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Abstract

Projection pursuit is a technique locating projections from high- to low-dimensional
space that reveal interesting non-linear features of a data set, such as clustering and out-
liers. The two key components of projection pursuit are the measure of interesting
features (projection index) and its algorithm. In this thesis, two projection matrix in-
dices based on Fisher information matrix are presented. Both matrix indices are easily
estimated by the kernel method. The eigenanalysis of the estimated matrix index pro-
vides all solution projections. The asymptotic distribution of the estimated index is
studied using the Von-Mises expansion and kernel-based quadratic distance theory. The
application to simulated data and real data sets shows that our algorithm successfully

reveals interesting features in fairly high dimensions with a practical sample size.
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Chapter 1

Introduction

Projection pursuit is a technique to explore interesting structures(such as clus-
tering, skewness or outliers) of multivariate data set by projecting the data onto some
low-dimensional spaces. The two basic components of projection pursuit are its index
and its algorithm.

A projection index is designed to measure “interesting” features. Usually it is
a distance between the marginal distribution of the data projection in a direction and
some “uninteresting distributions” for that marginal distribution. Based on both the-
oretical and empirical evidence, researchers have reached the consensus that normality
best represents the notion of “uninterestingness” (Diaconis and Freedman 1984, Huber
1985). Theoretically, any statistic minimized by the normal distribution, or a test statis-
tic for non-normality can be used as projection index. These indexes are thus optimized
to find projections showing departures form normality. Obviously different indexes pick
up different departures from normality. Another requirement is that projection index
for non-normality should be affinely invariant since linear transformations preserve nor-
mality.

A good projection index should be rapidly computable in practice. In current re-
searches, most projection indexes are scalar measures (e.g., determinant or trace of Fisher

information, standardized negative Shannon entropy, Hellinger metric). And only a few



projection indexes can be maximized algebraically. Most projection pursuit algorithms
have the drawback of a high computational cost. In order to find the optimal projection,
the projection index needs to be calculated or estimated for every possible projection.
When the dimension increases, the computation cost increases exponentially. After the
optimal one-dimensional projection is found, another search has to be done to obtain the
optimal two-dimensional projection. Friedman (1987) partially solved the computation
problem by expanding his projection index using orthogonal polynomials, and calculat-
ing its derivative. After an interesting projection has been found, a transformation is
performed to remove the most interesting projection, but still keep all other features
unchanged. Then the procedure can be restarted from the beginning to reveal more of
the structure of the data set.

This thesis presents two new projection pursuit algorithms based on the stan-
dardized Fisher information matrix J; for a density. One projection index Jy, is the
standardized Fisher information matrix for the density square transformed distribution.
The other one Q¢ is the second term of the Von-Mises expansion of the standardized
Fisher information. Both the two new projection indices are matrix measures of non-
normality. Compared to the classical standardized Fisher information matrix, the two
new indices have a big computation advantage. The least normal projection from the
new projection indices can be estimated algebraically just as in principal component
analysis, provided the data is standardized (i.e., linear effects are removed). One only
needs to estimate the matrix measures by the kernel method, and then do eigenanalysis
for the estimated matrices. From the eigenanalysis, we could find the most interesting

linear projections for future study, or from a converse point of view, we could find and
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discard the least interesting linear projections. We will call the first principal component
with the largest eigenvalue the least normal projection. If an eigenvalue reaches the lower
bound, the corresponding linear projection is white noise coordinate, where a white
noise coordinate is marginally normally distributed and is independent of all the other
solution projections. So white noise coordinates can be discarded in further study.

For our estimated projection indices, statistical performance highly depends on
sample size, dimensionality and a smoothing parameter. When the true distribution is
normal but sample size is small, the eigenvalues may be not close to the theoretical lower
bound i. We construct tests based on eigenvalues to detect the white noise coordinates
within the solution projections.

In order to find the asymptotic distributions of the two new projection indices,
we treat them as functions of distributions. For example, the Fisher information for
the density square transformed distribution is a measure of non-normality and reaches
the minimum at normal distribution. The asymptotic distribution of the estimation
is determined by the second order term of the Von-Mises expansion, which is itself
a kernel-based quadratic distance between the estimated distribution and the normal
distribution. The asymptotic distribution of a kernel-based quadratic distance can be
found using spectral decomposition of the distance kernel(Lindsay et al. 2006).

Chapter 2 introduces the framework of projection pursuit(Huber 1985) and some
popular projection indices. In Chapter 3, we introduce standardized Fisher information
matrix Jy and the eigenanalysis of J;. The two new projection indices Jy, and Q) are
developed in order to solve the computation problem of the classical standardized Fisher

information matrix. Chapter 4 studies the standardized Fisher information matrix Jy,
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after the density square transformation. We present the explicit form of J;, for mixture
normal models. The consistent estimator of Jy, is constructed. The eigenanalysis of Jy,
is introduced to find the least normal projections and white noise coordinates. In Chapter
5, we investigate the projection index )¢ from the Von-Mises expansion of J¢. Similar to
the study of Jy,, we introduce the consistent estimator and the eigenanalysis. In Chapter
6, we introduce the kernel-based quadratic distance theory(Lindsay et al. 2006), and
extend the theory to multivariate version. In Chapter 7, the two new projection indices
are applied to simulated data sets and real data sets. The tests for detecting white noise
coordinates are presented. In Chapter 8, we will summarize the performance of the two

projection indices and present the future work. All proofs are listed in the appendix.



Chapter 2

Projection Pursuit

2.1 Overview

When one maps a multidimensional space into a space of fewer dimensions, one is
performing dimension reduction. Dimension reduction allows us to visualize, categorize,
or simplify large data sets. Some information of the data is lost unless the data fall exactly
on the object subspace. Dimensionality reduction is effective if the loss of information
due to mapping to a lower-dimensional space is less than the gain due simplifying the
problem. Linear projection is the most widely used dimension reduction transformation
in theory and practice, because it is easy to construct and interpret. In this context, our
goal is to find the most interesting projections to study, and discard the least interesting
projections.

The first successful projection pursuit methodology was the contribution of Fried-
man and Tukey(1974). Their idea was to assign a certain objective function to every
projection, and then search the interesting lower dimensional projections by maximizing
the objective function. This method was first termed projection pursuit. The objec-
tive function was called the projection index. Projection pursuit consists of two basic
elements: projection index and the algorithm. Projection pursuit techniques were origi-

nally proposed by Kruskal(1969), but no successful implementation was given.
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A unified framework for projection pursuit was introduced by Huber(1985). It provided
a basis for further research of this subject.

In the following sections, we will introduce Huber’s framework on projection in-

dex,and reasons for our interest in non-normal projections. Some important projection

indices are also introduced.

2.2 The Framework of Projection Pursuit

Let X be a d-dimensional random variable and o be a d-dimensional vector.
The projection index Q(aTX ) is a objective function that measures how interesting
the projection X is. Usually the larger the projection index, the more interesting the

projection is. Huber(1985) distinguishes three classes of projection indices:

Class I Location-scale equivariant:

Qr(sX +1t) =sQ(X) +t;

Class II Location invariant, scale equivariant:

Qrr(sX +1t) = [s|Qr(X);

Class III Affine invariant:

Qrr(sX +1t) =Qp(X),s #0,
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where s, t are real numbers. Generally, the class I indices are “kind of” location esti-
mators, and the class IT indices estimate the dispersion of the data. See Huber(1985)
and Jee(1985) for details. When projection index is standard deviation, it is a class
II index. Then, projection pursuit becomes principal component analysis, which is the
most popular dimension reduction technique in practice.

Since many interesting structures, such as clustering and special shapes, can not
be detected by mean and deviation, a reasonable projection index should be affine in-
variant. Another reason for an affine invariant index is that we usually locate and scale
pictures at will(Huber 1985). The projection index in Friedman and Tukey (1974) is a
class IIT index, which is a product of two functions Q(X) = S(X)D(X), where S(X)
measures the spread of the data, and D(X) describes the local density. Huber(1985)

shows that the index in their framework is

Q(X) = 0, (X) / (@),

where o, is the o trimmed standard deviation, and f is the density.

There is no universal agreement on what it means for a projection to be interest-
ing. But both theoretical and practical evidences show that a lack of marginal normality
for a chosen set of linear projections would make it interesting. (Diaconis and Freedman
1984, Huber 1985, Jee 1985). First, theoretically, a linear projection being sum of ran-
dom variables tends to be normal as dimensionality increases under conditions given in
Diaconis and Freedman 1984. Second, the multivariate normal distribution is elliptically

symmetric and has the least information (Fisher information, negative entropy) for a
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fixed variance. Third, if the optimal projection from a algorithm is not significantly dif-
ferent form normal, then the whole data is believed to be normal. Finally, assuming that
the normal distribution defining uninteresting structures has a computation advantage.
Based on these reasons, researchers have given the heuristic agreement that a projection

is less interesting, the more nearly normal it is(Huber 1985, Friedman 1987 ).

2.3 Previous work

According to the above discussion, we believe that the least non-normal projec-
tions should contain interesting features of the multivariate data. A suitable projection
index essentially amounts to a test of non-normality in the projected data.

Huber (1985) recommended several indices:

Example 1 Standardized absolute cumulants:
QelX) = e (X)| /en(X)™2,m > 2,

where ¢, is mth cumulant of X.

Example 2 Standardized Fisher information:

f/

f)Qfdx—l.

Qr(X) = o*(X) / (

Example 3 Standardized negative Shannon entropy

[NIE

Qs(X) = / log(f) fdz + log((2me) s (X)).
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All of three indices are non-negative, with equality if X is normal. The thesis of

Jee’(1985) studied the projection pursuit indices based on classic Fisher information

matrix and the standardized negative Shannon entropy. These are estimated using over-

smoothed histogram method. His algorithm is applied to particle physics data and
Minnesota forests data.

Friedman (1987) presented a new projection pursuit algorithm to find the least

normal projections. First a uniform transformation is performed
R=29(X) -1,

where @ is the standard normal cdf. If X is standard normal, R will be uniformly
distributed in [—1, 1]. And then Friedman defined an integrated squared error of densities

to measure the non-uniformity of R

1
Q(R) = / () = 5%

where fp is the density of R, fp = % when R is uniform(X is normal). Q(R) is expanded
using Legendre polynomials, and the derivatives are calculated via chain rule and recur-
sion relation of Legendre polynomials. The optimal projection can be found relatively
quickly. The algorithm for two-dimensional projection pursuit is applied to three real
data sets: the states data, the cars data and the Boston neighborhood data, which we

will be examined in chapter 6.
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Theoretically, any normality test statistic can be used to construct a projection
index. However, in order to find optimal projections in a high dimensional space, com-
putational properties are crucial(Friedman 1987). The above three projection pursuit
methods have proved their usefulness in finding interesting projections in real data analy-
sis. Their biggest drawback remaining is the computation. The algorithms must search
the whole space to find an optimal projection(Friedman 1984, Jee 1985). The solution
projections usually are only local maxima of projection index, not the real largest max-
ima. Friedman (1987) partially solved the problem. His algorithm is rapidly computable,
after the derivatives are found. A transformation is provided to remove the structure
of the optimal projection and keep the structures not captured, but it is still not easy
to find the high dimensional projections. The derivative computation is very complex
for high dimensional projections. A sequential approach is usually needed in current
projection pursuit algorithms.

In order to find a faster and more reliable methodology, we borrow the eigenanaly-
sis idea from principal component analysis. In a principal component analysis(PCA), the
projection index is the covariance matrix. The optimization is solved by performing an
eigenanalysis of the sample covariance matrix. The eigenvectors with the largest eigen-
values correspond to the dimensions that have the strongest correlation in the data. The
ith principal component has largest variance in all vectors orthogonal to the previous
i — 1 principal components.

In the following chapters, we will introduce how to use standardized Fisher infor-
mation matrix to construct a new projection index. It is easy to estimate using kernel

method. The solution projections arise from the eigenanalysis of the estimated matrix
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measure provided the data is standardized. The projections with large eigenvalues reveal
the most interesting features of the data. Here an interesting set of linear combinations
might mean those that display nonlinear structural relationships, clustering, or other
forms of dependence that can occur despite zero correlation. If an eigenvalue reaches the
lower bound of eigenvalue, the corresponding projection is white noise. It is marginally
normal and independent of other projections. So it can be discarded. Thus in contrast
to classical projection pursuit, our methodology is projection pursuit plus white noise

detection.
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Chapter 3

Standardized Fisher Information Matrix

3.1 Overview

In this chapter we directly consider the standardized Fisher information matrix
as a matrix non-normality measure for multivariate data. We will show that, similar to
PCA, an eigenanalysis of standardized Fisher information matrix provides the optimal
solution projections.

This leaves the problem of how to estimate standardized Fisher information ma-
trix, which ordinarily require numerical integration for a kernel estimator of f(x). We
will show that the density square transformation fy(z) = f2(z)/ Ir 2(y)dy preserves the
most important structure of the data. The standardized Fisher information matrix for
f> has an explicit form for normal mixture models, and so we can compute it without

numerical integration when using a normal kernel density estimator for f(z).

3.2 Standardized Fisher Information Matrix

Let X = (X;,Xy,...,X;) be a d-dimensional random vector with the density

function f(x), mean p and covariance matrix V.

DEFINITION 1. Vfl/2 (f de) Vfl/2 := Jy is called Standardized Fisher Informa-

tion Matriz where V, f(x) = (8%1]”, 9_£).

ceey Tl‘d
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Since the covariance matrix V; is a nonnegative-definite symmetric matrix, by the finite-

/2

dimensional case of the spectral theorem, the matrix square root Vf1 exists and is
nonnegative symmetric. The Fisher information matrix J; is called standardized because
the mean p and covariance matrix Vy do not affect the value. For fixed variance V%, the
non-standardized Fisher Information [ %de has been studied in literature. In
the case d=1, it is called Fisher information number(Terrell 1995, Papaioannou 2005).
In the standardized Fisher information matrix, we consider the derivative with re-
spect to x rather than the parameters as done in ordinal Fisher information matrix. So it
measures the information in the density, not the parameters. Kagan(2001) demonstrated
the connection between the Fisher information for a density and Fisher information for
parameters as follows given. Create a location family of distributions by f(x+ u; — Af),
for 1y = E¢(X) and arbitrary matrix A, so that F(X) = A6, V(X) = V;. Kagan (2001)

showed a matrix inequality for the Fisher information in parameter 6:

Ologf(x + py — A0)

(3logf(x +pp— AH))T

E( a0 ) a0
B / Vof(z+pu;— AV fT (x+py — Aa)d
= X
f
> ATVf_lA.

The normal distribution N (A6, V) has the least Fisher information for ¢ because the

1
above inequality becomes equality. Applying the inequality for A = Vf2 giving the result

T
_ 2 [ NVaf - Vaf” 1/2
Jf—Vf (/ 7 dw)Vf > 1,
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When f is normal, the equality holds. So the standardized Fisher information matrix
J¢ measures the non-normality of X. And normal distribution has the smallest Stan-
dardized Fisher information matrix in the positive definite sense among all continuous

distributions.

PROPOSITION 1. If f(x) is a differentiable density function, the following matriz in-

equality holds:
1/2 vxf : vme 1/2
Jp = Vf/ (/ fd:c)Vf/ > 1. (3.1)

where, as always, Ay > Ay means that A, — Ay is positive semi-definite matriz. If and

only if f is a normal density function, 3.1 becomes equality.

