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Abstract

The purpose of this dissertation is to make a further contribution to the Mackey
bijection for a complex reductive group G and for SL(2, R), between the tempered
dual of G and the unitary dual of the associated Cartan motion group. We shall
construct an embedding of the C*-algebra of the motion group into the reduced
C*-algebra of G, and use it to characterize the continuous field of reduced group
C*-algebras that is associated to the Mackey bijection. We shall also obtain a new
characterization of the Mackey bijection using the same embedding.
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Chapter 1
Introduction

In their early days, group representation theory and C*-algebra theory had a close
relationship. Representation theory began earlier than the axiomization of C*-
algebras, but many results about representations on locally compact groups were
in essence proven using representations of C*-algebras. Given a locally compact
group G, we can define a C*-algebra, called the full group C*-algebra, denoted
by C*(G) or C;

max

(G). Then there is a bijective correspondence between the x*-
representations of C*(G) and unitary representations of G. Because of this, any
question we may ask about unitary representations of G amounts to asking a
question about C*(G). This correspondence also gave rise to many good examples
of C*-algebras in the first decades of C*-algebra theory. See [Ros94].

Later on, however, the two subject began to diverge. For instance, when George
Mackey systemized the study of unitary representations of locally compact groups
through his theory of unitary induction, C*-algebras played little to no role. And
the methods adopted by Harish-Chandra in his study of the tempered unitary
representations of reductive group were even further removed from C*-algebra
theory. At the same time, the study of C*-algebras began to take off on its own,
following its own directions, independent of group representation theory. See
[Ros94].

This dissertation is about a relatively recent effort to bring back together C*-
algebra theory and the work of Mackey and Harish-Chandra in group represen-
tation theory. This is by no means the only project that aimed at bringing back

together C*-algebra theory and group representation theory. For other examples,
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see [Ros94].

George Mackey systemized the study of unitary representations of locally
compact groups by constructing unitary representations of G from representations
of smaller closed subgroups of G. The process is known as unitary induction, and
we will discuss this in some detail in Chapter 3. His Imprimitivity Theorem then gave
conditions that determine when a given representation of G is actually induced
from a representation of a subgroup. Collectively, these methods became known
as the Mackey Machine.

For example, consider the semidirect product SO(3) x R?, with product opera-
tion given by

(kyv) - (K, v) = (KK, (k) v +v7).

The Mackey machine tells us that

—

SOB3) x R3={(l,r)r > 0,1l € Z, and if r =0, then1 > 0}. (1.0.0.1)

The individual irreducible unitary representations are constructed by unitary
induction as follows. If v : R* — R is a linear functional, then exp(iv) is a unitary
character on R?. If 7 is an irreducible representation of the isotropy group SO(3),,
then the product T®exp(iv) is a representation of the closed subgroup SO(3), x R?.
This we then unitarily induce to obtain an irreducible unitary representation of
SO(3) x R?. The Mackey machinery tells all irreducible unitary representations are
obtained in this way.

If v # 0 then the isotropy group is SO(3), = SO(2), and the dual of SO(2)
is parametrized by | € Z. If v = 0, then the isotropy group is SO(3), = SO(3),
whose dual can be parametrized by nonnegative integers 1 > 0. We attach the
label r = ||v|| to the induced representation above, and after considering the
equivalences among the induced representations, we get (1.0.0.1).

Harish-Chandra is famous for his work on “tempered” unitary representations
of real reductive groups such as SL(2,R) or SL(2,C), and many more. From the
point of view of C*-algebra theory, a unitary representation is tempered if the
C*-algebra representation

m:C*(G) — B(H)



associated to 7 factors through the “reduced” C*-algebra, which is the quotient of
C*(G) by the kernel of the regular representation

A: C*(G) — B(L*(Q)).
See Section 4.2. We shall write
Ci(G) = C*(G)/ ker(A).

The irreducible tempered unitary representations are the irreducible unitary rep-
resentations that are required to decompose the regular representation into irre-
ducible representations. In a bit more detail, it was shown in the early days of
C*-algebra theory by 1. Segal (see [Seg50]) that there is a unique measure p on the
unitary dual such that

il Jé 1) s dpr) (1.0.0.2)

for all smooth and compactly supported functions f on G, where

n(f) = JG f(g)n(g) dg,

and where || ||.s denotes the Hilbert-Schmid operator norm. We call the measure p
the Plancherel measure and the formula (1.0.0.2) the Plancherel formula. The tempered
unitary dual is the support of . See [Wal92, Vol 2, Ch 13].

Harish-Chandra explicitly constructed enough of the unitary dual to support n
(meaning that the complement of the set he constructed had measure zero) and he
explicitly determined p on this set.

By way of example, consider PGL(2, C). The Fourier inversion formula (which

is equivalent to the Plancherel formula) is given as

o0 ')

f(1) = Z J TI"aCe(ﬂzn)w(f))(Llnz—f—'Vz) dv



for f € CX(PGL(2,C)), where 7, iy is an irreducible “principal series” represen-
tation of PGL(2,C) (a type of unitarily induced representation). See for exam-
ple [Kna86, Equation 2.24]. We can see from this that the Plancherel measure is
dp(mony) = (4n* 4+ v?) dv. Let us do another example to show that not all cases are
as simple as the one we just did (and not all of them involve only unitarily induced

representations). Consider SL(2, R). Then the Fourier inversion formula is given as

i) =] Macelm ()3 e (5) v | Tracel 1) o () av

—0Q0

+ ) 4(n—1) Trace(D;(f)) + Trace(D;(f))  ([Kna86, Equation 2.25])
n=2
with f € C(SL(2,R)), where 7, , are the principal series representations and D
are the discrete series representations. See also [Var89, Chapter 6].
In 1975, George Mackey made an observation, motivated by his work on in-
duced representation and his interest in physics. In the following passage he

explains his idea in the case of G = SL(2,R):

... the physical interpretation suggests that there ought to exist a “natu-
ral” one-to-one correspondence between almost all of the irreducible
unitary representations of E [the group S/év(3) x R* where S/OV(S) is the
universal covering group of SO(3)] and almost all of the irreducible
unitary representations of SL(2, C)- in spite of rather different algebraic

structures of these groups.

Let us consider instead the closely related example of G = PGL(2, C) (That is, the
group GL(2,C)/(C* - 1d)), as above. Let Go = SO(3) x R?, the semi-direct product.
This is called the Cartan motion group for G. Recall that the semi-direct product
carries the following composition: (k,v) - (k’,v') = (kk/, (k’)~'v +v’). Thus Gy is
the group of orientation-preserving isometries of a three-dimensional Euclidean
space. On the other hand, G is the group of orientation-preserving isometries of the
complete, simply connected three-dimensional Riemannian space with a constant
negative curvature, that is, a hyperbolic space H?. It should be obvious that the

algebraic structure of G and Gy are very different.

4



The Hilbert space of states for a quantum mechanical particle is a unitary
representation of Go. But H? is a plausible model for physical space. Mackey made
the observation that if we replace the usual Euclidean space by the hyperbolic space,
and work out the quantum mechanics of a single free particle, we get a unitary
representation of G. It is from this that Mackey made the suggestion that there is
a close relation between the unitary representations of Gy and G. He proceeded
to explain a one-to-one correspondence “almost everywhere” by mathematical
means: there is a coincidence between the parameters that describe irreducible
representations of various subgroups, that are then induced up to each group. In
the example we are considering, the dual PGT(I(D) is parametrized by pairs (21, 1)
where lis a non-negative integer, r € R, and if 1 = 0 then r > 0. Then the Mackey

bijection is given as

(L) = (2L7)
(—l,T) — (21) —T),

where 1 and r are non-negative. (Actually, Mackey stopped short of considering
the case where r = 0, which is partly why he spoke of a correspondence almost
everywhere.)

While explaining a correspondence for the complex semisimple groups seemed
relatively easy, Mackey went further and attempted to develop a correspondence
for SL(n, R), which was significantly more involved and difficult . For n > 3, this
was developed by induction, and he had hoped that for the general real group, a
similar process could be developed. However, the discrete series presented severe
difficulties.

Mackey’s exposition was rather tentative in several respects, and in particular it
was never made explicit exactly which class of irreducible unitary representations
of G one ought to consider in the correspondence. There are various series of
irreducible representations (for instance the so-called complementary series) that
did not feature at all in Mackey’s analysis. Perhaps because of these problems,
Mackey’s work did not attract much immediate attention.

After a long pause, Mackey’s proposal began to be examined in detail over



the past dozen years, first for complex groups in [Hig08] and ultimately for all
real groups in breakthrough work of Afgoustidis [Afg18]. The current Mackey
bijection is a certain one-to-one correspondence between the irreducible tempered
representations of a real reductive group and the irreducible unitary representations
of its Cartan motion group.

In [Hig08], Higson constructed in detail a Mackey bijection for complex semisim-
ple groups. He showed that there is a bijection between the irreducible unitary
representations of Gy and the irreducible tempered representations of G. Usually
this does not encompass all of the irreducible unitary representations. He then
placed the reduced C*-algebras of the two groups into a continuous field of C*-
algebras using the so-called deformation to the normal cone of G, into G (already
considered in [BCH94]).

Alexandre Afgoustidis expanded on the work started by Higson and obtained
generalizations to real groups in [Afgl8] and [Afg19]. As recently as 2019, in
[AA19], he showed that the Mackey bijection (which he called the Mackey-Higson
bijection) is continuous from the space of irreducible unitary representation of G,
to the space of irreducible tempered representation of G with respect to the Fell
topology. He made a point to show that the inverse mapping is never continuous.

A principal goal of this dissertation is to study the continuous field {C}(G¢) }er
in more detail, and indeed to characterize it up to isomorphism when G is complex
and in some other cases. This is the main subject of Chapter 5.

To explain the method, it is helpful to start with a toy model case, in which G is
a semidirect product group

G=KxV

associated to the action of a compact group K on a real, finite-dimensional vector
space V (this is not a reductive group, of course). Here the deformation to the
normal cone associated to the embedding of K into G gives a smooth family
of groups {G;} that is isomorphic to the constant family of groups with fiber G.
However it is not equal to the constant family; to obtain an isomophism to the

constant family we must use the family of rescaling morphisms

[0 Gt — Gt



o (k,v) = (k, tv)

for t#0. The family {x}i. extends in a unique way to an isomorphism from the
constant family of groups with fiber G into the deformation to the normal cone
family.

Similar rescaling morphisms of G do not exist on a real reductive group except
in trivial cases. But one might ask whether they nonetheless exist on the reduced
group C*-algebra?

The reason that one might guess that rescaling morphisms exist on at the C*-
algebra level is that the structure of the C*-algebra is very closely related to the
structure of the tempered dual of G, and there is a natural rescaling operation on
the tempered dual. Indeed the tempered dual is parametrized by a combination of
discrete and continuous parameters, with the latter belonging to vector spaces, or
quotients of vectors spaces by finite group actions. So the contunuous parameters
may be rescaled in the obvious way. Morever this rescaling operation plays a
central role in the Mackey bijection.

Our first main result is that rescaling morphisms for connected complex reduc-

tive groups do indeed exist at the C*-algebra level:

Theorem. Let G be a connected complex reductive group. There is a one-parameter group
of automorphisms
o : Cr(G) — Cr(G) (t>0)

that implements the rescaling action on the tempered dual of G in the Mackey bijection.

See Section 5.1. Our second main result is that, at the level of continuous fields,

there is a (unique) extension to t=0:

Theorem. Let G be a connected complex reductive group and let {f,} be a continuous
section of the continuous field of C*-algebras associated to the deformation to the normal
cone construction for the inclusion of a maximal compact subgroup into G. Then the limit

limy_,o ¢ (fy) exists in C:(G), and the formula

OC(fo) = lim (Xt(ft)
t—0



defines an embedding of C*-algebras
o Cr(Go) — C1(G).

See Theorems 5.2.0.1 and 5.3.1.1 for the precise statements (we have omitted
here some details related to the Haar measures on the groups G, which vary with
t).

Now, given an inclusion of C*-algebras B—A, there is a simple and obvious

way to construct a continuous field of C*-algebras with fibers

A t#£0
B t=0,

At:

namely we take as continuous sections all the continuous functions from R to A
whose values at t=0 lie in B. Let us call this the mapping cone continuous field
associated to the inclusion. Using this construction, we are able to characterize the

continuous field associated to the deformation to the normal cone, as follows:

Theorem. Let G be a connected complex reductive group. The continuous field of C*-
algebras { C;(Gy) her associated to the deformation to the normal cone construction is
isomorphic to the mapping cone field for the embedding

a: CI(Gy) — Cr(G).

Indeed the morphism
{fe} — {o(fo)}

is a bijection from continuous sections of the deformation to the normal cone field to

continuous sections of the mapping cone field.

See Section 5.3.2 for further details (including the proper treatment of &; when
t is negative).
To summarize, one might say that the continuous field is nothing more or less
than the morphism
o: CI(Gy) — Cr(G).

8



What does this tell us about the Mackey bijection? Each tempered irreducible

representation of G corresponds to an irreducible representation
mt: C;(G) — B(H,)

(in fact the range is the ideal of compact operators, K(H,), but that is not relevant
here). The composition of this representation of C;(G) with the embedding o above
is not necessarily irreducible, so composition with o« does not directly determine a
map from the tempered dual of G to the unitary dual of G,. However generically
the restriction is irreducible, and it turns out that this enough to determine a unique

Mackey bijection:

Theorem. Let G be a connected complex reductive group. There is a unique bijection
from the tempered unitary dual of G to the unitary dual of G, with the property that for
every m € G,, w(7) is a subrepresentation of o «.

Chapter 2 reviews some structure theory about reductive Lie groups, as well as
integral formulas. All of this is well-known and found in many graduate textbooks,
but it is fundamentally important to our results, so we cover them here. Chapter
3 covers important facts about group representation theory and provides details
about the Mackey bijection. Chapter 4 covers the full (or maximum) and reduced
C*-algebras and their structures in what we may think of them as a “Fourier
transform” picture. We also cover the continuous fields of C*-algebras and their
properties. Chapter 5 then explains and proves the new results just presented
above. Chapter 6 presentas the new results for SL(2, R).

This is a joint work with Nigel Higson (see [HR19]).



Chapter 2
Structure Theory of Reductive
Groups

In this chapter we provide a review of basic results for reductive groups, which are
necessary in proving the main results, including its definition, important properties,
and especially, the structure theory. All results will be provided without proofs.
For proofs, see [Kna86] and [Kna02].

2.1 Reductive Groups

There are quite a few different definitions for real reductive Lie groups. The
important point is that all definitions lead to the structure theory that we need.
Along the way, we will also define semisimple groups. These definitions are taken
from [CSM95] and [CCH16]. See also [Wal88] and [HumZ75].

Let F be a field, either R or C, We let M,,(F) be the set of n x n matrices over K
and let GL(n, C) be the set of invertible matrices. Then we can take a finite set S of
polynomial functions on M,,(F). A linear algebraic group G is a closed subgroup of
GL(n, F), defined by the zeros of the polynomials in S.

SL(n, F) is an F-linear algebraic group; it is defined by det(g) = 1 or det(g)—1 =
Ofora g € SL(n, F). The group SU(2) C SL(2,C) is a linear algebraic group. Beside
det(g) = 1, the defining polynomials are the components of gg* = 1, where g*
is the conjugate transpose of g. It should be obvious that the equation given is a

10



polynomial equation. GL(n, F) itself is also an algebraic group.

Let G be a linear algebraic group. Let G be the subset of G consisting of
unipotent matrices (that is, g — I is nilpotent, that is (g — I)™ = 0 for some n). If
G = G", then G is unipotent. We define the unipotent radical R, (G) to be the unique
maximal, closed, connected, unipotent, normal subgroup of G. If R, (G) is trivial,
then we say that G is reductive. We can find an isomorphic group to the reductive
group that is stable under conjugate transpose. In this dissertation, we will define
a complex reductive group to be a connected, reductive group (in the above algebraic
group sense) that is closed under conjugate transpose (this latter condition can
always be arranged).

Let S be a set of polynomials in M,,(C) that are real valued on M, (R). Let
G¢ be the complex reductive group defined by S in GL(n,C). The subgroup
Gr = G¢ N GL(n, R) is the group of real points of G¢. A group Gp is called a real
reductive group if G¢ is a complex reductive group.

2.1.1 Semisimple Groups

Let G' be the subgroup of G generated by the commutators [g, h] = ghg~'h™! for
g, h € G. Then we define recursively G'*' to be the subgroups of G’ generated by
the commutators [g, h] for g,h € G'. We say that G is solvable if this series reaches
the trivial group in a finite finite number of steps (for some j, G’ = {e}). Define the
solvable radical of G by R(G) to be the unique maximal, closed, connected, solvable,
normal subgroup of G. If R(G) is trivial, then we say that G is semisimple. All
semisimple groups are reductive.

The general linear groups GL(n, F) are reductive, but not semisimple. The
special linear groups SL(n, k) are semisimple, and thus also reductive. this disser-
tation will consider complex reductive group with finite center, where we can use
SL(n, C) as a running example (especially n = 2), and one case of real reductive
group: SL(2,R).

11



2.2 Lie Algebra

Reductive groups have special structures that we will take full advantage of here in
this thesis. To explain such structures, we look at the Lie algebras of these groups.

Let g be a finite-dimensional Lie algebra. Recall that for a given X € g, the linear
map ad : g — End(g) is defined by (ad X)Y = [X, Y]. This is a linear operator on g.
We can then define the Killing form of g by

B(X,Y) = Trace(ad X adY).

This is a symmetric bilinear form that is invariant in the sense that B([X, Y], Z) =
B(X,[Y, Z]) or B((ad X)Y; Z) = —B(Y, (ad X), Z).

Let g be a finite-dimensional Lie algebra. Define g' = [g, g] where, this time, we
are using the Lie bracket. We then define recursively g/*! = [¢/, g/]. We say that g is
solvable if g = 0 for some j. We then define the radical of g, denoted rad(g), to be
the maximal solvable ideal of g. We say that g is simple if g is nonabelian and has
no proper nonzero ideals. We also say that g is semisimple if rad g = 0. Every simple
Lie algebra is semisimple. There is an equivalent definition for semisimple: g is
semisimple if and only if g = g; @ - - - @ g,n Where each g; are ideals in which are
simple Lie algebras (see [Kna02, Theorem 1.51]). This decomposition is unique and
the only ideals in g are the sums of the various simple ideals. The direct sum here

means [gi, gi] = 0.

Theorem 2.2.0.1 ( [Kna02, Theorem 1.42]). The Lie algebra g is semisimple if and only
if the Killing form for g is non-degenerate.

A Lie group is semisimple if its Lie algebra is semisimple. Note that this definition
coincides somewhat with the above definition from the linear algebraic point of

view.

