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ABSTRACT
The details of flow past bluff bodies are investigated with two computational fluid
dynamics solvers. The first computational code is the NPHASE-PSU code, a face-based,
fully unstructured, second order discretized, implicit, finite volume fluid dynamics solver.
The second is the CARIBOU code, a node based, structured, fourth order discretized,
explicit, finite element fluid dynamics solver. The implementation of the immersed
boundary method is assessed within the framework of NPHASE-PSU through
comparisons of flowfields modeled both with and without the use of the immersed
boundary method.
The initial test case consists of steady state two-dimensional laminar flow past a
circular cylinder (Re=1). The flowfield is solved initially by using a standard boundary
approach on a body-fitted grid. A subsequent study uses a similar body-fitted grid with
the immersed boundary method. Finally, a uniform Cartesian grid is coupled with the
immersed boundary method. The three flow solutions are compared and their velocity
fields and flowfield symmetries are examined in detail. The result of the investigation
shows that these three test cases yield nearly identical solutions, indicating that all
approaches correctly calculate flow in this regime.
The second experimental case involves transient calculation of two-dimensional
laminar flow past a circular cylinder (Re=100). This experimental setup is examined
using a body-fitted grid and standard boundary, body-fitted grid and immersed boundary,
and two separate analyses of uniform Cartesian grids and immersed boundaries (the
second analysis here is performed in CARIBOU). The solutions are compared to each
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other and to experimental data by analyzing velocity fields, drag and lift coefficients
(viscous, pressure, and total), and vortex shedding frequency. All cases possess closely
matching velocity fields and Strouhal numbers. The standard boundary case matches
experimental data regarding lift and drag coefficients with high accuracy. The two
immersed boundary cases run in NPHASE-PSU, as well as the CARIBOU case also
agree closely with experimental data, indicating that all numerical models correctly
represent the physical flowfields.
The final experimental case involves transient calculation of two-dimensional
laminar flow past a square cylinder (Re=100). This experiment, like the previously
discussed cases, involves solutions that use both standard and immersed boundary
methods, both in NPHASE-PSU and CARIBOU. All cases possess accurate velocity
fields and Strouhal numbers.

The standard boundary case matches the CARIBOU

immersed boundary case with close accuracy. The two immersed boundary cases run in
NPHASE-PSU, as well as the CARIBOU case, also agree closely with each other,
indicating that all numerical models correctly represent the physical flowfields.
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Chapter 1
INTRODUCTION
This thesis describes two methodologies used to numerically simulate low
Reynolds number flow over rigid bodies using various grid types. Specifically, two
computational codes, NPHASE-PSU and CARIBOU, are used to calculate flow over
circular and square cylinders. Calculations are performed on structured grids, both bodyfitted and uniform Cartesian. The approaches developed in this thesis use the immersed
boundary method to enhance flexibility and performance of the codes, allowing for
analysis of moving body flows and reduction of grid generation time.

1.1 Motivation
Problems of practical engineering importance often involve viscous flow past
bluff bodies. This is especially relevant in flows over urban landscapes where large
buildings and other man-made structures are designed to maximize interior space and
structural integrity.

Furthermore, atmospheric dispersion information in urban

environments becomes increasingly valuable as a prediction tool to ensure the cleanliness
and security of densely populated locations. Despite these concerns, aerodynamic effects
of flow over these bluff bodies are rarely considered as primary design criteria.
Flow past bluff bodies, such as circular cylinders, usually experiences both strong
oscillations in the wake region of the body and high drag forces. In certain Reynolds
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number ranges, periodic flow develops in the wake of the cylinder; this is called the
Karman vortex street. This phenomenon creates oscillations at a discrete frequency,
which are related to the flow Reynolds number. Such oscillations also correlate to
fluctuating values of lift and drag on the body. These data may be analyzed statistically
to determine flow properties around the cylinder. Moreover, these properties may be
compared to other experiments to ensure validity and accuracy. This simple analogue is
valuable because it lends insight into large scale phenomena such as urban flowfields.
While the geometry of individual buildings may be approximated with relatively
simple shapes (when viewed from an atmospheric scale), the overall layout of building
clusters may be complex and may often differ between environments. The variation in
urban geometries presents difficulty when setting up experiments to simulate these cases.
Consequently, new models must be constructed to accurately represent differing building
configurations. The desire to efficiently compute such flowfields lends itself to the use of
the immersed boundary method, a powerful computational fluid dynamics tool that
decreases grid generation and preprocessing time requirements while preserving solution
accuracy and validity.
In the case of computational fluid dynamics, the geometric model used for each
simulation is approximated through the use of a computational grid, that is, a set of points
that define the shape and location of bodies. Conventional methods to perform such
numerical calculations require unique grids to be generated for each experimental case
with a differing geometry.

Generating a grid becomes time- and computationally-

intensive as the geometry becomes increasingly complex. One method to diminish these
time requirements is known as the immersed boundary method [Peskin 2002]. This
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computational fluid dynamics method, its history, its specific implementations, and its
experimental results are discussed in detail through the course of this thesis.

1.2 Background
Flow over a cylinder has been studied extensively, both experimentally and
numerically, for several decades.

Williamson gives one of the most recent and

comprehensive reviews [Williamson 1996]. The simplicity of the geometry and the
abundance of interesting flow features continue to make this flow a subject for current
study. Recent increases in computer power have prompted detailed numerical studies of
this flow at higher Reynolds numbers and in more complex configurations [Zdravkovich
1997].
The flow over a cylinder exhibits vastly different behaviors as the Reynolds
number (based on the free-stream velocity, cylinder diameter, and kinematic viscosity)
increases from zero to large values. Steady laminar flow exists at Reynolds numbers up
to approximately Re~40 with a pair of symmetric counter-rotating vortices forming
behind the cylinder at Re~5. The laminar vortex shedding, also known as the Karman
vortex street, is observed at Reynolds numbers up to about Re~190. This is the flow
regime with which this research is concerned. The next regime, called the regime of
mode A instability, is in the range of Reynolds numbers between 190 and 260
[Williamson 1996]. At a Reynolds number of approximately 260, the flow experiences
transition to finer scale three dimensionality, known as mode B instability, with spanwise
characteristic length of approximately one cylinder diameter. With increasing Reynolds
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number, the three-dimensional cylinder wake becomes more chaotic [Williamson 1996].
Values of the Reynolds number at which shear layers separate from the cylinder and
become unstable vary in the literature from 300 to 3000 [Prasad 1996]. It is believed that
the separating shear layers are extremely sensitive to various experimental factors.
Experiments regarding flow over square cylinders are also valuable to the
understanding of bluff body flowfields. At sufficiently high Reynolds numbers, these
flows exhibit separation, vortex shedding, and stationary vortical structures, which are all
difficult to model accurately with CFD [Wilson 2008]. There is ample documentation for
the three-dimensional case of flow past a surface-mounted square cylinder.
Experimentally, such results are investigated using a wide variety of experimental
methods [Martinuzzi 1993]. As these experiments are concerned with turbulent flow,
comparative computational studies showed the ability of Reynolds-Averaged NavierStokes models to match major flow features [Krajnovic 2002]. The data provided in
these experiments and computations is of limited value here, as these studies focused on
flow regimes containing turbulent flow and are beyond the regimes of laminar vortex
shedding.
While many experiments have been carried out at a wide range of Reynolds
numbers and flow regimes, this study will focus on flows at either Re=1.0 or Re=100.
These regimes maintain laminar flow throughout the domain. Study of these regimes
involves both traditional computational fluid dynamics methods as well as the immersed
boundary method.
The use of the immersed boundary method has existed for some time [Peskin
1972]. Following the work of Peskin, in which flow around heart valves was modeled,

5
this new treatment was extended to a method in which the surface force required to bring
a fluid to rest was determined through the use of a feedback loop [Goldstein 1993]. This
method has been expanded throughout the years.
In the context of the present research, the immersed boundary method refers to
two approaches in which a body is embedded within the fluid domain. The first method
introduces face and cell redefinition while the second introduces forces into the
governing equations.

1.3 Objectives of Present Study
The objective of the present study is to demonstrate that the two implementations
of the immersed boundary method can correctly calculate low Reynolds number flow
over a bluff body.

The immersed boundary method is validated for two different

Reynolds number regimes.

These validations are performed using steady state or

transient calculations depending on the regime characteristics.

All regimes do not

include turbulence modeling, as the Reynolds numbers in this study do not reach
sufficient values at which turbulent phenomena exist.
Initial work uses body-fitted grids without the immersed boundary method.
Identical grids are then generated with the inclusion of nodes inside the geometric
boundary, and calculations are performed using the immersed boundary method.
Validation is performed through graphical examination of the flowfield velocity and
pressure fields. Subsequent assessment involves analysis of flow data including lift,
drag, and Strouhal number. The present study also computes similar flow geometries on
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uniform Cartesian grids to emphasize the added grid utilization flexibility of the
immersed boundary method.

1.4 Author Contributions
The original contributions made by the author in relation to this thesis are:
1. Assist in the development of an immersed boundary methodology in
NPHASE-PSU that manipulates the governing equations based on node
location to accommodate the reidentification of body faces.
2. Develop geometric body definiton functions for both computational codes.
3. Develop the ability to make runtime lift and drag calculations for each of the
computational codes, enhancing ease of data analysis.
4. Develop a program to calculate flow Strouhal number based on a summation
of body forces, which is validated against spectral analysis of wake pressure
data.
5. Develop different boundary conditions in CARIBOU based on flow
requirements.
6. Develop and implement wall funcions in CARIBOU, then test these functions
and compare to theoretical values (Appendix A).
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1.5 Thesis Outline
The Navier-Stokes equations are discretized and solved using both unstructured
and structured, body-fitted and uniform Cartesian grids. In the following chapters, the
equations of motion and the numerical discretization used in the two computational codes
are developed in detail. The second chapter focuses on the NPHASE-PSU numerical
code while the third chapter focuses on the CARIBOU code. Each discussion expands on
the specific implementation of the immersed boundary method in the context of the code
framework.

Following this, the numerical implementation is described to highlight

temporal and spatial discretizations, as well as the boundary conditions used in this
thesis.
After proper development of code theory and use, the results are presented in the
fourth chapter. Results progress from Re=1.0 to Re=100 cases, over circular and then
square cylinders.

This chapter validates the computational data against physical

experiments, adding confidence to the validity of the study. The last chapter provides
conclusions drawn from the body of work, as well as suggestions for future work with
which to expand the study.

Chapter 2
GOVERNING EQUATIONS AND NUMERICAL PROCEDURES – NPHASE-PSU
This chapter describes the equations and the numerical methodology implemented
in the NPHASE-PSU code. The immersed boundary method, in the context of this
computational code, is subsequently introduced.

The governing equations are then

discretized in space and time. Finally, boundary conditions used in this research are
introduced.
The NPHASE-PSU code exists in various forms. The primary developers for the
version found in this thesis are Dr. Robert Kunz and Dr. Steven Antal. The author aided
with the implementation of the immersed boundary method.