We next make some remarks on the interpretation of Jy. The inequality may not hold
if the density f(z) is not differentiable for every point z. For example, consider the

bivariate distribution with the density

[y, 25) = 2¢((951a552)Ta (0, O)Ta —72)](5511’2 > 0),

where ¢ is the normal density function. We can show that the matrix inequality does
not hold for this density f(xy,x5), because it is not differentiable at (0,0). However,
the standardized Fisher information matrix for f(x,z,) still exists. In section 6.3, we
will use it as an example to show that the projection pursuit using the standardized
Fisher information matrix index provides reasonable solution projections even though

the matrix inequality does not hold.
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Suppose X has been standardized: V; = I;. So there are no linear relationships
left in the distribution, because the correlations are all zero. The i¢th diagonal term can

be expressed as

8
ox;

v) [ F(@)) F)de

2

(57
(8ilegf Ty, d))zf(x)dx
(/G

Ixija_ f(@_i)dw s, (3.2)

(o) e o) fla_)do_,

/
/
-/
/

where z_; = (2, ...,%;_1,%;41, ..., %q), and Jx,x_, 1s the Fisher information for the con-
ditional distribution f(z;|z_;). That is, the ith diagonal term of J; is not the Fisher
information of the marginal distribution of X, but the weighted average of Fisher infor-
mation of z; conditioned on the rest of the uncorrelated variables. The weight is the
density function f(x_;). Obviously the matrix inequality for J; holds for the conditional
distribution f(x;|z_;):

JX@"m—i 2 ].,VLE_Z‘.

We can conclude that, if the ith diagonal term of Jy reaches the lower bound 1, then

']XL|1‘71 = 1,V3§'

—1)

That is X;|x_; is standard normal for any z_;. We can conclude that X; is marginally

normal and independent of all other variables. We will then call X; a white noise
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coordinate. If the sth diagonal term of J; is bigger than one, some combination of non-
normality and dependence exists. Since X has been standardized, all X; are uncorrelated.
So any dependence must arise from a nonlinear structural relationship, clustering, or

other forms of dependence that can occur despite zero correlation.

3.3 Eigenanalysis of J;

In the section, we present how to use an eigenanalysis of J; to find solution

projections.

PROPOSITION 2. Let A be a d x d nonsingular matrix and Y = AX. Then

J, = V;/QA*TVJ:V2 ;- V;”M*lxﬁﬂ, (3.3)

where g(y) is the density of Y, V, is the covariance matriz of g, f(x) is the density of

X, Vy is the covariance matriz of f.

1 1
We next apply this result. Let A = Vf Zand Y = Vf 2 X. Suppose g(y) is the density
of Y. Then

_1 _1
V, = Cou(Y) =V, *V;V; ? = .

Thus, a principal components analysis yields no structure. From the above proposition,
we have

1 1/2 T 1/2 1/2 1—17,1/2
Jg—Vg A Vf Jfo A Vg = Js.

So, standardizing a vector leaves the Fisher information unchanged. Secondly, consider

an orthogonal transformation Z = "y, where T' = [’le ,'y;‘F , ...,’yg]T is an orthogonal
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matrix. These transformations preserve the standardized structure,
Vi, = Cov(Z) =TTVl = 1,

and so do not create any new linear relationships. We can think of the new vector
Z = ('yTY, - fng) as a vector of projections, as each coordinate Z; is the projection of
Y onto the linear space spanned by ;.

The density of the projection Z is h(z) = g(I'" z). Then and

J, = Vhl/2F—TV91/2Jngl/2F—1V}3/2
T
= TJ,I

= (7).

Consider the ith diagonal term of J,:

= /(;Zlogh(zl, e zd)> 2h(x)dx

= [ ([ (5Ltoahtalz—) hiei-dz )i dz.

= [ Tnge bz (3.4)

where Jz |,  is the standardized Fisher information matrix for Z;|z_;. This leads to a
way to interpret the least normal directions. Let A > Aq,... > A, be the eigenvalues of

Jy(= Jy) and 71, ..., 74 be the corresponding eigenvectors. Then Z; = 7{ Y is the optimal
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projection, in the sense of maximizing BT +3, where 3 is a d-component column vector
such that 878 = 1. The maximal value of ﬁTJfﬁ is equal to ’}/,f[y"}/l = )\ﬂlT'yl = A
The Fisher information matrix of the orthogonal projection Z = I'Y can be expressed

diagonally by the eigenvalues of the Fisher information matrix of Y:

7, = / vzh<z>}§(v5h<z>>T i
= (%T Jy’yj)
= (’VZT Aj

= Diag()\l,)\Q,...,)\d).

Note that Z; is not the optimal projection for maximizing the marginal Fisher infor-
mation of A7Y, because Jgry may not be equal to ﬂTJyﬂ. The projection Z; = fy;fY
from the eigenanalysis of J; has the least conditional normality conditioned on all
the other uncorrelated variables. The ) is the measure of its non-normality. By a sim-
ilar analysis, Z; = yiTY has the least conditional normality in all projections which are
uncorrelated to Zy,...Z;_;.

Because the normal distribution has the least Fisher Information: J;, > I;, the
eigenvalues have the lower bound 1. The Jz,, . also satisfies the Fisher information

inequality:Jz |, , > 1. When A; = 1,

JZ”z_i = 1,v2_i.
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This equation implies that Z;|z_; is normal for any z_;. So Z; is not only marginally
normal, it is also independent of the other variables (Z,...,Z;_;). If \; = 1, then
Aj = 1,5 > i, and the Z; are white noise coordinates, which can be discarded, as
they are not only marginally normal, but also independent of the remaining variables.
From the point of view of our interest in non-linear relationships, we consider the white
noise coordinates to be discardable. In other words, the projections (Z,...,Z;_;) are
sufficient for further analysis. The logic is that the white noise coordinates are not only
marginally uninteresting, but their independence implies that they have no interesting
relationships with (71, ..., Z;_;).

When the smallest eigenvalue A\; > 1, the projection Z,; = *ng is most similar
to white noise among all linear projections orthogonal to the white noise coordinates.
Generally, the eigenvector ~;_; should generate the linear projection most similar to
white noise in the subspace orthogonal to 7, ..., 74, and so forth, so that the projection
Z, = 7{ Y corresponding to the largest eigenvalue A; can be thought of as the most
interesting projection, in the sense of being least similar to white noise. Or, if we were
to use Z; alone, then we can say that we have discarded a subspace of projections that
is most similar to white noise.

According to the above analysis, our projection pursuit procedure include two

steps:
_1
1. Do standardization ¥ = Vf 2X.

2. Do eigenanalysis of J, = J; to find the solution projections Z = rty.
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We use this standardization Y = Vf_%X because it can remove the linear effect and keep
the Fisher information unchanged.

We next verify that we can use any standardization ¥ = AX so that V, =
AVfAT = I;. Finally we will get the same solution projections from the eigenanalysis of

J. According to the above proposition, we have
Jy=ATTV Vv AT = BT B,
where B = fol/ A s a orthogonal matrix because
B'B=aA"Tv PV Pa =1,

The new Fisher information matrix J, has the same eigenvalues as J;, because

T, — M| = |B"J:B -\l
= |B"||J; = \4||B]|

Suppose A; is an eigenvalue, v, is the corresponding eigenvector of J;. Then, we have

T T T
T
= B Jpyy

= NBTg,
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SO Yig = BT% # is an eigenvector of J,. The corresponding projection is Z; = fyiEY =
7inBAX = yf}vf‘l/ °X , which does not depend on the transformation matrix A. So the

method of standardization will not affect the final solution projections.

3.4 Computation Problem of J;

In last section, we showed that an eigenanalysis provides all solution projections,
if the standardized Fisher information matrix J; is explicit for some distribution, or it
is estimated by a numerical method. Unfortunately, in theory, usually J; does not have
explicit form for most population models, even for a mixture of normals; in practice,
if we estimate the measures by replacing the density with kernel density estimate, the
integration will not have explicit form because of the denominator f. Monte Carlo
integration is required to calculate these measures. Jee(1985) employed the averaged
shifted histogram theory of Scott(1985) to estimate these measures. According to the
simulation study in Jee(1985), a large sample is required in order to find good estimate
even in a low dimensional space. Jee’s algorithm has another computational drawback:
it needs to search the whole subspace to find the optimal projection. For example, in
order to find the optimal projection in dimension 1, we need to project the data onto one
direction in R and then to perform a univariate density estimate. When the subspace
dimension increases, it takes long time to find the needle in a haystack.

We will present two ways to solve the computation problem: density square trans-

formation and Von-Mises expansion.



22

3.4.1 Density Square Transformation

The first way is to transform X to T'(X) so that the density function of T'(X) is

2
equal to % := fy(x). The density square transformation has some good properties:

1. The ordering of the density values is unchanged: f(z1) < f(xq) <=> fox;) <

fo(zs), and f(z1) = f(z2) <=> fao(21) = fa(22).
2. The number and locations of density modes is unchanged.
3. It accentuates the peaks of density, and decreases the variance by flatting the tails.

4. It preserves the normality: X is normal if and only if 7(X) is normal,

X ~ N(u,%) < T(X) ~ N(p,%/2).

Plugging f, into (3.1) provides the inequality

1/2 T 1/2
o VS [V f -V fdaV,
L [ 2 (@)da

>

>~ =

where V, is the covariance matrix of T'(X):

B f:z::chQ(:z:)dx B (fxfz(x)dx> (f:];f2(x)dq;>T‘

i T 2wde )\ T f2(w)da

> [P @)de

J, is a non-normality matrix measure for T(X), and also a non-normality matrix mea-
sure of X since the density square transformation 7" preserves the normality. Compared

to Jy, Jy, has at least two big advantages:
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1. it has explicit form for some distributions, for example, mixture of normals;
2. it is easy to estimate using the kernel method.

We will further investigate Jy, in Chapter 4.

3.4.2 Von-Mises Expansion

In this subsection, We treat the Fisher information .J; as a functional T'(F") on
the space of distributions. We will introduce the idea of Von-Mises expansion and apply
it to J; to solve the computation problem.

Suppose Fj is the distribution of interest. In order to expand the function T'(F)
at Fp, we first generate a path in the space of distributions from F{, to the distribution
F, by letting

F.=(1—-¢)F,y+¢F.

For any ¢, it generates an intermediate distribution. Assume that the ordinary derivative

with respect to ¢ exist at € = 0. Then we have the following expansion at € =0 :
’ 1 9 9
T(F.) —T(Fy) = 5TFO(F) + € TFO(F) +o(e),
where
7;,(F) = [ T3 (5d(F(s) = Fyfs)
Tp,(s) = ZT((1 = €)Fy +€05)l=o,

T, (F) = / Ty (5, 0)d(F(s) — Fo(s))d(F(t) — Fy(t)),
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" 52
T =
(8’ t) 851852

Fy T((1— ey —e9)Fy + €105 + €204)|c; =0,e5=0-

We only expand it to the second order term because it is enough for our problem. T ;,O (s)
and T J;O(s, t) are known as influence functions. After evaluating the expansion at e = 1,
we have

/ 1
T(F)—T(F,) := Ty, (F)+ iTFo(F) + error.

Handling the error term can be technically difficult, but the above expansion generally
leads to an asymptotically correct approximation (Serfling 1980).
In our problem, the distribution F{, is a normal distribution with the same mean

and variance as the distribution F. Let

fe = ¢($7Hfa Vf) + 5(]0(1:) - QZ)(J/‘,,U,f,Vf)) = ¢+ 567
where ¢ is the normal density function. Thus

V. f. -V fr
— vy 1ele Yale 1/2
T =V ( / ; dz)v,}/*.

Because [xdde =0 and [ za’ddx = 0,4, we have

V. = / za’ (¢ + 6)dx — ( / 2(¢ + ed)dz)( / z(¢p+ £6)dz)”

= [aa oz ([ woar)( [ wgary”

= Vf,VE S [0, 1]
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. T
So we only need to consider [ vzfsfivzfsd:z: :

[
/(V 20 +eV,0)(Vyp+ eV, 5)
¢+ ed

= / (qubvmgb +&(V,0V,0" +V,0V,0" ) + 52v$5v$5T)

dx

9 (1 +EZ)1dw

= / (vxwxdﬂ’ +£(V,0V,0" +V,0V,0" ) + eQVx(svxaT)
e 52 +é° (i)Q + o(e?))da
— [ Vv, i
—1 T T TV
+e / ¢ (vwévm IR 0 A v LR VA v g)dx

1) 1)
)V pV,0 — (VdV,o' + V,0V,0" )~ lda

2 —1 T
te / 690V (G :

+o(e?)
= V7 [ - ) odaV;
/v5 — ) daV; +/v (@ — j1) V40" dz + 0]
+e / o N (V ) (Y, oY 5 v,0) dx
+o(e?

= Vi +e / 67 (Vi @ — ) + Vo )V (@ = ) + Vo f) e + o(%). (3.6)
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Evaluating the expansion at € = 1 derives

Ipo= LV} / 7V @ — g+ V)V @ = ) + Vo ) da V7 +o(1)

= I+ Qp+o(1). (3.7)

In order to use this as an approximation, the magnitude of the error term would need
to be checked. In our problem, it is not necessary because the statistic Q¢ is also a
non-normality measure of f that we can use it directly. The (); is non-negative and
only when f is normal with the mean p; and variance V7, Vi - py) + Vuf =0.
Compared to the Fisher information matrix Jy, Q; can be easily estimated by the kernel
method, because the denominator becomes the normal density ¢. We will investigate
the projection index @ in Chapter 5. In Chapter 7, the new projection index will be

applied to the simulated and real data sets.
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Chapter 4

Standardized Fisher Information for f,

4.1 Overview

In this chapter, we will present the explicit form of Jy, for the normal mixture
model in Section 4.1. We study the explicit form of Jy, for this model for at least
three reasons: first, finite mixture models have been widely used in a great variety of
fields, where it is common to assume there is a finite mixture structure. Also the normal
mixture model is the most important and popular of the mixture models because of the
flexibility of its density shape and usefulness in practice. Second, the normal mixture
model provides a simple example for the study of the power of non-normal projection
pursuit. For two-component normal mixture models, one can determine the least normal
direction without any computation. So normal mixture model can be used to check if
a projection pursuit method is effective. Finally, when we use the kernel method to
estimate f(x), and the normal kernel is employed, f and f? are, in effect, mixtures of
normal densities.

In section 4.2, kernel method is used to estimate the component piece of Jy,.
Putting them together provides a consistent estimator J = X The consistency re-

quires two conditions: n — oo and that the smoothing parameter H decreases to zero at
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a suitable rate. The selection of the smoothing parameter H is not a easy job in prac-

tice. Our simulation study shows that the asymptotic distributions based on vanishing
H assumption does not provide a good result.

In fact, the kernel estimator J = 3 directly better measures the non-normality

of the kernel-smoothed distribution f; = (f*(z))*(z)/(f*(y))*dy, where

£ () = / f(y)ulﬂffd(H‘l(x — y))dy.

Note that J f, 1s also a consistent estimator of J 15 without H going to zero. This
double-smoothing idea (smooth the model and the data with the same kernel) has big
theoretical advantage. By a Von-Mises expansion, J #, can be approximated by quadratic
distance between the empirical distribution and the corresponding normal distribution.

Asymptotic properties will be studied in the Chapter 6.

4.2 Jf2 for Normal Mixture Models

Suppose f(x) is the density function of normal mixture model:

f(@) = f(z1,..2q) = 221177@(%/%7 i),

where ¢ is the probability density function of d-variate normal distribution with x, u,; €
R% and ¥, is (d x d) covariance matrix. First we give the mean and variance for mixture

of normals:

T
Ef(X) = Z;ilﬂ-ilui:(:ula“'a#n) T, (41)
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Vi = (Cov(X;, Xj))
m m T

— (S ) (S i) (4.2)

We will calculate all terms of (3.5). The following result will be used many times.

PROPOSITION 3.

¢(377Nk7 Ek)d)(xnu’la El) = ¢(Mk7ul7 Ek + El)‘f’(l’:ﬂkh 2l»cl)? (43)

where
~1 1
Y=+ X)) X =S50 +%)

g = Xy(By + El)_lﬂk + Xp(Zy + Ez)_lﬂz-

PROPOSITION 4.

/f2d95 =3 meme (g, i T+ %) (4.4)

ko1

PROPOSITION 5.

