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Abstract
Many important graph problems are NP-complete. The complexity analysis relies on the
worst-case scenario. However, most of the times the input has a nice “structure” so that
we can solve the problem much faster, compared to the other inputs of the same size. In
parameterized complexity, we classify the problems finer than the traditional setting. In
order to do so, we define the complexity as a function of the set of the (input or output)
parameters and the size of the input itself rather than as a function of the size of the
input alone.

Fixed-parameter tractable problems are the problems that can be solved in time
O(f(k)poly(n)), where f(·) is a computable function, k is the parameter, and n is the
input size. If the parameter is fixed, then the problem becomes tractable since the
dependence on n is only polynomial.

Many NP-complete problems are known to be FPT. This means, if the parameter is
bounded, then we can solve them relatively fast, which is the case in many applications.
Courcelle’s metatheorem states that any graph property which can be described in the
monadic second-order logic of the graphs can be decided in linear time if the treewidth
(the parameter in this case) is bounded.

There are three concerns that we address. First, we need to prove that the treewidth
is bounded. The bad news is that the treewidth problem itself is NP-complete but FPT.
Then, we have to find a tree decomposition with bounded treewidth to be able to apply
dynamic programming. Finally, when we apply dynamic programming, most of the time
we end up using exponential space.

In this work, we solve all the above issues and start by presenting a 5-approximation
algorithm solving the treewidth problem in time O(28.765kn log n), which can be used in
application1. Later on we further improve this result by introducing new notion called
“leftmost separator”. The improved algorithm runs in time O(26.755k(log k)

√
kn log n).

Both of our algorithms check if the treewidth is at most k. If not, they output the
subgraph that has higher treewidth. Otherwise, they generate a tree decomposition with
width at most 5k. In the last paper on this problem, we provide an algorithm that is a
2-approximation of treewidth with the time complexity of O∗(28k)n, which is state of the
art. This method is based on a method employed by Korhonen [1].

Then, we present FPT algorithms to count the number of solutions to Minimum
Dominating Set, Hamiltonian Cycle, and Travelling Salesperson which use only polynomial

1The current fast FPT algorithms have huge coefficient for k in the exponent that makes them not
applicable in practice.
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space rather than exponential by an approach called “dynamic algebraization”.
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Chapter 1 |
Introduction

1.1 Notation and Background
In this section, we review some terminology and define some new ones. Furthermore, we
include a survey on the previous results. First, we review main notation of the algorithm
design and analysis as well as graph theory.

Throughout this entire document, by a graph we refer to an undirected graph, unless
specified otherwise.

Definition 1.1.1. Left U be an unbounded subset of R+ and f : U 7→ C. Furthermore,
let N0 ∈ N and g : U 7→ R such that g(n) > 0, for all n ≥ N0. We say:

• f(n) = o (g (n)) if for any c > 0, there exists Nc ∈ N such that |f(n)| < cg(n) for
all n > Nc. i.e. lim

n→∞
|f(n)|
g(n) = 0.

• f(n) = O (g (n)) if there exist c > 0 and Nc ∈ N such that |f(n)| ≤ cg(n) for all
n > Nc. i.e. lim

n→∞
|f(n)|
g(n) <∞.

• f(n) = ω (g (n)) if for any c > 0, there exists Nc ∈ N such that |f(n)| > cg(n) for
all n > Nc. i.e. lim

n→∞
|f(n)|
g(n) =∞.

• f(n) = Ω (g (n)) if there exist c > 0 and Nc ∈ N such that |f(n)| ≥ cg(n) for all
n > Nc. i.e. lim

n→∞
|f(n)|
g(n) > 0.

• f(n) = Θ(g(n)) if f(n) = O(g(n)) and f(n) = Ω(g(n))1.

For more details, refer to [3].
1Based on Knuth’s notation [2]
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1.1.1 Tree Decomposition

Tree decomposition is a data structure to decompose a given graph as a tree, where
every node of the decomposed tree is a subset of the vertices of the original graph. Often
times, the graph problems that are NP-complete are easy to solve when the input is a
tree or “close” to a tree. Tree decomposition enables us to formally define what does
this closeness mean and how to measure it. For that purpose the notion of treewidth is
introduced.

Definition 1.1.2. A tree decomposition of a graph G = (V, E) is a tree T = (VT , ET )
such that each node x in VT is associated with a set Bx (called the bag of x) of vertices
in G, and T has the following properties:

• ⋃
x∈VT

Bx = V (G)

• ∀{u, v} ∈ E, ∃x ∈ VT : u, v ∈ Bx

• ∀x, y ∈ VT , ∀z ∈ VT on the path connecting x, y ∈ VT : Bx ∩By ⊆ Bz.

Historically, the width of tree decomposition T is defined to be the size of its largest
bag minus one and is denoted by w(T ). The reason for deducting one, which is arbitrary,
is to ensure that the width of every tree is 1.

Definition 1.1.3. The treewidth of a given graph G is the minimum width of all possible
tree decompositions of G and is denoted by tw(G). i.e.,

tw(G) = min
T : a tree decomposition of G

{w(T )} .

Before moving on, let us mention few famous remarks without the proof.

Remark 1.1.1. The connected graph G has treewidth 1 iff G is a tree.

Remark 1.1.2. Every graph with treewidth k has a vertex of degree ≤ k.

Remark 1.1.3. Graph G with n vertices has treewidth n− 1 if G is a complete graph.

Figure 1.1 shows a graph and few of its possible tree decompositions.
Notice that in Figure 1.1, the treewidth of G should be at least 4 per Remark 1.1.3

and τ1 has width 4. Hence, τ1 is an optimal tree decomposition of G.
Courcelle’s methatheorem states that many graph properties are “easy” to decide

when the input graphs has bounded treewidth.
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Figure 1.1. Graph G = (V, E) is a graph with vertices {a, b, c, d, e, f, g, h, i} and τ1 and
τ2 are two tree decompositions of G with width 3 and 4, respectively. Notice that in both
decompsotions all the vertices are present. Furthermore, in both of them, endpoints of every
edge are present in at least one bag (for instance look at the edge {g, h} with red color). Also,
the subgraph induced on every vertex of G is a subtree in both cases; check the green and
purple subtrees corresponding to vertices b and c, respectively. Here tw(G) = 4 since there is a
clique induced by {a, b, c, d} and henceforth τ1 is an optimal tree decompositon while τ2 is not.

Theorem 1.1.1 (Courcelle ’90 [4]). Given any graph property P (·) that is definable in
the monadic second-order (MSO1) logic of graphs, there a Turing machine M deciding P

in linear time if the input graph has bounded treewidth.

For the definition of MSO1 and more details refer to [5].
Courcelle’s metatheorem is why finding an optimal or near-optimal tree decomposition

is important. First, we have to check if the treewidth is bounded. Then, if that is the case,
we need to find an optimal tree decomposition to a actually decide those MSO1-definable
graph properties by using dynamic programming. However, there are two issue that arise
here:

• First Issue: Checking whether the treewidth is bounded and finding an optimal
tree decomposition are both proven to be NP-complete problems [6].

• Second Issue: Even if we assume access to an optimal tree decomposition, applying
dynamic programming of tree decompositions often results in exponential space
complexity, in terms of the treewidth. Quoting from Woeginger: “Algorithms with
exponential space complexities are absolutely useless for real life applications” [7].

3



In this document, we focused on addressing these issues and coming up with better
solutions to fix them as much as possible. In Sections 2, 3, and 4 we focus on the first
issue and in Sections 5 and 6 we explain approaches to fix the second issue.

To address the first issue and to fix it, my collaborator(s) and we have a series of
efficient Fixed Parameter Tractable (FPT) algorithms solving treewidth approximation.
Even though the exact treewidth problem is NP-complete, the constant approximation is
in FPT class and can be solved very faster.

Definition 1.1.4. Problem A is said to be FPT-solvable if given input I of size n and a
parameter k, there exist an algorithm solving A on input I in time f(k)nO(1), where f(·)
is a (Turing2) computable function. Furthermore, such an algorithm is called an FPT
algorithm.

2A Turing machine can compute it in finite time.
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Chapter 2 |
An O∗

(
27.61k

)
n log n-time

5-Approximation of Treewidth; An
Improvement Of Reed’s Treewidth
Approximation

This chapter is based on a joint work with Martin Fürer [8].

2.1 Introduction
Since the 1970s and early 1980s, when the notions of treewidth and tree decomposition
were introduced [9–11], they have played important roles in computer science [12]. In a
nutshell, treewidth is a parameter of a graph that measures how similar it is to a tree.
One of the main reasons that the tree decomposition is widely studied is that many
NP-complete problems have efficient algorithms for graphs with small treewidth. In fact,
Courcelle’s metatheorem states that every graph property definable in monadic second-
order logic of graphs can be solved in linear time on graphs of bounded treewidth [4]. The
first step of solving such problems is to find an optimal or near-optimal tree decomposition.
However, finding an optimal tree decomposition itself is NP-hard [6]. In this work, we
propose an algorithm which is based on Reed’s algorithm [13] to approximate the
treewidth and find an approximately optimal tree decomposition.

Definition 2.1.1. A graph problem is fixed parameter tractable (FPT) if it can be solved
in time O

(
f (k) nO(1)), where f is a computable function, k is a parameter of the graph,

and n is the input graph size.

5



2.1.1 Previously Known Results

In this work, we are interested in algorithms which run fast (polynomial in terms of the
number of vertices) for graphs with bounded treewidth. One of the first algorithms given
for this problem goes back to the same paper where treewidth has been shown to be
NP-complete. Arnborg et al. [6] gave an algorithm which runs in time O(nk+2). In 1995,
Robertson and Seymour [14] gave a quadratic time FPT approximation algorithm. Later
on, Lagergren introduced an 8-approximation algorithm with the time complexity of
2O(k log k)n log2 n [15]. In 1992, Reed [13] improved these algorithms to have an algorithm
running in time 2O(k log k)n log n. In this paper, we formally show that the approximation
ratio of Reed’s algorithm is 7 or 5, depending on the frequency of the split by volume. We
show that this algorithm runs in time O

(
224kk!n log n

)
, in order to be able to compare

it to our algorithm. Like the algorithms of Robertson and Seymour, Reed’s algorithm
is recursive. In [14], they find a separator that partitions G into two parts but they
do not force the separator to partition the entire graph in a balanced fashion. Reed
finds a separator which partitions the graph in a balanced way to obtain time O(n log n)
for bounded k. This paper focuses on this algorithm. Later, Bodlaender gave an exact
algorithm which runs in 2O(k3)n [16]. Even though we focus only on constant-factor
approximation algorithms, it is worth mentioning the (log k)-approximation algorithm
by Amir [17] and the

√
log k-approximation algorithm by Feige et al. [18]. Later in 2016,

Bodlaender et al. [19] gave two constant factor approximation algorithms which run in
2O(k)O(n log n) and 2O(k)O(n). The former one is a 3-approximation and the latter one is
a 5-approximation. Although it is a great result from a theoretical point of view, it uses
a sophisticated data structure and the constant factor hidden in O(k) in the exponent is
not claimed to be practical. Very recently, Korhonen gave a 2-approximation algorithm
for the same problem running in time 2O(k)n [1]. They improve the hidden coefficient of
k in the exponent. In their algorithm, the coefficient of k in the exponent is 10.7549, in
the worst-case scenario. Here, we sacrifice the dependence on n and drop the coefficient
of k in the exponent to only 7.61. Table 4.1 summarizes the history of previously known
algorithm for treewidth problem.

2.1.2 Our Contribution

First in Section 2.3, we analyze Reed’s algorithm [13] in detail. Reed has focused on the
dependence on n because his goal was to come up with an O(n log n)-time algorithm,

6



Reference Approximation
Ratio

Dependence
on k

Dependence
on n Comments

Arnborg et al. (1987) [6] 1 O
(
nk+2) not FPT

Robertson & Seymour (1995) [14] 4 O
(
33k

)
n2

Lagergren (1996) [15] 8 2O(k log k) n log2 n
Reed (1992) [13] 5 (or 7) 224kk! (Sec. 2.3) O (n log n)
Bodlaender (1996) [16] 1

Feige et al. (2008) [18]
not a constant-
factor approxi-

mation

Amir (2010) [17]

O(log k) O(k log k) n4
not a constant-
factor approxi-

mation
4 O

(
24.38kk

)
n2

4.5 O
(
23kk1.5) n2

11
3 O

(
23.6982kk3) n3 log4 n

Fomin (2015) [20] 1 O(1) 1.7347n not FPT

Bodlaender et al. (2016) [19] 3 2O(k) n log n the coefficients of
5 2O(k) n k are not stated

Belbasi & Fürer (2021) [21] 5 28.766k n log n improved to 27.61kn

Korhonen (2021) [1] 2 210.7549k n

relatively low
coefficient of k

in the exponent,
good approxi-

mation ratio, and
only linear

Belbasi & Fürer (2021) [22] 5 26.755k n log n

extra log n
in the running
time compared

to [1]
but has smaller
coefficient of k
in the exponent

Belbasi, Fürer & Kumar (2022) 2 O∗ (28k
)

n state of the art

Table 2.1. The history of previous algorithm for the treewidth approximation problem

for fixed k. The “fastest”1 algorithm at that time, was Lagergren’s O(n log2 n)-time
algorithm [15]. We show that the dependence on k in Reed’s algorithm is 2O(k log k).
Furthermore, we give a proof for the approximation ratio of Reed’s algorithm by filling
in the details.
Then, we propose two improvements and prove that the approximation ratio stays at
5. One of our improvements focuses on the notion of “balanced split”. We call a split
balanced, if we get two parts of volume 1− ϵ and ϵ (or better). Then, the running time of
our algorithm has a factor of 1/ϵ. For instance, if we set ϵ = 1

100 , a generous estimation
shows that the dependence on k in our O(f(k)n log n)-time algorithm is k2 28.87k, instead

1Considering the dependence on both n and k.
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of 224k(k + 1)! in Reed’s algorithm. Here the asymptotic notation is a bit misleading
from a practical point of view, as 224k = o(k!), even though k! is reasonable for small k,
while 224k is not. Then, we further improve the running time upper bound and show that
our algorithm runs in time O(27.61kk2n log n). In the end, the main aim of this paper is
to produce a constant-factor approximation algorithm that runs in time 2ckn log n with c

as small as possible.

2.2 Preliminaries

2.2.1 Tree Decomposition

Definition 2.2.1. A tree decomposition of a graph G = (V, E), is a tree T = (VT , ET )
such that each node x in VT is associated with a set Bx (called the bag of x) of vertices
in G, and such that T has the following properties:

• The union of all bags is equal to V. In other words, for each v ∈ V, there exists at
least one node x ∈ VT with Bx containing v.

• For every edge {u, v} ∈ E, there exists a node x such that u, v ∈ Bx.

• For any nodes x, y ∈ VT , and any node z ∈ VT belonging to the path connecting x

and y in T , Bx ∩By ⊆ Bz.

In this paper we use a variation of tree decomposition where the adjacent bags differ
in at most one vertex (converting can happen in linear time).

The width of a tree decomposition is the size of its largest bag minus one. The
treewidth of a graph G is the minimum width over all tree decompositions of G called
tw(G). Observe that the treewidth of a tree is 1. In the following, we reserve the letter
k for the treewidth+1.

We have to mention that Bodlaender et al. [19] filled in some details on Reed’s
algorithm. We need to be more detailed because we do not use Reed’s algorithm as a
black box. That is why we first analyze Reed’s algorithm precisely (Section 2.3), fill in
the blanks, and then introduce our improvements of his algorithm (Section 2.4).

2.3 Analysis of Reed’s Algorithm
In 1992, Reed gave an elegant algorithm [13] to either construct a tree decomposition of
width at most 7k or 5k of a given graph G, or declare that the treewidth is greater than
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G1

G2 G3 G4 G5

a

b c

d e f

≤
n24

k

≤
n24

k

≤
n24

k

≥ n
24k

representatives

Figure 2.1. For a given graph
G, let V (G) be the set of its ver-
tices. Let G6 = G[V (G3) ∪ V (G4) ∪
V (G5) ∪ {c}] (the entire rightmost
green subtree rooted at c), and assume
|V (G1)|, |V (G2)|, and |V (G6)| ≥ n

24k ,
and |V (G3)|, |V (G4)|, and |V (G5)| <

n
24k . Here, d, e, and f are NOT repre-
sentatives but a, b, and c are.

k and output a subgraph which is a bottleneck (no separator of size ≤ k).

2.3.1 Summary of Reed’s Algorithm

In Reed’s algorithm, one of the main tasks is to find a “balanced” separator S that splits
the graph G−S into two subgraphs with sets of vertices X, Y ⊆ V (G). Once a balanced
separator is found, the algorithm recursively finds a tree decomposition for G[X ∪ S]
(the subgraph induced by X ∪ S) and G[Y ∪ S].
The main task is to find a balanced separator. Instead of branching on every vertex
(going to X, Y, or S, which would be exponential in n), Reed forms groups of vertices and

9



w1

w2

w3
w4

w5

ErrorRepresentatives

X Y

S
(|S| ≤ k)

Figure 2.2. Error, i.e. part of a subtree not on the side of its representative

works with the representatives of the groups. Then, he branches on the representatives.
Reed does a DFS and finds the deepest vertex v whose subtree has at least n

24k
vertices2

(See Figure 2.1). We call such a vertex a “representative”. He defines the weight of the
representative v as the size of its subtree rooted at v in the DFS, denoted by w(v). The
idea here, is that if a representative goes to either X or Y , most of its descendants will
go to the same set. The reason is that if a descendant goes to the other side, the path
connecting the representative to the descendant has at least one vertex in the separator.
However, we know that the separator cannot have more than k vertices. So, not many
vertices will go to the wrong set; not more than n

24 vertices, in total. This is because every
subtree that partially goes to the other side should go through the separator and have one
vertex there. Hence, not more than k subtrees rooted at children of the representatives
can go through the separator, which results in at most n

24 vertices on the wrong side.
This nice property allows Reed to work with the set of representatives (which is much
smaller) rather than all the vertices (see Figure 2.2).
Now, one might think, why not just check all the possibilities of the representatives going

to X, Y, or S? The reason that this simple idea does not work is that if a representative
2later, we talk about this threshold
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goes to the separator, its entire substree of arbitrary size can go anywhere and we
do not have any control over it. Reed handles this problem by deciding whether any
representative is going to the separator, at the very beginning of the algorithm. If so,
he just places such a representative (namely v) into S (and not its subtree) and starts
forming a new group of representatives by running a new DFS on G− {v}. So, the other
representatives might change. Also, since one vertex has been placed into the separator,
now k ← k−1. However, if none of the representatives goes to the separator, he branches
on placing them left (X) or right (Y ). This is the high-level idea of Reed’s algorithm.
Let’s start with presenting and reviewing some definitions.

2.3.2 Centroids and Separators

For an undirected graph G = (V, E) and a subset W of the vertices, G[W ] is the subgraph
induced by W . For the sake of simplicity throughout this paper, let G−W be G[V \W ]
and G− v be G− {v} for any W ⊆ V (G) and any v ∈ V (G).
Also, in a weighted graph, a non-negative integer weight w(v) is defined for each vertex
v. For a subset W of the vertices, the weight w(W ) is simply the sum of the weights of
all vertices in W . Furthermore, the total weight or the weight of G is the weight of V .

Definition 2.3.1. A centroid of a weighted tree T is a node x such that none of the
trees in the forest T − x has more than half the total weight.

Definition 2.3.2. A tree decomposition is called a good tree decomposition is the adjacent
bags differ in at most one vertex.

For good tree decompositions we choose a stronger version of centroid.

Lemma 2.3.1. Any given tree decomposition T with width k can be converted to an
equivalent good tree decomposition T ∗ with width k of the same graph in linear time.

Proof. Let x and y be two adjacent nodes of T with associated bags Bx, and By,
respectively.

Let Bx = {v1, · · · , vt}, and By = {u1, · · · , us}. Notice that s, t ≤ k.
Now, let V − = Bx\By, and U+ = By\Bx. Let D = V −∪U+ = {d1, · · · , d|V −|, d′

1, · · · , d′
|U+|}.

The idea is to add |D| intermediate nodes (namely x1, x2, · · · , x|V −|, y1, y2, · · · , y|U+|)
between x and y such that we start by deleting vertices of V − one by one and then
adding vertices of U+ one at a time.
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Set 

Bx1 = Bx \ {d1}

Bxi
= Bxi−1 \ {di} ∀i ∈ {2, · · · , |V −|}

By1 = Bx|V −|
∪ {d′

1}

Byi
= Byi−1 ∪ {d′

i} ∀i ∈ {2, · · · , |U+|}.

(2.1)

Definition 2.3.3. A strong centroid of a good tree decomposition τ of a graph G = (V, E)
with respect to W ⊆ V is a node x of τ such that none of the connected components of
G−Bx contains more than 1

2 |W \Bx| vertices of W .

The following lemma shows the existence of a strong centroid for any given W ⊆ V .

Lemma 2.3.2. For every good tree decomposition (T , {Bx : x ∈ VT }) of a graph
G = (V, E) and every subset W ⊆ V , there exist a strong centroid with respect to W .

Proof. If a node x is not a strong centroid with respect to W , then let Cx be the set of
vertices in the unique connected component of G−Bx containing more than 1

2 |W \Bx|
vertices of X. In the forest obtained from the tree T by removing x, there is a tree Tx

with the property that the union of all bags in Tx contains all the vertices of Cx.
Now, we define a set F of directed tree edges by (x, y) ∈ F if all the following conditions
hold:

• x is not a centroid

• y is a neighbor of x in T ,

• y is a node in Tx.

Now we show that there is a node x with out-degree 0 in (VT , F ). Such an x is a centroid,
and we are done. Otherwise, F contains (x, y) and (y, x) for some x, y ∈ VT . W.l.o.g.,
By = Bx ∪ {v} for some v ∈ V \Bx. Note that Tx and Ty are disjoint. Furthermore, any
vertex that is in a bag of Tx and in a bag of Ty is also in Bx and By. Thus also Cx and
Cy are disjoint.

Furthermore, W ∩ Cx ⊆ W \Bx and W ∩ Cy ⊆ W \By ⊆ W \Bx. As W ∩ Cx and
W ∩ Cy are disjoint, they cannot both have more than 1

2 |W \ Bx| vertices, which is a
contradiction.

Hence, there exists a node x which is a strong centroid.
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We use the definitions of balanced W -separator and weakly balanced W separation
from the book of Flum and Grohe [23].

Definition 2.3.4. Let G = (V, E) be a graph and W ⊆ V . A balanced W -separator is a
set S ⊆ V such that every connected component of G− S has at most 1

2 |W | vertices.

Lemma 2.3.3. [23, Lemma 11.16] Let G = (V, E) be a graph of treewidth at most
k − 1 and W ⊆ V . Then there exists a balanced W -separator of G of size at most k.

We say that a separator S separates X ⊆ V from Y ⊆ V if C ∩X = ∅ or C ∩ Y = ∅
for every connected component C of G− S.

Definition 2.3.5. Let G = (V, E) be a graph and W ⊆ V . A weakly balanced separation
of W is a triple (X, S, Y ), where X, Y ⊆ W , S ⊆ V are pairwise disjoint sets such that:

• |S| ≤ k

• W = X ∪ (S ∩W ) ∪ Y

• S separates X from Y

• 0 < |X|, |Y | ≤ 2
3 |W |.

Lemma 2.3.4. [23, Lemma 11.19] For k ≥ 3, let G = (V, E) be a graph of treewidth
at most k − 1 and W ⊆ V with |W | ≥ 2k + 1. Then there exists a weakly balanced
separation of W of size at most k.

Even though Lemma 3.4.3 is sufficient for us, one can make it stronger such that it
holds for |W | ≥ k + 1.

Theorem 2.3.1. [23, Corollary 11.22] For a graph of treewidth at most k − 1 with a
given set W ⊆ V of size |W | = 3k − 2, a weakly balanced separation of W of size ≤ k

can be found in time O(33kk2n).

2.3.3 Algorithm to Find a Weakly Balanced Separation

Separation(G, k) is the main part of Reed’s algorithm. It finds a separator of size at most
k in G using the procedures Split(G, X, Y, k) and DFS-Trees(G, k). We explain each of
these procedures.
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2.3.3.1 Split(G, X, Y, k)

For X, Y disjoint subsets of V , Split(G, X, Y, k) finds a separator S of size at most k

in G which is strictly between X and Y . Split reports failure if no such separator exits
(described in Lemma 11.20 of [23]).

2.3.3.2 DFS-Trees(G, k)

DFS-Trees(G, k) (Algorithm 1 using Algorithm 2) computes a DFS tree and partitions it
into smaller DFS trees with the following properties.

• the size (number of vertices) of the smaller trees is at least s = n/24k, and

• all subtrees rooted at children of the roots of the trees in the partition have size
less than n/24k.

DFS-Trees(G, k) collects the set W ′ consisting of all the roots of the trees in the partition.
These roots are representatives of the vertices in their small DFS tree. Therefore, the
weight w[v] for v ∈ W ′ is the number of vertices in the small tree with root v.

2.3.3.3 Separation(G, k)

Separation(G, k) is the recursive procedure that splits according to the number of vertices
(Algorithm 3). Note that when any vertex v is placed into the separator S, then the
procedure Separation removes that vertex v from the graph and starts from scratch. The
idea is that when we place a root of a small tree (a representative) left or right, then
we want to put the whole small tree there. But when a representative is placed into
the separator, then its tree does not go there. At this point a new collection of trees is
formed.

2.3.4 The Correctness of Reed’s Algorithm

If the treewidth is at most k − 1, then there is a good tree decomposition of G of
width k − 1. Let x be a centroid in it. The connected components of G[V \Bx] can be
partitioned into 2 parts L and R, such that no part has more than 2

3 |V | vertices.
Note that for the correctness proof, we do not have to find this tree decomposition.

It is sufficient to know that it exists. We can assume, that we have fixed such a tree
decomposition, a centroid x and the sets L and R.

Every W ′ ⊆ V is partitioned into parts in L, the separator S = Bx, and R.
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Algorithm 1 Construct Small DFS-Trees
Ensure: Roots of DFS-Trees (representatives) with sizes of their strict subtrees <
|V |/(24k)
procedure DFS-Trees(G, k) ▷ G is a connected graph.

s = |V |
24k

▷ s : the size bound for splitting off a small tree.
W ′ = ∅
for all v ∈ V do

color[v] = WHITE
end for
Pick any vertex u of G.
count = DFS-visit(G, u)
w[x] = w[x] + count, where x is the last representative added to W ′ return (W ′,

w[v] for all v ∈ W ′)
end procedure

Algorithm 2 Main recursive procedure of DFS-Trees
procedure DFS-Visit(G, u)

color[u] = GRAY
count = 1
for all v adjacent to u do

if color[v] == WHITE ▷ The white vertex v has been discovered. then
count = count + DFS-Visit(G, v)

end if
end for
if count ≥ s then

W ′ = W ′ ∪ {u}
w[u] = count
count = 0

end ifreturn count
end procedure

One of the many branches of the procedure Separation(G, k) picks the set W ′, tries
this partition of it, and succeeds, unless a previously taken branch has already succeeded.
First, the procedure decides which part of W ′ goes into S, one vertex v at a time. This
vertex v is removed from G, but otherwise, we still consider the same tree decomposition.
|Bx| has now decreased by 1, as v is removed from it.

