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ABSTRACT
Directionally solidified oxide eutectics (DSEs) are significant candidates for ultrahigh-temperature structural applications as they have high melting temperature, high
strength-to-weight ratios, high hardness and good physical stability up to the melting
temperatures. However their low fracture toughnesses have limited their widespread use
as structural materials. Directionally solidified LaB6 -ZrB2 eutectics are attractive new
ceramic candidates of ultra-high temperature materials because of their supreme high
melting temperature (2442°C), high micro- hardness (22.6~29.5 GPa), and high bend
strength (up to 1320 MPa). Especially, LaB6 -ZrB2 DSEs have a higher fracture toughness
(>11.0 MPa* m1/2 ) than most oxide DSEs (<8.0 MPa* m1/2 ). In this thesis, LaB6 -ZrB2
DSEs were investigated to understand the high fracture toughness from the aspect of the
heterophase interface.
Interfaces in LaB6 -ZrB2 DSEs were characterized by transmission electron
microscopy (TEM) and modeled by geometric models such as near coincidence site
lattice (NCSL), displacement shift complete (DSC) lattice, and secondary original lattice
(O 2 -lattice) models. The nominal crystallographic orientation relationship between the
constituent phases and the interface facet corresponded to high translational symmetry.
Interfacial misfit dislocations were observed on the major facet and indicated those
interfaces were fully relaxed. These analyses indicated that interfaces were relaxed to
relatively low-energy configurations. Thermal residual stresses resulted from the good
bonded interface and the thermal expansion mismatch between LaB6 and ZrB2 , were
measured and modeled by X-ray diffraction techniques (XRD) and finite element method
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(FEM). The experimental and modeling results show considerable tensile stresses in the
ZrB2 fibers and compressive stresses in the LaB6 matrix. In fibers, the radial stress is
approximately 1.5 times the axial component. No evidence was found that the sample
growth rate has large effect on residual stresses within the range 1.5mm/min to
6.0mm/min. lastly, qualitative assessments of the interface structure and thermal residual
stress effects on the interfacial debonding were made at the end of this work.
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INDICES
In this work, all directions were expressed by three digits Miller indices as [u v w].
Planes in the LaB6 phase were expressed by three digits Miller indices as (h k l) and
planes in the ZrB2 were also expressed by three digits indices as (h k . l) because the third
digit is not independent.

Chapter 1
Introduction

1.1 Directionally Solidified Eutectics (DSEs) for Ultra-High Temperature
Applications

1.1.1 Oxide Directionally Solidified Eutectics
It is well known that the efficiency of heat engines is directly related to the
temperatures of the various thermodynamic or reaction cycles. The turbine inlet
temperature of modern engines has increased over the last few decades to about 1400ºC
in 1995 and is expected to reach over 1700ºC by 2015 [Thompson 1974; Cahn, Evans et
al. 1996]. Furthermore, aerospace shuttles require even more extreme environments, such
as the environments associated with hypersonic flight (above 1400°C in air), atmospheric
re-entry (above 2000°C in atmospheres of monatomic O and N), and rocket propulsion
(above 3000°C in reactive chemical vapors) [Fahrenholtz and Hilmas 2004]. Families of
compounds, which are chemically and physically stable at high temperatures and in
reactive atmospheres, are needed urgently to satisfy those applications criteria. Ceramic
composites have high melting points, high strength-to-weight ratios, high hardness, good
resistance to corrosion by liquids or gases, physical stability up to high temperatures, and
thus are considered as one significant group of candidates for ultra-high temperature
materials (UHTMs).
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Conventional oxide ceramics can be fabricated by manufacturing- friendly processes
and are inherently stable in oxidizing environments, but suffer from inherent brittleness
in structural applications [Fahrenholtz and Hilmas 2004]. A common approach to
enhance the fracture toughness of ceramics is to introduce toughening media, such as
interfaces and fiber-shaped second phases, into the bulk by forming oxide-oxide
composites. When cracks deflect and debond along weak interfaces, more energy is
dissipated during the crack extension and the stress intensity at the crack tips can be
decreased. Moreover, the fiber shaped second phases can act as bridges between crack
surfaces and generate closure forces to restrict the crack opening. One type of ceramic
composite is a directionally solidified eutectic (DSE), which typically contains whiskers
or lamellae phases that are distributed in the matrix uniformly. The scale of both the
matrix and whisker/lamellae phases can be controlled to micro or even nanometer length
scale, which leads to a high interface density.
The first oxide directionally solidified eutectic was solidified by Viechnicki and
Schmid in the Al2 O3 -YAG system in 1969 [Viechnicki and Schmid 1969 ]. Since then,
five main types of oxide eutectics have been directionally solidified and studied,
including Al2 O3 -based, ZrO 2-based, MgAl2 O4 -based, MgO-based and MO(M=3d ion)RE2 O3 (RE=rare-earth ions) eutectic systems [Lorca and Orera 2006]. The Al2 O3 -based
system has attracted recent attention because of the excellent creep resistance and
strength especially at high temperature. For example, the creep resistance of the Al2 O3 ZrO2 (Y2 O3 ) DSE along the growth direction is improved by the Al2 O3 phase as one order
of magnitude higher than the value of the single crystalline ZrO 2 (Y2 O3 ) phase and off-caxis sapphire [Sayir, Farmer et al. 1995,Sayir and Farmer 2000]. The YAG-Al2 O3 DSE
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presents a supreme creep resistance which is improved by the lamellar structure of the
DSE as several order of magnitude higher than the polycrystalline eutectics at 1600°C
[Waku, Nakagawa et al. 1998; Waku and Sakuma 2000 ].
Room temperature strengths have been improved in oxide DSEs with respect to
monolithic ceramics because they are nonporous single crystals and contain fine scale
microstructures [Minford, Bradt et al. 1978]. For example, the fracture energy of an
Al2 O3 -ZrO2 (Y2O3 ) DSE is greater than that of the monolithic Al2 O3 (92 vs. 60J/cm2 *10-4 )
at room temperature [Hulse and Batt 1974]. Unlike single crystalline oxides such as
sapphire, oxide DSEs present little degradation in their strength at high temperatures due
to the clean and strong interfaces between constituent phases [Sayir and Farmer 2000;
Lorca and Orera 2006], which is significant for the expected ultra- high temperature
services. For example, the fracture energy of an Al2 O3 -ZrO2 (Y2 O3 ) DSE is greater than
that of the monolithic Al2 O3 at higher temperature (1500°C) yielding 102 vs. 40
J/cm2 *10-4 [Hulse and Batt 1974]. Up to 1400°C, the strength remains constant for the
YAG-Al2 O3 DSE [Pastor, Llorca et al. 2005 ] and about 70% of the room temperature
value for the Al2 O3 -ZrO2 (Y2 O3 ) system [Pastor, Poza et al. 2001] .
In order to achieve a higher service temperature than oxide systems can provide,
carbides and borides become new members in the ceramic high-temperature materials
family because of their much higher melting temperatures and good thermo-chemical
stabilities. Some typical mechanical properties of several popular oxide and non-oxide
DSEs are listed in Table 1-1. Non-oxide eutectics have higher melting points than oxides
and have higher hardness at room temperature. In particular, the LaB6 -ZrB2 system has
the highest fracture toughness within all systems. Since brittleness is one of the major
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shortcomings of ceramics in structural services, understanding the origin of the extremely
high fracture toughness of the LaB6 -ZrB2 system will be helpful for future designing of
better ceramics.

Table 1-1:
DSEs

Room temperature mechanical properties of several oxide and non-oxide

2660±40

24.0

Fracture
Toughness
(MPa·m1/2 )
2.72~5.44

ZrC-ZrB2

[Sorrell, Stubican
et al. 1986]

[Sorrell, Stubican
et al. 1986]

[Sorrell, Stubican
et al. 1986]

2660±40

21.1

2.9

ZrC-TiB2

[Sorrell, Stubican
et al. 1986]

[Sorrell, Stubican
et al. 1986]

[Sorrell, Stubican
et al. 1986]

2320±2 .0

23.8±1.2

SiC-TiC

[Ordan'yan,
Vikhman et al.
2000]

[Ordan'yan,
Vikhman et al.
2000]

2220±2.0

22.5±1.1

SiC-VC

[Ordan'yan,
Vikhman et al.
2000]

[Ordan'yan,
Vikhman et al.
2000]

2130±3.0

22.1~24.4

B4 C-W2 B5

[Ordan'yan,
Boldin et al. 2000]

[Ordan'yan,
Boldin et al. 2000]

2467±40

25.50

20.3~27.8

1000~1320

LaB6 -ZrB2

[Ordanyan,
Paderno et al.
1983]

[Ordanyan,
Paderno et al.
1983]

[Ordanyan,
Paderno et al.
1983]

[Ordanyan,
Paderno et al.
1983]

1827

14.6~18.5

YAG-Al2 O3

[Waku, Nakagawa
et al. 1998]

[Pastor et al.
2005]

Te
(ºC)

Microhardness
(GPa)

2.0~2.4
[Yang et al. 1996]

Strength (MPa)

600~1900
[Pastor et al.
2005]

4.8~7.8
Al2 O3 ZrO2 /Y2 O3

1910±2.0 [Yang

13.5~20.0

and Zhu 1997]

[Lee et al. 2001]

[Echigoya,
Takabayashi et al.
1986; Pastor, Poza
et al. 2001;
Larrea, Orera et
al. 2005]

750~1580
[Pastor et al.
2005]
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1.1.2 Boride Directionally Solidified Eutectics
In recent years, a renewed interest has developed in borides of rare-earths and dtransitional metals because of their high thermal stability, high chemical stability and
ultra- high melting points (2300~3200°C). MeB6 -structure rare-earth borides and MeB2 structure d-transitional metal borides are chosen as components of directionally solidified
eutectics because they are the most stable phases in all borides [Ordanyan, Paderno et al.
1983]. Within these boride eutectics, the LaB6 -ZrB2 system has attracted considerable
attentions.
The LaB6 -ZrB2 eutectics were first produced by Ordanyan’s group [Ordanyan,
Paderno et al. 1983] in 1982 and directionally solidified by Paderno’s group [Paderno,
Paderno et al. 1992] later in 1992. The phase diagram of this system [Ordanyan, Paderno
et al. 1983], Figure 1-1, shows a particularly high eutectic point at 2467°C (2740K) and
no intermediate phases between LaB6 and ZrB2 .

Figure 1-1: The phase diagram indicates an ultra-high eutectic temperature of the LaB6 ZrB2 system and no intermediate phases formed [Ordanyan, Paderno et al. 1983].
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Figure 1-2 presents the typical microstructure of LaB6 -ZrB2 DSEs, in which ZrB2
fibers (white) distribute throughout the LaB6

matrix (dark) uniformly. The

crystallographic orientation relationship (COR) between constituent phases was observed
as [001]-LaB6 // [001]-ZrB2 and (110)- LaB6 // (11.0)- ZrB2 [Ordanyan, Paderno et al.
1983; Paderno, Paderno et al. 1992; Paderno, Paderno et al. 1994; Chen, Zhou et al. 1999;
Chen, Zhou et al. 2001]. LaB6 -ZrB2 composites with hyper and hypo eutectic
compositions have also been directionally solidified and present similar fiber- matrix
microsctructures to the eutectic. Studies of such off- eutectic composites [Paderno 1998]
indicated that the eutectic composition corresponds to a more homogeneous
microstructrue than the hyper- or hypo- eutectics [Paderno 1998]. It is well known that a
material’s microstructure has considerable effects on the mechanical properties of the
system. The uniform structure associated with the eutectic composition is expected to
have better mechanical properties tha n the other compositions because the fiber phase can
pursue a more efficient reinforcement when being distributed homogeneously inside the
matrix. Some relationships between the microstructure and mechanical properties have
been examined in other DSE systems [Sorrell, Stubican et al. 1986; Sayir and Farmer
2000; Farmer and Sayir 2002]. For example, the microhardness and fracture toughness of
ZrB2 -TiB2 DSEs reach peaks at a certain interfiber distance [Sorrell, Stubican et al. 1986;
Sayir and Farmer 2000; Farmer and Sayir 2002]. The superior creep resistance of Al2 O3 ZrO2 (Y2 O3 ) DSE is believed to have resulted from the microstructure stability at high
temperature and the strong interface bonding formed from directional solidification
[Sorrell, Stubican et al. 1986; Sayir and Farmer 2000; Farmer and Sayir 2002]. However,
no such studies have been performed in LaB6 -ZrB2 composites.
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Figure 1-2: Optical micrograph showing the microstructure of LaB6 -ZrB2 , in which ZrB2
fibers (white) distribute throughout the LaB6 matrix (dark) uniformly.

Some derivative boride DSEs, as shown in Table 1-2, have also been investigated.
They all have good room temperature hardness, high fracture toughness and good bend
strength. Within all of these eutectic systems, LaB6 -ZrB2 is the most interesting one
because of its highest fracture toughness and strength within all systems.
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Table 1-2: Room temperature mechanical properties of some LaB6 -diboride DSEs
[Paderno, Paderno et al. 1992]
Starting Composition

Fracture Toughness
(MPa·m1/2 )

Bend Strength
(MPa)

Microhardness
(GPa)
25.50
[Ordanyan,
Paderno et al.
1983]

LaB6 -ZrB2

20.3~27.8

1000~1320

LaB6 -TiB2

15.2~27.4

400~650

LaB6 -HfB2

11.0~14.4

1150~1250

LaB6 -TiB2 -ZrB2

12.9~17.3

970~1120

LaB6 -TiB2 -HfB2

14.2~19.4

550~700

LaB6 -HfB2 -ZrB2

14.3~18.3

680~840

21.33±0.73

LaB6 -TiB2 -HfB2 -ZrB2

16.5~20.0

980~1150

22.65±0.59

21.98±0.34

In service, the oxidation resistance of boride composites is a key concern because of
the oxidizing environment in certain applications. A study of the oxidation behavior at
high temperatures for the LaB6 -ZrB2 system has been reported over a temperature range
of 916~1223 ºC and an oxygen partial pressure range of 1.5×104 ~7.2×104 Pa [Chen,
Zhou et al. 1999]. This study observed that above 1094 ºC, the oxidation resistance
decreased significantly because B2 O3 gas began to evaporate rapidly, forming a large
number of pores on the inside of the outer. The preferential oxidation switched from
La2 O3 to the more oxidation-resistant ZrO 2 phase when the oxygen partial pressure was
higher than 3.9×104 Pa. Therefore, low temperature-high pressure pre-oxidation may be a

9
possible method to protect the bulk from high temperature oxidation [Chen, Zhou et al.
1999].

1.2 Objectives
Although the crystallographic texture, microhardness, strength and fracture
toughness of the LaB6 -ZrB2 DSE have been investigated [Paderno, Paderno et al. 1992;
Chen, Zhou et al. 1998; Chen, Zhou et al. 1998; Chen, Zhou et al. 2001], there are still
many structural and chemical characteristics that have yet to be considered. Since this
information can have essential effects on the mechanical properties of the material and
subsequent services, it is necessary to achieve a thorough characterization as the first step
towards building a relationship between microstructure and mechanical properties of the
system. In this thesis, the LaB6 -ZrB2 DSE’s microstructure, texture, interface atomic
structure, and interaction between cracks and interfaces are characterized. Phase
components are identified and chemical distributions are observed.
Because the mechanical properties of DSEs may vary with their microstructure
which are controlled by growth conditions [Ashbrook 1977], the hardness and fracture
toughness of samples are measured to confirm reported data. Having a highly anisotropic
microstructure, DSEs are expected to exhibit anisotropic mechanical properties such as
the resistance to the thermal shock [Ashbrook 1977] and strength [Hulse and Batt 1974].
This anisotropy is critical in future service and design of DSEs, The knowledge of this
anisotropy is obviously critical for the structural services of DSEs.
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The high room-temperature fracture toughness of the LaB6 -ZrB2 DSE (Table 1-2) is
a major advantage over oxide eutectics (Table 1-1). The comparison between the
toughening mechanisms in both borides and oxides may facilitate future designs of better
DSEs. In such composites as DSEs, the fracture toughening mechanism is controlled by
interfacial fracture behavior in which the heterophase interfaces play a crucial role. Many
studies have focused on oxides and report that cracks tend to penetrate interphase
interfaces without any interfacial debonding or crack deflection, such as in Al2 O3 -YAG
and Al2 O3 -ZrO2 [Sayir and Farmer 2000]. The low fracture toughness of oxides has
therefore been attributed to their strong heterophase interfaces. The study of the
interfacial fracture behavior in LaB6 -ZrB2 systems is not only significant for
understand ing the high fracture toughness of this composite, but is also valuable for
designing further oxide or non-oxide DSE systems. So far, no such knowledge of LaB6 ZrB2 eutectics is available. There are a large number of factors that relate to interfacial
behavior in ceramic composites, such as geometry of the second phase, microstructure of
the composite, elastic mismatch between phases, interfacial energy, and residual stresses.
This work is the first installment of a much larger project to understand the mechanical
properties of LaB6 -ZrB2 DSEs, and focuses on interface structure and thermal residual
stresses in this material and the implications for interfacial debonding.
The objectives of this Ph.D. study are listed below and are illustrated by the flow
chart in Figure 1-3 :
1. To establish a thorough crystallographic characterization of LaB6 -ZrB2 DSEs.
2. To evaluate the hardness and fracture toughness mechanisms of LaB6 -ZrB2 DSEs
at room temperature.
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3. To understand the atomic structure of heterophase interfaces between LaB6 and
ZrB2 .
4. To study the thermal residual stresses in the LaB6 -ZrB2 DSE by using x-ray
diffraction techniques and finite element methods.

Characterization

LaB 6-ZrB 2 DSE

Mechanical Properties
ü Micro hardness
ü Indentation Fracture Toughness

Interface Structure
ü Crystallographic Orientation Relationship
ü Interfacial Dislocations

Thermal Residual Stress
ü Measured by X-ray Diffraction Method
ü Modeled by Finite Element Method

Figure 1-3: Illustration of objectives of this thesis.

Relationship Between the
Mechanical Properties and
Microstructure of LaB6-ZrB 2 DSE

ü Microstructure and Texture
ü Chemical Composition
ü Crack Propagation

Chapter 2
Background

2.1 Fracture Toughness of Ceramic Composites

2.1.1 Fracture Toughness Mechanisms
In ceramics the fracture toughness can be improved by various mechanisms which
are categorized into three groups: crack deflection, crack bridging and transformation
toughening [Barsoum 1997].
In polycrystalline or composite ceramics, grain boundaries, second phase particles
or whiskers serves as obstacles to the propagation of a crack to impede the crack motion.
From an energetic perspective, the average stress intensity at the crack tip is reduced
because the applied stress for opening the crack is no longer normal to the crack front.
The basis of the transformation toughening mechanism is that a high stress zone is
formed around the crack tip which can introduce a material phase transformation. Nonlinear deformation behavior may occur and lead to a reduction of the stress intensity at
the crack tip [Green 1998]. For example, a large amount of compressive stress is
produced around the metastable ZrO 2 particles during the martensitic phase
transformation due to the large volume increase (7vol%) between the original tetragonal
lattice and the monoclinic lattice.
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Crack bridging is the most potent toughness mechanism in multiphase ceramics,
especially when a material has well-aligned interfaces between constituent phases such as
a fiber- matrix system. When a crack is initiated perpendicular to the reinforcing phase,
the second phase serves as bridging ligaments to bridge the crack surfaces behind the
crack tip and reduce the crack-tip stress intensity by providing closure forces on the crack
face. In this mechanism, fiber pullout can occur after fiber rupture, and often makes
additional contributions to the fracture toughness. Since ceramics are usually semi- or
non-ductile materials, the bridging mechanism requires interfacial debonding [Green
1998].

2.1.2 Mechanics of Interfacial Debonding
Interfacial fracture behavior from a continuum mechanics perspective has been
studied in lamellar structural composites and applied in fiber reinforced materials later
[He and Hutchinson 1989; He, Evans et al. 1994]. The role of the interface was simplified
into one parameter, the interface fracture toughness (Γi), without taking into account the
effects of the interfaces on the bulk material properties. Although the interface fracture
toughness is considered as the most critical factor in predicting the interaction between a
crack and the interface, other factors are also important in determining a crack’s behavior
at an interface.
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Figure 2-1: Crack geometries at an interface between materials A and B [(He and
Hutchinson 1989)].

He and Hutchinson divided general fiber- interface interactions into four
categories according to the different geometries of the incoming crack as shown in
Figure 2-1 [He and Hutchinson 1989, Lu and Erdogan 1983]. The crack may proceed
towards the interface perpendicularly (Figure 2-1a) or obliquely (Figure 2-1b). It may be
straight wedge-loaded and semi- infinite (Figure 2-1c) or wedge-loaded and oblique
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(Figure 2-1d). In those cases, the probability of a crack to deflect at an interface is
evaluated by the ratio of energy release rates of a deflected crack (Gd ) to a penetrating
crack (Gp ), and is related to the interface toughness (Γi) associated with mixed loading
modes by the following criterion [He, Evans et al. 1994]:

Gd
Γ
> i
G p ΓA

2.1

where ΓA is the mode I toughness of material A. A crack will debond the interface if the
above criterion is satisfied. Therefore, a second phase with a higher toughness than the
matrix tends to debond the interface.
Within the required values by Eq. 2.1, the magnitude of the interface toughness
cannot be calculated by continuum mechanics, but is usually determined from the atomic
structure and bonding of interfaces. The energy release rate ratio Gd/Gp , is a function of
the elastic mismatch between phase A and B, the crack geometry, the contribution of
mode I loading, and the residual stresses inside the composite.
The elastic mismatch between the phases is quantified by the first Dundur’s
parameter (α) and the second Dundur’s parameter (β), but theβ is not as significant as the
first and is usually ignored [He and Hutchinson 1989]. α is calculated as Eq. 2.2 :

α=

EA − EB
EA + EB

2.2
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where E i is the plane-strain tensile modulus of phase i :

Ei =

Ei
1− ν2

2.3

The crack geometry is represented by the angle of the incident crack with respect
to the interface (ω in Figure 2-1). He and Hutchinson’s analysis in 1989 indicated that
the energy release rate ratio is dependent on α, ω and the ratio between the length of the
crack inside material A, a, and the length of the portion in material B, l, in the in lamellar
structural composites. As illustrated in Figure 1-2 [He and Hutchinson 1989], plots of
ratio versus α for a wedge- loaded crack, a large and especially positive α will promote
the Gd /Gp ratio and subsequently encourage the crack deflection on the interface. Also,
the higher the incident angle ω, the easier for a crack to penetrate the interface.
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Gd/Gp
1.0

ω=30°
ω=60°
ω=90°

−0.5

α

0.5

Figure 2-2: Plot of ratio versus elastic mismatch for a wedge- loaded crack for different
incident angles ω when the crack length in material A is 1/10 of the crack length in
material B [adapted from He, Evans et al. 1994].

