abstract reasoning because it allowed students to see the problem and solution steps together. This
allowed students to learn more efficiently because they did not have teousing memory to
recall correct algorithms, facts, and strategiésyuga & Sweller, 2004)When used effectively,

worked examples may reduce cognitive load on the part of the |¢&weller & Cooper, 1985)
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Explicit instruction in how to use worked examples involves teaching students to recognize
problem structures, which helps them identify the characteristics of different problem types.
When studentkearn with worked examples, they identify and recognize problem
structures through the extensive studying of examples anéxamples. The goal for studying
worked examples is not to learn how to solve a particular problem type, although that is
sometimes benefit, but to study the mathematical aspects of the problem to understand the
underlying structure. This differs from a typical mathematics classroom sequence of the teacher
providing notes and then a few correct examples for students to examinarWitkderstanding
of problem structure, students can make connections among problems, solution strategies, and
representations that may appear different but are mathematically similar. Without an
understanding of problem structure, students may not seaiterities of problems which may
result in future mathematics difficulties (Star et al., 2015). Comparison activities enable students
to reference their prior knowledge to learn new stratdg@i@s5) Comparing correct solution
strategies can h eeptyal udderstgndiny ansl allavdteem to sdiicec o n ¢
similarities and differences between problem structures and solution strategies. Having students
compare incorrect strategies may help them dispel any misunderstandings they have in their
concepts or procedurethis comparison may be more conducive to learning because it enables
students to reference their prior knowledge of one strategy to learn new strategies (Star et al.,
2015). Looking at only a few worked examples alone may not promote schema broadening
(Renkl, 2002) some students may require extended study of examples, scaffolding, prompts for
seltexplanation and selfuestioning, and a variety of examples and-examples (Atkinson et
al., 2003; Richey & NokeMalach, 2014). When used effectively, worked examples may reduce
cognitive load on the part of the learner, freeing up resources for schema acqi8sitder &

Cooper, 1985)
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By learning from and having access to multiple strategies, students learn to approach
problems with flexibility, recognizing when to apply specific strategies, how to execute different
strategies correctly, and whichagies are most appropriate for specific tasks. This can help
students develop beyond the memorization of one approach, allowing them to extend their
knowledge and think more abstractly. Research has found benefits of worked examples that are
not limitedto the laboratory setting. Positive results using limited worked examples in real world

mathematics classroom settings have been found (Booth et al., 2013).

Gaps in the Literature

Expert problensolving ability develops slowly over time, requiring muchatice, and
students must solve many problems to improve their prebt#wing ability (Lester, 1994). SBI
is not a quickfix intervention for struggling students, but a method of instruction to be
implemented on a regular basis. Studies where studenige@teo weeks of SBI as an
intervention showed less benefit than those who received SBI for six weeks. This may be
attributed to the over taxing of working memory by trying to learn new schema and assimilating it
with their prior knowledge. The necessarjor knowledge may not have been fully or accurately
developed in these struggling math studéhtendra et al., 2009 T he goal is for students to
become more efficient problem solvers with a broad scHeasa. Jitendra has expanded on the
use of SBI as a framework from elementary to secondary math, including ratio, proportion, and
percent prolems, the meaning of ratios, equivalent ratios, rates, scale drawings and percent of
change. These studies strengthen the argument for the development and refinement of research in
broadening the schema for ratio and proportion problems.

Studies have beatone that demonstrate the importance of ratios and proportional

reasoning for low ability/low achieving studeiBougherty et al., 201@jtendra et al., 2013,
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Jitendra et al., 201%Jelson et al., 2020)l found nostudieshathaveinvestigatedhe
consequences of advancing past the critical year of curriculum regarding ratios and
proportionalreasoningAs mor e studies are conducted, the r.
of what is beneficial for students of all abilities may become clear.

Ratio andproportional reasoning have been studied for over 50 years. This literature
review looked at resources from 1975 through 2020 and found extensive research on the
importance of this concept and the best instructional practices. The literature that was found
pertained specifically to lovachieving students or egradelevel students. There were no studies
that specifically looked at the ratio and proportional reasoning of the gifted or accelerated math
student.

To fill a gap in the current literature on raéind proportional reasoning, the current study
created a profile of eighthrade math students that were enrolled in a class two years ahead of
the typical graddevel sequence. Chapter 3 includes a description of these accelerated
participants, includingnow their accelerated status was determined. A case study design was used
to characterize participantsd thinking, reason
problems. This study sought to charllpcterize pa
designed instruction, then describe how that characterization changed after instruction. An
explanation of the methods for gathering and coding data is also included in the next chapter. The
materials for the study targeted specific Essential Undelisigs (Lobato et al., 2010). A
description of how each Essential Understand was included in the materials and analysis is

provided.



28
Chapter 3

Methods

Background and Research Questions

This qualitative case study was designed
and existing schema of ratio and proportion problems. The participants demonstrated an above
gradelevel ability in mathematics at the elementary level. They dideuive the regular sixth
and seventiyrade math curriculum offered by their district, Math 6 and Math 7, respectively.

They took a Prélgebra course in the sixth grade and Algebra | in the seventh grade. The
purpose of this study was to determineithpact of limited exposure to the curriculum of ratio
and proportional reasoninga culminating topic in Math 7. This study sought to characterize the
ratio and proportional reasoning of these participants and to describe how those characterizations
charged because of approximately two weeks of intensive study. The research questions this
study sought to answer were:

1 What descriptors characterize the Essential and conceptual understandings of students

with limited exposure to ratio and proportional redsg due to course acceleration?
1 How do those descriptors change after stemh targeted instruction on ratios and

proportional reasoning?

Methodology

A case study design allows the researcher to examine a phenomenon in its current context
without constaint. The evidence gathered from multiple sources is used to explore the

phenomenon, not establish causality or test a specific hypothasise study design allows for
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an indepth study of a particular phenomenon asiitentlyoccurs in the realvorld (Crowe,

2011) particularly when the boundaries between the phenomenon and context are not clear (Yin,
2009, as cited in Crowe, 2011). As was the situation here, no separation existed between the
context, the experience of doutdlecelerated math studenésd the phenomenentheir

knowledge of ratio and proportional reasoniAgothercharacteristic of case study design is the
existence of many variables over which the researcher has little to no cosuiadlymore

variables than data poinfBhis was true in the current study involving the readrld situation of

a middle school classrooB.e cause the study aimed to describe
collective characteristics about specific aspects of their ratio and proportional reasoning
interpretivist approach was used. Accelerating, and deadselerating, students in mathematics
continues to be a common practice in many school districts, as it was in this district. Findings
from this case study will provide insight into the probifeaccelerated math students in other

districts.

Participants

The 14 participants in this study attended a grade six to eight, suburban middle school in
southcentral Pennsylvania. At the time of this study, the student population was approximately
1,070students. Fiftytwo percent of the student population was male and 48% female. Fifty
percent of the students received free or reduced priced meals. Students with individualized
educational programs (I EP), incl wetssthgntvei fted I
percent of the population were English Language Learners. The student population was
predominantly White (84%), 7% of students identified as mnattial, 5% as Hispanic, and 2%

Black. Less than one percent each identified as Americamln@isan or Pacific Islander, or
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indicated @Unknown-wideaendarce forthe firshhaleof theBear of thei n g

study was approximately 91%. There were 1,726 discipline referrals during this same time.
Participants in this study were rygar eighthgrade students that were considered

Ahonorso students by district definition. For

be referredctcel @3 afidadublteedent s, 06 meaning they

ahead of a tyipal gradelevel sequence. Students met the requirements for double accelerated

status at the end of fifth grade. The criteria to be considered double accelerated are3fiTable

Students with a final score between 17 and 21 were enrolled-ildbrain the sixth grade.

Upon successful completion of Piégebra, students took Algebra | in the seventh grade and

Geometry in the eighth grade.

Table 3-1

District Qualifications for&udentAcceleration

Indicator/ Score 3 2 1 0

Attendance O 3 day46days 6-9 days O 10 da-

(In 5" grade year) absent absent absent absent

Diagnostic Advanced Proficient Basic Score  Below Basic

Assessment Data Score Score Score

(Classroom Diagnostic

Tool)

Past Pennsylvania State Advanced last Advanced and Proficientin ~ Basic

System of Assessment two school proficient in last two performance in

(PSSA) Performance in years the last two school years either of the last

Mathematics school years two school

years

Past PSSA Performanc: Advanced last Advanced and Proficientin ~ Basic

in English/Language two school proficient in last two performance in

Arts years the last two school years either of the last
school years two school

years
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Indicator/ Score 3 2 1 0
Pennsylvania Value Projected 70 Projected 70  Projected 40  Not projected to
Added Assessment 100% chance 100% to be 69% chance tc be advanced or
System to be proficient be advanced proficient (math
(PVAAS) advanced (math PSSA) (math PSSA) PS3V)

(Math PSSA)
OrleansHanna Algebra Raw score of Raw score of Raw score of Raw score of 5¢
Readiness Performance 80 or higher  70-79 60-69 or less

Students in Pennsylvania take the Keystone Algebra | Exam (Keystone Exam) at the end
of the Algebra kcourse. Since 2017, students must score at least proficient on the Keystone Exam
to fulfill a graduation requirement mandated by the Commonwealth of Pennsylvania
(Pennsylvania Department of Education, 2017). Because of the importance of achieving a
proficient score, the curriculum and instruction for Algebra | focus on the content for the
Keystone Exam, notthe seversgir ade curri cul um. The PA Core Cur
grade curriculum, which this district uses for its Math 7 course, focusesyheavitios and
proportional reasoning. It is during the Math 7 course that students receive comprehensive
instruction on ratio and proportional reasoning. Participants in this study did not receive this in
depth instruction.
The participants tooRlgebra | in the seventh grade. At the time of the study, they were
enrolled in Geometry as eighth gradd®articipants in this study were recruited from a
convenience sample of students from the middle school where | taught. Volunteers were solicited
via a consent letter sent home with students (see AppéndRarticipant demographic data were
coll ected through the school 6s sdevedsudentsi nf or ma
were enrolled in Geometry. One student was learning remotely aridisfoeason, was ineligible
to participate. Fortygeven percent of the eligible participants were male and 53% female. All 36
eligible students identified their race as White. None of the students were English Language

Learners or had English as a secanjuage. Six students were economically disadvantaged and
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five were considered gifted by having a GIEP. On average, eligible students missed 3.7 days of
school during the first half of the current school year, the year of the study. Some of these
absenceswvere due to quarantine because of exposure to Ca¥IOhis group of students had
an average of less than one discipline incident in the current year. These students demonstrated a
high level of engagement with school having few absences or behavicemeobl

Of the 36 eligible students, 25 returned signed forms indicating consent to participate in
the study. One student returned the form electing not to participate. The remaining ten forms were
not returned. Students who did not return forms were trest@dt giving consent to participate.
Of the 25 students who consented to participate in the study, 14 were present for all sessions. Of

these, 44% were male and 56% female, four were economically disadvantaged, and none had a

GIEP.
Procedure
A sample grop of students took a pilot assessment at the end of their seyranin year.
Questions intended to identify studentsd conce

reasoning made up the pilot assessment. Administering the pilot assessment gave me th
opportunity to practice scoring student responses, make any changes to the assessment, and
experience interpreting results. Interpretation of student results on the pilot test along with the
literature on ratio and proportional reasoning helped me dhagaci ze t hi s groupés E
conceptual understanding of ratios and proportions. The pretest, instructional resources; and post
test were designed around these characteristics.
Data collection occurred early in the spring semester of the-2D2thoobyear. Letters
of consent to participate in the study were sent home with students prior to the start of data

coll ection. Consent forms were returned in a s
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office until the end of the fall semester. Atudents currently enrolled in the geometry course
received the instruction and completed the assignments as part of their regular course work. At
the end of the semester, when | began a sabbatical and was no longer the teacher of record for any
of the paticipants, the letters were opened. Only then did | know who was participating in the
study.