Theorem 2.2.0.2 ( [Kna02, Proposition 7.9]). Let G be an analytic subgroup of real or
complex matrices whose Lie algebra g is semisimple. Then G has finite center and is a

closed linear group.

12



A Lie algebra g is reductive if for each ideal a in g, there is an ideal b in g such
that g = a @ b. We do not, however define a reductive Lie group based on this. But,

the Lie algebra of a reductive group as defined above is a reductive Lie algebra.

Proposition 2.2.0.3 ( [Kna02] and [Kna86]). If g is reductive, then g = g, g] ® Z, with
lg, g] semisimple and Z, is the center of g, and thus, abelian.

2.3 Cartan Decomposition and Cartan Motion Group

Let G be a reductive group as in Section 2.1 and g its reductive Lie algebra. We

define a Cartan involution
b:g—9g

given by $X = —X*, where X* is the conjugate transpose of X (any involution
such that, for a Killing form B, —B(X, 0Y) is positive definite. Any two Cartan
involutions are conjugate by Int g. So we will stick to this definition). Since ¢ is an
involution, that is ¢ = 1, it only has two eigenvalues: +1 and —1. Let £ and p be

the eigenspaces of +1 and —1, respectively. Then we have the Cartan Decomposition
g=top

where the elements in £ are skew-Hermitian and the elements in p are Hermitian.

We have the following relations
e ct Eplcp [pplct

So we see that £ is a subalgebra of g, but p is not. We can say more about £. Let
K := GUU(n) for some natural number n so that K is a maximal compact subgroup
of G. Then the Lie algebra of K is £. We have that £ and p are orthogonal under the
Killing form B, and B is positive definite on p and negative definite on ¢.

Example Take G = SL(n,C). Then g = sl(n,C) is the set of n x n complex
matrices such that their traces vanish. By the Cartan decomposition we get £ =
su(n) which is the set of all n x n complex matrices X such that Trace X = 0 and
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X* + X = 0. Then we get that K = SU(n), the special unitary group. That is, for
g € SU(n), we have det g =1 and g*g = 1. For G = SL(2, C), we have

G:SL(Z,C):{ * B} oc6—[5y:1},
_y 6
925[(2>C):{ * B] OC)B)VGC})
_‘}/ _(X
ia B
Ezsu(ZJ:{ _ -]aeR,BGC},
_—[5 —ia
[« B_ 2 2
K =SU(2) = — et B =1,
—B ]
and p:{a P aGR,BEC}.
B —a]
Let us also list down the real case:
G:SL(Z,R):{ a4 b] ad—bc:1},
c d
- o
gzsl(Z,R):{ ¢ a,b,ceIR},
_C _a_
- o
t=50(2) = 0 ‘bER ,
__b O_
K:SO(Z):{ Co:'se sm@] ‘GER},
_—sme cos O
and p:{a b]a,beR}.
_b —a

Proposition 2.3.0.1 ( [Kna86, Proposition 1.2]). The map K x p — G given by multi-
plication (k, X) — kexp(X) is a diffeomorphism.

Of course, K C G and exp(p) C G,

Cartan decomposition of G.

so we have G = Kexp(p), which we call the

14



Definition. We define the Cartan motion group to be the semidirect product
Go=Kx g/t
with multiplication defined by
(k, X)-(k', X) = (kk'y Ad -1 (X) + X').

Remark. The Cartan motion group is not reductive and the structure of G and Gy

are quite different.

By the Cartan decomposition, we have p = g/£. So we can write the Cartan
motion group as
Go=Kxp

and the action of K on p is compatible.

2.4 lwasawa Decomposition

Consider the Cartan decomposition g = £ @ p. Let a be a maximal abelian subspace
of p.

Lemma 2.4.0.1 ( [Kna86, Theorem 5.13]). Let G be a reductive Lie group. If a and
a’ are two maximal abelian subspaces of p, then there is a member k € K such that
Ad(k)a = a’. Hence p = Uk Ad(k)a.

This tells us that all maximal abelian subspace are conjugate to one another.
This allows us to choose a single a without any loss of generality for what follows.
Let A be a linear functional on a. Now let

g ={X € g|/[H,X] =A(H)X forall H € a}.

If A and g, are nonzero, then we say that A is a restricted root of g and g, is the
restricted root space. We denote these by A(g : a), or by A if there is no ambiguity.
From here on out we will refer to the restricted roots simply as roots. Let V be the
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vector space spanned by A. It is possible to define a notion of positivity on V. We
denote a positive element ¢ in V by ¢ > 0. Then

1. forp € V,itiseitherd >0or—¢p >0or ¢ =0,
2. If $ > 0,y > 0, and c is positive scalar, then ¢ +1 > 0, and cd > 0.

We say ¢ > 1 if § —1 > 0. One way to define a notion of positivity is through
lexicographic ordering: Let (¢1,...,$x) be an ordered basis for V. Then ¢ =
Z].l; a;¢; is positiveif a; = ... = a; = 0 and a;;; > 0 for some | > 0. We denote
the set of positive roots by A" (or A*(g : a) if it is necessary). There are only
finitely many possible A*. A root A is simple if A > 0 and it does not decompose as
A = A1 + A; where A, A; > 0. We denote the set of simple roots by TT.

Before we continue on to the Iwasawa decomposition, we lay out some root

systems as examples.

Example LetG = SL(n,C) so that g = sl(n, C), the set of traceless n x n matrices.
The maximal abelian subgroup a of g, is the set of diagonal matrices such that the

sum of the diagonal is zero:

aq
a= =diag(as,...,an)|a; ... a, =0

an

Let e; be a linear functional on a defined by e;(diag(ay, ..., a,) = a;. Then we have

the set of roots
A= {ei — €j|i % ]}

The positive roots are (using lexicographic ordering)
AT ={e; —ejli < jk
Then the simple roots are
M={e;—eye,—e3...,€n 17— €n}

16



We continue with the Iwasawa decomposition. Let

Then n is a nilpotent Lie algebra of g.

Proposition 2.4.0.2 ( [Kna86, Proposition 5.10]). Let ¢, a, and n be as defined above.
Then g is a vector-space direct sum g = € © a @ n, a is abelian, n is nilpotent, a  nis a
solvable Lie subalgebra, and [a & n,a & n].

This direct sum is called the Iwasawa decomposition of the Lie algebra. Note that the
choice of n depends on our choice of positivity of the root system. Any two choices
are conjugate by a member of N(a) and this member is unique up to a member of
Zy(a). We define the Weyl group by W = Ng(a)/Zx(a). We have a decomposition
of the group as well.

Theorem 2.4.0.3 ( [Kna86, Theorem 5.12]). Let G be a semisimple Lie group with
g = ¢ adn the Iwasawa decomposition of the Lie algebra g of G. Let A and N be connected
Lie subgroups of G with Lie algebras a and n respectively. Then the multiplication map
K x A x N — G given by (k, a,n) — kan is a diffeomorphism.

The decomposition of the group is simply called the Iwasawa decomposition. Let
us show G = SL(2,C) as an example. We have already shown that K = SU(2) and
t = su(2). We just explained that a is the set of diagonal matrices such that the sum

of the diagonals is 0. So in the two dimensional case, we get

{f et
e

So A is the set of all diagonal matrices such that the product of the diagonal is 1

The

This means that
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and the diagonal entries are positive. Now the nilpotent matrix n is given as

o {[ g ec).
] 3

is the analytic subgroup with Lie algebra n. This tells us the matrix

il

with P+ =1,t € R,and z € C.

It is easy to see that

with

Y

«d — By = 1 can be written as

x P
Y

2.5 Parabolic Subgroups

We follow up on the previous section: let G be a reductive group with the Iwasawa
decomposition G = KAN. Let M = Zg(a) = Zx(A). Then Q = MAN is a minimal
parabolic subgroup. Now let m be the Lie algebra of M, that is, m = Z,(a). A minimal
parabolic subalgebra q is a subalgebra of g that is conjugate tom @ a @ n.

A (general) parabolic subalgebra s is a subalgebra of g that contains a minimal
parabolic subalgebra. A parabolic subalgebra has a Langlands decomposition similar
to the one for the minimal parabolic subalgebra, which we will show below. Given
such a decomposition s = ms @ as @ ns, we can define As and Ns to be analytic
subgroups with Lie algebras as and ns respectively. Let M$ be the analytic subgroup
with Lie algebra ms. Then define Ms = Zy(a)MQ. Then S := MsAsNs is a parabolic
subgroup with Lie algebra s and contains a minimal parabolic subgroup. It should
be noted that the Lie algebra of Mg is ms.

18



Example Let G = SL(n,R). Then MAN is the group of upper triangular matrices.
All minimal parabolic subgroups are conjugate to this (of course, MAN itself is a
minimal parabolic subgroup). Then in general, a parabolic subgroup containing
MAN has the form of block upper triangular matrices. In n = 4, the minimal
parabolic subgroups are conjugate to

oS O O ¥
*
*

Then other parabolic subgroups containing this are G and other groups of matrices
with one of the following forms

x ok ok X x ok ok X x ok ok X
x ok ok K * * ok * * ok
x % % K 0 0 % x 0 0 * x|
0 0 0 = 0 0 x =« 0 0 0 =

The five parabolic subgroups shown above are not conjugates.

Now the parabolic subgroup S has a decomposition S = MsAsNg similar to
MAN as shown above called the Langlands decomposition. However, we will not
construct this decomposition for a general parabolic subgroup. Instead, we are
only interested in the cuspidal parabolic subgroup, which we will define soon.

2.5.1 Cartan Subalgebra

Let g be a complex reductive Lie algebra. A Cartan subalgebra b is a subalgebra
of g such that it is maximal abelian and adg h is simultaneously diagonalizable.
See [Kna(02, Corollary 2.13]. We can also speak of 6-stable Cartan subalgebra, where
0 is the Cartan involution. In this case, we may write h = t © a where t C £ and
aep.

Proposition 2.5.1.1 ( [Kna02, Proposition 6.59]). Any Cartan subalgebra b of g is
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conjugate via Int g to a ©-stable Cartan subalgebra.

This allows us to focus on just 0-stable Cartan subalgebras. In fact, from now
on, when we say Cartan subalgebra, we mean the 0-stable Cartan subalgebra. It
is also true that all Cartan subalgebra have the same dimension. Thus we define
the rank of G (and of g) to be the dimension of its Cartan subalgebra. The Cartan
subalgebra h) = t®a is said to be maximally compact if the dimension of t is as large as
possible. We also say that it is maximally noncompact if the dimension of a is as large
as possible. Maximally compact Cartan subalgebra and maximally noncompact
Cartan subalgebra are the extreme ends of possible Cartan subalgebras.

Let a be the maximal abelian subalgebra of p, just as in the Iwasawa decompo-
sition. Then let b be the maximal abelian subspace of m (where m = Z(a)). Then
h = b @ ais a Cartan subalgebra that is maximally noncompact. Now let t be a
maximal abelian subspace of . Then define ) = Z,(t). This is a Cartan subalgebra

that is maximally compact.

Proposition 2.5.1.2 ( [Kna02, Proposition 6.61]). Maximally compact (0-stable) Cartan
subalgebras are conjugate via K. Maximally noncompact Cartan subalgebras are conjugate
via K.

Lemma 2.5.1.3 ( [Kna02, Lemma 6.62]). If h and b’ are Cartan subalgebras such
that h Np = bh’' N p, then h and b’ are conjugate via K.

Proposition 2.5.1.4 ( [Kna86, Theorem 5.22]). There are only finitely many nonconju-
gate (0-stable) Cartan subalgebras.

Proposition 2.5.1.5 ( [Kna86, Theorem 5.22(e)]). All Cartan subalgebras of a complex
subalgebra g are conjugate, that is, there is only one Cartan subalgebra.

In g = sl(n, C), up to conjugacy, the only Cartan subalgebra of g is the diagonal
subalgebra. This has the property that dim(h N ¢) = dim(hNp) =n—1.
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Example In g = sl(4,R), The following are nonconjugate Cartan subalgebras

S -0 t —0; t
bo = ? b = h, = b

S3 S1 t, 92

Sa S —92 t,

where the traces are zero. Here dim(h; N ¢) =j and dim(h; Np) =4 —j — 1. So by is

maximally noncompact, and b, is maximally compact.

2.5.2 Cuspidal Parabolic Subalgebra

The construction is taken from [Kna86, Section V.5]. Also see [Kna02, Sections V.7
and VIL7].

Here, we show the Langlands decomposition of a cuspidal parabolic subalgebra.
Let s = ms @ as @ ng be the Langlands decomposition of a parabolic subalgebra.
Then s is cuspidal if mg has a compact Cartan subalgebra, call it ts. Then hs = ts @ as
is a Cartan subalgebra of g. Instead of trying to decompose a general parabolic
subalgebra s and figuring out which ms has a compact Cartan subalgebra, we
will begin with a 0-stable Cartan subalgebra h = t & a and construct a cuspidal
parabolic subalgebra from this.

Let h = t @ a be a O-stable Cartan subalgebra. Then, for a linear functional o« on
h, We can definewitht=hNtanda=hHNp

g« = {X € g|l[H, X] = «(H)X, forall H € h}.

Then « is a root in A(g,b) if «« # 0 and g, # 0. We can also take a root system
A(g, a) which can be identified with A(g, h)|.. Now let F = {x € A(g, h)|a|, = O} be
the set of roots that vanishes on a. So we can extend roots in A(g, a) to roots in
A(g, b) by F. We can define a lexicographic ordering on A(g, h) by lexicographic
ordering on a, then on t. In this way, the positive roots in A*(g, h) restricted to a
are also positive roots in A* (g, a), thatis, A" (g, h)|, is identified with A* (g, a) (this
way, we can take the usual ordering in A(g, a)).
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Now we can define

m=1t®P ga n= P go

«€F x€A" (g,b)
ola#0
Then s := m © a @ n is a cuspidal parabolic subalgebra and the decomposition
is called the Langlands decomposition, where m is a reductive group and it has a
compact Cartan subalgebra t = h N'm.

A practical way of constructing the Langlands decomposition of a cuspidal
parabolic subgroup is the following: start with a Cartan subalgebra h = t & a with
t=hNtand a = hNp. Then we let m be the orthocomplement of a in Z,;(a) with
respect to the inner product (X,Y) = —Trace(X(—Vtr)). Define n = @uen+(ga) Ia-
Then the Langlands decomposition of the cuspidal parabolic subalgebra s is s =
modadn

Remark. Not all parabolic subgroups are cuspidal.

Example Recall the Cartan subalgebra for g = sl(4,R): by, b1, and b,. The follow-
ing are cuspidal parabolic subalgebras

¥ ko ok Xk * ok ok sk ¥ ko ok Xk
* k% * ok ok ok ¥ ok ox ¥k
* % * ok * ok

* * * ok

constructed from by, h;, and b, respectively. Note that the other two parabolic
subalgebras are not cuspidal. See the example on page 19.

Example Let us illustrate the constructions of cuspidal parabolic subgroups

b
for G = SL(2,R). Recall that sl(2,R) = {[a ]
c —a

a,b,c e R} . By the Car-

tan decomposition g = ¢ @ p, we get £ = so(n) = {[ u} ‘u € ]R} and
—u
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t
p= { [ ut] t,ue ]R}. From this, we have two 0-stable Cartan subalgebra
u R

([ R [

Let us find the two cuspidal parabolic subalgebras. Let

aoZboﬂPZ{[s —s] S€]R}=f)o

and ty = ho N € = {0}. From this, we get that

uoz{lo g]\ze]a}.

Now we want to find mo, which is the orthocomplement of a, in Z,(ay). First, note

that
Z,(a0) = { [t _t] te R},

so then we can clearly see that my = {0}. Having found my, ay, and ny, we can

construct the cuspidal parabolic subgroup. In this case,

o o]

and

Now, M° = {Id}. So then

My = ZK(G)MO = Zx(a) = {
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Thus, the cuspidal parabolic subgroup is

X z
s ([ 2]

which is the minimal parabolic subgroup.

XGR—{O},ZGR},

Now, for the other parabolic subgroup, constructed from b, we get a; = h1Np =
{Otand t, =h Nt = s ‘s € R ;. Note then that Z;(a;) = g, so we get that
—s
m; = g. It is also clear that n; = {0}. Thus, the cuspidal parabolic subalgebra is
s1 =m; @ a; & ny = g. It should then be obvious that the parabolic subgroup is
S =SL(Z,R).

2.6 Haar Measure and Integration Formulas

In this section, we review Haar measures and some integration formulas. They
will be used extensively in Chapter 4 and in Chapter 5.

Let G be a Lie group. There exists a Borel measure 1 that is invariant under
the left translation action, that is, for all x € G and all Borel sets E, n(xE) = n(E)
(for Lie groups this can be constructed from left-invariant differential forms on
G). We then call n the (left) Haar measure on G. There are two important properties
about the Haar measure: if K is a compact subgroup of G, then n(K) < oo, and if
f e C.(G), then

J f(xg) dn(g) =j f(g) dn(g)
G

G
forall x € G.

Theorem 2.6.0.1 ( [Kna02, Theorem 8.23]). If G is a Lie group, then any two left Haar
measure on G are proportional.

We can also define a right Haar measure n, (building it from right invariant
smooth sections), and there is a function A : G — R* defined by



called the modular function.

Proposition 2.6.0.2 ( [Kna02, Proposition 8.27]). If G is a Lie group, then A(g) =
| det Adg .

We say that the Lie group G is unimodular if A(g) =1 for all g € G, that is the
left and right Haar measure are equal.

Proposition 2.6.0.3 ( [Kna02, Corollary 8.31]). The following Lie groups are unimodu-

lar:

1. abelian Lie groups

2. compact Lie groups

3. semisimple Lie groups
4. reductive Lie groups

5. nilpotent Lie groups.

From now on we will make the following notations dx := dn(x) and d,x =
dn.(x) for left and right Haar measure, respectively. We will also take the conven-
tion that whenever we say “Haar measure” we mean the left Haar measure, unless

otherwise stated.

Proposition 2.6.0.4 ( [Kna86, Proposition 5.26]). Let G be Lie group, and let S and T
be closed subgroups such that S N'T is compact and such that the set of product ST exhaust
G except possibly for a set of Haar measure 0. Then the Haar measures on G, S, and T can

be normalized so that

_ Ar(t)
L f(x) dx = LXT f(st)AG(t) ds dt

forall f € C.(G).

Corollary 2.6.0.5 ( [Kna86, Consequence 1 following proposition 5.26]). Let G, S,

and T be as in the previous proposition. Then
dx = ds d,t.
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As a consequence we get
d(man) = dm da dn.