2.1.3 Residual Stresses Effects on Interfacial Debonding
Effects of residual stresses on the interfacial fracture behavior were considered in
He’s later work in 1994 [He, Evans et al. 1994], which showed that residual stresses can
affect the energy release rate of either deflected or penetrating cracks. As illustrated in
Figure 2-3, residual stresses considered in the continuum theory are the components
parallel to the interface (σt ) and normal to it (σn ). It is proven that in a lamellar composite,
the crack deflection can be encouraged by the compressive stress (-σt ) in the reinforcing
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phase material A, while the interface debonding can be enhanced by tensile stresses (+σn )
across the interface.

(b)

(a)
σt
A

A

ap

σn

interface
B

B

ad

Figure 2-3： Residual stresses considered in the interfacial fracture study are (a) parallel
and (b) normal to the interface.

Matrix

Fiber

Matrix

σt

σn
Crack

Figure 2-4: Crack geometry for a fiber reinforced composite on the longitudinal section
(parallel to the fiber).
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A similar analysis was applied in the fiber- matrix system and focused on the
interfacial fracture phenome na on the section parallel to the fiber as illustrated in
Figure 2-4. The problem is more complicated for the fibrous morphology than for the
lamellar structure because the ratio between the radial (σn ) and axial (σt ) residual stresses
is related to the volume fraction of fibers (f) [Budiansky, Evans et al. 1995]. For example,
the σn /σt ratio can be expressed as the following formula under the assumptions that both
constituent phases are elastically and thermally isotropic and have identical Poisson ratios.

σn
[f (1 + α ) + (1 − f )(1 − α )]
=
σ t [(1 + f )(1 + α) + (1 − f )(1 − α)]

2.4

Instead of including two stress terms σn and σt in the expression of Gd /Gp ratio, a singular
residual stress factor ηq is defined to combines the effects of σn and σt as:

λ

a E Ω
ηq = d m
k1

2.5

where Em is the Young’s Modulus of the matrix, Ω is the thermal expansion misfit strain
between the fiber and the matrix, ad is the length of the deflected crack as illustrated in
Figure 2-3, λ is related to the elastic mismatch α and 0.47 for LaB6 -ZrB2 , and k 1 is a
parameter related to the crack geometry and applied far field.
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As presented in Figure 2-5 [He, Evans et al. 1994] the Gd /Gp ratio depends not
only on the residual stress and elastic mismatch α, but also on the value of f. When a
composite contains more than 30% of fibers, the effects of residual stresses arising from
the thermal expansion mismatch are generally minimal. He et al. also predicted that a
positive α will promote the influence from the residual stress. Since the volume fraction
of fibers in the LaB6 -ZrB2 DSE is expected to be 17% and the α for LaB6 and ZrB2 is
about 0.19, residual stresses may play a significant role in the interfacial fracture
behavior according to the theory.

α =0.8
ηq =0.1

Gd/Gp

3

ηq =0.05

2
ηq =0
1
ηq =-0.05
0
30

f (%)

Figure 2-5: Energy release rate ratio for fiber composites as a function of the fiber
volume fraction for various residual stress states [adapted from He, Evans et al. 1994].
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The plots in Figure 2-5 indicate that a negative ηq , which corresponds to a tensile
stress in the fiber phase, will discourage the crack to debond the interface. However, it
should be noticed that such prediction is under the thermal expansion isotropic
assumption which is not valid for the LaB6 -ZrB2 DSE system. In the LaB6 -ZrB2 eutectic,
the σn /σt ratio does not follow the formulae in Eqs. 2.4 because the system is anisotropic
and needs to be obtained experimentally.
Figure 2-6 presents the profile of the Gd/Gp ratio versus ap σt /k1 based on the
study of He et al. [He, Evans et al. 1994] for the case that fibers are in tension, where ap is
the length of the penetrating cracks as illustrated in Figure 2-3. The radial stress in the
fiber phase will encourage interfacial debonding when ap σt /k1 is larger than a certain
critical value. Although the absolute number of this threshold is dependent on parameter
k1 , which is related to the applied far field and was not provided by He’s study, it is clear
that the threshold decreases when increasing the σn /σt ratio. Since the radial thermal
residual stress in the LaB6 -ZrB2 DSE is expected to be larger than the axial stress due to
the larger thermal expansion misma tch in the axial plane. The residual stresses in this
system could encourage crack deflection.

25

0.4
s n€ = 1
€€€€€€
st

0.35
sn
€€€€€€€ = 1.5
st

0.3

0.25

sn
€€€€€€
€ =2
st

0.2

0.15

ap σt /k1
0.1

0.2

0.3

0.4

0.5

Figure 2-6: Plot of the Gd /Gp ratio versus ap σt /k1 [adapted from He, Evans et al. 1994].

2.1.4 Review of Fracture Toughness of DSEs
One reason for making ceramic DSEs is that the intrinsic reinforcing secondphase might enable the deflection and bridging mechanisms discussed above to overcome
the inherently high brittleness of monolithic ceramics [Evans, Ruhle et al. 1990, Marshall
and Evans 1985]. Ceramic DSEs can have a high density of well-aligned lamellar or fiber
reinforcements. Fracture toughness and fracture mechanisms of Al2 O3 -YAG and
ZrO2 (Y2 O3 )-Al2 O3 have received attention in the literature since they are the systems
with the best high temperature strengths and creep resistances. Studies on the fracture
toughness of the Al2 O3 -YAG DSE reported similar low values at room temperature (~2
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MPa m ) [Yang, Jeng et al. 1996; Ochiai, Ueda et al. 2001; Larrea, Orera et al. 2005;
Ochiai, Sakai et al. 2005; Pastor, Llorca et al. 2005] as summarized in Table 1-1, which
was associated with the fact that the crack penetrated the phase boundary and the crack
path was straight [Yang, Jeng et al. 1996]. This dominant interfacial penetration behavior
was also observed by other groups [Yang, Jeng et al. 1996; Brewer, Endler et al. 1999].
Most studies of the ZrO 2 (Y2 O3 )-Al2 O3 DSE reported similar fracture toughness values
around 4~5 MPa m [Echigoya, Takabayashi et al. 1986; Pastor, Poza et al. 2001; Larrea,
Orera et al. 2005] as summarized in Table 1-1, which is about twice higher than the
Al2 O3 -YAG and makes ZrO 2 (Y2 O3 )-Al2 O3 almost the toughest oxide system [LLorca and
Orera 2006]. Characterization of the indentation initiated cracks in the ZrO 2 (Y2 O3 )-Al2 O3
[Pastor, Poza et al. 2001] found the crack path was not as straight as in the Al2 O3 -YAG.
Parallel cracks propagated from the indentation corner and one left after certain distances
without being arrested [Pastor, Poza et al. 2001]. This phenomenon was believed to be
the toughening mechanism in the ZrO 2 (Y2 O3 )-Al2 O3 DSE. On the longitudinal section of
the specimen, slight interfacial deflection was observed [Echigoy 1986]. In other oxide
DSEs, although the fracture toughness are not available, the interfacial penetration was
found as dominant in NiO -Y2 O3 , NiO-ZrO2 (CaO) and NiO -CaO systems [Fragneau 1983;
Brumels and Pletka 1987; Dickey, Dravid et al. 1998] and believed as evidences that
imply brittlenesses of them.
Some fracture toughness of non-oxide DSEs were investigated as shown in Table
1-1. The values of ZrC-ZrB2 system was found to vary from 2.72 to 5.44 MPa m
depending on inter lamellar spacings. Cracks were found to slightly deflect on the phase
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boundary in the ZrC-ZrB2 [Sorrell 1980] and straightly across the phase boundary in the
ZrC-TiB2 [Sorrell 1980]. Fracture toughness of the LaB6 -ZrB2 and its derivative DSEs
were summarized in Table 1-2, and are almost three times higher than of the ZrO 2 (Y2 O3 )Al2 O3 . Crack propagations have only been characterized for the LaB6 -ZrB2 which
indicated clear interfacial deflection and debonding and will be discussed with more
details in Chapter 6. Since was often observed with dominant interfacial penetration
behavior, the low fracture toughness in most DSEs is believed to result from the
particular interfacial fracture in them and received more and more attention.
Three possible factors that related to the interfacial fracture behavio r, including
interfacial adhesion, thermal mismatch stresses, and dislocation analysis [Brewer, Dravid
et al. 2002] were suggested and received considerations. Interfacial adhesion depends on
the interfacial energy, which relates to the structure and composition of interfaces. Before
experimentally investigating the interfacial energy, interfaces of DSEs can be expected to
have low energy configuration and good bonding. The interfacial adhesion in DSE
systems is supposedly good and will not encourage the interfacial debonding. Since DSEs
often experienced relatively large temperature changes during the processing, residual
stresses resulting from the thermal expansion mismatches between constituent phases
may be considerable. A number of studies were performed to investigate the thermal
residual stress in oxide DSEs and will be discussed in further detail. A few studies
focused on dislocation analysis of oxide DSEs. Brewer and David [Brewer, Guruz et al.
2004] assumed that the dislocation-based crack nucleation is the fundamental mechanism
for interfacial fractures in the Co1-xNix O-ZrO2 (CaO) system, and found that the transition
behavior happens when dislocations prefer to coalesce at interlocking slip planes rather
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than interfaces. However, such analysis has only been performed in the Co1-x Nix OZrO2 (CaO) system, and a more direct dislocation investigations need to be completed.
The relationship between the above factors varies from material to material. For example,
although significant thermal residual stresses are found in both NiO -ZrO2 [Dickey,
Dravid et al. 1997] and CoNiO -ZrO2 (CaO) [Brewer, Peascoe et al. 2003] DSEs, the
interfacial fracture behavior of them are opposite. Cracks were observed to penetrate the
interface in the NiO -ZrO2 DSE [Brewer, Dravid et al. 2002] and delaminate the interface
in the CoNiO -ZrO2 (CaO) [Brewer, Guruz et al. 2004].

2.2 Thermal Residual Stresses Analysis

2.2.1 Origins of Thermal Residual Stresses
Residual stresses may be generated in order to conserve the difference between
the individual responses of the constituent phases [Sutton and Balluffi 1987], when a
composite material experiences an overall applied elastic stress, a plastic strain, or a
homogeneous variation of temperature. Since the interface sliding, which relieves the
residual stresses, is not fully allowed on a bonded interface, those stresses are usually
stored in the material.
Thermal residual stresses are one group of compatibility stresses that result from
the different responses to uniform changes in temperature of the constituent phases. Since
most ceramic DSEs are fabricated from a relatively high eutectic temperature and are
supposed to experience large temperature variation during the service, the thermal
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residual stresses in this family of materials are expected to be high and play crucial roles
in mechanical behaviors such as the interfacial fracture.
Figure 2-7 illustrates the generation of thermal residual stresses in a bicrystal. In
Figure 2-7(a), two arbitrary crystals A and B experience a temperature change from T1 to
T2 . Assume T1 > T2 and an interface forms at temperature T1 . After cooling, as in
Figure 2-7(b), crystals A and B deform in three dimensions. The disparities between the
contractions of each crystal result from the mismatches between their CTEs. Contraction
in isolated A or B phases obeys Eq. 2.6,

[ε ]ij = [α]ij (T2 − T1 )

2.6

where [ε]ij and [α]ij are strain and CTE tensors of crystal A or B, respectively. Up to this
step, no stress exists in the composite because crystals are assumed to deform freely.
Constraint on the interface, the source of compatibility stresses, will be generated during
the relaxation after cooling if the interface is bonded. The extent of the constraint
depends upon the degree of the interface bonding. As a result, residual strains accumulate
in both crystals and concentrate at the interface as shown in Figure 2-7(c). The
consequent stresses are converted by Hooke’s Law.

[ σ]ij = [c]ijkl [ε ]kl

2.7
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where [σ]ij is the residual stress tensor of A or B, [c]ijkl is the stiffness tensor and [ε]kl is
the residual strain. In summary, there are three preconditions for generation thermal
residual stresses, a thermal expansion mismatch, a bonded interface, and a
heating/cooling history of the material.

(a)

(b)

A

B

A

B

(c)
σA
σB

A σA

σB B

Figure 2-7: Two isolated crystals A and B are next to each other at (a) T1 when an
interface is formed and (b) cooled down to temperature T2 . (c) Thermal residual stresses
are generated from the constraint on the bonded interface after relaxation at T2 .
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2.2.2 Measuring and Modeling of Thermal Residual Stresses
Two common non-destructive approaches for measuring residual stresses are
piezo-spectroscopy and diffraction and have been employed for residual stress
determination in DSEs [Dickey, Dravid et al. 1997; Dickey, Frazer et al. 1999; Harlan,
Merino et al. 2002; Brewer, Peascoe et al. 2003]. In both of techniques, residual strains
are experimentally measured from the peak shifting in either Cr3+ luminescence/Raman
spectra (spectroscopy) or X-ray/neutron diffraction profiles (diffraction), and are
subsequently converted into residual stresses by Hooke’s Law (Eq. 2.7). The
spectroscopic method is able to handle small-sized specimens but can only observe nearsurface stresses (around several µm deep). X-ray diffraction (XRD) techniques can
analyze deeper than the spectroscopy (up to tens of µm), but requires larger-sized
specimens. Neutron radiation penetrates much deeper into the specimen than the former
two methods and can analyze the entire sample, but is not as accessible as the others
techniques. Studies in Co1-x Nix O-ZrO2 (CaO) (x = 0.5 and 0.666) DSEs reported a good
consistency between neutron and XRD results, which indicated XRD is a sufficient
approach to determine the average residual stresses in DSE systems [Brewer, Peascoe et
al. 2003]. Neither of the above methods however, is able to provide a local distribution of
residual stresses. Numerical modeling is therefore important in addition to the
measurement s. Moreover, most numerical models utilized to simulate thermal residual
stresses assume a fully bonded interface between phases. The comparison between the
simulated and experimental results is one way to qualify the interfacial bonding in the
composites.
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Although the geometry of LaB6 -ZrB2 DSEs can be easily simplified as ZrB2
cylinders distributed inside a LaB6 matrix, the conventional analytical stress solution for
such highly idealized geometries, which assumes that the matrix is elastically isotropic
and the fiber is biaxially elastic [Mikata and Minoru 1985; Nairn 1985], meets a
limitation for modeling the LaB6 -ZrB2 system. First, although the model handles the
biaxial elasticity of the ZrB2 phase (Figure 2-8(b)) well, the elastic isotropic assumption
of the matrix ignores the strong elastic anisotropy of the LaB6 matrix phase as indicated
by the plot of its Young’s Moduli in Figur e 2-8(a). Such anisotropy is also quantified by
the Zener ratio, the ratio between 2C11 and (C 11-C12 ), where C11 and C12 are components
of the stiffness constant tensor of a cubic material. The Zener ratio for an isotropic cubic
material should equal 1, but the Zener ratio of the LaB6 phase is 0.41 as summarized in
Table 2-1. Second, the conventional model assumes both the fiber and the matrix phases
are cylinders, which is hard to represent the specific microstructure geometry of the
transverse section as shown in Figure 1-2. These limitations can be overcome by
performing finite element method (FEM) modeling.

Table 2-1: Stiffness constants of LaB6 and ZrB2 [ Tanaka, Yoshimoto et al. 1977,
Bonstein 2005]

LaB6
ZrB2

c11
c22
c33
c44
c55
c66
c12
c13
c23
Zener Ratio
(GPa) (GPa) (GPa) (GPa) (GPa (GPa (GPa) (GPa) (GPa)
453.3 453.3 453.3 90.1 90.1 90.1 18.2 18.2 18.2
0.41
567.8 567.8 436.1 247.5 247.5 255.45 56.9 120.5 120.5
—
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Figure 2-8: Three-dimentional plot of the Young’s Moduli for (a) LaB6 and (b) ZrB2
[adapted from Tanaka, Yoshimoto et al. 1977, Bonstein 2005].

34
In finite element analysis, the entire model or volume is represented by a group of
small volumes or so-called elements. Equilibrium and compatibility constraints are
applied and exact solutions are approximated with numerical solutions at each element
corner or node. Since an efficient model may contain several thousands of elements and
tens of thousands of nodes, thermal residual stress values calculated on every node
provide stress distributions on a much finer scale than the experimental measurements.

2.2.3 Thermal Residual Stresses in DSEs
A number of oxide DSE systems have been examined by piezospectroscopic and
diffraction techniques. For example, residual stresses in YAG-Al2 O3 DSEs [Dickey,
Frazer et al. 1999] are found to be negligible because of the very similar CTEs of YAG
(8.9×10-6 [Gupta and Valentic.J 1971]) and Al2 O3 (9.1~9.9×10-6 [Touloukian 1967]). The
investigation of NiO-ZrO2 [Dickey, Dravid et al. 1997] DSEs showed higher than
900MPa tensile stress in the NiO phase and higher than 1GPa compressive stress in the
ZrO2 phase. Successive studies in derivative Co1-xNix O-ZrO2 (CaO) (x = 0.5 and 0.666)
systems [Brewer, Peascoe et al. 2003] found larger thermal residual stresses than the
NiO-ZrO2 (cubic) due to the increase in the thermal expansion mismatch from the Co
doping. These studies also indicated the possibility to control the residual stresses in
DSEs by changing the composition. This compositional dependence of residual stresses
has also been observed in Al2 O3 -ZrO2 (Y2 O3 ) DSEs. Since the doping of Y2 O3 helps to
stabilize cubic ZrO 2 , which has a different CTE from monoclinic ZrO 2 , the thermal
expansion mismatch between ZrO 2 and Al2 O3 can vary from positive to negative when
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adding Y2 O3 . Consequently, the Al2 O3 phase can be in tension at low Y2 O3
concentrations and in compression at high Y2 O3 concentrations. Not only are the signs of
stresses in Al2 O3 -ZrO2 (Y2 O3 ) DSEs composition dependent, but their magnitudes are also
sensitive to the Y2 O3 concentration. Residual stresses in the ZrO 2 phase may be several
GPa [Pardo, Merino et al. 2000] without Y2 O3 doped in, or several MPa [Dickey, Frazer
et al. 1999] with around 1 mol% Y2 O3 . No boride systems have been investigated for
determine the residual stress states in them so far.

2.3 Geometric Interface Models
The effect of interfacial energy on the interfacial fracture is easy to be understood.
Low-energy interfaces imply a strong bonding between constituent phases. Just like
cracks tend to straightly propagate in single crystals, interfaces are not easy be cleaved if
they are as well bonded as planes in single crystals. The interfacial energy can be
indirectly evaluated by the atomic structure of an interface from geome tric perspectives
as introduced in the following section.

2.3.1 Coincidence Sites Lattice (CSL) and Near Coincidence Sites Lattice (NCSL)
Model
The CSL model was first proposed by M.L. Kronberg and F.H. Wilson [Kronberg
and Wilson 1959] several decades ago to describe grain boundaries in cubic structures
and was later applied to homo- and hetero-phase interfaces in no n-cubic materials. Such
theory simplified the real crystal structure into lattices and was only based on the
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crystallographic features of the bicrystal lattice. A certain combination of orientation
relationships between the two lattices would result in a periodic array of coinciding sites.
A “good fit” between two lattices was implied by the high density of the coincidence
points [Brandon, Ralph et al. 1964; Randle 1996]. The degree of “fit”was quantified by a
common parameter denoted by Σ, defined as the reciprocal density of CSL points
[Grimmer, Bollmann et al. 1974]. Subsequently, a similar parameter denoted by Γ was
defined as the planar reciprocal density of coincidence sites to describe the “fit” within
the grain boundary or interface plane.
The CSL model achieved notable early success in linking certain grain boundary
properties, such as the low energy of the grain boundary, with low-Σ CSLs or low- Γ
planes in metal materials [Fullman and Fisher 1951; Aust and Rutter 1959, Herrmann,
Gleiter et al. 1976]. After the 1980s, the low-Σ CSLs were related to those special grain
boundaries whose populations may influence some mechanical properties of the material
such as strength and corrosion resistance [Watanabe 1984]. However, discrepancies
between the low energy prediction and the low-Σ CSL were also reported by numbers of
studies since 1970’s [Varin RA, 1979; Mehta SC and Simith DA, 1994]. The direct
relationship between the CSL model and the low-energy grain boundaries or interfaces
started to be questioned [Goodhew PJ and Smith DA, 1980].
Although there may not be a general connection between the translational
symmetry of an interface and its energy, the CSL approach retains its popularity in grain
boundary and interface research [Shvindlerman LS and Straumal BB, 1985; Aust T et al,
1993, (Hay and Matson 1991; Champion and Hagege 1997; Hay and Marshall 2003;
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Chen, Ruterana et al. 2006; Furuhara, Kimori et al. 2006)]. The translational symmetry at
the grain boundary can be simply and visua lly described by applying the CSL model
from the geometric perspective, and the CSL model is straightforward in practice. The
CSL model has therefore been accepted as a popular tool for describing grain boundary
and interfacial symmetry and as the basis of other geometric interface models, such as
displacement shift completed (DSC) lattice model and O2 -lattice, for interpreting
interfacial dislocations. DSC and O2 -lattice models will be introduced later in this
Chapter.

CSL unit cell:

Lattice 2

Lattice 1
a
Figure 2-9: A “coincidence plot”sketch of two (111) planes where lattice 2 is rotated by
22ºwith respect to lattice 1 and represents a Σ7 CSL [adapted from Randle 1996].
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The concept of the CSL model is visually illustrated by a coincidence plot as
shown in Figure 2-9 [Randle 1996], which shows two (111) projections, lattice

and

1

lattice2 , of a cubic crystal with a 22º angle between them. For a certain orientation
relationship between interpenetrating lattices a portion of lattice sites will coincide to
form a periodic sublattice in three dimensions, which is indicated by dashed lines on the
figure. The reciprocal density of coinciding sites, Σ, is calculated as Eq. 2.8:

Σ=

VCSL
V original

=

7 a * 7 3a
a * 3a

=7

2.8,

where VCSL is the volume of the CSL unit cell, denoted by the dashed lines in Figure 2-9,
Voriginal is the volume of the cubic unit cell, denoted by bold lines, and a is the lattice
parameter of the cubic crystal. Σ equals seven indicates that one in seven lattice points
from both lattices coincide.
Since the CSL model was originally developed for cubic polycrystals, which have
high symmetry lattices and homophase interfaces, it is possible to find exact coincident
sites for any orientation relationship. However, when applying the concept in the rest of
the 6 crystal systems, few lattice sites of both lattices will be exactly coincident. In order
to extend the application of CSL models to non-cubic grain boundaries or heterophase
interfaces, a new concept, near coincident sites (NCS), was proposed. Two lattice sites
are classified as “near coincident” when they are within a defined threshold distance.
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Different from the CSL, a near coincidence site lattice (NCSL) can be arbitrarily referred
to either of the 2 constituent lattices.