2.1 Governing Equations
The NPHASE-PSU code is a finite volume, implicit pressure-based Navier-Stokes
solver. The Navier-Stokes equations, cast in conservative law form are show in [Kunz
2007]:

∂α k ρ k ∂α ρ u j
+
= ∑ ( Γlk − Γ kl )
∂t
∂x j
k ≠l
k

k

k

2.1
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 k k  ∂u k ∂u kj
α µt  i +

 ∂x j ∂xi
ρ kα k gi + M ikl +

k k k k
∂α k ρ k uik ∂α ρ ui u j
∂p
∂
+
= −α k
+
∂t
∂x j
∂xi ∂x j

∑(D
k ≠l

kl


  +
 

uil − uik  + Γlk uil − Γ kl uik

2.2

)

where the variables ρ, ui, and p correspond to density, velocity component, and pressure
respectively.
Equations 2.1 and 2.2 refer to single-pressure, ensemble averaged equations. This
code has the capability to perform multi-phase simulations where the superscripts k and l
designate mass transfer donor and receptor fields. Γkl represents mass transfer, and Dkl
and Mkl respectively to drag and non-drag interfacial forces. However, all simulations in
the present research are single phase. For these flowfields the previous two equations
reduce to:
∂ρ ∂ρ u j
+
=0
∂t
∂x j

∂ρ ui ∂ρ ui u j
∂p
∂
+
=−
+
∂t
∂x j
∂xi ∂x j

  ∂u ∂u j  
 µ  i +
  + ρ gi
  ∂x j ∂xi  

2.3

2.4

where Eq. 2.3 represents conservation of mass and Eq. 2.4 represents conservation of
momentum. While NPHASE-PSU has turbulence modeling capability, all simulations
performed in this thesis are for laminar flow; no turbulence modeling is required.
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2.2 Immersed Boundary Method
This sections explains the implementation of the immersed boundary method in
the context of NPHASE-PSU. The discretized governing equations for scalar transport of
an intrinsic variable, φk, can be written in ∆-form as:
 k
ρk α k " 3ρk α k "  k
kl
A
+
b
+
+
 P ∑
 ∆φP
∆τ
2∆τ 
k¹l

n +1,m

k
k
k
-∑ b lk ∆φlP - ∑ A nb
∆φnb
=  ∑ A nb
( φnbk ) k¹l
nb
 nb

 k
kl 
k n +1,m
lk
l n +1,m 
+
φ
φ
A
b
b
(
)
(
∑
∑
P
P
P)



k¹l
k¹l




2.5

 3ρk α k " k n +1 2ρk α k " k n ρk α k " k n-1 
+Sk - 
( φP ) - ∆t ( φP ) + 2∆t ( φP ) 
 2∆t

In this formulation, ∆φk≡(φk)n+1,m+1-(φk)n+1,m, and bkl represents the accumulated drag and
mass transfer terms [Kunz 2007]. The above equation can be written (single phase,
infinite timestep, non ∆-form) as:

APkφPk ,n +1 = ∑ Anbk φnbk ,n +1 + S k

2.6

where Anb represents convection and diffusion equations, and Ap represents convection
and diffusion and implicit source terms.

Sk contains explicit sources including the

pressure gradient term in the momentum equation. This lays the framework in which the
remainder of the immersed boundary numerical implementation is discussed.
The immersed boundary method in NPHASE-PSU currently consists of two
major components. These reduce to redefining “internal faces” as “wall faces” and
“internal cells” as “inactive / dummy cells.” The discussion for redefining “internal
cells” as “inactive / dummy cells” is more straightforward. This entails identification of
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inactive cells through a subroutine in two steps. First, identify body-internal cells and
body faces bounding outermost wall faces. After this, the code decouples these cells
from active cells. Since the code still solves the Navier Stokes equations in these dummy
cells, we include a standard source term treatment to force dummy cell values of φ (u, v,
w, p, ...) to be zero or some other appropriate value. In dummy cells, Ap is some large
positive number (L), specified as 1030

Ap = L
S = L φdesired
L φ = L φdesired
which yields φ = φdesired. This allows the negation of the first term on the right hand side
of Eq. 2.6. Within dummy cells the discretized governing equations become:
APkφPk ,n +1 = S k

φ pk ,n +1 = φdesired

2.7

Internal faces are now redefined as “wall faces.” The inviscid and viscous flux
terms for internal faces are defined as:

∫α ρ φ
k

A

k

k

V idA = ∑ Cfk φfk
k

f

∫ ( τidA ), τ = αµ ( ∇V )

2.8

2.9

For the immersed boundary method, these fluxes must be redefined to
accommodate the reidentification of the outermost immersed face as a solid viscous
boundary. For inviscid fluxes, the flux coefficients are set to zero. For viscous fluxes, a
standard implicit no-slip condition is invoked as Eq. 2.10:
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τ face =

(

µ v − v⋅

Af
Af

∆s

)

2.10

This expression for the shear stress vector is multiplied by the face area to yield a
force that is then inserted directly into the discrete momentum equations (implicitly in
term Ap since τface is linear in v).

Figure 2-1: Interface between immersed (gray) and non-immersed cells. “Internal face”
(light gray) is treated as a “wall face,” with the velocity vector split into normal and
tangential components.
Lastly, since gradients are computed with Gauss’s Law, face values must be
reassigned for variables whose gradients are being computed in “wall face” adjacent
cells.
∇φ =

k
1
A f φf
∑
∀ f

2.11

For example, in applying Gauss’s Law for the pressure gradient term, using a
[∂p/∂n=0] boundary condition invokes simply setting [pw = pp] prior to invoking the
gradient computation for pressure.
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2.3 Numerical Implementation
The numerical implementation and discretization of NPHASE-PSU is
implemented via a second order backward difference scheme used for the temporal
discretization and a second order upwind scheme used for the spatial discretization. The
algorithm follows established segregated pressure based methodology. The code has the
capability to run in a parallel environment, and all computations were carried out on the
Linux-based “STU” computational cluster.

The code uses unstructured grids; this

capability results in a complex data structure.

2.3.1 Data Structure
The data structure used in NPHASE-PSU is shown in Figure 2-2 [Kunz 2007].
The finite volume code is capable of reading arbitrary elements. The overall structure is
face based, so all connectivity information is stored in face pointers that determine two
adjacent cells. This allows for highly complex grids to be used in the code, maximizing
flexibility and resolution while minimizing computational power requirements.
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Figure 2-2: Data structure organization in NPHASE-PSU.
The faces are each split into face and face edge (fedge) components. These are
identified as internal or boundary elements in conventional boundary cases. A structure
in the code includes various boundary face capabilities: area magnitudes and vectors,
other geometric information, face based scalar values, flux information, and, in the case
of parallel computations, inter-partition boundary data storage and transfer buffers
[adapted from Kunz 2007].

2.3.2 Discretization
A second order backward difference scheme is used here for transient case
simulations. Following a cell-centered face-based discretization method, both inviscid
and viscous fluxes are computed by cycling through all boundary faces. For simplicity,
this approach is presented, applied to an inviscid flux, as:
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∫ αρφVidA = ∑ C φ
f

2.12

f

f

A

In this equation, C f is the facial mass flux of field k. The variable denoted as φ f
represents the general transport scalar that is evaluated face f.

The left hand side

summation is performed for each face that bounds the current cell. The second order
accuracy of the evaluation is ensured by using a central-plus-fourth-difference pressure
artificial dissipation term in the computation of C f [Rhie 1983]. This work is presented
mathematically in brief as:

(

Cf = ρf α f V iA f + ρf α f  B ∇piA f − ∆p A f


2

)

2.13

φ f is evaluated using a second order upwind difference [Lien 2000]:
φkf = φkU + ( ∇φk idr )

U

2.14

The overbar symbol, ∆ operator, and U subscript denote a geometrically weighted face
mean, a difference across the face, and quantity associated with the cell upwind of the
current face, respectively. The dr term designates the vector pointing from the center of
the upwind cell to the center of the current face.
Neglecting cross-diffusion and dilatation, the viscous flux in the momentum
equations can be written for an element face as:

∫ ( τidA ), τ = αµ ( ∇V )

2.15

Referring to Figure 2-3, the gradient of a scalar, φ, on the face can be written as:


s 
s 
∇φ = ∇φ −  ∇φi 12  εɵ s12 +  ∇φi 12  εɵ s12
s12 
s12 



2.16
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The first two terms on the right hand side of Eq. 2.16 represent components of the
gradient that are orthogonal to s12 . These terms are generally small (for hexahedral or
prismatic elements extruded from geometric surfaces, neglecting them is nearly
equivalent to the thin-layer assumption). Their discrete form is treated explicitly in the
solution of the momentum equations. The final term on the right hand side represents
components of the gradient that are parallel to s12 . These are discretized as:

∫(
f


     ds 

αµ∇ V ⋅ dA = ( αµ )f  ∇ V ⋅   εˆ s ⋅ dA

ds 


 
 
 V 2 − V1 ds ⋅ dA
= ( αµ )f
2
ds

)

(

(

)(

)

)

2.17

and are treated implicitly.
Gradients that appear in the flux calculations, and elsewhere, are computed using
Gauss’s Law, Eq. 2.11, with internal face values of φf computed from a geometrically
weighted mean at the face, and the summation taken over all faces bounding an element.
Equation 2.17 is computed by sweeping all internal and boundary faces, accumulating

adjacent element contributions to V and A f φ f from the face.
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Figure 2-3: Geometry nomenclature for cell face evaluations [Kunz 2001].

2.3.3 Solution Strategy
The continuity equation is introduced through a pressure correction equation,
based on the SIMPLE-C algorithm.

Initially, the discrete momentum equations are

solved approximately. After this step a more exact solution of the pressure correction
equation is calculated. This procedure repeats at each iteration.

2.3.4 Boundary Conditions
In this thesis, the boundary conditions used in the NPHASE-PSU code are farfield
at the y-min and y-max (cross stream) planes, symmetry at the z-min and z-max
(spanwise) planes, inlets (transport scalars specified, pressure extrapolated from the
domain interior) at the x-min (streamwise) plane, and pressure (transport scalars
extrapolated from the domain interior, pressure specified) at the x-max (streamwise)
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plane.

All boundary conditions are treated implicitly in the formation of influence

coefficients for the transport scalars.

Chapter 3
GOVERNING EQUATIONS AND NUMERICAL PROCEDURES – CARIBOU
This chapter describes the equations and the numerical methodology implemented
in the CARtesian Immersed BOUndary (CARIBOU) code. The non-dimensional viscous
Navier-Stokes system of equations describes fluid dynamic effects and impact of surface
forces. The immersed boundary method, in the context of this computational code, is
subsequently introduced. The governing equations are then discretized in space and time.
Finally, boundary conditions used in this research are introduced.
The CARIBOU code exists in various forms. The primary developers for the
version found in this thesis are Dr. Yong Cho and Mr. Jogesh Chopra. The author
developed new boundary conditions and implemented wall functions (see Appendix A).

3.1 Governing Equations
One notable difference from the previous code’s formulation is that the
CARIBOU code uses the non-dimensional form of the viscous compressible NavierStokes equations. In Cartesian tensor form these are:
∂ρ ∂
+
( ρ ui ) = 0
∂t ∂xi

3.1

∂τ ij
∂
∂
( ρ ui ) +
( ρ ui u j + pδ ij ) =
+ fi
∂t
∂x j
∂x j

3.2
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∂
∂
∂
( ρ et ) +
(( ρ et + p )u j ) =
(uiτ ij − q j )
∂t
∂x j
∂x j

3.3

where the variables ρ, ui, p, and et are the density, velocity component, pressure, and total
energy respectively. The total energy variable is defined as:
et =

T
1
+ (ui ui )
γ (γ − 1) 2

3.4

where the variables T and γ are the static temperature and ratio of specific heat at constant
pressure (cp) to specific heat at constant volume (cv), or γ = cp / cv. The ideal gas law
relates pressure to a ratio of density and temperature through:
p=

ρT
γ

3.5

The working fluid is assumed to have a linear stress-strain relationship (it is Newtonian)
such that the tensor τij is given by:

τ ij =


∂u
M   ∂ui ∂u j 
+
 µ 
 + λ k δ ij 
Re   ∂x j ∂xi 
∂xk 

3.6

where variables M, Re, µ, and λ represent Mach number, Reynolds number, dynamic
viscosity, and bulk coefficient of viscosity respectively.