Participants took the revised pilot assessment as the pspesndixC). To ensure
inclusion of all targeted Essential Understandings (EU) and conceptualtandargs, each
guestion on the pretest and ptestt targeted specific conceptual and Essential Understandings
(Lobato et al., 2010) (see Tal#e?). The alignment of question ttonceptual and Essential
Understandings wasompleted by the researchbrstructions included asking participants to
provide not only answers, but also explanations of their thinking as they worked through each
task. A notable addition to the pretest from the pilot test included a prompt for each question
asking participants to @borate, explain, or build on their solutions. This change was made
because, on the pilot test, most students only showed the math work using numbers and symbols,
with little to no explanation. This made it difficult to identify their level of understandihe
addition of this component on the pretest encouraged students to reflect on their work and
exposed their thinking. It added an element of higéeel demand in accordance with the Level
of Cognitive Demands (NCTM, 2014). These prompts made itrdasitetermine their
understanding of ratio and proportional reasoning. Finding good prompts that would elicit
meaningful written information was a challenging task. Several resources were consulted to

generate the prompts, including the internet, prikbpand colleagues.
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Table 3-2

TaskRationale

Pretest Targeted Essential Conceptual Understanding
and Post Understandings

test Task

Number

Essential Understandings 2 anc 1 Attend to two quantities
simultaneously
9 Form a composed unit
1 9 [lterate and partition
1 Inverse Proportional
relationships

Essential Understandings 2 aic 1 Inverse proportional
relationships

2 9 Invariance and covariance
9 lterate and partition
Essential Understanding 2 1 Additive vs multiplicative
3 reasoning
N/A Schema identification 1 Know more than one way to
solve a proportion problem
4 1 The underlying mathematical
structure of the situation
Essential Understandings 2 anc 1 Attend to two quantities
S) simultaneously
Essential Understandings 3, 6, 9 Additive versus multiplicative
6 and 7 reasoning
1 Invariance and covariance
Essential Understandings 3, 6, 1 Additive versus multiplicative
7 and 7 reasoning
9 Invariance and Covariance
8 Essential Understandings 6 anc 1 lterate and partition

Participants took the pretest on DayBecausehe focus of this study was on participant
thinking and reasoning, not computation skilarticipants used calculators throughout the study.

Participants were given the written pretest and had approximately 60 minutes to complete it.
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Many did not finish duri that time, so more

ng
them to fini. Students then left on winter break.

Upon returning to classes in January, participants took part in instructional sessions from
Day 2 to Day 8, with the posest taking place on Day See AppendiD for the 16Day
Instructional PlanSchool cancellations and delays, both scheduled anthevaatated,
interrupted the plan for implementing the instruction over consecutive school days for 60 minutes
each day. Tabld-3 shows the calendar of sessions and times. Because of these and other
unforeseen disruptions to the school day participantkedathrough the planned instruction
slower than anticipated, requiring a change to the original plan. Instruction on scale and
similarity, originally scheduled for days seven and eight, was removed. Journal writing occurred
on only two days. Journaling ésbeneficial activity to learning but, because all activities for this
study took place within the classroom; it was not feasible to have participants complete both their
problem solving and journal writing within the allotted time. Participants ofteagathin
problem solving for the entire 60 minutes.

Table 3-3

Calendar of Instructional Sessions

Weekend | Day 2i Day 3i Day 41 Day 51 No School | Weekend
60 Minute | 60 Minute | 30 Minute | 60 Minute | Teacher
Session Session Session Session In-Service
(Math
Olympiad)
Weekend | No School | Day 61 Day 71 No School | Day 8i Weekend
Holiday 40 Minute | 60 Minute | Weather | 60 Minute
Session 2 | Session Closure Session
hour delay
Weekend | Posttest

Live instruction took place with all participants in the same classroom working on the

same problems. Instruction included challenging but accessible activities, worked examples, and
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goakfree problems for students to study and reflecfAppendixE). Paticipants worked
independently or as part of a group, whichever they preferred. Discussion among the participants
was encouraged and, if necessary, facilitatethbyesearcher Each dayds instruct
targeted Essential and conceptual understandiitbsquestions intended to elicit evidence of
those understandings as shown in Appekdi& typical session began with participants receiving
a paper copy of an openiagtivity. After completion okach activity participant work was
collected, filed, anthe nextactivity was given. Depending on the length of the session,
participants worked through three or f@ativitiesin this manner at each session.

Participants took the pegtst at the end of the targeted instruction, during the last
session. Theosttest contained questions with similar underlying ratio and proportional
reasoning concepts as the pretest (see App@&)dikhe pretest and pestst questions were
different to determine if participants were looking at problem structure or the isigi@tements
when solving a problem. It has been shown that the assessment of conceptual understanding is
better measured when students transfer their knowledge to a new situatior)(Ritiden et al.,
2001). Because the targeted participants werdyhightivated to do well, they could have kept
the pretest questions in mind during the instruction. They may have worked through the problems
either consciously or subconsciously as they learned new material. This would cause them to
make decisions on thposttest based on the familiarity of the problem, not the underlying

schema.

Data collection

Data were collected through pretests, gests, participant work on instructional
problems, researcher notes, and participant journals (See3rdblParticipants were asked not

to erase anything they wrote down to preserve their thought processes. During instruction
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participants freely discussed each question, sharing ideas and strategies. Researcher notes
included participant comments from thesscdissions garnered while circulating the room and
listening to participants as they worked. Occasionally, clarifying questions were asked by both
the participants and me. At the end of each day researcher notes were transcribed with personal
thoughts addedBecause not all students provided consent to be recorded instructional sessions

could not be audio or video recorded.

Table 3-4

Data Resources anénalysisMethod

Research
Data Source Analysis Method Question
Addressed
Pretest participant work Coding of written work for conceptual Question 1
understanding and targeted essential
understanding.
Participant problem Review of written work for conceptual and Questionsl and 2
solving work during essential understanding.
instruction

Participant discussions  Transcribing of researcher notes. Looking Questions 1 and 2
for evidence of conceptual and essential
understanding.

Participant journals Review of writing for changes in participar Questions 2
understanding

Posttesti participan Coding of written work for conceptual Question 2
work understanding and targeted essential
understanding.

Data Analysis

Four EU6s along with corresponding conceptu
analysis (see Tab®5). Each pretest and peastst response received a code based on the target

EU and included conceptual understandimgssponses coded with a T ioated a thorough
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understanding of the EU and the included conceptual understandings. A thorough understanding
meant evidence existed in either the work, explanation, or additional prompt that indicated the
participant correctly understood that EU and usé&alsolve the problem. Responses coded with

an L demonstrated a limited understanding of the EU and did not indicate knowledge of the
corresponding conceptual understandings. A limited understanding meant they indicated an
understanding in their work bdid not explicitly exhibit knowledge or awareness of the EU. For
example, finding the unit rate implies dividing both quantities by the same factor, but unless the
participant specifically showed dividing both quantities by the same factor in theitheork

response received a limited understanding code. Responses coded with an N revealed no
understanding or an incorrect understanding of the EU. These responses included answers with no
work and no explanation or a completely unrelated response. For exangalrticipant response

was coded with an N because he found the area of a triangle instead of a proportionate side
length.See Appendi for a breakdown of the coding by participant and question for the pretest
and posttest.Responses were not coded & correct solution. Because this study was about
characterizing thinking and reasoning, the coding focused on those elements. Whether or not the
participant calculated a correct answer is irrelevant and could have skewed the data

Table 3-5

Essentialunderstandings and Corresponding Conceptual Understandings

Essential Understanding Corresponding Conceptual Understandings
EU2 A ratio is a multiplicative 1 Form a composed unit
comparison. Aratiois ajoinin¢  q  Iterate and partition/Reason up and down
of two quantities into a f Inverse proportional relationships

composed unit.

EU3 The effect of changing each
quantity on the attribute of
interest.

Attend to two quantities simultaneously
Invariance and covariance

= =
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Essential Understanding Corresponding Conceptual Understandings

EUG6 The ratio remains constant a 9 Invariance and covariance
thevalues change. 1 Additive vs Multiplicative Reasoning

EU7 If one quantity is multiplied ol 1 Attend to two quantitiesimultaneously

divided by a particular factor  Iterate and partition/Reason up and down
then the other quantity must b

multiplied or divided by the

same factor.

Analysis of Essential Understanding 2

To show competence of Essential Understanding 2 (EU2) participants must have
demonstrated that a ratio is a multiplicative comparison of two or more quamwtitibat a ratio
is a joining of two quantities into a composed unit. Participants must have performed operations
with that composed unit to demonstrate knowledge of what that composed unit represents.
Operations include iterating and partitioning for fraes andpart:wholerelationships and
reasoning up and down fpart:partrelationships. For conciseness, the phrase iterating and
partitioning will be used to include reasoning up and down unless otherwise indicated. Therefore,
the conceptual understandiof iterating and partitioning was included in the coding of EU2. The
conceptual understanding of inverse proportional relationships was also included in EU2 because
it was not enough to just perform operations on the composed unit, they must havebeen t
correct operations for the context of the problem.