We then consider the case that none of the remaining vertices in W ′ are in the
separator. The procedure decides which part X ⊆ W ′ goes into L (line 12). Now the
weight of each part is at most (2

3 + 1
24)n as at most k small subtrees can have some of

their vertices on the wrong side. And this is at most k times at most n
24k

vertices.
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Algorithm 3 Main recursive procedure in Reed’s algorithm
Ensure: A weakly balanced separation (X, S, Y ) of G of size ≤ k

procedure SEPARATION(G, k)
if k > 0 then

(W ′, w[v] : ∀v ∈ W ′) = DFS-Trees(G, k)
end if
for all v ∈ W ′ ▷ Here v is placed into separator S. do

(X, S, Y ) = SEPARATION(G− v, k − 1)
if ¬failure then return (X, S ∪ {v}, Y )
end if

end for ▷ The set of vertices W ′ is partitioned into X ⊆ L and Y ⊆ R = W ′ \ L.
for all X ⊆ W ′ ▷ Here no vertex is put into S. do

if (1
3 −

1
24)n ≤ w(X) ≤ (2

3 + 1
24)n) then

Split(G, X, W ′ \X, k)
if ¬failure then return (X, S, Y )
end if

end if
end forreturn failure

end procedure

On the branch of the procedure Separation(G, k) which finds this partition of W ′,
there is the separator Bx of size at most k between X and Y . Our algorithm cannot
guarantee to find this separator Bx, but it will find some separator S of size at most
k between X and Y . Again up to 1

24n vertices can be on the opposite side of their
representatives. Now the larger side can contain at most (2

3 + 2 · 1
24)n = 3

4n vertices.
Thus we have a somewhat balanced partition (a constant fraction on each side).

We assume the O
(
33kk2n2) 4-approximation algorithm of Robertson-Seymour [14]

(see Proposition 11.14 of Flum and Grohe [23]) is known. It handles a set W ⊆ V of size
3k − 2. Working with (G, V ), it finds a separator S of size at most k to split G− S into
two parts L and R with both, |W ∩X| and |W ∩ Y | at most 2

3 |W |. A tree node with
bag W ∪ S is formed. Two recursive calls continue with G[L ∪ S], (W ∩ (L ∪ S)) and
G[R ∪ S], (W ∩ (R ∪ S)), respectively.

Reed’s algorithm does the same steps to handle W . However, in order to decrease the
dependence on n of the running time from O (n2) to O(n log n), Reed intersperses these
balanced partitions of W with balanced partitions of V (Algorithm 3). In each case,
it would be desirable that V and W simultaneously split in a balanced way. However,
during the traditional splitting of W , the graph might be split very unbalanced, and
during the new splitting of V , the set W might not be split at all.
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Reed’s algorithm can alternate between splitting W as in the O
(
33kk2n2) algorithm

and splitting V . Now W can be of size at most 6k. On each side, we have at most
(2

3 · 6k) = 4k. Splitting by W as well as splitting by V adds k to the new W . Thus, we
are back at 6k. The constructed tree decomposition has then width at most 7k. But we
show that this can be actually a 5-approximation algorithm. We do not need to alternate
between splitting W and V . Splitting V is a costly procedure. We can do it only after
every log 3

2
k steps and we still spend O(n log n) time.

We start with W of size at most 4k (3k and kexcess as excess). Initially, kexcess = k. Each
time we split W , we get

|W | ≤ 2
3 · 3k + k︸︷︷︸

adding separator

+2
3kexcess = 3k + 2

3kexcess,

and then update kexcess ← ⌊2
3kexcess⌋. The excess drops by a factor of 2

3 . After log 3
2

k

steps, the excess becomes zero and then we can split by V . At this point, |W | could
increase to 4k again (3k was the size of W before this step, and when we split by V ,
we have to include the separator as well). In the end, we end up with |W | ≤ 4k and
we add the separator to the root bag, which means the largest bag has size at most 5k.
Therefore, it is a 5-approximation algorithm. Reed mentions 5k in his paper, but he does
not give any details. We think based on what it has been described in Reed’s algorithm,
it seems we should have 7k. However, if splitting by V does not happen very often, we
can achieve 5k.

2.3.5 Running Time of Reed’s Algorithm

Let T (n, k) be the running time of the procedure SEPARATION(G, k) for G = (V, E)
and n = |V |. Let n′ and k′ be the current bound on the graph size and current separator
capacity. Initially n′ = n and k′ = k. We have the following recurrence for Reed’s
algorithm.

T (n′, k′) ≤ 24k′T (n′ − 1, k′ − 1) + 224k′
c(k′ + 1)kn′︸ ︷︷ ︸
flow algorithm

, (2.2)

for some c > 0. It is difficult to obtain a good solution, but by induction on k′ we get
the following loose upper bound.

T (n′, k′) ≤ 3c224k′
k′! kn. (2.3)
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For k′ = 0, this bound is valid. For k′ ≥ 1, we have:

T (n′, k′) ≤ 24k′T (n′ − 1, k′ − 1) + c224k′(k′ + 1)kn′

≤ 3c24k′224(k′−1)(k′ − 1)! kn + c224k′(k′ + 1)kn′ by induction hypothesis

= c224k′
kn(3 · 24k′!

224 + k′ + 1) ≤ 3c224k′
knk′! ( 24

224 + k′ + 1
3 k′! )

≤ 3c224k′
k′! kn.

Even though, this is not a tight bound, we have T (n, k) ≥ c′24kk!(n − k), which is
2Ω(k log k)n.

T (n, 0) ≥ c′n

T (n, k) ≥ 24kT (n− 1, k − 1)

≥ c′24k24k−1(k − 1)! (n− k) by inductive hypothesis

≥ c′24kk! (n− k)

2.4 Our Improved Algorithm
In this section, we discuss how to improve Reed’s algorithm. The dependence on k in the
running time of Reed’s algorithm is huge. We decrease this factor significantly to make
the algorithm more applicable. We introduce two main modifications. First, we work
with a larger cut-off threshold than Reed’s |V |

24k
. Such an improvement can be achieved by

replacing the arbitrary 3/4 bound by 1− ϵ. But even more is possible by arguing about
the weights of connected components instead of the weights of the parts of a bipartition.

The second improvement is to avoid branching on whether there is a representative
going into the separator or not. Reed branches on these two cases at the beginning, while
we branch 3-fold for every representative.

Note that the second improvement is not obvious. Reed had a good reason to avoid
3-fold branching. If a representative of tree is put into the separator, then, we lose control
of the unbounded set of additional vertices of the tree.

2.4.1 Relax the balancing requirement

Reed’s argument starts with a weakly balanced separation by volume (i.e. according
to V ) that is known to exist. The larger side has at most 2/3 of the volume, but it
might have up to 2/3 + 1/24 of the weight. The algorithmic split by this weight partition
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might pick a set with another 1/24 fraction more volume. Thus the worst kind of volume
split found is now 3/4 to 1/4. Recall that these differences are bounded this way for
the following reason. When the weight carrying root of a tree is on one side, some of
its small subtrees rooted at the children can be partially on the other side. But the
separator prevents more than k small subtrees to have any part on a different side than
the root, and each small subtree contains less than |V |

24k
vertices. Instead of 3/4, one can

choose any number strictly between 2/3 and 1. If 1− ϵ is chosen, then the constant 24 is
replaced by 1

((1−ϵ)−2/3)/2 = 6
1−3ϵ
≤ 6 + 24ϵ for ϵ < 1/12.

More improvement is possible by a modification of the analysis. We start with a
restricted balanced separator by volume. No connected component of G− S has more
than half the vertices. We can afford it to contain up to a fraction of 3/4− ϵ/2 of the
weight. There is still a partition of G − S into left and right with a ratio of at most
3/4− ϵ/2 to 1/4− ϵ/2 by weight. The separator found for such a partition by weight
creates a partition by volume with a worst case ratio of 1− ϵ to ϵ. This time, the constant
24 is replaced by 1

((1−ϵ)−1/2)/2 = 4
1−2ϵ
≤ 4 + 12ϵ for ϵ < 1/6.

2.4.2 Main Improvement

The other improvement is to allow the representatives (the roots of the subtrees) to go
either, left, right, or into the separator. Once a representative v goes into the separator,
we change its weight to 0. We also delete v from G and unmark all of the vertices in its
subtree, so that they can be searched again. Then, we continue the DFS from the parent
of v. There is one complication here that we have to take care of; what happens if G− v

gets disconnected?
Three cases might happen. We cover all the cases and show that they can be handled.

Let x, y, and z be three types of children of v with the small subtrees (with size < n
Ck

)
τx , τy , and τz , rooted respectively (Fig. 2.3(a)). The cases are:

• There is a back edge from a vertex in τx to an ancestor of v. If we delete v from
the tree, the vertices of τx will still be searched because they are connected to an
ancestor of v. So, we just need to color them white once more. Hence, we do not
need to worry about this case.

• There is a vertex p in τy with subtree τq attached to it with q as its root such
that q is a representative below τy which has not gone into the separator (this is
a bottom-up approach). Even though this case seems to be troublesome, we can
fix it. Let τp,y be τy rooted at p (dangling from p). Make p a child of q. Now, the
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Figure 2.3. How to fix the cases after a representative goes to the separator. Here, v and q
are representatives and v is going to be sent into the separator.

problem has been fixed (Fig. 2.3(b)). The same reasoning applies when v is a root
and its subtree is too small.

Notice that in this case, it possible that there is a back edge to some vertex higher
up as well but it does not change anything here. We handle it by attaching to the
subtree below it. One could handle it like the previous possibility. Both are fine.

• There is no back edge from τz to an ancestor of v, and there is no subtree below.
So deleting v makes τz disconnected from the entire tree, and this is only for our
advantage.

Now, the question is how to distinguish between these three cases?
We just need to distinguish between case 2 and the other two cases (together) because

case 1 and 3 are handled the same way.
Cases 1 and 3 are actually the simple ones. We just need to color their vertices white

and then we are done. So, we have to find a way to recognize case 2. For that, each vertex
u in τ(y) saves a possible representative with an edge to some p ∈ τ(y) such that p is an
ancestor of u (defined as rep_ connected in the pseudocode). If no such representative
exist, simply set its value to nil. Notice that we just need to store one representative
connected down below since it is sufficient to handle this case as we just described. Each
vertex passes that information to its parent. So, if rep_ connected[y] ̸= nil, we know
that the case 2 has happened. Otherwise, case 1 or 3 has happened and we do not need
to know which one since they are handled the same way. Now, let’s go back the algorithm
description.

The main difference here is that Reed branches in the beginning and considers two
cases. In the first case, none of the representatives goes to the separator, and in the
second case at least one goes to the separator. In the second case, Reed’s algorithm
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branches into at most 24k (upper bound for the number of subtrees). We want to avoid
these branches and each time only branch into three cases. Assume we want to decide
where to put v (a representative with weight w(v)). Let L, S, and R be the left, the
separator, and the right sets, respectively. If we put v into L (or R), usually most of the
vertices in its subtree will be in L (or R) as well. In case v goes to S, we release the
other vertices of its tree to be searched again (as we described above and also as it is
mentioned in the pseudocode). We have to mention that unlike Reed, we do not decide
at the beginning if at least one vertex is going to the separator. Instead, we consider this
case for every representative only when we handle that representative (remember that
we handle the representative in a serial way).

Here, we include the pseudocodes of our algorithms (4 and 5), but before that we
introduce the global variables.

Global Variables

• G: the input graph

• root: a fixed vertex to start all the DFS visits

• W ′: the list containing all the representatives (that do not go into the
separator)

• W : the list containing the weight of every representative

• decision: the string that dictates where we should place the representatives.

• S: the separator

• k: an upper bound on the capacity of the separator in the beginning.

• k′: an upper bound on the capacity of the separator at any given time.

The following section includes additional explanations on Algorithms 4 and 5 as well
the proof of correctness.

2.4.3 The Correctness of Our Algorithm

We use a subroutine of Robrtson-Seymour’s 4-approximation algorithm [14] to find a
balanced separator of any given set W . We call this splitting “split by W ". If we continue
just by splitting W , we end up having n2-dependence in the running time in worst case
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Algorithm 4 Caption
procedure INIT_DFS( )
R_tree_info = (list of vertices R_vertices, vertex rep_connected)
s = ⌊(1/4− ϵ/2) |V |

k
⌋ ▷ s : the size bound for splitting off an R-tree.

decision = “ ” ▷ No representative should go into the separator
while TRUE do

Initialize W ′ and W with empty lists ▷ W ′ is the (ordered)
list of the representatives and W is the (ordered) list of their corresponding weights.
W =

(
w[i]1≤i≤|W ′|

)
, where w[i] is the weight of the i-th representative.

k′ = k
for all v ∈ V do

color[v] = WHITE
end for
vertex_ rep = DFS_VISIT(root)
x.R_vertices = x.R_vertices ◦ vertex_rep.R_vertices, where x is the last

representative added to W ′▷ If the topmost subtree has smaller size than s, we hook it
onto the last representative x.

if x.rep_connected == nil then
x.rep_connected = vertex_rep.rep_connected

end if
if k′ == 0 then

if connected components of G− S can form a balanced bipartition (L, R)
then return (L, R)

end if
else

try all partitions of W ′ into X and Y to see if there exists a balanced
separator.

if such a partition exists then return (L, R) ▷ L is X along with all the
vertices represented by vertices of X (analogously R corresponds to Y ).

end if
end if ▷ Now, we update the decision to look for the next possibility
decision = lexicographically next string of at most the same length. ▷ For

instance, 0011001 follows 011000 and 101 follows 1001111
if no such string exists then return “Treewidth is > k"
end if
Drop the “0"s to the right of the rightmost “1" in decision.▷ We always remove

the rightmost "0"s and add them back only if necessary (in the DFS-Visit() procedure)
end while

end procedure
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Algorithm 5 Main recursive procedure of DFS-Trees
Ensure: Rtree_info about the current partial Rtree

procedure DFS-Visit(u)
this = new R_tree_info({u}, nil)
color[u] = GRAY
while there exists v adjacent to u such that color[v] == WHITE do

child = DFS_VISIT(v)
this.R_vertices = this.R_vertices ◦ child.R_vertices
color[v] = BLACK
if this.rep_ connected == nil then

this.rep_ connected = child.rep_ connected ▷ Each vertex remembers one
of the possible representatives to which one of its descendants in the current Rtree is
connected to and passes it to its parent.

end if
end while
length = |W ′|+ (k − k′)
if |this.R_vertices| ≥ s then

if len(decision) <length then ▷ 0 means place it left/right. Also, we assume
that the decision is padded with unlimited zeros to the right of decision that we do
not show after the last 1, where 1 means place into the separator

decision = decision ◦ “0” ▷ where ◦ is string concatenation
end if
if decision[length] == 0 then ▷ "0" means place it left/right

W ′ = W ′ ∪ {this} return (∅, u)
else ▷ i.e. decision[length] == 1 which means send this into the separator

k′ = k′ − 1
if this.rep_connected ̸= nil then▷ Handling the middle case of Figure 2.3

w[this.rep_connected] = w[this.rep_connected]+ |this.R_vertices| re-
turn this

else
for all z ∈ this.Rnodes do

color[z] = WHITE ▷ Either the left or the right case of Figure 2.3
has happened. In either case we do not need to worry.

end forreturn (∅, nil)
end if

end if
end if

end procedure
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scenario. In order to avoid this, after every log 3
2

k such splittings, we split based on V

(the reasoning can be found in Section 2.3.4). Splitting by V is handled by finding the
representatives and then splitting the representatives in a balanced way. As we mentioned
earlier, at most n

Cϵ
vertices would be on the opposite side of their representatives. Hence,

this way of splitting splits the entire graph in a balanced way without actually deciding
on every vertex (if there exists a balanced separator at all). Below we explain the latter
part in more detail.

We do a DFS and the first time that we post-visit a vertex with at least n
Cϵk

vertices
in its subtree, we call that vertex a representative which represents the vertices of its
subtree. Then, we decide what should we do with that representative.

Algorithm 4 initiates the process by calling the DFS on G starting from a fixed vertex
root. The reason that we fix the starting point is that we want to have a deterministic
DFS search so that when we change our “decision", the DFS follows the same order.

Decision is a string ∈ {0, 1}∗ that tells us what to do after we find a representative.
If one decision was not good (i.e. did not give us a balanced separator), we check the
next decision.

We start with the decision that no representative should go into the separator
(decision = “ ”). Notice that decision is a string. The reason is that we want to keep the
leading 0’s. Decision either is empty or ends with a 1 (we stop at the right-most 1 and
assume the string is padded with the unlimited3 number of 0s to the right). If necessary,
we keep adding those 0’s to the right.

If decision[i] = 0, we send the i-th representative left/right. If it was 1, we send that
vertex into the separator and do not consider it a representative anymore. If |decision| < s,
this means it was supposed to be 0 (because the string can be padded with unlimited
0s). Then, we add 0 to the R.H.S. of the decision and send this representative left/right.
Sending left/right means just place it in W ′, for now. At the end of this iteration, check all
the possible ways of splitting W ′ into X and Y to find a balanced separator. If such a split
exist, return (L, R), where L = X ∪ {any vertex represented by a representative in X}
(analogously R corresponds to Y ). If none exist, check the next decision and start over.

Then, the while loop on line 6 checks the entire search space. For any fixed decision,
we deterministically know what should happen to the representatives that we find. Each
time we have a new decision, we set the variables back to their original values and restart
searching for a balanced separator.

In line 12, we call the DFS_Visit on root. DFS_Visit returns a set of vertices (either
3In fact, Cϵk is sufficient
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the subtree that is small to form a group represented by a representative or ∅ if they form
a group) and the information whether any vertex in the set returned in the first argument
is connected to another representative down below (we will see why we need this, later).
We refer to this pair of information as R_tree_info (check line 3 of Algorithm 4). There is
a chance that the last vertex post-visited (which is root) is not a representative, meaning
that the size of its subtree is smaller than the threshold s. In that case, we hook the
subtree rooted at root to the last representative that we have found (similar to part b of
Figure 2.3). This happens in line 13.

The main process happens in DFS_VISIT. Whenever it post-visits a vertex, it checks
whether its subtree is big enough. If the size of the current subtree hits the threshold, it
forms a group and decides whether the current representative should go left/right or into
the separator based on decision (0 means send it into the separator and 1 means send
it left/right). Otherwose, it passes the set of nodes to the parent along with a possible
representative connected to its subtree down below.

In line 28 of Algorithm 4, we update the decision if the current decision has failed.
The next decision is the next string in lexicographical order with at most the same

length. For example 
1 follows 0

100111 follows 100110111

001011 follows 0010101111111

The reason that we do not check all the decision space is that if decision leads us
to a failure, there is no reason to check a string with decision as one of its prefixes.
Notice that every time we run out of the characters on the R.H.S. on decision, we just
concatenate a ‘0’ to the R.H.S. of it.

If tw(G) ≤ k, then there exists a tree decomposition of G namely T with width (at
most) k. Then based on Lemma 3.4.1, there exists a strong centroid x in T . Both T
and x are unknown, but they do exist (if we knew, we already had a tree decomposition
of width k and a balanced separator). The connected components of G \Bx can form a
bipartition (L, R) such that no part has more than 1

2n vertices. For the sake of argument,
fix T , x, L, and R. Every W ′ ⊆ V is partitioned into parts in L (name it X), parts
in separator S = Bx, and parts in R (name it Y ). The weight of each part is at mostÄ

1
2 + 1

Cϵ

ä
n. One of the branches picks W ′. On the branch that picks W ′, the separator

Bx lies between X and Y . There is no guarantee that we find this separator, but the
algorithm finds at least one separator of size ≤ k separating X from Y in a balanced
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way. Once more, up to 1
Cϵ

n vertices are on the opposite side. Now, the larger side has
at most 1

2n + 2
Cϵ

n vertices and the smaller side has at least 1
2n − 2

Cϵ
n vertices. As we

argued, we set Cϵ ← 4
1−2ϵ

. This means in worst case scenario, our algorithm finds a
(ϵ, 1− ϵ)-separation. Each part has a constant fraction of the vertices. Hence, we have a
somewhat balanced separator.

The approximation ratio analysis is similar to what we described in Section 2.3.4.
We start with |W | ≤ 4k. It can be written as 3k + k. Let’s call the second term, kexcess.
Initially, kexcess = k. Each time we split W , the separator separates W into two parts
with the largest part having at 2/3|W |. We include the separator itself in both sides
before recursing. This means

|W | ≤ 2
3(3k + kexcess) + k︸︷︷︸

upper bound on the size of the separator

= 3k +

new kexcess︷ ︸︸ ︷
2
3kexcess .

Each time, kexcess might drop by a factor of 2/3. After log 3
2

k iterations, kexcess might
drop to zero. At this point, we do one split by V . We have to add the separator to both
parts and this means |W |, which was upper bounded by 3k, might go up to 4k once more.
Now, we can do log 3

2
k splits by W again and continue as described.

Notice that throughout the entire process |W | ≤ 4k. Ultimately, in order to merge
the two tree decompositions that we found for two subproblems, we add the separator
to both sides. This means the largest bag can have up to 5k vertices and hence, the
approximation ratio is 5.

2.5 Running Time of Our Algorithm
Let G, k, and t be the initial graph, the bound on the size of the separator, and the
number of representatives, respectively. t is at most Cϵk since the cut-off threshold for
the volume of the subtrees was n

Cϵk
. While proceeding with the algorithm at each step,

let G′, k′, and t′ be the current graph, the current bound on the size (capacity) of the
separator, and a bound on the number of representatives still to find, respectively. Each
time we send some vertex to the separator, we decrease the capacity by one. We assume
a worst case, where the number of R_trees is t, and the separator found has size k (other
cases only speed up the running time). Then, the recurrence for the running time to find
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a separator of size at most k in G is:

T (t, k) ≤ T (tk − 1
k

, k − 1) + 2T (t− 1, k) + Qkn +O(1), for t, k > 0, (2.4)

where Q is the constant factor of the DFS. On the R.H.S., the first term handles the
case where the representative goes to the separator. Therefore, k decreases by 1, and
the number of subtrees becomes at most tk−1

k
(delete that vertex and continue the DFS).

The second term handles the case that the current representative does not go into the
separator but left or right. Here, the capacity of the separator is unchanged but the
number of subtrees decreases by 1. The third term is the upper bound of the exact
running time of the DFS. And the last term O(1) is the overhead to make the calls. The
base cases of the recurrence:

T (0, k) ≤ Q(k + 1)kn to do k+1 DFSs. We find k paths from X to Y ,
and search for augmenting paths.

T (t, 0) ≤ Qkn We have to test whether S is indeed a separator.

The recurrence in 2.4 might seem hopeless, so we simplify it (generous bound).

T (t, k) ≤ T (t, k − 1) + 2T (t− 1, k) + Qkn +O(1), t, k > 0 (2.5)

Now, we have to solve this recurrence. Our recursion tree starts from the root T (t, k)
and has two children T (t, k − 1) and T (t− 1, k), left and right, respectively. This is an
unbalanced binary tree. Each strand terminates when one of the arguments of T (· , ·)
becomes zero. Each time we choose the left branch (putting one representative into the
separator), we decrease k by 1. Otherwise (putting the representative and its subtree to
the right or left set of the separator), we decrease t by 1 and multiply the value by 2.
Let #(t− i, 0) be the (worst case) number of leaves with the first argument t− i and the
second argument k = 0, for 0 ≤ i < t (analogous notation for #(0, k − j) for 0 ≤ j < k).
Observe that #(t− i, 0) =

(
k+i

i

)
, and #(0, k− j) =

(
t+j

j

)
. The first two terms of Equation

2.5 can be computed at the leaves and the other two terms are spent in every vertex
of the recursion tree. The reason is that for the first two terms, we need the results of
the children and recursively everything relies on the results of the leaves. Each time we
decide to consider a subproblem (any internal node corresponds to a subproblem), we
have to find the actual separator. This step takes Qkn time. Also, in order to make the
recursive calls, we spend O(1) time.
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Now, we compute the first part (the first two terms).

t−1∑
i=0

Ñ
#(t− i, 0) 2i︸︷︷︸

i right branches

T (t− i, 0)

é
+

k−1∑
j=0

Ñ
#(0, k − j) 2t︸︷︷︸

t right branches

T (0, k−)

é
≤

t∑
i=0

ÑÇ
k + i

i

å
2i Qk2n︸ ︷︷ ︸

Eq. 2.5

é
+

k−1∑
j=0

ÑÇ
t + j

j

å
2t Qkn︸︷︷︸

Eq. 2.5

é
≤ Qk2n

t∑
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Ç
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k
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2i + Qkn2t
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j=0

Ç
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j

å
< Qk2n

t∑
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Ç
k + t

k
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2i + Qkn2t

Ç
k + t

k − 1

å
≤ Qk2n

Ç
k + t

k

å (
2t+1 − 1

)
+ Qk2n2t

Ç
k + t

k

å
Now, we have to compute the second part of Equation 2.5 where we should look at every
internal vertex of the tree. We have

(
t+k

k

)
internal vertices and in each vertex with value

k′, we spend at most Qk′kn +O(1) ≤ Qk2n(1 +O( 1
n
)). Hence,

T (t, k) ≤
(
2t+1 − 1

)
Qk2n

Ç
k + t

k

å
+ Qk2n(1 +O( 1

n
))
Ç

t + k

k

å
= Qk2n

Å
2t+1 +O

Å 1
n

ããÇ
k + t

k

å (2.6)

Notice that T (· , k) is monotonic (due to the definition of T ) and use the fact that t ≤ Cϵk.
Now, we simplify Equation 2.6 by bounding T (t, k) with T (Cϵk, k) and using Striling’s
approximation.

T (t, k) ≤ T (Cϵk, k) ≤ Qk2n

Å
2Cϵk+1 +O

Å 1
n

ããÇ(Cϵ + 1) k

k

å
≤ Qk

3
2 n

Å
2Cϵk+1 +O

Å 1
n

ãã 
Cϵ + 1
2πCϵ

Å
1 + 1

Cϵ

ãCϵk

(Cϵ + 1)k

Now, we compute the running time (TV ), when we split based on V . We assume a
worst case split of ϵ to 1− ϵ and worst case separator of size k.

TV (n, k) = TV (ϵn + k, k) + TV ((1− ϵ)n + k, k) + T (t, k)

≤ TV (ϵn + k, k) + TV ((1− ϵ)n + k, k)
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+ Qk
3
2 n

Å
2Cϵk+1 +O

Å 1
n

ãã 
Cϵ + 1
2πCϵ

Å
1 + 1

Cϵ

ãCϵk

(Cϵ + 1)k

≤ Qk
3
2

Å
2Cϵk+1 +O

Å 1
n

ãã 
Cϵ + 1
2πCϵ

Å
1 + 1

Cϵ

ãCϵk

(Cϵ + 1)k 1
ϵ
n ln n

In the above equation, we use the corollary to the following lemma (Lemma 2.5.1).
Note that the reason we add k to both recursive calls is that we add the separator to
both subproblems.