(b)

Lattice1
z

z

Lattice2
a2

b2

b2

Figure 2-10: Sketch of the NCSL model (dashed line) indicates (a) lattice1 and (b)
lattice2 have non- identical Σ. Bold parallelograms are the unit cells in lattice1 and
lattice2 .[adapted from Balluffi, Brokman et al. 1982]

A visual sketch of the NCSL model is shown in Figure 2-10 [Balluffi, Brokman
et al. 1982], in which the NCSLs are denoted by dashed lines and unit cells of the crystal
lattices are denoted by bold lines. Assuming the base vectors of NCSL and lattices are
same along the z direction, Σs of two NCSLs are:

Σ1 =

and

VNCSL1
= f ( a1 ,b1 )
VLattice1

2.9
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Σ2 =

VNCSL2
= f ( a 2 , b2 )
VLattice2

2.10

The “fit”between the NCSL referenced to each lattice, NCSL1 and NCSL2 can be
evaluated by calculating the strain between them [Grimmer, Bollmann et al. 1974]. First a
new concept of a “metric tensor”is introduced to describe the size of a NCSL unit cell
mathematically. If a given unit cell is formed by three base vectors, u1 , u2 and u3, the
metric tensor of this unit cell is defined as the matrix of their scalar products [Grimmer,
Bollmann et al. 1974] in Eq. 2.11 :

g ij = ( u i • u j )(i, j = 1,2,3)

2.11

The diagonal components of the metric tensor are the squares of the lengths of the
base vectors (u1 , u2 and u3 ). The strain matrix between NCSL1 and NCSL2 is then
calculated by Eq. 2.12 [Grimmer, Bollmann et al. 1974]:

[ε ]ij =

1
2( g 'ij − g ij ) g 'ij

2.12

where [ε] is the strain tensor, g’is the metric tensor of the matrix NCSL, and g is the
metric tensor of the fiber.

41
To analyze the faceted grain boundaries or heterophase interfaces, it is important
to know the periodicity within the interface plane. Such translational symmetry can be
quantified by the density of coincidence sites within that plane. Only the periodicity
within the interface plane may have a physical significance while the 3-dimensional
spatial periodicity within the interpenetrating point lattices can be considered as a
geometrical reference frame. The reciprocal density of coincidence sites, Γ, is then
defined as the ratio between the area of the NCSL and the crystal lattice of each phase
that forms the NCSL on the interface plane.
Recently the NCSL model was applied to understand the orientation relationship
between constituent phases in precipitates [Furuhara, Kimori et al. 2006], polycrystalline
ceramics [Champion and Hagege 1997] and oxide DSEs [Hay and Matson 1991; Larrea,
Contreras et al. 2000]. In many cases, the orientation relationship that corresponds to a
small Σ NCSL is preferred, and the interfaces tend to facet on low Γ planes [Brandon,
Ralph et al. 1964; Wolf 1985]. Although there are many exceptions to this generalization,
non-valid or partial valid in different materials, it can be suggested that the orientation
relationship and interfaces that correspond to low-Σ and low-Γ NCSL unit cells have high
possibility to corresponds to the low-energy configurations. In most DSEs low index and
high symmetry orientations or planes are parallel to each other as summarized in
Table 2-2. Their orientation relationships may also correspond to low-Σ NCSL unit cells.
Since the 1990’s, NCSL model was started to be applied in DSEs. For example, the study
in the YAG-Al2 O3 system [Hay and Matson 1991] found a Σ=12 NCSL may be the
preferred structural unit which successfully predicted the misfit dislocations. The

42
crystallographic orientation relationship observed in the CaF2 -MgO [Larrea, Contreras et
al. 2000] was found corresponding to a Σ=2 NCSL unit cell and believed to have low
energy interfacial configuration. One more motivation for applying the NCSL model in
LaB6 -ZrB2 DSEs is that the result may be used to interpret and predict the orientation
relationship and interfacial facets in the derivative systems summarized in Table 1.3,
which also exhibit excellent mechanical properties at the room temperature and have
similar crystal lattices as LaB6 -ZrB2 DSEs.

Table 2-2: Crystallographic orientation relationship and overall symmetry of some oxide
DSEs.
DSEs
YAG-Al2 O3
[Frazer, Dickey et
al. 2001]
ZrO2 (Y2 O3 )-Al2 O3
[Mazerolles,
Michel et al. 2005]
ZrO2 (Y2 O3 )-Al2 O3
[Sayir and Farmer
2000]
MgAl2 O4 -MgO
[Minford 1977]
ZrO2 (Y2 O3 )-NiO
[Dickey, Fan et al.
1999]
ZrO2 (Y2 O3 )-NiO
[Laguna-Bercero,
Larrea et al. 2005]

Out-plane orientation
relationship

In-plane orientation
relationship

[1 1 0]-Al2 O3
// [ 1 11]-YAG

(00.1)-Al2 O3
// (1 1 2)-YAG

[001]-Al2 O3
//[001]-ZrO2 (Y2 O3 )

(2 1 0.)-Al2 O3
//(100)-ZrO2 (Y2 O3 )

[001]-Al2 O3
//[110]-ZrO2 (Y2 O3 )

(2 1 0.)-Al2 O3
//(001)-ZrO2 (Y2 O3 )

[111]-MgAl2 O4
// [111]-MgO

(110)-MgAl2 O4
// (110]-MgO

[100]-ZrO2 (Y2 O3 )
//[1 1 0]-NiO

(001)-ZrO2 (Y2 O3 )
//(111)-NiO

[110]-ZrO2 (Y2 O3 )
//[1 1 0]-NiO

(001)-ZrO2 (Y2 O3 )
//(111)-NiO
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2.3.2 Mode l for Misorientation Between the Nominal and the Actual Orientation
Relationships
Deviations from a perfect high-symmetry orientation relationship generally exist
in many oxide DSE systems, including YAG-Al2 O3 [Dickey, Frazer et al. 1999], ZrO 2 SrZrO 3 [Minford, Bradt et al. 1977] and ZrO 2 -CaZrO 3 [Minford, Bradt et al. 1978] for
example, and have been observed ever since oxide DSEs have been solidified. No clear
explanation for this common observation has been articulated, and the driving force for
this mistilt needs to be understood. Hypothetically, one possible driving force may be to
increase the translational symmetry of the interface. The small mistilt angle may lead to a
higher density of near coincident sites.

2.3.3 Models for Interpreting Interfacial Dislocations
There are multiple theories to predict interfacial dislocation networks from a
geometric perspective [Grimmer, Bollmann et al. 1974; Pond 1977; Olson and Cohen
1979; Balluffi and Olson 1985], although they categorize dislocations differently.
Bollmann’s system, which includes primary, secondary dislocations, can thoroughly
explain the misfit dislocations on a faceted interface and will be utilized in this work.
Another valuable system was developed by Pond [Pond 1977, Pond 1989], which agrees
with Bollmann’s theory well when applied to long faceting interfaces. Pond ’s topological
theory of interfacial defects considers the dislocation on an interfacial terrace. This theory
may be able to explain the preferred orientation of precipitates and the structure of the
interfaces that are away from the facet orientation [Pond 1989; Jiao, Aindow et al. 2003].
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Dislocation models for interfaces are based on an idea similar to the NCSL model,
in which crystal structure of each constituent phase is represented only by its lattice. The
interpenetrated lattice is defined as a “state”. Mathematically there are an infinite number
of possible states distributed continuously in the three dimensional space. Within all
those states certain ones are energetically preferred and can be observed experimentally.
Such states are “preferred states”. If a preferred state corresponds to an exact CSL, it is
called the “primary preferred state”. But in NCSLs the preferred states do not have exact
coincidence and are named “secondary preferred states”. When considering interfaces or
grain boundaries in secondary preferred states, the incoincident part of the state leads to
local relaxation of lattices at the interface or grain boundary planes. Dislocation networks
are subsequently formed to accomplish a certain lattice distortion. The following two
sections will explain how to estimate the Burgers vectors of the interface dislocations by
the displacement shift complete lattice (DSC) model and the periodicies of dislocations
by secondary original (O 2 ) lattice model, respectively.

2.3.3.1 Displacement Shift Complete (DSC) Lattice Model
Assume two interpenetrating lattices, lattices1 and lattices2 form a fixed lattice
pattern, i.e. a “dichromatic pattern”[Pond and Bollman 1979]. The base vectors, which
are vectors that form a unit cell, of lattices1 and lattices2 can be expressed in terms of
three crystallographic axes referenced to lattices1 . For example, shows in Eq. 2.13
and 2.14 respectively: For example, Figure 2-11(a) shows the (001) projections of two

45
lattices, lattices1 and lattices2 . The base vectors for them referenced to the lattices1 unit
cell are given by:
lattices1:

1 0 0 
0 1 0 


0 0 1 

2.13

3
4

0

0


2.14

and lattices2:

0
3
4
0


0

0

1


When translating the lattice2 with respect to the fixed lattice1 , there are certain
translations after which the origin pattern will be reproduced. For example, by translating
the lattices2 by

1
[100] as shown in Figure 2-11(b), the full lattice pattern in Figure 22

11(a) is repeated. The lattice that includes all such translations is the displacement shift
complete (DSC) lattice. In this example, the DSC lattice is expressed as
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1
4

0

0


0
1
4
0


0

0

1


2.15

where columns are base vectors.

(a)

[100]

Lattice1
[010]

Lattice2

×

(b)
Translate lattice2 by 1 [100]
4

Figure 2-11: Illustration of the definition of DSC lattice. (a) The point pattern formed by
lattice1 and lattice2 is (b) repeated after shifting the lattice2 by 1 [100] although positions
4

of the coincident sites are changed.
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The DSC lattice can also be considered as the lattice of the difference vectors
between the two crystal lattices and is related to the lattice misfit on the interface. The
base vectors of the DCS lattice were found Burgers vectors of misfit dislocations on the
interface. For the above example, the (010) interface between lattices1 and lattices2 is
illustrated in Figure 2-12 on which the Burgers vector of the dislocations is

Lattice1

1
[100].
2

Lattice2

[100]

[010]

(010) Interface

b=1/4[100]
spacing=3[100]
Figure 2-12: Illustration of the misfit dislocation on the (010) interface (dashed line).
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2.3.3.2 Secondary Original Lattice (O2 -lattice) Model
The original lattice (O-lattice) model shares the idea of the NCSL and also uses
the lattice to describe a crystal structure. The concept of original- lattice (O- lattice) was
first proposed in 1970 [Grimmer, Bollmann et al. 1974] and became a widely used
construction for analyzing the structure of interfacial dislocations later. Instead of
searching for “match” lattice points in the NCSL model, the O-lattice model evaluates the
points around which lattice1 and lattice2 “match”. Those matched points are called “Opoints”. Mathematically, if the fractional coordinates of a point measured relative to a
unit cell of lattices1 is identical to the fractional coordinates measured relative to a unit
cell of lattices2 , this point is defined as an O-point. Generally the NCS space belongs to
the O-point space. It was proven by Bollmann [Grimmer, Bo llmann et al. 1974] that it is
always possible to find an O-point, but not a NCS. The O-lattice can be considered as an
extension of the NCSL concept to all positions in the space.
In the same example for the DSC model shown by Figure 2-11, the points denoted
by crosses have the identical fractional coordinates (1, 0, 0) or (0, 1, 0) in terms of the
base vectors of both lattices and are therefore O-points. The O-point lattice is formed by
the column vectors of the following matrix:

3 0 0 
0 3 0 


0 0 0 

2.16
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The components of the column on the right is zero because two lattices are
perfectly match along the [001] direction.

The example in Figure 2-11 describes a

primary state in which exact coincidence sites are available. Since those O-points are
assumed to be associated with regions of good fit within the interface, one dislocation is
expected between two adjacent O-points. Therefore, the O- lattice records the periodicy of
the interfacial dislocations for a primary state. As illustrated in Figure 2-12, the distance
between adjacent dislocations is [100] on the (010) interface.
When considering the misfit dislocations for a secondary preferred state, in which
only near-coincidence sites instead of coincidence sites can be found, the periodicies of
the interfacial dislocations are found as vectors of the O- lattice formed by two DSC
lattices, or O2 -lattice. Calculation of the O2 -lattice is valuable as part of the interface
dislocation analysis.
The biggest advantage of DSC and O2 -lattice models for predicting misfit
dislocations is that the three-dimensional dislocation network can be calculated from one
approach, instead of considering the configuration of all possible interfaces one by one.

2.4 Knowledge of Single Crystalline LaB6 and ZrB2
In order to pursue further analysis of the LaB6 -ZrB2 DSE system, it is necessary to
understand some physical behaviors of each of the constituent phases individually as
summarized below.
LaB6 is a purple crystal and has a primitive cubic Bravis lattice and a space group
Pm 3 m (space group 221). Its lattice parameter is 0.41569 nm, and has a density of 4.711
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g/cm3 [PowderDiffraction 1992]. This material has a CaB6 -type structure, which has La
atoms that occupy the (1a) sites (0 0 0) in the unit cell, and B atoms occupy the (6f) sites
±(0.5 0.5 0.1975; 0.5 0.1975 0.5; 0.1975 0.5 0.5) [Wyckoff and Ralph 1986] as illustrated
by Figure 2-13.

La

B
c
a

b

Figure 2-13: Model of the LaB6 unit cell, which has the CaB6 -structure [adapted from
Wyckoff and Ralph 1986].

ZrB2 has a primitive hexagonal crystal structure and belongs to the space group
P6/mmm (space group 196). The lattice parameters are a = 0.317 nm and c = 0.3533 nm
[PowderDiffraction 1992], and the density is 6.094 g/cm3 [PowderDiffraction 1992]. ZrB2
has the AlB2 type structure in which (1a) sites (0 0 0) are occupied by Zr atoms and (2d)
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121 2 11
sites (
;
) are occupied by B [Wyckoff and Ralph 1986] as illustrated by
33 2 3 32

Figure 2-14. In this work, three-digit Miler indices are used for indexing planes in the
ZrB2 phase. The third digit i in the Miller-Bravais indices (hkil) is replaced by a dot.
Directions in the the ZrB2 phase are expressed in terms of the three basic vectors a, b and
c as [uvw].

Zr

B
c
b
a
Figure 2-14: Model of the unit cell of ZrB2 presents a AlB2 structure [adapted from
Wyckoff and Ralph 1986].

The stiffness constants of LaB6 [Tanaka, Yoshimoto et al. 1977] and ZrB2
[Bonstein 2005] are given in Eq. 2.17 and Eq. 2.18. As illustrated in Figure 2-8, the
Young’s moduli of LaB6 and ZrB2 are both anisotropic. Such elastic anisotropy will be
taken into account in residual stress modeling and interpretation.
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[c] LaB 6

[c] ZrB 2

The 2nd order thermal expansion coefficient (CTE) tensors of LaB6 and ZrB2 are
isotropic and orthotropic, respectively. Because of their dependence on temperature, the
coefficients are represented as functions of temperature in Figure 2-15 from published
data [TPRC 1970; Bonstein 2005].
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Figure 2-15: Plot of the CTEs and thermal expansions vs. temperature for LaB6 and ZrB2 [TPRC
1970; Bonstein 2005].

Chapter 3
Microstructural Characterization and Hardness

3.1 Experimental Procedure

3.1.1 Sample Preparation
LaB6 -ZrB2 eutectics were prepared using the floating zone method by Dr. Paderno’s
group at the Institute for Problems of Materials Sciences, Academy of Sciences of
Ukraine, Ukraine. LaB6 and ZrB2 powders were mixed at the eutectic composition and
pressed into cylindrical rods, which were solidified inside a vertical Kristall-I furnace in a
0.3 MPa Ar atmosphere to prevent the oxidation of borides. During the growth, the upper
and lower portions of the eutectic rods were rotated in order to homogenize the
composition inside the molten zones [Paderno, Paderno et al. 1992]. Four eutectic rods,
designated as samples #1, #2, #3 and #4 in this work, were grown at 1.5, 4.0, 6.0 and 12.0
mm/min rates respectively as indicated in Table 3-1. The overall dimensions of the
samples were imaged by an Olympus D-510 digital camera.

Table 3-1: Samples studied in this work
Sample ID

#1

#2

#3

#4

Growth
Speed(mm/min)

1.5

4.0

6.0

12.0

55

Directionally solidified eutectics typically exhibit either lamellar or fibrous
microstructures. The volume fraction of the minor phase is generally regarded as the
factor that determines the morphology. Cooksey et al. [Cooksey, Munson et al. 1964]
explained this phenomena assuming that the solidification tends to minimize the
interfacial energy per volume. The interfacial energy per volume is

microstructure and

2
for the lamellar
λ

2 πVm
for the fibrous, where λ stands for the average interλ 0.866

lamellar or inter-fiber spacing and Vm stands for the volume fraction of the minor phase.
It is shown that a eutectic with a small Vm prefers the fibrous microstructure. Other
groups [Hunt and Jackson 1965; Mclean 1983] interpreted the same phenomena with the
concept of undercooling. Assume the eutectic is formed by materials A and B. α and β
are the A-rich and B-rich phases, respectively. As solidification proceeds, the excess A
atoms are rejected from the β phase and concentrate ahead of β, changing the local
concentration in the liquid phase. This segregation of material A results in an
undercooling in the liquid ahead of the β phase, which is a function of eutectic
concentration, inter-lamellar or inter- fiber spacing, growth speed and volume fraction of
the fiber phase. With the criterion of minimum amount of undercooling, the fibrous
geometry is preferred when the volume fraction of the minor phase is less than 0.318.
The LaB6 -ZrB2 eutectic, which contains 0.17 volume fraction ZrB2 , is expected to exhibit
a fibrous morphology according to both predictions.
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In addition, effects of solidification conditions on morphology have also been
observed. For example, the lamellae may break down into fibers when the growth
direction is away from the lamellar plane [Hunt and Chilton 1962]. Morphology
transitions may happen when changing the growth rate of the eutectic, such as in Al2 O3 ZrO2 [Ashbrook 1977] Al2 O3 -UO2 [Ashbrook 1977] and MgO-MgAl2 O4 [Kennard, Bradt
et al. 1973 ] systems.
Since the available time for diffusion decreases as the solidification speed increases,
inter- lamellar and inter-fiber spacings (λs) are expected to depend on the growth rate R.
In many DSE systems, such as ZrO 2 -Y2O3 [Hulse and Batt 1974], MgO-MgAl2 O4
[Kennard, Bradt et al. 1973] and TiB2 -B4 C [Gunjishima, Akashi et al. 2002] the relation
between λ and R obey the following formula [Tiller 1957]:

λ = kR −1 / 2

3.1

where k is a constant determined experimentally.

3.1.2 Crystallogra phic and Microstructural Characterization
Although a number of studies [Chen, Zhou et al. 1998; Paderno 1998] have
addressed microstructure and crystallographic aspects of LaB6 -ZrB2 DSEs as mentioned
in Chapter 1, these characterizations are still necessary for the specific sample s in this
study, since they significant ly affect eutectic physical properties. Obtained results were
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compared to published work [Chen, Zhou et al. 1998; Paderno 1998]. The transverse
section of a eutectic rod was defined as the plane perpendicular to the growth direction,
and the longitudinal section was defined as the plane parallel to the growth direction, as
illustrated in Figure 3-1.

(a)

Growth Direction

transverse section

(b)

Growth Direction

longitudinal section

Figure 3-1： Illustration of (a) the transverse section and (b) the longitudinal section of
eutectic rod.
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3.1.2.1 Microstruc ture
The microstructures of the transverse and longitud inal sections were inspected
using a Zeiss, Axiotech optical microscope. Observed up to 1000× magnification, optical
micrographs presented the microstructure of entire sections and specific regions of the
rods. Scanning electronic microscopy (SEM) was not utilized for this purpose because
the small difference in backscatter coefficients between LaB6 and ZrB2 (only about 4%)
did not provide high-contrast backscatter electron SEM images.

3.1.2.2 Phase and Composition
For phase identification, X-ray diffraction (XRD) θ−2θ scans were performed on
the transverse section of every sample utilizing a Philips high precision X-ray
diffractometer (X’pert Pro MRD) with a Cu X-ray source.
The compositions of the matrix and fibers were identified by energy dispersive Xray spectroscopy (EDX) on a JEOL2010 transmission electron microscope (TEM)
operated at 200 KV. TEM provides much smaller electron beams than the SEM, and the
required thin specimens decrease the interaction volume of the electron inside the sample
so that an EDX spatial resolution on the order of nanometers can be achieved.
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3.1.2.3 Texture and Crystallographic Orientation Relationships
Crystallographic texture was measured from transverse sections of samples by
XRD pole figures. The nominal crystallographic orientation relationships (CORs)
between the two phases were determined from electron diffraction patterns taken from
the heterophase interfaces on transverse sections. The angle s between the high symmetry
axes of the matrix and the fiber were measured from electron diffraction patterns on the
longitudinal sections in addition to converge nt beam electron diffraction (CBED) patterns
on the transverse sections. A conventional TEM (Philips 420), operated at 120 kV with a
tungsten filament, was utilized for this study. TEM specimens were prepared as described
in the next section.

3.1.2.4 Interface Structure
The morphology and atomic structures of the matrix- fiber interfaces were
inspected using a JEOL2010F TEM operated at 200 kV with a field emission gun. In
order to fit the tilting limitation (x-tilt plus y-tilt less than 15º) of the JEOL2010F
microscope, specimens were cut from eutectic rods which were pre-oriented to low index
crystallographic orientations. Sample orientation was performed by using a real time
Multiwire back-reflection LauéXRD. TEM specimens were sliced from the center of a
eutectic rod by a slow-speed diamond saw (Buehler, Isomet) in order to prevent micro
cracks from being initialized inside the specimens. Both sides of each specimen were
polished with a tripod polisher on diamond lapping films to 0.1 µm surface smoothness
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until a sample thickness of less than 3 µm was achieved. After being mounted on Cu
supporting grids, the polished pieces were thinned using a Fischione ion mill (Model
1010) until perforated and thinned to less than 1000Å so that a sufficiently large
electronic transparent area was present.