/fo-mede
= Y memdle s S+ E) (S +5) 7
kol

H(S + )7 e — ) (g — )" (B +2) 7 (4.5)
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PROPOSITION 6. If f is the density of mizture model of m mnormals, then fy(z) =
f2(a:)/ff2(y)dy is the density of a mizture of normals with m? uncombined compo-

nents. The component proportions {m} are proportional to

TRy, g X + 27).

the component means and variances are [y, and Xy;.

Using the forms (4.1) and (4.2) for f,, we can get the explicit form of the covariance

matrix Vf2 :

Vi, = ZZWMEM‘FZZWMMMMZ
ko1 ko1
—(Zzﬂklﬂkl)(zzﬂklﬂkz)T- (4.6)
ko1 ko1

Plugging (4.4), (4.5) and (4.6) into the left part of (3.5), we get an explicit form for Jy, .

4.3 Kernel Estimator of sz

The kernel density estimator is a very popular non-parametric estimator of f(z).

Let

fa@) =3 n|1H|Kd<H‘1<x ~ X)),

where K is the kernel function, which is usually a symmetric probability density function
and H is the bandwidth, also called the smoothing parameter. The kernel estimator is
a sum of “bumps” placed at the observations(Silverman 1986). The shape of bumps is

determined by kernel function and the bandwidth. The quality of a kernel estimator
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generally depends less on the shape of the K than on the value of its bandwidth H.
In this section, we use the normal density as the kernel because of its computational

advantage. Let

1
C2r
Substituting the kernel estimator f, () for f(x) in Jy,, and applying equation (4.3), we

can get the explicit form of the estimator of Jy, :

J F3(x)da

Jf? - Jf2 -

9

where

! 2 Xi+X; H? oo _
i.j
! o2 1 T 7—2
= D60 = X, 0,28 H (S — (X = X))(X, - X)) H
1,
! o (H? H? T -2
- ﬁZqﬁ(Xz va072H)(j—T(Xl—X])(Xl—Xj) H >,
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B[ @) (@)de 2 @) (@)de 7\ [ 72 (x)(x)da

H> (X + X)X, + Xj)T)
2 9y

* 4

[aa" @) = 5 3 6, X, 28
1,

and

« X + X
[afp@ns = 5 3" 04X X205 (S ).
4]

All above pieces estimators are V-statistics, so consistent under some assumptions in-
volving a large sample size n, and a vanishing bandwidth H. In practice, it’s important
and very difficult to choose the most appropriate bandwidth as a value that is too small
or too large will not be informative. Small bandwidth leads to very spiky estimate, which
makes the estimated pieces unreliable, even when the sample is really from the true dis-
tribution. And large bandwidth leads to over-smoothing, which will make non-normal
data look more normal.

Bowman (1995) proposed a criteria to select an optimal bandwidth: mean inte-

grated squared error (MISE)

[ EGu@ - @)

Usually it needs to be calculated by numerical integration. However, for the normal
density kernel, the following bandwidth is optimal for a normal density f according to

the MISE criteria:

4 \aiwl/2 -
HOp: (7d+2) M n d+4,

where Y can be estimated by the sample covariance matrix.
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The kernel density estimator f 17 is biased for any fixed bandwidth. The true mean
of fu(z) is f*(x):
0 = [ F0)- T ali @ = ).

The density transformation f — f*also preserves the normality of f(x), when the
y

Gaussian kernel K is used in the kernel density estimator.

PROPOSITION 7. If f ~ N(ug, Vy), then

(2) = / fw)- ,;,del(x )y ~ Ny, Vy + HY).

If we estimate all terms of Jy, using the kernel method, the expectations of these terms

can be expressed by f*:

Ef/f;(x)dx - /Ef(n|1H|ZKd(H_1(:c—Xi)))2dx
_ 22( O, X5, H)o(, X;, H) ) de

. QZ/EmeZ-,H)qs(mXH zszfMXH)

i#]

i#]
= (1- 1)/(f*)2(1’)d33+iEf/qSQ(x,Y,Hz)dx

n

= (1= 5 [(72@)de + —=-6(0,0,21,);

n



34

By [ Vadula) - V. fj(a)ds

_ ZZ/ Eyp(w, X;, HYH (X, — 2)Bpé(z, X;, H2)(X, — x)TH_Q)dx
i#£]

+ 22/ Ef¢ z, X; H) (Xi_f)(Xi—ﬂﬁ)TH_2>d:z

= (=) [V @O @) o+ By [(e X HYE G — )X - ) B da

= (=) [ VS @t @) o+ o 0(0.0,20) 7

Ef/x:rTf?{(:r)dx - ZZ/xxTEf (6@, X;, B)o(x, X;, 1) ) da

= Z/xx Esd(x, X;, H)Epp(a, X, H )dx
i#j

+ ZEf/m ¢*(x, X;, H?)dx

- - 1)/xxT(f 2(2)da + 1Ef/xxT¢(:p,Y, H2/2)6(0,0, 2H?)dz

n n
1

= (1--) /xxT(f*)Q(x)dx + %qﬁ(o, 0,2H*)Ef[H?/2 +YY"]

(4.7)
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Ef/xf?{(x)dx - 732Z/fo<q§(x,Xi,H2)¢(:C,Xj,H2)>d:c

= 2Z/mEf¢g:Xi,HQ)Efqﬁd(g;,Xj,H )dx + QZ/Efm (z, X;, H?)dx

i#j
- (1- Tll)/x(f*)z(a:)dx—i— ;Ef/m?(x,x H?)da
- -0 /as(f*)g(x)dx + n’1H|¢(O,O, 21,)E,Y.

For fixed H, putting all these kernel estimators together and letting n — oo derives a

new standardized Fisher information matrix:

Vflf [V (Vof )wafl;/2
J (f*) (z)dzx ’

(4.8)

where

2/ [P s

v S () wdy (fy(f*)Q(y)dy) (f y(f )Q(y)dy)T
N Ve >2dz J(F)?dz J(F)2de )

The above matrix is just the standardized Fisher information matrix of f; . The matrix

inequality still holds since f* is also a density function:

VIVl (T ey
TRECLE: ==

(4.9)

So, in order to measure the non-normality of the original density f(z), we first smooth

it using a normal kernel, and then transform the smoothed density f*(z): fj(x) =
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(f)*(x)/ [(f*)*(y)dy, finally construct the standardized Fisher information matrix for
IS

In the following part, we use J f; to study the asymptotic property of the estimator

J ,- Compared to Jy,, this new Fisher information matrix .J f: has some good properties:

first, for any fixed H, f*(z) is the mean of kernel density estimator fy (z). The estimator

J 1, is closer to J 2 than Jy,. Second, it is easy to construct the unbiased estimators for

all pieces of J 12 by U-statistics. Putting all corresponding V-statistics together derives

J 1,- The consistency of the estimator J 4, holds for every fixed H. Finally, the asymptotic

distribution of .J #, can be found using the quadratic distance method in Lindsay et al.

(2006).

4.4 U-statistic Estimator of sz*

In practice, if the distribution is known and Jy, is known, we use Jy, as our
measure of non-normality. For the real data set, we use J 4, to estimate Jy . In order
to study asymptotic properties, we fix the smoothing parameter H and treat J 7, as the
estimator of J - In this section, we will introduce how to estimate J 2 using U-statistics.

First we rename all pieces of the matrix J f; to have a simple expression.

DEFINITION 2.
VA2 [V (Vo) davy/?
J(f*)?(z)da ’

JfQ* =
b= [ (1))

0= [Vt (Vur) o
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05 :—/ny(f*)z(y)dy,
05 := /y(f*)z(y)dy-
So

VY2 [N (Vo) daV

I = = (- (@) )N (- ()

We will estimate all 6,,7 =0,1,2, 3.

PROPOSITION 8. Suppose {X;, ..., X,,}is a random sample from f, then the U-statistic

Uo = nn_11|H|22/ K(H Nz - X)) K(H ' (z - X;))dx

= Z¢ (X;, X, 2H?)
Z#J

= Z ho(X

wfj

is an unbiased estimator of 0, where hy = ¢(X;, X;, 2H2) 1s the kernel function of the

U-statistic.

The projection of U, is

Py == 3 (X)),

where h'(X;) = Ehg(X;, X;|X;) = ¢(X;, pp, A), A=V +2H.

When f is a normal density,

0o = /gb(m,,uf,A)gb(x,,uf, Vi)dz = ¢(0,0,2V; + 2H?).
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Similarly, we can find the U-statistics for other pieces.

PROPOSITION 9. Suppose {X1, ..., X,,}is a random sample from f, then the U-statistic

1 OK(H ™'z - X;)) OK(H 'z — X))
U = nn_—umz Z/ or oo "
- |H‘2 ;/K H (o — X))K(H Mz — X,)H 2z — X,)(x — X,)TH 2du
- Z¢ )(HT_ - HT_(X X)X - X)) H?) (4.10)
%#J
= n(n — 1 Zhl
Z#J

is an unbiased estimator of 8,. The projection of Uy is

Pr= 2% (h(X0) = 6),

where hy(X;) = Ehy(X;, X;1X;) = ¢(X;, 1y, A) (AT — ATHXG — pp) (X — pp)T AT,

When f is a normal density,
01 — 00(2Vf + 2H2)_1

PROPOSITION 10. Suppose { X1, ..., X, }is a random sample from f, then the U-statistic

1 T - -
v, - n@_mmz;/ e K o XK 3,
H? (X +X,)(X; + X;)"
;ﬁf’ >(7+ 1 )

e S

lsﬁy
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is an unbiased estimator of [ xx’ (f*(x))*dx.

The projection of Uy is

where

hy(X;) = Ehy(X;, X;|X;)
(2H? + (571 + (26 7))

= (X3, 0,4)( 1
. I+ (V;+2H>) 'V X, X (I + (V + 2H2)—1Vf))
1 .
When f is a normal density,
2V + 2H° 2V + 2H?
0, = $(0,0,2V; + 2H2)[ff +pppf] = goff.

PROPOSITION 11. Suppose { X1, ..., X,, }is a random sample from f, then the U-statistic

1 - _
U, — QZ/xK(H o — X)) K(H (2 — X,))dz
n(n —1)|H| vy
1 2\ (Xi + Xj)
- - X, X, 2H%)~ 20
n(n _ 1) Z ¢( (2 2 ) 2
i#j
1
= = N (X, X,
n(n —1) ; sl )
is an unbiased estimator of [ x(f*(z))*dx.
The projection of Us is
2~
Py = n Z(hg(Xz) —03),
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where

h*

1 -1 2 —1
3(Xi):Eh3(Xi7Xj’Xi):¢<Xi7ﬂva)§(Xi+VfA X +2H"A " py).

When f is a normal density,
03 = Houf

After combining the above four U-statistic estimators, we get the U-estimator of the

standardized Fisher information matrix J 1

j (7 - (%)(%)T)%Ul(% - (%)(%)T)%

U =
Uo

1 1
= (UyUy — UsU3 )2 U, (UyUy — UsUy )2 /(UD).

When X is standardized: p; =0, V; = I, 05 is zero. Thus, we have

R COH GO
U = =
= (Uy)3U,(Uy) /(U2).

When f is normal and n goes to infinity, the U-estimator converges in probability to %I d-
Note that the matrix inequality U* > i[d does not hold for this estimated matrix U*,
because the four U-statistic estimators are unbiased and U* is not a Fisher information
matrix of some distribution. If we use the corresponding V-statistics to estimate the 6;,

we get J =4 X The inequality then holds because the estimated matrix is just the
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standardized Fisher information matrix of the empirical distribution of f; :

e B GHENIGE - )N

Vo

1 1 1
= (VoVo = VsV )2 Vi(VaVo = VaVy)2/ (V) = (1,

where V; is the corresponding V-statistic of U;,i = 0,1,2, 3. V* is still a consistent esti-
mate of J e In Chapter 6, we will study the asymptotic distribution of v by expanding
it at a normal distribution with the same mean and covariance as f. The second order

of the expansion is a kernel-based quadratic distance(Lindsay et al. 2006).

4.5 Eigenanalysis of J,

In this section, by extending the results for J;, we will study the transformation
property of J¢,, and show how to use an eigenanalysis of J, to find the least normal

projections.

PROPOSITION 12. Let A be a d X d nonsingular matrix and Y = AX. Then

/2 =T —1/2 —1/2 4—17,1/2
Jo, =V, A Ve IRV A V. (4.11)
where go(y) /fg )ds, g(y) is the density of Y, V,, is the covariance matriz of
the distribution with the density go; fo(x) /ff (x) is the density of X,

Vy, is the covariance matriz of the distribution with the density fo.
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_1 _1
First we standardize the vector X. Let A = Vf2 2 and Y = Vf2 2 X. This standardization

does not change the Fisher information. Suppose g(y) is the density of Y. Then

N|=

_1 _
Vo, =V, 2 Vi, Ve, 2 =1y

92 2

and

)2 4 —Te—1)2 “1/2 4-1g/1/2
J92_V£I2 A sz Jf?vfz A ng _Jf

0"

Secondly, we consider the orthogonal transformation of Y. Let
Z=(Zy,s Zg) = (1 Y,a Y)T :=TY,
where T' is an orthogonal matrix. So the density of Z is h(z) = g(I'" z), and
Vi, =TV, I" =1,
Then, we have

/2T ,1)2 1/21—17,1/2
Jhy = VT V;}Q JgQV;J2 v,

2

= TJ,I"

= (3 In)-

Let Ay > Ay, ... > Ay be the eigenvalues of the standardized Fisher information matrix of

Y and vy, ..., 74 be the corresponding eigenvectors. By the similar analysis of J; in section
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3.3, we know that the projection Z; = 7{ Y has the least conditional normality and A; is
the measure of its non-normality. Moreover Z; = ’yiTY has the least conditional normality

in all projections which are ”uncorrelated” to Z,...Z;_;. Note that here "uncorrelated”

7
means that after the density square transformation, the transformed Z; are uncorrelated
because V;,, = ;.

The Fisher information matrix of the optimal orthogonal projection Z =T'Y also

can be expressed diagonally by the eigenvalues of the Fisher information matrix of Y:

g J V.h(2)(V, h(2))" dz
h

2 [ h?(2)dz
= (5/7)
= (%T )‘ﬂj)

1
= D’L'Clg()\l,AQ,...,)\d) Z Zld

When Z is normal, it becomes equality. So the eigenvalues of J;, have the lower bound

%. Consider the ¢th diagonal term of J:

S (e, z0)) e

[ h*(2)dz
(%h(zﬂz—i))Qd%‘ B (z|z_;)dz;
- /(fffﬂ Gl “"”fffﬂ| e

2
2 fh z|271)dz
- /JZi|Z_lh (z_l)—f 2 dz_

1 fh Z\z_z )dz;
> - P Ned Aledes Vhotod
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where .J2

717, is the Fisher information matrix for Z;|Z_;,. When \; = %, Jz)2 s = %, Vz

—i»
which implies that Z;|z_; is normal for any z_;. So Z; is a white noise variable, which is
not only marginally normal, but also independent of the remaining variables. If \; = %,
then \; = %, J > i, and Z; are white noise variables. So, by applying an eigenanalysis
of Jy,, we thus not only can find the interesting projection using the largest eigenvalues
and the corresponding eigenvectors, but also can discard directions as white noise when
the eigenvalues are close to %.

The diagonal form of the Fisher information matrix J;,, also provides a new test

statistic to test the normality of the whole X:

d
Z A; = trace(Jy,) = trace(Jy,).
i=1

The asymptotic distribution will be discussed in Chapter 6.
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Chapter 5

Von-Mises Approximation ()

In Chapter 3, we showed that the eigenanalysis of the Fisher information matrix
J¢ can provide all solution projections. We also found a new projection index Qy by

expanding the Fisher information matrix Jy:

Qp =V} - / 6V o — )+ VDV @ = ) + Vo f) e V7

Compared to the Fisher information, the projection index Q) is easy to calculate and
estimate, because the denominator is a normal density function, not f. We still can get
the explicit form of @; for the normal mixture model by the similar computation in
section 4.2. However, we do not list the results because the form is very complicated.