Lemma 2.5.1. Assume 0 < ϵ ≤ 1
2 , 0 < c′ ≤ c, 2 ≤ k, and n1 + n2 = n. Then the

recurrence

f(n + k) ≤

c′(n + k) if n− k ≤ 4k

f(n1 + k) + f(n2 + k) + c(n + k) otherwise,

where 1
2n ≤ n1 ≤ (1− ϵ)n has a solution with f(n + k) ≤ c

ϵ
n ln n− ck, for n ≥ 2k.

Proof. Case 1: 2k ≤ n ≤ 4k. Then n ≥ 4 implying ln n > 1 and

f(n + k) ≤ c(n + k) < 2cn− ck <
c

ϵ
n ln n− ck.

Case 2: n ≥ 4k and n2 ≥ 2k.

f(n + k) ≤ f(n1 + k) + f(n2 + k) + c(n + k)

≤ c

ϵ
(n1 ln n1 + (n− n1) ln(n− n1))− 2ck + c(n + k)

<
c

ϵ

Ñ
(1− ϵ)n(ln(1− ϵ)︸ ︷︷ ︸

<−ϵ

+ ln n) + ϵn(ln ϵ + ln n)

é
+ c(n− k)

<
c

ϵ
n ln n− c(1− ϵ)n + cn ln ϵ + c(n− k)

≤ c

ϵ
n ln n + ( ϵ + ln ϵ︸ ︷︷ ︸

<0 for ϵ ≤ 1
2

) cn− ck

≤ c

ϵ
n ln n− ck

Case 3: n ≥ 4k and n2 = n− n1 < 2k.

f(n + k) ≤ f(n1 + k) + f(n2 + k) + c(n + k)

≤ c

ϵ
n1 ln n1 − ck + c′(n2 + k) + c(n + k)
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≤ c

ϵ
(1− ϵ)n(ln(1− ϵ) + ln n)− ck + c′(n2 + k) + c(n + k)

<
c

ϵ
(1− ϵ)n(−ϵ + ln n)− ck + c′(n2 + k) + c(n + k)

≤ c

ϵ
n ln n− ck − cn ln n− c(1− ϵ)n + c′(n2 + k) + c(n + k)

<
c

ϵ
n ln n− ck

The last inequality is true, because n ≥ 4k ≥ 8 implying ln n > 2, and n + k < 3k ≤ 3
4n.

Corollary. Under the conditions of the Lemma 2.5.1,

f(n) ≤ c

ϵ
n ln n.

Now, the total running time of the algorithm (Tt) is:

Tt(n, k) ≤ Qk
3
2

Å
2Cϵk+1 +O

Å 1
n

ãã 
Cϵ + 1
2πCϵ

Å
1 + 1

Cϵ

ãCϵk

(Cϵ + 1)k

Ä
1 + log 3

2
k
ä

ϵ
n ln n,

(2.7)

where it takes log 3
2

k steps so that the kexcess drops to zero (that is when we need to split
by V once more).
As we mentioned in Section 2.4.1, Cϵ = 4

1−2ϵ
. We plug that into Equation 2.7.

Tt(n, k) ≤ Qk
3
2

Å
2

4k
1−2ϵ

+1 +O
Å 1

n

ãã…5− 2ϵ

8π

(
1.25− ϵ

2

) 4k
1−2ϵ

Å 4
1− 2ϵ

+ 1
ãk
Ä
1 + log 3

2
k
ä

ϵ
n ln n,

(2.8)

Theorem 2.5.1. Let C0 = 4 + 4 log 1.25 + log 5 < 7.60965. For any C > C0, there exist
a 5-approximation algorithm that solves treewidth in time O(2Ckn log n), where k is
treewidth+1.

Proof. In Equation 2.8, let ϵ→ 0.

lim
ϵ→0

Tt(n, k) ≤ 1
ϵ

…
5

2π
Qk

3
2
Ä
log 3

2
k
ä

2(4+4 log 1.25+log 5)kn ln n (2.9)
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For instance, by setting ϵ = 10−2,we have

Tt(n, k) ≤ 90Qk1.5 log3/2 k 27.718kn ln n,

and by setting ϵ = 10−3, we get

Tt(n, k) ≤ 893Qk1.5 log3/2 k 27.621kn ln n

Corollary 2.5.1. A 5-approximation of treewidth can be solved in time O
(
27.61kn log n

)
.

2.6 Conclusion
In this paper, we have given a detailed analysis of Reed’s treewidth approximation algo-
rithm [13]. We have shown that it runs in time O(224kk!n log n), where k is treewidth+1.
Furthermore, we have shown that it is a 5 or 7 approximation, depending on how
frequently we split based on V .

Then, we have given our improved algorithm which runs in time O(27.61kn log n), with
the same approximation ratio.

Our main goal was to further improving the coefficient of k in the exponent to make
it more applicable. We think it is still possible to further improve it. Also, trying to
come up with a better approximation ratio is worthwhile while maintaining the same
dependence on k (a 2-approximation [1] is known but the coefficient of k in the exponent
is larger).

Finally, another direction for future work could be giving hardness results on the
approximation ratio.
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Chapter 3 |
Finding All Leftmost Separators
of Size ≤ k

This chapter is based on a joint work with Martin Fürer [22].

3.1 Introduction
Finding vertex separators that partition a graph in a “balanced” way is a crucial problem
in computer science, both in theory and applications. For instance, in a divide and
conquer algorithm, most of the time it is vital to have balanced subproblems. If we want
to separate two subsets of vertices in a graph, we prefer the separator to be closer to the
bigger side. In this work, we place the bigger set on the left side and the smaller one on
the right. Before going into depth, we review and introduce some notations.

3.1.1 Notation

W.l.o.g., assume that G is a connected graph. S ⊆ V is a separator that separates two
subsets of vertices X, Y ⊆ V in G, if there is no X − Y path in G[V \S], where G[V \S]
is the induced graph on V \ S. In the following, we use G− S instead of G[V \ S] for the
sake of simplicity. We call S an (X, Y )G-separator. Later on, we drop the superscripts if
it is obvious from the context.

Definition 3.1.1. SG
X,Y is the set of all (X, Y )G-separators.

Definition 3.1.2. The separator S ∈ SG
X,Y partitions G− S into three sets VX,S, VS,Y ,

and VZ , where VX,S is the set of vertices with a path from X \S, VS,Y is the set of vertices
with a path from Y \ S, and VZ is the set of all vertices reachable from neither X \ S

nor Y \ S in G− S.
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Having a non-empty VZ set is only to our advantage. We think of X being on the left
side and Y on the right side of S. Any of the three sets (X, Y , and S) might intersect.

Definition 3.1.3. Partial Ordering. We say separator S ∈ SG
X,Y is at least as much to

the left as separator S ′ ∈ SG
X,Y if VX,S ⊆ VX,S′ . In this case, we use the notation S ⪯ S ′.

Definition 3.1.4. Separator S ∈ SG
X,Y is called an (X, Y , ≤ k)G-separator if |S| ≤ k.

Definition 3.1.5. Separator S ∈ SG
X,Y is called a leftmost (X, Y , ≤ k)G-separator if

it is minimal and there exists no other minimal (X, Y , ≤ k)G-separator S ′ such that
S ′ ⪯ S.

Notice that the minimality is important here, otherwise according to the partial
ordering definition, one can keep adding extra vertices to the left of S ′ (towards X) and
artificially make it more to the left. In order to avoid this, we require all separators we
work with to be minimal unless specified otherwise.

The notion of leftmost separator is closely related to the notion of important separator.
Important separator has been defined in [24], and then used in [25] and [26].

The difference between a leftmost separator and an important separator comes from
their corresponding partial orders. The partial order defined for important separators is
as follows:

Definition 3.1.6. Partial Ordering used for Important Separators. Separator
S ∈ SG

X,Y dominates (or “is more important than”) separator S ′ ∈ SG
X,Y if |S| ≤ |S ′| and

VS,Y ⊂ VS′,Y .

Definition 3.1.7. Separator S ∈ SG
X,Y is an important (X, Y , ≤ k)G-separator if there

exists no other minimal (X, Y , ≤ k)G-separator S ′ dominating S.

As you see, when ordering important separators we also look at the relation between
the sizes but in a leftmost separator, its size just has to be ≤ k.

Lemma 3.1.1. Every leftmost (X, Y , ≤ k)G-separator is an important (X, Y , ≤ k)G-
separator, but the converse does not hold.

Proof. Let S be a leftmost (X, Y , ≤ k)G-separator. Assume for the sake of contradiction
that S is not important. Hence, there exists important (X, Y , ≤ k)G-separator S ′ that
dominates S. Therefore VS′,Y ⊃ VS,Y . Notice that S\S ′ is nonempty. Let v ∈ S\S ′. Then,
v ∈ VS′,Y . Therefore, VX,S′ ⊂ VX,S. This implies that S ′ ⪯ S, which is a contradiction.

To show that the converse of the proposition does not hold, consider the following
counter-example.
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k = 5

Y

X

S S3

S2

S1

Figure 3.1. Here k = 5. Separators S1, S2, S3, and S are all important but only S is leftmost

As shown in Figure 3.1, not all the important separators are leftmost. Our purpose
is to find a separator more towards the bigger side in order to have more balanced
separators. For that reason, not all the important separators are good. For instance
we do not need to consider S1 because that is the most unbalanced separator one can
find. This is the main reason that we defined the new notion of leftmost separators.
The reason that S1 in Figure 3.1 is important is that |S1| ≤ |S2| (even though VS2,Y

contains VS1,Y ). As argued, leftmost separators are better candidates for our application.
However, as the reader can see, there is a strong similarity between these two notions.
We give tight upper bounds for the number of leftmost separators and a tight upper
bound for the number of important separators.

Lemma 3.1.2. Let AG
X,Y,≤k and BG

X,Y,≤k be the set of all leftmost (X, Y,≤ k)G-separators
and the set of all important (X, Y,≤ k)G-separators, respectively. Then,

BG
X,Y,≤k =

k⋃
i=1
AG

X,Y,≤i

Proof. Based on Lemma 3.1.1, for every 1 ≤ i ≤ k, every leftmost (X, Y,≤ i)G-separator
is an important (X, Y,≤ i)G-separator. Furthermore, every important (X, Y,≤ i)G-
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separator is an important (X, Y,≤ k)G-separator. Hence,

BG
X,Y,≤k ⊇

k⋃
i=1
AG

X,Y,≤i

For the other side, we show that every important (X, Y,≤ k)G-separator S is a
leftmost (X, Y,≤ |S|)G-separator. For the sake of contradiction, assume that there
exist important (X, Y,≤ k)G-separator S that is not a leftmost (X, Y,≤ |S|)G-separator
(Notice that AG

X,Y,≤|S| is nonempty since there is at least one separator of ≤ |S| between
X and Y ). This means there exist leftmost (X, Y,≤ |S|)G-separator S ′ that S ′ ⪯ S.
Notice that |S ′| ≤ |S| and also VS′,Y ⊃ VS,Y . This means S ′ is dominates S and hence S

is not important, which is a contradiction.

In this paper, we show that the number of leftmost (X, Y , ≤ k)-separators is ≤ Ck−1,
where Cn is the n-th Catalan number. Furthermore, we close the gap and show that
this upper bound is tight. Then, we give an O(4kkn)-time algorithm finding all minimal
leftmost (X, Y , ≤ k)-separators. Notice that Ck−1 ∼ 4k−1

√
π(k−1)

3
2
.

Based on Lemma 3.1.2, this implies that the number of important (X, Y , ≤ k)-
separators is ≤

k−1∑
i=1

Ci and the bound is tight.
One of the important applications of the algorithm that finds all the leftmost separators

is treewidth approximation. Treewidth approximation is a crucial problem in computer
science. Courcelle’s methatheorem [4] states that every problem which can be described in
monadic second order logic has an FPT algorithm with the treewidth k as its parameter.
An FPT algorithm is an algorithm that runs in time O(f(k) poly(n)), where n is the
input size, k is the parameter (here, treewidth), and f(·) is a computable function.

So, based on Courcelle’s methatheorem, many NP-complete graph problems obtain
polynomial algorithms (in terms of the input size), and hence they can be solved fast if
the treewidth is small. These algorithms require access to tree decompositions of small
width. However, finding the exact treewidth itself is another NP-complete problem [6].
Here, we look for an approximation algorithm to solve the treewidth problem.

Problem 0. Given a graph G = (V, E), and an integer k ∈ N, is the treewidth of
G at most k? If yes, output a tree decomposition with width ≤ αk, where α ≥ 1
is a constant. Otherwise, output a subgraph which is the bottleneck.

There are various algorithms solving this problem for different α’s (the approximation
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Reference Approximation Dependence on k Dependence on n Comments
Ratio α

Robertson & Seymour [14] 4 33k n2

Lagergren [15] 8 2O(k log k) n log2 n
Reed [13] 7 or 5 224kk! n log n Large coefficient

of k
in the exponent

Amir [17] 4.5 23k n2

Amir [17] 11
3 23.6982k n2

Bodlaender et al. [19] 3 2O(k) n log n The coefficient
of k

is not stated
Bodlaender et al. [19] 5 2O(k) n The coefficient

of k
is not stated

Belbasi & Fürer [8] 5 28.766k n log n Small
coefficient of k

Korhonen [1] 2 2O(k) n better coefficient
of k

compared to [19]
but still not

very applicable.
This chapter 5 26.755k n log n Practical

for small k

ratio). As mentioned above, we are interested in constant-factor approximation FPT
algorithms. Table 4.1 shows a brief history of the previous work.

Algorithms [19] and [1] both run in 2O(k)n time, which is linear in n. However, the
coefficients of k in the exponent are large. The former one does not mention the exact
coefficient and seems to have a very large coefficient. The latter one, which is a very
recent paper, mentions that the coefficient of k in the exponent is some number between
10 and 11. Our goal is to make treewidth approximation more applicable by decreasing
the coefficient of k in the exponent. We can afford an extra log n factor in the running
time in order to reduce the huge dependence on k. We sacrifice the linear dependence on
n, and give an algorithm which runs way faster in various cases. So, let us look at n log n-
time algorithms. Reed [13] gave the first n log n-time algorithm. He did not mention
the dependence on k precisely but a detailed analysis in [8] shows that it is O(224kk!).
Here, even though 224k = o(k!), actually k! is reasonable for small k’s while 224k is not.
Later on, the authors of this paper introduced an O(28.766kn log n)-algorithm [8]. The
algorithm presented in this paper is based on [13] and [8]. In these papers, when it is
known that a good separator S exists between X and Y , an efficient algorithm finds an
arbitrary separator between X and Y . The ability to find leftmost separators allows for
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an improvement. If S is a good separator between X and Y , and VX,S is estimated to be
at least as big as VS,Y , then the best leftmost separator between X and Y has a definite
advantage.

Instead of a balanced separator with minimum size, we consider all leftmost separators
(closest possible to the bigger side). This helps us to obtain an O(26.755kn log n)-time
algorithm with the same approximation ratio of 5 as in [13] and [8].

Before moving onto the next section, we have to mention that the algorithm to find
all leftmost separators works for both directed and undirected graphs.

Below, we summarize our contributions.

3.1.2 Our Contributions

First, we give a tight upper bound on the number of the leftmost separators.

Theorem 3.1.1. Let G = (V, E) be a graph, X, Y ⊆ V , and k ∈ N. The number of
leftmost (X, Y , ≤ k)G-separators1 is at most Ck−1

2= 1
k

(2(k−1)
k−1

)
∼ 4k−1

√
π(k−1)3/2 . Furthermore,

the number of important (X, Y , ≤ k)G-separators is at most
k−1∑
i=0

Ci. Both bounds are
tight.

Then, we give an algorithm finding all leftmost separators.

Theorem 3.1.2. Let G = (V, E) be a graph, X, Y ⊆ V , and k ∈ N. There is an
O(22k

√
kn)-time algorithm which outputs all the leftmost (X, Y , ≤ k)G-separators.

Now, we use the algorithm finding all the leftmost separators to solve treewidth
approximation much faster.

Theorem 3.1.3. Let G = (V, E) be a graph, and k ∈ N. There is an algorithm that
either outputs a tree decomposition of G with width ≤ 5(k − 1), or determines that
tw(G) > k − 1 in time O

(
26.755kn log n

)
.

3.2 Finding the Leftmost Minimum Size (X, Y , ≤ k)G-
Separator
In this section, we review an algorithm for the following problem which has been fully
described in [23] in details. It is based on [27], [14], and [13].

1Notice that all leftmost separators are minimal per definition.
2Cn is the nth Catalan number
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Problem 1. Given a graph G = (V, E), sets X, Y ⊆ V , and k ∈ N, is there an
(X, Y , ≤ k)-separator?

Lemma 3.2.1. (Lemma 11.20 of [23]) There is an algorithm which solves Problem 1 in
time O(k|V |).

The proof has been given in [23]. Here, we just briefly mention the crux of the idea
and apply a tiny modification. Later on, we write the pseudocode of Algorithm 6 since we
use it in Algorithm 3.3. The main idea is based on the following theorem of Menger [27].

Theorem 3.2.1. (A version of Menger’s theorem [27]) Let G = (V, E) be a graph, and
X, Y ⊆ V . Then, the size of the minimum (X, Y )G-separator is equal to the maximal
number of disjoint paths from vertices of X to vertices of Y .

So, the problem reduces to finding the number of disjoint paths from X to Y , and
this itself reduces to a network flow problem (with the capacities on the vertices and not
the edges).

Definition 3.2.1. Let P be a family of disjoint paths from a set X ⊆ V to a set Y ⊆ V

in a graph G = (V, E). We call Q a P-augmenting walk if Q = q1 · · · qs such that qi ∈ V

for all i with 1 ≤ i ≤ s, and {qi, qi+1} ∈ E for all i with 1 ≤ i ≤ s− 1, and also

1. No edge shows up twice on Q,

2. If Q intersects P = p1 · · · pl ∈ P at qi = pj, then i ̸= s and qi+1 = pj−1 (i.e., if Q

intersects a path P ∈ P, they share at least one edge and that edge appears in
opposite directions on P and Q).

Claim 3.2.1. (Claim 1 of Lemma 11.20 in [23]) Let P be a family of pairwise disjoint
paths from X to Y and let Q be a P-augmenting walk from X to Y . Then, there exists
a family of pairwise disjoint paths from X to Y of size |P|+ 1.

The idea is to think of paths in P and also Q as sending a unit flow from X to Y 3 (the
flows in opposite directions cancel each other when Q intersects with a path in P). This
gives a new family of pairwise disjoint paths with one more disjoint path. Then, we keep
trying to find another P-augmenting walk and update P until it is impossible to proceed
(no P-augmenting walk is found). Check Figure 3.2; initially, P = {P1, P2, P3, P4}. We
find an P-augmenting path Q. After sending a unit flow through all the paths, we get a
new set of paths P ′ = {P ′

0, P ′
1, P ′

2, P ′
3, P ′

4} of size one more.
3Again, notice that the capacities are on the vertices and not the edges.
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P ′
1
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P ′
0

a:

b: cP1

cP2

cP3 cP4

P1
P2
P3
P4

Q

cQ

Separator CP = {cQ, cP 1, cP 2, cP 3, cP 4}.
Leftmost minimum size separator.

Figure 3.2. Augmenting Paths

Now that we have the maximum size family of pairwise disjoint paths from X to Y

(namely P), we show how to find the leftmost minimum sized (X, Y , ≤ k)G-separator4

Let R(P)5 be the set of all vertices v ∈ V such that there is a P-augmenting path
from X to v. For every path P ∈ P, let cP be the first vertex on P not contained in
R(P). Also, let C(P) = ⋃

P ∈P
{cP}.

Note that if cP /∈ X, then cP lies on an augmenting path that continues to the
predecessor of cP on P .

Claim 3.2.2. (Claim 2 of Lemma 11.20 in [23]) C(P) separates X from Y .

So, C(P) is an (X, Y , ≤ k)-separator and also based on Menger’s result, this is a
separator of the minimum size. In fact, C(P) is the leftmost minimum size separator
due to the construction of the cP ’s (check CP in Figure 3.2 and S in Figure 3.3).

Now, we present pseudocode for the algorithm described above with a tiny modification.
The modification is that we do not start from scratch necessarily and we pass a subset P
of disjoint paths to the algorithm in the beginning. Then, the algorithm tries to find a
P-augmenting walk Q, updates P , and recurses until no augmenting walk is found. The
original algorithm can be implemented by initializing P = ∅. The reason why we need
this modification is described in Section 3.3.

The following are the global variables used in Algorithms 6, 7, and 8.
4Again, for more details refer to [23].
5We have borrowed the notation for this part from [23].
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X S ′S

S1

S2

Y

G1

Two different leftmost separators [non-comparable]

The subgraph that gets

disconnected from X

and Y after removing S2

The leftmost minimum

size separator (output

of Algorithm 1)

[This is unique]

A minimum size

separator

w(X) > w(Y )weight of X

|S1|, |S2|, |S|, |S′| ≤ k

Figure 3.3. Leftmost separators vs leftmost minimum size separator

• X ⊆ V (G): the left set

• A ⊆ 2V (G): the set of all minimal leftmost (X, Y , ≤ k)G-separators

• k ∈ N: a given upper bound on the treewidth

Observation. Note that the output of Algorithm 6 is unique and well-defined.

Algorithm 6 Left_Minimum_Sep(G, Y,P): Find the leftmost minimum sepa-
rator
Require: Graph G = (V, E), a subset of vertices Y , and a set P of pairwise disjoint

paths from X to Y
Ensure: The leftmost minimum (X, Y , ≤ k)G-separator, and an updated set of pairwise

disjoint paths P
1: while ∃ a P-augmenting walk Q do
2: Update P . ▷ by sending a unit flow through the edges of P and Q. Also, |P| is

increased by 1
3: end while
4: Construct R(P) = {v ∈ V | ∃ a P-augmenting walk from X to v} using DFS.
5: Initialize C(P)← ∅
6: for P ∈ P do
7: cP ← the first vertex ∈ P and /∈ R(P).
8: C(P)← C(P) ∪ {cP}.
9: end forreturn (C(P),P).
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Algorithm 7 Init(G, Y ): Initialization
Require: Graph G = (V, E)

1: {S,P} ← Left_Minimum_Sep(G, Y, ∅). ▷ S is the minimum size leftmost (X, Y ,
≤ k)-separator and P is a set of pairwise disjoint paths

2: push all the vertices in S onto empty stack R.
3: Branch(G[VX,S ∪ S], S, S, ∅,P ,R, T rue).

Algorithm 8 Branch(G, S, Y, I,P , R, leftmost): the Main Procedure for find-
ing all leftmost (X, Y , ≤ k)-separators
Require: Graph G, a separator S ∈ SX,Y , a subset of vertices Y , I: the included

vertices, P : a set of pairwise disjoint paths between X and Y , R: the stack to hold
the order of handling vertices, and leftmost: a boolean indicating whether we have a
leftmost separator.

1: if I == S then
2: A← A ∪ {S}
3: else
4: pop v from R
5: Y ′ ← (S \ {v}) ∪ (N (v) ∩ VX,S)
6: {S ′,P ′} ← Left_Minimum_Sep(G, Y ′,P)
7: if |S ′| ≤ k ∧ I ⊆ S ′ then
8: leftmost← False
9: if |S ′| < k then

10: let R′ be a copy of R. Push all vertices of (N (v) ∩ VX,S) onto R′

11: Branch (G[VX,S′ ], S ′, Y ′, I,P ′, R′, T rue)
12: end if
13: end if
14: if (|S \ I| ≥ 2 ∨ leftmost) ∧ (|S| ≤ k) then
15: Branch (G[VX,S], S, Y, I ∪ {v},P , R, leftmost)
16: end if
17: end if

3.3 Finding All Minimal Leftmost (X, Y , ≤ k)-Separators
In this section, we present our main algorithm. In the introduction, we mentioned why
it is important to find the leftmost6 separators. Also, in Section 3.2 we reviewed an
algorithm (Algorithm 6) to find the leftmost minimum separator. We use this algorithm
in ours.

In our problem, we have two subsets of vertices X and Y such that |X| ≥ |Y |.
W.l.o.g., assume X is the set on the left and Y is the set on the right.

6We drop the term “minimal” because it is the default for the separators throughout this paper
unless mentioned otherwise.
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Problem 2. Given a graph G = (V, E), sets X, Y ⊆ V , and k ∈ N, what are the
minimal leftmost (X, Y , ≤ k)G-separators?

Theorem 3.3.1. Given a graph G = (V, E), sets X, Y ⊆ V , and k ∈ N, there exists an
algorithm which solves Problem 2 in time O(22k

√
kn)

Proof. We present a recursive branching algorithm (Algorithm 8). Initially, it calls
Algorithm 6 to find the leftmost minimum size (X, Y , ≤ k)-separator (using a simple
flow algorithm), namely S by feeding X as the left set, Y as the right set, and an empty
set of pairwise disjoint paths (namely P) from X to Y (inherited from the parent branch).
Notice that the leftmost minimum size separator is unique. This is the root (namely r)
of the computation tree (namely T ). Let us refer to the computation subtree rooted at
node x, as T (x).

In each node x of T with the corresponding graph Gx, let Yx, Ix, and Px be the right
set, the set of vertices that we require to be in the separator, and the set of disjoint paths
inherited from the parent’s node, respectively. Notice that we do not pass Xx (the left
set) as an argument since it does not change throughout the algorithm and hence we
have defined it as a global variable (∀x, Xx = X).

Claim 3.3.1. Let S be a minimal leftmost (X, Y , ≤ k)G-separator, and S ′ be the
separator generated by Algorithm 6. Then, S ⊆ VX,S′ ∪ S ′.

Proof. For the sake of contradiction, assume that ∃v ∈ S such that v /∈ VX,S′ ∪ S ′. This
means that v ∈ VS′,Y ∪ VZ .

If v ∈ VZ , then S \ {v} is still a leftmost (X, Y , ≤ k)G-separator which contradicts
the minimality of S.

The other possibility is that v ∈ VS′,Y . Let Sout be the set of all such vertices; i.e.,
Sout = {v ∈ S | v ∈ VS′,Y }. Any X − Sout-path7 goes through S ′, otherwise S ′ would not
be a separator. Let S ′

in be the set of all vertices of S ′ that are on a path from vertex of X

to a vertex of Sout. Now, let S ′′ = (S \Sout)∪S ′
in. Hence, S ′′ is an (X, Y,≤ k)G-separator8

such that S ′′ ⪯ S with |S ′′| ≤ S ≤ k, which is a contradicts that S is a leftmost (X, Y ,
≤ k)-separator.

Claim 3.3.1 allows us to ignore the subgraph G[VS,Y ∪VZ ] and focus only on the graph
to the left of the current separator and keep moving towards left until it is impossible.

7any path from a vertex in X to a vertex in Sout
8TODO, why is at most ≤ k
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Let Sx be the separator found by Algorithm 6 while processing node x from the
computation tree. If Sx is a leftmost (X, Y , ≤ k)-separator9, this branch terminates and
we add Sx to the set of all the leftmost (X, Y , ≤ k)G-separators, namely A (A is a global
variable). Otherwise, we keep pushing the separator to the left by branching 2-fold. Let
us call the children of x by c1 and c2. If Sx was not a leftmost (X, Y , ≤ k)Gx-separator10,
this means that there exists at least one leftmost (X, Y , ≤ k)Gx-separator, namely S ′

such that S ′ ≠ S and S ′ ⪯ S. Also, as a result of Claim 3.3.1, S ′ is a leftmost (X, Y ,
≤ k)G-separator, too.