3.1.3 Vickers Hardness
Hardness is a measure of the resistance of a material to permanent or plastic
deformation [Dieter 1986]. Among the three most common hardness testing methods;
scratch, indentation and dynamic, indentation method is the most popular technique. For
example, the Vickers hardness test, uses a square-base diamond pyramid indenter and is
widely accepted because of its continuous broad scale. The Vickers hardness value (VHN)
is defined in the following equation [Dieter 1986] (Eq. 3.2):

VHN =

2 P sin( θ / 2) 1.854 P
=
l2
l2

3.2

where P is the applied load, l is the average length of indentation diagonals, and θ is the
fixed angle between opposite faces of the indenter (136º). Of most concern with the
Vickers test is choosing an appropriate load. If the loading is too low, the VHN increases
with decreasing the loading quickly [Echigoya, Takabayashi et al. 1986, Farges and
Degout 1989; Atkinson 1991 ; Gong, Wu et al. 1999 ] and is not reliable . Experimentally,
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the highest loading provided by the Leco Tukon 200 Vickers hardness tester, 1kg (9.8N),
was used for measuring VHN of the LaB6 -ZrB2 DSEs. Hardnesses were evaluated on
both tranverse and longitudinal sections of every sample, because the anisotropy of the
DSE microstructure may have lead to anisotropy in the material hardness.
Possible error in Vickers hardnesses can be derived from Eq. 3.2 that occur from
the shape of the indenter, which relates to the precision of θ and the recognition of
indentation diagonal ends, which affect the precision of l. Seven indentations were made
on a stainless steel standard before every measurement series. The VHN of the standard
was calculated from those indentations and compared with the manufacturer value in
order to correct the systematic error introduced by the indenter. The random error
introduced by measurements of l was reduced by operating an optical microscope at 500×
to image indentations and was estimated as the standard deviation of multiple (>6) tests.

3.2 Results and Discussion

3.2.1 Microstructure and Crystallographic Texture

3.2.1.1 Sample Background
A small portion of a typical LaB6 -ZrB2 DSE sample is shown in Figure 3-2,
which indicates that a typical eutectic rod is dark purple and about 6 mm in diameter
(Figure 3-2(a)). The full lengths of eutectic rods are up to 150-200 mm long [Paderno
1998]. No macroscopic cracks were visually observed in the specimens.
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(a)

(b)

10 mm

10 mm

Figure 3-2: (a) Transverse and (b) longitudinal images of a typical section of the eutectic
rod taken by digital camera.

3.2.1.2 Microstructure [Deng, Dickey et al. 2004]
The microstructure of the LaB6 -ZrB2 DSEs was investigated by optical
microscopy on the transverse and longitudinal sections. The transverse section of sample
#3 (grown at a speed of 6mm/min), Figure 3-3, show that the growth of the ZrB2 fibers
(white phase) is uniform at the center of the rod (c), non-uniform at the edge (a), and
separated by several concentric circular matrix belts around the center (b). In the center
or homogeneous area, the average diameter of fibers is 0.6 µm. The volume fraction of
the ZrB2 phase is 18% as calculated by area fractions from the digital micrograph taken
from the transverse section at the center of the specimen (e.g. Figure 3-3(c)). This
number coincides closely with that expected from the eutectic composition of 17%
[Ordanyan, Paderno et al. 1983].
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Sample edge

(a)

10µm

(b)

10µm

(c)

Sample center

10µm

Figure 3-3: Optical microscopy images for the transverse section of the LaB6 -ZrB2 DSE
sample #3 (grown at a speed of 6mm/min). The growth of ZrB2 fibers (white phase) is
uniform at the center of the rod (c), non-uniform at the edge (a), and separated by several
concentric circular matrix belts around the center (b).

On the longitudinal section, the optical micrograph, Figure 3-4(c), illustrates that
the ZrB2 fibers are uniformly distributed inside the LaB6 matrix and parallel to each other.
It is also apparent that the fiber diameters do not change appreciably along their growth
direction. Since the longitudinal section was not cut perfectly parallel to the growth
direction, only a portion of the fiber is visible and has an average length of at least 60 µm,
which implies that the total length of the fiber is even longer. Pores evident in the images
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resulted from spallation during sample preparation, indicative of the weak bonding
between the fibers and matrix. Figure 3-4(b) shows that some banding occurred along the
growth axis, and that the orientation of the fiber axis can change along the growth
direction of the sample.

(a)

(b)

30µm

(c)

50µm

30µm

Figure 3-4: Optical micrographs for the longitudinal section of the sample #3 (grown at a
speed of 6mm/min) illustrates that the ZrB2 fibers are uniformly distributed in the matrix
and parallel to each other.

Based on the results shown in Figure 3-3, the LaB6 was solidified as a primary
phase in the outer regions due to the large temperature gradient at the surface of the rod.
This primary LaB6 phase solidification shifted the composition off of the eutectic, which
had to be compensated by changing the volume fraction of both phases. From a
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solidification point of view, these radial bands are similar to colony structures. Banded
regions are usually convex toward the liquid, and the curvature is greater at the sides than
the center. The liquid-solid interface had greater curvature at the edges because heat was
extracted by the surroundings and the thermal gradient was larger. Figure 3-4(b) shows
that the bands of LaB6 are not parallel to each other. This contradicts the notion that
banding is associated with the undercooling of the solid- liquid front [Carrard, Gremaud et
al. 1992]. Additionally, optical microscopy analysis (Figure 3-3 and Figure 3-4) indicates
that the banding is severe. The ZrB2 phase ceases to grow in some regions and the LaB6
phase grow laterally as shown in Figure 3-3(b). Rods of ZrB2 terminate suddenly and are
enveloped by LaB6 . These observations suggest that the type of banding observed in this
system is very strong and cannot be explained by constitutional undercooling alone. In
oxide DSEs, a gradual transition from a pronounced colony structure to faulted parallel
lamellar (or rods) has been noticed [Sayir, Farmer et al. 1995, Frazer, Dickey et al. 2001].
This behavior is nothing more than a subtle change in lamellar spacing caused by the
formation of a few extra lamellae during solidification and does not affect the tensile
strength of oxide DSEs [Sayir, Farmer et al. 1995]. In contrast to oxide DSEs, the severe
banding observed in the LaB6 -ZrB2 eutectic is most likely associated with thermal
instabilities, presumably due to variation in the penetration depth of, but confirmation
will require further study.
The transverse images of the center parts of the other eutectic samples were also
imaged by optical microscopy as shown in Figure 3-5. The average spacing between
fibers and the volume fraction of fibers were calculated from the optical micrographs by
ImageJ and summarized in Table 3-2, which indicates that the volume fractions of the
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ZrB2 phase of each sample remains close to the predicted value (17.0%) and confirms the
eutectic composition of each sample. Within the error, measured interfiber spacings did
not vary with the growth speed much as indicated by Figure 3-6.

(a)

(c)

(b)

4 µm

4 µm

4 µm

Figure 3-5: Optical micrographs of the transverse sections of (a) sample #1 (grown at a
speed of 1.5mm/min), (b) sample #2 (grown at a speed of 1.5mm/min) and (c) sample #4
(grown at a speed of 1.5mm/min).

Table 3-2: Measured average spacings between fibers and the volume fractions of fibers
from sample #1, #2, #3 and #4.
Sample ID (#)

1

2

3

4

Growth Rate(mm/min)

1.5

4

6

12

Average Inter- fiber
Spacing (µm)

1.0±0.2

0.9±0.2

0.8±0.2

0.7±0.2

Volume Fraction of
Fibers (%)

18.5±0.2

17.8±0.2

18.0±0.3

17.6±0.3
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Figure 3-6: Relationship between the interfiber spacing λ and the growth rate R.

Changes in the uniformity of fiber diameters is evident in Figure 3-5, and was
also reported by Paderno et al. [Paderno 1998]. Although it seems the fiber diameters
vary more in a slower solidified sample than in a faster solidified sample in this work,
Paderno’s micrographs for higher and lower growth rates did not provide clear evidence
of the relationship between the irregularity of fiber size and the growth speed. Such
irregularity was also found in other DSEs. For example, in B4 C-TiB2 DSEs [Gunjishima,
Akashi et al. 2002] increasing the growth rate led to a more uniform structure. However,
the characterization for Al2 O3 -UO2 DSEs [Ashbrook 1977] indicated an opposite trend.
The reason for this phenomena is still unclear.
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3.2.1.3 Composition
Phase components were confirmed by XRD θ−2θ scans on the transverse
sections of each sample. Figure 3-7, a typical θ−2θ profile for the sample #3 (grown at
6mm/min rate), confirms that all eutectics are made from only two phase components,
LaB6 and ZrB2 , which have the simple cubic and simple hexagonal Bravais Lattice as
reported by others [Paderno, Paderno et al. 1992; Chen, Zhang et al. 1998], respectively.
In the profile, most reflections stem from the {001} families of both the LaB6 and ZrB2 ,
indicating that they are highly textured with the growth direction approx [001]-LaB6 and
[001]- ZrB2 . The small (211) reflection of LaB6 and (10.2) reflection of ZrB2 in Figure 37 are due to the presence of more than one grain in each phase and the mistilt between the
c-axes of those grains and the growth direction. Such textures will be discussed further in
the next section combined with X-ray polefigure results.

00.1 ZrB2
100 LaB6

00.2 ZrB2
200 LaB6
211 LaB6
10.2 ZrB2 300

LaB6

000.3ZrB2

Figure 3-7: X-ray θ−2θ profile on the transverse section of sample #3 indicates a
deviation of the growth direction from the high symmetry crystallographic axes: [001] of
the matrix and fibers.
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To check the chemical distribution within phases, EDX profiles for each phase
were acquired from different positions as shown by the TEM micrograph in Figure 38(a). STEM mode was employed because it provided nano-scale electron probes which
avoided receiving signals from multiple phases. Experimental conditions such as the
sample orientation, beam size, dwell time and specimen thickness, were maintained
constant for every collection, so that the EDX counts were only proportional to the
amount of elements. Electron energy loss spectroscopy (EELS), zero loss (ZLP), and low
loss peaks were taken with every EDX collection to ensure the thickness was maintained.
Energy resolution of the EELS detector was 1.2 eV, the energy dispersion was 0.1
eV/channel, and the thickness calculated from the EELS was 0.3 × mean free path. As we
can see from the data summarized in Figure 3-9, the chemical compositions of both the
matrix and fiber phase are uniform because the EDX profiles from the same phase have
same counts when acquired at the same experimental conditions.

Fiber2
Fiber1

Matrix2
200nm

Matrix1

Figure 3-8： Dark- field STEM image of the fiber shows multiple EDX profiles of each
phase acquired from different positions.
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Figure 3-9: Multiple EDX profiles from (a) the matrix and (b) fibers indicate the
chemical compositions of both matrix and fiber phase are uniform.
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3.2.1.4 Texture and Crystallographic Orientation Relationships
X-ray pole figures of the (001)-LaB6 (a, b, c, d) and (00.1)-ZrB2 reflections (e, f, g,
h) of all four samples were acquired from the transverse sections of eutectic rods and are
presented in Figure 3-10. Each sample had multiple sub-grains of the matrix and fiber
within the diffraction volume with a dominant grain, having the highest X-ray counts.
The angles between grains measured from Figure 3-10 vary from 4ºto 18ºmaking it
possible to separate any two grains. Therefore, later stress measurements were able to be
taken in a single grain for every sample. Also, the angles between the growth direction
(Psi = 0) and the [001] orientations of ZrB2 and LaB6 were measured from Figure 3-10 as
summarized in Table 3-3. Sample #3 had abnormally large angles, 29º(between the
growth direction and c-LaB6 ) and 25º(between the growth direction and c-ZrB2 ), because
the single crystalline LaB6 seed it solidified from had a different orientation ([111]) from
the others ([001]). In the previous section 4.1.3, extra reflections outside the {001}-LaB6
and {00.1}-ZrB2 families were found in X-ray θ−2θ scans and can be explained as
resulting from the deviation between growth direction and c-axes of the matrix and fibers.
Since the angle between the (112)-LaB6 is 35ºaway from (001)-LaB6 and the (10.2)-ZrB2
is 32ºaway form (00.1)-ZrB2 , which are close to the angle between dominant grains and
the growth rate, the (211) and (10.2) peak existing in Figure 3-7 must belong to the
dominant LaB6 and ZrB2 grains. More important, Table 3-3 indicates that c-ZrB2 is
closely parallel to the c-LaB6 within an 0.6~4.5º mistilt. Such mistilts from highsymmetry orientations not only appears in LaB6 -ZrB2 DSEs, but also in many other oxide
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DSEs and has still not been fully understood. A discussion will, therefore, focus on this
particular topic in section 4.2.3.

(a)
Psi=25º

Psi=25º

Psi

Psi

Phi

(b)
Psi=15º

Phi

(f)
Psi=15º

Psi

Psi

Phi

(c)
Psi=30º

Phi

(g)
Psi=30º

Psi

Psi

Phi

(h)

(d)
Psi=30º

Phi

Psi=30º

Psi
Phi

Psi
Phi

Figure 3-10: Pole figures of the (001)-LaB6 and (00.1)- ZrB2 reflections for samples (a
and e) #1, (b and f) #2, (c and g) #3 and (d and h) #4.
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Table 3-3: Summary of textures of samples #1, #2, #3 and #4.
Sample ID (#)

1

2

3

4

Angular position of the
dominant [001]-LaB6

Psi=7.5º,
Phi=188.5º

Psi=9.7º,
Phi=153.4º

Psi=29º,
Phi=68.5º

Psi=22.6º,
Phi=229.5º

Angular position of the
dominant [001]-ZrB2

Psi=12.7º,
Phi=174.6º

Psi=12.5º,
Phi=157.4º

Psi=25º,
Phi=73.5º

Psi=22.0º,
Phi=229.5º

7.5

9.7

29

22.6

12.7

12.5

25

22.0

4.0

4.0

4.2

0.6

Angle between the
dominant [001]-LaB6 and
growth direction (º)
Angle between the
dominant [001]-ZrB2 and
growth direction (º)
Angle between [001]- and
[001]-ZrB2 (º)

The crystallographic orientation relationships (CORs) between the matrix and fibers
were studied in further detail by selected area electron diffraction (SAD) patterns
observed from the transverse sections. Results observed from sample #3 (grown at
6mm/min rate) are summarized in Figure 3-11 as a sample for the typical texture.
Figure 3-11(g) is a SAD pattern, which confirms previous data [Paderno, Paderno et al.
1995] that the [001]-ZrB2 was nominally parallel to the [001]-LaB6 and (110)-LaB6 was
parallel to (11.0)-ZrB2 . The intensity distributions apparent in Figure 3-11(c) show that
there is a 2.0ºmistilt between the two [001] axes along the [5 2 0]- LaB6 direction. Other
SAD patterns taken from different parts of the eutectic rod indicate such mistilt angle
varies up to 7.5º, but do not provide any clear evidence for a connection between the
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mistilt value and the position within the boole. Furthermore, electron diffraction patterns
(a, b, e, f) indicate that all of the fibers within the local area are oriented nominally the
same with only about 0.02ºdeviation between the c-axes of different fibers, which may
have resulted from the bending of the thin foil TEM specimen. Therefore, this result
implies that the ZrB2 phase is locally single crystalline within at least a 4 µm2 area.

(a)

(d)

(e)

Z.A.= [001]-LaB6

Z.A.= [001]-ZrB2

(b)

(f)

Z.A.= [001]-ZrB2

1 µm

Z.A.=ZrB2[001]

(c)

(g)

Z.A.= [001]-LaB6

Z.A.= [001]-LaB6& [001]-ZrB2

Figure 3-11: TEM data from the transverse section of the sample #3 (grown at 6mm/min
rate). (g) is the SAD pattern, which illustrates that the [001] ZrB2 is approximately
parallel to the [001] LaB6 and (110) LaB6 parallels (1 1 .0) ZrB2 . Convergent beam
electron diffraction (c) shows that there is actually a small misorientation between the
two phases. Convergent beam electron diffraction patterns from individual fibers (b, e, f)
indicate that all of the LaB6 fibers are locally oriented in the same direction within 0.02 º.
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The SAD patterns of the same sample from a longitudinal section specimen are
shown in Figure 3-12. Figure 3-12(a) is a low magnification bright-field TEM image,
which shows that the fibers are locally distributed uniformly in the LaB6 matrix. The
angle between the c axes of adjacent fibers is about 1.6º, which indicates that all fibers
grow almost parallel to each other. Note that this mistilt is larger than that observed from
adjacent fibers in the transverse sections and may indicate that the crystallographic
texture varies along the specimen length. Figure 3-12(c) is the SAD pattern taken from
two adjacent phases and indicates that the angles between the fiber axis and the c-axes of
LaB6 and ZrB2 are 34.5ºand 27.0ºrespectively. Such large angles between the fiber axis
and the high symmetry directions of the matrix and the fiber may result from the
following two facts. First, the sample contains multiple sub- grains as show in Figure 310(c) and (g). Micrographs in Figure 3-12 were possibly taken from a non-dominant subgrain. Second, the eutectic has irregular microstructure in some regions indicated by the
optical micrographs from the transverse and longitudinal sections as shown in Figure 3-3
and Figure 3-4. This irregular texture was not a common phenomenon in all samples. For
example, measured from a longitudinal view of the sample #1 (grown at 1.5mm/min) as
shown in Figure 3-13, the angles between the fiber axis and the c-axes of LaB6 and ZrB2
are 3.4ºand 7.6ºrespectively. Since all published works on the LaB6 -ZrB2 DSE reported
that fibers grew approximately along the c axes of LaB6 and ZrB2 [Paderno and chen],
this irregular texture will be ignored during the further interface and thermal residual
stress modeling.
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(a)

(b)

500nm

(c)

Z.A.=LaB6 [120]&ZrB2 [1210]
(211)LaB6
(1011)ZrB2

(210)LaB6
(211)LaB6
(1010)ZrB2

(0001)ZrB2
(001)LaB6
(1011)ZrB2
(1011)ZrB2

(001)LaB6

(1010)ZrB2

(0001)ZrB2 c-LaB6

(211)LaB6
c-ZrB2
(210)LaB6

(1011)ZrB2

(211)LaB6

Figure 3-12: TEM data from the longitudinal section of sample #3. (a) is a low
magnification BF image. Fibers are distributed uniformly in the LaB6 matrix. The angle
between adjacent fibers is about 1.6º. (c) is the SAD pattern taken from a phase boundary
in (b). The angles between the fiber axis and the c-axes of LaB6 and ZrB2 are 34.5ºand
27.0ºrespectively.

c-LaB6

11.0
110

c-ZrB2
4.2°

Z.A.= [110]-LaB6

400nm

Figure 3-13: (a) A 4.2°mistilt between c-axes of two phases is shown in the SAD pattern
on (b) the longitudinal section.
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In Figure 3-13 a mistilt between the c-axes of LaB6 and ZrB2 by 7.5ºis also evident,
which is larger than the result from the transverse specimen in Figure 3-11. Since
transverse and longitudinal specimens were prepared from different parts of the eutectic
rod, the mistilt appears to vary with the positional in the eutectic.

3.2.1.5 Interface Microstructure
Because of the fiber geometry, the LaB6 –ZrB2 DSE cannot have a unique interface
plane but interfacial facets with specific orientations. In Figure 3-14, a typical bright
field TEM image on the transverse section of sample #1, we can see several facet planes
on the transverse section: (110)-LaB6 // (11.0)-ZrB2 , (1 1 0)-LaB6 // (1 1 0)-ZrB2 and
(100)-LaB6 // (11 3 .0)–ZrB2 . The (110)- LaB6 // (11.0)-ZrB2 facet is consistently the
longest and the (1 1 0)-LaB6 // (1 1 .0)-ZrB2 facet is longer than the (100)-LaB6 //
(11 3 .0)–ZrB2 facet. Therefore, we will refer to the (110) facet as the first dominant facet
and (1 1 0) as the second dominant facet in the rest of the discussion. HRTEM images of
these facets on the transverse (Figure 3-15) and longitudinal sections (Figure 3-16), show
that all interfaces are clean and atomically abrupt. Interfacial steps one to a few unit cells
in height are observed along all of the facets in the transverse section. The dislocation
structure of these interfaces will be analyzed and discussed in detail in Chapter 4. In
Figure 3-16, the fringes parallel the interface could not be clearly imaged because the dspacing of (11.0)-ZrB2 (0.158 nm) is beyond the Scherzer resolution (0.19 nm) of the
JEOL 2010F TEM.
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Figure 3-14： (a) The orientation relationship between the two phases is shown in the
SAD pattern from a transverse section of the sample #1, [001]-LaB6 // [001]-ZrB2 and
(110)-LaB6 // (11.0)-ZrB2 . (b) Bright field TEM image showing the three dominant facet
planes on the transverse section, (110)-LaB6 // (11.0)-ZrB2 , (1 1 0)-LaB6 // (1 1 0)-ZrB2
and (100)-LaB6 // (11 3 .0)-ZrB2 .
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Figure 3-15: HRTEM images of (a) (110)-LaB6 // (11.0)-ZrB2 , (b) (1 1 0)-LaB6 // (1 1
0)-ZrB2, and (c) (100)-LaB6 // (11 3 .0)-ZrB2 from a transverse section of the sample #1.
(d) A SAD pattern shows the orientation of the facets.
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(11.0)-ZrB2

11.0
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Figure 3-16: HRTEM micrograph of the (110)-LaB6 // (11.0)-ZrB2 interface on the
longitudinal section.

3.2.2 Vickers Hardness
Vickers hardness at room temperature was measured at the center of the
transverse and longitudinal sections of the LaB6 -ZrB2 samples where the microstructure
was homogenous and compared with the results measured by Chen et al.[Chen, Zhou et
al. 2001] and Paderno et al. [Ordanyan, Paderno et al. 1983] as summarized in Table 3-4.
Error bars were calculated from the standard deviation of six measurements. The gap
between different results may be due to the testing conditions, such as equipment, surface
condition and indentation imaging method. Indentation data measured by Chen et al.
were investigated by SEM which has a larger depth of focus than the optical microscopy
and may lead to larger errors in dia gonal measuring. Although data measured by Chen et
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al. did not have error bars, the hardness difference between orientations (2.6GPa) is
smaller than the gap (up to 9.7 GPa) between groups. The hardness can still be
considered as isotropic as the experimental results. Table 3-5 summarizes the Vickers
hardness values for all four samples measured from their transverse sections. As
illustrated by the plot in Figure 3-17, the growth rate dose not significantly influence the
hardness of the LaB6 -ZrB2 DSE within the range 1.5~12 mm/min.

