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ABSTRACT 

In this dissertation, I present my theoretical and experimental research about exceptional 

points, its applications in optics, and the experimental realization of the exceptional surface 

concept. Whispering gallery mode microresonators which are the platform of our study is briefly 

discussed, and their characterization methods are presented. Non-Hermitian photonics and related 

phenomena and the background are discussed briefly. The exotic features of non-Hermitian physics 

and the spectral degeneracies known as exceptional points are explained and the design of a 

resonator-based photonic system which allows tuning the system controllably to and from EPs is 

demonstrated via creating non-Hermiticity via unidirectional coupling between two optical modes 

of the resonator. We have demonstrated, for the first time, chiral and degenerate perfect absorption 

on exceptional surfaces and studied thermal behavior of WGM microresonators on the exceptional 

surfaces. In addition to exceptional surfaces and chiral perfect absorption, we investigated 

theoretically optical forces in non-Hermitian systems, in particular in a parity-time symmetric 

coupled waveguide system. First, we utilized generalized Wigner-Smith operator and eigenmode 

optimization methods to maximize optical forces on a nanoparticle in a Hermitian coupled 

waveguide system confirming that these two methods give similar results. Since Wigner-Smith 

operator method is not applicable in non-Hermitian settings, we use eigenmode optimization 

method in PT-symmetric coupled waveguides system to demonstrate optimal forces and their 

control. I have also contributed to the theoretical efforts of two collaborative studies. In the first 

one, we have studied optomechanical coupling in a microbottle resonator to achieve high 

mechanical frequency and quality factors for room temperature quantum optomechanics. In the 

second one, we studied exceptional points in the tunable collective light-matter interactions in a 

system of a Terahertz cavity field coupled to molecular vibrations. 
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Chapter 1 
 

Introduction 

1.1 Background 

Physical systems can be broadly classified into two as Hermitian corresponding to systems 

completely isolated from their surroundings and non-Hermitian corresponding to systems 

exchanging energy, matter or information with their surroundings. Physics of light-matter 

interactions has been traditionally studied within Hermitian settings. Revisiting this physics in non-

Hermitian settings opens up new theoretical and experimental opportunities which may lead to 

functional devices and processes which cannot be observed in Hermitian settings or may lead to 

enhanced functions. Many interesting features of Hermitian and non-Hermitian systems emerge in 

the vicinity of spectral degeneracies. Hermitian degeneracies are referred to as diabolic points 

(DPs) where the eigenvalues are degenerate, but the corresponding eigenvectors are orthogonal. 

Non-Hermitian spectral degeneracies are known as exceptional points (EPs), where not only the 

eigenvalues but also the associated eigenvectors are degenerate [1-6]. Since, the experimental study 

of the optical systems at the singularity is almost very difficult, and most of the works has been 

done so far are in the vicinity of the EPs, here we offer experimental realization of EPs called 

Exceptional Surfaces (ESs), which are essentially a surface of the EPs. Creating an ES makes our 

optical system robust against fabrication imperfections and experimental difficulties, therefore, we 

can feasibly study light and matter interactions at this exotic surface, with characteristics of the EP 

[10-21].  

Our toolbox for studying ESs is whispering gallery mode microresonators, which have 

been used for optical sensing, due to their high-quality factor, high intensity and therefore 

significant light-matter interactions. Additionally, microresonators are an excellent platform for 
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detecting any temperature and humidity change in the environment. We use tapered fibers to couple 

the light to microresonators and fiber optics components to create the ESs [22-40].  

1.2 Thesis Outline 

 In chapter 2, we introduce whispering gallery mode (WGM) microresonators because these 

resonators are used as the platform for our study of non-Hermitian photonics. We discuss 

fabrication and characterization of various types of resonators, their mode structure, field 

distributions, mode volumes, and loss mechanisms. Moreover, we discuss coupling light into and 

out of WGM resonances using tapered fibers. We introduce coupled mode theory (CMT) which 

describes the coupling between clockwise (CW) and counterclockwise (CCW) modes of WGM 

resonators.  

 In chapter 3 we present an overview of studies in the field of non-Hermitian photonics, 

including parity-time (PT) symmetric systems. We will also introduce how PT-symmetric systems 

are designed and how one can tune an optical system to its EPs. Furthermore, we discuss some of 

the applications of non-Hermitian systems, such as observation of nonreciprocal light transmission 

in a PT-symmetric WGM resonator system and the demonstration of enhanced response of a 

resonator to perturbations when it is operated at an EP.   

 Chapter 4 describes the experimental realization of exceptional surfaces (ESs) which is the 

main result of this thesis. We will present the results of numerical simulations and our experiments 

performed using an on-chip microsphere resonator. In this study, ES are created by achieving a 

unidirectional coupling between CW and CCW modes of the WGM resonator.  

 Chapter 5 is dedicated to the discussion and experimental demonstration of chiral perfect 

absorption on an ES. Quartic absorption spectrum at an EP is demonstrated for the first time in this 

study.  

 Chapter 6 presents our theoretical and experimental results on thermal response of WGMs 

when the resonator is operated on an ES.  
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 In chapter 7 we will present our collabrative theoretical work on optical forces in PT-

symmetric coupled waveguides. We discuss optical forces acting on a particle in this system at the 

EP, in the exact PT-symmetric phase, and in the broken PT-symmetric phase.This work is a 

collaboration with Prof. Rotter’s group. 

 

 

 

 

 

 

 

 



 

 

Chapter 2 
 

Whispering Gallery Mode Microresonators 

 Whispering Gallery Mode (WGM) microresonators are outstandingly high-quality factor 

resonators, which enable enhanced light-matter interactions due to their long photon lifetimes 

(spectral confinement) and very small mode volumes (spatial confinement). These make WGM 

resonators suitable for studying fundamental of light-matter interactions at a theoretical level as 

well as for building new functionalities and devices for applications. For example, WGM resonators 

have proven to be excellent systems for cavity optomechanics [41], spectral filtering [75], 

(bio)sensing [76], quantum electrodynamics (QED) [28]. This chapter contains a brief overview of 

WGM resonators, their fabrication, characterization, and modelling.   

 

2.1 Introduction 

Whispering gallery modes was introduced by Lord Rayleigh to explain why the whispers 

on one side could be heard by others on the other side of the dome in St Paul’s Cathedral in 1878 

[42]: Sound waves propagate along the circular boundary of the domes through total internal 

reflection (TIR)  The same concept has been realized in optics by fabricating photonic structures 

with circular boundaries from materials whose refractive index is higher than the refractive index 

of the surrounding environment (e.g., typically air 𝑛 = 1 or water 𝑛 = 1.33). In addition to this 

refractive index contrast, the radius of the structure should be large enough to locally satisfy the 

condition for TIR. When these are satisfied, light inside the resonator will reflect back into the 

resonator from the boundary and therefore circulate inside it and close to its boundaries. Since it is 

difficult to satisfy perfect TIR along a circular boundary with the available material systems, a 

portion of the field inside the resonator leaks out into the surroundings. This field is referred to as 
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an evanescent field and its intensity exponentially decreases with the distance from the boundary 

of the resonator. Thus the confinement of light inside the resonator depends on several parameters 

such as the shape of the resonator, refractive index of the material used to fabricate the resonator, 

radius of the structure, and the wavelength of the light. Resonance condition for a structure with 

circular boundary such as a WGM resonator can be written as 

𝑚𝜆 = 2𝜋𝑅𝑛𝑒𝑓𝑓  (2.1) 

 Where 𝜆 is the wavelength of the light, 𝑅 is the radius of the microresonator, 𝑛𝑒𝑓𝑓 is the 

effective refractive index of the WGM which takes into account the refractive indices of the 

resonator and the surrounding environment, and 𝑚 is a positive integer number.  

 Figure. 2-1 presents the SEM image of a microdisk resonator we fabricated, a ray optics 

illustration of the total internal reflection (TIR) and light propagation in a microresonator, and field 

distribution inside the microresonator obtained using Finite element simulation in COMSOL 

Multiphysics, which clearly shows the confinement of the field along the resonator boundary. 

Figure. 2-2 presents various shapes and geometries that have been used and studied as WGM 

microresonators. 

 

 

Figure 2-1: (a) SEM image of a microdisk resonator, (b) Ray optics illustration of the light 

propagation and TIR. (c) Electric field distribution of the transverse electric mode inside a 

microresonator obtained using COMSOL simulation.  
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Figure 2-2: Typical geometries used as WGM microresonators. (a) microdisk, (b) microtoroid, (c) 

microsphere, and (d) microbottle. 

 

 

 

2.2 Fabrication of WGM Microresonators 

            On-chip microdisk, microtoroid and microsphere resonators are fabricated using standard 

microfabrication techniques. In our studies, we have used silica resonators. We start with silica on 

silicon wafers. The thickness of the silica layer plays a role in the quality factor of the final resonator 

[43]. We started with 4𝜇𝑚 silica grown on a <100> prime, float zone, intrinsic silicon wafer. Basic 

fabrication steps are as follows [77]: 1) Prebaking at 110 degrees for 3 minutes; 2) An adhesion 

promoter (HMDS) is spin-coated on the surface 3000 rpm for 30 seconds;  3) A layer of positive 

photoresist (Shipley1813) is coated on the wafer by spin coating at (4000 rpm for 45 seconds); 4) 

After pre-baking (soft bake) at 110 degrees for 1 minute which  drives off excess photoresist 

solvent, photolithography is performed by exposing the wafers with  UV light (at 8𝑚𝑊/𝑐𝑚2 
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intensity for 9.5 seconds) through a mask with circular rings; 5) Wafer is then subject to developing 

(with CD26 for 1 min, then rinsed with DI water and dried with Nitrogen). The wafer is then hard-

baked at 125 °C for 5 minutes so that the photoresist remained after developing solidifies to make 

a more durable layer; 6) The wafer is then etched using hydrofluoric acid (BOE1:6 with the etching 

rate of 80nm/min) until all silica is removed, leaving behind silica disks covered with photoresist. 

This process can be monitored visually making use of the fact that silicon is hydrophilic and silica 

is hydrophobic. Since HF etching is isotropic, the resulting silica disks have wedge shaped side-

wall profiles. The wedge angle is dependent on the amount of undercutting of the photoresist pads 

and thus on the etching rate and time. After etching the wafer is cleaned with acetone, methanol 

and DI water. 7) The wafer is cleaved into smaller sizes (0.25 inch in 1 inch) so that in each chip 

there is a single row of disks. To protect the structures from particle contamination during cleaving, 

a photoresist layer is spin coated followed by soft-baking at 110 for 1 minute before cleaving. After 

cleaving the samples are cleaned in acetone for 5 minutes, rinsed in methanol and DI water and 

dried using high purity nitrogen to ensure that photoresist is completely removed. 8) To isolate the 

silica disks from the silicon substrate, we employed   dry etching with XeF2 or SF6. This creates an 

undercut structure in the form of silica disks standing on silicon pillars. The amount of undercut is 

controlled by the XeF2 (or SF6) etching process (In each cycle of etching, a sample with a row of 

resonators is exposed to 3 Torr of XeF2 for 30 seconds, and then the etching chamber is purged via 

Nitrogen for 1 minute, each cycle etches 2 microns of silicon isotropically) and size of the disk. 

The resulting structures are referred to as microdisk. Figure 2-3 presents an illustration of main 

steps of the fabrication process.is presenting the fabrication steps of the on-chip microresonators.  
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Figure 2-3: Fabrication steps of on-chip microresonators. Blue, red and grey colors represent SiO2, 

photoresist, and Si materials, respectively. 

 

               These on-chip microdisks can then be turned into microtoroids or microsphere resonators 

through a reflow process using CO2 laser (Synrad, 10 − 50 𝑀𝑊/𝑚2 controlled via pulse width 

modulation) which selectively heat and reflow the undercut silica disks without affecting the silicon 

support pillars. A CO2 laser is used because the silica has a very strong absorption line within the 

emission band of CO2 laser (~10𝜇m). Thus, irradiation of the structure melts silica disk along the 

periphery. During this process silicon pillar stays cooler and serves as a heat sink. Due to the 

melting of silica disk and the presence of surface tension, the disk shrinks in size forming a toroidal 

shape boundary. As the irradiation continues, the disk shrinkage continues and finally comes to a 

stop when the absorbed power becomes very small (i.e., because the effective area and cross-section 

decreases with shrinking) so that there is no change anymore. Thus, reflow process is self-
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terminating process. One can stop the reflow before this self-terminating point. The reflow process 

is controlled by the amplitude, pulse shape, and duration of the function generator controlling the 

laser.  

                 By properly choosing the cross-section of the silicon pillar where it connects to the silica, 

the CO2 laser parameters, the reflow process can be used to produce microtoroids, or microsphere 

resonators. For smaller pillar sizes the chance of obtaining the microsphere is higher. Figure. 2-4 

is demonstrating a setup to fabricate the silica microsphere or microtoroid resonators via CO2 laser. 

 

 

Figure 2-4: The setup used for reflow of silica microdisks to fabricate on-chip microtoroids and 

microspheres.   

 

               The same reflow process with CO2 laser can be used to fabricate microsphere resonators 

at the tip of silica fibers. For this purpose, we start with a silica fiber (with diameter of 125 microns). 

After stripping to remove the plastic jacket, we clean the fiber with IPA followed by cleaving. Then 

the tip of the fiber is irradiated with CO2 laser. The melting of the silica and the surface tension 

then produce a microsphere at the tip of the fiber. The size of the microsphere could be tuned by 

the reflow parameters. One can start with a fiber tip which is tapered and then reflow this tapered 
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fiber with CO2 irradiation. The starting size of the tapered tip will determine the final size of the 

microsphere together with the irradiation parameters.  

                Microbottle resonators are fabricated in two different ways. In the first method, the 

stripped and cleaned portion of a silica fiber is irradiated with CO2 laser, which results in a bulge 

which is then used as resonator. During this process, one can stretch or compress the fiber, too, as 

well as start with a fiber section which is already tapered to a certain diameter. The second method 

involves heating and pulling of a silica fiber on hydrogen flame. First, one side of stripped fiber is 

heated and pulled (i.e., similar to tapered fiber fabrication step). Then the hydrogen flame is moved 

along the fiber to another tapered location on the fiber, and this new point is heated while the fiber 

is pulled. Heating and pulling at two different points on the fiber creates two bottle necks between 

which there is a bulged region that serves as a microbottle resonator. The distance between two 

heating and pulling regions determines the final diameter of the bulged region, length of the 

resonator, its quality factor (Q) and free spectral range (FSR). Figure. 2-6 demonstrates the heating 

and pulling setup used for the fabrication of microbottle resonators. Additionally, in Fig. 2-7 the 

examples of fabricated microresonators are presented. 

 

 

Figure 2-5:  Setup for fabricating microspheres at the tip of a silica fiber.   
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Figure 2-6: Heat and pull method for fabricating microbottle resonators.  

 

 

 

Figure 2-7: Examples of fabricated microresonators. (a) Optical microscope image of on chip 

microsphere. (b)  Optical microscope image of microbottle resonator. (c)  SEM image of an on chip 

microdisk before XeF2 etching. (d) SEM image of an on chip microdisk resonator after XeF2 

etching. I SEM image of microdisk resonators before CO2 reflow and microtoroid resonators after 

CO2 reflow.  
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2.3 Tapered Fiber Fabrication and Coupling Methods 

             One can couple light in and out of WGM resonators only evanescently. Several techniques 

have been utilized for this purpose, such as prisms, waveguides, half-block fibers, scatterers, or 

tapered fibers [77]. Easy fabrication of the tapered fibers, controllability of the position of 

microresonator with respect to the tapered fiber, and the highest coupling efficiency among all 

coupling methods are advantages of tapered fiber-based coupling.  Figure. 2-8 illustrates the heat-

and-pull method for fabricating tapered fibers. In this method, a part of a commercially available 

silica optical fiber (cladding diameter of 125𝜇𝑚 and core diameter of 9𝜇𝑚) is first stripped of the 

protective coating and cleaned using IPA. The cleaned part is heated via hydrogen flame (with 

hydrogen flow of ~250𝑚𝑙/𝑚𝑖𝑛) and slowly pulled towards left and right at 0.075𝑚𝑚/𝑠𝑒𝑐 using 

stepper motors. This heating and pulling process leads to adiabatic and gradual shrinking of the 

diameter of the tapered fiber. This tapered section allows the light inside the fiber leak outside 

evanescently. The chip containing the resonator is placed on a 3D piezo stage which allows the 

tune the position of a resonator with respect to the tapered fiber. Once the proper distance and 

location is achieved, a portion of the light inside the fiber couples into the resonator mode 

evanescently from the tapered section. After a roundtrip time inside the resonator a portion of the 

light inside the resonator couples back into the fiber. Figure 2-9 presents the optical microscope 

images of tapered fiber coupled microresonators. 

 

 

Figure 2-8: Tapering fiber by heating and pulling from both sides.  
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Figure 2-9: Optical Microscope images of (a) microsphere resonator coupled to tapered fiber, (b) 

microbottle resonator coupled to tapered fiber.   

 

2.4 Loss, Quality Factor, Free Spectral Range and Photon Lifetime 

             In order to characterize WGM microresonators, it is essential to consider several important 

features, such as the quality factor (Q), free spectral range (FSR) and the photon life time inside 

the resonator. These features are mainly determined by the optical losses of the WGM of the 

resonator.  

 

             2.4.1. Loss sources 

             There are various loss mechanisms in a resonator that affect the spectral and spatial 

confinement of light inside the resonator. A mode with larger loss has a smaller quality factor and 

shorter photon lifetime. Typical loss mechanisms [44] are material absorption loss 𝛾𝑎𝑏𝑠, surface 

roughness induced scattering loss 𝛾𝑠𝑐𝑎, radiation loss 𝛾𝑟𝑎𝑑  which originates from the size of the 

resonator (i.e., the smaller the size the more difficult to achieve total internal reflection for a 

resonator material of given refractive index or a smaller resonator will have higher radiation loss 

for a longer wavelength light), and taper-resonator coupling loss 𝛾𝑐𝑜𝑢𝑝. Additionally, a larger 
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silicon pillar may have an overlap with the resonator mode in silica opening a large leakage route 

from low refractive index silica region to a high refractive index silicon region.  The choice of the 

resonator material depends on its suitability for fabrication and its loss at the spectral band of 

interest. For example, silica its suitable for the telecommunication band due to its low loss in that 

region. If a silica resonator is used in the visible band, the loss will be higher.  

               Absorption, scattering, and radiation losses are often referred to as intrinsic losses while 

the coupling losses are referred to as external losses. Coupling loss (or external loss 𝛾𝑒𝑥) can be 

controlled by varying the distance between the tapered fiber and the resonator.  The progress in 

fabrication technologies have allowed to engineer the shapes and sizes of WGM resonators to have 

reduced losses [43] leading to higher quality factors and longer photon lifetimes. Measuring the 

transmission spectra of a resonator using a tunable laser and recording the transmitted light at the 

end of the fiber by a detector helps to quantify the overall loss of the resonance mode. The linewidth 

of the resonance in the transmission spectra is a signature of the total loss of the WGMs. The 

intrinsic loss of a resonator is fixed when the fabrication is finished, and the wavelength band of 

interest is fixed. In contrast, coupling loss or the external loss can be varied by changing the 

coupling distance between the WGM and the tapered fiber. Thus, by tuning the gap between the 

resonator and the tapered fiber, one can make the external loss larger or smaller than the intrinsic 

loss.   

             2.4.2. Quality Factor  

             Quality factor (Q) of a resonance mode is a figure of merit to characterize the loss. Quality 

factor, in simple words, is the ratio of the stored energy to the dissipated energy at each roundtrip 

inside the resonator.  Once a resonance is measured in the transmission spectrum, one can estimate 

its frequency and its full-width at half-maximum (FWHM) which then can be used to calculate the 

quality factor as:  
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𝑄 =
𝜔0

∆𝜔
=

𝜆0

∆𝜆
               (2.2) 

where ∆𝜔 and ∆𝜆 are the measured linewidth of the resonance (i.e., FWHM) in frequency and 

wavelength spectra, respectively, and 𝜔0 and  𝜆0 are the resonance frequency and wavelength. If 

the loss incurred on the light field during the propagation inside the resonator is  𝛼,  the quality 

factor of the resonator can be written as  

 

𝑄 =
2𝜋𝑛

𝛼𝜆0
                (2.3) 

where 𝑛, and 𝜆 are the refractive index of the material used to fabricate the resonator and the 

resonance wavelength, respectively. 

               Measured quality factor 𝑄𝑙𝑜𝑎𝑑𝑒𝑑 of a resonance mode is determined by the combined 

effect of coupling loss (external loss) and the intrinsic loss (i.e., sum of the absorption, radiation, 

and scattering losses) as [45]:  

1

𝑄𝑙𝑜𝑎𝑑𝑒𝑑
=

1

𝑄𝑒𝑥
+

1

𝑄0
    (2.4) 

where  𝑄0 is associated with the intrinsic quality factor of the microresonator (i.e., quality factor 

due to intrinsic losses 𝛾0 = 𝛾𝑎𝑏𝑠 + 𝛾𝑟𝑎𝑑 + 𝛾𝑠𝑐𝑎, satisfying 𝛾0 = 1/𝑄0 )  and  𝑄𝑒𝑥is associated with 

the external quality factor and determined by the external loss or coupling loss (i.e., 𝛾𝑒𝑥 = 1/𝑄𝑒𝑥).    