In each node x, we call Algorithm 6 to find the minimum separator Sx of size ≤ k

between X and Yx. Now, we push all the vertices of Sx onto stack R. Then, we pop vertex
v which is on top of the stack R and consider the following two scenarios (corresponding
to c1 and c2).

1. If we want v to belong to the leftmost separators. In this case, we add v to set I11,
which is the set of vertices that we require to be in all the leftmost separators in
Tc1 .

2. If v does not belong to the leftmost separators. Here, we pop v and push the left
neighbors of v (i.e., N(v) ∩ VX,SX

) onto R (we just move to the left due to Claim
3.3.1).

Notice that the order of handling vertices is not important but we use stack because
it simplifies the proof later on. Every produced separator is a leftmost (X, Y , ≤ k)G-
separator because the only time that one branch terminates is when it finds a leftmost
separator. Now, we show that all the leftmost (X, Y , ≤ k)G-separators are generated by
the algorithm given.

Let S0 be an arbitrary leftmost (X, Y , ≤ k)G-separator, and as before let S be the
separator generated by Algorithm 6. At this point R is filled with the vertices of S. Pop
v from R.

• If v ∈ S0, then put v in I, and recurs.

• If v /∈ S0, push N(v) ∩ VX,S into R, recurs.

This determines an exact computation branch. All branches halt with a minimal leftmost
separator since each time we go at least one more to the left. So, this branch terminates

9Later, we explain how this is done
10note that by Claim 3.3.1 Gx = G[VX,S ∪ S]
11Include
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with minimal leftmost separator S ′
0 as well. All the vertices of S0 are pushed into R

at some point because otherwise this branch terminates with a separator which is not
leftmost and we can push it more to the left. At the end of this branch, I ⊆ S ′

0. On the
other hand, I = S0 ⊆ S ′

0, which implies that S0 = S ′
0 because both of them should be

minimal.

In [28], the authors mention that the number of important (X, Y,≤ k)G-separators is
≤ 4k, and they even mention that this upper bound can be tight by a polynomial factor.
Here, we give a precise upper bound for the number of leftmost (X, Y,≤ k)G-separators
and the number of important (X, Y,≤ k)G-separators and we show that both bounds are
tight.

Before that, let us review the definition of the Catalan numbers.

Definition 3.3.1. Catalan numbers is a sequence of numbers where the n-th Catalan
number is:

Cn =
Ç

2n

n

å
−
Ç

2n

n + 1

å
= 1

n + 1

Ç
2n

n

å
∼ 4n

n3/2√π
.

Theorem 3.3.2. Let G = (V, E) be a graph and let X, Y ⊆ V and let k ∈ N. The
number of leftmost (X, Y,≤ k)G-separators is at most Ck−1 and the number of important
(X, Y,≤ k)G-separators is at most

k−1∑
i=0

Ci. Furthermore, both upper bounds are tight.

Before giving a proof, we mention some definitions.

Definition 3.3.2. A full k-paranthesization is a string over the alphabet {[, ]} consisting
of k “[” and k “]” having more “[” than “]” in every non-trivial prefix. This forms a
language slightly different from the Dyck language (a well-known language). We call this
language restricted Dyck language and any string in this language is called a restricted
Dyck word.

Notice that [x] is a restricted Dyck word iff x is a Dyck word12.
Full paranthesizations (the restricted Dyck language over the alphabet {[, ]}) are

generated by the following context-free grammar G = ({S, A}, {[, ]}, R, S), where the set
of the rules R is:

S → [A] | ϵ

A→ AA | [A] | ϵ
12Notice the difference between the restricted Dyck Language and the Dyck language itself. In every

non-trivial prefix of a Dyck word, the number of “[” is ≥ the number of “]”, whereas for the restricted
version it should be strictly greater.
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Definition 3.3.3. The k-parentheses tree is the binary tree (V, E) with the following
properties.

• V is the set of prefixes of full k′-parenthesizations for 0 < k′ ≤ k.

• If “x” is in V , then “x[” is the left child of x, and if “x]” is in V , then “x]” is the
right child of x.

• If “x[” or “x]” are not in V , then x has no left or right child respectively.

Definition 3.3.4. The compact ≤ k-parentheses tree is obtained from the≤ k-parentheses
tree by removing all nodes containing k “[” and ending in “]”.

Note that the nodes with k “[” ending in “]” have been removed, because no branching
happens at their parents, as there are no left children.

The compact ≤ k-parentheses tree is a full binary tree, every node has 0 or 2 children.
The number of leaves in this tree is equal to the number of full ≤ k-parenthesizations,
which is equal to ∑k−1

k′=1 Ck′ = O(Ck) where Ck is the k-th Catalan number. An imme-
diate consequence is that the number of nodes in the compact ≤ k-parentheses tree is
2 ∑k−1

k′=1 Ck′ − 1 = O(Ck).
For the algorithm to find all leftmost (X, Y,≤ k)-separators, the worst case com-

putation tree is the compact ≤ k-parentheses tree with the nodes representing full
k′-parenthesizations for 1 ≤ k′ ≤ k − 1 removed.

An arbitrary computation tree for the algorithm to find all leftmost ≤ k-separators is
obtained form the worst case computation tree by the following two operations.

(a) For any node x, the subtree rooted at the left child c1(x) may be just removed or
replaced by the subtree rooted at c1(c1(x)). This splicing operation can be repeated
to jump down arbitrarily far.

(b) For any node x with less than or equal to k “[”s, let xi be x concatenated with i

“]”s. If xi∗ is a full k′-parenthesization for some k′ with 0 < k′ < k, and the nodes
xi′ for 0 ≤ i′ < i∗ have no left children, then the leaf xi∗ is added. (In the added
node xi∗ , a minimal separator S of size < k is picked, because there is no larger
minimal ≤ k-separator to the left of S.)

Note that the number of leaves in an arbitrary computation tree for the algorithm
to find all (X, Y,≤ k)-separators is ≤ Ck−1, because for every leaf “x]” added in (b), at
least one leaf, namely “x[· · · [] · · · ]]” (full parenthesization of length k) has been removed
in (a).
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For the recursive procedure, we introduce a boolean parameter leftmost. The param-
eter is originally true in the root and in every node that is a left child. If a node has a
left child, i.e., excluding v, a new larger separator S ′ with |S ′| ≤ k has been found, then
leftmost is set to false. The current truth value of leftmost is passed to the right child
(include v call). If x contains k′ < k “[” and k′ − 1 “]”, then a right call (including v) is
only made if leftmost is true, i.e., there is no larger (X, Y,≤ k)-separator to the left of
the current small (size < k) separator.

In every node, S is the minimum leftmost separator between and including X and
the current Y .

• In the root, Y is the original Y . I = ∅, and leftmost = true. The node is represented
by a sequence of “[”s of length |S|.

• A node x with |S| = k′ < k, is represented by a prefix x of a full parenthesization
with k′ “[” and |I| “]”.

[Alternatively, one could include a root in the computation tree corresponding to
the empty 0-parenthesization. In such a root, no S is defined. The minimum leftmost
separator S ′ is computed. A left call is made if |S ′| ≤ k. No right call is made. In this
view, the root node has only one child. Not including such a root node means that this
node is not handled by the recursive procedure, but by a different calling procedure.]

Now, here is the proof of Theorem 3.3.2.

Proof. First, we prove the result corresponding to the leftmost separators. As explained
above, we show excluding a vertex by a “[”, which corresponds to a left branch. Analo-
gously, “]” denotes including a vertex in I (requiring the leftmost separator to have v in
it), which corresponds to the right branch.

Now, we see why we used a stack to handle branching on the vertices. Even though
the order does not matter but we need a stack to have a nice correspondence between
the algorithm behavior and the restricted Dyck words. It is well known that the number
of the Dyck words of length 2k is Ck. So, the upper bound on the number of leftmost
(X, Y , ≤ k)-separators is Ck−1 = (2(k−1)

k−1 )
k
∼ 4k−1

(k−1)3/2√
π
. We also close the gap and show

that this bound is tight.
Let Ĝ be a complete binary tree with depth at least k + 1. Let X be the set of all

the leaves of Ĝ, and Y be the root. (see Figure 3.4). The number of full subtrees with
exactly k leaves is Ck−1. On the other hand in Ĝ, no (X, Y , ≤ k − 1)Ĝ-separator is a
leftmost (X, Y , ≤ k)Ĝ-separator since we can replace a node with its both children and
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Ĝ

X Y

Figure 3.4. Here, k = 6. We illustrate
two out of 42 minimal leftmost (X, Y ,
≤ 6)Ĝ-separators. Also, there are 1 +
2 + 5 + 14 + 42 = 64 important (X, Y ,
≤ 6)Ĝ-separators.

move more to the left. So, the number of minimal leftmost (X, Y , ≤ k)Ĝ-separators is
exactly Ck−1.

For the upper bound on the number of important separators, we use Lemma 3.1.2
and this immediately implies that the number of important (X, Y , ≤ k)Ĝ-separators
≤

i=k−1∑
i=1

Ci.

For the tightness part, assume the same Ĝ with the same X and Y . The number of
important (X, Y,≤ k)Ĝ-separators is

k−1∑
i=1

Ci since based on Lemma 3.1.2, the number of im-

portant (X, Y,≤ k)Ĝ-separators is≤
k−1∑
i=1

(the number of leftmost (X, Y,≤ k)Ĝ-separators).

On the other hand, as we mentioned earlier, in Ĝ, no leftmost (X, Y,≤ k− 1)Ĝ-separator
is a leftmost (X, Y,≤ k)Ĝ-separator. Hence, the number of important (X, Y,≤ k)Ĝ-
separators is exactly

k−1∑
i=1

(the number of leftmost (X, Y,≤ k)Ĝ-separators), which is equal

to
k−1∑
i=1

Ci.

Notice that
k−1∑
i=1

Ci = Θ( 4k−1

(k−1)3/2 ).

Remark 3.3.1. Let AG
X,Y,≤ and BG

X,Y,≤ be the set of all leftmost (X, Y , ≤ k)G-separators
and the set of Based on Lemma 3.1.2, the set of all important (X, Y , ≤ k)G-separators
that are not leftmost (X, Y , ≤ k)G-separator is the union of the set of all leftmost (X,
Y , ≤ i)G-separator, for i = 1, · · · , k − 1.

Remark 3.3.2. Let Ĝ be a complete binary tree with depth at least k + 1, X̂ be the set
of all leaves of Ĝ, and Ŷ be the root. For a fixed k ∈ N,

1. Ĝ has the highest number of leftmost (X, Y , ≤ k)G-separators among all graphs
like G and for all X, Y ⊆ V (G) and it happens by setting X = X̂ and Y = Ŷ .
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2. Ĝ has the highest number of important (X, Y , ≤ k)G-separators among all graphs
like G and for all X, Y ⊆ V (G) and it happens by setting X = X̂ and Y = Ŷ .

3. Ĝ has the highest number of important but not leftmost (X, Y , ≤ k)G-separators
among all graphs like G and for all X, Y ⊆ V (G) and it happens by setting X = X̂

and Y = Ŷ .

Theorem 3.3.3. Let G = (V, E) be a graph, X, Y ⊆ V , and k ∈ N. There is an
algorithm which finds all minimal leftmost (X, Y , ≤ k)G-separators in time O( 4k

√
k
n).

Proof. Our algorithm searches all the possibilities and enumerates all the possible leftmost
separators. We showed that the number of leaves, which is the number of leftmost
separators is O(Ck−1). So, we have O(Ck−1) nodes in our computation tree and work
done in every node is O(kn) (the running time of a simple flow algorithm). Hence, the
total running time is O(22k

√
k
n).

3.4 Application to Treewidth Approximation
As mentioned in the introduction, Reed’s 5-approximation algorithm [13] for treewidth
runs in time O(224k(k + 1)! n log n). This was improved to a 5-approximation algorithm
running in O(k228.766kn log n) [8]. Here, we further improve the treewidth approximation
algorithm. In order to do so, we briefly describe the algorithms given in [13], and [8].
Hence, we review some notations and for the others we give references.

For a graph G = (V, E) and a subset W of the vertices, G[W ] is the subgraph induced
by W . For the sake of simplicity throughout this paper, let G −W be G[V \W ] and
G− v be G− {v} for any W ⊆ V (G) and any v ∈ V (G).
Also, in a weighted graph, a non-negative integer weight w(v) is defined for each vertex
v. For a subset W of the vertices, the weight w(W ) is simply the sum of the weights of
all vertices in W . Furthermore, the total weight or the weight of G is the weight of V .

Definition 3.4.1. A tree decomposition of a graph G = (V, E) is a tree T = (VT , ET )
such that each node x in VT is associated with a set Bx (called the bag of x) of vertices
in G, and T has the following properties:

• ⋃
x∈VT

Bx = V (G)

• ∀{u, v} ∈ E, ∃x ∈ VT : u, v ∈ Bx

• ∀x, y ∈ VT , ∀z ∈ VT on the path connecting x, y ∈ VT : Bx ∩By ⊆ Bz.
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Even though historically the width of a tree decomposition is defined to be the size of
its largest bag minus one, in this paper we follow Reed’s definition [13] and define the
width of a tree decomposition to be the size of its largest bag13.

The treewidth of a graph G is the minimum width over all tree decompositions of G

called tw(G). In the following, we use the letter k for the treewidth.

Definition 3.4.2. A nice tree decomposition is a tree decomposition which is rooted and
its every node has at most two children. Any node x in a nice tree decomposition T is of
one of the following types (let c be the only child of x or let c1 and c2 be the two children
of x):

• Leaf node, a leaf of T without any children.

• Forget node (forgetting vertex v), where v ∈ Bc and Bx = Bc \ {v},

• Introduce vertex node (introducing vertex v), where v /∈ Bc and Bx = Bc ∪ {v} ,

• Join node, where x has two children with the same bag as x, i.e. Bx = Bc1 = Bc2 .

It has been shown that any given tree decomposition can be converted to a nice tree
decomposition with the same width in polynomial time [?].

Definition 3.4.3. A centroid of a weighted tree T is a node x such that none of the
trees in the forest T − x has more than half the total weight.

For nice tree decompositions14, we choose a stronger version of centroid for this paper.

Definition 3.4.4. A strong centroid of a nice tree decomposition T of a graph G = (V, E)
with respect to W ⊆ V is a node x of T such that none of the connected components of
G−Bx contains more than 1

2 |W \Bx| vertices of W .

The following lemma shows there existence of a strong centroid for any given W ⊆ V .

Lemma 3.4.1. For every nice tree decomposition (T , {Bx : x ∈ VT }) of a graph
G = (V, E) and every subset W ⊆ V , there exist a strong centroid with respect to W .

The proof of Lemma 3.4.1 can be found in [8].
13For the sake of simplicity in the computation
14The property that we use is that the bags of the adjacent nodes in a nice tree decomposition differ

by at most one vertex. In fact, any tree decoposition with adjacent bags differing in at most one vertex
works just fine.
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Definition 3.4.5. Let G = (V, E) be a graph and W ⊆ V . A balanced W -separator is a
set S ⊆ V such that every connected component of G− S has at most 1

2 |W | vertices.

Lemma 3.4.2. [23, Lemma 11.16] Let G = (V, E) be a graph of treewidth at most
k − 1 and W ⊆ V . Then there exists a balanced W -separator of G of size at most k.

Definition 3.4.6. Let G = (V, E) be a graph and W ⊆ V . A weakly balanced separation
of W is a triple (X, S, Y ), where X, Y ⊆ W , S ⊆ V are pairwise disjoint sets such that:

• W = X ∪ (S ∩W ) ∪ Y .

• S separates X from Y .

• 0 < |X|, |Y | ≤ 2
3 |W |.

Lemma 3.4.3. [23, Lemma 11.19] For k ≥ 3, let G = (V, E) be a graph of treewidth
at most k − 1 and W ⊆ V with |W | ≥ 2k + 1. Then there exists a weakly balanced
separation of W of size at most k.

Theorem 3.4.1. [23, Corollary 11.22] For a graph of treewidth at most k − 1 with a
given set W ⊆ V of size |W | = 3k − 2, a weakly balanced separation of W can be found
in time O(23kk2n).

3.4.1 Summary of Reed’s algorithm

Reed finds a weakly balanced separator for the set of “representatives” as follows (it has
been described in [13] and the details have been filled in [8]):

• Do a DFS on G and find the deepest vertex v ∈ V (G) whose subtree has at least
n

24k
vertices. Let us call v a representative. Also, define the weight of v to be the

size of this subtree, denoted as w(v).

• Let W be the set of all representatives.

• Form a balanced separator S of size ≤ k, partitioning G − S into X and Y as
follows:

– Decide if any representative is going to go into S. Branch 2-fold and consider
both scenarios.

∗ Scenario I: At least a representative like v is going into S. Place v into
S, decrease k by one, do a DFS from scratch and form a new set of
representatives and recurs.
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∗ Scenario II: Branch on every representative like v going into X or Y . The
crux of the idea is that if a representative goes into one side, most probably
its corresponding subtree will also go into the same side. It is because
if v goes into let us say X and one of the proper descendants of one of
its children in its corresponding subtree like u goes into Y , then the path
from v to u should go through S, which means it requires a vertex from its
subtree to be in S. However, the size of S is bounded by k. So, not more
than k such incidents can happen. This means at most k · n

24k
vertices

might go to the opposite side of their corresponding representative (notice
that no children of v has ≥ n

24k
vertices in its subtree). This means the

error is ≤ 1
24n. This property allows Reed to work with the representatives

(there are ≤ 24k of them), rather than all the vertices. Branching on
every vertex results in an exponential-time algorithm in term of n but it
does not happen when we work with the representatives.
Notice that we separated the branching on X and Y from the branching
on S. It is because if a representative goes into S, we have no control
over its corresponding subtree.
Because of the error mentioned above, 1

3n− 1
24n ≤ w(X), w(Y ) ≤ 2

3n+ 1
24n.

These bounds are in terms of weight while we want a balanced separator
in terms of the exact size. So, in order to go from a separator in terms
of weight to a separator in terms of the volume (actual size), we might
have to pay up to the error, once more. So, the separator that we find for
W , separates the entire graph into L, and R such that 1

3n− 1
24n− 1

24n ≤
|L|, |R| ≤ 2

3n + 1
24n + 1

24n, which means 1
4n ≤ |L|, |R| ≤ 3

4n.

Once Reed obtains X and Y , uses the flow algorithm to find the leftmost minimum size
(X, Y , ≤ k)-separator, which is unique.

Now, G− S is separated into two sides L and R, such that 1
4n ≤ |L|, |R| ≤ 3

4n. We
recurs on subproblems with the inputs G[X ∪S] and G[Y ∪S]. Then, the algorithm finds
a tree decomposition for each subproblem and finally merges them together to obtain a
tree decomposition for G.

Based on Lemma 3.4.1 there exists a strong centroid with respect to W . We do not
necessarily know what it is but we sure know that it exists. Reed’s algorithm checks
all the partitions and one of them is in fact the centroid. So, this is why the algorithm
definitely finds a balanced separator if it exists.
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3.4.2 Further Previous Improvement

Recently, the authors of this paper, improved Reed’s algorithm so that it runs in time
O(k228.766kn log n). Here, we briefly describe how this improvement has been achieved.

As mentioned earlier, Reed picks 24 but any constant Cϵ > 6 gives us two subproblems
with sizes ϵ n and (1− ϵ)n (or better), for any small and nonzero ϵ. In Reed’s algorithm,
ϵ = 1

4 , and Cϵ = 24. We can fix ϵ and Cϵ, later.
There are two major improvements in [8].

• First improvement is that we do not separate scenarios I and II as in Reed’s
algorithm. We consider one representative at a time and once we are working on
representative v, we branch on v going into the separator or not. If it goes into the
separator, we put v there but this time we do not do the DFS from scratch to form
a new group of representatives (which is costly). We undo the DFS for the subtree
rooted at v (the subtree that v represents) and continue the DFS.

• Second, we do not construct a bipartition at the very beginning after removing S.
Reed starts with looking for a weakly balanced separator (1

3n to 2
3n), which is known

to exist. However, he works with the weights and as argued before, he makes a
bipartition based on the weights but the volumes can be 1

4n to 3
4n (or better). In [8],

our argument starts with a restricted balanced separator by volume. We allow more
than two partitions (multi partition by volume for the analysis). Each part has
volume of at most 1

2 . This means each part has weight up to 3/4− ϵ/2. Only now,
we form a two-partition (after applying the weights) by weight. Each part has weight
≤ max{3/4 − ϵ/2, 2/3} (for ϵ ≤ 1/6). Then, we find a separator for this weight
partition. The larger part has volume between 1/4 + ϵ and 1− ϵ. So, in worst-case
scenario, we end up with an ϵ to 1− ϵ partition, which is still good. Hence, we set
Cϵ = 1

((1−ϵ)−1/2)/2 = 4
1−2ϵ
≤ 4 + 12ϵ, for ϵ ≤ 1/6.

Our time analysis in [8] shows that the running time complexity to split based on W

is as given below, where t is the number of subtrees (or representatives), and k is the
upper bound on treewidth.

TW (t, k) ≤ TW (t, k − 1) + 2TW (t− 1, k) + Qkn +O(1), (3.1)

where Q is the constant which shows up in the time complexity of the flow algorithm.
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We have shown that finally,

TW (t, k) ≤ Qk2nek(Cϵ + 1)k(2(Cϵ+1)k(Cϵ + 1) + 2). (3.2)

The following theorem can be found in [8].

Theorem 3.4.2. Let C0 = log2 e + log2 5 + 5 < 8.765. For every C > C0, a 5-
approximation algorithm of the treewidth can be computed in time O(2Ckn log n).

3.4.3 Our Improvement

In this subsection, our goal is to use the algorithm for finding the leftmost separators to
further improve the coefficient of k in the exponent of the tree decomposition algorithm
to make it more applicable.

• For the analysis, we consider a centroid by volume, namely C. It has size k′ ≤ k.

• Each connected component of G− C has volume at most 1
2(n− k′).

• These connected components can be grouped into 3 parts, each with volume at
most 1

2(n − k′). (Just place the components by decreasing volume into the part
with currently smallest volume.)

• Let the proper volume be the part of the volume that has its corresponding weight
in the same part. In other words, the proper volume is the number of vertices
whose representative is in the same part.

• Let t be the threshold for the size of the small trees. At most k′(t− 2) = k′((1
2 −

ϵ)n/k−2) ≤ (1
2−ϵ)n−2k′ vertices can be in a different part than their representative.

Therefore, the total proper volume is at least n− k′− (1
2 − ϵ)n + 2k′ ≥ (1

2 + ϵ)n + k′

• Of the proper volume, at least (1
2 + ϵ)n + k′ − 1

2(n − k′) > ϵn is not in the part
with largest proper volume.

• Therefore, there are at least 2 parts with proper volume at least ϵn
2

• Of these 2 parts, we put the part with larger weight on the left side, the other one
on the right side.

• We also put the third part on the left side.
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• The left part has weight at least half the total weight, which is 1
2(n− k′).

• The right part has weight at most 1
2(n− k′) and (proper) volume at least ϵn

2

The algorithm tries all possible 2-partitions of the representatives. This includes the
left-right partition that we are currently investigating. While searching for a leftmost
separator, the centroid is a competitor. Thus the algorithm finds a separator that is
equal to the centroid or is located strictly to the left of it. From now on, left (call it
X) and right (namely Y ) are defined by the leftmost (X, Y , ≤k)G-separator found by
Algorithm 7. This separator has size k′′ with k′ ≤ k′′ ≤ k. It produces the same weight
partition as the centroid, but part of the volume might shift to the right.

• Thus the left part has still weight at least 1
2(n− k′) and therefore volume at least

1
2(n− k′)− (1

2 − ϵ)n + 2k ≥ ϵn + 3
2k.

• The right part has still volume at least ϵn
2

• The recursive calls are done with the subgraphs induced by the union of the vertices
of a connected component with the vertices of the separator. Their number of
vertices is upper bounded by n minus the volume of the smaller side. It is less than
(1− ϵ

2)n.

• After 2 ln 2
ϵ

(log n − log b) = O(log n) rounds for b ≥ k, the largest volume of a
recursive call is at most b.

In the worst case, the algorithm alternates between a split by volume and log k splits
of W steps. Let the time spent between two splits by volume be at most f(k)n. Note
that f(k) ≤ g(k) + 33kk log k = O(g(k)), where g(k) is the time of one split by volume
step. Then we get the following recurrence for an upper bound on the running time of
the whole algorithm.

T (n) =

O(k) if n ≤ 3k

maxp,n1,...,np

{∑
i∈[p] T (ni)

}
+ f(k)n otherwise,

where the maximum is taken over p ≥ 2 and n1, . . . , np ∈ [n−1] such that ∑
i∈[p](ni−k) =

n − k. Note that ∑
i∈[p](ni − k′′) = n − k′′ reflects that every recursive call includes a

connected component of G− S together with the separator S of size k′′. We can round
up k′′ to k, because T (n) is an increasing function. Because, the sum of the ni’s is more
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than n, it is beneficial to consider the following modified function T ′(n′) = T (n + k).
Then we get the simpler recursion

T ′(n′) =

O(k) if n′ ≤ 2k

maxp,n′
1,...,n′

p

{∑
i∈[p] T ′(n′

i)
}

+ f(k)(n′ + k) otherwise,

where the maximum is taken over p ≥ 2 and n′
1, . . . , n′

p ∈ [n′−1] such that ∑
i∈[p](n′

i) = n′.
Now we prove

T ′(n′) ≤ c

ϵ
f(k)n′ log n′

by induction, where c is minimal such that c ≥ 3 and the base case (n′ ≤ 2k) is satisfied.
Assume that the ith component of size ni is on the side of the separator with smaller
volume if and only if 1 ≤ i ≤ p′. Let nS = ∑

i∈[p′] n′
i, and let nL = n′ − nS. Furthermore,

let
hS =

∑
i∈[p′]

n′
i log n′

i ≤
∑

i∈[p′]
n′

i log n′

2 = nS(log n′ − 1),

and
hL =

∑
i∈{p′+1,...,p}

n′
i log n′

i ≤
∑

i∈{p′+1,...,p}
n′

i log n′ = nL log n′.

Recall that ϵn′/2 ≤ nS ≤ n′/2. By the inductive hypothesis, for n′ > 2k we have

T ′(n′) ≤ c

ϵ
f(k)(hS + hL) + f(k)(n′ + k)

This implies
T ′(n′) ≤ c

ϵ
f(k)(n′ log n′ − nS) + f(k)(n′ + k)

Thus T ′(n′) ≤ c
ϵ
f(k)n′ log n′ if c

ϵ
nS ≥ n′ + k. As nS ≥ ϵn′/2 and n′ > 2k, this is the case

when c ≥ 3.
Each split by volume can be done by finding at most Ck−1 = Θ(4k/k3/2) separators

in time O(Ck−1kn) = O(4k/
√

k) for each placement of at most n/t = k/(1/2 − ϵ)
representatives to the left or right side and the placement of at most k vertices into the
centroid. These are at most (2 + 8ϵ)k representatives for ϵ ≤ 1/4. Choosing ϵ = Θ(1/k)
this results in a running time of f(k)n = O(

((3+8ϵ)k
k

)
24kk−1/2n) = O( 33k

22kk
24kn for one split

by volume in a graph of size n. Together with the solution of the previous recurrence,
we obtain.