Responses coded asEDJ2 demonstrated a thorough understanding of multiplicative
comparisons or joining two quantities into a composed unit. They must also have demonstrated a
conceptual understanding of that composed unit and, when appropriate conueg atucl

understanding of inverse proportional relationships. Responses were codetlasflthey
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demonstrated a limited understanding of joining two quantities into a composed unit. Participants
who were able to form a composed unit but did not perfigrpropriate operations on the

composed unit were coded aflJ2. Responses were coded aEWNR if the participant

demonstrated no understanding or an incorrect understanding of both multiplicative comparisons

and forming a composed unit.

Analysis of Essentl Understanding 3

Evidence of Essential Understanding 3 (EU3) included participants identifying which
component or attribute was changing and demonstrating how to change the components to
achieve or maintain the desired attribute of interest. The caradepiderstandings of attending
to two quantities simultaneously and invariance and covariance were also included in the coding
of EU3. The conceptual understanding of attending to two quantities simultaneously includes
understanding how the quantities oha together, in other words, how changing one quantity
changes the other quantity or quantities, a key concept in EU3. The concepts of invariance and
covariance were also included in the coding of EU3 because to exhibit a thorough understanding
of EU3, paticipants must have understood what changed, why it changed, and the results of those
changes.

Participant responses coded aET3 demonstrated a thorough understanding of the
effect of changing each quantity of the ratio on the attribute of interesteSponse must also
have demonstrated a conceptual understanding of attending to two or more quantities
simultaneously, invariance and covariance. Responses coded3 dlemonstrated a limited
understanding of the effect of changing each quantity oatthbute of interest. For-EU3 the
response must also have demonstrated a conceptual understanding of attending to two or more

guantities simultaneously, invariance, and covariance. For a response to be codgd3g N
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must have shown no understandargan incorrect understanding of the effect of changing each

guantity on the attribute of interest.

Analysis of Essential Understanding 6

To illustrate knowledge of Essential Understanding 6 (EU6) participants must have
provided evidence of keeping thdiocaconstant while other values changed. Evidence of this EU
included the use of multiplication and division in their written work or an explanation with
language that indicated the intent or importance of keeping the ratio constant while the
components athat ratio changed. Understanding additive and multiplicative reasoning,
invariance, and covariance were also included in the coding for EU6. These conceptual
understandings were included because the ratio remaining constant as values change is invariance
and covariance and requires multiplicative reasoning.

Responses coded asElJ6 demonstrated a thorough understanding of the ratio
remaining constant as the values changed, a conceptual understanding of additive versus
multiplicative reasoning, and an umsgiending of invariance and covariance. The limited
understanding codes were split into two categories for this EU. Both required a limited
understanding of the ratio remaining constant as the values changed. CodeU@&\iquired
evidence that the partfant also understood additive versus multiplicative reasoning. Code LIC
EUG required evidence that the participant understood the concepts of invariance and covariance.
Participant responses that demonstrated no understanding or an incorrect understameling

ratio remaining constant as the values changed received a coeelds.N
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Analysis of Essential Understanding 7

Essenti al Understanding 7 (EU7) states, il f
particular factor then the other quantity mustheimt i pl i ed or divided by th
(NCTM, 2015, p36). The conceptual understandings of attending to two quantities
simultaneously, iterating and partitioning were also included in the coding of this EU. To
multiply or divide two quantities by the sarfactor participants must attend to both quantities
simultaneously. lterating and partitioning mean the act of multiplying or dividing ratios by certain
factors.

Participant responses coded a7 showed a thorough understandingnaeitiplying
or dividing quantities by the same factor and a conceptual understanding of attending to two
guantities simultaneously, invariance, and covariance. A codeedf1.meant the response
demonstrated a limited understanding of multiplying or digdjuantities by the same factor and
incorrectly attended to two or more quantities simultaneously or incorrectly iterated and
partitioned. Responses coded aEN7 demonstrated no understanding or an incorrect
understanding of multiplying or dividing quigties by the same factor.

Coded data was further organized by trends and clusters in the pretest and ther the post
test. If a participant had all responses coded-B&Wwith no L-EU or N-EU, they were
characterized as having a strong understanding bEthaParticipants with less than two
responses coded asBN were classified as having a partial understanding of that EU. Those
with two or three responses coded aEl were characterized as having an incomplete
understanding of that EU. Participantsci#ed as having an emerging understanding of an EU

had more than three responses coded-B&JN
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Analysis of Instructional Data

Participant work from the instructional data was examined to identify evidence of each
EU and conceptual understanding. Eveyutfh target understandings were attached to each
activity, participant knowledge of neargeted understandings could be identified in all activities.
Therefore, each task was considered based on the information presented rather than looking for a
specificunderstanding. On Day 7 additive versus multiplicative reasoning was a target concept
with four activities related to that wunderstan
concept was documented with evidence from activities throughoutdtradtion. The data were
organized by EU and sutategorized by conceptual understanding. Changes in understanding
were identified by looking at tasks in that stdtegory chronologically. Learning progressions
were documented based on those changes. lgalghstanding was examined in this way to
document the learning progressions.

Because | was the teacher of record for these participants immediately prior to the study,
my role as a teacher merged with my role as a researcher for both the particigganés an
Participants may have responded to me, and the material, differently than they would have with a
researcher with whom they were unfamiliar. | attempted to transition to my role as a researcher
with the participants by always having the substitutetteain the room with me. | did not handle
discipline or procedural issues. When students would ask me for permission to use the restroom
or water fountain, | referred them to her as their classroom teacher. To minimize my bias during
instruction, | consausly tried to look at their work and ask questions based on the information
presented to me, rather than on my prior knowledge of their ability. For the pretest ata$post
participant names were only on the cover page. Therefore, when looking atuatuestions, |

did not know whose response | was | ooking at.
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studentso became Athe participants. o Every eff
however, | believe eliminating all bias is unreasdaai any study.

In the next section, | discuss the results of this study. | describe how each Essential
Understanding and conceptual understanding were combined f@mpr@ostest coding. Each
code is defined, and exarsglfrom participant work are provided. Categories of understanding
are described, and characterizations of participants are established individually and collectively.
Comparisons are made between the pretest andgebstategories of understanding.
Instructional data is analyzed to establish any correlation between instruction and changes in

participant characterization.
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Chapter 4

Results

Essential Understanding 2

To show competence of Essential Understanding 2 (EU2), participants either had to
demonstate that a ratio is a multiplicative comparison of two or more quantities, or that a ratio is
a joining of two quantities into a composed unit. Participants also had to demonstrate the ability
to perform operations such as iterating and partitioning Wahdomposed unit to demonstrate a
conceptual understanding of what that composed unit represents. Therefore, the conceptual
understandings of iterating, partitioning, and reasoning up and down were included in the coding
of EU2. The conceptual understamgliof inverse proportional relationships was also included as
part of the coding because it is not enough to just perform operations on the composed unit; they
must be the correct operations for the context of the problem.

Responses coded asEJ2 demonstted a thorough understanding of multiplicative
comparisons or joining two quantities into a composed unit. Participants also demonstrated a
conceptual understanding of that composed unit and, when appropriate, conveyed a conceptual
understanding of inveesproportional relationships. Responses codedi82 demonstrated a
limited understanding of joining two quantities into a composed unit. Responses also coded as L
EU2 showed forming a composed unit, but not performing appropriate operations on the
compesed unit. Responses coded aENR demonstrated no understanding or an incorrect

understanding of both multiplicative comparisons and forming a composed unit.
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Pretest Results

Some participants showed limited knowledge of multiplicative comparisons anithdorm
composed units because they used additive reasoning. Other participants arbitrarily switched
between additive and multiplicative reasoning. They sometimes formed composed units and
sometimes did not. When they formed composed units, they demondbeitegbility to
arithmetically join two quantities into a composed unit. They could physically write the ratios, but
they did not demonstrate an understanding of what that ratio represented in terms of each
guestion. Participants arbitrarily uspdrt:partandpart:wholerelationships without showing
understanding of the difference between the two. Their work with ratios was more manipulation
of numbers and algorithmic thinking than it was understanding what those numbers meant.

Twenty-sevenresponses received a code 6EN2 on the pretest, along with 345U2
and 37 TEU2. The NEUZ2 responses occurred mostly on Q1 with tHeUR2 predominantly on
Q4 and Q8. Two participants, Amelia and James, had the most responses codedPaddur
eachthus they had an emerging understanding of EU2. Four participants had two responses
coded as LEU2 and two participants had three responses codede&RL These six participants
formed a group with an incomplete understanding of EU2. One participany, Hadrno
responses coded asB2. Five other participants had only one response codeeEAs2NFour
of those five occurred on Q1, with the other being on Q3. Because these six participants each had
some questions coded af€£lJ2, they were characterized having a partial understanding of

EU2.

Participants with anEmergingUnderstanding of EU2

Participants with an Emerging Understanding of EU2 often used additive reasoning and

could not form composed units. For example, rather than joining the twotquaetis of Mac 6 s
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and the little brotherdés time into a ratio, Am
(see Figuret-1). This work demonstrated no understanding of a multiplicative comparison or of

forming a composed unit. Her responsenaire time than if Mac mowed the lawn by himself,

showed no indication she understood the inverse relationship between the number of workers and

the amount of time necessary to complete the job.

Figure 4-1

Amel i a fospretest @1k

| Work Area
\\5\43 =\35

\35/2=61-5

| Convince me that youﬁnswer makes sense. What did you try that didn’t work?