We can use the kernel method to estimate Q¢ by simulation.

5.1 Kernel Estimator for Q;

In Chapter 6, we will show that the standardization leaves the index Q; un-

changed. So, without losing generality, we assume the data has been standardized:
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pg =0,Vy = I;. The standardization simplifies the index Q:

Q = / 67 (@ f (@) + Vo (@) (@f (@) + Vo f(2) de
= /xfoQ(x)qb_l(a:,O, 1)d:c—|—/xf(:z)¢_1(x,0,1)vxfT(x)dx
+ / Vo /(@) o7 f(e)s (.0, 1)dz + / Y, f @)V, () 6 (0, 1)

We replace the density function f(z) with the kernel estimator fp(z) to get the estimator
Qj-

PROPOSITION 13.

[aa @)™ @0, 10ds = ZZA” (gl + )

/l“fH(ﬂfW_l(fUa 0, 1)waH(x)d:r = W ZZAij(Mij:uij +X - /M']'XjT)H_2

J

/vme($) : foH(CC)(Z)_l(l’, O 1)d N2 Z Z A’LjH (M'Lgﬂl] +X - XzMU)

/vme($)vme(x)T¢_l(x O 1 N2 ZZAUH_Q uz] )(Mzg _Xj)T+E)H_27
(X3, X;,2H?) . 2 -1 o 2\—1
'Where A |I H2/2| d)((X +X )/2 0,1,— HQ/Q) Y= (2H - Id) ) /JJ'L] - (2Id - H ) (X’L +

X;)

The kernel estimator @ i actually measures the non-normality of the smoothed density

= f(y)%Kd(H_l(x — y))dy. We will show that the kernel estimator @ is the
V-statistic estimator of @ «. It will help us to study the asymptotic properties of the
estimator Qf-

First We will express the terms of Q(+) as the expectation form.
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PROPOSITION 14. Suppose Y, Z are independent variables with the same density function
[, then the projection index Qs+ can be expressed as an expectation

H? o(Y, Z,2H?)

7' YZo((Y + 2)/2,0,1; — H%/2)

Qs = Ha—
-((2Id ~H) 'Y+ 2) (v + 2Tl - H) T 43
@ -HY ' v+ 2)v+2)T L, - HY) v - L, - H) (Y + 2) 2" H?
+H (L, -H) 'Y+ )Y+ 2) 2L, - B) ' v —Y(Y + 2) 21, - H) )
FH (S (21— H) (Y + 2) = V) (@l - B (Y + 2) - 2)) 1)

= Eyzh(Y,Z) (5.1)

where ¥ = (2H 2 —I,)7".

So the V-statistic estimator of Q(f*) is

%ZZFL(XhXj) = Q;.

i=1 j=1
5.2 Eigenanalysis of Q)

In the section, we present how to use an eigenanalysis of () ; to find solution projec-

tions. The transformation equation for @ still holds, which is the base of eigenanalysis

PROPOSITION 15. Let A be a d X d nonsingular matrix and Y = AX. Then

Q, = Vgl/QA_TVf_1/2Qfo_1/2A_1Vgl/z, (5.2)
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where g(y) is the density of Y, V, is the covariance matriz of g, f(x) is the density of

X, Vy is the covariance matrix of f.

_1
We first standardize the variable X : Y = Vf 2 X. It leaves the index unchanged
1 1/2 4 =T ,1/2 1/2 4 =17,1/2 _
Qg—Vg A Vf Qfo A Vg =Qy.
Secondly, consider an orthogonal transformation Z = rty.

o 1/2—T+1/2 1/21—17,1/2
Qn = VPTTIVIEQ VTV
= Q"

= (%TQNJ)

The projection index Z = I'Y still can be expressed diagonally by the eigenvalues of Q) :

_ V.h(2)(V.h(2))"

= (f Qf’yj)
= (%T /\ﬂj>

= Diag(/\l,)\Q,...,/\d).

Similar to the analysis of Jy,, the eigenanalysis of )y can provide the least normal
projections. The projection Z; = *leY has the least normality in all projections, and the

largest eigenvalue A; is the non-normality measure. Because the projection @ is always
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non-negative, the eigenvalues have the lower bound 0. When A; = 0, the corresponding

projection Z; is a white noise coordinate, which can be discarded in future study.
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Chapter 6

Asymptotic Distribution of V*

6.1 Overview

In Chapter 4, we constructed estimators for the four terms of J f2 using U-statistics
or V-statistics, and put them together to get a consistent estimator of J fr Applying
the U-statistic asymptotic theorem, we can get the limiting distribution for every term.
The convergence rate is \/n. Unfortunately, the convergence rate of the whole estimator
V* (or U* )is not y/n but n. In Section 6.2, we will use the projection formulas for U-
statistics to show that the y/n term of V*is exactly zero. In order to find the asymptotic
distribution of V*, we need to expand all V-statistic estimators to the order n, and then
plug them into V* to find the n term. But this computation is really messy.

To find a more direct analysis, we look at the problem in another way. We may
think J f; as of a function of a distribution. Then V* is the value of the function at
the empirical distribution F,,. Because the empirical distribution converges to the true
distribution, we may find the limiting distribution by expanding the function around the
true distribution F{), which is normal under the null hypothesis. Because the function
reaches the minimum i]d at the normal distribution, the first Von-Mises derivative
at the normal distribution is expected to be zero. So the second “derivative” should
determine the limiting distribution. In section, we will express all terms of J f; a8 the

functions of true distribution, so the V-statistic estimated matrix V* is a function of true
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distribution. And then we will employ Von Mises expansion(Section 6.3) to show that
the second order term of V* is equivalent to a kernel-based matrix quadratic distance
between the empirical distribution and the true distribution. The Von Mises expansion
computation is much easier than U-statistic method, because it is very easy to find the
functions of all terms, and we only need to use the derivative chain rule to find the
expansion of V*

In sections 6.4, we introduce the kernel-based quadratic distance theory of Lindsay
et al.(2006) for d = 1. The limiting distribution of the scalar quadratic distance can
be determined from the spectral decomposition of the distance kernel(Lindsay et al.
2006). Lindsay et al.(2006) showed that many important statistical distances have the
kernel-based quadratic distance form. In the case d = 1, the limiting distribution is a
weighted sum of chi-squared variables. The important approximations will be checked
by simulation in Section 6.5. In Section 6.6, we apply the quadratic distance theory to
the sum of eigenvalues of V*, which is equal to the trace of V*. Section 6.7 presents how
to find the asymptotic distribution of the matrix v by using the multivariate spectral

decomposition theorem and permutation invariant property of V*.

6.2 The Zero /n-term

In this section, we will introduce the U-statistics projection method, and apply it
to show that the y/n term of V* is exactly zero.
Let X1, ..., X be arandom sample from the distribution f. Suppose h(Xy, ..., X,)

is an unbiased estimator for the parameter of interest § and permutation symmetric in
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its r arguments. A U-statistic with kernel h is defined as

1
C

U= T
N

> h(Xp,, s Xg,),
&}

where the sum is taken over the set of all unordered subsets § of r different integers
chosen from {1,..., N}. The statistic U is also an unbiased estimator and has smaller
variance than h, because U is the conditional expectation of h on the order statistic
{X(@)s - X} The U-statistic is asymptotically normal given Eh? < co. But U-
statistic is not the sum of independent random vectors. To get the asymptotic normality
of a sequence of U-statistics, we can consider the projection of the U-statistic onto the

set of all statistics of the form Ef\; 1 9i(X;). The projection of U — 6 is given by

N N
P =Y B(U-0X;) = = > (h"(X;) ),
=1 =1

where h*(z) = Eh(z, Xy, ... X ).
The sequence of the projection P is asymptotically normal by the central limit theorem
provided E(h*)?(X) < oo. And the difference between U — # and P is asymptotically

negligible.

PROPOSITION 16. If Eh*(Xy,...,X,) < 0o, then VN (U — 6 — P) = 0,(1). Consequently,
the sequence VN (U — ) — N(0,7%(,), where, with X1, ... X,, Xy, ..., X,» denoting i.i.d.
variables,

¢ =cov(h(Xy,.... X)), h( Xy, ..., X,0)).

By applying the result, we get the expansion of the four piece U-statistics of U*.
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PRrROPOSITION 17. Let U; be the U-statistic estimator of 0;, and P; be the projection of

U, for a sample size n. We have

and

1
PP, :0p<%>,i,j —0,1,2,3.

Plugging the above expansions into the U-statistic estimator U* derives the expansion

of U* at v/n. Because the difference between a U-statistic and corresponding V-statistic

is O,(1/n), it is easy to find the expansion of V.

PROPOSITION 18. Let H = hly, h > 0. Then the \/n term of U* is zero.
T 1[ _ .
U* — 1 d = 0p<1/\/ﬁ),

Ve — i[d = 0,(1/V2n).

In the proof, we assume X is standardized: puy =0, V; = I;. The result is true for any

py and V.

6.3 Von-Mises Expansion of V*

In Section 3.4.2, we introduced the Von Mises expansion of J; to get a easily

computable projection index @ ;. The idea is to treat a statistic as a distribution function
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T(F), and find the expansion at F|y by calculating the influence functions:

’ 1
T(F) = T(Fy) =T (F) + QTF0<F) + error.

In our problem, F' = F, and F, is normal distribution. The function T'(F') = V* reaches
the minimum %Id at Fj. So we believe the first derivative Tl;o (F) at Fj is zeros. Thus,
we need to expand T'(F) to the second order. We will find the distribution function and

influence function for every piece of V* and use the chain law to get the whole derivative.

PROPOSITION 19.

0 =[5 ae= [ [( [ K e =) g K @ = 2)da)dF )R )
= [ [ Kiwaanwine)

= K, (Fy, Fo) = Ty(Fyp).

And then we can get the influence functions:

Tor () = - Tp((1— )Py +8)]g
—2//K§(y72)dFo(y)dFo(Z)+2/K{§(y78)dFo(y)

= 2K§(F07 S) - 2K3(F07 F0)7

62
Top,(s,t) = 0,02, To((1 — &1 — 9)Fy + €165 + €201) |, —0,600

S / / K? (4, 2)dFy(y)dFy(2) + 2 / K2 (4, $)dFo(y)

= 2K8<(F05F0) + QK();(Svt) - Z(K:)((SvFO) + K;)((FOat))



Finally we get the first and second order terms:

T (F) = [ Ton (d(F ()~ Fi()
= 2 [ Ky )Ry wiF(s) -2 [ [ Ky 2)dE)dFy )

= 2KS(F07F) - QKS(FO>FO)7

/ / Ty, (5, )d(F(3) — Fy(3))d(F(t) — Fy(t))
= / / K2 (5, 1)d(F(s) — Fy(s))d(F(t) — Fo(t))

2K (Fy, Fy) + 2K} (F, F) — 4K (Fy, F).

Similarly, we can get the functions and derivatives for all other pieces

95
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PRrRoPOSITION 20.

_ /V FV. ) Td
- [/ |H| y>>‘§[H‘2<x —y)(e — =) H 2K (H \(x - 2))da) dFy(y)dFy (=)
- //K1 v, 2)dFy (y)dFy(2)
= Kr(FmFo) =T, (Fp).
6, — / cxT f* de

— 73335 —2 T —z))dz z
_ // i TK(H )),H,H K(H \(z — 2))dz)dFy(y)dFy ()

= //K2 y, 2)dFy(y)dFy(2)

= K;(FmFO) i=Ty(Fp).

0; = /xf*2d3:
_ // /|H| )‘H‘H_2K(H Yo — 2))dx) dFy(y)dFy(2)

= //K3 Y, 2)dFy(y)dFy(z)

= K;(FmFo) 1= T3(Fy).



PROPOSITION 21.

T (F) = [ T ()P - Fols)
— 2 / KX (y, s)dFy(y)dF(s) — 2 / / KX (y, 2)dFy(y)dFy(2)
= 2K, (Fy,F) —2K/(F,, F),i=0,1,2,3

T (F) = [ [ Tin (s 0d(F() ~ Fy(s)d((0) ~ Fy(o)
= 2 [ [ K 0d(FG) - Fy(s)dF() - Fyft)

= 2K, (Fy, Fy) + 2K, (F,F) — 4K (F,, F),i=0,1,2,3.
So the Fisher information matrix has the following form:

T\1 T3 /3
T(F) = (1T, — T5T3 )2 Ty (T, Ty — T3T5 )2 /1.

Using the above results and chain rule, we can find the first two orders of T'(F'):

o7

(6.1)

(6.2)

TFO(F) =0,
" 2 1 * * * * *
Ty, (s,t) = _9[2)<200K0(37t)1d — 0K (s,t) — 01K, (s, 1) + K (s, Fo ) K (¢, Fp) Iy
* * * * * * 0
_2(K1 (87 FO)KQ (ta FO) + Kl <t7 FO)KQ (87 FO)) + 4K3 (37 FO>K3 (tv FO)%)

2 9K*(s,1).
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Finally we have the expansion:

V- ild = T(F)-T(F)

= //K*(s,t)d(F(s) — Fy(s))d(F(t) — Fy(t)) +o,(1/n).  (6.3)

Here we have assumed, not proved, that the remainder term is negligible. We will later
investigate the accuracy of the approximation by simulation because a proof of this
equivalence is beyond our main emphasis. The first term of the right side is called a
kernel-based quadratic distance with kernel K™*. In the univariate case d = 1, Lindsay
et al.(2006) discussed how to use the spectral decomposition of the kernel K™ to find
the limiting distribution of the quadratic distance estimate. We introduce the quadratic
distance theory in Section 6.4, and apply it to find the limiting distribution of tmce(v*)
in Section 6.6. In Section 6.7, we extend the quadratic distance theory to the multivariate

case d > 1.

6.4 Kernel-based Quadratic Distance and Spectral Decomposition

We use the setting of Lindsay et al.(2006). Let S be a sample space with measur-
able sets B. Let K(s,t) be a bounded symmetric kernel function on S x S. The kernel
K(s,t) is called nonnegative definite(NND), if the quadratic form [ [ K(s,t)do(s)do(t)
is nonnegative for all bounded signed measures o, and it is conditionally NND if non-

negativity holds for all o satisfying the condition [do(s) = 0.

DEFINITION 3. Given a conditionally nonnegative definite Kg(s,t), possibly depending

on G, the Kernel-based matriz quadratic distance between two probability measures F and
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G is defined as

Ao (F.G) = / / Ko(s,0)d(F — G)(s)d(F — G)(t)

.= Kqo(F,F)— Kg(F,G) — Kg(G, F) + Ko(G, G),

where, for example, K;(F,G) = [ [ Kg(x,y)dF(2)dG(y). The conditional NND prop-
erty implies the non-negative definiteness of the kernel-based matrix quadratic distance.
Note that the kernel function may depend on the distribution G.

When F' and G are continuous with densities f and g, one can write

dx(F,G) = / / K (s, 0(/(5) — g(s)) (F(£) — g(t))dsd.

Many important scalar statistical distances can be written in this form, for example,Pearson-
Chisquared distance, Cramer-Von-Mises distance and L, distances(see Lindsay et al.
2006). In several physics-related statistical articles, the kernel-based quadratic distance
is given another name: energy because of its relation to the energy of electric charge
distributions(Aslan and Zech 2006).

In a goodness-of-fit test problem, we can select a suitable kernel function R to
measure the distance between the estimated distribution F and the null hypothesis

distribution F{:

/ / Rz, )d(F — Fy)(@)d(F — Fy)(y).
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Usually the empirical distribution F}, is used as the estimated distribution F. For exam-

ple, Bowman and Foster (1993) use the special kernel function

r—z

Riaag) = [ x5 k(e

for a test of multivariate normality. This kernel-based quadratic distance can be written
as the quadratic distance between the kernel smoothed densities of the estimated distri-
bution F,, and the null hypothesis distribution Fj;. The kernel K is not unique for any
given distance dg (F,G). The kernel K*(s,t) = K(s,t) + a(s) + a(t) + b generates the
exactly same quadratic distance as K (s,t), for any function a(x) and constant b, since

F and G are probability measures. The problem can be fixed by centering the kernel K.