Recall that p = % 2 went( o) dim(ga) 0. We have that

Aman(man) = e?Ploga,

and thus, we get that d,(man) = e??°8¢ dm da dn. We also have d(an) = da dn
and since Aan(an) = e**1°8 @ we also get d,(an) = e**1°¢¢ da dn. For details about
this, see [Kna02, Section VIII.4] or [Kna86, Section V.6]. The next two corollaries

are also explored in the references just mentioned.

Corollary 2.6.0.6. If G = KAN is the Iwasawa decomposition of a reductive group, then
the Haar measure of G, K, A, and N can be normalized so that

dx = dk d,(an) = e**6¢ dk da dn.

Corollary 2.6.0.7. If G is a reductive group and MAN is a parabolic subgroup, so that
G = KMAN, then the Haar measure on G, MAN, M, A, and N can be normalized so
that

dx = dk d,(man) = e*'¢¢ dk dm da dn.

Along with the Haar measure defined above, we would also like to define
a Haar measure for the Cartan motion group that is compatible with the ones
above. In particular, we have needs to define some measures on Lie algebras. If
we consider the abelian group A and the nilpotent group N from the Iwasawa
decomposition of the group G, then we know that A = a as smooth manifolds by
the exponential mapping exp : a — A. Since a is a vector space, so we can define a
measure dX that is left and right invariant under translation. Now, the exponential
mapping preserves the group operation. Then we can define a Haar measure on A
compatible with the measure on a. By Theorem 2.6.0.1 we can then take dX = da,
that is,

Lf(exp(X)) dX = JA f(a) da
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for f € C.(A). By [CG90, Theorem 1.2.10], the mapping exp : N — n maps Lebesque

measure to a left invariant Haar measure, so we define a measure dY on n by

J flexp(Y)) dY = J f(n) dn
n N
for f € C.(N).

Recall that the Cartan motion group Gy = Kx p is, as a set, the Cartesian product
of K and p. We can view Gy as having the product topology. Now, note that p is
a finite-dimensional vector space so it will naturally have an invariant measure,
compatible with the ones defined for a and n (since p = a @ n). We already know
that K has a Haar measure. Thus, we can define the measure on G, by a product
measure. So we have

JGO f(k, X) d(k, X) = J

J f(k, X) dk dX.
K Jp

We will also need the following lemma:

Lemma 2.6.0.8. If G = KAN is an Iwasawa decomposition, then the Haar measure

of G, a, and n can be normalized so that
dx = e?*Xdk dXx dy

Proof. Recall the Cartan decomposition G = K x p and the Iwasawa decomposition
g = £ @ a @ n where tis the Lie algebra of K, a is an abelian Lie algebra, and n is
a nilpotent Lie algebra. Since £ = K via exponential mapping (and K is compact),
we see that a @ n = p (in general, they are not the same set). We can conclude that
K x a x n = G by the following diffeomorphism (k, X,Y) — kexp(X) exp(Y).
From Corollary 2.6.0.6, we have dx = e*°¢¥dk da dn under the Iwasawa
decomposition. Also, da = dX for dn = dY wherea € A, X ca,ne N,and Y € n.
So we have dx = e?*Xdk dX dY. O

This will allow us to find a relationship between the Haar measures for a
reductive group G and its Cartan motion group.
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Chapter 3
Representation Theory of Re-
ductive Groups

In this chapter, we cover certain aspects of representation theory on real reductive
groups, which will lead us to a discussion of the Mackey bijection. In particular,
we will be looking at certain kinds of irreducible unitary representations called
tempered representations. We will rely heavily on the structure theory discussed
in the previous chapter. To get us started, we recall a few definitions and facts.

3.1 Definitions

Since we will be discussing Hilbert spaces, we will take the convention that the
inner product is linear in the second argument and conjugate-linear in the first.

A representation of a topological group G on a Banach space V is a homomor-
phism 7 : G — GL(V) where GL(V) is the group of bounded invertible operators
whose inverse are also bounded, and where the action of g € G on V is strongly
continuous, that is g — 7(g)v is continuous for every v € V. We call V the repre-
sentation space. An invariant subspace U C V is a subspace such that 7t(g)U C U for
every g € G. The representation 7 is irreducible if there are no invariant subspace
other than 0 and V. We say that the representation 7 is unitary if its representation
space is a Hilbert space and (nt(g)u,t(g)v) = (u,v) forallg € Gand allu,v € V.

Finally, a matrix coefficient of m is a function g — (u,7t(g)v) for some u,v € V.
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Recall that we have defined a left Haar measure dg on G. We can then define
the Hilbert space L?(G), the space of square-integrable functions on G under the
left Haar measure. Define A : G — U(L*(G)) by A(g)f(x) = f(g~'x) where g,x € G
and f € L*(G). This is called the left reqular representation and is unitary (thus the
reason for using the notation U, for a unitary invertible operator on L(G)). This is
not irreducible, however. Along with the left regular representation, we also have
the right reqular representation R of G on L*(G), which is defined by R(g)f(x) = f(xg),
for g,x € G and f € [*(G).

Let m and 7’ be two representations of G with representation spaces V and
V' respectively. An intertwining operator ] : V. — V' is an operator such that
Jrt(g) = m'(g)]. We say that 7t and 7’ are equivalent if there is a bounded invertible
intertwining operator from one representation space to the other. If the intertwining
operator is unitary, then we say that the representations are unitarily equivalent. We
denote by G the set of all equivalence classes of irreducible unitary representation
of G. This set does have a topology which will be explained in the next chapter.

Given a representation 7w of G on a representation space V and a compact
subgroup K of G, we say that v € V is K-finite if {m(k)v]k € K} span a finite-
dimensional vector space. Thus we can say K-finite matrix coefficient to refer to a
matrix coefficient using some K-finite vectors in V.

The following definition can be found in [Kna86, Section IX.3]. Suppose that G
has a compact center (as in the case of SL(2, R), but this excludes GL(n, R)). An
irreducible unitary representation 7t of G is in the discrete series of G if the equivalent

statements are satisfied:
1. some K-finite matrix coefficient of 7t is in L?(G).
2. all of the matrix coefficients of 7 are in L(G).

3. mis equivalent to a direct summand of the right regular representation of G
on L?(G).

Not all reductive groups have a discrete series representation. In fact, there is an
important condition (which we will make use of) for a group to have a discrete

series; it must have a compact Cartan subgroup. That is, the Lie algebra g must
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have a compact Cartan subalgebra. This is the same as saying that the rank of G
must be equal to the rank of K. See [Kna86, Theorem 12.20]. As we have seen before,
this is not always true. A complex reductive group does not have any discrete series
representation. But SL(2, R) does have a discrete series representation. It should
also be clear that by the Peter-Weyl theorem, that any irreducible representation of
a compact group is of the discrete series.

A unitary representation 7 is a tempered representation of G if all of its K-finite
matrix coefficients are in L**¢(G) for every € > 0. The notion of tempered repre-
sentation is a bit difficult to wrap our head around, but we will have an easier
(equivalent) definition once we introduce the reduced C*-algebras of G in the next
chapter (see section 4.2). In fact, it is this C*-algebra definition that will serve us
the best. We introduce it now while we are on the topic of representation theory. It

is obvious that the representations in the discrete series are also tempered.

3.2 Representation of Compact Groups

3.2.1 Peter-Weyl Theorem

If we have a compact group K, then every representation of K is unitary and the
Peter-Weyl theorem states that

1. Anirreducible unitary representation is finite-dimensional (the dimension of
a representation is the dimension of the representation space),

2. Any representation 7 of K decomposes into an orthogonal direct sum of
irreducible unitary representations of K,

3. The span of all matrix coefficients of all irreducible unitary representation is
dense in L*(K).

See [Kna86, Theorem 1.12]. The Peter-Weyl theorem allows us to find an orthonor-
mal basis for L?(K). We will often write

LZ(K) = @TGRVT ® V:»
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where K is the set of equivalence classes of irreducible unitary representations of
K, V. is the representation space of T and V; is the dual to V;, The isomorphism is

built from the mapping

. 12
VR {k — (ig?(gg) q)(fc(k)—]v)] ,

wherev® ¢ € V; ® VI and k € K. Any irreducible representation of a compact
group is of the discrete series, and thus it is also a tempered representation.

3.2.2 Highest Weight Theorem

Let K be a connected compact Lie group. Let 7t be an irreducible representation
of K on V which is finite-dimensional. It is a standard result that 7t is a smooth
function from K to GL(V) (see [Kna86]). From 7 we can define a representation of
t, the Lie algebra of K by its differential

where X € tand v € V. Now we let T be a maximal torus (maximal connected
abelian subgroup) in K. We can then let t be the Lie algebra of T; tis in fact a Cartan
subalgebra. Let A be a linear functional on t := t @ it. Then define

Vi, = {v € V|dn(H)v = A(H)v, for all H € t°}.

If V) # 0, then A is a weight and is real-valued on i - t. In this case, V) is called the
weight space. There are only finitely many weight spaces and there is an orthogonal
decomposition V = G V,.

Recall that we can put an ordering on t* (such as lexicographic ordering) that
gives us the set of positive roots A*(¢,t). Also note that the roots and weights
are both linear functionals on t. From this ordering, and the fact that there are
only finitely many weight spaces, a representation has a (unique) highest weight. A
209 > 0 for o € A* (%, t). We also say that a linear functional

|2

weight is dominant if
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A on tU is analytically integral if there is a character &, of T with &, (expH) = M

for all H € t. Such analytically integral linear functionals are real-valued on it. All
weights are analytically integral. The following theorem is taken from [Kna86] (see
also [Vog85]).

Let W(K, T) = Nk(T)/Zx(T), which is a Weyl group and is finite.

Theorem 3.2.2.1 (Cartan-Weyl theorem). The set of equivalence classes of irreducible rep-
resentations of K is in one-to-one correspondence with analytically integral and dominant
linear functional on t°. This correspondence between a (equivalence class of) representation
7t and an analytically integral and dominant linear functional A is that A is the highest
weight of Tt

Proposition 3.2.2.2. Suppose that A is a linear functional on it and a positive root system
is given. Then A is conjugate via W to a dominant linear functional.

Consider a character x on T. Then there is inherently an analytically integral
linear functional A’ such that x(exp X) = e}’ for X € t. Now A’ is conjugate to a
dominant linear functional via an element w € W(K, T), call it A (therefore A = wA’
or A(X) = N (Ad,,(X))). Thus x(Ad,, (exp X)) = x(exp(Ad,y(X))) = eMAdWX) = eA'(X],
So we can define a conjugate character x’ = wx which has an dominant analytically

integral linear functional. These results lead to

Corollary 3.2.2.3. There is a one-to-one correspondence between K and T/W(K, T).

3.3 Unitarily Induced Representations

Let H be a closed subgroup of a locally compact group G, o a unitary representation
of H with representation space V,. Let 1 be a quasi-invariant Borel measure on
G/H (quasi-invariant means that for a set Borel set E C G/H, n(E) = 0 if and only
ifn(gk) =0 for all g € G). The space Indf V, is the closure of the set of functions
f: G — V, such that

1. fis a Borel function,
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2. forh € H, g € G we have

-1
f(gh) = o(h)'f(q),
(gh) (Ae(h)> (h)"f(g)
3. and the norm is given by

1] = L/H )12 dn ().

We define Indﬁ o(g)f(x) = f(g7'x) for g € G and f € Indﬁ V,;. We call Indﬁo
An(h)\~1/2
Ae(h))

makes Ind{ o a unitary representation (without it, the action would not be unitary).
See [Mac76, Section 3.2], [Var89, Section 3.3], and [Kna86, Section VII.2] for more
details.

the unitary induced representation of G induced from o. The coefficient (

3.3.1 Cartan Motion Group

We recall the definition of the Cartan motion group G, associated to G (see Section
2.3). By the Cartan decomposition, we have p = g/€. So we let the Cartan motion
group be the semidirect product Gy = K x p. with multiplication defined by

(k, X) x (K, X") = (KK, Ad g1 (X) + X').

We repeat the following remark:

Remark. The Cartan motion group is not reductive and the structure of G and Gy

are quite different.

In the rest of this section, we will describe all the irreducible unitary representa-
tions on Gy, up to unitary equivalence.

Let x be a unitary character on p, that is, a continuous group homomorphism
X : p — U(C) where U(V) is the group of unitary operator on the vector space V.
Define the isotropy subgroup associated to x as

Ky = {k € K|x(Ady(X)) = x(X) for all X € p}. (3.3.1.1)
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Since K, is a closed subgroup of K, it is also compact. So now let T, be an irreducible
unitary representation of K, on a finite-dimensional vector space W. We can define
a representation of K, x p on the representation space W by 1, ® x : (k,X) —
X(X)1y (k). Now we induce the representation T, ® x up to Go. So let ¢, =
Indggxp T, ® X. Mackey was able to show the following (see [Mac76], [Hig08]

or [Higl1]):

Theorem 3.3.1.1. The induced representation &, «, is an irreducible unitary representa-
tion of Go and each irreducible unitary representation of G, is unitarily equivalent to one

such induced representation.

So far, in the previous paragraph, we have exhibited all irreducible unitary
representation of Gy and how to construct them. Now we describe their equivalence

classes to complete the classification.

Proposition 3.3.1.2 (See [Hig08, Section 2.1] or [Mac76, Chapter 3]). two induced

representations Oy ., and oy . are unitarily equivalent if and only if there is a K € K
X

such that x'(X) = x(Ady (X)) and T,, = 7, 0 Ady.

This tells us that each element of an equivalence class of some irreducible

unitary representation are obtained by conjugacy in K. Thus we can conclude

é0 = {(TX)X)’X € ﬁ) Tx S RX}/K

where we are denoting the space of (equivalence classes of) unitary characters of p
by p.

3.3.2 Principal Series

Now we go back to G itself. Recall the Iwasawa decomposition G = KAN associ-
ated to a system of positive roots A" (g, a) (to define N), and a cuspidal parabolic
subgroup S of G with the Langlands decomposition S = MAN. Let o be an irre-
ducible unitary representation of M on representation space V. Let a* denote the
space of (real) linear functional on a. Then iv is a linear functional with its image

in iR. Then, since exp a = A, we can define a representation of A by a — e'v(°s®
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(the representation space of v is one-dimensional). We will denote this by . We
can then define a representation 0 ® e ® 1 of MAN where 1 denotes the trivial
representation of N, thus 0 ® €Y ® 1 is unitary. Now define [*(G)®" to be the
completion of

{f € C(G,V9)lf(gman) = e~ "™ dg(m)"f(g)},

under the norm ||f||* = [, [f(k)]* dk where p = %Z%N(W) dim (o). The dimen-
sion of a root refers to the dimension of its restricted root space. Note that since G is
unimodular, we have Ag = 1, and Ayan(man) = e?*°29 which explains the extra
factors found in the representation space (see the discussion at the beginning of this
section). The representation 71, , = Ind{,n 0®e™ ®1 on the induced representation
space L*(G)™" is

T (9)F(x) = f(g™'v).

L?(G)*" can be described a bit differently using the equivalent compact picture.
Define L?(K)° to be the completion of

{f € C(K, VO)[f(km) = o(m)'f(k),k € K,m € KN M}

under the same norm ||f|

2 = [(If(k)]* dk. By the Iwasawa decomposition G =
KAN, we see that L*(G)®¥ and L*(K)° are unitarily equivalent by restriction of
functions. Now let g € G and decompose g under KAN, as

g = k(g)e"n.
The action of 7, on L*(K)° is
T (g)f(K) = e PTHIT Mg (g7TK)).

Note that the representation space L*(K) is independent of v. As a consequence
of general facts about unitary induction, 71, is unitary. See also [Kna86, Section
VIL2].

While most parabolic inductions are irreducible, we may find some that are not.
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Suppose that Q = MAN is the minimal parabolic subgroup. Then the rep-
resentation 7, of G induced from Q is called the (unitary) principal series if v is
imaginary on a. It is called nonunitary principal series for a general v. We will
not have use for the general nonunitary principal series. Note that M is compact,
thus, any irreducible representation of M is finite-dimensional, unitary, and of the

discrete series, therefore it is also a tempered representation.

Proposition 3.3.2.1 ( [Kna86, Proposition 7.1]). If G is complex semisimple, and Q =
MAN is minimal parabolic subgroup, then, the induced representation T, of G induced

from Q is irreducible for any o irreducible and v € a*.

The irreducibility of the principal series in full generality is due to Wallach
[Wal71]. Since in this dissertation, we only care about tempered representations, so

we need to note the following proposition:

Proposition 3.3.2.2 ( [Kna86, Section VIL.11]). If o is an irreducible tempered represen-
tation of M and v is imaginary on a, then 1, is a tempered representation.

Note that the complex group G itself does not have a compact Cartan subgroup,
thus it does not have a discrete series. Recall from previous chapter that all
Cartan subgroups of a complex semisimple group G are conjugate, so there is only
one nonequivalent cuspidal parabolic subgroup for a complex semisimple group,
namely the minimal parabolic subgroup. The principal series comprises all the

irreducible tempered representation of G.

3.4 Intertwining Operators

We still need to address the question of equivalence classes among the principal
series. The question of equivalence classes amounts to a question of intertwining
operators, which is a deep theory and perhaps beyond the scope of this dissertation,
In fact, the difficulty of this concept is what contributes to one of the open question
in our work, and is the reason that we will focus on the complex semisimple group
and SL(2, R). For more details about the general intertwining operator see [Kna86]
and [KS80].
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Let us consider the principal series. Let W be the Weyl group of G, that is
W = W(a : G) = N(a)/Zx(a), which is a finite group. Two principal series

representations 71, and 71,/ are equivalent if there is an intertwining operator

/

I . LZ(K)G,V - LZ(K)U’,V

such that

]7-(0,\/ - ﬂo’,v’]-

This only occurs if there is aw € W (that is, w € Ng(a), and the fact here depends
only on the equivalence class of w) such that ¢’ = wo and v/ = wv. (see [Kna86]).

The actual construction of intertwining operators is very difficult. Here is a very
short sketch. Let us consider the nonunitary principal series 7, (Which includes
the case of unitary principal series) where v is a general complex linear functional,
but we are still only concerned with minimal parabolic subgroup. We can formally

define an intertwining operator J,, s~ by

Jw,ovT(x) = J f(xwn) dn (3.4.0.1)

NAw—TNw

where f € L?(G)®" and N is the set of the inverse conjugate transpose of elements
of N (i.e. if we were to consider N to be the set of upper triangular matrices with
diagonal entries 1, then N is the set of the lower triangular matrices with entries 1).
Unfortunately, the integral in (4.5.2.1) is not always convergent. We express some

conditions for this integral to exist. See [Kna86].