. ) 0 Secondd PRCAUSEL
T4 Wi\ Youe Yaern (7 m.nukz‘o :ﬁ‘:‘_ i\“c\emq\ ¢t vy Yo

add Maei bokal Fime S 9
\1::)0),; Naeif Hme T Adidnd

Sowe,

y any other weys 1o

James commonly made additive comparisons as seen in his work for on Q5. To
determine the intensity of cranberry flavor in the juice he indicated the one with the greater
number of cranberry cubes had the stronger taste (see Bigurele did not form a@mposed
unit, nor did he consider the number of apple cubes or the ratio of cranberry to apple cubes in his
response. He demonstrated no understanding of multiplicative comparisons and joining quantities

into composed units.
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Figure 4-2
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James further indicated his lack of understanding of multiplicative comparisons for

pretest Q3 when he thought Robertés explanatio

Figure4-3). Eleven other participants also felt that the additive growtkaaggion was most

useful, but James summed it up for the group when he wrote that a tree growing more of a percent

just Adoesnbét make sense. o0

Figure 4-3

James6 explanation for pretest Q3.
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Participants with an Incomplete Understanding of EU2

The most commn characteristic of this group was their inconsistency in applying their
knowledgeof ratios and proportion$articipants used composed units, multiplicative reasoning,
and additive reasoning, sometimes within the same question. For example, Bencsropmaed
unit of cranberry: whole mixture for Q5, he appropriately converted that to a percentage, then
compared them additively (see Figdrd), a suitable strategy for this question. Overall, four
other participants used this same strategy of findiagptrcent of cranberry in each pitcher. The
second most common method used to solve this problem was finding some type of unit rate
comparing cranberry and apple cubes. Each of these methods revealed an understanding of
forming a composed unit and perfongioperations on that composed unit. From there,
participants compared the unit rates and perce
Amore. 0 None of the participants characterized
used multiplicatie comparison language in their explanation.
Figure 4-4
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Ben then used additive reasoning when he compared the side lengths of the picture
frames in Q7 (see Figure5). He did not form a composed unit of the side lengths and then
compare, as he did in other questions. Similarly, Holly did not form any ratlossaa additive
reasoning for Q5, but then changed her strategy for Q8 using ratios and multiplicative thinking

(see Figured-6 and4-7). Luke also used an additive strategy for Q5, but on what seemed to be
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the most difficult question on the pretest, @& ,formed a composed unit and performed the
multiplicative comparisons appropriately (see Fig4r& and4-9).
Figure 4-5
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Figure 4-8
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Chloe and Katie changed from multiplicative to additive reasoning within the same

guestion. In Q7, Chloe compared the side lengths multiplicatively, with an error in her calculation

(see Figurel-10). She then switched to additive reasoning to change one of the dimensions to

make it similar to what

described it as addition in her explanation (see Figur®.

Ji

mo s

mot her

want ed.

K
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Figure 4-10
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Katiedbs work and explanation for pretest Q2.
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Unlike other participants, Leah often formed appropriate composed units, but she either

did not show complete work or explain her reasoning @orshe formed the composed unit of

Maco6s

ti

me

to the little

brother

6 s4-1P).iOme ,

but
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Q5, she did not clearly show her work and wrot
itwouldtaste lesslikbppl e than pitdh3r A. 0 (see Figure
Figure 4-12
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Harry demonstrated his knowledge of multiplicative comparisons in Q1 when he
compared Macds wor k t o hid4ld.lHe tompaedtheramdudtefr 6 s wo
ti me it took Mac to mow the yard toal:Matio,ds | ittt
indicating one fAiMac minuted is equivalent to t

respectively in his work). Harry then wrote that Mac would mow-tiwads of the lawn in the
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Thi s

EU2 at a very high level. His work for the remaining questions on the test indicated consistency

in this understandinggven when his work could be considered unconventional, @2 amd Q5

(see Figured-15and4-16).

Figure 4-14
Harrydéds work for pretest
Work Area ! A e
| /Wy Mmadic
M= Lm““ go oo
LN\ - ML= jj ( 2N 151
| eane oTal L/ALd -
—«m i p=r
' =% - /1 @
ﬂ\ 3| = Ui Pl
[ <4 2 )
\I"; :;7 \/

Q1.



Figure 4-15
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pretest

Q2.



56

Isabella made clear her understanding of multiplicative relationships several times on the
pretest. I n Q2, she wrot e, AYou are giving the

you are going to need 3x thésnemipermanat i wor kvarss

one that indicated multiplicative thinking (see Fig&&7) . I n her comparison, s
every one apple cube there are 1 | cranberry c
Figure 4-17
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Even in her responses coded aBW2, Isabella knew she could improve her response,

but did not know how to fix it, as shown in her response to Q8 (see Higute
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Figure 4-18
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For Q1, Joey, and manyhatrs, used their retife experience and split the lawn in half,
rather than the work (see Figutd9). They then calculated their responses based on how long it
would take each brother to mow half the yard. Joey did not recognize that, based on érisiansw
took longer for the brothers to finish working together than if Mac mowed the lawn by himself.
Daniel justified his answer of more than an

longer than Mac doing it by himself, because of thefacttonw | ong hi s |l ittl e

Q8

br
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Figure 4-19

Joeybs work and explanation on pretest Q1.
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Joey then showed evidence of understanding of the multiplicative relationship between
the number of people and days needed to complete a task on Q2 when iedvmte b | i ng t he
people would cut #B20pHowévende seamettanotfkiow flowtog ur e
continue after he partitioned the ratio of 6:3 to 12:1.5. His work was not clear on how he

calculated his final answer of 15 people.
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Figure 4-20

J o & wdik and explanation for pretest Q2.
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For Q1, Matt correctly wrote the ratio of
it takes the little brother twice as long (see Figi#l). He interpreted this aspart:whole
relationship, rather thgmart:part Because of this interpretatidme struggled to solve the
problem. His work indicated an understanding of forming a ratio as a composed unit, but a
misunderstanding of the type of ratio he fornyeatt:partas opposed tpart:whole
Figure 4-21
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For Q2, Matt correctly reasoned it would take 18 people to build the house in one day
(see Figurel-22). He also correctly indicated in his explanation that he needed to multiply the six
and three. However, he did not indicate knowledge of an inversmmnslaip between the people
and the days. He needed more in his explanation or work to indicate a thorough understanding of
EU2.
Figure 4-22

Mattds work and explanation for pretest Q2.
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Emily and Daniel, along with many other participants, demonstratadlkdge of EU2
as they formed some type of composed unit on Q8 (see Figj2@and4-24). One common
strategy was to write pounds of hay/horse for three weeks, then find the unit rate of 11.25. From
there, form another composed unit of 11.25/3 (poundtisphorse/week) = 3.75 then, multiply
that by four to find the amount of hay one horse will eat in four weeks. Another example is shown
below in Emilybés and Daniel s wor k.
Figure 4-23

Emil yés work for pretest Q8.
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Figure 4-24
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Posttest Results

Participants showed little improvement in their multiplicative reasoning and
understanding of the composed units they formed. Some continued to use both additive and
multiplicative reasoning to solve problems, demonstratorgusion about when each should be
used. Participants wrote ratios but still did not demonstrate a cognitive understanding in their
work. Many continued to misinterpret the ratios in terms of the question and did not use labels in
their work. They reliedheavily on a unit rate strategy rather than iterating and partitioning to find
their answers.

Twenty-three instances of U2 occurred mostly between Q2 and Q7 on the-{@sst
Forty-four instances of {EU2 were found, mostly in Q1 and Q8. Of the 1@dnses of TEU2
on the postest, 12 were clustered among three participants, Harry, Emily, and Luke. Three
participants had only one response coded-&JR, and three participants had no responses
coded as NEU2. Consistent with the pretest, those witle anstance of NEU2 had a partial
understanding of EU2. Matt had all responses coded wiE/2. Luke had a mix of EU2 and
T-EUZ2. Both were considered to have a partial understanding of EU2. Harry had all responses
coded as FEUZ2. He did not complete ¢Hast question due to time limits; however, he will still
be considered to have a strong understanding of EU2. Eight participants had two or three

responses coded asB2. These participants had an incomplete understanding of EU2. Five
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participants impreed their understanding of EU2 from the ptestt to the pretest, seven

remained in the same category, and two moved down a category. Of those who did not change
their category, one had one moréEN2 on the pretest than the poss$t, two had one lessN

EU2, and two remain unchanged. The two with an emerging understanding on the pretest moved
to an incomplete understanding on the fiest. See Tablé-1 for a summary of the category

changes from the pretest to the piest.

Table 4-1

Comparison of categies of understanding pretest to pdsst EU2.

Category Pretest Post
test

Strong Understanding 0 1

Partial Understanding 6 2

Incomplete 6 8

Understanding

Emerging > 0

Understanding

Participants with an Incomplete Understanding of EU2

Daniel, Amelia, and Katie had an incomplete understanding of EU2. They all formed a
composed unit of minutes: student for Q1 and found the unit rate. Each then used different
strategies (see Figu#e25). For reasons they did not explain, Daniel and Ansilatracted their
results to obtain their final answer. Daniel, who went from a partial to an incomplete
understanding of EU2, also set up a proportion to cross multiply and divide, resulting in an
answer of 30 minutes. He seemed to understand that meevias not reasonable, but he did not
know how to work with the ratio to obtain an answer. Katie multiplied by the nine students,

resulting in more time for more students to complete the job. These responses demonstrated an



understanding of forming a comged unit, but a lack of understanding of the inverse

proportional relationship.

post
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Joey, who also went from a partial to an incomplete understanding, also set up a

proportion to solve Q1 (see Figute6). This mehod resulted in more time to complete the

work, even though there were more students to do the work. Joey justified the longer time by

stating, AiMore peo

pl e

trying to do

t he

same j o

di f fi cul tyindicatédhhis Bck of lurelerstahding of the inverse relationship between the

number of students and the time needed to cleaHaiplso solved Q2 using both a unit rate

strategy and cross multiply and divide (see Figu®). To justify his reasoning ehstated that

he used a fAmultiplicative

addi ng, fébecause

t hey

ar

e

relationship.

staying

out

0

of

Because he formed composed units but clearly did notrstage the inverse relationships, he

was coded as-EU2 for this question.

He f u

each
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Figure 4-26
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James improved from an emerging understanding on the pretest to an ineomple
understanding on the pe&st. He continued to use additive strategies as he did on the pretest but
demonstrated an understanding of writing composed units. For Q1, he formed a composed unit of

students: minute which he attempted to iterate and partity taking away 10 minutes for every
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three students added (Figur28). His additive thinking did not maintain the multiplicative
relationship between the values.