DEFINITION 4. The G-Centered Kernel for kernel K is
Kcen(G) (Sv t) = K(S7 t) - K(87 G) - K(Ga t) + K(G7 G)

In our problem, the K*(s,t) in (3.3) has been centered automatically: K*(s,t) =
K en(ry)(8,t). When G is the hypothesized true distribution, the G-centered kernel

K cen() simplifies the distance representation:

Mﬂmz//Km@uwﬂwwmm

The empirical distance between the empirical distribution F and the true distribution in

null hypothesis is of our interest. For the empirical distance, d(F,G) = K, (G)(F JF) =
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1TK1/n?, where K (i,j) = K en(c)y(zi; ;). This is a V-statistic, which is a biased esti-

mate of d(F,G). The corresponding U-statistic is

n: n—l ZZKcen Ly, ]

1§

The only difference between d(F', G) and U,, is the diagonal terms K, cen() (T4, T;) missing
from U,. When G = F, E;(U,) = 0 = d(F,G), but Eg(d(F,QR)) = E[K,.,,(X,X)]/n.
A possible numerical problem arises when K., ) does not have a explicit form. In
this case, numerical calculation may be needed, like Monte Carlo integration. Because
the centered kernel only depends on the kernel function K and the distribution G, we
can sometimes select suitable kernel K to get an explicit expression of distance. For

example, when F{, is normal distribution, Bowman and Foster (1993) use the normal

kernel to estimate density f, and then the quadratic distance is explicit:

[ [ B - Fy@i - F)w)
= ¢(0,0,2(1 —72¢ (14217 Z(bxz,x],Qh

where ¢ is normal density and h is the bandwidth.
The asymptotic distribution of d(F , @) is determined by the spectral decomposi-

tion of kernel.

DEFINITION 5. Figenfunction, Eigenvalue

A function ¢(y) is an eigenfunction of K(x,y) under measure M if the following equation
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holds for eigenvalue \:

/ K (2, 1)6(0)dM(y) = Ao(x)

We assume that every eigenfunction ¢ is normalized:

/ ¢*(x)dM (z) = 1

and any two different eigenfunctions ¢; and ¢4 are orthogonal:

/ 61 () () AM () = 0,

provided they are from different eigenvalues. The following spectral decomposition

theorem is summarized in Lindsay et al.(2006). The original form can be found in

Yosida(1980).

THEOREM 1. A nonnegative definite kernel K can be written as

K(z,y) =Y Xo;(z)e;(y), (6.4)
j=1

if K satisfies

[ [ @ par@in) < .

where A; and ¢; are eigenvalues and corresponding normalized eigenfunctions of K under

the measure M. The series in (3.4) converges strongly to K:

limnﬂoo/(/ K(way)g(y)dM(y)—;/Ajebj(ﬂf)éj(y)g(y)dM(y))2dM(ﬂf) =0,Vg € Ly.
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The spectral decomposition theorem only ensures the existence of the decomposition of
any nonnegative kernel, but there is not a general easy way to find the explicit form
of eigenfunctions and eigenvalues. Even when the decomposition of K is available, it is
still not easy to find the decomposition of the centered kernel K,,,. Some examples of
spectral decomposition are listed in Lindsay et al.(2006). Fortunately, the most impor-
tant attributes of the asymptotic distribution of the estimated kernel-based quadratic
distance are summarized in the following two quantities, which can be estimated without

the explicit spectral decomposition.

ProposITION 22. If K., (x,y) is continuous at (xz,x) for almost all x with respect to

the measure M, and Z]oil A; < oo, then

Z)\j = /Kcm(:v,x)dM(q:) = tracey (Keep), (6.5)

[e.o]

j=1
A= / / K> (2,y)dM (z)dM(y) := tracey (K- ). (6.6)
j=1

The tracep (K ep,) can be unbiasedly estimated by trace s (K..,). Similarly, traceF(Kfen)

is a consistent estimator of tracey, (K2 ), but it is a V statistic, so biased. The unbiased

cen

estimate is a U-statistic: ﬁ DD i Kfen(xi, ;). The two estimates do not need the

explicit decomposition of kernel and they will be used to approximate the asymptotic

distribution of the estimated kernel-based distance.



Suppose we have the spectral decomposition of the centered kernel

221 Aj¢;(x)9;(y). The empirical distance can then be written as

18,6) = [ [ S ne w0 waf@ako
j=1
_ ixj( [ éi@t, @)
- ZA(liqu(Xi)f
=1

1>
\

Kcen(G):

64

Kcen(G) (xa y) =

The 5]. are uncorrelated over j because of the orthogonality of eigenfunctions and they

have zero mean and variance one because of the centered kernel and normalized eigen-

functions.When Z‘;’;l A; < oo, Lindsay et al.(2006) presents the asymptotic distribution

of nd(F,,G):

nd(F,, G) — Y NZ7 =X (), A= (A, Ay,
EOCO) = 3N = [ Ko ,2)dG o)

=1

<

Var(x"(\) = Z \2 = / / K2 (2,4)dG(x)dG(y).
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Under the condition Z;’il A? < 00, Liu and Rao(1995) discussed the asymptotic distri-

bution of U,, for quadratic entropy, which has the similar form.

Vinln—=10U, — > N(Z; = 1) = X, (), (6.10)
E(Xoen(N) =0, (6.11)

Var(x,,, (V) =2) A\ =2 / / K*(2,y)dG(z)dG (y). (6.12)
j=1

Liu and Rao(1995) also showed that under the fixed alternative G # F{), the asymptotic

distribution of U,, is normal.
ValU, — d(Fy, G)] — n(0,05), (6.13)

where Ul?/l = 4Var(s (X)), A (x) = K(x, Fy) — K(z,G) — K(Fy, Fy) + K(Fy,G). The
convergence rate is not continuous between null and alternative.

In the above discussion of asymptotic distributions, we only require the sample
size n going to infinity. This is not the end of the story because it is usually difficult
to get the eigenvalues and eigenfunctions. To get a simple distribution, we can use
Satterthwaite approximation or a normal approximation. Lindsay et al.(2006) showed
that Satterthwaite approximation is always better than normal approximation in sense

of having closer cumulants to the x* distribution. The Satterthwaite approximation of

X (A) s

XT(A) = 22520 A N Xoop — DOF
93 )2 V2DOF '

j=1""7]

(6.14)
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where DOF = (Z;’il y ) /EOO )\2 Lindsay et al.(2006) gave conditions that make the
approximation valid. In particular, a large value of DOF is required for the Satterthwaite
approximation to work well.

Now we go back to our problem: the limiting distribution of V*. When d = 1 and
G is normal, the above results can be applied to K™ directly. Note that we have used a

total of three approximations when we use the Satterthwaite distribution approximation:

PROPOSITION 23.

Ok 1 - *
pr_ L / / K (s, 0)dF, (s)dFy () + 0,(1/n), (6.15)

//K (s,6)F,, (s)dF, (t) — x*(\), (6.16)

— 2 1)‘3 XDOF DOF
Z"O 22 V2DOF

, (6.17)

where DOF is the spectral degrees of freedom under G of centered kernel K*. The
first two approximations only require a large sample size n and the third approximation
requires a large degrees of freedom. The degrees of freedom depends on the value of the
smoothing parameter h, when G and K* are fixed. We will use our simulation to show
that the degrees of freedom goes to infinity as the smoothing parameter h goes to zero.
So the third approximation needs a small h.

Substituting n(V* — 1) ~ x*()) into the third approximation, we get:

N o L2 2
n(V —Z)ZAj/Z)\j N X o (6.18)
j=1 j=1

where Z 21 A Zoo )\2 can be estimated using (6.5).
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6.5 Simulation

In this section, we assume d = 1. We will verify the asymptotic results by simu-

lation. First we consider the approximation:

1

n(V* — ) ~n / / K* (s, t)dFy(s)dFy(2).

We use K*(F, F) to estimate [ [ K*(s,t)dFy(s)dFy(t). For every fixed h, the difference
decreases to zero as n — oo. It verifies our guess that the error term of the Von-Mises ex-
pansion (6.3) is 0,(1/n). The convergence depends on the sample size n and the smooth-
ing parameter h (Table 6.1). When h is large, the data is heavily smoothed, so it
converges to zero faster for large h than small h. For fixed sample size n, the larger h is,
the better the approximation is. Suppose the critical value of the difference is 0.1, any
h > 0.533 is good for the sample size n = 500.

For the approximation

n / / K*(,)F, (s)dF, (t) — x"(\),

we check the mean and variance of n(V* — 1) (Table 6.2). When n is large(n=500), the

sample mean and sample variance of n(V* — %) are very close to the mean and variance

of x*(X) for every fixed h. The degrees of freedom clearly depends monotonically on the

smoothing parameter h. A large h value means more smoothing. The DOF converges to

oo as h — 0,and 1 as h — oo.
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In order to examine the approximation

for every h, we first estimate DOF, and then generate 1000 samples of the left term(every
sample contains n = 500 observations) to check if they are from XQDO 7 using Kolmogorov-
Smirnov test. The p-values and the corresponding A and DOF' are shown in Table 6.3.
When DOF > 3(h < 0.63), K-S test(p — value > 0.05) does not reject the hypothesis
that the samples are from the distribution of X?DO a8

Another useful tool to examine the approximation is a quantile-quantile plot. For
h = 0.63, we generate 1000 samples from X%)O > and draw a quantile-quantile plot for the
simulated left term and the simulated data from X?DO - The points fall approximately
along the 45-degree reference line (See Figure 6.1), so we believe that the two data sets
come from the same distribution.

Combining all these simulation results, we can conclude that when n is large
enough, all approximations are very good; for a fixed sample size n, we can select a
suitable smoothing parameter h, which is good for all approximations. For example,

when n = 500, any h in the interval (0.533,0.63) is fine for all these approximations.

Table 6.1 The mean of |n(V* — 1) —nK*(F,F)| over B = 100 simulated data sets.
h=0.35 0.46 0.533 0.63 2 Ry

n=500 0.9616 0.2196 0.0714 0.0093 0.0003 1.8634(h=0.31)
1000  0.6268 0.1897 0.0481 0.0075 0.0000 1.8539(h=0.27)
2000  0.0103 0.0093 0.0093 0.0014 0.0000 0.5593(h=0.23)
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Table 6.2 Moments comparisons for the approximation n(V* - i) — x"(A\),n=>500, based
on B = 1000 simulated data sets

h 0.05 0.35 0.63 1 2 5
E(n(V*—1)) 1997.880 54601 0.7016 0.0988  0.0039 0.000002
)Y 2005582 54768  0.6925 0.1036  0.0037 0.000002

V(n(V* - 1)) 293738.6 10.23789 0.3373  0.0115  0.0000022 9.997116e-10
25 A2 214565.9 114889 0.3148  0.0106  0.0000019 9.477387e-10

DOF 37.49298 5.221545 3.0455 1.986791 1.4727232 1.020690

Table 6.3 Evaluating the approximation n(V* — 1) Z;’il A/ Z;’il )\j2. ~ x%OF, n = 500

using Kolmogorov-Smirnov test based on B = 1000 samples
h 0.46 0.533  0.63 0.755 1

DOF 4 3.5 3 2.6 2
p-value 0.5361 0.3136 0.2193 0.0295 0.0053
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6.6 Trace of Jf2

In Section 4.5, we showed that the eigenanalysis of J;, provides all solution pro-
jections, and the sum of eigenvalues 221 A; is a test statistic for non-normality of X.
In this section, we assume py = 0,Vy = I, and H = hi;,h > 0. We apply the quadratic
distance theory to find the asymptotic distribution of the trace of Jy,, which is equal to
the sum of eigenvalues > > \;.

In Section 6.3, we found the Von-Mises expansion of V*:

B //K*(W)an(s)an(t)+0p(1/”)-

So we have

Trace(JfQ)—g = / / trace(K* (s, t))dE,(s)dF,(t) + 0,(1/n), (6.19)
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where

trace(K™(s,t))

1 1 . * *
= —?traceE(?GOKO (s,t)I; — 02K (s,t) — 01 K (s,t) + Ky (s, Fo) K (t, Fy) 1y
0

* * * * * 9
=28 (o, Fo) G (0 o) + K (6 ) s, B -4 s, B S 6 ) )

1 1+h% d 7(s—t)T(s—t)

- (,2( bod(s. £, 2H°) — B (s,t, 2H°)— (53 )
5 dh?  (s+t)T(s+1)
—0yp(s,t,2H )2 T 2h2(7 T) +d¢(s, 0, A)p(t,0, A)
2h2(1 + h? 1+h2 2(1 4+ h?)?
_2¢(87 07 A)¢(t7 07 A)[ (1 ‘<i‘ 2_'];2)2) + (1 ++2h2)3 (tTt + STS) - (f_:_%Qizl(tTtsTs)]
2420 o
+¢(8701A)¢(t707"4)<1_'_72h2)28 )7

0o = $(0,0,21,4+2H?), and A = I,+2H?. The left term [ [ trace(K*(s,t))dE, (s)dF,(t)
is still a kernel-based quadratic distance. Suppose the trace function has the spectral

decomposition

trace(K"(s,t)) = Z tid;(s)d;(t)
j=1

Under the null hypothesis X ~ N (0, I;), by the quadratic distance theory, we have

n(Trace( Jf2 - = Zt] i (6.20)

! .. .
where st are iid standard normal variables.
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6.7 Asymptotic Distribution of V*

When d = 1, the limiting distribution of V* can be found by the spectral decom-

position of the kernel. The eigenfunctions are normalized and orthogonal:
2
[ ei@ir@ =1

/ 6(2)6; (2)dFy(z) = 0,

which makes the terms [ ¢;(x)dF, () are uncorrelated variables with mean zero and
variance one. So we have | ¢;(x)dE, (x) — Z;, and all Z;s are iid standard normal. When
d > 1, the spectral decomposition still holds. We will use the permutation invariant
property of V* to study the properties of the terms fd)z(:r)dﬁn(a:), and then get the
form of the limiting distribution of V*.

Withers(1974) presented the multivariate version of the spectral decomposition.
Let K(z,y) be a matrix measurable d x d symmetric kernel function on S x S. A d x 1
function ¢(y) is an eigenfunction of K(x,y) under measure M if the following equation

holds for eigenvalue A:

/ K (2,4)6()dM(y) = Ad(x).

The eigenfunctions ¢,; are normalized and orthogonal:

/ o7 (1), (x)dM (z) =
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THEOREM 2. Under the condition

0< / / %;rwx,y)r?dM(x)dM(y) < o0,

a symmetric kernel K(x,y) can be written as
T
K(z,y) =Y Xoi(@)e; (), (6.21)
j=1

where \; and ¢; are eigenvalues and corresponding eigenfunctions of K(x,y) under the

measure M. The series in (6.21) converges (elementwise) absolutely and uniformly to

K.

Suppose G is a hypothetical true model, we center the matrix kernel K(x,y) to get an

uniform decomposition:

Kcen(G)(xay) = K(x,y) - K($,G) - K(G7y) + K(Gv G)

So any constant vector a = (ay, ay, ..., ag)’ in R% is a eigenfunction of Keen(qy(z,y) with

eigenvalue zero:

/Kcen(G’) (.%', y) ’ adG(y) =0.