Proposition 3.4.0.1 ( [Kna86, Proposition 7.8]). Let Q = MAN be a minimal parabolic
subgroup and A* (g, a) the set of positive roots determined by (or determining) N. Let
w € Ng(a) be an element representing a coset in W. For a given linear functional v on
a @ ia, suppose that (Rev, ) > 0 for every B € A*(g : a) for which w3 < 0. Then
the integral in (4.5.2.1) converges for all f and x € G, and thus, ], .~ is an intertwining

operator.

Proposition 3.4.0.2 ( [KS80, Theorem 4.2]). With ], defined for (Rev, 3) > 0 for
B € A*(g,a) such that wp < 0, there is a meromorphic continuation to all of v. J 6. 1S

37



holomorphic at v, except if
2(v, B)
BI?

We can conclude that if v is imaginary, then

€ Z.

2(v,p)
IBI*

exists and intertwines 71, and 7,4, for v imaginary. We can conclude

is not an integer. Thus (4.5.2.1)

Proposition 3.4.0.3. If o and o’ are unitary and v and v’ are imaginary, then . and
Tierys are equivalent if and only if there isa w € Ng(a) so that [w] € W such that ¢’ = wo

and v = wv.

We can parametrize the principal series of G by (M x A)/W where M is the set
of equivalence classes of irreducible unitary representation of M, A is the set of
unitary character of A, and W is the Weyl group Ng(a)/Zk(a).

3.5 Mackey Bijection for Complex Groups

In the case where G is a complex reductive group, the principal series represen-
tations encompasses all the irreducible tempered unitary representations. Let us
denote G, to be the set of equivalence classes of irreducible tempered representa-
tion (the subscript r comes from the fact that this set is equivalent to reduced dual

of G, to be better defined in the next chapter). Then from above we have
G, = (M x A)/W.

Recall that
GO = {(T)()X)b( € ﬁ) Tx € KX}/K

The Mackey bijection relates the two parametrizations of the two duals.

3.5.1 Construction of Mackey Bijection

In this section we focus on the complex semisimple group, which is taken from
[Hig08]. We let G = KAN be the Iwasawa decomposition and M = Zg(a) with
Q = MAN the minimal parabolic subgroup as usual. It should be noted that M is
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a maximal torus in K (consider how in the complex case, there is only one Cartan

subalgebra up to conjugacy).

Lemma 3.5.1.1 ( [Kna86, Theorem 5.13]). Let p and a be defined as usual (a is
maximal abelian subalgebra of p). Then p = Uk Adk(p). Furthermore, any two

maximal abelian subalgebra a and a’ are conjugate by an element of K.

Let a* be the orthogonal complement of a in p. Then every character of p is
conjugate by an element in K to a character that vanishes on a't, thus can be viewed
as a character of a, which is unique up to conjugacy by a Weyl group element in W.
To see this, consider that the set of characters of p is in one-to-one correspondence
with p. So we can consider a character xx on p with X € p. Now conjugacy of xx
by k € Kmeans kxx = Xad,(x)- We can also consider kxx(Y) = x(Ady-1(Y)). From
the above lemma, we see that we can find a k € K that will conjugate X € p to an
element Y € a. Thus kxx = Xy, which vanishes on a*. Each K-orbit of a character x
on p has a one-to-one correspondence with a W-orbit of a character on a. Thus

p/K=a/W.

Now we can make the following statement: ¢, ., and ¢>I<’»TX' are unitarily equivalent
if and only if there is a [w] € W such that x'(X) = x(Ad, (X)) and 1,, = T, 0 Ad,,
for any w in [w] (this is well-defined), thus

GO = {(TX)X”X € ﬁ, Tx € Kx}/\/\/

Lemma 3.5.1.2 ( [Hig08, Lemma 2.2]). Let G be a connected semisimple group.
Then if x is a unitary character of p, then the isotropy group K, is connected.

The connectedness will allow us to use the highest weight theorem. It is clear
that M is contained in K,. Indeed, given m € M, we know that Ad,,(X) = X for
any X € a. It stands to reason that x(Ad,, (X)) = x(X) for all X € a. Furthermore,
since M is maximal abelian in K, it must also be maximal abelian in K,. Let
Wy = Ng, (M)/M be the Weyl group of K,. Then by Corollary 3.2.2.3, K, is in
one-to-one correspondence with M /W, .
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Let us take a closer look at K, and W,. Suppose that x is trivial. Then it should
be obvious that K, = K. Now suppose that x is not trivial. Then by elementary
linear algebra we can see that K, = M. In this case, W, is trivial, So K, = M. For

the moment, we shall ignore the case where x is trivial. Then we see that
Go = (& x M)/W.

For G, we will ignore the case where the character v on A is trivial. We also
have the fact that, since exp(a) = A, we getad = A, the set of characters on A. Then,
we have the following bijection. For x € aand ¢ € M we map (X, 0) — (Vv,Ts)
where v = exp(x) and 7, is the corresponding representation of K, with o as its
highest weight. In summary, we have

Go = (A x M)/W = (A x M)/W = G,,

which is what we are calling the Mackey bijection. The equivalence classes of
irreducible tempered unitary representations of G and equivalence classes of irre-
ducible unitary representations of G, are in bijection based on their parametrization.
Theorem 5.4.2.1 gives a new characterization this bijection.

3.6 Mackey Bijection for SL(2, R)

Now, let G = SL(2,R). Let us describe the two principal series representations.
Here we get M = {£1}, so there are only two unitary character of M: o, the trivial
character, and o_, defined by o_(£I) = £1. The irreducible character v of a is
defined by v(diag(t, —t)) = ivt, where we may consider v as a real number (since
d = R). Then we have representations of the principal series 7, , and 7_ ,, induced
in the same way as defined earlier for the complex case. 7, , is irreducible and
unitary, and 7_ , is irreducible and unitary except where v = 0. 7t_y decomposes
into D; @ D_;, where D; and D_; are called the limits of discrete series. Each of them
are irreducible and unitary but they are not equivalent to each other. The only
equivalences among principal series are between 7, , and 7, _,, and between 7_ ,,

and 7T__,.
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The principal series are not the only tempered representation of G. The limits
of discrete series are also tempered, and G = SL(2, R) has representations of the
discrete series which are parametrized by n € Z with [n| > 2. We shall denote the
discrete series representations by D,, withn > 2 and n < —2. So the equivalence
classes of irreducible tempered representations of G can be described by

G, ={Dn e Z— {0} U{m,  Jve RTU{0JUu{n_,lve R

Now let us explore the irreducible unitary representation of the Cartan motion
group of G. In this case, however, K, is not neccessarily connected. For more infor-
mation about a general real reductive group with representations of the discrete
series (that is, it has a compact Cartan subgroup, such as SL(2,R)) see [Afg18]. In
that paper he uses the notion of the minimal K-type, which we will not cover here.

Instead, we will only focus on the particular example. Recall that

Go = {(x, TlIx € A, 7y € Ky J/W,

1 A A
where W = {], [ : ]} and A = R. Suppose that x; € A with s € R. We have

two cases. Suppose X; is non-trivial, that is, s # 0. Then K,, = M = {£I}. So for
this K,, we have two non-equivalent representations: o, and o_. We have the
following irreducible unitary representations of Go: ¢4 = Indﬁ}‘:s va(Xs, 0+), with
equivalences between ¢, + and ¢_; .. Now consider ¥, the trivial character on A.

Then K,, = K = SO(2). In this case, all irreducible representations in K, are of the

cos® —sin0 ing
Tn =e
sin® cos®

with n € Z and there are no equivalences among them.

form

The previous paragraph allows us to build a bijection between G, and G,. We
write the following mapping: let ¢ . € G, with s > 0 and map

G
cI)s,:I: = (XS) O—:I:) = Tt vy = Ind-MAN 0+ ® V.
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Here, since xs € A as well as Vs € A, we consider x; = v, (we are just mapping
the notations). On the other hand, let ¢, € Go (with n € Z —{0}) defined from
Xo € A, the trivial representation. Then we can map

d)O,Tn — (XO»Tn) = Dn-
Finally, define
$o,o — (Xoy To) F Ty .

These mappings together define a bijection, and thus, we have
éO = GT‘

for the case of G = SL(2,R).

In [AA19], the authors show that the Mackey bijection is, in fact, continuous,
but cannot be a homeomorphism. G, and G, requires us to use C*-algebras in order
to define a topology (see Chapter 4). It is then from this that a notion of continuity

makes sense.
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Chapter 4
Reduced C*-Algebras and Con-
tinuous Fields

C*-algebras have their own representation theory, which we will explore in this
chapter. We will define the full and reduced C*-algebras and indicate how they
relate to group representation theory. Once we have accomplished this, we will
then construct a continuous field of C*-algebras that will play a central role in our

analysis of the Mackey bijection.

4.1 Full C*-Algebras of Lie Groups

While the Cartan motion group is not reductive, it is unimodular (left and right
Haar measure are equal), so in this dissertation we will focus only on the unimod-
ular case, since reductive groups are also unimodular (see Proposition 2.6.0.3). Let
G be a unimodular Lie group. Given a unitary representation 7t of G on a repre-
sentation Hilbert space V, we can extend it to a representation of the convolution
algebra of integrable functions f € L'(G). We define 7t(f) as a weak integral

n(f)y = J f(g)n(g)v dg
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for v € V. Thus 7t(f)v is the unique vector such that

(w, 7)) = JG #(g)(u, (g)v) dg

for u € V. See [Dix77, Chapter 13]. A few of the immediate properties are

L ||| < ||l

2. wi(f)* = m(f*), with f*(x) = f(x~1) (since G is unimodular),

3. m(f«f") = m(f)m(f') where f«f'(x) = [ f(xy )f'(y) dy = [ f(y)f'(x 'y) dy
is the convolution.

Define a (new) norm on L' (G) by

Ifllean = sup [|7e(f)]|.
neG

By property 1, this is well-defined and finite. Then we define a C*-algebra by taking
the closure of L' (G) with respect to the norm || ||s, and denote it by C*(G).This is
called the full C*-algebra of G.

We can define representations of C*-algebras. A *-homomorphism ¢ : A —
B(V) from a C*-algebra to the set of bounded operators on a Hilbert space V is
called a representation of A on V. We say that a representation ¢ of A on V is

non-degenerate if $[A]V =V where
OIA]V :={d(a)vla € A,v € V.

Everything that we have defined for representations of topological groups, we
can also define on representations of C*-algebras. We have notions of irreducible
representations, intertwining operators between two representation spaces, and
equivalence of representations. We can define A to be the set of equivalence classes
of irreducible representations of A. See [Dix77].

Proposition 4.1.0.1. There is a one-to-one correspondence between unitary representations
of G and non-degenerate representations of C*(G).
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Sketch of Proof. The idea behind the correspondence is explained by Rosenberg in
his article [Ros94], which we will paraphrase here. As we saw above, given a
unitary representation 7t of G on V, we can define a representation ¢, on C*(G) by
defining on f € L'(G)

Pl v = JG f(g)n(g)v dg

with v € V and extending ¢, to C*(G).

On the other hand, Let ¢ be a representation of C*(G) on V. In general, G does
not fit inside of C*(G). But G does fit inside of the multiplier algebra of C*(G),
denote it by M(C*(G)). We can canonically extend ¢ to a representation ¢ of
M(C*(G)) on the same representation space. Then we can restrict ¢ to G, and we

get a representation 7, = ¢lg of G on V. O
As Rosenberg remarks in [Ros94],

... essentially all questions one can ask about the unitary representation
theory of G are equivalent to questions about the structure of C*(G).

It is with this in mind that we shall tackle the Mackey bijection phenomenon by
taking the C*-algebra approach.

—

Corollary 4.1.0.2. C*(G) = G. H

Given a C*-algebra A, we can define a topology on A, called the Fell topology.
Take an irreducible representation : A — B(H). Then ker 7 is an ideal of A. An
ideal ] in A is primitive if | = ker 7 for some irreducible representation 7t of A. The
Jacobson topology on the set of all primitive ideals Prim(A) of A is defined as
follows: the closed sets of primitive ideals are given by general ideals I:

Fi ={J] € Prim(A)|I C J}.

Define a mapping 7t — ker 7t. This mapping A — Prim(A) is a canonical surjection.
The Fell topology on A is then the inverse image of the Jacobson topology of the
defined mapping. This means that we have a topology on C*(G). By the one-to-one

—

correspondence between C*(G) and G, we can impose a topology on G as well. We
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will not have much use for these notions of topology in this dissertation, however,
Afgoustidis and Aubert showed in [AA19] that the Mackey bijection G — G, is
continuous, with respect to the topology defined here. See [Dix77].

4.2 Reduced C*-Algebras of Lie Groups

Recall that the left regular representation A of G on the Hilbert space L*(G) is
defined by A(g)f(x) = f(g~'x). Let h € L'(G). Then we can define

AR)F(x) = h* f(x) :J

hlg(g)f(x) dg = J h(g)f(g 'x) dg,

G

where h x f is the convolution of h and f. Note that the image of A is in B(L?*(G)),
which has a norm, the bounded operator norm, which we will denote by || ||5. We
define the reduced C*-algebra of G, denoted C;(G), to be the completion of L' (G)
(we can also use C°(G)) in the norm

If

cxc) = [[A(F)[[By

where f € L'(G).
Now we describe the notion of weak containment and a new and equivalent
definition for tempered representation. Given a representation 7t of a C*-algebra A,

and a set S of representations of the same A, we say that 7t is weakly contained in S if

(] ker o C kerm.

o€eS

Likewise, we will say that a representation 7w € G (which is the same as to say
nt € C*(G)), is weakly contained in A if

ker A C ker .

Recall that ker A is an ideal of C*(G). By the first isomorphism theorem and the
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fact that images of C*-algebra homomorphism are closed, we have
Cr(G) = C*(G)/ kerA.

We take a look at the quotient itself. We use the result from [Dix77, 2.11.2], which

states

Proposition 4.2.0.1. Let A be a C*-algebra with a closed two-sided ideal 1. Let
A ={me Aln(x) =0, forall x € A

For each 1t € Ay, let 7' be the quotient representation of A/1 (letting p be the canonical
mapping from A onto A /1, we are defining ' to be the unique representation such that
' o p = 7). Then the mapping 7 — 1 is a homeomorphism from Ay onto A/L

—

Consider a representation o’ € C*(G)/kerA. By the proposition, this has a
unique correspondence with a representation o € C/*(E) such that o(f) = 0 for
all f € kerA. This means that kerA C kero. On the other hand, consider a
representation o € C/*(\G) such that ker A C ker o, thus we have that o(f) = 0 for all
f € ker A. By the proposition above, there is a unique corresponding representation
o' € C*(a/\ker A. Thus we can give yet another definition: a representation

—

o € C*(G) is weakly contained in A if o has a canonical correspondence with a

representation o’ € C(G).

Recall that G = C/*(\G) We will then define GT to be the closed subset of G
characterized by the following: ¢ € G is also in G, if the corresponding o € C/*(\G)
has a corresponding representation o’ € C/;f(\G) (that is, ker A C ker o). In other
words, Gr is the set of equivalence classes of irreducible representation such that,
when viewed as a representation of C*(G), is weakly contained in A. We call G,
the reduced dual of G. In [CHHS8], it is shown that reduced dual and irreducible
tempered dual are equivalent (See the definitions in Section 3.1.

We then have that for a complex reductive group G, G, consist only of the
principal series. If G = SL(2,R), then G, are the principal series and the discrete

series.
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4.3 Deformation Space

There are a few ways to define the following deformation space. For example,
see [HSSH18], [Hig08] and [Hig10]. We will closely follow the definition in [Hig08]
and in [Hig10]. See also [HR19, Section 2]. Let M be a smooth submanifold of a
smooth manifold V, both without boundary. We define a set

INyM := NyMx{0} LU VxR~

where Ny M is the normal bundle to M, that is, NyM = TV/TM.

Theorem 4.3.0.1. There is a unique topology and a unique smooth structure on NyM
such that

(i) The natural map NyM — R is smooth.

(ii) If f is a smooth function on G, then the function

(g,t) = flg) t#0
(X, 0) = (k)
is smooth on Ny M.
(iii) If f is a smooth function on G, and if f vanishes on M, then the function &f defined
by

56 (gt) = t7'f(g) t#0
| (X, 0) = Xe(f) t=0

is smooth on INy M.

(iv) At every point, local coordinates can be selected from functions of the above types.

Remark ( [Hig08, Remark 4.2]). The deformation space is taken from algebraic

geometry where its counterpart is the deformation to the normal cone. See [Ful84,
Chapter 5].
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To illustrate (iv), let (x1,..., Xk, Y1,...,Y1) be a coordinate chart on V such that
(x1,...,%) is a coordinate chart on M and y; vanishes on M, then

(X1y e v ey XKy OY1y vy DY, t)

is a coordinate chart on the deformation space INyM. In other words, the coordinate
gives a diffeomorphism from a neighborhood of NyM to an open subset of R*' x R.
See [Hig10].

We can provide a simple example to illustrate a deformation space. Let M be
a smooth manifold and and let V be a vector bundle over M. Then we can view
M as the zero section in V. Thus, M is a closed submanifold of V. The normal
bundle NyM can then be identified with V itself. Then the mapping NyyV — V x R
defined by

(py Xp,0) = (X, 0) t=0
(p)Xp)t) = (t_]xmt) t#0

is a diffeomorphism from IN\,V to V x R.

4.3.1 Deformation Space of a Reductive Group

Let G be a reductive Lie group. We will show that the deformation space of G over
Kis
NgK = ((Kxp)x{0}) U (GxR*).

Recall that there is a diffeomorphism K x p = G defined by (k, X) — kexp(X). So
the mapping @ : NgK — G x R defined by

(kexp(X),t) — (kexp(t_]X),t) ift#0
(k, X,0) — (kexp(X),0) ift=20

is a diffeomorphism. We now have that INgK is a smooth bundle over R. We
show that NgK is a Lie group. We already know that it is a smooth manifold. The
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commuting diagram of multiplication operations

induces a diagram
TK x TK ——TK

|

TG x TG —~ TG,

and we obtain from this a multiplication operation
N(;K X N(;K — N(;K

It makes the normal bundle into a Lie group. If we trivialize the tangent bundles
on G and K by left translations, then we obtain an identification of bundles and Lie
groups

NgK =K x g/t

where on the right is the semidirect product group associated to the adjoint action.

We then define G; as the fiber over t € R. As a Lie group, Gy = G for t # 0
and Gy is the Cartan motion group. However, we shall want to equip the groups
G with a varying family of Haar measures. Choose a (left) Haar measure dg on
G. Recall that p = a x n. There is a one to one correspondence between C°(INxG)
and C®(K x a x n x R) that is defined as follows. Let f € C*(INxG). We define
feC®(KxaxnxR)as

) f(kexp(tX) exp(tY),t) ift 0
Fl X Y 1) = | TReptX)ep(tY), 1) ift 7 4.3.1.1)
f(k, X, Y;0) ift=0.