In order to relate µ and λ

variables:

λ = − 23 µ

3.7

While CARIBOU can be used for both laminar and turbulent simulations, the
calculations performed in the present study are solely for laminar, low Reynolds number
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flow. Further information on CARIBOU’s turbulent capabilities is available in [Cho
2006] and [Chopra 2007].

3.2 Immersed Boundary Method
In contrast to the methodology used in NPHASE-PSU, CARIBOU follows a
different interpretation of the immersed boundary method. The immersed boundary
method was first used in biomechanical applications; specifically, modeling flow through
the heart [Peskin 1972]. This technique’s primary advantage is eliminating the necessity
of regenerating a body conforming grid whenever the body is in motion. While the
present work is not concerned with moving bodies, grid generation time is a concern and
secondary benefit of this method.

The immersed boundary method modifies the

equations of motion by adding a body force, fi, to the governing equations. This added
body force term is set to zero for the elements that occur in the fluid region outside a
body: the term is able to satisfy equations of motion for a rigid body in elements that
occur in the body region. Numerically, the momentum equation shown in Eq. 3.1 is
represented in discretized form as:

ρ uin+1 + ρ uin
∆t

= RHSi + f i

3.8

The development of the fi body force term is shown below in its two forms, both inside
and outside of the body, as:
0
outside body 

fi = 

n +1
n
− RHSi + ( ρ vbi − ρ ui ) inside body 

3.9
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This application of the body force term is known as the penalization method; it
gets its name from the original Brinkman Penalization Method [Brinkman 1947].
Uniform Cartesian grids are used throughout this research for simplicity and
generalization. In addition, the cross diagonal terms in the transformation metrics take
values of zero in this condition, allowing the computation of the system of equations to
become less resource intensive.

3.3 Numerical Discretization
The numerical implementation and discretization of CARIBOU is a fourth order
Runge-Kutta scheme for temporal discretization and a Weighted Essentially Non
Oscillatory (WENO) scheme for spatial discretization. The code has the capability to run
in a parallel environment, and all computations were carried out on the Linux-based
“COCOA3” computational cluster. The code uses structured Cartesian grids.

3.3.1 Temporal Discretization
A fourth order Runge-Kutta scheme is used here for transient case simulations. A
node-based method is used to discretize the equations. The explicit scheme for temporal
discretization, simplified to one dimension, is given by:
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Q′ − Q n
∂E n
= a1
∆t
∂x
Q′′ − Q′
∂E ′
= a2
∆t
∂x
Q′′′ − Q′′
∂E ′′
= a3
∆t
∂x
n +1
Q − Q′′′
∂E ′′′
= a4
∆t
∂x

3.10

where the variables Q and E are defined as:

ρ 
ρu 
 
Q = ρv 
ρ w
 
 ρ et 

ρu

 2

 ρ u + p − τ xx



E =  ρ uv − τ xy



 ρ uw − τ xz

( ρ et + p ) u − uτ xx − vτ xy − wτ xz + qx 



3.11

Here, the an variables are prescribed coefficients obtained through the work of Lockard
[Lockard 1997], and are valued at 1/4, 1/3, 1/2, and 1. While the equations shown above
are valid for physical coordinates, the algorithm used during computation run time is
implemented in transformed computational coordinates.

3.3.2 Spatial Discretization
The palette of spatial discretization methods available for contemporary
computational fluid dynamics is vast and includes the Euler implicit, Leapfrog, LaxWendroff, and MacCormack methods.

These methods share difficulty resolving

discontinuities when linear stencils are used. When conventional flow solution methods
encounter these situations, oscillations are observed at the locations of the discontinuities,
as shown in Figure 3-1
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Figure 3-1: Interpolation using fixed stencil (left) and ENO interpolation (right) [Shu
1997]
Methods have been introduced through the years to smooth out or remove these
oscillations. One such method is the addition of artificial viscosity to the equations of the
flowfield. Artificial viscosity has been shown to be effective at reducing or eliminating
spurious oscillations, but it must be fine-tuned for each problem it is used with. It must
be large enough in the region of the discontinuities to suppress them, but small elsewhere
in the flow to maintain higher-order accuracy. This problem-dependent implementation
makes the use of artificial viscosity limiting, as tuning may be time and resource
consuming. Another, more robust method of resolving discontinuities is known as total
variation diminishing (TVD). In this method, limiters are applied around the oscillations
to eliminate them. This is accomplished by essentially reducing the order of accuracy of
the interpolation surrounding the discontinuity. A disadvantage of this method is that the
order of accuracy degrades near smooth extrema.
In 1987, a paper by Harten introduced such a method [Harten 1987]. This
essentially non-oscillatory (ENO) scheme is a high-order accurate method to solve a
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flowfield. The ENO scheme works by adapting a stencil at each node in the field using
the locally smoothest stencil to interpolate the solution. ENO schemes have proven
especially successful for problems containing shocks and complex interactions, such as
shock interactions with turbulent flow or vortices. Subsequently, in 1994 the WENO
scheme was developed as an improvement to some of the shortcomings of the ENO
scheme (which will be discussed later). The WENO scheme uses a convex combination
of all candidate stencils, instead of just one, as in the ENO scheme. This leads to a
uniform order of accuracy for a given total size stencil. Initially, ENO schemes will be
discussed in detail.
In order to implement ENO schemes, an adaptive stencil is used. The purpose of
this approach is to avoid including the discontinuity in the stencil as much as possible.
Of high importance in this approach is the decision as to which stencil is locally the
“smoothest.” This parameter is decided through the use of a Newton divided difference.
The jth degree Newton divided difference for the function V(x) is defined by:
V  x i −1/ 2 ,..., xi + j −1/ 2  ≡

V  xi +1/ 2 ,..., xi + j −1/ 2  − V  xi −1/ 2 ,..., xi + j −3/ 2 
xi + j −1/ 2 − xi −1/ 2

3.12

As mentioned, the goal of the ENO approach is to find a stencil of size k-1 that
includes the points immediately surrounding the target cell in which the function V(x) is
the smoothest. This is done through an iterative procedure where the initial stencil is a
two point stencil of the form:

S2 ( i ) = { xi −1/ 2 , xi +1/ 2 }
The linear interpolation of flow contained within this stencil is represented as:

3.13
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P1 ( x ) = V [ xi −1/ 2 ] + V [ xi −1/ 2 , xi +1/ 2 ] ( x − xi −1/ 2 )

3.14

The quantity V [ xi −1/ 2 , xi +1/ 2 ] is
V [ xi −1/ 2 , xi +1/ 2 ] =

V ( xi +1/ 2 ) − V ( xi −1/ 2 )
xi +1/ 2 − xi −1/ 2

3.15

The expansion of the two point stencil in Eq. 3.13 to a three point stencil is the next goal.
It must be decided whether to include the leftmost neighbor xi-3/2 or rightmost neighbor
xi+3/2 to the original stencil.

Including the leftmost neighbor point results in the

interpolation:

R ( x ) = P1 ( x ) + V [ xi −3/ 2 , xi −1/ 2 , xi +1/ 2 ] ( x − xi −1/ 2 )( x − xi +1/ 2 )

3.16

while the rightmost neighbor inclusion results in:

Q ( x ) = P1 ( x ) + V [ xi −1/ 2 , xi +1/ 2 , xi +3/ 2 ] ( x − xi −1/ 2 )( x − xi +1/ 2 )

3.17

From the previous two equations, the differences in the stencil flow solutions are
represented solely by the quantities:

V [ xi −1/ 2 , xi +1/ 2 , xi +3/ 2 ] and V [ xi −3/ 2 , xi −1/ 2 , xi +1/ 2 ]

3.18

These values are the divided differences of the flow V(x) within the two different
candidate stencils. It was noted previously that the candidate stencil with the smaller
divided difference corresponds to the smoother flow solution. Therefore if
V [ xi −1/ 2 , xi +1/ 2 , xi +3/ 2 ]

> V [ xi −3/ 2 , xi −1/ 2 , xi +1/ 2 ]

3.19

the leftmost neighbor will be included in the new stencil, resulting in the three point
stencil:
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S3 ( i ) = { xi −3/ 2 , xi −1/ 2 , xi +1/ 2 }

3.20

If the inequality is reversed, the rightmost neighbor will be included instead, resulting in
a corresponding change in the new three point stencil. The stencil expansion procedure is
repeated until the stencil of size k-1 is obtained. As an aside, if a uniform grid is used
(possibly obtained through the transformation of a non-uniform physical grid into a
uniform computational grid), undivided differences may be used instead of divided
differences. The use of undivided differences results in a savings of computation time as
well as a reduction of round-off errors. The implementation of the ENO scheme is
represented graphically in Figure 3-2

Figure 3-2: First two steps of ENO scheme shown, with leftmost and rightmost neighbors
included in the S3 candidate stencils. One of these two becomes the stencil for further
expansion based on smoothness.
The ENO scheme, while effective in many respects, does not come without
drawbacks. One drawback is that the undivided difference round-off error may lead to
poor stencil selection. This occurs when both sides of the inequality in Eq. 3.19 are nearzero. The round-off error may lead to the incorrect candidate stencil having a larger
absolute value. Additionally, the ENO scheme is computationally expensive relative to
its order of accuracy. In order to obtain kth order accuracy, it is necessary to consider k
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candidate stencils, of which only one is ultimately selected. Another drawback is that the
implementation of this scheme may necessitate many if() logical structures. This is
inefficient on computers which use vector processors. However, most modern CFD work
is done on parallel computers (or clusters of computers) which use serial processors,
bypassing this vector processor inefficiency.
As mentioned, the WENO scheme was developed mainly to correct the
inadequacies of the ENO scheme. As its name implies, the WENO scheme uses a
weighted average of all possible candidate stencils to construct the flow solution. In this
thesis, it will be assumed that the grid is uniform (possibly through a grid
transformation).

To resolve the first drawback of the ENO scheme, the improper

selection of candidate stencils, a convex combination of all candidate stencils is used in
the reconstruction of the flow. That is, if k candidate stencils are analyzed, k different
reconstructions of V(x) can be found for each cell. The key to the WENO scheme is the
weighting of each of these k candidate stencils. Ideally, stencils containing smooth
regions of the flow would have a weight ωr which is larger than the weight of a stencil
containing a discontinuity, which would be near zero. Additionally the weights should be
computationally efficient, leading to the avoidance of exponential type functions. These
considerations lead to the weighting scheme:

ωr =

αr
k −1

∑α

3.21
s

s =0

where r=0,...,k-1, and the variable αr is defined as:

αr =

dr

(ε + βr )

2

3.22
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The value ε is a small number (i.e. 1.0E-6), introduced to avoid a singularity error. The
value βr is referred to as the “smoothness indicator” of the corresponding stencil Sr(i). If
the function within the candidate stencil is smooth, use the relation βr=O(∆x2). If the
function contains a discontinuity, then use the relation βr=O(1). The exact expressions
for these are given below. Using these smoothness indicators along with Eq. 3.21 and
Eq. 3.22, the weights can be found in Eq. 3.23 below, where the leftmost term indicates
the function within the stencil Sr(i) is smooth, and the rightmost term indicates the stencil
contains a discontinuity.