From the expression in Eq. (2.4), it is clear that if the coupling losses are minimized approaching 

zero, the loaded quality factor will approach to the intrinsic quality factor (i.e., 𝑄𝑙𝑜𝑎𝑑𝑒𝑑 →

𝑄0 𝑖𝑓 𝑄𝑒𝑥𝑡 → ∞). Similarly, when 𝑄𝑒𝑥𝑡 = 𝑄0, we have 𝑄𝑙𝑜𝑎𝑑𝑒𝑑 = 𝑄0/2 = 𝑄𝑒𝑥𝑡/2. Thus, one can 

tune the loaded quality factor by varying the external quality factor. This is achieved by varying 

the distance between the resonator and the waveguide (tapered fiber). One can broadly divide 

coupling regions into three regimes: 1) Undercoupling regime where external coupling losses are 

much smaller than the intrinsic losses, that is 𝑄𝑒𝑥𝑡 ≫ 𝑄0, leading to 𝑄𝑙𝑜𝑎𝑑𝑒𝑑 ≅ 𝑄0. Thus, 
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measurements in the deep undercoupling regime will provide a good estimate of the intrinsic 

quality factor of the resonance mode. 2) Critical coupling where external coupling losses are equal 

to the intrinsic losses, that is 𝑄𝑒𝑥𝑡 = 𝑄0, leading to 𝑄𝑙𝑜𝑎𝑑𝑒𝑑 = 𝑄0/2 = 𝑄𝑒𝑥𝑡/2. Critical coupling is 

identified as the resonator-waveguide gap at which the transmission becomes zero. 3) Overcoupling 

regime where the distance between the resonator and the taper is minimal, leading to 𝑄𝑒𝑥𝑡 ≪ 𝑄0. 

In this regime the loaded quality factor is mainly determined by the coupling losses.  

 

            2.4.3. Photon Lifetime in WGM Microresonators 

            Losses in a resonance mode determine how long a photon will circulate inside the resonator 

until it is lost. This time scale is referred to as the photon lifetime and is defined as the time required 

for the energy inside the resonator to reach 1/e of its maximum value. If the propagation loss is 𝛼, 

the propagation length is given as 𝐿𝑝 = 1/𝛼 from which one can calculate the photon lifetime as  

𝜏 =
𝑛𝐿𝑝

𝑐
=

𝑛

𝛼𝑐
     (2.5) 

where 𝑐 is the speed of light and  𝑛 is the refractive index of the resonator material. Similarly, it is 

possible to calculate the photon life time from the quality factor of the resonator as [46] 

𝜏 =
𝑄

𝜔0
     (2.6) 

             The photon lifetime is also related to the decay rate via 𝜏 = 1/𝛾𝑡 . 

 

             2.4.4. Free Spectral Range 

             The free spectral range (FSR) of a resonator is the frequency or wavelength difference 

between two successive transmission peaks or dips is given by,  

∆𝑓𝐹𝑆𝑅 ≈
𝜆0
2

𝑛2𝜋𝑅
      (2.7) 
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 which implies that as the size of the microresonator increases, its FSR decreases. For many 

applications such as sensing, it is crucial to have larger FSR. But this means that the resonator 

should be made smaller which in turn may lead to excess radiation loss. So, when designing and 

operating a resonator, these issues should be carefully checked and optimized.    

 

             2.4.5. Finesse  

             Finesse is the measurement of the narrowness of the resonance with respect to its FSR: 

𝐹 =
∆𝑓𝐹𝑆𝑅

𝐹𝑊𝐻𝑀
       (2.8) 

It is clear that resonances with high quality factor (i.e., narrower FWHM) and larger FSR have high 

fineness.  

2.5 Mode Volume and Mode Distribution  

             2.5.1 Mode Volume in WGM Microresonators 

             While the quality factor quantifies the spectral confinement of light inside a resonator, 

mode volume quantifies its spatial confinement. It is typically desired to have resonators with 

smaller mode volumes but higher quality factors. Higher quality factor mean longer photon lifetime 

and smaller mode volume means higher intensity. Thus, a higher  𝑄/𝑉 leads to stronger light matter 

interactions. The mode volume of a resonator is found by the ratio of the spatial integration of the 

field intensity to the peak intensity of the mode [47]:  

𝑉 =
∫ 𝜀(𝒓)|𝐸(𝒓)⃗⃗ ⃗⃗ ⃗⃗ ⃗⃗  ⃗|

2
𝑑𝑉

max (𝜀(𝒓)|�⃗� (𝒓)|
2
)
     (2.9) 

where �⃗�  is the electric field.  

|�⃗� |
2
= �⃗� 𝑥

2 + �⃗� 𝑦
2 + �⃗� 𝑧

2     (2.10) 
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and the integration is evaluated over all space which includes the regions the evanescent field 

extends to. Typically, resonators with smaller dimensions and higher refractive indices have 

smaller mode volumes.  

               

2.5.2 Mode Distribution  

              WGM microresonators depending on their shapes and dimensions can exhibit distinct 

mode distributions. Fundamental modes typically have the highest confinement and smallest mode 

volume when compared to the higher order modes.  Therefore, it is always preferred to use the 

fundamental mode in experiments involving light-matter interactions. Smaller microresonators 

present fewer orders of mode distributions. Figure 2-10. Presents mode distributions obtained with 

Lumerical for different microresonators. 

 

 

Figure 2-10: Fundamental and higher order mode profiles for (a) silica microsphere resonator with 

a diameter of 60𝜇𝑚 and (b) a silica microdisk resonator with diameter of 100𝜇𝑚. l, n are angular 

and radial mode numbers, respectively, and m is the relative index of refraction [78]. 
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2.6 Resonator-waveguide coupling  

             The time evolution of the intracavity field (i.e., field inside the resonator)𝑎 in a waveguide 

coupled resonator system (Figure 2-11) is expressed as [45] 

𝑑𝑎

𝑑𝑡
= −(𝑖𝜔0 +

𝛾0+𝛾𝑒𝑥

2
) 𝑎 − √𝛾𝑒𝑥𝑎𝑖𝑛                          (2.11) 

where the 𝛾𝑒𝑥 and 𝛾0 are the coupling decay rate and the intrinsic decay rate, respectively, 𝜔0 is 

the resonance frequency, and 𝑎𝑖𝑛 is the input field.  

The output field 𝑎𝑜 is described by the input-output relation 

𝑎𝑜 = 𝑎𝑖𝑛 + √𝛾𝑒𝑥𝑎                              (2.12) 

Transmission normalized to the input field can be calculated using  

𝑇 =
|𝑎𝑜𝑢𝑡|

2

|𝑎𝑖𝑛|2
                                           (2.13) 

In the steady state condition and after applying the Fourier transformation we obtain the intracavity 

field as  

(𝑖∆𝜔 − (
𝛾0+𝛾𝑒𝑥

2
))𝑎 − √𝛾𝑒𝑥𝑎𝑖𝑛 = 0                (2.14) 

𝑎 =
√𝛾𝑒𝑥𝑎𝑖𝑛

𝑖∆𝜔−(
𝛾0+𝛾𝑒𝑥

2
)
                                               (2.15) 

where ∆𝜔 = 𝜔 − 𝜔0 is detuning between the resonance frequency and the probing light field. 

Using Eq. (2.15) in the input-output relation in Eq. (2.12), we find the transmission as, 

𝑇(∆𝜔) = |1 +
𝛾𝑒𝑥

𝑖∆𝜔−(
𝛾0+𝛾𝑒𝑥

2
)
|

2

= 1 −
𝛾𝑒𝑥𝛾0

∆𝜔2+(
𝛾0+𝛾𝑒𝑥

2
)
2      (2.16) 
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Figure 2-11: Waveguide coupled resonator system. In our experiments, the coupling waveguide is 

a tapered fiber.  

 

                When the frequency of the probing laser is spectrally away from the resonance frequency 

(i.e., ∆𝜔 → ∞), transmission becomes 1. Moreover, once the resonator is fabricated intrinsic loss 

is fixed (i.e., 𝛾0 = 𝑐𝑜𝑛𝑠𝑡𝑎𝑛𝑡.) and therefore the gap distance between the resonator and tapered 

fiber determines the transmission value at the zero-detuning frequency (i.e., ∆𝜔 = 0). Hence, as 

we discussed previously, we can define three distinct coupling conditions as undercoupling, critical 

coupling, and overcoupling based on the comparative values of intrinsic and external decay rates. 

At the undercoupling regime, the coupling induced decay rate is smaller than the intrinsic loss of 

the microresonator, 𝛾0 > 𝛾𝑒𝑥 , and the gap distance between the resonator and fiber taper is large. 

When the intrinsic loss value is much bigger than the external loss, the coupling regime is called 

as the deep undercoupling. In this region, the measured quality factor approximates well to the 

intrinsic quality factor of the resonance mode and the transmission approaches to unity.  

                By decreasing the gap distance between the microresonator and the tapered fiber, we can 

move from the undercoupling regime to the critical coupling regime. At the critical coupling 

regime, the intrinsic decay rate and the external decay rates are equal,  𝛾0 = 𝛾𝑒𝑥 and therefore one 

can expect that the (2.16) at the zero detuning from the resonance frequency becomes 𝑇(∆𝜔 = 0) =

0. Additionally, the measured quality factor at the critical coupling is half of the value of the 

intrinsic quality factor of the microresonator, since 
1

𝑄𝑡𝑜𝑡𝑎𝑙
=

1

𝑄𝑒𝑥
+

1

𝑄0
, and 𝑄𝑡𝑜𝑡𝑎𝑙 = 𝑄0/2. 
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                Further decreasing the tapered fiber and microresonator gap distance moves the system 

into the overcoupling regime. At the over coupling regime, due to the further enhancement of the 

external decay rate, the total quality factor decreases and reaches its minimum at the zero gap. 

Moreover, the transmission at zero detuning increases but does not reach to 1. Figure 2-12. Presents 

different coupling regimes as well as the comparison of the intrinsic and coupling losses.    

 

 

 

Figure 2-12: (a) Transmission spectra obtained at different coupling regimes, with blue, red, and 

green curves corresponding to the undercoupling (𝛾𝑒𝑥 = 𝛾0 10⁄ ), critical coupling (𝛾𝑒𝑥 = 𝛾0), and 

overcoupling (𝛾𝑒𝑥 = 10𝛾0) regimes. (b) Transmission at zero and non-zero detuning for different 

coupling regions. Zero transmission at 𝛾𝑒𝑥 = 𝛾0 and zero detuning is clearly seen.  
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Chapter 3 
 

Non-Hermitian Optical Systems 

In this chapter, we briefly introduce and discuss non-Hermiticity in optical systems. 

Exceptional points (EPs) and the parity-time (PT) symmetry in photonics is discussed. Methods of 

creating EP and tuning the system to and from the vicinity of an EP are discussed. We note that 

although we discuss here optical systems, the concepts of non-Hermiticity, PT-symmetry and EPs 

are valid and observed in other physical systems such as acoustics, electronics, microwave, and 

thermal systems [14].  

 

3.1 Introduction 

Physical systems can be classified into two categories; Hermitian and non-Hermitian 

systems. While the Hermitian systems are well-isolated from other systems and their surroundings 

(thus are closed), non-Hermitian systems are open systems that are in continuous energy (i.e., in 

the form of loss or gain), information and material exchange with other systems or their 

environments.  

 Closed systems are described by Hermitian Hamiltonians and they are characterized by 

real eigenvalues, orthogonal eigenvectors, unitary evolution, and conserved probabilities. A 

Hermitian Hamiltonian satisfies, 

𝐻 = 𝐻ϯ = (𝐻∗)𝑇     (3.1) 
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where ‘ϯ’ denotes Hermitian conjugation, ‘*’ is complex conjugation and ‘T’ is transposition. On 

the other hand, open systems are described by non-Hermitian Hamiltonians which have complex 

eigenvalues, exhibit non-unitary evolution and non-conserved probabilities. The imaginary part of 

the eigenvalues can either be associated to loss or the gain in a system. A striking difference 

between Hermitian and non-Hermitian system emerges in their respective spectral degeneracies. 

The spectral degeneracy, where two or more eigenvalues of a Hermitian system become equal to 

each other is referred to as a diabolic point (DP). Such spectral degeneracies for a non-Hermitian 

system are called as an exceptional point (EP). At a DP the corresponding eigenvectors are 

orthogonal to each other. However, at an EP the eigenvectors associated with the degenerate 

eigenvalues coalesce with each other (i.e., they are non-orthogonal) [48]. As such, a system’s 

dynamics and its response to external perturbations of a system at an EP is significantly different 

than that of a system at a DP.  

 

3.2 Parity-Time Symmetric Optical Systems 

A class of non-Hermitian systems with gain and loss is referred to as parity-time (PT) 

symmetric systems, which is introduced by Carl Bender [21].  Interestingly, PT-symmetric systems 

exhibit either real eigenvalues (when the system is in the exact PT-phase) or complex conjugate 

eigenvalue pairs (when the system is in the broken PT-phase). The transition between the exact and 

the broken phase takes place at an EP, which is often referred to as a PT-phase transition. 

Parity-time operator, �̂��̂� is combination of the parity operator �̂� (or position operator) and the time 

reversal operator �̂�. The action of the �̂��̂� operator is described as 

�̂��̂�(𝑥, 𝑡, 𝑖) → (−𝑥,−𝑡, −𝑖)     (3.2) 
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where 𝑥 denotes the position in space, 𝑡 is the time, and 𝑖 = √−1. The parity operator exchanges 

the position of systems whereas the time reversal operator rewinds the time. A PT-symmetric 

Hamiltonian commutes with the �̂��̂� operator, that is [�̂�, �̂��̂�] = 0 (i.e., �̂��̂��̂� − �̂��̂��̂� = 0).  

 

 Let us consider Schrodinger equation for a single particle,  

𝑖ℏ
𝜕

𝜕𝑡
𝜓(𝑥, 𝑡) = �̂�𝜓(𝑥, 𝑡)     (3.5) 

where 𝜓(𝑥, 𝑡) is describing the wave function, ℏ is the reduced plank constant and the Hamiltonian 

is given by  

�̂� = −
ℏ2

2𝑚

𝜕2

𝜕𝑥2 + 𝑉(𝑥)      (3.6) 

with 𝑉(𝑥) denoting the potential and 𝑚 corresponding to the mass of the particle. For this 

Hamiltonian to be PT-symmetric, the complex potential 𝑉(𝑥) should satisfy 

𝑉𝑟(𝑥) = 𝑉𝑟(−𝑥) and 𝑉𝑖(𝑥) = −𝑉𝑖(−𝑥)     (3.7) 

 The paraxial equation of the electromagnetic wave propagation has the same form as the 

Schrodinger equation [2] 

𝑖
𝑑𝐸(𝑥,𝑧)

𝑑𝑧
+

1

2𝑘

𝑑2𝐸(𝑥,𝑧)

𝑑𝑥2 + 𝑘0(𝑁(𝑥) + 𝑖𝐾(𝑥))𝐸(𝑥, 𝑧) = 0     (3.3) 

where the 𝐸(𝑥, 𝑧) is the electric field, and 𝑛(𝑥) = 𝑁(𝑥) + 𝑖𝐾(𝑥) is the complex refractive index 

distribution over the x-axis, with 𝑁(𝑥) and 𝐾(𝑥) corresponding to its real and imaginary parts, 

respectively, 𝑘0is the free space wavevector, and 𝑘 = 𝑛0𝑘0. Enforcing PT-symmetry on this system 

by applying the �̂��̂� operator, we find that 𝑛(𝑥) should satisfy  

𝑁(𝑥) = 𝑁(−𝑥),              𝐾(𝑥) = −𝐾(−𝑥)     (3.4) 

 In other words, for an optical system to be PT-symmetric, the real part of the refractive 

index distribution must be an even function while its imaginary part must be an odd function. Since 
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a positive 𝐾(𝑥) is associated with loss and the negative 𝐾(𝑥) is associated with gain, PT-symmetric 

optical systems can be created by asymmetric gain and loss distribution [2].   

 A generic Hamiltonian for a non-Hermitian system composed of two sub-systems with 

complex frequencies 𝜔1 − 𝑖𝛾1 and 𝜔2 − 𝑖𝛾2 that are coupled to each other by strength 𝑘 is given 

by: 

𝐻 = [
𝜔1 − 𝑖𝛾1 𝑘

𝑘 𝜔2 − 𝑖𝛾2
]      (3.8) 

 

 The eigenvalues of this Hamiltonian are  

𝜔∓ = 𝜔0 − 𝑖𝜒 ∓ √𝑘2 + 𝛤2     (3.9) 

 

where 𝜒 =
𝛾1+𝛾2

2
, 𝜔0 =

𝜔1+𝜔2

2
 and 𝛤 =

𝜔1−𝜔2

2
+

𝑖(𝛾1−𝛾2)

2
. Clearly, the eigenvalues become 

degenerate, that is 𝜔+ = 𝜔− = 𝜔0 − 𝑖𝜒,  and an EP emerges when  𝑘2 + 𝛤2 = 0. For this 

Hamiltonian to represent a PT-symmetric system, the eigenvalues should be real or complex 

conjugate of each other. To have real eigenvalues, one should set 𝜒 = 0, that is 𝛾1 + 𝛾2 = 0. This 

then imposes 𝛾1 = −𝛾2 =  𝛾, implying that if the first sub-system is lossy with 𝛾1 > 0, the second 

sub-system should have gain (i.e., positive  𝛾1 denotes loss while negative  𝛾1 denotes gain) that 

compensates the loss 𝛾1. However, this is not sufficient to have real eigenvalues. We should also 

make sure that 𝑘2 + 𝛤2 ≥ 0 , which implies 𝜔1 = 𝜔2 = 𝜔0 and 𝑘2 −  𝛾2 ≥ 0. As a result, the 

generic PT-symmetric Hamiltonian can be written as, 

𝐻 = [
𝜔0 − 𝑖𝛾 𝑘

𝑘 𝜔0 + 𝑖𝛾
]     (3.10) 

 With the eigenvalues given as 𝜔∓ = 𝜔0 ∓ √𝑘2 − 𝛾2 . Clearly, the eigenvalues are real for 

𝑘2 > 𝛾2 (exact PT-phase); imaginary for 𝑘2 < 𝛾2 (broken PT-phase); and degenerate at 𝜔∓ = 𝜔0 
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(EP). Thus, by tuning the coupling strength and the loss-gain parameter, one can move the system 

from exact to broken PT phase through an EP. One should note that in a PT-symmetric system in 

the exact phase, the system has real eigenvalues (i.e., energies) but power is not conserved. 

Non-Hermiticity, including PT-symmetry, in photonics have led to several counterintuitive and 

outstanding applications such as loss induced transparency and lasing [18-20], unidirectional 

clocking and reflection, enhanced sensing [30-31].  

 

 Figure 3-1 presents the variation of the real and imaginary parts of the eigenfrequencies as 

a function of coupling strength. Figure 3-1(a) presents the bifurcation of the eigenfrequencies of a 

generic Hamiltonian as a function of coupling strength, while the loss imbalance is fixed. In Figure 

3-1(b) the bifurcations of the eigenvalues for the PT-symmetric Hamiltonian are presented as a 

function of coupling strength while gain and loss values are fixed. Additionally, the transition from 

Broken-PT to the PT-Phase through the EP is illustrated. 

 

 

 

 

Figure 3-1: (a) Variation of eigenfrequencies of the generic Hamiltonian as a function of coupling 

strength while the loss imbalance is fixed, (b) Variation of eigenfrequencies of the PT-symmetric 

Hamiltonian as a function of coupling strength while the gain and loss values are fixed. 
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3.3 Exceptional Points 

 Exceptional points are the spectral degeneracies of non-Hermitian systems, including PT-

symmetric systems. In a PT-symmetric systems exceptional points (EPs) emerge in the transition 

from the exact PT-phase to the broken PT-phase regimes. EPs in optical systems can be created in 

different ways. For example, in PT-symmetric systems, an EP emerges when the coupling strength 

𝑘 or the balanced gain-loss 𝛾 is tuned such that 𝑘2 =  𝛾2. In the case of coupled resonators (or 

coupled waveguides), the coupling strength can be tuned by varying the distance between the 

resonators (or the waveguides) [78]. In loss-only coupled systems with zero-detuning, EP emerges 

when the coupling strength is tuned to become equal to the loss-difference between the systems, or 

at fixed coupling strength the loss-imbalance is varied. In the case of coupled waveguides (or 

coupled resonators), the loss of one of the waveguides (or one of the resonators) can be varied by 

introducing a lossy element into its mode volume [18].  EPs have been shown to occur in a single 

WGM microresonator by coupling the clockwise (CW) and counter-clockwise (CCW) modes of 

the resonator. In the experiments, the coupling between CW and CCW modes has been achieved 

by introducing a Rayleigh scatterer into the mode volume of the resonator. This symmetric coupling 

induces mode splitting. Then a second scatterer is introduced into the mode volume of the resonator 

and its position is varied until the mode splitting vanishes, which assures the emergence of an EP 

[4]. The second scatterer breaks the symmetric coupling and establishes asymmetric coupling 

between CW and CCW modes.  