We want to define a Haar measure dg; on G; so that it varies smoothly with t.
We define
J fi(g) dge = J J J fk, X, v,1) 2?™ dk dX av. (4.3.1.2)
Gt KJadn
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It is clear from Lemma 2.6.0.8 that the measure on the right hand side of (4.3.1.2)

varies smoothly with t and is a Haar measure, even when t = 0. Then we have
J J J f(k, X, Y, t) 2™ dk dX dY
KJaJn

— J J J f(kexp(tX) exp(tY),t) e*™ dk dX dY
KJdadn

— J J J f(kexp(X) exp(Y), t) t~4imPle2X dqi dX dv.
KJdadn

So the Haar measure on G; (t # 0) is [t["4™P times the Haar measure on G;
(identifying G; with G). At Gy, by the right-hand side of (4.3.1.2), the Haar measure
is just the usual Haar measure on the Cartan motion group. In summary; if {f;} is a
smooth section of {C;}(G¢)}, then for each t # 0, we have

J fi(g) dgy :J J J f(kexp(tX) exp(tY))e*™ dk dX dY. (4.3.1.3)
Gt KJadn

4.4 Continuous Fields of C*-Algebras

The definitions and theory which we follow in this section are found in [Dix77,
Chapter 10]. Let T be a topological space. Let {A}icr be a family of C*-algebras
indexed by T. We consider a section or a vector field {fi} € [ [,.; A¢ so that f, € A,.
We can make the following definitions: given {fi},{h} € [],.1 A: and a scalar A,
then

{(f + M)} ={fe + he} {(Af)e} = {Afe}
{(fh)t} = {ftht} {ft}* = {ﬂk}

Note we have not said anything about the norm on a section. Let " C [ [,.; Atbea
family of sections with the following properties:

1. T'is closed under the operations defined above,

2. forevery t € T, the set {f{f} € I'} is dense in A,
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3. for every {f;} € T, the function t — ||f¢||; is continuous (where || |1 is the norm
on Ay),

4. given {h} € [[,.1 A+, if , at each point t € T and for every € > 0, there is an
{fi} € T'such that for every s in a neighborhood of t we have ||f; — h;||s < €,
then{h} €T.

Definition. We call the pair (A, T') a continuous field of C*-algebras over T, and the
elements of I are the continuous sections of (A, T).

We will provide a simple, but important, example. Let T be a topological space
and let A be a C*-algebra. Let I be the set of continuous functions f: T — A. We
can define Ay = A, and thus (A, T') is a continuous field of C*-algebras over T.
(A, T) is called a constant field.

Let (A(,T) and (A{,T’) be two continuous fields of C*-agebras over the same
topological space T. Let ® = {®.};c7 be a family of C* isomorphism from A, onto
A{ (D¢ : Ay — A)) If ® maps T to I'' bijectively then we say that @ is an isomorphism
of continuous fields from (A, ') onto (A{, ).

Recall that a subset of a topological vector space V is a total set if its linear span
is dense in V. Given a continuous field of C*-algebras (A, I") over a topological
space T, a subset A of T" is total if for every t € T, the set {f[{f\} € I'} is total in A;.

Proposition 4.4.0.1 ( [Dix77, Proposition 10.2.3]). Let {A}iet be a family of C*-algebras
over a topological space T, and a subset A C | [, A that satisfies the first three properties
of continuous sections (replacing T" with A). Then there is a unique subset T C [ [, .1 A¢
that contains A and satisfies all four properties of continuous sets.

In particular, {x;} € T if and only if for every t; € T and every € > 0, there is an
{x'}¢ in the span of A such that

Ixe —xil| < e
in a neighborhood of t,. See [Dix77, Proposition 10.2.2] for details. In this case, we

call A a generating family for T'. See for example Section 5.2.
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Proposition 4.4.0.2 ( [Dix77, Proposition 10.2.4]). Let (A,T) and (A{,T’) be two
continuous field of C*-algebras over the same topological space T. For each t € T, let
@, : Ay — A{ be a C*-algebra isomorphism. Then @ = {@}er is an isomorphism of
continuous fields from (A, T') onto (By, ') if and only if O[A] C T .

Remark. Throughout the dissertation, we will denote a continuous field of C*-
algebras simply by {A}ic1, or, when there is no ambiguity, by {A}. We will under-
stand {f;} € {A}icT to be a continuous section.

4.4.1 Continuous Fields of Reduced C*-Algebras of a Reduc-
tive Group

Let {C;(G¢)}ter be the family of C*-algebras associated to the fibers G; of INx G (each
of which is a reductive group except at Gy, which is the Cartan motion group). For

each C;(G;) we use the Haar measure dg, and thus, the norm on this C*-algebra is
dependent on the Haar measure. Denote || ||; := ||

cx(Gy)- We wish to define a space
of continuous sections of {C:(Gy)}.

Let f € CZ°(INxG). Define {f;} to be a section on {C;(G)} by f.(g) = f(g,t) for
t # 0 and fy(k, X) = f(k, X, 0) for t = 0. Then {f,} is a continuous section of {C}(Gy)}
by the following lemma:

Lemma 4.4.1.1 (See [Hig08, Lemma 6.13]). If f is a smooth and compactly supported
function on INx G, then the function

t— [Ifi][¢

is continuous.
Thus, by Proposition 4.4.0.1, {C;(G)} becomes a continuous field of C*-algebras

with continuous sections generated by elements of C2°(INkG).

4.4.2 Multiplier Algebras

We want to look at certain elements of the multiplier algebra of C;(G,) for each
t € R. Take ¢ € C*(K). Then we can define an action on C2°(G¢) on the left and
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right by convolution as follows: let f; € C°(Gy) and

b+ fi(g) = L P (kg dk (44.2.1)
and
% b(g) = L fulgk (k) dk, (4422)

which are elements of C2°(G;). Now, we have A(f; x ) = A(fi)A(P) and A(d ) =
A(P)A(f,). Indeed, given h € L*(G,), we have

Alfe+ o)h = L f, % o(g)A(g)h gy

_ L J fu(gk (k) dk Alg)h dg..

Make the following change of variables: g := gk™'. Then

_ ;G J fu(g)d(k)A(gk)h dk dg,
_ IG JK fu(g) (KA (gIA(K)R dk dg,
— [ f.(gnig) j PR dk dg,
JGy K

=, fe(g)A(g)(A(d)h) dgs

= A(fJA(d)h.

By these actions, we have C*-morphism from C;(K) into M(C;(G;)) forall t € R,
including t = 0. This will be pertinent to the proofs in Chapter 5.
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4.5 Structure of the Reduced C*-Algebras of Some
Lie Groups

In this section we review the structure of the reduced C*-algebra of reductive
groups and their motion groups as shown in [Hig08] and [CCH16]. Because of the
mapping used to exhibit the structure, we will call these description the Fourier
transform pictures of the reduced group C*-algberas.

4.5.1 Structure of the Reduced C*-Algebra of a Cartan Motion
Group

We consider the Cartan motion group Gy = K x p. We consider p, a vector space, as
an abelian group. Let v € p*, the dual space of p. The function exp(iv) is a unitary
character on the additive group p, and so we may form the unitarily induced
representation

7, = IndS"? exp(iv)
of the motion group G,. By definition, its Hilbert space is the completion of the
space of smooth functions \}: Gy — C such that

Yk, X) =d(k)exp(=iv(X))  (V(k,X) € Go)

in the norm induced from the inner product

(P, ) =J d(k)P(k) dk.

K

The action of Gy is by left translation.

Of course the Hilbert space identifies with L?(K). Under this identification
the subgroup K C Gy acts by left translation, whereas an element X € p acts by
pointwise multiplication by the function k — exp(iv(k™' - X)).

The unitary representation 7, of G, integrates to a C*-algebra representation

,: CX(Go) — K(L*(K)),
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and the Riemann-Lebesgue lemma for the ordinary Fourier transform implies the

following result:

Lemma 4.5.1.1 (See [Hig08, Section 3.1]). There is a morphism C*-algebras
7: C;(Go) — Colp*, K(L*(K)))

such that
7i(f)(v) = 7 (f) (Vv € p™). [

There is a natural action of K on o: we define k.o(X) = o(Ady(X)). Now
consider the C*-algebra X(L%*(K)) of compact operator on L*(K). We can also
define an action of K on K(L?(K)). Let T € X(L?(K)). Then we define k.T(F) =
T(p(k)Fp(k)™") where F € L*(K) and p is the right regular representation. We can
then define the following C*-algebra, Co(p*, K(L*(K)))* consisting of continuous
functions f, that vanishes at infinity, from p* to K(L?(K)) with the added property
that f(k.o) = k.f(o) for every k € K and o € p*. In this case, we say that f is

K-equivariant.

Theorem 4.5.1.2 (See for example [Hig08, Thm 3.2]). The morphism 7 in Lemma
4.5.1.1 induces an isomorphism

Cr(Go) — Colp™, K(L*(K))*. O

Remark. The representations 7, are not irreducible. See subsection 3.3.1.

4.5.2 Structure of the Reduced C*-Algebra of a Reductive Group

We have just described the structure of a reduced C*-algebra of a Cartan motion
group (the same description applies to any semidirect product K x V where K is a
compact group and V is abelian). In this section, we will describe the structure of
the reduced C*-algebra of a complex reductive group and of SL(2, R). In general,
the reduced C*-algebras of reductive groups are very complicated. For a more
complete structure theory of a real reductive group, see [CCH16].
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Let G be a real reductive group with, and let S = MAN be a cuspidal parabolic
subgroup with a Langlands decomposition. Given ¢ € M and v € a* (so that
e e //-i), let H, -, be the representation space of 0 ® e and H,, the representation
space of 0 ® (trivial). We begin with a theorem

Theorem 4.5.2.1 ([CCH16, Theorem 4.7]). The C*-algebra of a real reductive group G
acts by compact operators in any irreducible unitary representation of G.

This tells us that for any f € C*(G), s+ (f) = IndsG o®eY ®1isacompact
operator on IndsG H, . Recall that A[C*(G)] = C:(G) C B(L*(G)). In particular, A(f)
(with f € C*(G)) will act on an element ¢ € Ind§ H,, by

NAIB(x) = | 1909 'x) dg = | fl9)msn(9)0(x) dg = s (G0,
G G

So C*(G) acts as compact operators on Ind§ H,,. From now on, when we say
f € Ci(G), we really mean an element A(f) with f € C*(G). Letting f € C}(G),
7ts,0,v(f) Will then make sense.

Theorem 4.5.2.2 (See for example [CCH16, Corollary 4.13]). Let G be a real reductive
group, and let o € M. There is a C*-algebra morphism

Tis,o 1 CH(G) — Cola*, K(Ind§ H,)) (45.2.1)

such that 1 o (f)(v) = 75,6 () forall v € a*.

Let S = MyA1N; and S; = M,A;N; be parabolic subgroups and o; € M,
and 0, € M,. Then (Sq1,07) and (S;, 0;) are associate if there is an element of G
that conjugates M;A; to MyA, and conjugates o to a representation unitarily
equivalent to ;. See [CCH16, Definition 5.2]. Recall that Ws = N(a)/M is the
Weyl group. We can define a finite group Ws, = {w € Ng(a)|Ad,, 0 = o}/M.
For each w € Ws ;, we define U, ;. : Indg Hev — Indg H,, adz, v to be the unitary
operator that intertwines 7, and 7, aq: v. To see that such an operator exists,
see [KS80, Section 1.6 and 1.8] and [Kna86, Chapter VII and Section XIV.6]. In

section 3.4, we considered unitary intertwining operator for principal series, that
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is, the induced representation from a minimal parabolic subgroup. Then we define
Col(a*, K (Ind§ Hy))We
to be the C*-algebra of all functions F : AKX (IndsG H,) such that
Uy o F(v) = F(ADy, V) U,

for all w € W,. The main theorem about the reduced C*-algebra of a reductive

group is:

Theorem 4.5.2.3. Let G be a real reductive group. Then there is a C*-algebra isomorphism

Ci(G) = P Cola”, K(Ind§ H,))W,
([(S,0)]

where the direct sum is taken over the associate classes of a pair (S, o) where S = MgAsNs
is a cuspidal parabolic subgroup and o € Ms.

We shall call this theorem the Fourier structure theorem. There is an extensive
sketch of the proof in the appendix.

If G is a complex reductive group G, there is only one cuspidal parabolic
subgroup to consider for our associate classes: the minimal parabolic subgroup Q =
MAN. Then the mapping given in (4.5.2.1) is the principal series representation.
By Proposition 3.4.0.3, given two nonequivalent unitary representation o, o’ € M,
7z and 71,s are unitarily equivalent if and only if there isa w € W (the only Weyl
group we need to consider of the complex case) such that ¢’ = wo. The collection
of associate classes over which we take the direct sum in Theorem 4.5.2.3 becomes
M/W. The representation space Ind§ H,, is just [2(K)°. So we get

Ci(G)= € Cola™,K(L*HK)))We. (45.2.2)
ceN/W

For G = SL(2, R), there are two non-conjugate cuspidal parabolic subgroups:
the minimal parabolic subgroup (the group of upper triangular matrices) and

SL(2,R) itself. In the case of the minimal parabolic subgroup, the morphisms

58



(4.5.2.1) are the principal series representations 7, , and 7_,. The Weyl group

1
is just W = {I,w} = Z/27Z where w = | . Recall that ., = m,,, and

~

T_y = T_,y, in fact, wv = —v. On the other hand, considering SL(2,R) as a
cuspidal parabolic subgroup, a is trivial, and so we get the representations of the
discrete series, t, where n € Z —{—1,0, 1}. There are no equivalences among these

representations. So we have

Cl(G) = @ K(Hn)® Cola", K(LA(K)")*# @ Cola™, K(L*(K)))*/** (4.5.2.3)

nelN
TIQ{—],O,]}
where H,, is the representation space of representation of the discrete series 7,
and L?(K)* is the (compact picture) representation space of the principal series
representation o = =+ respectively.

4.5.3 Positive Weyl Chamber

We will make a modification to the isomorphism in (4.5.2.2) in preparation for our
work on the main results of this dissertation in Chapter 5. Let G be a complex
reductive group with the Iwasawa decomposition KAN and the parabolic subgroup
Q = MAN. Let o € M. There is a linear functional A, : m — iR such that

o(exp(X)) = e X,

We can extend A, to a linear functional A, : € — iR by writing ¢ = m & m™* using any
K-invariant inner product, and defining A, to be zero on m*. Then we can identify
W, with the Weyl group of the compact isotropy group K, := {k € K|A;(Ady(X)) =
A(X), forall X € ¢}. In fact, W, is a Weyl group. It is also true that M C K,. Now,
m is a Cartan subalgebra of ¢, the Lie algebra of K,. Given a positive root system
Al = A(t; : m) (ordering and positivity have been chosen), we can define a positive
Weyl chamber for o by

my+ ={X € mla(X) >0, forall x € A}
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Then we have that m, , is a connected open component (in fact, an open convex
cone) in m. All elements in m are conjugate to an element in m, ; by an element in
W, and for a given orbit [X] = {Ad,, Xlw € W}, there is one and only one Y € m, ;.
such that Y € [X] (see [Kir08, Chapter 7] or [Kna86, Sections IV.4 and IV.9]). Thus,
mg ;. is a fundamental domain of m/W.

Since G is a complex group, we have that a = im. We can also define a positive
Weyl chamber for o in a by a, = im, . Recall that there is an isomorphism
between a and a* given by the following: for every A € a*, there is an H, € a such
that

A(X) = (Hy, X) VX €a

where the inner product is K-invariant. We can define a positive Weyl chamber for o
a, . ={A €a’Hy € ag}

Now aj , is an open convex cone of a* and it is a fundamental domain for a*/W.
Now we can restrict the domain of the Fourier transform picture in Theorem 4.5.2.3
to get

Theorem 4.5.3.1. Let G be a complex reductive group. The representations of G in the
unitary principal series induce a C*-algebra isomorphism

Mot CH(G) — @) Colat o, K(LA(K)Y),

O'GT\//\LL

®G€ﬁ+

where M, C M is a positive Weyl chamber for the action of W.
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Chapter 5
Main Results for the Case of
Complex Reductive Groups

In this chapter, we shall prove our main results, focusing on the complex case. First,

we will show that we can construct an embedding
o Ci(Go) — Ci(G)

using the continuous fields of C*-algebras that we have defined in the previous
chapter. Then we will characterize this continuous field by showing that it is
isomorphic to a simpler continuous field, where we no longer have to scale the
Haar measure. Finally, with the new embedding map « we will give a new
characterization to the Mackey Bijection. This is joint work with Nigel Higson
reported in [HR19] and some passages below are taken verbatim from [HR19].

In the previous chapter, we have been considering the fibers of the deformation
continuous field of reduced C*-algebras as being distinct from one another. But in
order to develop our result we will actually have need to compare them, that is we
shall need to put them on the same “playing field.” Recall that we chose a Haar
measure for G. Then for t # 0, C}(G;) has a norm and product that is dependent
on the Haar measure dg; = [t|"9™?dg (it acts on L?(G, dg;)). First for t£0 the left
translation action of G{=G on itself integrates to a C*-algebra representation

A CH(Gy) — B(L*(G, dg)),
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defined by

Awm¢=j f(g)A(9)b dg.

Gt
= | ailgnge fe o ag
G
= [tIm PN (f) b
where f, € C;(Gy) and ¢ € L*(K, dg). The image of A, is independent of t, and is
the image of the regular representation of C;(G) itself. So we obtain a family of

*-isomorphisms
Az CH(Gy) — CX(G) (5.0.0.1)

above, where here we view C;(G) as the concrete C*-algebra of operators on
[?(G, dg) generated by the left regular representation. These are given by the
formulas

fe— |g— |t’7dim(p)ft(9)

for fy € C°(Gy).

5.1 Scaling Automorphism

Let G be a connected complex reductive group. In this section we shall construct a

one-parameter group of automorphisms
o C1(G) — CI(G).