Table 3-4: Measured and published [Chen, Zhou et al. 2001;Ordanyan, Paderno et al.
1983]Vickers hardness of the LaB6 -ZrB2 DSE in the homogeneous region at the eutectic
center.
Hardness(GPa)
Experimental
Chen et al.
Paderno et al.

Transverse section
Longitudinal section
22.6±0.7
21.7±0.6
31.4
28.8
25.5 (corresponding orientation is unknown)

Table 3-5: Vickers hardness for samples #1, #2, #3 and #4 at the center of the transverse
section.
Sample ID
Growth rate (mm/min)
Hardness(GPa)

1
1.5
25.5±1.3

2
4
23.3±1.0

3
6
22.6±0.7

4
12
29.5±0.8
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Figure 3-17: Plot of Vickers hardness on the transverse section versus growth rate.
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Chapter 4
Interface Analysis
4.1 Bicrystalline Symmetry of Composite
As indicated in chapter 3, the nominal crystallographic orientation relationship
(COR) between the two phases in the LaB6 -ZrB2 eutectic samples is same as reported by
other groups [Paderno, Paderno et al. 1992; Chen, Zhou et al. 1998]:
[001]-LaB6 // [001]- ZrB2 and (110)-LaB6 // (11.0)-ZrB2 .
One possible driving force for this observed orientation relationship is
maximization of the bicrystalline point group symmetry of the system. The point group of
the fiber and matrix are 6/mmm and m 3 m, respectively. The observed nominal
orientation relationship corresponds to the second highest possible symmetry (point
group “mmm”) that the eutectic system can have (Figure 4-1).
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mmm
(110)-LaB6 // (11.0)-ZrB2

[001]-LaB6 // [001-ZrB2

(110)-LaB6 // (11.0)-ZrB2

Figure 4-1: Superimposed symmetry elements of the LaB6 (solid line) and ZrB2 (dashed
line) phases according to the observed orientation relationship along the [001]-LaB6 //
[001]-ZrB2 direction. The point group of the composite is mmm.
The highest possible symmetry that the composite can have is associated with the
COR:
[111]-LaB6 // [001]-ZrB2
and (1 1 0) -LaB6 //(1 1 0) -ZrB2 .
The point group of the composite is 3 m and is associated with a trigonal Bravais lattice as
illustrated in Figure 4-2. Although it is hard to compare the symmetry between trigonal
and orthorhomb ic lattices, the point group 3 m is usually referred to as having higher
symmetry because it includes two more symmetry elements than the point group mmm
[Giacovazzo, Monaco et al. 1992]. There is still no evidence proving that such an
orientation relationship exists in the LaB6 -ZrB2 DSEs, even if the eutectic is solidified
from the (111) plane of a LaB6 single crystal seed. It seems that symmetry is not a critical
force that drives the COR in the LaB6 -ZrB2 composite.

85

_
3m

(110)-LaB6 // (11.0)-ZrB2

[111]-LaB6 // [001]-ZrB2

[110]-LaB6 // [110]-ZrB2
Figure 4-2: Superposed symmetry elements of the LaB6 (solid line) and ZrB2 (dashed
line) phases when [111]-LaB6 // [001]- ZrB2 and (1 1 0)-LaB6 //(1 1 0)-ZrB2 along the
[111]-LaB6 // [001]- ZrB2 direction. The point group of the composite is 3 m.

4.2 NCSL Ana lysis of Crystallographic Orientation Relationships
4.2.1 Modeling
Geometrical criterion is the second driving force for the COR and is studied using
NCSL theory, which considers the geometric translational symmetry of the bicrystalline
lattice. The concept of near coincident sites (NCS) was introduced to apply the CSL
theory to non-cubic systems, as introduced in Chapter 2. Two lattice points from different
phases or grains are considered as “near coincident”when the distance between them less
than a defined tolerance factor. In this work the tolerance factor was 0.05 nm in order to
compare with NCSL analyses in oxide DSEs [Hay and Matson 1991].
Two CORs were studied in this work. The first COR was the observed nominal
COR:

86
[001]-LaB6 // [001]- ZrB2 and (110)-LaB6 // (11.0)-ZrB2 .
The second COR
[111]-LaB6 // [001]- ZrB2 and (1 1 0)-LaB6 // (1 1 0)-ZrB2 )
which corresponds to the highest possible point group symmetry of the LaB6 -ZrB2
bicrystal which will be explained in further detail. To find low-Σ NCSL unit cells, 3dimentional Bravais lattices of LaB6 and ZrB2 were overlapped according to one of the
above CORs. In the Cartesian coordinate reference frame associated with the nominal
COR, the coordinate axes are
x // [100]-LaB6 and 15ｏ from [100]-ZrB2 ,
y // [010]-LaB6 and 15ｏ from [010]-ZrB2 ,
and z // [001]-LaB6 and [001]-ZrB2
as illustrated by Figure 4-3(a). The Cartesian coordinate reference frame for the second
COR is illustrated in Figure 4-3(b), in which
x // [1 1 0]-LaB6 // [1 1 0]-ZrB2 ,
y // [11 2 ]-LaB6 // [110]-ZrB2 ,
and z // [111]-LaB6 and [001]-ZrB2 .
Distances between any two lattice points were calculated, and were compared with the
tolerance factor to identify NCSs. The unit cell of each phase was then repeated by 16, 16
and 8 times along x, y and z directions respectively, resulting in 2048 unit cells in total.
All mathematic calculations were coded using MATLAB.
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(a)

z // [001]-LaB6

// [001]-ZrB2

y // [010]-LaB6

x // [100]-LaB6
[010]-ZrB2
[100]-ZrB2

(b)

z // [111]-LaB6

// [001]-ZrB2

y // [1 1 0]-LaB6
// [1 1 0]-ZrB2
x // [1 1 0]-LaB6
// [1 1 0]-ZrB2

Figure 4-3: Illustrations of the reference frames associated with (a) the nominal COR and
(b) the second COR.
To evaluate an NCSL, strains between NCSLs with respect to the LaB6 phase
were calculated from metric tensors of phases as discussed in section 2.3 Metric tensors
used in this work are represented below.
Nominal COR:
Matrix:

[g ']ij

Fiber:

0 
0.3456 0.8640

= 0.8640 2.2464
0  ( nm2 )
 0
0
6.2207

4.1
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0 
 0.4020 0.9053

=  0.9053 2.1103
0  (nm 2 )
0
6.1162
 0

4.2

0 
 0.3456 0.1728

[g ']ij =  0.1728 0.3456 0 (nm 2 )
 0
0
0.5184 

4.3

0 
0.4020 0.2097

[g ]ij = 0.2097 0.4020
0 ( nm 2 )
 0
0
0.4993

4.4

[g ]ij

Second COR:
Matrix:

Fiber:

4.2.2 Results
As introduced in the background section, LaB6 has a primitive cubic structure
with a =0.41569 nm [Powder Diffraction 1992], and ZrB2 has a primitive hexagonal
structure with a =0.317 nm and c =0.3533 nm [Powder Diffraction 1992]. According to
the nominal COR, the c-plane projections of the ZrB2 and LaB6 lattices are shown in
Figure 4-4.
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[010]-LaB6
[100]-LaB6
[001]-LaB6
[010]-ZrB2

1

2

3

[100]-ZrB2
[001]-ZrB2
Figure 4-4: The projection of lattices of the matrix and fibers on their c-planes, according
to the observed orientatio n relationship, shows the best NCSL unit cell is formed by (1)
[110]-LaB6 , (2) [320]-LaB6 and (3) 5[001]-LaB6 .

Along the parallel [001] axes of the two lattices, the unit cell vector of the NCSL
is 5[001]- LaB6 ˜ 6[001]-ZrB2 . Within the c-planes, several unit cell vectors are identified
within the tolerance. In order to quantify the coincidence of a lattice, the reciprocal
density of coincidence sites, Σ, is referenced to the LaB6 unit cell volume. The highest
symmetry NCSL of the orientation relationship is formed by vectors:
u1 =[110]-LaB6 or 2[110]-ZrB2
u2 =[320]-LaB6 or 2[540]-ZrB2
u3 =5[001]-LaB6 or 6[001]-ZrB2 ,
which has a monoclinic Bravais Lattice and Σ =5. The NCSL unit cell was also evaluated
by calculating the strain between the NCSL referenced to each lattice [Bollmann 1982].
The strain tensor of the best NCSL is:
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0 
 − 8.15 − 2.34

ε =  − 2.34 3.03
0 
 0
0
2.00

4.5

These strain components are small and provide an independent support to the choice of
the NCSL unit cell.
It is well kno wn that interfaces or grain boundaries between high symmetry
crystal structures tend to form low-Σ NCSL unit cells. For example, face-centered
materials contain low grain boundaries, such as such as the near-Σ5 and the near-Σ3
boundaries in aluminum [Levy 1963], and the near-Σ7 boundary in copper [Kronberg and
Wilson 1959]. Therefore, the observed Σ =5 NCSL of the LaB6 -ZrB2 eutectic indicates a
high translational symmetry of the interface and strong driving force of certain
orientation relationships.
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[1 1 0]-LaB6
[001]-LaB6
1

[10 1 ]-LaB6
3
[010]-ZrB2
[100]-ZrB2
[001]-ZrB2

2

Figure 4-5： The projection of lattices of the matrix and fibers on the c-plane of ZrB2 ,
according to the second orientation relationship, shows the best NCSL unit cell is formed
by (1) [1 1 0]-LaB6 , (2) [10 1 ]-LaB6 and (3) [001]-LaB6 .

A similar study has been performed for the second COR as well. Figure 4-5 is the
projection along the [111]-LaB6 and [001]-ZrB2 direction of such an orientation
relationship. The highest symmetry NCSL of the second COR is formed by vectors:
u1 =[110]-LaB6 or 2[110]-ZrB2
u2 =[101]-LaB6 or 2[0 1 0]-ZrB2
u3 =[111]-LaB6 or 2[001]-ZrB2 ,
which has a monoclinic Bravais Lattice and Σ =3. The second COR is also associated
with a low NCSL, which is reasonable because the overall symmetry of the composite is
as high as that of the nominal. The NCSL unit cell was also evaluated by calculating the
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strain between the NCSL referenced to each lattice [Bollmann 1982]. The strain tensor
(Eq. 4.6) of the best NCSL is:

− 15.95 13.13 0 
ε =  13.13 6.38
0 
 0
0
1.84 

4.6

Most components of the above strain tensor are larger than those for the nominal
COR. Since the strain tensor mathematically represents the mismatch between the two
NCSL unit cells, the larger strain component indicates a worse matching between the unit
cells of constituent phases associated with the second COR. This mismatch can also be
quantified by the volume strain between NCSL unit cells, which is defined as:

εv =

VNCSL −LaB6 − VNCSL − ZrB2
VNCSL − LaB6

4.7

where VNCSL-LaB6 and VNCSL-ZrB2 are volumes of the NCSL unit cells calculated from the
base vectors 1, 2 and 3:

VNCSL = [ basevector 1] • ([ basevector 2] × [ basevector 3])

The volume strains of the nominal and second COR are 0.02 and 0.14 respectively.

4.8
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Since it is always possible to find a small Σ NCSL by making the strain larger, the
choice of the COR must be made by considering both of the low Σ and low strain criteria.
The fact that the nominal COR is associated with a much smaller strain than the second
COR, provides a potential explanation for the extinguishment of the second COR in real
composites, although it has a higher point group symmetry.
While the matching between lattice points can be calculated by applying the
NCSL model in the real spacing, the matching between lattice planes can be evaluated by
the smallest NCSL unit cell in the reciprocal space NCSL*. A small NCSL* represents
small interplanar spacing mismatch between two set of parallel planes from each
constituent phase.
Using the same method as for searching NCSL, the best NCSL* unit cells for the
nominal COR and the second COR were calculated as summarized below:
For the nominal COR, base vectors of NCSL* are:
u1 =[1 1 0]*-LaB6 or [1 1 0]*-ZrB2
u2 =[320]*-LaB6 or [210]*-ZrB2
u3 =[005]*-LaB6 or [004]*-ZrB2 .
The Σ of this NCSL* is 25 referred to the reciprocal lattice of LaB6 and the volume strain
is 0.11.
For the second COR, the NCSL* unit cell is formed by:
u1 =[10 1 ]*-LaB6 or [100]*-ZrB2
u2 =[01 1 ]*-LaB6 or [010]*-ZrB2
u3 =[222]*-LaB6 or [003]*-ZrB2 ,
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which has a volume strain equal to 0.17 and Σ =12 referred to the reciprocal lattice of
LaB6 .
Similar as the prediction in the real space both orientation relationships are
associated with small NCSL* unit cells and have high translational symmetry. Although
the second COR has a smaller Σ NCSL* because it has more symmetry elements than the
other, it has a worse matching between planes and cannot be predicted as the preferred
orientation relationship in the LaB6 -ZrB2 bicrystal material.

4.3 Mistilt from Nominal Orientation Relationship
Although the nominal COR has a high point group symmetry, many electron
diffraction patterns show that [001]-ZrB2 tilts from the [001]- LaB6 towards the [5 2 0]LaB6 direction as indicated in section 4.1.4. The mistilt angle varies from 0.6ºto 7º
degrees spatially in the sample, and no clear correlation between the position in the rod
and the mistilt values is evident. On average, the most frequently observed angle was 4.0°
as determined from x-ray pole figures as shown in Table 3-3.

4.3.1 Modeling
One possible driving force may be to increase the transla tional symmetry of the
interface; the small mistilt angle may lead to a higher density of near coincident sites. In
order to prove this hypothesis, the near coincident sites were calculated while tilting the
c-axis of ZrB2 phase from the c-axis of LaB6 . A digital three-dimensional model was
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formed to simulate the tilting of the lattice of one phase according to the lattice of ano ther.
This simulation was coded by using commercial software (MATLAB6.1). The matrix of
each phase was formed by 16*16*8 (2048 in total) unit cells while the centers of two
matrixes overlapped on each other and [100]-LaB6 // [100]- ZrB2 were set with coordinates.
In order to compare the position of lattice points from different phases, all coordinates
were based on the orthogonal LaB6 reference frame [x1 , x2 , x3 ], while
x1 // [100]-LaB6 ,
x2 // [010]-LaB6
and x3 // [001]-LaB6 .
Thus the ZrB2 matrix needs to be expressed in the reference frame by the transformation
in Eq. 4.9:

[ZrB 2 ]O 3×3×2048 = S × [ ZrB2 ]H 3×3×2048

4.9

where [ZrB2 ]O is the coordinates matrix in the orthogonal frame, and [ZrB2 ]H is the
coordinate matrix in the hexagonal frame. Subsequently, the ZrB2 matrix is oriented in
the nominal COR by the transformation in Eq. 4.10:

[ZrB 2 ] NOR 3×3×2048

Cos15° Sin − 15° 0
=  Sin15° Cos15° 0 × [ ZrB2 ]O 3×3×2048
 0
0
1

4.10
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where [ZrB2 ]NOR stands on the oriented coordinates.
The tilting of the ZrB2 matrix was accomplished in two steps. First, x1 was rotated
towards the [5 2 0]-LaB6 direction about x3 . The matrix was then tilted about x2 counter
clockwise by arbitrary angles. The matrix equation for above procedure is:

[ZrB2 ]

OR

3×3× 2048

 cos(mistilt ) sin( mistilt ) 0  cos 7.5° sin 7 .5° 0
=  − sin( mistilt ) cos(mistilt ) 0  − sin 7.5° cos 7 .5° 0 [ZrB2 ]NOR 3×3×2048

0
0
1 
0
0
1

4.11

NCSs were searched by the same method introduced in section 4.2.

4.3.2 Results
The simulated mistilt range was set from 0ºto 15ºwith a 1ºstep. Figure 4-6 is the
plot of the volume density of coincident sites versus the mistilt angle. There is a peak
value from 2°to 5°which corresponds well with the average 4.0°mistilt from x-ray pole
figures. Therefore the small mistilt increases the coincidence between the lattices of the
fiber and matrix. In addition, when the mistilt is located between 2°to 5°, the best NCSL
unit cell is still same as discussed previously (u1 =[110]-LaB6 or 2[110]-ZrB2 , u2 =[320]LaB6 or 2[540]-ZrB2 and u3 =5[001]-LaB6 or 6[001]-ZrB2 ) within the tolerance factor.

density of NCSs (10-3 /nm3 )
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Figure 4-6: Plot of the density of near coincident sites (number/nm3 ) versus mistilt angle
(°). The peak in the coincident site density (indicated by arrow) corresponds to the
experimentally observed mistilt.

4.4 Interfacial Faceting
Although the crystallographic orientation relationship defines three of the
macroscopic geometric degrees of freedom associated with the interfaces, two other
degrees of freedom are necessary to describe the orientation of the interface planes.
Because of the fiber geometry, this system cannot have a unique interface plane but
interfacial facets with specific orientations may be observed that correspond to relatively
low-energy orientations. To recall the experimental results shown in section 3.1, facet
planes on the transverse section are: (110)-LaB6 // (11.0)-ZrB2 , (1 1 0)-LaB6 // (1 1 0)ZrB2 and (100)-LaB6 // (11 3 .0)-ZrB2 . The (110)-LaB6 // (11.0)-ZrB2 facet is addressed
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as the first dominant facet and the (1 1 0)-LaB6 // (1 1 0)-ZrB2 is addressed as the second
dominant.
In order to understand the interface plane orientation, the two-dimensional NCSL
model is applied. Calculations of Γ show that the lowest value (Γ =5) occurs on the
(110)-LaB6 // (11.0)-ZrB2 facet plane, the second lowest value (Γ =7) is associated with
the (1 1 0)-LaB6 // (1 1 0)-ZrB2 facet, and the Γ value of the (100)-LaB6 // (11 3 .0)-ZrB2
facet (Γ =107) is much larger than the former two. Therefore, the first two facets are
expected to be dominant with the (110) facet preferred. These analyses suggest that the
experimentally observed facets, corresponding to very low Γ, have low interfacial energy.

4.5 Interfacial Misfit Dislocations

4.5.1 Displacement Shift Complete (DSC) Lattice Model
Instead of complicated mathematical calculations, a simple method to search for
the DSC lattice was given by Grimmer’s reciprocity theorem [Grimmer 1974], which
proved that the DSC lattice formed by two lattices is the reciprocal lattice of the CSL
formed by the same lattices in reciprocal space. Mathematically, the DSC lattice can be
calculated by the following matrix equation:

[CSL*][DSC]=I

4.12
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where [CSL*] is the coincident site lattice in reciprocal space, and I is the identity matrix.
When applying Eq. 4.12 to non-cubic lattices, [CSL*] is replaced by [NCSL*], which is
the near coincident site lattice in reciprocal space.
Because all matrixes in the linear algebra represent orthogonal spaces, the Miller
indices of the hexagonal crystal lattice, [NCSL*], had to be transformed into orthonormal
coordinates, [NCSL*]O, before substituted into Eq. 4.12. The resulting matrix, [DSC]O,
had to be transformed back into the hexagonal coordinate frame. Therefore, a
transformation matrix, R, exists such that:

[ NCSL*] O = R[ NCSL*] R −1

4.13

[ DSC ] = R −1 [ DSC ] O R

4.14

and

This transformation matrix from the hexagonal frame to the orthonormal coordinates is
shown in Eq. 4.15:

a


a
−
0


2


3
a
R = 0 −
0


2
0
0
c





4.15
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where a and c are the lattice parameters of ZrB2 .

4.5.2 Secondary Original Lattice (O2 -lattice) Model
From the definition of O2 -points introduced in Chapter 2, if the internal
coordinates of a point, expressed as fractions of the unit cell vectors, is identical
measured relative to two interpenetrating DSC lattices, the point is an O2 -point
[Bollmann 1982]. This procedure is explained mathematically below.
Assume the two interpenetrating DSC lattices adjoining the interface are the
DSC1 -lattice and DSC2 -lattice. The DSC1 -lattice is taken as the reference frame and any
v

arbitrary site in it is denote by the set of vectors [ R1 ]. An arbitrary point can be expressed
with the coordinate vector vr 1 in the frame of DSC1 -lattice, and vr 2 in the frame of DSC2 lattice, respectively. Then we have Eq. 4.16:

v2
v
r = T 2r1

4.16

where T2 is the transformation matrix from the DSC1 -lattice to the DSC2 -lattice. The
above relationship is illustrated in Figure 4-7. Thus, the coordinates of an O2 -point satisfy
the expression:

v O v 2 v 1 v1
r = r =R +r

4.17
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where vr O stands on the coordinates of an O2 -point. Substituting the expression of vr 2 into
Eq. 4.17 to eliminate vr 1 , an explicit formula for O2 -points is derived as Eq. 4.18:

v
[R O ] = [I − (T 2 )−1 ]−1[R 1]

4.18

where [RO] is the base vector matrix of an O2 -lattice.

DSC1-lattice

R1
r2 =T2r1

DSC2-lattice

r1
Origin of DSC1-lattice
Figure 4-7: An arbitrary vector in the DSC2 -lattice, r2 , can be expressed in the DSC1 lattice either by a transformation T2 from a vector in the DSC1 -lattice, r1 , or by the
summation of r1 and a base vector of the DSC1 -lattice, R1 . [adapted from Bollmann 1982]
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4.5.3 Misfit Dislocations on the Transverse Sections
The defect structure of the dominant facet, (110)-LaB6 // (11.0)-ZrB2 , is analyzed in
further detail. Since the mismatch between (1 1 0)-LaB6 and (1 1 0)-ZrB2 is

δ=

d (1 1 0) LaB6 − d (1 1 .0) ZrB2
d (1 1 0) LaB6

= 6. 4%

4.19

the interfaces are expected to be semi-coherent. The Burger’s vector and the periodic ity
of misfit dislocations were predicted by DSC- lattice and O2 -lattice theories.
Referenced to the ZrB2 lattice, the DSC lattice is:

− 0.5 0.6 0
DSC =  0.5 − 0 .5 0
 0
0
1

4.20

where the rows are base vectors. Since [1 1 0]-ZrB2 is within the (110)-LaB6 // (11.0)ZrB2 interface surface, the DSC lattice predicts dislocations with b=

1
[1 1 0]-ZrB2 .
2

The periodicity of misfit dislocations was predicted by applying O2 -lattice theory,
which was formed from the DSC-lattices of two phases. To form the O2 lattice, we
transform the Miller indices of DSC LaB6 lattice were transformed to those of the
DSC ZrB2 lattice. The T used for the calculation is:
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2.56 1.63 0 
T = 0.34 1.27 0 
 0
0 1.15

4.21

According to the method explained in the section 4.5.2, the O2 lattice is given as:

O 2 − ZrB 2

 7.1 − 7.5 0 
= − 7.0 7 .5
0 
 0
0
6.5

4.22

where the columns are base vectors. Since [ 1 1 0]-ZrB2 parallels the interface, the
spacing between dislocations is predicted to be 7.5×[ 1 1 0]-ZrB2 = 15×d( 1 1 .0)-ZrB2 .
A lattice image of the interface is shown in Figure 4-8(a). A corresponding Fourierfiltered image utilizing the (1 1 0)-LaB6 and (1 1 .0)-ZrB2 reflections is shown in
Figure 4-8(b). As a result, only (1 1 0)-LaB6 and (1 1 .0)-ZrB2 planes remain in the image
and interface misfit dislocations are highlighted. We can see interface steps that
accomplish the curvature of the round fiber edge on this section. On every terrace,
dislocations have Burger’s vectors equal to

1
[1 1 0]-ZrB2 , and are spaced every
2

15×d(1 1 .0)-ZrB2 . The DSC- and O2 -lattice models, therefore, successfully predict both
the periodicities and Burgers vectors of misfit dislocations.
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(a)

LaB6

_
(11.0)-ZrB
_2
&(110)-LaB6

(b)

(110)-LaB6
b=1/2[110]

(11.0)-ZrB2
5nm

ZrB2

15×d(11.0)ZrB2

Figure 4-8: (a) HRTEM micrograph of the (110)-LaB6 // (11.0)-ZrB2 interface on the
transverse section and (b) the Fourier filtered image showing an array of misfit
dislocations.