 As mentioned before, at an EP not only the eigenfrequencies but also the associated 

eigenvectors coalesce with each other. This implies that the system loses its dimensionality at an 

EP. As a result, the system becomes sensitive to perturbations. This can be easily understood from 

Fig. 3-2 which presents the eigenfrequencies of a Hermitian and a non-Hermitian system when two 

of the system parameters are varied. It is clearly seen that the eigenenergy space of a Hermitian 

system exhibits two cones whose apex coincide at the diabolic point (DP). When the system is at 
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the DP, a perturbation will shift the eigenfrequencies along the cones. As a result, the 

eigenfrequencies bifurcate linearly with increasing perturbation strength. A plot of the 

eigenfrequencies of a non-Hermitian system exhibits two Riemann sheets with an EP at their 

intersection. When the system is perturbed when it is at the EP, the eigenfrequencies will not 

bifurcate linearly but instead exhibit a bifurcation which is proportional to the square root of the 

perturbation strength. Thus, a system operating at an EP will exhibit a larger response than that 

operating at a DP for the same perturbation strength. The response becomes larger if the EP is 

formed by the coalescence of more than two eigenfrequencies. For an N-fold EP (i.e., the number 

of coalescing eigenvalues and eigenvectors is N), the eigenfrequency bifurcation or splitting scales 

as ϵ^(1/N) for a perturbation of ϵ while splitting for the system at DP is just ϵ. Therefore, for small 

perturbations a system at EP exhibits much larger response.  

 

 

 

Figure 3-2: (a) Diabolic point in a Hermitian system (closed system), (b) Exceptional Point in a 

non-Hermitian system (open system).  



 

 

Chapter 4 
 

Exceptional Surfaces and Optical Realization 

4.1 Introduction 

Exceptional points (EPs) are isolated spectral degeneracies in the parameter space of a non-

Hermitian system. As discussed earlier, they are very sensitive to perturbations. This feature has 

been exploited for enhancing the response of sensors [30]. However, this feature also restricts the 

application domain of EPs, because this sensitivity to small perturbations makes it difficult, if not 

impossible, to operate a system exactly at an EP or in the very close vicinity of an EP due to 

instabilities. For example, any small imperfection in the fabrication of the resonators or fluctuations 

in the coupling conditions in a waveguide-coupled resonator system will move the system away 

from the EP.  Additionally, in the single resonator system where two nanoscatterers or nanotips are 

used to bring the system at an EP [10], any fluctuations, vibrations, or instabilities in the positions 

of the scatterers or tips will move the system away from its EP. Therefore, there is a need for 

techniques or methods that ensures a physical system always operate at an EP despite the presence 

of instabilities and imperfections discussed above. Exceptional surfaces (Ess) are proposed to 

address this challenge [30]. An ES is a hypersurface in the parameter space of a physical system 

where every point on the surface is an EP. Figure 4-1 shows a comparison of an EP and ES. In the 

following we will discuss how ESs can be implemented in waveguide-coupled resonator systems. 
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4.2 Exceptional Surface in a waveguide-coupled resonator system 

 As we discussed in the previous chapter, asymmetric coupling between the CW and CCW 

modes of a WGM resonator leads to the emergence of an EP. In 2019, Zhong et al have shown that 

an ES emerges if the coupling between the CW and CCW modes are made nonreciprocal or 

unidirectional, in the sense that one of the modes, say CW, couples to the other mode, say CCW, 

but the CCW mode does not couple to the CW mode [30]. It was also proposed that such a setting 

can be achieved if one end of the waveguide is terminated with a symmetric partially reflecting 

mirror (Fig. 4-2).  

 Let us consider the system in Fig. 4-2 and derive the mathematical expressions describing 

this system. Denoting the intracavity field amplitudes in the CW and CCW directions as 𝑎𝑐𝑤and  

𝑎𝑐𝑐𝑤, respectively, we can write the set of coupled mode equations as [30] 

 

 

Figure 4-1: Illustration of an (a) exceptional point (EP), and an (b) exceptional Surface (ES).  



31 

 

𝑖
𝑑

𝑑𝑡
[
𝑎𝑐𝑤

𝑎𝑐𝑐𝑤
] = 𝐻𝐸𝑆 [

𝑎𝑐𝑤

𝑎𝑐𝑐𝑤
]     (4.1) 

where the system Hamiltonian is given by 

𝐻𝐸𝑆 = [
𝜔0 − 𝑖𝛾 0

𝛼𝜇2 𝜔0 − 𝑖𝛾
]     (4.2) 

with 𝜔0, γ, and μ denoting the resonance frequency, losses of the CW and CCW modes, and the 

coupling strength between the waveguide and the resonator, respectively, and 𝛼 = 𝑟𝑚𝑒𝑥𝑝 (𝑖2𝛷) 

with 𝑟𝑚 representing the reflectivity of the end-mirror. The off-diagonal element of 𝐻𝐸𝑆 with value 

zero implies that CCW mode does not couple to the CW mode, and the non-zero off-

diagonal element represents the strength of the coupling from CW to CCW. This asymmetric 

coupling is the source of non-Hermiticity in this system.    

The eigenvalues 𝜔1,2 and the associated eigenvectors �̃�1,2 of 𝐻𝐸𝑆  are given by 

𝜔1,2 = 𝜔0 − 𝑖𝛾,                �̃�1,2 = (0, 1)𝑇      (4.3) 

which shows that both the eigenvalues and the associated eigenvectors coalesce with each other. It 

is clearly seen that as long as the unidirectionality of the coupling is maintained (i.e., one of the 

off-diagonal elements remains zero), the system is always at an EP. Thus, the system will always 

have degenerate eigenvalues and eigenvectors, even if μ and/or 𝛼 fluctuate or are perturbed. Thus, 

 

 

Figure 4-2: Terminating only one end of the waveguide by a partially reflecting mirror establishes 

unidirectional coupling between CW and CCW modes, leading to emergence of ES. Here, light 
input in the CW mode direction couples to CCW but the light input in the CCW mode direction 

does not couple to the CW mode. T and R denote the transmission and reflection. 
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varying any two of the parameters μ, 𝑟𝑚, and 𝛷 will form a hypersurface in the parameter space 

where all the points on the hypersurface is an EP. Thus, this hypersurface is an ES.  

 Any perturbation that destroys he unidirectionality of the coupling between the CW and 

CCW modes will lift the system off the ES leading to frequency splitting.  Such a perturbation 

could be induced by a Rayleigh scatterer which leads to symmetric scattering of CW to CCW and 

CCW to CW, thus leading to non-zero off-diagonal elements. Assuming a perturbation of strength 

ε, the splitting scales as ∆𝜔 ≈ √휀. If the system is operated far from an EP (i.e., for example by 

setting a symmetric coupling or by removing the end mirror), the frequency splitting will be ∆𝜔 ≈

휀. If the 𝜙 = 𝜑1 + 𝜑2, where 𝜑1 and 𝜑2 are the phase gained in the 𝐿1and 𝐿2, respectively, is 

utilized to parameterize the input frequency, the frequency splitting could be described as ∆𝜙 =

√𝑟𝑝
2 + 𝑟𝑚

′ 𝑘2𝑟𝑝, where 𝑟𝑝, and 𝑟𝑚
′ 𝑘2 represent the particle reflectivity and the effective 

unidirectional coupling from CW to CCW, which reveals [30] 

∆𝜙
𝐸𝑃

≈ {
2𝑘√𝑟𝑝 ,   𝑟𝑝 ≪ 𝑘2 

2𝑟𝑝 ,        𝑟𝑝 ≫ 𝑘2
     (4.5) 

∆𝜙
𝐷𝑃

= 2𝑟𝑝     (4.6) 

 Frequency splitting in the case of particles with smaller perturbations (𝑟𝑝 ≪ 𝑘2) scales 

with the √𝑟𝑝, while increasing the perturbation value shifts the system away from the EP and the 

response of the system to the perturbations becomes linear, similar to a system operated at a DP 

(e.g., by removing the end mirror). 

 

4.3 Experimental demonstration of exceptional surfaces 

 We have implemented the optical system shown in Fig. 4-2 using a tapered fiber coupled 

WGM on-chip microsphere (Fig. 4-3) and a feedback loop which simulates the end-mirror. In this 

system, light input to the resonator in the CW direction is transmitted in the forward direction and 
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then couples back to the resonator in the CCW direction via the feedback loop (end-mirror) 

However, when the light is input to the resonator in the CCW direction, it will be transmitted in the 

backward direction and there will be no coupling back to the CW direction (i.e., no end-mirror at 

the output of the fiber in the CCW input direction). This generates an asymmetric or unidirectional 

coupling between CW and CCW modes and assures that the system is operating on the ES. We 

control the amount of feedback using a variable optical attenuator placed in the feedback loop (i.e., 

this is similar to changing the reflectivity of the end-mirror). 

 In our experiments, we first made sure that 1) there is no intrinsic frequency splitting in the 

system, 2) the resonator has a high-Q mode, and 3) the system is symmetric for the inputs in the 

CW and CCW directions without the feedback loop. As seen in Fig. 4-4, the transmission spectrum 

exhibits a resonance dip in the photodetector PD1 and zero reflection signal at PD2 when the light 

is input in the CCW direction. For an input in the CW direction, the transmission spectrum at PD2 

exhibits a transmission dip and the reflection detected at PD1 has zero signal when the light is input 

 

 

Figure 4-3: Schematic of the exceptional surface setup with feedback loop, which implements a 
tunable end-mirror with adjustable phase and reflectivity. D1 and D2 are photodetectors, light 

source is a tunable external cavity laser, FC: fiber coupler, VOA: variable optical attenuator, PS: 

phase shifter, PC: polarization controller.  
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in the CW direction. This confirms that there is no initial coupling between the CW and CCW 

modes. Figure 4-4 also confirms that the resonance frequencies, measured Q-factors, and the 

loading curves are the same for CW and CCW inputs (i.e., a symmetric system).. After confirming 

that the system is symmetric without the feedback loop, we connected the feedback loop and input 

the light in the CW direction. This couples the CW to CCW mode but not the other way around. 

By tuning the attenuation in the feedback loop, we controlled the feedback strength. Additionally, 

using the phase shifter in the feedback loop we controlled the phase of the reflection and studied 

its impact on the reflection spectrum.  

 When we operate the system in the critical coupling with maximum feedback (i.e., maximal 

coupling from the CW mode to the CCW mode at the critical coupling), we observed a resonance 

dip in the reflection spectra detected at photodiode D1. In contrast to all previous experiments 

performed with systems exhibiting EPs, here we saw that the reflection spectrum exhibits a quartic 

lineshape (squared Lorentzian) rather than a quadratic lineshape (Lorentzian). Although this was 

expected in theoretical studies, it has not been demonstrated in the experiments until this work. 

Since our system is operating stably on the exceptional surface, it is always exactly at an EP. Thus, 

 

 

Figure 4-4: Transmission and reflection spectra in the absence of the feedback loop for input lights 

in the CW and CCW directions, Both CW and CCW inputs exhibit resonance dip in their 

transmission spectra and no signal in their reflection spectra. The resonance takes place at 𝜆0 =
1506 𝑛𝑚 with 𝑄 = 1.4 × 106. Inset demonstrates the loading curves for both CW and CCW 

inputs.  
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it does not suffer from noises induced by fluctuations and instabilities and it always operate at an 

EP. As a result, we could observe this quartic reflection spectrum, a spectra with flat bottom (Fig. 

4-5).  Next, we collected a large number of reflection spectra by varying the phase and strength of 

feedback at different coupling conditions. We performed curve fitting to each of the collected 

spectra using the product 𝐿1. 𝐿2 of two Lorentzian functions 𝐿1 and 𝐿2. In the curve fitting process, 

the resonance frequencies and linewidths of the Lorentzian are used as free parameters which are 

adjusted for the best fitting.  From the estimated data, we calculated the ∆𝑤 (difference of resonance 

frequencies of two Lorentzian) and ∆γ (difference of linewidths of the Lorentzians) and plotted 

them as a function of the feedback phase and magnitude at each coupling condition.  For ideal curve 

fitting and perfect noiseless experimental conditions, ∆𝑤 and ∆γ  should be zero implying that the 

system is on a surface in the space spanned by two system parameters, which are feedback 

magnitude and phase here.  

 

 

 

Figure 4-5: (a) Reflection spectra exhibit quartic (squared Lorentzian) lineshape for the input in the 
CW direction. Curve fittings were performed using product and sum of two Lorentzians. Best 

fitting was obtained for the product of two Lorentzians. (b), (c) Curve fitting data to the reflection 

spectra at various feedback magnitude and phase reveals an exceptional surface.  
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 As seen in Fig. 4-5, ∆𝑤 and ∆γ fluctuates within a very small band compared to the 

resonance frequency and linewidth of the initial mode at the critical coupling, and thus our system 

is on an ES and always operates at an EP. The small variations in ∆𝑤 and ∆γ may be attributed to 

the numerical curve fitting noise and electrical noise etc present in the system.  

 

4.4 Numerical Simulation of the system   

 Asymmetry in reflection. We confirmed our experimental results through simulations in 

COMSOL Multiphysics and Lumerical. Simulations revealed that for any non-zero feedback 

strength (i.e., non-zero end-mirror reflectivity; non-zero coupling from CW to CCW and zero 

coupling from CCW to CW), the system is always on an ES, leading to reflection spectra with 

squared Lorentzian lineshape. Figure 4-6 presents the transmission and reflection spectra of the 

system obtained in COMSOL simulations for CW and CCW inputs for an end-mirror with 50% 

reflection and 50% transmission.  

 

Figure 4-6: Reflection and transmission spectra obtained in COMSOL simulations for inputs in the 

(a) CW and (b) CCW directions when the end-mirror is half-reflecting and the system is at critical 

coupling. 
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 The following are clearly seen: 1) Transmission is symmetric, that is the transmission 

exhibits Lorentzian resonance dips for both CW and CCW inputs. 2) Reflection is asymmetric, that 

is for the CW input the reflection spectrum exhibits squared Lorentzian resonance dip but for the 

CCW input reflection does not exhibit resonance. 3) For the CW input the field inside the cavity 

exhibits a standing wave pattern due to interference of the CW and CCW modes present in the 

cavity whereas for the CCW input field inside the cavity is a travelling wave because there is only 

CCW mode in the cavity.  

 Effect of a scatterer in the mode volume. We simulated the effect of a scatterer located in 

the mode volume of the system using Lumerical Interconnect.  As we discussed above, such a 

scatterer will induce bidirectional coupling between the CCW and CW modes and hence will 

modify the system Hamiltonian such that both off-diagonal elements are non-zero. This should then 

move the system from the ES, leading to mode splitting. Such a situation can take place in sensing 

applications.   

 As seen in Fig. 4-7, when there is no scatterer (𝑅𝑠𝑐𝑎𝑡𝑡𝑒𝑟𝑒𝑟 = 0), the system with a half 

reflecting symmetric mirror exhibits Lorentzian resonance dip in the transmission and squared-

Lorentzian resonance dip in the reflection for the CW input. An infinitesimally small increase in 

𝑅𝑠𝑐𝑎𝑡𝑡𝑒𝑟𝑒𝑟  modifies both the reflection and transmission spectra: Reflection spectrum is no longer 

with a squared Lorentzian lineshape but it exhibits mode splitting. As we increase 𝑅𝑠𝑐𝑎𝑡𝑡𝑒𝑟𝑒𝑟 , 

frequency splitting increases, too. Similarly, reflection at zero-detuning increases with increasing 

𝑅𝑠𝑐𝑎𝑡𝑡𝑒𝑟𝑒𝑟 . These features can be used for particle sensing. More interestingly, we observe that 

frequency splitting is first seen clearly in the reflection spectra while it is not seen in the 

transmission spectra although one can see modification of the transmission spectra. This implies 

that the reflection spectrum is more sensitive to perturbations induced by nanoparticles than the 

transmission spectrum.  
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 In Fig. 4-8, we show the eigenfrequency splitting and resonance peak observed in the 

transmission and reflection spectra as a function of the reflectivity (i.e., 𝑅𝑠𝑐𝑎𝑡𝑡𝑒𝑟𝑒𝑟) of a nanoparticle 

placed within the mode volume. The eigenfrequency splitting observed in the reflection spectra 

(red curve) is always greater than the splitting observed in the transmission spectra (blue curve), 

implying the high sensitivity of reflection spectra on ES to small perturbations. In the cases where 

frequency splitting is not observable, one can alternatively monitor the changes in the resonance 

reflection and transmission. As seen in Fig. 4-8 (a), intensity at the resonance shows a significantly 

higher change in reflection spectra than the transmission spectra.  

 In sensing applications based on frequency splitting, an important question is how the 

system can be brought back to its initial condition, that is to the EP or the ES. This was a challenge 

in previous EP-based sensors. For example, in the nanoparticle sensing application, the positions 

of the nanotips were tuned to bring the system back to EP after the splitting. This is certainly not a 

practical method. This challenge can be easily addressed in our system, that is a resonator operating 

 

 

Figure 4-7:  Effect of a scatterer in the transmission and reflection spectra of a waveguide-coupled 

resonator operating on an ES at the critical coupling.  
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on an ES. When the reflection or transmission undergoes frequency splitting due to a scatterer, one 

can tune the phase of the feedback or the end-mirror reflection (or by tuning an electrically 

controlled phase shifter) to bring the system back to its pre-scatterer condition, that is back to the 

ES. Lumerical simulation results shown in Figs. 4-9 and 4-10 show that by controlling the phase 

of the mirror reflectivity, one can control transmission and reflection spectra. Figure 4-9 is obtained 

for a scatterer 𝑅𝑠𝑐𝑎𝑡𝑡𝑒𝑟𝑒𝑟 = 0.0001. It is clear that with the proper setting of this phase, the 

frequency splitting is removed, and the reflection spectrum returns back to a squared Lorentzian 

lineshape and the transmission back to its initial form. Although it is not clear, we suspect that the 

effect of phase on the spectra in the presence of a particle may be used to estimate particle size or 

polarizability. In Fig. 4-10 the effect of changing reflection phase on the transmission and reflection 

spectra is presented for 𝑅𝑆𝑐𝑎𝑡𝑡𝑒𝑟𝑒𝑟 = 0.01. By increasing the phase to 𝑃𝑆 = 3.14 𝑟𝑎𝑑 the reflection 

spectra present smaller eigenfrequency splitting in comparison to the transmission spectra. We 

think that measuring reflection and transmission spectra at different phase values may be used to 

estimate the polarizability or the size of a particle. This is left as a topic of further study. 

 We also investigated the effect of the magnitude of the end-mirror reflectivity on the 

transmission and reflection spectra in the presence of a scatterer 𝑅𝑠𝑐𝑎𝑡𝑡𝑒𝑟𝑒𝑟 = 0.0001 (Figure 4-

11). When the end-mirror reflectivity is 0 (i.e., no end-mirror), the reflection spectrum exhibits a 

Lorentzian peak for a CW input while the transmission exhibits a Lorentzian dip. The Lorentzian 

peak in the reflection is due to the presence of the scatterer which couples the CW input field to the 

CCW direction. As soon as the end-mirror reflectivity becomes non-zero, we observe splitting in 

the reflection spectra while the transmission spectra does not exhibit splitting although it is 

modified. Reflection at zero-detuning increases with increasing end-mirror reflectivity until 

reflectivity is 50%. For reflectivity values in the range 50-100 %, the reflection value at zero-

detuning decreases with increasing reflectivity but never becomes zero.    
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Figure 4-8:  Effect of a scatterer in the transmission and reflection spectra of a waveguide-coupled 

resonator operating on an ES at the critical coupling. (a) Peak intensity of the reflection at the 

resonance (red curve) and peak intensity of the transmission at resonance (blue curve) versus 

𝑅𝑠𝑐𝑎𝑡𝑡𝑒𝑟𝑒𝑟 . (b) Eigenfrequency splitting of the reflection spectra (red curve), and eigenfrequency 

splitting of the transmission spectra (blue curve).  

 

 

Figure 4-9: Effect of the phase of the reflectivity of the mirror on the transmission and reflection 

spectra in the presence of a scatterer (𝑅𝑆𝑐𝑎𝑡𝑡𝑒𝑟𝑒𝑟 = 0.0001) when the system was initially on the 
ES at the critical coupling. Clearly, scatterer leads to splitting in the reflection and modifies 

transmission and reflection spectra, eliminating the splitting.  
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Figure 4-10:Same as Fig. 4-9, but 𝑅𝑆𝑐𝑎𝑡𝑡𝑒𝑟𝑒𝑟 = 0.01.  