ωr = O (1) or ωr = O ( ∆x 4 )

3.23

Using this weighting scheme, the discontinuities are resolved accurately. It should be
noted that the WENO scheme, using a stencil of size k-1, results in a solution that has an
order of accuracy O(2k-1). This becomes more obvious when the WENO scheme is
represented graphically, as shown in Figure 3-3

Figure 3-3: Fifth order WENO scheme shown. The scheme is constructed through the
combination of multiple third order stencils (k=3), resulting in a stencil of order 2k-1.
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The WENO scheme is not perfect, despite its benefits. The main drawback of this
scheme is that it is computationally expensive, as multiple stencils must be used for each
calculation. However, with the proper implementation of the weighting scheme, the
benefits of WENO far outweigh its drawbacks. This is especially true when the scheme
is applied to a problem containing a large number of discontinuities, which is true when
the immersed boundary method is used to model a flowfield.
The WENO scheme, in finite difference form, uses the Lax-Friedrich flux
splitting method to discern the average flux in a cell [Shu 1997]. Since the WENO
scheme, as implemented in CARIBOU, is applicable only for uniform grids, fluxes must
be converted from their physical coordinates into a computational uniform coordinate
system. The transformed flux, taken in one direction, can be represented as:
E=

1
(ξ x E1 + ξ y F1 + ξ zG1 )
J

3.24

where ξ is a coordinate axis in the transformed computational coordinate system.
Symbols such as ξ x represent the partial derivate of ξ with respect to x. In addition, E
represents a component of the flux in the computational coordinate system, whereas E1 is
a component of the flux in the physical coordinate system. The Jacobian, represented by
J, is given by Eq. 3.25

J =  xξ ( yη zζ − yζ zη ) − xη ( yξ zζ − yζ zξ ) − xζ ( yξ zη − yη zξ ) 

3.25

The flux in the Navier-Stokes equations is computed independently for a given
directionality. In the x-direction (streamwise), this computation becomes
 ∂E  Eɶi +1/ 2 − Eɶi −1/ 2

 =
∆ξ
 ∂ξ i

3.26
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Further generalization is accomplished by defining the array q, where q represents
any flux component in the x, y, and z direction. Replacing E with q, relevant in any
spatial direction, yields a similar equation to the previous, the components of which are
given as the system:

qɶi +1/ 2 = w1qɶi(+1)1/ 2 + w2 qɶi(+21/) 2 + w3 qɶi(+31/) 2
1
qɶi(+)1/ 2 = 62 qi − 2 − 76 qi −1 + 116 qi
2
qɶi(+1/) 2 = − 16 qi −1 + 56 qi − 62 qi +1
3
qɶi(+1/) 2 = 62 qi + 56 qi +1 − 16 qi + 2

wk =

αk

3.27

3

∑α

k

k =1

αk =

dk

(ε + β k )

2

The q array on the right hand side of the second, third, and fourth equations listed in the
system Eq. 3.27 represents the average of node values; Lax-Friedrich splitting is utilized
such that q = qn ± α u , where qn is the value at the node points. The variables α and u are
a constant 1, and the conserved variable quantity associated with the flux, respectively.
These details and further explanation are available in Shu’s paper [Shu 1997].
The variable ωk represents weight given to the flux component in the ξ direction
coming from the upstream, downstream, and node locations. The variable dk is based on
a minimum error to preserve the scheme’s desired order of accuracy. The variables ε and
βk represents a small tolerance (10-6) to avoid divergence, and a smoothness indicator for

accurate discontinuity resolution, respectively. For the WENO scheme used here, dk
takes values of 3/10, 6/10, 1/10. βk is determined by:
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13
β 0 = 12
( qi − 2qi +1 + qi + 2 ) + 123 ( 3qi − 4qi +1 + qi + 2 )
2

13
β1 = 12
( qi −1 − 2qi + qi +1 ) + 123 ( qi −1 − qi +1 )
2

2

13
β 2 = 12
( qi − 2 − 2qi −1 + qi ) + 123 ( 3qi − 4qi −1 + qi − 2 )
2

2

3.28
2

This scheme minimizes spurious oscillations near discontinuities such as the interface
between immersed and non-immersed nodes. In addition, this scheme changes the order
accuracy near discontinuities based on the smoothness indicators. A third order WENO
scheme is formulated by taking a stencil of size one less on each side of the finite
difference equation with different smoothness and weighting coefficients.

3.3.3 Boundary Conditions
The boundary conditions used in the CARIBOU code are symmetric at the z-min
and z-max (spanwise) planes, farfield at the y-min and y-max (cross stream) planes,
linear extrapolation at the x-max (streamwise) plane, and second order extrapolation at
the x-min (streamwise) plane. Depending on the boundary location, one of these types is
used to give appropriate flow solution characteristics. The computational code has a
variety of other boundary conditions available, but no others were used for this thesis.

Chapter 4
COMPUTATIONAL SIMULATIONS AND VALIDATION
This chapter describes verification and validation of both the NPHASE-PSU and
CARIBOU computational codes by analyzing experiments that examine low Reynolds
number, bluff body flows are examined. The first analysis evaluates steady state flow
past a circular cylinder at Reynolds number 1. Subsequent cases evaluate transient flow
past a circular cylinder and square cylinder, using both body-fitted and uniform grids, at
Reynolds number 100.
All cases are two-dimensional flowfields. The primary focus of this research is
validation of simple flowfields with readily available experimental data. Additionally,
each Re=100 experimental case analyzes the vortex street shedding frequency in addition
to unsteady lift and drag coefficient calculations.

4.1 Flow Past Circular Cylinder, Steady State, Re=1.0
In order to verify the implementation of the immersed boundary method in
NPHASE-PSU, as well as to ensure correct flow physics, initial testing examined a
simple laminar flowfield. The flowfield Reynolds number is 1.0. This case involved
flow past a circular cylinder of radius R=0.05m, with the cylinder center located at [x, y]
= [0.75m, 0.50m] in an overall flow domain of [x, y, z] = [2.0m, 1.0m, 0.1m].
Computations require this spanwise dimension to generate cells, as NPHASE-PSU is
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cell-based.

The domain’s size combined with the cylinder location allowed for 5

diameters between the cylinder axis and the upper/lower boundary; 7.5 diameters
between the axis and inflow boundary; 12.5 diameters between the axis and outflow
boundary. Two grid points are required in the spanwise dimension to satisfy the cellcentered methodologies used in NPHASE-PSU.

The flowfield is discretized using

201x101x2 grid points, yielding a grid of 20,000 cells. The goal is to compare three
investigations in order to verify that 1) the body-fitted standard boundary grid and 2) the
body-fitted immersed boundary gidf yield indistinguishable results.

After this

verification, 3) the uniform immersed boundary grid is used and should yield similar
results to the previous two investigations.

4.1.1 Grid Comparison
In investigations of the non-immersed boundary, the grid conforms to the cylinder
body in the near-field region; specifically, the grid is body-fitted from the region [x, y] =
[0.65:0.85m, 0.40:0.60m]. In the far-field region, the minimum grid spacing is 0.01m in
the x- and y-directions. In the near-field, the minimum grid spacing is reduced to
0.005m. This grid spacing results in 240 face elements along the cylinder wall, as shown
in Figure 4-1.

35

Figure 4-1: Body-fitted standard boundary grid.
For investigation of the immersed boundary, the body-fitted grid conforms to the
cylinder body in the near-field region as it does in the previous investigation; the grid is
again fitted from the region [x, y] = [0.65:0.85m, 0.40:0.60m]. Far-field and near-field
grid spacings are also identical to the previous investigation. Grid spacing again results
in 240 face elements along the cylinder wall, as shown in Figure 4-2.

Use of the

immersed boundary method is apparent from viewing this grid image, as there is no
location that does not contain grid points. Each point in the grid is capable of containing
flow variables.
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Figure 4-2: Body-fitted immersed boundary grid.
The grid in the third investigation is uniform Cartesian throughout the flow
domain. The overall physical dimensions match that of the far-field region in the bodyfitted grids, with twice the fineness of the previous two investigations; that is, the
minimum grid spacing is 0.005m in the x- and y-directions (401x201x2 grid points,
80,000 cells).

This grid spacing results in 240 face elements along the cylinder wall, as

shown in Figure 4-3. Utilization of the immersed boundary method is apparent from
viewing this grid image, as there is no location that does not contain grid points; every
point in the grid is capable of containing flow variables. This grid type represents a true
example of the immersed boundary method’s utility, as this grid layout is capable of
representing any imaginable geometric body.
number of face elements in all investigations.

This grid spacing results in an equal
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Figure 4-3: Uniform immersed boundary grid.
In order to confirm the location of the immersed boundary, a variable was added
to the computational code. The variable flags the immersed boundary faces and allows
for simple confirmation of the correct location of such information. This variable, for the
body-fitted immersed boundary case, is plotted in Figure 4-4. In this figure, the red area
at the center of the plot is the region of zero pressure and velocity, and corresponds
exactly to the location of the immersed body that forces internal body variables to zero.
The immersed boundary conforms to the body-fitted grid and mimics the location of the
conventional body representation.
In Figure 4-5, the red area at the center of the plot again corresponds to the
location of the immersed body. In this example the body is obviously imperfect due to
limitations of the grid. Higher grid resolution leads to more accurate representation of
the immersed body.
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Figure 4-4: Variable indicating the location of the immersed faces in the body-fitted grid.

Figure 4-5: Variable indicating the location of the immersed faces in the uniform grid.
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4.1.2 Flow Visualization Comparison
The following figures show images of the pressure fields for each of the three
investigations. Each flow is fully converged, confirmed through examination of residuals.
Figure 4-6 corresponds to the standard boundary investigation. This shows a region of
high pressure on the leading edge of the cylinder, with a corresponding region of low
pressure along the cylinder’s trailing edge. The region of high pressure corresponds to
the flow stagnation location. Distinct 45o lines are visible coming off of the cylinder in
four locations; these lines follow the shape of the body-fitted grid and are not physical
manifestations of the flow. Increasing grid quality and resolution in the near field may be
one method of eliminating these numerical errors. This task is left for future studies.
Figure 4-7 shows the immersed boundary body-fitted grid pressure field. It is
similar to Figure 4-6, with the important distinction of a zero pressure region in the
immersed body location.

This indicates agreement between the conventional and

immersed boundary approaches, which verifies the immersed boundary method in
NPHASE-PSU.
The final pressure image, Figure 4-8, refers to the immersed boundary, uniform
grid investigation. All these investigations show high pressure along the leading edge of
the body, no flow separation, and the same pressure magnitude. The 45o lines are absent
in this final figure, enhancing the argument they were results of grid design instead of
physical features.

The immersed boundary representation of the cylinder shows an

approximated body representation. In addition, the final image shows a smoother far-
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field flow. This is due to the third investigation using finer grid spacing than the previous
two investigations.

Figure 4-6: Pressure visualization for standard boundary Re=1.0 case.
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Figure 4-7: Pressure visualization for immersed boundary Re=1.0 case.

Figure 4-8: Pressure visualization for uniform grid immersed boundary Re=1.0 case.
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Next we examine the velocity components in the x-direction. Figure 4-9 shows
the x-velocity field for the standard boundary investigation. The flowfield is symmetric,
with no evidence of vortex shedding. The flow is attached around the circumference of
the cylinder. Detached flow should not occur until 4 < Re < 30. Additionally, shedding
should not occur for this geometry until a Reynolds number of 30-48 is reached
[Zdravkovich 1997]. Figure 4-10 shows the x-velocity component for the body-fitted
grid immersed boundary case. The flow is similar to that of Figure 4-9 except that it
takes a value of zero velocity in the region of the immersed boundary. This difference is
due to the immersed boundary grid containing flow variables within the immersed body.
Figure 4-11 corresponds to the x-velocity component for the uniform grid
immersed boundary case. This figure looks nearly identical to the previous two figures.
The immersed body is approximated by a stair-stepped grid representation. This has little
effect on the overall flowfield dynamics. The farfield resolution is higher in this third
investigation due to the finer grid spacing of this numerical experiment.
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Figure 4-9: X-velocity visualization for standard boundary Re=1.0 case.