4.5.4 Misfit Dislocations on the Longitudinal Sections
As a result of the mistilt between c-axes of the fiber and the matrix, there must be
steps along the interfaces on the longitudinal section to maintain a high-symmetry
interface plane. On the longitudinal view of the dominant (110)-LaB6 // (11.0)-ZrB2 facet
plane (Figure 3-13), the angle between the two c-axes is 4.2°. The lattice mismatch
between the two c-axes predicts a semicoherent interface configuration on the terrace,
because:
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δ=

[001] LaB6 − [00.1]ZrB2
[ 001]LaB6

≈ 15%

4.23

The misfit dislocations are predicted by equation Eq. 4.20 and Eq. 4.22 to have the
Burger’s vector b =[001]-ZrB2 and spacing =6.5d(00.1)-ZrB2 .
Figure 3-3(a) is a HRTEM image of the interface on the longitudinal section, and
the Fourier- filtered image is presented in Figure 3-3(b). Consistent with the prediction,
dislocations have b =[001]-ZrB2 and two spacings, 6d(00.1)-ZrB2 and 7d(00.1)-ZrB2 , the
combination of which achieves the theoretically predicted 6.5. Additionally, there is a
step at every dislocation parallel to the interface with depth equal to 0.16 nm. Although
the structural details of the steps are not clear, the mistilt angle accomplished by the
experimentally observed step density can be calculated as:

θ = Arc tan(

height
) ≈ 4.3°
length

4.24

which is close to the 4.2° mistilt measured from the diffraction pattern in Figure 3-13.
Therefore, the misfit strain and the mistilt between the c-axes of both phases are both
accommodated by a series of interface steps and dislocations. Similar phenomena have
also been observed on precipitate interfaces [Jiao, Aindow et al. 2003] and can be
predicted by the topological theory of interfacial defects [Pond 1989]. However, it was
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impossible to obtain clear two-dimensional lattice images of the steps in the LaB6 -ZrB2
DSE due to the reason explained in section 3.2.1.

00.1-ZrB2
&001

[1 1 .0]-ZrB2

7*d(00.1)-ZrB2

(11.0)-ZrB2
6*d(00.1)-ZrB2
b=[00.1]
4nm

(110)-LaB6
[1 1 0]-LaB6

Figure 4-9: (a) HRTEM micrograph of the (110)-LaB6 // (11.0)-ZrB2 interface on the
longitudinal section, and (b) the Fourier- filtered image showing an array of misfit
dislocations.

4.6 Summary of Interfacial Analysis
In summary, the crystallography and defect structure of interfaces in LaB6 -ZrB2
DSEs were successfully predicted by geometric models, and they correspond to high
translational symmetry orientations. The nominal crystallographic orientation relationship,
([001]-LaB6 // [001]-ZrB2 and (110)- LaB6 // (11.0)-ZrB2 ), corresponds to a very low-Σ
NCSL (Σ=5) (u1 =[110]-LaB6 or 2[110]-ZrB2 , u2 =[320]-LaB6 or 2[540]-ZrB2 and u3
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=5[001]-LaB6 or 6[001]-ZrB2 ). The small misorientation from the nominal OR was found
to improve the coincidence between the fiber and matrix lattices. The dominant (110)LaB6 // (11.0)-ZrB2 and (1 1 0)-LaB6 // (1 1 0)-ZrB2 interfacial facets are the two smallest
two-dimensional NCSLs with Γ=5 and Γ=7, respectively. Although the nominal COR
does not have the highest possible point group symmetry of the LaB6 -ZrB2 bicrystal, and
the highest point group symmetry corresponds to a smaller NCSL unit cell (Σ=3), the
slightly increased translational symmetry (from Σ=5 to Σ=3) of the highest point group
symmetry results from a worse matching between the LaB6 and ZrB2 lattices than for the
nominal COR as indicated by the strain in Eq. 4.6. Since the nominal COR was found as
the most likelihood COR in LaB6 -ZrB2 DSEs [Paderno et al. 1995], the coincidence
between the lattices is a more critical factor than the macroscopic point group symmetry
for influencing the orientation relationship in LaB6 -ZrB2 DSEs.
Interfacial misfit dislocations on the transverse and longitudinal view of the
dominant (110)-LaB6 // (11.0)-ZrB2 facet interface were observed and successfully
predicted by O2 -lattice and DSC- lattice theories based on the NCSL analysis. This
succeed provides an evidence to support that the best NCSL unit cell describes the
crystallography and interfacial structure of the LaB6 -ZrB2 DSE system well. As
introduced in Chapter 1, several derivative boride DSEs were also fabricated and
exhibited promising mechanical properties at room temperature (Table 1-2), such as
LaB6 -TiB2 and LaB6 -HfB2 . Since Ti and Hf are both IVB metals as Zr and TiB2 and HfB2
have similar AlB2 -crystal lattices as the ZrB2 , similar NCSL, O2 and DSC analyses are
expected to successfully predict the interfacial structures in those systems. Since the
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interfacial structure is related to the interfacial toughness, those predictions are useful to
understand the interfacial fracture behavior in derivative boride DSEs.
Misfit dislocations were generally observed to serve to lower the interfacial
energy by accomplishing the lattice misfit with interlaced coherent and incoherent
regions. The fact that misfit dislocations were imaged on the interfaces either parallel or
perpendicular to the ZrB2 fiber indicated those interfaces were relaxed to low energy
configurations.
A model of the coherent portion of the (110)- LaB6 // (11.0)-ZrB2 interface facet is
shown in Figure 3-2. Because the misfit between B-B pairs of the boron octahedron in
the LaB6 (0.1765 nm) and the boron hexagons in the ZrB2 (0.1829 nm) is only about 3%,
it is hypothesized that the two phases share a series of common boron pairs on the
interface plane [Paderno, Paderno et al. 1995]. Such shared boron network is clearly
illustrated by the interface projections on three perpendicular planes, (001)-LaB6
(Figure 3-2(a)), (110)-LaB6 (Figure 3-2(b)) and (1 1 0)-LaB6 (Figure 3-2(c)). A study of
the NiO-ZrO2 DSE [Dickey, Dravid et al. 1998] observed a common oxygen plane
between the Zr and Ni cation layers, which implicated a good anion-cation bonding
continuously across the interface. Although the direct experimental evidence of the rigid
body translations of the two lattices or the atomic column positions at the interface is not
available for LaB6 -ZrB2 DSEs in this work, the preliminary model shown in suggests
LaB6 -ZrB2 interfaces maintain an electric bond and may not tend to cleave. Furthermore,
the high temperature strength and creep resistance of YAG-Al2 O3 [Sayir and Farmer
2000; LLorca and Orera 2006] was believed to benefit from the clean and strong
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interfaces between the eutectic phases, the clean (Figure 3-15), relaxed, and maybe
electrically bonded interface may also lead to good strength and creep resistance at high
temperature of the LaB6 -ZrB2 .

(a)

(b)
[1 1 0]-LaB6
//[1 1 0]ZrB2

[110]-LaB6
//[110]-ZrB2

[001]-LaB6
//[001]-ZrB2

[1 1 0]-LaB6
//[1 1 0]ZrB2

(c)
[001]-LaB6
//[001]ZrB2

La
Zr

[110]-LaB6
//[110]-ZrB2

B

Figure 4-10: Projection of the coherent portion of the (110)-LaB6 // (11.0)-ZrB2 interface
facet on (a) (001)-LaB6 , (b) (110)-LaB6 and (c) (1 1 0)-LaB6 . La and Zr atoms are on
different layers in (b).

Chapter 5
Thermal Residual Stress

5.1 X-ray Diffraction Measurement

5.1.1 Experiment Procedure

5.1.1.1 Frame of Reference
There were two reference frames to represent orientations in this work, a
goniometer reference frame and a sample reference frame. As illustrated by Figure 5-1,
in experiments, the goniometer orientation was represented by two angles Φ, χ. Stress
and strain tensors were represented in a Cartensian-coordinate sample reference with
principal axes x, y and z. The relationship between the reference frames and the sample
crystallography is defined below and illustrated in Figure 5-1:
x // [100]-LaB6 and 15ºaway from [100]-ZrB2 (Φ=0º, χ=90º)
y // [010]-ZrB2 and 15ºaway from [010]-ZrB2 (Φ=90º, χ=90º)
z // [001]-LaB6 and [001]-ZrB2 (Φ=0º, χ=0º).
This is the same reference frame used for the interfacial analysis in Chapter 4.
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z / [001]-LaB6/[001]-ZrB2
orientation (Φ,χ)
LaB6
ZrB2

χ
[010]-ZrB2
15º

[100]-ZrB2

y / [010]-LaB6

15º

Φ

x / [100]-LaB6
Figure 5-1： Sketch of experimental frame, formed by Φ, χ and z, and the representing
frame, formed by axes x, y and z.

5.1.1.2 Techniques for Residual Stress Measurement
The basis of measuring strains in crystalline materials is that the residual strains
are represented as a change in the interplanar spacing along any crystallographic direction
[Noyan and Cohen 1987]. Thus, measuring interplanar spacings by XRD can provide the
residual strain tensor of the bulk sample, and the residual stress tensor can be calculated
by multiplying elastic constants of the material by the strain tensor. The residual strain
along a direction ε Φχ was calculated by comparing the stressed interplanar spacing dΦχ to
the unstressed interplanar spacing d0 :

ε

Φχ

d Φχ − d 0
=
d0

5.1
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ε Φχ can be expressed by strain tensor components ε ij as:

εΦχ = aia jεij

5.2

where ai is the cosine of the angle from the orientation (Φ,χ) to axis i. Substituting the
angles Φ and χ into Eq. 2.12, the final expression for ε ij is obtained.

ε Φχ = cos 2 Φ sin 2 χ • ε xx + 2 cos Φ sin Φ sin 2 χ • ε xy + 2 cos Φ cos χ sin χ • ε xz +
sin 2 Φ sin 2 χ • ε yy + 2 sin 2 Φ cos χ • ε yz + cos 2 χ • ε zz

5.3

Because DSEs are so highly textured, the full elastic anisotropy of both phases
has to be taken into account [Dickey, Frazer et al. 1999]. Therefore, the anisotropic
elastic constant tensors have to be substituted into the general Hookes law:

[σ]ij = [c]ijkl[ε]kl

5.4

where [σ]ij is the residual stress tensor, [c]ijkl is the stiffness constant tensor, and [ε]kl is
the residual strain tensor. Stiffness constants for LaB6 and ZrB2 utilized in this work were
summarized in section 2.1.
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5.1.1.3 Sample Preparation
Measured surfaces were polished with diamond-embedded papers down to 0.5 µm
grit. Because the diamond is embedded in the paper, both the matrix and the fiber were
polished at similar rates, and the surface relief of one of the phases was minimized.
To prepare unstressed standards, pieces of eutectics were crushed in a mortar and
pestle to a fine powder at liquid nitrogen temperature to avoid dislocation generation and
to enhance cleavage. The residual stresses were removed because the fine particles of
such a powder sample are not rigidly bonded to each other and cannot sustain
macrostresses across their boundaries. To ensure complete stress relief, powders were
annealed at 1000 ｏC before the scan. An Ar atmosphere was used to prevent oxidation
during the annealing.

5.1.1.4 Experimental Setup
A Philips X’pert MRD-PRO diffractometer operated at 40 kV/40 µA with a Cu
X-ray source was employed to provide CuKα radiation (λ = 1.54056Å) and a built- in
four-circle (Φ, χ, Ω, 2θ) goniometer was utilized to orient the specimen in any
crystallographic orientation. Figure 2-9 presents a photograph of the diffractometer and
the goniometer. The X-ray lens cross-slit was fixed at 2.0 mm to collimate the X-rays
into a quasi-parallel beam in the equatorial and axial directions in order to minimize
displacement- induced errors [Xiao and Poturaev 1994]. Associated with the detector, a
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parallel beam optic was utilized to prevent errors due to sample shifting or tilting, while
the acceptance angle of the parallel plate collimator slits was 0.18º.

detector

four-circle
goniometer

cross-slit

source

sample holder

Figure 5-2: Photograph of the X-ray diffractometer and the built- in 4-circle goniometer.

Samples were mounted onto the goniometer such that [001]-LaB6 and [001]-ZrB2
located into the source-detector plan. In such geometry, it was easy to locate maximum
reflections belonging to the same family and introduce a minimum number of unstressed
interplanar spacings into the residual strain measurements.

5.1.1.5 Data Collection and Error Estimation
According to the error propagation rules (Appendix A), error for the strain δ(ε Φχ)
can be derived from Eq. 5.1 as:
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d Φχ − d 0
δ2 (d Φχ ) + δ 2 (d 0 ) δ 2 (d 0 )
δ(ε ) =
•
+
2
d0
( d Φχ − d 0 ) 2
d0
Φχ

5.5

which indicates that the major part of the error comes from d0 . Members of a family of
equivalent reflections, therefore, were employed in order to introduce minimal d0 s into
the measurements. Moreover, reflections having high diffraction angles were selected
because the angular resolution is better at higher scattering angles. Stereographic
projections in Figure 5-3 show the 24 reflections from the {421} family of LaB6 , and the
18 reflections from three families {10.4}, {20.3} and {30.2} of ZrB2 which were
investigated. θ-2θ scan profiles were observed at speeds of 0.02 º/step and 3 s/step, and
fitted to the split-Pearson VII analytical function to determine the Bragg’s angle as shown
in Figure 5-4.

(a)

LaB6

(b)

ZrB2
[100]

[100]
[010]
[120]

[001]

[001]
[010]
{421}

{10.4}
{20.3}
{30.2}

Figure 5-3: Reflections used for strain measurements were (a) {421} planes of LaB6 and
(b), {20.3} and {30.2} planes of ZrB2 .
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ZrB2 -30.2
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1000
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0
142
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Figure 5-4: Sample θ−2θ scan profiles of (a) LaB6 -{401} reflections and (b) ZrB2 {30.2} reflections used to determine residual strains.

For estimating the error of the stressed interplanar spacings, measurements were
repeated on a single reflection for each phase. For estimating the error of unstressed
spacings, multiple scans were taken with different counting rates and each peak was fitted
with multiple fitting ranges. Both stressed and unstressed errors were substituted into the
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strain error for each reflection by error propagation rules (Appendix A) [Henrici 1963] as
expressed in Eq. 5.5. Strain errors were then inputted into the least square fitting to
provide the error tensor.

5.1.1.6 Data Fitting
Although 6 measurements along independent orientations were enough to solve
for ε ij, more measurements were observed experimentally in order to minimize the
random error. A least-squares procedure based on singular value decomposition was used
[Dickey, Dravid et al. 1997, Press, Teukolsky et al. 1992, Winholtz and Cohen 1988] to
determine the ε ij tensor that best fit the experimental data by minimizing the parameter χ2
defined in Eq. 5.6 .

χ =∑
2

(ε

Φχ

− a i a jε ij

( )

)

2

e εΦχ

5.6

in which e(ε Φχ) is the variance of ε Φχ calculated from the estimated errors on stressed and
unstressed interplanar spacings and propagated through the least-squares fitting
procedure to determine the estimated errors in ε ij. A perfect fitting should have a χ2 value
equal to the number of degrees of freedom, which was calculated by subtracting the
number of parameters to be fit from the number of data points in total. Since 24
reflections of LaB6 and 18 reflections of ZrB2 were investigated, the ideal χ2 value for the
matrix and the fiber should equal to 18 and 12, respectively.
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5.1.2 XRD Result

5.1.2.1 Thermal Residual Strains and Stresses in the LaB6 -ZrB2 Sample #1
Thermal resid ual strains and stresses for samples #1, which was fabricated at the
speed of 1.5 mm/min was measured by XRD techniques from 24 LaB6 and 18 ZrB2 poles
and presented below. The Φ and χ angles of each poles, as well as the measured strain
ε Φχ and associated error are listed in Appendix B.
LaB6 matrix:

ε LaB6

σ LaB6

0.17   0.53 0.41 0.40
− 2.65 1.77

=  1.77 − 4.79 3.80  ±  0.41 0.51 0.41 × 10− 4
 0.17
3.80 − 2.19  0.40 0.41 0.45

3.063   24.06 7.388 7.208
− 132.8 31.90

= 31.90 − 225.9 68.48  ±  7.388 23.15 7.388 MPa

 

 3.063
68.48 − 112.8  7.208 7.388 20.44
χ2 = 16.12

5.7

ZrB2 fibers:

 10.30 2.02 − 0.49  4.17 3.19 1.95 
ε ZrB 2 =  2.02
9.36 − 4.50  ± 3.19 4.06 2.04 ×10 − 4
− 0.49 − 4.50 5.46  1.95 2.04 1.99 
103.2 − 24.26  239.1 163.0 96.53
 703.9
σ ZrB 2 =  103.2
655.9 − 222.8  ± 163.0 233.0 101.0 MPa
 − 24.26 − 222.8 475.0  96.53 101.0 111.6
χ2 = 9.07

5.8
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The fact that the χ2 values of each fitting are close to the ideal values, 18 for LaB6
and 12 for ZrB2 , indicates an excellent fit between the stress tensors and the experimental
measurements and gives high confidence in the results.
In the stress tensors Eq. 5.7 and 5.8, significant compressive normal stresses were
observed in the matrix and tensile normal stresses in fibers at room temperature. Shear
stresses are the most half of the normal components. Large tensile residual stresses (up to
730 MPa) were accommodated in fibers due to the small volume fraction of fibers.

5.1.2.2 Thermal Residual Strains and Stresses in the LaB6 -ZrB2 Sample #3
Room temperature thermal residual strains and stresses were also investigated for
samples #3, which was solidified at the speed of 6.0 mm/min, by XRD techniques from
24 LaB6 and 18 ZrB2 poles as presented below. The Φ and χ angles of each poles, as well
as the measured strain ε Φχ and associated error are listed in Appendix C.
LaB6 matrix:

ε LaB6

σLaB 6

ZrB2 fibers:

1.27   0.55 0.52 0.45
− 2.11 1.11
=  1.11 − 4.43 − 1.91 ±  0.52 0.90 0.57  ×10 − 4
 1.27 − 1.91 − 2.13  0.45 0.57 0.54

22.89  25.00 9.370 8.109
 − 107.6 20.00
=  20.00 − 208.5 − 34.42  ± 9.370 40.82 10.27  MPa
 22.89 − 34.42 − 108.5  8.109 10.27 24.55
χ2 = 16.38

5.9
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3.41
 8.44

ε ZrB 2 =  2.56 11.77
− 8.73 − 6.91
174.2
 614.2

σ ZrB 2 =  174.2
784.3
 − 416.3 − 358.9

− 8.41  4.10 3.21 1.97 
− 7.25 ±  3.21 4.07 1.96  ×10 − 4
5.84  1.97 1.96 1.99 
− 416.3  235.2 164.0 97.52
− 358.9 ± 166.0 233.5 97.02 MPa
489.5  100.1 100.5 111.3
χ2 = 8.25

5.10

The χ2 values of each fitting are also close to the ideal values, 18 for LaB6 and 12
for ZrB2 , and indicate an excellent fit between the stress tensors and the experimental
measurements.
The stress tensors in Eq. 5.9 and Eq. 5.10 indicate the most significant stresses
in both LaB6 and ZrB2 are normal stresses, while the matrix is in compression and fibers
are in tension. Up to 740 MPa stresses were accommodated in fibers due to the small
volume fraction of fibers.

5.1.2.3 Force Balance on the Transverse Plane
To satisfy static equilibrium, the total force in the composite along the z axis or
the [001] directions in LaB6 and ZrB2 must be balanced. Assuming the growth direction
of fibers is parallel to the z axis, this total force can be calculated by the following
equation:
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2

Ft = ∑ Fi = A %1 × σ zz 1 + A% 2 × σ zz 2

5.11

i =1

where 1 and 2 refer to the matrix and the fiber respectively, and A%i is the area fraction
of phase i on the (001)-LaB6 or (00.1)-ZrB2 plane. A%i was measured from optical
micrographs of sample transverse sections using the digital image analyzing software
ImageJ. As summarized in Table 5-1, calculated Ft for both samples are, indeed, zeroes
within the measurement errors and provide an independent corroboration of the data.