 

 

Figure 4-11: Effect of the end-mirror reflectivity on the reflection and transmission spectra at 

critical coupling in the presence of a scatterer 𝑅𝑠𝑐𝑎𝑡𝑡𝑒𝑟𝑒𝑟 = 0.0001.   
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 Effect of placing an end-mirror in the CCW direction.  We placed mirrors to each end of 

the fiber (i.e., end mirrors in both the CW and CCW directions). While only one end-mirror allows 

unidirectional coupling between CW and CCW modes, two end-mirrors will allow a tunable bi-

directional coupling between the modes. Note that the system is on the ES only when the coupling 

between CW and CCW modes is unidirectional. Such a case can take place if there is back-

scattering at the waveguide ends due to fabrication imperfections etc. In the simulation results 

shown in Fig. 4-13, we set the reflectivity of the end-mirror in the CW direction as 50%  (i.e., 𝑅1 =

0.5 ) and varied the reflectivity of the end-mirror in the CCW direction (i.e., 𝑅2).  Similar to the 

case of a scatterer, we observe splitting in the reflection spectra for non-zero 𝑅2. As seen in Fig. 4-

14 and Fig. 4-15 when the phase of the light reflected from the first end-mirror is varied, the system 

moves back to its initial condition as if the second mirror was not present (i.e., squared Lorentzian 

reflection spectra and Lorentzian transmission).   

 

 

Figure 4-12: Same as Fig. 4-11, but 𝑅𝑆𝑐𝑎𝑡𝑡𝑒𝑟𝑒𝑟 = 0.01.  
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Figure 4-13: End-mirrors at both ends of the waveguide when the system is at critical coupling 

destroys unidirectional coupling between CW and CCW modes and leads to bidirectional 

asymmetric coupling between them which results in frequency splitting in the reflection spectra. 

 

 

Figure 4-14: Effect of the phase of the reflected light from one of the end-mirror can help to control 

the lineshape of the reflection spectra. By properly setting the phase, reflection transits from 

splitting to no-splitting spectra.  𝑅1 = 50% and 𝑅2 = 10% is used in the simulations. 
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Figure 4-15: Same as Fig. 4-14. 

 

 

Figure 4-16: Same as Fig. 4-14 but 𝑅1 is varied while 𝑅2 is kept constant. 

 

The effect of the phase is clearly seen in Fig. 4-14. This figure together with Fig. 4-9 clearly shows 

the important role of phases and interferences in the form of the transmission and reflection spectra. 

As seen in Figs. 4-16 the trend is the same if 𝑅2 is kept fixed and 𝑅1 is varied. 
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 4.5 Conclusion    

In conclusion, we have for the first time experimentally demonstrated an exceptional 

surface via chiral (i.e., uni-directional) coupling between the CW and CCW modes of a WGM 

microresonator. We observed quartic reflection spectra which is the hallmark of a system operating 

on an ES or at an EP. With numerical simulations performed in COMSOL and Lumerical, we 

investigated the effect of perturbations, such as a scatterer or reflections from the end facets of the 

waveguide, that can change the coupling from a chiral coupling to a bi-directional coupling. Such 

asymmetric bidirectional coupling between CW and CCW modes leads to frequency splitting in 

the reflection spectra, implying that we can use Ess for particle sensing, and that reflection spectra 

is more sensitive to perturbations than the transmission spectra. Our numerical simulations also 

clearly demonstrate the importance of phase relations and interferences in determining the 

lineshape of reflection spectra. 



 

 

Chapter 5 
 

Chiral and Degenerate Perfect Absorption on the Exceptional Surfaces  

(This chapter is under review in a peer-reviewed journal. It can be found in the 

arXiv: https://arxiv.org/abs/2107.06019) 

Designing a surface of exceptional points (EPs), (i.e., exceptional surfaces (ES)) can enable 

many interesting features and functionalities, which could be utilized for designing new 

applications and devices. One of such features is the chiral behavior at an EP, and therefore on the 

ES. The chirality in photonics, can provide opportunities in sensing, quantum electrodynamics, 

thermal imaging, as well as radiation control. As we discussed in previous sections, it has been very 

difficult to tune a system to the vicinity of its EPs or operating the system exactly at an EP, because 

as singular discreet points in the parameter space, EPs are prone to instabilities, noise, fabrication 

imperfections, and fluctuations during the operation of the system. Having a continuous surface of 

EPs, and hence an ES provides robustness against experimental instabilities because such 

instabilities, fluctuations and noises will move the system from one EP on the surface to another 

EP on the surface. As a result, many exotic features of EPs can be clearly observed and utilized 

allowing us to have maximum benefit from EPs. We have introduced a photonic system in Chapter 

4 and demonstrated that unidirectional coupling between CW and CCW modes of a WGM 

resonator creates a surface of EPs, and hence an ES.  In this Chapter, we utilize the chiral behavior 

at an EP and on ES to demonstrate chiral and degenerate perfect absorption.  

 

 

 

https://arxiv/


47 

 

5.1 Exceptional surfaces in WGM resonators via chiral coupling 

EPs are consequence of non-Hermiticity in systems, and they are completely distinct from 

the Hermitian degeneracies known as the diabolic points (DPs). At a DP the eigenvalues of the 

system coalesce, however their eigenvectors are orthogonal. On the other hand, at an EP, both 

eigenvalues and eigenvectors of the system coalesce (i.e., the system has single eigenvalue and a 

corresponding eigenvector). Therefore, a system operating at an EP, losses its dimensionality and 

behaves as a singularity point in the parameter space [1-8]. EPs have been created in many different 

physical systems, and their chiral behavior and sensitivity to perturbations have been for 

applications [9-17]. Loss-induced lasing is another exotic feature of EPs which have attracted 

significant interest and fueled the research and discussions on EPs [18-22].  

One can create EPs in a physical system in many ways which involves controlling the 

coupling strength, tuning loss-gain ratio or loss-imbalance, and creating asymmetric coupling 

between modes by controlling scattering behavior between them. All of these established methods 

rely on introducing additional loss or gain. In PT-symmetric systems with balanced gain and loss, 

EPs are accessed through tuning the coupling between loss and gain systems [18-19, 21-26]. 

Introducing loss or gain to create EPs also brings quantum noise which deteriorates coherence 

properties and signal-to-noise ratio which are not good for applications such as sensing [11, 30, 

31], spontaneous emission control [32,33], or spectral filtering.  Therefore, methods which do not 

require additional gain or loss are needed. One of such methods is placing Rayleigh scatterers in 

the mode volume of a resonator and tuning their distance and location which helps control 

scattering from one mode to the other to establish asymmetric coupling [9, 26]. However, 

accurately positioning the scatterers and keeping them stably is a very difficult task. Another 

method is establishing unidirectional coupling between CW and CCW modes of WGM resonators, 

which we have discussed in Chapter 4 [9,10]. In addition to this method, one could use parametric 

modulation or post-selection in quantum systems [27-29].  
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As discussed in Chapter 4, we achieved unidirectional coupling between the CW and CCW 

modes of a WGM resonator using an end-mirror at one of the output ends of the waveguide which 

is used to couple light in and out of the WGM resonator. Such a system can open the way for many 

applications [30,32, 34-39]. 

In Chapter 4, we have used a photonic circuit where a feedback loop with an attenuator and 

phase shifter was used as an end-mirror, which made it difficult to have access to reflection and 

transmission modes for an input in the CCW direction. In this Chapter, we replaced the feedback 

loop with a tunable fiber-loop mirror which remedies the problem encountered in Chapter 4. This 

new system is given in Figure. 5-1a, and b, where the fiber-loop mirror couples the light in the CW 

direction to the CCW mode, but the CCW mode does not couple back to the CW mode [28]. This 

system is robust against the perturbations and the noises and always operates on the ES and hence 

at an EP. The magnitude of the reflection of the fiber-loop mirror is tuned via in-line polarization 

controller inserted into the loop. A phase shifter (PS) inserted just before the fiber-loop mirror helps 

to control and tune the phase of the light back-reflected towards the CCW mode of the resonator. 

We have used this new system to probe many interesting features of Ess and demonstrate quartic 

reflection and absorption spectra [40]and chiral perfect absorption.  

The frequency degenerate CW and CCW modes of the whispering gallery resonator used 

in this study are in the 1440nm band with an intrinsic quality factor of 7.7 × 105 measured at the 

deep undercoupling regime when the end-mirror was bypassed. Without the mirror, the system is 

degenerate and symmetric (Fig. 5-1c). CW and CCW modes have the same resonance frequency 

and linewidth (i.e., they are degenerate). The resonator was carefully fabricated and the modes were 

choses such that there is no inter-modal coupling between CW and CCW modes and hence there is 

no back-reflection for lights input in the CW and CCW directions. Transmission for the CW mode, 

𝑇𝑐𝑤, is detected at 𝐷2 and the transmission for CCW, 𝑇𝑐𝑐𝑤, is detected at 𝐷1. Reflection for the CW 

mode, 𝑅𝑐𝑤, is detected at 𝐷1 and the reflection for the CCW mode, 𝑅𝑐𝑐𝑤, is detected at 𝐷2. As 
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shown in Fig. 5-1c that transmission spectra for inputs in the CW and CCW directions have 

Lorentzian dips whereas reflection spectra are zero (i.e., no resonances), proving that the system is 

symmetric and the modes are not coupled to each other. Hence the absorption 𝐴𝑐𝑤(𝑐𝑐𝑤) = 1 −

𝑇𝑐𝑤(𝑐𝑐𝑤) − 𝑅𝑐𝑤(𝑐𝑐𝑤) is also symmetric and equal for both input directions. Moreover, the loading 

curve of the CW and CCW modes given in the inset of the Figure 5-1c confirms the symmetry in 

the waveguide-resonator coupling conditions. Figure 5-1d shows an optical microscopy image of 

the fiber-coupled on-chip microsphere used in our experiments.  

Introducing the end-mirror as in Figure 5-1a, breaks the symmetry in the system and 

provides an asymmetric coupling between the CW and CCW modes. Using the coupled mode 

theory (CMT) we can describe our system as 𝜕𝑡𝐴 = −𝑖𝐻𝐸𝑆𝐴 where 𝐴 = (𝑎𝑐𝑤 , 𝑎𝑐𝑐𝑤)𝑇, 𝑎𝑐𝑤 and 

𝑎𝑐𝑐𝑤 are the field amplitudes of the CW and CCW modes respectively. And 𝐻𝐸𝑆  corresponds to 

the Hamiltonian of the system and is given by 

𝐻𝐸𝑆 = (
𝜔0 − 𝑖Γ 0

𝜅 𝜔0 − 𝑖Γ
)      (5.1) 

where, 𝜔0 − 𝑖Γ are the complex frequencies of the degenerate CW and CCW modes, and Γ =

(𝛾0 + 𝛾1)/2 is the total loss, due to the waveguide-resonator coupling and the intrinsic loss, and 𝜅 

is strength of the unidirectional coupling between the CW and CCW modes. The zero in the off-

diagonal element implies that the coupling from one of the modes, CCW, to the other one, CW, is 

zero.  The value of 𝜅 is related to the reflectivity of the end-mirror and waveguide-resonator 

coupling as 𝜅 = 𝑟𝛾1, where the mirror reflectivity could be defined with its magnitude and phase 

as 𝑟 = |𝑟|exp(𝑖𝜙). This Hamiltonian has degenerate eigenvalues and eigenvectors expressed as 

𝜔1,2 = 𝜔0 − 𝑖Γ and 𝑎1,2 = (0, 1)𝑇, respectively. For any non-zero reflectivity of the mirror, the 

system will be operating at the EP, and hence plotting the Eps as the phase and magnitude of the 

reflectivity is varied will define a surface, an ES, on which all points are Eps.   
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It is clear that any perturbation (such as thermal fluctuations, environmental effects or loss 

affecting both the CW and CCW modes in the same way) that modifies the diagonal elements will 

shift the system to a new ES with a new complex frequency determined by the new resonance 

frequency and loss However, any perturbations, which modify off-diagonal elements or perturb the 

 

Figure 5-1:a, Optical system used in our experiments to demonstrate ES and chiral perfect 

absorption. End-mirror is implements using a fiber-loop reflector constructed using a 50:50 fiber 

coupler (FC) and a polarization controller (PC) The magnitude of the reflection is controlled via 

the PC and the reflection phase is controlled via a phase shifter (PS). Γ0 is the intrinsic loss of the 

resonator, γ1 is the loss due to the waveguide-resonator coupling, D1, 2 are the photodetectors, and 

the VOA is the variable optical attenuator. (b), The circuit in (a) establishes a unidirectional 

coupling between CW and CCW modes, in the sense that the CW mode couples to the CCW mode, 

while the CCW mode does not couple back to the CW mode. (c), Symmetric transmission and 

reflection spectra for the CW and CCW modes of the resonator, at the critical coupling condition, 

where the reflection values are zero, and the transmission spectra exhibit Lorentzian lineshapes. 

The inset presents the loading curve for CW and CCW modes, where by changing the gap distance 

between the waveguide and resonator, we are changing the coupling condition from the under 

coupling to the critical coupling, where the transmission becomes zero, and then to the 

overcoupling regime, until the fiber touches the resonator. (d), An optical microscope image of the 

tapered fiber coupled microsphere resonator used in the experiments. 
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diagonal elements in different ways, will destroy the degeneracy and move the system off the ES, 

leading to mode splitting. For example, a nanoscatterer in the mode volume of the resonator will 

scatterer light from CW to CCW and from CCW to CW modes thus modify the off-diagonal 

elements. If we assume that the zero off-diagonal element becomes 𝛿 because of the scatterer, the 

eigenvalues of the system will become 𝜔1,2 = 𝜔0 − 𝑖Γ ∓ √𝜅𝛿, which implies the presence of mode 

splitting.     

 

5.2 Squared Lorentzian Reflection Spectra 

 The Lorentzian (quadratic) lineshapes of the transmission spectra for the CW and the CCW 

modes of our microsphere in the absence of the end-mirror is shown Figure 5-1c. Transmission in 

this case can be written as  𝑇𝑐𝑤(𝑐𝑐𝑤) ∝ 1/(1 + 𝛾0
2/Δ2) for the critical coupling (i.e., 𝛾0 = 𝛾1) for 

both the CW and CCW modes. Indeed, even in the presence of the end-mirror, transmission spectra 

are given by the same expression. Reflection spectra do not exhibit any resonance and have zero 

value for both the CW and CCW modes in the absence of the end-mirror. However, it is 

significantly modified when the end-mirror is inserted: The reflection spectra for the CCW mode 

does not exhibit a resonance but now achieves a constant non-zero value depending on the 

reflectivity of the mirror. Reflection spectra for the CW mode, on the other hand, is represented by 

𝑅𝑐𝑤 ∝ 1/(1 + 𝛾0
2/Δ2)2, which has a squared Lorentzian or a quartic lineshape. We then conclude 

that the system has symmetric transmission but asymmetric reflection spectra. More importantly, 

the reflection spectra have squared Lorentzian lineshape. Figure 5-2a shows a typical reflection 

spectra obtained in our experiments when the resonator-waveguide is set at critical coupling. 

Squared Lorentzian feature and flattening of the resonance dip is clearly seen. The experimental 

data is fitted via two different functions: the product of two Lorentzian functions 𝑓1 = 𝐿1𝐿2, and 

the sum of two Lorentzian functions 𝑓2 = 𝐿1
′ + 𝐿2

′
. The function given as the product of two 
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Lorentzians𝐿𝑘 = 𝐴𝑘∆𝑘/(∆𝑘 − 𝑖Γ𝑘)  with 𝑘 = 1,2 provides a much better fit and is able to catch 

the flat bottom of the reflection spectra. We measured the reflection spectra at various values of |𝑟| 

and 𝜙 when the system is operated at the critical coupling, performed curve fitting and estimated 

∆𝑘 and Γ𝑘 from each measured spectra. We then plotted ∆𝑤 = ∆1 − ∆2 and ∆Γ = Γ1 − Γ2 as a 

function of |𝑟| and 𝜙, reconstructing an ES (Figure 5-2b, c). We note that on an ES, we should 

have∆1= ∆2 and Γ1 = Γ2 and hence ∆𝑤 = 0 and ∆Γ = 0. ES reconstructed from the data obtained 

in our experiments exhibits non-zero but very small values for ∆𝑤 and ∆Γ when compared the 

resonance frequency and the linewidth of the initial resonance mode before the end-mirror is 

inserted. The reconstructed surfaces have ∆𝑤 in the range [−6.8𝑀𝐻𝑧, 3.4𝑀𝐻𝑧] and ∆Γ in the range 

of [−5.4𝑀𝐻𝑧, 8.8𝑀𝐻𝑧].  

If we normalized this to the frequency of the resonance at the 207.3𝑇𝐻𝑧 and the linewidth 

502 𝑀𝐻𝑧 of the resonance at the critical coupling, we find |∆𝑤/𝜔0| ≲ 10−8 and ∆Γ/Γ0 ≲ 10−2, 

 

 

Figure 5-2: Squared Lorentzian and quartic lineshape of the reflection spectra for the CW mode, 

which is fitted via squared Lorentzian function 𝑓1 = 𝐿1𝐿2 and the sum of double Lorentzian 

function 𝑓2 = 𝐿1
′ + 𝐿2

′
. Squared Lorentzian function gives a better fit implying that the reflection 

spectra have a quartic lineshape. (b), and (c) present the constructed surface for the ∆𝑤 and ∆Γ 

respectively. The arrows are depicting the location of reflection spectra presented at (a). 
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which is confirms that in fact our system operates on the ES. The variations from zero value for 

∆𝑤 and ∆Γ may be attributed to numerical fitting noise, electrical noise, etc. 

As we discussed above, perturbations affecting the diagonal elements of the Hamiltonian 

will shift our system from one ES to another ES with a new complex frequency (i.e., degenerate 

eigenvalues). In order to show this, we performed experiments at different waveguide-resonator 

coupling conditions because coupling condition modifies Γ (i.e., imaginary part of the complex 

frequency). Typical examples of reconstructed ES obtained at the undercoupling and overcoupling 

regimes are shown in Figure 5-3 and Figure 5-4, respectively. 

 

 

Figure 5-3: Constructed ES at the undercoupling regime. A,  ∆𝑤, b, ∆γ. 

 

 

 

Figure 5-4: Constructed ES at the Overcoupling regime. A,  ∆𝑤, b, ∆γ. 

 

It is worthful to note that, for all of the studied coupling regimes, ∆𝑤 fluctuated in the range 

of [−7.4𝑀𝐻𝑧, 6.9𝑀𝐻𝑧] and ∆Γ values are in the range of [−5.5𝑀𝐻𝑧, 8.8𝑀𝐻𝑧] which when 
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normalized with the frequency 𝜔0 and linewidth Γ of the resonance without the end-mirror yield 

|∆𝑤/𝜔0| ≲ 10−8 and ∆Γ/Γ ≲ 10−2. This implies that our system is in fact operates on the ES.    

 

5.3 Chiral Perfect Absorption on ES 

We have measured reflection and transmission spectra for CW and CCW inputs at various 

coupling conditions, and then calculated the absorption spectra from these acquired spectra using 

𝐴𝑐𝑤(𝑐𝑐𝑤) = 1 − 𝑅𝑐𝑤(𝑐𝑐𝑤) − 𝑇𝑐𝑤(𝑐𝑐𝑤). We first set the end-mirror reflectivity to 1, that is |𝑟| = 1. 

For this case, since all of the CCW incident (right incident in Figure 5-1a) reflects back from the 

mirror, no light enters to the resonator and therefore the absorption for the CCW incident is zero, 

however, for the CW incident (left incident in Figure 5-1a) all of the light couples to the CW mode 

and then after fully reflecting back from the mirror it couples to the CCW mode of the resonator. 

Then we can calculate the absorption spectrum using  𝐴𝑐𝑤 = 1 − 𝑅𝑐𝑤. We have also measured all 

the absorption and insertion losses 𝐿𝑐𝑤 and 𝐿𝑐𝑐𝑤 due to components used in the setup when the 

resonator is not coupled to the system, corresponding to the off-resonant losses. For the CW input 

mode, the loss is denoted as For the CW input, reflection is detected at 𝐷1, and since the mirror 

reflectivity is |𝑟| = 1, transmission (detection at 𝐷2) is zero. Figure 5-5 presents the reflection 

spectra (i.e., red curve) and the calculated absorption spectra (i.e., purple curve) at undercoupling, 

critical coupling and overcoupling regimes. Squared Lorentzian reflection and absorption spectra 

are clearly seen at the critical coupling: while the reflection spectra have flat bottom, the absorption 

spectra have a flat top lineshape. Additionally, since the reflection becomes zero at the zero 

detuning frequency from the resonance, ( i.e., Δ → 0 𝑅𝑐𝑤 = 1/(1 + 𝛾0
2/Δ2)2 → 0), the absorption 

is 1 (i.e., 𝐴𝑐𝑤 = 1), referring to the perfect absorption of the light at the critical coupling  Figure 5-

5dpresents the measured reflection and calculated absorption at zero-detuning ( Δ → 0 ) as we vary 

the coupling (i.e., distance gap between the tapered fiber and the resonator). At the 𝑔𝑎𝑝 = 0.5𝜇m, 
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we observe critical coupling and hence the absorption becomes 𝐴𝑐𝑤 = 1. Since absorption for the 

CCW input is zero, this perfect absorption is chiral. 