For any eigenfunction ¢; = (¢;1, ;a, .-, $;q) With non-zero eigenvalue, by the orthogo-

nality of eigenfunctions, we have

d
/d)zT(as) cadG(x) = Zaj/qbij(x)dG(:U) —0,VYa € R,
j=1
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and

1 (2)¢(x)dG(x Z ‘% 2)dG(x
/ -/

Thus, we have [ ¢;;(x)dG(x) = 0,Vi, j, and Z?:l fqb?j(:c)dG(x) = 1. Now we consider

the decomposition of our kernel function K*(s,t)

ZAJ@ ), Aj > 0.

Substituting it into the Von-Mises approximation of v

n(f/*—i)[d = n//K*(s,t)ﬁ(s)dﬁ(t)+op(1)
—af/ 3. 0556 (ME()IF, 1)+ 01

= nZ)\ /¢J )dE,( /¢j +op(1).

(6.22)

When the null hypothesis X = (X, X,, ..., X;) ~ N(0, ;) is true, any permutation of

X: X, = (X

(o

1, X2, -y Xyq) has the same distribution N (0, I;). We get the same Fisher
information matrix Jy, for X,. Consider any two realizations X; = (X;1, Xj9, ..., X;q),

X; = (Xj1, Xjg, .., Xjq) from X, and any permutations X, = (X, , X, ,..., X,

J 0i17? 770427 and

Uid)’

[

Xy, = (X5, Xy Xq,,)- The two matrices have the same distribution:

K*(Xjo) = K*(Xoanj)'
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So, for any eigenfunction ¢;(z), all elements have the same distribution

Thus, we have

V1<i<ool<k<d, (6.23)

/ b (2) 6 (2)dFy ()
— / b (@) buy (2)dFy ()

1
= 8pi,V1§z’§oo,1§k7él,k‘/;él'§d, (6.24)
and

/ bt ()61 () A (2)
= /d)ik(x)@bjk(x)dFO(x)
d
= 2> [ou@ont@)dp)
k=1

= 3 [ @ @)

= OVI<i#j<oo,1<kil<d. (6.25)
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Let 3; be the covariance matrix of ¢;(X):

L p; P
1|l P L opiopi
pi pi -1

The covariance matrix ¥; has the d eigenvalues a;; = %(1 — (d — 1)p;) and az, = 1(1 —

pi), k=2, ...,d. Then we have
. 1
\/ﬁ/qﬁz(x)an(x) —X2Z;,i=1,2,..4d,

where ZZ{S are iid d-variate standard normal variables. Applying the above results to

( 6.22) derives

n(V* — i]d) _ niAj (/ 0,(s)dE (5)) (/ B;(DdF (1)) +0,(1)
=1

1 1
— Y ANB2ZZ]%?
=1

= i \W;, (6.26)
i=1

where W; ~ W,;(3;,1) are independent Wishart variables with one degree of freedom.
So the limiting distribution of n(V* — i[ 4) is a infinite sum of weighted of independent
Wishart variables. Similar to Satterthwaite approximation of the sum of independent
chi-squared variables, we can find a Wishart variable W (~, ) to approximate the sum

of independent Wishart variables by matching the first two moments(See details in Nel
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and Merwe 1986). However, we still do not know the correlation parameters p;. More
investigation is needed to find the decomposition of the kernel matrix or an easy way to
estimate the correlation parameters. By using the limiting distribution of n(V* — %Id)’

we can find the limiting distribution of trace(V*). Let D = diag(a;, ajg, -.., a;y). Then,

we have
. d ad 1
n(trace(V*)—Z) — Z)\itrace(EfZiZTEf)
=1
= > NZ[%Z
=1
= Y Nz Dz
=1
) A d
i 2 2
= YA @-DpZh+ (1 -p) > Z5),  (627)
i=1 k=2

which is different from another form (6.20) we found by directly considering the trace
of the kernel function in Section 6.5, but it is still a weighted sum of independent chi-
squared variables. The two expressions for the same limiting distribution may help us

to find the values of parameters.
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Chapter 7

Non-normality Direction

7.1 Overview

Let X = (X;,X,,...,X,) be a d-dimensional random vector with the density
function f(z). Let a be a d-dimensional vector and Y = a’X be a linear projection
with the density g(y). Our aim is to find a subspace of projections that has the least
similarity to white noise coordinates. In Section 3.3, we showed that the eigenanalysis
of J; provides all the solution projections. The projection’s similarity to white noise
depends on the corresponding eigenvalue. When the eigenvalue reaches the lower bound,
the corresponding projection is a white noise, which can be discarded in further study
because it is marginally normal and independent of the other projections. However, J¢
is not easy to estimate because of the denominator f. In order to solve the computation
problem of Jg, we applied the density square transformation to get the new Fisher
information matrix J,; we also constructed a new projection index )y by Von-Mises
expansion. Both of the two projection indices are easy to estimate by the kernel method.
And we can find all the solution projections only by the eigenanalysis of Jg, or Q.

In Section 7.2, we will apply the two new projection indices to the simulated data
sets to investigate their power in detecting known non-normal structures. In order to
assess whether a coordinate is white noise, we develop a simulation-based test procedure.

In Section 7.3, the projection pursuit methods will be applied to the real data sets to
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compare the performance with classical methods. We will summarize the advantages

and possible problems of the two projection pursuit methods in the next chapter.

7.2 Simulation Study

In this section, we apply our method to the artificially generated data sets, in
which the structures are known. Without other specification, the smoothing parameter

used will be

4 ﬁ 172 —
HOp: (7d+2) 2 n d+47

where X can be estimated by the sample covariance matrix. See Chapter 4 Section 3 for

a discussion of its optimality properties.

7.2.1 Matrix Index vs Scalar Index

A scalar projection index measures the marginal non-normality of a projection.
Many projection pursuit algorithms based on scalar projection indices (e.g. Friedman
1984, Jee 1985) require searching the whole subspace to find interesting features within
a data set. As showed in Section 3.3, 4.5 and 5.2, the Fisher information matrix Jy,
and the Von-Mises approximation )y measure the conditional non-normality of X. For
example, the ith diagonal term of Jy, is the weighted average of the Fisher information
Jx,x_, of X; conditioned on all other uncorrelated variables. In order to find the least
normal directions, we only need to calculate or estimate the Fisher information matrix

J¢,, and do an eigenanalysis of the estimated matrix. Furthermore, we might hope that



81
the least conditional normal projection from the eigenanalysis of Jy, and @ also has
the least marginal normality.

Consider the distribution

T T
[z, 2p) = 2¢((9517$2) ,(0,0) 712)1.(951302 > 0).
The center is the origin. The covariance matrix is

1 2/r

2/m 1

This distribution arises from a standard bivariate normal distribution by the transfor-

mation:

( ) (21722), if 21 * 29 Z 0
L1, To) =

(21, —29), 1if 21 %29 <O.
Both X; and X, are marginally normal, but the conditional distribution of X;|X5 or

_1
X,| X are not. First, let YV = Ve 2 X. So the density function of Y is

1 1
gly) = f(V;y)IVjMIV;!
1, 5 9 4
x €$p<—§(l/1 Ty, + ;ylyQ))Iy%+y§+7ry1y2>0‘

From the contour plot(Figure 7.1), we might guess that the projection %yl + %yQ has

the least marginal normality. By the symmetry of y; and y,, it is easy to show that all
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the three indices J¢, Jg, and Q¢ have the form

Thus, the eigenvector with the largest eigenvalue is (%, %) and the eigenvector with the
smallest eigenvalue is (%, —%) So, on average, the projection %yl + %yz has least
normality conditioned on the uncorrelated variable %yQ — %yl. The simulation results
are consistent with the theoretical analysis (See Table 7.1). A much bigger sample size is
needed to get a good estimator of QJy. When the sample size is only 500, the estimators
of J;, are more robust than those of Q.

The result also verifies our conjecture that the least conditional normal projection
also has the least marginal normality in our problem. Note that the smaller eigenvalue
of Jy, is less than the lower bound 1, because the density function f(xy,z5) is not

differentiable at the origin (0,0), and so the matrix inequality does not hold for this

density function.

Table 7.1 eigenanalysis of J;, and Q; for f(y;,y2) o< emp(—%(yf + y§ +

%y1y2)>fy% 2Ty >0 based on simulated samples

Projection Index Sample size Eigenvalue Eigenvector
Jy, n=>500 0.3455 (—0.6985,0.7156)
0.6058 (0.7156,0.6985)
Jy, n=>500 0.3488 (—0.6981,0.7160)
0.5060 (0.7160,0.6981)
Qy n=>500 3.9131 (—0.9246, —0.3810)
6.2443 (0.3810, —0.9246)
Qy n=>500 6.1705 (0.1922,0.9813)
13.0338 (0.9813, —0.1922)
Qf n=2000 1.2001 (—0.7170,0.6971)

2.0628 (0.6971,0.7170)




Fig. 7.1 Contour plot for the density of Y: ¢g(y) = f(Vja:)Wx%\
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7.2.2 Normal Mixture Model

We used the density square transformation to get a rapidly computable Fisher
information matrix J ,- The density square transformation preserves the most important
structures of the original data, so we believe the optimal directions from the eigenanalysis
of J¢, should be close to those from ;. In order to verify our guess, we will compare the
results from Q¢ and Jy, for the simplest case: projection from dimension 2 to dimension
1. The results are presented graphically.

The first model is two-component mixture of normals:

f(:vla 1'2) = O5¢(l’1, Oa 1)(25(1727 Oa 1) + 05@(1‘1, 37 1)@(1‘2, Hy 1)a K > 0

Both components have unit covariance matrix I,. The center of the first component
is fixed at the origin. The second mean vector is (3, ). So the two components are
well separated. In order to simplify the computation, we use the angle 6 € [0,7/2]
clockwise the positive axis as the parameter of the line. The projection Y on the line
Xy = tan(0) X, is Y = cos(0)X; + sin(0)X,. Let a = arctan(uy/3). Then the line
between two component centers is: Xy = tan(a)X;. From the contour plot of the density
(Figure 7.2), we think that the ideal solution should be the projection on the line between
the two centers. This projection Y = cos(a)X; + sin(a)X, is still a two-component
normal mixture, so it has least conditional normality.

We do the standardization Xg = foéX . It is easy to show that the transformed
model is still a two-component normal mixture model and the standardization will not

change the optimal direction. The least normal direction is the line between the two
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centers and the optimal direction is still (cos(a),sin(a)). In the eigenanalysis of Jy,
Jg, and Qf, we showed that the standardization preserves the non-normality measure.
So we do not need to compute the new density and the new projection index for the
standardized variable.

For every fixed 6 € [0, 7], the exact form of Jy, can be computed numerically
(see section 4.2 for formulas). An easy way is to use a random sample from f(z;,z,) to
estimate Jy,. The asymptotically optimal H is used. The sample size is 1000. In order to
ensure good estimator of Q) ;, we use a bigger sample size n = 2000. The asymptotically
optimal H is also used to estimate Q.

The simulation results (Table 7.3 and Table 7.2) agree with what we expected: for
two-component mixture of normals, the eigenanalysis of Q; and Jy, provides the same
least normal projection Y = cos(a)X; + sin(a)X,, which also has the least marginal

normality.
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Table 7.2 The least normal direction from the eigenanalysis of estimated Jy, based on
1000 samples. The ideal solution direction is (cos(a), sin(a)).

1 o (cos(ar), sin(a))  least normal direction

0 0 (1,0) (0.9995,-0.0301)
V3 w/6  (0.8660, 0.5000) (0.8659,0.5003)

3 m/4 (0.7071, 0.7071) (0.7089,0.7053)
3v3 /3 (0.5000,0.8660) (0.5027,0.8643)
1000 7/2 (0,1) (0.0002,1.0000)

Table 7.3 The least normal direction from the eigenanalysis of estimated (); based on
2000 samples. The ideal solution direction is (cos(«), sin(a)).

u a  (cos(a),sin(a)) least normal direction

0 0 (1,0) (1,0)

V3 w/6 (0.8660,0.5000)  (0.8659, 0.5002)

3 w/4 (0.7071, 0.7071) (0.7071, 0.7071)
3v3 /3 (0.5000,0.8660) (0.5000,0.8660)
1000 /2 (0,1) (0,1)

The second model is a three-component normal mixture model of equal propor-
tions. Each component has unit covariance matrix I,. The mean vectors are (5,5),
(=5, —5) and(5, —5). According to the contour plot of the density (Figure 7.3), there
are three natural solution projections. The first one is the projection Y; = cos(})X; +
sin() Xy, which has three separated components. The second one is the projection
Yy = Xy, or Y5 = X5, which has two components. The density of this projection is
flx) = %d)(az, -5, 1)+%¢(w, 5,1). A third possible solution projection is Y5 = cos(%ﬁ)Xﬁ—
sin(27) X,, which has two components.

It is easy to show that, after the standardizationXgq = Vf_%X , the transformed

model is still a three-component normal mixture model and the standardization will not
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change the possible optimal directions.
In this example, we do not need to find the exact value of Jg, or Q; It is easy to show

that both of them have the form

a b

b a
For the above matrix, the eigenvectors must be (%, %) for the largest eigenvalue
and (%, —%) for the smallest eigenvalue. So both the projections indices Jy, and

Qy favor the first projection Y; = cos(7)X; + sin(7)X,. Alternatively, the projection
Yy = cos(3F) X, + sin(3)X, is closest to white noise. We may get a different solu-
tion projection if a different projection index is used, for example, L; metric index or
Hellinger metric index (See the similar model in Jee 1985).

This example reveals a possible drawback of our projection pursuit method based
on eigenanalysis. Some interesting non-normal projections(e.g. Y5;) are not found, be-
cause they are not orthogonal to the least normal projection Y;. However, the solution

found does capture all the mixture components.
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Fig. 7.2 Contour plot for 0.5¢(x,0,1)¢(x5,0,1) 4+ 0.5¢(x;, 3,1)d(zy,3,1)

10

Fig. 7.3 Contour plot for f(z1,29) = $¢(z1,5,1)(29,5,1) + $d(21,5,1)d(xy, —5,1) +
%QS(‘Tla _5) 1)(]5(%27 _57 1)
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7.2.3 Needle in a Haystack

In this subsection, we will investigate the power of our projection pursuit meth-
ods in finding an interesting structure in high dimensional space. We also study the
effect of the selection of smoothing parameter h. The simulation results show that when
dimensionality d increases, the required sample size increases rapidly. For the Fisher
information matrix Jy,, the rate of increase is less the exponential. The Von-Mises
approximation matrix (); requires a very large sample size, compared to Jy,.

In the example, we construct a spiral in the first two dimensional space(Figure

D=

7.4), and fill the remaining coordinates with white noise. The standardization Y = Vf_
preserves the spiral structure(Figure 7.5).

Our purpose is to find the two-dimensional needle in a high dimensional haystack.
This example was used in Posse(1995) for comparing the efficiency of projection pursuit
methods. It is a big challenge for an algorithm to find the spiral structure in high
dimensional space, because “the density of the spiral is nearly normal i.e., nearly radial
and decreasing when going away from the center” (Posse 1995).

First we use the same setting as Posse(1995): consider the spiral structure in
R® and use the sample size of n = 400. The first two principal components from the
estimated Jy, reveal the spiral structure very well (Figure 7.6). This structure from
the eigenanalysis of Jy, is similar to the result of Posse’s method, which has been shown
better than Friedman’s algorithm in this example. However, the eigenanalysis of Q) does
not reveal the spiral structure (Figure 7.7). The reason is that the sample size n = 400

is too small for the dimensionality d = 8. When the dimensionality d increases to ten,
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the structure found by the eigenanalysis of J;, becomes vague (Figure 7.8). In order
to reveal the structure, we need a bigger sample size(n=800)(Figure 7.9). We conclude
that Jy, was remarkably successful in finding a spiral buried in a haystack of white noise.

Now we use different smoothing parameters H = hl; to estimate @y, and then
reveal the spiral structure in R® using the eigenanalysis of the estimated Q #- The sam-
ple size is n = 700. When h = h,, = 0.3799, the eigenanalysis of @ successfully
reveals the spiral structure(Figure 7.10). As h increases, the revealed structure becomes
vague(Figure 7.11, Figure 7.12). When h = 0.8, the eigenanalysis of @ fails(Figure
7.13). When h is smaller than h,,(h = 0.2), the revealed spiral structure becomes much
clearer(Figure 7.14). But if h is too small(h = 0.04), the revealed structure becomes
vague again(Figure 7.15).