Figure 4-10: X-velocity visualization for immersed boundary Re=1.0 case.
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Figure 4-11: X-velocity visualization for uniform grid immersed boundary Re=1.0 case.
Figure 4-12 visualizes the y-velocity flow about the standard boundary circular
cylinder. Flow is deflected around the cylinder. The y-component of velocity for the
body-fitted grid immersed boundary investigation appears in Figure 4-13. The same
general pattern is evident except for the zero velocity in the region of the body due to the
numerical code forcing velocity to zero within the immersed boundary. Figure 4-14
appears similar to the previous two figures, but the velocity field has a higher resolution,
so the image appears smoother.
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Figure 4-12: Y-velocity visualization for standard boundary Re=1.0 case.

Figure 4-13: Y-velocity visualization for immersed boundary Re=1.0 case.
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Figure 4-14: Y-velocity visualization for uniform grid immersed boundary Re=1.0 case.

4.2 Flow Past Circular Cylinder, Transient Case, Re=100
This section contains numerical experiments in a flow domain similar to that of
Section 4.1.

The purpose is to compare the computations of NPHASE-PSU and

CARIBOU with experiments at higher Reynolds number. In this flow regime there are
more flow attributes to use for validation, allowing a more thorough comparison of all
results. The numerical experiments in this section involve flow past a circular cylinder of
radius R=0.05m, with the cylinder center located at [x, y] = [0.75m, 0.50m] in an overall
flow domain of [x, y, z] = [2.0m, 1.0m, 0.1m].
As in the previous section, in the first two investigations the grid conforms to the
cylinder body in the near-field region; specifically, the grid is body-fitted from the region
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[x, y] = [0.65:0.85m, 0.40:0.60m]. In the far-field region, the minimum grid spacing is
0.01m in the x- and y-directions.

Near-field, minimum grid spacing is reduced to

0.005m. This grid spacing again results in 240 face elements along the cylinder wall.
In the third and fourth investigations, the grid is uniform Cartesian throughout the
flow domain. The overall dimensions match that of the far-field region in the body-fitted
grids, with twice the fineness; that is, minimum grid spacing is 0.005m in the x- and ydirections (401x201x2 grid points, 80,000 cells). This grid spacing results in 240 face
elements along the cylinder wall, resulting in a stair-stepped approximation of the body
shape.

The fourth investigation introduces results obtained from the CARIBOU

computational code, using the same grid as the third case above.
Prior to running transient experiments, a proper physical timestep must be
selected to ensure all relevant flow physics are captured. The Strouhal number represents
the ratio of the shedding frequency, f, of a body and its size to the velocity of the
surrounding flow. Mathematically, this number is represented as:
St =

( f iD )
U

4.1

In these numerical experiments, the diameter, D, is taken to be the diameter of the
cylinder, 0.10m in all cases. The velocity, U, is specified as the inlet velocity of 1.0m/s.
The Strouhal number used to specify the physical timestep is taken from experimental
data that indicates St=0.1 for low Reynolds number flow past a circular cylinder
[Zdravkovich 1997]. Using this estimate of Strouhal number, a frequency of f=1.0 is
found from Eq. 4.1. A criterion of 30-50 timesteps per period was set in order to fully
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resolve the details of the flow. Selecting 50 timesteps per period resulted in a timestep of
t=0.02, which is used throughout the transient calculations.
Two methods are used to verify the shedding frequency of the numerical data.
First a crude estimate of the frequency is taken by counting the peaks in the fluctuating
lift coefficient plot and dividing by the total time between the first and last peak. As this
estimate is subject to human error and peak location interpretation, a second method is
also used to verify the frequency of vortex shedding. This second method involves
taking a Fast Fourier Transform (FFT) of pressure data obtained at a location four
cylinder diameters downstream of the body trailing edge.

The pressure data, as a

function of time, is fed into a Matlab FFT code and ultimately plots the frequency content
found in the signal.
In order to compare these computational results with physical experiments,
cylinder lift and drag coefficients were calculated for each of the investigations. These
values for lift and drag are calculated within NPHASE-PSU by summing the viscous and
pressure forces. The streamwise component of these forces corresponds to the cylinder
drag. The force component in the cross stream direction (along the y-axis) corresponds
to cylinder lift.
For the conventional boundary case, the viscous force vector is calculated as the
product of the shear force at a given face, τw, multiplied by the magnitude of the area of
the face, |A|, over the entire surface. The results are integrated to yield the total viscous
force:



Fv = ∫ τ w i A dA

4.2
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The pressure force vector is calculated in an analogous method. The area vector of a


given face A is multiplied with the pressure on the face, P. The results are again
integrated around the cylinder surface, yielding the total pressure force:



Fp = ∫ Ai p dA

4.3

These calculations involve splitting these force vectors into streamwise and cross stream
components, then converting the component force vectors into coefficients of lift and
drag through the formula:
Cx =

1
2

Fx
ρV 2 A

4.4

For the circular cylinder used in this research, the flowfield values of ρ=1.0kg/m3 (air),
V=1.0m/s, and A=0.01m2 are used.
For the immersed boundary investigations, each face in the grid is examined for
the immersed boundary, indicating if the location is an outermost immersed face. At
each outermost immersed face, the contributions from each surrounding cell are summed
together. The interior face (f_n2 in Figure 4-15 ) takes a value of zero for its velocity
components, while the exterior face has the full velocity vector, as appropriate for the
flow.
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Figure 4-15: Diagram of the immersed boundary interface between interior and exterior
body cells.
In the case of an immersed boundary, the sum of a linearized shear force multiplied with
the magnitude of the face area and again multiplied by the velocity component at the
face. The results are integrated around the cylinder surface, yielding the total viscous
drag force. Mathematically, this is represented as:

{




+ τ w i A 
Fv = ∑ τ w i A 
f _ n1
f _ n2

}

4.5

As the internal body cells have zero velocity, these cells contribute no numeric value to
the viscous force. The pressure drag force vector is calculated in an analogous method.


The area vector of a given outermost immersed face A is multiplied with the pressure on
the face, P, from the adjacent cell. The results are again integrated around the cylinder
surface, yielding the total pressure drag force:



Fp = ∑  Ai Pf _ n1  +  Ai Pf _ n 2 

{

}

4.6

The pressure inside the immersed body is set to zero, preventing any internal cells from
contributing to the pressure force.
In CARIBOU, the lift and drag forces are calculated from the Brinkman
penalization forces used in the implementation of the immersed boundary. These forces
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represent the exertion of the solid body on the surrounding fluid. Summation of the
penalization forces within the solid body yields the overall forces exerted on the fluid by
the body. This result is then transformed into the lift and drag forces exerted on the
immersed body by the fluid.

4.2.1 Grid Comparison
The grids used in this set of experiments are the same as discussed in Section
4.1.1. The standard boundary and body-fitted immersed boundary grids should yield
identical results in the NPHASE-PSU computations.

This again validates correct

implementation of the immersed boundary method. The uniform grids for the NPHASEPSU and CARIBOU computations should agree with the body-fitted grid investigations
reasonably well. Due to the uniform grid approximation of the immersed body, these two
investigations are not expected to match the body-fitted numerical experiments
identically.

4.2.2 Flow Visualization Comparison
The figures discussed here correspond to the flowfield at t=40.0 seconds. All
flows are considered converged, as they have reached a fully periodic flow state. Initial
examination entails analysis of the pressure field.

Figure 4-16 (standard boundary)

demonstrates pronounced asymmetry in the flow due to the periodic shedding of vortices
in the wake region of the circular cylinder. On the upstream edge of the cylinder, the
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region of high pressure corresponds to the stagnation point on the circumference.
Downstream, a vortex has just separated from the body and is being shed. In Figure 4-17
(immersed boundary body-fitted grid) the pressure field is indistinguishable from
Figure 4-16, with the exception of the immersed body location.

The region

corresponding to the location of the cylinder takes the value of zero for pressure. This
result confirms that the immersed boundary computation yields a valid solution for this
flow case when the grid is body-fitted.
Expanding on the result of the body-fitted grid, Figure 4-18 shows the result from
a uniform grid when using the immersed boundary method. This figure is strikingly
similar to the previous two images. This finding enhances confidence in the validity of
the immersed boundary’s flexibility and accuracy.
The result of the CARIBOU computation for the same geometry, uniform grid,
and flow conditions is shown in Figure 4-19. This image exhibits differences from the
previous three figures, especially within the immersed body. This is due to CARIBOU’s
different handling of pressure within a body. NPHASE-PSU sets the pressure field
within the immersed boundary to zero at each flagged location. A black circle was
inserted into the image during post-processing to aid visualization. All cases show
regions of low pressure corresponding to the centers of the shed vortices.
One reason for the difference between the NPHASE-PSU and CARIBOU results
is compressibility. NPHASE-PSU is an incompressible code, while CARIBOU uses
compressible governing equations. As discussed in Chapter 3, the CARIBOU code must
run at a Mach number to accommodate its inherently compressible formulations. Here,
the inlet Mach number for the CARIBOU computations is M=0.3, which leads to a Mach
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number of nearly 0.6 on the cylinder upper and lower surfaces. Indeed the critical Mach
number for a cylinder is approximately 0.42 so it is likely that compressibility effects
account for the differences between NPHASE-PSU and CARIBOU.

Figure 4-16: Pressure visualization for standard boundary Re=100 case.
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Figure 4-17: Pressure visualization for immersed boundary Re=100 case.

Figure 4-18: Pressure visualization for uniform grid immersed boundary Re=100 case.
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Figure 4-19: Pressure visualization for uniform grid immersed boundary Re=100 case
(CARIBOU).
Next we examine the velocity components in the x-direction (streamwise). For
the standard boundary case (Figure 4-20) prominent shedding is apparent, and oscillates
such that the shed vortices share characteristics like maximum displacement and strength.
Shedding occurs for this geometry at Reynolds number 30 to 48 < Re < 180 to 200; the
fully periodic nature of this flow falls within this range [Zdravkovich 1997].
Figure 4-21 indicates the immersed boundary with a body-fitted grid yields a
similar x-velocity field to the standard boundary experiment. As before, the difference
between the figures exists at the region within the cylinder, that contains zero velocity in
the immersed boundary case.
Figure 4-22 illustrates the NPHASE-PSU results for the uniform Cartesian grid.
The flowfield is strikingly similar to that of the previous two cases, again suggesting the
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viability of the immersed boundary method as an effective method of representing bodies
while reducing grid generation costs.
Finally, Figure 4-23 plots the results from the homogeneous grid in the
CARIBOU computation. The wake contains fewer protruding features as compared to
the NPHASE-PSU uniform grid immersed boundary case, which may be an artifact of the
boundary conditions used in the two codes. CARIBOU has a higher order of accuracy,
compared to NPHASE-PSU, due to the inherently higher order of the WENO scheme
used in this research. The CARIBOU simulations should capture more details of the
flow. Further investigation of this issue is warranted, specifically through a decrease in
blockage ratio for this flowfield in order to minimize boundary effects.

Figure 4-20: X-velocity visualization for standard boundary Re=100 case.

57

Figure 4-21: X-velocity visualization for immersed boundary Re=100 case.

Figure 4-22: X-velocity visualization for uniform grid immersed boundary Re=100 case.
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Figure 4-23: X-velocity visualization for uniform grid immersed boundary Re=100 case
(CARIBOU).
Subsequent analysis turns to visualization of the velocity component in the ydirection (cross stream). Figure 4-24 visualizes the y-velocity flow about the circular
cylinder. The velocity scale is roughly a factor of three smaller than that of the x-velocity
plot, as the flow is dominated by streamwise motion. In the vortices, the axial and
vertical velocities are roughly equal. The difference is the addition of axial convection in
the flow. The regions of positive and negative y-velocity correspond to shed vortices.
These regions develop periodically.