Figure 4-28

JamesO6 work and -test@Qdi.l anati on for post

(s 1 710 v
| Lot 20w

‘ Q% .. \0 YV

Work Area

Wls DDL\\A_ \'\JOV'\L Dgeonhsg ¥ %{’UC\C"‘""
538\ 20 wans \& NSRS R IPAVON

L opeop\t Yhew o ol pdd

\0 wio¥e  pavades Couse e\ \ave
es$ Peep e, ok < N2l ¥y i add w
?@@?\o Poly g s

Y ‘3\\)'-““5 Yoo AU v

Leah formed a composed unit of students: minute. She then found a unit rate by
simplifying nine students for 20 minutes&), then multiplied the result by six (Figu4e29).
This strategy worked to find the solution, but her work and explanation diévesl her level of

understanding of EU2. She did not make clear why she found a unit rate for both six students and

nine students but chose to only use the one for nine students.
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Figure 4-29
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Ben and Amelia formed a composed unit of people: day for Q2 and treated it as a
part:wholerelationship (see Figure30). This resulted in an answer of fewer people needed to

complete the work in fewer days. They each justified their result badeavorg used the unit

rate. Ben said, Al know my answer i s reasonabl
iYou would just have to find how | ong it would
Figure 4-30
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Jame 6 and Leahés work for Q8 represented t he

guestion, regardless of their classification (see FigtH&kand4-32). Participants reasoned: 5
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robots: 5 parts: 5 min Y 1 r ob odingofteaspnang t : 1 mi
down when some relationships are constant. However, they then reasoned 1 robot: 1 part: 1
minute Y 1 robot: 2 parts: 2 minutes. This sho
reasoning down, thinking that the two can result in differatb relationships. This showed a

lack of understanding of performing the correct operations on the composed units formed in this
guestion.

Figure 4-31
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Figure 4-32

Leahds woteskQ8f or post

Sr=5a6P TE5mM
Ic=lap=\m e
“Zovackeae s/

lec=200=\0h  —

150~

Amelia, who improved from emerging to incomplete, appeared to be using a unit rate
strategy on Q8 (see Figue33), treating this question similarly to Q8 from the pretest (see
Figure4-34). She used a series of multiplication and division to find hew@nsot recognizing

the relationship between the quantities.
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Figure 4-33
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Chloe and Katie maintained their status of having an incomplete understanding. In their
work for Q2, they each formed a ratio of people and days, but they did not demonstrate an
understanding of the inverse relationship between the two quantities. Qinhoktfe unit rate of
p& people per day but crossed it out (see Figu88). She then set up a proportion using two
days, cross multiplied, then divided. She did not seem to recognize her ay@pvesas twice
the unit rate she found above. She did nakenclear why she multiplied her answer by the
original four people in the question. Her work indicated she knew how to form a composed unit,
but from there, she did not know how to proceed. Therefore, she had an incomplete understanding

of EU2.
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Figure 4-35
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Katie continued her use of a unit rate strategy without regard to the inverse relationship

between the people and days in Q2 (see Fignd®. She found it takes ofgerson % of a day to
wash thewvindows then doubled that to find how many people for two days. Her work showed she
understood how to form a composed unit but did not understand or recognize the inverse
relationship between the quantities.

Figure 4-36
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Participants with a Partial Understanding of EU2

Luke and Emily indicated their understanding of EU2 when they each used ratio tables to
reason through the problems. Luke, who improved from an incomplete understanding to partial,
used a rati table to lay out his work for eight to arrive at his answer (see FHigdirg He also
clearly indicated his understanding of the inverse relationship between the number of students
and time needed to clean up from the eraser fight in Q1 (see Big8yeln his work, he plainly
showed multiplying by six and dividing by six to keep the inverse relationship in his calculations.
Figure 4-37
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Emily maintained her status as having a partial understanding but showed improvement
with more responses coded a&U2 and less as-EU2 on the postest. Her work for Q1 and Q2
demonstrated the improvement in her growth as she used a ratio table toeshbivking as she

solved the problems (see Figure89 and4-40). She also noted that she tried a unit rate strategy
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for Q1 but realized that it did not work and refined her thinking. This showed growth and
sophistication in her thinking from the pretésthe postest.
Figure 4-39
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Hol | y6s wtest@8 cartainlyslmwstimprovement from her pretest work (see
Figure4-41). She began with incorrect thinking by partitioning the ratio to 1:1:1, but as she
worked through the problem, she realized her error. Her second attempt $teouwrgthg to
understand the relationship among the components by multiplying and dividing the various parts.
Even though she did not get the correct final answer, she clearly showed her thought process,
which demonstrated the improvement in her undedatgnof EU2 specifically performing
operations on the composed unit.

Figure 4-41
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Isabella also maintained her status of a partial understanding of EU2; however, she went
from four T-EU2 to only one in the posest. She &ad no NEUZ2 in the postest, so her
categorization as having a partial understanding is unchanged. Isabella reasoned up and down
with the components of Q8, but combined two iterations in one step, going from one robot t010
and changing both other quardgiat the same time (see Figd2). On Q2, she realized that to

go from three days to two she needed to divide by 1 . She did not realize that she should have
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multiplied the number of people by 1 %. She did not recognize the inverse relationshimbetwee

the number of people and the amount of t{see Figure}-43).
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for post

Matt had no responses coded aEDR on the postest, but he also had no responses

coded as FEU2. He had one U2 andtwo TEU2 6 s on t

he

pretest.

partial underanding of EU2. See Figurds44 and4-45 for an example of his work on the post

test.

He ,
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Figure 4-44
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Participant with a Strong Understanding of EU2

Harry improved his understanding of EU2 wittFED2 on all answered questions,

characterizing him as having a strong understanding of EU2. Harry made clear his grasp of the



76

multiplicative relationship between people and days by writing down the operatibisswork.

He also used multiplicative comparison words in his explanations for Q1 and Q2 when he wrote,
iwhen you A the | abo446yoaund ftlhte oadmede (ssaied Ftihg
times |l ess time since bweabrmeal/nitnlge wteidbrde dwe 4rpu sAt
Figure4-47).

Figure 4-46
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Instructional Data
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Prior to instruction six participants had a partiatlerstanding of EU2, six had an

incomplete understanding, and two had an emerging understanding. After instruction, one

participant had a strong understanding, two had a partial understanding and eight had an

incomplete understanding. Four participantsidestrated an improvement in their understanding

from the pretest to the petst six participants did not change their category of understanding,

and four participants demonstrated less of an understanding than they did on the pretest (See

Table4-2). All instruction days except for Day 7 focused on Essential Understanding 2. The days

and questions aligning with each conceptual understanding are shown ind=if.re

Table 4-2

Change in descriptors from pretest to ptest for EU2.

partsipants Pretest Posttest Undersianding
1 Emerging Incomplete Improved
2 Incomplete Partial Improved
1 Partial Strong Improved
1 Emerging Emerging None
2 Incomplete Incomplete None
3 Partial Partial None
2 Incomplete Emerging Less
1 Partial Incomplete Less
1 Partial Emerging Less
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Figure 4-48

Sequence of Tasks for EU2.

EU2
Form a Day 2 Day 3 Day 8
composed  Wands H Neilson Which
unit Orange Middle camp gets
Juice at School more
Camp Four High pizza?
Stocking Schools Pressed
the Pond for Time
Women
and Men
Inverse Day 4 Day 5 Day 8
Proportional Coffee [ Army [—————————— ] Pressed
Relationships Sheep Barrack for Time
and Goats || Filling a Women
Tank and Men
Iterate and Day 4 Day 5 Day 6
Partition/Reason Island H Army Grocery
up and down Culture Barrack Store
Paint
Brushes
Cookies

Composed Units

EU2 includes understanding a ratio as a joining of two quantities into a composed unit.
The progression of understanding composed units started with the Wands activity on Day 2.
Participants used additive reasoning and did not form composed units. Aéiession about
what the phrase fihow many times | ongero meant,
they understood the composed unit they formed. For the second activity on Day 1, Orange Juice
at Camp, participants wrogart:partratios then changed them to percentages and compared
additively. Participants did not write down their thought process. They mostly used their

calculators, punching numbers in to find answers. With prompting to demonstrate their thinking,
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participants wrte the operations they did with those composed units on the third and final
activity for Day 1, Stocking the Pond.

It became evident in the instructional response data that participants had difficulty
interpreting the composed units they formed. Thisdaiffy most likely came from participants
not labeling the units and trying to interpret numbers without meaning. As participants progressed
through the activities the importance of labels became clear to some. On Day 5, when working on
Saschads phairktei cRipdaenta asked, Als miles per hour
time?0 (Researcher notes). The problem of not
them continued throughout the instruction. This is evident in the comparison of tveippats
work on the Flowers activity from Day 7 (see Figdré9). Because participants converted their
ratios to percentages or decimals, then interpreted the results, they became confused about what

those results meant in terms of the question.
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Figure 4-49

Comparison of Work Interpreting the Composed Units, Flowers
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Another part of forming composed units is understanding the difference bgiartgart
andpart:wholerelationships. While not an original focus of the study, it became apparent that
participants did not understand the difference between the two. During the Orange Juice at Camp
activity on Day 2, a-thpdaof 800 meams00 tspfcencedtrate A Mi x A,
and 100 cups of water . Wai t , t hat doesnot ma k e
water, but in the original mi xture there i s mo
a minute, they realized their error and ekclae d , fi O h -fifths not twathdds. It is two
cups out of the whole five cups! o (Researcher
Neilson Middle School and Four High Schools, was for participants to work with ratios in
different forms. It also gave participants an opportunity to form and intgpprépartand

part:wholerelationships. The participants completed the activities with the goal of completing
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them accurately rather than of gaining an understanding of the differestdypdationships.

This misunderstanding continued through Day 8 as evidenced in the Which Camp Gets More
Pizza? activity (Figurd-50).

Figure 4-50
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InverseProportional Relationships

To demonstrate a thorough understanding of joining two quantities into a composed unit
participants must perform operations on the composed unit for both linear and inverse
relationships. Participants demonstrated an abilityiboessfully operate on their composed units
when the relationship was linear. They struggled when the relationship was inverse. On Day 4

participants studied worked examples of inverse relationships in both the Coffee and the Sheep
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and Goats activities. R&ipants read the examples very quickly and stated they understood
them. It became clear the next day, Day 5, that they did not understand the worked examples, and
many asked to have them back to look at again. Because participants could follow thretherk
examples, they felt they understood the concept. They did not study the examples with the goal of
understanding the problem type and why the problems were solved the way they were. They did
not make a connection with prior knowledge and createensziof the problem type.