Table 5-1: Values used for checking the force balance between phases on the plane
(001)-LaB6 // (00.1)- ZrB2 planes.
growth rate
1.5
(mm/min)
6.0
(mm/min)

LaB6
ZrB2
LaB6
ZrB2

σ33 (MPa)
-165 ± 27.7
482.4 ± 150.2
111.2 ± 25.46
484.1 ± 113.0

Ai%(%)
81.5
18.5
82.0
18.0

Ft (MPa)
-46.7 ± 48.0
-2 ± 42.0

Plots in Figure 5-5 present the comparison between XRD results measured from
samples #1 and #3. Residual stresses are not strongly dependent on the growth rate with
considering the experimental error. Considering the growth rate did not change the
eutectic microstructure too much as evidenced by Figure 3-4, it is suggested that LaB6 ZrB2 eutectics can be solidified at a higher speed within the range from 1.5 to 6 mm/min.
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(a)

LaB6 Matrix
0

σxx

σyy

σzz

(MPa)
-300

(b)

ZrB2 Fiber

1000

(MPa)
0

σxx

σyy

1.5mm/min

σzz

6mm/min

Figure 5-5: Cumulative plots of normal stresses in the (a) LaB6 matrix and (b) ZrB2 fiber
for samples #1 and #3, which were solidified at a speed of 1.5mm/min and 6.0mm/min
respectively.
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5.2 Finite Element Modeling
5.2.1 Simulation by Using ANSYS
In order to compare with measurements, the modeling reference frame was
maintained the same as the experimental sample frame (Figure 5-1). The accurate
representation of the LaB6 -ZrB2 DSE microstructure was accomplished by using SEM
micrographs as the basis for the model. An example of this procedure is shown in
Figure 5-6 in which the three-dimensional model was created by extruding the
microstructure from the two-dimensional SEM data into the third dimension. Since the
fibers had an average aspect ratio (Df/Lf˜7%) this is an accurate representation of the
actual microstructure. Note, in order to simplify the problem, this FEM model did not
take into account the mistilt between the nominal and actual COR, and the mistilt
between the growth direction and highest symmetry axes of the phase components.

(a)

(d)
y / [010]-LaB6
x / [100]-LaB6

(b)

z / [001]-LaB6

(c)

Plane1
Plane2

Keypoint

Figure 5-6： (b) A structure unit from (a) the SEM micrograph of the actual
microstructure on the transverse section was used to create (c) the two-dimensional
model, which was extruded along the z direction to create (d) the three-dimensional
model based on the data representing frame (x, y, z).
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Once the volumes were created, material properties were assigned to each volume
according to the material represented and its symmetry. Properties of ZrB2 were
transformed according to the nominal orientation relationship, [001]-LaB6 // [001]-ZrB2
and (110)-LaB6 // (11.0)-ZrB2 , before inputted into the software. Included in the material
properties for a static elastic stress model were the elastic properties, the linear CTEs as a
function of temperature, and the reference temperature corresponding to the assumed
stress-free temperature. Since the temperature dependences of elastic constants were not
available for either phase, room temperature values were used. As required by ANSYS ®,
the stiffness tensor was converted to three Young’s moduli along coordination axes (Ex,
Ey and Ez), the Poisson’s ratio s (ν xy, ), the bulk modulus (G) and the shear modulus (µyz)
as the input elastic constants. The conversion procedure was summarized in Appendix D.
All properties used in the model are summarized in Table 5-2 [TPRC 1970; Tanaka,
Yoshimoto et al. 1977; Okamoto, Kusakari et al. 2003; Bonstein 2005].

Table 5-2: Constants of the LaB6 and ZrB2 used in FEM [TPRC 1970; Tanaka,
Yoshimoto et al. 1977; Okamoto, Kusakari et al. 2003; Bonstein 2005.

LaB6

Ex
451.9

Elastic Constants
(GPa)
Ey
Ez
νxy
451.9 451.9 0.0386

ZrB2

533.5

533.5

389.6

0.2641

G
163.6

µyz
90.1

240.2

247.5

Thermal expansion strain
(*10-3 )
300K 2400K 2740K
0
8.823
10.273
//[100]
0
16.542 19.409
//[001]
0
15.921 18.681

In order to appropriately represent the interface curvature, the size of the elements
on the interface was manually fixed before meshing. The entire volume shown in Fig.5(c)
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was meshed into about 57,000 tetrahedral elements in total. A fully bonded interface
between constituent phases was achieved by maintaining the interfacial nodes between
the two phases coincident. To eliminate the macroscopic translation and rotation of the
free body, displacement constraints were applied on the single keypoint and two planes as
indicated on Fig.5(c). As a result, no displacement along any direction (x, y and z) was
allowed on the keypoint, no displacement along x direction was allowed on the plane 1 ,
and no displacement along y direction was allowed on the plane 2 .
When building the volume model in Figure 5-6, (x- z) and (y-z) surfaces were
picked as the middle planes between adjacent fibers and should be free of σxx and σyy to
satisfy the static equilibrium at the middle points between fibers. This expectation was
achieved by the substaintial assumption in ANSYS that all surfaces are free of constraint.
However, σzz on the (x-y) surface cannot be balanced due to the fiber- matrix geometry of
the material. The effect of the free (x-y) surface was avoided by only considering the
central portion of the entire block in Figure 5-6(d).

5.2.2 Data Analysis by Using MatLab
In order to make the FEM solution comparable to the experimental results, which
are average value s of the eutectic diffraction volume, the weighted average of nodal
solutions was calculated by Eq. 5.12
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∫ σdV ∑ σ V
=
≈
dV
∑V
∫
i

σ ave

V

i

i

5.12

i
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V

where σi is the stress of a given nodal i and Vi is the volume of the element that the nodal
i belongs to. Assuming every element had 4 vertices which had coordinators (xj, yj, zj),
j=1~4. The volume of this element was then calculated as Eq. 5.13 [Shen, Liang et al.
2000]:
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1
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1
x2

1
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1
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y2
z2

y3
z3

y4
z4

5.13

Calculations were coded using MATLAB6.1.

5.2.3 FEM Results
The FEM model was based on microstructure sample #1, which was solidified at
the lowest rate with four samples. Results were solved by ANSYS for two stress- free
temperatures, the eutectic temperature (2740 K) and 87% of the eutectic temperature
(2400 K), and were analyzed graphically and numerically. In order to compare the FEM
results with the average stress tensors measured by XRD, local stress values, or nodal
solutions, were numerically averaged over the entire volume of each phase. The final
results are shown below.
Assume stress free temperature equal to 2740 K:
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σ ZrB 2

σ LaB 6

 990.5 − 1. 094 − 17. 01
= − 1.094 908. 7 − 23.49MPa
 − 17. 01 − 23.49 649.6 
− 5.1 
− 200.0 − 6. 5
=  − 6.5 −195. 3 − 0.91 MPa
 − 5. 1
− 0. 91 −142. 6

5.14

Assume stress free temperature equal to 2400 K:

σ ZrB2

σ LaB 6

 714.8 − 4.092 − 6.290
=  − 4.092 622.0 − 8.450 MPa
 − 6.290 − 8.450 530.6 
− 5.6 
− 139.2 − 1. 4
=  − 1. 4 − 137.6 − 0 .81 MPa
 − 5.6
− 0 .81 − 116.5 

5.15

FEM results were also analyzed graphically. Nodal solutions of the stress
components that parallel the fiber- matrix interface, axial stresses σzz, are visualized by
the contour plot in Figure 5-7. On the transverse plane, no preferred orientations are
indicated along which σzz concentrates around the fiber. The axial stresses are
homogeneous throughout the matrix and the fiber.
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-401.98 MPa

0 MPa

721.28MPa

Figure 5-7: Contour plot of the axial stress σzz, the stress along the fiber- matrix interface.

Since the Cartesian coordinate system does not readily conve y information about
the radial stresses in the nearly cylindrical fibers, nodal solutions corresponding to radial
stresses σrr, namely σxx versus x and σyy versus y through midplanes of a fiber were
extracted and plotted in Figure 5-8. Radial stresses are tensile and observed to
concentrate at the interfaces. Along either the x or y directions, the magnitude of the
radial stress reaches peak values on the heterophase interface denoted by dashed lines in
the figure. Stress relief in the matrix phase is inversely proportional to rn , where n is
between 1 and 2. Most conventional cylindrical models [Mikata and Minoru 1985; Nairn
1985] predict the similar radial dependence of the thermal residual stress in the matrix
phase and n equals 2. Since the prediction of n equals 2 is based on an isotropic hollow
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cylinder geometry, the fact that the n value simulated by FEM deviates from 2 indicates
that the actual microstructure for LaB6 -ZrB2 DSEs cannot be simplified into cylinders, so
thermal residual stresses must be model by FEM.

(a)
σrr (100MPa)

6
4
2
Matrix

Fiber

Matrix

x

Fiber

Matrix

y

(b)
σrr (100MPa)

6
4
2

Matrix

Figure 5-8: Plots of radial stresses along x and y axes. Dashed lines denote the locations
of the interfaces.
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5.3 Comparison of XRD and FEM
Both measured and predicted data, summarized in Eqs. 5.7~5.15, indicate the
most significant stresses in the matrix and fiber phase are normal stresses. As visually
illustrated by the cumulative plots of XRD and FEM results in Figure 5-9, the matrix
phase is in compression while the fibers are in tension. The signs of the stresses are
consistent with the thermal expansion mismatch between LaB6 and ZrB2 . ZrB2 fibers,
which have larger CTEs than LaB6 , contract more during cooling and will be in tension if
the interfaces remain well bonded. Within the error, measured and modeled stresses are
in agreement within the error which indicates agreement between them and the
reasonability of the modeling. As introduced in section 5.2.1, the FEM results reflect the
perfect interfacial bonding between constituent phases with realistic microstructures. The
fact that the magnitudes of measured residual stresses are on the same order as that
predicted by FEM, indicates that the phases are nearly fully constrained at the interface
and no considerable strain relief occurred during the cooling process from the
solidification temperature.
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Figure 5-9: Plot of XRD and FEM results for (a) the matrix and (b) fibers.

Moreover, by comparing the XRD and FEM results in Figure 5-9, most stress
components of the FEM data calculated based on the 2740 K stress-free temperature
assumption are higher than the measured data. The stresses simulated under the 2400 K
stress-free temperature assumption agree with the XRD results for the fiber phase, but
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lower than the XRD for the matrix. It seems 2400 K, 87% of the eutectic temperature, is a
better approach for estimating the stress free temperature than 2740 K. The absolute
answer of the stress free temperature requires XRD measurements at serious of
temperatures.

5.3.1 Symmetry of the Stress Tensor
Derived from the nominal crystallographic orientation relationships between the
matrix and fibers, [001]- LaB6 // [001]-ZrB2 and (110)-LaB6 // (11.0)-ZrB2 , symmetry of
the entire bicrystal belongs to the point group “mmm” as illustrated by the sketch in
Figure 4-1. According to Neumann’s Principle, the symmetry elements of any physical
properties of a certain crystal must include the symmetry elements of the point group of
the crystal [Nye 1985]. Although strain and stress tensors are not physical properties and
do not always reflect the symmetry of the crystal, the thermal resid ual stresses in DSEs
should obey Neumann’s Law because they result from mismatches between properties of
materials, CTEs. The residual strains and stresses in the matrix and the fiber, therefore,
are expected to at least represent the orthorhombic symmetry and have the forms:

ε zz
ε =  0
 0

0
ε yy
0

0
σ xx

0  and σ =  0
 0
ε zz 

0
σ yy
0

0 
0 
σ zz 

(Eq. 12)
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since axes x, y and z in the data represent frame parallel to crystallographic axes a, b and
c of each constituent phase.
The experimental results summarized in Eq. 5.7 ~ Eq. 5.10, however, have finite
values for shear strains and stresses, which indicate a deviation between the ideal and real
symmetry. There are two possible reasons that may contribute to such disagreement
between the stress tensor and the ideal orthorhombic symmetry. First, the actual
orientation relationship may not coincide with the nominal orientation relationship. This
hypothesis has been proved by X-ray pole-figures and convergent beam electron
diffraction patterns discussed in the crystallographic characterization section. Various
mistilt angles between [001]-LaB6 and [001]-ZrB2 were observed from 2ºto 7ºand the
most likely value is 4º. Second, the loss of symmetry can be attributed to irregularities in
the microstructure in which the fibers are not perfectly aligned along the growth direction.
Evidence of such irregularities was provided by the optical micrograph for the
longitudinal section of the eutectic rod as discussed earlier in the microstructure
characterization work and highlighted by Figure 5-10 .
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Growth Driection

30µm
Figure 5-10: Optical microscopy image for the longitudinal section of the LaB6 -ZrB2
DSE provides evidence of the irregular microstructure of the eutectic along the growth
direction.

Modeling results present better agreement with the ideal symmetry than the
experimental because it did not take into account the mistitling from the nominal
orientation relationship in the eutectic. As summarized in Eqs. 5.14 and 5.15, shear
components are relatively negligible compared to normal stresses. These non-zero values
may be due to the fact that the transversal microstructure represented by the FEM model
illustrated in Figure 5-6 does not have two- fold symmetry. Cumulative random errors
during the calculation may have also contributed to the finite values.

Chapter 6
Interfacial Fracture Analysis

6.1 Crack Propagation Resistance

6.1.1 Crack Initiation by Vickers Indentation
Conventional tests for fracture toughness, such as three- or four-point bending
methods, are limited by specimen dimensions. For example, the required specimen length
for a three-point bending test is longer than 4 times its width. An alternative method, the
indentation technique, was developed [Anstis et al. 1981] to evaluate size-limited
specimens. This technique has been utilized to evaluate fracture toughness in many
composite materials including YAG-Al2 O3 DSEs [Pastor, Llorca et al. 2005 ], Al2 O3 ZrO2 (Y2 O3 ) DSEs [Pastor, Poza et al. 2001], ZrB2 -ZrC DSEs [Sorrell, Stubican et al.
1986], ZrC-TiB2 DSEs [Sorrell, Stubican et al. 1986] and ZrO 2 (Y2 O3 ) [Pajares,
Guiberteau et al. 1991]. Moreover, since indentations can be made on planes normal to
any orientation, it is easy to test the anisotropy of the fracture toughness of a material.
However, the indentation method was originally developed based on an ideal
radial/median crack assumption [Anstis, Chantikul et al. 1981] and depends on the
indentation response of the material. Homogeneous fine-grained polycrystalline materials,
glasses, and harder ceramics are usually favored [Anstis, Chantikul et al. 1981].
Furthermore, crack lengths are required for calculating the indentation fracture toughness
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and are related to the determination of the crack tips. Errors are introduced by manual
measurements and imaging techniq ues. For example, SEM has a greater depth of focus
than optical microscopy. Therefore, the crack length can be under or over estimated when
measuring from a SEM micrograph. The post- indentation slow growth of cracks is
another contributor to poor crack measurements and will lead to underestimates in the
indentation fracture toughness. The indentation technique is limited to homogeneous
materials as a means of quantitatively evaluating the fracture toughness [Anstis,
Chantikul et al. 1981; Lawn 1993].
In this work, Vickers indentations were made to initiate cracks for characterizing
the reaction between cracks and heterophase interfaces in the LaB6 -ZrB2 DSE. The
indentation fracture toughness was measured to observe the anisotropy of the sample’s
brittleness.

6.1.2 Models for Calculating the Indentation Fracture Toughness
There are two main types of cracks created during the indentation process; median
or half-penny cracks, and Palmqvist cracks as shown in Figure 6-1 [Niihara, Morena et
al. 1982]. The indentation fracture toughness values should be determined by the
appropriate model for a specific type of crack. Median cracks, sketched in Figure 6-1 (a),
appear on tensile median planes at a critical load during the loading procedure, propagate
downward, expand until the indenter is removed, and form a half-penny-shaped crack
centered at the loading point. The model for this type of crack is most established for
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measuring the fracture toughness of brittle materials [Lawn 1993] and is described by
Eq. 6.1 below [Anstis, Chantikul et al. 1981],

1

 E 2  P 
K Ic = δ ×   ×  3 / 2 
H c 

6.1

where c is the length of the median crack, δ is an indenter constant ( 0.016 for Vickers
indenter), E is the Young’s Modulus, H is the hardness and P is the indentation loading.

(b)

(a)

l

2a

l

2a
2c

Half penny crack

Palmqvist crack

Figure 6-1： Schemes of Vickers-produced cracks: (a) half penny crack and (b)
Palmqvist crack.
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As discussed above, the initiation of median cracks requires a critical load to be
applied. When loading is lower than this threshold, Palmqvist cracks (Figure 6-1 (b)),
become dominant. During the unloading procedure, Palmqvist cracks grow both laterally
and vertically and eventually achieve a semi-elliptical geometry. The equation to evaluate
the fracture toughness from Palmqvist cracks was given by Niihara as shown below
[Niihara 1983],

K IC

a  E2H3 

= 0.035 1/ 2 
3
l  φ 

1/ 5

6.2

where a is the half diagonal of an indentation, l is the length of the Palmqvist crack, φ is
the constraint factor (3.0), E is the Young’s Modulus, and H is the hardness. Moreover,
Niihara developed a quantitative criterion which indicates that median cracks are
dominant if c / a ≥ 2.5 , while Palmqvist cracks are dominant if 0.25 ≤ l / a ≤ 2.5 [Niihara
1983].
Regardless of whether median or Palmqvist cracks are initiated, the fracture
toughness

formulae

involve

the

modulus-to-hardness

ratio

(E/H),

which

is

microstructure-dependent and expected to be anisotropic in LaB6 -ZrB2 eutectics. It is
therefore necessary to determine this ratio experimentally. The Knoop indentation test
was selected to obtain E/H ratios for calculating the Vickers indentation fracture
toughness because it can provide E/H ratios along specific crystallographic directions.
The measurement is based on the fact that elastic recovery after loading changes the ratio
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between the major and minor indentation diagonals [Marshall, Noma et al. 1982] as given
by Eq. 6.3:
b b b'
αH
≈ = −(
)
a a' a'
E

6.3

where a and b are measured major and minor diagonals of the indentation, a’and b’are
major and minor diagonals of the Knoop indenter (b’/a’=0.14), and α is a constant (0.45).
To evaluate the anisotropy of fracture toughness, measurements were performed
along certain crystallographic directions on the transverse and longitudinal sections.
Tested surfaces were polished with diamond lapping paper and colloidal silica until being
flat and smooth. Back-reflection Laué XRD was utilized to index each diagonal of the
indentations. Calibrated optical micrographs were utilized to determine the lengths of
cracks and indentation diagonals.
Details of the interactions between cracks and interfaces were investigated for
mechanism studies. Secondary electron SEM was chosen as the imaging technique
because the small difference (˜4%) between the backscattering coefficients of LaB6 and
ZrB2 will not provide enough contrast in a backscattered electron SEM micrograph.

6.1.3 Interfacial Fracture Behavior
Crack propagation behaviors on the transverse and longitudinal sections of sample
#3, grown at the median speed (6 mm/min) of all four samples, were characterized and
discussed as an example. On the transverse section, Vickers indentations were oriented so
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that their diagonals were parallel to [100]-LaB6 and [03 2 ]-LaB6 . SEM images of
propagating cracks (Figure 6-2) indicate that the cracks debond the fiber- matrix interface
and the toughening mechanism is crack deflection.

[03 2 ]-LaB6

1µm
Figure 6-2： SEM image of a crack on the transverse section of sample #3 shows clear
interface debonding.

On the longitudinal sections, the propagation of cracks should be anisotropic due to
the anisotropy of the eutectic microstructure. Indentations were oriented so that the
indenter diagonals were along the [ 2 13]-LaB6 and [4 2 3]-LaB6 directions, almost parallel
and perpendicular to the fiber respectively. Experiments show that it is difficult to initiate

cracks along the [4 2 3]-LaB6 direction on the longitudinal sections, which is
approximately normal to the fiber axes. There were not obvious cracks perpendicular to
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the fiber up to 10 N indentation loads, as shown in Figure 6-3. After generating cracks by
higher loads, interface debonding and subsequent crack bridging clearly appeared along
the [4 2 3]-LaB6 , as shown in Figure 6-4. The dominant toughening mechanism on the
longitudinal section, therefore, is crack bridging with interface debonding. The stress
supported by the ligaments increases more slowly with distance behind the crack tip and
greater crack-opening displacements are achieved in the bridging zone, which in turn
significantly enhances the fracture resistance of the ceramic [Barsoum 1997]. The
fracture toughness of the eutectic rod must be, therefore, highly improved and anisotropic.

[4 2 3]-LaB6

1µ m
Figure 6-3: SEM image of Vickers indentation-induced cracks on a longitudinal section
of sample #3. While cracks are easily initiated parallel to the fibers, almost no cracks
were observed perpendicular to the fibers up to 10 N.

142

[4 2 3]-LaB6

1µm

Figure 6-4: SEM image of a crack on the longitudinal section of sample #3.

6.1.4 Indentation Fracture Toughness
Table 6-1 summarizes the fracture toughness results for sample #3 (grown at
6mm/min rate) on the transverse section. Error bars were calculated from the standard
deviation of six measurements. Within the error, the fracture toughness was the same
along [100]-LaB6 and [03 2 ]-LaB6 (~5MPa m ). Figure 6-5 shows fracture toughness
versus crack length for indentations made on the transverse plane. The fracture toughness
is expected to be relatively low since the most powerful toughening mechanism, crack
bridging, could not play a role in this orientation.

143
Table 6-1: Indentation fracture toughness (MPa m ) of LaB6 -ZrB2 as measured from
Vickers indentation.
Transverse section

Growth rate
(mm/min)

[100]-LaB6

[03 2 ]-LaB6

Longitudinal section
[ 2 13]-LaB6

[4 2 3]-LaB6

1.5

5.0±0.3 (average)

-

4

4.9±0.5 (average)

-

6

4.6±0.3

12

4.2±0.8

3.5±0.7

11.1±1.1

5.30±0.6 (average)

5

4.5

4

3.5

KIC(MPam1/2)
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Figure 6-5: Fracture toughness versus crack length for indentations made on the
transverse section of sample #3.
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The indentation fracture toughness was also measured on longitudinal sections
corresponding to the (1 2 0) plane of LaB6 and was anisotropic as indicated by Table 6-1.
It was difficult to initiate cracks along the [4 2 3]-LaB6 direction, which was normal to the
fiber axes. Vickers indentations with 20 N loading were utilized for fracture toughness
calculations as shown in Figure 6-6. Since the ratios between the crack length c and half
of the indentation diagonal, a, were between 2.4 and 2.6, the median crack criteria was
satisfied and the fracture toughness was calculated by equation 6.1. The indentation
fracture toughness along [4 2 3]-LaB6 , 11.1 MPa m , was roughly 2 to 3 times higher
than the fracture toughness measured along the other specimen directions. Although only
two indentations and four cracks were used to measure the fracture toughness normal to
fibers due to the limitation of the sample dimension, it is clear that the crack resistance of
the LaB6 -ZrB2 DSE was improved along this direction.