In Figure 4-25 the y-velocity field resembles

Figure 4-24, with the exception of the immersed body location.

The region

corresponding to the location of the cylinder takes the value of zero for velocity.
Figure 4-26 shows the result from a uniform grid when using NPHASE-PSU and
the immersed boundary method. As expected, the results agree with those of the nonimmersed boundary investigation. The difference visible in the figure, when compared
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with the previous two figures, is due to image generation taking place at a different
shedding occurrence.
The result of the CARIBOU computation is shown in Figure 4-27. The flowfield
is similar to the previous three figures, increasing confidence in both of the immersed
boundary implementations.

Figure 4-24: Y-velocity visualization for standard boundary Re=100 case.
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Figure 4-25: Y-velocity visualization for immersed boundary Re=100 case.

Figure 4-26: Y-velocity visualization for uniform grid immersed boundary Re=100 case.
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Figure 4-27: Y-velocity visualization for uniform grid immersed boundary Re=100 case
(CARIBOU).

4.2.3 Lift and Drag Comparison
Analysis now turns to plots of the lift and drag coefficients for each investigation.
For these comparisons, the sequence used in the previous discussion still holds; 1) a
body-fitted grid standard boundary NPHASE-PSU simulation, 2) body-fitted grid with
the immersed boundary, 3) uniform grid immersed boundary, and 4) uniform grid
immersed boundary in CARIBOU.
Components of the total drag due to viscous and pressure forces are presented
graphically in Figure 4-28.

The pressure drag coefficient exhibits a much higher

magnitude than the viscous drag coefficient.
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The immersed boundary case with a body-fitted grid is shown in Figure 4-29.
This figure appears identical to the former, and serves as yet another indication of the
correct implementation of the immersed boundary method.
The uniform grid NPHASE-PSU case is presented in Figure 4-30. The pressure
drag takes a slightly higher value and the viscous drag takes a slightly lower value for the
uniform grid computation.

Figure 4-28: Viscous and pressure drag coefficients plotted against time for the standard
boundary Re=100 case.
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Figure 4-29: Viscous and pressure drag coefficients plotted against time for the immersed
boundary Re=100 case.
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Figure 4-30: Viscous and pressure drag coefficients plotted against time for the uniform
grid immersed boundary Re=100 case.
The computations performed for this thesis are validated against data presented in
a canonical text regarding flow past circular cylinders [Zdravkovich 1997]. According to
experimental data compiled by Zdravkovich, the variation 1.3 < Cd < 1.7 in the range of
40 < Re < 160 is observed. Specifically, appropriate Cd for this geometry and Reynolds
number is roughly 1.5 (as read from Figure 4-31).
The plot in Figure 4-32 shows the total drag coefficient plotted as a function of
time for the standard boundary case. The drag coefficient oscillates with a period half
that of the lift coefficient, presented later. The drag take a positive value throughout the
simulation, with mean drag coefficient Cd=1.52. This value falls well within the range of
the experimental data. The data in Figure 4-33 illustrates the drag coefficient fluctuation
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for the body-fitted immersed boundary case.

This figure is indistinguishable from

Figure 4-32, with the same mean drag Cd=1.52. As the grid in this case resembles the
standard boundary case (except in the region within the immersed body), the figures
match as expected.
Figure 4-34 plots total drag for the uniform grid case. In this experiment, the
mean drag coefficient was found to be Cd=1.48, or 3% less than the value found in a
body-fitted grid computation. The uniform grid body approximation may account for this
difference.
Results from the CARIBOU computation are shown in Figure 4-35.

The

oscillating drag coefficient exhibits the same properties mentioned previously. The mean
drag coefficient is Cd=1.42, lower than any of the previous computations. Possible
causes of this discrepancy include the sensitivity of the drag coefficient to the domain
blockage ratio (defined as H/d, where H is the cross-stream width of the domain and d is
the diameter of the cylinder [Norberg 2003]) and the difference in immersed boundary
implementation between the two codes. The grid refinement about the immersed body
may also affect drag values.

In addition, the exact length scale to be used in the

coefficient calculation could be slightly off, as CARIBOU does not set the exact location
of the immersed boundary along the grid points.

66

Figure 4-31: Experimental drag coefficient variation in terms of Re [Zdravkovich 1997].

Figure 4-32: Total drag coefficient plotted against time for the standard boundary Re=100
case.
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Figure 4-33: Total drag coefficient plotted against time for the immersed boundary
Re=100 case.
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Figure 4-34: Total drag coefficient plotted against time for the uniform grid immersed
boundary Re=100 case.
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Figure 4-35: Total drag coefficient plotted against time for the uniform grid immersed
boundary Re=100 case (CARIBOU).
Components of lift due to viscous and pressure contributions are presented
graphically in Figure 4-36 through Figure 4-38.

For the standard boundary case,

Figure 4-36 shows that the pressure lift coefficient exhibits a much higher magnitude
than the viscous lift coefficient, as pressure forces dominate the production of unsteady
lift for this bluff body case. In addition, both share a mean value of zero; a symmetric,
irrotational, stationary bluff body produces no mean lift.
Comparing the standard boundary plot (Figure 4-36) to the corresponding
immersed boundary plot, Figure 4-37 shows that both data sets are indistinguishable.
When comparing these results to that of the uniform grid NPHASE-PSU computation,
shown in Figure 4-38, differences become visible. While the frequency of oscillation is
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similar (more discussion on frequency to follow), the magnitude of both lift components
is lower than those found in the body-fitted grid experiments.

Figure 4-36: Viscous and pressure lift coefficients plotted against time for the standard
boundary Re=100 case.
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Figure 4-37: Viscous and pressure lift coefficients plotted against time for the immersed
boundary Re=100 case.
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Figure 4-38: Viscous and pressure lift coefficients plotted against time for the uniform grid
immersed boundary Re=100 case.
Unsteady lift coefficients for these investigations are plotted in the following four
figures.

Figure 4-39 shows data from the standard boundary case.

The mean lift

coefficient is Cl=0.0, appropriate for a bluff body. According to data compiled by
Norberg, the value of the fluctuating fluid dynamic lift force falls between Cl’=0.14-0.31
[2003]. This value is highly dependent on a variety of computational factors: separation
distance between cylinder leading edge and upstream boundary, blockage ratio, distance
between cylinder trailing edge and downstream boundary, and grid refinement [Norberg
2003]. This lift force is normalized for single spanwise length. This normalization is
accounted for through the cylinder diameter, d, and length, l. Fluctuating lift is calculated
here as:
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Cl ' =

1

L'
2
2 ρV A

4.7

The fluctuating fluid dynamic lift force, L’, is found by taking the root-mean-square of a
sufficiently long time history of the oscillating lift signal. Taking the root-mean-square
of 43 full periods of lift yields Cl’=0.285. This value falls within the experimental range
for this parameter. Figure 4-40 shows results that are, as stated before, indistinguishable
from those of the standard boundary case. This case yields a Cl’ value equal to the
standard boundary fluctuating lift coefficient.
Regarding the uniform grid cases, Figure 4-41 shows that this experiment yielded
a lower magnitude for the lift coefficient. This change resulted in Cl’=0.241, a change of
15% between the two computations. Figure 4-42 shows results from the CARIBOU flow
calculation. The results are nearly equal to those presented in the previous figure. The
fluctuating lift coefficient is Cl’=0.246.
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Figure 4-39: Total lift coefficient plotted against time for the standard boundary Re=100
case.
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Figure 4-40: Total lift coefficient plotted against time for the immersed boundary Re=100
case.
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Figure 4-41: Total lift coefficient plotted against time for the uniform grid immersed
boundary Re=100 case.
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Figure 4-42: Total lift coefficient plotted against time for the uniform grid immersed
boundary Re=100 case (CARIBOU).
Determination of the experimental Strouhal numbers for each of these cases
results from taking FFTs of pressure data as a function of time. Experimental data,
extrapolated from the Roshko data curve in Figure 4-43, indicates that the Strouhal
number for a bluff body at Re=100 is just under St=0.17 [Zdravkovich 1997]. Norberg
presents values of Strouhal versus Reynolds number both graphically and via an
empirical formula [Norberg 2003]. For Reynolds numbers in the range 47-190, the
formula yields St=0.1644.
St ≃ 0.2663 − 1.019

Re

4.8
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The empirical data from which this equation is derived is presented in Figure 4-44
[Norberg 2003].

Figure 4-43: Variation of St in terms of Re for a circular cylinder, Zdravkovich data.
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Figure 4-44: Strouhal number versus Reynolds number, Norberg data.
For the standard boundary case, this method gives a frequency of f=1.67, and
therefore St=0.167. This value is greater than the calculation from the empirical formula
by just 1.6%, lending credibility to the validity of this study. Figure 4-45 graphically
represents the vortex street shedding frequency captured in this experiment.
For the immersed boundary body-fitted grid investigation, an identical Strouhal
number of St=0.167 was obtained through FFT analysis of pressure data in the wake of
the cylinder. As the image corresponding to this data is indistinguishable from Figure 445, it is omitted from this thesis. The following figure, Figure 4-46, plots the shedding
frequency for the uniform grid immersed boundary case. The striking similarity between
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this figure and the former serves to restate the ability of the immersed boundary method
to yield physical results. This figure shows St=0.167.
Finally, Figure 4-47 shows the frequency spectrum for the CARIBOU
investigation. Here, a Strouhal number of St=0.161 was obtained. This value represents
a decrease in shedding frequency in the CARIBOU investigation. This is reflected in the
flowfield visualizations presented previously. Fewer shed vortices are visible in the same
domain for the same Reynolds number flow.
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Figure 4-45: Frequency spectrum for the circular cylinder Re=100 standard boundary
case.

81

Figure 4-46: Frequency spectrum for the circular cylinder Re=100 uniform grid
immersed boundary case.
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Figure 4-47: Frequency spectrum for the circular cylinder Re=100 uniform grid
immersed boundary case (CARIBOU).

4.3 Flow Past Square Cylinder, Transient Case, Re=100
The experiments in this section involve flow past a square cylinder. The purpose
is to validate the immersed boundary method for a different geometry. The square
cylinder geometry has a side length L=0.10m, with the center located at [x, y] = [0.75m,
0.50m] in an overall flow domain of [x, y, z] = [2.0m, 1.0m, 0.1m]. The domain’s size
combined with the cylinder location allows for 5 diameters between the cylinder axis and
the upper/lower boundary; 7.5 diameters between the axis and inflow boundary; 12.5
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diameters between the axis and outflow boundary. The flowfield was discretized using
401x201x2 grid points, yielding a grid of approximately 80,000 cells.
In all three investigations presented in this section, the grid conforms to the square
cylinder body. The nature of the square cylinder’s simple shape and alignment with the
coordinate system allow for this fact.

The first investigation presented is of a

computation performed in NPHASE-PSU using a standard boundary definition. The
second and third investigations use the immersed boundary method; the second is
performed using NPHASE-PSU and the third is performed using CARIBOU.
The Strouhal number, as well as lift and drag coefficients are calculated for each
of these three experimental cases.