After some discussion and review of the Coffee and Sheep and Goats activities,
participants worked on more inverse proportion problems. When solving the Army Barrack
guestion participants of t edarstaodteigunitradteevasthow as e @ u
long the food will last if one person was eating. This was evidence of participants building on
their prior knowledge and expanding their schema of the use of unit rates. Theuplyvestion
to the Army Barrack questionas Filling a Tank. Participants indicated this was an easy question
and they stated, @l ess pipes have to take more
proportion, cross multiplied and divided. They realized the error in their thinking when they go
less time. They rhought their work and solved the problem again. Their revised work
demonstrated an algorithmic thought process. They showed little evidence of reasoning through
the problem as most of them multiplied to find how long for one pipa,dhéded by six to find
how | ong six pipes would take. Isabellads work
problem, then, after hearing the discussion in the room, changed her thinking to the same process

others usedsee Figurel-51).
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Figure 4-51

Work for the Filling the Tank Activity
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Participants returned to solving problems with inverse relationships on Day 8. This time
away from solving inverse relationship problems was to see if participants formed a solid and
lasting understanding the problem type. At first participants felt there was not enough
information to solve the Pressed for Time problem. After some discussion, most believed they
could simply calculateore hi r d of two hours and get a fAreaso
did not retain the concept of inverse relationships from the prior activities. After some more
discussion they started to remember how to solve the problem type. Many produced work like
that in Figure4-52.
Figure 4-52
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Participants did not form a schema of the Pressed for Time activity as evidenced by the
confusion with the followup activity, Women and Men. Participants did not see the similarities
between these gquestion types and could not solve the Womésteangioblem on their own.

This resulted in all participants having the same work for this question because we discussed and

solved the problem together.

Multiplicative Comparison

Another part of EU2 is understanding a ratio as a multiplicative compa@sobDay 2
participants were introduced to the idea of multiplicative reasoning with the Wands activity.
Participants had difficulty understanding the concept of a multiplicative comparison when
additive comparisons felt more reasonable. Even when tryidg éomultiplicative comparison,
many included additive reasoning in their work, see FigtB8. As participants progressed
through the Orange Juice at Camp and Stocking the Pond activities, they felt more comfortable
with multiplicative comparisons. Notlgarticipants consistently used multiplicative comparisons
to solve problems. As evidenced by later instructional work and thégsissome reverted back
to additive reasoning.

Figure 4-53

Work for the Wands Activity
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Iterating and Partitioning

The other conceptual understanding included with EU2 was iterating and partitioning.

The Island Culture on Day 4 focused on this con(sge Figure 44). Participants worked
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quickly to solve this question; many took less than five minutasdarately complete it. Most

verbalized their thinking and used calculators to complete the activity rather than writing down

their wor k, with one

Participants made connections beén this type of problem and the work they did in their

geometry c¢class by wus

three bananas equals two mangoes, then two coconuts egaalhtvor d s

notes).
Figure 4-54
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On Day 5 participants worked on the Army Barrack activity. Even though they had

difficulties with inverse relationships, participants still formed composed units and performed

operations on them. Their work iigdted they could iterate and partition, much like simplifying

Al d

tive

( Rese

fractions. They did not demonstrate any reasoning as they worked through the process. On Day 6,

ratio tables were introduced with the Grocery Store activity. The participants did not understand

the purpose of the ratio table and continued to use their calculators to fill in the numbers rather

than looking at the structure of the table. Their work showed no indication of the calculations

they were doing to get their numbers. Explicit instrucbarhow to use a ratio table and the
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benefits of doing so was provided using the Grocery Store activity. A few participants created a
ratio table for the Paint Brushes activity. Those who did continued to use awkward numbers and
unit rates. With continuedstussion and instruction, more participants grasped the concept and
usefulness of a ratio table. Many more showed their calculations on the Cookies activity with

much less use of unit rates.

Essential Understanding 3

Evidence of Essential Understandin¢E2J3) included participants identifying which
component or attribute is changing and knowing how to change the components to achieve or
maintain the desired attribute of interest. The conceptual understandings of attending to two
guantities simultaneouslinvariance, and covariance were also included in the coding of this EU.
The conceptual understanding of attending to two quantities simultaneously includes
understanding how the quantities change together; in other words, how changing one quantity
affectschange in the other quantity or quantities, a key concept in EU3. The concepts of
invariance and covariance were also included in the coding of EU3 because to exhibit a thorough
understanding of EU3, participants must have understood what changedchduyged, and the
results of those changes.

Participant responses were coded 43UB if they demonstrated a thorough
understanding of the effect of changing each quantity of the ratio on the attribute of interest. The
response must also contain evidence of a conceptual understanding of attetwdingrtmore
guantities simultaneously, invariance and covariance, where appropriate. Responses coded as L
EUS3 contained evidence of a limited understanding of the effect of changing each quantity on the
attribute of interest. For-EU3 the response mudsa have evidence of a conceptual

understanding of attending to two or more quantities simultaneously, invariance, and covariance.
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For a response to be coded aElN3 it must contain no evidence of understanding or an incorrect

understanding of the effeof changing each quantity on the attribute of interest.

Pretest Results

Participants were additive reasoners, frequently using additive reasoning when they
should have used multiplicative reasoning on thetgge When they did write ratios, they
convertel them to decimals. Therefore, they could not show an understanding of the effect of
changing quantities and how that impacted the ratio because they did not work with a ratio. When
participants did use multiplicative reasoning, they demonstrated an tamdiing of EU3 in their
results, but not in their work or explanations. Their work was often unciawing the results
of their calculations but no work on how they arrived at those numbers. Their explanations were
off-topic or unclear about their darstanding of EU3.

Thirty-six instances of NEU3 were identified on the pretest occurring in over half of the
guestions. Thirtyfour items were coded asEU3 and 28 were coded asElJ3. Three
participants, Ben, Holly, and James had four or more itermedcasl NEU3. These patrticipants
were considered to have an emerging understanding of EU3. Six participants had three items
coded as NEU3 and one participant had two responses codedEdN These seven
participants are characterized as having an incdmplederstanding of EU3. Three participants,
Emily, Isabella, and Matt had one item each coded-B&JBl, and Harry had no responses
identified as EU3. Harry had one item coded dsU3, but for reasons addressed below, he will

be considered as having aostg understanding of EU3.
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Participants with an Emerging Understanding of EU3

Participants characterized as emerging in their understanding of EU3 often used additive
reasoning or found unit rates by converting ratios to decimals. Additive reasoning toes no
demonstrate knowledge of working with two quantities simultaneously or of invariance and
covariance. Converting ratios to decimals did not allow participants to work with the two
guantities simultaneously and, in many instances, resulted in evidermefugion about what
the ratio represented.

Ben showed no understanding of ratios, let alone changing the quantities within them. On
Q6, he indicated in a drawing that the 3:4 ratio was the ramp length (see4-&f)réde did not
interpret the componends the ratio as the height and base. Because he did not decompose the
ratio, he could not work with the quantities to complete the work. In Q7, when asked to change
one of the side lengths of a frame, he used addition to change one of the decimal $idedeng
whole number (see Figu#e56). In his work to determine the similar frames, he used additive
reasoning, so it is not surprising that he used additive reasoning when changing a side length.
Using additive reasoning did not demonstrate an undelisgof what happened to the ratio of
the side lengths when one of the quantities changed.

Figure 4-55
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Figure 4-56
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In Q5, Holly and James used the total number of fruit cubes to determine the stronger
cranberry taste in the mixture (see Figutésy and4-58). Their work showed no evidence that
they thought about the ratio of cranberry and apple cubes and how theteichibee cranberriness
of the total mixture. This is evidence that they did not understand the ratio of cranberry to apple
determines the strength of flavor in the pitcher and how changing the amount of cranderry
apple cubes i mpaeted the mixtureds tast
Figure 4-57

Hol l yés work for pretest Q5.
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Figure 4-58

Jamesd6 work for pretest Q5.
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Hol l yds work for Q6 indicated she knew t hat
on each other in some way as she wrote equations using all three component{E8ushe
also interpreted steepness as a side length in her drawing. LikehBergreverted the 3:4 ratio to
a decimal, joining the two elements rather than separating them. This led to her not recognizing
each component for what it represented and, therefore, she could not recognize the effect of

changing each component and how thggacted the steepness of the ramp.

Figure 4-59

Hol l yés work for pretest Q6.
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For Q7, James used an additive strategy when finding the similar picture frames, then

switched to a multiplicative strategy to change the dimension of a frame (see4-6))r& his

indicated his confusion about how to work with ratios and changing quantities.
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Figure 4-60

Jamesd6 work for pretest Q7.
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Participants with an Incomplete Understanding of EU3

Participants with an incomplete understanding of EU3 used differasbning based on
the question. Sometimes they used additive reasoning and sometimes they used multiplicative
reasoning. Ratios were also used or not used depending on the question. When using ratios,
sometimes participants demonstrated an understandthg ohanging quantities and sometimes
they did not. This confusion about when and how to use ratios and the changing quantities
resulted in them being characterized as having an incomplete understanding of EU3.

Lukeds work for Q1 dimmgwofinvasanae athe rdtioformedby der st &
Macds time and hi s | i4t61).lLeke virotecahdhmaintd@ined thei2:ine ( s e e
ratio throughout his work and explanation. He does not recognize that he used a ratio in his work

as he wroweus@l atriae¢do to help me but | didno6t
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Figure 4-61

Lukeds work and explanation for pretest

Q1.
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I n Luke described how he would tel]l

Q5, anoc
really emphasize the fact that there is the same amount of water. | would also tell them to think
about in which pitcher did she put the greater amount of cranberrgculle He di d not t a|
consideration the change in quantity of apple cubes. This demonstrated a lack of understanding of
the components that determine the cranberriness of the mixture, (i.e., the ratio of cranberry cubes
to apple cubes) and how changthgm affected the taste.
For Q6 Luke did not use a ratio, but rather, he multiplied the base and height of the ramp
and then found the mean of the answer (see Fig68. This method did not demonstrate an
understanding of ratios and their parts. Hekdidp the components of height and base separate,
but he separated them too much, eliminating the ratio altogether. He could not demonstrate an
understanding of EU3 because he did not work with the ratio, so there was no changing the

elements and their impton the other components.
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Figure 4-62

Lukeds work for pretest Q6.
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For Q7,Chloe only looked at one dimension of the frame when making her decision,
Abecause 10 is a multiple of 5éb would be the
understanithg of the relationship between the elements in the ratio, the length and width, and how
changing one of these measurements impacts the scale of the frame.