The automorphisms will be parametrized by the multiplicative group of positive
real numbers, rather than the usual additive group of real numbers, and so the

group law is oy, 0 &, = 0,1, .
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5.1.1 Scaling Automorphism for Positive t

Using the Fourier transform picture for C;(G), (see 4.5.3.1), the construction is

extremely simple. Let o € M. Define, for t > 0, an automorphism
%oy : Co((a%,0, K(12(K))) — Co(a 4 K(L*(K)%))
by
oot (F) (V) = (V). (5.1.1.1)

The individual one-parameter groups ., may be combined by direct sum into a

one-parameter group of automorphisms

Sotor: @D Colal e K(LA(K)?)) — @B Colal g K(LP(K)),

O'EK\A+ 0'67\//\l+
and then we define automorphisms «; of C;(G) by means of the commuting

diagram

C* X C*(G) (5.1.1.2)

@Uﬂdl: :l@cﬂa

Dy, Co(h o) K(L2(K))) Dyeri, Co(t o) K(L2(K))).

o

Doxo,t

It is clear that {«;} is a one-parameter group of automorphisms. Indeed, let t; and t,
be multiplicative real numbers. Then for each o € N, and F € Co(a} 4K (Lz(K)U))

4

Aoyt © oy, (F)(V) = o, (F)(57'V) = F(t5'67') = ooy, (F)(V),

and thus, it follows that
(Bxot,) 0 (BAet,) = Boryt,-
Finally, we can conclude

o, © 0, = [(@706) " 0 (Btey,) © (E7) | 0 [(@76) ™ 0 (Betas,) © (B76))]
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- {(@7’[0)_] © (@(XU,U) © (@(XU’J‘Z) © (GBTEG)}
= [(@7) " 0 (Baggr,) o (670)]

= Oty

5.1.2 Scaling Automorphisms for Negative t

As we shall soon see, the key property of the rescaling automorphism «;, which is
immediate from its definition, is that if o€ K\/u and if veag ., then

ﬂﬁ,v(oct(f)) = 7-[U,‘c*‘\/(f) (6.1.2.1)

for all feC¥(G). We shall want to extend this to negative t, and to this end we
define automorphisms
o Cr(G) — C(G)

for t<0 as follows.

First we define a* ; to be the negative of the Weyl chamber a ;. This is simply
another Weyl chamber for W, and so all the constructions that we made in Sec-
tion 4.5.3 using a’ , can be repeated for a” . In particular there is an isomorphism
of C*-algebras

Boeri, Mot C1(G) — @ Coa” 5, K(LX(K))),

UEK/\br

We now define o;: C:(G) — C}(G) for t<0 by means of the commuting diagram

C:(G) . C:(G)

@oﬂcl: :l@ﬁnc

Dyeri, Co(a” o K(L2(K)?)) Dyeri, Co(a o K(L2(K)?)).

Doo,t

where o1 (h)(v) = h(t"'v). The key property (5.1.2.1) now holds for all t£0, for
all v e a’ ;and all f € C;(G).
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5.2 Limit Formula

The main result of this section links the scaling automorphisms
o CH(G) — Ci(G)

from (5.1.1.2) with the regular representations
Ae: CH(Gy) — C(G)

from (5.0.0.1) as follows:

Theorem 5.2.0.1. If {f.} is any continuous section of the continuous field {C;(G,)}, then
the limit

lim o (Ac(fi))

t—0

exists in C:(G).

Remark. Of course we exclude the value t=0 in forming the limit.

We shall proving the theorem by carrying out an explicit computation with a
suitable collection of continuous sections. To this end, recall that a collection F of
continuous sections of the continuous field of C*-algebras {C;(G¢)} is a generating
family if for every continuous section s, every ¢ > 0 and every t, € R there is some
element f € J and a neighborhood U of t; € R such that

tel = |[[fi—silcrcy <e.
See Proposition 4.4.0.1.

Example An obvious example to this is the set of all the continuous sections {f}
that are defined from f € C?(INxG) with fi(g) = f(g,t), by the very definition.
Another example is the set of continuous sections {f,} defined by f € C§*(INxG)
with fi(g) = f(g,t), that is, the set of continuous sections {f;} in {C}(G;)} that

vanishes at infinity. In fact, this set forms a C*-algebra, with the norm defined by

[{fHl = sup,cg [Ife

Ci(Ge)+
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Lemma 5.2.0.2. If the limit in Theorem 5.2.0.1 exists for a generating family of

continuous sections of {C;(Gy)}, then it exists for all continuous sections of {C;(G)}.

Proof. Let {f,}be a continuous section of {C;(G)} and let I be some set of generating
functions for continuous sections of {C¥(G;)} such that the theorem is true. Let
e > 0 be given. Then there is a continuous section s € J and a §; > 0 such that

It <& = |[fi—sif| < €e/2.
Recall that C*-isomorphisms are isometric, so we have
th<d = Jlow(Adfe)) — on(Auls))]| < e/2.
By the hypothesis, F = lim_,y ot; (A¢(s¢)) exists. So there is a &, > 0 such that
It] <& = ||[F—o(Ac(se))] < €/2.
Let 6 > 0 be the smaller of 6; and 9. Then

HF - (Xt(7\t(ft))|| < HF - At(“t(st))H + ||}\t((xt(5t)) - At(“t(ﬂ))”
<e/2+e€/2=c¢,

proving the lemma. ]

5.2.1 Generating Family of Continuous K-Finite Sections

Definition. If K acts continuously on a complex vector space X, then a vector xeX
is said to be K-finite if the linear span of the orbit of x under the action of K is
finite-dimensional and the action on this finite-dimensional space is continuous, or

equivalently if x lies in the image under the natural map

D V: ®c Homy Ve, X) — X (5.2.1.1)

ek
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of the span of finitely many summands V; ®c Homg(V+, X) (here V is the repre-

sentation space for a representative of T € K).

Definition. We shall call the minimal set of T€K contributing to the image of
x in 5.2.1.1 the K-isotypical support of x€X. This natural mapping is defined by
v® ¢ — ¢(v), wherev € Vy and ¢ € Homg(V, X), and the K action is given by
kive ¢) = (t(k)) ® ¢ where k € K.

By the Peter-Weyl theorem, we get

C*(K) = D End(Vs). (5.2.1.2)

ek

Indeed, by Peter-Weyl theorem we know that

LK) =P V.o V:

ek

and given f € C*®(K), A(f) acts on L?(K) and we have
Af)(v@ ¢)(k) = (t(f)v) @ $ (k).

Moreover, given € > 0, by (5.2.1.2), for a given f € C;(K), we can find a u € C}(K),
such that t(u) is nonzero for only finitely many 7, and ||f —u| < e.

Definition. We will say that f; € C}(Gy) is right K-finite if there is a u € C;(K) with
T(u) nonzero for only finitely many t € Kand a f{ € Ci(Gy) such that f; = f] x u.
Similarly we can define the same thing for left K-finite if we can find f{ € C;(Gy)
and u € C;(K) with t(u) # 0 for only finitely many t € K such that fi =wxfy.

Lemma 5.2.1.1. Let f € C°(IN¢G). Given € > 0, there is an h € C*(K) such that

sup||h  fy — fy
t£0

sup||fy x h — f;
40

Ci(Gy) < €

Cr(Gy) < €.

We need the following lemma:
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Lemma 5.2.1.2. Let f € C(ING), and f.(g) = f(g, t). There is a positive number
Q < oo such that, for every t € R,

voli(supp(fy)) < Q

where vol(H) is the volume of a subset H, of G, defined by the Haar measure dg.
O

proof to Lemma 5.2.1.1. Let € > 0 be given. Since f is uniformly continuous, there is
a neighborhood U in K of the identity e € K such that

’f(g)t) - f(kgvt)l <e€
|f(g)t) — f(gk»t)l <€

for all (g,t) € INkG, t # 0, and k € U. There is a function h : K — R with the
properties

1 [ (k) dk =1,
2. the closure of the support of h is contained in U,
3. and h > 0,

such that [h * f(k) — f(k)| < € forany f : K — C. !

we note that

(h*f)(g,t) = | h(k)f(k'g,t) dk

~

which implies that

(h#f)(g,t) — F(g, 1) = j h()F(k g, 1) — F(g, 1)] dk

IThe Fejer kernel is a familiar example of a function that essentially satisfies the properties we
need. See [Rud76].
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which then gives us

(h*)(g,t) — (g, t)] < J hIf(k g, 1) — f(g,t)] dk.

K
Let
M= sup [f(k'g,t)—f(g,t),
(9,t)eNk G
kesupp(h)
t£0
then

(h*£)(g,) — (g, t)] < JK (k)M dk = M.

But note that M < € by uniform continuity, so
(hxf)(g,t) = f(g, t)] <e.
By Lemma 5.2.1.2, we have

|| (hosfy)e — fi

Ci(Gy) < ||(h* fi) — ftHL‘(Gt)

:L h+fu(g) — fu(g)| dig

< e - vol(supp(fi))
<e-Q

forany t € R — {0}

Lemma 5.2.1.3. There exists a generating family of continuous sections for the

continuous field {C}(G,)} consisting of smooth and compactly supported functions
on N¢K that are K-finite for both the left and right translation actions of K on N¢K.

Proof. Given a smooth and compactly supported complex function f on NgK and

¢ > 0, by Lemma 5.2.1.1, we can find smooth functions ¢ and 1\ on K such that

[f— = fxll <,

where the norm is that of the C*-algebra of continuous sections of {C}(G,)} that
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vanish at infinity. Recall that we can find a u,w € C*(K) such that t(u) and t(w)
are nonzero for only finitely many t € K that approximate ¢ and 1. So we can

have

If —u*fxw| <e.

The function u * f * W on NgK is smooth, compactly supported and left and right
K-finite. The collection of all elements of this form, for all f and all ¢ > 0, is a
generating family, as required.

O

Lemma 5.2.1.4. A representation t€K is included in the K-isotypical decomposition
of L?(K)? if and only if o is a weight of T, and therefore 7 is included in only finitely
many of the spaces [2(K)?, as o ranges over M.

Proof. By the Peter-Weyl theorem, the Hilbert space L*(K)° has a K-isotypical
decomposition
LK) =P Vio (V7)°
ek

where an element ¢ € (V;)° has the property

m'd(v) = b(t(m)v) = o(m)d(v)

for m € M and v € V.. We will show that (V})° # {0} if and only if o is a weight of
T. Note that
\/Tg@m @...@CUM

where oy,..., 0, are all the weights of T and C; is the weight space of o. Further-
more,
V:i=GCs @@ Cs,.

If o is a weight of T, then C5 is a constituent of V and there is a nonzero ¢ € Cs
such that m¢ = G(m)¢ for all m € M, and thus ¢ € (Vi)°.

If (V¥)° # {0}, then there is a nonzero ¢ € V! such that m¢ = G(m)¢ for all
m € M. Let

¢:B1¢1+"'+Bn¢n)
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where ¢; is a basis element of ng. Then

mo = pimd; + -+ Pudn
= 6161 (m)¢1 + 1+ Bnﬁn(m)d)n

and
o(m)d = Bro(m)d; + -+ + Bno(Mm)Pn.

So we get 3;05(m) = B;0(m) for all j and all m € M. Not all (3; are zero, so we
have G;(m) = &(m) for some j and for all m € M. Therefore o is a weight of 7.
]

Lemma 5.2.1.5. Let {f;} be a right K-finite continuous section of {C}(Gy)}. If for
every o € M, the limit
{i_f)r(}ﬂc(“t()\t(ft)))

exists in Co(a’ ,, R(L*(K)?)), then the limit
ltlil(} ot (Ae(fe))

exists in C(G).

Proof. By definition, there is an f; € C*(G{) and a u € C}(K) with t(u) nonzero
for only finitely many T € R (say Ti,...,T,) such that f, = f/ * u. Note that for
v b eVRV],

Aw)(ved) =(t(u)v) @ .
A(u) is nonzero only on those L*(K)° that includes at least one T,...,T,. By

Lemma 5.2.1.4, A(u) is nonzero for only finitely many L?(K)°.
Therefore, if f is right K-finite, then the element

To(Ac(fe)) € Colal g, K(L*(K))

is nonzero for only a finite set of ceM that is independent of t. Therefore under
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the hypotheses of the lemma the limit
{i_f)r(}@ﬂo(“t()\t(ft))) = @ {ig&ﬂc(“t(ht(ft)))

exists: we can commute the limit and the direct sum because only finitely many

summands are nonzero. The lemma follows from the fact that ®,7, is isometric.
O

5.2.2 Limit Formula for a Matrix Coefficient

Recall from Section 4.4.2 that A(f; * &) = A(f)A(d) and A(d * fi) = A(P)A(f,) for
fy € C(Gy) and ¢ € C*(K). If we were to restrict the action above to [?(K)°, then
we would get

ﬂa,v(f * (b) = ﬂc,v(f)ﬂc((b) and nc,v(q) * f) - ﬂc(‘b)ﬂo,v(f))

where 71,(¢) is an element of C?(K), whose action is restricted to [?(K)°. That is,
given h € L*(K)? C L*(K), we have 7,($p)h = A(dp)h.

Lemma 5.2.2.1. Let {f;} be a left and right K-finite continuous section of {C}(Gy)}
and let o € M. If the limit

%i{)r(}(d), o (X (A (f)) )
exists for every ¢, € L*(K)?, uniformly in v € a*, then the limit
lg% oo (Ae(fi)))

exists in Co(a’ ,, K(L*(K)?)).

Proof. Let S C K be the union of the K-isotypical supports of {f.} for the left and
right translation actions, and let

L*(K)¢ = Image (@ V.® Homy (Vy, L*(K)?) — LZ(K)“)>.

T€es
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This is a finite-dimensional subspace of [2(K)?, and the operators 7, (f) vanish

on its orthogonal complement for all v and all t. If for any given v € a* the limits
lim(, (0 (e[ £)) ) (5221)
exist for all ¢, € L?(K)g, then the limit
lim 7 (0 (A ()

exists in &(L?(K)?). If the limits (5.2.2.1) exist uniformly in v as ¢ and { range over
an orthonormal basis for ¢, € [*(K)¢, then the limit

1(1_]?}]?(}7’(0(0&(7\’:(1’:‘:)))

exists in Co(a’ ,, R(L*(K)?)), as required. O

Lemma 5.2.2.2. Let o€ I/\\/l+, let vea? ; and let t#0. If f,€C;(G,) is represented by a
smooth and compactly supported function on Gy, and if ¢, peC>®(K)°, then

<¢37Tcr,v(0¢t(7\t(ft)))ll)>
= J J ((b**ft*ll)) (exp(—tY) exp(—tX))eiV(X)et"(X) dXx day,

where ¢*(k) = ¢(k1).

Proof. 1t follows from the definition of the scaling automorphisms «; and the

morphism 7, that

(el ON(F)0) = | ()0, 1 ()0) -l (5.2.22)

G

If we insert into this formula the definition of the L*-inner product, then we obtain
|, 7o) @, e (010} 0 4ag
G

= | )] #70) (mas 010 00 k) 1,
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and rearranging, and making the substitution g := ky~' we get

L £u(g) (0, 7o 1+ (g} [t-4dg

= JK JG ¢ (k Nf(ky™) (ﬂg)tf1y(ky*])1|)) (k) dk [t 4dy. (5.2.2.3)

Now, according to the definition of the principal series representations (see Subsec-
tion 3.3.2,

(Mo (ky ™) (k) = e PHEMMy (k).

Inserting this into the right-hand side of (5.2.2.3) we obtain

j J () f (ke )P Y (e(y)) [t -dy dk. (52.2.4)
KJG

If we use the formula for the Haar measure on G given in Lemma 2.6.0.8, then we
obtain from (5.2.2.4) the integral

J J J J (I)*(kf])ft(h exp(—tY) exp(—tX)kz_])
KJaJdn JK
x d(ka)el P VX 200X) gy 4X dY dk,.
This is
J J (b"fui) (exp(—tY) exp(—tX) )X el ™ dx Y,
as required. O

Lemma 5.2.2.3. Let 0 € 7/\\/l+ and let v € a7} ;. For any ¢, € [2(K)°, we have

t—0

i (T (o0 £ ) = | | (07, X+ V)™ ax a.

The convergence is uniformin v € a7 ;.
Proof. This follows immediately from Lemma 5.2.2.2 above and (4.3.1.1). O

Now we can prove the main theorem of this section.
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Proof of Theorem 5.2.0.1. According to Lemma 5.2.0.2, we only need verify that the
limit in the statement of the theorem exists for a generating family of continuous
sections, and we shall use Lemma 5.2.1.3 to work with the generating family of
continuous sections {f;} associated to the smooth, compactly supported, left and
right K-finite functions on NgK. Lemma 5.2.2.3 shows that for every ceM, and
every veag , the individual matrix coefficients of 7, (¢ (A (f))) converge to limits
as t—0, uniformly in v. Lemmas 5.2.1.5 and 5.2.2.1 complete the proof. ]

5.3 Embedding of the Reduced Group C*-Algebras

5.3.1 The Embedding Morphism

Let f € C;(Go). Extend f in any way to a continuous section {f,} of {C}(G;)} and
then form the limit
x(f) = ltlrrol o (A (fy)) (5.3.1.1)

in C*(G).

Theorem 5.3.1.1. The formula (5.3.1.1) defines an embedding of C*-algebras
a: CI(Go) — Cr(G).
Proof. Since both A and o, are isometric,
i o (Ac )| = Lim 1] = o
Moreover if {f} is a different extension of f to a continuous section, then
t—0 t—0 t—0

So the limit is independent of the extension, and it defines an isometric *-homomorphism,
as required. O
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5.3.2 Mapping Cone Fields
We begin with a very elementary construction:

Definition. Let 3 : B — A be an embedding of a C*-algebra B into a C*-algebra A.
The mapping cone continuous field of C*-algebras over R associated to 3 has fibers

Cone(B); = {A 70
B

and the continuous sections are all those set-theoretic sections {f,} for which the

fo t#£0
t—
{rs(fo) t=0

function

from R to A is norm-continuous.

We shall apply this construction to the embedding from Theorem 5.3.1.1. In

Cone(oc)t{cr(G) t#0
C:(Gy) t=0.

particular, we have

The continuous sections {f;} are defined from norm-continuous functions f : R —
C#(G) where f(0) € «[C?(G)], and thus fy = B~ (f(0)).

Theorem 5.3.2.1. The fiber isomorphisms

o oA C2(Gy) — CH(G) t#0

define an isomorphism of continuous fields from the deformation field {C;(G,)} to the
mapping cone field for the embedding

a: C*(Go) — CI(G).

Proof. By Proposition 4.4.0.2 It suffices to show that for any continuous section {f}
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of {C;(Gy)}, the image section of the mapping cone field is continuous. But the

image section is {f;}, where

This is obviously a continuous section of the mapping cone field away from t=0,

and continuity at t=0 is proved using Theorem 5.2.0.1 and the definition of x. [

5.4 Characterization of the Mackey Bijection

The previous accounts of the Mackey bijection have all been organized around the
concept of minimal K-type of an irreducible representation of G. In particular, in
Chapter 3, we showed the Mackey bijection through the highest weight theorem
for the complex case. Compare [AA19]. Here we shall give a different treatment
that is organized around the embedding

a: C*(Go) — CI(G),

and hence around the family of rescaling automorphisms {o}.