4.3.1 Grid Comparison
In the instance of the non-immersed boundary, the grid used for this computation
is shown in Figure 4-48. The minimum grid spacing is 0.005m in the x- and y-directions
for all the simulation cases. This grid spacing results in 240 face elements along the
square cylinder wall. The image appears inhomogeneous; this is an artifact of the image
processing. The computational grid is uniformly spaced.
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Figure 4-48: Grid for square cylinder standard boundary, z=0.05 plane
In the investigation of the immersed boundary, seen in Figure 4-49, the grid
spacing again results in 240 face elements along the cylinder wall. The use of the
immersed boundary method is apparent from viewing this grid image, as there is no
location that does not contain grid points; every point in the grid is capable of containing
flow variables. This grid type represents a true example of the immersed boundary
method’s utility, as this grid layout is capable of representing any imaginable geometric
body.
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Figure 4-49: Grid for square cylinder immersed boundary, z=0.05 plane

4.3.2 Flow Visualization Comparison
Initial examination entails analysis of the pressure field for the standard boundary
investigation. All flows are converged, shown with quasi-steady residuals. Figure 4-50
shows flow asymmetry due to the periodic shedding of vortex streets in the wake region.
The region of highest pressure is located on the upstream surface of the cylinder. The
trailing edge, as well as the region immediately surrounding the cylinder corresponds to
low pressure regions. Low pressure zones are also visible in the cores of the shed
vortices in the cylinder wake. In Figure 4-51 the pressure field is similar to Figure 4-50,
with the exception of the immersed body location. This region has the value of zero for
pressure.

86
The pressure computed by CARIBOU (Figure 4-52) differs from the two
preceding images.

The low pressure regions detach from the body more rapidly.

Additionally, shed vortices contain a smaller region of low pressure. However, the
images are not expected to be identical as some difference in the phase of the shedding
would be given by the different numerical approaches.

Figure 4-50: Pressure visualization for the square cylinder standard boundary Re=100
case.
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Figure 4-51: Pressure visualization for the square cylinder immersed boundary Re=100
case.

Figure 4-52: Pressure visualization for the square cylinder immersed boundary Re=100
case (CARIBOU).
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The following plots are velocity components in the x-direction (streamwise). For
the standard boundary case, Figure 4-53 shows the x-velocity field. Low velocity is
visible upstream of the square cylinder, as well as in the wake region closest to the
trailing edge.

Figure 4-54 indicates that the immersed boundary yields an

indistinguishable x-velocity field to the standard boundary experiment. As before, the
difference between the figures exists at the region within the cylinder, which contains
zero velocity in the immersed boundary case.
Finally, Figure 4-55 shows the results from the homogeneous grid in the
CARIBOU computation. Fewer shed vortices are visible in that figure. The image
shares zones of high and low velocity with the previous images, especially in the
developing wake region.

Figure 4-53: X-velocity visualization for standard boundary Re=100 case.
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Figure 4-54: X-velocity visualization for immersed boundary Re=100 case.

Figure 4-55: X-velocity visualization for immersed boundary Re=100 case (CARIBOU).
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Now we examine the velocity component in the y-direction (cross stream). The
plot shown in Figure 4-56 represents y-velocity flow. The velocity scale is smaller than
that of the x-velocity plot; the flow is dominated by streamwise motion. Prominent
regions of positive and negative cross stream velocity appear in the cylinder wake,
corresponding to vortices shed from the lower and upper surfaces in a periodic fashion.
In Figure 4-57 the y-velocity field is nearly indistinguishable from the previous plot, with
the exception of the immersed body location. The region corresponding to the location of
the cylinder takes the value of zero for velocity.
The y-velocity field resulting from the CARIBOU computation is shown in
Figure 4-58.

This figure again shows fewer shed vortices.

The overall velocity

magnitudes match those of the previous computations.

Figure 4-56: Y-velocity visualization for standard boundary Re=100 case.
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Figure 4-57: Y-velocity visualization for immersed boundary Re=100 case.

Figure 4-58: Y-velocity visualization for immersed boundary Re=100 case (CARIBOU).
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A variable was plotted to confirm the location of the immersed boundary
(Figure 4-59). In this figure, the red area at the center of the plot is the region of zero
pressure and velocity, and corresponds exactly to the location of the immersed body.

Figure 4-59: Variable indicating the location of the immersed faces in the uniform grid.

4.3.3 Lift and Drag Comparison
Analysis turns to the lift and drag coefficients for each investigation.

The

sequence used in the previous discussion still holds; 1) a body-fitted grid standard
boundary NPHASE-PSU simulation, 2) uniform grid immersed boundary NPHASE-PSU
simulation, and 3) uniform grid immersed boundary investigation in CARIBOU.
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Components of drag due to viscous and pressure forces are presented graphically
in Figure 4-60. The pressure drag coefficient exhibits a much higher magnitude than the
viscous drag coefficient.

The immersed boundary NPHASE-PSU case is shown in

Figure 4-61. This figure is indistinguishable from the former, and serves as yet another
indication of the correct implementation of the NPHASE-PSU immersed boundary
method.

Figure 4-60: Viscous and pressure drag coefficients plotted against time for the standard
boundary Re=100 case.
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Figure 4-61: Viscous and pressure drag coefficients plotted against time for the immersed
boundary Re=100 case.
The plot in Figure 4-62 shows the overall drag coefficient plotted as a function of
time for the standard boundary case.

The drag is positive definite throughout the

simulation, with mean drag coefficient Cd=1.64. This value is 7.9% higher than in the
circular cylinder case; the different geometry of the square cylinder makes this result
reasonable.

The data in Figure 4-63 shows the drag coefficient fluctuation for the

immersed boundary case. This figure is indistinguishable from Figure 4-62, with the
same mean drag Cd=1.64. Compared to the NPHASE-PSU immersed boundary uniform
grid investigation, this is a difference of 10.8%.
Results from the CARIBOU computation appear in Figure 4-64. The mean drag
coefficient is Cd=1.54, an increase of 8.5% from the circular cylinder CARIBOU case.
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Figure 4-62: Total drag coefficient plotted against time for the standard boundary Re=100
case.
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Figure 4-63: Total drag coefficient plotted against time for the immersed boundary
Re=100 case.
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Figure 4-64: Total drag coefficient plotted against time for the immersed boundary
Re=100 case (CARIBOU).
Components of lift due to viscous and pressure contributions are presented
graphically in the following figures. For the standard boundary case, Figure 4-65 shows
that the pressure lift coefficient exhibits a much higher magnitude than the viscous lift
coefficient, as pressure forces dominate lift production. Both signals possess a mean
value of zero. Comparing the standard boundary plot to the corresponding immersed
boundary plot, Figure 4-66 shows that both data sets are equivalent.

98

Figure 4-65: Viscous and pressure lift coefficients plotted against time for the standard
boundary Re=100 case.
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Figure 4-66: Viscous and pressure lift coefficients plotted against time for the immersed
boundary Re=100 case.
Total lift coefficients for these cases are plotted in the following three figures.
Figure 4-67 shows data from the standard boundary investigation. Taking the root-meansquare of the lift data yields an unsteady lift coefficient Cl’=0.215. This is a decrease of
24.6% from the circular cylinder investigation. Figure 4-68 shows results that are, as
stated before, indistinguishable to those of the standard boundary. The unsteady lift
coefficient is again found to be Cl’=0.215. Compared to the circular cylinder uniform
grid immersed boundary investigation, this is a decrease of 10.8%.
In the CARIBOU computation, shown in Figure 4-69, unsteady lift is Cl’=0.180, a
decrease of 26.8% from the CARIBOU circular cylinder investigation. Sensitivity of Cl’
to boundary conditions is one possible explanation for the difference between CARIBOU
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and NPHASE-PSU results, as the two codes implement their boundary conditions
differently.

Figure 4-67: Total lift coefficient plotted against time for the standard boundary Re=100
case.
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Figure 4-68: Total lift coefficient plotted against time for the immersed boundary Re=100
case.
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Figure 4-69: Total lift coefficient plotted against time for the immersed boundary Re=100
case (CARIBOU).
Taking the Fourier transform of the pressure data in the cylinder wake gives the
shedding frequency of the square cylinder, from which the Strouhal number is
determined. In the standard boundary case, this procedure gives a frequency of f=1.67,
and therefore St=0.167. The plot in Figure 4-70 is a graphical representation of the
vortex street shedding frequency captured in this computation.

For the immersed

boundary NPHASE-PSU case, an identical Strouhal number of St=0.167 is obtained
through FFT analysis. As the image corresponding to this data is indistinguishable from
Figure 4-70, it is omitted.
Finally, Figure 4-71 shows the frequency spectrum for the CARIBOU case. In
this case, a Strouhal number of St=0.155 was obtained. This value represents a decrease
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in shedding frequency for the CARIBOU case. While this value is lower than both
NPHASE-PSU square cylinder and CARIBOU circular cylinder runs, it is still within a
reasonable range for Strouhal number of a bluff body at Re=100. Additionally, the slight
ambiguity regarding the exact value of the length scale in CARIBOU may affect this
result.

Figure 4-70: Frequency spectrum for the circular cylinder Re=100 standard boundary
case.
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Figure 4-71: Frequency spectrum for the circular cylinder Re=100 uniform grid
immersed boundary case (CARIBOU).

Chapter 5
CONCLUSIONS AND FUTURE WORK
The overarching objective of this study is the implementation of the immersed
boundary method in NPHASE-PSU and its testing under several conditions. The purpose
of using the immersed boundary method, in the scope of this research, is to eliminate the
need to regenerate computational grids for different flowfield geometries. Using a single
high resolution uniform Cartesian grid for a variety of flowfields allows researchers to
concentrate on the results of their efforts rather than dedicating time to preprocessing
work such as grid generation.

Especially in the case of urban geometries, where

structures may take basic geometric shapes and be placed at regular intervals, a properly
implemented immersed boundary method seems especially valuable.

5.1 Conclusions
This section contains the conclusions obtained from this research. The initial case
for verification of correct immersed boundary implementation consists of steady state
two-dimensional laminar flow past a circular cylinder (Re=1) in a domains of 200x100x1
or 400x200x1 grid points. Three flow solutions are compared and their velocity profiles
and flowfield symmetries are examined in detail. The flowfield is solved initially by
using a standard boundary approach on a body-fitted grid. Subsequent study involves
using a body-fitted grid with the immersed boundary method.

Finally, a uniform
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Cartesian grid is coupled with the immersed boundary method on a grid of twice the
resolution of the previous two investigations. All investigations result in fully developed,
steady state, symmetric flowfields without separation about the cylinder; these
computational results match previous experimental work. The results of the investigation
show that these tests yield similar solutions; the body-fitted grids (with and without the
immersed boundary) match identically, while the uniform grid (with the immersed
boundary) is similar to the other two investigations.
The second experimental case set involves the transient calculation of twodimensional laminar flow past a circular cylinder (Re=100), again in domains of
200x100x1 or 400x200x1 grid points. The solutions are compared to each other and to
previous experimental data through analysis of velocity profiles, drag and lift coefficients
(viscous, pressure, and total), and vortex shedding frequency. This experimental setup is
examined through the use of a body-fitted grid and standard boundary, a body-fitted grid
and immersed boundary, and two separate analyses of uniform Cartesian grids and
immersed boundaries (in NPHASE-PSU and CARIBOU).
The body-fitted grid investigations, both with and without the immersed
boundary, result in indistinguishable solutions. The streamwise velocity field is greater
than the cross stream field due to the mean convection in the axial direction. The total
drag is dominated by the contribution from pressure drag. For the body-fitted grid
investigations, mean drag is Cd=1.52. For the uniform grid NPHASE-PSU investigation,
mean drag is Cd=1.48. For the uniform grid CARIBOU investigation, mean drag is
Cd=1.42. Previous experimental data indicates that the correct drag value for this flow is
Cd≈1.5. In all investigations, the drag signal oscillates with twice the frequency of the lift
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signal, an appropriate finding. The total lift, as well as each component, has an average
value of Cl=0.0. This is appropriate for a non-lifting body. For the body-fitted grid
investigations, the unsteady lift coefficient is Cl’=0.285. For the uniform grid NPHASEPSU investigation, the unsteady lift coefficient is Cl’=0.241.