In his work, Daniel seemed to recognize the importance of maintaining the scale
regardless of theehgth and width of the frames (see Figdi@3). However, in his written
response he stated, #fAif you would change the

lack of understanding of how changing quantities affects the scale.
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Figure 4-63

Daniel s work and explanation for pretest Q7.
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Amelia interpreted the ratio of height: base correctly in Q6 and found a correct solution
(see Figurel-64). However, her work and explanation did not indicate that she understood the
meaning of the componentShe does not show how she calculatedhtimeberl.c aThis
solution was coded asEU3 because Amelia needed to provide more of an explanation or
clearer work. For Q7, Amelia found the area of each of the frames and then chose frames A and B
becaueefifirtsht measur ement f i #65.$hadidnbtendeasegando nd o n.
the concept of similarity and comparing the ratios of the side lengths. When asked to change one
dimension of another frame she chose one of the decimal lengths to bkaagse having a side
l ength as a deci mal was fAcomplicated. o This re

one dimension and its effect on the ratio of the side lengths.
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Figure 4-65

Amel i abébs work on pretest Q7.
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Participants with a Partial Understanding of EU3

Matt, like many others, converted the 3:4 ratio to 0.75, then multiplied it by the base and
height for Q6 (see Figu#e66). This conversion took away identifying the partshef ratio
critical to solving this question. Matt did not work with the guantities of base and height
simultaneously. He could not demonstrate how these elements varied together while maintaining
the steepness of the ramp. Therefore, this response wexs @apdEU3. For Q7, Matt formed
ratios of the side lengths of the frames using a within ratio (see Higie He then converted
these to a decimal to compare the frames. This indicated his understanding that the attribute of
interest, the ratio of thieames, must be invariant for the frames to be similar. He did not show
work, nor explain how he got his answer to part two of the question. He, therefore, demonstrated
a limited understanding of EU3.
Figure 4-66

Mattodos work for pretest Q6.
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Figure 4-67

Mattds work for pretest Q7.
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On Q6, Emily also perceived the steepness as the length of the ramp and used additive
reasoning in her equation (see Figdt@8). She demonstrated a limited understanding of how the
components of a ratio i nter act otaifbcetime baséhtbe wr ot e,
steepness doeséthe steepness is all that matte
knew she had to maintain the steepness ratio within the problem by determining either the height
or the base. She did not recognize tbahaintain that ratio, the height does affect the base.

Figure 4-68

Emi |l yés work for pretest Q6.
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Emily revealed more knowledge of EU3 on Q7 when she noted the scale of the frames

should be invariant when she chose the enlargement (see &ig8re/Nhen she changed the
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frame length of 11 to 10.8, she maintained the proportional relationship between the frames. She
explained which component, the ratio of the side lengths, needed to be the same when creating
another similar frame.

Figure 4-69
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Isabella indicated she recognized the relationship between the height, base, and steepness

of the ramp on Q6 (see Figuter0). She knew how a change in one quantity resulted in a change

in another explaining, Aln eweny AAdIlcmodfi ctelde th
continued to state, #fAln part B | simplified th
match it.o Her work and explanation demonstrat

with two quantities simultaously, essential components of EU3.
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Figure 4-70
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Participant with a Strong Understanding of EU3

Harry had no pretest questions coded @&U8 and had only one question coded as L
EU3. Based on the depth of understanding indicated in his work, particularly for questions
targeted to EU3, he is characterized as having a strong understanding of EW@rk-had
explanation for Q5 characterized his understanding of the quantities involved in the problem (see
Figure4-71). He combined the cranberry cubes and apple cubes in each pitcher to find the total
number of cubes. He then formed a ratio of cranbmrbes to total cubes. He interpreted that
ratio as a fraction, then compared the fraction of cranberriness in each pitcher. His explanation to
someone else telling them how to solve the pro
cranberry in the pitcher Then make a fraction of cranberry cubes over all cubes. Make them

have the same denominator & compare. o
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Figure 4-71

Harrydés work for pretest Q5.
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Harryoés work for Q6 demonstrated his abil
changing each ingets the others (see Figutd2). He recognized that solving for a different
component in Part B (the base) required a change in interpretation of the steepness. He referenced
this as the Aflipped version of slope. o
Figure 4-72
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Posttest Results

Only four participants improved in demonstrating their understanding from the pretest to

the posttest and two showed less understanding. The instruction appears to have changed their
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understandings but did not improve themderstandings. More ratios and multiplicative
reasoning were shown on the ptesit, but participants still did not demonstrate a conceptual
understanding. As on the pretest, their work implied a procedural understanding of EU3, but their
explanation dichot convey a conceptual understanding.

Twenty-nine responses received a code €EN3, 44 a code of IEU3, and 24 a code of
T-EU3. No participants had more than three responses code&d8 N0 no one had an
emerging understanding of EU3. Six particifzamad two responses coded aEN3 and five
participants had three responses coded-B&JBl. These eleven participants had an incomplete
understanding of EU3. Two participants, Isabella and Luke, each had only one response coded as
N-EU3 and had a partiahderstanding of EU3. Harry, like the pretest, had no responses coded as
N-EU3 and maintains his characterization as having a strong understanding of EU3. Seven
participants had no change in characterization of their understanding from the pretepbst the
test. One participant maintained her partial status and one, Harry, maintained his strong
understanding status. The remaining five kept their incomplete characterization, with three of
them having three responses coded 458 on both the pretest apdsttest. One went from
three to two NEU3 codes, and one maintained twdEN3 codes from preo posttest. Four
participants improved their understanding of EU3. Three went from an emerging understanding
to an incomplete understanding and one imprdred an incomplete understanding to a partial

understandingsee Table 8).
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Table 4-3

Comparison of categories of understanding pretest tofjesstEU3.

Category Pretest Post
test
Strong Understanding 1 1
Partial Understanding 3 2
Srfgtrar:g'::tneding ! 11
Emerging 3 0

Understanding

Participants with an Incomplete Understanding of EU3

Holly had an emerging understanding of EU3 on the pretest but improved to an
incomplete understanding on the ptedt. Joey kept his incomplete understanding of EU3 from
the pretest to the pettst. Both used guess and check as a strategy for Q6 béuveysiéd not
immediately see how to change one component (number of teachers) in the ratio 150:18 to get a
ratio of 15:1 (see Figures73 and4-74). Using the guess and check strategy, they worked toward
the 15:1 ratio. demonstrating how changing the remolbteachers affects the ratio while the

number of students remains invariant.
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Figure 4-73
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Daniel continued to demonstrate an incomplete understanding of EU3. He seemed unsure

of changing just one component and how that would affect the ratio in Q6 (seed-rédis

writing indicates his effort to maintain the 150:18 ratio but simplified get 15:1. He had an

Afahao moment when he realized he just needed t
number of students remained invariant. On Q7, rather than forming ratios and examining how the

ratios change with the changing price and sizeiz#a, he doubled the prices and compared those
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results (see Figuré&76). His work indicated confusion about how to use ratios and proportions in

a comparison situation, what changes, and what remains invariant.

Figure 4-75
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James boosted his understanding of EU3 from emerging on the pretest to incomplete on
the posttest. He took a unique path on Q6 by changing both the number of students and the

number of teachers (see Fig4r&7) . Al tried going rshuttmtdidmotve r a me
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work so then | added 2 teachers and | multipl:i
get 15:1.0 This is evidence of his understandi
form the ratio (the attribute of intet@sHe did not provide evidence of how he could change the

ratio and one component to achieve the same result.

Figure 4-77
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Katie also maintained her understanding of an incomplete understanding of EU3 on the
posttest. On Q&he noticed a pattern between the pizza sizes, so she looked for a pattern
between the prices. Because she did not find a pattern, she concluded the prices and pizza sizes
were not proportional (see Figu4€78). She recognized that the ratio of the @giead sizes must
be constant for them to be proportional, an indication of understanding covariance and invariance.
She did not write out any work or calculations to support her findings, so this response was coded

as -EU3.
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Figure 4-78
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Participants with a Partial Understanding of EU3

Luke went from an incomplete understanding on the pretest to a partial understanding on
thepost est. He showed his understandreasgorof EU3 wlt
decrease one of both of the numbers to get a r
working with two quantities simultaneously and that each quantity, or both, could be changed to

achieve the desired attribute of interest (see Figut®.



107

Figure 4-79
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Luke clearly exhibited his grasp of invariance and covariance on Q8 (see &gQre
He set up a ratio table and showed how he changed each quantity and the result of that change. In

eachline he kept some quantities invariant as he changed other quantities based on the

information in the question.

Figure 4-80
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Isabella maintained her partial understanding of EU3 from the pretest to tHegiobter
grasp of EU3 is evident in her work on Q2 and Q7. On Q2, she explained how changing the
number of days from three to two resulted in a change in the number ofrsv(s&e Figurd-

81). Though she did not recognize the inverse relationship, her explanation makes clear her
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recognition of how a change in one quantity results in a change to the other quantity and how that
impacts the overall attribute of interest, théa. In Q7, her explanation stated there was no
proportional relationship because fithed4unit pr
82). This is evidence of her understanding of how the unit rate relates to size and price of the

pizza. The nit rate should be invariant as the prices and size change.

Figure 4-81
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Participant with a Strong Understanding of EU3

Harry continued to demonstrate a strong understanding of EU3 on Q6 and Q7. He was
the only participant to use the area of the pizza to determine the proportionality of the pizzas and
prices (see Figuré-83). He then used the area of each size pizza, mivvariant ratio of one
twelfth to determine the new cost of each pizza. He showed he could work with more than one
guantity simultaneously, understanding which components covaried and which were invariant.
Also, in Q7, his work clearly showed an undemngliag of working with two quantities
simultaneously, as he worked backward from the desired ratio of 15:1 to determine the number of
teachers required for that ratio (see Figi+).

Figure 4-83
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Instructional Data

EU3 was a focus on all instructional days except for Days 6 and Day 7. In addition to
understanding the effect of changing each quantity on the attribute of interest, the ability to attend
to two quantities simultaneously and understand invariance andawa&awere also included in
EUS3 (Figure4-85). Four participants improved their ability to demonstrate this concept in their
work, eight remained unchanged, and two showed less understanding after the instrabten (

4-4).
Figure 4-85

Sequence of Ths for EU3.