 

 

Figure 5-5:  Chiral and perfect absorption on an exceptional surface with fully reflective end-mirror 

|r| = 1. Absorption spectra Acw (purple curves) are inferred from the measured reflection spectra 

Rcw (red curves) using Acw + Rcw = 1 for a CW input. Spectra measured at (a), undercoupling 

regime, (b), critical coupling, and c, overcoupling regime reveal perfect absorption on the ES with 

a quartic absorption lineshape only for critical coupling, as in (b). As the system moves away from 

the critical coupling regime the quartic behaviour becomes indiscernible. D, measured reflection 

and calculated absorption exactly at the ES frequency (i.e., zero detuning) for various taper-

resonator coupling strength γ1 determined by the gap between the taper and the resonator show the 

highest absorption at the critical coupling (i.e., gap equals to ~0.5μm) where we have Rcw = 0 

and thus Acw = 1. As the system moves from critical coupling towards undercoupling or 

overcoupling regimes, absorption at the resonance monotonously decreases. Circles are the values 

extracted from experimental data and the straight lines are inserted as guides to the eye. The labelled 

points in d are obtained from the spectra shown in (a), (b), and (c). For a CCW input, all the light 

is back-reflected by the mirror and no light reaches the resonator, therefore absorption is zero, 

Accw = 0, and hence chiral absorption on the ES. 

 

 

 



56 

 

5.4 Theoretical Model and Numerical Simulations 

             Our system can be described with the coupled differential equations, 

𝑑𝑎𝑐𝑤

𝑑𝑡
= −(𝑖∆ + Γ)𝑎𝑐𝑤 − √𝛾1𝑎𝑖𝑛,𝑐𝑤    (5.2) 

 

𝑑𝑎𝑐𝑐𝑤

𝑑𝑡
= −(𝑖∆ + Γ)𝑎𝑐𝑐𝑤 − √𝛾1𝑎𝑖𝑛,𝑐𝑐𝑤   (5.3) 

 

where 𝑎𝑐𝑤 and 𝑎𝑐𝑐𝑤 are the field amplitudes of the clockwise (CW) and counter-clockwise (CCW) 

modes in the resonator; 𝑎𝑖𝑛,𝑐𝑤  and 𝑎𝑖𝑛,𝑐𝑐𝑤 are the field amplitudes of the inputs to the resonator in 

the CW (forward) and CCW (backward) directions; ∆ is the detuning between the laser and 

resonance frequency;  and Γ = (𝛾0 + 𝛾1)/2 with 𝛾1 denoting the resonator-waveguide coupling 

loss and 𝛾0 denoting the all other loss except the coupling.  

 

Using the input-output formalism, we have 𝑎𝑜𝑢𝑡,𝑐𝑤 = 𝑎𝑖𝑛,𝑐𝑤 + √𝛾1𝑎𝑐𝑤 and 𝑎𝑜𝑢𝑡,𝑐𝑐𝑤 =

𝑑𝑐𝑐𝑤 = 𝑎𝑖𝑛,𝑐𝑐𝑤 + √𝛾1𝑎𝑐𝑐𝑤 as the outputs for the CW and CCW input directions, respectively, with 

𝑑𝑐𝑐𝑤 representing the field detected at the photodetector 𝐷1. We note that 𝑎𝑜𝑢𝑡,𝑐𝑐𝑤 = 𝑑𝑐𝑐𝑤 

represents the transmission for the input in the backward direction (CCW input) and reflection for 

the input in the forward direction (CW input).  Thus 𝐷1 measures the transmission (reflection) 

spectrum for the CCW (CW) input. A fiber-loop reflector with splitting coefficients 𝑟 and 𝑡 

satisfying |𝑟|2 + |𝑡|2 = 1 splits 𝑎𝑜𝑢𝑡,𝑐𝑤 into two paths: The field in the first path, which is given 

by 𝑑𝑐𝑤 = 𝑡𝑎𝑜𝑢𝑡,𝑐𝑤 goes directly to the photodetector 𝐷2 and represents the transmitted field in the 

forward direction. The field 𝑟𝑎𝑜𝑢𝑡,𝑐𝑤   in the second path propagates through a tuneable phase shifter 

(PS) with phase 𝜙 forming the back-reflected field 𝑎𝑟,𝑐𝑤 = 𝑟𝑒𝑖𝜙𝑎𝑜𝑢𝑡,𝑐𝑤  in the CCW direction for 

an input in the forward direction (CW input). For the input 𝑎𝑖𝑛,𝑐𝑐𝑤 in the CCW direction (backward 
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input), the field input to the tapered fiber waveguide is then given by 𝑡𝑒𝑖𝜙𝑎𝑖𝑛,𝑐𝑐𝑤 and the reflected 

field is given as 𝑟𝑎𝑖𝑛,𝑐𝑐𝑤.  

 

5.4.1. Input in the CW direction (left incidence, forward direction):  

We first consider the case of input only in the forward direction (CW input). A portion of 

the 𝑎𝑜𝑢𝑡,𝑐𝑤 will be reflected into the CCW direction through the fiber-loop reflector as 𝑎𝑟,𝑐𝑤 =

𝑟𝑒𝑖𝜙𝑎𝑜𝑢𝑡,𝑐𝑤. Therefore, when considering the system, we need to modify the rate equation 

describing the CCW field in the resonator as: 

 

𝑑𝑎𝑐𝑤

𝑑𝑡
= −(𝑖∆ + Γ)𝑎𝑐𝑤 − √𝛾1𝑎𝑖𝑛,𝑐𝑤                                                                 (5.4) 

 

𝑑𝑎𝑐𝑐𝑤

𝑑𝑡
= −(𝑖∆ + Γ)𝑎𝑐𝑐𝑤 − √𝛾1𝑎𝑟,𝑐𝑤 = −(𝑖∆ + Γ)𝑎𝑐𝑐𝑤 − √𝛾1𝑟𝑒

𝑖𝜙𝑎𝑜𝑢𝑡,𝑐𝑤   (5.5) 

 

At steady state (𝑑𝑎𝑐𝑤/𝑑𝑡 = 0 and 𝑑𝑎𝑐𝑐𝑤/𝑑𝑡 = 0) we find 𝑎𝑐𝑤 and 𝑎𝑐𝑐𝑤 as    

 

𝑎𝑐𝑤 = −
√𝛾1

𝑖∆+Γ
𝑎𝑖𝑛,𝑐𝑤                                                                                          (5.6) 

 

𝑎𝑐𝑐𝑤 = − √𝛾1

𝑖∆+Γ
𝑎𝑟,𝑐𝑤 = − √𝛾1

𝑖∆+Γ
𝑟𝑒𝑖𝜙𝑎𝑜𝑢𝑡,𝑐𝑤 = − √𝛾1

𝑖∆+Γ
𝑟𝑒𝑖𝜙(𝑎𝑖𝑛,𝑐𝑤 + √𝛾1𝑎𝑐𝑤)  

 

= −𝑟𝑒𝑖𝜙 √𝛾1

𝑖∆+Γ
(1 −

𝛾1

𝑖∆+Γ
) 𝑎𝑖𝑛,𝑐𝑤                                                                       (5.7) 
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Similarly, output in the CCW direction (corresponding to back-reflected light for the CW input) is 

expressed in the modified input-output relation as 

 

𝑎𝑜𝑢𝑡,𝑐𝑐𝑤 = 𝑑𝑐𝑐𝑤 = 𝑎𝑟,𝑐𝑤 + √𝛾1𝑎𝑐𝑐𝑤 = (1 −
𝛾1

𝑖∆ + Γ
)𝑎𝑟,𝑐𝑤 = (1 −

𝛾1

𝑖∆ + Γ
)𝑟𝑒𝑖𝜙𝑎𝑜𝑢𝑡,𝑐𝑤 

 

 = (1 −
𝛾1

𝑖∆+Γ
) 𝑟𝑒𝑖𝜙(𝑎𝑖𝑛,𝑐𝑤 + √𝛾1𝑎𝑐𝑤) = (1 −

𝛾1

𝑖∆+Γ
)𝑟𝑒𝑖𝜙 [𝑎𝑖𝑛,𝑐𝑤 −

𝛾1

𝑖∆+Γ
𝑎𝑖𝑛,𝑐𝑤]   

 

= 𝑟𝑒𝑖𝜙 (1 −
𝛾1

𝑖∆+Γ
)
2

𝑎𝑖𝑛,𝑐𝑤                                                                                   (5.8) 

 

Thus, the field at 𝐷1 for the input in CW direction is 𝑎𝑜𝑢𝑡,𝑐𝑐𝑤 = 𝑟𝑒𝑖𝜙 (1 −
𝛾1

𝑖∆+Γ
)
2

𝑎𝑖𝑛,𝑐𝑤  from 

which we find the reflection spectrum 𝑅𝑐𝑤 of the system for the CW input as:   

 

𝑅𝑐𝑤 = |
𝑑𝑐𝑐𝑤

𝑎𝑖𝑛,𝑐𝑤
|
2

= |
𝑎𝑜𝑢𝑡,𝑐𝑐𝑤

𝑎𝑖𝑛,𝑐𝑤
|
2

= |𝑟|2 |(1 −
𝛾1

𝑖∆+Γ
)
2
|
2

= |𝑟|2 |1 −
2𝛾1

𝑖∆+Γ
+

𝛾1
2

(𝑖∆+Γ)2
|
2

  

 

= |𝑟|2 [
∆2+(Γ−𝛾1)

2

Γ2+Δ2 ]
2

= |𝑟|2 [
4∆2+(𝛾0−𝛾1)2

4Δ2+(𝛾0+𝛾1)
2]

2

                                                        (5.9) 

 

Similarly, we can describe the field at 𝐷2 as 

 

𝑑𝑐𝑤 = 𝑡𝑎𝑜𝑢𝑡,𝑐𝑤 = 𝑡(𝑎𝑖𝑛,𝑐𝑤 + √𝛾1𝑎𝑐𝑤) = 𝑡 (1 −
𝛾1

𝑖∆+Γ
) 𝑎𝑖𝑛,𝑐𝑤                         (5.10) 

 

Then the transmission spectrum 𝑇𝑐𝑤 of the system is found as  
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𝑇𝑐𝑤 = |
𝑑𝑐𝑤

𝑎𝑖𝑛,𝑐𝑤
|
2

= |𝑡|2 |1 −
𝛾1

𝑖∆+Γ
|
2
= |𝑡|2 [

4∆2+(𝛾0−𝛾1)
2

4Δ2+(𝛾0+𝛾1)2
]                                     (5.11) 

 

Note the extra term of 
𝛾1

2

(𝑖∆+Γ)2
 in the expression for 𝑅𝑐𝑤  compared to 𝑇𝑐𝑤 already implies that the 

lineshape of 𝑅𝑐𝑤 will be significantly different than that of 𝑇𝑐𝑤.  Using the relation 𝐴𝑐𝑤 + 𝑇𝑐𝑤 +

𝑅𝑐𝑤 = 1, we can write the absorption for the input in the CW direction as: 

 

𝐴𝑐𝑤 = 1 − 𝑇𝑐𝑤 − 𝑅𝑐𝑤 = 1 − |𝑡|2 [
4∆2+(𝛾0−𝛾1)

2

4Δ2+(𝛾0+𝛾1)
2] − |𝑟|2 [

4∆2+(𝛾0−𝛾1)2

4Δ2+(𝛾0+𝛾1)2
]
2

            (5.12) 

 

which reveals that the absorption spectrum is a superposition of a Lorentzian (i.e., 𝑇𝑐𝑤 spectrum) 

and a squared Lorentzian function (i.e., 𝑅𝑐𝑤 spectrum). This implies that one can set the lineshape 

of the absorption spectrum by finely tuning the system parameters. For example, when the system 

is set at critical coupling (𝛾0 = 𝛾1, that is Γ = 𝛾0 = 𝛾1), absorption 𝐴𝑐𝑤 is written as 

 

𝐴𝑐𝑤(𝛾0=𝛾1) = 1 − |𝑡|2 (
1

1+𝛾0
2/∆2

) − |𝑟|2 (
1

1+𝛾0
2/∆2

)
2

                                            (5.13) 

 

which with the choice of completely reflecting end-mirror (𝑡 = 0, 𝑟 = 1) reduces to 𝐴𝑐𝑤(𝛾0=𝛾1) =

1 − (
1

1+𝛾0
2/∆2

)
2

, implying a squared-Lorentzian lineshape, and with the choice of completely 

transmitting end-mirror (𝑡 = 1, 𝑟 = 0) reduces to 𝐴𝑐𝑤(𝛾0=𝛾1) = 1 − (
1

1+𝛾0
2/∆2

), implying a 

Lorentzian lineshape. Thus, provided that 𝛾0/𝛾1is kept constant, one can tune the absorption 

lineshape from a Lorentzian to a squared-Lorentzian form by varying reflectivity of the end-mirror 
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(Figure 5-6). Similarly, one can tune the lineshape by tuning the waveguide-resonator coupling 

strength (varying 𝛾0/𝛾1) if 𝑟 and 𝑡 are kept constant (Figure 5-7). 

 

 

Figure 5-6. Effect of the reflectivity of the end-mirror on the normalized absorption spectra 

obtained on the exceptional surface (ES) at critical coupling for CW input. (a), Calculated 

absorption spectra simulating experimentally investigated end-mirror: Fully-reflecting end-mirror 

(|r|2 = 1, |t|2 = 0) (purple), 50:50 half-mirror ( |r|2 = |t|2 = 1/2) (green), and 10:90 mirror ( 
|r|2 = 0.9, |t|2 = 0.1) (dashed red). (b), Calculated absorption spectra simulating an end-mirror 

with different reflectivity values, corresponding to various settings of the fiber-loop reflector: |r|2 

equals to 0 (blue), ¼ (green), ½ (red), ¾ (purple), and 1 (black). These settings simulate end-

mirrors with zero-reflection (blue), 25% reflection (green), 50% reflection (red), 75% reflection 
(purple), and 100% reflection (black), respectively.  (c), Enlarged view of the top part of the spectra 

shown in (b). Transition of the spectra from Lorentzian lineshape to a flat-top quartic lineshape is 

clearly seen as the reflectivity of the end-mirror is increased.  

 

 

Figure 5-7. Effect of the waveguide-resonator coupling regime on the normalized absorption 

spectra. Coupling regime is quantified by the ratio γ0/γ1 (ratio of the resonator losses γ0 including 

material, scattering and radiation, to the waveguide-resonator coupling loss γ1). In the simulation 

results shown in (a), (b), and (c), we used γ0/γ1 = 1 (critical coupling, blue), γ0/γ1 = 5 

(undercoupling, green), γ0/γ1 = 20 (deep undercoupling, red), γ0/γ1 = 1/5 (overcoupling, 

purple), and γ0/γ1 = 1/20 (deep overcoupling, black). Calculated absorption spectra simulating 

experimentally investigated end-mirrors: (a), Fully-reflecting end-mirror (|r|2 = 1, |t|2 = 0), (b), 

50:50 half-mirror (|r|2 = |t|2 = 1/2), and (c), 10:90 end-mirror with 90% reflection (|r|2 =
0.9, |t|2 = 0.1). Flat-top quartic lineshape is clearly seen at the critical coupling γ0/γ1 = 1 in (a) 

and (c) but not in (b), implying the effect of end-mirror reflectivity on the process. As the system 
is moved to undercoupling or overcoupling regime, the flat-top becomes obscure and the lineshape 

becomes Lorentzian.  
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5.4.2. Input in the CCW direction (left incidence, backward direction):  

We now consider the case where the input is in the backward direction (CCW input). The 

output field 𝑎𝑜𝑢𝑡,𝑐𝑐𝑤 goes directly to the detector 𝐷1(i.e., no back-reflection into the CW mode).  

The field input to the waveguide after the fiber-loop reflector is 𝑡𝑒𝑖𝜙𝑎𝑖𝑛,𝑐𝑐𝑤. There is no input in 

the CW direction, thus we have 𝑎𝑖𝑛,𝑐𝑤 = 0 and 𝑎𝑐𝑤 = 0 (i.e., no coupling between the CW and 

CCW modes and input only in the CCW direction). Thus, it is enough to consider only the modified 

rate equation:  

 

𝑑𝑎𝑐𝑐𝑤

𝑑𝑡
= −(𝑖∆ + Γ)𝑎𝑐𝑐𝑤 − √𝛾1𝑡𝑒

𝑖𝜙𝑎𝑖𝑛,𝑐𝑐𝑤    (5.14) 

 

                At steady state (𝑑𝑎𝑐𝑐𝑤/𝑑𝑡 = 0) we find 𝑎𝑐𝑤 and 𝑎𝑐𝑐𝑤 as   

 

𝑎𝑐𝑐𝑤 = −
√𝛾1𝑡𝑒

𝑖𝜙

(𝑖∆+Γ)
𝑎𝑖𝑛,𝑐𝑐𝑤    (5.15) 

 

                Substituting into the modified input-output relation 𝑎𝑜𝑢𝑡,𝑐𝑐𝑤 = 𝑑𝑐𝑐𝑤 = 𝑡𝑒𝑖𝜙𝑎𝑖𝑛,𝑐𝑐𝑤 +

√𝛾1𝑎𝑐𝑐𝑤: 

 

𝑎𝑜𝑢𝑡,𝑐𝑐𝑤 = 𝑡𝑒𝑖𝜙𝑎𝑖𝑛,𝑐𝑐𝑤 + √𝛾1𝑎𝑐𝑐𝑤 = 𝑡𝑒𝑖𝜙𝑎𝑖𝑛,𝑐𝑐𝑤 −
𝛾1𝑡𝑒

𝑖𝜙

(𝑖∆ + Γ)
𝑎𝑖𝑛,𝑐𝑐𝑤 = 

𝑡𝑒𝑖𝜙 (1 −
𝛾1

(𝑖∆+Γ)
) 𝑎𝑖𝑛,𝑐𝑐𝑤     (5.16) 

 

                The field detected at 𝐷1 for the input in CCW direction gives the transmission spectrum 

𝑇𝑐𝑐𝑤 as:   
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𝑇𝑐𝑐𝑤 = |
𝑑𝑐𝑐𝑤

𝑎𝑖𝑛,𝑐𝑤
|

2

= |
𝑎𝑜𝑢𝑡,𝑐𝑐𝑤

𝑎𝑖𝑛,𝑐𝑤
|

2

= |𝑡|2 |(1 −
𝛾1

(𝑖∆ + Γ)
)|

2

= |𝑡|2
∆2 + (Γ − 𝛾1)

2

Γ2 + Δ2
 

= |𝑡|2 (
4∆2+(𝛾0−𝛾1)2

4Δ2+(𝛾0+𝛾1)2
)    (5.17) 

 

For the CCW input, we calculate the reflection 𝑅𝑐𝑐𝑤 as 

 

𝑅𝑐𝑐𝑤 = |
𝑟𝑒𝑖𝜙𝑎𝑖𝑛,𝑐𝑐𝑤

𝑎𝑖𝑛,𝑐𝑐𝑤
|
2

= |𝑟|2    (5.18) 

 

which is constant for all frequencies and is significantly different from 𝑅𝑐𝑤 which exhibits a 

squared Lorentzian lineshape. We can then use the relation 𝐴𝑐𝑐𝑤 + 𝑇𝑐𝑐𝑤 + 𝑅𝑐𝑐𝑤 = 1 to write 

absorption for the input in the CCW direction as 

 

𝐴𝑐𝑐𝑤 = 1 − 𝑇𝑐𝑐𝑤 − 𝑅𝑐𝑐𝑤 = 1 − |𝑟|2 − |𝑡|2 (
4∆2+(𝛾0−𝛾1)2

4Δ2+(𝛾0+𝛾1)
2
) = |𝑡|2 (1 −

4∆2+(𝛾0−𝛾1)
2

4Δ2+(𝛾0+𝛾1)2
) (5.19) 

 

which reveals an absorption spectrum with Lorentzian lineshape. At critical coupling (𝛾0 = 𝛾1, that 

is Γ = 𝛾0 = 𝛾1), absorption spectra 𝐴𝑐𝑐𝑤 for a CCW input becomes 

 

𝐴𝑐𝑐𝑤(𝛾0=𝛾1) = |𝑡|2 (1 −
∆2

Δ2+𝛾0
2) = |𝑡|2 (

𝛾0
2

Δ2+𝛾0
2) = |𝑡|2 (

1

1+Δ2/𝛾0
2)    (5.20) 

 

5.5. Intracavity field intensity at exceptional surfaces of different coupling regimes:  

             We performed numerical simulations of the system using COMSOL Multiphysics which 

allowed us to observe the intracavity field for CW and CCW inputs at different coupling regimes 

and hence on different exceptional surfaces (Figures 5-8 and 5-9). We performed the simulations 
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for two specific cases, that is for a perfectly reflecting end-mirror (Figure 5-8) and for an end-mirror 

with half reflecting and half transmitting, |𝑟|2 = |𝑡|2 = 1/2 (Figure 5-9).  

 

Figure 5-8. Intracavity field intensity for (a), clockwise CW and (b), counterclockwise CCW input 

on the exceptional surfaces associated with different waveguide-microresonator (μR) coupling 

regimes for a system with fully reflective end-mirror. Dotted boxes in the left panels represent the 
ES-device composed of a waveguide-coupled resonator with the end-mirror. Black arrows denote 

the CW and CCW input ports of the ES-device. Intracavity field intensity for the CW input is 

highest at the critical coupling. Note the absence of field inside the resonator for the CCW input.  
 