For the uniform grid

CARIBOU investigation, the unsteady lift coefficient is Cl’=0.246.

Reference data

shows that the value should fall within a range Cl’=0.14-0.31. This value is sensitive to
flowfield features like boundary conditions, blockage ratio, and distance upstream or
downstream.
All investigations possess closely matching velocity fields and Strouhal numbers.
The standard boundary investigations match experimental data regarding lift and drag
coefficients closely. The two uniform grid immersed boundary investigations yield lift
and drag coefficients lower than standard boundary investigations. All investigations
resulted in fully developed, periodic flowfields.
The final experimental investigation involves transient calculation of twodimensional laminar flow past a square cylinder (Re=100) in a domain of 400x200x1 grid
points. The solutions are again compared to each other and to previous experimental data
through analysis of velocity profiles, drag and lift coefficients (viscous, pressure, and
total), and vortex shedding frequency. This numerical experiment, like the previously
discussed investigations, involves solutions that use both standard and immersed
boundary methods, both in NPHASE-PSU and CARIBOU.
The body-fitted NPHASE-PSU grid investigations, both with and without the
immersed boundary, again result in indistinguishable solutions. Mean drag is Cd=1.64
for these calculations. For the uniform grid CARIBOU investigation, mean drag is
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Cd=1.54. These values are greater than the circular cylinder investigations due to the

more obtuse geometry. The total lift, as well as each component, have average values of
Cl=0.0. For the NPHASE-PSU investigations, unsteady lift coefficient is Cl’=0.215. For

the uniform grid CARIBOU investigation, unsteady lift coefficient is Cl’=0.180.
All investigations possess closely matching velocity fields and Strouhal numbers.
All resulted in fully developed, periodic flowfields.
The NPHASE-PSU and CARIBOU codes are both capable of solving flow about
bluff bodies at low Reynolds number with reasonable accuracy.
periodic flows under the correct physical conditions.

Both codes yield

Computational results match

experimental data well. The immersed boundary method provides an effective tool for
solving various flows without the need to generate a new grid for each case.

5.2 Future Work
As many computational fluid dynamics codes are sensitive to the grid resolution
of a given problem, a study of grid resolution effects would produce valuable insight into
the fidelity of the solutions presented in this research. Such a study could involve
specifying grid spacing, number of wall faces, or overall domain resolution. Results
stemming from body-fitted grids differed slightly from those of uniform grids. This
finding encourages the researcher to determine the extent to which grid resolution issues
affect the solutions. This would allow other potential error sources to be investigated.
Grid independence studies would also benefit the present research. Much work
has been done regarding the effects of grid parameters on flowfield data [Norberg 2003].
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Such a study would shed light on the flow sensitivity to blockage ratio, boundary
conditions, and inflow and outflow distances.

Subsequent work should focus on

determining sufficient values for these parameters at which to run future calculations.
Another investigation could involve determining the optimal number of
processors, and optimal number of subdomains, to run calculations in NPHASE-PSU. A
similar study was performed for CARIBOU in a previous research project. This study
showed diminishing returns above 12 processors [Chopra 2007]. Such work allows
future investigators to optimize the use of computational resources while generating
results as quickly as possible.
In addition, the current state of NPHASE-PSU requires the desired immersed
boundary geometry be hand coded in this subroutine; subsequently, the NPHASE-PSU
source code must be recompiled. In the future, a front-end could be added to the code
that will allow for a more flexible and accessible use of the immersed boundary method.
One option is to hard code several potential geometries, from which the user could select
the desired type (as is done in CARIBOU). Another option is to allow processing of an
input file that contains points defined as body-interior.
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Appendix A
WALL FUNCTIONS WITH IMMERSED BOUNDARY METHOD
This appendix describes a methodology for the implementation of a wall function
approach in a computational fluid dynamics code, CARIBOU, that utilizes the immersed
boundary method. The use of wall functions in CFD requires fewer grid points to resolve
the boundary layer of a given flowfield and produces a smooth profile that matches
theory. The calculations are performed on a structured Cartesian grid. A two-equation
Menter SST Unsteady Reynolds-Averaged Navier Stokes subgrid turbulence model is
used. Computational results are validated against theoretical data. The boundary layer
develops physically both with and without the wall function. Simulating without the wall
function requires the non-dimensional wall spacing, y+, of order 1 for fully resolved flow.
With the wall function, the y+ distance is of order 30 and a more efficient computation
results.

A.1 Introduction
Calculation of fully resolved boundary layer properties in CFD often requires
finely spaced grids and is consequently resource-intensive. Most one- and two-equation
turbulence models use a wall damping function in order to capture these typical boundary
layer features for wall-bounded flows.

To resolve the viscous sublayer, the

dimensionless wall spacing, y+, must be of order 1 for the first computational grid point
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from the wall.

This requirement results in fine grid-spacing near the body, and

subsequently a large number of grid points in the model.

One way to avoid this

requirement is to use a simple wall function to resolve the flow near a solid wall
boundary [Shieh 2000].
The code developed here, CARIBOU (CARtesian Immersed BOUndary),
implements the immersed boundary method with a two-equation Menter SST unsteady
Reynolds-averaged Navier Stokes turbulence model [Cho 2006]. The flow is run in a
two-dimensional configuration, with a periodic boundary condition applied in the
spanwise (z-axis) direction of the flow. This appendix explores both the difficulties and
the benefits resulting from coupling wall functions with the immersed boundary method,
in terms of reduced computational requirements coupled with high resolution flow
solutions.

A.2 Problem Formulation
The immersed boundary method is a means for using grids more efficiently in a
given computation.

This method introduces forces into the equations of motion to

represent the dynamic response of the body being modeled, typically displacement. The
CARIBOU code uses the Brinkman penalization approach of the immersed boundary
method [Vasilyev 2002]. In the Brinkman penalization method, the effect of a body in an
external compressible flow is mimicked by the introduction of a distributed force in the
momentum equations and its equivalent effect in the continuity and energy equations
[Cho 2007]. This method is especially advantageous in the case of a moving grid,
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because the grid need not be regenerated at each time step. This method is discussed in
detail in Section 3.2.
The immersed boundary approach used in CARIBOU is outlined in Figure A-1.
This implementation of the immersed boundary method results in a stair-step
approximation of complex body geometries that may result in lower accuracy of the final
solution, in addition to the danger of eddy detachment in areas of significant curvature.
High grid resolution in such areas is one method to combat this effect.

Figure A-1: Sketch of a uniform Cartesian grid with body points designated via red dots.
Wall points are designated via blue outlined dots.
The wall function is implemented following the Spalding formulation. The goal
of this implementation is to improve the scope in which the wall function is valid by
improving the approximation of y+(u+), and subsequently decreasing the required grid
resolution at the body surface. The variables y+ and u+ are defined as:
y+ =

yuτ

ν

and u + =

u
uτ

A.1
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where uτ is the frictional velocity at the wall and ū is the corresponding slip velocity. The
equation which satisfies all the requirements at the wall is given in Spalding [Spalding
1961]. In the framework of CARIBOU, this is implemented as shown in Eq. A.2
2
3

0.4u + ) ( 0.4u + ) 
(
 0.4 u
+
y = u + 0.1108 e − 1 − 0.4u −
−
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+
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A.2

One benefit of calculating the wall function in the framework of CARIBOU and
the immersed boundary method is that the distance to the wall is known for each grid
point, having been calculated while determining correct parameters for body translation.
This known distance allows for a simple method of flagging body wall points. Because
the distance to the wall is known at each wall point, the corresponding variables in
Eq. A.1 and Eq. A.2 can be found through a simple iterative procedure.
The development of the flat plate boundary layer has been observed
experimentally and multiple analytic functions have been developed to model both the
viscous sublayer and the log layer accurately [Spalding 1961]. This work deals explicitly
with the canonical Klebanoff flat plate boundary layer case, scaled for use in a
compressible code [Klebanoff 1954]. In this flow case, the free stream Reynolds number
is Re=6.47x106, with a free stream Mach number M0=0.5. This Reynolds number is
significantly higher than that used previously in the thesis. This number was picked to
match theoretical data from the Klebanoff flat plate boundary layer case. The size of the
flow domain is approximately 0.65 meters in the stream-wise (x-axis) direction with a
cross stream (y-axis) height of approximately 0.13 meters. The working fluid is assumed
to be the standard atmosphere, with air being treated as an ideal gas.
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The interaction of the wall function with the immersed boundary method is
apparent when determining appropriate boundary conditions for each body point.
Without a wall function, the immersed boundary method is implemented as outlined
above. When using a wall function, the stair-step body representation is smoothed in
hopes of yielding more physical flow solutions. The numerical solutions are sensitive to
the initial wall grid spacing. Additionally, the wall function does not apply for separated
flows, but only for attached boundary layers.

A.3 Results
The expected velocity profiles of the fully resolved flow calculation compared
with the wall function calculation are shown in Figure A-2. This figure shows generally
good agreement between the two methods, with a decrease in the number of grid points
required to model the flow with the use of a wall function. Grid points are represented as
data points on the graph; some points are excluded to minimize clutter.
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Figure A-2: Comparison of the velocity profiles u+ between a fully resolved grid
simulation and a simulation with a wall function, as a function of wall coordinates y+.
In addition to comparing velocity profiles for the two computational cases,
Figure A-2 shows the analytical solution to the flow, represented as the ‘law of the wall’
line. This curve is the most important feature to match in the boundary layer. Its features
are well captured in both computational cases, indicating the high fidelity of the
CARIBOU code.
The grid spacing requirements, thoroughly discussed in this appendix, are shown
in Figure A-3. The upper portion the figure shows the grid spacing of the fully resolved
case, and the lower portion of the figure shows the grid spacing while using the wall
function. Both images are cropped to enhance differences. The upper grid contains 28
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points in the stream-wise direction (x-axis) and contains 47 points in the cross stream
direction, for a total requirement of ~1300 grid points (per spanwise, or z-axis, plane). In
contrast, the lower grid contains 28 points in the stream-wise direction yet requires only
28 points in the cross stream direction, for a total requirement of ~780 grid points (per
spanwise, or z-axis, plane). The reduction in grid points goes as a factor of two in this
particular flow case. This results in computational savings of an amount less than a
factor of two, due to the increased computational requirement in solving the wall function
equations for the more sparsely packed grid. The two grid requirements are compared in
Table A-1.

Figure A-3: Grid spacing comparisons between the fully resolved case (upper) and wall
function case (lower).
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Table A-1: Computational grid comparison between fully resolved case and wall function
case.

Grid Type
Fully resolved
Wall function

X-axis grid points
28
28

Y-axis grid points
47
28

Total grid points
1316
784

A.4 Conclusions
Wall functions allow for coarse grid spacing in the near-body field.

This

methodology results in shorter computational time requirements. The shorter runtime
resulting from the use of the wall function allows for less required walltime on a
computational cluster.

Conversely, fewer processors may be required to solve an

identical flowfield with no reduction in walltime, diminishing the load on a computer
cluster.
The increase in spacing of the initial wall grid point from y+~1 to y+~30 fully
captures all relevant flow characteristics without requiring resolution of the viscous
sublayer of log layer.

Comparisons of the drag and viscous stress coefficients are

identical for both cases. Additionally, the velocity profiles match relatively well. The
satisfactory accuracy of the flow solution, coupled with the flexibility of both the
immersed boundary method and the wall function yield a robust flow solver that is well
suited to solving flows in both stationary and moving complex geometries.
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A.5 Discussion
Future research on this topic includes extending the immersed boundary method
to encompass a more traditional approach, where the stair-stepped body approximation is
eliminated in favor of a more physically precise representation. Flow models using
higher accuracy of the body geometry will then be compared with models using the
method discussed in this appendix.