Recall that Go consists of equivalence classes of irreducible unitary representa-
tions of Go. We can parametrize this as (M x a*)/W. We will denote the elements
of Gy by m(o,v), where o € M and v € a*. Also recall that G, consists of equiva-
lence classes of irreducible, tempered, unitary representations, that is, the unitary

principal series representations 7. Denote the elements of G, by t(o, V).

5.4.1 The Principal Series as Representations of the Motion
Group

Lemma 5.4.1.1. The composition of the principal series representation 7,, =
Indg o ® e" of the connected complex reductive group G with the morphism

o: CI(Gy) — Cr(G)

77



is the unitary representation Ind],i,lep o ® e of the motion group Go.

Proof. The Hilbert space of the representation 7t = Imd',m’p 0 ® e is the completion

of the space of smooth functions f: Gy — C such that
f(g- (m,X)) = o(m)~'e™"¥f(g)

in the norm associated to the inner product
(f1,f2) = J 1 (k)f, (k) dk.
K

The action of G is by left translation. The Hilbert space identifies with L*(K)° by
restriction of functions to K, and in this realization the action of Gy is

(7, X)) (Kp) = e X (kT ).

The matrix coefficient associated to ¢, € L*(K) and f € C(Gy) is therefore

(@) = |

J J & (k) F(k, X)e N (k k) dk dky dX.
K JK Jg/e

Making the change of variables k; := k; 'k we get
@urttn) = | || Bt X)e¥ s Xg (") dio X di
K Jg/e Jx
and then the further change of variables Z := k,-X gives
@urtnw) = [ [ [ @it ! 2)e" @ pik") ki 4z .
K Jgse Jx

Now let us insert into the integral above the formula

(" 5Fx) (K, Z) =j

j Sk - (k,2) - k) (kg") dky dko
K JK

=J J Sl (kikka, ky'-2) (ks ") dky des.
K JK
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We obtain
(b, () =J (p*«fsp)(e, Z)eV?) dz.
g/t

But Lemma 5.2.2.3 shows that this is precisely (¢, 7 ox(f)), and the proof is

complete. O

In the following lemma and in the next subsection we shall make use of the
classifcation of irreducible representations of the compact connected group K, by
highest weights. Rather than choose a dominant Weyl chamber for the action of
the Weyl group W, on M, we shall associate to a given irreducible representation
T the W, orbit of all possible highest weights for all possible choices of dominant
Weyl chamber. See Corollary 3.2.2.3. We shall use brackets, as in [6] (with 6 € €M),
to denote this orbit.

Lemma 5.4.1.2. The composition of the principal series representation
Tloy = Indg o® e
of the connected complex reductive group G with the morphism
o Cr(Go) — CJ(G)
decomposes as a direct sum

@ m(G)e) -7'[(9,\/)

[BleM/Wy

as a representation of Gy, where m(o, 0) is the multiplicity with which the weight
o occurs in the representation of K, with highest weight 0.

Proof. We showed in the Lemma 5.4.1.1 that 7,0 is the induced representation
Ind}fffp o®e'. Let us analyze this representation by induction in stages:

Kixp iv ~ Kxp Ky xp iv
Indy,;, o®e™ = Indy 7, Indyy,, o®e
Ky xp

As in the proof of Lemma 5.4.1.1, we can realize Indy;;) 0®e™ on the Hilbert space
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L?(K,)°, and in this realization an element X € p acts as multiplication by the
function
ki— e T (v e K,).

But if k € K, then by definition, v(k™"-X) = v(X). So the subgroup p of K, x p acts
on L?(K,)? by the unitary character exp(iv). It follows that
Indj;! o0e™ = ) m(t) T@e",

o~

TeKY

where m(7) is the multiplicity with which ek, occurs in L2(K,)°. By the Peter-
Weyl theorem, m(T) is the multiplicity with which the weight o occurs in T; com-
pare the proof of Lemma 5.2.1.5. The lemma follows from this and the classifi-
cation of irreducible representations of the connected group K, by their highest
weights. O

5.4.2 Characterization of the Mackey Bijection

Theorem 5.4.2.1. There is a unique bijection

~

u:ér—>G

such that for every « € G,, the element (1) € G, may be realized as a unitary subrepresen-
tation of Lo o.

Proof. The existence part of the theorem is handled by the Mackey bijection from
[Hig08], which we reviewed in Chapter 3, which is the map

w: (o, v) — m(o,v).

Indeed by Lemma 5.4.1.2, the representation 7t(o,v) occurs within (o, v) with
multiplicity one.

As for uniqueness, suppose we are given any bijection , as in the statement of
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the theorem. It follows from Lemma 5.4.1.2 that p must have the form

w: o, v) — m(0,v)

for some 0 € I/\\/l/ W, with 8 > 0. So for each fixed v € a*, we obtain from pu a

bijection of sets
Ly : K\/l/WV — IT/l/WV

defined by
w: (o, v) — iy (0], v).

We need to show that A, is the identity map for all v.
Now it follows from Lemma 5.4.1.2 that u, ' has the property that

w(lol) = lo] Vo] € M/W,,
and so of course the inverse bijection has the property that
i (o) <lo] Vo]l € M/W.
forall 0 € M /W,. It follows from this that p;," maps each of the finite sets

So ={[6] € M/W, : [0] < [0]}

into itself, and this in turn implies that (1, is the identity map, as required.
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Chapter 6
Main Result for the Case of
SL(2,R)

In this chapter we adapt the results given in Chapter 5 to the case of G = SL(2, R).
We will show that there is an embedding C;(Gy) — C;(G). To do this we shall
construct a rescaling automorphism in the Fourier transform picture. Recall (4.5.2.3)

that the Fourier transform picture is

CiG)=| P X(Hn)|® |Cola’, K(L*(K)))**]| & [Cola”, K(L*(K)))»/*]
wAT0)
where H, is the representation space of the discrete series and L*(K)* are the
compact picture representation spaces of the principal series. We will call the direct
sum of the compact operators K(H,,) the discrete series component of C;(G) and we
call the components with the continuous functions the principal series components.
We will tackle each component separately and then bring them back together again.

6.1 Principal Series Components

In Subsection 4.5.3 we chose some positive Weyl chambers a7 . C a* so that in
our description of C;(G) we no longer need to take into account the intertwining
operators. We will do similar things here and in fact will be easier. Recall thata = R,
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so that then a* = R. Also recall that among the principal series representations,
the unitary equivalences are 7, , = 714 _,. These equivalences are given by unitary
intertwining operators

Uyt LK) — LHK)F

such that U,, + v711 v (g) = 7+ (g)U,, 4+ for all g € G. Then for a function
F e Co(R, K(L*(K)*))*/**

we have
uw,i,VF (V)u*

w,£,v

= F(—v). (6.1.0.1)

Let {e, }nez be the standard orthonormal basis for [%(K), so that given kg =

0 —sin® .
C(_)S st , we have e, (ko) = e"?. Then L?(K) decomposes orthogonally into
sin® cos©

[2(K)* and L?(K)~ where L?(K)* has the orthonormal basis {e, lncz and L?(K)~ has

the orthonormal basis {e;,, 1 }ncz. Define

I
I

M+14+1iv))

) = T =)

nez,

N =N =

where I' is the classical gamma function. Then t,,(v) are holomorphic and zero free
near R C C, in fact, [t,(v)| = 1 for all v € R. See [Var89, lemma 21, page 243].

Proposition 6.1.0.1 ( [Var89, Proposition 22, page 243]). If v € R and {e.} is an
orthonormal basis, then there is a unitary operator U, : L>(K)* — L*(K)* such that

uven - tn(v)en
and
u\j]ﬂi,vuv =Tt v

It is clear that the unitary operator U, decomposes as a direct sum U,, , ,®U,, _ ..
Furthermore,
1 n>0

(=)™ n<O.

tn(v) =
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See [Var89, page 246]. We can then conclude that U,, ;o = Id and U,, o = W,

where
€1 n>0
W(62n+1) =
—€my1 N 0.

By (6.1.0.1), for F € Co(R, K (L*(K)"))%/?%, we get
Uy oF(OIU, 1 o = F(0),
so we can rewrite the even principal series part of the Fourier transform picture as
ColR, K (L (K)))%/#% = Co(10, 00), K(L*(K) ).

On the other hand, take D = span{e;,;+1/n > 0} and D_ = span{e;,1jn < 0}, so
that [2(K)" =D, ® D_. For F € Co(R, K(L?(K)7))%/?% we have

uw,—,OF(O)uw,—,O - F(O)>

which means that F(0) must be block diagonal for D, @& D_. We will then write the

Fourier transform picture as follows
Co(R, K(L*(K) )% = Cy ([0, R), K(L*(K) 7))

so that if F € C; ([0, 00), X(L*(K)™)) then F(0) is block diagonal under the decom-
position L*(K)~ = D, @ D_. Let us take the convention that

C3 ([0, 00), K(L2(K)*)) = Co([0, 00), K(LA(K)™)).

Remark. Almost all the principal series representations 7., are irreducible except
one. The only reducible principal series is 7t_, which reduces into two limits of
discrete series ; and 7_;, each of which are irreducible. See [Kna86, Proposition 2.7].
The representation spaces of the limits of discrete series are isomorphic to D and
D_. The fact that 7ty is reducible is the reason why we need a special condition on

restricting the domain to some positive Weyl chamber.
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Now we may proceed to construct a scaling automorphism as in Chapter 5. For

t # 0, we have standard isomorphisms

Ac: CH(Gy) = C*(G)

T T

as in (5.0.0.1), defined by
for (g [t u(g)]

where f; € C°(Gy). We define the scaling automorphisms for t > 0
ot : Gy ([0, 00), K(L*(K)*)) — CF ([0, 00), K(L(K))),

by
ot (F)(v) = f(t V).

For t < 0, we can define the scaling automorphism the same way as we did in
Section 5.1. We had defined the *-morphism

s+ CH(G) = Cy ([0, 00), K(LA(K)F)),
but we can instead define it as
m. 1 CH(G) — CE((—o0, 0], K(L*(K)E)).
In this case, for t < 0, we will define the scaling automorphism
ozt Cy (=00, 01, K(LH(K)F)) — C5 ([0, 00), K(LA(K)F))

by ap(f)(v) = f(t'v).

Proposition 6.1.0.2. Let {f.} be a continuous section of {C;(Gy)} represented by a smooth
and compactly supported function f € C°(INxG), and let v € [0, 00). For any ¢, €
L?(K)*, the limit of the matrix coefficients

1[%1(}<¢’ o (e (A (F)) )W)
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exists. The convergence is uniform in v € [0, co).

Proof. From the definition of the scaling automorphisms « and the morphisms
7., we get that

<d)> ai(ﬂi,vw\t(ft)))w = ft(g)<d),ﬂi’tqv(g)wﬂt’*dim(m dg
G

The right hand side integral is precisely (5.2.2.2). We can then follow the proof of
Lemma 5.2.2.2 to obtain

<d)) o‘:l:(ﬂ:t,v(}\t(ft)))lw
= J J (" * fy %) (exp(—tY) exp(—tX))e”(X)ep(tX) dx dy.

The limit and uniform convergence follows from Lemma 5.2.2.3. O

Proposition 6.1.0.3. Let {f} be a left and right K-finite continuous section of {C;(Gy)}.
If the limit
1[15%<d)) oc:l:,t (Tcﬂ:,v U\t(ft) ) ) >

exists for every &, € L*(K)*, uniformly in v € [0, 00), then the limit
{i_l’)rol O(i,t(ﬂi()\t(ft)))

exists in C5 ([0, 00), K(L?(K)*)).

Proof. The proof is precisely the same as the proof for Lemma 5.2.2.1. O

6.2 Discrete Series Component

In this section, we define scaling automorphisms for components involving the
discrete series representation spaces. Forn € Z —{—1,0,1} and t # 0 (here, t can

be positive or negative), we define the scaling automorphism
Kt - K(Hyn) — X(Hy)
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simply by
o‘n,t(T) =T

for T € H,. That is, the rescaling automorphisms are trivial on the discrete series

components. Here, we want to show that the limit
lim oy ¢ (700 (A (1))
t—0

exists. We begin with a lemma involving matrix coefficients.

Lemma 6.2.0.1. Let {f;} be a continuous section of {f;} represented by a smooth,
compactly supported function f € CP(INxG). Letn € Z —{-1,0,1}. For any
v,w € H,,, the limit of the matrix coefficient

lim (v, otnt (70 (Ac(fe) ) )W)

exists.

Proof. By the definition of «, and A, we get

(v ot (T (A (F)) )W) = (v, T (A () )W)

B JG ft(9)<va ﬂn(g)w> |t’7dim(p) dg

Using the formula for the Haar measure given in lemma 2.6.0.8 we get

Lﬂ(sﬂ(v rta(g)w) [t~ 4 dg

J JJ (kexp(X) exp(Y)) (v, . (kexp(X) exp(Y))w) [t|”dmPle2e™) gk dX dY

J J (kexp(tX) exp(tY)) (v, m, (kexp(tX) exp(tY))w) e dk dX ay,
o (6.2.0.1)

where the last equality is given by change of variables tX := X. Take the limit of
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the right hand side of (6.2.0.1) as t goes to zero and we get
J J J fo(k, X + Y){v, 7, (k)w) dk dX 4Y. (6.2.0.2)
KJdadn

Since f, is smooth and compactly supported in G,, we get that the function

Fo(k) := J

a

J fo(k, X,Y) dX dY
on K is smooth, and in particular bounded. Thus the integral (6.2.0.2)

L Fo(k) (v, [k (K)w) dk

is bounded. Therefore, the limit exists. O

Lemma 6.2.0.2. Let n € Z and let {f} be a continuous section of {C}(G,)} repre-
sented by a smooth, compactly supported function {f}. If the limit

ltigr(}(v, Ot (70 (A (f1)) )W)
exists for every v, w € H,, then the limit
ltig& Ot (70 (Ae(f1)))

exists in K(H,). H

Thus we can conclude that the limit

ltig(} Ot (70 (Ac(f1)))
exists.

Proposition 6.2.0.3. Let {f} be a left and right K-finite continuous sections of {C;(G¢)}.

The limit
1[138 TIG?Z (Xn,t(Tfn(At(ft)))
ng(—1,0,1}
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exists in @nez (1011 K(Hn) and is given by

lim EB ot (T (A (i) = @ lim oy ¢ (700 (A (1))
t—0 nez. nez. t—0

ng{—1,0,1} ng{—1,0,1}
Proof. Foralln € Z —{—1,0, 1}, the restriction of the discrete series representations

decomposes as follows, if n > 1 then
T[n’KETn@Tn+ZEBTn+4EB cey

and if n < —1 then

ﬂn’KETn@TanEBTn74€B"' .

For example see [Lan85, Chapter 9]. It is easy to see that the K-type T, is a
constituent of 7, [x for only finitely many n.

By the hypothesis, there are elements u,u’ € C;(K) and a continuous section
{f{} of {C}(G¢)} such that

fo=u'xf xu

and T, (u) and T, (u’) are nonzero for only finitely many T, € K. We can conclude
that 7,/ (u) and 7, [k (u’) are nonzero for only finitely many n € Z —{-1,0,1}.
Therefore 7, | (i) is nonzero for only finitely many n € Z —{—1,0, 1}.

It is then easy to see that

lim @ Otn ¢ (Tt (A () = @ lim oty ¢ (71, (A () € @ K(Hy)
=0 nez nez =0 nez
ng{f]voa]} ng{f]»ov]} ng{f]»ov]}

is well defined. ]

Remark. In general, discrete series representations 7t are irreducible unitary repre-

sentations. We can write

ik = @ mer,
ek

where m. is the multiplicity of the K-type 7 in 7t|x. See [Kna86, equation (8.5)].
By the theorem given in [Kna86, Theorem 8.1], since 7t is an irreducible unitary
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representation, the multiplicity m., satisfies m, < dim 7 for all T € K. Furthermore,
the corollary given in [Kna86, Corollary 12.22(a)] states that if G is linear connected
semisimple with rank G = rank K, then any given K-type, T, occurs (nontrivially)
in only finitely many discrete series representations. This is a special case of the
uniform admissablilty theorem. See [CCH16, Theorem 5.5].

6.3 The Limit Formula and the Embedding Morphism

Now we define the scaling automorphisms at the level of the reduced group
C*-algebra. For brevity, let

n=| P m|on o

nez
ng{_] 30»]}

be the C*-isomorphism from C}(G) to the Fourier structure picture. If t > 0, we
define
o Ci(G) — CH(G)

by the composition

o = T o P | P i@y | om (6.3.0.1)

nez
ng{fll 307]}

In the case that t < 0, let " be the C*-isomorphism

7-[/ : C*(G) — ED :K(Hn) @CO((_OO)O])X(LZ(K)+))@C5((_OO)0]):KU—2(K)_))>

nez
‘I’L%{—] 307]}
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and define o by the composition

/
Xy = TU o @ Kn,t D it D X_t o TT.

nez
ng{fl )0»]}

Theorem 6.3.0.1. If {f,} is any continuous section of the continuous field {C}(Gy)}, then
the limit
13301 ot (A (fi))

exists in C:(G).

Proof. By Lemma 5.2.1.3, there is a generating family of continuous sections that
are represented by smooth and compactly supported functions on INx G and are left
and right K-finite. If {f,} is such a continuous section, then by Proposition 6.1.0.3,
Proposition 6.2.0.3, the formula (6.3.0.1), and the fact that {EBn ﬁn} @ m @7 is
isometric, we get that

ltig(} ot (Ae(fe))

exists in C;(G). By Lemma 5.2.0.2, we conclude that the limit exists for any contin-

uous section of {C}(Gy)}. H

We can now define an embedding of the reduced group C*-algebras. Let
fo € Ci(Go). Extend f, in any way to a continuous section {f} of {C}(G)} and
define

o(fo) == ltl_r)r& o (Ac(fy)) (6.3.0.2)

in C;(G). Theorem 5.3.1.1 tells us that (6.3.0.2) is well-defined and isometric. We
can construct the mapping cone continuous field as in Subsection 5.3.2. Then
Theorem 5.3.2.1 gives us the following theorem

Theorem 6.3.0.2. There is an isomorphism of continuous fields from the deformation
continuous field for G = SL(2, R) to the mapping cone continuous field for the embedding

a:Cr(Gy) — CI(G).
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6.4 Characterization of the Mackey Bijection

In this section, we adapt the results of Section 5.4 for the case of G = SL(2,R).
Recall in Section 3.6 that we constructed the irreducible unitary representations
of Gy. They are

G :
¢y = Indy,, 0+ ® €,

where 0. € M, v € a*,and v #0,and

Po, = Ind?