Theorem 3.4.3. If a graph has treewidth at most k, then a tree decomposition of width
at most 4k − 1 can be found in time O(26.755kn log n).
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Proof. Here, we analyze the running time of the treewidth algorithm that we just
described.

First, we check the running time of split by W , denoted by TW (k, n). Since |W | ≤ 3k,
and |S| ≤ k, then we have at most k placements into the centroid and 2k outside the
centroid. Thus,

TW (k, n) ≈
Ç

3k

k

å
22k 4k

√
k

n

≈ 33k

22k
22k 4k

√
k

n

= 2(3 log2 3+2)k 1√
k

n

= 22k33k

√
k

n

<
26.755k

√
k

n

Therefore, TW (k, n) = O(26.755kk−1/2n).
Now, we do a split by V every log2 k step. So, the total running time of our algorithm

is:
O(26.755k

√
k

k log k n log n) = O(26.755k(log k)
√

kn(log n)).

Notice that we rounded th exponent up, hence the polynomial part is dominated by this
roundup and the total running time is O(26.755kn log n).
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Chapter 4 |
Faster 2-Approximation of the
Treewidth

This chapter is based on a joint work with Martin Fürer and Medha Kumar.
Solving many Fixed Parameter Tractable (FPT) graph problems requires computing

treewidth and finding a corresponding tree decomposition. It is known that the treewidth
can be 2-approximated in time O∗ (210.755k

)
n, where k ∈ N is the upper bound on the

treewidth and n is the size of the input graph. In this paper, we present a 2-approximation
of treewidth that runs in time O∗(28k)n.

Since constructing a tree decomposition is computationally expensive, we usually
assume a near-optimal tree decomposition is available, while solving FPT graph problems.
However, finding a tree decomposition remains an important problem. In various instances
of FPT graph problems the best algorithm for solving a graph problem with a near-optimal
tree decomposition in the input, runs faster than the fastest known treewidth algorithm.
That is why focusing on improving the treewidth algorithms is vital. In this paper, we
address how our new algorithm changes the bottle-neck for some graph problems. In
fact, using our algorithm, any graph problem with a best known running time not better
than O∗ (2(3+δ)k)n for some δ > 0 with a near-optimal tree decomposition as input,
the bottle-neck shifts to solving the problem itself rather than solving the treewidth.
This argument can also be used to validate the importance of further improving the
dependence on k in the time complexity of the treewidth solver, or the approximation
ratio of the treewidth.
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4.1 Introduction
Since the notion of treewidth has been introduced [10,11] in the 1980s, it has played an
important role in computer science. Treewidth measures how “close” a given graph is to a
tree structure. The more “tree-like” a graph is (i.e. smaller treewidth), the more efficient
it is to solve hard problems on the resulting tree decomposition. There are many exact
or approximate algorithms designed to decompose graphs into their tree decompositions
and compute treewidths. Courcelle’s metatheorem [4] states that every graph property
describable in the monadic second-order logic of graphs, can be decided in linear time for
the graphs with bounded treewidth. A problem is said to be fixed parameter tractable
(FPT) if there exists an algorithm solving the problem in time f(k)nO(1), where n is
the input size, k is the parameter, and f(·) is a computable function. For graphs with
bounded treewidth, many NP-complete graph problems obtain FPT algorithms using
dynamic programming, i.e. the running time is polynomial in the size of the graph,
and the treewidth is the parameter. Luckily, many practical instances have bounded
treewidth.

In order to employ a polynomial time dynamic programming algorithm, we need to
have access to a “reasonable” tree decomposition of the input graph. However, computing
the treewidth and finding an optimal tree decomposition are NP-complete problems
themselves [6]. Even though the exact solution is very difficult to find, it turns out
that for graphs with bounded treewidth, a constant factor approximation can be found
relatively fast. Note that the exact solution is proven to be in FPT, but its running time
is very slow. Bodlaender gave the first FPT exact algorithm running in time 2O(k3)n [16],
where k is the treewidth and n is the size of the input graph. The dependence on n

is only linear and thus optimal, but the dependence on k is very large. That is why
current research focuses on approximate solutions, that will hopefully decrease the time
complexity. Historically, the dependence on n was the main concern. Robertson-Seymour
gave their 4-approximation O

(
33kn2) algorithm in 1995 [14]. Lagergren [15] improved

the dependence on n and gave an 8-approximation 2O(k log k)n log2 n-time algorithm.
Reed [13] improved this dependence to only O(n log n) and Belbasi-Fürer [21] showed
that the dependence on k in Reed’s 5-approximation algorithm is O

(
224kk!

)
, which is

2O(k log k). In 2016, Bodlaender et al. [19] presented a linear-time algorithm which is
only single-exponential in k. This was a huge breakthrough from a theoretical point of
view. However, the dependence on k was still not low enough for practical applications.
Recently, Korhonen [29] introduced a linear-time 2-approximation algorithm where the
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dependence on k is O∗ (210.755 k
)
. This elegant algorithm - inspired by an idea introduced

in [30] - is the first 2-approximation linear-time algorithm which is single-exponential in
the treewidth.

Initially, Korhonen [29] presented an algorithm with a time bound of O∗(74k44k)n.
The notation O∗ is similar to the O-notation except that it ignores polynomial factors.
Then, Korhonen observed that the exponents of 4k can be reduced to 3k because for
large root bags a 2-partition instead of a 3-partition is sufficient. Furthermore, he has
reduced the potential function from O∗(73k)n to O∗(33k)n, resulting in a running time of
O∗(33k43k)n = O∗(1728k)n. The base 3 is inevitable due to the repeated replacements of
each splittable bag (defined below) by three bags in a tree decomposition.

There are three criteria in the time complexity as described below. Here, we restrict
our focus to only constant-factor FPT approximations. The time complexity criteria are:

• The dependence on n. The best achieved is linear [16,19,29], which is optimal.

• The approximation ratio. The best achieved is 2 by Korhonen [29].

• The dependence on k.

We focus on improving the third criterion. The first criterion is already optimal, and we
might expect that finding an approximation ratio better than 2 combined with a linear
exponent depending on k in the time complexity, will be an open problem for a while.
From a practical point of view, the dependence on k is one of the main decisive properties.
The essential part of this practical problem can be stated as a theoretical question by
asking for the smallest coefficient c in a running time O∗(2ck)n of an α-approximation.
In particular, one wants to optimize c for α = 2, the best known such approximation
ratio.

Amir [17] has a 4.5-factor O (n2)-time algorithm with 23k dependence on k. Even
though the dependence on k is very good, the quadratic dependence on n makes it
slow for larger inputs - which is why we do not consider it in the rest of this section.
Belbasi-Fürer [21] have a 5-approximation n log n-time algorithm, where the dependence
on k is 28.766k. Later, they improved the dependence on k to 26.755k by using the notion of
“leftmost separators” [?]. However, these two algorithms are still n log n-time algorithms.
Korhonen’s most recent algorithm presents a linear-time algorithm in n, but worsens the
dependence on k. However, his algorithm has an approximation ratio of 2 - which is
remarkably low and makes the algorithm useful for solving hard graph problems on tree
decompositions of small widths.
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In this paper, we build on Korhonen’s idea and further improve the dependence on k

of the running time to O∗ (28k
)
. We present an algorithm that has the advantages of

Korhonen’s algorithm [29] (i.e. a small approximation ratio and a time complexity which
is linearly dependent on n), and Belbasi-Fürer’s algorithm [?] (i.e. a smaller coefficient of
k in the exponent of the time complexity), while having the best known approximation
ratio. In doing so, our algorithm is faster than all previous algorithms.

Before reviewing the complete history of the algorithms given for this problem, let us
introduce our notations for some standard concepts.

Definition 4.1.1. A tree decomposition of a graph G = (V, E) is a tree T = (VT , ET )
such that each node x in VT is associated with a set Bx (called the bag of x) of vertices
in G, and T has the following properties:

• ⋃
x∈VT

Bx = V (G)

• ∀{u, v} ∈ E, ∃x ∈ VT : u, v ∈ Bx

• ∀x, y ∈ VT , ∀z ∈ VT on the path connecting x, y ∈ VT : Bx ∩By ⊆ Bz.

The width of a tree decomposition is the size of its largest bag minus one. The
treewidth of a graph G is the minimum width over all tree decompositions of G, and is
denoted by tw(G).

Definition 4.1.2. A tree decomposition T is a nice tree decomposition if its nodes are
of the following types:

• Leaf node; a node with no children.

• Introduce node; node x with only child y is an introduce node if ∃v ∈ Bx such that
By = Bx \ {v}.

• Forget node; node x with only child y is a forget node if ∃v ∈ By such that
Bx = By \ {v}.

• Join node; node x is a join node if it has exactly two children y1 and y2 and
By1 = By2 = Bx.

Lemma 4.1.1 (Lemma 13.1.3 of [31]). Any tree decomposition T = (VT , ET ) of width
k can be converted into a nice tree decomposition of width k1, in time O (|VT |).
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Reference Approximation Ratio Dependence on k Dependence on n

Robertson & Seymour [14] 4 33k n2

Lagergren [15] 8 2O(k log k) n log2 n
Reed [13] 7 or 5 224kk! n log n
Amir [17] 4.5 23k n2

Amir [17] 11
3 23.6982k n3 log4 n

Bodlaender et al. [19] 3 2O(k) n log n

Bodlaender et al. [19] 5 2O(k) n
Belbasi-Fürer [21] 5 28.766k n log n
Belbasi-Fürer [22] 5 26.755k n log n

Korhonen [29] 2 210.755k n
This chapter 2 28k n

Table 4.1. An extended history of constant-factor FPT approximation of treewidth

Table 4.1 provides an extended history of the work done on constant-factor approxi-
mation of treewidth.

As we mentioned earlier, we focus only on the approximation algorithms with constant-
factor approximation ratio. These can be used to solve many problems - including but
not limited to Maximum Independent Set, Minimum Dominating Set, Hamiltonian Cycle,
Traveling Salesperson, Longest Path, Connected Vertex Cover, Cycle Packing, Vertex
Planarization, Feedback Vertex Set, Multiway Cut, Clique Cover, Max Leaf, Interval
Completion, Steiner Tree, and Minimum k-Cut.

Furthermore, in Section ?? we discuss the bottleneck in solving some FPT graph
problem given a graph G and k ∈ N. Usually, FPT algorithms for solving NP-complete
graph problems assume that a near-optimal tree decomposition is given as input. This is
because often, finding the tree decomposition is a more computationally intensive task
than solving the problem at hand.

We show that with our improvement to Korhonen’s algorithm, the bottleneck for
some problems shifts from constructing the tree decomposition, to solving the problem
on the constructed tree decomposition.

4.2 A Summary of Korhonen’s Algorithm
In this section we give a short summary of Korhonen’s algorithm. However, we leave out
some of the details that can be found in [29]. In order to avoid repetition, we cover some
of his ideas in the next section in a manner that fits our algorithm better.

1with at most 4|VT | nodes
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In the following, let tw(G) be the treewidth of graph G. Korhonen starts with
Bodlaender’s matching compression technique [16] and uses it as a blackbox. This
technique relies on the following lemma.

Lemma 4.2.1 (Bodlaender’s Matching Compression Technique [16]). Given a graph
G = (V, E) and k ∈ N, there is algorithm that in time kO(1)n either

• determines that tw(G) > k,

• returns a matching in G of size ≤ |V |
O(k6) , or

• returns a graph G′ = (V ′, E ′) with |V ′| = O
Ä
n− n

O(k6)

ä
such that if tw(G) ≤ k,

then tw(G′) ≤ tw(G). Furthermore, any tree decomposition of G′ of width ≤ k can
be converted into a tree decomposition of G with width ≤ k in time kO(1)n.

Later on, Perković and Reed [32] improved Lemma 4.2.1 by replacing O(k6) by O(k2)
in the denominator but Bodlaender’s version is sufficient for our purposes.

Lemma 4.2.1 can be used to prove the following lemma, which is a variant of a lemma
given in [16]. The proof for the following proposition can be found in [16] and [29].

Lemma 4.2.2 (in [16] and [29]). Assume we are given graph G = (V, E), k ∈ N, and
tree decomposition T of G of width ≤ 4k + 3. If there exist an algorithm that in time
f(k)n either outputs a tree decomposition of G of width ≤ 2k + 1 or determines that
tw(G) > k, then there exist another algorithm that does the same job in time f(k)kO(1)n

without requiring a tree decomposition as a part of the input.

Korhonen’s algorithm starts with a tree decomposition of width at most 4(tw(G) + 1)
and (if possible) splits a largest bag until no “large bag” remains. This way, he reduces
either the treewidth or the number of maximum size bags in each iteration. He does this
routine until no bag of size ≥ 2tw(G) + 3 is found. Korhonen’s algorithm is inspired by
a proof idea given by Bellenbaum and Diestel [30].

In the following, we use some of the notation and lemmas given in [29] and summarize
the idea in order to prepare the reader for our improvement in Section 4.4.

Definition 4.2.1. A vertex set W ⊆ V (G) is splittable if V (G) can be partitioned into
(C1, C2, C3, S) such that:

• S separates Ci from Cj for 1 ≤ i ̸= j ≤ 3

• and |Wi ∪ S| < |W |, where Wi = W ∩ Ci for i = 1, 2, 3.
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We call such a 4-tuple a split of W .

Note that this definition immediately implies that at least two of the Wi’s and at
least two of the Ci’s are non-empty.

Lemma 4.2.3 (Lemma 3.1 of [29]). Let G = (V, E) be a graph with treewidth tw(G).
Then, every vertex set W ⊆ V (G) with more than 2 (tw (G) + 1) vertices is splittable.

Definition 4.2.2. For a given rooted tree decomposition T of graph G = (V, E), the
home of vertex v ∈ V (G) is the closest node of T to the root of T that contains v in its
bag. Let h(v) denote the home node of v in T .

Definition 4.2.3. For a given tree decomposition T with root r and root bag Br = W

of a graph G, a split (C1, C2, C3, S) of W is called a minimum split of W if

• S is a smallest separator among the separators of all splits of W , and

• S minimizes ∑
v∈S

d(h(v), r), where d(x, y) is the distance between nodes x and y ∈ T .

The size of the split (C1, C2, C3, S) is |S|.

The main idea of this algorithm is to split a splittable bag until no splittable bag
remains, and hence the resulting tree decomposition is a 2-approximation of the optimal
tree decomposition of G since according to Lemma 4.2.3 any bag of size greater than
2tw(G) + 2 is splittable.

4.2.1 Splitting a Splittable Bag

4.2.1.1 Finding a Minimum Split

Before spliting a bag, one has to find a minimum split. However, if we keep finding
minimum splits from scratch, it increases the time complexity and defeats the whole
porpuse. For that reason, Korhonen uses dynamic programming to leverage the interme-
diate values. After we are done with splitting a bag W of node r, we can go find the
next splittable bag W ′ of node r′ and bring r′ to the root.

Here we give a brief overview of how Korhonen updates the dynamic programming
table. Let root r be the node that just obtained a minimal split. Let p1, · · · , pℓ be the
children of r and let the next splittable bag be W ′ of node r′. w.l.o.g. assume r′ is a
descendant of p1. In order to make the tree rooted at r′, we rotate the entire tree one
step at a time until r′ becomes root. After each rotation, we have to update the entries
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of the dynamic programming table. Here is how one rotation is done: Rotate r to the
right and bring p1 to the root. i.e. we change the relationship between r and p1. Instead
of r being parent of p1, now, p1 becomes parent of r. (All the other relationships remain
intact.) The updating of the dynamic programming table can be done by updating only
the entries corresponding to p1 and r. First, we have to “remove” the contribution of p1

to the entry of r and then “add” the updated contribution of r to the entry of p1. We do
not go into the details of this section since it has been described thoroughly in [29]. We
just have to mention that Korhonen assigns a potential function to each editable bag
to afford to pay for its rotation. The potential function for every bag B is 3|B| in his
method2.

4.2.1.2 Performing the Split

In this section, we briefly discuss how Korhonen splits a splittable bag once a minimum
split is found using dynamic programming.

Definition 4.2.4. A bag of tree decomposition T with root bag W is editable with
respect to a minimum split (C1, C2, C3, S) of W if it intersects at least two of Cis and its
parent is editable.

Lemma 4.2.4 (A variant of Lemma 3.3 of [29]). Given tree decomposition T with root
bag W of graph G, and a minimum split (C1, C2, C3, S) of W , Cis can be re-arranged
such that if a bag intersects l Cis for l ∈ {2, 3}, then its parent definitely intersects at
least l Cis.

Let W be the root bag of T such that |W | > 2 (tw (G)). Based on Lemma 4.2.3, W is
splittable. Assume (C ′

1, C ′
2, C ′

3, S) is its corresponding minimum split. Per Lemma 4.2.4
C ′

is can be re-arranged to obtain minimum split (C1, C2, C3, S) of W satisfying the
properties of Lemma 4.2.4. Now, make three copies of the editable part of T , namely
T1, T2, and T3. Then, hook every non-editable part to only its corresponding Ci. Add
an auxiliary node r′′ with bag S and make the roots of two of these copies a child of r′.
Then, add another auxiliary node with bag S such that the root of the third copy and r′′

are its only children3. The result is a new tree decomposition T ′ with |T |+ 2t + 2 nodes,
where t is the number of editable bags.

2Our algorithm’s most important advantage is that it obtains a polynomial potential function and
this improves the entire running time.

3the reason to have r′′ and r′ at the same time is that we want to have a binary rooted tree
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Let Bi be the corresponding bag in Ti to bag B of T , for i = 1, 2, 3. From each bag Bi,
remove the vertices that are not in Ci ∪ S. Now, T ′ might not be a tree decomposition
anymore since the subtree condition of the tree decomposition might be violated after
the last step. The idea is to edit the bags of T ′ that are involved in this violation so that
the result is a tree decomposition. The vertices whose absence causes this violation are
all in S. Let BS

i be the set of vertices of S that are in a descendent of Bi but not in
Bi itself, i.e. BS

i = {s ∈ S \ Bi | s is in a bag of a descendent of Bi}. We can fix the
violation by simply adding BS

i (if it is non-empty) to Bi, i.e. Bi ← Bi ∪BS
i . Notice that

if BS
i = ∅, then the bag Bi and all of its descendants are fine and there is no need to

worry about them. Korhonen shows that |Bi| < |B| for all i = 1, 2, 3 and for editable
bag B. In particular, |Ci ∪Wi| < |W |.

Lemma 4.2.5 (Lemma 3.2. in [29]). Consider the construction that was described. For
any bag B and any i ∈ {1, 2, 3} such that BS

i ̸= ∅, then
∣∣BS

i

∣∣ < |B ∩ (Cj ∪ Ck)|, where
{i, j, k} = {1, 2, 3}.

Corollary 4.2.1. For any i ∈ {1, 2, 3}, if B is editable, then |Bi| < |B|.

This means that not only do we not increase the width, but we also either decrease
the width or decrease the number of maximum size bags. This gives us a 2-approximation
algorithm.

Korhonen’s algorithm always keeps the maximum degree of the tree decomposition
≤ 3 and replaces every editable bag with three copies. Hence, he has a potential function
ϕ(x) = 3|Bx| for every editable bag. He shows that the value of the potential function
does not increase after every split and in fact decreases at least by the number of editable
bags. This causes a factor of 3k to show up in the running time since the algorithm
terminates after spending the value of potential function time. We decrease this to only a
polynomial factor, while preserving that the maximum degree of the tree decomposition
≤ 3 . Notice that each time that Korhonen makes three copies, most of the copied nodes
actually do not carry valuable information since many adjacent bags are contained in
each other. We prune these cases before making the copies to avoid 3k in the running
time. Like Korhonen, we use dynamic programming to find a minimum split, but we
describe our version of the DP in our algorithm.

The details of the running time for Korhonen’s algorithm can be found in [29]. We
follow some of his approaches in the next section to analyze our running time. We also
borrow some of the notations and definitions that he uses.
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4.3 Dynamic programming
We begin by first describing our version of the dynamic programming, to find a minimum
split.

For any subtree Tx rooted at node x of a tree decomposition T , we define the graph Gx

as the subgraph of G induced by the vertices in bags of Tx. We assume, V = {1, 2, . . . , n}.
Therefore, for each bag Bx of width ℓx, we have a canonical enumeration of its vertices.
Bx = {v0, v1, . . . , vℓx}, with v0 < v1, · · · < vℓx .

The 4-partitions of Bx are encoded by (c0, c1, . . . , cℓx) ∈ {1, 2, 3, 4}|Bx|. We say that
(c0, c1, . . . , cℓx) defines the partition (C̃x

1 , C̃x
2 , C̃x

3 , C̃x
4 ) of Bx if vi ∈ C̃x

cj
for 0 ≤ i ≤ ℓ. We

use C̃x
j for parts or a partition of Bx and Cj for parts of partitions of the vertices of some

Gx.
Two partitions (C1, . . . , C4) and (C ′

1, . . . , C ′
4) of subsets of V are compatible if Ci∩C ′

j =
∅ for 1 ≤ i < j ≤ 4.

Our dynamic programming algorithm uses a large table Ax with 4|Bx| entries for every
node x. We call I = (c1, . . . , cℓx) the index of Ax[c1, . . . , cℓx ].

Ax[c1, . . . , cℓ] = (p, d, I1, . . . , Iq) or Ax[c1, . . . , cℓ] = ⊥.

If Ax[c1, . . . , cℓ] ̸= ⊥, and the node x has q children y1, . . . , yq, then the following
conditions are satisfied.

(a) The number p is the size of a minimum split of the root bag Bx of Gx compatible
with the partition (C̃x

1 , C̃x
2 , C̃x

3 , C̃x
4 ) of Bx defined by (c0, c1, . . . , cℓx).

(b) The number d is the sum of the distances of the homes of the vertices in Sx from
the node x where (Cx

1 , Cx
2 , Cx

3 , Sx) is a minimum split of the root bag Bx of Gx

compatible with (C̃x
1 , C̃x

2 , C̃x
3 , C̃x

4 ) for some sets Cx
1 , Cx

2 , Cx
3 .

(c) Ij is an index of yj of x defining a partition (C̃yj

1 , C̃
yj

2 , C̃
yj

3 , C̃
yj

4 ) of Byj
which is

compatible with a minimum partition of Bx compatible with (C̃x
1 , C̃x

2 , C̃x
3 , C̃x

4 ).

We will show that if Ax[c1, . . . , cℓ] ̸= (⊥, . . . ,⊥), then the table entries in Tx define a
partition (Cx

1 , Cx
2 , Cx

3 , Sx) of the vertices of Gx compatible with the partition defined by
(c1, . . . , cℓ). (Cx

1 , Cx
2 , Cx

3 , Sx) is defined as follows.

(a) If x is a leaf, then (Cx
1 , Cx

2 , Cx
3 , Sx) is the partition defined by the index (c0, c1, . . . , cℓx).
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(b) Otherwise, x is a node with children y1, . . . , yq. Then, for C4 = Sx, the partition
(Cx

1 , Cx
2 , Cx

3 , Sx) is defined by

Cx
i = C̃x

i ∪
q⋃

j=1
C

yj

i for 1 ≤ j ≤ 4.

Lemma 4.3.1. Assume that the tables entries Ax[c1, . . . , cℓ] fulfill the properties (a) to
(c) from above. Then the following statements hold.

(a) The 4-tuple (Cx
1 , Cx

2 , Cx
3 , Sx) defined by the table entries in Tx is a partition of the

vertices is Gx.

(b) Sx separates Cx
i from Cx

j for 1 ≤ i < j ≤ 3.

(c) In (Cx
1 , Cx

2 , Cx
3 , Sx), the size of Sx is minimal among all partitions compatible

with the partition (C̃x
1 , C̃x

2 , C̃x
3 , S̃x) of Bx which is defined by (c1, . . . , cℓ), and∑

v∈Sx
d(h(v), x) is minimal among those partitions with minimal |Sx|.

Proof. We prove this by induction on the height of x.

(a) It is true for height 0 (leaves) by definition. Otherwise, by condition (c), the
partitions (C̃yj

1 , C̃
yj

2 , C̃
yj

3 , C̃
yj

4 ) of Byj
and (C̃x

1 , C̃x
2 , C̃x

3 , C̃x
4 ) are compatible with the

same minimum partition of Bx, and therefore they are compatible with each other.

(b) By the inductive hypothesis, Sy separates Cy
i from Cy

j for 1 ≤ i < j ≤ 3, and
S̃x = C̃x

4 separates C̃y
i from C̃y

j .

(c) Combining minimal solutions for the children yj that agree with a common partition
(C̃x

1 , C̃x
2 , C̃x

3 , S̃x) at the parent x, results in a minimal solution for x.

Now, for our purpose, we define two new types of tree decompositions, namely
neighbor-reduced tree decomposition and grouped tree decomposition.

Definition 4.3.1. We call a tree decomposition a neighbor-reduced tree decomposition if
no bag is contained in the bags of any of its neighbors.

Lemma 4.3.2. Any tree decomposition T can be converted into a rooted neighbor-
reduced tree decomposition in O(|V (T )|).
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Figure 4.1. Neighbor-reduced tree decomposition before adding the intersection nodes and
converting it into a grouped tree decomposition
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Figure 4.2. Intersection node

Proof. This can be done by a DFS on T starting from the root and checking the
containment when post-visiting a node. We iterate over all |V (T )| nodes in the tree, to
check if the bags of any neighbors are contained within a node. Thus, the runtime is
O(|V (T )|).4

Now, we define a new type of tree nodes to help us define grouped tree decomposition.

Definition 4.3.2. Given a neighbor-reduced tree decomposition T = (VT , ET ), for any
tree edge {x, y} ∈ ET , we define an intermediate intersection node i ({x, y}) with bag
Bi({x,y}) = Bx ∩By.

We call the initial nodes of a neighbor-reduced tree decomposition T , original nodes
of T (see Fig. 4.2).

4There is and additional O(k · log k) factor for checking containment that we are ignoring.
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Definition 4.3.3. A grouped tree decomposition T = (VT , ET ) is a tree decomposition
with the following properties in adition to the (ordinary) tree decomposition properties,

• VT can be partitioned into two subsets V O
T - the original nodes - and V ∩

T - the
intersection nodes - such that every edge of T has exactly one endpoint in both
V O

T and V ∩
T .

• No two neighbors of an original node have the same bags. i.e., ∀p ∈ V O
T , ∀x, y ∈

N(p) : x ̸= y =⇒ Bx ̸= By.

• Every intersection node x ∈ V ∩
T with neighbors p1, · · · , pc has the following proper-

ties:

– c ≥ 2.

– For any distinct i ∈ [c] and j ∈ [c], Bpi
̸⊆ Bpj

and furthermore, Bx = Bpi
∩Bpj

.

We write T =
(
⟨V O

T , V ∩
T ⟩, ET

)
. Furthermore, when drawing T , we use ellipse shape for

the original bags and rectangle shape for the intersection bags in order to make it more
understandable.