This example reveals an important aspect of our problem, that the choice of
bandwidth can have a critical role in the success of our methods. We will not pursue
bandwidth selection further in this thesis, but leave it to future work. One immediate

practical solution is to try a range of bandwidths.
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Fig. 7.4 The spiral structure in the first two-dimensional space.
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Fig. 7.7 The structure found by the eigenanalysis of Q¢, d = 8,n = 400

92



15

-10F v i

-15 I I I I
-10 -5 0 5 10 15
P1
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Fig. 7.12 The structure found by the eigenanalysis of Q¢, d = 3,n = 700, h = 0.6

Fig. 7.13 The structure found by the eigenanalysis of Q¢, d = 3,n = 700,h = 0.8
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7.2.4 White Noise Detection

Suppose the eigenvalues of J, are ordered: Ay > Ay > ... > A; with corresponding
eigenvectors are vy, ¥a, ..., 74. Suppose the solution projection P has the density h. The
Fisher information Jj, is a diagonal matrix Jj,, = diag(\, Ay, ...\g). The eigenvalue A,
is the measure of the non-normality of the corresponding projection P, = 7, X. In theory,
when the eigenvalue A, reach a lower bound 0.25, then the eigenvalues A\; = 0.25,7 > k,
and the corresponding projections P, = ~,X are white noise coordinates, which are
standard normal and independent of the other projections. However, in practice, the
eigenvalues from white noise are much bigger than 0.25, unless the sample size is huge.

In this subsection, we will propose a sequential test to detect the white noise
coordinates within the solution projections from the eigenanalysis of J;,. First we test
the null hypothesis that all eigenvalues are equal to 0.25. The alternative hypothesis is
that the largest eigenvalue A; > 0.25. If we reject the null hypothesis, we will consider
the next hypothesis:Hy : Ay = A3 = ... = Ay = 0.25 vs H, : Ay > 0.25. We propose to
continue in this fashion until we fail to reject.

For the general null hypothesis Hy : A\, = A1 = ... = Ay = 0.25 vs the al-
ternative hypothesis H, : A, # 0.25, we propose two different test statistics: j\k and
S, = Z‘;:k 5\j. Under the null hypothesis, the projections (P, Py 1, ..., P;) are white
noise coordinates. Suppose Zj, Zy.1,..., Z; are independent standard normal variables.
Then the variable vector P* = (P, Py, ..., Py_1, Z},, Zj11, -, Zq) should have the same

distribution as the solution projection P = (Py, P, ..., P, Py 1, ..., P;). For a fixed sample



98
size n and dimensionality d, we draw 1000 random samples of size n from a d — k + 1-
dimensional standard normal distribution. For every sample (Zy, Zy,1,..., Z4), we use
the data (Py, Py, ..., Py 1, Zg, Zyy1,--s Zgq) to estimate the Fisher information matrix.
The jth eigenvalue is a sample of A\;, k < j < d. We construct the empirical distributions
of A, and S, = Z;.l:k j\j using the 1000 samples, and then get the critical values F)\k’o.og)
and Fsk70.05. If the estimated Aj, (S}) is less than the critical value F/\k,o.05 (Fsk’o.og)), we
will fail to reject the null hypothesis: Hy : Ay = Apiq = ... = Ay = 0.25, i.e., we think
that there are d — k + 1 white noise coordinates.

When we test the null hypothesis that all eigenvalues are equal to 0.25, another
way to find the critical value of the trace 5’1 = Z;.lzl 5\]- is the asymptotic distribution we
found in Chapter 6. The critical values from random samples and the asymptotic distri-
butions are listed in Table 7.4 for some n and d. The results show that the Satterthwaite
approximation provides good approximation for fairly big sample size.

After a dimension reduction that removes all white noise coordinates, all remain-
ing projections are significantly non-normal, then similar to principal component analy-
sis, one can use the cumulative proportion of eigenvalues Zle i/ Z?:l A; as an index
of how much of the non-normality of the data explained by the selected projections:

P, .., P,

We will use these tests and diagnostics on our examples in the next section.

Table 7.4 Critical values of S;: F, 5,005 from 1000 random normal samples; I3 ;1 0.05 rom

asymptotic distributions
(n,d) (50,7) (100,4) (150,4) (392,6) (500,7)

~

Fg 005 6.4963 17884 1.9006 3.3830  4.6306

FEoos 91469 19072 17825  3.4430  4.9274
1 -
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7.3 Real Data Analysis

The following real data sets have been used to illustrate projection pursuit meth-
ods by Friedman and Tukey (1974), Friedman (1987), and Jee (1985). We will apply the
eigenanalysis of the estimated Fisher information matrix J 7 and the Von-Mises approx-
imation (); to these data sets, and compare the results with those from the above three

algorithms.

7.3.1 Particle Physics Data

This data set, having 500 observations, was derived from a high-energy particle
physics scattering experiment(Ballam 1974, Friedman 1974, and Jee 1985). In the nu-
clear reaction, a positively charged pi-meson becomes a proton, two positively charged
pi-mesons and a negatively charged pi-meson. Every observation consists of seven inde-
pendent measurements.

The results of the eigenanalysis of J f, are listed in Table 7.5. The results from
our two tests are contradictory. According to the test procedure based on j\k, all solution
projections are sequentially found to be significantly non-normal because all eigenvalues
are bigger than the corresponding critical values. However, the sum of all eigenvalues is
less than the critical value 4.6306, so on this basis we would not reject the hypothesis
that all solution projections are normal.

The first two largest classical principal components from the covariance matrix
are shown in Figure 7.16, which indicates the data may consist of three clusters, but

the structure is not very clear. The first two solution projections from J i (Figure 7.18)
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shows a triangular shape with points concentrated around two of three corners, which
is obviously non-normal. So the test based on ;\k seems to better detect non-normal
structure. The first two projections explains about 36.68% non-normality of the whole
data.

The scatter plot of the first two solution projections from the index @ fails to
reveal interesting structure because of its high requirement of sample size (Figure 7.17).

Jee (1985) also found the similar triangular structures using the trace of J; as pro-
jection index. It verifies our conjecture that the density square transformation preserves
the main structure of the original data.

Table 7.5 Eigenanalysis of J 3 and critical values from 1000 samples for Particle Physics
Data

k 1 2 3 4 ) 6 7

Ak 0.7697 0.7053 0.6492 0.5196 0.5055 0.4453 0.3930
F)\k’olog) 0.7170 0.6978 0.6685 0.4069 0.5069 0.4095 0.3420
Z?:k A 3.9876  3.2179 2.5126 1.8634 1.3438 0.8383 0.3930
Fs, 0.05 4.6306 3.8902 3.1485 2.3925 1.4689 0.8001 0.3420

k d
N/ A 01930 0.3699  0.5327  0.6630 0.7898 0.9014  1.00
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Fig. 7.17 Particle Physics Data
The scatter plot of the first two largest principal components from Q¢

30

25} R
M)
a o
. .‘"""s.":'.
N
. - ° [
Ceret e -..q.,.
L . C N L, LY 4
20 RS
“ten : ¢ e u
.
B . e .
15} R S 1
&0t ° .o . .
. .
. : :
. .... . H C . -~ K
10 -..-. . LR I . -;.. T
. s s
Jhe . .
;.*5:."-. . . . M
cﬁ.' Il . 8
5’.«"".;...-" s i - . 7
e . . . . ’gc .

Fig. 7.18 Particle Physics Data
The scatter plot of the two-dimensional solution projections from Jy,



103

7.3.2 Iris Data

This well known data set was used by Fisher and many researchers. It contains
three classes of fifty observations each, where each class refers to a species of iris plant.
One class is quite different from the other two. Every observation consists of four inde-
pendent measurements: sepal length, sepal width, petal length, petal width.

First we consider the eigenanalysis of Q. The plots of the solution projections
do not reveal the structure of the iris data (Figure 7.19, Figure 7.20).

For the Fisher information matrix Jy,, the results of the eigenanalysis for the whole
iris data are listed in Table 7.6. According to the critical values from 1000 samples, both
tests agree that only the first solution projection is significantly non-normal. And the first
solution projection explains 48.69% of non-normality of the whole data. The histogram
of the one-dimensional solution projection and the scatter plot of the two-dimensional
solution projections are shown in Figure 7.21 and Figure 7.22. The projected data are
well separated into two clusters: the first 50 observations(one species) and the remaining
100 observations(two more species). The 100 observations are also separated into clusters
according to the true tags, but the boundary is not so apparent.

After deleting the first class data, we apply our eigenanalysis to the remaining
100 observations. The results of the eigenanalysis for the reduced iris data are listed
in Table 7.7. Because the largest eigenvalue A\; = 0.6581 is bigger than the critical
value FA1,0.05 = 0.5122, but the second largest eigenvalue Ay = 0.5007 is less than

the critical value F \y,005 = 0.5064, we think that only the first solution projection is
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significantly non-normal. The test based on Sk comes to the same conclusion. The non-
normal projection explains 32.31% of non-normality of the data. The scatter plot of the
two-dimensional projections from J i is shown in Figure 7.23. The result is similar to
that of Friedman and Tukey(1974) and the two-dimensional Fisher linear discriminant
projections (see Figure 2e of Friedman 1974). Because these two species are overlapped
in the full four dimensional space(Sammon 1969, Zahn 1971, Friedman and Tukey 1974),
it is virtually impossible to separate the two classes perfectly.

Table 7.6 Eigenanalysis of J i and critical values from 1000 samples for the whole Iris
Data

k 1 2 3 4
Ak 1.2366 0.4766 0.4260 0.4006
By, 0.0 0.5549 0.4871 0.4556 0.4160
)PY 2.5398 1.3032 0.8266 0.4006
Fs 005 1.9006 1.3220 0.8572 0.4160

PN/ N 04869 0.6745 0.8423  1.00

Table 7.7 Eigenanalysis of J i and critical values from 1000 samples for the remaining
100 observations

k 1 2 3 4

Ak 0.6581 0.5007 0.4587 0.4192
By 005 0.5122 0.5064 0.4716 0.4423
Z‘ik by 2.0367 1.3786 0.8779 0.4192
Fs, 0.05 1.7884 1.3982 0.8942 0.4423

SEON/E N 03231 05690 0.7942  1.00




105

50

Fig. 7.19 Iris Data(150 points)
The histogram of the one-dimensional solution projection from Q¢
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Fig. 7.20 Iris Data(150 points)
The scatter plot of the two-dimensional solution projections from Qs
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Fig. 7.21 Iris Data(150 points)
The histogram of the one-dimensional solution projection from .J i
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The scatter plot of the two-dimensional solution projections from J 3
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7.3.3 States Data

This data set was used in Becker and Chambers (1984) and Friedman (1987). It

includes seven summary variables for 50 United States (from Table 1 of Friedman 1987):
1. Y] population estimate as of July 1, 1975;
2. Y, average income (1974);
3. Yj illiteracy rate (1970);
4. Y, life expectancy (1969-1971);
5. Y5 homicide rate (1976);
6. Y high-school graduation rate (1970);

7. Y, average number of days below freezing temperature (1931-1960) in capital or

large city.

The sample size 50 is small for seven dimensions. We use the States data set to check
the performance of our algorithm for a small sample size. Before estimating the Fisher
information matrix Jg, and @, we standardize the variables to remove the scale influ-
ence.

The ordered eigenvalues of .J i and the cumulative proportions are listed in Table
7.9. We can not reject the null hypothesis: the whole data is normal, because the largest
eigenvalue 0.9302 is less than the critical value 1.0600, and the sum of all eigenvalues
5.0858 is also less than the corresponding critical value 6.4963. Of course, the small

sample size gives small power.
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The scatter plot of the two-dimensional solution projections from Jy, is shown

in Figure 7.24. The 50 states are separated into two clusters, and two states are out-
liers. The 10 states in the smaller cluster are listed in Table 7.8. The first projection
mainly depends on three variables: homicide rate (negative), high school graduation

rate(positive), and illiteracy rate(negative):

P, =0.0753Y; — 0.1080Y; — 0.2070Y3 4 0.0003Y, — 0.4410Y5 + 0.4383Y, + 0.0995Y~.

Life expectancy is the least important index. The states in the larger cluster tend to
have higher high-school graduation rate, lower homicide rate, and lower illiteracy rate.
The means of these rates in the two clusters verify this conclusion (Table 7.10). The
two outlier states are Alaska and New Mexico. Alaska has high rate of high-school
graduation(0.67) and a high average income(6315). New Mexico does not have one
extreme variable. It is distant from most other states because of its whole performance.

The scatter plot of the two-dimensional solution projections from () is shown
in Figure 7.25. The four states are outliers: New York, California, Alaska and Nevada.
The solution projections do not separate the remaining states well.

Table 7.8 The ten states in the small cluster
Alabama Arkansas Georgia Kentucky Louisiana

Mississippi  North Carolina South Carolina Tennessee Texas
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Table 7.9 Eigenanalysis of J f, and critical values from 1000 samples for State Data

k 1 2 3 4 5 6 7
At 0.9302 0.7600 0.7300 0.7081 0.6863 0.6541 0.6171
Fy 005 1.0600 1.0017 0.9332 0.8694 0.8394 0.7605 0.6784
SN 5.0858 4.1556 3.3956 2.6656 1.9575 1.2712 0.6171
Fs, 005 6.4963 54761 4.3595 3.3208 2.4081 1.4835 0.6784

POA/SL N 01829 0.3323 04759 0.6151 0.7500 0.8787  1.00

Table 7.10 Means of important variables in the two clusters

Variables illiteracy rate homicide rate high-school graduation rate

Smaller Cluster 2.08 12.13 40.9
Bigger Cluster 0.89 5.96 55.91
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Fig. 7.24 State Data (d=7, n=50)
The scatter plot of the two-dimensional solution projections from J 3
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Fig. 7.25 State Data (d=7, n=50)
The scatter plot of the two-dimensional solution projections from Qs
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Friedman and Tukey(1987) analyzed the State data using their projection pursuit

method. The results are similar, but the solution projections are different:

1. The 50 states were also separated into two clusters and two outliers. However, the
smaller cluster contained the 10 states of our smaller cluster plus New Mexico and

West Virginia. The two outliers were Alaska and Nevada.

2. The critical variables are different. In Friedman and Tukey(1987), the solution

projection mainly depends on population, life expectancy and homicide rate.

7.3.4 Cars Data

The cars data consists of 392 complete observations on the following 8 variables:
Y] MPG (miles per gallon), Y, number of cylinders, Y; engine size, Y, horsepower, Y;
vehicle weight (lbs.), Yy time to accelerate from 0 to 60 mph (sec.), Y; model year
(modulo 100), and Yj origin of car (American, European, or Japanese). We only use the
first six variables because the last two variables are dummy variables. So we consider
392 points in a 6 dimensional space.

First we consider the eigenanalysis of Q). The histogram of the one-dimensional
solution projection (Figure 7.26) and the scatter plot of the two-dimensional solution
projections (Figure 7.27) show that the data are roughly separated into two clusters.
One cluster mainly includes the European and Japanese cars. Most American cars are
included in the second cluster.