Kup Tn @ (trivial),

where 1, € Kand © # 0. In particular, we have ¢+, (k, X) = T, (k) for k € K and
Xenp.

6.4.1 Principal Series Representations

Lemma 6.4.1.1. The composition of the principal series 74 , of G = SL(2, R) with
the morphism
a:CiGy) = CIH(G)

is the unitary representation Ind}fﬁp o+ @ e of the Cartan motion group Go.

Proof. The proof is exactly the same as in the proof of Lemma 5.4.1.1 with o being
either o, or o_. ]

Then we have
Lemma 6.4.1.2. If v # 0, then the composition of Lemma 6.4.1.1 1y, o « is an

irreducible unitary representation of the Cartan motion group Go. Furthermore,

Tty O X = (bv,:l:-

For the case of v = 0, we have

Lemma 6.4.1.3. The composition of the principal series 7, o of G = SL(2, R) with
the morphism
a:CiGy) = CI(G)
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decomposes as

7T+,O oKX = @ d)O,Tzn'

nez

Proof. By Lemma 6.4.1.1, we have 7t po & = Indf/fKp 0, ® (trivial). We can realize

this representation on L(K)*. Recall that

LK) = @ Vo, © (Vi)Y

ek

where ¢ € (V; )" has the property that

d(tn(mv) = o (M)d(v) = d(v),

forallm € M and for all v € V.. But,

DTalkav) = (™)
= e (v)
= (1)),

Therefore (V; )* # 0 if and only if n is even. Therefore, we get

LHK)" = P Vo ® (V5) " (6.4.1.1)

nez

See for example Lemma 5.2.1.4. Under the decomposition (6.4.1.1), the action of

Indf,lolx p 04 @ trivial becomes T,, on the component V>, ® (V5,)*. We conclude

G ..
Indyp, , 04 @ trivial = @ o, -
nez

And finally,

Lemma 6.4.1.4. The composition of the principal series t_,0 of G = SL(2, R) with
the morphism
a:CiGy) = CI(G)
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decomposes as

7-(7’0 = @ d)O)TZnJr] °

nez
Moreover, the compositions of the limits of discrete series representations 7r; and
7_; with the morphism
ax:CHGy) = CIH(G)

decompose as

o0
T o X = @ ¢O»T2n+1
n=0

o0
th] o= @ (bO,T,zn,] .
n=0

Proof. The proof follows precisely as in the proof of Lemma 6.4.1.3, this time,
obtaining
LK) = P Va1 @ (Vi) (6.4.1.2)

nez
Thus we get
7-[_»0 o= @ (I)OaTZHJr] *

nez
Under the decomposition (6.4.1.2), D acts nontrivially only on the components
with n non-negative and D_ acts nontrivially only on the components with n

negative. So we get

00
ToX= @ d)O»TZn-H
n=0

o0
7-[—] o = @ Cbo,T,Zn,] .
n=0
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6.4.2 Discrete Series Representations

Lemma 6.4.2.1. Let n be an integer such that [n| > 2. The composition of the
discrete series representation 7t,, with the morphism

o: Ci(Go) — C(G)
decomposes as
Tty 0 &(f) = Por, (f) @ o, ., (f) B Por s By
ifn>2,and
Tty 0 &(f) = o, () © o, , () & bor, , &+,

if n < -2, where f € C(Gy).

Proof. Let
Fo(k) = J J f(k,X +Y) dX dY.

Also let v,w € H,, vectors in the representation space of 7,. Then by (6.2.0.2)
v, (2 0w} = | FIK) oy el di
K
= <V) 7Tn|K(F)W>)

so we have

T O “(f) = 7-[TL|K(F)'

Furthermore, since

Tk ETh @ Tn2 @ Tapa @+ M >2,

Tk EThn @ Tn2 @ Tns @+ N <2,
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we get

T o of) = To(F) @ thi2(F) @ ta ® -+ > 2,
mox(f) =T (F) @ Tha(F) DTha®--- <2
On the other hand,
$o,e, () = J f(k, X)bo,r, (ky X) dk dX
JK Jp

We can then conclude

T O (X(f) = d)(),"cn

Th © O((f) = d)(),"rn

and we are done.

r

)

F(k)t,(k) dk

f(k, X)Tn (k) dk dX

T (F).

(f) ® dop,., () © Doy, @ -
(f) ® bor, ,(f) & bor, ., B

-

-

6.4.3 Characterization of the Mackey Bijection

We recall the Mackey bijection i1 : G, — G, given in Section 3.6. It is defined by

Ty Gyt v >0,
00— $org,

D1 — bor,

D= doq s,

Tty — o, In| > 2.
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Theorem 6.4.3.1. There is a unique bijection

such that for every [l € G,, the element u([) e Go may be realized as a unitary
subrepresentation of o «.

Proof. The existence is given by (6.4.3.1). From Lemma 6.4.1.2, Lemma 6.4.1.3,
Lemma 6.4.1.4, and Lemma 6.4.2.1, the bijection satisfies the necessary condition.
As for uniqueness, suppose there is another bijection

Hoiér—>éo

that satisfies the stated condition of the theorem. By the given condition we must
have

Ho Tty v = (-bv,:l:)

for v > 0. We will proceed by process of elimination. Note that ¢, is contained
as a subrepresentation only in 7, y 0 &, so we must have (7, o) = $or,. Next,
$o,r, is contained as a subrepresentation only in D; o &, so we have (y(D1) = bor, -
Likewise, since ¢ , is contained only in D_; o &, we have py(D_1) = o~ ,. Now,
$or, is contained in both 7, 5 o @ and in 7, o a. But py(7ty o) has already been
defined, so we must have () = dor,. Next, ¢o -, is contained in both D; o o
and in 713 o o, but py(D;) is already defined, so we must have p(713) = ¢por,. We
continue in this way to get po(7,) = o, for n > 2. Similarly, we must have
Ho(mn) = o, for n < —2, and so we conclude py = p.

O
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Appendix
Sketch of Proof of Fourier Struc-
ture Theorem

In this appendix we will sketch a proof of Theorem 4.5.2.3, by taking the proof
from [CCH16] which uses the language of Hilbert C*-module and translating it into
our context. For the full proof to the Fourier structure theorem for a real reductive
group, see [CCH16].

1 Hilbert C*-Module and the Action of the Reduced
C*-Algebra

Let G be a real reductive group with Iwasawa decomposition KAN and a parabolic
subgroup S = MAN with Langlands decomposition. Let L = MA be its Levi factor.
Let 0 € M and v € a* so that ¥ € A. Then ¢ ® e' is a representation of L on the
representation space H,.y. Also, H, is the representation space of ¢ € M.

The C*-algebra C;(G) acts on the left of C;(G/N) by convolution and C;(L)
acts on the right, making C;(G/N) a Hilbert bimodule. Naturally C;(L) acts on
Hs,v, 50 we can define a new Hilbert space C;(G/N) ®c: ) Hs,v on which C;(G)
will act from the left. The following theorem is given in [CCH16, Proposition
4.2], [Clal3, Corollary 3.5], and [Rie74, Theorem 5.12]:

Theorem 1.0.1. Given a tempered representation T of L on H., there is a mapping from
C*(G/N) ®cx(1) He onto a dense subset of Ind§ H., that unitarily intertwines the action
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of C1(G).

Define a Co(A)-module Co(A, Hy). Note that L = MA acts on Co(A, Hy), with
the following rule: letting F € Co(A, H,), the actions are a.F : v — v(a)F(v) and
m.F : v —= o(m)F(v). In particular, the mapping ev, maps Co(ﬁ, Hy) to Hpy. It
is clear that C;(L) acts on Co(A, Hy), so we have the parabolically induced Hilbert
module

C:(G/N) ®c:r) ColA, Hy),

upon which C;(G) will act. We can define
Indg Co(A, hy) :i={f: G > CO(A, H,)[f(gman) = §(man)o(m) ' f(g)},

where 6 makes the space unitary.

The above theorem applies even in the case of Hilbert modules:

Theorem 1.0.2. There is a mapping A from C:(G/N) ®cx 1) Co(A, Hy) onto a dense
subset of Ind$ Co(A, H,) unitarily intertwining the action of C*(G). O

Theorem 1.0.3 ( [CCH16, Corollary 4.12]). The C*-algebra C;(G) acts as compact
operators on the Hilbert module C;(G/N) ®cx ) Co(ﬁ, H,).

Corollary 1.0.4. C:(G) acts as compact operators on Indg Co(A, Hy).
Sketch of Proof. It should be clear that
K(C(G/N) @ciw) Co(A, Ho) = K(Indg Co(A, Hy)).

Now use Theorem 1.0.1. O

Let us describe the action of C}(G) on IndsG CO(A, H,). First, we look at the
action of G on ImdsG Co(A, Hy). LetF e Indg3 Co(A, H,) and g € G. We will let 7t/ be
the representation of G on IndsG CO(A, Hy). Then, for x € G, we have

. (g)F(x) = F(g 'x),
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and thus for f € C;(G), we get
m(F(x) = | flg)Flg ) do. (1.0)

This is a compact operator on Ind§ Co(A, H,) and is corresponds with the action of
fon Ci(G/N) ®cx ) Co(A, Hy) by convolution. So we have

7. CHG) — K(Ind§ Co(A, Hy)). (1.0.2)

Proposition 1.0.5. 75 ;[C:(G)] = 7 [C;(G)].
The construction of this isomorphism will proceed in a few steps.
Lemma 1.0.6. ImdsG Co(A, Hy) = Co(A, IndsG Hy).

Proof. We define
= : Ind$ Co(A, Hy) — Co(A, IndS Hy)

by Z(F)(v)(g) = F(g)(v) with F € Ind§ Co(A,H,), v € A, and g € G. This is
invertible, taking G € Co(ﬂ, IndsG H,), we have Z71(G)(g)(v) = G(v)(g). O]

We can define an action of C}(G) on Co(A, IndsG H,) so that it is compatible with
nt;.. We define
n(f) =Zom (f) o= (1.0.3)

o o

for all f € C¥(G). In this way, the action becomes

(M5 (g)V)(v) (x) = Z(mr(9)=""V) (V) (x)

= (g (gIV)(¥)(g) = V(v)(g™'x).

The action of C*(G) by 7/ is through compact operators on Co(A, Ind§ H,).
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Lemma 1.0.7. If X is a topological space and H is a Hilbert space, then
K(Co(X,H)) = Co(A, K (H)).

Sketch of Proof. Note that Co(X, H) = H®Cy(X). Then K(H®Cy(X)) = K(H)RCo(X).
Finally K(H) ® Co(A) = Co(A,K(H)). See for example [Lan95, Chapter 4]. O

Let
" . CH(G) — Co(A, K(Ind§ Hy))

o

be defined by ©)'(f) = O(7t/(f)). Now we describe the action of 7. Let ¢ €
Ind$ H,. Then

Ty (()(vV)d = O(mg () (V)
=" (f)($)(v)
= (15 (F) (V) ) (x) = 75 (£) () (V) (x)

_ L f(g)72(g)(v)(x) dg

- L f(9)p(v)(g™x) dg.

Recall that we can treat ¢ as a constant function in CO(A, Indg H,). Moreover,
recall the mapping ev, : Co(ﬁ\\, ImdsG Hy) — Indg Hsv. So (V) € IndsG Hsy. Thus
we have

L f(g)b(v)(g~x) dg =J £(g)7ts 00 ()0 (¥) (%) dg

G

= 7,0y (F) P (V) (x).

So we have )/ (f)(v)d = 755+ (f)d(v) = mso(f)(v)P(Vv), thus concluding that

7t = 75 . This proves Proposition 1.0.5. O
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2 Decomposition of the Reduced Group C*-Algebra

Following the notation in [CCH16], define
C;(G)s,e € K(C;(G/N) ®cxr) Co(A, Indg Hy))

to be the image of C;(G) as compact operators on C;(G/N) ®cx 1) Co(A, IndsG H,).
Two pairs (S1, 07) and (Sy, 0,) are associate if there is an element of G that conjugates
the Levi factor of S; to the Levi factor of S, and conjugates o, to a representation
unitarily equivalent to o, (see [CCH16, Definition 5.2]). Then

Theorem 2.0.1 ([CCH16, Proposition 5.17]). The C*-algebra homomorphism

Ci(G) — D C;(G)is o
[S,0]

where [S, o] is the associate class of the pair (S, o).

Recall from Corollary 4.15 that the actions of C}(G) are unitarily equivalent
on C;(G/N) ®cx) CO(A,IndSG H,) and IndsG Co(A, IndsG Hy). Combine this with
Proposition 1.0.5 and we get that

CHG)s,01 = 75,5 [CH(G)] € Co(A, K(Ind§ H,)),

thus we can conclude

Theorem 2.0.2. C;(G) = @5 5 75,6[C; (G)].

3 Structure of a Component of the Reduced Group
C*-Algebra

To finish, we look at the structure of 75 ;[C;(G)]. Recall that we defined W, =
{w € Nk(a)|Ad;, 0 = o}/M. We can also define W,, = {w € W,|Ad,, v = v}
Now define a fixed-point algebra C = Co(A, fK(IndSG Ho))\We. F e Cif Uy o F(v) =
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F(Ad;, v)U,, ¢ for all intertwining operator generated from all w € W;. It is then
obvious that
7s,:[C;(G)] € Co(A, K (Ind§ Ho))"e.

We wish to show that
Proposition 3.0.1. 715 ;[C*(G)] = Co(A, K (Ind$ Hy))We.

Before proving the proposition, we state a definition, some lemmas and a

famous theorem:

Theorem 3.0.2 (Harish-Chandra’s Completeness Theorem). Fixing o and v, the span

of all intertwining operator U,, ¢, generated fromw € W, is exactly the full commutant

Of 7TS,U,V'

Lemma 3.0.3. Let H be a Hilbert space. Suppose A C X(H) and B C B(H) are C*-
algebras such that B is finite-dimensional. Then M’ = N if and only if N'NXK(H) =
M.

Idea of Proof. We can consider A, B C M, (C) as C*-algebras. Then it is elementary
that M’ = N if and only if M = N” which follows from a so-called double
commutant theorem. In general, given A and B as in the hypothesis, any element
in A can be approximated by finite rank operators (which are equivalent ton x n
matrices). On the other hand, since B is finite-dimensional, it is isomorphic to
M, (C) @ --- & M, (C) (see [Mur90, Theorem 6.3.8]). We then can see that, by

approximation of the n x n matrices, that the conclusion is true. O

Definition ( [Dix77, Definition 11.1.1]). Let A be a C*-algebra, and B a sub-C*
algebra of A if the following conditions are satisfied:

1. For every irreducible representation 7t of A, 7|g is irreducible,

2. and if mand n’ are inequivalent irreducible representations of A, then 7|z and

7U'|g are inequivalent.

Lemma 3.0.4 ( [Dix77, Lemma 11.1.4]). Let A be a liminal C*-algebra with Haus-
dorff spectrum, A, and B a rich sub-C *-algebra of A. Then B = A.
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proof to Proposition 3.0.1. It suffices to show that 75 ;[C(G)] is a rich subalgebra of
Co(A, K (Ind$ Hy))We. A representation of Co(A, K(Ind§ H,))"e is of the form ev,
defined by ev, (F) = F(v), which is a compact operator on Ind§ H, . According
to [Dix77, Proposition 5.4.13], ev, decomposes into a direct sum of irreducible
representations. Let ev, = @r,; so that r,; is an irreducible representation with

representation space H; C IndsG H;~. Note for any w € W, , we have
U,ovF(V) = F(v) Uy oy (3.0.1)

But now suppose that r,; is not irreducible when restricted to s ;[C;(G)].
Suppose we can decompose H; into V; & W; so that 1, ; is invariant on V; and W;
when restricted to 75 [C}(G)].

Note that the Harish-Chandra Completeness Theorem tells us that

Span{uw,o,vlw € Wc,v} = {T[S,O',V(fo € C:(G)}/>
and using the lemma, we get that
span{U,, ;v/w € W, } N K(Ind§ Hy+) = {715 ., If € C(G)}. (3.0.2)

By (3.0.1) and (3.0.2), we must have that F(v) = 75 ;. (f) (V) for some f € C;(G). But
then we would be able to decompose 1. ;(F) = 1y (75 o(f)) into invariant operators
on V; and W;, which is a contradiction. We can then conclude that r,; must be
irreducible when restricted to 7ts [C}(G)].

As for the second part of the definition of a rich sub-C*-algebra, suppose that
Ty, and . ; are inequivalent (i # j and for now, we are considering within one evy,)
representation of Co(A, X (IndS H,))"* on Hilbert spaces H; and H; respectively.
But suppose that 1 i|c:(g) and 1,;/C; (G) are equivalent. Then there is an invertible
unitary operator U : H; — H; such that

Ury i (75 6 () = 7y5(75 6 () ) U
UTES,O','V(f”Hi = ﬂS,U,v(fHHju
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for all f € C}(G). Let U, be an operator on Inds Hy; = @H; so that U|y, = U and

Uoly; = U* (qualitatively, if we restrict our attention to H; @ H;, we can view U, as

*

)- Then

u
Uoﬁs,o,v(f) = Ws,a,v(f)uo

for all C;(G). By Harish-Chandra’s completeness theorem, we must have that
U, € span{U,, ;v/w € W, }. It is then clear that for all

F e Co(A, K(Ind$ Hy))We

we have UyF(v) = F(v)Uy, = Upevy(F) = ev,(F)U. If we restrict to H; we get
Ur,;(F) = ry;U, which is a contradiction. We conclude 1y ;/c:(g) and 1y 5lc:(g) are
inequivalent whenever r,; and 1, ; are inequivalent.

Now suppose v # v’ and 1, ; and r,/; are inequivalent but v | .ic:(c) and
Tv/jlns olcz(G) are equivalent. Let H; be the representation space of r,; and H/
the representation space of r,/;. There is an invertible unitary transformation
U : H; — Hj such that for all f € C;(G),

urv,i(f) = rv’,j(f)u
UTts oy ()1, = Tis,c,v/(f)’H]!U-

Let Hy and Hg be so defined that Ind? Hsv = Hi @ Hp and IndsG Hov: = H].’ @ Hy.
Then let us extend U to U, so that Up|y, = U and Up|y, = 0 (in this sense, think of

0

Uy:H; & Hy — Hj’ @ H{ as 0 ). Then it is clear that

uOﬂS,U,v(f) = TTs,5,v/ (f) Uy

for all f € C;(G). Such Uy can only exist if there is a w € W, such that Ad,, v = v'.
Then ev, = ev,/, so we can consider r,; and r,/; to be subrepresentation of the

same ev,, and follow the argument from the previous paragraph.
O]
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Theorem 2.0.2 and Theorem 3.0.1 proves Theorem 4.5.2.3.
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