 

 

Figure 5-9. Intracavity field intensity for (a), clockwise CW and (b), counterclockwise CCW input 

on the exceptional surfaces associated with different waveguide-microresonator (μR) coupling 
regimes when the end-miror is half reflecting and half transmitting. Dotted boxes in the left panels 

represent the ES-device composed of a waveguide-coupled resonator with the end-mirror. Black 

arrows denote the CW and CCW input ports of the ES-device. Intensity for the CW input is highest 
at the critical coupling. Note the standing-wave like pattern for the CW input and the traveling 

wave pattern for the CCW input.  
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Simulations show the formation of a standing-wave like pattern inside the resonator only 

for the CW input. This is because, the reflector is placed at only one of the waveguide ends (the 

end in the CW direction) and thus the light transmitted through. 

             The waveguide-coupled resonator in the CW direction is back reflected in the CCW 

direction. As a result, there are two fields propagating in the CW and CCW directions in the 

resonator even if the input to the system is in the CW direction. The response of the system for 

these end-mirrors (i.e., the fully reflective and the partially reflective end-mirrors) differ 

significantly for the CCW input: In Figure 5-8 there is no field in the resonator (thus no absorption 

for CCW input) because the CCW input is fully reflected and does not reach to the resonator. In 

Figure 5-9, while half of the input CCW field is reflected back to the input port, the other half 

travels and couples into the resonator in the CCW direction (thus there is absorption for CCW 

input). Since there is no end-mirror in the CCW input direction, there is only CCW traveling wave 

in the resonator for the CCW input (Figure 5-9). This asymmetric response for the CCW input is 

observed at all exceptional surfaces associated with waveguide-resonator coupling regimes. 

Simulations also show that the ES emerging at the critical coupling leads to the highest intracavity-

field intensity for CW input. On a given ES associated with a coupling strength, the intracavity 

field intensity is stronger for the CW input than for the CCW input.   

 

5.6. Normalization procedure to assess the absorption from experimentally obtained 

spectra:  

To correctly assess the absorption on exceptional surfaces, it is important that all losses in 

the system (i.e., including the insertion and return losses of various components and the propagation 

losses in the connecting fibers but not the resonator-related losses) incurred during light 

propagation in the experimental setup are measured and are considered in the normalization 
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process. We have measured losses in the path of the fields input in the CW and CCW directions 

from the setup input-point until the detection at the detectors 𝐷1 and 𝐷2. Since these paths are 

different for different input directions, the losses are different, and they should be measured 

individually and included in the normalization of the associated experimentally obtained spectra. 

We measured these losses by recording off-resonant (i.e., without the resonator) transmission 

(reflection) and reflection (transmission) for the input in the CW (CCW) direction at detectors 𝐷1 

and 𝐷2, respectively.   

 

5.6.1 Normalization for CW input: 

 If there were no losses, off-resonant transmitted and reflected field intensities  for an input 

with intensity 𝐼𝑖𝑛/𝑐𝑤 in the CW direction would be given as 𝐼𝑇/𝑐𝑤−𝑜𝑓𝑓− 𝑙𝑜𝑠𝑠𝑙𝑒𝑠𝑠 = |𝑡|2𝐼𝑖𝑛/𝑐𝑤 and 

𝐼𝑅/𝑐𝑤−𝑜𝑓𝑓− 𝑙𝑜𝑠𝑠𝑙𝑒𝑠𝑠 = |𝑟|2𝐼𝑖𝑛/𝑐𝑤. When the resonator is inserted into the setup, we can take the 

losses into account by multiplying the measured transmitted field intensity 𝐼𝑇/𝑐𝑤(𝜔) and the 

measured reflected field intensity 𝐼𝑅/𝑐𝑤(𝜔) respectively with (𝐼𝑇/𝑐𝑤−𝑜𝑓𝑓− 𝑙𝑜𝑠𝑠𝑙𝑒𝑠𝑠/𝐼𝑇/𝑐𝑤−𝑜𝑓𝑓) and 

(𝐼𝑅/𝑐𝑤−𝑜𝑓𝑓− 𝑙𝑜𝑠𝑠𝑙𝑒𝑠𝑠/𝐼𝑅/𝑐𝑤−𝑜𝑓𝑓). Here, 𝐼𝑇/𝑐𝑤−𝑜𝑓𝑓  and 𝐼𝑅/𝑐𝑤−𝑜𝑓𝑓  denote the measured off-resonant 

transmitted and reflected field intensities, respectively. Thus, transmission and reflection spectra 

normalized with respect to the input 𝐼𝑖𝑛/𝑐𝑤 after taking the losses into account is given by the 

normalized transmission 𝑇𝑐𝑤(𝜔)  

 

𝑇𝑐𝑤(𝜔) =
𝐼𝑇/𝑐𝑤(𝜔)(

𝐼𝑇/𝑐𝑤−𝑜𝑓𝑓−𝑙𝑜𝑠𝑠𝑙𝑒𝑠𝑠

𝐼𝑇/𝑐𝑤−𝑜𝑓𝑓
)

𝐼𝑖𝑛/𝑐𝑤
=

𝐼𝑇/𝑐𝑤(𝜔)(
|𝑡1|2𝐼𝑖𝑛/𝑐𝑤

𝐼𝑇/𝑐𝑤−𝑜𝑓𝑓
)

𝐼𝑖𝑛/𝑐𝑤
=

𝐼𝑇/𝑐𝑤(𝜔)

𝐼𝑇/𝑐𝑤−𝑜𝑓𝑓
|𝑡|2     (5.21) 

 

and the normalized reflection 𝑅𝑐𝑤,𝑁(𝜔)  
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𝑅𝑐𝑤(𝜔) =
𝐼𝑅/𝑐𝑤(𝜔)(

𝐼𝑅/𝑐𝑤−𝑜𝑓𝑓−𝑙𝑜𝑠𝑠𝑙𝑒𝑠𝑠

𝐼𝑅/𝑐𝑤−𝑜𝑓𝑓
)

𝐼𝑖𝑛/𝑐𝑤
=

𝐼𝑅/𝑐𝑤(𝜔)(
|𝑟1|2𝐼𝑖𝑛/𝑐𝑤

𝐼𝑅/𝑐𝑤−𝑜𝑓𝑓
)

𝐼𝑖𝑛/𝑐𝑤
=

𝐼𝑅/𝑐𝑤(𝜔)

𝐼𝑅/𝑐𝑤−𝑜𝑓𝑓
|𝑟|2     (5.22) 

 

In our experiments, effective reflection and transmission by the end-mirror is controlled by 

polarization controllers in the fiber loop. We can tune the reflectivity of the end-mirror that controls 

the coupling of the CW light into the CCW between 0 and 1. The normalized absorption spectra is 

then given as 𝐴𝑐𝑤(𝜔) = 1 − 𝑇𝑐𝑤(𝜔) − 𝑅𝑐𝑤(𝜔): 

 

𝐴𝑐𝑤(𝜔) = 1 −
𝐼 𝑇
𝑐𝑤

(𝜔)

𝐼 𝑇
𝑐𝑤

−𝑜𝑓𝑓

|𝑡|2 −
𝐼 𝑅
𝑐𝑤

(𝜔)

𝐼 𝑅
𝑐𝑤

−𝑜𝑓𝑓

|𝑟|2 = 1 −
𝐼𝑇/𝑐𝑤(𝜔)

𝐼𝑇/𝑐𝑤−𝑜𝑓𝑓
+ (

𝐼𝑇/𝑐𝑤(𝜔)

𝐼𝑇/𝑐𝑤−𝑜𝑓𝑓
−

𝐼𝑅/𝑐𝑤(𝜔)

𝐼𝑅/𝑐𝑤−𝑜𝑓𝑓
) |𝑟|2  (5.23) 

. 

5.6.2. Normalization for CCW input: 

Since the paths CW and CCW fields propagate are different, the losses they experience are 

different, too. For CCW input, off-resonant transmission measured at 𝐷1 helps determine the losses 

for the CCW input in the system before the resonator is inserted. This loss is given as 

𝐼𝑇/𝑐𝑐𝑤−𝑜𝑓𝑓−𝑙𝑜𝑠𝑠𝑙𝑒𝑠𝑠 = |𝑡|2𝐼𝑖𝑛/𝑐𝑐𝑤. When a resonator is inserted into the setup, we can in principle 

take the losses into account by multiplying the measured transmitted field intensity 𝐼𝑇/𝑐𝑐𝑤(𝜔) and 

the measured reflected field intensity 𝐼𝑅/𝑐𝑐𝑤(𝜔) respectively with (𝐼𝑇/𝑐𝑐𝑤−𝑜𝑓𝑓− 𝑙𝑜𝑠𝑠𝑙𝑒𝑠𝑠/

𝐼𝑇/𝑐𝑐𝑤−𝑜𝑓𝑓) and (𝐼𝑅/𝑐𝑐𝑤−𝑜𝑓𝑓− 𝑙𝑜𝑠𝑠𝑙𝑒𝑠𝑠/𝐼𝑅/𝑐𝑐𝑤−𝑜𝑓𝑓). Here, 𝐼𝑇/𝑐𝑐𝑤−𝑜𝑓𝑓  and 𝐼𝑅/𝑐𝑐𝑤−𝑜𝑓𝑓 denote the 

off-resonant transmitted and reflected field intensities, respectively. We note that 

𝐼𝑅/𝑐𝑐𝑤−𝑜𝑓𝑓− 𝑙𝑜𝑠𝑠𝑙𝑒𝑠𝑠/𝐼𝑅/𝑐𝑐𝑤−𝑜𝑓𝑓 = 1 in our system because resonator does not play any role. 

Following the procedure outlined for CW input above, we find the expression for the normalized 

transmission spectra for the input in CCW direction as 
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𝑇𝑐𝑐𝑤(𝜔) =
𝐼𝑇/𝑐𝑐𝑤(𝜔)(

𝐼𝑇/𝑐𝑐𝑤−𝑜𝑓𝑓−𝑙𝑜𝑠𝑠𝑙𝑒𝑠𝑠

𝐼𝑇/𝑐𝑐𝑤−𝑜𝑓𝑓
)

𝐼𝑖𝑛/𝑐𝑐𝑤
=

𝐼𝑇/𝑐𝑐𝑤(𝜔)(
|𝑡|2𝐼𝑖𝑛/𝑐𝑐𝑤

𝐼𝑇/𝑐𝑐𝑤−𝑜𝑓𝑓
)

𝐼𝑖𝑛/𝑐𝑐𝑤
=

𝐼𝑇/𝑐𝑐𝑤(𝜔)

𝐼𝑇/𝑐𝑐𝑤−𝑜𝑓𝑓
|𝑡|2 (5.24) 

 

The normalized reflection spectrum is just given by the normalized drive of VOA and that is 

𝑅𝑐𝑐𝑤(𝜔) =
𝐼𝑅/𝑐𝑐𝑤(𝜔)(

𝐼𝑅/𝑐𝑐𝑤−𝑜𝑓𝑓−𝑙𝑜𝑠𝑠𝑙𝑒𝑠𝑠

𝐼𝑅/𝑐𝑐𝑤−𝑜𝑓𝑓
)

𝐼𝑖𝑛/𝑐𝑐𝑤
=

𝐼𝑅/𝑐𝑐𝑤(𝜔)

𝐼𝑖𝑛/𝑐𝑤
= |𝑟|2   (5.25) 

 

Then we calculate the normalized absorption spectrum as  

 

𝐴𝑐𝑐𝑤(𝜔) = 1 − 𝑇𝑐𝑐𝑤(𝜔) − 𝑅𝑐𝑐𝑤(𝜔) = 1 −
𝐼𝑇/𝑐𝑐𝑤(𝜔)

𝐼𝑇/𝑐𝑐𝑤−𝑜𝑓𝑓

|𝑡|2 − |𝑟|2 

 

= (1 −
𝐼𝑇/𝑐𝑐𝑤(𝜔)

𝐼𝑇/𝑐𝑐𝑤−𝑜𝑓𝑓
) |𝑡|2   (5.26) 

 

             5.7 Experimental results 

Here we provide experimental data and evidence that support the theoretical model and 

conclusions derived from it.  

5.7.1 Effect of end-mirror reflectivity on the reflection and absorption 

spectra at critical coupling 

The theoretical model predicts that when the system is at the critical coupling, reflection 

spectra on the ES exhibit squared Lorentzian lineshape with perfect absorption occurring at the ES 

frequency. The experimentally obtained reflection spectra 𝑅𝑐𝑤 reveal the expected squared 

Lorentzian lineshape (i.e., flat bottom) at the critical coupling at all end-mirror reflectivity values 

(Figure 5-10). We note that when the end-mirror reflectivity is varied from |𝑟| = 1 to |𝑟| = 0.2, 
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there is gradual change in the lineshape of the absorption spectra from quartic lineshape (squared 

Lorentzian, flat top) to a Lorentzian-like lineshape while the reflection spectra stay squared 

Lorentzian all the time. This is expected from Eqs. (5-13) and (5-23) which state that the absorption 

spectra is a superposition of a Lorentzian and squared Lorentzian lineshapes, and the value of |𝑟| 

determines the weight of the squared Lorentzian lineshape in the superposition: The higher the |𝑟| 

is, the more squared Lorentzian the absorption spectra are.  

 

Figure 5-10. Experimentally obtained normalized reflection spectra Rcw and the calculated 

absorption spectra Acw  on the exceptional surface associated with critical coupling at various 

values of the reflection magnitude |r| of the end-mirror. Reflection and absorption spectra exhibit 

squared Lorentzian lineshapes with flat bottom and flat top respectively. Perfect absorption takes 

place at the ES-frequency at all non-zero values of |r| .  Reflection and absorption at frequencies 

other than the ES-frequency depend on |r|.   
 

 

We also observe that decreasing the reflectivity of the end-mirror, the FWHM of the absorption 

spectra decreases from 880 MHz to 500MhzRecall that if |𝑟| = 0, the system will not be on ES and 

all the light in the CW direction will be transmitted to output port of the fiber exhibiting a 

Lorentzian transmission spectrum. It is also important to note that since Fig. 5-10 is obtained at the 

critical coupling, we always observe perfect absorption even if |𝑟| is very small but not zero. This 

is also expected as the theory suggests that the system is on an ES with squared Lorentzian 

reflection spectra any non-zero value of the end-mirror reflectivity (see also experimental data in 

Figure 5-6).  
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 5.7.2 Effect of coupling regime on the reflection and absorption spectra  

 We have performed experiments at different coupling regimes using end-mirrors with 

various reflectivities. If all parameters of the system are kept constant but only the resonator-

waveguide coupling strength is modified, a new ES will emerge at each coupling regime as we 

experimentally showed in Figs. 5-3 and 5-4.  

 We first set the end-mirror reflectivity to |𝑟| = 1 (fully reflecting end-mirror) and varied 

the coupling from undercoupling to overcoupling through the critical coupling point. We 

experimentally obtained the reflection spectra 𝑅𝑐𝑤 and calculated the absorption spectra 𝐴𝑐𝑤 as 

𝐴𝑐𝑤 = 1 − 𝑅𝑐𝑤 (Note that in this case 𝑇𝑐𝑤 = 0). We observed that although the system always 

stays on an ES at all coupling conditions, perfect absorption with quartic (i.e., squared Lorentzian) 

lineshape is seen only at the critical coupling (Figure 5-11). As the system moves away from the 

critical coupling, the ES emerging at the new coupling regimes does not satisfy the perfect 

absorption condition. While the ES at the critical coupling clearly exhibits a quartic lineshape in 

the reflection and absorption spectra, this feature is not clear as the system moves away from critical 

coupling.  

 

Figure 5-11. Experimentally obtained reflection and absorption spectra on exceptional 
surfaces associated with different resonator-waveguide coupling regimes. Quartic lineshape 

(squared Lorentzian) with flat bottom resonance dip for the reflection spectra Rcw (red) and with 

flat top resonance peak for absorption spectra Acw (purple) is clearly seen at the critical coupling. 
As the resonator-waveguide coupling strength moves away from critical coupling towards 

undercoupling (increasing gap) or overcoupling (decreasing gap) regimes, quartic features fade 

away and spectra look more like Lorentzian. CPA takes place only at critical coupling.  
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Next, show that an ES in our system leads to chiral and perfect absorption also for partially 

reflecting end-mirrors. The tuneable fiber-loop reflector allows us to construct symmetric mirrors 

with varying reflection and transmission coefficients. As examples, here we present the results of 

experiments performed with a 10:90 end-mirror (10% transmission and 90% reflection) and a 50:50 

end-mirror (50% transmission and 50% reflection) at different taper-waveguide coupling regimes. 

The spectra are normalized with the power input to the tapered waveguide for left incidence and 

with the power just before the reflector for right incidence. We note that varying the reflection 

phase 𝜙 does not affect the observed features. Typical spectra obtained for the 10:90 and 50:50 

end-mirrors at different taper-waveguide coupling regimes are shown in Figure 5-12 and Figure 5-

13, respectively. 

 

When the end-mirror is not 100% reflecting, we have access to reflection and transmission 

spectra (𝑇𝑐𝑤 , 𝑅𝑐𝑤) and (𝑇𝑐𝑐𝑤 , 𝑅𝑐𝑐𝑤) for left (CW direction) and right incidence (CCW direction) 

from which the normalized absorption spectra 𝐴𝑐𝑤 and 𝐴𝑐𝑐𝑤 can be calculated using the expression 

𝐴𝑐𝑤(𝑐𝑐𝑤) + 𝑅𝑐𝑤(𝑐𝑐𝑤) + 𝑇𝑐𝑤(𝑐𝑐𝑤) = 1. In the experiments, 𝑇𝑐𝑤(𝑐𝑐𝑤) for left and right incidence 

exhibit typical resonance dips at the ES frequency with Lorentzian lineshapes. However, reflection 

spectra differed significantly: 𝑅𝑐𝑤 has a squared Lorentzian lineshape with a flattened resonance 

dip around the ES frequency (see Figure. 5-12) whereas 𝑅𝑐𝑐𝑤 is constant (𝑒. 𝑔. , 𝑅𝑐𝑐𝑤 = 0.9 for the 

10:90 end-mirror and 0.5 for the 50:50 end-mirror) at all frequencies because it does not involve 

the resonator (see Figures 5-12 and 5-13). The chirality in this behaviour (asymmetry in reflection) 

stems from the larger absorption for the left incidence compared to the right incidence, and the 

degeneracy in the absorption is the result of the strong coupling between the CW and CCW modes 

of the resonator for left incidence (no coupling between them for right incidence). Indeed, the 

absorption spectrum 𝐴𝑐𝑤 for CW input (left incidence) is a superposition of a Lorentzian term 

coming from the transmission 𝑇𝑐𝑤 and a squared-Lorentzian term from 𝑅𝑐𝑤, whereas 𝐴𝑐𝑐𝑤 for 
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CCW input is always a Lorentzian. The weights of the Lorentzian and squared-Lorentzian terms in 

the superposition are determined by the reflectivity of the end-mirror (i.e., 𝐴𝑐𝑤 is squared 

Lorentzian for a 100% reflecting mirror and it is Lorentzian for a 0% reflecting mirror) and hence 

the effective unidirectional coupling 𝜅 between the CW and CCW modes. Another parameter that 

affects 𝜅 and thereby the contribution of Lorentzian and squared-Lorentzian terms to the final 

lineshape is the waveguide-resonator coupling strength 𝛾1 through the expression 𝜅 = 𝑟𝛾1. Thus, 

when the taper-resonator coupling or the reflectivity of the end-mirror is varied, the system 

continues to be on an ES but the lineshape and the overall amount of the absorption are altered. 

 

 

 

Figure 5-12:  Chiral perfect absorption on an exceptional surface. Dotted boxes in the left panels in 

a and b represent the ES-device composed of a waveguide-coupled microresonator (μR) with an 

end-mirror with 90% reflection and 10% transmission. Black arrows denote the CW and CCW 

input ports of the ES-device, and red and green arrows represent the corresponding reflection and 

transmission ports. In the case of CW input as in a, the field inside μR has both CW and CCW 

components whereas it has only CCW component for the CCW input as in b. Measured 

transmission Tcw(ccw) (green) and reflection Rcw(ccw) (red) spectra and calculated absorption 

Acw(ccw) = 1 − Rcw(ccw) − Tcw(ccw) (purple) spectra of the ES-device at the undercoupling, 

critical coupling and overcoupling regimes for CW (upper panel) and CCW (lower panel) inputs. 

Tcw and Tccw have Lorentzian lineshapes with resonance dips at zero-detuning (ES frequency) at 

all coupling regimes; Rccw is constant at all frequencies; and Rcw exhibits squared Lorentzian 

spectra. Perfect absorption on the ES with quartic lineshape is observed at the critical coupling for 

CW input only implying chiral perfect absorption. Acw is at least ten times larger than Accw, and 

hence chiral absorption at all coupling conditions.  
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Interestingly, a gradual transition from a quartic (squared-Lorentzian) form to a quadratic 

(Lorentzian) form in the 𝐴𝑐𝑤 lineshape takes place as the taper-resonator coupling moves from the 

critical coupling towards the undercoupling or overcoupling regime (see Figures 5-12 and 5-13, 

upper panels) or the reflectivity of the end-mirror is tuned. Perfect absorption with flat-top squared 

Lorentzian lineshape is clearly seen when the system is at the critical coupling and the input is CW 

(see Figures 5-12 and 5-13). 