In the following lemma, we introduce few properties of grouped tree decomposition.

Lemma 4.3.3. Let T =
(
⟨V O

T , V ∩
T ⟩, ET

)
be a grouped tree decomposition. Then,

1. All the leaves are original nodes.

2. The bag of no original node is contained in the bag of any other original bag. (The
local containment restriction over the original nodes implies the global containment
restriction.)5

3. Every intersection node is properly contained in its neighbors. i.e., ∀i ∈ V ∩
T , ∀p ∈

N(x) : Bi ⊊ Bp.

4. ∀p ∈ V O
T , deg(p) ≤ 2|Bp|.

Proof. The proofs are straight-forward but they can be found in the conference version
of this work that is going to be submitted soon.

Here, we show that converting a tree decomposition to a grouped tree decomposition
can be done without increasing the width.

5Note that this does not hold for the intersection nodes. However, it is possible with some modifica-
tions.
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Figure 4.3. Grouped Tree Decomposition

Lemma 4.3.4. Any tree decomposition T ′ = (VT ′ , ET ′) of width k can be converted
into an equivalent grouped tree decomposition T =

(
⟨V O

T , V ∩
T ⟩, ET

)
with ≤ 2|VT ′ | nodes

of the same width in time O (|VT ′|).

Proof. The proofs are straight-forward but they can be found in the conference version
of this work that is going to be submitted soon.

Definition 4.3.4. A minimum split (C1, C2, C3, S) of W in rooted grouped tree decompo-
sition T =

(
⟨V O

T , V ∩
T ⟩, ET

)
rooted at node r with root bag W is called an ideal minimum

separator of W if there exists no node x ̸= r with a child y such that y intersects l of Cis
and x intersect ≤ l − 1 of Cis, where l ∈ {2, 3}.

Definition 4.3.5. An extended nice tree decomposition, is a nice tree decomposition
except that we allow a join node to have more than 2 children. Notice, still the bags of
the children are identical to the bag of the parent in a join node. We call this type of
node extended-join node, instead of join node.

Once the table Ar for the root has been computed, it is easy to find an ideal minimum
split(as defined in Definition 4.3.4) of the root bag Br. Pick any entry of the root table
with minimum p and minimum d conditioned on p being a minimum. Then follow the
indices in this entry in a depth-first manner. Whenever an index of a node x is reached
with only one C̃x

i ̸= ∅ (i ∈ {1, 2, 3}), we stop on this branch, because for all descendants
y of x, we would have C̃y

i = ∅, i.e., y is not in the core (see Definition 4.4.1).
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4.3.1 The Details of the Dynamic Programming Algorithm

For all nodes y with parent z in T , we introduce a chain of intermediate nodes y1, . . . , yq

between y and z to obtain an extended nice tree decomposition T̂ (as defined in Defini-
tion 4.3.5). These nodes are useful for the dynamic programming algorithm. We store the
same kind of tables in these nodes as in all the other nodes. For the potential function,
however, we consider only the smaller tree T where each of these sequences of auxiliary
nodes is replaced by just a tree edge.

For nyz = |By \Bz|, the sequence y1, . . . , ynyz consists of forget nodes, i.e., |Bi+1| =
|Bi|− 1 and Bi+1 ⊂ Bi. The remainder of the sequence ynyz+1, . . . yq consists of introduce
nodes, i.e., |Bi+1| = |Bi|+ 1 and Bi ⊂ Bi+1. For nzy = |Bz \By|, we choose q = nzy + nzy

if z has more than 1 child, and q = nzy + nzy − 1 if z has a single child. Note that in the
former case Byq = Bz, implying that all children of z have the same bag as z, i.e., z is an
extended join node.

Now we have an extended nice tree decomposition T̂ , and we can describe the dynamic
programming algorithm in detail. As usual, it visits all nodes bottom-up. We describe
what we does in every type of node.

Leaf

For a leaf x, and an index I defining a partition (C̃x
1 , C̃x

2 , C̃x
3 , Sx), we define

Ax[I] =


(|C̃x

4 )|, 0) if there are no edges between

C̃x
i and C̃x

j in Gx for i ̸= j,

⊥ otherwise.

Forget node

Let x with child y be a forget node, forgetting the vertex v. Let I be an index defining a
partition (C̃x

1 , C̃x
2 , C̃x

3 , S̃x) of Bx, and let I ′
j be obtained from I by adding a component

for v with value j ∈ {1, 2, 3, 4}.
We define Ax[I] with the help of the values p′, d′ and I ′ defined below.

Ax[I] =

⊥ if Ay[I ′
j] = ⊥ for all j ∈ {1, 2, 3, 4}

(p′, d′, I ′) otherwise,

Let J = {j ∈ {1, 2, 3, 4} | Ay[I ′
j] ̸= ⊥}. Assume J ̸= ∅ and Ay[I ′

j] = (p′
j, d′

j, . . . ). Here
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and later, the entries represented by . . . are a sequence of irrelevant indices, one for each
child of y. We define p = minj∈J pj. We will define j′ be one of the values of j for which
the minimum was obtained. If there is a tie, then we choose a j′ with the additional
properties j′ ∈ {1, 2, 3} and C̃x

j′ ̸= ∅. In case of a tie, such a choice is always possible.
Otherwise, it could be that j′ = 4 (v goes into the separator) were the only option. This
choice will ensure that we obtain an ideal minimum split. We define d = d′

j + p− |S̃x|.
Note that p− |S̃x| vertices of the separator Sx have their home below the root x of the
subtree T . As we move up from y to x, their distance from x increases by 1. Finally, I ′

is defined to be Ij′ .

Introduce node

Let x with child y be an introduce node, introducing the vertex v. Let I be an index
defining a partition (C̃x

1 , C̃x
2 , C̃x

3 , S̃x) of Bx, and let I ′ be obtained from I by removing
the component for v. We define Ax[I] with the help of Ay[I ′] = (p′, d′, . . . ).

Ax[I] =



⊥ if Ay[I ′] = ⊥ or ∃ i, j ∈ {1, 2, 3} with

i ̸= j and v ∈ C̃x
i and ∃u ∈ N(v) ∩ C̃x

j

(p′, d′ + p′ − |S̃x|, I ′) if Ax[I] ̸= ⊥ and v /∈ S̃x

(p′ + 1, d′ + p′ + 1− |S̃x|, I ′) if Ax[I] ̸= ⊥ and v ∈ S̃x

Extended join node

Let x be an extended join node with children y1, . . . , yq with Bx = By1 , . . . , Byq . Let
I be an index defining a partition (C̃x

1 , C̃x
2 , C̃x

3 , S̃x) of Bx. Let Ayj
= (pj, dj, . . . ). The

definition of Ax[I] is straightforward.

Ax[I] =

⊥ if there is a j with Ayj
[I] = ⊥

(p1 + · · ·+ pq − (q − 1)|S̃x|, d1 + · · ·+ dq, I, . . . , I) otherwise.

Note that for p, we have to make sure, every element of S̃x is counted only once. For d

all elements of S̃x are counted q times. This does not matter, because there distance to
the nodes yj and x is 0.
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4.4 Our Improved O∗
(
28k

)
n -time 2-Approximation Algo-

rithm
Korhonen [29] starts with any small-width tree decomposition with maximum degree of
3 and maintains this property, as mentioned in Section 4.2. Furthermore, in every split,
he inserts 3t + 4 nodes to the tree decomposition, where t is the number of editable bags
as defined by Korhonen.

In our algorithm, we make sure in every step our tree decomposition is a grouped
tree decomposition. This means that the original nodes have bounded degree (per
Lemma 4.3.3) while the intersection nodes might have unbounded degree.

Lemma 4.4.1. The bag of every original node in a rooted grouped tree decomposition
T =

(
⟨V O

T , V ∩
T ⟩, ET

)
is the home bag of at least one vertex.

Proof. Since T is rooted, we can assign every non-root original node x a parent (inter-
section) node i with bag Bi.
Per Lemma 4.3.3, |Bx \ Bi| ≥ 1. This implies that ∃v ∈ Bx : v /∈ Bi. Hence, Bx is the
home bag of v.

Lemma 4.4.2. Let graph G = (V, E) and W ⊂ V (G). In an ideal minimum separator
(C1, C2, C3, S) of W , no vertex s ∈ S exists such that N (s) is contained within a single
Ci.

Proof. Let us assume that such an s ∈ S did exist, with N (s) ⊆ Ci. Then, we could
construct a smaller minimum split S ′ such that s ∈ Ci and |S ′| = |S| − 1.
However, since S is the minimum split, this cannot be. Thus, the lemma holds.

Definition 4.4.1. Given grouped tree decomposition T =
(
⟨V O

T , V ∩
T ⟩, ET

)
rooted at

node r with bag W and an ideal minimum separator (C1, C2, C3, S) of W , node x of T is
called editable if its bag Bx intersects at least two components Ci and Cj. Furthermore,
the subgraph of T induced by the editable nodes is called the editable part of the tree
decomposition T or the core with respect to the ideal minimum separator (C1, C2, C3, S)
of the root bag W . This connected subgraph is denoted by C(T )W

(C1,C2,C3,S). We refer
to

∣∣∣C(T )W
(C1,C2,C3,S)

∣∣∣ as the editable size of T with respect to ideal minimum separator
(C1, C2, C3, S) of W (this is the same as the number of editable bags in Korhonen’s
notation).

In the following, we drop the superscript and the subscript of C(T )W
(C1,C2,C3,S) while

referring to the editable part of the tree decomposition.
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Theorem 4.4.1. Given a graph G = (V, E) and k ∈ N, Algorithm 9 outputs either:

• a tree decomposition with width at most 2k + 1, or

• indicates that tw(G) > k.

Proof. We use Lemma 4.2.1 to obtain a tree decomposition T of width ≤ 4k + 4. Then,
using Lemma 4.3.2 we convert it into a neighbor-reduced tree decomposition T rooted at
node r with bag W , where W is the largest bag in T .

We start with a grouped tree decomposition T , rooted at node r with a maximum size
bag W . As shown in Section 4.3, we find an ideal minimum separator (C1, C2, C3, S) of W

in time O
(
71k

)
n. However, the amortized running time is O

(
71k

)
|C(T )| since we re-use

the computed information for the non-editable part. Note that original-to-intersection
rotation takes up to O

(
4|Bx|) ≤ 64k time and intersection-to-original rotation takes up to

O
(
∈|B§|

)
time. So, overall, it takes O

(
64k + 8k

)
, which is upper bounded by O

(
71k

)
.

Now, we use T to build a new tree decomposition T ′ with root r′ such that Br′ = S.
Using Algorithm 11 we create 3 copies of T , namely T1, T2, and T3 with roots r1, r2, and
r3, respectively. Then, make ris children of r′, for i = 1, 2, 3. We then iterate through all
nodes in each Ti and ensure that every bag in Ti intersects only Ci ∪ S, i.e. ∀xi ∈ V (Ti),
which corresponds to some x ∈ T , Bxi

= Bx ∩ (Ci ∪ S). While iterating, we ensure that
we preserve the neighbor-reduced property as described in Lemma 4.3.2. We also ensure
that if some element of the separator occurs in some xi ∈ Ti, it is added to every ancestor
of xi in Ti.

Based on Corollary 4.2.1, we split W into bags that are strictly smaller than W .
Finally, replace T with T ′. Then, find the next node z with maximum size bag W ′. If
|W ′| ≥ 2k + 3, we make T rooted at z, and recurs until the maximum size bag in the
tree decomposition is of size at most 2k + 2. Note that each time we recurse after the
first split, we only make three copies of the editable part of the tree decomposition.

Notice that we prune the intermediate tree decomposition before making three copies
of them by making them neighbor-reduced tree decompositions. Later, we show that this
prevents exponential explosion by describing an optimal potential function.

Once we have the table recording the size of the minimum separator by the above
dynamic programming algorithm given in Section 4.3, we continue to perform further
splits on maximum size bags on the new three-partitioned tree decomposition, until the
size of the largest bag is ≤ 2k + 2.

Lemma 4.4.3. Given a rooted neighbor-reduced tree decomposition T , with root r and
at least one maximum size bag W , such that |W | ≥ 2k + 3, every time we split W , either
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the number of maximum size bags decreases by at least 1, or we decrease the width of T
by at least 1.

Proof. Each split of W is a partitioning of G into three components C1, C2, C3 and a
separator S, where at least 2 of the Ci’s are non-empty. The root with bag W is then
replaced by a new node n such that Bn = S and the children of n are new nodes n1, n2, n3

with Bni
= (W ∩ Ci) ∪ S. By Lemma 4.2.3 we know that |(W ∩ Ci) ∪ S| < |W | for all

i. Thus the maximum size root bag is replaced by 4 smaller bags. Every other bag is
replaced by 1 to 3 bags of smaller or equal size. If W is the only maximum size bag in
T , then the width of T decreases. Otherwise, since W is no longer a maximum size bag,
the number of maximum size bags decreases by 1.

Now, we analyze the running of our algorithm.
Analysis using potential function: Every time we split some node q with bag W

into smaller bags, we create at most 3 new nodes q1, q2, q3 in place of q. If, for example,
all the vertices with W as their home bag go into the same Ci, we create only one
corresponding qi and merge the others in the other sub-trees.

We define a potential function

ϕ(T ) =
∑

q∈V (T )
w(q),

where V (T ) is the set of all nodes in T . For every non-root q ∈ V (T ) with parent p, we
define

w(q) = |Bq|+ |Bp|
2 · |Bq \Bp| ,

Lemma 4.4.4. Let T be a rooted neighbor-reduced tree decomposition. Given a node
q ∈ V (T ), with the parent node p ∈ V (T ), the potential w(q) in T is at least 1 more
than the sum of the potentials of the replacement nodes qi replicated in the trees Ti for
i ∈ Iq where Iq = {i | Bq ∩ Ci ̸= ∅} ⊆ {1, 2, 3}.

Proof. During the algorithm, the node q is replaced by a set of nodes qi with i ∈ Iq ⊆
{1, 2, 3}. The node qi exists if Bq ∩ Ci ̸= ∅ and Bqi

̸⊆ Bpi
.

Let Sq = S ∩ (⋃
q′∈V (Tq) Bq′), where Tq is the subtree rooted at q. Then Bqi

=
(Bq ∩ Ci) ∪ Sq for some subset of S.

As in [29], we notice that |Bqi
| < |Bq| because otherwise Sq could be replaced by

B \ Ci in S. The separator S ′ = (S \ Sq) ∪ (B \ Ci) would be of the same size as S, but
S would not be minimal as S ′ is closer to the root.
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Note that if p is the parent of q, then Bq \Bp = ⋃
i∈Iq

(Bqi
\Bpi

). This union is disjoint,
implying |Bq \Bp| =

∑
i∈Iq
|Bqi
\Bpi

|. Therefore the potential difference

w(q)−
∑
i∈Iq

w(qi) =

≥ |Bq \Bp|
Å |Bq \Bp|

2 − max |Bpi
|+ max |Bqi

|
2

ã
≥ |Bq \Bp|

which is ≥ 1 for neighbor-reduced tree decompositions. This potential difference pays for
the O(k) steps spent to create the nodes qi from q and for the O(43k) steps to do the
dynamic programming steps in these nodes.

The following lemma allows to handle the change of root operation in an elegant
way. It can be applied, if the dynamic programming algorithm has been done for all
possible roots. This requires only twice the work, because for every edge, the same
computation is done in both directions, instead of just upwards in the usual dynamic
programming algorithm. With this preprocessing, a root change can be done in constant
time. Alternatively, the procedure of Korhonen could be used.

Lemma 4.4.5. Let P be the path from some node p to another node q, and let P r the
reverse path from q to p in a tree decomposition. Then ϕ(P )− ϕ(P r) = |Bp|2 − |Bq|2.

Proof. We prove this by induction on distance d (i.e. number of edges) between nodes p

and q. Basis: For d = 1,

ϕ((p, q))− ϕ((q, p)) = (|Bp \Bq| − |Bq \Bp|)(|Bp|+ |Bq|)

= (|Bp \ (Bp ∩Bq)| − |Bq \ (Bp ∩Bq)|)(|Bp|+ |Bq|)

= (|Bp| − |Bq|)(|Bp|+ |Bq|)

= |Bp|2 − |Bq|2

Step: Let distance(p, r) = d + 1, distance(p, q) = d, and distance(q, r) = 1.

ϕ((p, r))− ϕ((r, p)) = ϕ((p, q)) + (|Bq \Br|)(|Bq|+ |Br|)

−ϕ((q, p)) + |Br \Bq| (|Bq|+ |Br|)

= |Bp|2 − |Bq|2 − (|Bq| − |Br|)(|Bq|+ |Br|)

= |Bp|2 − |Br|2
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Algorithm 9 TREEWIDTH APPROXIMATION(G, k)
Require: G is a graph with treewidth k
Ensure: Return either tree decomposition with width ≤ 2k + 1 or state that tw(G) > k

1: Make T a tree decomposition of G with treewidth 4k (Lemma 4.2.1)
2: Make T neighbor-reduced by running DFS and DFS_REDUCTION
3: while ∃ node r ∈ V (T ) with bag size ≥ 2k + 3 do
4: Make T rooted at r.
5: Let W be the bag of r. ▷ |W | ≥ 2k + 3
6: (C1, C2, C3, S)← SPLIT(W ) ▷ Returns an ideal minimum separator of W
7: for i = 1, 2, 3, do
8: Ti ← REPLICATE_REDUCED_TREE(T , Ci, S)
9: end for

10: Let ri be the root of Ti.
11: Make ris the children of r′. Let T ′ be this tree, which is rooted at r′.
12: if |Br| = |Br′ | then return tw(G) > k
13: end if
14: T ← T ′

15: end while
16: return tw(T )

4.4.1 Runtime

Given a maximum size bag W , we can upper bound |W | ≤ 4k + 4 - given Boedlander’s
algorithm. For 3k + 3 ≤ |W | ≤ 4k + 4, we can split W into two parts of size at most
2
3 |W | instead of three parts with size at most 1

2 |W |, by merging any two components.
For 2k + 3 ≤ |W | ≤ 3k + 2, we can split |W | into three parts in time O(43k) = O(28k) -
which is more time-intensive than the 2-way split, and thus dominates.

During the DP we create every 4-partition of the graph possible at every original
node. This takes time O(28k)n and makes the root-shifting operation a lookup operation.
We then shift the root at most ϕ times, since we only need to split the nodes in the
editable part of the tree decomposition, which is of size ϕ = O(ko(1)). Note that rotating
an intersection node takes only O(8k) extra time.
Thus the total run-time of our algorithm is O

((
28k + 23k

)
· ko(1) · n

)
= O

(
71k

)
n =

O
(
28k

)
n.
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Algorithm 10 SPLIT(W )
Require: |W | > 2(tw(G))
Ensure: The outcome is an ideal minimum separator of W

Follow the approach given in Section 4.3

Algorithm 11 REPLICATE_REDUCED_TREE(T , Ci, S)
1: Let r and W be the root node and root bag of T , respectively.
2: Make a copy of T , namely Ti with root node and root bag ri and W ∩ (Ci ∪ S),

respectively.
3: V isited← ∅
4: (Ti, SS

ri
)← DFS_REDUCTION(Ti, ri, Ci, S, V isited)

5: return Ti

4.5 Conclusion
Any FPT approximation algorithm to find treewidth can be evaluated along three
parameters: the dependence on n, the dependence on k, and the approximation ratio.
Our algorithm draws from Korhonen’s algorithm - which was already a 2-approximation
optimal in n (linear) - and improves the dependence on k while maintaining the same
approximation ratio and the dependence on n. Korhonen’s algorithm has an exponential
factor of 210.755k in the running time. We decrease this to a factor of 28k, which is the
fastest across any constant ratio approximation faster than O(n2).
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Algorithm 12 DFS_REDUCTION(Ti, x, Ci, S, V isited)
1: V isited.add(x)
2: Bx ← Bx ∩ (Ci ∪ S)
3: BS,Ti

x ← (Bx ∩ S) ▷ The union of elements of S in the subtree Tix

4: for x′ ∈ N(x) do ▷ Start a DFS and check the containment as well as fixing the
violations of the tree decomposition property

5: if x′ /∈ V isited then
6: (Ti, BS,Ti

x )← DFS_REDUCTION(Ti, x′, Ci, S, V isited)
7: BS,Ti

x ← BS,Ti
x ∪BS,Ti

x′

8: Bx ← Bx ∪BS,Ti

x′

9: if Bx ⊂ Bx′ then
10: for y ∈ (N(x) \ {x′}) do
11: Make y a child of x′.
12: end for
13: Make x′ a child of the parent of x and remove x from Ti

14: Label x′ with x.
15: else if Bx′ ⊆ Bx then
16: for y ∈ N(x′) \ x do
17: Make y a child of x and remove x′ from Ti

18: end for
19: end if
20: end if
21: end for
22: return (Ti, BS,Ti

x )
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Chapter 5 |
Saving Space by Dynamic Alge-
braization Based on Tree Decom-
position: Minimum Dominating
Set

This chapter is based on a joint work with Martin Fürer [33].

5.1 Introduction
In this chapter, an algorithm is presented that solves the Minimum Dominating Set
problem exactly using polynomial space based on dynamic programming for a tree decom-
position. A direct application of dynamic programming based on a tree decomposition
would result in an exponential space algorithm, but we use zeta transforms to obtain
a polynomial space algorithm in exchange for a moderate increase of the time. This
framework was pioneered by Lokshtanov and Nederlof 2010 and adapted to a dynamic
setting by Fürer and Yu 2017. Our space-efficient algorithm is a parametrized algorithm
based on tree-depth and treewidth. The naive algorithm for Minimum Dominating Set
runs in O∗(2n) time. Most of the previous works have focused on time complexity. But
space optimization is a crucial aspect of algorithm design, since in several scenarios space
is a more valuable resource than time.

Our parametrized algorithm runs in O∗(3d), and its space complexity is O(nk), where
d is the depth and k is the width of the given tree decomposition. We observe that Reed’s
1992 algorithm constructing a tree decomposition of a graph uses only polynomial space.
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So, even if the tree decomposition is not given, we still obtain an efficient polynomial
space algorithm. There are some other algorithms which use polynomial space for this
problem, but they are not efficient for graphs with small tree depth.

Improving the running time of exponential time algorithms for finding exact solutions
of NP-complete problems like Minimum Dominating Set (MDS) have been studied for
almost half a century. It seems that in the beginning they were emphasizing the running
time but gradually some research started working on space optimization as well. In 1977,
Tarjan and Trajonowsky [34] improved the running time of Maximum Independent Set
from O(2n) to O

(
2n

3
)

using polynomial space. The Independent Set problem is strongly
connected to Dominating Set since an independent set is also a minimal dominating set
if and only if it is a maximal independent set. But we should mention that a dominating
set is not necessarily an independent set. So we look for the results on the Maximum
Independent Set problem as well, since it gives some ideas about the dominating set
problem. Then in 1986, Jian improved Tarjan’s algorithm and gave a better running
time (O (20.304n)) again using polynomial space [35]. There is a trade-off between running
time and space complexity. In the mentioned paper Jian states that there is a faster
algorithm by Berman (O (20.289)) but this time using exponential space (based on a
private discussion between Jian and Berman).

Going back to the dominating set problem, in 2005, Grandoni [36] gave an algorithm
which runs in O (1.9053n) using polynomial space. Before this paper, the best algorithm
for the dominating set problem was the trivial one which checks all possible subsets. He
gives an algorithm with O

(
1.3803k

)
running time for the minimum set cover problem

where k is the dimension of the problem1. Since the minimum dominating set problem
can be converted to a minimum set cover problem by setting k = 2n, the running
time of this algorithm for MDS is O (1.38032n) = O(1.9053n). Grandoni [36] gives an
algorithm with better running time O(1.8021n) for MDS. It is also based on converting
the dominating set problem to a vertex cover problem but this time using exponential
space. For MSC, the later algorithm runs in O(1.3424k) and again by setting k = 2n we
have the algorithm for MDS with O(1.34242n) = O(1.8021n) time complexity. Grandoni
uses a simple recursive algorithm for MSC and MDS. He uses dynamic programming
which saves the answers for the partial problems. We present a framework to convert a
dynamic programming algorithm to an algorithm which uses only polynomial space. Our
algorithm do not save the results of the smaller problems and it computes them again

1In the set cover problem, the dimension is |S|+ |U | where U is the universe and S is a collection of
subsets of U . The goal is to find a minimum-size subset S′ ⊆ S that covers all elements in U .
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whenever they are needed.
In 2005, Fomin, Grandoni and Kratsch [37] introduced an approach named “measure

and conquer” based on the “branch and reduce” approach given by Davis and Putnam [38]
in 1960. In the branch and reduce approach, there are some reduction rules which simplify
the problem. Also, there are some branching approaches which are used when we cannot
reduce the problem and we have to run it on some other branches. Measure and conquer
is mostly used to measure sub-problems more accurately and giving tighter bounds. They
chose Grandoni’s algorithm mentioned above (with running time O∗(20.85n)) and by
choosing a better measuring method for sub-problems, they showed that actually its time
complexity is O∗(20.598n) using exponential space, and also O∗(20.610) using polynomial
space. This shows that in some cases, exponential recursive algorithms are not measured
very well and by measuring them accurately we may gain better running time for the
same algorithm. They gave a lower bound for the time complexity of this algorithm (not
this problem) which is Ω(20.333n).

Later, in 2008, Van Rooji and Bodlaender [39] gave two faster algorithms for the
dominating set problem using polynomial space. The running time of these algorithms
are O(1.5134n) and O(1.5063n) both using polynomial space. Like previous work by
Grandoni [36], they took advantage of the minimum vertex cover problem and formulated
MDS as a minimum vertex cover problem. In this paper, they modified the measure
and conquer method in a way that it not only a way of analyzes the running time more
precisely but also modifies the algorithm by itself. For this purpose, they added a group
of rules to the previous rules which tell when the algorithm should be improved.

In 2010, Lokshtanov and Nederlof [40] gave a framework turning a dynamic program-
ming algorithm for several problems using exponential space to one which uses only
polynomial space. They used DFT2 and Zeta transform to simplify the complicated
convolution operation and convert it to pointwise multiplication which simpler. They
gave conditions for turning the dynamic programming algorithms into algorithms with
almost the same time complexity using much less space.

Then, in 2017 Fürer and Hu [41] combined this idea [40] with tree decompositions.
They took Perfect Matching as a case study. Unlike [40], they handled dynamic underlying
set. They introduced the zeta transforms for dynamic underlying sets. We take a similar
approach to MDS.

2Discrete Fourier transform

82



5.1.1 Previous Work

We reviewed some of previous works on MDS in the previous section. Here we gather
them in Table 5.1 and compare their running time and space complexity.

Author(s) Year Time Complexity Space Complexity Comments
Naïve Algorithm O(2n) polynomial

Tarjan, and Trajonowsky [34] 1977 O(2 2
3 ) polynomial MIS

Grandoni [36] 2005 O(1.9053n) ≃ O(20.9301n) polynomial
Grandoni [36] 2005 O(1.8021n) ≃ O(20.8497n) exponential

Fomin et. al. [37] 2005 O(20.610n) polynomial
Van Rooji, and Bodlaender [39] 2008 O(1.5134n) ≃ O(20.5978n) polynomial
Van Rooji, and Bodlaender [39] 2008 O(1.5063n) ≃ O(20.5911n) polynomial

This chapter (Belbasi-Fürer [33]) 2017 O
(
3dn2) polynomial (O(nk)) d is tree-depth

Table 5.1. Previous work done on MDS, with a focus on time-space trade-off.