The eigenanalysis results of J, are listed in Table 7.11. Only the first solution

projection is significantly non-normal according to the critical values. The first solution
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projection explains about 35.56% non-normality of the whole cars data. The histogram
and the scatter plot of the two-dimensional solution projections (Figure 7.28  /Figure
7.29) show that the data are separated into three clusters. Most European and Japanese
cars are in one cluster with a few American cars. The second cluster mainly consists of
American cars, also includes several European cars and Japanese cars. The remaining
American cars form the third cluster. The largest solution projectionis P, = —0.1186Y; —
1.0449Y5 + 0.2076Y3 + 0.2135Y, — 0.2922Y; — 0.0107Yy, which mainly depends on the
number of cylinders in engine, and likely arises from the discreteness of this factor. Four
Japanese cars associated with larger projected values are outliers. The separation is
more clear in the plot of the three-dimensional solution projections (Figure 7.30). The
plot of the solution projection of Friedman and Tukey also shows the trimodal pattern,
but not as clear as ours (See Figure 7 in Friedman and Tukey 1987). The reason may
be that the dummy variables, model year and origin of car, are included in their method

and then data with the same values are randomly ordered.

Table 7.11 Eigenanalysis of J 3 and critical values from 1000 samples for Cars Data

k 1 2 3 4 5 6

Ak 1.3433  0.5825 0.5222 0.5008 0.4352 0.3936
Fy\ 005 0.6180 0.6046 0.5658 0.5280 0.4756 0.4232
Zik)\i 3.7776 24343 1.8518 1.3296 0.8288 0.3936
Fs, 005 3.3830 2.7934 2.1496 1.5161 0.9201 0.4232

SEON/SL A 03556 0.5098  0.6480 0.7806 0.8958  1.00
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Fig. 7.26 Cars Data (d=7, n=>50)
The histogram of the one-dimensional solution projection from Q¢
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Fig. 7.28 Cars Data (d=7, n=>50)
The histogram of the one-dimensional solution projection from J i
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Fig. 7.29 Cars Data (d=7, n=>50)
The scatter plot of the two-dimensional solution projections from J 3
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Fig. 7.30 Cars Data (d=7, n=50)
The scatter plot of the three-dimensional solution projections from J i
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Chapter 8

Conclusion and Future Work

8.1 Projection Index J;,

In the simulated samples and real data analysis in Section 7.3 and 7.4, the projec-
tion pursuit method based on the eigenanalysis of J, successfully revealed the interesting
non-linear structures in fairly high dimensions with a practical sample size. Compared
to current projection indices, the matrix Jg, has been shown to be a rapidly computable
and effective projection matrix index. The aspects contributing to its good performance

include

1. An eigenanalysis of Fisher information matrix provides all solution projections; No

sequential procedure is needed.

2. The density square transformation makes Fisher information matrix easy to esti-

mate.

3. The density square transformation preserves important geometric structures in-
cluding normality, and decreases the variance. A standard bandwidth selection

method seems to provide good results.

4. After density square transformation, the new Fisher information matrix J;, mea-

sures non-normality in the main body of the distribution rather than in the tails.

In the simulation analysis(Section 7.3), we checked two conjectures:
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1. The eigenvectors of J, tend to be the same as those from the eigenanalysis of J,

because density square transformation preserves most important structures.

2. The optimal projections from the matrix index Jy, which have least conditional

normality, also tend to have poor marginal normality.

In these examples, these conjectures are true. However, it is just preliminary conclusion
due to the small number of population examples.

The efficiency of the algorithm in locating interesting structures in high dimen-
sional space depends on the sample size and the smoothing parameter H. For the
projection index Jy,, we recommend the “optimal” bandwidth
because of its stable performance in simulation study and real data analysis.

In the application to the real data sets, we have presented the low-(one-,two-,three-
) dimensional projections, and showed the improvement over competitors in revealing the
most interesting views of the whole data, like clustering, outliers. However, we should
be cautious about interpretation on the revealed structures, because projection pursuit
is only a part of exploratory data analysis, providing the most informative projections

for further study.



119

8.2 Projection Index @;

In theory, the eigenanalysis of projection index @; provides all solution projec-
tions, but it is not a robust statistic because of the weight function ¢~ . As a non-
normality measure, Q; puts more weight on tail departures, which may be good for a
normality test, but not so good for features detection. The requirement for a large sam-
ple size makes this projection pursuit not practically useful without further bandwidth
tuning, as shown in real data analysis.

We do think the index @ needs further study, because it is not only the Von-
Mises approximation of Fisher information J, but also a direct non-normality measure
of f. The only problem is the denominator. To construct a goodness-of fit test, we could
use a different weight function, for example ¢ or any constant, to make the statistic more
robust. But the transformation equation (5.2) does not hold any more, so we may not
get useful projections from the eigenanalysis of the new matrix. More investigation is

required to find new robust and rapidly computable projection indices.

8.3 Tests based on Eigenvalues

We proposed two sequential tests to detect the white noise coordinates using
eigenvalues of the estimated matrix J ,- According to their performance in above exam-
ples, we think that the test based on ordered eigenvalues A; is more powerful than the
tests based on the sum of eigenvalues S),. The possible reason is that the test based on
ordered eigenvalue A, only considers the largest eigenvalue for the tested projections,

but the latter measures a sum of eigenvalues.
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In Chapter 6, by Von-Mises expansion and spectral decomposition, we found the
asymptotic distribution of the trace Zle A;, and the form of asymptotic distribution
of J #,» which is a weighted sum of independent Wishart variables. However, there is
still no easy way to get the asymptotic distribution of eigenvalues from the asymptotic
distribution of .J ,» for example, partial sum of eigenvalues 2?22 ;- We discussed how
to use simulation to get the critical values for our proposed test statistics. A rigorous

analysis is proposed for our future work.

8.4 Mixture Direction

We have successfully applied the eigenanalysis of matrix distances to projection
pursuit. The same eigenanalysis idea can also be used to find number of components in
a mixture model. We will present an example to illustrate it.

Consider a two-component normal mixture model:

f(.%') = 7r1¢(x,,u1, Zl) + W2¢($,M2, E2)

Suppose both components have the same covariance matrix:¥; = 5. Without losing
generality, we assume ¥, = ¥y = I;. Let p = E(X). We define a matrix to find the

number of components:

A= /(fo(ﬂf) +af(z) u) (fo(x) +af(x)

T
@) g ) S
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When X is normal, Ay = 0. Under the hypothesis: the normal mixture model has two

components, we have

- Vof(x)+af(z) N (Vauf(@)+2f(z)
= 7(@) ) (5w

/(Wlﬁb(;:&g)bld)ﬂl N 7T2¢(;&5)231d)u2 B u)

W1¢($>M1ald) (1 _7T1)¢($7,u2ald)
(M f(@)

= [ (ot + (1= a)z — ) (a0l + (1 = al@)py - ) F(a)da,

) fl)da

fg — H)Tf (z)dx

Because E(a(X)uy + (1 —a(X))pg) = u, the matrix Ay is just the covariance matrix of
the variable a(X)uq + (1 — @(X))uy. And any realization of a(X)uy + (1 — a(X))uy is
a convex combination of y; and py. So, the matrix Ay has only one non-zero eigenvalue
and the corresponding eigenvector is (g — tq)/||1o — p1ll-

More generally, when the true model is a m-component normal mixture model
and all components have the identity covariance matrix, the matrix A is the covariance
matrix of ) )" | (), which is a linear combination of y;,7 = 1,...,m. So the number
of non-zero eigenvalues of A is equal to the dimensionality of the plane determined
by the mean points p;,i = 1,...,m. Note that the dimensionality may be less than
m — 1, because some mean points could be in the plane determined by other points. For
example, p3 is on the line between pq and p,. From a converse point of view, suppose we
get k < d non-zero eigenvalues from the eigenanalysis of A, the normal mixture model
must have at least k + 1 components.

The matrix A; presents the same computation problem as the standard Fisher

information matrix J;. We can not use the density square transformation here, because
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the number of components after transformation is changed. The Von-Mises method
may help us to find an approximation, which is easy to estimate. But the Von-Mises
approximation is not a covariance matrix of a convex combination of mean points. More

investigation is needed to solve the computation problem.
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Appendix

Proofs

PRrROOF 1 (Proof of Proposition 1). First,

Nl

1 _1 1 _
0, < E(VPV,log(f)+V; 2a) (VP V,log(f) +V; *z)"

Vol V" ] Iy o2
Vfw(/ fdﬁvj}/%zvf /Vxlog(f)wa(x)def +Vy PE(XXT)V, 2,

where 04 is a d x d zero matriz. Consider[ V log(f)a” f(x)dx = ( g;x) xjd:v>.
0f (x)
/ oz, z;dz

= 0—/f(a:)dyc
~1

/ LICO

J
awi

of(x)

0,i % J.

Thus the second term of the right side is

1 1
2Vvy /leog(f)fo(m)def 2 =-21,.

By the definition of covariance matriz, the third term is equal to I;. Moving the second
and third term to another side yields

1/2 V:cfva:fT 1/2
V) (/fdx)Vf > 1,

PROOF 2 (Proof of Proposition 2). Because Y = AX, we have

gly) = fF(A )47,
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V,a(y) = ATV, F(A ) AT

Thus, we can conclude that

g V1/2/Vyg(y)(vyg(y))Tdyvuz
g g 9(y) g
-T — — — _ T «—
_ V1/2/A Vo f(Ay)|A 1J|1A llglef(A W) AT e
g f(A7y)| A1 J

= VAT [V p @)V f@) oAy,

T
_ gt [ T g
g f(z) g
_ V1/2A_TV1/2JfV1/2A_1Vl/z.
g f f g

]

PROOF 3 (Proof of Proposition 3). We ezpand the two densities and merge the x
terms:

¢($,Mk,zk)¢($,ﬂl,21)
= () S Pean(—1/20 - ) S - )
()21 P eap(—1/2(x — 1) "8 (@ — )

1
2
1 die (—1/21w —1/2
— (—)%s D
ERUDNRA

gy - T - T T
e{L‘p(—l/Q(l‘ (Ek ! + El l)x — 2z (Zk l:u'k: + El 1;“[) + oy Ek 1“]@ + Hy El l:u'l)

_ (i)d/Z Sl 2
2 [ [ 2z

1 _ _
(5" Sl eap(=1/2(z — ) 'S @ = i)

1 1 1 _
= (ﬁ)dﬂmeﬂw(—g(ﬂk — )" (S 4 2) 7 (e — )b (s s S
K+ 2

= Qg pyy X + Bp)d(, gy, Xip)-

1, 721 Tew—1 T
€$P(—§(Mk Sty Xy — iy S)

O
PROOF 4 (Proof of Proposition 4). Applying the above equation derives the result:

/dex = </Z7Tk¢(znukazk)) (/Zﬂ-lqb(xnu’lazl))
ko I
= Zzﬂkﬂlgb(ﬂkaﬂhzk+EZ)/¢(x7ﬂklazkl)
ko
= D> mm e s S + ).
PR
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PRrROOF 5 (Proof of Proposition 5). First,
= ZEW%MA 2 (=2 (@ = ).
Thus,
/ V.f YV, fldx
= > Zﬂmzlzl / S, g, Sp) b, 1, ) (@ — py) (@ — ) sy
ko1

-1 Tig—1
= Z Zﬂkﬁzzk Dk s X+ ) [Zg + (o — 1) (b — )™ 135
ko1

= > memb (et S+ SISk + S0 7 (S 207 e — ) (e — )T (S + )7
ko1

0

PROOF 6 (Proof of Proposition 8).
[ @

/(] f<y>|;I|K<H—1<x —)an) ([ 1) R @ = 2))dz) e
= [z 1<a:—y>>|;I|K<H‘1<x—z))dx)f(z)f(y)dydz
By /|H| Y))|;I|K(H_1(:c—Z))d:1;>

= BEy.zh(Y, 2),

where ho(X1, Xy) is an unbiased estimator for 0y, and permutation symmetric in the 2
arguments.

So U, 2 m > iz ho(Xi, X;) is the U-statistic with the kernel hy for 0. O
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PRrROOF 7 (Proof of Proposition 13). First, we consider

U;)?
(PO +0 + 0 ( =) (P + 6 +op(\}ﬁ)) — (Py+ 05 +op(;ﬁ)) (P + 05 +op(\}ﬁ)T]

1

(Us
[

— (9092+90P2+92P0+0 (\}ﬁ)y
(

002 ) (9092> (90P2 + 0P+ OP(\/lﬁ» * Op(\/lﬁ)
() + 5 (00)  (a0m2 ) ()

thus, plugging it into (UyUy — U3U )2U1(U2U0 UgUg)% provides

(U, )2U1(U2U0 Uy )?
- ((9092) (9092) (90P2+02P0>+0p<\/1%>>
(R+o+0,(5))

((0082)" + 2 (008)” (eopﬁ%po)ﬂp(;ﬁ))

— 00y, + Oy0,0, + (9092> 01% (9002) 2 (00P2 n QQPO)

J% (9092) K (90P2 + 02Po) 0, (9092)é +0p (\}ﬁ)
= 00109 + 0,05P, + Oy05 P, + 6,0, Py + Op( .

)

[N
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1 1 1
(UsUy = UsUy )2 Uy (UsUy = UsUy )2 /(Uy) = 41

909192 + 0192P0 + 9092P1 + 9091P2 + Op<1/\/ﬁ) 000192
Uy %

020,05 + 030,05, P) + 020, P, + 620, P, — U36,6,6

07/1%2 07/1Y240 07241 0’142 070vY1Y2
+o,(1/v/n
0 »(Uvn)
020,058y + 020, P, + 0360, Py — (U2 — 63)6,6,06

0717270 07’241 0’142 0 0/%0%1Y2
0 + op(1/\/ﬁ)
030,02y + 0505, Py + 030, Py — (U — 00)(UZ + Uy + 672)80,0,
Us
030,05 P, + 030, P) + 000, Py — Py(UZ + 05Uy + 62)8,0,65
Uss
030,058 + 030, Py + 030, Py — Py(67 + 000, + 62)600,6,
0363
070
9192P0 + 0002P1 + 6061P2 - 30102P0 +
%
9092P1 + 9061P2 - 29192P0
03
0

—i—op(l/\/ﬁ)

+op<1/\/ﬁ)

+0p<1/\/ﬁ>

0p<1/\/ﬁ>

+op<1/\/ﬁ)

However,

B 2 —1 -1 T 4-1
= O Z(QS(XZ', 0,A) (A7 —A " X;X; A7) — 91)

2 T
2 4 2

+9091% Z ((;S(Xw Ov A)(

(2

_29192% 3 <¢(Xi, 0,A) — 00>

= 0

as needed to finish the proof. O

PRrROOF 8 (Proof of Proposition 19). First, because Y = AX,

T
Vv, = AV; AT,

gly) = f(A7y)|A7Y,
V,9(y) = ATV, f(ATy)|ATY.
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Thus, we can conclude that
[sway = [ £y
— [ @i
— A7 [ s,

- / AT, AT AT (Vo F(A )T AT A dy

— aaT / Y, (@)(V o (2)) de A,

/nyQQ(y)dy
_ / Aza” A" f(2)| A2 Alda
= JA7A [ P )dea”,
and
/y92(y)dy
_ /Afo(a:)\A_zHAWfU
_ |A_1|A/:cf2(x)da:.

Combining above equations, we have

v Ju' Wy e’ w)dy (f ng(y)dy>T
” J[Pwdy  [g*(w)dy \ [ g*(y)dy
_ |A_1|Af1‘:ch2(:L‘)da:AT B |A_1|Afxf2(:v)d:v (|A_1|Afxf2(x)d;p>T
A7 [ f2(2)da AT [ fa)de N [ATY [ fP(2)da
[ a2 f*(z)dx T [af*(x)dx / [ xf*(x)dzy
[ fP(x)dz A A [ f?(z)dzx (ff%c)dx )A

= AV, AT,
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and

[V,9@)(V,9(y) " dy
[ g*(y)dy
ANATT [V, f(@)(V, f(x) deA™!
]A’llff2(m)dx
[V f (@) (Vo f (@) dr
4 [P

Finally, we have

172 Vg (VW) dy s

T = Ve, [ a*(y)dy 92
eV f @) (Vo f (@) e 1
IR PR Yo

o 1)2 4Ty 1/2 1/2 (—1¢,1/2
- Vg2 A sz Jf?sz A V92 ’
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