 To summarize, we have observed: i) perfect absorption on the exceptional surface with 

quartic lineshape at the critical coupling for the CW input; ii) chiral absorption in the sense that 

absorption for CW input is much larger than that for CCW input on all exceptional surfaces created 

at different waveguide-resonator coupling; iii) while the quartic feature is dominant and is clearly 

seen for the reflection and absorption spectra obtained for the ES at the critical coupling, these 

features become vague for exceptional surfaces obtained when the system moves away from critical 

coupling; and iv) 𝑇𝑐𝑤 and 𝑇𝑐𝑐𝑤 have Lorentzian lineshapes with resonance dips at zero-detuning 

(ES frequency) at all coupling regimes; 𝑅𝑐𝑐𝑤 is constant at all frequencies; and Rcw exhibits 

squared Lorentzian spectra. 
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Figure 5-13. Chiral perfect absorption on exceptional surfaces at different resonator-waveguide 

coupling regimes for a 50:50 end-mirror. Dotted boxes in the left panels in (a) and (b) represent the 

ES-device composed of a waveguide-coupled microresonator (μR) with an end-mirror with 50% 

reflection and 50% transmission. Black arrows denote the CW and CCW input ports of the ES-
device, and red and green arrows represent the corresponding reflection and transmission ports. In 

the case of CW input as in (a), the field inside μR has both CW and CCW components whereas it 

has only CCW component for the CCW input as in (b). Measured transmission Tcw(ccw) (green) 

and reflection Rcw(ccw) (red) spectra and calculated absorption Acw(ccw) = 1 − Rcw(ccw) −

Tcw(ccw) (purple) spectra of the ES-device at the undercoupling, critical coupling and overcoupling 

regimes for CW (upper panel) and CCW (lower panel) inputs. Tcw and Tccw have Lorentzian 

lineshapes with resonance dips at zero-detuning (ES frequency) at all coupling regimes; Rccw is 

constant at all frequencies; and Rcw exhibits squared Lorentzian spectra. Perfect absorption on the 

ES is observed at the critical coupling for CW input only, implying chiral perfect absorption. Acw 

is always larger than A(ccw), and hence chiral absorption at all coupling conditions. 

 

 5.7.3 Effect of losses that are not related to the waveguide-coupled resonator coupling 

regime on the reflection and absorption spectra  

Absorption spectra presented so far have been obtained using the normalization process 

introduced previously. This process considers the effect of losses, which do not originate directly 

from the waveguide-coupled resonator with an end-mirror. These losses include insertion, return, 

and propagation losses induced by the optical components and connectors used in the setup. Such 

losses are measured without inserting the resonator into the setup. One may consider two different 

alternatives to the method introduced previously. One such approach may be to use 𝐴𝑐𝑤(𝑐𝑐𝑤) =
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1 − 𝑅𝑐𝑤(𝑐𝑐𝑤) − 𝑇𝑐𝑤(𝑐𝑐𝑤) where 𝑅𝑐𝑤(𝑐𝑐𝑤) and 𝑇𝑐𝑤(𝑐𝑐𝑤) are the measured transmission and 

reflection, respectively, and 𝐴𝑐𝑤(𝑐𝑐𝑤)  is the calculated absorption which includes all losses (i.e., 

not related with the resonator and the end-mirror). Normalization is then done with respect to the 

input power. Another approach may be to measure off-resonant losses  𝐿𝑐𝑤(𝑐𝑐𝑤)  and use it in the 

absorption calculation as  𝐴𝑐𝑤(𝑐𝑐𝑤) = 1 − 𝑅𝑐𝑤(𝑐𝑐𝑤) − 𝑇𝑐𝑤(𝑐𝑐𝑤) − 𝐿𝑐𝑤(𝑐𝑐𝑤) where normalization is 

again done with respect to the input power.  Figures 5-14 to 5-16 present a comparison of these 

different ways of calculating absorption for 0:100 (fully reflecting), 50:50, and 10:90 end-mirrors, 

respectively.  Note that for the 0:100 end-mirror, absorption for a CCW input is zero because all 

the input light is back-reflected 

 

 

Figure. 5-14. Absorption spectra calculated from experimentally obtained transmission and 

reflection spectra on exceptional surfaces at different resonator-waveguide coupling regimes for a 

fully reflecting end-mirror (0:100) for CW input. Dashed line in the spectra denotes the level of 

losses not directly related to the resonator. Absorption spectra are calculated using Acw(ccw) = 1 −

Rcw(ccw) − Tcw(ccw) (blue: spectra includes losses), Acw(ccw) = 1 − Rcw(ccw) − Tcw(ccw) −

Lcw(ccw) (purple: losses are considered separately), and Acw(ccw) = 1 − Rcw(ccw) − Tcw(ccw) 

(magenta: normalization takes the losses into account. See Section I). Perfect absorption Acw = 1 

is achieved for the first and last cases (blue and magenta spectra). Since for a CCW input, all the 

light is reflected back and no light reaches the resonator, absorption is zero, Accw = 0 for all the 
cases. Thus, the system exhibits chiral absorption. 

 

 



75 

 

 

Figure 5-15. Chiral absorption on exceptional surfaces at different resonator-waveguide 

coupling regimes for a 50:50 end-mirror. Dashed line in the spectra denotes the level of losses not 

directly related to the resonator. Transmission Tcw(ccw) (green) and reflection Rcw(ccw) (red) 

spectra are measured with the resonator in place. Absorption spectra are calculated using 

Acw(ccw) = 1 − Rcw(ccw) − Tcw(ccw) (blue) or Acw(ccw) = 1 − Rcw(ccw) − Tcw(ccw) − Lcw(ccw) 

(purple). The latter denotes the absorption of the field remained after the losses are subtracted. 

Normalization is done with respect to input power. Acw(ccw) = 1 − Rcw(ccw) − Tcw(ccw) reaches 

unity at the ES-frequency at the critical coupling. Amount of observation in Acw(ccw) = 1 −

Rcw(ccw) − Tcw(ccw) − Lcw(ccw) is limited by the losses Lcw(ccw). For all cases, Acw is always 

larger than A(ccw), and hence chiral absorption.  

 

 

Figure 5-16. Chiral absorption on exceptional surfaces at different resonator-waveguide 
coupling regimes for a 10:90 end-mirror. Dashed line in the spectra denotes the level of losses not 

directly related to the resonator. Transmission Tcw(ccw) (green) and reflection Rcw(ccw) (red) 

spectra are measured with the resonator in place. Absorption spectra are calculated using 

Acw(ccw) = 1 − Rcw(ccw) − Tcw(ccw) (blue) or Acw(ccw) = 1 − Rcw(ccw) − Tcw(ccw) − Lcw(ccw) 

(purple). Normalization is done with respect to input power. Acw(ccw) = 1 − Rcw(ccw) − Tcw(ccw) 

reaches unity at the ES-frequency at the critical coupling. Amount of observation in Acw(ccw) =

1 − Rcw(ccw) − Tcw(ccw) − Lcw(ccw) is limited by the losses Lcw(ccw). For all cases, Acw is always 

larger than A(ccw), and hence chiral absorption. 
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For all the cases considered here, chiral absorption on the ES and squared Lorentzian 

absorption spectra are clearly seen. Perfect absorption with quartic lineshape at critical coupling is 

seen for the first two methods, that is for the normalization method introduced in the previous 

sections and for the case when losses are not separately considered. When off-resonant losses are 

included as in 𝐴𝑐𝑤(𝑐𝑐𝑤) = 1 − 𝑅𝑐𝑤(𝑐𝑐𝑤) − 𝑇𝑐𝑤(𝑐𝑐𝑤) − 𝐿𝑐𝑤(𝑐𝑐𝑤), the amount of absorption 

𝐴𝑐𝑤(𝑐𝑐𝑤) at the ES frequency is limited by 𝐿𝑐𝑤(𝑐𝑐𝑤). The absorption is maximum at the ES 

frequency but does not exhibit perfect absorption. 

 

5.8 Degree of Chiral Absorption on ES:  

Finally, we steer the system on the ES and determine the absorption 𝐴𝑐𝑤 and 𝐴𝑐𝑐𝑤 at the ES 

frequency for the left CW (see Figure. 5-17a) and the right CCW (see Figure. 5-17b) incidence, 

respectively, by tuning the fiber-loop mirror parameters and the taper-resonator coupling. We 

present the results in Figure. 5-17 demonstrating that perfect absorption on an ES (𝐴𝑐𝑤 = 1 at 

resonance with squared-Lorentzian lineshape) takes place for left incidence at the critical coupling 

for all reflectivity values |𝑟| of the end-mirror (Figure. 5-17a). For right incidence, on the other 

hand, conventional perfect absorption (𝐴𝑐𝑐𝑤 = 1 at resonance with Lorentzian lineshape) occurs at 

the critical coupling only for |𝑟| = 0 (i.e., completely transmitting end-mirror), and 𝐴𝑐𝑐𝑤 decreases 

with increasing |𝑟|. As the taper-resonator gap increases from zero (i.e., overcoupling), 𝐴𝑐𝑤 and 

𝐴𝑐𝑐𝑤 first increase reaching its maximum value at the critical coupling, and then starts decreasing 

as the gap increases (the system moves towards deep undercoupling regime). Chirality of 

absorption can be better seen in the ratio 𝜉 = 𝐴𝑐𝑐𝑤/𝐴𝑐𝑤 (Figure. 5-17c) which can be tuned in the 

range [0,1]: 𝜉 = 0 denotes no absorption for right incidence (𝐴𝑐𝑐𝑤 = 0) corresponding to a fully 

reflecting end-mirror; 𝜉 = 1 denotes equal absorption for incidence in both directions (𝐴𝑐𝑐𝑤 =
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𝐴𝑐𝑤); and all other values of 0 < 𝜉 < 1 imply chiral absorption, that is 𝐴𝑐𝑤 > 𝐴𝑐𝑐𝑤, with higher 

chirality at higher |𝑟| and at taper-resonator gaps closer to the critical coupling condition.  

 

It is worth noting that ES does not only allow chiral absorption at the ES frequency but the 

involved degeneracy also provides a way to control the absorption bandwidth. We have observed 

that the absorption bandwidth defined as full-width at half-maximum is different for left and right 

incidence (i.e., chirality in bandwidth). More interestingly, we have found that compared to the 

conventional one-channel CPA at critical coupling, the absorption bandwidth on the ES is 1.26, 

1.41, and 1.59 times larger for 50:50, 10:90, and fully reflecting end-mirrors, respectively. These 

values are close to the theoretically predicted values of 1.27, 1.50, and 1.55. The flattened 

absorption spectrum in the vicinity of critical coupling for left incidence may provide a remedy to 

the narrow absorption bandwidth of a conventional one-channel CPA (i.e., a waveguide-coupled 

 

 

Figure 5-17:  Tunable chiral absorption on an exceptional surface by varying reflection from the 

end-mirror or the waveguide-resonator coupling strength. (a), (b), The amount of absorption at the 

ES frequency for left (CW input) and right (CCW input) incidence can be tuned by controlling 

taper-resonator gap and the reflectivity |r| of the end-mirror, implemented with the fiber loop with 

a polarization controller. (c), Absorption ratio ξ = Accw/Acw of right incidence to left incidence at 

the ES frequency. CPA-ES is obtained at the critical coupling for left incidence. Critical coupling 

is achieved when the taper-resonator gap is 0.5 μm, with the gap smaller than 0.5 μm corresponds 

to overcoupling and a gap larger than 0.5 μm corresponds to undercoupling. 
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resonator operating at critical coupling)—a problem that has hindered progress in technologies 

relying on CPA.  

 

5.9 Conclusion 

In conclusion, we demonstrate a non-Hermitian optical device which exhibits exceptional 

surface (ES) and chiral perfect absorption. Since the device operates always exactly at an EP when 

on the ES, it provides a stable and controllable platform to study EP-related phenomena and 

processes, revealing chiral and degenerate perfect absorption on an ES with quartic reflection and 

absorption lineshapes as the defining hallmark. Our results will pave the way towards control of 

various optical processes and light-matter interactions exactly at an EP (not limited to the spectra 

in the vicinity of an EP), with potential applications ranging from chiral light-matter interaction, 

lasing, and emission to chiral nonlinear photonics and photovoltaics. Creating ES through a simple 

unidirectional coupling route between two modes can be extended to other physical platforms 

where the coupling between modes and systems can be made unidirectional by electrical, optical, 

photonics or acoustic feedback or back-reflection. Since no additional loss or gain is introduced 

into the system, ES obtained through unidirectional coupling can also benefit studies of quantum 

dynamics in non-Hermitian systems. 

 

 

 



 

 

Chapter 6  
 

Thermal response of WGM Microresonators on the Exceptional 

Surfaces 

In this chapter we experimentally analyze the thermal response of the WGM 

microresonators on exceptional surfaces. It is well-known that the absorption of the input light by 

the resonator material produces heat which in turn shifts the resonance frequency via the thermo-

optic effect. In Chapter 5, we have demonstrated perfect chiral absorption in a microresonator when 

it is operated on an ES. This perfect absorption should present itself as an increase in the 

temperature of the mode and hence as a shift in the resonance frequency. In this Chapter we study 

such thermal processes on an ES. 

6.1 Introduction 

Temperature changes affect a resonator in two ways. First, through the thermo-optic effect 

which describes how the refractive index of a material changes with temperature. For example, the 

thermo-optic coefficient for silica is reported as 𝑑𝑛𝑒𝑓𝑓 𝑑𝑇⁄ = 1.19 × 10−5𝐶−1. Second, through 

thermal expansion which will show itself as the increase of decrease in the size. For silica, thermal 

expansion coefficient is reported as  
(1 𝑅⁄ )𝑑𝑅

𝑑𝑇
= 5.5 × 10−7𝐶−1. Taking these two effects into 

account, we can describe the change in the resonance wavelength of a silica microresonator as [79] 

∆𝜆

𝜆
=

∆𝑛𝑒𝑓𝑓

𝑛𝑒𝑓𝑓
+

∆𝑅

𝑅
     (6.1) 

An interesting thermal effect in WGM resonators emerges when a high-power tunable laser is used 

to probe the resonances: As the wavelength of the laser approaches the resonance wavelength of 

the WGM, light gradually couples into the cavity leading to heat generation due to material 

absorption, which in turn shift the resonance wavelength. When the wavelength of the laser is up-
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scanned from shorter to longer wavelengths, the temperature increase in the mode will red-shift the 

resonance wavelength to longer wavelengths. This leads to resonance broadening. When the laser 

is down-scanned from longer to shorter wavelengths, the resonance wavelength shifts in the 

opposite direction of the laser, so the mode narrows down. We note that resonance broadening is 

observed when the frequency  

Resonance broadening has been used for thermal locking of a laser to a resonance mode, and it 

allows to input light into the resonance mode for an extended time and helps build higher intracavity 

power enabling the observation of nonlinear processes easily.  

 

In the following, we present our experimental results which clarify the effect of ES on the 

thermal response of a resonator. 

 

6.2 Thermal Characterization 

Figure 6-1 is the schematic of the experimental setup used for the thermal characterization 

of WGM resonator operating on an ES. We first investigated the dynamic thermal effect at various 

laser powers and wavelength scanning speeds. Speeds. In the absence of the end-mirror (i.e., fiber-

loop mirror is removed), we measured the transmission spectra for the inputs in the CW and CCW 

directions, observing a resonance mode at 1472 nm with a Q-factor of 8 × 105.  Figure 6-2 obtained 

at a laser power of 2.3𝑚𝑊 and laser scanning speed of 8.7nm/sec (1.2THz/sec) shows a clear 

resonance broadening. The amount of broadening is the same for both the CW and the CCW modes 

(i.e., symmetric system).  
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Figure 6-1: Schematic of the thermal characterization experiment.  

 

 

Figure 6-2: Resonance broadening in the absence of the end-mirror. The system is symmetric and 

thus the resonance broadening is symmetric, too, that is amount and the shape of the broadening is 

the same for CW and CCW inputs.  Spectra are obtained at the laser power of 2.3𝑚𝑊 and laser 

scanning speed of 8.7nm/sec (1.2THz/sec).  
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Figure 6-3: Transmission (green) and reflection (red) spectra for (a) CW and (b) CCW inputs for 
different input powers as the frequency of the input laser is scanned at 8.7nm/sec (1.2THz/sec) 

(black). Resonance broadening (narrowing) in the transmission is observed during frequency down 

scan (up scan).  

 

Next, we inserted the end-mirror into the setup but set its reflectivity to zero and measured 

transmission spectra for CW and CCW inputs at various powers and constant laser scanning speed. 

Figure 6-3 shows the measured transmission spectra at powers of 2.2𝜇𝑊, 23𝜇𝑊 and 231𝜇𝑊. We 

clearly see resonance broadening which increases as the power increases. We could not observe 

broadening at power levels lower than 2.2𝜇𝑊. There is a small discrepancy in the amount of 

broadening for CW and CCW inputs. This discrepancy stems from the loss difference in the CW 

and CCW paths (i.e., 𝐿𝑐𝑤 ≠ 𝐿𝑐𝑐𝑤).  Figure 6-4 presents the frequency down-scan part of Fig. 6-3 

to give an enlarged view of resonance broadening. 
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Figure 6-4:  Enlarged view of the transmission spectra shown in Fig. 6-3. Only the frequency down- 
scan (wavelength up-scan) section is given here.  Blue, green and red spectra are obtained at input 

powers of the 2.2𝜇𝑊, 23𝜇𝑊, 231𝜇𝑊, respectively. 

 

              Next, by setting the end-mirror reflectivity to non-zero values, we operated the system on 

an ES and compared the thermal responses with the case when the end-mirror reflectivity is zero 

(not operating on an ES). Figure 6-5 compares the thermal response in the Lorentzian transmission 

spectra when the end-mirror reflectivity is set to |𝑟| = 0  with the thermal response in the squared 

Lorentzian reflection spectra when |𝑟| = 1 (no transmission spectra). It is clearly seen that the 

broadening is much larger in the reflection spectra obtained when the system in on the ES than that 

in the transmission spectra obtained when the system is not on the ES. In addition to the difference 

in the amount of broadening, we see a significant difference in the shape of the broadening, which 

exhibits a strong nonlinearity in the reflection spectra when the system is on the ES at (Fig. 6-5a). 

This nonlinearity is not observed at lower powers as shown in Fig. 6-5c. In order to better observe 

the resonance spectral differences for the full transmission and the full reflection cases, we zoomed 
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in the resonance dips in the spectra at which we observe a larger red-shift and flat bottom feature 

in the reflection spectra obtained on the ES (Fig. 65b, d).  

 

 

 

 

Figure 6-5: Transmission and reflection spectra obtained for CW input for end-mirror reflectivity 
|𝑟| = 0 (no ES, green curve) and |𝑟| = 1 (system is on the ES, red curve), respectively.  (a) incident 

power is 38𝑚𝑊, (b) zoomed resonance spectra of a, (c) incident power is 231𝜇𝑊, and (d) zoomed 

resonance spectra of c.    

 

              In Figure 6-6, we present the experimental results showing the effect of the end-mirror 

reflectivity on the resonator thermal response for the CW incident (i.e., left incident) light with a 

power of 38𝑚𝑊  We see that nonlinearity in the broadened resonance is clearly seen in the 

reflection spectra at end-mirror reflectivities as small as 𝑅 = 0.2. Such a nonlinear shape is not 

seen in the transmission spectra.  As it can be observed in the Figure 6-7, for CCW incident (i.e., 

right incident) we do not see the nonlinearity for the transmission spectra. For the CCW incident, 

the amount of thermal broadening is smaller than that for the CW input because power reaching to 
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the resonator-taper coupling point is smaller. This discrepancy between CW and CCW inputs is a 

result of the chiral or asymmetric absorption when the system is operated on an ES.  

 

 

 

Figure 6-6: Effect of end-mirror reflectivity R on the thermal response of the resonator for CW 

input at a power of 38𝑚𝑊.  Reflection spectra (red) and transmission spectra (green). 
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Figure 6-7:   Effect of end-mirror reflectivity R on the thermal response of the resonator for CCW 

input at a power of 38𝑚𝑊.  Reflection spectra (red) and transmission spectra (green).   

 

 

 

Figure 6-8:  Effect of laser scanning speed on the thermal response for CW input when end-

mirror reflectivity is a) zero (system is not on an ES) and c) one (system is on the ES). Red, 
yellow, blue and green curves are obtained for the scanning speeds of 35.4nm/sec (4.8THz/sec), 

17.8nm/sec (2.4THz/sec), 8.7nm/sec (1.2THz/sec), 4.3nm/sec (0.6THz/sec), respectively. a) 

Transmission spectra when system is not on an ES (|𝑟| = 0), b) Close up view of transmission 

resonance close to its dip, c) Reflection spectra when the system is on the ES with |𝑟| = 1,d) 
close up view of reflection resonance close to its dip, e) close up view of the nonlinear section of 

the broadened reflection spectra.   
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6.3 Conclusion 

In this chapter we studied the dynamic thermal behavior of a WGM resonance when the 

system is operated on an ES. The effect of chiral absorption is seen as the difference in the amount 

and the lineshape of the broadened resonance for CW and CCW inputs. We have shown that 

thermal response is significant in the reflection spectra compared to that in the transmission spectra 

when the system is on an ES.  