EU3
Invariance Day 2 Day 4 Day 5 Day 8
and — Stocking Tsland Sascha’s Pressed for
Covariance the Pond Culture Bike Ride Time
Army Women and
Barrack Men
Filling a
Tank
Attend to two Day 2 Day 3 Day 8
quantities | Orange [ Neilson Which
simultancously Juice at Middle camp gets
Camp School more
Stocking pizza?
the Pond Pressed for
Time
Women and
Men
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Table 4-4

Change in descriptors from pretest to ptest for EU3.

artopans et Posttest Undersianding
3 Emerging Incomplete Improved
1 Incomplete Partial Improved
6 Incomplete Incomplete None
1 Partial Partial None
1 Strong Strong None
2 Partial Incomplete Less

These conceptual understandings were the most intrinsic to participants throughout the
study. Participants easily worked with two or mquantities simultaneously and kept ratios
invariant in their calculations but did not explicitly demonstrate they were doing so. Analysis of
student work completed during the instruction and of research field notes indicated that most
participants demonstted they could work with two quantities simultaneously and keep the ratio
invariant. Their work implied they understood these concepts arithmetically, but neither their
work, nor their discussions made clear they had a conceptual understanding of ¢ipe. conc

For exampl e, Emilyéds work from Day 2, the f
working with the two quantities of concentrate and water, but she then converted it to a decimal
to complete her work for the problem. This showed she can arithmeticakywith two
guantities but provided no insight into her conceptual understantlimgrking with two
guantities as part of a ratid/hen comparing that work to her work on the Who Gets More Pizza?
Activity from Day 8, the last day of instruction, itesident that her thinking has changed. On
Day 8, she iterated the two ratios, then completed her work without using the decimal form. The
work from Day 8 demonstrated a more sophisticated understanding of working with two
guantities simultaneously, but tieds still no explicit evidence of how her conceptual

understanding has changage Figures-86 and 487).
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To illustrate knowledge of Essential Understanding 6 (EU6) participants must have

provided evidence of keeping the ratio constant while other values changed. Evidis& 0

included the use of multiplication and division in their written work or an explanation with

language indicating the intent or importance of keeping the ratio constant while the components

of that ratio change. Understanding additive and mutagilve reasoning, invariance, and

=



113

covariance were also included in the coding for EU6. These conceptual understandings were
included because the ratio remaining constant as values change is invariance and covariance and
requires multiplicative reasoning.

Responses coded asElU6 contained evidence that demonstrated a thorough
understanding of the ratio remaining constant as the values changed, a conceptual understanding
of additive versus multiplicative reasoning, and an understanding of invariance andra®/a
The limited understanding codes were split into two categories for this EU. Both required a
limited understanding of the ratio remaining constant as the values changed. CodelU6AM
required evidence that the participant understood additive vendgtiplicative reasoning, and
code LIGEUSG required evidence that the participant understood the concepts of invariance and
covariance. Participant responses that contained evidence of no understanding or an incorrect

understanding of the ratio remainiognstant as the values changed received a codecbfaN

Pretest Results

Participants were inconsistent in demonstrating their understanding of EU6. Because so
many used additive reasoning to find their answers, they did not write a ratio and, theoeldre, ¢
not demonstrate an understanding of a ratio remaining constant as values changed. When
participants wrote ratios, there was confusion about what type of ratio they pendtpartor
part:whole This caused problems when the values changed, partjdfilsarticipants converted
their ratios to decimals, which they often did. When they converted to decimals, they took away
their ability to work with a ratio and demonstrate its invariance.

Sixty-one instances of {8U6 were found on the pretest sprelagtighout the test.
Twenty-one items received a code of LARIUG, predominantly on Q8t. Five responses, coded as
LIC-EUG, were scattered among Q2, Q6, and Q7. Twiwyitems received a code ofHU6

with Q4 and Q5, notargeted questions, having the mestponses with this code.
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Eleven participants had an emerging understanding of EU6 because of having four or
more responses coded a€EN6. Two participants each had three responses codedeasMind
had an incomplete understanding of EU6. One patrtitiptarry, had one response coded as N

EUG6 and had a partial understanding of EUG.

Participantswith an EmergingUnderstandingof EU6

INQlLuke used the ratio of Mac Oopartpariraticeof and hi
1:2 and maintained that ratio throughout his work (see Fi#y88). This demonstrated his
understanding of all the components eEU6. In Q2, he set up a proportiandross multiply,
but then ended up multiplying six and three to get his answer (see Fig8yeHe showed no
indication of maintaining the ratio as the values changed. His work and explanation for Q2 did

not demonstrate the same understanding as hisfaof1.
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For Q1, Holly established a 1:2 ratio and interpreted it@tawholeratio (see Figurd-
90). She tried to maintain that ratio in her work but realized that two minutes was not a
reasonable answer. She used additive reasoning to find a solution with which she was more
comfortable. Similarly, in Q2, Holly wrote the ratio of people: days and toiede it in her
calculations, but again, reverted to additive reasoning to find her solution (see4~8)r& his
indicated some understanding of a multiplicative relationship between the components when she
forms the ratio. After that, she incorrgctised additive reasoning, establishing she did not know

when additive and multiplicative reasoning are appropriate.

Figure 4-90
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Figure 4-91

Hol l yés work and explanation for pretest Q2.
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Katie also used alitive reasoning in Q1 (see Figuted2). She did not form a ratio of
Macbdbs time to his brotherods ti me; t herefore, t
Katiebs work represented many parteéeyaidmthent sé r e
than the work. Participants used their r&akld experience of how chores are divided, using the

superficial elements of a problem to determine the solution path rather than the mathematical

elements.
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Figure 4-92
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Daniel also used additive reasoning for Q2 (see Fi¢n@®. He wrote a ratio of people:
days and simplified it to two people for every day on the job. He attempted to maintain the ratio
of two people for every day by adding two people and subtracting one day. This did not maintain
the multiplicative relationshipetween people and days and demonstrated a lack of understanding
of additive versus multiplicative reasoning. For Q7, he demonstrated his lack of knowing the

rati o, or scal e, remai ned constant when he

scale would be 494 ferentodo (see Figure

wWr o
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Figure 4-93

Daniel 6s explanation for pretest Q7.
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Figure 4-94

Daniel s work and explanation for pretest Q2.
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Emily communicated her understanding of EU6 in pretest Q2 when she explained how to
keep the ratio of people and days constant: AT
number of days has to be 1, then you have to divide the days by dulipdyrthe number of
people by 3.0 She also demonstrated her wunders
constant even though the components changed in
because she wanted t #35) Howdva, fogpectes @8, she grovided noFi gur
evidence that she recognized the ratio of pounds per horse remained constant (sded9B)gure
This showed she had some understanding of additive versus multiplicative reasoning, invariance,

and covariance, bshe did not clearly demonstrate this in her explanations and work.
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Figure 4-95

Emilyés work for pretest Q7.
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Emilyéds work and explanation for pretest Q8.
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James and Katie used repeated addition by adding six more people for every day they
subtracted until they reached one day in Q2. Even though they used addition, they maintained the
constant 6:3 inverse relationship between the values (see Higbremd4-98). Katie indicated
multiplication in her work but stated addition as her reemgpm her explanation. This indicated
they had some understanding of multiplicative reasoning, but they were interpreting it as repeated

addition.
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Jamesd6 work and explanation for pretest Q2.
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In Q6, Chloe recognized 3:4 as the ratio and interpreted it as slope. Her work showed an
attempt at preserving the 3:4 ratio as she carried it through each attempt at solving the problem

(see Figuret-99). She did not demonstrate how to dor&sulting in an incorrect understanding

of EUG.
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Figure 4-99

Chl oebs work for pretest Q6.
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Participantswith an IncompleteUnderstandingof EU6

Isabella maintained the ratio in her work and explained her rationale for Q2 by writing,
Ailf you give them 1/3 of the time then you nee
reasoning and maintained the ratio of 3:4, even though she did aghiaz it as such. She
wrote, Aln part A | noticed that it went wup th
to find out the height i 410@.Hérwark did hotdpecificallg n 6t wo
show how she found her answeiptart A, but for part B, she simplified the 3:4 ratio by dividing
both values by 3 to get a 1:1 1/3 result. I n h
height part of the ratio and then chatonged t he
confirm her understanding that the ratio needed to remain constant in the inverse relationship as

the values change and of the multiplicative relationship between the components.
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Figure 4-100
|l sabell abs work and explanation for pretest Q6
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For @, Joey seemed to understand multiplicative relationships and keeping the ratio
invariant when he wrote, ADoubling the peopl e
this understanding in his work (see Figdr201). He doubled the number of peeb 12 and
halved the days to 1.5, but then gave his final answer of 15 people per day with no indication of
how he obtained that answer. For Q7, when deciding which of the enlargements he wanted to
change, Joey chose opti®ncm iamdomwtriodre,e Atid %Y.o%
match of quotients 8/5 = 1.6 4.6/5.9 = 1.62.0
between the two frames had to remain constant as the values changed. Joey demonstrated

confusion in his understanding EUG.
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Figure 4-101

Joeybs work for pretest Q2.
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Harry recognized and maintained the constant ratio of 3:4 wtieimg for the base and
height for Q6 (see Figu#103) . Hi s work showed he understood

when solving for the height to maintain the constant ratio.

(
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Figure 4-103

Harrydés work for pretest Q6.
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For Q8, Harry clearly indicated that some components remain invariant while others

covary (see Figurd-104). He set up a ratio table to show how each component changed as he

worked through the problem.

Figure 4-104

Harrydéds work for pretest Q8.
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Posttest Results

An increase in multiplicative reasoning improved the ability of participants to

demonstrate their understanding of EU6. There was less conversion to decimals in-tigt,post
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allowing participants the opportunity to demonstrate theikwath the ratio. In their work
participants showed how they were maintaining the ratio, but their explanations did not convey an
understanding that maintaining the ratio was necessary. Their application of EU6 improved, but
their explanations lacked a denstration of conceptual understanding.

Twenty-five posttest responses received a code €EWUB, a significant decrease from
the pretest where 61 responses received a codee@f6N There were 23 responses coded as
LAM-EUG6 and 22 coded as LIEU6. Fortyone responses earned a code-&U®B, a
considerable increase from the 25 on the pretest. Two participants continued to have an emerging
understanding of EU6 on the pdett. Seven participants had an incomplete understanding, and
four participants had partial understanding. One participant, Harry, had all completed responses
coded as FEU6 and had a strong understanding of EU6. See HRabfer a comparison of
categories of understanding of EU6 from the pretest to thetgeist
Table 4-5

Comparison bcategories of understanding pretest to pest EU6.

Category Pretest Post
test

Strong Understanding 0 1

Partial Understanding 1 4

Incomplete 2 7

Understanding

Emerging 11 2

Understanding

Participantswith an EmergingUnderstandingof EU6

For posttest Q8, Leah, who had an emerging understanding on the pretest, simplified the
ratio of 5:5:5 to 1:1:1, then iterated it to 10:2:10 (see Figtk65). This was evidence of her

confusion about some values remaining invargnbthers covary.
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Figure 4-105
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Chloe demonstrated confusion in many areas in her work on Q1 (see4 e She
formed a ratio of minutes: student, then combined multiplication of fractions with converting a
mixednumber to an improper fraction. She then incorrectly multiplied the fraction by two. Like
her work on the pretest, she continued to indicate no understanding of the components of EU6.
Figure 4-106
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