5.2 Notations
In this section we recall the problem and mention notations we use later. Some of
the definitions in this section are based on the notation used in the “Parametrized
Algorithms” [42] book.

Definition 5.2.1. Closed Neighbourhood of a Subset of Vertices Let X be a
subset of vertices of a given graph G = (V, E). Then the closed neighbourhood of X is
defined as below:

N [X] =
⋃

v∈X

N [v],

where N [v] is the closed neighbourhood of v.

Definition 5.2.2. Dominating Set: A subset of vertices D is a dominating set of a
given graph G = (V, E) if N [D] = V .

To simplify many application algorithms, the notion of a nice tree decomposition
has been introduced which has the following properties. The tree is rooted and every
node in a nice tree decomposition has at most two children. Any node x in a nice tree
decomposition τ is of one of the following types (let c be the only child of x or let c1 and
c2 be the two children of x):

• Leaf node, a leaf of τ .

• Forget node (forgetting vertex v), where v ∈ Bc and Bx = Bc \ {v},
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• Introduce vertex node (introducing vertex v), where v /∈ Bc and Bx = Bc ∪ {v} ,

• Join node, where x has two children with the same bags as x, i.e. Bx = Bc1 = Bc2 .

It has been shown that any given tree decomposition can be converted to a nice tree
decomposition with the same treewidth in polynomial time [31].

In 1987, Arnborg et al. showed that constructing a tree decomposition with the
minimum treewidth is an NP-hard problem [6]. In our case we don’t need the optimal tree
decomposition, as a near optimal tree decomposition also works. A linear time algorithm
for finding the minimum treewidth of a given graph with a bounded (by a constant)
treewidth is given in [16]. Bodlaender et al. [43] gave an O(log n)−approximation
algorithm. The improved O(log k)−approximation algorithm can be found in [17, 44, 45].
The result has been further improved to O

(√
log k

)
in [18]. It is well known that every

tree decomposition can be modified in polynomial time into a nice tree decomposition
with the same width and size O(n).
We use the notion of a modified nice tree decomposition which is defined in [41] with a
small modification. Instead of introducing all edges in one node, we introduce them one
by one. This helps us understand the procedure better. We also require leaf nodes to
have empty bags.

We use T (G) or simply T to denote a nice tree decomposition of a graph G.
For a nodex in T , let Tx be the subtree rooted at x.
We define τx = (Vx, Ex) to be the graph with Vx being the union of all bags in Tx and

Ex being the set of all edges introduced in Tx. With the traditional method of using the
subgraphs induced by the already introduced vertices, i.e., by automatically including all
edges, we would obtain an O∗(kdn) running time which is not desired.
We leverage the results of partial problems with different sizes and then solve the main
problem according to the partial ones. Unlike previous works like [41], here for solving
partial problems, we don’t have only two sets. We maintain a partition of Bx into three
sets:

• “Dominating (Completed) set”: In each partial problem, this set is the set of
vertices which are in the dominating set. We denote this set by C (Completed).

• “Dominated set”: In each partial problem, this set is the set of vertices which
are not contained in the dominating set C, and are dominated by vertices in C.
We denote this set by D (Dominated).
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• “Waiting set”: In each partial problem, this set is the set of vertices which are not
contained in the dominating set C, and are not dominated by it (neither dominating
nor dominated “yet”). We denote this set by W (Waiting to be dominated).

For each x ∈ T (with the bag Bx), we define a function f : Bx → {1,−1, 0}. This
functions tells for each vertex in Bx, in which of the sets C, D, or W it is. If v ∈ Bx,
then:

• If f(v) = 1, it means that v ∈ C.

• If f(v) = −1, it means that v ∈ D.

• If f(v) = 0, it means that v ∈ W .

We follow a down-to-top approach. It means we start from the leaves and in each step,
first we solve the problem for the child(ren) and then we use this computation for the
parent node.
The underlying reason why we have the third option (set W ) is that maybe some of the
vertices of a bag which are in W would be dominated in upper nodes (in down-to-top
approach). For a function f over Bx, let’s define c[x, f ] to be minimum size of set C ⊆ Vx

such that:

• D ∩Bx = f−1(1).

• All vertices of Bx \ f−1(0), should be either in C or adjacent to one in C. It means,
all vertices which don’t have f(v) = 0, are dominated by some vertex or dominating
some vertex (or vertices).

If there is no minimum set C associated with x, then we assign c[x, f ] = +∞. Our
goal is to compute c[r, ∅], where r is the root of our tree decomposition T . We start from
the leaves and handle each node by handle its child (or children) first. Before introducing
recursive formulas for each kind of nodes in T , let’s define a specific version of f : Suppose
X ⊆ V (G), and f : X → {1,−1, 0}, we define fv→pX ∪ {v} → {1,−1, 0} in this way:

fv→p(x) =

f(x), if x ̸= v

p if x = v
(5.1)

Also, we use the restriction of f to some subset like Y ⊆ X as follows: For a function
f over X, we denote the restriction of f to Y by f |Y .
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Definition 5.2.3. For a universe V and a ring R, the set R[2V ] is the set of all function
f : 2V → R.

Now we review the definition of the Zeta and Möbius Transforms.
Zeta Transform: The zeta transform of a function f ∈ R[2V ] is defined by:

ζf [Y ] =
∑

X⊆Y

f [X]. (5.2)

Möbius Transform/Inversion : The Möbius transform of a function f ∈ R[2V ] is
defined to be:

µf [Y ] =
∑

X⊆Y

(−1)Y \Xf [X]. (5.3)

We will see later that in the recursion formula for join nodes we need the union
product [46].

Definition 5.2.4. Given f, g ∈ R[2V ] and X ∈ 2V , the Union Product of f and g which
is shown by (f ∗u g) is defined as:

(f ∗u g)[X] =
∑

X1∪X2=X

f(X1)g(X2). (5.4)

5.3 Saving Space Using Zeta and Möbius Transforms
In 2010, Lokshtanov and Nederlof [40] used the zeta and Möbius transforms to save space
on some problems like the unweighted Steiner Tree problem. Then in 2017, Fürer and
Yu [41] also used this approach in a dynamic setting, based on tree decompositions for
the Perfect Matching problem.

Before going into the depth, let’s review a few theorems.

Theorem 5.3.1. ([47,48]) The Möbius transform is the inverse transform of the zeta
transform, i.e. given f ∈ R[2V ] and X ∈ 2V , µ(ζf)[X] = ζ(µf)[X] = f [X].

Theorem 5.3.2. ([46]) Applying the zeta transform on a union product operation,
will result in a simple point-wise multiplication of zeta transform outputs, i.e. given
f, g ∈ R[2V ] and X ∈ 2V ,

ζ(f ∗u g)[X] = (ζf)⊙ (ζg)[X], (5.5)

where the operation ⊙ is the point-wise multiplication.
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All of the previous works which used either DFT or zeta transform (such as [41],
and [40]), have one common central property that the recursive formula in join nodes, can
be expressed as a formula using a union product operation. The union product and the
subset convolution are complicated operations in comparison to point-wise multiplication
or point-wise addition. That is why taking the zeta transform of a formula having union
products makes computations easier. As noted earlier in Theorem 6.1.1, taking the zeta
transform of such a term, will result in a term having point-wise multiplication which are
much easier to handle than the union product. After doing a computation over the zeta
transformed values, we can apply the Möbius transform on the outcome to get the main
result (based on Theorem 5.3.1). In other words, the direct computation has a mirror
image using the zeta transforms of the intermediate values instead of the original ones.
While the direct computation keeps track of exponentially many intermediate values,
the computation over the zeta transformed values partitions into exponentially many
branches and they can be executed one after another. We show later that this approach
only moderately affects the exponential factor in the time complexity, while improving
the space complexity using only polynomial space instead of exponential space.

5.3.1 Counting the dominating sets of all sizes

For each node (of any kind) we introduce a polynomial to compute the number of the
dominating sets of all sizes as follows:

P C
x [D] =

∑
j

aC
x,j[D] yj, (5.6)

where aC
x,j[D] is the number of the dominating sets C∗ of size j in τx with C∗ ∩Bx = C,

and where D is the set of all dominated vertices (excluding vertices in C) in Bx. We
apply the zeta transform on the coefficients of this polynomial.
Now, we show how to compute aC

x,j[D].

• Leaf node. Assume x is a leaf node, then Bx = ∅. So, a∅
x,j[∅] = 0 for all j ̸= 0

since we do not have j vertices in the bag and a∅
x,0[∅] = 1 since there is an empty

dominating set of size 0 . This implies that:

(ζa∅
x,j)[∅] =

0 if j ̸= 0,

1 if j = 0.
(5.7)
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• Introduce vertex node. Assume x is an introduce vertex node and let x′ be the
child of x such that ∃v ∈ Bx, v /∈ Bx′ : Bx = Bx′ ∪{v}. Then, if v /∈ D, dominating
sets of any size would be the same for both subtrees (τx and τx′). Otherwise (v ∈ D),
there would be no dominating set through τx to dominate D since v is isolated
through τx which means aC

x,j[D] = 0.

aC
x,j[D] =

a
C\{v}
x′,j [D] if v /∈ D,

0 if v ∈ D.
(5.8)

Now by applying the zeta transform on the equation above, if v ∈ D, then
(ζaC

x,j)[D] = 0 and otherwise:

(ζaC
x,j)[D] =

∑
Y ⊆D

aC
x,j[Y ] =

∑
Y ⊆D

a
C\{v}
x′,j [Y ] = (ζa

C\{v}
x′,j )[D]. (5.9)

• Forget node. Assume x is a forget node and let x′ be the child of x such that
∃v ∈ Bx′ : Bx = Bx′ \ {v}. Then, v should be either in D or C, so:

aC
x,j[D] = aC

x′,j[D ∪ {v}] + a
C∪{v}
x′,j [D]. (5.10)

Now, by applying zeta transform we have:

(ζaC
x,j)[D] =

∑
Y ⊆D

aC
x,j[Y ] =

∑
Y ⊆D

(aC
x′,j[Y ∪ {v}] + a

C∪{v}
x′,j [Y ]) =

((ζaC
x′,j)[D ∪ {v}]− (ζaC

x′,j)[D]) + ((ζa
C∪{v}
x′,j )[D]).

(5.11)

• Join node. Assume that x is a join node and let x′ and x′′ be the children of x

and also we know that Bx = Bx′ = Bx′′ .
Then, if a vertex v ∈ Bx is in dominating set (C), then it should be in dominating
set in Bx′ and Bx′′ as well and vice versa (C = C ′ = C ′′, where C ′ and C ′′ are the
dominating sets through τx′ and τx′ respectively intersecting Bx′ and Bx′′). By the
way, if a vertex is dominated through τx′ or τx′′ (or both), then it is dominated
through τx. So, D = D′ ∪D′′, where D′ (and D′′) is the dominated set through τx′

(and τx′) intersecting Bx′ (and Bx′′).
In order to compute aC

x,j based on pre-computed aC′
x′,k and aC′′

x′′,l values, we have the
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recursion below:

aC
x,j[D] =

∑
j′>1, j′′>1

j′+j′′=j+|C|

∑
D′∪D′′=D

aC
x′,j′ [D′] · aC

x′′,j′′ [D′′] =
∑

j′>1, j′′>1
j′+j′′=j+|C|

(aC
x′,j′ ∗u aC

x′′,j′′)[D].

(5.12)
By applying zeta transform, we will have the equation below:

ζ(aC
x,j)[D] =

∑
j′>1, j′′>1

j′+j′′=j+|C|

(ζaC
x′,j′)[D] · (ζaC

x′′,j′′)[D] (5.13)

• Introduce edge node. Assume that x is an introduce edge node introducing edge
{u, v}.

Definition 5.3.1. An auxiliary leaf node x, is a leaf node which has some vertices
in its bag(at least 2) and is used to introduce an edge (regularly leaf nodes have
empty bag). It has only one introduced edge through Bx. We use auxiliary leaf
nodes to introduce an edge. This helps us to handle introduce edge nodes.

We convert the introduce edge node to a join node such that x has two children l

and x′ where Bx = Bl = Bx′ but edges are different. In auxiliary leaf node l, we
will have only {u, v} edge introduced and other vertices are isolated through τl

which has only one node (l itself). On the other hand, all other edges are present
in x′ except {u, v}. We saw how to handle join nodes, so we can handle introduce
edge nodes as well. Remember, this branching does not affect our running time
since branching is not balanced and in such a branch we have only one auxiliary
leaf node which can be done very easily and has no children. Now, let’s see how to
handle auxiliary leaf node.

• Auxiliary leaf node. Assume x is an auxiliary leaf node with only {u, v} edge,
then we have four cases. In all cases, aC

x,j[D] = 0 if j ̸= |C|, so we do not consider
this condition and assume that j = |C| in all cases:

– If D = ∅, then,
aC

x,j[∅] = 1 (5.14)

Any given set C, dominates an empty set D. As a reminder, if j ̸= |C|, aC
x,j [D]

is zero and we do not repeat this case from so on and only consider the cases
where j = |C|.
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– If D = {u, v}, then aC
x,j[D] = 0 since dominating u forces v to be in the

dominating set and on the other hand, dominating v forces u to be in the
dominating set. So it means that D = {u, v} ⊆ C but we know that D and C

are disjoint sets so it is impossible. Therefore, there is no dominating set C

to dominate D.

– If D is either {u} or {v}, then,

aC
x,j[D] =

1 if {u, v} \D ⊆ C,

0 otherwise.
(5.15)

Without loss of generality, assume that D = {u}, then C can be any subset
of Bx including v (the only way to dominate u) and excluding u (D and C

are disjoint sets).

– And finally if D \ {u, v} ≠ ∅, then we cannot dominate elements of D \ {u, v}
because they are isolated and they themselves cannot be in C (remember we
assumed C and D are distinctand if they are not distinct, then there no let
aC

x,j[D] to be zero). So, aC
x,j[D] = 0.

Now, let us compute the zeta transform of the above cases:

– In case 1:
(ζaC

x,j)[D] = (ζaC
x,j)[∅] = aC

x,j[∅] = 1 (5.16)

– In case 2:

(ζaC
x,j)[D] = aC

x,j[D] + aC
x,j[{u}] + aC

x,j[{v}] + aC
x,j[∅]

=


0 + 1 + 0 + 1 = 2 if C = {v},

0 + 0 + 1 + 1 = 2 if C = {u},

0 + 0 + 0 + 1 = 1 otherwise.

(5.17)

– In case 3:

(ζaC
x,j)[D] = aC

x,j[D] + aC
x,j[∅]

=

1 + 1 = 2 if {u, v} \D ⊆ C,

0 + 1 = 1 otherwise.

(5.18)
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– In case 4:

(ζaC
x,j)[D] = (

∑
Y ⊆D:Y \{u,v}̸=∅

aC
x,j[Y ]) + (ζaC

x,j)[D ∩ {u, v}] = (ζaC
x,j)[D ∩ {u, v}].

(5.19)
which is one of the above cases.

By looking at Eq. 5.13, we see that we have n−fold branching in join nodes which is not
desired. When computing an aC

x,j [D] for a fixed C and D, we always want to compute the
whole vector for all j and store it. So for all fixed C and D, we store an array Res[1...n]
of size n, where Res[j] = aC

x,j[D]. Now, even though we have n branches but we do not
need to recompute them each time. Instead, we can compute them once and store them
in array of size n which is linear. We have only one copy of this array because we handle
any fixed C and D one after another.

5.3.2 Finding The Minimum Dominating Set

In this section we are going to find the minimum dominating set for a given graph
G = (V, E).
As mentioned before, assume we have a modified nice tree decomposition T with the
root r where Br = ∅. Our goal is to compute

argminn
j=0{a∅

r,j[∅] > 0},

where n = |V (G)|.
We start from j = 0 and increment j while a∅

r,j[∅] = 0.

Algorithm 13 Minimum dominating sets of all sizes on a modified nice tree decomposition
Require: a modified nice tree decomposition τ with root r of a graph G = (V, E).
Ensure: Size of a minimum dominating set of G.//(ζa)(x, D, C, j) represents

(ζaC
x,j)[D].CommentD : a subset of Bx \ C, and 0 ≤ j ≤ n = |V (G)|

1: j ← 0

2: initialize Res[1...n]← (
n︷ ︸︸ ︷

0, · · · , 0) ▷ f(x, D, C, Res, j) is computed by Algorithm 14.
3: while f(r, ∅, ∅, Res, j) = 0 do
4: j ← j + 1
5: end whilereturn j

Theorem 5.3.3. The Algorithm 13, outputs the size of the minimum dominating set
correctly.
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Proof. First of all, Algorithm 13 starts from j = 0 and checks if there a minimum
dominating set to dominate everything in the tree by increasing j by 1 step by step.
In the while loop, it calls Algorithm 14, to compute f(x, D, C, j), where it is an alias
(ζC

x,j)[D].
The while loops will end as soon as the Algorithm 13 finds the first j to make f(x, D, C, j)
non-zero. So as we explained before, f(x, D, C, j) (or (ζC

x,j)[D]), it is a function to compute
the number of possible dominating sets of size j in the sub-tree rooted at x. Here x = r

and the sub-tree is our original tree. So if j > 0, then it means we have a dominating set
for the whole tree of size j and the Algorithm 13 will return it.
Now, let’s see how Algorithm 14 computes f(x, D, C, j).
This algorithm gets a subtree rooted at x, a set D ⊆ Bx that we want to dominate, a
subset C to be the intersection of the whole dominating set in τx (which dominated D)
named C∗ with the bag of x.

As we explained before, keeping track of the number of such C∗s of size j will lead us
a complicated convolution operation in join nodes. Therefor, we will keep track of the
zeta transform of all computation instead on the original ones. This will save space for
us. Assume the tree decomposition is given, we will make a copy of it to save (ζaC

x,j)[D]
instead of aC

x,j[D]. The procedure of computing zeta transforms f(x, D, C, j), is excatly
as shown in previous section.

In this step, the algorithm checks the type of x. Here we explain the cases:

• x is a leaf node: Then the only possible D is an empty set and C∗ = ∅ will
dominate it. So there is one way to dominate it and f(x, D, C, j) = 1.

• x is an introduce vertex node: Suppose x′ is the only child of x and Bx = Bx′∪{v}.
As we showed previously (ζaC

x,j)[D] = (ζa
C\{v}
x′,j )[D] if v /∈ D. Otherwise it would

be zero.

• x is a forget node: Suppose x′ is the only child of x and Bx ∪{v} = Bx′ . As shown
before, ((ζaC

x′,j)[D ∪ {v}]− (ζaC
x′,j)[D]) + ((ζa

C∪{v}
x′,j )[D]).

• x is a join node: Suppose x′ and x′′ are the children of x and Bx = Bx′ = Bx′′ . As
shown before, (ζaC

x,j)[D] = ∑j
p=0(ζaC

x′,p)(ζaC
x′′,j−p−|C|)[D].

• x is a auxiliary leaf node: There are four cases (In all cases if j ̸= |C|, then
aC

x,j[D] = 0):
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Algorithm 14 Computing f(x, D, C, j) (which actually is (ζaC
x,j)[D]).

Require: a sub-tree of a modified nice tree decomposition τx rooted at x, a set C ⊆ Bx

to be the intersection of dominating set of D through τx with Bx, the vector of all
aC

x,j[D] for any fixed C and D, and size of the dominating set C to dominate D
through τx.

Ensure: f(x, D, C, Res, j). ▷ f(x, D, C, Res, j) represents (ζaC
x,j)[D].

1: if j ̸= |C| then
2: Res[j]← 0
3: return 0
4: end if
5: if x is a leaf node then
6: return 1
7: end if
8: if x is an introduce vertex node ▷ introducing vertex v then
9: if v ∈ D then return 0

10: end if
11: set Res[1...n] = [0...0]
12: return f(x′, D, C \ {v}, Res, j) ▷ x′ is the child of x
13: end if
14: if x is a forget node ▷ forgetting vertex v then return

f(x′, D ∪ {v}, C, j)− f(x′, D, C, Res, j) + f(x′, D, C ∪ {v}, Res, j) ▷ x′ is the child
of x.

15: end if
16: if x is a join node then
17: return ∑

j′,j′′>1
j′+j′′=j−|C|

f(x′, D, C, j′)f(x′′, D, C, j′′) ▷ x′ and x′′ are the children of x.

18: end if
19: if x is an auxiliary leaf node ▷ having {u, v} as its only edge then
20: if D = ∅ then
21: if j = |C| then return 1
22: end if
23: return 0
24: end if
25: if D = {u, v} then return 0
26: end if
27: if D = {u} or D = {v} then
28: if j = |C| and {u, v} \D = C then return 2
29: end if
30: if j = |C| and {u, v} \D ̸= C then return 1
31: end if
32: return 0
33: end if
34: return f(x, D ∩ {u, v}, C, j)
35: end if
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– Case 1: D = ∅ :

(ζaC
x,j)[D] = 1. (5.20)

– Case 2: D = {u, v} :

(ζaC
x,j)[D] =

2 if C = {v} or {u},

1 Otherwise.
(5.21)

– Case 3: D = {u} or {v}:

(ζaC
x,j)[D] =

2 if {u, v} \D ⊆ C,

1 Otherwise.
(5.22)

– Case 4: D \ {u, v} ≠ ∅ :

(ζaC
x,j)[D] = (ζaC

x,j)[D ∩ {u, v}]. (5.23)

Starting from leaf nodes, we compute only one strand at a time and continue the path to
the root and we showed how parents can be computed based on their child(ren).

5.4 Analyzing Time and Space Complexity of the Algo-
rithm
In the previous sections, we talked about our algorithm. Now, it is the time to explain the
time and the space complexity of the algorithm given above. As we explained beforehand,
we have an exact algorithm using only polynomial space.

Theorem 5.4.1. Given a tree decomposition τ of a graph G, the Algorithm 13, outputs
the size of minimum dominating set in O(n23d) time using O(nk) space, where k is the
treewidth and d is the tree-depth.

Proof. We know that the size of any dominating set of a Graph G = (V, E) is at most
|V | = n. So, the while loop in Algorithm 13 runs at most n times (j is the size of
minimum dominating set). In each iteration, we call function f recursively. This function
is computed by Algorithm 14. So, we need to look at the running time of the Algorithm 14:
In each node of the tree decomposition, we have at most three branches and it happens
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at forget nodes. On the other hand, we have O(n) forget nodes in the tree. Thus, the
total running time of Algorithm 14 is O(n3d). So finally, the total running time of
Algorithm 13 is O(n23d) = O∗(3d).
Space complexity: We do not store the intermediate values and only compute one strand
at a time, thus the space complexity is O(nk).

5.5 Extension
So far, we saw how to find a minimum dominating set when the tree decomposition
is given. Now, we describe how to find the size of a minimum dominating set using
polynomial space when the graph itself is given.

Remark 5.5.1. ([13]) In 1992, B. Reed gave an approximated vertex separator algo-
rithm that gives another algorithm determining whether a given graph G has a tree
decomposition of width at most k. Then it finds such a tree decomposition if it exists.
The running time of this algorithm is O(n log n) for any fixed k using polynomial space.

It is not mentioned that the space complexity of the algorithm is polynomial but this
algorithm saves only the results for each strand and has a polynomial space complexity.

So, even if the tree decomposition is not given, still we can use Reed’s algorithm
to find a tree decomposition with width of k. We can start from k = n and set k to k

2

(binary search) if this algorithm says there is a tree decomposition of width k. At some
point, the answer would be no and then the algorithm will output the tree decomposition
of size k. Now, we can use the output to compute the size of minimum dominating set of
the original graph by Algorithm 13.

We also should mention that, the same framework can be applied on the Maximum
Independent Set (MIS) problem to covert a dynamic programming algorithm using
exponential time to a parametrized algorithm taking tree depth as its parameter using
only polynomial space. On the other hand, if we look closer to the Maximum Independent
Set problem and write down the recursions, we see that also by applying zeta transform
we save space, but we sacrifice huge amount of time. But the good point about MIS
is that, if we solve it using recursion on tree decomposition, it has already polynomial
space complexity and we do not need to apply zeta transform.

One good problem would be to see if this framework works on the Hamiltonian Cycle
problem. This one is much complicated because the nature of the problem is different.
In previous problems, only pairs of vertices and edges (individually) were important but
here one should look for all of possible disjoint paths.
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In general, any problem of graphs (even if the problem is not on graph, (maybe)
we can convert it) which has convolution in the join nodes, can be a candidate for our
framework.

5.6 Conclusion
We applied the dynamic algebraization approach ([41]) to the Minimum Dominating
Set problem to give a space-efficient dynamic programming algorithm using polynomial
space. Our algorithm runs in time O(n23d) using O(nk) space where d and k are depth
and width of the tree decomposition respectively. Even if the tree decomposition is
not given, as mentioned in Remark 5.5.1, we can construct a tree decomposition with
sufficiently small treewidth by using polynomial space and then apply our algorithm.
Again, the space complexity is polynomial, and for some function f , the running time is
O(f(k)n log n) = O(f(d)n log n) parametrized by the treewidth k or tree-depth d.
The essential part is to do the computation on the zeta transformed mirror image of the
tree decomposition to save space. As in [41], it is important to introduce the edges in
auxiliary leaves to avoid an exponential blow-up.
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Chapter 6 |
Space-Efficient Parameterized Al-
gorithms for Counting the Num-
ber of solutions to Hamiltonian
cycles, and Traveling Salesperson
by Dynamic Algebraization

This chapter is based on a joint work with Martin Fürer [49].
An NP-hard graph problem may be intractable for general graphs but it could be

efficiently solvable using dynamic programming for graphs with bounded treewidth (or
tree-depth or some other structural parameter). Dynamic programming is a well-known
approach used for finding exact solutions for NP-hard graph problems based on tree
decompositions. It has been shown that there exist algorithms using linear time in the
number of vertices and single exponential time in the treewidth (tree-depth or other
parameters) of a given tree decomposition for many connectivity problems. Employing
dynamic programming on a tree decomposition usually uses exponential space. In 2010,
Lokshtanov and Nederlof introduced an elegant framework to avoid exponential space by
algebraization. Later, Fürer and Yu modified the framework in a way that even works
when the underlying set is dynamic, thus applying it to tree decompositions.
In this work, we design space-efficient algorithms to solve the Hamiltonian Cycle and
the Traveling Salesman problems, using polynomial space while the time complexity
is only slightly increased. This might be inevitable since we are reducing the space
usage from an exponential amount (in dynamic programming solutions) to polynomial.
We give an algorithm to solve Hamiltonian cycle in time O((4k)d nM(n log n)) using
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O(kdn log n) space, where M(r) is the time complexity to multiply two integers, each of
which being represented by at most r bits. Then, we solve the more general Traveling
Salesman problem in time O((4k)dpoly(n)) using space O(Wkdn log n), where k and d

are the width and the depth of the given tree decomposition andW is the sum of weights.
Furthermore, this algorithm counts the number of Hamiltonian Cycles.