 

Figure 6-8 shows the effect of the laser frequency scanning speed on the thermal response when 

the system is not on an ES (i.e., zero mirror reflectivity, |𝑟| = 0 ) and when it is operated on an 

ES (|𝑟| = 1) with input in the CW mode direction. As expected, thermal broadening decreases 

with increasing scan speed because at higher speeds the laser scans and passes the resonance very 

quickly and power build up inside the cavity becomes much smaller than the build up at slower 

scan rates. 

 



 

 

Chapter 7 
 

Optical Forces in Parity-Time Symmetric Waveguides 

7.1 Introduction 

In this chapter, we discuss the results of our theoretical studies on optical forces in non-

Hermitian photonic systems. We extensively studied the optical forces induced on a dielectric 

nanoparticle (100 nm in diameter) in a parity-time (PT) symmetric coupled waveguide system 

where one of the waveguides is lossy and the other has optical gain. We assumed that the 

waveguides and the particle are in an optofluidic environment. The study is performed considering 

the optical forces acting on a particle by the symmetric and anti-symmetric modes of the coupled 

waveguides operating at a wavelength of 1550nm, but the findings can be translated to other 

spectral domains. The refractive indices of the nanoparticle and optofluidic environment are set to 

𝑛𝑝 = 1.56, and 𝑛𝑒 = 1.33, respectively. The complex refractive index profile of the waveguides 

is given by 𝑛 = 𝑛𝑅 + 𝑖𝑛𝐼 , where the 𝑛𝑅 and 𝑛𝐼 are real and imaginary parts, respectively. We 

assume that the refractive index profile is spatially symmetric for 𝑛𝑅(𝑥) = 𝑛𝑅(−𝑥) while it is 

spatially asymmetric for the imaginary part 𝑛𝐼(𝑥) = −𝑛𝐼(−𝑥) [2].  We performed simulations 

using Lumerical and in-house developed Matlab codes. We used finite difference time domain 

(FDTD) method in order to compute the supermodes as well as the propagation of the 

electromagnetic waves. Maxwell Stress Tensor (MST) analysis is performed within the simulation 

to calculate the total optical forces acting on the particle in all three dimensions.  
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A PT-symmetric coupled waveguide system is formed by coupling two waveguides, one 

of which is lossy and the other has optical gain. If the coupling strength is fixed, one can tune the 

loss-gain difference to study the evolution of the eigenvalues of the coupled system. Here the gain-

loss differences refer to the value of the imaginary part of the refractive index 𝑛𝐼 in the loss 

 

Figure 7-1: The evolution of the real and imaginary parts of eigenvalues of a PT-symmetric coupled 

waveguides system as a function of gain-loss difference between the waveguides.  

 

 

Figure 7-2: The evolution of the real and imaginary parts of eigenvalues of a PT-symmetric coupled 

waveguides system as a function of gain-loss difference between the waveguides.  
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waveguide, which is −𝑛𝐼  for the gain waveguide. As seen in Fig. 7-1, when the gain-loss difference 

is zero, that is the gain in one waveguide compensates the loss in the other waveguide, the 

eigenmodes bifurcate in their real parts (frequency splitting) if the coupling is sufficiently strong. 

At the same time, the imaginary parts of the eigenvalues are zero due to balancing gain and loss. 

As the gain-loss balance is broken and the difference is reduced, the splitting in the real part starts 

decreasing. At a critical value of the difference, the real parts become exactly the same (they 

coalesce) and stay the same past this critical point. Meanwhile, the bifurcation takes place in the 

imaginary parts of the eigenvalues, leading to two supermodes one of which becomes progressively 

lossy and the other amplifying. The critical point where the bifurcation starts is the EP of the 

system. The region with splitting in the real parts is known as exact PT-phase whereas the region 

with splitting in the imaginary parts is known as the broken PT-phase. The eigenmodes 

corresponding to the eigenvalues in the exact PT-phase denoted as |1⟩, and |2⟩ correspond to the 

symmetric and antisymmetric modes, respectively. If the propagation constant of the single 

waveguide is 𝛽0 = 𝛽𝑅 + 𝑖𝛽𝐼, in the PT-symmetric coupled waveguide system, the propagation 

constants of the supermodes are given by,    

𝛽∓ = 𝛽𝑅 ∓ √𝑘2 − 𝛽𝐼
2   (7.1) 

An illustration of the the system is given in Fig. 7-3, together with the electric field 

distributions of a single waveguide, and that of symmetric and asymmetric modes in a coupled 

system. It is seen that the field of the symmetric mode mostly localized in the region between the 

waveguides whereas the asymmetric mode is mostly localized in the waveguides. 
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7.2 Optical Forces on the particle in the exact and broken PT-phases and at the EP 

Coupling strength and the loss-gain difference are two knobs that can be used to control 

eigenmodes and eigenvalues of the system, as well as to control optical forces acting on the particle. 

Figure 7-4 shows the profiles of propulsive force (in x-direction) and gradient forces (in y and z-

directions) acting on the particle placed in the gap between the waveguides as a function of 

imaginary parts 𝑛𝐼 of the refractive index of the waveguides (i.e., gain-loss difference). 

 

Figure 7-3: (a) Schematics illustration of the problem: a PT-symmetric coupled waveguide system 

inducing force on a nanoparticle inside a microfluidic channel. (b) Crossection of the electric field 

profile of TE mode supported by a single waveguide and acting forces Fprop (propulsive force) and 

FGrad (gradient force) on the particle, (c) crossection of electric field profile of TE symmetric mode, 

(d) crossection of electric field profile of TE asymmetric mode. 
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 We first recall that in a coupled waveguide system, the symmetric mode |1⟩ is mostly 

concentrated in the gap region between the waveguides and the asymmetric mode |2⟩ mostly 

confined in the waveguides. This difference will show itself on the forces they exert on a particle 

in the gap between the waveguides. As we see in Fig. 7-4a, in the exact PT-phase (the region 

defined by gain-loss difference between 0 and ~0.02), the scattering force 𝐹𝑥  (propulsive force) 

exerted on the particle in the direction of light propagation is higher for the symmetric mode 

because this mode has higher intensity in the gap. However, as the gain-loss balance is varied and 

the system gradually approaches the EP, symmetric and asymmetric modes approach to each other, 

starting to overlap and becomes identical exactly at the EP. Thus, at the EP we have coalesced 

modes and the force exerted on the particle is due to this coalesced mode. In the vicinity of the EP, 

there still exist two modes but these modes are neither symmetric nor asymmetric (i.e., they have 

 

Figure 7-4: Propulsive and gradient forces induced by symmetric, |1⟩ , and asymmetric, |2⟩, modes, 

acting on the particle positioned in the gap between coupled waveguides. (a) propulsive force in x-

direction (the direction of the light propagation), (b) gradient forces in y-direction, (c) gradient 

force in z-direction, (d) field distributions of symmetric |1⟩ and asymmetric |2⟩ modes. 
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both components, and one can only say one mode is dominantly symmetric or antisymmetric). As 

a result, as the system approaches the EP, field distributions of the fields changes and  𝐹𝑥  exerted 

by the symmetric mode decreases whereas that exerted by the asymmetric mode increases until 

they meet at the EP. As the gain-loss difference is further varied such that the system passes the 

EP, one of the modes progressively becomes localized in the waveguide with gain and thus the 

force it exerts on the particle increases whereas the other mode becomes more and more localized 

in the loss waveguide and thus force it exerts on the particle decreases as the system moves away 

from the EP. A remarkable observation here is that when the system passes from exact to broken 

PT-phase through the EP, the force exerted by the mode which is being more localized in the lossy 

waveguide changes its direction (a transition from 𝐹𝑥 > 0 to 𝐹𝑥 < 0) while the force exerted by the 

other mode localized in the gain waveguide stays 𝐹𝑥 > 0. This suggests that by controlling the gain-

loss difference by exciting the proper mode one can control the direction of the propulsive 

(scattering) force.   

 The gradient force 𝐹𝑦 in y- direction (i.e., the force pulling the particle in the gap towards 

or away from the waveguides depending on the field gradient), however, is zero in this exact PT-

phase region because both the symmetric and asymmetric fields are distributed symmetrically (Fig. 

7-4b). This symmetric distribution of the fields does not change as we vary the gain-loss difference. 

Thus, the particle in the gap is pulled towards the waveguides (in opposite directions) with equal 

amounts of gradient forces, and thus the net force on the particle is zero (𝐹𝑦 = 0). However, as the 

system passes the EP, and one mode becomes localized in the lossy and the other in the gain 

waveguide, 𝐹𝑦 is no longer zero because the gradient forces exerted by the fields in the waveguides 

cannot cancel each other. The mode localized in the gain waveguide will pull the particle towards 

the gain waveguide (𝐹𝑦 > 0 ) and the mode localized in the lossy waveguide will pull the particle 

to the lossy waveguide (𝐹𝑦 < 0 ) as seen in Fig. 7-3b. The positive and negative sign just implies 
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the direction of the force. In Figure 7-4 I we observe that both of the |1⟩, and |2⟩ modes are applying 

a negative force in the z-direction, which is due to the fact that the highest intensity of the field is 

located below the position of the particle. 

 These simulations suggest that by tuning the PT-symmetric coupled waveguides properly 

and by the correct excitation profile, we can control the optical forces exerted on a particle located 

in the gap between the waveguides. One can for example control the magnitude and direction of 

the force which could be used for particle trapping, accelerated particle drive, or changing the 

movement direction of the particle in the three-dimensional space of the optofluidic medium.  

Next, we performed the same study for a particle located beside the lossy waveguide and 

not in the gap between the waveguides. The results are presented in Fig. 7-5. We find that 

propulsive forces in x-direction have negative values in the PT-broken regime revealing that the 

particle is pulled backward in the negative x-direction, while light is propagating in the positive x-

direction. This could be explained as follows: The particle is positioned close to the lossy 

waveguide, and in the PT-broken regime the intensity of the mode |2⟩, which is concentrated in the 

lossy waveguide, decreases in the positive x-direction. As a result of the attenuation, the particle 

experiences a negative field gradient and thus is pulled back towards the higher intensity region. 

This gradient force is enhanced by increasing the balanced gain and loss in the system. This gradient 

force overcomes the scattering force, which is acting in the positive x-direction, in the PT-broken 

regime. When 𝑛𝐼 = 0.025,  the propulsive force experiences a zero-crossing, which is the trapping 

position for the particle. 
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7.3 Generalized Wigner Smith Operator and Optimizing Eigenmodes Methods 

In order to better understand whether the forces observed in PT-symmetric coupled 

waveguide systems are the optimal or maximal forces, we compared them with the values obtained 

in two different approaches: Generalized Wigner-Smith (GWS) operator and Eigenmode 

Optimization (Oei). For these, we excited the superposition of the supported supermodes of the 

system with proper amplitude and phase.  

Generalized Wigner-Smith (GWS) operator, Q operator, is defined for Hermitian systems 

as, 

𝑄 = −𝑖𝑆−1 𝑑𝑆

𝑑𝛼
  (7.2) 

 

Figure 7-5:  Propulsive and gradient forces induced by symmetric, |1⟩ , and asymmetric, |2⟩, 

modes, acting on the particle positioned beside the waveguide with loss. (a) Propulsive force in x-

direction (the direction of the light propagation), (b) Gradient forces in y-direction, (c) Gradient 

force in z-direction, (d) symmetric |1⟩ and asymmetric |2⟩ modes supported by the waveguides. 
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where 𝑆 is the scattering matrix, and 𝛼 could be an arbitrary variable of the system, such as the 

position of a particle, momentum, frequency or time [17]. The derivative with respect to 𝛼 in the 

above definition gives the Wigner-Smith operator for the variable that is conjugate to 𝛼.  For 

example, for the conjugate variables frequency and time one should take the derivative of the S-

matrix with respect to the frequency to obtain the Wigner-Smith time-delay operator. In our case, 

since we want to find the force acting on the particle or momentum transferred to the particle, we 

need to calculate the Wigner-Smith operator for momentum by taking the derivative of the 

scattering matrix with respect to position, which is conjugate to momentum (i.e., the conjugate 

quantity of the momentum is the position, therefore we use the derivative of the S-matrix with 

respect to the particle position, 
𝑑𝑆

𝑑𝑥
 ). If the coupled waveguide system supports orthogonal 

eignenmodes |𝑢𝛼
𝑖 ⟩ one can write 

𝑄𝛼|𝑢𝛼
𝑖 ⟩ = 𝜆𝛼

𝑖 |𝑢𝛼
𝑖 ⟩  (7.3) 

where the  𝜆𝛼
𝑖  are the eigenvalues of the 𝑄𝛼 [17]. The eigenvector associated with the maximum 

eigenvalue corresponds to the mode which exerts the maximum force on the particle. 

In this study, we performed FDTD simulations of our system for various particle positions 

to reconstruct the S-matrix of the system. This S-matrix is used to calculate the GWS operator and 

its eigenvalues as well as the associated eigenmodes. Then we determined the largest eigenvalue 

and the associated eigenmode using a Matlab code. Finally, we performed FDTD simulations in 

which the system is excited with the eigenmode associated with the largest eigenvalue to find the 

field profile in the system. This field profile is used in MST to calculate the forces acting on the 

particle. We found that 1) the field is always focused on the location of the particle and thus applies 

the maximum force on the particle in that specific position, and 2) the propulsive force exerted on 

the particle by exciting the superposition mode, which is the linear combination of the symmetric 

and asymmetric modes calculated by the GWS method, has magnitude two times greater than the 
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force exerted on the particle when either symmetric or asymmetric mode is excited, which implies 

that GWS provides the eigenmode with the highest force at the position of the particle.  

Since we want to calculate the maximum force acting on the particle in a non-Hermitian 

PT-symmetric system, we employed an alternative method called the Eigenmode Optimization 

(Oei), which can be used both for non-Hermitian and Hermitian systems. The Oei method 

calculates the optimized eigenmode to be excited by utilizing the quadratic dependence of light and 

matter interactions, which could be written as [18]; 

𝑚(𝐴)(𝐸, 𝐻) = 𝑎ϯ𝑀(𝐴)𝑎  (7.4) 

 Here, E and H represents the electric and magnetic fields, respectively, (𝐴) denotes the 

light-matter interaction, which in our case is represented by the momentum transferred to the 

particle. The momentum operator 𝑚(𝐹)(𝐸, 𝐻) calculates the momentum transferred to the particle 

by the field composed of the specific 𝐸 and 𝐻 components. If 𝐸𝑗 represent the supported modes, 𝑎 

and 𝑎ϯ are the vectors of the superposition mode with the weights 𝑎𝑗, the superposition is given by, 

{𝐸, 𝐻} = {∑ 𝑎𝑗𝐸𝑗, ∑ 𝑎𝑗𝐻𝑗 ,
𝑁
𝑗=1

𝑁
𝑗=1 }  (7.5) 

 In our specific case, we have two orthogonal eigenmodes and thus 𝑁 is equal to 2. The 

elements of the matrix 𝑀 are given by [18], 

4𝑀𝑗𝑘
(𝐹)

= 𝑚(𝐹)(𝐸𝑗 + 𝐸𝑘 , 𝐻𝑗 + 𝐻𝑘) − 𝑖𝑚(𝐹)(𝐸𝑗 + 𝑖𝐸𝑘 , 𝐻𝑗 + 𝑖𝐻𝑘) − 𝑚(𝐹)(𝐸𝑗 − 𝐸𝑘 , 𝐻𝑗 − 𝐻𝑘) +

𝑖𝑚(𝐹)(𝐸𝑗 − 𝑖𝐸𝑘 , 𝐻𝑗 − 𝑖𝐻𝑘)  (7.6) 

 After determining the optimized eigenmode (i.e., superposition state of 𝐸 and 𝐻 with 

specific weights) using a Matlab code, we excited this optimized mode in FDTD simulations and 

calculated the momentum transferred to the particle. Similar to the GWS method, the eigenmode 

of 𝑀 matrix associated with the largest eigenvalue leads to the highest force exerted on the particle. 

The field distributions obtained using the results of GWS and the Oei methods are very similar at 

any particle position. Thus, the highest forces exerted on the particle are also the same. Figure 5 
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represents the field distribution of the eigenmodes associated with the largest eigenvalues obtained 

from GWS and Oei methods. The force values on the particle calculated by these two methods are 

close to each other and higher than the values calculated if only symmetric or asymmetric mode is 

excited: 𝐹𝑥(𝑂𝐸𝑖) = 59.92 𝑝𝑁/𝑊, and 𝐹𝑥(𝐺𝑊𝑆) = 54.96 𝑝𝑁/𝑊, while 𝐹𝑥(|1⟩ ) = 29.2 𝑝𝑁/𝑊, and 

𝐹𝑥(|2⟩ ) = 30.86 𝑝𝑁/𝑊. 

7.4 Optimizing Eigenmodes method in PT-Symmetrically Coupled Waveguides 

Using the optimizing eigenmodes (Oei) method, and the generalized Wigner-Smith (GWS) 

operator, we successfully optimized the propulsive optical forces acting on the particle inside the 

waveguide in the previous section, where the coupled waveguide system had no gain and loss, and 

the radiation losses in the system were negligible. Thus, the system was considered as Hermitian. 

GWS operator could be used for Hermitian systems, however, one can use the Oei for both 

Hermitian and non-Hermitian systems.  

The optical forces acting on the particle in three directions is presented in the Figure 7-7. 

The particle is assumed to be on the gain waveguide. The EP emerges at the gain-loss difference 

value of 0.21. In the broken-PT regime the first mode |1⟩, corresponds to the mode inside the gain 

waveguide, and the second mode |2⟩, corresponds to the mode in the loss waveguide. Enhancement 

 

 

Figure 7-6:  Field profile of the superposition mode determined using (left) GWS operator and 

(right) Oei. The force exerted on the particle are  𝐹𝑥(𝐺𝑊𝑆) = 54.96 𝑝𝑁/𝑊 and 𝐹𝑥(𝑂𝐸𝑖) =

59.92 𝑝𝑁/𝑊. 
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of the propulsive forces (i.e., Fx, and Figure. 7-7(a)) after the EP for the mode in the gain waveguide 

is clear. On the other hand, the propulsive force due to mode |2⟩ decreases. In Figure 7-7(b) since 

the symmetric mode is mainly concentrated in the middle of two waveguides the gradient forces in 

Y-direction are negative for |1⟩, and positive for |2⟩. After EP, due to the amplification of the mode 

|1⟩, the forces become positive in an increasing manner in both of the gradient forces in Y and Z 

directions.  

 With the trend of forces shown in Fig. 7-7 for a PT-symmetric system (without 

optimization), we turned our attention to optimized eigenmode analysis for the PT-symmetric 

waveguides. For each gain-loss difference value, we found the optimized eigenmode and thus the 

optimized force it exerts on the particle. As it is seen in Figure 7-8, in this PT-symmetric 

waveguides system, we could successfully find the optimized eigenmode and compute the 

associated forces in the exact and broken PT-phases as well as the at the EP. In the exact PT-phase 

and at the EP, forces exerted by the optimized eigenmode obtained from Oei method is larger than 

or equal to the forces exerted by the symmetric and asymmetric modes. However, after the EP and 

in the PT-broken regime, the optical forces acting via |1⟩ is larger. We note that in this study, we 

have considered the particle at a specific location on the gain waveguide. In order to further assess 

PT and optical forces in comparison with the optimized eigenmode from Oei method, we will 

continue the study by looking at the cases where particles are located in different locations.  
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7.5 Conclusion 

In this chapter, the optical forces acting on the particle in a PT-symmetrically coupled 

waveguides systems is calculated via Maxwell Stress Tensor. Additionally, using GWS operator 

and Oei method, and for the Hermitian case (i.e., no gain and loss in the waveguides) we could 

increase the propulsive forces acting on the particle by optimizing the excited superposition of two 

modes, which clearly presented that by exciting the modes found from GWS and Oei the propulsive 

 

Figure 7-7: Forces acting on particle in (a) x-direction (i.e., propulsive forces), (b) y-direction 

(i.e., gradient forces in y-direction), (c) z-direction (i.e., gradient forces in z-direction). Red and 

blue curves are for |1⟩ and |2⟩ modes, respectively. 

  

 

 

 

Figure 7-8: Optimized forces with Oei (black curve), compared to Forces acting on particle in (a) 

x-direction (i.e., propulsive forces), (b) y-direction (i.e., gradient forces in y-direction), (c) z-

direction (i.e., gradient forces in z-direction).  Red and blue curves are for |1⟩ and |2⟩ modes, 

respectively. 

  

 

(

a) 

(

b) 
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forces can be increased. Similarly, we employed Oei in a coupled gain-loss waveguide system and 

found optimized eigenvalues that maximizes the forces. We then compared these values of forces 

with the forces obtained when either of the symmetric or asymmetric modes is excited. Our results 

show that modes found using Oei provides more force than the symmetric and asymmetric modes 

in the exact PT-phase while in the broken PT-phase this reverses and the excitation of the mode 

which is located in the gain waveguide becomes larger.
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