[4 2 3]-LaB6
30µm

Figure 6-6: Optical micrograph of a Vickers indentation made with a 20 N load on the
longitudinal section of sample #3.
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There are some quantitative differences between present fracture toughness
measurements and those reported earlier in literature [Paderno, Paderno et al. 1992; Chen,
Zhou et al. 2001]. Chen’s group also tested a LaB6 -ZrB2 sample that was grown at 2.5
mm/min rate by Vickers indentation method with 20 N loading. The indentation fracture
toughnesses on transverse and longitudinal sections were 8.7 MPa m and 8.2 MPa m ,
respectively. One possible reason for the differences between their indentation results and
measured in this work from the longitudinal sections is that the crack propagation
directions used by Chen et al. were not clearly stated. But as shown in the present study,
the fracture toughness is highly orientation dependent on this section.
Because of the fundamental limitations of the indentation technique as discussed
at the beginning of this chapter, significant discrepancies were observed between the
indentation fracture toughness reported in this work and the value measured by threepoint-bending method. In Chen’s group, a 2.5 mm deep and 0.2 mm wide single notch
was cut with a low-speed diamond saw perpendicular to the growth direction as shown in
Figure 6-7 [Chen, Zhou et al. 2001]. It was not stated in the paper by Chen et al. [Chen,
Zhou et al. 2001] whether a fatigue crack was generated at the root of the single notch
before the test. Loading conditions and crack geometry and utilized by Paderno et al.
were not reported. Notches initiated normal to the fiber axes yielded fracture toughnesses
of 16.3-27.8 MPa m [Paderno, Paderno et al. 1992] and 17.8 MPa m [Chen, Zhou et
al. 2001]. Since Chen et al. used a finite-sized single notch in their test, loading was spent
to initiate cracks at the root of the notch at the beginning of the experiment. The loading
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for crack propagation was therefore over-estimated as was the subsequent fracture
toughness value.

Loading: 0.05 mm/min

5 mm

20 mm

Figure 6-7: Geometry of the three-point-bend test utilized by Chen et al. [Chen, Zhou et
al. 2001]

In Eq. 3.2, the 3 parameters that affect the indentation fracture toughness value
are δ, (E/H) and c. δ is a constant that depends on the deformation geometry, i.e. the
crack model. The value utilized for measurements was 0.016 and was based on the radial
cracks in isotropic materials. However, lateral cracks spreading beneath the indentation
surface are usually generated during the final part of the indentation loading procedure
[Lawn 1993], interact with radial cracks, and then cause surface chipping. In this case,
the value 0.016 is not valid and the crack length c may be overestimated because of
surface chipping. Moreover, the indentation- induced cracks may not have been long
enough to fully realize the bridging forces from the intact fibers in the crack wake, and
certainly the fiber-pullout mechanism could not have been operative in these tests.
Therefore, the indentation fracture toughness might be underestimated in this work. The
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absolute value of the fracture toughness for the LaB6 -ZrB2 DSE needs to be measured by
three-point-bending method with pre- initiated cracks.
In order to investigate the effect of growth speed on the fracture toughness of the
LaB6 -ZrB2 DSE, indentation facture toughness for the other three samples have also been
tested on the transverse sections as summarized in Table 6-1. Considering the errors, the
solidification speed does not have a significant effect on the fracture toughness on the
transverse section of the eutectic. Since the fracture toughness is sensitive to the
microstructure of the material, this observation is consistent with the microstructural
results discussed in Chapter 3, which did not indicate a large effect of the growth rate on
the microstructure of the LaB6 -ZrB2 .

6.2 Effect of the Interface Configuration on Interfacial Fracture
The structure of the heterophase interface in the LaB6 -ZrB2 DSE was investigated
and interpreted by geometric models as discussed in Chapter 5. Furthermore, the
interfaces were found to be clean and atomically abrupt as shown in Chapter 3. COR of
the bicrystal corresponds to a high translational symmetry, evidenced by the small Σ
NCSL unit cell (=5), and leads to high translational symmetric facet interfaces, evidenced
by the small reciprocal planar coincidence site density (Γ=5 or 7). On the interfaces
parallel to the fiber axis, misfit dislocations were observed every 21.2 or 24.7Å on LaB6 ZrB2 interfaces as measured from Figure 4-9, which serve to lower the interfacial energy
by accomplishing the lattice misfit with interlaced coherent interface regions and
dislocated regions. On the transverse section, misfit dislocations were also imaged on the
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major facet planes, (110)-LaB6 // (11.0)-ZrB2 , and indicated a relaxed interfacial
configuration. Although calculation of the interfacial energy requires not only the
obtained interfacial atomic structure, but also the interfacial chemistry, such as interatomic bonding and element distribution on the interface, it can still be concluded that
most interfaces in LaB6 -ZrB2 DSEs are relaxed to a low energy configuration which
should not encourage the interfacial debonding phenomena observed in Figure 6-2 and
6-4.
The lattice misfit is large (45%) on the second facet interface, (1 1 0)-LaB6 // (1 1
0)-ZrB2 , and is not expected to correspond to a semi- coherent interface which is
evidenced by Figure 3-15(b). The third facet interface, (100)-LaB6 // (11 3 .0)-ZrB2 , has a
very low coincidence-site density within the interface plane and is formed by a series of
atomic level steps as imaged by Figure 3-15(c). Although imaging of these interfaces did
not suggest they were relaxed to lower the interfacial energy, no evidence was found to
prove that cracks prefer to debond those interfaces on the transverse section. Although
our interfacial studies do not provide any sort of quantification of the ratio between the
interface toughness (Γi) and the fracture toughness of the fiber (ΓA) as defined in Eq. 2.1,
nothing suggest that this ratio should be exceptionally low.

6.3 Effect of the Thermal Residual Stress on Interfacial Fracture
The theory addressing thermal residual stress effects on the crack- interface
reaction was originally developed for the lamellae morphology [He et al. 1994] as
illustrated by Figure 2-2. The driving force for a crack debonding the interface is
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proportional to the energy release rate ratio Gd/Gp , where Gd is the energy release rate for
the interfacial deflection and Gp is the energy release rate for the penetration. Assuming a
symmetric loading with respect to the crack plane, the expression of the Gd /Gp ratio is
given below [He YM et al. 1994]:

λ
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+b n d +c
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6.4

where α (=0.19) is the first Dundur’s parameter defined in Chapter 2. Dimensionless
parameters a, b, and c are used to describe the stress intensity factor at the crack tip after
being deflected and are functions of α. Dimensionless parameters e and f are used to
describe the stress intensity factor at the crack tip after penetration and are also functions
of α. Values of a~f were calculated using FEM by He et al. [He YM et al. 1994]. ad and
ap are lengths of the deflected and penetrating crack as illustrated in Figure 6-8 and are
assumed to be identical. λ is 0.47 for the LaB6 -ZrB2 . k1 is a factor to describe the stress in
the fiber when the crack tip is at the interface which is proportional to the applied far
field and was not provided in the study by He et al..
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(a)

(b)
ap
ad

Figure 6-8: Geometry of the (a) penetrating and (b) deflected cracks.

It was suggested by the plots of the Gd/Gp ratio versus α that, as shown in
Figure 6-9, a tensile residual stress normal to the interface, σn , promotes interface
debonding, while a tensile residual stress along the interface, σt , encourages crack
penetration. The final effect results from the combination or or competition between σn
and σt . When a DSE has lamellae morphology, heterophase interfaces only need to have
in-plane constraint to balance the thermal expansion mismatch between constituent
phases after cooling from the solidification temperatures. Thermal residual stresses
normal to the interface are expected to be small and the in-plane residual stress should
play the dominant role in the interfacial fracture.
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(b)
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0.5

α

Figure 6-9: Plots of the Gd /Gp ratio versus the elastic mismatch α for (a) σt =0 and (b)
σn =0 [adapted from He YM et al. 1994].

For a fiber-reinforced composite, the same theory can be applied on the section
parallel to the fiber axis, which is the most important case in the composites since the
crack geometry on this section is similar to that of the lamellae as illustrated by Figure 6-
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10. In Figure 6-10, the stress component normal to the interface is the radial stress in the
fiber, σrr, and the component along the interface is the axial stress in the fiber, σzz. A
tensile σzz will encourage the penetration and a tensile σrr will obstruct the penetration.
The total effect of the residual stress depends on which stress component is larger.

σzz

Matrix
Fiber

σrr

Crack

Figure 6-10: Crack geometry on the longitudinal sections of a fiber-reinforced material.

The analysis for the fibrous structure can be taken one step further because of the
particular cylindrical geometry of the fiber phase. In such a geometry, the ratio between
radial and axial stresses in the fibers is related to the volume fraction of fibers. Based on
an elastically and thermally isotropic assumption of the fiber and matrix phases, and
assuming the Poisson’s ratios of them are identical, the ratio between σrr and σzz can be
calculated by Eg. 2.4.. After substituting this relationship into Eq. 6.4, the effect of the
residual stress on the Gd/Gp ratio was found to be negligible when the volume fraction of
fibers was larger than 30% as indicated by Figure 2-4. Since the volume fraction of fibers
in the LaB6 -ZrB2 DSE is around 18%, as presented in Chapter 3, thermal residual stresses
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may play a significant role in the interfacial fracture behavior. However, it is also
suggested by Figure 2-4 that the effect of residual stresses decreases when the elastic
mismatch becomes smaller. The average value of α for the LaB6 -ZrB2 composite is 0.19.
From this perspective the effect of thermal residual stresses may not be dominant for the
crack-interface reaction.
As illustrated by Figure 6-11, Eq. 2.4 significantly underpredicts the σrr/σzz ratio
as 0.4 while the experimentally observed value is about 1.5, because the LaB6 -ZrB2 DSE
is elastically and thermally anisotropic. Observed radial and axial stresses will be
substitute into Eq. 6.4 for interpreting the energy release rate ratio Gd /Gp in this material.

σrr/σzz
0.5

0.4
a=0

0.3
a=0.2

(LaB6 -ZrB2 DSE)
0.2
a=0.8

0.2

LaB6-ZrB2 DSE

0.4

0.6

0.8

1

Volume fraction of fibers

Figure 6-11: Plots of the σrr/σzz ratio predicted by Eq.2.4, which assumes the fiber and
matrix are elastically and thermally isotropic and have identical Poisson’s ratios.
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Both XRD and FEM results of the thermal residual stress in the LaB6 -ZrB2 DSE
showed that the fibers are in axial and radial tension. Although XRD and FEM residual
stresses were presented in a Cartensian reference frame, nodal solutions of σxx can be
considered as the axial stress along the x-diameter of a fiber and σyy can be considered as
the radial stress along the y-diameter of a fiber as illustrated by Figure 6-12. Radial
stresses were plotted versus x and y respectively in Figure 5-6 and 5-7. Substituting the
radial and axial stresses from the node on the interface, 734.10 MPa and 485.43 MPa
respectively, into Eq. 6.4, and obtaining values of a~f from the study of He et al., the
energy release rate ratio (Gd /Gp ) in the LaB6 -ZrB2 DSE is plotted versus ap λσzz/k1 as
shown in Figure 6-13. Since the ratio between the nodal radial and axial stresses, 1.51, is
close to the ratio between the radial and axial stresses obtained by XRD and FEM as
summarized in Eqs. 5.8, 5.10, 5.14 and 5.15, the plot is a useful for interpreting the effect
of thermal residual stresses on the crack- interface interaction in the LaB6 -ZrB2 DSE.

(a)

x
z

(b)

y
z

σzz

σxx

σzz

σyy

Matrix

Fiber

Figure 6-12: Illustration of the thermal residual stress on the (a) y-plane and (b) x-plane.
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0.19

0.18

0.17

0.16

Figure 6-13: Plot of Gd/Gp versus kσzz on the longitudinal plane.

The plot in Figure 6-13 shows that when ap λσzz/k1 is greater than a threshold
value, the large tensile stress σrr starts to dominant the effect of the thermal residual stress
and will encourage interfacial debonding behavior. The thermal residual stress may be
one of the possible reasons for why the interfacial debonding behavior exist on the
longitudinal section of the LaB6 -ZrB2 DSE as observed in Figure 6-4. However, the
effect of the thermal residual stress is also related to the absolute value of the threshold.
To make a quantitative conclusion as to the influence of thermal residual stresses in
LaB6 -ZrB2 DSEs knowledge of k1 is requires, which is still unclear.
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Besides having an effect on the energy release rate ratio Gd/Gp and interfacial
debonding, the thermal residual stresses in LaB6 -ZrB2 DSEs lead to another mechanism
for improving the fracture toughness on the transverse sections. The compressive residual
stress in the matrix results in crack bowing on the transverse sections as evidenced in
Figure 6-14.

2µm

Figure 6-14: SEM micrograph of a crack on the transverse section of sample #3 indicates
crack bowing in the LaB6 matrix.

Chapter 7
Conclusions and Comments

7.1 Summary and Conclusions
The LaB6 -ZrB2 eutectic, a promising candidate for ultra-high temperature
structural applications, was characterized for the microstructure, crystallographic texture,
hardness, fracture toughness, interfacial structure and thermal residual stresses.
The microstructure and crystallography of the LaB6 -ZrB2 DSE suggest that:
1) The typical LaB6 -ZrB2 DSE is formed by single crystalline ZrB2 fibers
and LaB6 matrix in which fibers are uniformly distributed inside the matrix and are nearly
parallel to the growth direction. The nominal COR between the LaB6 and ZrB2 is [001]LaB6 // [001]-ZrB2 and (110)-LaB6 // (11.0)-ZrB2 . A small mistilt away from this
nominally high-symmetry orientation relationship tends to improve the translational
symmetry of the system. Confirmed by the EDS profile, no solid solution was fo rmed
between LaB6 and ZrB2 .
From the examination of the Vickers hardness and the indentation fracture
toughness, it can be concluded that:
2) Vickers hardness of the LaB6 -ZrB2 DSE is isotropic and is not strongly
dependent on the growth rate because the growth rate does not have significant effect on
the microstructure of the LaB6 -ZrB2 .
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3) The LaB6 -ZrB2 system presents a highly anisotropic fracture toughness.
The highest fracture toughness value appears perpendicular to the fibers on the
longitudinal section of the eutectic bar. The dominant toughening mechanisms along this
direction are crack deflection and interfacial debonding.
The geometric analysis of the interface microstructure suggests that:
4) The nominal COR corresponds to the second highest point group
symmetry of the LaB6 -ZrB2 composite. Applying the NCSL analysis on the eutectic, the
nominal COR corresponds to a very high translational symmetry, which is quantified by a
Σ=5 NCSL unit cell, and the small misorientation of the nominal COR compare to the
observed COR can improve the density of the NCSs. Symmetry must play a role in the
driving force of the COR in the LaB6 -ZrB2 DSE.
5) The dominant heterophase interfacial facets in the LaB6 -ZrB2 DSE
appear to be relaxed to a low-energy configurations, which suggests that the interfaces
are in low energy configurations.
The residual stresses result from the thermal expansion mismatch between
constituent LaB6 and ZrB2 phases, measured by XRD techniques and modeled by FEM,
lead to the following conclusions.
6) The ZrB2 fibers are in tension and the LaB6 matrix is in compression.
FEM results indicate that the radial stresses concentrate at the interface and are relieved
quickly inside the matrix.
7) Since the radial stress is greater than the axial stress, the large tensile
thermal residual stress in the ZrB2 fiber may enhance the interfacial debonding behavior
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that appears when cracks react with interfaces on the longitudinal sections [He, Evans et
al. 1994].

7.2 Future Work
In order to quantitatively analyze the effect of residual stress on interfacial
debonding, the value of the parameter k1 , which is related to the applied far field ahead of
the crack when the crack tip on the interface, need to be calculated.
The interface toughness is another factor for quantitively predicting the
interfacial debonding behavior and corresponds to the cohesive energy of the interface.
For example, the fracture behavior in Bi doped Cu was found to change from
transgranular to intergranular with a small amount of Bi doping [Zhou et al. 1990].
Electron energy loss spectroscopy studies [Bruley et al. 1996] in such a system indicated
that the Bi segregation in the interface corresponded to a change of the interface
electronic structure, which led to a change in the interfacial cohesive energy. Since the
interfacial cohesive energy can be simulated based on the structure and geometry of the
interface [Chen et al. 1989], an estimation of the cohesive energy of the LaB6 -ZrB2 DSE
using the observed interface structure in this work can be the next step to fully
understanding the interfacial fracture behavior in the LaB6 -ZrB2 DSE.
The high temperature mechanical properties of the LaB6 -ZrB2 DSE, such as
creep resistance, strength, and fracture toughness, must be evaluated before further
determining the structural applications of the LaB6 -ZrB2 DSE at ultra- high-temperatures.
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Appendix A
Error Propagation in XRD Stress Measurements
Two routine rules were utilized for propagating errors in XRD stress
measurements

as

listed

below

[http://instructor.physics.lsa.umich.edu/ip-

labs/tutorials/errors/prop.html].

δ( A + B ) = δ( A ) + δ( B )

1

and

A
A  δ( A )   δ( B) 
δ( ) =

 +

B
B  A   B 
2

2

2

where δ(A) and δ(B) are uncertainties of values A and B.
Substitute Eq. 1 and Eq. 2 into the strain expression in Eq. 5.1, the strain error of
each independent pole is:
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d Φχ − d 0
δ(ε) = δ(
)
d0
d Φχ − d 0
=
d0
d Φχ − d 0
=
d0

2

 δ (d Φ χ − d 0 ) 
 δ (d 0 ) 
+




Φχ
− d0 
 d
 d0 

(

[δ ( d

2

)

] + [δ ( d ) ]
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Φχ

)

2

2

0
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2
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Appendix B
Raw Data for Sample #1 XRD Stress Measurements
ZrB2 :
psi

phi
41.63
41.36
40.24
39.26
40.46
41.10
18.55
18.35
17.67
16.77
17.67
18.30
63.63
63.08
62.65
60.69
62.47
63.09

055.2
112.7
172.7
234.8
296.0
354.4
054.6
166.3
169.2
232.6
298.3
356.4
055.4
114.0
171.3
235.0
295.1
354.0

strain
error
0.00061
0.00049
0.00003
0.00049
0.00117
0.00049
0.00073
0.00049
0.00148
0.00049
0.00055
0.00049
0.00069
0.00045
0.00083
0.00045
0.00045
0.00045
0.00125
0.00045
0.00018
0.00045
0.00059
0.00045
0.00035
0.00050
0.00085
0.00050
0.00086
0.00050
0.00157
0.00050
0.00054
0.00050
0.00010
0.00050
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LaB6 :
psi

phi
29.67
30.41
29.68
28.98
28.23
28.30
29.23
70.72
64.95
65.24
67.64
64.71
63.57
63.58
78.08
78.06
77.94
79.40
78.48
29.98

20.7
142.2
194.0
230.8
285.1
323.5
017.8
362.4
66.2
094.2
146.7
182.8
244.7
272.1
021.0
053.3
109.7
139.2
322.8
057.5

strain
error
-0.00015 0.00009
-0.00005 0.00009
-0.00029 0.00009
-0.00050 0.00009
-0.00057 0.00009
-0.00047 0.00009
-0.00008 0.00009
-0.00025 0.00009
-0.00008 0.00009
-0.00016 0.00009
-0.00038 0.00009
-0.00020 0.00009
-0.00068 0.00009
-0.00065 0.00009
-0.00021 0.00009
0.00006 0.00009
-0.00051 0.00009
-0.00024 0.00009
-0.00067 0.00009
0.00006 0.00009

Appendix C
Raw Data for Sample #3 XRD Stress Measurements
ZrB2 :
psi

phi
37.12
38.51
42.11
43.95
41.78
38.96
14.69
16.26
19.04
20.31
19.33
16.31
59.27
60.26
63.85
65.70
63.79
61.05

64.3
128.1
188.0
244.6
300.0
000.4
064.4
129.6
188.8
243.3
296.4
355.5
064.6
125.8
186.0
243.9
301.3
001.6

strain
error
0.00030
0.00047
0.00019
0.00047
0.00191
0.00047
0.00169
0.00047
0.00124
0.00047
-0.00036
0.00047
0.00066
0.00046
0.00029
0.00046
0.00155
0.00046
0.00090
0.00046
0.00093
0.00046
-0.00014
0.00046
0.00030
0.00050
0.00039
0.00050
0.00193
0.00050
0.00187
0.00050
0.00117
0.00050
-0.00028
0.00050

187
LaB6 :
psi

phi
26.14
27.18
28.73
31.08
31.83
30.99
29.25
26.97
61.09
61.24
64.14
65.46
64.07
62.37
74.45
75.29
76.94
79.39
77.40
75.06

067.0
124.7
162.5
213.9
248.0
297.3
332.7
027.1
080.5
109.2
171.3
199.2
348.9
017.2
067.8
121.4
158.3
210.9
337.0
030.5

strain
error
-0.00049
0.00011
-0.00048
0.00011
-0.00020
0.00011
-0.00016
0.00011
-0.00018
0.00011
0.00002
0.00011
-0.00019
0.00011
-0.00019
0.00011
-0.00024
0.00011
-0.00065
0.00011
-0.00043
0.00011
-0.00027
0.00011
-0.00007
0.00011
-0.00007
0.00011
-0.00046
0.00011
-0.00070
0.00011
-0.00043
0.00011
-0.00016
0.00011
-0.00012
0.00011
-0.00025
0.00011

Appendix D
Conversion between Elastic Constants
ANSYS uses 6 elastic constants, including three Young’s modulus along
coordination axes (Ex, Ey and Ez), the Poisson’s ratio (ν xy), the bulk modulus (G) and the
shear modulus (µyz) instead of the stiffness constants of the material in the modeling.
Since any given crystal has not more than 6 independent components in its stiffness
tensor, those 6 elastic constants are enough to represent the elastic anisotropy of any
crystal system.
Young’s modulus and Poisson’s ratio are constants that describe material’s elastic
behavior under a uniaxial force. In a Cartensian coordination system formed by axes x, y
and z, when apply a normal stress σxx on the material, assume the consequent normal
strain along x and y direction are ε xx and ε yy. Young’s modulus Ex is calculated by Eq. 1 :

Ex =

σ xx
ε xx

1

Poisson’s ratio ν xy is defined as Eq. 2

ν xy = −

ε yy
ε xx

2
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(Ey , ν yz) and (Ez , ν zx) are calculated by the same method under different uniaxial stresses
σyy or σzz.
Bulk Module G is the constant that describe the elastic behavior of a material
under a hydrostatic compression. G is defined as the relative volume change (∆V/V) and
calculated by Eq. 3

G=

∆V
= ε xx × ε yy × ε zz
V

3

Shear modulus are constants that describe the material’s elastic behavior under
pure shear stress. When apply a shear stress σxy on the material, assume the consequent
shear strain is ε xy, the shear modulus µxy is then calculated as

µ xy =

σ xy
ε xy

4

Strain tensors under any above stress conditions are calculated by applying the
Hooke’s Law as:

[σ]6×1 = [c ]6×6 [ε]6×1

5
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where [σ]6×1 , [c]6×6 and [ε]6×1 are stress tensor, stiffness constant tensor and strain tensor
expressed with matrix notation.
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