Dynamic programming (DP) is largely used to avoid recomputing subproblems. It
may decrease the time complexity, but it uses auxiliary space to store the intermediate
values. This auxiliary space may go up to exponential in the value of the parameter.
This means both the running time and the space complexity are exponential for some
algorithms solving those NP-complete problems. Space complexity is a crucial aspect of
algorithm design, because we typically run out of space before running out of time. To fix
this issue, Lokshtanov and Nederlof [40] introduced a framework which works on a static
underlying set. The problems they considered were Subset Sum, Knapsack, Traveling
Salesman (in time O(2nk) using polynomial space),Weighted Steiner Tree, and Weighted
Set Cover. They use DFTs, zeta transforms and Möbius transforms [47,48], leveraging the
fact that working on zeta (or discrete Fourier) transformed values is significantly easier
since the subset convolution operation converts to a pointwise multiplication operation.
In all their settings, the input is a set or a graph which means the underlying set for the
subproblems is static. Fürer and Yu [41] changed this approach modifying a dynamic
programming algorithm applied to a tree decomposition (instead of the graph itself). The
resulting algorithm uses only polynomial space and the running time does not increase
drastically. By working with tree decompositions, they obtain parameterized algorithms
which are exponential in the tree-depth and linear in the number of vertices. If the tree
decomposition has a bounded width, then the algorithm is both fast and space-efficient.
In this setting, the underlying set is not static anymore, because they are working with
different bags of nodes. They show that using algebraization helps to save space even if
the underlying set is dynamic. They consider perfect matchings in their paper. In recent
years, there have been several results in this field where algebraic tools are used to save
space when DP algorithms are applied to NP-hard problems. In 2018, Pilipczuk and
Wrochna [50] applied a similar approach to solve the Minimum Dominating Set problem.
Although they have not directly used these algebraic tools but it is a similar approach
(in time O(3dpoly(n)) using poly(n) space).
We have to mention that there is no general method to automatically transform dynamic
programming solutions to polynomial space solutions while increasing the tree-width
parameter to the tree-depth in the running time.
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One of the interesting NP-hard problems in graph theory is Hamiltonian Cycle. It seems
harder than many other graph problems. We are given a graph and we want to find
a cycle visiting each vertex exactly once. The naive deterministic algorithm for the
Hamiltonian Cycle problem and the more general Traveling Salesman problem runs in
time O(n!) using polynomial space. Later, deterministic DP and inclusion-exclusion
algorithms for these two problems running in time O∗(2n)1 using exponential space
were given in [51–53]. The existence of a deterministic algorithm for Hamiltonian cycle
running in time O((2− ϵ)n), for a fixed ϵ > 0 is still an open problem. There are some
randomized algorithms which run in time O((2− ϵ)n), for a fixed ϵ > 0 like the one given
in [54]. Although, there is no improvement in deterministic running time, there are some
results on Parameterized algorithms. In 2011, Cygan et al. [55] designed a Parameterized
algorithm for the Hamiltonian Cycle problem, which runs in time 4k|V |O(1), where k is
the treewidth. They also presented a randomized algorithm for planar graphs running
in time O(26.366

√
n). In 2015, Bodlaender et al. [56] introduced two deterministic single

exponential time algorithms for Hamiltonian Cycle: One based on pathwidth running in
time Õ(6ppO(1)n2)2 and the other is based on treewidth running in time Õ(15kkO(1)n2),
where p and k are the pathwidth and the treewidth respectively. The authors also solve
the Traveling Salesman problem in time O(n(2 + 2ω)ppO(1)) if a path decomposition of
width p of G is given, and in time O(n(7 + 2ω+1)kkO(1)), where ω denotes the matrix
multiplication exponent. One of the best known upper bound for ω is 2.3727 [57]. They
do not consider the space complexity of their algorithm and as far as we checked it uses
exponential space.
Recently, Curticapean et al. [58] showed that there is no positive ϵ such that the problem
of counting the number of Hamiltonian cycles can be solved in O∗((6−ϵ)p) time assuming
SETH. Here p is the width of the given path decomposition of the graph. They show
this tight lower bound via matrix rank.
Our contribution: Given a graph G along with one of its tree decompositions τ , we
present algorithms computing:

• the number of Hamiltonian cycles in time O((4k)d nM(n log n)) using O(kdn log n)
space,

• the answer to the Traveling Salesman problem (TSP) in time O((4k)dpoly(n)) using
space O(Wkdn log n),

1O∗ notation hides the polynomial factors of the expression.
2Õ notation hides the logarithmic factors of the expression.
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where k and d are the width and the depth of a given tree decomposition τ , respectively.
M(r) is the time complexity to multiply two integers with r bits, and W is the sum of
weights of the edges in TSP.

6.1 Preliminaries
In this section we review notations that we use later.

Definition 6.1.1. The depth of a tree decomposition is the maximum number of distinct
vertices in the union of all bags on a path from the root to the leaf. We use d to denote
the depth of a given tree decomposition (Although, this is not the standard definition of
the depth of a tree decomposition, it is equivalent to the standard definition and is more
applicable in our case).

We have to mention that this is different from the depth of a tree. This is the depth
of a tree decomposition as defined above.

Definition 6.1.2. The tree-depth of a graph G, is the minimum over the depths of all
tree decompositions of G. We use d(G) (simply d) to denote the tree-depth of a graph.

After defining the treewidth and the tree-depth, now we have to talk about the
relationship between these parameters in a given graph G:

Lemma 6.1.1. (see [59, Corollary 2.5] and [43])
For any connected graph G, d(G) ≥ k + 1 ≥ d(G)

log2 |V (G)| .

Example: The path Pn with n vertices, has treewidth 1 and tree-depth of log2(n+1).
One should note that finding the treewidth and the tree-depth of a given graph G are
known to be an NP-hard problems. A question which arises here, is whether there exists
a tree decomposition such that its width is the treewidth and its depth is the tree-depth
of the original graph? In other words, is it possible to construct a tree decomposition of
a given graph which minimizes both the depth and the width? If the answer is yes, how
to gain such a tree decomposition. Although we are not focusing on this question here,
but it seems an interesting problem to think about.

6.1.1 Algebraic tools to save space

When we use dynamic programming to solve a graph problem on a tree decomposition,
it usually uses exponential space. Lokshtanov and Nederlof converted some algorithms
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using subset convolution or union product into transformed version in order to reduce
the space complexity. Later, Fürer and Yu [41] also used this approach in a dynamic
setting, based on tree decompositions for the Perfect Matching problem. In this work,
we introduce algorithms to solve the Hamiltonian Cycle and the Traveling Salesman
problems. First, let us recall some definitions.
Let R[2U ] be the set of all functions from the power set of the universe U to the ring
R. The operator ⊕ is the pointwise addition and the operator ⊙ is the pointwise
multiplication.

Definition 6.1.3. A relaxation of a function f ∈ R[2U ] is a sequence of functions
{f i : f i ∈ R[2U ], 0 ≤ i ≤ |U|}, where ∀ 0 ≤ i ≤ |U| and ∀X ⊆ U , f i[X] is defined as:

f i[X] =


0 if i < |X|,

f [X] if i = |X|,

arbitrary value if i > |X|.

(6.1)

Definition 6.1.4. The zeta transform of a function f ∈ R[2U ] is defined as:

ζf [X] =
∑

Y ⊆X

f [Y ]. (6.2)

Definition 6.1.5. The Möbius transform of a function f ∈ R[2U ] is defined as:

µf [X] =
∑

Y ⊆X

(−1)|X\Y |f [Y ]. (6.3)

Lemma 6.1.2. The Möbius transform is the inverse of the zeta transform and vice versa,
i.e.

µ(ζf [X]) = ζ(µf [X]) = f [X]. (6.4)

See [47,48] for the proof.
Instead of storing exponentially many intermediate results, we store the zeta trans-

formed values. Instead of working on the original computation (bottom up on a nice
tree decomposition), we are working on a mirrored computation on the same nice tree
decomposition where the zeta-transformed values in a node are computed directly from
the zeta-transformed values at the children. At the end, we recover the original values
using Equation 6.4. The zeta transform converts the “hard” union product operation
(∗u) to the “easier” pointwise multiplication operation (⊙) which results in saving space.
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Definition 6.1.6. Given f, g ∈ R[2U ] and X ∈ 2U , the Subset Convolution of f and g

denoted (f ∗R g) is defined as:

(f ∗R g)[X] =
∑

X1⊆X

f(X1)g(X \X1). (6.5)

Definition 6.1.7. Given f, g ∈ R[2U ] and X ∈ 2U , the Union Product of f and g denoted
(f ∗u g) is defined as:

(f ∗u g)[X] =
∑

X1∪X2=X

f(X1)g(X2). (6.6)

Theorem 6.1.1. ( [46]) Applying the zeta transform to a union product operation,
results in the pointwise multiplication of zeta transforms of the outputs, i.e., given
f, g ∈ R[2U ] and X ∈ 2U ,

ζ(f ∗u g)[X] = (ζf)⊙ (ζg)[X]. (6.7)

All of the previous works, which either used DFT or the zeta transform on a given
tree decomposition (such as [41], and [40]), have one common central property that
the recursion in the join nodes, can be represented by a formula using a union product
operation. The union product and the subset convolution are complicated operations
in comparison with pointwise multiplication or pointwise addition. That is why taking
the zeta transform of a formula having union products makes the computation easier.
As noted earlier in Theorem 6.1.1, taking the zeta transform of such a term, will result
in a term having pointwise multiplication instead of union product. After doing a
computation over the zeta transformed values, we can apply the Möbius transform on
the outcome to get the main result (based on Theorem 6.1.2). In other words, the direct
computation has a mirror image using the zeta transforms of the intermediate values
instead of the original ones. While the direct computation keeps track of exponentially
many intermediate values, the computation over the zeta transformed values partitions
into exponentially many branches, and they can be executed one after another. Later,
we show that this approach improves the space complexity using only polynomial space
instead of exponential space.

6.2 Counting the number of Hamiltonian cycles
We are given a connected graph G = (V, E) and a nice tree decomposition τ of G of
width w. If H is a Hamiltonian cycle, then the induced subgraph of H on τx (called
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H[Vx], where τx is the subtree rooted at node x, and Vx is the union of all bags in τx) is
a set of disjoint paths with endpoints in Bx (see Figure 6.1).

X

v u

Figure 6.1. H[Vx] is a set of paths with endpoints in Bx

Definition 6.2.1. A pseudo-edge is a pair of endpoints of a path of length ≥ 2 with
endpoints in Bx and interior vertices in Vx \Bx. We use the ⟨, ⟩ notation for the pseudo-
edges. E.g., in Figure 6.1, p = ⟨u, v⟩ is a pseudo-edge (it does not imply that there is an
edge between u and v, it just says that there is a path of length at least two in H[Vx]
where u and v are its endpoints). The ⟨, ⟩ notation is a symmetrical notation since our
paths are undirected, i.e., ⟨u, v⟩ = ⟨v, u⟩. Each path is associated with a pseudo-edge.

Lemma 6.2.1. The degree of all vertices in H[Vx] is at most 2.

Proof. H[Vx] is a subgraph of the cycle H.

Let X be the union of pseudo-edges (in Bx). Let [Bx]2 be the set of two-element
subsets of Bx, and let X ⊆ [Bx]2. Let SX be the union of vertices involved in X. Then,
SX is a subset of Bx. Let Fx be the vertices of Vx \Bx which are not present in the bag
of the parent of x. Define fx[X] to be the number of sets of disjoint paths (except in
their endpoints where they can share a vertex) whose pseudo-edge set is X (remember
SX is the union of vertices involved in X) visiting vertices of Fx exactly once (they can
also visit vertices which are not in Fx, but we require them to visit at least vertices in
Fx since they are not present in the proper ancestors of x). we require the root to have
empty bag, thus fr[∅] gives us the number of possible Hamiltonian cycles in G, where r

is the root of τ . Now, we show how to compute the values of fx for all types of nodes.

103



6.2.1 Computing fx[X]

We first show how fx[X] could be computed by dynamic programming using exponential
space. We introduce the recursive formula for any kind of nodes. In the next section, we
will show how to compute ζfx[X] directly.

• Leaf node: Assume x is a leaf node.

fx[X] =

1 if X = ∅,

0 otherwise.
(6.8)

Since x is a leaf node, there is no path through Vx \Bx, so for all non-empty sets
X of pseudo-edges, fx[X] is zero, and for X = ∅, there is only one set of paths,
which is empty.

• Forget node: Assume x is a forget node (forgetting vertex v) with a child c, where
Bx = Bc \ {v}. Any pseudo-edge ⟨u, w⟩ ∈ X ⊆ [Bx]2 can define a path starting
from u, going to v possibly through Vc \Bc and then going to w possibly through
Vc \Bc. Here, either or both pieces of the path (from u to v, and/or from v to w)
can consist of single edges.

fx[X] =
∑

⟨u,w⟩∈X

∑
Q⊆{⟨u,v⟩,⟨v,w⟩}

dQ fc[X \ {⟨u, w⟩} ∪Q], (6.9)

where dQ =

1 if ⟨u, v⟩ ∈ Q or {u, v} ∈ E, and ⟨v, w⟩ ∈ Q or {v, w} ∈ E

0 otherwise.

• Introduce vertex node: Assume x is an introduce vertex node (introducing
vertex v) with a child c, where Bx = Bc ∪{v}. The vertex v cannot be an endpoint
of a pseudo-edge because v has no neighbors in Vc.

fx[X] =

fc[X] if v /∈ SX ,

0 otherwise.
(6.10)

• Join node: Assume x is a join node with two children c1 and c2, where Bx =
Bc1 = Bc2 . For any given X ⊆ [Bx]2, X can be partitioned into two sets X ′ and
X \X ′ and each of them can be the set of pseudo-edges for one of the children.
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X

u w

X

u w

x

c

Figure 6.2. Forget node x forgetting vertex v with the child c.

The number of such paths associated with X through Vx is equal to the sum of
the products of the number of corresponding paths associated with X ′ and X \X ′

through Vc1 and Vc1 respectively.

fx[X] =
∑

X′⊆X

fc1 [X ′]fc2 [X \X ′] = (fc1 ∗R fc2)[X]. (6.11)

Here we get subset convolution and we have to convert it to union product to be
able to use zeta transform. We do this conversion in the next subsection.

6.2.2 Computing ζfx[X]

In this subsection (the second round of computation), first we compute the relaxations
of fx[X] (Definition 6.1.3) for all kinds of nodes, and then we apply the zeta transform
to the relaxations. In the following section let {f i

x}0≤i≤ k+1
2

be a relaxation of fx.

• Leaf node: Assume x is a leaf node. Since fx[∅] = 1 and for any X ≠ ∅ : fx[X] = 0,
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X′ X \X′

X

x

c2c1

Figure 6.3. Join node x with two children c1, and c2.

we can choose f i
x[X] = fx[X] for all i and X. Then

(ζf i
x)[X] = 1, for all i and X. (6.12)

• Forget node: Assume x is a forget node (forgetting vertex v) with a child c, where
Bx = Bc \ {v}. Thus,

f i
x[X] =

∑
⟨u,w⟩∈X

∑
Q⊆{⟨u,v⟩,⟨v,w⟩}

dQ f i′(Q)
c [X \ {⟨u, w⟩} ∪Q], (6.13)

where i′(Q) = i−1+|Q|, i.e., i′(Q) is the number of pseudo-edges in X\{⟨u, w⟩}∪Q.
Now we apply the zeta transform:

(ζf i
x)[X] =

∑
Y ⊆X

f i
x[Y ]

=
∑

Y ⊆X

∑
⟨u,w⟩∈Y

∑
Q⊆{⟨u,v⟩,⟨v,w⟩}

dQ f i′(Q)
c [Y \ {⟨u, w⟩} ∪Q]

=
∑

⟨u,w⟩∈X

∑
Q⊆{⟨u,v⟩,⟨v,w⟩}

∑
{⟨u,w⟩}⊆Y ⊆X

dQ f i′(Q)
c [Y \ {⟨u, w⟩} ∪Q]
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=
∑

⟨u,w⟩∈X

∑
Q⊆{⟨u,v⟩,⟨v,w⟩}

dQ

∑
Y ⊆(X\{⟨u,w⟩})

f i′(Q)
c [Y ∪Q] (6.14)

We now express eQ = ∑
Y ⊆(X\{⟨u,w⟩}) f i′(Q)

c [Y ∪Q] by ζ-transforms, depending on
the size of Q. We use the abbreviation X ′ = X \ {⟨u, w⟩}

If Q = ∅, then

eQ =
∑

Y ⊆X′
f i−1

c [Y ] = ζf i−1[X ′]. (6.15)

If Q = {⟨u, v⟩} or Q = {⟨v, w⟩}, then

eQ =
∑

Y ⊆X′
f i

c [Y ∪Q] = ζf i
c [X ′ ∪Q]− ζf i

c [X ′]. (6.16)

If Q = {⟨u, v⟩, ⟨v, w⟩}, then

eQ =
∑

Y ⊆X′
f i+1

c [Y ∪Q] (6.17)

= ζf i+1
c [X ′ ∪Q]− ζf i+1

c [X ′ ∪ {⟨u, v⟩}]− ζf i+1
c [X ′ ∪ {⟨v, w⟩}] + ζf i+1

c [X ′].

With these sums computed, we can now express ζf i
x)[X] more concisely.

(ζf i
x)[X] =

∑
⟨u,w⟩∈X

((d∅ − d{⟨u,v⟩} − d{⟨v,w⟩} + d{⟨u,v⟩,⟨v,w⟩}) ζf i−1
c [X ′]

+d{⟨u,v⟩} ζf i
c [X ′ ∪ {⟨u, v⟩}] + d{⟨v,w⟩} ζf i

c [X ′ ∪ {⟨v, w⟩}]

+d{⟨u,v⟩,⟨v,w⟩} ζf i+1
c [X ′ ∪ {⟨u, v⟩, ⟨v, w⟩}]). (6.18)

Note that d∅ = 1 if {⟨u, v⟩, ⟨v, w⟩} ⊆ E, d{⟨u,v⟩} = 1 if ⟨v, w⟩ ∈ E, d{⟨v,w⟩} = 1
if ⟨u, v⟩ ∈ E, and d{⟨u,v⟩,⟨v,w⟩} is always 1, while otherwise dQ = 0. This implies
that for every ⟨u, w⟩ in the previous equation at least one of the 4 coefficients is 0.
Therefore, in each forget node, we have at most a 3|X| fold branching.

• Introduce vertex node: Assume x is an introduce vertex node (introducing
vertex v) with a child c, where Bx = Bc ∪ {v}. Let Xv be the set of pseudo-edges
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having v as one their endpoints. Therefore,

f i
x[X] =

f i
c [X] if v /∈ SX ,

0 otherwise.
(6.19)

(ζf i
x)[X] =

∑
Y ⊆X

f i
x[Y ] =

∑
Y ⊆(X\Xv)

f i
c [Y ] = (ζf i

c)[X \Xv]. (6.20)

• Join node: Assume x is a join node with two children c1 and c2, where Bx =
Bc1 = Bc2 . To compute fx on a join node, we can use Equation 6.11. In order to
convert the subset convolution operation to pointwise multiplication, first we need
to convert the subset convolution to a union product, and then we are able to use
Theorem 6.1.1. To convert subset convolution to union product we introduce a
relaxation of fx. Let f i

x[X] = ∑i
j=0(f j

c1 ∗u f i−j
c2 )[X] be a relaxation of fx.

(ζf i
x)[X] =

i∑
j=0

(ζf j
c1)[X] · (ζf i−j

c2 )[X], for 0 ≤ i ≤ k, (6.21)

where k is the treewidth of τ .

To summarize, we present the following algorithm (Algorithm 15) for the Hamiltonian
Cycle problem where a tree decomposition τ is given.

Algorithm 15 Counting the total number of the possible Hamiltonian cycles in a graph
given by a nice tree decomposition
Require: A nice tree decomposition τ with root r
Ensure: (ζf)(r, ∅, 0) ▷ ζf 0

r [∅].
1: procedure (ζf)(x, X, i): ▷ (ζf)(x, X, i) is the representation of (ζf i

x)[X]
2: if x is a leaf node then
3: return 1.
4: end if
5: if x is a forget node then ▷ forgetting v
6: return the value according to Equation 6.18.
7: end if
8: if x is an introduce vertex node then ▷ introducing v
9: return (ζf)(c, X \Xv, i).

10: end if
11: return ∑i

j=0(ζf)(c1, X, j) · (ζf)(c2, X, i− j). ▷ x is a join node
12: end procedure
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Theorem 6.2.1. Given a graph G = (V, E) and a tree decomposition τ of G, we can
compute the total number of the Hamiltonian cycles of G in time O((4k)dnM(n log n))
and in space O(kdn log n) by using Algorithm 15 where k and d are the width and the
depth of τ respectively, and M(n) is the time complexity to multiply two numbers which
can be encoded by at most n bits.

Proof. Branching happens only in forget nodes (≤ d forget nodes from a path from the
root to a leaf), where we branch into ≤ k branches. According to the formula for forget
node: {u, v} and {v, w} each can be an edge or a pseudo-edge (four possibilities). There
are at most n! Hamiltonian cycles, so the value of fx can be presented by at most n log n

bits. It takes M(n log n) time to multiply numbers with this length. On the other hand,
there are n vertices in G. All together, the running time is O((4k)dnM(n log n)).

For space complexity, we only keep results for one strand at a time. There are ≤ d

vertices on each path from the root to a leaf. On each path, we keep track of vertices in
a bag (at most k + 1), and the number of disjoint paths can be presented by n log n bits.
Therefore, the space complexity is O(kdn log n).

The correctness of the algorithm is shown in Section 6.2.1 and Section 6.2.2. Now,
we show the running time and the space complexity of our algorithm.

Running time: The only case that branching happens in where we are handling a
forget node. We have at most k branches in forget nodes since the number of pseudo-edges
in each bag is bounded by k + 1 because of Lemma 6.2.1. Furthermore, based on the
formula for forget node, the two unordered pairs of (u, v) and (v, w) can contribute
as an edge or a pseudo-edge (four possible cases). On the other hand the number of
forget nodes in a path from the root to one leaf is bounded by the d (the depth of tree
decomposition τ). Also, the number of vertices is n and we work with numbers of size at
most n! (number of paths) which can be represented by at most n log n bits. We handle
multiplication of these numbers which happens in O(M(n log n)). All being said, the
total running time is O((4k)dnM(n log n)).

Space complexity: We keep the results for each strand at a time. The number of
nodes in a path from the root to a leaf is bounded by the depth of the tree decomposition
(d). Along the path, we keep track of bags (of size k) and number of disjoint paths (at
most n! paths exist which can be shown by at most n log n bits). Therefore, the total
space complexity is O(kdn log n).
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6.3 The traveling Salesman problem
In the previous section, we showed how to count the total number of possible Hamiltonian
cycles of a given graph. In this section, we discuss a harder problem. We know that the
Hamiltonian Cycle problem is reducible to the Traveling Salesman problem (TSP) by
setting all cost of edges to be 1. We could have just explained how to solve TSP but we
chose to first explain the easier one to help understanding the process. Now, we have
most of the notations. First, we recap the formal definition of the Traveling Salesman
problem.

Definition 6.3.1. Traveling Salesman. Let G = (V, E) be an undirected graph with
weighted edges, where for all {u, v} ∈ E, cu,v is the weight (= cost) of {u, v} (nonnegative
integer). In the traveling Salesman problem we are asked to find a cycle (if there is any)
that visits all of the vertices exactly once (it is a Hamiltonian cycle) with minimum cost.

As mentioned, the output should be a minimum cost Hamiltonian cycle. We have
the same notations as before. Thus, we are ready to explain our algorithmic framework:
The difference between counting the number of Hamiltonian cycles and finding the
minimum cost of a Hamiltonian cycle (answer to the Traveling salesman problem), is
that we should work with lengths instead of the numbers of solutions. In order to solve
this problem, we work with the ring of polynomials Z[x], where x is a variable. Our
algorithm computes the polynomial Px(y)[X] = ∑W

i=0 ax
i [X]yi, where ax

i [X] is the number
of solutions in τx associated with X with cost i, and W is the sum of the weights of all
edges.

6.3.1 Computing the Hamiltonian Cycles of All Costs

To find the answer to the traveling salesman problem, we have to find the first nonzero
coefficient of Pr(x), where r is the root of the given nice tree decomposition. As we did
for the Hamiltonian cycle problem, we show how compute this polynomial recursively for
all kinds of nodes.

• Leaf node: Assume x is a leaf node.

Px(y)[X] =

1 if X = ∅,

0 otherwise.
(6.22)
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• Forget node: Assume x is a forget node (forgetting vertex v) with a child c, where
Bx = Bc \ {v}.

Px(y)[X] =
∑

⟨u,w⟩∈X

∑
Q⊆{⟨u,v⟩,⟨v,w⟩}

dQ(Pc(y))[X \ {⟨u, w⟩} ∪Q], (6.23)

where dQ is defined in a similar way as in Equation 6.9.

• Introduce vertex node: Assume x is an introduce vertex node (introducing
vertex v) with a child c, where Bx = Bc ∪ {v}.

Px(y)[X] =

Pc(y)[X] if v /∈ SX ,

0 otherwise.
(6.24)

• Join node: Assume x is a join node with two children c1 and c2, where Bx =
Bc1 = Bc2 .

fx[X] =
∑

X′⊆X

Pc1(y)[X ′]Pc2(y)[X \X ′]. (6.25)

We skip the zeta transform part because it is similar to the Hamiltonian Cycle case.

Theorem 6.3.1. Given a graph G = (V, E) and a tree decomposition τ of G, we
can solve the Traveling Salesman problem for G in time O(4k)d · poly(n) and in space
O(Wkdn log n) where W is the sum of the weights, k and d are the width and the depth
of the tree decomposition τ respectively.

The proof is omitted due to space constraints.

6.3.2 Conclusion

In this work, we solved Hamiltonian Cycle with polynomial space complexity and
Traveling Salesman with pseudo-polynomial space complexity, while the running time is
polynomial in size of the given graph and exponential in the tree-depth. Our algorithms
for both problems rely on modifying a DP approach such that instead of storing all
possible intermediate values, we keep track of zeta transformed values which was first
introduced in [40], and then in [41] for dynamic underlying sets.
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Chapter 7 |
Conclusion

During my PhD, my co-authors and I presented three algorithms to solve treewidth
approximation in FPT time. The most recent algorithm is the state of the art and runs
in time O

(
26.15kn

)
, which is a 2-approximation. It is not obvious if one can achieve an

approximation ratio better than 2 while having time complexity of form ckn. A possible
(lower bound) hardness result could be a huge break through here. The last worked is
inspired by [29].

On the second part of my PhD, I focused on optimizing space complexity. Often
times when DP is used on tree decomposition, the algorithm uses exponential space,
which is impractical. My advisor and I showed how one can avoid the exponential space
usage by dynamic algebraization for the following problems:

1. counting the number of minimum domination sets,

2. counting the number of Hamiltonian cycles, and

3. counting the number of solutions to travelling salesman problem.

Dynamic algebraization was introduced in [41], which itself was inspired by [40].
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